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Abstract

Thealgebraictechniquesof GröbnerbasesandMultipolynomialresultantsarepresentedasefficient algebraictools
for solvingexplicitly thenonlineargeodeticproblems.In particular, thesealgebraictoolsareusedto providesymbolic
solutionsto theproblemsof GPSpseudo-rangingfour-point P4P, MinimumDistanceMappingandthe threedimen-
sional resection.Thevariousforwardandbackwardsubstitutionstepsinherentin theclassicalclosedform solutions
for theseselectedgeodeticproblemsareavoided. Similar to the Gausselimination techniquein linear systemsof
equations,the GröbnerbasesandMultipolynomialresultantseliminateseveralvariablesin a multivariatesystemof
nonlinearequationsin suchamannerthattheendproductnormallyconsistsof univariatepolynomialequationswhose
rootscanbedeterminedby existingprogramssuchastherootscommandin MATLAB.

Thecapabilityof GröbnerbasesandMultipolynomialresultantsto solve explicitly nonlineargeodeticproblemsen-
ablesus to usethemas the computationalenginein the Gauss-Jacobi combinatorialalgorithm proposedby C. F.
Gauss(publishedposthumouslye.gAppendixA.4) andC. G. I. Jacobi (1841)to solve the nonlinearGauss-Markov
model. With the nonlineargeodeticobservation equationsconvertedinto algebraic(polynomial) form, the Gauss-
Jacobicombinatorialalgorithm is carriedout in two steps.

In thefirst stepall � combinationsof minimalsubsetsof theobservationequationsareformed,andthe � unknownsof
eachsubsetarerigorouslysolvedby meansof theGröbnerbasesandtheMultipolynomial resultants.The � solution
setscanberepresentedaspointsin an � -dimensionalspace

���
. In a secondstepthesolutionof theoverdetermined

Gauß-Markov-modelis constructedasweightedarithmeticmeanof those� solutionpoints.Herebytheweightsare
obtainedfrom the Error propagationlaw/variance-covariancepropagation.Using the developedGauss-Jacobi com-
binatorial algorithm, the overdeterminedthree-dimensionalresectionproblembasedon the testnetwork “Stuttgart
Central” is solved.

Thealgorithmsarefinally appliedsuccessfullyto two casestudies;transformingin a closedform geocentriccoordi-
natesto Gaussellipsoidalcoordinates(geodetic)andto obtainthesevendatumtransformationparametersfrom two
setsof coordinates.By meansof Gröbnerbasis, thescaleparameter(in thesevendatumtransformationparameters
problem)is shown to fulfill beaunivariatealgebraic equationof fourth order (quarticpolynomial)while therotation
parametersarefunctionsin scaleandthecoordinatesdifferences.

Zusammenfassung

Die MethodederGröbner-Basen(GB) undderMultipolynomialenResultante(MR ) wird alswirksamesalgebraisches
Hilfsmittel zur expliziten LösungnichtlinearergeodätischerProblemevorgestellt. Insbesonderewird dieseMeth-
odedazubenutzt,um dasVierpunkt-pseudo-ranging-ProblembeimGPS, dasProblemdesminimalenAbstandseines
vorgegebenenPunkteszu einer gekrümmtenFläche sowie dasProblemdesdreidimensionalenRückwärtsschnittes
analytischzu lösen. Die verschiedenenSchritteder Vorwärts-und Rückwärts-Einsetzung,die bei denklassischen
geschlossenenLösungendieserausgewähltenProblemeunumgänglichsind, werdendabeivermieden.In ähnlicher
Weise wie bei der Gauß’schenElimination bei linearenGleichungssystemenwerdendurch die Methodeder GB
und der MR die VariableneinesmultivariatennichtlinearenGleichungssystemsso eliminiert, dasseine univariate
GleichunghöhererOrdnungentsteht,derenLösungsmengemit existierendenFormelmanipulationsprogrammenwie
MATLAB bestimmtwerdenkann.

Wir nutzendie GB undMR alsRechenhilfsmittelbei derLösungdesnichtlinearenGauß-Markov-Modellsmit Hilfe
deskombinatorischenGauß-Jacobi-Algorithmus, der von C.F. Gauß(posthumveröffentlicht, AnhangA.4) und von
C.G.I. Jacobi(1841)vorgeschlagenwurde. Sind die nichtlinearengeodätischenBeobachtungsgleichungenin alge-
braische(polynomiale)Form gebracht,wird derGauß-Jacobi-Algorithmusin zwei Schrittendurchgeführt.Im ersten
Schritt werdenalle � Kombinationenvon minimalenUntermengender Beobachtungsgleichungengebildet,daraus
werdenmit Hilfe von GB- undMR -Algorithmenjeweils strengdie � UnbekanntendesProblemsbestimmt.Die �
LösungsmengenkönnenalsPunktein einem � -dimensionalenRaum

���
dargestelltwerden.Im zweitenSchrittwird

dieLösungdesüberbestimmtenGauß-Markov-ModellsalsgewichtetesarithmetischesMittel dieser� Lösungspunkte
konstruiert. Dabeiergebensich die Gewichte ausdemFortpflanzungsgesetzder Varianzen/Kovarianzen.Mit Hilfe
dessoerweitertenkombinatorischenGauß-Jacobi-Algorithmuswird dasTestnetz“Stuttgart Stadtmitte”alsüberbes-
timmterRückwärtsschnittausgeglichen.

Die Algorithmenwerdenschließlichauf zwei Fallstudienerfolgreichangewandt:eswerdenzumeinengeozentrische
Koordinatenin geschlossenerFormin Gauß’scheellipsoidische(geodätische)Koordinatentransformiert,zumanderen
werdenauszwei entsprechendenKoordinaten-Datensätzen,diesichaufSystemeunterschiedlicherDatumsfestlegung
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beziehen,die siebenTransformationsparameterbestimmt.Mit Hilfe der GB wird gezeigt,dassbei demletztgenan-
ntenProblemder Maßstabsfaktor als eineunivariatesalgebraische Gleichungvierter Ordnungerfüllt, währenddie
RotationsparameterFunktionendesMaßstabsfaktorsundderKoordinatendifferenzensind.
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Chapter 1

Intr oduction

1-1 Statementof the problem

In Geodesy, PhotogrammetryandComputerVision,nonlinearequationsareoftenencounteredin severalapplications
asthey oftenrelatetheobservations(measurements)to theunknown parametersto bedetermined.In casethenumber
of observations � andthenumberof unknowns � areequal( �d* � ), theunknown parametersmaybeobtainedby
solvingexplicitly or in a closedform the systemof equationsrelatingobservationsto theunknown parameters.For
example,D. Coxet al. (1998,pp.28-32)hasillustratedthat for systemsof equationswith exactsolution,thesystem
becomevulnerableto smallerrorsintroducedduringroot findingsandin caseof extendingthepartialsolutionto the
completesolutionof the system,the errorsmay accumulateand thusbecomeso large. If the partial solutionwas
derivedby iterative procedures,thentheerrorsincurredduringtheroot-findingmayblow up duringtheextensionof
thepartialsolutionto thecompletesolution(backsubstitution).

In someapplications,symbolic ratherthan numericalsolution are desired. In suchcases,explicit proceduresare
usuallyemployed. Theresultingsymbolicexpressionsoftenconsistsof univariatepolynomialsrelatingtheunknown
parameters(unknownvariables)to theknownvariables(observations).By insertingknownvaluesinto theseunivariate
polynomials,numericalsolutionsarereadily computedfor the unknown variables.Advantagesof explicit solutions
have beenlistedby E. L. Merritt (1949)as;provisionof satisfactionto theusers (PhotogrammetristandMathemati-
cians)of themethods, provisionof data tools for checking the iterativemethods, desiredby Geodesistwhosetaskof
control densificationdoesnot favor iterativeprocedures, provisionof solaceandtherequirementof explicit solutions
ratherthaniterativebysomeapplications. In Geodesyfor example,theMinimumDistanceMappingproblemconsid-
eredby E. GrafarendandP. Lohse(1991)relatesa point on theEarth’s topographicalsurfaceuniquely(one-to-one)
to a point on the InternationalReferenceEllipsoid. The solutionof suchan optimizationproblemrequiresthat the
equationsbesolvedexplicitly.

The draw backthat wasexperiencedwith explicit solutionswasthat they werelike rarejewel. The reasonfor this
waspartly becausethemethodsrequiredextensivecomputationsfor theresultsto beobtainedandpartly becausethe
resultingsymbolicexpressionsweretoo largeandrequiredcomputerswith largestoragecapacity. Until recently, the
computersthatwereavailablecouldhardly handlelarge computationsdueto lack of fasterCentralProcessingUnit
(CPU), shortageof RandomAccessMemory (RAM) and limited harddisk spacefor storage. The other setback
experiencedby the explicit procedureswas that someof the methods,especiallythosefrom algebraicfields, were
formulatedbasedontheoreticalconceptsthatwerehardto realizeor comprehendwithout thehelpof computers.For a
longtime,thesesetbackshamperedprogressof theexplicit procedures.Theadvancesmadein computertechnologyin
recentyearshoweverhaschangedthetidesandled to improvementsin explicit computationalprocedureswhichhith-
ertoweredifficult to achieve. Apart from theimprovementsin existingcomputationalprocedures,new computational
techniquesarecontinouslybeingaddedto the increasinglist of computationalmethodswith an aim of optimizing
computationalspeedandefficiency. In thiscategoryarethealgebraicmethodsof GröbnerbasesandMultipolynomial
resultants.

Thepresentstudyexaminesthesuitability of algebraiccomputationaltechniquesof GröbnerbasesandMultipolyno-
mial resultantsin solvingexplicitly nonlinearsystemsof observationequationsthathavebeenconvertedinto algebraic
(polynomial)form in Geodesy. Thealgebraictechniquesof GröbnerbasesandSylvesterresultant(resultantof two
polynomials)for solving polynomialequationsin Geodesyhave beenmentionedandexamplesof their applications
to the two-dimensionalcasegiven in the work of P. Lohse(1994, pp.36-39,71-76). The presentstudy considers
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theGröbnerbasesandMultipolynomialresultants(resultantof morethantwo polynomials) in thesolutionof three-
dimensionalproblems.E. Grafarend(1989)hasalreadysuggestedtheuseof Gröbnerbasesapproachin solvingthe
perspectivecenterproblemin photogrammetry.

Otherthanrevolutionizingcomputationprocedures,theadvancesmadein computertechnologyhave alsoled to im-
provementin instrumentationfor dataacquisitionasexemplifiedin the caseof GPSpositioningsatellites.Sinceits
inceptionasa positioningtool, theGlobal PositioningSystem(GPS)-referredto by E. GrafarendandJ. Shan(1996)
astheGlobal ProblemSolver- hasrevolutionizedgeodeticpositioningtechniquesandmaintainedits supremacy asa
positioningtool. Theseimprovementson instrumentationfor dataacquisitionhave led to improveddatacollection
proceduresandincreasein accuracy. Lengthygeodeticproceduressuchastriangulationthat requireda lot of time,
intervisibility betweenstationsanda large manpower arerapidly beingreplacedby satellitepositioningtechniques
which requireshorterobservation periods,no intervisibility requirement,weatherindependentand lessmanpower
leadingto optimizationof time andmoney. Whereasimprovedinstrumentationis applauded,it comesa long with its
own difficulties.Oneof thedifficultiesis thata lot of datais collectedthanrequiredto determineunknown parameters
leadingto redundancies.In positioningwith GPSfor example,dueto its constellationthat offer a wider coverage,
morethanfour satellitescanbeobservedatany pointof theearth.In theminimalcase,only four satellitesarerequired
to fix the receiver positionandthe receiver clock biasassumingthat the transmitterclock biasandthe transmitter-
receiver biashave beenneglectedfor thepseudo-range typeof observations.More thanfour satellitesthereforelead
to superfluousobservations.In suchcases,where �de � , theexplicit solutionsgive way to optimizationprocedures
suchasleastsquaressolutionwhich work verywell for linear modelsunderspecifiedconditions.

In Geodesyhowever, the observation equationsarenormally nonlinear thusrequiring the useof nonlinearGauss-
Markov modelwhich is normallysolved eitherby first linearizing the observationequationsusingTaylor seriesex-
pansionto thesecondordertermsaboutapproximatevaluesof theunknownsthenapplyinglinearmodelsestimation
proceduresor by usingiterativeproceduressuchastheGauss-Newtonapproach.The linearizationapproach hasthe
disadvantagethat the linearizedapproximationof the nonlinearmodelsmay still suffer from nonlinearityandthus
resultingin theestimatesof suchmodelsbeingfar from therealestimatesof thenonlinearmodels. Thiscaneasilybe
checkedby re-substitutingtheestimatesfrom the linearizedmodelinto theoriginalnonlinearmodel.

For the iterativeprocedures,thegreatestundoingmaybetherequirementof theinitial approximatevaluesto startoff
theiterationswhichmaynotbeavailablefor someapplications.For simpermodels,theapproximateinitial valuesmay
becomputed,for othershowever, theapproximatevaluesmaybeimpossibleto compute.Apart from theproblemof
gettingtheinitial approximatevalues,therealsoexiststheproblemthatpoorchoiceof approximatevaluesmayleadto
lackof convergenceor if theapproximatevaluebefar from therealsolution,thena largenumberof iterationsmaybe
requiredto getcloseto therealsolutionthusrenderingthewholeprocedureto bequiteslow, especiallywheremultiple
rootsareavailable.For otherproceduressuchasthe7-parameterdatumtransformationthatrequireslinearizationand
iterativemethods,it is not feasibleto takeinto accountthestochasticityof bothsystemsinvolved.Clearly, aprocedure
for solving nonlinearGauss-Markov modelthat canavoid the requirementof initial approximatestartingvaluesfor
iterationandlinearizationapproachesandalsotake into considerationthestochasticityof thesystemsinvolvedis the
desireof moderndayGeodesistandPhotogrammetrist.

With this background,thepresentstudyaimsat answeringthefollowing questions:� For geodeticproblemsrequiringexplicit solutions,canthealgebraictoolsof GröbnerbasesandMultipolyno-
mial resultantsthathavefoundapplicationsin otherfieldssuchasRobotics(for kinematicmodellingof robots),
Visions,ComputerAided Design(CAD), Engineering(offset surfaceconstructionin solid modelling),Com-
puterScience(automatedtheoremproving) e.t.c. beusedto solve systemsof nonlinearobservationequations
of algebraic(polynomial)type?� Is thereany alternative for solving the nonlinear Gauss-Markov modelwithout resortingto linearization or
iterativeproceduresthatrequireapproximatestartingvalues?

To answerthefirst question,thepresentstudyusestheGröbnerbasesandMultipolynomialresultantsto solveexplic-
itly theproblemsof GPSfour-pointpseudo-ranging, MinimumDistanceMappingandthethreedimensionalresection.
The answerto the secondproblembecomesclearoncethe first questionhasbeenanswered.Shouldthe algebraic
techniquesof GröbnerbasesandMultipolynomialresultantsbesuccessfulin solvingexplicitly theselectedgeodetic
problems,thenthey areusedasthecomputationalengineof thecombinatorialalgorithm thatwasfirst suggestedby
C. F. Gauss(Publishedposthumouslye.g. in AppendixA.4) andlateron by C. G. I. Jacobi(1841)andextendedby P.
Werkmeister(1920).Wereferto thisalgorithmastheGauss-Jacobicombinatorialalgorithm. In attemptingto answer
thequestionsabove,theobjectivesof thepresentstudyareformulateas:
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(1) Analyzethe algebraiccomputationalproceduresof typeGröbnerbasesandMultipolynomialresultants
with the aim of establishingtheir suitability in solving explicitly (in closedform) geodeticnonlinear
problems. In this respect,theGröbnerbasesandMultipolynomialresultantstechniquesareusedto solve
explicitly (symbolically)geodeticproblemsof GPSpseudo-rangingfour-point P4P, MinimumDistance
Mappingandthethreedimensionalresection. By convertingthenonlinearobservationequationsof these
selectedgeodeticproblemsinto algebraic (polynomial), the studyaimsat usingthe Gröbnerbasesand
Multipolynomialresultantstechniquesto eliminateseveralvariablesin amultivariatesystemof nonlinear
polynomialequationsin suchamannerthattheendproductfrom theinitial systemof nonlinearobserva-
tion equationsnormallyconsistof a univariatepolynomial. The eliminationprocedureis similar to the
Gausseliminationapproachin linearsystems.

(2) From the principle of weightedarithmeticmeanandusingthe Gauss-Jacobi combinatoriallemma(C.
G. I. Jacobi 1841),develop an adjustmentprocedurethat neither linearizesthe nonlinearobservation
equationsnor usesiterative procedures to solve the nonlinearGauss-Markov model. Linearizationis
permittedonly for nonlinearerror propagation/variance-covariancepropagation. Suchprocedureis to
usetheunivariatepolynomialgeneratedby thealgebraiccomputationalproceduresof typeGröbnerbases
or Multipolynomialresultantsasthecomputingenginefor its minimalcombinatorialset.

(3) Testtheproceduresin solvingrealgeodeticproblemsof determiningthe7 transformationparametersand
transformingin a closedform the “geocentricCartesiancoordinates”to “Gaussellipsoidalcoordinates
(geodetic)”.

1-2 Solution of the problem

The currentknown techniquesfor solving nonlinearpolynomialequationscanbe classifiedinto symbolic, numeric
andgeometricmethods(D. Manocha 1994c).Symbolicmethods,which we considerin this studyfor solvingclosed
form geodeticproblems,applytheGröbnerbasesandtheMultipolynomialresultantstechniquesto eliminateseveral
variablesin a multivariatesystemof equationsin sucha mannerthat the end productoften consistof univariate
polynomialswhoseroots can be determinedby existing programssuchas the roots commandin MATLAB. The
currentavailableprogramshowever areefficient only for setsof low degreepolynomialsystemsconsistingof upto
threeto four polynomialsdueto thefactthatcomputingtherootsof theunivariatepolynomialscanbeill conditioned
for polynomialsof degreegreaterthan14 or 15 (D. Manocha1994c).

Elaborateliteratureon Gröbnerbasescanbefound in theworksof B. Buchberger (1965,1970),J. H. Davenportet
al. (1988,pp.95-103),F. Winkler (1996),D. Cox et al. (1997,pp.47-99),H. M. Möller (1998),W. V. Vasconcelos
(1998),T. Becker andV. Weispfenning(1993,1998),B. Sturmfels(1996),G. PistoneandH. P. Wynn (1996),D. A.
Cox (1998)andD. Cox et al.(1998,pp.1-50),while literatureon Multipolynomial resultantsprocedure includethe
worksof G. Salmon(1876),F. Macaulay(1902,1921),A. L. Dixon (1908), B. L. vanWaerden(1950),C. Bajaj et al.
(1988),J. F. Canny(1988),J. F. Cannyet al. (1989),I. M. Gelfandet al. (1990), J. Weiss(1993),D. Manocha (1992,
1993,1994a,b,c,1998),D. Manocha andJ. F. Canny(1991,1992,1993),I. M. Gelfandet al. (1994), G. Lyubeznik
(1995), S.KrishnaandD. Manocha (1995),J. Guckenheimeretal.(1997), B. Sturmfels(1994,1998),E. Cattanietal.
(1998)andD. Coxet al. (1998,pp.71-122).BesidestheGröbnerbasesandresultanttechniques, thereexistsanother
approachfor variableeliminationdevelopedby WU Wen Tsün(W. T. Wu 1984)using the ideasproposedby J. F.
Ritt (1950).Thisapproachis basedon Ritts characteristicsetconstructionandwassuccessfullyappliedto automated
geometrictheoremby Wu. This algorithmis referredby X. S.GaoandS.C. Chou(1990)astheRitt-Wu’s algorithm
(D. Manocha andF. Canny1993). C. L. ChengandJ. W. Van Ness(1999)have presentedpolynomialmeasurement
errormodels.

Numericmethodsfor solving polynomialscanbe groupedinto iterative andhomotopymethods.For homotopywe
referto A. P. Morgan(1992).Also in this categoryaregeometricmethodswhich have foundapplicationin curveand
surfaceintersectionwhoseconvergencearehoweversaidto beslow (D. Manocha 1994c).In general,for low degree
curveintersection,thealgebraicmethodshavebeenfoundto bethefastestin practice.In Sections(2-321)and(2-322)
of Chapter2, wepresentin a nutshell thetheoriesof GröbnerbasesandMultipolynomialresultants.

Theproblemof nonlinearadjustmentin Geodesyasin otherfieldscontinuesto attractmoreattentionfrom themodern
dayresearchersasevidencedin theworksof R.Mautz(2001)andL. Guolin (2000)whopresentsaprocedurethattests
usingtheF-distributionwhetheranonlinearmodelcanbelinearizedor not. Thesolutionto theminimizationproblem
of thenonlinearGauss-Markov modelunlike its linearcounterpartdoesnot have a directmethodfor solving it and
as such,always relies on the iterative proceduressuchas the Steepest-descentmethod,Newton’s methodand the
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Gauss-Newton’smethoddiscussedby P. Teunissen(1990).In particular, P. Teunissen(1990)recommendstheGauss-
Newton’s methodas it exploits the structureof the objective function (sumof squares)that is to be minimized. P.
TeunissenandE. H. Knickmeyer (1988)considersin a statisticalway how the nonlinearityof a function manifests
itself duringthevariousstagesof adjustment.E. GrafarendandB. Schaffrin (1989,1991)while extendingthework
of T. Krarup (1982)on nonlinearadjustmentwith respectto geometricinterpretationhave presentedthe necessary
andsufficientconditionsfor leastsquaresadjustmentof nonlinearGauss-Markov modelandprovidedthegeometrical
interpretationof theseconditions.

Othergeometricalapproachesincludetheworksof G. BlahaandR. P. Besette(1989)andK. Borre andS.Lauritzen
(1983)while nongeometricallytreatmentof nonlinearproblemshave beenpresentedby K. K. Kubik (1967),T. Saito
(1973),H. J. SchekandP. Maier (1976),A. Pope (1982)andH. G. Bähr (1988). A comprehensive review to the
iterativeproceduresfor solvingthenonlinearequationsis presentedin thework of P. Lohse(1994).M. Gulliksonand
I. Söderkvist(1995)havedevelopedalgorithmsfor fitting surfaceswhich havebeenexplicitly or implicitly definedto
somemeasuredpointswith negativeweightsbeingacceptableby thealgorithm.

Our approachin thepresentstudygoesbackto thework of C. F. Gauss(Publishedposthumouslye.g.AppendixA.4)
andC. G. I. Jacobi (1841). Within the framework of arithmeticmean,C. F. Gauss(Publishedposthumouslye.g.
AppendixA.4) andC. G. I. Jacobi (1841)suggestthatgiven � linear(ized)observationequationswith � unknowns�F�fe � �(�;g combinations,eachconsistingof � equationsbe solved for the unknown elementsand the weighted
arithmeticmeanbeappliedto getthefinal solution.WhereasC.F. Gauss(Publishedposthumouslye.g.AppendixA.4)
proposesweightingby usingtheproductsof thesquareof themeasureddistancesfrom theunknown point to known
pointsandthedistancesof thesideof theerror triangles,C. G. I. Jacobi(1841)proposedtheuseof thesquareof the
determinantsasweights. In tracingthemethodof leastsquaresto thearithmeticmean,A. T. Hornoch (1950)shows
that the weightedarithmeticmeanproposedby C. G. I. Jacobi (1841)leadsto the leastsquaressolutiononly if the
weightsusedaretheactualweightsandthepseudo-observationsformedby thecombinatorialpairsareuncorrelated.
Usinganumericalexample,S.Wellisch (1910,pp. 41-49)hasshown theresultsof leastsquaressolutionto beidentical
to thoseof theGauss-Jacobicombinatorialalgorithmonceproperweightingis applied.

P. Werkmeister(1920)illustratedthat for planarresectioncasewith threedirectionalobservationsfrom theunknown
point to threeknown stations,theareaof thetriangle(errorfigure)formedby theresultingthreecombinatorialcoordi-
natesof thenew point is proportionalto thedeterminantof thedispersionmatrixof thecoordinatesof thenew station.
In thepresentstudy, theseconceptsof thecombinatoriallinear adjustmentareextendedto nonlinearadjustment. In
chapter2, the linear andnonlinearGauss-Markov modelsare introducedin Section(2-1). Section(2-2) presents
andprovestheGauss-Jacobicombinatoriallemmawhich is requiredfor thesolutionof thenonlinearGauss-Markov
model. We illustrateusinga leveling network andplanarrangingproblemthat theresultsof Gauss-Jacobicombina-
torial algorithm areidentical to thoseof linear Gauss-Markov modelif the actualvariance-covariancematricesare
used.

To test the algebraiccomputationaltools of GröbnerbasesandMultipolynomial resultantspresentedin Chapter2,
geodeticproblemsof threedimensionalresection, MinimumDistanceMappingandGPSpseudo-rangingfour-point
P4P have beenusedin Chapter3. In general,the searchtowardsthe solution of the three-dimensionalresection
problemtracesits origin to the work of a GermanmathematicianJ. A. Grunert (1841)whosepublicationappeared
in the year1841. J. A. Grunert (1841)solvedthe threedimensionalresectionproblem-whatwasthenknown asthe
“Pothenot’s” problem-in aclosedformbysolvinganalgebraicequationof degreefour. Theproblemhadhithertobeen
solvedby iterative meansmainly in PhotogrammetryandComputerVision. Proceduresdevelopedlater for solving
the three-dimensionalresectionproblemrevolvedaroundthe improvementsof the approachof J. A. Grunert (1841)
with the aim of searchingfor the optimal meansof distancesdetermination.WhereasJ. A. Grunert (1841)solves
theproblemby substitutionapproachin threesteps,the morerecentdesirehasbeento solve the distanceequations
in lesserstepsasexemplifiedin the worksof S.FinsterwalderandW. Scheufele(1937),E. L. Merritt (1949),M. A.
Fischler andR. C. Bolles(1981),S.Linnainmaaet al. (1988)andE. Grafarend,P. LohseandB. Schaffrin (1989).
Otherresearchdoneon the subjectof resectionincludethe worksof F. J. Müller (1925),E. GrafarendandJ. Kunz
(1965), R.Horaudet al. (1989),P. Lohse(1990),andE. GrafarendandJ. Shan(1997a,1997b).An extensive review
of someof theproceduresabovearepresentedby F. J. Müller (1925)andR.M. Haralick etal. (1991,1994).

R. M. Haralick et al. (1994)reviewedthe performanceof six direct solutions(J. A. Grunert 1841,S.Finsterwalder
andW. Scheufele1937,E. L. Merritt 1949,M. A. Fischler andR. C. Bolles1981,Linnainmaaet al. 1988,andE.
Grafarend,P. LohseandB. Schaffrin 1989)with theaim of evaluatingthenumericalstability of thesolutionsandthe
effectof permutationwithin thevarioussolutions.All thesix approachesfollow theoutlineadoptedby J. A. Grunert
(1841)with themajordifferencesbeingthechangein variables,thereductionof thesevariables,andthecombination
of differentpairsof equations.The studyrevealedthat the higher the orderof the polynomials,the morecomplex
thecomputationsbecameandthusthe lessaccuratethesolutionswereduenumericalinstabilities.Consequently, S.
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Finsterwalder’s (SF)procedurewhich solvesa third orderpolynomialis rankedfirst, J.A Grunert(JG),Fischlerand
Bolles (FB), andGrafarendet al. (GLS) solutionsareranked second,Linnainmaaet al. solutionwhich generates
an eighthorderpolynomialis ranked third. Thoughit doesnot solve the eightorderpolynomial,the complexity of
the polynomialis still found to be higherthanthoseof the otherprocedures.An amazingresult is that of Merritt’s
procedurewhich is rankedlastdespitethefactthatit is a fourthorderpolynomialandis similar to Grunert’sapproach
except for the pairs of equationsused. R. M. Haralick et al. (1994) attributesthe poor performanceof Merritt’s
procedureto the conversionprocedureadoptedby E. L Merritt (1949)in reducingthe equationsfrom forth to third
order. For planarresectionproblem,solutionshave beenproposede.g. by D. Werner (1913),G. Brandstätter(1974)
andJ. vanMierlo (1988).

In Sections(3-21),wepresenta solutionof thethree-dimensionalresectionproblemby solvingtheGrunertdistances
equationsusing Gröbner basesand Multipolynomial resultantstechniques.The resulting fourth order univariate
polynomialis solvedfor theunknown distanceandtheadmissiblesolutionsubstitutedin otherelementsof Gröbner
basisto determinethe remainingtwo distances.Oncewe have obtainedthe spatialdistances,the position is com-
putedusingany of the four approachesof the three-dimensionalrangingproblem(“Bogenschnitt”);Gröbnerbasis,
Multipolynomial resultants, eliminationby substitutionandeliminationusingmatrix approach.For the orientation
stepwhich concludesthesolutionof thethree-dimensionalresectionproblem,we refer to theworksof J. L. Awange
(1999)andE. GrafarendandJ. L. Awange (2000)who solvedthethreedimensionalorientationproblemby usingthe
simpleProcrustesalgorithm. HerethesimpleProcrustesproblemor partialProcrustesproblem,a specialcaseof the
generalProcrustesproblem,is understoodto meanthe fit of the rotationmatrix which transformsa setof Cartesian
coordinatesinto anothersetof Cartesiancoordinates.ThegeneralProcrustesproblemincludesbesidestherotational
elementsalsotranslation,dilatationandreflection.A list of referencesis I. Borg andP. Groenen(1997),F. B. Brokken
(1983),T. F. CoxandM. A. Cox(1994),F. Crosilla (1983a,1983b),B. Green(1952),M. Gullikson(1995a,1995b),S.
Kurz (1996),R.Mathar (1997),P. H. Schönemann(1996),L. N. TrefethenandD. Bau(1997),andI. L. Dryden(1998).

In orderto relatea point on the Earth’s topographicalsurfaceuniquely(one-to-one)to a point on the International
ReferenceEllipsoid, E. GrafarendandP. Lohse(1991)have proposedthe useof the MinimumDistanceMapping.
Otherproceduresthathavebeenproposedareeitheriterative,approximate“closed”,closedor higherorderequations.
Iterative proceduresincludethe works of N. BartelmeandP. Meissl. (1975),W. Benning(1987),K. M. Borkowski
(1987,1989),N. Croceto(1993),A. Fitzgibbonet al. (1999),T. Fukushima(1999), W. Ganderet al. (1994),B. Heck
(1987),W. HeiskannenandH. Moritz (1976),R.HirvonenandH. Moritz (1963),P. Loskowski(1991),K. C. Lin and
J. Wang (1995),M. K. Paul (1973), L. E. Sjoeberg (1999),T. SolerandL. D. Hothem(1989), W. Torge (1976),T.
Vincenty(1978)andR.J. You (2000).

Approximate“closed” proceduresincludeB. R.Bowring (1976,1985),A. Fotiou (1998),B. Hofman-Wellenhofet al.
(1992),M. Pick (1985)andT. Vincenty(1980),while closedproceduresincludeW. Benning(1987),H. Fröhlich and
H. H. Hansen(1976),E. Grafarendet al. (1995)andM. Heikkinen(1982). Proceduresthat requiredthe solution
of higherorderequationsincludeM. Lapaine(1990),M. J. Ozone(1985),P. Penev (1978), H. Sünkel (1976),andP.
Vaniceck and E. Krakiwski (1982). In Section(3-22), the MinimumDistanceMappingproblemis solved usingthe
Gröbnerbasesapproach.A univariatepolynomialof fourth orderis obtainedtogetherwith 13 otherelementsof the
Gröbnerbasis. Theobtainedunivariatepolynomialandthelineartermsarecomparedto thoseof E. GrafarendandP.
Lohse(1991).OtherreferenceincludeE. GrafarendandW. Keller (1995)andMukherjee, K. (1996)

The GPSfour-point pseudo-rangingproblemis concernedwith the determinationof the coordinatesof a stationary
receiver togetherwith its rangebias.Severalclosedform procedureshavebeenput forwardfor obtainingclosedform
solutionof theproblem. Amongsttheproceduresincludethevectorialapproachasevidencedin the worksof L. O.
Krause(1987),J. S.Abel andJ. W. Chaffee(1991),P. Singer et al. (1993),J. W. ChaffeeandJ. S.Abel (1994), H.
Lichtenegger (1995)andA. Kleusberg (1994,1999). E. GrafarendandJ. Shan(1996)proposetwo approaches;one
approachis basedonaclosedform solutionof thenonlinearpseudo-rangingequationsin geocentriccoordinateswhile
theotherapproachsolvesthesameequationsin barycentriccoordinates.

S.C. Hanetal. (2001)havedevelopedanalgorithmfor veryaccurateabsolutepositioningthroughGlobalPositioning
System(GPS)satelliteclock estimationwhile S.Bancroft (1985)providesan algebraicclosedform solutionof the
overdeterminedGPSpseudo-rangingobservations. In Section(3-231)we solve usingGröbnerbasisandMultipoly-
nomialresultantsGPSfour-point pseudo-rangingproblem. Chapter3 endsby usingtheGauss-Jacobicombinatorial
algorithm in Section(3-232) to solve the overdeterminedGPSpoint pseudo-rangingproblem. The LPS andGPS
ReferenceFramesrelevantfor theseselectedgeodeticproblemshave beenconsideredin Section(3-1). For literature
on three-dimensionalpositioningmodels,wereferto E. W. Grafarend(1975),V. AshkenaziandS,Grist (1982),G. W.
Hein (1982a,1982b),J. Zaiser(1986),F. W. O. Aduol(1989),U. Klein (1997)andS.M. Musyoka1999).

Chapter4 extendsChapter3 by solvingthethree-dimensionalresectionproblembasedon thetestnetwork “Stuttgart
Central” . In Section(4-2), using the computedsymbolic solutionsobtainedin Section(3-21), the coordinatesof
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Dach K1 aredeterminedexplicitly. ThreestationsLiederhalle, Eduardpfeiffer andHaussmanstr. areused.In Section
(4-3) all the 7 network points are usedto determinethe coordinatesof Dach K1, thus leadingto the solution of
overdeterminedthree-dimensionalresectionproblem.

Overdeterminedplanarresectionproblemhasbeentreatedgraphicallyby E. Hammer(1896),C. Runge (1900),P.
Werkmeister(1916)andP. Werkmeister(1920). E. Gotthardt (1940,1974)dealtwith theoverdeterminedtwo dimen-
sionalresectionwheremorethanfour pointswereconsideredwith theaim of studyingthecritical configurationthat
would yield a solution.Thework waslater to beextendedby K. Killian (1990).A specialcaseof anoverdetermined
two-dimensionalresectionhasalsobeenconsideredby H. G. Bähr (1991)who usessix known stationsandproposes
the measuringof threehorizontalangleswhich arerelatedto the two unknown coordinatesby nonlinearequations.
By adoptingapproximatecoordinatesof theunknown point,aniterativeadjustmentprocedureis performedto getthe
improvedtwo-dimensionalcoordinatesof the unknown point. It shouldbe notedthat the procedureis basedon the
coordinatesystemof thesix known stations.K. Rinner(1962)hasalsocontributedto theproblemof overdetermined
two-dimensionalresection.

Oncewe have developedand testedthe algorithmsin Chapters2 to 4, Chapter5 considerstwo casestudies;the
conversionof thegeocentricGPSpointsfor theBaltic Sealevel Projectinto theGauss-Jacobiellipsoidalcoordinates
andthe determinationof the seven datumtransformationparameters.We have usedthe skew symmetricmatrix to
constructtheorthogonalmatrix hi[ in Chapter5. Otherapproacheshavebeenpresentedin G. H. Shut(1958/59)and
E.H. Thompson(1959a,b). Datumtransformationmodelshavebeendealtwith e.g.in E.Grafarend,F. Okeke(1998),
F. KrummandF. Okeke (1995), E. GrafarendandF. Okeke (1998)andE. GrafarendandR.Syffus(1998).

Chapter6 summarizesandconcludesthestudy.



Chapter 2

Nonlinear Adjustment

In thepresentChapter, wedepartfrom thetraditionaliterativeproceduresfor estimatingtheunknownfixedparameters
of thenonlinearGauss-Markov modelandpresenta combinatorialapproach that tracesits rootsbackto thework of
C. F. Gaussthatwaspublishedposthumously(AppendixA.4). C. F. Gaussfirst proposedthecombinatorialapproach
usingthe productsof squareddistances(from unknown point to known points)andthe squareof the perpendicular
distancesfrom thesidesof theerrortriangleto theunknownpointastheweights.Accordingto W. K. Nicholson(1999,
pp. 272-273),themottoin Gausssealread“pauca desmatura” meaningfew but ripe. Thisbelief ledC. F. Gaussnot
to publishmostof his importantcontributions. For instance,W. K. Nicholson(1999,pp. 272-273)writes “Although
notall hisresultswererecordedin thediary(many weresetdown only in lettersto friends),severalentrieswouldhave
eachgivenfameto theirauthorif published.Gaussnew aboutthequartenionsbeforeHamilton...”. Thecombinatorial
method,like many of his works,waslater to bepublishedafterhis death.Severalyearslater, themethodwasto be
developedfurtherby C. G. I. Jacobi (1841)who usedthesquareof thedeterminantsastheweightsin estimatingthe
unknown parametersfrom thearithmeticmean.P. Werkmeister(1920)laterestablishedtherelationshipbetweenthe
areaof theerrorfigureformedby thecombinatorialapproachandthestandarderrorof thedeterminedpoint. We will
referto thiscombinatorialapproach astheGauss-Jacobicombinatorialalgorithm.

First we defineboth the linear (both fixed and the randomeffect model) and nonlinear Gauss-Markov modelsin
section(2-1). While thesolutionof the linear Gauss-Markov modelby BestL inear Uniformly UnbiasedEstimator
(BLUUE) is straightforward, the solutionof the nonlinearGauss-Markov modelhasno straightforwardprocedure
owing to thenonlinearityof the injectivefunction(or mapfunction)thatmaps

��j
to
���

. We thereforeintroducein
Section(2-2) theGauss-Jacobicombinatorialalgorithmwhichweproposeto usein solvingnonlinearGauss-Markov
model.In Section(2-3),wedemonstratehow theprocedurecanbeusedto solve thenonlinearGauss-Markov model.

2-1 Linear and nonlinear Gauss-Markov models

Presentedin this Sectionareboth the linear andnonlinearGauss-Markov models. We startby the definitionof the
linear Gauss-Markov modelasfollows

Definition 2-0a (Speciallinear Gauss-Markov model):
Given a real �lkm, randomvector npo ��� of observations,a real � kd, vector qio ��j of unknown fixed
parametersovera real �rk � coefficientmatrix sto ���%u9j � areal �rkv� positive-definitedispersionmatrix wx�
thefunctionalmodel s"q�*zyv{2n}|O�$yv{2n+|�or~v�'s��(�#�_�9s�* � ��wp*i�r{�n&|O���_�;wf*z� (2-1)

is calledthea speciallinear Gauss-Markov modelwith full rank.

Theunknown vector q of fixedparametersin thespeciallinear Gauss-Markov model(2-1) is normallyestimatedby
BestL inear UniformlyUnbiasedEstimationBLUUE, definedin E. GrafarendandB. Schaffrin (1993,p. 93) as

Definition 2-0b ( BestL inear UniformlyUnbiasedEstimationBLUUE):
An � k�, vector �q"*��Xn���� is �mB�7�������y for q (BestL inear UniformlyUnbiasedEstimationrespectively

7
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the ���-BD����� � ) in (2-1) whenononehandit is uniformly unbiasedin thesenseofy"{ �q^| *zyv{L�Xn��l��|R*iqZ�^����������qro � j (2-2)

andontheotherhandin comparisonto all otherlinearuniformlyunbiasedestimatorsgivetheminimumvariance
andthereforetheminimummeanestimationerrorin thesenseof� �L�r{ �q1|R*zyv{�� �qvB�q;�#���'yv{ �qvB�q%��|R**�g 
 �RwP�z*p�3�=� 
 � *i�v� H¡ � (2-3)

where � is a real � k�� matrix and � an � k¢, vector.

Using(2-3) to estimatetheunknown fixedparametervector q in (2-1) leadsto�qx*`��s � w�£ Y s�� £ Y s � w"£ Y n (2-4)

with its regulardispersionmatrix �r{ �q1|¤*f�'s � w £ Y s�� £ Y 0 (2-5)

The dispersionmatrix (variance-covariancematrix) w is unknownand is obtainedby meansof estimatorsof type
MINQUE, BIQUUE or BIQE as in C. R. Rao (1967, 1971, 1973 and 1978), C. R. Rao and J. Kleffe (1979), B.
Schaffrin (1983),andE. Grafarend(1985).In theeventthat s � w £ Y s is not regular(i.e.s hasarankdeficiency), the
rankdeficiency canbeovercomeby proceduressuchasthosepresentedby E. Mittermayer(1972),E. Grafarendand
B. Schaffrin (1974),E. GrafarendandB. Schaffrin (1993,pp. 107-165), F. K. Brunner(1979),A. Peremulter(1979),
P. Meissl(1982),E. GrafarendandF. Sanso(1985)andK. R.Koch (1999,pp.181-197)amongothers.

Definition 2-1a ( Gauss-Markov modelwith randomeffects):
Themodel n�*�¥�¦v�S§9¨RB©¥�§/ªyv{�n&| *�¥�yv{�¦«|¬o ����r{�n&|R*z�r{2nD­`¥�¦«|��d¥��r{�¦®|L¥ � o ���%u9�¯ {2n�°2¦«| *�±¦«��y"{�¦«|O�$yv{2n&|O��w n £ ¥�¦ �(w ¦�² �C���³��´X�µ ) �A¶ ��¥ � �}*·�_�9¥¸*i�

(2-6)

with a real �mkm, randomvector npo ��� of observations,a real �?km, vector ¦ of unknown randomeffects
(“zufallseffekte”), a nonstochasticrealvaluedmatrix ¥¹o ���%u/º of rank �L�;¥¹*A� is calledtheGauss-Markov
modelwith randomeffects.

The �2kR, randomeffectvector¦ of themodel(2-6)canbepredictedby theBestL inearUniformlyUnbiasedPrediction
BLUUP definedby (E. GrafarendandB. Schaffrin 1993,p.304) as

Definition 2-1b ( BestL inear UniformlyUnbiasedPredictionBLUUP):
An �}kl, vector »¦ is calledh omogeniousBLUUP (BestL inear Uniformly UnbiasedPrediction)of ¦ in the
speciallinearGauss-Markov modelwith randomeffects(2-6) if
(1st) »¦ is ahomogeniouslinearform »¦�*��Xn (2-7)

anduniformly unbiasedin thesense yv{1»¦®|R*zyv{��¤n&| *�yv{�¦®| (2-8)

(2nd) in comparisonto all otherlinearuniformly unbiasedpredictorsgive theminimummeansquarepredictor
errorin thesenseof ¼½½½½¾

�2¿ÁÀXÂ�Ã�� 
 >@*>Ä*�yv{c��»¦xBD¦1�N��»¦�BD¦³�TÅÆ|R* � �L�r{1»¦xBD¦«| ** � �_� �r{2n}|�� Å � � �+�r{�¦C| ÇÇÇ È«É n 
 ¦1Ê�ËC± **p�3� Å � 
 w n �Syv{��2»¦�B¢¦1�3�2»¦�B¢¦1� Å |R*z�P� HÌ (2-9)

with MSPEsymbolizing“MeanSquarePredictorError” and � is a real ��k�� matrix .
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Using(2-9) to predicttheunknown randomparametervector ¦ in (2-6) leadsto»¦r*`�'¥ � w £ Yn ¥�� £ Y ¥ � w £ Yn n (2-10)

with its regulardispersionmatrix �r{1»¦®|R*`�'¥ � w�£ Yn ¥�� £ Y � (2-11)

if �r{�n&|R*z�r{2nD­f¥�¦®|��d¥��r{�¦«|L¥ � o ���%u9� exist.

Definition 2-2 (NonlinearGauss-Markov model):
Themodel

yv{2n}|R*·n�BD§�*�s��Íq%�N���r{�n&| *�w (2-12)

with a real �ikm, randomvector nÎo ��� of observations,a real � k·, vector q-o ��j of unknown fixed
parameters,�SkS, vector § of randomerrors(with zeromeananddispersionmatrix w ), s beingan injective
functionfrom anopendomaininto �+B dimensionalspace

��� � �ÐÏ �C� and y the“expectation”operatoris said
to bea nonlinearGauss-Markov model(E. GrafarendandB. Schaffrin 1989).

Thedifferencebetweenthe linear andnonlinearGauss-Markov modelsdefinedaboveliesontheinjectivefunction s .
In the linear Gauss-Markov model, s is linearandthussatisfiesthealgebraicaxiom

s���Ñ®Ò�Y}�SÓ³Ò 
 �&*zÑ�s���Ò�Y2�C�©Ó«s���Ò 
 �N��Ñ��#Ó©o � �#Ò�YL�#Ò 
 o � j � (2-13)

with the � -dimensionalmanifoldtracedby s��T0Ä� for varyingvaluesof q beingflat. For thenonlinearGauss-Markov
modelontheotherhand,s��T0Ä� is anonlinearvectorfunctionthatmaps

��j
to
���

tracingan � -dimensionalmanifold
thatis curved.

In Geodesy, many nonlinearfunctionsarenormallyassumedto bemoderatelynonlinearthuspermittinglinearization
by Taylor seriesexpansionandthenapplyingthe linear modelsto estimatethe unknown fixed parameters(e.g. K.
R. Koch 1999,pp.155-156).Whereasthis may often hold, the effect of the nonlinearityof the modelsmay still be
significanton theoutcomeandassuch,werevert in thenext Sectionto theGauss-Jacobicombinatorialalgorithm.

2-2 The Gauss-Jacobicombinatorial algorithm

In this Sectionwe presenttheGauss-Jacobicombinatorialalgorithmwhich is neitheriterativenor requireslineariza-
tion of thenonlinearobservationequationsfor thesolutionof nonlinearGauss-Markov model.Linearizationis per-
mittedonly for thenonlinearerror propagation/variance-covariancepropagation in orderto generatethedispersion
matrixn (i.e. the secondmoments). We start by statingthe Gauss-Jacobi combinatorial lemmain Box (2-1) and
refer to S. Wellisch (1910,pp. 46-47)andT. Hornoch (1950) for the proof that the resultsareequivalentto those
of leastsquaressolution. The levelling network is presentedto illustratethe Gauss-Jacobi combinatorialapproach.
We concludethe Sectionby Theorem(2-1) which allows the applicability of the Gauss-Jacobi combinatorialalgo-
rithm in solvingnonlinearGeodeticobservationequationsoncethey havebeenconvertedinto algebraic (polynomial)
equations.

We statetheC. F. GaussandC. G. I Jacobi(1841)combinatoriallemmaasfollows:
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Box 2-1 (Lemma2-1: Gauss-Jacobicombinatorial):
For � algebraicobservationequationsin � unknowns� Y ]v�dÔ Y a=B¢a Y *�Õ� 
 ]v�dÔ 
 a=B¢a 
 *�Õ� [ ]v�dÔ [ a=B¢a [ *�Õ0302030 (2-14)

for thedeterminationof thecoordinates] and a of theunknownpoint � , aO!�Ö )}o�{O,���./�2030302�#��| beingtheobservableand��!#�$Ô(!$Ö )�o�{c,��$.9�3020303����| beingtheelementsof thedesignmatrix stor~P� �%u/j thereexist no setof solution {�]C�#a×| from
any combinatorialpair in theequationsabove thatsatisfytheentiresystemof equations.This is becausethesolution
obtainedfrom eachcombinatorialpair of equationsdiffersfrom theothersdueto theunavoidablerandommeasuring
errors. If the solutionsfrom the pair of the combinatorialequationsaredesignated]1Y 
 
 �#] 
 
 [��³03020 and acY 
 
 �#a 
 
 [_�102030
with thesubscriptindicatingthecombinatorials,thenthecombinedsolutionis thesumof theweightedarithmeticmeanØÙ ÚÛ]�* �^Y 
 
 ]^Y 
 
 ��� 
 
 [N] 
 
 [��z0302030� Y 
 
 ��� 
 
 [ �i0203020 �/av* �^Y 
 
 acY 
 
 ��� 
 
 [Na 
 
 [}�i0203020� Y 
 
 ��� 
 
 [ �i0203030 (2-15)

with � Y 
 
 �'� 
 
 [ �102030 beingtheweightsof thecombinatorialsolutionsgivenby thesquareof thedeterminantsas� Y 
 
 *`�'� Y Ô 
 BD� 
 Ô Y � 
� 
 
 [X*`�'� 
 Ô([ZBD��[2Ô 
 � 
0302030 (2-16)

Theresults(2-15)coincideswith thecenterof theerrorfigure(seeFigure in AppendixA.4 for �¢*QÜ ) formedby the
coordinatesof thecombinatorialsolutionsandareidenticalto thoseof leastsquaressolutionfor linear observation
equations.

We illustratetheGauss-Jacobicombinatorialapproach usingthelevelling network below.

Levelling network: Considera levelling network with four-pointsin Figure (2.1)below.

