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Abstract

Rainfall is a major input in hydrological and meteorological models. Quantification of
rainfall and its spatial and temporal variability is extremely important for reliable hydro-
logic and meteorological modeling. Hydrological and climate studies have long relied
on rain gauge measurements. While rain gauge measurements do not provide reason-
able areal representation of rainfall, remotely sensed precipitation estimates offer much
higher spatial resolution. Recent technological advances in the field of remote sensing
have led to an increase in available rainfall data on a regional and global scale. How-
ever, the advantages of remotely sensed data are limited by complications related to the
indirect nature of remotely sensed estimates. Previous studies confirm that remotely
sensed rainfall estimates are subject to various errors, and for future use in hydrologic
and climate studies, efforts are required to determine the accuracy of data and their asso-
ciated uncertainties. Despite extensive research, however, uncertainties associated with
remotely sensed rainfall estimates are not yet well quantified. Radar rainfall estimates,
for example, are associated with several different error types that arise from various fac-
tors such as beam over-shooting, partial beam filling, non-uniformity in vertical profiles
of reflectivity (VPR), inappropriateZ−R relationship, spatial sampling pattern, hardware
calibration and random sampling error. It is expected that uncertainties in rainfall input
data will propagate into predictions from hydrologic and meteorologic models; therefore,
accurate characterization and quantification of such errors in radar data and the induced
uncertainties in hydrologic applications is an extremely important, yet challenging issue.

So far, a multitude of approaches and extensive research efforts have been undertaken
to develop an uncertainty model for remotely sensed rainfall estimates. In order to as-
sess rainfall uncertainties, one can simulate an ensemble of precipitation fields that con-
sists of a large number of realizations, each of which represents a possible rainfall event
that can occur. Subsequent runs of a hydrological or meteorological model using sim-
ulated ensembles of rainfall estimates would then allow an assessment of uncertainty
propagation due to the precipitation input. One way to generate an ensemble of rain-
fall estimates is to stochastically simulate random error fields and impose them on radar
estimates. This study intends to develop different stochastic techniques for simulation
of radar-based rainfall fields through simulating random error fields and imposing them
over remotely sensed rainfall estimates. Four different models are developed and dis-
cussed in this work. In the first and second models, two elliptical copulas, Gaussian and



t-copula, are used to describe the dependence structure of radar rainfall error and to sim-
ulate multivariate rainfall error fields. In the third model, an asymmetrical v-transformed
copula is employed for error simulations. In the fourth model, rainfall fields are gener-
ated by perturbing rainfall estimates with two normally distributed error terms: a purely
random component and a component proportional to the magnitude of the rainfall rates.
In the first three models, having described the dependencies using copulas, the empirical
distribution function of observed rainfall error is numerically approximated and applied
to the simulated error fields so that the simulated realizations are similar to those of the
observed in terms of the distribution function. In the fourth model, however, the error
is assumed to be normally distributed. In all the models, available observations of radar
rainfall error (the differences between radar estimates and rain gauge measurements) are
used to condition the simulated fields on observations.

In order to examine reliability and performance of the developed models, several case
studies are presented over a small watershed in Mississippi, USA, and a large watershed
in Oklahoma, USA. Both radar reflectivity data (Level II) as well as Stage IV Next Gener-
ation Weather Radar (NEXRAD) multi-sensor precipitation estimates are used as input to
the models. The simulated rainfall fields obtained from different models are compared
with original radar estimates with respect to statistical properties, extreme values and
spatio-temporal dependencies. Moreover, a physically based model is used to demon-
strate the application of the presented rainfall field generators in streamflow analysis. In
subsequent chapters, after introducing the models, their strong and weak points are high-
lighted and discussed in detail. It is hoped that the results of this research can be used to
assess the uncertainties associated with radar-based rainfall estimates; as it is believed,
that with accurate information about surface rainfall and its associated uncertainties, hy-
drologists and meteorologists have the potential to improve hydrologic predictions and
global climate studies.



Zusammenfassung

Einleitung

Zur Beschreibung der Bewegung des untereinander in Austausch stehenden Wassers
zwischen Landmassen, Atmosphäre und den Meeren werden häufig vereinfachte Dar-
stellungen des hydrologischen Kreislaufs in Form hydrologischer und meteorologischer
Modelle verwendet. Um für die Wasserressourcen im Bereich der Bewirtschaftung und
Entscheidungsfindung sinnvoll vorzugehen, bedarf es zuverlässiger Messungen der Wit-
terungsverhältnisse, deren Kenntnis für die Modellierung des hydrologischen Kreislaufs
zwingend erforderlich ist. Eine der wichtigsten Eingangsgrößen dieser Modelle ist der
Niederschlag. Er wird von nichtlinearen physikalischen Vorgängen bestimmt und ist be-
kanntermaßen äußerst variabel im Ort und der Zeit (Smith and DeVeaux (1992); Trout-
man (1983); Corradini and Singh (1985); Dawdy and Bergman (1969)). Für Hydrologen
ist eine zuverlässige Schätzung des Niederschlagverhaltens unentbehrlich, da angenom-
men wird, dass sich Unsicherheiten im Hinblick auf den Regen in den Vorhersagen des
hydrologischen Modells fortpflanzen. Tatsächlich ist auch ein noch so fundiertes Modell
ohne verlässliche und akkurate Schätzungen des Regens nicht in der Lage, die resultie-
rende Abflussganglinie vorauszusagen. Bislang sind Regenmesser die wichtigste Quel-
le von Messdaten des an der Oberfläche ankommenden Niederschlags gewesen. Diese
sind räumlich jedoch nur weitmaschig verteilt und haben den Nachteil, das Verhalten
des Niederschlags über eine Fläche nicht wiedergeben zu können, was für hydrologische
Anwendungen ein großes Hindernis darstellen kann. Um hydrologische Modelle der
Oberfläche zu betreiben, numerische Wettervorhersagen und Klimamodelle zu validie-
ren und eine Anzahl hydrologischer Vorhersagen treffen zu können, wird eine detaillier-
te Kenntnis des Oberflächenniederschlags in hoher räumlicher und zeitlicher Auflösung
dringend benötigt. Besonders für die großräumige hydrologische und meteorologische
Modellierung kann darauf nicht verzichtet werden, da sonst die zeitliche und räumliche
Variabilität des Niederschlags nicht eingefangen werden kann, was eindeutiger weise die
Güte hydrologischer Vorhersagen beeinflusst (Goodrich et al. (1995); Shah et al. (1996);
Faures et al. (1995); Hamlin (1983); Troutman (1983); Corradini and Singh (1985); Obled
et al. (1994); Seliga et al. (1992); Dawdy and Bergman (1969); Rodda (1967)).

Durch die Entwicklung von Wetter-Radarsystem, Satelliten und Techniken der Fer-
nerkundung sind in den letzten Jahren Niederschlagsinformationen in höherer räum-



licher wie zeitlicher Auflösung verfügbar geworden, als es Niederschlagsmesser lie-
fern können. Dadurch haben Daten aus der Fernerkundung in den letzten Jahrzehnten
verstärkt Einzug in hydrologische und meteorologische Vorhersagen gefunden. Vergli-
chen mit Messwerten von Niederschlagsmessern bieten diese Daten eine höhere räumli-
che und zeitliche Auflösung. Allerdings bergen sie auch verschiedene Fehlerquellen wie
den Effekt, dass der Strahl durch die Erdkrümmung immer weiter über das Gebiet hinaus
schießt und er nur teilweise ausgefüllt wird. Hinzu kommen Gerätefehler und Unsicher-
heiten, Ungleichmäßigkeiten im Höhenprofil der Reflektivität (VPR - verticale profiles
of reflectivity), unzulängliche Z − R-Beziehungen, räumliche Abtastmuster, Hardware-
Kalibrierung und zufällige Abtastfehler (Hossain and Huffman (2008); Margulis et al.
(2006); Dong et al. (2005); Hossain and Anagnostou (2005); Lucieer and Kraak (2004); Ba-
stin et al. (2002); Crosetto et al. (2001)). Darüber hinaus nimmt auch das Wettergeschehen
Einfluss auf die Radar-Messwerte (Steiner and Smith (2000)). Beispielhaft seien hier große
räumliche Ausbreitung von Niederschlagsereignissen in eine Richtung oder der thermo-
dynamische Zustand der Niederschlagskörper, die die Radarschätzungen beeinflussen
können, erwähnt (Austin (1987); Zawadzki (1984); Battan (1973)).

Die durch Fernerkundung erfassten Niederschlags-Daten sind bislang - trotz ausgiebiger
Forschung - nicht gut quantifiziert worden (Hossain and Huffman (2008); Margulis et al.
(2006); Dong et al. (2005); Hossain and Anagnostou (2005); Lucieer and Kraak (2004); Ba-
stin et al. (2002); Crosetto et al. (2001)). Austin (1987) wies darauf hin, dass selbst eine An-
zahl hochwertiger Messdaten, substantielle Abweichungen zwischen Radar-Schätzun-
gen und Niederschlagsmessern aufweisen könnte. hnliche Schlussfolgerungen sind auch
in anderen Veröffentlichungen zu finden Kitchen and Blackall (1992); Anagnostou and
Krajewski (1997); Lovejoy and Schertzer (1990); Ciach and Krajewski (1999)). Die Cha-
rakterisierung und Quantifizierung solcher Unsicherheiten sind äußerst wichtig, da an-
genommen wird, dass die örtliche und zeitliche Variabilität des Niederschlags eine der
wichtigsten Fehlerquellen bei Niederschlag-Abfluss-Vorgängen und hydrologischen Vor-
hersagen darstellt (Schuurmans and Bierkens (2007), Tetzlaff and Uhlenbrook (2005);
Syed et al. (2003); Arnaud et al. (2002)); Bell and Moore (2000); Shah et al. (1996); Goodrich
et al. (1995); Faures et al. (1995); Obled et al. (1994); Seliga et al. (1992); Hamlin (1983)).

Eine Möglichkeit, diese räumlichen wie zeitlichen Unsicherheiten bezüglich des Nie-
derschlagsverhaltens einzuschätzen, ist die Simulierung eines Ensembles an Nieder-
schlagsfeldern. Diese bestehen aus einer großen Anzahl an Realisationen, von denen
jede ein möglicherweise eintretendes Niederschlagsereignis repräsentiert. Stochastisch
generierter Niederschlag kann dann als Eingangsgröße für hydrologische und meteo-
rologische Modelle verwendet werden, um die Unsicherheiten der Modellvorhersagen
abzuschätzen. Es sind große Anstrengungen unternommen worden, stochastische Mo-
delle zur Simulierung multivariater Regenfelder (Regenmesser, Radar, Satelliten, etc.)
zu entwickeln. Lall et al. (1996) stellte einen parameterfreien Bootstrap-Ansatz vor, um



tägliche Niederschläge zu resamplen. Bedingte Resampling-Methoden, wie k-Nearest-
Neighbor Bootstrap, haben in einer Reihe von Untersuchungen zur Modellierung von
Niederschlagsdaten an mehreren Stationen Einsatz gefunden (z.B. Rajagopalan and Lall
(1999) and Buishand and Brandsma (2001)). Wilks (1998) führte ein stochastisches Mo-
dell nach Markov zur Simulierung täglicher Niederschläge ein. Dieses verwendete ge-
mischte Exponentialverteilungen zur Simulierung von Mengen, die größer Null sind.
Auf den Ansatz von Wilks aufbauend, stellten Khalilia and Leconte (2007) einen Algo-
rithmus vor, der die Genauigkeit des Modells verbessert, wenn das Signal von Rauschen
behaftet ist. Hutchinson (1995) brachte ein Raum-Zeit-Modell für Niederschlagsdaten
hervor, dass die Auto-Regressive Moving Average (ARMA)-Methode verwendet. Fow-
ler et al. (2005) verwendeten einen semi-Markov-Ansatz, um monatliche Niederschlags-
werte an mehreren Stationen zu simulieren. Kim et al. (2008) wendeten zur Berücksich-
tigung zeitlicher Abhängigkeiten die Markov Chain-Methode und die Direct Acyclic
Graph-Methode zur Beschreibung räumlicher Abhängigkeiten täglicher Regensammler-
Messwerte an. Eine Einschränkung zur Niederschlagssimulation an mehreren Stationen
ist, dass die gleichzeitige Berücksichtigung räumlicher und zeitlicher Abhängigkeiten
nicht auf direktem Weg vonstatten gehen kann. Pegram and Clothier (2001) stellten das
String of Bead-Modell zur Simulation von Radarniederschlag auf Grundlage von zwei
auto-regressiven Zeitreihen - eine auf der Bild- und eine auf der Pixelskala - vor, wo-
bei sie log-normale Randverteilungen des Radarniederschlags auf der Pixelskala annah-
men. Seed and Srikanthan (1999) modellierten Raum-Zeit-Radarniederschlag mit Hilfe
eines multi-fraktalen (multiplikative Kaskade) Ansatzes, bei dem jede Stufe der multipli-
kativen Kaskade unter Verwendung eines anderen ARMA(1,1)-Modells zeitlich verbun-
den wurde. Clark et al. (2004a) and Clark et al. (2004b) schlugen einen parameterfreien
Niederschlagssimulator vor, welcher räumliche und zeitliche Variabilitäten dadurch be-
wahrt, dass er das simulierte Ensemble dermaßen neu anordnet, dass die gemessenen
räumlichen und zeitlichen Charakteristiken des Gebiets erhalten bleiben. Chandler and
Wheater (2002) führten ein einfaches Modell, das auf generalisierten linearen Modellen
[GLM - Generalized Linear Models] basiert, ein. Darüber hinaus gibt es eine Reihe von
Modellen mit Parametern, die auf andere meteorologische Größen konditioniert worden
sind, zur Simulation von Niederschlag und anderen klimatologischen Variablen (siehe
Bardossy and Plate (1992), Bras and Rodriguez-Iturbe (1976) und deren Literaturverwei-
se). Ein Nachteil von parametrischen Modellen ist, dass die Anzahl der Parameter mit der
Größe des Modells anschwellt. Für einen kompletten berblick über verschiedene Nieder-
schlagssimulationen, seien interessierte Leser auf Wilks and Wilby (1999) und Mehrotra
et al. (2006) verwiesen.

Eine Alternative, um ein Ensemble von Regenfeldern zu erhalten, ist es, Felder von Feh-
lern zu simulieren und damit die gemessenen Niederschlagsdaten zu überlagern. Kra-
jewski and Georgakakos (1985) stellten einen zweidimensionalen nicht-stationären Ge-



nerator von Random Fields für tägliche Radar-Fehler vor. Für die Modellierung hydrolo-
gischer Vorgänge ist der Einsatz dieses Modells wegen der groben zeitlichen Auflösung
beschränkt. Germann et al. (2006) schlugen vor, die Radar-Schätzungen mit stochasti-
schen Feldern zu stören, um ein Ensemble von Radar-Schätzungen zu erhalten. In ei-
ner aktuellen Untersuchung entwickelten Ciach et al. (2007)einen operationellen Ansatz
auf Grundlage empirischer Untersuchungen von miteinander in Verbindung gebrach-
ter Radar- Messdaten und Messungen an der Oberfläche, wobei sich die Unsicherhei-
ten bezüglich der Radarschätzungen aus einer systematischen Störungsfunktion und ei-
nem stochastischen Anteil zusammensetzen. Mit parameterlosen Schätzverfahren wer-
den dann die Radarfehler festgelegt. Auf Grundlage der von Ciach et al. (2007) erstellten
Arbeit, entwickelten Villarini et al. (2009) einen Generator für Radar-Regenfelder und ein
Modell, das Karten von berschreitungswahrscheinlichkeiten des Radar-Regens, der auf
gegebene Radar-Regen-Schätzungen konditioniert worden ist, erzeugt.

Es ist allgemein bekannt, dass hydrologische und meteorologische Daten gleichzeitig
vom Ort und der Zeit abhängig sind. Ein sinnvolles und stabiles Modell zur Nieder-
schlagssimulation wird daher an seinem Vermögen, Regenfelder mit ähnlichen räumli-
chen und zeitlichen Abhängigkeiten wie bei den beobachteten hervorzubringen, gemes-
sen. Diese Abhängigkeiten bei simulierten Regenfeldern zu bewahren, stellt allerdings
immer noch eine große Schwierigkeit dar. Bislang sind einzelne Modelle, die räumlich-
korrelierte Zufallsfelder mit Hilfe von Kovarianz- und Variogrammmodellen erstellen,
entwickelt worden (siehe Journel and Huijbregts (1978)). Germann et al. (2006) wie-
sen jedoch darauf hin, dass einfache Variogrammmodelle oder eine Kovarianzmatrix
unrealistische Radarfelder liefern könnten. Alternativ können Copulas verwendet wer-
den, um die Abhängigkeiten zu beschreiben und die multivariaten Zufallsvariablen mit
unterschiedlichen Randverteilungen zu modellieren. Einer der reizvollsten Vorteile der
Copulas ist, dass die Abhängigkeitsstrukturen getrennt von den Randverteilungen be-
schrieben werden können. Die Anwendung von Copulas ist in hydrologischen und me-
teorologischen Untersuchungen zur Simulation multivariater Daten und nichtlinearer
Abhängigkeitsstrukturen zunehmend beliebter geworden. In den letzten Jahren sind ei-
ne Reihe von Modellen, die Copulas benutzen, vorgestellt worden. Die Anwendungsge-
biete erstrecken sich dabei von Risikoabschätzungen über geostatistische Interpolation
zu multivariaten Extremwertanalysen (siehe De Michele and Salvadori (2002); Bárdossy
(2006); Genest et al. (2007); Renard and Lang (2007); Schölzel and Friederichs (2008);
Bárdossy and Li (2008); Zhang et al. (2008)).

Zielsetzungen

Diese Arbeit soll der Untersuchung und Entwicklung verschiedener stochastischer
Methoden zur Nachbildung radarbasierter Regenfelder auf Grundlage von Nieder-



schlagsschätzungen aus der Fernerkundung, die mit simulierten Zufallsfehlerfeldern
überlagert werden, dienen. Vier unterschiedliche Ansätze werden in dieser Veröffent-
lichung entwickelt und besprochen. In den ersten beiden Modellen kommen zwei
elliptische Copulas - Gaussian- und t-Copula - zur Beschreibung der Abhängig-
keitsstrukturen von Radar-Niederschlagsfehlern und zur Simulierung multivariater
Niederschlagsfehler-Felder zum Einsatz. Im dritten Modell wird eine asymmetrische
v-transformierte Copula zur Fehlersimulation verwendet. Mit dieser können asymme-
trisch Abhängigkeiten über die Copulaparameter beschrieben werden. Im vierten Mo-
dell werden Regenfelder dadurch erzeugt, dass Niederschlagsschätzungen mit zwei nor-
malverteilten Fehlertermen modifiziert werden: ein absolut unabhängiger Anteil und ei-
ner, der dem Ausmaß des Niederschlags proportional ist. Bei den ersten drei Modellen,
bei denen die Abhängigkeiten mit Copulas beschrieben wurden, wird die empirische
Verteilungsfunktion der beobachteten Niederschlagsfehler numerisch approximiert und
auf die simulierten Fehlerfelder angewendet, sodass die simulierten Realisierungen in
Hinblick auf die Verteilungsfunktion den beobachteten ähneln. Im vierten Modell wird
hingegen angenommen, dass die Fehler normalverteilt sind. Bei allen Modellen werden
vorhandene Beobachtungen der Radarniederschlagsfehler (die Differenzen zwischen Ra-
darschätzungen und Messwerten der Regenmesser) herangezogen, um die simulierten
Felder auf die Beobachtungen zu konditionieren.

Um die Zuverlässigkeit und das Verhalten der entwickelten Modelle zu untersuchen,
werden mehrere Fallstudien für ein kleines Einzugsgebiet in Mississippi, USA und ein
großes in Oklahoma, USA vorgestellt. Sowohl Radarreflektivitätsdaten (Stage II) als
auch Stage IV Next Generation Weather Radar (NEXRAD)-Niederschlagsschätzungen
mit mehreren Sensoren werden als Eingangsgrößen der Modelle benutzt. Die simulier-
ten Regenfelder, die aus den verschiedenen Modellen gewonnen werden, werden un-
ter Berücksichtigung statistischer Eigenschaften, Extremwerten und räumlich-zeitlicher
Abhängigkeiten mit den Original-Radarschätzungen verglichen. Ferner wird ein Modell,
das auf physikalischen Gesetzmäßigkeiten beruht, verwendet, um die Anwendung der
vorgestellten Niederschlagssimulatoren auf Abflussanalysen zu demonstrieren. Es ist zu
hoffen, dass die Ergebnisse dieser Untersuchung verwendet werden können, um die Un-
sicherheiten, mit denen radarbasierte Niederschlagsschätzungen behaftet sind, beurtei-
len zu können, da angenommen wird, dass Hydrologen und Meteorologen mit einer ge-
naueren Kenntnis über Oberflächenniederschlag und dessen Unsicherheiten in der Lage
sind, hydrologische Vorhersagen und globale Klimauntersuchungen zu verbessern.

Untersuchungsgebiet

Die erwähnten Modelle wurden für die Einzugsgebiete des Little Washita in Oklahoma,
USA und des Goodwin Creek in Mississippi, USA durchgeführt, um ihre Zuverlässig-



keit, Stabilität und Anwendbarkeit zu untersuchen. Das Einzugsgebiet des Little Washi-
ta, welches im südwestlichen Teil Oklahomas liegt, ist eines der größten und am Besten
mit Messinstrumenten ausgestatteten Einzugsgebiete der Vereinigten Staaten und ist in
den letzten Jahrzehnten schon Ziel vieler Forschungsarbeiten auf den Gebieten der Fer-
nerkundung, Niederschlagsuntersuchung und Klimaänderung gewesen (z.B. Ciach et al.
(2003), Young et al. (2000), Habib et al. (2004)). Die Fläche des Einzugsgebiets beträgt etwa
611 km2 von der das Oberflächenwasser in den Little Washita River, welcher zwischen
den Städten Chickasha und Lawton verläuft und ein Nebenfluss des Washita Rivers ist,
fließt. Das vom Agricultural Research Service (ARS) betriebene Micronet-Netzwerk liegt
innerhalb und um die Grenzen von Little Washita herum in Form von 42 Stationen, die
über das Gebiet nahezu gleichverteilt sind. Das Micronet-Netzwerk ist mit Regenmes-
sern mit Kippwaagen ausgerüstet, die den Niederschlag in 5-Minuten-Intervallen bei ei-
ner Genauigkeit von 0.254 mm messen und registrieren (Young et al. (2000)). Diese Daten
dienen als Referenz, um Schätzungen der Fehler des per Radars gemessenen Nieder-
schlags im Untersuchungsgebiet zu erhalten. Die Differenz zwischen den Referenzdaten
und den Radarschätzungen wird im Folgenden als beobachteter Fehler bezeichnet.

Das experimentelle Einzugsgebiet des Goodwin Creeks befindet sich etwas nördlich
vom Zentrum des Staates Mississippi nahe Batesville, USA. Seine Fläche beläuft sich
auf ungefähr 21 Km2 mit dem Ausfluss an Breitengrad 89◦54’50” und Längengrad
34◦13’55”. Das Einzugsgebiet liegt innerhalb des Talkessels des Yazoo Rivers und ist
ausgerüstet, um intensive Nachforschungen im Bereich der Einzugsgebiets-Hydrologie
durchzuführen. Der Goodwin Creek mündet in den Yocona River, einen Nebenfluss des
Yazoo Rivers, welcher dem Mississippi zuläuft. Der durchschnittliche jährliche Nieder-
schlag, wie er in der klimatologischen Station nahe des Zentrums des Einzugsgebiets ge-
messen wird, beträgt 1440 mm und der durchschnittliche jährliche Abfluss am Ausfluss
des Einzugsgebiets ungefähr 144 mm. Die topographische Höhe verläuft im Bereich von
71 m über NN bis 128 m an der Wasserscheide. Das durchschnittliche Gerinnegefälle
beträgt 0.004. Eine detailliertere bersicht der klimatischen Variablen im Einzugsgebiet
des Goodwin Creeks findet sich in Alonso and Binger (2000). Das Gebiet wird von einem
engmaschigen Netz aus 29 Regenmessern mit einer zeitlichen Auflösung von 15 Minuten
erfasst. Die Messwerte werden vom National Sediment Laboratory of the US Department
of Agriculture in Oxford, Mississippi gesammelt und sind der ffentlichkeit zugänglich.
Die Instrumente jeder Regenmessstation beinhalten ein elektronisches Datenerfassungs-
system, das den Niederschlag und andere klimatologische Variablen aufzeichnet und
diese Messungen zum National Sediment Laboratory überträgt.



