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Zusammenfassung der Dissertation

Optimalsteuerprobleme und besonders zustandsbeschrinkte Optimalsteuerprobleme treten
in vielen verschiedenen Wissenschaftsgebieten auf, so beispielweise in der Aeronautik, der
Robotik, der Prozessteuerung und der Simulationstechnik im Autobau. Vor diesem Hinter-
grund ist es von Interesse, solche Probleme effizient zu l6sen.

Kennzeichnend fiir Optimalsteuerprobleme ist die Existenz einer Steuerung u, die auf einen
Zustand y einwirkt. Letzterer ist besimmt durch eine (gewohnliche/partielle/stochastische)
Differentialgleichung. In dieser Dissertation beschéftigten wir uns mit linearen, stationéren
partiellen Differentialgleichungen (PDE), d.h. insbesondere, dass der Zustand y eine lineare
Funktion der Steuerung u ist, y = Su. Nun ist es so, dass das Losen dieser Optimalsteuer-
probleme das numerische Lésen von zwei linearen PDEs in jedem Schitt eines Optimierungsal-
gorithmus nach sich zieht. In den letzten Jahrzehnten wurde intensiv iiber das effiziente Losen
solcher linearen PDEs geforscht, insbesondere adaptive Finite Elemente Methoden haben sich
dabei als besonders niitzlich herauskristallisiert. U.a. deswegen lag es nahe, diese adaptiven
Finite Elemente Methoden auch auf das spezielle Feld der zustandsbeschrankten Optimals-

teuerprobleme anzuwenden:

In dieser Dissertation gab es zwei Ziele:

1. Das erste Ziel war es, ein Basis-Konvergenzresultat zu beweisen, d.h.: die Folge
der diskreten LoOsungen, die man durch die Diskretisierung des Optimalsteuerprob-
lems mit Finiten Elementen gewinnt, Uy, konvergiert gegen die eigentliche Losung des

undiskretisierten Optimalsteuerproblems @: Uy, — .

2. Das zweite Ziel war es, einen zuverlissigen Fehlerschitzer herzuleiten, d.h. eine
obere Schranke fiir die Differenz Hﬁ — UEH, die nur aus bekannten diskreten und kon-

tinuierlichen Funktionen und linearen Fehlern besteht, wobei

° Ug die diskrete Losung zu einem regularisierten Problem bezeichnet - mit Para-
meter ¢ > 0 - , welche die diskrete Losung ist, die man tatséchlich berechnet,
denn sie ist eine Losung, die man - im Gegensatz zu Uy - durch Newton-artige

Optimierungsmethoden gewinnen kann.



o lineare Fehler solche Fehler sind, die man durch etablierte a posteriori Fehler-
schatzungstechniken der reinen PDE-Welt abschitzen kann, d.h. dies sind gerade
die Fehler, die aus der Differenz zwischen einer Finite Element Lésung und der

tatsdchlichen Losung einer PDE mit bekannter rechter Seite bestehen.

1. Ziel: Wir konnten erfolgreich die Konvergenz U, — @ exakt charakterisieren, Theo-
rem 3.3.8 und Theorem 3.3.10, d.h. wir haben eine notwendige und hinreichende Bedin-
gung fiir Konvergenz U, — @ hergeleitet. Diese Bedingung wurde mit Hilfe einer diskreten
Grofle formuliert, welche potenziell zum Steuern eines Algorithmus eingesetzt werden kann,
s. Abschnitt 6.3. Wir konnten kein Beispiel dafiir finden, dass diese Bedingung tatséchlich
erfiillt ist; nichtsdestotrotz, da dieses Resultat bewiesen wurde ohne irgendeine zusétzliche
Regularitat fiir die Folge der Triangulierungen oder das Problem zu fordern, stellt es einen
bedeutenden Beitrag zur Konvergenzanalysis von adaptiven Finite-Elemente-Methoden fiir

zustandsbeschrankte Optimalsteuerprobleme da.

2. Ziel: Das zweite Ziel, der a posteriori Fehlerschatzer, wurde in Theorem 4.2.12 und
Theorem 4.2.13 erreicht. Tatsachlich gelang es sogar nachzuweisen, dass der hergeleitete

Fehlerschétzer unter milden Annahmen konvergiert, Theorem 4.3.14.

In den abschlieBenden Kapiteln dieser Dissertation konstruierten wir auf der Basis unseres
a posteriori Fehlerschitzers einen adaptiven Algorithmus, Kapitel 5, bevor wir diesen

erfolgreich an zwei Beispielen austesten, Kapitel 6.



Summary of PhD Thesis

Optimal control problems and in particular state-constrained optimal control problems fre-
quently occur in all sorts of fields of science, from aerospace engineering to robotics, from
process engineering to vehicle simulations. Against this backdrop, it is of interest to solve
these kinds of problems in an efficient manner.

Optimal control problems are characterised by the existence of a control v acting on a state y
which is governed by a (ordinary/partial /stochastic) differential equation. In this PhD thesis,
we considered linear, stationary partial differential equations (PDE); in particular, the state
y is a linear function of the control u, y = Su. Now, solving such optimal control problems
numerically involves solving two linear PDEs in each iterate of an optimisation algorithm.
Over the last decades much research has been undertaken to numerically solve such linear
PDEs efficiently, especially discretisations with adaptive finite elements have been proven to
be highly useful for such a task. Thus, trying to apply these adaptive finite element methods
to the specific setting of state-constrained optimal control problems suggested itself as an

appropriate approach:

The aim of this thesis was twofold:

1. The first goal was to prove a basic convergence result, i.e.: the sequence of discrete
solutions obtained by discretising the optimal control problem with finite elements, Uy,

converges to the true solution of the undiscretised problem @: Uy, — .

2. The second goal was to derive a reliable a posteriori error estimator, i.e. an
upper bound for the difference Hﬂ - U 3 H containing only known discrete and continuous

functions and linear errors, where

o U i denotes the discrete solution to a regularised problem - with parameter € > 0 -
which is the discrete solution actually computed, because unlike the unregularised
solution Uy, it is a solution which can be obtained by Newton-type optimisation

algorithms.

e linear errors are those errors which can be estimated by established a posteriori

error estimation technique from the pure PDE world, i.e. these are the errors



consisting of the difference between a finite element solution and the true solution
to a PDE with a known right hand side.

1st aim: We succeeded in characterising convergence U, — 1 exactly, Theorem 3.3.8 and
Theorem 3.3.10, i.e. we derived a necessary and sufficient condition for convergence U, — a,
in terms of a discrete quantity which can potentially be used to steer a numerical algorithm,
as we did in Section 6.3. We could not find an example, where this condition is fulfilled;
nevertheless, because this result was achieved without assuming any additional regularity for
the sequence of triangulations or the problem itself, it constitutes a major contribution to
the convergence analysis for adaptive finite element methods for state-constrained optimal

control problems.

2nd aim: The second goal, the a posteriori error estimator, was achieved in Theorem 4.2.12
and Theorem 4.2.13. Remarkably, the derived a posteriori estimator was proved to converge

under relatively mild assumptions, Theorem 4.3.14.

In the concluding chapters of this thesis, we constructed an adaptive algorithm on the basis
of our a posteriori error estimator, Chapter 5, before successfully testing it for two problems,
Chapter 6.
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Chapter 1

Motivation

Modelling and optimising physical processes naturally lead to mathematical optimal control

problems with state constraints. Let us illustrate this with the help of two examples:

e In problems of heat conduction a typical goal would be to find an optimally adjusted
heat source to come as close as possible to a desired temperature distribution in a
given workpiece. Here, the control is the regulation of the heat source and the state is
the temperature distribution. A partial differential equation, namely the (stationary)
heat equation links these to variables. A typical state constraint would be to force the
temperature distribution to stay below a certain threshold, for instance to prevent the

material from melting.

e In the optimisation of diffusion processes the latter being modelled e.g. by Fick’s dif-
fusion, compare [22], Chapter 1, a characteristic aim would be to achieve a desired
concentration of a chemical substance by optimally adjusting the chemical sources by
e.g. decreasing or increasing inflow. In this setting the control is represented by the
calibration of the chemical source while the state itself is represented by the concen-
tration of the substance. A natural state constraint here would be to demand that
the concentration do not surpass a certain critical threshold, e.g. possibly for health

reasons.

In these two examples we already discern the structure of state-constrained problems: A con-
trol u governs a state y, determined by a partial differential equation, with which we want to
come close to a desired state y4 subject to a constraint on the state y. In mathematical terms
this problem represents an infinite-dimensional optimisation problem for which the solution
is in general not known.

In view of the fact that the solution is in general unkown, it would be highly desirable to
solve these problems efficiently numerically. As the first step towards solving such a problem
numerically we have to discretise it, i.e. we have to break it down to a finite-dimensional

optimisation problem from an infinite-dimensional one. In this setting, this is usually done

11



12 CHAPTER 1. MOTIVATION

by using finite element spaces (FE-spaces). The effort that we now have to put in to solve this
problem is heavily influenced by the dimension of our finite element spaces, i.e. by the amount
of degrees of freedom (DOFs) that are available to us. Clearly, it would now be of advantage
to be able to use those DOF's smartly, i.e. in a problem-dependent, adaptive manner, while
also being certain that adding DOFs and thus increasing the computational effort actually
gets us closer to the unknown solution. The latter aspect is the one of convergence of this
method, the focus of Chapter 3, while the former demands the derivation of a reliable a pos-
teriori error estimator, the subject of Chapter 4, on whose basis we can judge the quality
and thus the smartness of our finite element approximation. To put it in a brief mathematical
term: We want to build a convergent adaptive finite element method. This was the ultimate

aim of this thesis, one which is challenging both from an analytical and numerical persepctive.

Adaptive finite element methods have already been succesfully applied to PDEs, e.g. [84],
[34],[76] and many many more and purely control constrained optimal control problems, e.g.
[50], to name just one. In the a posteriori error analysis of state-constrained problems,
research has also been underway, mostly focussing on estimates of ’quantities of interest’
which do not provide a reliable bound - an upper bound up to constants depending on data
- of the error between the current discrete solution and the true solution [86], [6], while others
have not taken into account certain error sources, [46]. Besides, in general, the regularisation
error, which is a natural part of the numerical solution of state-constrained optimal control
problems, compare Section 2.2.2, was also neglected. In addition, it is not clear whether the
sequence of finite element solutions actually converge to the true one.

The fundamental difficulty of state-constrained optimal control problems is their lack of
regularity: Once a uniform mesh is no longer demanded, convergence properties of FE-
solutions to PDEs, such as convergence in L., can no longer be presupposed. In this situation,
the inherent difficulties of state constraints, chiefly the singular nature of the associated
Lagrange multiplier, see Section 2.2.1, strike with full ferocity. Yet, these difficulties also
formed part of my motivation because even though it proved to be a formidable challenge to
come up with a whole new set of tools for the analysis of state-constrained optimal control
problems - tools which could potentially be used in many other branches - it was precisely
this challenge which provided me with the opportunity to explore branches of mathematics,
especially functional analysis, such as the interpolation of spaces, but also optimisation in

Banach spaces, whose rich applications and powerful theory offered a truly fascinating study.

S. Steinig AFEM for State-Constrained Optimal Control



Chapter 2

General Framework

This chapter introduces the reader to the general mathematical framework of optimal control
problems and the adaptive finite element method. We will try to give a concise overview,
referring the reader - whenever it is needed - for more detailed information to additional
literature.

We will start by collecting some important notions and results respecting function spaces
such as embeddings, dual spaces and separation of convex sets, before briefly describing the

function spaces which one naturally deals with when tackling optimal control problems.

2.1 Function Spaces

Especially in the context of optimisation in Banach spaces, notions such as duality, reflexivity,
weak compactness as well as properties of convex sets will naturally come into play. It is
therefore advantageous to briefly gather important definitions and theorems, not least because
the reader will be able to follow this thesis more easily.

2.1.1 Banach Spaces and Convex Sets

Throughout this section, X is a real Banach space with norm |||y, in short (X, ||| y). Its
dual space, denoted by X*, consists of all linear and continuous mappings - referred to as

linear functionals - f : X — R and is endowed with the canonical norm

1fllx- = sup [f(x)].

llzll =1

It is a Banach space itself. Sometimes we write

<fvl‘>X*7X = <f7$> = f(.’E)

13



14 CHAPTER 2. GENERAL FRAMEWORK

where (-, ) x+ x is the duality product, which bears certain similarities to a scalar product.
If the bi-dual of X, X** = (X*)*, can be identified with X by an isometric isomorphism, we
say that X is reflexive.

A special class of Banach spaces are Hilbert spaces. Hilbert spaces H possess a scalar product
(u,v)g Yu,v € H
and are normed with the canonical norm induced by the scalar product, i.e.:

lull g = v/ (w, w)n

Hilbert spaces have the property that their dual space H* can be isometrically isomorphi-
cally identified with the space H itself. As a consequence, they are always reflexive. The
isomorphism is referred to as the Riesz-isomorphism, and the images in H of functionals in
H* are called Riesz representatives. Sometimes, though, it can still be advantageous to treat
the dual H* as a separate space.

n-tuples of Hilbert spaces H = Hi x Ho X ... x H, are Hilbert spaces themselves equipped

with the canonical scalar product

and induced norm.

Dual spaces induce a topology that is usually referred to as the weak topology. In particular,
we are interested in the notion of weak convergence, which will be used on several occasions

in this thesis.

Definition 2.1.1 (weak convergence). A sequence {z} C X converges weakly to an element

r € X, denoted by x — x, k — oo, if

(frzr)x=x = (f,x)x+x, k=00 VfeX"

The notion of weak convergence is a crucial tool in deriving existence results for optimisation
problems because - in some sense - it replaces the classic principle of finite dimensional analysis
that every bounded sequence contains a convergent subsequence, which plays a key role in
proofs of existence of minima. First of all, though, we need some separation theorems for

convex sets: The first can be found in [58], Section 5.12 Theorem 1:

Theorem 2.1.2 (Mazur’s Theorem/Geometric Hahn-Banach). Let C' be a convex subset of
X with non-empty interior. Suppose V is an affine subspace in X with V Nint(C) = (. Then

S. Steinig AFEM for State-Constrained Optimal Control



15 CHAPTER 2. GENERAL FRAMEWORK

there exists x* € X* such that the hyperplane H
H={zxeX : (2", 2)xx =c¢, ce R}

fulfils
VCH, HNint(C) =0, (z*,z) x+ x < ¢ Va € int(C).

Another separation theorem is the following, which can be found in [3], Theorem 6.11.
Theorem 2.1.3. Let X be a Banach space, C C X non-empty, convex and closed. Besides,
let g € X with xg ¢ C.Then there exists f € X* and o € R such that
<f,l‘>X*7X <aVzxeCl
and
(f, x0>X*7X > Q.

Obviously, f # 0 and
{fzreX : (fio)x-x =a}

is a hyperplane in X.

The next theorem is to a certain extent the infinite-dimensional equivalent of the Bolzano-
Weierstrass principle in finite dimension formulated in terms of weak convergence. A proof

can e.g. be found in [87], Section V.2, Theorem 1.

Theorem 2.1.4. Let X be a reflexive Banach space and {xj} be a bounded sequence. Then

{z} possesses a weakly convergent subsequence.

This result will be used frequently throughout this thesis. Next, let us prove a Lemma offering
a way to make the step from (weak) convergence of subsequence to (weak) convergence of the

entire sequence.

Lemma 2.1.5. Let X be a reflexive Banach space and {xy} C X be a bounded sequence.
Suppose that every weakly convergent subsequence of {xy} converges to the same x € X.

Then the entire sequence weakly converges to x:
T —x, k— o0

Proof. Suppose the contrary. Then there exists a subsequence {xkj}, ane >0 and f € X*
such that

[(f, ox;) — (f,7)] > eVjeN (2.1.1)

S. Steinig AFEM for State-Constrained Optimal Control



16 CHAPTER 2. GENERAL FRAMEWORK

However, since zj; is bounded by assumption, there exists a subsequence of {mk]} denoted by

{xkn } {a:kjl} being a subsequence of {z}}, it weakly converges to 2 by assumption. Thus,
for some L = L(e) € N,

[(fan,) = (f2)| <e V> L.

This is the desired contradiction to (2.1.1) which completes the proof. O

We will often encounter a situation where the bounded sequence belongs to a certain subset

of X, and we need the weak limit to belong to this subset, too.

Theorem 2.1.6. Let C be a conver and closed subset of X. Then C is weakly compact,
i.e. every bounded sequence {xp} contains a weakly convergent subsequence {xy,} weakly

converging to an element x € C' as n — 00.

The proof of this theorem can be found in [3], Theorem 6.12.

Another important property of convex sets is the fact that they allow for the definition of
a projection operator onto them satisfying a variational inequality, which is very useful for
interpreting first-order optimality conditions for the optimisation problems we will consider

later:

Theorem 2.1.7 (projection on convex sets). Let H be a Hilbert space and C a convez, closed
and non-empty subset of H. Then, for every x € H, there exists a unique element Ilo(z) € C,

the projection of x on C, solving the minimisation problem

inf = ozl (2.1.2)
and satisfying
(Ilg(x) —z,v —e(x))g >0 Vv e C. (2.1.3)
Conversely, if an element ¥ satisfies
(0—z,v—0)g >0 YveC, (2.1.4)

then © € C solves (2.1.2) and thus v = ¢ (x).

In addition, the projection Il is Lipschitz continuous with Lipschitz constant 1, i.e.

Me(z) =Wy <z —ylly (2.1.5)

Proof. The existence of II¢(z) can be easily transferred from the case where C is a closed

subspace of H (see e.g. [4] Theorem 10.5), because in essence, everything that is needed is

S. Steinig AFEM for State-Constrained Optimal Control



17 CHAPTER 2. GENERAL FRAMEWORK

that for the infimal sequence {v,}, oy C C we have

1
5(% +vy) € C,

which is true for convex sets.
As to the uniqueness of the solution to (2.1.2): Let us suppose there exist two solutions vy, vy
to (2.1.2) with v1 # v9 and

d=inf v — 2|2 = v — 2|2 = [lvs — 2|2
inf Jlo =2l = llvr = 2l = o2 — 2l

Using the parallelogram identity, we obtain:

2
U1 + U2

2

1 1 1
-zl =g o1 — z|[7; + 1 Jva — |3 — 3 o1 — vl

1
2 H
1 1
< g llon = allf + 5 oz = all}
d d

= — —:d
2+2 ’

which is a contradiction, since v1 and vy solve (2.1.2). Hence, the solution to (2.1.2) is unique,
and we denote it by II¢(x).
The solution I satisfies (2.1.3) because for all ¢ € (0, 1] we can deduce

0< 2%(”(1 — ) (x) 4+ tv — :L‘||§{ — |He(x) — x||?{)
_ %«HC@ — @, (v —Tlo(@))m + | lfF).

Drawing the limit ¢ — 0 yields the assertion (2.1.3).

Now, suppose o fulfills (2.1.4), then for all v € C' we can estimate in the ensuing way:

- 1 o2 L 12
Sl —all = (0= 5,5 —2)n + 5 o — 5l + 5 llo — ol%

Hence, o solves (2.1.2).
Let us now turn to (2.1.5): (2.1.3) yields

(Il (z) — 2, e (y) — He(x))
(Ic(y) — v, e(z) — He(y))

v

0
0.

v

Adding and rearranging these two inequalities, we can conclude harnessing Cauchy-Schwarz’s

S. Steinig AFEM for State-Constrained Optimal Control



18 CHAPTER 2. GENERAL FRAMEWORK

inequality
Me(x) — e (y)ll < (@ -y, Ho(y) — o))
< lz =yl g Me(y) = Mo (@) 4
Divinding by [[II¢(y) — e ()|, completes the proof. O

A subclass of convex sets are convex cones, which are important in optimisation because they
induce a pre-order relation that provides an extension to the < on the real numbers in general

vector spaces.

Definition 2.1.8 (Cones). Let C' C X be a convex set such that
reC= X eCVA>0.

Then C is called a convex cone.

A cone induces a pre-ordering <¢ by the relation
r<cy < y—zel.
The relation <¢ is compatible with vector space operations, i.e.

Ve,y,2€ X :x <oy = x+2<cy+=z
VA>0 2 <cy = dx<¢g My

The polar cone C'~ to C' is given by:
C™={feX": (f,xr)y <0Vxe(C}.

If we do not consider C' and its polar cone w.r.t to the canonical norm-topology in X but w.r.t

to the morm-topology of another Banach space Z C X, we specifically write:
Cyz,=0CnZ
and
C,={veZ" : (p,2)z:2 <0Vz€Cz}.

2.1.2 Linear & More General Mappings, Notions of Differentiabilty

We have already encountered the dual space X* of an arbitrary real Banach space X. Some-

times it is also necessary to treat more general mappings. We will now list some results

S. Steinig AFEM for State-Constrained Optimal Control
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pertaining to such mappings, starting with linear mappings S : X — Y between two Banach

spaces X and Y.

Theorem 2.1.9. Let X and Y be two Banach spaces. Then the space L(X,Y) consisting
of all linear and continuous operators S : X — Y is a Banach space itself endowed with the

norm

| S|
1Slzx,yy == sup [Szlly = sup [Sz[ly = sup Y
|zl x =1 2]l x <1 zex\{oy 7llx

For every S € L(X,Y) there exists an adjoint operator S* mapping Y* to X*. It maps y € Y*
linearly and continuously on the element z = y(S) € X*. In the special case of Hilbert spaces,
the adjoint operator S* to an operator S € L(Hy, Hy), where Hy, Hy are Hilbert spaces, maps
H> to H; and is defined by the relation

(Su,v)g, = (u, S*v)g, Yu € Hy, v € Ho.

For existence proofs for Lagrange multipliers, the following characterisation of surjective linear
mappings, the famous open mapping theorem, is very useful. A proof can be found in [72],
Theorem 2.11.

Theorem 2.1.10 (Open Mapping Theorem). Let X,Y be two Banach spaces and S : X —Y
a continuous surjective linear mapping. Then S is an open mapping, i.e. the image of every

open subset V.C X, S(V), is open in Y.

A special class of linear and continuous operators are embedding operators. At several points
in this thesis such operators will be important. We will specify this notion in the ensuing
definition which can be found in [1], Definition 1.25.

Definition 2.1.11 (Embeddings). Let Y be a Banach space with norm |-||y- and Y C X.
We say that Y embeds (continuously) into X, Y — X, if Y is a vector subspace of X and
the mapping I :' Y — X defined by

Iy=yVYyeY

1§ continuous.

If I is also compact, i.e.
zp—x €Y = Iz, — Iz, k— o0 € X,

we say that Y — X compactly.

In optimisation one invariably encounters goal functions, i.e. mappings g : V' — R, where V
is a convex subset of a Banach space X. In view of Theorem 2.1.6, the question arises how

they act on weakly convergent sequences.
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First of all, let us define the appropriate notions:

Definition 2.1.12 (weak upper/lower semicontinuity). A function g : X — R where X is a

Banach space is weakly lower semicontinuous if x — x implies

liminf g(z)) > g(z)

k—o00
It is called weakly upper semicontinuous if —g is weakly lower semicontinuous.

Obviously, a question to ask is what kind of functions fulfil the properties mentioned in
Definition 2.1.12. Is mere continuity of ¢ in the strong, norm-topology enough? For affine
functions this is obviously the case; for nonlinear functions, though, an extra (sufficient)

ingredient is needed, namely convexity:
Definition 2.1.13 ((Strictly) Convex and Concave Functions). Let g : V. C X — R be a
function defined on a conver subset V' of X. g is convex if
gAu+ (1= Av) < Ag(u) + (1 —N)g(v) Yu,v eV, e (0,1).
It is called strictly convex if

gAu+ (1= X)v) < Ag(u) + (1 = N)g(v) Yu,v €V, u#v, A€ (0,1).

g 1is (strictly) concave if —g is (strictly) convez.
With this definition we can return to the subject of weakly continuous functions:

Theorem 2.1.14. Let g : X — R be a convex, continuous function and X a reflexive Banach
space. Then g is weakly lower semicontinuous. Conversely, if g is concave and continuous, it

1s weakly upper semicontinuous.

Proof. For a convex and continuous function g, the epigraph
epi(g) := {(z,a) € X xR : g(z) < a}

is closed and convex, compare [29], Proposition 2.1. Proposition 2.3. and Corollary 2.2 in [29]
now yield that every convex and continuous function is weakly lower semicontinuous. The
second part of the theorem is a consequence of the first. If g is concave, then —g is convex,

thus:
limsup g(zx) = —lilgioglf —g(z) < —(—g(z)) = g(x).

k—o0

O

In the context of existence results for minimisation problems, two properties are often needed

as prerequisites: radial unboundedness and boundedness from below:
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Definition 2.1.15. Let g : V C X — R be a function defined on a subset V of X. The
function g is radially unbounded on V if for every sequence {xyp} C V with ||zg|y — oo
g(z) = 400 follows as k — oo.

The function g is said to be bounded from below on V if there exists a real number b such that

glu) >b YueV.

Notions of differentiability naturally come into play when one wants to formulate optimality
conditions. In the course of this paper we will employ two: That of Fréchet-differentiabilty,
which is perhaps the strictest, and that of semi-smoothness, which is a comparatively weak
one, but nevertheless a very valuable tool in analysing superlinearly convergent optimisation
algorithms.

Let us commence with the notion of Fréchet-differentiability; the following definition can be
found in [45], Definition 1.29:

Definition 2.1.16 (Fréchet-differentiability). An operator G : X — Y, where X,Y are
Banach spaces, is called Fréchet differentiable at x € X, if there exists a linear operator

G'(z) € L(X,Y) such that
|G+ = 6@~ G @n| = o) for [hllx — 0. (2.1.6)

If G is Fréchet-differentiable at every x € V, where V is any open subset of X, then G is
Fréchet-differentiable on V.

Especially in the context of proving certain convergence rates for optimisation algorithms, it
will also be helpful to consider non-linear operators G which need not be Fréchet-differentiable,
but still possess a certain smoothness that can be compared to the smoothness of Fréchet-
differentiable operators (2.1.6). These operators will be called semismooth. Following Section

3.2. in [82], we define the notion of semismoothness in the following fashion:

Definition 2.1.17 (Semismoothness). Let G : V. C X — Y be defined on an open subset
V' of a Banach space X with images in the Banach space Y. Furthermore, let a set-valued

mapping OG : V — L(X,Y) be given with non-empty images, i.e. OG(x) £ 0 for allx € V:

o (G is 0G-semismooth at  if G is continuous in a neighbourhood of © and

sup [|G(z +h) — G(x) — Mhlly = of[|h]lx) for |l x = 0.
MedG(z+h)

o (G is a-order 0G-semismooth at x, 0 < a < 1 if G is continuous in a neighbourhood of
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T and

sup |Gz + h) — G(z) — Mhlly = o|[llX™) for ||hllx — 0.
MedG(z+h)

The multifunction 0G will be called generalised differential of G and the non-emptiness of
0G will always be assumed. In particular, 0G-semismoothness of G will always entail that

OG(v) # 0 for allv e V.

The importance of the concept of semismoothness will be illustrated in Section 2.2.3, where
we will discuss a g¢-superlinearly convergent method for solving non-linear equations, the
Semismooth Newton Method, which will be highly useful for solving optimality systems. At
this point, let us merely specify what superlinear convergence means. The definition below
can be found in [45], Section 2.1:

Definition 2.1.18 (superlinear convergence). Let X be a Banach spaces and {xp} C X a
sequence with x, — x, x € X.

The sequence xi converges q-superlinearly to x if xp, — x as k — oo and

[T — 2lly = olllze — f|x ).
If for some a > 0
1
k1 — 2l x = Ollzx — 2lIX™),

then x — x converges q-superlinearly with order 1 + «.

In the next section, we will list some crucial results pertaining to the solvability of variational

equalities because they will form a key part in the analysis of optimal control problems.

2.1.3 Linear Equations

In this section we will analyse a variational equality of the following general type:

yeY . Bly,w] = (f,w) YweY, (2.1.7)

where Y is a Hilbert space and f € Y*. B is a continuous bilinear form on Y, a notion which

we will specify in the next definition

Definition 2.1.19 (Continuous Bilinear Form). Suppose Y is a Hilbert space. A mapping

B:Y xY — R is a continuous bilinear form if it is linear in each component and if there
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exists a constant c
Bly, wl| < cllylly lwlly vy, weY.
The norm ||B|| of B is defined by
1Bl = inf {c : |Bly,w]| < ¢llylly [wl]ly Vy,weY}.
In case
Bly,w] = Blw,y] Vy,w €Y,

B is called symmetric.

If
Blw,w] > B |wl, YweY,

B is called coercive.

We are interested in conditions under which (2.1.7) is uniquely solvable, that is conditions,
which safeguard that for every f € Y™ there exists a unique solution y = Sf depending

continuously on the data, i.e. for some constant cg

The key condition which is necessary and sufficient for the solvability of (2.1.7) is the inf — sup-
condition, which is the subject of the next theorem, taken from [61], Theorem 3.3 or [65],
Section 2.3. Theorem 2.

Theorem 2.1.20 (Necas Theorem). Let Y be a Hilbert space and B : Y xY — R be a
continuous bilinear form. Then the variational problem (2.1.7) admits a unique solution
y=Sf if and only if

B B
inf sup _Blw.2] = inf sup _Blw,2] =a>0 (2.1.8)
weY ey [[wlly [2lly 26 wey [Jwlly 2]y
or equivalently:
B
Ja >0 : sup [w, 2] > allw|ly
zev |l2lly (2.1.9)

and for every 0 # z € Y there exists w € Y such that Blw, z] # 0.
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In addition, y satisfies

1
”yHY = HSfHY < o Hf‘ Y+ -

In the example section, Section 2.4, the reader will encounter continuous bilinear forms which
are symmetric and coercive. The following corollary ensures that these properties imply the

inf — sup-conditions of Theorem 2.1.20:

Corollary 2.1.21. Let Y be a Hilbert space and B:Y XY — R be a symmetric and coercive
bilinear form. Then B satisfies the condition (2.1.9) of Theorem 2.1.20 with o > (3, where [3

is the coercivity constant.

Proof. We can estimate in the following fashion:

Blw, z] _ Blw,w]
sup >
ey 2y T fwlly
> Bllwlly -

In addition, for 0 # z € Y, we obtain
Blz,2] = Bzl > 0,

which yields (2.1.9) and o > S. O

One important aspect of coercivity is that it is immediately inherited by (closed) subspaces
Z C Y and thus, in particular by finite-dimensional subspaces, which is very helpful for
proving existence and stability results for discretisations of linear equations. We tackle the

following problem.
yz € Z : Blyz,wz| = (f,wz) Ywz € Z, (2.1.10)

where Z is a closed subspace of Y.

Corollary 2.1.22. Suppose problem (2.1.10) is given with a bilinear form B:Y xY — R
that is coercive and continuous on Y with coercivity constant 5 > 0. Suppose further that Z
is a closed subspace of the Hilbert space Y with the same norm, i.e. ||-||, = ||-|ly- Then there

exists a unique solution Sz f =vyz of (2.1.10) with

1
152 flly = llyzlly < 3 1 lly~ - (2.1.11)

In particular, the estimate above does not depend on the subspace Z.

Proof. Coercivity and continuity of B on Y imply coercivity and continuity on Z of B, since

the same norm is used. Corollary 2.1.21 then yields condition (2.1.9) in the following modified
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way:

Ja >0 : sup 73[(]2,102]

> alqz]]
wzez |wzlly v

and for every 0 # wy € Z, there exists gz € Z such that Blgz, wz]| # 0.

That in turn yields the existence of a solution Sz f = yz € Z thanks to Theorem 2.1.20.
Corollary 2.1.21 yields:

1
1521y < 5 [ flly-

where [ is the coercivity constant of B on Y. This is estimate (2.1.11) which completes the

proof. O
We will conclude this section with a remark on the right-hand side in (2.1.7).

Remark 2.1.23. Suppose that a Hilbert space U with U — Y™ and the following modified
form of (2.1.7) are given with u € U:

yeY : Bly,w] = (u,w)y YweY.

Then all the preceding results Theorem 2.1.20, Corollaries 2.1.21 and 2.1.22 can be immedi-

ately transferred to this setting because
fulw) == (v,w)pwey
s a linear functional on Y. In addition, the embedding U — Y™ yields

[ful

y- < cllully

and the stability results of Theorem 2.1.20 and (2.1.11) also hold in the following sense

C
[Sully < 3 [l

2.1.4 Spaces of Classically Differentiable and Continuous Functions

In this section, we will specify the notion of (Holder-) continuous and continuously differen-
tiable spaces of functions, which we will often come across in the course of the thesis.

Those functions are defined on a set {2 which throughout this thesis is a bounded domain in
R? with d = 2 or d = 3 with closure .