Ý�Þ Ý ß

Ý à

á Þ

á ß á à
ÝXâá â

á%ã
á×ä

Figure2.1: Levelling Network

Let theheightof point � Y begivenas å Y andthoseof � 
 and � [ besought.We haveæ Ü .dç * Ü;è.9è �'Ü¬BD.O�(è *�Ü
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numberof combinatorialroutesthatcanbeusedto obtaintheheightsof points � 
 and �«[ . Thesearelevelling routes�+Y�B©� 
 B©�®\XB©��YL�_� 
 B¢�«[XBD�C\ B¢� 
 � and �®[¤B¢�+Y�B©�C\¤BD�«[_0 Thesecombinatorialssumup to theoutsideloop
of thenetwork ��Y?B¢� 
 BD�®[ZBD�+YL0 Theobservationequationsarewrittenas] 
 B©å Y *ia Y] [ B©å Y *ia 
] [ B¢] 
 *ia [] \ B©å Y *ia \] \ B¢] 
 *ia�é] \ B¢] [ *ia�ê (2-17)

which canbeexpressedin theform of thespeciallinear Gauss-Markov model(2-1) in page(7) as

y
ëììììììí ììììììî
¼½½½½½½¾
acY+�lå×Ya 
 �lå×Ya�[a_\��lå×Ya éa�ê

ïñððððððò
ó ììììììôììììììõ *

¼½½½½½½¾
, Õ ÕÕ , ÕB�, , ÕÕ Õ ,B�, Õ ,Õ B�,ö,

ïñððððððò
¼¾ ] 
]%[];\

ïò � (2-18)

where a�Y��#a 
 �302030203�#a ê are the observed heightdifferences,] 
 �#]%[��#]%\ are the unknown heightsof points � 
 ���«[_���®\
respectively. Let thedispersionmatrix �r{2n}|P*pw bechosensuchthat thecorrelationmatrix is unit (i.e.w÷*fø×[P*w�£ Y ���_ù3) � )Uú�ûZB µ ûL�×)U�1) � ûc���L�%wv£ Y *zÜ�*z� ), thedecompositionmatrix ü andthenormalequationmatrix s � w�£ Y s
begivenrespectively by

ü8*
¼½½½½½½¾

a Y �då Y Õ ÕÕ Õ a 
 �lå YÕ a [ ÕB��Fa \ �lå Y � Õ a 
 �lå Ya�é BZa�é ÕÕ aOê BZaOê
ïñððððððò ��s � w £ Y sý* ¼¾ Ü B�,öB�,B�, Ü B�,B�,öB�, Ü ïò 0 (2-19)

We computetheheightsof points � 
 and � [ usingthecombinatorialprocedureasfollows:

1st,2nd and 3nd Combinatorials (levelling alongroutes:�L� ² � ûc�#,��?>@*i�+Y�Br� 
 Br�C\�B��+YL���L� ² � û���.���>@*z� 
 Bþ�®[&B�C\XBD� 
 and �L� ² � û���ÜO��>@*��®[ZBD�+Y�B¢�®\XBD�®[ ):
(2-19)and(2-4) leadsto thepartialsolutions

�q;ÿ��������	� Y�
 * Y

¼½½½½½½½½¾
acY&� å×Y. B a é. B a_\.a Y. B a \.a Y. B å Y. � a�é. B¢a_\

ïñððððððððò � �q;ÿ	�������	� 
 
 * Y

¼½½½½½½½¾
a é. B aO[.a [. B aOê.aOê. B aOé.

ïñðððððððò
�q;ÿ��������	� [�
 * Y


¼½½½½½½½½¾
a_\. B a 
.a_\. � a ê. B å×Y. B�a 
å^Y. B a 
. B a ê. �©a \

ïñððððððððò

ó ììììììììììììììììììììììììôììììììììììììììììììììììììõ
(2-20)

Theheightsof thestations] 
 ��]%[��#];\ would thenbegivenby thesummationof thecombinatorialsolutions

�q º * �q
��� £ ��� £ ��� £ ���+� �q
��� £ ��� £ ��� £ ����� �q���� £ ��� £ ��� £ ���¤* Y

¼½½½½½½½½¾
a Y � å Y. B a [. B a 
.a Y. � a [. B å Y. B�a 
a Y. B a 
.

ïñððððððððò 0 (2-21)
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Levelling alongroute �+Y�B¢� 
 BD�®[XB¢�+Y ) andwith (2-4) wehave

�q
��� £ ��� £ ��� £ ���Z*f�'s � w�£ Y sx� £ Y s � w�£ Y
¼½½½½½½¾

a�Y&�då^YB��Fa 
 �lå Y �a [ÕÕÕ
ïñððððððò * Y


¼½½½½½½½½¾
a Y � å Y. B a [. B a 
.a Y. � a [. B å Y. B¢a 
acY. B a 
.

ï ððððððððò � (2-22)

whichareidenticalto theGauss-Jacobicombinatorialsolutionin (2-21) �"0
Having statedandillustratedusinga levelling examplethe Gauss-Jacobicombinatoriallemmafor linearequations,
westatebelow thetheoremthatallows thesolutionof nonlinearequationsin Geodesy.

Box 2-2 (Theorem2-1):
Givenalgebraic(polynomial)observationalequations( � observations,where � is the dimensionof the observation

space� ) of order � in � variables(unknowns) ( � is the dimensionof the parameterspace� ), the applicationof
leastsquaressolution(LESS)to thealgebraicobservationequationsgives ��._�;BS,�� astheorderof thesetof nonlinear
algebraic normalequations. Thereexists � normalequationsof thepolynomialorder ��._�^Bm,�� to besolved.
Proof: Givennonlinearalgebraicequations�L!�oþ�×{2Ò Y �³030203��Ò j | expressedas¼½½½½½½¾

� Y o��×{2Ò Y �1030203�#Ò j |� 
 o��×{2Ò�YL�1030203�#Ò j |000� � oþ�×{�Ò�Y��³020302�#Ò j |O0 (2-23)

andtheorderconsideredas � , wewrite theobjective functionto beminimizedas�3�+� 
 *�� 
Y �z0302030®�l� 
� Ö��1� ! oþ�×{�Ò�Y��³020302�#Ò j | (2-24)

andobtainthepartialderivatives(first derivatives)of (2-24)with respectto theunknown variables{2Ò Y �1030203��Ò j | . The
orderof (2-24) which is � 
 thenreducesto ��._��B-,�� upondifferentiatingthe objective function with respectto the
variablesÒ Y �1030203�#Ò j 0 Thusresultingin � normalequationsof thepolynomialorder �'.��^Bl,�� .
Example(pseudo-ranging):

For pseudo-rangingor distanceequations,the orderof the polynomialsin the algebraicobservationalequationsis�¤*t. . If we take the “pseudo-rangessquared”or “distancessquared”,a necessaryprocedurein orderto make the
observationalequations“algebraic”or “polynomial”, andimplementLESS,theobjective functionwhich is of order�³*�� reducesby oneto order �³*�Ü upondifferentiatingonce.Thenormalequationsareof order �³*�Ü asexpected.�

Thesignificanceof thetheoremaboveis thatby usingtheGauss-Jacobicombinatorialapproach to solvethenonlinear
Gauss-Markov model, all observation equationsof geodeticinterestare successfullyconvertedto “alg ebraic” or
“polynomial” equations.

2-3 Solution of nonlinear Gauss-Markov model

Having presentedand proved the Gauss-Jacobi combinatorial lemmausing simple linear levelling and linearized
rangingexamples,weproceedto solve thenonlinearGauss-Markov modelin two steps:� Step1: Combinatorialminimal subsetsof observationsareconstructedandrigorouslysolvedby meansof the

Multipolynomialresultantor Groebnerbasis(J. L. AwangeandE. Grafarend2001).



2-3. SOLUTION OF NONLINEAR GAUSS-MARKOV MODEL 13� Step2: The combinatorialsolutionpointsof step1 arereducedto their final adjustedvaluesby meansof an
adjustmentprocedurewheretheBestL inearUniformly UnbiasedEstimator(BLUUE) is usedto estimatethe
vectorof fixedparameterswithin the linearGauss-Markov modelwith thedispersionmatrix of therealvalued
randomvector of pseudo-observationsfrom Step1 generatedvia the nonlinear error propagation law also
known in thiscaseasthenonlinearvariance-covariancepropagation.

2-31 Construction of the minimal combinatorial subsets

Since �de � we constructtheminimal combinatorialsubsetscomprising� equationssolvablein closedform using
eitherGröbnerbasesor Multipolynomialresultantswhich we presentin Section(2-32). We begin by the following
elementarydefinitions:

Definition 2-3 (Permutation):
Givena set � with elements{�)����O�$�×|�o � , thearrangementobtainedby placing {2)��!�����×|�o � in somesequence
is calledpermutation. If we chooseany of theelementssay ) first, theneachof theremainingelements�O�$� can
beput in thesecondposition,while thethird positionis occupiedby theunusedlettereither � or � . For theset� , thefollowing permutationscanbemade: " )#��� )Æ���$�O)Æ�����) ��)#� �%�O) (2-25)

From(2-25) thereexist threewaysof filling thefirst position,two waysof filling thesecondpositionandone
way of filling thethird position.Thusthenumberof permutationsis givenby Ü�kr.vk¢,¬*�: . In general,for �
differentelements,thenumberof permutationis equalto �Dk�02030ZkrÜvkr.Pk¢,¤*i�+è

Definition 2-4 (Combination):
If for � elementsonly � elementsareusedfor thepermutation,thenwe have a combinationof the � th order.
If we follow thedefinitionabove, thenthefirst positioncanbefilled in � ways,thesecondin ��Bi, waysand
the � th in ��B·� � Bl,�� ways.In (2-25)abovethecombinationsareidenticalandcontainthesameelementsin
differentsequences.If thearrangementis to beneglected,thenwe have for � elements,a combinationof � th
orderbeinggivenby æ �� ç * �+è� è ����B � �Nè * �&�F��Bl,��^030202�F��B � �z,��� kp03020Zk�Üvkþ.Pk�, 0 (2-26)

Given � nonlinearequationsto besolved,we first form

æ �� ç minimal combinatorialsubsetseachconsistingof �
elements(where � is thenumberof theunknown elements).Eachminimal combinatorialsubsetis solvedusingthe
algebraicproceduresdiscussedin (2-32). In geodesy, thenumberof elements� normallyconsistof theobservations
in thevector n , while thenumberof elements� normallyconsistof theunknown fixedparametersin thevector q .
2-32 Closedform solution of the minimal combinatorial subsets

In this Section,we presenttwo algebraicalgorithmsthatareusedto solve in closedform theminimal combinatorial
subsetsconstructedin Section(2-31).Wefirst presenttheapproachbasedontheGröbnerbasesandthereafterconsider
theMultipolynomialresultantsapproach.

2-321 Closedform solution of nonlinear equationsby Gröbner bases

As a recipeto whatGröbnerbasescando,considerthatmostproblemsin nature,herein Geodesy, Photogrammetry,
MachineVision,Robotics,Surveying etc.canbemodelledby setsof nonlinearequationsformingpolynomials.These
nonlinearsystemsof equationsthathave to besolvedcanbeusedto form linearcombinationsof otherpolynomials
called Idealsby beingmultiplied by arbitrary polynomialsandsummedup. In this case,a collectionof thesenon-
linear algebraic equationsforming Idealsarereferredto us the setof polynomialsgeneratingthe Ideal andforms
the elementsof this Ideal. The B. Buchberger algorithm then takesthis setof generatingpolynomialsandderive,
usinga procedurethatwill beexplainedshortly, anothersetof polynomialscalledtheGröbnerbasiswhich hassome
specialproperties. Oneof thespecialpropertiesof theGröbnerbasesis that its elementscandivide theelementsof
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thegeneratingsetgiving zeroremainder. This propertyis achievedby theB. Buchberger algorithmby cancelingthe
leadingtermsof thepolynomialsin thegeneratingsetandin sodoingderiving theGröbnerbasisof theIdeal (whose
elementsarethegeneratingnonlinearalgebraic equations). With the lexicographic typeof orderingchosen,oneof
theelementsof theGröbnerbasisis oftenaunivariatepolynomialwhoserootscanbeobtainedby therootscommand
in MATLAB. Theotherspecialpropertyis that two setsof polynomialequationswill generatethe sameIdeal if and
only if theirGröbnerbasesareequalwith respectto any termordering.Thispropertyis importantin thatthesolution
of theGröbnerbasiswill satisfytheoriginal solutionrequiredby thegeneratingsetof nonlinearequations.

With this brief outline,we now definethe termGröbnerbasis. In theoutline above anddefinitionsbelow, we have
usedseveraltermsthatrequiredefinitions.In AppendixA.1 (p.97),we presentthedefinitionsof thetermsasfollows;
monomial(DefinitionA-1), polynomial(DefinitionA-2), linear algebra (DefinitionA-3), ring (DefinitionA-4), polyno-
mial ring (DefinitionA-5), Ideal (DefinitionA-6), monomialordering (DefinitionA-7) andleadingcoefficients(LC),
leadingterms(LT), leadingmonomials(LM) andmultideg (Definition A-8). Indeedwhat we presenthereis just a
definitionof thetermGröbnerbasisandassuch,any readerinterestedon thesubjectmayconsulttext bookssuchas
J. H. Davenportet al. (1988),T. Becker andV. Weispfenning(1993,1998),B. Sturmfels(1996), F. Winkler (1996), D.
Coxet al. (1997),B. Buchberger andF. Winkler (1998),andW. V. Vasconcelos(1998). We startby first definingan
IdealandtheHilbert BasisTheoremthatguaranteesthatevery Ideal hasa finite setof Gröbnerbasisbeforedefining
thetermGröbnerbasisandbriefly lookingat theB.Buchbergeralgorithmwhichis theenginebehindthecomputation
of Gröbnerbases.

Definition 2-5 (J. H. Davenportet al. 1988,p.96,D. Coxet al. 1997,p.29):
An Ideal is generatedby a family of generatorsasconsistingof thesetof linear combinationsof thesegenera-
torswith polynomialcoefficients.Let ��Y��³02030 �$�%& bepolynomialsin �(' ]^Y_�³02030 �#] ��) thenÏ ��Y��³02030 �$�%&¤e *+* &, ! Ë Y å ! � ! � å×YL�³03020 ��å-&¤or�.' ]^Y_�103020 ��] �/) 0�0 (2-27)Ï � Y �³0203030 �$� & e is an Ideal and if a subset1 2A�.' ] Y �C03030 �#] � ) is an Ideal, it mustsatisfythefollowing condi-
tions;
(a) Õvo31 .
(b) If �×��4xo31%� then �P�54�o61 (i.e. 1 is anadditivesubgroupof theadditivegroupof thefield � ).
(c) If ��o61 and åþor�.' ]^Y_�³03020 ��] ��) , then å%��o71 (i.e. 1 is closedundermultiplicationring element).

Thedefinitionof an Ideal canbepresentedin termsof polynomialequations� Y �C03030 �$� & o��.' ] Y �103030 �#] � ) . Onebegins
by expressingthesystemof polynomialequations ¼½½½½¾

� Y *�Õ� 
 *�Õ00�%&Z*iÕ9� (2-28)

which can be usedto derive othersby multiplication of the individual equation � ! by anotherpolynomial å ! o�(' ]^Y_�³02030 �#] ��) andaddingto get å^YN��YZ��å 
 � 
 �Á03020c�Aå-&(�%&�*tÕ (cf. 2-27). The Ideal Ï ��YL�³03020 ���%&�e thuscon-
sistsof a systemof equations��Yr*8� 
 * 03020�*¹�%&�* Õ thus indicating that if ��YL�³03020 ���%&þoQ�8' ]1YL�³02030 �#] ��) , thenÏ ��YL�³03020 ���%&Xe is anIdealgeneratedby ��YL�³03020 ���%& (thusforming thebasisof theIdeal 1 ), beingthebasisof theIdeal1 .
Perhapsa curiousreadermaybegin to wonderwhy theterm Ideal wasselected.To quenchthis curiositywe refer to
W. K. Nicholson(1999,p.220)andquotefrom T. Becker andV. Weispfenning(1993,p.59) on how theterm Idealand
ring cameto be.They write:

“On theorigin of thetermIdeal, theconceptis attributedto Dedekindwhointroducedit asasettheoretical
versionof Kummer’s “Ideal number” to circumventthefailureof uniquefactorizationin certainnatural
extensionof thedomain9 . Therelevanceof Ideal in thetheoryof polynomialringswashighlightedby the
Hilbert BasisTheorem. Thesystematicdevelopmentof Ideal theoryin moregeneralrings is largely due
to E. Noether. In theolder literaturetheterm“module” is sometimesusedfor “Ideal” (cf. F. Macaulay
1916).Theterm“ring” seemsto bedueto D. Hilbert; Kronecker usedtheterm“order” for ring”.
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Example2-1: Giventhepolynomialsin
� ' ]^Y_�#] 
 ��]%[ ) as¼¾ ] 
 Y �l._� Y 
 ] Y ] 
 �©] 

 �S� �	� *zÕ] 

 �l.�Ô 
 [ ] 
 ] [ �©] 
[ �lÔ �	� *�Õ] 
[ �l._V [(Y ] [ ] Y �S] 
 Y �dV �	� *iÕ (2-29)

then
Ideal 1�* Ï ] 
 Y �l._� Y 
 ] Y ] 
 �S] 

 �S� �	� �#] 

 �l.�Ô 
 [ ] 
 ] [ �©] 
[ �dÔ ��� �#] 
[ �d.�V [�Y ] [ ] Y �S] 
 Y �SV �	� e .

Example2-2: Giventhepolynomialsin
� ' ]^YL�#] 
 ��]%[O�#];\ ) as¼½½¾ ] 
 Y B©._� W ] Y �S] 

 B©.�Ô W ] 
 �S] 
[ BD.�V W ] [ B�] 
\ �l. µ W ] \ �S� 
W �lÔ 
W �dV 
W � µ 
W *�Õ] 
 Y B©._� Y ] Y �S] 

 B©.�Ô Y ] 
 �S] 
[ BD.�V Y ] [ B�] 
\ �l. µ Y ] \ �S� 
 Y �lÔ 
 Y �dV 
 Y � µ 
 Y *�Õ] 
 Y B©._� 
 ] Y �S] 

 B©.�Ô 
 ] 
 �S] 
[ BD.�V 
 ] [ B�] 
\ �l. µ 
 ] \ �S� 

 �lÔ 

 �dV 

 � µ 

 *�Õ] 
 Y B©._� [ ] Y �S] 

 B©.�Ô [ ] 
 �S] 
[ BD.�V [ ] [ B�] 
\ �l. µ [ ] \ �S� 
[ �lÔ 
[ �dV 
[ � µ 
[ *�Õ (2-30)

thenIdeal 1 is givenby

Ï ] 
 Y BD.��OW2]^Y&�S] 

 BD.OÔ�WN] 
 �©] 
[ B©._V(WN]×[ZB¢] 
\ �l. µ W3]%\��d� 
W �lÔ 
W �dV 
W � µ 
W �] 
 Y BD.��/Y(]^Y&�S] 

 BD.OÔ3Y$] 
 �©] 
[ B©._V2Y$]×[ZB¢] 
\ �l. µ Y�]%\��d� 
Y �lÔ 
 Y �dV 
 Y � µ 
 Y �] 
 Y BD.�� 
 ]^Y&�S] 

 BD.OÔ 
 ] 
 �©] 
[ B©._V 
 ]×[ZB¢] 
\ �l. µ 
 ]%\��d� 

 �lÔ 

 �dV 

 � µ 

 �] 
 Y BD.��c[3]^Y&�S] 

 BD.OÔ([(] 
 �©] 
[ B©._VN[(]×[ZB¢] 
\ �l. µ [N]%\��d� 
[ �lÔ 
[ �dV 
[ � µ 
[ 0 e (2-31)

Example2-3: Giventhepolynomialsin
� ' ] Y �#] 
 ��] [ �#] \ ) as¼½½¾ B��F�¸B¢]^Y2�C�dÔ 
 ]^YN];\R*�ÕB����-B¢] 
 �C�lÔ 
 ] 
 ] \ *zÕB����mB¢] [ �C�lÔ 
 ] [ ] \ *zÕÔ 
 ] 
 Y �lÔ 
 ] 

 �d� 
 ] 
[ BD� 
 Ô 
 *�Õ (2-32)

The1 µ û��c�:1�* Ï B��F� Br]^Y2�%�¢Ô 
 ]^YN];\��2B����iBr] 
 �×��Ô 
 ] 
 ];\O�3B��U�DBr]%[��%�¢Ô 
 ]%[2];\���Ô 
 ] 
 Y �¢Ô 
 ] 

 �¢� 
 ] 
[ Bþ� 
 Ô 
 e
Having definedandgiven examplesof an Ideal, we presentthe definitionsof the division algorithm exploited by
B. Buchberger algorithm beforedefiningthe Gröbnerbasis(Standard Basis)of an Ideal. We begin by statingthe
Hilbert BasisTheorem, which givestheassuranceof theexistenceof theGröbnerbasis. In general,we will denote
by �.' ]1YL�102030 �#] �/) a collectionof polynomials�OY��³02030 �$�%& with variablesin ��YL�103030 �$� � andcoefficientsin any field � .�.' ] Y �C03030 �#] � ) formsapolynomialring (DefinitionA-5,AppendixA.1 ).

Lemma 2-2 (DivisionAlgorithm,D. Coxetal. 1997,theorem3, p.61,theorem4, p.47):
Fix amonomialorder> on 9 � ; W , andlet <-*`�'��Y_�103020 ���%&(� beanorderedS-tuplepolynomialin �8' ]1Y��³02030 �#] ��) .
Thenevery ��or�.' ] Y �103020 ��] � ) canbewrittenas ��*z� Y � Y ��� 
 � 
 �-02030���� & � & ���L� where��!#����oþ�.' ] Y �C03030 �#] � )
andeither �=*�Õ or a linearcombinationwith coefficientsin � of monomials,noneof which is divisible by any
of �&6��'� Y �N�³03020 �$�&6=��� & �(0 The Hilbert BasisTheoremassuresthat every Ideal 1=2t�.' ] Y �³03020 ��] � ) hasa finite
generatingset,thatis 1�* Ï 4 Y �³03020 ��4 & e for some 4 Y �C03030 �>4 & o71;0

Thefinite generatingset ? in Hilbert BasisTheoremis whatis known asabasis. Supposeeverynon-zeropolynomial
is written in decreasingorderof its monomials:�, ! Ë Y ��!�]%!$����!A@*zÕ9�/]×!&ed]×!CB Y � (2-33)

if we let thesystemof generatorsof theIdealbein aset ? , apolynomial � is reducedwith respectto ? if no leading
monomialof anelementof ? (LM ( ? )) dividestheleadingmonomialof � (LM( � )). Thepolynomial � is saidto be
completelyreducedwith respectto ? if no monomialsof � is divisible by theleadingmonomialof anelementof ?
(J. H. Davenportet al. 1988,pp. 96-97).

The introductionof thedivisionalgorithmgivenin Lemma2-6 above fits well to thecaseof univariatepolynomials
asthe remainder� canuniquelybe determined.In the caseof multivariatepolynomials, the remaindermay not be
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uniquelydeterminedasthis dependson theorderof thedivisors. Thedivision of thepolynomial < by {���YL�$� 
 | may
not necessarilygive thesameremainderasthedivision of < by {�� 
 �$��Y�| in whosecasetheorderhasbeenchanged.
This problemis overcomeif we passover to theStandard basishaving beenassuredof its existencefor every Ideal
by theHilbert BasisTheoremin Lemma2-6.

TheStandard Basis ? which completelyreducesthepolynomial � anduniquelydeterminesthe remainder� is also
known astheGröbnerbasisandis definedasfollows:

Definition 2-6 (J. H. Davenportet al. 1988p.97,D. Coxet al. 1997,Definition1, p.100):
A systemof generators(or basis)? of an Ideal 1 is calleda Standard Basisor Gröbnerbasis(with respectto
the order<) if every reductionof �zoD1 to a reducedpolynomial(with respectto ? ) alwaysgiveszeroasa
remainder. Theabove definition is a specialcaseof a moregeneraldefinitiongivenas: Fix a monomialorder
andlet ?÷*ý{�4 Y �10302030 �>4 & |E2f�8' ] Y �³0302030 �#] � ) 0 Given �mod�8' ] Y �³0302030 �#] � ) � then � reducesto zeroModulo ? ,
writtenas �3FHGDÕ9� (2-34)

if � canbewritten in theform ��*�� Y 4 Y �¸02030��d� � 4 � (2-35)

suchthatwhenever ��!I4�!J@*�Õ9� we havemultideg(� ) K multideg(��!L4�! ).

Suggestedby W. Gröbner in 1949anddevelopedby his studentat the time B. Buchberger in 1965,B. Buchberger
decidedto honourhis thesissupervisorW. Gröbner(1899-1980)by namingtheStandard basisfor Ideals in polyno-
mial ring �.' ]1Y��³02030 �#] �/) asGröbnerbasis(B. Buchberger 1965). Gröbnerbaseshasbecomea householdnamein
algebraicmanipulationsandfindsapplicationin fieldssuchasStatisticsandEngineering.It hasfounduseasa tool
for discoveringandproving theoremsto solvingsystemsof polynomialequationsaselaboratedin publicationsby B.
Buchberger andF. Winkler (1998).Gröbnerbasesalsogiveasolutionto theIdealmembershipproblem.By reducing
agivenpolynomial � with respectto theGröbnerbasis ? , � is saidto beamemberof theIdeal if thezeroremainder
is obtained.Thuslet ?Q*-{�4 Y �³03020 ��4 & | beaGröbnerbasisof anIdeal 1M2i�.' ] Y �C03030 �#] � ) andlet ��oþ�.' ] Y �³03020302�#] � )
beapolynomial,then ��o31 if andonly if theremainderondivisionof � by ? is zero.Gröbnerbasescanalsobeused
to show theequivalenceof polynomialequations.Two setsof polynomialequationswill generatethe sameIdeal if
andonly if theirGröbnerbasesareequalwith respectto any termordering.This impliesthatasystemof polynomial
equations��YL��]^Y_�³030203��] � �X*QÕ;�³030203���%&��F]^Y_�³020303��] � �X*fÕ will have thesamesolutionwith a systemarisingfrom any
Gröbnerbasisof �OY��³030203���%& with respectto any termordering.This is themainpropertyof theGröbnerbasesthatis
usedto solveasystemof polynomialequationsaswill beexplainedbelow.

B. Buchberger algorithm
Given polynomials 4 Y �³03020302�>4 & oN1 , the B. Buchberger algorithm seeksto derive the standardgeneratorsor the
Groebnerbasisof this Ideal. Systemsof equations4 Y * Õ9�³02030203�>4 & * Õ to be solved in practiseare normally
formed by thesesamepolynomialswhich heregeneratingthe Ideal. The B. Buchberger algorithm computesthe
Groebnerbasisby makinguseof pairsof polynomialsfrom theoriginal polynomials4cY��³02030203�>4�&�oO1 andcomputes
thesubtractionpolynomialknown asthe ��B��×�L�Fa��³� � )U��� explainedin D. Coxetal. (1997;p. 81) asfollows:

Definition 2-7 ( ��B��×�L�Fa��³� � )U��� ):
Let �×��4doz�.' ] Y �³02030�] � ) be two non-zeropolynomials. If multideg ���1�=*÷Ñ andmultideg �I49�=*ýÓ , thenletP * P Y �103020 � P � , whereP !«*i�"JRQ {�Ñ«!T��Ó%!#| for each) . ]-S is calledtheLeastCommonMultiple (LCM) of LM( �
) andLM( 4 ) expressedas ] S *z� ¯UT {2� T �'�1�N��� T �#4/��| . The ��B��%�L�Fa��³� � )Æ�c� of � and 4 is givenas�X�'�×�>49�&* ]
S�}6=�'�1� ��B ]-S�&6=�#4/� 4×0 (2-36)

Theexpressionabovegives � asa linearcombinationof themonomials
]
S�&6=���1� , ]-S�&6��I49� with polynomialcoefficients� and 4 andthusbelongsto theIdeal generatedby � and 4 .

Definition 2-8 (Gröbnerbasisin termsof ��B��%�L��a��³� � )Æ��� ):
A basis? is Gröbnerbasisif andonly if for every pair of polynomials � and 4 of ? , �X�'�×�>49� reducesto zero
with respectto ? . More generallya basis ? * {V4cY��102030 �>4�&2| for an Ideal 1 is a Gröbnerbasisif andonly if�Z���×�>49�WF G Õ9��)X@*Y� .
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Theimplicationof Definition2-8 is thefollowing: Giventwo polynomials�×��4xo3? suchthat � ¯UT ��� T ���1�(�$� T �I49�#�*�� T �'�1�N0 � T �I49� thentheleadingmonomialsof � and 4 arerelatively primeleadingto �Z�'�×��4/�WF G Õ90 Theconcept
of primeintegeris clearlydocumentedin K. IrelandandM. Rosen(1990pp. 1-17).

Example2-4 ( ��B¢���L��ac�³� � )Æ��� ):
Considerthetwo polynomials " 4 Y *i] 
 Y �l._� Y 
 ] Y ] 
 �©] 

 �S� �	�4 
 *i] 

 �l.�Ô 
 [ ] 
 ] [ �S] 
[ �lÔ �	� (2-37)

of ExampleA-1 in AppendixA.1, the �XB&�%�L��ac�³� � )Æ��� canthenbecomputedasfollows: Firstwechoosea lexicographic
ordering {2] Y ed] 
 el] [ | then¼½½½½½½¾

� T �I4 Y �}*i] 
Y �;� T �#4 
 �&*z] 

 ���&6��I4 Y �}*i] 
Y �;�&6=�#4 
 �}*·] 

� ¯UT ��� T �I4 Y �N��� T �#4 
 ���&*i] 
Y ] 

�X�I4 Y ��4 
 �}* ] 
 Y ] 

] 
 Y �F] 
 Y �d.�� Y 
 ] Y ] 
 �S] 

 �d� ��� �«B ] 
 Y ] 

] 

 ��] 

 �l.�Ô 
 [ ] 
 ] [ �©] 
[ �lÔ �	� �*z] 

 ] 
 Y �d.��/Y 
 ]1Y�] [
 �S] \
 �d� ��� ] 

 B¢] 
 Y ] 

 B©.�Ô 
 [N] 
 Y ] 
 ]×[ZB�] 
Y ] 
[ B©Ô ��� ] 
 Y �*`B¤Ô �	� ] 
 Y BD.OÔ 
 [N] 
 Y ] 
 ]%[ZB¢] 
Y ] 
[ �l._�9Y 
 ]1Y�] [
 �©] \
 �d� �	� ] 

 (2-38)

Example2-5 ( ��B¢���L��ac�³� � )Æ��� ):
ConsiderExampleA-2 in AppendixA.1 for pseudo-rangingproblem.Thefirst two polynomialsequationsaregivenas" 4�[¤*·] 
Y BD.��cWN]^Y&�S] 

 BD.OÔ�WN] 
 �©] 
[ B©._V(W2]%[ZB¢] 
\ �l. µ W3]%\��d� 
W �dÔ 
W �dV 
W � µ 
W4_\ *·] 
Y BD.��9Y$]^Y&�S] 

 BD.OÔ3Y$] 
 �©] 
[ B©._V2Y(]%[ZB¢] 
\ �l. µ Y�]%\��d� 
Y �dÔ 
 Y �dV 
 Y � µ 
 Y 0 (2-39)

By choosingthe lexicographicordering {�] Y em] 
 el] [ em] \ | , the �?B polynomialis computedasfollows¼½½½½½½¾
� T �I4 [ �&*z] 
Y ��� T �I4 \ �&*z] 
Y ���}6=�I4 [ ��*·] 
Y ���}6=�I4 \ ��*·] 
Y� ¯UT ��� T �I4 [ �N��� T �#4 \ �#��*·] 
Y�X�I4 [ ��4 \ �}* ] 
 Y] 
 Y �I4 [ �+B ] 
 Y] 
 Y �#4 \ �&*=4 [ BZ4 \�X�I4�[_��4_\2�}*�.9���9Y�BD� � �T]^Y&�l.9��Ô3Y�BDÔ � �Æ] 
 �l.9��V�Y�B¢V � �Æ]×[���¬.;� µ � B µ YN�T];\Z�S� � BD�/Y}�dÔ � B©Ô3Y+�dV � BDV2Y&� µ WXB µ Y (2-40)

Example2-6 ( ��B¢���L��a��³� � )Æ��� ):
As anadditionalexampleonthecomputationof �?B polynomial,let usconsidertheminimumdistancemapping
problemof ExampleA-3 in AppendixA.1. Thelasttwo polynomialsequationsaregivenas" 4 é *z]%[��lÔ 
 ]%[N]%\XBd�4 ê *�Ô 
 ] 
 Y �lÔ 
 ] 

 �S� 
 ] 
[ BD� 
 Ô 
 (2-41)

By choosingthe lexicographicordering {3] Y el] 
 el] [ ed] \ | , the �ZB polynomialis computedasfollows¼½½½½¾
� T �#4�é3�}*·] [ �$� T �#4�ê3�&*i] 
Y �$�&6=�#4�éN�}*·] [ �$�&6=�#4�êN�}*zÔ 
 ] 
 Y� ¯UT �'� T �I4�é2�(��� T �I4�ê3���}*z] 
Y ] [�Z�I4�é��>4�ê��&* ] 
 Y ]%[] [ �F] [ �lÔ 
 ] [ ] \ B©� �«B ] 
 Y ]%[Ô 
 ] 
 Y �'Ô 
 ] 
 Y �lÔ 
 ] 

 �d� 
 ] 
[ BD� 
 Ô 
 ��Z�I4 é �>4 ê �&*-B �X] 
 �&�lÔ 
 ] 
 Y ]×[3]%\XB�] 

 ]×[ZB � �� � ] [[ �d� 
 ]%[ (2-42)

Example2-7 (computationof Gröbnerbasisfrom the ��B��%�L��a��³� � )Æ���'ù ):
By meansof anExamplegivenby J. H. Davenportet al. (1988,pp. 101-102), we illustratehow theB. Buch-
berger algorithmworks.Let usconsidertheIdealgeneratedby thepolynomialequations¼¾ 4 Y *i] [ a�b¬B¢]%b 
4 
 *i];a 
 b¬B¢];a/b4 [ *i]%
2a�
?BDb (2-43)

with the lexicographic ordering ] e8aQe b adopted. The � -polynomialsto be consideredare �Z�#4cY���4 
 � ,�Z�I4 
 ��4�[2� and �Z�#4cY��>4�[�� . Weconsiderfirst �Z�I4 
 �>4�[2� andshow thattheresultis usedto supress4cY uponwhichany
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pair �Z�#4cY��>4 ! � (e.g. �Z�I4cYL�>4 
 � and �X�I4cY���4�[3� ) containing4cY will not beconsidered.�}6=�I4 
 ��*z];a 
 b%�Z�&6=�#4�[N��*] 
 a 
 � then � ¯UT �I4 
 ��4�[3�}*i] 
 a 
 b respectively¼½½¾ �X�I4 
 ��4 [ �}* ] 
 a 
 b]%a 
 b 4 
 B ] 
 a 
 b] 
 a 
 4 [*`��] 
 a 
 b�B¢] 
 a�b��«B·�F] 
 a 
 b�BDb 
 �*`BZ] 
 a�b¤�db 
 (2-44)

We immediatelynotethattheleadingtermof theresultingpolynomialLT( �Z�#4 
 ��4 [ � ) is not divisible by any of
theleadingtermsof theelementsof ? , andthustheremainderuponthedivisionof �X�I4 
 ��4 [ � by thepolynomials
in ? is notzero(i.e. whenreducedwith respectto ? ) thus ? is not aGröbnerbasis. This resultingpolynomial
after the formationof the �ZB polynomialis denoted4_\ andits negative (to make calculationsmorereliable)
addedto theinitial setof ? leadingto ¼½½¾ 4 Y *z] [ a/b¬B�]×b 
4 
 *z];a/
3b�B�]%a�b4�[¤*z] 
 a 
 B¢b4_\ *z] 
 a/b¬B¢b 
 0 (2-45)

The �?B polynomialsto beconsideredarenow �Z�I4 Y �>4 
 �N���Z�#4 Y ��4 [ �(���Z�I4 Y �>4 \ �N���Z�#4 
 ��4 \ � and �Z�I4 [ �>4 \ �N0 In the
setof ? , onecanwrite 4cYZ*z]�4_\ leadingwithoutany changein ? to thesuppressionof 4cY leaving only �Z�I4 
 �>4_\��
and �Z�#4�[_��4_\2� to beconsidered.Then " �Z�I4 
 �>4 \ �&*z]�4 
 B�a�4 \*QBZ] 
 a/b �Sa�b 
 (2-46)

which canbereducedby adding 4 \ to give 4�év*pa�b 
 Bdb 
 , a nonzerovaluethustheset ? is not a Gröbner
basis. This valueis addedto thesetof ? to give¼½½¾ 4 
 *·]%a 
 b¬BD];a/b%�4 [ *·] 
 a 
 BDb;�4 \ *·] 
 a/b¬B©b 
 �4�é¤*·a/b 
 B¢b 
 � (2-47)

the �ZB polynomialsto beconsideredarenow �Z�I4 [ �>4 \ �N�%�Z�I4 
 �>4�é2�N�%�Z�I4 [ �>4�é2� and �Z�#4 \ �>4�é��(0 We thencompute" �Z�#4�[_��4_\2�}*ib�4�[?B¢a�4_\*za/b 
 BDb 
 (2-48)

whichuponsubtractionfrom 4 é reducesto zero.Further,¼¾ �Z�I4 
 �>4�é3�}*zb%4 
 B¢];a�4�é*`BZ];a/b 
 �S];a/b 
*zÕ (2-49)

and" �Z�I4 \ �>4�é2�&*�b�4 \ B�] 
 a�4�é*i]×
2bc
�B©b [ � (2-50)

which is addedto ? as 4�ê giving¼½½½½¾
4 
 *·]%a 
 b¬BD];a/b%�4 [ *·] 
 a 
 BDb;�4 \ *·] 
 a/b¬B©b 
 �4�é¤*·a/b 
 B¢b 
 �4�ê¤*·] 
 a 
 BDb [ � (2-51)

The � polynomialsto beconsideredarenow �Z�I4 [ �>4�é2�N���Z�#4 
 �>4�ê2�(���Z�#4 [ ��4�ê3�(���X�I4 \ ��4�ê2� and �X�I4�é_��4�ê2�N0 We now
illustratethatall this ��B��%�L�Fa��³� � )Æ�c��ù reducesto zeroasfollows¼½½½½¾

�Z�#4 [ ��4�é2�&*�b 
 4 [ B�] 
 a�4�é¤*i] 
 a/b 
 B¢b [ B¢b�4 \ *zÕ�Z�#4 
 ��4�ê2�&*z]%b�4 
 B�a 
 4�ê¤*QBZ] 
 a 
 b 
 �Sa 
 b [ �©a 
 4 \ *zÕ�Z�#4�[_��4 ê �&*�b 
 4�[XB�a 
 4 ê *za 
 b [ B¢b [ Bm��a/b�B¢b��!4 é *�Õ�Z�#4_\���4 ê �&*�b%4_\?B¢a�4 ê *za/b [ BDb [ BDb�4 é *�Õ�Z�#4 é ��4 ê �&*z] 
 4 é B�a�4 ê *QBZ] 
 b 
 �©a/b [ �[4 ê BDb�4 é *�Õ90 (2-52)
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Thusequation(2-52)comprisetheGröbnerbasisof theoriginal setin (2-43).

Theimportanceof the S-�×�L�Fa��³� � )Æ���'ù is thatthey leadto thecancellationof theleadingtermsof thepolynomialpairs
involved. In so doing the polynomialvariablesaresystematicallyeliminatedaccordingto the polynomialordering
chosen.For exampleif the lexicographic ordering ]�e aleÎb is chosen,] will be eliminatedfirst, followed by a
andthefinal expressionmayconsistonly of thevariable b . D. Coxet al. (1998,p.15)hasindicatedtheadvantageof
lexicographicorderingasbeingtheability to produceGröbnerbasiswith systematiceliminationof variables.Graded
lexicographicorderingon theotherhandhastheadvantageof minimizing theamountof computationalspaceneeded
to producethe Gröbnerbasis. Theprocedureis thusa generalisationof theGausseliminationprocedure for linear
systemsof equations.If wenow putoursystemof polynomialequationsto besolvedin aset ? , �¬BZ�%�c)U� combinations
canbe formed from the setof ? asexplainedin the definitionsabove. The theorem, known as the Buchberger’s�lB��×�c)�� polynomialcriterion, givesthe criterion for decidingwhethera given basisis a Gröbnerbasisor not. It
sufficesto computeall the S-�×�L�Fa��³� � )U����ù andcheckwhetherthey reduceto zero. Shouldoneof thepolynomials
notreduceto zero,thenthebasisfailsto beaGröbnerbasis. Sincethereductionis alinearcombinationof theelements
of ? , it canbeaddedto theset ? without changingthe Ideal generated.B. Buchberger (1979)givesanoptimisation
criterion that reducesthe numberof the S-�×�L�Fa��³� � )U����ù alreadyconsideredin the algorithm. The criterion states
that if thereis anelement� of ? suchthat the leadingmonomialof � (LM( � )) dividestheLCM( �×�>4¢o\? ), andif�Z���×���×�1�
�Z�@�®�>49� havealreadybeenconsidered,thenthereis noneedof considering�Z���×�>49� asthis reducesto zero.

The essentialobservation in usingthe Gröbnerbasesto solve a systemof polynomialequationsis that the variety
(simultaneoussolutionof systemof polynomialequations)doesnotdependon theoriginalsystemof thepolynomials<p>Ä*Q{���YL�³03020 ���%&2| but insteadontheIdeal 1 generatedby < . This thereforemeansthatthevariety �`*��x��1�� andone
makesuseof thespecialgeneratingset(Gröbnerbasis) insteadof theactualsystem< . SincetheIdeal is generatedby< , thesolutionobtainedby solvingfor theaffine varietyof this Ideal satisfiestheoriginal system< of equations.B.
Buchberger (1970)provedthat ���]1c� is void, andthusgiving a testasto whetherthesystemof polynomial < canbe
solved, if andonly if thecomputedGröbnerbasisof polynomialIdeal 1 has {�,�| asits element.B. Buchberger (1970)
furthergivesthecriterionfor decidingif �x��1�� is finite. If thesystemhasbeenprovedto besolvableandfinite thenF.
Winkler (1996,theorem8.4.4, p.192)givesa theoremfor decidingwhetherthesystemhasfinitely or infinitely many
solutions.Thetheoremstatesthatif ? is aGröbnerbasis, thenasolvablesystemof polynomialequationshasfinitely
many solutionsif andonly if for every ]×!#�¢,U^d)_^l�+� thereis apolynomial 4�!�o6? suchthat � T �#4�!�� is apurepower
of ]%! . Theprocessof additionof theremainderafter thereductionby the �DBþ�×�L�Fa��³� � )Æ���'ù andthusexpandingthe
generatingsetis shown by B. Buchberger (1970),D. Coxetal. (1997p.88)andJ. H. Davenportetal. (1988p.101)to
terminate.

The B. Buchberger algorithm, moreor lessa generalizationof the Gausseliminationprocedure,makesuseof the
subtractionpolynomialsknown asthe �mBD�%�L��a��³� � )Æ���'ù in Definition 2-8 to eliminatethe leadingtermsof a pair
of polynomials. In so doing andif lexicographic ordering is chosen,the processendup with oneof the computed�?B+�×�L�Fa��³� � )Æ���'ù beingaunivariatepolynomialwhichcanbesolvedandsubstitutedbackin theother �?B+�%�L��a��³� � )Æ���'ù
usingthe ExtensionTheorem(D. Cox et al. 1998,pp.25-26)to obtainthe othervariables.The Gröbnerbasesap-
proachaddsto the treasuresof methodsthatareusedto solve nonlinearalgebraic systemsof equationsin Geodesy,
Photogrammetry, MachineVision,RoboticsandSurveying.

Having definedthetermGröbnerbasisandillustratedhow theB. Buchberger algorithmcomputestheGröbnerbases,
webriefly mentionherehow theGröbnerbasescanbecomputedusingalgebraicsoftwaresof MathematicaandMaple.
In MathematicaVersions2or3, theGröbnerbasiscommandisexecutedbywriting In[1]:=Gr oebnerBasis[{polynomials},
{variables}, {options}] (whereIn[1]:= is the mathematicaprompt)which computesthe Gröbnerbasisfor the ideal
generatedby thepolynomialswith respectto themonomialorder specifiedby monomialorder optionswith thevari-
ablesspecifiedasin theexecutablecommandgiving thereducedGroebnerbasis. Withoutspecifyingtheoptionspart,
onegetstoo many elementsof the Gröbnerbasiswhich may not be relevant. In Maple Version5 the commandis
accessedby typing > with (grobner); (where> is the Maple promptandthe semicolonendsthe Maple command).
OncetheGröbnerbasispackagehasbeenloaded,theexecutioncommandthenbecomes> gbasis(polynomials,vari-
ables,termorder) which computesthe Gröbnerbasisfor the ideal generatedby the polynomialswith respectto the
monomialorderingspecifiedby termorder andvariablesin theexecutablecommand. Following suggestionsfrom B.
Buchberger (1999),we Mathematicasoftwareis adoptedin thepresentstudy.

2-322 Closedform solution of nonlinear equationsby Multipolynomial Resultants

Whereasthe resultantof two polynomialsis well known andalgorithmsfor computingit arewell incorporatedinto
computeralgebrapackagessuchasMaple, the Multipolynomialresultant, i.e. the resultantof morethantwo poly-
nomialsstill remainan active areaof research.In Geodesy, the useof the two polynomialresultantalsoknown as
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theSylvesterresultantis exemplifiedin thework of P. Lohse(1994,pp.72-76).Thepresentstudythereforeextends
on theuseof Sylvesterresultantsto resultantsof morethantwo polynomialsof multiple variables(Multipolynomial
resultant)andillustratesin Chapter3 how thetool canbeexploitedin Geodesyto solvenonlinearsystemof equations.

Thenecessityof Multipolynomialresultantmethodin Geodesyis dueto thefactthatmany geodeticproblemsinvolve
thesolutionof morethantwo polynomialsof multiplevariables.This is truesinceweareliving in a threedimensional
world. Weshallthereforeunderstandthetermmultipolynomialresultantsto meanresultantsof morethantwo polyno-
mials.We treatit asa tool besidestheGröbnerbasesandperhapsmorepowerful to eliminatevariablesin solutionof
polynomialsystems.Publicationson thesubjectcanbefoundin theworksof G. Salmon(1876),F. Macaulay(1902,
1916),A. L. Dixon (1908), C. Bajaj et al. (1988),J. F. Canny(1988),J. F. Cannyet al. (1989),I. M. Gelfandet al.
(1990,1994), D. Manocha (1992,1993,1994a,b,c),D. Manocha andJ.F. Canny(1991,1992,1993),G. Lyubeznik
(1995), S.KrishnaandD. Manocha (1995),J. Guckenheimeret al.(1997), B. Sturmfels(1994,1998)andE. Cattani
etal. (1998).Text bookson thesubjecthavebeenwrittenby I. Gelfandet al. (1994)and,morerecently, by D. Coxet
al. (1998,pp.71-122)who providesinterestingmaterial.

In orderto understandtheMultipolynomialresultantstechnique, we first presentthesimplecase;theresultantof two
polynomialalsoknown astheSylvesterresultant.

Resultantof two polynomials

Definition 2-10 (Homogeneouspolynomial): If monomialsof a polynomial � with non zerocoefficientshave the
sametotal degree, thepolynomial� is saidto behomogeneous.

Example2-8 (Homogeneouspolynomialequation):
A homogeneouspolynomialequationof totaldegree2 is ��*i] 
 �ra 
 ��b 
 �r]%a��r]%b+�ra/b sincethemonomials{2]®�#a^��b%�#]%a^�#]%b%�#a/b;| all have thesumof their powers(total degree)being2.

To settheball rolling, we examinenext theresultantof two univariatepolynomials�®�
`=oþ�a' ] ) of positivedegreeas��*z� W ] ! ��0302030��l�O!#�;� W @*iÕ;�9)&e·Õ`�*z� W ]cb��z0303020��d� b �9� W @*zÕ;���"e·Õed (2-53)

theresultantof � and ` , denotedRes�@�®�
`_�(� is the �F)1�Z���?kD�F)1�Z��� determinant

~¬ûLù}�ñ�C��`_�&* µ û �
¼½½½½½½½½½½½½½½½½½½¾

��W �cY � 
 0 0 0 � ! Õ Õ Õ Õ ÕÕ �_W ��Y � 
 0 0 0 � ! Õ Õ Õ ÕÕ Õ ��W ��Y � 
 0 0 0 � ! Õ Õ ÕÕ Õ Õ � W � Y � 
 0 0 0 �O! Õ ÕÕ Õ Õ Õ � W � Y � 
 0 0 0 �O! ÕÕ Õ Õ Õ Õ � W � Y � 
 0 0 0 �O!� W � Y � 
 0 0 0 � b Õ Õ Õ Õ ÕÕ � W � Y � 
 0 0 0 � b Õ Õ Õ ÕÕ Õ � W � Y � 
 0 0 0 � b Õ Õ ÕÕ Õ Õ � W � Y � 
 0 0 0 � b Õ ÕÕ Õ Õ Õ � W � Y � 
 0 0 0 � b ÕÕ Õ Õ Õ Õ � W ��Y � 
 0 0 0 � b

ïñððððððððððððððððððò
(2-54)

wherethe coefficientsof the first polynomial � of (2-53) occupies� rows while thoseof the secondpolynomial `
occupies) rows. Theemptyspacesareoccupiedby zerosasshown abovesuchthata squarematrix is obtained.This
resultantis alsoknown asthe Sylvesterresultantandhasthe following properties(B. Sturmfels1998,D. Coxet al.
1998,§3.5)

1. Res�@�®�
`_� is apolynomialin ��W��³020302�$� ! �;� WO�³030203��� b with integercoefficients

2. Res�@�®�
`_�}*�Õ if andonly if �«�F]^� and `/��]×� havea commonfactorin fg' ] )
3. Thereexist apolynomial �L�×ù�o fM' ] ) suchthat ���P�lù�`¬*�~¬ûLùO�ñ�C��`_�

Sylvesterresultantscanbeusedto solve two polynomialequationsasshown in theexamplebelow



2-3. SOLUTION OF NONLINEAR GAUSS-MARKOV MODEL 21

Example2-9 (D. Coxet al.1998,p.72):
Considerthetwo equations

�þ>@*·]%a�Bm,¤*zÕ`=>@*i] 
 �Sa 
 Bh��*�Õ90id (2-55)

In orderto eliminateonevariable,weusethehidevariabletechniquei.e. weconsideronevariablesay a asaconstant
(of degreezero).We thenhave theSylvesterresultantfrom (2-54)as

~¬ûLù}�ñ�C��`���]×�}* µ û � ¼¾ a B�, ÕÕ a B�,, Õ a 
 Bh� ïò *ia \ BO�Oa 
 �z, (2-56)

which canbereadilysolvedfor thevariablea andsubstitutedbackin any of theequationsin (2-55)to get thevalues
of theothervariable ] . For two polynomials,theconstructionof resultantis relatively simplerandalgorithmsfor the
executionareincorporatedin computeralgebraalgorithms.For theresultantof morethan2 polynomialsof multiple
variables,we turn to theMultipolynomialresultants.

