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Abstract

We revise a previous result about the Frohlich dynamics in the strong coupling limit
obtained in Griesemer (Rev Math Phys 29(10):1750030, 2017). In the latter it was
shown that the Frohlich time evolution applied to the initial state ¢o ® &,, where ¢ is
the electron ground state of the Pekar energy functional and &, the associated coherent
state of the phonons, can be approximated by a global phase for times small compared
to a. In the present note we prove that a similar approximation holds for t = O (a?)
if one includes a nontrivial effective dynamics for the phonons that is generated by
an operator proportional to @ > and quadratic in creation and annihilation operators.
Our result implies that the electron ground state remains close to its initial state for
times of order o2, while the phonon fluctuations around the coherent state &, can be
described by a time-dependent Bogoliubov transformation.

Keywords Frohlich polaron - Strong coupling limit - Effective dynamics - Quantum
corrections

Mathematics Subject Classification 81Q05 - 81Q15 - 82C10

1 Introduction and main result
1.1 The model

The Frohlich polaron is a quantum model for a large polaron which describes an
electron in an ionic lattice interacting with the excitations (phonons) of this lattice
[1,12]. Large refers to the assumption that the extension of the electron is much larger
compared to the lattice spacing which can thus be approximated by a continuum. In
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this model, the energy and the dynamics of the electron and the phonons are described
by the Frohlich Hamiltonian

Hiyeow = PO 1+ 1@ N +/ad(Gy) (1)

that acts on the Hilbert space 7 = L?(R?, dx)®F. Here F = @2, L>(R, dk)®sym
is the bosonic Fock space, x and p = —iV, denote the position and momentum
operator of the electron, respectively, and N is the number operator on F. The interac-
tion between the electron and the phonons is described by ¢ (G;) = a(Gy) +a*(Gy)
with a(f) and a*(f) the usual annihilation and creation operators on F and G, the
bounded multiplication operator defined for any x € R3 by the function

e*lkx

G, (k) = .
*) 27 |k|

@
The creation and annihilation operators satisfy the canonical commutation relations

la(f),a* (@1 =(f.8) 2.
[a(f),a(g)] = [a*(f),a*(e)] =0 VY f,g e L*(R®, dk). 3)

Finally the number « > 0 is a dimensionless coupling parameter that models the
strength of the interaction. The regime o — 00 is called the strong coupling limit.
By a change of units which corresponds to rescaling all lengths by a factor a~!,
the Frohlich Hamiltonian HthyS’ is unitarily equivalent to the operator azHo}f with!
Hy =p*®@1+1®@a >N +a '¢(Gy). 4

In the analysis of the strong coupling limit it is more convenient to work in strong
coupling units, i.e., to use H} instead of the original Frohlich Hamiltonian Hlfhys, N
and then consider rescaled values of energy E = 04_2EphyS and time r = aztphys.
This explains why t = O («?) is the time scale we are interested in for the dynamics

generated by HY'.

In this work we study the large o limit of the time-evolved state W, () = e~ Hgt v,
for a special initial state, namely the Pekar product state ¥, = ¢ ® &, where ¢g €
H'(R3, dx) is the self-trapped electron ground state of the Pekar energy functional
(to be defined below) and &, = W (« fo)*Q is the corresponding coherent phonon
state. That is to say, Q¢ = (1, 0, 0, .. .) is the normalized vacuum state in F and

W(a fo) = exp (a* (e fo) — ale fo)) (5)
denotes the Weyl operator w.r.t. the function
a fotk) = afpo, G.()@o),» = a [ e o (x)|? dx ©)
T L7 2x k| Jrs :

I See [13, Appendix B].
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We recall that the Weyl operator is unitary and satisfies the shift relation
W (a fo)*a(@)W(a fo) = a(g) + a(g. fo),- (7)

for any g € L>(R3, dk).
The Pekar energy functional is defined by

2
SP(<p)=/ V(o) Pdx — / / lp(x)[*lo(y)] le@OFIeOE ;) 4y ®)
R3 R3 JR3 |x_y|

with constraint ||¢||;2 = 1. It was shown in [20] that £ P (¢) admits a unique minimizer
(unique up to spatial translations)

9o € H'(R?, dv)n{p e L2R, dx) : gl = 1} )

that can be chosen positively. The minimizer further solves the Euler—Lagrange equa-
tion (h¥0 — A)gpp = 0 where

h? = p* + V¥, V(x) = —2Re(Gy, fo);2, (10)

and A = &P (v0) — || f0||%2. By its positivity, it follows that ¢ is the unique ground
state of the Schrodinger operator £%0 and that A = inf o (h%?) belongs to the discrete
spectrum of A%, see [25, Sec. 12]. Introducing the orthogonal projector Q =1 — P
with P = |¢o) (0|, we hence know that 2%° — X is a positive operator when restricted
to the closed subspace ranQ L? (R3, dx). This allows the definition of the restricted
resolvent

R=0Mh" —xn"'0 (11)

as a bounded operator in L?(R3, dx). The fact that R is independent of o and thus
bounded uniformly as « — o0 is a crucial ingredient in the analysis of the strong
coupling limit of W, (¢). In a nutshell, it ensures a separation of scales as « — oo of
the different parts of the Frohlich Hamiltonian H when the latter is applied to states
of the form ¢ ® W (« f)*n for suitable ¢ € ranQ and n € F.