We now introduce the following spaces, compare also [31], Section 5.1. Theorem 1.

Definition 2.1.24. The space C7(Q), 0 <1 < 00, 0 < v < 1, consists of all functions g

which are [-times classically differentiable and whose derivatives of order | are Holder conti-
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nous with exponent y. In case 0 <1 < oo the norm is defined by

l9(z) — g(y)|
lgllein@y = 3 max|Dg(@) + 3 sup (LU ZIWY
s |§;l il |a|zzlw»y697w7éy ( |z —y| )

It is a Banach space.

At several points throughout this thesis, we will encounter the space C§°(2), which we will

now define:

Definition 2.1.25. The space C§°(2) consists of all functions v with compact support - i.e.
the set

supp(v) :={x € Q : |v(z)| > 0}

is compact - which also satisfy v € C*°(Q). It is not metrisable, hence, in particular it does

not possess any norm.

2.1.5 Regularity of the Domain (2

In the context of regularity results for the (weak) solutions of partial differential equations,
one often encounters conditions on the boundary of the domain, the boundary has to fulfil
certain smoothness conditions. The notion of boundary smoothness is defined below, the
definition itself can be found in [36], Section 6.2.

Definition 2.1.26. A bounded domain Q in R? and its boundary 0Q are of class C**,
0<a<1,0<k<ooifat each point zo € ON) there exists a ball B, (xo) with radius r > 0
and a one-to-one mapping ¥ of B onto D C R? such that:

e U(BNQ)CRY,
e U(BNN) C ORL,
o U cChB), ¥~ € CF(D),

where
R% = {x = (21,...,7q) ERY: 24 > 0} ,

and 8Ri denotes its boundary.

In particular, compare again [36], Section 6.2, a domain Q is in C*® if for each o € O
there exists a neighbourhood of x in which 9 is the graph of a C*® function of d — 1 of
the coordinates x1, ..., z4. The latter characterisation of a C*®-domain can be found in [33],
Definition 1.18.
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We can now turn our attention to Lebesgue L,-spaces and Sobolev Wzﬁ‘“—spaces, which, in
the context of optimal control problems and in that of weak solutions for partial differential

equations, naturally come into play.

2.1.6 Lebesgue and Sobolev Spaces

Let us start with the Lebesgue spaces L,(2) with 1 < p < oo:

Definition 2.1.27. Let f : Q — R be a function measurable with respect to the standard
d-dimensional Lebesque measure dQ). f € L,(Q) iff

J1s@r do <.

Q

The associated norm is defined by:

11, := ([ 17@F a7,

Q

A more general definiton can be found in [3], Section 1.13. There, we also find that the
definitions above naturally and readily extend to the case of the spaces L,(0€), 1 < p < o0
where Q € C%! and the measures is the standard Hausdorff measure on 9f, for a precise
description with the help of the local boundary descriptions in Definition 2.1.26 we refer to
[62] and [1], Sections 5.34 and 5.35.

We will now introduce the space Loo(€2):

Definition 2.1.28. Let f : Q@ — R be a function measurable with respect to the standard
d-dimensional Lebesgue measure. f € Loo(S2) iff

sup |f(z)] < oo,
z€Q\N

where N s a null set with respect to the Lebesque measure.
The norm is defined and denoted by

1l ) = inf{a>0: [{zcQ: |f(z)] >a}|=0}

| - | denotes the Lebesgue measure of the described set. The expression on the right is called

the essential supremum.

All L,(9) spaces are Banach spaces, the spaces L,(€2) with 1 < p < oo are reflexive, and the
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space Lo(f2) is a Hilbert space with scalar product

(f.9) = / f@)g(x)dz fog € La(9).
Q

The analogous results are valid for the spaces L, (0f).

Let us now turn to the Sobolev spaces W; (©). First we need to define the notion of weak

differentiability. The following definition is taken from [36], Section 7.3.

Definition 2.1.29. Let f € L1 ,.(2), i.e. f € Li(K) for all compact subsets K C 0 with
dist(09, K) > 0. The weak derivative of f of order |a|, D*f, is a function g € Ly joc(£2)
fulfilling

/ F(£) D6 () di = (1) / 9(2)d(x) dz, Vb € C5°(Y).
Q

Q
Having clarified the notion of weak differentiability, we can now define the spaces WIf(Q):

Definition 2.1.30. The space Wf(Q), ke NU{0}, 1 <p < oo, consists of all measurable
functions f whose weak derivatives of order ||, D*f, belong to L,(Q) for all 0 < |a| < k.

The associated norm in case 1 < p < 00 is given by:

3=

I lwe@ = ( D IDSIR)?.

0<|e|<k

The corresponding semi-norm for 1 < p < oois defined by

Pl = (3 1D°FI2).

|a|l=k

In case p = oo the norm on WE (Q) is defined by:

1 llwe @) = o, ID“fll o)

For a detailed introduction to the notion of weak derivatives, we refer to [3], Section 1.25.
The spaces W]f(ﬂ) are Banach spaces, in particular the spaces W5 (Q2) =: H¥(2) are Hilbert

spaces with scalar product:

(f,9)mr@y = Y, (D*f,D%).

0<a|<k

In the context of partial differential equations, it is crucial to be able to assign boundary

values to functions [ € W;(Q), k > 1. Nominally, they do not exist, because functions
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belonging to L,({2) or sz (Q) are strictly speaking not functions but equivalence classes of
functions whose members are equal to each other up to sets of measure zero. The boundary,
however, is a set of measure zero; hence, it is not clear if boundary values are actually defined
for such functions. The trace theorem, though, offers a way around this dilemma, compare
[62], Theorem 5.5 and Theorem 5.7.

Theorem 2.1.31 (Trace Theorem). Let Q be a bounded domain in RY of class C%' and
1 < p < oco. Then there exists a unique linear, continuous and surjective mapping T, the
trace operator, with

. 1 1-1
T:WHQ) — WL /P09)

and
Tf=fl,, YfeW,(2)nNCQ).

The space WI}_I/‘D@Q) is defined as the space of those functions f € L,(0R2) for which the

norm

_ P 1/p
gy = (o + [ [ LR o000 )
[oJ9)

o0

is finite. Here, dOS2(x) denotes the Hausdorff measure with respect to the x-variable.
For p = 2 we again use the familiar abbreviation H/?(9Q) := W,}_l/p(aﬁ).

The definition of the norm of Wg i/ (092) with fractional exponent can be found in [62],
Section 3.8. and Section 5. For a more detailed discussion of traces we refer to [1], Section 7.
With the help of the trace theorem we can define zero boundary values for functions belonging
to certain Sobolev spaces WF(Q), k > 1:

Definition 2.1.32. Let Q be a domain of class C%'. The space Wpl(Q) consists of all func-
tions f € WI}(Q) which fulfil
Tf=0

where T is the trace operator form Theorem 2.1.31.
In case p = 2: WH(Q) =: HY(Q).

To derive existence and uniqueness results for variational formulations of second order partial
differential equations, where zero boundary values are given, one often has to work with the
space H1(). In this context, it is crucial that H(€) is a Banach space with the semi-norm
[ g1 (- First, though, we need a very valuable auxiliary result, see e.g. in [31] Theorem 3,
Chapter 5.
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Theorem 2.1.33 (Poincaré - Friedrich’s inequality). Let © be a domain of class C%' and let
fe Wpl(Q) be arbitrary. Then there exists a constant C = C(€2) > 0 such that

111z, < Clflwi) -

As a consequence, there exist constants c1,co > 0 such that

el flwi < flwi < e2 1wy VF € Wy (Q) (2.1.12)

The Poincaré-Friedrich inequality leads to the following result:

Theorem 2.1.34. Let Q be a bounded domain of class C%'. The space WI}(Q), p>1,

normed by |-|y1(q) s a Banach space.
p

Proof. The key to the proof is the Poincaré - Friedrich’s inequality, Theorem 2.1.33: There
exists a constant C' = C(2) such that

10l 0) < Clolwi) -

As a consequence, the semi-norm |-|y;1 ) and the full norm [|-||y1(q) are equivalent on I/Vp1 (),
p p
see (2.1.12), which yields all the results of the theorem above. O

At different points of the thesis we will use embedding results for Sobolev spaces. The ones
necessary for this thesis are recorded in the theorem below, which can be found in [36],
Theorem 7.26,

Theorem 2.1.35 (Embedding Results). Assume Q is a bounded domain in R? of class C!.

Then the following embedding results are valid:

o IfO<Ek< g, the space Wlf(Q) is continuously embedded in L. () with p* = di—’,’w and

compactly embedded in Ly(Q2) for any q < p*.

o If0<m< k— % < m+ 1, the space WF(Q) is continuously embedded in C™*(Q2),
a=k— % —m and compactly embedded in C™P(Q) for any B < .

o Ifd=1, then Wi(a,b) is continuously embedded in Cla,b] for any interval (a,b) C R.
Throughout this thesis it will sometimes be necessary to consider Lebesgue and Sobolev spaces
of functions f with f: Q c R? = R™. We will now extend the definitions above to this more
general setting in a natural, ’component-wise’ way:

Definition 2.1.36 ((L,)™ and (W]f)m—spaces). The space L,(Q2,R™), 1 < p < oo, m € N,

consists of all measurable functions f : Q@ — R™ for which the norm

||f”Lp(Q,Rm) = (z; ”fiH]Zp(Q))l/p
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is finite, f; denoting the i-th component function of f.
In particular, the space La(2,R™) is a Hilbert space with scalar product

(fs Do rm) = Z(fiagi)LQ(Q)'

i=1

The space W;(Q,Rm) consists of all measurable functions f with f : Q — R™ for which the

i-th component function f; is k-times weakly differentiable and the norm

HfHWZ’;(Q,Rm = Z”fl”wk(Q 1/p

s finite.

Sometimes it is also worth considering spaces for which just some weak partial derivatives

exist, first and foremost the space H (div, ) defined below, compare also [78], Definition 20.1:

")

where div f is understood in the weak sense, i.e a function f € Ly(Q,R?) has a divergence
div f € La(Q), if

Definition 2.1.37. The space H(div,Q) defined by

H(div, ) := {feLQ(Q,R div f = Z

/(div N(x)g(x) doe = —/f(iﬂ) -Vo(x) de Vo € Cg°(92).
Q

Q

H(div, Q) is a Banach space with the norm
1£ 11 zr(aiv.0) = (1T 0mey + 1AV FIT, )

2.1.7 Interpolation Spaces and Lorentz Spaces

Sometimes it is also of importance to deal with intermediate spaces, in this thesis we are
solely concerned with spaces intermediate between different L,(2), the Lorentz spaces. We
will specify the notion of ’'intermediateness’ and introduce the method of interpolation of
Banach spaces to obtain such intermediate spaces in this section.

For a much more general introduction to the interpolation of spaces and their many powerful
applications, we refer to the books [7],[79] and Section 7 of [1].

First, we will record an embedding Theorem for L, (2):
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Theorem 2.1.38. Let Q C R? be a bounded domain. For 1 < p < q < oo we have
Lqg(Q) = Lp(©2)

Proof. For q/p > 1 the dual exponent p’ defined by

1
q P
is given by p’ = 3%1. Using Holder’s inequality, we obtain for all g € L,(€).
1l < ([ ( [ gl
Q Q Q
Drawing the p-th root on each side gives the desired result, since {2 is bounded. O

Following the approach of [1], Definitions 7.7, 7.8. and 7.9. and Theorem 7.10, we define the

following space obtained by the K-method of real interpolation:

Definition 2.1.39. Let Xy, X1 be two Banach spaces, with X1 — Xg. Let t > 0 be fized.
The K -functional given by

K(t;x) = inf{onHXO —i—t”xlnxl trx =20+ T, x9 € Xg, 1 € Xl}

defines a norm on Xo which is equivalent to ||-|| -

The space
X = (X0, X1)pq 0<0<1,1<q< 00,

consists of all functions x € Xo + X1 = Xo such that
r d
t
/(MK(t;x))qt)l/q < 0.
0

Here, % denotes the Haar measure, which is translation-invariant.
The space X is a Banach space itself with the property that it is intermediate between X
and X1 in the sense that

A highly useful property of such intermediate spaces obtained by interpolation is the fact that
they enable us to obtain estimates for the norms of linear operators acting on these spaces.

The following theorem is a combination of Definition 7.22 and Theorem 7.23 in [1]:
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Theorem 2.1.40. Suppose that f € X[, i = 0,1 and X as in Definition 2.1.59. Then

f € X*, too, and we have the estimate

1-6
1l < 1£1%

1% (2.1.14)

We remark that this theorem can be extended to more general linear operators; however, in
this thesis we only need to make use of this property for linear functionals.

We now intend to apply this definition to the setting of L, spaces. For the validity of the
definition we refer to [1], Theorem 7.26, and [1], Corollary 7.27.

Definition 2.1.41. Let 1 < p;1 < p < py < 0 and % = 1});19 + p%. Then the Lorentz space
Ly, () is defined by

LI%Q(Q) = (LP1 (Q)v Ly, (Q))G',q )

and we have the property that for 1 < p < oo

with equivalent norms.

Lorentz spaces can also be obtained by a more direct way, see Definition 7.25 in [1] or [66],
Example 2, Chapter 2. However, as it is not significantly faster and the estimate (2.1.14)
cannot be obtained in a direct way, it is more convenient to work with the interpolation

spaces approach utilised here.

We can now turn to introducing the optimal control problem and presenting its relevant
properties.
2.2 Optimal Control and Optimisation in Banach Spaces

2.2.1 Problem Setting and Existence Results

Let us introduce the following continuous state-constrained optimal control problem:
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1 2 v 2
Wi o lly = yallw + 5 llulo
s.t.
Bly,w] = (u,w)y YweY (P)
and
ueld CU
Ye —y € C C Lo(Q,R™)

To formulate the required properties for (P), we will often use the notation x < y for real
numbers z,y so as to do without constants: z < y means that there exists a constant c
independent of x,y and solely depending on data such as the domain €2, S, y., y4,, etc. such
that

T < cy.

For the spaces Y, U and W we require the following properties:

Properties of the spaces Y, U, W:

Prl. U, Y and W are Hilbert spaces with norms ||-||y, ||/l and |||y and scalar products
(,)u, (,-)y and (-, -)w. Each space U, Y and W is a subset of a suitable La-space. To be
more precise, for meshable (compare Definition 2.3.2) subsets I, 2 € R? with T' C Q we
assume W — Lo(Q,R"™), Y — La(Q,R™) and U — Lo(I"), where L2(€2, R™) is equipped
with its canonical norm |||, rm) = ||| and scalar product (-,-)r,@rm) = (-,-). In
addition, we demand that the squares of the all the W, Y, U-norms are additive, i.e. for

Y we have for wy,ws C Q with |w; Nws| = 0 that

2 2 2 2 2 2
9antioel® = 1913 oy 0y = 1918y + 19130y = N9ln 2 + 19l

and similarly for W and U. Here, y|, denotes the restriction of y on a subset v C Q.
Lastly, we assume that U embeds into Y*, U — Y* with the associate embedding
operator denoted by E, and Y — U.

Property guaranteeing the solvability of the equation Blu,w] = (u,w)y:

Pr2. The bilinear form B is continuous on Y x Y and satisfies an inf — sup condition

inf sup Blz, u] = inf sup Blz, ]

_— — =a > 0.
2V uey [12lly lwlly — wev ey [lzlly wlly

This is tantamount (compare Theorem 2.1.20 and Remark 2.1.23) to the fact that for
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every u € U there exists a unique solution y = Su € Y of
B[y7w} = (U, w)U Vw €Y

with S € L£(U,Y). Thus, due to the embeddings in (Prl), S € L(U,W) and S €
L(U, La(2,R™)), too.
Throughout this paper, we will not distinguish between these nominally different oper-

ators. It will be clear from the context which one we refer to in the specific setting.
Properties ensuring the existence of a unique minimiser:

Pr3. U is a convex and closed subset of U.
Pr4. C is a convex, closed cone in Ly (€2, R™).

Pr5. y. € La(Q2,R™) represents the state constraint and, yq; € W the desired state that one

wants to reach.

Pr6. There exists u € U with v € U and y. — Su € C, i.e. the set of admissible functions for
(P)
U :={ucU: uel, y.— Suec C}

is non-empty.
Let us add some explanatory comments to these properties:

e (Prl) gives a general Hilbert space setting in which to analyse an optimal control prob-
lem. A typical choice for a second order elliptic distributed optimal control problem
would be U =W = Ly(Q), Y = H'(Q), compare with (M P*).

e (Pr2) is a characterisation (see Theorem 2.1.20) of the property that the partial differen-
tial equation represented in its variational formulation by the bilinear form B possesses
a unique solution which depends continuously on the data. Thus, basically, we merely

demand that the partial differential equation is well-posed.

e (Pr4) defines the cone used to formulate the state constraint. It is defined with respect
to Lo (€2, R™), which, since Y < L9(€, R™), makes it the natural choice in the present
setting where no higher regularity than the Y-regularity for the solution to the state
equation in (P) is assumed. Typical choices, such as Lo (2, R™), are not well-defined
in this setting.

Sometimes, though, we will still need the cone C' and its polar cone to be defined with
respect to different topologies of Banach spaces Z C La(€2, R™). However, in this case,

this will always be indicated in the following way:

Cy,=CnZz
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The corresponding polar cone is then defined as
CE = {(25 ezZ* . <¢aZ>Z*,Z <0Vze Cz}

If there is no lower case index Z as above, then C' and C~ are always under-

stood with respect to the topology in Ls(€2, R™), compare also Definition 2.1.8.

e (Pr6) ensures that there exist feasible points for (P). If this were not fulfilled, then

problem (P) would be tantamount to optimising over the empty set.

Examples fitting this setting will be given in Section 2.4.

Thanks to Property (Pr2) the problem can be transformed to a reduced formulation:

min f(u) (2.2.1)
ucUad
where )
v
FrUDwe CSu—yallly+ 2l (2.2.2)

Naturally, one wonders if there exists a solution to this problem and, if so, whether it is
unique. A crucial tool to derive existence and uniqueness results is the following theorem,

which we want to apply to problem (2.2.1):

Theorem 2.2.1 (existence & uniqueness). Suppose V' is a non-empty, convex and closed sub-
set of the Hilbert space H. Suppose further that g : H — R is a weakly lower semicontinuous,
strictly convex function which is bounded from below and radially unbounded.

Let the following optimisation problem be given:

Zréi‘r/l g(u) (2.2.3)

Then there exists a unique solution to (2.2.3), denoted by u.
If, in addition, g is Fréchet-differentiable on an open subset O containing V, then u is the
solution to (2.2.3) iff

(Vg(a),u—a)g >0 YueV (2.2.4)

where Vg(u) denotes the Riesz-representative of the Fréchet derivative ¢'(a).

Proof. Since g is bounded from below, there exists j = in‘f/g(u) and {ug} C V with g(ug) — j
ue

as k — oo For |lug||; — oo, we would obtain

g(ug) — 00, k — o0
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since g is radially unbounded. That means that the infimal sequence {uy} is bounded. The-
orem 2.1.4 ensures the existence of a weakly convergent subsequence (w.l.o.g. the sequence
itself), and Theorem 2.1.6 guarantees that the limit @ belongs to V. Since g is weakly lower

semicontinuous, we find:
j = lim g(uy) = g(a).
k—o0

Hence, g(2) = j, and @ := u solves the optimisation problem. It is the only solution, because

if there were another one v # u, convexity of V and strict convexity of g would imply
J<gQAu+(1=A)v) <Ag(a) + (1= A)g(v) = 4,

which is obviously a contradiction.
Let us now prove (2.2.4). If u solves (2.2.3), then (recall (2.1.6)) for any u € V we have

0<g(u+t(u—u))—g(m) = (Vg(u),t(u—u))u + o(|[t(u —u)lz) Vie0,1]
This implies in particular that
0 <t(Vg(u),u—u)g +o(||t(u —a)| y) Vte (0,1].
Dividing by ¢ and letting ¢ — 0, we can deduce that (again recall (2.1.6))
0<(Vyg(a),u—1u)g.
Since this is true for all u € V', we can conclude
(Vg(a),u—u)g >0 YueV.

Let us now prove the other inclusion.

First of all, let u,v € V be arbitrary, then we discover:

g(u) —g(v) = (Vg(v),u—v)n (2.2.5)

Let us prove this inequality: For all ¢ € (0, 1] we obtain

t(g(u) = g(v)) 2 g(v +t(u —v)) — g(v)
= (Vg(v),t(u —0))u + o([[t(u = v)[ )

and thus in particular after dividing by ¢

g(u) = g(v) > (Vg(v),u —v)g.
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Suppose now that (2.2.4) is true for all w € V, but u does not solve (2.2.3). As we have
already demonstrated, there exists a unique solution @ to (2.2.3) and thus utilising (2.2.5),

we deduce
0> g(a) —g(a) > (Vg(a),u — @)p.
However, because
(Vg(),u—u)g >0 Vu eV,

we can conclude
g(u) = g(u)
and due to the uniqueness of the solution w = %. This is the desired contradiction. The proof

is now complete. ]

We now want to apply this abstract existence and uniqueness result to the setting of (P),
deriving also necessary and sufficient first-order optimality conditions.

The ensuing theorem will provide this application:

Theorem 2.2.2 (existence, uniqueness, first-order optimality for (P)). There ezists a unique
solution u to (P) with corresponding state § = Su. Furthermore, the following necessary and

sufficient optimality condition holds
(p+ vi,u—a)y >0 Yue U, (2.2.6)

Here, p = S*(y — yq) and S* denotes the adjoint operator S* : W — U.

Proof. First of all, we observe that the functional f in (2.2.1) is Fréchet-differentiable, a proof

can be found e.g. in [80], Section 2.6. It is also radially unbounded because
v
Fu) = 3 Jlullfy,

and weakly lower semicontinuous because ||-||3; is weakly lower semicontinuous in any Hilbert
space H and because S is weakly continuous, as it is a linear and continuous operator.
Furthermore, as a short computation shows, it is also strictly convex. Due to Property (Pr6),
the feasible set U is non-empty. Consequently, we can apply Theorem 2.2.1 with H = U,
V = U and g = f and obtain a unique solution @ to (P) with corresponding state § = Sa.
Thanks to (2.2.4) there holds:

(Vf(a),u—a)y >0 Vue U™

Let us now prove that the Riesz-representative of the Fréchet derivative is indeed V f(u) =
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P+ V.
For the Fréchet-derivative f’ we obtain:

(f'(@),u— v v = (¥ = ya, S(u—0)w + (vii,u — W)y
Using the adjoint operator, we can simplify the expression above to
(Vf(@),u =)y = (5§ — ya) + v, u— )y

Now, we can just plug in the definition of p, and using the optimality condition (2.2.4), we
obtain the desired result. O

The optimality condition (2.2.6) can also be interpreted as an optimality condition for the

projection on the convex set U?. This is the subject of the next lemma.

Lemma 2.2.3. The optimality condition (2.2.6) is equivalent to
u = H a - 9
u wed VP)

where Tyaa denotes the projection on the convex set U,
Proof. Apply Theorem 2.1.7 to (2.2.6). O

Remark 2.2.4. Lemma 2.2.3 reduces the optimality condition (2.2.6) to a fix point equation
u—F(u)=0 (2.2.7)
with
1 *
F:Usuw— HUad(—;S (SU — yd))
For some classes of conver sets, such as convex sets defined by box constraints of the type
U={uelU:a<u<b}, a,beRU{—00,+00},

the function F' is a semismooth function (compare Definition 2.1.17); thus the fix point equa-
tion (2.2.7) can be solved by semismooth Newton methods, compare Section 2.2.3. Indeed,
i many applications, U is precisely of the above structure. However, in the case of state
constraints, this is not the case, a fact that constitutes one of the main difficulties for treating

state-constrained problems numerically.

Theorem 2.2.6 is a 'multiplier-free’ formulation of a first-order necessary and sufficient opti-

mality condition. 'Multiplier-free’ stands for an approach doing without Lagrange multipliers
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which are used to eliminate certain constraints. In the rest of the section, we will explain
how such a Lagrange multiplier ansatz would formally work for the state constraint in (P) -
tacitly assuming that the control constraints in (Pr3) can be dealt with in an ’easy’ manner
- before giving two existence results for Lagrange multipliers. Let us start by specifying the

notion of Lagrange multipliers in the present setting, compare also [56] and [58], Section 8.

Definition 2.2.5. Suppose the following general optimisation problem in a Hilbert space H
18 glven:

i 2.2.8

ueMI,nlerLleKZ 9(u) ( )

with M C H closed and convex and Kz C Z a convex cone defined w.r.t the topology of the

Banach space Z, compare Definition 2.1.8. Furthermore, g : H — R is Fréchet-differentiable

and additionally fulfills the prerequisites for g of Theorem 2.2.1 (strictly convex, bounded from
below, radially unbounded). The feasible set is given by

F.={ucH:uecMLucKgz}.

Besides, let L : H — Z be an affine, continuous mapping.
A Lagrange multiplier i € K, for the constraint Lu € K is an element for which we have

with the unique solution @ of (2.2.8):

min {9(v) + (1, Lu) z+ z} = g(u) (2:2.9)
(Vg(a),u —u) + (@, L'(u — )z« z > 0Vu € M (2.2.10)

(i1, Lt 7+ 7 = 0. (2.2.11)

Interestingly, any couple (4, i) € M x K, fulfilling (2.2.9), (2.2.10) and (2.2.11) is optimal
for (2.2.8). This is the subject of the next theorem; its proof can be found in [58], Section 8.4

Theorem 1.

Theorem 2.2.6 (Lagrange optimality condition). Suppose the setting of Definition 2.2.5 is
given. Suppose further that there exists a couple (u, 1) € U x K fulfilling (2.2.9), (2.2.10)
and (2.2.11). Then 4 = u and [i is a Lagrange multiplier for the constraint Lu € K.

For (P) the setting of Definition 2.2.5 is reflected by the choices M = U, Lu = y. — Su and
Kz = Cz. Apart from the condition that Z C Lo(2,R™) we still have some leeway in the
selection of Z. Since the Lagrange multiplier z is an element of the dual space Z*, it would be
favourable for both theoretical analysis and numerical applications that Z* is not 'too difficult
to handle’. Suppose e.g. that Z = Ly(Q2), then Z* = L9(Q2) and 1 is a proper function with

values pointwise almost everywhere. However, if Z = C(Q2), then Z* is a space of measures

and both analytically and numerically not easy to treat.
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The trouble with state constraints is that the topology of spaces such as Lo-type spaces is
in general too weak to allow for the existence of Lagrange multipliers. Let us elucidate this
point: A classic existence result for a Lagrange multiplier is the following, which can be found
e.g. in [58] Section 8.3 Theorem 1. For extensions and additional conditions for the existence

of Lagrange multipliers, we also refer to [56] and [55].

Theorem 2.2.7. Suppose the setting of Definition 2.2.5 is given, i.e.

uEMI,nLIBEKZ 9(u)

with g Fréchet-differentiable, radially unbounded, bounded from below and strictly conver.
Let the set LM be defined by:

LM :={Lu : ue M} C Z

If
LM Nint(Kz) # 0, (2.2.12)

where the topological interior int is taken with respect to the topology in Z, then there exists
a Lagrange multiplier i € Z* fulfilling (2.2.9), (2.2.10) and (2.2.11).

In view of the preceding theorem it is advantageous for Kz to have a non-empty topological
interior. In the setting of (P?) we have Cz = Kz and the obvious (first) choice would be
Z = Lo(Q,R™), specifically in the case m =1 Z = Ly(Q).

The trouble with choosing Z = Ly(Q) (or even Z = HY(Q) for d > 1) is that the most
important cones in applications, cones defined by pointwise almost everywhere inequality

constraints of the type
f(z) <0 fa.a. zeq,

have an empty interior illustrated by the example below

Example 2.2.8. Consider the cone
K ={f € Ly0,1) : f(z) >0 fa.a. x €(0,1)}

in L9(0,1). Naturally, one would think that the function f(x) = 1 is an interior point.

Howewver, the functions
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are arbitrarily close to f w.r.t the Lo(0, 1)-topology as a short computation shows. Yet, g, ¢ K
for all n, in fact int(K) = () with respect to the topology in L2(0,1).
If we were now to consider the topology of C[0,1], however, then f would be an interior point,

since for any 6 > 0

If = 9”0[0,1] <9
i particular implies
glx)>1—-06 Vo e (0,1),

and hence, provided 6 is small enough, g € K. Thus, K does not have an empty interior in
this topoplogy.
To circumvent this obstacle, one has to switch to ’stronger’ topologies more compatible with

pointwise constraints (compare Example 2.2.8) such as the topology of C(£2) or Loo(€2). The

downside is that the dual spaces, as mentioned before, are very irregular, both being spaces

0 *

of measures. Indeed, the space C(€2)* can be isometrically identified with the space M(€2),
consisting of all Borel measures defined on the Borel o-algebra on 2, the smallest o-algebra
containing all closed subsets of Q, see e.g. [53], Theorem 1.7.2.

Let us - despite this lack of regularity - record the theorem below, which applies the general

existence result of Theorem 2.2.7 to the specific setting of problem (P).

Theorem 2.2.9. Suppose the cone C in (Prd) is defined w.r.t the toplogy of C(Q,R™), i.e.

Suppose further that S : U — C(Q,R™) continuously. Besides, let there exist an element g
such that y. — Sus € nt(Ceyq pmy)-

Then there exists ji € CE such that the unique solution @ to (P) and i fulfil the following

(Q,R™)
optimality system:

(S*(Sﬂ — yd) +rvu,u — @)]U — <ﬂ, Su — Sﬂ>C(Q,Rm)*,C(Q,Rm) >0 Vueld (2 9 13)

(HYe — ST @ rmy c@rm) = 0

Proof. Applying Theorem 2.2.7 with M =U, Lu = y. — Su and g = f to problem (P) yields
the desired result. O

Theorem 2.2.9 ensures the existence of a Lagrange multiplier under certain conditions. Taking

the adjoint S*, we can transform (2.2.13) in the following way, taking into account Lemma
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2.2.3:

(8% (ST ya— ) = 0

(1, Ye — STy« c@) =0

u — Iy (

If we assume in the vein of Remark 2.2.4 that the projection on U is ’easily’ computable, the

reformulation above, especially the equation
_ 1 csran _
u— Hu(—;(s (Su —yq— p))) =0,

offers a way to gain additional regularity for the optimal control @ provided S* possesses
some smoothing property. Algorithmically, though, despite arriving at a situation where @
can be expressed as an accessible projection (Il instead of Iljjaa, i.e. a pointwise nonsmooth
equation (compare also Section 2.2.3)), we still face the obstacle of the possibly measure-valued
multiplier, for which it is not possible to derive an equation similar to the projection equation
for @ above guaranteeing uniqueness and also additional regularity. That is why to apply
fast optimisation methods such as Newton methods, one inevitably has to do something else.
Here, we present the technique of relaxation of the state constraint coupled with a penalisation
of its violation in the goal functional. The goal is to obtain unique Lagrange multipliers in
Ly (Q,R™) and an optimality system comparable to (2.2.13) that can be solved by Newton-
type methods. Targeting these goals, we are stuck with the topology of Lo(€2, R™) for the
state constraint, since Lagrange multipliers naturally belong to the dual space, and, thus,
constraint qualifications of the type (2.2.12), where the topological interior is used, are not
conducive to obtaining existence results for Lagrange multipliers in Lo (2, R™) in the setting
of pointwise inequality constraints, as Example 2.2.8 all too clearly shows. Fortunately, there
are other constraint qualifications of which the most helpful for our purposes will be one
which states that Lo(€Q2, R™) Lagrange multipliers exist if the range of the constraint mapping
Ye — Su is rich enough, in particular, if it is surjective. If you think of S as the solution
operator of the Poisson equation with an Lo-control on the right-hand side, however, it is
clear that S is not surjective as a mapping from Ly to Lo, since the solution of the PDE is at
the very least in H!. Considering a different space pairing, Lo-H" for instance, does not help
either, since at the heart of the problem is the fact that the solution operator has a smoothing
effect on the right-hand side. Nevertheless, we have not reached the end of the line, since
by introducing a virtual control v € Lo(2,R™) and an additional (not strictly necessary)

parameter € into the constraint mapping, i.e.
Ye—Su  ~  y.— Su—ev, (2.2.14)

one forces the constraint mapping to be surjective. As a consequence, we can apply the ensuing
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existence result for Lagrange multipliers, which can be found in e.g. [55], Thm 4.3.(ii), or as
a corollary to a more general result in [56], Thm 4.1. As it is central to our later analyses,

we will present an overview of the proof.