Datenquellen

Für das Einzugsgebiet des Goodwin Creeks werden die Reflektivitäts(Z)-Messungen des
NEXRAD Level II-Radars der Radarstation in Memphis, welche vom National Weather
Service (NWS) aufgezeichnet werden, zur Untersuchung verwendet. Die Station ist mit
einem Dopplerradar von 1988 (WSR-88D) ausgerüstet und liegt ungefähr 110 km vom
Zentrum des Einzugsgebiets entfernt. Radar-Reflekitivitäts-Daten liegen in Polarkoordi-
naten bei einer Auflösung von 1◦ (beginnend bei 0.5◦) der Erhebungswinkel und einem
zeitlichen Abstand der Messwerterfassungen von 5 bis 6 Minuten vor. Es sei darauf hin-
gewiesen, dass die zeitliche Auflösung der Regenmesser des Goodwin Creeks 15 Mi-
nuten beträgt und die Radarmessungen daher auch zu 15-Minuten-Werten aggregiert
wurden, um die Radarschätzungen mit den Werten der Regenmesser zu synchronisie-
ren. Da die Niederschlagswerte an der Oberfläche von Interesse sind, wird ein reguläres
kartesisches Reflektivitäts-Gitter von 1 km × 1 km aus dem flachsten Erhebungswin-
kel des polaren Reflektivität-Strahls gewonnen. Das Verhältnis zwischen dem Radar-
Reflektivitäts-Faktor Z und der Regenspende R wird über ein Potenzfunktion der Form
(Z/A)1/b angenähert. Hierbei ist A der Multiplikationsfaktor und b der Exponent des
Z − R-Verhältnisses. Diese Parameter müssen vor Verwendung der Level II-Daten erst
beziffert werden. In dieser Untersuchung werden die Parameter A und b nach Steiner
and Smith (2000) geschätzt, wobei die Verzerrung zwischen den Radarschätzungen und
Werten der Regenmesser entfernt wird.

Für das Einzugsgebiet des Little Washita werden die von NCAR/EOL bereitgestellten
radarbasierte Stage IV-Multi-Sensor-Niederschlagsschätzungen [MPE - multi-sensor pre-
cipitation estimates] zur Analyse verwendet. Die Stage IV-Daten werden nahezu in Echt-
zeit erzeugt, indem die Multi-Sensor-Niederschlagsschätzungen der River Forecast Cen-
ters (RFC) des National Weather Service (NWS) zusammengesetzt werden. Die Stage IV-
Daten, welche auf Radardaten, die in den gesamten kontinentalen Vereinigten Staaten
gesammelt werden, basieren, werden mit einer räumlichen Auflösung von 4×4 km un-
ter dem Namen Hydrologic Rainfall Analysis Project (HRAP) bereitgestellt. Dies ist ein
nationales Gittersystem, bei dem jedes Pixel einem MPE-Wert zugeordnet ist. Die MPE-
Daten werden aus der Vereinigung operativer Radarschätzungen mit automatischen
Regenmesser-Werten nach einer Qualitätskontrolle und Anpassung der systematischen
Messfehler erhalten. Die Daten liegen in einer zeitlichen Auflösung von 1 Stunde vor. Die
Stage IV-Daten werden daraufhin von stündlichen zu 3-Stunden-, 6-Stunden-, Tages- und
Monatswerten zur weiteren Untersuchung kumuliert. Die MPE-Daten finden momentan
in den Vereinigten Staaten großflächig Einsatz in hydrologischen Vorhersagemodellen,
der Entscheidungsfindung, der Warnung vor Hochwasser und Springfluten und für an-
dere hydrologische berwachungszwecke. Es sei erwähnt, dass Stage IV-Daten kalibrierte
Niederschlagsschätzungen in Niederschlagsmengen sind. Somit ist, anders als bei Stage



II-Reflektivitätsdaten, keine Transformationsfunktion nötig, um die tatsächlichen Nieder-
schlagsmengen zu erhalten. Um die Stage IV-Daten in ein für die Bildbearbeitung geeig-
netes Format zu konvertieren ist jedoch eine Menge Post-Processing nötig, u.A. Daten-
erfassung, Datenkonvertierung, Georeferenzierung, Konvertierung auf Rasterdaten und
Exportierung der Daten. Die nächstgelegene Radarstation zum Untersuchungsgebiet ist
die operative Radarstation von Oklahoma City, welche etwa 70 km vom Zentrum des
Einzugsgebiets entfernt liegt.

Um das Verhalten der vorgestellten Modelle zu untersuchen, werden Ensembles von
Niederschlagsfeldern für eine Anzahl an Niederschlagsereignissen über unterschiedli-
che zeitliche und räumliche Skalen simuliert. Die ausgewählten Niederschlagsereignisse,
welche über dem Little Washita-Einzugsgebiet eingetreten sind, werden mit LW bezeich-
net, wohingegen die Ereignisse, die über dem Einzugsgebiets des Goodwin Creeks pas-
siert sind, mit GC gekennzeichnet sind. Die Notationen II und IV (in LW1-IV, LW2-II) be-
ziehen sich auf die Level II-Reflektivität bzw. Stage IV-Radardaten. Stage IV-Radardaten,
deren feinste verfügbare zeitliche wie räumliche Auflösungen (1 Stunde, 4 km × 4 km)
werden zu Simulationszwecken bearbeitet. Die Level II-Reflektivitätsdaten werden bei
einer räumlichen Auflösung von 1 km2 and einer zeitlichen Auflösung von 15 Minuten
verwendet.

Niederschlagssimulation

In dieser Arbeit werden zwei Ensemble-Generatoren, sowohl für Radarreflektivität (Le-
vel II) als auch radarbasierte Stage IV-Multi-Sensor-Niederschlagsschätzungen (MPE),
entwickelt und vorgestellt. Diese können zur Einstufung der Unsicherheit der Nie-
derschlagsschätzungen verwendet werden. Im ersten Modell findet die Gaussian-
Copula Einsatz, im zweiten wird die t-Copula zur konditionellen Simulierung der
Niederschlagsfehlerfelder benutzt. Die simulierten Felder werden daraufhin den Ra-
darschätzungen auferlegt, um ein Ensemble an Niederschlagsschätzungen zur Einstu-
fung der Unsicherheiten zu erhalten.

Gaussian Copula

Die am häufigsten verwendete Gruppe von Copulas ist vermutlich die Gaussian-Copula,
da sie einfach und unkompliziert ist und die Parameterschätzung recht problemlos ist.
Die n-dimensionale multivariate Gaussian-Copula mit der Korrelationsmatrix ρn×n kann
beschrieben werden durch (Nelsen (2006)):

Cρ(u1, ..., un) = Fnρ (F−1(u1), ..., F−1(un)) (0.1)



where : Fn = Multivariate Gaussian CDF

t-Copula

Die t-Copula, auch bekannt als Student-Copula, ist eine elliptische Copula, die auf der
Studentverteilung beruht und folgendermaßen dargestellt werden kann:

Cν,ρ(u1, ..., un) = tnν,ρ(t
−1
ν (u1), ..., t−1

ν (un)) (0.2)

where : tn = Multivariate Student CDF
ρ = correlation matrix
ν = Degrees of freedom

Sowohl die Gaussian- als auch die t-Copula ist elliptisch. Allerdings geben sie unter-
schiedliche Extremwert-Abhängigkeiten, welche die Signifikanz der Abhängigkeiten im
weit links bzw. rechts gelegenen Quantil einer multivariaten Verteilungsfunktion be-
schreiben, wieder. Der rechte Ast gibt die Eintrittswahrscheinlichkeit großer positiver
Werte (Ausreißer) an mehreren Orten zur gleichen Zeit an.

V-transformierte Copula

Eine v-transformierte Copula erhält man durch eine nicht-monotone Transformati-
on der oben erwähnten multivariaten Gaussian-Copula (Bárdossy and Li (2008)). Die
v-transformierte Copula kann mit der folgenden Transformation der multivariaten
Gaussian-Copula (Nn

µ,σ,ρ) mit Mittelwert Null und Standardabweichung von Eins erhal-
ten werden (Bárdossy and Li (2008)):

Xi =

{
k(Ni −m) if Ni ≥ m
m−Ni if Ni < m

(0.3)

where : k and m = copula parameters

Im hier verwendeten copulabasierten Ansatz werden mehrere Fehlerfelder (ε) mit Hil-
fe der Gaussian- und t-Copulas simuliert und mit diesen Radarniederschlagsfelder (Ri)
überlagert:

Rs = Ri +Ri × ε (0.4)

wobei Rs das simulierte Niederschlagsfeld ist. Vorhergehende Untersuchungen haben
darauf hingewiesen, dass der Fehler (ε) bei Radarniederschlägen der Regenmenge pro-
portional ist (Ciach et al. (2007); Habib et al. (2008); Villarini et al. (2009)) und somit legen



zahlreiche Arbeiten besonderen Wert darauf, dass die Fehlersimulierung auf die Regen-
menge konditioniert wird (z.B. Habib et al. (2008); AghaKouchak et al. (2009) und de-
ren Literaturverweise). Während große Regenmengen beispielsweise großen wie kleinen
Zufallsfehlern unterliegen, weisen geringe Niederschlagsschätzungen keine sehr großen
Zufallsfehler auf. Diese Eigenart des Niederschlagsfehlers kommt im zweiten Teil der
Gleichung 0.4 zum Tragen, wo dieser mit der Niederschlagsmenge multipliziert wird.
Diese Modellierung garantiert, dass der Niederschlagsfehler proportional zur Nieder-
schlagsmenge ist.

Zufallsfehler-Modell

Zusätzlich zu den oberen drei Modellen, wird auch ein Zufallsfehler-Modell vorgestellt.
Bei diesem werden die Radarniederschlagsschätzungen mit zwei Fehlertermen modi-
fiziert: einem absolut unabhängigen Anteil und einem, der dem Ausmaß des Nieder-
schlags proportional ist:

Ri =

(
Zi
A

)1/b

+

(
Zi
A

)1/b

ε1 + ε2 (0.5)

where : Ri = rain rate
Zi = Reflectivity
ε1 = proportion error
ε2 = purely random error
A = multiplicative factor in Z −R relationship
b = exponent in Z −R relationship

In dieser Fehlerformulierung stelltR die Referenz-Niederschlagsmessungen an der Ober-
fläche, welche üblicherweise mit Regenmessern gewonnen werden, dar. Abbildung 0.1
zeigt ein Beispiel simulierter Radarniederschlagsfelder, wie es von den vorgenannten
Methoden erzeugt wurde. Abbildung 0.1(a) zeigt radarbasierte Niederschlagsschätzun-
gen während dem Ereignis LW2-IV, Abbildung 0.1(b) die zugehörigen Messwerte der
Regenmesser. In den Abbildungen 0.1(c) bis 0.1(f) sind vier Realisierungen von kondi-
tioniert simulierten Niederschlagsfeldern unter Verwendung der Gaussian-, t- und v-
Copula bzw. des Zufallsfehler-Modells zu sehen. Wie erwähnt, wird in dieser Arbeit ein
Ensemble-Ansatz verfolgt, um die Unsicherheiten bei Niederschlagsschätzungen zu be-
schreiben. Ein statistisches Ensemble eines Zufallsprozesses (hier Niederschlagsfehler)
ist eine Idealisierung, die aus einer großen Anzahl Zufallsrealisierungen, von denen jede
eine mögliche wahre Beobachtung repräsentiert, besteht. Bei dem in Abbildung 0.1 ge-
zeigten Niederschlagsereignis, werden Niederschlagsensembles durch die berlagerung
von Radarschätzungen mit 500 simulierten Fehlerfeldern erzielt. Abbildungen 0.2(a) bis



0.2(d) stellen Radarschätzungen und simulierte Niederschlagsensembles (500 Realisie-
rungen) unter Verwendung der Gaussian-, t- und v-Copula, sowie dem Zufallsfehlermo-
dell für ein Radarpixel dar.

Schlussfolgerungen und Anmerkungen

Ziel dieser Untersuchung war es, unterschiedliche stochastische Methoden zur Simula-
tion von Niederschlagsensembles durch die berlagerung von Niederschlagsschätzungen
aus der Fernerkundung mit simulierten Zufallsfehlerfeldern zu erforschen und zu ent-
wickeln. Vier verschiedene Modelle sind in dieser Arbeit entwickelt und besprochen wor-
den: (a) ein Gaussian-Copula-Modell; (b) ein t-Copula-Modell; (c) ein v-Copula-Modell;
(d) ein Zufallsfehlermodell. Um die Zuverlässigkeit und das Verhalten der entwickelten
Modelle zu untersuchen, sind mehrere Fallstudien für die Einzugsgebiete des Little Wa-
shitas und des Goodwin Creeks durchgeführt und vorgestellt worden. Sowohl Radarre-
flektivitätsdaten (Stage II) als auch Stage IV Next Generation Weather Radar (NEXRAD)-
Multi-Sensor-Niederschlagsschätzungen sind als Eingangsgröße der Modelle verwendet
worden.

Abbildung 0.1: (a): radarbasierte Niederschlagsschätzungen. (b): Regenmesser-Werte.
Simulierte Niederschlagsfelder unter Verwendung von: (c) Gaussian-
Copula; (d) t-Copula; (e) v-Copula; (f) Zufallsfehlermodell (E-Model).



Abbildung 0.2: Niederschlagsensembles (500 Realisierungen) unter Verwendung von: (a)
Gaussian-Copula; (b) t-Copula; (c) v-Copula; (d) Zufallsfehlermodell (E-
Model).

Die Ergebnisse haben gezeigt, dass sich die vorgestellten Modelle, was die Abhängig-
keitsstrukturen angeht, recht ähnlich sind. Das t-Copula-Modell könnte insbesondere in
Hinblick auf Extremwerte allerdings signifikante Vorteile bieten. Zudem hat die Kreuz-
validierungsanalyse ergeben, dass die Gruppe der t-Copula eine bessere Anpassung an
die Beobachtungen aufweist als die anderen Modelle. Trotz allem ist es oftmals von Vor-
teil, eine komplexe Copula, die besser zu den Daten passt, mit einer einfachen und leicht
handhabbaren Copula zu ersetzen. Unter der Annahme, dass die Auswirkungen dieser
Substitution quantifiziert werden können, könnte man in Betracht ziehen, eine einfache
Copula, die eine hinreichend genaue Annäherung der eigentlichen Copula erreicht (z.B.
Gaussian-Copula), anstatt einer komplizierteren Copulagruppe (z.B. t-Copula), zu ver-
wenden. Prinzipiell liegt die Wahl der Art der Copula in technischen Hindernissen, wie
die zur Beschreibung der Copula nötige Anzahl an Parametern, und der empirischen
Evidenz begründet. Somit ergibt sich, dass die Wahl der Copula von der jeweiligen Fra-
gestellung abhängt und keine generelle Antwort gegeben werden kann, welche man neh-
men soll. Die Analysen haben gezeigt, dass das Zufallsfehlermodell in Hinblick auf die
Simulationsdauer und die Breite der voraussichtlichen Unsicherheit besser handhabbar
ist. Alles in allem scheinen die Modelle mit der t-Copula und den Zufallsfehlern am viel-
versprechendsten zu sein und bieten sich somit für eingehendere Untersuchungen an.



Nichtsdestotrotz waren alle vorgestellten Modelle in der Lage, Niederschlagsensembles
mit den Referenzdaten ähnlichen statistischen Eigenschaften zu simulieren.

Die vorgestellten Modelle unterliegen alle bestimmten Einschränkungen. Beispielswei-
se wird beim Zufallsfehlermodell angenommen, dass die Fehlerkomponenten normal-
verteilt sind. Eine solche Annahme ist von Ciach et al. (2007) und Villarini et al. (2009)
getestet und benutzt worden. Die hier durchgeführten Analysen wurden mit Nieder-
schlagsdaten hoher zeitlicher Auflösung (15 Minuten), die einige Nachteile aufweisen
können (z.B. Zufallsfehler bei Messungen mit Kippwaagen), durchgeführt. Andererseits
kann die zeitliche Aggregation der Daten in einem Verlust an zeitlicher Variabilität resul-
tieren. Weitergehende Nachforschungen, die Simulationen bei unterschiedlichen räumli-
chen und zeitlichen Skalen sowie anderen Regenmesser-Messnetzen benutzen, sind nötig
um zu verifizieren, in wie weit diese Annahme geeignet und anwendbar ist. Ein anderes
Hindernis bei der Nutzung dieser Methode ist, dass unzuverlässige Niederschlagsmes-
sungen an der Oberfläche zu fehlerhafter Parameterschätzung führen kann und somit
unrealistische Ensembles und ungenaue Einschätzungen der Unsicherheit erzeugt wer-
den. Ebenso ist es erwähnenswert, dass ein einzelner Regenmesser in einem Radarpi-
xel benutzt wird, um den wahren durchschnittlichen Niederschlag in der Fläche die-
ses Pixels wiederzugeben, was unter Umständen nicht sehr exakt ist. Trotzdem war dies
auf Grundlage der vorhandenen Daten und der räumlichen Auflösung der Radardaten
die bestmögliche Annäherung der wahren durchschnittlichen Niederschlagswerte in der
Fläche.

Es ist zu hoffen, dass die entwickelten Modelle und die Ergebnisse dieser Untersuchung
verwendet werden können, um die Unsicherheiten, mit denen radarbasierte Nieder-
schlagsschätzungen behaftet sind, beurteilen zu können, da angenommen wird, dass
Hydrologen und Meteorologen mit einer genaueren Kenntnis über Oberflächennieder-
schlag und dessen Unsicherheiten in der Lage sind, hydrologische Vorhersagen und glo-
bale Klimauntersuchungen zu verbessern. Diese Modelle könnten ebenso die notwen-
digen Werkzeuge bereitstellen, um Fehlerfortpflanzung bei der Modellierung hydrologi-
scher Vorgänge zu betrachten und die Unsicherheiten hydrologischer Modelle auf Grund
von Unsicherheiten bezüglich des Input-Niederschlags zu analysieren. Darüber hinaus
können über eine Ensemble-Analyse die Unsicherheiten bei der Hochwasservorhersage
und die zugehörigen Risiken eines bestimmten Niederschlags mit einem Ensemble von
Niederschlagsschätzungen anstatt mit einer einzelnen Realisierung beurteilt werden. Die
vorgestellten Modelle können außerdem Niederschlagsensembles berechnen, die bei For-
schungsarbeiten zum Klimawandel, wie etwa der Untersuchung von Veränderungen des
hydrologischen Kreislaufs eines bestimmten Einzugsgebiets über einen längeren Zeit-
raum, hilfreich sind.





1 Introduction

1.1 Motivation

Recent climate studies have highlighted the importance of water resources engineering
and management with respect to future global decision making and risk analysis (IPCC
(2007); Ruddiman (2005); Miller and Edwards (2001)). Predicting the available water
resources for human consumption, agriculture and industry and quantifying the associ-
ated uncertainties are of particular interest. Understanding the underlying processes in
the hydrologic cycle is fundamental to water resources management and climate stud-
ies. The water content in the atmosphere is in continuous interaction with the land
surface through precipitation, evaporation from surface waters and transpiration from
plants. Precipitation may also result in surface runoff, infiltration into the subsurface and
groundwater recharge.

Hydrological and meteorological models, which are highly simplified representations
of the natural hydrologic cycle, are often used to model the interconnected movement
of water between the land surface, atmosphere and oceans. Reasonable management
and decision making in the field of the water resources requires reliable measurements
of weather variables that are crucial for modeling the hydrologic cycle. Precipitation is
a major input in hydrological and meteorological models. It is governed by nonlinear
physical processes and is also known to be highly variable in both space and time (Smith
and DeVeaux (1992); Troutman (1983); Corradini and Singh (1985); Dawdy and Bergman
(1969)). Reliable estimation of precipitation is essential for hydrologists, as it is believed
that uncertainties associated with rainfall estimates will propagate in hydrologic mod-
eling predictions. In fact, a very well founded hydrologic model without reliable and
accurate estimates of precipitation may not be able to predict the output hydrograph.
Traditionally, rain gauges have been the main source of surface precipitation measure-
ments. However, rain gauges are sparsely spatially distributed and suffer from a lack
of areal representation of precipitation, which can be quite limiting for hydrologic ap-
plications. Detailed information on surface precipitation at fine spatial and temporal
scales is essential to drive land-surface hydrology models, to validate numerical weather
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prediction and climate models, and to perform a variety of hydrologic prediction and
forecasting studies. In particular, hydrological and meteorological modeling over large
scales requires high resolution precipitation data to capture the temporal and spatial vari-
ability of rainfall, which has been proven to affect the quality of hydrological predictions
(Yilmaz et al. (2005); Goodrich et al. (1995); Shah et al. (1996); Faures et al. (1995); Ham-
lin (1983); Troutman (1983); Corradini and Singh (1985); Obled et al. (1994); Seliga et al.
(1992); Dawdy and Bergman (1969); Rodda (1967)).

In recent years, the development of weather radar systems, satellites and remote sens-
ing techniques have provided precipitation information at higher temporal and spatial
resolutions than was previously possible from rain gauge measurements. Application
of remotely sensed rainfall data in hydrological and meteorological predictions has in-
creased significantly in the past few decades. Compared with rain gauge measurements,
remotely sensed precipitation data provide higher spatial and temporal resolution. How-
ever, remote sensing data are subject to different types of error such as sampling uncer-
tainty, inherent measurement and retrieval errors, among others. Radar estimates, in
particular, are associated with several error types that arise from various factors such
as beam over-shooting, partial beam filling, instrumental errors and uncertainties, non-
uniformity in vertical profiles of reflectivity (VPR), inappropriate Z − R relationship,
spatial sampling pattern, hardware calibration and random sampling error (Hossain and
Huffman (2008); Margulis et al. (2006); Dong et al. (2005); Hossain and Anagnostou
(2005); Lucieer and Kraak (2004); Bastin et al. (2002); Crosetto et al. (2001)). Addition-
ally, the weather may also affect radar rainfall observations (Steiner and Smith (2000)).
For example, rainfall particles which are strongly distributed in one direction or ther-
modynamic state may influence radar estimates (Austin (1987); Zawadzki (1984); Battan
(1973)).

Despite extensive research, the uncertainties associated with remotely sensed rainfall
data have not yet been well quantified (Hossain and Huffman (2008); Margulis et al.
(2006); Dong et al. (2005); Hong et al. (2006); Hossain and Anagnostou (2005); Lucieer and
Kraak (2004); Bastin et al. (2002); Tian et al. (2009); Crosetto et al. (2001)). Austin (1987)
mentioned that even for a set of high quality data, differences in the spatio-temporal res-
olution and area coverage of radar estimates and gauge measurements could be substan-
tial. Similar conclusions have been reported by Kitchen and Blackall (1992); Anagnostou
and Krajewski (1997); Lovejoy and Schertzer (1990); Ciach and Krajewski (1999)). Char-
acterization and quantification of such uncertainties are extremely important, as it is be-
lieved that spatial and temporal variability in input rainfall is one of the main sources of
error in rainfall-runoff processes and hydrologic predictions (Schuurmans and Bierkens
(2007); Tetzlaff and Uhlenbrook (2005); Syed et al. (2003); Arnaud et al. (2002); Bell and
Moore (2000); Winchell et al. (1998); Shah et al. (1996); Goodrich et al. (1995); Faures et al.
(1995); Obled et al. (1994); Seliga et al. (1992); Hamlin (1983)).
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One way to assess the spatio-temporal uncertainties of precipitation is to simulate an
ensemble of precipitation fields that consists of a large number of realizations, each of
which represents a possible rainfall event. Stochastically generated precipitation ensem-
bles can then be used as input to hydrological and meteorological models to assess model
prediction uncertainties. A great deal of effort has been put into developing stochastic
models for simulation of multivariate rainfall fields (gauge, radar, satellite, etc.). Lall
et al. (1996) introduced a nonparametric bootstrap approach to resample daily precipi-
tation. Conditional resampling methods such as k-Nearest-neighbor bootstrap were em-
ployed in a number of studies to model multi-site rainfall data (e.g. Rajagopalan and
Lall (1999) and Buishand and Brandsma (2001)). Using mixed exponential distributions
for the simulation of nonzero amounts, Wilks (1998) introduced a Markovian stochastic
model for simulation of daily precipitation. Following the Wilks approach, Khalilia and
Leconte (2007) presented an algorithm to improve the efficiency of the model when the
data are contaminated with noise. Haberlandt et al. (2008) proposed a two step stochas-
tic simulation procedure for generation of space-time precipitation fields. In the first step
an alternating renewal model is used for simulation of independent rainfall time series,
whereby the model defines wet spell durations and intensities as well as dry spell dura-
tion. The dependencies between wet spell durations and intensities are described using 2-
copulas. In the second step, a multivariate resembling technique is employed to account
for the spatial dependence structure of rainfall fields. Hutchinson (1995) introduced a
space-time model for rainfall data using the Auto-Regressive Moving Average (ARMA)
method. Fowler et al. (2005) used a semi-Markov approach for simulation of multi-site
monthly rainfall data. Kim et al. (2008) applied the Markov chain method to account for
temporal dependencies and the direct acyclic graph method to describe spatial depen-
dencies of daily rain gauge data. One limitation of multi-site rainfall simulation is that
accounting for spatial and temporal dependencies simultaneously is not straightforward.
Pegram and Clothier (2001) introduced the String of Bead model for radar rainfall sim-
ulation based on two auto-regressive time series, one at the image scale and the other at
the pixel scale, assuming log-normal marginal distribution for radar rainfall at the pixel
scale. Seed and Srikanthan (1999) modeled space-time radar rainfall data using a multi-
fractal (multiplicative cascade) approach where each level of the multiplicative cascade
was linked in time using a different ARMA(1,1) model. Clark et al. (2004a) and Clark
et al. (2004b) proposed a non-parametric rainfall simulation approach whereby spatio-
temporal variabilities were preserved by reshuffling the simulated ensemble to match
the observed spatio-temporal characteristics. Chandler and Wheater (2002) presented a
simple model based on Generalized Linear Models (GLM). Furthermore, a number of
parametric models conditioned on other meteorological quantities have been introduced
to simulate rainfall and other climatological variables (see Bardossy and Plate (1992),
Bras and Rodriguez-Iturbe (1976) and references therein). One limitation of parametric
models is that the number of parameters grows with an increase in the dimension of the
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model. For a complete review on different rainfall simulation models, interested readers
are referred to Wilks and Wilby (1999) and Mehrotra et al. (2006).

