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In this contribution we investigate the relevance of the theory of porous media for the non-isothermal modelling of material
injection into porous structures. In particular, we provide a model describing the injection of cement during percutaneous
vertebroplasty, which is derived by consistently following the theory of porous media. We demonstrate numerically that
this model elicits unphysical behaviour under local thermal non-equilibrium conditions. No distinct unphysical behaviour is
observed under local thermal equilibrium conditions. We conclude that heuristic modifications of the model equations are
necessary and suspect the unphysical behaviour to be caused by contradictory modelling assumptions.
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1 Introduction

Percutaneous vertebroplasty is a medical procedure in which biocompatible cement is injected into an osteoporotic vertebral
body. The aim of the procedure is to stabilise the vertebral body from within by means of the injected cement undergoing
curing [1]. The most common complication during vertebroplasty is the leakage of cement. This is an unfavourable outcome
given, e.g., the close proximity of the spinal chord [2]. In the future, numerical simulations will be able to assist the prevention
of such complications. These simulations necessitate adequate models describing the cement injection process.

Continuum models have been proposed with which micro-scale simulations yield promising results regarding the descrip-
tion of the injection of cement into porous structures as well as the description of the curing of the same cement after the
injection [3]. The disadvantage is the computational cost associated with micro-scale simulations. This cost is far too high
given the prospect of many simulations being necessary for the optimisation of operating parameters.

To avoid this inherent problem, a continuum model for macro-scale simulations has been proposed based on the theory of
porous media [4]. This model assumes isothermal conditions for simplicity. This contradicts both the exothermic nature of
the cement curing process and the boundary conditions of the cement injection. L.e., the injected cement typically assumes
temperatures below the human body temperature at the start of the injection.

To account for this, we expand the model to the non-isothermal case, considering local thermal non-equilibrium conditions
in particular. For the underlying derivation, we strictly follow the theory of porous media [5] and its applications [6, 7]. The
theory of porous media is often claimed to inherently yield thermodynamically consistent models but is also regarded to be a
quasi-equilibrium theory [8]. Thus, we numerically investigate the physical meaningfulness of our model for our application.

2 Model

2.1 Fundamentals of the Theory of Porous Media (TPM)

For a comprehensive overview of the fundamentals of the TPM see, e.g., the works of Ehlers [5]. The TPM describes
porous media based on representative elementary volumes whose microstructure is homogenised in the sense of volumetric
averaging. This allows a macroscopic description of porous media, where constituents are treated as spatially superimposed
continua referred to as phases. Here, three constituents are considered, yielding a solid phase ¢ and two immiscible fluid
phases ™ and ©C. They represent trabecular bone, bone marrow and bone cement, respectively. The local composition of
the porous medium is captured by volume fractions
[e% deo‘ 3 «
n = ae{S,M,C}, with Zn =1, (1)
«

defined by the ratio of the partial constituent volumes dv® and the aggregate volume dv. Further, fluid saturations are defined
as

B8
.= e{M,C ith nf := B h that B —1. 2
s T Be{M,C}, wi n ;n, such tha zﬂ:s 2)
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Denoting their local masses as dm® each constituent is assigned a material and an apparent density defined as

dm® dm®
oR = and p®:= ——, suchthat p®=n%p°k, 3)
dve dv
The description of motion of porous media borrows from the description of single-phase continua. ILe., the coordinates X, of
the material points of constituent « evolve according to its unique motion function . Therewith, the coordinates of spatial
points at time ¢ are defined as x(t) := x,, (X4, t) and constituent velocities are defined as (x),, := dx(Xa,t)/dt. In our

mixed Lagrangian-Eulerian setting, solid motion is expressed via the solid displacement ug := x — X g and fluid motion via
.. / !
the seepage velocities wg := xg — Xg.

Continuing, the aggregate and each constituent are assigned balance laws governing the conservation of mass, linear mo-
mentum, angular momentum, energy and the non-negativity of total entropy production. This set of balance laws can be
simplified under certain modelling assumptions.

2.2 Non-isothermal model

In the following, we provide the preliminary assumptions underlying our model and the final set of equations which constitute
our model. The derivation itself is omitted for the sake of brevity.

