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Abstract

The algebraictechniquesf Grébnerbasesand Multipolynomialresultantsare presenteasefficient algebraictools
for solvingexplicitly thenonlineargeodetigproblems.n particular thesealgebraidoolsareusedto provide symbolic
solutionsto the problemsof GPSpseudo-angingfour-point P4P, MinimumDistanceMappingandthe threedimen-
sionalresection.The variousforward andbackward substitutionstepsinherentin the classicalclosedform solutions
for theseselectedgeodeticproblemsare avoided. Similar to the Gausseliminationtechniquein linear systemsof
equationsthe Grobnerbasesand Multipolynomialresultantseliminateseveral variablesin a multivariatesystemof
nonlinearequationsn suchamannetthattheendproductnormally consistof univariatepolynomialequationsvhose
rootscanbe determinedy existing programssuchastherootscommandn MATLAB.

The capabilityof Grébnerbasesand Multipolynomialresultantsto solve explicitly nonlineargeodeticproblemsen-
ablesus to usethem asthe computationaknginein the Gauss-acobi combinatorial algorithm proposedby C. F.

Gauss(publishedposthumouslye.g AppendixA.4) andC. G. I. Jacobi(1841)to solve the nonlinear Gauss-Markv

model With the nonlineargeodeticobsenation equationscorvertedinto algebraic(polynomial) form, the Gauss-
Jacobicombinatorialalgorithmis carriedoutin two steps.

In thefirst stepall m combination®f minimal subset®f theobsenationequationsareformed,andthen unknovnsof
eachsubsetrerigorouslysolvedby meansof the Grobnerbasesndthe Multipolynomial resultants Them solution
setscanberepresentedspointsin ann-dimensionakpaceR™. In a secondstepthe solutionof the overdetermined
Gaul3-Marlkov-modelis constructedasweightedarithmeticmeanof thosem solutionpoints. Herebythe weightsare
obtainedfrom the Error propagatioraw/variance-cwariancepropagation.Using the developedGauss-acobi com-
binatorial algorithm, the overdeterminedhree-dimensionalesectionproblembasedon the testnetwork “Stuttgart
Cental” is solved.

The algorithmsarefinally appliedsuccessfullyto two casestudies;transformingin a closedform geocentriccoordi-
natesto Gaussellipsoidalcoordinateggeodetic)andto obtainthe seven datumtransformatiorparametergrom two
setsof coordinatesBy meansof Grobnerbasis the scaleparameter(in the seven datumtransformatiorparameters
problem)is shownn to fulfill bea univariatealgebraic equationof fourth order (quartic polynomial)while therotation
parameterarefunctionsin scaleandthe coordinateglifferences.

Zusammenfassung

Die MethodederGrobnerBasenGB) undderMultipolynomialerResultant§ MR ) wird alswirksamesalgebraisches
Hilfsmittel zur expliziten LosungnichtlinearergeodéatischeProblemevorgestellt. Insbesonderavird dieseMeth-
odedazubenutzt,um dasVierpunkt-pseudoangingProblembeimGPS dasProblemdesminimalenAbstandsines
vorgegebenenPunkteszu einer gekrimmterFlache savie das ProblemdesdreidimensionalerRudkwartssanittes
analytischzu l6sen. Die verschiedeneischritteder Vorwarts-und Riuckwarts-Einsetzunglie bei denklassischen
geschlossenendsungendieserausgavahltenProblemeunumganglichsind, werdendabeivermieden.In &hnlicher
Weise wie bei der GauRschenElimination bei linearenGleichungssystemewerdendurch die Methodeder GB
und der MR die VariableneinesmultivariatennichtlinearenGleichungssystemso eliminiert, dasseine univariate
GleichunghéhererOrdnungentstehtderenLésungsmengenit existierender-ormelmanipulationsprogramenwie
MATLAB bestimmtwerdenkann.

Wir nutzendie GB undMR als Rechenhilfsmittebei der LésungdesnichtlinearenGauf3-Marlov-Modellsmit Hilfe
deskombinatorischerGaul3-&cobi-Algorithmusder von C.FE Gauf3(posthumverdffentlicht, AnhangA.4) und von
C.G.l. Jacobi(1841)vorgeschlagemvurde. Sind die nichtlinearengeodéatischemeobachtungsgleichungém alge-
braische(polynomiale)Form gebrachtwird der Gauf3-Jacobi-Algorithmuis zwei Schrittendurchgefuhrtim ersten
Schrittwerdenalle m Kombinationenvon minimalenUntermengerder Beobachtungsgleichungeyebildet,daraus
werdenmit Hilfe von GB- und MR -Algorithmenjeweils strengdie n UnbekannterdesProblemsbestimmt. Die m
Lésungsmengekodnnenals Punktein einemn-dimensionalefRaumR™ damgestelltwerden.Im zweitenSchrittwird
die Lésungdestberbestimmte®aul3-Marlov-ModellsalsgewichtetesarithmetischeMittel dieserm Losungspunkte
konstruiert. Dabeiergebensich die Gewichte ausdem Fortpflanzungsgesetter Varianzen/Kvarianzen.Mit Hilfe
dessoerweiterterkombinatorischerGauR-acobi-Algorithmusvird dasTestnetz'Stuttgart Stadtmitte”als iiberbes-
timmter Ruckwartsschnithusgelichen.

Die AlgorithmenwerdenschlieZlichauf zwei Fallstudienerfolgreichangevandt: eswerdenzum einengeozentrische
Koordinaterin geschlossenéformin Gauf3scheellipsoidischggeodatischeioordinatertransformiertzumanderen
werdenauszwei entsprechendelioordinaten-Datensatzedie sich auf SystemeaunterschiedlicheDatumsfestlgung
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beziehendie siebenTransformationsparametbestimmt. Mit Hilfe der GB wird gezeigt,dassbei demletztgenan-
nten Problemder Mal3stabsiktor als eine univariatesalgebraische Gleichungvierter Ordnungerfullt, wahrenddie
RotationsparametéunktionendesMal3stabsiktorsund der Koordinatendiferenzersind.
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Chapter 1

Intr oduction

1-1 Statementof the problem

In GeodesyPhotogrammetrandComputeVision, nonlinearequationsareoftenencountereih severalapplications
asthey oftenrelatethe obsenations(measurementsd the unknavn parameterso bedeterminedIn casethenumber
of obsenationsn andthe numberof unknovnsm areequal(n = m), the unknowvn parametersnay be obtainedby
solving explicitly or in a closedform the systemof equationgelatingobsenationsto the unknavn parametersFor
example,D. Coxetal. (1998,pp.28-32)hasillustratedthatfor systemsof equationswith exactsolution,the system
becomevulnerableto smallerrorsintroducedduringroot findingsandin caseof extendingthe partial solutionto the
completesolution of the system,the errorsmay accumulateand thus becomeso large. If the partial solutionwas
derivedby iterative proceduresthenthe errorsincurredduring the root-findingmay blow up during the extensionof
the partial solutionto the completesolution(backsubstitution).

In someapplications,symbolic ratherthan numericalsolution are desired. In suchcases.explicit proceduresare

usuallyemployed. Theresultingsymbolicexpression®ften consistof univariatepolynomialsrelatingthe unknavn

parametergunknavn variables}o theknown variablegobsenations).By insertingknown valuesinto theseunivariate
polynomials,numericalsolutionsare readily computedfor the unknown variables. Advantagef explicit solutions
have beenlisted by E. L. Merritt (1949)as; provision of satisfactionto the uses (Photagrammetristand Mathemati-
cians)of the methodsprovision of datatoolsfor cheding the iterative methodsdesied by Geodesistvhosetask of

contml densificatiordoesnot favor iterative procedues provision of solaceandthe requirementof explicit solutions
ratherthaniterative by someapplications In Geodesyor example the MinimumDistanceMappingproblemconsid-
eredby E. GrafarendandP. Lohse(1991)relatesa point on the Earth's topographicakurfaceuniquely (one-to-one)
to a point on the International RefeenceEllipsoid. The solutionof suchan optimizationproblemrequiresthatthe

equationde solvedexplicitly .

The draw backthat was experiencedwith explicit solutionswasthatthey werelike rare jewel. The reasonfor this

waspartly becauséhe methodsequiredextensive computationgor the resultsto be obtainedandpartly becausehe

resultingsymbolicexpressionsveretoo large andrequiredcomputerswith large storagecapacity Until recently the

computerghatwere available could hardly handlelarge computationsdueto lack of fasterCentralProcessindJnit

(CPU), shortageof RandomAccessMemory (RAM) and limited hard disk spacefor storage. The other setback
experiencedby the explicit procedureavasthat someof the methods,especiallythosefrom algebraicfields, were
formulatedbasedntheoreticaconceptghatwerehardto realizeor comprehendavithoutthe helpof computersFor a

longtime,thesesetbackfiamperegrogresof theexplicit proceduresTheadwancesnadein computetechnologyin

recentyearshowever haschangedhetidesandledto improvementsn explicit computationaproceduresvhich hith-

ertoweredifficult to achieve. Apart from theimprovementsn existing computationaproceduresnex computational
techniquesare continouslybeing addedto the increasinglist of computationaimethodswith an aim of optimizing

computationaspeedandefficiengy. In this category arethealgebraionethodf GrobnerbasesandMultipolynomial
resultants

The presenstudyexaminesthe suitability of algebraiccomputationatechniqueof GrébnerbasesandMultipolyno-
mial resultantsn solvingexplicitly nonlinearsystem®f obsenationequationghathave beencorvertedinto algebraic
(polynomial)form in Geodesy The algebraictechniqueof Grobnerbasesand Sylvesteresultant(resultantof two
polynomials)for solving polynomialequationdn Geodesyhave beenmentionedand examplesof their applications
to the two-dimensionalkcasegivenin the work of P. Lohse (1994, pp.36-39,71-76). The presentstudy considers

1



2 CHAPTER1. INTRODUCTION

the Grobnerbasesand Multipolynomialresultantgresultantof morethantwo polynomialg in the solutionof three-
dimensionaproblems.E. Grafarend(1989)hasalreadysuggestedhe useof Grobnerbasesapproachin solvingthe
perspeciie centerproblemin photogrammetry

Otherthanrevolutionizing computatiorproceduresthe advancesnadein computertechnologyhave alsoled to im-
provementin instrumentatiorfor dataacquisitionasexemplifiedin the caseof GPSpositioningsatellites. Sinceits
inceptionasa positioningtool, the Global Positioning System{GPS)-referredto by E. GrafarendandJ. Shan(1996)
asthe Global ProblemSolver hasrevolutionizedgeodetigpositioningtechniquesandmaintainedts supremag asa
positioningtool. Theseimprovementson instrumentatiorfor dataacquisitionhave led to improved datacollection
proceduregndincreasdan accurag. Lengthygeodeticproceduresuchastriangulationthat requireda lot of time,
intervisibility betweenstationsanda large manpaver arerapidly beingreplacedby satellite positioningtechniques
which requireshorterobsenation periods,no intervisibility requirementweatherindependenaind less manpaver
leadingto optimizationof time andmoney. Whereasmprovedinstrumentatioris applaudedit comesa long with its
own difficulties. Oneof thedifficultiesis thatalot of datais collectedthanrequiredto determineunknovn parameters
leadingto redundanciesin positioningwith GPSfor example,dueto its constellationthat offer a wider coverage,
morethanfour satellitescanbeobsenedatary pointof theearth.In theminimal case pnly four satellitesarerequired
to fix the recever positionandthe recever clock biasassuminghat the transmitterclock biasandthe transmitter
recever biashave beenneglectedfor the pseudo-ange type of obsenations. More thanfour satellitesthereforelead
to superfluoudbsenations.In suchcaseswheren > m, theexplicit solutionsgive way to optimizationprocedures
suchasleastsquaessolutionwhich work very well for linear modelsunderspecifiedconditions.

In Geodesyhowever, the obsenation equationsare normally nonlinear thus requiringthe useof nonlinear Gauss-
Markov modelwhich is normally solved eitherby first linearizing the obsenation equationausing Taylor seriesex-
pansionto the secondrdertermsaboutapproximatevaluesof the unknavnsthenapplyinglinear modelsestimation
procedure®r by usingiterative proceduessuchasthe Gauss-Nestonapproach.Thelinearizationapproach hasthe
disadantagethat the linearizedapproximationof the nonlinearmodelsmay still suffer from nonlinearityandthus
resultingin the estimate®f suchmodelsbeingfarfrom thereal estimate®f the nonlinearmodels This caneasilybe
checledby re-substitutinghe estimategrom thelinearizedmodelinto the original nonlinearmodel.

For theiterative procedues,the greatestindoingmay be therequiremenbf theinitial approximateraluesto startoff
theiterationswhich maynotbeavailablefor someapplications For simpemaodels theapproximatenitial valuesmay
be computedfor othershowever, the approximatevaluesmay be impossibleto compute.Apart from the problemof
gettingtheinitial approximateraluestherealsoexiststheproblemthatpoorchoiceof approximatesaluesmayleadto
lack of convergenceor if theapproximatesaluebefar from therealsolution,thenalargenumberof iterationsmaybe
requiredto getcloseto therealsolutionthusrenderinghewhole procedureo bequite slow, especiallywheremultiple
rootsareavailable.For otherproceduresuchasthe 7-parameterdatumtransformatiorthatrequiredinearizationand
iterativemethodsit is notfeasibleto take into accounthestochasticityof bothsystemsnvolved. Clearly, aprocedure
for solving nonlinear Gauss-Markv modelthat canavoid the requiremenbf initial approximatestartingvaluesfor
iteration andlinearizationapproacheandalsotake into consideratiorihe stodhasticityof the systemsnvolvedis the
desireof modernday GeodesisandPhotogrammetrist.

With this backgroundthe presenstudyaimsat answeringhefollowing questions:

e For geodeticproblemsrequiringexplicit solutions,canthe algebraictools of Grébnerbasesand Multipolyno-
mial resultantghathave foundapplicationsn otherfieldssuchasRobotics(for kinematicmodellingof robots),
Visions, ComputerAided Design(CAD), Engineering(offset surfaceconstructionin solid modelling), Com-
puterScience(automatedheoremproving) e.t.c. be usedto solve system®f nonlinearobservationrequations
of algebraiqpolynomial)type?

e Is thereary alternatve for solving the nonlinear Gauss-Markv modelwithout resortingto linearization or
iterative proceduesthatrequireapproximatestartingvalues?

To answetthefirst questionthe presenstudyusesthe GrébnerbasesandMultipolynomialresultantgo solve explic-
itly the problemsof GPSfour-point pseudo-anging MinimumDistanceMappingandthethreedimensionaiesection.
The answerto the secondproblembecomestlear oncethe first questionhasbeenanswered.Shouldthe algebraic
technique®f GrobnerbasesandMultipolynomialresultantshe successfuin solvingexplicitly the selectedyeodetic
problemsthenthey areusedasthe computationakngineof the combinatorialalgorithmthat wasfirst suggestedy
C. F. Gauss(Publishedhosthumouslye.g.in AppendixA.4) andlateron by C. G. |. Jacobi(1841)andextendedby P.
Werkmeister(1920). We referto this algorithmasthe Gauss-acobicombinatorialalgorithm In attemptingo answer
thequestionabove, the objectivesof the presenstudyareformulateas:
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() Analyzethe algebraiccomputationaprocedure®f type Grébnerbasesand Multipolynomialresultants
with the aim of establishingtheir suitability in solving explicitly (in closedform) geodeticnonlinear
problems In this respectthe GrobnerbasesandMultipolynomialresultantgechniquesreusedto solve
explicitly (symbolically)geodeticproblemsof GPSpseudo-angingfour-point P4P, MinimumDistance
Mappingandthethreedimensionalesection By cornvertingthe nonlinearobservatiorequationsof these
selectedgeodeticproblemsinto algebraic (polynomia), the studyaimsat usingthe Grébnerbasesand
Multipolynomialresultantdechniquego eliminateseveralvariablesn a multivariatesystenof nonlinear
polynomialequationsn sucha mannerthattheendproductfrom theinitial systemof nonlinearobsena-
tion equationsnormally consistof a univariate polynomial The eliminationprocedurds similar to the
Gaussliminationapproachn linearsystems.

(2 From the principle of weightedarithmeticmeanand using the Gauss-acobi combinatoriallemma(C.
G. I. Jacobi 1841), develop an adjustmentprocedurethat neitherlinearizesthe nonlinear observation
equationsnor usesiterative proceduesto solve the nonlinear Gauss-Markv model. Linearizationis
permittedonly for nonlinearerror propagation/variance-cwariance propagation Suchprocedurds to
usetheunivariatepolynomialgeneratedby thealgebraiccomputationaproceduresf type Grobnerbases
or Multipolynomialresultantsasthe computingenginefor its minimalcombinatorialset

3) Testtheproceduredn solvingrealgeodetigproblemsof determiningthe 7 transformatiorparameterand
transformingin a closedform the “geocentricCartesiancoordinates’to “Gaussellipsoidal coordinates
(geodetic)”.

1-2 Solution of the problem

The currentknown techniquedor solving nonlinear polynomialequationscan be classifiedinto symboli¢c numeric
andgeometricmethodqD. Manoda 1994c). Symbolicmethodswhich we considerin this studyfor solving closed
form geodeticproblemsapply the Grébnerbasesandthe Multipolynomialresultantgedchniquesto eliminateseveral
variablesin a multivariate systemof equationsin sucha mannerthat the end productoften consistof univariate
polynomialswhoseroots can be determinedby existing programssuch as the roots commandin MATLAB. The
currentavailable programshowever are efficient only for setsof low degreepolynomial systemsconsistingof upto
threeto four polynomialsdueto the factthatcomputingtherootsof the univariatepolynomialscanbeill conditioned
for polynomialsof degreegreatetthan14 or 15 (D. Manota 1994c).

Elaboratditeratureon Grébnerbasescanbe foundin the works of B. Buchbeiger (1965,1970),J. H. Davenportet
al. (1988,pp.95-103),F. Winkler (1996),D. Coxetal. (1997,pp.47-99),H. M. Mdller (1998), W. V. Vasconcelos
(1998), T. Beder and V. Weispfenning(1993,1998) B. Sturmfels(1996), G. PistoneandH. P. Wynn (1996),D. A.
Cox (1998)andD. Cox et al.(1998, pp.1-50),while literatureon Multipolynomial resultantsprocedue include the
worksof G. Salmon(1876),F. Macaulay(1902,1921),A. L. Dixon (1908), B. L. vanWaerden(1950),C. Bajaj et al.
(1988),J. F. Canny(1988),J. F. Cannyetal. (1989),I. M. Gelfandetal. (1990) J. Weiss(1993),D. Manoda (1992,
1993,19944a,b,c1998),D. Manoda andJ. F. Canny(1991,1992,1993),1. M. Gelfandetal. (1994) G. Lyubeznik
(1995) S.KrishnaandD. Manoda (1995),J. Gudkenheimeeetal.(1997) B. Sturmfelg1994,1998),E. Cattanietal.
(1998)andD. Coxetal. (1998,pp.71-122) Besideshe Grobnerbasesandresultanttechniques thereexists another
approachfor variableelimination developedby WU Wen Tsuin (W. T. Wu 1984) using the ideasproposedby J. F.
Ritt (1950). This approaclhis basedn Ritts characteristicetconstructiorandwassuccessfullyappliedto automated
geometricheoremby Wu. This algorithmis referredby X. S.GaoandS.C. Chou(1990)asthe Ritt-W's algorithm
(D. Manodta andF. Canny1993). C. L. ChengandJ. W. Van Ness(1999) have presentegbolynomialmeasurement
errormodels.

Numeric methodsfor solving polynomialscanbe groupedinto iterative and homotopymethods. For homotopywe
referto A. P. Morgan (1992). Also in this category aregeometricnethodswhich have foundapplicationin curve and
surfaceintersectionvhosecorvergencearehowever saidto be slow (D. Manoa 1994c).In generalfor low degree
curveintersectionthealgebraianethodshave beenfoundto bethefastesin practice.ln Sectiong2-321)and(2-322)
of Chapter2, we presenin anutshellthetheoriesof GrobnerbasesandMultipolynomialresultants.

Theproblemof nonlinearadjustmentn Geodesyasin otherfieldscontinuedo attractmoreattentionfrom themodern
dayresearcherasevidencedn theworksof R.Mautz(2001)andL. Guolin (2000)who presents procedurghattests
usingthe F-distritution whethera nonlinearmodelcanbelinearizedor not. The solutionto the minimizationproblem
of the nonlinear Gauss-Markv modelunlike its linear counterpartdoesnot have a direct methodfor solvingit and
assuch,always relies on the iterative proceduresuchasthe Steepest-descemethod,Newton’s methodand the
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Gauss-Neriton’s methoddiscussedy P. Teunisser{1990).In particular P. Teunisser{1990)recommendshe Gauss-
Newton’s methodasit exploits the structureof the objective function (sumof squares}hatis to be minimized. P.
Teunisserand E. H. Knickmeyer (1988) considersn a statisticalway how the nonlinearityof a function manifests
itself duringthe variousstagef adjustmentE. GrafarendandB. Schaffrin (1989,1991)while extendingthe work
of T. Krarup (1982) on nonlinearadjustmentwith respecto geometricinterpretationhave presentedhe necessary
andsuficientconditionsfor leastsquaresdjustmenbf nonlinearGauss-Markv modelandprovidedthegeometrical
interpretatiorof theseconditions.

Othergeometricabpproachemcludethe worksof G. BlahaandR. P. Besettq1989)andK. Borre andS. Lauritzen
(1983)while nongeometricallytreatmenbf nonlinearproblemshave beenpresentedy K. K. Kubik (1967),T. Saito
(1973),H. J. Shekand P. Maier (1976), A. Pope (1982)andH. G. Bahr (1988). A comprehensie review to the
iterative proceduregor solvingthenonlinearequationss presentedh thework of P. Lohse(1994).M. Gulliksonand
I. Séderkvis{1995)have developedalgorithmsfor fitting surfaceswhich have beenexplicitly or implicitly definedto
somemeasuregbointswith negative weightsbeingacceptablédy the algorithm.

Our approachn the presenstudygoesbackto thework of C. F. Gauss(Publishedbosthumouslye.g. AppendixA.4)
andC. G. |. Jacobi (1841). Within the framework of arithmeticmean,C. F. Gauss(Publishedposthumouslye.g.
AppendixA.4) andC. G. |. Jacobi (1841)suggesthatgivenn linear(ized)obsenation equationswith m unknowns
(n > m), o combinationsgachconsistingof m equationsbe solved for the unknovn elementsand the weighted
arithmeticmeanbeappliedto getthefinal solution.Wherea<C. F. GausgPublishechosthumously.g. AppendixA.4)
proposesveightingby usingthe productsof the squareof the measuredlistancegrom the unknawvn pointto known
pointsandthe distance®f the sideof theerrortriangles,C. G. |. Jacobi(1841)proposedhe useof the squareof the
determinantasweights. In tracingthe methodof leastsquarego the arithmeticmean,A. T. Hornoch (1950) shows
that the weightedarithmeticmeanproposedoy C. G. |. Jacobi(1841)leadsto the leastsquaressolutiononly if the
weightsusedarethe actualweightsandthe pseudo-obseationsformedby the combinatorialpairsareuncorrelated.
Usinganumericalkexample,S.Wellisch (1910,pp. 41-49)hasshowvn theresultsof leastsquaresolutionto beidentical
to thoseof the Gauss-acobicombinatorialalgorithmonceproperweightingis applied.

P. Werkmeister(1920)illustratedthatfor planarresectiorcasewith threedirectionalobsenationsfrom the unknavn
pointto threeknown stationsthe areaof thetriangle(errorfigure)formedby theresultingthreecombinatoriakcoordi-
natesof thenew pointis proportionalto thedeterminanof thedispersiommatrix of the coordinate®f the new station.
In the presentstudy theseconceptf the combinatorialinear adjustmentare extendecdto nonlinearadjustment In
chapter2, the linear and nonlinear Gauss-Markv modelsareintroducedin Section(2-1). Section(2-2) presents
andprovesthe Gauss-acobicombinatoriallemmawhichis requiredfor the solutionof the nonlinearGauss-Markv
model We illustrateusinga leveling network and planarrangingproblemthatthe resultsof Gauss-acobicombina-
torial algorithm areidenticalto thoseof linear Gauss-Markv modelif the actualvariance-ceariancematricesare
used.

To testthe algebraiccomputationatools of Grobnerbasesand Multipolynomial resultantspresentedn Chapter2,
geodeticproblemsof threedimensionatesection Minimum DistanceMapping and GPSpseudo-angingfour-point
P4P have beenusedin Chapter3. In general,the searchtowardsthe solution of the three-dimensionatesection
problemtracesits origin to the work of a Germanmathematician). A. Grunert (1841)whosepublicationappeared
in theyear1841. J. A. Grunert (1841)solved the threedimensionalesectiornproblem-whatwasthenknown asthe
“Pothenots” problem-in aclosedform by solvinganalgebraicequatiorof degreefour. Theproblemhadhithertobeen
solved by iterative meansmainly in Photogrammetrand ComputerVision. Procedureslevelopedlater for solving
the three-dimensionalesectionproblemrevolved aroundthe improvementsof the approachof J. A. Grunert (1841)
with the aim of searchingfor the optimal meansof distancegletermination.Whereas). A. Grunert (1841) solves
the problemby substitutionapproachin three steps.the morerecentdesirehasbeento solve the distanceequations
in lesserstepsasexemplifiedin the works of S. FinsterwalderandW. Sceufele(1937),E. L. Merritt (1949),M. A.
Fischler andR. C. Bolles(1981),S. Linnainmaaet al. (1988)andE. Grafarend,P. LohseandB. Scdaffrin (1989).
Otherresearctdoneon the subjectof resectionincludethe works of F. J. Muller (1925),E. GrafarendandJ. Kunz
(1965) R.Horaudetal. (1989),P. Lohse(1990),andE. GrafarendandJ. Shan(1997a,1997b).An extensve review
of someof the proceduresbove arepresentedby F. J. Mller (1925)andR. M. Haralick etal. (1991,1994).

R. M. Haralick etal. (1994)reviewed the performanceof six directsolutions(J. A. Grunert 1841,S. Finsterwalder
andW. Sceufele1937,E. L. Merritt 1949, M. A. Fischler andR. C. Bolles 1981, Linnainmaaet al. 1988,andE.
Grafarend,P. LohseandB. Scaffrin 1989)with the aim of evaluatingthe numericalstability of the solutionsandthe
effect of permutationwithin the varioussolutions.All thesix approachefollow the outline adopteddy J. A. Grunert
(1841)with the major differenceseingthe changen variablesthereductionof thesevariablesandthe combination
of differentpairsof equations.The studyrevealedthat the higherthe orderof the polynomials,the more complex
the computationdecameandthusthe lessaccuratehe solutionsweredue numericalinstabilities. ConsequentlyS.
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Finstervalder’s (SF) procedurewnhich solvesa third orderpolynomialis rankedfirst, J. A Grunert(JG), Fischlerand
Bolles (FB), and Grafarendet al. (GLS) solutionsareranked second,Linnainmaaet al. solutionwhich generates
an eighthorderpolynomialis ranked third. Thoughit doesnot solve the eightorder polynomial,the complexity of
the polynomialis still found to be higherthanthoseof the otherprocedures An amazingresultis that of Merritt’s
proceduravhichis rankedlastdespitethefactthatit is afourth orderpolynomialandis similarto Grunertsapproach
exceptfor the pairs of equationsused. R. M. Haralick et al. (1994) attributesthe poor performanceof Merritt's
procedureo the cornversionprocedureadoptedby E. L Merritt (1949)in reducingthe equationsrom forth to third
order For planarresectiorproblem,solutionshave beenproposece.g. by D. Werner (1913),G. Brandstatter(1974)
andJ. vanMierlo (1988).

In Sectiong3-21),we present solutionof thethree-dimensionalesectiorproblemby solvingthe Grunertdistances
equationsusing Grobner basesand Multipolynomial resultantstechniques. The resulting fourth order univariate
polynomialis solvedfor the unknown distanceandthe admissiblesolutionsubstitutedn otherelementsof Grobner
basisto determinethe remainingtwo distances.Oncewe have obtainedthe spatialdistancesthe positionis com-
putedusingary of the four approachesf the three-dimensionalangingproblem(“Bogenschnitt”); Grobnerbasis,
Multipolynomial resultants elimination by substitutionand elimination using matrix approach.For the orientation
stepwhich concludeghe solutionof thethree-dimensionalesectiorproblem,we referto theworksof J. L. Awange
(1999)andE. GrafarendandJ. L. Awange (2000)who solvedthe threedimensionadrientationproblemby usingthe
simpleProcrustesalgorithm. Herethe simpleProcrusteproblemor partial Procrusteproblem,a specialcaseof the
generalProcrusteproblem,is understoodo meanthefit of the rotation matrix which transformsa setof Cartesian
coordinatesnto anothersetof CartesiarcoordinatesThe generalProcrusteproblemincludesbesidegherotational
elementsalsotranslationdilatationandreflection.A list of referencess |I. Borg andP. Groenen(1997),F. B. Brokken
(1983),T. F. CoxandM. A. Cox(1994),F. Crosilla (1983a,1983b)B. Green(1952),M. Gullikson(1995a,1995b),S.
Kurz (1996),R.Mathar (1997),P. H. Shdénemani§{1996),L. N. TrefetherandD. Bau(1997),andl. L. Dryden(1998).

In orderto relatea point on the Earth's topographicakurfaceuniquely (one-to-one}o a point on the International
RefeenceEllipsoid, E. Grafarend and P. Lohse(1991) have proposedhe useof the Minimum DistanceMapping

Otherprocedureshathave beenproposedareeitheriterative, approximaté’closed”, closedor higherorderequations.
Iterative proceduresnclude the works of N. BartelmeandP. Meissl. (1975), W. Benning(1987),K. M. Borkowski
(1987,1989),N. Croceto(1993),A. Fitzgibbonetal. (1999),T. Fukushima1999) W. Ganderetal. (1994),B. Hek

(1987),W. HeiskannerandH. Moritz (1976),R. HirvonenandH. Moritz (1963),P. Loslowski(1991),K. C. Lin and
J. Wang (1995), M. K. Paul (1973) L. E. Sjoebeg (1999), T. SolerandL. D. Hothem(1989) W. Torge (1976), T.

Vincenty(1978)andR. J. You (2000).

Approximate“closed” proceduresncludeB. R. Bowring (1976,1985),A. Fotiou (1998),B. Hofman-Véllenhofet al.
(1992),M. Pick (1985)andT. Vincenty(1980),while closedproceduresncludeW. Benning(1987),H. Fréhlich and
H. H. Hansen(1976),E. Grafarendet al. (1995)andM. Heikkinen(1982). Procedureshat requiredthe solution
of higherorderequationdnclude M. Lapaine(1990),M. J. Ozone(1985),P. Peney (1978) H. Siinlel (1976),andP.
Vanicek and E. Krakiwski(1982). In Section(3-22), the Minimum DistanceMapping problemis solved usingthe
Grobnerbasesapproach A univariatepolynomialof fourth orderis obtainedtogethemwith 13 otherelementf the
Grdbnerbasis Theobtainedunivariatepolynomialandthelineartermsarecomparedo thoseof E. GrafarendandP.
Lohse(1991).OtherreferencencludeE. GrafarendandW. Keller (1995)andMukherjege K. (1996)

The GPSfour-point pseudo-angingproblemis concernedvith the determinatiorof the coordinatesf a stationary
recevertogethemwith its rangebias. Severalclosedform procedureiave beenput forwardfor obtainingclosedform
solutionof the problem. Amongstthe proceduresncludethe vectorialapproachasevidencedin the works of L. O.
Krause(1987),J. S. AbelandJ. W. Chafee(1991),P. Singer etal. (1993),J. W. ChafeeandJ. S. Abel (1994) H.
Lichtengger (1995)andA. Kleusbeg (1994,1999). E. GrafarendandJ. Shan(1996)proposetwo approachespne
approachs basedn a closedform solutionof thenonlineampseudo-rangingquationsn geocentriccoordinatesvhile
theotherapproachsolvesthe sameequationsn barycentriccoordinates.

S.C.Hanetal. (2001)have developedanalgorithmfor very accurateabsolutepositioningthroughGlobal Positioning
System(GPS)satelliteclock estimationwhile S. Bancioft (1985) providesan algebraicclosedform solution of the
overdeterminedsPSpseudo-rangingbsenations. In Section(3-231)we solve using Grobnerbasisand Multipoly-

nomial resultantsGPSfour-point pseudo-angingproblem Chapter3 endsby usingthe Gauss-acobicombinatorial
algorithmin Section(3-232)to solve the overdeterminedsPS point pseudo-anging problem The LPS and GPS
RefeenceFramesrelevantfor theseselectedyeodetigproblemshave beenconsideredn Section(3-1). For literature
onthree-dimensionglositioningmodelswe referto E. W. Grafarend(1975),V. AshlenaziandS, Grist (1982),G. W.

Hein (1982a,1982b),J. Zaiser(1986),F. W. O. Aduol (1989),U. Klein (1997)andS.M. Musyokal 999).

Chapterd extendsChapter3 by solvingthethree-dimensionalkesectiorproblembasedn thetestnetwork “Stuttgart
Cental”. In Section(4-2), usingthe computedsymbolic solutionsobtainedin Section(3-21), the coordinatesof
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Dach K1 aredeterminedxplicitly. Threestations.iederhalle Eduadpfeifer andHaussmanstrareused.Iln Section
(4-3) all the 7 network points are usedto determinethe coordinatesof Dach K1, thus leadingto the solution of
overdeterminedhree-dimensionalesectiomproblem

Overdetermineglanarresectionproblemhasbeentreatedgraphicallyby E. Hammer(1896), C. Runge (1900), P.
Werkmeister(1916)andP. Werkmeister(1920). E. Gotthaidt (1940,1974dealtwith the overdeterminedwo dimen-
sionalresectionvheremorethanfour pointswere consideredvith the aim of studyingthe critical configurationthat
wouldyield a solution. Thework waslaterto be extendedby K. Killian (1990). A specialcaseof anoverdetermined
two-dimensionatesectiorhasalsobeenconsideredy H. G. Bahr (1991)who usessix known stationsandproposes
the measuringof threehorizontalangleswhich arerelatedto the two unknown coordinatesy nonlinearequations.
By adoptingapproximatecoordinate®f the unknonn point, aniterative adjustmenproceduras performedo getthe
improved two-dimensionatoordinatef the unknovn point. It shouldbe notedthat the procedurds basedon the
coordinatesystemof the six known stations.K. Rinner(1962)hasalsocontributedto the problemof overdetermined
two-dimensionatesection.

Oncewe have developedand testedthe algorithmsin Chapters2 to 4, Chapter5 considerstwo casestudies;the
conversionof the geocentricGPSpointsfor the Baltic Sealevel Projectinto the Gauss-Jacol@llipsoidalcoordinates
andthe determinationof the seven datumtransformatiorparameters We have usedthe skew symmetricmatrix to
constructhe orthogonalmatrix X 3 in Chapter5. Otherapproachebhave beenpresentedn G. H. Shut(1958/59)and
E.H. Thompsor{1959a, b). Datumtransformatiormodelshave beendealtwith e.g.in E. Grafarend,F. Okelke (1998)
F. KrummandF. Okeke (1995) E. GrafarendandF. Okeke (1998)andE. GrafarendandR. Syfus(1998).

Chapter6 summarizegandconcludegshe study



Chapter 2

Nonlinear Adjustment

In thepresenChapterwe deparfrom thetraditionaliterative procedures$or estimatingheunknaown fixedparameters
of the nonlinearGauss-Markv modelandpresenta combinatorialapproac thattracesits rootsbackto the work of
C. F. Gaussthatwaspublishedposthumoush{AppendixA.4). C. F. Gaussfirst proposedhe combinatorialapproach
usingthe productsof squaredlistancegfrom unknown point to known points)andthe squareof the perpendicular
distanceg$rom the sidesof theerrortriangleto theunknavn pointastheweights.Accordingto W. K. Nicholson(1999,
pp. 272-273) themottoin Gausssealread“pauca desmatura” meaningfew but ripe. This beliefled C. F. Gaussnot
to publishmostof his importantcontributions. For instance W. K. Nicholson(1999, pp. 272-273)writes “Although
notall hisresultswererecordedn thediary (mary weresetdown only in lettersto friends),severalentrieswould have
eachgivenfameto their authorif published.Gaussew aboutthequarteniondeforeHamilton..”. Thecombinatorial
method,like mary of his works, waslaterto be publishedafter his death. Several yearslater, the methodwasto be
developedfurtherby C. G. I. Jacobi(1841)who usedthe squareof the determinantasthe weightsin estimatingthe
unknown parameterérom the arithmeticmean.P. Werkmeister(1920) later establishedhe relationshipbetweenthe
areaof the errorfigureformedby the combinatorialapproactandthe standarcerror of the determinedoint. We will
referto this combinatorialapproacd asthe Gauss-acobicombinatorialalgorithm

First we defineboth the linear (both fixed and the randomeffect model) and nonlinear Gauss-Markv modelsin
section(2-1). While the solutionof thelinear Gauss-Markv modelby BestL inear Uniformly UnbiasedEstimator
(BLUUE) is straightforward, the solution of the nonlinear Gauss-Markv modelhasno straightforward procedure
owing to the nonlinearityof theinjectivefunction(or mapfunction)thatmapsR™ to R". We thereforeintroducein
Section(2-2) the Gauss-acobicombinatorialalgorithmwhich we proposeo usein solvingnonlinearGauss-Markv
model.In Section(2-3), we demonstrat&iow the procedurecanbe usedto solve the nonlinearGauss-Markv model

2-1 Linear and nonlinear Gauss-Markov models

Presentedh this Sectionareboth the linear andnonlinear Gauss-Markv models We startby the definition of the
linear Gauss-Markv modelasfollows

Definition 2-0a (Specialinear Gauss-Markv model):
Givenarealn x 1 randomvectory € IR™ of obsenations,arealm x 1 vectoré € R™ of unknawn fixed
parametersverarealn x m coeficientmatrix A € R™*™ arealn x n positve-definitedispersiormatrix X,
thefunctionalmodel

A& = B{y}, E{y} € R(A),rkA =m,S = D{y},rkE =n (2-1)

is calledthea speciallinear Gauss-Markv modelwith full rank.

The unknown vector§ of fixed parameterén the speciallinear Gauss-Markv model(2-1) is normally estimatedoy
BestL inear Uniformly UnbiasedEstimationBLUUE, definedin E. GrafarendandB. Sdaffrin (1993,p. 93) as

Definition 2-0b ( BestL inear Uniformly UnbiasedEstimationBLUUE):
Anm x 1vector§ = Ly + kisV — BLUU E for £ (BestL inear Uniformly UnbiasedEstimationrespectiely

7



8 CHAPTERZ2. NONLINEAR ADJUSTMENT

the (V' — Norm) in (2-1) whenon onehandit is uniformly unbiasedn the senseof
E{€} = E{Ly + k} = £ forall£ € R™ (2-2)

andontheotherhandin comparisorio all otherlinearuniformly unbiasecdstimatorgivetheminimumvariance
andthereforethe minimummeanestimatiorerrorin the senseof

trD{€} = E{(£ - &) (B{§ - €)} =
= 0?LYL = ||L||? = min, 2-3)

whereL is arealm x n matrixandk anm x 1 vector

Using (2-3) to estimatehe unknown fixed parametewector§ in (2-1) leadsto
£=(A=71a)'As !y (2-4)

with its regulardispersiormatrix

D{é}=A's"ta) (2-5)
The dispersionmatrix (variance-ceariancematrix) 3 is unknownandis obtainedby meansof estimatorsof type
MINQUE, BIQUUE or BIQE asin C. R. Rao(1967,1971,1973and 1978), C. R. Raoand J. Kleffe (1979), B.
Sdaffrin (1983),andE. Grafarend(1985).In theeventthat A’ " A is notregular(i.e.A hasarankdeficieny), the
rankdeficieny canbe overcomeby proceduresuchasthosepresentedby E. Mittermayer(1972),E. Grafarendand
B. Scaffrin (1974),E. GrafarendandB. Scaffrin (1993,pp. 107-165) F. K. Brunner(1979),A. Peremulter(1979),
P. Meissl(1982),E. GrafarendandF. Sansq1985)andK. R.Koch (1999,pp.181-197amongothers.

Definition 2-1a ( Gauss-Markv modelwith randomeffects):
Themodel
y=Cz+ey;—Ce,
E{y} =CE{z} e R"
D{y} = D{y — Cz} + CD{z}C' € R"*"
Cly,z} =0 (2-6)

z,E{z}, E{y}, Ey—Cz’ 3 2 unknown

dimR(C') = rkC =1

with arealn x 1 randomvectory € IR™ of obsenations,areall x 1 vectorz of unknovn randomeffects
(“zufallseffiekte”), a nonstochastiaealvaluedmatrix C € R™*! of rankrkC = [ is calledthe Gauss-Markv
modelwith randomeffects

Thelx 1 randomeffectvectorz of themodel(2-6) canbepredictedby theBestL inear Uniformly UnbiasedPrediction
BLUUP definedby (E. GrafarendandB. Scaffrin 1993,p.304) as

Definition 2-1b ( BestLinear Uniformly UnbiasedPredictionBLUUP):
An [ x 1 vectorZz is calledh omogeniouBLUUP (BestL inear Uniformly UnbiasedPrediction)of z in the
speciallinear Gauss-Markv modelwith randomeffects(2-6) if
(1st) 2 is ahomogenioudinearform
Z=Ly (2-7)

anduniformly unbiasedn thesense

E{zZ} = E{Ly} = E{z} (2-8)
(2nd)in comparisorto all otherlinearuniformly unbiasedpredictorsgive the minimummeansquarepredictor
errorin thesenseof

IMSPE|? =
=F{(2-2)(2-2)}=trD{Z -2} =
=trLD{y}L +tr D{2} |1y 210 = (2-9)

= ||L'||22y +E{(Z - 2)(Z - 2)'} = min

with MSPEsymbolizing“M eanSquarePredictorError” and L is areall x n matrix.
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Using (2-9) to predictthe unknovn randomparametevectorz in (2-6) leadsto
Z=(C'sy'0)"'C'syly (2-10)

with its regulardispersiommatrix

D{z} = (C'Ey'C)7, (2-11)

if D{y} = D{y — Cz} + CD{z}C' € R™" exist.

Definition 2-2 (NonlinearGauss-Markv mode):
Themodel

E{y}=y—-e=A(£),D{y} =% (2-12)

with arealn x 1 randomvectory € IR™ of obsenations,arealm x 1 vectoré € R™ of unknown fixed
parametersp x 1 vectore of randomerrors(with zeromeananddispersionmatrix ), A beinganinjective
functionfrom anopendomaininto n—dimensionabpaceR™(m < n) and E the“expectation”operatoiis said
to beanonlinearGauss-Markv model(E. GrafarendandB. Scaffrin 1989).

Thedifferencebetweerthelinear andnonlinearGauss-Markv modelsdefinedabove lies ontheinjectivefunction A.
In thelinear Gauss-Markv mode| A is linearandthussatisfieghe algebraicaxiom

A(a& + B&) = aA(&) + BA(E), o, B € R, 6,6 € R™, (2-13)

with them -dimensionamanifoldtracedby A(.) for varyingvaluesof & beingflat. For thenonlinearGauss-Markv
modelontheotherhand,A(.) is anonlinearvectorfunctionthatmapsR™ to R™ tracinganm -dimensionamanifold
thatis curved.

In Geodesymary nonlinearfunctionsarenormally assumedo be moderatelynonlinearthuspermittinglinearization
by Taylor seriesexpansionandthen applyingthe linear modelsto estimatethe unknown fixed parameterge.g. K.

R. Koch 1999, pp.155-156).Whereaghis may often hold, the effect of the nonlinearityof the modelsmay still be
significanton the outcomeandassuch,we revertin the next Sectionto the Gauss-acobicombinatorialalgorithm

2-2 The Gauss-&cobicombinatorial algorithm

In this Sectionwe presenthe Gauss-acobicombinatorialalgorithmwhich is neitheriterative nor requiredineariza-
tion of the nonlinearobsenation equationdor the solutionof nonlinear Gauss-Markv model. Linearizationis per
mitted only for the nonlinearerror propagation/variance-ceariancepropagationin orderto generatahe dispersion
matrixn (i.e. the secondmoments). We startby statingthe Gauss-acobi combinatoriallemmain Box (2-1) and
referto S. Wellisch (1910, pp. 46-47)and T. Hornoch (1950)for the proof that the resultsare equivalentto those
of leastsquaressolution. The levelling network is presentedo illustratethe Gauss-acobi combinatorialapproach.
We concludethe Sectionby Theoem (2-1) which allows the applicability of the Gauss-dcobi combinatorialalgo-
rithm in solvingnonlinearGeodeticobsenationequation®oncethey have beencorvertedinto algebraic (polynomial)
equations

We statethe C. F. GaussandC. G. | Jacobi(1841)combinatorialemmaasfollows:
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4 N

Box 2-1 (Lemma2-1: Gauss-acobicombinatoria):
For n algebraicbsenationequationsn m unknowvns

aiz+biy—y1 =0
a2z +boy —y2 =0

2-14
asr +bsy —y3 =0 ( )

for thedeterminatiorof thecoordinates: andy of theunknavnpoint P, y;|i € {1,2,...,n} beingtheobsenableand
a;, bili € {1,2,...,n} beingthe elementof thedesignmatrix A € R,”*™ thereexist no setof solution{z,y} from
ary combinatorialpair in the equationsabove thatsatisfythe entiresystemof equationsThis is becauséhe solution
obtainedfrom eachcombinatorialpair of equationgiffersfrom the othersdueto the unavoidablerandommeasuring
errors. If the solutionsfrom the pair of the combinatorialequationsaredesignated:; 5,2 3, ... andy; 2,923, - - -
with thesubscripindicatingthecombinatorialsthenthecombinedsolutionis the sumof theweightedarithmeticmean

g = PL2?12 +DP2,3%2,3 + ... sy = P1,2Y1,2 + P2,3Y2,3 + .- (2-15)
pP12+p23+.... pP12+p23+....

with p1,2,p2,3, - - . beingtheweightsof the combinatoriakolutionsgiven by the squareof the determinantss

P12 = (ale - Cl2b1)A2
P2,3 = (a2bs — agbz)? (2-16)

Theresults(2-15) coincideswith the centerof the errorfigure (seeFigurein AppendixA.4for n = 3) formedby the
coordinatef the combinatorialsolutionsandareidenticalto thoseof leastsquaessolutionfor linear observation

@uations. J

Weillustratethe Gauss-acobicombinatorialapproad usingthelevelling network below.

Levelling network: Consideralevelling network with four-pointsin Figure (2.1) below.

Py

Ys
Y2

P Y1 Py

Figure2.1: Levelling Network

Let the heightof point P, be givenash; andthoseof P, and P; be sought.We have
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numberof combinatorialoutesthatcanbe usedto obtainthe heightsof points P, and P;. Thesearelevelling routes
P -P—-P, —P,P,—P;— Py, — P,,andP; — P, — P, — P3. Thesecombinatorialsumup to the outsideloop
of thenetwork P, — P, — P; — P;. Theobsenationequationsarewrittenas

T2 —hi =
23— h1 =1y
I3 — T2 = Y3 (2_17)

$4—h1=y4
Ty — T2 =Ys5
T4 — T3 = Ys

which canbe expressedn theform of thespeciallinear Gauss-Markv model(2-1)in page(7) as

Y1+ hy 1 0 0
Y2 + hy 0 1 0 z
Y -1 1 0 2 )
Yo+ h - 0 0 1 §3 ’ (2 18)
s -1 0 1 4
Y6 0O -1 1
wherey,ys,- - - -, yg arethe obsened heightdifferencesz, 23, x4 arethe unknovn heightsof points P, P3, P,

respectiely. Let thedispersiommatrix D{y} = X bechosensuchthatthe correlationmatrixis unit (i.e.¥X = I3 =
>~ Positive — definite,rkX ™! = 3 = n), thedecompositiormatrix Y andthe normalequatiormatrix A'X ! A
begivenrespectiely by

y1+h1 0 0
X yo vt 3 -1 -1
Y = 3 A A= -1 3 -1]. 2-19
—(ys+h1) O ya+h |’ ( )
-1 -1 3
Ys —Ys 0
0 Y6 —Ye

We computethe heightsof points P, and P; usingthe combinatorialprocedureasfollows:

1st,2nd and 3nd Combinatorials (levelling alongroutes:route(1) := P, — Py — Py — P;, route(2) := Py — P; —
P4—P2androute(3) Z:P3—P1 —P4—P3):
(2-19)and(2-4) leadsto the partial solutions

[ hi  ys  ya | T Y5 Ys ] )
Nt TR T 2 7 2
3 —1 Yyr_Ya 3 —1| ¥ _Y
SToute(l) -2 9 9 ’ £route(2) -2 9 9
y1 LU Yo _ Y5
L2 "2 T T L2 2
(2-20)
- v g2 -
2 2
2 Ya Yo M
£route(3) = % 9 T 9 T 9 Y2
hi Y2 e
|2 T2 T2t )
Theheightsof the stationse,, 23, z4 would thenbe givenby the summatiorof the combinatorialkolutions
_ TN
hi ys  y2
nEt T T
g g ¢ g h
&=€p pmoropntée porptée popop=3 y—; + y—; - 31 —y2 || (2-21)
yi_ 92
L 2 2
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Levelling alongroute P, — P, — P; — P;) andwith (2-4) we have

[ h s 1)
Y1+ h y1+7—3—5
—(y2 + h1)
€p_ppp, = (A'Z1A)TA'S! y03 =3 %1 + %3 - % -y | b (2-22)
0
0 h_%
! 2 2 ]

which areidenticalto the Gauss-acobicombinatorialsolutionin (2-21) &.