Theorem 2.2.10. Suppose the following general optimisation problem in a Hilbert space H

18 gen:

i 2.2.15
wertin_9(u) (2.2.15)

with M C H closed and convex, Z a Banach space and K; = K C Z a convex cone.
Furthermore, g : H — R is Fréchet-differentiable and additionally fulfills the prerequisites for
g of Theorem 2.2.1. The feasible set is given by

Fl={uecH :ueMLucK}.
Besides, let L : H — Z be an affine, continuous mapping with
ran(L(M)) =Z (2.2.16)

where ran denotes the range of a mapping.
Then there exists a Lagrange multiplier i € K~ = K, for the constraint Lu € K, i.e. for
the solution u to (2.2.15) we have:

min {g(u) + (g, Lu)z- 2} = g(u)

(Vg(a),u — @)y + (i, L'(u — @) 7.z >0 VYu € M
(@, L)z« 7z = 0.

To prove this result, we first have to harness a fundamental result by [68], Theorem 1. In this
paper, the result is formulated in terms of set-valued mappings; we will, however, restrict it

to our single-valued case.

Theorem 2.2.11. Let (2.2.15) as in Theorem 2.2.10. Suppose further that
0€int{LM — K} (2.2.17)
Then for any ug € F, there exist v = y(ug) and p = p(ug) > 0 such that we have
dist(u, F*) < ydist(Lu, K) Yu € M N B,(ug). (2.2.18)

Observe that (2.2.18) can also be interpreted as a perturbation estimate. In the proof of

Theorem 2.2.10 we will see that Robinson’s famous constraint qualification (2.2.17) is actu-
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ally sufficient for the existence of Lagrange multipliers highlighting how closely the topics of
perturbation analysis and existence of Lagrange mutlipliers are linked. Combining this with
the lack of regularity for Lagrange multipliers mentioned previously and with the unavail-
ability of perturbation estimates of the type (2.2.18), we are starkly reminded of the serious
difficulties we face when analysing discretisations because in some sense, discretisations can
be interpreted as perturbations of the original problem.

We can now turn to the proof of Theorem 2.2.10

Proof of Theorem 2.2.10. The proof traces the arguments of [56].

Let u be the unique solution to (2.2.15). First of all, we introduce the following cones:

Cla)={Mu—1u) : A\>0,ue M}
K(Lu) =K — ALu, A\>0
1
T(F* q) = {u €H :u= lim —(u, — ), t, = 04, u, € F“d}
n—oo ty,
L(Fa)={ueH : ue Ca),'ue K(Lu)} .
The last two cones are called sequential tangent cone and linearising cone of M respectively.

The key inclusion now is
L(F* @) c T(F" ).

To realise that, pick an arbitrary s € L(F%, 4). By definition I\;, A\o,u € M,k € K such
that:

s =M (u—1u)and L's = \y(k — Li). (2.2.19)

Here, remember that K is a cone.
In case A\; = 0, we have s = 0 € T(F*, 4) (pick u, = % in the definition of T(F?, )). Thus,
we can assume A1 > 0. Presently, we define:

A
fipy =T+ tn(u — @), ky = L(10) + )\—Qtn(k — La).
1

Due to convexity of M and u,u € M u, € M if t, < 1. Likewise, convexity of K yields
k, € K provided i—ftn < 1. Since t, — 04, we can thus pick n large enough such that
Uy € M and k, € K.

Now pick n large enough such that @, € B,(u), compare (2.2.18). Then, with the help of
(2.2.18), we deduce

dist (i, %) < ~dist(Liiy,, K).
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Since k, € K, we can estimate in the following fashion:

dist(Liiy, K) < ||Lu + L(ty(u — @) — knll,

t
= HLu + - 2Ls—k,
A

z
= HLﬂ + (kn - Lfb) - kn”Z
= 0.
Hence @, € F. Defining 7, := % — 04, we obtain
. 1, _ ad
lim —(a, —u) =se€T(F* u)
n—00 Ty,
Thus
L(F* ) c T(F, a). (2.2.20)

Now, due to optimality of @ and Fréchet differentiability of g, we have
(Vg(a),s)g >0 Vs e T(F q). (2.2.21)
(2.2.20) then yields
(Vg(a),s)g >0 Vs € L(F“ a).
We now define the convex cone () C Z X R by
Q:={(L's—y,(Vg(u),s)u +a) : s€C(u),y e K(Lu), a >0}.

Surjectivity of L yields surjectivity of L', since L is affine. The open mapping theorem,

Theorem 2.1.10, then ensures the existence of a suitable v such that
{(z,a) : z€ By(0), a« >max{(Vg(a),s)g : s {C—u}NBi(0)}} CQ. (2.2.22)

Why does this hold? First of all, we observe that thanks to surjectivity of L and thus L’ as
a mapping L : M — Z, respectively L' : M — Z, we know that:

Vo€ Z, uec M, \>0st. \L'u= 2+ \Lu
Recalling the definition of C(u), we can deduce from the equation above that

L'(C—-u)=LC(ua)=Z.
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In particular, L'(C' — @) contains an open ball denoted by B,(0). Combining this with the
definition of @ and (2.2.22), we deduce

B,(0) x {a} € Q Va >max{(Vg(u),s)g :s € {C—u}nNB1(0)}.

This means that int(Q) is non-empty.
The origin (0,0) is a boundary point of @ due to (2.2.21) and 0 € T(F%¢, %). Theorem 2.1.2
ensures the existence of a non-trivial hyperplane (y*, 5) € Z* x R supporting @ at (0,0), i.e.

—(y* L's —y)z« z + B((Vg(a),s)y + ) > 0Vs € C(u), y € K(Lu), a > 0.
Inserting s = 0, = 0, we observe
(V" y)z+z > 0Vy € K(Lu)
Recalling the definition of K (Lu), we discern that
(y* b — ALT@) -z > 0 YA > 0.
Hence, inserting A = 0 and in another step Lu =k, A =1+¢,e > 0, we find
y* € =K~ and (y*, Lu)z~ z = 0. (2.2.23)

Besides, 5 > 0 because if 8 were zero, affine linearity of L and the definition of C(u) and
K (Lu) would yield

—(y*, Lu — Lu+ ALu)z+ z > 0, Yu € M, A > 0.
Inserting A = 1, we would be able to deduce that
—<y*,Lu>Z*,Z =0Vue M

which immediately results in y* = 0, since L is surjective. This is the desired contradiction,
thus 5 > 0.
Setting a,y =0 and K~ 3> i := —%y* and recalling (2.2.23), we obtain

(Vg(a),u—u)g + (@, L'(u— )z« z > 0Vu € M, y
<ﬂ, L'Il>Z*7Z =0.

These are the properties (2.2.10) and (2.2.11) formulated in Definition 2.2.5. Property (2.2.9)
follows by straightforward duality arguments. O
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We will now apply this valuable result to problem (P), relaxing the state constraint in the way
indicated by (2.2.14) and penalising the new control v in the functional. This regularisation

technique will be presented in the next section.

2.2.2 The Regularisation Approach

Let us introduce the continuous regularised problem:
min Sy - + 2l + o .
u€lU,yeY,ve La (Q,R™) 2 Iy = vallw 2 el %¢ I HLz(ﬂ,R )

s.t.
Bly,w] = (u,w)y YweY (P?)
and

uelu

Ye—y—cv el

Using the solution operator S for the state equation in (Pr2), we can again transfer the

problem above to a reduced formulation. Defining
e m 1 2 v 2 1 2
£ U X Lo, R™) 3 (u,0) o o 18— yally + 3 el + o
and the admissible set
U= = {(u,v) €U x Ly(Q,R™) : y. — Su—cv e C},
we can lay out the reduced formulation of (PF)

min  f*(u,v). (2.2.24)

(u,v)els-ad

The first question we want to answer is whether the existence and uniqueness results of the
original problem (P) are inherited by the regularised problem. The good news is that they are

because Theorem 2.2.1 can be readily applied to the new setting of the regularised problem.

Theorem 2.2.12 (existence & uniquenss for the regularised problem). For every fized € > 0,
there exists a unique solution (uf,7°) € U5 such that the following necessary and sufficient

optimality condition is fulfilled
1
(p° +vut,u—u)y + g(ﬁs, v—7°) >0 Y(u,v) e U (2.2.25)

with p° = S*(§° — yq) being the adjoint state.

Proof. As in the proof of Theorem 2.2.2 we want to apply the general result of Theorem 2.2.1
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to the present, specific setting.
First of all, let us remark that f° is a Fréchet-differentiable, radially unbounded, strictly

convex and continuous functional on the Hilbert space U x Ly (€2, R™) endowed with the norm

1, 0) [y 2 (o = (el + [lol|*)'72. (2.2.26)

For the Fréchet-differentiability property we refer to Section 2.6 in [80]. Besides the set U< is
non-empty, since (@, 0) € U9, Thus, we can apply Theorem 2.2.1 with H = U x Lo(Q, R™),
V = U5 and g = f° to deduce that there exists a unique solution couple @, 7° with
corresponding state Su® = g°.

To derive the first-order necessary and sufficient condition, we observe that - similar to the

proof of Theorem 2.2.2 - V f¢(u°, v°) can be expressed as
Ve (as,v%) = | S*(§F — yq) + vis gqﬂ € U x Ly(2,R™).

Consequently, inserting the definition of 5° and employing (2.2.4), we obtain (2.2.25). The
fact that (2.2.25) is sufficient follows straight from Theorem 2.2.1. O

The key reason for the regularisation and the introduction of the new control v was to obtain
existence of Lagrange multipliers in more favourable spaces, here Lo(€2,R™). The next the-
orem shows that these troubles have not been in vain. In fact, we will also gain uniqueness
of the multiplier, which will turn out to be very helpful for employing efficient optimisation
algorithms as we will explain later. To formulate this theorem, let us, however, first introduce
the Lagrangian and the dual and primal problem for (P¢).

First, let us define the Lagrangian £°: U x Ly(2,R™) x Lo(2,R™) — R:

L (u,v,0) == f(u,v) + (0,y. — Su — ev).
With the Lagrangian we can define the primal problem

inf sup L£°(u,v,0 2.2.27
(u,w)EUX L2 (Q2,R™) Gecp— ( ) ( )
and the dual problem

su inf £ (u, v, ). .
eecpf (u,w)EUX Lo (,R™) ( ) ( )

Recall that in our notation C~ signifies that the polar cone is taken with respect to the
topology induced by the standard Ly (€2, R™)-norm.

Now, we can turn to the question of existence of a Lagrange multiplier:

Theorem 2.2.13 (existence & uniqueness of Lagrange multiplier). Let (P?) for a fivzed € > 0

be given. Then there exists a unique element 6° € C~ such that u,v%,0° solve the following
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Karush-Kuhn-Tucker (KKT) system:

(S*(F° —ya) +vo*,u— @)y — (0°,Su—3°) >0 Vuel
—e20°F +0° =0 (2.2.29)
(6°,5° — yo + %) = 0.

Furthermore, (uf,v°,0°) solve the dual and primal problem, for which the following equality
holds:
fe(us,v%,0°) = L°(u, v, 6°). (2.2.30)

Besides, if (,0,0) € U x La(Q2,R™) x La(Q2, R™) solves (2.2.29) then
(@€, 0%, 6°) = (a,,0)

Proof. First of all, the existence of a Lagrange multiplier §° € C'~ is guaranteed by the fact
that the constraint mapping M : U x La(2, R™) — Lo(Q, R™) with

M (u,v) ==y, —ev — Su

is surjective, after all, in this setting, we can apply Theorem 2.2.10 with H = U x Lo(Q2, R™),
L = M¢, Z = Ly(Q,R™) and Kz = C. The KKT system (2.2.29) then readily follows,
compare also (2.2.11) and (2.2.10). The fact that the Lagrange multiplier 6° is unique is a

consequence of the equation
e20° = o°

in (2.2.29) and the fact that v° is unique, see Theorem 2.2.12.

The definition of a Lagrange multiplier Definition 2.2.5 entails the solvability of the dual and
primal problems and the fact that their solutions are indeed the triples (uf,%%,0¢). (2.2.30)
then follows from (2.2.11). O

Naturally, analytically, it is more convenient to work with Lagrange multipliers which are
proper functions and not just measures. The uniqueness result of the Lagrange multiplier will
also be very helpful. However, at this stage, we want to focus more on the numerical aspect of
the results of Theorem 2.2.13. Under certain conditions on the control constraints represented
by the set U, it is possible to transform (2.2.29) into a non-linear equation for which generalised
Newton methods such as the Semismooth Newton Method are applicable. The fact that this
method can be applied in a function space setting opens up the possibility (and indeed, this
is observed, see e.g. [54], [41] and [43]) of convergence of the Newton method independent
of the mesh used later for defining the discrete spaces. This is especially important because
for algorithms tackling the discrete problem with iterative methods from finite-dimensional

nonlinear optimisation it was observed that the number of iterations increases linearly with
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the degrees of freedom, see e.g. [9]. Given that in 3D problems 500,000 degrees of freedom
are not unusual, it is clear that those methods are not practically applicable.

Another important property of the Semismooth Newton Method is the fact that - under
certain conditions - it generates a sequence of iterates that converge (locally) g-superlinearly
to the solution of the optimsation problem, cf. Definition 2.1.18. This is of course a very
desirable property for an optimisation algorithm, since essentially, it makes it very efficient
in the sense that the iterates converge fast to the true solution and not too many steps are
needed to get a 'good’ approximation of the true solution. After all, as we will show in the
course of this thesis, every step of an optimisation algorithm involves solving two partial
differential equations - something which one does not want to have repeated too often.

We will elucidate some of these aspects in the next section, which is intended to give an
explanatory overview without delving too much into the mathematical details. Detailed
proofs will either be omitted or postponed; we would simply like to give the reader an idea
as to how Semismooth Newton Methods can be applied in a setting with regularised state

constraints with the help of a simple model problem.

2.2.3 The Semismooth Newton Method

In this section, we will present an application of the semismooth Newton method to an optimal
control problem.
Let us first, for the sake of simplicity and just for this section, assume that Q C R, U = Ly(Q)
and the set U is given by

U={ueLy(N) : a<u< oo}

with a real number a. Besides, let W = Ly(€) and Y = H(Q).
Let us define the following linear-quadratic elliptic optimal control model problem with a
regularised state constraint:
1
min _ —
uel,yeY 2

s.t.

2 Vo2 |
ly = vallz,) + §||UHL2(Q) t 5 (ol

/Vy-deQ:/uwdQ. Vw € H'(Q)
Q

J (MP?)

and

ueld CU

Ye—y—€ev <0 a.e. in )

We assume that y. € H(Q) and € COL.
Here, the state equation (compare (Pr2)) simply is the variational formulation of the Poisson

equation with Dirichlet boundary data. In this particular case, the adjoint operator S* :
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L2(Q2) 5 z+— p € La() can be represented by the solution operator to

/vp - Vw dQ = /zw Q. Yw e H'(Q). (2.2.31)
Q Q

We will postpone the proof until Chapter 4 of the thesis. Instead, let us point out that 5 is
self-adjoint and, more crucially, as we will later explain, S maps into better spaces, i.e. for
every w € Ly(Q) p = S*w is actually an element of (at least) H'(1).

Bearing this in mind, we can now combine Theorems 2.2.1 and 2.2.12 as well as the existence
result for Lagrange multipliers Theorems 2.2.10 and 2.2.13 to obtain the following Karush

Kuhn Tucker system for the solution couple (u5,,v5,) with corresponding state g5, = SuS,

and unique Lagrange mutliplier 65, > 0 a.e. in

(S (o, — Ya) + Vil — U5) 1y () — (O Su— U5 ) o) >0 Yueld
—e205, 4+ 05, =0 (2.2.32)

(0 Ui — Ye + €05) Ly2) = 0.

02, is an Lo(Q)-function. Hence, we can reformulate (2.2.32) by defining the adjoint state
P5, = S*(¥° — yq — 05,). The optimality condition for @S, in (2.2.32)

(S*(gfn - yd) + Vg, u — 7j”fn)Lz(Q) - (éfnv Su — gfn)LQ(Q) 20 Vueldd
can then be transformed to
oo vt u—a ) >0 Va<u<b.
m m m 2( )

The good news is that the variational inequality above can be reformulated as a non-smooth

equation when we use pointwise min and max operators

1
u;,(x) = a —min(0, ;pfn(x) +a) (2.2.33)
1
= a —min(0, —=S™ (5%, —yq) + a) faa. xeQ. (2.2.34)
v
For v, we can deduce the following equation
s 2ne ]‘ . —€
vo (x) = %05, () = — min(0, g5, (z) — ye(x)) (2.2.35)

= —é min(0, Sus, () — ye(x)) faa. ze . (2.2.36)
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Thus, all in all, using (2.2.33) and (2.2.35), we can conclude that (2.2.32), and at the same

time solving (M P*) is actually equivalent to finding a solution to the fix-point equation
T
[u v} — Fin(u,v) =0 (2.2.37)

with Fm : LQ(Q) X LQ(Q) — LQ(Q) X LQ(Q) and

T
Fo(u,v) = {a —min(0, £5*(Su —yg) + @) —Lmin(0, Su — y.)

3

Here, we want to stress that the reformulation of the optimality system (2.2.32) in terms of a
fix-point equation with a pointwise superposition operator F,, (2.2.37), is not possible for the
optimality system (2.2.13). The key difficulty here is the fact that the lack of regularity for
the multiplier i does not permit the transformation of (2.2.11) into a non-smooth equation
with a pointwisely define operator. Furthermore, the multiplier zi might not be unique, which
would also lead to issues pertaining to the solvability of the KKT system (2.2.13). As we
have shown, it is possible to circumvent these problems by investigating a regularised problem,
thereby highlighting the importance of regularisation in the context of optimal control with
constraints on the state.

To solve (2.2.37), one naturally wants to apply Newton-type methods. However, in this case,
one is hampered by the fact that the min operator is not classically differentiable due to its
kinks.

The good news is that it is still semismooth. To prove this result, it is crucial that S and S*
map to ’better’ spaces, as the following theorem, which is a slight reformulation of the (more

general) Theorem 2.14 in [45], clearly shows:

Theorem 2.2.14. Let ¢ be given by

é(u,v) = [u U}T — Fo(u,0).

Then the operator ¢ : La(2) — Lo(2) is O¢p-semismooth in the sense of Definition 2.1.17
provided

S*S 1 La(Q) — La(Q)
is Fréchet-differentiable and
S*S : La(2) = Lp(2), p>2 (2.2.38)
as well as

S*: Ly(Q) = Ly(Q), p > 2 (2.2.39)
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are locally Lipschitz-continuous.

At this stage, we want to quickly point out that S and S*, the latter defined by the solution
of (2.2.31), fulfil the prerequisites of Theorem 2.2.14. After all, S and S* both map Lo(Q)-
functions to H'(Q)-functions. As a consequence of Theorem 2.1.35, HY(Q) < L,(2) for all
1 < p < o (recall that we assumed that d = 2 in this section) and, hence, conditions (2.2.38)
and (2.2.39) are always fulfilled.

Remark 2.2.15. Conditions (2.2.38) and (2.2.39) are critical because superposition operators
such as the pointwise min in (2.2.33) and (2.2.35) are in general not semismooth as mappings
from Lg to Ly, 1 < q < 00, see e.g. Lemma 2.7 in [45] or Example 3.57 in [82]. Therefore,

the smoothing done by the solution operator S and its adjoint S* is essential.

We can now formulate the semismooth Newton method for my model regularised problem
(M P?). A general version of this algorithm can be found in [45], Algorithm 2.11.

Algorithm 2.2.1 Semismooth Newton Method
: Choose (ug,v9) € La(2) x La(Q).

2: for k=0,1,2,... do

3 Choose My, € 0¢((uk, vk))

4: Solve Mys, = —¢((ug, vx))
5

6

—_

Set (w1, Vk41) = (uk, Vi) + sk
: end for

Algorithm 2.2.1 involves the solution of an equation

My.sp = —¢((ug, vi)),

which obviously makes it imperative that My € 0¢((ug,v)) be invertible. The following
regularity condition, which can be found in [45], Equation 2.20, ensures just that:

3C >0,6>0 s.t. HM_1||L(L2(Q) < C, VM € 9¢(u,v),

,L2(Q)
V(u,0) € La(Q)* : || (u,0) = (U5, 05 )| pp ()2 <0 (2:2:40)

Let us remark that Theorem 4.8, [82], provides a more accessible approach to condition
(2.2.40). For more detailed information regarding this condition, we also want to refer to [83]
and [81].

We now conclude this chapter by citing the central theorem below, which states that Algo-
rithm 2.2.1 generates a g-superlinearly convergent sequence of iterates provided the assump-
tions of Theorem 2.2.14 and condition (2.2.40) are fulfilled.
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Theorem 2.2.16. Suppose that the Assumptions of Theorem 2.2.14 and condition (2.2.40)
are fulfilled. Suppose further that the starting point (ug,vo) of Algorithm 2.2.1 is chosen such
that

(w0, v0) — (T, U5) [l 1y )2 < O

where 0 is the 0 of condition (2.2.40).
Then the sequence of iterates generated by Algorithm 2.2.1 converges q-superlinearly to the

57 €

solution (us,,vs,).

This theorem and its proof can be found in [45], Theorem 2.12.

As yet, we have not addressed the question of globalisation of convergence, which is a very
helpful property. After all, Theorem 2.2.16 requires us to start ’somewhere in the vicinity’
of the true solution, possibly already quite close if § > 0 is small. Such issues have been
investigated e.g. in [41], Theorem 3.2, and [47], Section 3.

2.3 Adaptive Finite Element Method

In this section, we will give a brief introduction to the adaptive finite element method, in
short AFEM, in the context of optimal control problems. Central to the AFEM is the

SOLVE — ESTIMATE — MARK — REFINE

cycle or loop.
To explain it, one first has to introduce the notion of ’triangulation’ and ’finite element space’,

which is the subject of the next section.

2.3.1 Triangulations

To define finite element spaces, one first has to clarify what is meant by a triangulation because
the spaces themselves are defined on triangulations. Triangulations consist of simplices which
we will definie first. The defintion itself is taken from [65], Definition 5 and 6, Lemma 1,
Section 3.2.

Definition 2.3.1 (Simplex and Subsimplex). Let d € N. A subset T of R? is an n-simplex
in R if there exist n + 1 points zg, 21, ..., zn € R such that

T = conv hull{zp, ..., zn} = {Z s A >0V, Z)\i = 1}
=0 =0

and 21 — 20, ..., 2n— 20 are linearly independent vectors in R?. Individual points are 0-simplices.
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A subset T' of T is a (proper) k-subsimplex of T if T is a k-simplex such that

T = conv hull{zé, ....,z,;} cor

with k < n and z(,), ...,z;g €{z0,..., 2n}-
Additionally, the following quantities define the diameter, inball diameter and scaled volume
of T:

dp :=sup{lz —y| : z,y € T}
rp:=sup{2r : B, CT is a ball of radius r}
hy =TV,

The shape coefficient is the ratio of the diameter and the inball diameter:

dr

op = —.
rT

Having settled the question of what constitutes a simplex, we can now proceed to define a

triangulation of a domain Y, compare [65], Definition 7, Section 3.2.

Definition 2.3.2 (Triangulation). Let Y C R? be a bounded set. A finite set T of d-simplices

in RY with
Y=UT and |Y]=>|T|
TeT TeT

is called a triangulation of Y. The set of 0-simplices of a triangulation T are called nodes, the
set of d — 1-simplices faces. A set T which admits such a triangulation is called meshable.
A triangulation T is conforming if it satisfies the following property: If any two simplices
T1,T5 € T have a non-empty intersection S, then S is k-subsimplex of both T1 and To with
k€ {0,...,d}.

A sequence of triangulations {’7};},{20 is shape-regular if

sup sup op < C.
keENTET;,

Every triangulation 7 of a domain T is associated with a piecewise constant mesh-size function
hy: YT — RY, hy € Loo(Y) defined by:

hr(z) = [TV € int(T). (2.3.1)

A restrictive condition on a triangulation is the quasi-uniformity condition, which, in essence,
demands that every element of a triangulation be roughly about the same size. We will specify

this notion below because we will need it for comparison purposes throughout this thesis:
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Definition 2.3.3 (Quasi-Uniform Triangulations). Let T and Ty be as in Definition 2.3.2.
The sequence of triangulations Ty, is called quasi-uniform if there exists a constant independent
of k such that

max ht. < min h
TeTs 77““’TeTk T

In this case, there exists hy, € RT such that
hi, S hy(x) S hg faa x €,

where the hidden constants are independent of k. Hence, the local mesh-size functions hr, is

equivalent to a global mesh-size parameter hy,.

From the definition above, it is clear that quasi-uniformity demands that the local mesh-size
function be equivalent to a global mesh-size parameter. That makes it impossible to locally
refine in some area of the domain Y without (or just 'moderately’) changing the mesh in other
areas where the error may already be quite small. In a quasi-uniform setting, refinement is
always global, potentially leading to a case where a very fine mesh-size is 'wasted’ in parts of
the domain where the numerical approximation to the true solution had already been quite
accurate on a coarser grid. This is numerically a severe disadvantage and explains why in an

adaptive setting like ours one always does without such a condition.

We have now collected several geometric properties of triangulations. All these are important
for rigourously defining finite element spaces, the task we will turn to now.
2.3.2 Finite Element Spaces

Finite element (FE) spaces are essentially spaces of piecewise polynomial functions. Following

[19], Chapter 2, we define a finite element space V(7)) C Y in the ensuing way:

Definition 2.3.4 (Conforming FE Space). Let V be a Banach space, T a conforming tri-
angulation of a set ¥ C R? and m > 0. The FE space FES(T,P,,,V) equipped - unless
explicitly stated otherwise - with the norm ||-||y is then defined by

FES(T,P,,,V):={V eV : Vip eP, (T)VT € T}.

Here, P,,,(T') denotes the space of all polynomials up to degree m on a single element T, i.e.

Pn(T):=<peV : p(x1,z9,..2q4)|7 = Z agxflx?...xgd ,
|B|<m
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with multi-index B = (B, B2, ..., Ba) (B is a d-tupel of numbers in N U {0}).

We now give two examples of FE spaces which are the most important applications of the
theoretical framework of this thesis. They are the piecewise constant and piecewise linear

ones:

Example 2.3.5 (Py and P; FE spaces). Let Q be a bounded domain in R and T a triangu-
lation of €.

The space
FES(T, ]P’(),LQ(Q)) = {V S LQ(Q) : V‘T e Py VT € T}

consists of all functions V € La(Q)) which are constant on every element T € T .
The space
FES(T,P, H'(Q):={V e H'(Q) : VlrePLVT €T}

contains all H'(Q)-functions which are linear on every element T € T. Due to Theorem
2.1.1., [19], this space is identical to the finite element space defined by

FES(T,P,C(Q):={VeCQ) : VlpeP VT €T}.

We now want to apply this general setting to the optimal control problem (P), specifically,

we want to discretise it. This will be the subject of the next section.

2.3.3 Discretisation

To define a finite element discretisation for (P), we first have to introduce triangulations 7

and S of 2 and I respectively.

Let T now be a conforming, shape-regular triangulation of the domain 2 and S be a con-
forming, shape-regular one of I'.

To these initial triangulations 7 and S we assign the index k = 0, i.e
T="Tye S§=:5.

We now assume that a sequence of conforming and shape-regular 7T, and Sy is generated,
starting with the initial triangulation by a suitable refinement algorithm - in Section 2.3.5 we
will clarify the notion of ’suitability’ and give examples of methods producing such sequences
of triangulations.

Having introduced the sequences of triangulations 7 and Sk, we can now proceed to define

the discrete counterparts to the control space U and state space Y:

Definition 2.3.6 (the spaces Uy and Yy). Let m,n,k € NU{0} and Ty, and Sy be conforming
and shape-regular triangulations of 0 and I' respectively. Then Uy is either defined as the
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finite element space

Uy, = Uyp(Sy) := FES(Sk, Py, U),

which is the full discretisation approach, or it is the entire space U, i.e.
U = Uy,

which is the variational discretisation technique.

The space Yy, is in both cases defined as
Yi = Yi(Tx) := FES(T;, P, Y).

Remark 2.3.7. The choice U, = U in Definition 2.3.6 is the variational discretisation
approach pioneered in [44]. Occasionally, in this thesis, we will refer to it and add some

explanatory comments.
For the state constraint we define another discrete space Vi:

Definition 2.3.8. The space Vy, is either the space Y, equipped with the norm H-||L2(Q7Rm),

in short
Vi = (Y, [Ill £, ,rm))-
or - mirroring the variational discretisation approach - the entire space Lo(2,R™), i.e.
Vi = La2(Q,R™).

equipped with the Lo(2, R™)-norm.

Having introduced the discrete spaces Uy, Y and Vi, we can now define a discretisation of

(P):

o3 1V il + SR
S.t.
BY,W| = (U W)y YW €Y, (Py)
and
U e Uy
Iy =Y € Cy,,

At this stage, we want to stress that on the discrete level we treat the cone C' w.r.t the
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topology of the space V. In terms of sets we still have
Wely,=Wel (2.3.2)

After all, roughly speaking, we do not change the set C' just the topology.
However, for the polar cone C’gk things are different. Let us first observe that

Cy,

p

{m EVE (b W)viw, <OVIV € ka} —{F eV : (FW)<0YW e Cy,}
(2.3.3)

The latter equality is due to the fact that Vj is a Hilbert space itself with the norm ||-|| and

associated scalar product (-,-). However in contrast to (2.3.2)
FeCy,#FecC,

if Vi, # La(2,R™).
This is important to bear in mind for out future analysis. To conclude these remarks about

the conce Cy,, let us another short one:

Remark 2.3.9. Especially for higher order finite elements it can be helpful to dispense with
the assumption that Cy, C C. The reason for this lies in the fact that pointwise a.e. con-
straints for quadratic or cubic polynomials are hard to verify due to oscillation. In this setting

state constraints could e.g. be transferred to formulations of the type

1

CVk:{VEYk : m

/VdTZO,VTGE}.
T

Let us therefore remark that the results of this thesis remain valid even if Cy, ¢ C as long as

the approximation is consistent, i.e.
Vi € CVk7Vk — v n LQ(Q,Rm),k —oo=veCl.

In addition to the properties (Prl)-(Pr6) required of the continuous problem (P), we have to

list two more properties and make additional assumptions for the discrete problem (FP).

Property guaranteeing solvability of the equation B[Y, W] = (u, W)y
Pr7. The bilinear form B satisfies a stable inf — sup condition on Yy, i.e.

inf sup Bz, W] inf sup Bz, W]

zetswey, 121y IWlly — Weve zev, 121y Wiy ’
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compare e.g. [65], Section 3.1 Theorem 4 and Section 3.1.2.
This is equivalent to the fact that there exists a unique solution Y = Sipu € Y, for all
u € U of

BY,W]= (u, W)y YW € Yy

with S € £(U,Y) and
ISkully S llully (2.3.4)

independent of k. Due to inequality (2.3.4) and (Prl), in particular the embeddings, the
operator norm of S, is also uniformly bounded if interpreted as an operator Si : U — W
and Si : U — L2(Q,R™). As in the continuous case, we will not distinguish between
these nominally different operators, it being clear from the context which one we refer

to.

Properties of the operator I of the state constraint in (Py)

Pr8. I, is an operator defined on a dense subspace D of Y with the property that Iy. € Vi,
Iyye = ye in Lo (Q,R™) as k — oo and

”IkycH S ”ycH

independent of k.

To analyse convergence of the discrete solutions, we have to make the following assumptions:

Assumption ensuring existence of a bounded sequence of discrete solution of (Pj)

Al. There exists a bounded sequence {Uk}k>0 such that for some fixed N € N

UkEUzd = {UGUk U e Uy, Ikyc—SkUECVk} Vk > N.

Assumptions needed to analyse convergence of discrete solutions

A2. For the sequence of discrete spaces Uy, Y; and Vi, we assume that

——— 1 I I
v=u. L y=UYe . LaR™ =[]V,

k>0 k>0 k>0

This is tantamount to the associated mesh size functions for the triangulations S
and T, hs, ht,, see (2.3.1), converging to 0 pointwise almost everywhere in I' and 2

respectively, see [60], Lemma 4.3.

