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Abstract

Two large classes of algebras, Frobenius algebras and gendo-symmetric algebras, are characterised by the
existence of a comultiplication with some special properties. Symmetric algebras are both Frobenius and
gendo-symmetric. In [20], Kerner and Yamagata investigated two variations of gendo-symmetric algebras
and in fact these two variations contain gendo-symmetric and Frobenius algebras. We call one of these
variations gendo-Frobenius algebras. In this thesis, we construct a comultiplication for gendo-Frobenius
algebras, which specialises to the known comultiplications on Frobenius algebras and on gendo-symmetric
algebras. Moreover, we show that Frobenius algebras are precisely those gendo-Frobenius algebras that

have a counit compatible with this comultiplication.



Zusammenfassung

Zwei grofle Klassen von Algebren, Frobenius Algebren und gendo-symmetrische Algebren, sind charak-
terisiert durch die Existenz einer Komultiplikation mit einigen besonderen Eigenschaften. Symmetrische
Algebren sind sowohl Frobenius als auch gendo-symmetrisch. In [20] untersuchten Kerner und Yamagata
zwel Varianten von gendo-symmetrischen Algebren und die beiden Varianten enthalten tatséchlich die
gendo-symmetrischen und die Frobenius Algebren. Eine dieser Varianten nennen wir gendo-Frobenius
Algebren. In dieser Arbeit konstruieren wir eine Komultiplikation fiir Gendo-Frobenius Algebren, die
die bekannten Komultiplikationen bei Frobenius Algebren und bei gendo-symmetrischen Algebren als
Spezialfille enthélt. Dariiber hinaus zeigen wir, dass Frobenius Algebren genau jene Gendo-Frobenius

Algebren sind, deren Koeins mit dieser Komultiplikation kompatibel ist.
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Chapter 1

Introduction

Representation theory is an important branch of mathematics which has applications in many other
areas of mathematics, also in physics, chemistry and computer science. Significant building blocks of
representation theory are algebraic structures. An algebraic structure consists of a set and a collection
of operations on this set, which obey certain axioms. For example, groups which have just one operation
(such as multiplication or composition) and rings which have two operations (addition and multiplication)
are basic algebraic structures. The definition of an algebraic structure can have any number of sets and
any number of axioms. For instance, vector space structure has two sets (an abelian group and a field)
and two operations (vector addition and scalar multiplication), which satisfies some axioms. Another
fundamental algebraic structure is algebra over a field. Roughly speaking, an algebra A over a field k
is a vector space over k equipped with an additional operation (multiplication in A) and A is simply
called k-algebra. Briefly, in the standard definition of k-algebra, it has three operations (addition,
scalar multiplication and multiplication in A), which satisfies some axioms. Under some conditions, this
situation can be improved further by a fourth operation, comultiplication, and some classes of k-algebras
can be characterised by existence of a comultiplication with particular properties.

Let us explain this situation by an example. Let G = {g1, ..., gn } be a finite group written multiplica-
tively. The group algebra kG over k is defined as the set of linear combinations Z?:l ¢ig; (where ¢; € k)
with multiplication given by linearly extending the multiplication in G. Indeed, the group algebra kG
has a comultiplication A : kG — kG ® kG as a fourth operation such that A(g) = Y., 9g; ®% g[l
for any g € GG. The comultiplication A is a kG-bimodule morphism. The group algebra kG actually
also has another, different comultiplication A : kG — kG ®, kG which sends g to g ®y g for any g € G.
This group algebra kG admits a Hopf algebra structure over k& with the comultiplication 37 the counit
f + kG — k such that f(g) = 1 for any ¢ € G and some other special linear maps. For more detail
about Hopf algebras, see [31], Chapter VI and for more information about A and E, see Remark 2.2.6
in Chapter 2. However, we consider A as our main comultiplication for the group algebra kG since it is
more suitable to our context and in this thesis we use this comultiplication. Here, it is natural to ask

the following question.
Why does a group algebra kG have comultiplication?

Answer: Because it is a symmetric algebra and symmetric algebras are characterised by the existence
of a comultiplication with certain properties. Roughly speaking, a k-algebra A is symmetric if there is
an isomorphism A : A 22 D(A) of A-bimodules, where D denotes the usual k-duality functor Homy(—, k).
Dualising the multiplication map p: A ®, A — A gives a map p* : D(A) — D(A) ®; D(A). Therefore,
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by using A, we obtain the comultiplication A : A — A ®; A. Here, A(14) serves as a counit for A.

This answer leads to another natural question:

Are there any classes of nonsymmetric algebras which are characterised by the existence of a

comultiplication with different properties?

Answer: Yes. The class of Frobenius algebras and the class of gendo-symmetric algebras are char-
acterised by the existence of a comultiplication with some special properties. Moreover, in this thesis
we call gendo-Frobenius algebras a special class of Morita algebras and construct a comultiplication for
gendo-Frobenius algebras, which specialises to the known comultiplications on Frobenius algebras and
on gendo-symmetric algebras.

Now we are going into more detail and give some information on symmetric algebras, Frobenius
algebras, gendo-symmetric algebras and our main topic gendo-Frobenius algebras.

Symmetric algebras. A symmetric algebra can be characterised equivalently as: a finite dimen-
sional algebra A equipped with an associative nondegenerate symmetric bilinear form, or equipped with
a central linear form whose kernel does not contain a nonzero one-sided ideal, or equipped with a left (or
right) A-isomorphism from A to the dual space D(A) which is also right (or left) A-linear, respectively.
Symmetric algebras are special class of Frobenius algebras and contain well-known classes of algebras:
matrix algebras, group algebras of finite groups and some quantum groups. For more information about
symmetric algebras, see Subsection 2.1.1.

Frobenius algebras. A Frobenius algebra can be characterised equivalently as: a finite dimensional
algebra A equipped with an associative nondegenerate bilinear form, or equipped with a linear form
whose kernel contains no nonzero ideals, or equipped with an A-linear isomorphism from A to the dual
space D(A). Frobenius algebras were first studied by Frobenius [16] around 1900 and later by Brauer,
Nesbitt [4] and Nakayama [26, 27] in 1937-1941. Later a significant characterisation of Frobenius algebras
in terms of comultiplication appeared. As stated in [21], the characterisation of Frobenius algebras in
terms of comultiplication goes back at least to Lawvere [23] (1967), and it was rediscovered by Quinn
[28] and Abrams [1] in the 1990’s.

Frobenius algebras are algebras and also coalgebras, with compatibility between multiplication and
comultiplication. Examples are matrix rings, group rings and the ring of characters of a representation.
Hopf algebras are Frobenius algebras as well. In recent years, Frobenius algebras started to become more
popular because of their connection with computer science and theoretical physics. In computer science
Frobenius algebras appeared in concurrent programming, control theory, quantum computing, etc [11].
In physics Frobenius algebras have an outstanding connection with topological quantum field theory.
More clearly, in [1], Abrams showed that the category of commutative Frobenius algebras is equivalent
to the category of two dimensional topological quantum field theories. Moreover, in the same paper,
he proved that commutative Frobenius algebras are characterised by the existence of a comultiplication
with properties like counit and coassociative. Later he showed that these characterisations work for
noncommutative Frobenius algebras as well, that is, in [2], he proved that noncommutative Frobenius
algebras are characterised by the existence of a comultiplication as same properties with commutative
Frobenius algebras.

In this thesis, we especially focus on the studies of Abrams on Frobenius algebras with respect to

comultiplication [1, 2] and obtain new results. Therefore, we devote Chapter 2 to Frobenius algebras.

Now we are going to give information on gendo-symmetric algebras. Therefore, we need the following

concept: dominant dimension.
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Dominant dimension. Let A be a finite dimensional k-algebra. The dominant dimension of A is at

least d (written by dom.dimA > d) if there is an injective coresolution
0—A—Iy—hH— - —Ij g —Ig— -

such that all modules I; where 0 < i < d — 1 are also projective.
There is another homological invariant which is defined as follows.

Global dimension. Let A be a finite dimensional k-algebra. The global dimension of A is defined the
supremum of the set of projective dimensions of all A-modules.

A finite dimensional left A-module M is said to have double centralizer property if the canonical
homomorphism of algebras f: A — Endg(M) is an isomorphism for B = End 4 (M )°P.

If dom.dimA > 1, then Iy in the definition of dominant dimension is projective-injective and up
to isomorphism it is the unique minimal faithful right A-module. Therefore, it is of the form eA for
some idempotent e in A. Note that eA is a generator-cogenerator as a left eAe-module. If further
dom.dimA > 2, then eA has double centraliser property, namely, A = End.4.(e¢A) canonically.

One of the most important examples of double centralizer property is classical Schur-Weyl duality
between Schur algebras Sy (n,r) for n > r and group algebras of symmetric groups X,. Let us explain
this example in more detail.

Let k£ be an infinite field of any characteristic and F be an n-dimensional k-vector space. Let X, be
the symmetric group on r letters. Then group algebra kX, operates naturally on E®” from the right.
By definition, the Schur algebra Sy(n,r) = Endgs, (E®"). Let n > r. There is an outstanding theorem
which is called Schur- Weyl duality. This theorem relates the representation theories of general linear and
symmetric groups and states that there is a double centralizer property, namely, Sk (n,r) = Endys, (E®7)
and kX, = Endg, (5, (E®"). Therefore, the Schur algebra S (n,r) has dominant dimension at least two.
Indeed, in this case, the tensor space E®7 is a faithful projective and injective module.

We now ask the following question:
What properties are the two algebras Sk(n,r) and kX, sharing?

Since kX, is a symmetric algebra, it has comultiplication. Surprisingly, Schur algebra Si(n,r) has
comultiplication as well, that is, the two algebras Si(n,r) and kX, are sharing the same property,
comultiplication. In fact, we have general version of this situation which is called gendo-symmetric
algebras.

Gendo-symmetric algebras. A new class of algebras called gendo-symmetric algebras have been
introduced by Fang and Koenig [13, 14]. The construction of gendo-symmetric algebras comes by using
symmetric algebras and the Morita-Tachikawa correspondence which is the general form of Auslander’s
correspondence. Let us give more detail.

Let A be an Artin algebra and M be an A-module which is generator-cogenerator. This means M
contains each indecomposable projective module and each indecomposable injective module as a direct

summand, up to isomorphism. And let A be any Artin algebra.

Morita- Tachikawa Correspondence. There is a correspondence between the class of all pairs (A, M)
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and the class of all algebras A of dominant dimension at least two.

This correspondence sends the algebra A of dominant dimension at least two to (A = eAe, M = eA).
Conversely, it sends the pair (A, M) to the endomorphism ring A = Endj(M). Therefore, this corre-
spondence states that every endomorphism algebra of generator-cogenerator has dominant dimension at
least 2, and is characterised by this property. To turn this correspondence into a bijection, we only need
to require A to be basic in the pair (A, M).

Now, restrict the Morita-Tachikawa correspondence to more special case. Here, assume that A has
finite representation type, that is the number of isomorphism classes of indecomposable representations
of A is finite. Therefore, we can choose M to be a full direct sum of indecomposable A-modules that
each indecomposable module occurs at least once as a summand, up to isomorphism. This restriction is

the very famous Auslander’s correspondence. It can be stated as follows:

Auslander’s Correspondence. There is a bijection between the algebras A of finite-representation type

and the algebras A with dominant dimension at least two and global dimension at most two.

In [18], Iyama established higher Auslander’s correspondence. Here, on the right hand side is the
class of algebras of dominant dimension at least n and global dimension at most n for a natural number
n > 2. On the left hand side, for n > 3 there are new objects, which have turned out to be important
in cluster theory. This higher Auslander’s correspondence gives a new direction to research and also has
many applications.

Auslander’s correspondence shows how to apply Morita-Tachikawa correspondence by making a par-
ticular choice of (A, M). In [14], Fang and Koenig provided a new correspondence in the same style with
Auslander’s correspondence, where the algebra A is now restricted to symmetric algebras:

There is a bijection between the class of all pairs (A, M) where A is finite-dimensional symmetric
algebra and M a generator in A-mod and the class of all algebras A which is finite-dimensional and
Hom 4 (D(A), A) = A as (A, A)-bimodules, where D denotes the duality over the ground field. Since A is
symmetric, generator M over A is same as cogenerator. Therefore, only generators are mentioned here.
The algebras A in this bijection are called gendo-symmetric algebras.

The term ’gendo-symmetric’ is meant to indicate that one characterisation of these algebras is as
endomorphism rings of generators (module containing each indecomposable projective module at least
once as a direct summand) over a symmetric algebra.

Gendo-symmetric algebras are characterised by the existence of a comultiplication and have the prop-
erties used for defining the bar cocomplex. The exactness of this bar cocomplex is used to determine the
dominant dimension of gendo-symmetric algebras [13]. Gendo-symmetric algebras extend the subclass
A of quasi-hereditary algebras introduced in [15]. These include the algebras on both sides of classical
Schur-Weyl duality and of Soergel’s structure theorem for the BGG-category O. Moreover, the class of
gendo-symmetric algebras contains many other examples from algebraic Lie theory as well as symmetric
algebras and Auslander algebras of symmetric algebras.

In this thesis, we focus on the studies of Fang and Koenig on gendo-symmetric algebras with respect
to comultiplication [13, 14] and obtain new results. Therefore, we devote Chapter 3 to gendo-symmetric
algebras.

Both Frobenius algebras and gendo-symmetric algebras are characterised by the existence of a co-
multiplication with some special properties. However, these two classes of algebras have differences. For

example, Frobenius algebras have a counit compatible with their comultiplication but gendo-symmetric
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algebras do not, in general. Here, it is natural to ask whether there are other properties distinguishing
Frobenius algebras from gendo-symmetric algebras. More precisely, which properties of Frobenius alge-

bras do gendo-symmetric algebras fail to have? At this point, the following question appears:

Question 1. What are the differences between Frobenius algebras and gendo-symmetric algebras with

respect to comultiplication?

In Section 3.4, we answer this question and clarify these differences between Frobenius algebras and

gendo-symmetric algebras with respect to comultiplication.

Besides these differences, there are also important similarities. For example, both are characterised
by the existence of a comultiplication with some special properties as we mentioned before. Moreover,

both contain symmetric algebras. Here, it is natural to ask the following question.

Question 2. Is there a common generalisation of Frobenius algebras and gendo-symmetric algebras
such that this generalisation has a comultiplication, which specialises to the known comultiplications on

Frobenius algebras and on gendo-symmetric algebras?

Answering this question leads to introducing a new class of algebras which we called gendo-Frobenius

algebras.

Gendo-Frobenius algebras. In [20], Kerner and Yamagata investigated two variations of gendo-
symmetric algebras and in fact these two variations contain gendo-symmetric and Frobenius algebras.
First variation is motivated by Morita [24] and they called a finite dimensional algebra A Morita algebra,
if A is the endomorphism ring of a generator—cogenerator over a self-injective algebra. In other words,
from Morita-Tachikawa correspondence by making a particular choice of (A, M), where A is finite-
dimensional selfinjective algebra and M a generator-cogenerator in A-mod and the class of all algebras
A which is finite-dimensional, we obtain Morita algebras. Morita algebras form a class of algebras
properly containing all self-injective algebras and Auslander algebras of self-injective algebras of finite
representation type. They are also properly contained in the class of algebras with dominant dimension
at least 2. Second variation is defined by relaxing the condition on the bimodule isomorphism in the
definition of gendo-symmetric algebras and we call these algebras gendo-Frobenius algebras. In this
thesis, we construct a comultiplication for gendo-Frobenius algebras, which specialises to the known
comultiplications on Frobenius algebras and on gendo-symmetric algebras and so they are the common
generalisation that we asked in Question 2. Therefore, in Chapter 4, we mainly focus on introducing

gendo-Frobenius algebras and their comultiplication.

Inspired by Fang and Koenig, we mean the term ’gendo-Frobenius’ to indicate that one character-
isation of these algebras is as endomorphism rings of generators-cogenerators (module containing each
indecomposable projective and injective module at least once as a direct summand) over a Frobenius

algebra.

We may visualize the hierarchy of the finite dimensional algebras on which we work in this study as
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follows.

Morita algebras

’

Gendo-Frobenius algebras

\

Frobenius algebras Gendo-symmetric algebras

-

Symmetric algebras

In the above diagram, an arrow means the class on top contains the class below.

This thesis is organized as follows. Second chapter begins with giving the definition of Frobenius al-
gebras and providing basic properties as well as some necessary results. We also introduce the Nakayama
automorphism of Frobenius algebras which is fundamental for further considerations. Moreover, we in-
troduce symmetric algebras which are special class of Frobenius algebras. We additionally give some
examples for Frobenius algebras. Frobenius Nakayama algebras which are essential for Chapter 4 are
also introduced in this chapter. Later we recall the definition of k-algebras and formulate its axioms in
terms of commutative diagrams. By reversing all arrows in these diagrams, we also give the definition
of coalgebras. After that we introduce an important characterisation of Frobenius algebras in terms of
comultiplication and give main results of this chapter. In particular, we emphasize that Proposition 2.1.4
in [3] given by Abrams in commutative case is also satisfied for all finite dimensional Frobenius algebras
over k (Theorem 2.2.9) and then inspired by a result of Fang and Koenig ([13], Lemma 2.6) we give a
theorem which shows the structure of the comultiplication of Frobenius algebras and plays a crucial role

to clarify differences between Frobenius and gendo-symmetric algebras (Theorem 2.2.11).

Chapter 3 is devoted to introducing gendo-symmetric algebras and their characterisation in terms of
comultiplication. We first give the definition of gendo-symmetric algebras and then exhibit some examples
of these algebras. Later we introduce the construction of gendo-symmetric algebras’ comultiplication and
some results which were obtained by Fang and Koenig [13]. We additionally give new results on gendo-

symmetric algebras with respect to comultiplication.

We have already mentioned that the Schur algebra A = Sy (n,r) for n > r and the symmetric algebra
kY, are sharing the same property, comultiplication. Since A is gendo-symmetric, End.4.(eA) = A and
Enda(eA) = eAe where eA is a basic faithful projective-injective A-module for an idempotent e of A such
that eAe is symmetric. Moreover, A & Endgy, (E®") and kX, = Enda(E®"), where E®" is a faithful
projective-injective A-module. Since all endomorphism rings of faithful projective-injective A-modules
are Morita equivalent (see Lemma 2.3 in [22]), the symmetric algebra eAe is Morita equivalent to the
group algebra kX,. The following theorem relates the comultiplication on the Schur algebra A with the
comultiplication on the symmetric algebra eAe. Moreover, it gives also the general situation, that is,
gives the relation between the comultiplication of any gendo-symmetric algebra A and comultiplication

of the symmetric algebra eAe.

Theorem A (Theorem 3.2.10) Let A be a gendo-symmetric algebra with a basic faithful projective-
injective A-module Ae for an idempotent e of A such that eAe is symmetric. Let m: A — eAe be the
k-linear map such that m(a) = eae for a € A. Suppose that A4 is a comultiplication of A. Then there
exists a comultiplication Ae¢ae of eAe such that (m @ T)Aa = Acaem.
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The following theorem also shows the relation between the comultiplication of any gendo-symmetric
algebra A and comultiplication of the gendo-symmetric quotient algebra B = A/I, where I is a two-sided
ideal of A.

Theorem B (Theorem 3.2.13) Let A and B be gendo-symmetric algebras such that B = A/I, where
I is a two-sided ideal of A, and w: A — B be the canonical surjection. Suppose that Ae and Bf are
basic faithful projective-injective A-module and B-module, respectively, where e = ' +¢e' is an orthogonal

decomposition and f =€ + I. Let Ay be a comultiplication of A. Then there exists a comultiplication

Ap of B such that (m @ m)As = Apm.

We also visit gendo-symmetric Schur algebras and obtain some new results in terms of comultiplication
in Chapter 3. More clearly, we first give the definition of Schur algebras and indicate in which case the
Schur algebras are gendo-symmetric. At the same time, we give information about their dominant
dimension. Later we introduce the Schur-Weyl duality and give some related examples. We introduce
some results from [33] to show the motivation of the main results related to gendo-symmetric Schur
algebras. In particular, there are some remarkable algebras related to gendo-symmetric Schur algebras
by [33] and we give some results which compute the comultiplication of these algebras (Proposition 3.2.25
& Proposition 3.2.26).

Moreover, in Chapter 3, we introduce a result given by Fang and Koenig [13] on the characterisation
of gendo-symmetric algebras and their dominant dimension by using bar cocomplex. At this point, it is
time to mention a major homological conjecture and also a major open problem in representation theory,
which is called Nakayama conjecture. It states that if A is finite-dimensional algebra over a field and
dom.dimA = oo, then A is self-injective. In this chapter, we give a hypothesis by using the characterisa-
tion of gendo-symmetric algebras in terms of bar cocomplex. Proving this hypothesis may lead to prove
Nakayama conjecture for gendo-symmetric algebras which states that if A is a gendo-symmetric algebra

and dom.dimA = oo, then A is symmetric. This hypothesis is stated as follows.

Hypothesis Let A be a gendo-symmetric algebra with comultiplication A. Then there exists a bar
cocomplex for A, using the comultiplication A. Suppose that this bar cocomplex is exact. Then there
exists a counit of (A, A).

The connection to the Nakayama conjecture uses the following implications from [13]:

A gendo-symmetric algebra A with comultiplication A has a counit = The bar cocomplex of A is

exact = domdimA = oo.

Now let us consider the reverse of these implications. Let A be a gendo-symmetric algebra with

comultiplication A. Then

dom.dimA = oo :1> The bar cocomplex of A is exact %) There exists a counit of (A,A) :2> Ais

symmetric.

1 2
The implications = and = are known by [13]. If the hypothesis is proved, then the implication (*)

is satisfied and Nakayama conjecture for gendo-symmetric algebras is proved.

17



First main problem discussed in this study was Question 1. In Section 3.4, we answer Question 1
and clarify the differences between Frobenius algebras and gendo-symmetric algebras with respect to
comultiplication.

Chapter 4 is devoted to introducing gendo-Frobenius algebras and constructing their comultiplica-
tion. We first collect some necessary results obtained by Kerner and Yamagata [20] for background and
then define the gendo-Frobenius algebras by using a result of them ([20], Theorem 3). We additionally
give some examples for gendo-Frobenius algebras. Later inspired by Fang and Koenig [13], we construct
a coassociative comultiplication (possibly without a counit) for gendo-Frobenius algebras and give its

properties. In particular, we show that:

Theorem C (Theorem 4.2.3 & Proposition 4.2.13) Let A be a gendo-Frobenius algebra. Then A has
a coassociative comultiplication which is a map of A-bimodules. In addition, there is a compatible counit

if and only if A is Frobenius.

Indeed, in this thesis we also show that there are further constructions possible that yield comulti-
plications on gendo-Frobenius algebras. In Subsection 4.2.3, we investigate three such constructions and
show that they are lacking crucial properties such as being coassociative. However, since comultiplication
of Frobenius algebras and comultiplication of gendo-symmetric algebras which have been introduced by
Abrams [2] and Fang and Koenig [13], respectively, are coassociative, we mainly focus on the comultipli-
cation given in Theorem C. We also mentioned that gendo-Frobenius algebras contain both Frobenius
and gendo-symmetric algebras. Therefore, Theorem C answers Question 2 which is second main problem
discussed in this study. Moreover, we compare the comultiplication in Theorem C with the comultiplica-
tion of Frobenius algebras which is given by Abrams [2] by assuming that the finite dimensional algebra
is Frobenius.

