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Tag der mündlichen Prüfung: 8. Dezember 2008

1. Institut für Theoretische Physik der Universität Stuttgart

2008





Inhaltsangabe

”
Exceptional points“ oder

”
Ausnahmepunkte“ stellen eine besondere Art einer Entartung

dar. Sie kann bei Resonanzen in parameterabhängigen Quantensystemen, die durch einen
nicht-hermiteschen Hamiltonoperator beschrieben werden, auftreten. Ausnahmepunkte
sind Orte im Parameterraum, an denen zwei oder sogar mehr Resonanzen eine Verzwei-
gungssingularität durchlaufen. An den kritischen Parameterwerten sind die Energien,
die Breiten und die Wellenfunktionen, die die Resonanzen beschreiben, identisch. Die
zwei mit der Verzweigung verbundenen Zustände weisen für eine Umrundung der Ver-
zweigungssingularität eine geometrische Phase auf.

In der vorliegenden Arbeit werden Ausnahmepunkte in zwei wichtigen Quantensys-
temen untersucht. Das erste System ist das Wasserstoffatom in gekreuzten, externen
elektrischen und magnetischen Feldern. Es vertritt die Klasse der Atome in statischen
äußeren Feldern, die als fundamentale Quantensysteme sowohl experimentell als auch
mit theoretischen Methoden zugänglich sind und ideal geeignet sind, um den Einfluss
der Ausnahmepunkte zu studieren. Die Resonanzen des Wasserstoffatoms werden nu-
merisch unter Zuhilfenahme der Methode der komplexen Rotation berechnet. Eine Vor-
gehensweise, Ausnahmepunkte gezielt aufzuspüren, wird ausgearbeitet und die Existenz
von Ausnahmepunkten wird nachgewiesen. Der Einfluss der Verzweigungssingularitäten
auf die Energien der Resonanzen, die Wellenfunktionen und den Photoionisationswir-
kungsquerschnitt wird analysiert. Darüber hinaus wird eine Möglichkeit vorgeschlagen,
Ausnahmepunkte in einem Experiment mit Atomen in äußeren Feldern zu beobachten.

Die Untersuchung der Resonanzen in Spektren des Wasserstoffatoms, die in dieser
Arbeit durchgeführt wird, deckt weiterhin Strukturen auf, die einen Einblick in den
Ionisationsmechanismus erlauben. Die Ionisation des Wasserstoffatoms in gekreuzten
elektrischen und magnetischen Feldern wurde z.B. unter Anwendung der klassischen
Theorie der Übergangszustände untersucht. Die hier vorgestellten Rechnungen zeigen
eindeutige Hinweise auf einen wichtigen Einfluss des klassischen Übergangszustands auf
Quantenspektren.

Eine zweite Klasse von Quantensystemen, in denen Ausnahmepunkte auftreten, stellen
die stationären Zustände von Bose-Einstein-Kondensaten dar. Diese lassen sich durch die
nichtlineare Gross-Pitaevskii-Gleichung beschreiben. Es ist bekannt, dass gemeinsam mit
dem Grundzustand bei Variation der Systemparameter ein zweiter stationärer Zustand
der Gross-Pitaevskii-Gleichung aus einer Tangentenbifurkation heraus entsteht. In der
vorliegenden Arbeit wird aufgezeigt, dass die Gesamtenergien, die chemischen Potentiale
und die Wellenfunktionen dieser beiden Zustände am Bifurkationspunkt das Verhalten
eines Ausnahmepunkts aufweisen. Die Ergebnisse erlauben es, das Konzept des Ausnah-
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mepunkts auf nichtlineare Quantensysteme auszuweiten. Zwei Arten von Kondensaten
werden zu diesem Zweck untersucht. Bose-Einstein-Kondensate mit einer laserinduzier-
ten, gravitationsartigen 1/r-Wechselwirkung liefern durch analytisch darstellbare Lösun-
gen einen direkten Beweis für die Existenz der Ausnahmepunkte. Die in diesem System
erhaltenen Ergebnisse lassen sich dann nutzen, um Ausnahmepunkte auch im experimen-
tell besonders interessanten und bereits realisierten Fall der Bose-Einstein-Kondensation
dipolarer Gase zu identifizieren und zu beschreiben.
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Abstract

Exceptional points are a special type of degeneracy which can appear for the resonances
of parameter-dependent quantum spectra described by non-Hermitian Hamiltonians.
They represent positions in the parameter space at which two or even more resonances
pass through a branch point singularity. At the critical parameter values, the energies,
the widths, and the wave functions describing the resonances are identical. The branch-
ing eigenstates show a geometric phase for a parameter space loop around the branch
point.

In this thesis exceptional points are investigated in two important quantum systems.
The first system is the hydrogen atom in crossed external electric and magnetic fields. It
is a representative for the class of atoms in static external fields, which are as fundamental
quantum system accessible both with experimental and theoretical methods and are
ideally suited to study the influence of exceptional points. The resonance spectra of
the hydrogen atom are numerically calculated with the complex rotation method. A
procedure to systematically search for exceptional points is elaborated and the existence
of exceptional points is proven. The influence of the branch point singularities on the
resonance energies, the wave functions, and the photoionization cross section is analyzed.
In addition, a possibility for the observation of exceptional points in an experiment with
atoms is proposed.

The investigation of the resonances in spectra of the hydrogen atom in this thesis
furthermore reveals structures which can provide an insight into the ionization mecha-
nism. The ionization mechanism of the hydrogen atom in crossed electric and magnetic
fields has been investigated, e.g., by application of the transition state theory. Here,
calculations are performed which give clear evidence for an important influence of the
classical transition state in the quantum spectrum.

A second class of quantum systems in which exceptional points appear are the sta-
tionary states of Bose-Einstein condensates. They are described by the nonlinear Gross-
Pitaevskii equation and it is known that by a variation of the system’s parameters the
ground state and a second stationary solution are born together in a tangent bifurcation.
It is pointed out in this thesis that the mean field energies, the chemical potentials, and
the wave functions show at the point of bifurcation the behavior of an exceptional point.
The results allow for the extension of the concept of exceptional points to nonlinear
quantum systems. Two types of condensates are investigated for this purpose. Bose-
Einstein condensates with a laser-induced gravity-like 1/r interaction exhibit analytic
solutions which directly prove the existence of exceptional points. The results obtained
in this system are used to identify and describe exceptional points in the Bose-Einstein
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condensation of dipolar gases which is of high experimental interest and has already
been realized.
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1 Introduction

1.1 Motivation

It is a common fact of quantum systems that above the ionization threshold resonances
exist among the continuum of unbound states. Resonances are long-lived or quasi bound
states. In the energy spectrum, they are normally described by their shape, their energy
(or position), and their width. As for the bound states of a quantum system resonances
can also show the effect of a degeneracy, where for a resonance a degeneracy means
that the energies and the widths of both states are identical. A special type of such
a coalescence, so-called “exceptional points” [1, 2], recently has attracted growing in-
terest theoretically [3–7] as well as experimentally [8–13]. Exceptional points can be
found in systems which depend on at least two real valued parameters. They are posi-
tions in the parameter space at which (normally) two energy eigenvalues pass through
a branch point singularity, i.e., the two eigenvalues can mathematically be described by
two branches of the same analytic function and the exceptional point is the branch point
singularity. If this is the case, also the eigenvectors (or wave functions) pass through a
branch point singularity and, hence, are identical at the exceptional point. Within the
framework of the linear Schrödinger equation, the existence of resonances is important
for the occurrence of exceptional points because the coalescence of two eigenstates with
identical eigenvectors is not possible in the spectra of Hermitian Hamiltonians, which
describe bound states. Here, always a set of orthogonal eigenstates, which never can
become identical, exists. For resonances, the situation is different. They are not in
the Hermitian domain of the Hamilton operator [14] and require a different description.
The complex rotation method [14–16] constructs non-Hermitian Hamiltonians, in whose
spectra resonances are uncovered as complex eigenvalues. For non-Hermitian Hamilto-
nians a condition which prohibits the coalescence of two eigenvectors does not exist and
the occurrence of exceptional points is possible.

The physical meaning of an exceptional point in a quantum system is that two quan-
tum mechanical eigenstates become completely identical at the critical parameter value,
i.e., the energies, the widths, and the wave functions are the same for two eigenstates
which are different at other parameter values. An important consequence of the exis-
tence of exceptional points in quantum systems is the occurrence of geometric phases
[17], which are the result of nontrivial topological structures in the parameter space. Ge-
ometric phases can be observed if the parameters of the system are varied continuously
on a closed curve around the critical value. After the return to the initial parameter
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1 Introduction

values the physical conditions are the same as in the beginning but the quantum me-
chanical eigenstates or wave functions can differ in the phase. The geometric phase
which appears in connection with exceptional points is rather complicated and deserves
a detailed analysis. If an exceptional point is encircled in its parameter space, one of
the two eigenfunctions which coalesce at the critical parameter value changes its phase
by the value of π and the phase of the other remains unchanged [2].

Physical systems in which exceptional points can appear have to depend on at least
a two-dimensional parameter space. Normally, the physical parameters which influence
the system are real and, thus, two real parameters are required. If exceptional points
shall be observable it must be possible to adjust these parameters in a sufficiently wide
range of the parameter space. Furthermore, the complex energy eigenvalues, typically
the positions (frequencies or energies) and widths of resonances, must be accessible with
a high precision. Examples are discussed, e.g., for complex atoms in laser fields [18], a
double δ well [19], the scattering of a beam of particles by a double barrier potential [20],
or models used in nuclear physics [21]. Furthermore, the resonant behavior of atom waves
in optical lattices [22] shows structures of exceptional points [5]. But the phenomenon of
exceptional points in physics is not restricted to quantum mechanics. Acoustic modes in
absorptive media [23] represent a mechanical system, in which branch point singularities
appear. The occurrence of coalescing modes in the light propagation in absorptive
media [24, 25] and branch points in PT -symmetric waveguides [7] are manifestations of
the same effect. The most detailed experimental analysis of exceptional points has been
done for the resonances of microwave cavities [8, 10, 12], which open the possibility to
study the properties of the complex resonance frequencies and the wave functions. In
particular, the geometric phase has been demonstrated experimentally [9, 11].

Despite the broad variety of physical systems in which exceptional points have been
verified, up to now they have not been found in atoms in static external fields. The
main reason is that there is only one parameter in the cases studied most intensely, viz.
atoms either in an electric or in a magnetic field. For the occurrence of exceptional
points, the parameter space has to be at least two-dimensional, i.e., at least two real
parameters are required, which can be represented by crossed electric and magnetic
fields. Atoms in static external electric and magnetic fields are fundamental physical
systems. As real quantum systems they are accessible both with experimental and
theoretical methods and have, e.g., very successfully been used for comparisons with
semiclassical theories [26–29]. The occurrence of phenomena like Ericson fluctuations in
photoionization spectra has been demonstrated both in numerical studies [30, 31] and
experiments [32]. Therefore, atoms in external fields are ideally suited to study the
influence of exceptional points on quantum systems.

In this thesis, the resonances of the hydrogen atom in static electric and magnetic fields
are investigated numerically and the first detection of exceptional points in this system
is reported. The confirmation of the existence of exceptional points supplements the
richness of phenomena which have been found in the spectra of atoms in static external
fields. Furthermore, a method which can be used to verify the existence of exceptional
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1.1 Motivation

points in experiments with atoms is proposed.
The resonances of the hydrogen atom in external fields reveal a further phenomenon

of the ionization mechanism. A classical description of this process is provided by the
transition state theory [33–36], which uses the classical electron motion near the Stark
saddle point, in whose vicinity the transition state is located, to distinguish between
ionizing and non-ionizing situations. It will be shown in this thesis that the classical
electron motion near the transition state described with a power series expansion of the
potential [37] leads to clear signatures in quantum resonance spectra.

The calculation of resonance spectra of the hydrogen atom in crossed electric and
magnetic fields requires the diagonalization of large matrices. Due to the application of
the complex rotation method these matrices are non-Hermitian but complex symmetric.
While for real symmetric and Hermitian matrices effective numerical algorithms exist,
this is not the case for complex symmetric eigenvalue problems. However, it is con-
ceivable that algorithms for real symmetric problems can be extended to the complex
symmetric case. It is one purpose of this thesis to fathom the possibilities to perform
such extensions.

While the main focus in the investigation of exceptional points so far has been on
open, linear quantum systems, it is possible to extend the concept to nonlinear quan-
tum systems. In particular, it is a known property of the nonlinear Gross-Pitaevskii
equation [38, 39] describing Bose-Einstein condensates that stationary solutions exist
only in certain regions of the parameter space governing the physics of the condensates.
Normally, in all types of Bose-Einstein condensates, the s-wave scattering length and the
number of particles belong to the parameters, and for the case of an attractive s-wave
contact interaction it was theoretically predicted (see, e.g., [40–42]), and experimentally
confirmed, that the condensate collapses when, for given negative scattering length, the
number of particles becomes too large [43–45] or the s-wave scattering length is tuned
below a critical value [46] via Feshbach resonances. Stationary solutions exist only above
the critical value of the scattering length. At that critical value not one but two station-
ary solutions are born in a tangent bifurcation [47, 48]. It can be shown that the point
of bifurcation corresponds to an exceptional point, where the eigenenergies as well as
the wave functions are identical and pass through a branch point singularity and, thus,
can be understood as a “nonlinear version” of an exceptional point.

Quite recently it was proven [49, 50] that a similar bifurcation behavior persists in
Bose-Einstein condensates where, in addition to the short-range (van der Waals-like)
interaction a long-range “gravity-like,” attractive 1/r interaction is present [51]. There,
too, the ground state and a second, excited, state of the condensate are born in a
tangent bifurcation, when crossing the borderlines in the parameter space spanned by
particle number, scattering length and trap frequency. The system stands out due to
the possibility of a self-trapped condensate, i.e., a stable condensate without external
harmonic trap. In the case of self-trapping, the investigation of exceptional points is
especially suitable because simple approximate analytic solutions exist, which directly
reveal the branch point singularity structure, i.e., it can be shown analytically that the
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1 Introduction

nonlinear extended Gross-Pitaevskii equation exhibits exceptional points.

In contrast to “monopolar” condensates, where the experimental realization has not
been achieved yet, dipolar Bose-Einstein condensates [52–57] are of high experimental in-
terest. In particular, the achievement of Bose-Einstein condensation in a gas of chromium
atoms [58], with a large dipole moment, has opened the way to promising experiments
on dipolar quantum gases [59, 60]. For example, the experimental observation of the
dipolar collapse of a quantum gas, which means the experimental realization of a nonlin-
ear quantum system close to an exceptional point, has been reported [61, 62]. With the
experience gained in the consideration of “monopolar” condensates it is straightforward
to search for exceptional points in the Bose-Einstein condensation of dipolar gases. The
appearance of a long-range interaction alongside the short-range contact interaction is
similar to the gravity-like “monopolar” case.

1.2 Outline

Chapter 2 gives an introduction to the basic concepts of exceptional points. Branch
point singularities are considered and their appearance in parameter dependent eigen-
value problems are discussed. The properties of the eigenvalues which pass through a
branch point singularity at an exceptional point are pointed out, the geometric phase
connected with exceptional points is presented, and the occurrence of chiral states is
mentioned. All aspects are demonstrated with a simple two-dimensional matrix model
and some results obtained in experiments with microwave cavities are cited. A brief
introduction to the complex rotation method used for the calculation of the resonances
of the hydrogen atom is given in chapter 3. The use of complex scaled variables and their
influence on the energy spectrum are discussed as well as the need to take special care
of complex scaled variables in inner products of vectors. Chapter 4 is devoted to large
scale eigenvalue problems. The possibility to perform extensions of algorithms for real
symmetric matrices to complex symmetric problems is discussed for direct approaches as
well as for iterative methods used in particular for the diagonalization of large matrices
with several thousand basis states. After the fundamental concepts have been covered in
the previous chapters, chapter 5 presents the verification of exceptional points in spectra
of the hydrogen atom. It is shown how it is possible to detect exceptional points in nu-
merical calculations by exploiting their properties and examples for exceptional points
are presented. In addition, a proposal for an experiment with atoms capable to confirm
exceptional points is given. The properties of exceptional points in spectra of atoms are
analyzed in chapter 6. In particular, the local structure of the energy eigenvalues near
the branch point singularities, and the paths of the complex energies for variations of the
external fields are discussed. Furthermore, the connection with avoided level crossings,
the geometric phase of the wave functions, and the influence of exceptional points on
dipole matrix elements and the photoionization cross section are investigated. Chapter
7 highlights the influence of the classical transition state on atomic spectra and analyzes
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1.2 Outline

the existence of signatures of the classical electron motion near the transition state on
exact quantum resonances. The concept of exceptional points is generalized to nonlinear
quantum systems in chapter 8, where the Gross-Pitaevskii equation for Bose-Einstein
condensates with attractive 1/r interaction is investigated. Here, it is shown that the
bifurcation point of the system corresponds to a “nonlinear version” of an exceptional
point both with a variational approach and numerically exact wave functions. The prop-
erties of exceptional points in the nonlinear system and the stability properties of the
two condensate wave functions emerging at the branch point are elaborated in detail.
In chapter 9 the methods developed in the previous chapter are extended to investigate
the experimentally relevant case of dipolar Bose-Einstein condensates. Conclusions are
drawn in chapter 10.
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2 Exceptional points

The term “exceptional point” is used in literature for the occurrence of branch point
singularities in the eigenspectra of linear maps [1] and has been extended to the discussion
of coalescing eigenstates in physical quantum systems [2]. In this chapter exceptional
points are introduced and their properties are discussed.

First, a description of branch point singularities is given in section 2.1. Then their
influence on the eigenspectra of linear maps is described in section 2.2 and a brief dis-
cussion of a simple example is added in section 2.3. Afterwards two of the consequences
of exceptional points in quantum systems, viz. the occurrence of geometric phases and
chiral states are discussed in section 2.4 and section 2.5, respectively. The last section
of this chapter covers a brief comparison of exceptional and diabolical points.

2.1 Branch point singularities

It is a common fact of analytic functions that one can distinguish between single-valued
and multiple-valued functions [63]. For example, one can consider an analytic function
f(z) which depends on one complex variable z. It is called a single-valued function if
its behavior at any particular point z0 is independent of the path one chooses to reach
the point in an analytic continuation. There is only one function value at the point z0.
This attribute does not exist for multiple-valued functions, for which different analytic
continuations used to reach a point z0 may result in different function values at the point
z0. The function has several “branches” with different function values. Furthermore it
can happen that the same point may be regular in one continuation and singular in the
other. For multiple-valued functions it is important to distinguish between the various
function values. In particular, for the description of physical problems with multiple-
valued functions, an identification of the correct answer to the question is crucial.

The conventional method to bring order in the multiple branches of solutions of a
function is the application of Riemann surfaces. Exceptional points are typically square
root branch points. Roots n

√
z of higher orders n can also appear but follow the same

mechanisms. Hence, the discussion of the Riemann surface of the square root is the best
starting point to consider the properties of exceptional points.

In general, Riemann surfaces can be constructed with the following method [63]. In the
vicinity of a point z1 in a certain region of the complex plain the multiple-valued analytic
function F (z) is expressed as a power series around z1. The expansion with its radius
of convergence defines a “functional element” and describes one part of the function
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Figure 2.1: Construction of a Riemann surface with power series expansions. (a) If
the areas within the radii of convergence of the different expansions are pasted together
such that identical points are bearers of the same function value in each expansion, one
gets a unique representation of one branch of a multiple-valued function. (b) The fourth
circle intersects with all preceding circles.

F (z) on one branch. The points within the circle of convergence are bearers of one
unique function value because the branch of the multiple-valued function is determined
by the expansion coefficients chosen. The first functional element can now be continued
by a second one which consists of a second power series around a point z2 of the first
continuation. It has its own radius of convergence (see figure 2.1(a)). The two parts
are pasted together such that they are bearers of the same unique function values in the
overlap region. The procedure can be continued with further power series in the same
manner and one gets a covering of the z-plane similar to the one shown in figure 2.1(a)
where only unique function values of one branch appear. If after repeated application
of the continuation a new functional element represented by its circle of convergence
intersects with one of the former disks which is not its direct predecessor (see, e.g.,
figure 2.1 (b)), two possible situations can appear. The first possibility is that the new
and the old disk can be bearers of the same function value. In this case the new circle
can be considered as a part of the single-valued continuation and can be pasted together
with the former ones. In the second possible case the continuation of the functional
elements with the method described above leads to different function values on the “old”
and the “new” disk. Now, the two overlapping disks are not pasted together. They
represent two different sheets of which each bears one of the multiple function values at
the same points z. On each sheet the function values are unique. Note that the borders
between different sheets are not defined absolutely. They depend on the initial point z1

that was chosen for the first power series expansion.

The square root of z, f(z) =
√
z has two function values for every z 6= 0 and can
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2.1 Branch point singularities

z
a

path 1

path 2

Figure 2.2: Two possible paths for the analytic continuation starting at a point on the
axis of positive reals with the end point za.

be considered as the simplest multiple-valued function. With the procedure described
above, the Riemann surfaces can be constructed by starting at a point on the axis of
positive reals. Then the entire complex plane can be covered with subsequent contin-
uations of the first expansion if the axis of negative reals is avoided. The result is one
of the two sheets which bears unique function values, i.e., it represents one branch of
the two solutions. If, for example, the border given by the axis of negative reals is tra-
versed during a complex continuation as depicted in figure 2.2 (path 1), the point za
bears a different function value as after the continuation which does no cross the border
(path 2). The two function values differ by the factor of e

1
2
·2iπ = −1. The second sheet

which bears the function values of the second branch, i.e., the function values of the first
branch with opposite sign, covers the complex plane a second time. However, the point
z = 0 has to be excluded because it has only one function value. Figure 2.3(a) shows
both sheets marked by red and green surfaces connected at a border. In the example
used here, this border was introduced as the axis of negative reals, however as denoted
above depending on the first covering of the complex plane, whose starting point can
be chosen arbitrarily, other locations of the border are possible. Again, one can proceed
the analytic continuation of the power series expansions (now on the second sheet) such
that the axis of negative reals is crossed, which corresponds to the open boundary in the
upper sheet in figure 2.3(a). The results are values which are multiplied with an addi-
tional factor of −1 and, therefore, are identical with those on the first sheet. Thus, both
sheets are not only connected at the dashed line of figure 2.3(a), but a second connection
between the two open boundaries has to be done by penetrating the intermediate sheet.
Figure 2.3(b) shows the result of the completed landscape of the two Riemann surfaces
of f(z) =

√
z.

Branch point singularities are points at which two or more branches coalesce, that is,
the function values of the different branches have the same value. At the branch points
the different sheets, which bear the unique function values of one branch, are connected.
As mentioned above, the function f(z) =

√
z has only one function value at z = 0

and this point, indeed, is a branch point. Here, the upper and the lower sheet of the
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2 Exceptional points

Figure 2.3: Construction of the Riemann surface for the function f(z) =
√
z. (a) An

analytic continuation shows that two sheets whose function values differ by a factor of
e

1
2
·2iπ = −1 exist. Starting at the first sheet (marked by the red surface) one crosses

the border to the second sheet (green surface) when the point z = 0 is encircled. (b) A
second circle around z = 0 leads back to the first sheet (cf. reference [64]).

representation displayed in figure 2.3(b) are connected.

2.2 Appearance and properties of exceptional points

The term “exceptional” points is used for branch points which appear in eigensystems
that depend on a parameter [1]. For example, let the linear map y = T (κ)x represented
by a matrix T (κ) depend holomorphically on a scalar complex parameter κ in a domain
D0 of the complex plane. The eigenvalues λ of T (κ) satisfy the characteristic equation

det (T (κ)− λ1) = 0 , (2.1)

which is an algebraic equation whose degree is identical with the dimension of the vector
space and whose coefficients are holomorphic in κ. In the complex domain D0 the
solutions λ are analytic functions of κ or branches of analytic functions which have only
algebraic singularities [63].

If two (or more) eigenvalues belong to two (or more) branches of the same analytic
function, exceptional points can appear. Exceptional points are the branch point singu-
larities of the analytic functions. They appear at isolated points in the two-dimensional
parameter space of the scalar complex parameter κ. The name exceptional points has
its origin in the fact that the number of different eigenvalues s of the linear map T (κ)
is normally a constant s0 and is independent of the parameter κ with the exception of
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2.2 Appearance and properties of exceptional points

some special points, at which two (or more) eigenvalues are identical and the number s
of different eigenvalues is less than s0 [1]1.

The branch point singularity structure of the exceptional points leads to important
consequences for the associated eigenvalues and eigenvectors.

1. If one encircles the exceptional point in the parameter space, a permutation of
the eigenvalues can be observed [1]. Generalized one can trace the path of the
eigenvalues for a closed curve in the parameter space, which encircles the excep-
tional point in a domain of the parameter space including a small disk around the
exceptional point but excluding the branch point κ = κ(EP). Then one observes
groups of eigenvalues

{λ1(κ), . . . , λp(κ)}, {λp+1(κ), . . . , λp+q(κ)}, . . . (2.2)

in such a way that each group undergoes a cyclic permutation by a revolution of the
parameter κ. In the most common case in physical systems where two eigenvalues
form a square root branch point singularity, there is one group of two permuting
eigenvalues and all further eigenvalues do not undergo a permutation. The two
eigenvalues which represent the two branches of one analytic function with the
singularity at κ = κ(EP) are interchanged after the circle around the exceptional
point. This can directly be seen in figure 2.3(b). Starting at an arbitrarily chosen
parameter value κ0 one crosses the border between both sheets exactly one time for
one turn around κ(EP) = 0 and an analytic continuation of the eigenvalue λ1(κ0)
ends at the starting point of the second λ2(κ0).

2. For κ 6= κ(EP) the eigenvalues belonging to the exceptional points are different and
each of them belongs to a distinct eigenvector. Accordingly these eigenvectors un-
dergo the same permutation as the eigenvalues, and, at the exceptional points they
likewise pass through a branch point singularity [1]. Note that this means that
there is only one linearly independent eigenvector for the two degenerate eigenval-
ues. At an exceptional point, the dimension of the space of eigenvectors is less than
its dimension in the rest of the parameter space (without further exceptional points
which may exist). In the matrix, the eigenvalues and eigenvectors form a normal
block [65, 66]. This is a further important property of exceptional points, which
distinguishes them from “normal” degeneracies where two eigenvalues belonging to
two different analytic functions have the same value.

1It should be mentioned that the original definition of an exceptional point by Kato [1] includes all
possibilities at which two eigenvalues are identical and the number s of different eigenvalues is less
than the constant value s0. Next to the branch point singularities, at which this is always the case,
e.g., two different single-valued analytic functions with each of them describing an eigenvalue may
become identical at an isolated point in the parameter space. Following Kato these points are also
called “exceptional points”. However, in the context of resonances in physical systems, the term
“exceptional points” is exclusively used for branch point singularities of two (or more) eigenvalues
(see, e.g., the introductions of [4, 9, 65]).
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2 Exceptional points

3. Connected with the permutation of the eigenvectors is the appearance of a geomet-
ric phase. In the most common physical situation of a square root branch point
resulting from a complex symmetric matrix, the geometric phase becomes manifest
in the change of sign of one of the two eigenvectors [2] and can be written in the
form

[x1,x2]
circle→ [x2,−x1] , (2.3)

where x1 and x2 are the eigenvectors permuted during the loop around the excep-
tional point. A more detailed description of the geometric phase is given in section
2.4.

Up to now exceptional points were only considered in two-dimensional parameter
spaces, but the effect is not restricted to two dimensions. In higher-dimensional pa-
rameter spaces of complex matrices, an exceptional “point” is always an object of co-
dimension 2 [66]. That is, in two dimensions an exceptional point, indeed, appears as a
point, whereas it is a one-dimensional object (or line) in three dimensions and has the
form of a two-dimensional “exceptional surface” in a four-dimensional parameter space.

2.3 A simple example in a non-Hermitian linear map

One of the most simple examples in which an exceptional point occurs in linear maps is
described by the two-dimensional matrix [1]

M (κ) =

(
1 κ
κ −1

)
(2.4)

with the complex parameter κ. The two eigenvalues of the matrix are given by

λ1 =
√

1 + κ2 , (2.5a)

λ2 = −
√

1 + κ2 (2.5b)

and are obviously two branches of the same analytic function in κ. There are two
exceptional points in the system, which appear at the complex conjugate values κ± = ±i
as can be seen immediately. The eigenvectors, which belong to the two eigenvalues are

x1(κ) =

(
−κ

1−
√

1 + κ2

)
, (2.6a)

x2(κ) =

(
−κ

1 +
√

1 + κ2

)
. (2.6b)

They also depend on the parameter κ and pass through a branch point singularity at
the exceptional points κ± = ±i, where the only linearly independent eigenvector reads

x(±i) =

(
∓i

1

)
. (2.7)
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Figure 2.4: (a) Circle in the parameter space κ with the exceptional point κ+ = i as
center point for the simple model (2.4). (b) Eigenvalues λ1,2 calculated for the param-
eter values from (a) indicated by red squares and green diamonds, respectively. In this
case each of the two eigenvalues traverses a semicircle. In (a) and (b) the filled sym-
bols represent the first parameter value κ0 and the corresponding eigenvalues λ1,2(κ0),
respectively. The arrows point in the direction of progression.

The branch point singularity leads to a characteristic behavior of the corresponding
eigenvalues under changes of the parameters. If one chooses a closed loop in the pa-
rameter space and calculates the eigenvalues for a set of parameters on this loop, the
permutation of the eigenvalues can be seen by plotting the paths of the two eigenvalues
in the complex energy plane. Such a situation is displayed in figure 2.4. Here, one circle

κ(ϕ) = i + %eiϕ (2.8)

around the singularity κ+ = i is passed in the parameter space, which is shown in figure
2.4(a). After one revolution, the first eigenvalue, which is marked by red squares, will
travel to the starting point of the second one marked by green diamonds and vice versa.
As a consequence, the path of one eigenvalue is not closed if one traversal of the loop
in parameter space is performed. But the path is closed if the parameter space loop is
traversed twice. Of course, for the simple model it is also possible to demonstrate the
half circle structure analytically. If the parameter space curve (2.8) is applied to the
eigenvalues (2.5a) and (2.5b) one obtains for %� 2 the expansion

λ1,2 = ±
√

1 + (i + %eiϕ)2 = ±√%eiϕ/2
√

2i + %eiϕ ≈ ±
√

2%eiπ/4eiϕ/2 (2.9)

or

λ1 =
√

2%ei(π/4+ϕ/2) , (2.10a)

λ2 =
√

2%ei(5π/4+ϕ/2) , (2.10b)

which reproduces the half circles shown in figure 2.4 for a full parameter space loop
ϕ = 0 . . . 2π correctly.
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2 Exceptional points

2.4 Geometric phases of exceptional points

2.4.1 Geometric phases in quantum systems

If the Hamiltonian of a quantum system depends on a set of parameters, e.g., represented
by the vector κ, and the parameters are changed adiabatically, the stationary states will,
at any instance during the change, be in an eigenstate of the Hamiltonian H(κ). After
a closed loop is traversed the original state will be restored up to a phase factor. In this
case, a circuit-dependent component eiξ is accumulated in addition to the familiar time-
dependent part e−iEt/~ as was demonstrated and calculated by Berry [17]. A special case
of the geometric phase is the sign change of an eigenstate for a loop around a conical
intersection [67].

In his treatment of the geometric phase Berry [17] considered its appearance in Her-
mitian quantum systems. Here, the time evolution of a state initially prepared in the
κ-dependent stationary eigenstate |ψn(κ)〉 has the form

|ψ(t)〉 = exp

{
− i

~

∫ t

0

dt′En(κ(t′)) + iβn(t)

}
|ψn(κ(t))〉 , (2.11)

where the parameter κ is changed with time. Additional to the familiar dynamical phase
factor

exp

{
− i

~

∫ t

0

dt′En(κ(t′))

}
,

the geometric phase βn(t) is taken into account. The requirement that |ψ(t)〉 satisfies
the Schrödinger equation yields

β̇n(t) = i〈ψn(κ(t))|∇κψn(κ(t))〉 · κ̇(t) , (2.12)

which determines βn(t). After a closed loop C of κ, the complete phase change of the
state |ψ(t)〉 can be expressed with

|ψ(T )〉 = exp{iβn(C)} exp

{
− i

~

∫ T

0

dt′En((κ(t′))

}
|ψ(0)〉 (2.13)

and the geometric phase

βn(C) = i

∮
C

〈ψn(κ)|∇κψn(κ)〉 · dκ . (2.14)

The case of an Hermitian Hamiltonian discussed above is very descriptive but needs
some extensions for non-Hermitian systems [68], which are of essential interest for the
discussion of exceptional points. In this case, one has to take into account both the right
hand |ψn〉 and the left hand eigenvectors 〈ψ̃m|, which form a complete bi-orthonormal
set with

〈ψ̃m|ψn〉 = δmn . (2.15)
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2.4 Geometric phases of exceptional points

The time evolution of the right hand and left hand states is now determined by the two
time-dependent Schrödinger equations

i~
∂

∂t
|ψ〉 = H(t)|ψ〉 , (2.16a)

i~
∂

∂t
|ψ̃〉 = H+(t)|ψ̃〉 , (2.16b)

respectively and yields the conserved inner product

〈ψ̃(t)|ψ(t)〉 = 〈ψ̃(0)|ψ(0)〉 . (2.17)

When the evolution equations (2.16a) and (2.16b) are combined with the bi-orthogonality
properties (2.15), the phase change of a state initially prepared in the right hand eigen-
state |ψn〉 has the form (2.13) already obtained in the Hermitian case but with the
different geometric phase term

βn(C) = i

∮
C

〈ψ̃n(κ)|∇κψn(κ)〉 · dκ (2.18)

instead of the Hermitian result (2.14). That is, the geometric phase also depends on the
left hand eigenvector 〈ψ̃n(κ)|.

2.4.2 Geometric phases at branch point singularities

Since the eigenstates are permuted for a loop around an exceptional point, the relation
(2.13) is not reasonable for a single loop. There are two approaches used to discuss the
geometric phases appearing in connection with exceptional points. On the one hand it is
possible to use the relation (2.13) for a twofold circle around the exceptional point. After
the second circle both eigenstates differ only in a phase factor from their initial values
and the relation (2.13) is applicable. On the other hand one can take into account the
permutation and investigate the relation of the first eigenstate |ψ1(T )〉 after one circle
around the degeneracy with the original value |ψ2(0)〉 of the second state and vice versa.

The evaluation of the integral (2.18) for a double circle, which was performed by
Mailybaev et al. [69] can be used to calculate the geometric phase in different cases.
In particular, this is possible for exceptional points which appear in matrices beyond
two dimensions, a case which is important to take into account because of couplings of
many quantum states typically appearing in physical Hamiltonians. For the evaluation
the norm 〈ψ̃n(κ)|ψn(κ)〉 which was assumed to be unity in equation (2.18) is explicitly
written in the extended geometric phase integral (2.18) for a twofold loop, viz.

