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S1 STATE OF THE ART: MATHEMATICAL MODEL OF THE PITUITARY-THYROID
FEEDBACK LOOP

As mentioned in the main part of the paper, we want to present in detail the state of the art of the applied
mathematical model of the pituitary-thyroid feedback loop. The block diagram of the mathematical model
is illustrated in Figure 1]

First, a closer look is taken on the thyroid, which is represented by the grey block in the bottom left
corner. In this block, one sees that the 7 synthesis (bottom left corner of the “Thyroid” block) depends
on T'SH, the damping constant of T'S H at the thyroid gland (D7), the maximal secretory capacity of
the thyroid gland (G'7) and the substrate concentrations of thyroglobulin (K7) and iodide (K7). The Ty
synthesis is modeled by means of the well known Michaelis-Menten kinetics. The underlying physiological
process of the 7T} synthesis is of course much more complicated, since it additionally depends on, e.g.,
the activity of the thyroid peroxidase and sodium/iodide symporter. Nevertheless, a simplification of the
underlying physiologic process is necessary in order to keep the model compact.

In the right-hand side of the 7T} synthesis block, dilution (denoted by o) and clearance (denoted by 3;5,)
of T} in thyroid cells take place. Next, the concentration of T} 4, is depicted, denoting the 7} concentration
in thyroid cells. One part of T} 4, is directly transported out of thyroid cells. Here, we denote the maximal
activity and the Michaelis-Menten constant of this transport process by G y;r and K7, respectively. The
production of T3 in thyroid cells functions through two pathways (3). The first pathway is a conversion
of Ty 4y, into T3 by means of 5’-deiodinase type I (D1) and 5’-deiodinase type II (D2). This process is
modeled via the maximal activities of D1 (G pq), of D2 (G p2) and the dissociation constants K 71, K9,
respectively. The second path is a direct synthesis of 73 in thyroid cells, a process, again depending on
the concentration of 'S H, D and, additionally, the maximal activity of the T3 synthesis path (G'r3). In
order to account for diffusion related delays, we incorporate a dead time (7y3p) concerning the 73 that is
produced in thyroid cells.
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Figure 1. Block diagram of the pituitary-thyroid feedback loop including membrane transporters, extended

from (1,2, [3)).

The entrance of 7} in the blood stream is modeled as first order lag element, taking into account dilution
(a) and clearance (87) of Ty. Furthermore, a dead time (7g7) is consider to account for diffusion processes.
Additionally, the time constant of the first order lag element (717) is explicitly shown.

Only a small fraction of 7} is available as [T, since most of it is bound to plasma binding proteins. This
phenomenon is taken into account by considering the concentrations of thyroxine-binding globulin (7'BG),
transthyretin (7'B P A), and their dissociation constants (K 41/K42) as displayed in the bottom right corner.

The peripheral production of T3 can be seen in the middle of Figure [} The periphery summarizes
the net effects of peripheral organs like the liver or the kidney. This means that we do not explicitly
consider the liver and the kidney in the model. We rather summarize their net effects in the periphery.
An explicit representation would certainly be helpful in several ways, e.g., to investigate whether the low
Ty concentrations of AHDS patients can be explained by an accumulation of 7} in the kidney. However,
an explicit representation would go along with new parameters for which numerical values are needed
and new states that must be considered. This renders the model even more complex and induces more
uncertainty, because the parameters would not necessarily be uniquely identifiable.

Frontiers 2



Wolff et al. Supplementary Material

In these peripheral organs, D1 and D2 convert F'T into F'T3, a process which is again modeled by means
of a Michaelis-Menten kinetics with G py, G p2, Kjr1 and K 9. This peripheral production is finalized by
considering a first-order lag element, taking into account dilution («3;) and clearance (/331). The binding of
T5 to T BG and the respective dissociation constant (/41) are also visible.

The production of 75 in the pituitary is considered explicitly in the top right-hand corner of Figure (1] It
depends on the maximal activity of D2 (G p9), the respective dissociation constant (K 3;9), the dilution
(ae32), the clearance factor (332) and the dead time (737). The central T3 (73,) mainly serves as a feedback
signal to the pituitary.

Inside the pituitary, which is illustrated in the top of the scheme, many different processes take place. One
part of the 75, binds to the intracellular-binding-substrate (I B.5), which does not serve as a feedback signal.
The damping constant D models the fact that 73 must bind to specific thyroid hormone receptors in order
to influence the concentration of 7'S H. The remaining constants (G r and Lg) stand for the maximum gain
of the pituitary receptors in relation to thyroid hormones and a breaking constant, respectively.

Furthermore, the influence of T'RH is illustrated in the top of Figure |1} The receptors for T'"RH at the
pituitary are taken into account with a damping constant (D). The ultra-short feedback loop of T'SH
on its own secretion (compare (2)) is considered with the respective dilution («g2) and clearance (5g2)
factors. The maximum secretory capacity of the pituitary (G'r7) is shown. The entrance of 7'S H into the
bloodstream is modeled with a first order lag element, with dilution («g) and clearance (Sg).