Finally, we give some results on comultiplication of Frobenius Nakayama algebras and their compati-
ble counit. In particular, we give a comultiplication formula for Frobenius Nakayama algebras (Theorem

4.3.5) and also a result which is related to compatible counit of these algebras (Theorem 4.3.9).

In this study some classes of examples such as Schur algebras or Frobenius Nakayama algebras espe-
cially play important role and exhibit the connection between the chapters. We discuss these examples
at several places by showing and computing their different properties. Let us reveal some of these
examples by mentioning what we are studying and what we are showing there, with references to the

relevant sections. For the definition of Frobenius Nakayama algebra NI (m,n > 1), see Subsection 2.3.1.

Frobenius Nakayama algebra N%. In Subsection 2.1.3, we give the Nakayama automorphism and
the Nakayama permutation of N2. In Section 2.2, we compute its comultiplication by using Theorem
2.2.9 and obtain its counit. We mention that it is a gendo-Frobenius algebra in Subsection 4.1.1 and
give a detailed computation of its comultiplication in Section 4.2. Moreover, after computing comulti-
plication of this algebra, we obtain again its counit compatible with that comultiplication. We use this
algebra also in Section 4.3 and we again compute its comultiplication by using the formula in Corol-

lary 4.3.6. Indeed, in this study, we compute the comultiplication of N2 by using three different methods.

Schur algebra Sk(2,2). In fact, we generally use an algebra A which is Morita equivalent to S;(2,2)
if k is an infinite field of characteristic 2 (see Subsection 3.2.1). In Subsection 3.1.1, we show that

A is gendo-symmetric and compute the dominant dimension of A. Since being gendo-symmetric and
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dominant dimension are Morita invariant properties, at the same time we actually show Sj (2, 2) is gendo-
symmetric and compute the dominant dimension of S (2,2). In Section 3.2, we again use the algebra A

in the example which is an application of Theorem B.

A block of a quantised Schur algebra in quantum characteristic 4. In Subsection 3.1.1, we use an
algebra A which is Morita equivalent to a block of a quantised Schur algebra in quantum characteristic
4 (see Subsection 3.2.1). We show that A is gendo-symmetric and compute the dominant dimension of
A. In Section 3.2, as an application of Theorem A, we show the relation between the comultiplication of

A and the comultiplication of eAe for a suitable choice of the idempotent e € A.

Morita algebras with associated Frobenius Nakayama algebra Ni. Let B = N} and M be a faithful
right B-module which satisfies a certain condition. In Subsection 4.1.1, we show that the algebra A =
Endg (M) is gendo-Frobenius under this condition. In Section 4.2, we compute the comultiplication of A
in detail. We also mention that the algebra A does not have a counit compatible with its comultiplication
since it is not Frobenius. In Subsection 4.1.1, we state that the algebra A may not be gendo-Frobenius
even if it is Morita algebra when the right B-module M does not satisfy the condition mentioned above.
We explain this condition there as well. Moreover, we use the gendo-Frobenius algebra A to show that
other approaches to new comultiplications given in Subsection 4.2.3 are lacking crucial properties such

as being coassociative.
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Chapter 2

Frobenius algebras

Frobenius algebras were first studied by Frobenius [16] around 1900 and later by Brauer, Nesbitt [4] and
Nakayama [26, 27] in 1937-1941. As stated in [21], the characterisation of Frobenius algebras in terms
of comultiplication goes back at least to Lawvere [23] (1967), and it was rediscovered by Quinn [28] and
Abrams [1] in the 1990’s. In this study, we generally use a number of results of Abrams [1, 2]. To learn
more about Frobenius algebras, see [31] and [34]. Moreover, to learn more detail about commutative
Frobenius algebras and its relation with topological quantum field theory, see [1] and [21].

In this chapter, we introduce a main object of this study, Frobenius algebras, as well as give some
important results with respect to comultiplication.

More clearly, first section is devoted to defining Frobenius algebras. We also introduce the Nakayama
automorphism of Frobenius algebras which is fundamental for further considerations. Moreover, we
introduce symmetric algebras which are special class of Frobenius algebras and Frobenius Nakayama
algebras which are essential for the last chapter. We additionally give some examples for Frobenius
algebras.

In the second section, an important characterisation of Frobenius algebras in terms of comultiplication
is introduced and main results of this chapter are given.

Throughout this chapter, all algebras and modules are finite dimensional over an arbitrary field %
unless stated otherwise. By mod-A, we denote the category of finite dimensional right A-modules and

by D the usual k-duality functor Homy(—, k). For simplicity, we denote ®j by ®.

2.1 Definition and examples of Frobenius algebras

Definition and basic properties

Definition 2.1.1. A finite dimensional k-algebra A is called Frobenius if it satisfies one of the following
equivalent conditions:

(i) There exists a nondegenerate bilinear form 5 : A® A — k which is associative, that is, S(ab®c) =
B(a ® be) for all a,b,c € A.
ii) There exists a linear form € : A — k whose kernel does not contain a nonzero left ideal of A.

(

(iii) There exists an isomorphism Az, : A — D(A) of left A-modules.

(iv) There exists a linear form ¢’ : A — k whose kernel does not contain a nonzero right ideal of A.
(

v) There exists an isomorphism Ag : A — D(A) of right A-modules.
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The above definition is based on [31], Theorem IV.2.1, which provides the equivalence of the five

conditions.
Remark 2.1.2. The linear form ¢ : A — k in Definition 2.1.1 is called Frobenius form.

At this point, we give some parts of the proof which provides the equivalence of the five conditions
in Definition 2.1.1 and plays an important role to prove especially Theorem 2.2.9. Let p: A® A — A be
the multiplication map and 7 : A — End(A) be the map such that f(a)(b) := u(b ® a). Here, we note
that given A\ : A = D(A) satisfying condition (iii), the linear form ¢ = Ap(14) satisfies condition (ii).
Given the linear form ¢ : A — k satisfying condition (ii), the bilinear form § = ¢ o u satisfies condition
(i). Given 8 : A® A — k satisfying the condition (i), the linear form ¢ = 8(14 ® —) = 8(— ®14) satisfies

condition (ii). And the linear map Ay = ¢ o 71 satisfies condition (iii).

Proposition 2.1.3. ([21], Lemma 2.2.8) If A is a k-algebra with Frobenius form e, then every other
Frobenius form on A is given by c - £, where ¢ is an invertible element of A. FEquivalently, for a given
fized left A-module isomorphism Ap : A =2 D(A), the elements in D(A) which are Frobenius forms are

precisely the images of the invertible elements in A.

The following proposition gives a general method to find a bilinear form giving the structure of a

Frobenius algebra to a finite dimensional k-algebra.

Proposition 2.1.4. ([/35], Proposition 1.10.18) Let A = kQ/I be a Frobenius algebra over k given by a
quiver @ and ideal of relations I, and fiz a k-basis B of A consisting of pairwise distinct nonzero paths
of the quiver Q). Assume that B contains a basis of the socle soc(A) of A. Define a k-linear mapping

on the basis elements by

0 otherwise

c(b) = {1 if b € soc(A)

for b € B. Then an associative nondegenerate k-bilinear form f : A® A — k for A is given by
Bz ®y):=e(zy).

The following theorem shows that the construction in Proposition 2.1.4 is the only possible construc-

tion.

Theorem 2.1.5. (/35], Proposition 3.6.14) Let A be a finite dimensional Frobenius k-algebra and suppose
A =kQ/I for a quiver Q and an admissible ideal I and an algebraically closed field k. Then for every
nondegenerate associative bilinear form B : A® A — k, there is a k-basis B containing a k-basis of the

socle such that B(x ® y) = e(xy), where € is defined by

c(b) = 1 ifbe soc(A)NB
|0 ifbe B\ soc(A).

Definition 2.1.6. A finite dimensional k-algebra A is called self-injective if the modules A4 and 4 A

are injective.

Therefore, a finite dimensional k-algebra A is self-injective if the projective modules in mod-A (re-
spectively, in mod-A°P) coincide with the injective modules.

Let A be a finite dimensional self-injective algebra over k. Then 14 has a decomposition 14 =
Z?:l Z;nz‘l eij, where the e;; are the pairwise orthogonal idempotents, with e;; A = e,;A if and only if
i = r. Therefore, e11 A, e21A,...,en1 A is a complete set of pairwise nonisomorphic indecomposable right

A-modules. The socle of a projective-injective right A-module is simple, but not necessarily isomorphic
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to the top and each simple module occurs once as a top and once as a socle. Hence, there exists a

permutation v of {1,...,n}, called the Nakayama permutation, such that
top(e, (i1 4) = soc(e;1 A) for all i € {1,...,n}.

The following selected results show the close relation between Frobenius and self-injective algebras.

Proposition 2.1.7. (/31], Proposition IV.3.8) Let A be a Frobenius algebra over a field k. Then A is a

self-injective algebra.

Proposition 2.1.8. ([31], Proposition IV.3.9) Let A be a basic self-injective finite dimensional algebra
over a field k. Then A is a Frobenius algebra.

Corollary 2.1.9. ([31], Corollary 1V.3.12) Let Q be a finite quiver, k a field, I an admissible ideal of
the path algebra kQ, and A = kQ/I the associated bound quiver algebra, and assume A is a self-injective

algebra. Then A is a Frobenius algebra.

Corollary 2.1.10. (/31], Corollary IV.3.11) Let A be a finite dimensional self-injective algebra over a
field k. Then A is Morita equivalent to a Frobenius algebra.

Note that the class of all finite dimensional self-injective algebras over k is closed under Morita equiv-
alences (see [31], Proposition IV.3.10). But, the class of Frobenius algebras is not (see [31], Chapter
IV). In fact, the class of all Frobenius algebras over a field & is a proper subclass of the class of all
finite dimensional self-injective algebras, and the class of all finite dimensional self-injective algebras is
the smallest class of finite dimensional algebras which contains the class of all Frobenius algebras and is

closed under the Morita equivalences.

Now we first give the definition of Nakayama automorphism which plays an essential role in this

study, and later observe a prominent result which is related to Nakayama automorphism.

Definition 2.1.11. For a Frobenius algebra A and a nondegenerate associative bilinear form § : AQ A —
k, the k-algebra automorphism v4 : A — A with f(z ® y) = B(y @ va(x)) for all z,y € A is said to be

the Nakayama automorphism of A associated to j.

For existence of Nakayama automorphism, see [31], Proposition IV.3.1. Note that every Frobenius
algebra A has a Nakayama automorphism which is unique up to inner automorphisms ([31], Corollary
IV.3.5).

Remark 2.1.12. By the proof of Proposition 2.2 in [30], if A is a Frobenius algebra, and 14 = >, ZT:l €ij

is the decomposition of 14 into the sum of pairwise orthogonal primitive idempotents, then we have
top(ra(e;j)A) = soc(e;; A).

Then, in particular, the Nakayama automorphism v,4 induces a Nakayama permutation v of {1,...,n}.

For more information about properties of Nakayama automorphism, see [25] and [31]. We now
continue with the promised result which is related to Nakayama automorphism. Let v4 be the Nakayama
automorphism associated to a nondegenerate associative bilinear form 8 : AQ A — k. Take the associated
linear form e = B(— ®14) = (14 ® —) : A — k. Then we have the isomorphism of left A-modules

>\L : AA — AD(A)
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such that Ap(z)(y) = e(yx) for z,y € A. Moreover, for z,y,z € A, we have

AL(zz)(y) = e(y(zz2)) = Byzz ® 14)
= Blyr @ 2) = By (z) @ yx) = By (2)yz @ 14)
= e(vy ' (2)yx) = An(@) (v (2)y) = AL(@)vy ' (2) ()

and so A (22) = Az (x)v ' (2). This shows that Az, defines an isomorphism

ALt A= D(A)

—1
Va

of A-bimodules.

2.1.1 Symmetric algebras

In this part, we introduce symmetric algebras which are special Frobenius algebras. Symmetric algebras
contain well-known classes of algebras: group algebras of finite groups and some quantum groups. Note

that symmetric algebras are also gendo-symmetric which is introduced in the next chapter.

Definition 2.1.13. A finite dimensional k-algebra A is called symmetric if it satisfies one of the following
equivalent conditions:

(i) There exists a nondegenerate associative bilinear form 8 : A® A — k such that S(a®b) = (b®a)
for all a,b € A.

(ii) There exists a linear form ¢ : A — k such that €(ab) = ¢(ba) for all a,b € A, and whose kernel
does not contain a nonzero one-sided ideal of A.

(iii) There exists an isomorphism A : A — D(A) of A-bimodules.

The above definition is based on [31], Theorem IV.2.2, which provides the equivalence of the three

conditions.

Proposition 2.1.14. ([21], Lemma 2.2.11) Let (A, ) be a symmetric Frobenius algebra (i.e. € is cen-
tral). Then every other central Frobenius form on A is given by c - e, where ¢ is a central invertible

element of A.

Note that a Frobenius algebra A is symmetric if and only if v4 is inner ([34], Therorem 2.4.1). In

this case, we may take the identity automorphism as a Nakayama automorphism.

Proposition 2.1.15. ([31], Corollary IV.4.3) Let A and B be Morita equivalent finite dimensional

algebras over a field k. Then A is a symmetric algebra if and only if B is a symmetric algebra.

Therefore, the class of all symmetric algebras over k is closed under Morita equivalences.

A finite dimensional algebra A over a field k is called weakly symmetric if soc(P) = top(P) for any
indecomposable projective module P in mod-A. Note that finite dimensional weakly symmetric algebras
over k are Frobenius ([31], Corollary IV.6.3) and symmetric algebras over k are weakly symmetric ([31],
Corollary IV.6.4).

Remark 2.1.16. Commutative finite dimensional self-injective algebras are symmetric. See [31], Propo-
sition IV.4.6.
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2.1.2 Examples

In this part, some examples of Frobenius algebras are exhibited.

Example 2.1.17. The field of complex numbers C over R is a Frobenius algebra over R. The obvious

Frobenius form is the following

C—R

a+bi — a.

Example 2.1.18. Let A = Mat,, (k) be the ring of all n-by-n matrices over a field k. The usual trace

map of this matrix ring is defined as follows:

Tr : Mat, (k) — k

(aij) —> Z Q.

Then A is a Frobenius algebra with the usual trace map. Therefore, Tr is the Frobenius form of A.
Moreover, it is a symmetric algebra since the two matrix products CD and DC in A have the same

trace.

Example 2.1.19. Finite dimensional semisimple algebras over k are symmetric Frobenius. See [31],
Corollary IV.5.17.

Example 2.1.20. Let kG be the group algebra of a finite group G over a field k. Then kG is a Frobenius

algebra with the linear form

e kG =k
D Aeg Mg

geG
Here, ¢ is the Frobenius form of kG. We observe that e(ab) = >_ 5 Aghy—1 and e(ba) = > frgAg—1,
where a = 37 o Agg, b =3 o g9 in kG. Hence, £(ab) = €(ba). Then the Frobenius algebra kG is

symmetric.

geG

Example 2.1.21. Finite dimensional Hopf algebras over k are Frobenius. For more information, see
[31], Chapter IV.

Example 2.1.22. Let k be a field and @ be a quiver given as follows:

[e3] a9
1 2 3
B1 B2

Let I be the ideal in the path algebra kQ generated by a;f81, Baca, Bia; — asfy and A = kQ/I be
the associated bound quiver algebra. We observe that D(Aes) = e1 A, D(Aez) = e A and D(Aey) =
e3A. This means that every indecomposable projective module is also injective, that is, A is self-
injective. Then by using Corollary 2.1.9, we say that A is Frobenius. Since top(e;A) 2 soc(e1A) and
top(esA) 2 soc(esA), A is not weakly symmetric and so A is a nonsymmetric Frobenius algebra (see
Subsection 2.1.1). A has a k-basis {e1, ea, €3, a1, g, 81, B2, a1, B2f1, f1a1} so D(A) has the dual basis
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{ex,es, e5, af, a3, B, B3, (a1az)*, (B251)*, (Bra1)*}. We observe that there is a left A-module isomor-

phism Ay, which is explicitly defined on the basis elements by

AL A2 D(A)

e1 = (B2f1)”
ez = (frar)”
ez — (a1an)”
> fy
ag — o)
B — B3
B2+ az

arag el

Bafi — €3

ﬂlal — 6;.

Here, the Frobenius form of A is € = Ar(14). Since 14 = e; + e3 + e3, we obtain that ¢ = (ayaz)* +

(B2B1)* + (Bron)*.

Example 2.1.23. Let k£ be a field and @ be a quiver given as follows:

—_—
152

Let I be the ideal in the path algebra k@ generated by aBa and BafS, and A = kQ/I be the associated
bound quiver algebra. A has a k-basis {e1, ea, a, 8, a8, S} so D(A) has the dual basis {e7, e3, a*, 8*, (a8)*,
(Ba)*}. Observe that there is an A-bimodule isomorphism A : A — D(A) which is explicitly defined on

the basis elements by

A: A= D(A)
er — (aB)"
es — (Ba)*
a— B*

B a*
af — e}

Ba — e5.

Then A is symmetric by Definition 2.1.13. Since the Frobenius form of A ise = A(14) and 14 = e; + €3,
we obtain that ¢ = (a8)* + (Ba)*.

2.1.3 Frobenius Nakayama algebras

A finite dimensional k-algebra A over a field k is called a Nakayama algebra if all indecomposable
projective modules and all indecomposable injective modules in mod-A are uniserial modules. For more

information about Nakayama algebras, see [31], Chapter 1.10. In this study, we focus on Frobenius
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Nakayama algebras on which we give some results in the last chapter. Therefore, in this part, we
introduce some prominent results on Frobenius and symmetric Nakayama algebras which we use in
Chapter 4.

Let NJ* = kQ/I (m,n > 1) be the algebra of the following quiver

Qp 1 aq

/ N

such that I is the ideal in the path algebra k@ generated by all compositions of m + 1 consecutive

arrows in Q.

Theorem 2.1.24. (/31], Corollary IV.3.12 & Theorem IV.6.15) Let Q be a finite connected quiver with
nonempty set of arrows, k a field, I an admissible ideal of the path algebra kQ, and A = kQ/I the
associated bound quiver algebra. Then the following are equivalent.

(i) A is a Frobenius Nakayama algebra.

(ii)) A= N for some positive integers m and n.

Theorem 2.1.25. ([31], Corollary IV.6.16) Let Q be a finite connected quiver with nonempty set of
arrows, k a field, I an admissible ideal of the path algebra kQ, and A = kQ/I the associated bound
quiver algebra. Then the following are equivalent.

(i) A is a symmetric Nakayama algebra.

(i1) A is a weakly symmetric Nakayama algebra.

(iii) A= NI for some positive integers m and n, with n dividing m.

Example 2.1.26. Let A = N7 and v4 be a Nakayama automorphism of A. A has a k-basis {e1, e2, e3, a1,
Qg, a3, 1 g, gz, azaq . Then the Nakayama automorphism v4 can be explicitly defined on the basis

elements by

vpa:A— A

€] — ez

€o > €1

€3 — €9

a1 — O3

9 — (1

a3 —r Qg
109 — (i3]
Qo3 — (X1 (9

30 — (a3,
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Observe that the Nakayama automorphism v induces a Nakayama permutation v of A which is the

1 2 3
31 2/)°

2.2 Frobenius algebras and comultiplication

cyclic permutation

In this section, we introduce an important characterisation of Frobenius algebras in terms of comultipli-
cation and give the main results of this chapter. For this aim, we first recall the definition of k-algebras
and formulate its axioms in terms of commutative diagrams. By reversing all arrows in these diagrams,
we also give the definition of coalgebras.

Remember that all algebras and modules are finite dimensional over an arbitrary field k in this study.

Definition 2.2.1. A k-algebra A is defined with two k-linear maps
pw:A®QA—Aandn:k— A

such that the following three diagrams commute:

ABA®A
A® ® A
Eo AT Ao A AR ALE Ank

\¢ ¢/

Here, id4 : A — A is the identity map and u and 5 are called multiplication and unit map, respectively.

Also, first diagram satisfies associativity condition, second and third diagrams satisfy unity condition.

Now, we give the structure of coalgebra over k, that is the dual of the structure of k-algebra. We

define the coalgebra by reversing all arrows in the above maps given in the definition of k-algebras.

Definition 2.2.2. A coalgebra over k is defined with two k-linear maps
a:A—-> AR Aande: A—k

such that the following three diagrams commute:

| A®A®A
a®ida X®a
A® A A® A
XA/
ko A9 A0 A AR AMS Agk
\La ajl/



Here, again id4 : A — A is the identity map and « and ¢ are called comultiplication and counit map,
respectively. The satisfied condition in the first diagram is called coassociativity, second and third

diagrams are called counity condition.

We denoted the Frobenius form and the counit with same notation €. This is not a coincidence. In
([21], Proposition 2.3.22), it is proved that every Frobenius algebra has a unique coalgebra structure for
which the Frobenius form is the counit, and which is A-linear. Conversely, in ([21], Proposition 2.3.24), it
is also proved that given a k-algebra equipped with an A-linear coalgebra structure, then the counit is a
Frobenius form. So, this leads to a very important characterisation for Frobenius algebras. In [1], Abrams
did it for commutative Frobenius algebras and also in [2], he proved that all of these characterisations

work for non-commutative Frobenius algebras. He also established the following important theorem:

Theorem 2.2.3. ([2], Theorem 2.1) An algebra A is a Frobenius algebra if and only if it has a coasso-

ciative counital comultiplication o : A — A ® A which is a map of A-bimodules.

Here, we will not give the complete proof of this theorem. But it is necessary to give the construction

of the comultiplication « which is given in [2], Theorem 2.1.

Construction of the comultiplication o: A — A ®y A.

Let A be a Frobenius algebra and p: A ®, A — A be the multiplication map. Since A is Frobenius,
there is a left A-module isomorphism A7, : A = D(A). Define the comultiplication map ar, : A - A®, A
to be the composition ()\Zl Rk )\Zl) op*oAr:

ar

A AR A

/\LL %Ll@k}wl

D(A) ——D(4) @ D(A)

m

Note that there is a canonical isomorphism ¢ : D(A)®;D(A) = D(A®y A) which is described in 2.1.17 in
[21]. The dual of 4 : A®, A — A is actually a map p* : D(A) — D(A®;, A). Since ¢ is an isomorphism,
we can compose p* with the inverse of ¢ and write p* : D(A) — D(A) ®; D(A). Abrams showed that
ay, is a map of left A-modules.

Using the right A-module isomorphism Ap : A = D(A), it is analogous to define ag and Abrams
also showed that this comultiplication map apg is a map of right A-modules. Moreover, he proved that

ar, = ar. Then we define o := a;, = ag. Therefore, this map o : A - A®; A is a map of A-bimodules.

Furthermore, let € : A — k denote Ag(14). Note that A (14) = Ar(14) and thus that e serves as a

counit for a.