2.2.1 Preliminary assumptions

For our model, the mass production is neglected, the angular momentum production is neglected, the body forces are neglected
(b = 0), the material densities are assumed to be constant and uniform, and quasi-static conditions are assumed. Isothermal
conditions are not assumed. On the contrary, local thermal non-equilibrium is assumed.

Anticipating our simulation scenarios, the influence of solid deformations, capillary forces, as well as local thermal non-
equilibrium effects on the fluid flow are negligible for our results. Therefore, for the sake of brevity, we further neglect solid
deformations (ug = 0), we neglect capillary pressure entirely (p“® = p™R) and we neglect the influence of local thermal
non-equilibrium effects on the fluid flow as well as on the capillary pressure (9°/6° ~ 1). Further, we neglect the overall
momentum balance.

With these assumptions the set of governing equations reduces to two fluid volume balances and three constituent energy
balances. As corresponding primary variables we choose the marrow saturation s, the cement pressure p©™ and the absolute
constituent temperatures 0, 9 and 6.

2.2.2 Model equations
The fluid volumes balances are given by

0 = (n?)s + div(n” ws), provided ug =0, 4)
wherein the Darcy velocities are determined by the extended Darcy filter law

BKS 65
nﬁwﬁ = b gradp®®, provided b®*=0, —~1 and pF=pME, 5)
i

AR 08

Therein, K denotes the intrinsic solid permeability tensor, F the dynamic viscosity and x/ the relative permeability factor
of constituent 5. The relative permeability factors are modelled according to Brooks and Corey as

M _ M
M . (M (24+3Xbc)/ Abe C ._ M2 M\ (2+Abe) /Abe . M 8 — Spes
Ky = (S5g) )/ and K, = (1 —s.5) {1— (sMy( ) ,  with s.f := RS e (6)
res res

Therein, A is a uniformity parameter, s} denotes an effective saturation and s?,; denotes residual saturations. The con-
stituent energy balances can be written as

pee(0%), = —divq®™ + p®r® + &%, with &% :=¢&% provided ug =0, (7
and
95
WP =% 4+ pR [(n)s + gradn” - ws], provided T 1 and p®R =pMR, (8)

Therein, ¢ denotes the specific heat capacity, g* the conductive heat flux vector and * an external volumetric heat supply of
the constituent . The terms w® are introduced for ease of notation and simply combine the direct energy production £~ with
contributions of non-thermal work. The heat flux vectors are given by

(e

q® == —n% k% grad 0, )]
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where K denotes the thermal conductivity of constituent ov. Thermal dispersion and thermal tortuosity are not considered for
simplicity. The direct energy production terms of the constituents are given by

e% = — Z (éﬁ + grad(n”p"R) -wg) and P .= k5PaSP (95 — 0P). (10)
B

Therein, x°f denotes the volumetric heat transfer coefficient, specific to the interface of the solid constituent and the fluid
constituent 3, and a°” denotes the interface area per unit volume of the same interface. The interface between the fluid
constituents is assumed to be negligible compared to the solid-fluid contact area. Under the neglect of convective heat transfer,
the heat transfer coefficients are determined as

1 1 1\-1
SB _
= () an

with a given reference length L". The solid-fluid interface areas are approximated as
a®M = a7 [-0.83 (s7)% + 1.25 (s7)* = 1.105“ + 0.84] and a%¢ := a7 — oM (12)

i

for s¢ € [0.05,0.95], wherein ¢ denotes the specific surface area of the solid constituent for a fixed porosity. Values for all
of the above parameters are given in Table 1.

Table 1: Model and material parameter values.

Symbol  Value Unit Reference Symbol  Value Unit Reference
p R 1850.0 [kg/m®] see [9] cJ 2274.0 [J/(kgK)] see[l1]
pME 1060.0 [kg/m?3] see [10] cM 2666.0 [J/(kgK)]  see[l1]
pCR 1500.0 [kg/m3]  cf. [3] @ 1470.0 [J/(kgK)]  cf. [3]

K2 5.0 x 10®  [m?] cf. [3] K 0.42 [W/(mK)] see[12]
Abe 3.0 [-] arbitrary KM 0.42 [W/(mK)] cf. [12]
sM, 0.05 [-] arbitrary k¢ 0.25 [W/(mK)] cf. [3]

