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1 | INTRODUCTION

We study the process of fluid displacement by another fluid in nondeformable saturated porous media domains of thin
structure. This is crucial for many environmental and industrial applications. Examples are enhanced oil recovery in oil
reservoirs and carbon dioxide sequestration in saline aquifers. Such processes are typically described by the two-phase
flow model, which is a coupled system of mixed-type differential equations.! The complexity of the model and the
large volume of such domains in the subsurface lead to high computational complexity. However, different approaches
that utilize the thin geometry of these domains have been suggested to reduce the model's complexity. An example is
the dimensional reduction approach by vertical integration in the field of petroleum studies,? hydrogeology,!* and car-
bon dioxide sequestration.*> Another example is the asymptotic approach for two-phase flows in Darcy® and Brinkman
regimes’ and for single-phase flow in deformable porous materials.® We also refer to the multiscale model approach in
Guo et al.® A comparative study on the accuracy and efficiency of the asymptotic approach over the others is preformed
in Armiti-Juber and Rohde,” where also an equivalence result with the multiscale approach is proved. A recent approach
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suggests an adaptive algorithm that couples the dimensional reduction approach with the full model.!° It is based on a
local criterion that determines the applicability of the reduced model.

In this paper, we provide a mathematically rigorous derivation of the reduced model from the asymptotic approach in
Armiti-Juber and Rohde” by exploring the limit of the full two-phase flow model in porous media domains of Brinkman
type as the width-length ratio of the domain tends to zero. Precisely, we prove the analytical convergence of weak solutions
for the full model to weak solutions for the reduced model. Such mathematically rigorous derivations of reduced models
have been applied for other different applications. As an example, we refer to the derivation of a Richards-like equation
by investigating the analytical limit of the two-phase flow model when the viscosity of the displaced fluid is considered
as a vanishing parameter.!! Another example is the derivation of a reduced model as the limit of a classical model that
describes crystal dissolution in thin strips by letting the thickness tend to zero.!? We refer also to the rigorously derived
reduced models in fractured porous media as the thickness of the fractures approaches zero for both single-phase!3~1> and
unsaturated flows.'® Other reduced models for fractured porous media have been derived in previous works!’-2! using
formal dimensionality reduction techniques, such averaging across the fracture thickness or asymptotic analysis.

We consider the homogenized flow of two incompressible immiscible fluids in the rectangular domain ©, = (0,L) X
(0, H) such that H <« L (Figure 1), where y := H/Lis the geometrical parameter. Using dimensionless variables, governing
equations for such flows are given by the so-called Brinkman two-phase flow model (BTP model),

0:S + 0x (f(SU) + 9, (£ (S)Q) — B10pexS — P201zeS = 0,
U = —A4:1:(S)0xp,
7’Q = —Ai(S)9zp,

xU+0,Q=0

(€]

in the dimensionless domain Q x (0, T), where Q = (0,1) x (0,1) and T> 0.7 We refer to Appendix A1l for details on the
derivation of this model. The unknowns here are the saturation S = S(x,z,t) € [0, 1] of the wetting (or invading) phase
and the global pressure p = p(x, z,t) € R. The component U = U(x, z,t) € R, for any (x, z, £) € Q X (0, T) is the horizontal
velocity and Q = Q(x, z,t) € R is the vertical one. The total mobility function A, = 4;,,(S) € (0, 00) is the mobility sum of
both phases. We refer to! for possible choices for the mobilities. The function f=f(S) € [0, 1] is the given fractional flow
function, which is determined using the fluids’ mobilities and viscosities. The parameters f; and f§, determine the flow
regime. The case f; = f, = 0 results in the so-called Darcy regime. Otherwise, it is called Brinkman regime.!

The reduced model resulting from the asymptotic approach in Brinkman regimes is derived in Armiti-Juber and Rohde.”
Itis anonlocal nonlinear evolution equation of saturation. For details on the derivation of this model we refer to Appendix
B1. The model is given as

0S + 0x (f(HUISD + 9 (f(S)QISD — Pr0pxS — f201z2S =0 (2)
in Q % (0, T), with the velocity components
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Here, Uinsiow = Uinfiow(?) is the vertically averaged horizontal velocity at the left boundary of the domain. This inflow
velocity can be evaluated using a one-dimensional elliptic equation of the vertically averaged pressure p = /01 p(.,z,.)dz.
However, it is set in Yortsos® to be a constant Uiyow = 1. In Armiti-Juber and Rohde’ it is eliminated from the model
by rescaling the time ¢ variable using ¢t — f = /Ot Uinflow()dr + Uiniow(0)t. In addition, the definition of the velocity
components U and Q in (3) still fulfills the incompressibility constraint

oxU +9,Q=0. (4)

Equations 2 and (3) are called here as in Armiti-Juber and Rohde,” the Brinkman Vertical Equilibrium model (BVE
model). This model is a proper reduction of the full BTP model (1) in thin domains as it describes the vertical dynamics
in the domain. Moreover, it is computationally more efficient than the full mixed BTP model for saturation and global
pressure (see Armiti-Juber & Rohde”). This is a consequence of the velocity equations in (3) computed from saturation
directly, without solving an elliptic equation for the global pressure as in full BTP model (1).