After having derived the relationships between the different hormone concentrations, one must find the
numerical values of all introduced parameters. The parameter values used within this work are listed in
Section [S9| below. Ideally, we would like to use only human parameters. However, this is not possible for
all parameters, consider, e.g., the damping constant of T'RH at the pituitary Dy, which is not measurable
in humans. Therefore, we partially exploit experimentally determined murine numerical parameter values.
This results in a model which contains human and murine numerical parameter values. Nevertheless, this
approach is meaningful for two reasons: first, there will always be a variation in the exact numerical
parameters even for humans only. Second, when applying the mathematical model, we pursue the objective
to get insight about the mechanisms of the AHDS, which is also possible when using murine and human
numerical parameter values jointly. This is the case since (slightly) different parameter values lead to the
same qualitative behavior of hormone concentrations in our model (compare also the sensitivity analysis in

3.

S2 STATE TRANSFORMATION

Before stating the formal problem of the constrained parameter optimization for healthy individuals and
AHDS patients in Sections [S3| and respectively, it is useful to introduce the system’s differential
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equations for the Michaelis-Menten modeling of the membrane transporters
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with the relationships
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1
FTy =13, ————— S7
3 S + K30T'BG (57)
FTy =T, ! (S8)
YT MY KnTBG + KieTBPA
Tyn = Tho——— (39)
N LK IBS
TRH(t) = TRHo(1 + 0.6cos(2m(t/86400))) (S10)
For the linear modeling of the membrane transporters, one must replace the term
Ty th
Gur———— (S11)
Ky + Typn
in equations (ST)) and (S2) by
ki Ty ¢, (S12)

As mentioned in the main part of this paper, we perform a constrained parameter optimization in order
to identify the parameters G, Gpi1, Grs and Gy (or k;). In other words, we are looking for the
configuration of parameters which fits best the given real measured hormone data under the condition that
the (steady-state or dynamic) differential equations - are satisfied.

One challenge of this approach is that the order of magnitude of the differential equations is very different.
The value of F'T5 is of order 10~12, whereas the order of T'SH is 1. In order to obtain a numerically well
conditioned problem, we hence perform the following state transformation

Tupn Tyt
I T
T3p T3
T3C T3C ( )
TSH TSH
T/SVHZ TSH,
with
1012 0 0 0 0 0
0 10 0 0 0 0
0 0 102 0 0 0
T= 0 0 0 108 0 0 (S14)
0 0 0 0 1 0
0 0 0 0 0 1
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This transformation matrix leads to (transformed) hormone concentrations in the identification (F'13, F'1T},
Ty ¢y, and T'S H) that are in the order of magnitude of 10°. The dynamics of the transformed system are

7 = Tx = Tf(x) = Tf(T '2), (S15)

where f(x) denotes the right hand side of the differential equations - and , 2 as defined in (S13).
When the mentioned values are plugged in, the expression

02 0 0 0 o0 o\ (107
0 10" 0 0 0 0 10717y
. 0 0 102 0 0 0 1071273,
=1 0o o 0o 100 0 o|l'| 10%%, (516)
o 0 0 0 10 T3H
o 0 0 0 01 TSH.
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is obtained. The transformed differential equations are
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Furthermore, the relationships of the hormone concentrations

N 1 —

FIy=10""%Ty,—— 10" 2FT 2
3 0 3p1+K30TBG 0 3 (S23)

— 1

Fly=Tg— — S24
3 W L Ky TBG (524)

— 1 g

FTy = 10717 = 1071 FT, S25
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— 1

FT, =T S26
YT YKL TBG + Ky TBPA (526)

Ton = 10T — 10Ty (S27)

3 “1+ K3, 1BS 3
= 1
Tin =T (S28)

31+ K3,1BS

need to be considered. Using this state transformation, all variables are in the same order of magnitude.

S3 PARAMETER ESTIMATION FOR HEALTHY INDIVIDUALS USING DYNAMIC
HORMONE MEASUREMENTS

As mentioned in the main part, we here explain the parameter estimation for healthy individuals using
measured mean dynamic hormone concentrations 73 meas(t), F'T4 meas(t), and T'S Hpeas(t). To this end,
we use the dynamic hormone concentrations of healthy individuals documented in (4). The concept is
to minimize the normalized quadratic error between measured (dynamic) hormone concentrations and
simulated hormone concentrations. In other words, we want to find the configuration of the G7, Gp1,
Grs, and Gy parameters that explains best the given measured (dynamic) hormone concentrations. In
mathematical terms, we minimize the objective function

15-24h 15-24h
FT3 meas(t) - FT3 model(t) 2 FT4 meas (t) - FT4 model(t) 2
J(Gr,Gp1,Gr3, Gur) = < ——— ’ ) + ( — : )
; FTS,meaS ; FT4 meas
15-24h
+ Z TSHmeas(t) - TSHmodd(t) 2 (829)
—0 TSHmeas

where F'T3 10del(t), F'T4model(t), and T'S Hyyoqe1(t) are the (back-transformed) numerical solutions to the
transformed system of differential equations - with the constraints that Gp > 0, Gpy; > 0,
Grs > 0, and Gyr > 0. The constants FT'3 meass 14 meas and TS Hpeas are the mean hormone
concentrations of all patients and all time points. The cost function sums up the normalized quadratic
difference lasting 15 days. To generate dynamic hormone profiles lasting 15 days, we duplicate the 24
hours profile, see (4), 15 times. This longer hormone profile is necessary to guarantee that the transient and

