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Abstract

This monograph deals with the description of mechanical systems having
finitely many degrees of freedom using the language of global differential
geometry. The mechanical systems may be explicitly time-dependent and
involve nonpotential forces. The focus is on the mathematically rigorous
formulation of the physical theory dealing with the aforementioned mechan-
ical systems with the objective to introduce the involved physical quantities
as well-defined mathematical objects.

The geometric presentation of the physical theory is erected upon a gen-
eralized space-time known as Galilean manifold. The state space of a
mechanical system is defined as an affine subbundle of the tangent bundle
of its associated Galilean manifold. The system’s motion is considered to be
an integral curve of a second-order vector field on the state space. With the
coordinate-free characterization of the motion in terms of second-order vec-
tor fields, differential forms appear on stage. A one-to-one correspondence
between second-order vector fields and action forms is established. Action
forms are differential two-forms with additional properties. The definition
of action forms and the derivation of this bijective relation relies on the ge-
ometry of double tangent bundles, in which vector bundle homomorphisms
and their differential concomitants play an important role.

A coordinate-free definition of forces is given and different geometric
interpretations are discussed. With the definition of kinetic energy and of
potential forces, the equations of motion are postulated in a coordinate-free
way using the action form of the mechanical system. Lagrange’s, Hamel’s,
and Hamilton’s equations become local representations of this postulate
in terms of a respective chart of the state space. Moreover, the connection
between action forms and the concept of virtual work is established. This
allows to obtain Lagrange’s and Hamel’s central equation. This variational
perspective is pursued by showing that motions characterized by an exact
action form satisfy Hamilton’s principle. For this purpose, a coordinate-free
definition of the action integral is given.

Finally, constraints are defined as distributions compatible with the time
structure of the Galilean manifold on which they are defined. Consequently,
the distinction between holonomic and nonholonomic constraints is made
using the Frobenius theorem.

ix






Zusammenfassung

Diese Monographie befasst sich mit der Beschreibung von mechanischen
Systemen mit endlich vielen Freiheitsgraden mittels globaler Differential-
geometrie. Die mechanischen Systeme diirfen explizit zeitabhingig sein und
kénnen Nichtpotentialkréfte beinhalten. Das Hauptaugenmerk liegt auf der
mathematischen Durcharbeitung der zugrunde liegenden physikalischen
Theorie. Die benétigten physikalischen Grof3en werden als wohldefinierte
mathematische Objekte eingefiihrt.

Die geometrische Formulierung der physikalischen Theorie baut auf einer
verallgemeinerten Raumzeit auf, die als Galilei-Mannigfaltigkeit bekannt
ist. Der Zustandsraum eines mechanischen Systems wird als affines Un-
terbiindel des Tangentialbiindels der zugehorigen Galilei-Mannigfaltigkeit
eingefiihrt. Die Bewegung eines mechanischen Systems wird als Integralkur-
ve eines Zweitordnungsvektorfeldes auf dem Zustandsraum aufgefasst. Die
koordinatenfreie Charakterisierung von Bewegungen durch Zweitordnungs-
vektorfelder ermoglicht eine Beschreibung mit Hilfe von Differentialformen.
Eine eineindeutige Beziehung zwischen Zweitordnungsvektorfeldern und
sogenannten Wirkungsformen wird bewiesen. Wirkungsformen sind Zwei-
formen mit zuséatzlichen Eigenschaften. Die Definition von Wirkungsformen
und das Aufstellen dieser bijektiven Beziehung basiert auf der Geometrie
von Doppeltangentialbiindeln, in der Vektorbiindelhomomorphismen und
deren differentielle Begleiterscheinungen eine zentrale Rolle spielen.

Krafte werden koordinatenfrei definiert und verschiedene geometrische
Interpretationen werden diskutiert. Nach der Einfithrung der kinetischen
Energie und von Potentialkraften werden die Bewegungsgleichungen mit
Hilfe der Wirkungsform des mechanischen Systems auf eine koordinaten-
freie Weise postuliert. Die Lagrange’schen, die Hamel’schen und die Ha-
milton’schen Gleichungen sind als lokale Darstellungen dieses Postulates
beziiglich einer entsprechenden Karte des Zustandsraumes aufzufassen.
Ferner wird die Beziehung zwischen Wirkungsformen und dem Konzept
der virtuellen Arbeit untersucht. Dies fithrt sowohl zur Lagrange’schen
wie auch zur Hamel’schen Zentralgleichung. Diese variationelle Sichtweise
wird fortgesetzt indem gezeigt wird, dass eine Bewegung, welche durch eine
exakte Wirkungsform charakterisiert ist, das Prinzip von Hamilton erfiillt.
Hierfiir wird das Wirkungsintegral koordinatenfrei definiert.

SchlieBlich werden Bindungen als mit der Zeitstruktur vertragliche Dis-
tributionen auf der Galilei-Mannigfaltigkeit des mechanischen Systems ein-

Xi



Zusammenfassung

gefiihrt. Folglich wird das Unterscheiden zwischen holonomen und nichtho-
lonomen Bindungen zu einer Anwendungen des Satzes von Frobenius.
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Introduction 1

Die Technik kann ihre theoretischen
Bewegungsprobleme nicht nach
Belieben stellen, wie die rationelle
Mechanik ihre Ubungsbeispiele.

— Karl Heun

This monograph deals with the mathematical description of mechanical
systems having finitely many degrees of freedom. The considered mechan-
ical systems may be explicitly time-dependent and involve nonpotential
forces.! The focus lies on the presentation of a theory dealing with the
aforementioned mechanical systems in the language of contemporary dif-
ferential geometry. This approach allows the formulation of a theory for
finite-dimensional mechanical systems in which the involved physical quan-
tities are well-defined mathematical objects.

1.1. Motivation

Traditionally, the dynamics of finite-dimensional mechanical systems can be
attributed to the area of analytical mechanics which goes back to Lagrange
1788. For many years, analytical mechanics was a field of research for
mathematicians. Until the comprehensive treatment of the subject in the
book Hamel 1949, the research in mechanics appears to have been rather
uniform in the sense that the results have been published in one scientific
community.

At some point, engineers started with the aim of making the results from
analytical mechanics usable for technical applications. The resulting field is
referred to as technical mechanics (or engineering mechanics). The advent
of technical mechanics created a new branch of research activities carried
out by engineers. Roughly speaking, mathematicians worked on the math-
ematical foundations of the mechanical theory. Physicists were driven by
their interest to understand and describe physical effects that had not been
understood before. Engineers worked on finding an efficient way to system-
atically derive mechanical models for a broad range of technical applications.

1. A nonpotential force is a force that cannot be written as the derivative of a potential.



Chapter 1: Introduction

With differential geometry, mathematicians developed a language that lends
itself perfectly to the description of physics. Einstein’s general theory of
relativity is a prominent example of a theory written in this language. The
efforts made by mathematicians to reformulate classical mechanics in the
language of differential geometry led to the field of geometric mechanics.
While geometric mechanics was driven by the motivation to make a progress
in mathematics, technical mechanics had the main objective to develop
mechanics in order to solve engineering problems thereby using results
from analytical mechanics. In this respect, the study of mechanical systems
composed of multiple rigid bodies revealed to be particularly fruitful.

The research activities in geometric and technical mechanics were not
only driven by diverging objectives, but also by scientists with a different
educational background. The consequence is that nowadays geometric
and technical mechanics have drifted widely apart by their underlying
mathematical language. Geometric mechanics is based upon contemporary
differential geometry, while the mathematics behind technical mechanics
dates back to the first half of the twentieth century. Both engineers and
mathematicians may encounter severe difficulties in assimilating the results
from geometric and technical mechanics, respectively. Engineers usually
receive only a shallow formation in mathematics such that it is a huge effort2
for them to get acquainted with differential geometry. Mathematicians
may master their own discipline, but they often ignore the needs arising
from practical applications. In the context of finite-dimensional mechanical
systems, these are the ability to treat problems involving nonpotential forces
and to describe systems that depend explicitly on time. Indeed, in the field
of geometric mechanics it is quite common to exclude time-dependence
and/or nonpotential forces from the beginning. This monograph tries to
bridge the divide between geometric and technical mechanics concerning
the description of finite-dimensional mechanical systems.

1.2. An overview of geometric mechanics

In order to give an overview of the different existing approaches in geomet-
ric mechanics, we boil the mathematical description of finite-dimensional
mechanical systems down to the study of second-order differential equations
of the form

M, x)x—h(t,x,x) =0. 1.1)

2. This hurdle is also identified in Chapter 15 of Glocker 2001.



1.2. An overview of geometric mechanics

If the mechanical system has n degrees of freedom, then x = (x1, ..., ") isan
R™-tuple3 characterizing its position. The components x* = x (¢) are known
as generalized coordinates. They are real-valued functions that depend
on time ¢t. The time-derivative x of the position coordinates x describes
the velocity of the mechanical system. Its acceleration is characterized by
the R™-tuple x and M (¢, x) denotes the symmetric, positive definite mass
matrix, which may depend on the time ¢ and the position coordinates x. The
equation of motion (1.1) can be rewritten in first-order form

X=u,

. (1.2)
M, x)u=h(t,x,u).

Inspired by Newton’s second law, we call the function h (¢, x, u) a force until
we give a precise definition in Section 4.7. The forces may be split into three
terms as

h(,x,u) =g, x,u) +fP (¢, x,u) +f°P (¢, x,u),

where g gathers the gyroscopic forces, fP contains the potential forces and
f™P stands for the remaining part, which is referred to as R”-tuple of non-
potential forces. At this stage the reader should not stumble across the
velocity-dependence of fP. We will see in Section 4.9, that a certain type of
velocity-dependent forces may be included in the description using a vector
potential.

In geometric mechanics, authors often limit their study to mechanical
systems that do not depend explicitly on time and/or to systems that comprise
only a certain type of potential forces. The mathematical consequence is
that the resulting theory is formulated on different mathematical spaces.
In the following, we try to give an overview on different existing approaches
by squeezing the respective equations of motion into matrix notation. We
start with time-independent systems.

Time-independent mechanical systems

For mechanical systems that do not depend on time explicitly, the equations
of motion (1.2) reduce to

X =u,

. (1.3)
Mx)u=h(x,u),

with
hx,u) =g(x,u) +fP(x) +f"P(x,u).

3. The R™-tuples in (1.1) have to be read as column vectors according to Appendix A.
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Figure 1.1.: Example of a pendulum consisting of a point mass m which
moves at distance [ around the point O. The unit circle SI can
be considered as its configuration manifold. The velocities are
represented by tangent vectors to S1. The angle x between the
massless rod of the pendulum and the vertical is a generalized
coordinate, which locally describes the circle.

It is well-known? that the kinetic energy of such a time-independent
system has the form
T = u™(x)u, (1.4)

with a symmetric, positive definite mass matrix M = M (x) that may depend
on the position x. It is common to denote the generalized coordinates by g
instead of x. They can be interpreted as being the local description of an
abstract space of positions. This space is assumed to be a differentiable
manifold @ and it is referred to as the configuration manifold of the mechan-
ical system because each point in @ corresponds to a different configuration
of the mechanical system. A standard example is given by the pendulum
from Figure 1.1, which consists of a point mass m that moves in the plane
keeping a constant distance / to the point O. We assume that this is realized
by hinging the mass to the point O by a massless rod. The unit circle

St:={(a,b) eR?|a?+b2 =1}

can be considered as configuration manifold of the pendulum, i.e., @ = S1.
Indeed, each point of a circle can be uniquely related to one possible con-
figuration of a pendulum. The velocity of the point mass can be seen as
a tangent vector to the configuration manifold as suggested by the right-
hand side of Figure 1.1. We will see in Section 3.2, that at each point p of
a differentiable manifold @ a vector space 7,@ can be defined, called the
tangent space. It represents the abstract space of velocities at a given con-
figuration. We will see with Definition 3.19 that the idea of considering the
configuration manifold @ together with all these vector spaces can be made

4. See p. 266 in Hamel 1949.
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TSt

e

N

Figure 1.2.: The state space of a time-independent mechanical system is
given by the tangent bundle 7'Q of its configuration manifold @.
For the pendulum from Figure 1.1, this space is denoted by 7'S!
and it consists of the circle S! as space of positions together
with all lines tangent to that circle as one-dimensional vector
spaces containing the velocities.

mathematically precise by defining the tangent bundle T'Q of the manifold
@. The tangent bundle is said to be the state space of the mechanical system.
Figure 1.2 visualizes the tangent bundle of the configuration manifold ST of
a pendulum.

In general, the mass matrix M of a time-independent mechanical system
endows the configuration manifold @ with a Riemannian metric® and the
kinetic energy (1.4) is a real-valued function T: T@ — R on the tangent bun-
dle of the configuration manifold. The definition of a Lagrangian L: TQ — R
of the local form

Lx,u)=Tx,u)-V(X)= —uTM(x)u V(x) (1.5)

and the matrix notations from Appendix A allow us to write the equations
of motion (1.3) as

2LT 82LT 0

2L 2LT 32 [ l JLT  2LT u l
T Judu 0%

Jxdu Jxdu Judu ox Ixdu P (x,u)
+ . (1.6)

The real-valued function V (x) in the Lagrangian (1.5) is a scalar potential
of the potential forces in (1.3) such that

fP(x) = _%/ (1.7)

5. See Section 3.10 for the definition.
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Because of the local form (1.5), the matrix

%L

Judu M(x)

is regular and, therefore, the matrix on the left-hand side of (1.6) is the local
representation of a symplectic form.5

The dynamics of a time-independent mechanical system can equally well
be studied on the cotangent bundle’ T*Q of the configuration manifold Q.
This leads to a description of the mechanical system in terms of position and
momentum coordinates. The cotangent bundle is said to be the system’s
phase space. With a Hamiltonian H: T*@ — R of the local form

H(x,p) = 3p"™M 1 (x)p+V (x) (1.8)

the equations of motion (1.3) can be expressed as

0nxn  Inxn P (x, p)
. 19
“ aHT +[ 0 ] (1.9)
Lixn  Onxn

Again, we observe that the matrix on the left-hand side of (1.9) respresents a
symplectic form. This is not astonishing because we will see that the tangent
and cotangent bundles of a Riemannian manifold @ are isomorphic8 bundles.
As before, the real-valued function V (x) in the Hamiltonian (1.8) is a scalar
potential such that the potential forces are given by (1.7). The restriction to
time-independent mechanical systems allows a geometric treatment of the
subject within the field of symplectic geometry.

For completeness, we note that there exist alternative approaches to
symplectic geometry that can be used for the geometric description of time-
independent mechanical systems. The Levi-Civita connection associated
with the Riemannian metric defined by the mass matrix M (x) can be used to
define the equations of motion in a coordinate-free way. For this approach we
refer the reader to Bullo et al. 2004 and references therein. An alternative
view on the Lagrangian picture results from choosing Hamilton’s principle?
as starting point for the description of time-independent mechanical systems
involving only potential forces. See for example Section 19 in Arnold 1989
or Theorem 3.8.3 in Abraham and Marsden 1987.

6. Symplectic forms on a differentiable manifold are introduced in Section 3.10.
7. The cotangent bundle of a differentiable manifold is defined by Definition 3.20.
8. See Sections 3.4 and 3.10 as well as equation (3.71).

9. Hamilton’s principle is also known as principle of stationary action.
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A comparison of equations (1.6) and (1.9) shows that the Hamiltonian for-
mulation appears easier. Indeed, the symplectic form that is represented by
the constant matrix on the left-hand side of equation (1.9) is the canonicall®
two-form on the cotangent bundle 7#@, while the symplectic form on the
tangent bundle T'@ depends on the choice of a Lagrangian. Therefore, the
Hamiltonian side is often preferred to the Lagrangian picture because of its
brevity and “mathematical elegance”.11

In the local expressions (1.6) and (1.9), the nonpotential forces stand on
the right-hand side. These forces can be defined in a coordinate-free way!2
as so-called semi-basic differential forms on the respective bundle. However,
there are many authors that refrain from dealing with nonpotential forces.
The Hamiltonian and Lagrangian picture without nonpotential forces can be
found in Chapters 5 and 7 of Marsden et al. 1999, respectively. Alternatively,
the reader is referred to Chapter 3 of Abraham and Marsden 1987.

In the recent book Bloch 2015, the author claims in the preface that:
Mechanics has traditionally described the behaviour of free and interacting
particles and bodies, the interaction being described by potential forces. This
statement is not only highly questionable, but it implies severe restrictions
for the mechanical theory. As an example, we consider the damped harmonic
oscillator from Figure 1.3a. It consists of a block with mass m that is attached
to a vertical wall by a spring with stiffness 2 and by a damper with damping
coefficient c. The linear displacement of the block with respect to the wall
is described by the coordinate x. The spring is undeformed for x = 0. Its
motion, which is governed by the second-order differential equation

mi+cx+kx =0, (1.10)

cannot be described within a time-independent geometric theory that ex-
cludes nonpotential forces. The examples from Figures 1.3b and 1.3c go
beyond the scope of the theory even with ¢ = 0 because of their explicit
time-dependence.

In classical books such as Hamel 1949 or in the famous work by Landau
and E. M. Lifshitz 1969, finite-dimensional mechanical systems may depend
on time explicitly. The author thinks that geometric descriptions of finite-
dimensional mechanical systems that are limited to the time-independent
case have to be seen critically because a modern presentation of a subject
should not have a reduced scope compared to more classical treatments.

10. See p. 84 for the definition of the canonical two-form on the cotangent bundle 7*Q.

11. See the introduction of Crampin 1983.

12. We refer to Chapters X and XI in Godbillon 1969 for a treatment of the subject on the
tangent bundle.
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? X
2 X 2 X
T T i
C m C m —>
7 T ? —
(a) No excitation (b) Kinetic excitation f () (c) Kinematic excitation s (t)

Figure 1.3.: Three examples of a damped harmonic oscillator (mass m,
spring stiffness k£, and damping coefficient c).

Time-dependent mechanical systems

It is well-known that the questions of explicit time-dependence and the
appearance of nonpotential forces are related to the definition of the system
boundaries.13 Indeed, if all the bodies of the universe would be included
to the model, there would be no need to study (time-dependent) external
forces at all. The description of such a time-independent isolated system
would not require nonpotential forces in its description.

Souriau gives the following example. Studying the motion of a projec-
tile, air resistance can be taken into account as a velocity-dependent force.
But Souriau argues!? that the consideration of air resistance as a velocity-
dependent force acting on the projectile has to be seen as an empirical
approximation which is meant to replace a detailed study of the mechanics of
the atmosphere itself. This observation may be correct, but the exclusion of
these “empirical” types of forces, which are common in technical mechanics,
artificially reduces the scope of the theory. To underpin this viewpoint, let
us consider an example from automotive industry: the dimensioning of a
wheel suspension which cushions the shocks caused by potholes. This task
can be treated within classical mechanics if the hydraulic shock absorbers
that are typically used in such a construction can be approximated as being
linear dampers as in the example from Figure 1.3. A complete physical
modelling as suggested by Souriau would lead to a model involving fluid
mechanics. However, provided that velocity-dependent forces may be dealt
with, this engineering problem can be attacked by studying the solutions of
a linear ordinary differential equation such as (1.10).

A straightforward approach to incorporate explicit time-dependence is to
consider the extended state space given by the Cartesian product R x 7@
with the Lagrangian L (¢, x, u) depending explicitly on time or to extend the

13. See p.9 in Arnold 1989.
14. See page 139 in Souriau 1997.
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phase space as R x T*Q with the Hamiltonian H (¢, x, p). With ¢ = 1, the
equations of motion (1.2) can be written as

0 OL _ 22LT ¢ 92L .1 _52L

ox dtou W oxou W Guou|[q
ILT | 2L 2LT J%L 2LT J2L « | —
ox T otout oxou & oxou  Jxou Juou x[=0
92LT _ 2T u
8u<9uu Judu Onxn
and
0 _9H _JH
IJx p 1
oHT .
% 0 Inxn x|=0, (1.11)
oHT P
p —Lixn Onxn

respectively. Equation (1.11) corresponds to the local expression of Theorem
5.1.13 in Abraham and Marsden 1987. Alternatively, it can be also found
on pp. 236—237 in Arnold 1989. Note that these descriptions do not include
nonpotential forces. Moreover, the physical interpretation of the spaces
R xT@® and R x T*Q is problematic because their structure as Cartesian
product assumes the existence of an absolute space (independent of time).
The same holds for a formulation of the dynamics on T(Rx @) or T*(Rx Q).
The core assumption behind (generalized) space-time in classical mechanics
(in contrast to the relativistic case) is that we are able to distinguish whether
two events happen at the same time or not. As we will see, in time-dependent
mechanics a generalized space-time manifold M can be used as underlying
space instead of a time-independent configuration manifold @.

The reader should be aware that there is no general agreement about
the terminology: state space, phase space, extended state space, and ex-
tended phase space. While we refer to the space R x T*Q as extended phase
space, the equivalent space T#@ x R is called state space in Section 6.6
of Bishop et al. 1980. If we page forward in the mentioned reference, a
similar remark concerning the existing geometric approaches to the dy-
namics of finite-dimensional mechanical systems can be made. Indeed,
Proposition 6.7.1 formulates the mechanics of time-independent mechanical
systems on the space T*Q x R. With T*@ x R, Bishop et al. 1980 work on a
space that includes time. However, the authors present a theory limited
to time-independent mechanics because in their work neither the kinetic
energy, nor the forces may depend on time such that the resulting theory
does not include the description of time-dependent mechanical systems.

As suggested in Loos 1982, we formulate a mechanical theory for finite-
dimensional mechanical systems on a so-called Galilean manifold that was

9
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introduced by Dombrowski et al. 1964a. This will allow us to deal with
potential and nonpotential forces. The resulting theory allows the descrip-
tion of time-dependent mechanical systems whose motion is governed by an
equation of the form (1.1). In particular, this means that the three examples
from Figure 1.3 can be described. The motion of the kinetically and the
kinematically excited oscillators from Figures 1.3b and 1.3c is respectively
governed by

mi+cx+kx=f().

and

mx+cx+kx=—ms(t).

Some authors present a geometric blend of the time-independent with
the time-dependent case without giving much comments. In Talman 2007,
the kinetic energy is defined for time-independent systems on p. 106. In the
course of page 176, the time-dependence then silently creeps into the kinetic
energy and the Lagrangian. A similar approach can be found in the fifth
chapter of Scheck 2007, where the Lagrangian as well as the energy are
introduced in Sections 5.5.1 and 5.6.3, respectively, as real-valued functions
on the tangent bundle T'Q of a time-independent configuration manifold @.
However, the chart representations of these functions erroneously present
an explicit time-dependence (see p. 299 and p. 323 in Scheck 2007).

1.3. Aim and scope

The aim of this research monograph is threefold. First, it provides a geo-
metric description of finite-dimensional mechanical systems that does not
involve restrictive assumptions such as the limitation to time-independent
systems or the exclusion of nonpotential forces. The presented coordinate-
free treatment of finite-dimensional mechanical systems, which does not
involve restrictions that are considered too restrictive in the field of techni-
cal mechanics, should lead to a rapprochement of geometric and technical
mechanics as described in Section 1.1. Chapters 2 and 3, which introduce
the required mathematical objects, are written in the spirit of this objec-
tive. They should allow the reader to get acquainted with the mathematical
foundations of Chapter 4, which constitutes the core of this work.

Second, this work aims to introduce the involved physical quantities as
mathematically well-defined objects, starting with the notion of space and
time. The resulting “heavy” mathematical machinery pays off because we
are able to give a precise definition of forces in Section 4.7, which was
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identified by Hamel as the chief difficultyl5 in mechanics.

Third, this work has the intention to unify some classical results about
finite-dimensional mechanical systems by deriving them from one com-
mon starting point (Postulate 4.8). These are in the order of appearance:
Lagrange’s equations (4.111), Hamel’s equations (4.150), Hamilton’s equa-
tions (4.162), the virtual work (4.183), Lagrange’s central equation (4.190),
Hamel’s central equation (4.192), and Hamilton’s principle (Section 4.11.3).
In the proposed mechanical theory Lagrange’s, Hamel’s, and Hamilton’s
equations are just different coordinate representations of the differential
equations that determine the motion of a given mechanical system. In the
usual presentations of time-independent mechanics, the Lagrangian and
the Hamiltonian side often appear as “separate” worlds.

Finally, as a byproduct, the geometric treatment of the subject allows us
to define constraints in a coordinate-free manner in Section 4.12 such that
the distinction between holonomic and nonholonomic constraints becomes
an application of the Frobenius theorem. This topic often led to confusion®
in the literature. Neimark et al. 1972 give an overview on the different clas-
sical approaches to describe finite-dimensional mechanical system involving
nonholonomic constraints.

1.4. Literature and its state

In Section 1.2, we tried to give the reader an overview of existing approaches
in geometric mechanics. We have already observed that different authors
differ by fundamental assumptions concerning the types of forces/systems
they study. Moreover, we observed strong differences in terminology. This
makes it a hopeless task to provide a meaningful overview on the available
literature on geometric mechanics by using the organization from Section 1.2.
Instead, we will present the literature that deals with the description of
time-dependent mechanical systems and comment about the underlying
results from differential geometry that cannot be considered elementary.
The main reference of this work, Loos 1982, is a typescript related to a
seminar that was held in the winter semester 1981/1982 by Ottmar Loos
and Josef Rothleitner at the university of Innsbruck in Austria. Since the
script was never officially published, it can only be found at an antiquarian
bookseller. The declared objective of the script, which is written in German,

15. In 1952, Hamel wrote in a letter to Truesdell that in the concept of force lies the chief
difficulty in the whole of mechanics. See pp.523-524 in Truesdell 1984.

16. Wrong definitions of nonholonomic constraints can be found on p. 19 in Péasler 1968 and
p- 96 in Roberson et al. 1988. Section 2.2 of Papastavridis 2014 confronts the reader with a
terminological flood that does not ease comprehension.

11



Chapter 1: Introduction

is to make the results known in the French school of mechanics available to
the German-speaking scientific community. However, the typescript written
by Loos is more than a mere translation. Besides other results, part of the
script is contained in the paper Loos 1985 that is written in English. Until
the publication of this work in 2019, the latter paper has been ignored.1”
Because of the reduced availability of Loos 1982, the author was forced to
restate many of the results it contains.

In the retrospective, it is more than amazing in which way the French
school of mechanics systematically opened up the mathematical landscape
behind finite-dimensional mechanical systems. The general approach can
be traced back to Elie Cartan’s lectures on integral invariants (Cartan 1922).
The work of Gallissot 1952, suggests to characterize the motion of finite-
dimensional mechanical systems using differential two-forms. Including
the study of bilaterally and unilaterally constrained mechanical systems,
Gallissot demonstrates that the use of differential two-forms leads to a
far-reaching approach in the description of finite-dimensional mechanical
systems. By his “Maxwell’s” principle, Souriau 1970 focusses on the study
of mechanical systems that are only subjected to potential forces. Souriau’s
book clearly continues on the way pursued by Elie Cartan and Francois
Gallissot. Indeed, the link can be formally made because the work of Gallis-
sot is one of the few references given by Souriau. Godbillon 1969 develops
the description of time-independent mechanical systems including nonpo-
tential forces by studying the geometry of the double tangent bundlel8 of
the configuration manifold. Much of the mathematical structures exposed
by Godbillon reappear in the description of time-dependent systems. The
works of Lichnerowicz 1945 and of his student Klein 1962 deal with the
description of mechanical systems involving nonpotential forces within the
calculus of variations.

In the typescript Loos 1982, Loos brought together the generalized space-
time developed by Dombrowski et al. 1964a for finite-dimensional mechani-
cal systems and the French results we have just discussed. Loos does not
only work out a theory for the description of time-dependent mechanical
systems including nonpotential forces that provides the equations of mo-
tion, but he is able to give a precise definition of forces. To the best of the
author’s knowledge, the work of Loos has almost fallen into oblivion. This
may be due to several reasons. The English translation Souriau 1997 of
the book Souriau 1970 being the exception, many of the cited publications
are only available in French or German. The book by Souriau is not only
unorthodox by its notation but also by its economy of references. Even if

17. According to Google Scholar it has been cited only twice until May 2019.
18. The double tangent bundle of a manifold is the tangent bundle of its tangent bundle.
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the notion of force introduced by Loos is officially published in Loos 1985, it
appears as a side result that is not recognizable in the title: Automorphism
Groups of Classical Mechanical Systems. To the author’s knowledge, the
discussed results have only partly made their way into the English literature
centered around the standard textbook Abraham and Marsden 1987 and the
English references therein. Most of the mathematical results are available
in English in Libermann et al. 1987 and Morandi et al. 1990. More recent
publications on the subject such as Marsden et al. 1999, Oliva 2002, Bullo
et al. 2004, Scheck 2007, Bloch 2015 or Cortés et al. 2017 ignore the contri-
butions of Loos. It is not astonishing that one can find recent publications
such as Bravetti et al. 2017, which claim to extend the theory while ignoring
the existing results.

Because one objective of this work is to bridge the gap between technical
and geometric mechanics, the mathematical foundations are presented in
Chapters 2 and 3 before finite-dimensional mechanical systems are studied
in Chapter 4. Chapter 4 includes many references back to the previous
chapters such that readers may dare a direct jump to the mechanical part
of the story. For the convenience of the reader, we give a brief overview
on the mathematical literature underlying this work. For the algebra be-
hind Chapter 2, we refer to Lang 2005, Artin 2011 and Hornfeck 1969. For
linear algebra we refer to Fischer 2010, Hoffman et al. 1971, Lang 2004,
and Roman 2008. Multilinear algebra can be found in Bishop et al. 1980,
Jeffrey M. Lee 2009, John M. Lee 2013, and Spivak 1999a. For the intro-
duction to affine spaces we refer the reader to Crampin and Pirani 1987.
The results from topology are taken from Munkres 2000. For a general
introduction to differential geometry, the reader is referred to John M. Lee
2013, Jeffrey M. Lee 2009, and Lang 2001. A compact presentation of the
subject is found in Aubin 2001. The five volumes Spivak 1999a, Spivak
1999b, Spivak 1999¢, Spivak 1999d, and Spivak 1999e provide a compre-
hensive treatment of differential geometry including comments about the
historical development of differential geometry and the different notations
used by physicists and mathematicians. At some points we will need the
more specialised books: Abraham, Marsden, and Ratiu 1988, Gallot et al.
1990, Golubitsky et al. 1973, Hermann 1988, and Yano et al. 1973. Results
are referenced at their first appearance.
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All kinds of algebra 2

By relieving the brain from all
unnecessary work, a good notation
sets it free to concentrate on more

advanced problems.
— Alfred North Whitehead

The present chapter deals with some algebraic concepts that are essential
in mechanics. Readers which are familiar with groups, vector spaces, affine
spaces, and tensors may skip this chapter. The algebraic part of the presen-
tation is based on Lang 2005 and Artin 2011. References are indicated at
the place where they are used.

2.1. Groups

A law of composition on a set G is any rule for combining pairs a, b of
elements of G to get another element, denoted a * b, of G. Formally, a law of
composition is a map

#*:GxG -G, (a,b) »axb. 2.1

We call (G, %) a group if the law of composition (2.1) satisfies the following
axioms:

G1. For all a, b, ¢c € G, we have associativity, namely

(axb)xc=a=*(b=xc).

G 2. There exists an element e of G such thatexa =axe =a for all a € G.

G 3. If a is an element of G, then there exists an element b of G such that
asb=b%a=e.

If it holds for all pairs a, b in G that a*b = b=a, we call G a commutative
or abelian group.

Depending on the group that is being considered, we may also use, instead
of a % b, the multiplicative notations

ab, a-b,

15
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or the additive notation
a+b

for the law of composition. We speak of a multiplicative or an additive
group, respectively.

The element e of G whose existence is asserted by G 2 is uniquely deter-
mined. Indeed, if e and e’ both satisfy this condition, then ¢’ =exe’ =e. For
a multiplicative group, e is called the unit element, while it is referred to
as the zero element for an additive group.

The element b from G 3 is also uniquely determined as can be seen from
the following consideration. If cxa = a *c =e, then

c=exc= (b*a)xc=bx(a*c) =bxe=0>b.

We call b the inverse of a. We denote it by a1

and by —a in the additive case.

in the multiplicative case

Example 2.1. The set of real numbers with the addition as law of composi-
tion is a group (R, +).

Example 2.2. The set of complex numbers
{z eC|z"= 1}

obtained by taking the n-th roots of unity forms a group with the multipli-
cation of complex numbers as law of composition.

Example 2.3. The general linear group! over the real numbers is the
group of all n-by-n invertible matrices with real entries. It is denoted by
GL(n,R). The law of composition is the matrix multiplication.

A subset H of a group G is called a subgroup if it contains the unit
element, and if, whenever a, b € H, then ab and a1 are also elements of H
(resp. a+b € H and —a € H in the additive case).

Example 2.4. The orthogonal group is defined as

O(n,R) :={A€GL(n,R) |ATA =T},

where I denotes the n-by-n identity matrix and AT is the transposed matrix
of A. Tt can be easily checked that the orthogonal group is a subgroup of
GL(n,R).

1. Matrix groups can be endowed with the additional structure of a differentiable manifold,
which makes them Lie groups. For details, we refer to Hall 2015 or Kiithnel 2011.
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Example 2.5. The special orthogonal group, denoted by SO (n, R), is
given by the orthogonal matrices A in O(n, R) with det A =1, i.e.,

SO(n,R) ={A€0(n,R) |detA=1}.

For n = 3, this group is referred to as the rotation group because its
elements describe all possible rotations around the origin of the three-dimen-
sional space R3. It is often simply denoted by SO (3) instead of SO(3, R).

Among all the maps between two groups (G, #) and (G’, x), there are
maps which preserve the group structure. We call these maps homomor-
phisms. A (group) homomorphism f: G — G’ is a map that satisfies

flaxb) =f(a) *f(b), (2.2)

for all a, b in G. Ifthe map fis bijective, i.e., if it is a bijective homomorphism,
then it is called a (group) isomorphism.

Let e and e’ denote the respective unit element of (G, *) and (G, *),
then it holds for any group homomorphism f: G - G’ that ¢’ =f(e) and
f(a=1) =f(a)~! for all @ € G. To prove the first statement, we consider that

f(e)=f(exe) =f(e) xf(e),

from which the desired result is obtained by multiplying both sides with
f(e)~1. The second assertion follows from the first since

f@+f@~t=e =f(e)=fla*a™) =f(a) *f(a™!).
The kernel of a group homomorphism f: G — G’ is the set
kerf:={a€G|f(a)=¢}, (2.3)

where e’ € G’ denotes the unit (respectively the zero) element of G’.

2.2. Action of a group on a set

We consider a set M. A bijective mapping f: M — M is called a permutation
of M. The set of all permutations of M, denoted Perm (M), is a group,? the
law of composition being the composition of mappings. The action of a
group G on a set M is a homomorphism

¢: G- Perm(M), g ¢g,

2. See Lang 2005, Proposition 2.1 on p. 30.
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with ¢, € Perm (M), i.e., ¢o: M — M. Let G act on a non-empty set M. For
p € M, we consider the subset of M consisting of all elements ¢4 (p) with
gEeQG,ie.,

Orb(p) := {m EM|m= ¢g(p), withge G}

and call it the orbit of p under G. An action of G on M is said to be transitive
if there is only one orbit. The statement that M consists of a single orbit is
equivalent to the statement that for each pair p, p’ in M there exists a g in
G such that ¢, (p) = p’. The action of G on M is called simply transitive if
for every two p, p” in M there exists precisely one g in G such that Ppg(p) = p.

Example 2.6. An important? example is given by the permutations of a
set of £ elements I, = {1, ..., k}. A permutation s € S;, := Perm(J,) can be
represented in the form

1 2 -k
[s(l) s(2) - s(k)] |
The group S;, is called the symmetric group. A transposition is a per-
mutation which interchanges two numbers and leaves the others fixed. An
arbitrary permutation can be represented as a sequence of transpositions.*
A given permutation allows for infinitely many representations by trans-
positions. But all these representations either consist of an even or an
odd number n of transpositions such that a given permutation is either
even or odd. This lets us introduce the sign of the permutation s as
sgn(s) = (=1)".
We consider the illustrative example of I3 = {1, 2, 3}. For three num-
bers there are six possible permutations. The three even permutations (or
permutations with positive sign) can be written as

n=0 n=2 n=2
1 2 3 1 2 3 1 2 3
1 2 3) 2 3 1| 3 1 2(°
The three odd ones read

n=1 n=1 n=1
1 2 3 1 2 3 1 2 3
2 1 3| 1 3 2) 3 2 1}|°

3. This group will be used in Section 2.11 to define alternating tensors by its action on
covariant tensors.
4. For the proof we refer to Lang 2005, Theorem 6.1, p. 59.
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2.3. Real vector spaces

2.3. Real vector spaces

A (real) vector space V is a set V together with two laws of composition:

(i) addition of elements from the set V:

+:VxV >V, (v,w) »v+w,

(ii) scalar multiplication of elements from V by real numbers:

< RxV >V, (a,v) » a-v.

The addition and the scalar multiplication are required to satisfy a number
of axioms. In the list below, let u, v and w be arbitrary elements of V and «,
[3 be real numbers:

V1. u+ (v+w) = (u+v) +w,

V2. There exists an element 0 of V such thatv+0=vforallv eV,
V3. There exists an element —v of V such that v+ (—v) =0 forallv eV,
V4. v+w =w+v,

V5. a-(B-v) = (aB) v,

V6. l.-v=vforallveV,

V7. a-v+tw)=a-v+a-w,

V8. (a+fB)-v=a-v+S3-v.