The main goal of this paper is a rigid mathematical derivation of the reduced BVE model (2) and (3) from the full BTP
model (1). We do this by proving that the reduced model is the analytical limit of the full BTP model in domains with
vanishing width-length ratio y. For the well-posedness of the models we refer to Coclite et al*> and Armiti-Juber and
Rohde,?* where the existence of weak solutions for the BTP model and the BVE model, respectively, is proved. Other
models with a similar structure to the BTP and BVE models have been developed to describe the two-phase flow including
dynamic effects and/or hysteresis in the phase-pressure difference. The well-posedness of such models has been proved
in previous works?*?’ for saturated porous media and in previous works?*?7 for unsaturated ones.

This paper is structured as follows. In Section 2 we choose the initial and boundary conditions that fit to the two-phase
displacement process. Then, we give the definitions of weak solutions for the full BTP model (1) and the reduced BVE
model (2) and (3). After that, Section 3 proves a set a priori estimates on a sequence of weak solutions for the BTP model.
These are essential to prove the convergence of the sequence in Section 4 as the ratio y approaches zero. Section 5 presents
an example that shows the numerical convergence of full BTP model to the reduced BVE model as y vanishes. Section 6
concludes the paper. Finally, the derivation of the dimensionless BTP model (1) is summarized in Appendix Al, while
the derivation of the BVE model (2), (3) using the asymptotic approach as in Armiti-Juber and Rohde’ is summarized in
Appendix B1.

2 | PRELIMINARIES

In this section, we give the initial and boundary conditions associated with the displacement process in the dimensionless
domain Q. Then we provide the definition of weak solution for the BTP model and the BVE model.
The BTP model is closed with the initial and boundary conditions

S¢,-,0)=S° in Q,
S = Sinflow on aQinﬂow x [0, T1,
S=0 on 90Qimp U 0Q0uiow X [0, T1,
Vp-n=gq on 0dQ x|[0,T],
(5)

/p(x, z,H)dxdz =0 on te (0,7),
Q

P="DPp on 0Qimp X [0, T,

Q=0 on 0Qimp X [0, T,

where Sinflow = Sinflow(Z) and g =q(x, z, t) are given functions and pp is a constant. Note that 0Qinaow = {0} X (0,1)
is the inflow boundary, Qqufew = {1} X (0,1) is the outflow boundary, and Qiy,, = (0,1) X {0,1} corresponds to the
impermeable lower and upper boundaries (Figure 1). We also use the notations Qr = Q X (0, T) and impose the following
assumptions.
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Assumption 1.

1. The bounded domain Q C R? has a Lipschitz continuous boundary dQ and 0 < T < co.

2. The inflow saturation satisfies Sinfiow(., ) € HY?(Qinfiow) for any t € [0, T] with Sinnow(0,2,t) € [0, 1] for almost
every z€[0,1] and every t € [0, T].

3. We require S° € H'(Q2) and S°(x, z) € [0, 1] for almost all (x, z) € Q. In addition, it satisfies S° = Sinfiow at 0Qinflow-

4. The function g satisfies g € L2(0Q x (0, T)).

5. The fractional flow function f&€ C'((0,1)) is Lipschitz continuous, bounded, nonnegative, monotone increasing
and f(0) = 0, such that there exist numbers M, L >0 with f < M, f’ < L.

6. The total mobility function A € C*((0, 1)) is Lipschitz continuous, bounded and strictly positive, such that there
exist numbers a, M, L >0 with 0 <a < Ay < M and |4 ,| < L.

Remark 1.

1. Assumption 1(5) and 1(6) on the fractional flow function f and the total mobility 4,,, respectively, are naturally
satisfied by their definitions, see, for example, Helmig.!

2. The boundary condition Q = 0 at dQ;n;, in Equation (5) and the strict positivity of the total mobility A, imply
that the function q has to satisfy the compatibility condition

q=0 at 0Qinp. (6)

3. Note that the velocity components at the boundaries of the domain can be evaluated using the velocity equations
in (1) and the boundary conditions on saturation and pressure in (5) in the sense of traces. For example, we define
the velocity Uiniow = Uinfiow(Z £) at the inflow boundary as

Uinflow = Atot(Sinflow)q | Q110w ? (7

and the velocity Uyyfiow = Uoutiow(Z, t) at the outflow boundary as

Usutfiow = Atot(O)C”aQOmﬂow . (8)

Using Assumption 1(4) and 1(6), we have Uinfiow, Uoutiow € L*((0,1) X (0, T)). In addition, the constant pressure
pp at the boundary 0Qn, leads to

U =0 on 0Qimp. 9)

4. The incompressibility Equation (1)(d) and the zero outflow Q = 0 at the upper and lower boundaries 0Qimp
in Equation (5)(g) imply that the horizontal velocities Uinfiow and Uguiiow at the left and right boundaries,
respectively, satisfy the compatibility condition

1
/ (Uoutfiow — Uinflow) dz=0.
0

Consequently, the flux function g at the boundaries 0Qjnpow and 0Qqunow has also to satisfy the compatibility

condition
1 1
/ Ator(Sinflow)q o 4., 47 = / A0r(0)glag, 50, 92
0 0

Definition 1. For anyy > 0,we call (S”, p’, U”, Q") a weak solution of the BTP model (1) with the initial and boundary
conditions (5) if
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1. 8 € H\(0, T; HY(Q)), p € L*(0, T; HY(Q)), and U7, Q" € L(Q x (0, T)) with