That the scale separation of the different parts in H(f allows an effective description
of the Frohlich dynamics for times ¢ = o(a?) was first observed in [13]. There, it was
shown that the wave function W, (1) = e iHa wo ® W (a fo)*0 remains close to its
initial state up to a global phase factor, i.e.,

W (1) — e @0 90 @ W(a fo)* Q]| ,, < C 11120 (12)
for some C > 0. Since the initial state is normalized to one, the upper bound is mean-
ingful for t <« . A similar approximation was obtained in [19] for more general

initial states, namely Pekar product states in which the electron is initially trapped
in the classical field produced by a given coherent state of the phonons. Modulo
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a global phase factor, the effective dynamics is then described by the Pekar prod-
uct state ¢,(1) ® W(a fi,(t))*Q0 with (¢,(¢), fi»(t)) solving the time-dependent
Landau-Pekar equations, cf. [19, Eqn. (8)]. In fact, the effective dynamics in (12) can
be understood as the special case in which (¢o, fo) are the stationary ground state
solutions of the Landau—Pekar equations. The proof of the nonstationary problem,
however, is technically more demanding as it is based on a nonlinear adiabatic theo-
rem for the solution of the Landau—Pekar equations, see [19, Theorem II.1]. Loosely
speaking, the latter shows that the scale separation of the different parts in the Froh-
lich Hamiltonian remains valid on some suitable time scale also in the nonstationary
case. An adiabatic theorem for the Landau—Pekar equations in one spatial dimension
has been derived in [9,10]. Earlier results about the Frohlich dynamics in the strong
coupling limit provide approximations for = o(«) but for much more general initial
Pekar product states ¢ ® W (« f)*20 with no particular assumption about the relation
between ¢ and f, see [7,8]. To our knowledge, there are no results available to date
that provide an approximation for the Frohlich dynamics for t = O (a?).?

Remark 1 The particular choice of our initial state ¥, = @9 ® &, is motivated by
Pekar’s approximation of the ground state energy of the Frohlich Hamiltonian [24].
Taking the expectation value of H(f for general Pekar states ¢ ® W (o f)*€20 and mini-
mizing over the phonon mode f € L2(R, dk) leads to the Pekar functional EP (¢). That
Pekar’s approximations is accurate in the strong coupling limit was rigorously proved
in [3] and later, using a different approach which provided in addition a quantitative
error estimate, in [21]. They showed

inf o (Hy) = E"(90) + o(1) (13)

as ¢ — oo. The physical picture behind this result is that the electron creates a
classical phonon field which in turn leads to an effective trapping of the electron. This
self-trapping mechanism is described by the ground state of (8). Let us also mention
that the rigorous derivation of the next order contribution in (13) is still an open
problem that was recently solved in [11] for a model in which the Frohlich polaron is
assumed to be confined to a suitably bounded region A C R3.

Remark2 We note that (4), and equally (1), is somewhat formal since G, ¢
L?(R3, dk) and hence ¢ (Gy) is not a densely defined operator. However, by a well-
known argument that goes back to Lieb and Yamazaki [22], the right side of (4)
defines a closed semi-bounded quadratic form with domain given by the form domain
of p> ® 1 + 1 ® N. The Hamiltonian HY is then defined as the unique self-adjoint
operator associated with this quadratic form, cf. [26, Thm. VIII.15]. For the purpose
of this work, it is sufficient to use the form representation given in (4). Alternative
approaches to define the Frohlich Hamiltonian with an explicit characterization of its
domain have been discussed more recently in [14,17].

2 After the submission of this article new results have been reported about the derivation of the Landau—
Pekar equations (and the corresponding quantum fluctuations) for times of order o2 [6,18].

@ Springer



A note on the Fréhlich dynamics in the strong coupling... Page50f24 45

1.2 Effective dynamics

Our goal is to derive an approximation similar to (12) for times t = 0(a?). To
achieve this, we compare W, (#) with an effective time evolution that is generated by
the Hamiltonian

HP =1® (¢o, (Hy — (@ '¢(G) = V)R (e '¢(G.) — V™))go),» (14)

acting on 7 = L*(R?, dx) ® F. This operator acts nontrivially only on the Fock
space. The expectation value in the second factor of the tensor product is taken with
respect to the inner product in L?(R3, dx). Equivalently we could write the second
factor as a partial trace,

Tr2 @ (I90) (@0l (HY — (@ '¢(G.) — V)R @ D@ '¢(G.) — V))lgo)(gol).-
(15)

In the following proposition we clarify the difference compared to the ansatz in (12)
and, more importantly, we obtain the existence of a unitary time evolution generated
by HJ".

Proposition 1.1 For any o > 0 we have
W (e fo) HEW (@ fo)* — €7 (p0) = 1 @ @ (N — A%) (16)
with the operator A . F — F defined by

A% = (99, p(G)(R ® 1)$(G.)gn), »

- fR3 /Rs (90, G.(k)RG.(Dgo),» (a; + a—x)(af +a—p)dkdl (17

Moreover, Z(N) C (N — A?) and N — AP is essentially self-adjoint on F. (We
denote its closure again by N — A%°.)

We prove this proposition in Sect. 2.4. By unitarity of the Weyl operator, it follows
that HJ" is self-adjoint on .7 and thus exp(—i Hy"t) defines a unitary time evolution.

Let us emphasize that the effective Hamiltonian acts nontrivially only on the
phonons. This implies in particular that the time evolved state exp(—i HY "Npo R g is
still an exact product. Because of the operator A?° in (16), however, the coherent state
structure of the initial state &, is not conserved. In this regard, our effective dynamics
is different compared to the known results discussed in the previous section.

Remark 3 As a motivation of our ansatz in (14) let us mention its analogy to the
well-known second-order perturbation formula

E. = (ug, (He — eVRoeV)ug) + O(e’) (e < 1) (18)
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for the nondegenerate ground state energy E. of a suitable Hamiltonian H, =
Hp + ¢V by means of the ground state vector uy of Hy and the reduced resolvent
Ry = (1 — |ug){uo|)(Hy — {uo, Houo))_l(l — |ug)(uol). Despite this analogy, we
emphasize that the expectation value in (14) is taken only w.r.t. to the electron wave
function gy € L?(R?, dx) and not w.r.t. to the full Pekar product ¢y ® &,. The rea-
son why the expectation value w.r.t. 99 ® &, would not lead to a good ansatz for the
effective dynamics is the appearance of the factor o ~2 in front of the number operator
N.

1.3 Main results

We are now ready to state our main results.