An alternative approach to obtaining an ensemble of rainfall fields is to simulate error
fields and impose them over observed rainfall data. Krajewski and Georgakakos (1985)
introduced a two-dimensional non-stationary random field generator for daily radar er-
ror. The application of this model in hydrological modeling is limited due to its low
temporal resolution. Germann et al. (2006) proposed that the radar estimates can be per-
turbed with stochastic fields in order to obtain an ensemble of radar estimates. In a recent
study, Ciach et al. (2007) developed an operational approach based on empirical inves-
tigations of joint samples of radar and ground surface data whereby the radar rainfall
uncertainties consist of a systematic distortion function and a stochastic component. The
radar error components are then estimated using non-parametric estimation schemes.
Based on the work presented by Ciach et al. (2007), Villarini et al. (2009) developed a
radar rainfall field generator and a model to produce probability of exceedance maps of
radar rainfall conditioned on given radar rainfall estimates.

It is well known that hydrological and meteorological data are dependent in both space
and time. A reasonable and robust model for rainfall simulation is expected to produce
rainfall fields with similar spatial and temporal dependencies to those of the observed.
However, preserving spatial and temporal dependency of simulated rainfall fields pro-
vides a considerable challenge. So far, a number of models have been developed to gen-
erate spatially correlated random fields using covariance or a variogram model (see Jour-
nel and Huijbregts (1978)). However, Germann et al. (2006) argued that using a simple
variogram model or a covariance matrix may lead to unrealistic radar fields. As an al-
ternative approach, copulas can be employed to describe the dependencies and to model
multivariate random variables with different marginal distributions. In fact, describing
the dependence structure independent of the marginal distribution is one of the most at-
tractive features of copulas. The application of copulas in simulation of multivariate data
and nonlinear dependence structure has become popular in hydrological and meteoro-
logical studies. In recent years, a number of copulas-based models have been introduced
for multivariate frequency analysis, risk assessment, geostatistical interpolation and mul-
tivariate extreme value analyses (see De Michele and Salvadori (2002); Bárdossy (2006);
Genest et al. (2007); Renard and Lang (2007); Schölzel and Friederichs (2008); Bárdossy
and Li (2008); Zhang et al. (2008)). In the subsequent chapter a detailed discussion on the
use of copulas in spatial modeling and rainfall simulation is provided.

Stochastically simulated rainfall ensembles have various applications in hydrological and
meteorological applications. For example, using ensemble analysis one can evaluate
flood prediction uncertainty and its associated risks for a given precipitation using an
ensemble of precipitation estimates, instead of a single realization. Floods are the most
life threatening hydrologic phenomena that result in extensive property damage and loss
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of lives each year. Ensemble analysis may improve assessment of flood forecast uncer-
tainty which is influential in water resources management. Furthermore, climate change
studies may also require simulated precipitation fields as possible future precipitation
estimates in order to investigate long term changes in the hydrologic cycle of a specific
region. Modeling climate changes with abnormal variations in one or more weather vari-
ables may allow exploration of subsequent effects on different hydrologic processes. For
example, by projecting how precipitation may change over a significantly long period,
one my be able to investigate future regional changes in surface runoff and subsurface
flow. Evaluating these impacts is important yet challenging, as water budget, surface
runoff and groundwater availability are sensitive to changes in weather variables, par-
ticularly precipitation. Applications of precipitation ensembles, are beyond the scope of
this research; for additional information, interested readers are referred to Germann et al.
(2009), Xuan et al. (2009) and Zhu et al. (2008).

1.2 Objectives

This study aims to investigate and develop different stochastic techniques for simula-
tion of rainfall fields through simulating random error fields and imposing them over
remotely sensed rainfall estimates. Four different models are developed and discussed
in this study:

• In the first model, the Gaussian copula is employed for simulation of multivariate
rainfall error fields. The outputs of the error simulator are then used to perturb
radar based rainfall estimates.

• In the second model, another elliptical copula family, the t-copula, is used to de-
scribe the dependencies of rainfall error fields. Similar to the previous model, mul-
tiple synthetic rainfall realizations are obtained by imposing error estimates over
radar estimates.

• In the third approach, a so-called v-transformed copula is applied for multivariate
error simulations. Using this type of copula, one can describe asymmetrical depen-
dencies through the copula parameters.

• In the last model, rainfall fields are generated by perturbing rainfall estimates with
two normally distributed error terms: a purely random component and an error
component that depends on rainfall rates.

In the first three models, having described the dependencies using copulas, the empirical
distribution function of the observed rainfall error is numerically approximated and ap-
plied to the simulated error fields so that the simulated realizations are similar to those of
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the observed in terms of the distribution function. In the fourth model, however, the er-
ror is assumed to be normally distributed. In all cases, simulated error fields are imposed
over remotely sensed rainfall estimates in order to obtain a rainfall ensemble.

Several case studies are performed over a small watershed in Mississippi, USA, and a
large watershed in Oklahoma, USA to examine reliability, robustness and applicability
of the models. Both radar reflectivity data (Level II) as well as Stage IV Next Genera-
tion Weather Radar (NEXRAD) multi-sensor precipitation estimates are used as input to
the models. The NEXRAD system is installed and maintained by the National Weather
Service (NWS). It consists of a network of Weather Surveillance Radars - 1988 Doppler
(WSR-88D) that covers the entire United States (Young et al. (2000); Crum and Alberty
(1993)). Using the presented models, ensembles of rainfall estimates are simulated by
conditioning on available observations. The generated rainfall ensembles can then be
used as input to hydrological and meteorological models to assess model prediction un-
certainties. Subsequent runs of a hydrological or meteorological model using simulated
realizations of radar fields would then allow an assessment of uncertainty propagation
resulting from the precipitation input.

1.3 Structure of the Dissertation

With respect to the scope of this study, the document is divided into 7 chapters. After the
introduction, the study area and data resources are briefly introduced. In Chapter 3, an
overview on copulas and the theoretical background is provided and the copula families
used in this study are introduced. In the fourth chapter, two copula based models are de-
veloped and implemented for ensemble generation using two elliptical copula families
(Gaussian copula and t-copula). In Chapter 5, a model based on a v-copula is introduced
and applied for rainfall simulation. In the sixth chapter, a random error model is pre-
sented in which rainfall ensembles are simulated by imposing two normally distributed
error terms, one purely random and one proportional to the magnitude of rain rates,
over remotely sensed rainfall estimates. In Chapter 7, simulated ensembles obtained
from the presented models are used as input into a physically based hydrological model
to demonstrate implication of the ensemble generators in streamflow analysis. Chapter 8
is devoted to summary and conclusions and recommendations for further research.
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2.1 Introduction

Hydrological and meteorological phenomena are known to be multidimensional and
thus require multivariate analyses as well as conditional probability distributions of vari-
ables (Genest and Favre (2007)). Classical families of multivariate distributions are com-
monly used for modeling joint probability distributions of several random variables.
Classical multivariate distributions such as bivariate normal, log-normal and gamma are
built with a number of model parameters that describe the behavior of each random
variable as well as the joint probability distribution itself. The main disadvantage of
such approaches is that modeling the dependence structure between variables is not in-
dependent of the choice of the marginal distributions (Genest and Favre (2007); Dupuis
(2007)). The advent of copulas, however, allows hydrologists to avoid this restriction.
The application of copulas in simulation of multivariate data, extreme value analysis and
modeling dependence structure has become popular in hydrological analysis. In recent
years, numerous copulas-based models have been introduced for different hydrologic
applications. Kelly and Krzysoztofowicz (1997) employed a meta-Gaussian approach to
bivariate rainfall analysis and pointed out that the meta-Gaussian distribution is inde-
pendent of marginals and hence can be applied to represent the dependence structure
of bivariate variables. De Michele and Salvadori (2002) used copulas to model intensity-
duration of rainfall events. Favre et al. (2004) utilized copulas for multivariate hydrolog-
ical frequency analysis. Bárdossy (2006) and Bárdossy and Li (2008) applied the concept
of copulas to the interpolation of groundwater quality parameters. Zhang et al. (2008)
carried out a bivariate rainfall frequency analysis using Archimedean copulas. Using
the Gaussian copula, Renard and Lang (2007) investigated multivariate extreme value
analysis and its application in hydrology. Schölzel and Friederichs (2008) modeled mul-
tivariate non-Gaussian random variables using copulas. Kuhn et al. (2007) employed
copulas to describe spatial and temporal dependence of weekly precipitation extremes.
Using bivariate mixed distributions (Shimizu (1993)) and a copula-based Markov ap-
proach, Serinaldi (2008a), Serinaldi (2008b) and Villarini et al. (2008) introduced a model
for radar rainfall estimation uncertainties. A historical review and major developments
in the theory and application of copulas can be found in Schweizer (1991), Kotz (1997)
and DallÁglio (1991). In the subsequent sections, after a brief review on the theory of
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copulas, the copula families used in this study are introduced in more detail. Then, sim-
ulation using copulas is explained step by step.

2.2 Theoretical Background

A copula C of n random variables is defined as a multivariate distribution function on
the n-dimensional unit cube with uniform marginals:

C : [0, 1]n → [0, 1] (2.1)

In other words, copulas are joint cumulative distribution functions that describe depen-
dencies among variables independent of their marginals (Joe (1997); Nelsen (2006)):

Cn(u1, . . . , un) = Pr(U1 ≤ u1, . . . , Un ≤ un) (2.2)

where Cn is an n-dimensional joint cumulative distribution function of a multivariate
random vector U(U1, . . . , Un) whose marginals are u[0, 1]. Note that throughout this
document, a common statistical convention is used in which uppercase characters de-
note random variables and lowercase characters are their specified variables. Copulas
are expected to satisfy the following conditions (Nelsen (2006); Malevergne and Sornette
(2003)):

• ∀u ∈ [0, 1], C(1, . . . , 1, u, 1, . . . , 1) = u

• ∀ui ∈ [0, 1], C(u1, . . . , un) = 0 if at least one of the ui equals zero.

• Cn is grounded and n-increasing. This condition is satisfied if for all u, ν ∈ [0, 1]

such that u ≤ ν, Vc([u, ν]) ≥ 0. The term Vc([u, ν]) denotes the c-volume of [u, ν]

(see Salvadori et al. (2007) for details).

In the theory of copulas, Sklar’s theorem is fundamental to many applications. Sklar
(1959) showed that each continuous multivariate distribution F can be represented with a
unique copula C that can couple multivariate distribution functions to their correspond-
ing marginal distribution functions:

F (x1, . . . , xn) = Cn(F1(x1), . . . , Fn(xn)) (2.3)
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Note that the copula Cn is unique only if F1, . . . , Fn are all continuous. Otherwise,
the copula Cn is uniquely determined on RanF1, . . . , RanFn, where Ran denotes range
(Sklar (1996); Embrechts et al. (2001)). For proof and derivations, interested readers are re-
ferred to Sklar (1996). The Sklar theorem indicates that for multivariate distributions, the
multivariate dependence structure and the univariate marginal distributions can be sep-
arated, and hence, the dependence structure can be represented by a copula independent
of the marginals. Having described the dependencies using a copula, a transformation
function can be applied to each variable in order to transform the marginal distribution
into the desired marginals (Nelsen (2006)):

Cn(u1, . . . , un) = F (F−1
1 (u1), . . . , F−1

n (un)) (2.4)

where F is the multivariate cumulative distribution function (CDF) with marginals
F1, . . . , Fn belonging to different distribution families. In other words, using the Sklar
theorem, one can simulate random variables with the same probability distribution as
that of the input data while preserving the dependence structure of the variables. In the
above Equation, for all x in RanF the following relationship is valid: F (F−1(x)) = x.

It is important to remark that copulas are invariant to monotonic transformations of the
variables. That is, if X1, . . . , Xn are continuous random variables with copula Cn and
F1, . . . , Fn are increasing functions onRanX1, . . . , RanXn, then F1(X1), . . . , Fn(Xn) have
the same copula Cn. Hence, the copula Cn is said to be invariant under monotonic trans-
formations. In the following, the aforementioned property of copulas is explored in more
detail as it is fundamental to the discussion in the following chapters. Assume F1, . . . , Fn

to be the distribution functions ofX1, . . . , Xn, respectively. Consider monotonic transfor-
mations of the random variables Ψ(X1), . . . ,Ψ(Xn) with their corresponding marginals
G1, . . . , Gn. Let Cn and CnΨ be the copula of X1, . . . , Xn and Ψ(X1), . . . ,Ψ(Xn), respec-
tively. The strictly increasing property of Ψ indicates that for any x ∈ R (Embrechts et al.
(2001)):

G(x) = Pr (Ψ(X) ≤ x) = Pr
(
X ≤ Ψ−1(x)

)
= F

(
Ψ−1(x)

)
(2.5)

and thus:
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CnΨ (G1(x1), . . . , Gn(xn)) = Pr (Ψ1(X1) ≤ x1, . . . ,Ψn(Xn) ≤ xn)

= Pr
(
X1 ≤ Ψ−1

1 (x1), . . . , Xn ≤ Ψ−1
n (xn)

)
= Cn

(
F1(Ψ−1

1 (x1)), . . . , Fn(Ψ−1
n (xn))

)
= Cn (G1(x1), . . . , Gn(xn)) (2.6)

Equation 2.6 confirms that Cn = CnΨ ∈ I n . This is a great advantage in simulation as the
variables may belong to different probability distributions and applying transformation
functions may be required to obtain the right marginals. It is noted that for a joint distri-
bution function of F , for example in Equation 2.3, the density function f is obtained by
differentiating with respect to all variables (Melchiori (2003)):

f(x1, . . . , xn) = cn(F1(x1), . . . , Fn(xn))Πn
i=1fn(xn) (2.7)

where f1, . . . , fn are the density functions of the corresponding marginals F1, . . . , Fn and
f(x1, . . . , xn) is the density function of the joint distribution. cn, which is termed as cop-
ula density, is basically the n-th partial derivative of an n-dimensional copula Cn (for
derivations, the reader is pointed to Nelsen (2006) and Embrechts et al. (2001)):

cn(u1, . . . , un) =
∂n

∂u1 · ∂u2 . . . ∂un
Cn(u1, . . . , un) (2.8)

There are many families of copulas developed for different practical contexts. Each family
of copulas has a number of parameters to describe the dependencies. The main differ-
ence associated with different copulas is in the detail of the dependence they represent.
For instance, various copula families may differ in the part of their distributions (upper
tail/lower tail) where the association is strongest/weakest. In this study, two elliptical
copulas, namely a normal copula and t-copula, as well as a non-Gaussian (v-transformed)
copula are used for simulations. In the following, only the copula families employed in
this work are discussed. For additional information regarding different copula families,
the reader is referred to Nelsen (2006) and Joe (1997).

2.2.1 Gaussian Copula

The Gaussian copula, derived from the multivariate normal distribution, is perhaps the
most commonly used copula family mainly due to its simplicity. The n-dimensional
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multivariate Gaussian copula with correlation matrix ρn×n can be expressed as (Nelsen
(2006)):

Cρ(u1, ..., un) = Fnρ (F−1(u1), ..., F−1(un)) (2.9)

whose density function is:

c(u1, . . . , un) =
1√
detρ

exp

(
−1

2
y(u)

′
(ρ−1 − I)y(u)

)
(2.10)

where : Fn = Multivariate Gaussian CDF
y(ui) = F−1(ui)

2.2.2 t-Copula

The t-copula, also known as Student copula, is an elliptical copula based on the Student
distribution that can be represented as:

Cν,ρ(u1, . . . , un) = tnν,ρ(t
−1
ν (u1), . . . , t−1

ν (un)) (2.11)

where : tn = Multivariate Student CDF
ρ = shape matrix
ν = degrees of freedom

and

tnν,ρ(x) =
1√
detρ

Γ
(
ν+n

2

)
Γ
(
ν
2

)
(πν)n/2

×
∫ x1

−∞
. . .

∫ xn

−∞

dx(
1 + x′ρ−1x

ν

)(ν+n)/2
(2.12)

For ν > 2, the shape matrix in Equation 2.11 is proportional to the correlation matrix
(Malevergne and Sornette (2003)). Using Equation 2.8, the density function of the t-
copula can be derived as (Malevergne and Sornette (2003)):

c(u1, . . . , un) =
1√
detρ

Γ
(
ν+n

2

) (
Γ
(
ν
2

))n−1(
Γ
(
ν+1

2

))n ×
Πn
k=1

(
1 +

y2k
ν

)(ν+1)/2

(
1 + y′ρ−1y

ν

)(ν+n)/2
(2.13)

where : yk = t−1
ν (uk)

tν = univariate Student distribution with ν degrees of freedom
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Figure 2.1 shows the bivariate copula density functions of the Gaussian copula and t-
copula for different parameters. As shown, the density function is wider for lower corre-
lations (compare Figures 2.1(a) and 2.1(b)). Additionally, note the difference between the
density functions for different values of degrees of freedom (Figures 2.1(c) and 2.1(d)).

Figure 2.1: Bivariate copula density functions of the Gaussian copula and t-copula for
different parameters.

Both Gaussian and t-copulas are elliptical; however, they represent different tail depen-
dencies, which describes the significance of the dependence in lower left quantile or up-
per right quantile of a multivariate distribution function. The upper tail expresses the
probability occurrence of positive large values (outliers) at multiple locations jointly.

For a multivariate distribution with n random variables X ≡ (X1, . . . , Xn), the upper tail
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dependence (λup) is described as (Melchiori (2003)):

λup = lim
u→1

Pr(X1 ≥ F−1
X1

(u)|X2 ≥ F−1
X2

(u) . . . Xn ≥ F−1
Xn

(u)) (2.14)

where F−1
1 , . . . , F−1

n are the inverse cumulative distributions of the random variables
X1, . . . , Xn and u[0, 1]. In other words, Equation 2.14 indicates the probability occurrence
of outliers in X1, conditioned on presence of outliers in X2, . . . , Xn. The conditional
probability given in Equation 2.14 can be expressed as:

Pr(X1 ≥ F−1
X1

(u)|X2 ≥ F−1
X2

(u) . . . Xn ≥ F−1
Xn

(u)) = (2.15)

1−Pr(X1≤F−1X1
(u))− . . .−Pr(Xn≤F−1Xn

(u))+Pr(X1≤F−1X1
(u), . . . ,Xn≤F−1Xn

(u))

1− Pr(X2 ≤ F−1
X2

(u))− . . .− Pr(Xn ≤ F−1
Xn

(u))

It is worth remembering that Pr(X1 ≤ F−1
X1

(u)) = . . . = Pr(Xn ≤ F−1
Xn

(u)) = u (Melchiori
(2003)). Having Equation 2.2 in mind, the second term in the numerator of Equation 2.15
can be described as (Embrechts et al. (2001)):

C(n)(u, . . . , u) = Pr(X1 ≤ F−1
X1

(u), . . . , Xn ≤ F−1
Xn

(u)) (2.16)

where n is the dimension of the copula (number of random variables). Substituting Equa-
tion 2.16 into Equation 2.15 yields the following formulation for the upper tail:

λup = lim
u→1

1− nu+ C(n)(u, . . . , u)

1− (n− 1)u
(2.17)

Similarly, one can derive the lower tail (λlo = limu→1 Pr(X1 ≤ F−1
X1

(u)|X2 ≤
F−1
X2

(u) . . . Xn ≤ F−1
Xn

(u))) formulation as follows:

λlo = lim
u→1

C(n)(u, . . . , u)

(n− 1)u
(2.18)

The joint distribution is said to be asymptotically dependent if 0 < λup ≤ 1 and asymp-
totically independent if λup = 0. The multivariate Gaussian copula shows asymptotic
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independence (λup = 0) regardless of the correlation between variables. That is, the ex-
treme values in different variables occur independently even if there is a high correlation
between variables. It is pointed out that for independent random variables, one could
expect λup = 0; however, the converse does not hold (Malevergne and Sornette (2003)).
That is, λup = 0 does not indicate that the variables are necessarily independent. While
the Gaussian copula does not have upper or lower tail dependence, the t-copula can cap-
ture the upper tail dependence (if exists). The asymptotic dependent behavior of t-copula
is expected even when the variables are negatively correlated (Embrechts et al. (2001)).
As ν increases, the tail dependence becomes weaker and the probability occurrence of
joint extremes reduces. Figure 2.2(a) illustrates the tail behavior of the bivariate t-copula
with ν = 1 to 10. The Figure shows occurrences of x > 0.8 (percentage) in both random
vectors of the bivariate t-copula. It is noted that an increase in ν (degrees of freedom)
results in less occurrences of extremes (values above a certain threshold). Figure 2.2(b),
on the other hand, demonstrates the tail behavior of Gaussian copula. For a constant
threshold of 0.8, occurrence of extremes in Gaussian copulas is significantly less than t-
copula. This implies that for modeling the dependencies of extremes, the application of
the Gaussian copula may not be an appropriate choice. It is worth pointing out that the
tail behavior depends solely on the type of copula and not on the choice of marginal dis-
tribution. Thus, in copula-based simulation, the type of copula strongly affects the tail
dependence of simulated realizations. For additional information on elliptical copulas,
the reader is referred to Fang et al. (2002) and Genest et al. (2007)).

2.2.3 V-Transformed Copula

A v-transformed copula is obtained through a non-monotonic transformation of the mul-
tivariate Gaussian copula introduced in Equation 2.9 (Bárdossy and Li (2008)). The vari-
able N is defined as an n-dimensional normal random variable with a mean of zero, unit
standard deviation and correlation matrix ρ. The v-transformed copula can be derived
with the following transformation (Bárdossy and Li (2008)):

Xi =

{
k(Ni −m) if Ni ≥ m
m−Ni if Ni < m

(2.19)

where : k and m = copula parameters

The univariate marginal distribution of Xi can be expressed as (Bárdossy and Li (2008)):

F (x) = Φ
(x
k

+m
)
− Φ (−x+m) (2.20)
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Figure 2.2: (a) Asymptotic dependent behavior of the t-copula: The tail dependence be-
comes weaker as ν increases; (b) Tail behavior of Gaussian copula.
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with the density function being (Bárdossy and Li (2008)):

f(x) =
1

k
ϕ
(x
k

+m
)

+ ϕ (−x+m) (2.21)

where Φ is the standard normal distribution and the term ϕ denotes the probability den-
sity function of the normal distribution:

ϕ =
1√

2πσ2
EXP

(
−(x− µ)2

2σ2

)
(2.22)

2.3 Copula-Based Simulation

Simulation of multivariate random fields can be performed based on any given cop-
ula. Salvadori et al. (2007) provides a general overview of simulation using copulas.
For the sake of completeness, the simulation steps are discussed briefly in this section.
Let Cn be the copula of a multivariate n-dimensional distribution H ≡ (H1, . . . ,Hn)

where H1, . . . ,Hn are the marginal distributions. In order to obtain a simulated field of
x ≡ (x1, . . . , xn) with marginals of H1, . . . ,Hn, the following three steps are required:

1. Estimate the parameters of the copula Cn.

2. Simulate uniform random variables u(u1, . . . , un) using the copula Cn.

3. Transform the univariate marginals to H1, . . . ,Hn using Sklar’s theorem (Sklar
(1959)): xi = H−1

i (ui).