Since we will only consider real vector spaces in this work, we will simply
speak of vector space and omit the word real. Elements of a vector space are
called vectors. Real numbers are called scalars. The vector O is referred to
as zero vector. We have used the symbol O to make a notational distinction
from the real number 0. It is instructive to show that 0-v = O for any v in a
vector space V. Indeed, the following holds

0-v=0+0)-v=0-v4+0-v

and O is the only vector for which holds that 0 = 2-0.

We have used the symbol + to distinguish between the addition defined
on the vector space V from the addition of real numbers defined on R (see
axiom V 8). For the multiplication, we have paid attention to denote the
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multiplication between a scalar and a vector by -, while the multiplication
between two scalars comes without a symbol (see V 5).

Axioms V1-V 3 correspond to axioms G1-G3 from Section 2.1 and,
therefore, require the set V to have the structure of an additive group. The
axiom V 4 requires the additive group to be commutative. Axioms V5-V 8
require the two addition and the two multiplication operations to be mutually
compatible, respectively. The requirement V5 guarantees the compatibility
of the multiplication between scalars and vectors with the one between
scalars. Axiom V 6 makes the identity element of the multiplication on R
also the identity element of the scalar multiplication (ii). The distributivity
of scalar multiplication with respect to vector addition is required by V7
and the one with respect to the addition on R by V 8.

A subset W of a vector space V is a subspace of V if the following three
conditions are satisfied for all v, w € W and all ¢ € R:

@) viweWw,
(ii) the zero vector O € V is also element of W,
(iil) av e W.

Conditions (i) and (ii) are equivalent to the claim that W is a subgroup of
the additive group V. Moreover, W is a vector space® with the addition and
scalar multiplication which are induced on W by the algebraic structure of
the surrounding space V.

As we did for groups in Section 2.1, we can now define homomorphisms
for the algebraic structure of a vector space. A (vector space) homomor-
phism (or linear map) from a vector space V to a vector space V' is a map
f: V = V'’ that is compatible with the two laws of composition (addition and
scalar multiplication) of the vector spaces, i.e.,

fw+w)=f@W)+f(w) and f(av) =af(v), (2.4)

for all v and w in V and all « € R. Again, a bijective vector space homomor-
phism is referred to as (vector space) isomorphism. Vector spaces which
are related by an isomorphism are said to be isomorphic. The diligent
reader may have noticed that in (2.4), we made no notational distinction
between the addition on V and the one on V’, neither did we for the scalar
multiplication. Equation (2.4) is structurally similar to equation (2.2). On
the left-hand side of the equations stands the operation which is declared
on the domain of the homomorphism, that is on V. On the right-hand side
of the equations, it is the one defined on the image of the homomorphism,

5. The proof can be found in any book on linear algebra, for example in Fischer 2010, p. 78.
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that is on V’. Therefore, there is no danger of causing confusion by using
the same notation for both additions and the scalar multiplications.

Let S and T be subspaces of a vector space V. We define the sum of S and
T to be the subset of V consisting of all sums u+v withu €S and v € T. This
sum is denoted S + T and it is a subspace® of V. If it holds that S+ 7T =V
and if SNT = {0}, then we write

V=SeT

and we say that V is the direct sum of Sand 7. If V=Se&T, then T is
called a complement of S in V. Of course, the notion of sum and direct sum
can be extended to several terms. For this we refer to Chapter 1 in Roman
2008.

2.4. Equivalence relations and quotient sets

An equivalence relation on a set M with elements a, b, ¢, ... is a relation
that holds between certain pairs of elements of M. We may write it as
a ~ b and speak of it as equivalence of a and b. An equivalence relation is
required to satisfy the axioms:

ER1. Ifa~band b ~c,thena ~c.
ER2. Ifa ~ b, then b ~a.
ER3. Forallae M, a ~a.

Suppose an equivalence relation ~ is declared on a set M. Then given an
element a of M, we consider the subset of M

[a]:={pEM|a~p}

that consists of all elements of M which are equivalent to a. Because of
ER 3, the set [a] is non-empty. Moreover, it follows from the properties
ER 1-3 that all elements of [a] are equivalent to one another. Each set [a]
is referred to as equivalence class. Each element of a class is called a
representative of the class.

For any pair of elements a, b € M, it either holds that [a] = [b] or the sets
[a] and [6] have no element in common. An equivalence relation ~ on a set
M determines a decomposition of M into disjoint equivalence classes. These
equivalence classes are considered to be elements of a new set

M/~ ={[pllpeM} (2.5)

6. See Lang 2004, p. 19.
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that is called the quotient set of M by ~. By assigning to any element
p € M its equivalence class [p] € M /~, we obtain a canonical map

fiM—->M|~ p— [p]. (2.6)

Now, we will study a particular example of a quotient set (2.5) in the
context where the set M is a group (M, ). If (N, *) is a subgroup’ of
(M, %), then an equivalence relation can be declared on (M, %) as

a~bedneN:b=a=n. 2.7
The equivalence classes defined by the equivalence relation (2.7)
[a] = {a*n | n EN} =qaxN

are referred to as left cosets. By swapping a and n in the definition (2.7),
we obtain the equivalence relation

a~besdneN:b=n=a (2.8)
that comes with the equivalence classes
[a] = {n*a| n eN} = N=a,

which are called right cosets. Obviously, the equivalence relations (2.7)
and (2.8) agree if the group (M, %) is commutative.
A subgroup N of M for which the left and right cosets are identical, i.e.,

axN =N=a (2.9)

for all a € M, is referred to as normal subgroup of M. In this case, the
quotient set (2.5) can be endowed with a group structure.

Theorem 2.7. Let (M, %) be a group and (V, %) be a normal subgroup of
M. The set

M/~ ={axN|aEM}={N=a|laeM}=M/> (2.10)

of cosets® defined by the normal subgroup N is a group with the law of
composition * such that

(asN)*x (b+N) := (axb) *N. (2.11)

7. The definition is given on p. 16.
8. The left and right cosets agree because N is required to be a normal subgroup of M.
Therefore, we simply speak of cosets.
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For the proof, we refer the reader to Theorem 4.5 in Lang 2005. The set of
cosets (2.10) is referred to as quotient group of M by N and is often denoted
by M /N. This notation is preferable to M/~ or M/~ because it involves the
normal subgroup N instead of suggesting that the quotient group would
result from choosing the equivalence relation that appears in the notation
rather than the other. The unit element of the group M /N is given by the
normal subgroup N. Indeed, we see from the law of composition (2.11) that

Nx(bxN)=(exN)*(bxN) = (exb)*N =b=xN.
For the quotient group, the canonical map (2.6) is the map
fr (M, %) - (M|N, x) (2.12)

which to each a € M associates the coset f(a) =a*N. It can be easily
verified that (2.12) is a (group) homomorphism when the quotient set M /N
is equipped with the group structure from Theorem 2.7. Therefore, the
map (2.12) is called the canonical homomorphism of (M, ) onto the
quotient group (M /N, ).

It holds that the kernel® of f: (M, %) — (M /N, %)

kerf := {a eEM|f(a) =N}
is just the normal subgroup N. We start by showing first that
N Ckerf (2.13)
and then we convince ourselves that
kerf CN.

Let n be an arbitrary element of the normal subgroup N, then it holds
by the definition of a subgroup that f(n) = n+*N = N which proves (2.13).
Conversely, consider an arbitrary element a € M for which f (a) =a =N is
the unit element of M /N, i.e., f(a) =N, soa*N = N. The latter condition
can be rewritten as axn € N, for all n € N and by choosing n = e, it implies
that a € N, which completes the proof.

We have shown that N = ker f which says that the normal subgroup N is
just the kernel of the homomorphism (2.12). So given a normal subgroup N
of a group M, we know that there is a group homomorphism such that N is
the kernel of that homomorphism. The converse is also true, i.e., the kernel
of any group homomorphism 4: (M, %) — (G, -) of M into some group G is
a normal subgroup of M.

9. See equation (2.3) for the definition.
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Let K denote the kernel of the homomorphism 4: M — G. By definition,
h satisfies

h(a*K*a_l) =h(a)-h(K)-h(a™1) =e,
h(a_1 *K*a) =h(a™1)-h(K) -h(a) =e,

where e denotes the unit element of the group (G, -). The first equation
implies that a * K *a—! C K, while the second implies thata 1 *K xa CK <
K CaxK=a"l Hencea*Kxa ! =K, which proves the kernel K to be a
normal subgroup (see equation (2.9)) of (M, ).

Let a € M, then it holds for all 2 € K that

h(axk) =h(a)-h(k) =h(a)-e=h(a)

or stated equivalently
h(axK) =h(a).

This means that all elements in a (left) coset have the same image under the
homomorphism 4. These observations lead us to the first isomorphism
theorem for groups.

Theorem 2.8 (Lang 2005, Corollary 4.7). Let h: (M, %) — (G, -) be a ho-
momorphism, and let K be its kernel. Then the association

a+K - h(axK)

is an isomorphism
M/K =imh

of M /K with the image of .

In Section 2.3, we saw that the vector space axioms V1-V 4 require a
vector space to be a commutative additive group. Therefore, similar results
can be stated for vector spaces. Let V be a vector space and W be a subspace
of V. Then the equivalence relation (2.7) reads in additive notation

u~vedweW:v=u+tw

(2.14)
sv-uecW.

Since, a vector space is a commutative additive group, the equivalence
relations (2.7) and (2.8) agree. The equivalence classes defined by (2.14) are
given by

[u] = {u+w|w EW} =u+W

and they are called cosets again. The quotient set of V by ~ can be equipped
with the structure of a vector space.
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Theorem 2.9 (Roman 2008, Theorem 3.1). Let V be a vector space and W
be a subspace V. The set

Vi~=VIW={[ullueV}={u+WlueV}

of cosets defined by the subspace W is a vector space with the laws of compo-
sition
w+W)+ w+W)=(w+v)+W
and
a- (uw+W)=(az-u)+W.

The zero vector in V /W is the coset 0+ W =W.

The vector space V/W from Theorem 2.9 is called the quotient space of
V by W. As a quotient set, the quotient space V /W comes with the canonical
map (2.6), i.e.,

[fVSVIW, u-[u]l=u+W (2.15)
which sends each vector to the coset containing it. Similar to the situation for
groups. The map (2.15) can be shown to be a (vector space) homomorphism,
when the quotient set V/W is endowed with the vector space structure
from Theorem 2.9. Therefore, the map (2.15) is again called canonical
homomorphism. Moreover, the kernel of /: V — V /W is nothing but the
subspace W. For the proof of the previous two statements, the reader is
referred to Theorem 3.2 in Roman 2008. Finally, we can state the first
isomorphism theorem for vector spaces that is the analogue result for
vector spaces as Theorem 2.8 was for groups.

Theorem 2.10 (Roman 2008, Theorem 3.5). Let h: V — T be a (vector space)
homomorphism, and let K be its kernel. Then the association

u+K - h(u+K)

is an isomorphism
VIK =imh

of V/K with the image of h.

Let S be a subspace of a vector space V. The first isomorphism theorem
can be used to show1? that whenever

V=WeT,

then it holds that
T=V/W. (2.16)

This means that all complements of W in V are isomorphic to V/W and
hence to each other.

10. See Theorem 3.6 in Roman 2008.
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2.5. Basis of a vector space

So far, we have considered sets endowed with some additional algebraic
structure. In a set, the order of elements does not matter. If we are given
two vectors v, w from a vector space V, then the sets {v, w} and {w, v} are
equal because they contain the same elements. Now, we consider tuples of
vectors, i.e., collections of objects where the order matters. Consequently,
the tuples (v,w) and (w, v) are not equal. In this work, we use the term
tuple to designate any ordered collection of objects. A typical example is
given by the elements of R”, which are n-tuples of real numbers.

Let V be a vector space and let S = (vq, ..., v,,) be an n-tuple of elements
of V. A linear combination of S is a vector of the form

w=al-vy+--+a*v, =a-v,

with ¢! € R. The last equality follows by adopting Einstein’s summation
convention, which says that a summation is understood over any index
appearing once as a lower and once as an upper index. The latin index i
thereby runs from 1 to n. Let W be the set of all such elements a’-v; with
a’ € R. It can be easily verified that W is a subspace of V. We say that W is
the subspace spanned by the vectors vy, ..., v,, and write

W=span{vq, ... , v, }.

A vector space V is finite-dimensional if some finite set of vectors spans V.
Otherwise, V is infinite-dimensional. We say that vq, ..., v,, are linearly
dependent if there exist elements a1, ..., @” not all equal to 0 such that

a-v;=alvy+-+a* v, =0.

If no such elements do exist, then we qualify the vectors v, ..., v,, to be
linearly independent.
A basis of a vector space V is a tuple B = (eq, ..., e, ) of linearly inde-

pendent vectors e; from V that generate V, i.e., V= span{ey, ... ¢, }. The
dimension of a finite-dimensional vector space V is the number n of vectors
in a basis. It is denoted by dim V. The choice of a basis in a vector space V
provides a one-to-one correspondence between vectors and n-tuples of real
numbers. Each element v € V can be written as linear combination

v=uxl-e;=xl-eq+-+a" e,

of the basis vectors e, ...,e,. The n-tuple of real numbers (x1,...,x")
gathers the coordinates of v with respect to the basis B. In other words,
each element v of the vector space can be uniquely represented by an element
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x:= (x1,...,2”) of R"”. This one-to-one correspondence can be formally
written as a linear bijective map called chart or coordinate map

$:VoRY, ve d(v) = (x1,...,27), (2.17)

with v = 2% -e;. If we consider another basis B’ = (e, ..., e;,), then we get
another n-tuple of real numbers (y1, ..., y") as representation of the vector v

v =yi.el,. =y1e1++yne;
in R™. The corresponding chart is given by
Y: Vo R ve @) = (.., 07). (2.18)

Given the charts (2.17) and (2.18), we can perform a change of coordi-
nates, that is, given the coordinates of a vector with respect to the basis B,
we can compute its coordinates with respect to the basis B’. The change of
coordinates from the basis B to the basis B’ is given by the map

Yod L RP 5 R, (2], ., 27) o (3L, 3"),

which is a linear bijective map.
The space R” can be endowed with the component-wise addition

v+w:= (vl +wl, ..., v" +wh) (2.19)
and the scalar multiplication
aev=av:=(avl,.., a™), (2.20)

which have to hold for all v, w € R” and all ¢« € R. The zero vector is
defined as 0:= (0, ..., 0) and the inverse element of a vector v = (v, ..., v")
is declared as —v:= (—vl, ..., —v™). Itis easy to verify that R” endowed with
the zero vector, the inverse element and with the laws of composition (2.19)
and (2.20) is indeed a vector space. With the vector space structure on R”,
the coordinate maps (2.17) and (2.18) become isomorphisms between the
vector spaces V and R”. This means that the two diagrams

V><V(¢’¢) R”? x R"” RXV(M RxR"
‘| A |
14 e R” VL R”
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2
¢ 5
_ g} frrw=(L9)

-1 =(—
¢ Ww(s,z)

O 12345 x!

Figure 2.1.: The vector space of arrows in the plane and its coordinate rep-
resentation on R2.

commute, that is
+olpd) = ot
and

'°(idR’ 925) =¢°',

where idg: R - R, @ — a denotes the identity map on R and o the compo-
sition of mappings.

So far, we have used + to denote the addition on the vector space V and an
ordinary plus symbol to denote the addition (2.19) defined on R”. The scalar
multiplication on Vis denoted by -, while the one on R” is written as . From
now on, this didactically motivated distinction will be dropped because it
will always be clear from the objects that are to be added/multiplied, which
operation is to be used.

Example 2.11. To become familiar with the concepts from Section 2.3, we
consider the vector space of arrows that can be drawn in the plane. We
endow this set with an addition and a scalar multiplication that make it a
real two-dimensional vector space. The addition of two arrows v and w can
be defined graphically using the “parallelogram rule” as shown in Figure 2.1.
The sum v +w is the arrow that starts from the same point O as v and w
and that ends in the opposite corner of the parallelogram spanned by v
and w. The scalar multiplication of an arrow v by « is given graphically by
constructing an arrow av which is stretched by the factor « € R compared
to v. The choice of a basis (eq, eg) provides a coordinate map from the space
of arrows to R2. The component-wise addition on R2 is compatible with the
addition declared on the space of arrows. In other words, the corresponding
diagram commutes. The same holds for the scalar multiplications.
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2.6. The dual space of a vector space

Let V be a real vector space. The set V* of all linear maps from V to R is the
dual space of V. An element p € V* is called a covector. The dual space
V* itself becomes a real vector space if it is equipped with the following
two laws of composition defining addition and scalar multiplication. The
addition +: V*xV* — V* is declared such that for all p, c € V* andv eV

(p+0) () :=p@)+0Q).
The scalar multiplication is defined by
(ap) (v) = ap(v),

for all p e V*,v €V, and @ € R. The definitions of these composition laws
rely on the addition and multiplication of real numbers and on the definition
of covectors as linear maps of vectors to the real numbers.

If the vector space V is finite-dimensional with basis (eq, ..., e, ), then V*
has the same dimension!! as V, i.e., dim V =dim V* =n. A basis (el, ..., ")
of V* is called the dual basis of the basis (e, ..., e,) of Vif

. (1 ifi=y
et(e;) =& := ’
) =5 {0 otherwise,
with i,j =1, ..., n. The symbol SJ"'. is known as Kronecker delta. Using the
dual basis, a covector p can be expressed as

p=p;e, (2.21)

with p; = p(e;) as can be seen by applying p to the primal basis vectors
€1, .0 5,€p.

The bidual space V** := (V*)* is the space of linear real-valued maps
on the dual space V*. In the case where V is finite-dimensional, the vector
spaces V** and V are canonically isomorphic in the sense that the spaces
are related by the following vector space isomorphism!2

t: VoV vy, with,(p) =p@) VpeV?*, (2.22)

which relates vectors v € V to elements ¢, € V**. We identify V** with V
and write v(p) = p(v). This justifies the dot notation

v-p=p-v=v(p) =p), (2.23)

to which we refer as duality pairing.

11. The proof can be found in Bishop et al. 1980, Proposition 2.7.1 on p. 75.
12. See Theorem 2.9.1 in Bishop et al. 1980 for the proof that (2.22) defines an isomorphism.
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A subspace W of the vector space V defines the subspace
We={peV*|pw) =0, forallw € W} (2.24)

in V* that is called the annihilator of W. Note that the dimension!3 of W°
is given by
dim W =dim V—-dim W. (2.25)

2.7. Bilinear forms

A bilinear form on a real vector space V is a real-valued map
B:VxV >R (2.26)
that is linear in each argument separately such that
B(au+fBv,w) = aB(u,w) + 5B (v, w),
B(u, av+Sw) = aB(u,v) + BB (u,w),

for all vectors u,v,w € V and real numbers «, S € R. The bilinear form
B: VxV - R is said to be non-degenerate if

B(u,v) =0, VveV = u=0. (2.27)

The bilinear form B: VxV — R is called symmetric if B(v,w) = B(w,v)
for all v,w € V and it is said to be alternating (or skew-symmetric) if
B(v,w) = —-B(w,v) for all v, w € V. Among all possible bilinear forms, the
symmetric and alternating forms are the ones that have a predictable be-
haviour if their arguments are interchanged.

Symplectic vector space

A symplectic form on a real vector space V is a real-valued map

w: VxV >R (2.28)
that satisfies the following four axioms for all u,v,w € V and all «, 8 € R:
SF1. w(u+v,w) =wu,w)+w(,w),
SF2. w(av,w) = aw(v,w),

SF3. w,w) =—-w(w,v),

13. See Fischer 2010, pp. 333—-334 for the proof.
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2.7. Bilinear forms

SF4. w(w,w) =0 forall weV = v=0.

By axioms SF1 — SF 3, the map w: VxV — R is an alternating bilinear
form that has to be non-degenerate by axiom SF 4. A real vector space V
together with a symplectic form (2.28) is a symplectic vector space.

Inner product space

A real vector space V can be equipped with an inner product,'4 which is a
real-valued map

¢,): VxV >R (2.29)
that satisfies the following four axioms for all u,v,w € V and all ¢, 8 € R:
IP1. (u+v,w) = (u,w)+(v,w),
IP2. (av,w) = alv, w),
IP3. (v,w) = (w,v),
IP4. (v,v)>0 if v#0.

Axioms IP 1 — IP 3 require the inner product to be a symmetric bilinear form
that is non-degenerate by axiom IP 4. A real vector space V together with
an inner product (2.29) is an inner product space.

An inner product allows to define the length of a vector v € V as

lvll == (v, v)

and the angle X (v, w) that is spanned by a pair of nonzero vectors v, w € V
as
(v, w)

Ivllllwl” (2.30)

cos X (v, w) :=

Example 2.12. On the vector space R”, the inner product that is defined

for all v, w € R” as
n

(V, W) = Z viw'?

i=1

is called the standard inner product of R”.

14. See Hoffman et al. 1971, p. 271.
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Orthogonal complement

Inspired by the notion of angle (2.30), we define the set of vectors that
are orthogonal to a given subspace W of a vector space V. However, we
generalize the concept from an inner product on V to an arbitrary (possibly
degenerate) bilinear form B on V that is either symmetric or alternating.
The orthogonal complement of W is the set

Wi = {veV|B(v,w) =0, foralleW}.

If the bilinear form B is given by an inner product, i.e., if B is symmetric
and positive definite (and thereby non-degenerate), then WN W+ = {0} and
V = W@ W+ and obviously

dim V = dim W + dim W+, (2.31)

Let
Bly: WxW - R

denote the restriction of the bilinear form (2.26) to the subspace W. Indeed,
the intersection WNW+ = {0} if and only if Bl is non-degenerate. In
particular, the bilinear form B is non-degenerate if and only if V+ = {0}.
The dimension formula (2.31) is generalized to the case of a possibly non-
degenerate bilinear form by the following proposition.

Proposition 2.13. Let V be a real vector space and W C V be a subspace
in V. Let V be equipped with a symmetric or alternating bilinear form
B: VxV — R. Then

dim W +dim W' = dim V+dim WNV+.

In particular, if B is non-degenerate, then

dim W+ dim W' =dim V.
Proof. Consider the linear map

f:V->V* v B(v,-)
induced by the bilinear form B: VxV — R and let
g=Fly: W—V*, we Bw,")

denote its restriction to W C V. By the rank-nullity theorem, it holds that

dim W = dim ker g + dim im g. (2.32)
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By comparing
kerg = {w€W|g(w) =O€V*}

and
Vlz{veV|B(v,w) =0, forallweV}

={veV|Bw,)=0eV*},

we see that
kerg=WnV+

By (2.24), the annihilator of im g is given by
(img)’ = {v eEV]pw) =0, forallp e img}

because we identified V** with V. Every p € im g is of the form p = B(w, -)
for some w € W and, therefore,

(img)’ = {v €V |Bw,v) =0, for alleW} =W,

where the last equality follows by the (skew)-symmetry of the bilinear form
since it implies that B(w,v) = B(v, w) (respectively B(w,v) = —B (v, w)).
Hence, it follows by the dimension formula (2.25) that

dim im g = dim V* —dim (img)’ = dim V —dim W+
and, by (2.32), we conclude that

dim W = dim WN VL + (dim V —dim W+).

2.8. Lie algebra
A Lie bracket on a real vector space V is a law of composition
[,-1: VXV >V, (u,v) » [u,v]
that satisfies the following axioms for all u,v,w € V and all «, 8 € R:

LB 1. (Bilinearity)
[au+Bv,w] = a[u, w] +B[v, w],

[u, av+Pw] = alu,v] +Blu, wl,

LB 2. (Anticommutativity)
[u7 U] = - [U, u]7
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LB 3. (Jacobi identity)

[u, [v,w]]+ [v, [w, u]] + [w, [u,v]] = 0.

A vector space V together with a Lie bracket [-, -] is called a Lie algebra. A
subspace W CV of a Lie algebra (V, [, -]) is a Lie subalgebra if Wis closed
under the law of composition defined by the Lie bracket, i.e., if [u,v] € W
for all u,v e W.

Example 2.14. The vector space R3 (component-wise addition (2.19) and
scalar multiplication (2.20)) becomes a Lie algebra when it is equipped with
the cross product as Lie bracket such that for u, ve R3 with

ul v u2v3 —u3v2
[u,v]:==uxv=|u2|x|v2|=|udvl-ulv3|.
3 ulv2_u2v1

u v3
The reader might easily check that u x v satisfies the axioms LB 1-LLB 3 and
that every one-dimensional subspace of R3 (lines through the origin) is a
Lie subalgebra of R3.

2.9. Affine spaces

If we try to use a two-dimensional real vector-space to make a mathematical
abstraction of a piece of paper on which we have drawn the arrows from
Example 2.11, then we might stumble on finding the origin. Indeed, among
all the material points of the sheet, there is no isolated outsider which could
be identified as the origin. However, as soon as we have designated one
material point p as origin we can identify any other point of the sheet with
the arrow that points from the origin to this particular point (see Figure 2.2).
If we put it differently, an arrow v can be “applied” to each point of the sheet
such that this point is translated by the arrow (of course some points may
be mapped outside of the sheet). The underlying algebraic structure is the
one of an affine space.

A set A is called an affine space!® modelled on the real vector space V if
there is a map, called an affine structure,

AxV A, (p,v) »ptv (2.33)

that satisfies the following axioms:

15. See Crampin and Pirani 1987, p. 9.
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v+w

e
o

Figure 2.2.: Two-dimensional affine space modelled over the vector space of
arrows in the plane from Example 2.11.

Al. (ptv)Fw=p+@w+w) forallpeAandallv,w eV,
A2. p+0=p for all p € A, where O € V is the zero vector,

A 3. for any pair of points p, p’ € A there is a unique element of V, denoted
p’=p, such that p+ (p’=p) =p’.

If dim V = n, then we say that the affine space A is of dimension n.

The diligent reader may have observed that the map (2.33) together with
axioms A 1 and A2 defines the action!® of V on A as an additive group. The
map ¢, € Perm(A) is given by ¢,: A > A, p— ¢,(p) =p+v. Axiom A3
requires the group action of V on A to be simply transitive.

2.10. Tensors

In Section 2.3, we saw that linear maps between vector-spaces are special
because they are compatible with the algebraic structure of the spaces they
relate. This section studies maps from Cartesian products of vector spaces
to the real numbers that are linear in each argument. Our first contact
with this species called tensor takes place in the protected area of finite
dimensional vector spaces. In Chapter 3, we will see that these animals can
be resettled point by point to a differentiable manifold.

Let V4, ...,V and W be vector spaces. Amap f: V; x...xV, - Wis mul-
tilinear if it is linear in each argument, i.e.,

FGU, s @0+ B, ooy 10) = af (10, vy 10, ooy g0) + BF(10, vy iUy oe, V),

16. The action of a group on a set is defined in Section 2.2.

35



Chapter 2: All kinds of algebra

foralle, S€R andi=1,..,k Let L(Vy,...,V,; W) denote the set of all
multilinear maps from V1, ...,V to W. It becomes a real vector space when
endowed with the laws of composition declared such that

(f+8) (10, o, g0) =F(10, ., V) +8(10, -, 50,
(af) (1v, .o s ) = af (1, oo, V),

forallf,g€L(Vy,...,V,; W) and all ¢ € R.

If W=R, thenamapf €L(Vy,...,V; R) is called a k-form, a tensor
of k-th order or simply a tensor. Let V4, ..., V, and Wy, ..., W; be vector
spaces. If fe L(Vy,...,V,; R) and g € L(W, ..., W;; R) are two tensors,
then the tensor product of f and g is the real-valued function

[R®g: Vix - xVpxWyx--xW; >R (2.34)
defined by
f®g(1v, ey kl), 1w, ..., ll,U) ==f(1, ey kv)g(lw, ey ll,U).
It holds that f ® g is a tensor, i.e.,, f®g € L(Vy, ..., Vi, W1, ..., W; R).

Theorem 2.15 (John M. Lee 2013, Proposition 12.4). Let V1, ...,V be
vector spaces of the respective dimension ny, ... ,ng. For j=1,... &, let

(jer, - ,jenj)
be a basis of V; and let
(jel, ,jenj)
designate the corresponding dual basis!? of VJ* Then the set
Bi={1e"1® @’ | 1<iy <nq,..,1<ip <ny}
is a basis of L(V7, ..., V;; R) and, therefore, has the dimension nq - ny.

Using the multi-index I := (i, ...,i;),atensor f € L(Vy,...,V,; R) can

be written as
ny np
f= Z Z fil,...,ik 1€'1® - ® ek

= Zfl 1eil ®...®keik,
I

with fr=£;, i =f(1eis - re;,)-

17. The dual basis to a given basis of a vector space is defined in Section 2.6.
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Proof. We consider arbitrary vectors
n
jU = Z J'Uijjeij (= V]
i=1
with j=1, ...,k and a tensor f € L(V1, ..., V;; R). The following holds

nq ng
f(]_U,...,kl)) = Z Z 11)1’1 ---kvlkf(leil,...,keik) (235)

i1=1  ip=1

because fis multilinear. We assume that
f= Zf, 161 @@ ek, (2.36)
I

In this case, it holds that

ni

g
(v, ., p0) = Z Z Z f1 13”(1”]1191'1) e’ (kvjkkejk)

I ji=1 jp=1

niy ng ] ] ) )

= Zfl lvil ves kvik.
]
Comparing expressions (2.35) and (2.37), it follows that f has the form (2.36)
if and only if f7 = f(1€;,, .-, z€;, ). Thus, B spans L(V7y, ..., V3; R).

We still need to show the linear independence of the 1€’ ® --- ® ,e’%. For
this, we set

f= Zf] 1€'1® - ® ek L0,
that is !
f(1v, s pv) = Zfl 161 ® - ® el (10, ..., pv) =0,
for all JVEYV; with j =1, ... ,Ik. By equation (2.37), this implies that
fr=0,

for all multi-indices I and this proves that the ;€/1 ® ---® keik are linearly
independent. Thus B is a basis. The number of elements in B corresponds
to the dimension, therefore,

dim (L(Vl, ey Vk; R)) =njy - ng.
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Now, we consider the special case where the vector spaces V7, ..., V, and
W1, ..., W; are replaced by % copies of the dual space V* and by / copies of
the vector space V itself, respectively. The space of mixed tensors on V
of type (k,!) is the vector space

®*V=L(V*, .., V*V,..,V;R) =V®-0VeV:®-@V*. (2.38)
k l k l

An element f € ®f€V is a (k,l)-tensor. There exist other definitions of
tensors for which we refer to Chapter 7 in Jeffrey M. Lee 2009. In the finite-
dimensional case, these definitions are equivalent because the different
tensor spaces are isomorphic. Note that the position of the asterisks in
equation (2.38) is correct. By definition, elements from V* are linear real-
valued maps on V and because of the isomorphism V = V** from (2.22),
vectors from V are identified as linear real-valued maps on V* (i.e., as
elements of V*¥),

The two special cases £ = 0 and [ = 0 play an important role and, there-
fore, have own names. For [ =0, the resulting space of contravariant
k-tensors on V is written as

®FV :=@EV=L(V* .., V5R)=V®-QV.
k k

An element f € ®*V is called a contravariant k-tensor or a contravari-
ant tensor of rank k. For k£ = 0, the space of covariant /-tensors on V
is denoted by
®W*=@V=L(V,.. V;R)=V*®--@V*.
1 l

An element f € ®'V* is referred to as covariant /-tensor or as covariant
tensor of rank /. The bilinear forms from Section 2.7 are covariant tensors
of rank two.

A covariant [-tensor f on a vector space V assigns a real number to [
elements of V. Among these tensors, two special types of tensors can be
singled out, the symmetric and the alternating tensors. The tensor [ is
symmetric if its value remains unchanged by interchanging any pair of its
arguments, i.e.,

f(U1, s Vs ey Ujs eees v;) =f(vy, .- Ujy e s Ugy wen s v7),

whenever 1 <i <j </ and for all vq, ... ,v; € V. The tensor fis alternating
(antisymmetric or skew-symmetric) if it changes sign whenever two of
its arguments are interchanged. This means that

f(vy, ..., v, ... s Ujs wee s v;) =—f(vy, -, Uiy woe s Ugy en v7),
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whenever 1 <i <j </ and for all vq,...,v; €V. The common property of
symmetric and alternating tensors is that their value changes predictably
if their arguments are rearranged.

It can be shown that the sets of symmetric and alternating tensors of
order [ constitute respective subspaces of the tensor space ®V*. This
means in particular that the sum of two symmetric (alternating) tensors is
a symmetric (alternating) tensor. There are natural projections on these
two subspaces. We will see that tensors and, especially tensor fields, play
an eminent role in mechanics. We continue our study by focussing on
alternating tensors.

2.11. Alternating forms and their exterior algebra

First, we want to state the projection map which projects a covariant tensor
f € ®!V* to its alternating part. The symmetric group S 1> Which we studied
in Example 2.6, reveals to be useful in this context. We define the action
of a permutation on a tensor f € ®’V* as the new tensor ¢,f € ®'V*
that is given by

Psft (V1,5 07) = f(Vs1)s e s Us(l))-

We can think of f and ¢f as the same animals with / mouths to eat the
vectors vy, ..., ;. Only, their eating habits may differ in the way which
vector is fed to which mouth depending on the element s € S;.

An alternating /-form on V is an alternating covariant tensor of rank /

w: Vx---xV->R,
l

where [ is called the degree of the form. The set of alternating /-forms
on V, denoted by A V*, is a vector subspace of ®V*. For any n € ®'V* we
define the alternation of 7 as

Alt(n) :=l—1‘ Z sgn(s) @g. (2.39)
’ sESl

By the linearity of the summation and by straightforward computation, it
can be seen that the alternation (2.39) is linear. Additionally, it has the
following properties.

Theorem 2.16 (Spivak 1999a, Proposition 1, p. 203).
() If n € ®V*, then Alt(n) € ANLV*.
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(i) If o € A'V*, then Alt(w) = w.
(iii) If 7 € ®'V*, then Alt(Alt(7) ) = Alt().

To tame these alternating animals and to clarify the use of (2.39), we have
a look at the following example.

Example 2.17. Let us consider a covariant 2-tensor 7 € ®2V* on a two-
dimensional vector space V, i.e.,/ =2 and dim V = 2. Let (el, e2) be a basis
of V*, then the tensor 7 can be written as

n=n11el®el +n19el®e?+751 e2@el + 199 e2®e2,
according to Theorem 2.15. We can calculate Alt(7) as
Alt(n) =711 Alt(el®@el) + 7915 Alt(el®e?)
+ 721 Alt(e2®@el) + 799 Alt(e2®e?)
=711 %(e1®€1 —el@el) +7qy %(el®e2—e2®e1)
+721 %(32‘3’@1—@1@62) + 799 %(e2®e2—e2®e1)
= %(7712—7721) (el®@e?—e?®el).

The alternation (2.39) and the tensor product (2.34) allow to define a
product that assigns an alternating (k& +/)-form to a pair consisting of an
alternating k-form and an alternating [-form. The wedge product (or
exterior product) of two alternating forms 7 € A*V* and w € AL V* is
defined as

(k+1)!
A

Alt(now) %2 Y sens)p,(0w),  (2.40)

R!1!
5€Sk4

NAw:=

withnAw € NE+LY = The set of alternating forms of arbitrary degree,
denoted by A*V*, becomes an exterior algebra (GraBmann Algebra) when
endowed with the wedge product.

Example 2.18. It is easy to see that the alternation (2.39) maps covectors
to themselves, such that the spaces ® 1V* and A1 V* are identical and the
terms covector and 1-form are synonyms. We consider the wedge product of
the basis (co-)vectors from Example 2.17, i.e.,

(el/\ e2) (v1,v9) 240 (el®e2) (v1,v9) — (el®e2) (va,v1)

= (e1®e2—e2®el) (v1,v9).
We see that the tensor Alt(7) from Example 2.17 is given by
Alt(n) = 2 (12 —721) el ne?.
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2.11. Alternating forms and their exterior algebra

Proposition 2.19 (Properties of the wedge product). For all £, 7, ® € A\*V*
and all real numbers a, b € R, the wedge product satisfies

Q) (EAn)Aw=EAN(NAW),
() (@é+bn) Aw=afNw+bnAo,

(iii) (nAw) = (—l)kl(a)/\n), when 5 € A*V* and w € ALV*,

(iv) w Aw =0, whenever the degree of w is odd.

The proofl8 of these properties is left to the reader. We introduce the
following shorthand notation for the wedge product between basis vectors.
LetI = (i, ..., i) be a multi-index and let (el, ..., e™) be a basis of V*, then

we define

(2.40)

eI =e(i1’“"ik) = eil/\ /\eik k'A]t(ell® ®eik)‘

The following theorem states that the vector space /A¥ V* is spanned by the

vectors el with increasing multi-indices I.

Theorem 2.20. Let V be a vector space with basis (eq, ..., e,,) and V* be

its dual space with the dual basis (el, ..., e"). Then, the set
B={el=e'tn - Nk |ig <ig < <ip}

is a basis of A®V* for £ < n. Thus, the dimension of A* V* is given for k. <n

by

. Eos (T n!
dim AV _(k)_k!(n—k)!'

Before we prove Theorem 2.20, we define the Kronecker delta for multi-
indices. The determinant of a real n-by-n matrix A is defined as

det A := Z sgn(s)Asl(l) A5 = Z sgn(s)A;(l) AL -
seS, sesS,,

With this definition, it is easy to see that

it .. i
Ul Uk
el(vy,...,vp) =det| i ~ 1],
e . ik
Ul Uk

18. The proof can be found in John M. Lee 2013, Proposition 14.11.
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Chapter 2: All kinds of algebra

with el € A#V* and v = in.ei €Vwith j=1,..,kandi=1,...,dim V. We
define the Kronecker delta for multi-indices as

i ... gl
<SJ'1 Sjk
85 ==eI(ej1,...,ejk) =det ‘ .
L7 2 'k
5]1 SJk

I,Jand 3s:s(I) =,

if no repeated indices in
sgn(s)
0 otherwise.