Having statedandillustratedusinga levelling examplethe Gauss-acobi combinatoriallemmafor linear equations,
we statebelow thetheoemthatallows the solutionof nonlinearequationsn Geodesy

@( 2-2 (Theoem2-1):
Given algebraic(polynomial) obsenationalequationgrn obsenations,wheren is the dimensionof the obsenation
spaceY) of order! in m variables(unknavns) (m is the dimensionof the parametespaceX), the applicationof
leastsquaresolution(LESS)to thealgebraicobsenationequationgives(2! — 1) astheorderof the setof nonlinear
algebraic normalequations Thereexistsm normalequationf the polynomialorder(2! — 1) to besolved.
Proof Givennonlinearalgebraicequationsf; € k{&1, -..,&n} expressedis

fl € k{§17 agm}
f2 € k{§17 7§m}

(2-23)
fn€k{&, ... &m}-
andtheorderconsidereds], we write the objective functionto be minimizedas
AP = £+ + 21V € kG, - 6m) (2-24)
andobtainthepartialderivatives(first derivatives)of (2-24)with respecto theunknavn variables{&;, ...,&y,}. The
orderof (2-24) which is I2 thenreducedo (2/ — 1) upondifferentiatingthe objective function with respectto the

variablesty, ..., &,. Thusresultingin m normalequationf thepolynomialorder (2! — 1).
Example(pseudo-ranging):

For pseudo-rangingr distanceequationsthe order of the polynomialsin the algebraicobsenational equationss
[ = 2. If we take the “pseudo-rangesquared’or “distancessquared”,a necessarproceduren orderto make the
obsenationalequations‘algebraic” or “polynomial”, andimplementLESS, the objective function which is of order
I = 4 reducedy oneto order! = 3 upondifferentiatingonce.The normalequationsareof order! = 3 asexpected.

\ o
Thesignificanceof thetheoremaboveis thatby usingthe Gauss-acobicombinatorialapproad to solve thenonlinear

Gauss-Markv mode] all obsenation equationsof geodeticinterestare successfullycorvertedto “alg ebraic” or
“polynomial” equations.

2-3 Solution of nonlinear Gauss-Markov model

Having presentecand proved the Gauss-dcobi combinatoriallemmausing simple linear levelling and linearized
rangingexampleswe proceedo solve the nonlinearGauss-Markv modelin two steps:

e Stepl: Combinatorialminimal subset®f obsenationsare constructedandrigorously solved by meansof the
Multipolynomialresultantor Groebnerbasis(J. L. Awange andE. Grafarend2001).
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e Step2: The combinatorialsolutionpointsof stepl1 arereducedto their final adjustedvaluesby meansof an
adjustmenprocedurenvherethe BestLinearUniformly UnbiasedEstimator(BLUUE) is usedto estimatethe
vectorof fixed parametersvithin the linear Gauss-Markv modelwith the dispersiormatrix of therealvalued
randomvector of pseudo-obseationsfrom Stepl generatedvia the nonlinear error propagation law also
known in this caseasthe nonlinearvariance-cwariancepropagation

2-31 Construction of the minimal combinatorial subsets

Sincen > m we constructthe minimal combinatorialsubsetcomprisingm equationsolvablein closedform using
either Grébnerbasesor Multipolynomialresultantswhich we presenin Section(2-32). We begin by the following
elementarydefinitions:

Definition 2-3 (Permutation):
GivenasetS with elementds, j, k} € S, thearrangemenobtainedby placing{i, j, k} € S in somesequence
is calledpermutation If we chooseary of theelementssayi first, theneachof theremainingelementg, k can
be putin the secondposition,while the third positionis occupiedby the unusedetter eitherj or k. For theset
S, thefollowing permutationg€anbe made:

ijk ikj jik i
ki kij kji (2-25)
From (2-25) thereexist threewaysof filling thefirst position,two waysof filling the secondpositionandone
way of filling thethird position. Thusthe numberof permutationss givenby 3 x 2 x 1 = 6. In generalfor n

differentelementsthe numberof permutatioris equalton x ... x 3 x 2 x 1 = n!

Definition 2-4 (Combination):
If for n elementonly m elementsareusedfor the permutationthenwe have a combinationof the mth order
If we follow the definition above, thenthefirst positioncanbefilled in n ways,the secondn n — 1 waysand
themthinn — (m — 1) ways.In (2-25)above the combinationareidenticalandcontainthe sameelementsn
differentsequencesif the arrangemenis to be neglected thenwe have for n elementsa combinationof mth
orderbeinggivenby

no\ _ n! _n(n—1)...(n—m+1) )
( >_m!(n—m)!_ mx ...x3x2x1 ’ (2-26)

Givenn nonlinearequationgo besolved,we first form ( :L ) minimal combinatorialubset®achconsistingof m

elementgwherem is the numberof the unknavn elements) Eachminimal combinatorialsubseis solved usingthe
algebraicproceduresliscussedn (2-32). In geodesythe numberof elements: normally consistof the obsenations
in thevectory, while the numberof elementsn normally consistof the unknown fixed parameterén thevectorg.

2-32 Closedform solution of the minimal combinatorial subsets

In this Section,we presentwo algebraicalgorithmsthatare usedto solve in closedform the minimal combinatorial
subsetgonstructedn Section(2-31). Wefirst presentheapproactbasedntheGrébnerbasesandthereafteconsider
the Multipolynomialresultantsapproach.

2-321 Closedform solution of nonlinear equationsby Grébner bases

As arecipeto whatGrébnerbasescando, considerthatmostproblemsin nature herein GeodesyPhotogrammetry
MachineVision, Robotics,Suneying etc. canbe modelledby setsof nonlinearequationgorming polynomials.These
nonlinearsystem®f equationghat have to be solved canbe usedto form linear combinationf otherpolynomials
calledldealsby beingmultiplied by arbitrary polynomialsandsummedup. In this case,a collectionof thesenon-
linear algebraic equationsforming Ideals are referredto us the setof polynomialsgeneratinghe Ideal and forms
the elementsof this Ideal. The B. Buchbeiger algorithm thentakesthis setof generatingpolynomialsand derive,
usingaprocedureahatwill beexplainedshortly, anothersetof polynomialscalledthe Grébnerbasiswhich hassome
specialproperties. Oneof the specialpropertieof the Grébnerbasess thatits elementandivide the elementf
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the generatingsetgiving zeroremainder This propertyis achievzed by the B. Buchbeiger algorithm by cancelingthe
leadingtermsof the polynomialsin the generatingsetandin sodoingderiving the Grébnerbasisof the Ideal (whose
elementsarethe generatinghonlinearalgebraic equation$. With the lexicographictype of orderingchosenone of
theelementf the Grobnerbasisis oftena univariatepolynomialwhoserootscanbeobtainedby therootscommand
in MATLAB. The otherspecialpropertyis thattwo setsof polynomialequationswill generatéhe sameldeal if and
only if their Grébnerbasesareequalwith respecto ary termordering.This propertyis importantin thatthe solution
of the Grobnerbasiswill satisfythe original solutionrequiredby the generatingsetof nonlinearequations.

With this brief outline, we now definethe term Grébnerbasis In the outline abose anddefinitionsbelow, we have

usedseveraltermsthatrequiredefinitions.In AppendixA.1(p.97),we presenthe definitionsof thetermsasfollows;

monomialDefinitionA-1), polynomial(Definition A-2), linear algebra (DefinitionA-3), ring (DefinitionA-4), polyno-
mial ring (Definition A-5), Ideal (Definition A-6), monomialordering (Definition A-7) andleadingcoeficients(LC),

leadingterms(LT), leadingmonomials(LM) andmultideg (Definition A-8). Indeedwhat we presenthereis just a

definitionof theterm Grobnerbasisandassuch,ary readerinterestedn the subjectmay consulttext bookssuchas
J. H. Davenportetal. (1988),T. Beder andV. Weispfenning1993,1998),B. Sturmfelg1996), F. Winkler (1996), D.

Coxetal. (1997),B. Buchbemer andF. Winkler (1998),andW. V. Vasconcelo1998). We startby first definingan
Idealandthe Hilbert BasisTheoemthatguaranteethatevery Ideal hasa finite setof Grébnerbasisbeforedefining
thetermGrdbnerbasisandbriefly looking atthe B. Buchbeiger algorithmwhichis the enginebehindthecomputation
of Grobnerbases

Definition 2-5 (J. H. Davenportetal. 1988,p.96,D. Coxetal. 1997,p.29):
An ldealis generatedby a family of generator@sconsistingof the setof linear combinationf thesegenesa-

tors with polynomialcoeficients.Let fi, ..., f; bepolynomialsin & [z1, ..., z,] then
<fi, -fs> = {Zhifz-, hi, ..., hs € k[z1, ...,:cn].} (2-27)
i=1
< fi, ... fs >isanldealandif a subsetl C k[z1, ...,z,] is anldeal,it mustsatisfythe following condi-
tions;
(@0 el

(b)If f,g € I,thenf+ g€ I (i.e. Iisanadditivesubgoupoftheadditivegroupof thefield & ).
(©If felandhe k[z, ..., x,],thenhf € I (i.e. is closedundermultiplicationring elemen}.

Thedefinitionof anldeal canbe presentedn termsof polynomialequationsfi, ..., fs € k[z1, ..., z,]. Onebegins
by expressinghe systemof polynomialequations

fi=0
fo=0

) (2-28)
fs =07

which can be usedto derive othersby multiplication of the individual equation f; by anotherpolynomial h; €
k[zi, ...,xz,] andaddingto geth; f1 + hafa + ... + hsfs = 0 (cf. 2-27). Theldeal < fi, ..., fs > thuscon-
sistsof a systemof equationsf; = f» = ... = fs = 0 thusindicatingthatif f, ..., fs € k[z1, ..., z,], then
< fi, ---, fs >isanldealgeneratedy fi, ..., fs (thusformingthebasisof theldeal I'), beingthe basisof the Ideal
1.

Perhaps curiousreademay begin to wonderwhy the term ldeal wasselected.To quenchthis curiosity we referto
W. K. Nicholson(1999,p.220)andquotefrom T. Beder andV. Weispfenningd1993,p.59) on how thetermIdealand
ring cameto be. They write:

“On theorigin of thetermIdeal, theconcepis attributedto Dedekindvhointroducedt asasettheoretical
versionof Kummers “ldeal number”to circumwventthefailure of uniquefactorizationin certainnatural
extensionof thedomainZ. Therelevanceof Idealin thetheoryof polynomialringswashighlightedby the
Hilbert BasisTheoem Thesystematiaevelopmentof Ideal theoryin moregenerakingsis largely due
to E. Noether In the olderliteraturethe term “module” is sometimesusedfor “Ideal” (cf. F. Macaulay
1916). Theterm*“ring” seemgo bedueto D. Hilbert; Kronedker usedtheterm“order” for ring”.
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Example 2-1: Giventhepolynomialsin R [z, 2, 23] @s
22 + 2a12T1 T2 + T3 + apo = 0
.’E% + 2by3zox3 + x% +boo =0 (2'29)

72 4 2c317321 + T2 + Copo =0

then
Ideal I =< z? + 2a122172 + T3 + Goo, T3 + 2b23T2T3 + .Z‘% =+ boo, m% + 2¢3173%1 + T3 + Coo > -

Example 2-2: Giventhepolynomialsin R [z1, 22, 3, Z4] aS

2? — 2a971 + 73 — 2box2 + 73 — 2c073 — 2 + 2dozs + a2 + U3+ 2 +dE =0
2?2 — 20171 + 73 — 20129 + 23 — 2123 — 23 +2dizs +ai + V2 + A +dP =0

72 — 2a2m1 + 73 — 2boxy + 23 — 2c973 — a3 + 2doxs +ai + U3+ E +dE =0 (2-30)
72 — 2a371 + 13 — 2b3xy + 23 — 2c373 — 23 + 2d3zs +ai + 3+ E +dE =0
thenldeal I is givenby
z? — 2a0x1 + 13 — 2boxy + T3 — 2¢0z3 — x5 + 2dox4 + @} + b + ¢ + dZ,
< 2?2 — 2ay11 + 13 — 2by1T0 + w% —2c1x3 — 13 + 2dywg +al + b2 + 2 + d3, S (2-31)
72 — 2a3m1 + 13 — 2bawy + T3 — 2c2w3 — x5 + 2dawy + a3 + b3 + 3 + d3,
7? — 2a371 + 73 — 2b379 + T3 — 2¢373 — 7 + 2d3x4 + a3 + b3 + 2 + d2.
Example 2-3: Giventhepolynomialsin R [z1, 22, 23, Z4] 8S
—(X —z) +bV2z124 =0
(
—(Y — 1'2) +b%zozy =0 (2-32)

—(Z — .’L‘3) + b2$3$4 =0
b2x? + 0?72 + o’z — a®b? =0

The
Ideal I =< —(X —z1) + b’ m124, — (Y — 29) + b2m224, —(Z — 13) + VP34, b%23 4 b?23 + 0’23 — a®b® >

Having definedand given examplesof an Ideal, we presentthe definitionsof the division algorithm exploited by

B. Buchbemer algorithm beforedefiningthe Grébner basis(Standad Basis)of an Ideal. We begin by statingthe
Hilbert BasisTheoem which givesthe assurancef the existenceof the Grobnerbasis. In generalwe will denote
by k[z1, .. .,z,] acollectionof polynomialsfy, ..., fs with variablesin fi, ..., f, andcoeficientsin ary field k.

k[z1, ..., z,] formsapolynomialring (DefinitionA-5, AppendixA.1).

Lemma2-2 (DivisionAlgorithm,D. Coxetal. 1997,theoem3, p.61,theoem4, p.47):
Fix amonomialorder>onZZ, , andlet F' = (fi, ..., f;) beanorderedS-tuplepolynomialin &k [z, ...,z,] .
Thenevery f € k[z1, ..., z,] canbewrittenasf = a; fi +azf2+ ... +as fs +r, Wwherea;,r € k21, ..., 2,]
andeitherr = 0 or alinearcombinationwith coeficientsin £ of monomialsnoneof whichis divisible by ary
of LT(f1), -..,LT(fs). The Hilbert BasisTheoemassureshatevery Ideal I C k [z, ..., z,] hasafinite
generatinget,thatis I =< gy, ..., g5 > for somegy, ..., g5 € I.

Thefinite generatingsetG in Hilbert BasisTheoemis whatis known asabasis Supposevery non-zergpolynomial
is written in decreasingrderof its monomials:

Zaiwi, a; 75 0, T; > Tit1, (2-33)

i=1

if we let the systemof generatoref theldealbein asetG , apolynomial f is reducedwith respecto G if noleading
monomialof anelementof G (LM (G )) dividestheleadingmonomialof f (LM( f)). Thepolynomial f is saidto be
completelyreducedwith respecto G if no monomialsof f is divisible by the leadingmonomialof anelementof G
(J. H. Davenportetal. 1988,pp. 96-97).

Theintroductionof the division algorithm givenin Lemma2-6 above fits well to the caseof univariate polynomials
astheremainder canuniquelybe determined.In the caseof multivariate polynomials the remaindemmay not be
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uniquelydeterminedasthis dependon the orderof the divisors. Thedivision of the polynomial F by { f1, f2} may

not necessarilygive the sameremainderasthe division of F' by {f2, f1} in whosecasethe orderhasbeenchanged.
This problemis overcomeif we passover to the Standad basishaving beenassuref its existencefor every Ideal

by the Hilbert BasisTheoemin Lemma2-6.

The Standad BasisG which completelyreduceshe polynomial f anduniquelydetermineghe remainder- is also
known asthe Grébnerbasisandis definedasfollows:

Definition 2-6 (J. H. Davenportetal. 1988p.97,D. Coxetal. 1997,Definition 1, p.100):
A systemof generatorgor basis)G of anldeal I is calleda Standad Basisor Grobnerbasis(with respecto
the order<) if every reductionof f € I to areducedpolynomial (with respectto G ) alwaysgiveszeroasa
remainder The above definitionis a specialcaseof a moregeneraldefinition givenas: Fix amonomialorder
andletG = {g1, ....,9s} C k[z1, ....,2,]. Givenf € k[zy, ....,z,], then f reducego zeroModulo G,
written as
f—=c0, (2-34)

if f canbewrittenin theform
f=ag + ... +ag (2-35)

suchthatwhenerera;g; # 0, we have multideg(f )> multideg(a;g; ).

Suggestedby W. Grobnerin 1949anddevelopedby his studentat the time B. Buchbeiger in 1965, B. Buchbeger
decidedto honourhis thesissupervisoM. Grobneir(1899-1980)%y namingthe Standad basisfor Idealsin polyno-
mial ring k [z, ...,2,] @asGrobnerbasis(B. Buchbemger 1965). Grobnerbaseshasbecomea householchamein
algebraicmanipulationsandfinds applicationin fields suchas Statisticsand Engineering.lt hasfound useasa tool
for discoveringandproving theoremgo solving systemf polynomialequationsaselaboratedn publicationsby B.
Budhbemer andF. Winkler (1998). Grébnerbasesalsogive a solutionto the ldeal membershigproblem.By reducing
agivenpolynomial f with respecto the GrébnerbasisG, f is saidto beamemberof theldealif thezeroremainder
is obtained.ThusletG = {gi, ..., gs} beaGrdbnerbasisof anldeal I C k[z1, ...,zp] andlet f € k[z1, . ..., =]
beapolynomial,thenf € I if andonly if theremaindeondivisionof f by G is zero.Grobnerbasesanalsobeused
to shaw the equivalenceof polynomialequations.Two setsof polynomialequationswill generateghe sameldeal if
andonly if their Grébnerbasesareequalwith respecto any termordering.This impliesthata systemof polynomial
equationsfi (z1, --.,2,) =0, ..., fs(z1, - - ., 2,) = 0 will have the samesolutionwith a systemarisingfrom ary
Grobnerbasisof fi, ..., fs with respecto ary termordering. This is the main propertyof the Grobnerbaseghatis
usedto solve a systemof polynomialequationsaswill beexplainedbelow.

B. Buchberger algorithm

Given polynomialsgi, ....,gs € I, the B. Buchbeger algorithm seeksto derive the standardgeneratoror the
Groebnerbasisof this Ideal. Systemsof equationsg; = 0, ....,gs = 0 to be solved in practiseare normally
formed by thesesamepolynomialswhich here generatingthe Ideal. The B. Buchbeger algorithm computesthe
Groebnerbasisby makinguseof pairsof polynomialsfrom the original polynomialsgy, ....,gs € Tandcomputes
the subtractiorpolynomialknown asthe S — polynomial explainedin D. Coxetal. (1997;p. 81) asfollows:

Definition 2-7 (S — polynomial):
Let f,g € k[z1, ...x,] betwo non-zeropolynomials. If multideg (f) = « andmultideg (g) = 3, thenlet
Y=, ..., T, Wherey; = max {a;, 8;} for eachi . 27 is calledthe LeastCommorMultiple (LCM) of LM( f
) andLM(g ) expressedsz” = LCM {LM(f), LM (g)}. TheS — polynomial of f andg is givenas

Y Y

X

(2-36)

Y

Theexpressiorabove givesS asalinearcombinationof themonomials————

x o with polynomialcoeficients
LT(f)" LT(g)

f andg andthusbelongsto the Ideal generatedby f andg.

Definition 2-8 (Grébnerbasisin termsof S — polynomial):
A basisG is Grobnerbasisif andonly if for every pair of polynomialsf andg of G, S(f, g) reducego zero
with respecto G. More generallya basisG = {g1, ...,9s} for anldeal I is a Grébnerbasisif andonly if
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Theimplicationof Definition2-8is thefollowing: Giventwo polynomialsf, g € G suchthatLC M (LM (f), LM (g))
= LM(f).LM/(g) thentheleadingmonomialsof f andg arerelatively primeleadingto S(f, g) —¢ 0. Theconcept
of primeintegeris clearlydocumentedn K. IrelandandM. Rosen(1990pp. 1-17).

Example 2-4 (S — Polynomial):
Considerthe two polynomials
g1 = 23 + 201271 T2 + T3 + Qoo

2-37
g2 = T3 + 2ba3T2x3 + T35 + boo ( )

of ExampleA-1in AppendixA.1, the S —polynomial canthenbecomputedasfollows: Firstwe choosealexicographic
ordering{z, > x2 > z3} then

LM(g:) =z}, LM (g) = 23, LT (1) = z7, LT (g2) = 3
- LCM(LM(g1), LM (g2)) = ziz3

iz z3r3
S(g1,92) = ;22 (2] + 2a1221 %2 + 75 + G00) — %(m% + 2basTox3 + 3 + boo) (2-38)

1 2
= 2222 4 20127173 + T3 + o073 — T32Z — 2bo373Tox3 — TITZ — byo?)
= —boox? — 2bo3wiToT3 — m%x% + 2a1271 73 + T4 + ApoT3

Example 2-5 (S — Polynomial):
ConsiderExampleA-2in AppendixA.1for pseudo-rangingroblem.Thefirst two polynomialsequationsaregivenas

g3 = 73 — 2a071 + 75 — 2boT2 + 7% — 2c0x3 — T3 + 2doz4 + ad + b3 + 2 + d3

g1 = o7 — 20171 + T3 — 2b179 + T3 — 2c173 — 33 + 2d1 74 + a3 + 02 + 3 + d3. (2-39)
By choosingthelexicographicordering{z1 > xz2 > z3 > x4} , the S— polynomialis computedasfollows
LM(g3) = =}, LM (g4) = a1, LT (g3) = z{, LT (g4) =
LCM(LM(Q%);LM(QQ) =i
Xz x
S(g3,94) = m—é(!}a‘) - x—é(m) =93 — ga (2-40)

1 1
S(g3,94) = 2(a1 — ao)x1 + 2(b1 — bo)z2 + 2(c1 — ¢o)z3+
+2(dy —d1)xg +ao — a1 + b, — b1 + ¢, —c1 +do — dy

Example2-6 (S — Polynomial):
As anadditionalexampleonthe computatiorof S— polynomial,let usconsidetheminimumdistancenapping
problemof ExampleA-3in AppendixA.1 Thelasttwo polynomialsequationsaregivenas

gs = w3 + Vw3wy — Z i
ge = b2x? + b%z3 + a’z% — a®bh? (2-41)

By choosingthelexicographicordering{z; > z2 > z3 > x4}, the S— polynomialis computedasfollows

LM (gs) = 3, LM (g6) = 1, LT (g5) = w3, LT (g6) = b*z7
LCM (LM (gs), LM (gs)) = zizs
i 23z
_ T1T3

b2z2

— 2 2,.2 2 2.3 2
S(9s5,96) = —Za7 + b*wiw3xy — 2503 — f 3 + a’w3

(2-42)

Tl
S(95,96) = ;—33(433 + Y 3ms — 7Z) (b°2% + %23 + a’z3 — a’b?)

Example2-7 (computatiorof Grobnerbasisfrom theS — polynomials):
By meansof an Examplegivenby J. H. Davenportetal. (1988,pp. 101-102), we illustratehow the B. Buch-
berger algorithmworks. Let us considerthe Ideal generatedby the polynomialequations

g1 = 23yz — 22>

g2 = 2y’z — Y2 (2-43)
g3 =2y — 2

with the lexicographic orderingz > y > z adopted. The S -polynomialsto be consideredare S(g1, g2),
S(g2, g3) andS(g1, g3). We consideffirst.S(ga, g3) andshow thattheresultis usedto supresg; uponwhichary
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pair S(g1, g:) (e.9.5(g1,g92) andS(g1, g3)) containingg; will notbeconsideredLT (g2) = xy?z, LT (g3) =
z?y?, thenLC M (go, g3) = x2y>z respectiely

22y2z 22y2z
S(92,93) = —5-92— —5 5 93
2,2 392 2,59 o (2-44)
= (z2?y*z — 2%yz) — (2?y*z — 2%)
=—:c2yz—}—z2

We immediatelynotethatthe leadingtermof theresultingpolynomialLT(S(g-, g3) ) is notdivisible by ary of
theleadingtermsof theelement®of G, andthustheremaindeuponthedivisionof S(g-, g3) by thepolynomials
in G is notzero(i.e. whenreducedwith respecto G ) thusG is nota Grobnerbasis This resultingpolynomial
after the formationof the S— polynomialis denotedg, andits negative (to make calculationsmorereliable)
addedo theinitial setof G leadingto

g1 = $3yz — x22
g2 = xyzz — Yz
g3 =2%y* — z
g4 = 22yz — 22

(2-45)

The S— polynomialsto be consideredarenow S(g1, 92), S(91,93), S(g1,94), S(g2, 94) andS(gs, g4). In the
setof G, onecanwrite g; = xg4 leadingwithoutany changen G to thesuppressionf g; leaving only S(g2, g4)
andS(gs, g4) to beconsideredThen

S(g2,94) = g2 — yga
= Pyt g2 (2-46)

which canbe reducedby addingg, to give g5 = yz? — 2% , anonzerovaluethusthe setG is not a Grébner
basis Thisvalueis addedo thesetof G to give

92 = zy’z — wyz,

2,2

g3 =z°y* — 2, i

91 = zyz — 22, (-47)

95 =y2* — 2%,
the S— polynomialsto be consideredirenow S(gs, g4), S(g2, g5), S(g3, 95) andS(ga, g5). We thencompute

5(93,94) = 293 — Y94
2 (2-48)

whichuponsubtractiorfrom g5 reducego zero. Further

S(92,95) = 292 — zYgs

= —zy2? + zyz? (2-49)
=0
and
S(94,95) = 294 — x*ygs
— 2222~ 283 (2-50)

whichis addedo G asgg giving

g2 = 2y’2 — 1y2,

g3 = 2%y* — 2,

g1 = 1yz — 22, (2-51)
gs =y2* — 2%,
g6 =%y — 2°,

The S polynomialsto be consideredirenow S(gs, gs), S(g2, 96), S(93, 96), S(ga, g6) @andS(gs, gs). We now
illustratethatall this S — polynomial s reducedo zeroasfollows

S(gs, gs5) = 2°gs — 2ygs = 2°y2® — 2° — 294 =0

S(g2,96) = w292 — y°g6 = —2°y*2* + y*2> + 4?94 = 0

(93,96) = 2°93 —y’g6 = y?2° — 2° — (yz — 2)g5 = 0 (2-52)
(94,96) = 294 — yge = y2° — 2% — 295 = 0

( 5 96)

95, 96) = 295 — yge = —2°2% +y2° + gs — 295 = 0.
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Thusequation(2-52) comprisethe Grébnerbasisof the original setin (2-43).

Theimportanceof the Spolynomials isthatthey leadto thecancellatiorof theleadingtermsof thepolynomialpairs
involved. In so doing the polynomialvariablesare systematicallyeliminatedaccordingto the polynomialordering
chosen.For exampleif the lexicographicorderingz > y > z is chosenx will be eliminatedfirst, followed by y
andthefinal expressiormay consistonly of thevariablez. D. Coxetal. (1998,p.15) hasindicatedthe advantageof
lexicographicorderingasbeingtheability to produceGrdbnerbasiswith systematieliminationof variables Graded
lexicographicorderingon the otherhandhasthe advantageof minimizing theamountof computationaspaceneeded
to producethe Grobnerbasis The procedurds thusa generlisation of the Gausseliminationprocedue for linear
system®f equationsIf we now putour systenof polynomialequationdo besolvedin asetG, S —pair combinations
can be formed from the setof G asexplainedin the definitionsabove. The theolem known asthe Budchbeiger’s
S — pair polynomialcriterion, givesthe criterion for decidingwhethera given basisis a Grébnerbasisor not. It
sufficesto computeall the Spolynomials andcheckwhetherthey reduceto zero. Shouldoneof the polynomials
notreduceo zero,thenthebasisfailsto beaGrébnerbasis Sincethereductionis alinearcombinatiorof theelements
of G, it canbe addedto the setG without changingthe Ideal generatedB. Budhbeiger (1979)givesanoptimisation
criterion that reduceshe numberof the Sopolynomials alreadyconsideredn the algorithm. The criterion states
thatif thereis anelementp of G suchthatthe leadingmonomialof p (LM(p )) dividestheLCM(f,g € G ), andif
S(f,p), S(p,g) have alreadybeenconsideredthenthereis no needof consideringS( f, g) asthis reducedo zero.

The essentiabbsenationin usingthe Grobnerbasesto solve a systemof polynomial equationss that the variety
(simultaneousolutionof systemof polynomialequationsploesnot dependn theoriginal systemof the polynomials
F:={f1, ..., fs} butinsteadontheldeal I generatedby F'. ThisthereforemeanshatthevarietyV = V' (I) andone
makesuseof the specialgeneratinget(Grobnerbasig insteadof theactualsystemF'. Sincetheldealis generatedby
F, the solutionobtainedby solving for the affine variety of this Ideal satisfieghe original systemF’ of equationsB.

Budhbeiger (1970)provedthat V' (I) is void, andthusgiving a testasto whetherthe systemof polynomial F' canbe
solved, if andonly if thecomputedSrébnerbasisof polynomialldeal I has{1} asits element.B. Buchbeger (1970)
furthergivesthecriterionfor decidingif V' (I) is finite. If the systemhasbeenprovedto be solvableandfinite thenF.

Winkler (1996,theoem8.4.4 p.192)givesatheoremfor decidingwhetherthe systemhasfinitely or infinitely mary

solutions.Thetheoremstateshatif G is aGrébnerbasis thena solvablesystemof polynomialequationshasfinitely

mary solutionsif andonly if for everyz;, 1 <1i < n, thereisapolynomialg; € G suchthatLM (g;) is apurepower
of z;. The procesof additionof the remainderafterthe reductionby the S — polynomials andthusexpandingthe
generatingsetis shavn by B. Buchbeiger (1970),D. Coxetal. (1997p.88)andJ. H. Davenportetal. (1988p.101)to

terminate.

The B. Buchbeger algorithm, more or lessa generalizatiorof the Gausselimination procedure makes useof the
subtractionpolynomialsknown asthe S — polynomials in Definition 2-8 to eliminatethe leadingtermsof a pair
of polynomials. In so doing andif lexicographic orderingis chosen the processend up with one of the computed
S—polynomial s beingaunivariatepolynomialwhich canbesolvedandsubstitutedackin theotherS—polynomialss

usingthe ExtensionTheoem(D. Coxetal. 1998, pp.25-26)to obtainthe othervariables. The Grébnerbasesap-
proachaddsto the treasure®f methodsthat are usedto solve nonlinearalgebraic system®f equationsin Geodesy
PhotogrammetryMachineVision, Roboticsand Surneying.

Having definedtheterm Grobnerbasisandillustratedhow the B. Buchbeger algorithmcomputeshe Grobnerbases
we briefly mentionherehow the Grobnerbasesanbecomputedisingalgebraicsoftwaresof MathematicaandMaple.
In Mathematica/ersion2 or 3, theGrébnerbasiscommands executedy writing In[1]:=Gr oebnerBasis[{polynomials},
{variables}, {options}] (whereln[1]:= is the mathematicaprompt) which computegshe Groébnerbasisfor the ideal
generatedy the polynomialswith respecto the monomialorder specifiedby monomialorder optionswith the vari-
ablesspecifiedasin the executableecommandyiving thereducedsroebnerbasis Without specifyingthe optionspart,
one getstoo mary elementf the Grobnerbasiswhich may not be relevant. In Maple Version5 the commandis
accessetby typing > with (grobner); (where> is the Maple promptandthe semicolonendsthe Maple command).
Oncethe Grobnerbasispackagenasbeenloaded the executioncommandhenbecomes> gbasis(polynomialsyari-
ables,termoder) which computeghe Grobnerbasisfor the ideal generatedy the polynomialswith respecto the
monomialordering specifiedby termorder andvariablesin the executablecommand Following suggestion§rom B.
Budhbeger (1999),we Mathematicasoftwareis adoptedn the presenstudy

2-322 Closedform solution of nonlinear equationsby Multipolynomial Resultants

Whereaghe resultantof two polynomialsis well known andalgorithmsfor computingit arewell incorporatednto
computeralgebrapackagesuchasMaple, the Multipolynomialresultant i.e. the resultantof morethantwo poly-
nomialsstill remainan active areaof research.In Geodesythe useof the two polynomialresultantalsoknown as
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the Sylvesteresultantis exemplifiedin the work of P. Lohse(1994,pp.72-76). The presentstudythereforeextends
on the useof Sylvesteresultantgo resultantof morethantwo polynomialsof multiple variables(Multipolynomial
resultant)andillustratesin Chapter3 how thetool canbeexploitedin Geodesyo solve nonlinearsystenof equations

Thenecessityf Multipolynomialresultantmethodin Geodesyis dueto thefactthatmary geodetigproblemsnvolve
thesolutionof morethantwo polynomialsof multiple variables.Thisis true sincewe areliving in athreedimensional
world. We shallthereforeunderstandhetermmultipolynomialresultantdo mearnresultantf morethantwo polyno-
mials. We treatit asatool besideghe Grobnerbasesandperhapanorepowerful to eliminatevariablesn solutionof
polynomialsystemsPublicationson the subjectcanbefoundin the works of G. Salmon(1876),F. Macaulay(1902,
1916),A. L. Dixon (1908) C. Bajaj etal. (1988),J. F. Canny(1988),J. F. Cannyetal. (1989),1. M. Gelfandet al.
(1990,1994) D. Manodta (1992,1993,19944a,b,c)D. Manoda andJ.F. Canny(1991,1992,1993),G. Lyubeznik
(1995) S.Krishnaand D. Manoda (1995),J. Gudkenheimeret al.(1997) B. Sturmfel§1994,1998)andE. Cattani
etal. (1998). Text booksonthe subjecthave beenwritten by I. Gelfandetal. (1994)and,morerecently by D. Coxet
al. (1998,pp.71-122)who providesinterestingmaterial.

In orderto understandhe Multipolynomialresultantgechnique we first presenthe simplecase;the resultantof two
polynomialalsoknown asthe Sylvesteresultant

Resultant of two polynomials

Definition 2-10 (Homogeneougolynomial): If monomialsof a polynomialp with non zero coeficients have the
sametotal degreg the polynomialp is saidto be homaeneous

Example 2-8 (Homogeneoupolynomialequation):
A homogeneoupolynomialequatiorof total degree2 is p = x? +y% + 22 + zy + zz + yz sincethemonomials
{z,y, 2, zy, xz,yz} all have the sumof their powers(total degree)being?2.

To settheball rolling, we examinenext theresultantof two univariatepolynomialsp, g € k[z] of positivedegreeas

p=kox'+....+ ki, ko #0,i>0 )
d=loz +....+1;, 1o #£0,§ >0 (2-53)
theresultantof p andq, denotedRegp, q), isthe (i + j) x (i + j) determinant
(ko ki ko . . . kK 0 0 0 0 0]
0 ko ki ko . . . k 0 0 0 O
0 0 ko ki k . . . Kk 0 0 O
0 0 0 ko ki ko . ki 0 0
0 0 0 0 ko kl k2 . kz 0
B 0 0 0 0 0 ke ki ko . . . Kk
Res(pa)=det | 4"y 4, © 0 5, 0 0 0 0 0 (2-54)
0 o L b . . . L 0 0 0 O
0 0 Ip L Iy . I, 0 0 0
0 0 0 Ilp L Iy . .l 0 0
00 0 0 Ilp L Iy . .0
0 0 0 0 0 I UL I ..

wherethe coeficients of the first polynomial p of (2-53) occupies;j rows while thoseof the secondpolynomial ¢
occupies rows. Theemptyspacesreoccupiedby zerosasshovn above suchthata squarematrix is obtained.This
resultantis alsoknown asthe Sylvesteresultantandhasthe following properties(B. Sturmfels1998,D. Coxet al.
1998,83.5)

1. Regp, ¢q) isapolynomialin ko, ..., k;, lo, . ..,l; with integercoeficients

2. Regp, ¢q) = 0if andonly if p(z) andq(z) have acommonfactorin Q[z]

3. Thereexistapolynomialr, s € Q[z] suchthatrp + sq = Res(p, q)

Sylvesteresultantscanbe usedto solve two polynomialequationsaasshavn in theexamplebelow
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Example 2-9 (D. Coxetal.1998,p.72):
Considerthetwo equations

p:=2y—1=0 -

q::m2+y2—4:0.} (2-55)
In orderto eliminateonevariable we usethe hidevariabletechniquei.e. we consideronevariablesayy asaconstant
(of degreezero). We thenhave the Sylvesteresultantfrom (2-54) as

-1 0
y -1 =yt 4241 (2-56)
0 y2—-4

Res (p, ¢,x) = det

= ow

which canbereadily solvedfor thevariabley andsubstitutedbackin ary of the equationsn (2-55)to getthevalues
of theothervariablez. For two polynomials the constructiorof resultants relatively simplerandalgorithmsfor the
executionareincorporatedn computeralgebraalgorithms.For the resultantof morethan2 polynomialsof multiple
variableswe turn to the Multipolynomialresultants

Multipolynomial Resultants

In definingtheterm multipolynomialresultant D. Manoda (1994c)writes:

“Elimination theory, a branchof classicaklgebraiqgeometrydealswith conditionsfor commonsolutionsof a system
of polynomial equations. Its main resultis the constructionof a single resultantpolynomial of n homogeneous
polynomialequationsn n unknowns, suchthatthe vanishingof the resultantis a necessaryandsuficient condition
for the givensystemto have a non-trivial solution. We referto this resultantasthe multipolynomialresultantanduse
it in thealgorithmpresentedn the paper”.

We presentheretwo approachefor theformationof the designmatrix whosedeterminantve need;first theapproach
basednF. Macaulay(1902)formulationandthenamoremodernapproactbasednB. Sturmfel§1998)formulation.

Approachbasedon F. Macaulay (1902)formulation:  With n polynomials,the constructionof the matrix whose
entriesare the coeficients of the polynomialsfy, ..., f, canbe donein five stepsasillustratedin the following
approactof F. Macaulay(1902):

Stepl1: Thegivenpolynomialsf; = 0, ..., f, = 0 areconsideredo be homogeneougquationdn the variables
x1, ...,y andif not,they arehomogenizedLet the degreeof the polynomial f; bed;. Thefirst stepinvolves
thedeterminatiorof thecritical degreegivenby C. Bajaj etal. (1988)as

d=1+) (di—1). (2-57)

Step2: Oncethecritical degree hasbeenestablishedthe given monomialsof the polynomialequationsare multi-
plied with eachotherto generatea set X whoseelementonsistof monomialswhosetotal degreeequalsthe
critical degree Thusif we are giventhe polynomialequationsf; = 0, ..., f, = 0, theneachmonomialof
f1is multiplied by thoseof fs, ..., f., thoseof f, aremultiplied by thoseof f3, ..., f, until thoseof f,,_; are
multiplied by thoseof f,,. ThesetX of monomialsgeneratedn thisform is

Xl={zl|d=a1 +aa+ ... +a,} (2-58)

andthevariablez? = z{*...z%".

Step3: ThesetX containingthe monomialseachof total degreed is now partitionedaccordingto the following
criteria(J. F. Canny1988,p.54)
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Xii = {$a€Xd|Oé12d1}
X§ = {z* € X4 | ay > dyanday < di}

: (2-59)
X = {z*€X?|ay>dyanda; <d;, fori=1,...,n—1}.

Theresultingsetsof X¢ aredisjointandevery elementof X ¢ is containedn exactly oneof them.

Step4: Fromthe resultingsubsetsX? c X¢, a setof polynomialsF; which arehomogeneoug n variablesare
definedasfollows

X4
Fi=—-fi (2-60)
Z;

from which a squae matrix A is now formedwith the row elementsheingthe coeficientsof the monomialsof the
polynomialsF; |;—1, ..., andthe columnscorrespondo the N monomialsof theset X ?. Theformedsquarematrix
is of the order ( d+ Z -1 ) X ( d-+ Z -1 ) andis suchthat for a given polynomial F; in (2-60), the row is
madeup of the symbolic coeficientsof eachpolynomial. The squarematrix A hasa specialpropertythatthe non
trivial solutionof the homogeneousquationsF; which alsoform the solutionof the original equationsf; arein its
null space Thisimpliesthatthe matrix mustbesingularor its determinantdet( A), mustbezero.For thedeterminant
to vanishtherefore the original equationsf; andtheir homogenizedounterparts?; musthave the samenontrivial
solutions.

Step5: After computingthedeterminanbf thesquaramatrix A above, F. Macaulay(1902)suggestshecomputation
of extraneoudactor in orderto obtaintheresultant.D. Coxetal. (1998,Proposition4.6, p.99)explainsthe ex-
traneoudactorsto beintegerpolynomialsin thecoeficientsof Fy, ...,F,_;, whereF; = Fj(xzg, ...,%n_1,0)
andis relatedto thedeterminanvia

determinant = Res(Fi, ..., F,).Ext (2-61)

with thedeterminantomputedasin step4, Res(F1, ..., F,) beingthe Multipolynomialresultantand Ex¢ the
extraneoudactor This expressionvasestablishe@searlyas1902by F. Macaulay(1902)andthis procedure
of resultantformulationnamedafter him. F. Macaulay(1902)determineghe extraneoudactorfrom the sub-
matrix of the N x N squarematrix A andcallsit afactorof minor obtainedby deletingrows andcolumnsof
the N x N matrix A. A monomialz® of total degreed is saidto be reducedf xf dividesx® for exactly one
i. Theextraneoudactoris obtainedoy computingthe determinantf the sub-matrixof thecoeficientmatrix A
obtainedby deletingrows andcolumnscorrespondingo reducednonomialsz®.

Fromtherelationshipof step5, it sufficesfor our purposeao solve for the unknownn variablehiddenin the coeficients
of the polynomialsf; by obtainingthe determinanbf the N x N squarematrix A andequatingt to zeroneglecting
the extraneoudactor This is becausdhe extraneoudactoris an integer polynomialand as suchnot relatedto the
variablein the determinantof A. The existenceof the non-trivial solution providesthe necessaryand suficient
conditionsfor the vanishingof the determinant. The procedurebecomesclear when we considerthe example of
the threedimensionatesectionproblemin Chapter3. It shouldbe pointedout that thereexists several procedures
for computingthe resultantsas exemplified in the works of D. Manoda (1992, 1993, 1994a,b,cwho solves the
Multipolynomial resultantsusing the eigervalue-eigemectorapproach,). F. Canny(1988)who solvesthe resultant
usingthe characteristipolynomialapproachtandB. Sturmfel§1994,1998)who proposes morecompactapproach
for solvingtheresultantsof aternaryquadricusingthe Jacobiardeterminanapproactwhich we presentelow.

Approachbasedon B. Sturmfels (1998,p.26)formulation:  Giventhreehomogeneousquationof degreetwo as
follows

o

Fi = a112® + a12y® + a132% + a4y + a1572 + a1gyz =
Fy := a012? + ag2y® + a232? + a247y + o512 + aseyz
F; :=a3122 + as2y® + az322 + as4xy + asszz +azeyz = 0

I
o

(2-62)
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we computethe Jacobiardeterminant®f (2-62) by

or Oy 0z
_ OF, OF, OF;,
J =det or 0y 0: (2-63)
L 0xr Oy 0z

which is a cubic polynomialin the coeficients{z, y, z}. Sincethe determinanipolynomialJ in (2-63)is a cubic
polynomial,its partialderivativeswill bequadratigpolynomialsin variables{z, y, 2z} andcanbewrittenin theform

oJ

% = b11$2 + b12y2 + b1322 + b14;cy + b15.’L'Z + bleyz = 0

oJ

B_y = b21$2 + b22y2 + b2322 + b24;cy + bosxz + bzeyz = 0 (2-64)
oJ .

g = b31.’L’2 + b32y2 + b332’2 + b3azy + bgszz + bzgyz = 0.

The coeficientsb;; in (2-64) are quadraticpolynomialsin a;; of equation(2-62). The final stepin computingthe
resultantof theinitial system(2-62)involvesthe computatiorof the determinanbf a6 x 6 matrix givenby

a11 ai2 ai3 G4 Qais Qie
a21 Q22 G23 Q24 Q25 Q26
Resass(Fy, Fy, Fy) = det ‘;31 ‘;32 ‘;33 ‘;34 235 ‘;36 : (2-65)
11 bz b1z by bis bio
bar by bag bos  bas Do
b1 bz b3z b3y b3z asg

The resultant(2-65) vanishedf andonly if (2-62) have acommonsolution{z, y, z}, where{z, y, 2z} arecomple
numbersor realnumbersotall equalzero.In Chapter3, we usethe procedurdo solve the Grunertequationandthe
GPSpseudo-rangequations.

2-33 Adjustment of the combinatorial minimal subsetssolutions

Oncethe combinatorialminimal subsetshave beensolved using either the Grobner basesor the Multipolynomial
resultantapproachthe resultingsetsof solutionareconsideredaispseudo-obsentions. For eachcombinatorial the
obtainedminimal subsetolutionsconsidereds pseudo-obsentionsareusedasthe approximatevaluesto generate
the dispersiormatrix via the nonlinearerror propagationaw/variance-cwariancepropagatior(e.g. E. Grafarendand
B. Sdaffrin, 1993,pp.469-471psfollows:

Fromthe nonlineargeodeticobsenation equationghathave beencorvertedinto its algebraigpolynomial)form, the
combinatorialminimal subsetswill consistof polynomialsfi, ..., fim € k[z1, ..., zn] With {21, ..., 2} being
the unknown variables(fixed parametersjo be determinedand {yi, ..., yn} the known variablescomprisingthe
obsenationsor pseudo-obseations.We write the polynomialsas

fl = g(x17 ey Im, Y1, 7yn) =0
f2 = g(x17 ey Im, Y1, 7yn) =0

(2-66)

fm = g(:l,'l, ey Tm, Y1, Jyn) =

whichis expressedn matrix form as
fi=g(zy)= (2-67)
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wheretheunknown variables{z1, ..., z,,} areplacedin avectorz andtheknown variables{y, ...,y,} areplaced
in thevectory. Next, we implementthe error propagatiorfrom the obsenations(pseudo-obseations){y1, ..., yn}
to the parameterqzy, ..., z,,} thatareto be explicitly determinechamelycharacterizedy the first momentsthe
expectationf{z} = pu, andE{y} = u,, aswell asthesecondnomentsthevariance-ceariancematrices/dispersion
matricesD{z} = ¥, andD{y} = X,. FromE. GrafarendandB. Scaffrin (1993, pp.470-471)we have upto
nonlinearterms

D{x}=J, 0,3, (J, ") (2-68)
with J,, J, beingthe partialderivativesof (2-67)with respecto z,y respectiely atthe Taylor points(u,,, i,,). The
approximatevaluesof unknavn parameterg§x, ...,z } € & appearingn the JacobimatricesJ ., J,, areobtained

from Grobnerbasesor Multipolynomialresultantssolutionof the nonlinearsystenof equationg2-66).
GivenJ; = J,'J,, from the ith combinationand J; = J;ley].from the jth combinatorialsthe correlation
betweertheith andjth combinationis givenby

Bij = J Xy, (2-69)

The sub-matricevariance-cwariancematrix for the individual combinatorials®;, 32, 33, ..., 3 (wherek is the
numberof combinationg obtainedvia (2-68) andthe correlationdbetweercombinatorialobtainedrom (2-69) form
thevariance-cwariance/dispersiomatrix

X X . .. X
221 22 . . . Ezk
. DI
= (2-70)
Ekl - - - Ek

for theentirek combinationsTheobtaineddispersiormatrix X is thenusedn thelinear Gauss-Markv model(2-4)to
obtainthe estimates of theunknawn parameterg with thecombinatoriakolutionpointsin apolyhedronconsidered
aspseudo-obseantionsin thevectory of obsenationswhile the designmatrix A comprisef integervaluesl being
thecoeficientsof theunknovnsasin (2-73). In orderto understandheadjustmenprocesswe considetthefollowing
example.