! For the estimation, we needed to set the delays of the system of differential equations to zero since Matlab does not provide a solver for stiff and delayed
differential equations. We aimed to solve the system of delayed differential equations with the built-in function dde23. However, the solver needed such a small
step size that takes an extremely long time to solve the system of delayed differential equations. Furthermore, the dead times are rather low (< 1 hour) meaning
that these dead times do not influence the dynamics considerably.
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the steady-state behavior is considered in the estimation. This approach implies the assumption that the
measured dynamic hormone concentrations remain unchanged throughout 15 days.

After solving this optimization problem, we observed the following: different initial guesses of the
optimization problem lead to different minima with the same cost. Consequently, there are different
parameter configurations of G, Gp1, Gr3 and G that all explain equally well the given dynamic
hormone measurements. This problem was also observed, when only steady-state hormone measurements
are used for the identification of parameters of the model, compare (3). To solve this problem, we
incorporate the information into the cost function that 20 % of T3 is produced inside the thyroid gland and
the remaining 80 % in peripheral organs, according to (3, 6 This is realized by penalizing the difference
to this relation in the cost function. On the right hand side of , we add 200[0.8 — PRperi(t) |2, where
PRperi(t) is defined as the part of 73 which is produced in the periphery, i.e.,

Pperi(t)
PRperi(t) = v (530
pe ( ) Ptotal(t)
with FTy(t) FTy(t)
Pyeri(t) = G - G . >
peri (*) PYFTI) + Kar | P2FTA(t) + Ko o
and

TSH(t—1o3p)
FTy(t) T4’th(t B TO?’P)TSH(t*TosPO)szDio

_|_
TSH(i—
FTy(t) + Ko Tyn(t — T03P) 75 (t—(rtogg?flgmo + Kan

FT4(t)

P, t) =G

+ Gpo

(S32)
TSH(t—7o3p)
e Tytn (t — To3p) TSH(t_T%PO)gkaw n TSH(t — 1o3p)
D2 SH(t— 3 — ’
T47th(t — TO?’P)TSE(t—gosP(;?fk)Dm + Ko Dp +TSH(t — To3p)
Hence, the updated cost function is
15-24h 15-24h
FTS meas (t) - FT3 model(t) 2 FT4 meas(t) - FT4 model(t) 2
J(Gr. G, Grs, Gur) = Y (=22 )+ meastt) — 774, )
( e 9 MT) ; FT37meas ; FT4,meaS
15-24h 15-24h
TSHmeas (t) - TSHmodel(t) ) 2 2
+ —— + 200[0.8 — PRperi(t)]“.
> o L (1)
(S33)

Since the remaining production of 73 will necessarily take place in thyroid cells (compare eq. (S3))), we
do not need to incorporate a term related to the production of 73 in thyroid cells. Using this additional
information, we obtain unique optimal parameter values.

After having determined the unique optimal parameter configuration, we simulate the hormone
concentrations 100 times and artificially corrupt the simulated concentrations by some noise following a
normal distribution with ;1 = 0 and ¢ = 0.1. For each dataset, we estimate the parameters applying the
aforementioned procedure. The results are shown in Table 1 of the main part.

2 Note that this relation was also used to calibrate the applied mathematical model in (3).
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Further, to quantify the uncertainty of the parameter estimation by means of individual hormone
measurements, we determine the parameters G, Gpi, Gr3 and Gy individually for 27 different
healthy individuals, documented in (4). This individual estimation leads to the results presented in Table [ST]|
and Section

The estimation related to the linear modeling of the membrane transporters works completely analogous.
One must simply replace the G MTKMT# term by £;T} 41, and estimate k; instead of G'py7. The results
are presented in Table 2 of the main part and Table [S3| (regarding the individual parameter estimation).

S4 PARAMETER ESTIMATION FOR AHDS PATIENTS USING STATIC HORMONE
CONCENTRATIONS

As mentioned in the main part of this paper, we perform a constrained parameter optimization using mean
steady-state hormone concentrations in order to estimate the parameter G, (or k;) for AHDS patients. In
other words, we are looking for the configuration of parameters which fits best the given real measured
hormone data under the condition that the steady state equations are satisfied. In formal words, the task is
to minimize the objective function

R 2 - 2 I 2
FTS,meaS - FT3,m0del 4 (TSHmeas - TSHmodel) 4 FT4,meaS - FT47m0del
TSHmeaS FT4,meas

J(Gyr) = <
(S34)

subject to the nonlinear equality constraints

ISH G T, Tl
TSH + Dr Kyr + Tan Tuanstriig, + K

0=ayy (GT

T, th%

thTSH+kp;