Multipolynomial Resultants

In definingthetermmultipolynomialresultant, D. Manocha (1994c)writes:

“Elimination theory, abranchof classicalalgebraicgeometry, dealswith conditionsfor commonsolutionsof asystem
of polynomial equations. Its main result is the constructionof a single resultantpolynomial of � homogeneous
polynomialequationsin � unknowns,suchthat thevanishingof the resultantis a necessaryandsufficientcondition
for thegivensystemto have a non-trivial solution.We referto this resultantasthemultipolynomialresultantanduse
it in thealgorithmpresentedin thepaper”.

We presentheretwo approachesfor theformationof thedesignmatrixwhosedeterminantweneed;first theapproach
basedonF. Macaulay(1902)formulationandthenamoremodernapproachbasedonB. Sturmfels(1998)formulation.

Approachbasedon F. Macaulay (1902)formulation: With � polynomials,theconstructionof thematrix whose
entriesare the coefficientsof the polynomials �OY��1030203��� � can be donein five stepsas illustratedin the following
approachof F. Macaulay(1902):

Step1: The given polynomials ��Y�*�Õ9�³020303��� � *tÕ areconsideredto be homogeneousequationsin the variables]^Y��C030302�#] � andif not, they arehomogenized.Let thedegreeof thepolynomial � ! be
µ ! . Thefirst stepinvolves

thedeterminationof thecritical degreegivenby C. Bajaj et al. (1988)asµ *-,�� , � µ !³Bm,��N0 (2-57)

Step2: Oncethe critical degreehasbeenestablished,the givenmonomialsof the polynomialequationsaremulti-
plied with eachotherto generatea set � whoseelementsconsistsof monomialswhosetotal degreeequalsthe
critical degree. Thusif we aregiven the polynomialequations� Y *ýÕ;�1030302�$� � *÷Õ , theneachmonomialof� Y is multipliedby thoseof � 
 �³030203�$� � , thoseof � 
 aremultipliedby thoseof � [ �³030203��� � until thoseof � � £ Y are
multipliedby thoseof � � . Theset � of monomialsgeneratedin this form is�Oj¤*Q{2]kj�Ö µ *�Ñ Y �lÑ 
 � 0_0O0®�SÑ � | (2-58)

andthevariable] j *i]ml �Y 030_0�] l�n� .

Step3: The set � containingthe monomialseachof total degree
µ

is now partitionedaccordingto the following
criteria(J. F. Canny1988,p.54)
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� jY * {2] l o�� j ÖLÑ+Y(K µ Y�|� j
 * {�] l o�� j Ö_Ñ 
 K µ 
 �c� µ Ñ�Y Ï µ Y�|0 0 00 0 00 0 0� j� * {2] l o�� j ÖLÑ � K µ � �c� µ Ñ«! Ï µ !��%�^���®)+*-,O�³030203�#��Bm,_|O0 (2-59)

Theresultingsetsof � j! aredisjoint andeveryelementof � j is containedin exactlyoneof them.

Step4: From the resultingsubsets� j! 2Î� j , a setof polynomials < ! which arehomogeneousin � variablesare
definedasfollows < ! * � j!] j�o! � ! (2-60)

from which a square matrix s is now formedwith the row elementsbeingthe coefficientsof the monomialsof the
polynomials< ! Ö ! Ë Y 
qp>p�pT
 � andthecolumnscorrespondto the � monomialsof theset � j . Theformedsquarematrix

is of the order

æ µ �S��Bl,µ ç k æ µ �©��Bl,µ ç andis suchthat for a given polynomial <®! in (2-60), the row is

madeup of the symboliccoefficientsof eachpolynomial. The squarematrix s hasa specialpropertythat the non
trivial solutionof thehomogeneousequations<«! which alsoform the solutionof the original equations�_! arein its
null space.This impliesthatthematrixmustbesingularor its determinant,

µ û � �'sx� , mustbezero.For thedeterminant
to vanishtherefore,theoriginal equations�L! andtheir homogenizedcounterparts<®! musthave the samenon trivial
solutions.

Step5: After computingthedeterminantof thesquarematrix s above,F. Macaulay(1902)suggeststhecomputation
of extraneousfactor in orderto obtaintheresultant.D. Coxetal. (1998,Proposition4.6,p.99)explainstheex-
traneousfactors to beintegerpolynomialsin thecoefficientsof r<®W��³020#03�%r< � £ Y , where r< ! *�< ! ��];Wc�1030203�#] � £ Y_��Õc�
andis relatedto thedeterminantviaµ û � û�� � )U�³�c� � *z~RûLùc��< Y �C030302��< � �(0 y�] � (2-61)

with thedeterminantcomputedasin step4, ~¬ûLùc��< Y �³020303�	< � � beingtheMultipolynomialresultantand y�] � the
extraneousfactor. This expressionwasestablishedasearlyas1902by F. Macaulay(1902)andthis procedure
of resultantformulationnamedafterhim. F. Macaulay(1902)determinestheextraneousfactorfrom thesub-
matrix of the � kþ� squarematrix s andcalls it a factorof minor obtainedby deletingrowsandcolumnsof
the � kr� matrix s . A monomial ] l of total degree

µ
is saidto bereducedif ] j o! divides ] l for exactly one) . Theextraneousfactor is obtainedby computingthedeterminantof thesub-matrixof thecoefficientmatrix s

obtainedby deletingrowsandcolumnscorrespondingto reducedmonomials] l 0
Fromtherelationshipof step5, it sufficesfor ourpurposeto solve for theunknown variablehiddenin thecoefficients
of thepolynomials� ! by obtainingthedeterminantof the � kþ� squarematrix s andequatingit to zeroneglecting
the extraneousfactor. This is becausethe extraneousfactor is an integer polynomialandassuchnot relatedto the
variable in the determinantof s . The existenceof the non-trivial solution provides the necessaryand sufficient
conditionsfor the vanishingof the determinant. The procedurebecomesclear when we considerthe exampleof
the threedimensionalresectionproblemin Chapter3. It shouldbe pointedout that thereexists several procedures
for computingthe resultantsas exemplified in the works of D. Manocha (1992, 1993, 1994a,b,c)who solves the
Multipolynomial resultantsusingthe eigenvalue-eigenvectorapproach,J. F. Canny(1988)who solvesthe resultant
usingthecharacteristicpolynomialapproachandB. Sturmfels(1994,1998)who proposesa morecompactapproach
for solvingtheresultantsof a ternaryquadricusingtheJacobiandeterminantapproachwhich wepresentbelow.

Approachbasedon B. Sturmfels (1998,p.26) formulation: Giventhreehomogeneousequationsof degreetwo as
follows < Y >@*i� Y�Y ] 
 �S� Y 
 a 
 �S� Y#[ b 
 �S� YT\ ]%a¬�d� Y é2]%b �d� Y ê3a/b * Õ< 
 >@*i� 
 Y ] 
 �S� 
$
 a 
 �S� 
 [ b 
 �S� 
 \ ]%a¬�d� 
 é2]%b �d� 
 ê3a/b * Õ< [ >@*i� [�Y ] 
 �S� [ 
 a 
 �S� [$[ b 
 �S� [�\ ]%a¬�d� [ é2]%b �d� [ ê3a/b * Õ (2-62)
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we computetheJacobiandeterminantsof (2-62)by

s * µ û �
¼½½½½½½½½½¾
t < Yt ] t < Yt a t < Yt bt < 
t ] t < 
t a t < 
t bt <®[t ] t <«[t a t <®[t b

ïñðððððððððò (2-63)

which is a cubic polynomial in the coefficients {2]®�/a^�;b9| . Sincethe determinantpolynomial
s

in (2-63) is a cubic
polynomial,its partialderivativeswill bequadraticpolynomialsin variables{2]C��a^��b;| andcanbewritten in theformt st ] >@*�Ô Y�Y ] 
 �lÔ Y 
 a 
 �dÔ YT[ b 
 �lÔ YT\ ];a��lÔ Y é3]%b �lÔ Y êNa/b * Õt st a >@*�Ô 
 Y ] 
 �lÔ 
$
 a 
 �dÔ 
 [ b 
 �lÔ 
 \ ];a��lÔ 
 é3]%b �lÔ 
 êNa/b * Õt st b >@*�ÔN[�Y(] 
 �lÔ([ 
 a 
 �dÔN[�[2b 
 �lÔ([�\3];a��lÔ([ é ]%b �lÔ([ ê a/b * Õ90

(2-64)

The coefficients Ô(! b in (2-64) arequadraticpolynomialsin ��! b of equation(2-62). The final stepin computingthe
resultantof theinitial system(2-62)involvesthecomputationof thedeterminantof a :vk�: matrix givenby

~RûLù 
$
�
 �]< Y ��< 
 ��< [ �}* µ û �
¼½½½½½½¾
� Y$Y � Y 
 � YT[ � YT\ � Y é � Y ê� 
 Y � 
$
 � 
 [ � 
 \ � 
 é � 
 ê� [(Y � [ 
 � [�[ � [�\ � [ é � [ êÔ3Y$Y Ô2Y 
 Ô3Y#[ Ô2YÆ\ Ô3Y é Ô3Y 
Ô 
 Y Ô 
�
 Ô 
 [ Ô 
 \ Ô 
 é Ô 
 êÔ([(Y ÔN[ 
 Ô([$[ ÔN[#\ Ô([ é ��[ ê

ï ððððððò 0 (2-65)

Theresultant(2-65)vanishesif andonly if (2-62)have a commonsolution {�]C�/a^�;b;|O� where {2]®�9a^�;b9| arecomplex
numbersor realnumbersnot all equalzero.In Chapter3, we usetheprocedureto solve theGrunertequationandthe
GPSpseudo-rangeequations.

2-33 Adjustment of the combinatorial minimal subsetssolutions

Oncethe combinatorialminimal subsetshave beensolved usingeither the Gröbnerbasesor the Multipolynomial
resultantapproach,theresultingsetsof solutionareconsideredaspseudo-observations.For eachcombinatorial,the
obtainedminimal subsetsolutionsconsideredaspseudo-observationsareusedastheapproximatevaluesto generate
thedispersionmatrix via thenonlinearerrorpropagationlaw/variance-covariancepropagation(e.g. E. Grafarendand
B. Schaffrin, 1993,pp.469-471)asfollows:

Fromthenonlineargeodeticobservationequationsthathavebeenconvertedinto its algebraic(polynomial)form, the
combinatorialminimal subsetswill consistof polynomials � Y �C030302�$� j o��a' ] Y �1030203��] j ) with {2] Y �³020303��] j | being
the unknown variables(fixed parameters)to be determinedand {�a Y �³020302�#a � | the known variablescomprisingthe
observationsor pseudo-observations.We write thepolynomialsas� Y >@*D41�F] Y �³020302�#] j �#a Y �³020303��a � �}*iÕ� 
 >@*D41�F] Y �³020302�#] j �#a Y �³020303��a � �}*iÕ000� j >Ä*=41�F] Y �³030203��] j �#a Y �³030203�#a � �&*�Õ

ó ììììììôììììììõ (2-66)

which is expressedin matrix form as u >@*Yv}��w?��n«�&*�± (2-67)
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wheretheunknown variables{2]^YL�³030203��] j | areplacedin avector w andtheknown variables{2acY��³030203�#a � | areplaced
in thevector n . Next, we implementtheerrorpropagationfrom theobservations(pseudo-observations){2a�Y��1030203��a � |
to the parameters{�]^Y��C030302�#] j | thatareto be explicitly determinednamelycharacterizedby the first moments, the
expectationy"{�w�| *�xAy and yv{�n&|R*�x ¨ , aswell asthesecondmoments, thevariance-covariancematrices/dispersion
matrices�r{�w�|�*8w y and �r{2n}|�*Ðw�¨ . From E. GrafarendandB. Schaffrin (1993,pp.470-471),we have upto
nonlinearterms �r{�w�|R*=z�£ Yy{z¤¨�w=¨Rz �¨ �]z¬£ Yy`� � (2-68)

with z y ��z ¨ beingthepartialderivativesof (2-67)with respectto w ,n respectively at theTaylorpoints ��xAy9�	x ¨ � . The
approximatevaluesof unknown parameters{�]^Y_�1030302�#] j |Po w appearingin theJacobimatricesz y �	z ¨ areobtained
from Gröbnerbasesor Multipolynomialresultantssolutionof thenonlinearsystemof equations(2-66).

Given zZ!þ*ez £ Yy o z¤¨ o from the ) � å combinationand z b *|z £ Yy�}~zZ¨ } from the � � å combinatorials,the correlation
betweenthe ) � å and � � å combinationis givenby w ! b *�z b w ¨ } ¨ o z Å! (2-69)

Thesub-matricesvariance-covariancematrix for the individual combinatorialswvY��(w 
 ��w�[O�1030302��wi� (where � is the
numberof combinations) obtainedvia (2-68)andthecorrelationsbetweencombinatorialsobtainedfrom (2-69)form
thevariance-covariance/dispersionmatrix

wp*
¼½½½½½½¾
w Y w Y 
 0 0 0 w Y��w 
 Y w 
 0 0 0 w 
 �0 w [0 00 0w �3Y 0 0 0 w �

ïñððððððò (2-70)

for theentire � combinations.Theobtaineddispersionmatrix � is thenusedin thelinear Gauss-Markovmodel(2-4)to
obtaintheestimates�q of theunknown parametersq with thecombinatorialsolutionpointsin apolyhedronconsidered
aspseudo-observationsin thevector n of observationswhile thedesignmatrix s comprisesof integervalues1 being
thecoefficientsof theunknownsasin (2-73). In orderto understandtheadjustmentprocess,weconsiderthefollowing
example.

Example2-10: Considerthatonehasfour observationsin threeunknowns in a nonlinearproblem. Let the obser-
vationsbe given by {2a�Y��#a 
 �#a�[��#a_\�| leadingto four combinationsgiving the solutionsand the ¦a�c�FacYL�#a 
 �#a�[��
, ¦ ��� �Fa 
 �#a [ �#a \ � , ¦ ����� ��a Y ��a [ ��a \ � and ¦ � � ��a Y ��a 
 ��a \ � . If thesolutionsareplacedin a vector¦��"*�' ¦ � ¦ ��� ¦ ����� ¦ � � ) Å#� theadjustmentmodelis thendefinedasyv{�¦��^|R*iø Y 
 u [ q [ u Y �$�r{�¦a�^|��×��� � ���c��)U�c�³VNû%� ¯ ��úc�c��)Æ�O�³V3û;�%�����×��4�� � )Æ���+0 (2-71)

Let q � *�� ¦m�Zù ² Ô>�cû�V ��� �«¦m��>@* ¼½½¾ ¦ �¦ ���¦ �����¦ � �
ïñððò o � Y 
 u Y (2-72)

suchthat the postulations
� �L�r{2q � |©* � )U� i.e. “best” and y"{3q � |©*8q¤�^����������q � o ��j i.e. “uniformly

unbiased” holds.We thenhave from (2-70),(2-71)and(2-72)theresult�q�*`��ø Å[ u Y 
 w ¦�� ø1Y 
 u [2�#ø Å[ u Y 
 w £ Y¦ � ¦ � (2-73)���*z�O��4×{ � �L�r{2q � |R* � �+�Rw ¨ � Å * � )U�¢Ö�����yv|
Thedispersionmatrix �þ{ �q^| of theestimates�q is obtainedvia (2-5). Theshift from arithmeticweightedmeanto the
useof linear GaussMarkov modelis necessitatedaswe donot readilyhavetheweightsof theminimalcombinatorial
subsetsbut their dispersionwhich we obtainvia error propagation/Variance-Covariancepropagation. If we employ
the equivalencetheoremof E. GrafarendandB. Schaffrin (1993,pp. 339-341), an adjustmentusing linear Gauss
markov modelinsteadof weightedarithmeticmeanin Box (2-1) is permissible.In AppendixA.3 in page(108),we
presenttheerrorpropagationbasedon thenonlinearrandomeffectmodel(multivariate)wherewe illustratetheeffect
of thebiasedterm.
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Example 2-10(error propagationfor planar rangingproblem):
Let usconsiderasimplecaseof theplanarrangingproblem.Fromanunknownpoint �"�F��������or	 
 , let distances� Y and � 
 bemeasuredto two known points � Y ��� Y ��� Y � o�	 
 and � 
 �F� 
 �$� 
 �Xo�	 
 respectively. We have the
distanceequationsexpressedas " � 
Y *Q��� Y B���� 
 �z�'� Y B¢�P� 
� 

 *Q��� 
 B���� 
 �z�'� 
 B¢�P� 
 (2-74)

which we expressin algebraicform (2-66)as" �OY >Ä*`�F�xY�B¢��� 
 �����1Y?BD�=� 
 B[� 
Y *�Õ� 
 >Ä*`�F� 
 B¢��� 
 ����� 
 BD�=� 
 B[� 

 *�Õ 0 (2-75)

On takingtotaldifferentialof (2-75)wehave¼½½¾ µ � Y >Ä*�.9�F� Y B¢��� µ � Y B©.9�F� Y B¢��� µ �÷�d.;��� Y BD�=� µ � Y BB¤.9�'� Y BD��� µ �-B©.�� Y µ � Y *zÕµ � 
 >Ä*�.9�F� 
 B¢��� µ � 
 B©.9�F� 
 B¢��� µ �÷�d.;��� 
 BD�=� µ � 
 BB¤.9�'� 
 BD��� µ �-B©.�� 
 µ � 
 *zÕ (2-76)

which on arrangingthedifferentialvectorof theunknown terms {2���$�v|v*ý{2] Y ��] 
 |xo5w on the left handside
andthatof theknown terms {2� Y �$� Y �#� 
 �$� 
 �	� Y �	� 
 |�*f{�a Y �#a 
 �#a [ �#a \ �#aOé_�#aOê�|�o�n on theright handsideleads
to

z y " µ �µ �|� *�z ¨
¼½½½½½½¾
µ �CYµ �xYµ � Yµ � 
µ � 
µ � 


ïñððððððò (2-77)

withz y * ¼½½½¾
t � Yt � t � Yt �t � 
t � t � 
t �

ï ðððò * " B¤.9��� Y B���� B¤.;��� Y B¢�P�B¤.9��� 
 B���� B¤.;��� 
 B¢�P�g� (2-78)

andzX¨�* ¼½½½¾
t � Yt �CY t � Yt ��Y t � Yt �1Y Õ Õ Õ
Õ Õ t � 
t � 
 t � 
t � 
 t � 
t � 


ïñðððò *
* " .��CY B¤.;�F�xY�B¢��� B¤.9�'�^Y�BD�=� Õ Õ ÕÕ Õ Õ .�� 
 B¤.9�F� 
 B¢��� B¤.9�'� 
 BD���E�

ïñðððððððððò (2-79)

If we considerthat�þ{�w�|R*�w y * " g 
� g �X�g �:� g 
� � (2-80)

and

�r{2n&|R*�w ¨ *
¼½½½½½½¾
g 
� � g � � � � g � � � � g � � � � g � � � � g � � � �g � � � � g 
� � g � � � � g � � � � g � � � � g � � � �g � � � � g � � � � g 
� � g � � � � g � � � � g � � � �g � � � � g � � � � g � � � � g 
� � g � � � � g � � � �g � � � � g � � � � g � � � � g � � � � g 
� � g � � � �g � � � � g � � � � g � � � � g � � � � g � � � � g 
� �

ïñððððððò (2-81)

weobtainwith (2-77),(2-78)and(2-79)thedispersion(2-68)of theunknownvariables{2�����v| *Q{2] Y �#] 
 |�o6w .
Theunknown valuesof {������v|R*Q{2] Y ��] 
 |�o6w appearingin theJacobimatrices(2-78)and(2-79)areobtained
from Gröbnerbasesor Multipolynomialresultantssolutionof thenonlinearsystemof equations(2-74).
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2-4 Concluding remarks

TheChapterhaspresentedtheclosedform algebraictoolsof GröbnerBasesandtheMultipolynomialresultantsthat
areusedin the next Chaptersto solve closedform geodeticproblems.Using thesealgebraicclosedform tools, the
Gauss-Jacobicombinatorialalgorithm is presentedasanalternative to estimatethefixedparametersin thenonlinear
Gauss-Markov model.In Chapter3,weconsiderthesolutionof selectedgeodeticproblemsusingthealgebraictoolsof
GröbnerBasesandtheMultipolynomialresultantswhile in Chapter4, we usetheGauss-Jacobicombinatorialalgo-
rithm to estimatethefixedparametersin thenonlinearGauss-Markov modelin theoverdeterminedthree-dimensional
resectioncase.



Chapter 3

Solution of selectedGeodeticproblems

In this Chapter, we solve in a closedform thegeodeticproblemsof; three-dimensionalresection, minimumdistance
mappingand GPSpoint positioningwith observationsof type pseudo-range. The Gröbner basesand the multi-
polynomialresultantstechniquespresentedin Chapter2 areusedasthe computationaltools with the Gauss-Jacobi
combinatorialalgorithmemployedin thesolutionof theoverdetermineGPScodepseudo-rangingproblem. We start
in Section(3-1) by giving an overview of the GPSandLPS systemsbeforeconsideringthe solutionof the selected
geodeticproblemsin Section(3-2).

3-1 LPS and GPSpositioning systems

In thissectionwehighlightthemainpositioningsystems;theGlobalPositioningSystemGPSandtheLocalPositioning
SystemLPS andin particular, the referenceframesuponwhich they operate.An expositionon their relationshipis
givenandtheterm“thr ee-dimensionalorientationproblem” defined.

3-11 GPSPositioning

Theresultsof the three-dimensionalpositioningby GPSarethethree-dimensionalgeodeticcoordinates{R�³���®�$å³| of
a point. Whenpositioningwith GPS,theoutcomeis thegeocentricpositionfor an individual receiver or therelative
positionsbetweenco-observingreceivers.Themodeof operationandtechniquesarewell-documentedin GPSrelated
publicationsandbooks(e.g. B. Hofman-Wellenhofet al. (1994), A. Leick (1995),V. S.Schwarze(1995),G. Strang
andK. Borre (1997),A. Mathes(1998),R.Dach (2000)andM. S.Grewal et al. (2001)amongothers).

TheGlobalReferenceFrame��� uponwhichtheGPSobservationsarebasedisdefinedby thebasevectors� Y�� �#� 
 � ��� [q�
with theorigin beingthecenterof mass.Thefundamentalvectoris definedby thebasevector � [q� andcoincideswith
the meanaxis of rotation of the Earth andpoints to the direction of the CIO. ��Y�� is orientedsuchthat the plane
formedby ��Y�� and �R[q� pointsto the directionof the Greenwichin England. � 
 � completesthe right handedsys-
temby beingperpendicularto ��Y � and�R[ � . TheGeocentricCartesiancoordinatesof apositionalvector h is givenbyh *i��Y � �ý�©� 
 � ���S�¬[ � � (3-1)

where{ ��������� } arethecomponentsof thevector h in thesystem� Y	� �#� 
 � �#� [q� Ö � .

3-12 LPS positioning

3-121 Local Positioning Systems(LPS)

E. W. Grafarend (1991) definesthe Local Level Systemas a three-dimensionalreferenceframe at the hand of an
experimenterin anengineeringnetwork. Whenoneis positioningusinganelectronictheodoliteor a total station,one
first centerstheinstrument.Whentheinstrumentis properlycenteredandreadyfor operation,theverticalaxisof the
instrumentatthismomentcoincideswith thedirectionof thelocalgravity vectoratthatparticularpoint,hencetheterm
directionof thelocal gravity vector, andpointsin thedirectionoppositeto thatof thegravity vectorat thetheodolite

27
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station(i.e. to thezenith). Thesystemcannow beusedto measureobservationsof thetypehorizontaldirections6 !
, vertical directions 7 ! andthe spatialdistances� ! with the triplet {�� ! �#6 ! �$7 ! | beingmeasuredin the Local Level
ReferenceFrame. Thesesystemsasopposedto GPSareonly usedwithin the local networksandarereferredto as
the Local PositioningSystems(LPS). In Section(3-122)below, we considerthe choiceof the local datumfor such
systemsin a three-dimensionalnetwork.

3-122 Local datum choicein an LPS 3-D network

In positioningwith the Local Positioning System(LPS), one hastwo options,namely; using a known orientation
or definingthe orientationarbitrarily. Whenthe first option is adopted,in which casethe azimuthsareknown, one
operatesin theLocalLevelReferenceFrameof type 	�5 discussedin (a)below. Shouldthesecondapproachbeopted
for, thenoneoperatesin theLocalLevelReferenceFrameof type ��5 discussedin (b).

(a) LocalLevel ReferenceFrameof type 	�5
Theorigin of the 	�5 systemis a point � whosecoordinatesare

h * ¼¾ � � �
ïò � * ¼¾ ÕÕÕ

ïò (3-2)

definedby basevectors	�Y	� ,	 
 � ,	�[q� of typesouth,east,vertical. 	�[�� pointsto thedirectionoppositeto
thatof thelocalgravity vector � atpoint � . 	�Y � pointssouth,while 	 
 � completesthesystembypointing
east.Thedatumsphericalcoordinatesof thedirectionpoint � ! in theLocalLevelReferenceFrame	�5 are�� ��� BkF �¢5Z*��P5¤*��R5Z* Õ���«! BkF ¼¾ �¢5�P5�R5

ïò_� � * �³! ¼¾ VN�_ù~�¤!�V3�_ù27R!ù2)U�U�¤!_VN�_ù®7R!ù3)U��7R!
ïò (3-3)

with azimuths� ! , verticaldirections7 ! , andspatialdistances� ! .
(b) LocalLevel ReferenceFrameof type ��5

Definedby the basevectors��Y	� , � 
 � , �R[q� , with ��Y	� within the local horizontalplanespannedby the
basevectors	�Y	� and 	 
 � directedfrom � to � ! in vacuo.Theanglebetweenthebasevectors	�Y	� and��Y � is the "unknownorientationparameter" � in thehorizontalplane. 	�Y � , 	 
 � , 	�[ � is relatedto ��Y �
,� 
 � ,�¬[ � by a "Karussel-Transformation"asfollows¼¾ � Y�� *·	 Y	��� ���-�¢�©	 
 � �#� H(�� 
 � *-BZ	 Y � ��� H��D�S	 
 � � ���-�� [�� *·	 [q� (3-4)

or' � Y�� �#� 
 � ��� [q� ) *�' 	 Y	� ��	 
 � ��	 [�� ) ¼¾ � ���-� B6�#� H�� Õ��� H(� � ���-� ÕÕ Õ ,
ïò (3-5)

thustheLocal Level ReferenceFrameof type ��5 is relatedto theLocal Level ReferenceFrameof type	�5 by ' 	�Y	�_��	 
 ����	�[�� ) *�' ��Y	�L��� 
 ���#�¬[�� )~�g� [ ���?�(0 (3-6)

Thedatumsphericalcoordinatesof point �«! in theLocalLevel ReferenceFrame��5 aregivenas�� ��� F �¢5X*���5X*A�R5X*zÕ��� ! F ¼¾ � 5��5�R5
ïòJ¡ � *¢� ! ¼¾ � ���/6 ! � ���97 !�#� HZ61! � ���97 !��� HX7R! ïò (3-7)

where6 ! and 7 ! arethehorizontalandverticaldirectionsrespectively, while � ! arethespatialdistances.
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Thelocal cartesiancoordinatesof a pointwhosepositionalvectoris £ in the ��5 systemis givenby£�*i� Y	� ]P�S� 
 � a��S� [q� b (3-8)]C��a^��b ) arethecomponentsof thevector £ in thesystem{2� Y � �#� 
 � �#� [ � Ö �¢|&0 More insighton thetopiccanbefound
in B. Richter (1986,p.28)andE. GrafarendandB. Richter (1977).

3-13 RelationshipbetweenGlobal and Local Level ReferenceFrames

In positioningwithin theLPS threedimensionalpositioningframework , oneis interestednot only on thegeometrical
quantities{2���������¬| G � � for positionof thenew point but alsoon thephysicalquantities{�¤¦¥1�q§_¥^| beingthedirec-
tion of the local gravity vector � at the positionedpoint. Whenpositioningwith LPS within the Global Reference
Frame, thedirection {�¤¦¥1�q§_¥^| of the local gravity vector � is obtainedby solving the threedimensionalorientation
problem. This is achievedby thetransformationof coordinatesfrom theLocal Level ReferenceFrameto theGlobal
Terrestrial ReferenceFrame(e.g.ITRF97). It is conventionallysolvedby a meansof a Ü¨QZÜ rotationmatrix,which is
representedby a triplet {�¤ ¥ ��§ ¥ �q� ¥ | of orientationparameterscalledtheastronomicallongitude ¤ ¥ , astronomical
latitude § ¥ , andthe"orientationunknown"� ¥ in thehorizontalplane.With respectto thelocalgravity vector � the
triplets {�¤ ¥ ��§ ¥ �	©�*`�ª�R��| areits sphericalcoordinates,in particular {�¤ ¥ �q§ ¥ | its directionparameters.The three-
dimensionalorientationproblemthereforesolvestheproblemof determining(i) the Ü«Q?Ü rotationmatrix and(ii) the
triplet {�¤_¥1��§_¥1�q�_¥^| of orientationparametersfrom GPS/LPSmeasurements.As soonastheastronomicallongitude¤_¥ andastronomicallatitude §_¥ aredetermined- no astronomicalobservationsareneededanymore- the vertical
deflectionswith respectto awell-chosenreferenceframe,e.g.theellipsoidalnormalvectorfield canbeobtained(e.g.
E. GrafarendandJ. L. Awange (2000)).The three-dimensionalorientationproblemis formulatedby relatingthe ��5
frameto the ��� frameasfollows' ��Y	���#� 
 �_�#�¬[q� ) *�' ��Y	�_�#� 
 ���#�¬[q� )��E¬ ��¤ ¥ ��§ ¥ �q� ¥ � (3-9)

wheretheEulerrotationmatrix � ¬ is parameterisedby­® ¯°� ¬ �]¤¦¥1�q§_¥1���_¥;��>@* � [ ���_¥;� � 
²±�³ 
 BH§_¥
´ � [ �]¤¦¥;� (3-10)

i.e. the threedimensionalorientation parameters, the astronomical longitude ¤¤� astronomical latitude § � and the
"orientation unknown" � in the horizontalplane. In-termsof Cartesianco-ordinates]C��a^��b of the stationpoint, the
targetpoints ]%!��#aO!T��b�! in theLocalLevelReferenceFrame���@5 andCartesianco-ordinates���$�}�(� of thestationpoint,
thetargetpoints �"!#�$�%!#���+! in theLocalLevelReferenceFrame�¬� onewrites¼¾ ]%!1B¢]a�!1B¢ab�!^B©b

ïòJ¡ � * � ¬ �]¤¦¥1�q§_¥1���_¥;� ¼¾ �v!³B���%!1BD��+!³B©�
ïò_¡ � (3-11)

with¼¾ ]×!1B�]a ! B�ab ! BDb
ïòJ¡ � *µ�1! ¼¾ V3�_ù³61!_VN�_ù�7R!ù2)��¬6 ! VN�_ù®7 !ù2)���7 !

ïò �>�^!«o¢{O,���./�^030203����| (3-12)

Thequestionthenarises:How cantheparametersrelatingtheLocalLevelReferenceFrame� 5 to theGlobalReference
Frame��� beobtained?

1. The conventionalapproachhasbeento determinethe direction ��§ �	¤�� of the local gravity vector � at
theorigin of thenetwork andthe “orientation unknown” � in thehorizontalplaneby theuseof steller
astronomicalobservations.

2. E. W. Grafarend, P. Lohseand B. Schaffrin (1989) have proposedan approachbasedon the solution
of three-dimensionalresectionproblem. In the approach,directionalmeasurementsare performedto
the neighbouring3 points in the Global ReferenceFrameand usedto derive the distancesby solv-
ing the Grunert equations. From thesederived distances,a closedform solutionof the six unknowns{2���������X��¤ ¥ �q§ ¥ ��� ¥ | by meansof theHamilton-Quaternionprocedure is achieved.
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3. J. L. Awange (1999)andE. GrafarendandJ. L. Awange (2000)solved the overdeterminedform of the
problemby usingthesimpleProcrustesalgorithmto determinethethree-dimensionalorientationparam-
eters {�¤ ¥ �q§ ¥ ��� ¥ | andthedeflectionof thevertical for a point whosegeometricalpositionalquantities{3���������¬| G � � areknown.

4. The fourth approachwould be first to determinethe geometricalvalues {2���������¬| G � � of the unknown
point throughthe three-dimensionalresectionapproachpresentedin the presentstudy and then back
substitutethe obtainedgeometricalvalues {�����������| in (3-11) to obtainthe Euler rotationmatrix. The
Eulerrotationanglescanthenbededucedvia aninversemappresentedby E. GrafarendandJ. L. Awange
(2000,lemma2.3,p.286).

Herethe three-dimensionalorientationproblemis understoodasthe fundamentalproblemto determinetherotation
matrix aswell as its threeparameterscalled{ astronomicallongitude, astronomicallatitude, horizontalorientation
unknownin thehorizontalplane} which relatestheLocal Level ReferenceFrameto theGlobal Terrestrial Reference
Frame(e.g. ITRF 97) from GPSpositionmeasurementsboth at target pointsaswell as the stationpoint andLPS
directionmeasurements(horizontaldirections,verticaldirectionsby a theodolite)from thestationpoint to thetarget
points(at leastthree). If a referencedirectionparameterizedin termsof “surfacenormal” {ellipsoidal longitude ¤ ,
ellipsoidal latitude § } is subtractedfrom the local vertical parameterizedin termsof {astronomicallongitude ¤ ¥ ,
astronomicallatitude § ¥ }, namely {�¤ ¥ B[¤ �-§ ¥ BH§¤| wehaveaccessto theverticaldeflections.

3-14 Observation Equations

In this section,we considertheequationswith respectto a stationarytheodolitefor thepurposeof point positioning.
For the casewherethe theodolitemovesfrom point to point, i.e. moving horizontaltriad, we refer to E. Grafarend
(1975,1988and1991). In generala moreelaborateliteratureon observationsin three-dimensionalpositioningis
givenby E. Grafarend(1981). Stationedat thepoint �to�	 [ andwith the theodoliteproperlycentred,we sight the
targetpoints, �«!+o�	 [ where) = 1,2,3,.....,n.Thereexist threetypesof measurementsthatwill betakenfrom �po�	 [
to �«!¬oS	 [ in the LPSsystem(Local Level ReferenceFrame ��5 ). Theseare; the horizontaldirections61! , vertical
directions7R! andspatialdistances�1! whoseequationsaregivenas6 ! *zJ�I � K$J_H æ <�a�!<�]%! ç ¡ � BH� ¥ ����� (3-13)

7R!C*zJ�I � K$J_HZ¶ <�b !· <�] 
! �l<�a 
!m¸ ¡ � (3-14)� ! *�¹ <�] 
! �l<=a 
! �l<Pb 
! Ö ¡ � (3-15)

where <�]%!�* �F]%!}B·]×�(�`<�a�!=* �Fa�!+B·a9�(�Q<Pb�!=*Á��b�!}Bmb�� denotethe coordinatedifferencein the Local Level
ReferenceFrame ��5 and �_¥³����� is the"unknownorientation" in thehorizontalplaneaftersettingthezeroreadingof
thetheodolitein thedirection � F � ! . TherelationshipbetweentheLocalLevelReferenceFrame��5 andtheGlobal
ReferenceFrame�¬� is thengivenby¼¾ <�]×!<�a�!<Pb !

ïò ¡ � * � ¬ ��¤_¥1��§_¥1�$ÕO� ¼¾ <=�"!<��×!<"� !
ïò ¡ � (3-16)

with� ¬ ��¤_¥1��§_¥1�$ÕO�&* ¼¾ ��� H�§_¥ � ����¤¦¥ ��� H�§_¥X�#� H²¤_¥ B � ���
§_¥B6��� H²¤_¥ � ����¤_¥ Õ� ���-§_¥ � ����¤¦¥ � ���-§_¥X�#� H²¤_¥ �#� H(§_¥ ïò (3-17)

wenow expresstheobservations(3-13),(3-14)and(3-15)in theGlobal ReferenceFrameas61!C*zJ�I � K$J_H»º B6��� HX¤_¥;<=�"!%� � ����¤_¥;<��×!�#� H�§ ¥ � ����¤ ¥ <�� ! �H��� H(§ ¥ ��� H²¤ ¥ <P� ! B � ���-§ ¥ <"� ! d B\�_¥³����� (3-18)

7 ! *iJ_I � K�J_H¼* � ���k§ ¥ � ����¤ ¥ <�� ! � � ���-§ ¥ ��� H²¤ ¥ <P� ! �H��� H(§ ¥ <"� !· ����� H(§ ¥ � ����¤ ¥ <�� ! �H��� H²§ ¥ ��� H²¤ ¥ <P� ! B � ���-§ ¥ <"� ! � 
 �S� 
 0 (3-19)

with � 
 * � � ����¤ ¥ <�� ! BD��� H²¤ ¥ <�� ! � 
 , <�� ! * �F� ! Bm���N�%<P� ! * �'� ! Bi���(�×<v� ! * ��� ! Bz�¤� in the Global
ReferenceFrame�¬� and {�� ¥ �'���(�	¤ ¥ �'���(�q§ ¥ ������| arethethreeorientationunknownsat theunknown point �
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3-2 Selectedgeodeticproblems

In this section,we considertheapplicationof thetechniquesdiscussedin Chapter2 to solve;
(1) thethree-dimensionresectionproblem
(2) theminimumdistancemappingproblem
(3) thefour-pointGPSpseudo-rangingequations.

3-21 Threedimensionalresectionproblem

Herewe considertheclosedform solutionof thethreedimensionalresectionproblemusingGröbnerbasisandMul-
tipolynomialresultanttechniques.Theclosedform threedimensionalresectionprocedureis carriedout in threesteps
namely:distance-derivationstep(solutionof theGrunertequations), theposition-derivationstepandtheorientation-
derivationstep.Onemayarguethatthedistancederivationstepis irrelevantin light of themoderndistancemeasuring
equipmentssuchasEDM. We shouldhowever not forget that in forestareas,onemay be lucky to measureangles
but theblockageof EDM signalsby treeleavesandbranchesmayhamperaccuratedistancemeasurements.In pho-
togrammetry, the distanceshave to be derived from the imagecoordinatesin orderto obtainthe perspective center
coordinatesandtheorientationparameters,i.e. theelementsof exterior orientation.Thesetwo examplesvalidatethe
necessityof still having proceduresfor deriving thespatialdistancesdespitetheexistenceof ElectromagneticDistance
Measuring(EDM) equipments.

In theclosedform threedimensionalresectionproblem,we areinterestedin determiningthepositionandorientation
of thepoint � connectedby angularobservationsof typehorizontaldirections6 ! andverticaldirections7 ! to three
otherknown points �+YL�$� 
 ���«[ asin Fig (3.1)below. Fromtheangularmeasurements,thedistancesarederivedin the
distancederivation stepby solving the Grunert equations. Oncethe distanceshave beenestablished,the unknown
position � is determinedin the position derivation step. The closedform threedimensionalresectionproblemis
completedin the orientationderivation stepby solving the orientationparametersthat relatethe Global Reference
System��� to theLocalLevel ReferenceSystemof type ��5 .

½a¾
½m¿

À ¿
½
À ¾À ¿	Á

Â Þ#ß Â ß(à
½~Á

À Á
À Á]¾ À ¾!¿

Figure3.1: Tetrahedronfor closedform 3d-resection

(a) Thedistance-derivationstep(solutionof theGrunertequations):
We begin in Box (3-1) by presentingthe derivation of the distanceequations(alsoknown the Grunert
equations) relating the known distances�1! b ��)��!�l* ,��$.9��Ü¤Ö )X@*\� betweenthe known GPSstationsin
the Global ReferenceFrame �P� � the unknown distances�1!���)v* ,���./��Ü betweenthe unknown station� o·	 [ andthe known stations�®!=om	 [ andthe spatialanglesÃ�! b ��)����D*¹,O�$.9��Ü¤Ö )²@*\�O0 The spatial
angles Ã+! b �r)����-* ,���./�$Ü¤Ö )²@*\� are obtainedfrom observationsof type horizontaldirections 61! and
vertical directions 7R! asshown in Box (3-1) in the Local Level ReferenceFrame �P0 5 The relationship
betweenobservationsin theLocalLevelReferenceFrameandtheGlobalReferenceFrame��� in Box(3-
1) is presentedin (3-22)where � ! ��� ! ��� ! Öc)ZoS{c,���./��Ü9| areGPSCartesiancoordinatesof known points� ! o·	 [ Ö³)=o-{O,O�$.9��Ü/|c��� ! �#6 ! �$7 ! Ö1)PoA{O,���./�$Ü/| aresphericalcoordinatesof type: spatialdistances,
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horizontalandverticaldirectionsrespectively linking theold andnew GPSpoints,while ��������� arethe
requiredGPScoordinatesof theunknownpoint �fo�	 [ (Figure3.1). � is therotationmatrixcontaining
thethree-dimensionalorientationparameters(see(3-11)in Section(3-13)).Multiplying (3-22)by ( 3-24)
leadingto (3-25)derivetherelationshipbetweenthesphericalcoordinatesof typehorizontaldirections6 ! ,
verticaldirections7R! andthespaceanglesÃ�! b . After manipulationsof (3-26),(3-27)and(3-28),thespatial
angleÃ+! b canbewritten in termsof thesphericalcoordinates{361!T��7R!#|&�N{26 b ��7 b | of points �®! and � b with
respecttoatheodoliteorthogonalEuclideanframe��5 asin equation(3-29).TheGrunertequationsfor the
threeunknown distances� Y ��� 
 ��� [ cannow bewritten in termsof theknown distances� Y 
 �	� 
 [ �	� [(Y and
thespaceanglesÃ Y 
 ��Ã 
 [ ��Ã [�Y illustratedin (Figure3.1) asin (3-31). In photogrammetry, therelationship
betweenthespaceanglesandthemeasuredimagecoordinateswith respectto orthogonalEuclideanframe
centredat theperspectivecentreis givenby E. GrafarendandJ. Shan(1997a,equation(1.1),p.218)as� ���cÃ ! b * ]×!�] b �©a�!'a b �d� 
· ] 
! �Sa 
! �d� 
 ¹ ] 
b �©a 
b �l� 
 (3-20)

Box 3-1 (derivationof theGrunertequations):

“GPSandLPScoordinatesystems"¼¾ ]%!³B�]a�!^BDbb ! BDb
ïòJ¡aÄ *µÅ ¼¾ �"!1B¢��×!1BD�� ! B©�

ïò_¡ � (3-21)�1! ¼¾ � ���/61! � ���97 !�#� HZ61! � ���97 !��� HX7R! ïò *ÆÅ ¼¾ �v!³B���%!1BD��&!1B©� ïò (3-22)Å¸o �WÇv�'ÜO��>@*-{�h o � [ u [ ÖLh=È®h *�ø [ ��Ö h`Ö�*A��,_| (3-23)�#B¤.��m' � ���/6 b � ���97 b ����� H�6 b � ���97 b ����� HZ7 b ) � b (3-24)¼½½½½½½½½¾
�TB¤.O�ª' VN�_ù26 b VN�_ù�7 b �$ù2)U�16 b V3�_ù27 b �$ù2)U�³7 b ) �1!!� b ¼¾ V3�_ù361!'VN�_ù�7 !ù2)U�161!FVN�_ù�7 !ù2)U�³7 !

ïò *
�TB¤.��V' ��� b B¢���(����� b BD���N�2�U� b B©� � ) ¼¾ � ! B¢�� ! B¢�� ! BS�

ïò (3-25)
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Box 3-1 (derivationof theGrunertequationscontinued):��� b B¢���3�F� ! B¢���+*i� b � ! B¢� b �¸B¢� ! �ý�©� 
��� ! B�� b �3�F� ! B¢� b �&*z� 
! B©.L� ! � b �©� 
b�F�"!³B¢���3�F�"!^B��¢�&*i� 
! B©.L�"!��Î�S� 
�F� b B����3�F� b B����&*i� 
b B©.L� b �Î�S� 

ïñððòÊÉÉ �F� ! B¢� b � 
 B·�F� ! B¢��� 
 Bm��� b B¢��� 
 *`B¤.9��� b B¢���N��� ! B���� (3-26)

¼½½½½½½½½¾
�#B¤.��ª' VN�_ù26 b VN�_ù�7 b ��ù2)��16 b VN�_ù�7 b �$ù2)U�³7 b ) �1!]� b ¼¾ VN�_ù261!�VN�_ù�7R!ù3)U�161!FVN�_ù�7R!ù2)��³7R!

ïò *ëí î �F�"!1B¢� b � 
 �����×!³BD� b � 
 �����&!1B©� b � 
 BB��F� ! B¢��� 
 Bm�'� ! B¢�=� 
 B·��� ! B©� � 
 BB���� b B¢��� 
 B·��� b B¢��� 
 B·��� b BS� � 
 ó ôõ (3-27)

B¤.�{V��� HX7 b �#� HZ7 !%� � ���97 b � ���97R! � ���2�F6 b B¢61!'�N|~�1!]� b *
=

ëí î �F� ! B¢� b � 
 �z��� ! B¢� b � 
 �z�Æ� ! BS� b � 
 BB©�Í�"!1B��¢� 
 B·���×!1BD��� 
 Bm�U�+!1BS�¤� 
 BB©�Í� b B¢��� 
 Bm�'� b BD��� 
 Bm�U� b B©� � 
 ó ôõ (3-28)� ���cÃ ! b * � ���97 ! � ���;7 b � ���3��6 b B¢6 ! �C�\�#� HX7 ! �#� HX7 b (3-29)" B¤. � ���/Ã ! b � ! � b *µ� 
! b B5� 
! B5� 
b� 
! b *�� 
! �Y� 
b B©.��1!�� b � ���cÃ+! b (3-30)¼¾ � 
Y 
 *µ� 
Y �\� 

 BD.��CYª� 
 � ����Ã&Y 
� 

 [ *µ� 

 �\� 
[ BD.�� 
 � [�� ����Ã 
 [� 
[(Y *µ� 
[ �\� 
Y BD.�� [ � Ya� ����Ã [(Y (3-31)

Several procedureshave beenput forward to solve the Grunert equationsfor the unknown distances�CYL�	� 
 �	�1[ in
(3-31)above. TheseincludeJ. A. Grunert (1841),S.FinsterwalderandW. Scheufele(1937),E. L. Merritt (1949),M.
A. Fischler andR.C. Bolles(1981),S.Linnainmaaet al. (1988),E. Grafarendet al. (1989),P. Lohse(1990)andE.
GrafarendandJ. Shan(1997a,1997b).F. J. Müller (1925)andR.M. Haralick etal. (1991,1994)presentanextensive
review of theseprocedures.The presentstudyconsidersthe useof algebraiccomputationaltools (Gröbnerbases
andMultipolynomial resultants) discussedin Chapter2 to solve the Grunert equationsfor the unknown distances� Y �	� 
 �	� [ in (3-31).

In orderto understandthe usefullnessof Gröbnerbasisin the solutionof the three-dimensionalresectionproblem,
we presentfirst thehandcomputationof theGrunertdistancesfor a regular tetrahedron usingGröbnerbasisbefore
consideringthegeneralcaseof theGrunertequationsfor distancesin thegeneralthreedimensionalresectionproblem
whoseGröbnerbasisis computedusingMathematicasoftware.