Example 2-10.  Considerthat one hasfour obsenationsin threeunknovnsin a nonlinearproblem. Let the obser
vationsbe given by {y1,y2,y3,y4} leadingto four combinationsgiving the solutionsandthe z;(y1,y2,ys)
211(Y2,93,94), 2111(y1, ys3, y4)landz1V(y1, y2,y4). If thesolutionsareplacedin avector
zy=|[zr =z =zmr zrv |,theadjustmenmodelisthendefinedas

E{z;} = Inax3&341, D{zs} from Variance/Covariance propagation. (2-71)
Let
Z1
£" = Lzjsubjecttozy := :IIIII e R'?*! (2-72)
zZ1v

suchthat the postulationstr D{£€"} = min i.e. “best and E{¢"} = € forall€™ € R™ i.e. “uniformly
unbiased holds.We thenhave from (2-70),(2-71)and(2-72)theresult

€= (I5,1552, Tioxs) I3y 1555 2 (2-73)

L = arg{trD{¢"} = tr LY, L' = min | UUE}

Thedispersiommatrix D{£} of the estimate< is obtainedvia (2-5). The shift from arithmeticweightedmeanto the
useof linear GaussMarkov modelis necessitatedswe do not readily have theweightsof the minimal combinatorial
subsetdut their dispersionwhich we obtainvia error propagation/\ariance-Cwariancepropagation. If we employ
the equivalencetheoemof E. GrafarendandB. Scaffrin (1993, pp. 339-341), an adjustmenusinglinear Gauss
markov modelinsteadof weightedarithmeticmeanin Box (2-1) is permissible.In AppendixA.3in page(108), we
presentheerrorpropagatiorbasedn the nonlinearandomeffect model(multivariate)wherewe illustratethe effect
of thebiasederm.
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/ Example 2-10(error propagationfor planar rangingproblen):

Letusconsidermsimplecaseof theplanarangingproblem.Fromanunknovnpoint P(X,Y) € E2, letdistances
S1 and S, be measuredo two known points P, (X1,Y1) € E? and Py (X2, Y2) € [E? respectiely. We have the
distancesquationsxpresseds

St = (X1 = X)2 4+ (¥ ~ V)2

R e g (74)

whichwe expressn algebraicform (2-66)as
=@ -X)P+M-Y) =S =0 (2-75)

f2 = (XQ—X)2+(}/2—Y)2_S§ =0 ’

Ontakingtotal differentialof (2-75)we have

df1 = 2(X1 - X)dX1 - 2(X1 — X)dX + Q(Yi - Y)in—

—2(Y1 —Y)dY —251dS1 =0 (2-76)

—2(Y, —Y)dY —25,dS> =0
which on arrangingthe differentialvectorof the unknovn terms{X,Y} = {z1,z2} € x ontheleft handside

andthatof theknown terms{ X1, Y1, X2, Y3, S1, S2} = {v1,y2,¥3,v4,Y5,Ys } € y ontheright handsideleads
to

ds:
dX,
dxX | _ dY; i
J, [ ay ] =J, dS, (2-77)
dXs
dYs
with
on on
0X oY _ _ _ _
[y e oo
% % - ( 2 = ) - ( 2 = )
0X oY
and
6f1 6f1 6f1 T
051 0Xp1 My 0 0 0
Jyz =
dfs 0Ofs 0Of
0 0 95, X, Y (2-79)
25 22X -X) 2N -Y) 0 0 0
- 0 0 0 28, —2(Xe—X) —2Y,-Y)
If we considerthat
2
Diz}t=%,=| X ”XY] 2-80
@=2.=| 7% % (260
and
0%, Osixi Osivi OSiXs 0SS OSiv
0X15; Ug(l 0X,1Y1 0X;1S2 0X1Xy O0X1Ys
2
D{y} — Ey — 0Y; 51 0y, X, aYl 0Y; So 0Y; Xo 0Y Y, (2-81)

05,81 0S:X;  08S.vy 0-?92 0S3Xs  08S3Ys
0X351 O0Xo9X: O0XoY7y 0X3S, 0'3(2 0XyYs
0Y,51 0OY:X; OYY7 OY:S:; OYaX, 0'%’2
we obtainwith (2-77),(2-78)and(2-79)thedispersion(2-68)of theunknownvariables{ X, Y} = {z;, 22} € x.
Theunknown valuesof { X, Y} = {z1,22} € x appearingn theJacobimatrices(2-78)and(2-79)areobtained
vrom Grdbnerbasesor Multipolynomialresultantssolutionof the nonlinearsystenof equationg2-74). j
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2-4 Concluding remarks

The Chapterhaspresentedhe closedform algebraictools of GrobnerBasesandthe Multipolynomialresultantshat
areusedin the next Chaptergo solve closedform geodeticproblems. Using thesealgebraicclosedform tools, the
Gauss-acobicombinatorialalgorithmis presentecsanalternatve to estimatethe fixed parameterin the nonlinear
Gauss-Markv model.In Chaptel3, we considethesolutionof selectedjeodetigproblemsausingthealgebraidoolsof
GrébnerBasesandthe Multipolynomialresultantswhile in Chapter4, we usethe Gauss-acobicombinatorialalgo-
rithm to estimatethefixed parameterin thenonlinearGauss-Markv modelin the overdeterminedhree-dimensional
resectiorcase.



Chapter 3

Solution of selectedGeodeticproblems

In this Chapterwe solve in a closedform the geodeticproblemsof; three-dimensionalesection minimumdistance
mappingand GPS point positioningwith observationsof type pseudo-ange. The Grébner basesand the multi-
polynomialresultantstechniquegresentedn Chapter2 are usedasthe computationatools with the Gauss-acobi
combinatorialalgorithmemplogyedin the solutionof the overdetermineGPScodepseudo-angingproblem We start
in Section(3-1) by giving an overview of the GPSandLPS systemdeforeconsideringthe solutionof the selected
geodetigproblemsin Section(3-2).

3-1 LPSand GPSpositioning systems

In thissectionwe highlightthemainpositioningsystemsthe Global PositioningSystent P Sandthe Local Positioning
SystenlLPS andin particular the referenceramesuponwhich they operate.An expositionon their relationshipis
givenandtheterm*“thr ee-dimensionabrientationproblem” defined.

3-11 GPSPositioning

Theresultsof the three-dimensiongbositioningby GPSarethe three-dimensionajeodeticcoordinateg \, ¢, h} of
a point. Whenpositioningwith GPS,the outcomeis the geocentrigpositionfor anindividual recever or therelative
positionsbetweerco-observingecevers. Themodeof operatiorandtechniquesrewell-documentedn GPSrelated
publicationsandbooks(e.g. B. Hofman-Véllenhofet al. (1994) A. Leick (1995),V. S. Shwarze(1995),G. Strang
andK. Borre (1997),A. Mathes(1998),R. Dach (2000)andM. S.Grewal etal. (2001)amongothers).

TheGlobalRefeenceFramelF'® uponwhichthe GPSobsenationsarebaseds definedby thebasevectorsFy e, Fa. , IF'3.
with theorigin beingthe centerof mass.Thefundamentalectoris definedby thebasevectorlFs. andcoincideswith
the meanaxis of rotation of the Earth and pointsto the direction of the CIO. F;. is orientedsuchthat the plane
formedby [F,. andIF';. pointsto the directionof the Greenwichin England. IF.. completegheright handedsys-
temby beingperpendiculato F;. andF3. . TheGeocentricCartesiarcoordinate®f apositionalvectorX is givenby

X =TF1eX +FouY + F3. Z (3-1)
where{ X, Y, Z} arethecomponent®f thevector X in thesystemF;., Fs.,F3. |o.

3-12 LPS positioning
3-121 Local Positioning Systemg(LPS)

E. W Grafarend (1991) definesthe Local Level Systemas a three-dimensionaleferenceframe at the hand of an
experimentein anengineeringhetwork. Whenoneis positioningusinganelectronictheodoliteor a total station,one
first centergheinstrument.Whentheinstruments properlycenterecandreadyfor operationtheverticalaxis of the
instrumentatthismomentcoincideswith thedirectionof thelocal gravity vectoratthatparticularpoint, hencetheterm
directionof the local gravity vector, andpointsin the directionoppositeto thatof the gravity vectorat thetheodolite

27
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station(i.e. to the zenith). The systemcannow be usedto measureobsenationsof the type horizontaldirectionsT;
, vertical directionsB; andthe spatialdistancesS; with the triplet {S;, T;, B;} beingmeasuredn the Local Level
RefeenceFrame Thesesystemsasopposedo GPSareonly usedwithin the local networks andarereferredto as
the Local Positioning SystemgLPS). In Section(3-122) belov, we considerthe choiceof the local datumfor such
systemsn athree-dimensionatetwork.

3-122 Local datum choicein an LPS 3-D network

In positioningwith the Local Positioning System(LPS), one hastwo options, namely; using a known orientation
or definingthe orientationarbitrarily. Whenthe first optionis adopted,n which casethe azimuthsareknown, one
operatesn the Local Level RefeenceFrameof typelE* discussedh (a) belown. Shouldthe secondapproactbeopted
for, thenoneoperatesn the Local Level RefeenceFrameof type F* discussedn (b).

(a) Local Level Referencd-rameof type E*
Theorigin of the E* systemis a point P whosecoordinatesre

X 0
z], |o

definedby basevectorsE; - ,[E,- B3« Of typesouth,eastyertical. I[E5. pointsto thedirectionoppositeto
thatof thelocalgravity vectorT atpoint P. IE;- pointssouthwhile E5. completeshesystenby pointing
east.Thedatumsphericatoordinate®f thedirectionpoint P; in theLocal Level RefeenceFramelE* are

P — X*=Y*=7*= 0
X* cos A; cosB; (3-3)
PP, —» Y* = S; | sin A; cos B;
Z" | g sin B;

with azimuthsA;, verticaldirectionsB;, andspatialdistancess;.

(b) Local Level Referencd-rameof typeIF*
Definedby the basevectorslF, «, Fs«, F3«, with 1. within the local horizontalplanespannedy the
basevectorsE,+ andIE,« directedfrom P to P; in vacuo. The anglebetweenthebasevectorskE;. and
;- is the"unknownorientationparameter"y in the horizontalplane.E; -, [E,+, IE3+ is relatedto IF'; »
JFy. T3« by a"Karussel-Tansformation‘asfollows

Fi+ =IEi- cosX + [Eg- sin X
For = —IE;+sin ¥ + [Egx cos X (3-4)
IF3* = E3*

or

cosX —sin¥ 0
[]Fl* , ]FQ* , IFg*] = []El* . ]EQ* s Eg*] sin ¥ cos X 0 (3'5)
0 0 1

thusthe Local Level RefeenceFrameof type IF* is relatedto the Local Level RefeenceFrameof type
E* by
[]El*,]EQ*,]E:;*] = [Fl*,FQ*,Fg*] RE(E) (3-6)

Thedatumsphericakcoordinate®f point P; in the Local Level RefeenceFramelF* aregivenas

P X*=Y*=2*=0

X* cosT; cos B; 3.7
PP, — | Y* = S; | sinTjcosB; (3-7)
Z* Fa sin B;

whereT; and B; arethe horizontalandverticaldirectionsrespectiely, while S; arethe spatialdistances.
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Thelocal cartesiarcoordinate®f a pointwhosepositionalvectoris x in thelF™* systemis givenby
x = 1«2 + Fory + F3e2 (3-8)

z,y, z ) arethecomponent®f thevectorx in thesystem{IFy+, Fa«, F3« |P } . Moreinsighton thetopic canbefound
in B. Richter (1986,p.28)andE. GrafarendandB. Richter (1977).

3-13 Relationship betweenGlobal and Local Level ReferenceFrames

In positioningwithin the LPSthreedimensiongbositioningframework , oneis interestechot only on the geometrical
quantities{X,Y, Z}, p¢ for positionof the new point but alsoon the physicalquantities{ Ar, ®r} beingthe direc-
tion of the local gravity vectorT' at the positionedpoint. When positioningwith LPS within the Global Refeence
Frame thedirection{Ar, ®r} of thelocal gravity vectorT is obtainedby solving the threedimensionabrientation
problem Thisis achiezed by the transformatiorof coordinatedrom the Local Level RefeenceFrameto the Global
Terrestrial RefeenceFrame(e.g. ITRF97). It is corventionallysolved by a meansof a 3 x 3 rotationmatrix, whichis
representetby a triplet {Ar, &r, Xr} of orientationparametergalledthe astonomicallongitudeAr , asttonomical
latitude ®r , andthe "orientation unknown"Xp in the horizontalplane.With respecto thelocal gravity vectorT the
triplets {Ar, ®r,T' = ||T'||} areits sphericalcoordinatesin particular{Ar, ®r} its directionparametersThethree-
dimensionabrientationproblemthereforesolvesthe problemof determining(i) the 3 x 3 rotationmatrix and(ii) the
triplet {Ar, ®r, Xr} of orientationparameterérom GPS/LPSmeasurementss soonasthe astonomicallongitude
Ar andastonomicallatitude & are determined no astronomicabbsenationsare neededarymore - the vertical
deflectionswith respecto awell-choserreferencdrame,e.g.theellipsoidalnormalvectorfield canbe obtainede.g.
E. GrafarendandJ. L. Awange (2000)). The three-dimensionabrientationproblemis formulatedby relatingthe F*
frameto thelF* frameasfollows

[]FI*,IFQ* 5 IF3*] = [Flu,FQ-,F3-] RE‘ (AI‘, @I‘, EF) (3'9)

wherethe Eulerrotationmatrix R g is parameterisety

[RE (Ar, ®r,%r) := R3 (Er) R (¥ — @r) R3(AF)] (3-10)

i.e. the threedimensionabrientation parametes, the astonomicallongitude A, astonomicallatitude ¢, and the
"orientation unknown"Y. in the horizontalplane. In-termsof Cartesiarco-ordinates, y, z of the stationpoint, the
targetpointsz;, y;, z; in theLocal Level RefeenceFramelF,* andCartesiarco-ordinatesX, Y, Z of thestationpoint,
thetargetpoints X;,Y;, Z; in the Local Level RefeenceFramelF'® onewrites

T; — X X, — X
Yi—y =Rgp(Ar,®r,%r) | YVi-Y (3-11)
i = Z |« Zi— 7 Fe
with
T;— cos T; cosB;
Yi — Y =S;| sinT;cosB; | ,V;€{1,2,...,n} (3-12)
Zi— 2 | sin B;

Thequestiorthenarises:How cantheparameterselatingtheLocal LevelRefeenceFramelF* to the GlobalRefeence
FramelF* beobtained?

1. The corventionalapproachhasbeento determinethe direction (®, A) of the local gravity vectorT" at
the origin of the network andthe “orientation unknown”X. in the horizontalplaneby the useof steller
astronomicabbsenations.

2. E. W Grafarend P. Lohseand B. Scaffrin (1989) have proposedan approachbasedon the solution
of three-dimensionatesectionproblem. In the approach directionalmeasurementare performedto
the neighbouring3 pointsin the Global Refeence Frame and usedto derive the distancesby solv-
ing the Grunertequations From thesederived distancesa closedform solution of the six unknavns
{X,Y, Z, Ar, ®r, r} by meanf the Hamilton-Quaterniorprocedueis achieved.
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3. J. L. Awange (1999)andE. GrafarendandJ. L. Awange (2000)solved the overdeterminedorm of the
problemby usingthe simpleProcrustesalgorithmto determinghethree-dimensionabrientationparam-
etes {Ar, @1, X1} andthe deflectionof the vertical for a point whosegeometricapositionalquantities
{X,Y, Z},pg areknown.

4. The fourth approachwould be first to determinethe geometricavalues{X,Y, Z} , ps of the unknovn
point throughthe three-dimensionatesectionapproachpresentedn the presentstudy and then back
substitutethe obtainedgeometricalvalues{ X, Y, Z} in (3-11)to obtainthe Euler rotation matrix. The
Eulerrotationanglescanthenbededuced/ia aninversemappresentedby E. GrafarendandJ. L. Awange
(2000,lemma2.3,p.286).

Herethe three-dimensionabrientation problemis understoodasthe fundamentaproblemto determinethe rotation
matrix aswell asits threeparametergalled { astonomicallongitude astronomicallatitude, horizontal orientation
unknownin the horizontalplane} which relatesthe Local Level RefeenceFrameto the Global Terrestrial Refeence
Frame(e.g. ITRF 97) from GPSpositionmeasurementboth at target points aswell asthe stationpoint and LPS
directionmeasurementgorizontaldirections,vertical directionsby a theodolite)from the stationpoint to the target
points (at leastthree). If areferencedirectionparameterizeih termsof “surfacenormal” {ellipsoidal longitudeA,
ellipsoidal latitude ®} is subtractedrom the local vertical parameterizedh termsof {astronomicallongitude Ar,
astronomicalatitude®r}, namely{Ar — A, &r — &} we have accesdo theverticaldeflections.

3-14 Obserwvation Equations

In this section,we considerthe equationswith respecto a stationarytheodolitefor the purposeof point positioning.
For the casewherethe theodolitemovesfrom point to point, i.e. moving horizontaltriad, we referto E. Grafarend
(1975,1988and 1991). In generala more elaboratdliterature on obsenationsin three-dimensiongbositioningis
givenby E. Grafarend (1981). Stationedat the point P € IE3 andwith the theodoliteproperly centred we sightthe
targetpoints, P; € [E® wherei = 1,2,3,.....,nThereexist threetypesof measurementhatwill betakenfrom P € E?
to P; € E? in the LPS system(Local Level RefeenceFramelF*). Theseare;the horizontaldirectionsT; , vertical
directionsB; andspatialdistancesS; whoseequationsaregivenas

Ay;
T; = arctan ( Azi)p — S (P) (3-13)
B; = arctan __8n (3-14)
VAT + Ay} )
Si = /A2 + Ay? + Az (3-15)

whereAz; = (z; — ), Ay; = (yi —vy), Az = (2 — z) denotethe coordinatedifferencein the Local Level
RefeenceFrameF* andXr (P) is the"unknownorientation"in the horizontalplaneafter settingthe zeroreadingof
thetheodolitein thedirectionP — P;. Therelationshipbetweerthe Local Level RefeenceFramelF™* andthe Global
RefeenceFramelF* is thengivenby

Ay; =Rg(Ar,®r,0) | AY; (3-16)
Azz' F* AZI Fe
with
sin®r cosAr sin®rsinAr —cos®r
Re(Ar,®r,0) = —sin Ar cos Ar 0 (3-17)

cos®rcosAr cos®rsinAr  sin®r
we now expresshe obsenations(3-13),(3-14)and(3-15)in the Global RefeenceFrameas

—sin ArAX; + cos ArAY;
T, = —¥Yr(P 3-18
i = arctan { sin ®r cos ArAX; + sin @ sin ApAY; — cos @rAZ; r(P) ( )
(0] ArAX; drsin ArAY; in®rAZ;
B, — arctan 'cos r cos Ar ,—i'—cos 'psm rAY; + sin & Z (3-19)
\/(sm & cos ArAX; + sin @ sin ArAY; — cos ®rAZ;)2 + Dy

with Dy = (COSAFAY;' — sinApAXi)Q, AX, = (Xz — X), AYZ = (Y; — Y), AZZ = (Zz — Z) in the Global
RefeenceFramelF'® and{Xr(P), Ar(P), ®r(P)} arethethreeorientationunknovnsatthe unknavn point P
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3-2 Selectedgeodeticproblems

In this sectionwe considerthe applicationof thetechniquesliscussedn Chapter2 to solve;

1) thethree-dimensiomesectiorproblem
(2) theminimumdistancemappingproblem
3) thefour-point GPSpseudo-rangingquations.

3-21 Threedimensionakesectionproblem

Herewe considerthe closedform solutionof the threedimensionalkesectiornproblemusing GrébnerbasisandMul-
tipolynomialresultanttechniquesThe closedform threedimensionakesectiorproceduras carriedoutin threesteps
namely:distance-detviationstep(solutionof the Grunertequation$, the position-dervationstepandthe orientation-
derivationstep.Onemayarguethatthe distancederivationstepis irrelevantin light of themoderndistancemeasuring
equipmentsuchas EDM. We shouldhowever not forgetthatin forestareas,one may be lucky to measureangles
but the blockageof EDM signalsby treeleavesandbranchesnay hamperaccuratedistancemeasurementdn pho-
togrammetrythe distanceshave to be derived from the imagecoordinatesn orderto obtainthe perspectie center
coordinatesndthe orientationparameters, e. the elementof exterior orientation. Thesetwo examplesvalidatethe
necessityf still having proceduresor deriving the spatialdistanceslespiteheexistenceof Electromagneti®istance
Measuring(EDM) equipments.

In the closedform threedimensionalesectiorproblem,we areinterestedn determiningthe positionandorientation
of the point P connectedy angularobsenationsof type horizontaldirectionsT; andvertical directionsB; to three
otherknown points P, , P,, P3 asin Fig (3.1) belon. Fromtheangulaimeasurementshe distancesrederivedin the
distancederivation stepby solving the Grunert equations Oncethe distanceshave beenestablishedthe unknovn
position P is determinedin the position derivation step. The closedform threedimensionatesectionproblemis
completedin the orientationderivation stepby solving the orientationparametershat relatethe Global Refeence
Systen®'® to the Local Level RefeenceSystenof type F*.

P
S1 S3
P Ps
S1z Sa3
Py
Figure3.1: Tetrahedrorior closedform 3d-resection
(a) Thedistance-detviationstep(solutionof the Grunertequation$:

We begin in Box (3-1) by presentinghe derivation of the distanceequationgalsoknown the Grunert
equation$ relatingthe known distancesS;;, i,j = 1,2,3|i # j betweenthe knovn GPSstationsin
the Global RefeenceFramelF,* the unknown distancesS;, i = 1,2,3 betweenthe unknown station
P € E? andthe known stationsP; € [E? andthe spatialanglesy;;, 4,5 = 1,2,3[i # j. The spatial
anglesy;;, i,j = 1,2,3|i # j are obtainedfrom obsenationsof type horizontaldirectionsT; and
vertical directions B; asshowvn in Box (3-1) in the Local Level RefeenceFrameF.* The relationship
betweernbsenationsin the Local Level RefeenceFrameandthe Global RefeenceFramelF® in Box(3-
1) is presentedn (3-22)whereX;,Y;, Z; | i € {1,2,3} areGPSCartesiarcoordinatef known points
P, e E®|ie€ {1,2,3},S;,T;B; | i € {1,2,3} aresphericalcoordinatef type: spatialdistances,
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horizontalandverticaldirectionsrespectiely linking the old andnew GPSpoints,while X,Y, Z arethe
requiredGPScoordinate®f theunknowvn point P € E? (Figure 3.1). R is therotationmatrix containing
thethree-dimensionarientationparametergsee(3-11)in Section(3-13)). Multiplying (3-22)by ( 3-24)
leadingto (3-25)derivetherelationshipbetweernthesphericakoordinate®f typehorizontaldirectionsT;,

verticaldirectionsB; andthespaceanglesp;;. After manipulation®f (3-26),(3-27)and(3-28),thespatial
angley;; canbewrittenin termsof thesphericaktoordinateqT;, B;} , {T};, B; } of pointsP; and P; with

respecto atheodoliteorthogonaEuclidearframelF* asin equation(3-29). TheGrunertequationgor the
threeunknown distancesSs, Ss, S3 cannow bewrittenin termsof theknown distancesSy», S23, S31 and
thespaceangles): s, 123,131 illustratedin (Figure 3.1) asin (3-31). In photogrammetrytherelationship
betweerthespaceanglesandthemeasuredmagecoordinatesvith respecto orthogonaEuclidearframe
centredatthe perspectie centreis givenby E. GrafarendandJ. Shan(1997a.equation(1.1),p.218)as

zizj +yiy; + f°

cos;; = (3-20)
Vai +ui+ 75+ +
Box 3-1 (derivationof the Grunertequation$: \
“GPSandLPScoordinatesystems"
X;—X
yz -z =R| Y,-Y (3-21)
F* ZZ -7 TFe
cosT; cos B; X, — X
S; | sinT;cos B; =R | ;Y (3-22)
sin B; VAR
ReSOB):={XeR>®| X"X =15,|X| = +1} (3-23)
(-2) [cos Tj cos Bj,sin T} cos Bj, sin B;] S; (3-24)
[ [ cosT;cosB;
(—2)[cosTjcosBj, sinTjcosBj, sinB;|S;S; | sinTicosB; | =
sinB;
(3-25)
[ X; - X
(2NX; - X), (¥ -Y),(Z; - 2)] | Yi-Y

| Zi-Z
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/ Box 3-1 (derivationof the Grunertequationsontinued): \

(X; — X)(X; — X) = X; X; — X;X — X; X + X2
(X; — X)) (Xi — X;) = X2 — 2X,X; + X?
(X; — X)(X; — X) = X2 — 2X,X + X2
(Xj - X)(X; — X) = X7 — 2X;X + X°
= (Xi - X;)? = (X = X)? = (X; - X)* = =2(X; - X)(X; - X)

= (3-26)

cosT;cosB;
(—2)[cosTjcos By, sinTjcosBj, sinB;]S;S; | sinT;cosB;
sinB;

(3-27)

S X (Y - V) (2 - 2)-
—(X; =X = (Y;-Y) = (2; - 2)°

{ (Xi = X;)? + (s = Y)> + (Zi - Z;)*~ }

—2{sin B; sin B; + cos Bj cos B; cos(T; — T;)} S;S; =
(X = X;)° + (Vi = Y))" +(Zi = Z;)" =
(3-28)

—(Xi =X = (Yi=Y)? — (2 - 2)° -
- (X - X) = (Y; -Y)* = (% - 2)*

cos1p;; = cos B; cos Bj cos(T; — T;) + sin B; sin B; (3-29)

|: 2 COs ’(ﬂ” SzS] Sz] S’L SJ (3'30)

83 =87 + 57 — 28,8 cos i
[ Sty = Sf + 53 — 25155 cos 12

S35 = S5 + 53 — 25553 cosaz (3-31)
82, = S2 + S — 25351 cos )31

N

Several procedureave beenput forward to solve the Grunert equationsfor the unknown distancesS;, Sz, S3 in
(3-31)above. Theseincluded. A. Grunert(1841),S.FinsterwalderandW. Scheufelg(1937),E. L. Merritt (1949),M.
A. Fischler andR. C. Bolles(1981),S.Linnainmaaet al. (1988),E. Grafarendetal. (1989),P. Lohse(1990)andE.
GrafarendandJ. Shan(1997a,1997b).F. J. Miller (1925)andR. M. Haralick etal. (1991,1994)preseninextensive
review of theseprocedures.The presentstudy considersthe useof algebraiccomputationatools (Grébnerbases
and Multipolynomial resultant} discussedn Chapter2 to solve the Grunert equationsfor the unknown distances
S1,52,53 in (3-31).

In orderto understandhe usefullnesof Grobnerbasisin the solution of the three-dimensionalesectionproblem,
we presenfirst the handcomputatiorof the Grunertdistancedor aregular tetrahedon using Grébnerbasisbefore
consideringhe generakaseof the Grunertequationgor distancesn thegenerathreedimensionaksectiomproblem
whoseGrobnerbasisis computedisingMathematicasoftwae.

0] Grbébnerbasissolutionof the Grunertequationdor aregulartetrahedron

We begin by expressinghe Grunertdistancesquationg3-31)-whosegeometricabehaiour hasbeenstudiedby E.
Grafarend,P. LohseandB. Scaffrin (1989)-in theform

by = CL'% + .’L'% — 2by3x923 (3-32)

ap = 23 + 22 — 2a1271 29
Co = .’L'% + .’L'% — 2¢3123%1

where

."L'% — 2basxos + .CL'% —byp=0 (3-33)

2 2 —
7 — 2a122122 + 25 —ap =0
2 _ 2 2 _ —
xy C31T123 + Z3 Co = 0

E. Grafarend,P. Lohseand B. Schaffrin (1989)demonstratéhat for eachof the quadraticequationin (3-32), there
exists an elliptical cylinder in the planes{zi,z2}, {®2,x3} and{xs, 21} for thefirst, secondandthird equations
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respectiely . Thesecylindersareconstrainedo their first quadransincethe distancesrepositive thus{z; € R*},

{z2 € RT} and{z3; € R*}. In Box(3-2) below, we apply the Grobnerbasistechniqueto solve for the distances
z;, i =1,2,3 betweertheunknown stationP € IE3 andtheknown stationsP; € E2. For aregular tetrahedion, the

distancesr; = z» = =3 joining the unknowvn point P € E? to the known points P; € TE? areequalto the distances
S12 = Sa3 = Ss3; betweenthe known stations. Let us considerthesedistancego be equalto ++/d. The spatial
anglesarealsoequal(i.e. 12 = 23 = 131 = 60°). Thetasknow is to computeby handthe Grobnerbasisof

(3-32)andusethemto find the Grunertdistancedor the regulartetrahedror(i.e. shawv thatthe desiredsolutionsfor

{z1,72,73} € RT arez; =z = 3 = +Vd.

f Box 3-2 (Hand computatiorof Grobnerbasisof the Grunertequationgor a regular tetrahedon): \

Upon lexicographicorderingz, > x2 > x3 andsubtractingthe left handside of (3-32) from theright hand
sidewe have

fg = .CL'% — 2basxaw3 + $§ —bp=0 (3-34)

fi:= .CL'% — 2a1221%2 + .’L'% —ag =0
— 2 2 2 _ =0
f3 =z €3121%3 + T35 — Cp =

aspolynomialsin R [z1, z2, 23] . Theseequationdorm (following DefinitionA-6 in AppendixA.1) theldeal I
as
I = (f1, f2; f3) C [w1, 72, 23] (3-35)

For aregulartetrahedronwhere;; = 60°, 2 cos(60°) = 1 andag = by = ¢o = d. (3-34)is thenwrittenas

73— T3+ 22 —d=0 (3-36)

22— 120+ 25 —d=0
22 —mxz+2i—-d=0

giving risefrom (3-35)to theldeal I as

I=(z}—z122 + 2} — d, 2} — z225 + 23 — d, 2} — 3125 + 23 — d) (3-37)
C R[$1;$27x3]

whosegenerator€s arewritten as

9o =23 — 1173+ 735 — d (3-38)

2

g1 =12 —x120 + 72— d
g3=$2—$21’3+$§—d.

Desirednow arethe Grobnerbasisfor the for the generatorg3-38) of theldeal I in (3-35). We thenproceed
to computethe S pair polynomials(gi, g2), (91, 93), (92, g3) from the generatorg3-38) of (3-35). From B.
Budhbemer’sthird criterion explainedin Chapter2, we noticethatLM (gs) = x? dividesthe LCM (g1, g3) =
x2z2. It sufficesthereforeto suppresshe consideratiorof (g;, g3) andinsteadconsideronly (g1, g2), (g2, 93)-
S(g1, 92) gives

S(g1,92) = —T1T2 + T173 + T3 — 37% (3-39)

whichis reducedwith respecto G by subtractingy; to obtain
—21T2 + 123 — 275 + Tox3 + d, (3-40)

which doesnot reduceto zeroandis addedin the original list G' of the generatingsetof the Ideal I asg, .
The S — polynomial pairsto be considerechext are S(g2, g3), S(g2,94), S(gs, ga) from the new generating
setG = {g2,93,94}. SinceLM (g2) and LM (g3) arerelatively prime, S(g2, g3) reduceso zeromoduloG
(S(g2,93) —a 0). The S pair polynomialsremainingfor consideratiorare (g», g4) and(gs, g4). S(g2,94)
gives

S(92,94) = Tiz3 + 21d — 23125 + ;cza:g — x2d (3-41)

whichis reducedwith respecto G by subtractinges g, to give

k T1d — 2125 + T225 — Tod — T3 + T3d (3-42)/
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/ Box 3-2 (Hand computatiorof Grébnerbasisof the Grunertequationscontinued: \

which doesnot reduceto zeroandis addedto the list G of the generatingsetof the Ideal I as
gs. The S — polynomial setsto be consideredhext is S(gs, g4) from the new generatingset

G ={92,93,94,95} . 5(g3, 94) gives
S(g3,94) = =123 + T1d + 23275 — T3x3 — T2d (3-43)
whichis reducedwith respecto G by subtractingg; andaddingzsgs to give
225 — 2z3d (3-44)
whichis a univariatepolynomialandcompleteghe setof thereducedGrobnerbasisof the setG
summarise@sfollows

g2 =w%—x1x3—|—x§—d
g3 = T3 — T2w3 + 735 — d
G = g4 = —212T2 +T123 — 2(L‘§ + x9m3 +d (3-45)
= x1d — 175 + T223 — T2d — T3 + 73d

95
K g6 = 273 — 2x3d J

From the computedreducedGrobner basisin (3-45) we note thatthe elementgs = 223 — 2z3d is a univariate
polynomialin z3 andreadily givesthe valuesof z3 = {0 , :l:\/E}. We thenproceedto derive the solutionto the
Grunertdistancesquationg3-34)asfollows: SinceS; = z3 € R*, thevalueof S; = ++/d. Thisis substituteback
ings = 22 —zox3+ 23 —dandgs = 23 — z123 + 23 —dtogivez, = {0 , +\/E} andz; = {0 , —I—\/c_i} respectiely.

This completsthe solutionof Grunertequationg3-34) for the unknown distances:; = z, = z3 = ++v/d aswe had
initially assumed.

(i) Grdbnermasissolutionof the Grunertequationdor thegenerathree-dimensiomesectiorproblem

We next presentheapplicationof Grobnerbasistechniqueto the solutionof the Grunertequationg3-31) expressed
asfollows:

g1:= 2 + 22 + 2a127172 + ap = 0

g = 3 + 23 + 2by3z2w3 + by =0 (3-46)
gs := :L'% + ij + 2c3173%1 + ¢ = 07

where

Si=x € IR+,SQ =x9 € IR+,S3 =3 € IR+,
—2cos ¢12 = a12, -2 COS¢23 = b23, —2cos ¢31 = C31, (3-47)
_5%2 = Qo, _5223 = bo, _S:%l = Co-

We thenhave theldeal formedfrom (3-46)as

Ideal T =< xf + x§ + 2a15x122 + ag, x% + .CL'% + 2byz a3 + bo,xg + x% + 2¢312321 + €9 > (3-48)

whoseGrobnerbasisarecomputedn Mathematice3.0afterLexicographicordering(zy > z2 > z3) by thecommand
GroebnerBasigis
GroebnerBasis[{g1, 92,93}, {x1, %2, T3}]- (3-49)

The executionof the Mathematica3.0 commandabove givesthe computedGrébner basisof the Ideal (3-48) as
expressedn Boxes(3-3a)and(3-3b)below.
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/ Box 3-3a(Computedsrébnerbasisfor the Grunertdistanceequations-univariatéerm): \

\2a%2bgco +6a3ca — 12agboci + 4agai,boch + 6bjca — 4a2,bica + aiybich — 4agcy + 4bocy — 2a3,boch + cé)

91 = (16 - 8(1%2 + G%Q - 8b§3 + 2&%21)33 + b33 - 8a12b23C31 + 2a?2b23031 + 2@12bg3C31 - 80%1 =+ 26&2031 +
2b2,¢3, + a2yb35c2, + 2a12bazcd; + 3 )b+

+(- 32a + 8aga?, + 32by — 16a2,bg + 2at,bo + 16agb2; — 2a9a2,b2; — 8bob2s + 2a2,bob2; — 2abis +
32¢o — 160,%200 + 2&%200 - 16b%300 +4a%2b§3co + 2b§360 +4agai2ba3c31 + aoa§2b23031 —12a12bgbasc3r +
3a3ybobazcs1 — agaiabiscst + a12bob3ses1 — 12a12bascocsr + 3ad,bazcocst + 3ar2b3scocst + 16agca; —
2a0aiyc3; — 16bocsy + 4afsbocs; — 8agb3scdy + 2apafybiscyy + 2bob3scsy + ajabobiszcd; + aobyscy —
8606%1 +2a%20()c§1 +2bg3COC§1 +a%2b§3coc§1 —Qapa12 b23C§1 +3a12bob23c§1 +a0a12bg3c§1 +a12b23coc§1 -
2a9c3; + 2boch; + agblschy )+

+( 248 — 2a2a2, — 48agby + 12a9a?,bo + 24b3 — 10a2,03 + af, b2 — 10a2b3; + ada?,b3; + 12a9bob3; —
2bgb§3 + a%zbgb% + a%b§3 — 48agcy + 12(10(1%200 + 48bgcy — 28@%2b000 + 4a‘112b0c0 + 20@0[)3300 —
daga?,b3sco — 12bgb3sco + 2a3,bobisco — 2a0bssco + 24k — 10a2,¢2 + atycd — 10b3;¢3 + 3a3, b3sca +
b33cd — 2adaiabascst + 4agaiabobascsr + aoadsbobascst — 2a12b3bascst + afybibascsr + ajaiabises: +
apa12bob3scs1 +4agaiabascocs + aoad,bascocst — 20a12bobazcocsr +4a3,bobascocst — 2apar2biscocst +
a12b0b§300031—2a12b230(2)031 +a?2b2363631 +a12b§30(2)031—10a§c§1 +a§a%2c§1 +20a0boc§1—4aoaf2boc§1—
10b3c3; + 3a2,bick, + 3adb3sc3, — 4aobobdscsy + aoalsbob3sch, + b3b3sci, + 12agcocs; — 12bgcoct; +
2ai,bococs; —4aobyscocsy +aoai;biscocs; +atybob3scoct; — 26565, +atrchcd; +b3scics +agaiabascd; —
2apa12bob2scy; + a12bgbascy, + apai2bazcocy; + ar2bobazcocy; + adch; — 2agboch; + bach )i+

+(—8a3+24a3bo —2a2al,bo —24aobl +4aoai, by +8b3 —2a3, b3 +2a3bi; —4adbobis +2aobabss +24aico —
Qa%afzco —48agboco+16agal, boco+24bgco — 14af2b(2] co+2ai, bgcg —6a3b§3co +a3a§2b%3co+8aobob%3co —
2b3b25c + alobiblsco — 24agck + 4agalsct + 24boct — 14a2,bock + 2a7,boct + 6agb3sct — 2agals bzt —
4b0b§3c% +868 —20/%268 - 2b§3cg +a%2b§3cg +a8a12b23031 —a3a12b0b23C31 —a0a12b(2)b23C31 +a12bgb23031 -
agai2bascocst +6apai2bobascocst +apad,bobascocst —baiabgbazcocst + a3, bibascocst — aparabasciess —
5a12b0b2303031 +a?2b0b230(2)C31 +012b23c(3]C31 +2a§c§1 —6a3b0c§1 +a§a§2boc§1 +6a0b§c§1 —2@0@%213%0%1 —
2b3¢2, + alybycs, — 4adcocs; + 8agbococs; — 4bicoca; + 2aocica; — 2bocicl; + alybocicl)xs

+ (8§ — 4adbo + 6a3 b — dagby + by — 4adco + 12a3boco — 2a3al,boco — 12agbico + dapaisbico + 4bjco —

/ Box 3-3b(Computedsrdbnerbasisfor the Grunertdistancesquations-multivariatéerms: \

(agai2b23 + a12bobas — a12ba3co + 2agcay — 2bocsr — 2¢oczr )x1+
(2bgbag — 2agbas + 2bazco — aiybazco — 2a12¢0c31) T2+

g2 =< (b33c0 — agb3s — bob3s + apaiabazcsy — arabobascst + 2aoch;
—2b0c§1)w3 + (bg3031 - 4031).7]11'% + (4b23 - a%2b23 — bg3
—2a12¢31 — G12b33¢31 — 2b93C3 ) T2 23 — (a12b23cs1 + 2¢3, )23

(a12bo — apaia + a12¢o)T1 + alscoxa + (bobaz — agbag + bazco—
gs = apai12C31 + a12b0031)a:3 + (2&12 + b23(331)$1$§ + (0%24‘
b35 + a12bazcs1 )2zl + (2ba3 + a12¢31)73

(2a0b0 — a% + b% + 2agco — 2bgcy — C%).fl)l + (a0a12co—

a12boco — a12¢3) s + (2a0bocs1 — ar2bobazco — ajesr — byesi+
agCoC31 — boCoC31).’L‘3 + (4&0 - 4b0 - (Iob%3 - 400 + b%3CO).’E1IL’§+
(Goau — ai2bp — 3a12¢o — 52300031)1’2213% + (—a1zbob23—
a12bazco + 3agcsr — 3bocs1 — agb3zesr — cocst)Th+

(—4 + b33)z125 + (—2a12 — bazcs1) a7 + (—ai2bag — 2c31)73

94 =

_ 2
g5 = ag — bo — co + a12T172 — 317173 — ba3Tows — 273

ai2bococst + (apesr — bocsy — cocsr)xi1z2 + (apaia + a12bo — a12¢o
+aogbazcar — basgcocst)T1s + (—2a0 + 2by + 2c0 — aiyco + aoch

by
—bocgy)x2x3 + (—aobaz — bobas + bazco + apaizcs1 + a12¢ocan

Jge

2 2 2 2 2 3
K +a0b23031)a:3 + (4 —ajy — b23 — ai2bozc3 — C31)$2IL‘3 J




3-2. SELECTEDGEODETICPROBLEMS 37

/ Box 3-3b(Computedsrébnerbasisfor the Grunertdistancesquations-multivariatéerms \
continued):

a12bobasco + (apbas — bobas — bazco)z122 + (—2ag + 2bg + agb3s
+2¢o — b3;c0)z173 + (2a12¢0 + apbascar — bobascsr ) Tax3+
(a12bobas + a1abazco — 2apcsy + 2bgesy + agbizesr)ra+

(4 — b25)z125 + (2a12 + bazesr)zamd + (ar2bas + 2¢31) 73

gr =

(a0a12 + a12bg — a1200)$1 -+ (—2(10 + 2bg + 2¢¢ — a%zco)xg—}—
98 = ¢ (—agbag — bobas + bazco + apaiacsy — arabocsi)xs + 2c3121 7223
2 2 2 2 3
+b23C31$1$3 + (4 — G719 — b23 - a12b23031)$2$3 — a12€31%3

go = (—ap+bo+co)z1+aracoma+(—aocss +boca1) T3 +baz Ty Tox3 +221 73+ (a12+bazesr ) w223 +
3
€313

_312b000+(—ao +b0+c0)a:1x2+(—a0b23+b23c0)x1;c3+
g10 = {8 (—aoC31+bocs1)Taz3+(—a,,bo—a12C0—agbazCs1 ) T3 +211 2223+
(b23 +C31)£U2£L'g —a12x§

\\gn =co + 23 + 317173 + T3 /

FromthecomputedGrébnerbasisof theldeal I C Rz, 22, 23] above, We notethattheelementy; in Box(3-3a)is a
univariatepolynomialin z3. With the coeficientsof g; known, theunivariatepolynomialis thensolvedfor z3 € R+
andthe admissiblevaluesinsertedin g;; in Box (3-3b)to obtainz; € R.* The obtainedvaluesof z; € Rt and
x; € RT arenow insertedn ary of theremainingelementsf the Grébnerbasisgs,, .- ., g1o in Box(3-3b)to obtain
the remainingvariablezs € R.* The correctdistancesarefinally deducedwith the help of prior information(e.g.
from anexisting map).

(iii) Multipolynomial resultantssolution of the Grunertdistanceequationsfor the generalthree-dimension
resectiorproblem

Besidesthe use of Grobnerbasesapproachas demonstratedbove, the Multipolynomial resultantstechniquecan
alsobe usedto solve the Grunertequationsor distancesWe illustratethe solutionof the problemfirst usingthe F.
Macaulay(1902)formulationof the coeficient matrix andthenthe B. Sturmfelg1998)formulationof the coeficient
matrix. We startwith the Grunertequationsexpressedn theform (3-46) as

R1 = .’Ef + .’L'% +ai2x1x2 +a9 = 0
Ry = .’L’% + 27% + bogxoxzs +bg = O (3-50)
Rz =22 + w% +c31x123 +¢9 = 0.

Clearly equation(3-50) is not homogeneousilt is thereforehomogenizedy introducingthe fourth variablez, and
treatingthe variablewhich is to be solved first, sayz1, asa constant(i.e. hiding it by giving it degreezero). The
resultinghomogenizegbolynomialis

Ri1 := 23 + @121 2274 + (ag + 23)x] = 0
Ry = .’Eg + .'Eg + bozxoxs + boxi = 0 (3-51)
R31 = :1:§ + 31712324 + (ilf% + C()).'L'?l =0
whichwe simplify as
Ri1 = .CL'% + a1x2x4 + az.CL'Z =0
Ry = ar% + a:% + bixoxs + bzwi =0 (3-52)
R31 := 23 + 12374 + C273 =0

with the coeficientsgivenasa; = ai2x1, az = (ag + %), by = baz, by = by, ¢1 = 3121, c2 = (co + x2). We now
formulatethe coeficientmatrix of (3-52) by first usingthe F. Macaulay(1902)approacHollowedby the B. Sturmfels
(1998)approach.

Approachl (F. Macaulay1902):
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The first stepinvolvesthe determinatiorof the total degreeof (3-52) by (2-57)in page(21) of Chapter2 giving the
valueof d = 4. In the secondstep oneformulatesthe generalsetcomprisingthe monomialsof degree4 in three
variablesby multiplying the monomialsof (3-52) by eachother Thesemonomialsform the elementf the set X ¢
(2-58)in page(21) as

4 3 2 .2 3 2 .2 2 3
3;2, $2.234, $2.233, $2.233, 332.234, $2$3$4, .232183
X4 = (3-53)

3 2 2 2.2 3 4 .4 3
L2y, T2X3Ta, T2L3TY, L3y, L3Ty, Ty, T3, T3T4

whichis now partitionedin step3 accordingo (2-59)in page(22) as

de = {a;o‘ |oz,-2d,-anda]- <dj,Vj<i}
4 _ 4,3 2.2 .3 2°2 |2
Xy = =z, v334, 7573, T3T3, THTY, TrT3T4} (3-54)
x4 - 2 22 354 .3
3 = {zox3xy, T35, T2x5, T3, T3T4}
4 _ 3 2 37, 4
X = {z223, vox32%, 374, T4}

In thefourth step we form the polynomialsF; usingthe setsabove accordingto equation(2-60)in page(22) giving
riseto

o)
Il
g
~
=
Il

{23 f1, T2ma fr, T3 f1, T2x3 f1, 25 f1, T3ma f1}

&
[

l

o
|

{@224f2, T3 fo, X223 f2, 3 f2, 2324 fo} (3-55)

Fy:= = fs = {xax4fs, xox3fs, x324f3, 23f3}.