β(2)
n (C) = β

(2)
n+1(C) = i

∮
2C

〈ψ̃n(κ)|dψn(κ)〉
〈ψ̃n(κ)|ψn(κ)〉

. (2.19)
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Note that due to the permutation of the eigenstates the geometric phases βn(C) and
βn+1(C) of both eigenstates involved must be identical for a double cycle. The superscript
(2) indicates the two turns around the exceptional point. In the case of a complex
symmetric Hamiltonian the left hand and right hand eigenvectors are complex conjugate,
i.e., 〈ψ̃n(κ)| = 〈ψ∗n(κ)| and the integral can be brought in the form

β(2)
n (C) = β

(2)
n+1(C) =

i

2

∮
2C

d ln (〈ψ∗n(κ)|ψn(κ)〉) , (2.20)

which demonstrates that the value of the integral only depends on the number of turns
made by the integral kernel around the branch point of the complex logarithm at the
exceptional point. According to the calculation by Mailybaev et al. [69] there is, for
the path 2C, exactly one turn around the branch point independently of the number of
dimensions of the Hamiltonian matrix. Hence, the complex logarithm function changes
by ±2πi and the geometric phase term is β

(2)
n (C) = ±π. Since the geometric phase has

its origin in the degeneracies it is zero if the exceptional point is not located within the
area enclosed by the path of integration. However, it does not depend on the explicit
choice of the shape of the path and, therefore, it belongs to the so called topological
phases like Berry’s phase which appears for a turn around a conical intersection. A
phase factor of e±πi means that after two circles around the exceptional point passed
adiabatically both eigenstates have changed their sign. The result can be formulated by

[ψn, ψn+1]
2 circles→ [−ψn,−ψn+1] . (2.21)

A similar procedure for non-symmetric complex matrix representations of the Hamil-
tonian shows that deviations from the geometric phase ±π may appear. In particular,
the geometric phase β

(2)
n = β

(2)
n+1 can be determined with the calculation of [69]

β(2)
n = β

(2)
n+1 = ±π + i

∮
C

(
〈ψ̃0(κ)|dψ1(κ)〉+ 〈ψ̃1(κ)|dψ0(κ)〉

)
. (2.22)

In this expression, ψ0(κ) and ψ1(κ) represent two vectors which span the κ-dependent
linear invariant subspace of the two eigenvectors belonging to the branching solutions.
The integral expression in equation (2.22) describes the deviation from the geometric
phase ±π appearing in the case of complex symmetric matrices. As can be shown [69]
this integral vanishes for 2 × 2 matrices and the geometric phase does not differ from
the symmetric case.2 However, for higher-dimensional systems the integral is in general
nonzero. An approximation for a small loop

C =
{
κ(t) = κ(EP) + εκ̂(t) | 0 ≤ t ≤ T

}
(2.23)

2Note that the geometric phase ±π for a two-dimensional non-symmetric matrix is not a topological
property. As was recently discussed [70], this result depends on the choice to go two times along the
same path around the exceptional point, which was assumed for the derivation of equation (2.22). If
any other path C̃ which encircles the exceptional point twice is used, the geometric phase is sensitive
to its shape even for a 2× 2 matrix.

28



2.4 Geometric phases of exceptional points

around the exceptional point κ(EP) leads to the result

β(2)
n = β

(2)
n+1 = ±π + iaε2 + O(ε3) , (2.24)

where the correction term a depends on the information about the system at the excep-
tional point including the eigenvectors and the first derivatives of the Hamiltonian with
respect to the parameter κ as well as on the shape of the loop κ̂(t). It can be written
in the form [69]

a =
∑

k 6=n,n+1

∮
C

(
2
〈ψ̃(EP)

0 |H1|ψ(EP)
k 〉〈ψ̃(EP)

k |dH1|ψ(EP)
0 〉

(E
(EP)
k − E(EP)

n )3

+
〈ψ̃(EP)

1 |H1|ψ(EP)
k 〉〈ψ̃(EP)

k |dH1|ψ(EP)
0 〉

(E
(EP)
k − E(EP)

n )2
+
〈ψ̃(EP)

0 |H1|ψ(EP)
k 〉〈ψ̃(EP)

k |dH1|ψ(EP)
1 〉

(E
(EP)
k − E(EP)

n )2

)
, (2.25)

where the derivatives

H1 =
m∑
j=1

∂H

∂κj
κj , (2.26a)

dH1 =
m∑
j=1

∂H

∂κj
dκj (2.26b)

with respect to the m parameters appear and the superscript (EP) always indicates that
the quantities are taken at the exceptional point κ(EP). Equation (2.25) shows that the
deviation of the geometric phase from ±π is due to the influence of the energy levels
k 6= n, n+ 1 not involved in the degeneracy.

2.4.3 Direct determination of the geometric phase for complex
symmetric matrices

For complex symmetric matrices the geometric phase can be revealed and observed by
continuously tracking the eigenvectors during the parameter space path around the ex-
ceptional point. This is possible if the eigenvectors are chosen such that the orthogonality
relation (2.15) is fulfilled for all parameter values κ on the circle, where the right hand
and left hand eigenvectors are complex conjugate, i.e.,

〈ψ∗n|ψm〉 = δmn . (2.27)

This was discussed for the most general form of a two-dimensional matrix of the type
H0 + κH1 with real H0 and H1 and a complex parameter κ by Heiss [2]. An especially
descriptive illustration is possible for a small circle around one of the exceptional points in
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the simple model introduced in section 2.2, whose appropriately normalized eigenvectors
can be obtained from equations (2.6a), (2.6b) and read

x1(κ) =
1√

κ2 +
(
1−
√

1 + κ2
)2

(
−κ

1−
√

1 + κ2

)
, (2.28a)

x2(κ) =
1√

κ2 +
(
1 +
√

1 + κ2
)2

(
−κ

1 +
√

1 + κ2

)
. (2.28b)

For a small circle around the exceptional point at κ+ = i, i.e.,

κ(ϕ) = i + %eiϕ , (2.8)

only the leading order of a fractional power series expansion in %1/4 is important. In this
approximation the vectors can be written in the form

x1(ϕ) = 2−3/4%−1/4

(
ei7π/8e−iϕ/4

ei11π/8e−iϕ/4

)
, x2(ϕ) = 2−3/4%−1/4

(
ei11π/8e−iϕ/4

ei15π/8e−iϕ/4

)
.

(2.29)
Now the analytic continuation of the eigenvectors for one full circle, i.e., ϕ = 0 . . . 2π
leads to the phase behavior,

x1(0) = 2−3/4%−1/4

(
ei7π/8

ei11π/8

)
−→ x1(2π) = 2−3/4%−1/4

(
ei3π/8

ei7π/8

)
= −x2(0) ,

(2.30a)

x2(0) = 2−3/4%−1/4

(
ei11π/8

ei15π/8

)
−→ x2(2π) = 2−3/4%−1/4

(
ei7π/8

ei11π/8

)
= x1(0) .

(2.30b)

The typical notion used for this consequence of the geometric phase is the expression

[x1,x2]
circle→ [−x2,x1] or [ψ1, ψ2]

circle→ [−ψ2, ψ1] , (2.31)

which includes both the permutation during the traversal of a single closed loop around
the exceptional point and the phase change of one of the eigenvectors. This phase change
continues with every additional loop. After the second revolution both eigenvectors have
changed their sign and the double revolution of the exceptional point reproduces the
geometric phase result of equation (2.21). Thus, the method described here offers a
further possibility to determine the geometric phase in the case of complex symmetric
matrices. The behavior in equations (2.30a) and (2.30b) also reveals the structure that
the normalized eigenvectors pass through a fourth root branch point [2] at the exceptional
point, whereas the eigenvalues are the two branches of a square root function. Four circles
are required to restore the original situation [x1,x2] or [ψ1, ψ2].
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Figure 2.5: Photograph of the microwave cavity used in the experiments by Dembowski
et al. (taken from refrence [11]). The geometry consists of two semicircles. Two param-
eters are introduced by the position δ of a Teflon stub and the opening s of the slit,
which influence the positions and widths of the resonances.

The method described here contains one considerable advantage for the determination
of the geometric phase in numerical simulations. The adiabatic change of the parameter
is not essential. The phase can be determined by varying the parameter in small steps
and considering the eigenvectors normalized accordingly to equation (2.27). If one pays
attention to the continuity of the phase, the behavior (2.31) can directly be observed
and an explicit calculation of the geometric phase integral (2.20) is not required.

A similar correspondence can be found for two-dimensional non-symmetric matrices if
the eigenvectors are normalized according to the bi-orthonormal relation (2.15) instead
of equation (2.27). However, as was mentioned in section 2.4.2 the behavior of the
geometric phase is much more complicated in this case.

2.4.4 Experimental studies in microwave cavities

The most systematic experimental investigation of exceptional points was performed for
the resonances of microwave cavities [8–12]. Here, flat microwave cavities are used as
a model for two-dimensional quantum systems. Due to the mathematical equivalence
of the Helmholtz equation of electrodynamics with the two-dimensional Schrödinger
equation for a particle in a box with infinitely high walls, microwave cavities are a
common model used to simulate quantum systems [71]. The electric field distribution is
analogous to the wave function and the eigenenergies are represented by the frequencies.
The experiments are very illustrative and, therefore, shall be recapitulated briefly. In
particular, the measurement of the field distribution allows for the reconstruction of the
wave functions, which opens the possibility to investigate the phase behavior of the two
coupled resonances in the vicinity of the exceptional point.

The experiments accomplished by Dembowski et al. [9–11] allow for the observation
of two resonances near an exceptional point, which are well separated in frequency from
other eigenmodes and can be described with a two-level model. A microwave cavity
which consisted of two semicircular parts was used. The geometry can be seen in the
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Figure 2.6: The reconstructed electrical field distributions of two resonances associated
with the exceptional point are shown in figures (a) and (b) (taken from reference [11]).
They demonstrate the behavior of the wave functions. For each resonance the nodal
lines are followed from a “start” configuration to a “stop” value of the parameters chosen
on a closed path around the exceptional point. An observation of the wave functions
leads to the result that the first wave function in (a) develops after the loop into the
initial field distribution of the second one. (b) The second wave function develops into
the negative of the first, and thus proves experimentally the existence of the geometric
phase expected at an exceptional point.

photograph in figure 2.5. A Teflon stub, whose position δ can be changed, and a slit
with variable opening s are used to influence the resonances. The (real) variables δ and
s span the two-dimensional parameter space required for the investigation of exceptional
points and, with a subsequent change of δ and s, a circle around the degeneracy can be
traversed. The sign change of the wave functions cannot be observed directly because
only the squared field distributions are accessible in the measurements. To reconstruct
the phase relations, the nodal lines of the wave functions are followed for small changes
of the parameters and the development of the signs, which are arbitrarily chosen in
the beginning, is observed. Figure 2.6(a) shows the evolution of the first wave function
ψ1 which develops after a full loop around the exceptional point into the second one
ψ2, whereas figure 2.6(b) demonstrates that the wave function ψ2 evolves into a field
distribution which is the negative of the first wave function. This behavior proves ex-
perimentally the existence of the sign change of one of the wave functions, which is the
result expected for the geometric phase of an exceptional point. It can be written in the
form

[ψ1, ψ2]
circle→ [ψ2,−ψ1] , (2.32)

and is equivalent to the one given in equation (2.31).
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2.5 Chiral states

In systems that can be described by a complex symmetric matrix or a complex symmetric
matrix representation of an Hamiltonian the eigenfunctions of the coalescing states show
an additional feature directly at the exceptional point, viz. they specify a chirality [72].
As is stated above, the two eigenstates fulfill the orthogonality relation

〈ψ∗n|ψm〉 = δmn . (2.27)

At the exceptional point both states have to be identical and orthogonal simultaneously.
With a short calculation it can be shown immediately that for a two-dimensional matrix
the non-normalized eigenstates must have the form

|ψ(EP)〉 = |ψ1(κ(EP))〉 = |ψ2(κ(EP))〉 ∝
(
±i

1

)
, (2.33)

which is true for any particular basis since the vector is invariant under all transforma-
tions which conserve the complex symmetry of the Hamiltonian [72]. However, one of
the two possibilities for the wave function |ψ(EP)〉 at the exceptional point cannot be
transferred into the other and, hence, the wave function is either proportional to (+i, 1)
or to (−i, 1). In a quantum system, the two possible superpositions of the two basis
states

|ψ(EP)〉 = |ψ2〉 ± i|ψ1〉 (2.34)

represent solutions rotating either clockwise or counterclockwise because each of them
is oscillating in time with the same frequency (due to the degeneracy) and they follow
each other with a phase difference of either ∆φ = +π/2 or ∆φ = −π/2. This is the
typical manifestation of chirality. The sign of the chirality is unambiguously defined by
the positive direction of time, which is clearly given by the decay of the resonances.

Again an experimental verification in microwave cavities was performed and directly
demonstrated the existence of the chirality in real physical systems [10]. The phase
difference between two modes which were excited via two antennas in a cavity with a
geometry similar to the one shown in figure 2.5 was measured. The microwave signal
was fed into the antennas with a fixed frequency but controllable phase shift. For
appropriately chosen parameters defining the exceptional point, a clear identification of
a chirality of the superimposed eigenstates was observed.

The considerations done in this section are not restricted to two-dimensional systems.
The generalization to higher-dimensional systems is also possible and can be expressed
with the expansion coefficients ck(κ) of the vector

|ψ(EP)〉 =
∑
k

ck(κ)|ψk(κ)〉 (2.35a)

where

ck(κ) = 〈ψ̃k(κ)|ψ(EP)〉 (2.35b)
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and 〈ψ̃k(κ)| are the left hand eigenvectors which are normalized such that they form
a basis which fulfills the bi-orthogonality relation (2.15) for κ 6= κ(EP). Let c1 and c2

be the coefficients which belong to the branching states. Then, the ratio c1/c2 is either
c1/c2 = +i or c1/c2 = −i and, thus, each exceptional point is associated with a chirality
[72] even if it is embedded in a higher-dimensional matrix.

2.6 Diabolical points

Diabolical points [67, 73] are degeneracies between two energy levels of a real symmetric
(or in an extension Hermitian) parameter-dependent Hamiltonian. They have some
similar properties as exceptional points and are sometimes confused with the branch
point singularities of non-Hermitian Hamiltonians. In this section diabolical points are
introduced and their differences to exceptional points are pointed out.

If a system depends on a set of parameters κ, degeneracies can be systematically
searched and adjusted with appropriately chosen parameter values κ(d). For example,
let the two eigenstates |ψ(d)

1 〉 and |ψ(d)
2 〉 be two degenerate eigenvalues with [73]

H(κ(d))|ψ(d)
1 〉 = E(d)|ψ(d)

1 〉 , H(κ(d))|ψ(d)
2 〉 = E(d)|ψ(d)

2 〉 . (2.36)

Near the degeneracy κ(d), the difference of the energies

∆E(κ) =

√
[H11(κ)−H22(κ)]2 + 4|H12(κ)|2 (2.37)

depends to lowest order in κ− κ(d) on the matrix elements

Hij(κ) = 〈ψ(d)
i |H(κ)−H(κ(d))|ψ(d)

j 〉 . (2.38)

The requirement for a degeneracy of a real Hamiltonian is

H11(κ(d)) = H22(κ(d)) , H12(κ(d)) = 0 (2.39)

and at least two parameters are needed to satisfy them. Because of the two conditions
the degeneracies in real symmetric Hamiltonians have co-dimension two. For exactly
two parameters they are isolated points. In an M > 2-dimensional parameter space
they describe an M − 2-dimensional manifold.

The term diabolical point has its origin in the form of the energy surfaces in the space
spanned by the energy difference ∆E and the two parameters κ1 and κ2 of the system.
Close to the degeneracy the matrix elements Hij depend linearly on the components of
κ− κ(d) and according to equation (2.37) the energy separation will have the from

∆E(κ) =

√
A
(
κ1 − κ(d)

1

)2

+B
(
κ2 − κ(d)

2

)2

+ C
(
κ1 − κ(d)

1

)(
κ2 − κ(d)

2

)
, (2.40)
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Figure 2.7: Conical intersection of a real symmetric Hamiltonian depending on the two
parameters κ1 and κ2 according to equation (2.40). The blue circle marks a closed loop
in the parameter space around the diabolical point κ(d).

where the quadratic form is positive definite and A, B, and C depend on ∇κ|κ=κ(d) .
Equation (2.40) represents a double cone and leads to the commonly used expression of
a “conical intersection” or a “diabolical point”. An illustration of the conical structure is
given in figure 2.7. For a path in the parameter space around diabolical points a geomet-
ric phase factor occurs. Each of the two states involved in the degeneracy experiences a
sign change. As was already pointed out by Longuet-Higgins [74] this sign change is a
test for diabolical points of real symmetric Hamiltonians. It appears if and only if the
parameter space curve encloses an odd number of diabolical points.

The most important difference between exceptional points and diabolical points is that
diabolical points are degeneracies of real symmetric or Hermitian Hamiltonians whereas
exceptional points are branch point singularities of non-Hermitian Hamiltonians. There
are some important consequences.

• At a diabolical point the eigenvectors of the degenerate states are always orthogonal
contrary to exceptional points at which a coalescence of the eigenvectors occurs.

• For a parameter space loop around an exceptional point a permutation of the
branching eigenvalues is observed. Such a behavior does not appear at diabolical
points.

• The geometric phase which appears in connection with an exceptional point, where
one of the two eigenstates interchanged alters its sign, is different from the geo-
metric phase of an diabolical point, where both associated eigenstates change their
sign for a single loop around the degeneracy.
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For Hermitian Hamiltonians the condition H12(κ(d)) = 0 in equation (2.39) splits into
its real and imaginary part, viz.

Re(H12(κ(d))) = 0 , Im(H12(κ(d))) = 0 . (2.41)

Thus, compared with the real case one additional condition must be fulfilled and a
diabolical point of Hermitian Hamiltonians has co-dimension three. The structure is
extended to a hyperbolical intersection in a four-dimensional space spanned by ∆E, κ1,
κ2, and κ3. Here also a geometric phase is involved for closed paths in the parameter
space. Since the diabolical points are of co-dimension three, the phase factor (2.18) must
be explicitly evaluated with equation (2.14). As was demonstrated by Berry [73] for a
three-dimensional parameter space the geometric phase is determined by the flux of a
vector field

Vn(κ) = Im

(∑
m 6=n

〈ψn(κ)|∇κH(κ)|ψm(κ)〉 × 〈ψm(κ)|∇κH(κ)|ψn(κ)〉
[Em(κ)− En(κ)]2

)
, (2.42)

which is obviously singular at the points of degeneracy, through any surface bounded by
the parameter space loop.
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A crucial step for the investigation of exceptional points in quantum resonance spectra
is the calculation of the resonances. It is the purpose of this chapter to connect the
resonances with complex energies and to present a method to calculate them.

The time evolution of resonances of open quantum systems, i.e., decaying unbound
states with a lifetime can – in a simple approach – be described by a wave function [75]

ψ(t) = e−iẼt/~ψ(0) , (3.1a)

whose complex energy eigenvalue

Ẽ = E − iΓ/2 (3.1b)

can be divided into a real part E = Re(Ẽ) which represents the energy and a decay
rate or width given by the imaginary part Im(Ẽ) = −Γ/2. However, complex ener-
gies cannot appear as eigenvalues of a Hamiltonian which is normally Hermitian since
Hermitian operators have always real eigenvalues. The complex rotation method is one
possible technique to uncover the complex energies (3.1b). One of its major purposes
is to construct the non-Hermitian operators which include the resonance eigenvalues.
Further names which have been used for the complex rotation are “complex coordinate-
rotation”, “complex coordinates”, “complex scaling”, “dilation analyticity” [15]. Here a
summary of the results and consequences of the method is presented. Further details
and a description of the rigorous theory can be found in review articles by Reinhardt
[15], Ho [16], Moiseyev [14], and the references therein.

In section 3.1 the complex scaling is introduced with a method to perform the trans-
formation of the Hamiltonian and the wave functions. The influence of the scaling on
the energy spectrum and the exposure of resonances is discussed in section 3.2. For the
scaled eigenstates special care has to be taken of the correct calculation of inner prod-
ucts, which is mentioned in section 3.3. The direct method used usually in numerical
determinations by means of matrix diagonalizations is introduced in section 3.4. The
chapter ends with a short discussion of the connection of the complex energy eigen-
values with the poles of the scattering matrix in section 3.5 and the manifestations of
exceptional points in resonance spectra in section 3.6.
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3.1 Introduction of complex scaled wave functions and
operators

The complex scaling can be introduced with a unitary operator U(θ), which acts on the
wave functions and the Hamiltonian of the system,

(U(θ)HU−1(θ))(U(θ)ψn) = En(U(θ)ψn) . (3.2)

Several forms of similarity transformations have been used to produce the complex ro-
tated Schrödinger equations. A discussion of some possibilities can be found in reference
[14]. For the discussion required here, one can concentrate on an operator with the
action

U(θ)ψ(r) = ei3θ/2ψ(reiθ) (3.3a)

on the wave function and

H̄(θ) = (U(θ)HU−1(θ)) = −1

2
e−2iθ∆ + V (reiθ) (3.3b)

on the Hamilton operator. In principle, it performs the complex rotation or complex
scaling

r → eiθr (3.4)

on all occurrences of the relative coordinate r in the wave function and the Hamiltonian.
The equations (3.3a) and (3.3b) are presented for a two-body Hamiltonian. An extension
for a N -body system is done by the application of the complex scaling for all independent
center of mass coordinates ri.

A considerable advantage of the representation of the complex rotation in the form
(3.3a) and (3.3b) is the close relation with the integration variable in the evaluation of
energy expectation values. For example, in the case of a radially symmetric normalized
wave function which is the solution of a Hamilton operator with a radially symmetric
potential V (r), the energy expectation value has the form

〈E〉 =

∫ ∞
0

R(r)

(
−1

2

1

r2

d

dr
r2 d

dr
+ V (r)

)
R(r) r2dr (3.5)

and the complex rotation (3.3a) and (3.3b) leads to the integral

〈E〉 =

∫ ∞
0

ei3θ/2R(eiθr)

(
−1

2
e−2iθ 1

r2

d

dr
r2 d

dr
+ V (eiθr)

)
ei3θ/2R(eiθr) r2dr

=

∫ ∞
0

R(eiθr)

(
−1

2

1

(eiθr)2

d

d(eiθr)
(eiθr)2 d

d(eiθr)
+ V (eiθr)

)
R(eiθr) (eiθr)2d(eiθr) , (3.6)

which is identical with the integration of the variable ρ = eiθr on the complex contour
C = {ρ = reiθ | 0 ≤ r <∞},

〈E〉 =

∫
C

R(ρ)

(
−1

2

1

ρ2

d

dρ
ρ2 d

dρ
+ V (ρ)

)
R(ρ) ρ2dρ . (3.7)
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C

Im(  )ρ

Re(  )ρ

Cr

Figure 3.1: Two different contours for the evaluation of the integral (3.7). The path Cr
goes along the real axis and corresponds to the direct evaluation of the expectation value
integral (3.5) for a bound state, whereas the contour C is equivalent to the integration
of the expectation value for a complex rotated Hamiltonian and scaled wave functions
as in equation (3.6).

Thus, one can easily see that the procedure (3.3a) and (3.3b) has the same effect on the
energy expectation value as an evaluation of the same integral on a different contour in
the space of complex coordinates. This relation points out how the complex rotation
influences the calculation of energies discussed in the next section.

3.2 Influence of the complex rotation on the energy
spectrum

The energies of bound states are invariant under the complex rotation. This can be seen
particularly clear in the formulation of the contour integral (3.7) [15]. As was discussed
above the complex rotation corresponds to the evaluation of the energy expectation value
(3.5) on the complex contour C = {ρ = reiθ | 0 ≤ r <∞} instead of the real axis. Both
contours are plotted in figure 3.1. According to Cauchy’s theorem two different contours
which connect the same two points in the complex plane lead to the same values of
the line integral if the integrated function is holomorphic in between the two contours.
Normally, the integral kernel is holomorphic. For bound state wave functions which
vanish for large values of r, the path which connects the contours C and Cr at “infinite”
distance from the origin does not contribute to a line integral and the continuation of the
path C can be established such that it is connected with the path Cr without changing
the value of the integral. Then, the two contours C and Cr lead to the same value of
the expectation value.

For scattering states the energy spectrum changes when the complex rotation is ap-
plied. The continuum is rotated by an angle of 2θ into the lower half of the complex
plane. This can be demonstrated especially easy for interaction potentials which are not
too long ranged [14, 15]. Here, the asymptotic behavior of radial scattering solutions is
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given by linear combinations

ψscatt = A(k)
eikr

r
+B(k)

e−ikr

r
(3.8a)

as r →∞ with the energy

E =
k2

2
(3.8b)

in appropriate units. After introducing the complex rotation, the wave functions have
the form

ψscatt = A(k)
eikeiθr

eiθr
+B(k)

e−ikeiθr

eiθr
, (3.9)

where one of the exponentials diverges for real values of k as r →∞. The only possibility
to keep the wave functions non-divergent bounded is to introduce a complex k of the
form [14]

k → ke−iθ (3.10)

when the complex rotation is applied. In any other case one obtains non-physical diver-
gent wave functions. The consequence for the energy is that it becomes

E → Ē =
k2e−2iθ

2
, (3.11)

which describes the rotation of the continuum into the lower half of the complex plane
by the angle 2θ.

The most incisive effect of the complex rotation on the energy spectrum concerns
resonances. They appear as new discrete eigenvalues on the lower half of the energy
plane, which in contrast to the continuum do not depend on the rotation angle. The
complex rotated eigenfunctions of the resonant states are square integrable. A simple
analytic example which contains this effect is given by the inverted harmonic oscillator
[14], which is in appropriately chosen units represented by the Hamiltonian

H = −1

2

d2

dx2
− 1

2
x2 . (3.12)

This potential has no bound states, i.e., no square integrable wave functions belonging
to discrete real valued energy eigenvalues appear. However, discrete energy eigenvalues
connected with square integrable wave functions can be found with the complex rotation
method. The complex scaled wave functions

ψn(eiθx) = cHn(eiθx/
√

i)eie2iθx2/2 , (3.13a)

where Hn(x) are the Hermite polynomials [76] and c is a normalization constant, solve
the transformed Hamiltonian

H̄ = −1

2
e−2iθ d2

dx2
− e2iθ 1

2
x2 . (3.13b)
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resonances

(exposed)resonances

(hidden)
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Im(   )E Im(   )E

Re(   )E Re(   )E

bound states

rotated Hamiltonian

bound states

threshold

unrotated Hamiltonian

Figure 3.2: Illustration of the effects of the complex rotation. In the rotated Hamiltonian
the continua are rotated by the angle 2θ into the lower half of the complex plane and
resonances are exposed as discrete complex energy eigenvalues (cf. reference [15]).

The energy eigenvalues have the form

Ẽn = −i(n+
1

2
) (3.13c)

and are purely imaginary. According to equation (3.1b) they correspond to an infinite
number of resonances which have all the same position E = 0 but different widths
Γ = 2n + 1. For an appropriately chosen rotation angle θ the wave functions (3.13a)
are square integrable, i.e., the energy expectation value exists for the complex rotated
wave functions. The example points out that the resonance eigenfunctions which do not
belong to the Hilbert space without the complex rotation can become square integrable
with the complex rotation and thus become part of the Hilbert space.

The above results can be summarized with the following statements [15, 16], which
are illustrated in figure 3.2:

1. The real valued bound state energies remain unchanged under the complex scaling
transformation.

2. The energy values that represent continuum states are rotated downward into the
complex plane such that they enclose an angle of 2θ with the real axis.

3. The resonances are “exposed” by the rotated continuum states for arguments of
the complex energies in the range

−2θ ≤ arg(Ẽ − Ethresh) < 0 , (3.14)

where Ethresh is the lowest scattering threshold and Ẽ = E − iΓ/2 is the complex
resonance energy with the position E and width Γ.
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3.3 Complex rotation and inner products

In inner products one has to pay regard to the fact that the complex scaled variables reiθ

are not an intrinsic complex part of the wave functions. The scaled wave functions are not
associated with an Hermitian Hamiltonian1 and therefore need further consideration. In
particular, it was argued above that the expectation value of the energy for bound states
does not change by the complex scaling. The contour integral (3.7) can be understood
as the complex scaled integral expectation value (3.5). This is only true and the form of
the scaled expectation value (3.6) is only valid if no complex conjugation of the scaled
coordinates reiθ is performed. There may be no complex conjugation of the terms eiθ

which were introduced during the scaling [15]. By contrast, the conjugation behavior of
the intrinsically complex parts of a wave function may not be changed because they are
not connected with the scaling. For example, if a wave function is given by a radially
part R(r) multiplied with a complex spherically harmonic Yl,m(ϑ, ϕ), the complex scaled
wave function ψ(r, ϑ, ϕ) = R(eiθr)Yl,m(ϑ, ϕ) has the form

ψ∗(r, ϑ, ϕ) = R(eiθr)Y ∗l,m(ϑ, ϕ) , (3.15)

where the factor eiθr remains unchanged and only the spherical harmonic Yl,m(ϑ, ϕ)
experiences a complex conjugation.

As a consequence the Hermitian inner product of quantum mechanics must be gener-
alized in the presence of complex scaled variables. The generalized form, which is often
called c-product, must be defined in such a way that the complex conjugate is only taken
for the terms of a function which are complex not as a result of the complex scaling [14].

3.4 Direct approach

In explicit numerical computations of complex energy eigenvalues with the diagonaliza-
tion of real matrices a procedure called direct approach by Reinhardt [15] is of consider-
able advantage. It is possible if a real valued matrix representation

Hij = 〈χi(r)|H(r)|χj(r)〉 (3.16)

of the usual unrotated Hamiltonian in the unrotated basis exists and if only (positive
and negative) powers of the coordinates r appear in the potential V of H. Then, the
Hamiltonian can be divided into parts V (n) which contain one power rn of r = |r| and
the kinetic energy T . A complex scaled Hamiltonian according to equation (3.4) can be
achieved with

H̄ = e−2iθT +
∑
n

einθV (n) , (3.17)

1One has to keep in mind, that H̄ becomes non-Hermitian by the complex scaling.
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where the sum runs over all powers of r emerging in the potential. T and V (n) are the
same real matrices which appear in the original Hamiltonian (3.16). Due to the complex
factors einθ the original matrix H has been transformed to a complex symmetric one
and is not Hermitian. The solution of the eigensystem

H̄c̄i = Ẽic̄i (3.18)

yields the complex eigenvalues Ẽi and leads to complex vectors c̄i of expansion coef-
ficients. With this method the representation of a complex rotated wave function is
referred to the vectors c̄i [15] and no new matrix element calculated with complex ro-
tated wave functions is required. As can be seen above, only the real matrices T and
V (n) are needed to build the transformed representation (3.17). As a consequence of
the non-Hermitian structure of the matrix representation of the Hamiltonian one has to
distinguish between left hand and right hand eigenvectors.

3.5 Connection of resonances with poles of the
scattering matrix

The scattering matrix S describes transition probabilities from an incoming wave into
outgoing waves after a scattering process [77]. In large distances the asymptotic behavior
of an elastic scattering process for an incoming wave can be written as [14]

ψ = A(k)e−ik·r +B(k)eikr ∝ e−ik·r + S(k)eikr . (3.19)

The incoming plane wave describes a free particle and S(k) is the scattering matrix
representing the ratio between the outgoing and the incoming wave. As can be shown
with a short calculation, the resonances of a scattering system are constituted by the
poles of the scattering matrix S(k) [14]. A simple pole of the scattering matrix has the
form

S(k) ∝ 1

k − kn
(3.20)

and resonances appear as complex poles kn with Re(kn) > 0 and Im(kn) < 0. With the
help of the residue theorem the number N of poles can be determined by the integral

N =
1

2πi

∮
C

∂ lnS(k)

∂k
dk , (3.21)

where the path C has to be a closed contour around the fourth quarter of the complex
plane as shown in figure 3.3 and

∂ lnS(k)

∂k
=
−1

k − kn
(3.22)
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k
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Figure 3.3: The red line marks a possible contour C in the fourth quarter of the complex
plane around the poles of the scattering matrix, which are represented by blue dots. If
all poles are located within a bounded region, the contour integral can be replaced with
an integral along the axis of positive reals for R→∞.

according to equation (3.20). If all poles are located within a bounded region in the
complex plane, the contour integral can be replaced by a path along the axis of real k
with 0 ≤ k <∞ (see figure 3.3). Then, the energy density of states

%(E) =
∂N

∂E
=
∂N

∂k

∂k

∂E
(3.23)

can be determined with
∂N

∂k
=

1

2πi

∂ lnS(k)

∂k
(3.24)

from equation (3.22) together with the energy

E =
~2k2

2
. (3.25)

Local maxima of the density of states on the axis of real k appear at the positions
k = Re(kn) and have the values

%max = − 1

2π~2

1

Re(kn)Im(kn)
, (3.26)

which correspond to the complex energies

En =
~2k2

n

2
. (3.27)

Hence, the complex energies, where the resonances occur in the form of Lorentz-shaped
peaks, are connected with the poles of the scattering matrix.
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3.6 Exceptional points in quantum resonance spectra

As is discussed in the introduction the occurrence of exceptional points in quantum me-
chanics is a typical phenomenon in resonance spectra. The complex scaled Hamiltonians
are non-Hermitian which is necessary for the possibility of coalescing eigenstates, where
two wave functions or eigenvectors become identical. Exceptional points are parame-
ter values for which two of the complex energies obtained as eigenvalues of the rotated
Hamiltonian pass through a branch point singularity. At the exceptional point both the
energies (real part) and the widths (imaginary part) of both solutions have the same
value.

Exceptional points represent a special kind of poles of the scattering matrix. At
the critical parameter values, two resonances coalesce completely, i.e., the real and the
imaginary part of the complex energies are identical and also the values kn become
identical.2 As a consequence exceptional points appear as double poles of the scattering
matrix. The scattering matrix has the form

Sdouble(k) ∝ 1

(k − kn)2
(3.28)

instead of equation (3.20) and the derivative

∂ lnSdouble(k)

∂k
=
−2

k − kn
(3.29)

immediately shows that the double poles are correctly counted as two resonances “on
top of each other.” The peak height is

%max,double = − 1

π~2

1

Re(kn)Im(kn)
. (3.30)

2One has to keep in mind that only kn in the fourth quarter of the complex plane are allowed, i.e.,
only one of the two square roots kn ∝

√
En is a valid result.
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matrices

In the numerical calculation of the eigenenergies of a quantum system, the diagonaliza-
tion of a matrix representation of the Hamiltonian has become one possible standard
technique. For problems appearing in atomic physics often infinite-dimensional basis
sets appear and the accuracy of numerically computed eigenvalues depends critically
on the size of the matrix. Therefore, very efficient methods for the diagonalization are
required, to include as many basis states as possible in the finite-dimensional matrix rep-
resentation which is used in the calculation. The most efficient methods are developed
for the most common cases, namely Hermitian or real symmetric matrices. However,
the calculation of resonances with the complex rotation method requires the solution of
non-Hermitian complex symmetric eigenvalue problems. For this class of matrices usu-
ally algorithms for general non-symmetric problems must be used which are numerically
more expensive.