It is noted that H1, . . . ,Hn do not necessarily need to belong the same distribution family
nor are they restricted to standard probability distributions. Furthermore, since copulas
are invariant to transforms, the simulated random variable x will have the same spatial
dependence structure as that of u. This fact is one of the main attractive features of using
copulas for the simulation of spatially dependent random fields. Performing the above
three steps results in a simulated field of dependent random variables x1, . . . , xn with the
marginal distributions of H1, . . . ,Hn. While the first and third steps are straightforward,
the second step requires additional attention. Let u1, . . . , un be simulated random vectors
with marginal distributions of U1, . . . , Un ∈ [0, 1]. The first random variable, for example
ui, can be sampled from Úi ∈ [0, 1]. Then, in order to simulate ui and uj (i, j = 1, . . . , n)
based on the joint distribution function F , the distribution of uj must be conditioned on
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ui as uj = F−1
j (új |ui) where új is a random realization of Új independent of Úi. In an

n-dimensional case, the latter equation can be expressed as (after Salvadori et al. (2007)):

un = F−1
n (ún|u1, . . . , un−1) (2.23)

It is worth remembering that in terms of probabilities, the simulation of a random vari-
able un conditioned on n− 1 other random variables can be described as (Salvadori et al.
(2007):

Fn(un|u1, . . . , un−1) = Pr(Un ≤ un|U1 = u1, . . . , Un−1 = un−1) (2.24)

Considering Equation 2.2 and Equation 2.24, the general formulation of multivariate
simulation using a conditional copula can be expressed as:

Fn(un|u1, . . . , un−1) ≈
∂u1,...,un−1C(u1, . . . , uk)

∂u1,...,un−1C(u1, . . . , uk−1)
(2.25)

When conditionally simulating multivariate random fields, the aim is to generate mul-
tiple random variables at a location x where no observation is available on the basis of
n observed values. It should be noted that the simulation method must honor observed
values at their locations. In order to simulate the random variable y at location x based
on y1, . . . , yn, the following conditional copula Cnx is required:

Fn(x,y) = Cnx (F (y)|u1 = F (y1), . . . , un = F (yn)) (2.26)

where n is the number of available observations. Note that for large values of n, the above
derivation may become too computationally expensive. Thus, for large values of n, one
may opt to only include the observations in the neighborhood of x. It is also noted that
the the conditional copula density cnx for variable z at location x can be approximated as
(Bárdossy (2006)):

cnx (u1|u2 = F (z2), . . . , un = F (zn)) ≈ fn(z1, . . . , zn)

f1(z1) · f1(z2) . . . f1(zn)
(2.27)
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where the terms F (zi) and f(zi) refer to the corresponding distribution and density func-
tions of the multivariate joint distribution. For the v-transformed copula, for example, f1

can be obtained from Equation 2.21. Using the above formulation, multivariate random
fields with a given correlation structure can be generated (Step 2). Having simulated
multivariate uniform random variables based on copula C, one can use the probability
integral transform, explained in step 3, to apply the right marginal distributions.



3 Study Areas and Data Resources

The presented models were performed over a small watershed in Mississippi, USA, and a
large watershed in Oklahoma, USA to examine model reliability, robustness and applica-
bility. A brief overview of both watersheds is given in Table 3.1. Additional details about
the watersheds and the data used in this study are presented in the following sections.

3.1 The Little Washita Watershed

The Little Washita watershed, located in the southwestern part of the state of Oklahoma
is one of the largest and most highly instrumented watersheds in the United States and
has been the target of remote sensing, rainfall analysis and climate change research over
the past few decades (e.g. Ciach et al. (2003), Young et al. (2000), Habib et al. (2004)).
The area of the watershed is approximately 611 square kilometers and the surface water
drains into the Little Washita River which is situated between Chickasha and Lawton
and is a tributary of the Washita River. Hydrological and meteorological variables of
the watershed have been measured in a variety of hydrologic research projects since the
1930’s. The climate of the region is classified as moist sub-humid and the average annual
rainfall of the watershed is approximately 760 mm, and the mean annual temperature has
been determined to be 16 degrees Celsius (Elliott et al. (1993)). While summers are hot
and long with an average daily high temperature of 34 degrees Celsius for July, winters
are relatively short and temperate with the average daily low temperature of -4 degrees
Celsius for January. Most major rainfall events, and majority of the annual precipitation,
occur in the spring and fall. A more detailed description of the climate variables of the
Little Washita watershed is provided in Staff and Laboratory (1983). The Agricultural
Research Service (ARS) started collecting and managing hydrometeorological data on
the Little Washita since the 1960’s. Thirty years later, the watershed became one of the
main study sites for a variety of ARS research projects dealing with water resources and
climate change.

The Micronet network, operated by Agricultural Research Service (ARS), is located
within and around the Little Washita boundaries. The Micronet network includes 42 sta-
tions, almost uniformly distributed throughout the watershed. The data includes rainfall
accumulations, temperature, relative humidity, solar radiation, etc. In addition to the
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Micronet network, there are three stations of Oklahoma Mesonet within the study area
that are not included in the analysis, as they are used in the multi-sensor precipitation
estimation process. The Micronet network is equipped with tipping-bucket gauges that
record rainfall data with a temporal resolution of 5 minutes and accuracy of 0.254 mm
(Young et al. (2000)). The 5 min accumulations are aggregated to hourly intervals in
order to synchronize the rain gauge measurements with radar rainfall estimates. The ref-
erence surface rainfall data are then used to obtain estimates of the radar rainfall error
(observed error) across the study area. The observed error estimates are used for simu-
lation of random error fields as explained in subsequent chapters. Figure 3.1 shows the
location of the Little Washita watershed and the position of rain gauges (marked with
circle symbols) and radar pixels (4 km × 4 km grids).

Figure 3.1: Little Washita research watershed, Oklahoma, USA.

3.2 The Goodwin Creek Watershed

The Goodwin Creek experimental watershed is located in the north central part of the
state of Mississippi near Batesville, USA. The area of the watershed is approximately 21
km2 with the outlet at latitude 34◦13’55” N and longitude 89◦54’50” W. The watershed
is situated within the Yazoo River basin and is instrumented for conducting extensive
research on watershed hydrology. The Goodwin Creek drains into the Yocona River, a
tributary of the Yazoo River, which flows into the Mississippi River. Its average annual
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rainfall, measured at the climatological station near the center of the watershed, is 1440
mm, and the mean annual runoff is approximately 144 mm at the watershed outlet. Much
of the annual rainfall and occurs in the spring and fall. The average daily maximum
temperatures were reported as 30 ◦C and 10 ◦C in summer and winter, respectively. The
topographic elevation ranges from 71 m at the outlet to 128 m at the watershed divide
with reference to mean sea level and there is an average channel slope of 0.004. A more
detailed review of the climate variables of the Goodwin Creek watershed is given in
Alonso and Binger (2000). Table 3.1 compares the Little Washita and Goodwin Creek
watersheds.

The main motivation in selecting the Goodwin Creek experimental watershed is that a
dense network of rain gauge stations is available across the watershed, and one can ob-
tain a reasonable representation of radar error and its temporal and spatial dependencies
by comparing radar estimates and rain gauge measurements. The Goodwin Creek wa-
tershed is equipped with a dense network of 29 rain gauges with a temporal resolution of
15min. The data are collected by the National Sediment Laboratory of the US Department
of Agriculture in Oxford, Mississippi and are available to the public. Instrumentation at
each rain gauge station includes an electronic data acquisition system that records rain-
fall and other climatological variables and transmits the measurements to the National
Sediment Laboratory. Figure 3.2 shows the position of rain gauges (marked with circle
symbols) and radar pixels (1 km2 grids) across the watershed.

Figure 3.2: Goodwin Creek experimental watershed, Mississippi, USA.
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Table 3.1: Comparison of the Little Washita and Goodwin Creek watersheds.

Little Washita Goodwin Creek

Location Oklahoma, USA Mississippi, USA

Area (km2) 611 21.3

Average annual rainfall (mm) 760 1440

Average annual temperature (◦) 16 18

Distance from radar (km) 70 110

Climate zone sub-humid humid

3.3 Data Resources

For the Goodwin Creek watershed, the NEXRAD Level II reflectivity (Z) radar data of
the Memphis radar site, recorded at the National Weather Service (NWS) is used for anal-
ysis (Crum and Alberty (1993)). The radar station is a 1988 Doppler (WSR-88D), located
approximately 110 km from the center of the watershed. Radar reflectivity data are avail-
able in polar coordinates at a resolution of 1◦ for different elevation angles starting at 0.5◦

and with a time sampling interval of 5 to 6 minutes. It is noted that the temporal reso-
lution of the Goodwin Creek gauge data is 15 minutes, and thus, the radar rainfall data
was aggregated into 15 min intervals in order to synchronize radar estimates with rain
gauge measurements. Since the interest is in the surface rainfall information, a regular 1
km × 1 km Cartesian reflectivity grid is obtained from the lowest elevation angle of the
polar reflectivity beam.

The relationship between radar reflectivity factor Z and rain rate R is approximated by a
power law function of the form (Z/A)1/b where A and b are the multiplicative factor and
exponent of the Z − R relationship, respectively. Before, using Level II reflectivity data,
the Z − R relationship parameters (A and b) are to be estimated first. In this study, the
parameters A and b are estimated based on Steiner and Smith (2000) whereby for a range
of b values, A is estimated using Equation 3.1 (Steiner and Smith (2000)):

A =

(∑m
i=1(Zi)

1/b∑m
i=1Ri

)b
(3.1)

In Equation 3.1, Zi and Ri are pair of reflectivity and ground reference measurements
used for parameter estimation. For the estimated A and b values, the Root Mean Square
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Error (RMSE) is calculated using Equation 3.2. Then, the combination ofA and b values
that leads to the least error are taken as the estimated parameter.

RMSE =

√
1

m−2

∑m
i=1

(
Ri − (Zi/A)1/b

)2
1
m

∑m
i=1Ri

(3.2)

It is worth pointing out that by using this method the overall bias between radar es-
timates and rain gauge measurements is removed (Steiner and Smith (2000)). That is,
the total amount of radar estimates and gauge measurements over a given storm will
be the same as A is estimated for each b such that the overall bias is removed. Previous
studies show that the multiplicative factor exhibits more variability than the exponent
from event to event (Steiner and Smith (2000)). This considerable variability in the multi-
plicative factor may result in significant uncertainty in the Z −R relationship. Hence, in
this study, the multiplicative factor and exponent are adjusted for each event separately
as recommended by (Steiner and Smith (2000)). Note that further adjustments within a
given storm (e.g. different parameters for stratiform and convective rainfall events) may
be desired but are typically not practical (Steiner and Smith (2000)).

For the Little Washita watershed, the Stage IV radar-based multi-sensor precipitation esti-
mates (MPE) provided by NCAR/EOL, under sponsorship of the National Science Foun-
dation (NSF), are used for analysis. The Stage IV data are generated in near real-time by
mosaicking the multi-sensor precipitation estimates from the National Weather Service
(NWS) River Forecast Centers (RFC). Based on the radar data collected over the entire
Continental United States, the Stage IV data are provided with a spatial resolution of 4
km × 4 km termed Hydrologic Rainfall Analysis Project (HRAP) which is a national grid
system where each pixel corresponds to an MPE value. The MPE data are obtained from
merging operational radar estimates and automated rain gauge measurements following
quality control and bias adjustment. The data are available with a temporal resolution of
1 hour. The Stage IV data are then accumulated from hourly into 3-hour, 6-hour, daily
and monthly temporal resolutions for further analysis. The MPE data are now widely
used in hydrologic forecast models, decision making, flood and flash flood warning and
other hydrologic monitoring purposes across the United States.

It is noted that Stage IV data are calibrated rainfall estimates, available in rain rates.
Therefore, unlike Level II reflectivity data, no transformation function is required to ob-
tain the actual rain rates. However, in order to convert the Stage IV data to a format
suitable for use in image processing, the following post-processing methods are neces-
sary: data acquisition; data conversion and georeferencing; conversion to Raster data;
data export. In these steps, Stage IV estimates are converted from the radial GRIB format
into raster based data. In this study, the Stage IV data with an hourly temporal reso-
lution is used for analysis. The closest radar station to the study area is the Oklahoma
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City operational radar site which is located approximately 70 km from the center of the
watershed.

3.4 Rainfall Events

In order to evaluate the performance of the presented models, ensembles of rainfall fields
are simulated for a number of rainfall events over different temporal and spatial scales.
The rainfall events that occurred over the Little Washita watershed are identified with
LW, whereas the events that occurred across the Goodwin Creek watershed are distin-
guished with GC. The notations, II and IV (in GC1-II, LW1-IV) refer to the Level II reflec-
tivity and Stage IV radar data, respectively. Stage IV radar data, with the finest available
temporal and spatial resolutions (1 hr, 4 km × 4 km) are processed for simulations. The
Level II reflectivity data are used with a spatial resolution of 1 km2 and temporal reso-
lutions of 15 min. Table 3.2 displays summary statistics including mean, standard de-
viation, 10 and 90 percent quantiles of the lumped rainfall accumulation for each storm.
Note that for the Goodwin Creek Level II reflectivity rainfall data, the parameters of the
Z −R relationship (A and b) are estimated using the method explained in Section 3.3 as
listed in Table 3.3. The estimated parameters fit well within the wide range of values re-
ported in the literature (Doelling et al. (1998); Smith and Krajewski (1993); Battan (1973);
Stout and Mueller (1968); Ulbrich (1978)).
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Table 3.2: Summary statistics of rainfall accumulations for the selected rainfall events.

Event Date Duration Mean Standard Q10 Q90

ID Time [h] [mm] Deviation [mm] [mm]

LW1-IV 8/30/03 07:00 12:00 4.3 5.5 0.8 8.8

LW2-IV 9/15/05 06:00 14:00 3.8 4.3 1.0 10.7

LW3-IV 9/17/06 15:00 10:00 10.1 15.5 1.0 22.7

LW4-IV 8/18/07 21:00 27:00 9.3 13.5 1.5 27.1

LW5-IV 8/18/08 10:00 50:00 4.1 5.9 1.4 7.1

GC1-II 1/24/02 03:30 16:15 10.4 10.4 1.1 19.3

GC2-II 3/20/02 01:45 19:00 6.9 14.2 1.5 10.6

GC3-II 3/29/02 23:15 32:15 8.5 15.6 1.1 9.2

GC4-II 5/02/02 13:45 34:25 9.1 21.9 1.1 21.4

GC5-II 9/25/02 06:30 31:30 12.3 19.4 1.9 10.3

Table 3.3: Estimated parameters (A and b) of the Z −R relationship.

Event ID A b Z −R

GC1-II 203.1 1.50 Z = 203.1R1.5

GC2-II 235.8 1.45 Z = 235.8R1.45

GC3-II 205.1 1.45 Z = 205.1R1.45

GC4-II 223.9 1.35 Z = 223.9R1.35

GC5-II 117.6 1.35 Z = 117.6R1.35
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4.1 Introduction

As mentioned in Chapter 1, previous studies confirm that efforts are required to deter-
mine the accuracy of remotely sensed rainfall estimates and their associated uncertain-
ties, as these values are of great significance to the continuing research and applications
in hydrology and climate studies (Habib et al. (2008); Ciach et al. (2007); Villarini et al.
(2009); Margulis et al. (2006); Dong et al. (2005); Hossain and Huffman (2008); Lucieer
and Kraak (2004); Crosetto et al. (2001); Bastin et al. (2002)). In recent years, various ap-
proaches and extensive research have been undertaken to develop an uncertainty model
for remotely sensed rainfall estimates (see Mehrotra et al. (2006) and references therein).
In this chapter two ensemble generators are developed and presented for radar reflectiv-
ity (Level II) as well as Stage IV radar-based multi-sensor precipitation estimates (MPE)
that can be used to evaluate the uncertainty of remotely sensed rainfall estimates. The
Gaussian copula forms the basis of the first model, whereas the second model employs
the t-copula for conditional simulations of rainfall error (uncertainty) fields. Simulated
fields are then imposed on radar estimates to obtain an ensemble of precipitation esti-
mates that can be used for uncertainty assessment. The models are implemented for
various rainfall events over the study areas introduced in Chapter 3. The simulated rain-
fall fields are then investigated with respect to statistical properties, extreme values and
spatio-temporal dependencies.

4.2 Model Description

One way to account for uncertainties associated with remotely sensed rainfall estimates
is to generate an ensemble of rainfall realizations, that is a representation of possible
variabilities in precipitation data. Multiple realizations of rainfall fields can be obtained
by imposing random error fields over the original rainfall estimates (e.g. radar rainfall
images). In the copula-based approach implemented here, multiple error fields (ε) are
simulated using the Gaussian copula and t-copula and imposed on radar rainfall fields
(Ri). Equation 4.1 describes the general formulation of the model:
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Rs = Ri +Ri × ε (4.1)

where : Rs = simulated rainfall fields
ε = uncertainty component

Previous studies indicate that radar rainfall error is proportional to the magnitude of
rain rate (Ciach et al. (2007); Habib et al. (2008); Villarini et al. (2009); Habib et al. (2009)).
The importance of error simulation conditioned on the magnitude of rain rate has been
addressed in numerous studies (e.g. Habib et al. (2008), AghaKouchak et al. (2009) and
references therein). Intuitively, one can argue that while large rain rates are subject to
large or small random error, small rainfall estimates are not subject to very large random
error. This characteristics of rainfall error is included in the second term of Equation
4.1, where rainfall uncertainty is multiplied by the magnitude of rainfall rate (Ri × ε).
Using this formulation, the simulated error fields (Ri × ε) will be proportional to the
magnitude of rain rate. Application of a multiplicative error component for uncertainty
of rating curves has been tested and verified in previous studies (e.g. Petersen-Ø verleir
(2004) and Seber and Wild (1998)). For example, Petersen-Ø verleir (2004) shows that
a multiplicative error term can be used to describe the uncertainty of measured rating
curves. This approach is adopted here to avoid unrealistically large simulated errors for
insignificant rain rates.

Previous research on properties of radar rainfall error shows that the spatial correlation
of error is not negligible (Habib et al. (2008); Ciach et al. (2007)). Therefore, the error
term (ε) in Equation 4.1 is assumed to be spatially correlated and copulas are used to
describe the dependence structure. In order to obtain estimates of the radar rainfall error
across the study area, reference surface rainfall data are obtained from high resolution
rain gauge measurements over the study areas. Further details on the spatial and tempo-
ral dependencies of rainfall error are presented in Section 4.5.

4.3 Parameter Estimation

In order to simulate a random field using copulas, the copula parameters are to be esti-
mated first. The first model introduced here is based on the multivariate Gaussian cop-
ula which is identified through a correlation matrix ρn×n where n is the dimension of the
copula. It is worth remembering that the correlation matrix ρn×n is an n× n symmetrical
matrix that can be expressed as a parameter dependent on different distance vectors of
d: ρij = ξ(xi − xj) where the function ξ(d) denotes a positive-definite correlation func-
tion such as a correlation function corresponding to the spherical variogram (Bárdossy
and Li (2008)). This method is employed to estimate the correlation matrix (ρn×n) of the
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multivariate Gaussian copula. Assuming a spherical function for ξ(d), the parameters of
the function are estimated as described in Bárdossy and Li (2008). The function is then
used to obtain the correlation matrix of the multivariate Gaussian copula. In this study,
for each event, the parameters are estimated based on the seasonal observations (e.g.
summer 2003, summer 2005) in which the event occurs. The reason for this is explained
further below. Table 4.1 gives the parameters of the spherical function used in this study.
The parameters s1, s2, r1 and r2 represent the sills and ranges of a function consisting of
two spherical components. The parameter s0, denotes the sill of a nugget effect in the
aforementioned function.

Table 4.1: The parameters of the spherical function.

Event ID s0 s1 s2 r1 [m] r2 [m]

LW1-IV 0.04 0.11 0.31 3100 14500
LW2-IV 0.06 0.13 0.39 4000 13000
LW3-IV 0.01 0.19 0.41 4300 14500
LW4-IV 0.02 0.22 0.52 3700 17500
LW5-IV 0.09 0.26 0.33 4400 12000
GC1-II 0.07 0.29 0.29 3600 7500
GC2-II 0.01 0.25 0.42 2200 6000
GC3-II 0.01 0.25 0.42 2200 6000
GC4-II 0.01 0.25 0.42 2200 6000
GC5-II 0.05 0.11 0.38 2400 7000

The parameters of the t-copula are the correlation matrix and degrees of freedom ν (Equa-
tion 2.11). For the t-copula, the degrees of freedom is estimated using the Inference
Function for Margins (IFM) method (Joe (1997); McLeish and Small (1988)) which is a
special case of the Generalized Method of Moments (GMM) with an identity weight ma-
trix (Davidson and MascKinnon (1993)). The IFM methods can be used for estimation of
univariate as well as dependence parameters from separate univariate and multivariate
likelihood functions (Purwono (2005)). In this approach, the model parameters are esti-
mated via a nonlinear system of equations, each of which being a partial derivative (score
function) of a log-likelihood function from some marginal distribution of the multivariate
model (Joe and Xu (1996)). In the following the IFM method is briefly discussed.

Having Equation 2.3 and its derivative (Equation 2.7) in mind, the loglikeihood function
for an n-dimensional copula can be expressed as:

Lν,ρ(x1, . . . , xn) = Σn
i=1 log fν,ρ((x1, . . . , xn) (4.2)
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By taking the partial derivatives of the above equation with respect to ν1, . . . , νn, the
maximum likelihood estimator (MLE), also known as the set of inference functions, for
the parameters can be derived, as shown in Equation 4.3, for an n-dimensional system
(Purwono (2005)):

(
L1
ν,ρ(x1, . . . , xn)

∂ν1
, . . . ,

Lnν,ρ(x1, . . . , xn)

∂νn

)
= 0 (4.3)

The parameters ν1, . . . , νn are then estimated by finding the roots of the defined sets of
inference functions in Equation 4.3. By substituting ν1, . . . , νn into Equation 4.2 and
taking the partial derivatives with respect to the dependence parameter, one can obtain
the following:

(
L1
ν,ρ(x1, . . . , xn)

∂ρ1,1
, . . . ,

Lnν,ρ(x1, . . . , xn)

∂ρn,n

)
= 0 (4.4)

Using the above set of equations, the dependence parameter can be estimated nu-
merically. Joe (1997) argues that the IFM method is highly efficient and reliable for
parameter estimation and that this approach is computationally less extensive than
using optimization techniques for parameter estimation. However, some statistical
tests are required to make sure that the estimated parameters are reliable and that the
available data is sufficient for parameter estimation. For this reason, the parameters are
estimated based on four different types of data:

• Case 1: for each rainfall event separately.

• Case 2: seasonal data that each rainfall event occurred in (e.g. for Event LW1-IV,
the entire summer 2003)

• Case 3: random subsets of the available data for each rainfall event (subsets are
obtained from Case 1).

• Case 4: random subsets of the seasonal data for each event (subsets are obtained
from Case 2).

Ideally, one may opt to estimate the parameters based on the available data for each rain-
fall event of interest separately. However, the data may not be sufficient for parameter
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estimation. Therefore, parameter estimation based on seasonal data is adopted to inves-
tigate this issue. In this approach, instead of using the data of one event, the entire season
in which the event occurs will be used for parameter estimation. For example, in Event
LW1-IV which occurs in summer 2003, the entire summer (June, July and August) data
is used for parameter estimation. The mean and confidence interval of 100 randomly se-
lected subsets of the data in Case 1 and Case 2 are also calculated and compared to the
results obtained from Case 1 and 2. Figure 4.1 plots the estimated degrees of freedom for
each rainfall event using event-based (Case 1), and seasonal data (Case 2). Additionally,
the graph shows the mean and confidence interval (± 3 times the standard error) of the
estimated degrees of freedom for each rainfall event using random subsets of the data
(Case 3 and Case 4). The solid black lines represent the confidence intervals of the esti-
mated parameters based on the random subsets of the seasonal data (Case 4), whereas
the gray lines show the confidence intervals of the estimated parameters based on ran-
dom subsets of the available data for each event (Case 3). Here, the standard error is
used to provide an indication of amount of uncertainty. It is noted, however, that the
estimation of the confidence intervals using the standard error is only acceptable when
the sample size is large or at least moderately large (Bernardo and Smith (2000); Cox and
Hinkley (1974)).

As seen in Figure 4.1, the estimated degrees of freedom (ν) based on the seasonal data
(Case 2) fall within the confidence intervals of the estimated ν from the corresponding
random subsets (Case 4). However, in some rainfall events (e.g. LW2-IV, LW3-IV, GC2-II,
GC3-II), the event-based estimates (Case 1) did not fall within the range of the estimated
ν from the random subsets. This may be due to the fact that the available data in each
event were not sufficient to estimate the parameters reliably (Bouye et al. (2000); Purwono
(2005)). Therefore, the value of the degrees of freedom for each rainfall event is estimated
based on the seasonal data as listed in Table 4.2. In subsequent sections, the fitted copula
is tested through numerous statistical tests.

4.4 Rainfall Simulation

Having estimated the copula parameters as explained in Section 4.3, multiple univariate
random fields are simulated using the Gaussian copula and t-copula (described in Chap-
ter 2). The marginals of the observed error are then applied to the univariate random
fields using the Sklar Theorem (Equation 2.3). In this work, the empirical cumulative
distribution function (CDF) of the observed error is numerically approximated using a
Stair function and applied on the simulated uniform fields. The empirical inverse CDF
of the observed data is basically a stair function, with steps at the values 1/nb, 2/nb, . . . , 1

where nb is the number of bins and the data in each bin is the step height. Figures 4.2(a)
and 4.2(b) show two numerically approximated inverse CDF functions of rainfall error
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Figure 4.1: The estimated degrees of freedom for each rainfall event using event-based
(Case 1), and seasonal data (Case 2). The solid black lines represents the con-
fidence intervals of the random subsets of the seasonal data (Case 4) whereas,
the gray lines show the confidence intervals of the random subsets of the avail-
able data for each event (Case 3).

over the square-marked pixel shown in Figure 3.1 during Events LW1-IV and LW2-IV.
The dotted lines represent the empirical CDFs of the observed error whereas, the solid
lines show the numerically approximated empirical CDFs. It is worth remembering that
copulas are invariant to monotonic transformations, and hence the simulated error fields
will have the same spatial dependence structure after the transformation.