Proof. Since N*V* c ®*%V* an alternating k-form w € AEV* can be ex-
pressed with respect to the basis €!1® --- ®e’* of ®*V* as

w = Z w[ei1® - ek,
1
By the second property from Theorem 2.16, we know that
w=Alt(w) = Alt( Z Wy el - ®eik)
T

= Z oy Alt(ei1® ®eik)

I
1
ZEZC()IGI.
T

At this point, it is reasonable to introduce a summation over increasing
multi-indices. If we write a summation symbol that is decorated with an
arrow /', then there is only a summation over multi-indices I = (i1, ..., i)
for which holds i; < -+ <ij. This summation allows us to write

Note that e/ = 0 if the multi-index I contains repeated indices (see Exam-
ple 2.21). Moreover, it holds that e$) = sgn(s)el.
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2.11. Alternating forms and their exterior algebra

To prove linear independence of the e/ with increasing multi-indices I, we
consider that

/
Y wef20 o Y wrely,..,v,) =0, Vo, €V. (2.41)
I

Equation (2.41) implies that

for all J = (jy, ... ,J) With j; <--- <jij. This proves the linear independence
of the vectors el with increasing multi-indices I.

Since the space /A* V* is spanned by the vectors e with increasing multi-
indices I, the computation of its dimension boils down to the combinatorial
question: How many different ways do exist of picking £ different indices
from a index set of n elements (without putting back and ignoring the order)?
As is well-known from elementary combinatorics, the answer is given by

ny _ n!
k) El(n—"k)!
such that dim At V* = (Z) O

Example 2.21. To complete the section, let us have a look at the space of
alternating second-order tensors A2V* C ®2V* on a 3-dimensional vector
space V (i.e., £ = 2 and n = 3). We start with a covariant 2-tensor w € ®2V*
that is given by

w=w11 €1®el +C()12 el®€2 +0)21 e2®e1 +w22 e2®ez+a)13 el®93

+wgy e3®el + Wag e’®e3 + w39 e3®e?+ w33 e3@ed.
Considering that Alt(e!®e’/) = %eij , We can write

Alt(w) = %(C()]_l 911 +wq9 e12+w21 621 + wo9 622 +wqg 613

+a)31 631 + w93 623 + w39 632 +6L)33 633) .
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Chapter 2: All kinds of algebra

22 _ ,33 _

Taking into account that ell =e 0 (see Example 2.17), we write

Alt(w) =1 ) wrel with I €{12,21,183,31,23,32)
1

1 1 1
=5 (w12—w21) 612+§(w13—w31) el3+§(w23—w32) e?3
2. & a7

D12 @13 o3
/
=) ) Zesasens) ef
I SESQ
o

- Z Z 51 Ws(ysen(s) e with J € {12,13,23}.
J SES2 )

g
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Differential geometry 3

[...] no one denies that modern
definitions are clear, elegant, and
precise; it’s just that it’s impossible
to comprehend how any one ever
thought of them.

— Michael Spivak

This chapter deals with differential geometry. It presents the mathematical
foundation of the next chapter that deals with finite-dimensional mechan-
ical systems. For the topological concepts, we refer to Part I in Munkres
2000. As general references for differential geometry, we recommend the
books: Jeffrey M. Lee 2009, John M. Lee 2013, and Spivak 1999a. The more
elaborate geometric concepts that we introduce are referenced at the place
of appearance.

3.1. Differentiable manifolds

Definition 3.1. A topology on a set M is a collection! 7 of subsets of M
having the following properties:

T1. ® and M are in 7.
T 2. The union of the elements of any subcollection of 7 isin 7.

T 3. The intersection of the elements of any finite subcollection of 7T is

in 7.

A set M for which a topology has been specified is called a topological
space.

If M is a topological space with topology 7, then a subset U is said to be
open whenever U € T and it is said to be closed if M\ U is open.2 Therefore,
the choice of a topology on a set M specifies which subsets of M are open
and which are closed sets.

1. A set whose elements are sets is referred to as a collection. Here 7 is just a subset of
P (M) (the power set of M, i.e., the set of all subsets of M) that satisfies axioms T 1-T 3.
2. M\U denotes the set difference, i.e., the set {x e M | x ¢ U}.
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Chapter 3: Differential geometry

@) QR

~——

Figure 3.1.: Three different topologies for a set of three elements. The trivial
topology is shown on the left. The right diagram depicts the
discrete topology, which has the maximal number of elements.
The middle diagram visualizes a topology which is finer than
the trivial topology but coarser than the discrete topology.

Example 3.2. Depending on their number of elements, topologies can be
finer or coarser. The coarsest possible topology on a set M is known as the
trivial topology of M. It consists of the two elements () and M, which are
required by property T 1. The finest possible topology on M, known as the
discrete topology, is given by the powerset P (M), i.e., by the set of all
subsets of M. The check that both topologies satisfy axioms T 1-T 3 is left
to the reader. These topologies are represented schematically for a set of
three elements by the left and right diagram in Figure 3.1.

Let M be a topological space with topology 7. If V is a subset of M, the
collection

Ty={VnU|UEeT}

is a topology® on V, called the subspace topology.
An important class of topological spaces is given by the metric spaces. A
metric space (M, d) is a set M together with a distance function

d:MxM - R
having the following properties:
D1. d(x,y) =0 for all x,y € M; equality holds if and only if x = y.
D2. d(x,y) =d(y,x) forall x,y € M.
D3. d(x,y)+d(y,z) =2d(x,2) for allx,y,z € M.

Let B(x,r) be the ball around x with radius r > 0 defined as subset of M by

B(x,r) ={yeM|d(xy) <r}.

3. The proof of this statement can be found in Munkres 2000, §16, p. 89.
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3.1. Differentiable manifolds

The open sets, i.e., the elements of the topology, are then defined as follows.
A subset U of M is called open if and only if

Vxe U, 3r >0, such that B(x,r) C U.

This topology is called the metric topology induced by d. Since the norm
on a normed vector space induces a metric, the normed vector spaces are
topological spaces.

Example 3.3. The standard topology on R” is given by the metric topol-
ogy that uses the balls

B(x,r) ={y € R" |Ix—yls <r}. (3.1)

around x € R” with radius r > 0. The distance function in (3.1) is the
Euclidean distance

d(x,y) = Ix—ylg, with [zl = (1) 2+ + (z7)2,

for all x,y, z € R™. Note that the norm | -||5 is just the norm that is induced
by the standard inner product from Example 2.12.

Let f: M — N be a function between two sets M and N. If the sets are
endowed with respective topologies 73, and 7Ty, then we can define the
notion of continuity for the function f. A function f: M — N between two
topological spaces M and N is said to be continuous if for each open subset
V of N, the set f~1(V) is an open subset of M. The set

(V) ={meM|f(m) eV}
is called the preimage of V under f.

Example 3.4. The trivial and the discrete topology from Example 3.2 serve
as illustrative examples. If the set M is equipped with the discrete topology,
then all functions f: M — N are continuous irrespective of the topology on N.
The discrete topology declares any possible subset of M to be open. Similarly,
if N is endowed with the trivial topology, then all functions are continuous
irrespective of the topology on M. With the trivial topology on N, only
f~1(0)= 0 and f~1(N)= M need to be open sets of M and they are (for any
topology on M) by axiom T 1. This example illustrates that the concept of
continuity of a function is an interplay of the topologies on the domain and
on the codomain of the function.

We have seen that functions between topological spaces are continuous
with respect to the specific topologies of these spaces. Therefore, continuous
functions may serve to relate topological spaces.
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Chapter 3: Differential geometry

Definition 3.5. Let M and N be topological spaces and let f: M — N be a
bijective map. If both the function f and the inverse function f~1: N - M
are continuous, then fis called a homeomorphism.

In Chapter 2, we introduced isomorphisms between groups and isomor-
phisms between vector spaces (see Sections 2.1 and 2.3, respectively). We
have seen that an isomorphism is a bijective correspondence between two
algebraic objects and that it is compatible with the algebraic structure of
the objects that it relates. In topology, a homeomorphism is the analogue; it
is a bijective correspondence which is compatible with the topologies on the
spaces it relates.

Let x be a point in a topological space M. A neighbourhood of x is
an open subset of M containing x. A topological space M is said to be
separated if for each pair x1, x9 of distinct points of M, there exist disjoint
neighbourhoods U; and Ujy of x7 and x5, respectively. Separated topological
spaces are also known as Hausdorff spaces. Among the topologies depicted
in Figure 3.1, only the discrete topology shown on the right yields a separated
topological space.

A collection A of subsets of a space M is said to cover M, or to be a
covering of M, if the union of the elements of A is equal to M. It is called
an open covering of M if its elements are open subsets of M. A space
M is said to be compact if every open covering A of M contains a finite
subcollection that also covers M.

Let M be a topological space. A collection A of subsets of M is said to be
locally finite in M if every point of M has a neighbourhood that intersects
only finitely many elements of A.

Let A be a collection of subsets of the space M. A collection B of subsets of
M is said to be a refinement of A (or is said to refine A) if for each element
B of B, there is an element A of A containing B. If the elements of 5 are
open sets, we call 5 an open refinement of A. A space M is paracompact
if every open covering A of M has a locally finite open refinement B that
covers M.

Definition 3.6. An n-dimensional topological manifold M is a para-
compact separated topological space M such that every point p of M has a
neighbourhood that is homeomorphic to an open subset of R”. The local
homeomorphisms ¢ «: M2U—VCR" are called charts. A set A of charts
(U, ¢, ) that cover M is called atlas.

If we are given two charts (U,, ¢,) and (Us, ¢B) with U,NUs # @, then
the chart transition map ¢, B is defined as

¢“B = ¢Bo¢;1: d)a(U“ﬂUIB) _>¢B(U“0U,3) 3.2)
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3.1. Differentiable manifolds

¢a(UamUﬁ) ¢,3(U40U5)

Figure 3.2.: Illustration of the chart transition map between the charts
(Uy, ¢) and (Us, ¢5) of a topological manifold M.

Chart transition maps are homeomorphisms between open subsets of R”.
The inverse function of ¢, g is

Paa=boh = b0 b5

For the author it has revealed beneficial to draw sketches such as Figure 3.2
to memorize the concepts.

Let M be an m-dimensional and N be an n-dimensional topological man-
ifold. Because M and N are topological spaces, we know the concept of
continuity for a map f: M — N. If we are given respective charts (U, ¢) and
(V, ) of M and N, then we can consider the chart representation

fi=1pofod i R D (F~1(V)NU) - ¢(V) CR” (3.3)

of the map f (see Figure 3.3). Because the charts ¢ and 1 are homeomor-
phisms, the topologies on the spaces M and R™ respectively on N and R”
are compatible. Therefore, the function f: M — N is continuous if and only
if its chart representation (3.3) is.

Two particular types of functions f: M — N, which will become important
in what follows, are curves (M =1 C R) and real-valued functions (N = R).
Figure 3.4 shows a visualization thereof. A curve  on N is a map from a
subset I of the real numbers to the manifold N, that is

y:R2OI—>N, 7 (7). (3.4)
A (real-valued) function f on the manifold M is a map

f: M > R. (3.5)
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!
L)

(p) °f°¢ 1 Rn ’tﬁ(V)
¢(U)

Figure 3.3.: A map f between two topological manifolds M and N and its
chart representation yrof o 1.

The chart representation (3.3) of the curve (3.4) with respect to the chart
(V, ) is given by

x = Yoy INyL(V) - ¥ (V) CR™.

The chart representation (3.3) of the function (3.5) with respect to the chart
(U, ¢) reads
fodp™l: R™ D p(U) - R. (3.6)

The next step is to endow the topological manifolds M and N with a
differentiable structure that allows to study the differentiability of functions
f:M —N.

Definition 3.7. A bijective map f: R? D U — V C R" between open subsets
U and V of R” is said to be a diffeomorphism if both the function f and
its inverse function f~! are infinitely differentiable.

An atlas of a topological manifold M for which all chart transition maps*
are diffeomorphisms is said to be a smooth atlas. Two smooth atlases are
said to be equivalent if their union is again a smooth atlas.

Definition 3.8. An n-dimensional differentiable manifold is a topolog-
ical manifold of dimension n together with an equivalence class of smooth
atlases.

4. See equation (3.2) for the definition.
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3.1. Differentiable manifolds

/"\

‘1(V> WV)

(a) A curve y: R DI — N on a topological manifold N and its chart rep-
resentation Vroy: INy~1(V) - R”.

f
= %’—‘/R
U,

(b) A function f: M — R on a topological manifold M and its chart
representation fop~1: R™ D ¢ (U) — R.

Figure 3.4.: Curve and function on a differentiable manifold.

An equivalence class of smooth atlases is also called a differentiable
structure. Differentiable manifolds are also referred to as smooth mani-
folds.

Example 3.9. Every open subset U C R” is an n-dimensional differentiable
manifold. A smooth atlas is given by

A={(U,idgn)}.
Example 3.10. The n-sphere
S” = {x e R | (x,x) = 1}

with two different stereographic projections® as charts is an n-dimensional
differentiable manifold. Note that (-, -) denotes the standard inner product
of R"*1 from Example 2.12.

Now, we are ready to study differentiable maps. Let M and N be differen-
tiable manifolds of the respective dimensions m and n. A map f: M — N is
said to be differentiable (or smooth) if for each p € M there exist charts

5. See John M. Lee 2013, Problem 1-7, p. 30.
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(U, ¢) around p and (V, y) around f(p) such that the chart representation

of f given by
%ofogb_l: W—)llb(V),

which is defined on a neighbourhood W C gz’)(f_l V)n U) around ¢ (p),
is infinitely differentiable (see Figure 3.3). We denote the set of differen-
tiable maps f: M — N by C®(M; N). In the special case of smooth functions
f: M — R, we will use the abbreviation C* (M) instead of writing C*(M; R).

Definition 3.11. A diffeomorphism f: M — N is a homeomorphism for
which the bijective function f and its inverse function f~1 are both differ-
entiable. In this case, the differentiable manifolds M and N are said to be
diffeomorphic.

3.2. Tangent and cotangent space

When it comes to the concept of tangent vectors to a differentiable manifold,
several definitions exist (see for example Chapter 3 in John M. Lee 2013).
The author thinks that the most intuitive approach is to relate tangent
vectors with curves. People aware of elementary physics would not feel
any discomfort in saying that the velocity of a particle moving in space can
be represented by a vector that is tangent to the time-parametrized curve
describing the motion of the particle. Therefore, we will start by introducing
the tangent vectors as equivalence classes of curves. However, it is the
algebraic definition of tangent vectors as derivations on smooth functions
that reveals to be the work horse in doing computations such that we cannot
pass over this interpretation.

Tangent vectors as equivalence classes of curves

Two curves® Y1, V2 1—r,r[= M with y{ (0) =95 (0) =p €M and r > 0 are
said to be equivalent,

Y1~p V2 3.7
if it holds for some chart (U, ¢) around p that
d d
Tl _ (oD@ = | ($er2) (. (3.8)

We can easily see that the equivalence criterion (3.8) is chart independent,
i.e., if it holds for one chart, then it holds for every chart around p. To see

6. See equation (3.4).
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this, we consider a second chart (V, ) around p. Then, foranyp e UNV,
it holds that oy, = (poy~1) oyfroq; withi = 1,2 and therefore

d dporf1 d A
ET=O(¢°%)(7)=T Eﬁo(%ﬁ“%)(ﬂ
Y (p) (3.9)
Ipoy! d '
=V A e,
8x %(P) dr =0

where 3&1 : V - R denotes the j-th coordinate function of the chart
Y: M2V —R"

The last equality in (3.9) follows by using matrix notation (see Appendix A).
Since the chart transition map ¢ o 1,&_1 is a diffeomorphism, the linear map
given by the matrix

dpoyl

% Y (p)

is a vector space isomorphism of R”. Therefore, it is clear that if the equal-

ity (3.8) holds in one chart of an atlas A, then it holds in every chart of A
that has p in its domain.

Definition 3.12. Let M be a differentiable manifold. Tangent vectors to
M at a point p € M are equivalence classes with respect to ~, of curves in M
through p. The tangent space of M in p is the set of all these equivalence
classes

T,M := {ry: 1—r,r[— M differentiable, (0) =p}/~p .

As introduced in Section 2.4, we use [y] to denote the equivalence class of
a curve 7y: ]—r,r[— M with respect to (3.7). So far, the tangent space T,M
is just a set. But it can be endowed with the structure of a real vector space
of the same dimension than the manifold M.

Theorem 3.13. Let M be an n-dimensional differentiable manifold. Then
the tangent space T,M at some point p € M is a real n-dimensional vector
space.

Proof. Let (U, ¢) be a chart around p, then we define the map
d
dd,: T,M - R”, [y]+~ i 7_=0(<]5c>fy) (7). (3.10)
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=gl ¢<p% %) +ru

O r

$(U)

Figure 3.5.: Construction of curves through the point p € M.

The idea is to prove that d(j)p is a bijective map, which then can be used to
import the vector space structure’ from R” to the tangent space.

The map (3.10) is injective by the definition of the equivalence relation.
Indeed, the function d¢ p» maps elements of T,M to the real numbers that
have been used to divide the curves into equivalence classes. To prove
surjectivity, we define the curve

7(m) = ¢~ (¢(p) +7u) (3.11)

for arbitrary n-tuples u € R” (see Figure 3.5). For the curves (3.11), we can
calculate

Ay (7)) = 32| _ pog ($2)+7u)

=
= diT =0(¢(p) +7'u) =u,

which proves the surjectivity of dc]>p because we have shown that the whole
R” can be reached. The addition and scalar multiplication that endow T,M
with the structure of a vector space are defined as

[y11+ [72] = dpt (dd, ([y1]) +dd, ([v2])),
aly] =déyt(add, ([v1])),
for all [y1], [y2] € T,M and all @ € R. Note that on the right-hand side of

these definitions stands the addition (2.19) and scalar multiplication (2.20)
of R™. O

(3.12)

7. See equations (2.19) and (2.20).
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¢ (U)

X

Figure 3.6.: Basis vectors of the tangent space T,,M that are induced by the
chart (U, ¢) of the differentiable manifold M.

Tangent vectors as derivations

The algebraic approach to tangent vectors of a differentiable manifold M is
to consider them as operators on the set of smooth functions C*(M) on M.
A linear map u,: C*(M) — R is said to be a derivation in p € M if it has
the two properties:

D 1. Locality: For all open subsets U C V of M with p € U and functions
fec=(v)
up [f] = up [flU]a

where f|;; denotes the restriction of the function f: V — R to the
neighbourhood U C V.

D 2. Product rule: Let f,g € C*(M), p € M, then

u,lfel =f(p)uylgl+g(p)uylfl,

wherefg: M - R, p - f(p)g(p).

The concept of a derivation in p is an abstraction of the derivative operator.
Property D 1 guarantees that the derivation is a local operator similar to
the derivative. From the locality property, it follows that

f|U=g|U = up[f]:up[fIU]: p[g|U]=up[g]'

Note that we used square brackets in D 1 and D 2 to denote the function ar-
gument of the map u,,: C*°(M) — R. This notation should not be confounded
with the one used for equivalence classes.
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Figure 3.7.: Visualization of Lemma 3.16 for the scalar case.

Definition 3.14. Let M be a differentiable manifold. The set T,M of deriva-
tions in p € M is said to be the tangent space at the point p. A derivation
up € T,M is called tangent vector at the point p.

We will show in Theorem 3.17 that the sets T,M and T,M from Defini-
tions 3.12 and 3.14 are isomorphic vector spaces. Therefore it make sense
to use the same terminology for these spaces.

Theorem 3.15. Let M be an n-dimensional differentiable manifold and
let (U, ¢) be a chart of M such that ¢: p— ¢(p) = (x1,...,4"). The tan-
gent space T,M in p € U C M is an n-dimensional real vector space. The
derivations

d

oxl

1] ==

b

(fod1), (3.13)
é(p)

with f € C*°(M) form a basis of T,,M such that a tangent vector u,, € T,M
can be written as

d

Up =, [ P'] = (3.14)

b

Theorem 3.15 is depicted in Figure 3.6. Its proof relies on the following
lemma, which is visualized for the scalar case in Figure 3.7.

Lemma 3.16. Let heC>(R"), then there exist functions g4, ... , g, €C*(V)
with® V = B(xq,r) C R™ such that the function ~2: x — h(x) can be locally
written as
h(x) =h(xg) + (x' —x}) g;(x) Vx€eV,
with 5
h
gi(Xg) = W(XO)' (3.15)

8. B(xq, r) denotes the open ball with radius r > 0 centered at the point xy in R” as defined
in (3.1).
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Proof of Lemma 3.16. The lemma follows from the fundamental theorem of
calculus, by which we can write

t=1
h(x) =h(xo) = h(tx+(1-0)xo)| _,

01 éith(tx+(1—t)x0)

1 0h
0 oxf

= (x —x0) fol %(t:ﬁ (1-1)xq)dt .

=g; (x)

tx+ (1—1)xg ) (2 —x0)dt
7 ( )

Finally, we can convince ourselves that with this definition of g; (x)

1 0h oh
8i(Xg) = fo 55 (o)dt = =5 (x0).

Proof of Theorem 3.15. We start with a list of what needs to be shown:

1. The objects c9/axi|p are derivations.

2. The derivations 2/oxil,,

3. A tangent vector u, € T,M can be written as

are linearly independent.

Up,=u [925‘

8x‘

To prove 1, we show that J/oxi|,, are linear real-valued maps on C*°(M) and
that they have properties D 1 (locality) and D 2 (product rule). Let @, 3 € R

and f,g € C*°(M). To show linearity, we consider

((ar+ge)e47)

(Fod) +6-

] Lo + 6] = el

1%

=aw (go¢_1)

(D) é(p

b

| L]
oxtlp,
which proves linearity. Property D 2 is induced by the product rule of partial
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differentiation on R” as follows

d _d _1
| [fel==5|  ((Fe)eg™)
D #(p)
d
=5a|  ((Fed7)(go47")
ox b (p) ( )
—g(p) 2 (fo¢-1)+f(p)i (go971)
oxt oxt
d(p) (p)
d d

=g(17)w [f]"'f(P)W [g].

D D
Hence 9/oxil, is a derivation because property D 1 is induced by the locality

of the partial derivative on R”.
To prove 2, we need to check that for all «* € R with i =1, ..., n the claim

B ;9

! %
ol 57| 150 VfeC=)  (3.16)

p

!
=0 = a
D

al

implies @’ = 0. Equation (3.16) needs to hold in particular for f = qf)j with
j=1,...,n,thatis

($7047) = aidl = a

(7] = a2
p

' J
0=a'55

forj=1,...,n. Therefore, the 9/oxi, are linearly independent.
To prove 3, we start by showing that the derivation of a constant function
vanishes. Let u, € T,M and c,: M — R, p = «, then we can calculate

uyler] =uyleici] =luyler]+upler] 1=2uy[c1] = uyle1] =0

and
uyleq] =uplaci] =auyc ] =0. (3.17)

Let (U, ¢) be the given chart and let f € C*°(M) be a smooth function
on M (see Figure 3.8). The set ¢(U) is open in R" endowed with the
standard topology because the map ¢: U — ¢ (U) is a homeomorphism
(see Definition 3.5), i.e., it maps open sets to open sets. By the definition
of the metric topology (see p.47), there exists an open set around ¢ (p), a
ball V =B(¢(p),r) C ¢(U). We consider the chart representation of the
function f: M — R (see equation (3.6)), that is

hi=fod™1: R* D p(U) > R, x— h(x).
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3.2. Tangent and cotangent space

Figure 3.8.: Representation of the sets used in the proof of Theorem 3.15.

According to Lemma 3.16, the function x — A (x) can be written on V as

h(x) =h($(p)) + (' = ¢" (D)) & (x) (3.18)
for all xo € V. Thus, f can be written on ¢~1(V) as

F@) =hod@) T h(d(d) + (¢ (@) —d'(p) g (b(g))  (3.19)

for all g € ¢_1 (V). Next, we apply a tangent vector u,, € T,M at the point
P € M to the function f as follows

D
wlfl F up|flyro]
(8.19)

= up [ ($(0)) [+ up[ (4 ()= ¢'(p)) £:($())]
ear p[<¢f<c>—¢i<p>)gi(¢<.>>]

(ICE

8(6(D) up[F ()= (D) |+ (' (D) — ' (P)) -up[8: ()]
g () up[$' )]
(3.15) ; oh
= O i
P[¢ ]836‘ ¢(p)
(3.19) d 1
= l() —_— o
P[¢ ]8xl ¢(p)(f ¢ )
(3.13) ; 1%
=7 u, [ 4 <>]@p[ﬂ.
Hence the derivations 9/oxi|, withi=1, ..., n generate the vector space T,M,
which therefore has dimension n. O
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Let (U, ¢) and (V, ) be two charts around a point p € M such that
¢:p— ¢(p) =xand Y: p - Y (p) =y. Both charts provide a respective
basis of the tangent space T, M that is given by the induced derivations
?[oxtlps - s 9]oxnlp and 9/oylly, ..., 9/9ynl,, respectively. If we are given a
tangent vector u, € T,M, then by (3.14) it can be represented with respect
to both bases as

J
Up,=1u

p=upld] 5| =uolv1 25| (320

Considering (3.20) for u, = B/axilp, we find that the basis vectors are related
by
a —
dxt|
P

1 d

J| L
[v] 7, (3.21)
Inserting the transformation rule (3.21) into equation (3.20), it follows that

wplyn = L)

i
oxt |,

up[¢'].

b (p)

Relation between the two notions of tangent vectors

For both definitions? of tangent vectors, we showed that the respective
tangent spaces T,M and T,,M can be endowed with the structure of a vector
space of the same dimension than the manifold M (Theorems 3.13 and 3.15).
The tangent spaces T,M and T,,M are related by a vector space isomorphism.
Let [y] € T,M and f € C*(M). The Lie derivative of f in the direction
[v] is defined as

d
Liqf = I T=Of°')’(7)- (3.22)
The reader may easily convince himself that the Lie derivative
is a derivation and, therefore, it holds that L[ry] € T,M for all [y] € T,M

Theorem 3.17. Let M be a differentiable manifold and let p be a point of
M. The map

defines a vector space isomorphism between the tangent spaces T,M and
T,M,ie., T,M=T,M.

9. See Definitions 3.12 and 3.14.
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3.2. Tangent and cotangent space

Proof. Consider a chart (U, ¢) around p € M. Let [y] € T,M be a tangent
vector. For a function f € C*(M), it follows by the chain rule that

d
Lif=g7| _ (fod¢tedor) @
o b1
=i (gf)io'y)(T)-M

d7l, -9 oxt

L(WO))‘

The first factor of each summand is just a real number, i.e.,

| .
Boub= | ($on) .

Because y(0) = p, the second factor in each term can be recognized as basis
vectors (3.13) being applied to f such that

; Of o™t

d
L[v]f p axz

=uh—> ! [£]. (3.24)

b(p)
The injectivity of the map (3.23) can be seen from equation (3.24). If L[ 1=0
for all f € C*(M), then it holds in particular for f = ¢/ with j = 1

from which follows that u;, =0 forj =1, ..., n. Because the tangent spaces
T,M and T,M have the same dimension, the surjectivity of the map (3.23)
follows from its injectivity by the rank-nullity theorem of linear algebra.
Therefore, the map (3.23) is bijective. The linearity of (3.23) follows from
the definition (3.12) and the linearity of differentiation. O

Similar to the map (3.10), we define the map
d¢,: T,M — R”,

9 (3.25)
up=u‘axipHd¢p( ») =u=(ul,.. u").

The map (3.25) is bijective because its inverse can be written explicitly with
X := ¢p(p) as

J
déyl(m) =u -

Theorem 3.17 tells us that the diagram

- L
TpMu T,M

A=, <,

¢—1(X)'

commutes, i.e., that dd)p = d(;Sp oL.y. In what follows, we will mainly focus
on the algebraic view of tangent vectors as derivations.
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Chapter 3: Differential geometry

Figure 3.9.: The differential of the function f: M — N at the point p maps
the tangent space 7,,M at the point p of M to the tangent space
Ty (pyN at the point f(p) of N.

The differential of a map between manifolds

The tangent vector to a curve is just a linear approximation of the curve.
In this sense, the tangent space to a differentiable manifold at some point
P €M can be seen as a linear approximation of the manifold around the
point p. Now, we study the linear approximation of differentiable maps
f: M — N between two differentiable manifolds M and N (see Figure 3.9).
The differential of fin p € M is the map

Df,: T,M — Ty ,)N, u, = Df,u, (3.26)

that is defined by
Df, 8] =, [g of ]
for all g € C*(N).

Proposition 3.18 (John M. Lee 2013, Proposition 3.6). Let M, N, and P
be differentiable manifolds, let f: M — N and g: N — P be differentiable
functions, let p € M.

() Dfy: T,M — TN is linear.
i) D(goF) , = Defp) *Dlys ToM = TP
(iii) D(idM)p = id:,;]M: ,M - T,M.
(iv) If fis a diffeomorphism, then the linear map Df,,: T,M — T¢,)N is

an isomorphism, and (Dfp)_l = D(f_l)f(p)‘

The cotangent space

In Section 2.6, we introduced the dual space V* of a vector space V. If we
take V to be the tangent space 7,,M of a differentiable manifold M at some
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point p € M, then we can define the cotangent space of M at p, denoted
by T;M, to be the dual space of the tangent space, that is

TiM = (T,M)*. (3.27)

The dual basis (dx}, ..., dx}) to the basis (9/ox
gent space is defined by

1p, - » /9xnlp) of the tan-

ey .o
l - Q1
dxp (—axj ’p) = 6]-, (3.28)
such that a covector w € T;M can be written as

w = w; dxk,.

3.3. Immersions, submersions and embeddings

Let f: M — N be a differentiable map between two differentiable manifolds
M and N. The rank of f at p is defined as the rank of the differential of fin
D, i.e., as the rank of the linear map Df,,: T,M — T, N. If f has the same
rank r at every point p € M, we say that it has constant rank and we write
rank f =r. The rank of a linear map is never higher than the dimension of
either its domain or codomain. The most important maps of constant rank
are those of maximal rank, i.e., for which rank f = min {dim M, dim N}. We
say that a differentiable map f: M — N is a submersion if its differential in
p is surjective for each p € M (or equivalently, if rank f = dim N). We call it
an immersion if its differential in p is injective for each p € M (equivalently,
rank f =dim M). If f: M — N is not only an immersion but also a topological
embedding, i.e., a homeomorphism onto its image /(M) C N in the subspace
topology (see p.46), then it is called an embedding of M into N.

An immersed submanifold of N is a subset M C N endowed with a
topology (not necessarily the subspace topology) with respect to which it
is a topological manifold, and with a differentiable structure with respect
to which the inclusion map!® : M < N is an immersion. An embedded
submanifold of N is a subset M C N that is a manifold in the subspace
topology, endowed with a differentiable structure with respect to which the
inclusion map ¢: M < N is an embedding. If M C N is a submanifold of
N (immersed or embedded), then we call the difference dim N —dim M the
codimension of M in N. For a detailed treatment of submanifolds, we
refer to Chapter 5 in John M. Lee 2013.

10. If A is a subset of B, then the identity map x — x for all x € A viewed as a mapping
A — B is called inclusion map. It is usually denoted by ¢: A - B, x — ¢ (x) =x (see p.28
of Lang 2005).
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3.4. Vector bundles

In Section 3.2, we saw that the tangent space T,M at an arbitrary point p
of a differentiable manifold M is a vector space of the same dimension as
the manifold M. Moreover, we introduced the cotangent space T;M as the
dual space of the tangent space T,M. Now, we consider the differentiable
manifold M together with all its tangent, respectively cotangent spaces.
This leads us to the following two definitions.

Definition 3.19. The tangent bundle T'M of a differentiable manifold M
is the disjoint union of all tangent spaces T, M, i.e.,

™ = | ({p}xT,M).
PEM

Definition 3.20. The cotangent bundle T*M of a differentiable manifold
M is the disjoint union of all cotangent spaces T;M, i.e.,

"M== || ({p}xTiM).
pPEM

A point u in the tangent bundle TM has the form
u=(p,up) withp € M and u, € T,M, (3.29)
while a point ¢ in the cotangent bundle T*M is given by
o= (p,0p) withp €M and o, € Ty M.
By definition, the sets TM and T*M come with the natural projections
mry: TM - M, (p,up,) = p. (3.30)

and
mpsy: T"M - M, (p, 0p) = p, (3.31)

respectively. We will see that TM and T*M can be endowed with a vector
bundle structure that can be constructed from the differentiable structure
of the base manifold M using the natural projections (3.30) and (3.31), re-
spectively.

Definition 3.21. Let E, F, and M be smooth manifolds and let 7: E - M
be a differentiable surjective map. The quadruple (E, 7, M, F) is called a
fibre bundle!! if for each point p € M there is an open set U containing p
and a diffeomorphism 6: 7=1(U) — U x F such that the diagram
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3.4. Vector bundles

7= 1(U) —‘9> UxF

< pry
U

commutes, i.e., if pry o =7. The diffeomorphism 6: 7—1(U) — U xFis called
local trivialization and 77: E — M is said to be the bundle projection.
The manifolds E, F, and M are called total space, typical fibre, and base
manifold, respectively. The projection pri: U xF — U is referred to as
natural projection on the first factor. The set E,, := 7~ 1(p) is called
the fibre over p.

A fibre bundle is trivial if there exists a global trivialization such that
the diagram

E—6>MxF

™  pry
M

commutes.

Definition 3.22. A (real) vector bundlell of rank % over M is a fibre
bundle (E, 7, M, R*) with typical fibre R* such that:

(i) for each p € M the fibre E,, = 71 (p) over p is endowed with the
structure of a k-dimensional real vector space.

(ii) for each p € U, the restriction of 6 to E,

0| :E,—UxR*
E

P

is a vector space isomorphism from E,, to {p} x R% = R”.

A vector bundle (D, 7, M, RY) of rank  over M is said to be a subbundle
of a vector bundle (E, 7z, M, R*) of rank & > [ over M if D is an embedded
submanifold of E' and the bundle projection 77 : D — M is the restriction of
7mg: E— M to D, such that for each p € M, the subset D,, =DNE, is a vector
subspace of E,, and the vector space structure on D,, is the one inherited
from E,,.

A vector bundle homomorphism!? between two vector bundles (E1,
71, M1, R*) and (Ey, 79, My, R!) is a pair (F,f) of differentiable maps
f: E{ - Eg and f: M; - My, such that the diagram

11. See Chapter 6 in Jeffrey M. Lee 2009 for a detailed treatment of fibre and vector bundles.
12. See Definition 6.25 in Jeffrey M. Lee 2009.
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E,——E,

ol I

M, —L
commutes, i.e., f o7, = g of and where the restrictions to the fibres
Flocipy: 711 (0) > 13 (F(0)) (3.32)

are vector space homomorphisms, i.e., linear maps for all p € M;. If fis a
diffeomorphism such that its inverse is also a vector bundle homomorphism,
then it is called a vector bundle isomorphism.

We define the rank of f at p for each p € M, as the rank of the linear
map (3.32). If the rank is the same for all points p € M, then fis said to
have constant rank. Vector bundle homomorphisms define subbundles
according to the following proposition.

Proposition 3.23 (Golubitsky et al. 1973, Proposition 5.14, p.26). Let
(f,f) be a vector bundle homomorphism between the two vector bundles
(E{, 71, M1, R®) and (Eq, 79, My, R?). Suppose that f has constant rank.

Then R R
kerf := U ({p}xkerfp)
PEM;

is a subbundle of E.

If the vectors bundles E; and E5 have the same base space M, then
the above considerations can be specialized to f = id,, and we call the map
f : E{ - E5 avector bundle homomorphism over M, respectively vector
bundle isomorphism over M if fis a diffecomorphism such that its inverse
is also a vector bundle homomorphism over M.

The following theorem shows that the tangent bundle of a differentiable
manifold M that we defined in Definition 3.19 is a vector bundle.

Theorem 3.24. The tangent bundle TM of an n-dimensional differentiable
manifold M is a vector bundle (T'M, 7wy, M, R™) of rank n over M.

For the proof, we refer to John M. Lee 2013, Propositions 3.18 and 10.4.
Lee proves that the tangent bundle is a smooth manifold by constructing an
atlas of TM that is induced by the atlas (U,, ¢,) of the base manifold M.
For this purpose he uses the map (3.25) to define the charts (71 (U,), @,)

of TM
@, mH(U,) - ¢ (U,) xR® CR?",

(pru ] ) = (200088 0)) = )
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with p € U, and u, € T,M (see equation (3.29)). The projection (3.30) is
differentiable because all of its chart representations

¢a°7TTM°¢’51(X,u) =X

are differentiable (see p. 51). Since the tangent spaces T,,M are isomorphic
to R, the typical fibre is R”. In the proof of Proposition 10.4, Lee shows
that the maps defined as

HTM: ™ - UaXRn
; d
(pv ulw ) = (pad¢ap(up)) = (pau)
p

for all p € U, are indeed local trivializations. Note that the fibre over p € M
is given by E,, = w73, (p) = {p} xT,M. Let e, = (p,v,,) and e, = (p,v;,) be
two elements of E,,. Then v, and v;, are tangent vectors from 7, M. If +
denotes the addition on E, and + the one on T,M, then

(3.33)

e, +e, = (p,vp) +(p,vp) = (p, v, +0p).
The respective scalar multiplications « and - of E,, and 7,,M are related as

ase,=as(p,v,) = (p,avy,),

for all real numbers «. A similar construction of charts and local trivializa-
tions can be used to endow the cotangent bundle 7*M of an n-dimensional
differentiable manifold with the structure of a vector bundle of rank n over
M.