(i) Gröbnerbasissolutionof theGrunertequationsfor a regulartetrahedron

We begin by expressingtheGrunertdistancesequations(3-31)-whosegeometricalbehaviour hasbeenstudiedby E.
Grafarend,P. LohseandB. Schaffrin (1989)-in theform¼¾ �cW *z] 
Y �S] 

 BD.��/Y 
 ]1Y�] 
Ô(W *·] 

 �©] 
[ B©.�Ô 
 [(] 
 ]%[VNW *i] 
[ �©] 
 Y B©._VN[(Y�]×[3]1Y (3-32)

where¼¾ ] 
 Y BD.�� Y 
 ] Y ] 
 �S] 

 BD� W *zÕ]%

 BD.OÔ 
 [ ] 
 ] [ �S]%
[ BDÔ W *�Õ] 
 Y BD.�VN[(Y$]^YN]%[��S] 
[ B¢V(W¬*iÕ (3-33)

E. Grafarend,P. LohseandB. Schaffrin (1989)demonstratethat for eachof the quadraticequationin (3-32), there
exists an elliptical cylinder in the planes {2]^YL�#] 
 |&�C{2] 
 �#]×[_| and {2]×[_��]^YL| for the first, secondand third equations
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respectively . Thesecylindersareconstrainedto their first quadrantsincethedistancesarepositive thus {2]1YRo � B |&�{3] 
 o � B | and {�]%[¬o � B | . In Box (3-2) below, we apply the Gröbnerbasistechniqueto solve for the distances] ! ��)+*Q,O�$./�$Ü betweentheunknown station� or	 [ andtheknown stations� ! or	 [ . For a regular tetrahedron, the
distances]^Y�*Q] 
 *Q]%[ joining theunknown point �÷o�	 [ to theknown points � ! o�	 [ areequalto thedistances� Y 
 *Ë� 
 [ *Ì� [�Y betweenthe known stations. Let us considerthesedistancesto be equalto �UÍ µ . The spatial
anglesarealsoequal(i.e. Ã Y 
 *ÎÃ 
 [ *ÏÃ [(Y *t:�Õ�Ð ). The tasknow is to computeby handthe Gröbnerbasisof
(3-32)andusethemto find theGrunertdistancesfor theregulartetrahedron(i.e. show that thedesiredsolutionsfor{2] Y �#] 
 �#] [ |�o � B are ] Y *z] 
 *i] [ *A�UÍ µ 0

Box 3-2 (Handcomputationof Gröbnerbasisof theGrunertequationsfor a regular tetrahedron):

Upon lexicographicordering ]1Y�e`] 
 ep]%[ andsubtractingthe left handsideof (3-32) from theright hand
sidewe have ¼¾ ��Y >@*z] 
Y B©._�9Y 
 ]^Y(] 
 �S] 

 B¢�cW *zÕ� 
 >@*z] 

 B©.�Ô 
 [(] 
 ]×[��©] 
[ B©Ô�W *zÕ� [ >@*z] 
Y B©._V [(Y ] Y ] [ �d] 
[ BDV W *�Õ (3-34)

aspolynomialsin
� ' ] Y �#] 
 ��] [ ) . Theseequationsform (following DefinitionA-6 in AppendixA.1) theIdeal 1

as 1�*�Ñ'� Y �$� 
 �$� [�Ò 2{' ] Y �#] 
 ��] [ ) (3-35)

For a regulartetrahedron,whereÃ+! b *�:�Õ�Ð_�_. � ���3��:OÕ�Ð2�&*Q, and � W *�Ô W *zV W * µ . (3-34)is thenwrittenas¼¾ ] 
 Y B¢] Y ] 
 �©] 

 B µ *zÕ] 

 B¢] 
 ] [ �©] 
[ B µ *zÕ] 
 Y B¢] Y ] [ �©] 
[ B µ *zÕ (3-36)

giving risefrom (3-35)to theIdeal 1 as1�* Ó�] 
 Y B�] Y ] 
 �S] 

 B µ ��] 

 B¢] 
 ] [ �©] 
[ B µ �#] 
 Y B¢] Y ] [ �S] 
[ B µ-Ô2 � ' ]1YL��] 
 �#]%[ ) (3-37)

whosegenerators? arewrittenas¼¾ 4cY?*i] 
Y B¢]^YN] 
 �S] 

 B µ4 
 *i] 
 Y B¢]^YN]%[��S] 
[ B µ4 [ *i] 

 B¢] 
 ] [ �S] 
[ B µ 0 (3-38)

Desirednow aretheGröbnerbasisfor thefor thegenerators(3-38)of the Ideal 1 in (3-35). We thenproceed
to computethe � pair polynomials �I4 Y �>4 
 �N�2�#4 Y ��4 [ �(���I4 
 �>4 [ � from the generators(3-38) of (3-35). From B.
Buchberger’s third criterionexplainedin Chapter2, we noticethatLM �#4 
 �X*`] 
Y dividestheLCM �I4 Y ��4 [ �X*] 
 Y ] 

 0 It sufficesthereforeto suppresstheconsiderationof �I4 Y �>4 [ � andinsteadconsideronly �I4 Y ��4 
 �N�2�I4 
 �>4 [ � .�Z�#4 Y �>4 
 � gives �Z�#4 Y ��4 
 �&*`BZ] Y ] 
 �S] Y ] [ �S] 

 B¢] 
[ (3-39)

which is reducedwith respectto ? by subtracting4 [ to obtainBZ] Y ] 
 �S] Y ] [ BD._] 
[ �S] 
 ] [ � µ � (3-40)

which doesnot reduceto zeroandis addedin the original list ? of the generatingsetof the Ideal 1 as 4 \ .
The �©B��×�L�Fa��³� � )Æ��� pairsto beconsiderednext are �Z�I4 
 ��4 [ �N�	�Z�#4 
 �>4 \ �(���Z�I4 [ �>4 \ � from thenew generating
set ?¸*t{ª4 
 �>4 [ �>4 \ | . Since � T �I4 
 � and � T �I4 [ � arerelatively prime, �Z�I4 
 �>4 [ � reducesto zeromodulo ?
( �Z�I4 
 ��4 [ �UF\G�Õ ). The � pair polynomialsremainingfor considerationare �I4 
 ��4 \ � and �I4 [ �>4 \ � . �Z�#4 
 �>4 \ �
gives �Z�I4 
 �>4 \ ��*·] 
Y ] [ �©] Y µ BD._] Y ] 
[ �S] 
 ] 
� B¢] 
 µ (3-41)

which is reducedwith respectto ? by subtracting] [ 4 
 to give] Y µ B�] Y ] 
[ �S] 
 ] 
[ B¢] 
 µ B¢] [[ �S] [ µ (3-42)
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Box 3-2 (Handcomputationof Gröbnerbasisof theGrunertequationscontinued):

which doesnot reduceto zeroand is addedto the list ? of the generatingsetof the Ideal 1 as4�é . The �zBl�%�L��ac�³� � )Æ��� setsto be considerednext is �Z�I4 [ �>4 \ � from the new generatingset?Q*Q{V4 
 ��4 [ �>4 \ �>4�é_| . �Z�#4 [ ��4 \ � gives�Z�#4�[_�>4_\��&*QBZ]1Y�] 
[ �©]1Y µ �d._] 
 ] 
[ B¢] 

 ]%[XB¢] 
 µ (3-43)

which is reducedwith respectto ? by subtracting4�é andadding] [ 4 [ to give.L] [[ B©.L] [ µ (3-44)

which is a univariatepolynomialandcompletesthesetof thereducedGröbnerbasisof theset ?
summarisedasfollows?f>@* ¼½½½½¾

4 
 *z] 
 Y B¢] Y ] [ �S] 
[ B µ4 [ *z] 

 B¢] 
 ] [ �S] 
[ B µ4 \ *`BZ] Y ] 
 �S] Y ] [ B©.L] 
[ �©] 
 ] [ � µ4�é¤*z] Y µ B�] Y ] 
[ �S] 
 ] 
[ B¢] 
 µ B¢] [[ �S] [ µ4�ê¤*�.L] [[ B©.L] [ µ (3-45)

From the computedreducedGröbner basis in (3-45) we note that the element4�ê©* .L] [[ B�._] [ µ is a univariate

polynomialin ] [ andreadily givesthe valuesof ] [ *ÖÕ×ÕZ��× Í µ�Ø . We thenproceedto derive the solution to the

Grunertdistanceequations(3-34)asfollows: Since� [ *i] [ o � B , thevalueof � [ *��UÍ µ . This is substitutedback

in 4 [ *i] 

 B�] 
 ] [ �r] 
[ B µ and 4 
 *i] 
 Y Bx] Y ] [ ��] 
[ B µ to give ] 
 *ÙÕ^ÕZ��� Í µaØ and ] Y *ÙÕ×ÕZ�(� Í µaØ respectively.

This completsthesolutionof Grunertequations(3-34)for theunknown distances] Y *A] 
 *A] [ *Q� Í µ aswe had
initially assumed.

(ii) Gröbnerbasissolutionof theGrunertequationsfor thegeneralthree-dimensionresectionproblem

We next presenttheapplicationof Gröbnerbasistechniqueto thesolutionof theGrunertequations(3-31)expressed
asfollows: ¼¾ 4cY¤>@*i] 
Y �S] 

 �l._�9Y 
 ]^YN] 
 �S�cW *�Õ4 
 >@*i] 

 �S] 
[ �l.�Ô 
 [N] 
 ]×[��lÔ�W *iÕ4�[R>@*i] 
[ �S] 
 Y �l._VN[(Y�]×[3]1Y&�dV(W *zÕ;� (3-46)

whereëí î � Y *z] Y o � B �	� 
 *z] 
 o � B �	� [ *·] [ o � B �B¤. � ���/Ã Y 
 *�� Y 
 �3B¤. � ���/Ã 
 [ *zÔ 
 [ �2B¤. � ���/Ã [(Y *�V [�Y �B�� 
Y 
 *z� W �2B�� 

 [ *�Ô W �3B�� 
[(Y *iV W 0 (3-47)

We thenhave theIdeal formedfrom (3-46)as1 µ û����¨1�* Ï ] 
 Y �©] 

 �l._�9Y 
 ]^YN] 
 �d�cW���] 

 �S] 
[ �l.�Ô 
 [3] 
 ]%[��lÔ�W���] 
[ �S] 
 Y �d.�VN[�Y(]%[3]^Y&�dV(W�e (3-48)

whoseGröbnerbasisarecomputedin Mathematica3.0afterLexicographicordering ��]^YRem] 
 ed]%[�� by thecommand
GroebnerBasisas ?¬�L�Lû�Ô(�³û2�L7���ù2)Tù�'@{�4cY���4 
 �>4�[_|O�N{�]^YL�#] 
 �#]×[_| ) 0 (3-49)

The executionof the Mathematica3.0 commandabove gives the computedGröbner basisof the Ideal (3-48) as
expressedin Boxes(3-3a)and(3-3b)below.
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Box 3-3a(ComputedGröbnerbasisfor theGrunertdistanceequations-univariateterm):

gY *f�T,�:�B3Ú�� 
 Y 
 ��� \ Y 
 BÛÚcÔ 

 [ ��.�� 
 Y 
 Ô 

 [ ��Ô \
 [ BÛÚO� Y 
 Ô 
 [ V [�Y ��._� [ Y 
 Ô 
 [ V [(Y ��._� Y 
 Ô [
 [ V [(Y BÛÚOV 
[(Y ��._� 
 Y 
 V 
[(Y �.�Ô 

 [ V 
[�Y �d� 
 Y 
 Ô 

 [ V 
[(Y �l._� Y 
 Ô 
 [ V [[(Y �SV \[�Y �Æ]-Ü[ �
+( - 32aW+�HÚ��cW2� 
 Y 
 �©Üc.�Ô�W�Bd,�:�� 
 Y 
 Ô�W}�S.�� \ Y 
 Ô(W&�i,2:O�OW�Ô 

 [ BD._�cW2� 
 Y 
 Ô 

 [ BhÚcÔ�W2Ô 

 [ �d.�� 
 Y 
 Ô(W�Ô 

 [ B¢.��OW�Ô \
 [ �ÜO.�V(W³Br,2:O� 
 Y 
 V(W1��._� \ Y 
 V(W³Br,2:cÔ 

 [ V(W^�E�c� 
 Y 
 Ô 

 [ V(W×��.�Ô \
 [ VNW^�E�O�cW3�9Y 
 Ô 
 [NVNÜ;,×���cW2� [ Y 
 Ô 
 [3VN[(Y^Br,�.��9Y 
 Ô(W�Ô 
 [3VN[(Y;�Ü�� [ Y 
 Ô W Ô 
 [ V [(Y B¢� W � Y 
 Ô [
 [ V [�Y �S� Y 
 Ô W Ô [
 [ V [(Y Bl,�._� Y 
 Ô 
 [ V W V [(Y �SÜO� [ Y 
 Ô 
 [ V W V [(Y �©ÜO� Y 
 Ô [
 [ V W V [�Y �z,2:O� W V 
[�Y B._� W � 
 Y 
 V 
[(Y Bi,2:OÔ W V 
[(Y �Y�c� 
 Y 
 Ô W V 
[(Y BHÚO� W Ô 

 [ V 
[(Y �·.�� W � 
 Y 
 Ô 

 [ V 
[(Y �·.OÔ W Ô 

 [ V 
[(Y �m� 
 Y 
 Ô W Ô 

 [ V 
[(Y �m� W Ô \ 
 [ V 
[(Y BÚ�V W V 
[(Y ��._� 
 Y 
 V W V 
[(Y ��.�Ô 

 [ V W V 
[(Y �"� 
 Y 
 Ô 

 [ V W V 
[(Y B�� W � Y 
 Ô 
 [ V [[�Y �"ÜO� Y 
 Ô W Ô 
 [ V [[�Y ��� W � Y 
 Ô [
 [ V [[(Y �"� Y 
 Ô 
 [ V W V [[�Y B._� W V \ [�Y �l.�Ô W V \ [(Y �S� W Ô 

 [ V \ [(Y �Æ] ê[ �
+( 24a
W B�._� 
W � 
 Y 
 B ��ÚO�OW�Ô�W}�m,�.��OW2� 
 Y 
 Ô(W&�S.R�cÔ 
W BS,�Õ�� 
 Y 
 Ô 
W �D� \ Y 
 Ô 
W BS,2ÕO� 
W Ô 

 [ �©� 
W � 
 Y 
 Ô 

 [ �m,�._�cW2Ô�W�Ô 

 [ B.�Ô 
W Ô 

 [ �`� 
Y 
 Ô 
W Ô 

 [ �f� 
W Ô \ 
 [ B{��Ú��cW3VNW��Î,�._�cW3� 
 Y 
 V(WP� ��ÚOÔ(W3V(W�B-.%Ú�� 
 Y 
 Ô�W�V(W����O� \ Y 
 Ô�W2V(Wv�`._ÕO�cW�Ô 

 [ V(W�B�O�cW2� 
 Y 
 Ô 

 [ VNWXBl,�.�Ô�W�Ô 

 [ V(W��l._� 
 Y 
 Ô�W�Ô 

 [ V(WXB©._�cW�Ô \
 [ V(W?�d.%�OV 
W Bm,2ÕO� 
 Y 
 V 
W �S� \ Y 
 V 
W Bm,2ÕcÔ 

 [ V 
W �dÜ�� 
 Y 
 Ô 

 [ V 
W �Ô \ 
 [ V 
W B©._� 
W �9Y 
 Ô 
 [3V3[�Y&�H�O�cW3�9Y 
 Ô�W�Ô 
 [3VN[(Y&�d�OW�� [ Y 
 Ô�W�Ô 
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Box 3-3b(ComputedGröbnerbasisfor theGrunertdistancesequations-multivariateterms):
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Box 3-3b(ComputedGröbnerbasisfor theGrunertdistancesequations-multivariateterms
continued):4�ß¤* ëììí ììî � Y 
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FromthecomputedGröbnerbasisof theIdeal 1M2 � ' ]1Y���] 
 �#]%[ ) above,Wenotethattheelement4cY in Box(3-3a)is a
univariatepolynomialin ]%[O0 With thecoefficientsof 4cY known, theunivariatepolynomialis thensolvedfor ]×[¬o � B
andthe admissiblevaluesinsertedin 4cY�Y in Box (3-3b) to obtain ]1Yþo � 0 B The obtainedvaluesof ]%[�o � B and]^Y�o � B arenow insertedin any of theremainingelementsof theGröbnerbasis4 
 �1030203�>4cYTW in Box(3-3b)to obtain
the remainingvariable ] 
 o � 0 B The correctdistancesarefinally deducedwith the help of prior information(e.g.
from anexisting map).

(iii) Multipolynomial resultantssolutionof the Grunertdistanceequationsfor the generalthree-dimension
resectionproblem

Besidesthe useof Gröbnerbasesapproachas demonstratedabove, the Multipolynomial resultantstechniquecan
alsobeusedto solve theGrunertequationsfor distances.We illustratethesolutionof theproblemfirst usingtheF.
Macaulay(1902)formulationof thecoefficientmatrix andthentheB. Sturmfels(1998)formulationof thecoefficient
matrix. We startwith theGrunertequationsexpressedin theform (3-46)as~�Y >Ä*z] 
Y �S] 
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 ]1Y�] 
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Clearly equation(3-50) is not homogeneous.It is thereforehomogenizedby introducingthe fourth variable ] \ and
treatingthe variablewhich is to be solved first, say ] Y � asa constant(i.e. hiding it by giving it degreezero). The
resultinghomogenizedpolynomialis~ Y$Y >Ä*z] 
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which wesimplify as ~ Y$Y >Ä*i] 
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with thecoefficientsgivenas �9YZ*z�9Y 
 ]^Y_�9� 
 *Q�'�cW��©] 
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 [��%Ô 
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Y � . We now
formulatethecoefficientmatrixof (3-52)by first usingtheF. Macaulay(1902)approachfollowedby theB. Sturmfels
(1998)approach.

Approach1 (F. Macaulay1902):
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Thefirst stepinvolvesthedeterminationof the total degreeof (3-52)by (2-57) in page(21) of Chapter2 giving the
valueof

µ *â� . In the secondstep, oneformulatesthe generalsetcomprisingthe monomialsof degree4 in three
variablesby multiplying themonomialsof (3-52)by eachother. Thesemonomialsform theelementsof theset � j
(2-58)in page(21)as
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[ ] 
\ �9] [ ] [\ �9] \\ �9] \[ �9] [[ ] \
ó ôõ (3-53)

which is now partitionedin step3 accordingto (2-59)in page(22)as� j! * {2] l ÖLÑ ! K µ ! �c� µ Ñ b Ï µ b �ã� b Ï )�|� \
 * {�] \ 
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In the fourth step, we form thepolynomials<«! usingthesetsabove accordingto equation(2-60) in page(22) giving
riseto <+Y >Ä* � \
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(3-55)

Finally wecannow form a matrixs of dimension

æ µ �S��Bm,µ ç k æ µ �©��Bl,µ ç
(in our case,�Þxkd,�Þ ) whoserows arethe coefficientsof the �L! in (3-55) above andthe columnsarethe monomials{�V2Y�*`] \
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ïñððððððððððððððððððððððððððò
Thedeterminantof thematrix s above is a univariatepolynomialof degree8 in thevariable ]^Y givenin Box (3-3c)
below:



3-2. SELECTEDGEODETICPROBLEMS 39

Box 3-3c(F. Macaulaymultipolynomialresultantssolutionof theGrunertdistanceequations-univariate
polynomial):�]ÚOÔ 
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Theunivariatepolynomialin Box(3-3c)is thensolvedby thealgebraicalgorithmsuchasrootscommandin MATLAB
to obtaintheroots.Oncetheserootshavebeenobtained,theadmissiblesolutionis substitutedin thethird equationof
(3-50)in page(37) to obtainh valueof ] [ o � 0 B Theobtainedvalueof ] [ o � B is in turn substitutedin thesecond
equationof (3-50) to obtainthe lastvariable ] 
 o � 0 B Thecorrectvaluesof distancesarededucedwith the helpof
prior information.

Approach2 ( B. Sturmfels1998):

From(3-52)in page(37),wecomputethedeterminantof theJacobimatrix as

s * µ û �
¼½½½½½½½½½¾
t ~ Y$Yt ] 
 t ~ Y$Yt ]×[ t ~ Y$Yt ]%\t ~ 
 Yt ] 
 t ~ 
 Yt ] [ t ~ 
 Yt ] \t ~ [(Yt ] 
 t ~ [(Yt ]×[ t ~ [(Yt ]%\

ïñðððððððððò (3-56)

respectivelys * µ û � ¼¾ .L] 
 �S� Y ] \ Õ ._� 
 ] \ �d� Y ] 
.L] 
 �dÔ Y ] [ ._] [ �mÔ Y ] 
 .OÔ 
 ] \Õ ._] [ �dV Y ] \ .�V 
 ] \ �dV Y ] [
ïò (3-57)
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whichgivesa cubicpolynomialin ] 
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whosepartialderivativeswith respectto ] 
 �/]%[O�9]%\ canbewritten in theform (2-64)in page(23)with thecoefficients
of Ô ! b as
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The computationof the resultantof the matrix (2-65) in page(23) with the coefficientsasgiven above leadsto a
univariatepolynomialin ]1Y of degreeeightas

Box 3-3d (B. Sturmfelsmultipolynomial resultantssolution of the Grunert distancesequations-
univariatepolynomial):,�:OÔ 
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Box 3-3d (B. Sturmfelsmultipolynomial resultantssolution of the Grunert distancesequations-
univariatepolynomialcontinued):
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M. A. Fischler andR. Bolles (1981, pp. 386-387,Figure 5) have demonstratedthat becauseevery term in (3-31)
is eithera constantor of degree2, for every real positive solution, thereexist a geometricallyisomorphicnegative
solution.Thusthereareatmostfour positivesolutionsto (3-31).This is because(3-31)haseightsolutionsaccording
to G. Chrystal(1964,p.415)who statesthat for � independentpolynomialequationsin � unknowns,therecanbeno
moresolutionthantheproductof their respectivedegree.Sinceeachequationof (3-31) is of degree . therecanonly
beuptoeightsolutions.

Finally, in comparingthe two methods,the Gröbner basesapproachin most casesis slow and thereis always a
risk of thecomputerbreakingdown duringcomputations.Besides,theGröbnerbasesapproachcomputesunwanted
intermediaryelementswhichoccupy morespaceandthusleadsto storageproblem.Theoverallspeedof computation
is saidto be proportionalto twice exponentialthe numberof variables(D. Manocha 1994a, b, c, D. Manocha and
F. Canny1991). This hasled to variousstudiesadvocatingfor the useof the alternatemethod,the resultantand
specificallymultipolynomialresultantapproach.TheGröbnerbasescanbemadeabit fasterby computingthereduced
Gröbnerbasesasexplainedin Chapter2. TheMultipolynomialresultantson theotherhandinvolve computingwith
largermatriceswhich mayrequirea lot of work. For linearsystemsandternaryquadrics,B. Sturmfels(1998)offersa
remedythroughtheapplicationof theJacobideterminants.

(b) Theposition-derivationstep(3d-rangingor “3d-Bogenschnitt”):

This stepis commonlyreferredto in Germanliteratureas "Bogenschnitt" problemand in englishliteratureas the
"ranging problem"or "Arc section"(H. KahmenandW. Faig 1988,p.215)and is the problemof establishingthe
positionof a point given the distancesfrom the unknown point � o�	 [ to threeotherknown stations�«!Po�	 [ Ö)¬* ,���./��Ü;0 In generalthe threedimensional"Bogenschnitt" problemcanbe formulatedasfollows: Givendistances
asobservationsor pseudo-observationsfrom an unknown point � ol	 [ to a minimumof threeknown points � ! o	 [ Ö;)¤*�,O�$./�$Ü , determinetheposition {�����������| of the unknown point �¹oS	"0 [ Whenonly threeknown stations
areusedto determinethepositionof theunknown stationin threedimension,theproblemreducesto thatof 3d closed
form solution.We presentbelow four approachesthatcanbeusedto solve the"3d-Bogenschnitt" problemin a closed
form. Thisproblemis atraditionalproblembothin Geodesy, PhotogrammetryandRobotics.In all thethreeareas,the
determinationof thecoordinatesof theunknown pointgiventhedistancesfrom this point to threeotherknown points
is thekey issue.

Startingfrom threenonlinear3d Pythagorusdistanceobservationequations(3-58) in Box (3-4) relatingto the three
unknowns {2���������R| , two equationswith threeunknownsarederived.Equation(3-58)is expandedin theform given
by (3-59)anddifferencedin (3-60)to eliminatethequadraticterms í�� 
 ��� 
 ��� 
�î . Collectingall theknown termsof
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equation(3-60)to theright handsideandthoserelatingto theunknownson theleft handsideleadsto equation(3-61)
with the terms {2�×�$Ô�| givenby (3-62). Thesolutionof theunknown terms {3���$�}�(�R| now involvessolvingequation
(3-61),whichhastwo equationswith threeunknowns.To circumventtheproblemof having moreunknownsthanthe
equations,two of theunknownsaresoughtin termsof thethird unknown (e.g. �8*Ê41��� �(���f*D4^�U�¤� ).
(i) Gröbnerbasesapproach:

We expressequation(3-61) in the algebraicform (3-63) in Box (3-5)with the coefficientsgiven as in
(3-64). The Gröbnerbasisis thenobtainedusingthe GroebnerBasiscommandin Mathematica3.0 as
illustratedby (3-65) giving the computedGröbner basisas in (3-66). The first equationof (3-66) is
solved for �¹*+4^�U�¤� andis aspresentedin (3-67). This valueis substitutedin the secondequationof
(3-66) to give � *�41��� � presentedin thefirst equationof (3-68). Theobtainedvaluesof � and � are
substitutedin thefirst equationof (3-58)to give a quadraticequationin � . Oncethis quadratichasbeen
solvedfor � , Thevaluesof � and � canbeobtainedfrom (3-67)and(3-68) respectively. We mention
herethatthedirectsolutionof �8*Ê41��� � aspresentedin thesecondequationof (3-68)couldbeobtained
by computingthe reducedGröbnerbasisasexplainedin Chapter2 ratherthansolving for � *ï41��� �
andsubstitutingin thesecondequationof (3-66)to give � *�41��� � presentedin first equationof (3-68).
Similarly we couldobtain �t*�4^�U�¤� aloneby replacing� with � in theoptionsectionof the reduced
Gröbnerbasisdiscussedin Chapter2.

(ii) Multipolynomial resultant(theSylvesterresultant)approach:

The problemis solved in four stepsas illustratedin Box (3-6). In the first step, we solve for the first
variable� in (3-63)by hidingit asaconstantandhomogenizingtheequationusingavariableW asin (3-
69). In thesecondstep, theSylvesterresultantor theJacobiandeterminantis obtainedasin (3-70). The
resultingdeterminant(3-71) is solvedfor �Á*{41��� � andpresentedin (3-72). Theprocedureis repeated
for stepsthreeandfour asin equations(3-73) to (3-76) to solve for ��*�41��� � . Theobtainedvaluesof� *µ41��� � and �Î* ��� � aresubstitutedin thefirst equationof (3-58)to give a quadraticequationin � .
Oncethisquadratichasbeensolvedfor � , Thevaluesof � and � canbeobtainedfrom (3-72)and(3-76)
respectively.

(iii) Solutionby eliminationapproach-1:

In theeliminationapproachpresentedin Box(3-7),equations(3-77)is asimultaneousequationversionof
equations(3-61)with two equationsandtwo unknowns {2���$�v| written in termsof theunknown � . By
first eliminating � thevalueof � is obtainedin termsof theunknownvalue � andsubstitutedin eitherof
thetwo equationsof (3-77)to givethevalueof � . Thevaluesof {2������| areasdepictedby (3-78)which
areexpressedin a simplifiedform (3-79)with thecoefficients {�VL� µ �$ûO���C| givenby (3-80). Thevaluesof{3�����"| in (3-79)aresubstitutedin thefirst equationof (3-58) in Box (3-4) to get thequadraticequation
(3-81) respectively (3-82) in termsof � asthe unknown. The two solutionsof � arenow givenby the
secondequationof (3-82)with thecoefficients {ª4^�$åC�#)�| givenin (3-84). Oncewe solve (3-82)for �X� we
substitutein (3-79)to obtainthecorrespondingpair of solutionsfor {3���$�"| .

(iv) Solutionby eliminationapproach-2:

The secondapproachpresentedin Box (3-8) involvesfirst writing equation(3-61) in the simultaneous
form (3-85),which is expressedin matrix form as(3-86). We now seekthematrix solutionof {2�}�(�¬| in
termsof theunknown element� asexpressedby equation(3-87),which is written in a simplerform (3-
89) whosetheelementsaregivenby (3-88). Thesolutionof equation(3-87)for {������¬| in termsof � is
givenby (3-90)respectively (3-91)and(3-92)with thecoefficientsof (3-92)givenby (3-93).Substituting
theobtainedvaluesof {��}�(�R| in termsof � in thefirst equationof (3-58)we obtaina quadraticequation
(3-94)in termsof � astheunknown. Thetwo solutionsfor � aregivenby thesecondequationin (3-94)
andsubstitutedback in (3-92) to obtain the valuesof {��}�(�R| . The coefficients {��#� � �#�«| in equation
(3-94)aregivenby (3-96).

A pairof solution �F�xY��$�^Y_����YN� and �F� 
 �$� 
 ��� 
 � areobtained.Thecorrectsolutionfrom thispair is obtainedwith the
helpof prior informatione.g. from anexisting map. Of importanceis theproblemof bifurcation, that is, to identify
thepoint wherethequadraticequationhasonly onesolution,i.e. bifurcates. S.Bancroft (1985),J. S.AbelandJ. W.
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Chaffee(1991),J. W. ChaffeeandJ. S.Abel (1994),andE. GrafarendandJ. Shan(1996)have alreadytreatedthis
problem.In thepresentstudy, thebifurcationpoint for (3-82)and(3-94)will be å 
 *��%4�) and � 
 *D��)U� respectively.

In Boxes(3-9)and(3-10)thecritical configurationof thetwo-dimensionalandthree-dimensionalrangingproblemsare
presented.First, thederivativesof therangingequations(3-97)and(3-104)respectively arecomputedasin (3-98)and
(3-105).Thedeterminantsof thematricesformedby thederivativesareobtainedasin (3-100)for thetwodimensional
case,while a triple scalarproductis obtainedfor the three-dimensionalcaseto give (3-107). indicatethe critical
configurationto bethecasewhenthepoints �"�F���$�=�(�X� Y �F� Y �$� Y � and � 
 ��� 
 ��� 
 � lie in a line with gradientB � � and
intercept BEð� for the two-dimensionalcaseandwhen the points �"����������� �(�Z�+Y_����YL���1Y��(�}YN�N�;� 
 ��� 
 ��� 
 �(� 
 � and�«[O���v[����×[_�(�+[2� lie on aplanefor thethree-dimensionalcase.

Box 3-4 (differencingof thenonlineardistanceequations):¼¾ � 
Y *`���xY�B��¢� 
 �����1Y�B¢�P� 
 ������Y�BS�¤� 
� 

 *`��� 
 B��¢� 
 ����� 
 B¢�P� 
 ����� 
 BS�¤� 
� 
[ *`��� [ B��¢� 
 ����� [ B¢�P� 
 ����� [ BS�¤� 
 (3-58)¼¾ � 
Y *z� 
Y �d� 
Y �m� 
Y �S� 
 �d� 
 �m� 
 B©.L� Y �tB©._� Y �-B©.O� Y ��+

 *z��

 �d�=

 �m�X

 �S��
}�d��
��m�X
?B©.L� 
 �tB©._� 
 �-B©.O� 
 �� 
[ *z� 
[ �d� 
[ �m� 
[ �S� 
 �d� 
 �m� 
 B©.L�"[3�tB©._�×[3�-B©.O�&[2� (3-59)

differencingabove" � 
Y B5� 

 *i� 
Y B�� 

 �d� 
Y B©� 

 �l� 
Y B©� 

 �d�� 

 B5� 
[ *i� 

 B�� 
[ �d� 

 B©� 
[ �l� 

 B©� 
[ �lÔ (3-60)" .L�d��� 
 B¢� Y �³�l._����� 
 B¢� Y �®�d.c���U� 
 BS� Y �&*��.L�d��� [ B¢� 
 �³�l._����� [ B¢� 
 �®�d.c���U� [ BS� 
 �&*�Ô (3-61)" �v*�� 
Y B5� 

 B¢� 
Y �S� 

 B¢� 
Y �d� 

 BS� 
Y �m� 

ÔZ*�� 

 B[� 
[ B�� 

 �S� 
[ BD� 

 �d� 
[ BS� 

 �l� 
[ (3-62)

Box 3-5 (Gröbnerbasisapproach):� W 
 �Î�lÔ W 
 ���dV W 
 �S�l� W 
 *zÕ� Y 
 �Î�lÔ Y 
 ���dV Y 
 �S�l� Y 
 *zÕ (3-63)�cW 
 *�.;�F�xY�B�� 
 �(�$Ô(W 
 *�.9�'�^Y�BD� 
 �(�$V(W 
 *z.;���}Y�Bd� 
 �� Y 
 *�.;�F� 
 B�� [ �(�$Ô Y 
 *�.9�'� 
 BD� [ �(�$V Y 
 *z.;��� 
 Bd� [ �� W 
 *`��� 
Y B�� 
Y B¢� 
Y B©� 
Y �«B·�]� 
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 B¢� 

 B©� 

 �� Y 
 *`�]� 

 B�� 

 BD� 

 BS� 

 ��B·�]� 
[ B�� 
[ BD� 
[ BS� 
[ �(0 (3-64)?¬�L�LûLÔ��³û��L7=�/ù2)Æù�'ñ{�� W 
 �÷�dÔ W 
 ���SV W 
 �d�d� W 
 �$� Y 
 �ý�lÔ Y 
 ���dV Y 
 �d�l� Y 
 |c�N{2�����P| ) (3-65)4 Y *�� W 
 Ô Y 
 �-B¢� Y 
 Ô W 
 �-BD� Y 
 V W 
 �S�d� W 
 V Y 
 �d�d� W 
 � Y 
 B¢� Y 
 � W 
4 
 *z� Y 
 �Î�lÔ Y 
 ���dV Y 
 �S�l� Y 
4 [ *�� W 
 �÷�lÔ W 
 ���dV W 
 �S�l� W 
 0 (3-66)

�f* {c�'� Y 
 V W 
 BD� W 
 V Y 
 �$�S�S� Y 
 � W 
 BD� W 
 � Y 
 |���cW 
 Ô3Y 
 BD�/Y 
 Ô(W 
 � (3-67)

�8* B���Ô Y 
 ���dV Y 
 �S�l� Y 
 ��/Y 
 ���=�8* {c�'Ô W 
 V Y 
 BDÔ Y 
 V W 
 ���S�lÔ W 
 � Y 
 B©Ô Y 
 � W 
 |�'�cW 
 Ô3Y 
 BD�9Y 
 Ô�W 
 � (3-68)
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Box 3-6 (Multipolynomialresultantsapproach):
Step1: Solve for � in termsof ���Y >@*`�'�cW 
 �ý�dV(W 
 �S�l��W 
 ��ñ �lÔ�W 
 �� 
 >@*`�'�9Y 
 �ý�dV2Y 
 �S�l��Y 
 ��ñ �lÔ3Y 
 � (3-69)

Step2: Obtainthesylvesterresultants � * µ û � ¼½½½¾ t � Yt � t � Yt ñt � 
t � t � 
t ñ
ï ðððò * µ û � " Ô W 
 ��� W 
 �÷�dV W 
 �S�l� W 
 �Ô3Y 
 ���9Y 
 �÷�dV2Y 
 �S�l��Y 
 �E� (3-70)s � *�Ô W 
 � Y 
 �÷�lÔ W 
 V Y 
 �S�lÔ W 
 � Y 
 B©Ô Y 
 � W 
 ��B©Ô Y 
 V W 
 �mBDÔ Y 
 � W 
 (3-71)

from (3-71) �¹* {c�'Ô Y 
 V W 
 B©Ô W 
 V Y 
 ���S�lÔ Y 
 � W 
 BDÔ W 
 � Y 
 |��Ô W 
 � Y 
 B©Ô Y 
 � W 
 � (3-72)

Step3: Solve for � in termsof ��L[¬>@*`��Ô�W 
 ���SVNW 
 �S�l��W 
 ��ñ �dÔ(W 
 �� \ >@*`��Ô Y 
 ���dV Y 
 �S�m� Y 
 ��ñ �d� Y 
 � (3-73)

Step4: Obtainthesylvesterresultants � * µ û � ¼½½½¾ t � [t � t � [t ñt � \t � t � \t ñ
ïñðððò * µ û � " �cW 
 �'Ô�W 
 ���dV(W 
 �d�d��W 
 ��9Y 
 �'Ô3Y 
 ���dV2Y 
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 �E� (3-74)s � *z� W 
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 V Y 
 �S�d� W 
 � Y 
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 V W 
 �mBD� Y 
 � W 
 (3-75)

from (3-75) �f* {���� Y 
 V W 
 BD� W 
 V Y 
 ���d�d� Y 
 � W 
 B¢� W 
 � Y 
 |�'�cW 
 Ô3Y 
 B¢�9Y 
 Ô�W 
 � (3-76)
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Box 3-7 (solutionof thesimultaneousequationbyelimination):" .L�d��� 
 B¢�xYN�³�l._����� 
 B¢�1YN��*i��BS.c���U� 
 B©��YN�.L�d���v[?B¢� 
 �³�l._�����×[ZB¢� 
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 �+BDÔL�'� 
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 �N�'� 
 B¢� Y �N| B©å×Y�f* �^�F�"[ZB¢� 
 �«BDÔ_�F� 
 B¢��Y3�.�{���� 
 BD� Y �N��� [ B�� 
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 (3-78)" �¹*zV�B µ ��f*zûXB©�³� (3-79)¼½½½½½½½½½½½½½½½½½½½½½½½½½½½¾

å^YZ* {c��� 
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 BD�^Y3�(|«�{O��� 
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 ��B·�F� [ B¢� 
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 B¢� Y �(|å 
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 �N��� 
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 ��B©ÔL��� 
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 �3��� 
 BD� Y ��|µ * {c�U� 
 BS� Y �N��� [ BD� 
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 B¢� Y �N|«�{c��� 
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 �«B©ÔL��� 
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 B¢�1YN�3�F�"[ZB¢� 
 ��B·���×[ZBD� 
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(3-80)

considering̀�*`� µ � Y �"�^� Y BP� Y B=V µ B=ûL�1� andsubstituting(3-79)in (3-58)i,onegetsaquadraticequation
in � as � µ 
 �d� 
 �z,��$� 
 �l.%`��©�d� 
Y �d� 
Y �m� 
Y BD._� Y V�BD.�� Y ûXB5� 
Y �dV 
 �Sû 
 *�Õ (3-81)*¦49� 
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 * B¤åä× · å 
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Y �S� 
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Y �dV 
 �dû 
 � (3-83)

where¼¾ 4v* µ 
 �l� 
 �i,åx*�.�`)�*·� 
Y �S� 
Y �l� 
Y B©.L�xY(V�B©._�1Y(ûXB5� 
Y �dV 
 �dû 
 (3-84)
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Box 3-8 (solutionof thesimultaneousequationby thematrixapproach):" .������ 
 BD�^Y3�C�d.c���U� 
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with
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with ù *zû 
 �-4¬�dû 
 å9)®B��xY�BDû�4��1Y�B¢û�)#�}Y andsubstituting(3-92)in (3-58)i*��F� 
 � � �÷�S�þ*zÕ9��� * B � × Í � 
 Bh�O�F�._� (3-94)��ù�� 
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 å 
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where¼¾ �C*iû 
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 �Sû 
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 �z,� *�.9��ù����*���B5� 
� B©._� Y ûL���dû 
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 å 
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Box 3-9 (critical configurationof thetwodimensionalrangingproblem):" ��YL�������gô#�xY��$�^Y_�	�CY3�&*`���xY�B���� 
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 BD��� (3-98)¼½½½½¾ �Î* ÇÇÇÇ t �L!t � b ÇÇÇÇ *�� ÇÇÇÇ �xY�B¢� � 
 B��� Y BD� � 
 BD� ÇÇÇÇ�æõ ÇÇÇÇ �xY�B¢� � 
 B¢��1Y�BD� � 
 BD� ÇÇÇÇ * ÇÇÇÇÇÇ

� � ,�xY �^Y ,� 
 � 
 , ÇÇÇÇÇÇ *�Õ
(3-99)

¼¾ Y\ �ý*f�F� Y B��¢�N��� 
 BD����B·�F� 
 B¢���N�'� Y B¢�P�*i� Y � 
 B�� Y �-B¢��� 
 �S���AB�� 
 � Y �S� 
 ���S��� Y B¢���*i�d��� Y BD� 
 �C�S���F� 
 B¢� Y �C�S� Y � 
 B�� 
 � Y (3-100)

thusÇÇÇÇÇÇ
� � ,� Y � Y ,� 
 � 
 , ÇÇÇÇÇÇ *z.Pkâ�¤�Lû��P�_� � ��)U�c�m4/��ûX�"���������(��� Y �F� Y �$� Y �T�c� µ � 
 �F� 
 �$� 
 � (3-101)

�÷* ÇÇÇÇÇÇ
� � ,��Y �1Y ,� 
 � 
 , ÇÇÇÇÇÇ

¼¾ � ÔV
ïò *�Õ (3-102)

resultsin asystemof homogeneousequations¼¾ �c�÷�dÔ(���dVX*zÕ�c� Y �dÔN� Y �dVX*zÕ�c� 
 �dÔN� 
 �dVX*zÕ (3-103)
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Box 3-10(critical configurationof thethree-dimensionalranging):¼¾ ��YL�����������Ýô#�xY��$�^YL����Y��	�®YN�}*`�F�xY�B¢��� 
 �����1Y�BD��� 
 �z�U�}Y�BS�¤� 
 B[� 
Y� 
 �����������Ýô#� 
 �$� 
 ��� 
 �	� 
 �}*`�F� 
 B¢��� 
 ����� 
 BD��� 
 �z�U� 
 BS�¤� 
 B[� 

�L[������������Ýô#�"[L�$�%[����&[_�	�³[2�}*`�F�"[ZB¢��� 
 �����×[ZBD��� 
 �z�U�+[ZBS�¤� 
 B[� 
[ (3-104)¼½½½½½½½½¾
t ��Yt � *QB¤.;�F� Y B¢���(� t � 
t � *QB¤.;�F� 
 B��¢�(� t �_[t � *`B¤.9��� [ B����t ��Yt � *QB¤.;��� Y B¢�P�(� t � 
t � *QB¤.;��� 
 B¢�P�(� t �L[t � *QB¤.;��� [ B¢�P�t � Yt � *QB¤.;��� Y B©� �(� t � 
t � *-B¤.;��� 
 BS� �(� t � [t �Xú *QB¤.9��� [ B©� � (3-105)

¼½½½½½½½½¾
�ý* ÇÇÇÇ t �_!t � b ÇÇÇÇ *-B²Ú ÇÇÇÇÇÇ � Y B¢� � Y BD� � Y BS�� 
 B¢� � 
 BD� � Y BS�� [ B¢� � [ BD� � Y BS� ÇÇÇÇÇÇ�+õ ÇÇÇÇÇÇ

�xY�B¢� �1Y�BD� �}Y�BS�� 
 B¢� � 
 BD� �}Y�BS��"[ZB¢� �×[ZBD� �}Y�BS� ÇÇÇÇÇÇ *
ÇÇÇÇÇÇÇÇ
� � � ,�xY �^Y ��Y ,� 
 � 
 � 
 ,�"[ �%[ �&[ö,

ÇÇÇÇÇÇÇÇ *zÕ
(3-106)

¼½½¾ B YÜ �ý*A{cB � Y � [ �d� Y � [ BD� 
 � [ �d� [ � 
 B¢� Y � 
 �S� 
 � Y |³�¢��S{�B � Y � 
 B�� Y � [ �l� Y � [ �S� Y � 
 B¢� [ � 
 �©� 
 � [ |C�v��S{2� Y � 
 BD� Y � [ �S� [ � Y B¢� 
 � [ B�� Y � 
 �d� 
 � [ |«�R�� � Y � 
 � [ B¢� Y � [ � 
 B¢� [ � 
 � Y �©� 
 � [ � Y B¢� 
 � Y � [ �©� [ � Y � 
 (3-107)

ÇÇÇÇÇÇÇÇ
� � � ,��Y �^Y ��Y ,� 
 � 
 � 
 ,� [ � [ � [ ,

ÇÇÇÇÇÇÇÇ (3-108)

describessix times volume of the tetrahedronformed by the points �"�F���$�}�(�¤�N�#� Y ��� Y ��� Y �(� Y �N�� 
 ��� 
 ��� 
 �(� 
 �N� and � [ �F� [ �$� [ ��� [ �(0 Therefore

�ý* ÇÇÇÇÇÇÇÇ
� � � ,�xY �1Y �}Y ,� 
 � 
 � 
 ,�"[ �×[ �+[ö,

ÇÇÇÇÇÇÇÇ
¼½½¾ � ÔVµ

ï ððò *zÕ9� (3-109)

resultsin a systemof homogeneousequations¼½½¾ �c�Î�lÔ(���dV2�S� µ *zÕ�c� Y �lÔ(� Y �dVN� Y � µ *zÕ�c� 
 �lÔ(� 
 �dV2� 
 � µ *�Õ�c� [ �lÔ(� [ �dV2� [ � µ *�Õ (3-110)

(c) Theorientationstep
Thefourthprocedurepresentedin Section(3-13)in page(29)of Chapter2 canthenbeappliedfollowing
thedeterminationof position.Thisstepconcludesthesolutionof three-dimensionalresectionproblemin
aclosedform.

3-22 The minimum distancemapping problem

In the minimumdistancemappingproblemintroducedin ExampleA-3 in AppendixA.1 in page(97), the Cartesian
coordinates{3���������R| of a point on the topographicalsurfaceare given. The task now is to project this point to
a (reference)ellipsoid of revolution underthe constrainthat the projectiondistancebe minimum. Desiredare the
Cartesianellipsoidalcoordinatesof this projectedpoint so asto be ableto derive the Jacobiellipsoidalcoordinates
(geodeticcoordinates)(i.e. ellipsoidal longitude � , ellipsoidal latitute 7 andheight ö ) aswill be seenin Chapter
5. Thesolutionto theprobleminvolvessolvinga systemof nonlinearequationsof ExampleA-3 in AppendixA.1 in
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page(97) eitherin closedform or iteratively (seeE. GrafarendandP. Lohse1991). In this section,we presentthe
applicationof B. Buchberger algorithm to solving the sameproblemby computingthe Gröbnerbasisof the Ideal
formedby theseequations(seeChapter2). We begin by the equationsaspresentedin E. GrafarendandP. Lohse
(1991)(ExampleA-3 in AppendixA.1)asfollows¼½½¾ B�����B¢] Y �C�lÔ 
 ] Y ] \ *zÕB��'�-B�] 
 �C�lÔ 
 ] 
 ] \ *zÕB��U�mB�] [ �C�d� 
 ] [ ] \ *iÕÔ 
 ] 
 Y �lÔ 
 ] 

 �d� 
 ] 
[ B¢� 
 Ô 
 *zÕ (3-111)

beingthepartialderivativeof theconstrainedminimizationproblem._� �F] Y �#] 
 ��] [ ��] \ �&*f�ª÷ÎBO£}� 
 �S] \Uø Ô 
 �F] 
 Y �©] 

 �®�S� 
 ] 
[ BD� 
 Ô 
qù **`���¸B�]1Y3� 
 �z�'�-B�] 
 � 
 �����mB¢]%[�� 
 �S];\ ø Ô 
 ��] 
 Y �S] 

 �C�d� 
 ] 
[ BD� 
 Ô 
 ù (3-112)

e ÷ is thedisplacementvectorfrom theorigin ú of
� [ to a point {2���������¬| on thetopographicalsurfacealongthe

orthonomaltriad of basevectors{2	�Y��#	 
 �#	�[_| while £ denotesthedisplacementvectorfrom theorigin û of
� [ to a

point {�] Y �#] 
 �#] [ | on theellipsoidof revolutionalongtheorthonomaltriadof basevectors{�ü Y ��ü 
 �	ü [ | generatedbyÔ(]þoÛ� [ >@* º ]�o � [ ÇÇÇÇ ] 
 Y �S] 

� 
 � ] 
[Ô 
 *-, d 0 (3-113)

Theproblemcannow beformulatedasfollows: We aregiventheCartesiancoordinates{2���$�}�(�R| of a point on the
topographicsurface,semimajoraxis {��;| andsemiminoraxis {�Ô�| . If for simplicity theorigins ú and û areassumed
to coincidei.e. =o, {�ü Y ��ü 
 ��ü [ |�* {3	 Y ��	 
 ��	 [ | andthat the minimum of the distance�V÷ BO£�� is constrainedby
the conditionof equation(3-113). The taskat handis to find the ellipsoidalCartesiancoordinates{2] Y ��] 
 ��] [ | of
the topographicpoint andthe Lagrangefactor {3];\O| . We have obtained(3-111)by taking the partial derivativesof
(3-112)with respectto the unknowns {2]1YL��] 
 ��]%[O�#]%\_| . In order to solve the nonlinearsystemof equationfor the
unknowns {3]^Y_�#] 
 ��]%[��#];\O| usingB. Buchberger algorithm, wewrite down thegeneratorsof theIdeal 1 formedby the
polynomials(3-111)following thelexicographicorder {�]^Y em] 
 el]%[�em];\�| as1 µ û����R1�* Ï ] Y �dÔ 
 ] Y ] \ B�����] 
 �lÔ 
 ] 
 ] \ BD�}��] [ �d� 
 ] [ ] \ B©�X�Ô(
N]×
Y �dÔN
N]%

 �S��
N]×
[ BD��
2Ô(
¬e�0 (3-114)

TheGröbnerbasiscannow becomputedby usingeitherMathematicasoftwareor Maplesoftware. For this problem,
Mathematica2.2 for DOS 387 was used. The executablecommandis GroebnerBasis[Polynomials,Variables in a
specifiedordering]. In this case,theGröbnerbasisof theIdeal (3-114)is computedfollowing lexicographicordering{2] Y el] 
 ed] [ em] \ | as?¬�L�LûLÔ��³û��L7=�/ù2)Æù " {�]^Y+�lÔ 
 ]1Y(]%\XB����#] 
 �dÔ 
 ] 
 ];\¤BD���#]%[}�d� 
 ]×[N]%\XB©�X�Ô 
 ] 
 Y �lÔ 
 ] 

 �d� 
 ] 
[ B¢� 
 Ô 
 |O�3{2] Y �#] 
 ��] [ �#] \ | � 0 (3-115)

Theresultsof theexecutablecommandabovearethecomputedGröbnerbasisin Box(3-11).



50 CHAPTER3. SOLUTION OF SELECTEDGEODETICPROBLEMS

Box 3-11(ComputedGröbnerbasisfor theMinimumDistanceMappingproblem):,O0 ¼¾ � ê Ô ê ] \\ �z��._� ê Ô \ �d.�� \ Ô ê �T] [\ ���'� ê Ô 
 �H�O� \ Ô \ �d� 
 Ô ê B¢� \ Ô 
 � 
 B� \ Ô 
 � 
 B¢� 
 Ô \ � 
 �Æ] 
\ ���'.�� \ Ô 
 �l._� 
 Ô \ B©._� 
 Ô 
 � 
 B©._� 
 Ô 
 � 
 B.�� 
 Ô 
 � 
 �T] \ �z�'� 
 Ô 
 B©Ô 
 � 
 BDÔ 
 � 
 BD� 
 � 
 �(0
2.