As discussed in section 4.2, in both models (Gaussian copula and t-copula) multiple ran-
dom error fields are simulated using a multiplicative error component and imposed over
radar-based rainfall estimates in order to obtain an ensemble of rainfall realizations. Fig-
ure 4.3(a) presents a radar-based rainfall estimates occurred during Event LW1-IV and
Figure 4.3(b) shows the corresponding rain gauge measurements. Figures 4.3(c) and
4.3(d) display two realizations of conditionally simulated rainfall fields using Gaussian
copula and t-copula, respectively. Similar figures are presented for Events LW2-IV to
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Table 4.2: The estimated degrees of freedom for the rainfall events.

Event Temporal Spatial Degree of Freedom

ID Resolution Resolution ν

LW1-IV 1 hr 16 km2 3.1

LW2-IV 1 hr 16 km2 3.8

LW3-IV 1 hr 16 km2 3.5

LW4-IV 1 hr 16 km2 3.3

LW5-IV 1 hr 16 km2 2.6

GC1-II 15 min 1 km2 2.5

GC2-II 15 min 1 km2 2.7

GC3-II 15 min 1 km2 2.7

GC4-II 15 min 1 km2 2.7

GC5-II 15 min 1 km2 2.1

Figure 4.2: Numerical approximation of inverse CDFs using Stair functions.
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LW5-IV (Figures 4.3(e) to 4.3(t)). A visual comparison confirms that both models repro-
duce the rain gauge measurements (Figures 4.3(b), 4.3(f), 4.3(j), 4.3(n) and 4.3(r)) at
their locations (see Figures 4.3(c), 4.3(d), 4.3(g), 4.3(h), 4.3(k), 4.3(l), 4.3(o), 4.3(p),
4.3(s), 4.3(t)). Note that in the first (LW1-IV) and second (LW2-IV) events, 42 and 22 rain
gauges were available, respectively, whereas in the other events (LW3-IV, LW4-IV and
LW5-IV), 20 rain gauges were in operation and available for analysis. Similar figures for
the rainfall events GC1-IV to GC5-IV are provided in Figures 4.4(a) to 4.4(t). The third
column shows simulated fields using the Gaussian copula, while the fourth column (Fig-
ures 4.4(b), 4.4(d), 4.4(f), 4.4(h) and 4.4(j)) presents rainfall ensembles obtained using
the t-copula.

As mentioned previously, in this study an ensemble approach is used to describe the un-
certainty associated with rainfall estimates. A statistical ensemble of a random process
(here, rainfall error) is an idealization that consists of a large number of random realiza-
tions, each of which represents a possible true observation. For the rainfall events used
in this study, rainfall ensembles are obtained by imposing 500 copula-based simulated
error fields over radar-based estimates. Figures 4.5(a), 4.5(c), 4.5(e), 4.5(g) and 4.5(i)
plot radar estimates and simulated rainfall ensembles (500 realizations) using the Gaus-
sian copula over one radar pixel (the square-marked pixel shown in Figure 3.1) for the
Events LW1-IV, LW2-IV, LW3-IV, LW4-IV and LW5-IV, respectively. The solid black line
represents radar estimates and the gray lines are simulated rainfall realizations over the
length of the storm. Figures 4.5(b), 4.5(d), 4.5(f), 4.5(h) and 4.5(j) present rainfall en-
sembles over the same pixel (the square-marked pixel shown in Figure 3.1)) simulated
using the t-copula.

For the rainfall events occurred across the Goodwin Creek watershed (GC1-IV, GC2-IV,
GC3-IV, GC4-IV and GC5-IV), Figures 4.6(a) to 4.6(j) demonstrate the generated rainfall
ensembles (500 realizations) and radar estimates over one radar pixel (the square-marked
pixel shown in Figure 3.2). In this figure, the first column shows simulated ensembles
using the Gaussian model, while the second column (Figures 4.6(b), 4.6(d), 4.6(f), 4.6(h)
and 4.6(j)) presents rainfall ensembles obtained using the t-copula. In these figures, due
to the higher temporal resolution of the storms, only a short period of each storm is
presented so that the differences between the ensembles generated using the Gaussian
copula and t-copula can be seen. In Figures 4.5 and 4.6, the generated ensembles us-
ing the Gaussian copula and t-copula seem to be quite similar; however, in subsequent
sections, numerous statistical testes are used to highlight the differences between both
models and also to compare them numerically.

In order to validate the presented models, multiple rainfall realizations were simulated
with different numbers of gauges to investigate if the estimated uncertainty encompasses
rain gauge measurements when less numbers of gauges were available. For the Event
LW1-IV, Figures 4.7(a) to 4.7(c) display rainfall ensembles obtained using the Gaussian
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Figure 4.3: Event LW1-IV; (a): radar-based rainfall estimates. (b): rain gauge measure-
ments. (c): simulated rainfall using Gaussian copula. (d): simulated rainfall
using t-copula. Figures (e) to (h), (i) to (l), (m) to (p) and (q) to (t), display
similar plots for Events LW2-IV, LW3-IV, LW4-IV and LW5-IV, respectively.
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Figure 4.4: Event GC1-II; (a): radar-based rainfall estimates. (b): rain gauge measure-
ments. (c): simulated rainfall using Gaussian copula. (d): simulated rainfall
using t-copula. Figures (e) to (h), (i) to (l), (m) to (p) and (q) to (t), present
similar plots for Events GC2-II, GC3-II, GC4-II and GC5-II, respectively.



52 Simulation Using Elliptical Copulas

Figure 4.5: Events LW1-IV to LW5-IV: Rainfall ensembles (500 realizations) simulated us-
ing Gaussian copula ((a),(c),(e),(g),(i)) and t-copulas ((b),(d),(f),(h),(j)) over the
square-marked pixel in Figure 3.1.
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Figure 4.6: Events GC1-II to GC5-II: Rainfall ensembles (500 realizations) simulated us-
ing Gaussian copula ((a),(c),(e),(g),(i)) and t-copulas ((b),(d),(f),(h),(j)) over the
square-marked pixel in Figure 3.2.
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copula model over the x-marked pixel (shown in Figure 3.1) which contained one of
the removed rain gauges. Figures 4.7(d) to 4.7(f) present simulated rainfall realizations
obtained using the t-copula model over the same radar pixel. In Figures 4.7(a) and 4.7(d),
all available gauges are included, whereas in Figures 4.7(b) and 4.7(e), 20 rain gauges
(50% of the available data, representing approximately 1 gauge in 31 km2) are used for
simulations. The selected rain gauges are marked with triangles and diamonds in Figure
4.9(a). In Figures 4.7(c) and 4.7(f), only 5 gauges (12% of the available data representing
approximately 1 gauge in 122 km2), marked with diamonds in Figure 4.9(a), are used
for ensemble generation. A similar figure is provided for Event GC3-II where rainfall
ensembles are generated for the x-marked pixel, shown in Figure 3.2, using different
number of gauges: 18 rain gauges shown in Figure 4.9(b); 10 rain gauges marked with
triangles and diamonds in Figure 4.9(b); 5 rain gauges marked with diamonds in Figure
4.9(b). In these figures, the solid and dashed lines represent radar rainfall estimates and
rain gauge measurements, whereas the gray lines are simulated radar rainfall realizations
over the entire storm. With a few exceptions, the estimated uncertainties associated with
the rainfall estimates reasonably enclose the ground reference measurements (see Figure
4.8).

In order to evaluate the rainfall ensembles, which are generated using different number
of gauges, the number of time steps (nout) where the rain gauge measurements fall out-
side the generated ensembles is counted and normalized with respect to the length of
the storm. It is worth remembering that an ensemble of rainfall estimates is expected
to encompass rainfall observations. Table 4.3 gives the number of time steps (nout in
percentage) that the estimated uncertainty did not enclose the rain gauge measurements.
When all gauges are included, the estimated uncertainty for the Little Washita rainfall
events (LW1-IV to LW5-IV) encompass the rain gauge measurements entirely. For the
Goodwin Creek events (GC1-II to GC5-IV), the gauge measurements do not fall in the
estimated ensemble in few time steps (most are less than 2 %). mainly resulting from: (a)
the Little Washita data are multi-sensor radar estimates that are expected to be in better
agreement with rain gauge measurements; (b) the temporal resolution of the Goodwin
Creek rainfall events are higher. When the number of rain gauges is reduced to 50%,
nout is increased but not significantly (most remain less than 2.5 %). Further reduction of
gauges to 12% for the Little Washita events and 25% for the Goodwin Creek events re-
sulted in an increase of nearly 7% in some instances. The results indicate that even with
a few rain gauges, the simulated ensembles obtained from both Gaussian and t-copula
models, encompass approximately 95 % of the rain gauge measurements. Overall, the
t-copula model performs slightly better (compare columns 4 and 6 with columns 5 and 7,
respectively).

It is pointed out that in the performed analyses with different sets of rain gauges, the
model parameters were estimated based on the selected rain gauges using the method
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Figure 4.7: Event LW1-IV: Simulated rainfall ensembles using the Gaussian copula ((a: 41
gauges), (b: 20 gauges; marked with triangles and diamonds in Figure 4.9(a))
and (c: 5 gauges; marked with diamonds in Figure 4.9(a))) and t-copula ((d:
41 gauges), (e: 20 gauges) and (f: 5 gauges)).
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Figure 4.8: Event GC3-II: Simulated rainfall ensembles using the Gaussian copula ((a: 18
gauges), (b: 10 gauges; marked with triangles and diamonds in Figure 4.9(b))
and (c: 5 gauges; marked with diamonds in Figure 4.9)(b)) and t-copula ((d:
18 gauges), (e: 10 gauges) and (f: 5 gauges)).



4.4 Rainfall Simulation 57

Table 4.3: The number of time steps, nout (%), that the estimated uncertainty did not en-
close the rain gauge measurements.

50% LW Gauges 12% LW Gauges
All Gauges 50% GC Gauges 25% GC Gauges

Event ID Gaussian t-copula Gaussian t-copula Gaussian t-copula

LW1-IV 0.0 0.0 2.1 2.3 4.4 3.9

LW2-IV 0.0 0.0 1.3 0.9 3.8 4.3

LW3-IV 0.0 0.0 1.4 1.2 4.1 3.0

LW4-IV 0.0 0.0 1.9 1.6 3.3 3.7

LW5-IV 0.0 0.0 2.3 1.8 4.2 4.0

GC1-II 0.5 0.3 2.1 2.0 4.9 4.4

GC2-II 1.6 1.0 2.5 2.3 6.1 6.0

GC3-II 1.3 1.2 2.4 2.1 5.7 5.5

GC4-II 1.4 1.1 2.8 2.4 5.6 5.2

GC5-II 1.6 1.3 2.5 2.5 6.7 6.4

Figure 4.9: The rain gauges used for model verification: (a) Little Washita watershed; (b)
Goodwin Creek watershed.

introduced in Section 4.3. In the following, the effects of reducing the number of gauges
on the dependence structure and copula fitting are discussed.
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4.5 Spatial and Temporal Dependencies

The unavailability of a true representation of rainfall in space and time necessitates that
most error models neglect the temporal and spatial dependencies inherent to radar rain-
fall error fields. For example, Smith et al. (1989) modeled random error assuming no
temporal or spatial correlation beyond the size of one radar pixel (4 km x 4 km). How-
ever, significant spatio-temporal dependency may exist in radar error fields, particularly
in space (Jordan et al. (2003)). Carpenter and Georgakakos (2004) recognized this issue
and indicated the need to account for rainfall error dependencies. Jordan et al. (2003)
introduced a random cascade model to generate error fields taking into account error
correlations. The results showed non-negligible dependencies in the error field espe-
cially in space. Ciach et al. (2007) showed that the radar random error component was
correlated in space and the estimated correlations were higher in the cold season. Habib
et al. (2008) showed that the spatial dependence of radar error is not negligible and can
have a significant effect on streamflow hydrologic predictions. Generally, one can argue
that a reasonable representation of dependence structure may be required to generate an
ensemble of rainfall data with the similar dependence structure as that of the rainfall es-
timates. However it may not be possible to obtain multiple generated rainfall fields with
the exact correlation matrix as that of the original field. Nonetheless, the general depen-
dence structure of simulated radar fields should be similar to the dependence structure
of the observed rainfall fields. The reason for this is that if some neighboring pixels show
high dependence in the rainfall image, the same pixels in the simulated rainfall fields
should also exhibit similar dependence structure.

Similar to the previous studies discussed above, the spatial dependence of the observed
radar error in the selected rainfall events is found to be non-negligible. Figures 4.10(a) to
4.10(f) show the correlation matrices of the observed for 6 of the selected rainfall events.
One can see that the rank correlation values cannot be ignored in simulations. Therefore,
the rainfall uncertainty (ε) is assumed to be correlated in space and the Gaussian copula
and t-copula are used for describing the dependence structure. The Spearman rank cor-
relation (ρs) matrix is employed to assess the dependence structure of the simulated error
and rainfall fields. The Spearman rank correlation is a nonparametric method of describ-
ing the dependencies in terms of ranks and is independent of the marginal distributions
(Spearman (1904); Hollander and Wolfe (1973)):

ρs =
n
∑
χiξi −

∑
χi
∑
ξi√

n
∑
χ2
i − (

∑
χi)

2
√
n
∑
ξ2
i − (

∑
ξi)

2
(4.5)

where : χi = rank of xi in X
ξi = rank of yi in Y
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For the Little Washita and Goodwin Creek rainfall events, Figures 4.11(left) and 4.12(left)
present the Spearman correlation matrices of rainfall estimates for 10 radar pixels. Fig-
ures 4.11(middle) and 4.12(middle) show the correlation matrices of one set of simulated
rainfall fields using the Gaussian model, whereas Figures 4.11(right) and 4.12(right)
demonstrate the correlation matrices of one set of generated rainfall fields using the t-
copula (after imposing generated rainfall error (ε) on rainfall estimates). As shown in the
provided examples, the overall spatial dependence structure is reasonably preserved. In
order to analyze the correlation matrices of the simulated and observed radar fields and
to quantify the error, the Mean Absolute Error (MAE) of the correlation matrices of the
simulated radar estimates is calculated with respect to the observed radar estimates. The
mean absolute error which is a quantity often used to measure how close simulations are
to the observations, is defined as (Cox and Hinkley (1974); Bernardo and Smith (2000)):

MAE =
1

n

n∑
i=1

|Si −Oi| (4.6)

where : Si = simulated values
Oi = observed values
n = number of pairs (simulation, observation)

Figure 4.10: Rank correlation matrices of the observed radar error.
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Figure 4.11: Rank correlation matrices of Events LW1-IV to LW5-IV (left); Rank correla-
tion matrices of one set of simulated data using: Gaussian copula (middle);
t-copula (right).
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Figure 4.12: Rank correlation matrices of Events GC1-IV to GC5-IV (left); Rank correla-
tion matrices of one set of simulated data using: Gaussian copula (middle);
t-copula (right).
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Table 4.4: The mean absolute error (MAE) of the correlation matrices of the simulated
rainfall fields with respect to the observed.

50% LW Gauges 12% LW Gauges
All Gauges 50% GC Gauges 25% GC Gauges

Event ID Gaussian t-copula Gaussian t-copula Gaussian t-copula

LW1-IV 0.061 0.076 0.091 0.088 0.159 0.181

LW2-IV 0.040 0.039 0.105 0.093 0.183 0.169

LW3-IV 0.041 0.034 0.086 0.083 0.217 0.199

LW4-IV 0.056 0.030 0.055 0.061 0.133 0.130

LW5-IV 0.088 0.054 0.117 0.109 0.208 0.211

GC1-II 0.078 0.052 0.122 0.129 0.122 0.129

GC2-II 0.054 0.035 0.082 0.080 0.109 0.116

GC3-II 0.053 0.026 0.095 0.090 0.156 0.143

GC4-II 0.043 0.030 0.078 0.084 0.137 0.132

GC5-II 0.028 0.010 0.095 0.086 0.144 0.151

Table 4.4 lists the MAE values for the correlation matrices of the simulated rainfall fields
with respect to the correlation matrix of the observed radar rainfall. In this table, the
MAE is also provided for the cases where the number of gauges is reduced (see Section
4.4 for details on the selected gauges). As one may intuitively expect, the table shows that
the mean absolute error increases as the number of rain gauges decreases. Furthermore,
the table indicates that even with few rain gauges, the MAE values are rather low for
both Gaussian and t-copula models, meaning the presented models can be applied even
with a few rain gauges available.

In the following, the model performance is also investigated in terms of temporal depen-
dencies. In a recent work involving the Goodwin Creek watershed, Habib et al. (2008)
reported that the temporal autocorrelations of the radar rainfall error were rather low at
the first time lag and close to zero for larger time lags. In the selected rainfall events,
the temporal autocorrelations of the observed error were found to be negligible (e.g. see
Figure 4.13) and hence the temporal autocorrelation of rainfall error is not explicitly in-
cluded in the presented models. However, when simulated error fields are imposed over
radar estimates, the resulting rainfall fields will be temporally correlated, which results
from the dominance of the underlying autocorrelations of the rainfall estimates. Figures
4.14(left) and 4.15(left) demonstrate the temporal autocorrelations of the radar estimates
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and 500 simulated rainfall fields using the Gaussian copula for the square-marked pixel
in Figures 3.1 and 3.2, respectively. Figures 4.14(right) and 4.15(right) plot the temporal
autocorrelations when t-copula was used for simulations. The figures confirm that sim-
ulated rainfall realizations have realistic temporal autocorrelation characteristics. How-
ever, most of the simulated rainfall realizations have lower temporal autocorrelations,
which result from the perturbation of the rainfall estimates with random fields.

Figure 4.13: Temporal autocorrelation of the observed radar error for the x-marked pixel
in Figures 3.1 and 3.2.
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Figure 4.14: Temporal autocorrelation of rainfall estimates and 500 simulated rainfall
realizations of Events LW1-IV to LW5-IV using: Gaussian copula (left); t-
copula (right) for the square-marked pixel shown in Figure 3.1.
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Figure 4.15: Temporal autocorrelation of rainfall estimates and 500 simulated rainfall re-
alizations of Events GC1-IV to GC5-IV using: Gaussian copula (left); t-copula
(right) for the square-marked pixel shown in Figure 3.2.
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4.6 Extreme Values

In this section, the Gaussian and t-copula based models are compared with respect to
the extremes. In order to investigate this issue, the 90th percentile and 75th percentile
of the radar estimates are assumed as the extreme value thresholds. Then, the number
of occurrences of rainfall values above the thresholds in the simulated rainfall fields are
compared with those of the radar rainfall estimates. Figures 4.16(a) to 4.16(e) present
the total number of occurrences above the 90th percentile of radar estimates (solid black
lines), mean number of occurrences above the same threshold in 500 realizations sim-
ulated using the Gaussian copula (dashed lines) and the number of occurrences above
the 90th percentile of radar estimates in each simulated realization. In the figures, the
x-axis shows the number of simulated realizations (here 500) and the y-axis represents
the number of occurrences above the threshold (90th percentile) of the observations. Fig-
ures 4.16(f) to 4.16(j) provide similar results for the case of t-copula simulations. One
can observe that the Gaussian simulated fields slightly underestimate the number of ex-
treme occurrences. Overall, the figures show that, in terms of the number of extreme
occurrences, the t-copula is preferred. Similar figures are provided for the number of
extreme occurrences above the 75th percentile of the radar estimates (see Figure 4.17).
Table 4.5 summarizes the error (%) in the number of occurrences in the simulated fields
with respect to the observed rainfall data. As listed, for the lower threshold, the differ-
ences between Gaussian and t-copula models are insignificant (compare columns 4 and
5 to columns 2 and 3). It is worth remembering the asymptotic independence character-
istics of the Gaussian copula that results in less occurrence of extremes than the t-copula.
As discussed in Chapter 2, t-copula shows a positive tail dependence that indicates,
using t-copula for simulation, one can expect larger extreme values to be generated si-
multaneously than by the Gaussian copula (Embrechts et al. (2001)). This implies that for
modeling extremes, Gaussian copula may not be an appropriate choice of copula family.

4.7 Summary and Discussion

Remotely sensed rainfall estimates, unlike traditional gauge measurements, capture the
details of spatial variability of rainfall. However, they are subject to various errors from
different sources that may affect hydrologic and meteorological applications. In this
study two models were presented for simulation of rainfall error estimates using the
well-known Gaussian copula and t-copula. The rainfall uncertainty is assumed to be an
additive term as shown in Equation 4.1. A multiplicative error component was employed
to account for the proportionality of rainfall error (Ri× ε) to rainfall rates reported in var-
ious studies (Habib et al. (2008); Ciach et al. (2007)). Multiple realizations of rainfall error
are simulated based on the observed error values and proportional the magnitude of the



4.7 Summary and Discussion 67

Figure 4.16: Total number of occurrences above the 90th percentile of radar data (solid
black lines), mean number of occurrences above the same threshold in 500
realizations (dashed lines) and the number of occurrences above the 90th
percentile of radar estimates in each simulated realizations.
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Figure 4.17: Total number of occurrences above the 75th percentile of radar data (solid
black lines), mean number of occurrences above the same threshold in 500
realizations (dashed lines) and the number of occurrences above the 75th
percentile of radar estimates in each simulated realizations.
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Table 4.5: The error (%) in the number of extreme occurrences in the simulated fields with
respect to the observed rainfall data.

90th percentile 75th percentile
Event ID Gaussian t-copula Gaussian t-copula

LW1-IV 3.6 1.9 0.7 0.6

LW2-IV 2.8 0.9 1.1 0.8

LW3-IV 1.4 0.6 0.3 0.3

LW4-IV 1.5 0.8 0.6 0.5

LW5-IV 0.7 0.6 0.9 0.5

rain rate for the corresponding pixel in rainfall estimates (radar image). This approach
guarantees that simulated rainfall error fields match observed error data conditioned on
rainfall rates. That is, one can avoid unrealistically large errors while the magnitude of
rain rate is not significant. To demonstrate the model performance, Stage IV radar rain-
fall and Level II reflectivity data were used as the input to the models to generate an
ensemble of rainfall realizations.

The copula parameters were estimated based on the available observations. In order
to test how well the copula-based models fit the observations, cross validation was em-
ployed considering the mean absolute error (MAE) as the estimator. Cross-validation is a
well known approach that can be used to evaluate fitted models to observations and also
to compare performances of different predictive modeling procedures (Picard and Cook
(1997); Efron and Tibshirani (1990)). Table 4.6 lists the results of the repeated random
sub-sampling cross validation (Picard and Cook (1997)) for the fitted Gaussian copula
and t-copula to the observations. It is noted than for the case where only 5 rain gauges
were included in simulations, a different cross validation technique, leave-one-out cross-
validation (LOOCV) was used due to the limited observations (see columns 6 and 7 in
Table 4.6). In this approach a single observation from the original sample is used for
validation, and the remaining observations as the training data. This is repeated for the
number of observations such that each observation is used once as the validation data.
One can see that the t-copula model fits better to the observations. Furthermore, the table
indicates that with less number of gauges available, the mean absolute error does not
change dramatically.

In the presented models, instead of fitting a standard distribution function to the data,
the empirical CDF of observed error is applied to the uniformly simulated error val-
ues so that simulated error values will have the same CDF as that of observed. This
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Table 4.6: The results of cross validation for the Gaussian copula and t-copula models
(MAE estimator).

50% LW Gauges 12% LW Gauges
All Gauges 50% GC Gauges 25% GC Gauges

Event ID Gaussian t-copula Gaussian t-copula Gaussian t-copula

LW1-IV 0.98 0.97 1.34 0.93 2.49 2.35

LW2-IV 0.85 0.84 1.31 1.23 2.50 2.28

LW3-IV 1.34 1.18 1.59 1.46 2.70 2.56

LW4-IV 1.03 0.93 1.07 1.00 2.47 2.20

LW5-IV 1.17 1.16 1.74 1.62 2.74 2.43

GC1-II 1.00 0.99 1.14 1.16 2.78 2.48

GC2-II 0.84 0.87 1.79 1.77 2.93 2.59

GC3-II 1.08 0.87 1.66 1.65 2.80 2.71

GC4-II 0.85 0.94 1.80 1.67 3.06 2.52

GC5-II 1.21 1.03 2.06 1.97 2.67 2.64

significant improvement helps avoiding the problem of overshooting (simulating un-
realistically large values) which typically happens when a standard distribution func-
tion is fitted and used for simulations. Visual comparisons and also the Two-sample
Kolmogorov-Smirnov test confirmed that the CDFs of observed error were reasonably
reproduced regardless of the type of copula family (here, Gaussian copula and t-copula)
used for simulations.

In terms of preserving spatial dependencies, both Gaussian and t-copula models were
quite similar. However, for simulation of extremes (rainfall error above/below a certain
threshold), using t-copula seemed to have significant advantages over Gaussian copula.
The results showed that for a constant threshold, occurrence of extremes in Gaussian cop-
ula is less than the t-copula. This implies that for modeling extreme values, the t-copula
is more appropriate, as the Gaussian copula may underestimate occurrence of extremes.
However, one should be aware that the choice of copula family may be problem depen-
dent and cannot be simply generalized with few case studies.