The results from Sections 2.10 and 2.11 can be used to introduce tensor
bundles. We define the bundle of mixed tensors of type (%,[) as

®FTM = | | ({p}x®FT,M), (3.34)
PEM

the bundle of covariant /-tensors as

®T*M = | ] ({p}x®'T3M) (3.35)
PEM

and the bundle of alternating /-forms on M as

NT*M = | ] ({p}x NT;M). (3.36)
PEM

Such as TM and T*M, the bundles (3.34), (3.35) and (3.36) are vector
bundles. Their respective atlas can be constructed similarly to the one
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Designation Vector bundle  Set of sections

Vector field ™ I(TM), Vect(M)
Covector field T*M I(T*M), 21 (M)
(k,1)-tensor field ®?TM I‘(®§‘TM)

Covariant [-tensor field ®!T*M, ®?TM F(®ZT*M), P(®?TM)
Differential I-form NT*M F( NT*M ) , DL(M)

Table 3.1.: Smooth sections of tensor bundles.

of the tangent bundle by using the chart of the base manifold to repre-
sent the points p € M together with its induced bases (9/axlp, ... , 2/ox"|p)
and (dxl, ..., dx}}) for the representation of the tensor at each point. The
local trivializations can be deduced from the ones of the tangent bundle
(see equation (3.33)) in an analogue way. Roughly speaking, the charts
and the trivialization simply “readout” the coefficients of the tensor from
its representation with respect to the coordinates that are induced by the
charts of the base manifold M.

A tensor field on a differentiable manifold M is just a smooth assignment of
a tensor to each point p of M. This concept can be defined in general for fibre
bundles as follows. A (smooth) section of a fibre bundle (E, M, ¢, F) is
a smooth map s: M D U — E such that

qrosS = ldU’ (337)

i.e,, m(s(p)) =p for all p € U. The set of all sections of E is denoted
by I'(E). The criterion (3.37) guarantees that a point p is mapped to a
pair (p,f,) € 7~1(p), i.e., to an element of the fibre over p. We can define
sections through the different bundles that we have seen so far. The result
is summarized in Table 3.1.

3.5. Vector fields

A vector field v € I'(TM) on a differentiable manifold M is a section of the
tangent bundle TM, i.e., a map

U:MQU*TM,p’_)(pyvp),

with v, € T, M according to (3.37). The set of vector fields on M, denoted by
Vect(M) := I'(TM), is an (infinite-dimensional) vector space in virtue of the
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addition and scalar multiplication defined point by point as

(u+v)(p) = (p,up+vp),

(3.38)
au(p) = (p, aup),

for allu,v € Vect(M), all @ € R and all p € M. Additionally to the multipli-
cation by real numbers from (3.38), the set of vector fields can be equipped
with a multiplication between real-valued functions and vector fields. Let
f€C®(M) and v € Vect(M), then this multiplication is defined as

(fv) () = (p,f(P)vp) (3.39)

for all points p € M.
Analogously, a covector field p € I'(T*M) on a differentiable manifold
M is a section of the cotangent bundle 7*M, i.e., a map

pMQU_)T*M, p (p,pp)’

with p,, € T;M according to (3.37). The set of covector fields on M, which

is also denoted by 21(M) := I'(T*M), can be endowed with a vector space
structure by defining

(p+0)=(p,pp+7p),
ap(p) = (p, app)

for all @ € R and all p, o € 21(M) with p(p) = (p, pp) and o (p) = (p, 0p)-
For covector fields, the analogue to multiplication (3.39) is defined as follows.
Let f € C*(M) and p € 21(M), then

(fp) (p) = (p,f(P)pp) (3.41)

(3.40)

for all points p € M. The operation of a covector field p € 21(M) on a vector
field v € Vect (M) is denoted by

pw)=p-v=v-p (3.42)
and it is defined using the pointwise duality pairing (2.23) as

(P(U))(p) = pp'vp~

In Section 3.2, we saw that a tangent vector at some point p of a differen-
tiable manifold M can operate as a derivation in p'2 on a function f € C*(M).
This pointwise property can be transferred to vector fields. A linear map

13. See p. 55 for the definition.
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D: C®°(M) - C*(M) is said to be a derivation if it fulfils the product rule,
i.e., if
D[fgl=fD[g] +&DIf]
for all f, g, € C*°(M). Vector fields v € Vect(M) operate pointwise on func-
tions f € C*(M) as
(v[f1) (p) =v,[f]1, (3.43)

with v(p) = (p,v,) because of (3.29). In particular, because of the locality
property D 1 of v, as derivation in p, it holds that

U[f]|V= U[flv]
for all open subsets V C U C M.

Theorem 3.25 (John M. Lee 2013, Proposition 8.15). Let M be a differen-
tiable manifold. Then, the derivations on C*(M) can be identified with the
vector fields Vect(M) on M.

If we are given two derivations D and Dy on C*°(M) and two functions
f,g € C*(M), then we know that D;[f] € C*(M). The question arises
whether the concatenation DyDq of two derivations is a derivation. The
answer is no, as the following calculation shows:

DyD1[fg] =Dg [fD1[g] +gD1[f]]
=fDyD1[g] +Dy[f1D1[g] +8D2D1[f] +D3[g]D1[f] (344)
# DD [g] +gD2D1 [f].

However, we may observe from (3.44) that Do D —D 1Dy satisfies the product
rule and, therefore, is a derivation.

Theorem 3.25 allows us to transfer this observation to the space Vect (M)
of vector fields on M. For any two vector fields u, v € Vect (M), we define the
vector field [u, v] € Vect(M) by its operation on functions f € C*(M) as

[u, vl [f] = u[v [f]] —v[u[]‘]] (3.45)

The reader may check that the bracket (3.45) satisfies axioms LB 1-LB 3
from the definition of a Lie bracket on p.33. The vector space Vect(M)
becomes a Lie algebra when it is considered together with the Lie bracket
from (3.45).

In Section 3.2, we saw that if we are given a differentiable map f: M - N
between two differentiable manifolds M and N, then the differential of fin a
point p of M (3.26) maps the tangent space 7,,M to the tangent space Tr(,,)N.
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b L Py DR
p i Df N

Figure 3.10.: The differential of the function f: M — N maps tangent vectors
on M to tangent vectors on N.

This pointwise map can be extended to the tangent bundles TM and T'N.
The differential of f is defined as the map

Df: TM - TN, (p,up) — (f(P), Dfpup)'

The differential of f can be used to relate vector fields on M with vector
fields on N (see Figure 3.10). We say that the vector fields v € Vect (M) and
w € Vect(N) are f-related if

wef(p) =Dfv(p) forallpe M
or, equivalently, if
w[g]of =v|[gof] for all g € C*(N).
In the case where f: M — N is a diffeomorphism, it induces the map
f.: Vect(M) - Vect(N), v £, (v)
that is defined by
(£0) (@) =Dfp-14yv(F~1(q) ) = Dfvef~L(g),

for all ¢ € N. The vector field £, (v) € Vect(N) is called the pushforward
of the vector field v € Vect (M) with f. The inverse of the map f: M - N
allows to define the pullback £, of a vector field w € Vect(N) with f as
the vector field

fow = (f71),w

on M. Overloading notation, we consider the map
f: 0N N) - QY M), prLp,
defined using the diffeomorphism f: M — N by
(fp) W) = p(£v)
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for all p € 21(N) and all v € Vect(M). The covector field £.p € 21(M) is
called the pullback of the covector field p € 21(N) with £. Finally, the
pushforward of the covector field o € 21(M) with fis the covector field
on N that is given by

fo:= (f‘l)éo'.

Note that a vector field v € Vect(M) and its pushforward f,v are f-related.
The f-relation of vector fields is compatible with the Lie algebra structure
on Vect(M) and Vect(N) according to the following theorem.

Theorem 3.26 (John M. Lee 2013, Proposition 8.30). Let v, € Vect (M) and
w; € Vect(N) with i =1, 2 such that v; and w; are f-related for all i. Then
the Lie brackets [v{,vs] and [wq, wo] are also f-related, i.e.,

[wy, wg] of(p) =Df[vy,ve](p) forallp e M.

The coordinate fields induced by a chart (U, ¢) of a differentiable
manifold M with ¢: p — ¢(p) = (x1, ...,x™) are defined as the sections

J ) . (3.46)
‘P

d
o UM, P (p%
By equations (3.38), (3.39), (3.43), and (3.46), every vector field v € Vect (M)
can be locally written as

v=v[¢i]% (3.47)

)
forallpe U C M.
The dual coordinate fields on M induced by the chart (U, ¢) are de-
fined to be the sections

da’: U > T*M, p ~ (p, da), (3.48)

because

i
v(p) = (pﬂ/'p[(;{)l]ﬁ

where the basis covectors (dx},, ..., dx7) are defined by equation (3.28).
With equations (2.21), (3.40), (3.41), (3.42), and (3.48), every covector field
p € NY(M) can be locally expressed as

p=p(aixi)dxi, (3.49)

J )dx},)
p

p(p) = (p,,op(w

because

forallp e U C M.
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3.6. Flow of a vector field

In Definition 3.12, we used equivalence classes of curves to define the tan-
gent space T,M to a differentiable manifold M at some point p € M. With
Definition 3.14 we saw that tangent vectors in p € T, M can operate on
functions f € C*°(M) as derivations in p. Theorem 3.17 tells us that both
definitions are equivalent because the resulting tangent spaces T,M and
T,M are isomorphic.

In this section, we change our perspective. Instead of considering a single
point p € M, we are interested in all the points which lie along some curve
v: RDI - M, 7~ y(7) that passes through p such that y(79) =p € M. At
each point of the curve, we consider the tangent vector defined by the curve
in that point. If 0 €1, then the tangent vector defined by the curve v is
just [y] (the equivalence class of ), which is an element of T,y(O)M. The
tangent vector defined by « for any other value 7* €I with 7* # 0 is defined
to be the equivalence class of the curve 7« (7) := y(7+7%), i.e., the tangent
vector [7,+] € T, (7+)M. Note that the equivalence relation (3.7) is defined
for curves with intervals I =] —r, r[ centred around 0. Given an arbitrary
curve v: R DI — M and some point g € y(7*) on it, the reparametrized
curve 7.« satisfies .+ (0) =q.

With this construction, we get a vector field along the curve v, called
the tangent field along v, that we denote by 4. By Theorem 3.25, the
tangent field along y can operate as derivation on functions f € C*(M).
The operation is defined pointwise according to (3.43) as

(Y1) (Y(T*)) = Gy [F1 P2V, of
322 d

=

d

dr

O(f ° e ) () (3.50)

T=

(foy) (7).

T=7%

Let yv: R DI — M be a curve passing through p € M. If we are given a
vector field v on M, then we can check whether or not the tangent field
along the curve y corresponds to the vector field v evaluated along the curve.
If this is the case, i.e., if

Y(y(1)) =v(y(7)), (3.51)
then the curve (7) is said to be an integral curve of the vector field v
through p (see Figure 3.11). Let (U, ¢) be a chart that contains part of
the curve, ie., y(7) €U for all TeIn fy_l(U) + (. Let the vector field
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f
T
M
, N
}/{I]/}VR R™ .
o — $(U)

poy

Figure 3.11.: An integral curve of a vector field passing through the point p.

v € Vect (M) have the local expression

v="0!

oxt’

with v’ € C*(U). Equation (3.51) can be expressed with respect to the chart
(U, ¢) according to (3.47) as

VP (v (7)) =v[ ] (y(T)), (3.52)

withi =1, ..., dim M. With equation (3.50), we recognize that (3.52) defines
the following system of ordinary differential equations in the chart (U, ¢)

%(sﬁiw)(ﬂ =vi(y(7)). (3.53)

The determination of an integral curve ry that passes through a given
point p € M boils down to solving the system of ordinary differential equa-
tions (3.53) with the initial condition

v(79) =p. (3.54)

Therefore, many results about ordinary differential equations can be applied
to integral curves. The theorem of Picard-Lindel6f guarantees that for each
initial condition (3.54) there is some value r > 0 such that there exists
a unique solution (7) to the initial value problem (3.53)—(3.54) on the
interval |79 —r, 7o +r[ that passes through p for 7 = 7y. In particular, this
means that integral curves do not intersect. Let y,: |7o—r, 7o +r[ - M
be the integral curve of a vector field v € Vect(M) that passes through
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p € U CM. The map

@: ltg—r,To+r[xU—>M,

(3.55)
(7,p) > @9(7T,p) =17, (7).

with U C M is said to be the (local) flow of v. The local flow of v provides

the map
o, U->M,

P~ ¢ (p) =17p (7).
defined on a neighbourhood of p.

(3.56)

Theorem 3.27. The maps (3.56) are local diffeomorphisms and it holds
that

Pri+reg = Pri°Pry
for all parameters 71, 79 for which ¢, , ¢, ,and ¢, ., are defined. The
set {¢} is a one-parameter group of local diffeomorphisms.

Proof. It follows from the definition (3.56) that

Pry4re(P) = P(T1+T2,p) =7 (T1+7T2)

(3.57)
= (y’)’p(’rz) (Tl) = 90’7'1 ((}/p (72)) = (/07'1 ° (/07'2 (p)

In particular, we can see from (3.57) that idy = 9o = @71 (—r) = @ro90_+
and, therefore, 90;1 = ¢_,. Hence, the map ¢ is invertible and its inverse
map ¢; ! is differentiable such that ¢ is a local diffeomorphism. O

3.7. Tensor fields
A tensor field of type (%,1)
G eI (®4TM)
is a section such that
G(p) = (p,G,) with G, € ®}T, M.

Its application to & covector fields and / vector fields is defined point by point
as

G(10, 5105 1Uy o, ) (P) = Gp(10ps e s RO ps 1Ups - 5 [Up) (3.58)
for all yo € I(T*M) = Q1 (M) with a =1, ... , k, all BU €Vect(M) =T(TM)
with 8 =1,...,1, and all p € M. The set of tensor fields of type (k,) can be
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endowed with the structure of a vector space by defining the addition and
scalar multiplication point by point for all p € M as

(G+H)(p) = (p,Gp, +Hyp),

(3.59)
aG(p) = (p, aGy),

for all

G,HeT(®%TM)
and all ¢ € R. Furthermore, we define a multiplication between functions
f € C®(M) and tensor fields G as

(fG) (p) = (p,f(P)Gp) (3.60)

for all points p € M. The vector space structures of Vect(M) and 21(M)
that are declared respectively by equations (3.38) and (3.40) are special
cases of (3.59). Similarly, the multiplications (3.39) and (3.41) follow from
the general definition (3.60).

In Section 2.10, we defined the tensor product with equation (2.34). Theo-
rem 2.15 tells us that this tensor product can be used to construct a basis of
a given tensor space. The tensor product can be extended to tensor fields.
Let

FeT(®%TM),

GeT(®TM)
be two tensor fields with
F(p) = (p,F,) with F, € ®}T,M,
G(p) = (p,Gp) with G, € ®T,M.
The tensor product of the tensor fields F' and G is the map

FRG: Wx - XxWxVx--XVxWx:-xWxVx:-xV—-C®(M),
k l r S

with V = Vect(M) and W = 21(M) that is defined by

FO®G(p1s s PrsUts e s Uy 015 eeey Opy U, oo, Ug) (D)
= (p,Fp (P1ps - s Phps Uips -+ s ulp)Gp(cflp, cets Orp> Ulps o ,vsp))

for all p,,, oy E N1 (M) witha =1, ... ,k, vy=1,..,r all ug,vg € Vect(M)
with8=1,..,I,0=1,...,s,and allp € M.

Because of this pointwise construction, the coordinate fields (3.46) and the
dual coordinate fields (3.48) can be used together with the tensor product to
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construct a basis of the space of tensor fields in a way that is analogue to
Theorem 2.15. A similar reasoning can be used to define the wedge product4
of tensor fields.

By their point-by-point operation on vectors and covectors, smooth tensor
fields define maps on the corresponding spaces of vector and covector fields
on M that are multilinear over C*°(M). Because we are primarily interested
in covariant tensor fields, we state the following lemma.

Lemma 3.28 (John M. Lee 2013, Lemma 12.24). A map

A: Vect(M) x--xVect(M) - C*(M),

[ copies

is induced by a smooth covariant /-tensor field as above if and only if it is
multilinear over C*(M).

Pushforward and pullback of tensor fields

On pages 71-72, we defined the pushforward and pullback of vector and
covector fields. These concepts can be used to define the pushforward and
the pullback for arbitrary tensor fields. Let f: M — N be a diffeomorphism
between the manifolds M and N. The pullback of a (%, [)-tensor field G
on N is the tensor field £ G on M defined by

(]f_G) (Pl’ RPN & PR % PRI Ul) = G(]‘_;IO]_, ,]f,pk,f_',vl, ,f_;l)l),
with pq, ..., pr, € 21(M) and vy, ..., v; € Vect(M) such that
£:T(®FTN) > T(®FTM).

In the opposite direction, the pushforward of a (%, [)-tensor field /' on
M is the tensor field £ F on N defined by

(}f,F) (15 eees Oy W1y eee , W) :=F(}f_0'1, v fop, Lwy, ... ,}f_wl),
with o4, ..., 0 € 21(N) and w1, ..., w; € Vect(N) such that

£: T(®FTM) - T(®FTN).

14. See equation (2.40) on p. 40.
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3.8. Differential forms

Equation (3.36) defines the bundle of alternating /-forms on a differentiable
manifold M. A differential /-form on M is a section of the bundle of
alternating [-forms, i.e., a map

w: M - NT*M,

with 70w = idy,. For [ = 0, we define 2°(M) := C*(M) and denote the set
of differential forms of arbitrary degree on M by
dim M
M) = P 0YM).
=0

The differential forms of degree [ > dim M are zero. This can be easily seen
from Proposition 2.19(iv) because in the local expression of such a differential
[-form with respect to a chart (U, ¢) of M at least one of the basis covector
fields dx1, ..., dx™ would appear more than once.

A differential I-form w € 2¢(M) induces a C*°(M)-multilinear, alternating
map

w: Vect(M) x---xVect(M) - C*(M), (v1,...,0;) » @w(v1,...,0;)
that is defined point by point as

w(vy, ., v7) (P) =w(p) (1 (P), ..., v7(P)).

The converse turns out to be also truel® such that there is a one-to-one
correspondence between differential forms and the C*(M)-multilinear, al-
ternating maps on vector fields. In what follows, we will make no notational
distinction between differential forms and the map they induce on vector
fields.

Let f: M — N be a smooth map between the differentiable manifolds M
and N and let w € 2Y(N) be a differential I-form on N. The pullback
f.w € NYM) of w with fis the differential /-form on M defined by

(}f_w)p (V155 V1) = Wp(p) (Dfp (v1), -, Dfy (vl)), (3.61)

for all vy, ...,v; € Vect(M). Note that the map f: M — N does not need to
be a diffeomorphism. In the case where f: M — N is a diffeomorphism, this
definition agrees with the pullback of a (%, [)-tensor field for 2 = 0 defined
earlier.

15. See Lemma 3.28.
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We consider the map

d: NO(M) - N1(M),
frrdf

that is defined by the operation of df on vector fields

df: Vect(M) — C=(M),

3.62
v df (v) =v[f]. (8.62)

We want to extend the map d to differential forms of arbitrary degree such
that we get a sequence of maps

2o S o' S o2 S

Theorem 3.29 (Gallot et al. 1990, Theorem 1.119, p.43). Let M be a differ-
entiable manifold. For any [ € N, there exists a unique local operator d from
04 (M) to 2'+1(M), called the exterior derivative such that

ED1. for =0, the map d: 2°(M) — 21(M) is defined by (3.62),
ED2. it holds that d2 =dod =0,
ED3. for o € 2(M) and B € 2*(M)

d(axAB) =daxAB+ (—1)!a AdB.

Let us come back to pullbacks of differential forms. The exterior derivative
has the important feature that it commutes with all pullbacks. This property
is referred to as naturality of the exterior derivative.

Proposition 3.30 (John M. Lee 2013, Proposition 14.26). Let f: M — N be
a smooth map between the differentiable manifolds M and N. Then for each
I € N the pullback £.: 2{(N) - 2!(M) commutes with d: for all w € 2¢(N)

fo(dw) =d(fw).
Moreover, pullbacks of differential forms have the following properties.

Proposition 3.31 (John M. Lee 2013, Lemma 14.16). Suppose f: M - N
to be a smooth map between the differentiable manifolds M and N, then the
following properties hold:

(i) The map £.: QY(N) — 2(M) is linear over R.
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(ii) The pullback commutes with the wedge product, i.e.,
fe(AB) =f(a) ANL(B)-

(iii) In any smooth chart,
}f_( ZI/ wy da /\.../\dxiz) = ZI/ (wrof) d(x1of) A Ad(x of).

We say that a differential I-form w € Q/(M) is closed if dw = 0. It is
called exact if it can be written as w = doe with o € 2/~1(M). By ED 2, we
know that dod = 0 and, therefore, the condition of being closed is necessary
for a differential form to be exact. In general, the converse is not true and
the extent to which it fails is a topological property of the manifold. The
study of this question leads to the de Rham cohomology for which we refer
to Chapter 10 in Jeffrey M. Lee 2009. However, there is the following local
result due to Poincaré which says that locally, every closed form is exact.

Lemma 3.32 (Poincaré lemma). Let B be an open ball in R” and let w be
a differential /-form on B with / > 1 such that dw = 0. Then there exists a
differential form o on B such that w = do.

Lemma 3.32 corresponds to Theorem 4.1 in Lang 2001 to which we refer
for the proof. The lemma is formulated for differential forms on an open
ball in R™. However, it directly transfers to locally defined forms on an
n-dimensional differentiable manifold M because of Proposition 3.30.

3.9. The Lie derivative

On page 71, we saw that (local) diffeomorphisms induce a pullback map on
vector fields. From Section 3.6, we know that the local flow (3.55) of a vector
field v € Vect (M) provides the local diffeomorphism (3.56) from M to itself.
The pullback that comes with this map can be used to relate tangent vectors
from two separate tangent spaces at two distinct points p and ¢ lying on the
same integral curve of v as shown in Figure 3.12.

By Theorem 3.25, we know that vector fields can be applied as derivations
to smooth real-valued functions on a manifold. The above considerations al-
low us to define a derivative for tensors of arbitrary type along a given vector
field. We start with vector fields. The Lie derivativel® £, w € Vect(M) of

16. It can be shown that £,w is indeed a smooth vector field (see John M. Lee 2013,
Lemma 9.36, pp. 228-229).
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3.9. The Lie derivative

Figure 3.12.: Pullback map of vector fields induced by the flow of a vector
field on a differentiable manifold M.

a vector field w € Vect (M) along a vector field v € Vect (M) is defined for
all points p € M as

((pr)w) (D), (3.63)

d
L,w(p) = P o
T=

where ¢, (p) = Vp(T) is the flow of v through the point p with 7p(0) =p.

Theorem 3.33 (John M. Lee 2013, Theorem 9.38). If v,w € Vect(M) are
smooth vector fields on a differentiable manifold M, then it holds that

Low = [v,w].

Theorem 3.34 (John M. Lee 2013, Theorem 9.44). Let v, w € Vect(M) be
smooth vector fields on a differentiable manifold M with respective local
flows 7 and ¢¥,. Then the vector fields commute if and only if their flows
commute, i.e.,

[v,wl=0 & @ g =F opl .
Equation (3.63) defines the Lie derivative of a vector field. The extension
of the definition to arbitrary tensor fields is straightforward. The Lie

derivative £, F of a (k,!)-tensor field F on a differentiable manifold M
along a vector field v € Vect (M) is defined for all points p € M as

S F(p) = =

d7| _ (@) F) (), (3.64)

where ¢, (p) = Vp (T) is the flow of v through the point p with 7p(0) =p.
The definition (3.64) includes the Lie derivative of a vector field w because
a vector field is just a (1, 0)-tensor field. Moreover, it also comprises the
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derivative of a smooth function if the latter is interpreted as a tensor field
of type (0, 0). The following proposition gathers some properties of the Lie-
derivative (3.64). For the proof of these properties, we refer to Sections 5.3
and 5.4 of Abraham, Marsden, and Ratiu 1988.

Proposition 3.35. Let M be a differentiable manifold and v € Vect (M) be
a vector field on M. Suppose f € C*(M) is a real-valued function on M
(regarded as (0, 0)-tensor field). Let G € I‘(®§€TM) and H € I'(® " TM)
be a (k,1)- and a (m, n)-tensor field on M, respectively. Let oc € 2%(M)
be a differential k-form and B € 2¢(M) a differential /-form. Then the Lie
derivative (3.64) has the following properties:

() £,f =v[f],
(i) £,(fG) =L, (NG+fL,G,
(i) £,(G®H) = (£,G)®H+G® £, H,
(iv) £,(aAB) = (L) AB+aAL,B,
(v) Let wy, ..., w; € Vect(M) and G € T(®ITM), then
£ (Gwy, s w))) = (£,G) (W, -, wy)

G (S 0)
+-- +G(u}1, v, Wi 1, 2uwl)'

Let w € 2%(M) and v € Vect(M), then the interior product of w and v
is defined as the map

iy RF(M) - QF1(M), wei,w, (3.65)
with
. 0, if k=0,
1,0 =
v w,-,..,), ifk>0.
k-1

The interior product decreases the degree of a differential form by one, while
the exterior derivative increases it by one. Let o € Q!(M), B € 2*(M) and
v € Vect(M), then the interior product has the propertyl” that

i, (A AB) = (iyat) AB+ (=Dl A (i,B).

17. See Proposition 8.53 in Jeffrey M. Lee 2009.
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Another common notation for the interior product reads vow =i,w. The
symbol 1 is particularly useful for inline formulas since it does not ruin the
line spacing, while the i, is more suitable to express concatenations of maps.
With the interior product (3.65), the exterior derivative can be related to
the Lie derivativel® by Cartan’s magic formula!?

£, =doi, +i,0d. (3.66)

3.10. Bilinear forms on the tangent spaces

In Section 2.7, we saw that a vector space can be equipped with a non-
degenerate bilinear form. If we want to endow each tangent space 7,,M of a
differentiable manifold M with such a structure, then this can be realized
by suitable tensor fields.

Symplectic Form

A symplectic form on a differentiable manifold M is a differential 2-form
w € N?(M), that is closed and non-degenerate. A differential two-form on
M is said to be non-degenerate if for all points p € M the evaluation of w
in a point p € M yields a bilinear form on the tangent space T, M

w(p): Y}DMX’I},M—>R (3.67)

that is non-degenerate according to condition (2.27). It can be readily verified
that the bilinear forms (3.67) satisfy SF 1-4 for all p € M and therefore
let the respective tangent space of M become symplectic vector spaces. A
differentiable manifold M together with a symplectic form w is referred to
as symplectic manifold (M, w).

The most prominent example of a symplectic manifold is given by the
cotangent bundle T*@Q of a differentiable manifold @ (see Definition 3.20).
The cotangent bundle 7*® comes with a natural projection (3.31)

WT*Q: T*Q - Qa (p’ O-p) = p.
The differential of the natural projection

can be used to define the canonical one-form © € 21(T*Q) by requiring
that

@(wap) L ap((DwT*Q) wgp),

9p

18. The definition of the Lie derivative from p. 81 holds in particular for differential forms.
19. For the proof of this formula, we refer to John M. Lee 2013, Theorem 14.35.
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where 0, €T;Q andw, €T, (T*Q). Onecan show?? that the canonical
two-form w defined by
w:=—dO

is a symplectic form such that the cotangent bundle (7*@, w) is a symplectic
manifold.

Let : Q 2U - R”, p (ql,...,q") be a chart of @. The covector field
o € 21(Q) can be locally expressed as

o =p;dq’

where dg?, ..., dg” denote the dual coordinate fields (3.48) on @ induced by
the chart (U, ¢). This defines a chart of T*Q as

®: T*Q 2 77y (U) —» B2,
. . (3.68)
(p, 0p =piddh) > D(p, 0p) = (g1, -, @™, D1, - > Pn)-

This chart induces the dual coordinate fields dql, ..., dg”, dpt, ..., dp™ on
T*Q. It follows by straightforward computation that @ € 21(T*Q) is given
by

6 =p;dg’

and, consequently,
w = dg’Adp;. (3.69)

Coordinates of a symplectic manifold, in which the symplectic form w takes
the simple form (3.69) are called canonical coordinates. The existence
of canonical coordinates is guaranteed by Darboux’s theorem.21

Riemannian metric

Let M be a differentiable manifold and let g € I'(®2T*M) be a covariant
2-tensor field with g(p) = (p, g,)- If, for all p €M, the tensor g,, is symmetric

8p(Up,Vp) =8, (Vy,up), forallu,,v, € T,M
and positive definite
8p(up,up) >0, forall 0 +u, € T,M,

then g is called a Riemannian metric. A differentiable manifold M to-
gether with a Riemannian metric is referred to as Riemannian manifold

20. See Abraham and Marsden 1987, Theorem 3.2.10.
21. See Theorem 22.13 in John M. Lee 2013.
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(M, g). The operation of a Riemannian metric g as a covariant 2-tensor
field is defined by equation (3.58) as

g(u7v) (p) = (LLgU) (p) =up'gp'vp

for all u,v € Vect(M) and all p € M.
A Riemannian metric g on a manifold M endows each tangent space with
the inner product?? given by

<"'>p: T,MxT,M— R, (3.70)
(up,vp) = (u ,vp)p =g (Up, Up).

Indeed, it can be easily seen that the map (3.70) fulfils axioms IP 1-4. Given
a chart (U, ¢), the Riemannian metric g can be expressed using the dual
basis (3.48) as

8 =8pr dxk ®dxl
Its application to vector fields u, v € Vect(M) can be written using the local
expressions u = uia/axi and v = vja/axj as
g(u; U) =u-g-v :gijuil}j.

Moreover, the Riemannian metric provides at each point p € M the linear
map
8p: TrM > TpM,
Up = &p - Up>
which is an isomorphism between the tangent and the cotangent space at

the point p. Actually, the isomorphism does not only hold point by point but
a Riemannian metric defines a vector bundle isomorphism over M

g:TM - T*M,
(p, up) i (p9gp 'up)'
As a covariant 2-tensor field, a Riemannian metric defines a C*° (M) -multilin-

ear map on vector fields by Lemma 3.28, which defines a linear, bijective
map on sections

(3.71)

g-: Vect(M) - Q1(M).
For details we refer to John M. Lee 2013, pp. 341-343.

22. See Section 2.7.

85



Chapter 3: Differential geometry
3.11. The Frobenius theorem

This section gives a brief account of the Frobenius theorem that is one of the
central theorems in the theory of differentiable manifolds. Our presentation
closely follows Chapter 19 of John M. Lee 2013 and we omit proofs because
a comprehensive presentation of the subject would go beyond the scope of
this work. The brevity comes at the price that this section may be difficult
to understand because, by omitting the proofs, we renounce to present a
substantial amount of mathematical reasoning that underpins the subject.
For a detailed presentation, we suggest John M. Lee 2013, Chapter 19,
Spivak 1999a, Chapter 6, or Jeffrey M. Lee 2009, Chapter 11.

Let M be a differentiable manifold. A distribution A of rank [ on M is
a subbundle of rank / of the tangent bundle TM. This means that for each
point p € M an [-dimensional (vector) subspace A, C T,M of the tangent
space T,M is given that smoothly depends on the point p.

A straightforward approach to define a distribution of rank / on a differen-
tiable manifold M is to specify an /-dimensional (vector) subspace 4, C T,M
at each point of M and to let

A= ({p}x4p). (3.72)

PEM

If each point of M has a neighbourhood U on which there are smooth vec-
tor fields by, ..., b;: U —» T'M such that for all ¢ € U the tangent vectors
(b1lgs -+ 5 byly) form a basis of A, then (3.72) defines indeed a subbundle
of TM according to Theorem 3.24 and Lemma 3.36. We say that the vector
fields by, ..., b; (locally) span the distribution.

Lemma 3.36 (John M. Lee 2013, Lemma 10.32). Let (E, 7, M, R®) be a
vector bundle of rank & over M, and suppose that for each p € M we are
given an [-dimensional (vector) subspace D,, C E,,. Then

D:={] ({p}xDy)

PEM

is a subbundle of E if and only if each point of M has a neighbourhood
U on which there exist smooth local sections by, ..., b;: U — E such that
(b1lgs -+ 5 byly) forms a basis for D, at each point g € U.

Suppose A C T'M is a distribution. A non-empty immersed submanifold
N C M with inclusion map ¢: N < M for which

Di, (T,N) = 4

,, forallpeN (3.73)

86



3.11. The Frobenius theorem

is called an integral manifold of A. Let u and v be smooth local sections of
A, i.e., local vector fields u: U - A and v: U — A defined on an open subset
U C M such that u,, v, € 4, for each p € U. We say that A is involutive if
given any pair of local sections u and v of A, their Lie bracket [«, v] is also
a local section of A. Figure 3.13 shows two distributions of rank two on R3.
The left one is involutive, the right one is not.

The following lemma simplifies the check whether a given distribution of
rank [ is involutive or not. It says that not every pair of smooth sections of
the distribution has to be checked, but that it is sufficient to check only a set
of local sections that span the distribution in a neighbourhood of each point.

Lemma 3.37 (John M. Lee 2013, Lemma 19.4). Let ACTM be a distribution
on a differentiable manifold M. If in a neighbourhood U of every point of M
there exist local sections v, ... ,v;: U — A such that for all ¢ € U the tangent
vectors (vqlg, .-, Ujly) form a basis of A, and for which [vz, v;] is a section
of Aforeachl,J =1,...,1[, then A is involutive.

Instead of characterizing a distribution of rank / on an n-dimensional
differentiable manifold M by local vector fields, it can equivalently be defined
using differential forms. If around each point of M there is an open subset

U C M and n —1 linearly independent differential one-forms ol, ..., ¢,
then these one-forms define a distribution A C TM of rank [/ by
4, =ker oc1| N--Nker o | (3.74)
q q

1 l

for all g € U. The one-forms o+, ... , o™ are called locally defining forms
for A.

We say that an r-form § € 27(M) with 0 <r <n annihilates the distri-
bution A if

B(U17 cees Ur) =0

whenever vy, ..., v, are local sections of A. In the case r = 0, only the zero
function annihilates A. Locally defining forms for A annihilate the dis-
tribution by definition. Now, the criterion whether a given distribution is
involutive or not can be formulated in terms of differential forms.

Theorem 3.38 (John M. Lee 2013, Theorem 19.7). Suppose A is a distribu-
tion. Then A is involutive if and only if the following condition is satisfied:
For each one-form o € 21(U) defined on an open subset U C M that an-
nihilates the distribution, the form do also annihilates the distribution
onU.

As for the Lie bracket condition for involutivity, the condition from Theo-
rem 3.38 needs only to be checked for a particular set of smooth defining
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(a) An involtive distribution. (b) A non-involutive distribution.

Figure 3.13.: Two different distributions of rank two on R3.

forms in a neighbourhood of each point. So we get the following proposition
as equivalent to Lemma 3.37 for differential forms.

Proposition 3.39 (John M. Lee 2013, Proposition 19.8). Let A be a dis-
tribution of rank / on an n-dimensional differentiable manifold M and let
al, ..., a” ! be locally defining forms for A on an open subset U C M. Then
the distribution A is involutive on U if and only if the forms dacl, ..., da*~*

annihilate A.

Let A be a distribution of rank / on an n-dimensional differentiable mani-
fold M. We say that the distribution A is integrable if each point of M is
contained in an integral manifold of A.

Proposition 3.40 (John M. Lee 2013, Proposition 19.3). Every integrable
distribution is involutive.

We know from (3.46), that a chart (U, ¢) of M induces coordinate fields
that locally span the tangent bundle TM. Now, we call a chart (U, ¢) flat
for A if ¢(U) is a cube in R”, and if at points of U, the distribution A is
spanned by the first  coordinate fields /9«1, ..., 2/9x!. In any such chart,
each slice of the form x/*1 = ¢/*1 .. x™ = ¢” for constants ¢/*1, ..., ¢" is an
integral manifold of A. This is the nicest possible local situation for integral
manifolds. We say that a distribution A C TM is completely integrable
if there exists a flat chart for 4 in a neighbourhood of each point of M. Obvi-
ously, every completely integrable distribution is integrable and therefore
involutive by Proposition 3.40. In summary, this means that

completely integrable = integrable = involutive.
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3.11. The Frobenius theorem

The Frobenius theorem (see John M. Lee 2013, Theorem 19.12) says that
the implications are actually equivalences, such that

completely integrable < integrable < involutive.

Theorem 3.41 (Frobenius). Every involutive distribution is completely
integrable.

Considering all the maximal integral manifolds of an involutive distri-
bution of rank / on a differentiable manifold M, we obtain a partition of M
into /-dimensional submanifolds that “fit together” locally like the slices in a
flat chart. To express more precisely what we mean by “fitting together,” we
need to extend our notion of a flat chart slightly. Let M be an n-dimensional
differentiable manifold, and let § be any collection of /-dimensional subman-
ifolds of M. A chart (U, ¢) of M is said to be flat for § if ¢ (U) is a cube
in R, and each submanifold in § intersects U in either the empty set or a
countable union of /-dimensional slices of the form x/*1 =¢/*1 . x" =cn.
We define a foliation of dimension [/ on M to be a collection § of disjoint,
connected, nonempty, immersed /-dimensional submanifolds of M (called
the leaves of the foliation), whose union is M, and such that in a neigh-
bourhood of each point p € M there exists a flat chart for §. The involutive
distribution shown in Figure 3.13a defines a two-dimensional foliation on
R3. One of its leafs is depicted in dark grey.