We mentioned that there is a left A-module isomorphism Ay : A = D(A). Here we note that
A is viewed as the left regular module over itself, and D(A) is made a left A-module by the action
(a- f)(b) := f(ba) for any a,b € A and f € D(A). Since ¢ = A (14), all elements of D(A) are of the form
a-¢ for any a € A. The isomorphism Az : A =2 D(A) allows us to define a multiplication ¢, in D(A) by

or(a-e®b-e):=ab-e.
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To see it more clearly, observe the following.

AT@AL! m AL
o :D(A) @ D(A) ——= A®, A A D(A)
a-eRpb-e—a®; bt abt ab-¢e

Note also that ag can be used to define the multiplication ¢y, such that
or(a-e@b-e)=(b-e®a-€)oag=ab-c.
Dually, the isomorphism Ag : A = D(A) allows us to define a multiplication ¢ in D(A) by
¢r(e-a®e-b):=c-ab.

To see it more clearly, observe the following.

ART@AL!
or:D(A) @ D(A) 2 A, A a0 pa)
€ a®re-bH———a®y bt abt c-ab

Note also that ay can be used to define the multiplication ¢ such that
vr(e-a®e-b)=(c-b®e-a)oar =c-ab.

Remark 2.2.4. Commutative Frobenius algebras have a very attractive application to two-dimensional
topological quantum field theories. In [1], it is proved that the category of commutative Frobenius

algebras is equivalent to the category of two-dimensional topological quantum field theories.

Example 2.2.5. Let G = {g1,...,gn} be a finite group written multiplicatively and kG be the group
algebra over k. Then the group algebra kG has a comultiplication o : kG — kG ®j kG such that
alg) =D, 99 @k gi_1 =3 9i®k gi_lg for any g € G. The counit € of (kG, a)) was given in Example
2.1.20 as Frobenius form of kG.

Remark 2.2.6. The group algebra kG has actually another comultiplication & : kG — kG ®j kG which
sends g to g ® g for any g € G. This group algebra kG admits a Hopf algebra structure over k with
the comultiplication &, the counit f : kG — k such that f(g) =1 for any g € G and some other special
linear maps. For more detail about Hopf algebras, see [31], Chapter VI. However, the counit f may not
be a Frobenius form of kG since the kernel of f may contain a nonzero left ideal of kG. Therefore, we
may not say that (kG, f) is a Frobenius algebra. However, since the counit ¢ of (kG, «) given in Example
2.2.5 is also a Frobenius form of kG, we construct the symmetric Frobenius algebra structure of kG by

using this e (see Example 2.1.20).

Lemma 2.2.7. Let A be a Frobenius algebra with the comultiplication o and the compatible counit €.
Suppose that a(14) =Y i x; ®y;. Then > - e(ax;)y; = a= >, xie(y;a) for alla € A.

Proof. Let A be a Frobenius algebra. By Theorem 2.2.3, it is known that the comultiplication « is a
map of A-bimodules. Therefore, aa(1a) = a(a) = a(la)a. Since a(la) =Y., ; ® y; by assumption,
we obtain that a(a) = >0 az; ® y; = > 2; ® y;a. We know that A is also a coalgebra since it is
Frobenius. Then by using the counity condition of the coalgebra given in Definition 2.2.2, we obtain that
(e®ida)a(a) = a = (ida ®e)a(a), this means that >\ | e(az;)y; =a= > . zie(ya) foralla e A. O
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Proposition 2.2.8. Let A be a Frobenius algebra with the comultiplication «. Suppose that a(l) =
S x ®y;. Then

n n
a(la) = vaz QY = Zyv ® vyt (zi),
i—1 i—1

where v4 is a Nakayama automorphism of A.

Proof. Let A be a Frobenius algebra with a nondegenerate associative bilinear form 8: A ® A — k and
€ be its corresponding Frobenius form. Recall that S(x ® y) = e(zy) for all z,y € A. Then by using the

previous lemma and Definition 2.1.11, we obtain that

n

n
a(la) =Y z@yi= Y e(ziz;)y; @i
=1

ij=1

n
= >y @e(zizy)yi

ij=1

= Z y; © vy (z5):)y;

ij=1

n
=Yy evy'(z).
j=1

O

The following theorem shows that Proposition 2.1.4 in [3] which was given by Abrams in commu-
tative case is also satisfied for all finite dimensional Frobenius algebras over k. Indeed, in the proof of
Proposition 4.3 in [2], Abrams mentioned and used this result. However, we give an explicit proof by
using Abrams’ results (see the proofs of Theorem 1 in [1] and Theorem 2.1.4 in [3]) and by taking into
consideration the adjustments made by Abrams in the proof of Theorem 2.1 in [2] for noncommutative
case. Here our aim is to emphasize this result since it is very useful for computing the comultiplication

of Frobenius algebras.

Theorem 2.2.9. Let A be a Frobenius algebra with the left A-module isomorphism Ar, : A = D(A) and
the comultiplication oo : A — A ®y, A. Suppose that v, ..., v, is a basis for A and v} = )\Zl(v;‘) such that
v} (v;) = 0i;. Then the following are satisfied.

(1) a(la) = 32, v @ vi.

(it) a(a) =, av; @ v; =), v; @ via for a € A.

Proof. (i) Let A be Frobenius and € : A — k be the counit. To prove it, we give the construction which
is given by Abrams in the proof of Theorem 1, [1]. So, let us define 8 :=copu: A® A — k, where u is
the multiplication map. And also, we define ¢ := aon:k — A® A such that n: kK — A is the unit of

A. Abrams showed that the following diagram commutes:

ARARA

a®ida ida®u
®A/ \A®
\\}\\&A///G/I

Thus, the top line shows that (ida ® 8) o (¢ ® id4) is the identity map on A. Now, we choose a basis

’r]®idA
-

koA A A Aok
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V1, ..., U, for A. Then for any a € A, this composition maps as follows:

a— Y1) ®a= (Zuj@)vj)@a»—)z:ujﬁ(vj@a) =a,
J J

where u; are some elements in A. In fact, these u; form a basis for A, since they clearly span A, and
there are at most (A : k) of them. Let a = u;. Then we see that u; = >, u;8(v; @u;), so B(v; ®u;) = 6ij.
Let vf, ..., v, denote the dual basis relative to § for a given basis vy, ..., v,. In other words, v} satisfy
B(v; ® v;) = 6;;. Therefore, we have (1) = ¢(1x) = >_; u; ® v; and u; = vj.
In fact, since
AL(v9)(v)) = € o i) (v;) = € o p(v; ® v}) = B(v; @ v}) = dij,
we have that v/ = A\; ' (v}) such that v} (v;) = d;;. Therefore, we obtain that

a(la) = Zv; ® v;.

%

(ii) Since « is a map of A-bimodules, we say that aa(ls) = a(a) = a(la)a for any a € A. O

Example 2.2.10. Let k£ be a field and @ be a quiver given as follows:
1
ay \M
3 ~ 2

Let I be the ideal in the path algebra k@ generated by ajasas, asasar, agaias and A = kQ/I be the
associated bound quiver algebra. A has a k-basis {e1, €2, €3, a1, a9, ag, @1aa, asas, agay } so D(A) has the
dual basis {e},e5, €5, af, a5, af, (a1az)*, (aeas)*, (azai)*}. It is a nonsymmetric Frobenius Nakayama
algebra by Section 2.1.3. We observe that the left A-module isomorphism A;, can be explicitly defined

on the basis elements by

AL A= D(A)
e1 — (aga3)”
es — (azay)”
es — (a1ag)”
a1 aj
ag — o)
ag — ag
arag — el
aoag > €5

azaq > e;.

Then let e; = v1, ea = v2, €3 = V3, a1 = V4, Q2 = VU5, A3 = Vg, M Q2 = V7, Qa3 = Vg and agq; = Vg.
Therefore, by using Theorem 2.2.9, we write that v} = aiag, vh = asas, v5 = agar, vy = ag, V5 = ag,

vf = ay, vy = e3, vy = e; and v} = ey since v] = A7 '(v}) such that v} (v;) = &;;. Then by using the
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formula given in Theorem 2.2.9 (i), we obtain that
a(la) = ZU; Qi = ajas ®ep + azaz ®ex + azay @ ez + as ® ay

—|—O[3®Ot2+Ot1®013+63®041042—|—61®O[2043+62®Ot30[1.

Moreover, by using Theorem 2.2.9 (ii), we obtain that

Here, the counit € = A(14). Since 14 = e; + e + e3, we obtain that e = (a1a2)* + (a2a3)* + (azar)*.

Theorem 2.2.11. Let A be a Frobenius algebra with the comultiplication a: A — 4 A As. Then
Im(a) = {Z u; @ v; | Zuix Qv = Zuz @ vy (z)v;, Vo€ A},

where v4 is a Nakayama automorphism of A.

Proof. We postpone this proof until Section 4.2 where it will be part of a more general result.
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Chapter 3

Gendo-symmetric algebras

A new class of algebras called gendo-symmetric algebras have been introduced by Fang and Koenig
[13, 14]. Gendo-symmetric algebras are defined by a special case of the Morita-Tachikawa correspondence,
which shows that algebras of dominant dimension at least two are exactly the endomorphism rings of
generator-cogenerators over an algebra (which in our case is assumed to be symmetric). A generator-
cogenerator is a module that up to isomorphism contains each indecomposable projective or injective
module at least once as a direct summand. An algebra A of dominant dimension at least two has a faithful
projective-injective module, say Ae, and also there is a double centraliser property on this (A, eAe)-
bimodule Ae, that is, A = End.a.(Ae). There are important examples of this situation. Classical Schur-
Weyl duality between Schur algebras Sk(n,r) for n > r and group algebras of symmetric groups 3, as
well as Soergel’s structure theorem for the Bernstein-Gelfand-Gelfand category O are such examples.
Hence the class of gendo-symmetric algebras contains these and many other examples from algebraic
Lie theory as well as symmetric algebras and their Auslander algebras. Gendo-symmetric algebras are
characterised by the existence of a comultiplication and have the properties used for defining the bar
cocomplex. The exactness of this bar cocomplex is used to determine the dominant dimension of gendo-
symmetric algebras. For more information about gendo-symmetric algebras, see [13] and [14].

This chapter is devoted to introducing gendo-symmetric algebras and their characterisation in terms
of comultiplication. We first give the definition of gendo-symmetric algebras and then give some examples
of these algebras. In the second section, we revisit the comultiplication of gendo-symmetric algebras and
give new results on it. As subsection we visit gendo-symmetric Schur algebras and give new results on
the existence of a comultiplication. Next we introduce a result given by Fang and Koenig [13] on the
characterisations of gendo-symmetric algebras and their dominant dimension by using bar cocomplex
and we give a hypothesis which may lead to prove Nakayama conjecture for gendo-symmetric algebras.

Both Frobenius and gendo-symmetric algebras contain symmetric algebras and both are characterised
by the existence of a comultiplication with some special properties. However, these two classes of algebras
have differences. For example, Frobenius algebras have counit compatible with their comultiplication
but gendo-symmetric algebras do not, in general. More clearly, a gendo-symmetric algebra has a counit
compatible with its comultiplication if and only if it is a symmetric algebra. Here, it is natural to ask
whether there are other properties distinguishing Frobenius algebras from gendo-symmetric algebras.
More precisely, what are the differences of gendo-symmetric and Frobenius algebras with respect to
comultiplication? In the last subsection, we answer this question in a different way.

Throughout, all algebras and modules are finite dimensional over an arbitrary field k unless stated

otherwise. By D, we denote the usual k-duality functor Homy (—, k). For simplicity, we denote ®j by ®.
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3.1 Definition and examples of gendo-symmetric algebras

Definition 3.1.1. A finite dimensional k-algebra A is called gendo-symmetric if it satisfies one of the
following equivalent conditions:

(i) A is the endomorphism algebra of a generator over a symmetric algebra.

(ii) Homa(4D(A), 44) =2 A as A-bimodules.

(iii) D(A) ® 4 D(A) 2 D(A) as A-bimodules.

(iv) dom.dimA > 2 and D(Ae) = eA as (eAe, A)-bimodules, where Ae is a basic faithful projective-

injective A-module.

From condition (iv) in Definition 3.1.1, we see that symmetric algebras are gendo-symmetric by
choosing e = 14.
The above definition is based on [14], Theorem 3.2, which provides the equivalence of the four

conditions.

3.1.1 Examples

In this part, some examples of gendo-symmetric algebras are exhibited.

Example 3.1.2. Let B = k[z]/(2?) and M = B @ k. Note that B is symmetric and M is a generator.
Suppose that A = Endg(B @ k). Then A is given by the following quiver
1 2
B
such that Sa = 0. We see that A is a gendo-symmetric algebra by using Definition 3.1.1 (i).

We now describe modules by Jordan-Hoelder series. The algebra A has two simple modules S(1) =1
1

and S(2) = 2. The indecomposable projective modules are P(1) = 2 and P(2) = i, and the indecom-
1
1
posable injective modules are I(1) =2 and I(2) =
1

Observe that an injective resolution of A is
0>A=P1)®e P2 - P(1)eP(1)— P(1)—I(2) =0.

Since I(1) = P(1) is projective, but I(2) is not, we obtain that dom.dimA = 2. Also, since B is

symmetric, it is self-injective and dom.dimB = oo.

Example 3.1.3. Let k£ be a field and @ be a quiver given as follows:

B1 B2 Bs3

Let I be the ideal in the path algebra kQ generated by ajas, asas, 8382, 8281, B1ar —asBs, Baas — a3 f3
and fsag and A = kQ/I be the associated bound quiver algebra.
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Let e = e; + e3 + e3. The algebra A has four indecomposable projective modules

The first three of these are injective, too, and their direct sum Ae is a faithful projective-injective
A-module.

Two algebras A and B = eAe also are in a double centraliser situation, on a faithfully balanced
bimodule Ae. This means that A & End.s.(Ae). Observe that B is symmetric and Ae is a generator.

Therefore, A is gendo-symmetric.
Since P(1) = I(1), P(2) = I(2) and P(3) = I(3) are injective, it is enough to resolve P(4):

0—PA4)—I3)—1I112)—I(1)—=I1)—1(2)—I3)—I(4)—0.

3
Since I(4) =  is not projective, we obtain that dom.dimA = 6. Also, since B = eAe is symmetric, it is
self-injective and dom.dimB = cc.

Example 3.1.4. Let N3 = kQ/I be the algebra of the following quiver
1
ay *1
3 -~ 2

such that I is the ideal of the path algebra k(@) generated by all compositions of 4 consecutive arrows.
By using Theorem 2.1.25, we obtain that N3 is a symmetric Nakayama algebra. Therefore, it is gendo-

symmetric and dom.dimN3 = oco.

Remark 3.1.5. The class of gendo-symmetric algebras includes the subclass A of quasi-hereditary algebras
introduced in [15]. These include the algebras on both sides of classical Schur-Weyl duality and of
Soergel’s structure theorem for the BGG-category . More information on Schur-Weyl duality can be

found in Subsection 3.2.1.

3.2 Gendo-symmetric algebras and comultiplication

In this part, we revisit the comultiplication of gendo-symmetric algebras and give new results on it. We
start by giving the construction of the comultiplication of gendo-symmetric algebras which has been
obtained by Fang and Koenig in [13].

Let A be a gendo-symmetric algebra. Fix an (eAe, A)-bimodule isomorphism ¢ : eA 2 D(Ae). By the
double centralizer property Ende4.(eA) 22 A, there is an A-bimodule isomorphism 7 : Ae®ca.eA = D(A)
such that

v(ae Rcae €b)(x) = t(ebx)(ae) (3.1)

for a,b,z in A. Hence there is an isomorphism in Definition 3.1.1 (iii)
D(A) ®4 D(A) 2 (Ae @epe eA) @4 (Ae @pac €A) = Ae @one eA 2 D(A)

where the first isomorphism is y7' ®4 v~
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Let m be the composition of the canonical A-bimodule morphism with the above isomorphism such
that
m: D(A) ®; D(A) — D(A) @4 D(A) 2 D(A),

where

m(y(ae Recae €b) R v(ce Reae ed)) = Y(ae Reae €b @4 c€ Qe e €d) = Y(acbce Qe e ed). (3.2)

Dualising m yields
A:A— AAQ, Aa

such that
(f®g)A(a) =m(g ® f)(a) (33)

for any f,g in D(A) and a in A.

Theorem 3.2.1. ([13], Theorem 2.4) Let A be a gendo-symmetric algebra. Then A : A — 4 AQy A4 is

a coassociative comultiplication on A.
The following two results show that A is coassociative and also a map of A-bimodules.

Lemma 3.2.2. ([13], Lemma 2.5) The map m satisfies
m(l@m)=m(m®1)

as k-morphisms from D(A) @y D(A) ®; D(A) to D(A).

Lemma 3.2.3. ([13], Lemma 2.6) Let A : A — 4 A ®y Aa be as above. Then
(i) A is an A-bimodule morphism.
(i) 1@ A)A = (A 1A
(1i1) Im(A) = D u; Qi | Y ux @v; =Y u; @ av;, Vo € A}

Corollary 3.2.4. ([13], Corollary 2.7) The comultiplication A is unique up to precomposing it with

multiplication by an invertible central element.
Thus A is called the canonical comultiplication attached to the gendo-symmetric algebra A.

Proposition 3.2.5. ([13], Proposition 2.8) Let A be a gendo-symmetric k-algebra with the canonical
comultiplication A : A — s ARy Aa. Then

(i) (A, A) has a counit iff A is symmetric.

(ii) Let A(1) => x; @y;. Then A(1) = y; @ x;.

Proposition 3.2.6. ([13], Proposition 2.10 (2)) Let A be a gendo-symmetric k-algebra. If B is Morita

equivalent to A, then B is gendo-symmetric.

Procedure for obtaining the comultiplication A of any gendo-symmetric algebra A.

(1) Choose an idempotent e € A so that Ae a basic faithful projective-injective A-module.

(2) Write the (eAe, A)-bimodule isomorphism ¢ : eA — D(Ae) explicitly on a choice of basis elements.

(3) Write the A-bimodule isomorphism 7 : Ae ®.4. eA = D(A) by using (3.1) to obtain the basis
elements of D(A) in terms of the elements of Im-y.

(4) Obtain the multiplication table of D(A) by using (3.2).

(5) Dualise m by using (3.3) and obtain A on the basis elements of A.
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(6) By using the linearity of A, obtain A on any element a € A.

Let us apply this procedure on the following examples.

Example 3.2.7. Let A be the gendo-symmetric algebra in Example 3.1.2. A has a k-basis {e1, €2, @, 5, a5}
so D(A) has the dual basis {e}, e}, a*, 5*, (a8)*}.
(1) We choose e = e; since Ae; is a basic faithful projective-injective A-module.

(2) The (eAe, A)-bimodule isomorphism ¢ is explicity defined on the basis elements by

t:eA = D(Ae)
er > (af)”
a g*

af — e}.
(3) The A-bimodule isomorphism ~ is explicitly defined by

v Ae ®cpe eA = D(A)
e1Qaf— e}
BRar el
BRe — a*
e1Q@a— g

e1 ®ep — (af)*.

(4) We obtain the multiplication table of the basis elements of D(A) as follows:

m el |es|a*| B | ap*
el 0|0 |0 el

€5 0 [0 |0 0

o 0|0 |0 es | of

B8* 0 |0 |e |O |O
af* e |0 |0 | 5% | (af¥)

(5) Dualising m yields
A:A— 4A®, Aa

such that (f ® g)A(a) = m(g® f)(a) for any f,g € D(A) and a € A. So let

f = )\161< =+ )\263 =+ )\304* + )\45* + )\5(0[5)*
g = pie] + poes + p3a” + paf 4 ps(afB)”,

where \;, u; € k for 1 <4 < 5. By using the table in the previous step, we get
m(g® f) = (A5 + prads + psAr)el + padaes + psAsa” + psAa B + psAs(af)”
Then

m(g ® f)(e1) = p1As + pads + pis Ay
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m(g @ f)(e2) = psAa
m(g @ f)(a) = pusAs
m(g ® f)(B) = pusAa

m(g ® f)(aB) = psAs.

Since (f ® g)A(a) = m(g® f)(a) for all a € A, we obtain that

Aler) =af®@e+a® B +e ®af
Ales) =B8R«

Ala)=af®a

A(B)=B®ap
A(ap) =ap®af

(6) Let a € A. Then we can write a = aje; + ases + asa + a4 8 + asaf, where a; € k for 1 < ¢ < 5.
The linearity of A gives that

Aa) = a1Aer) + asA(ea) + asA(a) + asA(B) + asAaf).

Example 3.2.8. Let k be a field and @ be a quiver given as follows:

Qg [05)
e —_—
1 2 3

B1 B2

Let I be the ideal in the path algebra kQ generated by ajas, 8281, face, B1ar — sy and A = kQ/I be
the associated bound quiver algebra. A has a k-basis {e1, es, €3, a1, a2, 81, B2, @101, @282} so D(A) has

the dual basis {e}, e}, el, af, a5, BT, B3, (a1 51)*, (a2 B2)*}.
(1) We choose e = e1 + ey since A(e; + e2) is a basic faithful projective-injective A-module.

(2) The (eAe, A)-bimodule isomorphism ¢ is explicity defined on the basis elements by

t:eA = D(Ae)
er = (a1f)”
e+ (agf2)"
oy > By
Bi = aj
Qg > B3
a1f1 — €]

042,62 — 6;.

(3) The A-bimodule isomorphism + is explicitly defined by

v Ae ®cne eA =2 D(A)
e1 ® a1 = €]

e @ apfly — €3
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B2 @ g €3
b1 ®e — o
B2 ® ez — a
e1 ® ay — B
e ® ag > By
e1 ®@ey > (a1fr)”

ex ® ez — (azfa)”.

(4) We obtain the multiplication table of the basis elements of D(A) as follows:

m el | e |es|af | o5 | BT | B3| (up)" | (azBe)”
el 0|0 |0 ]O 0 0 | e} 0
e oo oo |o 0 |0 e
es 0|0 |0 ]O 0 0 10 0
o 0 |0 |0 |0 |0 |es |0 |oaf 0
fa% 0 |0 |0 |0 |O ez | 0 o5

: oo o e o 0 |0 ;
Bs olo oo |e 0 0
(1f1)* | ef |0 |0 0 |87 (@11)* | 0
(f2)* |0 |e3 |0 |af |0 |0 | B350 (aaf2)*

(5) Dualising m yields
A:A— AAQ, Aa

such that (f ® g)A(a) =m(g® f)(a) for any f,g € D(A) and a € A. So let

[ =1l + Aaes + Azes + Aga] + Asas + A7 + A7B3 + Ag(a1f1)" + Aoz f2)”
g = piey + pioey + pzes + pay + pscs + pefy + prBy + ps(aif)” + po(aeB2)”,

where \;, pi; € k for 1 <7 < 9. By using the table in the previous step, we get

m(g ® f) = (p1As + peAa + pghi)el + (Hado + ke + prAs + toAa)es + s Azes
+ (fads + proda)ay + psAgars
+ (16 + HsAe) 87 + poA7 35
+ psAs(1B1)" + podo(a2fBz)"

Then
m(g @ f)(e1) = piAs + pieAa + psha
m(g ® f)(e2) = pado + paXe + p7As + poA2
m(g @ f)(es) = pusAz
m(g ® f)(on) = pads + poAa
m(g ® f)(az) = psAo
m(g @ f)(B1) = pedo + HsAe
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m(g® f)(B2) = poA7
m(g® f)(a1B1) = psAs
m(g @ f)(az2B2) = pgXg.