T T

T
/ / (@S — F(S U — £(S)Q3h) dxdzdt + fy / / 0" drpdxdzdt + o / / 0uS" 0, dxdzdt
Q 0 Q 0 Q

0

r (10)
= / / f (Siynﬂow)Uiynﬂowd)l‘)Qinﬂow dZ dt’
0 0Qinﬂow
for any test function ¢ € L2(0, T; H'(Q)).
2. The velocity components satisfy
/ U'ydxdz = — / Ator(ST)0xp" w dx dz, (11)
Q Q
and
r? / Q'wdxdz = — / Atot(S7)0p"y dx dz, (12)
Q Q
for any test function y € L?(Q) and almost everywhere in (0, T).
3. The following two weak incompressibility relations
1
/ Ator(S")0xp” 0x0 + ﬁ/lzot(sy)dzpyaze dxdz = / Atr(S7)q0 do, (13)
Q 0Q
and
1
/ (Uyaxe + anza) dxdz = / (Uoutﬂoweldgoumow - UinﬂowalaQi“ﬂow) dz, (14)
Q 0
hold for any test function 6 € H*(Q) almost everywhere in (0, T).
4. §7(.,.,0) = S° almost everywhere in Q.
Remark 2. Definition 1 implies that weak solutions for the BTP model (1) satisfy
S" e C([0, TT: H'(Q)). (15)

Definition 2. A function S € H'(0, T; H(Q)) is called a weak solution of the BVE model (2), (3) and (4) with the
initial and boundary conditions (5) whenever the following conditions are fulfilled,

1. U[S], Q[S] € L*(Qr) and

T

T T
//@S(b — f(OU[SIoxg — f(S)QS10;¢) dxdzdt+ ﬁl//0m50x¢dXdzdt+ ﬂz/ / 0250, dx dzdt
Q 0 Q 0 Q

R (16)

= / / S (Sinflow) Uinﬂow‘l’laﬁinﬂow dzdt,

0 09

inflow

holds for all test functions ¢ € L2(0, T; H*(Q2)).
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2. The velocity components satisfy

/Ul[/dXdZ =/ UiTﬂow/ltot(S)wdxdz’ (17)
A |y A(S)dz

Z
/dexdz=—/0x/U[S(-,r, )ldry dxdz, (18)
Q Q 0

for any y € L?(Q) and almost everywhere in (0, T).
3. The weak incompressibility property

1

/(U[S]axg + Q[S]aze) dxdz = / (Uoutﬂowaldﬂomﬂow - Uinﬂowelaﬂmﬂow) dz, (19)
Q 0

holds for all test functions # € H*(Q) almost everywhere in time.
4. S(.,.,0) = S° almost everywhere in Q.

Remark 3. Note that most of the boundary terms in Equation (10) and (16) cancel out due to the choice of boundary
conditions (5)(b), (c), and (g). To demonstrate this, we refer to the time-independent boundary function Sipnow at
0Qinflow and S = 0 (with f(S) = f(0) = 0) at 0Qimp and 0Qou¢fiow. Moreover, we have Q = 0 at 0Qimp.

3 | APRIORI ESTIMATES

In the following, we prove a set of a priori estimates on the components of the sequence of weak solutions
{(S",p", U", Q") },>o for the BTP model (1). These are essential for the convergence analysis as y tends to zero in the next
section.

Lemma 1. Let {(S7,p", U", Q")},0 be a sequence of weak solutions for the BTP model (1). If Assumption 1 holds, then
the sequence {S" },» satisfies the estimate

S[%PT] (15" Ollz@) + AilloxS" Oll ey + B21l02S" Dllze) < NS°N1Z2q) + ArlldS IIE o) + B211925°1172 ) + Cinftows
telo,

where Cinfion is a constant depending on the data at the inflow boundary only.

Proof. We choose the test function ¢ = S” yjo, in Equation (10), where y[o, ;) is the characteristic function and t € (0, T
is arbitrary. Then, we obtain

t

t t
/ / (0,S'S" — F(S)YU”0:S" — f(S")Q"9,S) dxdzdt + f / / 0uS”0,:S” dxdzdt + B / / 0S" 3,S" dxdzdt
Q 0 Q 0 Q

’ (20)

t

— Y 14 Y
- / / f (Sinﬂow) UinﬂowSinﬂow dzdt.

0 aQinﬂow

Using the incompressibility relation (14) and the boundary condition on the outflow boundary, the second and third
terms on the left side of the above equation satisfy,

t

t t
/ F(SHV7 - VS dxdzdt = / / V7 - VE(S")dxdzdt, = — / / UnnfowF (Sinflow) dz dt, (21)
0 Q 0 Q

0 0%

inflow
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where V' = (U”,Q")T and F(S) = [OS f(q)dgq. Integrating the first term on the left side of (20) and using the
time-continuity of S” in Remark 2, we obtain

/ / 0,5’ dxdzdt = / / oS P dvdedt = 2 (IS O g, ~ 1592, ). (22)