The extension of fast algorithms for real symmetric matrices to complex numbers just
by introducing complex variables in the program and using the linear algebra for real
matrices may seem to be the most efficient way to compute the eigenvalues of large non-
Hermitian complex symmetric matrices. This chapter addresses the question whether
this procedure, already successfully used in the absence of branch point singularities
[30, 31], works reliably in the presence of exceptional points. An application of algo-
rithms for real symmetric matrices requires that the real Euclidean norm ||x||r = xTx
of a vector without complex conjugation is retained after the extension to complex num-
bers. There can appear difficulties, which are discussed in this chapter. Some of the
diagonalization methods rely on the fact that every eigenvector of the matrix can be
normalized with the real Euclidean norm or that the eigenvectors are pairwise orthogo-
nal. Both conditions are always fulfilled for real symmetric matrices but not for complex
symmetric ones. In particular, at an exceptional point two eigenvectors become lin-
early dependent (see section 2.2) and the conditions are not fulfilled. In addition to
this effect, which is directly connected with exceptional points, further vanishing real
Euclidean norms without relation to branch point singularities can lead to problems.
Both cases are studied.

The influences of complex valued variables in algorithms for real symmetric matrices
can be best understood in simple direct algorithms, which are discussed in section 4.1.
In section 4.1.1 the possible failure of the Jacobi algorithm for complex matrices and its
divergent terms at exceptional points are analyzed. The discussion in section 4.1.2 shows
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4 Numerical diagonalization of matrices

that the Householder transformation for real symmetric matrices is normally capable to
tridiagonalize a complex symmetric matrix even in the presence of exceptional points
since it refers the calculation of the eigenvalues to a second step, which is investigated
for the example of the QL method in section 4.1.3. The results for the direct methods
are summarized in section 4.1.4. In section 4.2 iterative methods for large matrices with
several thousand basis states are covered. In particular, the Lanczos method for real
symmetric matrices and the more general Arnoldi iteration are examined in sections
4.2.1 and 4.2.2, respectively. Suitable implementations of both algorithms are briefly
introduced in section 4.2.3. In this chapter the term “exceptional points” is used syn-
onymously for a square root branch point, where two linearly dependent eigenvectors
appear. This is the typical case in the physical systems considered in this thesis.

4.1 Simple generalizations of direct methods for real
symmetric matrices

There are several direct methods for the diagonalization of real symmetric matrices.
Here, it is investigated whether it is possible to extend some of the methods to complex
symmetric matrices and to calculate the eigenvalues even in the presence of exceptional
points.

4.1.1 Jacobi transformation

The Jacobi transformation is a method which uses a sequence of orthogonal similarity
transformations of the type

Ppq =



1
. . .

cosα · · · sinα
... 1

...
− sinα · · · cosα

. . .

1


(4.1)

for different rows and columns p and q to diagonalize a real symmetric matrix A [78].
The rotation angle α is chosen such that the two off-diagonal elements apq = aqp of the
real symmetric matrix A are set to zero with the similarity transformation

A′ = P T
pqAPpq (4.2)
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4.1 Simple generalizations of direct methods for real symmetric matrices

in the current step. Successive transformations are carried out. These undo previously
set zeros but the sum of the squares of the off-diagonal elements

S =
∑
r 6=s

a2
rs (4.3)

decreases monotonically. To achieve convergence it is, in general, necessary to perform
several passes of cycles going through all combinations of rows p and columns q.

A simple extension of the Jacobi algorithm to complex numbers, where only the func-
tions sinα and cosα are allowed to become complex and no further consideration for the
diagonalization of complex matrices are done, corresponds to the procedure mentioned
above. For the Jacobi transformation there are two crucial consequences.

The first consequence is connected with exceptional points. If during the application
of the algorithm in the rows and columns p and q a matrix of the form

A =



. . . · · · · · · · · · · · ·
· · · app · · · ∓aqq−app

2i
· · ·

· · · ...
. . .

... · · ·
· · · ∓aqq−app

2i
· · · aqq · · ·

· · · · · · · · · · · · . . .

 (4.4)

appears, no “orthogonal” transformation with complex extended sine and cosine func-
tions, which transform the off-diagonal elements to zero, exists. The situation in equation
(4.4) may always appear in a complex symmetric matrix. It occurs in particular always
at an exceptional point, which forms a normal block and cannot be brought into diagonal
form with a similarity transformation. Consequently the Jacobi algorithm must fail. An
exceptional point leads to diverging terms.

In practice, it is very unlikely that the Jacobi transformation tries to diagonalize
the exceptional point elements shown in equation (4.4) in the last step if the branch
point is embedded in a higher-dimensional matrix. In the previous steps the exceptional
point is “mixed” with further eigenvalues and these contributions of other eigenvalues
avoid diverging terms. If the algorithm now stops due to numercial convergence criteria
before it returns to the normal block representing the exceptional point, a form which
is “sufficiently” diagonal may appear. Thus, it is possible that the algorithm converges
due to numerical convergence criteria.

The second consequence of the simple complex extension is related with the decrease
of the off-diagonal elements. It can be shown that the sum S of the squares of the
off-diagonal elements (4.3) changes by the amount [78]

∆S = −2a2
pq . (4.5)

For real matrices it is evident that this corresponds to a monotonic decrease of the
norm of the off-diagonal elements, whereas this is not fulfilled in the case of complex
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Figure 4.1: The sum of the norm S̃ =
∑

r 6=s |ars|2 of the off-diagonal elements is shown
for a number of successive Jacobi rotations applied to a complex symmetric matrix. As
can be seen S̃ does not monotonically decrease as in the real symmetric case.

matrix elements. An adequate quantity to measure the progress of the diagonalization
for complex matrices is the sum of the square modulus of the off-diagonal elements

S̃ =
∑
r 6=s

|ars|2 , (4.6)

which can both increase and decrease. Indeed, it happens that the sum S̃ increases
during a run of the algorithm. Figure 4.1 shows the norm S̃ for the diagonalization of
a square matrix of dimension 20. For successive Jacobi rotations one can observe alter-
nating increases and decreases of S̃. Finally, the algorithm succeeds and the matrix is
diagonalized. However, this does not always happen. A similar diagonalization attempt
for a second matrix of dimension 50 is presented in figure 4.2. Here the algorithm is not
successful and the norm of the off-diagonal elements diverges. Because of this conver-
gence behavior one can conclude that the Jacobi rotation is not applicable for complex
symmetric matrices.

4.1.2 Householder reduction

Often it is the best choice to start an iterative elimination of off-diagonal elements after
the matrix has been reduced to a simple form. For real symmetric matrices an efficient
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Figure 4.2: In this example for a complex symmetric matrix the sum S̃ of the off-
diagonal elements increases until it diverges. The Jacobi algorithm fails in the attempt
to diagonalize the matrix.

method is the reduction to tridiagonal form with the Householder method and successive
diagonalization of the tridiagonal matrix.

The Householder algorithm [78] uses orthogonal matrices of the form

P = 1− uu
T

C
, (4.7)

where the vector u

u = x∓ ||x||Rê1 (4.8)

contains a column vector x of the matrix A to be diagonalized and C is a normalization
based on the real Euclidean norm

C =
1

2
||u||2R =

1

2
uTu (4.9)

of the vector u. For example one can start the reduction by choosing x to be the n− 1
lower components of the first column of the matrix A. With a short calculation it can
be shown that now the lower n− 2 components of the first column are set to zero. Since
the matrix is symmetric this also holds for the n − 2 right components of the first row
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4 Numerical diagonalization of matrices

and the transformed matrix A′ reads

A′ = PAP =


a11 k 0 · · · 0
k
0
... (remaining submatrix)
0

 . (4.10)

A successive application on the remaining submatrices yields a tridiagonal matrix with
n− 2 steps.

The simple extension to complex symmetric matrices by introducing complex variables
without changing the algorithm now can lead to one difficulty. The scalar C can become
zero due to its definition (4.9). If the normalization is written explicitly,

uTu = 2||x||2R ∓ 2x1||x||R , (4.11)

one immediately sees that this happens for the two cases ||x||R = 0 and x1 = ±||x||R,
where x1 is the first component of the vector x. The latter case is not critical because
the sign of ∓2x1||x||R can be chosen arbitrarily and, in particular, the choice used in
numerical calculations to lessen roundoff errors [78] (The largest possible value of uTu
is chosen.) always avoids a divergence.

The first possibility for a divergence, viz. ||x||R = 0, is always possible for complex
symmetric matrices but can be avoided with an adequate permutation of columns and
rows. In contrast to the Jacobi rotation, exceptional points do not necessarily lead to di-
verging terms in the complex extended Householder transformation. This can directly be
shown for the simplest possibility of an exceptional point embedded in a non-tridiagonal
matrix, namely a 3× 3-matrix,

A =

 a 0 a−b
2i

0 e 0
a−b
2i

0 b

 , (4.12a)

where the first and the third rows and columns contain the exceptional point and e is
the third eigenvalue. The two-dimensional vector

u =

(
a−b
2i
a−b
2i

)
(4.12b)

and the scalar

C = −(a− b)2

4
(4.12c)

52



4.1 Simple generalizations of direct methods for real symmetric matrices

behave completely regular and lead to the permutation matrix

P =

 1 0 0
0 0 −1
0 −1 0

 (4.12d)

for the sole Householder step required to obtain the tridiagonal matrix

A′ =

 a −a−b
2i

0
−a−b

2i
b 0

0 0 e

 . (4.12e)

The example illustrates directly why the tridiagonalization does not conflict with the ex-
istence of exceptional points. Square root branch points form a two-dimensional normal
block, which can be embedded in a tridiagonal structure. The tridiagonalization post-
pones the difficult task to gain the eigenvalues from the normal block to the subsequent
algorithm applied to the simplified matrix.

The example considered here can be generalized to more complicated matrices. In
particular, the investigation of the Householder transformation for a general three-
dimensional complex symmetric matrix shows that only the vanishing real Euclidean
norm ||x||R = 0 leads to a failure of the algorithm, which has no connection to the
appearance of an exceptional point. Hence, the simple extension to complex variables
may result in diverging terms but in contrast to the Jacobi transformation exceptional
points do not raise a problem.

Applied to Hermitian matrices with the correct complex Euclidean norm one also
achieves a tridiagonalization of the matrix. If the algorithm with the complex Euclidean
norm is used for general matrices, one accomplishes a reduction to Householder form,
which is still a good starting point for a consecutive eigenvalue calculation [79]. However
a tridiagonal matrix makes the eigenvalue calculation more efficient. For example, the
numerical effort for the QL algorithm mentioned in the next section is of order O(n2)
per iteration for a Hessenberg matrix and O(n) for a tridiagonal matrix, where n is the
dimension of the square matrix. By ignoring the complex Euclidean norm for complex
symmetric matrices one gains the optimal tridiagonal structure but bears the risk of a
failure due to diverging terms for C = 0 in equation (4.7).

4.1.3 QL algorithm for the eigenvalues of a real tridiagonal matrix

As mentioned above the tridiagonalization of a complex symmetric matrix succeeds in
general for matrices containing exceptional points but postpones the problem of the
calculation of the eigenvalues to a subsequent algorithm. For tridiagonal or Hessenberg
matrices very efficient methods are the QR and QL algorithms, which are based on the
fact that any matrix A can be decomposed in the form

A = QR or A = QL , (4.13)
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4 Numerical diagonalization of matrices

where Q is unitary and R and L are upper and lower triangular, respectively. With the
help of this relation a series of unitary transformations

Ai+1 = Q+
i AiQi (4.14)

can be constructed which has the following convergence properties [78, 79].

• The sequence of matrices Ai converges to a lower triangular form as i → ∞ if
all eigenvalues have different absolute value, which is not the interesting case for
exceptional points.

• If degenerate eigenvalues λd of multiplicity p appear, which is exactly the case
for an exceptional point (p = 2 for a square root branch point), the sequence Ai

converges to lower triangular form except for a diagonal block matrix of dimension
p. The eigenvalues of the block matrix converge to λd.

Thus, the QL algorithm for general matrices again does not completely solve the prob-
lem. The normal blocks representing the exceptional point remain and their eigenvalues
must be determined with another method. However, the normal blocks are of very low
dimension. For the most common case of an exceptional point corresponding to a square
root branch point singularity, the matrix has dimension two and can be calculated eas-
ily. It should be noted that the normal blocks often are diagonalized due to numerical
convergence criteria. Numerically, an “exact” normal block is a rare case. In most cases
the eigenvalues of exceptional points can be found.

In the case of real matrices, Q is orthogonal and, again, for a simple complex extension
without the additional numerical costs of complex algorithms,“orthogonal”matrices with
complex coefficients can be used. For many examples the algorithm succeeds but a loss
in numerical accuracy is possible.

4.1.4 Possibilities for the application of algorithms for real matrices

Based on the discussions above one can conclude that it is often possible to use algorithms
for real symmetric matrices with complex-valued coefficients for the diagonalization of
complex symmetric matrices. There is no guarantee that the modified methods will
succeed but in most cases they do. In particular, the following results can be given for
the algorithms under consideration.

• One can implement a test in the Jacobi iteration, which prevents the algorithm
to perform a rotation if the program tries to diagonalize a normal block, which
is impossible. Then no diverging terms will appear. However, as was mentioned
above, the algorithm can fail completely for complex symmetric matrices. The
diverging norm of the off-diagonal elements shown in figure 4.2 forbids the use of
the algorithm.
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4.2 Iterative methods for large matrices

• A feasible possibility is provided by a combination of the tridiagonalization with
the Householder method and successive application of the QR or QL algorithm.
The result will be a matrix which is diagonal or block diagonal. The normal
blocks of exceptional points can remain and their eigenvalues must be calculated
analytically. In the QR or QL step, unitary rotation matrices can be used which
works stable for complex symmetric matrices. Thus, the only possible point of
failure appears in the first step. If in one of the Householder transformations a
column vector with vanishing real Euclidean norm emerges, the tridiagonalization
cannot be carried out, but this is a rare case and not connected with the occurrence
of branching eigenvalues.

4.2 Iterative methods for large matrices

4.2.1 Lanczos algorithm for Hermitian matrices

The direct algorithms considered so far have in common that they are simple enough
to discuss the influence of complex extensions but that they are too expensive for the
diagonalization of large matrices with up to several thousand basis states usually required
in atomic physics. Here, often variants of the iterative Lanczos algorithm are used which
allow for the efficient and fast calculation of some of the eigenvalues of a Hermitian or
real symmetric matrix. The Lanczos method is based on an orthonormal set of basis
vectors q1, q2, . . . , qm of the Krylov space

Km(q,A) = span[q,Aq, . . . ,Am−1q] , (4.15)

which are built of a starting vector q and the sequence of its multiplications with the
matrix A to be diagonalized [79]. In general, the maximum dimension m of the space
spanned according to equation (4.15) with the highest index for which dimKm(q,A) =
m is satisfied, is lower than the dimension n of the matrix A. Beginning with a starting
vector q the orthonormal basis can be constructed with the recursion

q1 = q , (4.16a)

γ1q0 := 0 , (4.16b)

Aqi = γiqi−1 + δiqi + γi+1qi+1 for i ≥ 1 , (4.16c)

where

δi = q+
i Aqi , (4.16d)

γi+1 =
√
r+
i ri , with ri = Aqi − δiqi − γiqi−1 , (4.16e)

qi+1 =
ri
γi+1

, if γi+1 6= 0 . (4.16f)
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4 Numerical diagonalization of matrices

From the recursion equations one can read that the procedure stops for the index i with
γi+1 = 0, which is i = m.

The Lanczos algorithm provides the tridiagonalization of a matrix, which becomes
clear if one writes the recursion equations (4.16a)–(4.16f) in the matrix form

AQi = QiJi + γi+1qi+1ê
T
i , (4.17)

where êi is the i-th axis vector êTi = (0, 0, . . . , 1) and the matrices

Qi = (q1, q2, . . . , qi) , (4.18a)

Ji =


δ1 γ2 0

γ2 δ2
. . .

. . . . . . γi
0 γi δi

 (4.18b)

appear. In particular, for i = m equation (4.17) reduces to

AQm = QmJm (4.19)

and a simple calculation reveals that each eigenvalue of the symmetric tridiagonal matrix
Jm is also an eigenvalue of A. Thus, the calculation of the eigenvalues with the Lanczos
algorithm starts with the determination of the coefficients γi and δi in the recursion
equations (4.16a)–(4.16f). Then, the symmetric tridiagonal matrix Ji is built up, which
has a much simpler form than A and whose eigenvalues can be calculated efficiently
with, e.g, one of the methods described above. As was already mentioned the recursion
(4.16a)–(4.16f) can stop for m ≤ n. Thus, the matrix has in general less eigenvalues
than A. But it is not the aim of the Lanczos algorithm to calculate all eigenvalues
of the matrix A. It is especially efficient if only the largest and smallest eigenvalues
of the matrix are searched. The extremal eigenvalues of Ji converge very fast to the
extremal eigenvalues of A and, hence, often a small number of iterations (4.16a)–(4.16f)
is sufficient to calculate the largest and smallest eigenvalues. Spectral transformations,
which shift and invert the eigenvalue problem, allow for the calculation of a specified
number of eigenvalues in any part of the spectrum [80].

In the Lanczos algorithm for real symmetric matrices, the recursion equations (4.16a)–
(4.16f) are valid but the Hermitian conjugate vectors q+

i in equation (4.16d) and r+
i

in equation (4.16e) are identical with the transpose vectors qTi and rTi , respectively.
The simple extension to complex symmetric matrix elements now consists in using the
transpose of the complex vectors qTi and rTi , which means that the real Euclidean norm
of the vector ri is used in equation (4.16e). This can result in a vanishing coefficient
γi+1 before the desired convergence for the eigenvalues is reached. The vector ri is not
an eigenvector of the matrix A and, therefore, this problem of convergence for complex
symmetric matrices is not directly connected with exceptional points. As stated above
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for the Householder method the tridiagonalization with the Lanczos algorithm can in
general also succeed for complex symmetric matrices which contain a square root branch
point. However, the algorithm can fail due to the case of γi+1 = 0 in an early step.

The crucial step for an exceptional point is the consecutive calculation of the eigen-
values from the tridiagonal matrix Ji. Here, normally the QL method which assumes
a Hermitian (or real symmetric) tridiagonal matrix is used. As is discussed in section
4.1.3 the algorithm can succeed but may also fail because normally no care is taken of
exceptional points in implementations of the Lanczos method. Alternatively a reduction
to the Schur normal form may be applied, which is always possible and avoids problems
with exceptional points.

4.2.2 Arnoldi algorithm

The Arnoldi algorithm finds the eigenvalues of general matrices and is not restricted to
Hermitian or real symmetric cases. It is similar to the Lanczos method and is based
on a sequence of orthonormal vectors q1, q2, . . . , qm which span the Krylov subspace
Km(q,A), where now the complex Euclidean norm based on the Hermitian inner product
q+q is used for the orthonormalization. Again, a recursion equation builds up the
sequence q1, q2, . . . , qm. It has the form [81]

q1 =
q√
q+q

, (4.20a)

hj,i = q+
j Aqi , j = 1, 2, . . . , i , (4.20b)

ri+1 = Aqi −
i∑

j=1

hj,iqj , (4.20c)

hi+1,i =
√
r+
i+1ri+1 , (4.20d)

qi+1 =
ri+1

hi+1,i

. (4.20e)

The similarity with the Lanczos method becomes especially clear if the iteration is writ-
ten in the matrix form

AQi = QiHi + hi+1,iqi+1ê
T
i (4.21)

or in the case i = m

AQm = QmHm , (4.22)

57



4 Numerical diagonalization of matrices

where Qi has the shape (4.18a). The elements hi,j replace the coefficients δi and γi of
the Lanczos method and form the upper Hessenberg matrix

Hi =


h1,1 h1,2 h1,3 · · · h1,n

h2,1 h2,2 h2,3 · · · h2,n

0 h3,2 h3,3 · · · h3,n
...

. . . . . . . . .
...

0 · · · 0 hn,n−1 hn,n

 . (4.23)

The extremal eigenvalues of Hi converge to the extremal eigenvalues of A. Similar to
the Lanczos algorithm it is now the aim of the method to compute the coefficients hi,j
with the help of the recursion equations (4.20a)–(4.20e) and to transform the matrix to
a simpler shape, which is an upper Hessenberg matrix. A consecutive QL sequence for
non-symmetric Hessenberg matrices can be used to gain the eigenvalues reliably.

4.2.3 Suitable implementations for high-dimensional matrices

There are powerful implementations of Lanczos and Arnoldi algorithms which allow for
fast and numerically efficient eigenvalue calculations of high-dimensional matrices. The
“spectral transformation Lanczos method” (STLM) algorithm by Ericsson and Ruhe [80]
is intended to solve real symmetric generalized eigenvalue problems. It uses a transforma-
tion of the underlying matrices to shift and invert the problem and computes a specified
number of eigenvalues in a user-defined part of the spectrum. A powerful implementa-
tion of the Arnoldi method is provided by the Arnoldi package ARPACK [82]. It uses
the “implicitly restarted Arnoldi method” (IRAM) to solve symmetric, non-symmetric,
and generalized eigenvalue problems in large systems and works especially efficient for
sparse matrices.

The discussion in section 4.2.1 shows, that it is in principle possible to introduce
complex variables in the Lanczos algorithm such that it can calculate the eigenvalues
of complex symmetric matrices. Far from exceptional points in the parameter space
one can find very good results. Tests with complex symmetric matrices have shown
that the eigenvalues are determined with an accuracy comparable with the accuracy of
algorithms for general complex symmetric matrices. This has in particular been checked
for the STLM implementation mentioned above. The procedure can even succeed in the
calculation of the degenerate eigenvalues at an exceptional point. This case has been
observed. However, there were also cases in which the STLM routines failed completely
to produce converged eigenvalues in the presence of an exceptional point. They use a
variant of the QL algorithm with implicit shifts that is not able to extract the eigenvalues
of the normal blocks appearing for the exceptional points in the tridiagonalized matrix.
Thus, the convergence is not reliable.

The implicitly restarted Arnoldi method works efficiently and stable in the presence
of exceptional points for the complex generalized eigenvalue problem appearing in the
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calculations for the hydrogen atom required in chapter 5 and it is in general well suited
for large sparse eigenvalue problems of general complex matrices. In particular, because
of its stability at the branch point singularities of interest in this thesis it is the method
of choice.

Since it ignores the complex structure of symmetric matrices with complex elements
and performs the transformation to a tridiagonal form, the spectral transformation Lanc-
zos method can solve large sparse complex symmetric eigenvalue problems faster than
Arnoldi algorithms. As has been tested vectors ri with vanishing real Euclidean norm in
equation (4.16e) are rare events and, therefore, do normally not disturb the tridiagonal-
ization. If special care is taken of the occurrence of exceptional points in the consecutive
solution of the eigenvalue problem for the tridiagonal matrix, the Lanczos method may
be a fruitful alternative. For example a QL algorithm which assumes a complex Hes-
senberg matrix may be used to get the eigenvalues reliably. Alternatively, the reduction
to the Schur normal form may be applied to the much smaller matrices obtained after
the Lanczos iteration. However, numerical roundoff errors are always possible during
the Lanczos iteration due to small real Euclidean norms of the vectors ri (cf. equations
(4.16e) and (4.16f)) and one has to check if one can trust the results.
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5 Detection of exceptional points in
spectra of the hydrogen atom

The detection of exceptional points in spectra of the hydrogen atom in external fields
is a nontrivial task in numerical calculations as well as in experimental observations.
In numerical calculations one has to find degeneracies of complex eigenvalues in the
form of branch point singularities, where a high-dimensional matrix representation is
used. Experiments appropriate to find exceptional points demand the detailed analysis
of photoionization cross sections for several dedicated combinations of external fields
to extract the positions and widths of the resonances measured. It is the purpose of
this section to elaborate and present methods to detect exceptional points in numerical
data and to present typical results. Furthermore, a method which allows for finding
exceptional points in experimental spectra is proposed. A more detailed discussion of
the properties of exceptional points found numerically will be given in chapter 6.

In section 5.1 the Hamiltonian of the hydrogen atom in crossed external electric and
magnetic fields is introduced and a short description of the matrix representation used
for the numerical calculations is given. A powerful method for the search for the branch
point singularities in spectra of the hydrogen atom is developed and discussed in section
5.2. Examples of exceptional points found in spectra of the hydrogen atom are given in
section 5.3. Finally, a method which opens the possibility to detect exceptional points
in experimental photoionization spectra is elaborated in section 5.4.

5.1 Hamiltonian and matrix representation

In this chapter the hydrogen atom in static crossed electric and magnetic fields is in-
vestigated and the following Hamiltonian is used. The electric field shall point in the
x-direction and the magnetic field is orientated along the z-axis,

E = Eêx , B = Bêz . (5.1)

The Hamiltonian without relativistic corrections and finite nuclear mass effects [83] reads

H =
1

2me

p2 − 1

4πε0

e2

r
+

1

2

e

me

BLz +
1

8

e2

me

B2(x2 + y2) + eEx , (5.2)

where p is the momentum of the electron, r its distance to the nucleus, and Lz the
z-component of the angular momentum. It contains the Coulomb potential ∝ 1/r, the
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paramagnetic term ∝ BLz, the diamagnetic term ∝ B2(x2 + y2), and the potential due
to the external electric field ∝ Ex. After the introduction of atomic Hartree units (see
appendix A.1.1), the Hamiltonian has the much simpler form

H =
1

2
p2 − 1

r
+

1

2
γLz +

1

8
γ2(x2 + y2) + fx (5.3)

with the electric and magnetic field strengths f = E/E0 and γ = B/B0, respectively,
where E0 = 5.14× 1011 V/m and B0 = 2.35× 105 T. The energy is measured in units of
Hartree Eh = 4.36× 10−18 J = 27.2 eV.

For the numerical calculation of the energy eigenvalues in a matrix representation
of the Hamiltonian (5.3) it is advantageous to transform the respective Schrödinger
equation into dilated semiparabolic coordinates. This transformation is presented in
detail in appendix B.1. The regularized form has the shape{

∆µ + ∆ν −
(
µ2 + ν2

)
+ b4γ

(
µ2 + ν2

)
i
∂

∂ϕ
− 1

4
b8γ2µ2ν2

(
µ2 + ν2

)
− 2b6fµν

(
µ2 + ν2

)
cosϕ+ 4b2

}
ψ = λ

(
µ2 + ν2

)
ψ (5.4)

with the dilated semiparabolic coordinates µ, ν, ϕ, and the free dilation parameter b. The
corresponding matrix equation is a generalized eigenvalue problem with the eigenvalue

λ = −(1 + 2b4E) . (5.5)

The form (5.4) with the term

∆µ + ∆ν −
(
µ2 + ν2

)
=

1

µ

∂

∂µ
µ
∂

∂µ
+

1

µ2

∂2

∂ϕ2
+

1

ν

∂

∂ν
ν
∂

∂ν
+

1

ν2

∂2

∂ϕ2
−
(
µ2 + ν2

)
= −2H0 (5.6)

already suggests that an adequate basis for the matrix representation is given by the
eigenstates of the two-dimensional harmonic oscillator (see appendix B.2). Due to the
appearance of the coordinates µ and ν a well suited complete basis set is given by the
states

|nµ, nν ,m〉 = |nµ,m〉 ⊗ |nν ,m〉 , (5.7)

where each of |nµ,m〉 and |nν ,m〉 represents an eigenstate of the two commuting oper-
ators

N = a+
1 a1 + a+

2 a2 , (5.8a)

L = i(a1a
+
2 − a+

1 a2) = (q1p2 − q2p1) (5.8b)

of the two-dimensional isotropic harmonic oscillator [84] with common eigenvalue m of
L. The operators ai and a+

i are the familiar ladder operators of the one-dimensional
harmonic oscillator.
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5.2 Procedure for the search for exceptional points

To calculate the resonances of the system the complex rotation method is used, which
has proven to be a powerful method for the calculation of atomic resonance spectra
[30, 31, 85]. Here, the direct approach introduced in section 3.4 can be applied to the
matrix representation of the Schrödinger equation (5.4). The complex scaling is included
via the dilation parameter b, where the transformation

b2 = |b2|eiθ (5.9)

performs the complex rotation
r → eiθr (3.4)

and leads to the complex scaled Schrödinger equation{
− 2H0 + |b|4ei2θγ

(
µ2 + ν2

)
i
∂

∂ϕ
− 1

4
|b|8ei4θγ2µ2ν2

(
µ2 + ν2

)
− 2|b|6ei3θfµν

(
µ2 + ν2

)
cosϕ+ 4|b|2eiθ +

(
µ2 + ν2

)}
e−i2θψ = 2|b|4E

(
µ2 + ν2

)
ψ

(5.10)

with a non-Hermitian matrix representation in the form

A(γ, f)Ψ = 2b4ECΨ , (5.11)

where A(γ, f) is a complex symmetric matrix and C is real symmetric positive definite.
Above the ionization threshold, resonances are uncovered as complex energies E, where
the real and imaginary parts represent the positions and widths of the resonances as
discussed in chapter 3.

The Hamiltonian has two constants of motion, namely the energy and the parity with
respect to the (z = 0)-plane. The latter symmetry opens the possibility to separate
eigenstates by their z-parity and to consider the associated subspaces separately. If
one uses basis states with defined z-parity the matrix representation decomposes in two
independent blocks. If not stated otherwise, the examples discussed in this thesis are
given for even z-parity.

The computation of the eigenvalues was performed by applying the ARPACK library
(cf. section 4.2.3 and reference [82]). For typical calculations used, the number of basis
states was in the order of 10,000 to 12,300. The exact determination of the positions
of exceptional points up to four valid digits often required larger matrices with up to
17,300 states. If the matrices A and C are built up appropriately, they have a band
structure. Typical matrix sizes and band widths used in the calculations are listed in
table 5.1 in dependence of the oscillator quantum numbers n = nµ + nν .

5.2 Procedure for the search for exceptional points

The Hamiltonian in the Schrödinger equation (5.10) is non-Hermitian. Two parameters,
viz. the strengths of the external electric and magnetic fields, are available to influence
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5 Detection of exceptional points in spectra of the hydrogen atom

Table 5.1: Typical matrix sizes used in the calculations for the hydrogen atom in crossed
external fields. n = nµ +nν is the highest oscillator level included. The lowest oscillator
level was always 0. The band width obtained for the matrix structure realized in the
program is measured for the complete band, i.e., all states left and right from the diagonal
are counted.

n basis states band width

30 5 456 577
37 9 880 839
40 12 341 967
45 17 296 1 199

the values of the resonances and, thus, it should be possible to produce degeneracies
of the complex resonance energies. Exceptional points do exist in atomic spectra if the
fields can be chosen in such a way that a coalescence of two states occurs. The crossed
fields hydrogen system fulfills all necessary conditions for the appearance of exceptional
points, however, one has to find them in the spectrum to proof their existence. It is a
nontrivial task to search for these degeneracies. The variation of the parameter values γ
and f does not lead to clear indications for degeneracies, and, it is not known in advance
which parameter values are a good choice for starting the search.

Examples for two different parameter regions are shown in figures 5.1 and 5.2. In
the first example one can see resonances which behave obviously very regularly under
changes of the two field strengths. Each symbol type belongs to one parameter set. The
paths of the resonances in the complex energy plane are almost parallel to each other
and do not indicate intersections. In the second example a more irregular behavior can
be observed. The resonances move in different directions and it is even hardly possible
to track the paths of some of the resonances and to relate the resonances of consecutive
steps. Here, branch point degeneracies are expected to occur more likely.

A direct search by minimizing the distance between two arbitrary resonances did
not lead to the discovery of exceptional points, however, exploiting the properties of the
branch point singularities has been very successful. In particular, the permutation of the
two eigenvalues involved in the singularity provides a clear signature which can be used
to detect exceptional points and to scan a larger area of the parameter space, namely
the complete circular surface, at once. A good choice for a closed loop is a “circle” in
the parameter space of the two field strengths with a radius δ < 1 chosen relative to the
center (γ0, f0),

γ(ϕ) = γ0(1 + δ cosϕ) , (5.12a)

f(ϕ) = f0(1 + δ sinϕ) . (5.12b)

A fundamental advantage of the method is the possibility to automatize the procedure
up to a certain extent. If the steps on the circle are chosen small enough, the resonances
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Figure 5.1: Resonances in spectra of the hydrogen atom in crossed external fields for a
regular part of the parameter space. Each symbol type represents converged resonances
in the energy range shown for a given parameter set. The parameters were chosen on two
lines. First, γ was varied in the range 4.3×10−4 < γ < 3.4×10−3 for fixed f = 3.7×10−4,
then f was chosen 3.7× 10−4 < f < 4.1× 10−4 for fixed γ = 4.3× 10−4 (see inset).

of two consecutive steps can be mapped unambiguously and their motion in the complex
energy plane can be followed. A successful sequence for the detection of exceptional
points consists of four steps.

1. A parameter region with resonances close to each other must be searched to have
a high probability to find exceptional points. Then, the parameter space region
of interest must be divided such that circles of the type (5.12a), (5.12b) can be
traversed with a reasonable radius. A partitioning as shown in figure 5.3 has
turned out to be a good choice. The circle form (5.12a), (5.12b) represents the
best method to avoid abrupt changes in the behavior of the resonances when one
crosses over from the variation of one of the field strengths to the other. In the
parameter region shown in figure 5.2 typically between 20 and 30 steps on a radius
δ ≈ 10−2 have proven to provide a good filtering.

2. Eigenvalues which do not return to their starting point after the parameter space
circle is closed, are marked. In a second step one has to decide if they are good
candidates for exceptional points or if they do not return due to effects at the border
of the energy range considered for the calculation. In particular, an unambiguous
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Figure 5.2: Resonances in spectra of the hydrogen atom in crossed external fields for
a part of the parameter space with irregular motions of the resonances. As in figure 5.1
each symbol type represents converged resonances of one parameter set. The parameters
were varied in the ranges 5.64×10−3 < γ < 6.92×10−3 and 2.52×10−4 < f < 2.72×10−4

(see inset).

permutation of two eigenvalues is a proof for the existence of an exceptional point.

3. If two eigenvalues which (can) belong to an exceptional point have been found, the
degeneracy must be determined by minimizing the distance of the two complex
energies. This can be performed with a two-dimensional root search when the two
eigenvalues have clearly been identified and are sufficiently separated from other
eigenvalues.

4. After the degeneracy has been found numerically a last circle with a small radius
(typically δ ≈ 10−12) around the parameter point at which the degeneracy occurs,
is used to decide whether the branch point singularity structure is present and
whether the degeneracy found is really an exceptional point.