¼¾ �'� \ �mB©._� 
 Ô 
 �S�lÔ \ � �Æ]×[ZB¢� ê Ô ê ] [\ Bm��._� ê Ô \ �S� \ Ô ê �Æ] 
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 �l._� \ Ô \ B¢� \ Ô 
 � 
 BD� \ Ô 
 � 
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 �T];\XBD� \ Ô 
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 B©Ô \ � 
 0
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¼¾ ��.�Ô 
 �S�dÔ \ ] \ �mBD� 
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 Ô ê �Æ] 
\ ��'� \ Ô 
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 Ô 
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 B©Ô \ � 
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 BD� 
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 B¢� 
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FromthecomputedGröbnerbasisabove, it is clearlyseenthat thefirst equationis a univariatepolynomialof order
four in ] \ which is identicalto thatobtainedby E. GrafarendandP. Lohse(1991,p.94)andcaneasilybesolvedfor
thefour rootsusingtheavailablesoftwaresuchasMatlabor Maple.Oncethefour rootsof ] \ havebeenobtained,they
aresubstitutedin the polynomialequations(4, 8 and12) to obtainthe unknown variables{2] Y ��] 
 �#] [ | respectively
thusconcludingthe solutionof the MinimumDistanceMappingproblem. In Chapter5, we apply thesecomputed
Gröbnerbasisto solve the MinimumDistanceMappingproblemfor a real casestudyin orderto obtainthe Jacobi
ellipsoidalcoordinatesgivengeocentriccartesiancoordinates.In this section,we testthesecomputedGröbnerbasis
to solve theMinimumDistanceMappingproblempresentedby E. GrafarendandP. Lohse(1991)below:

Example3-1 (E. GrafarendandP. Lohse1991,p.108):
Given are the geometricparametersof the ellipsoid of revolution; semi-majoraxis {��%| = 6378137.000mandfirst
numericaleccentricityû 
 * 0.00669437999013 from which thesemi-minoraxis {�Ô�| canbecomputed.TheInputare
Cartesiancoordinatesof 8 pointson the surfaceof the earthpresentedin Table (3.1). From the computedGröbner
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Table3.1: Cartesiancoordinatesof topographicpoints

Point �d� � � �x� � � �=� � �
1 3980192.960 0 4967325.285
2 0 0 6356852.314
3 0 0 -6357252.314
4 4423689.486 529842.355 4555616.169
5 4157619.145 664852.698 4775310.888
6 -2125699.324 6012793.226 -91773.648
7 5069470.828 3878707.846 -55331.828
8 213750.930 5641092.098 2977743.624

basisin Box(3-11),wehave thefirst polynomialequationasaunivariatepolynomialequationgivenas¼½½½½½½¾
V \ ] \\ �SV [ ] [\ �SV 
 ] 
\ �SV Y ] \ �dV � *�ÕV \ *z� ê Ô êV [ *`��._� ê Ô \ �d.�� \ Ô ê �V 
 *`�'� ê Ô 
 �H�O� \ Ô \ �S� 
 Ô ê B¢� \ Ô 
 � 
 BD� \ Ô 
 � 
 BD� 
 Ô \ � 
 �V2YZ*`��._� \ Ô 
 �d.�� 
 Ô \ B©._� 
 Ô 
 � 
 BD.�� 
 Ô 
 � 
 B©._� 
 Ô 
 � 
 �V � *Q�'� 
 Ô 
 B©Ô 
 � 
 BDÔ 
 � 
 BD� 
 � 
 �(0 (3-116)

We then proceedto computethe coefficients of the given univariate polynomial (3-116) using the input dataof
Table (3.1). The computedcoefficients are as given in Table (3.2) . With the computedcoefficients, the poly-

Table3.2: Computedpolynomialcoefficients

Point V W V Y V 
 V [ V \
1 -7.7479e+22 1.3339e+41 1.3515e+55 4.3824e+68 4.4420e+81
2 -5.1720e+22 1.3374e+41 1.3529e+55 4.3824e+68 4.4420e+81
3 -2.5861e+23 1.3372e+41 1.3529e+55 4.3824e+68 4.4420e+81
4 -2.5311e+24 1.3310e+41 1.3507e+55 4.3824e+68 4.4420e+81
5 -1.8076e+23 1.3334e+41 1.3513e+55 4.3824e+68 4.4420e+81
6 -5.1549e+21 1.3285e+41 1.3493e+55 4.3824e+68 4.4420e+81
7 -2.6815e+24 1.3263e+41 1.3488e+55 4.3824e+68 4.4420e+81
8 -4.5942e+24 1.3267e+41 1.3493e+55 4.3824e+68 4.4420e+81

nomial rootscanbe computedin Matlab by the roots command(D. HanselmanandB. Littlefield 1997,p.146)as] \ *·�L�L� � ù ø¬V(\ VN[ V 
 V2Y V(W ù . Theobtainedrootsarethensubstitutedin thepolynomials(4, 8, and12)of the
computedGröbnerbasis ¼¾ �T,��d� 
 ] \ �Æ] [ BS��T,��lÔ 
 ] \ �T] 
 B©��T,��lÔ 
 ] \ �T] Y BD� (3-117)

to give the valuesof {2]%[O�#] 
 �#]1Y�| respectively. The computedresultspresentedin Table(3.3) areidenticalto those
obtainedby E. Grafarend and P. Lohse(1991, Table 4, p.108). Oncethe ellipsoidal Cartesiancoordinateshave
beenderived,theJacobiellipsoidalcoordinates(ellipsoidallongitude � , ellipsoidallatitute 7 andheight ö ) canbe
computedasin Box(5-1)of Chapter5.

3-23 GPSpositioning with observationsof type pseudo-ranges

3-231 The pseudo-rangingfour-point problem in GPSpositioning

E. GrafarendandJ. Shan(1996)havedefinedtheGPSpseudo-rangingfour-pointproblem("pseudo4P")astheprob-
lem of determiningthe four unknownscomprisingthe threecomponentsof the receiverpositionandthe stationary
receiver range bias from four observedpseudo-rangesto four satellitetransmitterof givengeocentricposition. Geo-
metrically, thefour unknownsareobtainedfrom theintersectionof four sphericalconesgivenby thepseudo-ranging
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Table3.3: ComputedellipsoidalcartesiancoordinatesandtheLagrangefactor

Point ] Y � � � ] 
 � � � ] [ � � � ] \ � � £ 
 �
1 3980099.549 0.000 4967207.921 5.808116e-019
2 0.000 0.000 6356752.314 3.867016e-019
3 0.000 0.000 -6356752.314 1.933512e-018
4 4420299.446 529436.317 4552101.519 1.897940e-017
5 4157391.441 664816.285 4775047.592 1.355437e-018
6 -2125695.991 6012783.798 -91773.503 3.880221e-020
7 5065341.132 3875548.170 -55286.450 2.017617e-017
8 213453.298 5633237.315 2973569.442 3.450687e-017

equations.Severalprocedureshavebeenput forwardfor obtainingclosedform solutionof theproblem.Amongstthe
proceduresincludethe vectorialapproachevidencedin the works of S.Bancroft (1985), P. Singer et al. (1993),H.
Lichtenegger (1995)andA. Kleusberg (1994,1999).E. GrafarendandJ. Shan(1996)proposetwo approaches.

Oneapproachis basedon theinversionof a Ü"kþÜ coefficientmatrix of a linearsystemformedby differencingof the
nonlinearpseudo-rangingequationsin geocentriccoordinates,while the otherapproachusesthe coefficient matrix
from the linear systemto solve the sameequationsin barycentriccoordinates.In this sectionwe presentboth the
approachesof GröbnerbasesandMultipolynomialresultants(B. Sturmfel1998approach)to solve thesameproblem.
We demonstrateour algorithmsby solving the Pseudo-rangingfour-point problemalreadysolved by A. Kleusberg
(1994)andE.GrafarendandJ. Shan(1996).It will beillustratedthatboththeGröbnerbasesandtheMultipolynomial
resultantsolve thesamelinearequationsasthoseof E. GrafarendandJ. Shan(1996)andleadto identicalresults(see
alsoJ. L. AwangeandE. Grafarend2002).We startwith thepseudo-rangingequationswrittenalgebraicallyas¼½½½½½½½½½½½½¾
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with í � W ��� Y �$� 
 �$� [ î being the position of the four GPSsatellites,their rangesto the stationaryreceiver at �
givenby { µ W � µ Y � µ 
 � µ [ | . Theparameters�Æ{�� W �$Ô W ��V W |}�3{2� Y �$Ô Y ��V Y |&�N{�� 
 �$Ô 
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 � µ [ |�� are
elementsof the sphericalconethat intersectat � to give the coordinates{3] Y �#] 
 ��] [ | of the receiver and the sta-
tionary receiver rangebias ]%\ . The equationsabove can be expandedand arrangedin the lexicographic order{3]^YRem] 
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 ] \ �l� 

 �dÔ 

 �dV 

 B µ 

 *iÕ] 
 Y BD.���[(]^Y&�S] 

 BD.OÔ([(] 
 �©] 
[ B©._VN[3]%[ZB¢] 
\ �l. µ [N]%\��l� 
[ �dÔ 
[ �dV 
[ B µ 
[ *iÕ (3-119)

with thevariables{3] Y �#] 
 ��] [ �#] \ | , theothertermsbeingknown constants.We re-write(3-119)abovewith thelinear
termson onesideandthenonlineartermson theotheras¼½½¾ ] 
 Y �©] 

 �S] 
[ B¢] 
\ *�._� W ] Y �l.�Ô W ] 
 �l._V W ] [ B©. µ W ] \ � µ 
W BD� 
W BDÔ 
W B¢V 
W] 
 Y �©] 

 �S] 
[ B¢] 
\ *�._� Y ] Y �l.�Ô Y ] 
 �l._V Y ] [ B©. µ Y ] \ � µ 
 Y BD� 
 Y BDÔ 
 Y B¢V 
 Y] 
 Y �©] 

 �S] 
[ B¢] 
\ *�._� 
 ] Y �l.�Ô 
 ] 
 �l._V 
 ] [ B©. µ 
 ] \ � µ 

 BD� 

 BDÔ 

 B¢V 

] 
 Y �©] 

 �S] 
[ B¢] 
\ *�._� [ ] Y �l.�Ô [ ] 
 �l._V [ ] [ B©. µ [ ] \ � µ 
[ BD� 
[ BDÔ 
[ B¢V 
[ 0 (3-120)

Onsubtracting(3-120iv) from (3-120i),(3-120ii),and(3-120iii) weobtain� W�[ >@*z� W�[ ] Y �dÔ W�[ ] 
 �dV W$[ ] [ � µ [#W ] \ �Sû W�[ *iÕ� Y#[ >@*z� Y#[ ] Y �dÔ Y#[ ] 
 �dV YT[ ] [ � µ [�Y ] \ �Sû Y#[ *iÕ� 
 [ >@*i� 
 [ ] Y �lÔ 
 [ ] 
 �dV [ ] [ � µ [ 
 ] \ �dû 
 [ *�Õ (3-121)
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with:�cW�[¤*z.;���cWXBD�c[��(�%Ô(W$[¤*�.9��Ô�WZBDÔN[2�(�%V(W$[¤*�.9�'V(WZBDVN[2�N� µ [�WR*�.9� µ [?B µ WL�(�� Y#[ *z.;��� Y BD� [ �(�%Ô YT[ *�.9��Ô Y BDÔ [ �(�%V YT[ *�.9�'V Y BDV [ �N� µ [(Y *�.9� µ [ B µ Y �(�� 
 [ *z.;��� 
 BD� [ �(�%Ô 
 [ *�.9��Ô 
 BDÔ [ �(�%V 
 [ *�.9�'V 
 BDV [ �N� µ [ 
 *�.9� µ [ B µ 
 �(�û W$[ *`� µ 
W BD� 
W BDÔ 
W BDV 
W �«Bm� µ 
[ B¢� 
[ B©Ô 
[ BDV 
[ �N�û YT[ *`� µ 
 Y BD� 
 Y BDÔ 
 Y BDV 
 Y �«Bm� µ 
[ B¢� 
[ B©Ô 
[ BDV 
[ �N�û 
 [ *`� µ 

 BD� 

 BDÔ 

 BDV 

 �«Bm� µ 
[ B¢� 
[ B©Ô 
[ BDV 
[ �N0We note immediatelythat (3-121) comprisesthreeequationswhich are linear with four unknowns. Treatingthe
unknown variable] \ asaconstant,weapplytheGröbnerbasesandtheMultipolynomialresultanttechniquesto solve
thelinearsystemof equationfor ] Y *=4^��] \ �N�#] 
 *D41�F] \ �N�#] [ *Ê41�F] \ � , where4^��] \ � is a linearfunction.

Approach1 (B. Sturmfels1998Multipolynomialresultantsapproach):
Dependingon which variablewe want to solve,we canre-writeequation(3-121)suchthat this particularvariableis
hidden(i.e. is treatedasaconstant).If weareinterestedin solving ]1YX*D41�F]%\�� for instant,wewrite (3-121)by hiding]^Y as �OYX>@*f���cW$[2]^Y}� µ [#W2];\Z�Sû�W�[2�Æ] é �lÔ�W$[3] 
 �dV(W�[N]×[� 
 >@*f���9YT[2]^Y}� µ [�Y(];\Z�Sû_Y#[2�Æ] é �lÔ3YT[3] 
 �dV2Y#[N]×[� [ >@*f��� 
 [ ] Y � µ [ 
 ] \ �Sû Y#[ �Æ]×é��lÔ 
 [ ] 
 �dV 
 [ ] [ (3-122)

with ]%é beinga homogenizingfactor. TheJacobiandeterminantof (3-122)thenbecomes

s y � * µ û �
¼½½½½½½½½½¾
t � Yt ] 
 t � Yt ] [ t � Yt ]%ét � 
t ] 
 t � 
t ] [ t � 
t ]%ét � [t ] 
 t � [t ] [ t � [t ]%é

ïñðððððððððò * µ û �
¼¾ Ô�W$[ VNW$[ �cW�[3]1Y&� µ [�W3];\?�Sû�W�[Ô3YT[ V�YT[ �9Y#[3]1Y&� µ [(Y�];\?�Sû_Y#[Ô 
 [ V 
 [ � 
 [3]1Y&� µ [ 
 ];\?�Sû 
 [

ïò 0 (3-123)

Thedeterminantobtainedin (3-123)givesthevariable]^Y¤*Ê41�F];\L� asþÿ �
�] Y *QB��'û W$[ Ô YT[ V 
 [ � µ [ 
 ] \ Ô W$[ V YT[ � µ [�W ] \ Ô Y#[ V 
 [ B µ [#W ] \ V Y#[ Ô 
 [ B µ [�Y ] \ Ô W$[ V 
 [ B�û W$[ V YT[ Ô 
 [ Bû Y#[ Ô W�[ V 
 [ �¢û Y#[ V W$[ Ô 
 [ �¢û 
 [ Ô W$[ V Y#[ � µ [�Y ] \ V W�[ Ô 
 [ B µ [ 
 ] \ V W�[ Ô Y#[ B�û 
 [ V W�[ Ô YT[ ���9��� 
 [ V Y#[ Ô W�[ �� Y#[ Ô 
 [ V W$[ B©� YT[ V 
 [ Ô W�[ B¢� 
 [ Ô YT[ V W$[ BD� W$[ V Y#[ Ô 
 [ �d� W�[ V 
 [ Ô Y#[ �(0

For ] 
 *Ê41�F] \ � wehave �L\R>@*f�'Ô�W�[N] 
 � µ [�W3]%\��Sû�W�[2�T] é �d�cW$[3]^Y&�dV(W�[N]×[� é >@*f�'Ô3Y#[N] 
 � µ [(Y�]%\��Sû_Y#[2�T] é �d�9YT[3]^Y&�dV2Y#[N]×[� ê >@*f�'Ô 
 [N] 
 � µ [ 
 ]%\��Sû 
 [2�T] é �d� 
 [3]^Y&�dV 
 [N]×[ (3-124)

whoseJacobiandeterminantis givenby

s y�� * µ û �
¼½½½½½½½½½¾
t � \t ] Y t � \t ] [ t � \t ]×ét �Lét ]^Y t �Lét ]×[ t �Lét ] ét � êt ] Y t � êt ] [ t � êt ]×é

ï ðððððððððò * µ û �
¼¾ �OW�[ V(W�[ Ô�W�[N] 
 � µ [�W3];\?�Sû�W�[�/Y#[ V2Y#[ Ô3Y#[N] 
 � µ [(Y�];\?�Sû_Y#[� 
 [ V 
 [ Ô 
 [N] 
 � µ [ 
 ];\?�Sû 
 [

ïò 0 (3-125)

Thedeterminantobtainedin (3-125)givesthevariable] 
 *Ê41�F];\L� as

�
�

�
�] 
 *QB��'� 
 [2V2YT[ µ [�W�];\%�"�cW�[3V 
 [ µ [(Y(]%\%�"�cW$[2V 
 [3û_YT[^BP� 
 [2V(W$[ µ [(YN];\1B��cW�[3V2Y#[ µ [ 
 ]%\1B��cW$[2V2Y#[3û 
 [9�� Y#[ V W�[ µ [ 
 ] \ Bx� Y#[ V 
 [ µ [�W ] \ Bx� Y#[ V 
 [ û W�[ B�� 
 [ V W�[ û Y#[ �r� 
 [ V YT[ û W�[ �r� YT[ V W$[ û 
 [ ���/�'� 
 [ V YT[ Ô W�[ �� Y#[ Ô 
 [ V W$[ B©� YT[ V 
 [ Ô W�[ B¢� 
 [ Ô YT[ V W$[ BD� W$[ V Y#[ Ô 
 [ �d� W�[ V 
 [ Ô Y#[ �(0
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For ]×[ *=4^��];\�� we have �Rß¬>@*`�'V W$[ ] [ � µ [#W ] \ �dû W$[ �Æ]×é��d� W�[ ] Y �lÔ W$[ ] 
� Ü >@*`�'V YT[ ] [ � µ [�Y ] \ �dû YT[ �Æ]×é��d� Y#[ ] Y �lÔ YT[ ] 
� à >@*`�'V 
 [ ] [ � µ [ 
 ] \ �dû 
 [ �Æ]×é��d� 
 [ ] Y �lÔ 
 [ ] 
 (3-126)

whoseJacobiandeterminantis givenby

s y�� * µ û �
¼½½½½½½½½½¾
t � ßt ] Y t � ßt ] 
 t � ßt ]%ét � Üt ] Y t � Üt ] 
 t � Üt ]%ét � àt ]1Y t � àt ] 
 t � àt ] é

ïñðððððððððò * µ û �
¼¾ � W�[ Ô W$[ V W$[ ] [ � µ [�W ] \ �dû W$[� Y#[ Ô YT[ V YT[ ] [ � µ [(Y ] \ �dû YT[� 
 [ Ô 
 [ V 
 [ ] [ � µ [ 
 ] \ �dû 
 [

ïò 0 (3-127)

Thedeterminantobtainedin (3-123)givesthevariable]%[¤*=4^��];\L� as�
�

�
�] [ *`B���� 
 [ Ô W�[ µ [(Y ] \ �x� W$[ Ô Y#[ µ [ 
 ] \ �x� W�[ Ô YT[ û 
 [ BP� 
 [ Ô Y#[ µ [�W ] \ Bv� W$[ Ô 
 [ µ [�Y ] \ Bv� W�[ Ô 
 [ û Y#[ �� YT[ Ô 
 [ µ [�W ] \ Bx� YT[ Ô W$[ µ [ 
 ] \ Bx� YT[ Ô W$[ û 
 [ Bx� 
 [ Ô Y#[ û W$[ �r� 
 [ Ô W�[ û Y#[ �r� Y#[ Ô 
 [ û W�[ �	�/��� 
 [ Ô W�[ V YT[ �� YT[ Ô 
 [ V W�[ B¢� Y#[ Ô W�[ V 
 [ BD� 
 [ Ô Y#[ V W�[ BD� W�[ Ô 
 [ V YT[ �S� W�[ Ô Y#[ V 
 [ �N0

On substitutingthe obtainedvaluesof ] Y *â41�F] \ �(��] 
 *â41�F] \ � and ] [ *Î4^��] \ � in (3-119i) we a get a quadratic
functionin ] \ givenin Box(3-12).

Box 3-12(Univariate(quadratic) polynomialobtainedfromMultipolymomialresultantssolutionof
GPSpseudo-rangeequations):���TBX� 
 [ Ô W�[ µ [�Y � � 
 [ Ô Y#[ µ [#W � � W�[ Ô 
 [ µ [�Y Bf� W�[ Ô Y#[ µ [ 
 Bf� Y#[ Ô 
 [ µ [�W �Î� Y#[ Ô W$[ µ [ 
 � 
 �9��� 
 [ V Y#[ Ô W�[ �� Y#[ Ô 
 [ V W�[ Bf� YT[ V 
 [ Ô W�[ Bf� 
 [ Ô Y#[ V W�[ Bf� W$[ V Y#[ Ô 
 [ �ý� W$[ V 
 [ Ô Y#[ � 
 �¹�TBX� 
 [ V Y#[ µ [#W � � 
 [ V W�[ µ [(Y �� W�[ V Y#[ µ [ 
 BP� W$[ V 
 [ µ [�Y B�� Y#[ V W�[ µ [ 
 �"� YT[ V 
 [ µ [#W � 
 �/�'� 
 [ V YT[ Ô W$[ ��� Y#[ Ô 
 [ V W$[ BP� Y#[ V 
 [ Ô W�[ BP� 
 [ Ô YT[ V W�[ B� W�[ V Y#[ Ô 
 [ �ý� W�[ V 
 [ Ô Y#[ � 
 �8�TB µ [ 
 Ô W�[ V YT[ B µ [�W Ô YT[ V 
 [ � µ [�Y Ô W�[ V 
 [ B µ [(Y V W�[ Ô 
 [ � µ [ 
 V W$[ Ô YT[ �µ [#W V Y#[ Ô 
 [ � 
 �9��� 
 [ V Y#[ Ô W�[ �¢� Y#[ Ô 
 [ V W$[ B�� Y#[ V 
 [ Ô W�[ B�� 
 [ Ô YT[ V W�[ B�� W�[ V Y#[ Ô 
 [ �D� W$[ V 
 [ Ô Y#[ � 
 BS,��Æ] 
\ ��ý�'.9����� Y#[ V 
 [ û W�[ �Q� W�[ V Y#[ û 
 [ B�� W$[ V 
 [ û YT[ BA� YT[ V W$[ û 
 [ �`� 
 [ V W$[ û YT[ B-� 
 [ V YT[ û W�[ �	�/�'� 
 [ V YT[ Ô W�[ ��9Y#[2Ô 
 [3V(W�[PB��9YT[2V 
 [�Ô�W�[�B�� 
 [�Ô3YT[2V(W�[�B��OW�[3V�YT[�Ô 
 [��-�cW�[3V 
 [2Ô2YT[��¤BAÔ�W��3�TBX� 
 [2V2Y#[ µ [#W=�-� 
 [3V(W�[ µ [(YR��cW�[3V2Y#[ µ [ 
 B �cW$[2V 
 [ µ [�Y�B �/Y#[3VNW$[ µ [ 
 � �9Y#[2V 
 [ µ [�W����9��� 
 [2V2Y#[2Ô(W$[z� �9Y#[�Ô 
 [2V(W$[AB �/Y#[�V 
 [�Ô�W�[�B� 
 [2Ô3Y#[3V(W�[�Bf�cW$[�V2Y#[2Ô 
 [�� �cW$[2V 
 [2Ô3Y#[2���Î.;�#�TBXû�W�[2Ô3Y#[3V 
 [�� û�W�[3V2Y#[2Ô 
 [�� û_YT[�Ô�W�[3V 
 [�Bfû_YT[2V(W$[�Ô 
 [xBû 
 [2Ô�W�[3V2Y#[1�rû 
 [NVNW$[�Ô3Y#[2���9��� 
 [3V2Y#[2Ô�W�[1�r�9YT[3Ô 
 [2V(W$[®Bx�9Y#[3V 
 [2Ô�W�[®Bx� 
 [3Ô2YT[2V(W$[®Bx�cW�[3V2Y#[2Ô 
 [×�þ�OW�[3V 
 [�Ô3YT[��9B�cW��3�TB µ [ 
 Ô�W�[3V2Y#[�B µ [#W�Ô3YT[2V 
 ["� µ [(YNÔ�W�[3V 
 [�B µ [�Y3V(W�[2Ô 
 ["� µ [ 
 V(W$[�Ô3Y#[v� µ [�W�V2Y#[2Ô 
 [����/�'� 
 [�V2Y#[2Ô�W�[v��9Y#[2Ô 
 [3V(W�[?B��9Y#[3V 
 [�Ô�W$[�B¢� 
 [�Ô3YT[2V(W�[�B¢�cW$[�V2Y#[2Ô 
 [&�S�cW�[3V 
 [2Ô3Y#[2�³�d. µ W}�d.;�#���9Y#[2Ô�W�[3û 
 [&�©�cW$[�Ô 
 [3û_Y#[�B� W�[ Ô Y#[ û 
 [ B�� YT[ Ô 
 [ û W�[ �þ� 
 [ Ô Y#[ û W$[ B�� 
 [ Ô W�[ û Y#[ �	�/��� 
 [ V Y#[ Ô W$[ �þ� Y#[ Ô 
 [ V W�[ B�� Y#[ V 
 [ Ô W�[ B�� 
 [ Ô YT[ V W�[ B� W�[ V Y#[ Ô 
 [ �A� W�[ V 
 [ Ô YT[ �ZBzV W �N�TBX� 
 [ Ô W�[ µ [(Y ��� 
 [ Ô Y#[ µ [#W �A� W�[ Ô 
 [ µ [(Y Bz� W�[ Ô Y#[ µ [ 
 Bz� YT[ Ô 
 [ µ [�W �� Y#[ Ô W�[ µ [ 
 ���9��� 
 [ V Y#[ Ô W�[ �d� YT[ Ô 
 [ V W�[ B¢� Y#[ V 
 [ Ô W$[ BD� 
 [ Ô Y#[ V W�[ BD� W�[ V YT[ Ô 
 [ �S� W�[ V 
 [ Ô Y#[ ���Æ] \ ��¹�#�TBXû W�[ Ô Y#[ V 
 [ �ýû W�[ V YT[ Ô 
 [ �ýû YT[ Ô W$[ V 
 [ B û YT[ V W$[ Ô 
 [ Bpû 
 [ Ô W�[ V Y#[ �Îû 
 [ V W�[ Ô Y#[ �	�/�'� 
 [ V YT[ Ô W�[ �� Y#[ Ô 
 [ V W�[ Bv� Y#[ V 
 [ Ô W$[ Bv� 
 [ Ô YT[ V W�[ BP� W�[ V Y#[ Ô 
 [ �x� W�[ V 
 [ Ô YT[ �cBP� W � 
 B µ 
W ������� Y#[ Ô W�[ û 
 [ ��� W�[ Ô 
 [ û Y#[ B� W�[ Ô Y#[ û 
 [ B�� YT[ Ô 
 [ û W�[ �þ� 
 [ Ô Y#[ û W$[ B�� 
 [ Ô W�[ û Y#[ �	�/��� 
 [ V Y#[ Ô W$[ �þ� Y#[ Ô 
 [ V W�[ B�� Y#[ V 
 [ Ô W�[ B�� 
 [ Ô YT[ V W�[ B� W�[ V Y#[ Ô 
 [ �d� W$[ V 
 [ Ô Y#[ ��BDV W � 
 �i����� Y#[ V 
 [ û W�[ �d� W�[ V YT[ û 
 [ BD� W�[ V 
 [ û YT[ BD� YT[ V W$[ û 
 [ �S� 
 [ V W�[ û YT[ B� 
 [3V2Y#[2û�W�[2�	�/��� 
 [3V2Y#[2Ô(W$[��d�9YT[�Ô 
 [3V(W�[?B©�/Y#[3V 
 [�Ô�W$[?BD� 
 [�Ô3Y#[3V(W�[?BD�OW�[�V2YT[�Ô 
 [}�S�cW�[2V 
 [2Ô2YT[��«B©Ô(W2� 


Approach2 (Gröbnerbasestechnique):
UsingtheGröbnerbasesapproach,we computetheGröbnerbasisof the linearsystemof equation(3-121)as
follows: ?¬���LûLÔ��³û��L7=�/ù2)Tù ¼¾ {�� W�[ ] Y �lÔ W$[ ] 
 �dV W�[ ] [ � µ [�W ] \ �Sû W�[ �� Y#[ ] Y �dÔ YT[ ] 
 �dV Y#[ ] [ � µ [�Y ] \ �Sû Y#[ �� 
 [ ] Y �lÔ 
 [ ] 
 �SV [ ] [ � µ [ 
 ] \ �Sû 
 [ |O�3{2] Y �#] 
 ��] [ ��] \ |

ïò (3-128)

giving thecomputedGroebnerbasisasin Box (3-13).
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Box 3-13(computedGröbnerbasis):4 Y >@*t�TBX� 
 [ �#Ô Y#[ û W�[ �·� YT[ Ô 
 [ û W$[ �·� 
 [ Ô W�[ û Y#[ Bl� W�[ Ô 
 [ û Y#[ Bd� YT[ Ô W�[ û 
 [ �·� W�[ Ô Y#[ û 
 [ Bl� 
 [ Ô YT[ V W$[ ] [ �� Y#[ Ô 
 [ V W$[ ] [ ��� 
 [ Ô W$[ V YT[ ] [ B�� W$[ Ô 
 [ V Y#[ ] [ B�� YT[ Ô W$[ V 
 [ ] [ ��� W$[ Ô YT[ V 
 [ ] [ B�� 
 [ Ô Y#[ µ [#W ] \ ��� Y#[ Ô 
 [ µ [�W ] \ �� 
 [ Ô W$[ µ [(Y ] \ B©� W�[ Ô 
 [ µ [(Y ] \ B¢� Y#[ Ô W$[ µ [ 
 ] \ �S� W�[ Ô YT[ µ [ 
 ] \4 
 >Ä*`�TBX� 
 [ �Tû Y#[ �S� Y#[ û 
 [ B¢� 
 [ Ô Y#[ ] 
 �d� Y#[ Ô 
 [ ] 
 BD� 
 [ V Y#[ ] [ �S� Y#[ V 
 [ ] [ BD� 
 [ µ [(Y ] \ �S� Y#[ µ [ 
 ] \4 [ >Ä*`�TBX� 
 [ �Tû W�[ �S� W�[ û 
 [ B¢� 
 [ Ô W�[ ] 
 �d� W�[ Ô 
 [ ] 
 BD� 
 [ V W�[ ] [ �S� W�[ V 
 [ ] [ BD� 
 [ µ [�W ] \ �S� W�[ µ [ 
 ] \4_\�>Ä*`�TBX�9YT[��Tû�W�[��S�cW�[3û_Y#[ZB¢�9Y#[2Ô�W�[N] 
 �d�OW�[2Ô2YT[3] 
 BD�9YT[�V(W�[N]%[��S�cW�[3V2Y#[3]×[ZBD�/Y#[ µ [�W2]%\��S�cW�[ µ [�Y(];\4 é >Ä*zû 
 [��d� 
 [3]^Y&�lÔ 
 [N] 
 �SV 
 [N]×[�� µ [ 
 ]%\4 ê >Ä*zûLY#[��d�9YT[3]^Y&�lÔ3Y#[N] 
 �SV2Y#[N]×[�� µ [(Y�]%\4 ß >Ä*zû2W�[��d�cW$[3]^Y&�lÔ�W�[N] 
 �SV(W�[N]×[�� µ [�W3]%\O0
We noticefrom thecomputedGroebnerbasisin Box (3-2) that 4 Y is a polynomialwith only ] [ and ] \ asvariables.
With 4 Y expressedas ] [ *�41�F] \ � , it is substitutedin 4 
 to obtain ] 
 *�41�F] \ �(� which togetherwith ] [ *�41�F] \ � are
substitutedin 4�é to give ] Y *�4^��] \ � . Onsubstitutingtheobtainedvaluesof ] Y *�4^��] \ �(�#] 
 *=4^��] \ � and ] [ *�41�F] \ �
in (3-119i)we geta quadraticequationin ]%\ givenin Box(3-14)as

Box 3-14(Univariate(quadratic) polynomialobtainedfromGröbnerbasissolutionof GPS
pseudo-rangeequations):�TBX� 
 [ Ô Y#[ µ [#W � � Y#[ Ô 
 [ µ [�W � � 
 [ Ô W$[ µ [(Y B � W�[ Ô 
 [ µ [�Y B � Y#[ Ô W$[ µ [ 
 � � W$[ Ô Y#[ µ [ 
 � 
 �/��� 
 [ Ô Y#[ V W$[ B� Y#[ Ô 
 [ V W$[ BD� 
 [ Ô W�[ V Y#[ �d� W�[ Ô 
 [ V YT[ �d� YT[ Ô W�[ V 
 [ BD� W�[ Ô YT[ V 
 [ � 
 ���TBX� 
 [ V Y#[ �#BX� 
 [ Ô YT[ µ [�W �d� YT[ Ô 
 [ µ [�W �� 
 [ Ô W$[ µ [(Y Bl� W�[ Ô 
 [ µ [(Y BS� Y#[ Ô W$[ µ [ 
 �·� W$[ Ô YT[ µ [ 
 ���/�'� 
 [ Ô YT[ V W�[ Bd� Y#[ Ô 
 [ V W$[ Bd� 
 [ Ô W�[ V Y#[ �i� W�[ Ô 
 [ V YT[ ��/Y#[2Ô(W$[2V 
 [PB��cW�[�Ô2YT[2V 
 [��Z�-�9YT[�V 
 [��TBX� 
 [2Ô3Y#[ µ [�W��`�9YT[�Ô 
 [ µ [�W=�Q� 
 [2Ô�W�[ µ [�Y=BA�OW�[2Ô 
 [ µ [(Y=B��9YT[�Ô�W�[ µ [ 
 ��OW�[2Ô2YT[ µ [ 
 �	�/��� 
 [�Ô2YT[2V(W$[vBA�9YT[�Ô 
 [2V(W�[vBA� 
 [2Ô�W�[3V2Y#[=�f�OW�[2Ô 
 [2V2YT[=�`�9YT[�Ô�W$[2V 
 [vBA�cW�[2Ô3Y#[3V 
 [2�RB-� 
 [ µ [(Y���/Y#[ µ [ 
 � 
 �/�'� 
 [�Ô3YT[�BA�9Y#[2Ô 
 [2� 
 �÷�'Ô 
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Box 3-14(Univariate(quadratic) polynomialobtainedfromGröbnerbasissolutionof GPS
pseudo-rangeequationscontinued):
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Thealgorithmsfor solvingtheunknown value ] \ (i.e. therangebias)from Boxes(3-12)or (3-14)andtherespective
stationaryreceiver coordinatesareAwange-GrafarendGroebnerbasisalgorithm andAwange-GrafarendMulti-
polynomial Resultant algorithm andcanbe accessedin the GPStoolbox (http://www.ngs.noaa.gov/gps-toolbox).
ThedistinctionbetweentheMultipolynomialresultantapproach andtheapproachof E. GrafarendandJ. Shan(1996)
is that; for Multipolynomial resultantapproach, we do not have to invert the coefficient matrix but insteadusethe
necessaryandsufficientconditionsthatthedeterminanthasto vanishif thethreeequationshavea nontrivial solution.
We next consideranexamplethathasbeenconsideredalreadyby A. Kleusberg (1994)andE. GrafarendandJ. Shan
(1996).

Example3-2: Fromthecoordinatesof fourGPSsatellitesgivenin Table(3.4)below, weapplytheAwange-Grafarend
Groebner basisalgorithm andAwange-Grafarend Multipolynomial Resultant algorithm to computethe
coordinatesof thestationaryGPSreceiver andthereceiver rangebiasterm. TheAwange-GrafarendGroeb-
ner basisalgorithm andAwange-GrafarendMultipolynomial Resultantalgorithm computethecoefficients
of the quadraticequationsin Boxes(3-12) and (3-14) respectively as V 
 * µ 
 * -9.104704113943708e-1,V Y * µ Y * 5.233385578536521e+7and V W * µ W * -5.233405293375e+9.

Table3.4: Geocentriccoordinatesof four GPSsatellitesandthepseudo-rangingobservations) ] ! *�� ! a ! *�Ô ! b ! *�V ! µ !
0 1.483230866e+7 -2.046671589e+7 -7.42863475e+6 2.4310764064e+7
1 -1.579985405e+7 -1.330112917e+7 1.713383824e+7 2.2914600784e+7
2 1.98481891e+6 -1.186767296e+7 2.371692013e+7 2.0628809405e+7
3 -1.248027319e+7 -2.338256053e+7 3.27847268e+6 2.3422377972e+7

Oncethesecoefficientshavebeencomputed,thealgorithmsproceedto solve (usingthesecoefficients)theroots {3];\O|
of thequadraticequationsin Boxes(3-12)and(3-14)respectively giving thestationaryreceiver rangebiasterm. The
admissiblevalueof the stationaryreceiver rangebiasterm is thensubstitutedin the expressions] Y *ë4^��] \ �(�#] 
 *4^��] \ �N�#] [ *�4^��] \ � to give thevaluesof stationaryreceiver coordinates{3] Y ��] 
 �#] [ | respectively. Thecompletepair
of solutionsare �� ��] Y *`B¤.%Ú�êO./,�._Ü;0 �%,�. � �#] 
 *�4�Þ_:�Úc4RÚ��;0 Ü%��ê � �#] [ *-B 4_.�Õ�ê�Þ_Õ�Þ90 ,�ÕO. �];\ *`B�ÞO4R��4Rê�ê9,�Ú90 ,2:%� � ÇÇ ] £\��� ]1YZ*Q,O,�,O,�Þ%êOÕ90 �O:OÕ � �#] 
 *-BX�OÜ���Úc.�Þ%Ú;0 :OÜ9, � ��]%[�*=��Þ�.c4LÜ�Þ/,�0 ÚO.�Õ �] \ *`B�,2ÕOÕ90 Õ�Õ�ÕO: � ÇÇ ] B\
Fromtheresultsabove,we notethatthesolutionspaceis nonunique.In orderto decidebetweenthecorrectsolution
from thepair above,we computethenorm(length)of thepositionalvector {3] [ �#] 
 ��] Y | ÇÇ ] £\ and {�] [ ��] 
 �#] Y | ÇÇ ] B\ 0 If
the receiver coordinatesarein the Global ReferenceFrame, thenorm of thepositionalvectorof the receiver station
will approximatethe valueof the Earth’s radiuswhile the norm for the otherpair of solutionwill be in space.The
computednormsare " {3]%[O�#] 
 ��]^Y�| ÇÇ ] £\ *-,2Õ�Ú%�/Þ_:�ÜO:90 ÚO.�: �{3]%[O�#] 
 ��]^Y�| ÇÇ ] B\ *z:�Ü�4���ê��OÜ;0 .9,V� �
thusclearlygiving thesecondsolution {�]%[_��] 
 �#]1Y�| ÇÇ ] B\ astheadmissiblesolutionof thereceiverposition.
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3-232 OverdeterminedGPSpositioning with observationsof type pseudo-ranges

In this section,we considerthe casewheremorethanfour satelliteshave beenobserved. We will apply theGauss-
Jacobi combinatorialalgorithmto theexampleprovidedby G. StrangandK. Borre (1997)andcomparethe results
obtainedto thoseobtainedby the linear Gauss-Markov Modelafter linearizationof theobservationsby Taylor series
expansion.Pseudo-rangesaremeasuredto six satelliteswhosecoordinatesarealsogivenasin Table(3.5).

Table3.5: Geocentriccoordinatesof six GPSsatellitesandthepseudo-rangeobservations��~¬� ] ! *z��! a ! *zÔN! b ! *zVN! µ !
23 14177553.47 -18814768.09 12243866.38 21119278.32
9 15097199.81 -4636088.67 21326706.55 22527064.18
5 23460342.33 -9433518.58 8174941.25 23674159.88
1 -8206488.95 -18217989.14 17605231.99 20951647.38
21 1399988.07 -17563734.90 19705591.18 20155401.42
17 6995655.48 -23537808.26 -9927906.48 24222110.91

From the dataabove andusing(2-26) in page(13), we obtain15 possiblecombinationslisted in Table (3.6) whose
PDOParecomputedasin B. Hofmannetal (1994,pp. 249-253)below.

Table3.6: PossiblecombinationsandthecomputedPDOP
CombinationNumber Combination ComputedPDOP

1 23-9-5-1 4.8
2 23-9-5-21 8.6
3 23-9-5-17 4.0
4 23-9-1-21 6.5
5 23-9-1-17 3.3
6 23-9-21-17 3.6
7 23-5-1-21 6.6
8 23-5-1-17 6.6
9 23-5-21-17 4.8
10 23-1-21-17 137.8
11 9-5-1-21 5.6
12 9-5-1-17 14.0
13 9-5-21-17 6.6
14 9-1-21-17 5.2
15 5-1-21-17 6.6

It is clearlyseenfrom thecomputedPDOPthatthe10thcombinationhada poorgeometry. We plot thePDOPversus
thecombinationnumberto havea clearpicturein Figure (3.2).

Figure (3.2) indicatesclearly that the 10th combinationhada weaker geometry. The Gauss-Jacobi combinatorial
algorithm takescareof this weaker geometryduring the adjustmentprocessby the useof the variance-covariance
matrix computedthroughnonlinear error propagation for that respective set. We next usethe derived quadratic
formulaeby Gröbnerbasis in Box (3-12) or by Multipolynomial resultantsin Box (3-14) for the minimal caseto
computethecoefficientspresentedin Table(3.7).

Fromthe computedcoefficientsin Table (3.7), the 10thcombinationis onceagainidentifiedashaving significantly
differentvaluesfrom therest.Usingthecoefficientsof Table(3.7),we computethesolutionof theminimalcombina-
torial sets(eachcombination) beingthereceiverposition {�����������| andtherangebias V µ � andpresentthemin Table
(3.8).

The final adjustmentis performedusing the linear Gauss-Markov modelwith the randomvaluesof Table (3.8) as
pseudo-observationsandthedispersionmatrix obtainedfrom thenonlinearerror propagation(Chapter2).

Figure (3.3) givesthe plot of the scatterof the 15 Gauss-Jacobi combinatorialsolutions(shown by points)around
theadjustedvalue(indicatedby a star),while Figure (3.4) givesthemagnificationof thescatterof 14 Gauss-Jacobi
combinatorialsolutions(shown by points)thatarevery closeto theadjustedvalue(indicatedby a star)ignoringthe
outlying point in Figure (3.3).
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Figure3.2: ComputedPDOPfor respectivecombinations

Table3.7: Computedcoefficientsof thecombinations
C/No. V 
 V Y V W

1 -0.914220949236445 52374122.9848733 49022682.3125
2 -0.934176403102736 50396827.4998945 7915541824.84375
3 -0.921130625833683 51741826.0147786 343282824.25
4 -0.865060899130107 54950460.2842167 -10201105114.5
5 -0.922335616484969 51877166.0451888 280298481.625
6 -0.919296962706157 51562232.9601199 1354267366.4375
7 -0.894980063579044 53302005.6927825 -3642644147.5625
8 -0.917233949644576 52194946.1124139 132408747.46875
9 -0.925853049262193 51140847.6331213 3726719112.1875
10 3369.83293928593 -1792713339.80277 6251615074927.06
11 -0.877892756651551 54023883.5656926 -6514735288.13762
12 -0.942581538318523 50793361.5303674 784684294.241371
13 -0.908215141659006 52246642.0794924 -2499054749.05572
14 -0.883364070549387 53566554.3869961 -5481411035.37882
15 -0.866750765656126 54380648.2092251 -7320871488.80859

Table3.8: Computedcombinatorialsolutionpointsin a polyhedron
C/No. �d� � � ��� � � �=� � � V µ � � � �

1 596925.3485 -4847817.3618 4088206.7822 -0.9360
2 596790.3124 -4847765.7637 4088115.7092 -157.0638
3 596920.4198 -4847815.4785 4088203.4581 -6.6345
4 596972.8261 -4847933.4365 4088412.0909 185.6424
5 596924.2118 -4847814.5827 4088201.8667 -5.4031
6 596859.9715 -4847829.7585 4088228.8277 -26.2647
7 596973.5779 -4847762.4719 4088399.8670 68.3398
8 596924.2341 -4847818.6302 4088202.3205 -2.5368
9 596858.7650 -4847764.5341 4088221.8468 -72.8716
10 596951.5275 -4852779.5675 4088758.6420 3510.4002
11 597004.7562 -4847965.2225 4088300.6135 120.5901
12 596915.8657 -4847799.7045 4088195.5770 -15.4486
13 596948.5619 -4847912.9549 4088252.1599 47.8319
14 597013.7194 -4847974.1452 4088269.3206 102.3292
15 597013.1300 -4848019.6766 4088273.9565 134.6230
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Figure3.3: Scatterof the15 Gauss-Jacobicombinatorialsolutions( � ) aroundtheadjustedvalue( � ).
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Figure3.4: Magnificationof thescatterof 14 Gauss-Jacobicombinatorialsolutions( � ) aroundtheadjustedvalue( � ).
3-233 Linearized leastsquaresversusGauss-Jacobicombinatorial algorithm

Weconcludein thissectionby comparingbetweenthelinearizedleastsquaresapproach andtheGauss-Jacobicombi-
natorial approach. UsingtheGauss-Jacobicombinatorialapproach,thestationaryreceiverpositionandthestationary
receiver rangebiasarecomputedasdiscussedin Section(3-232).For the linearizedleastsquaresapproach, thenon-
linearobservationequations(3-118)arelinearizedusingTaylor seriesexpansionfor the : satellitesin Table (3.5) to
generatethe Jacobimatrix requiredfor the linearizedleastsquaresapproach. As approximatestartingvalues,we
first initiated the stationaryreceiver positionandthe stationaryreceiver rangebiasaszeroandsetthe convergence
limit to ,"km,2Õ £ Ü asthe differenceof valuesbetweentwo successive iterations. With approximatevaluestaken as
zero,6 iterationswererequiredfor convergencelimit ,Pk©,2Õ;0 £ Ü In thesecondcase,we consideredthevaluesof the
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Gauss-Jacobicombinatorialalgorithm asthe starting(approximate)valuesfor the linearizedleastsquaressolution.
This time round,only two iterationswererequiredto achieveconvergence.

From the nonlinearequations(3-118)and the resultsof both linearizedleastsquaresapproach andGauss-Jacobi
combinatorialalgorithm,we computedtheresidualsandobtainedthesquaresof theseresidualsandfinally theerror
normfrom �³��� � * ���� * ê, ! Ë Y
	 µ !³BD' · ���] Y BD��!�� 
 �z���] 
 B©Ô(!�� 
 ���
�] [ BDVN!'� 
 B��] \ )�� 
 0 � (3-129)

where {��] Y ���] 
 ���] [ ���] \ | arethe computedvaluesof the stationaryreceiver positionandthe stationaryreceiver range
bias, {���!T�$ÔN!#�$VN!Æ|�Ö��^)«*A{c,��203030 ��:9| arethecoordinatesof thesix satellitesin Table(3.5)and { µ !Æ|�Ö��^)®*-{c,��203030 ��:9| are
themeasuredpseudo-ranges.

Table (3.9) givesthe obtainedresultsfrom the Gauss-Jacobi combinatorialalgorithmandthoseobtainedfrom lin-
earizedLeastsquaresapproach by first linearizingusing Taylor seriesexpansion. Table (3.10) presentsthe root-
mean-square-errorsandthedifferencesbetweenthesolutionsof thetwo procedures.In Table (3.11),we presentthe
computedresiduals,sumof squaresof theseresidualsandthecomputederrornormfrom (3-129).Thecomputederror
normareidenticalfor bothprocedures.

Furthercomparisonof the two proceduresis to be found in Chapter(5) wherethe proceduresareusedto compute
the 7-datumparametertransformation. Oncethe parametershave beencomputed,they are usedto transformthe
Cartesiancoordinatesfrom the Local ReferenceSystem(Table5.5) to theGlobal ReferenceSystem(WGS84, Table
5.6)asshown in Tables(5.10)andTable (5.11). Theresidualsfrom bothGauss-Jacobicombinatorialalgorithmand
LinearizedLeastSquaresSolutionarein the samerangein magnitude.We alsocomputethe residualnorm (square
rootof thesumof squaresof residuals)andpresentthemin Table(5.12)in page(93). In thiscase,theerrornormfrom
theGauss-Jacobicombinatorialalgorithmis somewhatbetterthanthoseof the linearizedleastsquaressolution.

Table3.9: Computedreceiverpositionandstationaryreceiver rangebias�d� � � �x� � � �=� � � V µ � � � �
GJ-Approach 596929.6542 -4847851.5021 4088226.7858 -15.5098
(Linearized)LS 596929.6535 -4847851.5526 4088226.7957 -15.5181

Difference 0.0007 0.0505 -0.0098 0.0083

Table3.10:Computedroot-mean-squareerrorsandthedifferencein solutionbetweenthetwo approachesg � � � � g � � � � g���� � � g ð j � � � �
GJ-Approach 6.4968 11.0141 5.4789 8.8071
GM solution 34.3769 58.2787 28.9909 46.6018

Table3.11:Computedresiduals,squaresof residualsanderrornorm
PRN Gauss-Jacobi(m) LinearizedLeastSquares(m)
23 -16.6260 -16.6545
9 -1.3122 -1.3106
5 2.2215 2.2189
1 -16.4369 -16.4675
21 26.8623 26.8311
17 5.4074 5.3825

Sumof Squares 1304.0713 1304.0680
Errornorm 36.1119 36.1119

3-234 Outlier diagnosis

In this section,we demonstratethecapabilityof theGauss-Jacobicombinatorialalgorithmto diagnoseoutliers.Con-
siderthatasatellitesignalmeantto travel straightfrom thesatelliteto thereceiveris reflectedby thereflectingsurfaces
(multipatheffect) in built upareasfor instance.Themeasuredpseudorangereachingthereceiverendsupbeinglonger
thantheactualwouldbepseudorange.ThescannedFigurefrom B. Hoffmanetal. (1994,p.124,Figure6.5)illustrates
thecaseof multipath.
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Let us now supposethat satellitenumber23 hadits pseudorangemeasurementlongerby 500mowing to multipath
effect. This particularsatelliteis chosenas it is the first in the combinatorialformationandassuchthe left most
elementof thecombinationandthuseasyto identify in thecombinatoriallist of Table(3.12). For eachcombination,
we computethe positionby usingeitherthe Gröbnerbasisor Multipolynomial resultantalgebraictools. Oncethe
positionshave beenobtained,the positionalnorm arethencomputedfor eachcombinationandwritten besidesthe
combinationsasin Table(3.12).