Finally we cannow form a matrix

Aofdimension( d+3_1 )x ( d+2_1 )

(in our casel5 x 15) whoserows arethe coeficientsof the f; in (3-55) above andthe columnsarethe monomials
{e1 = 23, 2 = 2333, €3 = T34, C4 = TIX3, €5 = TIW3T4, C6 = TITI, €7 = ToT3 , Cg = ToTEL4, Cg = T2T3T7,
Cl0 = T2T3, 11 = T§, C12 = T34, €13 = 2323, c14 = z3x3 anders = z} } elementof thesetsformedin (3-54)as

Ci C2 €3 C4 C5 Cg C7 Cg C9g Ci9g C11 Ci12 C13 Ci4 C15
m% f1 1 0 aga 0 0 a2 0 0 O 0 0 0 0 0 0
m% fi 0O 0 0 1 0 0 0 a O 0 0 0 ao 0 0
zox3ft 0 1 0 0 az O O 0 ax O 0 0 0 0 0
xﬁ f O 0 0 0o 0 1 0 0 0 m 0 0 0 0 a»
z3zeftr 0 O O O 1 O O O a O 0 0 0 ae 0
T224fiy O O 1 0 O a2 O O 0 a2 0 0 0 0 0
A= Toxafo 0 0 1 0 b 0 0 1 0 b 0 0 0 0 0
22f 0 0 0 0 0 1 0 0 b 0 0 0 1 0 b
."cg fo 0O 0 01 0 O b 0 O 0 1 0 by 0 0
z3refo 0 O O O 1 O O b O 0 0 1 0 ba 0
zoxsfo O 1 0 b O O 1 0 by O 0 0 0 0 0
zox3fz 0 0O O O O O 1 ¢ ¢ O 0 0 0 0 0
z3refs O O O O O O O O O 0 0 1 1 C2 0
xi f3 o 0o 0 o 0 0 0 o0 O 0 0 0 1 ¢ Cy

| TaZ4 fs 0 0 0 0 O 0 0 1 ¢ c 0 0 0 0 0 |

The determinanof the matrix A above is a univariatepolynomialof degree8 in thevariablez; givenin Box(3-3c)
below:
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Box 3-3c(F. Macaulaymultipolynomiakesultantsolutionof the Grunertdistanceequations-univari

polynomia):

(8b23 + 8b23a12631 — 16— 2b23c31 2b§3a12 b%a?zcgl - a‘llz - 2b23d126§1 — b33 — 2b23a?2031 —
¢y + 8aiy + 8c3; — 2af5¢3; — 2a19b33¢31 )2} +

+(-a‘{2031b0 — 2a%2031a0 — 32¢o + 32bg — 32ag + Sboafzcgl — a%zcglbo — 2b%3a%2a0 — 2a%2c§100 —

4b25a2,c0+2b23b0a2, — 2b25¢3, co+2b25bo 2, —2b35c0—2at,c0+2at,bo +2boch; —2¢h ag—16bgaZ, —

a@

16boc2; +16a2,c0 +16¢2; ag +8¢3, co +8a2qaq — 2b35a0 +16b35c0 + 16b35a0 —8b33b0 — 3ar2b3scarco—
3(1/12()%30/0631—a12b33b0031—a?2031b23b0—012031b2360—a%2C§1b%3CQ—2b%3boa%2cgl—3b230€203100—
4basboaracst + 12bgzaracsiag + 12bazaracsico + basboaiycsr — basaiycsiao — 3bazaracdiap —
b23a12c31a0 + b23b0&12031 4b23031(10)$?+

+(-305at, 3, — 12b‘23b0a0 3afyb3sch —
48agcy — 24@0 — 1262 3b(]C() + 281)23&000 - 4b23a000
aoa%2c31 b23af2a0 12b0a12a0 20boc3, a0 + 12c31a0c0 + 12a1200a0 — b23a0 — bjscd — 1)3031 +
10b2c3, — alybd — adchy + 2¢%, ¢t — alycd + 10a3,cE + 10aics, + 2a3,a3 + 203303 + 1003303 +
10@121)0 + 10b23C0 12[)00%100 - a12031b23co — a12031b23b000 — a12b23a0b0C31 — 2b23a1200a0 +
2b23631a1260 4a12b23a003100—b23b(2)c§1a12+4a%2c()c§1bo+4b0a%2b§3co—b%a%2b§3—algc§1b23aoco—
0120311323(1000 bz3CoC31b0012 - b23COC31b0012 + 2&12631b0b2300 - a§2031b2360 - a12031b23b0 -
b23a0a12c31 b23b0auc§1a0 — b23a1203100a0 — 4b23b0@12C31(lo — 4b23b0a1203100 + 4boa12031a0 +
2byzadaracst + 20bazaracsicoar — ar2bdzadesr + 4b23boc3a + 2basbiesiars + 2basboaracy;ag —
2b2,¢2,apco — basboaiscaiag — 3b33a3c3, )i+

b2 3b0631 + 2&1200b0 + 2b00§1a0 + 48bgco — 24b(2) + 48bgag —
b3schesy — afacsicy — 20afyboco — 24ch —

+(63‘{?20()b +4a1200a0+6boc31a0 2boc3lc0 +4b0c3lco b 3agc31 6a1200b0 6b0c31a0 2b0a12ag+
2a0c3,c3 — 16bocobdsao + 2b3b33a0 — 4boalbls + 14acobd; + 2a3b3; + 8b3 — 8ad — 8¢5 + 2b2b25co —
2b23aoco 4bob3;c2 + 14agh3;ca — 2b35a2co + 4a3 ey co + 48bocoag + 2af2a(2)c0 — 2b3¢3, + 2a%,cd +

2 5 2 2 2 3 3 3 2.9
5b23a0031a1200 - 8a12b000a0 - 8b0031a000 + b23b0a0a12031 - b23coa12 — b23coc31a0 —
2779 9 3 2 3
b3saisagco — bagagaiacs + dbagagaiacsico — 6bazboaiacsicoas — aracobssapbocst
9 2 12 2
b23b0a0C31a12 + 4a12b0a0)x1

2a3c2, +24bgad + 24bgci — 24bZag — 2b3a?, — 24bico — 24ckag — 24coal + 2b35¢3 — a12cibiza0c31 —
2 3 2.2 12 2 12 2

b23b0031 ap+ 2b23b0c31a0 + b23b0031 coai2 +bagbocsy a12Cy— b23b0031a12 - b0a12b2300 + 2b0a12b23c0 +

bascyaiacsy —

_ b3.a2 +
a12C0053a(C31

ao CO b4 + 12bocoa0 + 12b000a0 4bg3boa000 + 2b23b000a0 12b000a0 b‘213c0a0 +4b0(lo 6b(2)a% +

4boad — 6a000 daco +2b35a3co +4b3za3 ct —Acgag +2b35¢ ag +4cdbo + 4cobg — 6c3bE — 4b23boc%a0./

Theunivariatepolynomialin Box(3-3c)is thensolvedby thealgebraicalgorithmsuchasrootscommandn MATLAB
to obtaintheroots. Oncetheserootshave beenobtainedthe admissiblesolutionis substitutedn thethird equationof
(3-50)in page(37) to obtainh valueof z3 € R.T Theobtainedvalueof z3 € Rt is in turn substitutedn the second

equationof (3-50)to obtainthe lastvariablezs € R.TThe correctvaluesof distancesarededucedwith th
prior information.

Approach?2 ( B. Sturmfels1998):

From (3-52)in page(37), we computethe determinantf the Jacobimatrix as

e help of

[ OR;1  ORi1 ORyy
6.%'2 81'3 6.2;'4
ORy1 ORz1  ORx
= det 3-56
7 € 0xo O3 O0xy ( )
OR31 ORs1  ORa:
| Ox» O3 Oxy |
respectiely
2T9 + a1, 0 2a9T4 + a1
J=det | 2x>+bixs 2x3+ b2 2boxy (3-57)

0 2x3 + c124

2cox4 + C123
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which givesa cubicpolynomialin z3, x3, x4 as

J = 8xaxzcaxrs + 4:cgc1x§ + 4b1m302x4 + 2b1m§c1$3 — 8zob2x423 — 4x2b2micl + 4a1mim302 + 2a1$401w§ +
2a1x2b1$202 + 2a124b12001 3 — 4a1x2b2m3 — 2a1wib201 + 8xoasxsx3 + 4w2a2$ﬁcl + 4a1:c§m3 + 2a1x%clx4 +

4bi73asw4 + 2b1730273C1 + 2b173 01 T2

whosepartialderivativeswith respecto -, x3, x4 canbewrittenin theform (2-64)in page(23) with the coeficients
of b;; as

/ Coeficients

b;y = 0, bia = (401 + 2b1a1), big = (—4b201 + 4dase; +
2a1b102), b14 = (4b161 + 8&1),
bis = (8b1c2 + 4aicy), big = (8¢ca — 8b2 + 8az + 2a1bicy), ba1 =
(4a1 + 2b101), bas = 0,
b23 = (—4a1b2 + 2[)1&201 + 404(32), b24 = (861 + 4b1&1), b25 =

(802 + 2a1b1c1 + 8as — 8b2),

bog = (4arc1 +8b1az), b1 = (2a1¢1 +4bica),  bsa = (2a1¢1 +4braz), bz =
—6a1b2c1

b3q = (—8b2 + 2a1b1c1 + 8as + 802), bss = (—8b201 +4aibico + 8(1201); b3g =
(8&102 — 8a1bs + 4b1a201)

andthoseof the original equationsz;; as
a1 = 1,a12 = 0,a13 = a2,a14 = 0, @15=0,,a16=0

a21 = 1,a22 = 1,a23 = ba,a24 = b1,a25 =0,a96 =0
K az1 = 0,a32 = 1,a33 = ¢2,a34 = 0,a35 = 0,a36 = 1 /

The computationof the resultantof the matrix (2-65) in page(23) with the coeficientsas given above leadsto a
univariatepolynomialin z; of degreeeightas

/B6<3—3d (B. Sturmfels multipolynomial resultants solution of the Grunert distancesequationa
univariatepolynomia):
16b23coa0 16b3 3boa0c0 —24b0(:0 + 16b0a0 24b0a0 4b23coa0 48b3coag +48b0a060 +8b23coao +
8b23coa0 + 48bocoa0 — 4b} — 16b33bocoa3 — 24cka? + 16b3ag — 16coad + 16b3cy + 8b2;b3coap —
16ciao + 16bocy — 4¢y — 4ag+

+(- 8tf213coa0 + 96boc0 + 3263 + 8(11260 + 8b33b3co + 56b35c3 ag + 8b3 3b0a0 24a12bgco + 56b33c0ad —
16b23b000 + 8031a0 + 20031b23a1200a0 + 4b23a12b0031 ag—4cs3t b23a12a0 32&121)000@0 +192bgcgag +
24a?,b3co — 24boct, ag +16ai,b3ao — 8b3;c5ao — 96biag — 4b% 3, b3za0 — 4b2za2, b3 co — 64b33bocoap —
4b3gaycoag — 32bociicoap — 4bazarabicst + 20csibasaraaocy + 8b3saisbocy — 4k b3zaocy —
24c~31b23a12b0c0a0+16a%2aoco—16b23b0a0+8c31aoco+96b0a0+8a12coa0 —4b3;a3,c3 —4c3,b35a3 +
24b3c3 a9 — 8boc3,ci + 16b3 c31c0 + 8b23a0 — 8b3c2, — 8a12b0 + 8b33¢5 — 96b3co — 8ai,boal +
166%1 Coa% - 3263 - 32&8 - 9600&0 - 96&000 + 4(331 b23a12b0a0 - 4b23a12031 aoc% + 4[)23&121)3031 Co —
@3(11203100613 — 4b3;a12bocsicoaq — 4esibazaracy + 4esrbazaiaboch + 8bocs, bazal)wi+ /
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Box 3-3d (B. Sturmfels multipolynomial resultants solution of the Grunert distancesequations-\
univariatepolynomialcontinued):

+(-961 —80boc2, ap—4c3, alycd —4b3c2 b2, +192bgag — 12a2,c2, b2 +40c2, a2 —4at,c3 +112b35c0a0—
80&%21)000 + 40&%213% - 4béc§1 — 48b%3b060 — 4:8b06§1 Co + 80%1 0(2) + 8c31 b23a12a(2) - 40/120%11)23600/0 +
16a2,c3, boag — 16b35coao + 8ar2c3; basboao + 16b25a2,boco — 4b33a2, 21 boco +8a2,a2 — Ack, a2,a2 —
48b3;boag+40a2,c2 +192bgco —4at, bz —4b2;a2,b2 —48a2,boao +48a2,coa0 —12¢2, b3;a3 +40b3;a2 —
40311)23&%203 + 80031[)23&1200&0 + 16&%26311)000 — 8b§3af2coa0 + 80311)23&%21)000 — 4&121)230311)(2) —
4c31b23a3,b3 — dezibazadycoan — 8c3 b35coa0 + 8boch ap — Ach af — 4bjsal — 4bd,c3 + 40b2c3, —
4¢3, b35c2 — 4b%;a2,a% + 40b35c3 + 48¢3, coao + 8atyboco — 12b35a2,c2 — 192¢coag — 96a3 — 962 +
8b33b8 - 4b%3(1%2031b000 - 16031()23&12()0(10 - 4b§3a1203103 - 4031b23a§2b0a0 - 4(1120%11)23(13 +
8b23a12b8031 —4b§3af2c§100a0 —4b§3a12031a8 — 16b§3a12031 CoQgo —40,120%1 bggboCO —4b§3a12 boC31 ag—
4bg3a12b063100 + 8031[)230,126% — 16031()23@12()000 + 16boc§1b%3a0)w‘11+

+(128hy — 8b3za0 — 128ag — 4ai,bocs; + 64c3 a0 — 8c3 atyco — 128cy + 8boch; + 8b3za3,bo —
64a?5bo — 16¢3,b353a0 — 8¢2 a3ya0 —4a35bo 3y bas +8at,bg — 4ayacs bagco — 8b35a15c3 by +64b35co +
32G%QC§1b0 + 64[)5300 + 48c31bazaizag + 4631b23(l§2b0 — 4031b23a?2a0 — 16b§3a%2c0 - 64b00§1 -
8ch ag — datyboc, + 32a2,a0 — 8atyco + 32¢3,co + 64ad,co — 8bizco — 8¢ b2sco — 8b2za2,a0 +
8bgc§1b§3—32b§3b0—12alzc§1b23a0—12C31b23a§200—4b§3a§2c§1a0—4b§3a%203100—12b§3a12C31a0—
12b35a12¢3100 + 4ai2¢3,bazbo — 4b35a12bocs1 + 48cz1bazaraco — 16¢31bazarabe)zs+

+(-4é1 - 4b§3a§2c§1 - 8&126%1 b23 - 8031b23a?2 + 32&%2 - 4(1%2 —64 +32b§3 - 80%10%2 + 32031 b23a12 -
4b, — 8b3ya12c51 + 3262, — 8b2saly — 83, b2g) 0 J

M. A. Fischler and R. Bolles (1981, pp. 386-387,Figure 5) have demonstratedhat becausesvery termin (3-31)
is eithera constantor of degree2, for every real positive solution, thereexist a geometricallyisomorphicnegative
solution. Thusthereareat mostfour positive solutionsto (3-31). Thisis becaus€3-31) haseightsolutionsaccording
to G. Chrystal(1964,p.415)who stateghatfor n. independenpolynomialequationsn n unknavns,therecanbe no
moresolutionthanthe productof their respectie degree. Sinceeachequationof (3-31)is of degree2 therecanonly
be uptoeightsolutions.

Finally, in comparingthe two methods,the Grobner basesapproachin most casesis slov andthereis always a
risk of the computerbreakingdown during computationsBesidesthe Grobnerbasesapproactcomputesunwanted
intermediaryelementsvhich occupy morespaceandthusleadsto storageproblem.Theoverall speedf computation
is saidto be proportionalto twice exponentialthe numberof variables(D. Manoda 1994 a, b, ¢, D. Manoda and
F. Canny1991). This hasled to variousstudiesadwcatingfor the useof the alternatemethod,the resultantand
specificallymultipolynomiakesultantapproachThe Grobnerbasecanbemadeabit fastedy computingthereduced
Grobnerbasesasexplainedin Chapter2. The Multipolynomialresultantson the otherhandinvolve computingwith

largermatriceswhich mayrequirealot of work. For linearsystemsandternaryquadrics B. Sturmfelg1998)offersa
remedythroughthe applicationof the Jacobideterminants.

(b) The position-dervationstep(3d-rangingor “3d-Bogenschnitt”):

This stepis commonlyreferredto in Germanliteratureas "Bogensanitt" problemandin englishliteratureasthe
"ranging problem" or "Arc section"(H. Kahmenand W. Faig 1988, p.215)andis the problemof establishinghe
positionof a point given the distancesrom the unknavn point P € E? to threeotherknown stationsP; € E? |
i = 1,2, 3. In generalthe threedimensiondlBogensdnitt" problemcanbe formulatedasfollows: Givendistances
asobsenationsor pseudo-obseationsfrom an unknown point P € T2 to a minimum of threeknown points P; €
E? | i = 1,2, 3, determinethe position{X,Y, Z} of the unknovn point P € E.2 Whenonly threeknown stations
areusedto determinethe positionof the unknaowvn stationin threedimensiorthe problemreducedgo thatof 3d closed
form solution.We presenbelow four approachethatcanbe usedto solve the"3d-Bagenstnitt” problemin a closed
form. This problemis atraditionalproblembothin GeodesyPhotogrammetrandRobotics.In all thethreeareasthe
determinatiorof the coordinate®f the unknawn point giventhe distancesrom this pointto threeotherknown points
is thekey issue.

Startingfrom threenonlinear3d Pythagoruglistanceobsenation equationg3-58) in Box (3-4) relatingto the three
unknavns{X,Y, Z}, two equationswith threeunknavnsarederived. Equation(3-58)is expandedn theform given
by (3-59)anddifferencedn (3-60)to eliminatethe quadratiderms{X2, Y2 72 } . Collectingall the known termsof
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equation(3-60)to theright handsideandthoserelatingto the unknovnson theleft handsideleadsto equation(3-61)
with theterms{a, b} givenby (3-62). The solutionof the unknavn terms{X,Y, Z} now involvessolving equation
(3-61),which hastwo equationswith threeunknavns. To circumventthe problemof having moreunknonvnsthanthe
equationstwo of theunknovnsaresoughtin termsof thethird unknowvn (e.g9. X = g(Z),Y = g(Z)).

@)

(ii)

(iii)

(iv)

Grobnerbasesapproach:

We expressequation(3-61) in the algebraicform (3-63) in Box (3-5)with the coeficients given asin

(3-64). The Grobnerbasisis then obtainedusing the GroebnerBasisommandin Mathematica3.0 as
illustrated by (3-65) giving the computedGrébner basisasin (3-66). The first equationof (3-66) is

solvedfor Y = ¢g(Z) andis aspresentedn (3-67). This valueis substitutedn the secondequationof

(3-66)to give X = g(Z) presentedn thefirst equationof (3-68). The obtainedvaluesof Y and X are
substitutedn thefirst equationof (3-58)to give a quadraticequationin Z. Oncethis quadratichasbeen
solvedfor Z, Thevaluesof Y and X canbe obtainedfrom (3-67) and(3-68) respectiely. We mention
herethatthedirectsolutionof X = ¢g(Z) aspresentedh the secondequationof (3-68)couldbeobtained
by computingthe reducedGrébnerbasisas explainedin Chapter2 ratherthansolvingfor Y = g(Z)

andsubstitutingin the secondequationof (3-66)to give X = g(Z) presentedn first equationof (3-68).
Similarly we couldobtainY = ¢(Z) aloneby replacingY” with X in the option sectionof the reduced
Grdbnerbasisdiscussedn Chapter2.

Multipolynomial resultant(the Sylvesterresultantyapproach:

The problemis solved in four stepsasillustratedin Box (3-6). In the first step we solve for the first

variableX in (3-63)by hidingit asa constanandhomogenizinghe equatiorusingavariableW asin (3-

69). In thesecondstep the Sylvesteresultantor the Jacobiandeterminants obtainedasin (3-70). The

resultingdeterminan(3-71)is solvedfor X = g(Z) andpresentedn (3-72). The procedurds repeated
for stepsthreeandfour asin equationg3-73)to (3-76)to solve for Y = ¢g(Z). The obtainedvaluesof

X = g(Z) andY = (Z) aresubstitutedn thefirst equationof (3-58)to give a quadraticequationin Z.

Oncethis quadratichasbeensolvedfor Z, Thevaluesof X andY canbeobtainedrom (3-72)and(3-76)

respectiely.

Solutionby eliminationapproach-1:

In theeliminationapproactpresented Box(3-7),equationg3-77)is asimultaneougquatiorversionof
equationg3-61)with two equationsandtwo unknavns { X, Y’} writtenin termsof theunknowvn Z . By
firsteliminatingY” thevalueof X is obtainedn termsof theunknawvn value Z andsubstitutedn eitherof
thetwo equationf (3-77)to givethevalueof Y . Thevaluesof { X, Y} areasdepictedby (3-78)which
areexpressedn asimplifiedform (3-79)with the coeficients{c, d, e, f} givenby (3-80). Thevaluesof
{X,Y} in (3-79) aresubstitutedn thefirst equationof (3-58)in Box (3-4) to getthe quadraticequation
(3-81) respectiely (3-82) in termsof Z asthe unknavn. Thetwo solutionsof Z arenow givenby the
secondequationof (3-82) with the coeficients{g, h, i} givenin (3-84). Oncewe solve (3-82)for Z, we
substituten (3-79)to obtainthe correspondingair of solutionsfor {X,Y} .

Solutionby eliminationapproach-2:

The secondapproachpresentedn Box (3-8) involvesfirst writing equation(3-61) in the simultaneous
form (3-85),which is expressedn matrix form as(3-86). We now seekthe matrix solutionof {Y, Z} in
termsof the unknown elementX asexpressedy equation(3-87),whichis writtenin a simplerform (3-
89) whosethe elementsaregivenby (3-88). The solutionof equation(3-87)for {Y, Z} in termsof X is
givenby (3-90)respectiely (3-91)and(3-92)with the coeficientsof (3-92)givenby (3-93). Substituting
theobtainedvaluesof {Y, Z} in termsof X in thefirst equationof (3-58)we obtaina quadraticequation
(3-94)in termsof X astheunknawn. Thetwo solutionsfor X aregivenby thesecondequationin (3-94)
and substitutedbackin (3-92) to obtainthe valuesof {Y, Z} . The coeficients {I, m,n} in equation
(3-94)aregivenby (3-96).

A pairof solution(X1, Y1, Z1) and(X», Y, Z,) areobtained.The correctsolutionfrom this pairis obtainedwith the
help of prior informatione.g. from an existing map. Of importanceis the problemof bifurcation, thatis, to identify
the point wherethe quadraticequationhasonly onesolution,i.e. bifurcates S.Bancioft (1985),J. S.AbelandJ. W,
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Chafee(1991),J. W. ChafeeandJ. S. Abel (1994),andE. GrafarendandJ. Shan(1996) have alreadytreatedthis
problem.In the presenstudy the bifurcationpointfor (3-82)and(3-94)will beh? = 4gi andm? = 4in respectiely.

In Boxeq3-9)and(3-10)thecritical configuratiorof thetwo-dimensionahndthree-dimensionabngingproblemsare
presentedFirst, thederivativesof therangingequationg3-97)and(3-104)respectiely arecomputedasin (3-98)and
(3-105). The determinant®f the matricesformedby the derivativesareobtainedasin (3-100)for thetwodimensional
case,while a triple scalarproductis obtainedfor the three-dimensionataseto give (3-107). indicatethe critical

configuratiornto bethecasewhenthepointsP(X,Y’), Pi1(X1,Y1) andP»(X»,Y>) lie in aline with gradient—¢ and
intercept—$ for the two-dimensionakaseand whenthe points P(X,Y, Z), Pi(X1,Y1,Z1), P2(X2,Y>,Z5) and
P;(X3,Y3, Z3) lie onaplanefor thethree-dimensionatase.

f Box 3-4 (differencingof the nonlineardistanceequation$: \

S3=(Xp = X2+ (Y2 —Y)2 + (2 - 2)? (3-58)
S5 =(Xs - X+ (V3 -Y)* + (Z5 — 2)?

[Sf:X%+Y12+Z%+X2+Y2+Z2—2X1X—2Y1Y—2ZIZ

lS%=(X1—X)2+m—Y)2+(zl—z>2

S2=X24+YP+Z3+ X2+ Y2+ 7% —2X0X - 2YaY — 22,7 (3-59)
S2=X24+Y2+Z3+X24Y24+ 2% - 2X3X — 2Y3Y — 2757

differencingabove

S?—S2=X?-X2+Y?-Y?+Z}-Z3+a (3-60)
S5 -8 =X3-X3+Y7 =Y +Z5-Z5+b
2X(Xo = X1) +2Y(Y2 —V1)+2Z(Z2 — Z1) = a (3-61)
2X (X3 — X5) +2Y (Vs — Ya) +22(Z5 — Zo) = b
a=57 -8 - X+ X3 -Y?2+Y}—Z}+ Z3 (3-62)
\_ b=S2— 83— X2+ X2 Y2 +Y2—Z2+72 ) )
/ Box 3-5 (Grobnerbasisapproad): \
aogX + b02Y + COQZ + f02 =0 (3-63)
ang + b12Y + 612Z + f12 =0
aoz = 2(X1 — X3),bo2 = 2(Y1 — Y2),co0 = 2(Z1 — Z»)
a1z = 2(Xz — X3),b12 = 2(Y2 — Y3),c12 = 2(Z2 — Z3) (3-64)
for = (S} — X7 =Y — Z¢) — (S5 — X3 =Y — Z3)
fia= (8- X3 -V - 2 - (5} - X - Y2 - Z)).
GroebnerBasis[{ag2X + bo2Y + co2Z + foz,a12X + b12Y + c12Z + fi12},{X,Y}] (3-65)

91 = ag2b12Y — a12b02Y — a12c02Z + ap2c12Z + apz2 fi2 — a12 fo2
g = auX + b12Y + 612Z + f12 (3-66)
93 = ap2X + bo2Y + co2Z + foe.

{((112002 - (102012)Z + a12f02 - (102f12} (3-67)
(ao2bi2 — a12bo2)

b12Y + c12Z + fi2) or X — {(bo2c12 — b12¢02) Z + bo2 f12 — bi2 fo2}

_ = = ]
K *= a2 " (ao2bi2 — a12bo2) ¢ 68)j

Y =
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/ Box 3-6 (Multipolynomialresultans approad):

Stepl: Solwefor X in termsof Z

f1 : (GOQX + 002Z + f02)W + b02Y
fa = (a12X + c12Z + f12)W + b2V
Step2: Obtainthe sylvesterresultant
of oh
se=det| U | Z et boa(B0a X + €02+ fon)
df Of 12 (@12 X 4+ c12Z + fi12)
Yy oW

Jx = bo2a12X + boac12Z + boa fi2 — bi2ag2 X — biaco2 Z — b1 foo
from (3-71)
X = {(b12602 - bozclz)Z + b12f02 - b02f12}
(b02a12 - b12a02)

Step3: Solvefor Y in termsof Z

f3 = (b02Y + C()2Z + foz)W + b02X
f4 = (b12Y + 012Z + f12)W + a12X

Step4: Obtainthe sylvesteresultant

Ofs  0fs
Jy = det X ow = det Qo2 (b02Y + COQZ + f02)
' Ofs Ofs aia  (b12Y + c12Z + fi2)
80X oW

Jy = agabi2Y + ap2c12Z + ap2 fiz — a12bo2Y — a12¢02Z — ai2 fo2

from (3-75)

\_ i

{(alzcoz - 002012)Z + a12f02 - a02f12}
(a02b12 - a12b02)

~

(3-69)

(3-70)

(3-71)

(3-72)

(3-73)

(3-74)

(3-75)

(3-76)/
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Box 3-7 (solutionof the simultaneougquationby elimination): \
2X (X, = X1)+2Y (Ya = Y1) =a—2Z(Zs — Zy) 377)
X = a(Ys = Yy) = b(Y2 — Y1) 0
2{(X2 — X)) (%3 ~ Vo) — (X3~ X)W — Y1)}
(3-78)
y — a(X3 — Xp) — b(Xs — X;) 0
2{(12 = V1) (X3 — X5) — (V3 — V2)(Xo — X1)}
X=c-dZ
v (‘;_ 7 (3-79)
[ = W22 =2)(¥5 = V) = (Z3 = Z5) (Yo — 1)} Z
TG - X)(Ys - Va) — (X3 — Xo)(Va — Y1)}
hy — {(Zy — 71)( X3 — Xo) — (Z3 — Zp)(Xa — X1)} Z
2T - ) (X - Xo) - (Vs — V) (X — Xi)}
e a(Ys —¥3) = b(Ya V)
2{(Xz - X1)(¥5 - Y2) — (X5 — X»)(Y2 - Y1)}
(3-80)

in Z as

g (2= 21)(Ys — Vo) =~ (Zs = Z5)(Ya — Y1)} Z
{2 = X1)(¥3 - Y2) — (X5 — Xp) (Yo — Y1)}
_ a(X3 — X5) — b(X2 — Xi)
T 2{(% - V)X — Xa) - (Vs - Ya) (X2 — X1)}
(

e

{(Z: = 1) (X5 — Xo) = (Z3 — Z2) (X2 — X1)} Z
{2 = Y1) (X5 — Xo) — (Y3 — ¥2) (X2 — X1)}

_f=

consideringy = (dX1 + fY1 — Z1 — ed—ef) andsubstituting(3-79)in (3-58)i,onegetsa quadraticequation

(P + P+ 10)Z22 4202+ X2+ Y2+ 22 —2X1c—2Yie—S2 + 2 +e* =0

—h4+ /W2 — 4ai
{;;ZMhZH’:O,ZLFW

=+ P+ )XP+Y2 4+ 22 —2X1c—2YVie— SP 4+ 2+ €7)

where
g=d+f*+1
h =2q
i=X2+ Y2+ 272 —2X1c—2Yie— S+ 2+ e?

(3-81)
(3-82)

(3-83)

(3-84)
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/ Box 3-8 (solutionof the simultaneougquationby the matrix approad):

CHAPTER3. SOLUTION OF SELECTEDGEODETICPROBLEMS

[ 0 (Ya — Vi) +22(Zs — Z) = a — 2X (X5 — X1)

2V (Vs — V) + 22(Zs — 7o) = b— 2X (X3 — Xa)
i | PR T B R PR Y
[}Z/]Zl e o H
with d = {(Ya — Y1)(Zs — Zs) — (Y —

b
Y2)(Zs — Z1)} !

Cl11—Y2—Y1, a12—Z2—Z1, a1 =Y3 — Yo, a22—Z3—Z2

(X2 — X1) (X3 - XQ) b1 ;a bQ 5 b

ke
[ ] =t [ 2 e {0 ][] %)

[ Y ={a11a22 — a12a21}_i {a22(b1 + a1 X) — a12(b2 + c2X)}
Z ={a11a22 — 12021} {a11(b2 + 2 X) —as1(by + 1 X)}

Y =c¢ [{(122b1 — a12b2} + {(12261 - algcg}X]
Z =e[{ai1bs — anbi } + {a11¢2 — az1¢1} X]
Y =e(f +9X)

Z = e(h +iX)

_ -1 _ _

€= (a11(122 - a12(121) , f =a2bi —ai2bs, g =asci —aizcs

_ s _ v2 2 2
h—allbz—(Ilel, 1 =a;1C2 — G21C1, k—Xl +Y1 +Z1

with s = e? fg + e?hi — X1 — egY; — eiZ, andsubstituting(3-92)in (3-58)i

—m+vVm?2 —4in
21

{lX2+mX+n=O,X=

(s)” = (e%® + €’g”> + 1)(k — S” — 2Vief + €% — 2Z1eh + €*h?)

where
I=¢e%?+e2g> +1
m = 2(s)
n==Fk—S?—-2Yief +e*f? — 2Z1eh + e*h?

| -2[ 2o ]x)

~

(3-85)
(3-86)

(3-87)

(3-88)
(3-89)
(3-90)

(3-91)

(3-92)

(3-93)

(3-94)

(3-95)

(3-96)
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Box 3-9 (critical configumation of thetwodimensionatangingproblen): \
fl(X;Y;Xl;YlaSl):(XI_X):Z"'(YI_YV_S:% (3-97)
L(X,Y;X5,Y3,8,) = (Xo - X)? 4+ (Y2 - Y)? - 53
O0f1 0f2
= _9 — = = -
(3-98)
0fi _ 0fr
Y -2\ - Y), v - -2(Y>-Y)
D— ofi 4 X1—-X Xo—-X
T x| | i-Y Y-V
X\ X Xo-X X Y (3-99)
D& Y -V Y, -V =Xy Y7 1|=0
1 2 .X2 Y'Z 1
ID=(X - X)(Ya=Y) — (Xo = X)(¥; - V)
=X1Ys - X5Y - XY5 + XY — Xo¥1 + XY + XY, — XY (3-100)
=XV -Y2) +Y (X2 — Xi) + X1Y2 — XY
thus
X Y 1
X1 Y1 1 |=2x Areaof triangle P(X,Y), Pi(X1,Y1)andP2(X3,Y>) (3-101)
X Yy 1
X Y 1 a
D=|X; © 1 b |=0 (3-102)
X2 Y2 1 c
resultsin a systemof homogeneousquations
aX +bY +¢=0
aX1+bY1+c¢c=0 (3-103)

aXs+bYs+c¢=0
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/ Box 3-10(critical configuiation of thethree-dimensionalanging): \
fl(X,Y,Z;Xl,le,Zl,SI) = (Xl - X)Z + (}/1 - Y)Z + (Zl - Z)Z — S]2_
[2(X,)Y,Z;X5,Ys,Z5,82) = (Xo — X)2+ (Yo = Y)2 + (Zy — Z)? — S2 (3-104)
(XY, Z;X3,Y3,73,83) = (X3 — X)> + (Y3 = Y)* + (Z3 — Z)* — 53

[ Of1 _ 0fs _ 0fs
X = -2(X; — X), X = —2(X2 — X), X = —-2(X5 — X)
6f1 6f2 8f3
haCA— — hCLp— — L - 3-105
5y = 20 -Y), 52 =-2%-Y), 52 =-2%-Y) (3-105)
Oh _ oz _z) %P2 oz g O _ 5y

L BZ - 2(Z1 Z)) 6Z - 2(Z2 Z)) BZ'U - 2(Z3 Z)

' af; Xi—-X vw-Y Z1—-7

=8| Xo—-X Y2-Y Z,-Z

D:‘

0X; X;—X Ys-Y Z,-Z
X\-X YVi-Y Zi-Z ;(( 13: ZZ } (3-106)
Do | Xo—X Y2-Y -2 |=|30 b 2 =0
X;s—X Y3-Y Z,—2 X ¥ 2 1
[ —AD ={-Z1\Y3+ V175 — YaZ5+ Y3Zo — V1 Zo + Y271} X +
+{-Z21Xo — X1Z5+ Z1 X5+ X122 — X329 + XoZ3} Y + (3-107)
+ {1 Xo -V X5 +Y3X; — XoYs - X1 Yo+ Yo X3} Z+
| +X1YaZ3 — X1Y3Zy — X3YoZy + XoY3Z1 — XoY1 23 + X3Y1Z>
X Y Z 1
Xion oz 1 (3-108)

Xy Vs 7o 1
X; Vs Z; 1

describessix times volume of the tetrahedronformed by the points P(X,Y, Z), P, (X1,Y1, Z1),
Py(X,,Ys, Z,), and P3(X3,Ys, Z3). Therefore

X Y Z 1|[a
Ilxi vy oz 1| b |
D=|% v 7 1||e|=9 (3-109)
Xs Vs Z3 11| d

resultsin a systemof homogeneousquations

aX+bY +cZ+d=0
aX1+bY1+cY1 +d=0
aXo +bYo +¢cZy+d=0 (3-110)

\ Xy +bY; +cZs +d =0 -

(c) The orientationstep
Thefourth procedurepresentedn Section(3-13)in page(29) of Chapter2 canthenbe appliedfollowing
thedeterminatiorof position. This stepconcludeghe solutionof three-dimensionaksectiorproblemin
aclosedform.

3-22 The minimum distancemapping problem

In the minimum distancemappingproblemintroducedin ExampleA-3 in AppendixA.1in page(97), the Cartesian
coordinates{ X, Y, Z} of a point on the topographicakurfaceare given. The tasknow is to projectthis point to
a (reference)kllipsoid of revolution underthe constrainthat the projectiondistancebe minimum. Desiredarethe
Cartesiarellipsoidal coordinatesof this projectedpoint so asto be ableto derive the Jacobiellipsoidal coordinates
(geodeticcoordinates)i.e. ellipsoidallongitude L, ellipsoidallatitute B and height H) aswill be seenin Chapter
5. Thesolutionto the probleminvolvessolving a systemof nonlinearequationsof ExampleA-3 in AppendixA.1in



3-2. SELECTEDGEODETICPROBLEMS 49

page(97) eitherin closedform or iteratively (seeE. GrafarendandP. Lohse1991). In this section,we presenthe
applicationof B. Buchbeger algorithm to solving the sameproblemby computingthe Grébner basisof the Ideal
formed by theseequationgseeChapter2). We begin by the equationsas presentedn E. GrafarendandP. Lohse
(1991)(ExampleA-3 in AppendixA.1)asfollows

—(X — .’El) + b2$1$4 =0
—(Y — .Z’Q) + b2$2$4 =0

—(Z — z3) + a®z324 =0 (3-111)
b2 x? + b%2% + o’z — a?b? =0
beingthe partialderivative of the constrainedninimizationproblem
2L(x1, 2,33, 34) = | X — x||” + 24 [b? (0} + 23) + 0?2} — a?b?] = (3-112)

= (X —21)?+ Y —22)2 + (Z — 23)* + 24 [V*(2F + 33) + 0’25 — a*V?]

e X is the displacementectorfrom the origin O of R? to apoint { X,Y, Z} on thetopographicakurfacealongthe
orthonomatriad of basevectors{IE;, E», E3 } while x denoteghe displacementectorfrom the origin o of R3 to a
point{z, z2, z3} ontheellipsoid of revolution alongthe orthonomatriad of basevectors{e;, e>, e3 } generatedby

bz € X3 := {x € R? - ) (3-113)

xf—l—x%_{_w%zl}_

The problemcannow be formulatedasfollows: We aregiventhe Cartesiarcoordinateg X, Y, Z} of a pointonthe
topographicsurface,semimajoraxis {a} andsemiminoraxis {b} . If for simplicity the origins O ando areassumed
to coincidei.e. =0, {e1, e2,e3} = {1, Es,Es} andthatthe minimum of the distance||X — x|| is constrainedy
the condition of equation(3-113). The taskat handis to find the ellipsoidal Cartesiancoordinates{z, 22, z3} of
the topographicpoint andthe Lagrangefactor {z4}. We have obtained(3-111) by taking the partial derivativesof
(3-112) with respectto the unknowvns {z1, z2,z3,24}. In orderto solve the nonlinearsystemof equationfor the
unknowns{zi, 2, z3, 24 } usingB. Buchbeger algorithm, we write down thegeneratorsf theldeal I formedby the
polynomials(3-111)following thelexicographicorder{z; > zs > z3 > x4} as

<z +b0zi24 — X, 20 + 22074 — Y, 25 + a’x324 — Z,

Ideal I = b2 + b2x? + a’x2 — a®b? > .

(3-114)

The Grébnerbasiscannow be computeddy usingeitherMathematicasoftwae or Maple softwake. For this problem,
Mathematica?.2 for DOS 387 was used. The executablecommandis GroebnerBasis[Blynomials,driablesin a
specifiedordering]. In this casethe Grobnerbasisof the Ideal (3-114)is computedollowing lexicographicordering
{311 > X9 > T3 > 1’4} as

{z1 + V2174 — X, T2 + V21224 — Y, 23 + 0’1324 — Z,

GroebnerBasis . . .
b2x? + b2z + a’x% — a?b?}, {z1, 22, 73,74}

(3-115)

Theresultsof the executablecommandabove arethe computedsrobnerbasisin Box (3-11).
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/ Box 3-11 (Computedsrdbnerbasisfor the MinimumDistanceMappingproblen): \

abb8zf + (2a%b* + 2a*b%)z3 + (aSV? + 4a’b* + a?b% — a?B2 X2 —

1. | a*p?Y? — a?b*Z2)22 + (2a*b? + 2a2b* — 2a?b* X2 — 2a%b%Y 2 -
2&2b2Z2).734 + (a2b2 _ b2X2 _ b2y2 _ a2z2)‘

[ (a*Z — 2a?62Z + b Z)x3 — a®b823 — (2ab* + a*b8)2%—
2. | (a®b® + 2a*d* — a2 X2 — a*b?Y? — a®b* Z?)z4 — a’*b%+
| a202X? 4 a2V + 2026222 — b 22,

[ (2627 + b 24 Z — a®Z)x3 + a*bz3 + (2a*b* + a®b8) x5+

3. | (a*®?® + 2a%b* — a?b?X? — a®b’Y? — b1 Z%) 24+
| a?b? — b2 X? —b2Y? — 20272

4. (1 + a2m4)1’3 -7

[ (a* — 2a%b? + b*)22 + (26202 Z — 2b* Z)z3 — a*b23 — 2a*b zy—
| a't? 4?2 X2 + a?VPY? 401 Z2).

(20% — a? + bizy)22 — a’Zx3 + atb®zd + (2atb? + 2a20%) 23+
6. | +(a'b? + 4a%b* — a®b?’X? — a?b?Y? — b1 Z?)z4 + 2a2b? — 202 X2
—2b%Y2% — 20272,

[ (X% +Y?)zs + a®b'Y 23 + Y (a®b? + V%22 — b Za3)xs + Y22
“Y3 Y Zzs — VX2

8.(1+ b*z4)z2 - Y

9. (a’z3 — b%z3 + b2 Z)x2 — a’23Y

10.Yz, — Xao

11. X721 + a®b'23 + (a?b? + b%22 — b2 Zx3)zy + 22 — Zo3 + Yoo — X2 - Y2
12. (14 Bz — X

13. (a’z3 — b?z3 + b2 Z)x1 — 0’ X3

&M. 2? + a’b'z? + (20?02 + b2 — b2 Zx3)wy + 223 — 27223 + 23 — X2 - V2. j

Fromthe computedGroébnerbasisabore, it is clearly seenthatthe first equationis a univariate polynomialof order
fourin 24 whichis identicalto thatobtainedby E. GrafarendandP. Lohse(1991,p.94) andcaneasilybe solvedfor
thefour rootsusingtheavailablesoftwaresuchasMatlabor Maple. Oncethefour rootsof x4 have beenobtainedthey
are substitutedn the polynomialequationg4, 8 and 12) to obtainthe unknavn variables{z,, z2, z3} respectiely
thus concludingthe solution of the Minimum DistanceMapping problem. In Chapter5, we apply thesecomputed
Grbbnerbasisto solve the Minimum DistanceMapping problemfor a real casestudyin orderto obtainthe Jacobi
ellipsoidalcoordinategiven geocentriccartesiarcoordinates!n this section,we testthesecomputedGroébnerbasis
to solve the MinimumDistanceMappingproblempresentedby E. GrafarendandP. Lohse(1991)below:

Example 3-1 (E. GrafarendandP. Lohse1991,p.108):

Given are the geometricparameter®f the ellipsoid of revolution; semi-majoraxis {a} = 6378137.000mand first
numericaleccentricitye? = 0.0066943799913 from which the semi-minoraxis {5} canbe computed TheInputare
Cartesiarcoordinatef 8 pointson the surfaceof the earthpresentedn Table (3.1). From the computedGrdbner
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Table3.1: Cartesiarcoordinate®f topographigoints

Point

X(m)

Y(m)

Z(m)

o~NO UL WNPE

3980192.960
0
0
4423689.486
4157619.145
-2125699.324
5069470.828
213750.930

0

0

0
529842.355
664852.698

6012793.226
3878707.846

5641092.098

4967325.285
6356852.314
-6357252.314
4555616.169
4775310.888
-91773.648
-55331.828

2977743.624

51

basisin Box(3-11),we have thefirst polynomialequationasa univariate polynomialequationgivenas

04332 + C3$§ + czmi +c1x4+¢c, =0

¢y = abbe

c3 = (2a%b* + 2a*b°)

c2 = (ab? + 4a*b* + a?b% — a*b2X? — a*b?Y? — a?b* Z2)
c1 = (2a*b? + 2a%b* — 2% X? — 2a%b%Y? — 2a%b? Z?)

co = (a®b? — B2 X% — B2Y? — a?Z?).

(3-116)

We then proceedto computethe coeficients of the given univariate polynomial (3-116) using the input data of
Table (3.1). The computedcoeficients are as given in Table (3.2) . With the computedcoeficients, the poly-

Table3.2: Computedpolynomialcoeficients

Point Co c1 Co c3 C4

-7.7479e+22| 1.3339e+41| 1.3515e+55| 4.3824e+68| 4.4420e+81
-5.1720e+22| 1.3374e+41| 1.3529e+55| 4.3824e+68| 4.4420e+81
-2.5861e+23| 1.3372e+41| 1.3529e+55| 4.3824e+68| 4.4420e+81
-2.5311e+24| 1.3310e+41| 1.3507e+55| 4.3824e+68| 4.4420e+81
-1.8076e+23| 1.3334e+41| 1.3513e+55| 4.3824e+68| 4.4420e+81
-5.1549e+21| 1.3285e+41| 1.3493e+55| 4.3824e+68| 4.4420e+81
-2.6815e+24) 1.3263e+41| 1.3488e+55| 4.3824e+68| 4.4420e+81
-4.5942e+24) 1.3267e+41| 1.3493e+55| 4.3824e+68| 4.4420e+81

O~NOOUOTPA, WN PP

nomial roots canbe computedin Matlab by the roots command(D. Hanselmanand B. Littlefield 1997, p.146)as
T4 = T0O0ts [ €4 €3 €2 €1 C ] Theobtainedrootsarethensubstitutedn the polynomials(4, 8, and12) of the
computedGrébnerbasis
(1+a’zy)zs — 7
(1 + b2$4).’E2 -Y
(1+b%zy)z — X

to give the valuesof {z3, z3, 21} respectrely. The computedresultspresentedn Table (3.3) areidenticalto those
obtainedby E. Grafarend and P. Lohse(1991, Table 4, p.108). Oncethe ellipsoidal Cartesiancoordinateshave
beenderived, the Jacobiellipsoidal coordinategellipsoidallongitude L, ellipsoidallatitute B andheight H) canbe
computedasin Box(5-1) of Chapters.

(3-117)

3-23 GPSpositioning with obsewations of type pseudo-ranges
3-231 The pseudo-rangingfour-point problemin GPSpositioning

E. GrafarendandJ. Shan(1996)have definedthe GPSpseudo-angingfour-point problem("pseudo4P") asthe prob-
lem of determiningthe four unknowvns comprisingthe three component®f the receiverpositionandthe stationary
recever range biasfrom four obsened pseudo-range® four satellitetransmitterof givengeocentrigoosition. Geo-
metrically, thefour unknovnsareobtainedfrom the intersectiorof four sphericalconesgivenby the pseudo-ranging
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Table3.3: Computectllipsoidalcartesiarcoordinateandthe Lagrangdactor

Point x1(m) x2(m) x3(m) z4(m™?)
1 3980099.549 0.000 4967207.921| 5.808116e-019
2 0.000 0.000 6356752.314| 3.867016e-019
3 0.000 0.000 -6356752.314| 1.933512e-018
4 4420299.446| 529436.317| 4552101.519| 1.897940e-017
5 4157391.441| 664816.285| 4775047.592| 1.355437e-018
6 -2125695.991 6012783.798| -91773.503 | 3.880221e-02(Q
7 5065341.132| 3875548.170 -55286.450 | 2.017617e-017
8 213453.298 | 5633237.315 2973569.442| 3.450687e-017

equationsSeveralprocedurefiave beenput forwardfor obtainingclosedform solutionof the problem.Amongstthe
proceduresncludethe vectorialapproachevidencedin the works of S. Bancioft (1985), P. Singer etal. (1993),H.
Lichtengyger (1995)andA. Kleusbeg (1994,1999) E. GrafarendandJ. Shan(1996)proposetwo approaches.