There is a one-to-one correspondence between involutive distributions
and foliations. One direction is expressed by the following proposition.

Proposition 3.42 (John M. Lee 2013, Proposition 19.19). Let § be a folia-
tion on a differentiable manifold M. The collection of tangent spaces to the
leaves of § forms an involutive distribution on M.

The converse is provided by the global Frobenius theorem (see Theo-
rem 19.21 in John M. Lee 2013).

Theorem 3.43 (Global Frobenius). Let A be an involutive distribution on a
differentiable manifold M. The collection of all maximal connected integral
manifolds of A forms a foliation of M.
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Finite-dimensional mechanical systems 4

Theorien sind nicht verifizierbar;
aber sie konnen sich bewdhren.
— Karl Popper

This chapter presents a physical theory for the description of mechanical
systems with finitely many degrees of freedom. The presentation is based
on Gallissot 1952, Godbillon 1969, Souriau 1970, Dombrowski et al. 1964a,
Dombrowski et al. 1964b, Loos 1982 and Loos 1985. The first part of the
presentation strongly follows Loos 1982.

4.1. On axioms, postulates and the role of experiments

We try to achieve a clear distinction between the three fields: mathematics,
mechanics (or physics in general), and experiments, that is, the observa-
tion of certain phenomena in the real world. So far, we have introduced
mathematical terminology in the Chapters 2—-3 and we hope that the reader
digested it well. We use the language of differential geometry to formulate a
physical theory that can describe finite-dimensional mechanical systems. In
our presentation, we pay attention not to overload terminology in the sense
that one designation may refer to multiple objects from different fields. An
example for this common practice is given by the overloaded use of ‘axiom’.
In mathematics, axiom designates an unprovable statement that serves as
the basis for mathematical reasoning. In physics, axiom is used to designate
a physical law that is placed at the basis of a physical theory and whose
validity relies on the fact that is has not (yet) been proved wrong by an
experiment.! The notion of axiom in physics differs from its counterpart in
mathematics by the fact that physical axioms are constantly put to the test
by experiments, while the validity of axioms is meaningless in mathemat-
ics. In mechanics, for example, one speaks of Newton’s axioms? of motion.
However, in the domain of physics, we prefer the word ‘postulate’ to ‘axiom’.
We use axiom only in the context of mathematics.

1. Following Popper 1935, an experiment cannot prove a physical theory to be true; but the
latter can be falsified by an experiment.
2. See p. 19 of Newton 1729 — the English translation of Newton’s Principia.
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(a) Layout of the laboratory with the exper-

imental setup.
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(b) Motion of the oscillator expressed
in the (A, ef, el)-coordinate sys-
tem defined by the lower left cor-
ner A of the clamping table and by
the directions e and el defined
by the edges of the table that join
inA.

(c) Motion of the oscillator expressed in the (4, eX, eX)-coordinate
system defined by the lower left corner A of the clamping table and
by the body-fixed directions e and eX rotating with the disc record.

Figure 4.1.: Example an experimental setup consisting of a mass-spring-
oscillator mounted on a clamping table.
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4.1. On axioms, postulates and the role of experiments

Concerning the question whether a certain physical theory is correct
or not, the best we can do is to carry out experiments within the domain
for which the theory is devised. The theory is considered to be valid as
long as the predictions it provides are in accordance with the experimental
observations. This means that in contrast to pure mathematics, in a physical
theory the interpretation of the involved mathematical objects in regard to
experiments needs to be specified.

In the following, we will study the illustrative example of Simon’s3 labora-
tory. It allows to reflect on the relation between an abstract mathematical
model and its physical interpretation. Figure 4.1a shows the layout of the
laboratory in which Simon studies the motion of an oscillator that consists
of a block of mass m that is mounted on a rail such that it can move trans-
lationally with negligible friction. The mass is attached to a support by
a spring with stiffness 2. Simon can measure time using a chronometer
and he is able to measure distances. He wants to study the motion of the
oscillator. For this purpose, he initially pulls the mass m to the right from
its equilibrium position and lets it go. At the moment he releases the mass
with no velocity, Simon starts the chronometer to measure time. Since
the oscillator has only one degree of freedom, its motion can be captured
by observing the point C on the moving block. Simon decides to describe
the position of C with respect to the clamping table on which the oscillator
is mounted. He chooses the lower left corner (point A) as reference point
and measures parallelly to the edges of the table that intersect in A (the
I-frame in Figure 4.1a). At each time instant at which Simon measures, he
determines two real numbers x1 and x2 such that the relative position of
the point C with respect to A is given by

rac :xle{+x2eé. 4.1)

Figure 4.1b shows a visualization of his measurements x! and x2 with
respect to the (4, e{, eé )-coordinate system. Instead of referring his position
measurements to the I-frame, Simon could have used the K-frame fixed to
the disc record he is playing while doing his measurements to express the
relative position of the point C with respect to A as

rac =ylek+y2ek. (4.2)
The coordinate systems (A, ef, el) and (A, eX, eX) are related as follows:

eX =cos(2t+¢g)el —sin(2t+¢g)el,

(4.3)
eX =sin(02t+ ¢g)el +cos(2t+ pg)ed,

3. Simon was the most popular name during my time at the Institute for Nonlinear Mechanics.
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where (2 = 10/g 7 rad/s denotes the constant rotational speed of the record*
and ¢ is the angle describing the orientation of the I-frame with respect to
the K-frame at the beginning of Simon’s measurements (i.e., at time ¢ = 0).
By equation (4.3), it holds that

t=t,
yl=xt cos(2t+¢g) —x? sin(2¢+ @), (4.4)
y2 =xlsin(02t+ ¢g) +x2 cos (2t + ).

Figure 4.1c depicts the corresponding results obtained with respect to the
coordinate system (4, ek, eX).

We observe from the example that time can only be measured relatively
with respect to some chosen reference (the instant when Simon starts the
chronometer). A first assumption underlying classical mechanics is that by
our time measurements, we are able to decide whether two events happen
at the same time or not irrespective of our motion as observer (in contrast to
Einstein’s theory of special relativity). Therefore, we can consider at each
instant of time the set of synchronous events happening at that specific
moment. In a laboratory, spatial measurements of distances and angles are
realized between synchronous events (at the instant of measurement). These
measurements allow the characterization of synchronous events relative
to each other. It is not possible to relate events happening at different
instants of time by spatial measurements. In a space-time context, the
points A and C have to be seen as a collection of events such that for each
time ¢ (respectively ), we get a pair A and C of synchronous events at time ¢
(respectively 7). At a given time ¢, the corresponding pair of synchronous
events A and C is related by the vector ry ¢ (¢) from equation (4.1) or (4.2).
Therefore, the tuples (x1,x2) and (y1,y2) are local coordinates on the space
of synchronous events. The number ¢ (respectively ?) obtained by reading the
chronometer can be considered as an additional (independent) coordinate
describing time.

Our objective is to mathematically describe finite-dimensional mechanical
systems in order to predict their motion accurately with respect to exper-
iments. For the example, this means that we want to derive equations
which describe the evolution over time of the tuples (x1,x2) or (y1,y2),
respectively. The resulting equations should be formulated independently of
the choice of a particular set of coordinates. We start with a mathematical
abstraction of the notion of space and time.

4. Another One Bites the Dust by Queen on a 16 inch, 331/3rpm disc.
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4.2. Space-time

In the example, we only considered two spatial dimensions instead of three
because otherwise Figures 4.1b and 4.1c would have become four-dimen-
sional and thus impossible to visualize. In general, however, we know that a
spatial point in a laboratory can be described using three local coordinates
(real numbers). If we want to keep track of time, we need to add a fourth
coordinate. We model space-time as a four-dimensional smooth manifold
S. Points in S are referred to as events.

In mathematical terms, our observation that the relative time between
two events can be measured means that a real number, the time duration,
can be associated to each pair (p, q) of events p,q € S (see Dombrowski
et al. 1964a). This can be modelled by postulating the existence of a function

A: SxS >R, (p,q) — A(p,q) (4.5)

which satisfies
A(p,q) +A(q,r) = A(p,T) (4.6)
for all events p, g, r € S. If we choose an event p € S as reference,® we can

use (4.5) to define a temporal distance to all other events q¢ € S, i.e., a map
tp: S—>R, g—t,(q) = A(p,q). 4.7
The map (4.7) provides a (global) time coordinate. Its kernel
ker ¢, := {q ES|t,(q) =0}

is the set of all events happening at the same time as the event p. For each
value of the time coordinate ¢, we have defined the space of synchronous
events at . By property (4.6), the time coordinates of two events q and r
differ only by an additive constant. Therefore, the time coordinate (globally)
defines the one-form O := d¢, where d denotes the exterior derivative, and
the function (4.5) is given by

Ap,g) = [0,

which is independent of the path of integration between p and q. We refer
to Chapter 16 in John M. Lee 2013 for the theory about integration on
manifolds.

Following Dombrowski et al. 1964a, we generalize the above considera-
tions to finite-dimensional mechanical systems with n degrees of freedom.

5. For example, the event where Simon starts the chronometer.
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Therefore, we consider an (n + 1)-dimensional manifold M instead of the
four-dimensional space-time S. Rather than postulating the existence of
an analogue function as (4.5) on M, we assume M to be endowed with a
one-form U which is closed and nowhere zero. We refer to the one-form U
as time structure on M. The time structure defines local time functions
t: M DU — R such that d¢ = §|;;. Their existence around each point of
M is guaranteed by the Poincaré lemma (see Lemma 3.32). The temporal
distance of two events p, g € U is given by £(q) —t(p). The requirement that
U is nowhere zero means that the local time functions have no stationary
points such that time “passes”. Note that the naive approach of defining the
time function to be the first coordinate in a given local chart of M does not
provide a definition that is invariant under changes of coordinates.
Let (U, ¢) be a chart of M, such that

¢:M:_)U—>R"+1,p»—>¢>(p)=(x°,...,xn). (4.8)

We say that the chart (4.8) is adapted to the time structure if 8|;; = dx0. In
this case, the coordinate x0 is a local time coordinate and we will often use
¢t instead of x¥ to denote it. In what follows, we will restrict our considerations
to adapted charts. The existence of adapted charts is guaranteed by the
existence of time functions and the fact that O does not vanish. Therefore,
the adapted charts provide an atlas of M. Let

¢:MDU - R, pw (x0,...,27) 4.9)

and
Y M2V > R™ pes (50, ..,7)

be two adapted charts of M with U NV # 0, then their coordinate change
Yegd~l: p(UNV) - (UNV)

is given by

9 = x9 4 const.,

yo=Ylodp™1(x0,..,47), i=1,...,n,

where Yr’: V — R denotes the i-th coordinate function of the chart 1. Com-
ing back to Simon’s oscillator, we observe that the coordinates (¢, x1,x2) and
(£,y1,y2) from Figures 4.1b and 4.1c can be interpreted as being provided
by two adapted charts of a three-dimensional space-time manifold.

The (n +1)-dimensional manifold M is foliated® by the time structure.
Indeed, the time structure can be used to single out spacelike tangent

6. See p. 89 for the definition of a foliation.
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Figure 4.2.: Foliation of a (2+ 1)-dimensional manifold M by its time struc-
ture 9. At each point p € M, the time structure defines the sub-
space ASM and the affine subspace A},M of the tangent space
.M

M.

vectors, i.e., tangent vectors v, € T,M that do not have a component in
time direction such that 9, (v,) = 0. We introduce the space of spacelike
vectors in p € M as

AOM =ker 8, = {v, € [,M | 9, (v,) =0} C T,M (4.10)

and the corresponding subbundle of the tangent bundle T'M to the general-
ized spacetime M as

AM = || ({p}xAM) CTM (4.11)
PEM

and we call it the spacelike bundle. Indeed, it holds by Lemma 3.36 that
A®M is a subbundle of the vector bundle” TM because each chart (U, ¢) of
an adapted atlas of M induces the smooth local sections
d Jd
w,...,w~ U->TM
that provide a basis for AJM at each g € U. Therefore, A°M is a distribution
of rank n defined by the time structure U. This distribution is involu-
tive by Theorem 3.38 because d0 = 0 annihilates the distribution trivially.

7. The tangent bundle 7'M is a vector bundle according to Theorem 3.24.
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By the Frobenius theorem (Theorem 3.41), the distribution (4.11) is com-
pletely integrable. Moreover, A°M defines a foliation according to the global
Frobenius theorem (Theorem 3.43). The leafs of this foliation are just the
submanifolds with codimension® one of synchronous events that can be
distinguished in classical mechanics. See Figure 4.2 for a visualization of
the (2+1)-dimensional case.

At each point p € M, the basis vectors

d d

WL’ o (4.12)

p

induced by an adapted chart such as (4.9) form a basis of AQM. Note that
any adapted chart induces such a basis of AgM . We equip the bundle AOM
with a bundle metric

g =g; dx' ®dx/, with g, =g(%, %), (4.13)
i.e., the tensor g, is symmetric and positive definite for each p € M. In
Section 3.10, we saw that a Riemannian metric on a manifold endows the
tangent spaces with an inner product. Now, if the fibres of a vector bundle
are equipped with an inner product that smoothly depends on the point in
the base manifold, one speaks of a bundle metric.® A bundle metric is the
generalization of a Riemannian metric on a manifold to arbitrary vector
bundles. Indeed, a Riemannian metric on a manifold is just a bundle metric
on its tangent bundle. For this reason some authors!? designate a bundle
metric as Riemannian metric. We abstain from doing so since it might lead
to confusion.

We remind the reader that by Einstein’s summation convention a sum-
mation from 1 to n is understood in (4.13) over the repeated indices i and j
that appear once as a lower and once as an upper index. The dx* in (4.13)
denote the dual vectors to the basis vectors 9/« such that

Jd
k _ sk
dx (rol)_(S ’

where 8;"' denotes the Kronecker delta that equals one if £ =/ and is zero
else (see p. 29). The above construction can be summarized in the following
definition.

8. See Section 3.3.
9. See Definition 1.8.11 in Jost 2008.
10. See Definition 6.42 in Jeffrey M. Lee 2009 or p. 308 in Spivak 1999a.
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Definition 4.1 (Loos 1982, pp.5-6). An (n+ 1)-dimensional smooth man-
ifold M with a time structure 9 and a bundle metric g that endows the
subspaces AIQM with an inner product for all p € M is called a Galilean
manifold and it is denoted (M, 9, g).

4.3. State space and motion

In each point p € M, the affine space!l of time-normalized vectors in
p (see Figure 4.2) is defined as

AIM ={v, € T,M |9, (v,) =1} C T,M. (4.14)

While ASM is a vector subspace of T,M, the set A},M is an affine subspace
of T,M such that the resulting bundle

AWM = | ] ({p}xAM) cTM (4.15)
PEM

is an affine subbundle of TM. The affine bundle (4.15) of time-normalized
vectors is referred to as state space.!2
The coordinate fields induced by an adapted chart ¢: p — (x9,...,x7)
(with x0 = ¢) as the one from (4.9) can be used to express a time-normalized
vector v, € ALM as
d d

v, ==| +ul=—

P = o, T O 410

p
Therefore, any adapted chart ¢: M 2 U — R"*1 induces a corresponding
natural chart of the state space A1M as

b: AIM o) 7T_1(U) — R2n+1,

(4.17)
(p,vy,) = (t,x1, ..., 0% ul, ... um),

where
T AIM > M, (p,vp) »p (4.18)

denotes the natural projection of the affine bundle A1M. Note that the state
space ALM is canonically endowed with the time structure

O:=70 (4.19)

'«

11. See Section 2.9.
12. See Section 1.2 for a comment about alternative designations.
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that is the pullback of the time structure of M with the natural projec-
tion (4.18). The natural chart (4.17) is an adapted chart with respect to the
time structure (4.19) of AIM because it holds that

6|7T_1(U) = dt

A curve
y:R2I->M, 7y (T) (4.20)

in the Galilean manifold (M, 0, g) is just a smooth sequence of events. We
call the curve (4.20) time-parametrized if 9(¥) = 1, where  denotes the
tangent field!3 along «y. The local time coordinate ¢ increases monotonically
along a time-parametrized curve because locally

1=9(y) =dt(y) = ylt] =%(tofy(7’)). 4.21)

Therefore, time does not decrease along a time-parametrized curve (see
Figure 4.3). Condition (4.21) means the time-evolution along the motion is
an affine function of the curve parameter 7, i.e.,

toy(T) =7+Tg,

where 75 € R is a constant. In words, a change in the parameter 7 corre-
sponds to the change in the time function ¢ along the time-parametrized
curve.

By its tangent field

g: 1 —SAM, 7 y(7) = (ry(T), 77(7)) (4.22)

a time-parametrized (w.r.t. ) curve y: R DI — M defines a curve in the
state space ALM that consists of the curve v: I — M together with the vector
field (of time-normalized vectors) it induces along v (I). The curve (4.22) is
a special type of curve in ALM to which we refer as second-order curve
or motion of a mechanical system.

To arrive at a coordinate-free characterization of second-order curves, we
consider that an arbitrary curve

B:I =AM, 7 B(T)
through the state space ALM defines, by projection, a curve

a=mof3: [ ->M (4.23)

13. See Section 3.6.

100



4.3. State space and motion

(M,9)

t*

f,/'

41 R

Figure 4.3.: While the curve y: 7 — (7) is time-parametrized, the curve
¢: 7 £(7) is not because ¢ o { is not monotonically increasing
as required by (4.21).

in the base manifold M. Now, the curve 5: I - ALM is a second-order curve
if it is time-parametrized (with respect to U) and satisfies the condition

BEd=(wof) (4.24)

such that the curve 5: I - A1M corresponds to the (time-normalized) tan-
gent field along its (time-normalized) projection (4.23) onto the base manifold
M. By condition (4.24) it follows that

B=da:1-AM, 7~ (a(T),d“(T)).

Condition (4.24) can be expressed in the local coordinates of the natural
chart (4.17), as

Do (1) = g[’((7T°,8)'(7')) = gb(77°/8(7), (77'0,8)'705(7))

and, consequently,

(t(7),x(7),u(T)) L (t(7),x(7),%x(7)), (4.25)
where the coordinates x1, ..., x” and ul, ..., u” are gathered as R”-tuples
x:= (x1,...,x") and u:= (ul,...,u"), respectively.

An arbitrary curve 3: I - A1M in the state space A1M is the integral
curvel? of a vector field X € Vect(W) defined on a neighbourhood W CA1M
if

B(B(T)) =X(B(1)). (4.26)

14. See Section 3.6.
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Equation (4.26) is just an ordinary differential equation in first-order form,
which reads in the natural chart (4.17) as

HT) =a(t(r),x(1),u(1)),
x(7) =A((7),x(7),u(1)), 4.27)
u(7) =B(t(7),x(7),u(7)).

In equation (4.27), aside from the local coordinates x1, ..., x” and ul, ..., u”
we have also gathered the chart representations of the coefficient functions
a,Al,..., A" Bl ..., B" € C°(W) of the vector field
__ 9 i 9 i 9
X=agt Ao tB o
as tuples A := (A1, ... | A”?) and B:= (B!, ..., B"), respectively.
The integral curve 8: I — A1M is time-parametrized, i.e., 9(53) = 1 if the
vector field satisfies 9(X) = 1. This means that a = 1 in (4.27) and (4.28).
If an integral curve 8: I — A1M of a local vector field Z € Vect(W) with
WCAM, ie.,

(4.28)

B(B(M) =Z(B(1)) (4.29)

should be a second-order curve, then the vector field Z cannot be arbitrary.
First, the latter needs to be time-normalized such that

d9(Z) =1. (4.30)
Second, the vector field Z needs to obey the second-order condition
D7 oZ =idyy. (4.31)
Indeed, condition (4.24) together with (4.29) lead to
B=(wofy=Dmrof=DmoZop, (4.32)

where D7: T(A1M) — TM denotes the differentiall® of the natural projec-
tion (4.18). Because condition (4.32) has to hold for arbitrary integral curves
[3: I - A'M, the second-order condition (4.31) follows.

A vector field Z € Vect(W) on W C A M that satisfies conditions (4.30)
and (4.31) is called a second-order (vector) field. Second-order fields can
be equivalently characterized using local coordinates by saying that a vector
field Z € Vect(W) on W C A1M is a second-order field if it can be expressed
in every natural chart (4.17) with WN7—1(U) + 0 as

d e

9 i 4z

Awori(v) = 56+ 50 Y7 Gur (#:33)

15. See p. 71 for the definition.
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4.3. State space and motion

with n smooth real-valued functions Z* defined on WN#—1(U). It can
be seen from the local expression (4.33), that second-order fields can only
differ by the coefficients of their d/5,: part. Moreover, the differential equa-
tion (4.29) related to a second-order field is a second-order differential equa-
tion in first-order form

i(1) =1,
x(7) =u(7), (4.34)
u(7) =B((7),x(7),u(1)).

The first equation of (4.34) can be solved to
t(7) =to8(T) =T+, (4.35)

where 75 € R denotes again a constant. The second and third equation
of (4.34) are equivalent to the second-order differential equation

x(1) =B(t(1),x(7),%(7)).

In the study of finite-dimensional mechanical systems, we are interested
in modelling the second-order field Z rather than its integral curves (4.29).
Indeed, if a vector field is determined, all its integral curves are known for
arbitrary initial conditions. Differential forms are particularly useful for
the characterization of vector fields. With the time structure O, we have
already used a differential one-form to define the sets of spacelike (4.10)
and of time-normalized vectors (4.14) on M, respectively. Furthermore,
we have used the pullback 9 of the time structure 9 on M to characterize
time-normalized vector fields on ALM (see equation (4.30)). From the local
expression (4.33), we deduce a characterization of second-order fields using
differential forms. We define the local one-forms 01, ..., 0" € QY(7=1(U))
as

0 := da? —utdt, with i=1,..,n (4.36)

and formulate the second-order condition as
Z eker (01)N--Nker (67) and 9(Z) =1,

i.e., on 7~ 1(U) C A1M the vector field Z needs to be time-normalized and it
has to lie in the distribution defined!® by the differential one-forms (4.36).
The remaining n free coefficients in the local representation of Z can be
prescribed by requiring Z to lie in the distribution defined by the n one-forms

Al = dul —Zdt, with i=1,...,n.

16. The concept of defining forms of a distribution is treated on p. 87.
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Chapter 4: Finite-dimensional mechanical systems

Vector and covector fields (or one-forms) on the state space A1M are sections
of the bundles T'(A'M) and T*(AlM), respectively. Therefore, we start by
studying the geometric structure of these two vector bundles following Loos
1982.

4.4. Galilean manifolds and their related bundles

The differential of the natural projection (4.18), D7r: T(A1M) — TM, defines
the subbundle!”

Ver(AlM) := ker D7 = U ({a}xker D7ra) (4.37)
a€AIM

of the tangent bundle T'(AM) that we call the vertical bundle. For any
point @ € A1M the space of vertical vectors in a is given by

Ver, (A'M) :=ker D7, = {w € T, (A'M) | D, (w) = 0}. (4.38)

A section
Ver(Ver(A'M))

of the vertical bundle is called a vertical vector field. By definition (4.37),
a vertical vector field is a vector field on A1M which is 7-related to the zero
vector field on M. Let (U, ¢) be an adapted chart of M and consider the
corresponding natural chart (4.17) on the neighbourhood 7=1(U) of AIM.
Then a vertical vector field V can be expressed on 7~1(U) with respect to
the coordinate fields induced by the natural chart as

d
dut’

Indeed, for points a € 7~1(U) C A'M, the vectors

d d

_81,1,1 a, ey —&un

V=V

(4.39)

a

provide a basis of Ver, (A1M) and, therefore, it holds that

)

17. Indeed, by Theorem 3.24 the tangent bundles T (A1M) and TM are vector bundles.
The pair of maps (D7, 7) provides a vector bundle homomorphism of constant rank between
T(A1M) and TM because the projection is a surjective submersion. Therefore, the vertical
bundle is a subbundle of 7(A*M) by Proposition 3.23.

1% J
1) = -z
Ver, (A'M) = span{ Sail Tum
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4.4. Galilean manifolds and their related bundles

The vertical subbundle (4.37) naturally appears in the study of second-order
fields because the difference of two second-order fields is always a vertical
vector field as can be seen from the local expression (4.33) of a second-order
field.

By the first isomorphism theorem for vector spaces,18 it holds that
T,(A'M)[Ver, (AIM) = TrwM (4.40)

for all a € ALM because the natural projection 7: AIM — M is a surjec-
tive submersion. The space Ver, (A1M) is the tangent space at the point
a€AMto A},M with p =7 (a). The set A} M is the affine hyperplane in T,,M
defined by the equation 9, (v) =1 for all v € T, M. Therefore, the tangent
space Ver, (A1M) can be identified with ker 9,, = AYM (see equation (4.10)).
This results in the pointwise isomorphism

Ver, (AIM) =A% M (4.41)

T(a)
for all « € A1M. The isomorphism (4.41) can be locally expressed as
d d

I H ra—
Jutl, oxt

(4.42)

7 (a)

using the basis vectors from (4.39) and (4.12). By the isomorphism (4.41),
the bundle metric (4.13) on the bundle A°M of spacelike vectors induces a
bundle metric on the bundle Ver (AM) of vertical vectors that is defined as

. ( 2 1%
ga(W a) ‘—gw(a)(% W(a)), (4.43)

for all @ € AIM. According to equation (4.13), the bundle metric g on A°M
can be written as

%

o oul

1%

7r(a), ox/

g=g;dx’ @dx’
and by (4.43) it follows that
g=gyomdu’ @du’. (4.44)

We will often write g;; instead of g;; o 7 for the coefficients in (4.44).
Let w € T, (A1M) be an arbitrary tangent vector at some point a € A},M ,
then
D7g(w) =9, (D7, (w))a (4.45)

18. See Theorem 2.10 on p. 25.
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Chapter 4: Finite-dimensional mechanical systems

is a spacelike vector at the point p. To see this, we need to check if (4.45)
lies in the kernel of the time structure 0. Therefore, we calculate that

9, (D’7Ta (w) =9, (D7, (w))a) =0, (D7, (w)) =0, (D7, (w)) 0, (a) =0

because U, (a) = 1. Using the isomorphism (4.41), we can define a vector
bundle homomorphism over A1M (see p. 66 for the definition)

w: T(AIM) - Ver(AM), (4.46)

which we call the vertical homomorphism of the state space A1M. Its
local expression with respect to the natural chart (4.17) is given by

% . d o
;U«|7r—1(U) = oul ® = i ® (dx' —u'dt),

where the 0 are the one-forms from (4.36). Apparently, the map (4.46) is
surjective and it holds that w (V) = 0 for all local sections V of Ver(AlM)
and u(Z) = 0 for all second-order fields Z.

A theory for time-independent mechanical systems can be formulated on
the tangent bundle of a time-independent configuration manifold. We refer
to Godbillon 1969 for such a presentation. Godbillon uses a similar homo-
morphism as (4.46) that canonically exists on the double tangent bundle!®
of any differentiable manifold. It is known as the vertical endomorphism
of the double tangent bundle (see Godbillon 1969, Chapter X or Morandi
et al. 1990, Section 2). It is clear that (4.46) defines an endomorphism of
the bundle T(A1M) when considered as map

w: T(A'M) - T(AM).
There is no canonically defined ‘horizontal’ subbundle

Hor(A'M) = | J ({a}xHor,(A'M)) C T(A*M) (4.47)
ac€AIM

that would complement the vertical bundle Ver (A1M) such that the tangent
bundle T'(A1M) would split as

T(AM) = Hor (A'M) @ Ver (A'M)

= U ({a} X (Hora (A'M) @ Ver, (A'M) ) )
acAlM

19. The double tangent bundle of a manifold is the tangent bundle of its tangent bundle.
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4.4. Galilean manifolds and their related bundles

The definition of a horizontal subbundle (4.47) allows to write the tangent
space at each point a € A1M as the direct sum

T,(A'M) = Hor, (A'M) ®Ver, (A1M).

In the study of tangent bundles (and double tangent bundles), it is well-
known that the choice of a particular second-order field induces such a
splitting.29 There are several ways to define the horizontal bundle that
results from the selection of a second-order field Z € Vect (A1M). A straight-
forward approach is to define n horizontal basis fields
Jd 10 R
H P = = = n ZJ -— 4.48
t 8x’+28ul[ ]auJ (4.48)
for each natural chart (7=1(U), @) that is induced by an atlas of M. We
drop the somewhat clumsy notation with square brackets for the application
of a vector field on a real-valued function. Instead of (4.48), we write
d 10Z7 9

Hi= i 20w ow

(4.49)

The coefficients Z7 in (4.49) denote the defining coefficient functions in the
local expression of the second-order field

A

Z= ot ox/ oul’

Next, we define
Hor, (A'M) := span{Z|a,H1|a, ,Hn|a}

and use Lemma 3.36 to argue that (4.47) defines a smooth subbundle.

However, there is a coordinate-free alternative to this argumentation that
makes use of Proposition 3.23. Following Loos 1985, p. 280, we consider the
vector bundle homomorphism over A1 M

n: T(AM) — T(AlM) (4.50)
that is defined as
1(X) = 5 (12, - X] - p- 1Z, X1 +X - 0(X)Z)
for all X € Vect(A1M). Indeed, one easily verifies that

N(fX+gY) =fn(X) +gn(Y)

20. See for example Yano et al. 1973 or Morandi et al. 1990.
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Chapter 4: Finite-dimensional mechanical systems

for all f,g € C®°(A1M) and all X, Y &€ Vect(A1M) such that (4.50) defines
a vector bundle homomorphism over A1M. The local coordinate expression
of n reads

N=5 ®n' = 50 ®(du Ztdt % 30 (da/ —u/dt) |,
where we have introduced the one-forms
. ) ) 1 97 ) .
[ L_71dy— = —— J —ult
n' =du? —Z'd¢ 5 507 (dx’/ —u/dt).

The one-forms dt, 01, ..., 07, nl, ..., n" (see equation (4.36)) are just the
dual fields to the vector fields Z, H, ... , H,,, 9/oul, ..., ?/oun on AIM, i.e.,

At(Z) =1, dt(H,) =0, dt(g‘il.)=o, (4.51)
6/(2) =0, O/(H,) =8, ej(aii)=o’
n/(Z)=0, n/(H;)=0, nj(;;i)=8{. (4.52)

Note th:}t the dt is just the chart representation of the time structure 9 (i.e.,
locally O = dt). It follows from (4.52), that

Hor(A'M) =ker
and that
id

aner(AlM) = Ver(AIM)"

Hence, it holds that 507 = 7 such that 7 is a projection onto Ver (A1M) and
consequently

T(A'M) =ker n®Ver(A'M) = Hor (A'M) & Ver(A1M).

One can easily convince oneself, that ker u Nker 7 is a line bundle that is
spanned by the second-order field Z.

4.5. Basic and semi-basic differential forms
We have already seen that differential forms can be used to characterize

vector fields. There are two types of differential forms that will reveal
useful in the definition of forces, the so-called basic and semi-basic forms.
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The natural projection 7: AIM — M is a surjective submersion. As such it
defines an injection (see Section 3.8)

m: 0 (M) - 2*(A1M)

of the differential forms on M to those on A1M. These forms on A1M that
are given by im 7_ C 2*(A1M) are called basic differential forms. These
forms are said to be basic because they result from pulling differential forms
on the base manifold M back to ALM.

A differential I-form w on A M is called semi-basic if w(Vy, ..., V;) =0 as
soon as one of the vector fields V; is vertical, 2! i.e., if the interior product?2
Vaw = 0 for any vertical vector field V. An equivalent statement is that
the local representation of w with respect to the dual basis induced by the
natural chart (4.17) does not contain terms in dul, ..., du”, while the chart
representations of the coefficients of the basis vectors d¢ and dx!, ..., dx”
may depend on ¢, x and u. Note that basic forms are semi-basic.

The vertical homomorphism (4.46) allows us to define a differentiation
operation2? on differential forms on A1M with the property that the subal-
gebra of semi-basic forms is closed under its operation. First, we define the
derivation

D,: 2*(AM) - 0*(A'M)

using the vertical homomorphism as

l
(D) (Vi s Vi) =Y w(Viy o, (Vi) o, Vi), (453)
i=1

The operator D, is linear, does not alter the degree of the form and satisfies:

D.f =0, (f smooth function on A1M)
D (aAB) = (Dyc) AB+aA (D,B),

D, (dx') =D, () =0,

D, (du’) = dx’ —u'dt.

21. See p. 104 for the definition.

22. See p. 82 for the definition.

23. The vertical homomorphism is an example of a vector-valued differential form. It holds
in general that vector-valued differential forms come along with certain derivations. We refer
to Frolicher et al. 1956 for the general theory. We will make use of the differential concomitant
of the vertical homomorphism (4.46) while in ¢time-independent mechanics, the differential
associate of the vertical endomorphism of the double tangent bundle is of interest (see Godbillon
1969, Chapters X and XI as well as Morandi et al. 1990, Section 2). See also Klein 1963.
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Chapter 4: Finite-dimensional mechanical systems

Using (4.53) and the exterior derivative d, we define the linear operator
0:= DMOd—dODM.

The operator d increases the degree of a form by one and obeys the following
rules:

of = % (dx? —utdt), (f smooth function on A1M)

d(aAAB) = aa/\5+(_1)lo¢/\as, (o is I-form onAlM) (4.54)
d(dx’) =a(dt) =0,
d(du’) = dul Adt.

Moreover, it holds that
dod=—dood (4.55)

because of d2 = 0. However, 92 # 0 but
02w =0 A dw, (4.56)

where O denotes the time structure on AM. From the rules (4.54), it
becomes obvious that d maps semi-basic forms to semi-basic forms.

Let Z be a second-order field and let w be a semi-basic /-form. Then Z 1w
is a semi-basic (I —1)-form that is independent on the specific choice of Z.
Indeed, if Z’ denotes another second-order field, then it holds that Z’ =Z+V
where V is a vertical vector field and consequently V1w = 0 because w is
semi-basic. The following formula holds

0(Z1w)+Z10w+IN (Zaw) =lw. (4.57)

To prove (4.57), one considers that the left-hand and the right-hand side
represent derivations of the algebra of semi-basic differential forms that
agree on the semi-basic zero-forms (smooth functions) and on the semi-basic
one-forms and, therefore, are equal.

4.6. Action form of a second-order field

The projection 7: T(A'M) — T(A1M) defines a surjective vector bundle
homomorphism over A'M when considered as map 7: T(A1M) — Ver(AM)
onto its image, which is the vertical subbundle Ver (A1M). We denote this
map again by 7.

As it was suggested by Loos 1982, p. 20, the surjective vector bundle
homomorphisms 7: T(A'M) — Ver(A1M) and wu: T(A'M) — Ver(AM)

110



4.6. Action form of a second-order field

together with the bundle metric (4.43) can be used to define a differential
two-form Q on AL M as

‘Q(X7 Y) =§(77(X),,U«(Y))—g‘(ﬁ(Y),M(X)), (4.58)

for all X, Y € Vect (ALM). Because 7 depends on the choice of a second-order
field Z, we call Q the action form of Z. The local expression of the action
form (4.58) reads

Ups(r) =8y N A

i_gigr_ L9Z' ok ok a (4.59)
=gi-(du —Zidt— 2 9% (qxk —u dt))A(de—qut).
J 2 Juk

The properties of the action form (4.58) can be summarized in a theorem.

Theorem 4.2 (Loos 1982, p.21). Let (M, 9, g) be a Galilean manifold and
let Z be a second-order field on its state space ALM, the corresponding action
form  has the following properties:

(i)  vanishes on ker u. In particular, ] 4127 =0 for any p € M.
P

(ii) € determines the metric g by

J J
8y = Q(W’ B_ad) .
(iii) €2 determines the second-order field Z. In fact, Z is the only vector

field on A1 M for which it holds that
ZiQ=0,9(2)=1.

Proof. Property (i) is clear by definition (4.58) and because
T, (A;M) = Ver, (A'M) C ker p,.

Property (ii) follows directly from the local expression (4.59). Finally, prop-
erty (iii) remains to be shown. With the interior product, a two-form
defines the map between vector and covector fields that is given by

Fi X XaQ. (4.60)

The mapping (4.60) is a vector bundle homomorphism over A1M between
T(AM) and T*(AM). First, we show that (4.60) has constant rank?* 2n.

24. The rank of a vector bundle homomorphism is defined on p. 66.
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For this we observe that the 2n one-forms 9/5,i 182, 9/5xi 1€ are linearly
independent because by (i) and (ii) it follows from a9/, 1Q+b19 /9 1Q=0

that 5 5 5 5
(i 9 i g
0= (' 5z02) (507) +o' (52-9) (57)

; J J : d d .
— Al 4 — | =0-=5}lc..
—a Q(_aui , auj)+b Q(axi , 8uj) 0-big,,

i.e., that b’ = 0, and thereby that

. d J A d d .
0= (¢ 5m22) (59) =2 (3 57 ) = e

i.e., that a’ = 0. Therefore, the homomorphism (4.60) has rank 2n because
it cannot have full rank by property (i). For reasons of brevity, we also say
that Q has rank 2n. Consequently,

ker Q:=kerf = {(a,X,) € T(AM) | X, 1Q, =0},

where X, €T, (A'M) and Q(a) = (a, Q,) foralla€AlM, is a line bundle. By
equation (4.58), ker nNker u C ker Q and equality follows for dimensional
reasons. Because the vector field Z is the uniquely defined intersection of
ker nNker u with 9(Z) = 1, the assertion follows. O

We want to establish a one-to-one correspondence between second-order
fields and their action forms. The question is under which conditions a
given differential two-form is the action form of a second-order field. It is not
sufficient to require properties (i)—(iii) from Theorem 4.2. Indeed, there are
other2® two-forms than Q from (4.58) that satisfy these properties. Consider
for example the locally defined two-form

Q =g (du’ —Zdt) A (da/ —u/dt).