The case studies and the results presented here indicate that one can simulate an en-
semble of rainfall realizations by imposing generated error fields over rainfall estimates.
The idea of perturbing rainfall estimates with error fields to obtain a rainfall ensemble,
has some advantages over simulation of rainfall fields directly. For example, in the in-
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troduced models, accounting for temporal self-correlations of rainfall error was not in-
cluded in the model explicitly. However, simulated rainfall fields, after perturbation with
generated error fields, were found to be temporally autocorrelated, resulting from the
dominance of the underlying temporal self-correlations of rainfall estimates.

In the following chapters, after introducing two different models for radar rainfall sim-
ulation, a comprehensive discussion is provided to address various issues including, the
choice of copula, statistical characteristics of radar error and modeling spatial depen-
dence structure.



5 Simulation Using v-Copula

5.1 Introduction

In the previous chapter, two elliptical copulas (the Gaussian copula and t-copula), were
used for simulation of radar rainfall error fields. Elliptical copulas describe the depen-
dence structure fully symmetrically (Abdous et al. (2003)). That is, they are restricted
to radial asymmetry in the dependence structure. Previous studies, however, showed
that the dependence structure may depart from Gaussianity (Bárdossy (2006); Journel
and Alabert (1989); Gomez-Hernandez and Wen (1998)). Alternative approaches are re-
quired to account for asymmetry in the dependence structure. To address this issue, a
multivariate non-Gaussian copula-based model is introduced that can account for asym-
metrical dependencies through a number of parameters. In this model, the v-transformed
copula (Bárdossy (2006)) is used to describe the dependencies. The v-transformed cop-
ula (v-copula) is expected to model data with pairwise different degrees of association.
In other words, the desirable property of v-copula is the ability to highlight the differ-
ence between the dependence of high and low values. The general formulation of the
v-transformed copula is discussed in Chapter 2. In this chapter, implication of this cop-
ula family for simulation of remotely sensed rainfall fields is discussed. As mentioned
previously, remotely sensed rainfall estimates are subject to different types of error such
as measurement biases, inherent retrieval errors and sampling uncertainty. (Hossain and
Huffman (2008); Margulis et al. (2006); Dong et al. (2005); Lucieer and Kraak (2004);
Bastin et al. (2002)). An ensemble-based approach is presented here for simulation of
rainfall fields using the v-transformed copula. Using this model, multiple radar error
fields are stochastically simulated and then imposed over rainfall estimates in order to
generate and ensemble of rainfall realizations. The presented model is implemented for
both radar reflectivity (Level II) and Stage IV radar-based multi-sensor precipitation es-
timates (the same events used in the previous chapter). In the following sections, after
a brief discussion on the definition of symmetric and asymmetric dependence structure,
the model is described and implemented for the selected rainfall events (introduced in
Chapter 3). Several statistical tests are then performed to evaluate the applicability of
the model.
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5.2 Model Description

As mentioned before, one way to account for uncertainties associated with rainfall esti-
mates is to generate an ensemble of rainfall realizations that is a representation of possible
variabilities in precipitation data. Multiple realizations of rainfall fields can be obtained
by imposing random error fields over the radar rainfall estimates: Rs = Ri + Ri × ε.
The second term represents the error component which is known to be proportional to
the magnitude of rain rate (Habib et al. (2008); Villarini et al. (2009); Ciach et al. (2007)).
In this model, a multiplicative error component Ri × ε, as explained in Section 4.2, is
included to account for the proportionality of simulated error estimates to the magni-
tude of rainfall rates. This property of radar-based rainfall error estimates is discussed in
Chapter 4 in more detail.

In the presented model, the empirical cumulative distribution function (CDF) of the ob-
served error is applied to the simulated uniform values so that the simulated fields are
similar to the observations with respect to the CDF (for details the reader is referred to
Chapter 4). It should be noted that in this model simulated error fields are conditioned
on observed error values, which are typically obtained from rain gauge observations. By
conditioning simulated error fields on observed error values and imposing error fields on
radar estimates, the ground reference measurements will be honored at their locations in
the simulated rainfall fields.

5.3 Parameter Estimation

Using the available rain gauge measurements and radar estimates, the parameters of the
v-copula model are to be estimated first. The v-transformed copula is parameterized with
the correlation matrix and two other parameters, k and m, which are used to transform
the multivariate normal copula (see Section 2.2.3 for details). In this study the parameter
estimation method is based on Bárdossy and Li (2008) whereby the correlation matrix
is described as a parameter dependent on different distance vectors (d). Based on this
assumption, the correlation matrix can be obtained using the spherical function. A like-
lihood approach is used where the likelihood function itself consists of the product of
multiple likelihood functions obtained from disjoint subsets of data. For each subset of
observations, the likelihood function (L) for n observation points and m subsets can be
expressed as:

L((m, k, s0, s1, s2, r1, r2)|F (x1), . . . , F (xn)) = Πm
i=1c(Si, (m, k, s0, s1, s2, r1, r2)) (5.1)
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where : k, m = copula parameters
s1, s2 = sills of the spherical function
s0 = nugget effect
r1, r2 = ranges of the spherical function
Si = a subset of observations

Table 5.1 lists the parameters (s0, s1, s2, r1, r2, k andm) of the v-transformed copula used
for simulations. For Events LW3-IV and GC1-II, the parameter k was estimated to be 1,
indicating a symmetric transformation function. It is noted that for the v-copula param-
eter estimation, similar to the approach explained in Chapter 4, estimation is performed
based on the seasonal data (e.g. summer 2003, summer 2004, etc.) in which the event
occurs.

Table 5.1: The parameters of the spherical function.

Event ID s0 s1 s2 r1 [m] r2 [m] k m

LW1-IV 0.01 0.14 0.43 3400 14000 1.2 2.0

LW2-IV 0.03 0.12 0.41 2800 14500 0.9 3.1

LW3-IV 0.01 0.11 0.53 3800 14000 1.0 1.5

LW4-IV 0.04 0.19 0.45 3900 15500 2.1 3.8

LW5-IV 0.05 0.20 0.42 3400 13500 1.6 1.4

GC1-II 0.04 0.31 0.31 3200 7000 1.0 2.2

GC2-II 0.02 0.21 0.46 2600 5500 1.1 2.6

GC3-II 0.02 0.21 0.46 2600 5500 1.1 2.6

GC4-II 0.02 0.21 0.46 2600 5500 1.1 2.6

GC5-II 0.01 0.14 0.34 2400 6500 1.4 1.9

5.4 Ensemble Generation Using v-Copula

Having estimated the parameters, multiple random fields are simulated using the v-
transformed copula as described in Chapter 2. The marginal of the observed error is
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then applied to the simulated univariate random fields using the Sklar Theorem (Equa-
tion 2.3). Figure 5.1(a) shows a radar rainfall image from rainfall Event LW1-IV, and Fig-
ure 5.1(b) presents the corresponding rain gauge measurements. Figure 5.1(c) displays
an example of conditionally simulated rainfall field using the v-copula after imposing
error fields over radar estimates. For rainfall Events LW2-IV to LW5-IV, Figures 5.1(d) to
5.1(o) show observed and simulated radar fields using the v-copula model. One can see
that the model reproduces the rain gauge measurements (Figures 5.1(b), 5.1(e), 5.1(h),
5.1(k) and 5.1(n)) at their locations (see Figures 5.1(c), 5.1(f), 5.1(i), 5.1(l), 5.1(o)). During
Events LW1-IV and LW2-IV, 42 and 22 rain gauges were available for simulations, respec-
tively. While during the other events (LW3-IV, LW4-IV and LW5-IV), 20 rain gauges were
in operation and available for analysis. Figures 5.2(a) to 5.2(o) display examples of sim-
ulated fields for the rainfall events that occurred across the Goodwin Creek watershed.
In this figure, similar to Figure 5.1, the third column shows a number of simulated fields
using the v-copula model (see Figures 5.2(c), 5.2(f), 5.2(i), 5.2(l) and 5.2(o)).

In this study the estimated uncertainty is described through an ensemble of rainfall esti-
mates. The following displays the results of using the v-copula model to simulate rainfall
ensembles for the selected events. Figures 5.3(a), 5.3(c), 5.3(e), 5.3(g) and 5.3(i) display
radar estimates and simulated rainfall ensembles (500 realizations) over one radar pixel
(the square-marked pixel shown in Figure 3.1) for rainfall Events LW1-IV, LW2-IV, LW3-
IV, LW4-IV and LW5-IV, respectively. Figures 5.3(b), 5.3(d), 5.3(f), 5.3(h) and 5.3(j), on
the other hand, plot simulated rainfall ensembles over the square-marked pixel shown
in Figure 3.2 for rainfall Events GC1-II, GC2-II, GC3-II, GC4-II and GC5-II, respectively.
In the figure, the solid black lines show radar estimates, whereas the gray lines represent
simulated rainfall realizations over the length of the storm. As shown, the simulated
ensembles do not show unrealistic realizations. In subsequent sections, various statisti-
cal tests are performed to verify the model performance in more detail. It is noted that
in the v-copula model, the multiplicative error component (introduced in Chapter 4) is
used to assure that the simulated error values are proportional to the rain rate magni-
tude. Furthermore, the empirical cumulative distribution function of the observed error
is applied to the simulated error to ensure that the simulated error fields are similar to
the observations with respect to the cumulative distribution function.

The presented v-copula model is validated by removing 50% (22 rain gauges) and 88%
(37 rain gauges) of the available data across the Little Washita watershed such that each
gauge represents 31 km2 and 122 km2, respectively. For the Goodwin Creek rainfall
events (GC1-II, GC2-II, GC3-II, GC4-II and GC5-II), 50% (10 rain gauges) and 75% (15
rain gauges) are removed from the analysis and the rainfall ensembles are simulated
based on the remaining data. The idea is to investigate whether or not the estimated un-
certainty encompasses rain gauge measurements if fewer gauges were available. For the
Event LW1-IV, for example, Figures 5.4(a), 5.4(b) and 5.4(c) display rainfall ensembles
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Figure 5.1: Event LW1-IV; (a): radar-based rainfall estimates. (b): rain gauge measure-
ments. (c): simulated rainfall using the v-copula. Figures (d) to (f), (g) to (i), (j)
to (l) and (m) to (o), display similar plots for Events LW2-IV, LW3-IV, LW4-IV
and LW5-IV, respectively.



5.4 Ensemble Generation Using v-Copula 77

Figure 5.2: Event GC1-II; (a): radar-based rainfall estimates. (b): rain gauge measure-
ments. (c): simulated rainfall using the v-copula. Figures (d) to (f), (g) to (i),
(j) to (l) and (m) to (o), display similar plots for Events GC2-II, GC3-II, GC4-II
and GC5-II, respectively.
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Figure 5.3: Simulated rainfall ensembles (500 realizations) using the v-copula for:
the Little Washita events ((a),(c),(e),(g),(i)); the Goodwin Creek events
((b),(d),(f),(h),(j)).
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simulated using the v-copula based model for the x-marked pixel (shown in Figure 3.1),
which contained one of the removed rain gauges. In Figure 5.4(a) 41 rain gauges were
used for simulation, whereas in Figures 5.4(b) and 5.4(c), 20 and 5 rain gauges were
included for ensemble generation, respectively. Figures 5.4(d), 5.4(e) and 5.4(f) plot
rainfall ensembles for Event GC3-II over the x-marked pixel, shown in Figure 3.2, using
a different number of gauges; 5.4(d): 18 rain gauges shown in Figure 4.9(b); 5.4(e): 10
rain gauges marked with triangles and diamonds in Figure 4.9(b); 5.4(f): 5 rain gauges
marked with diamonds in Figure 4.9(b). The solid and dashed lines represent radar
estimates and rain gauge measurements, whereas the gray lines are simulated radar real-
izations (uncertainty) over the length of the storm. As shown, the estimated radar rainfall
uncertainties reasonably encompass the rain gauge measurements with the exception of
a few time steps. In general, a reasonable estimate of uncertainty (here, the generated
ensemble) is expected to enclose the ground reference measurements.

The generated ensembles using different numbers of gauges are evaluated by counting
the number of time steps (nout) where the ground reference measurements do not fall in-
side the estimated uncertainty. Table 5.2 lists the number of time steps (nout) in percent-
age. For the Little Washita events, the estimated uncertainty based on all the available
gauges encloses the rain gauge estimates thoroughly. However, in Events GC1-II to GC5-
IV, the estimated uncertainties do not encompass the ground reference measurements in
few time steps (see the second column in Table 5.2). As explained in the previous chap-
ter, the multi-sensor radar estimates (Little Washita Events) are expected to be in better
agreement with rain gauge measurements. Reducing the available gauges to half results
in an increase in the nout of approximately 1% to 2% for both Goodwin Creek and Lit-
tle Washita events. Further reduction of gauges to 25% for the Goodwin Creek events
and 12% for the Little Washita events, results in an increase of nout to a maximum of
6.5%. Overall the table indicates that with a few rain gauges across the watershed, the
estimated uncertainty obtained from the v-copula model reasonably encloses the ground
reference measurements. In Chapter 8, the estimated uncertainties obtained from the
v-copula, Gaussian and t-copula models are compared numerically and are followed by
a detailed discussion.

5.5 Spatial and Temporal Dependencies

In this study, the error term (ε in Equation 4.1) is assumed to be correlated in space,
and the spatial dependence is described using the v-copula. It is worth pointing out
that the spatial dependence of radar rainfall error is known to be non-negligible (Jordan
et al. (2003); Ciach et al. (2007); Habib et al. (2008); Villarini et al. (2009)), and ignoring it
may result in noisy outputs. Generally, simulated rainfall fields are expected to exhibit
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Figure 5.4: Simulated rainfall ensembles using the v-copula model: ((a: 41 gauges), (b:
20 gauges; marked with triangles and diamonds in Figure 4.9(a)) and (c: 5
gauges; marked with diamonds in Figure 4.9(a))); ((d: 18 gauges), (e: 10
gauges; marked with triangles and diamonds in Figure 4.9(b)) and (f: 5
gauges; marked with diamonds in Figure 4.9(b)).
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Table 5.2: The number of time steps, nout (%), that the estimated uncertainty using the
v-copula model did not enclose the rain gauge measurements.

50% LW Gauges 12% LW Gauges
All Gauges 50% GC Gauges 25% GC Gauges

LW1-IV 0.0 2.2 4.2

LW2-IV 0.0 1.1 4.0

LW3-IV 0.0 1.2 4.1

LW4-IV 0.0 1.7 3.3

LW5-IV 0.0 2.2 4.3

GC1-II 0.4 2.3 4.6

GC2-II 1.4 2.5 6.1

GC3-II 1.2 2.3 5.5

GC4-II 1.2 2.6 5.5

GC5-II 1.5 2.6 6.5

similar spatial dependence to that of original radar estimates. In order to assess the de-
pendence structure of observed and simulated radar rainfall fields, the Spearman’s rank
correlation (ρs) is used for analysis (Equation 4.5). For Events LW1-IV to LW5-IV, Fig-
ures 5.5(a), 5.5(c), 5.5(e), 5.5(g) and 5.5(i) display the Spearman correlation matrices of
rainfall estimates of 10 MPE pixels, while Figures 5.5(b), 5.5(d), 5.5(f), 5.5(h) and 5.5(j)
present the correlation matrices of one set of simulated rainfall fields using the v-copula.
Similarly, for Events GC1-II to GC5-IV, Figures 5.6(a), 5.6(c), 5.6(e), 5.6(g) and 5.6(i)
show the Spearman correlation matrices of rainfall estimates of 10 MPE pixels, whereas
Figures 5.6(b), 5.6(d), 5.6(f), 5.6(h) and 5.6(j) display the correlation matrices of one set
of simulated rainfall fields. As shown in the provided figures, the overall spatial depen-
dence structure is reasonably preserved in the simulated fields using the v-copula model.
In order to quantify the error, the values of the Mean Absolute Error (MAE) of the sim-
ulated and observed correlation matrices are given in Table 5.3. The table also provides
the mean absolute error of the correlation matrices for the cases where fewer gauges were
used for simulations (see Section 5.4 for details on the selected gauges). The the table in-
dicates that the MAE increases as the number of rain gauges decreases. Additionally,
a comprehensive comparison of the models’ (Gaussian, t-copula, and v-copula) spatial
dependence is provided in Chapter 8.
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Table 5.3: The mean absolute error (MAE) of the correlation matrices of the simulated
rainfall fields with respect to the observed (v-copula model).

50% LW Gauges 12% LW Gauges
Event ID All Gauges 50% GC Gauges 25% GC Gauges

LW1-IV 0.051 0.090 0.178

LW2-IV 0.039 0.099 0.174

LW3-IV 0.031 0.085 0.201

LW4-IV 0.041 0.059 0.126

LW5-IV 0.063 0.112 0.219

GC1-II 0.059 0.133 0.130

GC2-II 0.041 0.082 0.099

GC3-II 0.039 0.089 0.148

GC4-II 0.038 0.082 0.131

GC5-II 0.016 0.090 0.148

As discussed in Chapter 4, the temporal autocorrelations of radar rainfall error are re-
ported to be rather low (Habib et al. (2008)). This issue has been confirmed for the events
used in this study (see Figure 4.13). In the presented v-copula model, the temporal au-
tocorrelation of error is not explicitly accounted for. However, by imposing error fields
over radar estimates, the underlying temporal autocorrelations of radar estimates will
be carried forward to the simulated fields. For the Little Washita events, Figures 5.7(a),
5.7(c), 5.7(e), 5.7(g) and 5.7(i) plot the temporal autocorrelations of the radar estimates
and 500 simulated rainfall fields using the v-copula for the square-marked pixel shown in
Figure 3.1. Similarly, for the Goodwin Creek events, Figures 5.7(b), 5.7(d), 5.7(f), 5.7(h)
and 5.7(j) display the temporal autocorrelations of the radar estimates and 500 simulated
rainfall fields for the square-marked pixel shown in Figure 3.2. Overall, the figures show
that the simulated rainfall fields have quite similar temporal autocorrelation characteris-
tics. It is noted, however, that the simulated ensembles exhibit slightly lower temporal
autocorrelations due to disturbing radar rainfall data with random error fields.

5.6 Extreme Values

A major difference associated with different copula families is the inherent tail depen-
dence. A particular type of copula may provide strong upper tail dependence, whereas
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Figure 5.5: Rank correlation matrices of Events LW1-IV to LW5-IV (left); Rank correlation
matrices of one set of simulated data using v-copula (right).
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Figure 5.6: Rank correlation matrices of Events GC1-IV to GC5-IV (left); Rank correlation
matrices of one set of simulated data using v-copula (right).
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Figure 5.7: Temporal autocorrelations of rainfall estimates and 500 simulated rainfall re-
alizations for: (left) Events LW1-IV to LW5-IV; (right) Events GC1-II to GC5-II.
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another copula may represent strong lower tail dependence. The selected copula family
for a practical application has to be tested with respect to the extremes. In the following,
the v-copula model is tested for probability occurrence of extreme values. In this study,
the 90th percentile and 75th percentile of the radar estimates are assumed as the extreme
value thresholds. In order to investigate the v-copula model with respect to extremes,
the number of extreme occurrences above the thresholds in the simulated fields are com-
pared with the radar rainfall estimates. For the Little Washita events, Figures 5.8(a) to
5.8(e) display the sum of the number of occurrences above the 90th percentile threshold
(solid black lines), the mean of the number of occurrences above the 90th percentile in 500
realizations simulated using the v-copula (dashed lines) and the number of occurrences
above the threshold of radar estimates in each simulated realization (gray lines).

Figures 5.8(f) to 5.8(j) present similar figures for the Goodwin Creek rainfall. In the
figures, the x-axis shows the number of simulated realizations (here 500) and the y-axis
represents the number of occurrences above the threshold (90th percentile) of the obser-
vations. One can see that in most cases the v-copula model slightly over estimates the
number extreme occurrences, which indicates that the v-copula shows a positive tail de-
pendence (see Chapter 2). For the 75th percentile, Figures 5.9(a) to 5.9(e) and Figures
5.9(f) to 5.9(j) plot the number of extreme occurrences above the threshold. Table 5.4 lists
the error (%) in the number of extreme occurrences in the simulated rainfall ensembles
with respect to the observed rainfall fields. The second and third columns show the error
(%) for the 90th and 75th percentile thresholds, respectively.

5.7 Summary and Discussion

It is well known that remotely sensed rainfall data are subject to different types of errors
that affect the quality of rainfall estimates. In this chapter, a non-Gaussian copula-based
model for simulation of remotely sensed rainfall data is implemented by imposing sim-
ulated error fields over remotely sensed rainfall estimates was presented. In this model,
rainfall uncertainty is assumed to be a spatially correlated additive term, as shown in
Equation 4.1. Several studies have confirmed that rainfall error is not independent of the
magnitude of the rain rate (AghaKouchak et al. (2009); Villarini et al. (2009); Ciach et al.
(2007)). This property of rainfall uncertainty is accounted for by using a multiplicative
error term (Ri × ε). Using this method, one can avoid unrealistically large error values
where the rain rate is not significant.

In this model, a v-transformed copula was employed to describe the dependence struc-
ture of the rainfall data without the influence of the marginal distribution. Spatial depen-
dencies of the simulated radar rainfall fields were then investigated by calculating their
rank correlation matrix. The results revealed that this copula-based model preserves the
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Figure 5.8: Total number of occurrences above the 90th percentile of radar data (solid
black lines), mean number of occurrences above the same threshold in 500
realizations (dashed lines) and the number of occurrences above the 90th per-
centile of radar estimates in each simulated realizations.
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Figure 5.9: Total number of occurrences above the 75th percentile of radar data (solid
black lines), mean number of occurrences above the same threshold in 500
realizations (dashed lines) and the number of occurrences above the 75th per-
centile of radar estimates in each simulated realizations.
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Table 5.4: The error (%) in the number of extreme occurrences in the simulated fields (v-
copula) with respect to the observed rainfall data.

Event ID 90th percentile 75th percentile

LW1-IV 2.1 1.2

LW2-IV 2.0 0.6

LW3-IV 2.1 1.0

LW4-IV 1.8 0.7

LW5-IV 1.2 0.4

GC1-II 1.9 0.8

GC2-II 0.7 0.1

GC3-II 0.8 0.5

GC4-II 0.8 0.4

GC5-II 0.7 0.1

spatial dependence of the simulated rainfall fields. It should be noted that no explicit ac-
counting for error temporal autocorrelation was included in the model. However, owing
to the inherent dominance of the temporal autocorrelation values, the results show that
the trend of temporal autocorrelations in simulated fields will be similar to the temporal
autocorrelation of the rainfall estimates.

It is noted that the issue of accounting for spatial dependencies using copulas requires
further investigations, as the choice of copula itself plays an important role (Melchiori
(2003); Venter (2002); Embrechts et al. (2001)). Using cross validation by taking the mean
absolute error (MAE) as the estimator, the fitted copula was tested based on the available
observations. Table 5.5 summarizes the results of the repeated random sub-sampling
cross validation (Picard and Cook (1997)) for the fitted v-copula to the observations. Sim-
ilar to the analysis presented in Chapter 4 for the case where only 5 reference gauges are
used in simulations, the leave-one-out cross-validation method (LOOCV) is employed
due to the limited observations (see column 4 in Table 5.5). In this method, a single
observation from the original sample is put aside for validation, and the remaining ob-
servations are used as the training data. This is repeated for the number of observations
such that each observation is used as the validation data once. It is noted that the mean
absolute error does not change considerably as the number of gauges is reduced. Over-
all, it seemed that the v-transformed copula is an appropriate choice for modeling spatial
dependencies. However, the parameter estimation and simulation process is computa-
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tionally demanding.

Table 5.5: The results of cross validation for the v-copula model (MAE estimator).

50% LW Gauges 12% LW Gauges
Event ID All Gauges 50% GC Gauges 25% GC Gauges

LW1-IV 0.90 0.91 2.40

LW2-IV 0.72 1.14 2.44

LW3-IV 1.06 1.56 2.66

LW4-IV 0.98 1.08 2.35

LW5-IV 1.08 1.71 2.50

GC1-II 1.11 1.09 2.72

GC2-II 0.99 1.81 2.80

GC3-II 1.00 1.76 2.88

GC4-II 0.84 1.79 2.92

GC5-II 1.14 2.02 2.60

In most rainfall simulation models, a standard distribution function is fit to the data and
used for simulation in order to simplify the process. Often, the normal distribution is
used for its simplicity in terms of parameter estimation and simulation of multivariate
fields. In this work, however, the empirical marginal distribution of the observed rainfall
error is applied so that simulated error values will have the same distribution function as
that of the observed.