— G2 Do — BT (S35)
T4,thTSH—+ka + Ko

1 ar Tytn

0=FTy — e - 836
Y14 Ky TBG + K TBPA By M Kyyr + T, (530
0= FT 1 31 FT4 e FT4 e T47th ngifklpw
3 T 11 K3oTBG B3\ PYFTy + Kan PXFTy + Ko D1T4thTS£TD+KM1
T th% TSH
+Gps T Do Grs oy (S37)
Tunrsiiag, + K T+ T
0=TSH? GMTLCH‘F(]Q +TSH| Gur——""7—q3+q4 — P9
Ky + Tygn Ky + Tyn
Tan
— GyMT——""—D10 — P11 (S38)
MTKMT oo p p

Frontiers 10



Wolff et al. Supplementary Material

Table S1. Statistics of the Parameter estimation

Healthy Individuals AHDS Patients
Gp1 Grs3 Gr Gur Gur

Parameter : —8mol —13mol —12mol —6mol . —6 mol

in 10 ~ in 10 ~ in 10 ~ in 10 ~ in 10 ~
Mean 2.5113 1.7936 3.5698 2.0913 0.1843*
Median 2.5873 0.2437 3.4418 1.9614 0.2043
Standard deviation 0.5885 3.6397 0.7846 0.5079 0.1234
Coefficient of variation 0.2343 2.0293 0.2198 0.2429 0.6693

The * symbol designates statistical significance.

and the following bounds

Gur =20 (539)
FT3>0 (540)
FTy >0 (541)

TSH >0 (542)

Tyn = 0. (S43)

The bounds are meaningful given that the parameter G ;7 as well as the hormone concentrations
physiologically only make sense when they are positive. We only deal with steady-state expressions,
therefore, the time dependence of the variables is neglected. Note that we plugged in the steady state
expressions of the differential equations of 73, and of 7S H, into the steady state expression of 7S H. This
leads to condition (S38). The detailed steps how to reach (S38)), which are cumbersome but straightforward,
are shown in Section [S§| for completeness. The results are presented in Table 1 of the main part.

We solve this optimization problem for the mean steady-state hormone concentrations of 13 different
AHDS patients given in (7,18, 19,110} [11)). This enables us to perform parametric bootstrapping. After having
determined the optimal value of G j;7, we simulate the hormone concentrations and corrupt the F'T, F'Ty
and T'S H concentrations by some noise following a normal distribution with © = 0 and o = 0.1. In this
way, we generate dynamic hormone concentrations of AHDS patients. Therefore, the optimal parameters
of the generated hormone concentrations are determined by the procedure outlined in Section |S3|with the
only difference that we need to estimate only G371 and not additionally G p1, G, and Gr3.

S5 UNCERTAINTY QUANTIFICATION BASED ON INDIVIDUALLY ESTIMATED
PARAMETERS

In this section, we show the results regarding the quantification of the uncertainty of the estimated
parameters when these are estimated individually using the approach explained in Sections [S3] and [S4]
First, we show the results for the Michaelis-Menten modeling of the membrane transporters and, second,
we show the analogous results for the linear modeling of the membrane transporters.
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Table S2. Associated Steady-State Hormone Concentrations

Healthy Individuals
Hormone Concentration T T rsu Taon
in 107122 jp 10~ jp U jp 10120l
Mean 5.56 1.74 1.85 3.20
Median 5.55 1.68 1.87 3.21
Standard deviation 0.61 0.28 0.16 1.13
Coefficient of variation 0.11 0.16 0.09 0.35
AHDS Patients
Mean 8.27* 1.02* 2.56* 25.46*
Median 7.53 1.18 2.27 20.61
Standard deviation 1.34 0.31 0.48 9.64
Coefficient of variation 0.16 0.30 0.19 0.38

The * symbol designates statistical significance.

S$5.1 Michaelis-Menten Modeling

The results of the uncertainty quantification of the Gp1, Grs, G and G ;7 are shown in Table [ST] In
general, the uncertainty quantification based on individually estimated parameters yields similar results as
the uncertainty quantification based on bootstrapping in the main part. Except for the G5 parameter, the
numerical values of the parameters are not subject to large uncertainties. Here, we can additionally show
that the difference in the mean of the G, parameter is significant (based on a two-sample t-test with a
significance level of 5 %).

Next, the computed steady-state hormone concentrations are illustrated in Table One can observe
that the hormone concentrations of healthy individuals and of AHDS patients are not subject to large
variations. All hormone concentrations have a coefficient of variation which is below 40 %. On one side,
we observe the characteristic hormone concentrations of AHDS patients. The mean F'73 concentration is
49 % times higher, the mean F'T; concentration is 41 % lower, and the mean 7'S H concentration is 38 %
higher for AHDS patients compared to healthy individuals. Interestingly, the mean 7} 4, concentration is
approximately 800 % higher for AHDS patients compared to healthy individuals. Moreover, the mean
hormone concentrations differ significantly from healthy individuals to AHDS patients (again based on a
two-sample t-test with a significance level of 5 %).