Similar forms can be found in Gallissot 1952, p. 153, and Souriau 1970,
p- 132 (respectively on p. 129 of Souriau 1997). Souriau suggested to impose
the condition

dQ =0 (4.61)

in order to get rid of the ambiguity in the choice of Q. Souriau refers to
condition (4.61) as Maxwell’s principle and he mentions2 that this closure
condition imposes restrictions on the second-order field Z. Loos?’ suggests

25. This is pointed out by Loos 1985, pp. 281-282.
26. See p. 143 of Souriau 1970 or p. 139 of the translation Souriau 1997.
27. See Loos 1982, p. 24 or Loos 1985, p. 281.
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4.6. Action form of a second-order field

to use the assignment Z — Q given by equation (4.58) together with the
weaker closure condition

Q0. (4.62)

Condition (4.62) resolves the ambiguity without imposing restrictions on
Z. One readily checks that the action form (4.58) does indeed satisfy (4.62)
using the local expression (4.59) and the rules (4.54). With the closure
condition (4.62) we can formulate the following theorem that establishes a
bijective relation between action forms and second-order fields.

Theorem 4.3 (Loos 1982, p.24). Let (M, ) be a manifold with time struc-
ture. A two-form Q on AM is the action form of a second-order field Z if
and only if it satisfies the following conditions:

(i)  vanishes on ker y, i.e.,
QX,Y)=0
for all X, Y with u(X) = u(Y) =

(ii) @ induces a bundle metric g on A°M, i.e., the matrix

Jd d
giJ':Q(W, ﬁ)

is symmetric and positive definite for all charts.
(iii) 92 =0.
The second-order field Z is the only vector field on A1M for which holds
ZiQ=0,9(2)=1.

Proof. The necessity of conditions (i) and (ii) follows from Theorem 4.2.
Direct calculation with (4.59) and the rules (4.54) shows that dQ2 = 0. To
prove sufficiency, assume that the conditions (i), (ii), and (iii) are satisfied.
We know from the proof of Theorem 4.2, that conditions (i) and (ii) imply that
the rank of Q is 2n. Let a€AIM and 0+ v eker Q.. Thenv eker u, because
ker p, C (ker Ma) (orthogonal complement Wlth respect to the bilinear
form Q, as defined in Section 2.7) by (i). Moreover, dim ker i, =n+1 and
so it follows by Proposition 2.13 that

dim (ker )" = dim T, (A*M) + dim ker u, N (T,A) " — dim ker u,
=2n+1)+1-(n+1) =n+1.
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and, consequently,
1 1 1
ker pt, = (ker pi,)” 2 (T (AIM))™ =ker Q.

By (ii), v cannot be a vertical vector, i.e., v ¢ Ver, (A1M). A vertical vector
can be expressed as a linear combination of 9/9i|,. But L is forbidden to
vanish on vectors J/gui|, by (ii). Since ker u, is spanned by Ver, AM)
and 9/o¢|, +u’ (a) 2/oxi,,, there exists a unique element Z, in ker €2, of the

form 3 3 3
Z,=— i . -
@ Otl, +u'(a) Oxt dul
The element Z is the §econd-order field on ALM that is uniquely character-
ized by Z1Q=0and 9(Z) = 1.
It remains to be shown that €2 is the action form of the second-order field
Z defined by (4.58). For this, we consider the basis Z, 9/ox?, 9/oui and its
dual one-forms dt, 6! = dx? —u’dt, A = du? — Z!dt induced by an adapted
chart. By (i) and (ii),  has the form

a

+Z'(a)

9 9 o o
Q= Q( = W) (du?—Zide) A (da/ —uldt)
1.( 9 2 . o
+ EQ(W, W) (dx® —ulde) A (da/ —uldt)
=g;;(du’ —Z'dt) A (do/ —u/dt)
1.( 9 2 o o
+ §Q(W, W) (dx? —uidt) A (da/ —uldt).

Direct calculation of 92 = 0 shows that

of 2 2\ 1(, 2 _, oz
and, by (4.59), proves the assertion. O

4.7. Forces

In the previous section, we saw that to any second-order field Z; on the state
space ALM an action form Q; can be uniquely associated and vice-versa.
Moreover, we know that if we consider another second-order field Z5 with
action form Q, then it can only differ from Z; by a vertical vector field, i.e.,
it holds that

Z2 = Zl +V,
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where Vis a smooth section of the vertical bundle Ver (A1M). Let us consider
the differential two-form ® by which the action forms £, and Qs differ, i.e.,

Qz = Ql + @ (4.63)

It is clear that d® = 0 because 9Q; = 925 = 0.
In terms of the coordinate fields induced by a natural chart, the two
second-order fields Z; and Z, can be written as

_9. .9 i 9 _9., .9 i 9
Zy = o tu o +Z G and Zy = 5 tu o +Z R (4.64)
respectively. Using (4.59) and (4.64), the two-form ® is given as
®=Qy—Q4 =gl—j(Zé —Zt)dx/ Ade
0Zk,  JZt S
+ lgij(_z - ) (dx/ —u/dt) A (d® —u”de)
1 0

*55.7 (85(25—2%)) (da —uldt) A (dak —ukdt),
where the last equality uses that the coefficients g;; = g;;o 7 are independent
of ul, ..., u™. The local expression shows that the two-form ® is semi-basic
(see Section 4.5).

Let us assume that we are given 24 and ® in equation (4.63). We observe
that to any semi-basic and d-closed two-form ® we get a different action form
5. In particular, it holds for & =0 that Q; =, and, therefore, that Z; =Z,.
The semi-basic differential two-forms ® with d® = 0 have the character of
a force because the choice of an other ® implies a different action form €2,
and thereby a different vector field Z5 defining the motion. We refer to
semi-basic differential two-forms ® with d® = 0 as force two-forms.

The coefficients of (4.65) depend on the difference g;;(Z5 —Z%). This
observation lets us come to another view on forces. By equation (4.44), the
bundle metric g on the vertical bundle Ver (A'M) has the local expression

By the coordinate expression (4.64), the vertical vector field V locally reads

d
ut’
where V' := Z, —Z" . The metric g defines a vector bundle isomorphism over
AlMm

V=(23-21)55=V"

g-: Ver(A1M) — Ver*(AIM),

V=Vka;jk —g-V=g,V/du
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between the vertical bundle Ver(A'M) and its dual bundle?® Ver*(A1M).
Analogously to a Riemannian metric (see Section 3.10), the bundle metric g
also induces a linear bijective map on sections that we denote by the same
symbol, i.e., we write

g: T(Ver(A'M)) - T'(Ver*(AlM) ). (4.66)

The map (4.66) establishes a one-to-one correspondence between smooth
sections of the bundle Ver*(A1M) and the set of differences between second-
order fields, the vertical vector fields. Therefore, we call a smooth section
of the bundle Ver*(AlM) a force. As a section of Ver*(AlM), a force is a
linear form on Ver(A1M), i.e., a linear form

F:Ver(AlIM) - R (4.67)
that induces a C®°(A1M)-linear map
F: T(Ver(A'M)) - C*(AM)

on the space of vertical vector fields.

If we consider that the Galilean metric models the mass of a finite-dimen-
sional mechanical system and if we interpret vertical vector fields as (rela-
tive) accelerations, then with

g§V=F (4.68)

we are facing Newton’s second law that says “massx(relative) acceleration
= force”. The following theorem establishes a bijective relation between
forces (4.67) and force two-forms (4.65).

Theorem 4.4 (Loos 1982, p. 32). The following formulae define bijections
between

(i) the forces, i.e., the linear forms F: Ver(A1M) — R,

(ii) the semi-basic one-forms ¢ with Z_1¢p =0,

28. Equation (4.38) defines a vector space Ver,(A1M) at each point a €EAIM. In
analogy to the notation (3.27) used for the cotangent space, we denote its dual space by
Ver*, (A'M) := (Ver, (A1M))*. Finally, we define the bundle

Ver*(AlM) := U ({a}xVer*a AlM)).
a€AlM
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4.7. Forces

(iii) the force two-forms, i.e., the semi-basic two-forms ® with 0% = 0:

p=Fopu,
p=—Z1%,

d= —%(390+1§/\<,0).

In local coordinates, it holds that

F=F,du’, (4.69)
¢ =F;(dx'—u'dt), (4.70)
. 10F, . . . o
¢ =F;dx* Adt + = =2 (dx* —ulde) A (da/ —uw/di). 4.71)
2 Ju’

Proof. Because of (Ver (AlM )) =u(Z) =0, Fopu is a semi-basic one-form
with Z(Fopu) =0. Conversely, a semi-basic one-form ¢ with Z1¢p =0
vanishes on ker u and, therefore, defines a linear form on

T(A'M)/ ker u = Ver(A1M). (4.72)

The isomorphism (4.72) follows by Theorem 2.10 and equation (4.46). This
proves the bijection between (i) and (ii). According to the properties (4.54)
and (4.56), it holds that

0(0p+IAp) =339 +30Np—D0Adgp
=0Ndp—D0Adp=0
and Zi(—Z1%) =—-®(Z,Z) = 0. Finally, it holds that
—Z.n(—%(a<,0+ﬁ/\<p)) =%(Z.|3<,0+(Z_|1§)A90—5A(Z_|90))
=3(Z13p+9) =9,
by the rule (4.57) applied to w = ¢ and
—1(39(=Z22)+9A (-2Z29)) =1(3(-Z12) +OA (Z2®)) =&,

again by (4.57) applied to w = ®. This proves the assertion. The coordinate
expressions (4.69) to (4.71) follow by straightforward computation. O

Theorem 4.5 (Loos 1982, p. 25). Let  denote the action form of a mechani-
cal system, let Z be its related second-order field and let F' be a force. By the
one-to-one correspondence (4.68), F is associated to a vertical vector field V.
Moreover, F' can be uniquely related to a force two-form ¢ by Theorem 4.4.
It then holds that the vector field Z’ = Z +V is the second-order field related
to the action form Q' = Q + &.
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Proof. One easily verifies that Q' = Q + ® is an action form, i.e., that it
respects the properties from Theorem 4.3. Furthermore, one observes that
Q' and Q induce the same Galilean metric g. It remains to be shown that
Z' Q' =(Z+V)a1(Q+®) =0. Because Z1Q =0 and V1Q =0, it holds that

Z'1Q =(Z+V)1(Q+P)=ViQ+Z.d.
By definition (4.58), it holds for V1€ that
(VaQ) (V) =2(n(V), w(¥)) —&(n(Y), w(V)) =8(V, n(Y)) =Fou(Y),

where we used the properties (V) = 0 and 1 (V) = V of the vector bundle
homomorphisms x and 7. The last equality follows by equation (4.68). By
Theorem 4.4, it holds that Z1® = —F o . Thus, it follows that

Z' 1 =ViQ+Z1d=0.

4.8. Modelling inertia — the kinetic energy

We learned from the example of Simon’s oscillator at the beginning of this
chapter that motion can only be characterized with respect to a certain ref-
erence event and relatively to chosen reference directions. Let (M, 90, g) be
a Galilean manifold. We define a reference field to be a time-normalized
vector field R defined on a neighbourhood Uy, of M, i.e.,

R: M D Ug —>AlMm

with 7o R =id,;. In Section 4.3, we defined the motion of a mechanical
system to be a second-order curve : I — AlM, i.e., a curve which has the
special form

§: I AM, T (7(T), Yoyir) ) (4.73)

where 7v: I — M denotes a time-parametrized curve in the Galilean manifold
(M,9,8).

We define the relative velocity of the motion (4.73) at time #(7) = ¢*
with respect to the reference field R as the spacelike vector

: 0
Vo (m) _R')'(T) eA,y(T)M,

where
R(y(m) = (v(1),Ryr))-
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4.8. Modelling inertia — the kinetic energy

The tangent vector 7. () is an element of the affine space

Al

LM CTymM.

It is only after choosing the reference element R, ;) in the affine space
that we can associate 7 ;) with an element of a vector space. Because the
Galilean metric endows this vector space with an inner product, the notions
of length and angle are available for relative velocities.

For an adapted chart ¢: M DU - R"*1, p— ¢(p) = (x°, ...,x"), the
reference field R = 9/9x0 is said to be the resting field induced by the
chart. In the other direction, we call the chart (U, ¢) the resting chart of
some given reference field R = 9/9,0 + R'9/ 9, that is defined with respect to
the local coordinates (y°, ...,y") of an adapted chart if its expression with
respect to the coordinates induced by the chart (U, ¢) takes the simple
form R = 9/5x0.

Let us come back to the example of Simon’s oscillator. Figure 4.1b visual-
izes the relative motion of the oscillator with respect to the clamping table.
The curve jr - can be regarded as the chart representation of a curve y in
a three-dimensional Galilean manifold (M,9, g), i.e.,

(t.1xac) = poy: R2I - R3,

where ¢: M - R3, p— (¢,x1,x2) is the (global) chart that corresponds
to the (A, e{, eé)-system. Consequently, the tangent field along 7 can be
locally expressed as

v (7) )

The resting field induced by the chart (M, ¢) is given by R = 9/5;.

Figure 4.1c shows the motion of the oscillator in the coordinates (Z,y!, y%)
corresponding to the reference system (A, e{{ , eé{ ). The resulting curve
KTac can be interpreted as chart representation of the same curve v with
respect to an other (global) chart y: M — R3, p— (£,y!,y2) that is defined
by the reference system (A, eX, eX), i.e.,

(E,KI'Ac) =1P°f)/: R21—> R3.

Again, the tangent field along 7y can be locally expressed with respect to the
chart y: M - R3 as

+%2(7) J

o 9 N 9
v(1) = ('y(T), Qt‘ +x°(7) - 72

p) p) P)
y(T) = ( (1), —_‘ +yl () =—| +3%2(1) == )
v LT y(7) Iyt oy () av2ly(n)

The chart (M, ) induces the resting field R = 9/oz.
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Chapter 4: Finite-dimensional mechanical systems

Figure 4.4.: Visualization of the reference fields R and R with respect to the
chart (M, ), respectively the (A, e, eX) reference system
from Figure 4.1a.

However, in his study Simon has decided to study the motion of the oscil-
lator with respect to the clamping table (not with respect to the vinyl disc).
Therefore, Simon uses the reference field R and not R. The transformation
rules (3.21) together with the coordinate transformations (4.4) allow him to
express the reference field R with respect to the coordinate fields induced
by the chart v as

_dJd _d Nz 1 9
The reference fields R and R are depicted in Figure 4.4.

We have already mentioned in Section 4.7 that the mass of a mechanical
system is modelled by the Galilean metric g that comes with the system’s
Galilean manifold (M,90, g). Consequently, we define the kinetic energy

with respect to the reference field R: M D Up — AlM as the function

TR: 7T_1(UR) - R,
1 (4.74)
(p,vp) = 3 8p (Up —Rp, vp _Rp)’

with v, eAll,M and R(p) = (p, R,). The kinetic energy of the motion (4.73)

with respect to the reference field R is then given by

Tr(7(M) = 38y (Yym) =Ry Vyir) Ry

Let (U, ¢) be an adapted chart of M and let us assume for simplicity
that U C Ug. Let R = 9/9:+ R/« be an arbitrary reference field and
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4.8. Modelling inertia — the kinetic energy
v=39/ot+uld/sx a time-normalized vector field on M. Then the kinetic
energy (4.74) locally reads

Tr,o Tr1 Tr,0

where we used the local expression of the metric (4.13) and the symmetry of
g, 1.e., that g;; = g;;. By equation (4.75), the kinetic energy is the sum of

L o L e
Tgyo =g u'n/, Tgy=—gyu'R/, andTpg:=38;R'R/

The number in the subscript describes the respective degree of positive
homogeneity?? of each term with respect to u = (u1, ..., ™). In the special
case where R is a resting field (i.e., R = 9/5:), the local expression of the
kinetic energy (4.75) reduces to

Tr(p, Up) = %gijuiuj-
Postulate 4.6. Let (M,93, g) be the Galilean manifold of a finite-dimen-

sional mechanical system. The force-free motion of the mechanical system
with respect to the reference field R is defined by the action form

Qp =d(Td+03Tg), (4.76)
where Tr denotes the kinetic energy (4.74) relative to R.

The postulate is motivated by the following proposition.

Proposition 4.7 (Loos 1982, p. 35). The differential two-form Qr defined
by (4.76) is indeed an action form that induces a bundle metric g on A°M.

The difference between an (arbitrary) action form €2 and Qp is a force two-
form ®p = Q—-Qp.

Proof. To check that (4.76) defines an action form, we have to check the
properties (i) to (iii) from Theorem 4.3. According to the rules (4.54), (4.55),
and (4.56) of 9, it holds that

Qg = —d(dTr AD+09Tg) = —d (TR AD+IAITR) =0,

which shows that Qg enjoys property (iii). To establish properties (i) and (ii),
we consider the local expression (4.75) of the kinetic energy and we calculate
using the rules (4.54) that
< IMp \ .
TrO+0Tg =Trdt+—-2 (da? —uide)

= — (TR,2 - TR,O) dt +pi dxi,

(4.77)

29. Let /: R™ — R be differentiable. The function fis called positively homogeneous of
degree % if f (ax) = a*f (x) for all € R{ and all x € R™.
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Chapter 4: Finite-dimensional mechanical systems

where we defined p; := dTg/Jdu’ and we used the positive homogeneity of
the terms T o, T 1, and Tg o that compose the kinetic energy (4.75). By
Euler’s theorem, we know that a function f: R” — R that is homogeneous
of degree £k satisfies

- Of
l_ ==
X > kf.

Consequently, it holds that
piui = 2TR,2 + TR,l'

The exterior derivative of (4.77) can be written in terms of the basis covector
fields d¢, dx!, ..., dx”, dpq, ..., dp,, as

JK i i

with K :=Tp 9 —Tg . It is clear from the expression (4.78) that {25 vanishes
on ker u. Moreover, it follows that

Jd Jd\ _ d\_ dp;  PTp
QR(&uJ’ Qxi) B dpi(&uj) oW owlout SV

A comparison of the local expression (4.78) with (4.59) shows that Q—Qp
is semi-basic. The assertion that &z = Q—Qp is a force two-form follows
because B(Q—QR) =dQ—9Qr =0. O

Postulate 4.6 defines the action form Qp that describes the motion with
respect to the field R of a mechanical system which is not subjected to forces
(i.e., &g = 0). Proposition 4.7 tells us that a given arbitrary action form €
decomposes as 2 =Qpr +®p. If 5 =0, then we say that 2 defines a force-free
motion with respect to the reference field R. We say that ®p, is the force
two-form that appears with respect to the reference field R.

4.9. Classification of forces

4.9.1. Inertia forces

Let R and R be two reference fields and  be a given action form. By
Proposition 4.7, we know that  decomposes as

Q=QR+‘I)R=QR+‘I>R

and, therefore,
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4.9. Classification of forces

Being the difference of two forces ¢z and @5, the two-form Qz —Qp is a
force two-form that we call

V5= Qp—Qp (4.79)

R.R
the inertia force two-form between the reference fields R and R. The
force ¢ with respect to R is composed of the force 5 with respect to R
and of the inertia force two-form (4.79). As force two-form, the latter is a
kinematic quantity because it does not depend on the motion Z. It depends
only on the Galilean manifold (M,9, g) and on the reference fields R and R,
as can be seen from the following considerations.

Because the inertia force two-form (4.79) is given by the difference of two
exact two-forms, it is exact. This means that there exists a one-form & R.R
such that

Vpp=8p—Qr=dag 5.

By definition (4.76) and the linearity of the differential operators d and 9,
we know that R

Let the reference field R be defined on Up, such that R = 9/5; +R'9/9xi and
let the field R be given by R = 9/5¢+ R!J/sxi on Uj such that Ur NUp, # 0.
Equations (4.75) and (4.77) lead to

&pp=(Tp—Tr)3+3(Tz—Tr)

e (4.80)
= 12,/ (R'R/—R'R/)dt +g;;(R/— R/ ) d«’.
on 7 1 (Ug)Nnm~1 (Ug)- The local expression (4.80) reveals that &, RS

a basic form. This motivates the following alternative definition of the
one-form &, 5. Indeed, let oy,  be the one-form on Ug N Uy, defined by
requiring | R
! ~ ~
opz(R) = 3¢(R—R,R-R),

ap (V) =g(v,R—R)
for all spacelike vector fields v, i.e., for all local sections of the spacelike
bundle A°M. Then the one-form & RE 18 the pullback of Ap with the
natural projection, i.e.,
Cp i =" (“R,R)'
This shows that the inertia force two-form (4.79) for the reference fields

R and R does indeed depend only on the Galilean manifold (M, 9, g) and,
therefore, is a kinematic quantity.
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Chapter 4: Finite-dimensional mechanical systems

If in classical mechanics the motion of a particle is studied with respect
to a non-inertial frame of reference,3? additional force effects appear in the
equations of motions. These forces that result from the use of a non-inertial
frame of reference instead of an inertial one are referred to as fictitious,
apparent or as inertia forces. Two examples are the Coriolis force and the
centrifugal force. In our presentation, these forces are provided by the
inertia force two-form (4.79).

4.9.2. Potential forces

We say that a force F'p is a potential force if the related (see Theorem 4.4)
force two-form ®p, is closed, i.e., if

d®p = 0. (4.81)

According to the Poincaré lemma (see Lemma 3.32) there exists a neigh-
bourhood W C AIM and a one-form B defined on W such that

<I>R|W = dBg. (4.82)

The closedness (exactness) of the force two-form implies the closedness
(exactness) of the action form. Indeed, with Proposition 4.7, we saw that
an action form is the sum of an exact form (see equation (4.76)) and the
force two-form. Therefore, it makes sense to speak of a closed (exact)
mechanical system if the force two-form is closed (exact).

Let us venture into the calculation of the coordinate expression of a closed
two-form ® by applying condition (4.81) to expression (4.71) such that

0<ddp

=d[( _F,+1u ( ))dt/\dwl‘;F%dxl/\de]
2 out

W dul
( oF, , 1 9°F, luf( P°F, _ _9°F;
Oxk t3 Jtduk 2 oxkou’  Ixkoul
OF ¢ O2F, J?F; :
+1 Ryl J( i 27 ) i A duk
( 2 auk oul ) T2 Sk ow T dukouw )d“\dx Adu
a2F J2F;
1
§8xk07 _da? Adad A da® +§8 e dx /\de/\du

where we dropped the R by writing F' instead of Fp for notational convenience.
The above condition leads to restrictions on the real-valued functions Fj;.

))dt/\dxi/\dxk

30. See Section 39 in Landau and E. M. Lifshitz 1969 or Sections IV.4-5 in Lanczos 1952.
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The last term disappears if and only if
F;(t,x,u) =E,;(t,x) +B,-j(t, x)u/. (4.83)
The vanishing of the dtA dx’Adu”-term requires that

B B

ij = —Dji-

The annihilation of the dxA dx/A dx®-term leads to

OB..
Z L) (4.84)
X

cyclic
Finally, the annihilation of the first term imposes that

8Bij JE; 8Ej
ot Jx/ Oxi (4.85)

Consequently, a closed two-form ®5 has the local form
®p =E;dx’ Adt+ Bdx Ada/. (4.86)

The suggestive use of the letters B and E lets us identify (4.84) and (4.85)
as a generalized version of Maxwell’s equations. We see from the local
expression (4.86) that a closed force two-form is basic. Therefore, as a
one-form B satisfying (4.82), we consider the locally defined basic one-form

Br = —Vg (¢, x)dt +AL (¢, x)dx?
= ( —Vg(t,x) +AR (¢, x) ui)dt +AR (¢, x) (dx? —uldt) (4.87)
= (- Vg +ARu')dt+0( - Vg +ARu?).

The second and third equality follow by telescopic expansion and by the
rules (4.54), respectively. In the last line, we omitted the function arguments
for brevity. In the context of a charged particle moving in an electromagnetic
field the function Vj is known as scalar potential3! of the field and the
R3-tuple (Af ,Ag ,A§ ) is said to be its vector potential.3! With the one-
form (4.87) it holds that

__(9Ve  9AF _OAT
E"“( oxi T o ) By=25r

It is important to notice that the Poincaré lemma guarantees the existence
of a one-form B and not its uniqueness. Indeed, two one-forms B and B

31. See p.45 in Landau and E. Lifshitz 1971.
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that differ by the differential df of a function f = f (¢, x) lead to the same
force two-form (4.82) because dod = 0. With

df = g—fdt+ ifidxi,

this implies that the coefficient functions of Bx from (4.87) are related to
those of
Br =Br+df =—-V'dt+A]dx’
by
I of
\%4 =V—§, and A: =Ai+ﬁ’ (4.88)

without changing the resulting force two-form ®5. Note that we dropped
the letter R in equation (4.88) for notational convenience. The invariance
property (4.88) of the coefficient functions of the one-form Bz is known as
gauge invariance.32

In classical mechanics (no electromagnetism), one assumes B;; = 0 such
that the coefficient functions (4.83) are independent of u!, ..., u”. In this
case, the closed force two-form (4.86) reduces to

®p = E;dx’ Adt.
Accordingly, the one-form g from (4.87) reduces to
Br = —Vg(t, x)dt +AE (#)dx’.

Because of the gauge invariance (4.88), we can add a differential df without
changing the resulting force two-form. We choose f (¢, x) = —Af3 (®)x* such

that
R

dAsv .

This proves that in classical mechanics the force two-form of a potential
force can be derived from a one-form

Br=-Vg(t,x)dt (4.89)

without loss of generality. The coefficient function V, in (4.89) is known
as potential energy with respect to the reference field R. In what follows,
we will consider one-forms of the form (4.87) because they comprise the
form (4.89) used in classical mechanics.

32. See Section 18 in Landau and E. Lifshitz 1971.
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4.9.3. Nonpotential forces

The previous considerations allow us to split a given force two-form
&p = <I>% + @?%p

into a part <I>})2 = dBg that is defined by a one-form (4.87) and the remaining
part 7 which we will refer to as nonpotential force two-form. By com-
paring equations (4.76) and (4.87), it is clear that the sum Qg + ®% can be
written as

QR + P =QR+dBR = d[(TR—VR +A{{u’5)1§+a(TR—VR +Aﬁu‘)]

with Lp := Tg — Vg +ARul. This brings us to the following generalization of
Postulate 4.6.

Postulate 4.8. Let (M,9, g) be the Galilean manifold of a finite-
dimensional mechanical system. The motion of the mechanical system
with respect to the reference field R under the influence of the force
$p = ®F + P is defined?? by the action form

Q:=QF + &P (4.90)
where
Q= Qp+®% =Qp+dBr =d(Lgd+9Lg), (4.91)
with the Lagrangian
Lp =T - Vg +ARuy! (4.92)

that is defined with respect to the reference field R.

The one-form defined by the Lagrangian as
wp ==Lgd+9dLg (4.93)

that is used in equation (4.91) is referred to as Cartan one-form. The
Cartan one-form determines the Lagrangian by

LR =X_I(,L)R, (494)

33. The motion of a mechanical system is an integral curve of the second-order field associated
with the action form Q of the mechanical system. The second-order field is uniquely defined
according to Theorem 4.3.
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where X is the unique3* vector field determined by
X1Q=0 and 9(X)=1. (4.95)

In the local coordinates induced on the neighbourhood 7—1(U) C A1M by
the natural chart (4.17), the Cartan one-form reads

WR =LRdt+%(dxi—uidt), (4.96)

where we will suppress the letter R on many occasions for ease of notation.

The exterior derivative establishes an assignment w — QP between Cartan
one-forms and the set of action forms (i.e., differential two-forms having the
properties specified by Theorem 4.3). This map is not surjective because
action forms that are not closed cannot be reached. The assignment is not
injective either. Indeed, if two Cartan one-forms w; and wy define the same
action form

Q= dwl = dw2,

they may still differ by the differential of a function f € C*°(AlM), i.e.,
Wgo —Wwyp = df (497)
because dod = 0. Since the difference wg —wq is semi-basic, the function f
in (4.97) needs to satisfy
f=mg=gem
for some function g € C*°(M). The non-uniqueness of the Cartan one-form

transfers to the Lagrangians by equation (4.94). The Lagrangians L; and
Lo defining the Cartan one-forms w; and wy can locally differ by

of . of

Lo—Li=Z.1df = §+ul p (4.98)
and still define the same action form Q. If the difference (4.98) is evaluated
along a second-order curve ¥, then we get by (4.25) that

. d . d .
(Lz_Ll)('Y(T)) = (E[f]'Fulﬁ[f]) oy (7)

_ (afoqs—l Of o1

i
+u' (1) o

o )(t(T),X(T),X(T)),

34. According to Theorem 4.2(iii), the vector field X obeying (4.95) is indeed uniquely
determined.
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from which we retrieve the classical statement3® that (the chart representa-
tions of) the Lagrangians L := L; o ®~1(¢,x,u) and Ly := Ly o @1 (¢, x, u)
may differ by the total derivative with respect to # of a function f (¢, x), which
depends on time ¢ and the positions x.

The following considerations allow us to pin down the form of Lagrangians.
First, a Lagrangian needs to define the bundle metric by

o2 o\ L
8y = oul’ 9x/ ) duiout’

according to Theorem 4.3(ii). Because it holds for the bundle metric that
g5/ du* = 0, the Lagrangian needs to satisfy

FL__,
Jukduioul

and it therefore has the local form
L=1g,u'n/+a;u +a (4.99)

on 7~1(U), with coefficients aq, ..., a,, that do not depend on ul, ..., u".
This means that there are functions a, ..., @,,: U — R defined on the neigh-
bourhood U such that

g =T (Gy),=qgom

with @ =0, ..., n. With the local expression (4.75) of the kinetic energy the
Lagrangian (4.92) can be written as

Lp=Tr—Vgp+ARul = %gijuiuj + (A%Lz —gljRj)ui + %giJRiRj —Vg.
The comparison with (4.99) leads to the equalities

=1ls RIRI—
% = 28R = Vg, (4.100)
a; =A;—g;R,
withi=1,...,n.

The case of classical mechanics where the one-form 3z reduces to (4.89)
can be studied by setting A; = 0. It follows from equation (4.100) that the
reference field R and the potential Vg can be determined from the coefficients
ag, --- , @, of a given Lagrangian (4.99) as

R = —gYa; (4.101)

35. See Landau and E. M. Lifshitz 1969 p. 4.
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and
Vg = 38,;R'R/ —a,.

The coefficients g¥ in equation (4.101) are given by the inverse matrix to
the coefficient matrix of the Galilean metric g,

] = [eo]

such that g7g;;, = 8.

4.10. Lagrangian and Hamiltonian mechanics

As a differentiable manifold, the state space ALM allows a local description
using charts. This means that Postulate 4.8 can be expressed with respect
to different sets of local coordinates. We show that Lagrange’s, Hamel’s
as well as Hamilton’s equations are different coordinate representations of
Postulate 4.8.

4.10.1. Lagrange’s equations of the second kind

We start by using the local coordinates provided by the natural chart (4.17).
By equation (4.91) and the rules (4.54), the action form QPR is locally given
by

JL

P _ T __ 441 _ 14
Qf =dLAde+d( 51 ) A (dei —ulde) - S dut nde (4.102)

and, by equation (4.71), the nonpotential force ®7° in (4.90) reads
1 F,

P =F;dx' Adt+ 230 (dx? —uldt) A (da/ —u/dt). (4.103)

Note that we lightened the notation by suppressing the reference field R
when writing the Lagrangian in (4.102).

By Theorem 4.2(iii), we know that the action form Q= Q% + <I>;’3p determines
the vector field X € Vect(A1M) that describes the motion by

9(X) =1, (4.104)
X1Q=0. (4.105)

Condition (4.104) requires the vector field X to be time-normalized such that
it can be locally written as

9 ,;d o0
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4.10. Lagrangian and Hamiltonian mechanics

where the coefficients A* and B with i = 1, ..., n are smooth real-valued
functions defined on the neighbourhood 7=1(U) C A1M. Condition (4.105)
can be rewritten as

0=X1Q=X1Q%+X 0P, (4.107)

Using equations (4.102), (4.103), (4.106), property (i) from Proposition 3.35
as well as the definition (3.62) of the exterior derivative of a real-valued
function, we compute both terms separately as

X190 = SXLdt—dL+£X( oL ) (dof —uide) —d( oL ) (Al —ut)

ul dul
B 3L 8L
8 dul
JL JL d%L ; 8
- [EXL—a——u EX(a l.) o (Al—u') =B |dt (4.108)
JL JL J2L : : -
OGN _ O T (AF_yd i
+[£X(8ui) oxt  Jxidul (A " )]dx
2L . ) .
+ W (uJ —AJ)du‘
and o'?F
n ; JOF;
oo (22
(4.109)

- (JF:. JF, )
1 J
+|:—Fl+§(AJ—uJ)(&ul—&—u;):ldxl

By equation (4.107), the sum of (4.108) and (4.109) has to vanish. In partic-
ular, the du’-component of (4.108) must be zero. This implies that

Al=u/ forj=1,..,n (4.110)

J?°L | _

duidu’ | [gij ]

is positive definite and thus has full rank. Equation (4.110) requires the

vector field X to be a second-order field as we saw in (4.33). The annihilation

of the dx?-part of the sum (4.107) together with (4.110) leads to Lagrange’s
equations of the second kind

(9_L) _9L _p

X\ oui oxt

because the matrix

(4.111)
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Let us consider a time-parametrized integral curve B: I - AIM, 7 — [5(7)
of the vector field X defined by equation (4.111), i.e., a curve for which holds

B =X(B(m). (4.112)
Since X is a second-order field by (4.110), we know by equation (4.34) that
x(7) =u(7). (4.113)

The integral curve /3 defined by (4.112) needs to satisfy equation (4.111)
such that

%(%06(7))_3506(7)=Fi°/3(7') (4.114)

by definition (3.22) of the Lie derivative (see p.60). By the definition of
vector fields as derivations on C®°(AlM) (see equations (3.13) and (3.43))
together with equation (4.113), we recognize (4.114) as Lagrange’s equations
of the second kind in their classical form3%

(5 (t0.x0.5m) ) -

(t(m),x(m),%(1)) =F;(...),

where the upright letters L := Lo®~! and F; := F,; o @~ denote the repre-
sentations of the Lagrangian L and of the coefficient functions Fy, ... , F,,
with respect to the natural chart (4.17). We abridged the function argu-
ments on the right-hand side by dots to avoid a line break. The function
t(7) =to3(7) from (4.35) is an affine function of the parameter 7 because

of equations (4.104) and (4.112).

4.10.2. Hamel’s equations

In the previous section, we showed that Postulate 4.8 directly leads to
Lagrange’s equations of the second kind when the involved objects are ex-
pressed in the natural chart (4.17). By equation (4.113), the representation
of the motion with respect to the local coordinates of the natural chart (4.17)
satisfies

x(7) =u(7),

which is just the local expression of the second-order condition (4.24) as we
saw with (4.25). This means that the velocity coordinates of the motion

ul(1) =@t B(7), ..., u(T) = D2 o B(T)

36. See Lagrange 1780, p. 25 or Landau and E. M. Lifshitz 1969, p. 3.
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4.10. Lagrangian and Hamiltonian mechanics

provided by the natural chart correspond to the derivatives with respect to
7 of the position coordinates

w1 (7) = PLoB(T), ..., x™(T) = D" B(T).

Now, for some applications, e.g., the formulation of constraints (see Sec-
tion 4.12), it may be beneficial to describe the motion using a different set of
velocity parameters, i.e., to consider another chart of the state space than
the natural chart. In this section, we will derive the equations of motion
that appear in place of Lagrange’s equations (4.111) if we consider such an
alternative chart in which the velocity coordinates u!, ..., u” are replaced
by a set of parameters v1, ..., v” that result from the ul, ..., 4™ by an affine
transformation (see equation (4.127)).

The generalized velocities u?l, ... , u” were introduced in (4.16) as the pa-
rameters that uniquely define a time-normalized vector v, € A},M at some
pointpe UCM

v, = 2 +ul i .

P otl, oxt |,

The basis vectors of T,M that are used in (4.115) are those induced by an
adapted (x0 =t) chart

d:MDU - R, pr (x9,...,a%) (4.116)

(4.115)

of the Galilean manifold (M,9, g). We take a step back and consider an
arbitrary tangent vector w, € T,,M at some point p € M given by

w=u”a

) (4.117)
p oxY b

where v =0, ..., n. In what follows, we use lowercase Greek letters to denote
indices that range from 0 to n, while lowercase Latin letters stand for indices
between 1 and n. The tangent space T,M is a vector space of dimension
n+1.37 It is reasonable to study the set of velocity coordinates that originate
from the u9, ..., u” by a linear transformation (see Section 2.3). We define a
set of new basis vectors

bo-l = BY J >

p T T Dy
x|,

where 0 =0, ..., n and the coefficients B form a regular (n+1)-by-(n+1)
matrix. The tangent vector w,, from (4.117) can be represented as

0
ox?

(4.118)

Wp

e —_ V 5,0
=v ba|p =BYv

b

P

37. See Theorem 3.15 for the proof.
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with
u” =B% v°. (4.119)

We assume that the coefficients BY smoothly depend on the point, i.e., that
they are smooth real-valued functions defined on the manifold M

BY:M—->R, p—B%(p),

which satisfy
det [B%.(p)| #0 (4.120)

for all p € M. In the context of principal bundles the basis (b0|p, s bn|p)
could be defined as a section of the so-called bundle of frames of M. However,
we abstain from introducing the theory of principal bundles and refer the
interested reader to Chapter 8 in Spivak 1999b.

With assumption (4.120), the point-by-point requirement (4.118) defines
local basis fields

by: M2U »TM, pb,(p) = (p, b,1,).