5.3 Examples for exceptional points

With the method described above, exceptional points have been found for the first time
in spectra of the hydrogen atom in static external fields [86]. Figure 5.4(a) shows a typical

66



5.4 Exceptional points in experimental data
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Figure 5.3: Partitioning of the (γ, f) parameter space used for the search for exceptional
points. The parameter space region is divided such that the radii of the circles are in
the range δ ≈ 10−2, which leads to a sufficiently clear identification of the resonances.

result obtained in a numerical calculation. The squares and the diamonds represent one
of the eigenvalues at different field strengths, respectively. In this example, using 20
steps on the circle in parameter space has been sufficient to obtain a clear signature of
the branch point singularity. The “radius” of the circle according to equations (5.12a)
and (5.12b) was δ = 0.01. This value is sufficiently large to have an exceptional point
inside the circular surface with a high probability and is small enough to track the paths
of the eigenvalues with a low number of calculations. Figure 5.4(b) shows the position
of the degenerate eigenvalues (marked by the blue arrow) in the complex energy plane
among the resonances in their vicinity.

Examples for parameter values of exceptional points and the position of the degen-
erate eigenvalues in the complex energy plane are given in table 5.2. The values were
obtained by minimizing the distance of two eigenvalues which indicated a branch point
singularity. The degeneracy of the two eigenvalues, the existence of only one eigenvector,
and the permutation of eigenvalues were used to identify the exceptional points. In the
calculations the relative difference |E1−E2|/|E1| of the two eigenvalues could be reduced
down to 10−13. However, this is only the result for a single matrix representation. More
critical is the influence of the complex rotation on the matrix with finite size. Using
oscillator levels up to 45 (see table 5.1) the convergence of typically three to four valid
digits in the parameters as well as in the energies can be achieved. The convergence
was checked with the stability of the results against changes in the matrix size and the
complex parameter b.

5.4 Exceptional points in experimental data

In experiments the complex eigenvalues cannot be obtained directly. But it is possible to
measure the photoionization cross section and to extract the energy (real part of a com-
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Figure 5.4: (a) Paths of the two eigenvalues which degenerate at the exceptional point
in the complex energy plane. The squares and the diamonds represent one of the eigen-
values, respectively. Each point of one eigenvalue belongs to a different set of parameters.
The path in the field strength parameter space is a circle defined in equations (5.12a)
and (5.12b) with δ = 0.01 (see inset). The first set of parameters and the correspond-
ing eigenvalues are represented by filled symbols. The arrows indicate the direction
of progression. The filled triangle marks the position of the exceptional point in the
parameter space and the corresponding complex energy of the degenerate resonances.
(b) Resonances in the complex energy plane for the parameter values γ = 0.00572 and
f = 0.000256 (atomic units) at the exceptional point. The position of the two degenerate
eigenvalues is marked by the blue arrow.
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Table 5.2: Examples for exceptional points in spectra of the hydrogen atom in crossed
magnetic (γ) and electric (f) fields. All values in atomic units. The numbers are used
as labels to identify the exceptional points.

Number γ f Re(E) Im(E)

1 0.002335 0.0001177 −0.01767 −0.000103
2 0.002575 0.000117114 −0.015067 −0.0000823
3 0.002752 0.0001298 −0.015714 −0.00022637
4 0.0030152 0.0001231 −0.01209 −0.000099
5 0.003045 0.0001332 −0.015812 −0.0001896
6 0.0030460 0.000127302 −0.017624 −0.000087
7 0.0037915 0.0001535 −0.01240 −0.000164
8 0.004604 0.0002177 −0.022135 −0.00006878
9 0.004714 0.00021529 −0.01394 −0.00010
10 0.00483 0.000213 −0.01255 −0.00030
11 0.00529 0.0002011 −0.0150 −0.000136
12 0.00537 0.000214 −0.01884 −0.0000679
13 0.005388 0.0002619 −0.02360 −0.00015
14 0.00572 0.000256 −0.01984 −0.000258
15 0.00611 0.000256 −0.01593 −0.00024
16 0.00615 0.000265 −0.0158 −0.000374
17 0.00776 0.000301 −0.0179 −0.000756

plex eigenvalue) and width (imaginary part) of the resonances, which then can be used
to search for exceptional points in experimental data. Due to the lack of experimental
data suitable for the investigation of exceptional points, numerical photoionization cross
sections are applied to demonstrate the applicability of the method. First the numerical
determination of the photoionization cross section is performed before the signal is used
to extract the complex energies and to verify the existence of exceptional points.

5.4.1 Photoionization cross section

Since the complex energy eigenvalues were obtained using the complex rotation technique
it is straightforward to calculate the photoionization cross section with the same method.
The procedure presented by Rescigno and McKoy [87] is based on the evaluation of the
polarizability

P (E) = 〈ψ0|D(r)|ψE〉 , (5.13)

where D is the dipole operator in atomic units for a given direction of polarization of
the unit electric radiation field Er,

D(r) = Er · r , (5.14)
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5 Detection of exceptional points in spectra of the hydrogen atom

with the position r of the electron. Here, ψ0 is the stationary state with energy E0 and
ψE is the ionized state. Formally ψE can be calculated as first-order perturbation wave
function of an atom in the presence of an electric field,

(H − E)ψE = D(r)ψ0 , (5.15)

by inverting the operator (H − E), which yields

P (E) =
〈
ψ0

∣∣∣ D(r)
1

H − E
D(r)

∣∣∣ ψ0

〉
. (5.16)

With the complex energy eigenvalues Ei and the corresponding eigenfunctions ψi already
calculated in the resonance search the evaluation of equation (5.16) can be done using
the substitution

1

H − E
=
∑
j

ψj(θ)ψ
+
j (θ)

Ej − E
. (5.17)

Then, the photoionization cross section can be written in the form

σ(E) = 4πα(E − E0)Im

(∑
j

〈Ψ0|D|Ψj(θ)〉2

Ej − E

)
, (5.18)

since σ(E) = 4πα(E−E0)Im(P (E)). In equation (5.18), α is the fine-structure constant.
It is important to note that the rotated eigenfunctions calculated with the complex
rotation method are used in equation (5.18), where the rotation angle θ is compensated
during the calculation. In converged spectra, the result is independent of the rotation
angle θ.

5.4.2 Extracting complex energies from experimental data

Due to the form (5.18) of the photoionization cross section, in which the resonance
states Ψj(θ) contribute, a first assumption can be that they lead, at a branch point
singularity, to a strong signal dominating the photoionization cross section. For a correct
application of equation (5.18) the resonance eigenvectors Ψj(θ) have to be normalized
with a c-product, which leads to a diverging behavior at the exceptional point. However,
as can be shown this diverging behavior of the eigenvectors does not carry over to
the photoionization cross section and does not directly lead to a characteristic signal
applicable to verify exceptional points. A more detailed discussion of the properties of
the cross section in the vicinity of exceptional points will be given in section 6.5. Here,
a method based on the permutation behavior, which can be used to identify exceptional
points reliably, is presented.

The form (5.18) of the photoionization cross section can be used to find the complex
energy eigenvalues. In particular, one can exploit the Fourier transform, i.e., the time
signal

c(t) =

∫ ∞
−∞

σ(E)eiEt dE , (5.19)
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which has the dominant structure

c(t) =
∑
j

aj exp(iEjt) . (5.20)

The form (5.20) is well suited for the application of the harmonic inversion method
[88], which allows for the calculation of the complex energies Ej with a high precision.
The key idea of the method is to determine the time signal on K values located on an
equidistant grid cn = c(tn). Then, the nonlinear set of equations

cn =
∑
j

aj exp(iEjt) , n = 0, 1, . . . , 2K − 1 (5.21)

is solved to extract the complex energies Ej and the amplitudes aj of the sum (5.20).
There are several methods to solve these equations efficiently [89].

With this knowledge, a search for exceptional points in an experiment starts with the
measurement of the photoionization cross section for different field strengths, which are
located on a closed loop in the (γ, f)-space, e.g., on a circle of the type defined in equa-
tions (5.12a) and (5.12b). For each measurement, one obtains a spectrum whose time
signal is calculated with a Fourier transform. Then the Harmonic inversion method is
applied to extract the complex energies of the resonances. The energy values are drawn
in a diagram. After these steps, the same method which is used to search for branch
point singularities in numerical calculations can be applied to the experimental results.
The diagrams can be used to look for the characteristic open curves of single eigenval-
ues. Figure 5.5(a) shows an example of a typical result for the photoionization cross
section with the bound state energy E0 = −0.125 (n = 2, p-orbital) for different field
strengths which are located on a closed loop in the parameter space. The loop encircles
an exceptional point. Although not experimental but theoretical photoionization spectra
have been used as input for the calculations, it is obvious that it is possible to extract
the complex energies from a typical cross section as it is obtained in an experiment. In
figure 5.5(b) one can see the paths of complex eigenvalues extracted from the spectra.
In the example 16 cross sections were used. This number is sufficient to give a clear
indication of an exceptional point as shown in figure 5.5(b). That is, with the harmonic
inversion method, it is possible to extract the complex eigenvalues of resonances from
experimental photoionization cross sections and to detect branch points of resonances in
experimental data. This opens the way for the experimental observation of exceptional
points in atomic spectra.
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Figure 5.5: (a) Photoionization cross section of the energy range in which two eigenvalues
connected with an exceptional point appear. The cross section is shown for eight different
pairs of parameter values γ and f located on a circle around the exceptional point.
(b) Complex energy eigenvalues extracted from the cross sections with the harmonic
inversion method. Each eigenvalue is drawn with a different symbol. Altogether, 16
pairs of parameter values were used. In (a), every second cross section is shown. The
signature of a branch point singularity connected with the two eigenvalues labeled with
squares and diamonds, respectively, is clearly visible.
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spectra of the hydrogen atom

After a method to detect exceptional points in numerical calculations has been presented
in chapter 5, this chapter is devoted to a more detailed discussion of some properties
found for the exceptional points in spectra of the hydrogen atom. An analysis of the
eigenvalues is presented as well as the investigation of the phase behavior of the wave
functions in the vicinity of the branch point singularities.

A matrix model adequate to describe two resonances in the vicinity of an exceptional
point is presented in section 6.1. Section 6.2 starts with the properties of the complex
energy eigenvalues. The local structure at the exceptional points (section 6.2.1), the
shape of the eigenvalue loops for circles in the parameter space (section 6.2.2), and the
rare case of structures which include three resonances (section 6.2.3) are discussed. In
section 6.3 it is demonstrated that the geometric phase typical for exceptional points can
be found for the eigenvectors determined in the numerical calculations. Furthermore,
it will be shown that the exceptional points in the spectra of the hydrogen atom are
closely related with avoided level crossings in section 6.4. The diverging behavior of
dipole matrix elements and the regular shape of the observable photoionization cross
section at exceptional points is discussed in section 6.5.

6.1 Matrix model for the description of two resonances
close to an exceptional point

Two-dimensional matrix models with a complex parameter have proven to give a good
description of the two complex eigenvalues in the vicinity of exceptional points and can
also provide good results for the resonances of the hydrogen atom in external fields.
However, for some effects they are not sufficient and the actual influence of the two real
parameters γ and f must be taken into account. A more adequate description is given
by

M =

(
a0 + aγ(γ − γ0) + af (f − f0) b0 + bγ(γ − γ0) + bf (f − f0)
b0 + bγ(γ − γ0) + bf (f − f0) c0 + cγ(γ − γ0) + cf (f − f0)

)
. (6.1)

This two-dimensional matrix is still a very simple model because it includes only the
two states involved in the exceptional point and ignores couplings with other levels.
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Furthermore, a linear dependence of the matrix elements on the two field strengths is
assumed, which is certainly only true for small distances to the center point (γ0, f0). In
contrast to the simple model used in section 2.3, however, it includes two real parameters
with complex prefactors aγ,f , bγ,f , cγ,f and correctly reproduces the matrix shape of the
full Hamiltonian to lowest order. In a power series expansion its eigenvalues fulfill the
relations

λ1 + λ2 = tr(M ) = A+B(γ − γ0) + C(f − f0) , (6.2a)

(λ1 − λ2)2 = tr(M)− 4det(M ) = D + E(γ − γ0) + F (f − f0) +G(γ − γ0)2

+H(γ − γ0)(f − f0) + I(f − f0)2 (6.2b)

with new coefficients A,B,C,D,E, F,G,H, I. Since the eigenvalues do not change for
a similarity transformation of the matrix M and the explicit choice of the matrix is
not relevant, the representation (6.2a) and (6.2b) is more suitable than equation (6.1),
in which more coefficients appear. The coefficients can be determined with a fit of the
exact quantum energies to equations (6.2a) and (6.2b) in a region of the parameter space
in which only two resonances are relevant. A fit for 6 different parameter sets1 yields
the 9 coefficients A, B, C, D, E, F , G, H, I and, thus, determines completely the two
eigenvalues of the model (6.1) in dependence of the deviations from the center point
(γ0, f0).

6.2 Properties of the eigenvalues

6.2.1 Local structure of the degeneracies

Exceptional points are square root branch points and the local structure of the eigenval-
ues around an exceptional point should be reflected in the dependence of the complex
energy eigenvalues on the parameters. In particular, in a close vicinity of the excep-
tional point the energies should to lowest order depend on the parameters γ and f in
the form of a square root function. An illustration of this behavior is given in figure
6.1, where the real and the imaginary part of two coalescing eigenvalues in the vicinity
of the exceptional point labeled 12 in table 5.2 is drawn. In the figure, δ represents a
parameter which defines a line via equations (5.12a) and (5.12b), where now the angle
ϕ is set to a fixed value, δ is varied and the “center” is set to (γ0, f0) = (γ(EP), f (EP)),
i.e., δ(EP) = 0 corresponds to the exceptional point. Square root functions were fitted to
the data points and lead to a good correspondence very near to the exceptional point.
They are drawn with blue lines in figure 6.1. For larger distances deviations are visible,
however, the local square root shape of the energies is clearly demonstrated.

1Six differences λ1−λ2 are required to determine D, E, F , G, H, and I. Three of the same parameter
sets can be used to set A, B, and C with the sum λ1 + λ2.
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Figure 6.1: Local structure of two complex eigenvalues in the vicinity of the exceptional
point labeled 12 in table 5.2. The real (a) and the imaginary (b) part of the complex
energy (red squares) are shown for a line represented by the parameter δ, a constant
angle ϕ, and (γ0, f0) = (γ(EP), f (EP)) in equations (5.12a) and (5.12b), i.e., δ(EP) = 0.
Square root functions fitted to the data points and drawn with blue lines demonstrate
the local square root branch point structure.

6.2.2 Shapes of the eigenvalue loops

As can be seen in figure 5.4(a) the shape of the paths covered by the two energy eigenval-
ues differs considerably from the semicircle form obtained for a small loop in the simple
two-dimensional matrix model in figure 2.4(b) on page 25. For the parameter space
circle used in figure 5.4 the form of the representation of the Hamiltonian must be taken
into account. A good description of the complicated behavior is possible with the model
(6.2a), (6.2b). Using this matrix, a more detailed investigation of the phenomenon is
done in figure 6.2. Here a circle around the exceptional point, which is always located
exactly in the center, is performed for three different radii. For radii δ = 0.03 and
δ = 0.01 (see figures 6.2(a) and (b)) the complicated structure already known from fig-
ure 5.4(a) appears. The deformations of the eigenvalue paths can be reproduced with
the matrix (6.1). The lines in figures 6.2(a) and (b) represent the positions of the two
model eigenvalues λ1 and λ2 for the same parameter space circle which was used for the
exact quantum resonances. The very good agreement demonstrates that it is possible to
describe the local structure of the resonances at an exceptional point with a simple two-
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Figure 6.2: Paths of the two eigenvalues considered in figure 5.4 for different radii of the
parameter space circle (5.12a), (5.12b), where the center (γ0, f0) was always chosen to be
exactly the exceptional point. (a) δ = 3×10−2, (b) δ = 10−2, (c) δ = 10−4. The position
of the resonances at (γ0, f0) is marked by a triangle in each figure. The squares and
diamonds represent the exact quantum resonances. The lines represent the eigenvalues
of the two-dimensional matrix model (6.1), whose coefficients have been fitted to the
numerical results of the exact quantum calculations.

dimensional model that ignores the influence of further resonances even if complicated
structures of the eigenvalue paths appear.

Figure 6.2(c) shows a circle around the same exceptional point for the much smaller
radius δ = 10−4, where the shape of the paths becomes more similar to the semicircle
known from figure 2.4(b). The position of the degenerate eigenvalues for the parameters
chosen at the exceptional point, which is marked by the triangle in figure 6.2(c), now
is located in the center of the enclosing eigenvalue trajectories. However, it is not a
perfect semicircle. This effect is a result of the dependence on two real parameters with
two complex prefactors as introduced in the model (6.1). While the models using one
complex parameter (cf. section 2.3) lead to a perfect semicircle as is demonstrated with
the power series expansion (2.9) on page 25, this is not true for the description (6.1).
With a short calculation it can be shown that a fractional power series expansion similar
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Figure 6.3: (a) A circle in the parameter space is chosen such that it goes through the
parameter set (γ1, f1) at which one of the energy eigenvalues returns to its position at
the exceptional point. A straight line connects the exceptional point and the parameter
set (γ1, f1). (b) Paths of the two numerically exact complex energies for the circle and
the straight line described in (a).

to equation (2.9) for the model (6.2a), (6.2b) to lowest order reads

λ1,2 =
A

2
± 1

2

√
Eγ0 + Ff0

2
δ

√
1 +

Eγ0 − Ff0

Eγ0 + Ff0

e−i2ϕ eiϕ/2 (6.3a)

in the case |Eγ0 − Ff0| < |Eγ0 + Ff0| or, if |Eγ0 − Ff0| > |Eγ0 + Ff0|,

λ1,2 =
A

2
± 1

2

√
Eγ0 − Ff0

2
δ

√
1 +

Eγ0 + Ff0

Eγ0 − Ff0

ei2ϕ e−iϕ/2 (6.3b)

where the second term under the second square root normally is large enough to have a
considerable influence and leads to the modulation of the “radius” during the traversal
of the semicircle which can be seen in figure 6.2(c). Again, the model fitted to the
numerical data and shown with the lines in the figure perfectly reproduces the behavior.

Intersections of an eigenvalue path with itself are observed, which means that the
eigenvalue can have the same complex energy for two different parameter sets. In figure
6.2(a) one can even see that the position of the exceptional point lies outside the area
enclosed by the two eigenvalue paths. This is possible if one of the two eigenvalues (in
this example obviously the resonance denoted by red squares) has the same complex
energy as at the exceptional point for a second parameter set and the line “crosses” the
exceptional point. The crossing of an eigenvalue line with the position of an exceptional
point in the complex energy plane is drawn in figure 6.3. The parameter space circle
plotted in figure 6.3(a) is chosen such that it goes directly through the point (γ1, f1) at
which one of the resonances returns to its position at the exceptional point, which can be
seen in figure 6.3(b). Additionally, the straight line shown in figure 6.3(a) is performed.
For this line one observes one of the resonances (denoted by the dashed green line in
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6 Properties of exceptional points in spectra of the hydrogen atom

figure 6.3(b)) which leaves the position of the exceptional point. The second resonance
(solid red line) also departs from the exceptional point but returns to its original position
on the same path.

6.2.3 Structures with three resonances

In the high-dimensional matrix representation of the hydrogen atom also connections
between different exceptional points can be observed. An example is given in figure 6.4,
where a structure with three resonances is shown. In figure 6.4(a) obviously a permuta-
tion of three eigenvalues can be observed for a closed loop in the parameter space. From
that behavior one can assume that an exceptional point consisting of three resonances
which form a cubic root branch point singularity was detected. However, a more detailed
analysis shows that this is not the case, however, there is a close relationship with a triple
coalescence as will become clear below. There are two exceptional points located in the
circular surface of the parameter space circle of the type (5.12a), (5.12b) used in figure
6.4(a). This can directly be shown if one chooses two different parameter loops with two
different center points (γ0, f0) and smaller radii δ, which is done in figures 6.4(b) and
(c). Then, one can observe that there are two exceptional points at which two of the
three resonances form a square root branch point. The resonance denoted by pentagons
in figure 6.4 is involved in both exceptional points.

Of course, it is not possible to describe a behavior of this kind with the two-dimensional
matrix models used so far. At least a three-dimensional model is required to simu-
late three energy eigenvalues which are connected with each other. Indeed, it can be
shown that it is possible to reconstruct the structures shown in figure 6.4 with a three-
dimensional matrix model. In extension of the matrix (6.1) a good choice is a three-
dimensional, symmetric matrix, whose elements are given by a power series expansion
in the two field strengths γ and f around a center point (γ0, f0), viz.

Mij = M
(0,0)
i,j +M

(1,0)
i,j (γ − γ0) +M

(0,1)
i,j (f − f0) +M

(2,0)
i,j (γ − γ0)2

+M
(1,1)
i,j (γ − γ0)(f − f0) +M

(0,2)
i,j (f − f0)2 +M

(3,0)
i,j (γ − γ0)3

+M
(2,1)
i,j (γ − γ0)2(f − f0) +M

(1,2)
i,j (γ − γ0)(f − f0)2 +M

(0,3)
i,j (f − f0)3 + . . .

(6.4)

with Mji = Mij and i, j ∈ {1, 2, 3}. The eigenvalues of this matrix model can, as in the
two-dimensional case, be fitted to a matrix of this type. Since a model description for the
eigenvalues λ is searched, the best method is to fit the coefficients of the characteristic
polynomial

λ3 + aλ2 + bλ+ c = 0 (6.5a)
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Figure 6.4: Illustration of a structure in the vicinity of two exceptional points in which
three resonances are involved. Each of the resonances is denoted by a different symbol.
In figure (a) the parameter space loop is chosen such that both exceptional points are
located within the circular surface. The resonance marked by pentagons forms a branch
point singularity with two further states at two different parameter values, which is
shown with two additional parameter space loops in whose circular surface only one of
the two exceptional points is located (figures (b) and (c)). The lines mark the eigenvalues
of the three-dimensional model (6.4), (6.5a) fitted to the numerical data. The inset of
figure (a) shows the three parameter space loops (circles) and the position of the two
exceptional points (triangles).
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6 Properties of exceptional points in spectra of the hydrogen atom

with the familiar relations

a = −(λ1 + λ2 + λ3) , (6.5b)

b = λ1λ2 + λ1λ3 + λ2λ3 , (6.5c)

c = −λ1λ2λ3 (6.5d)

to the exact numerical results. If the form (6.4) of the matrix is assumed, a, b, and c will
also be given by a power series expansion in the two field strengths. For the discussion in
figure 6.4 terms up to third order were included. This leads to 10 coefficients (similar to
equation (6.4)) for each of the terms a, b, and c, and 10 combinations of field strengths
are required to obtain 10 triples of eigenvalues for the relations (6.5b)–(6.5d). The
eigenvalues for the three-dimensional matrix model agree very well with the numerically
exact resonances and show that it is sufficient to take the three resonances into account
to explain their behavior. The influence of further resonances can be ignored in the
investigation of the threefold permutation. The model can even be used to predict the
positions of the two exceptional points located within the parameter space loop. For
the case shown in figure 6.4(a) the model predicts the positions of the two exceptional
points labeled 15 and 16 in table 5.2 at (γ1 = 6.12 × 10−3, f1 = 2.53 × 10−4) and
(γ2 = 6.15× 10−3, f2 = 2.68× 10−4), respectively, which approximates the results of the
full quantum system very well.

The finding of the threefold permutation is especially interesting because it is strongly
related to branching solutions beyond the typical square root branch point studied mostly
in physical examples. In particular, the possibility for a cubic branch point in a three-
dimensional symmetric matrix is the topic of current studies [90]. For a complex symmet-
ric matrix a coalescence of N levels requires (N2 +N−2)/2 real parameters. That is, for
N = 3 coalescing levels in the form of a cubic branch point singularity 5 parameters are
necessary. That means for the hydrogen atom that additionally to the two field strengths
γ and f three further parameters have to be introduced. This is a very complicated task
and it was even difficult to find square root branch points in a two-dimensional parameter
space. Already the presence of two closely related exceptional points in which altogether
three resonances are involved as shown in figure 6.4 is a remarkable observation. The
three additional parameters would be required to form a coalescence of both exceptional
points or, in other words, they would be necessary to shift the three resonances such
that they form a cubic root branch point in the five-dimensional parameter space.

6.3 Phase of the wave functions

A further property of exceptional points which can be checked in the numerical cal-
culations is the phase change of one of the eigenvectors described with the equation

[x1,x2]
circle→ [x2,−x1] (2.3)
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Figure 6.5: Phase of the complex matrix element p12 defined in equation (6.8). It
changes its value by π during the traversal of the circle in parameter space. The result
corresponds to the expected change in sign of one of the two eigenvectors.

in section 2.2. To demonstrate this phase change an orthogonality relation of the eigen-
vectors apart exceptional points can be exploited. In general, but not at the exceptional
points, the eigenvectors of the resonances can be normalized such that

〈Ψi|C|Ψj〉 = δij (6.6)

with the matrix C from equation (5.11). With this relation the phase change of one of
the eigenfunctions, when a circle around an exceptional point is performed, can be seen
as a change in sign of an arbitrary matrix element

p12 = 〈Ψ1|M |Ψ2〉 (6.7)

for the two eigenvectors |Ψ1〉 and |Ψ2〉 which describe the resonances associated with the
exceptional point. A good choice for the matrix element is given by M = 1, i.e.,

p12 = 〈Ψ1| Ψ2〉 , (6.8)

which can be calculated immediately since the eigenvectors are obtained easily in the
form (6.6). For this normalization, the matrix element (6.8) is not diagonal and, thus,
is adequate to investigate the phase behavior.

For the loop shown in figure 5.4(a), the matrix element p12 from equation (6.8) was
calculated. The phase of the complex number, plotted in figure 6.5, changes its value
by π. This clearly proves the change in sign of one of the two eigenstates as mentioned
above.

6.4 Connection with avoided level crossings

There is a close relation between avoided level crossings of the real energies of bound
states and exceptional points. As was demonstrated, the level repulsions of bound states
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6 Properties of exceptional points in spectra of the hydrogen atom

Figure 6.6: Resonances of the microwave experiment introduced in section 2.4.4 for

two different fixed slit widths s 6= s(EP) (taken from reference [9]). The position of the
Teflon stub, i.e., the second parameter is varied. On the left hand side a crossing of the
frequencies f1,2 and an avoided crossing of the widths Γ1,2 can be observed. The opposite
case can be seen on the right hand side.

of a Hermitian Hamiltonian which depends on one real parameter are associated with an
exceptional point if the parameter is continued into the complex plane [2, 4]. A similar
effect appears for the resonances of open quantum systems. Here, one can observe
crossings or avoided crossings of the positions and widths of the resonances for lines
in the parameter space which do not cross the exceptional point. An example for the
microwave experiments introduced in section 2.4.4 is presented in figure 6.6. Here one of
the two parameters, viz. the width s of the slit, is held constant at two different values
apart from the exceptional point for the measurements displayed on the left hand side
and on the right hand side. The position δ of the Teflon stub, which represents the
second parameter, is varied. Since the exceptional point is not crossed on the parameter
space line, no degeneracy is achieved. However, on the left hand side one can observe a
crossing of the frequencies f1,2 and an avoided crossing of the widths Γ1,2. The opposite
case can be seen on the right hand side.

Of course avoided level crossings of the energies or widths can also be observed in
spectra of the hydrogen atom in external fields. Figure 6.7 shows the real part of the
complex energy in dependence of a parameter α which defines a straight line of the form

γ = 0.80516× 10−2α , (6.9a)

f = 0.32169× 10−3α , (6.9b)

γ/f = 25.03 (6.9c)

in the (γ, f)-space. The line is chosen such that it goes directly through the exceptional
point labeled 12 in table 5.2. The position of the exceptional point is marked by the
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Figure 6.7: Real part of the complex energy as a function of the one-dimensional
parameter α, γ = 0.80516× 10−2α, f = 0.32169× 10−3α, defined with equations (6.9a)
and (6.9b). The blue circle marks an exceptional point. Avoided crossings (marked by
blue squares) appear, which are connected with exceptional points. Only resonances
with |Im(E)| < 0.0005 are drawn to simplify the figure. The black frame marks the
region investigated in detail in figure 6.8(a) to demonstrate how an avoided crossing
leads to an exceptional point if the parameters are varied.

blue circle in the figure. In the vicinity of the parameter space line further exceptional
points are located. Since the line does not cross these critical parameter values, the
exceptional points lead to the avoided crossings in the energy or the widths, where the
avoided energy (or real part) crossings are shown in the figure. They are marked by
blue squares. The close connection between the avoided crossings and branch point
singularities of exceptional points can be shown very directly. It is possible in all cases
marked in figure 6.7 to vary the parameters γ and f such that a coalescence of the two
eigenvalues forming the avoided crossing is achieved. That is, all avoided crossings found
in the diagram are associated with exceptional points of the corresponding resonances.
In all cases, where the description of the energy range under consideration is possible
with the model (6.1), i.e., always if only two resonances are involved, the adjustment
of the parameters γ and f leads to a branch point. Thus, exceptional points are the
normal origin of narrow avoided level crossings.

A more detailed illustration is given in figure 6.8. The region marked by the black
frame in figure 6.7 is magnified in figure 6.8(a). Three of the avoided level crossings are
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Figure 6.8: (a) Detailed illustration of the region marked by the black frame in figure
6.7. Three of the avoided energy crossings are included. In addition, the imaginary
part is shown, which exhibits two crossings (magenta and green arrows) and one avoided
crossing (blue arrow). (b) The same region is shown for the field strengths varied on the
line γ = 0.65378× 10−2α′, f = 0.28213× 10−3α′ given by equations (6.10a) and (6.10b).
One of the three exceptional points is located on this line and the corresponding avoided
energy crossing marked by a magenta arrow in figure (a) has been transformed into a
branch point singularity, where both the real and imaginary parts are identical. The
other two encounters show at least one avoided crossing in the real or in the imaginary
part.

included and, in addition, the imaginary part of the resonances is shown. The encounter
of two resonances marked by the green arrow shows an avoided crossing in the real part
and a crossing in the imaginary part. The blue arrow exhibits avoided crossings in the
real as well as in the imaginary part. The encounter marked by the magenta arrow shows
an avoided crossing of the real part which is accompanied by a crossing in the imaginary
part. Its behavior changes for a slightly different line in the parameter space defined by

γ = 0.65378× 10−2α′ , (6.10a)

f = 0.28213× 10−3α′ , (6.10b)

γ/f = 23.17 . (6.10c)

Now the avoided energy crossing is changed into a crossing, which can be seen in figure
6.8(b). The line (6.10a), (6.10b) goes exactly through the corresponding exceptional
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6.5 Dipole matrix elements and the photoionization cross section at exceptional points

point. As a consequence the avoided crossing is transformed into a branch point degen-
eracy at which both the real and imaginary parts are identical, whereas the other two
encounters do not form a degeneracy. They belong to different exceptional points which
are not crossed by the line. The encounter labeled with the blue arrows forms, again, an
avoided crossing both in the real and in the imaginary part. The third encounter, which
is marked by green arrows has inverted its behavior. Now, it forms a real part crossing
and an avoided crossing of the imaginary part.

The connection between avoided crossings and exceptional points provides an addi-
tional possibility to detect the branch point singularities in spectra of the hydrogen
atom. Exceptional points can be found if the real part of the complex resonance ener-
gies is plotted as a function of one parameter similar to α in equations (6.9a) and (6.9b).
If avoided crossings of the energy are found, one can apply the method elaborated in
section 5.2.

6.5 Dipole matrix elements and the photoionization
cross section at exceptional points

The dipole matrix elements used to calculate the photoionization cross section (5.18)
depend on the resonance wave functions ψE, which lead to a remarkable behavior at
exceptional points. The resonances at the branch points are described by eigenstates
which cannot be normalized with the c-product required for the complex rotation method
(cf. section 3.3). It is a common property of the c-product normalized eigenvectors of
complex symmetric matrices that their components diverge at exceptional points (see
reference [2] and compare sections 2.4.3 and 2.5). That behavior can be observed directly
for the normalized eigenvectors

x1(κ) =
1√

κ2 +
(
1−
√

1 + κ2
)2

(
−κ

1−
√

1 + κ2

)
, (2.28a)

x2(κ) =
1√

κ2 +
(
1 +
√

1 + κ2
)2

(
−κ

1 +
√

1 + κ2

)
(2.28b)

of the simple two-dimensional matrix model introduced in chapter 2 at the exceptional
points κ = ±i. The diverging behavior must carry over to the dipole matrix elements
and, indeed, the numerical results show that the resonance wave functions obtained with
the complex rotation method lead to diverging dipole matrix elements. However, this is
not an observable physical property because the single dipole matrix elements of the two
identical wave functions at an exceptional point are not accessible. In particular, the
photoionization cross section behaves regularly and does not diverge at an exceptional
point, as was already mentioned in section 5.4.2 and as will be shown here.
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To get a comprehensible explanation of the effects, one can investigate a close vicinity
of the exceptional points. There, only the two resonances involved in the branch point
singularity are important if they are sufficiently separated from all further resonances,
which is in general possible since only a narrow region of the complex energy plane
around two (almost) degenerate eigenvalues must be taken into account. In this case,
one can restrict the discussion to a two-dimensional subspace spanned by the two relevant
eigenvectors close to the exceptional point. To keep the discussion clear, the symmetric
matrix model introduced in section 2.3 on page 24 is used,2 the results, however, are valid
for all complex symmetric matrices. The normalized eigenvectors, which correspond
to the resonance wave functions ψE are given in this model by equations (2.28a) and
(2.28b).

The dipole matrix elements have the form P = 〈ψ0|D(r)|ψE〉 and the most general
representation is given by a product P1,2 = y · x1,2 of the eigenvectors x1,2 with an
arbitrary vector

y =

(
y1

y2

)
. (6.12)

If now the squares of the dipole matrix elements, which are required for the photoion-
ization cross section, are calculated for a small complex deviation δ from one of the two
exceptional points,

κ = i + δ , (6.13)

a fractional power series shows that the single contributions

P̄ 2
1 = (y · x1)2 =

ei3π/4

2
√

2

(y1 + iy2)2

√
δ

+
1

2
(y2

1 + y2
2) +

ei5π/4

8
√

2
(y2

1 − 6iy1y2 − y2
2)
√
δ + O(δ) ,

(6.14a)

P̄ 2
2 = (y · x2)2 =

ei7π/4

2
√

2

(y1 + iy2)2

√
δ

+
1

2
(y2

1 + y2
2) +

eiπ/4

8
√

2
(y2

1 − 6iy1y2 − y2
2)
√
δ + O(δ)

(6.14b)

diverge with 1/
√
δ. It is interesting to note that the sum of both contributions has

always the value
(y · x1)2 + (y · x2)2 = y2

1 + y2
2 , (6.15)

independently of the parameter κ, i.e., of the presence of the exceptional point, and of
the matrix used. It is fulfilled for all eigenvectors x1,2 of a two-dimensional symmetric
matrix. More interesting is, however, the sum

σ̄ =
(y · x1)2

λ1 − E
+

(y · x2)2

λ2 − E
, (6.16)

2Note that in particular there is no difference in the behavior of the eigenvalues visible between the
lowest order power series expansions (2.9) and (6.3a), (6.3b) if only the distance δ (or %) is varied
and the angle ϕ is kept constant.
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which describes the contribution of the two resonances to the photoionization cross
section with the eigenvalues

λ1 =
√

1 + κ2 , (2.5a)

λ2 = −
√

1 + κ2 (2.5b)

and a real variable E representing the energy. Here, one can also look at the contributions
of the single eigenvalues and obtains in a fractional power series expansion around the
branch point

σ̄1 =
(y · x1)2

λ1 − E
=

ei7π/4

2
√

2

(y1 + iy2)2

E
√
δ

+ f1(E, y1, y2) + f2(E, y1, y2)
√
δ

+ f3(E, y1, y2)δ + O(δ3/2) , (6.17a)

σ̄2 =
(y · x2)2

λ2 − E
=

ei3π/4

2
√

2

(y1 + iy2)2

E
√
δ

+ f1(E, y1, y2)− f2(E, y1, y2)
√
δ

+ f3(E, y1, y2)δ + O(δ3/2) (6.17b)

with rather complicated expressions f1(E, y1, y2), f2(E, y1, y2), and f3(E, y1, y2) which do
not depend on δ. These parts diverge, however, σ̄1 and σ̄2 alone are not observable. The
sum contributes to the photoionization cross section. In particular, at the exceptional
point (δ = 0) the two resonances overlap. For the sum one finds

σ̄ = 2f1(E, y1, y2) + 2f3(E, y1, y2)δ + O(δ2) , (6.18)

that is, the photoionization cross section converges linearly to a constant value at the
branch point.