Theorem 1.2 Let ¢y € H'(R3, dx) be the unique minimizer of the Pekar functional
(8) with ||@o|| ;2 = 1 and let fo € L*>(R3, dk) be defined as in (6). Let further no € F
satisfy |InollF = 1 and supy_¢ [[(N + 1)>2ngll7 < oc. Then, there are constants
¢, C > 0 such that

(e et — e ") 0y @ W (et fo) 0| < Co™'expleltle™)  (19)
forallt €e Rand a > 0.

Since the initial state is normalized to one, the approximation is accurate for
t = O(a?) (indeed, it is accurate for r <« o In). As a direct consequence of (19)
together with [e_in Ot, P ® 1] = 0, we obtain the following statement that shows that
the reduced density of the electron remains approximately constant.

Corollary 1.3 Under the same assumptions as in Theorem 1.2 there exist constants
¢, C > 0 such that

Trya| T | Wa ) Wa )] = [p0)fio] | < Ca™" expelrla) (20)

with We(f) = e~ Hal oo @ W (e fo)* 0.

Theorem 1.2 shows that on the time scale t = O(a?) it is important to include
the creation and annihilation of noncoherent phonons in the effective time evolution.
In earlier findings which provided approximations for t = o(«) [7,8] and t = o(a?)
[13,19], respectively, it was not necessary to take such noncoherent phonons into
account as the effective dynamics was still described by exact Pekar product states. In
our next corollary, we use the fact that the operator N — A% is quadratic in creation
and annihilation operators in order to describe the fluctuations around the coherent
phonons by means of a time-dependent Bogoliubov transformation.

To make the last statement precise we need to introduce some well-known notions
related to the Bogoliubov transformation. The generalized annihilation and creation
operators are defined by A(F) = a(f) + a*(g) and A*(F) = a*(f) + a(g),
respectively, for any F = f @ Jg € L*(R>, dk) @ L*(R3, dk) where J denotes
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the complex conjugation map (Jg)(x) = g(x). A bounded invertible map V' on
L2(R3, dk) @ L*(R3, dk) is called a Bogoliubov map if it satisfies

A*(VF) = A(VJF), [A(VF),A*(VG)]=(F,SG) (21)

L?@L?

forall F, G € L*(R3, dk) ® L2(R3, dk) where

0 J 10
J=<J 0), 8=<0 _1>. (22)

In case that the Bogoliubov map V is a Hilbert—Schmidt operator, i.e., if V*V is trace
class, it can be implemented as a unitary operator on . This is the content of the Shale—
Stinespring condition which states that there exists a unitary operator Uy, : F — F
such that

Uy A(F)US, = A(VF) (23)

for any F e L>(R3,dk) @ L*(R?, dk) if and only if TrV*V < oo, see, e.g., [27,
Thm. 9.5]. We call the operator Uy, the Bogoliubov transformation associated with
the Bogoliubov map V. Finally we need the concept of (pure bosonic) quasi-free states
in F. A quasi-free state n € F is defined by the property that there is a Bogoliubov map
Vy such that 1) can be written as the transformed vacuum n = Uy, Q (in particular, Qg
is quasi-free). For a detailed introduction to Bogoliubov transformations and quasi-free
states, we refer to [27, Sec. 9 and 10].

Our next goal is to show that the dynamics of the noncoherent phonons in
W, (t) = et Hgt 0o ® W (« fo)*no can be described by a time-dependent Bogoliubov
transformation Uy, ;) associated with the Bogoliubov map

L
Va<r)=exp[—;—§<_Kg _l’ig)]vam), va(0>=((1) (1)) 24)

where K, G denote integral operators in L>(R>, dk) defined by the kernels
Kk, 1) = @ik~ @l {{go, e ™ Re " pq) . + (o, e Re ™ )},
(25)

Gk, 1) = @rlkD ™ @D (w0, e Re ™ gq) 5 + (g0, e Re T )},
(26)

and where KC, G are to be understood as the integral operators with kernels Kk, 1) =
Kk,l) = K(—=k,—1) and G(k, 1) = G(k,l) = G(l, k), respectively.

Corollary 1.4 Under the same assumptions as in Theorem 1.2 with the additional
requirement that no € F is quasi-free, there exist constants ¢, C > 0 such that

Trr

Tria | W@ fo) W O) W (@ fo) W 0)] = [Uv, 00U, |
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< Ca exp(cltla™?) 27

with Wy (t) = e_thS’(po ® W(a fo)*no and Uy, the Bogoliubov transformation
associated with the time-dependent Bogoliubov map Vy (t) defined in (24).

The remainder of this note is organized as follows. We conclude section one with
a short remark about the notation and a sketch of the proof of Theorem 1.2. In the
second section we begin by stating two preliminary lemmas which are useful for the
proof of Theorem 1.2. The latter is given in Sect. 2.2, whereas the preliminary lemmas
are proved in Sect. 2.3. Finally we prove Proposition 1.1 together with Corollaries 1.3
and 1.4 in Sect. 2.4.

1.4 Notation

From now on, we omit the tensor product with the identity in operators of the form
h%0 = h?0 ® 1 and N = 1 ® N. Moreover we make use of the abbreviation

8Gy =Gy — va (28)

with fo defined as in (6) and by ¢y € H'(R?, dx) we always denote the ground state
of the Pekar functional (8) satisfying ||@g||;2 = 1. The letter C is used for positive
constants that are independent of 7 and «. The exact value of C may vary from line to
line.