Stes 0.05 [-] arbitrary re 0.0 [W/kg] arbitrary
UMR 1000.0 [Pas] arbitrary Lr 1.0 x 103 [m] cf. [9,13]
UCR 1000.0 [Pas] arbitrary asF 2216.9 [1/m] cf. [14]

2.3 Numerical treatment

Our model is prepared for numerical discretisation in the following. Without further explanations, the spatial discretisation
is based on the Petrov-Galerkin finite element method. In particular, the Box approach is employed (e.g. [15]), allowing the
employment of upwinding to prevent oscillations. The temporal discretisation is done employing a Crank-Nicholson scheme.
The system of governing equations is solved monolithically using the coupled finite element solver PANDAS'.

2.3.1 Weak formulation

Denoting the not yet specified simulation domain as €2 and the test functions as ¢, the weak formulation of the fluid volume
balances is derived as

0:/(nﬁ)'5530dv7/nﬁwﬂ~grad5¢dv+/ 5o n’ wg -n da, (13)
0 Q Fvﬁ W—/

—. B

=:v

the weak formulation of the solid energy balance is derived as

0= / (pscf(ﬂs)fg — &% — psrs)&p dv +/ n°k® grad 0° - grad 6 dv — 8o n°k% grad 0° -n da (14)

[9) Q N S SN—

di . S

= qN
! Porous media Adaptive Nonlinear finite-element solver based on Differential Algebraic Systems (http://www.get-pandas.com)
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and the weak formulation of the fluid energy balances is derived as

0= [ (Pl %5 =0 = %0 4 pPel0P (0P ) i o
Q

— / pBRCfHBnﬂWg -grad dp dv +/ nPkP grad 0P - grad 6o dv
Q

Q 15)
+ %) pBRcfﬁﬁn’Bwﬁ -n da — 8o nPrP grad#” - n da.
T s re ~————"
= q) =:q;

Therein, as Neumann boundaries we identify the volume flux boundaries I', s and the heat flux boundaries Fqg and I‘qa for
conductive and advective heat flux, respectively.

2.3.2 Geometry and Spatial Discretisation

A simple tubular geometry with quadratic cross-section is considered, as depicted in Figure 1. Three boundaries are distin-
guished. Boundary I"s at one end of the tube, boundary I'g at the opposite end and boundary I' the mantle of the tube.

The finite element mesh consists of 80 hexahedral elements made up of 324 nodes. Linear shape functions are considered
for all primary variables. For the employed Box approach the test functions are element-wise constant.

Fig. 1: Discretised simulation domain §2 with indicated boundaries I'a, I's and I'c.

2.3.3 Initial and boundary conditions

For the results shown in the next section, cement is injected into the geometry at boundary I'4. The inflowing cement has a
temperature of 308.15 K which is identical to the common initial temperature of all constituents. There are no external heat
sources present and the entire boundary of the geometry is insulated regarding heat conduction. The initial and boundary
values are given in Table 2. We choose the injection to stop after 120 seconds.

Anticipating the results, we simulate this scenario for different rates of heat transfer between the constituents. We realise
this by multiplying the direct energy production of the fluids €7 with a constant. This is indicated in the corresponding figures.

For the given parameter values and initial and boundary conditions all simulations are stable with a fixed time step-size
of 1.0 seconds. In particular, no oscillations occur and the only notable artefacts are numerical diffusion as well as the finite
nature of the spatial and temporal discretisation.

Table 2: Initial and boundary values.

Symbol Value  Unit Domain/Boundary Symbol  Value Unit Boundary
505 095 [-]1 oM 0.0 m/s]  Ta,lc
PSR 0.0 [Pa] v 5.0 x 10%  [m/s] Ta

s 308.15 [K] @ v© 0.0 [m/s] o
nss 015 [-1 q 0.0 [Wm?] T, Tc
sM 0.95 [-1 Ts aqM 0.0 [W/m?] T4, T'c
pCR 0.0 [Pa] I qf 3.40 x 105 [W/m?] Ta
6« 308.15 [K] T q¥ 0.0 [Wm?] T¢
3 Results

The simulation results for the considered scenario are depicted in Figures 2, 3 and 4. In all figures, the profiles of selected
variables are plotted along the main axis of the geometry.