Numerical calculations for the hydrogen spectra discussed in this thesis demonstrate
the applicability of the simple model. For this purpose, the square modulus of the dipole
matrix elements 〈Ψ0|D|Ψj(θ)〉 and the photoionization cross section (5.18) are calculated
on a straight line of the form (5.12a), (5.12b) for a constant angle ϕ and variable distance
δ to the exceptional point (γ0, f0) = (γ(EP), f (EP)). The results have been verified for
different angles ϕ.

Figure 6.9 shows the squares of the two isolated dipole matrix elements for the reso-
nances which form the exceptional point labeled 12 in table 5.2. Both matrix elements
behave like the approximate equations (6.14a) and (6.14b) of the simple two-dimensional
model. The single terms |P1|2 and |P2|2 diverge in the form of a reciprocal square root
which is shown with a fit of the numerical results to the function

Pfit(δ) =
a√
δ

+ b . (6.19)

An excellent agreement can be observed. Additionally, the real and imaginary parts of
the sum P 2

1 +P 2
2 are plotted. As expected from equation (6.15) for the two-dimensional

model, this sum has a constant value.
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Figure 6.9: Squares P 2 of the dipole matrix elements forming the exceptional point
labeled 12 in table 5.2 for a line of the form (5.12a), (5.12a) with the constant angle
ϕ = 0.7 and (γ0, f0) = (γ(EP), f (EP)). In both cases the square modulus diverges in the
form of a reciprocal square root. A fit of the data points to a function of the form
a/
√
δ + b which is expected from equations (6.14a) and (6.14b) is shown with the solid

red and dashed green line. The real and the imaginary part of the sum P 2
1 + P 2

2 is also
drawn.

The photoionization cross section σ(Re(E(EP))) evaluated at the real part of the energy
E(EP) at the exceptional point according to equation (5.18) is shown in figure 6.10 in
dependence of the distance parameter δ. As can be seen directly in the figure the
numerical data points (red points) converge linearly to a constant value for δ → 0. The
red line represents a fit to the function

σfit(Re(E(EP))) = a+ bδ (6.20)

whose form is expected from the power series expansion (6.18) of the two-dimensional
model. The comparison shows a good agreement.

In summary, the results for the hydrogen atom in crossed external fields demonstrate
that single dipole matrix elements show a diverging behavior for resonance eigenstates at
an exceptional point, however, the photoionization cross section behaves regularly and
converges linearly to a constant value. Both observations can be explained with a simple
two-dimensional matrix model, which provides an excellent qualitative description of the
properties in the local vicinity of the branch point singularity. The lack of a characteristic
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Figure 6.10: Photoionization cross section σ(Re(E(EP))) with the bound state energy
E0 = −0.125 (n = 2, p-orbital). The numerical data (dots) converge linearly to a
constant value as is expected from equation (6.18). Again, the line (5.12a), (5.12b) with
constant angle ϕ and (γ0, f0) = (γ(EP), f (EP)) is used.

signal in the cross section directly at the exceptional point made necessary the method
introduced in section 5.4.2 to verify exceptional points in experimental data.
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7 Influence of the transition state on
the resonances of the hydrogen atom

Exceptional points are a phenomenon which appears for resonances of open quantum
systems, i.e., they are closely related with the ionization mechanism. The energy range,
which has been investigated in the discussions in chapters 5 and 6 exhibits a further
property of the ionization process, viz. a close connection with the classical transition
state theory. The ionization mechanism of the hydrogen atom in crossed electric and
magnetic fields has already been investigated by application of the transition state theory
[33–36], however, a complete physical picture is still lacking. In particular, the existence
of transition states localized in the vicinity of the Stark saddle point in the quantum
spectrum is unclear. It is the purpose of this chapter to demonstrate the connection
between the classical motion of an electron confined near the classical transition state
and exact quantum resonances.

Section 7.1 describes briefly the basic concept of the transition state theory and its
application to the hydrogen atom. The system and an approximation around the saddle
point are introduced in section 7.2 and the results presented in section 7.3 uncover the
close relation between the classical electron motions near the transition state and exact
quantum spectra.

7.1 Transition state of the hydrogen atom in crossed
electric and magnetic fields

The transition state theory is a fundamental approach for the description of transfor-
mations in dynamical systems that has applications far beyond the ionization of atoms.
In particular, it has its main application in the theory of chemical reaction rates (see,
e.g. [91]) in which it also has its early origin [92, 93]. The transition state theory can
be applied to many dynamical systems which evolve from an initial (“reactants”) to a
final state (“products”). The key concept is based on trajectories in the classical phase
space of a dynamical system. In particular, regions of the phase space which identify
the reactant side and such which represent the product side are introduced. Of special
interest are trajectories that connect the reactant side with the product side, because
they describe the “reaction”. The theory postulates the existence of a minimal set of
states which is passed by all of these “reactive” trajectories and this set is called the
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Figure 7.1: Potential of the hydrogen atom in an external electric field in the ξ-y-plane
(cf. equation (7.2)) with ξ = x− xs denoted by the solid red grid. Reactive trajectories
must pass the Stark saddle point at (ξ = 0, y = 0) in whose vicinity the transition state
is located. The dashed blue grid describes a quadratic approximation around the saddle
point (cf. equation (7.3)).

transition state. The transition state has no intersection with a “nonreactive” trajectory
and, therefore, it describes a boundary between reactants and products in the phase
space.

Among the large number of applications of the transition state theory, it has proven
to be important for the understanding of the ionization mechanism of atoms. In the
case of the hydrogen atom in an external electric field the “reaction” corresponds to the
ionization. The potential of the system is plotted in figure 7.1, in which the Stark saddle
point can be seen. Classical trajectories describing an ionization must pass the saddle
point and, therefore, the transition state must be located in its vicinity. An early work by
Clark et al. [37] can be understood as the first step to discuss the ionization mechanism
of the hydrogen atom in crossed electric and magnetic fields in this context. Here, a
quadratic expansion of the potential around the Stark saddle point (see figure 7.1) was
used to calculate quasi bound states confined in the vicinity of the saddle. Further
progress was achieved by Jaffé et al. [33, 34] who discussed the transition state theory
for systems without time-reversal symmetry and found the transition state of the planar
(i.e., two-dimensional) hydrogen atom in crossed external electric and magnetic fields.
With the help of methods from nonlinear dynamics the authors of references [33, 34]
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7.2 Hamiltonian and resonances in the vicinity of the Stark saddle point

discussed the chaotic ionization mechanism and were able to explain the existence of
electrons ionizing promptly and electrons which ionize delayed after repeated encounters
with the core region. The problem that the practical applicability of the transition state
theory was restricted to low-dimensional systems was overcome with an algorithmic
procedure to identify the transition state in higher-dimensional systems [35, 36], which
is based on a normal form representation of a power series expansion of the Hamiltonian.
The quadratic approximation used by Clark et al. is identical with the lowest order in
the normal form expansion of the Hamiltonian introduced by Uzer et al. [36].

Since the identification of the transition state for the hydrogen atom in crossed external
fields the question, whether the classical trajectories in its vicinity influence the full
quantum spectrum, remained open. To find an answer to this question it is advantageous
to concentrate on the most simple approximation and use the power series expansion
of the potential around the Stark saddle point up to second order introduced by Clark
et al. [37]. Higher orders would rapidly lead to a drastic increase of the computational
effort and, as can be seen from the results, the agreement of the quantized energy levels
of the electron motion with resonances of the quantum mechanically exact spectrum is
already very good for the simple expansion. Thus, the expansion is completely sufficient
to show the influence of the transition state on the quantum spectrum.

7.2 Hamiltonian and resonances in the vicinity of the
Stark saddle point

The Hamiltonian of the hydrogen atom in crossed electric and magnetic fields, which
already appeared in equation (5.3) on page 62, is now written in the form

H =
1

2
(p+A)2 − 1

r
+ fx , (7.1)

where A represents the vector potential. Again, the electric field is oriented along the
x-axis and the magnetic field is supposed to be parallel to the z-axis. As in section 5.1,
usually the symmetric gauge A = −1/2(r × γez) with the magnetic flux density γ is
used, whereas, for the the approximated states discussed in this chapter the application
of the gauge A = (−γy, 0, 0) is more suitable. As was already mentioned in section 5.1,
besides the energy, the parity with respect to the z = 0-plane is a constant of motion
of the system, which opens the possibility to consider states with even and odd z-parity
separately.

The transition state is located in the vicinity of the Stark saddle point, where the net
electric force vanishes. For the potential caused by the external electric field and the
nucleus,

Vf = −1

r
+ fx , (7.2)
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7 Influence of the transition state on the resonances of the hydrogen atom

the saddle point is located on the x-axis at xs = −1/
√
f and the saddle point energy has

the value Vf (rs) = −2
√
f . The most simple approximation of the potential Vf which

contains the structure of the saddle, is a quadratic expansion. This expansion leads to
unbound solutions called“Quasi-Penning resonances”by the authors of reference [37] due
to a formal similarity with the Penning trap. Here, the essential results are recapitulated.
The expansion of the potential up to second order terms reads

Vf (r) = −2
√
f −

√
f

3
ξ2 +

1

2

√
f

3 (
y2 + z2

)
+ O((r − rs)3) , (7.3)

where the abbreviation ξ = x − xs is used. The saddle structure of the potential is
visualized in figure 7.1, where the potential (7.3) (dashed blue grid) is plotted in the
ξ-y-plane. The comparison with the exact electric potential (7.2) shows clearly that the
approximation is only valid close to the saddle point and can only describe states in its
vicinity correctly.

Using the gauge A = (−γy, 0, 0) the Hamiltonian in the vicinity of rs reads

H =
1

2

(
p2
ξ + p2

y + p2
z

)
− γypξ +

1

2
γ2y2 − 2

√
f +

1

2

√
f

3 (
y2 + z2 − 2ξ2

)
(7.4)

and the eigenvalues of the quadratic potential yield the energy levels

Enz ,n1,n2 = −2
√
f + ωz(nz +

1

2
) + ω1(n1 +

1

2
) + ω2(n2 +

1

2
) , (7.5)

where ωz represents the frequency of the z-motion and is given by ωz = f 3/4. The
separation of the coupled equations in ξ- and y-directions with the help of an adequate
canonical transformation [36], leads to one real oscillation frequency,

ω1 =

{
1

2

(
γ2 −

√
f

3
+

√(
γ2 −

√
f

3
)2

+ 8f 3

)}1/2

, (7.6)

and one imaginary decay rate,

ω2 = i

{
1

2

(√
f

3
− γ2 +

√(
γ2 −

√
f

3
)2

+ 8f 3

)}1/2

, (7.7)

which describes the resonance character of the eigenstates. Thus, the resonance energies
(real part of the complex eigenvalues) are completely determined by the two quantum
numbers nz, n1 and read

Re(E)nz ,n1 = −2
√
f + ωz(nz +

1

2
) + ω1(n1 +

1

2
) . (7.8)

The aim of this chapter is to present evidence for the occurrence of resonances near
the transition state. For this purpose the approximate energy values (7.8) are compared
with exact quantum calculations, which are determined with the method described in
section 5.1.
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7.3 Signatures of the transition state in quantum spectra

7.3 Signatures of the transition state in quantum
spectra

To decide whether there is a connection between the classical motion around the saddle
point and the exact quantum calculations, the energy eigenvalues (7.8) are compared
with the exact quantum resonances. A coincidental agreement between two energies of
both approaches for a single parameter value is always possible and does not give an
answer to the question. However, a connection between the approximation (7.8) and the
quantum resonances is certainly present if the two results agree in a larger region of the
parameter space. To check the connection, calculations on lines in the two-dimensional
parameter space spanned by the two field strengths are performed, i.e., a parameter α
is introduced and field strengths f(α) and γ(α) are considered as functions of α, as it
was already done for the discussions in section 6.4.

An example for a comparison is presented in figure 7.2 for states with even z-parity.
Here, the resonances are calculated for different external field strengths on the line
defined by

γ = 0.008× α , (7.9a)

f = 0.0003× α , (7.9b)

0 < α < 1 , (7.9c)

i.e., the ratio γ/f of the two field strengths is always constant. The solid blue lines repre-
sent the energy eigenvalues (7.8) of the quadratic approximation around the saddle point
and the red points are the numerically exact computed resonances of the Hamiltonian
(7.1). The results show that for the lowest quantum numbers nz, n1 of the approximation
there is a very good agreement between both approaches on a large range of parame-
ters α. The “Quasi-Penning” resonances are accompanied by the quantum mechanically
exact states when α is changed. This behavior is stressed by a larger point size for the
exact resonances.

Of course, the effect does also appear for odd z-parity, which is shown separately in
figure 7.2(b) for the same situation as in figure 7.2(a). As one can see, the agreement of
the resonances is, again, very good in a large region of the parameter space.

However, there are parameter values α for which a different behavior between both
approaches exists. For low electric field strengths the Coulomb potential becomes to
dominant and the expansion of the potential in the vicinity of the Stark saddle point
no longer leads to reasonable solutions as can be observed in figure 7.2. Furthermore,
avoided level crossings of the numerically exact resonances have no counterpart in the
approximate states. Couplings of the states, which are the origin of avoided level cross-
ings, are not included in the simple model. Thus, the deviations in these regions are
not surprising. Figure 7.3 shows an example of a region with avoided level crossings of
quantum mechanically exact resonances. It can be seen clearly that far from the crossing
the agreement between the numerically exact states and the energy value corresponding
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Figure 7.2: (a) Comparison of the quantized energies of the electron motion near the
transition state (solid blue lines) with exact quantum calculations (red points) on the
line γ = 0.008×α, f = 0.0003×α for 0 < α < 1 as defined in equations (7.9a)–(7.9c) in
the (γ,f)-space for even z-parity. Only exact quantum energies with |Im(E)| < 0.0006
are shown. The exact resonances which accompany the approximate energies (7.8) are
marked by a larger point size. The lowest (dashed green) line marks the saddle point
energy. The black frame marks the region magnified in figure 7.3. (b) Same situation
for states with odd z-parity.
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Figure 7.3: Same situation as depicted in figure 7.2. The region around the avoided
level crossings near the state with nz = 2, n1 = 0 is magnified.

to nz = 2, n1 = 0 in equation (7.8) is very good, whereas, at the avoided crossings itself
the approximate solutions cannot reproduce the results of the full Hamiltonian (7.1).

The calculations shown in figure (7.4) are performed on the line

γ = 0.01× α′ , (7.10a)

f = 0.0001 + 0.0002× α′ , (7.10b)

0 < α′ < 1 . (7.10c)

Now the ratio of the field strengths is not constant. For α′ = 0 there is still an electric
field present but no magnetic field. The important property of this line is the existence
of the saddle for all values of α′ drawn in figure 7.4. Again, there are exact quantum
resonances which behave like the approximate solutions around the Stark saddle point
and lead to a good agreement between both approaches on a wide range of parameters
values. Also near α′ = 0, where a pure Stark effect is present, the classical electron
motion near the transition state describes the quantum resonances very well.

The results shown here have demonstrated that there is clear evidence for classical
motions of electrons which are confined at the Stark saddle point in exact energy spec-
tra. The calculation of the resonances on lines in the parameter space spanned by the
strengths of the two external fields have revealed structures which demonstrate the con-
nection of the electron motion near the transition state and numerically exact computed
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Figure 7.4: Same comparison of the quantized energies of the electron motion near the
transition state (solid blue lines) with exact quantum calculations (red points) as in
figure 7.2 but on the line γ = 0.01× α′, f = 0.0001 + 0.0002× α′ for 0 < α′ < 1 defined
in equations (7.10a)–(7.10c). Only exact quantum energies with |Im(E)| < 0.0002 are
shown. The saddle point energy is marked by the lowest (dashed green) line.

resonances. The agreement of the energies of both approaches is very good. This might
be surprising because the most simple expansion of the potential only up to second or-
der was used, i.e., the approximation is only valid in a small region very close to the
saddle point. This clearly can be understood as a signal for an eminent influence of the
transition state on the exact quantum spectrum and demonstrates the importance of
the transition state for the ionization mechanism. It should be noted, however, that the
excellent agreement between both methods exists only for the real part of the complex
energy eigenvalues. The simple approximation used in the expansion of the potential is
not capable to reproduce the correct decay rates or imaginary parts. It seems worthwhile
to extend the calculations done here to the normal form procedure developed by Uzer
et al. [36] and to check whether higher orders can lead to an even better description of
the quantum resonances with the electron motion.
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8 Nonlinear exceptional points in
Bose-Einstein condensates with 1/r
interaction

The discussion of exceptional points in quantum systems so far has been devoted only to
the resonances which appear in the linear Schrödinger equation with a non-Hermitian
Hamiltonian. There are situations in which a nonlinear Hamiltonian is required to
describe the quantum system. In particular, the Gross-Pitaevskii equation [38, 39], which
is a mean field description of an interacting Bose gas, where all atoms are in the same
state, is of high interest due to the experimental realization of Bose-Einstein condensates.
Here, the mean field approximation leads to a nonlinear potential and establishes features
not known from ordinary linear Schrödinger equations. For example, the coalescence of
two wave functions, which depend on a parameter can occur, a situation which seems to
be similar to an exceptional point. It is the purpose of this and the following chapter to
show, that such a coalescence, indeed, describes a branch point singularity of the energy
eigenvalues and the wave functions. The analysis done here reveals for the first time the
existence of exceptional points in quantum systems described by the nonlinear Gross-
Pitaevskii equation. The system investigated in this chapter is especially dedicated
because analytical solutions are on-hand.

The basis for the analysis is the well known property of Bose-Einstein condensates
with attractive interatomic interactions that stationary solutions to the Gross-Pitaevskii
equation exist only in certain regions of the parameter space governing the physics of
the condensates. For example, for the case of an attractive s-wave contact interaction
tunable parameters are the number of particles or the s-wave scattering length, which can
be varied in the vicinity of Feshbach resonances by adjusting an external magnetic field.
It was theoretically predicted [40–42], and experimentally confirmed [43–45], that the
condensate collapses when, for given negative scattering length, the number of particles
becomes too large. In an alternative experiment [46] the collapse was induced by tuning
the scattering length. Huepe et al. [47, 48] have shown that the critical parameter values
where a collapse occurs in fact correspond to bifurcation points of the solutions to the
stationary Gross-Pitaevskii equation, where two solutions appear out of nowhere, and
analyzed the linear stability of the states. These bifurcation points are, as will be shown
here, branch point singularities and allow for an extension of the term“exceptional point”
to nonlinear quantum systems.
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8 Nonlinear exceptional points in Bose-Einstein condensates with 1/r interaction

The bifurcations are not restricted to condensates, where only an attractive s-wave
contact interaction and a trap potential exist. It was demonstrated [49, 50] that similar
behavior persists in Bose-Einstein condensates where additionally a long-range “gravity-
like”, attractive 1/r interaction is present. Such “monopolar” quantum gases could be
realized according to O’Dell et al. [51] by a combination of 6 appropriately arranged
“triads” of intense off-resonant laser beams, however, the experimental realization is a
very challenging task.

An important feature of Bose-Einstein condensates with attractive 1/r interaction is
the case of self-trapping, i.e., condensation without external trap. This system has the
great advantage that simple approximate analytic solutions exist, which can be used
for the investigation of the exceptional points. The branch point singularity structure
can be revealed directly from the analytic terms, which is only possible without external
harmonic trap. The analytic solutions raise the system to the ideal candidate for the
investigation of exceptional points in nonlinear quantum systems, despite the lack of an
experimental realization. The results are a basis for more complicated experimentally
accessible modifications as dipolar Bose-Einstein condensates, which are discussed in
chapter 9.

The system is introduced in section 8.1, where a variational approximation (section
8.1.1) and a numerically exact approach (section 8.1.2) to find solutions are presented.
To investigate the properties of exceptional points, a non-symmetric matrix model is
required which is given in section 8.2. An analytic continuation of the wave functions
done in section 8.3 reveals the existence of exceptional points in the solutions of the
Gross-Pitavskii equation by studying the energy eigenvalues (section 8.3.1) and the wave
functions (section 8.3.2). The complex solutions obtained with the analytic continuation
are interpreted as a decaying condensate in section 8.4. Finally, the stability of the two
condensate wave functions emerging at the exceptional point is studied in section 8.5 for
the variational (section 8.5.1) and the numerically exact solutions (section 8.5.2).

8.1 Bose-Einstein condensates with 1/r interaction

In this section the equations and results for self-trapped Bose-Einstein condensates with
attractive 1/r-interaction which are necessary for the subsequent analysis of exceptional
points are briefly reviewed. The extended Gross-Pitaevskii equation without external
trap potential reads[

−∆r +N

(
8πa |ψ(r)|2 − 2

∫
d3r′
|ψ(r′)|2

|r − r′|

)]
ψ(r) = εψ(r) , (8.1)

where the natural“atomic”units introduced in references [49, 50] were used (cf. appendix
A.2). Lengths are measured in units of a “Bohr radius” au and energies in units of a
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8.1 Bose-Einstein condensates with 1/r interaction

“Rydberg energy”Eu, which are given by

au =
~2

mu
, Eu =

~2

2ma2
u

,

respectively, where u determines the strength of the atom-atom-interaction [51], and
m is the mass of one boson. In equation (8.1), ε is the chemical potential, a the s-
wave scattering length and N the number of bosons. As was pointed out in references
[49, 50] with the use of the scaling property of the system, the physics of a self-trapped
condensate is only determined by one parameter, namely N2a, which will be necessary
for the identification of the exceptional point. Exploiting the scaling properties and
introducing the scaled variables [94]

(r̃, ã, ε̃, Ẽ, t̃, ψ̃) = (Nr, N2a, ε/N2, E/N3, N2t, N−3/2ψ) , (8.2)

the system can be brought into the form[
−∆r̃ + 8πã|ψ̃(r̃)|2 − 2

∫
d3r̃′
|ψ̃(r̃′)|2

|r̃ − r̃′|

]
ψ̃(r̃) = ε̃ψ̃(r̃) , (8.3)

where all occurrences of the particle number N have been absorbed in the scaled variables
(8.2). The scaled variables are used throughout the rest of the chapter and the tilde is
omitted in what follows. A further quantity necessary for the discussions in this chapter
is the mean field energy of the self-trapped condensate, whose scaled form reads

E[ψ] =

∫
d3r ψ∗(r)

(
−∆r + 4πa |ψ(r)|2 −

∫
d3r′
|ψ(r′)|2

|r − r′|

)
ψ(r) . (8.4)

The solutions one has to be interested in for the discussion of branch point singularities,
viz. the two states emerging at the tangent bifurcation, are radially symmetric. One of
them is the ground state. Thus, one can concentrate on radially symmetric solutions of
equation (8.3), which are now obtained by variational approximations and numerically
exact methods.

8.1.1 Variational solutions

An analytic approximation for the two wave functions of the condensate which emerge
at the tangent bifurcation can be obtained using a variational principle. Calculations
with a Gaussian type orbital were performed by O’Dell et al. [51] and compared with
numerically accurate solutions by Papadopoulos et al. [49, 50]. The trial wave function
is given by

ψ(r) = A exp

[
−1

2
k2r2

]
, (8.5)
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where

A =

(
k√
π

)3/2

(8.6)

is the normalization constant and the variation is performed with respect to the width
represented by k. The two stationary values,

E± = − 4

9π

1± 2
√

1 + 8
3π
a(

1±
√

1 + 8
3π
a
)2 , (8.7)

of the mean field energy (8.4) are obtained at

k± =
1

2

√
π

2

1

a

(
±
√

1 +
8

3π
a− 1

)
. (8.8)

E+ represents the variational approximation for the ground state of the condensate, the
second solution (excited state) is labeled E−. Furthermore, the analytical expressions
for the chemical potentials of the two solutions are given by

ε± = − 4

9π

5± 4
√

1 + 8
3π
a(

1±
√

1 + 8
3π
a
)2 , (8.9)

respectively. The tangent bifurcation is obvious from equations (8.7) and (8.9). For
negative scattering lengths with a < −3π/8 there is no (real) result for E and ε, at the
critical value a = −3π/8 both solutions have the same value (E+ = E−, ε+ = ε−), and
above −3π/8, one obtains two different real solutions. The chemical potential is shown
as a function of the scattering length parameter a in figure 8.1.

8.1.2 Exact calculations

In order to be in a position to compare numerically exact calculations with the results
of the variational approach, radially symmetric wave functions are assumed. For the
search of numerically exact solutions to the integro-differential equation (8.3), the radial
part is written in the form of two differential equations [50],

ψ′′(r) +
2

r
ψ′(r) = −U(r)ψ(r) + 8πā|ψ(r)|2ψ(r) , (8.10a)

U ′′(r) +
2

r
U ′(r) = −8π|ψ(r)|2 . (8.10b)

The two second order differential equations can be transformed to first order equations
and integrated, e.g., with a Runge-Kutta-Merson algorithm starting at, e.g., r̄0 = 10−19

slightly greater than zero with the initial conditions

ψ̄(r̄0) = 1 , ψ̄′(r̄0) = 0 , Ū(r̄0) = u0 , Ū
′(r̄0) = 0 . (8.11)
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Figure 8.1: Scaled chemical potentials of the two solutions. The results of the variational
and the numerical exact calculations are shown. Two solutions emerge in a tangent
bifurcation at a critical value of the scaled parameter a. In the variational approximation
the critical value is a = −3π/8 = −1.1780, whereas the numerical exact solutions emerge
at a = −1.0251 [49, 50]. The “atomic” units introduced above are used.

The value u0 must be determined such that ψ̄(r̄) vanishes in the limit r̄ →∞. Numer-
ically, integration up to r̄max ≈ 15 is sufficient. The wave function obtained with the
initial condition ψ̄(r̄0) = 1 is not normalized, which is indicated with the bar.

Since the Gross-Pitaevskii equation is a nonlinear differential equation the correct
normalization of the numerical wave functions cannot be obtained by a multiplication
with a normalization constant. However, again, scaling properties of the system can be
exploited to achieve a correct scaling and normalization of the wave functions. As can
be seen with a simple calculation, the transformation

(ψ, r, ε, a)→ (ν2ψ,
r

ν
, ν2ε,

a

ν2
) (8.12)

leaves the system (8.10a), (8.10b) of differential equations invariant. With the normal-
ization condition ||ψ||2 = 1 and the scaling invariance (8.12), the normalization factor is
given by (cf. [94, 95])

1/ν = ||ψ||2 = 4π

∫ ∞
0

|ψ(r)|2r2 dr (8.13)
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and the properly scaled and normalized wave function ψ(r) is obtained as

ψ(r) = ν2ψ̄(r̄/ν) (8.14)

with the scattering length

a =
ā

ν2
. (8.15)

An explicit calculation of the integral (8.13) is not required. Using the asymptotic
behavior of the numerically computed potential Ū(r̄) for large radial coordinates

Ū(r̄) ≈ ε̄+
2

ν

1

r̄
, (8.16)

the factor ν can be calculated from

ν = lim
r̄→∞

−2

r̄2Ū ′(r̄)
. (8.17)

The correctly scaled chemical potential can also be determined with the help of approx-
imation (8.16):

ε = ν2 lim
r̄→∞

(
Ū(r̄) + r̄Ū ′(r̄)

)
. (8.18)

Only for the mean field energy a further integral is required. Using the virial theorem
[40, 51] one obtains

E = −〈U〉 = −4πν3

∫ ∞
0

|ψ̄(r̄)|2Ū(r̄)r̄2dr̄ . (8.19)

The numerical exact chemical potential is also shown in figure 8.1. It agrees, quali-
tatively, with the result of the variational approach, however, the tangent bifurcation is
shifted to a higher critical scattering length a = −1.0251 [49, 50]. It will be shown in
section 8.3 that in both the variational approach and the exact calculations the tangent
bifurcation at the critical scattering length is a branch point singularity of the wave
functions, i.e., an exceptional point.

8.2 Exceptional points in symmetric and non-symmetric
matrices

Usually complex symmetric matrices or complex symmetric matrix representations of
Hamiltonians are used to investigate exceptional points in quantum systems (see, e.g.,
[2, 19, 86]). For the discussion of the extension to nonlinear quantum systems it is im-
portant to take into account non-symmetric matrices, which show some differences to
the symmetric case and which have a correspondence in the nonlinear solutions consid-
ered here. Simple non-symmetric matrices have been investigated before [66, 69, 96] also
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8.2 Exceptional points in symmetric and non-symmetric matrices

for systems with time reversal symmetry breaking [97–99]. It is instructive to discuss a
simple two-dimensional model which extends the matrix introduced in section 2.3. The
example is provided by the 2× 2-matrix

M(κ) =

(
1 κ

c+ κ −1

)
. (8.20)

In (8.20), κ is a complex parameter, and the complex number c is introduced to distin-
guish between the general non-symmetric case (c 6= 0) and a symmetric matrix (c = 0)
in the discussion below. The eigenvalues read

λ1,2(κ) = ±
√

1 + cκ+ κ2 (8.21)

and are obviously two branches of one analytic function. Corresponding non-normalized
eigenvectors of the two eigenvalues are given by

x1,2(κ) =

(
−κ

1∓
√

1 + cκ+ κ2

)
. (8.22)

There are two exceptional points for κA,B = −c/2 ±
√
c2/4− 1. At these parameter

values, both the eigenvalues λ1,2 and the eigenvectors x1,2 pass through a branch point
singularity. For the further discussions it is sufficient to concentrate on the case κ = κA.
Then, the degenerate eigenvalues have the value λ1,2(κA) = 0 and the two eigenvectors
x1,2 are parallel to

x1,2(κA) =

(
c/2−

√
c2/4− 1

1

)
. (8.23)

The important property of exceptional points can, of course, also be seen in non-
symmetric matrices. In particular, the permutation of the two eigenvalues if the ex-
ceptional point is encircled in the parameter space is present. An illustration in the
non-symmetric case c = 1 is given in figure 8.2 for the path

κ%(ϕ) = −c/2 +
√
c2/4− 1 + % eiϕ (8.24)

around the critical value κA. An approximation for small radii %� |2
√
c2/4− 1| leads

to

λ1(κ%(ϕ)) =

√
2%
√
c2/4− 1 ei(ϕ/2+π/4) ,

λ2(κ%(ϕ)) =

√
2%
√
c2/4− 1 ei(ϕ/2+5π/4) ,

(8.25)

which is very similar to the example in section 2.3. If a full circle in the complex
parameter space κ is traversed, the paths of the eigenvalues form a semicircle as can be
seen from equation (8.25). Neither of the two eigenvalues passes through a closed loop.
The first arrives, after the parameter space loop, at the starting point of the second one
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Figure 8.2: Eigenvalues of the two-dimensional model defined in equation (8.20) with
c = 1 for a circle around the exceptional point. (a) Circle in the parameter space with
radius % = 10−3. The starting point κ(0) is marked by an open square and the direction
of progression is indicated with the arrow. (b) Path of the eigenvalues λ1,2 (denoted by
different colors) for the parameter values on the circle. The eigenvalues which belong to
the first parameter value κ(0) are labeled with open squares and the arrows point in the
direction of progression.

and vice versa. Two circles in the κ-space (ϕ = 0 . . . 4π) are required to obtain a full
circle of one of the eigenvalues.

For exceptional points in linear systems there is a noteworthy difference for complex
symmetric and non-symmetric matrices. In the first case, which is obtained for c = 0 in
the model (8.20), was realized experimentally in the resonances investigated in microwave
cavities [9], and appears in the hydrogen atom in crossed electric and magnetic fields (cf.
chapters 5 and 6), there is always a distinct phase behavior of the eigenvectors. If an
exceptional point is encircled, the two eigenvectors are interchanged (as expected from
the behavior of the energy eigenvalues) and, additionally, one of the two eigenvectors
changes its sign. This effect is demonstrated in section 2.4.3 and can be summarized
with, e.g.,

[x1,x2]
circle→ [−x2,x1] . (2.31)

As was discussed in section 2.4.3, the phase behavior can be obtained for the vectors xi
normalized with the Euclidean norm without complex conjugation Ni =

√
xTi xi, where

xTi is the transpose of the vector xi (cf. [100]). This normalization fixes the phase and
is the method required for the comparison with the nonlinear system studied in this
chapter (cf. section 8.3 and appendix C).

For the non-symmetric case the change in sign does not appear for a vector whose
phase has been fixed with the same method, i.e., the Euclidean norm without complex
conjugation. A non-symmetric matrix is obtained in the model (8.20) for c 6= 0. Then,
there is only a permutation of the eigenvectors, which can be summarized with

[x1,x2]
circle−→ [x2,x1] . (8.26)
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Figure 8.3: Phase of the product p12 for a circle in the parameter space of type (8.24)
with radius % = 10−3 around the exceptional point. (a) Symmetric matrix with c = 0.
The phase changes by π indicating the change in sign of one of the eigenvectors from
(2.31). (b) Non-symmetric matrix with c = 1. There is no change in sign as noted in
(8.26).

This is shown analytically for a small circle in appendix C. Note that the phase behavior
(8.26) does not represent the“geometric phase”of an eigenvector during the circle around
an exceptional point. As is mentioned in section 2.4.2, the geometric phase in the case
of a non-symmetric matrix differs from 0.