1.5 Sketch of the proof
The proof of Theorem 1.2 is motivated mainly by the proof of inequality (12) given
in [13]. To demonstrate our main idea it is instructive to start with a sketch of the

derivation of (12) (in slightly different way compared to [13]). To this end, we use the
shift relation (7) to verify

W(afo) HEW(a fo)* — €% (go) = h* — A+ a 2N +a~'¢(8G).  (29)

With W (e fo)e ™ Ha W (a fo)* = exp(—i W (« fo)HEW (a fo)*t) and by Duhamel’s
principle, one then obtains

||(e_thft — e_igp((m)t)% ® W(“fO)*QOH?%”

l . — —
— —20[_1 Re / i(e—l(h‘po—k+a N+« |¢((SG.))S900 ® Q, Q¢(8G)§0() ® QO)%dS
0
(30)

Note that we further used (A% — A)gpg = 0 and ¢ (G )po ® 20 = QP (8G )y ® Qo
which holds because of (¢o, §G.¢g);2 = 0 (recall P = |@o)(¢o| and Q = 1 — P).
A rough estimate of the right side would now lead to an upper bound proportional

@ Springer



A note on the Fréhlich dynamics in the strong coupling... Page90of24 45

to |tla~!. The reason why the right side behaves actually better than this is a phase
inside the integral which oscillates with nonzero («-independent) frequency. To take
advantage of this phase we rewrite the integrand as

. . _ _ d .
<el(h¢0—k)se—l(hw0—k+a 2N+a 1¢(SG4))s¢0 ® 907 (aez(h‘ﬂO—A)SR) ¢(5G)(,00 ® QO){%

€19

and then integrate by parts. This leads to a perturbation like expansion of (30) which
among other contributions (e.g., the boundary terms which are of order & ~!) includes
the term

t . - -
2072 Re[o im0t PN+ (65 0 @ Q. b (5G.)RP(SG. ) ® Q) ,, ds.
(32)

Apart from some technical difficulties being related to G, ¢ L2(R3, dk), one then
applies the estimate (here we use that R is uniformly bounded)

|(e—i(h‘p0—)\+a_2N+a_1¢(BG.))S¢O ® QOa ¢(8G)R¢(8G)§00 ® QO)%'
< C||(N + D0|| (33)

in order to arrive at | (32) | < Ca~2|t|. This bound is indeed the reason why (12) is
limited to r = o(?). Our idea to improve upon this is to use the oscillating phase in
(32) a second time. Inserting the identity 1 = P + Q on the left of ¢ (§G ) we obtain
two contributions,

(32.a)
t
- 20(_2/ Rei(e /(M0 —RHaN+CI006)S 0 0 Q) 0§ (8G.)RG(BG )po ® Q) , ds,
0
(32.b)

t
= 2or2/ Rei(e /(M0 —RHaN+I066)s 5 @ Q) P (3G.)RG (3G )0 ® Q) ds.
0

In the first one we can proceed similarly as before and improve the bound through
integration by parts to | (32.a) | < C (a2 + |t|a>). In the second line, however, inte-
gration by parts is not applicable since (h¥° — 1) P = 0. In other words, there is no fast
oscillating phase in this term and thus (32.b) seems to be really of order | lo~2. Toavoid
this term in the first place we include the operator W (« fo)*a~2(N — A?) W (« fp) into
the effective dynamics, see (16). Starting over again with the new effective dynamics
we now obtain an additional term in the first-order Duhamel expansion which can-
cels exactly the contribution from (32.b), cf. (51) and (57). Because of the nontrivial

3 One should think of the improved ¢-dependence in fé iesds = b1 — 1) compared to f(; Ids =1t.
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dynamics of the phonons we now have to take into account the number of excita-
tions in the effective time evolution. Using a Gronwall argument, this is shown to be
bounded by a constant times exp(c|t|a~%) which leads to the exponential factor in
(19). This already explains much of our proof and aside from the technical details, it
would lead to an upper bound in (19) that is proportional to a~!/? exp(|f|a—2). By a
third integration by parts we can improve the accuracy of this upper bound further and
finally arrive at the stated bound in (19).

In principle there is no obstacle for continuing the explained strategy by additional
integration by parts. In the present work, however, we do not pursue this idea further
for the following two reasons. First, the effective Hamiltonian would become more
complicated and involve terms with more than two creation and annihilation operators
(hence the advantage of having a quadratic Hamiltonian would be lost). Second, an
extension of our result to even longer times (e.g., t = O (e?)) would not follow as
an immediate consequence. This is due to the difficulty of controlling the number of
phonon excitations produced in the effective time evolution. In Lemma 2.2 we shall
see that our bound would be insufficient for times ¢ > «?.

Remark 4 The described idea of improving the approximation to longer times by
changing the effective Hamiltonian as in (16) was similarly used also in [15,16]. These
works treat very different models, namely the dynamics of a single tracer particle resp.
two tracer particles interacting with an ideal Fermi gas in the high density limit. The
used approximations and the proofs of their accuracy, however, are analogous to the
one we apply to the Frohlich Polaron. The scale separation in these models comes
from the large momenta of the gas modes that are close to the Fermi surface. (For the
ideal Fermi gas, high density is equivalent to a large Fermi momentum.)

2 Proofs
2.1 Preliminary lemmas

Before we start with the proof of Theorem 1.2, let us state two lemmas with several
helpful estimates. Their proofs are postponed to Sect. 2.3.

Lemma 2.1 Let P = |@o)(po| and R as defined in (11). There is a constant C > 0
such that for any W = @y ® n € S withn € Z(N>/?), the following bounds hold.

[ROGGHIW||, + [|[N. ReBGCI]W|| < Cl|(N + 120 1. (34)
[(RBGI*W|| o + [[[N. (RGG)*]W]| ;< CI[(N + D] . (35)
[(R$(5G )V, + || P#(8G ) (RH(BG ) V||,
+||RO(BGIPP(BGIRP(BGIY|| , + [[[N. (R$GBGI|¥||, < C||(N + 1)?q]| £,

(36)
|(R$(8G))*PH(BGIRP(BGIV|| ,, < C||(N + 1)?n]| £, (37)
|(R$(5G )’ PH(8GIRH(BG V||, < C||(N + 1)°/*n]| . (38)
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Moreover for ® € H'(R3, dx) ® F we have
(®.6(6G)(RP(BG)’¥) | = C(1+][p@]| ) |V + 1]l . (39)

Lemma2.2 Let n € Z(N/?) with ||n||F = 1 and sup,_ [[(N + 1) 2oz < oo.
Then there are constants ¢, C > 0 such that

5
Z I[(N + 1)7/% exp(—ia > (N — A“’O)t)nH?_. < Cexp(c|tla™), (40)
j=0

lpea'gy @ W fo)n|| ,, < C (41)

forallt € Rand a > 0.