Since (f ® g)A(a) =m(g® f)(a) for all @ € A, we obtain that

[
2
&
®
Sy
+
2
®
o
+
RSy
®
2
&

Alo) = a1 ® a1 + a1 @ azfs
A(

A(Br) = azfa @ f1 + f1 @ a1P1
A(B2) = B2 ® a2

(6) Let a € A. Then we can write
a = aiey + azez + azes + asaq + asae + agP1 + arPe + asa1 P + agazfa,
where a; € k for 1 <7 < 9. The linearity of A gives that
Aa) = a1A(e1) +azA(e2) +asA(es) +asA(an)+asA(az) +as A(B1) +arA(B2) +asA(ar B1) +ag Az B2).

Definition 3.2.9. Let (A, A) be a gendo-symmetric algebra. A coideal of the gendo-symmetric algebra
A is a k-vector subspace C' of A such that A(C) CC® A+ A C.

Since a gendo-symmetric algebra (A, A) may not have a counit, in general, we can not use this

property in the above definition.

Theorem 3.2.10. Let A be a gendo-symmetric algebra with a basic faithful projective-injective A-module
Ae for an idempotent e of A such that eAe is symmetric. Let m: A — eAe be the k-linear map such that
m(a) = eae for a € A. Suppose that A4 is a comultiplication of A. Then there exists a comultiplication
Acae of eAe such that (m @ M)A s = AcaeT.

Proof. Since A is gendo-symmetric and eAe is symmetric, there are multiplications
mpay : D(A) 24 D(A) = D(A4)

and
Mmp(eae) : D(eAe) @ D(ede) — D(eAe).

Let m : A — eAe be the k-linear map which is given in the assumption. Take the dual of 7. Then we
have 7* : D(eAe) — D(A) such that 7*(f)(a) = f o w(a) = f(eae) for any f € D(eAe) and a € A. In
fact, there is an A-bimodule isomorphism v : Ae ®.4. €A = D(A). Multiplying by e on the left and
right implies an (eAe, eAe)-bimodule isomorphism 7 : eAe ®ca. eAe = D(eAe) and we define mpeae)
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by using 7. Here, for any a,b,z € A v(eae ¢ 4. ebe)(z) = y(eae @, ae ebe)(exe) since +y is an A-bimodule
isomorphism. We may suppose that y(eae @ca. ebe)(exe) = F(eae Qeac ebe)(exe).

We now observe the following diagram

MD(eAe)

D(ede) ® D(ede) —— D(eAe)

- ®W*l LT*

D(A) @ D(4) —2 D(A)
Observe that

T 0 Mp(ee)(T(eae @cac ebe) @y F(ece @cac ede))(r) = 7*(F(eaebece Reac ede))(x)
= J(eaebece R a¢ ede) o m(x)

= J(eaebece @ 4. ede)(exe)
for any o € A. Let A(x) = >, u; @k v;. Then

mpa) o (7" @ ) (Y(eae @eac ebe) @ Y(ece Rcac ede))(x)
= mp(a)(V(eae ®cac ebe) o T @y F(ece @cac ede) o T)(x)

= (F(ece Reae ede) o ™ R F(eae e ae ebe) o T)A 4(x)

= (F(ece Reae ede) o ™ Ry, F(eae Rca. ebe) o ) Z w; D V;

2

= Z(W(ece ®ecae ede) o m(u;) @k Y(eae ®eae ebe) o m(v;)

i

=) (F(ece ®cac ede)(eue) @k F(eae ®eac ebe)(ev;e)

%

= Z(’y(ece Reae ede)(eue) @ v(eae Rca. ebe)(ev;e)
= Z(’y(ece ®eae ede)(eu;) ® y(eae Rcae ebe)(v;e) (since v is an A-bimodule isomorphism)

= v(ece ®eae ede) R y(eae e ae ebe)(z eu; ®p Vie)

3

= y(ece Qeae ede) R, y(eae Rcae ebe)A g(exe) (since Ay is an A-bimodule morphism)
= mp(a)(v(eae ®cac ebe) @y, y(ece Deac ede))(exe)
= v(eaebece @ 4. ede)(exe)

= J(eaebece R 4. ede)(exe).

Thus we obtain that 7 o mp(eae) = mp(a) © (7* ® 7*). Therefore, the above diagram is commutative.

By dualising the above diagram, we have the following commutative diagram

A—24 L A@, A

wl |re

Acae
ede =24 ede ®y eAe

In other words,
(T@m)As = Acaem.
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We keep the notations introduced in the above theorem.
Corollary 3.2.11. Kernel of w is a coideal of the gendo-symmetric algebra A.

Proof. By the above theorem, we have (m®@m)A 4 = Agaem. Since Apa.m(Ker(m)) = 0, (m@7)A 4 (Ker(w)) =
0, that is, As(Ker(m)) C Ker(r ® 7). Observe that

Ker(r @ m) = Ker(m) ® A + A ® Ker().
Therefore, A 4 (Ker(w)) C Ker(m) ® A+ A®Ker(n). By definition of coideal, Ker(7) is a coideal of A. O

Example 3.2.12. Let A be the path algebra of the following quiver

B1 B2 Bs

such that ajaz = 0, agaz = 0, 8382 = 0, B = 0, frar = azf2, faaz = azf3 and Pzaz = 0.
Observe that A is a gendo-symmetric algebra. We choose e = e; + e5 + e3 so that Ae is a basic faithful

projective-injective A-module. Then eAe becomes a path algebra of the following quiver

(e 5] (6]
1 2 3

B1 B2

such that ayas = 0, 82681 = 0, a1f101 = 0, Bocsfs = 0 and afe = PBra;. The map 7 is explicitly
defined on the basis elements by

m:A— edAe
€1 — e
€o — €9
e3 — es
eqs— 0
a1 — aq
Qg — Qo
as— 0
B1— B
B2 — B2
B3 — 0
a1 = a1
pray = Prag

Braz = Paaa.
Suppose that A4 is the comultiplication of A which is defined on the basis elements by

Agler) =i @er+o1 @ P1+e1®@aif
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Ayglonfr) = a1f1 @ aq
Ay(Bron) = Brog @ Brog
A (Bro) = Bty @ Paars.

such that (7 ® m)A4 = AggeT.

The following result shows the relation between the comultiplications of gendo-symmetric algebra A

and gendo-symmetric quotient algebra B = A/I, where I is a two-sided ideal of A.

Theorem 3.2.13. Let A and B be gendo-symmetric algebras such that B = A/I, where I is a two-
sided ideal of A, and w: A — B be the canonical surjection. Suppose that Ae and Bf are basic faithful
projective-injective A-module and B-module, respectively, where e = €'+e€” is an orthogonal decomposition
and f =€ + 1. Let Ay be a comultiplication of A. Then there exists a comultiplication Ag of B such
that (T @ m)A s = ApT.

Proof. Since A and B are gendo-symmetric, there are multiplications mp4) : D(A4) ®x D(A) — D(4)
and mp(p) : D(B) ®, D(B) — D(B), respectively. Note that mp4) is a A-bimodule and mpp) is a B-
bimodule morphism. Let 7 : A — B be the canonical surjection. By dualizing this surjective morphism,
we obtain an injective morphism i : D(B) — D(A). Observe that there is an algebra isomorphism
¢ : D(B) = D(A/I) = I° where I° = {f € D(A) | f(z) = 0, for all z € I}. Then we obtain that
i:D(B) 2 1° < D(A), that is i = i¢, where i : I° < D(A) is an inclusion.
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There are also A-bimodule isomorphism v : Ae ®q4. eA = D(A) and B-bimodule isomorphism
7:Bf ®spy fB=D(B). We can write 7 as 7 : Ae' /I @1 ae /1 € AT = D(B).

Therefore, the injective morphism 7 can be defined as
i(Y((a€' + 1) ®craer 1 (€'b41))) = idp(V((a€' + 1) @craer 1 (€'b+1))) = i(y(ae’ @cace'd)) = y(ae’ @cace'd)
such that y(ae’ ®cac €'d)(x) = 0 for all x € I. Therefore, we obtain the following commutative diagram.

D(B) @ D(B) "2 D(B)

Z®5J{ J{E

D(A) @), D(A) % D(A)
Let us check this commutativity. From Section 3.2, it is known that mp4) and mpp) are defined by
mp(a) : D(A) @ D(A) = D(A) ®4 D(A) =D(4) ()

and

respectively. Therefore,

imp(p) (V((ae’ + 1) ®@craerj1 (€'b+ 1)) @k F((ce' + 1) ®eraeryr (€'d+1)))
Vi ((ae’ + 1) @eraerss (€b+1) @ a1 (€ + 1) @eraeryr (€d+ 1))
AT ((ae'bee’ + 1) S eryr €+ 1))
=ip(((ae'bee’ + 1) @eracryr (€'d +1)))
=i(y(ae’bee’ @eae €'d))
=~(ae’bee’ @eae €'d),

where (1) is obtained by (xx), and

mpa) (i @) (F((ae’ + I) @eraeryr (€'b+ 1)) @ F((ce’ + 1) ®eraerjr (€'d + 1))
=mpa)(i(T((ae' + 1) @ perjr (€'b+1))) @y i(F((ce’ + 1) ®eraer 1 (€'d +1))))
=mp(a)(ip(F((ae' + 1) @ aer /1 (€0 +1))) Qp id(F((ce’ + 1) @er a1 (€'d +1))))
=mp(a)(i(7(ae’ @cac €'b)) R i(y(ce’ @eac €'d)))
=mp(a)(7(ae’ @cae €'b) @ Y(ce’ Rcac €'d))

@7(%’ @ee €b @4 ce’ Dene €'d)
=y(ae'bee’ @eae €'d),

where (2) is obtained by (). Hence, we obtain that imppy = mp(a)(i ® 7). By dualising the above

diagram, we have the following commutative diagram

A-245 A, A

.

B 2%, B, B
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where 7 : A — B is canonical surjection. Then we obtain that

(m@m)Ays = Apm.

Let us illustrate this result by an example.

Example 3.2.14. Let A be the path algebra of the following quiver

such that cyas = 0, B281 = 0, Boas = 0, f1a; = aBe which is given in Example 3.2.8, and B be the
path algebra of following quiver

—_—
1 2

B1
such that 81a; = 0 which is given in Example 3.2.7. Observe that B = A/Ae3A. Let m: A — B be the

canonical surjection. Let Ay be the comultiplication of A which is computed in Example 3.2.8. Then

there exists a comultiplication A g of B, which is computed in Example 3.2.7, such that (r®@7)A 4 = Apgm.

In Theorem 3.2.13, we assumed that e = ¢/ + ¢ is an orthogonal decomposition and f = ¢’ + I. Let

us see why this assumption is necessary by an example.

Example 3.2.15. Let A be the algebra given in previous example and e = e; 4+ e3. Let I = radA.
Then B = A/radA is semisimple and so symmetric. Here we can consider B as the path algebra of the
quiver which has 3 vertices and no arrows. Since B is symmetric, f = 1p = e; + e3 + e3. We see that
this example does not satisfy the assumption in the theorem. We now determine the invertible central
elements of B. Any element z € B can be written by = ci1e1 4+ coes + c3e3 where ¢1, ¢2, c3 € k. Suppose

that z is an invertible element of B such that xy = 1, where y = d1e1 + dses + dze3. Then

Ty = (0161 —+ Co€o —+ 6363)(d161 —+ d2€2 —+ dgeg)
= c1dieq + cadses + c3dses

=e1; +e2 + e3.

Hence, ¢1dy = cads = c3d3z = 1. This means that ¢, ca, c3 are nonzero elements of the field k. Moreover,

for any b = bye; + boes + bges € B, we observe that

(Z?b = (6161 —+ Co2€9 + 6363)(1)161 + b2€2 + bgeg)
= c1bie1 + cabaes + c3bses
= bycieq + bacoes + bscses

= (bier + baea + bzes)(crer + caea + cae3) = b

Then we obtain that the central invertible elements of B are of the form x = c¢ieq1 + coea + cze3 where
c1, o, c3 are nonzero elements of the field k.

By Corollary 3.2.4, any comultiplication Ap of B on the basis elements is of the form

Ap(er) =cie1 ® eq
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Ap(e2) = coea ®@ e

AB(eg) = c3e3 K es.
Let m: A — B be the canonical surjection. Then we observe that
(rom)Aaler) = (r@m)(a1f1 ®er +a1 ®PBr +e1®@aif) =0

and
ABﬂ'(el) = AB(el) =c1e1 Qe

are not equal and the conclusion of Theorem 3.2.13 does not hold.

3.2.1 Gendo-symmetric Schur algebras

Schur algebras, named after Issai Schur who was a student of Frobenius, are certain finite dimensional
algebras which relate representation theories of general linear and symmetric groups. In fact, this relation
is obtained by using an important theorem which is called Schur-Weyl duality. Some Schur algebras are
also contained in the class of gendo-symmetric algebras. Therefore, we will give a place to Schur algebras
in this study.

In this part, we first give the definition of Schur algebras and indicate in which case the Schur algebras
are gendo-symmetric. At the same time, we give information about their dominant dimension. Later we
introduce the Schur-Weyl duality and give some related examples. Lastly, we give some results from [33]
to show the motivation of the main results of this subsection.

For more information about Schur algebras, see [7] and [17].

Let k be an infinite field, n and r be two natural numbers. Let I(n,r) be the set of multi-indices
(41, ...,%r) with i, € {1,...,n} for 1 < p <r. Let Ag(n,r) be the k-space of homogeneous polynomials of
degree 7 in the n? indeterminants {c; ; | 1 <1i,j < n}. This k-space Ag(n,r) is clearly spanned by the
monomials ¢; j = ¢;, j,...Ci,j, Where i,j € I(n,r). The Schur algebra Sy(n,r) is defined to be the k-dual
of Ag(n,r). )

Let n > r. Then Sk(n,r) is gendo-symmetric (see [13]). Therefore, any faithful projective and
injective left Si(n,r)-module satisfies the double centralizer property and the dominant dimension of
Sk(n,r) equals

max{d | H'(C$, (1) =00 <i<d}+1,

by Theorem 3.3.1 which is given in the next section. Moreover, if » > p = char(k) > 0, then
dom.dimSy (n, r) = 2(p—1) ([15], Theorem 5.1); otherwise, Sk (n, ) is semisimple and so dom.dimSy(n,r) =
00.

Let n < r. In this case, the Schur algebra Si(n,r) does not always have a faithful projective-injective
module and may have dominant dimension zero. Instead of projective-injective modules, in [22], Koenig,
Slungard and Xi used (partial) tilting modules, that is, self-dual modules which are filtered by Weyl
modules.

However, in [12], Fang made some further investigation and more results under the mild condition

r <n(p—1); and he proved the following theorem.

Theorem 3.2.16. ([12], Theorem 8.10) Let k be an infinite field of characteristic p > 0, n and r be two

natural numbers. If r < n(p — 1), then Sk(n,r) is gendo-symmetric with dominant dimension equal to
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the largest number t (or oo) such that the following complex is exact

Ap(n,r)®t+1) % Ap(n,r)® — . % Ag(n,r) QK Ag(n,r) % Ag(n,r) =0
where 0;(ap @ ... ® a;) = Zj;})(fl)jao ®.0aj-1®0(aj,aj41) Daj12 Q... ®a; for ag,...,a; € Ag(n,r)
and © is the multiplication map defined in [12], Theorem 3.2.

The condition r < n(p — 1) in the last theorem is sufficient but not necessary for Si(n,r) to be
gendo-symmetric. For example, if k is an infinite field of characteristic 2, then Sk(2,3) is semisimple by
Theorem 2 in [8], hence it has dominant dimension co. S(2,4) has dominant dimension 0 by [22]; and
Sk(2,7) has dominant dimension 2 since it is Morita equivalent to Sk(2,2) x k x k. Here both S;(2,3)
and Si(2,7) are gendo-symmetric.

Remark 3.2.17. The ¢-Schur algebras are g-analogues of the classical Schur algebras, in which the sym-
metric group is replaced by the corresponding Hecke algebra and the general linear group by an appro-
priate quantum group.

Now we introduce an outstanding result which is called Schur-Weyl duality.

Theorem 3.2.18. (Schur-Weyl duality) Let n and r be two natural numbers and let k be an infinite field
of any characteristic. Let the general linear group GLy (k) act diagonally from the left on E = (k™)®"
(with natural action on k™) and let the symmetric group X, act from the right by place permutations.
Denote by Sk(n,r) the algebra generated by the image of the GLy,-action (the "Schur algebra”).

(a) Suppose n > r. Then there is a double centralizer property

Sk(m 7’) = E?’Ld}czr (E)
kZT = EndSk(n,r) (E)

(b) Suppose n < r. Denote by B the quotient of k¥, modulo the kernel of the action of k¥, on E.

Then there is a double centralizer property

Si(n,r) = Endp(E)
B = Endsk(n,r) (E)

(¢) Parts (a) and (b) remain true if one replaces the Schur algebra Sik(n,r) by the quantized Schur
algebra Sq(n,r) and the group algebra kX, of the symmetric group by the Hecke algebra Hq(r) (¢ # 0)
of type A.

Schur [29] proved (a) and (b) at least in characteristic zero in order to relate the representation
theories of the general linear and the symmetric groups. There are various proofs for the general case.
For different approaches and cases, see [5], [6], [9], [10] and [19]. In [22], there is also a computation-free
proof. In addition, see [17].

Theorem 3.2.19. (/22], Theorem 1.3) (a) A (classical or quantized) Schur algebra S(n,r) with n > r
has dominant dimension at least two.
(b) For a (classical or quantized) Schur algebra S(n,r) with n < r there is a tilting module T such

that S(n,r) has T-dominant dimension at least two.

Example 3.2.20. The algebra A in Example 3.1.2 is Morita equivalent to the Schur algebra S (2,2) if
k is an infinite field of characteristic 2. Then B = eAe is the corresponding group algebra k¥, occuring
in Schur-Weyl duality.
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Example 3.2.21. The algebra A in Example 3.1.3 is Morita equivalent to a block of a quantised Schur
algebra in quantum characteristic four. Then B = eAe is the corresponding block of a Hecke algebra

occuring in quantised Schur-Weyl duality.

From now on, we underline some remarkable parts of [33] by Xi. So until the next section we assume

that & is an algebraically closed field and n > r. We consider the case char(k) = p > 0 and r = p.

Theorem 3.2.22. (/33], Theorem 2.8) Let A be a connected basic symmetric algebra and M the socle
of an indecomposable projective left ideal of A such that A/M is quasi-hereditary. Then A is a simple
algebra, or isomorphic to k[z]/(x?) where k[x] is the polynomial ring in one variable x, or there is a

natural number n > 2, such that A is the path algebra of the following quivers

aq 62} Qp—1
1 2 3---n—1 n
B B2 Bn-1

modulo the ideal generated by
i1, Bifio1, i — Biciqi— fori=2,--- n—1;

a1fran, Bn—10n—1Bn—1.

The converse of the above theorem holds.

Note that an algebra A is called quadratic if the basic algebra of A can be written by quiver and
relations with all relations of degree 2. The above theorem equivalently says that if there is an inde-
composable module M over a symmetric algebra A such that F := Ends(4A ® M) is quasi-hereditary,
then the algebra E is quadratic. By Proposition in [33], the algebra Sy (n,p) is Morita equivalent to an
algebra of the form End (44 & M) with A = k¥, and M an indecomposable module. Since the Schur
algebra is quasi-hereditary (see [15]), by Theorem 3.2.22 the basic algebra of Si(n,p) is of the form in

following theorem.

Theorem 3.2.23. ([/33], Theorem) Let k be an algebraically closed field with characteristic p > 0. Then
each block of the Schur algebra Si(n,p) with n > p is either simple or Morita equivalent to the path
algebra P (over k) of

[e %} Qa2 Qp—1
—_— —_— —_—
1 2 3---n—1 n
B1 B2 Bn-1

modulo the ideal generated by
QiQit1, Pit1Bis @ip1Bit1 — Bicy, for1 <1 <n—1;

ﬁn—lan—lv
where n > 1 and depends only on p. Moreover, there is only one non-simple block. Thus, in particular,

Sk(n,p) is a quadratic algebra.

Remark 3.2.24. In [32], Wen considered the case where A is self-injective and obtained a complete list
of self-injective algebras with an indecomposable A-module M such that the k-algebra Enda(A @ M) is
quasi-hereditary, which properly includes the algebras in Theorem 3.2.22.

We observe that the algebra in Theorem 3.2.23 is gendo-symmetric Schur algebra. Now we are ready

to give its comultiplication with following result.
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Proposition 3.2.25. Let A be the path algebra (over k) of the following quiver

aq 6%} Qp—1
—_— —_— —_—
1 2 3---n—1 n
B B2 Bn-1

modulo the ideal generated by
@;0iy1, Bit1Bis qiv1Biv1 — Bicy for 1 <i<n—2;

5n71an717

where n > 2. Then A has a comultiplication /A which is defined on basis elements by

where 1 <i<n—2and1 <j<n-1.

Proof. Let e =e; +e2+ -+ e,_1 since A(eg +ea + -+ + e,—1) is a basic faithful projective-injective
A-module. There exists an (eAe, A)-bimodule isomorphism ¢ which is explicity defined on the basis

elements by

t:eA>=D(Ae)
ei = (aif3i)”
a; = B

*

ﬁjr—>a]

aifi e

79

where 1 <i<n—1land1<j<n-—2.
By using (3.1), the A-bimodule isomorphism ~ is explicitly defined by

i
Bn-1® ap_1+ e
Bi ® e; = ag
e ®a;— BF

e ®@e; = ()",

where 1 <i<n-—1.
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Let f,g € D(A) such that

n n—1 n—1 n—1
SO LRD SRS SRS ST
i=1 i=1 i=1 i=1
and )
9= diel +) boj +Zcﬁ +Zd i)’
i=1 i=1
By using v and (3.2), we obtain that
m(g® f) = (aydy + Vier +dyar)ey + (ajyqdigr +bici +ciqbiva + diqaipa)ey + (b, _qcn-1)ey,
+(bidi + digq i) + (b, dn—1)as,_4
+(cidig1 + dici) B7 + (dy,_ycn—1)B 4

+(dd;) (i B85)",

where 1 <i<n—2and1<j<n-—1. Then

m(g ® f)(e1) = aydy + bier + dyay
m(g ® f)eit1) = z+1dz+1 +bic; + ¢y ybivr + df g aim
m(g ® f)(en) = b_1cn—1
m(g @ f)(ai) = b’d +d b
m(g @ f)(an-1) = % 1dn—1
m(g ® f)(Bi) = cidit1 + dic;
m(g® f)(Bn-1) = dyy_1¢n—1
m(g ® f)(a;65) =

where 1 <i<m—2and 1 <j<n-1
Since (f ® g)A(a) = m(g® f)(a) for all a € A, dualising m gives the desired comultiplication. O

There is a remarkable symmetric algebra given in Theorem 3.2.22. The following results give comul-

tiplication of this algebra and its compatible counit.