Finally, as in the main part, we simulate the hormone concentrations of healthy individuals and AHDS
patients, as shown in Figure |2 using the mean parameters of Table Since the mean parameters are
similar to the one determined using bootstrapping, the hormone concentrations in Figure 2] are similar to
the ones shown in Figure 3 of the main part.

S5.2 Linear Modeling

In this section, we consider the linear modeling of the membrane transporters. As visible in Table[S3] the
uncertainty quantification of the parameters yields once again similar results compared to the application
of bootstrapping, compare Table 2 of the main part. The mean values of the F'T3, F'Ty, T'SH and T,
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Figure 2. Results of the dynamic simulations for the Michaelis-Menten modeling of the membrane
transporters. Most of the numerical parameter values are based on the suggestions of (1, [3), compare
Section[S9] The remaining unknown parameters of the model are estimated through a constrained parameter
optimization and shown in Table

Table S3. Statistics of the Parameter estimation

Healthy Individuals AHDS Patients
G G G k k

Parameter in 10 ? 81 mol 10 —j;?i)’) mol 10 —1112 mol . ll . ll

m 5 mn 5 m e mn s m s
Mean 2.4909 1.9371 3.5671 0.4451 0.0392*
Median 2.5866 0.3865 3.4416 0.4173 0.0434
Standard deviation 0.6135 3.9763 0.7876 0.1083 0.0262
Coefficient of variation 0.2463 2.0527 0.2208 0.2433 0.6692

The * symbol designates statistical significance.

concentrations do not differ considerably from the Michaelis-Menten modeling approach. In Table [S4] we
observe once again the characteristic hormone concentrations of AHDS patients, a (46 %) higher 13 and
a (36 %) higher T'S H concentration together with a (40 %) lower F'T, concentration compared to healthy
individuals. The T} 4, concentration is approximately 800 % for AHDS patients compared to healthy
individuals. Finally, in Figure[3] the simulation results of the dynamic hormone concentrations are shown.

In conclusion, we want to point out that we applied two different approaches to quantify the uncertainty
(bootstrapping and individual parameter estimation) of the parameters and that both yielded similar results
in terms of how uncertain which parameters are.
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Table S4. Associated Steady-State Hormone Concentrations

Healthy Individuals*
Hormone Concentration T T rsu Taon
in 107122 jp 10~ jp U jp 10120l
Mean 5.56 1.74 1.85 3.20
Median 5.55 1.68 1.87 3.20
Standard deviation 0.61 0.28 0.16 1.13
Coefficient of variation 0.11 0.16 0.09 0.35
AHDS Patients
Mean 8.14* 1.05% 2.51F 24.73*
Median 7.52 1.18 2.27 20.66
Standard deviation 1.29 0.30 0.45 9.32
Coefficient of variation 0.16 0.28 0.18 0.38

The * symbol designates statistical significance.
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Figure 3. Results of the dynamic simulations of the linear modeling of the membrane transporter. Again,
most of the numerical parameter values are based on (1, 3). The remaining parameters are estimated
through a constrained parameter optimization approach and shown in Table

S6 MCTS8-MEDIATED 75 TRANSPORT

As mentioned in the main part, we here consider additionally membrane transporters for 73. To this end,
we proceed similarily as for the membrane transporters for 7). We introduce a new state called 73 45, which
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Figure 4. Block Diagram of the pituitary-thyroid feedback loop if membrane transporters for 73 (illustrated
by means of the green frame) and for 7 (illustrated by means of the blue frame) are considered.

represents the 73 concentration in thyroid cells. Its associated differential equation is

TSH(t) TSH(t)

dT3p (1) = o Ty an(t) TSHO) +kpiy o T47th<t>TSH(t)+kDio
o () =au| Gpy - TSH) + Gp2 TSH()
1tn (D) 75, T K Ty () 75y 1hp, T Ko
TSH(t) T 4(1)

+ors Dr+TSH(t) T ML T3 () + KMT,T3> = Bt T 1) (544)
The production of 75 in thyroid cells depends on (i) the conversion of 7 into 73 in thyroid cells and (ii)
and a direct T3 synthesis based on the T'S H concentration. The dilution factor ayy, is the same as in the
differential equation of T}y 45, (since we assume that the intrathyroidal 73 has the same volume of distribution
as the intrathyroidal 7}). The choice of (3, 7, is more complicated. From (12), we can deduce that the
intrathyroidal half-life of 7} is approximately 44 hours, which is much shorter than the plasma half-life of
T corresponding approximately to 7 days. Assuming that the intrathyroidal half-life of 75 is reduced in the
same way (compared to the plasma half life of 73), its half-life would correspond to approximately 6 hours
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and the corresponding clearance rate to 3y, 7, = 3.06 - 10~5s~!. Once again, slightly different numerical
parameter values will lead to the same qualitative behavio

Next, the differential equation of the peripheral 73 concentration (called 73,) must be adapted. We
now consider positively the part of 73 ;, which is transported out of the thyroid cells and the peripheral
conversion of 7} into 73, yielding

dTs,
dt

(©) —as (Gm FTy(t) FTy(t) Ty.n(t — To3p) )

D + T
FTy(t) + Kan “FTy(t) + Kz 3Ty 4 (t — To03P) + Ky
— B31T3p(t) (S45)

containing the new parameters G'y;r 7, and K7 1,. Once again, the value of K7 7, has already been
determined experimentally in (13) and its value is applied here (although this is a simplification since
different mutations will lead to different sensitivities). The block diagram in Figure [] illustrates the
incorporation of membrane transporters for 73 (compare the block with a green frame) and 7, (compare
the block with a blue frame).