2.2 Proof of Theorem 1.2
We recall the relations

W(afo)HEW (e fo)* — EP(po) = h* —h +a >N +a ¢ (8G,), (42)
W (e fo) HEOW (e fo)* — EF(go) = a 2(N — A%0), (43)

which are verified by the commutation relations

W(afo)a PNW(afo)* = >N —a'¢(fo) + Il foll 72 (44)
W(afo)a ' ¢(GOW(afo) = '¢(Gy) + V¥, (45)

which in turn are easily obtained via (7). Using the unitarity of the Weyl operator we
thus shall estimate

|[(e7 " — e He" gy @ W(a fo)*m0]|

_ ||(efi(h“’()7A+a*2N+a*1¢(8G,))z . efioz’z(NfA‘/’U)t)(pO ® 770||(;f- (46)

For notational convenience let us abbreviate

. _ -2 -1 2 (N
I/fa(l) e i(h?0—r4a *N+a = ¢p(8Gx))t 0 ® 70, ;':a(t) 0 R e i 2 (N—A%0)t 0.
47)

By the fundamental theorem of calculus we have
2 . _ -2 -1
|Va(®) = &0)]|°) = 2Re(Ya(0), Yu (0) — /WO AFeN+aT 0G0, 1))

d . i) .
— _2Re(wa(0)’v/(‘) E(el(h‘ﬂ()—)rﬂ)l N+a (P(BG))Sga(S))dS)%
(48)
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Hence we get

[¥a(®) — &)y = 2Re fult) +2Re g4 (1) (49)
with
t
fult) = —ia™! /0 (Vas), $(8G ) (5)), s, (50)
t
ga(t) = —ia ™2 /0 (Va(s), POGBGIRG(5G )Eu(5)), ds. s1)

Note that here we have used [N — A%, P] =0, P&y (s) = &,(s) and (A0 —A)P = 0.
With 1 = P + Q and (¢, §G.¢p) 2 = 0 one further obtains

Fut) = —ia™ [ (Ya(s). QGG IEu(5)) ds. (52)
0 I

In the first part of the proof we do three integrations by part w.r.t. the time variable
s. This leads to a perturbation like expansion of (52) into different contributions. In
particular, after the first partial integration, we obtain one term that equals —g, (¢).
Since this term would contribute an error of order |#|a 2, it is crucial that we included
the second-order correction in the effective dynamics. All remaining contributions
will be estimated separately in the second part of the proof and finally lead to the error
in (19).

To prepare the first integration by parts we use the restricted resolvent R = Q (h%° —
210 in order to write

- ' i(h¥0—1)s d i(h¥0—1)s
fat) = —a”" /0 (e MOy (s), (ae o= R)qs(rSG.)sa(s))fds. (53)
Using
%e"““’“*”‘wa () = —ie' "IN + a7 P0G ))Ya(s). (54
disa (5) = —ia 2 (N — A™)&,(s). (55)
S

together with Ry, (0) = Repp ® no = 0, one finds by integration by parts

fa(t) = = (o (1), RG(BGE (1)) (56a)
t

+ia—3/ (Va (), R([N, #(8G)] 4+ #(8G.)A)Ey(5)) ,, ds  (56b)
0

t
+ia? fo (Va(5), 9(8GIRP(8G )En(s)) ,p ds. (56¢)
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In the last line the prefactor o =2 is not sufficient and we need to do a second integration

by parts. For that, we insert again the identity 1 = P 4+ Q on the left of ¢ (6Gy). The
term containing P equals

t
ia_zfo (Wa(s), P¢(5G-)R¢(5G-)Ea(8)>%» ds = —ga (1), (57)
and thus
t
(56¢) + go (1) = ia’Z/O (Vals). Q¢(5G-)R¢(3G-)Ea(S))jf ds. (58)

In this term we can integrate by parts similarly as in (53) which leads to

(56¢) + ga (1) = &Y (1). R(BGIRP(5G)eu (D)), (59a)

—ia™ fo e, [N, ROGGIRSGG)|eu(w)) yds (590)
— o™ /0 es), REGGIRGBGIAME, () yds (59
—ia”? fo [als). PEGGIRSBGIRG(BGIES)) 5 ds (590
—ia” /0 a6, QBGGIRBGIRPGG (). ds. (59€)

In the last line we do a third integration by parts, i.e.,

(59¢) = —a (Y (1), Rp(8G.)RG(BG)RP(8G )x (1)) (60a)

t

+ia~ /O (Va(s). [N, RO (BGIRP(OGIRP(BG)]Ea(s)) ,pds  (60D)
t

+ia” f (Vo (). RO (OGIRPGBG IR (OG)ANE (5)) ,pds  (60c)
0
t

+ia™t fo (Vo (). (0G )RD(BG )R (G )RP(5G JEa (5)) ,, ds. (60d)

Summing up the above expansion we arrive at
Ja@®) + ga (1)
= (56a) + (56b) + (59a) + (59b) + (59¢) + (59d) + (60a) + (60b) + (60c) + (60d).
In the remainder of the proof we separately estimate each summand on the right side.
This is readily done using basic inequalities in combination with Lemmas 2.1 and 2.2.