A3. {U} k>0 is a sequence of closed and convex subsets of U such that in U as k — oo

YuelUd dPyu € Uy st. Pou — u (2.3.5)
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and
U.eU,and U, ~u = uecl. (2.3.6)

A4. Similar to (2.3.5), for every w € C there exists Hyw € Vi, N Cy, such that as kK — oo

Hiyw — w in La(2,R™). (2.3.7)

We should explain the property (Pr7) as well as the technical assumptions (A1)-(A4):

e The stable inf — sup condition in (Pr7) ensures - among else - that the operator norm
1Sk || £(u,y) 18 uniformly bounded. This is crucial for proving convergence results of the

type SpUr — Su as Up — u and k — oo.

e (Al) - among else - safeguards that we are not optimising over the empty set, a neces-
sary condition. Besides, the existence of the bounded sequence {Uk} ensures that the
sequence of discrete solution stays bounded in U. The reader should note that almost
all constants in the estimates for discrete functions depend on the existence of

such a norm-bound for the sequence {ﬁk}

e (A3): In (2.3.5) we have assumed that basically every function u € U can be approxi-
mated by discrete functions Pru € U. At this stage we want to emphasise that these
functions do not have to fulfil the state constraint, i.e. in general I y. — SgPyu & C.
Provided (A2) holds, density always safeguards the existence of function Pyu € Uy such
that Pyu — w for all w € U. Thus, we have enforced the additional condition that these
functions also belong to Uy. In Section 2.4, we will give several examples of problems
for which this condition holds, the easiest case being &/ = U and U, = Uy.

Condition (2.3.6) guarantees that - in a sense - the closure w.r.t the weak topology of
the sequence of sets Uy is contained in . It is trivially fulfilled if U C U, for all k.

Again, we refer to Section 2.4 for some helpful examples.

e (A4) guarantees that every w € C can be approximated by a sequence of discrete
functions Hyw € Cy,, a property mirroring (A3). To the best of the authors’ knowledge
it is always fulfilled in case C' is given by pointwise inequality constraints, the most
important application for this theoretical framework. It is very technical to prove,
though, especially for higher order finite elements. Compare also Section 2.4 for some

examples of cases where it is fulfilled.

Before we move on, let us shortly record an important consequence of the Property (Pr7) and
Assumption (A2):

Theorem 2.3.10 (Convergence of Discrete Solutions). For every u € U we have Syu — Su
as k — oo in Y.
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Proof. First, we observe that the sequence {Siu} is uniformly bounded in Y thanks to (2.3.4).
Thus, there exists a weakly convergent subsequence with limit § € Y. Now, pick an arbitrary
w € Y. Due to (A2) there exists a sequence {Wj} with Wy, — w strongly in Y and W}, € Yy,

for all k. For the weakly convergent subsequence of {Syu} we can thus now conclude
B[Sku, Wi] — Bly,w], k — oc.
In addition, we have:

0 = B[Sku — Su, Wi| = B[Sxu, Wi| — B[Su, Wi| — By, w] — B[Su,w], k — oo
< B[Su,w| = By, w).
Since this result is valid for all w € Y, we immediately deduce § = Su due to uniqueness of
the solution Su.

Now, we realise that these deductions are true for every weakly convergent subsequence of

{Siu} with the limit Su being unique. Lemma 2.1.5 then gives the desired result. O

Naturally, one is interested in existence and uniqueness results for the discrete problems (Py)
and optimality conditions. The good news is that the results of Theorem 2.2.2 can be readily
transferred. First though, let us introduce the reduced formulation of (Py) similar to (2.2.1).
To this end, we define

1 v
fro: U 22U 3 1SkU — yall3y + 5 U5 -
The reduced formulation now reads:

min fr(U). (2.3.8)
Ueugd

Applying Theorem 2.2.1 to (2.3.8) yields:

Theorem 2.3.11. For every k there exists a unique solution Uy and corresponding state

Yy, = SpUi to (Py) satisfying the following necessary and sufficient optimality condition

(Py + vU, U — Up)y > 0 YU € U, (2.3.9)
where Py = S§(Yy — ya) with S; : W — U.
Furthermore, the sequences {(_]k}keN and {fk(l_]k)} are bounded independently of k, and any

weak limit @ of a subsequence of {Uk} fulfils

@ e Ud
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Proof. Assumption (Al) is assumed to hold. In particular, this implies that the discrete
admissible set Uzd is non-empty. Besides, fj is radially unbounded, strictly convex, bounded
from below and Fréchet differentiable, the arguments are exactly the same as for f, compare
the proof of Theorem 2.2.2. Thus, we can apply Theorem 2.2.1 with H = Uy, V = U%d
and g = f* to prove the existence of a unique solution for (P;) and the optimality condition
(2.3.9), where

0 < (Vfe(Ur),U = Up)u = (Si(Ye = ya) +vUx, U = Up)y VU € U,
—_—
—p,
Let us now turn to the remaining claims of the theorem.

To prove the boundedness property of the sequence {Uk we take advantage of (Al) and

}kEN’
optimality of Uy to estimate in the ensuing way:

_ 1. - _ _
5 Nl < 5 1% =l + 5 0[5 = 71T

Uk

IN

’ 2

1 A 2 v
Llsin—u +
2Hkk ydw+2

N

1 e 5 A
2 15lcwm [O6]|”+ el e [0, Do + sl + 5 [0

N

v ~ (12 ~
(L) |||+ il [0 + ally

In the second to last line, we took advantage of continuity of S; and Cauchy-Schwarz’ in-
equality and in the last line, we additionally employed Assumption (Pr7), specifically the fact
that [[Skllzqw) < 1 thanks to (2.3.4) and Y < W. This yields boundedness of both {U}

and { fk(Uk)} which completes the proof; after all, {Uk}keN is bounded by Assumption (Al).
Let us now turn to the question of the feasibility of the weak limit 4 of a convergent sub-
sequence of {Uk} w.l.o.g. - for the sake of convenience - not distinguished from the entire
sequence by notation.

First of all, the corresponding sequence of states Y is bounded thanks to (2.3.4). Since Y
is a Hilbert space, it possesses a weakly convergent subsequence Ykl with limit y. Fixing an
arbitrary v € Y, we choose a strongly convergent sequence {Vj,} C Y with Vi, € Y, whose

existence is ensured by the density Assumption (A2) and observe that
B[g,U] < B[Y/kla sz] = (Uk‘la Vkl)U — (,D“’ U)7 [ — o0

where we used strong convergence of V;, — v and weak convergence Y3 — ¢ in Y and continuity
of Bon Y x Y on the left-hand side and strong convergence Vi — v in U, due to Y — U,

(Prl), and weak convergence U, — % in U on the right-hand side.
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Hence, because v is an arbitrary element of Y
§ = St + Sy,Uy, = Yi,, | = 0 (2.3.10)

This is true for every subsequence of {Yk} with the limit Su being unique. Lemma 2.1.5
now guarantees that the entire sequence {Yk} converges to Su.

Using Assumption (A3), in particular (2.3.6), we obtain
U, 2 U, = ael.
First of all, thanks to (2.3.2) we have
Iwye — Y, € Cy, = Ly — Y € C, k — 0

Now, harnessing the fact that the convex cone C' is convex and closed and thus weakly closed,

we can conclude
Cohye—Yi —-ye—0=y.—Su€C, k— o0
As a consequence, we obtain
@ e U,
which completes the proof. d

At this stage, we do not delve into the question of existence of Lagrange multipliers for the
discrete problem or the reformulation of (2.3.9) as a projection equation as we did in the
continuous case. Instead, we will move on to the discrete counterparts of the continuous
regularised problem (P¢). This analysis will form a centrepiece of this thesis. In fact, as
already discussed in Section 2.2.3, these are the problems that are actually numerically solved,
since these are the problems that can be tackled by efficient optimisation algorithms. We will
present these regularised problems in the next section and also record several important

properties.

2.3.4 The Discrete Regularised Problems

The discrete counterparts to (P¢) are then defined in the following way:
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2 | Vg2 L P
- WO+ < v
veu i o H — Yallw + 2 1Ullg + 2 4l

s.t.
BlY,W]=(UW)y YW €Yy (P?)
and
UeclU
Iyye =Y — eV € Cy,,

First and foremost, we want to prove an existence and uniqueness result for (P7). Again,
as in the unregularised case, the existence and uniqueness result for the continuous case of
Theorem 2.2.12 readily finds its counterpart in the discrete case as the next theorem shows.
To apply those results, we first transform (Pf) into its reduced formulation by eliminating
the state with the help of the discrete solution operator Sg, cf. (Pr7). We define

1 v 1
fi U x Vi3 (U, V)~ 3 1SxU — yall3y + 5 U5 + % v
and the admissible set
U™ = {(U,V) €Uy, x Vi, = Iyye — SpU — €V € Oy, }

to put forward the reduced formulation for (FP;):

min  f(U,V). (2.3.11)
(U V)eus*

To this constrained strictly convex optimisation problem we can apply Theorem 2.2.1 to

obtain:

Theorem 2.3.12. For every k and every fized ¢, there exists a unique solution couple
(U, VE) € [Ui’ad of (Pg) and corresponding state Y = SpUf such that the following first-

order necessary and sufficient optimality condition is fulfilled:
(P; +vUL, U — Uf)y + - (Vk V-V >0 YU, V)eU™ (2.3.12)
k

with P, = S;(YE — ya)-
Furthermore, the sequence {Uk’T } . 1s bounded independently of € and k in U x
Ly (Q,R™).

Proof. Once again, we apply Theorem 2.2.1 to problem (2.3.11) to obtain existence of a
unique solution and the first-order optimality condition (2.3.12). We note that like f, f; is
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Fréchet-differentiable, radially unbounded, bounded from below and strictly convex. Besides,
Ui’ad is non-empty, because (Uy,0) € UZ’ad. Hence, we can take advantage of Theorem 2.2.1
with H =Ty, x Vi, V = [U,i’ad and g = f¥ to gain the existence of a unique solution and the
first order optimality condition (2.3.12), where

0 < (VAU Vi), (U = UL,V = Vi))uxra(@rm)

= (B + VUL U ~ Uiy + (V. V — V) ¥(U,V) € U5,
To derive the boundedness result for the sequence {U 3 %ng}keN, we first observe that
(U,0) € U, VU € U3
and hence
Fe(Ug Vi) < fio(T),

which in particular yields

2
V=12 1 - —
2 &l + H\/gVif < fr(Ur)
which thanks to the boundedness results of Theorem 2.3.11 implies the assertion. O

As we have already remarked, it is (Pf) that will be solved numerically not the unregularised
problem (Pg). That is why when we discuss an adaptive finite element method for the
discretisation of (P) it is natural that a lot of effort goes into studying the properties of the
discretised regularised problem (Pf): It will be the information extracted from its solution
which steers the adaptive algorithm, a brief introduction of which we will now given in the

next section.

2.3.5 The Different Modules of the AFEM

In this section, we will briefly discuss the four modules of the adaptive cycle in this state-
constrained optimal control setting. This section is not geared towards a rigorous mathemat-
ical analysis; rather, the goal is to give the reader an overview of what we aim for and what
we mean when discussing an adaptive algorithm.

To avoid certain technicalities, we assume that the spaces Uy and Y}, are defined on the same
triangulations, i.e. T = Sg.

First of all, let us recall the adaptive cycle:

SOLVE — ESTIMATE — MARK — REFINE
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In Chapter 4 and Chapter 5 we will derive an estimator which up to constants depending

solely on data (=£,yc,y4,...) provides the following upper bound:
10F — a5, < ™ + €X(UF, Vi) + €,(UE, V) (2.3.13)

with 0 < v < 1 determined by properties of the continuous problem, a parameter N which can
be choosen freely and expressions €, = € (Ug, V¥) and €, = &,(Ug, V) of which we assume
that we can compute them exactly (in truth, they are evaluated with numerical integration,
but we will not address the issues we face in this case in this thesis). Besides, we demand

that both €&, and &, can be localised in the following sense:

€= Y &)

TET:
€< ) )

s
TeTy

(2.3.14)

with element contributions e,(7") and es(7"). We observe that there is a < in the second line
in (2.3.14). Indeed, as we will find out in Chapter 5, we will pay for a localisation of & by
additional constants.

Furthermore, note that in (2.3.13) we estimate the distance between the solution of the
discrete regularised problem U;j and the true solution, because - as already explained before - it
is the discrete regularised problem (Pf) which is solved numerically and not the unregularised
one (Py). The reason for this is that only the regularised problem can be treated efficiently by
Newton-type methods, a behaviour which we have already explored on the continuous level
in Section 2.2.2 and Section 2.2.3.

We are now given a certain tolerance TOL > 0 and - for simplicity - assume that we fix N in
(2.3.13) in such a way that

TOL

YN
€ <
- 2

(2.3.15)

After these preliminaries we can now take a brief course through the different modules of our

adaptive algorithm.

e 'SOLVE’: In this module we solve (Pf). For the presentation of the algorithm that we
will use, we refer to Chapter 5. Here, it is important that upon completing this module,

we assume that we possess the ezact solution (Uf, Vi) of the problem (FP¥).

e 'ESTIMATE’: In this module, the error estimators ¢2 and &, as well as the element
contributions ¢,(7) and es(7") (compare (2.3.14)) are computed. If

€3+63§TTOL,
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we terminate the algorithm, because in view of (2.3.13) and (2.3.15) the current solution
Ug fulfills:

la - Uf||;, S TOL.
If not, we continue with 'MARK’.

'MARK’: In this step, a set of elements My C 7Ti is marked. As we will explain
in greater detail in Chapter 5, we will treat both local indicators E?(T) and E2(T)

separately with the help of a maximum strategy: First, let

e i=max{e,(T) : T € T}
eg ™ i=max{es(T) : T € Ty}

Given fixed parameters o,., 04 € [0, 1], the following set of elements will then be marked

for refinement
Mp={T €Ty : e,(T) > 0pe5** Ves(T) > o5e*}

One could also adapt different marking strategies (equidistribution strategy,...) to the
setting of (2.3.13).

"REFINE’: During this step the marked elements are refined. We demand of any refine-
ment algorithm that it generate a new conforming triangulation 7,1 and a sequence of
triangulations that is shape-regular, cf. Definition 2.3.2. In this thesis, we operate solely
in the context of bisectional refinement. One example of such a bisectional refine-
ment technique is the so-called recursive refinement, [51], another iterative refinement,
see e.g. [5], compare also [65], Section 4.3. We do not go into great detail here, because
it would impede the cogent presentation of the results of this thesis. Let us merely men-
tion that in the process of refinement not only the questions of shape-regularity and
conformity have to be settled, it is also crucial that the algorithm addresses the question
of refinement staying local. As the image below demonstrates, a conforming closure ul-
timately leads to refinement of possibly unmarked neighbouring elements indicated by
the dotted line:
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Figure 2.1: Conforming Closure

However, this necessary overhead needs to be limited in a way that assures that lo-
cal refinement and ensuing conforming closure do not spill over into an almost global
refinement obliterating the advantages of the adaptive finite element method. In [51],
Theorem 2, it is shown that for the recursive refinement algorithm an appropriate bound
safeguarding against such an effect can be obtained.

As a final note, let us also mention that there are of course other refinement techniques

apart from bisectional refinement.

Having sketched the different modules of the AFEM, we can now present some examples
which fit the abstract setting of Sections 2.2.1 and 2.3.3.

2.4 Examples

In this section, we will present several applications that fit into the framework of the preceding
sections, i.e applications for which the Properties (Prl)-(Pr6) and the Properties (Pr7)-(Pr8)
as well as Assumptions (A1)-(A4) are fulfilled.

2.4.1 Distributed Elliptic Optimal Control Problems

Let us introduce the following elliptic optimal control problem with distributed control:
“€L2(f%ljyléH1(Q); Iy = vallw + %H“H%z(m
s.t.
~div(A-Vy) + ey =u inQ
y=0 in 00 (2.4.1)
and

a<wu<bae. in )

Ye—y <0 a.e. in
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Here Q is a bounded domain in R? which is assumed to be meshable, compare Definition
2.3.2. Besides, W = Ly(Q2) or W = H'(Q). U is chosen as Lo(2). Besides, let y; € W and
ye € W, (), p>d.

In addition, a,b € RU {—o00, +o0} and

U={uec L) : a<u<bae. in Q}.

C' is the following cone:
C={feLly) : f<0ae. in N}.

Following [36], Chapter 8, we make the following assumptions for the mappings A and c:

A€ Loo(2,R™)
¢ € Loo(Q)

Besides, we demand that there exist A > 0 such that
nt A(x)n > An|? fa.a. zeQ, ¥neR? (2.4.2)

and that there hold
c>0a.e. in . (2.4.3)

The bilinear form B of (Pr2) is given by

B: HY(Q) x Q) 5 (y,w) — /Avy Vwdf € R.
Q

The state equation then reads

/AVy VuwdQ = /uw dQ Vw € H'(9). (2.4.4)
Q Q

In the next theorem, we want to collect some properties of the bilinear form B, which will

turn out to be very valuable in demonstrating that (2.4.4) is uniquely solvable

Theorem 2.4.1. The bilinear form B is continuous on H'(Q) x H'(Q), i.e.
1Bly, w]| < Al raxay [yl (@) lw]E1(0)
and coercive: For some a > 0, there holds

Blw, w] > a|w\%]1(m.
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Proof. First of all, Theorem 2, Chapter 6 in [31], yields the continuity of the bilinear form
B. To prove that B is coercive, we use (2.4.2) and the fact that ¢ > 0 a.e, compare (2.4.3) to

conclude that
A |w\§{1(9) < /AVU} - Vw d)
Q

< Blw, w].

Corollary 2.1.21 now yields the inf — sup condition of (Pr2).
Having collected the properties of B, we are now in the position to prove that problem (2.4.1)

possesses the Properties (Prl)-(Pr5):

Theorem 2.4.2 (elliptic model problem). Suppose (2.4.1) is given and the conditions listed
above hold. Then Properties (Prl)-(Prb) are fulfilled.

Proof. 1t is clear that the spaces U = La(€), W = Lo(Q) or W = HY(Q) and Y = H(Q) fit
the prerequisites of (Prl). Let us therefore immediately turn to (Pr2).

Theorem 2.1.20 and Corollary 2.1.21 now ensure that there exists a unique weak solution to
(2.4.4), fulfilling Property (Pr2); in particular, the solution operator S maps L2(2) continu-
ously to H'(€2). The cone C of functions in Ly(£) which are non-positive on €2, is a convex
and closed cone. The convexity property is straightforward. For the closedness property,
choose {f,} C C with f, — f in Ly(€2). As a consequence, there exists a subsequence { fy, }
which converges pointwise almost everywhere to f in 2, see e.g. [39], Theorem 11.31, in com-
bination with Theorem 11.26. Since fp, () < 0 pointwise almost everyhwere on €2, pointwise
a.e convergence implies f(z) < 0 for almost all x € Q. Thus, (Pr4) is also fulfilled.

The same argument can be made to prove closedness of the set Uf. Convexity of U is straight-
forward; thus, all in all, U satisifies (Pr3). Since yq € W and y. € W, (Q) € H'(Q), p > d,
(Pr5) is fulfilled, too. 0

Before we turn to a discretisation approach for (2.4.1), let us briefly go into the question
whether (Pr6) is fulfilled: First of all, we want to point out that there is no general way
to ensure that there exist feasible points for (2.4.1). However, there are certain cases where
(Pr6) is satisfied, most of which hinge on the application of maximum principles for elliptic
equations. Sometimes it is also possible to explicitly construct feasible points. In the following

remark, we will present one case where (Pr6) is fulfilled:

Remark 2.4.3. Let us suppose that b > 0 and y. < 0 a.e. in Q. Then there exist feasible
points for (2.4.1). The reason for this is the fact that w > 0 implies Su > 0. This is

a consequence of well-known mazimum principles for elliptic equations, compare e.qg. [67],
Chapter 5.
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Let us now verify whether the Assumptions (Pr7)-(A4) are fulfilled for the discretisation we
are now going to consider. For Ui we choose piecewise polynomials of up to degree [ > 0
defined on a sequence of shape-regular, conforming triangulations 7 of €2, compare Definition
2.3.4 and Example 2.3.5:

Uy, = FES(T, Py, L2(2))

For Y} we choose the space of H! (©)-conforming piecewise polynomials of up to degree m > 1,
ie.
Yy = FES(75, P, H'(Q)) (2.4.5)

For V;, we choose
Vie = (Y, |l £, 0)) (2.4.6)
The admissible set U}, is defined by
U, ={U U, : a<U <bae. in Q}.

For the operator Ij in (Pr8), we choose any of the Clément, Scott-Zhang or nodal interpolant.
For a definition of these interpolants and further information, we refer e.g. to [20], Chapter
2, Section 6, [75], [30], Section 1.6. An alternative approach would be to just take the best-
approximation of y. in Y.

The state equation on the discrete level is then given by
/AVY VW 1 dQ = /UW dQ) YW € Y. (2.4.7)
Q Q

If we use this discretisation scheme, then Properties (Pr7), (Pr8) and Assumptions (A2)-(A4)
are fulfilled. This is the subject of the next theorem.

Theorem 2.4.4. For the discretisation setting detailed above, (Pr7),(Pr8) and (A2)-(A4) are
fulfilled.

Proof. Let us tackle (Pr7) first: At this stage, we want to refer to Corollary 2.1.22, which
ensures that (Pr7) is fulfilled, since Y € H(Q) is a closed subspace of H* ().

By continuing refinement and letting the mesh-size tend to 0 we ensure that (A2) is fullfilled.

Let us check (A3) now. First of all, let us observe that the La-projection of a function u € U
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on the space of piecewise constant functions (compare Example 2.3.5) defined by

/(Pku — U)W dQ=0VW € FES(E,IP)(), LQ(Q))
Q

belongs to Ug. We can now choose for all T € T, V = T% and obtain (observe that Pyu is

constant on every element 7)

1
Pku|T—m/udT VT € Ty..
T

Since a < u < b, so

and thus
aSPku\Tgb VTGE,

which leads to ¢ < Pyu < b and thus Pou € U. Pgu is the best-approximation of w in
FES(L2(Q2),Pg, Tx); hence, the density relation (A2) allows us to conclude that Pyu — u for
all u € U. Thus, Assumption (2.3.5) is satisfied. Assumption (2.3.6) is also fulfilled, since the

set U is convex and closed in U and, as a consequence, weakly closed, and there holds:
U, CU.

To show that (Pr8) is fulfilled, we employ standard interpolation results, e.g. [14], Theorem
4.4.4., and more generally [20], Theorems 16.1 and 16.2, which yield stability, i.e.

I kyell S Nlyell

with the constant depending - among else - on the shape regularity of 7, and the following

estimates

ai-1)
lve = Inyel gy < Z hp® 7 |yC|W£(T)
TET,

S Z th_](cp/Qfl)DO{yc
la|=1

Lp()

where h7;, is the local mesh-size function of the triangulation 7. Here, we took advantage

of the higher regularity of WI}(Q) Density, cf. (A2), then yields pointwise a.e. convergence
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of hy, — 0 and, thus, since |[h7 ||, < 1, where the constant solely depends on the initial
mesh-size, an application of the dominated convergence theorem, compare [85], Theorem 5.36,

yields:
hy, =0 in L,(2) V1 <p < o0.

Using Holder’s inequality, we can then deduce that

d(p/2—1) Ha
> |rgE Doy

|laf=1

—0
Ly ()

and thus I3y. — y. in H(Q2) (and Hl(Q)) and hence, in particular, I3y, — y. in La(Q).

Lastly, let us investigate (A4). For the operator Hy demanded by (A4), we use a positivity
preserving finite element approximation described in [64]. In general, such an operator does
not give an optimal approximation rate, but in our case it is enough that Hyw — w for all

w € Lo(2) which is ensured by the operator given in [64]. This completes the proof. O

Let us conclude this section with some remarks on the question of whether (A1) is fulfilled:
As in the continuous case, generally it is not clear a priori that the discrete admissible set
U%d is non-empty. If it were, though, the existence of the bounded sequence {Uk} would
immediately be ensured, since for any feasbile point U € Uzd we have a < U < b.

In certain special cases, this non-emptiness is ensured by additional properties of the mesh
and the solution operator. One is similar to Remark 2.4.3, namely if a maximum principle
holds for the discrete solution operator Sk, then the setting of Remark 2.4.3 can immediately
be transferred to the discrete case. For further reading regarding the conditions that need
to be satisfied for the discrete maximum principle to hold, we refer to [21] and [57] . The
second case that we want to mention here is strongly related to L., (€2)-convergence of the

states Syu — Swu for all u € U. The convergence is given in terms of the mesh size,
1Su = Skull,_ ) S hy 7 >0,

where the sequence of triangulations has to be uniform, compare Definition 2.3.3. Provided
condition (2.2.12) holds, there are ways to prove that for sufficiently fine meshes (Al) is
fulfilled compare [69], Remark 3.1.

S. Steinig AFEM for State-Constrained Optimal Control



76 CHAPTER 2. GENERAL FRAMEWORK

2.4.2 Neumann Elliptic Optimal Control Problems

My second example is a Neumann elliptic optimal control problem with pointwise state con-
straints. We consider the following model problem
ennin Syl + 1l a0
s.t.
—Ay+y=0 in Q
Ony =u on 0f) (2.4.8)
and

a<u<ba.e. in o

Ye—y <0 a.e. in

Here, U = Ly(09). The set U is defined by:
U:={ue Ly(0) : a<u<b}, a,b e RU{—00,00}
Ye € I/Vp1 (Q), p > d, and the state constraint is given by
Ye —y < 0a.e. in .
The cone C'is given by
C:={feLly) : f(z) <0faa. xe€Q}.

As in the previous section, we first want to check whether the properties of the continuous
problem, Properties (Prl)-(Pr6), are fulfilled. Evidently, the setting of (2.4.8) satisfies (Prl),
since Ly(02) — H'(Q)*, so we immediately turn to (Pr2). To check whether there exists a

unique solution to the state equation in (2.4.8) we first define the weak formulation:

/Vy-deQ—f—/ywdQ:/uv doQ Yw € H'(Q) (2.4.9)
Q Q o0

This variational formulation is well-defined, since functions belonging to H*(£2) possess bound-
ary values in the sense of traces, compare Theorem 2.1.31. That is why using the embedding
operator E : Ly(0) — H'(Q)*, we can ensure that the right-hand side in (2.4.9) defines a
functional on H'(Q) by virtue of:

(Bu, w) gy g1 = /uw dos).
onN
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The next theorem now ensures that the state equation in 2.4.8 possess a unique solution

depending continuously on the data:
Theorem 2.4.5. The bilinear form given by the left-hand side in (2.4.9)
By, w] = /Vy-deQ+/ywdQ
Q Q

is continuous and coercive on H1(Q) x HY(Q), i.e.
Bly: w]l S 19l ) 1wl o) »
and there exists an a > 0 such that
Blw,w] > o ||w[|F1 g -

Thus, for every u € La(0Y) there exists a unique solution y = Su to (2.4.9) with

1Sull g1y S llullr,00) -

Proof. Continuity of B is a consequence of a straightfoward application of Cauchy-Schwarz’s
inequality. The equation

Blw,w] = |w]|}1 g

immediately yields coercivity.
An application of Corollary 2.1.21 yields the inf —sup condition of B and thus ensures that
(2.4.9) is uniquely solvable with the solution depending continuously on the data. O

The next theorem states that (Prl)-(Pr5) are fulfilled:
Theorem 2.4.6. Let (2.4.8) be given. Then Properties (Prl)-(Pr5) are fulfilled

Proof. That (Prl) is fulfilled is evident, (Pr2) being satisfied is a consequence of Theorem
2.4.5. (Pr3), (Pr4) and (Pr5) hold too, in the case of (Pr3) and (Pr4) the proof of Theorem
2.4.2 can be readily adapted, while (Pr5) is clear from the problem setting. O

(Pr6) can only be checked a priori in certain special cases. This problem has already been
discussed in the previous section; that’s why we move on to a possible way to discretise
(2.4.8). Since the discretisation of U = Ly (0€2) requires a discretisation of space defined on
the boundary 02, things are a bit more technical compared to the distributed control case
of the previous section. Therefore, we will focus on Pg-elements for the control and H'()-
conforming Pi-elements for the state. In addition, we choose Vi as in the distributed case,

compare (2.4.6).
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We start with a sequence of shape-regular and conforming triangulations 7j, of Q with hy;, — 0.
The space Yy, is then defined completely analogously to (2.4.5) with n = 1.
To define Uy, we first examine the skeleton S of T,

Se= | or
TeT

However, we are not interested in the entire skeleton, but only in the segments lying on the
boundary. Thus, we define the following triangulation S of 92, where 92 is now viewed as
a d — 1 dimensional domain so that the notions of Definition 2.3.2 and Definition 2.3.4 are

immediately transferable:

Se=J snoq.
SGS';C

At this stage, we want to point out that such a definition is only possible if §2 is meshable, cf

Definition 2.3.2. Having defined a triangulation of 92, we can now proceed to define Uy:
Uy = FES(Sk, Po, L2(09)).

Compare also Definition 2.3.4 and Example 2.3.5.
The set U}, is given by

Uy, :={U €Uy : a<U < b}
and as in the case of the distributed control of the previous section, we observe that
U, CU.

The discretised state equation reads

/VY-VWdQ%—/YWsz/UWd@QVWEYk.
Q Q [2/9]

The state constraint on the continuous level finds its counterpart on the discrete level with
Iy — Y <0,

For the operator I, the definitions and arguments of the previous section can be immediately
transferred to this setting. Having introduced a discretisation, we can now turn to verifying
the Properties (Pr7),(Pr8) and (A2)-(A4), which is done in the ensuing theorem:

Theorem 2.4.7. For the discretisation setting defined above, the Properties (Pr7),(Pr8) and
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Assumptions (A2)-(A4) hold.

Proof. To verify Property (Pr7), we first observe that the continuity and coercivity results of
Theorem 2.4.5 are inherited by the discrete space pairing Yz x Y. As detailed in the proof of
Theorem 2.4.4, the bilinear form B is inf — sup stable on Y x Yy, which yields the existence
of a discrete solution operator Sy with all the properties demanded in (Pr7).

Due to mesh size function for 7, ht,, tending to 0 almost everywhere in €2 as k — oo we

have

—
v={Jv. " @)=V

k>0 k>0

For Uy, things are not immediately clear, because Uy, is just defined on the boundary. However,
shape regularity ensures that for the d— 1-dimensional Hausdorff measure |S|4—1 of any S € Sk

contained in an element T € T we have up to constants independent of &k

d—1

|Sla—1 =TT = hy(2) T, ¢ €T

Since h7, — 0 as k — oo a.e., we also have that [S|q_; — 0 for all S € S} as k — oo. This in

turn ensures that

——— 1l (00
U:UUk .
k>0

Thus, Assumption (A2) holds.

To realise that (A3) is fulfilled, the arguments from Theorem 2.4.4 can be immediately trans-
ferred, the same holds for (Pr8).

To realise that (A4) is fulfilled, we again employ the positivity preserving finite element of
[64). 0

As in the case of the distributed control setting of the previous section, it is only clear in
certain special cases whether (A1) is fulfilled. We do not want to list them again here, so
we just refer to the discussion of said previous section. For maximum principles for elliptic

equations with Neumann data, we refer to [15].
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2.4.3 Stationary Stokes Model Problem

We now want to depart from the elliptic setting of the previous two sections and present

another application: the control of a stationary Stokes model problem:

. 1 9 v 9
Lo @ (I (R Lo o() 2 1€y, 2) = yallw + 5 l1ullZ, 0 ra)
s.t.
—Ay+Vp=u in
divy =0 (2.4.10)
y=0 in 092
and

pe —p <0 a.e. in

In this setting Y = W = H'(Q,R?) x Ly (1), where

LQ@(Q) = 4qpEcE LQ(Q) : /p dQ=20
Q

is the space of Lo-functions with zero mean value.
Here, we picked a setting where there are no constraints on the control and the velocity v,

though both can be included, too. Hence,
U = Ly(Q,RY)

and (Pr3) is trivially satisfied.
However, there is a constraint on the pressure p. The cone C here again is the cone of

non-positive function in Ly(2) given by
C:={fely) : f(z) <0fa.a. ze€Q},

which fulfils (Pr4). Besides, we assume that p. € W, (), p > d. Defining the bilinear forms

a: H'(Q,RY x H(Q,RY) 5 (w, 2) r—)/Vw : VzdQ e R,
Q

where, in a slight abuse of notation,

d
Vw:Vz .= vai -Vz;,
=1
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and

b: Lyo(Q) x HY(Q) 3 (q,w) — /diqudQ,
Q

we can specify B:Y x Y — R in (Pr2), which is given by
Bly, w] := afyr, w1] + blyz, wi] + blwa, y1] (2.4.11)
with
y = (y1,92) € H'(Q,RY) x Lag(Q), w = (wi,ws) € H'(Q,RY) x Lyo(Q).
The right-hand side in the state equation in (2.4.10) is defined by:

(u, W) (R = /u cwdQ w e HY(Q,RY)
Q

The next theorem states that (Pr2) holds. A proof can be found in [13], Section 6, in particular
Remark 6.5, and for general saddle point problems, we refer to [65], Section 2.4.2.