The parameter Gy 1, describing the maximum activity of the T3 transport must be estimated for
healthy individuals. We estimate this parameter by following the same concept, as described in Section [S3]
(using cost function ) with the only difference that we additionally identify the parameter G /7 5.
Subsequent simulations for one healthy individual subject are shown in Figure[5] In this figure, one can see
that the modeled hormone concentrations still fit to the measured hormone concentrations. Additionally,
one can still observe the circadian rhythm of F'73. Hence, our model remains a valid approximation of the
pituitary-thyroid feedback when considering M C'T'8-mediated 73 transport.

Even though the hormone concentrations for healthy individuals can be accurately represented considering
membrane transporters for 73, the parameters become structurally non-identifiable. In other words,
substantially different (of several orders of magnitude) parameter configurations lead to the same hormone
concentrations. This difference to the estimation results when only membrane transporters for 7); are
considered is due to the additional parameter that we need to estimate, i.e., G'y/7, 73, while using the same
real hormone concentrations measurements. In other words, we want to estimate an additional parameter
without further data or information.

Therefore, we do not consider membrane transporters for 73 in the main part, although this approach is a
simplification since it has been shown that the MCTS8 transports 73 in humans, compare (13)). Nevertheless,
this is a meaningful approach, since the 73 export is most likely not harmed in M CT'8-deficiency (14).
This intriguing observation could be explained by the existence of further membrane transporters as the
MCTI10 (which transports 73 and occurs in the thyroid gland (15)) or the recently discovered SLC17A4
(which also transports 73 (16)).

S7 STABILITY ANALYSIS

As mentioned in the main part of this paper, we performed a local stability analysis. To this end, we
introduce Lyapunov’s indirect method. Then, we document and discuss the results from a physiological
point of view.

3 For example, if we assumed that the intrathyroidal T3 half-life is the same than the plasma T’ half-life, then we would still obtain the same qualitative results
as presented in FigureE}
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Figure 5. Simulation results for a model which considers explicitly the 73 content in thyroid cells and the
membrane transporters for 75.

Lyapunov’s Indirect Method

Lyapunov’s indirect method can be formulated as follows (17): let z = 0 be an equilibrium point/hormone
concentration for the nonlinear system
x = f(x) (S46)

where f : D — R" is continuously differentiable and D is a neighborhood of the origin. Let

P (S47)
ox x=0

then

1. the origin is locally exponentially stable if Re \; < 0 for all eigenvalues of A.

2. The origin is unstable if Re \; > 0 for one or more of the eigenvalues of A.

As Lyapunov’s indirect method is only a criterion for local exponential stability, no statement is possible
regarding the region of attraction of the equilibrium point. The region of attraction of an equilibrium point
is the set of all initial states (here: hormone concentrations), for which the solution of the nonlinear system
asymptotically converges to the equilibrium point.

Results Lyapunov’s Indirect Method

The stability analysis concerns the equilibrium hormone concentrations documented in Tables 1 and 2 of
the main part, which were obtained using a constant concentration of 7'RH . The application of Lyapunov’s
indirect method leads to the results illustrated in Table[S5] One can see that the eigenvalues are negative for
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Table S5. Results of the application of Lyapunov’s indirect method.

M.-M. Modeling of Membrane Transporters Linear Modeling of Membrane Transporters
Eigenvalue Healthy Individuals AHDS Patients Healthy Individuals AHDS Patients

A —8.00-1076 —8.00-1076 —8.00-1076 —8.00-1076
Ao —2.46 - 102 —2.50 - 102 —2.46 - 102 —2.50 - 102
A3 —8.30-107* —8.30-10~4 —8.30-10~4 —8.30-10~4
A\ —1.46-1076 —1.34-10 —1.43.1076 —1.33.1076
A5 —2.30-107* —2.30-107* —2.30-10~* —2.30-10~*
6 —119.35 —18.58 —119.32 —18.50

Annotations: the abbreviation M.M. stands for Michaelis-Menten.

all cases. Consequently, the computed equilibrium hormone concentrations are all locally exponentially
stable.

Discussion Stability Analysis

After having documented these (rather technical) results, we can focus on their medical interpretation.

Local asymptotic stability means that if the hormone concentrations have values different from their
equilibrium hormone concentrations, which are still in the region of attraction, the hormone concentrations
will converge to their equilibrium hormone concentrations. Unfortunately, with the proposed method
it is impossible to state how large the region of attraction is. Hence, it is impossible to quantify the
maximal deviation of the hormone concentrations for which they converge to their equilibrium hormone
concentrations.