Oneapproachs basedntheinversionof a3 x 3 coeficientmatrix of alinearsystemformedby differencingof the
nonlinearpseudo-angingequationsin geocentriccoordinateswhile the otherapproachusesthe coeficient matrix
from the linear systemto solve the sameequationsn barycentriccoordinates.In this sectionwe presentboth the
approachesf GrébnerbasesandMultipolynomialresultantgB. Sturmfell998approachjo solve the sameproblem.
We demonstrateur algorithmsby solving the Pseudo-angingfour-point problemalreadysolved by A. Kleusbeg
(1994)andE. GrafarendandJ. Shan(1996). It will beillustratedthatboththe Grébnerbasesandthe Multipolynomial
resultantsolve the samdinearequationsasthoseof E. GrafarendandJ. Shan(1996)andleadto identicalresults(see
alsoJ. L. Awange andE. Grafarend2002).We startwith the pseudo-rangingquationswritten algebraicallyas

[ (z1 — a0)2 + (2 — bo)2 + (z3 — 00)2 — (x4 — d0)2 =0
(r1 —a1)?+ (22 —01)? + (23 —c1)? — (w4 —d1)> =0
(271 — a2)2 + (.732 — b2)2 + (SL'3 — 62)2 - (33'4 - d2)2 =0
(w1 —a3)® + (22 = b3)” + (23 — c3)> = (x4 — d3)> = 0
where z1,%2,T3,T4 € (3-118)

(aOJbOJCO) = ( O,yO,ZO) ~ PO

(alablacl) - (a:laylazl) ~ Pl

(a27b2ac2) = ($27y2722) ~ P2

(a3,b3,C3) = ($3,y3,23) ~ P3

with {P°, P', P2, P®} being the position of the four GPSsatellites,their rangesto the stationaryrecever at P
given by {do, dy,ds, d3} . The parametersé{ao, bo, Co} , {al, by, (31} y {az, ba, Cz} s {03, b3, 63} y {d(), dy,ds, d3}) are
elementsof the sphericalconethat intersectat P to give the coordinates{z,z2, 23} of the recever andthe sta-
tionary recever rangebias x4 . The equationsabose can be expandedand arrangedin the lexicographic order
{.’L’l > 2o > X3 > .’1,'4} asfollows

72 — 2a0z1 + 33 — 2bows + T3 — 2c0m3 — 25 + 2doza +ai + U2+ 2 —di =0
x% —2a1z1 + .1:3 — 2bizo + a:% — 2c123 — mi + 2dix4 + a% + bf + c% — d% =

7?2 — 2asx1 + 13 — 2byxs + 73 — 2c023 — a3 + 2doxza + @3+ 3+ —d3 =0
2? — 2a371 + 73 — 2b372 + 73 — 2c323 — 22 + 2d3xy + @3+ b2+ 2 —d2 =0

(3-119)

with thevariables{z;, 2, z3, 24 }, the othertermsbeingknown constantsWe re-write (3-119)above with thelinear
termson onesideandthe nonlineartermson the otheras

z? 4 23 + 2% — 23 = 2a0z1 + 2bow2 + 2c0x3 — 2dozs + di — a — % — 3
72 + 23 + 25 — 75 = 20171 + 20172 + 20173 — 2d174 + &2 —af — b — &3

22 + 22 + 22 — 23 = 2a071 + 2bow2 + 20073 — 2doxs + di — a3 — b3 — 3 (3-120)
2 + 22+ m% — 13 = 2a3m1 + 2b3wa + 2c373 — 2d3T4 + dg — a% — b% - cg.
On subtracting3-120W) from (3-120i), (3-120ii), and(3-120iii) we obtain
fo3 := ao3x1 + bo3z2 + co3x3 + d3oxs + €93 =0
f13 := a13%1 + bi13x2 + c1323 + d3124 + €13 =0 (3-121)

f23 = Q93%1 + b23.’1)2 + c3x3 + d32$4 + €23 = 0
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with:
ags = 2(ao — ag), boz = 2 2
a13 = 2(a1 — as), b1z = 2(by — b3), c13 = 2(c1 — ¢3), d31 = 2(ds — dy),
Q23 = 2(&2 - a3), b23 =2 2
(d3 — a3 — b3 — c3),
— (d§ — af — b3 — c3),
e23 = (d3 — a3 — b3 — c3) — (df — a3 — b3 — cj).
We note immediatelythat (3-121) comprisesthree equationswhich are linear with four unknowvns. Treatingthe
unknown variablezx, asaconstantwe applythe Grébnerbasesandthe Multipolynomialresultantechniqueso solve
thelinearsystemof equatiorfor zy = g(z4),z2 = g(x4), s = g(x4), whereg(z,) is alinearfunction.

Approach1 (B. Sturmfelsl998Multipolynomialresultantsapproad):
Dependingon which variablewe wantto solve, we canre-write equation(3-121)suchthatthis particularvariableis
hidden(i.e. is treatedasa constant)If we areinterestedn solvingz; = g(z4) for instant,we write (3-121)by hiding
1 as
f1:= (ao3x1 + d3ows + €o3)Ts + bozz2 + o33
fo 1= (a13%1 + d3124 + €13)T5 + bisxa + c1323 (3-122)
f3 = (az3z1 + d3azs + €13)x5 + bazTa + co373

with z5 beingahomogenizingactor The Jacobiardeterminanbf (3-122)thenbecomes

6(1)2 621)3 6.735
bos co3 ao3T1 + d3o%s + €03
Jy, = det % % gﬁ =det | big ci13 aizx; +d31xge +€13 | . (3-123)
T2 0¥z O bas  ca3 G237y + d3axys + €23
Ofs 0fs Ofs
L 63&'2 33;'3 5.’[;5 i

Thedeterminanbbtainedn (3-123)givesthevariablex; = g(x4) as

z1 = —(eosbizcas + dsazaboscis + dsozabizcas — dzoZacizbes — daiTaboscas — egzcizbog —
e13bozcas + e13co3bas + easboscis + ds1xacosbas — dzaracosbis — easzcozbis)/(ascizbos +
a13ba3co3 — a13ca3bos — azsbizcos — agscizbas + apscasbis).

For zo = g(x4) we have

fa:= (bo3x2 + dsozs + €93)T5 + Go3T1 + Co3T3
f5 1= (b13w2 + d3174 + €13)T5 + @131 + 1373 (3-124)
fo := (bazxa + dzaxy + €23)T5 + a23x1 + c23%3

whoseJacobiardeterminants givenby

6.’)&'1 63&'3 33;'5
bosxo + d3ox4 + €
o o o ap3  Co3 032 3024 03
Jy, = det a—fs a—fs 0—f5 =det| a3 ¢13 bizxo +d31xs +e€13 |. (3-125)
T1 Oz O%s a3 €23 bas®a + d3axs + €93
Ofc 0fs Ofs
L 83:1 (93:'3 6375 i

Thedeterminanbbtainedn (3-125)givesthevariablexs = g(x4) as

Ty = —(azsci3d3oxs +ap3ca3ds T4+ ao3c23€13 — A23C03d31 T4 — A3C13d32T4 — Ao3C13€23 +
a13C03d32%4 — A13C23d30T4 — A13C23€03 — A23Cp3€13 + A23C13€03 + a13003€23)/(a23013 bos +
a13ba3co3 — a13ca3bos — azsbizcos — agacizbas + apscasbis).
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Forzs = g(x4) we have

[ := (co3w3 + d3oT4 + €03)T5 + ao3z1 + bos 2
fs := (c13%3 + d31z4 + €13)T5 + a1321 + biszo (3-126)
fo = (0231'3 + dsax4 + 623)375 + a3 + bazwo

whoseJacobiardeterminants givenby

65131 6.’132 (93]5
b Co3T3 + d3oxy + €
P 9 9 ao3 03 0373 3074 03
Jzg = det a_fS 6& aﬁ =det| a1z b1z ci1323 +d3124 + €13 |. (3-127)
o or2 O a23 bz C23%3 + d32x4 + €23
01’1 6.’52 6.’155 _

Thedeterminanbbtainedn (3-123)givesthevariablezs = g(z4) as

z3 = —(a23bo3ds1 T4 + ao3bisdse s + agsbizeas — as3bisdsoxs — aozbaszdsi T4 — agsbozers +
a13b23d3o 4 — a13bo3dsa 4 — a13bozeas — azsbizeos + azsbozers + aisbaseos) /(azsboscis +
a13ba3cos — a13boscas — azsbiscos — apsbazciz + apsbizcas).

On substitutingthe obtainedvaluesof z; = g(z4), 22 = g(z4) andzs = g(z4) in (3-119i) we a geta quadratic
functionin x4 givenin Box(3-12).

K Box 3-12 (Univariate (quadratic) polynomialobtainedfrom MultipolymomialresuItantssolutionom
GPSpseudo-ange equation$:

((—a2sbosdsr + assbisdso + aosbasdsi — agsbisdss — aisbasdse + aisbosds2)?/(asscisbos +
aizbascos — ai3casbos — assbizcos — aoscisbas + aoscasbis)? + (—asscisdso + asscozdsy +
ao3c13dsz — ao3c23dsy — a13cosdse +a13¢23dso)? /(azscizbos + ai3bascos — ai3casbos — azsbiscos —
aoscizbaz + aoscasbis)® + (—dsaboscis — daobiscas + dsiboscas — dsicosbas + dsacosbiz +
dsoci3ba3)?/(assci3bos + aisbazcos — a13casbos — assbizcos — aoscisbas + aoscasbiz)? — 1)z3 +
+ (2((a13c23€03 + @p3ci3€23 — A03Ca3€13 — A13C03€23 + A23C03€13 — A23C13€03)/(A23C13b03 +
a13ba3co3 — a13ca3bos — a3bizcos — apscizbas + agscasbiz) — bo)(—azscizdso + az3cozds +
apsCi3dsz — ao3czadsr — aiscosdsz + a13casdso)/(a2szcizbos + aizbazcos — aizcazbos —
azsbizcos — ag3ci3baz + aoscasbiz) + 2((—eosbizcas + e€p3ci3basz + €13bp3ca3 — e13cozbaz —
ea3bosci3 + €23¢03b13) / (az3c13bo3 + a13bazcos — arzcasbos — azsbizcos — apscizbaz + agscasbiz) —
ag)(—dsabozcis — daobizcas + dsiboscas — dsicosbas + daacosbis + dsocizbaz)/(az3cizbos +
a13bazcos — a13¢23bo3 — az3bizcos — apzcizbas + agscasbiz) + 2do + 2((aizbozeas + apzbaszers —
ap3bizezs — a13bazegs + az3bizeos — a23bosze1s)/(azscizbos + a13bascos — ai13ca3bos — azsbizcos —
apzc13baz + aozcazbiz) — co)(—a23bozds1 + az3bizdzo + agsbazdsi — apsbizdsz — ai3bazdzo +
a13bosds2)/(azsci3bos + a13baszcos — ar3casbos — azsbizcos — agscizbas + aoscasbiz))zs +

+ ((—eosbizcas + epscizbas + eisboscas — erscosbas — easboscis + ezscosbis)/(azscisbos +
a13b23co3 — a13¢23bo3 — A23b13cos — aosc13bas + aozcasbiz) —ao)? — dj + ((a13bosers + aosbasers —
agzbizeas — a13bazeqs + azzbizegs — azsboszers)/(azscizbos + aisbascos — ai3cazbos — azsbizcos —
ao3C13bas + aoscasbis) — co)? + ((a13¢23€03 + Go3C13€23 — Go3C23€13 — A13C03€23 + A23C03€13 —
v23013€03)/(a23013b03 + a13bazcos — a13casbos — azsbiscos — agzcisbas + aoscasbiz) — bo)?

Approach?2 (Grdébnerbasedechnique):
Usingthe Grobnerbasesapproachywe computethe Grobnerbasisof the linear systemof equation(3-121)as
follows:

{ao3z1 + bozxa + cosx3 + d3ozs + €o3,
GroebnerBasis a13%1 + b13xs + c1323 + d31 24 + €13, (3-128)
a23%1 + basa + c3x3 + dsaxs + ea3}, {T1, T2, 23,24}

giving the computedGroebnerbasisasin Box (3-13).
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/ Box 3-13(computedsrébnerbasis:

g1 := (—a23)b13€03 + a13bazeos + az3boze1z — apsbaszers — aizbozeas + apsbizezs — azsbizcosrs +
a13b23¢0373 +as3bozc13T3 — aozb23ci3Ts — ai3bo3c23 s + ag3bi3ca3 Tz — azzbizdsoTs +arzbazdsors +
a23bo3ds1 T4 — apsbasdsi T4 — a13boadsazs + apsbi3daazy

92 := (—aa3)e13 + a13ea3 — a23b13T2 + a13ba3T2 — G23C13%3 + A13C23%3 — A23ds1 T4 + a13d32%4

93 := (—aa3)eos + agzeas — az3bosTa + agzbasa — a23C03T3 + A03C23T3 — G23d30T4 + Ag3d3aTs

g4 := (—a13)eos + agze13 — a13bos®2 + ag3b13T2 — a13C03T3 + A03C13T3 — A13d30T4 + Ap3d31T4
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g5 = €23 + a23%1 + ba3T2 + C23T3 + d3224
g6 := e13 + a13T1 + b13To + c1373 + d3174
\97 1= eg3 + ap3T1 + bosTa + co3w3 + d3o4.

/

We noticefrom the computedGroebnerbasisin Box (3-2) thatg; is a polynomialwith only z3 andz4 asvariables.
With g, expressedszs = g(z4), it is substitutedn g, to obtainze = g(z4), which togethemwith z3 = g(z4) are
substitutedn g5 to givez; = g(x4). Onsubstitutingthe obtainedvaluesof z; = g(z4), 22 = g(z4) andzs = g(z4)

in (3-119i)we geta quadraticequationin x4 givenin Box(3-14)as

/ Box 3-14 (Univariate (quadratic) polynomialobtainedfrom Grébnerbasissolutionof GPS
pseudo-ange equations):

~

(—assbizdso + aisbazdso + assbosdsi — aosbasdsy — aisbosdss + aosbizdsz)?/(azsbizcos —
a13bascoz — azsboscis + agsbazcis + a13boscas — agsbizcas)? + (—azsciz(—aasbisdso + aisbazdso +
az3bozds1 — ag3basds1 — a13bozdsz + ag3bizdsz)/(a23bi3coz — a13ba3cos — az3bosciz + apsbazciz +
ai3boscas — apsbizcas) + aizcaz(—agsbizdsg + ai3baszdso + asszbosdsi — agsbasdsy — aizbosdse +
aozbizdsz)/(azsbizcos — a13bazcos — azsbosciz + agsbasciz + aisboscas — apsbizcas) — azsdsy +
a13ds2)?/(azsbiz — ai3bas)?® + (basz(—azsciz(—azsbizdso + aisbasdso + assbosdsi — aosbasdsy —
a13bozdsz + ag3bi3dsz)/(a23bi3cos — aizbascos — azsbosciz + agsbazciz + aizboscas — apsbizcas) +
a13¢23(—a23bisdso + a13basdso + a3bosdsy — ao3basdsy — a13bosdse + ao3bizdsz)/(azsbizcos —
a13b23co3 — az3boscis + agabasciz + a13bo3cas — ap3bi3cas) — az3dsr + ai3dsz)/(az3biz — ai3bas) +
c23(—aa3b13dsg +a13b23dsg +azsbosdss —agsbzsdsy —a13bosdss +agsbizdas) / (azsbizcos —a13bazcos —
axsboscis + aosbascis + aisboszcas — aosbiseas) + dsa)?/a3; — 1)zi+

+(2((-ase13 + aizeas — aszciz(—agsbizeos + aizbazeos + azsbosers — aosbasers — aizbozeas
aosbizezs)/(azsbizcos — aisbascos — assboscis + aopsbazciz + aiszbozcas — agsbizcas)
ai3ca3(—aasbizegs + aisbazeps + assbosers — apsbasers — aisbosezs + aosbizezs)/(azsbizcos —
aisbascos — a23bozciz + aosbzciz + aizbosces — apsbizces))/(azsbiz — aizbaz) —
bo)(—az3c13(—az3bi3dso + a13bazdso + a23bozdsr — apsbasdss — ai3bosdsz + ap3bizdsz) /(a23bi3cos —
ai3bazcos — assbosciz + apsbazciz + aisboscas — agsbizcas) + aizcas(—azsbizdse + aizbazdsg
az3bosdsr — apzbasdsr — a13bosdse + ao3bizdsa)/(azsbizcos — aizbazcos — assboscis + agsbazcis
a13boscaz — aozbiscas) — assdsi + ai3dsa)/(a23biz — aizbaz) — 2(—(eas + bag(—aszers + aizeas —
azsci3(—aasbizegs + aisbaseps + assbosers — apsbasers — aisbosezs + aopsbizezs)/(azsbizcos —
ai3bazcos — assbosciz + aopsbascis + aizboscas — ag3bizcas) + aiscas(—azsbizeos + aizbazeps
azsboze1s — agsbazers — aisbozeas + aosbizeas)/(azsbizcos — a13bazcos — azsboscis + apsbascis
a13bozcas — aosbizcas))/(aasbis — aisbas) + coz(—azsbizeos + aisbazeos + azzbozers —
aozbazers — ayzboszezs + agsbizeas)/(azsbizcos — arzbascos — assboscisz + agsbascis + aisboscas —
agsbi3ces))/azs — ao)(bas(—azsciz(—azsbizdso + ai3baadso + az3bozds1 — apsbazdsy — ai13bosdse
aosbizdsz)/(az3bizcos — a@13bazcos — azsbosciz + aosbascis + aizboscas — agsbizcas)
a13c23(—ag3bizdsy + aizbasdso + assbosdsi — apsbasdst — ai3bozdsz + ag3bizdsz)/(az3bizcos —
a13bazco3 — assboscis + agsbazcis + a1zboscas — ap3bizcas) — assdsi + aisdsz)/(a23bis — aisbas) +
c23(—aasbizdsg + aisbaadsg + ao3bosdsi — aosbasdsi — aisbosdse + ao3biadsz)/(azsbizcos —
ai3bazcos — azsbosciz + apsbasciz + ai13boscas — agabizcas) + dsz)/azs + 2dp + 2((—azsbizeos +
ai3bazegs + az3bozers — apsbzzers — aizbozezs + aosbizeas)/(azsbizcos — aizbazcos — az3bozciz +

aosbasciz + a13boscaz — aosbizcas) — co)(—azsbizdso + a13bazdze + ao3bozdsi — apsbasdsr —
vlzbozdzz + agsbi3dsz) [ (az3bi3co3 — a13bazcos — azsboscis + aosbascis + ai1sboscas — apsbizcas))Ta+

+
+
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/ Box 3-14 (Univariate (quadratic) polynomialobtainedfrom Grobnerbasissolutionof GPS \
pseudo-ange equationscontinued):

+(-(&23 + bas(—az3e1s + aizers — ag3ciz(—azsbizeps + aizbazegs + azsbosers — aosbazers —
aizbozeas + agsbizess)/(az3bizcos — a13bazcos — azsbosciz + agsbasciz + aisboscas — aosbizcas) +
aizca3(—azsbizegs + aisbazegs + azsbosers — aosbasers — aisbozeas + agsbizess)/(azsbizcos —
a13bazcos — a3boscis + agsbasciz + a13boscas — agsbizcas))/(azsbiz — aisbaz) + caz(—az3bizeos +
a13bazeos + azsbosers — agsbazers — aisboseas + agsbizeas)/(azsbizcos — a1sbascos — azzboscis +
agsbasciz + ai3boscas — Gosbiscas))/azs — ag)? — d + ((—azsbiseos + aisbazeos + azsboszers —
aozbazers — ayzbosess + apsbizens)/(azsbizcos — aizbascos — aasboscis + apsbascis + aizboscas —
aosbizcas) — co)® + ((—azse1s + aizess — azsciz(—ansbizeos + aizbaseos + azsbosers — agsbaszers —
aizbozezs + agsbizess)/(az3bizcos — a13bazcos — azsboscis + agsbasciz + aisboscas — aosbizcas) +

!113023(—61231313603 + ai13bazeos + azzbozers — aopzbazers — aizbozezs + aogsbizess)/(azsbizcos _J

9
a13ba3co3 — az3boscis + aosbzsciz + ai1sboszcas — ao3bizcas))/(azsbiz — a13baz) — bo)

Thealgorithmsfor solvingthe unknowvn valuez4 (i.e. therangebias)from Boxes(3-12)or (3-14) andtherespectie
stationaryrecever coordinatesare Awange-Grafarend Groebnerbasisalgorithm and Awange-Grafarend Multi-
polynomial Resultant algorithm and canbe accessedh the GPStoolbox (http://wwwngs.noaa.ga/gps-tooltmx).
Thedistinctionbetweerthe Multipolynomialresultantapproac andtheapproactof E. GrafarendandJ. Shan(1996)
is that; for Multipolynomial resultantapproad, we do not have to invert the coeficient matrix but insteadusethe
necessargndsuficientconditionsthatthe determinanhasto vanishif thethreeequationshave a nontrivial solution.
We next consideran examplethathasbeenconsideredlreadyby A. Kleusbeg (1994)andE. GrafarendandJ. Shan
(1996).

Example 3-22 Fromthecoordinate®f four GPSsatellitegyivenin Table(3.4) below, we applythe Awange-Grafarend
Groebner basisalgorithm and Awange-Grafarend Multipolynomial Resultant algorithm to computethe
coordinatef the stationaryGPSrecever andthe recever rangebiasterm. The Awange-Grafarend Groeb-
ner basisalgorithm andAwange-Grafarend Multipolynomial Resultantalgorithm computethe coeficients
of the quadraticequationsin Boxes(3-12) and (3-14) respectiely asca; = dy =-9.10470411394708e-1,
¢1 = dy =5.2333855785@8521e+7andcy = dy =-5.2334052933%e+9.

Table3.4: Geocentriccoordinate®f four GPSsatellitesandthe pseudo-rangingbsenations
i i =a; Yyt =b; 2t =¢; d;
0 | 1.483230866e+7 -2.046671589e+1 -7.42863475e+6 2.4310764064e+7
1 | -1.579985405e+7 -1.330112917e+7 1.713383824e+7 2.2914600784e+7
2 | 1.98481891e+6| -1.186767296e+7 2.371692013e+7 2.0628809405e+7
3| -1.248027319e+7 -2.338256053e+1 3.27847268e+6| 2.3422377972e+7

Oncethesecoeficientshave beencomputedthealgorithmsproceedo solve (usingthesecoeficients)theroots{z, }
of the quadraticequationsn Boxes(3-12)and(3-14) respectiely giving the stationaryrecever rangebiasterm. The
admissiblevalue of the stationaryreceiver rangebiastermis then substitutedn the expressionse; = g(z4),z2 =
9(z4),z3 = g(z4) to give the valuesof stationaryrecever coordinates z;, 2, 3} respectrely. The completepair
of solutionsare

1 = —2892123.412m, x5 = 7568784.349m, x3 = —7209505.102m

x4 = —57479918.164m |z}

or  x; = 1111590.460m, > = —4348258.631m, x5 = 4527351.820m
x4 = —100.0006m |z

Fromtheresultsabove, we notethatthe solutionspaceas nonunique.In orderto decidebetweerthe correctsolution
from the pair above, we computethe norm (length)of the positionalvector{zs, z2, 21} |z; and{zs, 22,21} |zf. If
therecever coordinatesarein the Global RefeenceFrame the norm of the positionalvectorof the recever station
will approximatethe value of the Earth's radiuswhile the norm for the otherpair of solutionwill bein space.The
computechormsare

[ {.Z'g, Z2,T1 }

{®3, 22,21}

z; = 10845636.826m
T = 6374943.214m

thusclearly giving the secondsolution{zs, z2, z1 } |xj astheadmissiblesolutionof therecever position.
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3-232 Overdetermined GPSpositioning with obsewations of type pseudo-ranges

In this section,we considerthe casewheremorethanfour satelliteshave beenobsened. We will apply the Gauss-
Jacobicombinatorialalgorithmto the exampleprovided by G. StrangandK. Borre (1997)and comparethe results
obtainecdto thoseobtainedby thelinear Gauss-Markv Modelafterlinearizationof the obsenationsby Taylor series
expansion.Pseudo-rangesremeasuredo six satellitesvhosecoordinatesarealsogivenasin Table (3.5).

Table3.5: Geocentriccoordinate®f six GPSsatellitesandthe pseudo-rangebsenations

PRN ' = a; y' = b; 2" =c¢; d;
23 14177553.47| -18814768.09 12243866.38 21119278.32
9 15097199.81| -4636088.67 | 21326706.55 22527064.18
5 23460342.33 -9433518.58| 8174941.25| 23674159.88
1 -8206488.95| -18217989.14 17605231.99| 20951647.38
21 1399988.07 | -17563734.90| 19705591.18 20155401.42
17 6995655.48 | -23537808.26| -9927906.48| 24222110.91

Fromthe dataabove andusing (2-26) in page(13), we obtain 15 possiblecombinationdistedin Table (3.6) whose
PDOParecomputedasin B. Hofmannetal (1994,pp. 249-253)below.

Table3.6: Possiblecombinationsaandthe computed?DOP

CombinationNumber | Combination| Computed®DOP
1 23-9-5-1 4.8
2 23-9-5-21 8.6
3 23-9-5-17 4.0
4 23-9-1-21 6.5
5 23-9-1-17 3.3
6 23-9-21-17 3.6
7 23-5-1-21 6.6
8 23-5-1-17 6.6
9 23-5-21-17 4.8
10 23-1-21-17 137.8
11 9-5-1-21 5.6
12 9-5-1-17 14.0
13 9-5-21-17 6.6
14 9-1-21-17 5.2
15 5-1-21-17 6.6

It is clearly seenfrom the computed®DOPthatthe 10thcombinationhada poorgeometry We plot the PDOPversus
thecombinatiomnumberto have a clearpicturein Figure (3.2).

Figure (3.2) indicatesclearly that the 10th combinationhad a wealer geometry The Gauss-acobi combinatorial
algorithm takes care of this wealer geometryduring the adjustmenfprocessby the useof the variance-cgariance
matrix computedthroughnonlinear error propagation for that respectie set. We next usethe derived quadratic
formulaeby Grobnerbasisin Box (3-12) or by Multipolynomial resultantsin Box (3-14) for the minimal caseto

computethe coeficientspresentedh Table (3.7).

Fromthe computedcoeficientsin Table (3.7), the 10th combinationis onceagainidentified ashaving significantly
differentvaluesfrom therest. Usingthe coeficientsof Table (3.7),we computethe solutionof the minimal combina-
torial sets(eachcombination) beingthereceierposition{X,Y, Z} andtherangebiascdt andpresenthemin Table
(3.8).

The final adjustments performedusingthe linear Gauss-Markv modelwith the randomvaluesof Table (3.8) as
pseudo-obseationsandthe dispersiormatrix obtainedrom the nonlinearerror propagation(Chapter2).

Figure (3.3) givesthe plot of the scatterof the 15 Gauss-acobi combinatorialsolutions(shovn by points)around
the adjustedvalue (indicatedby a star),while Figure (3.4) givesthe magnificationof the scatterof 14 Gauss-acobi
combinatorialsolutions(shavn by points)thatarevery closeto the adjustedvalue (indicatedby a star)ignoring the
outlying pointin Figure (3.3).
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Plot of Position Dilution of Precision against combinatorial No.
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Figure3.2: Computed®DOPfor respectie combinations

Table3.7: Computectcoeficientsof thecombinations

C/No. Co C1 Co
1 -0.914220949238445 | 52374122.984833 49022682.3125
2 -0.9341764031P736 | 50396827.499885 | 7915541824.84F
3 -0.92113062583683 | 51741826.014736 343282824.25
4 -0.86506089913107 | 54950460.284287 -10201105114.5
5 -0.92233561648969 | 51877166.045183 280298481.625
6 -0.91929696276157 | 51562232.960199 | 1354267366.435
7 -0.89498006359044 | 53302005.692735 | -3642644147.562
8 -0.91723394964576 | 52194946.112439 | 132408747.468F
9 -0.92585304928193 | 51140847.633123 | 3726719112.18F
10 3369.832939285% | -1792713339.8977 | 6251615074927 ®
11 -0.87789275665551 | 54023883.565626 | -6514735288.1375
12 -0.94258153838523 | 50793361.530304 | 784684294.24137
13 -0.90821514168006 | 52246642.079424 | -2499054749.0557
14 -0.88336407058387 | 53566554.386981 | -5481411035.3788
15 -0.86675076566126 | 54380648.209221 | -7320871488.808%

Table3.8: Computedcombinatoriakolutionpointsin a polyhedron

C/No.

X(m)

Y(m)

Z(m)

cdt(m)

Boo~v~ouobrwnrk

11
12
13
14
15

596925.3485
596790.3124
596920.4198
596972.8261
596924.2118
596859.9715
596973.5779
596924.2341
596858.7650
596951.5275
597004.7562
596915.8657|
596948.5619
597013.7194
597013.1300

-4847817.3618
-4847765.7637
-4847815.4785
-4847933.4365
-4847814.5827)
-4847829.7585
-4847762.4719
-4847818.6302
-4847764.5341
-4852779.5675
-4847965.2225
-4847799.7045
-4847912.9549
-4847974.1452

-4848019.6766

4088206.7822
4088115.7092
4088203.4581
4088412.0909
4088201.8667]
4088228.8277
4088399.8670
4088202.3205
4088221.8468
4088758.6420
4088300.6135
4088195.5770
4088252.1599
4088269.3206

4088273.9565

-0.9360
-157.0638
-6.6345
185.6424
-5.4031
-26.2647
68.3398
-2.5368
-72.8716
3510.4002
120.5901
-15.4486
47.8319
102.3292
134.6230
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3d-plot of the scatter of the 15—combinatorial solutions around the adjusted value
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Figure3.3: Scatterof the 15 Gauss-Jacoliombinatoriakolutions(e) aroundthe adjustedvalue(x).

3d-plot of the scatter of the 14-combinatorial solutions around the adjusted value
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Figure3.4: Magnificationof the scatterof 14 Gauss-Jacoliombinatoriakolutions(e) aroundthe adjustedvalue(x).

3-233 Linearized leastsquaresversusGauss-Aacobicombinatorial algorithm

We concluden this sectionby comparingoetweerthelinearizedleastsquaesappmacd andthe Gauss-acobicombi-
natorial approad. Usingthe Gauss-Jacoliiombinatoriabpproachthe stationaryrecever positionandthe stationary
recevverrangebiasarecomputedasdiscussedn Section(3-232). For thellinearizedleastsquaesapproad, thenon-
linear obsenationequationg3-118)arelinearizedusing Taylor seriesexpansionfor the 6 satellitesin Table (3.5) to
generatethe Jacobimatrix requiredfor the linearizedleastsquaesapproad. As approximatestartingvalues,we
first initiated the stationaryrecever position and the stationaryrecever rangebias aszeroand setthe corvergence
limit to 1 x 108 asthe differenceof valuesbetweentwo successie iterations. With approximatevaluestaken as
zero, 6 iterationswererequiredfor convergenceimit 1 x 10.78 In the secondcase we consideredhe valuesof the
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Gauss-adcobicombinatorialalgorithm asthe starting(approximate)aluesfor the linearizedleastsquaressolution.
Thistime round,only two iterationswererequiredto achiese corvergence.

From the nonlinearequationy(3-118) and the resultsof both linearizedleastsquaes apprad and Gauss-acobi

combinatorialalgorithm, we computedhe residualsandobtainedthe square®f theseresidualsandfinally the error
normfrom

6 2

norm = J {Z (di — V(&1 — ai)? + (&2 — b3)2 + (&3 — ;)2 — 52"4]) }, (3-129)
i=1

where{#1, 22, &3, 24} arethe computedvaluesof the stationaryrecever positionandthe stationaryrecever range

bias,{a;, b;,c;} | Vi = {1,...,6} arethecoordinate®f the six satellitesn Table(3.5)and{d;} | Vi = {1,...,6} are

themeasuregbseudo-ranges.

Table (3.9) givesthe obtainedresultsfrom the Gauss-acobi combinatorialalgorithm and thoseobtainedfrom lin-
earizedLeastsquaes approad by first linearizing using Taylor seriesexpansion. Table (3.10) presentshe root-
mean-squag-erors andthe differencedetweenthe solutionsof thetwo proceduresin Table (3.11),we presenthe

computedesidualssumof square®f theseresidualsandthe computederrornormfrom (3-129). Thecomputecerror
normareidenticalfor both procedures.

Furthercomparisorof the two proceduress to be foundin Chapter(5) wherethe proceduresare usedto compute
the 7-datumparameteitransformation. Oncethe parameterdhiave beencomputed,they are usedto transformthe
Cartesiarcoordinatesrom the Local RefeenceSysten(Table 5.5) to the Global RefeenceSystem{WGS 84, Table
5.6)asshowvn in Tables(5.10)andTable (5.11). Theresidualsfrom both Gauss-acobicombinatorialalgorithmand
LinearizedLeastSquaesSolutionarein the samerangein magnitude.We alsocomputethe residualnorm (square
rootof thesumof square®f residualspndpresenthemin Table(5.12)in page(93). In thiscasetheerrornormfrom
the Gauss-acobicombinatorialalgorithmis somevhatbetterthanthoseof thelinearizedleastsquaessolution.

Table3.9: Computedecever positionandstationaryrecever rangebias
X(m) Y (m) Z(m) cdt(m)
GJ-Approach | 596929.6542 -4847851.5021 4088226.7858 -15.5098
(Linearized)LS| 596929.6535| -4847851.5526 4088226.7957 -15.5181
Difference 0.0007 0.0505 -0.0098 0.0083

Table3.10: Computedoot-mean-squarerrorsandthe differencein solutionbetweerthetwo approaches
gx (m) oy (m) Uz(m) acdt(m)
GJ-Approach| 6.4968 | 11.0141| 5.4789 | 8.8071
GM solution | 34.3769| 58.2787| 28.9909| 46.6018

Table3.11: Computedesidualssquare®f residualsanderrornorm

PRN Gauss-Jacolfim) | LinearizedLeastSquaregm)
23 -16.6260 -16.6545
9 -1.3122 -1.3106
5 2.2215 2.2189
1 -16.4369 -16.4675
21 26.8623 26.8311
17 5.4074 5.3825
Sumof Squares 1304.0713 1304.0680
Errornorm 36.1119 36.1119

3-234 Outlier diagnosis

In this section,we demonstrat¢he capabilityof the Gauss-Jacoliombinatoriallgorithmto diagnoseoutliers. Con-
siderthata satellitesignalmeantto travel straightfrom thesatelliteto thereceveris reflectedoy thereflectingsurfaces
(multipatheffect)in built up areador instance.The measuregseudorangeeachinghereceverendsup beinglonger
thantheactualwould be pseudorangelhe scannedrigurefrom B. Hoffmanetal. (1994,p.124,Figure6.5)illustrates
the caseof multipath.
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reflecting surface

Fig. 6.5. Multipath effect

Let us now supposehat satellitenumber23 hadits pseudorangeneasuremenbngerby 500m owing to multipath
effect. This particularsatelliteis chosenasit is the first in the combinatorialformation and as suchthe left most
elementof the combinationandthuseasyto identify in the combinatorialist of Table(3.12). For eachcombination,
we computethe position by using eitherthe Grobner basisor Multipolynomial resultantalgebraictools. Oncethe
positionshave beenobtained the positionalnorm arethen computedfor eachcombinationand written besideshe
combinationsasin Table(3.12).

Table3.12: Computedpositionalnorm

CombinatiorNumber | Combination| Positionalnorm (km)
1 23-9-5-1 6368.126
2 23-9-5-21 6367.147
3 23-9-5-17 6368.387
4 23-9-1-21 6370.117
5 23-9-1-17 6368.474
6 23-9-21-17 6368.638
7 23-5-1-21 6368.894
8 23-5-1-17 6368.256
9 23-5-21-17 6368.005
10 23-1-21-17 6398.053
11 9-5-1-21 6369.723
12 9-5-1-17 6369.522
13 9-5-21-17 6369.647
14 9-1-21-17 6369.711
15 5-1-21-17 6369.749

It is clearly seerthatthe computedpositionalnormsof thefirst 10 combinatorialsverevaryingwhile the variationof
thecomputedpositionalnormof thelast5 combinatorialvasto alesserdegree. Thepossibleaxplanationcouldbethat
satellitenumber23whosepseudorangis contaminateéppearedh thefirst 10 combinationsThelast5 combinations
arenot affectedwith satellitenumber23. In orderto view the variationof the computedpositionalnorm, we have
computedhe meanof thesepositionalnormsandsubtractedt from the othernorms.In Figure (3.5),we have plotted
thesedeviations of the computedpositionalnorm from the meanpositionalnorm. Whereasthe deviations of the
first 10 combinationsare seento fluctuate,thoseof thelast5 combinationsare seento be almostconstantandwith
minimum deviation from the meanthusclearly indicatingthe presencef outlier in thefirst 10 combinations.Since
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thesatellite23 is the only commonsatellitein thefirst 10 combinationsthis outlier could be attributedto it.

s x 10% Computed position norm for respective combinatorials
T T

2.5 T

151 b

Computed positional norm — mean value(m)

| »v/\/‘/*\\l ]

05 ! !
0 5 10 15

Combinatorial No.

Figure3.5: Deviation of positionalnormfrom the meanvalue



Chapter 4

Testnetwork Stuttgart Central

As anextensionof Chapter3 we consideiin this Chapterthe closedform solutionandthe overdeterminedsolutionof
the three-dimensionalesectiorproblemusingthe Grébnerbases Multipolynomialresultantsandthe Gauss-acobi
combinatorial algorithmsdiscussedn Chapter2. The testnetwork “Stuttgart Centmal” in Figure (4.1) below is
selectedor study In Section(4-1) we considerthe obsenationsof thetestnetwork “Stuttgart Cental” of typesGPS
coordinates horizontaldirectionsT; andvertical directionsB; thatwill beusedin subsequergections Section(4-2)
considerghe closedform three-dimensionalesectiorsolutionof the testnetwork “Stuttgart Central” while Section
(4-3) considerghe overdeterminedhree-dimensionalesectiorsolutionof thetestnetwork “Stuttgart Central”

HaufRmanstr. (1324.238m)

Schbfplatz (566.864m)

DachFH (269.231m)
K1

DachLVM (400.584m)

Eduadpfeiffer Liedethale (430.529m)

(542.261m)
Lindenmuseum(364.980m)

Figure4.1: Graphof the Testnetwork “Stuttgart Cental”
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64 CHAPTER4. TESTNETWORK STUTTGART CENTRAL
4-1 Observations

The following experimentwas performedat the centreof Stuttgarton oneof the pillars of the University buildings
alongKeplerStrassell asdepictedby Figure (4.1). Thetest-netverk "StuttgartCentral" consistecbf 8 GPSpoints
listedin Table (4.1). A theodolitehasbeenstationedat pillar K1 whoseastronomicalongitude A aswell asas-
tronomic latitude &1 were known from previous astrogeodetiobsenationsmadeby the Departmentof Geodesy
and Geolnformatics StuttgartUniversity. Sincetheodoliteobsenationsof type horizontal directionsT; aswell as
vertical directionsB; from the pillar K1 to the targetpointsi, ¢ = 1,2,...,6,7, wereonly partially available we
decidedto simulatethe horizontalandvertical directionsfrom the givenvaluesof {Ar, ®r} aswell asthe Cartesian
coordinate®f the stationpoint (X, Y, Z) andtamgetpoints(X;, Y;, Z;) using(3-18)and(3-19). Therelationshipbe-
tweenthe obsenationsof type horizontaldirectionsT;, vertical directionsB;, valuesof {Ar, ®r} andthe Cartesian
coordinatesof the stationpoint (X,Y,Z) andtarget points (X;,Y;, Z;) that enabledgenerationof the obsenation
datasets1 to 11 is presentedn Chapter3, Section(3-14). Sucha procedurehad alsothe advantagethat we had
full control of the algorithmsthatwe discussedn Chapter2. In detail, the directionalparameterd Ar, ®r} of the
local gravity vectorwere adoptedirom the astrogeodetiobsenationsreportedby S. Kurz (1996 p.46) with a root-
mean-squarerrorgy = o = 10”. Table (4.1) containsthe (X,Y,Z) coordinateobtainedfrom a GPSsuney of
the test-netvork "StuttgartCentral", in particularwith root-mean-squarerrors(ox, oy, oz) neglectingthe covari-
anceqoxy,0vyz,0zx). Thesphericaktoordinate®f therelative positionvector namelyof the coordinatedifferences
(xi —x,y¥; — ¥,% — z), arecalledhorizontaldirectionsT;, vertical directionsB; anddistancesS; andaregivenby
Table(4.2). Thestandardieviations/root-mean-squaegrorswerefixedto o7 = 6”7, 0 = 6”. Suchrootmeansquare
errorscanbe obtainedon the basisof a properrefractionmodel. Sincethe horizontalandvertical directionsof Table
(4.2) weresimulateddata,with zeronoiselevel, we useda randomgeneratorandnin MATLAB version5.3 (e.g. D.
HanselmarandB. Littlefield 1997,pp. 84, 144)to produceadditionalobsenationaldatasetswithin the framework of
thegivenroot-mean-squarerrors.For eachobsenableof typeT; and B;, 30 randomlysimulateddatawereobtained
andthe meantaken. Let usreferto the obsenationaldatasets{7;, B;},i = 1,2, ...,6,7, of Table (4.3) to Table
(4.13)which wereenrichedby theroot-mean-squarerrorsof theindividual randomlygeneratedbsenationsaswell
ashy the differencesAT; := T; — T;(generated), AB; := B; — B;(generated). Suchdifferences(AT;, AB;)
indicatethe differencebetweertheideal valuesof Table (4.2) andthoserandomlygenerated.

enationsarethusdesignedsuchthat by observingthe other seven GPSstations the orientationof the Local Level
RefeenceFramelF* whoseorigin is stationK1, to the Global RefeenceFrameTF* is obtained. The relationship
betweenthe F* RefeenceFrameandthe F'* RefeenceFrameis presentedn Chapter3, Section(3-13). The di-
rection of Schlossplatis chosenasthe zero direction of the theodoliteand this leadsto the determinationof the
third componentr of the three-dimensionabrientation parametes. To eachof the GPStarget pointsi, the ob-
senationsof the type horizontal directionsT; and the vertical directions B; are measured.The spatialdistances
S? (X, X;) = ||X; — X|| arereadily obtainedfrom the obsenation of type horizontaldirectionsT; andvertical di-
rectionsB; usingthe algebraiccomputationatechniquegliscussedn Chapter2. Oncewe have Euclideandistances
S; computedrom the obsenationsof type horizontaldirectionsT; andvertical directionsB;, a foward computation
usingary of the three-dimensionalanging( "Bogenstnitt”) proceduresliscussedn Section(3-21)is usedto com-
putethe coordinates( X, Y, Z}aps from which the directionparameter¢Ar, ®r ) of thelocal gravity vectorat K1
andthe"orientationunknown"elementr arefinally computedasdiscussedh J. L. Awange (1999)andE. Grafarend
andJ. L. Awange (2000). The obtainedvaluesarethencomparedo the startingvalues.The following symbolshave
beenused:ox,ov,oz arethestandarderrorsof the GPSCartesiarcoordinates Covariancesrxy , ovz, ozx Were
neglected. o, 0p arethe standarddeviation of horizontalandvertical directionsrespectrely after an adjustment,
Ar,Ap themagnitudeof the noiseon the horizontalandverticaldirections respectiely.

Table4.1: GPSCoordinatesn the Global RefeenceFrameF* (X, Y, Z), (X;,Y;, Z;),i = 1,2, ..., 7
Station X (m) Y (m) Z(m) ox ox ox
mm mm mm
DachK1 | 4157066.1116 671429.6655| 4774879.3704 1.07 1.06 1.09
4157246.5346 671877.0281] 4774581.6314 0.76 0.76 0.76
4156749.5977 672711.4554 4774981.5459 1.77 1.59 1.61
4156748.6829 671171.9385 4775235.5483 1.93 1.84 1.87
4157066.8851 671064.9381| 4774865.8238 1.38 1.29 1.38
4157266.6181 671099.1577| 4774689.853q 1.29 1.28 1.34
4157307.5147 671171.7006| 4774690.5691 0.20 0.10 0.30
4157244.9515 671338.5915| 4774699.907(0 2.80 1.50 3.10
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Table4.2: Ideal sphericalcoordinatesf the relative positionvectorin the Local Horizontal RefeenceFramelr*:

Spatialdistanceshorizontaldirections verticaldirections

Table 4.3: Randomlygeneratedsphericalcoordinatesof the relative positionvector: horizontaldirectionsT; and
., 6,7, root-mean-squarerrorsof individual obsenations, differencesAT; :=
T; — T;(generated), AB; := B; — B;(generated) with respecto (T3, B;) idealdataof Table4.2,first dataset: setl

vertical directionsB;,i = 1,2, ..