Table3.12:Computedpositionalnorm
CombinationNumber Combination Positionalnorm(km)

1 23-9-5-1 6368.126
2 23-9-5-21 6367.147
3 23-9-5-17 6368.387
4 23-9-1-21 6370.117
5 23-9-1-17 6368.474
6 23-9-21-17 6368.638
7 23-5-1-21 6368.894
8 23-5-1-17 6368.256
9 23-5-21-17 6368.005
10 23-1-21-17 6398.053
11 9-5-1-21 6369.723
12 9-5-1-17 6369.522
13 9-5-21-17 6369.647
14 9-1-21-17 6369.711
15 5-1-21-17 6369.749

It is clearlyseenthatthecomputedpositionalnormsof thefirst 10combinatorialswerevaryingwhile thevariationof
thecomputedpositionalnormof thelast5 combinatorialwasto alesserdegree.Thepossibleexplanationcouldbethat
satellitenumber23whosepseudorangeis contaminatedappearedin thefirst 10combinations.Thelast5 combinations
arenot affectedwith satellitenumber23. In orderto view the variationof the computedpositionalnorm, we have
computedthemeanof thesepositionalnormsandsubtractedit from theothernorms.In Figure (3.5),we haveplotted
thesedeviations of the computedpositionalnorm from the meanpositionalnorm. Whereasthe deviationsof the
first 10 combinationsareseento fluctuate,thoseof the last 5 combinationsareseento be almostconstantandwith
minimumdeviation from themeanthusclearly indicatingthepresenceof outlier in thefirst 10 combinations.Since
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thesatellite23 is theonly commonsatellitein thefirst 10 combinations,this outlier couldbeattributedto it.

0 5 10 15
−0.5

0

0.5

1

1.5

2

2.5

3
x 10

4 Computed position norm for respective combinatorials

Combinatorial No.

C
om

pu
te

d 
po

si
tio

na
l n

or
m

 −
 m

ea
n 

va
lu

e(
m

)

Figure3.5: Deviationof positionalnormfrom themeanvalue



Chapter 4

Testnetwork Stuttgart Central

As anextensionof Chapter3 weconsiderin this Chaptertheclosedform solutionandtheoverdeterminedsolutionof
the three-dimensionalresectionproblemusingtheGröbnerbases, MultipolynomialresultantsandtheGauss-Jacobi
combinatorialalgorithmsdiscussedin Chapter2. The test network “Stuttgart Central” in Figure (4.1) below is
selectedfor study. In Section(4-1)weconsidertheobservationsof thetestnetwork “Stuttgart Central” of typesGPS
coordinates, horizontaldirections��� andverticaldirections��� thatwill beusedin subsequentsections.Section(4-2)
considerstheclosedform three-dimensionalresectionsolutionof thetestnetwork “Stuttgart Central” while Section
(4-3) considerstheoverdeterminedthree-dimensionalresectionsolutionof thetestnetwork “Stuttgart Central.”
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Figure4.1: Graphof theTestnetwork “Stuttgart Central”
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64 CHAPTER4. TESTNETWORK STUTTGART CENTRAL

4-1 Observations

The following experimentwasperformedat the centreof Stuttgarton oneof the pillars of the University buildings
alongKeplerStrasse11 asdepictedby Figure (4.1). Thetest-network "StuttgartCentral" consistedof 8 GPSpoints
listed in Table (4.1). A theodolitehasbeenstationedat pillar K1 whoseastronomicallongitude �! aswell asas-
tronomic latitude "! were known from previous astrogeodeticobservationsmadeby the Departmentof Geodesy
andGeoInformatics,StuttgartUniversity. Sincetheodoliteobservationsof type horizontaldirections � � aswell as
vertical directions ��� from the pillar K1 to the target points #%$&#('*)+$-,.$
/0/
/0$213$%4.$ wereonly partially availablewe
decidedto simulatethehorizontalandverticaldirectionsfrom thegivenvaluesof 56�  $7"  98 aswell astheCartesian
coordinatesof thestationpoint :<;=$?>@$%A�B andtargetpoints :C;EDF$G> D $%A D B using(3-18)and(3-19). Therelationshipbe-
tweentheobservationsof typehorizontaldirections��� , vertical directions��� , valuesof 5��  $%"  98 andtheCartesian
coordinatesof the stationpoint :<;($G>@$%A9B and target points :C;EDF$G> D $7A D B that enabledgenerationof the observation
datasets1 to 11 is presentedin Chapter3, Section(3-14). Sucha procedurehadalso the advantagethat we had
full control of the algorithmsthat we discussedin Chapter2. In detail, the directionalparameters5��  $%"  98 of the
local gravity vectorwereadoptedfrom the astrogeodeticobservationsreportedby S.Kurz (1996p.46)with a root-
mean-squareerror HJIK'LH3MN'O)�PRQ . Table (4.1) containsthe :<;=$?>@$%A�B coordinatesobtainedfrom a GPSsurvey of
the test-network "StuttgartCentral", in particularwith root-mean-squareerrors :CHJS&$-H.TU$2HWV.B neglectingthe covari-
ances:XHJS�TU$2HJT�V9$-H3V6SYB . Thesphericalcoordinatesof therelativepositionvector, namelyof thecoordinatedifferences:�Z D9[ Z9$2\ D [ \�$?] D [ ]6B , arecalledhorizontaldirections� � , vertical directions� � anddistanceŝ � andaregivenby
Table(4.2).Thestandarddeviations/root-mean-squareerrorswerefixedto HW_`'N1+QJ$2HWab'K1+Q . Suchrootmeansquare
errorscanbeobtainedon thebasisof a properrefractionmodel.Sincethehorizontalandverticaldirectionsof Table
(4.2)weresimulateddata,with zeronoiselevel, we useda randomgeneratorrandnin MATLAB version5.3 (e.g. D.
HanselmanandB. Littlefield 1997,pp. 84,144)to produceadditionalobservationaldatasetswithin theframework of
thegivenroot-mean-squareerrors.For eachobservableof type ��� and �c� , 30 randomlysimulateddatawereobtained
andthe meantaken. Let us refer to the observationaldatasets 50���?$-�c� 8 $?#d'e)+$-,.$�/
/0/
$21J$74�$ of Table (4.3) to Table
(4.13)whichwereenrichedby theroot-mean-squareerrorsof theindividual randomlygeneratedobservationsaswell
asby the differencesf(���@gh'i��� [ ���2:CjRk
lJk0m%npo-k
qJB7$�fr�c�sgt'*��� [ ���-:<jRk
lJk0m%npo-k
qJB . Suchdifferences:Xf(���G$%f(���uB
indicatethedifferencebetweentheidealvaluesof Table(4.2)andthoserandomlygenerated.

ervationsarethusdesignedsuchthat by observingthe otherseven GPSstations,the orientationof the Local Level
ReferenceFrame vdw whoseorigin is stationK1, to the Global ReferenceFrame v
x is obtained. The relationship
betweenthe vyw ReferenceFrameand the vyx ReferenceFrame is presentedin Chapter3, Section(3-13). The di-
rection of Schlossplatzis chosenas the zerodirectionof the theodoliteand this leadsto the determinationof the
third componentz! of the three-dimensionalorientationparameters. To eachof the GPStarget points # , the ob-
servationsof the type horizontal directions � � and the vertical directions � � are measured.The spatialdistances^|{� :X}`$2}~�FB�'���}s� [ }�� arereadilyobtainedfrom theobservationof typehorizontaldirections��� andvertical di-
rections��� usingthealgebraiccomputationaltechniquesdiscussedin Chapter2. Oncewe have Euclideandistances^�� computedfrom theobservationsof typehorizontaldirections��� andvertical directions�c� , a fowardcomputation
usingany of thethree-dimensionalranging( "Bogenschnitt") proceduresdiscussedin Section(3-21) is usedto com-
putethecoordinates5
��$-��$7� 86����� from which thedirectionparameters( �  $7"  ) of the local gravity vectorat K1
andthe"orientationunknown"elementz  arefinally computedasdiscussedin J. L. Awange (1999)andE. Grafarend
andJ. L. Awange (2000).Theobtainedvaluesarethencomparedto thestartingvalues.Thefollowing symbolshave
beenused: H S $-H T $-H V arethestandarderrorsof theGPSCartesiancoordinates.CovariancesH S�T $2H T�V $2H V6S were
neglected. H3_!$2H3a arethe standarddeviation of horizontalandvertical directionsrespectively after an adjustment,f(_�$-fra themagnitudeof thenoiseon thehorizontalandverticaldirections,respectively.

Table4.1: GPSCoordinatesin theGlobal ReferenceFramevyxR:C��$2�!$%�cB , :<���?$-�W�2$%�Y�XB�$�#|'�)+$-,.$�/
/0/
$%4
Station �b:C��B �s:C��B �d:C��B HW��~� H3���� H3����

DachK1 4157066.1116 671429.6655 4774879.3704 1.07 1.06 1.09
1 4157246.5346 671877.0281 4774581.6314 0.76 0.76 0.76
2 4156749.5977 672711.4554 4774981.5459 1.77 1.59 1.61
3 4156748.6829 671171.9385 4775235.5483 1.93 1.84 1.87
4 4157066.8851 671064.9381 4774865.8238 1.38 1.29 1.38
5 4157266.6181 671099.1577 4774689.8536 1.29 1.28 1.34
6 4157307.5147 671171.7006 4774690.5691 0.20 0.10 0.30
7 4157244.9515 671338.5915 4774699.9070 2.80 1.50 3.10
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Table4.2: Ideal sphericalcoordinatesof the relative positionvector in the Local Horizontal ReferenceFrame vyw :
Spatialdistances,horizontaldirections,verticaldirections

StationObserved Distances Horizontal Vertical
from K1 (m) directions(gon) directions(gon)

Schlossplatz(1) 566.8635 52.320062 -6.705164
Haussmanstr. (2) 1324.2380 107.160333 0.271038
Eduardpfeiffer (3) 542.2609 224.582723 4.036011
Lindenmuseum(4) 364.9797 293.965493 -8.398004

Liederhalle(5) 430.5286 336.851237 -6.941728
DachLVM (6) 400.5837 347.702846 -1.921509
DachFH (7) 269.2309 370.832476 -6.686951

Table 4.3: Randomlygeneratedsphericalcoordinatesof the relative position vector: horizontaldirections ��� and
vertical directions �c�?$?#�'�)+$-,J$�/
/0/
$21J$74�$ root-mean-squareerrorsof individual observations,differencesf(����gh'��� [ ���?:CjRk0l3k0m%npo2k�qJB7$�fr�c�Ygt'��c� [ �c�-:<j+k0lJk
m-n�o2k
qJB with respectto :<���G$-�c�uB idealdataof Table4.2,first dataset:set1

St. H/Dir.(gon) V/Dir.(gon) H _ :<���6��B H a :<���6��B f _ :<���6��B f a :<���6��B
1 0.000000 -6.705138 0.0025794 0.0024898 -0.000228 -0.000039
2 54.840342 0.271005 0.0028756 0.0027171 -0.000298 0.000033
3 172.262141 4.035491 0.0023303 0.0022050 0.000293 0.000520
4 241.644854 -8.398175 0.0025255 0.0024874 0.000350 0.000171
5 284.531189 -6.942558 0.0020781 0.0022399 -0.000024 0.000830
6 295.382909 -1.921008 0.0029555 0.0024234 0.000278 -0.000275
7 318.512158 -6.687226 0.0026747 0.0024193 -0.000352 0.000500

Table4.4: Seconddataset:set2
St. H/Dir.(gon) V/Dir.(gon) H _ :<���6��B H a :<���6��B f _ :<���6��B f a :<���6��B
1 0.0000000 -6.705636 0.0029467 0.0022479 0.000655 0.000459
2 54.841828 0.270494 0.0023740 0.0018085 -0.000902 0.000544
3 172.262016 4.035712 0.0025738 0.0025891 0.001300 0.000300
4 241.645929 -8.397520 0.0025012 0.0027585 0.000156 -0.000484
5 284.531106 -6.940833 0.0025388 0.0021120 0.000723 -0.000895
6 295.382535 -1.920744 0.0024122 0.0022379 0.000904 -0.000765
7 318.512615 -6.686485 0.0024235 0.0027708 0.000453 -0.000466

Table4.5: Third dataset:set3
St. H/Dir.(gon) V/Dir.(gon) H _ :<���6��B H a :<���6��B f _ :<���6��B f a :<���6��B
1 0.000000 -6.704849 0.0025794 0.0023074 -0.001470 -0.000329
2 54.839743 0.272062 0.0027316 0.0036383 0.000524 -0.001024
3 172.261715 4.036063 0.0022680 0.0025318 0.000942 -0.000052
4 241.645032 -8.398128 0.0031452 0.0030835 0.000395 0.000124
5 284.530697 -6.941783 0.0025214 0.0024290 0.000473 0.000055
6 295.382921 -1.922053 0.0024296 0.0028454 -0.000141 0.000544
7 318.511249 -6.686536 0.0024345 0.00227063 0.001174 -0.000415

Table4.6: Fourthdataset:set4
St. H/Dir.(gon) V/Dir.(gon) H _ :<���6��B H a :<���6��B f _ :<���6��B f a :<���6��B
1 0.000000 -6.704682 0.0023308 0.0027599 0.000862 -0.000496
2 54.841145 0.271960 0.0026907 0.0021463 -0.000011 -0.000922
3 172.264284 4.036170 0.0028699 0.0024486 -0.000760 -0.000159
4 241.645972 -8.397035 0.0035089 0.0024921 0.000322 -0.000969
5 284.532505 -6.941248 0.0026110 0.0033665 -0.000468 -0.000480
6 295.384465 -1.921296 0.0027294 0.0026283 -0.000818 -0.000213
7 318.513839 -6.686125 0.0020477 0.0030185 -0.000562 -0.000826
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Table4.7: Fifth dataset:set5
St. H/Dir.(gon) V/Dir.(gon) H3_!:��.�6��B H3ac:��.�6��B fr_!:��.�6��B f(ac:��.�6��B
1 0.000000 -6.705407 0.0023550 0.0026607 0.000275 0.000229
2 54.839952 0.271814 0.0027139 0.0024570 0.000594 -0.000775
3 172.262789 4.036099 0.0028628 0.0020811 0.000148 -0.000088
4 241.645827 -8.398001 0.0027261 0.0027714 -0.000121 -0.000003
5 284.530609 -6.940954 0.0029166 0.0024115 0.000840 -0.000774
6 295.383197 -1.921506 0.0032741 0.0025684 -0.000138 -0.000003
7 318.513393 -6.686562 0.0031545 0.0028330 -0.000705 -0.000993

Table4.8: Sixthdataset:set6
St. H/Dir.(gon) V/Dir.(gon) H _ :��.�6��B H a :��.�6��B f _ :��.�6��B f a :��.�6��B
1 0.000000 -6.705699 0.0032227 0.0026362 -0.000230 0.000522
2 54.841100 0.272198 0.0028716 0.0032300 -0.001059 -0.001160
3 172.262254 4.035556 0.0027485 0.0022965 0.000177 0.000455
4 241.645033 -8.398092 0.0028093 0.0030335 0.000167 0.000088
5 284.531250 -6.941579 0.0022418 0.0023971 -0.000306 -0.000149
6 295.383176 -1.921632 0.0028193 0.0031391 -0.000622 0.000123
7 318.512147 -6.687006 0.0026446 0.0018992 0.000037 0.000055

Table4.9: seventhdataset:set7
St. H/Dir.(gon) V/Dir.(gon) H _ :��.�6��B H a :��.�6��B f _ :��.�6��B f a :��.�6��B
1 0.000000 -6.704710 0.0032501 0.0021664 0.000796 -0.000467
2 54.840622 0.271205 0.0025500 0.0026468 0.000446 -0.000167
3 172.262586 4.035479 0.0028646 0.0030243 0.000872 0.000532
4 241.645766 -8.397192 0.0020303 0.0026158 0.000461 -0.000811
5 284.533069 -6.940859 0.0026240 0.0022506 -0.001098 -0.000869
6 295.383199 -1.920591 0.0029904 0.0026217 0.000381 -0.000918
7 318.512078 -6.686979 0.0024550 0.0023116 0.001132 0.000028

Table4.10:Eigth dataset:set8
St. H/Dir.(gon) V/Dir.(gon) H3_!:��.�6��B H3ac:��.�6��B fr_!:��.�6��B f(ac:��.�6��B
1 0.000000 -6.705117 0.0019401 0.0025817 0.001199 -0.000060
2 54.841233 0.271160 0.0020984 0.0028927 0.000238 -0.000122
3 172.263880 4.036182 0.0026151 0.0022965 -0.000019 -0.000170
4 241.645783 -8.397963 0.0029220 0.0022676 0.000847 -0.000041
5 284.532564 -6.941989 0.0024886 0.0021962 -0.000188 0.000261
6 295.383289 -1.920585 0.0025328 0.0025163 0.000694 -0.000924
7 318.514380 -6.686908 0.0028717 0.0028983 -0.000767 -0.000043
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Table4.11:Ninth dataset:set9
St. H/Dir.(gon) V/Dir.(gon) HW_!:<���6��B HWac:<���6��B fr_!:<���6��B frac:<���6��B
1 0.000000 -6.705021 0.0023099 0.0029693 -0.000872 -0.000156
2 54.838686 0.271061 0.0025460 0.0024923 0.000714 -0.000023
3 172.261443 4.035575 0.0027183 0.0026865 0.000347 0.000436
4 241.645374 -8.397707 0.0024564 0.0024467 -0.000815 -0.000296
5 284.530552 -6.941628 0.0034024 0.0027446 -0.000249 -0.000100
6 295.381778 -1.921467 0.0022630 0.0027665 0.000134 -0.000042
7 318.511475 -6.686698 0.0022266 0.0025736 0.000068 -0.000253

Table4.12:Tenthdataset:set10
St. H/Dir.(gon) V/Dir.(gon) HW_!:<���6��B HWac:<���6��B fr_!:<���6��B frac:<���6��B
1 0.000000 -6.705515 0.0024938 0.0032987 0.000299 0.000338
2 54.841489 0.270932 0.0029717 0.0022950 -0.000918 0.000106
3 172.263665 4.036147 0.0032672 0.0024499 -0.000704 -0.000136
4 241.645336 -8.397823 0.0028515 0.0025473 0.000395 -0.000181
5 284.531567 -6.941534 0.0022931 0.0021688 -0.000093 -0.000194
6 295.383055 -1.922041 0.0033986 0.0028467 0.000028 0.000532
7 318.512017 -6.686773 0.0024359 0.0021356 0.000696 -0.000178

Table4.13:Eleventhdataset:set11
St. H/Dir.(gon) V/Dir.(gon) H _ :<���6��B H a :<���6��B f _ :<���6��B f a :<���6��B
1 0.000000 -6.704889 0.0024962 0.0031604 0.000459 -0.000288
2 54.840818 0.271340 0.0027559 0.0028895 -0.000088 0.001659
3 172.263416 4.035779 0.0023929 0.0032068 -0.000296 0.000232
4 241.645322 -8.398136 0.0031984 0.0019623 0.000568 0.000132
5 284.532013 -6.942079 0.0027289 0.0032386 -0.000379 0.000351
6 295.383571 -1.921888 0.0026898 0.0023682 -0.000328 0.000379
7 318.513029 -6.686424 0.0027481 0.0026191 -0.000157 -0.000527

4-2 Closedform solution

In order to positionpoint K1 in the GPSnetwork of “StuttgartCentral” usingLPS observableof typeshorizontal
directions ��� andvertical directions �c� , threeknown stations(Haussmanstr., Eduardpfeiffer andLiederhalle)of the
testnetwork “Stuttgart Central” in Figure (4.1) areused. We proceedin threesteps:The first stepconsidersthe
computationof the spatial distances, the secondstepis the computationof the coordinatesof the unknown station,
andthefinal stepis thecomputationof the threedimensionalorientationparameters. In this section,thethreedimen-
sionalresectionmethodis consideredwith theaim of providing the threedimensionalgeocentricGPScoordinatesin
theGlobal ReferenceFrame. The threedimensionalorientationparametersof typeastronomicallongitude �  , astro-
nomicallatitude "  , andthe“orientation unknown” z  in thehorizontalplaneandthedeflectionof theverticalcan
beobtainedasin J. L. Awange (1999)andE. GrafarendandJ. L. Awange (2000).

The solutionof Grunert equationsis achieved usingthe algebraiccomputationaltechniquesi.e. Gröbnerbasesor
Multipolynomialresultant, theposition-derivationstepinvolvescomputingthedesiredthreedimensionalGPSCarte-
siancoordinates5
��$2�!$%� 8 ����� of theunknown point �e���d� in theGlobal ReferenceFrame. This is achievedby
analyticallysolving the three-dimensionalrangingproblem(alsoknown in Germanliteratureas"dreidimensionales
Bogenschnitt") asdiscussedin Section(3-21).

4-21 Experiment

Known GPSstations(Haussmanstr., Eduardpfeiffer andLiederhalle) of thetestnetwork “Stuttgart Central” in Figure
(4.1) togetherwith K1 form thetetrahedron5��y�| %� { ��¡ 8 in theAppendixA.2 in page(104).Algebraiccomputational
toolsGröbnerbasesor Multipolynomialresultantsdiscussedin Chapter2 areusedto determinethedistancesof the
tetrahedron.
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Usingthecomputedunivariatepolynomial(elementof Gröbnerbasisof theIdealsubsetR[x  p$?¢ { $?¢ ��£ ) in Box(3-3a)
in Section(3-21, page36), we determinethe distanceŝ � '¤¢ � ��¥�$ ¦b#§'¨5+)R$%,.$-© 8 ��ª �¦ etwenthe unknown
station �«���d� and the known stations � � �¬�d� expressedin (3-31) for the test network "Stuttgart Central" in
Figure (4.1).Theunknown point � in this caseis thepillar K1 on topof theUniversitybuilding at KeplerStrasse11.
Points, ­
®�¯?°3±�¯G±�¯³²p´.°3±6µ+²6�6�¶56�y�   � { � � 8 in Figure (3.1)correspondto thechosenknown GPSstationsHaussmannstr.,
Eduardpfeiffer, and Liederhalle. The distancefrom K1 to Haussmannstr. is designated̂   '¨¢   �·¥�$ ¦ K1 to
Eduardpfeiffer ^ { '¸¢ { �¹¥�$ ¦ while that of K1 to Liederhalle is designated̂ � '¸¢ � �¹¥�/ ¦ The distances
betweentheknown stations5�^   { $�^ {2� $W^ �  �8 ��¥ ¦ arecomputedfrom their respectiveGPScoordinatesasindicated
in Box (4-1) below. Their correspondingspaceanglesº   {0» º {-��» º �   arecomputedfrom (3-29). In orderto control
the computations,the CartesianGPScoordinatesof point K1 arealsoknown. Box (4-1) below givesthe complete
solutionof theunknowns 5�¢   $2¢ { $?¢ � 8 ��¥ ¦ from thecomputedGröbnerbasisof Boxes(3-3a)and(3-3b)in Section
(3-21,pages36 and37 respectively). Theunivariatepolynomialin ¢ � haseightroots,four of which arecomplex and
four real. Of thefour realrootstwo arepositivesandtwo arenegative. Thedesireddistance¢ � ��¥ ¦ is thuschosen
from thetwo positiverootswith thehelpof prior informationandsubstitutedin �� -  in Box(3-3b)in page(37) to give
two solutionsof ¢9  , oneof which is positive. Finally theobtainedvaluesof 5�¢9 6$2¢ � 8 ��¥ ¦ aresubstitutedin �R¼ Box
(3-3b) in page(37) to obtaintheremainingindeterminate¢ { . Usingthis procedure,we have in Box (4-1) below that^ � '¬5��+©RP3/ ½+,�¾+1J$0)6½�©3/t4.)R)
, 8 . Since ^ � '¿¢ � ��¥�$ ¦ from apriori informationwe choosê � 'µ�+©+PJ/t½R,R¾R1 , leadingto^� À'�)�©+,R�W/ ,R©R¾3) , and ^ { '¿½R��,J/ ,R1RP+¾ . Thesevaluescomparewell with their realvaluesdepictedin Figure (4.1).

Box 4-1 (computationof distancesfor testnetwork"StuttgartCentral"):
Using the entriesof Table (4.1) in page(64), we computedinter-station distancesby pythagorus ^��hÁÂ'Ã :<�(Á [ ���FB {!Ä :C�JÁ [ ���XB {ÅÄ :u��Á [ �Y�XB { andspatialanglesfrom (3-29)aregivenasÆÇ ^   { '�)�½R1RP3/ ©+©RP+,��^ {-� '¿4R½R½./ ¾R1+¾J)
�^ �   '�)64.)
¾3/È)�PRÉRPR� ´���µ ÆÇ º   { '�)R/ ¾%��©R1+,RPº {2� '�)R/h4p1+¾RÉR¾+Éº �   '¿,./ 1R1���½�©�4
and substitutedin (3-47) to computethe terms 56´   { $%Ê {-� $2Ë �   $2´�ÌR$%Ê%ÌR$-Ë7Ì 8 which are neededto computethe
coefficientsof theGröbnerbasiselement�   in Box(3-3a)in Section(3-21,page36). Expressingtheunivariate
polynomial��  in Box(3-3a)in Section(3-21,page36)as ÍcÎ0¢ Î� Ä ÍcÏ0¢ Ï� Ä ÍU¡�¢ ¡� Ä Í { ¢W{� Ä Í Ì 'NPJ$ thecomputed
coefficientsare ÆÐÐÐÐÇ Ñ Ì '��JÒ ¾R©R©+É+,+,R,�1+1�4�PR1+,J)0©�k Ä P+,R©Ñ ,d' [ ,�Ò ©+PR1+¾%��4.)64�1+½.)�P+½R¾+46k Ä PJ)
ÉÑ �('�)�ÒÈ)�P%����,�É�,R½R©+,�1�,+4.)
Épk Ä PJ)��Ñ 1=' [ ©.Ò P+¾R©+PJ)64R,R����,R½+½�©+¾�P�k Ä PRP+½Ñ ¾='��JÒ ©�,�©+©R1R¾3)64R,R�+1+PR¾3)
¾pk [ PRP��.Ò
Thesolutionto theunivariatepolynomialequationis thenobtainedfrom theMatlabcommand"roots" (e.g. D.
HanselmanandB. Littlefield 1997,p.146)asÓ ËÀ'�Ô ÍcÎ�ÍcÕ�ÍEÏ�Íc¼�ÍE¡�Í � Í { Í
 9Í Ì £¢ � 'N²6�p�6¯?Ö�:XË0B

theothercoefficientsbeingzero.Theobtainedvaluesof ¢ � are

¢ � '
×ØØØØØØØØØØÙ ØØØØØØØØØØÚ
[ ,�P�4R½+4RÒt,R½�©+P�4�©%�+¾�4�, Ä ¾R1�,�1�Ò �+©�,�1+,�4�½RÉR©+½R©�Û[ ,�P�4R½+4RÒt,R½�©+P�4�©%�+¾�4�, [ ¾R1�,�1�Ò �+©�,�1+,�4�½RÉR©+½R©�Û,�P�4R½+4RÒt,R½�©+P�4�©%�+¾�4�, Ä ¾R1�,�1�Ò �+©�,�1+,�4�½RÉR©+½�Û,�P�4R½+4RÒt,R½�©+P�4�©%�+¾�4�, [ ¾R1�,�1�Ò �+©�,�1+,�4�½RÉR©+½�Û�+©RP�Òt½R,R¾+½�4p¾J)�PRÉ��+1%�[ �+©RP�Òt½R,R¾+½�4p¾J)�PRÉ��+1%�)�½�©�Òh4�)+)�,+,R,+4�P+½+,�É+½[ )�½�©�Òh4�)+)�,+,R,+4�P+½+,�É+½

Ü ØØØØØØØØØØÝØØØØØØØØØØÞ
wherethechosenvalue430.5286of ¢ � ��¥ ¦ usingprior informationis substitutedin �� -  in Box(3-3b)in page(37)
to give ¢   'ß5 [ ,�PR¾+É�ÒÈ)6½�¾R¾�,�©+É�4pP�4��+$0)
©�,R�.Òt,�©+¾RPR¾���½J)
É+½J) 8
andfinally thevaluesof 5
¢� 6$?¢ � 8 ��¥ ¦ aresubstitutedin �R¼ in Box(3-3b)in page(37)togive ¢ { '¿½R��,�Òt,�1RP�4p1�4R4pP+©R¾���,
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ThecomputationprocedureusingtheB. Buchberger algorithm(Gröbnerbases)is summarizedasfollows:à Arrangethegivenpolynomialequationsusinga chosenmonomialorderasin (3-46)à DeterminethepolynomialIdealasin (3-48)à ComputetheGröbnerbasisof this IdealusingeitherMathematicaor Maplesoftwares.à FromthecomputedGröbnerbasisof the Ideal,solve theunivariatepolynomialfor thedesiredrootsusingthe
rootscommandof MATLAB.à Substitutethe admissiblevalueof the univariatepolynomialsolution in the otherGröbnerbasiselementsto
obtaintheremainingvariables.

Alternatively, the approachbelow basedon Multipolynomial resultantstechniquecanbe usedto solve the Grunert
equations.

(a) TheF. Macaulay(1902)approachdiscussedin Section(2-322)solvesfor thedeterminantof thematrixá
leadingto a univariatepolynomialin ¢�  . Thesolutionof theobtainedunivariatepolynomialequation

expressedin Box(3-3c)in page(39) leadsto similar resultsasthoseof Gröbnerbasisi.e.

×ØØØØØØØØØØØØØØØØØØØØØØÙ ØØØØØØØØØØØØØØØØØØØØØØÚ

µ�±
¯�:XÍcBâ' Í Î ¢ Î   Ä Í Ï ¢ Ï   Ä Í ¡ ¢ ¡   Ä Í { ¢W{  Ä ÍEÌÍ Ì ' [ �3Ò ¾�4.)�½R��ÉR¾�4pÉR¾+PR1R,+,p{ Ï $JÍ { 'D�3Òh4���¾J)6½R½R�.4�)6½�¾�4�PR¾�{ ÌÍU¡c' [ )R)�©J)
P+É�4R½R½�1+P+½RP.)64ÍEÎã' [ PJÒ PRP+P%�+©�,�©+©R1R¾3)64p,%��4R4p¾RÉ.$�ÍcÏc'D��©+½R,R¾R©3Ò �.4�,�P�½+4�©R1R�¢9 ä' [ ,R,%��½�13Ò ��¾RÉ3)
P�4R��,���½ Ä )p4p©+½JÒ ,RÉ�4�P+,R½�4����RPR1p#[ ,R,%��½�13Ò ��¾RÉ3)
P�4R��,���½ [ )p4p©+½JÒ ,RÉ�4�P+,R½�4����RPR1p#,R,%��½�13Ò ��¾RÉ3)
P�4R��,%�+½ Ä )p4p©+½JÒ ,RÉ�4�P+,R½�4����+P�1R#,R,%��½�13Ò ��¾RÉ3)
P�4R��,%�+½ [ )p4p©+½JÒ ,RÉ�4�P+,R½�4����+P�1R#)�½R¾RPJÒå)
P+É+,%�+©�4�ÉR¾�4�4[ )�½R¾RPJÒå)
P+É+,%�+©�4�ÉR¾+4+4)
©�,R�3Òt,�©+¾RP+¾%��½J)
É��%�[ )
©�,R�3Òt,�©+¾RP+¾%��½J)
ÉR���¢ � ' �+©+PJÒt½R,�¾�½+4�¾J)
P+É+½R©�1J$ [ ,�46¾R©JÒ ©+PR��,R4�©�1R1RÉR¾�1¢ { ' ½R��,.Òt,�1RP�4p1�4R4pP+©R¾�,p©J$ [ 4�)+)RÒ ¾RP+PRÉ%�.4�)�PR©R©+¾+4
(b) TheB. Sturmfels(1998)approachdiscussedin Section(2-322)usingtheJacobiandeterminantsolvesthe

determinantof the 1�æ�1 matrix andleadsto a univariatepolynomialin ¢�  . Thesolutionof theobtained
univariatepolynomialequationexpressedin Box (3-3d) in page(41) leadsto similar resultsasthoseof
Gröbnerbasisi.e.

×ØØØØØØØØØØØØØØØØØØØØØØÙ ØØØØØØØØØØØØØØØØØØØØØØÚ

µ�±�¯�:CÍ�Bç' Í Î ¢ Î   Ä Í Ï ¢ Ï   Ä Í ¡ ¢ ¡   Ä Í { ¢W{  Ä ÍUÌÍEÌè' [ )+Ò É��+¾+1J)
É+É+½J)
É+,R,R�RÉ+{ Õ $WÍ { 'Â)RÒ ¾RÉRÉ�,�1�,.)
¾+¾R1+©%�+¾R©R{  Í ¡ ' [ ��½R,%�+©RÉ+P+,+,R��,RP�PR1�4Í Î ' [ P3Ò P+PJ)p4�,�É+©%�.4�,�1R¾RÉ+4R�+½�1.$�Í Ï '�)p4��W)R)
©+©JÒ ¾R¾+¾+,R,RÉ�4+4¢   ' [ ,+,R��½�1JÒ �+¾+ÉJ)�P�4�½�PR1R� Ä )64p©�½.Òt,�É�4pP+,+½�©+¾+½R����#[ ,+,R��½�1JÒ �+¾+ÉJ)�P�4�½�PR1R� [ )64p©�½.Òt,�É�4pP+,+½�©+¾+½R����#,+,R��½�1JÒ �+¾+ÉJ)�P�4�½RP�1%� Ä )64�©+½.Òt,�É�4pP�,R½�©+¾+½�����#,+,R��½�1JÒ �+¾+ÉJ)�P�4�½RP�1%� [ )64�©+½.Òt,�É�4pP�,R½�©+¾+½�����#)6½�¾+PJÒå)
PRÉ�,R��©�4pÉ+¾+4R4[ )6½�¾+PJÒå)
PRÉ�,R��©�4pÉR¾�4�4)�©+,%�3Òt,�©R¾+PR¾���½.)�ÉR���[ )�©+,%�3Òt,�©R¾+PR¾���½.)
É%�%�¢ � ' ��©RP3Ò ½+,�¾+½�4p¾3)
PRÉ�½p©+½.$ [ ,R4�¾�©JÒ ©�P%��,+46©+1�1RÉ�¾+1¢ { ' ½%��,JÒ ,R1RP�4�1�4+4pPR©+¾R,R�3$ [ 4�)R)+Ò ¾+PRP+É%��4.)
P+©R©�¾+¾
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The computeddistancesfrom F. Macaulay (1902) and B. Sturmfels(1998) above tallies. The requiredsolutions5
¢9 p$J¢ { $J¢ � 8 obtainedfrom Gröbnerbasiscomputationand thoseof Multipolynomial resultantsare the same{i.e)
©+,%�3Òt,�©+¾J)R$�½R��,.Òt,�1RP+¾J$��+©RP3Ò ½+,�¾+1 } respectively.

For eachobservationaldatasets0-11 in Tables(4.2)-(4.13),distancesare obtainedusingeither Gröbnerbasisor
Multipolynomialresultanttechniquesasillustratedabove. Theresultsof thecomputeddistancesfor theclosedform
solutionsarepresentedin Table (4.14)of Section(4-41). Thecomputeddistancesareusedwith thehelpof Gröbner
basisapproachto determinethepositionof K1 for eachobservationaldataset0-11inTables(4.2)-(4.13)asdiscussed
in Section(3-21,page43). The resultsfor the computedpositionof K1 for the closedform approacharepresented
in Section(4-42). For the orientationelementswe refer to J. L. Awange (1999)andE. GrafarendandJ. L. Awange
(2000).

4-3 Overdeterminedsolution

In theprecedingsections,only threeknown pointswererequiredto solve theclosedform three-dimensionresection
problemfor positionandorientationof the unknown point K1. If superfluousobservationsareavailablemadepos-
sible by the availability of several known pointsas in the caseof the testnetwork “Stuttgart Central” , the closed
form three-dimensionalresectionprocedure givesway to theoverdeterminedthree-dimensionresectioncase.In this
casetherefore,all theknown GPSnetwork stations(Haussmanstr., Eduardpfeiffer, Lindenmuseum,Liederhalle,Dach
LVM, DachFH, andSchlossplatz)of thetestnetwork “Stuttgart Central” in Figure (4.1)areused.

4-31 Experiment

Usingtheobservationdatain Tables(4.2)-(4.13),weproceedin six stepsasfollows:

Step1 (constructionof minimal combinatorialsubsetsfor determinationof distances):
From(2-26) in page(13 ), 35 minimal combinatorialsareformedfor thetestnetwork “Stuttgart Central” and
areaspresentedby the35combinatorialsimplexesin AppendixA.2(page104).For eachminimalcombinatorial
simplex, the distancesarecomputedfrom the univariatepolynomialsobtainedusingeitherGröbnerbasisor
Multipolynomialresultantsalgorithmsandpresentedin Boxes(3-3a,page36), (3-3c,page39) or (3-3d,page
41)in Chapter3. Theadmissiblesolutionfrom theunivariatepolynomialsaresubstitutedinto otherpolynomials
(asexplainedin Section3-21in page31 andSection4-21in page67) to gettheremainingtwo distances.Each
combinatorialminimal subsetresultsin © distancesthusgiving rise to a total of :X©sæ�©�½RBÅ)�P+½ distanceswhich
we considerin thesubsequentstepsaspseudo-observations.Thecomputeddistanceŝ�� link theknown points�é�-ê #¶'Â)R$�Ò�Ò
Ò0$74 to theunknown point � (K1) in Figure (4.1).

Step2 (nonlinearerrorpropagationto determinethedispersionmatrix ë ):
In this step, the dispersionmatrix ë is sought. This is achieved via the Error propagationlaw/variance-
covariancepropagationfor eachof thecombinatorialset ì�'L)R$�Ò
Ò0Ò
$2©+½ above. Theclosedform observational
equationsfor the first combinatorialsubsetìb'*) (tetrahedron�y�   � { � � ) in AppendixA.2 arewritten alge-
braicallywith (3-30)as×Ù Ú ®   gh'�^ {  Ä ^ {{ [ ,R^   ^ { :CË���Ö��   Ë���Ö�� { Ë���Ö�:C� { [ �   B Ä Ö
#u���   Ö
#u��� { B [ ^ {  {® { gh'�^ {{ Ä ^ {� [ ,R^ { ^ � :CË���Ö�� { Ë���Ö�� � Ë���Ö�:C� � [ � { B Ä Ö
#u��� { Ö
#u��� � B [ ^ {{-�® � gh'�^ {  Ä ^ {� [ ,R^� �^ � :CË���Ö��y 7Ë���Ö�� � Ë���Ö�:C��  [ � � B Ä Ö
#u���
 7Ö
#u��� � B [ ^ {�   (4-1)

where ^��hÁ!ê #%$Fì@�`5�)R$%,.$2© 8 $2#!í'bì arethe distancesbetweenknown GPSstationsof the testnetwork “Stuttgart
Central” , ^�î&ê ï~�ð5�)R$%,.$2© 8 aretheunknown distancesmeasuredfrom the unknown GPSpoint �e�b�d� to the
known GPSstations�é�Å���d��ê #��ð5+)+$-,.$-© 8 and �9�?$2���3ê #��ð5+)R$%,.$-© 8 aretheLPSobservableof typeshorizontal
andvertical directionsfrom the unknown point �ñ��� � to the known GPSstations�é�@�Â� � ê #��ð5+)+$-,.$-© 8
respectively. With (2-77)and(2-68)in pages(25and24 respectively) wehave theJacobimatricesas

òUó '
ÆÐÐÐÐÐÐÐÐÐÇ
ô ®R ô ^ � ô ®R ô ^   ô ®R ô ^ {ô ® {ô ^ � ô ® {ô ^   ô ® {ô ^ {ô ® �ô ^ � ô ® �ô ^   ô ® �ô ^ {

õ÷öööööööööø (4-2)
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and

òÀù '
ÆÐÐÐÐÐÐÐÐÐÐÐÇ
ô ®  ô ^�  { ô ®  ô ^ {-� ô ®  ô ^ �   ô ®  ô �y  ô ®  ô � { ô ®  ô � � ô ®  ô ��  ô ®  ô � { ô ®  ô � �ô ® {ô ^   { ô ® {ô ^ {-� ô ® {ô ^ �   ô ® {ô �   ô ® {ô � { ô ® {ô � � ô ® {ô �   ô ® {ô � { ô ® {ô � �ô ® �ô ^   { ô ® �ô ^ {-� ô ® �ô ^ �   ô ® �ô �   ô ® �ô � { ô ® �ô � � ô ® �ô �   ô ® �ô � { ô ® �ô � �

õ÷öööööööööööø
(4-3)

Thevalues56^� �$-^ { $-^ � 8 appearingin theJacobimatrices
ò ó $ òÀù areobtainedfrom theclosedform solutionof thefirst

combinatorialsetin step1. Fromthedispersionë ù of thevectorof observationsú andwith (4-2) and(4-3) formingò ' ò
û  ó òUù , thevariance-covariancematrix ë ó
ë ó ' ÆÇ H�{�Rü H�� ü �pýäH�� ü ��þH � ý �Rü H�{� ý H � ý � þH � þ �Rü H � þ � ý H�{� þ

õø
is finally obtainedfrom (2-68)as

ë ó ' ò
ÆÐÐÐÐÐÐÐÐÐÐÐÐÇ
H�{� ü ý H�� ü ý-�pýFþäHW� ü ý-��þ ü P P P P P PHW�pýFþ-� ü ý H {�pýXþ HW�pýFþ-��þ ü P P P P P PHW�pþ ü � ü ýäH��pþ ü �pýFþ H�{� þ ü P P P P P PP P P H�{a�ü P P P P PP P P P H�{a ý P P P PP P P P P H�{a�þ P P PP P P P P P H�{_ ü P PP P P P P P P H�{_ ý PP P P P P P P P H�{_ þ

õ÷ööööööööööööø
òUÿ

(4-4)

with the ©§æ�© elementsof ë ù on theright handsideof (4-4) givenbyÆÇ H�{� ü ý HW� ü ý-��ýXþ HW� ü ý%�pþ üHW��ýXþ%� ü ý H�{� ýFþ HW��ýXþ%�pþ üH � þ ü2�Rü ýäH � þ ü?� ýXþ H�{� þ ü
õø '

ò � 56µR#³´+���6��´ � 5�� H {�Yü H {� ý H {� þ H {� ü H {� ý H {� þ H {� ü H {� ý H {� þ�� 8 òÀÿ � (4-5)

and
ò � in (4-5) beingtheJacobimatrix of thepartialderivativesof thedistanceequationsÆÇ ^ {  { '�:C� { [ �   B { Ä :C� { [ �   B { Ä :F� { [ �   B {^ {{-� '�:C� � [ � { B { Ä :C� � [ � { B { Ä :F� � [ � { B {^ {�   '�:C�   [ � � B { Ä :C�   [ � � B { Ä :F�   [ � � B { (4-6)

connectingthe known GPSpoints �é�����d��ê #��ð5+)R$%,.$-© 8 with respectto the known coordinates�   5��   $2�   $7�  68 $� { 5�� { $2� { $%� { 8 and � � 5
� � $2� � $7� � 8 of the GPSstationsinvolved in the minimal combinatorialset. The variance-
covariancematrix computedabove is obtainedfor every combinatorialsubset. Finally we obtainedthe variance-
covariancematrix ë from (2-70)in Chapter2 page(24).

Step3 (rigorousadjustmentof thecombinatorialsolutionpointsin a polyhedron):
Oncethe )
P�½ combinatorialsolutionpointsin a polyhedronhave beenobtainedin step1, they arefinally ad-
justedusingthe linear Gauss-Markov model(2-1),page7) with thedispersionmatrix ë obtainedvia theerror
propagationlaw or variance-covariancepropagationin step2. Expressingeachof the105pseudo-observation
distancesas ^ Á� 'N^ � Ä
	 Á � ê #Y��5�)R$-,J$2©3$��3$%½.$-1J$%4 8 $uìy�ð5+)R$%,.$-©J$��W$-½J$21J$74�$JÒ
Ò0Ò
$2©+½ 8 $
andplacingthepseudo-observationdistanceŝ

Á� in thevectorof observation ú , thecoefficientsof theunknown
sevendistanceŝ � of thetestnetwork “Stuttgart Central” formingthecoefficientmatrix

á
and� comprisingthe

vectorof unknowns ^ � , theadjustedsolutionis obtainedvia (2-4)andthedispersionof theestimatedparameters
through(2-5) in Chapter2 page(8).
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Step4 (constructionof minimal combinatorialsubsetsfor positiondetermination):
Oncetheadjusteddistancesandtheir dispersionmatrix have beenestimatedusing(2-4) and(2-5) respectively
in step3, thepositionof theunknown point is thendeterminedusingeitherGröbnerbasisapproach(Box3-5
in page43) or Multipolynomialresultantapproach(Box3-6 in page44). Similar to thedistances,we have 35
combinatorialsubsetsgiving 35differentpositions�`$2�!$%�(ê � of thesamepoint � (for eachsimplex of Appendix
A.2, we get thepositionvalue 5���$2�!$%� 8 ). In total we have 105( ©�½§æ`© ) valuesof ��$-��$ and � which will be
treatedaspseudo-observations.

Step5 (nonlinearerrorpropagationto determinethedispersionmatrix ë ):
Thevariance-covariancematrixarecomputedfor eachof thecombinatorialsetì('�)R$�Ò
Ò0Ò
$2©+½ usingerrorprop-
agation. The closedform observationalequationsfor the first combinatorialsubsetì ' ) (i.e. tetrahedron�y�   � { � � ) AppendixA.2arewrittenalgebraicallyas

×Ù Ú ®R cgt'�:<�s  [ �ðB { Ä :C��  [ �=B { Ä :u��  [ �cB { [ ^ { ® { gt'�:<� { [ �ðB { Ä :C� { [ �=B { Ä :u� { [ �cB { [ ^ {{® � gt'�:<� � [ �ðB { Ä :C� � [ �=B { Ä :u� � [ �cB { [ ^ {� (4-7)

where ^ Á� ê #��ð5+)+$-,J$2© 8 ê�ìr'�) arethedistancesbetweenknown GPSstations���|���d��ê #��ð5+)+$-,.$-© 8 of thetest
network “Stuttgart Central” andtheunknown GPSpoint � ���d� for first combinationset ì�' ) . With (2-77)
and(2-68)in pages(25 and24 respectively) we havetheJacobimatricesas

òUó '
ÆÐÐÐÐÐÐÐÐÇ
ô ®R ô � ô ®R ô � ô ®+ ô �ô ® {ô � ô ® {ô � ô ® {ô �ô ® �ô � ô ® �ô � ô ® �ô �

õ÷ööööööööø (4-8)

and

ò ù '
ÆÐÐÐÐÐÐÐÐÐÇ
ô ®  ô ^   ô ®  ô ^ { ô ®  ô ^ � ô ®  ô �   ô ®  ô �   ô ®  ô �   ô ®  ô � { ô ®  ô � { ô ®  ô � { ô ®+ ô � � ô ®R ô � � ô ®R ô � �ô ® {ô ^   ô ® {ô ^ { ô ® {ô ^ � ô ® {ô �   ô ® {ô �   ô ® {ô �   ô ® {ô � { ô ® {ô � { ô ® {ô � { ô ® {ô � � ô ® {ô � � ô ® {ô � �ô ® �ô ^�  ô ® �ô ^ { ô ® �ô ^ � ô ® �ô �s  ô ® �ô ��  ô ® �ô ��  ô ® �ô � { ô ® �ô � { ô ® �ô � { ô ® �ô � � ô ® �ô � � ô ® �ô � �

õ÷öööööööööø (4-9)

Thevalues5���$2�!$%� 8 appearingin theJacobimatrices
òUó $ ò ù areobtainedfrom theclosedform solutionof thefirst

combinatorialsetin step4. Fromthedispersionmatrix ë ù of thevectorof observations ú andwith (4-8) and(4-9)
forming

ò ' òyû  ó ò ù , thevariance-covariancematrix ë ó
ë ó ' ÆÇ H�{� H � � H � �H � � H�{� H ���H � � H �
� H�{�

õø
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is finally obtainedfrom (2-68)as

ë ó ' ò
ÆÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÇ

H�{�Rü H �RüG� ýäH �RüG� þ P P P P P P P P PH � ý �Rü H�{� ý H � ý � þ P P P P P P P P PH � þ �Rü H � þ � ý H�{�pþ P P P P P P P P PP P P H {� ü P P P P P P P PP P P P H {� ü P P PRP P P P PP P P P P H�{� ü P P P P P PP P P P P P H�{� ý P P P P PP P P P P P P H�{� ý P P P PP P P P P P P P H�{� ý P P PP P P P P P P P P H�{�¶þ P PP P P P P P P P P P H�{� þ PP P P P P P P P P P P H�{� þ

õ÷ööööööööööööööööööø
ò ÿ

(4-10)

with the ©@æ�© elementsof ë ù on theright handsideof (4-10)givenby (4-4) in page(71). Thevariance-covariance
matrix computedasexplainedabove is obtainedfor every combinatorialset ì�'¹)R$�Ò0Ò
Ò0$-©+½ . Finally we obtainedthe
dispersionmatrix ë from (2-70)in Chapter2 page(24).

Step6 (rigorousadjustmentof thecombinatorialsolutionpointsin a polyhedron):
For eachof the35computedcoordinatesof pointK1 in Figure(4.1)in step4,wewrite theobservationequations
as ÆÇ � Á ' � Ä
	 Á � êh$uì��ð5+)+$-,.$-©J$��3$-½J$213$%4�$3Ò0Ò0Ò
$2©�½ 8� Á 'K� Ä�	 Á � ê ì��ð5+)+$-,.$-©J$��3$-½J$213$%4�$3Ò0Ò0Ò
$2©�½ 8� Á 'ß� Ä
	 Á � ê÷$Fì��ð5+)+$-,J$2©J$��3$%½.$213$%4.$JÒ0Ò
Ò0$2©�½ 8 Ò (4-11)

With the values 5
� Á $-� Á $%� Á 8 treatedas pseudo-observation and placedin the vectorof observation ú , the
coefficientsof theunknown position 5
��$-��$7� 8 beingplacedin thecoefficient matrix

á
and � comprisingthe

vectorof unknowns 5���$2�!$%� 8 $ Thesolutionis obtainedvia (2-4)andthedispersionof theestimatedparameters
through(2-5) in Chapter2 page(8).