Proposition 3.2.26. Let A be the path algebra (over k) of the following quiver

aq a2 Qn—1
—_— —_—
1 2 3---n—1 n
B1 B2 Brn-1

modulo the ideal generated by
@;0iy1, Bit1Bis qip1Biv1 — Bicy for 1 <i<n—2;
arfrar, Bn—10n-18n-1,
where n > 2. Then A has a comultiplication A which is defined on basis elements by
Aler) =11 ®@e1+a1 ®p1+e1 ®@aifr
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A(en) anlanfl ® €n + ﬁnfl ® Qp—1 + €n ® ﬁnflanfl
A(eir1) = dip1Biv1 @ €41 + B @ a4 + i1 @ Big1 + €ip1 © i1 Biva

Aag) = ;i @ a; + o @ a1 Bit1
Alan—1) = an-18n-1 @ an—1+ @1 @ Br-10p1
A(Bi) = ait1Bi+1 @ Bi + Bi ® ai B
A(Bn-1) = Br-10n—1 @ Bn-1+ Bn-1 @ an—18n-1
Ala;B5) = a;B; © ajfb;
A(Bn-10n-1) = Bn-10n—1 @ Bn_10n_1,

where 1 <i<n—2and1 <j<n-—1.

Proof. Since A is symmetric, we choose e = 14. Then there exists an (A, A)-bimodule isomorphism ¢

which is explicity defined on the basis elements by

t: A= D(A)
ei = (05 3)"
€p (ﬁn—lan—l)*

Oti'—>ﬁ;'k

where 1 <7 <n-—1.

By using the similar way with the proof of Proposition 3.2.25, we complete the proof. O

Proposition 3.2.27. Let A and A be as in Proposition 3.2.26. Then the counit § of (A, A) is explicitly

defined on the basis elements by

d:oifj—=1lforl<j<n-—1
ﬂnflanfl'_)l

otherwise — 0.

Proof. Here, A is a symmetric algebra with the A-bimodule isomorphism ¢ which is given in the proof of
Proposition 3.2.26. By taking into account Proposition 3.4.1 which is proved in Section 3.4, and Chapter
2, we see that the counit § of (A, A) corresponds to the Frobenius form of A which is equal to ¢(14).
Since 14 = e; + - -- + e,, we obtain that

n—1

§=1u(1a) =Y (;B)" + (Bu-r0m-1)".

j=1
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3.3 Characterisations of gendo-symmetric algebras and their

dominant dimension

In this section, we first introduce the main result of [13] which gives the characterisation of the dominant
dimension of a gendo-symmetric algebra in terms of exactness of the bar cocomplex. At the same time,
this result shows that the class of gendo-symmetric algebras is characterised by the existence of this bar
cocomplex. Later we give a hypothesis which leads to prove Nakayama conjecture for gendo-symmetric

algebras by using this mentioned result.

Theorem 3.3.1. ([13], Theorem 5.6) Let A be a finite dimensional k-algebra and n > 2 an integer.
Then A is a gendo-symmetric algebra with dom.dimA > n if and only if there is an A-bimodule morphism
A:A— AA®, Aa satisfying

(1) A is injective;

(2) (A® 1A =(1®A)A and

() ImMA C{> u;®@v;, € AR A| Y ua®@v; =Y u; ® av;, Ya € A} such that the complex

Ch: 05 A AR AS A Ac, Ao 005 A%

has cohomologies H'(C%) = 0 for 0 < i < n — 1, where the differential 6" : A®™+1 — A®™+2 s given by:
for any ag,...,a, € A
T
(a0 ®..®a,) =Y (-1)!ag® ... ® a1 ® A(a;) ® ai41 @ ... @ a.
i=0
Remark 3.3.2. In the next section, this characterisation of gendo-symmetric algebras is compared with

Theorem 2.2.3 which is proved by Abrams.

Nakayama conjecture is a major homological conjecture and also a major open problem in represen-
tation theory. It states that if A is finite-dimensional algebra over a field and dom.dimA = oo, then A is
self-injective. Nakayama conjecture for gendo-symmetric algebras states that if A is a gendo-symmetric
algebra and dom.dimA = oo, then A is symmetric. The above characterisation of gendo-symmetric
algebras may lead to prove Nakayama conjecture for gendo-symmetric algebras by first verifying the

following hypothesis.

Hypothesis 3.3.3. Let A be a gendo-symmetric algebra with the comultiplication A. Suppose that the

bar cocomplex C% is exact. Then there exists a counit of (4, A).

The connection to the Nakayama conjecture uses the following implications from [13]:

A gendo-symmetric algebra A with the comultiplication A has a counit = The bar cocomplex of A

is exact = domdimA = oco.

Now let us consider the reverse of these implications. Let A be a gendo-symmetric algebra with the

comultiplication A. Then

1 % 2
dom.dimA = oo = The bar cocomplex of A is exact %) There exists a counit of (A,A) = A s

symmetric.
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1 2
The implications = and = are known by Theorem 3.3.1 and Proposition 3.2.5, respectively. If the
hypothesis is proved, then the implication (*) is satisfied and Nakayama conjecture for gendo-symmetric

algebras is proved.

3.4 Differences between Frobenius and gendo-symmetric alge-

bras with respect to comultiplication

Two large classes of algebras, Frobenius algebras and gendo-symmetric algebras, are characterised by the
existence of a comultiplication with some special properties and both contain symmetric algebras. How-
ever, there are differences between them. In this section, we clarify these differences between Frobenius
algebras and gendo-symmetric algebras with respect to comultiplication by collecting the related results
given in Chapter 2 and in this chapter. But first we give a result on symmetric algebras with respect to

comultiplication.

Recall that oo : A — A ® A is the comultiplication given in Section 2.2 when we assume that A is
Frobenius and A : A - A ®; A is the comultiplication given in Section 3.2 when we assume that A is

gendo-symmetric.

Let A be a symmetric algebra over a field k. We keep the notations introduced in Chapter 2 and this
chapter. Since A is symmetric, we choose e = 14 and have the A-bimodule isomorphism ¢ : A = D(A)
by Section 3.2.

Proposition 3.4.1. Let A be a symmetric algebra with the A-bimodule isomorphism A : A = D(A).
Suppose that X\ = 1. Then « is equal to A.

Proof. Let A be symmetric and ¢ : A 2 D(A) be the A-bimodule isomorphism. There is an A-bimodule
isomorphism
Hom(D(A),A) 2 Homy(A®4 A, A) =2 Homa (A, A) & A,

where the first isomorphism is Hom 4 (7, A4). Let

be the inverse image of 1 € A under the above isomorphism. Then (O o v)(a ® b) = ab for a,b € A. In
particular, © = 171,

Since the Frobenius form € of A is equal to A(14), all elements of D(A) are of the form a - ¢ for any
a € A. By Section 2.2, it is known that the isomorphism X : A = D(A) allows us to define a multiplication
@ such that p(a-e®b-e)=(b-e®a-e)oa=ab-e.

Let ¥ : A®4 A= A be the A-bimodule isomorphism such that 9(a ® 4 b) = ab and ¢/ : A® A —
A ®4 A be the map such that p/'(a ®, b) = a ®4 b for any a,b € A. Suppose that X := X o and
o' = XNop o A"t ® A7 Observe that ¢ = ¢'.

Clearly, there are also isomorphisms of A-bimodules A ®; A : A®; A= D(A) @, D(A) and A®4 A :
A4 A=D(A)®4D(A).

On the other hand, there is a multiplication m : D(A) ®; D(A) — D(A) ®4 D(A) = D(A) which is
given in this chapter such that m(g ® f)(a) = (f ® g)A(a) for any f,g € D(A) and a € A. Then we
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obtain the following commutative diagram

D(A) @, DAY 2% A A—" ~ A, A2~ D(4)

e b s

D(A) @y D(A) —D(A) ® 4 D(A)

where id is the identity map of D(A) ®; D(A). Therefore, we have ¢ = moid, that is, ¢ = m. Dualising
this commutative diagram gives o = A.
For the detailed computation which shows that the above diagram is commutative, see the proof of

Proposition 4.2.19 which will be a more general result than Proposition 3.4.1. [

We have already mentioned that two classes of algebras, Frobenius algebras and gendo-symmetric
algebras, have differences. For example, Frobenius algebras have counit property but gendo-symmetric
algebras do not, in general. Here, it is natural to ask whether there are other properties distinguishing
Frobenius algebras from gendo-symmetric algebras. More precisely, the following question appears.

Question. What are the differences of gendo-symmetric and Frobenius algebras with respect to
comultiplication?

Suppose that A is a finite-dimensional k-algebra. Let FA denote the Frobenius algebras and GA
denote the gendo-symmetric algebras. When we write these abbreviations FA and GA, we assume that
the finite dimensional algebra A is Frobenius and gendo-symmetric, respectively. From now on, we an-

swer the above question by clarifying the differences step by step.

(1) FA. There is a left (or right) A-module isomorphism Homa(D(A), A) = A (Theorem 4.1.7).
Moreover, there is an A-bimodule isomorphism Hom4(D(A), A),, = A, where v, is a Nakayama auto-
morphism of A (Proposition 4.1.11).

GA. There is an A-bimodule isomorphism Hom4(D(A4), A) =2 A (Definition 3.1.1).

Dually,

FA. There is a right (or left) A-module isomorphism D(A) ® 4 D(A) = D(A). Moreover, there is
an A-bimodule isomorphism ,,,D(A) ® 4 D(A4) = D(A).
GA. There is an A-bimodule isomorphism D(A4) ® 4 D(A) = D(A).

(2) FA. a: A — A®; A is a coassociative counital comultiplication on A (Theorem 2.2.3).

GA. A: A— A®; A is a coassociative comultiplication on A. However, there is a compatible

counit if and only if A is symmetric (Theorem 3.2.1 & Proposition 3.2.5).

(3) FA. Im(a) = {>u; ®@v; | Nwir @ v; = S u; @ v, (x)v;, Vo € A}, where vy is a Nakayama
automorphism of A (Theorem 2.2.11).
GA. Im(A) =D u Qv | Y uz®@v; => u; @zv;, Vo€ A} (Lemma 3.2.3).

(4) FA. Let a(14) = 30, 2 @ yi. Then a(la) = S0 y; @ vy (x;), where v4 is a Nakayama
automorphism of A (Proposition 2.2.8).
GA. Let A(14) => x; ®y;. Then A(1a) = y; ® z; (Proposition 3.2.5).

We see that Nakayama automorphism plays crucial role in these differences.
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Remark 3.4.2. The class of gendo-symmetric algebras is closed under Morita equivalences (Proposition
3.2.6), but the class of Frobenius algebras is not ([31], Chapter IV).

We now compare the two important results of Frobenius and gendo-symmetric algebras. Let us first

remember them.

Theorem 1. ([2], Theorem 2.1) An algebra A is a Frobenius algebra if and only if it has a coasso-

ciative counital comultiplication o : A — A ®k A which is a map of A-bimodules.

Theorem 2. ([13], Theorem 3.6) Let A be a finite dimensional k-algebra and n > 2 an integer. Then
A is a gendo-symmetric algebra with dom.dimA > n if and only if there is an A-bimodule morphism
A:A— 4A®, Aa satisfying

(1) A is injective;

(2) (A 1)A=(1®A)A and

(3) ImAC{D u;@v;, € AR A| Dua®v; => u; @av;, Ya € A} such that the complex

Ch: 0 AR A0 A Awy Aoy A 05 AR

has cohomologies H'(C%) = 0 for 0 < i < n — 1, where the differential 6" : A®™T' — A®™+2 s given by:
for any ag, ...,a, € A

8 (ap ® ... ® a,) = Z(—l)iao ® . @ ai—1 @ A05) ® Gig1 @ ... ® ay.
i=0
By using Theorem 2.2.11 which is proved in Subsection 4.2.2 and Theorem 1, we obtain the following

corollary which is similar to Theorem 2.

Corollary 3.4.3. Let A be a finite dimensional k-algebra. Then A is a Frobenius algebra if and only if
there is a counital comultiplication o : A — A @ A which is a map of A-bimodules satisfying

(i) « is injective;

(i7) (a®1)a=(1® a)a and

(iii) Tm(a) = {Sw @ v | Swr @ v = S u; @ vy (x)v, Yo € A}, where va is a Nakayama
automorphism of A.

Moreover, if A is Frobenius, then dom.dimA = co.

We see that Theorem 2 and the above corollary is similar but also they have some differences. First
difference is Nakayama automorphism. Another one is that the comultiplication « is counital. In addition,
if A is Frobenius, it is self-injective and so dom.dimA = oo. Therefore, the characterisation of dominant
dimension of a Frobenius algebra in terms of exactness of the bar cocomplex is unneeded. However, by
using Theorem 2 and Corollary 3.4.3, it would be good to have this kind of characterisation in terms of
bar cocomplex for gendo-Frobenius algebras which are defined in the next chapter. Having this kind of
characterisation for gendo-Frobenius algebras would be a big step to prove Nakayama conjecture. Hence,

it is a good idea to work on this characterisation for further research.
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Chapter 4

Gendo-Frobenius algebras

Two large classes of algebras, Frobenius algebras and gendo-symmetric algebras, are characterised by the
existence of a comultiplication with some special properties. Moreover, both contain symmetric algebras.
Here, it is natural to ask the following question.

Question. Is there a common generalisation of Frobenius algebras and gendo-symmetric algebras
such that this generalisation has a comultiplication, which specialises to the known comultiplications on
Frobenius algebras and on gendo-symmetric algebras?

Answering this question leads to introducing a new class of algebras which we called gendo-Frobenius
algebras.

In [20], Kerner and Yamagata investigated two variations of gendo-symmetric algebras and in fact
these two variations contain gendo-symmetric and Frobenius algebras. First variation is motivated by
Morita [24] and they called a finite dimensional algebra A Morita algebra, if A is the endomorphism ring
of a generator—cogenerator over a self-injective algebra. Second one is defined by relaxing the condition
on the bimodule isomorphism in Definition 3.1.1 (ii) and we call these algebras gendo-Frobenius algebras.
The class of gendo-Frobenius algebras is the common generalisation that we asked in the above question.

This chapter is devoted to introducing gendo-Frobenius algebras and constructing their comultiplica-
tion. We first give the preliminary results, define the gendo-Frobenius algebras and give some examples of
these algebras. In the second section, we construct the comultiplication of gendo-Frobenius algebras and
give the main results of this chapter. We also compare this comultiplication with the comultiplication of
Frobenius algebras which is given by Abrams (Theorem 2.2.3) by assuming that the finite dimensional
algebra is Frobenius. Moreover, we show that there are other approaches to new comultiplications and
carry out these constructions as well. However, it turns out that they all lead to comultiplications which
are lacking crucial properties such as being coassociative.

Finally, we give some results on comultiplication of Frobenius Nakayama algebras and their compatible
counit.

Throughout, all algebras and modules are finite dimensional over an arbitrary field k& unless stated

otherwise. By D, we denote the usual k-duality functor Homy (—, k).

4.1 Definition and examples of gendo-Frobenius algebras

In [24], Morita studied endomorphism algebras of a generator-cogenerator over a self-injective algebra,

and in fact he gave the following theorem.
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Theorem 4.1.1. (/24]) Let A be a finite dimensional k-algebra. Then the following statements are
equivalent:

(i) A is isomorphic to the endomorphism algebra of a finite dimensional faithful module over a self-
injective k-algebra B.

(ii) There is an idempotent e of A such that Ae and eA are injective faithful (left and right respectively)
A-modules and the (A, eAe)-bimodule Ae has the double centralizer property.

(iii) There is an idempotent e of A such that Ae and eA are injective faithful (left and right respec-
tively) A-modules and the (eAe, A)-bimodule eA has the double centralizer property.

Note that if B is a self-injective algebra, then a finite dimensional faithful B-module M is a genera-
tor—cogenerator, since there is a (split) monomorphism B < M" for some r > 1. Motivated by Morita,

in [20], Kerner and Yamagata gave the following definition.

Definition 4.1.2. A finite dimensional k-algebra A is called Morita algebra with associated idempotent

e and associated self-injective algebra B if it satisfies the conditions in Theorem 4.1.1.

Morita algebras form a class of algebras properly containing all self-injective algebras and Auslander
algebras of self-injective algebras of finite representation type. They are properly contained in the class
of algebras with dominant dimension at least 2.

In [20], Kerner and Yamagata investigated two variations of gendo-symmetric algebras. First one
is the algebras which is given in the above theorem, that is, Morita algebras and cleary it contains
both gendo-symmetric and Frobenius algebras. Moreover, they gave some important results on Morita
algebras (see [20]). Second one is defined by relaxing the condition on the bimodule isomorphism in
Definition 3.1.1 (ii), and in fact we focus on this variation. Before explaining this, let us give some
preliminary results.

Let A and B be finite dimensional k-algebras and 4Xp be an (A4, B)-bimodule. Then the right

multiplication map

rx : B— Enda(X)”

bl—>7“b

and the left multiplication map

Ix : A—>EndB(X)

a—l,

are algebra homomorphisms. X is said to have double centralizer property if both rx and [ x are bijective.

Lemma 4.1.3. (/20], Lemma 1.1) Let 4 Xp and oYp be finite dimensional (A, B)-bimodules.

(i) If « X 2Y as left A-modules for some o € Aut(A), and rx as well as ry are isomorphisms, then
there is 8 € Aut(B) such that X =Yg as (A, B)-bimodules.

(11) If X =Yg as right B-modules for some 8 € Aut(B), and lx as well as ly are isomorphisms, then
there is v € Aut(A) such that X = Ys as (A, B)-bimodules.

Remark 4.1.4. The following lemma is obtained from the Lemma 2.4 in [20]. In Lemma 2.4, we see that
for a finite dimensional k-algebra A such that D(Ae) = eA as right A-modules for an idempotent e of A,
there is an (eAe, A)-bimodule isomorphism ,,_, eA = D(Ae), where v, 4, is a Nakayama automorphism of

eAe. But in the following lemma, under the same assumption, there is an (e Ae, A)-bimodule isomorphism
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vl eA = D(Ae). This difference comes from the definition of the Nakayama automorphism. We use
Definition 2.1.11, but Kerner and Yamagata use the following definition.

For a Frobenius algebra A and a nondegenerate associative k-bilinear form (—,—) : A x A — k,
k-algebra automorphism v : A — A with (v(z),y) = (y, ) for all x,y € A is said to be the Nakayama
automorphism of A associated to (—,—). As a result of this, they use the fact that for a Frobenius
algebra A, there is an (A, A)-bimodule isomorphism D(A4),, = A.

But in this work, it is more convenient to use Definition 2.1.11 of Nakayama automorphism. Therefore,

some of the results which are given in [20] will be rearranged by considering these differences.

Lemma 4.1.5. Let A be a finite dimensional k-algebra and D(Ae) = eA as right A-modules for an
idempotent e of A. Then eAe is Frobenius and Vo eA = D(Ae) as (eAe, A)-bimodules, where Vea. is a

Nakayama automorphism of eAe.

Proof. Observe that (eAe, A)-bimodules D(Ae) and eA are faithful eAe-modules and l.4 : ede —
Enda(eA) and Ipae) : eAe — Enda(D(Ae))°? are isomorphisms. Let us apply Lemma 4.1.3 (ii) to
the right A-module isomorphism eA = D(Ae). Then we obtain an (eAe, A)-bimodule isomorphism
oA = D(Ae) where « is an automorphism of eAe. Multiplying e on the right implies an (eAe, eAe)-
bimodule isomorphism ,ede = D(eAe). By taking the dual of this isomorphism, we obtain that
D(eAe), = eAe as (eAe, eAe)-bimodules. Therefore, eAe is a Frobenius algebra and a~! is a Nakayama
automorphism of eAe (see Chapter 2). Thus, we get vl eA = D(Ae) as (eAe, A)-bimodules. O

Definition 4.1.6. Let A be a finite dimensional k-algebra. An idempotent e of A is called self-dual if
D(eA) = Ae as left A-modules, and faithful if both Ae and eA are faithful A-modules.

Observe that self-duality of an idempotent is left-right symmetric. Obviously, an algebra A is a
Frobenius algebra if and only if the identity 14 of A is a self-dual idempotent.

Now, we are ready to explain the second variation which we mentioned before. Inspired by [14], in
[20], Kerner and Yamagata considered the case, when the module Hom 4(D(A), A) is isomorphic to A,

at least as a one-sided module and they obtained the following result.

Theorem 4.1.7. ([20], Theorem 3) For a finite dimensional k-algebra A, the following statements are
equivalent:

(i) Homa(D(A), A) = A as left A-modules.

(i1) Homa(D(A), A) = A as right A-modules.

(iii) A is a Morita algebra with an associated idempotent e such that eAe is a Frobenius algebra with
Nakayama automorphism veae and Ae = Ae,, . as right eAe-modules.

(iv) A is a Morita algebra with an associated idempotent e such that eAe is a Frobenius algebra with
Nakayama automorphism Vese and eA =, _, eA as left eAe-modules.

(v) A is isomorphic to the endomorphism algebra of a finite dimensional faithful right module M over
a Frobenius algebra B such that M = M, as right B-modules.

(vi) A is isomorphic to the opposite endomorphism algebra of a finite dimensional faithful left module
N owver a Frobenius algebra B such that N =2 ,, N as left B-modules.

Remark 4.1.8. The idempotent e of A in Theorem 4.1.7 is self-dual and faithful by the proof of Theorem
3 in [20].

Definition 4.1.9. A finite dimensional k-algebra A is called gendo-Frobenius if it satisfies one of the

equivalent conditions in Theorem 4.1.7.
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From conditions (iii) and (iv) in Theorem 4.1.7, we see that Frobenius algebras are gendo-Frobenius

by choosing e = 14.

Theorem 4.1.10. (/20], Theorem 4.2) Let A be a Morita algebra. If B is Morita equivalent to A, then
B is a Morita algebra.

But the class of gendo-Frobenius algebras is not closed under Morita equivalences since the property
Homy (D(A), A) = A as left (or right) A-modules is not Morita invariant.
We may visualize the hierarchy of the finite dimensional algebras which are given in this study as

follows.

Morita algebras

’

Gendo-Frobenius algebras

/ \

Frobenius algebras Gendo-symmetric algebras

-

Symmetric algebras

In the above diagram, an arrow means the class on top contains the class below.
The following proposition is the rearranged version of Proposition 3.5 in [20] by taking into account
Remark 4.1.4.

Proposition 4.1.11. Let Homa(D(A), A) = A as left A-modules for an algebra A and D(Ae) = eA as
right A-modules, where Ae and eA are faithful. Then there is an automorphism o € Aut(A) such that

(i) Homa(D(A), A)y =2 A as (A, A)-bimodules and o is uniquely determined up to an inner automor-
phism.

(ii) eA >, ,.eA, as (eAe, A)-bimodules.

(iii) Moreover, in case e is basic, we can choose the o such that o(e) = e and the restriction of o to

eAe is a Nakayama automorphism of eAe.