This result holds true for healthy individuals and for AHDS patients. This is particularly interesting since
AHDS patients have a highly perturbed pituitary-thyroid feedback loop. From a systems theoretic point of
view, their equilibrium points are still locally asymptotically stable.

In the future, it would be highly valuable to determine the mentioned region of attraction. A possible
method that goes along with a quantification of the region of attraction is Lyapunov’s direct method (17).
However, its application is highly challenging if the differential equations are complex as it is the case here.

The aforementioned results hold for a constant 7"RH concentration. Since the real 'R H concentration
in humans follows a pulsatile course, one might ask how this time-varying 7R H concentration impacts the
stability results. To this end, we note the following. As discussed above, the application of Lyapunov’s
indirect method shows that the equilibrium hormone concentrations (with constant 7'"R H input) are locally
exponentially stable. This implies that the (nonlinear) system - (S9) comprising the pituitary-thyroid
feedback loop is locally input-to-state stable (ISS) (which follows, e.g., by applying Lemma 4.6 of
(1'7)). This property (ISS), which has become one of the standard methods to quantify a certain notion
of robustness of nonlinear systems, implies that small/bounded (but potentially time-varying) inputs
(or deviations from a constant equilibrium input) result in small/bounded states (or deviations from the
equilibrium state). In other words, small (potentially time-varying) deviations of 7[R/ around a constant
equilibrium value (e.g., a pulsatile course) result in small deviations of the hormone concentrations.
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S8 DERIVATION OF THE STEADY STATE EQUATION OF TSH

Here the step-by-step solution to derive the steady-state equation of T'SH in dependence of T} s, is
presented for the Michaelis-Menten modeling of the membrane transporters.

The steady-state equation of 77 is

T,
T, ar e 4.,th

= — — (548)
B M Ky + Ty tn

which follows from setting (S2)) to zero and solving the equation for 7}. This steady-state equation can be
plugged into the relationship of F'Ty (S§), thus leading to

Ty in 1

ar
rry,=—=a¢G . S49
Y7 B MUKy + Ty 1+ KnTBG + KieTBPA (549)
With by = 1/(1 + Ky TBG + Kq2TBPA), equation (S49) can be written as
T,
FTy = 2L Gpp—th oy (S50)

Br Ky + Tyin

This can be used for the steady state equation of T3, which can again be computed by setting (S4) to zero
and solving for T3.. When the relation of F'T4 (S50) is plugged into this steady-state equation, one gets

or ¢ Ty tn
o Br T MT Ky +Ty g 1
Tse = a o (S51)
EGMT Ky +Tyen b1+ Kar
with a3 = a32G pa/B32. By defining p; = apby /7, equation (S51) simplifies to

Ty th

nGuT T
Ty = a3 ML (S52)

7 :
PGMT Ry + K
Next, the expression of T3y is used. With b3 = 1/(1 + K311 BS) and expression (S52), T3 is

T3y = 0313 (S53)

Ty in
MGuT T
_ b3a3 MT+1g th ‘ (S54)

Ty en
POMT ey, + K

The term GRrT3n/(T5n + DR) is needed for the steady-state computation of 7'S H. With the definition of
p2 = azbspi and p3 = po + Dprp1, it becomes
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T
4,th
G b}
bad PYSMT Ry rr+Ty 4,
343 Ty th

T3n PGy Kpr+Tyn K2
[ GR

$55
PONT Ry D >
2 _"_ R

G Ty th K
p1 MT Ry r+Tyh M2

bsag

Tyt
b3asP\ CMT R T
=Gr Tytn ) Tytn (856)
bsasprGur gy + PROIG T gy + Kr2)

Tytn
P2Gur R

MT+ T4 th
=Gp Tim . (S57)
p3GMTm + DrE w2

Now the steady-state value of T'S H can be computed, which again follows from setting (S3)) to zero and
solving for 7'S H. With the following relationships

as TRHy
=Gg———7—"— S58
b a Bs TRHy+ Dy (558)
(0]
g7 = SQﬁS (S59)
asBs2
TSH, — Y295 rop _ orsm (S60)
asPs2
the steady-state equation of T'SH is
TSH+ D 1
TSH =pa Tég”j'{(l +2; )j—D Tin (oD
g7 S S1+ LsGry o5
With the expression (S57)) and the definition of the constants
ps = g7(1+ Ss) (S62)
p6 = p3 +p2LsGr (563)
pr = DrK (S64)
P8 = pagrp3 (565)
P9 = pagrDrEK 2 (566)
p10 = paDsps3 (567)
P11 = paDsDRr K2, (568)
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one gets the following equation

Ty tn
TSH*(Gyr——"—p5p6 + psp7) + TSH (G yr——"——(Dgsps — ps)+
Kyr + Typ ) ( Ky + Tyn ( )
¢
Dsp7r —po) — Gyr———"—p10 — p11 = 0.
) Kyrr + Ty
By defining some final constants

q1 = DP5P6

q2 = psp7

q3 = Dsps — ps

qs = Dgpr,

one obtains the more compact steady-state equation (S38)