StationObsened | Distances Horizontal Vertical
fromK1 (m) directions(gon)| directions(gon)

Schlossplat£1) 566.8635 52.320062 -6.705164
Haussmanst(2) | 1324.2380| 107.160333 0.271038
Eduardpfeifer (3) | 542.2609 | 224.582723 4.036011
Lindenmuseunt4) | 364.9797 | 293.965493 -8.398004
Liederhalle(5) 430.5286 | 336.851237 -6.941728
DachLVM (6) 400.5837 | 347.702846 -1.921509
DachFH (7) 269.2309 | 370.832476 -6.686951

St. | H/Dir.(gon) | V/Dir.(gon) | or(gon) | op(gon) | Ar(gon) | Ag(gon)
1 0.000000 | -6.705138 | 0.0025794| 0.0024898| -0.000228| -0.000039
2 | 54.840342| 0.271005 | 0.0028756| 0.0027171| -0.000298| 0.000033
3 | 172.262141] 4.035491 | 0.0023303| 0.0022050| 0.000293| 0.000520
4 | 241.644854| -8.398175 | 0.0025255| 0.0024874| 0.000350| 0.000171
5 | 284.531189| -6.942558 | 0.0020781| 0.0022399| -0.000024| 0.000830
6 | 295.382909| -1.921008 | 0.0029555| 0.0024234| 0.000278 | -0.000275
7 | 318.512158 -6.687226 | 0.0026747| 0.0024193| -0.000352| 0.000500
Table4.4: Seconddataset: set?
St. | H/Dir.(gon) | V/Dir.(gon) | or(gon) op(gon) | Ar(gon) | Ap(gon)
1 0.0000000 | -6.705636 | 0.0029467| 0.0022479| 0.000655| 0.000459
2 | 54.841828| 0.270494 | 0.0023740| 0.0018085| -0.000902| 0.000544
3 | 172.262016] 4.035712 | 0.0025738| 0.0025891| 0.001300| 0.000300
4 | 241.645929| -8.397520 | 0.0025012| 0.0027585| 0.000156 | -0.000484
5 | 284.531106| -6.940833 | 0.0025388| 0.0021120| 0.000723| -0.000895
6 | 295.382535| -1.920744 | 0.0024122| 0.0022379| 0.000904 | -0.000765
7 | 318.512615| -6.686485 | 0.0024235| 0.0027708| 0.000453 | -0.000466
Table4.5: Third dataset: set3
St. | H/Dir.(gon) | V/Dir.(gon) | or(gon) og(gon) Ar(gon) | Ag(gon)
1 0.000000 -6.704849 | 0.0025794| 0.0023074 | -0.001470| -0.000329
2 54.839743 | 0.272062 | 0.0027316| 0.0036383 | 0.000524 | -0.001024
3 | 172.261715] 4.036063 | 0.0022680( 0.0025318 | 0.000942 | -0.000052
4 | 241.645032| -8.398128 | 0.0031452| 0.0030835| 0.000395| 0.000124
5 | 284.530697| -6.941783 | 0.0025214| 0.0024290| 0.000473| 0.000055
6 | 295.382921| -1.922053 | 0.0024296| 0.0028454 | -0.000141| 0.000544
7 | 318.511249| -6.686536 | 0.0024345| 0.00227063| 0.001174 | -0.000415
Table4.6: Fourthdataset: set4
St. | H/Dir.(gon) | V/Dir.(gon) | or(gon) og(gon) | Ar(gon) | Ag(gon)
1 0.000000 | -6.704682 | 0.0023308| 0.0027599| 0.000862 | -0.000496
2 | 54.841145| 0.271960 | 0.0026907| 0.0021463| -0.000011| -0.000922
3 | 172.264284| 4.036170 | 0.0028699| 0.0024486| -0.000760| -0.000159
4 | 241.645972| -8.397035 | 0.0035089| 0.0024921| 0.000322 | -0.000969
5 | 284.532505| -6.941248 | 0.0026110{ 0.0033665| -0.000468| -0.000480
6 | 295.384465 -1.921296 | 0.0027294| 0.0026283| -0.000818| -0.000213
7 | 318.513839| -6.686125 | 0.0020477| 0.0030185| -0.000562| -0.000826
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Table4.7: Fifth dataset: set5

H/Dir.(gon)

V/Dir.(gon)

or(gon)

og(gon)

Ar(gon)

Apg(gon)

~No ok WN R

0.000000
54.839952
172.262789
241.645827
284.530609
295.383197
318.513393

-6.705407
0.271814
4.036099
-8.398001
-6.940954
-1.921506
-6.686562

0.0023550
0.0027139
0.0028628
0.0027261
0.0029166
0.0032741
0.0031545

0.0026607
0.0024570
0.0020811
0.0027714
0.0024115
0.0025684
0.0028330

0.000275
0.000594
0.000148
-0.000121
0.000840
-0.000138
-0.000705

0.000229
-0.000775
-0.000088
-0.000003
-0.000774
-0.000003
-0.000993

Table4.8: Sixth dataset: set6

H/Dir.(gon)

V/Dir.(gon)

or(gon)

og(gon)

Ar(gon)

Ap(gon)

~NoO ok WN B

0.000000
54.841100
172.262254
241.645033
284.531250
295.383176
318.512147

-6.705699
0.272198
4.035556
-8.398092
-6.941579
-1.921632
-6.687006

0.0032227
0.0028716
0.0027485
0.0028093
0.0022418
0.0028193
0.0026446

0.0026362
0.0032300
0.0022965
0.0030335
0.0023971
0.0031391
0.0018992

-0.000230
-0.001059
0.000177
0.000167
-0.000306
-0.000622
0.000037

0.000522
-0.001160
0.000455
0.000088
-0.000149
0.000123
0.000055

Table4.9: seventhdataset: set7

H/Dir.(gon)

V/Dir.(gon)

or(gon)

og(gon)

Ar(gon)

Ap(gon)

NOo b~ wWNPR

0.000000
54.840622
172.262586
241.645766
284.533069
295.383199
318.512078

-6.704710
0.271205
4.035479
-8.397192
-6.940859
-1.920591
-6.686979

0.0032501
0.0025500
0.0028646
0.0020303
0.0026240
0.0029904
0.0024550

0.0021664
0.0026468
0.0030243
0.0026158
0.0022506
0.0026217
0.0023116

0.000796
0.000446
0.000872
0.000461
-0.001098
0.000381
0.001132

-0.000467
-0.000167
0.000532
-0.000811
-0.000869
-0.000918
0.000028

Table4.10: Eigth dataset: set8

H/Dir.(gon)

V/Dir.(gon)

or(gon)

og(gon)

Ar(gon)

Ap(gon)

~NoO Ok WN R

0.000000
54.841233
172.263880
241.645783
284.532564
295.383289
318.514380

-6.705117
0.271160
4.036182
-8.397963
-6.941989
-1.920585
-6.686908

0.0019401
0.0020984
0.0026151
0.0029220
0.0024886
0.0025328
0.0028717

0.0025817
0.0028927
0.0022965
0.0022676
0.0021962
0.0025163
0.0028983

0.001199
0.000238
-0.000019
0.000847
-0.000188
0.000694
-0.000767

-0.000060
-0.000122
-0.000170
-0.000041
0.000261
-0.000924
-0.000043
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Table4.11: Ninth dataset: set9

H/Dir.(gon)

V/Dir.(gon)

or(gon)

op(gon)

Ar(gon)

Ap(gon)

0.000000
54.838686
172.261443
241.645374
284.530552
295.381778
318.511475

-6.705021
0.271061
4.035575
-8.397707
-6.941628
-1.921467
-6.686698

0.0023099
0.0025460
0.0027183
0.0024564
0.0034024
0.0022630
0.0022266

0.0029693
0.0024923
0.0026865
0.0024467
0.0027446
0.0027665
0.0025736

-0.000872
0.000714
0.000347
-0.000815
-0.000249
0.000134
0.000068

-0.000156
-0.000023
0.000436
-0.000296
-0.000100
-0.000042
-0.000253

Table4.12: Tenthda

aset:setl0

H/Dir.(gon)

V/Dir.(gon)

or(gon)

op(gon)

Az (gon)

Ap(gon)

0.000000
54.841489
172.263665
241.645336
284.531567
295.383055
318.512017

-6.705515
0.270932
4.036147
-8.397823
-6.941534
-1.922041
-6.686773

0.0024938
0.0029717
0.0032672
0.0028515
0.0022931
0.0033986
0.0024359

0.0032987
0.0022950
0.0024499
0.0025473
0.0021688
0.0028467
0.0021356

0.000299
-0.000918
-0.000704
0.000395
-0.000093
0.000028
0.000696

0.000338
0.000106
-0.000136
-0.000181
-0.000194
0.000532
-0.000178

Table4.13: Eleventhdataset:set11l

H/Dir.(gon)

V/Dir.(gon)

or(gon)

op(gon)

Ar(gon)

Ap(gon)

0.000000
54.840818
172.263416
241.645322
284.532013
295.383571
318.513029

-6.704889
0.271340
4.035779
-8.398136
-6.942079
-1.921888
-6.686424

0.0024962
0.0027559
0.0023929
0.0031984
0.0027289
0.0026898
0.0027481

0.0031604
0.0028895
0.0032068
0.0019623
0.0032386
0.0023682

0.0026191

0.000459
-0.000088
-0.000296
0.000568
-0.000379
-0.000328
-0.000157

-0.000288
0.001659
0.000232
0.000132
0.000351
0.000379
-0.000527
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4-2 Closedform solution

In orderto position point K1 in the GPSnetwork of “Stuttgart Central” using LPS obsenable of typeshorizontal
directionsT; andvertical directionsB;, threeknown stations(HaussmanstrEduardpfeifer and Liederhalle)of the
testnetwork “Stuttgart Cental” in Figure (4.1) are used. We proceedin threesteps: The first stepconsidershe
computationof the spatial distancesthe secondstepis the computationof the coordinatesof the unknawn station,
andthefinal stepis the computatiorof the threedimensionabrientationparametes. In this section thethreedimen-
sionalresectiormethodis consideredvith the aim of providing the threedimensionajeocentricGPScoordinatesin
the Global RefeencefFrame Thethreedimensionabrientationparametes of type astonomicallongitudeAr, astro-
nomicallatitude &, andthe “orientation unknown” X in the horizontalplaneandthe deflectionof the verticalcan
beobtainedasin J. L. Awvange (1999)andE. GrafarendandJ. L. Awange (2000).

The solutionof Grunert equationsis achiezed usingthe algebraiccomputationatechniqued.e. Grobnerbasesor
Multipolynomialresultant the position-derivationstepinvolvescomputingthe desiredthreedimensionabPSCarte-
siancoordinate X,Y, Z},p of theunknown point P € IE? in the Global RefeenceFrame This is achieved by
analytically solving the three-dimensionalangingproblem(alsoknown in Germanliteratureas"dreidimensionales
Bogensdnitt") asdiscussedn Section(3-21).

4-21 Experiment

Known GPSstationgHaussmanstrEduadpfeifer andLiederhallg of thetestnetwork “Stuttgart Central” in Figure

(4.1)togethemwith K1 form thetetrahedro{ PP, P, P, } in the AppendixA.2in page(104). Algebraiccomputational
tools Grébnerbasesor Multipolynomialresultantsdiscussedn Chapter2 areusedto determinethe distanceof the

tetrahedron.
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Usingthe computedunivariatepolynomial(elemenbf Grébnerbasisof the Ideal subseR[x; , 22, z3]) in Box(3-3a)

in Section(3-21, page36), we determinethe distancesS; = z; € R," i = {1,2,3} € Zi etwenthe unknovn

stationP € E3 andthe known stationsP; € E3 expressedn (3-31) for the test network "Stuttgart Cental" in

Figure (4.1). Theunknown point P in this casels the pillar K1 ontop of the University building at KeplerStrassel 1.

Points,, fthetetrahedron{ PP, P, P;} in Figure (3.1) correspondo the choserknown GPSstationsHaussmannstr
Eduamdpfeifer, and Liederhalle The distancefrom K1 to Haussmannstr is designatedS; = z; € R,T K1 to

Eduadpfeifer S, = x» € R,T while that of K1 to Liederhalleis designatedS; = z3 € R.T The distances
betweerthe known stations{S12, S23, S31} € R+ arecomputedrom their respectie GPScoordinatessindicated
in Box (4-1) below. Their correspondingspaceanglesiy a2, ¥23, ¢31 arecomputedrom (3-29). In orderto control

the computationsthe CartesianGPScoordinatesf point K1 arealsoknown. Box (4-1) below givesthe complete
solutionof theunknovns{z;, z2, z3} € R* from thecomputedSrébnerbasisof Boxeq3-3a)and(3-3b)in Section
(3-21,pages36 and37 respectiely). Theunivariatepolynomialin z3 haseightroots,four of which arecomplex and
four real. Of the four realrootstwo arepositivesandtwo arenegative. The desireddistancers € Rt is thuschosen
from thetwo positive rootswith the help of prior informationandsubstitutedn g;; in Box(3-3b)in page(37)to give

two solutionsof z;, oneof whichis positive. Finally the obtainedvaluesof {z;,z3} € R* aresubstitutedn g5 Box

(3-3b)in page(37) to obtainthe remainingindeterminater,. Usingthis procedurewe have in Box (4-1) below that
S3 = {430.5286,153.7112}. SinceS; = z3 € R,* from aprioriinformationwe chooseS; = 430.5286 , leadingto

S1 = 1324.2381, and .S, = 542.2608. Thesevaluescomparewell with their realvaluesdepictedn Figure (4.1).

/ Box 4-1 (computatiorof distancedor testnetwork"StuttgartCental"): \
Using the entriesof Table (4.1) in page(64), we computedinter-station distancesby pythagorusS;; =
V(X; — X;)2 + (Y; - Y5)? + (Z; — Z;)? andspatialanglesirom (3-29)aregivenas
S12 = 1560.3302m 12 = 1.843620
Sa3 = 755.8681m and | 13 = 1.768989
S31 = 1718.1090m 31 = 2.664537

and substitutedin (3-47) to computethe terms {a12, ba3, ¢31, ao, bo, co} Which are neededto computethe
coeficientsof the Grobnerbasiselementy; in Box(3-3a)in Section(3-21,page36). Expressingheunivariate
polynomialg, in Box(3-3a)in Section(3-21,page36)asAszs + Agx§ + Az + Asz2 + Ay = 0, thecomputed
coeficientsare

Ay = 4.833922266706213e + 023

A2 = -2.306847176510587¢ + 019

A4 =1.104429253262719¢ + 014

A6 = —3.083017244255380e + 005

A8 = 4.323368172460818e — 004.

Thesolutionto the univariatepolynomialequationis thenobtainedfrom the Matlabcommand'roots" (e.g. D.
HanselmarandB. Littlefield 1997,p.146)as

c= [Ag A7 A6 A5 A4 A3 A2 A1 Ao]
x3 = roots(c)

theothercoeficientsbeingzero.Theobtainedvaluesof z3 are

[ —20757.2530734872 + 8626.432627593531 )
—20757.2530734872 — 8626.43262759353i
20757.2530734872 + 8626.43262759351
20757.2530734872 — 8626.43262759351
430.528578109464
—430.528578109464
153.711222705295

K | —153.711222705295 ) j

wherethe choservalue430.52860f £3 € R* usingprior informationis substitutedn g;; in Box (3-3b)in page(37)
to give

xr3 = <

z1 = {—2089.15882397074,1324.23808451951}
andfinally thevaluesof {z1,z3} € R* aresubstitutedn g5 in Box(3-3b)in page(37)to givezs= 542.260767703842
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The computatiomproceduraisingthe B. Buchbeiger algorithm (Grobnerbases)s summarizedsfollows:

Arrangethe givenpolynomialequationsisinga chosermonomialorderasin (3-46)
Determinethe polynomialldeal asin (3-48)
Computethe Grobnerbasisof this Ideal usingeitherMathematicaor Maple softwares.

Fromthe computedGrdbnerbasisof the Ideal, solve the univariate polynomialfor the desiredrootsusingthe
rootscommancdf MATLAB.

Substitutethe admissiblevalue of the univariate polynomialsolutionin the other Grébner basiselementso
obtaintheremainingvariables.

Alternatively, the approachbelon basedon Multipolynomial resultantstechniquecan be usedto solve the Grunert
equations

(@)

(b)

The F. Macaulay(1902)approacldiscussedn Section(2-322)solvesfor the determinanbf the matrix
A leadingto a univariatepolynomialin z,. Thesolutionof the obtainedunivariatepolynomialequation
expressedn Box(3-3c)in page(39) leadsto similar resultsasthoseof Grébnerbasisi.e.

(" det(A)

As.’E? + AG:L'? + 144."[',"11 + AQZL’% + Ap \
AO 20

—4.871549879806222%, A, = 4.74815547158708
Ay = —113109755605017
Ag = —0.000432336817247789, A¢ = 435283.472057364
1 —22456.4891074245 + 1735.297025744064
—22456.4891074245 — 1735.297025744064
22456.4891074245 4 1735.29702574406¢
22456.4891074245 — 1735.29702574406¢
1580.10924379877
—1580.10924379877
1324.23808451944
—1324.23808451944
T3 430.528578109536, —2783.30427366986
zo = 542.260767703823, —711.800947103387 j

N

TheB. Sturmfelq1998)approactdiscussedh Section(2-322)usingthe Jacobiandeterminansolvesthe
determinanbf the6 x 6 matrix andleadsto a univariatepolynomialin ;. The solutionof the obtained
univariate polynomialequationexpressedn Box (3-3d) in page(41) leadsto similar resultsasthoseof
Grbbnerbasisi.e.

(“det(A) = Aga® + Agz® + Agat + Asz? + Ao
Ay = —1.94861995192249%7, A, = 1.89926218863483%!
Ay = —452439022420067
As = —0.00172934726897456, Ag = 1741133.88822977
w1 = —22456.4891075064 + 1735.29702538544i

—22456.4891075064 — 1735.297025385441
22456.4891075064 + 1735.297025385444
22456.4891075064 — 1735.297025385444
1580.10924379877

—1580.10924379877

1324.23808451944

—1324.23808451944
x3 = 430.528578109535, —2783.30427366986
zo = 542.260767703824, —711.800947103388
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The computeddistancedrom F. Macaulay (1902) and B. Sturmfels(1998) above tallies. The requiredsolutions
{z1, z2, x3} obtainedfrom Grdbnerbasiscomputationand thoseof Multipolynomial resultantsare the samefi.e
1324.2381, 542.2608, 430.5286} respectiely.

For eachobsenational datasets0-11 in Tables(4.2)-(4.13),distancesare obtainedusing either Grobner basisor
Multipolynomialresultanttechniquesasillustratedabove. The resultsof the computeddistancedor the closedform
solutionsare presentedn Table (4.14) of Section(4-41). The computeddistancesareusedwith the help of Grébner
basisapproacho determinethe positionof K1 for eachobsenationaldataset0-11in Tables(4.2)-(4.13)asdiscussed
in Section(3-21, page43). Theresultsfor the computedpositionof K1 for the closedform approacharepresented
in Section(4-42). For the orientationelementsve referto J. L. Awange (1999)andE. GrafarendandJ. L. Awange
(2000).

4-3 Overdetermined solution

In the precedingsectionspnly threeknown pointswererequiredto solve the closedform three-dimensiomesection
problemfor positionand orientationof the unknawvn pointK1. If superfluousbsenationsare available madepos-
sible by the availability of several known pointsasin the caseof the testnetwork “Stuttgart Central”, the closed
form three-dimensionalesectiorprocedue givesway to the overdeterminedhree-dimensiomesectioncase.In this
casetherefore all theknown GPSnetwork stationgHaussmanstrEduardpfeifer, Lindenmuseuml.iederhalle Dach
LVM, DachFH, andSchlossplatzpf thetestnetwork “Stuttgart Cential” in Figure (4.1) areused.

4-31 Experiment
Usingthe obsenationdatain Tables(4.2)-(4.13)we proceedn six stepsasfollows:

Stepl (constructiorof minimal combinatoriakubsetgor determinatiorof distances):

From(2-26)in page(13), 35 minimal combinatorialaareformedfor thetestnetwork “Stuttgart Central” and
areaspresentedby the 35 combinatoriakimplexesin AppendixA.2 (pagel04). For eachminimal combinatorial
simplex, the distancesare computedfrom the univariate polynomialsobtainedusing either Grébner basisor
Multipolynomialresultantsalgorithmsandpresentedn Boxes(3-3a,page36), (3-3c, page39) or (3-3d, page
41)in Chapte3. Theadmissiblesolutionfrom theunivariatepolynomialsaresubstitutednto otherpolynomials
(asexplainedin Section3-21in page31andSection4-21in page67)to gettheremainingtwo distancesEach
combinatorialminimal subsetesultsin 3 distanceshusgiving riseto atotal of (3 x 35) 105 distancesvhich
we considelin the subsequendtepsaspseudo-obseations. The computeddistancesS; link the known points
Pjji =1, ...,7totheunknowvn point P (K1) in Figure (4.1).

Step2 (nonlinearerrorpropagatiorto determinehe dispersiormatrix 32 ):

In this step, the dispersionmatrix 3 is sought. This is achieved via the Error propagationlaw/variance-
covariancepropagatiorfor eachof the combinatorialset; = 1, ..., 35 abore. The closedform obsenational
equationdor the first combinatorialsubset; = 1 (tetrahedronP P, P> P;) in AppendixA.2 are written alge-
braicallywith (3-30)as

fi:= Sf + Sg — 2851 52(cosBycosBacos(Te — Th) + sinBysinBs) — 5122

f2 .= 83 + S% — 28,53(cosBacos Bscos(Ts — Ty) + sinBasinBs) — Si, (4-1)

f3:= 8% + S3 — 285, S3(cosBycosBscos(Ty — T3) + sinBysinBs) — S,
whereS;; 4,5 € {1,2,3},i # jarethe distancesdetweenknown GPSstationsof the testnetwork “Stuttgart
Cental”, Sy |k € {1,2,3}arethe unknownn distancesneasuredrom the unknavn GPSpoint P € E? to the
known GPSstationsP; € E? |i € {1,2,3}andT;, B; |i € {1,2,3} arethe LPSobsenableof typeshorizontal
and vertical directionsfrom the unknovn point P € E? to the known GPSstationsP; € E?|i € {1,2,3}
respectiely. With (2-77)and(2-68)in pageq25 and24 respectiely) we have the Jacobimatricesas

0S; 0S1 05
_|or on on _
Jo = 0Ss 0S1 05 (4-2)
Ofs 0fs 0fs
L 653 651 652 d
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and
[ O0f1 0f1 Oh  O0h 0K 0K Ofr Ofr Ofi T

0S12 0Ss3 0S31 0By 0By 0Bs 017 01, 013

Ofy Ofs Ofr Ofr Ofr Ofr Ofs Ofr Of:
Jy = 6512 6523 6531 8B1 6B2 6B3 aTl 8T2 6T3 (4-3)

Ofs 0fs Ofs Ofs 0Ofs Ofs 0Ofs 0fs 0fs
0S12 0S5 0S31 0By 8By 0B 0T 0T, 073

Thevalues{ S, S», S3} appearingn theJacobimatricess,, J, areobtainedrom theclosedform solutionof thefirst
combinatorialsetin stepl. Fromthe dispersior, of the vectorof obserationsy andwith (4-2) and(4-3) forming
J = J,'J,, thevariance-ceariancematrix X,

2
Ew = 05251 052 0.5253
2
0535, 0835 035,

2
s, 05,8, 08,853 ]

is finally obtainedfrom (2-68)as

/ [ 0-.%'12 0512523 08512831 0 0 0 0 0 0 _\
0S53512 0?923 08538531 0 0 0 0 0 0
0S31512 0831823 0?931 0 0 0 0 0 0
0 0 0 o 0 0 0 0 0
,=J 0 0 0 0 (7)252 0 0 0 0 J' (4-4)
0 0 0 0 0 o3 0 0 0
0 0 0 0 0 0 U%l 0 0
0 0 0 0 0 0 0 0%2 0
\_ L oo 0 0 0 0 0 0 0 o]/
with the 3 x 3 elementsf 3, ontheright handsideof (4-4) givenby
U?S’lg 08512523 08512831
0523512 0-?923 0523531
0831512 08531523 U?S’gl (4'5)

- 2 2 2 2 2 2 2 2 2 '
Ja{diagonal {[ 0%, o%, o%, 0%, 0%, 0%, 0% oy oz |}y

andJ 4 in (4-5) beingthe Jacobimatrix of the partial derivativesof the distancesquations

S35 = (X5 — Xo)* + (Y3 = Y2)? + (Z5 — Z»)° (4-6)
2 = (X1 = X3)2+ (V1 = Y3)2 + (21 — Z3)°

connectingthe known GPSpoints P; € TE2 |i € {1,2,3} with respectto the known coordinatesP; { X1, Y1, Z1 },
Py{X5,Y>,2Z,} and Ps{X3,Y3, Z3} of the GPSstationsinvolvedin the minimal combinatorialset. The variance-
covariancematrix computedabove is obtainedfor every combinatorialsubset. Finally we obtainedthe variance-
covariancematrix X from (2-70)in Chapter2 page(24).

l S% = (X — X1)? + (Yo =Y1)2 + (Z2 — Z1)?

Step3 (rigorousadjustmenbdf the combinatoriakolutionpointsin a polyhedron):

Oncethe 105 combinatorialsolution pointsin a polyhedronhave beenobtainedin stepl, they arefinally ad-
justedusingthelinear Gauss-Markv model(2-1), page7) with the dispersiommatrix 3 obtainedvia the error
propagatioriaw or variance-cgariancepropagatiorin step2. Expressingeachof the 105 pseudo-obsention
distancess

S) =8;+ellie{1,2,3,4,56,7},j€{1,2,3,4,5,6,7,...,35},

andplacingthe pseudo-obsemiondistancesSf in thevectorof obsenationy, the coeficientsof the unknowvn
sevendistancesS; of thetestnetwork “Stuttgart Cental” formingthecoeficientmatrix A andz comprisinghe
vectorof unknavnsS;, theadjustedsolutionis obtainedvia (2-4) andthedispersiorof theestimategarameters
through(2-5)in Chapter2 page(8).
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Step4 (constructiorof minimal combinatoriakubsetgor positiondetermination):

Oncethe adjusteddistancesandtheir dispersionmatrix have beenestimatedising (2-4) and(2-5) respectiely

in step3, the positionof the unknavn point is thendeterminedusing either Grébnerbasisapproach(Box 3-5

in page43) or MultipolynomialresultantapproachBox 3-6 in page44). Similar to the distancesye have 35

combinatoriakubsetgiving 35 differentpositionsX, Y, Z|p of thesamepoint P (for eachsimplex of Appendix
A.2, we getthepositionvalue{X,Y, Z}). In total we have 105(35 x 3) valuesof X, Y, andZ which will be

treatedaspseudo-obseations.

Step5 (nonlinearerrorpropagatiorto determinehe dispersiormatrix 32 ):

Thevariance-cwariancematrix arecomputedor eachof the combinatoriaketj = 1, ..., 35 usingerrorprop-
agation. The closedform obsenationalequationgfor the first combinatorialsubsetj = 1 (i.e. tetrahedron
PP, P, P;) AppendixA.2 arewritten algebraicallyas

fr= (X2 = X)*+ (2 = Y)2 +(Zy - 2)* - 53 (-7

{ =& =X+ =Y +(Z1-2)* - S}
fi=Xs =X+ (Y3 -Y)*+(Z5-2)" =S}

whereS? |i € {1,2,3} | j = 1 arethedistancedbetweerknown GPSstationsP; € E? |i € {1,2,3} of thetest
network “Stuttgart Central” andthe unknovn GPSpoint P € E2 for first combinationsetj = 1. With (2-77)
and(2-68)in pageq25 and24 respectiely) we have the Jacobimatricesas

0X 0Y 07

g | 08 08 Of w8)
o0X 0Y 0Z
L X oY 07

and

[ 0h Oh Of 0K 0K 0f 0K Oh Ofi Ofi Ofi Oh ]
9S, 8S; 8S; 0X: OV, 07, 0X; 02 87, 0Xs 9Ys 0Zs

0f 0f 0fr Ofr Of 0fr Of Of OFf Ofy Ofr Of (4-9)
9S, 8S, 8S; 0X: 0V, 02, 0X, 02 07y 0Xs 9Ys 0Zs

Ofs Ofs Ofs Ofs Ofs Ofs Ofs Ofs Ofs Ofs 0Ofs 0fs
8S, 85, 8S; 0X, Y, 07 0X, 0, 07, 0X; 0V 0Z5 |

Thevalues{X,Y, Z} appearingn the JacobimatricesJ ,, J, areobtainedfrom the closedform solutionof thefirst
combinatorialsetin step4. Fromthe dispersiormatrix 3, of the vectorof obsenationsy andwith (4-8) and(4-9)
forming J = J;'J,, thevariance-ceariancematrix 3,

2
Ox OXy O0X2Z
>, = 2
T — Oy X Oy oy z
0zx 0OZzy (24
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is finally obtainedfrom (2-68)as

/ 02 059 Os5, 0O 0O 0O 0O 0O 0O 0O 0 0 \
0sns 0% Oss 0O 0 0 0 0 0 0 0 0
Osss: Oss 0%, 0 0 0 0 0 0 0 0 0
0o 0 0 o2 0 0 0 0 0 0 0 0
0O 0 0 0 o2 0 0 00 0O 0 0 0
B o 0 0 0 0 ¢& 0 0 0 0 0 0 |,
2=J 9 0 0o 0 0 0 6%, 0 0o o o o |T] “10
0o 0 0 0 0 0 0 o, 0O 0 0 0
0o 0 0 0 0 0 0 0 o 0 0 0
0o 0 0 0 0 0 0 0 0 6% 0 0
o 0 0 0 0 0 0 0 0 0 ¢ 0
\ 0 0 0 0 0 0 0 0 0 0 0 of /

with the3 x 3 elementsf 3, ontheright handsideof (4-10) givenby (4-4) in page(71). The variance-ceariance
matrix computedasexplainedabove is obtainedfor every combinatorialsetj = 1, ..., 35. Finally we obtainedthe
dispersiommatrix 3 from (2-70)in Chapter2 page(24).

Step6 (rigorousadjustmenbf thecombinatoriakolutionpointsin a polyhedron):
For eachof the35computectoordinate®f pointK1 in Figure (4.1)in step4, we write theobsenationequations
as

X/ =X +e|,j€{1,2,34,5,6,7,...,35}
}/'j :Y+€'§’ |.7 € {17273747576777 735} (4'11)
Zi=Z+¢el|,j€{1,2,3,4,5,6,7,...,35}.

With the values{X7,Y7 Z7} treatedas pseudo-obseation and placedin the vector of obsenation y, the
coeficientsof the unknown position{ X, Y, Z} beingplacedin the coeficient matrix A andxz comprisingthe
vectorof unknavns{X,Y, Z}, Thesolutionis obtainedvia (2-4) andthedispersiorof theestimategarameters
through(2-5)in Chapter2 page(8).

4-4 Results

4-41 Distances

Presentedh Table (4.14)arethe resultsof the computedclosedform three-dimensionalesectiondistancegrom K1
to HaussmansifP P, := S;), K1-Eduadpfeifer (PP, := S,) andK1-Liederhalle(PP, := Ss3) (e.g. tetrahedron
{PP,P,P,} in AppendixA.2 page104) andtheir deviation AS obtainedby subtractingthe computeddistances;
from its idealvalueS in Table (4.2). Obsenationalsetnumber0* comprisedheidealvaluesof Table (4.2) which are
usedto controlthe Experiment.

In Tables(4.15), (4.16) and (4.17) are presentedhe resultsof the adjusteddistancesyoot-mean-square-erroesd
the deviationsin distancesomputedusingthe Gauss-dcobi combinatorialalgorithm. The root-mean-squarerror
are computedfrom (2-5) in Chapter2 page(8). The deviation in distancesare obtainedby subtractingthe com-
puteddistanceS; from its idealvalue S (in Table 4.2, page65). The adjusteddistancesn Tables(4.15)were: K1-
HaussmanstfsS;) , K1-Eduadpfeifer (S2), K1-LindenmuseunSs) , K1-Liederhalle(S4), K1-Dach LVM (S5) ,
K1-Dadch FH (Ss) andK1-HaussmanstSr).

4-42 Position

Theobtainedpositionof stationK1 from the 11 setsunderstudyarepresentedh Tables(4.18)and(4.19). Set0* indi-
catetheresultsof thetheoreticaket. Sincethevalueof K1 is known (e.g. Table (4.1),the deviations{ A X, AY, AZ}
of the computedpositionsfrom their real valuesare computedor both the closedform three-dimensionalesection
andthe overdeterminedhree-dimensionalesectiorfor eachobsenationaldatasetandareplottedasin Figure (4.2).
Figure (4.2) indicategheresultsof the overdeterminedhree-dimensiomesectiorfor thetestnetwork “Stuttgart Cen-
tral” computedrom the Gauss-acobialgorithmto be betterthanthosecomputedrom closedform proceduresThe
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root-mean-squarerrorsare computedfrom (2-5) in Chapter2 page(8). Figures(4.3)-(4.8)illustratesthe plotted
three-dimensiongbositionalscatterof the 35 minimal combinatorialsubsetgindicatedby dotedpoints (e)) around
for the adjustedvalue of positionindicatedby a star(x). The plot is donefor eachobsenationaldatasetin Tables

(4.3)t0 (4.13).
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Table4.14: Distancesomputeddy Grobnerbasisor Multipolynomialresultants

setno. | Si(m) Sa(m) Ss(m) | ASi(m) | ASa(m) | ASs(m)
o* 1324.2380| 542.2609| 430.5286| 0.0000 | 0.0000 | 0.0000
1 1324.2420| 542.2613| 430.5247| -0.0040 | -0.0004 | 0.0039
2 1324.2479| 542.2707| 430.5138| -0.0099 | -0.0098 | 0.0148
3 1324.2412| 542.2615| 430.5247| -0.0032 | -0.0006 | 0.0039
4 1324.2342| 542.2588| 430.5330 0.0038 | 0.0021 | -0.0043
5 1324.2340| 542.2626| 430.5313| 0.0040 | -0.0017 | -0.0027
6 1324.2442| 542.2664| 430.5193| -0.0063 | -0.0055 | 0.0093
7 1324.2453| 542.2540| 430.5241| -0.0073 | 0.0069 | 0.0045
8 1324.2376| 542.2585| 430.5301| 0.0003 | 0.0024 | -0.0015
9 1324.2382| 542.2560| 430.5307| -0.0002 | 0.0049 | -0.0021
10 1324.2369| 542.2652| 430.5276| 0.0011 | -0.0043 | 0.0010
11 | 1324.2375| 542.2594| 430.5299| 0.0005 | 0.0015 | -0.0013

Table4.15: Distancesomputedby Gauss-acobicombinatorialalgorithm

Sl (m)

Sz (m)

53 (m)

54 (m)

55 (m)

Se(m)

Sr7(m)

1324.2394
1324.2387
1324.2381
1324.2363
1324.2396
1324.2378
1324.2368
1324.2388
1324.2393
1324.2337
1324.2375

e e
REBoo~NoaswnRE

542.2598
542.2606
542.2604
542.2545
542.2611
542.2584
542.2558
542.2575
542.2646
542.2598
542.2573

364.9782
364.9801
364.9791
364.9782
364.9779
364.9791
364.9790
364.9779
364.9794
364.9832
364.9787

430.5281
430.5274
430.5267
430.5355
430.5259
430.5300
430.5328
430.5324
430.5232
430.5350
430.5326

400.5834
400.5818
400.5847
400.5931
400.5834
400.5868
400.5857
400.5845
400.5770
400.5904
400.5884

269.2303
269.2292
269.2296
269.2385
269.2306
269.2320
269.2345
269.2342
269.2265
269.2346
269.2344

566.8641
566.8635
566.8632
566.8664
566.8658
566.8637
566.8644
566.8664
566.8623
566.8608
566.8650

Table4.16: Root-mean-square-erroo distancesn Table (4.15)

setno. | Si(m)

Sy(m) | S3(m)

54 (m)

Ss(m) | Se(m)

Sr(m)

B
Phoo~N~ourwNR

0.0004
0.0011
0.0008
0.0007
0.0008
0.0008
0.0012
0.0010
0.0009
0.0006
0.0005

0.0004 | 0.0004
0.0012| 0.0013
0.0008| 0.0009
0.0007| 0.0008
0.0008| 0.0009
0.0008 | 0.0009
0.0012| 0.0013
0.0010| 0.0011
0.0009| 0.0010
0.0006| 0.0006
0.0005 | 0.0005

0.0005
0.0015
0.0010
0.0010
0.0010
0.0010
0.0016
0.0013
0.0012
0.0008
0.0006

0.0004 | 0.0006
0.0014| 0.0019
0.0009 | 0.0013
0.0009 | 0.0013
0.0010| 0.0013
0.0010| 0.0013
0.0014| 0.0020
0.0012| 0.0016
0.0011| 0.0015
0.0007 | 0.0010
0.0006 | 0.0008

0.0003
0.0009
0.0006
0.0006
0.0006
0.0006
0.0010
0.0008
0.0007
0.0005
0.0004
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Table4.17: Deviationsof distancesn Table (4.15)from valuesin Table(4.2)

setno. | ASi(m) | AS2(m) | ASs(m) | ASs(m) | ASs5(m) | ASe(m) | AS7z(m)
1 -0.0014 | 0.0011 | 0.0015 | 0.0005 | 0.0002 | 0.0006 | -0.0006
2 -0.0007 | 0.0003 | -0.0004 | 0.0012 | 0.0019 | 0.0017 | 0.0000
3 -0.0002 | 0.0005 | 0.0006 | 0.0019 | -0.0010| 0.0013 | 0.0004
4 0.0017 | 0.0064 | 0.0015 | -0.0069 | -0.0094 | -0.0075 | -0.0028
5 -0.0016 | -0.0002 | 0.0018 | 0.0027 | 0.0003 | 0.0003 | -0.0023
6 0.0002 | 0.0025 | 0.0006 | -0.0014 | -0.0031 | -0.0011 | -0.0002
7 0.0012 | 0.0051 | 0.0007 | -0.0042 | -0.0020 | -0.0035 | -0.0009
8 -0.0009 | 0.0034 | 0.0018 | -0.0037 | -0.0008 | -0.0033 | -0.0028
9 -0.0013 | -0.0037 | 0.0003 | 0.0054 | 0.0067 | 0.0044 | 0.0013
10 0.0042 | 0.0011 | -0.0035 | -0.0063 | -0.0067 | -0.0037 | 0.0027
11 0.0004 | 0.0036 | 0.0010 | -0.0040 | -0.0047 | -0.0034 | -0.0015

Table4.18: K1 computedby Grébnerbasisor Multipolynomialresultants

SetNo. X(m) Y (m) Z(m) AX(m) | AY(m) | AZ(m)
0 4157066.1116 671429.6655 4774879.3704 0 0 0
1 4157066.1166 671429.6625 4774879.3720 0.0050 | 0.0030 | -0.0016
2 4157066.1220 671429.6586 4774879.3599 -0.0104 | 0.0069 | 0.0105
3 4157066.1105 671429.6622 4774879.3661 0.0011 | 0.0033 | 0.0043
4 4157066.1045 671429.6678 4774879.3688 0.0071 | -0.0023 | 0.0016
5 4157066.1068 671429.6688 4774879.3658 0.0048 | -0.0033 | 0.0046
6 4157066.1149 671429.6606 4774879.3614 -0.0033 | 0.0049 | 0.0090
7 4157066.1074 671429.6569 4774879.3708 0.0042 | 0.0086 | -0.0004
8 4157066.1099 671429.6653 4774879.3724 0.0017 | 0.0002 | -0.0020
9 4157066.1084 671429.6642 4774879.3740 0.0032 | 0.0013 | -0.0036
10 4157066.1138 671429.6674) 4774879.3673 -0.0022 | -0.0019 | 0.0031
11 4157066.1107] 671429.6657| 4774879.3721) 0.0009 | -0.0002 | -0.0017

Table4.19: Positionof K1 computedoy Gauss-acobicombinatorialalgorithm

SetNo.

X (m)

Y (m)

Z(m)

Ux(m)

Jy(m)

Uz(m)

ol
FPBoo~N~oubrwNR

4157066.1142
4157066.1150
4157066.1100
4157066.1040
4157066.1089
4157066.1127
4157066.1089
4157066.1102
4157066.1106
4157066.1121

4157066.1100

671429.6642
671429.6656
671429.6650
671429.6648
671429.6635
671429.6651
671429.6655
671429.6643
671429.6649
671429.6694
671429.6654

4774879.3705
4774879.3695
4774879.3676
4774879.3688
4774879.3699
4774879.3684
4774879.3699
4774879.3720
4774879.3699
4774879.3697

4774879.3705

0.00007
0.00009
0.00010
0.00008
0.00016
0.00017
0.00009
0.00009
0.00004
0.00005
0.00005

0.00002
0.00001
0.00002
0.00002
0.00003
0.00003
0.00002
0.00002
0.00001
0.00001
0.00001

0.00007
0.00008
0.00010
0.00008
0.00015
0.00016
0.00009
0.00008
0.00003
0.00005
0.00005

Table4.20: Deviation of K1 in Table(4.19)from therealvaluein Table(4.1)

SetNo. | AX(m) | AY (m) | AZ(m)
1 -0.0026 | 0.0013 | -0.0001
2 -0.0034 | -0.0001 | 0.0009
3 0.0016 | 0.0005 | 0.0028
4 0.0076 | 0.0007 | 0.0016
5 0.0027 | 0.0020 | 0.0005
6 -0.0011 | 0.0004 | 0.0020
7 0.0027 | -0.0000 | 0.0005
8 0.0014 | 0.0012 | -0.0016
9 0.0010 | 0.0006 | 0.0005
10 -0.0005 | -0.0039 | 0.0007
11 0.0016 | 0.0001 | -0.0001
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Figure4.2: Deviation of computedositionof stationK1 in Tables(4.18)and(4.20)from therealvaluein Table(4.1)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(setl)
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Figure4.3: Scatterof combinatoriakolutionsfor datasetsl and?2 in Tables(4.3)and(4.4)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(set3)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(set4)
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Figure4.4: Scatterof combinatoriakolutionsfor datasets3 and4 in Tables(4.5)and(4.6)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(set5)
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Figure4.5: Scatterof combinatoriakolutionsfor datasets5 and6 in Tables(4.7) and(4.8)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(set7)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(set8)
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Figure4.6: Scatterof combinatorialsolutionsfor datasets7 and8 in Tables(4.9)and(4.10)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(set9)
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Figure4.7: Scatterof combinatorialsolutionsfor datasets9 and10in Tables(4.11)and(4.12)
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3d-plot of the scatter of the combinatorial solutions around the adjusted value(set11)
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Figure4.8: Scatterof combinatorialsolutionsfor dataset11 Table (4.13)



Chapter 5

Casestudies

5-1 GeocentricCartesianto Gaussellipsoidal coordinates

In orderto relatea point P on the Earth’s topographicsurfaceto a point p on the InternationalRefeenceEllipsoid
E? , , wework with abundleof half straightlinesso calledprojectionlineswhich departfrom P andintersectE? , ,
eithernot atall or in two points. Thereis oneprojectionline which is at minimum distancerelating P to p. Figure
(5.1)is anillustration of sucha MinimumDistanceMapping Suchan optimizationproblemis formulatedby means

of theLagrangeanf (z1, 2, 3, z4) asin (3-112)respectiely (3-113).

v

Figure5.1: Minimum distancemappingof apoint P ontheEarth'stopographicsurfaceto apointp onthelnternational
RefeenceEllipsoid E, , ,

In thefirst casewe representhe Euclideandistancebetweerthe points P andp in termsof Cartesiancoordinatesof
P(X,Y, Z) andof p(z1, z2, 23). The Cartesiancoodinates(z1, z2, z3) of the projectionpoint P areunknown The
constraintthatthe n is an elementof the ellipsoid-of-evolutionE2 , , := {x € R3b?(2} + 23) + a®23 — a®b* =
0,R* 3 a > b € R*} is substitutednto the Lagrangeanby meansof the Lagrange multiplier z, whichis unknown,
too. (z,z%,x4,24) = arg{£(x1,z2,23,24) = min} is the agumentof the minimum of the constained La-
grangean £ (x1,x2,x3,%4). Theresultof the minimizationprocedurds presentedy Lemma(5-1). (LC1) provides
the necessargonditionsto constitutean extremum: The normalequationsare of bilinear type. Productsof the un-
knownsfor instancer; z,, T274, £374 andsquaesof theunknowns,for instancer?, z%, x5 appearFinally the matrix
of secondierivativesHj in (LC2) to be positivedefiniteconstituteshenecessargonditionto obtaina minimum. For-
tunatelythe matrix of secondderivatives H; is diagonal Theeigervaluesof H; areA; = Ay = X\z7\, A3 = Z\z§
andmustbe positive
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Lemma 5-1 (constminedminimumdistancemapping: \
Thefunctional £(x1, x2, x3, z4) ist minimal, if theconditions(LC1) and(LC2) hold.
8£ N AN AN A H
(LC1) 9. (1, 25,25,29) =0 V i=1,2,3,4
) oL
(7) ) = (X —z0) +b%2)z) =0
. oL .
(i) 3G = —(Y —z}) + b*zhx) =0
. 0L A oA (5-1)
(#41) e =—(Z —-z%) +az5zy =0
£ 1
(iv) 8?)(/\) = §[b2($f2 +20?)] + a’z5? — a®b? = 0
2L . A A A .
(LCZ) W(xl y Loy L3 7'7;4) =0V ) € {11213} (5'2)
iUy
%L
H; =
s |:6.TL'16.Z'J (XA):|
1+ baz) 0
= 0 1+ box} 0 € R3*® (5-3)
0 0 1+ asz)
"eigervalues
|H; —AI3| =0 <= (5-4)
. X Y
A=Ay :=140b0) =" =— 5-5
1 2 +b Ty :L'i\ .'L'é\ ( )
Z

\\ Az :=1+a’z) = o (5'6)/

/ Box 5-1 (Corversionfrom Cartesiancoordinatesto Gaussellipsoidalcoodinateg: \

Closedform solution:
{X,Y,Z}ET2 {.CL'1,£I72,.’L'3}EE2’G’[)
to{L,B,H}
"Pythagorasin threedimension”
H:= /(X —21)2+ (Y —22)2 + (Z — 13)2 (5-7)
"convert{zy,z2,z3} and{X,Y, Z}
to{L,B}"
Y — 2, Y —y
tanL = = 5-8
an X — I1 X—-z ( )
7 — 7 —
tanB = 3 = T8 (5-9)
VE =212+ (Y —22)? /(X =22 + (Y —y)?

N /

Thenonlinear(algebraic:bilinear)normalequationgLC1) of MinimumdistanceMappingT? — Ei,a,b wassolved
in Section(3-22) in a closedform by meansof Grdbnerbasis. The computedelementsof the Grobnerbasisare
presentedn Box (3-11) in page(50). Using (3-116)and(3-117)in page(51), the Lagrangeamultiplier 24 and
ellipsoidalCartesiarcoordinateq z1, 22, 23 } arecomputed Finally, by meansof Box (5-1) we corvertthe Cartesian

coordinateg X, Y, Z) € T? and(z1, 22, 23) € E , , to GaussellipsoidalcoodinatesL, B, H.
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Casestudy:

Let usadoptthe World GeodetidDatum2000with thedataa = 6378136.602m andb = 6356751.860m of type semi-
major axis andsemi-minoraxis respectivelyof the International RefeenceEllipsoid (E. Grafarendand A. Ardalan
1999). Herewe take advantageof given Cartesiancoordinatesof 21 pointsof the topographicsurfaceof the Earth
presentedn Table (5.1). Fromthealgorithmof Box(3-11)in page(50), thefirst polynomialequationof fourth order
of the Grébnerbasis(3-116)in page(51) is solved. We computethe coeficientsfrom theinput dataTable (5.1) and
solvefor 24 accordingo Table(5.2). With theadmissiblevaluesz, substitutedn thecomputedsrébnerbasis(3-117)
in page(51) we finally producethevalues(z1, z2, z3) = (z,y, z) in Table (5.3). At this endTable (5.4) corvertsby
meanf (5-1) the Cartesiarcoordinate X, Y, Z) and(z,y, 2) to (L, B, H).