Theorem 2.4.8. For every u € Lo(Q,RY), there exists a unique weak solution (y,p) = Su to
the state equation in (2.4.10) with

(||Z/H12L11(Q,Rd) + HPH%(Q))U2 S ||u||L2(Q,Rd) :

Since there are no control constraints in (2.4.10), it is not difficult to construct a feasible
point. One starts with choosing a smooth p such that p > p.. Then picking a smooth velocity
field y satisfying divy = 0 and y = 0 on 0f2, one can simply set

u=Ay—Vp
in the classical sense. This u is a feasible point. Hence (Pr6) holds.

Discretising the stationary Stokes problem, one has to be careful to obtain a disretisation
scheme that fulfils the stable inf —sup condition of (Pr7). As it turns out, the straightfor-
ward P; elements of the previous two sections for the velocity field coupled with piecewise
constant elements for the pressure do not satisfy this stability conditon, see. e.g. [11], Sec-
tion 2.1. Thus, it is crucial that one turns to other, stable methods; one of which is the

Taylor-Hood-Element, see e.g. [13], Section 7, and [84]. For a conforming and shape-regular
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sequence of triangulations 7 of §2, we define
W), := FES(T, P2, C(Q, RY) N HY(,RY))
and
Qp := FES(7;,,P1,C(2) N L2n(92))

and

Y. = Wi x Q.
For the space U, we choose
Uy = Wy.
Consequently,
Uy, = Ug.

Indeed other choices are possible for the discretisation of the control u (piecewise constant,
piecewise linear, etc..), since for Ur we do not have to take into account any stability issues
as for the state.

Against the backdrop (2.4.11), the variational formulation of the state equation in (2.4.10)

reads
B[K W] = (U, W)LQ(QRd) YW = (Wl,W2> eY,, Y= (}/I,YQ) € Y. (2.4.12)

For the proof of the stable inf — sup condition, we again refer to [84]. We will summarise this

result in the next theorem:

Theorem 2.4.9. For every U € Uy, there ezists a unique solution (Y1,Y2) =Y = SiU such
that

||Y||H1(Q7Rd)><L27O(Q) 5 HU||L2(Q7Rd) )

where the hidden constant is independent of k. Hence, for this discretisation setting, Property

(Pr7) holds.
Let us now verify the other properties and assumptions for this discretisation scheme:

Theorem 2.4.10. For the discretisation scheme detailed above, the Property (Pr8) and As-
sumptions (A2)-(A4) are satisfied.
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Proof. By continuing refinement and letting the mesh-size tend to 0 we ensure that (A2) is
fulfilled.

The density relation (A2) for the sequence of discrete spaces Uy ensures that (A3) is fulfilled.
For P, one can just take the best-approximation of an arbitrary function u € Lo(€,R?) in
Ug.

For the definition of an appropriate operator Ixp. fulfilling (Pr8), we refer to the previous
sections, especially to the proof of Theorem 2.4.2.

Theorem 2.4.9 ensures that (Pr7) holds. For (A4) we again refer to the positivity preserving

finite element approximation of [64]. O

For the verification of (A1), we again refer to the discussions of the previous sections on the

same matter.
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Chapter 3

A Basic Convergence Result

In this chapter, we will prove a basic convergence result for the sequence of discrete solutions
Uy of (Py). In essence, this result states, without the assumption of any additional regularity
for the bilinear form B in (P) and the sequence of triangulation 7, that given a certain

condition
U, — i,k — ooin U,

where 4 denotes the solution to (P). This condition will turn out to be both necessary
and sufficient for convergence, i.e. in this chapter we derive an exact characterisation of
convergence Uj, — 1 as k — 00.

The first question one has to ask is: What is the worth of such a ’low-regularity’ convergence
result? To answer this question, let us first recall the density assumption we made for the

sequence of discrete spaces, in particular the one for Uy, (A2):

1l
u=Ju, . (3.0.1)
k>0

Now, let us also once again state the adaptive cycle:
SOLVE — ESTIMATE — MARK — REFINE

Basically, (A2) and (3.0.1) imply that we continue to refine according to our estimator, mark-
ing and refinement strategy, cf Section 2.3.5, - the '"ESTIMATE’, '"MARK’ and 'REFINE’
modules. We now pose the natural question whether this process of continuing refinement
actually gets us any closer to the true solution @. This, however, is only guaranteed if we
know that Uy — @, otherwise we could refine and refine and still would not get any closer to
the true solution. This means that without convergence Uj, — % continuing refinement may

become completely pointless making such a basic convergence result an absolutely necessary

84



85 CHAPTER 3. A BASIC CONVERGENCE RESULT

ingredient for a working adaptive algorithm.

The key obstacle we now face is that convergence U, — @ should remain valid regardless of
how we continue to refine our mesh. After all, the hallmark of an adaptive algorithm precisely
is that one does not know a priori how the mesh looks like at iterate k, because information
from the discrete solution is a posteriori extracted to guide refinement in a problem-dependent
manner. That is why one is for better or for worse confined to using solely density informa-
tion, such as (A2) and (3.0.1), and properties of the discrete problem (Pj) which are ensured
irrespective of regularity properties of the mesh, such as quasi-uniformity, cf Definition 2.3.3.
This is the fundamental difference to the convergence results for state-constrained optimal
control problems which have already been proven, e.g. [16],[26],[25], [59], [69] and [24]. Here,

quasi-uniformity was assumed a priori.

Having made these introductory remarks, we can now turn to the actual results of this sec-
tion:

The condition for convergence we briefly mentioned before is given in terms of a smoothness
property of the sequence of continuous and discrete regularised problems. Therefore, we will
proceed as follows: First, we will prove major properties of the continuous and discrete regu-
larised problems. Next, we will prove a theorem linking the question of convergence U, —
to a smoothness property of the regularised problems. To conclude this section, we will derive
a necessary and sufficient condition for which this smoothness property holds and prove the

central convergence result of this section.

Before we tackle the convergent results, let us list three technical lemmata, which we will

often make use of throughout this chapter:

3.1 Three Auxiliary Results

The first lemma provides a way to make the step from weak to strong convergence:

Lemma 3.1.1. Suppose H;, i = 1,..,n, are Hilbert spaces and

1s the product space with norm

2 \1/2
)2

lglly = eillg'|
=1

S. Steinig AFEM for State-Constrained Optimal Control



86 CHAPTER 3. A BASIC CONVERGENCE RESULT

with a; > 0 for all i = 1,...n. Suppose further that the sequence {gr} C H fulfils

gr = (gi, o gp) — (gl, wg") =g, k—>o0in H

and
el = [|(ghs g3 = ([ (g g™ |5 = Nlglly & — ox.
Then
9k = (Ghs - g8) = (9" ") =g, k = 00 in H
and

g,i — ¢', k — oo, in H;, Vi
Proof. Since g, — g and ||gx||3; — |lg||% as k — oo, we can estimate in the following fashion
n
5 , o 4
lgx = gll% = culg. — ' 9k — '),
i=1

= ail|lgl
=1

= lgkll3; — 2(gx, 9)mr + llgll7
— 0, k— oc.

.~ 29 gm + o)

Since g — g implies gt — ¢ for all i = 1,...,n as k — oo, we can conclude this proof. O

The second lemma of this section offers a way to deduce convergence of a sum of sequences

of real numbers from the convergence of the entire sum. The proof is trivial.

Lemma 3.1.2. Suppose that {xy} and {yr} are sequences of real numbers. Furthermore,

suppose that yr — v,

lim (zp +yx) =x+y
k—oco

and

liminf z; > x.
k—o0
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Then

lim z, = .
k—o00

The third and last lemma deals with weak convergence of discrete states:

Lemma 3.1.3. Suppose the sequence {Uy} with Uy € Uy converges weakly to u € U, i.e.
Ui — u. Then, we also have SpUp, — Su in Y.

Proof. First of all, we observe that thanks to (A2) we have for every v € Y a sequence {Vj}
with Vi € Yy and Vi, — v strongly in Y as k — oo. Besides, since

1SkUklly S 1Uklly »

compare our stability assumption (Pr7), the sequence {SxU} is bounded in Y. After all,
{Us} is bounded, because it is weakly convergent. Thus, we can pick a subsequence {Sj, Uy, }
which is weakly convergent to an element ¢ € Y. Basically, we now have to show that § = Su:

Taking the previously introduced sequence {Vj}, we can conclude
By, v] < B[SkUk,, Vi,] = (Uk,, Vi Ju = (u, v)u, I = 00

Here we used strong convergence of Vi — v as well as weak convergence Uy, — u and

Sk, Uk, — 7 as | — oo. Consequently, because v € Y is arbitrary, we have
Bly,v] = (u,v)y Vv € Y.

This is tantamount to § = Su. However, as yet, we only have convergence of a subsequence
Sk, U, — Su, | — oo. To extend convergence to the entire sequence, we again take advantage
of the fact that the limit Sw is unique. Hence, harnessing the property that every weakly
convergent subsequence of {S;Uy} converges to the same limit Su we deduce weak convergence
for the entire sequence {SyUx} as k — oo with limit Su, compare again the arguments of
Lemma 2.1.5. 0

3.2 Properties of the Regularised Problems

We will start by listing and proving a number of important properties of the continuous

regularised problem (P?).
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3.2.1 The Continuous Regularised Problem

First, let us recall the continuous regularised problem:
ey ol = vl + gl + o [0l 0
s.t.
Bly,w] = (u,w)y YweY
and
uelu

Yye—y—eveC

For the continuous regularised and unregularised problems, we define an optimal value func-
tion a linking both, which - as the reader will find out later - will play a central role in deriving
and formulating conditions for the convergence of U, — .

The optimal value function a : [0,1] — R2? is given by:

€)= i *(u,v), € >0
a(e) (u’vr)ne%lwdf (u; v)

and
a(0) :== min f(u)

uelad
Naturally, we are interested in the properties of this function, the most important of which

are recorded in the theorem below:

Theorem 3.2.1 (properties of the optimal value function). The optimal value function a is
uniformly bounded, i.e. a(e) < C for all € € [0,1] with C independent of €, continuous and

monotonically decreasing on [0, 1]. Besides, for every e € [0,1] we have as e, — &:
(@, 0%k, g%%) — (a%,0%,9°) in U x La(Q,R™) x Y Ve € [0,1], e — ¢ (3.2.1)

with the convention that v° := 0.

It is differentiable on (0,1) with the derivative o’ () given by

3

/ —c12
d(e) = 55 ]

Furthermore, a is an element of the Sobolev space Wi (0,1).

The proof is rather lengthy and technical, therefore we will split it into several lemmata in

the following way:

e boundedness of a on [0, 1], continuity of a on (0, 1] and relation (3.2.1) on (0, 1], Lemma
3.2.2
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e continuity of a at 0 and relation (3.2.1) at 0, Lemma 3.2.3
e differentiability of @ on (0,1) and a € W{(0,1), Lemma 3.2.4

The lemmata Lemma 3.2.2, 3.2.3 and 3.2.4 below combined will then give Theorem 3.2.1.

We will tackle the proof of continuity of a on (0, 1] and the uniform boundedness of a first:

Lemma 3.2.2 (continuity of a). The optimal value function a is continuous on (0,1] and

uniformly bounded on [0,1]. Besides, for every ¢ € (0,1] we have as e — &:
(@, o%%, %) — (@€, 0%, ) in U x Ly(Q,R™) x Y, e, — e.
Proof. We observe that there holds
a(e) <a(0) Ve € 0,1], (3.2.2)

because (a,0) € U4,

This is the uniform boundedness property postulated in Theorem 3.2.1 and Lemma 3.2.2.
Let us now tackle continuity of a on (0, 1]: Taking an arbitrary point € € (0, 1) and a sequence
{ex} € (0,1) with e — &, we can use (3.2.2) to deduce

a(gk) < a(O) Vk,
which, in particular, yields
Vg2 L aen2
5 1@l %r 1297 < a(0).

Thus, there exists a weakly convergent subsequence of {(u®*, v°%)} in Ux Lo (€2, R™) with weak
limit (@, ). For notational convenience we will not distinguish between the subsequence and
the sequence. Later, we will show that in fact this can be done w.l.o.g.

The proof now takes the following steps:
1. Show (@,d) € U=,
2. Deduce (u,?) = (uf,v%)

3. Prove strong convergence for the entire sequence: (u®+,v°F) — (u°,7%) as ¢ — €.

Step 1: Let us now show that (@, ) € U®%: For the weak limit @& we know that @ € U,
because {u°*} C U and U is weakly closed. We also have that Suj — St (weak continuity of

S) and because C' is weakly closed, too, we realise that
Coye— Su* —ep o™t = y.—Su—ecveC, g — ¢,

Consequently, @ € U and y. — S — © € C, hence (@, 0) € U,
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Step 2: (u,v) = (u®,v°): We now know that

1 2 v 2 1 2
1y, )y, = (5 [yl + 5 llully + 5 1ol )12

defines a Hilbert space norm on W x U x Ly (€2, R™) which is equivalent to the canonical norm

given by

2 2 2
1 s 0) g Loy = (1Yl -+l + oll*)'72.

Harnessing weak lower semi-continuity for any Hilbert space norm and thus in particular for

HHIQJ as well as \/%@sk — %T), we obtain:
o] €l 2 Vo—ep 2 1 1 —Ek ? (s~
llgcliIEIf B 17°% — yallw + B} la®* || + 5 \/jv > fe(a,0). (3.2.3)

Thanks to (%, 7) € U we immediately discern

liminf a(ey) > f5(a,8) > f5(@,5) = a(e).

Ep—E

Furthermore, we know that
€

(aa 72—}5) c Usk,ad
) Ek
and as a consequence
aley) < fo(@F, ) = ale) + = e 15512 (3.2.4)
- Ek 2ee?

Drawing the liminf on each side in (3.2.4), we realise

fiminfa(e) < liminf(a(e) + Sk %) = a)

iminf a(ex) < liminf(a(e 9ec3 1P =a(e).

k

Thus, recalling (3.2.3), we gain

hgil_lgglfa(ﬁk) = a(e).

Ultimately, we deduce:

fe(a,0%) = ale) = lignigfa(sk) > fe(a, )

57€ €

Optimality and uniqueness of (u®,v%) then yields (@, 0) = (a°, v°).

Step 3: strong convergence of the entire sequence: Let us prove weak convergence first.
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The arguments detailed in steps 1 and 2 are valid for any subsequence of {(u®*,v°#)}. Be-
sides, the limit (u°,v%) is unique. Consequently, employing Lemma 2.1.5, we deduce weak

convergence of the entire sequence, i.e.
utk =, vk = 0%, g, — €.

To prove strong convergence of the control v and virtual control v, we employ the optimality
condition (2.2.25) and the fact that

€ €
(ﬂa’ 765) c [Uek,ad’ (’L_Lak, ll—}sk) c Ua,ad
€k 3
to obtain
—£ —€ —€ —c 1 e € ¢ —&
(p° +vut,u* — )y + —(v°, =0 —0°) >0
3 €k
~Ek €k 7€ €k 1 —E Ek € €
(p°F + vutk,u® —u™*)y + —(v°F, —v° — %) > 0.
Ek 93
Adding and rearranging these inequalities, we derive
O S (—E _ _8k’u5k’ _ EE)U + V(’U,E _ ,aak,uak _ a&)U
1 € 1 €
+ 7(,1757 Z 0%k — ’DE) + 7(6%7 7’61—)5 . ,Dsk)
9 Ek Ek €

Using p*® = S*(u*® — y4) and doing further calculations, we arrive at

_ _ _ _ 1 __ ¢ _ 1 . ep_ _
v|a® —a |G+ 177 — 5l < —(0°, =0 — 0°) + — (0%, —0° — o)
93 €k €k 3
— i(z—}fk _ 57/61—}6 Eiﬁﬁ _ 1—)5k) + 1(1—}5 Eiﬁﬁ _ 1—)€k)
£k e € e’
1
e Lom )
9 Ek
:_i‘@ﬁk £k ge 2+1(@5,5_5’“@5k L
Ek € € €k €
Hence
vl — a4 17 - I+ [ - Lo < S, Lot - o),
U W e € ~  eeg T e

Due to weak convergence v — 9° and ¢, — ¢, the right-hand side in the inequality above

tends to zero. This yields strong convergence u®* — u® and v°¢ — 0° as g, — €. O
Let us now extend this continuity result to the full closed interval [0, 1].

Lemma 3.2.3 (continuity of a at 0). The optimal value function a is continuous at 0. Besides,
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as € — 0 we have
(a®,0%) — (4,0) in U x La(2,R™), € = 0

Proof. Let {e} be an arbitrary null sequence with £, > 0 for all k. As in the proof of Lemma
3.2.2 we use (3.2.2) to deduce boundedness of the sequence {(a°*,v%*)} in U x Lo(Q,R™).
Thus, there exists a weakly convergent subsequence of {(u®#,v°#)} with weak limit (@, 0).
For notational convenience, we will not distinguish between a subsequence of {(u°*,v°#)} and
the entire sequence. Later, we will demonstrate that this can in fact be done w.l.o.g.

Since U is closed and convex and hence weakly closed, we observe that u € U. v°* is bounded
and thus €0 — 0 as e, — 0. Taking advantage of the fact that C' is closed and convex and
as a consequence weakly closed and also of S being linear and continuous and hence weakly

continuous, we can conclude
Coye—Su+—y.— Su* —eg,v°* € C, g, = 0

This means @ € U%. Combining this with (3.2.2) and the fact that f is weakly lower-
semicontinuous, we can conclude:

flu) < f(a) <liminf f(a%) < liminf f*(a*, o)

er—0 er—0 (3.2'5)
< limsup f(a°*,v°*) = limsup a(ex) < a(0) = f(a).

er—0 er—0
This entails f(2) = f(u), and because @ is the unique solution to (P), we immediately deduce
U = 1.
The conclusions above are true for any subsequence of . Together with the fact that the
limit @ = u is unique, we obtain weak convergence for the entire sequence u** — @ as e — 0,
compare again Lemma 2.1.5.
Besides, we have

Loeen2
EHUE’“H < a(0),

which in turn implies strong convergence v — 0 as €, — 0 for every subsequence and thus,
by arguments completely analogous to the ones used for for 4%+, we obtain strong convergence
of the entire sequence v°¢ — 0 as ¢ — 0. Estimate (3.2.5) can also be interpreted in the

following fashion (again in combination with (3.2.2))

a(0) < liminf a(e) < limsup a(eg) < a(0).
er—0 er—0

Hence limsup a(ey) and liminf a(ey) coincide and are equal to a(0). We obtain:
er—0 er—0

lim a(ex) = a(0).

er—0
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Therefore a is continuous at 0.
Let us now show that apart from v — 0 there also holds u** — @ as ¢, — 0. To do so, we
recall the optimality condition (2.2.25). Since (#,0) € U, there holds

1
(P°% + vk, @ — )y — — ||[0°%))* > 0 = (p + v, — @)y + (p+ vii, i — @)y,
€k
Rearranging this inequality yields:
— _ —€p||2 —Er |2 i—€k2< — = = =k
viu—a*y + 157 — llw + - 1077 < [(p + va, u — u™)y]

Since u®* — u as € — 0, the right-hand side tends to 0. This completes the proof. ]
Let us now turn to the question of differentiability of a:

Lemma 3.2.4 (differentiability of a). The optimal value function a is differentiable on (0, 1)

with the derivative given by
/ —&
@ () =~ o5 171

As a consequence, a is monotonically decreasing on [0, 1].
Furthermore, a' € L1(0,1), and thus a € W(0,1).

Proof. We remark that for h € R with € + h,e € (0,1) there holds:

175) c Ua+h,ad

(@,

and h
€+
(aerh7 1—)5+h) e [Us,ad'
9

This allows us to estimate in the following fashion for arbitrary A > 0:

Hale +h) — a(e)) = 7 (P @, ) — 5o, o)
1 e+h € 6 o€
< S ) — @)
1 62 1 2 (326)
E(m - %) o]
—3eh — 3e2 — K2 o2
s e I
which allows us to conclude:
hxg\sgp(,llwm B =~ ale))) < g 1712 (3.2.7)
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Conversely, we can estimate in the following way, again for A > 0:

Hale + ) — a(e) = 7 (77 (@, ) — 57, )

> %(f5+h(ﬂs+h, 7—)5+h) . fE(,aE+h7 € —; hT)erh))
_ 1( 1 7 (€+h)2)‘ve+hH2 (3.2.8)
h*2(e+h) 23
_ (—352 —3eh — h2) ‘ T’HhHQ
2e3(e + h)
Hence, employing Lemma 3.2.2, especially °t" — ©° as h — 0, we obtain
liminf(1 (a(e + h) — a(e))) > —2y 5] (3:2.9)
1211\1(1)1ha5 a(€))) =2 —55 v 2.
Combining (3.2.7) and (3.2.9), we derive
o1 3 a2
i (3 (0fe + ) = a(e) = — 525 || (3:2.10)

Now, let us tackle the case h < 0. Proceeding as in (3.2.6), we obtain

| 3 -2
il — > ——— ||o°||7.
hﬁn/%lf(h(a(sﬁ- h) —a(e))) > 922 Il

Observe that in step 2 in (3.2.6) we now estimate from below, because h < 0. Likewise,

mirroring (3.2.8), we gain

) 1 3 a2
1 = h) — < —— [|o°])”.
e ) = maa I
Hence 1 3
. . _ _ 2 €2
Jima (7-(a(e + b) — a(e))) = =5 7] (3:2.11)

Combining (3.2.10) and (3.2.11), we can conclude that a is differentiable on (0,1). The
monotonicity of a follows from the fact that ' <0 on (0,1).

We still have to show that a belongs to Wi (0,1). Since a is continuous on [0,1], a is an
element of L1(0,1). Besides, a € C*(0,1) and @' € Ly o.(0, 1); hence a’ is the weak derivative
of a. Thus, the only thing we have to show is that a’ € L1(0,1). We first investigate the
interval (¢, 1] with an arbitrary, but fixed 6 > 0. Thanks to the differentiability of a, we can

invoke the mean value theorem and write:

1

a(t) = ad) = [ =5 Io°]* ds

d
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Now we can draw the limit § — 0, utilising continuity of a at 0. Thus, we obtain:

a(l) —a(0) = }1_1)% a(l) —a(9)
1

3 2
= lim [ -2 ||5°|% ds.
lim / o 7] ds
)

Thus, by definition of the improper integral, there holds

1 1

: 3 s 3 s
a(1) — a(0) :%13%/—282 1557 ds = /_232 15°|2 ds. (3.2.12)

é 0

Since the derivate ¢’ never changes sign on [0, 1], this is tantamount to a’ belonging to L1(0,1).
Hence, a € W{(0,1). O

Combining the lemmata Lemma 3.2.2, 3.2.3 and 3.2.4 yields the proof of Theorem 3.2.1.
Having collected these important properties, we can now turn to the discrete regularised

problem (P;), where we prove a result completely analogous to Theorem 3.2.1.

3.2.2 The Discrete Regularised Problem

First, let us recall the discrete regularised problem (Ff) for fixed k£ and e.
oo B L 5 1Y =l SN0 + 52 VI
s.t.
BlY, W] = (U W)y VW €Yy
and
U e Uy
Lyye —Y —eV € Cy,,

As in the continuous case, we first define an optimal value function ay : [0,1] — [0, 00) for
every fixed k:
ar(e):== min fr(U,V), €¢>0
Uv)euy*?

and

ai(0) := min, fe(O).
Ueus

The properties of a, cf Theorem 3.2.1, are reflected by its discrete counterpart az as the next

theorem shows:
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Theorem 3.2.5 (properties of the discrete optimal value function). On [0, 1] the discrete
optimal value function ay is uniformly bounded, i.e. ax(e) < C, e € [0, 1], with C independent

of € and k, continuous and monotonically decreasing. Besides, fore € [0,1] we have ase; — €:
(U, VEL YY) — (U, VEYE) in U x Ly(QUR™) x Y Ve €[0,1], &, — (3.2.13)

with the convention that VkO =0.

In addition, ay, is differentiable on (0,1). The derivative a) () is given by

/

3 -
a(e) = DY) HVISHQ

ay is also an element of the Sobolev space W (0,1). Besides, the norm ||<1k:HW11(071) is bounded
independently of k and for all r > 0 we have

1
lai(e)| S — Ve € [r1] (3.2.14)

with a constant independent of k.

Proof. Proving for every fixed k that aj is continuous on [0, 1], (3.2.13) holds, and that a
differentiable on (0, 1) as well as an element of W (0,1) can be done exactly in the same way
as on the continuous level, Theorem 3.2.1 which we had split up into the lemmata Lemma
3.2.2, 3.2.3 and 3.2.4. Thus, we now want to tackle the uniform bounds of a.

We observe that since (Uy,0) € [U?ad for all e >0

lar(e)| < fr(Uk) Ve € [0,1]
Since fi(Uy) is uniformly bounded thanks to Theorem 2.3.11, we have
lax(e)] <1, Ve €[0,1]. (3.2.15)
This immediately results in a uniform bound

lakllz, 0,1y S 1-

Let us now bound the Li-norm of the derivative. The mean value theorem and continuity of
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ay, imply for every 1 > > 0
1

1 .
(0) — ax(V)] = lin( [ 5 |75 de)

5
- }%Hawmm)
= HQZ:HLl(o,l)

Combining this with (3.2.15) yields the uniform bound for Hak”wll(o,l).
For the bound (3.2.14) we first recall that

é VeI < ae) S 1Ve € [0,1]

uniformly. Hence for all € € [r, 1] with an arbitrary » > 0 we deduce

S

3
ak(©)] = 53 [V <

3.2.3 Convergence Analysis for the Regularised Problems

At the start of this chapter we explained that the question of U, — @ is closely linked to a
smoothness property of the regularised problems. To be more precise, in Theorem 3.3.1 we

will demonstrate that
U, =1 < a, — ain Wi(0,1), k— oc.

We will not be able to prove this result straightaway, first we need to collect several pointwise
convergence results for the sequence of optimal value functions {ay }, where by pointwise con-
vergence results we mean convergence results for arbitrary but fixed regularisation parameters

e € (0,1). This is the main aim of this section captured by the following main result:

Theorem 3.2.6 (pointwise convergence). For all fized € € (0,1] there holds
U —»a*inU VE— o in Lay(Q,R™), k— oo

As a consequence, the following pointwise convergence results hold for all fixed but arbitrary
e € (0,1]:
ax(e) = ale), k — o0

and

ay(e) = d'(e), k —
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In fact both convergences are equivalent, i.e.

ap — a, ap, — da’ ptw. on (0,1] &

(UF, V¢) — (@,5°) in U x Lo(QR™), e € (0,1], k — 0o (3.2.16)

The proof is again fairly technical. For the reader’s convenience we will therefore split it up

into several lemmata in the following way:

e Prove the existence of a weakly convergent subsequence of {(U > ng )} with weak limit
(@,7) € U5% Lemma 3.2.9.

e Prove weak convergence of the entire sequence { (U, V¢)} to (a°,7°), Lemma 3.2.10.

e Prove strong convergence of the entire sequence {(Uf, V)} to (@, 7°). All the (other)
results of Theorem 3.2.6 then follow. This is done in the actual ’Proof of Theorem
3.2.6’ further below.

starting with some observations about the dual problems to (P¢) and (Pf) respectively, com-
pare also (2.2.28), which will be of great assistance in said proof.

First of all, we recall the definition of the continuous Lagrangian:
L£5:U x La(Q,R™) x La(Q,R™) 3 (u,v,0) — f(u,v) — (0, Su—cv—1y.) (3.2.17)
and its discrete counterpart
LUk x Vi x Vi 3(U,V,0) — f5(U,V)—(0,S,U — eV — Iy.) (3.2.18)

With their help we can define the continuous and discrete dual problems. Let us commence
with the continuous one:

su inf Ee u, v, 0 . DPCE
HECp* (u,w)EU X L2 (Q2,R™) ( ) ( )

The discrete problem can be formulated in an analogous fashion:

inf L(U,V,0). DPs
9?61'Ii (UvV)IGHUkXVk WUV 0) (DFD)
Vi

An important aspect of regularisation was that the regularised problems guarantee the exis-
tence of an Lo (2, R™)-multiplier as we already discussed in Section 2.2.2 and Theorem 2.2.13.
To make the results of this section easy to follow we repeat Theorem 2.2.13 before transferring

these existence result to the discrete level (DPy):

Theorem 3.2.7. Let (P°) for a fized € > 0 be given. Then there exists a unique element
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0° € C~ such that u,v°,0° solves the following Karush-Kuhn-Tucker (KKT) system:

(S*(F° —ya) +vo*,u— @)y — (0°,Su—7°) >0 Vuel
—e20°F +0° =0 (3.2.19)
(6°,5° — yo + %) = 0.

Furthermore, (€, 9%, 0°) solve the dual problem (DPS), for which the following equality holds:

fe(as, %, 0°) = L5(us,v°, 6°). (3.2.20)

Besides, if (4,0,0) € U x La(Q,R™) x La(Q,R™) solves (3.2.19) then
(@€, 7%, 6°) = (a,,0)
Lastly, we have
L8 (u,v,0%) > L5(as,5°,0°) Y(u,v) €U x La(Q,R™). (3.2.21)

Proof. The only thing which has not yet been proven in Theorem 2.2.13 is (3.2.21). To realise

this, note that for #°, (u®,v°) solve the inner minimisation in dual problem (DP%), i.e.

(u®,v%) = argmin  L%(u,v, ).
(u,v)EU X L2 (2,R™)

Since for the fixed #° the Lagrangian £5(,-,6%) is a convex function, the minimum is global.
Thus:

L5 (u,v,0°) > L5(a, 5, 6F)

Crucially, this result finds a ready counterpart on the discrete level:

Theorem 3.2.8. Let (P;) be given. Then, for every fized e > 0 there exists a unique Lagrange
multiplier 05 € Cy, » which is also bounded in Ly (Q2,R™) independent of k (but not of ), such

that
(SZ(Y; —yd)—i-VU]i,U—Uf)U— (éz,SkU—YkE) >0 YU e U

—20; +VE=0 (3.2.22)
(05, Y5 — Txye + Vi) = 0.

As in the continuous case, the triple (Ug, ‘_/,f, éi) solves the dual problem (DPJ). In particular,
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Lastly, we have for every fized k and € > 0
L5(U,V,07) > L5 (UE, VE,05) V(U V) €Uy, x Vi, (3.2.24)

Proof. The proof runs along the same lines as that of Theorem 2.2.13.

First of all, we define the discrete constraint mapping M : U, x Vi, — V}, by
M (U, V) = Iy, — eV — SU.
Obviously, it is surjective as a mapping
My U x Vi, — Vi

In this setting, we can apply Theorem 2.2.10 as in the continuous case. The multiplier éz then
belongs to V; which, it being a Hilbert space with the standard Lo(€2,R™) scalar product,
can be identified with V.

The KKT system (3.2.22) then readily follows, compare also (2.2.11) and (2.2.10). The fact

that the Lagrange multiplier éi is unique is a consequence of the equation
205 = V¢

in (3.2.22) and the fact that Vks is unique, see Theorem 2.3.12.
The definition of the Lagrange multiplier Definition 2.2.5 entails that the triple (Uf, V¢, 05)
does solve the dual problem (DPj). The relation (3.2.23) then follows from the complementary

slackness condition
(07, SkUi + eV — Iiye) = 0.

The relation (3.2.24) is proven completely analogously to (3.2.21). O

Let us now return to the proof of Theorem 3.2.6: As a quick reminder, here is our course of

action:

e Prove the existence of a weakly convergent subsequence of {((7 £VE )} with weak limit
(@,7) € U9, Lemma 3.2.9.

e Prove weak convergence of the entire sequence {(Ug,Vi)} to (a°,7¢), Lemma 3.2.10.

e Prove strong convergence of the entire sequence {(Uf, Vi) } to (af,7°). All the (other)
results of Theorem 3.2.6 then follow. This is done in the actual Proof of Theorem
3.2.6’ further below.

So let us now start by proving the existence of weakly convergent subsequences of {[7 3 } and
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{VE} and the feasibility of their weak limits for the continuous problem (P¢). This is the

subject of the next lemma:

Lemma 3.2.9. The sequences {Ug} and {V,f} are bounded independent of € and k in U and
Lo (Q,R™) respectively. Thus, there exist weakly convergent subsequences whose weak limits

U and U fulfil
(@, 7) € U=
In particular, there holds
fe(a,v) > f(a°,v%). (3.2.25)

In addition, the sequence of Lagrange multipliers {é,i} is bounded independent of k in Lo(2,R™).

In particular, there exists a weakly convergent subsequence with weak limit GeC.

Proof. The uniform boundedness (independent of € and k) property of a in Theorem 3.2.5,

compare also (2.3.12), immediately yields uniform boundedness of

Vel < 1.