The fact that the chart (4.116) is adapted implies for its induced basis vectors

a/a‘xo, ceey a/(9_9(;” that
Jd 0
o( 50 ) =(5) =1

0 0
f’(%) —d’f(%) =0,

withi =1, ..., n. The analogue requirement for the basis fields (bg, ..., b,,)
reads

and that

9(by) =1 and O(b;)£0, fori=1,..,n (4.121)
and imposes the restrictions
B}=1 and BY=0, fori=1,..,n (4.122)

on the (n+ 1)2 coefficients functions BY: M —» R. Therefore, the linear
transformation (4.118) is restricted to

bo= -2 +By-L = 2 4 pi 2

0= =", 092 = o7 -,

ong oxt ot ot (4.123)
' L ox/
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4.10. Lagrangian and Hamiltonian mechanics

if it should be adapted to the time structure. Note that we introduced
bt = 36 in the first equation for notational convenience. The coefficient
functions B% from (4.123) can be written in matrix form as

1 () 0
(B5] =% BL = B
b* B? .- B

By using the rule for expansion of a determinant?® according to the first
row, we obtain for the regularity condition that

det [BY | # 0 < det [B] +0. (4.124)

Therefore, the linear coordinate changes on the tangent space of M that
are compatible with the time structure are given by choosing n2 coefficient
functions B}: M — R defining a regular n-by-n matrix for each point p € M
and by n functions b*: M — R. We have already observed that the state
space ALM is an affine subbundle (see Section 4.3) of the tangent bundle
TM and, therefore, it is not surprising that the transformations (4.123)
compatible with the time structure are affine transformations.

It can be readily observed from the transformation rule (4.119) that the
restrictions (4.122) imply that 0 = v0. The basis fields (4.123) complying
with the time structure can be used to express a time-normalized v,, € AP}M
as

v, = bol, +v1 by, (4.125)

The adapted chart (4.116) together with the basis fields by, ..., b,, define a
chart on the state space A1M by

v AIM D 7w 1(U) - R27+1,

_ (4.126)

(p,vp) = @&, x1, ..., %% 0L, .. 00),
where the coordinates v1, ..., v” are the coefficients from (4.125) that satisfy
u' = Blv/ + bt (4.127)

because of the transformation rules (4.123). The first n + 1 coordinates
t,x1,...,%" are provided by the adapted chart (4.116) of the base manifold
M. Therefore, they are equal to the coordinates ¢, x1, ... , x” provided by the
natural chart (4.17). The bars on ¢ and the x? shall allow to distinguish both

38. See Theorem 2.4 in Lang 2004.
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sets of coordinates in calculations. Please be aware that # =¢ and & = x*
imply df = d¢ and dx’ = dx?, but that in general 9/, # 9/ and 9/oxi # 9/ axi.
By the regularity condition (4.124), the coefficient matrix [BJ‘] is invertible
and we denote its inverse matrix by [A7 ] such that

BiA] =6,

Using the newly defined coefficient functions Ai, the coordinate change
from (4.127) can be rewritten as

vt =Al(u/ -b). (4.128)

With equations (4.127) and (4.128), the change of coordinates between the
natural chart (4.17) and the chart (4.126) is given by

t=t,
¥l =i, (4.129)
u' = Blv/ 4+ b

and _
=t

i=u, (4.130)
vt =Al(u/ -b7),
respectively. The chart (4.126) induces the basis fields

29 9 9 9
az’ a‘il""’ 8£n’ avl""ﬁ avn5

which are local vector fields on 7—1(U) C AIM. From the chart representa-
tion of the natural projection 7: ALM — M (see equation (4.18))

¢°77.ow—1: R2n+1 ) IP(W'_I(U)) N ¢(U) C Rn+1’
(&1, ..., 57 0l L o) - (a0 = (8 &L, L, &),
we can see that for all points a € 7~1(U) the vector fields

9 .2
&Ul, cet avny

provide a basis of Ver, (A'M) =ker D7, C T,,(A1M) and, therefore,

1% 1%
Ver, (A1M) = span{m‘a, s Som a}.
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4.10. Lagrangian and Hamiltonian mechanics

Moreover, it holds that

d
’ oxl

d d
1 — -
T,(A*M) = span{ Jil. e T,

} ® Ver, (A1M)

and by the isomorphism (2.16), we know that

d
g eee sy S
a axna

span{ jt } =T,(A'M)/Ver, (A'M).

Finally, using the isomorphism (4.40), we conclude that

* Okl

Jd d d
Span{ at &3‘51 a, eey W a} = T77'(a)M' (4.131)
Since
d J J
TW(a)M = span{ o o * 5T W(a) o W(a)},

the isomorphism (4.131) can be expressed as

d J

5.~ W‘m)' (4.132)

After the identification of these bases, equation (4.123) defines the basis
vectors

d A d
0| E‘ +b‘07r(a)ﬁ
@ (4.133)
b; —BJ
a 9%/ g

on the neighbourhood 7~1(U) C AIM. It can be easily verified that the b,
are compatible (see equation (4.121)) with the time structure O of the state
space (see equation (4.19)). We will drop the prime in the notation of the
basis vectors (4.133) because the distinction remains possible via the point of
evaluation similar to the basis vectors in (4.132). Moreover, we refrain from
denoting the coefficient functions in (4.133) by B/ = B/ o7 and b! = b’ o,
as we did for the coefficients of g in (4.44). Because this notation would
be to heavy, we use the same symbol for both types of coefficient functions
B/: M DU — R"*! and B/ = B/ omr: w=1(U) - R27+1. The vectors

d

g ree sy T2
a avna

by, =2

b0| nlg» 8_1)1

(4.134)

a’ "

provide a basis of T, (A1 M) for all points a € 7~ 1(U) CAM.
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Chapter 4: Finite-dimensional mechanical systems

Let (69, ...,07, dvl, ..., dv™) denote the local covector fields that are dual
to the basis fields (4.134) such that

67 (b,) =84,  dvi(b,)=0

v(9\ L (9 ) L
v (5)t0 w(55) 8

with v, 0 =0, ...,nandi,j=1,...,n. For calculations in local coordinates it
is helpful to express the covector fields b9, ..., b”,dvl, ..., dv” in terms of
the dual coordinate fields df, dx1, ..., dx”, dvl, ..., dv™ and d¢, dx1, ..., dx™,
dul, ..., du” induced by the chart (4.126) and the natural chart (4.17), re-
spectively. Straightforward computation leads to

b0 = df = ds,

bl = Al(d%/ —b/dE) = Al(dx/ —b/dt), (4.135)

. JAL . . N OAL . . . i . .
oo = (=00 -4y Yo+ (B -0 -af 2 )+

where the last line is obtained by taking the exterior derivative of the
coordinate functions (4.128). Using the relations (4.135) and the exterior
derivative of the expression (4.127), it follows that

dt = df = b°,
dx! = dx’ = B}bj+bibo,

. . BL JB: ;
i_ Jj J k705 bt k
du —[v ( = +b _agzk)+ o +b

(4.136)
) b’ +Bido/.

. .aBi- .
bt 1vo  pk( %% , Ibt
aa‘ck]b +Bj (U oxk + oxk

By Theorem 4.2(iii), we know that the action form Q= Q% + <I>}13p determines
the vector field X € Vect(A1M) that describes the motion by

9(X) =1, (4.137)
X.Q=0. (4.138)

Equation (4.137) requires the vector field X to be time-normalized. Because
of b0 = dt (see equation (4.135)), it locally holds that O = b° and therefore
the time-normalized vector field X (satisfying (4.137)) can be locally written
as

X =by+C'b; +Diaivi. (4.139)
This time-normalized vector field is then uniquely determined by condi-
tion (4.138) that can be written as

0=X1Q=X100 + X197, (4.140)
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4.10. Lagrangian and Hamiltonian mechanics

where QF, = dwg with wg = Lp0+ 0Ly, according to Postulate 4.8. As before,
we drop the letter R that stands for the reference field wherever it becomes a
notational impediment. First, we inspect the term X Q% =X_1dwg in (4.140).
For this we express

wgp =LO+0L =Ldt+ % (dx? —u'dt)

in terms of the coordinates £, %1, ..., and the covector fields b°, ..., b” as
wg =Lb% + gL (6% —v'80), (4.141)

where we used equations (4.129), (4.136) and that

0 0 0 0 Jd 0 0 i 0
vt vt [¢] ot + vt /] ox/  Jvt (/] ou’ B; out’ (4.142)

Taking the exterior derivative of the Cartan one-form (4.141) yields

duog =LA+ d( 25 ) A (6 0i60) + O (dbi—dof ABO)  (4.143)

and this leads to
X1Qb =Xadwg
= ix(dL ABO) +iXod(‘9—L.) (b1 —vi60)
o (4.144)
—d(gL)LX(bl Lbo)+%(ixodbi—ix(dvi/\b0)).

We digest expression (4.144) term by term. The first one can be readily
expressed as

ix(dLAB%) = £xLb0—dL = (£xL—bo[L])6°—b,[L]b' - %dvi

using the definition (3.62) of the exterior derivative of a real-valued function.

By the same argument,
JL JL
lXOd(é?v‘) SX(o"vi)

and the second term can be rewritten as

ixed( 55 ) (6 -060) = £x( 55 ) (b ~0'60).
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Chapter 4: Finite-dimensional mechanical systems

With the local expression (4.139) of the vector field X, the third term of
equation (4.144) becomes

o[ 22 )ixloiui) =-a( 2 ) (01~

JLY\ _ a_L 0 ﬂ Jd [ JL
d(ﬁ)‘bo[av]b +b[a ] T o0 [avz]d"
The final term

with

3_52 (iXOdbi —iX(dUi AN bO))

needs a bit more care. By equation (4.135), we know that
b’ =Aj(dx/ —b/dt)
and consequently
db’ = d(Al(da/ —b7dt) )
= dAJl A (dx/ — b7 dt) —A;dbj/\ dt
= B} dAl bk —ALdbIABO,

where in the last line we made use of (4.136). Therefore, the interior product
ixodb? can be expressed using the local expression (4.139) of the vector field
X as

ixodb! = ix(B]dAl AbF —ALdb/ABO)
=B} xAlb* —B]C* (b, [A1]60 +b;[Al]6!)
—Al(£xb/ —bo[b7]) b0 +Alb, [b/]bF (4.145)
- (Bgckbo[A;] +AL(Lxbl - bo[bf]))bo
+ (Bing;—B{Clbk [A7] +Alb,, [b/] ) b*.
The interior product —i X(dvi A bO) lets us recover our breath. Indeed, using
the local expression (4.139) of the vector field X, it readily follows that
—ix(dv! AB%) = —D'BO +dv?,
such that
ixcodbi —ix(dvi ABO) = —(BiCkbo[A}] +AL(£xb7 —bo[7]) +Di)bo
+ (B Sx Al —BJCl0, [A] +A7b, [17] ) 6% + o',
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4.10. Lagrangian and Hamiltonian mechanics

Finally, we can gather our results and restate (4.144) with respect to the
basis covector fields b9, ..., b7, dvl, ..., dv™ as

XJQPR=[£XL bO[L]—va(gL) bo[ ](Cl vl)

SL (chkb [AL]+A’(£XbJ—bO[bJ])+Di)]bo

+ SX(ij)—bk[L] b [&L](C‘—v‘) (4.146)
3L (BJS Al—BJClb,[Al] + A;bk[bf])]bk

+ :affaLui (vi—ci)]dvf.

With (4.146), we have derived the first term of the sum (4.140). In order to
express the second term X_1®;P, we start by expressing the two-form @%p
modelling the nonpotential forces with respect to the basis covector fields

69, ..., 6", dvl, ..., dv” using the coordinate transformation rules (4.129),
(4.136) and (4.142) as

1 JF;

P = 3 aqu. (dxi —uidt) A (dxf—ujdt)
=B!F, b/ ABO+ 2 3B ng (6/—0v76%) A (b* —v00) (4.147)

=F‘jbj/\b°+§ﬁ(bj—vfb°) INGEZIIY

where we have introduced Fj = B} F;. Consequently, we obtain

- . oF, OF;
— 1 k J
X.I@?gp = [CJFJ—EUJ(Ck—Uk) (m—m)]bo

} oF, OF; .
1 k k k J
+[‘FJ+E(C v )(m‘m)]"’-

We immediately notice the apparent similarity with the one-form (4.109).
By equation (4.140), the sum of (4.146) and (4.148) needs to vanish, i.e.,

(4.148)

each component with respect to the basis b9, ..., b, dvl, ..., dv” needs to be
zero separately. From the components in dvl, ..., dv” it follows that
Ct =v? (4.149)
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fori =1, ..., n, because the matrix
%L

AvJ Jvt

is positive definite and, therefore, has full rank. With the kinematic condi-

tion (4.149), the annihilation of the b1, ..., b” components of the sum (4.140)
leads to Hamel’s equations

SX(j—;) —b,[L]+ % (B;e'sxA;‘.—B{v’bk [A7]+Ab, [bf]) =Fj. (4.150)

=Blg, B

For the case of a linear transformation b = 0 depending only on the
generalized coordinates x1, ... ,x” and not on 20 = ¢, i.e.,

Blogp1(t,x1,...,a") = Blop~1(x1, ..., x"),

the resulting equations were studied in Hamel 1904a, § 5. In the context of a
geometric treatment of time-independent mechanics, Bloch 2015, Section 3.8
refers to these equations as Hamel’s equations. The author decided to follow
this suggestion.

However, the difficulties that arise in naming equations should not go
unmentioned. On the one hand, there is the observation that in our geomet-
ric formulation of the mechanics of finite-dimensional mechanical systems
(Postulate 4.8) Lagrange’s equations of the second kind (4.111) and Hamel’s
equations are “just” different chart representations of the same geometric
objects. With this view, one would rather avoid different names. On the
other hand, by scientific probity, equations should be attributed to the sci-
entist that derived them first. However, this question is by far not easy
because there are always fine nuances in the presentations. In the field
of technical mechanics, Bremer 1988, p. 47 refers to Hamel’s equations in
their variational form as Hamel-Boltzmann equations. Hamel3? refers to
the equations as Lagrange—Euler equations since they include Lagrange’s
equations of the second kind as well as Euler’s equations describing the
rotation of a rigid body. The author thinks that this designation might easily
lend to confusion with the Euler—-Lagrange equations that appear as the
stationarity condition in the calculus of variations. The study of Volterra
1898, led the author and his coworkers suggest the designation as Volterra—
Hamel-Boltzmann equations (see Winandy et al. 2018). However, this name
is not only somewhat clumsy but it ignores the work of Voronets 1901, whose
contribution is recognized by Hamel 1904b, footnote on p.424. We refer to
Chapter III of Neimark et al. 1972 for a presentation of the contribution of
the different authors.

39. See pp. 480-481 of Hamel 1949.
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4.10.3. Hamilton’s equations

We introduce the coordinates

JL . .

p; = auff =g,/ (u —R7) +AF, (4.151)
to which we refer as generalized momentum coordinates. The last equal-
ity follows by equations (4.92) and (4.75) together with dVz/du’ = 0. The
full rank of the matrix [g;;] guarantees that the relation (4.151) can be
resolved for ul, ..., u” as

u' =g¥(p;—AF) +R', (4.152)
where g'tg, ;= SJL Therefore, the coordinate functions
f=t,
7=,
p;= gij(uj —RJ) +AR
withi =1, ..., n define the chart
&AM ) 7T_1(U) N R2n+1’

o 3 (4.153)
(P, vp) = (tyxly ’xn’p17 ’pn)

on 7~ 1(U). The chart (4.153) results from the natural chart (4.17) by us-
ing the coordinates p1, ..., p,, instead of ul, ..., u™ for the representation of
time-normalized vectors. We refer to (£, %!, ... ,&", pq, ..., p,,) as canonical
coordinates.?? As before, the tildes on ¢ and the x? allow the distinc-
tion between the canonical coordinates and those provided by the natural
chart (4.17).

It is by representing the objects from Postulate 4.8 in canonical coordinates
that we obtain Hamilton’s equations. We rewrite the Cartan one-form (4.96)
as

.JLp JLp . . - o
wg = (LR —uw S )dt+ B4yt = —Hp di+p, 3, (4.154)
where we used that dt =df and dx? =d# fori=1, ..., n. Moreover, we defined

40. These coordinates are by no means canonically defined since they depend on the choice
of a reference field R. Physically, the quantities pq, ..., p,, are generalized momenta. In
the context of time-independent mechanics playing on the cotangent bundle 7*@ of a time-
independent configuration manifold @, the position and generalized momentum coordinates
provided by the chart (3.68) are canonical coordinates according to the Darboux theorem (see
p- 84). Moreover, Hamilton’s equations are also referred to as canonical equations (see Landau
and E. M. Lifshitz 1969, p. 132). So we use the adjective canonical because of tradition.
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the Hamiltonian as

Hp: A'M D71 (U) - R, a~ Hg(a) := —(LR—ui

JLp

du’ ) (@),
which is a local function defined on the neighbourhood 7~1(U). It follows
by Euler’s theorem?! that

L
—
HR =u aui

where the last equality uses (4.75) and (4.92). We compute Q%. by taking
the exterior derivative of the Cartan one-form (4.154) as

(4.155)

Qb =dwg = —dH/\dE+dpi/\d5ci

- . 4.156
oH b oH AdE+dp; AdF, ( )
Xt dp;

where we stuck to our policy of dropping the letter R whenever it is hindering.
We use (3.47) to express the basis vectors J/5,¢ induced by the natural
chart (4.17) with respect to the basis vectors induced by the chart (4.153) as

0 O .iq O 0 0
dul c9ul[] 8ul[J]_ Bul[pf]ﬁp _gﬂ&p

With this relation and equation (4.152), the nonpotential force @%p adopts
the local form

%grj% [da?i - (gik (pp —AE) +Ri)df]
.

A[d& — (g7 (p; —AR) +R7)dE |

@%p=Fld5C’L/\dz+

because d¢t = df and dx? =d# fori=1,...,n
The time-normalized field X from (4.106) that describes the motion can

be locally expressed as

d . d d

X==+A'"—+E,— 4.157

g T4 om T g (4.157)
where we adopted the convention that a lower index appearing in the de-
nominator is considered to be an upper index. By Theorem 4.2(iii) the
time-normalized vector field X is uniquely determined by

0=X1Q=X.1Q8 + X9},

41. See the proof of Proposition 4.7.
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4.10. Lagrangian and Hamiltonian mechanics

where Q = Qb + ®7 is the action form from Postulate 4.8. As before, we
compute X1QF and X_1®7 separately. With the local expressions (4.156)
and (4.157), we get

JH JH \ .- JH oH :
p _ __ i il A )
X.Qp = (A = HEi &pi)dt+(a~ +E; )d (_api A )dpl (4.158)

and
X9 = [AiFi—%(gik (pr—AE) +R') (A/—g/ (p;—AR) —R/)

JF; IF;
8rim o*)p gr] a

) ]df (4.159)

. ) ) 8F~ JOF;
+|:_Fi+%(AJ _gﬂ(pl _A;{)_RJ)(grz ap grja )]dx

The one-form X 1Q = X 1QP + X 1®7 is zero if each component vanishes.
Since the coefficient of the dp,-component in (4.158) has to vanish, it follows
that

JH (313) 0H o -1
apz Bpl
because by (4.155), (4.75), and (4.152)

Hod ' (£,%,8) = 587 (p;—AF) (0, ~AF) + R/ (p;~Af) + V.

Ai

o® =g¥(p;,—AF) + R’ (4.160)

With equation (4.160), the annihilation of the d¥-component of X_1 implies

that SH
Finally, it is by considering a time-parametrized integral curve (see equa-
tion (4.26)) of the vector field X determined by equations (4.160) and (4.161)

that we obtain Hamilton’s equations*2

- JH /. <
() = g(t('ﬂ’ x(7), p(’T)),
i (4.162)

IR (7, %(r), (1) +F, (), %(7), p(7)),

where we used upright letters H:= Ho®~! and F; := F, o @~ to denote the
representation of the Hamiltonian H and of the functions F; with respect to
the chart (4.153). Note that the time function #(7) =%+ 3(7) evaluated along
the motion is affine in 7 because J is an integral curve of a time-normalized
vector field.

pi(7) =

42. See p. 132 of Landau and E. M. Lifshitz 1969.
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Chapter 4: Finite-dimensional mechanical systems

4.11. The variational approach

In Section 4.2, we saw that the time structure 9 of a Galilean manifold
(M, 98, g) allows to single out spacelike tangent vectors to M (see equa-
tion (4.10)). The same can be done with tangent vectors to the state space
A1M that is endowed with the time structure 9 = 7.0 induced by 9. At each
point @ € A1M, the space of spacelike vectors on A1M is the set

AQ(A™M) =kerd, = {z € T, (A'M) |9, (2) =0} C T, (A'M).

Similar to (4.11), we define the corresponding subbundle of the tangent
bundle T (A1M) of the state space A1M as

AC(AIM) =kerd= | ] AJ(AM)CTAM).
ac€AlM
A virtual displacement field Y is a smooth section of this bundle, i.e.,

Y:AIM - A% (AIM), a~ Y (a),

with 70Y =1id,1,, and where 7: T(A1M) — A'M denotes the natural pro-
jection of the tangent bundle T'(A1M).

In Section 4.10, we introduced different sets of local coordinates that are
related to an adapted chart (U, ¢) of the Galilean manifold (M, 9, g). These
coordinates can be used for the local expression of the virtual displacement
field Y on the neighbourhood 7=1(U) CAM as

. d ; d
Y=é oxt 8u
i 8
. d d
= §&t Fr +8pla

where the respective coefficients are smooth real-valued functions defined on
the neighbourhood 7~1(U). The choice of the peculiar notation will become
clear in the following.
With equations (4.106), (4.139) and (4.157), we have seen that a time-
normalized vector field X can be locally written as
d 8 d

_ i i
X= G tA G +B o5

. 9

_ ip. i

= bo+Cb,+ D

P P P
Al g2

=5 om TR,
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4.11. The variational approach
According to Theorem 4.2(iii), the requirement
X1Q2o, (4.164)

for a given action form £ uniquely determines a time-normalized vector
field X. Condition (4.164) is equivalent to demanding that

Vi(X1Q)=Q(X,7) %0, (4.165)

for all Y € Vect(A1M). Equation (4.165) is referred to as variational
form of condition (4.164). In Section 4.10.1, the vanishing of the dx’- and
dui-components of the one-form X_1Q was sufficient to derive Lagrange’s
equations of the second kind. In Section 4.10.2 the annihilation of the b’-
and dv’-components of the form X1 implied Hamel’s equations. Finally,
Hamilton’s equations followed by exploiting (only) that the d&*- and the
dp,-part of the form X 12 need to vanish. This means that, it is sufficient to
exploit condition (4.165) for spacelike vector fields on A1M, i.e., for virtual
displacement fields Y =Y. This observation is not astonishing since we know
from Section 4.6 that the action form has rank 2n and that it is blind on the
line bundle over A1M spanned by the time-normalized vector field X that sat-
isfies (4.164). Now, because of (X) = 1 (see equation (4.51)) and 9(Y) =0,
virtual displacement fields Y can be used to test the 2n complementary
directions to span{X}.

4.11.1. Variational families of curves

In its development, classical mechanics has been intimately related to
the calculus of variations and variational principles such as Hamilton’s
principle.#3 The classical notion of a virtual displacement has to be seen
as a vector field along the curve that is to be varied. By adopting this
perspective we are able to make the link with classical results such as the
principle of virtual work, the two central equations of Lagrange and Hamel
as well as Hamilton’s principle.
We start with a smooth two-parameter map

k:]-r,r[xI - AIM,

(4.166)
(6,7) » k(e 7),

that we assume to be an injective immersion for some r > 0. As such, the
map (4.166) defines a two-dimensional submanifold that is parametrized

43. Section 4.11.3 is concerned with Hamilton’s principle.
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Chapter 4: Finite-dimensional mechanical systems

by € and 7. Moreover, the map (4.166) defines the two curves (immersed
one-dimensional submanifolds)

Kg: I—>A1M, (4.167)
T ko (T) = Kk(€,T) '
and
Ky ]—r,r[ —>AlM, (4.168)

e Kk, (€) =k(e, T)

in the state space ALM. The curve (4.167) results from (4.166) by consider-
ing fixed values of the parameter ¢, while the curve (4.168) is engendered
by (4.166) in keeping 7 fixed. We call the set of all curves (4.167) a vari-
ational family of curves. The map (4.166) is required to contain the
time-parametrized curve

B:1—AM (4.169)

such that
B(1) £ ko (1) = (0, 7) (4.170)

for all 7 € I. The chart representation** of the map (4.166) with respect to
the coordinates of the natural chart (4.17) has the form

Dok = (t(e, 7),x(e,7),u(e, 7')). (4.171)

For simplicity we assume im x C 7~ 1(U) such that we do not need to split
the map « into components lying in the different neighbourhoods 71 (U,)
provided by an atlas (U,, ¢, ) of the manifold M. Technically, this can be
realized by considering the restrictions

Kl «~1(Uy) N (]—r, r[xI) —AlM.

for all charts (U, ¢,).
The chart representation of the curve (4.169) is ®o 3 = (¢(7), x(7),u(7)).
By equations (4.170) and (4.171), it holds that

t(0,7) =t(7), x(0,7) =x(7), u(0,7) =u(7).

Classically, one considers variations of the curve 3 that keep time fixed such
that the chart representation (4.171) reduces to

Dok = (t(T),X(E, 7),u(e, ’7')). (4.172)

44. The chart representation of a map is defined in equation (3.3).
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4.11. The variational approach

A coordinate-free definition of the restricted variational family from (4.171)
is given by
d(8k,) =0, (4.173)

where 6« denotes the tangent field along the curve «, from (4.168). We
have used a § to denote differentiation with respect to the curve parameter
¢, while in equation (3.50) we denoted the derivative with a dot because
there the curve parameter is 7. Condition (4.173) requires the tangent field
along the curve k.. to be spacelike. Indeed, by equation (3.47), the local
representation of the tangent field 6« is given by

P 9 )
8K7(5)=8K7[t](p)§‘ +8/c7[xl](p)ﬁ‘ +5/€T[ul](p)ﬁ‘ (4.174)
P P P

with p = k.. (¢) and condition (4.173) can be locally written as

£

5 d
0=d(8k,) =dt, (o (8l (ey) = 8Kl (o [8] = =

tok,(€).
=€

Accordingly, the chart representation (4.171) of « is indeed restricted to the
form (4.172) by condition (4.173). The local description of the tangent field
Sk, from (4.174) reduces to the one of a virtual displacement field, i.e.,

0 ; 0
Ixt +6u'(p) ul

8k, (€) =8x' (p)

, (4.175)
Jg

with p = k. (¢) and where we have introduced the short-hand notations

. d : _ d oo
dx(p) = el xtok (€)= el xt (),
E£=¢€ E=E€
. d . ) o
Su(p) = rEl utok (€)= TGl u'(€)
E=E€ E=E€

relying on (4.172). In an analogue way, we use a dot to denote the tangent
field along the curve «,.(7) as

+ut(p)

. .i a
Ke(T) = +x' (p) " >

b

P

_| 9

otly, oxt

with p = k(7). The two-parameter map « defines the two local vector fields
X: K,’(]—I‘, r[xintI) — T(AM)

and
Y: /c(]—r, r[xintI) — T(AlM)
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Chapter 4: Finite-dimensional mechanical systems

by the respective differentiation with respect to the parameters 7 and ¢, i.e.,
X(k(e, 7)) = ke(T) (4.176)

and
Y(«(e, 7)) =8k, (€). 4.177)

In equation (4.176), the right-hand side denotes the time-normalized tangent
vector that is defined at the point « (¢, 7) by the curve «.: I - AlM. Because
of condition (4.173), the vector field Y is a virtual displacement field.

The local vector fields

9.9 D
=t o Y o
and 5 5
— Syt 2 i
Y = 6+ bl (4.178)

defined by equations (4.176) and (4.177) commute, i.e., their Lie bracket*?
vanishes. To see this we consider a smooth function f € C*(A1M) and we
compute

[X, Y1If1(x(e, 7)) =X[Y[f]] (r(e, 7)) = Y[X[f]] (x (e, 7))
2 (fox) 2 (fox)

= orge 7T Taear &
using equations (3.22), (4.176), and (4.177). Therefore, the vanishing of their
Lie bracket is a necessary condition for two vector fields to be induced by a
variational family of curves. Moreover, by construction, the vector field X is
time-normalized and Y is a virtual displacement field by condition (4.173).
According to the Frobenius theorem from Section 3.11, the vector fields X
and Y span an involutive distribution of which im x C ALM is the integral
manifold. The curves (4.167) and (4.168) are integral curves of the vector
fields X and Y, respectively. Let

7)=0

@: ]-r,r[ xim k - AIM

denote the flow*® of the vector field Y. Then it holds by definition of the
vector field Y that

k(e+e',71) = (p(E,K(E’,T))

45. See equation (3.45).
46. See Section 3.6 and in particular equations (3.55) and (3.56).
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4.11. The variational approach

for all values 7 €I and ¢, ¢’ €]—r, r[ for which e+¢’ €]—r, r[. In particular,
for ¢’ = 0 this means that

k(e,m) = (e k(0,7) = 9(e,8(m)) (4.179)

and
Ke(T) = o (7).

Therefore, we can see a variational family of curves as being the result of
dragging the time-parametrized curve 3 using the flow of a vector field Y. If
the vector field Y is a virtual displacement field (i.e., if Y is spacelike), then
the resulting variational family contains only time-parametrized curves
because the curve /3 is time-parametrized.

We refer to a variational family in which the curves (4.167) are not only
time-parametrized but second-order curves as a variational family of
second-order curves. By condition (4.24), this means that

Ke= (o KE).
and, therefore, the curves can be constructed from a two-parameter map

a:-r,r[xI->M,

(e,7) = a(e, T)
for which we assume that the variational family

a.:I-M,

(4.180)
T a.(7) =a(e, 7).

it induces in the Galilean manifold (M, 9, g)consists of time-parametrized
curves. As before, the curve /3 from (4.169) that we now assume to be a
second-order curve should be contained in the variational family such that

a(0,7) =70 B(7)
for all 7 € I. The two parameter map « defines the curve

a;:]1-r,r[>M,

e a () =a(eT)

such that the restriction to variations that keep time fixed can be formulated
as

9(8a,) =0,
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T %
o

//* :// > o
< /%\K K//f—<</

~
-t

=

Figure 4.5.: The left side of the picture shows a family of time-parametrized
curves in A1M, while the right side depicts a family of second-
order curves in AIM that is induced by a family «, of time-
parametrized curves in M.

A'M

\QT(O)

which is an analogue condition to (4.173). As we did in Section 4.3, we

denote by
. I —AM,

T . (7) = (aE(T), d€|a5(7))

the second-order curve given by the tangent field along the curve (4.180) for
a fixed value of ¢. Finally, we obtain a variational family of second-order
curves by considering the two-parameter map that is defined as

k:]—r,r[xI > AIM,

. (4.181)
(6,7) = K(e,7T) = a. (7).

For of a variational family of second-order curves, the vector field X from
equation (4.176) is a second-order field, i.e., x* = u? such that
_d ;9 .0
X = E +u"— a 7 +u 8ui
because its integral curves k.= ¢, (7) are second-order curves by assumption.
The vector field Y is spacelike and it needs to satisfy [X, Y] = 0. Therefore,
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4.11. The variational approach

it has the local form

8 d
In the view of equation (4.179), thls means that in order to guarantee that a
second-order curve (3 is dragged to a second-order curve ¢, o[ the generating
vector field Y of the flow ¢, needs to have the form (4.182). Figure 4.5 shows
an attempt to visualize both types of variational families.

(4.182)

4.11.2. Virtual work and the central equation

We saw that it is sufficient to exploit the variational form (4.165) using
virtual displacement fields only. Actually, even less is required if we consider
from the beginning that the vector field X that is determined by

XiQ=0, 9(X)=1.

is a second-order field. The real-valued function given by the variational
form Q(X,Y), where the vector field

P Y
X—§t+u W+B o0
= b()+U b +D aal
— J ij R i J dJ
= Gt (7 (p—AR) +R') o T,

is a second-order field and where Y is a virtual displacement field, is known
as virtual work.

Using the local descriptions of the virtual displacement field Y from
equation (4.163), we obtain the following expressions for the virtual work

QX,Y) = [SX(%) - % —Fi]éxi

= [SX(%) —b,[L]-F,

N (4.183)
+$(BJ£ Al B;vlbk[A;]+A;bk[bf])]ssk
oH y
= [E,+ﬁ—Fl]8x ,

where we made use of our previous results (4.108), (4.109), (4.146), (4.148),
(4.158), and (4.159).
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Chapter 4: Finite-dimensional mechanical systems

A well-known tool for the formulation of mechanical theories is the so-
called principle of virtual work which says that the virtual work vanishes
for all virtual displacements. The principle of virtual work may be chosen
as postulate for the formulation of a physical theory for finite-dimensional
mechanical systems, i.e., one could postulate the virtual work (4.183) and
require it to vanish for all virtual displacements 8x%, 8s*, respectively for all
8%, In our presentation that is based on Postulate 4.8 the observation that
the virtual work vanishes is a theorem rather than a principle. Nevertheless,
we speak of the principle of virtual work in order to relate our presentation
to classical approaches. The observation that Postulate 4.8 generalizes the
principle of virtual work can be found in the book by Souriau, where he
writes that the virtual work is a truncated*? version of the action form Q.

We pursue our endeavour to establish a firm link to the classical results
by deriving Lagrange’s central equation and Hamel’s generalized version of
it. We consider the virtual work that results from feeding the action form Q
from Postulate 4.8 with a second-order field X and a virtual displacement
field Y

QX,Y) =Q5(X,Y) +3P(X,Y) = dwp (X, Y) +OP (X, Y),  (4.184)

where
JL o oL . .
doog = dL/\dt+d(W) A (Al —utdr) - S dul nd

and

PR = F;dx! /\dt+18 L (dx uldt) A (dx/ —u/dt),

as we know from (4.102) and (4.103). Postulate 4.8 requires the virtual
work (4.184) to vanish. Considering that X_ (dx? —u?dt) = 0 because X is a
second-order field and that Y_d¢ = 0 since Y is a virtual displacement field,
it follows that

0LQx,Y) = —SYL+£X(5L )5 +Of L st — F 8, (4.185)
for all coefficient functions 8x¢, su’ € C*°(7~1(U)). Note that we used the

local expression (4.178) of the virtual displacement field Y to derive equa-
tion (4.185). Using the product rule for the differentiation of real-valued

47. Footnote 2 on p. XVII of Souriau 1970 reads: Le principe des travaux virtuels classique
n’est qu’une forme tronquée de cette formule (XI). In Souriau 1997, the English translation of the
book, one finds in footnote 6 on p. XX the infelicitous translation that: The classical principle
of virtual work is only an abbreviated form of formula (XI).
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4.11. The variational approach

functions by vector fields, the principle of virtual work (4.185) can be rewrit-
ten as

0l ﬂx(gfi axi) —EYL—Fini+%(8ui—2X8xi), (4.186)

for all 8x%, Su? € C®°(w~1(U)). Equation (4.186) reduces to

JL . . .
0L SX(WW) — ey L—F;8xi, (4.187)
for all 8x%, Su? € C*(7~1(U)) if one considers only virtual displacement
fields of the form (4.182).
The virtual work expression from (4.187) is invariant under coordinate

changes from ¢, x1, ..., 2™, ul, ..., u” with coordinate fields
4 9 9 9 I
at’ axl""7 axn’ aul""’ aun’
tof,xl,...,&%, vl, ..., v" together with the basis vector fields
d d
bo, ey bn, m, ceey &_Un

To see this, we need to derive the transformation rules between these basis
vector fields. The following consideration allows us to make use of the
transformation rules between the dual bases dt, dx1, ..., dx™, dul, ..., du”
and 69, ... b7, dvl, ..., dv" that we know from Section 4.10.2. Let w be a
vector field on an n-dimensional differentiable manifold M. Then w can be
expressed with respect to given basis vector fields ¢, ..., ¢,, as

w = et(w)e,,

where ¢1, ..., ¢” denote the corresponding dual fields of ¢4, ..., ¢,, defined by

¢’(¢;) = 8%, Consequently, it holds for the virtual displacement field

9 . d ; ; d
_ i_ Y [ lh. i
Y =6x o'?xi+8u 5 8stb; + Sv ol
from (4.163) that
§si = bi(Y) = Y (AJ‘ (dxf—bjdt)) =Aji.5xj (4.188)
and
svi = dvi (Y) = aiﬁi'( j_bj)_Aiaij Sxk + Alsu’ (4.189)
vt =dv =| 5 (v o | 8% Su, .

155



Chapter 4: Finite-dimensional mechanical systems

where we used the transformation rules from (4.135). Note that equa-
tion (4.189) corresponds exactly to what we would obtain if we would carry
out the variation, i.e., apply 6 as derivative with respect to € on the coordinate
change

vi (e, 7) = Al(t(7),x(c, 7)) (u/ (e, ) = b7 (£(7), X(¢,7)) ),

from (4.130). We know that
Jd ., d
vt B; ou’

from (4.142) and it follows by equation (4.147) together with (4.188) that

Fini = FiSSi.
Therefore, the principle of virtual work (4.187) can be rewritten as

0 SX(%6si) _ Sy L—F.ss, (4.190)

for all smooth functions 8s* and §v? defined on the neighbourhood 7~1(U).
Equation (4.190) is known as Lagrange’s central equation.*8

To emphasize its significance, we apply the product rule to the first term
and we express the second term using the local expression (4.163) of Y as

0+ (gx( gfi ) —b,[L] —Fi)Ssi + % (£x8s'—8v?), (4.191)
for all 8s%, v €C*(7w~1(U)). Equation (4.191) can be found in Bremer 1988,
p.47. It directly leads to Hamel’s equations (4.150) if we consider the §s°
given by (4.188) and use the §v’ from (4.189) together with the assumption
that the vector fields X and Y are induced by a variational family of second-
order curves (4.181) (i.e., su’ = £x8x! by equation (4.182)). Note that we
have already used the latter assumption in the derivation of (4.191) at the
transition from (4.186) to (4.187). We observe that starting from Lagrange’s
central equation the derivation of Hamel’s equations is not difficult. In
the classical view, Lagrange’s equations are considered to be a special case
of (4.191) with 8s* = éx* and &v* = Sul.