In the same way, we have

o\

/atxsyaxsdedzdt - ﬂ_ <||axSy(t)”L2(Q) ”axSOHLz(Q)> (23)
Q

and
0c810:8" dxdzde = 22 (105 01, ~ 10:51: ) (24)

t
/|
0

Substituting Equations (21)- (24) into (20) yields

0T~

t

B b
S[l(l)%] ( ”Sy([)”Lz(Q) - ”a Sy(t)”LZ(Q) : ”a Sy(t)”LZ(Q) UinﬂowF(Sinﬂow)dzd[
te(0,

0 a'gzll'l oW

! (25)
S() ﬁl 0 ﬂZ 0

” ||L2(Q) ”a S ”LZ(Q) ”a S ”LZ(Q) Uinﬂowf(Sinﬂow)Sinﬂow dzdt

0 0%

‘inflow

The boundedness of Sinfiow, Uinfiow, and f by Assumption 1(2), 1(5), and 1(6), respectively, implies

SUP (17 Ollr2@) +B1110:S" O lr2@) + B2110:5" (Dlr2)

te[0,T

<ISIR, g + Al 2, g + P2llcS°I2, g + Cinton

L2(Q) L2(Q)

where Cinflow = 2M || Uinflow || 0650, %(0.7) || Sinflow || L (00, g0 x(0.7) - O

The following lemma proves an estimate on the sequence of pressure's gradient. In the limit y — 0, the estimate is
equivalent to the vertical equilibrium assumption (see, e.g., Guo et al.%). It is also essential to formulate the limit pressure
as an operator of saturation.

Lemma 2. Let {(S7,p", U", Q")},0 be a sequence of weak solutions for the BTP model (1). If Assumption 1 holds, then
there exists a constant ¢ > 0, independent of the parameter y, such that the sequence {p" } ¢ satisfies the estimate

2cM
(1 - J/ )”azpy”Lz(Q) + y ”axp ”LZ(Q) ”q”LZ(aQ)

Proof. We choose the test function § = p” in Equation (13), then we have

/ Aot(S) <(0xpy)2 + %(azpyf) dxdz = / Aor(S")qp" do.
Q

0Q

Using Assumption 1(6) on the total mobility then applying Cauchy's inequality to the right side yields

o’ op" M [ 2do+ € [ pryd
a” xPD ||L2(_Q) ” 2D ”LZ(Q) 2 q O-+§ (p) o,
0Q
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for any constant € >0. Applying the Trace theorem to the second term on the right side, then using Poincaré's
inequality with the zero mean condition on the pressure (see the boundary conditions in (5)) produces

M? ce
a“axp “LZ(Q) ”azp ”LZ(Q) 2e /q2d0'+3”pr”L2(Q)3
0Q

where ¢ > 0 is a constant resulting from the above two Sobolev embedding theorems. Choosing ¢ = % and noting that
y <1, yields

a cM?
2P0 gy + 50 = PO g, < G [ o
0Q
This simplifies to

M2y2
2 2
Y ”axp ”LZ(Q) ( )”azp ”LZ(Q) 7 /q dO',
oQ
which is the required estimate. O

Corollary 1. If Assumption 1 holds, then there exists a constant C > 0, independent of the parameter y, such that the
velocity components U" and W satisfy

”Uy”LZ(QT) S C”q”iZ(aQ )’

1Q" 2@, <12 ||Q||Lz(dgT)

Proof. The definition of U” and Lemma 2 implies that

T

U7 iy, = / / AiaS0p | < MR e < Cllgls o
0

where C = 024—24 Similarly, the component Q" satisfies

T

IO ey = / / oS00 ] < M2 100 o
Q

0

CM4 2
e A

Hence, we have

C
v < —= |gll?
1Q" Iz < 1,2 911720, 0

In the following lemma we prove an estimate on the time-partial derivative of the weak solution S” and its derivative
0xS".

Lemma 3. Let {(S7,p", U", Q") },s0 be a sequence of weak solutions for the BTP model (1). If Assumption 1 holds, then
there exists a constant C > 0, independent of the parameters y and p., such that the sequence {S" } - satisfies the estimate

36 36 M? c
190 l2@y) + =106l + 57108 ey < 2 <c +—— ) 1912 o, -
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Proof. We consider the weak formulation (10) in Definition 1 with the test function ¢ = 9,S”. Then, using Cauchy's
inequality we obtain

T
/ (0S") + 1(06cS")* + P20 S ) dxdzdt = / / F(S) (U 0xS" + Q05S") dxdzde,
Q Q

0

[~ O\H

B
4

1 B
106cS" 117, + == LS SHQNIZ, () + fllatzSyll
2

TV |12 2
< ”f(S )U ”LZ(Q) + L2(Q) ﬂ L2(Q) L2(Q)"

=

1

Note that the term on the inflow boundary vanished as a result of the time-independent choice for the inflow
saturation Siyfow. This reduces to

3p 3p 1 1
19 2,y + == 1958 li@p + Z7 106 iz < SISV Iz, + 1A (SIQ e (26)

Now, using Corollary 1, we obtain

3/ 36 M? C
10:S" | 120, + T”athy”LZ(QT) + T”aley”U(QT) < 5 C+ - ||q||iz(aQT),

where f = min{f;, >} and C> 0 is a constant defined as in Corollary 1. O

4 | CONVERGENCE ANALYSIS

In this section we prove the analytical convergence of the sequence of weak solutions {(S”, p", U?, Q")},s for the BTP
model (1) to a weak solution of the BVE model (2), (3) as the geometrical parameter y tends to 0. The main result of paper
is summarized in this theorem.