175 |

Since U and Ly (2, R™) are Hilbert spaces there exist weakly convergent subsequences with
weak limits % and v respectively. The corresponding sequence of states {17,5} is also bounded
in Y thanks to continuity of S and Assumption (Pr7). The weak limit of this sequence is
denoted by §. Thanks to Lemma 3.1.3 we gain § = Sa — S,Uf. Employing (A3), we obtain

4 € U and utilising weak closedness of C', we deduce
C D Oy, BIkyC—EV,f—Skﬁgéyc—sﬂ—Sﬂ, k — oo
Hence (@, 9) € U=, The relation
fo(a,0) = fo(u, v°)
is a consequence of optimality of (uf, v%).
The fact that {9_2} is bounded independently of k follows from
~LVesaz=0
g2k -

in (3.2.22) and the fact that V,f is bounded independently of k and €. Thus, for every fixed
e there exists a weakly convergent subsequence with weak limit § € Ly(Q,R™). Let us now

prove that, in fact, § € C~. To this end, we take for every function y € C' its approximation
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Hyy € Cy, with Hpy — y, recall (A4). We obtain
0> (65, Hyy) — (6,y) Yy € C, k — o,

because 05 — 6 and Hyy — v in Lo (Q,R™) strongly as k — oo. Since y € C was arbitrary,
we can conclude that § € C~. This completes the proof.
O

Having ascertained these important boundedness and feasibility results, we can turn our
attention back to the proof of the claims of Theorem 3.2.6. The next step is to show weak

convergence of the discrete solution couple to the continuous one:

Lemma 3.2.10. For every fized € € (0,1] there holds:
U — @ in U, VE —0° in Ly(Q,R™), 05 — 6% in Ly(Q,R™), k — oo
Besides, for every fized € € (0, 1]

YE—= 5 inY and W, k — occ. (3.2.26)

—

Proof. Choose a weakly convergent subsequence of {(Ug, V¢, 05)} with weak limit (g, 9, ), ¢
Lemma 3.2.9. We have already proven in Lemma 3.2.9 that the weak limit satisfies (4, 9,0) €

U= x C~ and f(@,9) > f¢(u°,v°). We will now show that in fact
fo(a,0) = f°(u,0%),

which will entail the postulated weak convergence.

We denote the best-approximation of ¢ in Vi w.r.t ||-|| by Byv®, i.e.

B0 := argmin |W — o°|°. (3.2.27)
WevVyg
Thanks to (A2) we have
Bipi® — ¢ in Ly(Q,R™), k — oo (3.2.28)

With the help of Assumption (A3) we can deduce the existence of Pyu® € Uy with Pyu® — u®
as k — oo such that for 9_2 — 0, k — oo

L5, 07,0) = lim LE(Peat®, Byo®, 07). (3.2.29)
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Besides, we know that because § € C~:
fE(@s,0°) > L5(af, 0%, 0). (3.2.30)

Combining relations (3.2.29) and (3.2.30) with (3.2.24) and (3.2.23) then yields:

fE(@s,0°) > L5 (af, 7%, 0) cf (3.2.30)

= lim L5 (Pyu®, Bro®, 03) cf (3.2.29)
—00

= lim inf [,i(Pkl_Lg, By, 1%, 9_2)
k—o00

> lim inf £ (UF, Vi, 65) of (3.2.24)
—00

= lim inf (U, VE) cf (3.2.23)
— 00

> f*(u,v),

where in the last line we have used weak lower semi continuity of f¢ for every fixed ¢ > 0.
Combining this with (3.2.25) we obtain:

fe(a,v) = f(u%,v%) = ﬁg(ﬂe,ﬁs,é)
Since u° and ©° as well as the associated Lagrange multiplier 0¢ are unique this means that
a=1u5, v=10°, 0=F¢".

At this stage, we have to emphasise that this is still only true for one weakly convergent
subsequence of {(C_/,‘cE , V,f ,é,i)}. We have to extend this result to the entire sequence: The
arguments above are valid for every weakly convergent subsequence of {(U i Vlf, éi)}, hence,
utilising the fact that the limit (a¢,,6%) is unique, we can conclude that in fact the entire

sequence {(Ug VE, éz)} weakly converges, i.e.:
U — @, VE =15, 0, = 0°, k— .

The detailed arguments for this step of the proof are recorded in Lemma 2.1.5.
The relation (3.2.26) is a direct consequence of weak convergence Uf — 4° and Lemma 3.1.3
and Y — W. ]

As yet, we have only demonstrated that the sequence {(U 0 V,f )} converges weakly to (u®, v%),
we now intend to make the step to strong convergence of the sequence. More or less on the

way the results of the pointwise convergence theorem, Theorem 3.2.6, will follow:

Proof of Theorem 3.2.6. In this proof, we will take the following steps:
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1. Show ak(e) — a(e) pointwise for all € € (0, 1] as k — oc.
2. Prove that this implies (Uf, Vi, YE) — (@°,9°,7°) in U x Lo(, R™) X Y as k — oo.
3. Demonstrate that aj (¢) — d’(e) pointwise for all € € (0, 1] as k — oco.

4. Prove the equivalence relation (3.2.16).

Step 1: Recalling the results of Lemma 3.2.10, we can then estimate in the following way
taking once again the best-approximation By, compare (3.2.27). The steps taken are explained

below:

fe(as,v°%) = L°(u®, 05, 0°) = lim L5 (Ppuc, Bro®, 0%)
k—o0

= lim sup L5, (Pu°, Bxv*, 05)

k—o0

> limsup £5,(Ug, Vi, 6%)

k—o0

= limsup fi; (U, V)

k—oo
> liminf f£(Ug, Vi)
k—o0

> fo(w, %),

In the first line we used the complimentary slackness equality, then we employed the fact that
by Assumption (A3) there exists Pyu € Uy for every u € U with Pyu — u in U as well as
gi — ¢, Lemma 3.2.10, while in the third line we took advantage of the interior minimisation
in (DP]), compare (3.2.24). The fourth is a consequence of (3.2.23) and the sixth of weak
lower semi-continuity of f¢ for every fixed £ > 0.

Hence,

a(e) > limsup ag(e) > liminf ag(e) > a(e)
k—o0 k—o0

and as a consequence - lim sup and lim inf coincide -
ax(e) = a(e), Ve > 0, k — oo. (3.2.31)

which is one of the pointwise convergence relations stated in Theorem 3.2.6.

Step 2: Strong convergence (Uf, Vi, YE) — (48,05, 7°) in U x Lo(Q,R™) x Y as k — oo: We
define for every fixed € > 0 the norm

1 2 v 2 1 2\1/2
1Cy, w, 0l = (5 Myl + 5 Mlully + 5 llol)
which is equivalent to the canonical norm on W x U x Lo(2, R™) defined by

2 2 2
1, 1w, 0) lvpsw Loy = 1yl + lullg + o))
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for every fixed € > 0.

In addition, a short computation yields

(7, @, 5|12, = ale) — (7, yd)w+ IIdew (3.2.32)

and the corresponding relation on the discrete level:

Se e e ||2
1V, UG Vil = an(e) = (Y ya)w + 5 5 lvallvy (3.2.33)

We now observe that the bounded (it is weakly convergent thanks to Lemma 3.2.10) sequence

H(Y’E U i ng )Hi* fulfils all the prerequisites of the sequence x of Lemma 3.1.2 with

lim inf || ( Yk,Uk,Vk)Hi* > (7, s, 07|12,

k— o0

because of weak lower semi-continuity of a squared Hilbert space norm. The convergent

sequence

_ 1 )
—(Y5, ya)w + 3 lyallsy

plays the role of y; from Lemma 3.1.2.
Using (3.2.31), (3.2.32) and (3.2.33), we realise

Jim ag(e) = lim (e, U5, VL2, (kayd>W+ Hdew
—00 k—o0

= a(e)

= ||@*, a0 |13, + (7, yd)w+ Hdew

Utilising the results of Lemma 3.1.2, we can then deduce

lim ||(Ve, U, VO|2, = (@, a5, 0|12,

k—o0
Lemma 3.1.1 then ensures that
U —a, VE— 0%, Y = 3%, in Ux Ly(Q,R™) x W, k — oc.

To prove Y,f — ¢° in Y, we observe that thanks to Assumption (Pr7)and convergence Ug — uf
in U as k — oc:

|5 = ||y < 15 = Ska®[ly + 1Sk cw |27 — Ukl -
—
—0 —0
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This gives convergence Yka —y*inY as k — oo.

Step 3: Pointwise convergence aj,(¢) — a/(¢) is now a simple consequence of V§ — 7 in
Ly(2,R™) as k — oo, the formulas for ’(¢) and aj,(¢), compare Theorem 3.2.1 and Theorem

3.2.5, and continuity of ||-||?.

Step 4: Now, we can move on to the fourth and last step of the proof, the equivalence result
(3.2.16):

ap — a, a, — a’ ptw. on (0,1) &

(U, VE) = (@5,7%) in U x Ly(Q,R™), £ € (0,1], k — o0
First of all,
Ui — @, Vi = 0% in U x La(QR™) = ag(e) = ale), al(e) — d'(¢)

is a consequence of f¢ and —2- ||-|[* being continuous for every fixed ¢ > 0.
Let us therefore turn to the other inclusion: Combining (3.2.32), (3.2.33) and Lemma 3.1.1

as we did before in this proof, namely in Step 2, we obtain
ar(e) — ale) = UL — ua°, VE — o°.

aj,(¢) — d’(e) is then a consequence of continuity of —2- 11112 O

This proof concludes this section. We have now collected every necessary ingredient to prove

the previously mentioned equivalence relation:

Uy —ainU & a, — ain Wi(0,1), k— oc.

3.3 Convergence Analysis for the Unregularised Problems

In this section we will accomplish two things. First, we will prove the equivalence relation:
Uy —uinU & a — ain Wi(0,1), k— oo.

Then, having ascertained this crucial result, we will search for a condition for which ar — a
in W(0,1) as kK — oo holds. This condition will turn out to be both necessary and sufficient,
thus, this will be the ’exact’ characterisation of convergence U, — % we had set out to gain
at the start of this chapter.

At the end of this chapter we will then list some consequences of U}, converging to @, the most

striking of which will be that for every null sequence €, — 0 we have U,i’“ — u as k — oo,
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Corollary 3.3.11, a remarkably strong result.

Let us start with the equivalence relation:

3.3.1 Equivalence of Convergence

The next theorem constitutes our equivalence relation:

Theorem 3.3.1 (equivalence of convergence). The following statements are equivalent:

1.
U, —uinU, k— oo

ar, — a. in W(0,1), k — oo

Proof. We will prove the first implication Uy, — 4 = ap — a with respect to W{(0,1) as
k — oo first:
Let us start by demonstrating that ay — a in L1(0,1) as k — oo. From Theorem 3.2.5 we

know that ag is uniformly bounded which means that
lar, — a| < |ag| + |a| < C +a|] a.e. on (0,1)

Since |ax — a|] — 0 pointwise everywhere (cf Theorem 3.2.6) as k — oo, an application of
Lebesgue’s dominated convergence theorem, [85], Theorem 5.36, results in ay — a in L;(0, 1).
We still have to show that a}, — o’ in L1(0,1). First, we remark that SyUj, — S in both Y
and W and continuity of the norm ||-||* for any Hilbert space yields

_ 1 — = 1
Ok = @ = 5 |80k = yallsy + 5 105 = 5 1158 = walldy + 5 il

< ag(0) = a(0), k — oo

Utilising the mean value theorem, continuity of a;r and @ and pointwise convergence, we

deduce as k£ — oo

= ||a’ HL1(0 1)

O\H
@

1
a1, 0 = = [ 646 d= = ax(0) — aa(1) > a(0)
0

because a(0) — a(0) as k — oo.
Consequently,
. / o /
klggo HakHLl(O,l) = |a HLl(O,l) .
All in all, we have pointwise convergence of aj, on (0,1) and convergence with respect to the

norm. Applying a slight generalisation of the dominated convergence theorem, compare [32],
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Section 1.3. Theorem 4, we obtain convergence a; — a’ in L1(0, 1).

We now tackle the other implication, i.e.
ap — ain WH(0,1) = U, =4, k— oo

Thanks to the embedding Wi (0,1) < C[0, 1], compare Theorem 2.1.35, we also have conver-
gence ar — a in C|0,1]. ar — a w.r.t C|0, 1] in particular implies that ax(0) — a(0). Uniform

boundedness of aj on [0, 1] in particular implies:
HUkHU SL

Thus there exist a weakly convergent subsequence of {U k} For every such weakly convergent

subsequence of Uy, with limit @ € U Theorem 2.3.11 yields

Ukéﬁ, ?kZSkUkASﬂ,k—)OO,

compare also Lemma 3.1.3 for the weak convergence of the states S;Uy.

This in turn implies

a(0) = f(u) < f(a) < liminf f,(Uy) = hkminfak(o) = lim a(0) = a(0)

k—o0 —00 k—o0

. .. 2 2
due to weak lower semi-continuity of J(Sku,u) = fi(u) = 5 [|Sku — vallty + 5 [lull-
All in all, f(u) = f(a), hence @ = u due to the uniqueness of the solution to (P). These
arguments apply to every weakly convergent subsequence with the limit « = @ being unique,

as a consequence, again compare Lemma 2.1.5,
U, —u, k— o0

for the entire sequence {Uk} This entails weak convergence

Ykég,k—)OO,

compare once again Lemma 3.1.3.
To prove strong convergence U, — 1, we make similar arguments as in the proof of Theorem
3.2.6:

First, we define the norm

1 v
1€y, wll, == (5 lylly + 3 lull§)/2, (3.3.1)

S. Steinig AFEM for State-Constrained Optimal Control



109 CHAPTER 3. A BASIC CONVERGENCE RESULT

which is equivalent to the canonical norm on W x U given by

2 2
1(y, @l = Uyl + lulF)7>.

We then discern that
ar(0) = || (Y, Uk)Hi — 2(Y5, ya)w + llyally
and that
a(0) = (@ D)3 — 207, ya)w + [lyall -
Besides, weak lower semi-continuity of any squared Hilbert space norm yields

lim inf [| (Y, Ga)|[} = [z, )12
—00

*

Furthermore, the sequence || (Y, Uk)Hi is bounded because (Y, Uy) is weakly convergent. In
this setting, we can apply the results of Lemma 3.1.2 with H(Yk, Uk)Hi playing the role of xzy
of Lemma 3.1.2 and 2(Y, ya)w + ”de%&/ that of the convergent sequence y; of Lemma 3.1.2.
After all,

lim 2(Yx, ya)w + [yallty = 27, va)w + |[yally
k—o0
due to weak convergence Y3, — 9. Thus, thanks to Lemma 3.1.2
_ _ 2 - 2
|V, Ul = @ DS, k= o0

Together with weak convergence U, — @ Lemma 3.1.1 ensures strong convergence Uy, — 4. [

In view of Theorem 3.3.1 we would be best advised to search for conditions under which
a — a in Wi(0,1). First of all, let us prove a lemma demonstrating that in fact the question
of whether a;, — a in W{(0,1) boils down to ensuring that aj — a’ in L1(0,1), since the

functions ay, converge in L;(0, 1).

Lemma 3.3.2. We have
ar — a in Li(0,1).

Proof. Employing the uniform boundedness of aj, compare Theorem 3.2.5, we obtain almost

everywhere on (0, 1)

ar — af <lag[ +[a] S 1+ |al
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The right hand side is integrable, hence using the fact that ay — a pointwise a.e. on (0,1)

compare Theorem 3.2.6, and dominated convergence theorem we obtain

llar —allL, 1) = 0

We will now tackle the question of convergence aj — a’.
Theorem 3.2.6 ensures that aj converges pointwise on (0,1). The trouble is that this is not

enough to guarantee convergence in L1(0,1) as the example below demonstrates:

Example 3.3.3. The sequence gy : [0,1] — R with

0 ifwre(:1)
gr(z) == F
k else

converges pointwise to 0 on (0,1), but since ||gkllp, 1) =1 for all k

gr 7> 04n L1(0,1).

To derive criteria for convergence aj, — a’ in L1(0,1) we will first introduce the notion of

equi-integrability, compare Theorem 1.3 (b), Section VII in [29].

Definition 3.3.4 (equi-integrability). Let M be a subset of L1(0,1). We say that all g € M
are equi-integrable if for all 6 > 0 there exists A = A\(§) > 0 such that

| le@lar<s vge . (3.2

lg(z)[>A

It is evident that condition (3.3.2) exerts some measure of control on the behaviour of functions
g on sets of small measure. Thus, it is not surprising that (3.3.2) is exactly the condition we
need to exclude the pathological case of Example 3.3.3. The following theorem confirms this
view. It can be found in [29], Corollary 1.3, Section VIII.

Theorem 3.3.5. Suppose that {gr} is an equi-integrable sequence in L1(0,1), i.e. for all
6 > 0 there exists A > 0 such that independent of k we have

gk ()| dx < 6.
g ()| >N

Suppose further that gi(x) — g(z) pointwise a.e. on (0,1). Then g € L1(0,1) and g — g in
L(0,1).
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With the help of the notion of equi-integrability and Theorem 3.3.5 we can formulate the

following crucial auxiliary lemma to prove convergence U, — .

Lemma 3.3.6. Suppose that the sequence {a}} is equi-integrable, i.e. for all § > 0 there
exists A > 0 such that independent of k

) (e)| de < 6. (3.3.3)
laj, (£)[>A
Then aj, — a’ in L1(0,1).

Proof. Since aj, — a' pointwise on (0,1) we can apply Theorem 3.3.5 to obtain the desired
result. O

These auxiliary results are the key ingredients to prove the convergence U, — u which we

will do in the next section

3.3.2 Convergence Theorem

Before we formulate the central convergence theorem of this section, let us first introduce a

slightly more accessible notion of equi-integrability for the sequence {a} }:

Lemma 3.3.7. The sequence {a},} is equi-integrable in the sense of (3.3.3) iff for all § > 0
there exists & = £(0) > 0 such that independent of k

¢

£
3
[l = [ v <o (33.4)
0 0

Proof. Let us prove < first: Suppose that (3.3.4) holds. Then for given § > 0 pick & = £(J) >
0 such that (3.3.4) holds. Besides choose A > 0 large enough so that

{e€(0,1) : |ap(e)| > A} N(£1) =0

This is possible, since by Theorem 3.2.5, compare (3.2.14), a), is bounded independent of &

and € on [r, 1] for every fixed r > 0. For this A\ we now have

13
/ |az<e>|dss/a;<e>|des6
0

laj, (e)[>A

independent of k. Hence {a} } is equi-integrable according to (3.3.3).
Let us now turn to =: For given § > 0 we can choose A > 0 such that (3.3.3) holds. Again
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due to boundedness of aj, on any compact subset of (0,1), (3.2.14), we can choose A > A > 0
and £ > 0 such that

0,) c {£ € (0,1) + la(e)] > A}

This now yields

13
Jla@res [ laele
0 {la,(e)|>A}

IN

|aj,(e)] de
{la},(e)|>A}
< 4.

This gives the desired result completing the proof. O

Combining Lemma 3.3.2 and Lemma 3.3.6 we can now prove the central convergence theorem

of this section:

Theorem 3.3.8 (convergence theorem). Suppose that (3.3.4) holds, i.e.: For all § > 0 there
exists £ = £(0) > 0 such that independent of k

¢ ¢
3 2
/\a;(g)|dg:/262uv,5u de < 6.
0 0
Then
U, — @in U, k — oo.

Proof. First of all, we recall Theorem 3.2.6 which yielded a; — a and aj, — o’ in (0,1)
pointwise everywhere. Lemma 3.3.2 yields convergence ay — a in L1(0,1). Now, observe
that thanks to Lemma 3.3.7, (3.3.4) is tantamount to (3.3.2) in Definition 3.3.4. Theorem
3.3.5 with g = @ then implies convergence aj, — a’ in L;(0,1). Thus, all in all a — a in
WL(0,1). Theorem 3.3.1 then yields convergence Uy, — i as k — oo. O

At this stage, it is important to point out that (3.3.4) is an additional condition enforced on
the behaviour of aj. However, as the next theorem states, we did not lose anything on the
way, i.e. convergence Uy — 4 implies condition (3.3.4), i.e (3.3.4) is an exact character-
isation of convergence. If (3.3.4) does not hold, then U, does not converge to the true

solution .
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To prove this result we first need an auxiliary lemma, the 'Dunford-Pettis compactness cri-
terion’. It can be found in [28], Theorem IV.8.9 and Corollary IV.8.11. Compare also [29],
Chapter VIII, Theorem 1.3.

Lemma 3.3.9. Let a’ and a). be the derivatives of the continuous and discrete optimal value

functions and M := {{a}.} ,a'} C Li(0,1). Then the following equivalence relations hold
M weakly compact < (3.3.4) < a), — a’ in L1(0,1)

Proof. The inclusion M weakly compact < (3.3.4) is the so called "Dunford-Pettis compact-
ness criterion’ which can be found in [28], Corollary IV.8.11., compare also [27]. Here, observe
also that as shown in the proof of Theorem 3.3.8 the notion of equi-integrability (3.3.4) is
equivalent to the definition of equi-integrability, Definition 3.3.4 specifically formula (3.3.2).
The implication (3.3.4) = aj, — o/ was shown in Theorem 3.3.8. The inclusion a) — o’ =
M weakly compact is trivial. After all, since aj, — a’ every subsequence converges strongly
in L;(0,1) and thus also weakly. O

Now we can turn to the aforementioned exact characterisation of convergence.

Theorem 3.3.10 (exact characterisation of convergence). The following equivalence is valid:

Ui — @ as k — oo if and only if the sequence {a},} is equi-integrable in the sense of (3.3.4).

Proof. We start with the direction = first. As Theorem 3.3.1 demonstrates, U, — @ implies
ar — a in W}(0,1) and in particular a}, — @’ in L1(0,1). The latter trivially implies aj, — a’
in L1(0,1). Hence, the set M = {{a},},a’} is weakly compact. Lemma 3.3.9 then implies
(3.3.4).

Conversely, (3.3.4) implies aj, — a’ in L;(0, 1) due to Theorem 3.3.8 and together with Lemma
3.3.2 ar, — a in W(0,1). Theorem 3.3.1 now yields the desired result. O

Let us conclude this section by recording a result stating that provided U, — @ regularisation

and discretisation can be decoupled:

Corollary 3.3.11. Let k — oo and €, — 0 as k — 0o. Suppose that U, — @ or equivalently,
(3.3.4) holds. Then
Uk —a, k— oo.

Proof. If either Uy — @ or (3.3.4) then Theorem 3.3.8 and Theorem 3.3.1 ensure that ay — a
in W(0,1) and due to the embedding W{(0,1) < C[0, 1], compare Theorem 2.1.35, we also
have convergence a; — a in C[0,1]. This implies that the set M = {{ax},a} is compact w.r.t
to the canonical norm of C[0, 1]. Thus, thanks to the famous Theorem of Arzeld-Ascoli, cf [71],

Section 8, Theorem 33 and Corollary 34, the sequence of functions {ax} is equi-continuous,
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i.e. for every g € [0,1] and 1 > 0 there exists a § > 0 solely depending on 7 such that
lak(e) —ag(e0)| <n Yk, Ve: |eg —e| < 6.
In particular, this means that for every null sequence {e} C [0, 1] we have
ai(ex) — a(0), k — oo. (3.3.5)

The reason for this is that, after all, thanks to equicontinuity and pointwise convergence

ax(0) — a(0) for every n > 0 we can choose 6 = §(n) > 0 and K large enough such that

|ar(ex) — a(0)] <

<

ar(ex) — ax(0)] + |ar(0) — a(0)|
Dyl — ) Vew| < 6, k> K.

2 2

Uniform boundedness of {ay}, compare Theorem 3.2.5, yields that {(U;*, V;7*)} is uniformly
bounded in U x Ly(2,R™) and thus possesses a weakly convergent subsequence with weak
limit (@, 0).

Since

Iiye — SpUF — e Viok — ye — Sa, k — oo

and C is weakly closed, we can conclude that @ € U, Here, recall that weak convergence of
S, U & — St is ensured thanks to Lemma 3.1.3. We can now estimate in the following way

using properties of the liminf and weak lower semicontinuity of
ROV = 9600, vy = L s -y + 2w + | v
k\Ys - kY, Y, 2\/@ - 2 k Yd|lwy 9 U 2\/5?

and our previous observation (3.3.5)

a(0) = lim ax(0) = lim ag(er) = liminf ag(ex)
k—o00 k—o0 k—o0
| ~ 2 Ve 2 P ST
> it 50 — il + 5 105 )+ i - 75
1 5 Voo
> (5 115% — yalliy + 5 llg)-
2 2
Thus,

a(0) = f(u) = f(a).

From the estimate above we can deduce that & = u, because @ is the unique solution to (P)
and @ € U, As this is true for every subsequence, the entire sequence U ,‘i’“ converges weakly

to u, compare Lemma 2.1.5.
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Let us now prove strong convergence U;* — @ as k — oco. Due to (recall that a,(0) — a(0)

and ag(ex) — ax(0)!)

a(0) = lim ax(0) = limsup a(0) = lim sup ax(ex)

k—o0 k—o0 k—o0

> limsup f(U*) > liminf fi(U7*) > a(0),

k—oo

FF O V)2 fr(OFF)

where in the last step we again used lower semicontinuity, we obtain fi(U*) = f(@) = a(0).

Let us now take a closer look at the functional fj:

_ 1., _
Fel054) = S 1% = a5 + 5 10321

1, _ _
= S I8 + 5 T = (as e + lall -
We recall the definition of (3.3.1)

1 2 v 2
1w )l = (G yllw + 5 lull)

which defines a norm on W x U that is equivalent to the canonical norm

2 2\1/2
1 ) e = (Il + lulif) .
We can then estimate in the following fashion using weak lower semi-continuity of the norm

| (w, y)||?> and properties of lim inf and limsup as well as weak convergence Uk —

a(0) = lim ay(0) = lim sup ax(0)

k—o0 k—o00

. 1 2c 012 Ve 112 Sep, 2
= limsup(5 |V [l + 5 102 |5 = Wa, Ye)u + llyall)

k—o0

. —_— 2 .. o
= limsup | (T, Y[, + limsup(—(ya, Yo + lyall)

—00 —00
.. e O\ ]2 . %
> liminf [|(UZ*, Vi) + Jim (= (ya Yi)w + Ilyall3y) > a(0).

k—o0

Evidently,
limsup || (UFF, V9|2 = liminf || (T2, VE9) |12 = Il(@, )],

k— o0 k—o0

recall also Lemma 3.1.2.
This results in
|V, T, = @ @), , k= oo

Consequently, U,i’“ — u (weak convergence and norm convergence as detailed in Lemma 3.1.1)
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which completes the proof. O

As the last corollary of this section and last result of this chapter we obtain a ’diagonal

convergence’ property for the sequence of virtual controls {V,f k }

Corollary 3.3.12. Suppose that the convergence condition (3.3.4) holds. Then for all e, — 0
= \\Vak\}Z —0, k— o0
26k k ’
Proof. Thanks to Corollary 3.3.11 we have UZ’“ — @. This immediately entails:
Yk =S, UF = Su=g,k — oo

in Y and by assumption also in W.

As in the proof of Corollary 3.3.11 we gain convergence
a(er) = a(0), k — oo.

Let us now take a closer look at the function ay(ex):

]. - 2 v rre 2 1 { 7€ 2
onler) = 315 —wally + SN0 + oo 75
The first two terms converge since U;* — @ in U and Y, 7* — 7 in Y and thus also in W.
Employing once again Lemma 3.1.2 with % HY;’“ — deiN + 3 HUZ’“ H% playing the role of the
convergent sequence ¥, in Lemma 3.1.2 and ﬁ HV,: k H2 that of z;, with £ = 0, we then deduce
the desired result. O

In this chapter we have characterised convergence of U, — @ exactly. We can now turn
to deriving an a posteriori error estimator steering an adaptive algorithm. This will be the

subject of the next Chapter.
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Chapter 4

The Estimator

In this chapter we will derive expressions &, = &,(Ug, V¢, e, data) and & = &(Uf, VE, e, data)
consisting of

e computable quantities, i.e. quantities of the following kind:
1 =gl® s (f9—h)

with known continuous or discrete functions f, g, h, of which we assume that we can
evaluate them exactly. Needless to say, in our actual numerical experiments, we have to
use numerical quadrature rules for terms with continuous functions. In certain special
cases the errors arising from numerical integration can be included in a rigorous a

posteriori analysis, e.g. [63].

e linear errors of the type

1(S — Sk)gwll”

with a known right hand side g which in turn can estimated by an a posteriori error

estimator for FE solutions to linear PDE.

With these quantities we estimate the error

in the following reliable way, i.e. the estimator provides an upper bound up to constants:

2

Ui —lly 5 |
0% =y = U (4.0.1)

2

N — N

u —EH —l—HUg—ﬂg H
U

<N 4216,
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with v <1 and N > 1.

Let us stress that to prove this reliable upper bound (4.0.1) we can dispense with As-
sumptions (A1)-(A4)!. In particular, this means that even if we face a situation where the
set of admissible functions for the discrete unregularised problem is empty, we can still prove
the bound (4.0.1), because we solely use the regularised problem, for which there are always
admissible functions.

Only at the end of this chapter, namely in Section 4.3, where we will then prove - under
certain conditions - that the derived estimator converges as ¢ — 0 and k — oo, will we again
require Assumptions (A1)-(A4).

As we will see in Theorem 4.1.10 the term

N

is estimated a priori in terms of the regularisation parameter ¢, in Theorem 4.1.10, where

2
" — iori bel tol
u u a priori1 below some tolerance
U

the N gives us greater leeway in pushing the error ‘

TOL: N can e.g. be chosen in such a way that

2
uf —aH <N <TOLA
U

However, as the reader will realise in Section 4.2.2, in three space dimensions increasing N
will be paid for by a factor e %N, § < 1, scaling one of the terms in &,.

Existing results have either focused on estimating the difference in the goal functionals
f(a) — f(Uy), see e.g. [6] and [86] and/or neglected to estimate terms that are related to
the (regularised) Lagrange multiplier in providing a bound for the error HUk — EHU, cf e.g.
[46] and in the gradient-constrained case [42]. Others, such as [70] have primarily worked with
L a posteriori estimators. Existing Lo,-error estimators, however, come with a scaling by
In Apin-terms, where hy,i, denotes the minimal mesh-size and demand higher W[}—regularity
p > d, see e.g [63].

Thus, our work which provides an upper bound up to constants depending solely on the data

in the sense of (4.0.1) constitutes a genuine extension and improvement to existing results.

In this chapter, we will deal with a linear-quadratic elliptic model problem and its discreti-
sation, which we will introduce in the next section. Throughout this chapter, we assume

that the space dimension d is either d = 2 or d = 3.
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4.1 Problem Setting

In Chapter 3 we have investigated a fairly general optimal control problem. In this and the
following sections and chapters, we will deal with a model Poisson linear-quadratic problem.
In the course of the first few sections we will thus focus on formulating the results proven for
the general problems in the specific setting of our model problem, also adding a number of

extending results on the way.

4.1.1 The Continuous Model Problem

Besides, we demand that Q € C%! and that Q C R?, d = 2,3, as assumed, be meshable, cf
Definition 2.1.26 and Definition 2.3.2.
In the previous chapters we have nearly always operated within the framework of abstract

Hilbert spaces U, Y and W. We now make concrete choices setting:
U= Ly(Q), Y =H'(Q), W= Ly().

For notational convenience the norm |||, ) and corresponding scalar product (-, -)r,(q) will
be shortened to ||-|| and (-, -) respectively.
U is given by

U={ueLlyN) :a<u<b},abeR, b—a>0.
A short computation yields that all functions u € U are uniformly bounded with
[ull < max(|al, [b])|2["/2. (4.1.1)

Remark 4.1.1. We remark that the results of this chapter do not hinge on the additional
enforcement of box-constraints. The bounds and estimates remain valid with most constants

now depending on the continuous solution u (see below) and the bound on the sequence in

(A1).
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The following continuous unregularised problem is given:
. 1 2 14
min Sy — gl + 5 lu)?
uELz(Q),yEHl(Q)2 2
s.t.

/Vy‘deQ:/uwdQVweﬁll(Q)
Q Q

(CMP)

and

uelu

Ye—y <0 a.e. on ()

Here, we also suppose y. € H'(Q2) and Vy,. € H(div,Q) as well as y.|sn < 0 and, as always,
a fixed v > 0.