In Figure 2, profiles of the cement saturation are depicted. The cement saturation evolves corresponding to the Brooks-
Corey relative permeability factors. A shock front propagates in flow direction, followed by a rarefaction fan. As ensured by
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the employment of the extended Darcy filter law, the evolution of the cement saturation is not affected by temperature changes
and, in particular, by the choice of the rate of heat transfer.

In Figure 3, profiles of the aggregate temperature are depicted. For these results, the rate of heat transfer is increased
by factor 104, hence, the profiles of the constituent temperatures are identical to the profiles of the aggregate temperature
and a visualisation is omitted. As is depicted, the aggregate temperature increases inside the simulation domain as time
continues. Given that there are no external heat sources, this temperature increase can only be interpreted as an effect of
energy dissipation, if thermodynamic consistency is to be claimed. The temperature increase does not exceed 1.0 K after 120
seconds of cement injection. This temperature increase is small in the context of our application. Therefore, an interpretation
as an effect of energy dissipation is plausible. However, this appears to only hold with greatly increased heat transfer, i.e.
under local thermal equilibrium conditions.

In Figure 4, profiles of the constituent temperatures are shown, resulting from simulations employing realistic and decreased
rates of heat transfer. All profiles show results after 30 seconds.

Beginning with the cement temperature, with respect to the profiles of the cement saturation, the cement temperature peaks
where the shock front of the cement saturation is located. After the peak, the cement temperature drops to a value slightly
above the initial temperature and remains spatially constant. With a realistic rate of heat transfer, the cement temperature
is close to the initial temperature at the inflow boundary and increases almost linearly until the peak occurs. In case of a
decreased rate of heat transfer, the cement temperature first dips below the initial temperature before approaching the peak.

Continuing with the marrow temperature, with a realistic rate of heat transfer, the marrow temperature starts above the initial
temperature at the inflow boundary, but drops below the initial temperature where the shock front of the cement saturation is
situated. Afterwards, the marrow temperature rises slightly above the initial temperature and remains spatially constant. The
lower the rate of heat transfer is chosen, the bigger the region in which the marrow temperature is below the initial temperature.

Continuing with the bone temperature, the temperature is consistently above the initial temperature. The lower the rate of
heat transfer is chosen, the higher the bone temperature rises at the inflow boundary. This temperature increase is dispropor-
tional compared to the temperature changes of the cement and marrow. L.e., with the lowest considered rate of heat transfer, the
marrow and cement temperature deviate from the initial temperature by 0.6 K at most, whereas the bone temperature deviates
from the initial temperature by more than 2.0 K at the inflow boundary.

The described behaviour, in particular, the decrease of constituent temperatures below the initial temperature, can not
be interpreted as an effect of energy dissipation. However, this means that the model as we derived it, is not inherently
thermodynamically consistent.

— 1 % 308.8 : .
o — 305 o g% x 10* || —30s
= 0.8 — 60s 3 I—,
g £ 308.6
] 90s =
=06 —120s | 1 2,
£ 30841
®n 04 =
3 2 50|
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0 I 1 1 éﬂ 308 1 1 1
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Fig. 2: Profiles of cement saturation along streamline. Pro- Fig. 3: Profiles of aggregate (—) and initial (- - - ) temperature
files show results after 30, 60, 90 and 120 seconds. along streamline. The rate of heat transfer is scaled by 10*.
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Fig. 4: Profiles of cement (—), marrow (---), bone (- -) and initial (- - - ) temperature after 30 seconds. The rate of heat transfer is scaled by
(a) 10°, (b) 10~ " and (¢) 1072
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4 Conclusion

Our model does not appropriately describe the energy dissipation occurring during cement injection when considering the
case of local thermal non-equilibrium. However, we derived the underlying model strictly obeying the modelling principles
of the TPM. We are confident in dismissing numerical issues and algebraic mistakes as a possible source for the unphysical
behaviour. Therefore, our modelling assumptions and boundary conditions must be contradictory, either towards themselves
or towards the inherent assumptions of the TPM.

It is necessary to modify our model heuristically in order to avoid the unphysical behaviour we have demonstrated. Nev-
ertheless, the model derived with the TPM is a suitable point of reference within the continuing modelling process. In future
work, we will derive and present a more general model, identify the sources of unphysical behaviour and propose an adequate
correction within the context of our application.
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