4-4 Results

4-41 Distances

Presentedin Table (4.14)aretheresultsof thecomputedclosedform three-dimensionalresectiondistancesfrom K1
to Haussmanstr. :X�y�   gh'L^   B , K1-Eduardpfeiffer :X�y� { gh' ^ { B andK1-Liederhalle :X�y� ¡ gh' ^ � B (e.g. tetrahedron5��y�   � { � ¡+8 in AppendixA.2 page104) andtheir deviation f§^ obtainedby subtractingthe computeddistancê��
from its idealvalue ^ in Table(4.2).Observationalsetnumber0* comprisedtheidealvaluesof Table(4.2)whichare
usedto controltheExperiment.

In Tables(4.15), (4.16) and(4.17) arepresentedthe resultsof the adjusteddistances,root-mean-square-errorsand
the deviationsin distancescomputedusingthe Gauss-Jacobi combinatorialalgorithm. The root-mean-squareerror
are computedfrom (2-5) in Chapter2 page(8). The deviation in distancesare obtainedby subtractingthe com-
puteddistancê�� from its ideal value ^ (in Table 4.2, page65). The adjusteddistancesin Tables(4.15)were: K1-
Haussmanstr. :F^   B , K1-Eduardpfeiffer :X^ { B , K1-Lindenmuseum:X^ � B , K1-Liederhalle :X^ ¡ B , K1-Dach LVM :X^ ¼ B ,
K1-Dach FH :X^ Ï B andK1-Haussmanstr. :X^ Õ B .
4-42 Position

Theobtainedpositionof stationK1 from the11setsunderstudyarepresentedin Tables(4.18)and(4.19).Set0* indi-
catetheresultsof thetheoreticalset.Sincethevalueof K1 is known (e.g.Table(4.1),thedeviations 5pf(��$-fr�!$-f�� 8
of thecomputedpositionsfrom their realvaluesarecomputedfor both the closedform three-dimensionalresection
andtheoverdeterminedthree-dimensionalresectionfor eachobservationaldatasetandareplottedasin Figure (4.2).
Figure (4.2) indicatestheresultsof theoverdeterminedthree-dimensionresectionfor thetestnetwork “Stuttgart Cen-
tral” computedfrom theGauss-Jacobialgorithmto bebetterthanthosecomputedfrom closedform procedures.The
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root-mean-squareerrorsarecomputedfrom (2-5) in Chapter2 page(8). Figures (4.3)-(4.8)illustratesthe plotted
three-dimensionalpositionalscatterof the 35 minimal combinatorialsubsets(indicatedby dotedpoints( à )) around
for the adjustedvalueof positionindicatedby a star( � ). The plot is donefor eachobservationaldataset in Tables
(4.3)to (4.13).

Table4.14:Distancescomputedby Gröbnerbasisor Multipolynomialresultants
setno. ^   :C��B ^ { :<��B ^ � :<��B f§^   :C��B f§^ { :C��B f§^ � :C��B

0* 1324.2380 542.2609 430.5286 0.0000 0.0000 0.0000
1 1324.2420 542.2613 430.5247 -0.0040 -0.0004 0.0039
2 1324.2479 542.2707 430.5138 -0.0099 -0.0098 0.0148
3 1324.2412 542.2615 430.5247 -0.0032 -0.0006 0.0039
4 1324.2342 542.2588 430.5330 0.0038 0.0021 -0.0043
5 1324.2340 542.2626 430.5313 0.0040 -0.0017 -0.0027
6 1324.2442 542.2664 430.5193 -0.0063 -0.0055 0.0093
7 1324.2453 542.2540 430.5241 -0.0073 0.0069 0.0045
8 1324.2376 542.2585 430.5301 0.0003 0.0024 -0.0015
9 1324.2382 542.2560 430.5307 -0.0002 0.0049 -0.0021
10 1324.2369 542.2652 430.5276 0.0011 -0.0043 0.0010
11 1324.2375 542.2594 430.5299 0.0005 0.0015 -0.0013

Table4.15:Distancescomputedby Gauss-Jacobicombinatorialalgorithm
No. ^   :<��B ^ { :C��B ^ � :C��B ^ ¡ :<��B ^ ¼ :<��B ^ Ï :<��B ^ Õ :C��B
1 1324.2394 542.2598 364.9782 430.5281 400.5834 269.2303 566.8641
2 1324.2387 542.2606 364.9801 430.5274 400.5818 269.2292 566.8635
3 1324.2381 542.2604 364.9791 430.5267 400.5847 269.2296 566.8632
4 1324.2363 542.2545 364.9782 430.5355 400.5931 269.2385 566.8664
5 1324.2396 542.2611 364.9779 430.5259 400.5834 269.2306 566.8658
6 1324.2378 542.2584 364.9791 430.5300 400.5868 269.2320 566.8637
7 1324.2368 542.2558 364.9790 430.5328 400.5857 269.2345 566.8644
8 1324.2388 542.2575 364.9779 430.5324 400.5845 269.2342 566.8664
9 1324.2393 542.2646 364.9794 430.5232 400.5770 269.2265 566.8623
10 1324.2337 542.2598 364.9832 430.5350 400.5904 269.2346 566.8608
11 1324.2375 542.2573 364.9787 430.5326 400.5884 269.2344 566.8650

Table4.16:Root-mean-square-errorsof distancesin Table(4.15)
setno. ^   :C��B ^ { :<��B ^ � :C��B ^ ¡ :<��B ^ ¼ :<��B ^ Ï :C��B ^ Õ :<��B

1 0.0004 0.0004 0.0004 0.0005 0.0004 0.0006 0.0003
2 0.0011 0.0012 0.0013 0.0015 0.0014 0.0019 0.0009
3 0.0008 0.0008 0.0009 0.0010 0.0009 0.0013 0.0006
4 0.0007 0.0007 0.0008 0.0010 0.0009 0.0013 0.0006
5 0.0008 0.0008 0.0009 0.0010 0.0010 0.0013 0.0006
6 0.0008 0.0008 0.0009 0.0010 0.0010 0.0013 0.0006
7 0.0012 0.0012 0.0013 0.0016 0.0014 0.0020 0.0010
8 0.0010 0.0010 0.0011 0.0013 0.0012 0.0016 0.0008
9 0.0009 0.0009 0.0010 0.0012 0.0011 0.0015 0.0007
10 0.0006 0.0006 0.0006 0.0008 0.0007 0.0010 0.0005
11 0.0005 0.0005 0.0005 0.0006 0.0006 0.0008 0.0004
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Table4.17:Deviationsof distancesin Table(4.15)from valuesin Table(4.2)
setno. f§^   :<��B f§^ { :<��B f§^ � :<��B f§^ ¡ :C��B f§^ ¼ :C��B fr^ Ï :C��B fr^ Õ :<��B

1 -0.0014 0.0011 0.0015 0.0005 0.0002 0.0006 -0.0006
2 -0.0007 0.0003 -0.0004 0.0012 0.0019 0.0017 0.0000
3 -0.0002 0.0005 0.0006 0.0019 - 0.0010 0.0013 0.0004
4 0.0017 0.0064 0.0015 -0.0069 -0.0094 -0.0075 -0.0028
5 -0.0016 -0.0002 0.0018 0.0027 0.0003 0.0003 -0.0023
6 0.0002 0.0025 0.0006 -0.0014 -0.0031 -0.0011 -0.0002
7 0.0012 0.0051 0.0007 -0.0042 -0.0020 -0.0035 -0.0009
8 -0.0009 0.0034 0.0018 -0.0037 -0.0008 -0.0033 -0.0028
9 -0.0013 -0.0037 0.0003 0.0054 0.0067 0.0044 0.0013
10 0.0042 0.0011 -0.0035 -0.0063 -0.0067 -0.0037 0.0027
11 0.0004 0.0036 0.0010 -0.0040 -0.0047 -0.0034 -0.0015

Table4.18:K1 computedby Gröbnerbasisor Multipolynomialresultants
SetNo. �b:<��B �s:C��B �d:C��B f(�b:C��B f(�s:<��B f��=:<��B

0 4157066.1116 671429.6655 4774879.3704 0 0 0
1 4157066.1166 671429.6625 4774879.3720 0.0050 0.0030 -0.0016
2 4157066.1220 671429.6586 4774879.3599 -0.0104 0.0069 0.0105
3 4157066.1105 671429.6622 4774879.3661 0.0011 0.0033 0.0043
4 4157066.1045 671429.6678 4774879.3688 0.0071 -0.0023 0.0016
5 4157066.1068 671429.6688 4774879.3658 0.0048 -0.0033 0.0046
6 4157066.1149 671429.6606 4774879.3614 -0.0033 0.0049 0.0090
7 4157066.1074 671429.6569 4774879.3708 0.0042 0.0086 -0.0004
8 4157066.1099 671429.6653 4774879.3724 0.0017 0.0002 -0.0020
9 4157066.1084 671429.6642 4774879.3740 0.0032 0.0013 -0.0036
10 4157066.1138 671429.6674 4774879.3673 -0.0022 -0.0019 0.0031
11 4157066.1107 671429.6657 4774879.3721 0.0009 -0.0002 -0.0017

Table4.19:Positionof K1 computedby Gauss-Jacobicombinatorialalgorithm
SetNo. �b:C��B �~:<��B �=:<��B H � :<��B H � :C��B H � :<��B

1 4157066.1142 671429.6642 4774879.3705 0.00007 0.00002 0.00007
2 4157066.1150 671429.6656 4774879.3695 0.00009 0.00001 0.00008
3 4157066.1100 671429.6650 4774879.3676 0.00010 0.00002 0.00010
4 4157066.1040 671429.6648 4774879.3688 0.00008 0.00002 0.00008
5 4157066.1089 671429.6635 4774879.3699 0.00016 0.00003 0.00015
6 4157066.1127 671429.6651 4774879.3684 0.00017 0.00003 0.00016
7 4157066.1089 671429.6655 4774879.3699 0.00009 0.00002 0.00009
8 4157066.1102 671429.6643 4774879.3720 0.00009 0.00002 0.00008
9 4157066.1106 671429.6649 4774879.3699 0.00004 0.00001 0.00003
10 4157066.1121 671429.6694 4774879.3697 0.00005 0.00001 0.00005
11 4157066.1100 671429.6654 4774879.3705 0.00005 0.00001 0.00005

Table4.20:Deviationof K1 in Table(4.19)from therealvaluein Table(4.1)
SetNo. f(�b:C��B f(�~:<��B f��=:<��B

1 -0.0026 0.0013 -0.0001
2 -0.0034 -0.0001 0.0009
3 0.0016 0.0005 0.0028
4 0.0076 0.0007 0.0016
5 0.0027 0.0020 0.0005
6 -0.0011 0.0004 0.0020
7 0.0027 -0.0000 0.0005
8 0.0014 0.0012 -0.0016
9 0.0010 0.0006 0.0005
10 -0.0005 -0.0039 0.0007
11 0.0016 0.0001 -0.0001
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Figure4.2: Deviationof computedpositionof stationK1 in Tables(4.18)and(4.20)from therealvaluein Table(4.1)
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Figure4.6: Scatterof combinatorialsolutionsfor datasets7 and8 in Tables(4.9)and(4.10)
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Figure4.7: Scatterof combinatorialsolutionsfor datasets9 and10 in Tables(4.11)and(4.12)
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Chapter 5

Casestudies

5-1 GeocentricCartesian to Gaussellipsoidal coordinates

In orderto relatea point � on the Earth’s topographicsurfaceto a point � on the InternationalReferenceEllipsoid�d{ � » � » � wework with abundleof half straightlinessocalledprojectionlineswhichdepartfrom � andintersect�d{ � » � » �
eithernot at all or in two points. Thereis oneprojectionline which is at minimumdistancerelating � to � . Figure
(5.1) is an illustrationof sucha MinimumDistanceMapping. Suchanoptimizationproblemis formulatedby means
of theLagrangean�y:<¢� p$2¢ { $2¢ � $?¢W¡�B asin (3-112)respectively (3-113).

Figure5.1:Minimumdistancemappingof apoint � ontheEarth’stopographicsurfaceto apoint � ontheInternational
ReferenceEllipsoid �d{ � » � » �
In thefirst casewe representtheEuclideandistancebetweenthepoints � and � in termsof Cartesiancoordinatesof��:<�`$2�!$%�cB andof �é:<¢   $2¢ { $?¢ � B . TheCartesiancoordinates:<¢   $2¢ { $?¢ � B of theprojectionpoint � areunknown. The
constraintthat then is anelementof the ellipsoid-of-revolution �d{ � » � » � gh' 5��K� ¥@�Rê Ê�{R:<¢�{  Ä ¢W{{ B Ä ´�{�¢��{ [ ´�{�Ê7{�'PJ$2¥ ¦�� ´�� Êc�~¥ ¦ 8 is substitutedinto theLagrangeanby meansof theLagrangemultiplier ¢W¡ which is unknown,
too. :<¢
�   $2¢��{ $2¢��� $?¢
�¡ B�'¤´�²���5��y:<¢� p$2¢ { $2¢ � $?¢W¡6Bs'i��#u� 8 is the argumentof the minimum of the constrainedLa-
grangean �y:<¢� 6$?¢ { $2¢ � $?¢W¡�B . Theresultof theminimizationprocedureis presentedby Lemma(5-1). (LC1) provides
the necessaryconditionsto constituteanextremum: Thenormalequationsareof bilinear type. Productsof the un-
knownsfor instance¢9 �¢3¡�$?¢ { ¢3¡�$?¢ � ¢W¡ andsquaresof theunknowns,for instance¢ {   $?¢ {{ $2¢ {� appear. Finally thematrix
of secondderivatives� � in (LC2) to bepositivedefiniteconstitutesthenecessaryconditionto obtainaminimum.For-
tunatelythematrix of secondderivatives � � is diagonal. Theeigenvaluesof � � are �   'ß� { '����6¢
�   $-� � 'ß� �6¢
��
andmustbepositive.
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Lemma 5-1 (constrainedminimumdistancemapping):
Thefunctional �y:<¢   $2¢ { $?¢ � $?¢ ¡ B ist minimal, if theconditions(LC1) and(LC2) hold.

(LC1)

ô �ô ¢ � :<¢ �   $?¢ �{ $2¢ �� $?¢ �¡ BY'NP"! i=1,2,3,4

:C#³B ô �ô :#� � B ' [ :<� [ ¢ �   B Ä Ê { ¢ �   ¢ �¡ 'KP:C#F#GB ô �ô :$� � B ' [ :C� [ ¢ �{ B Ä Ê { ¢ �{ ¢ �¡ 'KP:<#u#u#GB ô �ô :#� � B ' [ :u� [ ¢ �� B Ä ´ { ¢ �� ¢ �¡ 'NP:<#&%�B ô �ô :#� � B ' ), Ô Ê { :<¢ ��{  Ä ¢ ��{¡ B £ Ä ´ { ¢ ��{� [ ´ { Ê { '�P
(5-1)

(LC2)
ô {'�ô ¢ � ô ¢ Á :C¢ �   $2¢ �{ $?¢ �� $2¢ �¡ BY'�P(! i,j � {1,2,3} (5-2)

) � gh' Ó ô {'�ô ¢ � ô ¢ Á :#�+* B-,' ÆÇ ) Ä Ê { ¢
�¡ PP ) Ä Ê { ¢
�¡ PP P ) Ä ´ { ¢
�¡
õø � ¥ �/..� (5-3)

"eigenvalues"ê ) � [ �10 � ê+'KP 243 (5-4)�À À'N� { gh'Â) Ä Ê { ¢ �¡ ' �¢ �   ' �¢ �{ (5-5)

� � gh'Â) Ä ´ { ¢ �¡ ' �¢ �� (5-6)

Box 5-1 (ConversionfromCartesiancoordinatesto Gaussellipsoidalcoordinates):

Closedform solution:5���$2�!$%� 8 �65r{ 5
¢� 6$?¢ { $2¢ � 8 �87d{� » � » �to 5:9U$2�s$;� 8
”Pythagorasin threedimension”�*gt' Ã :C� [ ¢   B {!Ä :X� [ ¢ { B {!Ä :F� [ ¢ � B { (5-7)

”convert 5�¢   $2¢ { $?¢ � 8 and 5
��$-��$7� 8
to 5<9E$2� 8 ”¯G´+�=9�' � [ ¢ {� [ ¢   ' � [�>� [ ¢ (5-8)

¯G´����¬' � [ ¢ �Ã :C� [ ¢� �B { Ä :X� [ ¢ { B { ' � [ ¢ �Ã :<� [ ¢�B { Ä :X� [�> B { (5-9)

Thenonlinear(algebraic:bilinear)normalequations(LC1) of MinimumdistanceMapping 5({ [
? �d{ � » � » � wassolved
in Section(3-22) in a closedform by meansof Gröbnerbasis. The computedelementsof the Gröbnerbasisare
presentedin Box (3-11) in page(50). Using (3-116) and (3-117) in page(51), the Lagrangeanmultiplier ¢3¡ and
ellipsoidalCartesiancoordinates5
¢� 6$?¢ { $2¢ � 8 arecomputed.Finally, by meansof Box(5-1) we convert theCartesian
coordinates:C��$2�!$%�cBÅ�85r{ and :<¢� p$2¢ { $?¢ � B&���d{ � » � » � to Gaussellipsoidalcoordinates9U$2�s$;� .
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Casestudy:

Let usadopttheWorld GeodeticDatum2000with thedatár'N1R©�4p¾J)�©R13Ò 1+P+,p� and Ê&'N1+©+½�1�4�½J)RÒ ¾R1RPR� of typesemi-
major axisandsemi-minoraxis respectively, of the InternationalReferenceEllipsoid (E. GrafarendandA. Ardalan
1999). Herewe take advantageof givenCartesiancoordinatesof 21 pointsof the topographicsurfaceof the Earth
presentedin Table (5.1). Fromthealgorithmof Box(3-11)in page(50), thefirst polynomialequationof fourth order
of theGröbnerbasis(3-116)in page(51) is solved. We computethecoefficientsfrom theinput dataTable (5.1)and
solvefor ¢3¡ accordingto Table(5.2).With theadmissiblevalues¢3¡ substitutedin thecomputedGröbnerbasis(3-117)
in page(51) we finally producethevalues :<¢   $2¢ { $?¢ � BÀ' :<¢�$ > $;@�B in Table (5.3). At this endTable (5.4) convertsby
meansof (5-1) theCartesiancoordinates:<�`$2�!$%�cB and :<¢�$ > $;@�B to :#9U$-�@$A�`B .

Table5.1: Cartesiancoordinatesof topographicpoint (Baltic SeaLevel Project)
Station �b:<��B �s:C��B �d:C��B

Borkum(Ger) 3770667.9989 446076.4896 5107686.2085
Degerby(Fin) 2994064.9360 1112559.0570 5502241.3760

Furuögrund(Swe) 2527022.8721 981957.2890 5753940.9920
Hamina(Fin) 2795471.2067 1435427.7930 5531682.2031
Hanko (Fin) 2959210.9709 1254679.1202 5490594.4410

Helgoland(Ger) 3706044.9443 513713.2151 5148193.4472
Helsinki (Fin) 2885137.3909 1342710.2301 5509039.1190

Kemi (Fin) 2397071.5771 1093330.3129 5789108.4470
Klagshamn(Swe) 3527585.7675 807513.8946 5234549.7020

Klaipeda(Lit) 3353590.2428 1302063.0141 5249159.4123
List/Sylt (Ger) 3625339.9221 537853.8704 5202539.0255

Molas(Lit) 3358793.3811 1294907.4149 5247584.4010
Mäntyluoto(Fin) 2831096.7193 1113102.7637 5587165.0458

Raahe(Fin) 2494035.0244 1131370.9936 5740955.4096
Ratan(Swe) 2620087.6160 1000008.2649 5709322.5771

Spikarna(Swe) 2828573.4638 893623.7288 5627447.0693
Stockholm(Swe) 3101008.8620 1013021.0372 5462373.3830

Ustka(Pol) 3545014.3300 1073939.7720 5174949.9470
Vaasa(Fin) 2691307.2541 1063691.5238 5664806.3799
Visby (Swe) 3249304.4375 1073624.8912 5364363.0732

ÖlandsN. U. (Swe) 3295551.5710 1012564.9063 5348113.6687
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Table5.2: Polynomialcoefficients Ë Ì $UË
 p$UË { $ÀË � $UË7¡ of theunivariatepolynomialof orderfour in ¢W¡
Point Ë Ì Ë
  Ë { Ë � Ë7¡

1 -2.3309099e+22 1.334253e+41 1.351627e+55 4.38e+68 4.44e+81
2 -1.142213e+22 1.3351890e+41 1.352005e+55 4.38e+68 4.44e+81
3 -1.720998e+22 1.335813e+41 1.352259e+55 4.38e+68 4.44e+81
4 -8.871288e+21 1.335264e+41 1.352035e+55 4.38e+68 4.44e+81
5 -1.308070e+22 1.335160e+41 1.351993e+55 4.38e+68 4.44e+81
6 -2.275210e+22 1.334345e+41 1.351665e+55 4.38e+68 4.44e+81
7 -1.272935e+22 1.335205e+41 1.352012e+55 4.38e+68 4.44e+81
8 -1.373946e+22 1.335906e+41 1.352296e+55 4.38e+68 4.441e+81
9 -1.981047e+22 1.334546e+41 1.351746e+55 4.38e+68 4.44e+81
10 -2.755981e+22 1.334574e+41 1.351758e+55 4.38e+68 4.44e+81
11 -2.330047e+22 1.334469e+41 1.351715e+55 4.38e+68 4.44e+81
12 -1.538357e+22 1.334580e+41 1.351759e+55 4.38e+68 4.44e+81
13 -1.117760e+22 1.335399e+41 1.352090e+55 4.38e+68 4.44e+81
14 -1.124559e+22 1.335785e+41 1.352246e+55 4.38e+68 4.44e+81
15 -1.200556e+22 1.335704e+41 1.352214e+55 4.38e+68 4.44e+81
16 -1.427443e+22 1.335496e+41 1.352130e+55 4.38e+68 4.44e+81
17 -1.836471e+22 1.335087e+41 1.351965e+55 4.38e+68 4.44e+81
18 -1.772332e+22 1.334410e+41 1.351690e+55 4.38e+68 4.44e+81
19 -1.012020e+22 1.335593e+41 1.352168e+55 4.38e+68 4.44e+81
20 -1.427711e+22 1.334856e+41 1.351870e+55 4.38e+68 4.44e+81
21 -1.644250e+22 1.334815e+41 1.351854e+55 4.38e+68 4.44e+81

Table5.3: ComputedCartesiancoordinates:<¢� p$2¢ { $?¢ � BY'¬:<¢�$ > $;@�B andLagrangemultiplier ¢3¡
Station ¢   :C��B ¢ { :<��B ¢ � :<��B ¢ ¡ :<� û { B
Borkum 3770641.3815 446073.3407 5107649.9100 1.746947e-019
Degerby 2994054.5862 1112555.2111 5502222.2279 8.554612e-020

Furuögrund 2527009.7166 981952.1770 5753910.8356 1.288336e-019
Hamina 2795463.7019 1435423.9394 5531667.2524 6.643801e-020
Hanko 2959199.2560 1254674.1532 5490572.5584 9.797001e-020

Helgoland 3706019.4100 513709.6757 5148157.7376 1.705084e-019
Helsinki 2885126.2764 1342705.0575 5509017.7534 9.533532e-020

Kemi 2397061.6153 1093325.7692 5789084.2263 1.028464e-019
Klagshamn 3527564.6083 807509.0510 5234518.0924 1.484413e-019
Klaipeda 3353562.2593 1302052.1493 5249115.3164 2.065021e-019
List/Sylt 3625314.3442 537850.0757 5202502.0726 1.746017e-019
Molas 3358777.7367 1294901.3835 5247559.7944 1.152676e-019

Mäntyluoto 2831087.1439 1113098.9988 5587146.0214 8.370165e-020
Raahe 2494026.5401 1131367.1449 5740935.7483 8.418639e-020
Ratan 2620078.1000 1000004.6329 5709301.7015 8.988111e-020

Spikarna 2828561.2473 893619.8693 5627422.6007 1.068837e-019
Stockholm 3100991.6259 1013015.4066 5462342.8173 1.375524e-019

Ustka 3544995.3045 1073934.0083 5174921.9867 1.328158e-019
Vaasa 2691299.0138 1063688.2670 5664788.9183 7.577249e-020
Visby 3249290.3945 1073620.2512 5364339.7330 1.069551e-019

ÖlandsN. U. 3295535.1675 1012559.8663 5348086.8692 1.231803e-019
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Table5.4: GeodeticCoordinatescomputedfrom ellipsoidalCartesiancoordinatesin closedform (Baltic SeaLevel
Project)

Station Longitude9 Latitude � height �B ÿ ÿ ÿ B ÿ ÿ ÿ �
Borkum(Ger) 6 44 48.5914 53 33 27.4808 45.122
Degerby(Fin) 20 23 4.0906 60 1 52.8558 22.103

Furuögrund(Swe) 21 14 6.9490 64 55 10.2131 33.296
Hamina(Fin) 27 10 47.0690 60 33 52.9819 17.167
Hanko (Fin) 22 58 35.4445 59 49 21.6459 25.313

Helgoland(Ger) 7 53 30.3480 54 10 29.3979 44.042
Helsinki (Fin) 24 57 24.2446 60 9 13.2416 24.633

Kemi (Fin) 24 31 5.6737 65 40 27.7029 26.581
Klagshamn(Swe) 12 53 37.1597 55 31 20.3311 38.345

Klaipeda(Lit) 21 13 9.0156 55 45 16.5952 53.344
List/Sylt (Ger) 8 26 19.7594 55 1 3.0992 45.101

Molas(Lit) 21 4 58.8931 55 43 47.2453 29.776
Mäntyluoto(Fin) 21 27 47.7777 61 35 39.3552 21.628

Raahe(Fin) 24 24 1.8197 64 38 46.8352 21.757
Ratan(Swe) 20 53 25.2392 63 59 29.5936 23.228

Spikarna(Swe) 17 31 57.9060 62 21 48.7645 27.620
Stockholm(Swe) 18 5 27.2528 59 19 20.4054 35.539

Ustka(Pol) 16 51 13.8751 54 35 15.6866 34.307
Vaasa(Fin) 21 33 55.9146 63 5 42.8394 19.581
Visby (Swe) 18 17 3.9292 57 38 21.3487 27.632

ÖlandsN. U. (Swe) 17 4 46.8542 57 22 3.4508 31.823

5-2 7-parameterdatum transformation

ThesevenparametersdatumtransformationC Õ :C©�B :ÆÇ ´��Ê7�Ë �
õø 'N¢  ED � ÆÇ ������� �

õø Ä � { êp#é'Â)+$-,J$2©J$9Ò
Ò0Òå$?� (5-10)

subjectto­® ¯FD _� D � 'G0 � (5-11)

with 5�´��?$-Ê7�?$2Ë�� 8 ´���µÀ5��§�G$2���?$7�|� 8 being coordinatesof the samepoints in both systemsand ¢   �L¥ , � { �L¥ � ,D � ��¥@�/..� hasalwaysbeensolved using leastsquaressolution. We illustrate in this sectionhow the seven pa-
rametersdatumtransformationC Õ :C©�B of a non-overdeterminedandoverdeterminedcasescanbe solved by the use
of GröbnerbasesandGauss-Jacobicombinatorialalgorithmsrespectively. First, we solve analyticallyfor ¢   ��¥ ,D � �`¥@�/..� adthenusethemto transformthecoordinatesof onesystemin orderto obtainthecorrespondingtrans-
formedvaluesin theothersystem.By makinguseof theskew-symmetricmatrix H , therotationmatrix is expressedasD � '�:I0 � [ HUB û   :#0 � Ä HUB (5-12)

where 0 � is theidentitymatrix andtheskew-symmetricmatrix H givenby

HK' ÆÇ P [ Ë ÊË P [ ´[ Ê ´ P
õø Ò (5-13)

Therotationmatrix D � ��¥@�/..� is parameterizedusingEuler or Cardanangles.With Cardanangles,we have:
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Box 5-2 (Parametrizationof therotationmatrixby Cardanangles):D � 'GJ   :IKéB;J { :$L�B;J � :NM�B (5-14)

with

J   :IKéB�' ÆÇ ) P PP Ë0��Ö�K Ö
#u�=KP [ Ö
#F�=K Ë���Ö<K
õø $AJ { :#L�B`' ÆÇ Ë0��ÖEL P [ Ö
#u�OLP ) PÖ
#u�OL P Ë���Ö�L

õø $PJ � :NM�B`' ÆÇ Ë0��Ö+M Ö
#u�
M P[ Ö
#F�
M Ë���ÖEM PP P )
õø ,

leadingto J� p:IKéB;J { :$L�B;J � :NM�BY'ÆÇ Ë���Ö�L�Ë���ÖEM Ë���Ö�L�Ö
#u�
M [ Ö0#u�OLÖ
#u�=KéÖ
#u�OL�Ë���ÖEM [ Ë���Ö<KéÖ
#u�
M Ö
#u�=KéÖ
#u�OL�Ö
#u�
M Ä Ë0��Ö�KéË���ÖEM Ö
#u�=K�Ë0��ÖELË���Ö<K¶Ö
#F�OL�Ë���ÖEM Ä Ö
#u�=K¶Ö0#u�
M Ë���Ö<K¶Ö
#F�OLéÖ0#u�
M [ Ö
#u�=K�Ë���ÖEM Ë0��Ö�KéË���Ö�L
õø Ò (5-15)

TheCardananglescanbeobtainedfrom therotationmatrix D � �~¥@�/..� through:×ØÙ ØÚ K�'K¯G´��Y: ² {2�² �2� B7$QM�'N¯G´��Y: ²   {²  -  BLð' ¯G´��Y: [ ² �  Ã ² { 2  Ä ² {  { B.�6²¶¯G´+�Y: [ ² �  Ã ² {{2� Ä ² {�2� B Ò (5-16)

For parameterizationusingEulerangleswe referto E. GrafarendandJ. L. Awange (2000).Thepropertiesof thero-
tationmatrix D � ��¥@�/..� expressedasin (5-12)havebeenexaminedby S.Zhang(1994)andshown to fulfill (5-11).
Equation(5-10)is now written for #é'Â)+$-,J$2© using(5-12)asÆÇ ) Ë [ Ê[ Ë ) ´Ê [ ´ )

õø ÆÇ ´ �Ê �Ë �
õø 'K¢   ÆÇ ) [ Ë ÊË ) [ ´[ Ê ´ )

õø ÆÇ � �� �� �
õø Ä ÆÇ � Ì� Ì� Ì

õø (5-17)

with 5
� Ì $-� Ì $%� Ì 8 �6� { Ò For threecorrespondingpointsin bothsystems,theminimumobservationequationsrequired
to solve thesevendatumtransformationparameterareexpressedfrom (5-17)as:ÆÐÐÐÐÐÐÐÐÇ

®   gh'N¢   �   [ ¢   Ë��   Ä ¢   Ê0�   Ä �§Ì [ ´   [ Ë0Ê   Ä Ê7Ë   'NP® { gt'N¢   Ë7�   Ä ¢   �   [ ¢   ´J�   Ä �3Ì Ä Ë�´   [ Ê   [ ´�Ë   'KP® � gt' [ ¢9 0Ê%�s  Ä ¢� �´���  Ä ¢� 0�!  Ä � ÌÀ[ Ê�´.  Ä ´.Ê0  [ Ë
 À'�P®6¡ygh'N¢9 �� { [ ¢9 0Ë�� { Ä ¢9 
Ê0� { Ä � ÌÀ[ ´ { [ Ë0Ê { Ä Ê7Ë { 'NP®p¼
gt'N¢9 0Ë7� { Ä ¢9 0� { [ ¢9 0´J� { Ä � Ì Ä Ë�´ { [ Ê { [ ´�Ë { 'KP®�Ï
gt' [ ¢9 0Ê%� { Ä ¢� �´�� { Ä ¢� 0� { Ä � ÌÀ[ Ê�´ { Ä ´.Ê { [ Ë { '�P®�Õ
gt' [ ¢9 0Ê%� � Ä ¢� �´�� � Ä ¢� 0� � Ä � ÌÀ[ Ê�´ � Ä ´.Ê � [ Ë � '�P
$ (5-18)

where 5�¢W�?$ > �2$;@6� 8 gh'�56´��G$-Ê��?$-Ë�� 8 ê9#(��5�)R$%,.$2© 8 , equations5p®   $%® { $%® � 8 beingequationsformedfrom the first point
with coordinatesin bothsystems,5p® ¡ $%® ¼ $%® Ïp8 beingequationsformedfrom thesecondpoint with coordinatesin both
systemsand 56® Õ68 beingthe third equationextractedfrom the threeequationsformedfrom the third point with co-
ordinatesin both systems.In order to eliminatethe translationparametersin (5-18), the following differencingis
performed: ÆÐÐÇ ®R G¡ygt'¿®R  [ ®6¡c'N¢9 %�s  { [ ¢9 0Ë��9  { Ä ¢9 0Ê0��  { [ ´J  { [ Ë0Ê0  { Ä Ê7Ë�  {® { ¼
gh'N® { [ ®p¼E'K¢9 0Ë7�s  { Ä ¢� 7��  { [ ¢9 0´J��  { Ä Ë0´.  { [ Ê0  { [ ´�Ë
  {® � Õ
gt'�® � [ ®pÕE' [ ¢� 0Ê7�@  � Ä ¢9 0´���  � Ä ¢� 
�!  � [ Ê7´J  � Ä ´.Ê0  � [ Ë�  �® Ï-Õ gt'�® Ï [ ® Õ ' [ ¢   Ê7� {-� Ä ¢   ´�� {-� Ä ¢   � {2� [ Ê7´ {-� Ä ´.Ê {-� [ Ë {2� (5-19)

with���hÁE'N��� [ �(Á �W�hÁc'N��� [ �.Áè�|�hÁc'��|� [ �éÁ´��hÁ�'N´�� [ ´RÁ Ê7�tÁc'NÊ�� [ Ê-Á Ë��hÁc'NË�� [ Ë-Á
Ü ÝÞ ê6#%$uì��ð5+)R$%,.$-© 8 $2#Åí'bì+Ò

ThereducedGröbnerbasisof (5-19)is thenobtainedusingMathematica3.0Softwareby usingthecommandGroeb-
nerBasis[{ ®+ ³¡�$%® { ¼�$-® � Õp$%®pÏ-Õ },{ ¢� 6$2´�$%Ê6$2Ë }, { ´�$-Êp$2Ë }] asexplainedin Chapter2, Section(2-321). This givesonly the
elementof Gröbnerbasisin which the variableś�$-Ê6$-Ë have beeneliminatedandonly the scalefactor ¢�  left. The
scaleparameteris thengivenby thefollowing univariatepolynomialof orderfour:
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Box 5-3 (quarticpolynomialfor computingscaleparameter):­® ¯F´�¡
¢ ¡   Ä ´ � ¢W�  Ä ´ { ¢�{  Ä ´J %¢9  Ä ´ Ì '�P
a¡�'�:<�s  � �d{  { � {-� Ä �`{  { �s  � � {-� [ �`{  { � {2� �9  � [ �s  { �9  � �!  { � {-� [ � {2� �={  { ��  � Ä �s  � �9  { �!  { � {-� [� {-� �9  { �!  { ��  � Ä �s  { � {2� ��  { �!  � B
a� '�:CË
  { �s  � ��  { � {-� [ Ê0  � �s  { ��  { � {2� [ Ë�  � �@  { � {-� ��  { Ä Ê {-� �s  � �d{  { [ ´ {-� �`{  { ��  � Ä Ë {2� �@  { ��  � �!  { ÄË
  { �s  { � {-� �!  � Ä ´J  � �d{  { � {-� [ Ê0  { � {-� ��  { �!  � [ ´ {-� �={  { �9  � Ä Ê0  { �s  � ��  { � {2� [ Ë
  { �s  { ��  � � {-� Ä´   � �`{  { � {-� [ Ë {-� �   � �   { �   { [ ´ {2� �   { �   { �   � Ä Ë   � � {-� �   { �   { [ Ê   � � {-� �={  { [ Ê   � �`{  { � {-� ÄÊ {2� �   { �   { �   � Ä ´   � �   { �   { � {-� Ä Ê {-� �`{  { �   � Ä ´   { � {2� �   { �   � [ ´   { �   � �   { � {2� [ Ë   { � {-� �   { �   � B
a{ '�:C´J  � Ê {-� � {  { Ä Ê {   { � {2� �9  � Ä Ê0  { Ë
  � � {-� �!  { [ Ë
  { Ë {2� �s  � �9  { Ä Ê0  � Ë {-� �s  { �!  { [ ´ {-� Ê0  { �!  { ��  � Ä´�{  { � {-� �   � [ Ê7{   { �   � � {2� [ ´�{  { �   � � {-� [ ´ {2� Ê   � �`{  { Ä ´   � Ê {2� �d{  { [ ´ {-� Ê   � �({  { Ä ´   { Ê {-� �   { �   � Ä´ {-� Ë   � �   { �   { Ä ´   { Ë   { � {2� �   � [ Ê   { Ë   { � {-� �   � [ Ê {-� Ë   � �   { �   { [ ´   { Ê   � �   { � {2� [ ´ {-� Ë   { �   { �   � Ä´   { Ë {2� �   � �   { Ä Ê   { Ë   { �   � � {-� [ ´   { Ë   { �   � � {2� [ ´   � Ë {-� �   { �   { [ Ë   { Ë   � �   { � {-� Ä Ë   { Ë   � � {2� �   { ÄË   { Ë {-� �   { �   � [ Ê   � Ë   { �   { � {-� Ä Ê {2� Ë   { �   { �   � Ä ´   � Ê   { �   { � {2� [ ´   { Ë   � � {-� �   { Ä ´   � Ë   { �   { � {-� [Ê   { Ë {-� �   � �   { B
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aÌ 'N´.  { Ê
  � Ë
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Oncetheadmissiblevalueof scaleparameterhasbeenchosenamongstthefour rootsaboveas ¢   �~¥ ¦ in Box(5-3),
theelementsof theskew symmetricmatrix H canthenbeobtainedvia thelinearfunctionsin Box(5-4).

Box 5-4 (Linear functionsfor computingtheparametersof theskew-symmetricmatrix H ):
f(a)=(-x�   �s  � �9  { �!  { [ Ê0  { ¢�{  �s  � �!  { [ ´J  � Ê0  { Ë
  { [ ´J  � ¢W{  �9  { �!  { Ä Ê0  � ¢�{  �s  { ��  { Ä Ë
  { ¢�{  �s  { ��  � [´.  � Ë
  { ¢9 0�9  { Ä ´.  { Ê0  � Ë
  { Ä ´J  { Ê0  � ¢� 
�!  { [ ´J  � Ê0  { ¢9 ���  { [ Ê
  { Ë
  { ¢9 ��s  � Ä ´J  { ¢W{  �9  � �!  { Ä¢W�  �   { �   � �   { Ä ´   { Ë   { ¢   �   � [ Ë   { ¢W{  �   � �   { Ä Ê   � Ë   { ¢   �   { B?´ Ä : [ ´�{  { ´   � [ ´   { Ë   � ¢   �   { Ä´   { ¢W{  �   { �   � Ä ´   { Ë   { ¢   �   � [ Ë   { Ë   � ¢   �   { [ ´   { Ë   { Ë   � Ä ¢��  �   � �d{  { [ Ë   � ¢�{  �   { �   { Ä ¢��  �`{  { �   � Ä¢W�  �   { �   { �   � [ ´�{   { ¢   �   � [ Ê�{   { ¢   �   � [ ´   � Ê7{   { Ä ´   � ¢W{  �`{  { Ä ´   � ¢W{  �d{  { Ä Ë   { ¢W{  �   { �   � B
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Substitutingthe skew symmetricmatrix H in (5-10) gives the rotationmatrix D � from which the Cardanrotation
anglesarededucedfrom (5-16) in Box (5-2). The translationelements� { canthenbecomputedby substitutingthe
scaleparameter¢   andtherotationmatrix D � in (5-10).Threesetsof translationparametersarethenobtainedfor the
threepointsunderconsiderationandthemeantaken.

Gauss-Jacobicombinatorial algorithm

Whenmorethanthreepointsaregivenandthetransformationparametersareto besolved,theGauss-Jacobicombina-
torial algorithm is appliedin which casethedispersionmatrix hasto beobtainedvia thenonlinearerrorpropagation
law/variance-covariancepropagationlaw. From the algebraicsystemof equations(5-18), we have with (2-77) and
(2-68)in pages(25 and24 respectively) theJacobimatricesas
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(5-21)

wherethedotedpointsin
ò ù

representsthepartialderivativeof (5-18)with respect56Ê � $2Ë � $?�   $-�   $%�   $?� { $2� { $%� { $2� � $2� � 8 .
Fromthedispersionë ù of thevectorof observationsú andwith (5-20)and(5-21)forming

ò ' ò�û  ó ò ù , thedisper-
sionmatrix ë ó is thenobtainedfrom (2-68). Finally we obtainedthedispersionmatrix ë from (2-70) in Chapter2
page(24).

CaseStudy:

WeconsiderCartesiancoordinatesof sevenstationsgivenin theLocalandGlobalReferenceSystems(WGS84)asin
Tables(5.5)and(5.6).Desiredarethesevenparametersof datumtransformation.UsingtheGröbnerbasesalgorithm,
we obtainthe7-transformationparametersgivenin Table (5.7)which areusedto transformthethreepointsinvolved
in thecomputationsfrom theLocalReferenceSystem(Table5.5)to theGlobalReferenceSystem(WGS84,Table5.6)
in Table(5.8).
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Table5.5: Coordinatesfor systemA (Localsystem)
StationName � :<��B �~:<��B �d:C��B

Solitude 4157222.543 664789.307 4774952.099
BuochZeil 4149043.336 688836.443 4778632.188

Hohenneuffen 4172803.511 690340.078 4758129.701
Kuehlenberg 4177148.376 642997.635 4760764.800
Ex Mergelaec 4137012.190 671808.029 4791128.215
Ex Hof Asperg 4146292.729 666952.887 4783859.856
Ex Kaisersbach 4138759.902 702670.738 4785552.196

Table5.6: Coordinatesfor systemB (WGS84)
StationName � :<��B �~:<��B �d:C��B

Solitude 4157870.237 664818.678 4775416.524
BuochZeil 4149691.049 688865.785 4779096.588

Hohenneuffen 4173451.354 690369.375 4758594.075
Kuehlenberg 4177796.064 643026.700 4761228.899
Ex Mergelaec 4137659.549 671837.337 4791592.531
Ex Hof Asperg 4146940.228 666982.151 4784324.099
Ex Kaisersbach 4139407.506 702700.227 4786016.645

Table5.7: Computed7-parameterdatumtransformationby Gröbnerbasis
Transformationparameter Value unit

Scaleï [ ) -1.4343 [ppm]
Rotation }� �:X´�B 0.32575149 [“]
Rotation} { :XÊ0B -0.46037399 [“]
Rotation } � :CË
B -0.00810606 [“]
Translationf=� 643.0953 [m]
Translationfr� 22.6163 [m]
Translationf�� 481.6023 [m]

Table5.8: TransformedCartesiancoordinatesof SystemA (Table5.5) into SystemB (Table5.6) usingthe7-datum
transformationparametersof Table(5.7)computedby Gröbnerbasis

Site � :<��B �~:<��B �=:<��B
SystemA: Solitude 4157222.5430 664789.3070 4774952.0990

SystemB 4157870.2370 664818.6780 4775416.5240
Transformedvalue 4157870.3070 664818.6742 4775416.5240

Residual - 0.0700 0.0038 0.0000
SystemA: BuochZeil 4149043.3360 688836.4430 4778632.1880

SystemB 4149691.0490 688865.7850 4779096.5880
Transformedvalue 4149691.1190 688865.7812 4779096.5880

Residual - 0.0700 0.0038 0.0000
SystemA: Hohenneuffen 4172803.5110 690340.0780 4758129.7010

SystemB 4173451.3540 690369.3750 4758594.0750
Transformedvalue 4173451.2141 690369.3826 4758594.0750

Residual 0.1399 -0.0076 0.0000

Transformationparametersobtainedin the overdeterminedcaseby the Gauss-Jacobi combinatorialalgorithm are
presentedin Table(5.9)andusedto transformtheCartesiancoordinatesfrom theLocalReferenceSystem(Table5.5)
to the Global ReferenceSystem(WGS 84, Table 5.6) asshown in Table (5.10). Table (5.11) givesfor comparison
purposesthetransformedvaluesfrom the7-datumtransformationparametersobtainedvia leastsquaressolution. The
residualsfrom bothGauss-Jacobicombinatorialalgorithmandleastsquaressolutionareof thesamemagnitude.We
alsocomputetheresidualnorm(squarerootof thesumof squaresof residuals)andpresentthemin Table(5.12). The
computednorm from the Gauss-Jacobicombinatorialsolutionis somewhatbetterthanthoseof the linearizedleast
squaressolution. Figures(5.2) and(5.3) indicatethescatterof thecomputed36 minimal combinatorialsolutionsof
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scale(indicatedby dotedpoints( à )) aroundfor theadjustedvalueindicatedby a line ( [ ). Figures(5.3) indicatethe
scatterof thecomputed36 minimalcombinatorialsolutionsof translationandrotationparameters(indicatedby doted
points( à )) aroundtheadjustedvaluesindicatedby a star( � ). TheFiguresclearlyidentifiestheoutlying combinations
from which therespective(suspectedoutlyingpoints)pointscanbededuced.

Table5.9: Computed7-parameterdatumtransformationusingGauss-Jacobicombinatorialalgorithm
Transformationparameter Value Root-mean-square unit

Scaleï [ ) 4.92377597 0.350619414 [ppm]
Rotation }   :C´.B -0.98105498” 0.040968549 [“]
Rotation } { :FÊ�B 0.68869774” 0.047458707 [“]
Rotation } � :XË0B 0.96671738” 0.044697434 [“]
Translationf(� 639.9785 2.4280 [m]
Translationfr� 68.1548 3.0123 [m]
Translationf�� 423.7320 2.7923 [m]

Table5.10: TransformedCartesiancoordinatesof SystemA (Table5.5) into SystemB (Table5.6)usingthe7-datum
transformationparametersof Table(5.9)computedby theGauss-Jacobicombinatorialalgorithm

Site �b:C��B �~:<��B �=:<��B
SystemA: Solitude 4157222.5430 664789.3070 4774952.0990

SystemB 4157870.2370 664818.6780 4775416.5240
Transformedvalue 4157870.1631 664818.5399 4775416.3843

Residual 0.0739 0.1381 0.1397
SystemA: BuochZeil 4149043.3360 688836.4430 4778632.1880

SystemB 4149691.0490 688865.7850 4779096.5880
Transformedvalue 4149691.0162 688865.8151 4779096.5785

Residual 0.0328 -0.0301 0.0095
SystemA: Hohenneuffen 4172803.5110 690340.0780 4758129.7010

SystemB 4173451.3540 690369.3750 4758594.0750
Transformedvalue 4173451.3837 690369.4437 4758594.0770

Residual -0.0297 -0.0687 -0.0020
SystemA: Kuelenberg 4177148.3760 642997.6350 4760764.8000

SystemB 4177796.0640 643026.7000 4761228.8990
Transformedvalue 4177796.0394 643026.7347 4761228.9783

Residual 0.0246 -0.0347 -0.0793
SystemA: Ex Mergelaec 4137012.1900 671808.0290 4791128.2150

SystemB 4137659.5490 671837.3370 4791592.5310
Transformedvalue 4137659.6895 671837.3142 4791592.5458

Residual -0.1405 0.0228 -0.0148
SystemA: Ex Hof Asperg 4146292.7290 666952.8870 4783859.8560

SystemB 4146940.2280 666982.1510 4784324.0990
Transformedvalue 4146940.2757 666982.1394 4784324.1589

Residual -0.0477 0.0116 -0.0599
SystemA: Ex Keisersbach 4138759.9020 702670.7380 4785552.1960

SystemB 4139407.5060 702700.2270 4786016.6450
Transformedvalue 4139407.5733 702700.1935 4786016.6520

Residual -0.0673 0.0335 -0.0070
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Table5.11:TransformedCartesiancoordinatesof SystemA (Table5.5) into SystemB (Table5.6)usingthe7-datum
transformationparameterscomputedby LeastSquaresSolution

Site �b:<��B �s:C��B �d:C��B
SystemA: Solitude 4157222.5430 664789.3070 4774952.0990

SystemB 4157870.2370 664818.6780 4775416.5240
Transformedvalue 4157870.1430 664818.5429 4775416.3838

Residual 0.0940 0.1351 0.1402
SystemA: BuochZeil 4149043.3360 688836.4430 4778632.1880

SystemB 4149691.0490 688865.7850 4779096.5880
Transformedvalue 4149690.9902 688865.8347 4779096.5743

Residual 0.0588 -0.0497 0.0137
SystemA: Hohenneuffen 4172803.5110 690340.0780 4758129.7010

SystemB 4173451.3540 690369.3750 4758594.0750
Transformedvalue 4173451.3939 690369.4629 4758594.0831

Residual -0.0399 -0.0879 -0.0081
SystemA: Kuelenberg 4177148.3760 642997.6350 4760764.8000

SystemB 4177796.0640 643026.7000 4761228.8990
Transformedvalue 4177796.0438 643026.7220 4761228.9864

Residual 0.0202 -0.0220 -0.0874
SystemA: Ex Mergelaec 4137012.1900 671808.0290 4791128.2150

SystemB 4137659.5490 671837.3370 4791592.5310
Transformedvalue 4137659.6409 671837.3231 4791592.5365

Residual -0.0919 0.0139 -0.0055
SystemA: Ex Hof Asperg 4146292.7290 666952.8870 4783859.8560

SystemB 4146940.2280 666982.1510 4784324.0990
Transformedvalue 4146940.2398 666982.1445 4784324.1536

Residual -0.0118 0.0065 -0.0546
SystemA: Ex Keisersbach 4138759.9020 702670.7380 4785552.1960

SystemB 4139407.5060 702700.2270 4786016.6450
Transformedvalue 4139407.5354 702700.2229 4786016.6433

Residual -0.0294 0.0041 -0.0017

Table5.12:Computedresidualnorms
Method � :<��B �@:C��B �=:<��B

LinearizedLeastSquaresSolution 0.1541 0.1708 0.1748
NonlinearGauss-JacobiCombinatorial 0.1859 0.1664 0.1725
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Chapter 6

Summary and Conclusions

In summary, Chapter3 hasdemonstratedthepowerof thealgebraiccomputationaltoolsof GröbnerbasesandtheMul-
tipolynomialresultantsin solvingselectedgeodeticproblems.In thecaseof theminimalcombinatorialset, we have
demonstratedhow theproblemsof three-dimensionalresection, minimumdistancemappingandthepseudo-ranging
four-point problemcouldbesolvedin a closedform usingeitherGröbnerbasesapproachor theMultipolynomialre-
sultantsapproach.Wehavesucceededin demonstratingthatby convertingthenonlinearobservationequationsof the
selectedgeodeticproblemsaboveinto algebraic(polynomials),themultivariatesystemof polynomialequationsrelat-
ing theunknownvariables(indeterminate)to theknownvariablescanbereducedinto polynomialequationsconsisting
of a univariatepolynomialoncelexicographicmonomialorderingis specified.Wehavethereforemanagedto provide
symbolicsolutionsto theproblemsof three-dimensionalresection, minimumdistancemappingandtheGPSpseudo-
rangingfour-pointP4Pby obtainingin eachcasea univariatepolynomialthatcanreadilybesolvednumericallyonce
the observationsareavailable. Although the algebraictechniquesof GröbnerbasesandMultipolynomialresultants
weretestedfor theseselectedgeodeticproblems,the tools canbe usedto solve explicitly any closedform problem
in Geodesy. The only limitation may be the storageandcomputationalspeedof the computerswhencompounded
with problemsinvolving many variables.Theability of thealgebraictools (GröbnerbasesandtheMultipolynomial
resultants) to solve closedform solutionsgave the Gauss-Jacobi combinatorialalgorithm the requiredoperational
engineasevidencedin thesolutionof theoverdeterminedGPSpseudo-rangingproblemwhich wasachievedwithout
reverting to iterative or linearizationprocedures.The resultscomparedwell with the solutionsobtainedusing the
linearizedGauss-Markov modelgiving legitimacy to theGauss-Jacobicombinatorialprocedure.