Table5.1: Cartesiarcoordinate®f topographigoint (Baltic Seal evel Project)

Station X (m) Y (m) Z(m)
Borkum (Ger) 3770667.9989 446076.4896| 5107686.2085
Degerby(Fin) 2994064.9360 1112559.0570 5502241.3760

FurudgrundSwe) | 2527022.8721 981957.2890| 5753940.9920
Hamina(Fin) 2795471.2067 1435427.7930 5531682.2031
Hanko (Fin) 2959210.9709 1254679.1202 5490594.4410

Helgoland(Ger) | 3706044.9443 513713.2151| 5148193.4472
Helsinki (Fin) 2885137.3909 1342710.2301 5509039.1190
Kemi (Fin) 2397071.5771 1093330.3129 5789108.4470

Klagshamn(Swe) | 3527585.7675 807513.8946| 5234549.7020
Klaipeday(Lit) 3353590.2428 1302063.0141] 5249159.4123
List/Sylt (Ger) 3625339.9221] 537853.8704| 5202539.0255
Molas(Lit) 3358793.3811 1294907.4149 5247584.4010

Méntyluoto(Fin) | 2831096.7193 1113102.7637 5587165.0458
RaahgFin) 2494035.0244 1131370.9936 5740955.4094
Ratan(Swe) 2620087.6160 1000008.2649 5709322.5771
Spikarna(Swe) | 2828573.4638 893623.7288| 5627447.0693

Stockholm(Swe) | 3101008.8620 1013021.0372 5462373.383(0
Ustka(Pol) 3545014.3300 1073939.7720 5174949.9470
VaasgFin) 2691307.2541 1063691.5238 5664806.3799
Visby (Swe) 3249304.4375 1073624.8912 5364363.0732

OlandsN. U. (Swe) | 3295551.5710 1012564.9063 5348113.6687
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Table5.2: Polynomialcoeficientscy, ¢1, ca, c3, ¢4 Of theunivariatepolynomialof orderfourin x4

Point | ¢ c1 Co c3 C4
1 -2.3309099e+22 1.334253e+41| 1.351627e+559 4.38e+68| 4.44e+81
2 -1.142213e+22 | 1.3351890e+41 1.352005e+55 4.38e+68| 4.44e+81
3 -1.720998e+22 | 1.335813e+41| 1.352259e+55 4.38e+68| 4.44e+81
4 -8.871288e+21 | 1.335264e+41| 1.352035e+55 4.38e+68| 4.44e+81
5 -1.308070e+22 | 1.335160e+41| 1.351993e+55 4.38e+68| 4.44e+81
6 -2.275210e+22 | 1.334345e+41| 1.351665e+55 4.38e+68| 4.44e+81
7 -1.272935e+22 | 1.335205e+41| 1.352012e+55 4.38e+68| 4.44e+81
8 -1.373946e+22 | 1.335906e+41| 1.352296e+55 4.38e+68| 4.441e+81
9 -1.981047e+22 | 1.334546e+41| 1.351746e+55 4.38e+68| 4.44e+81
10 | -2.755981e+22 | 1.334574e+41| 1.351758e+55 4.38e+68| 4.44e+81
11 | -2.330047e+22 | 1.334469e+41| 1.351715e+55 4.38e+68| 4.44e+81
12 | -1.538357e+22 | 1.334580e+41| 1.351759e+55 4.38e+68| 4.44e+81
13 | -1.117760e+22 | 1.335399e+41| 1.352090e+55 4.38e+68| 4.44e+81
14 | -1.124559e+22 | 1.335785e+41| 1.352246e+55 4.38e+68| 4.44e+81
15 | -1.200556e+22 | 1.335704e+41| 1.352214e+55 4.38e+68| 4.44e+81
16 | -1.427443e+22 | 1.335496e+41| 1.352130e+55 4.38e+68| 4.44e+81
17 | -1.836471e+22 | 1.335087e+41| 1.351965e+55 4.38e+68| 4.44e+81
18 | -1.772332e+22 | 1.334410e+41| 1.351690e+55 4.38e+68| 4.44e+81
19 | -1.012020e+22 | 1.335593e+41| 1.352168e+55 4.38e+68| 4.44e+81
20 | -1.427711e+22 | 1.334856e+41| 1.351870e+55 4.38e+68| 4.44e+81
21 | -1.644250e+22 | 1.334815e+41| 1.351854e+55 4.38e+68| 4.44e+81

Table5.3: ComputedCartesiarcoordinatesz , 2, x3) = (z,y, z) andLagrangemultiplier

Station z1(m) x2(m) x3(m) z4(m2)
Borkum 3770641.3815 446073.3407| 5107649.9100 1.746947e-019
Degerby 2994054.5862 1112555.2111 5502222.2279 8.554612e-02(Q
Furudgrund | 2527009.7166 981952.1770| 5753910.8356 1.288336e-019
Hamina 2795463.7019 1435423.9394 5531667.2524 6.643801e-020
Hanlko 2959199.2560 1254674.1532 5490572.5584 9.797001e-020
Helgoland | 3706019.4100 513709.6757| 5148157.7376 1.705084e-019
Helsinki 2885126.2764 1342705.0575 5509017.7534 9.533532e-02(Q
Kemi 2397061.6153 1093325.7692 5789084.2263 1.028464e-019
Klagshamn | 3527564.6083 807509.0510| 5234518.0924 1.484413e-019
Klaipeda | 3353562.2593 1302052.1493 5249115.3164 2.065021e-019
List/Sylt 3625314.34420 537850.0757| 5202502.0726 1.746017e-019
Molas 3358777.7367 1294901.3835 5247559.7944 1.152676e-019
Méntyluoto | 2831087.1439 1113098.9988 5587146.0214 8.370165e-020
Raahe 2494026.5401 1131367.1449 5740935.7483 8.418639e-02(Q
Ratan 2620078.1000 1000004.6329 5709301.7015 8.988111e-020
Spikarna | 2828561.2473 893619.8693| 5627422.6007 1.068837e-019
Stockholm | 3100991.6259 1013015.4066 5462342.8173 1.375524e-019
Ustka 3544995.3045 1073934.0083 5174921.9867 1.328158e-019
Vaasa 2691299.0138 1063688.2670 5664788.9183 7.577249e-02(Q
Vishy 3249290.3945 1073620.2512 5364339.7330 1.069551e-019
OlandsN. U. | 3295535.1675 1012559.8663 5348086.8692 1.231803e-019
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Table5.4: GeodeticCoordinatecomputedfrom ellipsoidal Cartesiarcoordinatesn closedform (Baltic SealLevel

Project)

Station LongitudeL Latitude B heightH

o ! " o ! " m
Borkum (Ger) 6 44 48.5914 | 53 33 27.4808| 45.122
Degerby(Fin) 20 23 4.0906 | 60 1 52.8558 22.103
FurudgrundSwe) | 21 14 6.9490 | 64 55 10.2131 | 33.296
Hamina(Fin) 27 10 47.0690| 60 33 52.9819 | 17.167
Hanlo (Fin) 22 58 35.4445| 59 49 21.6459 | 25.313
Helgoland(Ger) 7 53 30.3480 | 54 10 29.3979 | 44.042
Helsinki (Fin) 24 57 24.2446| 60 9 13.2416 24.633
Kemi (Fin) 24 31 5.6737 | 65 40 27.7029 | 26.581
Klagshamn(Swe) | 12 53 37.1597| 55 31 20.3311 | 38.345
Klaipeda(Lit) 21 13 9.0156 | 55 45 16.5952 | 53.344
List/Sylt (Ger) 8 26 19.7594 55 1 3.0992 45.101
Molas (Lit) 21 4 58.8931 | 55 43 47.2453 | 29.776
Mantyluoto(Fin) | 21 27 47.7777| 61 35 39.3552 | 21.628
Raahg(Fin) 24 24 1.8197 | 64 38 46.8352 | 21.757
Ratan(Swe) 20 53 25.2392| 63 59 29.5936 | 23.228
Spikarna(Swe) 17 31 57.9060| 62 21 48.7645 | 27.620
Stockholm(Swe) | 18 5 27.2528 | 59 19 20.4054 | 35.539
Ustka(Pol) 16 51 13.8751| 54 35 15.6866 | 34.307
VaasgFin) 21 33 55.9146| 63 5 42.8394 19.581
Vishy (Swe) 18 17 3.9292 | 57 38 21.3487 | 27.632
OlandsN. U. (Swe) | 17 4 46.8542 | 57 22 3.4508 31.823

5-2 7-parameterdatum transformation

The sevenparameterslatumtransformationCr(3) :

a; X;
bi | =mXs | Y5
C; Zi

+@|i=1,2,3,...,n

(5-10)

subjectto

-

with {a;, b;,¢;} and {X;,Y;, Z;} being coordinatesof the samepointsin both systemsandz; € R, z2 € R?,
X3 € R**3 hasalways beensolved using leastsquaressolution. We illustratein this sectionhow the seven pa-
rametersdatumtransformationCr (3) of a non-overdeterminedind overdeterminedtasescan be solved by the use
of Grébnerbasesand Gauss-acobicombinatorialalgorithmsrespectiely. First, we solve analyticallyfor z; € R,
X3 € R?**® adthenusethemto transformthe coordinatef onesystemin orderto obtainthe correspondingrans-
formedvaluesin theothersystem By makinguseof the skew-symmetrianatrix S, therotationmatrixis expresseas

X3=(I3-8)"'(Is+8) (5-12)
wherelIs is theidentity matrix andthe skew-symmetrianatrix S givenby
0 —c b
S = c 0 —a|. (5-13)
-b a 0

Therotationmatrix X 3 € R**? is parameterizedsingEuler or Cardanangles.With Cardananglese have:
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/ Box 5-2 (Parametrizationof therotation matrix by Cardanangles: \
X3 = Ri(a)R2(B)Rs(7) (5-14)
with
1 0 0 cosf 0 —sinf cosy siny 0
Ri(a) = | 0 cosa sina |,R2(B) = 0 1 0 ,R3(y) = | —siny cosy 0 |,
0 —sina cosa sinf 0 cosp 0 0 1
leadingto
Ri(a)R2(B)Rs(y) =
cosfcosy cosfsiny —sinf (5-15)
sinasinfcosy — cosasiny sinasinfsiny + cosacosy sinacosf
cosasinficosy + sinasiny cosasinfsiny — sinacosy cosacosf
The Cardananglescanbe obtainedrom therotationmatrix X 3 € R3*3 through:
a= tan(:ﬁ), v = tan(:ﬁ)
3 e - (5-16)

or tan(

B = tan(— ) VTN
\ VTt T V33 +T'33 J

For parameterizationsingEulerangleswe referto E. GrafarendandJ. L. Awange (2000). The propertiesof thero-
tationmatrix X 3 € IR3*? expressedsin (5-12) have beenexaminedby S.Zhang(1994)andshown to fulfill (5-11).
Equation(5-10)is now writtenfor i = 1,2, 3 using(5-12)as

1 c =b a; 1 —¢ b X; Xo
— 1 a b; | =x1 c 1 -a Y |+ Y (5-17)
b —a 1 Ci —-b a 1 Z; Zy

with {Xo, Yo, Zo} € 2. Forthreecorrespondingointsin bothsystemstheminimumobsenationequationsequired
to solve the sevendatumtransformatiorparameteareexpressedrom (5-17)as:

f1 =21 X1 —21¢Y1 + 210721 + Xo —a1 —cby +ber =0
for=zcXa + oY1 — 11021 + Yo +car — by —acy =0
f3 = —21b X1 + 2101 + 2121+ Zyg —bag +aby —c1 =0
f1i=21Xo —21¢Yo + 21075 + Xog —ag — cbs + bey =0 , (5-18)
fs i=x1cXo + 1Yo — 21025 + Yy + cag — by —acs =0
fe := —11bXo +x10Ys + 2175 + Zg — bas + aby —c2 =0
L fr:=—11bX3+x10Y3 + 2173 + Z9g —bas + abz —c3 =0

where{z;,y;,zi} = {ai,bi,c;} | 1 € {1,2,3}, equations{ f1, f2, f3} beingequationsformed from the first point
with coordinatesn bothsystems{ f4, f5, f6} beingequationgormedfrom the secondboint with coordinatesn both
systemsand{ f;} beingthe third equationextractedfrom the threeequationformedfrom the third point with co-
ordinatesin both systems.In orderto eliminatethe translationparametersn (5-18), the following differencingis
performed:

fia = fi — fa = 21 X192 — 1cY12 + 710212 — a12 — cbia + bera

fos = fo — fs = x1c X2 + 11Y12 — T10Z15 + cagp — bio — acya
far = f3 — fr = —x1bX13 + z1aY13 + 1 Z13 — bays + abys — ci3
for := fo — fr = —210X33 + x1aY323 + 71 Zo3 — bags + abzz — c23

(5-19)

with

Xij=Xi=X; Yy =Yi=Y; Zij=2i-2;

|i,7 € {1,2,3},i # j.
Qi = a; — aj bij :bi—bj Cij = C; —Cj

ThereducedGrébnerbasisof (5-19)is thenobtainedusingMathematica3.0 Softwareby usingthecommandsroeb-
nerBasi¥ fi4, fo5, f37, ferh{ £1,a,b,c}, {a,b,c}] asexplainedin Chapter2, Section(2-321). This givesonly the
elementof Groébnerbasisin which the variablesa, b, ¢ have beeneliminatedandonly the scalefactorz, left. The
scaleparameters thengivenby thefollowing univariate polynomialof orderfour:
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/ Box 5-3 (quartic polynomialfor computingscaleparameter): \

[aw‘li + a3z} + axx? + a1y +ag = 0}
a = (X13Y3Yas + X3 X13Yo3 — X7 Xo3Y13 — X12Y13212 203 — Xo3Y3Y13 + X13Y12 212293 —
Xo3Y12Z12 713 + X12Y23Z12713)

& = (c12X13Y12Z23—b13X 12 Z12 Z23—c13X12Y23 Z12+bos X13 Y5 —aos X 2 Yis+ca3 X12Y13 Z12+
c12X12Y23Z13 + a13Y5Ya3 — b12 X3 212713 — a23Y (513 + b12X13Z12 203 — ¢12X12Y13 23 +
G13X122Y23 — 23 X13Y12 7210 — a23Y12 212713 + c13X23Y12 210 — bl3X23Yl22 - 513X122X23 +
ba3 X12Z12 713 + a13Y12 212 Z23 + b23X122X13 +a12Y23 212213 — a12Y13 212 293 — €12 X23Y10 Z13)

& = (a13b23 X7y + b33 Xo3Yi5 4+ bi2c13 X023 Z12 — 12023 X13Y12 + bi3cas X12Z12 — ansbi12 212 Z13 +
a3y X23Y13 — b3, X13Ya3 — afy X13Ya3 — assbis X3y + a13basYih — ansbisY3 + a1abazZ12Z13 +
a23¢13Y12 212 + a12¢12Y23 213 — b12c12X23Z13 — bazc13 X120 212 — a12b13 212 Zo3 — anzc12Y12Z13 +
a12¢23Y13Z12 + b1ac12X13 223 — a12c12Y13 223 — a13¢23Y12Z12 — €12¢13X12Y23 + c12¢13X23Y12 +
c12¢23 X12Y13 —bi3c12X12 Z23 + bagci1a X12 Z13 + a13b12 Z12 Za3 — a12¢13Y23 212 + a13¢12 Y12 Zo3 —
bi2c23 X13Z12)

a = (—aiabi3c12223 + biaciaci3 Xoz + b2b13 X3 — a13b35Yos — alybos X135 + assciacizYia —
a13c12¢23Y12 + a12b13ca3Z1a — a3ya13Ya3 — basciacizXia + arabaszciaZiz — assbiacinZiz —
b%2b23X13+a23b12013Z12—a12(312013Y23+af2b13X23+a%2a23Y13—a12b23013Z12—a13b12023Z12—
biaci2c23 X135 + bigciacas X2 + araci2623Y13 + a23bi,Yis + a1sbiacia Zos)

_ 2 2 2 2
8 = aizbizciacas —013b12b23 +a12a23b13 —0120131723 —ai12basciacis +a23b12b13 +ag3biaciaciz —
ai3biaciacas /

Oncetheadmissiblevalueof scaleparametehasbeenchoseramongsthefour rootsabare asz; € R+ in Box(5-3),
the elementf the skew symmetrianatrix S canthenbe obtainedvia thelinearfunctionsin Box(5-4).

f Box 5-4 (Linear functionsfor computingthe parametes of the skew-symmetrianatrix S): \

f(a):('X?XwYuZu - b1233%X13Z12 —ai3bizcia — 01317%Y12Z12 + b1333%X12Z12 +C12SL"%X12Y13 -
ar3¢1221Y12 4+ aabizcias + a12bi3t1Z12 — aizbiat1Zia — biaciazi Xz + a1223Yi3Z10 +
13 X12Y13Z12 + a12¢1271Y13 — 1227 X13Y12 + bizci271X12)a + (—a2,a13 — a12¢1371Z12 +
a1223 Z12 Z13+a12¢12T1 Z13 —c12¢1371 X12 —a12¢12¢13+ 23 X13Y s — 1323 X 12 Z1o + 23 X 75 X153+
T3 X12Z12Z13 — alox1 X13 — bow1 X1z — a13bdy + a1321 X3, + a1321YS + c1007 X120 Z13)

f(D)=(-b12c1221 X13 + bizciam1 X12 — a13b1271 Z12 — 23 X13Y12Z12 — ar3¢1271 Y12 + arabizers +
a1223Y13 7212 — a1373Y12Z1> + a1obism1 Z1o + 13 X12Y13Z12 — aisbiacia + c1273 X12Y1s +
ar2¢1221Y13 — b122iX13Z12 — c122i X13Y12 + bi32iX12Z12)b + (—afybiz — ciacizziYia +
b13$%Y122 + C12$%Y12Z13 + $?Y12Z12Z13 + SU?X122Y13 — biaci13T1 212 + b12$%Z12Z13 - b%2b13 -
0%23713/13 + b13$%X122 - C13$%Y12Z12 + bi2c1221Z13 + SU:fY122Y13 - b%vaIYiS — biaci2c13)

f(C):(-b12x1X13—a13:t;1Y12—a:%X13Y12—a13b12 +$%X12Y13+a12b13+a12m1Y13+b13:c1X12)c+
(—a12a13 — biabis + 23212713 + 23Y12Y13 — ciac13 + a1321 X1 + bisz1Yi2 — apzi Xi3 +
Kﬂt%XuXw + c12%1 Z13 — b1221Y13 — c1321 Z12). /

Substitutingthe skew symmetricmatrix S in (5-10) givesthe rotation matrix X3 from which the Cardanrotation
anglesarededucedrom (5-16)in Box (5-2). Thetranslationelementse, canthenbe computedby substitutingthe
scaleparameter; andtherotationmatrix X s in (5-10). Threesetsof translationparameterarethenobtainedor the
threepointsunderconsideratiorandthe meantaken.

Gauss-Aacobicombinatorial algorithm

Whenmorethanthreepointsaregivenandthetransformatiorparameterareto besolved,the Gauss-acobicombina-
torial algorithmis appliedin which casethe dispersiommatrix hasto be obtainedvia the nonlinearerror propagation
law/variance-cwariancepropagatiorlaw. From the algebraicsystemof equationg5-18), we have with (2-77) and
(2-68)in pageq25 and24 respectiely) the Jacobimatricesas
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(5-21)

wherethedotedpointsin J , representthepartialderivativeof (5-18)with respect{bs, c3, X1, Y1, Z1, X2, Y3, Z, X3,Y3}.
Fromthedispersion®, of thevectorof obserationsy andwith (5-20) and(5-21)forming J = J;lJy, thedisper
sionmatrix X, is thenobtainedfrom (2-68). Finally we obtainedthe dispersionmatrix 3 from (2-70)in Chapter2

page(24).

CaseStudy:

We considerCartesiarcoordinate®f sevenstationsgivenin the LocalandGlobal Reference&SystemgWGS 84) asin
Tables(5.5)and(5.6). Desiredarethesevenparametersf datumtransformationUsingthe Grébnerbasesalgorithm,
we obtainthe 7-transformatiorparametergivenin Table (5.7) which areusedto transformthe threepointsinvolved
in thecomputationgrom the Local RefeenceSysten{Table5.5) to the Global RefeenceSystem{WGS 84, Table 5.6)

in Table(5.8).
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Table5.5: Coordinatedor systemA (Local system)

StationName

X(m)

Y(m)

Z(m)

Solitude
BuochZeil
Hohenneufen
Kuehlenbeg
Ex Mergelaec
Ex Hof Aspeg
Ex Kaisersbach

4157222.543
4149043.336
4172803.511
4177148.376
4137012.190
4146292.729
4138759.902

664789.307
688836.443
690340.078
642997.635
671808.029
666952.887
702670.738

4774952.099
4778632.188
4758129.701
4760764.800
4791128.215
4783859.856
4785552.196

Table5.6:

Coordinatedor systemB (WGS 84)

StationName

X (m)

Y (m)

Z(m)

Solitude
BuochZeil
Hohenneufen
Kuehlenbeg
Ex Mergelaec
Ex Hof Aspeg
Ex Kaisersbach

4157870.237
4149691.049
4173451.354
4177796.064
4137659.549
4146940.228
4139407.506

664818.678
688865.785
690369.375
643026.700
671837.337
666982.151
702700.227

4775416.524
4779096.588
4758594.075
4761228.899
4791592.531
4784324.099
4786016.645

Table5.7: Computed/-parametedatumtransformatiorby Grobnerbasis

Transformatiorparameter Value unit

Scalek — 1 -1.4343 [ppm]
RotationX (a) 0.32575149| [
RotationX (b) -0.46037399| [
RotationX;(c) -0.00810606| [
TranslationA X 643.0953 [m]
TranslationAY 22.6163 [m]
TranslationAZ 481.6023 [m]
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Table5.8: TransformedCartesiarcoordinate®f SystemA (Table 5.5) into SystemB (Table 5.6) usingthe 7-datum
transformatiorparametersf Table (5.7) computedoy Grébnerbasis

Site X (m) Y (m) Z(m)
SystemA: Solitude 4157222.5430 664789.3070 4774952.0990
SystemB 4157870.2370 664818.6780 4775416.524Q
Transformedralue 4157870.3070 664818.6742 4775416.524Q
Residual -0.0700 0.0038 0.0000
SystemA: BuochZeil 4149043.336(0 688836.4430 4778632.188(
SystemB 4149691.0490 688865.7850 4779096.588(
Transformedralue 4149691.1190 688865.7812 4779096.588(
Residual -0.0700 0.0038 0.0000
SystemA: Hohenneufen | 4172803.5110 690340.0780| 4758129.7010
SystemB 4173451.3540 690369.3750 4758594.0750
Transformedralue 4173451.2141 690369.3826] 4758594.075(
Residual 0.1399 -0.0076 0.0000

Transformationparameterobtainedin the overdeterminedtaseby the Gauss-acobi combinatorialalgorithm are
presentedn Table (5.9) andusedto transformthe Cartesiarcoordinategrom the Local RefeenceSysten{Table5.5)
to the Global RefeenceSystem(WGS 84, Table 5.6) asshavn in Table (5.10). Table (5.11) givesfor comparison
purposeshetransformedraluesfrom the 7-datumtransformatiorparametersbtainedvia leastsquaessolution The
residualdrom both Gauss-acobicombinatorialalgorithmandleastsquaessolutionareof the samemagnitude We
alsocomputetheresidualnorm (squareroot of the sumof square®f residualsiandpresenthemin Table(5.12) The
computednorm from the Gauss-acobi combinatorialsolutionis somevhat betterthanthoseof the linearizedleast
squaessolution Figures(5.2) and(5.3) indicatethe scatterof the computed36 minimal combinatorialsolutionsof



92 CHAPTERS5. CASESTUDIES

scale(indicatedby dotedpoints(e)) aroundfor the adjustedvalueindicatedby aline (—). Figures(5.3) indicatethe

scatterof the computed36 minimal combinatoriakolutionsof translatiorandrotationparametergindicatedby doted

points(e)) aroundthe adjustedvaluesindicatedby a star(x). The Figuresclearlyidentifiesthe outlying combinations
from whichtherespectie (suspecteautlying points)pointscanbe deduced.

Table5.9: Computed’-parametedatumtransformatiorusing Gauss-Jacoliombinatoriaklgorithm

Transformatiorparameter| Value Root-mean-square¢ unit

Scalek — 1 4.92377597 0.350619414 | [ppm]
RotationX; (a) -0.98105498”"|  0.040968549 [
RotationX,(b) 0.68869774" 0.047458707 [
RotationX3(c) 0.96671738" 0.044697434 [
TranslationA X 639.9785 2.4280 [m]
TranslationAY 68.1548 3.0123 [m]
TranslationA Z 423.7320 2.7923 [m]

Table5.10: TransformedCartesiarcoordinate®f SystemA (Table5.5) into SystemB (Table 5.6) usingthe 7-datum
transformatiorparametersf Table (5.9) computedby the Gauss-Jacoliombinatorialalgorithm

Site X (m) Y (m) Z(m)
SystemA: Solitude 4157222.5430 664789.3070 4774952.0990
SystemB 4157870.2370 664818.6780 4775416.5240Q
Transformedralue 4157870.1631 664818.5399 4775416.3843
Residual 0.0739 0.1381 0.1397
SystemA: BuochZeil 4149043.3360 688836.4430 4778632.1880
SystemB 4149691.0490 688865.7850 4779096.5880
Transformedsalue 4149691.0162 688865.8151] 4779096.5785
Residual 0.0328 -0.0301 0.0095
SystemA: Hohenneufen | 4172803.511(0 690340.0780 4758129.701(
SystemB 4173451.3540 690369.3750 4758594.0750
Transformedsalue 4173451.3837 690369.4437 4758594.0770
Residual -0.0297 -0.0687 -0.0020
SystemA: Kuelenbeg 4177148.3760 642997.6350 4760764.8000
SystemB 4177796.0640 643026.7000 4761228.8990
Transformedsalue 4177796.0394 643026.7347| 4761228.9783
Residual 0.0246 -0.0347 -0.0793
SystemA: Ex Mergelaec | 4137012.190Q0 671808.0290 4791128.2150Q
SystemB 4137659.5490 671837.3370 4791592.5310
Transformedsalue 4137659.6895 671837.3142 4791592.5458
Residual -0.1405 0.0228 -0.0148
SystemA: Ex Hof Aspeg | 4146292.7290 666952.8870| 4783859.856(
SystemB 4146940.2280 666982.1510 4784324.0990
Transformedsalue 4146940.2757 666982.1394 4784324.1589
Residual -0.0477 0.0116 -0.0599
SystemA: Ex Keisersbach 4138759.9020 702670.7380 4785552.196(
SystemB 4139407.5060 702700.2270 4786016.6450
Transformedsalue 4139407.5733 702700.1935 4786016.6520
Residual -0.0673 0.0335 -0.0070
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Table5.11: TransformedCartesiarcoordinate®f SystemA (Table5.5) into SystemB (Table 5.6) usingthe 7-datum
transformatiorparametersomputecby LeastSquaresSolution

Site X(m) Y (m) Z(m)
SystemA: Solitude 4157222.5430 664789.3070 4774952.0990
SystemB 4157870.2370 664818.6780 4775416.5240Q
Transformedsalue 4157870.1430 664818.5429 4775416.3838
Residual 0.0940 0.1351 0.1402
SystemA: BuochZeil 4149043.3360 688836.4430 4778632.1880
SystemB 4149691.0490 688865.7850 4779096.5880
Transformedsalue 4149690.9902 688865.8347| 4779096.5743
Residual 0.0588 -0.0497 0.0137
SystemA: Hohenneufen | 4172803.511(0 690340.0780 4758129.701Q
SystemB 4173451.3540 690369.3750 4758594.0750
Transformedsalue 4173451.3939 690369.4629 4758594.0831
Residual -0.0399 -0.0879 -0.0081
SystemA: Kuelenbeg 4177148.3760 642997.6350 4760764.8000
SystemB 4177796.0640 643026.7000 4761228.8990
Transformedsalue 4177796.0438 643026.7220 4761228.9864
Residual 0.0202 -0.0220 -0.0874
SystemA: Ex Mergelaec | 4137012.1900 671808.0290| 4791128.2150
SystemB 4137659.5490 671837.3370 4791592.5310
Transformedsalue 4137659.6409 671837.3231 4791592.5365
Residual -0.0919 0.0139 -0.0055
SystemA: Ex Hof Aspeg | 4146292.7290 666952.8870 4783859.8560
SystemB 4146940.2280 666982.1510 4784324.0990
Transformedralue 4146940.2398 666982.1445 4784324.1536
Residual -0.0118 0.0065 -0.0546
SystemA: Ex Keisersbach 4138759.9020 702670.7380 4785552.1960
SystemB 4139407.5060 702700.2270 4786016.6450
Transformedralue 4139407.5354 702700.2229 4786016.6433
Residual -0.0294 0.0041 -0.0017
Table5.12: Computedesidualnorms
Method X(m) | Y(m) | Z(m)
LinearizedLeastSquaesSolution 0.1541| 0.1708| 0.1748

NonlinearGauss-acobiCombinatorial

0.1859| 0.1664| 0.1725

x10°° Scale combinatorial scatter around the adjusted value

14 T

Scale (ppm)
)
T
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Figure5.2: Scatterof the computed36 minimal combinatorialvaluesof scalearoundthe adjustedvalue
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Chapter 6

Summary and Conclusions

In summaryChaptei3 hasdemonstratethepower of thealgebraiccomputationatoolsof GrébnerbasesandtheMul-
tipolynomialresultantsn solving selectedjeodetigproblems.In the caseof the minimal combinatorialset we have
demonstratethow the problemsof three-dimensionalesection minimumdistancemappingandthe pseudo-anging
four-point problemcould be solvedin a closedform usingeitherGrébnerbasesapproactor the Multipolynomialre-
sultantsapproachWe have succeedeth demonstratinghatby corvertingthe nonlinearobservatiorequationsof the
selectedyeodetiqproblemsaboveinto algebraigqpolynomials) the multivariatesystemof polynomialequationselat-
ing theunknown variablegindeterminatejo theknown variablescanbereducednto polynomialequationgonsisting
of a univariatepolynomialoncelexicographicmonomialorderingis specified We have thereforemanagedo provide
symbolicsolutionsto the problemsof three-dimensionalesection minimumdistancemappingandthe GPSpseudo-
rangingfour-point P4P by obtainingin eachcasea univariatepolynomialthatcanreadilybe solvednumericallyonce
the obsenationsare available. Although the algebraictechniquesf Grébnerbasesand Multipolynomialresultants
weretestedfor theseselectedyeodeticproblems the tools canbe usedto solve explicitly ary closedform problem
in Geodesy The only limitation may be the storageand computationakpeedof the computersvhencompounded
with problemsinvolving mary variables.The ability of the algebraictools (Grobnerbasesandthe Multipolynomial
resultant} to solve closedform solutionsgave the Gauss-acobi combinatorialalgorithm the requiredoperational
engineasevidencedn the solutionof the overdeterminedsPSpseudo-angingproblemwhich wasachiezedwithout
reverting to iterative or linearizationprocedures.The resultscomparedwell with the solutionsobtainedusingthe
linearizedGauss-Markv modelgiving legitimacy to the Gauss-acobicombinatorialprocedure.

By solving the testnetwork “Stuttgart Cental” both explicitly (usingthe Grobnerbasesandthe Multipolynomial
resultantsalgorithms)andin overdeterminedorm (using the Gauss-acobi combinatorialalgorithm) in Chapter4,

the study hashighlightedthe capability of the Grébnerbasisandthe Multipolynomialresultantalgorithmsto solve

explicitly boththe Grunertdistanceequationsandthe three-dimensiomanging (“Bo genstnitt”) problemaswell as
the capabilityof the Gauss-acobicombinatorialalgorithmto solve the overdeterminedhree-dimensionalkesection.
Thedeviationof thecomputedlistances\S; | i = 1, ..., 7 andposition{A X, AY, AZ} from therealvalues(Tables
4.1 and4.2 respectiely) obtainedusing closedform proceduregGrobnerbasisandthe Multipolynomialresultany

werein millimeter rangefor distancesandpositionasdepictedn Tables(4.14)and(4.18)respectiely.

Theapplicationof the Gauss-acobicombinatorialalgorithmto solve theoverdeterminedhree-dimensionaksection
problembasedn thetestnetwork “StuttgartCentral”’improvestheresultsasseenfrom the deviation of thecomputed
distancesAS; | ¢ = 1, ...,7 andposition {AX,AY,AZ} from thereal values(Tables4.1 and 4.2 respectiely)
asdepictedin Tables(4.17)and (4.20). In comparingthe deviationsof the computedvaluesof positionof station
K1 usingboth closedform and Gauss-acobicombinatorialalgorithmsin Tables(4.18)and(4.20), 1t is evidentthat
the deviations from the Gauss-acobi combinatorialalgorithm were smaller This becomescleareroncewe plot
thesedeviationsasin Figure (4.2). Onethereforeconcludeshat betteraccuraciesvould be achievedif the three-
dimensionalresectionproblemwereto be solved in an overdeterminedorm asopposedo closedform procedures
which aretraditionally used.The Gauss-acobicombinatorialalgorithm offersthe solutionto the problemof lacking
the approximatevaluesnormally requiredby the linearizedGauss-Markv modelanditerative procedues Besides,
the Gauss-acobicombinatorialalgorithm makesuseof thefull informationof the obsenationaldatasetthroughthe
errorpropagation/ariance-cgariance propagation.

For the casestudies,the Grobnerbasesalgorithm successfullydeterminesexplicitly the 7-parametersf the datum
transformatiorproblemandshows the scaleparameteto berepresentedby a univariate polynomialof fourth order
while the rotationparametergarerepresentedy linearfunctionscomprisingthe coordinatef the two systemsand
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the scaleparameter The admissiblevalue of the scaleis readily obtainedby solving the univariate polynomialand
restrictingthe scaleto a positive realvaluez; € R.™ This eliminatesthe negative component®f the rootsandthe
complex values.Theadmissiblevaluez; € R* of thescaleparameteis choserandsubstitutedn thelinearfunctions
that characterizehe threeelementsof the skew-symmetriomatrix S leadingto the solution of the elementsof the
rotationmatrix X 3. Thetranslationelementsarethendeducedrom the transformatiorequation. The advantageof
usingthe Grébnerbasesalgorithmis thefactthatthereexistsno requirementor prior knowledgeof theapproximate
valuesof the 7-transformatiorparameterasis usuallythe case.

The Grobnerbasesalgorithm managedo solve the MinimumDistanceMappingproblemandin so doing, enabling
the mappingof points from the topagraphical surfaceto the International RefeenceEllipsoid of Revolution. The
univariate polynomialobtainedwas identical to that obtainedby E. Grafarend and P. Lohse(1991). This implies
thatthe algebraicools of Grobnerbasesandthe Multipolynomialresultantscanalsobe usedto checkthe validity of
existing closedform procedureén Geodesy

The Gauss-acobicombinatorialalgorithmhighlightedoneimportantfactwhile solvingthe overdetermined param-
etertransformatiorproblem;thatthe stochasticityof both systemsnvolved canbetakeninto account.This hasbeen
thebottleneckof the problemof 7-datumtransformatiorparametes.

In conclusionthe presenstudyhascontributedtowardsthe solutionof nonlinearGPS/LP Sbsenationsin Geodesy
By testingthe Grobnerbasesandthe Multipolynomialresultantstechniqueson the selectedgeodeticproblemsand
casestudies the studyhasestablishedhat the methodsare suitabletoolsto be appliedin solvingclosedform prob-
lemsin Geodesy The only requirementss that the nonlineargeodeticobsenation equationshave to be corverted
into algebraiq(polynomial)form. Besideshe solutionof nonlinearequationsn closedform, the Grébnerbasesand
the Multipolynomial resultantsapproachesan be usedto ched the validity of the existing closedform procedues
in Geodesy The study hasfurther establishedhat the Gauss-acobi combinatorialalgorithm offers an alternative
procedureo iterative andlinearizationapproachethatnormally requireapproximatestartingvalues.With thesead-
vantagesthe overdeterminegbroblemsof GPSpseudo-ranginghree-dimensionalesectionand 7 parametedatum
transformatiorweresolved. Besidesthe Gauss-acobicombinatorialalgorithmtakesinto accounthe full informa-
tion of the obsenationsandparametespacevia the nonlinearerror propagation/ariance-ceatiancepropagation.



Appendices

Appendix A-1:  Definitions

To enhancehe understandingf the theoryof Grobnerbasespresentedn Chapter2, the following definitionssup-
plementedvith exampleswill helpin developingideasthatleadto thedefinition of the basisof anldeal, in particular
the Standad Basisknown asthe Grobnerbasisof anldealin a polynomialring.

Definition A-1 (monomial):
A monomialis amultivariateproductof theform z 7" 25°. . .z, (aa, ..., ay) € Z7 inthevariablesey, .. ., zy,.

Example A-1 (E. Grafarend,P. LohseandB. Schaffrin 1989,p.128):
Considerequation(1.30) usedfor the solutionof distancesn the three-dimensionalesectionproblemgiven
below as

22 +2a12T1 T2 + T3 + apo = 0
.’L'% + 2bo3 023 + CL’% 4+ boo =0
x% + 2c3123%1 + SL'% 4+ Coo =0
where z1 € RT, 7o € RT, 23 € RT

with thevariables{z;, 22, z3, } theothertermsbeingknown constantsthen{z?, z1 22, 7%, z23, 2%, 321 }
is saidto bea setof monomialsin thevariables{z; , z2, ©3.}
Example A-2 (E. GrafarendandJ. Shan1996,p.138):

Considetthe pseudo-ranginfpur-point problemfor determiningthe unknavn coordinatef the stationaryre-
ceiverandthe stationaryrecever rangebiasgivenby equation(1.6) asfollows

(x1 —ao)® + (z2 — bo)? + (23 — c0)® — (x4 — do)* =0
(.731 — a1)2 + (IL'Q - b1)2 ($3 — 01)2 (-'174 - dl)2 =0
(.731 — a2)2 + (IL'Q - b2)2 ($3 — 02)2 (-'174 - d2)2 =0
(1 —a3)® + (z2 — b3)* + (23 — ¢3)* — (x4 —d3)? =0

where x1,%2,T3,24 € R

(ag,bo, o) = (2°,9°,2°%) ~ P°

(alablacl) :(xlayl 1)’V‘P1

( ):(xz’yz,‘)sz

L (a3,b3,03) ( 7y3 z )NP3

with { P°, P, P2, P3} beingthe positionof thefour GPSsatellitestheir rangeso the stationaryreceierat P
givenby {d(), dl, d2, d3} . Theparameter${a0, bo, Co}, {a1, bl, C1}, {ag, bQ, CQ}, {CL3, b3, C3},{d0, dl, dg, d3})
areelementof the sphericakonethatintersectat P to givethe coordinateq z,, 2, 3} of thereceverandthe
stationaryreceverrangebiasz,. Theequationsabove canbe expandedasfollows

22 — 2a971 + 73 — 2box2 + 3 — 2c073 — 2 + 2dozs + a2 + U3+ 2 +dE =0
2?2 — 20171 + 73 — 2179 + 23 — 2123 — 23 +2dizs +ai + V2 + A +dP =0
m% — 2as11 —}—mg — 2byzo —}—m% — 2¢o13 —xﬁ + 2do x4 —}—a% +b§ +c§ +d§ =0
z? — 2a371 + 73 — 2b3xy + 23 — 2c373 — 23 +2d3zs +ai + 3+ E+dE =0

with the variables{z1,z», 23,24} , the othertermsbeingknown constantsthen {z}, z1,23, 2>, 23, z3, 23,24 } is
saidto bea setof monomialsin thevariables{z, z2, z3, 4.}
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Example A-3 (E. GrafarendandP. Lohse1991,equationl(3),p.93):
Considerequation1(3) usedto map the topographicakurface point embeddednto a three-dimensionaEu-
clideanspaceR? ontoa (referencekllipsoid of revolution subjectto the constrainthatthe projectionpointis a
pointonthe (referencegllipsoid of revolution. Equationl1(3) givenby

X —z;) + 22124 =0
Y —x9) + b2mozs =0
—(Z — .’173) + b2$3.’ll4 =0
v2z? + v2zi + a?22 — a?h? =0

—(
—(

where(X,Y, Z) areknown topographicatoordinatedrom e.g. GPS,three-dimensionalesectiore.t.c.,{a, b} the
semi-majorandsemi-minomxisrespectiely. DesiredaretheellipsoidalCartesiarcoordinate§z; = z,z2 = y,z3 = 2}
of the projectedtopographicabpoint. {z1,z2,z3,z4} in this casearethe variableswhosemonomialsare given as
{55%,551,371334,55%,5172,1172:174;37%,373,553374}-

Definition A-2 (polynomial):
A polynomial f € k[z1, ...,x,] In 21, ..., z, with coeficientsin thefield & is afinite linear combinationof
monomialswith pairwisedifferenttermsexpresseds

f= Zaa:ﬂa, aq €k, %= (z*,..,z°), a= (a1, ..., Q)
[e%

Example A-4: Theequations

T3 4 201271 T2 + T3 + G0 = 0
T3 + 2b23T223 + 23 + boo =0
T3 + 2¢3123%1 + T3 + Coo = 0

in ExampleA-1 in page97 aremultivariate polynomialswith thefirst equatiorbeinga multivariatepolynomial
in two variables{z, z» } andalinearcombinationof the monomials{:c%, 129, :cg} The secondequationis a
multivariatepolynomialin two variables{z:, z3} andalinearcombinationof the monomials{z3, z»z3, 3, }
while the third equationis a multivariate polynomialin two variables{zs, z; } andalinearcombinationof the
monomials{z3, z3z1, z}.}

Example A-5: Thefour Equations

2?2 — 2a971 + 73 — 2boz2 + 23 — 2c0z3 — 22 + 2dozs + @3+ b3+ 2 +d2 =0
22 — 20171 + 73 — 20122 + 22 — 2123 — 23 + 2dizs + A2+ V2 + 2 +d2 =0
2?2 — 2as%1 + 13 — 2byxs + 23 — 2co23 — x5 + 2doxs + @3+ b5+ 2 +d3 =0
2?2 — 2a3x1 + 13 — 2b3xs + 23 — 2c323 — 25 + 2d3xs + @3+ U5+ 2 +dE =0

presentedn ExampleA-2 are multivariatepolynomialswith eachequationbeinga multivariate polynomialin four
variables{z1, zs, z3, 74} andalinearcombinationof themonomials{z?, z1, 23, z2, ¥3, 3, 23, z4 }.

Example A-6: Thefour Equations

—(X —x1) + b?z124 =0
—(YV —25) + b?m224 =0
—(Z — .’E3) + b2$3.'134 =0
b’z? + v?zi + a’z% — a’b? =0

presentedn ExampleA-3 of page98 are multivariate polynomialswith the first equationbeing a multivari-
ate polynomialin two variables{x;, x4} andalinearcombinationof the monomials{z;, 2124} . The second
equationis a multivariate polynomialin two variables{z,,z4} anda linear combinationof the monomials
{z2,2224} . Thethird equationis a multivariate polynomialin two variables{zs, z,} andalinear combina-
tion of the monomials{zs, z3z4} , while the fourth equationis a multivariate polynomialin threevariables
{21, 22,23} andalinearcombinatiorof themonomials{z?, z3, 23} .
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Having definedthe terms“monomial” and “polynomial” above, we next definethe term “polynomial ring” upon
which the Grobner basisis computedusing the B. Budhbewger algorithm In computingthe Grébner bases one
computeghe Grébnerbasisof anldeal (I € k[z1, ... z,]) which belongsto a Polynomialring of thefield & . First
theterm"ring" is definedin orderto understandvhattheterm"Polynomialring" meansWe begin by consideringhe
definitionof linear Algebra. For literaturein linear Algebra we referto T. Bedeer andV. Weispfenning1993Chapter
1,pp.1-60,1998).

Definition A-3 (linearalgebra):
Algebra canbe definedasa setS of elementsaanda finite set M of operations.In linear algebra the elements
of thesetS arevectos overthefield R of realnumberswhile thesetM is basicallymadeup of two elements
of internal relation namely*additive’ and“multiplicative’. An additionaldefinition of the external relation
expoundson thetermlinear algebra asfollows: A linear algebra overthefield of realnumbersR consistof a
setR of objects,two internalrelationelementgeither"additive” or "multiplicative”) andoneexternalrelation
asfollows

(opera); =: a: R X R— R
(opera) =: B: Rx R—- RorRx R— R
(opera)s =:v: R x R— R

Thethreecasesareoutlinedasfollows:

* With respecto the internal relation a (“join”), R asa linear spacein a vectorspaceover R, an Abeliangroup
written “additively” or “multiplicatively” :

a,b,ceR
Axiom “Additively” “Multiplicati vely”
written Abeliangroup written Abeliangroup
a(a,b)=:a+b a(a,b) =:aob
1  Associatvity Gl+: (a+b)+c= Glo: (aob)oc=
=a+(b+c) =ao(boc)
(additive associatiity) (multiplicative associatiity)
2 Identity G2+:a+0=a G20:aol=a
(additive identity, (multiplicative identity,
neutralelement) neutralelement)
3 Inverse G3+:a+(—a)=0 G3o:aocal=1
(additive inverse) (multiplicativeinverse)
4 Commutatity G4+:a+b=b+a G4o:aob=boa
(additive commutatvity, (multiplicative commutatvity,
Abelianaxiom) Abelianaxiom)

with thetripletof axioms{G1+, G2+, G3+} or {G1o, G20, G30} constitutingthesetof groupaxiomsand{G4+, G40}
the Abelianaxioms Examplesf groupsinclude

(a) Thegroupof integerZ underaddition.

(b) Thegroupof non-zerarationalnumber® undermultiplication.

(c) Thesetof rotationaboutthe origin in the Euclideanplaneunderthe operationof compositefunction.

* With respecto the externalrelationg the following compatibility conditionsaresatisfied

a,be R, t,ueR
B(t,a) =t x a

1 distr Dl+:tx(a+b)=(a+b)xt= Dlo:tx(aob)=(aob)xt

=txa+txb=axt+bxt =(txa)ob=ao(bxt)
1stadditive distributivity 1stmultiplicative distributivity
2 distt D2+: (t+u)xa=ax(t+u)= D2o: (tou)xa=ax (tou)
=txatuxa=axtt+axu =to(uxa)=(axt)ou
2ndadditive distributivity 2nd multiplicative distributivity

D3:1 xa = a x 1 = a(Left and Right identity)
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* With respecto theinternal relation (“meet”) thefollowing conditionsaresatisfied

a,b,ce R, teR

v(a,b) =: axb
Axiom Comments
1 Ass. Glx: (axb)xc=ax(bxc) Associatvity w.r.t
internalmultiplication
1 dist Dlx+;ax(b+c)=axb+axc Left andRight
(a+b)xc=axc+bxc additive distributivity w.r.t
internalmultiplication
1 dist Dilxojax(boc)=(axb)oc Left andRight
(aob)xc=ao(bxc) multiplicative distributivity

w.r.tinternalmultiplication

2 dist. D2xx;tx (axb)=(txa)xb  LeftandRightdistributivity
(axb)xt=ax(bxt) of internalandexternal
multiplication

Definition A-4 (ring):
A sub-algebra is calleda ring with identity if the following two conditionsencompassingsesen conditions)
hold:
(a) The set R is an Abelian group with respectto addition, i.e.four conditions{G1+, G2+, G3+,G4+} of
Abeliangrouphold.
(b) ThesetR is asemi-gpupwith respecto multiplication; thatis, { G1x, G2x} holds. In otherwords,the set
R comprisesa monoid(i.e. asetwith two operationsassociatiity andidentity with respecto multiplication).
The last conditionis the left andright additive distributivity with respecto internalmultiplication { D1 x +}
which connectghe AbelianGroupandthe monoid b In total the four conditionsforming the Abeliangroup (a)
andthethreeforming the semi-goupin (b) addup to form sevenconditionsenclosedn aring in Figure6.

FigureAl: Ring

ConditionG2x makesR a“ring with identity” while theinclusionof G3+ malkesthering be known asthe “division
ring” if every non-zeroelementof thering hasa multiplicative inverse.Thering becomes “commutativering” if it
hasthe commutatve multiplicative G4+ . Examplesof ringsinclude:

* Field k of realnumbersR, complex numbersC andrationalnumbersQ. In particular aring becomesa field if
every nonzeroelementof thering hasaninverse.

* IntegersZ
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* Polynomialfunction P in n variablesoveraring R expressedsP = R[zy, ..., Zy).

In the presentstudy we will considera ring to be commutatve andto includeidentity element. Thefield k& will be
usedin subsequendefinition to refer he field of an arbitraryring {R, C, Q € &} . Having defineda ring, we next
expoundon theterm“P olynomialring”

Definition A-5 (polynomialring):
Letusconsiderring R. If weconsidemnindeterminate: ¢ R, aunivariatepolynomialis formedby assigning
coeficientsa; € R to the indeterminateand obtainingthe summationover finite numberof distinctintegers.
Thus
fl@) =>aqz% aq € R,a>0

is saidto be a univariate polynomialover R. If two polynomialsbe given suchthat f;(z) = 3" a;z* and
f2(z) = Y bjz?, thentwo binary operationadditionand multiplication canbe definedon thesepolynomials

j

suchthat:

(@) Addition: fi(z) + f2(z) = > cpa®, ek = ay, + b,cx € R
%

(b) Multiplicative: fi(z).f2(z) = Y crx®,cr = > aibj,cr, € R.
k i+j=k

A collectionof polynomialswith theseadditive aﬁd multiplicative rules forms a commutatve ring with zero
elementandidentity 1. A univariatepolynomial f () obtainedby assigningelements:; belongingto thering
Rtothevariable{z} is calledapolynomialring andis expresse@sf(z) = R|xz]. In generatheentirecollection
of all polynomialsin z4, ..., z, with coeficientsin thefield k£ thatsatisfythe definition of aring above such
that the operationsaddition and multiplication canbe carriedout is calleda polynomialring. DesignatedP,
polynomialring is representedby n unknown variablesz; over k andis expressedas P := k[z1, ..., Zy] -
Its elementsare polynomialsknown asunivariatewhenn = 1 and multivariate otherwise. To completethe
definition of a polynomialring, we distinguishit from a polynomial. A polynomial,belongingto a polynomial
ring, is the sumof afinite setof monomials(seeDefinition A-1, page97 for the definition of a monomial). A
completedefinition of a polynomialis givenin Definition A-2, page98.

Example A-7: Considetthe equationof ExampleA-1 in page97. Thethreeequations

:c% + 2a12T12T2 + wg + apo =0
.TC% + 2boswoxs + .Z'% +boo =0
T3 + 23173T1 + T3 + Coo = 0

aresaidto be polynomial elementof the polynomialring in threevariables|z,, 22, 3] over the field of real
numbersR expressedsP := R [z, z2, 23] .

Example A-8: Considerequation®f ExampleA-2 expressedelov

7?2 — 2a011 + 73 — 2boTa + :c% — 2cow3 — 75 + 2doz4 + a% + b% + cg + d% =0
7?2 — 2a111 + 73 — 2b17y + 75 — 2c173 — 25 + 2d1Ts + a2 + b3+ +d2 =0
:I:f — 2as71 + 73 — 2baxo + 23 — 2coT3 — ;1:;21 + 2dyzy + a:ﬁ + b3 + c:é +d2=0
2? — 2a371 + 73 — 2b37s + 23 — 2c373 — 23 + 2d374 + a2 + b3 + 2 +d2 =0.

The four equationsare saidto be polynomialelementsof the polynomialring in four variables[z;, x2, 3, 4] over
thefield of realnumbersR expresse@dsP := R [z1, z2, 23, Z4] .

Example A-9: Considerequationin ExampleA-3, page98 expressedelow

—(X —21) +b?z124 =0
—(Y —x3) + b?w224 =0
—(Z — .233) + b2$3$4 =0
b’z? + b2zl + a’x3 — a®b® = 0.

The four equationsaresaidto be polynomialelementf the polynomialring in four variables[zy , 2, 3, 24]
overthefield of realnumbersR expressedsP := R [z1, %2, T3, 4] -

101



In thecaseof univariatepolynomialstheformatof presentatioins usuallythatof eitherascendin@r descendingrders
with respecto the power of the variableinvolved. The situationis however complicatedn the caseof multivariate
polynomialswhere an ordering systemhasto be defined. We mention herethe three commonly usedmonomial
orderingsystemsnamely; lexicographic ordering, gradedlexicographic ordering and gradedreverse lexicographic
ordering. Firstwe definethe monomialorderingbeforeconsideringhe threetypesof monomialordering.

Definition A-6 (monomialordering):
A monomialorderingonk [z1, . .., z,] is ary relation> on ZZ% , or equivalentlyary relationonthesetz®, a €
7%, satisfyingthefollowing conditions: B
(a)is total (or linear) orderingon Z2
(b)If @ > Bandy € Z%, thena +v > B+~
(c) > is awell orderingon Z2,,.
This conditionis satisfiedf andonly if every strictly decreasingequencén Z2 , eventuallyterminates.