Theorem1. Let {(S”,p?, U”, Q")},>o be a sequence of weak solutions for the BTP model (1) with the initial and boundary
conditions (5). If Assumption 1 holds, then there exists a subsequence of the weak solutions {S”,p", U?, Q" },5¢, denoted
in the same way, and functions S € H'(0, T; H(Q)), p € L*((0, T); H'(0, 1)), U € L?(Qr) and Q € L?(Qr) such that

S" =S in L3(Qr),

VS’ =~ VS in HY(0, T; L*(Q)),
p=p in L*(0, T; H'(Q)),
Ur—~u in L*(Qr),

Q =Q in L*(Qr)

U,

inflow

as y tends to zero. Further, the limit pressure p is independent of the z coordinate and satisfies oxp = T TS &
o ‘ot

functions S, U, Q satisfy the Equations 16, (17) and (18) in Definition 2, respectively.

Proof. The estimate in Lemma 1 implies the existence of a weakly convergent subsequence of {S”},., denoted in the
same way, and a function S € L?(0, T; H*(Q2)) with

S" =~ Sin L*0, T; H(Q)), @7
as y — 0. In addition, the estimate in Lemma 3 implies

VS’ — VS in HY(0, T; L*(Q)), (28)
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as y — 0. The Rellich-Kondrachov compactness theorem and the boundedness of the domain imply the embedding
HY(0, T; HY(Q)) € L*(Qr). Thus, the weak convergence results (27) and (28) lead to the strong convergence

S’ = S e L*(Qr). (29)
This strong convergence and the a priori estimate from Lemma 1 imply that the limit S also satisfies
S, VS € L®(0, T; H(Q)). (30)

Moreover, we have
S e C([0, T]; HY(Q)). (31)

The strong convergence result in (29) and the Lipschitz continuity of fand A, imply

f(8) = f(S) in L*(Qr),

, N (32)
Aot(S") = Ae(S)  In L7(Qr).
Now, we consider the estimate in Lemma 2 and let y — 0. Then, we have

1020 12y = O 33)

as y — 0. This, consequently, leads to the uniform estimate

2
2 cM 2
”()Xpy”LZ(Q) S a2 “q”LZ(ag)'

Hence, there exists a weakly convergent subsequence of {p”},.o, denoted in the same way, and a z-independent
function p = p(x) with p € L*(0, T; H*((0, 1))) such that

p’ — p in L*0, T; H{(Q)). (34)

This convergence result corresponds to the vertical equilibrium assumption for almost horizontal flows in thin
domains.

The strong convergence of A, in (32) and the weak convergence of p in (34) imply the weak convergence of U” =
Awor(ST)0xp” to the limit U = A,4,(S)dyp such that

U’ = U = hi(S)dyp in L*(Qr). (35

Corollary 1 implies the boundedness of Q7 in L*(Qr). Hence, up to a subsequence, there exists a function Q € L>(Qr)

with
T T

//Qchdxdzdt—»//Qd)dxdzdt, (36)
0 Q 0o Q

for any test function ¢ € L?(Qr). We also have the weak convergence of the products

FEHUT = U in L*(Qp),

. (37
fEENHQ = f(HQ  in L(Qr).

All above convergence results imply that Equation (10) in Definition 1 converge to

T T

/ / 0:S¢ — [ (U — f(S)Q0:¢ + p100:S0xp + p20,S0;pdxdzdt = / / f (Sinflow) Uinflow®l o5, A2 AL, (38)

0 Q 0 ‘)Qinﬂnw
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for any ¢ € L%(0, T; H'(Q)). Further, the velocity component U satisfies

/ Uy dxdz = — / Aor(S)dxpy dxdz, (39)
Q Q

for any y € L?(Q) almost everywhere in (0, T). Also the limit Q satisfies

1

/ Udypdxdz + / Qo ddz = / (Unstton®loga., — Unniowblog ) dz. (40)
Q

Q 0

for any test function ¢ € H'(Q) almost everywhere in (0, T).

In the following, we evaluate the limit pressure p using the limit saturation S and the velocity at the inflow bound-
ary Uinnow- This consequently leads to limit velocities U and Q depending on S and Ujnnew only. So, we consider
Equation (40) with a test function ¢ = ¢(x) that satisfies ¢ € H'((0,1)) (implying also that ¢ € C°((0,1))), with
$(1) =0, $(0) =1 and fol ¢’ dx = —1. Then, Equation (40) reduces to

/ U dxdz = — / Uinflow dz. (41)

Q 0Q

inflow
We also define the vertically-averaged operator

1

Ux,t) = / U(x,z, t)dz, (42)

0
for almost all x € (0, 1) and ¢ € (0, T) and choose the test function y = ¢'. Then, Equation (41) is reformulated as

1

/ﬁﬁb/dx = _ﬁinﬂow~ (43)

0

Similarly, Equation (39) with the z-independent test function w = ¢’ € L?((0, 1)) reduces to

1

1
/ Ug¢'dx = - / 0P Aror(S)@' dx, (44)
0

0

where A 1= /01 Awe(S)dz is the vertically-averaged total mobility. Substituting Equation (43) into (44) yields