Ty tn
TSHz(GMqul -+ QQ) + TSH(GMT

p1o —p11 = 0.
h

Kyr

&% + g4 — P9
+ Ty in

)

(S69)

(S70)
(S71)
(S872)
(S73)

(S74)
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S9 NUMERICAL PARAMETER VALUES

Symbol Description Value Origin
TBG thyrogi(;lrzzc—ebrilrtli?itrllgng?cfbulin 300 nmol /L (18)/ well known reference value
TBPA  Concentration of Transthyretin 4.5 pmol /L (18)/ well known reference value
Estimated form
IBS Concentration of intra-cellular 8 L T BG-concentration, corrected for
T3-binding substrate pmo intra-cellular 73-accumulation
(according to values from (19)))
T'R H-concentration in
T'RHo hypophyseal portal system 6.9 nmol/s (0)
Secretory capacity of the Calculated according to (21) and
Gn pituitary 817 mlIU/s (22)
Damping constant (E'C’) of
Du TRH at the pituitary 47 nmol/s 3
o Dilution factor for peripheral 0411 Reciprocal value of the volume of
S TSH : distribution of 2.5 L (1))
3 Clearance exponent for 93.10~4 g1 Calculated from plasma half-life of
S peripheral T'S H o S 50 min (24, 25)
Calculated from clinical data of
Lg Brake constant of long feedback 1.68 L /umol hyperthyroid patients ()
Gr Secretory Cag}izgi(‘;y of thyroid Com;;) a;ri main Fitted to real measurements
Damping constant (ECjg) at the
Dr thyroid gland 2.75mlU/L (26)
o Reciprocal value of the volume of
-1 P
ar Dilution factor for Ty 0.1L distribution (27)
Br Clearance exponent for 7} 1.1-1076s71 Calculated7f(ric2)lr;18 F()I;?’Ig%)h alf-life of
Dissociation constant of
Kan 5’-deiodinase type I 500 nmol/L ex)
o . Reci 1 value of vol f
31 Dilution factor for peripheral 73 2.6-1072171 empr%?;g;h‘é%ﬁ (;%ume ©
3 Clearance exponent for 8.10-6 41 Calculated from plasma half-life of
31 peripheral T3 ' S 24 h (1)
Maximum activity of Calculated form pituitary
G2 5’deiodinase type II 4.3 fmol/s T3-concentration (29)
Dissociation constant of
Kz 5’-deiodinase type II 1 nmol/L &Y
o Iculated f 1 f
39 Dilution factor for central T3 1.3-10° L1 Ca dcil;tlarlit?uti é?ln%go”il?lli ©
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Symbol Description Value Origin
3 Clearance exponent for central 83.104 51 Calculated from intra-cellular
32 Ty 0 S half-life of 15 min (31, [32)
o Dilution factor for pituitary 926.105 1! Calculated from volume of
52 TSH o distribution (1)) of 3.8l
3 Clearance exponent for pituitary 140 51 Estimated, corresponding to
52 TSH S half-life of 5 ms (1)
Dpg Damping constant for central T3 100 pmol /L (33)
Maximum eain of Value unknown, normalized to 1
Gr TR ﬁ—receg tors 1 mol/s (magnitude of feedback is
p determined by Lg) (1)
Brake constant of ultrashort Determined according to values
Ss feedback 100 L/mlIU from (34)
Damping constant for 7'S H Determined according to values
Ds inside the pituitary 50mlIU/L from (34)
K3 Dissociation constant 73-7 BG 2 - 10?L/mol (25)
Value unknown, adapted to
K31 Dissociation constant 73-1 BS 2.10° L /mol extra-cellular dissociation constant
1)
Ky Dissociation constant 74-7 BG 2-10'° L /mol 25)
Ko Dissociation constant Ty-TBPA 2. 10%L/mol (25)
T0S Peripheral delay for T'SH 120s Derived from circulation time (1))
- Derived from period of
T0S2 Pituitary delay for T'SH 3240 s TS H-pulses (data from (33))
Estimated according to circulation
T Delay for Ty 300 and diffusion times (1)
T03Z Delay for pituitary 73 3600 s Derived from (36)
To3P Delay for peripheral 75 300 s Derived from (37))
S Based on an assumed volume of
-1
g, Dilution factor for T} s, 250 LL distribution of 4 ml
6. Calculated f intrathyroidal
Bin Clearance Exponent for T} 4, 4.4.10"6s71 a 01}112115 hféoor? ﬂ fla(lgm a
Stimulation constant of thyroidal
kDio DlendD2 1 mIU/L &)
Michaelis-Menten constant 6
Kyrr membrane transporter 4.7-107" mol/L ()
Maxi tivity of C i .
Gp1 S?éé?;lcllﬁll ;sce 1tvyl p}e,: (I) Om%a;ft matn Fitted to real measurements
Gra Maximum activity of direct 73 Compare main Fitted to real measurements
synthesis part
Gur Maximum activity of the Compare main Fitted to real measurements
membrane transporters part
Ky Linear approximation constant Compare main Fitted to real measurements
membrane transporters part
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