Definition A-6a (Lexicographicordering):
This is akin to the orderingof words usedin dictionaries. If we definea polynomialin threevariablesas
P = k[z,y, 2] andspecifyanorderingz > y > z, thenary termwith z will supersedéhatof y whichin tern
supersedethatof z. If thepowersof thevariabledor respectie monomialsaregivenasa = (ay, - .., a,) and
B = (B1,---0n), o, € ZZ,, thena >, S if in thevectordifferencea — § € Z", the mostleft non-zero
entryis positive. For the samevariable(e.g. z) this subsequentlyneanse® >;., z°.

Example A-10: z > y°2° is anexampleof lexicographicordering.
As asecondexample,considerthe polynomial f = 222y® — 32°5y2* + zy23 — zy*, we have thelexicographic
order; f = —3z%yz* + 2228 —ayt + 2yl lr >y > 2 .

Definition A-6b (Gradedlexicographicordering):
In this case thetotal degreeof the monomialsis takeninto account.First, oneconsidersvhich monomialhas
the highesttotal degree beforelooking at the lexicographic ordering This orderinglooks at the left most(or
largest)variableof a monomialandfavoursthe largestpower. Let o, 3 € ZZ,, thena >gpep B if |a =

Yai > |8l =3 Bior |al =8|, anda >, B, in a — B € Z™, themostleft nonzeroentryis positive.
i=1 i=1

Example A-11: 283y322 > j1er 299223 ((8,3,2) >griex (6,2,3),since |(8,3,2)] = 13 > [(6,2,3)] = 1landa —
B8 = (2,1, -1). Sincetheleft mosttermof the difference(2) is positive, the orderingis gradedlexicographic.

As a secondexample, considerthe polynomial f = 2229y® — 3z2%y2* + zyz® — zy*, we have the graded
lexicographicorder; f = —3x%yz?* + 222y® —ay! + 2y |z >y > 2 .

Definition A-6¢ (Gradedreverselexicographicordering):
In this case,the total degree of the monomialsis taken into accountasin the caseof gradedlexicographic
ordering. First, oneconsidersvhich monomialhasthe highesttotal degreebeforelooking at the lexicographic
ordering. In contrastto the gradedlexicographic ordering, onelooks at the right most(or largest)variableof

n
amonomialandfavoursthe smallestpower. Let a, 8 € ZZ,, thena >grepier B if o] = Y a; > || =
- =1

n
> Bior |al =|B,anda >gpeviez 8, andin a — g € Z™ theright mostnonzeroentryis negative.
=1

Example A-12: 28y322 > g epter 29922%((8,3,2) > grevier (6,2, 3),since |(8,3,2)] =13 > |(6,2,3)| = 11anda—
B8 = (2,1, -1). Sincetheright mosttermof thedifference(-1) is negative, the orderingis gradedreverselexi-
cographic. As a secondexample,considerthe polynomial f = 2z2y® — 32%yz* + 2y2® — zy?* , we have the
gradedreverselexicographicorder. f = 2x2y® — 32%yz* — zyt + Y2l |z >y > 2.

If we considera non-zeropolynomial f = »°  aq,z® in k [z, ....,2,] andfix the monomialorder, the following
additionaltermscanbe defined:

Definition A-7
Multidegr ee of f : Multideg (f )=max(a € Z%, |as # 0)
Leading coefficient of f : LC (f )=amuitideg(s) € ¥

Leading monomial of f : LM (f )=z™u!tidea(f) (with coeficient 1)

102



Leadingterm of f: LT (f)=LC (f) LM (f)

Example A-13: Considerthe polynomial f = 2z2y® — 3z5yz* + xy2® — xy* with respecto lexicographicorder
{z >y >z}, wehave
Multideg (f )=(5,1,4)
LC(f)=-3
LM ( f)=2%yz*
LT ( f)= —32°y2*

Thedefinitionsof polynomialorderingabove have beenadoptedrom D. Coxet. al. (1997pp.52-58).Mostcomputer
algebramakesuseof thelexicographic ordering (D. Coxetal. 1997pp. 56-57,J. H. Davenportetal. 1988p. 72).
The presenstudyrestrictsitself to lexicographicordering

103



Appendix A-2:  Simplexesfor “Stuttgart Central”

P

| |
3

P,

P

| |
o

P,

P

Py

Figure A2: Combinatoriakimplexesfor the for testnetwork “Stuttgart Central”
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Figure A3: Combinatoriakimplexesfor thefor testnetwork “Stuttgart Cental” continues
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Figure A4: Combinatoriakimplexesfor thefor testnetwork “Stuttgart Centmal” continues

106



P

~
R

P
P
4‘136

Figure A5: Combinatoriakimplexesfor thefor testnetwork “Stuttgart Cental” continues
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Figure A6: Combinatoriakimplexesfor thetestnetwork “Stuttgart Cential” continues

Appendix A-3:  Error propagation

Nonlinear random effect model (univariate)

Considera functiony = f(z) wherey is a scalarvaluedobsenation and z a randomeffect. Threecasescanbe
specifiedasfollows:

Casel

(1, assumedo beknown):
By Taylor seriesexpansionwe have

£ = 1)+ 1 (0:) o = )+ 5 ) = )+ O)

By} = B{AR)} = f(ue) + o " (1) BA (2 — 1)) + O(3)
leadingto (cf. E. GrafarendandB. Schaffrin 1983,p.470)

(B{y} = F(1) + 37" ()02 + 03) ).

B{(y ~ B’} = B{I (1) = i) + 5 " ()= = i)’ + O(3)—
50" )2 = 0@},
henceE{[y — E{y}][y — E{y}]} is givenby
0} = [2(12)0% = 3ot + 1 F (1) Bz = )}
+1IPB{( - 1)} +0(3).

Finally if z is quasi-normallydistributed we have from E. GrafarendandB. Scaffrin (1983,p.468)that
73 = E{(z — pu,)*} = 0 andmy = E{(2 — pu.)*} = 373 = 30? leadingto

(72 = 12002 + 5 /(i) +03)]
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Case? (1, unknawn, but &, known asafixedeffectapproximatior(thisimpliesin E. GrafarendandB. Scaffrin
1983,p.470thatéy # p.)):
By Taylor seriesexpansiorwe have

7(2) = £(&0) + 1) (= — &) + 5 " (€0)(z = &)” + O3

using
& :,uz+(§0_llfz)=>z_§0 :z_ﬂz+(ﬂz_§0)
we have
f(z) = f() + %f’(fo)(z — pz) + 11 (&) (s — €0)+
+arf" (o) (2 — =) + 5 f" (&) (1= — &o )
+£"(60)(z — p2) (1 — &) + O(3)
and

By} = B{IE)} = &) + £/(60) (b= — &) + 3" (@) +
37" (E0) (s — o) +0(3)

leadingto E{[y — E{y}]ly — E{y}]} as

oy = f?(&)o + f'f" (&) E{(z = p2)*} + 2" " (€0) o7 (1= — o)+
+12 () B{(2 — 12)*} + 2 (60) E{(2 = p12)*} (12 — &)=
—1f"(&)oz + £ (&0)0% (12 — &0)? + O(3)

andwith 2 beingquasi-normallydistributed,thusms = E{(z — p.)%} = 0 andmy = E{(z — p.)*} =
33 = 30, we have

(02 = £2(60)02 + 21" 1" (€0)0% (= — &) + 3 1 (€0)ort + £ (60)0? (s — &) + O(3)]

with thefirst andthird terms(on theright handside)beingthe right handsidetermsof casel (cf. E. Grafarendand
B. Sthaffrin 1983,p.470).

Case3 (1 unknown, but zg known asarandomeffectapproximation):
By Taylor seriesexpansiorwe have

F2) = F(a) + 0 ) (2 = ) + o () o = o
i) = )+ O)
changing
2=z =20 — Mz = 20 — E{Zo} - (Mz - E{Zo})
andtheinitial bias
— (1= — E{20}) = E{20} — 1z = fo
leadsto

[Z — ez =20 — E{20} + /30}
If wealsochangef (p2) = f(20) + f(20) (1= — 20) + O(2), f'(p2) = f'(20) + f"(20) (1= — 20) + O(3)

etc,thederivativeshecameaandomeffectsandcannotary longerbe separateéh E{f'(u,)(z — p2)} =
f'(p)E{(z — u.)} etc. Consider

(z — pz)? = (20 — E{20})” + 85 + 2(20 — E{20})fo

we have

f(2) = f(ps) + 7' (=) (20 = E{z0}) + 11 f' (1) Bo+
+arf" (1) (20 = E{20})? + 51" (=) B3 + f" (k=) (20 — E{20}) B0 + O(3)

L2 +003)

By} = f(ue) + (5o + 5 ()%, + 3
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leadingto E{[y — E{y}]ly — E{y}]}as

oy = f*(nz)ol, + f'f" (1) E{(20 — E{20})°}+

2f' f"(p2)o2, Bo + 1" (p2) E{ (20 — E{z0})" }+

£ (=) E{ (20 — E{20})°}f0 + f" (=) 0%, B3 +
+1"%(u2)oz, — 31" (1) E{(20 — E{0})*}o2, + O(3)

andwith zo beingquasi-normallydistributed,thusms = E{(z0 — E{20})®*} = 0 andmy = E{(z0 —
E{z})*} = 373 = 302 , we have

z0?

(07 = 12(u2)02, + 28 £ (n)0%, Bo + 3£ (1), + £ ()02, 5 + O(3)]

with thefirst andthird terms(on theright handside)beingthe right handsidetermsof casel (cf. E. Grafarendand
B. Schaffrin 1983,p.470).

Appendix A-4.  C. F. Gausscombinatorial approach
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NACHLASS.

(1]
Endresultat fiir den Ort eines Punktes in einer Ebene, der von drei bekannten
aus angeschnitten ist.

Es bedeuten 10, 20, 30 die drei beobachteten Richtungen [nach P] und
a, B, Y die entsprechenden Entfernungen.

Die drei einzelnen Resultate aus den Combinationen 2—3, 1—3, 1—2
seien A, B, C, zugleich die Winkel des durch jene gebildeten Dreiecks; die
ihnen gegeniiber stehenden Seiten a, b, c.

2

3

Perpendikel von dem gesuchten Orte auf a, b, ¢ seien x,y,2. S doppelter
Flicheninhalt des Dreiecks.
Es sind dann

1L
v

wle
.

%

die iibrig bleibenden Fehler, also

2z v YY 1 22 MNini
¢~=,_*_,,83+17 mum

ax—+by+cz = S.
Also werden @, y, z proportional den Grdssen aca, B8B&, xyc;
aaaS

aaaa -+ ﬁSbb—l—yycc’
etc.

X =

[Bezeichnet (ABC) die Fliche des Dreiecks ABC, u. s. f., so ist

S = 2(ABC) = (aaaa-}-BRbb+yyco)k
2(BPC) = aaaak
2(APC) — BRbbLE
2(APB) = yxycck,

wo % die Correlate der Bedingungsgleichung ist. P ist der durch die Perpen-
dikel x, ¥, # bestimmte Punkt.

Folglich wird, wenn 4, B, C, P die complexen Grdssen bedeuten, denen
die Eckpunkte des Dreiecks A4 BC und der Punkt P entsprechen:

(caaa—+ BROYL+ yycc) P = aaaa A+ BRbbB | yyccC.]

Es folgt hieraus, dass das Endresultat¥)

aaaad 4 BROOB 4 yycecC
xaaa-t gL+ yyce

dso ein Mittel aus den drei partiellen Resultaten A, B, C ist,
liesen die Gewichte

indem man

aacaa, BBbdo, YYce
seilegt, oder

aasin A2, BB sin B2, yysin C>.
Offenbar ist hier A zugleich der Winkel zwischen 20 und 30, u. s. f.

112



References

Aduol, F. W. O. (1989): Intergrierte geodatischéNetzanalysanit stochastischevorinformationiiber Schwerefeld
undReferenzellipsoidDGK, ReiheC, Heft Nr. 351.

Abel, J. S.andChafee,J. W. (1991): Existenceanduniquenessf GPSsolutions,|EEE Transactionson Aerospace
andElectonic System27 (1991)952-956.

AshkenaziV. and Grist, S. (1982): Inter-comparissorof 3-D geodeticnetwork adjustmentmodels,International
sypmosiunon geodeticnetworksandcomputation®f thel. A. G. Munich, August31to Septembeb, 1981.

Awange,L. J. (1999): Partial procrustessolution of the threedimensionabrientationproblemfrom GPS/LPSob-
senations,Quovadisgeodesia... Festschrifto E. W. Grafarendon the occasiorof his 60th birthday Eds. F.
KrummandV. S. Schwarze ,ReportNr. 1999.6-1

Awangel. J. and Grafarend,E. (2002). Algebraic solution of GPS pseudo-rangingquations,Journal of GPS
Solution Volume5(3),2002.

Bajaj, C., Garity, T. andWaren,J. (1988): On the applicationsof multi-equationakesultantsPepartmenbf Com-
puterScience PurdueUniversity, TechnicalReportCSD-TR-826 pp. 1-22,1988.

Bancroft, S. (1985): An algebraicsolutionof the GPSequations]EEE Transactionon Aerspaceand Electronic
System@&ES-21(1985)56-59.

Béhr, H. G. (1988): A quadraticapproacho the non-lineartreatmentof non-redundanvbsenationsManuscripta
Geodaetical3(1988)191-197.

Béhr, H. G. (1991): Einfachlberbestimmtesbeneginschneidendifferentialgeometrischnalysiert Zeitsdrift fur
Vermessungswesdi6(1991)545-552.

Bartelme,N. andMeissl, P. (1975): Ein einfaches raschesind numerischstabilesVerfahrenzur Bestimmungdes
kirzestenAbstandeseines Punktesvon einem sphéaroidischerRotationsellipsoid AllgemeineVermessungs-
Nadrichten82 (1975)436-439.

Beclker, T. andWeispfenningyV. (1993): GrobnerbasesA computationabpproacto commutatve algebra.Gradu-
ateText in Mathematicsl41, SpringerVerlag,New York 1993.

Beclker, T. andWeispfenningyV. (1998): GrébnerbasesA computationahpproacto commutatve algebra.Gradu-
ateText in Mathematicsl41,2nd Edition, SpringefrVerlag,New York 1998.

Benning,W.(1974): Der kiirzesteAbstandeinesin rechtwinkligenKoordinatengegebenerAulZenpunktesom El-
lipsoid, Allgemeinevermessungs-Nacichten81 (1974)429-433.

Benning,W.(1987):Iterative ellipsoidischd_otful3punktberechum Allgemeinevermessungs-Nacichten94 (1987)
256-260.

Blaha,G. andBesette R. P. (1989): Nonlinearleastsquaresnethodvia anisomorphicgeometricaketup,Bulletin
Geodesiqué3(1989)115-138.

Borre,K. andLauritzen,S. L. (1983): Somegeometricaspect®f adjustment|n. Festschrifto TorbenKrarup, Eds.
E.Kejlsoetal., Geod.Inst.,No. 58, pp. 70-90.

Borg, . andGroenenP. (1997): Modernmultidimensionakcaling,SpringerVerlag,New York 1997.

113



Borkowski, K. M. (1987): Transformatiorof geocentrido geodeticcoordinatesvithout approximation Astiophys.
Space Sci.139(1987)1-4.

Borkowski, K. M. (1989): Accuratealgorithmto transformgeocentrido geodetiacoordinatesBull. Geod.63(1989)
50-56.

Bowring, B. R.(1976): Transformatiorfrom spatialto geographicatoordinatesSurvey Review 23 (1976)323-327.
Bowring, B. R.(1985):The accurayg of geodetidatitudeandheightequationsSurvey Review 28 (1985)202-206.

BrandstatterG. (1974): Notiz zur analytischerL 6sungdesebenerRiickwartsschnitte€)stereichische Zeitsdrift
fur Vermessungsweséd (1974)134-136.

Brokken,F. B. (1983): OrthogonalProcrustesotationmaximizingcongruencePsytometrikad8 (1983)343-352.

Brunner F. K. (1979): On the analysisof geodeticnetworks for the determinatiorof the incrementaktraintensor
Surve Review 25(1979)146-162.

Buchbepger, B. (1965): An algorithmfor finding a basisfor the residueclassring of a zerodimensionapolynomial
ideal (German) Ph.D.thesis,Universityof Innsbruck Instituteof Mathematics.

Buchbeger, B. (1970): Ein algorithmischeKriterium fur die Losbarleit einesalgebraischertleichungsystems,
Aequationedlathematicaet (1970)374-383.

Buchbeger, B. (1979): A criterion for detectingunnecessaryeductionsin the constructionof Groebnerbases.
Proceedingsf the 1979EuropearSymposiunon SymbolicandAlgebraiccomputation Springedecturenotes
in ComputerSciencer2, SpringerVerlag,pp. 3-21,Berlin-Heidelbeg-New York 1979.

Buchbeger, B. (1999): Personatommunication.

Buchbeger, B. andWinkler, F. (1998): GroebnetbasesandapplicationsLondonmathematicasocietylecturenote
series251,Cambridgeuniversitypress,1998.

Canry, J.F. (1988): The compleity of robotmotionplanning, ACM doctoraldissertatioraward, MIT Press;1988.

Canry, J.F, Kaltofen,E. andYagati,L. (1989): Solving systemsf nonlineamolynomialequationgaster Proceed-
ings of the InternationalSymposiumon Symbolicand Algebraic ComputationdSSAC, July 17-19,Portland,
Oregon1989.pp.121-128.

Cattani,E., Dickenstein A. and Sturmfels,B. (1998): Residuesandresultants,). Math. Sci. University of Tokyo 5
(1998)119-148.

Chafee,J.andAbel, J.(1994): Ontheexactsolutionsof thepseudorangequations|EEE Transactionon Aerospace
andElectonic System80(1994)1021-1030.

Cheng,C-L. andVanNessJ. W. (1999): Statisticalregressiorwith measuremersgrror, Oxford University Press,198
MadisonAvenue New York 1999.

Chrystal,G. (1964): Textbookof Algebra(Vol. 1), ChelseaNew York 1964.
Cox,D. A. (1998): Introductionto GrobnemasesProceeding®f Symposian AppliedMathematic$3 (1998)1-24.

Cox, D., Little, J. andO’Shea,D. (1997): Ideals, Varieties,and Algorithms. An introductionto computational
algebraiogeometryandcommutatve algebra SpringerVerlag,New York 1997.

Cox, D., Little, J.andO’Shea,D. (1998): Using algebraicgeometry Graduatelext in Mathematicsl85, Springer
Verlag,New York 1998.

Cox, T. F. andCox, M. A. (1994): Multidimensionalscaling,St. Edmundsbry Press St. Edmunds Suffolk 1994.

Croceto,N.(1993): Point projectionof topographicsurfaceonto the referenceellipsoid of revolutionin geocentric
CartesiarcoordinatesSurvey Review 32 (1993)233-238.

Crosilla, F. (1983a): A criterion matrix for a secondorder designof control networks, Bull. Geod. 57 (1983a)
226-239.

114



Crosilla, F. (1983b): Procrusteartransformatiorasa tool for the constructionof a criterion Matrix for control net-
works,ManuscriptaGeodetica8 (1983b)343-370.

Dach,R. (2000): Einflu von Auflastefektenauf PraziseGPS-MessungemGK, ReiheC, Heft Nr. 519.

Davenport,J. H., Siret,Y. andTournier, E. (1988): Computeralgebra.Systemsandalgorithmsfor algebraiccompu-
tation, AcademicPresd_td., St. Edmundshry, London1988.

Dixon, A. L. (1908): The eliminationof threequanticsin two independentariables Proc. LondonMathematical
Societyseries2 6 (1908)468-478.

Dryden,I. L. (1998): Generalregistrationand shapeanalysis. STAT 96/03. StochastiadGeometry:Likelihoodand
Computationpy W. S.Kendell,O. Barndof-NielsenandM. N. N. vanLieshout,ChapmarandHall/CRCPress,
333-364 BocaRaton1998.

Finstervalder S.andScheufeleW. (1937): DasRickwartseinschneideim Raum,Sebastiarrinstervalderzum 75
Gelurtstagepp. 86-100,VerlagHebertWichmann Berlin 1937.

Fischler M. A. andBolles,R. C. (1981): RandomSampleConsensusA Paradigmfor Medell Fitting with Applica-
tion to ImageAnalysisand AutomatedCartographyCommunicationsf the ACM 24 (1981)381-395.

Fitzgibbon,A., Pilu, M. and Fisher R. B. (1999): Direct leastsquareditting of ellipses,|EEE Transactionson
Pattern Analysisand Machine Intelligence21 (1999)476-480.

Fotiou, A.(1998): A pair of closedexpressiongo transformgeocentrido geodeticcoordinatesZeitsdrift fur Ver-
messungswesdr?23(1998)133-135.

Frohlich,H. andHansenH. H. (1976): Zur LotfuBpunktrechnungei rotationsellipsoidischeBezugsflacheAllge-
meineVermessungs-Nacichten83 (1976)175-179.

Fukushima,T. (1999): Fasttransformfrom geocentrido geodeticcoordinates,Journal of Geodesy’3 (1999)603-
610.

GanderW., Golub, G. H. and Strebel,R. (1994): Least-Squareftting of circlesandellipses,BIT No. 43 (1994)
558-578.

Gao,X. S.andChousS. C. (1990): Implicitization of rationalparametricequations Technicalreport,Departmentbf
ComputerSciencel R-90-34,University of Texas,Austin 1990.

Gelfand,l. M., Kapranw, M. M. andZelevinsky, A. V. (1990): GeneralizedEuler Integralsand A-Hypergeometry
Functions Advancesn Mathematic84 (1990)255-271.

Gelfand,l. M., Kaprana, M. M. and Zelevinsky, A. V. (1994): Discriminants,resultantsand multidimensional
determinantsBirkh&userBoston1994.

Gotthardt,E. (1940): Zur UnbestimmtheidesraumlichenRuckwartseinschnittedfitteilungender Ges. f. Pho-
togrammetrye.V,, Jannerl940,Heft 5.

Gotthardt,E. (1974): Ein neuergefahrlicherOrt zum rdumlichenRuckwartseinschneidemildm. u. Luftbildw.,
1974.

Grafarend,E. (1981): Die Beobachtungsgleichungeter dreidimensionaleiseodasiém Geometrie-und Schwer
eraum.Ein Beitragzur operationellerGeodasieZeitsarift fur Vermessungswesd06(1981)411-429.

Grafarend,E. (1975): ThreedimensionalGeodesyl. The holonomity problem,Zeitsdrift fir Vermessungswesen
100(1975)269-280.

Grafarend, E. (1985): Variance-Cegariancecomponentestimation;theoreticalresultsand geodeticapplications,
Statistics& Decisions SupplementssuéNo. 2 (1985)407-441.

Grafarend, E. (1988): Azimuth transportand the problem of orientationwithin geodetictraversesand geodetic
networks, VermessungPhotayrammetrie Kulturtechnik 86 (1988)132-150.

Grafarend,E. (1989): PhotogrammetrischBositionierung. Festschriftfir Prof. Dr.-Ing. Dr. h.c Friedrich Ack-
ermannzum 60. Gehurtstag,Institut fir PhotogrammetrieUniveritat Stuttgart,Heft 14, pp.44-55,Stuttgart
1989.

115



Grafarend,E. (1991): Application of Geodesyto Engineering. IAG-SymposiumNo. 108, Eds. K. Linkwitz, V.
Eisele,H. J. Monicke, SpringerVerlag,Berlin-Heidelbeg-New York 1991.

Grafarend,E. andKunz, J. (1965): Der Riickwartseinschnitinit demVermessungskreiseBembauwissendaften
12(1965)285-297.

Grafarend E. andSchafrin, B. (1974): UnbiasedrreenetdjustmentSurvey Review 22 (1974)200-218.
Grafarend E. andRichter, B. (1977): Generalized_aplacecondition,Bull. Geod.51 (1977)287-293.

Grafarend E. andSansoF. (1985): Optimizationanddesignof geodetimetworks, SpringerVerlag,Berlin-Heidelbeg-
New York-Tokyo 1985.

Grafarend, E. and Schafrin, B. (1989): The geometryof nonlinearadjustment-theplanar trisection problem-,
Festschrifto T. Krarupeditedby E. Kejlso,K. PoderandC. C. Tscherningpp. 149-172 Denmark1989.

Grafarend E. andSchafrin, B. (1991): Theplanartrisectionproblemandtheimpactof curvatureon non-lineareast
-squaregstimation Computationaktatistics& dataanalysis12(1991)187-199.

Grafarend,E. andLohse,P. (1991): The minimal distancemappingof the topographicsurfaceonto the (reference)
ellipsoid of revolution, ManuscriptaGeodaetical6 (1991)92-110.

Grafarend,E. and Schafrin, B. (1993): Ausgleichungsrechnunig LinearenModellen, B. I. Wissenschaftsrlag,
Mannheim1983.

Grafarend E. andKeller, W. (1995): Setupof obsenationalfunctionalsin gravity spaceaswell asin geometryspace,
ManuscriptaGeodetica20 (1995)301-325.

Grafarend,E. andShan,J. (1996): Closed-formsolutionof the nonlinearpseudo-rangingquationyGPS),ARTI-
FICIAL SATELLITES, PlanetaryGeodesyNo 28, Specialissueon the 30th anniversaryof the Departmenbf
PlanetaryGeodesyVol. 31 No 3, pp. 133-147 Warszava 1996.

Grafarend E. andShan J.(1997a):Closed-formsolutionof P4Por thethree-dimensionaksectiorproblemin terms
of MdbiusbarycentriccoordinatesJournal of Geodesy'1 (1997)217-231.

Grafarend,E., and Shan,J. (1997b): Closedform solution of the twin P4P or the combinedthree dimensional
resection-intersectioproblemin termsof Mdbius barycentriccoordinatesJournal of Geodesy'1 (1997)232-
239.

Grafarend,E. andOkeke, F. (1998): Transformatiorof conformalcoordinateof type Mercatorfrom global datum
(WGS84)to local datum(regional, national),Marine Geodesy1 (1998)169-180.

Grafarend,E. andSyfuss,R. (1998): Transformatiorof conformalcoordinate®f type Gauss-Kriigeor UTM from
local datum(regional, national,European}o global datum(WGS 84) part 1: The transformatiorequations,
Allgemeiné/ermessungs-Nacichten105(1998)134-141.

Grafarend E. andArdalan,A. (1999): World geodeticdatum2000,Journal of Geodesy'3(1999)611-623.

Grafarend,E. W. and Awange,J. L. (2000): Determinationof vertical deflectionsby GPS/LPSmeasurements,
Zeitsdrift fur Vermessungswesdi25(2000)279-288.

Grafarend,E., Lohse, P. and Schafrin, B. (1989): DreidimensionaleRuckwartsschnittZeitsdirift fir Vermes-
sungswesehl14(1989)61-67,127-137,12-175,225-234,278-287 .

Grafarend,E., Krumm, F. andOkeke, F. (1995): CurvilineargeodeticdatumtransformationZeitsdrift fur Vermes-
sungswesefh20(1995)334-350.

GrafarendE., Syffus, R. and You, R. J. (1995): Projectve heightsin geometryand gravity space,Allgemeine
Vermessungs-Nacichten102 (1995)382-402.

GrafarendE., Heister H., Kelm, R., Knopff, H. andSchafrin, B. (1979): OptimierungGeodatischeMessoperatio-
nen,HerbatWichmannVerlag,Karlsruhel1979.

GreenB. (1952): Theorthogonaklpproximatiorof anobliquestructurein factoranalysis Psyhometrikal7 (1952)
429-440.

116



Grewal, M. S.,Weill, L. R.andAndrews, A. P. (2001): Global PositioningSystems|nertial Navigationandintegra-
tion, JohnWiley & Sons,New York 2001.

Grunert,J. A . (1841): DasPothenotsch@roblemin erweiterterGestalt;nebstBemerkungeriiberseineAnwendun-
genin derGeodasieGrunertsArchiv fur Mathematikund Phsyik1 pp. 238-241,1841.

GuckenheimerJ., Myers, M. and Sturmfels,B. (1997): ComputingHopf birfucations,SIAM J. NumericalAnalysis
34(1997)1-21.

Gulliksson,M. (1995a): The partial Procrusteproblem- A first look, Departmenbf ComputingScience Umea
University, ReportUMINF-95.11,Swedenl995.

Gullikson, M. (1995b): Algorithms for the partial Procrustegroblem,Departmenbf Industrial Technology Mid
SwederJniversitys-89118, Report1995:27 Ornsloldsvik, Swedernl995.

Gullikson, M. and Sdderkvist,l. (1995): Surfacefitting and parameterestimationwith nonlinearleastsquares,
Zeitsdrift fir Vermessungswes@b (1989)611-636.

Guolin, L. (2000): Nonlinear curvature measuref strengthand nonlineardiagnosis,AllgemeinVermessungs-
Nachrichten107 (2000)109-111.

HanselmanD. andLittlefield, B. (1997): The studentedition of Matlab, Prentice-HallNew Jersg 1997.

Hammer E. (1896): Zur graphischerAusgleichungoeimtrigonometrischertinschneidervon Punkten Zeitsdrift
fur Vermessungswes@’ (1896)611-636.

Han, S. C., Kwon, J. H. and Jeleli, C. (2001): AccurateabsoluteGPS positioningthrough satellite clock error
estimation Journal of Geodesy’'5 (2001)33-43.

Haralick,R. M., Lee,C., Ottenbeg, K., andNdlle, M. (1991): Analysisand Solutionof the ThreePointPerspectie
PoseEstimationProblem,Proc.IEEE Org. on ComputetVision andPatternRecognitionpp. 592-598,1991.

Haralick,R. M., Lee, C., Ottenbeg, K., andNdlle, M. (1994): Review andAnalysisof Solutionof the ThreePoint
Perspectie PoseEstimationProblem InternationalJournal of ComputeiMision 13 3 (1994)331-356.

Heck,B.(1987):Rechererfahrenund AuswertemodellelerLandesermessung/ichmannVerlag,Karlsruhe1987.

Heikkinen,M.(1982): Geschlosseneormelnzur BerechnungédumlichergeodatischeKoordinaterausrechtwinkli-
genKoordinatenZeitsarift fur Vermessungsweséi®7(1982)207-211.

Hein, G. (1982a): A contribution to 3D-operationalGeodesy(Principlesand obsenation equationsof terrestrial
type),DGK ReiheB, Heft Nr. 258/VII pp.31-64.

Hein, G. (1982b):A contributionto 3D-operationaGeodesypart2, DGK ReiheB, Heft Nr. 258/VII pp.65-85.
HeiskanenW. A. andMoritz, H. (1976): PhysicalGeodesyFreemarandCompaty, London1976.

Hirvonen,R. andMoritz, H. (1963): Practicalcomputationof gravity at high altitudes,Institute of GeodesyPho-
togrammetryandCartographyOhio StateUniversity, ReportNo. 27, Ohio 1963.

Hofman-Wellenhof,B., Lichtenagyger, H. and Collins, J. (1994): Global PositioningSystem: Theoryand practice,
SpringerVerlag,Wien 1994.

Horaud, R., Conio, B. and Leboulleux, O. (1989): An Analytical Solution for the Perspectie 4-Point Problem,
Computeiision, GraphicsandImage Processingl7 (1989)33-44.

Hornoch,A. T. (1950): Uberdie Zurtickfuhrungder Methodeder kleinstenQuadrateauf dasPrinzip desarithmetis-
chenMittels, Osterr Zeitsdrift fiir Vermessungswes&8 (1950)13-18.

Ireland,K. andRosen,M. (1990): A classicalintroductionto modernnumbertheory, SpringerVerlag,New York
1990.

JacobiC. G.l. (1841): Deformationest proprietatiusdeterminantumCrelle’s Journafur die reineundangeavandte
Mathematik.Bd. 22,1841.

Kahmen H. andFaig, W. (1988): Surweying, Walterde Gruyter, Berlin 1988.

117



Killian, K. (1990): Der gefahrlicheOrt destiberbestimmtenaumlichenRiickwartseinschneiden®st.Zeitshrift fir
Vermessungswesemd Photaggrammetry78 (1990)1-12.

Klein, U. (1997): Analyseund Vergleich unterschiedlichemModelle der dreidimensionaleDGK, ReiheC, Heft Nr.
479.

Kleusbeg, A. (1994): Die direkte LosungdesraumlichenHyperbelschnittsZeitsdrift fir Vermessungswesdri9
(1994)188-192.

Kleusbeg, A. (1999): Analytical GPSnavigationsolution,Quovadisgeodesia... Festschriffor E. W. Grafarendon
theoccasiorof his 60thbirthday Eds.F. KrummandV. S. Schwarze ,ReportNr. 1999.6-1.

Koch, K. R. (1999): Parameterestimationand hypothesigestingin linear models,2nd Edition, SpringerVerlag,
Berlin-Heidelbeg 1999.

Krarup, T. (1982): Nonlinearadjustmenandcurvature,In. Forty yearsof thought,Delft, pp. 145-159,1982.

Krause,L. O. (1987): A direct solutionof GPS-Type Navigation equations]EEE Transactionson Aerospaceand
Electionic System23(1987)225-232.

Krishna,S.andManochaD. (1995): Numericalalgorithmsfor evaluatingone-dimensionahlgebraicsets,Proceed-
ings of the InternationalSymposiumon Symbolicand Algebraic ComputationSSAC, July 10-12,pp. 59-67,
Montreal,Canada1995.

Kubik, K. K. (1967): Iterative Methodenzur LésungedesnichtlinearenAusgleichungsprobleme&eitsarift fur
Vermessungswes&i (1967)145-159.

Kurz, S. (1996): Positionierungnittels Rickwartsschnitin drei Dimensionen StudienarbeitGeodatischemstitut,
University of Stuttgart Stuttgart1996.

Lapaine,M.(1990):“A new directsolutionof the transformatiorproblemof Cartesiarinto ellipsoidalcoordinates”.
Determinationof the geoid: Preseneaindfuture. Eds. R. H. RappandF. Sansopp. 395-404.SpringerVerlag,
New York 1990.

Leick, A. (1995): GPSsatellitesurveying, 2nd Edition, JohnWiley & Sons,New York 1995.

Lichtenegger, H. (1995): EinedirekteL6sungdesraumlichenBogenschnittsQstereichische Zeitsdrift fur Vermes-
sungund GeoinformatiorB3 (1995)224-226.

Lin, K. C. andWang,J. (1995): Transformatiorfrom geocentrido geodeticcoordinatesising Newton'’s iteration,
Bulletin Geodesiqué9 (1995)300-303.

Linnainmaa,S., Harwood, D. and Davis, L. S. (1988): PoseDeterminationof a Three-DimensionaDbjectUsing
TrianglePairs, IEEE transactionon patternanalysisand Machineintelligencel05(1988)634-647.

Lohse,P. (1990): DreidimensionaleRUckwartsschnitEin Algorithmuszur StreclenberechnunghneHauptachsen-
transformationZeitsarift fir Vermessungswesdri 5(1990)162-167.

Lohse,P. (1994): Ausgleichungsrechnurig nichtlinearerModellen,DGK, ReiheC, Heft Nr. 429.

Loskowski, P(1991): Is Newton's iterationfasterthan simple iterationfor transformatiorbetweengeocentricand
geodeticcoordinatesBulletin Geodesiqué5 (1991)14-17.

Lyubeznik,G. (1995): Minimal resultanisystem Journal of Algebra 177(1995)612-616.
MacaulayF. (1902):Onsomeformulaein elimination,Proceedingn LondonMathematicalSocietypp. 3-27,1902.

Macaulay F. (1916): The algebraictheory of modularsystemsCambridgeTractsin Mathematicsl9, Cambridge
University PressCambridgel916.

Macaulay F. (1921): Note on the resultantof a numberof polynomialsof the samedegree,Proceedingn London
MathematicalSociety21 (1921)14-21.

ManochaD. (1992): AlgebraicandNumerictechniquedor modelingandRobotics,Ph.D.thesis,ComputerScience
Division, Departmenbf ElectricalEngineerincandComputeiScienceJniversityof California,Berkeley 1992.

ManochaD. (1993): Efficient algorithmsfor multipolynomialresultantthe ComputerJournal 36 (1993)485-496.

118



Manocha,D. (1994a): Algorithms for computingselectedsolutionsof polynomial equations,Extendedabstract
appearingn theproceeding®f the ACM ISSAC 94.

ManochaD. (1994b):Computingselectedsolutionsof polynomialequationsProceedingsf the InternationalSyp-
mosiumon SymbolicandAlgebraicComputationdSSAC, July 20-22,pp.1-8,0xford 1994.

Manocha,D. (1994c): Solving systemsof polynomial equations,|EEE ComputerGraphicsand application,pp.
46-55,March1994.

Manocha,D. (1998): Numericalmethodsfor solving polynomial equations Proceedingf Symposian Applied
Mathematic$3 (1998)41-66.

ManochaD. andCanry, J.(1991): Efficienttechniquegor multipolynomialresultantalgorithms Proceedingsf the
InternationalSymposiunon SymbolicComputationsJuly 15-17,1991,pp. 86-95,Bonn1991.

Manocha,D. andCanry, J. (1992): Multipolynomial resultantandlinear algebra,Proceeding®f the International
Symposiunon SymbolicandAlgebraicComputationdSSAC, July 27-29,1992,pp. 158-167 Berkeley 1992.

Manocha,D. and Canry, J. (1993): Multipolynomial resultantalgorithms,Journal of SymbolicComputationsl5
(1993)99-122.

Mathar R. (1997): MultidimensionaleSkalierung B. G. Teubneerlag,Stuttgart1 997.

MathesA. (1998): GPSund GLONASSals Teil eineshybrid Mel3systemén dergeodasieam BeispieldesSystems
HIGGINS, DissertationenDGK, ReiheC, Nr. 500.

Mautz,R. (2001): Zur LésungnichtlinearerAusgleichungsproblenigei der Bestimmungvon Frequenzeim Zeitrei-
hen,DGK, ReiheC, Nr. 532.

Meissl, P. (1982): Leastsquaresadjustment. A modernapproachMitteilungender geodatischenstitut der Tech-
nischenUniversitatCraz,Folge43.

Merrit, E. L. (1949): Explicit Three-pointresectiorin spacePhot. Eng 15(1949)649-665.

Mittermayer E. (1972): A generalizatiorof leastsquaresadjustmenbf free networks, Bull. Geod.No. 104 (1972)
139-155.

Moller, H. M. (1998): Grébnetbasesandnumericaknalysis)n GroebnebasesandapplicationsEds.B. Buchbeger
andF. Winkler, Londonmathematicasocietylecturenoteseries251. Cambridgeuniversity press pp.159-177,
1998.

Morgan,A. P. (1992): Polynomialcontinuatiorandits relationshigto the symbolicreductionof polynomialsystems,
In SymbolicandNumericalComputationgor Artificial Intelligence pp. 23-45,1992.

Miiller, F. J. (1925): Direkte (Exakte) Losungendes einfachenRickwarscnittseinschneidens Raum. 1 Teil,
Zeitsdrift fir Vermessungswes@& (1925)249-255,265-272,349-353,365-370,569-580.

Mukherjee K.(1996): Rokustestimationin nonlinearregressiorvia minimumdistancemethod.Mathematicameth-
odsof statistics Vol 5, No. 1, Allerton PressInc., New York 1996.

Musyoka, S. M. (1999): Ein Modell fur ein vierdimensionalesntegriertesregionalesgeodatischedletz, Ph. D.
thesis,Departmentf GeodesyUniversity of Karlsruhe(InternetPublication),1999.

NicholsonW. K. (1999):Introductionto abstractlgebraSecond=dition, JohnWiley & SonsNew York-Chichester
weinheim-Brisbane-Singapot®99.

Okeke, F. 1. (1998): The curvilineardatumtransformatiormodel, DGK, ReiheC, Heft Nr. 481.
Ozone M. 1.(1985): Non-iterative solutionof the ¢ equationsSurve/ing and Mapping45 (1985)169-171.

Paul, M. K. (1973): A noteon computationof geodeticcoordinatesrom geocentrig(Cartesian)coordinatesBull.
Geod.No. 108(1973)135-139.

Pene, P.(1978): The transformationof rectangularcoordinatesnto geographicaby closedformulasGeo. Map.
Photq 20(1978)175-177.

PerelmuterA. (1979): Adjustmentof free networks,Bull. Geod.53 (1979)291-295.

119



Pick, M.(1985): Closedformulaefor transformatiorof Cartesiarcoordinatesnto a systemof geodeticcoordinates,
Studiageoph.etgeod.29(1985)653-666.

Pistone G. andWynn, H. P. (1996): Generalizedtonfoundingwith GrobnerbasesBiometrika83 (1996)112-119.

Pope,A. (1982): Two approacheso non-linearleastsquaresadjustmentsThe CanadianSurveyor 28 (1982)663-
669.

Rao,C. R. (1967): Leastsquaregheoryusingan estimatedlispersionmatrix andits applicationto measuremerdf
signals,Proceduref the Fifth Barkeley SymposiumBarkeley 1967.

Rao,C. R. (1971): Estimationof varianceand covariancecomponents MINQUE theory Journal of Multivariate
Analysisl (1971)257-275.

Rao,C. R. (1973): Representationf the bestlinear unbiasedestimatorsn the Gauss-Markv modelwith singular
dispersiommatrix, Journal of multivariateanalysis3 (1973)276-292.

Rao,C. R. (1978): Choiceof the bestlinearestimatorsn the Gauss-Markv modelwith singulardispersiormatrix,
Comm.Stat. TheoryMeth. A7 (13) (1978)1199-1208.

Rao,C. R. andKleffe, J.(1979): Varianceandcovariancecomponent&stimatiorandapplicationsTechnicalReport
No. 181,0hio StateUniversity, Dept. of Statistics Columhus,Ohio.

Richter, B. (1986): Entwurf einesnichtrelatvistischengeodatisch-astronomisch&gzugssystem$)GK, ReiheC,
Heft Nr. 322.

Rinner K (1962): Uberdie Genauigleit desraumlicherBogenschnittesZeitsdrift fir Vermessungsweséi (1962)
361-374.

Ritt, J.F. (1950): Differentialalgebra AMS colloquiumpublications.

Runge, C. (1900): GraphischeAusgleichungbeim Rickwétseinchneidereitsdrift fir Vermessungswesezd
(1900)581-588.

Saito,T. (1973): Thenon-lineareastsquare®f conditionequationsBull. Geod.110(1973)367-395.
Salmon,G. (1876): Lessondntroductoryto modernhigheralgebraHodges FosterandCo.,Dublin 1876.

Schafrin, B. (1983): Varianz-Kovarianz-Komporente-Schitzung bei der AusgleichungheterogenekViederhol-
ungsmessungeGK, ReiheC, Heft Nr.282.

Schek,H. J. andMaier, P. (1976): NichtlineareNormalgleichungerzur Bestimmungder Unbekannterund deren
KovarianzmatrixZeitsarift fir Vermessungswesdf1 (1976)140-159.

Schénemannk. H. (1996): Generalizedsolution of the orthogonalProcrustegroblem, Psyhometrika31 (1996)
1-10.

Schwarze,V. S.(1995): Satellitengeodatischeositionierungn derrelativistischenRaum-Zeit DGK, ReiheC, Heft
Nr.449.

Shut, G. H. (1958/59): Constructionof orthogonalmatricesand their applicationin analytical Photogrammetrie,
PhotagyrammetriaXV (1958/59)149-162.

Singer P, Strobel,D,. Hordt, R., Bahndorf,J. and Linkwitz, K. (1993): Direkte L6sungdesréaiumlichenBogen-
schnitts Zeitsarift fir Vermessungsweséri 8(1993)20-24.

Sjébeg, L. E.(1999): An efficient iterative solution to transformrectangulargeocentriccoordinateso geodetic
coordinatesZeitsdrift fir Vermessungswesdi24 (1999)295-297.

Soler T. andHothem,L. D. (1989): Importantparametersisedin geodetictransformationsJournal of Surveying
Engineeringl15(1989)414-417.

Strang,G. andBorre,K. (1997): Linear Algebra,GeodesyandGPS Wellesley CambridgePressWellesley 1997.
Sturmfels B. (1994): Multigradedresultaniof Sylvestertype,Journal of Algebra 163(1994)115-127.

Sturmfels,B. (1996): Grobnerbasesandcorvex polytopes AmericanMathematicalSociety Providencel996.

120



Sturmfels B. (1998): Introductionto resultantsProceeding®f Symposian AppliedMathematic$3 (1998)25-39.

Siinkel, H.(1999):Ein nicht-iteratvesVerfahrenzur TransformatiorgeodatischeKoordinatenOster Zeitsdrift fiir
Vermessungsweséd (1999)29-33.

TeunissenP. J. G (1990): NonlinearleastsquaresManuscriptaGeodaetical 5 (1990) 137-150.

TeunissenP. J. G andKnickmeyer, E. H. (1988): Non-linearityandleastsquaresCISM Journal ASCGCA42 (1988)
321-330.

ThompsonE. H. (1959a):A methodfor the constructiorof orthogonamatrices Photaggrammetrialll (1959)55-59.

ThompsonE. H. (1959b): An exactlinear solutionof the absoluteorientation. PhotggrammetriaXV (1959)163-
179.

Torge,W. (1991): Geodesy2nd Edition. Walterde Gruyter, Berlin 1991.
TrefethenL. N. andBau,D. (1997):Numericallinearalgebra SIAM, Philadelphia.
VanDerWaerdenB. L. (1950): ModernAlgebra,3rd Edition, F. UngarPublishingCo.,New York 1950.

Vanicek,P. andKrakiwsky, E. J. (1982): Geodesy The conceptsNorth-HollandPublishingCompaly, Amsterdam-
New York-Oxford1982.

Van Mierlo, J. (1988): Ruckwartschnitimit StreclerverhéaltnissenAlgemainVermessungsdlacrichten 95 (1988)
310-314.

Vasconcelosd). V. (1998): Computationamethodsn commutatvealgebraandalgebraiggeometrySpringerVerlag,
Berlin-Heidelbeg 1998.

Vincenty T. (1978): VergleichzweierVerfahrenzur Berechnungler geodatischeBreite und Hoheausrechtwinkli-
genkoorninatenAllgemeinévermessungs-Nacichten85 (1978)269-270.

Vincenty T. (1980): Zur rAumlich-ellipsoidischefKoordinaten-Tfansformatio, Zeitsdrift fir Vermessungswesgen
105(1980)519-521.

Weiss,J.(1993): Resultanmethoddor theinversekinematicgproblem,ComputationaKinematics(Eds.)J. Angeles
etal., Kluwer AcademicPublishersNetherland€.993.

Wellisch, S. (1910): Theorieund Praxisder Ausgleichsrechnundd. II: ProblemederAusgleichsrechnund,910.

WerkmeisterP. (1916): Trigonometrisch@unktbestimmundurcheinfaches€inschneidemit Hilfe von Vertikalwinkeln,
Zeitsdrift fir Vermessungswesd (1916)248-251.

WerkmeisterP. (1920): Uberdie GenauigleittrigonometrischePunktbestimmungeZeitsarift fir Vermessungswe-
send9(1920)401-412,433-456

Werner D. (1913): Punktbestimmunglurch VertikawinkelmessungZeitsdrift fir Vermessungsweset? (1913)
241-253.

Winkler, F. (1996): A polynomialalgorithmin computeralgebra SpringerVerlag,Wien 1996.

Wu, W. (1984): On the decisionproblemandmechanizatiorof the theoremproving elementarygeometry Scientia
Sinica21 (1984)150-172.

You, R. J.(2000):Transformatiorof Cartesiarto geodeticcoordinatesvithoutiterations Journal of Surveiing Engi-
neering126(2000)1-7.

Zaiser J.(1986):BegrindungBeobachtungsgleichungendErgebnisséir dreidimensionalegeometrisch-physikalishes
Modell der GeodasieZeitsdrift fir Vermessungswesdri1(1986)190-196.

Zhang,S.(1994): AnwendungderDrehmatrixin HamiltonnormiertenQuaternioneneheiderBindelblockAusgle-
ichung,Zeitsdrift fir Vermessungsweséni 9(1994)203-211.

Zippel, R.(1993):Effective polynomialcomputationKluwer AcademicPublicationsBoston1993.

121