Proof. (1) The proof is similar to the proof of Proposition 3.5 (i) in [20]. But here we apply Lemma 4.1.3
to the isomorphism 4A = 4Homa(D(A), A). So we obtain that there is an automorphism o such that
A= Homuy(D(A),A), as (A4, A)-bimodules.

(ii) By applying e on the left side of the (A, A)-bimodule isomorphism A = Hom4(D(A), 4),, we

obtain the following (eAe, A)-bimodule isomorphisms

eA >~ eHomy(D(A), A)y = Homy(D(A)e, A),
= Homyu(D(eA), A), =2 Homy (Ae,, ., A)s

= v Homy (Aev A)U = eae eAq

since D(eA) = Ae,,,, as (A, eAe)-bimodules.

(iii) We first replace o in the proof of Proposition 3.5 (iii) in [20] with o~!. Then by using the same
proof, we obtain that there is a § €Aut(A) with 6(z) = cze™! for all z € A, where ¢ is an invertible
element in A such that (fo~!)(e) = e and §o~1 €Aut(A). Observe that Hom4(D(A), A) & A,-1 = Agy—
as (A, A)-bimodules, because A = Ay as (A, A)-bimodules. By replacing ! with fo~!, we obtain that
o~ !(e) = e, that is, o(e) = e. Now, we multiply e on right side of the isomorphism eA, = -1 eA

eAe

given in (ii). Then we obtain (eAe, eAe)-bimodule isomorphisms ede,, = -1 eAe = eAe,,,, , where o,
- VeAe esae
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denotes the restriction of o to eAe. By using Lemma I1.7.15 and Corollary IV.3.5 in [31], we obtain that
0e = Oeveae for some inner automorphism 6. of the algebra eAe, which shows that o, is a Nakayama

automorphism of eAe. O

4.1.1 Examples
In this part, some examples of gendo-Frobenius algebras are exhibited.

Example 4.1.12. Let k be a field and @ be a quiver given as follows:
1
‘XV Y”

Let I be the ideal in the path algebra kQ generated by ajasas, asasa; and agajas; and A = kQ/I be

the associated bound quiver algebra. By Theorem 2.1.24, A is Frobenius and so gendo-Frobenius.

Example 4.1.13. Let B be the path algebra of the following quiver

1 i) 2
5
such that 5182 = 0 = 28;. Then B is a nonsymmetric Frobenius algebra (see Subsection 2.1.3) and it
has a Nakayama automorphism vp such that vg(e;) = es, vp(e2) = ey, vp(81) = B2 and vg(B2) = Bi.
Let M = B® S1 ® S, where S; and S are simple modules corresponding to e; and eg, respectively;
and A = Endp(M). Then M is a faithful right B-module, and A is a Morita algebra with associated
Frobenius algebra B. Moreover, M,, = M as right B-modules. Hence, by Theorem 4.1.7, we obtain
that A is a gendo-Frobenius algebra and also Hom4(D(A), A) = A as one-sided A-modules. Note that

A is isomorphic to the path algebra of the following quiver

1
;V w;
N

such that azas =0 = agaq.

Remark 4.1.14. Even if A is a basic Morita algebra, it does not need to be a gendo-Frobenius algebra. Let
us consider the algebra B in Example 4.1.13. Let M = B®S;. Then Mp is faithful and A = Endg (M) is
a Morita algebra with associated Frobenius algebra B. However, M, , 2 M as right B-modules. Hence,
by Theorem 4.1.7, A is not gendo-Frobenius, and also Hom4(D(A4), A) 2 A as one-sided A-modules.

Since the class of gendo-Frobenius algebras contains the classes of gendo-symmetric and Frobenius

algebras, all examples given in Chapter 2 and Chapter 3 are also examples for gendo-Frobenius algebras.

4.2 Gendo-Frobenius algebras and comultiplication

In this section, inspired by [13], we construct a coassociative comultiplication (possibly without a counit)

for gendo-Frobenius algebras and give its properties. For this aim, we first give some preliminary results.
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For simplicity, we keep the notations, which we will introduce throughout this part, until the next
subsection.

Let A be a gendo-Frobenius algebra with a faithful and self-dual idempotent e. By following Lemma,
4.1.5, fix an (eAe, A)-bimodule isomorphism ¢ : vl eA = D(Ae), where v.4. is a Nakayama automor-
phism of the Frobenius algebra eAe. Since A is gendo-Frobenius, there is a left A-module isomor-
phism Hom4(D(A), A) =2 A. Then by Proposition 4.1.11 (ii), fix an (ede, A)-bimodule isomorphism

n:eA, = vl eA, where o € Aut(A) and it is uniquely determined up to an inner automorphism.

Lemma 4.2.1. Let A be a gendo-Frobenius algebra with a faithful and self-dual idempotent e. Then
Ae ®cpc €Ay = D(A) as A-bimodules.

Proof. By using the double centralizer property of Ae and the isomorphisms ¢ and 7, we obtain the

following A-bimodule isomorphism

A = Hom, 4.(Ae, Ae) 2 Hom, 4.(D(Ae), D(Ae))
= Homeae(,-1 eA,D(Ae))
=~ Homy (Ae ®cae vl eA, k)
= Homy (Ae ®cae €Aq, k).

Let us fix an (ede, A)-bimodule isomorphism 7 : eA, = D(Ae) by using ¢ and n. Then by dualising
Homy (Ae®eac €Ay, k) = A, we obtain that there is an A-bimodule isomorphism 7 : Ae®cac.eA, =2 D(A)
such that

v(ae @¢ae eb)(x) = T(ebo(x))(ae) (4.1)

for all a,b,x € A. O

Proposition 4.2.2. Let A be a finite dimensional k-algebra. Then A is gendo-Frobenius if and only if
there exists an automorphism w € Aut(A) such that D(A),-1 ® 4 D(A) = D(A) as A-bimodules.

Proof. Let A be gendo-Frobenius. By using the isomorphism -, observe that there is an A-bimodule

isomorphism v : Ae ®c 4. eA = D(A),-1. Hence, there is an A-bimodule isomorphism

€:D(A),—1 ®4 D(A) (N;) (Ae ®cac eA) @4 (Ae Rene €As)
>~ Ae Qese €A Rosne €Ay (4.2)
= Ae ®cse €As
=D(4),

1

where (1) is Y71 ®4 771, and it is explicitly defined by

€:7'(ae Reac €b) @4 Y(ce Reae ed) > (ae Reae €b) @4 (ce Reae ed)
— ae Reae €bce Reae ed
— aebce ®eae ed

— y(aebce e e €d),
for any a,b,c,d € A. Here, w = 0.
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Now let D(A),-» ®4 D(A) = D(A) as A-bimodules. Taking the dual of this isomorphism gives
the A-bimodule isomorphism Hom(,D(A),A) = A. Then we obtain the following isomorphisms of
A-bimodules

A2~ Homy(,D(A), A) 2 Homu(D(A), A)..

It means that there is a left A-module isomorphism Hom(D(A), A) =2 A and by Definition 4.1.9, A
is gendo-Frobenius. Here, for any a € A, w(a) = o(uau™!), where u is an invertible element of A by
Proposition 4.1.11. O

Let mq be the composition of the canonical A-bimodule morphism
¢ :D(A)g-1 @ D(A) = D(A)5-1 @4 D(A)
with the isomorphism € given in the proof of Proposition 4.2.2 such that
mi : D(A)y-1 @ D(A) % D(A),-1 @4 D(4) = D(A),
where

m : Y (ae Recae €b) @k y(ce Reae ed) — 7' (ae @eae €b) @4 y(ce Reae ed)

— y(aebce Qe e €d).
Let mo : D(A) ® D(A) — D(A),-1 ® D(A) be the map which is defined by
ma(y(ae @k eb) @y y(ce ® ed)) = ' (ae ® eb) ®y, y(ce ® ed),

where v(ae @ eb),y(ce ® ed) € D(A) and +'(ae ® eb) € D(A),-1.
Claim. The map mo is an A-bimodule morphism.

Proof of Claim. It is enough to check that
ma(zy(ae ® eb) ®y v(ce ® ed)) = xma(v(ae ® eb) ®y y(ce ® ed))

and
ma(y(ae ® eb) @y, y(ce ® ed)y) = ma(y(ae ® eb) @y, v(ce ® ed))y
for any z,y € A. We observe that
ma(zy(ae @eae €b) Rk Y(ce Reae €d)) = ma(y(zae Rcae €b) ®y y(ce Rcac ed))
=7/ (zae Qcae €b) R Y(ce Deae ed)

xma(y(ae @cae €b) Rk Y(ce Repe ed)) = z7v' (ae Deae €b) Ok ¥(ce Reae ed)
= v'(zae ®cac €b) @y, y(ce Reae ed).

Therefore, ma(zy(ae ® eb) Qi v(ce ® ed)) = xma(vy(ae @ eb) @i v(ce ® ed)). Also,

ma(y(ae Recae €b) @k y(ce Reae ed)y) = ma(y(ae @cae €b) @ Y(ce Rcac edo(y)))
= 7' (ae Recae €b) @, y(ce Reae edo(y))
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ma (7(06 ReAe Eb) Rk ’7(06 ReAe ed))y = ’7/(046 Rede eb) R W(Ce ReAe ed)y
= 7'(ae Rcae €b) @k y(ce Reae edo(y)).

Hence, ma(y(ae®eb) kv (ce®ed)y) = ma(y(ae®eb)®ky(ce®ed))y. This means that ms is an A-bimodule

morphism.

Let m be the following composition map

where

m : D(A) @5, D(A) ™ D(A), 1 @, D(A) ™ D(A),

m : y(ae Reae €b) @k y(ce Deae ed) — 7' (ae Reae €b) R Y(ce Reae d)
— y(aebce @ ac ed).

Dualising m yields an A-bimodule morphism

such that

A:A— AAQr Aa

(f @ 9)A(z) = m(g ® f)(x)

for any f,g in D(A) and z in A.

Theorem 4.2.3. Let A be a gendo-Frobenius algebra. Then

A:A— AJAQ; Ap

s a coassociative comultiplication which is a map of A-bimodules.

The proof of Theorem 4.2.3 consists of the following two lemmas.

Lemma 4.2.4. The map m satisfies

m(lem)=m(m®e1)

as k-morphisms from D(A) ®y D(A) @i D(A) to D(A).

Proof. For any a,b,c,d,z,y € A, the definition of m imply that

Then

m(y(ae ® eb) @ y(ce ® ed)) = myma(y(ae ® eb) @y, v(ce ® ed))
m1 (Y (ae ® eb) @y, v(ce ® ed))
= v(aebce @ ed).

m(1 ©m)(y(ae ® eb) @1 v(ce ® ed) @x (ze © ey)) = m(y(ae ® eb) ©x A(cedze © ey))
= v(aebecedze & ey)
m(m ® 1)(v(ae ® eb) @, v(ce @ ed) Ry y(zre @ ey)) = m(vy(aebce ® ed) R v(xe ® ey))
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= y(aebcedze & ey)

This means that m(1 ® m) = m(m ® 1). O

Lemma 4.2.5. Let A: A — 4 A Qi Aa be as above. Then
(i) A is an A-bimodule morphism.
(it) (1® A)A = (A®1)A.

Proof. (i) By definition of A, there are the following equalities for a, b, ¢, d, z,y € A.

(v(ae ® eb) ® y(ce ® ed))A(xy) = m(7(ce ® ed) ® v(ae @ eb))(zy)

= v(cedae ® eb)(xly) = vy(ycedae ® ebo(x))(1)
(1(ae ® cb) ® y(ce ® ed))2AA () = 7(ae ® ebo(x)) © y(ce ® ed) A(y)
v(cedae ® ebo(x))(y) = v(ycedae @ ebo(x))(1)
(v(ae ® eb) @ y(ce @ ed)) A(z)y = (y(ae @ eb) @ y(yce @ ed)) A(x)
~v(ycedae & eb)(x) = y(ycedae ® ebo(x))(1)

Therefore, A(zy) = zA(y) = A(z)y, that is, A is an A-bimodule morphism.
(i) Let A(u) = > u; ®v; for u € A. Then
((ae ® eb) @ y(ce ® ed) @ y(ze ® ey)) (1@ A)A(u) =Y y(ae @ eb)(u;)(y(ce @ ed) @ (e @ ey)) A(v;)
=Y y(ae @ eb)(wi)y(weyce @ ed)(v;)
= y(ae ® eb) ® y(weyce @ ed)A(u)
= y(zeycedae ® eb)(u)
(v(ae ® eb) ® y(ce ® ed) © Y(we ® ey))(A ® DA(w) = 3 (ae ® eb) @ y(ce ® ed)A(u;)y(ze ® ey)(v;)

= Z v(cedae ® eb)(u;)y(ze ® ey)(v;)
= y(cedae ® eb) ® y(re @ ey)A(u)
= vy(zeycedae @ eb)(u)

This means that (1 ® A)A = (A® 1)A. O
Proposition 4.2.6. Let A be a gendo-Frobenius algebra and A : A — s A ®; A be as above. Then
Im(A) = {Z u; Q vy | ZUM Qu; = Zui ® o (x)v;, Vo€ A}

Proof. Let ¥ = {>u; @v; | Yuiz @ v; = > u; @ o Hz)v;, Vo € A} Let A(u) = Y u; ® v;, for any
u € A. Then for any f,g € D(A) and z € A,

(f@g)O ur®v)=(zf®g)A(u) =m(g®zf)(u)

(f®9)Q ui®o (2)v) = (f© g0} (2)Au) = m(go~ () @ f)(u).

By definition of m, there is an equality m(g @y 2 f) = m(go~1(x) @k f). Because, let f = v(ae ® eb) and
g = (ce ® ed), then

m(g Qx zf) = mima(y(ce ® ed) Qi zy(ae ® eb)) = mima(v(ce ® ed) ®y, v(zae ® eb))
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=mq (7' (ce ® ed) @y, y(zae @ eb)) = y(cedrae @ eb)
m(go ™ (z) @1 f) = mima(y(ce ® ed)o () @1, Y(ae @ eb)) = mima(y(ce @ edx) @y y(ae @ eb))
=my (7 (ce ® edz) @y, v(ae @ eb)) = y(cedrae @ eb).

Thus A(u) € ¥ and so Im(A) C X.
Conversely, for each § = Y u; ® v; € ¥, there is a k-linear map D(A) — A, denoted by @, such that
0(f) = f(u;)v; for any f € D(A). Since for any z € A, Y u;x @ v; = > u; @ 0~ (x)v;, it follows

5(a:f):fo u;)v; = quz T)v; = qul Lz vy = o7 H(2)0(f).

Then 6 is a left A-module morphism, that is, # € Homa(,D(A4), A) = Homa(D(A),,-1A4). Since
D(A),-1 ®4 D(A) = D(A) as A-bimodules, by taking the dual of this isomorphism, we obtain that
Homa(D(A),,-1A) =2 A as A-bimodules. Therefore, Homa(,D(A),A) = A as A-bimodules. Now,
observe that the map ¢ : ¥ — Hom(,D(A), A) which sends 6 to  is injective. To show that it is enough
to prove Keré = {0}. In fact, £(0) = £ u; ® v;) = 6 = 0 means that 0(f) = > f(u;)v; = 0 for any
f € D(A). So we obtain that u; = 0 or v; = 0. Therefore, # = 0. Also, since m is surjective, A is
injective. Then by using ImA C ¥ and previous facts, we obtain the composition of following injective
maps
Im(A) - ¥ — Homa(,D(A), A) 2 A — Im(A).

Therefore, ImA = 3. O

Remark 4.2.7. Let A be a gendo-Frobenius k-algebra with a faithful and self-dual idempotent e. To
obtain a comultiplication A which is different from A by using the same construction given in this
chapter, we first fix an (eAe, A)-bimodule isomorphism 7 : eA,, = D(Ae) which is different from 7. Here,
w € Aut(A) and by Proposition 4.1.11, for any a € A, w(a) = o(uau™!), where u is an invertible element

of A. Then we have an A-bimodule isomorphism
7 :Ae Rcae €A, = D(A)

such that Y(ae ® eb)(z) = T(ebw(z))(ae) for any a,b,z € A. By using the same construction, we obtain
the following A-bimodule morphism

7t D(A) @ D(A) = D(A)y1 @1 D(A) = D(A)y1 @4 D(A) = D(A).
Dualising m gives an A-bimodule morphism
A A— 4A®y Ax
such that (f ® g)A(z) = m(g ® f)(z) for any f,g € D(A) and z € A.

Corollary 4.2.8. Let A be a gendo-Frobenius k-algebra with a faithful and self-dual idempotent e. Sup-
pose that A is as given in Remark 4.2.7. Then Im(A) = Im(A) as A-bimodules.

Proof. By the proof of Proposition 4.2.6, we obtain that

IR

Im(A) = Homu(,D(A), A) =2 A
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as A-bimodules. Rearranging Proposition 4.2.6 by taking into account Remark 4.2.7 gives that

I

Im(A) = Homu (,D(A), 4) = A

as A-bimodules. O

Procedure for obtaining the comultiplication A of any gendo-Frobenius algebra A.

(1) Choose a faithful and self-dual idempotent e of A.

(2) Write the (eAe, A)-bimodule isomorphism 7 : eA, — D(Ae) explicitly on a choice of basis
elements.

(3) Write the A-bimodule isomorphism v : Ae Q¢4 €A, = D(A) by using (4.1) to obtain the basis
elements of D(A) in terms of the elements of Im-y.

(4) Obtain the multiplication table of D(A) by using (4.3).

(5) Dualise m by using (4.4) and obtain A on the basis elements of A.

(6) By using the linearity of A, obtain A on any element a € A.

Let us apply this procedure on the following examples.

Example 4.2.9. Let A be the gendo-Frobenius algebra in Example 4.1.12. A has a k-basis {e1, eq, 3, a1,
Qg, a3, e, aas, azaq b so D(A) has the dual basis {e}, e3, €5, af, a3, of, (v1a2)*, (azas)*, (asar)*}.
(1) We choose e = 14 since 14 is a faithful and self-dual idempotent of A.
(2) The (A, A)-bimodule isomorphism 7 is explicity defined on the basis elements by

T:A; 2 D(A)
e1 — (aga)”
es — (asar)”
ez — (a1as)”
a1 — aj
ag — af
ag > ag
arag e}
o3 > €5

asaq > ex.
(3) The A-bimodule isomorphism + is explicitly defined by

v:A®4sAs 2D(A)
e1 ®er — (agas)”
e1®aq — aj
e1 ® ajag — e}
e ® eg — (azaq)”
€2 ®ag — o]
€2 ® a3 > €5

es &® e3 — (alag)*

69



e3® ag — aj

e3 @ azay — €e5.

(4) We obtain the multiplication table of the basis elements of D(A) as follows:

m ey |es | el | af | a5 | of | (aqan)* | (aga3)* | (asaq)
et 0o ]o oo 0 | et 0 0

e 0o ]o oo 0 |o e 0

e} oo oo 0 |0 0 e

o oo oo [elo [a 0

a3 oo oo [o e o a3 0

fa% 0 |0 |0 |e€} 0 |0 0 o
(1) |0 |0 e |0 | a3 (v1a2)* | 0 0
(gaig)* | €5 | O o3 | 0 (gag)* | 0
(azo)* | 0 | €} o 0 |0 0 (azor)*

(5) Dualising m yields
A:A— AJAQ, Aa

such that (f © g)A(a) = m(g ® f)(a) for any f,g € D(A) and a € A. So let
f = )\161< —+ )\26; —+ )\36§ —+ )\40[{ =+ )\5&3 + )\Ga?g =+ )\7(&1&2)* —+ )\8(&2@3)* + )\9(0[30[1)*

g = pe] + poey + pzes + paod + psos + peas + pr(ono)” + ps(azas)” 4+ po(asan)™,

where \;, u; € k for 1 <4 < 9. By using the table in the previous step, we get

m(g @ f) = (A7 + pe s + pgA1)e] + (pads + pads + poAa)es + (s + psXe + prAs)es
+ (pad7 + poda)od + (usAs + prds)as + (e + psAe)as
+ (ur A7) (arae)™ + (ugAs)(@2as)”™ + (oo (azar)™.

Then

m(g @ f)(e1) = piA7 + peAs + psh
m(g ® f)(e2) = paAs + pads + oA
m(g ® f)(e3) = psAo + psAe + prAs
m(g @ f)(ar) = paA7 + poAa
m(g ® f)(az) = pusAs + prAs
m(g ® f)(az) = peAo + psAe

m(g® f)(araz) = u7>\7

m(g ® f)(azas) =

m(g ® f)(azo) =
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Since (f ® g)A(a) =m(g® f)(a) for all @ € A, we obtain that

Ale1) =ajaa ®e; + a1 ® ag + €1 ® asas
Aes) = asaz @ ea + as @ a1 + e3 ® azag
Aes) = azan ® ez + a3 @ ag + €3 @ aqaz
Alar) = ajag @ a1 + a1 ® azan

)
)
)
(a1)
Alog) = apaz @ as + as @ s
(as)
)
)
)

(6) Let @ € A. Then we can write a = ajey + ages + aszes + ag1 + asas + agas + araas + agasag +

agagay, where a; € k for 1 <4 < 9. The linearity of A gives that
A(a) = alA(€1)+QQA(€2)+a3A(63)+a4A(O&1)+a5A(062)+(IﬁA(063)+0J7A(OflOéQ)"’CLgA(OLQO&g)"‘(ZQA(OLgO{l).

Moreover, since A is Frobenius, by Proposition 4.2.19 which is proved later, the counit of (A,A) is
d =7(14) and we obtain that
5 = (alaz)* =+ (Ckg()ég)* + (0[30[1)*.

Example 4.2.10. Let A be the gendo-Frobenius algebra in Example 4.1.13. A has a k-basis {ey, €3, €3, €4, ay,
Qg, oz, g, 13, gy b so D(A) has the dual basis {e}, e5, el e, o, o, of, af, (anas)*, (a2cq)*}.

(1) We choose e = e] + ey since ej + e is a faithful and self-dual idempotent of A.