For the sake of abbreviation we define a continuous bilinear form b in a slight abuse of notation
by

bly, w] := (Vy, Vw) := /Vy - Vw dQ Vy,w e H'(Q). (4.1.2)
Q

Since the bilinear form b is also coercive, compare Theorem 2.4.1, we immediately obtain the
existence of a solution operator mapping S : Lo(Q2) — ﬁIl(Q), compare also Corollary 2.1.21.
In this special case, we even get additional regularity, i.e. the solution operator maps linearly
and continuously to better spaces. To prove this, we first have to record a classic regularity
theorem on the interior of a domain for elliptic equations which can e.g. be found in [36],
Theorem 8.9.:

Theorem 4.1.2. For any ' CC Q and u € La(Q) the solution y € H(Q) of

/Vy-deQ—/uwdQVwefIl(Q)
Q Q

satisfies y € H(Q) N H2(QY).
Having listed this result, we can now turn to the main regularity result:

Lemma 4.1.3. Suppose that for fized u € Ly(R2), y € Hl(Q) solves

/Vy-deQ—/uwdQVwefIl(Q)
Q Q
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Then, in addition Vy € H(div,Q) and

IVl fraiv,e) S lull ) -

Proof. Pick an arbitrary w € C§°(£2). Since supp(w) CC €2, Theorem 4.1.2 ensures y €
H?(supp(w)). Then by Green’s formula, cf [37], Theorem 1.5.3.1 and Lemma 1.5.3.2, we can
deduce that

/ Vy-deQ—/Vy'deQ——/dinywdQ—/uwdQ,
Q

supp(w) Q

Since v € C§°(§2) was arbitrary, we obtain

—/dinyw dQ = /uw dQ Yw € C§°(2)
Q Q

Harnessing the fundamental lemma of the calculus of variations, compare e.g [35], Chapter 1,

Lemma 3, we are then able to deduce
—divVy = u a.e. on .

u is an element of Lo(€2), hence, we can conclude

divVy € Ly(Q).
Evidently,

divwy] = full.
Continuity of S and the definition of the H(div,2)-norm then yields:

IVYll gaiviy S llull

which completes the proof. ]

After this regularity detour, let us now return to the optimal control problem itself. Existence
and uniqueness results as well as optimality conditions are our first focus. To this end, we
can merely transfer the results of Section 2.2.1 to our specific model problem setting:

The fact that problem (C'M P) satisfies Properties (Prl)-(Pr5) has already been discussed for
an even more general problem in Section 2.4.1. To ensure that we are not optimising over the

empty set, we make the following Slater-type assumption:
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Assumption 4.1.4. There exists u® € U such that
Sus —ye>71 >0, a.e. on

Evidently, (Pr6) is fulfilled, too, hence, we can now deduce the existence of a unique solution

@ and corresponding state § = Su (compare Theorem 2.2.1) such that
(p+ vi,u—a) >0 Yu e U (4.1.3)
with p = S*(y — yq) with S* : La(2) — L2(Q2) and
U= {ucl : y.— Su<0}.
As before, we define the reduced functional by

1 2V 2
F) =5 10— yall® + 5 lul

Having settled existence and uniqueness questions, we now aim to characterise S* as the
solution operator to another partial differential equation, in fact we obtain S = S§*. This will

be important for both analytical and numerical reasons:

Theorem 4.1.5. Given q € La(R2), z = S*q solves the variational problem

/Vz-Vw Q0 = /qw dQ Yw € HY(Q) (4.1.4)
Q Q

Thus, z = S*q € H(Q), Vz € H(div,Q) and
120l i1 ) + 11Vl a0y < llall-
Proof. By definition of the adjoint operator, compare Section 2.1.2, S* satisfies
(h,2) = (h, S%q) = (Sh,q), Vh,q € L2(Q)

The variational problem (4.1.4) possesses a unique solution z € H*(Q),Vz € H(div, ) for
every right-hand side g € Ly(2), again compare Theorem 2.4.1 and Lemma 4.1.3. Thus,
utilising the fact that H(Q) < Ly(Q), compare the Poincaré-Friedrich inequality Theorem
2.1.33, we can define a solution operator S : Ly(Q2) — Ly() to (4.1.4). Employing (4.1.4)
and the fact that Sq € ﬁl(ﬂ), we deduce:

(h,Sq) = (VSh,VSq) = (¢, Sh) Yg,h € Ly(9).
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As a consequence S = S = §*.
Corollary 2.1.21, Theorem 4.1.2 and Lemma 4.1.3 now yield the bound for z = S%*q. O

Let us now turn to the regularisation of (CMP).

4.1.2 The Continuous Model Regularised Problem

In this section, the focus lies very much on deriving an a priori estimate in terms of the regu-
larisation parameter for the difference between the continuous regularised and unregularised
solution @, u. This will be achieved in Theorem 4.1.10 and 4.1.11. Before, though, we have

to lay some notational and theoretical groundwork:

We tackle the following regularised model problem.

i 1 2 vV 9 1 9
uELg(Q)7y€m]flllI(1Q)7veL2(Q)§ ly —vall™ + 5”“” + % |lv]]
s.t.
/Vy -VoudQd = /UU dQ). Yv € IO{I(Q> (CMPE)
& Q
and
ueld

Ye—y —ev <0 a.e. on ()

7

Recalling Theorem 2.2.12, we obtain the following necessary and sufficient optimality condi-

tion for the unique solution couple (u®, v°):
(pr + vat,u —a®) + é(@s,v —7°) >0 Y(u,v) € U=, (4.1.5)
where pf is the regular adjoint state defined by p& = S*(y° — y4) and
U9 .= {(u,v) € La(Q) x La(Q) : a <u<b, Su+ev>y.}.
The reduced functional is defined by
£ 0) = 5 115w = gall + % Nl + o ol
As in Chapter 3 we introduce the optimal value function

a: (0,1 e~ f(a°,0%)
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and extend it to the unregularised case by setting

a(0) := f(a).

At this stage, the reader may want to recall the results of Chapter 3, especially Theorem
3.2.1.
We now apply the results of Section 2.2.2 and Theorem 3.2.7 to the present, less general

setting. The key results are subsumed in the following theorem:

Theorem 4.1.6. Let (CMP®) be given. Then, for each € > 0 the unique solution couple
(u®,v%) € La(Q) x Lo(2) and corresponding state y° = Su and the unique Lagrange multiplier
0° € Ly(Q2), 6° > 0 a.e. in Q, fulfil the following Karush-Kuhn-Tucker system:

(P +rvu,u—u) >0 Yuel
—e20° +9° =0 (4.1.6)
(0°,95° — ye +ev°) = 0.

where the full adjoint state is defined by p° = S*(y° —yq—0°) and its regular and singular
part by ps := S*(§° — yaq) and pS := —S*0° respectively.

The optimality condition
(P° + v, u—1u) ) =0 Yuel

can be reformulated in the following pointwise fashion

u(x) = min(max(—%ﬁe(a:),a),b) =:1I(p°) f.a.a. z € Q. (4.1.7)
Besides:
v°(x) = —% min(y°(z) — yc(z),0) fa.az € (4.1.8)

Thus, o € HY(Q) for all ¢ > 0 and in addition, 65 € H'(Q) for all & > 0.

Furthermore, the slackness condition

(0°,9° —yec+ev°) =0

s equivalent to the pointwise formulation

0% () (§° (x) — ye(x) + ev°(x)) =0 fa.ax € (4.1.9)
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Proof. In Theorem 2.2.13 we have already proven that (u, %) fulfil the KKT system
(P2 + vat,u—u) — (6°,Su — Su®) >0 Yuel
—20°F +5° =0
(6°,9° — yo + %) = 0.
Now using the adjoint operator S*, compare Theorem 4.1.5, we can reformulate it in the
desired fashion to gain (4.1.6).
The proof of formula (4.1.7) can be found in [80], Theorem 2.33.

Thus, we can now tackle the proof of the penalty structure (4.1.8). Here, the basic idea is to
prove that the function ¢ defined by (4.1.8), i.e.

() = 2 min(F(z) — pe(a),0),

satisfies (¢, 0) € U5 and
f(u,0) < fo(af,v°).

Due to uniqueness of the optimal solution this would entail 7 = ¥ and thus all that we set
out to prove. So let us now tackle this proof:
First of all, we observe that & > 0 a.e. on Q and by construction (a,?) € U, We now still

have to prove that
fe(as,0) < fe(u°,0%).
We discern that thanks to admissibility of (u®,v%) we have
7 (z) > —%(gf@) ~ ye(2)), faa. 7€ Q. (4.1.10)
On the set
M~ ={xeQ: ¥ (z) —y(z) <0},

we have v°(z) > 0 f.a.a. x € M~. Thanks to (4.1.10) we furthermore deduce f.a.a x € M~:

F(2) >~ (@) — pelw)) = 2 min((e) — yelw) = () > 0 € M

As a consequence we deduce |0] < |v°] a.e. on M.
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By construction of v we have v =0 a.e. on 2\ M~ and hence
|0(x)] < |0°(x)| fa.a. z el
Standard properties of the La(€2)-norm then enable us to conclude
e T
Thus
fe(as,0) < fe(a°,v%).

As explained before, uniqueness of the solution (@°,?°) now entails & = ©° - which is the

desired penalty structure (4.1.8).

Thanks to the penalty structure (4.1.8) we know that o° € H'(Q) for all ¢ > 0. After all,

min(y® —y,,0) € H! (€2). The improved regularity for #° then readily follows as a consequence

of the equation for ¢ and 6° in (4.1.6).

The fact that the pointwise slackness condition (4.1.9) holds is a consequence of §° € C~

(which means # > 0 a.e. on Q), ¥ — y. + 0° > 0 a.e. on  and standard Lebesgue

integration theory. After all, Ly(2) > f,g > 0 and (f,g) = 0 imply f(x)g(x) = 0 f.a.a. x € Q.
O

Our aim now is to prove an a priori estimate

compare also (4.0.1). To do so, we need a couple of auxiliary results: The starting point will

2
~ N
U _u‘ 587 57>O)

_eN ‘

be an improved bound for the Lagrange multiplier 6°.

Lemma 4.1.7. Let 1 < p < 2 and p' be its dual exponent, i.e. * + 3 = 1. Then, for 6° the

1,1
p ' p

following bound is valid:

1 / /
< (2)2 B

1[0 5

where T is the constant from the continuous Slater point in Assumption 4.1.4.

In particular, there holds:

16°

1
HLl(Q) S p

Both constants are independent of p'.

Proof. The basic idea of the proof is to first prove a uniform L;(€2) bound for the multiplier
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6¢ and then demonstrate the improved bound for the ngH L) 1 < p < 2 by interpolation
arguments.

Thus, let us commence with the uniform L;(2)-bound. First of all, we observe that as an
Lo-function for every fixed ¢, 6° € Ly(2) forall1 <p <2,

Let us now recall the optimality condition for 4° in (4.1.6) in the following slightly reformu-

lated fashion where we split the full adjoint state into its regular and singular part:
0< (" +vu',u—1u°) = (py +vu,u—u) — (p§,u—u)
= (P54 vt u — u°) — (S*0°,u — u°)
= (pE + vt ,u — ) — (65, Su — Su®) Yuel.

Inserting v = u® from Assumption 4.1.4 into the inequality above, we can now deduce after

a short rearrangement:

(P 4 vt ,u® — af) > (6°, Su® — Su)
= (6%, Su® — ye) + (6°,y. — Su‘)

Using the slackness equation in (4.1.6) and the fact that 5 > 0 a.e. on § since §° € C~, we
can proceed in the following way:
(ésv Su® — yc) + (éa’ Ye — Sﬁg) =T HéEHLl(Q) T (éa’yc N Sﬁg)

- 1
=T HHEHLl(Q) s I5°)1”
All in all, we thus gain:

<

- 1
1001y < =

_ _ _ R

(27 +va®, u® — ) + — [|o°]%)
Now, recall that due to Theorem 3.2.1 a(¢) < a(0) and thus in particular

1 —c|12

o R (4.1.11)

€
Presently, we can harness continuity of S and S* as well as the uniform bound of functions
belonging to U derived in (4.1.1) to obtain:

16 1y oy < 155 + v, — )+~ o)
L) S ZI0r+Hvat,w’ —a Z v
1 _
S =USTIHIY° = wall +1)

ST ARSI+ Tyall + 1)) S

INA
—
N =
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Thus, we have ascertained the uniform Li-bound

16°

1
Iz, < = (4.1.12)

We can now utilise the interpolation theory arguments of Section 2.1.7 to derive the desired
result.

We observe that the L,(2)-spaces have the property that

;=

1 1
(Lp()" = Ly(Q), —+ b 1, 1<p<oo, (4.1.13)
see e.g. [85], Theorem 10.44, and
L1(Q) — Loo(2)* (4.1.14)

by Holder’s inequality, compare [85], Theorem 10.43 or [40].
Since 6° € Ly () for all fixed € > 0, 6 thus can also be interpreted as a functional on Ly (),
2 <p' < oo.

From the equation for % and ©¢ in (4.1.6) we gain
_ 1

6] = 2 1.
Combining this with the bound (4.1.11), we deduce:

0 —3/2

HQEHLQ(Q) Se 2. (4.1.15)
Setting o according to Z% = 1—?0—7 0<o<l,ie. oc=1— 1% we have by Definition 2.1.41
Ly() =Ly »(Q) = (L2(Q), Loo () oy, 1 < p' < 0

Presently, using the properties of Lorentz spaces, Definition 2.1.41, the interpolation estimate
(2.1.14) from Theorem 2.1.40 and L2(€2) = Lo(2)*, we obtain for 1 < p < 2 and its dual
exponent p':

HesHLM(Q) - HHEHLP(Q)

- Héa“Lp/(Q)*

< (1811, o

(4.1.16)

g
A P
2
p
Now recall (4.1.13) and (4.1.14). Together with the bounds (4.1.12) and (4.1.15) these rela-

tions allow us to continue our estimates for 1 < p < 2 and its dual exponent p’ in the following

el l—0o nello
= HHSHLQ(Q) HHEHLOO(Q)* ’
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way

100, 0 < NI oy 197

<[00 ) 67

Iz, @ I7... 0

g
HL1 (Q)
< 5—%+%"(1)0 — (1)1—2/19’5—3/19’ o—=1— 2
~ T T j
Combining this with our uniform bound L (2)-bound for 6, (4.1.12), we can include the case
p = 1 and its dual exponent p’ = oo in the above estimate and thus finally deduce the desired
result:
1
HLP(Q) S ()

T

|62 =23 1 <p<a

O]

Before we move on to the next lemma, let us for notational convenience introduce a generic
constant s(7) which is assigned to indicate that in those estimates where it appears negative
powers of T enter. The negative powers themselves usually depend on p’ and the specific
setting, hence the attribute ’generic’. The estimate in Lemma 4.1.7 can in this way be
shortened to

— / . 1 _ /
|1y S s, with s(r) = (0)' 7

|6
Likewise, for the embedding constant of the embedding H'(€) < Ly(€),1<p <ooin 2d,
1 < p’ <6 in 3d we introduce in the same spirit as for s(7) another generic constant c(p')
which is assigned to indicate that the embedding constant enters with some positive power
depending on the specific setting. In particular, the appearance of ¢(p’) indicates that in 2d,
c(p) = o0 as pf — oco. In a setting restricted to 3d we will do without explicitly stating
the constant as we are restricted to p’ < 6 anyway and do not have to investigate the case
p — 0.

After this notational detour, let us now continue our stability estimates.

The next lemma provides a bound for the H'-semi norm of the violation of the state constraint:

Lemma 4.1.8. Let 2 < p' < oo in case d =2 and 2 < p’ <6 in case d = 3. Furthermore, let
p denote its dual exponent, i.e. ]% +% = 1. For the difference (§° —y.)~ we have the following

error bound

(5 = o) oy S c@)s(r)e' 7" (4.1.17)

Proof. Evidently, (¢° — y.)~ € ﬁl(Q), since g = 0 on 9N and y.|spo < 0 by assumption!.

S. Steinig AFEM for State-Constrained Optimal Control



130 CHAPTER 4. THE ESTIMATOR

Thus, we can use it as a test function for the bilinear form b, (4.1.2), to obtain

€

- yC)_‘?—Il(Q) = ’(v(ge - yc)7 v(ge - yc)_|

= (@ + Aye, (57 = ye) |

(@

Now we can take advantage of the penalty structure of v°, compare (4.1.8), to get

&

’(?j - yc)_ﬁfl(ﬂ) - ’('I_La + Ayc, —Eﬁa)’

- B (4.1.18)
< ||a° + Ayel| flev*l-

Presently, let us estimate ||o°||:

Recalling the complimentary slackness condition (4.1.9), 8 > 0 a.e. in  and the embedding
HY(Q) = Ly(),1<p <ooincased=2and 1 <p <6 in case d =3, compare Theorem
2.1.35, we obtain

1 _ _
z 101" = (6%, e — ¥°) < HHEHLP(Q) 17 - yc)_HLp,(Q)

S ) HéEHLp(Q) 17 - yc)_HHl(Q) :

Using the Poincaré-Friedrich-inequality Theorem 2.1.33 (7 —y.)~ € HY(Q)!) and the results

of Lemma 4.1.7, we can pursue our estimates in the following way:

1, ~ _ _
- HUEHQ < e(p') HGEHLP(Q) H(ye — Ye) HHl(Q)

<1 0 167 — ) i

< e(p)s(r)e 7| (7F - Ye) |1 ()
Thus, we have gained:
1 €112 < / =3/p' (- —
C oI S e@)s(Me™ 1@ = ye) " |-
A short rearrangement of this bound yields
—& / 13 . — %
1971 < e@)s(r)2 ™ |5 — ) L3 -

Let us now insert this bound in (4.1.18) bearing in mind that ||a® + Ay is uniformly bounded
in L2 (Q)

3.3 _ 1
1~ ) ooy S € 19711 S c0)s()ed 15 — ) iy

Dividing by |(g° — yc)*%?m) (if this term were 0, the postulated bound (4.1.17) trivially
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holds) yields:

—&

3
‘(y - yc)_‘i[l(g) = C(p,)S(T)EQ .

4.1.17) then readily follows. OJ
( ) y

A consequence of the previous lemma is the following corollary:

Corollary 4.1.9. For 2 <p < oo in case d =2 and 2 < p' <6 in case d = 3 we have the a

priori bound
_z
5] S min(e' 2, e(p)s(r)e' )
Proof. First of all, we observe that boundedness of the continuous optimal value function a,

compare Theorem 3.2.1, in particular yields

1

z 1)1 < ale) = f°(@, %) < f(a) S L.

Thus
15°]| < &'/2,

which gives the first estimate.

Conversely, recall the slackness equation (4.1.9). We obtain as in the proof of Lemma 4.1.8

1 —€|2 _ |(DE € _ < \ || ge —€ - 1 1_
S = 1657 = )| S e 8]y 157 =900 gy, + 5 =1

Now we can just plug in the bounds for §°, Lemma 4.1.7, and the energy norm of (7° — y.)~

from Lemma 4.1.8 to derive the desired result. O

Having collected these auxiliary results we are now in a position to prove an a priori estimate
la — || S c(@)s(r)e”,y >0

into which we will insert - as the last step - £ = eV to gain the desired estimate for (4.0.1).

Theorem 4.1.10. Let 4 < p’ < oo in case d = 2 and p' = 6 in case d = 3. The following a

priori estimates hold true:

9 c(p)s(T)el =P ifd=24<p <o
[u" —all” <
s(1)el/3 if d=3,(p =6)

~

(4.1.19)

S. Steinig AFEM for State-Constrained Optimal Control



132 CHAPTER 4. THE ESTIMATOR

Proof. The proof uses Taylor expansion of f¢ at (u°,v%). We refer to Chapter 8 in [48] and

especially Theorem 8.16 in [48]. Since f€ is quadratic, we gain

f(@) = f2(@,0%) = f(a,0) — f*(a*,v%)

2
— leE(,aE,@é‘) X [ﬂ _ ’U/E, _1—)5} + DQfE(ﬂs,z_}s) . [ﬂ _ ’ELE’ —7E

Differentiating now yields
1pe/—e —¢ _ — _ & —g = —€ 1 — |2
D, v) - |a—we, —oF| = (5 +vat a— ) - < [oF) > 0,

where we have also used (4.1.5).

For the second derivatives we can conclude
R S i 4 Lt G )
Thus
fla) = f2(u, %) > v |a—a*.

Using the differentiability of the optimal value function, compare again Theorem 3.2.1, we

deduce

v @ — |1, < f(@) = 7@, 0) = a(0) — ale)

. (4.1.20)
! /QH\\w

Harnessing 8¢ > 0 for all t > 0, Hélder’s inequality and the complimentary slackness condition
n (4.1.6) with € = ¢, we deduce:

1 1
t at t ¢ -
A A [ P
The embedding H(Q) < Ly(),1<p <occifd=2and1l<p <6ifd=3, and the
results of Lemma 4.1.7 and Lemma 4.1.8 for € = ¢ enable us to continue our estimates in the

ensuing vein:

2 1, B _
L < 100 165 5o

< c(p/)s(f)%(tl—zvp’) _ c(p/)S(T)t%/p"

Presently, we can pick up the thread we left off in (4.1.20) and continue our estimates taking

advantage of the estimates above (remember that we assumed p’ > 4 if d = 2 and p’ =6 if
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3]

1
vla - @l < [ 10

0
< c(p’)s(7)/t4/p/ dt
0
1 _ / — /
:C(p/)S(T)m5l WS e(p)s(r)e Y, pl >4

In case d = 2, this gives the first estimate in (4.1.19). If d = 3 we just have to insert p’ = 6
into the estimates above. Here, note that the dependence on the embedding constant c¢(p’)

can be neglected since we fix it to ¢(p’) = ¢(6). Ultimately, we deduce in case d = 3

vl — 12,0 S 3s(r)e"? < s(r)eV>.

This gives the second estimate in (4.1.19). O

2 .
‘ in (4.0.1) by

As a corollary we now obtain the desired estimate for the difference Hﬂ — "

inserting £ = €V in the bounds of Theorem 4.1.10:

Corollary 4.1.11. Let 4 < p' < oo in case d = 2 and p' = 6 in case d = 3. Then the

following a priori upper bounds are valid:

2 c(p)s(r)e4/PN  jrd=2 4<p <
’f”—ﬂlg #)s(r) v b (4.1.21)
s(r)eN/? ifd=3,(p) =6)
Hence, the v in the estimator (4.0.1) is defined by
1—4/p) ifd=2, 4<p < oo fived
. (1—4/p) if p fi (4.1.22)

1/3 ifd=3.

Proof. Since the constants in the estimates of Theorem 4.1.10 do not depend on &, we can

merely insert € = ¢’V in (4.1.19) to obtain the desired result. O

In deriving the a priori result in terms of the error in regularisation, Theorem 4.1.10, we
used a different approach compared to the techniques employed in [52] and [18], where higher
regularity of the solution operator - it maps to C%%(Q) - was used to gain estimates on
the maximal violation ||(y. —%°) ", _ (- The reasons for pursuing this alternative path are
twofold: First, we wanted to gain improved bounds for the multiplier §° in L,(£2), 1 <p < 2,
compare Lemma 4.1.7, and secondly, and more importantly, we wanted to prove the a priori

bound without any addtional regularity for the PDE making them potentially applicable
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in settings with less regularity such as constraints on the pressure as in Section 2.4.3.

Let us also stress that to the best of author’s knowledge Theorem 4.1.10 is the first re-
sult where Holder-stability for the regularised problems has been proven without any such
additional regularity. In fact, the results - at least for d = 2 - even almost match the al-
ready cited existing ones such as [52], Theorem 11, where in case d = 2, exactly el/? was
proven for more general elliptic PDE, but also under stricter regularity assumptions, namely
S € L(La(Q2),COL(Q)).

At this stage let us shortly recall our aim (4.0.1):
e 112
|08 —allf 5 |

2 2
_ N _ — _N
- uH + HU; —af H

U U

<N g2 e,

2
For the term Hﬂ —a H we have proven the desired a priori estimate in Theorem 4.1.10 and
2
‘ . To this end, though, we

first have to introduce a discretisation of the original problem (C'M P) and a corresponding

Corollary 4.1.11. Now, we have to tackle the term HUE — "

regularisation which we will do in the next two sections.

4.1.3 The Unregularised Discretised Problem

We introduce a series of triangulations of 2, 7 such that:

Q= J T

TET,

This enables us to define the following spaces:
The control space Uy will be either left undiscretised, this is the so called variational dis-

cretisation approach, compare [44], i.e.
U =U
or discretised by piecewise constant functions, the full discretisation approach, i.e
Uy = FES(Tk, Po, L2(2)).

We will treat both types of ansatz spaces simultaneously in this and the following section.

For the discretisation of the state space Y we choose (regardless of the control discretisation)

Y, = FES(T;,P1, H'(Q)),
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compare also Definition 2.3.4. For V} we choose (again irrespective of the control discretisa-

tion)
Vi = (Yg, L2(92)).
We introduce the set
Uy, ={U €U : a<U < bae. in Q},

for which (4.1.1) is also valid. Despite the fact that Uy C Ugy1 (irrespective of the control

discretisation) we do in general have that
d d
Us" ¢ Ugs .
Let us now lay out the discrete unregularised problem:

o1 2 Vi
Sy - ST
vedin 5 1Y —vall”+ 51U

s.t.

/VY-VWdQ:/UWdQ YW € Y
J J (DM Py)

and
U e U
Iyye — Y <0 a.e. on Q.

For the verification of Assumptions (A2)-(A4) we again refer to the discussions of Section
2.4.1. Note that we do not assume anything apart from Property (Pr8) for the operator Ij.
To ensure that (A1) is fulfilled, we next assume that the feasible set

U= {U e Uy, : Lyy. — SpU <0}

is non-empty for all k. We observe that every sequence {Uk} C U with ﬁk € Ugd is uniformly
bounded thanks to (4.1.1).
The discrete solution operator Sy fulfils a Galerkin-orthogonality property which is the subject

of the next lemma:

Lemma 4.1.12. For any q € La(2) we have

(V(Sq — Skq), VW) =0 VIV € Y. (4.1.23)
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Proof. Since Yj, € H'(Q) we can deduce that
O

For the discrete adjoint operator S}, we are able to prove a result mirroring Theorem 4.1.5:

Theorem 4.1.13. Suppose we interpret Sy as an operator Sk : La(Q2) — Lo(2). Given
q € La(Q), Z = S;q € Yy, solves the variational problem

/VZ-VW dQ = /qW dQ YW € Yy, (4.1.24)
Q Q

Thus
1534l iy = 121171 S Il
Proof. By definition of the adjoint operator, compare Section 2.1.2, S; satisfies
(h, Sga) = (Skh,q), Yh,q € La().

Defining Z as the unique solution Z € Yy € H'(€) of (4.1.24), we obtain by employing
(4.1.24), the properties of the solution operator S and Galerkin orthogonality (4.1.23):

(h,Z) = (VSh,VZ) = (VSh,VZ) = (q,Skh) Yq,h € Ly().
Thus
(h, Srq) = (h, Z) = (q, Sxh) ¥Yq,h € L2(Q)

Hence Z = S} q which completes the proof. O

The discrete solution U, and its corresponding optimal state Y}, = S,U; and adjoint state
Py, := S} (Y}, — ya) satisfy the following familiar first order necessary and sufficient optimality

condition:
(P + vU, U —Uy) >0 YU € U

We next turn to the regularised discretised problem whose solution will be the one actually

computed by the algorithm presented in Chapter 5.
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4.1.4 The Regularised Discretised Problem

We tackle the following discrete regularised problem:
: 1 2, Vi, 1 2
— Y — —|\U — |V
o, B8 SV = gl + SO+ 5 IV
s.t.

/VY-VWdQ:/UWdQVWEYk
Q

15

J (DMF)
and

UeU,

Ity — Y — eV <0 a.e. on €.

The next theorem is an application of the results of Theorem 3.2.8 to the present setting:

Theorem 4.1.14. The unique discrete solution couple (Ug, Vlf) fulfils the following necessary

and sufficient optimality system:

(SE(YVE — ya— 05) +vUS, U —U5) >0 VU €Uy
-2+ VE=0 (4.1.25)
05,V — Iye + Vi) =0

As in the continuous case, we define the discrete full adjoint state by Pkf = SZ(?,f—yd—éi),
its regular part by P,j’r = SE(YE — ya) and its singular part by P,is = —S505.

Proof. The KKT system (4.1.25) is an immediate consequence of the adjoint representation
(4.1.24) and Theorem 3.2.8. O

2

_N =
u® —Ug|| , let us prove a

projection relation for Uf mirroring (4.1.7). To do so - for future use in a different setting - we

Before we turn the derivation of the estimator for the difference

will first formulate a fairly general result for the projection of functions on box-constrained

convex sets:

Lemma 4.1.15. Let IL either be a closed subspace of La() or L = La(Q2). Furthermore, let
the convex and closed set W C 1L be defined by

Wi={wel : w <w<ws ae inN}
with wi,ws € RU{—00,00}, w1 < wsy and let for g € La(2)

(II:29)(z) = min(max(g(x),w1)), w2) = € Q. (4.1.26)
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denote the pointwise cut-off of the function g which is in addition assumed to fulfil
II2(2) e L vz € L. (4.1.27)
Besides, we denote by Pp, the orthogonal projection on L defined for arbitrary g € La2(Q2) by
(PL(g) —g,2) =0 Vz e L.

Then the projection Iy (g) of a function g € La(2) on W defined by (compare Theorem 2.1.7)

(T (g) — gy — Ty (g)) > 0 Y € W (4.1.28)
satisfies:

(Mwg)(z) = (I3 (PLg))(z) fa.az €.
Proof. Let us first investigate the case L = Lo(Q2) before we turn to the general case L C
Ly(Q):
Since L = Lo(2) P = I, where [ is the identity operator. Recalling Theorem 2.1.7, we gain
for the projection Iy (g) of an arbitrary function g € Lo(€2) on W:

(Mw (g) —g,w —Iw(g)) 20 Yw e W

Inserting w = 112 (g) € W, we deduce

0 < (Ow(g) — 9,112 (g) — Mw(g)) = (Mw(g) — 2 g + 12 g — g, 1122 (g) — Hw (g))
2
= — ||y g — m22g|]* + (429 — g, T1%2g — Lyyg)

Rearranging this inequality, we derive
2
[Mwg —T2g||” < (g — g, 29 — wg). (4.1.29)
Now we distinguish between three (not necessarily non-empty) sets:

Ot ={ze€Q : g(x) >w ae}
Q" ={zeQ: g(xr) <w ae. }
QU =0\(QTuUQ).

Distinguishing between these different sets on the right hand side in (4.1.29), we derive by
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definition of T2 g:

2
Mg —I2g||” < (11229 — 9,112 — Twg) 1, 0+) + (29 — 9, 1129 — wg) 1,0
+ (1529 — 9,139 — Hwg) 1, (q0)
= (w2 — g,w2 — Mwg)r,0+) + (w1 — g, w1 — wg) )
—— —— —_—— ——
<0 >0, My geWw >0 <0, My geWw
+ (99,9 —lwg) 1,00

=0

<0
Hence

Iy g = 1L 2 g, (4.1.30)

w

because the projection on W is unique, compare Theorem 2.1.7.
Having settled the case L. = Ly(2), we can now turn to the general setting . C Lo(2): Here,

we investigate

[T (9) — T2 (Pug) || = (T (9) — g, T (g) — T2 (PLg))

(4.1.31)
+ (9 — 2 (PLg), Tlw (g) — 22 PL(g))-

Due to (4.1.27) we have II:2(PLg) € W. Thus, (4.1.28) yields for the first term on the right

above:

(Iw(g9) — 9. llw (9) — 112 (FLg)) < 0.

Hence, continuing our estimates in (4.1.31), we obtain

1T (9) — 12 (Prg)||” < (9 — Pu(g), Thw (g) — T2 (PLg))
+ (PL(g) — T2 (PLg), Tlw (9) — T2 (PLg))-

For the first term on the right in the inequality above we use the definition of the orthogonal

projection and once again (4.1.27) to deduce

(9 — PL(9), Tw(g) — I3 (PLg)) = 0

For the second term we take advantage of (4.1.30) for g = PLg to obtain

(PL(g) — T2 (PLg), I (g) — T1;2(PLg)) <0,
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because wy < Iy g < wo a.e. by definition of W.
Thus, all in all

2
[T (g9) — T2 (PLg)||” < 0
and hence
My g =2 (PLg).