A demonstration of the phase behavior is possible with the product

p12 = xT1

(
0 1
1 0

)
x2 . (8.27)

The non-diagonal matrix ensures, that the product p12 does not vanish in the symmetric
case. If the change in sign is present, the phase of p12 changes its value by π when a
full circle around the exceptional point is traversed. In figure 8.3 the behavior of the
product is shown for the example (8.20). The change in sign is obvious in the symmetric
case c = 0 and does not appear for the non-symmetric choice c = 1.
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8 Nonlinear exceptional points in Bose-Einstein condensates with 1/r interaction

8.3 Analytic continuation of the Gross-Pitaevskii system

In the extended Gross-Pitaevskii equation (8.3), both the variational and the numerical
calculations suggest the existence of an exceptional point at the tangent bifurcation. For
the critical parameter value, one obtains two identical states. The chemical potentials,
the mean field energies and the wave functions are identical. In contrast to exceptional
points in linear systems described in section 8.2 the coalescence of the two states of
the nonlinear Gross-Pitaevskii equation (8.3) can appear for a purely real wave function
at a real energy in a one-dimensional parameter space. This is a consequence of the
nonlinearity of the Gross-Pitaevskii equation. If one wants to check whether or not
the degeneracy in the nonlinear system has the same branch point singularity structure
as exceptional points in open quantum systems described by the linear Schrödinger
equation, one has to extend the parameter a to complex values and to investigate the
complex vicinity of the degeneracy.

The analytic continuation of the Gross-Pitaevskii system is a nontrivial task. The
Gross-Pitaevskii equation (8.3) contains the square modulus of the wave function ψ and
is therefore a non-analytic function of ψ. It has been argued that the tempting simple
replacement of |ψ|2 with ψ2 is valid only with the assumption that the entire wave
function is real valued [101]. Here, the following procedure for complex wave functions
is suggested.

Any complex wave function can be written as

ψ(r) = eα(r)+iβ(r) , (8.28)

where the real functions α(r) and β(r) determine the amplitude and phase of the wave
function, respectively. The complex conjugate and the square modulus of ψ(r) read

ψ∗(r) = eα(r)−iβ(r) , |ψ(r)|2 = e2α(r) . (8.29)

Using the ansatz (8.28) the Gross-Pitaevskii system can be written as two coupled non-
linear differential equations for α(r) and β(r), however, without any complex conjugate
or square modulus. These equations can now be continued analytically by allowing for
complex valued functions α(r) and β(r). This implies that equation (8.29) without com-
plex conjugate of α(r) and β(r) is formally used for the calculation of ψ∗ and |ψ(r)|2,
and thus the square modulus of ψ can become complex. The physical interpretation of
a complex absorbing potential in the Gross-Pitaevskii system will be discussed below in
section 8.4.

It should be noted that the above procedure is analogous to the complex scaling
method introduced in chapter 3, viz. the replacement r → reiθ in the Hamiltonian,
used for the calculation of resonances in open quantum systems. For states on the left
hand side of operators there is no complex conjugation of the reiθ arising from the scale
transformation but complex conjugation is applied to the intrinsically complex part of
the function.
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8.3 Analytic continuation of the Gross-Pitaevskii system

In the following the branch point singularity at the tangent bifurcation will be encir-
cled. For the variational approach discussed in section 8.1.1 the equations (8.7), (8.8),
and (8.9) are straightforwardly extended to complex values of the parameter a, yielding
complex results for the chemical potential, the mean field energy, and the wave functions.
The situation is more complicated for the exact calculations in section 8.1.2 because the
differential equations (8.10a) and (8.10b) do not directly depend on the scaled scattering
length a but on the unscaled (or un-normalized) parameter ā. For complex ā the differ-
ential equations (8.10a) and (8.10b) can be continued analytically resulting in complex
wave functions. Then, the two complex parameters u0 and ā are determined in a multi-
dimensional root search problem, to fulfill the condition of vanishing wave functions in
the limit r →∞, and to achieve the given value of a.

8.3.1 Branch point singularity structure of the energies

The variational solutions (8.7) for the mean field energy, and (8.9) for the chemical
potential show a branch point singularity at the bifurcation point. For a circle around
the critical value of the complex parameter a the typical permutation of the two solutions
is expected and found, as is shown in figure 8.4 for the variational approximation as well
as for the numerical exact calculations. The circle in the parameter space is defined by

a = ac + % eiϕ , ϕ = 0 . . . 2π , (8.30)

where ac is set to the critical value avar = −3π/8 = −1.1780 in the variational and to
anum = −1.0251 in the numerical exact calculations, respectively. The radius % = 10−3

was used. Both cases are shown in figures 8.4 (a) and (b). In figures 8.4 (c) and (d) the
variational and numerical solutions for the chemical potential are drawn. The results
were obtained for different parameter values located on the circle. As can be seen in the
figures, the permutation of the two values of the chemical potential appears very clearly.
Each of the two solutions ε+ and ε− traverses a path in the complex energy plane similar
to a semicircle. A fractional power series expansion of the variational result (8.9) for
small radii,

ε± = − 20

9π
± 8

3π

√
% eiϕ/2 −

(
4

3π
+

128

27π2

)
√
%2 eiϕ

±
(

8

9π
− 64

9π2

)
√
%3 e(3/2)iϕ + O

(√
%4
)
, (8.31)

confirms this finding. The term 8
3π

√
% eiϕ/2, which dominates the path of the eigenvalue

for %� 1, leads to a semicircle.
For the mean field energy the permutation is also present but the structure of the

paths of the two solutions is different. As can be seen from the fractional power series
expansion of the analytic solution (8.7),

E± = − 4

9π
+ 0
√
% eiϕ/2 +

32

27π2

√
%2 eiϕ ±

(
4

9π
− 32

9π2

)
√
%3 e(3/2)iϕ + O

(√
%4
)
, (8.32)
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Figure 8.4: Chemical potential and mean field energy for a circle in the complex a
parameter space. The first row shows the parameter space circle of type (8.30) with
% = 10−3 used for the variational (a) and the numerical exact (b) calculations. The
starting point is marked by an open square and the direction of progression is indicated
with an arrow. In the second row, the chemical potentials ε for the variational (c) and
numerical (d) solutions are plotted. The variational (e) and numerical (f) mean field
energies E are presented in the third row. Each of the two solutions is drawn with a
different line. The results obtained for the first parameter value on the circle are marked
by an open square and the arrows point in the direction of progression. A permutation of
the two solutions is present for the mean field energy as well as for the chemical potential
indicating the existence of an exceptional point. All energies are given in units of the
“Rydberg energy”Eu mentioned in section 8.1.
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the first order term with the phase eiϕ/2 vanishes. The lowest non-vanishing order has the
phase factor eiϕ, which leads to a closed curve for a complete circle in the parameter space
(ϕ = 0 . . . 2π). The third order term is the lowest order responsible for a permutation. As
a consequence, it becomes more and more difficult to see a permutation for decreasing
radii %. Nevertheless, the permutation of the two values is present. The same result
can be seen in figures 8.4 (e) and (f). The dominating structure is given by the circle
following from the second order term but the permutation is clearly visible even for the
small radius % = 10−3.

The exceptional point discussed here was discovered for a real value of the parameter
a. This fact raises the question whether it is an object with co-dimension two as in
the linear case. One has to consider that the exceptional point is still an isolated point
in the two-dimensional parameter space spanned by the real and imaginary parts of a,
i.e., it is a point in the parameter space which became two-dimensional by the complex
extension. This finding is in full agreement with non-Hermitian linear systems, in which
the co-dimension of exceptional points is two (cf. section 2.2). The analytic continuation
is required to confirm the branch point singularity structure. As mentioned above, the
appearance on the real axis is possible because of the nonlinearity of the Gross-Pitaevskii
equation.

8.3.2 Behavior of the wave functions

The eigenfunctions of the extended stationary Gross-Pitaevskii equation (8.1) are not
orthogonal. They behave more like the eigenstates of a non-symmetric linear system and
the phase behavior (8.26) without a change in sign is expected. A possibility to check
this is to calculate the complex overlap integral for the two non-orthogonal normalized
states

O12 = 4π

∫ ∞
0

ψ1(r)ψ2(r) r2dr (8.33)

for parameter values located on a circle of the type (8.30). For this calculation it is im-
portant to note that the numerical wave functions calculated with the method described
above have a phase which is fixed by the normalization factor ν determined by equation
(8.13) without complex conjugation for the analytic continuation of the extended Gross-
Pitaevskii model (cf. equation (8.29)). A similar procedure is used for the variational
result, where the normalization constant A in (8.6) is calculated with a normalization
integral without complex conjugation.

If one of the two states changes its sign during the traversal of the loop, the phase
of the complex value O12 changes its value by π similarly to the phase behavior of the
product p12 from equation (8.27). If this is not the case, the phase returns to its original
value at the end of the loop.

In figure 8.5 the phase of the integral (8.33) is plotted for the circle defined in equation
(8.30) with radius % = 10−3. The result shows clearly that the phase of O12 returns to its
initial value after one circle around the exceptional point, demonstrating that no change
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Figure 8.5: Phase arg(O12) of the overlap integral O12 defined in equation (8.33). The
path in the parameter space a is a circle with the critical value as center point and
% = 10−3. The angle on the circle is denoted by ϕ. Both the variational and the
numerical results show that the phase of O12 returns to its initial value at the end of the
circle and that the change in sign from (2.31) is not present as expected for exceptional
points in linear systems described by a non-symmetric matrix.

in sign of the eigenvectors occurs. Thus, the wave functions behave in the same way as
for exceptional points in linear systems described by a non-symmetric matrix (cf. section
8.2).

8.4 Decay of the condensate

The Gross-Pitaevskii equation (8.1) depends on the scattering length a of the contact
potential. In section 8.3 that parameter has been extended to complex values, although
the physical scattering length is always real, to investigate the complex vicinity of the
branch point. There is, however, a physical situation where complex continuation is
needed for real a, viz. when the scattering length is below the critical value at the
tangent bifurcation. For a < −3π/8 = −1.1780 the variational solutions (8.7) and (8.9)
for the mean field energy and the chemical potential become complex although a itself is
real. Those parameters become complex also for the analytically continued numerically
exact calculations at a < −1.0251. A complex chemical potential as a signature of a
decaying condensate has already been discussed in reference [102].

The standard physical interpretation of complex eigenenergies is that they describe
decaying resonances in open systems or systems with absorbing potentials, as is discussed
in chapter 3 for the complex scaling method. The imaginary part of the energy E is
related to the width Γ, decay rate λ, and lifetime T of the resonance by Γ = ~λ = ~/T =
−2 Im(E). Both the real and complex wave function of the Bose-Einstein condensate
above and below the tangent bifurcation vanishes at large radius r and, thus, the wave
function cannot describe a decay of the condensate by outgoing particles. However, with
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Figure 8.6: Imaginary part of the chemical potential for real a below the bifurcation
point obtained with the variational and the numerical calculations. Both the continu-
ation of the ground state and the continuation of the excited state are plotted. One is
the complex conjugate of the other.

a complex wave function ψ(r), the effective potential

Veff(r) = 8πa|ψ(r)|2 − 2

∫
d3r′

|ψ(r′)|2

|r − r′|
(8.34)

becomes complex and, therefore, contains an absorbing part. The decay is now an
internal collapse of the condensate. The physical interpretation might be that at large
negative scattering lengths the contact potential is so attractive that the atoms of the
condensate form molecules or clusters as discussed, e.g., in references [46, 102, 103]. The
decreasing number of atoms means the decay of the condensate. The imaginary part of
the chemical potential as a function of the scattering length is presented in figure 8.6 for
the variational as well as for the exact calculation. As was the case for parameter values
above the critical point, there are two solutions. Below the critical a one is the complex
conjugate of the other.

8.5 Linear stability of the bifurcating states

The two eigenstates discussed in this chapter are the solutions of a nonlinear differential
equation, namely the Gross-Pitaevskii equation and it is important to know the stability
properties of the eigenstates under small perturbations to get a complete picture of
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8 Nonlinear exceptional points in Bose-Einstein condensates with 1/r interaction

the vicinity of the exceptional point studied here. This is done in this section for the
variational solutions, and then it is demonstrated how the essential features carry over
to the analysis of the numerically exact solutions.

To discuss the stability properties one has to investigate the time behavior of small
perturbations of the stationary solutions with the linearized equations of motion. Thus,
the time-dependent version of the Gross-Pitaevskii equation (8.3) is required. With the
scaled variables introduced above it reads

i
∂

∂t
ψ(r, t) = Hψ(r, t) = [−∆r + Vc + Vu]ψ(r, t) , (8.35)

with the two nonlinear potentials

Vc = 8πa|ψ(r, t)|2 , (8.36a)

Vu = −2

∫
d3r′
|ψ(r′, t)|2

|r − r′|
. (8.36b)

8.5.1 Stability of the variational solutions

The time evolution of Gaussian wave packets consistent with the stationary time-inde-
pendent ansatz (8.5) can be determined with the time-dependent variational principle

||iψ̇(t)−Hψ(t)|| !
= min (8.37)

and a radially symmetric Gaussian wave packet of the form

ψ(r, t) = ei(Ar2+γ) = e−(Air
2+γi)+i(Arr2+γr) (8.38)

which is the test function. The minimization of the term (8.37) with respect to the time-
dependent variational parameters {A(t), γ(t)} = {Ar(t)+iAi(t), γr(t)+iγi(t)} yields their
equations of motion. These have been calculated in references [94, 104] and read

Ȧ = −4A2 + 2
√

2πe−2γi

(
aAi −

1

6

)
, (8.39a)

γ̇ = 6iA+
πe−2γi

2
√

2Ai
(5− 14aAi) . (8.39b)

The imaginary part of equation (8.39b) can be integrated analytically,

γi(t) = −3

4
ln

2Ai(t)

π
, (8.40)
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and guarantees the normalization condition ||ψ||2 = 1. The final form of the equations
of motion split into their real and imaginary parts is given by

Ȧr = −4(A2
r − A2

i ) +
8√
π
A

3/2
i

(
aAi −

1

6

)
, (8.41a)

Ȧi = −8ArAi , (8.41b)

γ̇r = −6Ai +
1√
π

√
Ai (5− 14aAi) , (8.41c)

where the phase term (8.41c) has no influence on the stability and does not influence
the width terms (8.41a) and (8.41b).

In the time-dependent variational approach, the two stationary states of the time-
dependent Gross-Pitaevskii equation (8.35) appear as the time-independent solutions
(fixed points) of the equations of motion (8.41a) and (8.41b). Requiring Ȧi = 0 and
Ȧr = 0 immediately leads to

Âr = 0 , (8.42a)

Âi =
1

6a
+

π

8a2

(
1±

√
1 +

8a

3π

)
. (8.42b)

The vanishing real part of Â implies that the state indeed is a stationary Gaussian. The
scaled chemical potentials ε are given by the negative time derivative −γ̇r of the phase
of the wave function in equation (8.41c),

ε
(var)
± = −γ̇r = − 4

9π

5± 4
√

1 + 8a
3π(

1±
√

1 + 8a
3π

)2 (8.43)

and correctly reproduce the result (8.9).
The linearization of the equations of motion (8.41a) and (8.41b) around the stationary

solutions Âr, Âi are given by

δȦr± = ± 8

9π

√
1 + 8a

3π(√
1 + 8a

3π
± 1
)2 δAi± , (8.44a)

δȦi± = − 32

9π

1(√
1 + 8a

3π
± 1
)2 δAr± . (8.44b)

The eigenmodes with the eigenvalues ξ(var) of equations (8.44a) and (8.44b) are calculated

with the usual ansatz δAr,i(t) = δA
(0)
r,i e

ξ(var)t. For the stationary ground state one finds
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Figure 8.7: Equipotential lines according to equation (8.46) in the vicinity of the two
stationary states. (a) For a = −1.0 the elliptic and the hyperbolic fixed points are clearly
visible. (b) For a = −3π/8 = −1.1780 at the exceptional point the stationary states
coalesce and the stable motion near the elliptic fixed point vanishes.

the two eigenvalues

ξ
(var)
+ = ±16i

9π

4

√
1 + 8a

3π(√
1 + 8a

3π
+ 1
)2 , (8.45)

which are always imaginary for a > −3π/8 (i.e., above the bifurcation point). They
describe an elliptic fixed point, which is stable and can be seen in figure 8.7(a), where
equipotential lines

E =
3 (A2

i + A2
r)

Ai
+

2
√
Ai(2aAi − 1)√

π
(8.46)

for fixed mean field energy E are drawn. Due to the conservation of the mean field
energy for a motion in the (Ar,Ai)-space they correspond to “phase portraits” in these
variables. The two eigenvalues of the excited stationary state,

ξ
(var)
− = ± 16

9π

4

√
1 + 8a

3π(√
1 + 8a

3π
− 1
)2 , (8.47)

are always real for negative scattering lengths a > −3π/8, and one eigenvalue is positive.
Hence, the eigenstate is unstable and belongs to a hyperbolic fixed point, whose structure
can also be seen in figure 8.7(a). At the exceptional point both stationary states coalesce
and the stable motions around the elliptic fixed point vanish as is demonstrated in figure
8.7(b).
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8.5.2 Stability of the numerically exact solutions

Numerically exact stationary eigenstates of the Gross-Pitaevskii equation (8.3) which
are the counterpart of the variational solutions described above are already known from
section 8.1.2. Here, the stability of these states is investigated and compared with the
eigenvalues (8.45) and (8.47). For the stability analysis, the procedure applied by Huepe
et al. [48] for condensates without 1/r interaction in a harmonic trap is extended to
the scaled integro-differential equation (8.35). The extended Gross-Pitaevskii equation
is linearized with the Fréchet derivative, once the wave function has been decomposed
in its real ψR(r, t) and imaginary ψI(r, t) part. The derivative is evaluated at the real-
valued stationary states ψ̂±(r) introduced in section 8.1.2, which leads to two coupled
equations, viz.

∂

∂t
δψR(r, t) =

(
−∆− ε+ 8πaψ̂±(r)2 − 2

∫
d3r′

ψ̂±(r′)2

|r − r′|

)
δψI(r, t) , (8.48a)

∂

∂t
δψI(r, t) =

(
−∆− ε+ 24πaψ̂±(r)2 − 2

∫
d3r′

ψ̂±(r′)2

|r − r′|

)
δψR(r, t)

+ 4ψ̂±(r)

∫
d3r′

ψ̂±(r′) δψR(r′, t)

|r − r′|
. (8.48b)

For the calculation of the numerical eigenmodes perturbations in the form δψR(r, t) =

δψR0 (r)eξ
(num)t, and δψI(r, t) = δψI0(r)eξ

(num)t are used. Note that δψR0 (r) and δψI0(r) are
not always real-valued. As solutions of the linearized equations (8.48a) and (8.48b) they
can become complex wave functions.

The numerical solution of the linearized wave equations is done with an extension of
the method described in section 8.1.2. With the “linearized potential”

U1(r) = 4

∫
d3r′

ψ̂±(r′) δψR(r′, t)

|r − r′|
(8.49)

the equations (8.48a) and (8.48b) can be transformed into a system of three second
order ordinary differential equations, which can be solved together with the stationary
extended Gross-Pitaevskii equation. The ordinary differential equations which have to
be solved are the Bogoliubov equations of the system and read

ξδψR0 (r) = −δψI0(r)′′ − 2

r
δψI0(r)′ +

(
8πaψ̂±(r)2 − U(r)

)
δψI0(r) , (8.50a)

ξδψI0(r) = −δψR0 (r)′′ − 2

r
δψR0 (r)′ +

(
24πaψ̂±(r)2 − U(r)

)
δψR0 (r)− U1(r)ψ̂±(r) ,

(8.50b)

U1(r)′′ = −2

r
U1(r)′ − 16π ψ̂±(r) δψR(r, t) . (8.50c)
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8 Nonlinear exceptional points in Bose-Einstein condensates with 1/r interaction

The wave functions δψR0 (r) and δψI0(r) are only determined up to a complex (normal-
ization) constant, which they have in common. Therefore only two real variables are re-
quired to set the initial value (δψR0 (0), δψI0(0)) = (cosα, sinα eiβ) for the integration. The

real angles α and β, the complex eigenvalue ξ, and the complex initial value U
(0)
1 = U1(0)

are the parameters which have to be searched to find the solutions of the system (8.50a)–
(8.50c). The initial conditions for the first derivatives are (δψR)′ = (δψI)′ = U ′1 = 0.
The correct solutions are found when square integrable wave functions are obtained and
the value of U

(0)
1 initially assumed is identical with the integral

U1(0) = 16π

∫ ∞
0

dr′ r′ψ̂±(r′) δψR0 (r′) , (8.51)

which can be calculated once the numerical wave function has been determined.
As can be seen from the system (8.50a)–(8.50c), the differential equations are invariant

if in addition to the transformations (8.12) the time and the eigenvalue are scaled by
t→ t/ν2 and ξ → ν2ξ, respectively. Thus, it is possible to solve the system of differential
equations (8.50a)–(8.50c) with the unscaled and non-normalized stationary solutions
ψ̂±(r) of the nonlinear extended Gross-Pitaevskii equation computed numerically if a
subsequent scaling of the eigenvalues is performed.

When the solution of the linearized system is carried out for the stationary ground
state, a pair ξ1 = −ξ2 of purely imaginary eigenvalues is found. These are plotted
as a function of the scaled scattering length a in figure 8.8. The same calculation for
the nodeless stationary state yields a pair of purely real eigenvalues. The qualitative
agreement between the eigenvalues calculated numerically and the results obtained an-
alytically in the variational approach is very good, but there are significant quantitative
differences on the a-axis. Such behavior is known from previous studies of the system
[49, 50, 95]. Similar to the case discussed in reference [48], there exist neutral modes with
the eigenvalue ξ(num) = 0, and additional imaginary eigenvalues are found for both sta-
tionary solutions. Altogether, the numerically exact results confirm the stability analysis
performed using the analytical eigenvalues of the variational approach.

In summary, one can note that at the exceptional point two solutions to the Gross-
Pitaevskii equation are born in a tangent bifurcation. One of the states is a stable ground
state. The second is an unstable excited state.
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Figure 8.8: Eigenvalues of the linearization of the extended Gross-Pitaevskii system
(8.35) for the two stationary solutions emerging at the tangent bifurcation. Both the
variational (var) and the numerically exact (num) solutions are shown. The two eigen-
values ξ+ of the stationary ground state are purely imaginary demonstrating that the
state is an elliptic fixed point. In contrast to this finding, the two eigenvalues ξ− of the
nodeless excited state are purely real. One is positive, the other is negative. The state
is an hyperbolic fixed point. Vanishing real or imaginary parts are not shown.
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9 Dipolar Bose-Einstein condensates

As mentioned in the previous chapter, the self-trapping case of a Bose-Einstein conden-
sate with attractive 1/r interaction is of high interest for the investigation of exceptional
points due to the analytic variational solutions. However, the realization in experiments
remains a challenging task. Experimental realization has been achieved for a similar
system with a long-range interaction, viz. dipolar Bose-Einstein condensates [52]. Here,
the long-range dipole-dipole interaction appears next to the short-range contact term.
The system has attracted much attention in recent years [53–57] and the condensation
has been achieved in a gas of chromium atoms [58], which have the large dipole mo-
ment of six Bohr magnetons. Recently, very promising experiments have been carried
out [59, 60, 62]. For example, the experimental observation of the dipolar collapse of
a quantum gas has been reported by Koch et al. [61], which sets in when the contact
interaction is reduced below some critical value.

It is the purpose of this chapter to demonstrate that exceptional points also exist in
dipolar Bose-Einstein condensates and that the results obtained in chapter 8 can be
used to interpret the behavior found here. The investigation of dipolar Bose-Einstein
condensates allow for the discussion of exceptional points in cases which are close to
experiments. In particular, the examples used here are chosen at parameter values used
in the experiments by Koch et al. [61].

The system is investigated within the framework of a variational approach introduced
in section 9.1. The variational solutions are used to discuss the branch point singularity
structure of the energy eigenvalues in section 9.2 and to analyze the stability properties
of the branching solutions in section 9.3.

9.1 Variational mean field approximation

The Gross-Pitaevskii equation for the system [52] includes the dipole-dipole interaction
potential

V (r − r′) =
µ0

4π

µ1(r) · µ2(r′)− 3
(
µ1(r) · r−r′|r−r′|

)(
µ2(r′) · r−r′|r−r′|

)
|r − r′|3

, (9.1)

where µ1,2 are the dipole moments of the interacting particles at places r and r′ and µ0

is the permeability. The potential contributes via its mean field approximation

Vdd(r) = N

∫
|ψ(r′)|2V (r − r′) d3r′ = N

µ0µ
2

4π

∫
|ψ(r′)|2 1− 3 cos2 ϑ′

|r − r′|3
d3r′ , (9.2)
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9 Dipolar Bose-Einstein condensates

where ϑ′ is the angle between r and r′. As in the monopolar system, appropriate atomic
units can be introduced [105, 106]. They are based on the “dipole length” (cf. appendix
A.3)

ad =
α2

2

m

me

(
µ

µB

)2

a0 , (9.3)

with the mass m of one boson, the fine-structure constant α, the electron mass me, the
Bohr magneton µB, and the Bohr radius a0. These units included, the dimensionless
form of the Gross-Pitaevskii equation can be written as [105, 106][
−∆r + γ2

%%
2 + γ2

zz
2 +N8πa|ψ(r)|2 +N

∫
|ψ(r′)|2 1− 3 cos2 ϑ′

|r − r′|3
d3r′

]
ψ(r) = εψ(r) .

(9.4)
In contrast to the attractive 1/r interaction, an external trap is always required for stable
dipolar condensates and the anisotropic dipole-dipole interaction demands at least two
coordinates (% and z in equation (9.4)) for ordered dipoles to be used in the wave
function. Therefore, two additional parameters, namely the two frequencies γ% and γz of
the harmonic trap are present. Again, scaling properties can be introduced which reveal
that the physics of equation (9.4) is completely determined by three parameters. Using
the relations [105, 106]

(r̃, γ̃, ε̃, Ẽ, t̃, ψ̃) = (r/N,N2γ,N2ε,NE, t/N2, N3/2ψ) , (9.5)

one can bring the Gross-Pitaevskii equation in the scaled form[
−∆r̃ + γ̃2

% %̃
2 + γ̃2

z z̃
2 + 8πa|ψ̃(r̃)|2 +

∫
|ψ̃(r̃′)|2 1− 3 cos2 ϑ′

|r̃ − r̃′|3
d3r̃′

]
ψ̃(r̃) = ε̃ψ̃(r̃) , (9.6)

where the tilde will be omitted in what follows. The case of ordered dipoles will always
be assumed such that a three-dimensional parameter space spanned by the scattering
length a and the two scaled trap frequencies γ2

% and γ2
z is used. Equivalently one can

express the two trap frequencies by their geometric mean

γ̄ = γ2/3
% γ1/3

z (9.7a)

and the aspect ratio

ζ = γz/γ% , (9.7b)

which allow for the distinction of repulsive and attractive behaviors of the dipole-dipole
interaction. For ζ > 1 the condensate will adjust to the pancake like form imposed by
the trap geometry. The dipoles will be ordered mainly side by side and their interaction
is repulsive. In the opposite case of ζ < 1 the trap imposes a cigar like shape of the
condensate and the magnetic dipoles are mainly orientated in a row, which results in an
effective attractive dipole-dipole force.
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9.2 Branch points of the energy eigenvalues

The familiar variational Gaussian ansatz, which has proven to provide good results for
condensates with laser induced 1/r interaction, is used to study the effects appearing in
the Gross-Pitaevskii equation (9.6). The normalized Gaussian (8.5) introduced for the
monopolar 1/r system is extended to two dimensions,

ψ(r) = A exp
[
−(A%%

2 + Azz
2)
]
. (9.8)

In this approximation the scaled mean field functional E[ψ] and the scaled chemical
potential ε read [106]

E[ψ] = 2A% + Az +
γ2
%

2A%
+

γ2
z

4Az
+

4√
π
aA%

√
Az

+
2√
π
A%
√
Az

1

3(κ2 − 1)

(
1 + 2κ2 − 3κ2 arctan

√
κ2 − 1√

κ2 − 1

)
, (9.9a)

ε = 2A% + Az +
γ2
%

2A%
+

γ2
z

4Az
+

8√
π
aA%

√
Az

+
4√
π
A%
√
Az

1

3(κ2 − 1)

(
1 + 2κ2 − 3κ2 arctan

√
κ2 − 1√

κ2 − 1

)
, (9.9b)

where

κ =
Az
A%

. (9.9c)

Stationary solutions to the Gross-Pitaevskii equation are now obtained for the values A%
and Az which are extrema of the mean field functional.

9.2 Branch points of the energy eigenvalues

It is not possible to get analytic expressions for the stationary states of the Gross-
Pitaevskii equation. The extrema are only accessible numerically. Accordingly, excep-
tional points cannot be confirmed with an analytic expression for the energy eigenvalues
as it was possible with the variational solution (8.9) in the self-trapped case of con-
densates with attractive 1/r interaction. The properties of exceptional points, e.g., the
permutation of the eigenvalues has to be used to prove their existence as it was done for
the hydrogen atom in chapter 5.

The bifurcation scenario at which two solutions to the Gross-Pitaevskii equation ap-
pear at a certain value of the scattering length persists in the presence of the dipole-
dipole interaction but exhibits a complete three-dimensional structure. Whereas there
was only one bifurcation point in the self-trapped case of a Bose-Einstein condensate
with attractive 1/r interaction, now the scattering length at which the collapse sets in

123



9 Dipolar Bose-Einstein condensates

 100000

 200000

 300000

 400000

 500000

 600000

 700000

-0.04  0.00  0.04  0.08  0.12  0.16

ε

a

ζ = 6.0
ζ = 3.0
ζ = 2.4
ζ = 1.8
ζ = 1.2
ζ = 1.0
ζ = 0.7

Figure 9.1: Chemical potential (9.9b) of the two stationary states emerging in the
tangent bifurcation for several values of the aspect ratio ζ and constant mean trap
frequency γ̄ = 3.4 × 104. The two circles mark the bifurcation points investigated in
figures 9.3 and 9.4 with respect to exceptional points.

(point of bifurcation) depends on the two further parameters γ̄ and ζ. Examples are
given in figure 9.1 for several aspect ratios ζ. One can find two solutions which emerge
together at a critical value of the scattering length, which depends on ζ. If one analyzes
the vicinity of the energy functional around the two stationary solutions one can find
that one of them corresponds to a minimum in the two-dimensional landscape of the
mean field energy spanned by A% and Az, and represents the ground state whereas the
second one belongs to a saddle point and is an excited state. The mean field energy of
the saddle point solution which belongs to the branches diverging for a→ 1/6 is always
higher than that of the ground state. By contrast, the chemical potential is not adequate
to distinguish the ground and the excited state due to the intersections of both branches
visible in figure 9.1.

A similar behavior can be found for a variation of the mean frequency γ̄. One can
calculate the bifurcation point for every combination of γ̄ and ζ and finally obtains a
“critical surface,” where the collapse of the condensate sets in, in the three-dimensional
parameter space. This surface is plotted in figure 9.2. For large values of γ̄ the dipole-
dipole interaction is dominant and determines the collapse behavior which has been
proven experimentally [61]. Here, an attractive dipole-dipole interaction can produce
a collapse of the condensate which occurs for repulsive scattering lengths a > 0. A
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Figure 9.2: Critical surface, where a collapse of the condensate within the mean field
approximation (9.9a) is predicted or, in other words, the two stationary states emerge
in a tangent bifurcation. Parameters are the aspect ratio ζ and the mean trap frequency
γ̄. Contour lines of constant acr are drawn at the base of the graph.

repulsive dipole-dipole interaction (ζ > 1) can stabilize the condensate against collapse
such that the collapse only sets in for a negative scattering length. For γ̄ < 1 the contact
interaction is dominant and the dipole-dipole interaction is only a small perturbation.

After the bifurcation point in the much simpler case of the attractive 1/r interaction
has turned out to be a branch point singularity of the energy eigenvalues the question
arises if this property survives in the dipolar case and if the bifurcation points on the
surface 9.2 are exceptional points. One can prove that this is the case if the complex
vicinity of the points of bifurcation is investigated. For this purpose the scattering
length a is, again, extended to complex numbers. Results are shown in figure 9.3 for
γ̄ = 3.4 × 104 and ζ = 6. This configuration is one of the examples realized in the
experiment of Koch et al. [61]. A circle of the form (8.30) is used. The results show
that the typical permutation of the energy eigenvalues is present, and, thus that they
form a branch point singularity. That is, also the collapse points of dipolar condensates
are exceptional points. This behavior is, in particular, present in the regime γ̄ � 1,
where the “dipolar” collapse exists. This means that the experiments by Koch et al. are
experimental realizations of a quantum system near an exceptional point.

A more detailed analysis of the permutation property reveals an influence of the aspect
ratio on the behavior of the two chemical potentials. Figures 9.3(a), (b), and (c) depict
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Figure 9.3: (a) Circle in the complex extended space of the scattering length a, (b)
chemical potential ε, (c) mean field energy E, (d) trap energy Etrap, (e) energy Esc of the
scattering term, (f) energy Edip of the dipole-dipole interaction. The trap parameters
are γ̄ = 3.4× 104 and ζ = 6. For all energies a permutation proving the existence of an
exceptional point is present.

the complex extended scattering length a, the chemical potential ε, and the mean field
energy E. The permutation of the two energy eigenvalues ε of the Gross-Pitaevskii equa-
tion is present. The same permutation can also be observed for the mean field energy
E, however, the starting and end points of the two energies are very close to each other
and their single paths in the complex energy plane are almost closed. Nevertheless, the
permutation is present. This behavior of the mean field energy is already known from
the Gross-Pitaevskii equation of condensates with attractive 1/r interaction, which was
discussed with the fractional power series expansion (8.32). There are, however, differ-

126



9.3 Linear stability of the two branches

ences between both systems for the chemical potential, which has a clear semicircle like
structure in the 1/r case and which has more similarity with the permutation behavior
of the mean field energy in the dipolar case. An analysis of the parts of the energy
reveals that the energy Etrap of the harmonic trap drawn in figure 9.3(d) already has the
shape of the eigenvalue paths of the mean field energy. The scattering term Esc (figure
9.3(e)) and the energy Edip (figure 9.3(f)) alone have a semicircle structure but they
almost cancel each other. Both have a difference between the two energy eigenvalues in
the same order of magnitude but with opposite order of the eigenvalues on the energy
axis. The contribution from the kinetic energy in the Gross-Pitaevskii equation has the
smallest influence on the energy difference and is not shown.

As was discussed in section 8.3.1 for the comparison of the chemical potential and the
mean field energy, the half circle structure appears if the first order in a fractional power
series expansion which is proportional to

√
%eiϕ/2 for a circle of the type

a = ac + % eiϕ , ϕ = 0 . . . 2π (8.30)

around the branch point does not vanish. Obviously this first order is small or does vanish
in the cases discussed above. But this is not always the case for dipolar condensates.
Figure 9.4 presents the complex vicinity of the bifurcation point for the trap parameters
γ̄ = 3.4×104 and ζ = 1. Again, a permutation of all eigenvalues can be observed, which
proves that the point of bifurcation is an exceptional point. The structure here is more
similar to the 1/r case than it was for the example at ζ = 6 discussed previously. The
chemical potential (figure 9.4(b)) has a half circle structure as all the single components
shown in figures 9.4(d), (e), and (f). Only the combination of all components to the
mean field energy (figure 9.4(c)) obviously leads to the cancellation of the first order√
%eiϕ/2 in the small circle.