By solving the testnetwork “Stuttgart Central” both explicitly (usingthe Gröbnerbasesandthe Multipolynomial
resultantsalgorithms)andin overdeterminedform (usingthe Gauss-Jacobi combinatorialalgorithm) in Chapter4,
the studyhashighlightedthe capabilityof the Gröbnerbasisandthe Multipolynomialresultantalgorithmsto solve
explicitly boththeGrunertdistanceequationsandthe three-dimensionranging(“Bogenschnitt”) problemaswell as
thecapabilityof theGauss-Jacobicombinatorialalgorithm to solve theoverdeterminedthree-dimensionalresection.
Thedeviationof thecomputeddistancesfr^���ê6#¶'�)R$�Ò
Ò0Ò
$%4 andposition 5pf=�`$-fr��$%f�� 8 from therealvalues(Tables
4.1 and4.2 respectively) obtainedusingclosedform procedures(Gröbnerbasisandthe Multipolynomialresultant)
werein millimeter rangefor distancesandpositionasdepictedin Tables(4.14)and(4.18)respectively.

Theapplicationof theGauss-Jacobicombinatorialalgorithmto solvetheoverdeterminedthree-dimensionalresection
problembasedon thetestnetwork “StuttgartCentral”improvestheresultsasseenfrom thedeviationof thecomputed
distancesfr^��@êé#r' )+$�Ò0Ò0Ò
$%4 andposition 56f(��$%fr��$%f§� 8 from the real values(Tables4.1 and4.2 respectively)
asdepictedin Tables(4.17) and(4.20). In comparingthe deviationsof the computedvaluesof positionof station
K1 usingbothclosedform andGauss-Jacobicombinatorialalgorithmsin Tables(4.18)and(4.20),It is evident that
the deviations from the Gauss-Jacobi combinatorialalgorithm were smaller. This becomescleareroncewe plot
thesedeviationsas in Figure (4.2). Onethereforeconcludesthat betteraccuracieswould be achieved if the three-
dimensionalresectionproblemwereto be solved in an overdeterminedform asopposedto closedform procedures
which aretraditionallyused.TheGauss-Jacobicombinatorialalgorithmoffersthesolutionto theproblemof lacking
theapproximatevaluesnormally requiredby the linearizedGauss-Markov modelanditerativeprocedures. Besides,
theGauss-Jacobicombinatorialalgorithmmakesuseof thefull informationof theobservationaldatasetthroughthe
errorpropagation/variance-covariancepropagation.

For the casestudies,the Gröbnerbasesalgorithm successfullydeterminesexplicitly the 7-parametersof the datum
transformationproblemandshows thescaleparameterto berepresentedby a univariatepolynomialof fourth order
while the rotationparametersarerepresentedby linear functionscomprisingthecoordinatesof thetwo systemsand
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the scaleparameter. The admissiblevalueof the scaleis readily obtainedby solving the univariatepolynomialand
restrictingthe scaleto a positive real value ¢� s��¥�Ò ¦ This eliminatesthenegative componentsof the rootsandthe
complex values.Theadmissiblevalue¢� ���¥ ¦ of thescaleparameteris chosenandsubstitutedin thelinearfunctions
that characterizethe threeelementsof the skew-symmetricmatrix ^ leadingto the solutionof the elementsof the
rotationmatrix D � . Thetranslationelementsarethendeducedfrom the transformationequation.Theadvantageof
usingtheGröbnerbasesalgorithm is thefactthatthereexistsno requirementfor prior knowledgeof theapproximate
valuesof the7-transformationparametersasis usuallythecase.

TheGröbnerbasesalgorithmmanagedto solve theMinimumDistanceMappingproblemandin sodoing,enabling
the mappingof points from the topographical surfaceto the InternationalReferenceEllipsoid of Revolution. The
univariatepolynomialobtainedwas identical to that obtainedby E. Grafarend andP. Lohse(1991). This implies
thatthealgebraictoolsof GröbnerbasesandtheMultipolynomialresultantscanalsobeusedto checkthevalidity of
existingclosedform proceduresin Geodesy.

TheGauss-Jacobicombinatorialalgorithmhighlightedoneimportantfactwhile solvingtheoverdetermined7 param-
etertransformationproblem;thatthestochasticityof bothsystemsinvolvedcanbetakeninto account.This hasbeen
thebottleneckof theproblemof 7-datumtransformationparameters.

In conclusion,thepresentstudyhascontributedtowardsthesolutionof nonlinearGPS/LPSobservationsin Geodesy.
By testingthe Gröbnerbasesandthe Multipolynomialresultantstechniqueson the selectedgeodeticproblemsand
casestudies,thestudyhasestablishedthat themethodsare suitabletools to beappliedin solvingclosedform prob-
lemsin Geodesy. The only requirementsis that the nonlineargeodeticobservation equationshave to be converted
into algebraic(polynomial)form. Besidesthesolutionof nonlinearequationsin closedform, theGröbnerbasesand
the Multipolynomial resultantsapproachescan be usedto check the validity of the existing closedform procedures
in Geodesy. The studyhasfurther establishedthat the Gauss-Jacobi combinatorialalgorithm offers an alternative
procedureto iterativeandlinearizationapproachesthatnormallyrequireapproximatestartingvalues.With thesead-
vantages,theoverdeterminedproblemsof GPSpseudo-ranging,three-dimensionalresectionand7 parameterdatum
transformationweresolved. Besides,theGauss-Jacobicombinatorialalgorithm takesinto accountthefull informa-
tion of theobservationsandparameterspacevia thenonlinearerrorpropagation/variance-covariancepropagation.



Appendices

Appendix A-1: Definitions

To enhancetheunderstandingof the theoryof Gröbnerbasespresentedin Chapter2, the following definitionssup-
plementedwith exampleswill helpin developingideasthatleadto thedefinitionof thebasisof anIdeal, in particular
theStandard Basisknown astheGröbnerbasisof anIdeal in apolynomialring.

Definition A-1 (monomial):
A monomialisamultivariateproductof theform ¢
R ü  ¢�R ý{ Ò0Ò
Ò ¢ RTSU $�:#K   $�Ò
Ò0Òå$;K U B���ª U¦ in thevariables¢   $�Ò
Ò0Òå$?¢ U .

ExampleA-1 (E. Grafarend,P. LohseandB. Schaffrin 1989,p.128):
Considerequation(1.30)usedfor the solutionof distancesin the three-dimensionalresectionproblemgiven
below as ÆÐÐÇ ¢�{  Ä ,�´J  { ¢9 �¢ { Ä ¢W{{ Ä ´ ­-­ 'KP¢�{{ Ä ,RÊ {-� ¢ { ¢ � Ä ¢�{� Ä Ê ­2­ '�P¢ {� Ä ,�Ë �  %¢ � ¢�  Ä ¢ {   Ä Ë ­2­ 'NPV °3±�²p± ¢   ��¥ ¦ $J¢ { �~¥ ¦ $2¢ � ��¥ ¦
with thevariables5
¢   $?¢ { $?¢ � $ 8 theothertermsbeingknown constants,then W�¢�{  $2¢   ¢ { $2¢W{{ $?¢ { ¢ � $?¢�{� $2¢ � ¢  �X
is saidto beasetof monomialsin thevariables50¢9 �$?¢ { $2¢ � Ò 8

ExampleA-2 (E. GrafarendandJ. Shan1996,p.138):
Considerthepseudo-rangingfour-pointproblemfor determiningtheunknown coordinatesof thestationaryre-
ceiverandthestationaryreceiver rangebiasgivenby equation(1.6)asfollowsÆÐÐÐÐÐÐÐÐÐÐÐÐÇ

:C¢   [ ´�Ì�B?{ Ä :<¢ { [ Ê%Ì6BG{ Ä :<¢ � [ Ë7Ì�B?{ [ :<¢ ¡ [ µ+Ì6B?{E'NP:C¢   [ ´   B?{ Ä :<¢ { [ Ê   BG{ Ä :<¢ � [ Ë   B?{ [ :<¢ ¡ [ µ   B?{E'NP:C¢   [ ´ { B { Ä :<¢ { [ Ê { B { Ä :<¢ � [ Ë { B { [ :<¢ ¡ [ µ { B { 'NP:C¢9  [ ´ � B?{ Ä :<¢ { [ Ê � BG{ Ä :<¢ � [ Ë � B?{ [ :<¢3¡ [ µ � B?{E'NPV °W±
²p± ¢� p$2¢ { $2¢ � $?¢W¡y��¥:C´ Ì $%Ê Ì $-Ë Ì B!'Â:<¢ Ì $ > Ì $;@ Ì BZYN� Ì:C´J 6$%Ê0 6$-Ë
 �B!'Â:<¢   $ >   $;@   BZYN�  :C´ { $%Ê { $-Ë { B!'Â:<¢�{R$ > {�$;@�{0BZYN�y{:C´ � $%Ê � $-Ë � B!'Â:<¢��R$ > ��$;@��0BZYN�y�
with W � Ì $-�   $2�y{R$2�y�[X beingthepositionof thefour GPSsatellites,their rangesto thestationaryreceiverat �
givenby 5�µ+ÌR$-µ   $2µ { $-µ � 8 . Theparameters:³5�´+Ì+$-Ê%Ì+$2Ë7Ì 8 , 5
´   $%Ê   $2Ë  �8 , 5
´ { $%Ê { $-Ë { 8 , 5�´ � $-Ê � $-Ë � 8 , 5
µ+Ì+$-µ   $2µ { $-µ � 8 B
areelementsof thesphericalconethatintersectat � to givethecoordinates50¢   $2¢ { $?¢ � 8 of thereceiverandthe
stationaryreceiver rangebias ¢ ¡ Ò TheequationsabovecanbeexpandedasfollowsÆÐÐÇ ¢W{  [ ,�´�Ì0¢   Ä ¢W{{ [ ,RÊ%Ì0¢ { Ä ¢W{� [ ,RË7Ì�¢ � [ ¢�{¡ Ä ,�µ+Ì0¢ ¡ Ä ´�{Ì Ä Ê7{Ì Ä Ë�{Ì Ä µ�{Ì '�P¢ {   [ ,�´   ¢   Ä ¢ {{ [ ,RÊ   ¢ { Ä ¢ {� [ ,RË   ¢ � [ ¢ {¡ Ä ,�µ   ¢ ¡ Ä ´ {   Ä Ê {   Ä Ë {   Ä µ {   '�P¢W{  [ ,�´ { ¢   Ä ¢W{{ [ ,RÊ { ¢ { Ä ¢W{� [ ,RË { ¢ � [ ¢�{¡ Ä ,�µ { ¢ ¡ Ä ´�{{ Ä Ê7{{ Ä Ë�{{ Ä µ�{{ '�P¢W{  [ ,�´ � ¢   Ä ¢W{{ [ ,RÊ � ¢ { Ä ¢W{� [ ,RË � ¢ � [ ¢�{¡ Ä ,�µ � ¢ ¡ Ä ´�{� Ä Ê7{� Ä Ë�{� Ä µ�{� '�P

with the variables 5
¢9 �$?¢ { $?¢ � $2¢3¡ 8 , the other termsbeingknown constants,then W ¢W{  $?¢� p$2¢W{{ $?¢ { $?¢�{� $2¢ � $2¢W{¡ $?¢W¡ X is
saidto bea setof monomialsin thevariables5
¢� 6$2¢ { $?¢ � $?¢W¡RÒ 8
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ExampleA-3 (E. GrafarendandP. Lohse1991,equation1(3),p.93):
Considerequation1(3) usedto map the topographicalsurfacepoint embeddedinto a three-dimensionalEu-
clideanspace¥@� ontoa (reference)ellipsoidof revolutionsubjectto theconstrainthattheprojectionpoint is a
point on the(reference)ellipsoidof revolution. Equation1(3)givenbyÆÐÐÇ [ :C� [ ¢   B Ä Ê7{�¢   ¢ ¡ 'KP[ :X� [ ¢ { B Ä Ê7{�¢ { ¢ ¡ '�P[ :u� [ ¢ � B Ä Ê�{7¢ � ¢ ¡ 'NPÊ�{�¢W{  Ä Ê7{0¢W{{ Ä ´�{�¢�{� [ ´�{6Ê7{E'KP

where :<��$-��$7�EB areknown topographicalcoordinatesfrom e.g. GPS,three-dimensionalresectione.t.c., 56´�$-Ê 8 the
semi-majorandsemi-minoraxisrespectively. DesiredaretheellipsoidalCartesiancoordinates50¢   'K¢�$?¢ { ' > $?¢ � '\@ 8
of the projectedtopographicalpoint. 5
¢   $?¢ { $2¢ � $?¢ ¡R8 in this caseare the variableswhosemonomialsaregiven asW ¢�{  $2¢   $2¢   ¢ ¡ $?¢�{{ $?¢ { $2¢ { ¢ ¡ $?¢W{� $?¢ � $2¢ � ¢ ¡ X .
Definition A-2 (polynomial):

A polynomial ® ��ï�Ô ¢9 �$�Ò0Ò
ÒÈ$2¢ U £ in ¢9 �$�Ò0Ò
ÒÈ$2¢ U with coefficientsin thefield ï is a finite linearcombinationof
monomialswith pairwisedifferenttermsexpressedas®�'^] R ´ R ¢ R $¿´ R ��ï9$�¢ R 'Â:C¢ R ü $�Ò
Ò0Òå$?¢ RTS B�$_Kð'¬:#K   $�Ò
Ò0Òå$;K U B

ExampleA-4: Theequations ÆÇ ¢�{  Ä ,R´   { ¢   ¢ { Ä ¢W{{ Ä ´.­2­U'�P¢�{{ Ä ,+Ê {-� ¢ { ¢ � Ä ¢W{� Ä Ê�­-­U'KP¢�{� Ä ,RË �   ¢ � ¢   Ä ¢W{  Ä Ë
­2­À'�P
in ExampleA-1 in page97 aremultivariatepolynomialswith thefirst equationbeingamultivariatepolynomial
in two variables50¢� p$2¢ { 8 anda linearcombinationof themonomialsW ¢�{  $2¢9 %¢ { $2¢W{{ Ò X Thesecondequationis a
multivariatepolynomialin two variables5
¢ { $?¢ � 8 anda linearcombinationof themonomialsW ¢�{{ $2¢ { ¢ � $?¢W{� $ X
while thethird equationis a multivariatepolynomialin two variables5
¢ � $2¢  �8 anda linearcombinationof the
monomialsW ¢W{� $?¢ � ¢   $?¢�{  ÒNX

ExampleA-5: Thefour Equations

ÆÐÐÇ ¢�{  [ ,R´�Ì�¢   Ä ¢W{{ [ ,+Ê%Ì�¢ { Ä ¢�{� [ ,�Ë7Ì
¢ � [ ¢W{¡ Ä ,�µ+Ì0¢ ¡ Ä ´�{Ì Ä Ê7{Ì Ä Ë�{Ì Ä µ�{Ì 'KP¢�{  [ ,R´   ¢   Ä ¢W{{ [ ,+Ê   ¢ { Ä ¢�{� [ ,�Ë   ¢ � [ ¢W{¡ Ä ,�µ   ¢ ¡ Ä ´�{  Ä Ê7{   Ä Ë�{   Ä µ�{  'KP¢�{  [ ,R´ { ¢9  Ä ¢W{{ [ ,+Ê { ¢ { Ä ¢�{� [ ,�Ë { ¢ � [ ¢W{¡ Ä ,�µ { ¢W¡ Ä ´�{{ Ä Ê7{{ Ä Ë�{{ Ä µ�{{ 'KP¢�{  [ ,R´ � ¢9  Ä ¢W{{ [ ,+Ê � ¢ { Ä ¢�{� [ ,�Ë � ¢ � [ ¢W{¡ Ä ,�µ � ¢W¡ Ä ´�{� Ä Ê7{� Ä Ë�{� Ä µ�{� 'KP
presentedin ExampleA-2 aremultivariatepolynomialswith eachequationbeinga multivariatepolynomialin four
variables5�¢9 6$2¢ { $?¢ � $?¢W¡ 8 anda linearcombinationof themonomialsW ¢W{  $?¢9 �$?¢�{{ $2¢ { $?¢W{� $?¢ � $2¢W{¡ $?¢3¡ X .
ExampleA-6: Thefour Equations ÆÐÐÇ [ :C� [ ¢� �B Ä Ê7{�¢� 7¢W¡�'KP[ :X� [ ¢ { B Ä Ê7{�¢ { ¢3¡�'�P[ :u� [ ¢ � B Ä Ê�{7¢ � ¢ ¡ 'NPÊ�{�¢W{  Ä Ê7{0¢W{{ Ä ´�{�¢�{� [ ´�{6Ê7{E'KP

presentedin ExampleA-3 of page98 aremultivariatepolynomialswith the first equationbeinga multivari-
atepolynomialin two variables5
¢   $?¢ ¡R8 anda linearcombinationof themonomials5
¢   $2¢   ¢ ¡+8 . Thesecond
equationis a multivariatepolynomial in two variables 5�¢ { $?¢ ¡�8 anda linear combinationof the monomials5
¢ { $2¢ { ¢3¡ 8 . The third equationis a multivariatepolynomialin two variables50¢ � $2¢3¡ 8 anda linear combina-
tion of the monomials 5�¢ � $?¢ � ¢3¡ 8 , while the fourth equationis a multivariatepolynomialin threevariables5
¢� 6$2¢ { $?¢ � 8 anda linearcombinationof themonomialsW ¢�{  $2¢W{{ $2¢W{� X .
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Having definedthe terms“monomial” and “polynomial” above, we next definethe term “polynomial ring” upon
which the Gröbner basis is computedusing the B. Buchberger algorithm. In computingthe Gröbner bases, one
computestheGröbnerbasisof an Ideal ( `�� ï�Ô ¢� p$
Ò0Ò
Ò?¢ U £ ) which belongsto a Polynomialring of thefield ï . First
theterm"ring" is definedin orderto understandwhattheterm"Polynomialring" means.Webegin by consideringthe
definitionof linear Algebra. For literaturein linear Algebra we referto T. Becker andV. Weispfenning(1993Chapter
1, pp.1-60,1998).

Definition A-3 (linearalgebra):
Algebra canbedefinedasa set ^ of elementsanda finite set a of operations.In linear algebra theelements
of theset ^ arevectorsover thefield ¥ of realnumbers,while theset a is basicallymadeup of two elements
of internal relation namely“additive” and“multiplicative”. An additionaldefinition of the external relation
expoundson theterm linear algebra asfollows: A linear algebra over thefield of realnumbers¥ consistsof a
set b of objects,two internalrelationelements(either"additive" or "multiplicative") andoneexternalrelation
asfollows :X�P�W±�²p´�B- E'(gcK�gdb æeb ? b:X�P�W±�²p´�B { '(g�L g§¥ æeb ? b��6²fb æN¥ ? b:X�P�W±�²p´�B � '(g:M`gdb æ^b ? b
Thethreecasesareoutlinedasfollows:

* With respectto the internal relation K (“ join”), b asa linear spacein a vectorspaceover ¥�$ an Abeliangroup
written “additively” or “multiplicatively” : g $ih&$;j§�6b

Axiom “Additively” “Multiplicati vely”
writtenAbeliangroup writtenAbeliangroupK!: g $ih|B!'(g g Ä h KÅ: g $ih|B�'(g glk h

1 Associativity m§) Ä gÀ: g Ä h|B Ä j(' m§) k gU: gnk h|B k j='' g Ä :$h Ä j�B ' gnk :#h k j+B
(additiveassociativity) (multiplicativeassociativity)

2 Identity md, Ä g g Äpo ' g md, k g gnk )c' g
(additive identity, (multiplicative identity,
neutralelement) neutralelement)

3 Inverse my© Ä g g Ä : [ g B�' o my© k g gnkqg û   'sr
(additive inverse) (multiplicative inverse)

4 Commutativity m.� Ä g g Ä h 'th Ä g m.� k g gnk h '\h kqg
(additivecommutativity, (multiplicativecommutativity,

Abelianaxiom) Abelianaxiom)

with thetripletof axioms5<m§) Ä $;md, Ä $;my© Ä 8 or 5<m§) k $Amd, k $;my© k 8 constitutingthesetof groupaxiomsand 5<m.� Ä $;m.� k 8
theAbelianaxioms. Examplesof groupsinclude
(a)Thegroupof integer ª underaddition.
(b) Thegroupof non-zerorationalnumberu undermultiplication.
(c) Thesetof rotationabouttheorigin in theEuclideanplaneundertheoperationof compositefunction.

* With respectto theexternalrelation L thefollowing compatibilityconditionsaresatisfiedg $ihb�6br$.¯7$;v���¥L�:C¯7$ g BÅ'(gé¯Åæ g
1 distr. w�) Ä gé¯&æ : g Ä h¶BY'¬: g Ä h|B&æ~¯Y' w�) k g|¯&æ : gnk h|BY'�: gnk h¶B&æ�¯'K¯Åæ g Ä ¯&æ8h�' g æ~¯ Ä h æ~¯ '�:C¯!æ g B k h�' gnk :#hbæ�¯?B

1stadditivedistributivity 1stmultiplicativedistributivity
2 distr. ws, Ä gU:<¯ Ä v�BÅæ g ' g æ :<¯ Ä v�BY' ws, k gU:C¯ k v9BÅæ g ' g æ :<¯ k v�B' ¯&æ g Ä v`æ g ' g æ~¯ Ä g æ8v ' ¯ k :#v�æ g B�'Â: g æ~¯?B k v

2ndadditivedistributivity 2ndmultiplicativedistributivity

D3:1 æ g ' g æ�)c' g :#9�±p®�¯¶´���µnb�#F�.°3¯�#³µ�±
��¯³#u¯ > B
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* With respectto the internal relation M (“meet” ) thefollowing conditionsaresatisfiedg $ihÅ$;j@�8br$.¯Å��¥M¶: g $ih|B�'(g gnx h
Axiom Comments

1 Ass. m§) x gU: gnx h|B x j(' gnx :$h x j�B Associativity w.r.t
internalmultiplication

1 dist. w�) x Äzy gnx :$h Ä j+B!' glx h Ä gnx j Left andRight: g Ä h¶B x j(' gnx j Ä h x j additivedistributivity w.r.t
internalmultiplication

1 dist. w�) x{k y gnx :$h k j+BY'¬: gnx h|B k j Left andRight: gnk h|B x j(' g|k :#h x j�B multiplicativedistributivity
w.r.t internalmultiplication

2 dist. ws, x æ y ¯Åæ : gnx h|BY'�:C¯!æ g B x h Left andRight distributivity: gnx h|B&æ~¯Y' g|x :#hbæ�¯?B of internalandexternal
multiplication

Definition A-4 (ring):
A sub-algebra is calleda ring with identity if the following two conditionsencompassing(seven conditions)
hold:
(a) The set b is an Abeliangroup with respectto addition, i.e.four conditions 5<m§) Ä $;md, Ä $;my© Ä $;m.� Ä 8 of
Abeliangrouphold.
(b) Theset b is a semi-groupwith respectto multiplication; that is, 5<m§) x $Amd, x 8 holds. In otherwords,thesetb comprisesa monoid(i.e. a setwith two operations,associativity andidentity with respectto multiplication).
The last conditionis the left andright additive distributivity with respectto internalmultiplication 5<w�) x Ä 8
which connectstheAbelianGroupandthemonoid. b In total thefour conditionsforming theAbeliangroup(a)
andthethreeforming thesemi-group in (b) addup to form sevenconditionsenclosedin a ring in Figure6.

      

   

md, Ä
m§) Ä

my© Ä
m.� Ä

m§) x w�) x Ämd, x
FigureA1: Ring

Condition md, x makes b a “ring with identity” while theinclusionof my© x makesthering beknown asthe “division
ring” if every non-zeroelementof thering hasa multiplicative inverse.Thering becomesa “commutativering” if it
hasthecommutativemultiplicative m.� x . Examplesof rings include:
* Field ï of real numbers¥ , complex numbersC andrationalnumbersu . In particular, a ring becomesa field if
everynonzeroelementof thering hasaninverse.
* Integers ª
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* Polynomialfunction � in � variablesovera ring b expressedas �Â'}brÔ ¢9 p$�Ò0Ò
ÒÈ$2¢ U £ .
In the presentstudy, we will considera ring to be commutative andto includeidentity element.Thefield ï will be
usedin subsequentdefinition to refer he field of an arbitraryring 5�¥�$PC@$PuO��ï 8 Ò Having defineda ring, we next
expoundon theterm“Polynomialring”

Definition A-5 (polynomialring):
Let usconsideraring b . If weconsideranindeterminate¢p~�8b , aunivariatepolynomialis formedby assigning
coefficients ´ � ��b to the indeterminateandobtainingthe summationover finite numberof distinct integers.
Thus®¶:<¢�BY'e� R ´ R ¢ R $-´ R �6br$AK
� P
is said to be a univariate polynomialover b . If two polynomialsbe given suchthat ®+ p:<¢9B�' � � ´ � ¢ � and® { :<¢9B='�� Á Ê2Á�¢ Á $ thentwo binary operationadditionandmultiplication canbe definedon thesepolynomials

suchthat:
(a)Addition: ®R 6:C¢�B Ä ® { :<¢9B�' � î Ë î ¢ î $2Ë î 'K´ î Ä Ê î $2Ë î �6b
(b) Multiplicative: ®   :<¢9B7Òt® { :C¢�B�'e� î Ë0îp¢ î $-Ë0îy' �� ¦ Á;��î ´��uÊ2ÁR$2Ë
îd��b .

A collectionof polynomialswith theseadditiveandmultiplicative rulesforms a commutative ring with zero
elementandidentity 1. A univariatepolynomial ®¶:<¢9B obtainedby assigningelementś � belongingto theringb to thevariable5�¢ 8 is calledapolynomialring andis expressedas ®¶:<¢�BY'}b§Ô ¢ £ Ò In generaltheentirecollection
of all polynomialsin ¢� 6$�Ò
Ò0Òå$?¢ U with coefficientsin thefield ï thatsatisfythedefinitionof a ring above such
that the operationsaddition andmultiplication canbe carriedout is calleda polynomialring. Designated�&$
polynomialring is representedby � unknown variables¢ � over ï and is expressedas � gh' ï
Ô ¢� p$�Ò
Ò0Òå$?¢ U £ Ò
Its elementsarepolynomialsknown asunivariatewhen �¿'i) andmultivariateotherwise.To completethe
definitionof a polynomialring, we distinguishit from a polynomial.A polynomial,belongingto a polynomial
ring, is thesumof a finite setof monomials(seeDefinition A-1, page97 for thedefinitionof a monomial).A
completedefinitionof apolynomialis givenin DefinitionA-2, page98.

ExampleA-7: Considertheequationsof ExampleA-1 in page97. ThethreeequationsÆÇ ¢W{  Ä ,�´J  { ¢9 �¢ { Ä ¢�{{ Ä ´ ­-­ 'NP¢W{{ Ä ,RÊ {-� ¢ { ¢ � Ä ¢�{� Ä Ê ­-­ '�P¢W{� Ä ,�Ë �  %¢ � ¢�  Ä ¢W{  Ä Ë ­-­ 'KP
aresaidto be polynomialelementsof the polynomialring in threevariablesÔ ¢9 p$?¢ { $2¢ �7£ over the field of real
numbers¥ expressedas � gt'N¥ÂÔ ¢� 6$2¢ { $?¢ ��£ .

ExampleA-8: Considerequationsof ExampleA-2 expressedbelow

ÆÐÐÇ ¢�{  [ ,�´�Ì�¢   Ä ¢�{{ [ ,+Ê%Ì0¢ { Ä ¢W{� [ ,�Ë7Ì
¢ � [ ¢W{¡ Ä ,RµRÌ
¢ ¡ Ä ´�{Ì Ä Ê�{Ì Ä Ë�{Ì Ä µ�{Ì 'NP¢�{  [ ,�´   ¢   Ä ¢�{{ [ ,+Ê   ¢ { Ä ¢W{� [ ,�Ë   ¢ � [ ¢W{¡ Ä ,Rµ   ¢ ¡ Ä ´�{  Ä Ê�{   Ä Ë�{   Ä µ�{  'NP¢�{  [ ,�´ { ¢   Ä ¢�{{ [ ,+Ê { ¢ { Ä ¢W{� [ ,�Ë { ¢ � [ ¢W{¡ Ä ,Rµ { ¢ ¡ Ä ´�{{ Ä Ê�{{ Ä Ë�{{ Ä µ�{{ 'NP¢�{  [ ,�´ � ¢   Ä ¢�{{ [ ,+Ê � ¢ { Ä ¢W{� [ ,�Ë � ¢ � [ ¢W{¡ Ä ,Rµ � ¢ ¡ Ä ´�{� Ä Ê�{� Ä Ë�{� Ä µ�{� 'NP3Ò
The four equationsaresaidto be polynomialelementsof the polynomialring in four variablesÔ ¢   $?¢ { $2¢ � $2¢ ¡ £ over
thefield of realnumbers¥ expressedas ��gh'N¥�Ô ¢   $?¢ { $2¢ � $?¢ ¡ £ .
ExampleA-9: Considerequationin ExampleA-3, page98expressedbelowÆÐÐÇ [ :<� [ ¢� �B Ä Ê7{0¢9 �¢3¡c'�P[ :C� [ ¢ { B Ä Ê7{0¢ { ¢3¡�'NP[ :F� [ ¢ � B Ä Ê�{�¢ � ¢3¡
'KPÊ7{�¢�{  Ä Ê�{�¢W{{ Ä ´�{�¢�{� [ ´�{�Ê7{E'�PJÒ

Thefour equationsaresaidto bepolynomialelementsof thepolynomialring in four variablesÔ ¢9 �$?¢ { $2¢ � $?¢3¡ £
over thefield of realnumbers¥ expressedas �¬gh' ¥ÂÔ ¢9 �$?¢ { $?¢ � $2¢3¡ £ Ò
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In thecaseof univariatepolynomials, theformatof presentationisusuallythatof eitherascendingordescendingorders
with respectto thepower of the variableinvolved. Thesituationis however complicatedin the caseof multivariate
polynomialswherean ordering systemhasto be defined. We mentionherethe threecommonlyusedmonomial
orderingsystemsnamely; lexicographic ordering, gradedlexicographic ordering andgradedreverselexicographic
ordering. First wedefinethemonomialorderingbeforeconsideringthethreetypesof monomialordering.

Definition A-6 (monomialordering):
A monomialorderingon ï�Ô ¢9 6$�Ò0Ò0Òå$?¢ U £ is any relation> on ª U � Ì or equivalentlyany relationon theset ¢ R $�K��ª U � Ì satisfyingthefollowing conditions:
(a) is total (or linear)orderingon ª U � Ì
(b) If K
��L and M��`ª U � Ì , then K Ä M��pL Ä M
(c) > is awell orderingon ª U � Ì .
This conditionis satisfiedif andonly if everystrictly decreasingsequencein ª U � Ì eventuallyterminates.

Definition A-6a (Lexicographicordering):
This is akin to the orderingof words usedin dictionaries. If we definea polynomial in threevariablesas� 'Âï�Ô ¢�$ > $;@ £ andspecifyanordering ¢�� > �}@ , thenany termwith ¢ will supersedethatof > which in tern
supersedesthatof @3Ò If thepowersof thevariablesfor respectivemonomialsaregivenas Kð'¬:#K| p$�Ò
Ò0Òå$;K U B andL ' :$L� 6$�Ò
Ò0Òå$iL U B�$;K!$iLK� ª U � Ì $ then KG�{��� ó L if in thevectordifferenceK [ LN�bª U $ themostleft non-zero
entryis positive. For thesamevariable(e.g. ¢ ) this subsequentlymeans¢ R � ��� ó ¢���Ò

ExampleA-10: ¢�� > ¼ @[� is anexampleof lexicographicordering.
As asecondexample,considerthepolynomial ®�'�,�¢W{ > Î [ ©�¢ ¼ > @ ¡ Ä ¢ > @+� [ ¢ > ¡ , wehavethe lexicographic
order; ®�' [ ©�¢ ¼ > @ ¡ Ä ,p¢W{ > Î [ ¢ > ¡ Ä ¢ > @���ê ¢�� > ��@ .

Definition A-6b (Gradedlexicographicordering):
In this case,the total degreeof themonomialsis takeninto account.First, oneconsiderswhich monomialhas
the highesttotal degreebeforelooking at the lexicographicordering. This orderinglooks at the left most(or
largest)variableof a monomialand favours the largestpower. Let K!$iL �¬ª U � Ì $ then K��{��� ��� ó L if ê K&êÅ'U����   K � �Âê L!ê�' U����   L ��� m ê KÅê�'¬ê L!ê , and K��{��� ó LY$ in K [ L ��ª U $ themostleft nonzeroentryis positive.

ExampleA-11: ¢ Î > �E@�{�� ��� ��� ó ¢ Ï > {E@��YêÈ:C¾J$-©J$%,RB8� ��� ��� ó :C13$-,J$2©+B�$;�2ÛÈl���k�êÈ:X¾J$-©J$-,+B7êW'¹)
©6�Lêå:C13$-,.$-©+B7ê�' )+)�n�lWq1K [Lb'L:F,.$0)+$ [ )6B . Sincetheleft mosttermof thedifference(2) is positive, theorderingis gradedlexicographic.
As a secondexample,considerthe polynomial ® ' ,�¢W{ > Î [ ©R¢ ¼ > @ ¡ Ä ¢ > @+� [ ¢ > ¡ $ we have the graded
lexicographicorder; ®�' [ ©R¢ ¼ > @ ¡ Ä ,�¢W{ > Î [ ¢ > ¡ Ä ¢ > @���ê ¢�� > �t@ .

Definition A-6c (Gradedreverselexicographicordering):
In this case,the total degreeof the monomialsis taken into accountas in the caseof gradedlexicographic
ordering. First,oneconsiderswhich monomialhasthehighesttotal degreebeforelooking at thelexicographic
ordering. In contrastto the gradedlexicographicordering, onelooksat the right most(or largest)variableof

a monomialand favours the smallestpower. Let K!$iL ��ª U � Ì $ then K�� �P� �-�P��� ó L if ê K&ê�' U����   K � � ê L!ê�'U����   L�� � m ê K&ê+' ê L , and K��{�P� �-�P��� ó L , andin K [ L ��ª U theright mostnonzeroentryis negative.

ExampleA-12: ¢ Î > �E@�{��{��� ���P��� ó ¢ Ï > {E@��YêÈ:C¾J$-©J$%,RBz�{��� �-�P��� ó :C13$-,J$2©+B�$;�2ÛÈl���k�ê÷:X¾J$2©3$-,+B�ê+'Â)
©4��êÈ:C13$-,J$2©+B0êR'Â)+)�n�lWq1K [L ' :F,.$0)+$ [ )6B . Sincetheright mosttermof thedifference(-1) is negative, theorderingis gradedreverselexi-
cographic. As a secondexample,considerthepolynomial ®�' ,p¢�{ > Î [ ©R¢ ¼ > @ ¡ Ä ¢ > @+� [ ¢ > ¡ , we have the
gradedreverselexicographicorder: ®�'�,�¢W{ > Î [ ©�¢ ¼ > @ ¡ [ ¢ > ¡ Ä ¢ > @���ê ¢�� > �p@ .

If we considera non-zeropolynomial ® '�� R ´ R ¢ R in ï�Ô ¢   $�Ò0Ò0Ò
ÒÈ$2¢ U £ andfix the monomialorder, the following
additionaltermscanbedefined:

Definition A-7

Multidegr ee of ® : Multideg ( ® )= ��n�Z9:IK���ª U � Ì ê ´ R í'KP+B
Leading coefficient of ® : LC ( ® )= ´[� ��¡ ¢ D £�¤-¥+¦�§<¨ ��ï
Leading monomial of ® : LM ( ® )= ¢ �f�E¡ ¢ D £E¤-¥E¦�§<¨ (with coefficient1)
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Leading term of ® : LT ( ® )=LC ( ® ) LM ( ® )

ExampleA-13: Considerthepolynomial ® '·,p¢W{ > Î [ ©R¢ ¼ > @ ¡ Ä ¢ > @+� [ ¢ > ¡ with respectto lexicographicorder50¢�� > ��@ 8 , wehave
Multideg ( ® )=(5,1,4)
LC ( ® )= -3
LM ( ® )= ¢ ¼ > @ ¡
LT ( ® )= [ ©�¢ ¼ > @ ¡

Thedefinitionsof polynomialorderingabovehavebeenadoptedfrom D. Coxet. al. (1997pp.52-58).Mostcomputer
algebramakesuseof the lexicographicordering (D. Coxet al. 1997pp. 56-57,J. H. Davenportet al. 1988p. 72).
Thepresentstudyrestrictsitself to lexicographicordering.
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Appendix A-2: Simplexesfor “Stuttgart Central”
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FigureA2: Combinatorialsimplexesfor thefor testnetwork “Stuttgart Central”
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FigureA3: Combinatorialsimplexesfor thefor testnetwork “Stuttgart Central” continues
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FigureA4: Combinatorialsimplexesfor thefor testnetwork “Stuttgart Central” continues
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FigureA5: Combinatorialsimplexesfor thefor testnetwork “Stuttgart Central” continues
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FigureA6: Combinatorialsimplexesfor thetestnetwork “Stuttgart Central” continues

Appendix A-3: Err or propagation

Nonlinear random effectmodel (univariate)

Considera function > '*®¶:I@�B where > is a scalarvaluedobservation and @ a randomeffect. Threecasescanbe
specifiedasfollows:

Case1 ( ©=ª assumedto beknown):
By Taylor seriesexpansionwehave®¶:I@�BY'�®¶:$©=ª6B Ä ))�« ® ÿ :$©=ª6B�:I@ [ ©=ª6B Ä ),¬« ® ÿ ÿ :#©=ªpB�:#@ [ ©=ª6B { Äp­ :C©�B7§5 > 8 '}7§56®¶:I@�B 8 '�®¶:$©=ª6B Ä ),¬« ® ÿ ÿ :$©=ª6B�7�5�:#@ [ ©=ª6B { 8 Ä�­ :X©+B
leadingto (cf. E. GrafarendandB. Schaffrin 1983,p.470)®® ¯F7§5 > 8 '�®¶:$© ª B Ä  {�¯ ® ÿ ÿ :#© ª B?H�{ª Äp­ :C©+ByÒ

7§5�: >=[ 7§5 > 8 B { 8 '}7§5�Ô ® ÿ :#©=ª�B0:#@ [ ©=ªpB Ä ),�« ® ÿ ÿ :$©=ªpB�:I@ [ ©=ª�B { Ä�­ :X©+B [[ ),¬« ® ÿ ÿ :$© ª BGH {ª [ ­ :X©+B £ { 8 $
hence7�5�Ô >=[ 7§5 > 8 £ Ô >d[ 7�5 > 8 £ 8 is givenbyH {ù '�® ÿ { :$© ª B?H {ª [ )� ® ÿ ÿ { :$© ª BGH ¡ª Ä ® ÿ ® ÿ ÿ :#© ª Bi7§5�:I@ [ © ª B � 8 ÄÄ )� ® ÿ ÿ { 7�5�:#@ [ © ª B ¡ 8 Ä�­ :X©+B7Ò
Finally if @ is quasi-normallydistributed, we havefrom E. GrafarendandB. Schaffrin (1983,p.468)that° � '}7§5�:I@ [ © ª BG� 8 'NP and ° ¡ '}7§5�:#@ [ © ª B ¡ 8 'N© ° {{ 'N©RH ¡ª leadingto®® ¯FH�{ù '�® ÿ {+:$©=ªpBGH�{ª Ä  { ® ÿ ÿ {+:$©=ªpBGH ¡ª Ä�­ :X©+B
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Case2 ( ©=ª unknown,but ± Ì known asafixedeffectapproximation(this impliesin E. GrafarendandB. Schaffrin
1983,p.470that ± Ì í'G©=ª )):
By Taylorseriesexpansionwe have®¶:#@�BY'N®¶:#± Ì B Ä ))�« ® ÿ :$± Ì B�:I@ [ ± Ì B Ä ),¬« ® ÿ ÿ :#± Ì B�:#@ [ ± Ì B { Ä�­ :X©+B
using ±�Ì
't© ª Ä :$±0Ì [ © ª Bd3²@ [ ±�Ì
'\@ [ © ª Ä :$© ª [ ±�Ì6B
we have ®¶:#@�BY'N®¶:#± Ì B Ä    ¯ ® ÿ :#± Ì B0:#@ [ ©=ªpB Ä    ¯ ® ÿ :#± Ì B�:$©=ª [ ± Ì B ÄÄ  {P¯ ® ÿ ÿ :$± Ì B�:I@ [ ©=ª6BG{ Ä  {�¯ ® ÿ ÿ :$± Ì B0:$©=ª [ ± Ì BG{ ÄÄ ® ÿ ÿ :#± Ì B�:#@ [ ©=ª6B�:#©=ª [ ± Ì B Ä�­ :X©+B
and 7�5 > 8 '\7§5p®¶:#@�B 8 'N®¶:#±�Ì6B Ä ® ÿ :$±�Ì6B�:#© ª [ ±�Ì�B Ä ), ® ÿ ÿ :$±0Ì�BGH {ª ÄÄ ), ® ÿ ÿ :$±�ÌpB�:#© ª [ ±�Ì�B { Äp­ :C©+B
leadingto 7§5�Ô >=[ 7§5 > 8 £ Ô >d[ 7§5 > 8 £ 8 asH {ù '¿® ÿ { :$± Ì BGH {ª Ä ® ÿ ® ÿ ÿ :#± Ì Bi7§5�:I@ [ ©=ª�B ��8 Ä ,R® ÿ ® ÿ ÿ :$± Ì B?H {ª :#©=ª [ ± Ì B ÄÄ  ¡ ® ÿ ÿ { :#±�ÌpB�7§5�:#@ [ © ª B ¡ 8 Ä ® ÿ ÿ { :$±0Ì6Bi7§5�:I@ [ © ª B ��8 :#© ª [ ±�Ì�B [[  ¡ ® ÿ ÿ { :$±�ÌpBGH ¡ª Ä ® ÿ ÿ { :#±�ÌpBGH {ª :$© ª [ ±�Ì6B { Äp­ :C©�B
andwith @ beingquasi-normallydistributed,thus ° � 's7§5�:#@ [ © ª B?� 8 'ÂP and ° ¡ '³7§5�:I@ [ © ª B ¡ 8 '© ° {{ '�©RH ¡ª $ wehave®® ¯FH�{ù '�® ÿ {+:$±�Ì6BGH�{ª Ä ,R® ÿ ® ÿ ÿ :#±�Ì6B?H�{ª :#© ª [ ±�ÌpB Ä  { ® ÿ ÿ {�:$±0Ì�BGH ¡ª Ä ® ÿ ÿ {R:#±�ÌpBGH�{ª :$© ª [ ±�Ì6BG{ Äp­ :C©�B

with thefirst andthird terms(on theright handside)beingtheright handsidetermsof case1 (cf. E. Grafarendand
B. Schaffrin 1983,p.470).

Case3 ( © ª unknown,but @�Ì known asarandomeffectapproximation):
By Taylorseriesexpansionwe have®¶:#@�B|'�®¶:#©=ª�B Ä ))�« ® ÿ :$©=ªpB�:I@ [ ©=ª6B Ä ),¬« ® ÿ ÿ :#©=ª�B0:#@ [ ©=ªpB { ÄÄ )©_« ® ÿ ÿ ÿ :#©=ªpB�:#@ [ ©=ª6B � Äp­ :#��B
changing @ [ ©=ªc'}@ ÌÀ[ ©=ª�'G@ ÌU[ 7�5<@ Ì 8 [ :$©=ª [ 7§5:@ Ì 8 B
andthe initial bias [ :$©=ª [ 7§5<@ Ì 8 BY'\7�5<@ Ì 8 [ ©=ªc'(g'L Ì
leadsto ®® ¯F@ [ © ª '\@�Ì [ 7§5:@
Ì 8 Ä LWÌ�Ò
If wealsochange®¶:$© ª B�'N®¶:I@
Ì6B Ä ® ÿ :#@�Ì6B�:$© ª [ @�Ì
B Ä´­ :X,+B7$p® ÿ :#© ª BY'¿® ÿ :#@�Ì�B Ä ® ÿ ÿ :I@
Ì6B�:#© ª [ @
Ì�B Ä�­ :X©+B
etc,thederivativesbecamerandomeffectsandcannotany longerbeseparatedin 7§56® ÿ :$© ª B�:I@ [ © ª B 8 '® ÿ :$© ª B�7§5�:#@ [ © ª B 8 etc.Consider:#@ [ © ª B { '¬:#@�Ì [ 7§5<@�Ì 8 B { Ä L {Ì Ä ,J:I@�Ì [ 7§5:@�Ì 8 B�L3Ì
we have ®¶:#@�B|'�®¶:#© ª B Ä    ¯ ® ÿ :$© ª B0:#@�Ì [ 7§5<@�Ì 8 B Ä    ¯ ® ÿ :#© ª B�L3Ì ÄÄ  {�¯ ® ÿ ÿ :$© ª B�:I@
Ì [ 7§5:@�Ì 8 B?{ Ä  {�¯ ® ÿ ÿ :#© ª B�L�{Ì Ä ® ÿ ÿ :#© ª B0:#@�Ì [ 7§5<@�Ì 8 B-LWÌ Ä�­ :X©+B7§5 > 8 '¿®¶:$©=ª6B Ä ® ÿ :#©=ª6B�L Ì Ä ), ® ÿ ÿ :$©=ªpBGH {ªiµ Ä ), ® ÿ ÿ :#©=ª�B�L {Ì Äp­ :C©�B
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leadingto 7§5�Ô >=[ 7§5 > 8 £ Ô >d[ 7§5 > 8 £ 8 asH�{ù 'N® ÿ {+:$© ª BGH�{ª µ Ä ® ÿ ® ÿ ÿ :$© ª B�7§5�:#@�Ì [ 7§5<@�Ì 8 BG� 8 Ä,R® ÿ ® ÿ ÿ :#©=ª�B?H�{ªiµ L Ì Ä  ¡ ® ÿ ÿ {+:$©=ªpB�7§5�:#@ ÌÀ[ 7§5<@ Ì 8 B ¡ 8 Ä® ÿ ÿ {R:#© ª B�7§5�:#@�Ì [ 7�5<@�Ì 8 BG� 8 L3Ì Ä ® ÿ ÿ {+:$© ª BGH�{ªiµ L�{Ì ÄÄ  ¡ ® ÿ ÿ {+:$© ª BGH ¡ªiµ [  { ® ÿ ÿ {R:#© ª B�7§5�:#@�Ì [ 7�5<@�Ì 8 B?{ 8 H�{ªiµ Äp­ :C©�B
andwith @
Ì beingquasi-normallydistributed, thus ° � '�7§5�:I@
Ì [ 7§5<@�Ì 8 BG� 8 '¹P and ° ¡ '¶7�5�:#@�Ì [7§5<@�Ì 8 B ¡ 8 'N© ° {{ 'N©RH ¡ª µ $ we have®® ¯FH�{ù '�® ÿ {R:$©=ªpB?H�{ª µ Ä ,R® ÿ ® ÿ ÿ :#©=ª�B?H�{ª µ L Ì Ä  { ® ÿ ÿ {+:$©=ªpBGH ¡ª µ Ä ® ÿ ÿ {+:$©=ª µ BGH�{ª µ L�{Ì Äp­ :C©+B

with thefirst andthird terms(on theright handside)beingtheright handsidetermsof case1 (cf. E. Grafarendand
B. Schaffrin 1983,p.470).

Appendix A-4: C. F. Gausscombinatorial approach
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