In order to derive Hamel’s generalized central equation that does not rely
on the assumption 8u’ = £x8x’, we solve (4.189) for AZ8u/ such that

S . OAL D op
i ] — Sq9i JnJ, 0l __ AL dbI kSor
Ajdu’ = v (_akalv Af_axk Bié8sT,

48. See Hamel 1904a, p. 15, Bremer 1988, p. 47, or Bremer 2008, p. 21.
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where we used that v/ —b/ = BJv! and that 8x* = B%8s”. Moreover, we
calculate . _ _
x8x = Sx(Bibs/) = BiLx8s/ + 85/ Sx B

such that we can rewrite the principle of virtual work (4.186) as

aL AL (4.192)
o (ExA‘ (Sl a2 ) )t

for all 8s?, §v’ € C*(7~1(U)). Equation (4.192) is known as Hamel’s gen-
eralized central equation.*’

Instead of carrying out a coordinate transformation of (4.186), Hamel’s
generalized central equation can also be derived using the results from
Section 4.10.2. We evaluate the virtual work (4.184) using the local expres-
sions (4.143) and (4.147) as

JL
vt

The term db’ (X, Y) can be evaluated using (4.145) with the second-order
condition C! = v’. Using the product rule of differentiation, the principle of
virtual work can be stated as

0= £X(&—L88 ) - LyL+ a—Li(Svi —£X88i) —F,8st

N v
aL J i J 1 i i J
+ o - (Bf&xAl—BJv'b,[Al] +Alb,[b/])8s7,

for all 8s?, §v* € C°(w~1(U)). Equation (4.193) is just Hamel’s generalized
central equation (4.192) because by (4.133)

Q(X,Y) = —SYL+£X( )8 +—(dbL(X Y) —dvi Ab0) —F,8s".

(4.193)

b, [A1] = Bt-2_[A!] = BE-_[A1]

r a k r & k
and
b.[b/] =Bt — J [6/] = Bk —[b7]
T oxk T Ox k
because AJi- =A} o and b/ =b/ o7 do not depend on the coordinates u1, ..., u”
respectively vl, ..., v".

Hamel’s generalized central equation allows to derive Hamel’s equation
without the restriction $u’ = £x8x’ to variational families of second-order

49. See Hamel 1904b, p.424.
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curves. The third term of expression (4.193) drops out if we apply the product
rule of differentiation to its first term and if we express its second term
using the local expression (4.163) of Y. The remaining part can then be
recognized as variational form of Hamel’s equations.

4.11.3. Hamilton’s principle

We saw in the previous section that the explicit consideration of the kine-
matics (i.e., of the second-order condition) allows to arrive at the notion of
virtual work. In this section, we will see that the action integral on which
Hamilton’s principle®® is based in classical texts appears as the restriction
to second-order curves of a more general action integral. Moreover, we will
show that for exact mechanical systems, Hamilton’s principle becomes a
theorem of Postulate 4.8.

On page 124, we saw that the action form of a mechanical system with
Galilean manifold (M, 9, g) is exact if the mechanical system is only sub-
jected to potential forces. By Postulate 4.8, the action form of an exact
mechanical system can be defined using a Lagrangian and its related Car-
tan one-form (4.93). Using the Cartan one-form w = L + oL from (4.93),
we define the action®! of a mechanical system as the functional on time-
parametrized curves [3: I - A1M that is given by the integral®?

ALBY = [ 5, L0, (4.194)

where we dropped the letter R denoting the reference field. In the integral
expression (4.194),

t: ) > AM (4.195)

denotes the inclusion map®3 of the subset 3(I) of AIM. The set 5(I) CAIM
is an immersed submanifold of ALM. Indeed, the map 5: I - AlM is an
injective immersion because of equation (4.35) and since the tangent vector
of a time-parametrized curve does never vanish. The action (4.194) can be

rewritten as
A[fB] = fI Bw
= [, (Bw)(9/or)dr (4.196)
= [, 0gr) (DB (2/or) )dr,

50. See p. 2 of Landau and E. M. Lifshitz 1969.

51. See Section 8.3 of Loos 1982.

52. We refer to Chapter 16 in John M. Lee 2013 for the theory about integration on manifolds.
53. See footnote on p. 63.
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4.11. The variational approach

where we used the definition of the integral, equation (3.49) and the defini-
tion (3.61) of the pullback of the one-form w with the map 3: I - A1M. For
the natural chart (4.17), it holds that ®o 3 = (¢(7),x(7),u(7)), such that

0 . J L 0
DB, (9)ar) = Eﬁ( )+xl(7)ﬁﬁ( )+u‘(7’) v P

and
w=Ldi+2L (@ —uidt).
du’

Therefore, the integrand in (4.196) is given by
oL L ;
Wg(r) (DB (2/50)) =L(B(D) + == o (# (M -u/ (). (4197

If the action (4.194) is evaluated on a second-order curve &: I — Al M (see
equation (4.22)), it reads

Al9] = [[L(7(M)d7 = [ L(¢(), x(7), %(7))dr, (4.198)

because the second term in (4.197) vanishes along second-order curves. Note
that, we used again the upright L := L o ®~! introduced on p. 132 to denote
the chart representation of the Lagrangian L: A'M — R. The right-hand
side of (4.198) is the action integral as it can be found in classical texts.?*
The classical version of Hamilton’s principle states that between two
events p and q with £(g) > t(p) the motion of a mechanical system makes
the integral (4.198) stationary. Classically, the stationarity is studied for
variational families of second-order curves. The integral (4.194) can be
found in Cartan 1922. That is why the one-form w is referred to as Cartan
one-form. The observation that (4.194) comprises the classical action (4.198)
when evaluated along second-order curves can be found on page 17 of Cartan
1922,

In our context, this principle can be reformulated as follows: For exact
mechanical systems a motion 3 (i.e., an integral curve of the vector field
X € Vect(A1M) that is determined by X_adw = 0 and 9(X) = 1) relates two
events p and q if it is an extremal of the variational problem defined by
the action (4.194) for fixed position endpoints, which shall mean that the
variational family is such that for I = [7¢, 71 ]

Sk, (e=0) € VerB(TO) (AM) (4.199)

54. See for example Landau and E. M. Lifshitz 1969, p. 2, or Hamel 1949, p. 235.
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Chapter 4: Finite-dimensional mechanical systems

and
8!67.1 (e=0) e Verﬂ(TO) (A1M). (4.200)

We can see from the local expression (4.175) that the conditions (4.199)
and (4.200) mean that the position coordinates at the endpoints are kept
fixed while the velocity parameters may be varied.

We define®® the first variation of the action (4.194) as

%

SA[Y] = 5

e=0 fsog B(I)

wherei: k. (I) & A1M denotes the inclusion map of the subset K.(I) CAlM
and ¢ is the flow of the vector field Y € Vect(AM). The first variation can

be rewritten as
SA[Y] 85 =0 fﬁ(l) (((’[)E) w)
- I/6’<I> %|E=OL*((‘P6)«‘*’) (4.201)
= J:B(I) L@(’SYU)),

where ¢ denotes the inclusion map (4.195). In equation (4.201), we used
definition (3.64) of the Lie derivative and that differentiation and integration
can be interchanged. Finally, by Cartan’s magic formula (3.66), £y w can
be written as

£Yu) = iyodw+d°iyw

such that the first variation (4.201) becomes
SA[Y] = fﬂ(I) Lé(iYO dw+d oiyw)
. . (4.202)
= flg(]) L(_(lYO dQ)) + IBB(I) L (lY()‘)) ’

where we used Stoke’s theorem.?® In equation (4.202), dB () denotes the
boundary of the interval I, i.e., for I = [7g, 71 ]

Iaﬂ(z) L (fyw) = [(iY‘*’) °/8] :; = (iyw) o B(71) — (iyw) o B(7g). (4.203)

Moreover, the upright iota denotes the inclusion map : d3(I) < B) of
the boundary J83(I) of the one-dimensional manifold 5 (I). For variations
of the curve /3 with fixed position endpoints, the integral (4.203) vanishes
because the Cartan one-form is semi-basic as can be easily seen from its

55. This definition follows Hermann 1988.
56. See Theorem 16.11 of John M. Lee 2013.
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4.12. Constraints

expression (4.96) in local coordinates and, therefore, it vanishes when it
is evaluated on the vertical vectors (4.199) and (4.200) at the respective
points 8(7y) and (7). Consequently, the first variation (4.202) of the
action (4.194) can be written as

SA[Y] = fﬂ(l) (. (iyodw)
= [, Buliyedw) (9/o7)dr (4.204)
= [, dw(Y,X) B(n)dr,

where the vector field X satisfies 3 = X (). We say that the first variation
vanishes if SA[Y] =0 for all vector fields Y € Vect (A1M). We see from (4.204)
that Postulate 4.8 implies SA[Y] = 0 for all vector fields Y. The first varia-
tion (4.204) vanishes in particular for virtual displacement fields and for
virtual displacement fields of the form (4.182). Thus, we have proved the
following theorem.

Theorem 4.9 (Hamilton’s principle). Let 2 = dw denote the action form of
an exact mechanical system provided by Postulate 4.8. Then the integral
curves =X (58) of the vector field X € Vect (A1 M) determined by 9(X) =1
and X 1€ = 0 make the action (4.194) stationary.

4.12. Constraints

In Section 4.2, we saw that the configuration of a mechanical system at a
particular instant of time can be seen as a point in the Galilean manifold
(M, 90, g) of the system (see Definition 4.1). This means that the manifold M
defines the kinematics of the mechanical system under study. For technical
applications, it is useful if one is able to subject an initially free system to
additional constraints. Let us consider the example of a point mass moving
freely in the plane (see Figure 4.6a) that should be restricted to keep a
constant distance / to the point O. This restriction can be expressed in
terms of the coordinates x and y as

g(x,y) =x2+y2—12£0. (4.205)

Another example is the ice skate from Figure 4.6b whose position can be
described by the coordinates q = (x,y, @, 3). The characteristic property
of an ice skate is that its blade does only slide in longitudinal direction.
Mathematically, this condition can be written as

h(q, q) = —% sin a +7 cos @ = 0. (4.206)
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Chapter 4: Finite-dimensional mechanical systems

Jek=el

(a) A point mass that is con- (b) Anice skate modelled as a rigid body that slides
strained to move on a circle. on a horizontal plane.

Figure 4.6.: Two examples of mechanical systems involving constraints.

This section deals with the description of finite-dimensional mechan-
ical systems that are subjected to algebraic restrictions such as (4.205)
or (4.206). Note that condition (4.205) constrains the position of the point
mass, while (4.206) restricts the translational velocity of the ice skate. How-
ever, the restriction (4.205) can be brought to velocity level by differentiating
it with respect to time, i.e.,

% (x,,%,3) = 2k +2y7 = 0. (4.207)

We observe from (4.207) that both restrictions (4.205) and (4.206) are linear
in the velocity parameters, when expressed on velocity level. Therefore, the
following definitions seem reasonable.

Let (M, 90, g) with dim M =n+ 1 be the Galilean manifold of a mechanical
system with n degrees of freedom whose motion is given by the action
form Q. Let A be a distribution of rank [ <n+1 on M. We say that A is
compatible with the time structure 9 if around each point p of M there
is a neighbourhood U € M such that

AIMNA, +0 (4.208)

for all ¢ € U. The distribution given by the spacelike bundle A°M is an
example of a distribution that is not compatible with 9. Our aim is to impose
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4.12. Constraints

restrictions on the spatial directions in which a given mechanical system
can move. The compatibility requirement (4.208) avoids that we impose
restrictions in time direction.

We define a constraint to be a distribution A of rank [ on M that is
compatible with the time structure and that comes with a constraint force
two-form ®¢ which guarantees that the vector field Z¢ defined by

5(Z¢) =1
9(Z%) =1, (4.209)
Z°1(Q2+%°) =0,
satisfies
D7, (Z) e Ara) (4.210)

for all a € W C A1M, where W denotes the neighbourhood on which the
motion is studied. This means that the integral curves of Z€ lie in the
distribution A. For a given constraint distribution of rank I, the force two-
form ®° and thereby the vector field Z¢ is by no means uniquely defined.
For this, further restrictions need to be imposed.

One fruitful approach is to assume that the constraint forces are ideal.
The principle of d’Alembert/Lagrange says that a constraint force is ideal if
it does not produce any virtual work for compatible virtual displacements
(see Glocker 2001, p. 48). The following considerations allow us to recast
this principle for our purposes. A compatible virtual displacement means a
spacelike vector v, € AgM that is compatible with the constraint distribu-
tion in the sense that v, € A, for all p € M. Therefore, compatible virtual

P
displacements are elements from the intersection

0
AM N4, (4.211)

which is a (vector) subspace of AgM . Consequently, a field of compatible
virtual displacements is a smooth local section v of A°M defined on an open
subset U of M that satisfies v,, € A, for all p € U. Equation (4.67) defines
forces as linear forms on the space of vertical vector fields. By the pointwise
isomorphism (4.41), any local section u: U — A°M defines a local section
i: m1(U) - Ver(A'M). This holds in particular for fields of compatible
virtual displacements. In the coordinates of a chart (U, ¢) of M and of its
corresponding natural chart (7—1(U), @) of ALM, these sections read

u:ui%: U-A'M

and

i J -
oMo T L(U) - Ver(AlM),
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respectively. According to (4.42), the coordinate fields are related as

1% 1%

Jutl, Ixt

77'(a),

for all a € w~1(U) CAM. A constraint force
FeeT(Ver*(AM))

is said to be ideal if
Fc.5 =0, (4.212)

for all (local) sections v of the bundle of compatible virtual displacements
A°M N A. The corresponding two-form ®¢ follows then by the bijective
relation .

& =—2(d(FCop)+IA (Foou))

established by Theorem 4.4. A constraint for which the constraint forces
are assumed to be ideal is called an ideal constraint.

Let us study the situation in local coordinates. An adapted chart (U, ¢)
on M provides the coordinates (¢,x!, ...,x”) and according to (3.74) a distri-
bution of rank / on M can be locally defined by n —I linearly independent
differential one-forms

o = HVdx! +c”d¢

withv=1,...,n—1[ as

b

Aq = ker oc1| N--Nker o*~!
q

for all ¢ € U. The compatibility condition (4.208) requires the sets

A4, = {% +ui% € T,M | Hpul+ct =0, . Hp Tl +cnl = 0}
to be non-empty for all points ¢ € U. This is the case if the coefficient matrix
H(q) = [H} (q) ] has rank n —[ for each point ¢ € U because then the linear
equation

Hu+c=0

has at least one solution u for a given value of ¢. This means that the
differential one-forms al, ..., a~!, and dt are linearly independent. The
spaces of compatible virtual displacements (4.211) are then given by

9 A A
0 — 1,0 _ —lgi —
AqMﬂAq_{v‘ - €T,M|Hl =0, .. H} v‘—O},
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4.12. Constraints

for each q € U, respectively by
Hv=0 (4.213)

in matrix notation. Under the isomorphism (4.42), equation (4.213) defines
the subspace of vertical vectors on which an ideal constraint force needs to
vanish in order to be ideal.

Indeed, by condition (4.212), at any point a € 7~1(U) CAM, an ideal
constraint force must satisfy

F¢.9(a) = (Fic(a)duﬁt) . (viow'(a) Qii

) =0, (4.214)

whenever the v’ o7 (a) = v'(p) satisfy equation (4.213). If F¢ denotes the
R™-tuple that gathers the coefficients F'§, ..., F'5, then condition (4.214) can
be expressed in matrix notation as

(F¢)Tv =0,

for all ve R” that satisfy equation (4.213). In other words, condition (4.212)
requires F¢ to lie in the annihilator space®” of ker H, i.e.,

Fe¢e (kerH) = {FE R" | FTw =0, for allwekerH}

in order to define an ideal constraint force.
The constraint force is ideal if and only if it has the form

Fe=F¢dul = H’A,dul, (4.215)

with n—1 coefficients A1, ..., A,,_; (instead of n for an arbitrary force). Let A
denote the R”~!-tuple gathering the coefficients A1, ..., A then (4.215)
can be expressed as

n—I0»

Fc=HTA (4.216)

in matrix notation. First, we observe that tuples F¢ of the form (4.216)
vanish on the directions defined by ker H and, therefore, are elements of
(ker H)". We still need to show the reverse direction, i.e., that all elements
from (ker H)® can be written as HT A for some A € R”~!. By the dimension
formula (2.25), it holds that dim (ker H)° = dim R” —dim ker H. From the
rank-nullity theorem, we know that dim ker H = n — dim im H =/ because
dim im H=rank H=n—I. Therefore, dim (ker H)’ =dim im H=n—[ which
proves the assertion.

57. See equation (2.24) for the definition.
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As the diligent reader might have expected, the results from Section 3.11
can be used to determine whether a constraint distribution is involutive or
not. Constraints for which the constraint distribution is involutive are said
to be holonomic constraints and those for which it is not involutive are
referred to as nonholonomic constraints.

The defining one-forms corresponding to the respective restriction of the
pendulum (4.205) and the ice skate (4.206)) are given by

oy = dg = 2xdx +2ydy (4.217)

and
oy, = — sin adx+cos ady, (4.218)

respectively. We check the involutivity of both forms according to Proposi-

tion 3.39. As expected, the one-form o is involutive on the punctured plane

R2\{0} because dot = dodg = 0. We need to exclude the origin since there
the kernel of o, is degenerate. Let us consider the chart - R2\{0} - R2,
p — Y (p) = (¢,r) that describes the punctured plane using polar coordi-
nates (in reversed order). The coordinate change between the (x,y)- and
(¢, r)-coordinates is given by

X =T7C0S ¢,

y =rsin ¢.

The chart vr: R2\{0} —» R? is flat’8 for the distribution defined by Og. In-
deed, it holds that
g =2rdr = d(r?)

and, therefore, the distribution is spanned by the coordinate field 9/, (see
Figure 4.7). In polar coordinates, the integral manifolds of the distribution
defined by o, are given by the slices r =7 for constant values 7 > 0.
Let us come to the one-form o, from (4.218). Its exterior derivative is
given by
doy, = —d cos adt Adx—a sin adt Ady.

Let u, v be local sections of the distribution defined by «;,, then it locally
holds that

& X
u=au(9t+a

d
Ix +aua +aua 8,6’

d
v —av—+ax—+av—y +af 8_+a”

ot 0

58. See p. 88 for the definition.
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FEELEER r
i __________________________
dy \/va '.
o)) or
—Tr 0] T P

Figure 4.7.: Polar coordinates correspond to a flat chart of the distribution
defined by the one-form ot from (4.217) on the punctured plane
R2\{0}.

with the restrictions
—a% sin a+aj, cos a =0,

—a% sin a +ay, cos @ = 0.

The evaluation of the involutivity condition from Proposition 3.39 for vector
fields u, v € ker o, yields

doy, (u,v) = —a cos a(al,a¥ —ala¥) — a sin a(al,ay —alay,)

= —al, @ (a¥ cos a+ay sin @) +al a(a¥ cos a+ay, sin @),

which is clearly non-zero such that o, defines a nonholonomic constraint.

Ideal holonomic constraints reveal to be a special case of a more general
situation. Let (M,0, g) be a Galilean manifold and €2 be an action form
on AIM. Let f: M’ — M be an immersion from a manifold M’ to M. We
say that fis compatible with the time structure if 9’ := £, 0 defines a time
structure on M’. In this case the Galilean metric g induces a Galilean metric
g =f(g),ie,

g (u,v) =g(Df(u),Df(v)),

for all u,v € T(A°M’) and Df: TM’ — TM maps the affine subbundle A1M’
to A1M.

Theorem 4.10 (Loos 1982, p. 50). The differential two-form Q" := (Df)_Q is
an action form on A1M’ that induces the Galilean metric g’. If Q is closed
then Q’ is also closed. If dQ2 is basic then dQ?’ is also basic.

Proof. D(Df) maps the bundle Ver(A1M’) to Ver(A1M) and it commutes
with the vertical homomorphisms u” and p, i.e.,

woD(Df) =D(Df) o’ (4.219)
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Furthermore, it holds that if o € 2*(A1M) is basic, respectively semi-basic,
then its pullback (Df)_o € 2*(A1M’) is also basic, respectively semi-basic
and the pullback (Df)_commutes with the differentiation operators d and
d, which proves the assertion. O

Because of Theorem 4.10, we call the Galilean manifold (M’,9,g") to-
gether with the action form Q' the mechanical system on M’ induced
by f. In the case of holonomic constraints, M’ denotes the integral manifold
of the distribution A of the constraint and f is the inclusion map ¢: M’ < M.
Locally, M’ can be described by n —1 equations

g’ (t,xt, ..., x") =0,

where v =1, ... ,n—I[. The one-forms
g’ . . dg”
V. 4 1
a’:=dg —&idx+ atdt

are defining forms of the distribution A. As we have seen, the compatibility
with the time structure (4.208) requires the differentials dt, dg?t, ..., dg”~*
to be linearly independent or, equivalently, the coefficient matrix

5]

oxt

needs to have rank n—1I. In this case, the time structure 9’ = _9 corresponds
to the restriction

0 =0 =10],.
The spacelike bundle A°M’ and state-space ALM’ of the integral manifold
M’ are given by
A =M = | ((p)x(AMATM))
peEM’

and
AWM =AM = ) ((p)x(ApMnTM)),
pEM’
respectively. Note that by equation (3.73) it holds that

D¢, (%M,) =4,

for all p € M’. The action form ' on the submanifold A1M’ is given by the
restriction of Q to the state-space AIM’, i.e.,

Q = (Du) Q=Ql 1,
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Let Z’ denote the vector field on A1M’ that is uniquely determined by
' (Z') =1, Z' 1@ =0.

We will show that for a mechanical system that is subjected to an ideal
holonomic constraint with integral manifold M’, the vector field Z’ cor-
responds to the restriction to AXM’ of the vector field Z¢ determined by
equations (4.209) and (4.210), i.e.,

Z' =70
Condition Z’ 1Q’ = 0 is equivalent to the variational form
@, (2,,Y,) =0, (4.220)

for all Y, € T, (A'M’) and all a € A’M’. Since Q' is the pullback of Q with
the differential of the inclusion map ¢: M’ < M, condition (4.220) can be
written as

Q,(D(Dv),(Z,),D(Dy), (Ys)) =0, (4.221)

forall Y, €T, (A'M’) and alla €A M’. Let Z denote the second-order field
of the unconstrained system, i.e., the vector field that is uniquely defined by

0(Z)=1, Z1Q=0.
We know from Section 4.7 that for all points a € A1M’
D(Du),(Zg) =Z4+Va,
for some vertical vector V,, € Ver, (AIM) such that condition (4.221) yields
Q,(Z,+V,, D(D1),,(Y)) =0,

for all Y, € T,(A'M’) and all a € A'M’. Using that Z, 1Q, = 0 it follows
with the definition (4.58) of the action form that

é’(ﬁa (Va)s lua°D(DL)a(Y¢;)) _g(naoD(DL)a(Yc,t)’/ua(Va)) =0

for all Y, € T,(A'M’) and all a € A1M’. We saw on p. 106 that the vertical
homomorphism pu, vanishes on vertical vectors and on p. 108 that 7, is a
projection onto Ver, (A'M). Consequently, it follows that

8(Vay pq oD (D) ,(Y3)) =& (Ve D(D1) oy (Y5)) =0,

forall Y, €T, (A'M’) and alla e A'M’, where u': T(A1M) — Ver, (A'M)
denotes the vertical homomorphism on A1M’. The second equality follows
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because D (D¢) commutes with u according to (4.219). Since u” is surjective,
it holds that
2(V,,D(Dy),Y,) =F,(D(Dv),Y,) =0, (4.222)

forall Y, €Ver, (A'M’) and alla€A'M’, where we identified the constraint
force F, :=g -V, according to Section 4.7. Because the differential

D(Du)|g1p,: ATM' > AIM
maps Ver(A'M’) to Ver(A'M), the differential D(D¢), in a is just the
inclusion map of the vector subspace Ver, (A1M’) C Ver,(A1M). Thus,

condition (4.222) agrees with (4.212) and the constraint force F, is ideal.
Condition (4.222), which can be rewritten as

§(D(DV),(24) —Z4, D(DY) Y, ) =0,

for all Y, € Ver, (A'M’) and all a € A'M’, uniquely defines the vector field
Z'. To see this, we consider another Z/, € T, (A'M’) with D7, (Z/) =a and

8(D(Dv),(Z3) —Z4, D(Dy) Y, ) =0,
for all Y, € Ver, (A'M’) and alla € A1M’. Since
D(Dv),(Z;) -D(Dv),(Z;) € Ver, (A'M'),
it follows that
g(D(Dv),(27) -D(Dv) ,(24),D(D0) Y, ) =&la1py (26 —Zo, Vo) =0,

for all Y, € Ver, (A'M’) and all a € A1M’. Tt follows that Z, = Z! because
the restriction of g to Ver(A1M’) is non-degenerate.
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Conclusion

Science did not progress by that
harmonious path, the illusion of
which is easily created after the
event.

— René Dugas

This thesis presents a description of finite-dimensional mechanical systems
that may be explicitly time-dependent and include nonpotential forces. The
language of contemporary differential geometry allowed us to define the
involved physical quantities as coordinate-free objects.

Chapter 1 reveals the different viewpoints adopted in geometric and tech-
nical mechanics. The presented comparison of coordinate-free approaches
for the description of finite-dimensional mechanical systems not only illus-
trates the different underlying assumptions but it highlights the restrictions
they imply for the resulting physical theory.

Compared to Loos 1982, the structure of this presentation is reorganized
such that forces take the centre stage. In the author’s eyes, this choice
brings the geometric presentation closer to more classical texts that are
based on the principle of virtual work. The thesis bridges the divide be-
tween geometric and technical mechanics by establishing a firm link to
classical results. First, Lagrange’s, Hamel’s and Hamilton’s equations are
put on an equal footing by showing that each set of equations can be de-
rived from Postulate 4.8 by choosing a respective chart of the state space.
While Lagrange’s and Hamilton’s equations can be found in Loos 1982, the
author could not find the presented derivation of Hamel’s equations in the
literature. The explicit elaboration of the link between Postulate 4.8 and
the principle of virtual work identified by Souriau led us to the respective
central equation of Lagrange and Hamel. These equations, as suggested
by their name, are at the heart of many classical works on the dynamics
of finite-dimensional mechanical systems. To the author’s knowledge no
coordinate-free formulation of mechanics exists in which the connection
with these classical results is made.

The study of Hamilton’s principle allowed us to establish the link to
the calculus of variations. Classically, Hamilton’s principle postulates the
stationarity of the action for variational families of second-order curves. We
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saw that by using the Cartan one-form, this principle can be “generalized”
to an action for which the stationarity is postulated for variational families
of arbitrary! time-parametrized curves. The principle of virtual work is
an expression that “looks like” the stationarity condition of a variational
principle. If the different virtual work contributions (the forces) can be
obtained from a potential, then there exists a corresponding variational
principle (the classical form of Hamilton’s principle). In our geometric
approach, the stationarity condition reads

XiQ<0

and there exists a corresponding variational principle (Hamilton’s principle)
if the action form £ can be locally derived from a potential, i.e., if Q is
closed meaning that d$2 = 0. With the comparison of Postulate 4.8 and the
principle of virtual work, we have pointed out the structural equivalence of
both approaches.

Section 4.12 gives a coordinate-free definition of constraints as a distri-
bution on M that is compatible with the time structure 9. This definition
not only allows to distinguish between holonomic and nonholonomic con-
straints using the Frobenius theorem, but it shows that a theory built upon
Postulate 4.8 may be used for the description of constrained mechanical
systems.

Finally, this work makes part? of the results from Loos 1982 available in
English and, thereby, may prevent this major contribution from falling into
oblivion. Moreover, the unified reformulation of classical results around
Postulate 4.8 allows a critical retrospective on the development of classical
mechanics and the theory for finite-dimensional systems in particular. We
consider two excerpts that underline the pioneering role played by Georg
Hamel and Elie Cartan. On page 416 of Hamel 1904b, one can read:

So fruchtbringend nun auch die Verkniipfung der Mechanik mit der
Variationsrechnung gewesen ist (Lagrange, Hamilton, Jacobi), so laft
sich doch nicht leugnen, daf} die [obige] Auffassungsweise der virtuellen
Verschiebungen einseitig ist und ihrer mechanischen Bedeutung nicht
voll entspricht; daf} sie namentlich der Ankniipfung weiterer, aufSerhalb
des Gesichtskreises der Variationsrechnung liegender Beziehungen im
Wege steht. Auch die merkwiirdige, in der Literatur weitverbreitete Mei-
nung, als ob das Wesen der allgemeinen Lagrangeschen Mechanik in den

1. The adjective arbitrary means that there is no restriction to variational families of
second-order curves.

2. The typescript Loos 1982 contains results that surpass the author’s current mathematical
competencies by far. An example of such a result is given by the proof of the statement that to
any exact action form €2 there is a semi-basic one-form w such that Q = dw (See pp. 61-62 in
Loos 1982).
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sogenannten Variationsprinzipien stecke, scheint mir in jenem Dogma
ihre Wurzeln zu haben.

Hamel’s statement can be translated into English as:

As fruitful as the connection of mechanics with the calculus of varia-
tions has been (Lagrange, Hamilton, Jacobi), it cannot be denied that
the [above] interpretation of the virtual displacements is one-sided and
does not fully correspond to their mechanical meaning; that it impedes,
in particular, the connection to results that do not lie within the scope
of variational calculus. Likewise it appears to me that the roots of the
strange, widespread opinion in the literature that the essence of gen-
eral Lagrangian mechanics can be found in the so-called variational
principles lie in that dogma.

With the results of Section 4.11 in mind, the extensive insight of Hamel
becomes apparent. Elie Cartan writes on page 17 of Cartan 1922:

16. Nous avons vu que laction élémentaire d’Hamilton pouvait s’ob-
tenir en supposant que dans l'expression

W = Zpiﬁqi —Hét,

ona
8q; = gq;st.

11 est remarquable que les trajectoires d’un systéeme matériel réalisent
encore Uextremum de lintégrale

W= ;') pida,—Ht,

en supposant simplement que les g, et les q; sont des fonctions quel-
conques des t assujetties aux seules conditions que les q; prennent des
valeurs données a l'avance aux limites. On ne suppose donc plus, comme
dans le principe d’Hamilton, que les q; soient les dérivées des q; par
rapport au temps. On peut méme plus généralement supposer que les
q;» q. et t sont des fonctions d’un méme parameétre u variant de 0 @ 1, les
quantités q; et t prenant aux limites des valeurs données.

A translation into English of the previous excerpt is given as:

16. We have seen that the elementary action of Hamilton can be ob-
tained from the expression

ws = Zpi&zi —Hét,

by supposing that
8q; = q;st.
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Chapter 5: Conclusion

It is remarkable that the trajectories of a material system still realize
an extremum of the integral

W= f: Zpisqi —Hét,

by simply supposing that the q; and q; are arbitrary functions of t sub-
Jected to the sole conditions that the g, take values given in advance at
the limits. Thus, one does not suppose anymore, as with Hamilton’s
principle, that the q; are the derivatives of the q; with respect to time.
One can even more generally suppose that the q;, q; and t are functions
of a common parameter u running from 0 to 1, the quantities q, and t
taking given values at the limits.

This observation is precisely what we have worked out in Section 4.11 for
the Cartan one-form (4.93). Elie Cartan’s elementary action of Hamilton cor-
responds to the local expression (4.154) of the Cartan one-form in canonical
coordinates. The above two extracts give an impression of the far-sightedness
of Hamel and Cartan.

Elie Cartan is considered to be the father of differential forms. It is aston-
ishing to see that almost a century after Cartan 1922 differential forms have
not found their way into classical mechanics. The literature survey about
the central position that is still given to the classical version of Hamilton’s
principle in modern textbooks about finite-dimensional mechanical systems
is left to the reader.

Compared to Georg Hamel and Elie Cartan, Ottmar Loos had the language
of contemporary differential geometry at his disposal. Indeed, we saw in
Section 4.7, that it is by giving a coordinate-free definition of the action
form (4.58) that Loos was able to arrive at his definition of forces. Hence,
in the case of finite-dimensional mechanical systems, Loos is able to give
a final answer to the fundamental question about the definition of forces.
This key result directly relies on the methods of global differential geometry.
The same holds for the characterization of action forms (see Theorem 4.3).
Indeed, it is hard to see how one could come up with the closure condition
90Q2 = 0 using only local coordinates and index calculus. Loos’ contributions
to mechanics confirm once more that there is a firm link between mechanics
and mathematics.

We already observed in Section 1.4 that the literature on the mathematical
foundations of the physical description of finite-dimensional mechanical
systems is not in an as good condition as it might be expected. A pessimist
could object that many recently published textbooks have not even digested
the knowledge from Hamel’s and Cartan’s era.

We have seen that Postulate 4.8 can be used as foundation of a coordinate-
free physical theory dealing with finite-dimensional mechanical systems.
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We demonstrated that classical principles such as the principle of virtual
work and Hamilton’s principle seamlessly fit in the coordinate-free picture
as theorems. Therefore, an obvious continuation of this work lies in the inte-
gration of existing results as theorems of Postulate 4.8. From our discussion
of Hamilton’s principle in Section 4.11.3, we have learned that this process
is more demanding than a mere reorganization of existing results. Indeed,
concerning Hamilton’s principle, we saw that it is the coordinate-free defini-
tion of a “generalized” action that lets the classical version of Hamilton’s
principle dovetail with the geometric description. Other coordinate-free con-
siderations reveal to be less expedient. The classical action (4.198) can for
example be interpreted as a real-valued function on the infinite-dimensional
manifold of curves in M as suggested in Chapter 8 of Marsden et al. 1999.
However, with the adoption of this view, we leave the (finite-dimensional) ap-
plication area of differential geometry. This observation clearly underlines
that the embedding of existing results into a coordinate-free formulation of
mechanics is an intellectually demanding process.

A practically relevant class of finite-dimensional mechanical systems is
given by multibody systems, which consist of rigid bodies interrelated by
ideal constraints and by scalar force laws such as springs and dampers. A
coordinate-free presentation of this subject from engineering mechanics
would be a further contribution to the desired rapprochement of geometric
and technical mechanics.

In view of teaching, the focus is shifted towards a didactic treatment of
the subject. While geometric mechanics dissects the mathematical concepts
underlying the description of finite-dimensional mechanical systems, tech-
nical mechanics has the objective to impart theoretical knowledge in view
of applications. Because technical mechanics prescribes an economic use of
mathematical concepts, the adaptation of a geometric description for engi-
neering purposes is identified as an important but particularly challenging
task.
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Calculus on R" A

We briefly summarize matrix notations that make calculus on R” more
comfortable. An element x € R” is an n-tuple x= (x1, ..., ") of real numbers.
To ease calculations, it may be re-interpreted as column vector

[

The corresponding row vector is denoted by

xT=[x1 —al].

For a vector-valued function f: R? - R™, x — f(x), we define

It ot oot
ox oxl oxn
x| =] |~
il IR el . : (A1)
am /M) s
ox oxl ox™n

In the case m =1 of areal-valued functionf: R? - R, x—f(x), equation (A.1)
reduces to the row vector of length n

For a real-valued function L: R? xR™ — R, (x,u) — L(x,u), we define the

second-derivatives as the m-by-n matrix

2L _ o (o
Jxdu IJx\ du

and the m-by-m matrix
2L _d ( @T)

Judu  Jdul\ Ju
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This work was typeset using LuaTgX. The text font is TeX Gyre Schola
10pt. As mathematical font the related font TeX Gyre Schola Math is used.
Because the derivative dots of the TeX Gyre Schola Math font are very fine,
the original font was modified using FontForge. Additionally some kerning
needed to be done, especially in typesetting mathematical formulas. The
figures are produced with Corel DRAW for which the author programmed a
plug-in to create editable LuaTEX-formulas.

The readability of a monograph strongly depends on its format and type-
setting. At many European universities dissertations must be submitted
in the format DIN A4. Common formats of publication are DIN A5 and
170240 mm. These two formats correspond to an approximate scaling to
70% and 80% of DIN A4, respectively. Moreover, 170x240 mm does more or
less correspond to the size of contemporary monographs by publishers such
as Birkhauser, Springer, or Wiley.

The larger font size that results from a scaling to 170x240 mm increases
the readability of a work compared to the format DIN A5. Knowing that the
format 170x240 mm is an accepted publication format for doctoral theses
at renowned German universities such as the Karlsruhe Institute of Tech-
nology and the University of Siegen, the author officially asked to publish
his work in 170x240 mm instead of DIN A5. The request was rejected by
the PhD board (Promotionsausschuss) of the Faculty 7 on the (only) basis
that the existing bookshelves are adapted to DIN A5. The reader may ex-
cuse the comment that this argument appears somewhat contradictory in
times where universities and funding organizations strive for the imme-
diate dissemination of scientific results via all available communication
media. In this regard, it makes a difference whether a research monograph
is agreeable to read or not. Fortunately, the kind reader may print the
digital version of this work in any format he desires.
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