(2) The (eAe, A)-bimodule isomorphism 7 is explicity defined on the basis elements by

7:eAy, 2 D(Ae)
e1 — (aoay)*
es — (a1a3)”
a1 — Q)
Qg > o
a1z — el

oty — €5.
(3) The A-bimodule isomorphism ~ is explicitly defined by

v :Ae Repe Ay, = D(A)
€2 ® ey (alag)*
€2 @ ag — A
€2 ® agay — €5
e e — (a2a4)*
€1 @ oy — aj

e1 ® ajag — e}
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as®eg — af
as @ as — e
ay Qe — ag

ay @ ag — e

(4) We obtain the multiplication table of the basis elements of D(A) as follows:

m ci 3 exleilai a3 aiai] (aag) | (azai)
e 0o lo]o]olo o o o [e 0

e oo lololo oo oo e
e3 010 0 |0 |0 0 0 0 0

ex 010 0 |0 |0 0 0 0 0

o oo fofolo [0 [e|o0 |a 0

o oo lololo [o o [e]o o
fa% 010 |0 |0 |O es 0 0 0

%) 010 |0 |0 |e€f 0 0
(vrag)* |0 |e5 |0 |0 |0 o |0 | (vpaz)* | O
(gag)* | €10 |0 |0 0 |af |0 (aarg)*

(5) Dualising m yields
A:A— AAQr Aa

such that (f ® g)A(a) =m(g® f)(a) for any f,g € D(A) and a € A. So let

f=A1e1 + doea + Azes + Ageq + Asaq + Agao + Arag + Agay + Aoy as + Adjpasay
g = p1e1 + poes + puges + pgeq + sy + feQe + rQg + HgQy + o ey + 102 Quy,

where \;, p; € k for 1 <4 < 10. By using the table in the previous step, we get

m(g ® f) = (1o + psAs + piod)el + (padio + prde + poda)es + (ushe)es + (pueA7)es

+ (1s5A0)a] + (e A10) s + (poA7)as + (p10As) )
+ (poXg)(araz)™ + (110A10) (2s)™.
Then
m(g ® f)(e1) = p1dg + pgAs + pioA1
m(g ® f)(e2) = paAio + pr e + figA2
m(g® f)(es) = psXe
m(g® f)(es) = peAr



m(g ® f)(az04) = p1oAio-

Since (f ® g)A(a) =m(g® f)(a) for all a € A, we obtain that

Ale1) =ajas®er + a1 @ ag + €1 @ sy
Aes) = aoay ®ea + aa ® ag + €2 ® g
Ales) = a3 ® o
Aleq) = g @ ag
Alar) = aqas @ a
Alag) = asay ® as
Alas) = az @ aqas
Alay) = ay @ asay
Alaias) = ajas @ ajas
Alagay) = agay ® asay.

(6) Let a € A. Then we can write a = aje; + ases + azes + ageq + asay + agas + aras + agay +

agaas + ajgasay, where a; € k for 1 <4 < 10. The linearity of A gives that

Aa) = a1Aer) + a2A(e2) + asA(es) + asA(eq)
+ asA(ar) + agA(ag) + arA(as) + agA(ay)
+ agA(alag) + aloA(a2a4).

Observe that the algebra A in Example 4.2.10 is not Frobenius. Therefore, it is natural to ask whether
the algebra A has a counit compatible with A or not. Indeed, (A, A) does not have a counit. After

giving a preliminary result, we give a proposition which explains why (A, A) does not have a counit and

describes a general situation.

Remark 4.2.11. Let us consider the following A-bimodule isomorphism

Hom(D(A), A,) 2 Hom(D(A),-1, A)
>~ Homy (Ae ®cac €A, A)
>~ Homegc(eA, eA)
~A

where the second isomorphism is Homa (7', A). Let © : D(A) — A, be the inverse image of 1 € A

under the above isomorphism. Then (© o 7y)(ae ® eb) = aeb for a,b € A. Actually, © is an A-bimodule

morphism with e© = 771

The following observation will be used to prove Proposition 4.2.19.
Instead of 7 : eA, = D(Ae), we can write 7" : eA = D(Ae),-1. Let us now consider the following

A-bimodule isomorphism

Homy (D(A)y-1,A) 2 Homy(Ae ®cac €A, A)
>~ Home4c(eA, eA)
~A
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where the first isomorphism is Homy4 (7', A). Let ©' : D(A),-1 — A be the inverse image of 1 € A

under the above isomorphism. Then (6’ o~')(ae ® eb) = aeb for a,b € A. Actually, ©' is an A-bimodule

morphism with e®@’ = 7/~ 1.

Lemma 4.2.12. Let A be a gendo-Frobenius k-algebra and m : D(A) @ D(A) — D(A) as before. Then

e(m(f ®g)) =06(f)0(9)

for any f,g € D(A).

Proof. Let f =~v(ae ® eb) and g = y(ce ® ed). Then observe that
(@ om)(y(ae ® eb) @ y(ce ® ed)) = O(y(aebce ® ed)) = aebced = (aeb)(ced)

O(v(ae ® €b))O(y(ce ® ed)) = (aeb)(ced).
O

Proposition 4.2.13. Let A be a gendo-Frobenius k-algebra with the comultiplication A : A — A AR A4.
Then (A, A) has a counit if and only if A is Frobenius.

Proof. Let 6 € D(A) be a counit of (A, A). Then m(d ® f)(a) = (f ® )A(a) = f(1 ® §)A(a) = f(a),
and similarly m(f ® 0)(a) = (0 ® f)A(a) = f(a) for any a € A. Therefore, ¢ is a unit of (D(A), m).
Now, let u be the image of § under © : D(A) — A,. Then Om(d ® y(ae ® eb)) = O(y(ae ® eb)). So, we
obtain that uaeb = aeb for any a,b € A by Lemma 4.2.12. Hence, we obtain that u = 1 since AeA is a
faithful left A-module. As a result, © is surjective as an A-bimodule morphism and thus an isomorphism
by comparing dimensions. So A is Frobenius. In fact, o is a Nakayama automorphism of A.
Conversely, let A be Frobenius. Then by Theorem 2.2.3 and Proposition 4.2.19 which is given later,
(A, A) has a counit. O

In particular, the case when A is Frobenius, which is considered in Theorem 2.2.3, is now obtained

as a special case of Theorem 4.2.3 and Proposition 4.2.13.

Corollary 4.2.14. Let A be a Frobenius k-algebra. Then it has a coassociative counital comultiplication
A:A— AAR, Aa which is a map of A-bimodules.

Moreover, the case A is gendo-symmetric, which is considered in Theorem 3.2.1, is obtained as a

special case of Theorem 4.2.3.

Corollary 4.2.15. Let A be a gendo-symmetric k-algebra. Then it has a coassociative comultiplication
A:A— AA®, Aa which is a map of A-bimodules.

Remark 4.2.16. If we assume that the finite dimensional algebra A is gendo-symmetric, we can choose o
as identity automorphism. Therefore, the comultiplication given in this section and the comultiplication

given in Section 3.2 are equal.

4.2.1 Alternative approach to the proof of Lemma 4.2.4 and to writing the

comultiplication

In this subsection, we give an alternative approach to the proof of Lemma 4.2.4 and also to writing the
comultiplication A : A — A ®; A by using Ae ®. 4. €A, instead of D(A) since Ae ®cac €A, = D(A) as
A-bimodules (see Lemma 4.2.1).
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Let A be a gendo-Frobenius algebra with a faithful and self-dual idempotent e. Let us construct a
multiplication map
m/ : (Ae Rede eAg) Rk (Ae Rede er') — Ae QRede eAO'
which is the composition of the following maps

’

m' 1 (Ae Qcae €Ay) Rk (Ae Reae eAy) T (Ae ®cac eA) R (Ae Reae €Ay)
LN (Ae ®cac €A) ®4 (A€ Reae €As)

5 Ae @cpe €Ay,
where m) = ¢/¢’. This composition is explicitly defined by

m' : (ae ® eb) @y (ce ® ed) — (ae ® eb) Ry, (ce ® ed)
— (ae ® eb) ®4 (ce ® ed)

— aebce ® ed
for any a,b,c,d € A. The map m}, can be defined by
mb : (ae ® eb) @y (ce @ ed) — (ae @ eb) Ry (ce @ ed)

since Ae ®ca. €A, and Ae R 4. €A are same as k-vector spaces and the tensor product is over k.
Lemma 4.2.17. Let m’ be as above. Then m' is an A-bimodule morphism.

Proof. Tt is enough to check that m’(z(ae® eb) ®j (ce @ ed)) = xm’((ae @ eb) R, (ce R ed)) for any x € A
and m/((ae @ eb) ®y, (ce @ ed)y) = m/((ae ® eb) ®y, (ce ® ed))y for any y € A. We observe that

m/(z(ae @ eb) @y, (ce @ ed)) = mimb(z(ae @ eb) @y, (ce @ ed))
= mim5((rae ® eb) ®y, (ce ® ed))
=m/((zae ® eb) ®y, (ce ® ed))
= zaebce ® ed

xm’((ae @ eb) @y, (ce ® ed)) = zmimy((ae @ eb) @y, (ce @ ed))
= 2m/((ae ® eb) @y, (ce ® ed))

= zaebce ® ed
Then m/(z(ae ® eb) ® (ce ® ed)) = xm/((ae ® eb) Ry, (ce ® ed)) for any x € A. Also,

m’((ae ® eb) R (ce ® ed)y) = mim,H((ae ® eb) @y, (ce ® eda(y)))
= m}((ae ® eb) @y (ce @ edo(y)))
= aebce @ edo(y)

m/((ae ® eb) @y, (ce ® ed))y = mimH((ae @ eb) @y, (ce @ ed))y
=m]((ae @ eb) @y, (ce ® ed))y
= aebce ® edo (y)

Then m/((ae ® eb) ®y, (ce ® ed)y) = m'((ae ® eb) Ry (ce ® ed))y for any y € A. Therefore, m’ is an
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A-bimodule morphism. O

Proposition 4.2.18. Let A be a gendo-Frobenius algebra, m : D(A) @y D(A) — D(A) be the multiplica-

tion map defined by (4.3) and m’ be as above. Then m’ coincides with m.
Proof. Let ' : Ae ®cae €A =2 D(A),-1 be the A-bimodule isomorphism which is given in the proof of
Proposition 4.2.2. Consider the following diagram

YRk

(Ae Rede eAa) Rk (Ae ®eAe eAa) I D(A) Rk D(A)

’
my ma

v @k
_—

(Ae ®cac eA) Rk (Ae ® eA,) D(A),-1 ®; D(A)

¢’ ¢

Y ®avy

(A@ ReAe eA) ®A (Ae (39 eAg) D(A)U—l XA D(A)

Ae ®8A6 eAcr

D(A)

This diagram is commutative since the maps v ®g v, 7 ®r v, 7 ®4 v and v are isomorphisms. Therefore,

it gives that
m(y @k 7)((ae ® eb) @y (ce ® ed)) = m(y(ae ® eb) @i y(ce @ ed)) = y(aebce & ed)

and
ym/'((ae @ eb) @y, (ce @ ed)) = y(aebce @ ed)
are equal. This means that m’ coincides with m. O
Alternative Proof to Lemma 4.2.4. For any a,b,c,d,x,y € A,
ml(l (9 m/)((ae ®eAe eb) ®k (Ce ®eAe €d) ®k (l’@ ®eAe ell)) = m/((ae ®6Ae eb) ®k (cedme ®€A€ ey))
= aebcedre R pe €Y

m/(m' @ 1)((ae @ecae €b) R (ce Reae ed) @ (Te Reae ey)) = m'((aebce e ae ed) @y, (T Re e €y))

= aebcedre Q¢ ac €Y.

Proposition 4.2.18 completes the proof. [l

4.2.2 Comparison with Abrams’ comultiplication

Let A be a Frobenius algebra over a field k. In this subsection, we compare the comultiplication
A: A— A®, A given in Section 4.2 and the comultiplication @ : A — A ®; A given by Abrams

(Theorem 2.2.3). Moreover, we give the proof of Theorem 2.2.11 as promised.

We keep the notations introduced in Chapter 2 and this chapter. Since A is Frobenius, we choose
e = 14 and have the A-bimodule isomorphism 7 : A, = D(A) by Section 4.2 such that o is a Nakayama

automorphism of A.
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Proposition 4.2.19. Let A be a Frobenius algebra with the left A-module isomorphism A, : A = D(A)
which defines an isomorphism Ay, : Ay = D(A) of A-bimodules, where o is a Nakayama automorphism

of A. Suppose that A\;, = 7. Then « is equal to A.

Proof. Let A be Frobenius and 7 : A, = D(A) be the A-bimodule isomorphism. We can consider
Tas 7 : A — D(A),-1 such that 7(a) = 7'(a) for any a € A. Therefore, Ap(a) = 7'(a) for any
a € A. Moreover, there is an A-bimodule isomorphism v : A ®4 A, = D(A) by Lemma 4.2.1 and so
v :A®s A2 D(A),-1. By Remark 4.2.11, we have an A-bimodule isomorphism 0’ : D(A),-1 — A
with © = 7/~1. By following the same remark, we write 7/~ 1(7/(z ® y)) = 2y for any x,y € A.

Since the Frobenius form e of A is equal to Ap(14), all elements of D(A) are of the form a - ¢ for
any a € A. By Section 2.2, it is known that the isomorphism A : A = D(A) allows us to define a
multiplication ¢y, such that ¢r(a-e®b-e)=(b-e®a-€)oar =ab-e.

Let 9: A®4 A = A be the A-bimodule isomorphism such that ¥(a ®4 b) = ab and p/ : A®, A —
A ®4 A be the map such that u/'(a ®, b) = a ®4 b for any a,b € A. Suppose that A} := Ap o and
@) =N, o' oAt ®A;'. Then observe the following

A loaTlt ’ ’
o, D(A) © D(A) L0 A A—" o Ay A—2 = D(A)

G- eEQpb eF———a@pb———a® 1 b———ab-¢

Therefore, pr, = ¢).
Observe that there are isomophisms of left A-modules 7" @) A, : A @k A = D(A),-1 ®; D(A) and
T QaA: A4 A2 D(A),-1 @4 D(A). We now observe the following diagram

D(A)®kD(A)¥>A®kA A@a A—2 o D(A)

w
k \LT/®1C)\L T/®A>\Li/ /

D(A), -1 @i D(A) ~> D(A),-1 ©4 D(4)

Since v : A®4 A, = D(A) as A-bimodules and € € D(A), we can write ¢ = v(x ®4 y) for suitable
x,y € A. Since D(A) = D(A),-1 as k-vector spaces, we can consider ¢ as ¢ = 7/'(z ®4 y) when
we need to use it. Then any a - ¢ of D(A) can be written as a - ¢ = y(ar ®4 y) and any a - € of
D(A)y-1 can be written as a - & = 7/ (ax ®4 y). Therefore, \;'(y(ax ®4 y)) = A\;'(a-¢€) = a. Then
771y (ax ®4 y)) = azy = a by definition of 77! given above. Since A is faithful A-module, zy = 1.
Moreover, (7'®xAL)(a®kb) = v (ax@4Y) k7 (bx@4y) and (T'@4AL) (a®4b) = ¥ (ax@4Y) @47 (bxR4Y).
Recall that m = € 0 ¢ o mg. For the definitions of €, ¢ and mq, see (4.2) and page 65.

Then by using the above information, first observe that

(7" @ AL) o A\ @ AL (@ e @k b-e) = (7' @ Ar)(a @y b)
=7 (ax ®ay) @ y(bxr @4 y)
ma(a-e®pb-e) =ma(y(az @4 y) @k v(br ®a Y))
=7 (ar @4 y) @ V(b R4 V).

It means that left side of the above diagram is commutative.

Also, we see that

(7" ®a AL) ou’(a Qb)) = (7' @4 Ap)(a®4b)
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=7 (ar @4 y) @4 7(br @4 y)
¢o (1" @k AL)(a @k b) = d(7 (ax @4 y) R V(b R4 y))
=7 (azx ®ay) @4 7(bz @4 y).

Hence, middle part of the diagram is commutative.

Moreover, we have

co(T"®@aAp)(a®ab) =e(v (ax @4 y) @av(br®ay))
azybr ®4 y)

=(
= v(abr @4 y)
=ab-¢€

N (a®ab)=ab-e.

Therefore, right side of the diagram is commutative. This means that ¢, = m and so ¢, = m. Then
dualising gives that ag = A.
There is also a comultiplication «y, which is a map of left A-modules and in [2], Abrams proved that

ar, = ag and defined « := o, = ar. Hence, we obtain that a = A. O

Proof of Theorem 2.2.11. Let A be a Frobenius algebra with the left A-module isomorphism Ay : A &
D(A). By Section 4.2, there is a comultiplication A and an A-bimodule isomorphism 7 : A, = D(A).
Since A is Frobenius, ¢ is a Nakayama automorphism of A. The left A-module isomorpism A; defines
an isomorphism Ar, : A,, = D(A) of A-bimodules, where v4 is a Nakayama automorphism of A. Since
Nakayama automorphism is unique up to inner automorphisms, o = 6v4 for some inner automorphism 6
of the algebra A. We may choose 6 as identity automorphism and so o = v4. We may also suppose that
Az = 7. Then by Proposition 4.2.19, o = A and by Lemma 4.2.5, Im(A) = {D w; @ v; | D wiz Q@ v; =
S u; ® o~ (z)v;, Vx € A}. Therefore, we obtain that

Im(a) = {Z u; @ v; | Zulx ®v; = Zui @y (z)v;, Vo e A}

4.2.3 More comultiplications which are not coassociative

There are further constructions possible that yield comultiplications on gendo-Frobenius algebras. In
this subsection, we investigate three such constructions and show that they are lacking crucial proper-
ties such as being coassociative. Throughout this subsection, we assume that A is a gendo-Frobenius

k-algebra with a faithful and self-dual idempotent e.

Construction I. Fix an (eAe, A)-bimodule isomorphism ¢ : v eA = D(Ae), where vea. is a
Nakayama automorphism of the Frobenius algebra eAe. Then by using the double centralizer property
of Ae and the isomorphism ¢, we obtain the following A-bimodule isomorphism

A =~ Hom.(Ae, Ae) = Hom4.(D(Ae), D(Ae))
= HomeAe(fAl eA,D(Ae))

= Homy (Ae Qcae Vol eA k).
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By dualising Homy (Ae ®cae v eA, k) = A, we obtain that there is an A-bimodule isomorphism
P Ae Repe v} eA = D(A)

such that ¥ (ae ®¢ae eb)(x) = t(ebzx)(ae) for all a,b,x € A. Hence, there is a left A-module isomorphism

—~

1)
6% : D(A) XA D(A) = (Ae Rede V;A1€€A) ®A (Ae ReAe V;AleeA)

= Ae ®ese ok eAe Rc e ok eA

(2)
= Ae e Ae l,i; eAe ReAe eA

>~ Ae Qese vl eA
~D(A)

where (1) is ™! ®4 ¢! and (2) is obtained from Theorem 4.1.7 (iv) which states that there is a left
eAe-module isomorphism wy, : vl eA = eA. (Instead of the left e Ae-module isomorphism wy,, we could
use the (eAe, A)-bimodule isomorphism 7 : eA, = ol eA and obtain the (A, A)-bimodule isomorphism
D(A) ®4 D(A) = D(A),. But, we discuss it in Construction II). The map €F is explicitly defined by

el h(ae ®ene eb) @4 Y (ce Dene ed) = (a€ Dene €b) @4 (ce Dene ed)
— ae Reae €bce Qa0 ed
— e Rese ebce Reae ed’
— ae ®eae ebced’

— 1)(ae @cae ebced’)

such that wy (ed) = ed’. Let m¥ be the composition of the canonical left A-module morphism with the

above isomorphism such that

where

mlL(w(ae Reae €b) @ Y(ce Reae ed)) = €7 (1/1(@6 Reae €b) R4 Y(ce Reae €d))
= 1(ae @ca. ebeed’).

However, m¥ is not associative. We will show this in the next example by using the algebra in Example

4.1.13. Then dualising m{ gives the following non-coassociative comultiplication
AR A5 AL A

which is a map of right A-modules such that m¥(g ® f)(a) = (f ® g)Af(a) for any f,g € D(A) and
ac A

Moreover, there is a right A-module isomorphism

1)
6{:{ : D(A) XA D(A) —t (Ae Rede vk eA) ®a (Ae ReAe v GA)
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>~ Ae Rese vl eAe Qecpe ok eA
e e e e

o Ael,EAe Rede €A Qe e V—Al eA
e e

(2)
>~ Ae Qepe €A Repe v eA

>~ Ae Qese vk eA
~D(A)

where (1) is ™! ®4 9~ and (2) is obtained from Theorem 4.1.7 (iii) which states that there is a right

eAe-module isomorphism wg : Ae,,_,. = Ae. The map €¥ is explicitly defined by

e’ 1 h(ae ®eae €b) @4 Y(ce Deae ed) — (ae Dcae b) @4 (ce Veac ed)

— ae Reae €bce R a0 ed
— ae Repe €bce Reae ed
— a'e @ene ebce @eae ed
— a’ebce R4, ed

— 1h(a’ebee Re e ed)

such that wg(ae) = d’e.

Let m! be the composition of the canonical right A-module morphism with the above isomorphism
such that

mf : D(A) @ D(A) — D(A) @4 D(A) = D(A),
where
mf(z/;(ae Reae €b) @ Y(ce Reae ed)) = ef‘(w(ae Reae €b) @4 P(ce e ed))
= 9(a’ebce @ea. ed).

However, m1t is not associative. We will show this in the next example by using the algebra in

Example 4.1.13. Then dualising m¥ gives the following non-coassociative comultiplication
AL A5 A A
which is a map of left A-modules such that mf¥(¢® f)(a) = (f ® g)A¥(a) for any f,g € D(A) and a € A.

Example 4.2.20. Let A be the gendo-Frobenius algebra given in Example 4.1.13. A has a k-basis
{e1,€2,e3,€4,1, 2, a3, a4, 013, a2rs } 50 D(A) has the dual basis {e}, 5, €%, e, af, a3, of, af, (anas)*,
(agg)*}. We choose e = e1 + €3 since e1 + €5 is a faithful and self-dual idempotent of A. The (eAe, A)-

bimodule isomorphism ¢ : v eA = D(Ae) is explicitly defined on the basis elements of A by

Ly eA = D(Ae)
e — (O[lag)*
€9 (a2a4)*

a1 — ag

ag A
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g — e

ooy — €].

Since P (ae®cae eb)(z) = t(ebx)(ae) for all a,b, z € A, the A-bimodule isomorphism 1 : Ae®. e o) €A =
D(A) is explicitly defined by

Y Ae ®Rcpe V;;leeA ~D(A)

e1 X eg — (052014)*
e1®ag — aj

e1 ® azay — €]
ey Qe — (0510(3)*
€2 @ o — g

€2 @ ajas — €
ag e — aj
ag @ oy > el
ay ® ey — aj

g @ ag > e).

Then we obtain the table of multiplication m{ as follows:

mb e[|l eilai]as]as]aq] (eae) | (aza))
et ololofofo o oo |o et
e ololololo oo o [e 0
es 010 |0 |0 |O 0 0 0 0 0
e) 00 [0 |0 |O 0 0 0 0 0
o oo lololo oo [e]o al
ol 0|0 |0 |0 |0 |O el fo%s 0
fa% 0|0 |0 |O |e5 |0 0 0
a; 010 oo o [e 0 0
(vraz)* | es |0 |0 |0 0 |0 |a5]0 (a1a3)*
(gag)* |0 |e3 |0 |0 af | 0 | (agaq)* | O

{%(61) =gy ®er +as ®ay + e @ azay
A?(‘h) =z ®ex+ o @asz+er ®ajas
Afi(ez) =y ®@

Af(es) = a3 ® ap
Af(al) = a0y @ o
Aff(az) = anaz @ a
Af(ag) = ay ® anag
A{%(OM) = a3 ® a0y
A{%(mo@) = 204 ® 103



A{%(OZQOQ;) = 13 Q as0y.

In fact, the multiplication m?¥ is not associative, because, for example

L

my (my @ 1)(af @ az0) ® af) = m{ (af @ af) = 5

and

my(1®my)(a] @ aza ® ) =mi (o ®0) =0

are not equal.