The v-copula model is also validated by generating rainfall ensembles with different
numbers of gauges to investigate the estimated uncertainty when fewer gauges were
available. The number of gauges used for simulations were reduced to 20 and 5 gauges
for the Little Washita events and 10 and 5 gauges for the Goodwin Creek events. The
results showed that the estimated uncertainties associated with the radar data enclosed
the rain gauge measurements except at few time steps. It is pointed out that as the num-
ber of gauges decreases, the sample size of the observed error decreases. This may, but
not necessarily, result in a shorter range of error (the difference between minimum and
maximum error). One can intuitively conclude that any change in the error range and
thus the empirical distribution of error will also affect the estimated uncertainty.

It is noted that in most radar pixels, one individual gauge is used to represent the true
area average rainfall over a pixel size of (16 km2/ 1 km2), which may not be very ac-
curate. However, based on the available rain gauge stations, this was the best possible
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approximation of the true area average rainfall values. Obviously, one can argue that
unreliable rain gauge measurements may result in inaccurate true area average rainfall
representation and thus cause errors in parameter estimation. Consequently, this will af-
fect the simulated rainfall fields, especially in the case of conditional simulation. Overall,
the results presented here indicate that using this model, one can generate multiple real-
izations of rainfall fields through the simulation of error fields conditioned on observed
error values. A more detailed discussion is provided in Chapter 8.



6 A Random Error Model

6.1 Introduction

Characterization of radar-based rainfall uncertainties and their effects on hydrologic sim-
ulations is a challenging issue. The superposition of random error of different sources is
one of the main factors causing the uncertainty of radar estimates. One way to express
these uncertainties is to stochastically generate random error fields and impose them on
radar measurements in order to obtain an ensemble of radar rainfall estimates. In Chap-
ters 4 and 5, three copula-based models were presented for simulation of radar rainfall
fields. In this chapter, a rainfall simulation model is introduced in which radar estimates
are perturbed with a purely random error component and an error component that de-
pends on the magnitude of rainfall rates. The presented model is parameterized with two
uncertainty parameters and two other parameters that relate reflectivity values to rain-
fall rates (the exponent and multiplicative factors in the Z − R relationship). The model
parameters are estimated using the maximum likelihood method in order to account
for heteroscedasticity in radar rainfall error estimates. Heteroscedasticity, alternatively
known as variance heterogeneity, occurs when the distribution of residuals is dependent
on the indicator variable (Petersen-Ø verleir (2004)). The model is implemented over the
study areas, introduced in Chapter 3, to demonstrate the model performance. In order to
obtain estimates of the radar rainfall error across the study areas, reference surface rain-
fall data are obtained from high resolution rain gauge measurements over the selected
watersheds. The differences between reference surface rainfall data (Rgauge) and radar
estimates (Rradar) are considered and termed as observed error. In the provided exam-
ples, ensembles of radar rainfall data are simulated by perturbing the radar estimates
with generated radar rainfall error fields.

6.2 Model Description

It is well-known that radar measurements are associated with different error types (Wil-
son and Brandes (1979); Austin (1987); Hunter (1996); Pegram and Clothier (2001); Rico-
Ramirez et al. (2007)) that can be grouped into three main classes: (1) physical biases;
(2) inaccuracies in Z-R relationship; and (3) random error (Jordan et al. (2003)). Physical
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biases such as ground clutter, beam broadening and beam blockage can be removed us-
ing different algorithms as described in Steiner and Smith (2002), Venkatesan et al. (1997)
and Dixon et al. (2005). Random error and measurement biases, however, are the most
difficult types of radar error to eliminate and will remain even after removing the bias
with an appropriate Z − R function. The superposition of random errors from different
sources is one of the main factors causing the uncertainty of radar estimates. Ciach et al.
(2007) and Villarini et al. (2009) suggested that the systematic error has to be removed
before any analysis is performed on the radar random error component. Similarly, the
model presented here does not intend to capture all types of radar error, especially those
related to physical issues (e.g. beam blockage) that may result in no rain at parts of a
radar image.

One way to simulate multiple realizations of radar rainfall fields is to perturb radar es-
timates with random error fields. Recent studies (e.g., Ciach et al. (2007); Habib et al.
(2008)), indicate that the radar error may depend on the magnitude of the rain rate. In
order to account for such dependence, the following formulation is suggested:

Ri =

(
Zi
A

)1/b

+

(
Zi
A

)1/b

ε1 + ε2 (6.1)

where : Ri = rain rate
Zi = Reflectivity
ε1 = proportion error
ε2 = purely random error
A = multiplicative factor in Z −R relationship
b = exponent in Z −R relationship

For multi-sensor precipitation estimates that are available in rain rates (and not reflectiv-
ity), Equation 6.1 is expressed as:

Ri = Pi + Pi × ε1 + ε2 (6.2)

where : Pi = multi-sensor precipitation estimates (rain rate)

In this formulation, R represents reference surface rainfall measurements which are typ-
ically obtained from rain gauge observations. The term, (Zi/A)1/b ε1, represents the error
component that is dependent on the magnitude of the reflectivity or rain rate, whereas ε2
accounts for purely random error sources. Assuming normally distributed error, the pa-
rameters of ε1 and ε2 are the mean and standard deviation. Ciach et al. (2007) showed that
unbiased radar rainfall random error can be reasonably described by a normal distribu-
tion. Since the overall radar error is a sum of errors from different sources, this assump-
tion of a Gaussian distribution of error is reasonable, as previously explained. Based on
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the central limit theorem, the sum of all errors will tend toward a Gaussian distribution,
regardless of the distribution of each individual source of error. The normality assump-
tion, however, is tested in the following sections. In general, the model structure allows
for the selection of an appropriate probability distribution for radar error (not necessarily
Gaussian) based on available data. However, using the likelihood function for parameter
estimation may become computationally too expensive. Note that the aim of this study
is to present a simple model that performs reasonably well with minimal computational
costs, even though this may result in a imperfect agreement in some cases.

The error terms in Equation 6.1 can be summed up to one error term representing the
total error (ε = (Zi/A)1/b ε1 + ε2):

Ri −
(
Zi
A

)1/b

→ ε
(
0, σ2

)
(6.3)

where σ in Equation 6.3 is:

σ =

√√√√(std(Zi
A

)1/b

· σ1

)2

+ σ2
2 (6.4)

The term σ is the standard deviation of the total error (both error terms) in Equation
6.1. Substituting the probability density function of the normal distribution (Equation
6.5) into Equation 6.1 with some algebraic manipulation yields the following likelihood
function (see Equation 6.6):

ε(Y1, ..., Yn|0, σ2) =

(
1

2πσ2

)n
2

exp

(
−
∑i=1

n (Yi)
2

2σ2

)
(6.5)

where : Yi = Ri −
(
Zi
A

)1/b

L = −n
2
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(6.6)
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where : σ1 = standard deviation of the proportion error
σ2 = standard deviation of the random error

In Equation 6.5, the term Y refers to the total error associated with radar data defined
as rain gauge measurements (Ri) minus radar estimates ((Zi/A)1/b). When multi-sensor
rainfall estimates are used as input for simulations, instead of Equation 6.6, the likelihood
function is expressed as:

L = −n
2

ln 2π − n

2
ln
(

(std× Pi · σ1)2 + σ2
2

)
−

1

2

∑n
i=1 (Ri − Pi)2

(std× Pi · σ1)2 + σ2
2

(6.7)

6.3 Parameter Estimation

For radar reflectivity data, the parameters b, A, σ2
1 and σ2

2 are to be estimated simulta-
neously using the maximum likelihood method whereby the parameters are determined
such that the likelihood function (probability of the sample data) is maximized. Using
this approach, reflectivity is transformed into rain rate with parameters that describe the
uncertainty of radar estimates. From a practical viewpoint, the method of maximum
likelihood has proven robust and reliable in a number of hydrologic applications (see
Sorooshian et al. (1983); Haddad et al. (2007) and Montopoli and Marzano (2007)). For
details on the parameter estimation techniques using the maximum likelihood, readers
are referred to Brandt (1999). It is noted that for multi-sensor rainfall estimates (Little
Washita rainfall events), the number of parameters reduces to two standard deviations
(σ2

1 and σ2
2) of the proportion error (ε1) and random error components (ε2) in Equation

6.2.

For all rainfall events used in this study, the model parameters are estimated and listed
in Table 6.1. Note that the parameter estimation procedure must be controlled to make
sure that the bias of the estimated rain rates is negligible. This result can be achieved by
allowing for a minimal bias (±2%) and estimating the parameters such that the likelihood
function is maximized and the overall bias is kept within the minimally allowed bias
value. Note that the standard deviation of the total error can be obtained using Equation
6.4.
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Table 6.1: Model parameters estimated for the random error model.

Event σ2
1 σ2

2

LW1-IV 0.28 0.31

LW2-IV 0.29 0.34

LW3-IV 0.27 0.28

LW4-IV 0.30 0.32

LW5-IV 0.34 0.33

GC1-II 0.33 0.35

GC2-II 0.35 0.26

GC3-II 0.45 0.36

GC4-II 0.34 0.43

GC5-II 0.36 0.25

6.4 Simulation of Radar Error Fields

Using stochastic simulation techniques, one can generate multiple equally probable
(likely) realizations with similar statistical properties. The process is termed as condi-
tional simulation when generated fields are conditioned on a set of observed (input) data.
In the present study, radar error fields are simulated conditioned on observed error val-
ues, which are estimated by comparing rain gauge measurements and radar estimates at
rain gauge locations.

The simulation procedure used in this study can be summarized in 4 steps. First, an
m × n normally distributed field termed as ε2 is simulated using the model parameter
σ2, where m and n are the dimensions of the reflectivity field. In the second step, a
multivariate normal field (ε1) is simulated using the model parameter σ1 and multiplied
by the radar estimates. In order to condition on observed error values at rain gauge
locations, a random value from a normal distribution with a standard deviation of σ1 is
selected such that the sum of both error terms is similar to the observed error value. At
pixels where no rain gauges exist and thus no observed error values are available, ε1 is
randomly selected from the distribution. In the third step, both simulated error fields
are imposed on the radar estimates in order to obtain one realization of simulated radar
estimates. In the fourth and final step, the first through third steps are repeated to obtain
an ensemble of radar estimates.

It is worth pointing out that in this model (E-Model hereafter), the proportion error (ε1)



6.4 Simulation of Radar Error Fields 97

is included to account for the proportionality of rainfall error to the magnitude of the
rain rate (similar to the approach explained in Chapter 4). For example, Figures 6.1(a)
and (b), respectively, plot an example of simulated proportion error ((Zi/A)1/b ε1) and
random error (ε2) versus the rain gauge measurements for Event GC3-II. As shown, ε1 is
proportional to the magnitude of rain rate, whereas random error (ε2) remains indepen-
dent. Figure 6.1(c) presents the total error which is the sum of both error terms.

Following the simulation steps described above, ensembles of radar rainfall estimates are
generated for the Little Washita and Goodwin Creek events based on Equation 6.1. It is
worth remembering that in the presented error model (E-Model), the radar error fields
are simulated based on the multivariate normal distribution, and unlike the previous
models, the marginal of the observed error is NOT applied to the simulated error fields.
In the instance of LW1-IV, Figure 6.2(a) and Figure 6.2(b) display a radar rainfall field and
rain gauge measurements corresponding to the same time step. Figure 6.2(c) presents an
example of conditionally simulated rainfall image using the E-Model after perturbing
radar estimates with simulated error fields. Figures 6.2(d) to 6.2(o), provide similar

Figure 6.1: (a) Simulated proportion error ((Zi/A)1/b ε1); (b) simulated random error (ε2);
(c) total error versus the rain gauge measurements.



98 A Random Error Model

figures for rainfall Events LW2-IV to LW5-IV. As shown in the presented figures, the E-
Model, honors the rain gauge measurements (Figures 6.2(b), 6.2(e), 6.2(h), 6.2(k) and
6.2(n)) at their locations (see Figures 6.2(c), 6.2(f), 6.2(i), 6.2(l), 6.2(o)). For the Goodwin
Creek events, on the other hand, Figures 6.3(a) to 6.3(o) demonstrate examples of radar
estimates, gauge measurements and simulated rainfall fields.

The presented error model is employed to obtain 500 equally likely realizations to de-
scribe the uncertainty of rainfall estimates. For the Little Washita events (LW1-IV, LW2-
IV, LW3-IV, LW4-IV and LW5-IV), Figures 6.4(a), 6.4(c), 6.4(e), 6.4(g) and 6.4(i) plot
radar estimates and simulated rainfall ensembles (500 realizations) over one radar pixel
(the square-marked pixel shown in Figure 3.1). For the Goodwin Creek events (GC1-II,
GC2-II, GC3-II, GC4-II and GC5-II), Figures 6.4(b), 6.4(d), 6.4(f), 6.4(h) and 6.4(j), dis-
play simulated rainfall ensembles over the square-marked pixel shown in Figure 3.2. In
these figures, the solid black and gray lines represent radar estimates and simulated rain-
fall realizations, respectively. It is noted that in this model the proportionality of error to
the magnitude of rain rates is accounted for using the term ε1 in Equation 6.1.

The E-Model is verified through simulation and parameter estimation based on different
numbers of rain gauges. In the instance Event LW1-IV, for example, the model is used
for simulation based on 20 rain gauges (50%) and 5 rain gauges (12.5%). Figures 6.5(a),
6.5(b) and 6.5(c) display rainfall ensembles simulated using the v-copula based model for
the x-marked pixel (shown in Figure 3.1), which contains one of the removed rain gauges.
In Figure 6.5(a) 41 rain gauges are used for simulation, whereas in Figures 6.5(b) and
6.5(c), 20 and 5 rain gauges are included for ensemble generation. Rainfall ensembles are
also generated for Events GC1-II, GC2-II, GC3-II, GC4-II and GC5-II using 10 rain gauges
(50%) and 5 rain gauges (25%). For rainfall Event GC3-II, Figures 6.5(d), 6.5(e) and 6.5(f)
display the generated ensembles over the x-marked pixel, shown in Figure 3.2, based on
different numbers of gauges. In Figures 6.5(d) and 6.5(e), 18 rain gauges and 10 rain
gauges, marked with triangles and diamonds in Figure 4.9(b), are used in parameter es-
timation and simulations, whereas in Figure 6.5(f), 5 gauges (marked with diamonds in
Figure 4.9(b)) are included. In the presented figures, the solid lines represent radar es-
timates and the dashed lines represent rain gauge measurements. The gray lines are the
estimated rainfall uncertainty over the entire storm. As expected from a reasonable en-
semble, the ground reference measurements are consistently enclosed, with the exception
of a few time steps.

In order to numerically evaluate how well the estimated uncertainty encompasses rain
gauge measurements, the number of time steps (nout) where the ground reference mea-
surements fall outside the generated ensembles is counted. Table 6.2 gives the nout values
in percentage for each of the rainfall events used in this study. The table indicates that
reducing the number of gauges does not result in dramatic changes in the nout values.
Furthermore, in this model, the nout values are less than previous models. The reason is
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Figure 6.2: Event LW1-IV; (a): radar-based rainfall estimates. (b): rain gauge measure-
ments. (c): simulated rainfall using the error model (E-Model). Figures (d) to
(f), (g) to (i), (j) to (l) and (m) to (o), display similar plots for Events LW2-IV,
LW3-IV, LW4-IV and LW5-IV, respectively.
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Figure 6.3: Event GC1-II; (a): radar-based rainfall estimates. (b): rain gauge measure-
ments. (c): simulated rainfall using the error model (E-Model). Figures (d) to
(f), (g) to (i), (j) to (l) and (m) to (o), display similar plots for Events GC2-II,
GC3-II, GC4-II and GC5-II, respectively.
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Figure 6.4: Simulated rainfall ensembles (500 realizations) using the E-Model for:
the Little Washita events ((a),(c),(e),(g),(i)); the Goodwin Creek events
((b),(d),(f),(h),(j)).
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that in previous models the empirical CDF of error is applied to the simulated error val-
ues, and thus they are within the range of observed error values. In this model, however,
the error is assumed to be normally distributed and the simulated values may exceed the
range of observed error values. It is noted that in this model the estimated uncertainty is
described by parameters (σ1 and σ2) that depend on the agreement between radar esti-
mates and gauge data. In fact, large uncertainty parameters and thus, high variability in
simulated fields is expected when the deviation of rain gauge measurements from radar
estimates is significant and vice versa. For more detailed comparisons between the mod-
els, the reader is referred to Chapter 8.

Table 6.2: The number of time steps, nout (%), where the estimated uncertainty using the
E-Model did not enclose the rain gauge measurements.

50% LW Gauges 12% LW Gauges
All Gauges 50% GC Gauges 25% GC Gauges

LW1-IV 0.2 2.0 3.7

LW2-IV 0.5 0.9 4.0

LW3-IV 0.2 0.9 3.0

LW4-IV 0.7 1.4 3.4

LW5-IV 0.9 1.6 3.1

GC1-II 0.3 2.0 3.7

GC2-II 0.7 1.7 5.1

GC3-II 0.9 1.8 4.9

GC4-II 0.8 1.9 4.3

GC5-II 0.9 2.0 5.1

6.5 Spatio-Temporal Dependencies

In a recent study, Habib et al. (2008) showed that the spatial dependence of radar error
is not negligible and can have a significant affect on streamflow hydrologic predictions.
In the present study, the purely random error term (ε2) is defined to be uncorrelated in
space. However, with respect to the proportion error term, when ε1 is multiplied by the
radar estimates (Equation 6.1), the resulting error field ((Zi/A)1/bε1) will be spatially
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Figure 6.5: Simulated rainfall ensembles using the E-Model: ((a: 41 gauges), (b: 20
gauges; marked with triangles and diamonds in Figure 4.9(a)) and (c: 5
gauges; marked with diamonds in Figure 4.9(a))); ((d: 20 gauges), (e: 10
gauges; marked with triangles and diamonds in Figure 4.9(b)) and (f: 5
gauges; marked with diamonds in Figure 4.9(b)).
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correlated. This link in spatial correlation results from the underlying radar field. To
demonstrate the model performance with respect to the spatial dependence structure,
the correlation matrices of the observed and one set of simulated data are presented here.
For the Little Washita events, Figures 6.6(a), 6.6(c), 6.6(e), 6.6(g) and 6.6(i) show the
Spearman correlation matrices for the rainfall estimates of 10 MPE pixels, whereas Fig-
ures 6.6(b), 6.6(d), 6.6(f), 6.6(h) and 6.6(j) display the correlation matrices for one set of
simulated rainfall fields obtained using the E-Model. For Goodwin Creek events, Figures
6.7(a), 6.7(c), 6.7(e), 6.7(g) and 6.7(i) present the Spearman correlation matrices for the
rainfall estimates of 10 MPE pixels, while Figures 6.7(b), 6.7(d), 6.7(f), 6.7(h) and 6.7(j)
demonstrate the correlation matrices of one set of simulated rainfall fields. Overall, one
can see that the observed and simulated patterns are quite similar. However, the rank
correlation values in simulated fields are less mainly due to the perturbation. The Mean
Absolute Error (MAE) of the Spearman rank correlation (equation 4.5) matrices of the
observed and simulated radar estimates are compared and listed in Table 6.3.

In this model, the error terms ε1 and ε2, are assumed to be temporally uncorrelated,
as the temporal autocorrelations of the total error are found to be low at the first time
lag and close to zero for larger time lags (Habib et al. (2008)). However, similar to the
previous models, when ε1 is multiplied by the radar estimates, the resulting error field
((Zi/A)1/b ε1) will carry some of the temporal self-correlation of the unperturbed radar
field. For the rainfall Events LW1-IV to LW5-IV, Figures 6.8(a), 6.8(c), 6.8(e), 6.8(g) and
6.8(i) display the temporal self-correlations of the radar estimates and 500 simulated rain-
fall fields obtained using the E-Model for the square-marked pixel shown in Figure 3.1.
For the rainfall events GC1-II to GC5-II, Figures 6.8(b), 6.8(d), 6.8(f), 6.8(h) and 6.8(j)
plot the temporal self-correlations of the radar data and 500 generated rainfall ensem-
bles for the square-marked pixel shown in Figure 3.2. The figures indicate the generated
rainfall realizations have similar temporal autocorrelation characteristics.

6.6 Extreme Values

The presented model is based on the Gaussian assumption for the radar rainfall error.
As discussed in Chapter 2, the model is not expected to show asymptotic dependence.
In previous chapters, the behavior of different copulas with respect to the simulation of
simultaneous extremes was investigated. In this section, similar analysis is performed to
evaluate the probability occurrence of multiple extreme values above certain thresholds.
Assuming the 90th percentile and 75th percentile of the radar estimates as the threshold
values, simultaneous occurrences of rainfall rates above the thresholds in the simulated
rainfall values are compared with the radar estimates. For rainfall Events LW1-IV to
LW5-IV, Figures 6.9(a) to 6.9(e) plot the total number of extreme occurrences above the
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Figure 6.6: Rank correlation matrices of Events LW1-IV to LW5-IV (left); Rank correlation
matrices of one set of simulated data using E-Model (right).
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Figure 6.7: Rank correlation matrices of Events GC1-IV to GC5-IV (left); Rank correlation
matrices of one set of simulated data using E-Model (right).
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Figure 6.8: Temporal autocorrelations of rainfall estimates and 500 simulated rainfall re-
alizations for: (left) Events LW1-IV to LW5-IV; (right) Events GC1-II to GC5-II.
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Table 6.3: The mean absolute error (MAE) of the correlation matrices of the simulated
rainfall fields with respect to the observed (E-Model).

Event ID MAE

LW1-IV 0.101

LW2-IV 0.112

LW3-IV 0.098

LW4-IV 0.143

LW5-IV 0.126

GC1-II 0.132

GC2-II 0.203

GC3-II 0.217

GC4-II 0.179

GC5-II 0.226

90th percentile threshold (solid black lines), mean extreme occurrences above the 90th
percentile in the simulated ensembles using the E-Model (dashed lines) and the num-
ber of occurrences above the threshold in each simulated radar rainfall realization (gray
lines). For rainfall Events GC1-II to GC5-II, Figures 6.9(f) to 6.9(j) display the number
of occurrences above the same threshold. A lower threshold of 75th percentile is also
used for the above analysis. Figures 6.10(a) to 6.10(e) present the number of extreme
occurrences for the Little Washita events and Figures 6.10(f) to 6.10(j) plot the number
of extreme occurrences for the Goodwin Creek watershed (for 75 percentile threshold).
In these figures, the x-axis shows the number of simulated realizations (here 500) and
the y-axis represents the number of occurrences above the threshold (90th percentile/75
percentile) of the observations. As shown, the model slightly underestimates the number
of extreme occurrences. Table 6.4 summarizes the error (%) in the number of extreme
value occurrences in the simulated rainfall ensembles with respect to the radar rainfall
fields. The second and third columns show the error (%) for the 90th and 75th percentile
thresholds, respectively. In Chapter 8, a detailed discussion and comparison is provided
regarding the occurrences of extremes in the E-Model compared to the other models in-
troduced in Chapters 4 and 5.
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Figure 6.9: Total number of occurrences above the 90th percentile of radar data (solid
black lines), mean number of occurrences above the same threshold in 500
realizations (dashed lines) and the number of occurrences above the 90th per-
centile of radar estimates in each simulated realizations.
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Figure 6.10: Total number of occurrences above the 75th percentile of radar data (solid
black lines), mean number of occurrences above the same threshold in 500
realizations (dashed lines) and the number of occurrences above the 75th
percentile of radar estimates in each simulated realizations.
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Table 6.4: The error (%) in the number of extreme occurrences in the simulated fields (E-
Model) with respect to the observed rainfall data.

Event ID 90th percentile 75th percentile

LW1-IV 3.1 1.7

LW2-IV 3.0 1.3

LW3-IV 2.1 0.9

LW4-IV 1.7 0.8

LW5-IV 1.2 0.8

GC1-II 1.7 0.9

GC2-II 1.2 0.8

GC3-II 1.0 0.6

GC4-II 1.1 0.6

GC5-II 1.2 0.7

6.7 Summary and Discussion

It is recognized that total radar rainfall estimation error is a result of different error
sources that are superimposed on one another. The simulation model introduced in
this chapter uses this concept to generate an ensemble of radar rainfall fields by per-
turbing radar estimates with conditionally simulated random error fields. The resulting
realizations of radar rainfall fields can be used for assessing the impact of uncertainties
associated with radar rainfall estimates on hydrologic predictions. In this model, radar
uncertainty is described with two error components: purely random error and an er-
ror component dependent on the magnitude of the rain rate. Radar reflectivity fields or
multi-sensor rain rate fields can be used as the input of the model to generate an en-
semble of rainfall estimates. The model parameters are estimated using the maximum
likelihood technique, assuming that the error terms are normally distributed. Applica-
tion of this model for simulation of rainfall ensembles is tested to demonstrate the model
performance. Using the presented model, multiple realizations of radar error fields are
generated and used to perturb radar estimates. The results show that simulated realiza-
tions have similar statistical properties as those of unperturbed radar estimates and that
the simulated ensemble encompasses ground reference measurements across the study
area.