At the end, we conclude by applying Gronwall’s inequality.
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Term (56a). In the first boundary term from the integration by parts we have

(56a) = —ia™ (Yo (1) — & (1), RP(3G )& (1)) (61)

since R&, () = 0. Using the Cauchy—Schwarz inequality we obtain

1
(560)] < 4[|V (t) = &% + o *[|RS GG I8 D)5 (62)

and with (34) and (40),
|R$ (3G, < C||(N + D260, < Cexpleltla™).  (63)

Terms (59a) and (60a). For the other two boundary terms we proceed similarly and
find

1
(59| < 7 [[Va®) = &% + o« *||[RSGCIRPBGIE]| 4o
1
< 7llve - & |, + Ca~*exp(elrla) (64)

as well as

1
600)] < 7 [[Ya(0) = &% + o« *|[RS(BCIRPBGIRG (G )60
1
< —||[¥a(®) = &%, + CaC expleltla™) (65)

where we have used (35) and (36) in combination with (40).

Term (56b). In this term we have

t
(56b) = i~ fo (Ve () = Ea(5), R[N, $(5G )] + $(3G)A™)ey (5)) ,, ds. (66)

Using (34), the third line of (36) and (40) we estimate

(56b)] < a2 /Ot [V (s) — Ea(s)|[ ds
+ 30 [ Y. Ro6G L&)y + [ ROGGI AR, 0] )as
<o’ /0 [ |Wa(s) = &a(9)]|%, ds + Ca2(exp(cltla2) — 1). (67)
Terms (59b) and (59c). Similarly as in the previous term,

t
1(59b)] + [(59¢)| < a*zfo [V () — £a(9)||%, ds
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1 t
+§a—6/0 (I[N, Rp(5GIRP (3G ) ]Ea ()|’

+ ||R¢(SG.)R¢(6G.)A¢0§a(s)||if)ds, (68)

and thus by means of (35), (37) and (40) we obtain

zjfds + Ca*(exp(cltla™) = 1).
(69)

t
1(59b)] +[(59¢)| =< a_zfo |[Va(s) = &a(s)|

Term (59d). In this line we keep the real part (cf. (49)) and have

t
Re (59d) = a_3/0 Im (Yo (5) — £a(s), PO(8G.)RP(BG)RG (3G )&4(5)) ,, ds
(70)

(the imaginary part of the added expectation value is zero). The absolute value of the
right side is bounded from above by

2
H

1 t
| Re (59d)| < E“_Z/O (|| ¥als) = Ea()]
1 t
+sa /0 |PG(BGIRS (GRS (3G )5 ()] )ds
t
5072/0 Ve () = 8(9)[|%, ds + Ca2(exp(cltla™) = 1), (71)

where one uses (36) and (40) in the second step.

Term (60b). By means of (36) and (40) one obtains
t
|(60b)] < & /0 |[[N. Rp(SGI)RP(BG)RP(3G.) [€u(s)|| ds
< Ca 3 (exp(cltla™) = 1). (72)
Term (60c). In this term one can use (38) and (40) to find
t
(60¢)| < a3 / |[R$(8G.)RP(SG.)RP(8G.) AP &y (s)|| ds
0
< Ca3(exp(cltla™®) — 1). (73)
Term (60d). For the last term we apply (39) in combination with

_.yF
1P Va®)lle = llp e Sy ® W fo)*noll s (74)
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see (42), as well as (40) and (41). This leads to

ds

t
1(60d)| = 06_4/0 (¥ (5), $(3GIRP(SG )RP(8G.)RP(8G )64 (5))
t
- F
< Ca—‘*/o (1+ [|p e ™50 ® Wi fo)*no| ) ||V + 126as)] | ds
< Ca%(exp(cltla™®) — 1). (75)
Conclusion. In total, we have shown
t
2 - - _ 2
[¥a(s) = &[5, = Ca 2 exp(cltla™?) + Ca 2/0 Ve (s) = &a(s)||, ds,
(76)
from which the claimed bound follows by the integral version of Gronwall’s inequal-
ity. ]
2.3 Proofs of Lemmas 2.1 and 2.2
The main tool of the proof of Lemma 2.1 is the commutator method by Lieb and

Yamazaki [22] by which one improves the behavior of the interaction at large momenta
using the regularity of the electron wave function. More precisely one writes

Gi(k) = Ge(k) — p- K(k) + Ke(k) - p (77
with
~ k
Gy(k) = G () xpo.nUkD, Kx(k) = ch(k))((],oo)(ud)a (78)

where x denotes the characteristic function, i.e., y4(r) = 1 forallr € A C R and
x4 (r) = 0 otherwise. The advantage of rewriting G, this way is that G, and K, are
square-integrable,

sup (11G ()22 + 1K< ()]l 12) < oc. (79

xeR3

For the next proof let us recall the common bounds for the annihilation and creation
operators,

lla(@)¥lle < gl 2 INY2W]pe, lla* (@)Wl < ligll2 I(N + DY2W]| 4
(80)

for any g € L>(R3, dk).
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Proof of Lemma 2.1 For the proof of (34), we set a* € {a,a*} and use (77), (79),
| foll2 < oo and (80) to estimate

|Ra*(6G) PY|| , < |[Ra*(G. — fo)PY||
+||Rp - a*(K)PY|| ,, + ||Ra*(K) - pPY|| ,,
< C(IIRIl + IIRpll + IR IpPIN)[|(N + D' 2| 2
< Cl|(V + D)'q]| 1. 1)

where || - || = || - ||l denotes the norm on the space of bounded operators
Z(L*(R?, dx)). That || R|| +||pP]|;2 < oois clear. To show || Rp|| < 0o we compute

PRV |2 = [, R — R, + (W, RO~ V) RY),,

1
< (V. RY) 2+ (. RPRY) + C|| RV 2 (82)

where we used £V% < %pz + C as shown, e.g., in [19, Lemma III.Z].4 Since the
bound (81) holds equally if R is replaced by P and since

[N.¢(3G)] =a*(6Gx) —a(8Gy), (83)
this proves (34).
In order to prove (35) we derive the bound for HRa’*"l (8G.)Ra™ (SG.)‘-IJH with
a' e {a,a*). Proceeding similarly as in (81), we find

||Ra* (8G)Ra™ (8G)W|| ,, < C||(N + D'*R2a® (5GHW|| ,,. (84)

From here we use

(N +D'?RV2a0(8G )V = R'?a(5G)N'/*w, (85)
(N + D'2RY2a*(5G )W = RV?a*(8G)(N +2)'/?w, (86)

together with
|RY2a® (G )W ||, < C||[(N + 1)'/q]| 2. (87)

The latter is obtained in complete analogy to (81). The bounds for the other terms on
the Lh.s. of (35) are derived the same way. Since the derivation of (36) and (37) is
also very similar, we omit further details.