Moreover, we obtain the table of multiplication m# as follows:

mE Lei[es ] es |l oi]as ]3]0 ] (o) [ (aza)
et oo lololo [o]o o |o e
e oo lololo oo o [e 0
es 0O ]0 |0 |O |O 0 0 0 0
es 0O ]0 |0 |O |O 0 0 0 0
o ololofofo oo [elo a3
o5 00 |0 |0 |0 |O e3 o] 0
al 0o lo oo e o 0 |0 0
o ololololo [e 0 |0 0
(viaz)* | ef |0 |0 |0 0 |a; |0 (oaug)*
(gag)* |0 | e3 |0 |0 a3 | 0 (v1az)* | 0

AlL(el) =oaz®es+a; Qaz+e; @ajas
A1L(‘52) =gy ® e+ aa ®ay +ex @ agoy
AT (es) = as ® ay
Af(es) = s ® o
A1L(041) =a1a3 ® az
AT (02) = az0y @ o
At (as) = a3 @ azay
Af(as) =y ® o
Af(aras) = ar1a3 ® asay
A1L(0l20é4) = o0y ¥ a1Q3.

In fact, the multiplication m{ is not associative, because, for example

R

mif(mf' ® 1)(a] @k a20f) ® o) = mi'(of @ of) = €}

and

mi(1®mi)(a] @k a2 ® a) = mi(a] ® aj) =0

are not equal.
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And, moreover, we observe that Al # AF. Indeed, we obtain the following two commutative

A A
Af/ \AJ Af’/ \AJ

1dA®ro ™ oQrida

diagrams

Construction II. By Construction I, there is an A-bimodule isomorphism
P Ae Reae V! eA = D(A)

such that ¢(ae ®ca. eb)(z) = t(ebx)(ae), for all a,b,z € A. Hence, there is an A-bimodule isomorphism

(1)
€2:D(A)®4D(A) = (Ae Reae Vo eA) ®4 (Ae Rcae vl eA)

= Ae ®cae -1 €A ®epe -1 €A
eAe eAe

(2)
=~ Ae ®eAe ,/*Al eAe ®eAe eAU

= Ae QeAe ,,*Al eAa
= D(4),

where (1) is ™! ®4 1~ ! and (2) is obtained from Proposition 4.1.11 (ii) which states that there is an
(eAe, A)-bimodule isomorphism 7 : eA, = -1 eA. This map is explicitly defined by

Ae

€2 : Y(ae ® eb) ®4 P(ce ® ed) g (ae ®cae €b) R4 (c€ ®eae ed)

— ae Reae ebce R a0 ed

2
+(—2 ae Peae ebce Repe ed’
— ae ®eae cbeed’

> h(ae Rea. ebeed')

such that n~!(ed) = ed’. Let may be the composition of the canonical A-bimodule morphism with the

above isomorphism such that
ms : D(A) @, D(A) — D(A) @4 D(A) = D(A),,

where

ma (1 (ae Rcae €b) @ Y(ce Rene ed)) = €2(th(ae Reae €b) @4 Y(ce Rcac €d))
= 4h(ae Reae ebeed').

In fact, my = m¥ as left A-module morphisms, and m; is not associative because of the same reason

with Construction I. Dualising mo gives
As: A= ARy A

Also, Ay = AR as right A-module morphisms. Indeed, Ay is not in the form of comultiplication that

we wished as an A-bimodule morphism since it twists with automorphism o. Moreover, it is non-

83



coassociative since mo is not associative.

Construction III. By the proof of Proposition 4.2.2, there is an A-bimodule isomorphism ~ :
Ae ®cae €Ay 2 D(A) and (eAe, A)-bimodule isomorphism 7 : eA, = D(A) such that y(ae ®@ca. eb)(x) =
7(ebo(z))(ae) for any a,b,z € A. By Proposition 4.1.11 (ii), there is an (eAe, A)-bimodule isomorphism
n:eA, = vl eA, where v 4. is a Nakayama automorphism of eAe.

Note that there is an e Ae-bimodule isomorphism x : eA,®4Ae = eAo(e),,, where o is the restriction
of o to ede and  is explicitly defined by x : eb ® ce — ebo(c)o(e), for any b, c € A.

Suppose that o(e) = e. By Proposition 4.1.11 (iii), we obtain that o, is a Nakayama automorphism

of eAe. Then let 0. = ve4.. All information above gives the following A-bimodule isomorphism

€3:D(A) R4 D(A) & (Ae ®cac €Ay) @4 (Ae Rcae €Ay)
> Ae Qcpe eAo(€)y, Rene €Ay
= Ae Rede eAeVEAe Rede eAO’
= AeyeAe Rede eAa
= Ae ®cse -1 €As
eAe
> Ae Qepe €Ay
~ D(4),

which is explicitly defined by

€3 : Y(ae Reae €b) @4 y(ce Rcae ed) = (ae Reae €b) R4 (ce Reae ed)

> ae ®cae €bo(c)o(e) Reae ed

Il

ae Qcac ebo(c)e Recae ed

2 gebo(c)e Reae €d

Il

aebo(c)e ®cae ed

Il

aebo(c)e @cae ed’

Il

~y(aebo(c)e Reae ed'),

where n71(ed) = ed'.
Let mg be the composition of the canonical A-bimodule morphism with the above isomorphism such
that

€3

ms : D(A) @, D(A) — D(A) ®4 D(A) £ D(A),,

where

ms3 (’Y(ae ReAe 6b) R ’}/(66 ReAe 6d)) = €3 (7(06 ReAe €b) XA ’Y(C@ Rede ed))
= y(aebo(c)e @cae ed').

Dualising mg gives the following A-bimodule morphism
Ag: A= AR, A
such that m3(g® f)(a) = (f®g)As(a) for any f,g € D(A) and a € A. Let us consider Ag: A - A®; A
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only as right A-module morphism to make it in the form of comultiplication that we wished. However,

A3 is not coassociative. Let us see it on the following example.

Example 4.2.21. Let A be the gendo-Frobenius algebra in Example 4.1.13. A has a k-basis {e1, e, €3, €4,
a1, Q2, 3, g, Q1ag, oy b 50 D(A) has the dual basis {e}, 5, €3, e}, af, ab, o, o, (aras)*, (a20q)*}. We
choose e = e1 + ey since ey + e is a faithful and self-dual idempotent of A. Before, we computed the

(eAe, A)-bimodule isomorphism 7 explicitly on the basis elements by

T:eA, 2 D(Ae)
e1 — (aoay)*
es — (aras)”
a1 g
Qg — ag

arag — el

Qoo — €5
and the A-bimodule isomorphism ~ by

v Ae Qe cAyr = D(A)

€2 Q ey — (alag)*
€2 @ ag — aj

€2 ® oy > €5
e1 ®ep — (aaay)”
e1®ay — aj

e1 ® ajag — €]
a3 ® ey — af
a3 ® ag > e
g R e — a;

g ® o ey

Then we obtain the table of multiplication mg as follows:

ms | eiles |l ei]ai ] a3 as] oz (arae) | (aza))
et oo lololo [o o o |o et
e oo lololo oo o |e 0
e3 0 ]0 10 |0 |0 0 0 0 0 0
ex 0]0 0 |0 |0 0 0 0 0 0
o oo o folo [o o [e]o o
o 0o lo o lolo [0 |e o 0
al 0o lo oo e o 0 0
a; 0o lo oo o [e 0 |0 0
(viag)* | e5 |0 |0 |0 0 a3 | 0 (arag)*
(gag)* |0 | e3 |0 |0 o | 0 | (agaq)* | O
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By the same process as previous examples, dualising m3 yields

Asz(er) = asoy ®er + az @ g + e @ azy
Az(er) = a1z ®@ex + a1 @ az +e1 @ ajas
As(e3) = s @ ax
As(eq) = a3 ® as
As(an) = azan ® ay
Az(az) = ar1a3 @ ap
As(ag) = as @ aras
Az(ay) = az @ azay
As(araz) = agay @ ajas
As(asay) = ajaz ® asay.

In fact, the multiplication mg3 is not associative, because, for example
mz(ms ® 1)(a] @k aze) ® o) = m3(o] @ ) = €3
and
m3(1l ® ms)(a] @ ava) ® o)) =ms(a; ®0)=0
are not equal.

Indeed, Az = A, as A-bimodule morphisms and Az = Af as right A-module morphisms under the
assumption o(e) = e. Without assuming o(e) = e, alternatively we can take the (eAe,eAe)-bimodule
isomorphism 7 ®4 idge @ €Ay ®4 Ae = v eA ® 4 Ae instead of x. Then we obtain the following

A-bimodule isomorphism

€1:D(A) @4 D(A) =2 (Ae @epe eAy) @4 (Ae Deae eAy)
~ (Ae Rede V_Al GA) X a (AG ReAe e.Ag‘)

> Ae Qepe vl eAe ®cae €As
= Ae @cae -1 €As

= Ae Qcae €Ay2

= D(A),.

In fact, this is same as the isomorphism e; and making the same computations gives the non-coassociative

comultiplication As.

4.3 Comultiplication of Frobenius Nakayama algebras and their
compatible counit

In this subsection, we give some results on Frobenius Nakayama algebras with respect to comultiplica-

tion. More clearly, we give a comultiplication formula for the Frobenius Nakayama algebras and their
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compatible counit.
Let @ be a finite connected quiver with nonempty set of arrows, k a field, I an admissible ideal of
the path algebra kQ, and A = kQ/I the associated bound quiver algebra.

Definition 4.3.1. A path of length n > 1 in @ is a sequence of arrows p = «ajas-- -, such that
t(a;) = s(ajyq) for 1 < i < n —1, where s,t: Q1 — Qo are source and target maps, respectively. The

length of p is denoted by £(p) = n.

Notation: Let A = kQ/I be a Frobenius algebra and p; be a path in . Throughout this subsection,
the index i of p; will denote the starting point of p;, that is, s(p;) = i for i € Qq. If {(p;) = k,
for simplicity, we will denote this path by p;,, where k only denotes the length of p;. In addition,
Pu(i)e := YA(pi,,) where v4 is a Nakayama automorphism of A and v is the Nakayama permutation of A
induced by v4.

We now focus on Frobenius Nakayama algebras. By Section 2.1.3, A = kQ/I is a Frobenius Nakayama
algebra if and only if A = N,

Throughout this subsection, we assume that A : A — A ®; A is the comultiplication which is

introduced in Section 4.2.

Example 4.3.2. Let A = N2. A has a k-basis {e1, 2, €3, a1, a2, a3, 0102, asa3, azar }. See Example
2.1.26 for the Nakayama automorphism v4 and the Nakayama permutation v of A induced by v4. By
using the above notation, we have p;;, = e;, p;; = o; for 1 < ¢ < 3, p1, = a2, p2, = azas and
p3, = agai. Therefore, p,-1(1), = €2, Pu-1(2), = €3, Pu-1(3)y = €1, Pu-1(1); = Q2, Pp-1(2);, = O3,

Pu-1(3), = Q1 Pu—1(1), = @203, Py-1(2), = @31 and p,-1(3), = a1 Q2.

Proposition 4.3.3. Let A = N, va be a Nakayama automorphism of A and v be the Nakayama
permutation of {1,...,n} induced by v4. Suppose that {ey,--- ,en} is the set of idempotents, and for each
e; there exists a path x; which is an element of socA, where s(x;) = i, t(x;) = v(i) and £(x;) = m for
all i € Q. Then there is an A-bimodule isomorphism 7 : A, , = D(A) which is explicitly defined on the

following basis elements of A by

Tiep T
T; > e;

Piy, — (pufl(j)m_k)* for1<k<m-—1,
where p;, pj,. . = T;, for all i € Qy and for suitable choices of j which depends on k.

Proof. Since A is a Frobenius algebra, there is an A-bimodule isomorphism 7 : A,, = D(A), where v4
is a Nakayama automorphism of A. Now, we need to write this isomorphism explicitly.

Assume that 7 is defined as in the proposition. It is necessary to show that 7(ab) = ar(b) = 7(a)v ;' (b)
for all a,b € A. So, by using the linearity of 7, it is enough to check this condition on every basis element
of A. Then firstly observe the following cases for 7(ab).

Case 1:

T(eiei) = T
T(ex;) = €}

*

T(eipik) = (pufl(j)m,k) ,
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where 1 <k <m —1.
Case 2:

T(zieni)) = €; .

Case 3:
T(Pires) = (Po-1(j)m_r.)"

For s <m —k,

*

T(plkpﬂe) = T(pik+s) = (pV’I(T),n_(k+S)) 9’

where t(p;,,.) = t(p;,) = 1.
For s =m — k,

T(pipj.) = 7(pi.) = 7(x3) = €
since £(z;) = m.
Note that if 7(ab) is not in the above cases for any basis elements a, b of A, then 7(ab) = 0.

We now observe these cases for ar(b).

Case 1:

eiT(Pi) = €i(P-1()m_1)" = (Po-1()m i)™

where 1 <k <m —1.
Case 2:

ziT(ey () = Tixy = €.

Case_3:

*

pikT(ej) :ptkz::fl(j) = (pl/*l(j)m_k) .
For s <m — k,
PinT(Pj.) = PirPo—1(ry, . = Po-1(1) i)

since t(p;,) = .
For s =m — k,
PiT(Ps,) = Pipi,_, =€
since in this case t(p;,) = v(i).

Note that if a7(b) is not in the above cases for any basis elements a, b of A, then at(b) = 0.

We lastly observe these cases for 7(a)v;*(b).
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Case 1:

T(e)vy'(e) = T pev1() = Tho1
T(ei)ygl(xi) = szfl(i)liyfl(i) =e;

T(e)va (i) = Th-1 Pty = Po-1(j)m )"

where 1 < k <m — 1.
Case 2:

T(xi)uzl(e,,(i)) =eje; = €.

Case 3:

(P )va’ (€5) = (Po=r(i)u) Cumr() = (=)™
For s <m — k,
T V2 05.) = Pu1(Gos) Pr1()e = Po 1) i)
since t(p;,) = r.
For s =m — k,
TP V2 (9.) = (Po=1()ni) P10, = €
since in this case t(p;,) = v(i).
Note that if 7(a)v; ' (b) is not in the above cases for any basis elements a, b of A, then 7(a)v;"(b) = 0.
Then by the above cases, we obtain that 7(ab) = at(b) = 7(a)v,, ' (b) for all a,b € A.

Proposition 4.3.4. Let A = N!*, v4q be a Nakayama automorphism of A and v be the Nakayama

n

permutation of {1, ...,n} induced by va. Suppose that {ey, - ,e,} is the set of idempotents, and for each
e; there exists a path x; which is an element of socA, with s(x;) =i, t(x;) = v(i) and £(x;) = m for all

i € Qo. Then there is an A-bimodule isomorphism v : A®a A,, = D(A) which is explicitly defined by

Ve ®e = T
e Qi e;

e; @ Pip (pufl(j)m,k)* for1<k<m-1,

where p;, pj,._. = Ti, for all i € Qo and for suitable choices of j which depends on k.

Proof. Since A is a Frobenius algebra, there exists an (A4, A)-bimodule isomorphism 7 : A,, = D(A).

From Proposition 4.3.3, 7 is defined by
T:ie; > x;,l(i)
T; > e}
Di, €5 — (py—l(j)mfk)* for1<k<m-—1,
where p;, pj,._, = ;, for all i € Qo and for suitable choices of j which depends on k.

Moreover, there is an A-bimodule isomorphism v : A ®4 A,, = D(A) such that y(a ® b)(z) =
7(bva(z))(a) for all a,b,z € A. By using the isomorphism 7 and the last equality, the isomorphism = is
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explicitly defined by

vie; Qe x;,l(i)
e Qi el

e @ piy, = (Pu-13)_,)" for 1 <k <m—1,

where p;, pj,._, = i, for all i € Qo and for suitable choices of j which depends on k. O

Theorem 4.3.5. Let A= N!", va be a Nakayama automorphism of A and v be the Nakayama permu-

n o’

tation of {1,...,n} induced by v4. Suppose that {e1,--- ,e,} is the set of idempotents, and for each e;
there exists a path x; which is an element of socA, with s(x;) = i, t(x;) = v(i) and £(x;) = m for all

i € Qo. Then there exists a comultiplication A of A which is given for e; by

A(ez) = Z plk ®p”71(j)7n—k7

0<k<m
Pig Py =Li

for suitable choices of j which depends on k.

Note that p;, = e; and p;,,, = ;.

Proof. By Lemma 4.2.1, there is an A-bimodule isomorphism 7 : Ae ®.4. €A, = D(A) and by Section
4.2, there is a multiplication map
m:D(A) ®, D(A) — D(A)

such that m(y(ae®caceb) Rk y(ceReaced)) = y(aebce®caced) for any a, b, ¢, d € A. Since A is Frobenius,
we choose e = 14. By Proposition 4.1.11, we can let o = v4. Therefore, we can consider the A-bimodule
isomorphism v as 7 in Proposition 4.3.4.

Let t(x;) = s. By Proposition 4.3.4, we obtain that

m(e; @ x7) = m(y(e; ®a zies) @k y(es @4 es))
=y(e; ®a x;) = €]
m(z; 1) Ok €;) = m(y(e; ®a €;) @k Y(ei ®a Ties))
=(e; ®axi) = €] (4.5)
M((Po=1() i) @k (Pir)") = m(v(ei ®a piy,) @k Y(ej ®a Py, 1))
=Y(€i ®A PiyPj 1) = V(€: ®a T;) = €5

Observe that the only way of writing e} as a product of basis elements is given above.
Now, let f,g € D(A) such that
F=Xoef + Mpi, + Xopf, + -+ Amoapi, |+ At + X (4.6)
g = /_Loej + :U/lpzfl(j)l + M2p;71(j)2 + -+ Mm—lpzfl(j)m71 + me;l(z) + }/’
where p;, (p,-1(j),._,) denotes the path starting (ending) at vertex i such that p; pj,,_, = x; for

1 < k < m—1 and for suitable choices of j which depends on k. Here, X, Y denote the linear combination

of the remaining basis elements of D(A).
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By using (4.5), we obtain that
m(g ® f)ei) = podm + L1 Am—1+ -+ fm—1A1 + LmAo.
Since m(g ® f)(e:) = (f @ g)A(es),
(f ® 9)A(e:) = poAm + 11 Am—1 + -+ + fn—1A1 + Hm Ao (4.7)

Let A(e;) = >, ur ® vg. Then by using (4.6) and (4.7), we obtain that
(f @ 9)A(es) = Nopm (€] @ T15) + Mptm—1(P], @ Ph1(z, ) + -+ Ampto(x] @ €)Y up @ vy
i

= (Ao€; (uo)m®;, -1y (v0) + Apj, (U1) pm—1P5-15),, , (V1) + oo + A7 (um ) o€ (V)
= poAm + M1 Am—1 + - 1 A1+ fmAo-

So, solving the above equation gives that

Uy = €, Vo = Ty—1(4),
Uk = Digs Vk = Pu=1()m—n for1<k<m-1,

Um = Tjy Um = €4.
Then we obtain the following formula

Ale) = D P @Pu-1(jymss
0<k<m
DPigPjp, . =%i

where j depends on k. O

Observe that A(14) = A(eg +ea+---+e,) = Aler) + Alea) + - - - + A(eyp) for n = |Qo|. Hence, as

a result of this fact and the above theorem, we obtain the following corollary.

Corollary 4.3.6. Let A= N, va be a Nakayama automorphism of A and v be the Nakayama permu-
tation of {1,...,n} induced by v4. Suppose that {e1,--- ,e,} is the set of idempotents, and for each e;
there exists a path x; which is an element of socA, with s(x;) = i, t(x;) = v(i) and £(z;) = m for all

1 € Qo. Then there exists a comultiplication A of A which is given for 14 by

Alla)= D P ®Pi()mr
1<i<n
0<k<m
PipPjp— =Ti

for suitable choices of j which depends on k.

Note that p;, = e; and p;,, = ;.

Remark 4.3.7. Let A and A be as given in Corollary 4.3.6. Since A is an A-bimodule morphism, we
obtain that A(a) = aA(14) = A(14)a for any a € A.

Example 4.3.8. Let us consider again the algebra N7. In Example 4.3.2, all p;, for 1 < i < 3 and
0 < k < 2 were computed. By using Corollary 4.3.6, we compute all appropriate p,-1(;),_, depending
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on p;, and obtain the following

A(1a) = p1, @ Pu-1(1), +P1, @ Pu-1(2), + P12 @ Dy-1(3),
+ D20 @ Du-1(2), + P2, @ Pu—-1(3); T+ D2, @ Du-1(1),
+DP3o @ Du-1(3), T P3, @ Pu—-1(1); T D35 @ Du—1(2)5-

Then by Example 4.3.2, we obtain that

A(IA) =e1 Qagasz + a1 ®asz + a0 X ey
+ e ®azar +ax ®a; + azaz @ e

+e3®aran + a3 X ag + azog X es.
Since A is an A-bimodule morphism, for example,
A(al) = A(lA)Oél =] ®aza) + a10g @ ag.

Theorem 4.3.9. Let A= N!", va be a Nakayama automorphism of A and v be the Nakayama permu-

n o’

tation of {1,...,n} induced by va. Suppose that {e1,--- ,e,} is the set of idempotents, and for each e;
there exists a path x; which is an element of socA, with s(x;) =i and t(x;) = v(i) for all i € Qo. Then
§=af + -+ xk is the counit of (A, A), where A is as given in Corollary 4.3.6.

Proof. Here, A is a Frobenius algebra with the A-bimodule isomorphism 7 : A,, = D(A) which is

explicitly defined by

T:.€ —> xz,l(i)
x; > e}
Pij, = (Pu-1(j),, )" for 1 <k <m —1,
where p;, pj,._, = %4, for all ¢ € Qo and for suitable choices of j which depends on k. See Proposition
4.3.3.

By taking into account Proposition 4.2.19 and Chapter 2, we say that the counit ¢ of (A, A) corre-

sponds to the Frobenius form of A which is equal to 7(1,4). Therefore, we obtain that
d=7(la)=ai+ - +a.

O

Corollary 4.3.10. Let A = N!™. Suppose that {e1,--- ,e,} is the set of idempotents, and for each e;
there exists a path x; which is an element of socA. Then the counit § of (A, A), where A is as given in
Corollary 4.3.6, is explicitly defined by

0:x;— 1 foralli € Qo,

otherwise — 0.

By Section 2.1.3, A = kQ/I is a symmetric Frobenius Nakayama algebra if and only if A = N, with
n dividing m. Moreover, since A is symmetric, we can take the identity automorphism as Nakayama

automorphism of A. Then we obtain the following result by using Corollary 4.3.6.
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Corollary 4.3.11. Let A = N, where n divides m. Suppose that {eq,--- ,en} is the set of idempotents,
and for each e; there exists a path x; which is an element of socA, with s(x;) = t(x;) =1 and €(x;) =m

for all i € Qq. Then there exists a comultiplication A of A which is given for 14 by

A(1A) = E Diy, @ Djp s,
1<i<n
0<k<m
PigPjp =i

for suitable choices of j which depends on k.

Note that p;, = ¢; and p;,,, = ;.
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