1

Uinﬂow = /axpjtot(s)d)’dX, (45)
0

As the limit pressure p = p(x, t) and the vertically averaged mobility A;,(S) are independent of the z-coordinate, then
using /01 ¢’ dx = —1 we obtain

A

U.:
axp - _ Alnﬂow‘ (46)
Ator(S)
Substituting this formula into (39) allows reformulating the horizontal velocity U component as
Uinflow Ator (S
/Uu/dxdz= / Uintloweot(5) |, 3, (47)
Alot(s)

Q
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for any w € L%(Q) and almost everywhere in (0, T).
The last step in the proof is to evaluate the limit velocity Q. For this, it is necessary first to prove the claim

4
/U[S]axq,')dxdz:—//U[.,r; Sldrox¢dxdz, (48)
Qo

Q

for any test function ¢ € H'(€2). The proof starts with applying Gauss' theorem to the right side of the equation above
together with Equation (9) in Remark 1. Then, we have

z

Z
//U[.,r; Sldroy,¢pdxdz = —/az/U[.,r; Sldro,¢pdxdz. (49)
Q 0

Q 0

Using summation by parts, it holds that

SULSGe, 1, O]dr — [S22UISC, v, O] dr

/ J —4z ocp dxdzdt
Az
Q
zZ 0
= / L / UISGe, 7, 1)) dr o dxdz — / L / UIS(x, 7, )] drdyp dxdz.
Az Az
Q z—AZ Q —-Az

Letting Az — 0 and using Lebesgue's Differentiation theorem?® together with Equation (9), we obtain

Z

/6Z/U[S(x,r,t)]dr0x¢>dxdzdt=/U[S(x,z,t)]()xqbdxdz, (50)

Q 0 Q

for almost all z € (0, 1), which proves the claim. Thus, substituting (48) into the weak incompressibility relation (40)
yields
4 1
/ Qaz¢dXdZ = / /U[S(’ r, )] draxz¢ dxdz + / (Uoutﬂowd’ldﬂumﬂow = Ulnflow ¢|0Qinﬂow) dz,
Q Qo 0
for any test function ¢ € H*(€2). We apply again Gauss' theorem to the first term on the right side the equation above.
Then, we have

z

1z
/Qaz‘l)dXdz == / ax/U[S(w r,.)]dro¢pdxdz + // (Uoutﬂow(r7 )drozdleq, g0, — Uinflow(7s ')draz(bldgmﬂow) dz
Q Q 0 0 0

1

+/ (Uoutﬂow¢|690mﬂow = Uinflow ¢|09inﬂow) dz.
0

(51

Similar to the proof of claim (48), we can show

1

1 z
/ / Usuttiow (1, -)dr az(.blaﬂomﬂow dz = - / Uoutflow d)ldﬂomﬂow dz,
0 0

0

and

1 z 1
/ / Uinflow(7, ) dr 0:P100,,00 dz = - / Uinflow ®o0, .., dz.
0 0 0
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Thus, Equation (51) reduces to

Z

/Q()ch)dxdz: —/ax/U[S(.,r, Jldro,¢pdxdz, (52)
Q

Q 0

for any test function ¢ € H'(Q). Hence, the vertical velocity Q satisfies

Z

Q= —0d, / U[SC., 1, )]dr.

0

Equations (47) and (52) show that the limit velocity components U and Q are nonlinear nonlocal operators of the
limit saturation S together with the horizontal velocity at the inflow boundary. Consequently, Equations (38), (47)
and (52) imply that the limit (S, U, Q) of the sequence of weak solutions (S”, p*, U”, Q",), > for the BTP model (1)
satisfies Definition 2 and is, ¢ for BVE model (2), (3). O

Remark 4. For the convergence analysis in this paper, the parameters #; and #, in (1) are assumed to be independednt
of the geometrical paramter y to preserve the regularizing effect of the higher-order terms 0,,.S” and 9,,,S” in the limit
as y — 0. However, this assumption is of purely mathematical nature as these coefficients depend on the geometrical
dimensions H and L of the domain, see Appendix Al. In this remark, we highlight the consequences of considering
these dependencies. For this, we distinguish between two cases for thin domains with geometrical ratioy = H/L < 1:

+ Case 1: Porous media domains with width H = ©O(1) and length L>>1 have the parameters f; = O(y?) and
f> = O(1). In the limit, this will lead to a solution S with reduced regularity in the x-direction, as the estimates on
0xS” in Lemma 1 and 0,,.S” in Lemma 3 will vanish and the well-posedness proof of the BVE model in Armiti-Juber
and Rohde?® will not be valid.

« Case 2: Porous media domains with width H = O(y?) and length L = O(1). Thus, the parameter §, = O(y~2) and
the higher-order term d,,;S” will dominate. In such a case, the estimates in Lemma 1 and 3 will blow up unless
we consider a z-independent initial condition S° = S°(x). Consequently, the limit solution S will be independent
of the z direction and the velocity components will reduce to U = 1 and Q = 0. This implies that the BVE model
will reduce further into a higher-order extension of the one-dimensional Buckley-Leverett equation.