With the complex extension of the scattering length a, the parameter space in which
the exceptional points have been found is four-dimensional. It consists of the real and
imaginary parts of a and the two trap parameters γ̄ and ζ. There are no longer isolated
exceptional points. Each bifurcation scenario exhibits one exceptional point at different
combinations a, γ̄, and ζ. The critical surface shown in figure 9.2 represents exactly
the sum of all exceptional points and can be called an “exceptional surface.” It is a
two-dimensional object in the four-dimensional parameter space. This is in accordance
with the property of generalized exceptional points which have the co-dimension two.

9.3 Linear stability of the two branches

Since one of the stationary solutions corresponds to a minimum of the mean field func-
tional it should be dynamically stable. The solution which corresponds to the saddle
point of the functional should be dynamically stable in one direction and unstable in
the other. Both properties can be confirmed with a linear stability analysis similar to
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Figure 9.4: Same illustration as in figure 9.3 but for a circle around the bifurcation
point appearing for γ̄ = 3.4 × 104 and ζ = 1. Again, the permutation of the energy
values proves the existence of an exceptional point. (a) Complex extended scattering
length, (b) chemical potential, (c) mean field energy, (d) trap energy, (e) energy of the
scattering term, (f) energy of the dipole-dipole interaction.

section 8.5. For this purpose the time-dependent Gross-Pitaevskii equation

i
∂

∂t
ψ(r) =

[
−∆r + γ2

%%
2 + γ2

zz
2 + 8πa|ψ(r)|2 +

∫
|ψ(r′)|2 1− 3 cos2 ϑ′

|r − r′|3
d3r′

]
ψ(r)

(9.10)
is required which is solved with the variational principle (8.37) and the time-dependent
version

ψ(r) = exp
[
i(A%(t)%

2 + Az(t)z
2 + γ(t))

]
(9.11)
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Figure 9.5: Eigenvalues of the linearized equations of motion for the extended Gross-
Pitaevskii system (9.10) and the two stationary solutions emerging at the exceptional
point. All four eigenvalues ξGS of the ground state are purely imaginary and demonstrate
its stability. By contrast, two eigenvalues ξES of the excited state are purely real with
one of them positive. This state is dynamically unstable. Vanishing real or imaginary
parts are not shown.

of the ansatz (9.8), where A%, Az, and γ are now complex variational coefficients. The
application of the time-dependent variational principle leads to four coupled equations
of motion for the width parameters A% and Az which have been presented in reference
[104]. Their linearization around the two stationary states leads to the equations of

motion for the deviations δA%,z(t) = δA
(0)
%,zeξt. Since A% and Az are complex altogether

four eigenvalues ξ are obtained. The stationary solutions are only available numerically
and, thus, one can find no analytic expression for the eigenvalues ξ of the linearized
equations of motion. A numerical analysis provides the results displayed in figure 9.5,
in which all four eigenvalues for both stationary states are drawn. The example is given
for the trap parameters γ̄ = 3.4 × 104 and ζ = 6 but is qualitatively identical for all
other cases in which both solutions are present. The ground state (labeled GS in the
figure) which corresponds to the minimum in the energy functional turns out to be
dynamically stable as expected. Its four eigenvalues appear in pairs λGS,1 = −λGS,2 and
λGS,3 = −λGS,4 and are all purely imaginary. The linearized motions of a condensate wave
function in the vicinity of the ground state describe oscillations around the stationary
solution. By contrast the eigenvalues of the excited state (labeled ES in the figure) do
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not indicate a stable motion. As expected from a saddle point one direction (described
by λES,3 = −λES,4) is stable with two purely imaginary eigenvalues and the other exhibits
two real eigenvalues λES,1 = −λES,2 with one of them positive. The positive eigenvalue
leads to an exponential increase of the one coefficient δA which points in the direction
of the corresponding eigenvector in the four-dimensional (δA%,δAz)-space. Hence, the
excited state is unstable.

The four eigenvalues obtained here for each branch of the solutions to the Gross-
Pitaevskii equation reveal a more complicated structure as the two eigenvalues in the
radially symmetric case investigated for condensates with attractive 1/r interaction in
section 8.5 but the main result is the same. At the exceptional point two solutions emerge
in a tangent bifurcation. One of them corresponds to a dynamically stable ground state
and the other to a dynamically unstable excited stationary solution.
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Exceptional points are a feature that can emerge in parameter-dependent open quantum
systems with decaying unbound states. They are branch point singularities at which two
eigenstates of a non-Hermitian Hamiltonian coalesce. It was the topic of this thesis to
investigate these exceptional points in the spectra of atoms in external fields and the
Gross-Pitaevskii equations describing Bose-Einstein condensates with long-range inter-
atomic interactions.

The numerical investigation of the resonances of the hydrogen atom required the diag-
onalization of large complex symmetric matrices with several thousand basis states. The
possibility to extend effective algorithms for real symmetric matrices has been analyzed.
Even in the case of exceptional points these algorithms often succeed in calculating the
eigenvalues. However, without taking care of branch point singularities the success is
not reliable. The Arnoldi method for general complex eigenvalue problems was used for
the calculations in this thesis. It works sufficiently fast and stable in the presence of
exceptional points. If higher-dimensional matrices are required, e.g., to calculate reso-
nances in a higher energy region, which can be influenced by field strengths available
in a laboratory, the application of the spectral transformation Lanczos method with a
consecutive application of a QL algorithm for non-symmetric Hessenberg matrices is a
promising faster alternative.

One of the main results of this thesis is the first detection of exceptional points in
numerically exact spectra of an atom in static external fields. It was shown, that the
branch point singularities can be found by the permutation of two eigenvalues when an
exceptional point is encircled in the parameter space. Further properties can be used to
verify their existence. In particular, it was demonstrated that the eigenvectors calculated
for the two branching eigenstates exhibit the geometric phase of an exceptional point,
where (only) one of the eigenstates changes its sign for a circle in the parameter space
around the exceptional point. In addition, it was shown that it is possible to extract
the complex eigenvalues of resonances from experimental photoionization cross sections
with the harmonic inversion method. This opens the possibility to search for exceptional
points in experimental data with the methods developed in this thesis.

The properties of exceptional points in spectra of the hydrogen atom have been an-
alyzed in detail. The local square root branch point structure could be revealed. In
a close region around the branch points, it is possible to describe the two branching
eigenstates by 2 × 2-matrix models. Beyond the typical square root branch points the
spectra of the hydrogen atom exhibit structures which include three resonances forming
two exceptional points close to each other in the parameter space, i.e., one of the three
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resonances is involved in both branch points. This finding is especially important be-
cause it is closely related with a cubic root branch point, at which all three resonances
coalesce. The direct adjustment of such a cubic root branch point would require five
external parameters and, therefore, is not possible in the system investigated here. Fur-
thermore, the close relation of avoided level crossings and exceptional points could be
found in the resonances of the hydrogen atom. The behavior of dipole matrix elements
in the vicinity of branch points has revealed interesting properties. While single dipole
matrix elements diverge in the presence of exceptional points this is not the case for
observable physical quantities as the photoionization cross section.

An investigation of the resonances in spectra of the hydrogen atom with respect to
the classical transition state theory has lead to a deeper insight into the ionization
mechanism. The comparison of the resonances in the energy range under consideration
has exposed close similarities between the exact quantum resonances and the classical
electron motion near the Stark saddle point. The results give clear evidence for the
existence of an eminent influence of the classical transition state in quantum spectra.
The agreement of the quantized energies of the classical electron motion with the full
quantum calculations was extremely good although the lowest nontrivial order in a power
series expansion of the potential was used. The results indicate that it may be worthwhile
to extend the calculations done here to the normal form procedure developed by Uzer
et al. [36]. It will be interesting to analyze whether higher orders can lead to an even
better description of the quantum resonances with the electron motion.

A further major topic of this thesis was the extension of the concept of exceptional
points to nonlinear quantum systems. In particular, it could be shown that the tan-
gent bifurcation at which two solutions to the Gross-Pitaevskii equation are created at
a critical value of the scattering length can be identified as a “nonlinear version” of an
exceptional point. For this purpose, the complex vicinities of the tangent bifurcations
appearing in the extended Gross-Pitaevskii equations for self-trapped Bose-Einstein con-
densates with attractive 1/r interaction and dipolar quantum gases were investigated.
The chemical potentials and the mean field energies show the typical behavior of ener-
gies at an exceptional point. Both quantities pass through a branch point singularity
at the critical value of the system’s parameter. An analysis of the phase behavior of
the corresponding wave functions revealed a correspondence with exceptional points of
non-Hermitian non-symmetric matrices. For the investigation of the bifurcation points
analytic continuations of the Gross-Pitaevskii systems were used. As was discussed, an
analytic continuation of the wave functions is not only required for complex values of
the scattering length but is necessary for real parameter values below the bifurcation
point. Then, a complex absorbing effective potential is obtained indicating an internal
collapse of the condensate.

The studies presented in this thesis have shown that exceptional points have important
consequences for quantum systems. In particular, it was possible to demonstrate that
they exist and can be verified in real physical situations which are accessible both with
theoretical and experimental methods. Their manifestations in the resonance spectra
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of atoms, viz. the permutation of the eigenvalues, the branch point structure, and the
geometric phase are observable features. In the nonlinear Gross-Pitaevskii equation
they appear as bifurcation points at which two stationary states are born in a tangent
bifurcation.
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A Atomic units and atomic-like units
for Bose-Einstein condensates

It is a common procedure to introduce appropriate units for the theoretical investigation
of physical problems. They are used to eliminate various universal constants or to avoid
high powers of 10, which is especially important for numerical computations. In atomic
physics mainly so called atomic units are used. There are, of course, several possibilities
to fix the units of the required quantities in a reasonable way and, indeed, there are at
least two important definitions of atomic units in use, viz. atomic Hartree units [107] and
atomic Rydberg units. The close similarities between both systems and their notation
can sometimes lead to ambiguities [108]. Therefore, it is very important to clearly state
which system of units is used. In this thesis atomic Hartree units are applied for all
sections concerning the hydrogen atom in external fields.

Because of the formal similarity between the atom-atom interaction in Bose-Einstein
condensates with a laser-induced gravity-like interaction and the Coulomb potential of
the hydrogen atom, an adequate description of the system is possible with units defined
analogously to atomic units. Here, Rydberg-like units have become accepted [49, 50].

In section A.1.1 the atomic Hartree units are introduced. To enable a comparison with
atomic Rydberg units, they are briefly described in section A.1.2. The units used for the
investigation of Bose-Einstein condensates with long-range interactions are presented in
sections A.2 and A.3.

A.1 Atomic units

A.1.1 Atomic Hartree units

To fix the atomic Hartree units one has to introduce four definitions, which can be
achieved with several choices. One possibility is given by the following quantities:

1. The unit of mass is the electron mass me.

2. Charges are measured in units of the elementary charge e.

3. The unit of angular momentum is Planck’s constant ~ = h/(2π).

4. Lengths are measured in units of the Bohr radius a0 = 4πε0~2/(mee
2) .

135
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Table A.1: Atomic Hartree units

quantity atomic Hartree unit Value in SI units [109]

angular momentum ~ = h/(2π) 1.054571628(53)× 10−34 Js
charge e 1.602176487(40)× 10−19 C
electric field Eh/(e a0) 5.14220632(13)× 1011 V

m

energy Eh = α2mec
2 4.35974394(22)× 10−18 J

length a0 = 4πε0~2/(mee
2) 0.52917720859(36)× 10−10 m

magnetic flux density ~/(e a2
0) 2.350517382(59)× 105 T

mass me 9.10938215(45)× 10−31 kg

momentum ~/a0 1.992851565(99)× 10−24 kg m
s

time ~/Eh 2.418884326505(16)× 10−17 s

Table A.2: Comparison between atomic Hartree units and atomic Rydberg units

quantity atomic Hartree unit atomic Rydberg unit

angular momentum ~ = h/(2π) ~
charge e e/

√
2

electric field Eh/(e a0)
√

2 E∞/(e a0) = Eh/(
√

2 e a0)
energy Eh = α2mec

2 E∞ = Eh/2
length a0 = 4πε0~2/(mee

2) a0

magnetic flux density ~/(e a2
0)

√
2 ~/(e a2

0)
mass me 2 me

momentum ~/a0 ~/a0

time ~/Eh ~/E∞ = 2~/Eh

Originally, Hartree [107] mentioned only three of these values to define atomic units,
viz. the units of length, charge, and mass, however, the assumption α = e2/(4πε0~c)
was exploited, which is equivalent to the additional determination of the unit of length
mentioned above. The definition of the units is often done by formally setting ~ =
a0 = me = e = 1 or equivalently ~ = 4πε0 = me = e = 1. To indicate the use of
atomic Hartree units, numerical values are generally provided with the symbol a.u., e.g.
E = −0.5 a.u. for the ground state energy of the hydrogen atom in atomic Hartree units.

A.1.2 Atomic Rydberg units

Similarly to the Hartree units, atomic Rydberg units can be introduced with the formal
definition ~ = a0 = 2 me = e2/2 = 1. The most important consequence is that the
energy unit is now the Rydberg energy E∞ = Eh/2. A comparison between Hartree and
Rydberg units is given in table A.2.
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A.2 Atomic-like units for Bose-Einstein condensates
with attractive 1/r interaction

Due to the analogy with the Coulomb interaction the theoretical description of Bose-
Einstein condensates with attractive 1/r interaction is especially expedient if “atomic”
units are used, whose construction is based on the analogy of the 1/r interaction term
with the Coulomb potential. Rydberg-like units have been introduced [49, 50].

The monopolar atom-atom interaction is described by

Vu = − u

r − r′
, (A.1)

where

u =
11

4π

Ik2α2

cε2
0

(A.2)

determines the interaction strength [51]. Here, I represents the intensity of the lasers
used to induce the gravity-like interaction and α is the isotropic, dynamic polarizability
of the atoms at frequency ck. The analogy

u⇔ e2

4πε0

(A.3)

can then be exploited to construct a “Bohr radius”

au =
~2

mu
(A.4)

with the mass m of one Boson, which is a reasonable choice for the unit of mass. Al-
together, the “atomic Rydberg units” for Bose-Einstein condensates can be introduced
with the definitions listed in table A.3. Of course, only four of them are required for the
definition. Note that these units depend on the strength of the atom-atom interaction
and therefore on all quantities listed in equation (A.2).

A.3 Atomic-like units for Bose-Einstein condensates
with dipole-dipole interaction

Similarly to the 1/r case, it is possible to construct Rydberg-like units for dipolar Bose-
Einstein condensates, where the dipole-dipole interaction is the starting point of the
introduction of new units. The major step is the specification of a “dipole length” as
unit of length with

ad =
α2

2

m

me

(
µ

µB

)2

a0 , (A.5)
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Table A.3: Important “atomic Rydberg units” for Bose-Einstein condensates with long-
range interactions.

units for BECs with

quantity 1/r interaction dipole-dipole interaction

angular momentum ~ ~
energy Eu = ~2/(2ma2

u) Ed = ~2/(2ma2
d)

frequency Eu/~ Ed/~

length au = ~2/(mu) ad = α2

2
m
me

(
µ
µB

)2

a0

mass mass m of one Boson mass m of one Boson
time ~/Eu ~/Ed

which depends on the mass m and the magnetic moment µ of the bosons and, therefore,
is only fixed for a particular atom. Here, α is the fine-structure constant, a0 the Bohr
radius, me the electron mass, and µB the Bohr radius. Combined, the “atomic Rydberg
units” for dipolar Bose-Einstein condensates are given with the definitions listed in A.3,
where they are compared with the corresponding units for Bose-Einstein condensates
with attractive 1/r interaction.
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B Matrix representation of the
hydrogen atom in crossed external
fields

As mentioned in section 5.1 the Hamiltonian of the hydrogen atom in static crossed
external fields is given by

H =
1

2
p2 − 1

r
+

1

2
γLz +

1

8
γ2(x2 + y2) + fx, (5.3)

with the atomic units presented in appendix A.1.1. For the matrix representation a
transformation to dilated semiparabolic coordinates is used. With this transformation
a good basis is given by the two-dimensional harmonic oscillator, whose complete basis
set of energy eigenstates is well known [84]. With an optimal ordering of the basis
states the matrix representation of the Hamiltonian (5.3) leads to a small banded matrix
whose bandwidth is between 8.5% and 10% of the matrix sizes used. If all parts of the
Hamiltonian (5.3) are expressed in terms of creation and annihilation operators, a very
fast matrix setup is possible.

The transformation from Cartesian to dilated semiparabolic coordinates is presented
in section B.1 and a reasonable choice for the basis is given in section B.2.

B.1 Hamiltonian in dilated semiparabolic coordinates

The dilated semiparabolic coordinates are defined by

µ =
1

b

√
r + z , (B.1a)

ν =
1

b

√
r − z , (B.1b)

ϕ = arctan
y

x
(B.1c)

with

r =
√
x2 + y2 + z2 , (B.1d)
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and a free convergence parameter b. The inverse transformation to Cartesian coordinates
reads

x = b2µν cosϕ , (B.2a)

y = b2µν sinϕ , (B.2b)

z =
b2

2
(µ2 + ν2) , (B.2c)

the Laplacian has the form

∆ =
1

b4

1

µ2 + ν2
(∆µ + ∆ν) , (B.3a)

where

∆% =
1

%

∂

∂%
%
∂

∂%
+

1

%2

∂2

∂ϕ2
, % ∈ {µ, ν} , (B.3b)

and the z-component of the angular momentum can be expressed with

Lz = −i
∂

∂ϕ
. (B.4)

Then the Schrödinger equation can be written in the regularized form{
∆µ + ∆ν −

(
µ2 + ν2

)
+ b4γ

(
µ2 + ν2

)
i
∂

∂ϕ
− 1

4
b8γ2µ2ν2

(
µ2 + ν2

)
− 2b6fµν

(
µ2 + ν2

)
cosϕ

}
ψ =

{
−4b2 + λ

(
µ2 + ν2

)}
ψ , (5.4)

where the generalized eigenvalue

λ = −(1 + 2b4E) (5.5)

appears, which is connected with the energy E. The dilation parameter b is used for
the numerical calculations as convergence parameter and has a second important role.
As can be seen from the transformations (B.2), the complex rotation performed for the
computation of resonances can be achieved with a complex parameter b. A complex
phase of eiθ in the square of b, i.e.,

b2 = |b2|eiθ (B.5)

corresponds to a complex rotation (3.4) of the coordinates by the angle θ.
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B.2 Basis set

The form of the Schrödinger equation (5.4) suggests the application of a harmonic os-
cillator basis for the matrix setup and the structure (B.3b), which is identical with the
structure of the Laplacian in plane polar coordinates, requires the expression of each
of the variables µ and ν in terms of a two-dimensional harmonic oscillator with the
Hamiltonian

H =
1

2
(p2

1 + p2
2) +

1

2
(q2

1 + q2
2) , (B.6)

where q1, q2, p1, and p2 are Cartesian coordinates and their conjugate momenta, respec-
tively. The familiar creation and annihilation operators are given by

ai =
1√
2

(qi + ipi) , (B.7a)

a+
i =

1√
2

(qi − ipi) , i ∈ {1, 2} , (B.7b)

which can be used to form a complete set of commuting operators. Here, the most
reasonable choice for a set of commuting operators is given by

N = A+
+A+ + A+

−A− , (B.8a)

L = A+
+A+ − A+

−A− , (B.8b)

where

A± =
1√
2

(a1 ∓ ia2) , (B.8c)

A+
± =

1√
2

(a+
1 ± ia+

2 ) . (B.8d)

Important commutator relations of these operators are

[Ar, As] = [A+
r , A

+
s ] = 0 , (B.9a)

[Ar, A
+
s ] = δrs , (B.9b)

[L,A±] = ∓A± , (B.9c)

[L,A+
±] = ±A+

± , (B.9d)

[N,A±] = −A± , (B.9e)

[N,A+
±] = A+

± . (B.9f)

The eigenstates of the two commuting operators N and L are labeled |n,m〉 with the
eigenvalues

N |n,m〉 = n |n,m〉 , (B.10a)

L |n,m〉 = m |n,m〉 (B.10b)
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and the application of the operators A± and A+
± yields

A± |n,m〉 = ±
√
n±m

2
|n− 1,m∓ 1〉 , (B.11)

A+
± |n,m〉 = ±

√
n±m

2
+ 1 |n+ 1,m± 1〉 . (B.12)

Now the action of the operators appearing in the Schrödinger equation on a basis state
can be calculated. In doing so one has to have in mind that each of the coordinates µ
and ν has the structure of a radial part in plane polar coordinates but that they have the
“angle” ϕ in common (cf. equations (B.3a) and (B.3b)). Consequently, for the matrix
representation a basis state of the form

|nµ, nν ,m〉 = |nµ,m〉 ⊗ |nν ,m〉 (5.7)

is required. Here, |nµ,m〉 and |nν ,m〉 are eigenstates of the type (B.10), which have a
common quantum number m. Furthermore, it is important for the numerical calculations
to exploit the mirror symmetry with respect to the (z = 0)-plane. Using basis states
with defined z-parity the Hamiltonian decomposes in a block diagonal structure with
one block for each parity. For nν 6= nµ, the basis states with defined z-parity can be
constructed from equation (5.7) by

|nµ, nν ,m〉e =
1√
2

(|nµ,m〉 ⊗ |nν ,m〉+ |nν ,m〉 ⊗ |nµ,m〉) , (B.13a)

|nµ, nν ,m〉o =
1√
2

(|nµ,m〉 ⊗ |nν ,m〉 − |nν ,m〉 ⊗ |nµ,m〉) , (B.13b)

where |nµ, nν ,m〉e and |nµ, nν ,m〉o represent states with even an odd z-parity, respec-
tively.
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C Phase of the eigenvectors on a
parameter space circle

In section 8.2 the phase behavior of the two permuted eigenvectors is compared for
symmetric and non-symmetric matrices. Here, the permutation rules are proven for a
small circle around the branch point. This is done in extension of the simple symmetric
model used in section 2.4.3.

To be able to compare the phase behavior of the wave functions of the nonlinear
Gross-Pitaevskii system with the eigenvectors of a matrix, the phase of the vectors is
fixed with the same method as is discussed in section 8.3 for the wave functions of the
analytic continuation of the extended Gross-Pitaevskii model. This is done with the
Euclidean norm without complex conjugation Ni =

√
xTi xi of the eigenvectors, which

is the adequate counterpart of the normalization factors ν from equation (8.13) and A
from equation (8.6), where (formally) the complex conjugation is ignored. Then, the
normalized eigenvectors have the form

x1,2(λ) =
1

N1,2

(
−λ

1∓
√

1 + cλ+ λ2

)
with

N1,2 =

√
λ2 +

(
1∓
√

1 + cλ+ λ2
)2

.

For a small circle around the exceptional point λA = −c/2 +
√
c2/4− 1 the fractional

power series expansion in %1/4 of the normalized vectors reads in the non-symmetric case
(c 6= 0)

x1(ϕ) =

(
1
c

√
η/2 + 2

c

√
κ/η
√
%eiϕ/2 + O(%3/4)√

2/η − 1
c2
√
κη
√
%eiϕ/2 + O(%3/4)

)
,

x2(ϕ) =

(
1
c

√
η/2− 2

c

√
κ/η
√
%eiϕ/2 + O(%3/4)√

2/η + 1
c2
√
κη
√
%eiϕ/2 + O(%3/4)

)
with κ =

√
c2/4− 1, and η = c2 − 2cκ.

The traversal of a single circle (ϕ = 0 . . . 2π) obviously leads to a permutation of the
eigenvectors as summarized in (8.26).
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In the symmetric case (c = 0), a fractional power series expansion of the two normal-
ized eigenvectors looks different. The result is

x1(ϕ) =

(
ei7π/8

23/4
e−iϕ/4

%1/4
+ ei9π/8

25/4 %
1/4eiϕ/4 + O(%3/4)

ei11π/8

23/4
e−iϕ/4

%1/4
+ ei5π/8

25/4 %
1/4eiϕ/4 + O(%3/4)

)
,

x2(ϕ) =

(
ei11π/8

23/4
e−iϕ/4

%1/4
+ ei5π/8

25/4 %
1/4eiϕ/4 + O(%3/4)

ei15π/8

23/4
e−iϕ/4

%1/4
+ eiπ/8

25/4 %
1/4eiϕ/4 + O(%3/4)

)
.

With a circle around the exceptional point (ϕ = 0 . . . 2π) it can be seen directly that
x1(2π) = −x2(0), and x2(2π) = x1(0), i.e., the permutation rule (2.31) for a symmetric
matrix is reproduced in this picture.

144



Bibliography

[1] T. Kato. Perturbation theory for linear operators. Springer, Berlin (1966).

[2] W. D. Heiss. Phases of wave functions and level repulsion. The European Physical
Journal D – Atomic, Molecular, Optical and Plasma Physics 7, 1–4 (1999).

[3] W. D. Heiss. Repulsion of resonance states and exceptional points. Physical Review
E (Statistical, Nonlinear, and Soft Matter Physics) 61, 929–932 (2000).

[4] W. D. Heiss and A. L. Sannino. Avoided level crossing and exceptional points.
Journal of Physics A: Mathematical and General 23, 1167–1178 (1990).

[5] M. V. Berry and D. H. J. O’Dell. Diffraction by volume gratings with imaginary
potentials. Journal of Physics A: Mathematical and General 31, 2093–2101 (1998).

[6] Pavel Cejnar, Stefan Heinze, and Michal Macek. Coulomb Analogy for Non-
Hermitian Degeneracies near Quantum Phase Transitions. Physical Review Letters
99, 100601 (2007).

[7] Shachar Klaiman, Uwe Günther, and Nimrod Moiseyev. Visualization of Branch
Points in PT -Symmetric Waveguides. Physical Review Letters 101, 080402 (2008).

[8] M. Philipp, P. von Brentano, G. Pascovici, and A. Richter. Frequency and width
crossing of two interacting resonances in a microwave cavity. Physical Review E
(Statistical, Nonlinear, and Soft Matter Physics) 62, 1922–1926 (2000).
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[42] Vı́ctor M. Pérez-Garćıa, Humberto Michinel, J. I. Cirac, M. Lewenstein, and
P. Zoller. Dynamics of Bose-Einstein condensates: Variational solutions of the
Gross-Pitaevskii equations. Physical Review A (Atomic, Molecular, and Optical
Physics) 56, 1424–1432 (1997).

[43] C. C. Bradley, C. A. Sackett, and R. G. Hulet. Bose-Einstein Condensation of
Lithium: Observation of Limited Condensate Number. Physical Review Letters
78, 985–989 (1997).

[44] C. A. Sackett, J. M. Gerton, M. Welling, and R. G. Hulet. Measurements of
Collective Collapse in a Bose-Einstein Condensate with Attractive Interactions.
Physical Review Letters 82, 876–879 (1999).

[45] Jordan M. Gerton, Dmitry Strekalov, Ionut Prodan, and Randall G. Hulet. Direct
observation of growth and collapse of a Bose–Einstein condensate with attractive
interactions. Nature 408, 692–695 (2000).

[46] Elizabeth A. Donley, Neil R. Claussen, Simon L. Cornish, Jacob L. Roberts, Eric A.
Cornell, and Carl E. Wieman. Dynamics of collapsing and exploding Bose–Einstein
condensates. Nature 412, 295–299 (2001).

148



Bibliography

[47] C. Huepe, S. Métens, G. Dewel, P. Borckmans, and M. E. Brachet. Decay Rates
in Attractive Bose-Einstein Condensates. Physical Review Letters 82, 1616–1619
(1999).

[48] C. Huepe, L. S. Tuckerman, S. Métens, and M. E. Brachet. Stability and decay
rates of nonisotropic attractive Bose-Einstein condensates. Physical Review A
(Atomic, Molecular, and Optical Physics) 68, 023609 (2003).

[49] I. Papadopoulos, P. Wagner, G. Wunner, and J. Main. Bose-Einstein condensates
with attractive 1/r interaction: The case of self-trapping. Physical Review A
(Atomic, Molecular, and Optical Physics) 76, 053604 (2007).

[50] Ioannis Papadopoulos. Quantum mechanical calculations for Bose-Einstein con-
densates with electromagnetically induced 1/r-interaction. Diplomarbeit, Univer-
sität Stuttgart (2007).

[51] D. O’Dell, S. Giovanazzi, G. Kurizki, and V. M. Akulin. Bose-Einstein Condensates
with 1/r Interatomic Attraction: Electromagnetically Induced “Gravity”. Physical
Review Letters 84, 5687–5690 (2000).
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[55] K. Góral, L. Santos, and M. Lewenstein. Quantum Phases of Dipolar Bosons in
Optical Lattices. Physical Review Letters 88, 170406 (2002).
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gemeinen Theorie. Walter de Gruyter & Co, Berlin (1971).

[65] Uwe Günther, Ingrid Rotter, and Boris F Samsonov. Projective Hilbert space
structures at exceptional points. Journal of Physics A: Mathematical and Theo-
retical 40, 8815–8833 (2007).

[66] A. P. Seyranian, O. N. Kirillov, and A. A. Mailybaev. Coupling of eigenvalues
of complex matrices at diabolic and exceptional points. Journal of Physics A:
Mathematical and General 38, 1723–1740 (2005).

[67] M. V. Berry and M. Wilkinson. Diabolical Points in the Spectra of Triangles.
Proceedings of the Royal Society of London. Series A, Mathematical and Physical
Sciences 392, 15–43 (1984).

[68] J. C. Garrison and E. M. Wright. Complex geometrical phases for dissipative
systems. Physics Letters A 128, 177–181 (1988).

[69] Alexei A. Mailybaev, Oleg N. Kirillov, and Alexander P. Seyranian. Geometric
phase around exceptional points. Physical Review A (Atomic, Molecular, and
Optical Physics) 72, 014104 (2005).

[70] Hossein Mehri-Dehnavi and Ali Mostafazadeh. Geometric phase for non-Hermitian
Hamiltonians and its holonomy interpretation. Journal of Mathematical Physics
49, 082105 (2008).

150



Bibliography
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Zusammenfassung in deutscher
Sprache

Eine bekannte Eigenschaft von Quantensystemen ist, dass bei Energien über der Ionisa-
tionsschwelle Resonanzen innerhalb des Kontinuums ungebundener Zustände existieren.
Resonanzen sind langlebige, quasi-gebundene Zustände, zu deren Beschreibung üblicher-
weise ihre Form, ihre Energie (oder Position) und ihre Breite herangezogen werden. Wie
bei den gebundenen Zuständen eines Quantensystems gibt es auch bei Resonanzen den
Effekt, dass Entartungen auftreten können, wobei diese für Resonanzen bedeuten, dass
sowohl die Energien als auch die Breiten zweier Zustände identisch sind. Eine spezielle
Form von Entartungen bei Resonanzen, sogenannte

”
Ausnahmepunkte“ oder

”
exceptio-

nal points“ [1, 2] haben großes theoretisches [3–7] und experimentelles [8–13] Forschungs-
interesse auf sich gezogen. Eng verknüpft mit einem Ausnahmepunkt ist das Auftreten
einer sogenannten geometrischen Phase [17], die das Ergebnis einer nichttrivialen topo-
logischen Struktur des Parameterraums ist.

Trotz einer hohen Zahl physikalischer Systeme, in denen Ausnahmepunkte gefunden
und untersucht wurden [5–13, 18–25], ist es bisher noch nicht gelungen, sie in Atomen in
statischen äußeren Feldern nachzuweisen, was hauptsächlich daran liegt, dass Atome in
einem äußeren magnetischen oder elektrischen Feld am ausführlichsten untersucht wur-
den, für das Aufspüren von Ausnahmepunkten jedoch zwei Parameter zur Verfügung
stehen müssen. Diese liegen bei Atomen in gekreuzten elektrischen und magnetischen
Feldern vor. Als fundamentale Quantensysteme, die sowohl theoretisch in numerischen
Rechnungen als auch experimentell zugänglich sind, eignen sie sich ideal zur Untersu-
chung des Einflusses von Ausnahmepunkten auf Quantensysteme. In dieser Dissertation
werden die Resonanzen des Wasserstoffatoms in gekreuzten Feldern unter Zuhilfenah-
me der Methode der komplexen Rotation [14–16] numerisch berechnet und der erste
Nachweis von Ausnahmepunkten in den Spektren eines Atoms in statischen äußeren
Feldern erbracht. Auf die dazu erforderlichen numerischen Methoden zur Diagonalisie-
rung komplex-symmetrischer Matrizen wird eingegangen und die Möglichkeit, effektive
Algorithmen für reell-symmetrische Eigenwertprobleme anzupassen, wird ausgelotet.

Bisher lag der Blickpunkt bei der Untersuchung von Ausnahmepunkten hauptsächlich
auf offenen, linearen Quantensystemen, die durch einen nicht-hermiteschen Hamilton-
operator beschrieben werden. Darüber hinaus kann das Konzept aber auch auf nicht-
lineare Quantensysteme erweitert werden, zu denen insbesondere die Gross-Pitaevskii-
Gleichung [38, 39] zur Beschreibung von Bose-Einstein-Kondensaten gehört. Von dieser
ist bekannt, dass stationäre Lösungen nur für bestimmte Bereiche der Parameter, die das
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System bestimmen, existieren. Insbesondere gibt es Punkte im Parameterraum, an de-
nen die Wellenfunktion, die das Bose-Einstein-Kondensat beschreibt, kollabiert [40–45].
Es wurde bereits gezeigt, dass diese Kollapspunkte in Wirklichkeit Bifurkationspunkte
darstellen, an denen zwei Lösungen der Gross-Pitaevskii-Gleichung in einer Tangenten-
bifurkation geboren werden [47, 48]. In dieser Dissertation wird nun gezeigt, dass an
diesen Bifurkationspunkten Verzweigungssingularitäten der Energieeigenwerte und der
Wellenfunktionen beider Lösungen auftreten. Es handelt sich somit um eine

”
nichtli-

neare Ausgabe von Ausnahmepunkten,“ die hier erstmals vorgestellt und ausführlich
untersucht wird.

Ausnahmepunkte Ausnahmepunkte können in Systemen gefunden werden, die min-
destens von zwei Parametern abhängen. Sie beschreiben Punkte im Parameterraum,
an denen (normalerweise) zwei (Energie)-Eigenwerte als Funktionen der Parameter ei-
ne Verzweigungssingularität durchlaufen. Die Eigenwerte lassen sich mathematisch als
zwei Zweige der selben analytischen Funktion in den Parametern auffassen und der
Ausnahmepunkt ist der Verzweigungspunkt. Der einfachste Vertreter einer analytischen
Funktion mit einer Verzweigungssingularität ist die Quadratwurzel f(z) =

√
z, die auch

den typischen Fall eines Ausnahmepunkts darstellt und mit ihren riemannschen Flächen
in Abschnitt 2.1 vorgestellt wird. Ausnahmepunkte, die in physikalischen Systemen dis-
kutiert werden, sind üblicherweise Lösungen der charakteristischen Gleichung (2.1) auf
Seite 22, bei denen zwei Eigenwerte von den beiden Zweigen einer Quadratwurzelfunk-
tion abhängen. Ihre Werte sind mit Ausnahme des einzigen Verzweigungspunkts z = 0
unterschiedlich. Von dieser Ausnahme leitet sich der Begriff

”
Ausnahmepunkt“ oder

”
ex-

ceptional point“ ab. In diesem Beispiel kann z als komplexer Parameter aufgefasst wer-
den.