To prove (38) we proceed again as in (81) and find

|(®. a" (8G.)Ra™ (8G)Ra™ (8G.)Ra™ (8G)W) ,, |
< ||®]| ,II(a"(G. - fo) —a* (K.) - p)Ra™(6G.)Ra™ (8G)Ra™ (G )¥|| ,,

4 Note that our potential V#0 coincides (up to a factor) with V,, for ¢ = fy € L2 (R3, dk) in [19].
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+ ‘(CD, p-a™ (K.)Ra#2(SG.)Ra#3((SG.)Ra#“((SGA)\ll)jf’

< C(1+Ip®lly)||(N + D*R2a" (G Ra™ (8GR 2a™ (5G)V|| .
(83)

By estimating the last factor similarly as the right hand side of (84) we obtain (38). O
Proof of Lemma 2.2 We start by verifying the following bound,

(. (¥ + DTN, ARIN + 1" )| < €|V + D"l (89)
for 1 < j <m. To do so, use (83) to write

[N, A?] = ((po, (@ (G.) —a(G))R(@"(G.) + a(G.))<p0> +h.c, (90)
and then estimate each term separately. We illustrate the argument for the term A%’ Y=

(g0, a*(G.)Ra*(G.)@p) 2 for which we have

(77 (N+1)] ]A(ﬂ() (N+1)m J )

I [UNC R Eat (S e JA‘”“ N+D M), (B+12)),
T VDT AR (N 4 3) T (N 4 1y Mg with i=m+2—j (j=%+1).

Taking the absolute value and using the Cauchy—Schwarz inequality we can bound
the first line from above by

[V + 177 NV = DE | ATV + Dl = OV + D0
On

where we used ||A +n||]: < C||[(N + Dnl||xr, n € F, which is proved the same way
as the bound for the left side of (84). Similarly we find the following upper bound for
the second line,

[N + D3 ]| ]| A2V +3)T N + D"l 2 < OV + D5 92)

Repeating the same argument for the other terms in (90) leads to the stated bound in
(89).
Next let n () = exp(—ioz_z(N — A%)t)n and compute the time derivative

d m
1O N0 (0) 2 = = Y a0, NN ARINT T na(0)) 2 93)
j=1

which form € {1, 2, 3,4, 5} is easily checked explicitly. Setting z() = Z§=1 (N +
1)j/2na(t)‘|2}-, we have by (89) and (93), |%z(t)| < Ca~2z(t). Since sup,.oz(0) <
oo by assumption, it follows from Gronwall’s inequality that z(r) < C exp(c|t|a™2).
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For a proof of (41), let ¥4 (¢) = e_iHcftwo ® W (a fo)*n and estimate

1P Ve @5 = CWa), (H + Dva(®) = CYa(0), (Hy + Da(®)
= C(1+E"(g0) + (1. Nn) 1) O

for some constant C > 0. Here we used N > 0 and p2 +a 2N < C(Holf 4+ 1) in
the first step (see, e.g., [13, Lemma A.5]) and the commutation relation (42) together
with (@o, 6G o) 72 = 0 in the third step. O

2.4 Proofs of Proposition 1.1 and Corollaries 1.3 and 1.4

Proof of proposition 1.1 The identity in (16) follows from EF(gg) = A + || f0||i2
together with the commutation relations (44) and (45). That Z(N) € Z(N — A?)
follows from

[4%n]| 7 = [|P#(GIRG(GIpo @nl| o < CIV + D[ 99)

which is proven the same way as the bound for the 1.h.s. of (84). Using (83) one further
finds

|(n. [A%. Nu)z| < Cln. Nn) (96)

forall n € F( with Fy C F denoting the dense subspace of all Fock space vectors that
have only finitely many nonzero components. Since Fy is a core of the number operator
N, we can infer that N — A% is essentially self-adjoint by a variant of Nelson’s com-
mutator theorem [5, Corollary 1.1]. Alternatively one could conclude self-adjointness
of N — A% from the criteria for self-adjointness of Fock space operators found in [4].

O

In the following two proofs we make use of the bound

Trs | Tros W)@ < 1V 4e.04 1R 4e.04 7

where J#, 74 are two separable Hilbert spaces and W, ® € .74 ® 4. The inequality
follows from the variational characterization of the trace. For a proof see [8, Appendix
D].
Proof of Corollary 1.3 We recall W, (1) = e~ Ha’ gy @ W (a fo)*no and write
_ g% iy
|Wa (D)W (1)] = [ g (0 )fe ™ e " W (0)]
+ Wy () (e — 71 H 1w, (0)|
] — T W ) R W, ()] (98)
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Since e~ He’" acts nontrivially only on the Fock space,
%0 %0
Tre|e 7700, O ) e 0L 0)] = o) ol 99)
Applying (97) to the two last terms in (98) thus leads to

TI‘Lz

Tr g | W (1)) Wa (1)] — !cooxrpo!\ < 2f|(e7 T — e HE Y)W, (0)]] . (100)

Together with Theorem 1.2 this proves the corollary. O

Proof of Corollary 1.4 For E € R we write

|W (et f0) Wa ()W (e fo) o (1) |

i 2(N—A%0)t i 2 (N—A%0)t

=lpo®e” n0){po ® e~ ol
P}
+ |W(afo)lya(t)XW(O[fo)llla(t) — @ ® P (N_A¢0+E)tn0
i 2(N— o
+ (W@ fo)Wa () — g @ e/« N AT+ oYy @ o=l " (V=ATHEN g .
(101)

From here we proceed similarly as in the proof of Corollary 1.3. Taking the partial
trace in the first line gives