5 | NUMERICAL EXAMPLE

In this section, we present a numerical example that shows the convergence of numerical solutions for the dimensionless
BTP model (1) to numerical solutions for the reduced BVE model (2), (3) as the geometrical parameter y reduces. We
consider the dimensionless BTP model (1) with the fractional flow function

MS?

MS?2+(1-S)?’ (53)

fS=

where M is the viscosity ratio of the defending phase and the invading phase. The model is also assumed to be satisfied in
the domains Q, = (0,L) X (0, H) with decreasing geometrical parameter y €{1,1/5,1/25,1/125}, such that the domains'
length is fixed L = 5 and the widths are decreasing H € {5,1,1/5,1/15,1/25}.

The initial and boundary conditions are given as

S7(-,-,0) = Sp in Q,
S” = Sinflow on {0} x(0,1)x[0,T],
p'=1 on {0} x(0,1)x[0,T], (54)
p’=0 on {1} x(0,1)x][o0,T],

W’ =0 on (0,1)x {0,1} X [0, T].



2576 Wl LEY ARMITI-JUBER
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(A) BTP-model y = 1 (B) BTP-model y = 1/5 (C) BTP-model y = 1/25

1 1
08 08
08 08
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02 0z
0
0
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(D) BTP-model y = 1/75 (E) BTP-model y = 1/125 (F) BVE-model

FIGURE 2 Numerical solutions for the BTP model (1) in (A)-(E), with decreasing parameter y € {1,1/5,1/25,1/75,1/125}, converge to
numerical solution for the BVE model (2), (3) in figure (F), using a 1000 x 100 grid, M = 2, y, = 102 and T = 0.3 [Colour figure can be
viewed at wileyonlinelibrary.com|

In the following examples we choose the initial condition
So(x, 2) = 8(X)Sinflow(2)
where , ,
0 0 z2< E and z> E’

7 (55)
10°

)2
glx) = (1=

T 1052 + (1 — x)? and  Sinflow(2) ={

. 3
09 : 10<z§

We discretize the dimensionless BTP model and the nonlocal BVE model (2), (3) by applying mass-conservative
finite-volume schemes as described in Armiti-Juber and Rohde.” The schemes are based on Cartesian grids with number
of vertical cells N, significantly less than that in the horizontal direction Ny that fits to the case of thin domains. In the
following example, we use a grid of 1000 x 100 elements, viscosity ratio M = 2, end time T = 0.3 and we set Uinflow = 1 in
Equation (3).

In Figure 2A-2E, we present the numerical solutions of the BTP model (1) using the parameters
y €{1,1/5,1/25,1/75,1/125}, respectively, such that L = 5 and He {5,1,1/5,1/15,1/25}. Figure 2F presents the numeri-
cal solution of the BVE model in the limit case with L = 5 and H = 1/25. The results in Figure 2 suggest that numerical
solutions for the BTP model (1) converge to the corresponding numerical solutions for the reduced BVE model (2), (3) as
the geometrical parameter y tends to zero. This numerical convergence supports the theoretical results in Theorem 1.

6 | CONCLUSION

We studied the limit of the two-phase flow model in porous media domains of Brinkman type as the domain's
width-length ratio vanishes. We proved that weak solutions for this model converge to a weak limit. Further, we showed
that the limit satisfies the definition of weak solutions for a model, in which pressure gradient is formulated as a nonlocal
operator of saturation.
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The nonlocal model was first suggested in Armiti-Juber and Rohde” as a proper reduction of the full two-phase flow
model in thin domains. It was derived using standard asymptotic analysis. However, the convergence analysis in this
paper contributes to this model with a first rigid mathematical derivation.
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APPENDIX A: THE DIMENSIONLESS BRINKMAN TWO-PHASE FLOW MODEL

We consider the displacement process of two incompressible immiscible fluids in a saturated nondeformable porous
medium of Brinkman type. The invading phase a =i is displacing the defending phase @ =d under the assumption of
negligible gravity and capillary forces. Then, the two-phase flow model consists of the continuity equation, the Brinkman
equations and the incompressibility equation

0:Sq +V-v, =0,
—U AV, +V, = _ﬂa(sa)Kvpa, (Al)
V.-v=0

in @, x (0, T), where Q, = (0,L) X (0, H) is a rectangular domain with the parameter y = H/L. Note that the incompress-

ibility equation in (A1) is a consequence of the saturation condition S; + Sy = 1 and the continuity equation. The intrinsic

permeability tensor K = K(x, z) is defined as K(x, z) = KX%C %) K (?c 2 ) where the components K, and K, correspond
< 9

to the premeability in the x and z directions, respectively. We define the vector of generalized velocities
Vi = —Ue AV, + Vg, (A2)
such that V, = (U,, W,)". For this vector, we also define V = V; +V,, which satisfies the incompressibility-like equation
V-V=—p,AV-v)+V-v=0. (A3)
Remark 5. 1t is well-known in the literature that the principal components of the permeability tensor, the velocity
and pressure gradient are in the same direction?®3® with K, > K. This fits the displacement problem considered in the

paper, see Figure 1, where fluids flow almost in the horizontal direction x. Hence, and to keep the presentation simple,
we assume here that the geometrical dimensions of the domain match the principal components of permeability.