Drei wichtigen Eigenschaften der Ausnahmepunkte können verwendet werden, um
sie in Quantenspektren zu identifizieren. Umrundet man einen Ausnahmepunkt im Pa-
rameterraum, kommt es zu einer Permutation der an der Verzweigung beteiligten Ei-
genwerte, wie sie in Gleichung (2.2) auf Seite 23 angegeben ist. Der typische Fall der
Entartung zweier Eigenwerte in einer Quadratwurzelverzweigung hat das Vertauschen
der beiden Eigenwerte zur Folge. Eine graphische Darstellung dieses Effekts ist für ein
einfaches Modellsystem in Abbildung 2.4 auf Seite 25 gegeben. Während der Parameter
κ einen vollständigen Kreis mit kleinem Radius durchläuft, vertauschen beide Eigenwer-
te λ nachdem sie einen Halbkreis zurückgelegt haben. Die zweite wichtige Eigenschaft
ist das Zusammenfallen der Eigenvektoren am Ausnahmepunkt. Dort gibt es zu den
beiden entarteten Eigenwerten nur einen linear unabhängigen Vektor [1]. Auch die drit-
te Eigenschaft ist mit den Eigenvektoren verknüpft. Diese Vertauschen wie die Eigen-
werte bei einer Umrundung des Ausnahmepunkts im Parameterraum. Zusätzlich tritt
eine geometrische Phase auf. Bei den Eigenvektoren symmetrischer Matrizen führt dies
zu einem Vorzeichenwechsel eines der Vektoren. Das Ergebnis lässt sich in der Form

[x1,x2]
Umrundung→ [x2,−x1] darstellen [2]. Bei nicht-symmetrischen Matrizen ist die geo-
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metrische Phase von der Wahl des Pfades [70] und dem Einfluss weiterer Eigenvektoren,
die nicht an der Verzweigungssingularität beteiligt sind, abhängig [69], wie in Abschnitt
2.4 beschrieben wird.

Üblicherweise erfolgt die geometrische Phase über die Integration entsprechend Glei-
chung (2.18) entlang des gesamtem im Parameterraum zurückgelegten Weges. Können
die Eigenzustände eines quantenmechanischen Systems jedoch auf die Eigenvektoren
symmetrischer Matrizen zurückgeführt werden, lässt sich die geometrische Phase eines
Ausnahmepunkts direkt bestimmen. Durch die Normierung 〈ψ∗m|ψn〉 wird ihre Phase in
einer eindeutigen Weise fixiert. Achtet man nun beim Umrunden des Ausnahmepunkts
auf eine stetige Fortsetzung der Phase kann man ihre Änderung direkt ablesen.

Komplexe Rotation Aus der Tatsache, dass am Ausnahmepunkt zwei Eigenzustände
des Hamiltonoperators identisch sind, kann man sofort erkennen, dass im Rahmen der
linearen Schrödingergleichung die Existenz von Resonanzen notwendig für das Auftre-
ten von Ausnahmepunkten ist, denn das Zusammenfallen zweier Eigenvektoren ist in
den Spektren hermitescher Hamiltonoperatoren, die gebundene Zustände beschreiben,
unmöglich. Bei diesen existiert immer ein Satz orthogonaler Eigenvektoren, die nie iden-
tisch werden können. Bei Resonanzen ist das nicht der Fall, denn sie gehören nicht zum
hermiteschen Definitionsbereich der Hamiltonoperatoren [14] und müssen auf eine ande-
re Weise beschrieben werden. Eine Möglichkeit der Beschreibung von Resonanzen stellt
die Methode der komplexen Rotation [14–16] dar, die durch die komplexe Skalierung
der Koordinaten nicht-hermitesche Hamiltonoperatoren konstruiert, in deren Spektrum
die Resonanzen aufgedeckt werden. Resonanzen erscheinen als komplexe Energieeigen-
werte Ẽ = E − iΓ/2, deren Real- und Imaginärteile die Energie E und die Breite Γ
repräsentieren. Bei nicht-hermiteschen Operatoren entfällt die Bedingung, die identische
Eigenvektoren verbietet.

Prinzipiell führt die Methode die komplexe Skalierung r → eiθr der Koordinaten im
Hamiltonoperator und in den Wellenfunktionen aus. Als Folge wird das Energiespektrum
beeinflusst, wie in Abschnitt 3.2 dargestellt wird. Es lassen sich dabei unterschiedliche
Einflüsse auf gebundene Zustände, das Kontinuum und Resonanzen unterscheiden. Die
Energien der gebundenen Zustände bleiben nach Durchführung der komplexen Rotation
unverändert. Energiewerte, die das Kontinuum repräsentieren, werden so in die unte-
re Hälfte der komplexen Ebene gedreht, dass sie mit der reellen Achsen einen Winkel
von 2θ einschließen. Der bedeutendste Einfluss ergibt sich für die Resonanzen. Diese
werden durch die komplexe Rotation im Energiespektrum aufgedeckt und erscheinen
als neue diskrete, komplexe Energieeigenwerte Ẽ = E − iΓ/2. Im Gegensatz zu den
Kontinuumszuständen hängen sie nicht vom Rotationswinkel ab. Die komplex skalierten
Wellenfunktionen der Resonanzen sind quadratintegrabel und werden somit Bestandteil
des Hilbertraums. Dadurch wird es möglich, ihren Energieerwartungswert zu berechnen.

Bei der Berechnung von Skalarprodukten muss die komplexe Rotation besonders be-
rücksichtigt werden, wie in Abschnitt 3.3 dargestellt ist. Der komplexe Faktor eiθ ist
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kein intrinsischer Anteil der Wellenfunktionen. Damit sich die Bedeutung der Energieer-
wartungswerte nicht verändert, darf keine komplexe Konjugation der komplexen Anteile
einer Wellenfunktion, die durch die Skalierung eiθr eingehen, erfolgen. In Skalarproduk-
ten darf also nur eine komplexe Konjugation der intrinsisch komplexen Anteile einer
Wellenfunktion durchgeführt werden [14].

Für die numerische Berechnung der komplexen Eigenwerte ist es häufig vorteilhaft,
einen direkten Zugang zu verwenden, der in Abschnitt 3.4 beschrieben wird. Hier wird
der Matrixaufbau des hermiteschen Hamiltonoperators verwendet. Die einzelnen Terme
werden nach den auftretenden Potenzen sortiert und jeder einzelne Term wird mit der
zugehörigen Potenz des Skalierungsfaktors eiθ multipliziert, wie es in Gleichung (3.17)
auf Seite 42 dargestellt ist. In der Gleichung läuft die Summe über alle auftretenden Po-
tenzen n der Ortskoordinate r im Potential. Das daraus entstehende Eigenwertproblem
(3.18) für die komplexen Energien Ẽi benötigt nun keine komplex skalierten Wellen-
funktionen und es müssen keine neuen Matrizen aufgebaut werden. Die Darstellung der
skalierten Wellenfunktionen wird von den komplexen Vektoren c̄i, die sich als Eigenvek-
toren ergeben, übernommen.

Die Abschnitte 3.5 und 3.6 befassen sich mit der Streumatrix, in der Resonanzen als
Pole auftreten. In diesem Bild stellt ein Ausnahmepunkt einen doppelten Pol dar, da
hier zwei Resonanzen und damit zwei Pole zusammenfallen.

Numerische Diagonalisierung von Matrizen Bei der numerischen Berechnung der Ei-
genenergien von Quantensystemen hat sich die Diagonalisierung einer Matrixdarstellung
eines Hamiltonoperators als eine mögliche Methode etabliert, mit der sich das Kapitel
4 beschäftigt. Die effizientesten Algorithmen wurden dabei für die am häufigsten auf-
tretenden Fälle, nämlich reell-symmetrische oder hermitesche Matrizen, entwickelt. Für
komplex-symmetrische Eigenwertprobleme, wie sie z.B. durch das Anwenden der Metho-
de der komplexen Rotation auftreten, muss häufig auf weniger effiziente Algorithmen für
allgemeine komplexe Matrizen zurückgegriffen werden. Oft ist es wesentlich besser, Ver-
fahren für den reell-symmetrischen Fall auf komplex-symmetrische zu übertragen, indem
einfach komplexe Variablen in die Programme eingeführt werden und die lineare Alge-
bra für reelle Matrizen beibehalten wird. Insbesondere wird die reell-euklidische Norm
||x||r = xTx ohne komplexe Konjugation beibehalten. In den meisten Fällen funktio-
niert dieses Verfahren sehr gut und hat zu exzellenten Ergebnissen geführt [30, 31]. Die
Algorithmen erwarten jedoch meist, dass alle Eigenvektoren paarweise orthogonal zuein-
ander stehen und mit der reell-euklidischen Norm normiert werden können. Beide Bedin-
gungen sind jedoch bei komplex-symmetrischen Matrizen nicht garantiert. Insbesondere
an Ausnahmepunkten haben die entarteten Eigenwerte nur einen linear unabhängigen
Eigenvektor. Aber auch andere Schwierigkeiten, die nicht mit dem Auftreten eines Aus-
nahmepunkts zusammenhängen, sind möglich. Beide Effekte werden in Kapitel 4 sowohl
an direkten Methoden wie der Jacobi-Transformation (Abschnitt 4.1.1), der Tridiago-
nalisierung mit der Householder-Transformation (Abschnitt 4.1.2) und anschließender
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Bestimmung der Eigenwerte durch den QL-Algorithmus (Abschnitt 4.1.3) als auch an
iterativen Methoden wie dem Lanczos- (Abschnitt 4.2.1) und dem Arnoldi-Verfahren
(Abschnitt 4.2.2) untersucht.

Die Versuche, eine Diagonalgestalt durch Ähnlichkeitstransformationen zu erreichen,
muss beim Auftreten eines Ausnahmepunkts zwangsweise scheitern, da dieser einen Nor-
malblock in der Matrix bildet. Es zeigt sich jedoch, dass numerisch meist eine Bestim-
mung der Eigenwerte gelingt, da ein Normalblock in numerischer Darstellung nicht exakt
vorliegt. Die Reduktion einer Matrix auf Tridiagonalgestalt stellt für den typischen Fall
eines Ausnahmepunkts, der Quadratwurzelverzweigung von zwei Eigenwerten, kein Pro-
blem dar. Der zugehörige 2×2-Normalblock lässt sich in die Tridiagonalgestalt einbinden.
Ein Scheitern der Algorithmen ist unabhängig vom Auftreten der Ausnahmepunkte aber
auch möglich, da die Konvergenzbedingungen nur für reell-symmetrische Matrizen erfüllt
sind oder zufällig auftretende verschwindende reell-euklidische Normen ||x||r benötigter
Vektoren zu divergierenden Termen führen.

Als geeignetste Methode für die Berechnung der Resonanzen des Wasserstoffatoms in
dieser Arbeit hat sich die

”
implicitly restarted Arnoldi method“, die in der ARPACK-

Bibliothek implementiert ist, erwiesen. Hier ist insbesondere die Stabilität des Ver-
fahrens, das allgemeine komplexe Eigenwertprobleme lösen kann, beim Auftreten von
Ausnahmepunkten von Bedeutung. Werden größere Matrizen benötigt, ist die

”
spectral

transformation Lanczos method“ eine vielversprechende Alternative. Das auf komplexe
Zahlen erweiterte Programm für reell-symmetrische Matrizen liefert meist gute Ergeb-
nisse. Führt man die Berechnung der Eigenwerte der durch die Lanczos-Iteration ent-
standenen tridiagonalen Matrix mit einem Verfahren für allgemeine komplexe Matrizen
durch, stellen Ausnahmepunkte prinzipiell keine Schwierigkeit dar. Nachträgliche Tests
auf numerische Ungenauigkeiten sind jedoch zwingend notwendig, da bei den komplexen
Matrizen immer sehr kleine Normen ||x||r, durch die dividiert wird, auftreten können.

Ausnahmepunkte in Spektren des Wasserstoffatoms in gekreuzten Feldern Als
atomares System wird in Kapitel 5 der vorliegenden Arbeit das Wasserstoffatom in
gekreuzten, statischen elektrischen und magnetischen Feldern untersucht, dessen Hamil-
tonoperator in atomaren Einheiten in Gleichung (5.3) auf Seite 62 angegeben ist. Seine
Basisdarstellung in dilatierten semiparabolischen Koordinaten und das Einführen der
komplexen Rotation sind in Abschnitt 5.1 angegeben.

Als erfolgreiche Suchmethode nach Ausnahmepunkten unter den Resonanzen hat sich
erwiesen, entsprechend den Gleichungen (5.12a) und (5.12b) auf Seite 64 Kreise im zwei-
dimensionalen Parameterraum, der von den Feldstärken der beiden äußeren Felder aufge-
spannt wird, zu ziehen. Tritt dabei das charakteristische Vertauschen zweier Eigenwerte
auf und kann dies eindeutig identifiziert werden, hat man ganz sicher einen Ausnah-
mepunkt gefunden. Ein Beispiel für ein typisches Ergebnis ist in Abbildung 5.4(a) auf
Seite 68 dargestellt. Während im Feldstärkeraum ein geschlossener Kreis durchlaufen
wird, vertauschen die beiden Resonanzen, die durch rote Quadrate und grüne Rauten
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dargestellt sind. Abbildung 5.4(b) zeigt die entarteten Eigenwerte am Ausnahmepunkt
(markiert durch einen Pfeil) in der komplexen Energieebene neben weiteren Resonan-
zen. Weitere Beispiele für Ausnahmepunkte, die auf diese Weise gefunden wurden, sind
in Tabelle 5.2 aufgelistet.

Darüber hinaus wird in Abschnitt 5.4 ein Vorschlag für ein Experiment präsentiert, das
die Beobachtung von Ausnahmepunkten in gemessenen Photoionisationswirkungsquer-
schnitten ermöglicht. Dazu müssen die Wirkungsquerschnitte für verschiedene Parame-
terwerte, die auf einer geschlossenen Linie im Parameterraum liegen, gemessen werden.
Aus diesen Daten können unter Verwendung der harmonischen Inversion [88, 89] die
komplexen Energien der Resonanzen mit einer hohen Präzision extrahiert werden. An-
schließend können die Energien in der komplexen Energieebene aufgetragen werden. Das
Verfolgen der Wege der Resonanzen ermöglicht wie im numerischen Fall die Suche nach
den charakteristischen Vertauschungen.

Kapitel 6 ist der Beschreibung der Ausnahmepunkte, die in Spektren des Wasserstoff-
atoms auftreten, gewidmet. Viele Effekte treten in einer lokalen Umgebung der Ausnah-
mepunkte auf, in der nur die beiden beteiligten Resonanzen von Bedeutung sind und
alle weiteren komplexen Energieeigenwerte ignoriert werden können. Dort lässt sich das
System lokal durch ein 2×2-Matrixmodell beschreiben. Oft ist es aber nicht ausreichend,
das in Abschnitt 2.3 eingeführte Modell mit einem komplexen Parameter zu verwenden,
da der tatsächliche Einfluss zweier reeller Parameter (Feldstärken) mit komplexen Vor-
faktoren entscheidend ist. Eine bessere Beschreibung ist daher durch das Modell aus
Gleichung (6.1) auf Seite 73 gegeben, das genau diese Abhängigkeit berücksichtigt.

In einer sehr lokalen Umgebung um einen Ausnahmepunkt bestätigt sich, dass die
Energieeigenwerte in einer Quadratwurzelfunktion vom Abstand δ (vergleiche Gleichun-
gen (5.12a) und (5.12b) auf Seite 64) im Parameterraum abhängen. Graphisch ist dies
in Abbildung 6.1 auf Seite 75 dargestellt, wobei die blaue Linie die Anpassung einer
Quadratwurzelfunktion an die numerischen Daten repräsentiert.

Wie bereits in Kapitel 5 zu sehen war, zeigt auch Abbildung 6.2 auf Seite 76, dass
die Pfade der Eigenwerte in der komplexen Energieebene recht kompliziert sein kön-
nen und sich auch bei sehr kleinen Radien δ = 10−4 (Abbildung 6.2(c)) nicht auf eine
perfekte Halbkreisstruktur, wie sie vom einfachen Modellsystem aus Abschnitt 2.3 be-
kannt ist, zusammenziehen. Diese Effekte lassen sich jedoch durch die Abhängigkeit des
Hamiltonoperators von den Feldstärken erklären und durch das Matrixmodell (6.1) wie-
dergeben. Die in Abbildung 6.2 eingezeichneten Linien sind die Eigenwerte des Modells
(6.1), dessen Koeffizienten an einen Teil der numerischen Eigenwerte angepasst wurden.

Von besonderer Bedeutung ist das Auftreten von Strukturen, an denen drei Reso-
nanzen beteiligt sind, wie dies in Abbildung 6.4(a) auf Seite 79 dargestellt ist, in der
eine Permutation aller drei Resonanzen auftritt. Ein solches Verhalten deutet auf das
Auftreten einer Verzweigungssingularität einer kubischen Wurzel hin, an der drei rie-
mannsche Flächen zusammentreffen. Eine genauere Betrachtung deckt jedoch auf, dass
dieser Fall hier nicht exakt erfüllt ist. Es handelt sich um zwei im Parameterraum sehr
dicht liegende Ausnahmepunkte. Eine der Resonanzen (in der Abbildung durch Fünfecke
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dargestellt) durchläuft an beiden eine Verzweigung mit jeweils einer anderen Resonanz.
Die Abbildungen 6.3(b) und 6.3(c) zeigen die gleichen drei Resonanzen für zwei weitere
geschlossene Kreise im Parameterraum, die so angelegt sind, dass sie jeweils nur einen
der beiden Ausnahmepunkte umrunden, was die Existenz der zwei Ausnahmepunkte
belegt. Dreifache Entartungen in der Form einer kubischen Wurzel können im vorliegen-
den System nicht gezielt gesucht werden, da dafür fünf Parameter zur Verfügung stehen
müssen [90], also drei Parameter fehlen. Um so bemerkenswerter ist die Tatsache, dass
eine so eng mit diesem Fall verwandte Struktur hier gefunden wurde.

Als weitere Eigenschaft der Ausnahmepunkte lässt sich die geometrische Phase für
die numerische berechneten Eigenvektoren der Matrixdarstellung des Hamiltonopera-
tors nachweisen. Dafür wird in Abschnitt 6.3 das Produkt zweier Wellenfunktionen
p12 = 〈Ψ1| Ψ2〉 berechnet, das durch die Wahl der Matrixdarstellung abseits der Aus-
nahmepunkte nicht verschwindet. Wechselt einer der beiden Eigenvektoren während
der Umkreisung des Ausnahmepunkts sein Vorzeichen, wie es zu erwarten ist, muss dies
auch für die komplexe Zahl p12 gelten. Genau dieser Fall lässt sich auch beobachten wie
Abbildung 6.5 auf Seite 81 zeigt. Die Phase von p12 ändert sich genau um den Wert π.

Die Verbindung von Ausnahmepunkten mit vermiedenen Kreuzungen, die bereits von
gebundenen Zuständen bekannt ist [2, 4], lässt sich auch bei Resonanzen finden [9]. Hier
können vermiedene Kreuzungen der Realteile (Energien) oder Imaginärteile (Breiten)
auftreten, während der jeweils andere Teil der komplexen Energie eine Kreuzung auf-
weist. Dieses Verhalten lässt sich auch in den Spektren des Wasserstoffatoms finden.
Abbildung 6.7 auf Seite 83 zeigt Resonanzen des Wasserstoffatoms in gekreuzten Fel-
dern für eine Gerade im Feldstärkeraum, die durch α repräsentiert wird. Es sind deutlich
vermiedene Kreuzungen zu erkennen (markiert durch die blauen Quadrate). Die daran
beteiligten Resonanzen lassen sich alle durch Variation beider Feldstärken so zur Ent-
artung bringen, dass sie einen Ausnahmepunkt bilden. Dies ist immer dann, wenn nur
zwei Resonanzen im lokalen Energiebereich relevant sind und ein zweidimensionales Ma-
trixmodell angesetzt werden kann, auch der Normalfall.

Weiterhin werden in Abschnitt 6.5 das Verhalten der Dipolmatrixelemente und des
Photoionisationswirkungsquerschnitts, die für die experimentelle Beobachtung von Be-
deutung sind, am Ausnahmepunkt beschrieben. Es zeigt sich, dass einzelne Dipolma-
trixelemente für einen der beiden entarteten Zustände bei Annäherung an den Aus-
nahmepunkt in der Form einer reziproken Quadratwurzel 1/

√
δ divergieren. Dies führt

jedoch zu keinem beobachtbaren Effekt, da am Ausnahmepunkte auch beide Wellenfunk-
tionen identisch sind und nicht unterschieden werden können. Die Summe aus beiden
Dipolmatrixelementen verhält sich regulär. Insbesondere gilt dies auch für den Pho-
toionisationswirkungsquerschnitt. Dieser konvergiert in einer kleinen Umgebung um den
Ausnahmepunkt linear gegen einen endlichen Wert. Beides lässt sich mit einem einfachen
Matrixmodell zeigen und wird durch die numerischen Rechnungen am Wasserstoffatom
bestätigt.

161



Zusammenfassung in deutscher Sprache

Einfluss des klassischen Übergangszustands auf die Resonanzen des Wasserstoff-
atoms Die betrachteten Resonanzen in den Spektren des Wasserstoffatoms bieten über
die Existenz von Ausnahmepunkten hinaus noch einen Einblick in eine weitere Eigen-
schaft des Ionisationsmechanismus. Dieser wurde für das Wasserstoffatom in gekreuzten
elektrischen und magnetischen Feldern bereits unter Anwendung der

”
Theorie der Über-

gangszustände“ (oder
”
transition state theory“) untersucht [33–36], allerdings blieb dabei

der Einfluss des klassischen Übergangszustands auf das Quantenspektrum unklar.

Die klassische Theorie der Übergangszustände ist ein fundamentaler Zugang zur Be-
schreibung von Veränderungen in dynamischen Systemen, der immer dann zum Einsatz
kommen kann, wenn eine Entwicklung von einem Ausgangszustand auf einen Endzu-
stand stattfindet. Die Theorie gründet auf der Aufteilung des klassischen Phasenraums
in Bereiche, die genau diese Anfangs- und Endzustände beschreiben. Da der Übergangs-
zustand seine ursprüngliche Anwendung in der Beschreibung chemischer Reaktionen
hatte, spricht man bei der Entwicklung von einem reaktiven Prozess. Der Übergangszu-
stand beschreibt eine Grenze zwischen Anfangs- und Endzustand, die von allen reaktiven
Phasenraumbahnen überschritten wird, nicht aber von den nicht-reaktiven Trajektorien.
Beim Wasserstoffatom in gekreuzten Feldern muss der Übergangszustand in der Nähe
des Stark-Sattelpunktes (siehe Abbildung 7.1 auf Seite 92) liegen, der von ionisierenden
klassischen Elektronenbahnen überschritten werden muss. Eine Methode, ihn bis zu ei-
ner beliebigen Ordnung in einer Normalformentwicklung zu identifizieren, ist bekannt
[36]. Die niedrigste Ordnung in dieser Entwicklung ist eine quadratische Näherung des
Potentials in der Nähe des Sattelpunktes [37]. Die zugehörigen Zustände werden wegen
einer formalen Analogie mit dem Potential der Penning-Falle Quasi-Penning-Resonanzen
genannt.

Berechnet man die quantisierten Energien der genäherten klassischen Hamiltonfunk-
tion, so erhält man Resonanzzustände deren Realteil der Energie in Gleichung (7.8) auf
Seite 94 angegeben ist. Diese können mit den numerisch exakten Ergebnissen verglichen
werden. Dabei zeigen sich für Geraden im Parameterraum der beiden Feldstärken sehr
gute Übereinstimmungen, die nicht zufällig sein können, da sie für einen großen Bereich
im Parameterraum gelten und unabhängig von der Wahl der Linien sind. Beispiele sind
in den Abbildungen 7.2, 7.3 und 7.4 beginnend auf Seite 96 gegeben. Die blauen Linien
beschreiben die quantisierten Energien aus der Elektronenbewegung in der Umgebung
des Übergangszustands und die roten Punkte repräsentieren die exakt numerischen Er-
gebnisse, die eindeutig von den niedrigsten Quasi-Penning-Resonanzen begleitet werden.
Abweichungen gibt es nur bei kleinen elektrischen Feldstärken (linker Rand in Abbildung
7.2) und in der Umgebung vermiedener Kreuzungen, die das einfache Modell nicht er-
fasst. Dies weist eindeutig auf einen hohen Einfluss des klassischen Übergangszustands
und der Elektronenbewegung in seiner Nähe auf den Ionisationsprozess hin. Die gute
Übereinstimmung wurde bereits für die quadratische Näherung des Potentials gefunden.
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Nichtlineare Ausnahmepunkte bei Bose-Einstein-Kondensaten Ausnahmepunkte
existieren auch in nichtlinearen Quantensystemen. Insbesondere die Gross-Pitaevskii-
Gleichung [38, 39], die bei ausreichend niedrigen Temperaturen die Wellenfunktion eines
Bose-Einstein-Kondensats beschreibt, weist diese Eigenschaft auf. Als besonders geeig-
netes System bieten sich für die Untersuchung Bose-Einstein-Kondensate mit einer la-
serinduzierten, attraktiven 1/r-Wechselwirkung an [49–51, 94, 95]. Dieses System weist
die herausragende Eigenschaft auf, dass das Kondensat ohne die sonst notwendige äu-
ßere Falle stabil existieren kann. Ohne den Term eines äußeren Potentials in der Gross-
Pitaevskii-Gleichung lassen sich mit einem Variationsansatz analytische Näherungslö-
sungen finden, die das Auftreten eines Ausnahmepunkts direkt analytisch nachweisen.
Weiterhin geht ohne die Falle nur noch ein äußerer Parameter ein, nämlich die s-Wellen-
Streulänge, die sich in der Nähe von Feshbach-Resonanzen durch ein äußeres Magnetfeld
einstellen lässt. Die zugehörige Gross-Pitaevskii-Gleichung weist zwei stationäre Lösun-
gen auf, die bei Variation des einzigen Systemparameters gemeinsam in einer Tangenten-
bifurkation geboren werden. Eine Lösung ist der Grundzustand, die andere beschreibt
einen knotenlosen angeregten Zustand. Abbildung 8.1 auf Seite 103 zeigt den Energieei-
genwert, das chemische Potential ε, für beide Zustände sowohl für den Variationsansatz
als auch für eine exakt numerische Lösung der Gross-Pitaevskii-Gleichung. Die Tangen-
tenbifurkation ist deutlich zu erkennen.

Die beiden Lösungen für das chemische Potential aus dem Variationsansatz sind in
Gleichung (8.9) auf Seite 102 angegeben. Daraus lässt sich sofort erkennen, dass es zwei
Zweige der gleichen analytischen Funktion sind und somit der Bifurkationspunkt einen
Ausnahmepunkt bildet. Das Verhalten gilt auch für die Gesamtenergie und die Wel-
lenfunktionen. Mit den exakt numerischen Lösungen kann bestätigt werden, dass das
Auftreten eines Ausnahmepunkts keine Eigenschaft des Variationsansatzes ist. Mangels
analytischer exakter Lösungen muss hierfür wieder auf die Eigenschaften der Ausnah-
mepunkte zurückgegriffen werden. Dies ist möglich, indem man den Bifurkationspunkt
in einer komplexen Umgebung umrundet. Da mit der s-Wellen-Streulänge nur ein reeller
Parameter zur Verfügung steht, bietet es sich an diesen analytisch zu erweitern. Das
Ergebnis führt auf komplexe Energien und Wellenfunktionen, in denen sich das cha-
rakteristische Permutationsverhalten finden lässt. Abbildung 8.4 auf Seite 110 zeigt die
komplex erweiterte Streulänge a, das chemische Potential ε und die Gesamtenergie E
sowohl im numerisch exakten (num) als auch im Fall der Variationslösung (var).

Für das Phasenverhalten der Wellenfunktionen wird in Abschnitt 8.3.2 gezeigt, dass es
mit dem der Eigenvektoren einer nicht-symmetrischen Matrix verglichen werden kann.
Bei einer nicht-symmetrischen Matrix kann nicht durch das Festhalten der Phase mit der
reell-euklidischen Norm die geometrische Phase an einem Ausnahmepunkt reproduziert
werden. Führt man die reell-euklidische Normierung durch, die eine konsistente Analogie
zur notwendigen Normierung der komplex erweiterten Wellenfunktionen ist, tritt kein
Vorzeichenwechsel auf. Genau dieses Verhalten wird für die Wellenfunktionen gefunden.
Die komplexen Wellenfunktionen, die hier betrachtet werden, führen, da sie in das Poten-
tial der nichtlinearen Gross-Pitaevskii-Gleichung eingehen (vergleiche Gleichung (8.34)
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auf Seite 113), auf ein komplexes Potential, dessen Imaginärteil als absorbierender An-
teil interpretiert werden kann. Dies ist insbesondere interessant, da sich die komplexen
Wellenfunktionen nicht nur für die komplex erweiterte Streulänge ergeben, sondern auch
für reelle Streulängen unterhalb des Bifurkationspunktes auftreten. Das absorbierende
Potential bewirkt in der zeitlichen Entwicklung einen Kollaps der Wellenfunktion.

Für ein vollständiges Bild zu den beiden Zuständen, die aus der Tangentenbifurkati-
on entstehen, wird in Abschnitt 8.5 deren Stabilität gegen kleine Störungen untersucht.
Dies geschieht mit einer Linearisierung der zeitabhängigen Gross-Pitaevskii-Gleichung.
Im numerisch exakten Fall wird die lineare Ordnung mit der Fréchet-Ableitung nach der
Wellenfunktion des Kondensats gebildet. Als Ergebnis erhält man, dass der Grundzu-
stand stabil ist. Die beiden Eigenwerte ξ, die für den Ansatz δψ(r, t) = δψ0(r)eξ

(num)t

der Abweichung aus der stationären Lösung gefunden werden, sind rein imaginär und
beschreiben einen elliptischen Fixpunkt. Im Gegensatz dazu ist der knotenlose ange-
regte Zustand instabil. Er beschreibt einen hyperbolischen Fixpunkt mit zwei reellen
Eigenwerten, von denen einer positiv ist.

Bei dipolaren Bose-Einstein-Kondensaten [52] treten im Prinzip die gleichen Effekte
auf, durch die Anisotropie der Dipol-Dipol-Wechselwirkung kommen aber neue Aspek-
te hinzu. Durch die experimentelle Realisierung eines Bose-Einstein-Kondensats aus
Chrom-Atomen [58] mit einem großen Dipolmoment ist das System von besonderem
Interesse. Als zusätzliche Eigenschaft tritt hier auf, dass immer eine äußere Falle be-
nötigt wird. Weiterhin erfordert die Anisotropie der Dipol-Dipol-Wechselwirkung, dass
mindestens eine zylindersymmetrische, also zweidimensionale, Wellenfunktion angesetzt
werden muss. Konsequenterweise setzt man auch eine zylindersymmetrische äußere Falle
an, deren beide Fallenfrequenzen zusammen mit der s-Wellen-Streulänge einen dreidi-
mensionalen Parameterraum bilden. Dieser muss zum Nachweis von Ausnahmepunkten
wieder komplex erweitert werden, wird also vierdimensional. Da erweiterte Ausnahme-
punkte immer ein Objekt der Kodimension zwei darstellen, ist zu erwarten, dass hier
eine Fläche im vierdimensionalen Parameterraum vorliegt. Tatsächlich zeigt sich, dass
alle Bifurkationspunkte, an denen die zwei stationären Lösungen aus einer Tangenten-
bifurkation heraus entstehen, auf einer solchen Fläche liegen, die in Abbildung 9.2 auf
Seite 125 dargestellt ist. Da alle diese Bifurkationspunkte eine Verzweigungssingularität
der Energien und Wellenfunktionen beinhalten, kann sie als

”
Ausnahmefläche“ bezeich-

net werden. Die Möglichkeit durch eine Veränderung der Fallengeometrie zwischen einer
attraktiven und einer repulsiven Wirkung der Dipol-Dipol-Kraft zu variieren, kann ge-
nutzt werden, um Unterschiede im Verhalten der Energien beim Umkreisen der Ausnah-
mepunkte aufzudecken, wie ein Vergleich der Abbildungen 9.3 auf Seite 126 (repulsiv)
und 9.4 auf Seite 128 (attraktiv) zeigt. Es ist jedoch immer die Eigenschaft eines Aus-
nahmepunkts vorhanden.

Fazit In der vorliegenden Dissertation wurden Ausnahmepunkte, die sich in parame-
terabhängigen Quantensystemen als Verzweigungssingularitäten der Energieeigenwerte

164



und Wellenfunktionen äußern, untersucht. Als ein wichtiges Ergebnis kann festgehalten
werden, dass die Ausnahmepunkte erstmals in den Spektren eines Atoms in äußeren
Feldern nachgewiesen werden konnten, deren Eigenschaften ausführlich untersucht wur-
den. Darüber hinaus haben die Rechnungen für die Spektren des Wasserstoffatoms in
gekreuzten elektrischen und magnetischen Feldern gezeigt, dass es eine enge Verwandt-
schaft der quantenmechanischen Ergebnisse mit der klassischen Theorie der Übergangs-
zustand gibt. Ein weiteres bedeutendes Resultat ist die Möglichkeit der Erweiterung des
Konzepts des Ausnahmepunkts auf nichtlineare Quantensysteme. Die Untersuchung der
Gross-Pitaevskii-Gleichung für Bose-Einstein-Kondensate mit langreichweitigen Wech-
selwirkungen hat ergeben, dass die dort auftretenden Bifurkationspunkte, an denen bei
Variation der Systemparameter zwei Lösungen aus einer Tangentenbifurkation heraus
entstehen, als

”
nichtlineare Ausgabe“ eines Ausnahmepunkts verstanden werden kön-

nen.
Die Ergebnisse der vorliegenden Arbeit zeigen, dass Ausnahmepunkte bedeutende

Konsequenzen für Quantensysteme haben. Insbesondere ist es gelungen, zu zeigen, dass
sie in realen physikalischen Situationen, die sowohl theoretisch als auch experimentell
zugänglich sind, existieren und nachgewiesen werden können. Ihre Auswirkungen auf
atomare Resonanzspektren, nämlich das Vertauschen der Eigenwerte, die Verzweigungs-
struktur und die geometrische Phase sind beobachtbare Charakteristiken. In der nichtli-
nearen Gross-Pitaevskii-Gleichung treten sie als Bifurkationspunkte auf, an denen zwei
Zustände aus einer Tangentenbifurkation heraus entstehen.

165





Lebenslauf

Holger Cartarius

Geboren am 27. Oktober 1978 in Böblingen.
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