2(N—=A%0
Tt, > (N—A%0)t

00 ® e—ia’2(N—A‘ﬂ0)1n0><(p0 ® e it

= JeTio TN =AY gl EN=AT | (102)

"

Using (97) for the second and third line then leads to

Tr]:‘TrLz |W (@ fo) W (D)W (o fo) We (1)

—ia~2(N =A% i 2(N— AL
ia = (N—A%0)t 0)(6 i “(N—AY0+)t

— e n nol‘

—ja"Y(N=
< 2/|W (o fo)Wa(t) — o @ e (N=ATHEN, | (103)

Setting E = £ (¢p) we can employ (16) and use the unitarity of W (a fp) to see
that the last line equals

2| W (e fo) (Wa (1) — e HE 0w, 0))|| L, = 2| (7 HeT — e H" )W 0)| -
(104)

The corollary now follows from Theorem 1.2 together with the identity

_iOl’Z(N—A(WO)t —i(x*z(N—A‘/’O)tno’ — ‘Uva(t)r)()xUVa(t)nO” (105)

e n())(e
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which we shall prove below.

Proof of (105). For & = [ (2 |k|)"*||R"/2e~**gg||7 ,dk it holds that

exp (—ia 2(N — A% + e)t)no = Uy, (1o (106)

To show this we follow closely the argument from [2, Lem. 2.8 and App. B] where
a similar identity was proven in the context of the dynamics of weakly interacting
bosons. The argument is based on well-known facts about Bogoliubov transformations
and quasi-free states and a general result about the dynamics generated by quadratic
Hamiltonians [23, Prop. 7].

At this point it is useful to introduce the pointwise annihilation and creation oper-
ators ay, ajf defined by the requirement that

a(g) =f gk ap dk, a*(g) =/ g (k) ai dk (107)
R3 R3

for any g € L2(R3, dk). The commutation relations (3) now read
lak. af1 =68k — 1), lax.a] =lag,af1=0 Vk,[ € R3. (108)

Using (17), (107) and (108) a short computation leads to
N—-A" 4+ ¢=dI'l -G) — %/R} A@ (K(k, ) aiaf +maka1)dkdl (109)
where dI" (1 — G) denotes the second quantization of the one-body operator 1 — G, i.e.,
dF(l—Q):/R3 /R3 (8(k =) — G(k, 1)) aa; dkdl, (110)

see (25) and (26) for a definition of [C(k, ) and G(k, [), respectively. To the opera-
tor on the right side of (109) we can apply [23, Prop. 7]. The requirements of this
proposition are satisfied since 1 — G : L*(R3,dk) — L?(R3, dk) is bounded and
K : L?(R3?, dk) — L*(R3, dk) is a Hilbert—Schmidt operator which can be verified by
means of (77). By part (iii) of [23, Prop. 7] it follows in particular that for any quasi-
free state ny € F, the time-evolved state 1y (t) = exp(—ia‘2(N — A% + &)t)no
is again quasi-free (the bound (n,(¢), Nn,(¢)) < C exp(c|t|oz_2) can be checked
directly by means of Gronwall’s inequality). It is further not difficult to verify that
the state Uy, ;)no is also quasi-free (ng = Uy Qo for some Bogoliubov map W
and thus Uy, yno = Uy, (1ow R0 with Bogoliubov map Vy(¢) o W). To show
equality between the quasi-free states n, () and Uy, 1yno we compare their reduced
one-body density matrices. This is sufficient because of the well-known fact that quasi-
free states are uniquely determined by their reduced one-body density matrices. For
£ € F the reduced one-body density matrices yz : L>(R?, dk) — L*(R?, dk) and
ag : L2(R3, dk) — L*(R3, dk) are defined by
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(fsveg) = (€ a*(@a(NE)r (f ae8). = (& al@)a(N)§)x (111)

for all f, g € L*(R3, dk). In order to show y,, ) = YUvyayno @ Oy, (1) = Uy, 4yno
we argue that they solve the same pair of differential equations with the same initial
condition y;, and oy,, respectively, and then use that the solution to this pair of
differential equations is unique (the latter was shown in [23, Prop. 7]).

Instead of computing the time derivative of yy, ) and «;, (), and similarly
for Uy, yno, it is more convenient to determine the time derivative of (14 (1),
A(F1)A(F2)ny (t)) ba with A(F) the generalized annihilation operator as defined above
(21). For Fy, F» € L*(R3, dk) ® L*(R3, dk) we have

d
i3 (e, ACFDA(F)E (1)) 5 = @ (na(0), [N — A?, A(F)A(F) 6. (1)) £

(112)
and it follows by a straightforward computation that
[N — A%, A(F)A(Fy)] = A(AF) A(F) + A(F1)A(AF,) (113)
with
1-¢G K
A_(—K _1+a>. (114)

Next we use U{;A(F)UV = A(V~LF), cf. (23), to obtain

(U, ym0. ACFDAF) Uy, o)z = (0. AV, (O FDAV, () F)mo) . (115)

By means of (id,V, ' (1))Va(t) = =V 1 (1)(i3,Vy(t)) together with id,Vy(t) =
a2 AV, (1), we can compute the time derivative

d
im0, AV O FDAVT O Fa)no)

= (no. (A(=i3,V, 'O FDAV, (O F2) + AV (O FD)A(=id, V' (1) F))no)
= o *(no. (A, ' (VAFDAWV, (O F) + AV, ' (O FD ANV, () AF))no)
= o 2(Uy, 0. (ACAF) A(F2) + A(F) AAF)) Uy, 10) - (116)

Comparing (112) and (113) with (115) and (116) we see that the pairs of reduced
one-body density matrices (yy, (), @y, (r)) and (VUva(twov “Uvaomo) solve the same
differential equation. Since the solution to this equation is unique, see [23, Prop.
7], and since 14(0) = Uy,@no = no, we conclude their equality. This implies
ne(t) = Uy, (no and hence proves the claimed identity. O
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