To derive the dimensionless BVE model (1) we rescale Equation (A1) using the dimensionless variables

_ K;
/q ) (A4)
g =t 5 _We p=L
R R Lqua/ke’

forj € {x, z} and a €{i, d}. Here, g > 0 is the inflow speed at the inflow boundary 0Qinsiew, #4 is the viscosity of the defending
phase, k; is the mean value of the corresponding permeability function Kj and u, and w, are the horizontal and verti-
cal components of the velocity field v,, respectively. Applying the chain rule to (A2), then defining the dimensionless
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components
O, =2 w, = Ye (A5)
q q
where U, and W, are the horizontal and vertical components of V,, respectively, yield
Uy = g — 2 0pt1, — L 000,
L2 H? (A6)
W, = Wy — ’L‘g g %azzw,,

Applying the chain rule to Equations (A1) and (A3), using Equations A4 and (A5), then omitting the bar-signs leads to

0tSq + Oxllg + (1/7)0we =0,
Us = —2a(Se) Kx OxPas
(r/0)Wa = —2a(Se) Kz 0zPas (A7)
oxu~+ (1/y)o;w =0,
U+ 1/y)o,W =0

in Q x (0, T), for both invading and defending phases a € {i, d} and ¢ = k;/k,. Here U and W are the horizontal and vertical
components of V, respectively. Now, applying the operator 1 — 10y, — 20, to the continuity equation, where f; = z—z and
b = % transforms model (A7) to

atSa - ﬂlaxxt - ﬁZazztSa + aan + (1/7)aZWa = 0’
Ua = _Aa(sa)’fxaxpas

(A8)
(Y/U)Wa = _Aa(sa)Kz azpa,
U+ 1/y)o,W =0.
The assumption of negligible capillary pressure implies p; = pg =: p and the phases’ velocities satisfy
U, = f(Sa)U» W, = f(Sa)W (A9)

We set k, = k; = 1 and ¢ = 1 to simplify the analysis in this paper, and define the variable Q = W /y. Then, the dimen-
sionless model (A7) is summarized such that the unknown variables S, p, U, and Q are associated with the parameter y,

0S” = P10 — P20zS + 0, (f (SHUY) + 0, (f(SHQ") =0,
U” = —4i0:(S7)oxp?,
7*Q" = —A(S)o.p,
0, U” +0,Q" =0,

where S = §; is the saturation of the invading fluid.

(A10)

APPENDIX B: ASYMPTOTIC ANALYSIS

The BVE model is derived in Armiti-Juber and Rohde’ by applying formal asymptotic analysis, with respect to y, to the
dimensionless BTP model (A10). We assume that each component in (S?, p”, U”, Q7) is smooth and can be written in terms
of the asymptotic expansions

2N =Zo+yZi + OG*), Z' € (S, p!, U, Q' }. (B11)

Using the asymptotic expansion of S” in (B11) and Assumption 1, we have the Taylor expansions

G(S") = G(So) + G'(So)(r 1) + O(r?), (B12)
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for G € { A1, f}. The incompressibility relation in (A10) allows writing the continuity equation in nonconservative form.
Substituting Equation (B11) and (B12) into (A10), the terms of order (1) satisfy

01So = Pr10xaSo — F20z24S0 + 0x (f (So)Uo) + 97 (f(S0)Qo) = O(y),
Uo = —As0t(S0)9xPo,
Ator(S0)0zpo = o),
0xUp + 0;:Q0 = O(y).

(B13)

Using the positivity of the total mobility A, (see Assumptions 1(6)), the third equation of (B13) implies that pq is
independent of the z-coordinate,

Do = Po(x, 1) (B14)

Integrating the last equation in (B13) over the vertical direction from 0 to 1 and using the assumption of impermeable
upper and lower boundaries of the domain 9;,pQ in (5), we obtain

1 1
()x/UodZ = —/aZQ()dZ =0.
0 0
Integrating this equation from 0 to x yields
1
‘/%Q%D&—MD=Q (B15)

0

for any x€(0,1) and t € [0, T], where h(t) = fol Uy(0, z, t)dz is the averaged horizontal velocity at the inflow boundary.
Substituting the second equation in (B13) into Equation (B15) yields

1

—/zlmt(So)axpo dz = h(t).

0

Then, using Equation (B14), we have

h(t)

' : (B16)
fo Awor(So(x, 2, 1)) dz

OxPo(x, t) = —

for all x€(0,1) and t€(0,T). Substituting (B16) into the second equation in (B13), we obtain a nonlocal
saturation-dependent formula for Uy,

h(£) Aot (So)
I ot (So) dz

for all (x,z)€Q and te(0,T). Consequently, the incompressibility relation in (B13) yields also a nonlocal
saturation-dependent formula for Q,,

Uo[So] = (B17)

z
Qo[So] = —ax/Uo[So(',r’ Jldr, (B18)
0

for all (x,z) € Q and t€ (0, T). Using Equation (B17) and (B18), omitting the subscript {0}, system (B13) reduces to a
third-order nonlocal nonlinear equation of saturation

0iS + 0x (f(HU) + 9z (f(S)Q) = f10xaS — 207450 = 0, (B19)



ARMITI-JUBER WILEY 2581
in Q % (0, T) where we have for all z& (0, 1)

Aor(S)
J ho(S)dz

Z
Q[S] = —0x/ ULSC,r,-)]dr.
0

U[S] =
(B20)
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