It should be noted that no explicit accounting for error autocorrelation is included in the
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model (both error terms, ε1 and ε2, are assumed to have no self-correlation in space and
time). However, the self-correlation of the radar field will be carried forward when ε1 is
multiplied by the radar estimates, resulting in the proportion error term ((Zi/A)1/b ε1).
Self-dependencies of the simulated radar rainfall fields are then investigated by calcu-
lating both the temporal autocorrelation coefficients at various temporal lags and the
Spearman rank spatial correlation matrices. The results reveal that imposing radar er-
ror fields over unperturbed radar estimates by using the presented error model does not
destroy the underlying spatial dependence structure. Furthermore, the temporal autocor-
relations in the simulated fields are similar to that of the unperturbed radar field, which
results from the dominance of the temporal autocorrelations of the unperturbed radar
field.

Another simplification of the model is that the error components are assumed to be nor-
mally distributed. It is noted, however, that considerable deviation of radar error distri-
bution from normality may affect the model performance. While several studies showed
that radar error with temporal resolution of hourly and above can be reasonably modeled
using a normal distribution (Ciach et al. (2007) and Villarini et al. (2009)), the distribution
of high resolution radar error data may significantly deviate from the normal distribu-
tion. Theoretically, based on available data, any probability distribution function can be
fit and assumed for radar error. However, the parameter estimation, based on likelihood
approach, may require extensive computational effort and time. We emphasize that in
this study, the goal is to present a simple model that performs reasonably well with min-
imal computational costs, considering that simplifying assumptions behind the model
may result in a imperfect agreement in some cases.



7 Application To Streamflow Analysis

7.1 Introduction

There are various applications for simulated rainfall ensembles in the area of hydrology
and meteorology. Using ensemble analysis, for example, one can evaluate flood predic-
tion, uncertainty and risks associated with a given precipitation. This method uses many
precipitation estimates instead of a single realization. Floods are the most life threatening
hydrologic phenomena and result in extensive property damage and loss of life each year.
Ensemble analyses can improve assessment of flood forecast uncertainty, which is influ-
ential in water resources management. Furthermore, climate change studies may also
utilize simulated precipitation fields as future precipitation estimates in order to inves-
tigate long term changes in the hydrologic cycle of a specific region. Modeling climate
changes with abnormal variations in one or more weather variables may allow explo-
ration of subsequent affects on different hydrologic processes. For example, by projecting
how precipitation may change over a significantly long period, one my be able to investi-
gate regional changes in surface runoff and subsurface flow. Evaluating these impacts is
important yet challenging, as surface runoff and groundwater availability are sensitive to
changes in weather variables, particularly precipitation. Applications of rainfall ensem-
bles are beyond the scope of this research; however, an example implication of simulated
rainfall ensembles is presented in this chapter. This example utilizes a physically based
hydrologic model (GSSHA) to implement rainfall ensembles obtained from the presented
models in Chapters 4, 5 and 6.

The GSSHA (Gridded Surface Subsurface Hydrologic Analysis) model is selected mainly
because it has been developed and calibrated for various hydrologic applications in the
same study area (Habib et al. (2008)). Physically based models are meant to solve gov-
erning equations such as conservation of mass, momentum, flow and transport. In the
following, a brief overview of the model is presented.

7.2 GSSHA Model

The GSSHA model is a fully distributed-parameter process-based hydrologic model de-
veloped by the US Army Corps of Engineers Engineering Research and Development
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Center (USACE ERDC). The model is intended to describe hydrologic processes and
evaluate the surface runoff. The model is capable of simulating saturated source ar-
eas, surface runoff, overland water retention, infiltration, exfiltration, evapotranspira-
tion, two-dimensional overland flow, groundwater discharge to streams, and one dimen-
sional channel routing. The model allows simulation of the soil moisture profile in the
unsaturated zone using different methods including Green and Ampt (Green and Ampt
(1911)) and Richard’s equation (Richards (1931)) as well as predicting different runoff
generation mechanisms such as Hortonian (i.e., infiltration-excess) and non-Hortonian
(i.e., saturation-excess) mechanisms (Chow et al. (1988)).

The model uses finite difference and finite volume methods to solve partial differential
equations of mass conservation in order to guarantee an overall mass balance. The
GSSHA model is an enhancement version of the CASC2D model (Ogden and Julien
(2002)) which is used to estimate the surface runoff in arid to semi-arid basins. The
GSSHA model benefits from all functionality of the CASC2D as well as the ability to
simulate saturated and unsaturated groundwater flow. The model has been tested and
verified on a number of different basins. The model was found to be efficient and to
able to simulate runoff in both Hortonian and non-Hortonian basins with very little bias
(Downer and Ogden (2002)). The capability of GSSHA to model the soil moistures and
groundwater levels at the grid scale has also been verified (Downer and Ogden (2002)).
In the following a brief overview of different processes and their multiple solution
methods is provided:

• Infiltration module: Green and Ampt, multi-layered Green and Ampt, Green and
Ampt with Redistribution, GAR, (Ogden and Saghafian (1997)), and Richard’s
Equation.

• Evapotranspiration: Deardorff (Deardorff (1997)), Penman-Monteith (Monteith
(1981); Monteith (1981)) with seasonal canopy resistance.

• Channel routing: 1-D up-gradient explicit diffusive wave is used for channel rout-
ing.

• Overland flow routing: 2-D diffusive wave using Explicit, Alternating Direc-
tion Explicit (ADE), and Alternating Direction Explicit with Prediction Correction
(ADEPC).

• Interpolation (if necessary): weighted inverse distance square and Theissen poly-
gons.
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7.3 Model Settings

In the simulations presented here, the Green and Ampt with Redistribution (GAR)
method is used for infiltration and subsurface analysis. The GAR method approximates
the solution of the Richard’s equation for deep, well drained soil that is subject to multiple
rainfall events (Downer and Ogden (2002)). The GAR approach is derived to overcome
the weakness of the original Green and Ampt (Green and Ampt (1911)) model to simulate
soil moisture redistribution and multiple rainfall events (Senarath et al. (2000)). The orig-
inal Green and Ampt method provides a reasonable estimation of infiltration for the first
rainfall event and underestimates the infiltration for subsequent rainfall events, as it does
not consider redistribution of the soil moisture profile for the periods between the rainfall
events (Senarath et al. (2000)). The GAR method, however, allows for long-term simu-
lations which contain sequences of dry and wet periods. The soil moisture accounting
scheme simulates the soil moisture redistribution along the soil profile during a runoff
event, as well as the change in soil moisture due to evapotranspiration between rainfall
events. It is noted that the GAR method assumes that during a particular rainfall event,
evapotranspiration has a negligible effect on the soil moisture profile. By the end of the
runoff event (between rainfall events), evapotranspiration dominates the changes in the
soil moisture profile.

Evapotranspiration and overland flow analysis are performed using the Penman-
Monteith (Monteith (1981)) and Alternating Direction Explicit (ADE) methods, respec-
tively. Evapotranspiration reduces the basin water content including the surface stor-
age and soil moisture in the unsaturated zone down to the specified root depth. The
Penman-Monteith method, used in the model, is one of the most commonly used mod-
els for prediction of evapotranspiration from a vegetated land surface (Senarath et al.
(2000)). Furthermore, in the developed model, the two-dimensional diffusive wave ap-
proximation of the St. Venant equations and 1-D explicit diffusive wave method are used
for overland flow and channel routing.

The topographic information and hydrological properties of the watershed are repre-
sented by a 125 m2 Cartesian grid. Note that Senarath et al. (2000) showed that this reso-
lution is adequate to represent spatial properties of the watershed including topography,
soil, hydrologic and land-use information. The 30 m2 digital elevation model (DEM) of
the watershed was obtained from the US Geological Survey (USGS) and used for model
development. The dimensions of the channel cross-sections were compiled from histori-
cal surveys of the Agricultural Research Service (ARS). Overland roughness parameters
were selected based on land-use information and literature sources at each grid pixel.
Initial values of soil hydraulic conductivity, saturated hydraulic conductivity, effective
porosity, soil suction head and evapotranspiration parameters including root depth and
vegetation transmission coefficients are assigned based on Senarath et al. (2000) who de-
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veloped a hydrologic model for the Goodwin Creek watershed used in this study. The
selected initial values are then adjusted through model calibration.

The GSSHA model, used for simulations, is carefully calibrated as discussed in Habib
et al. (2008) to ensure that the model will provide accurate representation of the rainfall-
runoff processes in the watershed. The main calibration parameters included overland
and channel roughness coefficients and soil infiltration parameters. The results show that
the model was most sensitive to the soil saturated hydraulic conductivity and, to a lesser
degree, to the overland and channel roughness coefficients (Habib et al. (2008)). For the
details of the calibration procedure including the calibration periods, quantitative assess-
ment of the model uncertainty and estimated error between the observed and simulated
runoff, the reader is referred to Habib et al. (2008). It is noted that the final values of the
calibrated model parameters were found to be within reasonable physical bounds which
indicates that the model is likely to provide physically reasonable representation of the
rainfall-runoff processes within the Goodwin Creek watershed.

7.4 Application

The rainfall ensembles generated for the Goodwin Creek watershed are used as input to
the GSSHA hydrological model. For every rainfall event four different rainfall ensem-
bles simulated using the Gaussian copula, t-copula, v-copula and random error model
(E-Model) are used to estimate the output runoff of the Goodwin Creek watershed. For
three rainfall events, Figures 7.1, 7.2 and 7.3 display the estimated runoff for the simu-
lated ensembles (500 realizations) presented in Chapters 4, 5 and 6. Figures 7.1(a), 7.2(a)
and 7.3(a) present the uncertainty of the output runoff (an ensemble of runoff estimates)
obtained from simulated rainfall fields using the Gaussian copula. In Figures 7.1(b),
7.2(b) and 7.3(b) the simulated ensemble obtained from the t-copula model is used as
input to the hydrologic model, whereas in Figures 7.1(c), 7.2(c) and 7.3(c) the v-copula
ensemble is used for analysis. Finally, in Figures 7.1(d), 7.1(d) and 7.1(d) the input
rainfall ensemble is generated using the random error model discussed, in Chapter 6. In
the figures, the solid black and dashed red lines represent the runoff resulting from radar
estimates and rain gauge measurements, respectively. The gray lines represent the esti-
mated uncertainty of the output runoff (resulting from simulated rainfall realizations).
As shown, the ensembles of runoff hydrographs encompass the hydrographs resulting
from rain gauge measurements and radar estimates. In general, the output hydrographs
resulting from gauge measurements and radar estimates can be significantly different. In
such case, the estimated uncertainty of the output runoff can be useful for practical ap-
plications (e.g. risk assessment and decision making). Note that the aim of this chapter
is solely to show an example application of stochastically simulated rainfall ensembles
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for hydrologic analysis. Other issues such as investigating the GSSHA model with re-
spect to the input, uncertainty analysis of the hydrologic model and error propagation
in hydrologic process are beyond the scope of this research, and thus, are not addressed
here.
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Figure 7.1: The resulting runoff of the rainfall ensembles obtained form the following
models (GC2-II): (a) Gaussian copula (G-Copula); (b) t-copula; (c) v-copula;
(d) random error model (E-Model).
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Figure 7.2: The resulting runoff of the rainfall ensembles obtained form the following
models (GC4-II): (a) Gaussian copula (G-Copula); (b) t-copula; (c) v-copula;
(d) random error model (E-Model).
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Figure 7.3: The resulting runoff of the rainfall ensembles obtained form the following
models (GC5-II): (a) Gaussian copula (G-Copula); (b) t-copula; (c) v-copula;
(d) random error model (E-Model).



8 Summary, Discussion and Conclusions

8.1 A Brief Overview

Recent technological advances in the field of remote sensing have led to an increase in
available rainfall data on a regional and global scale. Specifically, the National Weather
Service (NWS) Next Generation Weather Radar (NEXRAD) systems and NASA spon-
sored satellite missions provide the hydrometeorologic community with a myriad of
new precipitation data. Such data have significant advantages over traditional sources of
measurement. Unlike rain gauges, radar and satellite-based estimates are not limited by
point sampling and can provide uninterrupted coverage regionally or globally with high
spatial and temporal resolution. However, the advantages are limited due to the uncer-
tainties associated with remotely sensed rainfall estimates (Hossain and Huffman (2008);
Margulis et al. (2006); Dong et al. (2005)). This study’s purpose is to contribute to on-
going research regarding the uncertainty of remotely sensed rainfall estimates by using
ensemble simulation. Rainfall ensembles can be used for various analyses. For example,
with subsequent runs of a hydrological or meteorological model using an ensemble of
rainfall realizations, one can investigate propagation of error in hydrological processes.
Moreover, the uncertainty of a given hydrologic model resulting from uncertainties of
the input precipitation can be assessed.

The aim of this study is to investigate and develop different stochastic techniques for sim-
ulation of rainfall ensembles through simulating random error fields and imposing them
over remotely sensed rainfall estimates. Four different models are developed and dis-
cussed in this work. In the first and second models, two elliptical copulas (Gaussian and
t-copula) are used to describe the dependence structure of radar rainfall error and to sim-
ulate multivariate rainfall error fields. In the third model, an asymmetrical v-transformed
copula is employed for error simulations. This type of copula family is used to describe
asymmetrical dependencies through the copula parameters. In the fourth model, rainfall
fields are generated by perturbing rainfall estimates with two normally distributed error
values. One is a purely random component, while the other component is proportional
to the magnitude of the rainfall rates. In the first three models, having described the de-
pendencies using copulas, the empirical distribution function of observed rainfall error
is numerically approximated and applied to the simulated error fields. In terms of their
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distribution functions, the resultant simulated realizations are similar to those of the ob-
served. In the fourth model, however, the error is assumed to be normally distributed.
In all the models, available observations of radar rainfall error (the differences between
radar estimates and rain gauge measurements) are used to condition the simulated fields
on observations.

In order to examine reliability and performance of the presented models, several case
studies are presented for the Little Washita and Goodwin Creek Watersheds. Both radar
reflectivity data (Stage II) as well as Stage IV Next Generation Weather Radar (NEXRAD)
multi-sensor precipitation estimates are used as input to the models. Regarding the MPE
data, at present, different procedures have been introduced and implemented by the Na-
tional Weather Service to improve the quality of the multi-sensor precipitation estimates.
These methods include merging of radar and gage estimates, mean-field bias adjustments
and local bias adjustments. However, the inherent limitations of radar-based estimates
to accurately measure surface rainfall makes it necessary to assess the underlying un-
certainties of the MPE data and account for them. Therefore, in addition to the radar
reflectivity estimates, MPE data are also used for simulations.

8.2 Discussion and Conclusions

In previous chapters, the simulated rainfall fields obtained from different models are
compared with original radar estimates with respect to statistical properties, extreme
values and spatio-temporal dependencies. In the following, the presented models are
compared in more detail with respect to their statistical properties. As mentioned before,
cross validation (Picard and Cook (1997); Efron and Tibshirani (1990)) is used to test how
well the copula fits the available observations. Figure 8.1 displays the results of cross
validation (MAE estimator) for the models when: (a) all gauges; (b) 50% of the gauges;
(c) 12% LW (25% GC) rain gauges are used in the analysis. One can see that in Figures
8.1(a) and 8.1(b), the differences between the MAE values are not considerable. However,
as the number of rain gauges reduces, the differences become significant. In Figure 8.1(c),
where 12% LW (25% GC) gauges are used, the MAE values for the t-copula model are less
than the Gaussian and v-copula models. Furthermore, the MAE for the v-copula model
is found to be less than the Gaussian copula particularly in Figure 8.1(c). In terms of
the copula fit, the figures indicate that the t-copula family fits better to the observations;
however, this case may not be generalized, as the choice of copula family is known to be
problem dependent.

The presented models are also investigated with regard to preserving the spatial depen-
dence structure. Figure 8.2 shows the Mean Absolute Error (MAE) of the correlation
matrices of the simulated rainfall fields (500 realizations) with respect to the correlation
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Figure 8.1: The results of cross validation (MAE estimator, %) for the models when: (a) all
gauges; (b) 50% of the gauges; (c) 12% of LW (25% of GC) gauges; were used
in the analysis.

matrix of the observed radar rainfall data. Figure 8.2(a) presents the MAE values when
all gauges are included in the simulations. Figures 8.2(b) and Figure 8.2(c) display the
MAE values when 50% of the gauges and 12% of LW (25% of GC) rain gauges are used
for the analysis. In the figure, the black solid, blue dashed and x-marked lines represent
t-copula, v-copula and Gaussian copula models, respectively. As shown, the MAE values
are similar for all the copula-based models. By reducing the number of rain gauges, the
MAE values increase (as shown in Figures 8.2(b) and 8.2(c)), while the MAE values of
all the models remain similar.
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Figure 8.2: MAE of the simulated correlation matrices.

This study addresses the capability of the presented models to simulate the number of
extreme occurrences above the 90th percentile and 75th percentile thresholds. Figure
8.3(a) plots the error (%) in the number of extreme occurrences above the 90th percentile
threshold. As shown, the t-copula (dashed blue line) and v-copula (solid black line) mod-
els exhibit less error in the number of simultaneous extremes. The figure also indicates
that the t-copula model shows slightly lower error. For the lower threshold (75th per-
centile), Figure 8.3(b) displays the error (%) in the simulated extreme occurrences. In
this figure, the differences are less significant than those shown in Figure 8.3(a). Never-
theless, Figure 8.3(b) shows that the t-copula and v-copula models perform better than
both the Gaussian copula model and random error model. Therefore, when simultaneous
extremes are considered, the t-copula or v-copula family is preferred over the Gaussian
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copula.

In this study, the models are also validated by using different numbers of gauges for
simulations to investigate whether the estimated uncertainty enclose rain gauge mea-
surements when less numbers of gauges were available. This issue was considered by
counting the number of time steps (nout) where the ground reference measurements did
not fall within the estimated uncertainty. For the presented models, Figure 8.4 displays
the nout values when: 8.4(a) all gauges; 8.4(b) 50% of the gauges; 8.4(c) 12% of LW (25%
of GC) gauges are used for simulations. As shown in the figures, the nout values for the
random error model (E-Model) are less than the other models. This could be because of
the fact that in the random error model, the CDF of the observed error is not applied on
the simulated values which results in wider uncertainty bound. It is pointed out that as

Figure 8.3: Error (%) in the number of extreme occurrences for the models: (a) 90th per-
centile threshold; (b) 75th percentile threshold.
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the number of gauges decreases, the sample size of the observed error decreases. This
may, but not necessarily, result in a shorter range of error (the difference between min-
imum and maximum error). One can intuitively conclude that any change in the error
range, and thus the empirical distribution of error, will affect the estimated uncertainty.
The figures indicate that reducing the number of gauges results in an increase in the value
of nout. Nonetheless, with a few rain gauges available, the simulated ensembles obtained
from the presented models, enclose approximately 93% to 96% of the ground reference
measurements. It is also noted that the values of nout for the t-copula and v-copula mod-
els are similar, and both are slightly better than the Gaussian copula model.

Figure 8.4: The number of time steps, nout (%), that the estimated uncertainty did not en-
compass the rain gauge measurements: (a) all gauges; (b) 50% of the gauges;
(c) 12% of LW (25% of GC) gauges.
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Figure 8.5: Verification of the 95% confidence intervals for the number of time steps, nout
(%), that the estimated uncertainty did not encompass the rain gauge mea-
surements: (a) all gauges; (b) 50% of the gauges; (c) 12% of LW (25% of GC)
gauges.

Verification of the 95% confidence intervals for the number of time steps that the esti-
mated uncertainty did not enclose the rain gauge measurements is also provided. Figure
8.5(a) plots the nout (%) values when all gauges are included. Figures 8.5(b) and (c) show
similar graphs when 50% of the gauges and 12% of LW (25% of GC) gauges are used for
simulations, respectively. The figure confirms that the E-Model results in the least error
in the nout values. The differences become significant when few gauges are included.
This implies that for poorly gauged watersheds, the E-Model may be superior over the
others.
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For practical applications, the duration of the simulation could be an important factor,
particularly, if simulation in real-time is required (e.g. for analysis within the next couple
of hours). Figure 8.6 displays the CPU time (seconds) for the presented models. One can
see that the v-copula model is computationally more demanding, which results from pa-
rameter estimation. The figure also indicates that the Gaussian copula and random error
models are relatively faster than the rest, and that the t-copula model is not significantly
slower than the Gaussian copula model. It is noted that the figure shows the CPU time
as a reference for comparison and the actual time required for the analysis is significantly
longer.

The results indicate that the presented models are quite similar with respect to the depen-
dence structure. However, using the t-copula model may have significant advantages
over the other models, particularly, with respect to extremes. Furthermore, the cross
validation analysis showed that the t-copula family fits the observations better than the
other models. Nevertheless, it is often more advantageous to substitute a complex cop-
ula that fits the data better with a simple and practical copula. Provided that the effects
of this substitution can be quantified, one may opt to use a simple copula that provides
a sufficiently good statistical approximation of the actual copula (e.g. Gaussian copula)

Figure 8.6: CPU Time (s).
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rather than a more sophisticated copula family (e.g. t-copula). In principle, the choice
of copula family is based on the empirical evidence as well as the technical constraints,
such as the number of parameters essential to describe the copula. Moreover, the issue
of choosing a copula family may be considered problem dependent, and therefore can-
not be simply generalized. The analyses showed that with respect to the simulation time
and the width of the estimated uncertainty the random error model is the most practical.
Overall, the t-copula and random error models seem to be promising for future in-depth
research. Nonetheless, all the presented models are able to simulate rainfall ensembles
with similar statistical characteristics to those of the ground reference measurements.

The presented models are subject to various limitations. For example, in the random
error model the error components are assumed to be normally distributed. Such an as-
sumption has been tested and used by Ciach et al. (2007) and Villarini et al. (2009). The
analyses presented here are performed on rainfall data with high temporal resolution
(15 min), which may have some drawbacks (e.g. random errors in tipping-bucket mea-
surements). Additionally, aggregation of data in time may result in the loss of temporal
variability. Further research including simulations over different spatial and temporal
scales and different gauge network setups are required to verify the appropriateness and
applicability of this assumption. Another limitation concerning the implementation of
this method is that unreliable surface gauge measurements may result in erroneous pa-
rameter estimation, and thus create an unrealistic ensemble and inaccurate measures of
uncertainty. Also, it is worth pointing out that an individual gauge in a radar pixel is
used to represent the true areal average rainfall over a pixel size, which may not be very
accurate. However, based on the available data and the spatial resolution of radar data,
this is the best possible approximation of the true areal average rainfall values. Based on
previous research which shows that the temporal autocorrelations of the radar rainfall
error are insignificant (Habib et al. (2008)), no explicit accounting for error autocorrela-
tion is included in the models. That is, the term ε in the Gaussian copula, t-copula and
v-copula models and both error terms, ε1 and ε2, in the random error model are assumed
to have no temporal self-correlation. However, the results show that the self-correlation
of the radar field will be carried forward when simulated fields are imposed over radar
rainfall estimates.

It is hoped that the developed models and the results of this research can be used to
assess the uncertainties associated with radar-based rainfall estimates, as it is believed
that with accurate information about surface rainfall and its associated uncertainties, hy-
drologists and meteorologists have the potential to improve hydrologic predictions and
global climate studies. Such models may also provide the required tools to investigate
error propagation in modeling hydrologic processes and give the ability to analyze the
uncertainty of hydrologic models resulting from input rainfall uncertainty. Furthermore,
using ensemble analysis instead of a single realization, one can evaluate flood prediction
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uncertainty and its associated risks for a given precipitation by using an ensemble of pre-
cipitation estimates. The models introduced in this work can also be used for simulation
of rainfall ensembles for climate change studies such as investigating long term changes
in the hydrologic cycle of a specific watershed.

8.3 Perspective of Future Work

Based on the analysis carried out in this study, the results discussed above, and the scope
of this research, the following recommendations for future research are suggested:

• In recent years, in addition to the NEXRAD radar data, several NASA sponsored
satellite missions such as the Earth Observing System (EOS), Aqua satellite, Trop-
ical Rainfall Measuring Mission (TRMM) and the anticipated Global Precipitation
Mission (GPM) have and will provide valuable hydrologic data. The presented
models can be tested and verified using satellite data that are also subject to the
uncertainties and limitations associated with radar rainfall estimates.

• Theoretically, there are an infinite number of possible copulas families (Salvadori
et al. (2007); Nelsen (2006); Genest and MacKay (1986); Genest and Favre (2007))
that can be used for describing the dependencies. However, no extensive empirical
study has determined the families of copulas that are appropriate for weather vari-
ables. Future research in this area can provide valuable information for practical
applications.

• The problem of accounting for spatial and temporal dependencies of radar error
warrants further investigations. As discussed before, no temporal autocorrelation
was assumed for the simulated error fields. In future research, one may consider in-
cluding the temporal autocorrelation of error in the model using different methods
such as combining the Markov approach with a copula-based model.

• An estimation of the variability of model parameters with respect to different types
of storms (e.g. stratiform, convective, etc.). Such analyses, however, require exten-
sive high quality radar rainfall estimates and rain gauge measurements in order to
obtain representative information on radar rainfall error.
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Bárdossy, A., 2006. Copula-based geostatistical models for groundwater quality parame-
ters. Water Resources Research 42 (W11416), doi:10.1029/2005WR004754.
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