This completes the proof. O

This result can now be transferred to the optimality condition for Ug in both the variational

and full discretisation setting. This is the subject of the next theorem:

Theorem 4.1.16. For the variational discretisation setting, i.e. U = U, in the notation of
(4.1.7), the following relation is valid:
1

Ui (z) = min(max(—;Pg(x),a),b) = (HZ(—;P,?))(Q:) = (II(Pg))(z) fa.a. z€Q (4.1.32)

For the full discretisation setting we have with the Lo-orthogonal projection on Uy, Py,

U (2) = min(max( P, (~ 55)(x). a), b

= (0, (Py, (— (P))(x) = (M(P))() fa.aw €0

(4.1.33)

holds.
Proof. Let us recall the optimality condition for U i in the following slightly reformulated way:
7€ 1 DE 33
(Ug + ;Pk,U— Ur) >0 YU € U.

In the variational discretisation setting we can thus immediately apply Lemma 4.1.15 with

W = U, and w; = a, wy = b to deduce:
rre b 1 DE

This gives (4.1.32).
To derive (4.1.33), we again intend to apply Lemma 4.1.15, however, we have to verify (4.1.27)
for Uy first. Naturally, though, it is clear that the pointwise cut-off (4.1.26) of a piecewise

constant function is still a piecewise constant function. Hence (4.1.27) holds. This in turn
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allows us to harness the results of Lemma 4.1.15 to gain

L))

Uli - HZ(PUk(_;

This completes the proof. ]

Let us now finally turn to constructing an estimator for

‘ a — o’
4.2 Derivation of the Estimator
_ 2
We will not be able to derive an estimator for ’ " —U +|| all at once in one step. For better

readability, we will thus shortly list the necessary steps to achieve this aim:
Recalling the definition of II(+), (4.1.7), i.e.

(II(v))(x) := min(max(v(z),a),b) v e La(),

(4.1.32), we can lay out the broad strategy to derive the desired estimator:
1. Estimate for arbitrary P € H'(Q)

N

(4.2.1)

o

2. Estimate the resulting terms involving the multipliers éEN, é,i

3. Combining both, derive an estimate for the variational discretisation approach U,i =
II(P¢) by inserting P = Pf in (4.2.1)

4. Deduce estimate for the full discretisation by splitting the difference and using (4.2.1):

N

*5_—5N2 *5_*52 DE\ _ =€ 2
Up —u || <2|I(P) — UE||” + 2 |[IL(P) — @

The first term on the left can be evaluated exactly, compare [49], Remark 4.3, the second

one can be dealt with as in the variational discretisation setting.

As we see, (4.2.1) is the starting point for our analyses. This 'basic’ estimate is therefore our

first goal:
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4.2.1 The Basic Estimator

Before, we turn to the actual estimator, let us first recall the well-known Young’s inequality:

Lo 0.
< — — 4.2.2
ab_%a +2b,a,b,5>0 ( )

On several occasions, we will also use the following application of Young’s inequality. The
proof is trivial.
Lemma 4.2.1. Let a;,b;, i = 1,....m be non-negative real numbers. Then

m

(Z aib)?> <m i alb?
i=1

=1

We are now in a position to prove the first crucial estimate

Lemma 4.2.2. Let (P,Y) € HY(Q) x HY(Q) be arbitrary. Furthermore, we define § :=
SII(P),p = S*(Y —yq — 65) and U :=1I(P). Then, with a fired N > 1, we have

N2 1 1.
ey = < g = YIP + - PI?
2v v (4.2.3)
2 - N _ N P -
+;( Y _y)—i_*(ek»y_y )7

Proof. We start by remarking that for the projection on the closed and convex set U of —%,
I/ (— 1 P) we have thanks to Lemma 4.1.15

(Hu(—%P))(x) _ min(max(—%]—f’g(m), a),b) = (TI(P))(x) faa. € Q.

Using the variational inequality for the projection on a closed and convex set, compare The-
orem 2.1.7 or (4.1.28), we then obtain:

(P+vII(P),u—1II(P)) >0 Yuel. (4.2.4)
In particular, we thus have
N

(P + vII(P),II(P) —u® ) <0,

because @€ . Similarly, employing the optimality condition for " in (4.1.6) into which we
insert u = II(P) € U, we obtain
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From these observations we can infer that:

2
vep) =@ = (P4 vm(p), mp) - @) 10
<0
—(F v I(P) - ) +(F — PI(P) — )
<0
<" - PIP) - w")
Inserting p, we can split the last term in the following fashion:
(0"~ PI(P) —w") = (p° —pT(P) @ )+ (p— P,I(P)—a) (4.2.5)

For the second term on the right hand side we use Cauchy-Schwarz and then Young’s inequal-
ity (4.2.2) with 6 = v to obtain:

N2

R N 1 . v B
(p— P,II(P) — @ )SEHP*P||2+§HH(P)—M ‘ . (4.2.6)

For the first term on the right hand side in (4.2.5) we use p° ,p € H'(Q) for every fixed
e >0, as well as § = STI(P) and p = S*(Y — yq — 65) to deduce:

N N N N

0= —pI(P) — @) = (V@G —F ), VE —p))
=@ Y7 )+ @G- g-7")

The second term already forms a part of (4.2.3), thus, at this stage, we content ourselves with

estimating the first using Cauchy-Schwarz’s and then Young’s inequality (4.2.2) with § = 2:

_-N N _~N _~N PN _~N ~ ~ _~N
O Y-y )=0 —-09-9 )+@-Y,9-9)
N2 . N
=—|g—v ‘ +||y—YHHy—yE ‘
N2 1 N2 (4.2.7)
< —|lg—7° ‘ JrZIIy—YHQJr‘yE —
1 2
= lg-Y
4Hy |
Combining (4.2.6) and (4.2.7), we discern
2 1 v 2 1
v ey —a|| < e - PR+ |mep) = a1 - v P

_eN

+(§z_§€N7Z)_y )
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2
We can now subtract the term 3 HH(P) — " H in the inequality above. Then, we obtain:

v ~2 1 1
ey - @ H < NG=Y|*+=—p-P|?
LR T R (AT R
+ (0 =)+ (-5
Multiplying the inequality by % then yields the desired result. O

A similar estimate was also derived in [46]. However, we will now extend this result by

providing an upper bound for the terms

@, 5" —9), @5, 9—7 ), §=SU(P),Pe H(Q) (4.2.8)

2

This is the second step of our 'roadmap’ to derive an estimator for the difference ‘ T U,i

which we presented at the beginning of this section.
Before, though, we need a couple of auxiliary results. The first one provides a 'monotonicity’
property of the continuous solution operator S, see e.g. [36], Theorem 8.1. Its proof is rooted

in the maximum principle for elliptic differential operators:

Lemma 4.2.3. Suppose that ¢ € L2(Q2) with ¢ > 0 a.e. in Q2 is given. Then Sq > 0 a.e., too,
and since S = S* by Theorem 4.1.5, we also have S*q > 0.

Secondly, we need a special projection:

Definition 4.2.4. For an arbitrary function z € Ly(2) we define the projection P,g"' :
L2(9) — FES(T;, Po, Lo(Q) by

1
Py = arg min W = z||?, (4.2.9)
WEFES(Th,Po.L2(Q)),W>0 a.c. 2

i.e. it is the projection on the closed and convexr subset of the space of piecewise constant

functions
F :={W € FES(T;;,Pp,L2(2)) : 0 <W < 0 a.e.}.

P,S+ perfectly fits into the setting of Lemma 4.1.15. The following lemma summarises the

properties we will often use throughout our analyses:

Lemma 4.2.5. For any v € Ly(2), PIS+ satisfies

HPISJFUHLQ(Q) < vll Ly - (4.2.10)
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Besides, on every element T € Ty, PISJF 1s defined by

1
Pl = max(m /v(:n) dT,0) = max((Pres(7;,Po,Lo(2))V)(Z), 0), (4.2.11)
T

where Prgs(T;,,Po,L2(0)) denotes the La-orthogonal projection on the space FES(Tg, Py, L2(€2)).

Proof. Let us first turn to the stability estimate (4.2.10): First of all, we recall the definition
of PISJ“, Definition 4.2.4, where we observed that P,?Jr is the projection on the closed and

convex set
F = {W € FES(E,IPO,LQ(Q)) :0< W < 0 a.e.}.

Thanks to Theorem 2.1.7 it is uniquely defined - hence, the operator P,S+ is well-defined. Due
to P,S+O = 0 Lipschitz continuity, compare again Theorem 2.1.7, now yields for all v € Ly(Q):

1P o]l = [P0 = Of| = [[ 7o = BIFO[| < flo—0lf = [Jo]].

This gives (4.2.10).

Let us now prove (4.2.11): To do so, we simply apply Lemma 4.1.15. First of all, we are
again projecting on the space of piecewise constant functions, hence, (4.1.27) holds. With
w1 =0, wy = 0o and Pc = PpEs(7;,,Py,12(q)) 25 the La(Q)-orthogonal projection on the space

of piecewise constant functions, Lemma 4.1.15 yields for any v € Lo(Q):
(PPt v)(x) = max((Pov)(x),0) = (I (Pev))(z) fa.aze Q. (4.2.12)

Finally, in the proof of Theorem 2.4.4 we have already demonstrated that the Lo (€2)-orthogonal

projection on the space of piece constant functions satisfies:

1
Povlp := ] /v(x) dT vT € Ty.
T
Combining this with formula (4.2.12) gives (4.2.11).

We can now return to the question of estimating (4.2.8), starting with the term

Py N

— ), §y=SI(P), Pec H(Q)

—~

e}
U]
<<

Lemma 4.2.6. Let (U, P,Y) € Ly(Q) x HY(Q) x Y}, be arbitrary. Furthermore, let § = STI(P)
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and p = S*(Y —yq— gi) be given. Finally, let Ry, denote the Ritz-projection on Yy, defined by

(V(Rrg —q), VW) =0 YW € Y}, ¢ € H(Q). (4.2.13)
Then
(05,5 — 55 ) < (I(P), P —p) — (Y — ya, Ru(SU) — 5)
+ (U —T(P), P) + (05, Rp(SU) = Y) + (05, Y — Iye) (4.2.14)

_ — N
+ (O%s IkYe — ye) + (O, ye — U ).
Let 4 < p' < 00 in case d =2 and p' = 6 in case d = 3. Then, for the last term in 4.2.14, we

have the estimate
(05 ye — 7°) S |05 — PITOR|| + || POT0R|| min(e3N/2, e(p')s(r)e2N (I HED), (4.2.15)

where P,SJF is defined as in Definition 4.2.4.
The constants in (4.2.15) depend on a,b, ||S||, Q, yd, ye-

Proof. Let us first split the left hand side in (4.2.14) in the following way

~ _ ~ _-N
O —9 )=0000—Yetye—7" )

i B (4.2.16)
= (05,9 —ve) + (05, ye — T )

The proof is now divided into two parts: First, we will prove (4.2.15) for the second term on
the right in the equation above which already appears in (4.2.14). Secondly, we will derive
the rest of the bound in (4.2.14) by investigating the first term on the right in (4.2.16):

1st part of the proof:
We turn our focus now towards the second term on the right hand side above, which already
appears on the right as the last term in (4.2.14): To prove its additional property (4.2.15),

we first split it in the following way:

eN

O, ye — 5 ) = (05 — PO 05,y — 57 ) + (POF 05, ye — ). (4.2.17)
Let us first tackle the second term on the right in the equation above. Since (P£+§Ii)(x) >0
by construction, we obtain

eN

B _ N — N —
(P O ye =57 ) < (PO (e =57 ") = (PO 0L, (7 —we)7)
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The penalty structure (4.1.8) then yields:
— N _ - __N
(P, (7 — o)) = &N (P07, 0°).
Corollary 4.1.9 presently allows us to conclude that

Nne —_eV ne —elV
(PO ye — 57 ) <M (PO, 07)

< &N || POt | \ 7"

S PO min(Y/2, e(p')s(r)e2NTED),
Going back to (4.2.17), we have thus gained the bound
_ N B - N ) . o
Oy — 55 ) S (05— PO, ye — 7 ) + || PO ]| min(e3N2, e(p') s() 2N =110,

Employing Cauchy-Schwarz’s inequality for the first term on the right in the inequality above,

we can pursue our estimates to obtain

Ove = 57) S 1107~ PEOR| |ve - 77"

‘ + HPISJréliH min(eN/2, ¢(p')s(r)e2N-1/P)),
(4.2.18)

Now, observe that thanks to continuity of S and the uniform bound on = U, (4.1.1), we

Thus, recalling (4.2.18), we can then finally derive (4.2.15):

have

s

__N
ve =7 || < IS 2z, ooy [ | Il S 1.

O e =) S 1167 = PUOR] + [P 67 [ min <72, e(p)s(r)e* ).

This completes the first part of the proof, let us now tackle the second.

2nd part of the proof:

Let us have a look at the following term, its significance will become evident later on:
(V(Rr(®) — ), VY = 7)) (4.2.19)

Using the Ritz-projection Ry, (4.2.13), § = SII(P) and p = S*(Y — yq — 65) we can conclude
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that:

(V(Rk(p) — P), VY = 9)) = (V(Bk(p) — ), V(Y — Rp(SU) + R (SU) — §))
= (V(Ri(p) — ), V(Y — Ry(SU)))
=0,V Ry, (SU)eY,
() — ), V(RK(SU) — 1))

(V(Re(p) — p), V(RL(SU) — 9))
= (VRi(p), V(R(SU) — 9)) (4.2.20)

(Vp, V(RE(SU) — 7))

—9)) — (Vp, V(R,(SU) — 7))

— (Vp, V(R,(SU) — 9))

— (Y —ya — 0, Ri(SU) —

Now, let us look at (4.2.19) from another point of view. Harnessing once again the Ritz

projection Ry, (4.2.13), and § = STI(P) we immediately arrive at
(V(Rk(B) = D), V(Y = 1)) = =(V(R(p) — D), Vi) = —(IL(P), Ry (p) — ).
Rearranging (4.2.20), we derive
(0%, 5 — Ri(SU)) = (I(P), Ri(p) — p) — (Y — ya, Re(SU) — §) + (U — IL(P), R (p))

and thus, combining this with our previous deductions, we obtain

(0%, 9 — ye) = (05, 9 — Re(SU) + R(SU) =Y + Y — Iyye + Irye — ye)
= (_lf:::l) - Rk(SU)> + (élaw Rk(SU) - Y) + (_ia Y - Ikyc) + (e_iv Ikyc - yc)
= (I(P), Rx (D) — ) — (Y = ya, Ri(SU) = §) + (U = IL(P), Ri.(p))
+ (_li7 Rk(SU) - Y) + (éi, Y - Ikyc) + (0_27 Ikyc - yc)'
Recalling (4.2.16), we are now in possession of the desired result. ]

Remark 4.2.7. We remark that the computation of P,S+ requires the evaluation of element
mean values, see (4.2.11). Computationally, this requires limited effort and is thus acceptable

as a part of an a posteriori error estimator.

Remark 4.2.8. Instead of using the space of piecewise constant functions FES (T, Po, L2(2))
as the image space for the projector P,S+ in Definition 4.2.4, we could also project on the subset

of a.e. non-negative functions in a space of discontinuous piecewise linear finite elements, such
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as
FES(T;,P1, L2(92)).

Computationally, this would require inverting a (d + 1) x (d + 1) matriz on every element

T € Ti. Again, this is a computationally justifiable effort.

We will now tackle the second term in (4.2.8)

N N

(§€ 7@6 - g)

Before, though, we again need some auxiliary results beginning with the definition of the

harmonic extension:

Definition 4.2.9 (Harmonic Extension). Let z € HY/?(dQ) (compare Theorem 2.1.31) be
given. Then the harmonic extension Hz € HY(Q),VHz € H(div,Q) of z is the unique

solution to the boundary value problem:

—AHz=0 mQ
Hz=2z on 0N

Let us shortly explain that the harmonic extension is well-defined. Surjectivity of the trace
mapping, compare Theorem 2.1.31, immediately allows us to conclude that there exists a
function ¢ € H'(2) such that ¢ = z in the sense of traces on 9§2. The unique solvability of
the boundary value problem in Definition 4.2.9 then is a standard result, which can e.g. be
found in [36], Theorem 8.3.

Using the harmonic extension, we gain the following lemma, which is a consequence of The-

orem 8.1 in [36] and the fact that y.|spo < 0 by assumption.
Lemma 4.2.10. Define 1 € H/?(9Q) by
uz) == ye(z), z €l

Then Hi < 0 a.e., yo — Ho € H'(Q) and Vy,, Vi € H(div,Q) and AHL =0 a.e. in Q.
We can now turn to estimating the continuous multiplier term:

Lemma 4.2.11. Let (Y, P) € H'(Q) x HY(Q) be arbitrary, § = SI(P) and 4 < p/ < oo in
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case d =2 and p' =6 in case d = 3. Then the following estimate is valid

07 -9) < min{\lﬁiNll |11(P) + Ago) ||

+e(p)s(r)e P (|5 = Yoy + 1Y = Iiye) " lmioy + llye = Ik?JCHHl(Q))}

1
eN

_eN

2
|

(4.2.21)

Proof. First of all, we take H¢ as in Lemma 4.2.10 and split the critical term in the following

way.

N

0,5 =) = (07 — (ye — Hu) + (5 ye — Hi— ).

Investigating the first term, we take advantage of the complimentary slackness condition

(4.1.9) and the sign on the harmonic extension H, see Lemma 4.2.10, to deduce

_eN

_N _ 1
(0° ,ye—yc—l—HL):—g—N D

2 _
"+ @ 1 <o,
——

<0

We still need to estimate the term

~ N

(95 >yC_HL_g)>

though:
Using the singular part of the adjoint state ﬁf;N = —S*§5N, compare Theorem 4.1.6, Vi, Vy., VHL €
H(div,9), y. — Hi € H(Q) and Green’s formula, we deduce:

—~_ N

(=" ye — Hi— §) = (=Vi5" , V(ye — He — §))
= (5, Aye — AHL — A)..

Now, observe that AH: = 0 and —Ag = II(P) a.e in 2. This allows us to conclude:

—N N _~N N _~N
(95 7yc_HL_y):(p§ 7Ayc_AHL+Ay):(pE 7Ayc+H(P))'
Thanks to —6" < 0 a.e. and Lemma 4.2.3 we know that ]§EN = 8" < 0 a.e. Thus, we

discern:

(55", Aye +TI(P)) < (57, (Aye + TI(P))7)
~—~

<0 (4.2.22)
< [l7" llcage + ey

N
o~
Ds
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All in all, we have proven the bound:

_ 1 2
"7 —9) < )ﬁiN ‘ l(Aye + 1P| - = o ‘ —: miny. (4.2.23)

This gives the first argument in the min operation in (4.2.21).
To derive the other bound given by the second argument in the min operation in (4.2.21), we

return to the start and split the critical term in the following way:

N

"5 —9) = 05 —ye) + (07 ye — 9) (4.2.24)

For the first term, we once again take advantage of the complimentary slackness condition
(4.1.9):

N _ 1
0.5 —90) = = |

For the other term on the right in (4.2.24) we discern that

—_N R —_N —_N —_N R
(06 7yc_y) = (06 ayc_Ikyc) + (‘96 aIk:yc_Y) + (06 aY_y)
Utilising the bound for 6" derived in Lemma 4.1.7, 6" > 0 and the embedding H!(Q) —
L,(€2), see Theorem 2.1.35 and the Poincaré-Friedrich inequality, Theorem 2.1.33, we obtain
f0r1§p§2and%+%:1:

N __N _ /
(0% s ye = Inye) < |07 |, @ lve = Tkyell L, ) S c(P)s(r)e SN e = Teyell g g
— N — N _ _ / —
(07 Trye = Y) < ||0° || [V = Teye) ™|, ) S c)s(7)e SNIPNY = Tye) ™l oy
p(2) P
éEN Y A < éEN Y s < / _3N/p/ Y _oa
(A 9) < L) | yHLp,(Q) S c(p)s(r)e | y|H1(Q),

where the hidden constants depend on a, b, Q, v, yq, ||S||-
Reviewing the previous estimates, we have proven the bound given by the second argument

of the min argument in (4.2.21):
~ N _ R _ / _ N
07,5 =) S c@)s(Me M7 (ye = el g oy + 1Y = Tevie) ") + 1Y = 8lm o)
1 2
- [

_-N
,UE

=: mingy

Combining this with (4.2.23), we obtain

(§€N>ga - g) 5 min(minl, ’I?’L’L?’Lg)
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which is the desired result. O

Let us shortly recapitulate our 'roadmap’ for deriving an estimator which we presented at the

beginning of this section:
1. Estimate for arbitrary P € H'(Q)

N

HH(P) _ @ ]2

2. Estimate the resulting terms involving the multipliers éEN, éi

3. Combining both, derive an estimate for the variational discretisation approach U =
II(P¢) by inserting P = Pf in (4.2.1)

4. Deduce estimate for the full discretisation by splitting the difference and using (4.2.1):

N

— _ N
HU,i—uE

" < 2fmeep) - o7 + 2 ) - ||

The first and second step we have completed with the Lemmata 4.2.2, 4.2.6 and 4.2.11. What

remains to be done are steps 3 and 4, to which we now turn presently:

4.2.2 Estimators for the Semi and Fully Discrete Problem

In the case of the variational discretisation technique, we have thanks to Theorem 4.1.16,
in particular formula (4.1.32), Uf = H(P,j). As described in our 'roadmap’, in this case,

Lemmata 4.2.2, Lemma 4.2.6 and Lemma 4.2.11 already provide us with a full estimator:

Theorem 4.2.12. Let N > 1 be fized and 4 < p' < oo in case d = 2 and p' = 6 in case

d = 3. In the case of variational discretisation, i.e II(P{) = U we gain the error bound

e =12 i _N||? < / ~N 277 Tr€ e 7€
HUk uH + N D Sce(p)s(rm)e™ + EX(UL, Vi) + Es(Ug, Vi) (4.2.25)
with vy as in (4.1.22) and
2(17€ Y/E 1 e (|2 2 * (\E ney |12
EXUL Vi) = > H(S— Sk)Uk:H + i) H(S— Sk)* (Y — ya — ek)H

4 _ 4 (4.2.26)
+ ;(9}2, Y — Iwye) + ;(%Jkyc - Ye)
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and
r7€ /€ 4 \E rre 4 r 7€ *(\E Nne
55(Ukvvk) = B HYk - de H(S - Sk)UkH + B HUkH H(S - Sk) (Yk — Yd — Ok)H
4 . _ _
+ = |6 - P2
+ %C(p/)S(T) | P2 (67) || min(e2N 1 =1/PD £3N/2)
4 .
+ mln{‘
14

(v )s(r)e NP (\(S — STl + e — Txiell s o

(4.2.27)

N
=€
p S ’

‘ H(Uli + Ayc)_|

(- fkyc>-rH1<m) }

where P,S+ is the projection defined in Definition 4.2.4.

Proof. First of all, we split the error Hﬁ — UEHZ with the help of the triangle and Young’s
inequality with 6 = 1, (4.2.2), in the following way

2

Hu—U,iHZS2Ha—a5N ‘2+2‘uaN—U;§ (4.2.28)

For the first term on the right in the inequality above we can use Theorem 4.1.10 to deduce
2 / N
S e)s(re.

with 7 defined in (4.1.22).

For the second term on the right in (4.2.28) we employ Lemma 4.2.2 with U = Uf = II(F§),
P = P,j and Y = Y,f to gain

w" —Us

2 1 ~ - 2 = = =
2| < 31808 = Y|P+ 55 115 (¥ — wa — 05) - B

(4.2.29)

N

P 4 i
+ (05 ST 57 ) + (075" — SUp).

Investigating the second to last term on the right, we harness Lemma 4.2.6 and Ry (S U,i) = }7,5
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thanks to Lemma 4.1.12 to conclude with the additional help of (4.2.15):

(05, 80z — =) < (UF, Pf — S* (Vi —ya— 00)) ~ (% — va, Vi — 9)
Cauchy— " Schwarz Cauchy— " Schwarz
+ (05, V¢ — Tye) + (05, nye — ye) + Oy ye — )
T (4.2.30)
SNOEIIBE = 5% (V5 = ya— 00| + 1V — wal| Vi — 9
+ (05, YF — Luye) + |0 — PYH(07)|

+c(p')s(T) HP,?JF(%) H min(52N(1*1/p’), E3N/2)

Combining (4.2.29) and (4.2.30) and we obtain

HU;;‘—aE

i <52<Uk,vk N7 - 5~ wa - )|
5 1% =l 17 -]
o5 - B @) (4:231)

4 - . 1/
+ —c(p')s(7) || B (07) [ min (MU0, £2802)

4 _ _
+ (6,5 — SOf)
v
The last term remains to be estimated.

Recalling Lemma 4.2.11 with Y = Y, P = P and Ug = II(Pf), we deduce

jw”,yfw—sz‘fz>s4min{rp 1110 + dwo .
- los(r)e= % (1STE = Yoy + 17 — L) i
Fllye fkyanl(Q)}

2
The term VaiN HTFNH can be shifted to the left in (4.2.29) to complete the left hand side in
(4.2.25). Presently, inserting the estimate above in (4.2.31) and recalling the definition of
Es(UE, V), (4.2.27), we deduce the the right hand side in (4.2.25), i.e

— 4
|0 -l + 2

_eN

2 _ _ _ _
* S clp)s(r)™ + EXOF Vi) + E.(UE. V)
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As the final step of our 'roadmap’, we now naturally want to extend the results of Theorem
4.2.12 to the setting of the full discretisation approach where the controls are discretised
by piecewise constant functions. In this setting, in general H(P,f )£ U &> hence, we encounter
an additional error which has to be taken into account leading to estimators which are slightly
different to the estimators &, and &; in Theorem 4.2.12.

This is the subject of the next theorem:

Theorem 4.2.13. Let Ug, Vi be the solution to (DM Pf) and N > 1 be fived. Besides, let
4 <p' <ooin case d=2 and p' =6 in case d = 3. Then the following estimates hold:

= ‘ I 5 elw)sr + 207 V) + EuUF. %) (4.2.32)
with
, 4 HSII .
ENULVE) = (| (S = 8 OE|)*+ 2+ ) || = (g
4 .
t3 (5 = Sk)* (Y5 —ya— Hk)H
v . (4.2.33)
;(Uk I(P}), Pp) + (9275/15 - Iy.)
8
;(lelkyc yc)7
where ||S|| = HSHL(LQ(Q),LQ(Q))y and
E(UE, V) = HYk — || (||(S = S)UE|| + ||U; — T(Fp)]|)
*HH P8 = S)* (Vi = wa — 65) |
+ %c(p’)s(T) HPISJF(Hi)H min(szN(l_l/p/), 53N/2)
]  _ _
+ — |0k — PR
8 (1. _ B e )
S min {2 [ 101078) + )| e)s(r)e (1 = S0 e
+IS[|UF = TP || + lve = Tkyell g o
(T - fkycnm(m)}
(4.2.34)
where |S| = ||SH£ Q),l1(Q))"

Proof. As in the proof of Theorem 4.2.12 we harness the results of Lemmas 4.2.2, 4.2.6 and
4.2.11 to prove the bound (4.2.32).
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Utilising Lemma 4.2.1 and Theorem 4.1.10, we observe that
108 — al|* < 2|05 — 1(P)||* + 2 ||u(Pr) — al)®

<2|og - (B +4HH( pe) — = (4.2.35)

2 2
‘ +4Ha—ﬂ€N‘

<207 TP + 4 [P — |+ es(r)e™.

The first term Hﬁ,ﬁ —II(FP§) H2 can be evaluated by numerical integration, compare again [49],
_ 2

Remark 4.3. Thus, the aim now is to control the term HH(P,?) - EENH

Inserting (Y, P¢) for (Y, P) in Lemma 4.2.2 with Y = Y¢ and P = P{, we obtain

DE _eN 2 1 DE el|2 1 * (\E Nne He |2
HH(Pk)_U ‘ <35, [STL(PE) = Y| + — [|S*(YE —ya — 67) — FE|
2”_ . V2 ) . (4.2.36)
+ 20 5 - SR + 205, sn() — )
We will derive (4.2.33) first. To begin with, we discern with |[S|| = ISl z(1,0),1,(0)) 2nd

Y = S,U; that
|STL(PF) — Y ||* = ||STU(Pf) — SUF + SU; — Vi ||
< 2|5 - (PP +2|(S - ST | (4.2.37)
< 2|S|* (|05 — (BD)||* +2|(S — Sk) T ||

Let us now tackle the remaining terms in (4.2.36) beginning with (6, STI(Pf) — g ):
First of all we discern that (Y = S,Uf):

[V = SR < 18105 = @] + [ (S = Sk)UE|[ - (4.2.38)

Presently, to gain an estimate for (éli, STI( _lf) — QEN), we employ Lemma 4.2.6 with U = U¢,
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P = Pf and Y = Y; also recollect that Ry (SUf) = Y}

N

(0%, STI(P) — 57 ) < (TN(PY), Py — S* (Vi —ya — 07) — (Y — wa, Vi — STI(FE))
Cauchy—Schwarz Cauchy—Schwarz+(4.2.38)
+ (O ye — 5 ) +(UF — T(PE), PY)
(4.2.15)
+ (0%, Y5 — Inye) + (6%, Teye — ye)
SB[ ]S = Sk)* (Y —ya — 6R) ||
+ 11V = wall ([|(S = SOTE || + 1511 |TF = (2]
+ [0 — P67
+c(p')s(r) || PO (67)]| min(e2VA-1/P) 3N/2)
)

+ (Uf - H(P]S), _li + (ékayc - yc) + (§27Yl§ - Ikyc)

(4.2.39)

This bound can now be used in (4.2.36): We set

X = TP | (S = Sk)* (Y — ya — 65)
+ 119 = wall (1165 = SOTE| + 1111 [TF - 1)) (4.2.40)
+ (18 = PG| + c)s(r) | P (87) | min(e2N (-1, 23872

and observe that X" already contains many of the terms given in (4.2.34).
Combining the estimate (4.2.39) with (4.2.35), (4.2.36) and (4.2.37), we obtain

2
105 -l < ews(r)™ + 2+ 2050 g - o P

4 _ 4 _ _ _
165 = SOTE(* + 5 115" (% — wa— ) — B[

8 8 8

+ ;(elswlkyc - yc) =+ ;( iaYk:E - Ikyc) + ;(Uli - H(Pkf)v IS)
8 8 _

+oA+ (05 - STI(PY))
124 1%

In short:
_ _ 8 8 _ _
|0 = all” < ew)s(m)e™ + VR Vi) + S A+ (657 — SI(F)) (4241

The last term remains to be estimated:
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We employ Lemma 4.2.11 with ¥ = Y]f and P = ]5,? to obtain:

w‘fN,yaN—smp;»smn{nps IS + Ago) |,
+c(p')s(r)e N (|STUPE) = SkUf | s o
) (4.2.42)
ITE — L) iy + e — Tevell o )}
NP
veN

Except for |SH(P;§) - SkUIﬂHI(Q)

estimate this term. Using continuity of S and setting S| = [|S||z(1,(q) m1()), We derive

all terms already appear in (4.2.34). Let us therefore further
14U — ST 72y < IS1[TLCPE) = TF | +1(S — SRy

With the help of this bound we can further estimate the left hand side in (4.2.42) to obtain
the bound:

(6", 5" — ST(PF)) S min{\lﬁiNll IECPE) + Aye) ™| e@)s(m)e* M (1(S = )T 1
+|SH[TIPE) = Ul + (Y5 — Tkye) ™ [ o)
8 ||_.v|?
+ llye — IkycHHl(Q))} ~Lev ||T ‘
= y
(4.2.43)
We observe that by definition, compare (4.2.40):

o ] 2
X+ Y = &5 V) — — |0

Bearing this relation in mind, we can now insert the bound derived in (4.2.43) in (4.2.41) to

deduce:

_ _ _ _ _ 2
0% —all” < e(w!)s(r)=™ + E2(0F, V) + (07, V) — —oc [0

_-N
,U€

2
Shifting the term —-S¢ ‘ ’ to the left we obtain the desired inequality (4.2.32). This
ve

completes the proof.

O]
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4.2.3 Boundedness of the Explicit Constants

In the inequalities (4.2.27), (4.2.26), (4.2.34) and (4.2.33) there still appear the quantities

|

In this section, our aim is to bound them uniformly to justify treating them as constants

_eN

p

)

(P -

in the error estimators of Section 5.2.2. To prove this result we have to take advantage of
the powerful machinery of solution notions of PDE, where the right hand side is merely a
measure. Limiting the scope of this thesis, we will merely cite the most basic result which
goes back to [77], Theorem 9.1. For additional information, we refer to the instructive paper
[23].

Theorem 4.2.14 (Existence of Solutions for Ly RHS). For every pn € Li(Q2) there exists a
unique S*u € Wsl(Q), s < d%‘ll, d=2 ord=3, such that the following equation is fulfilled:

o 1 1
(VS*u,Vz) = (u,2) Vz € Wh(Q), —+5=1L

Besides
15" pllwr ) S el @) -

We can now tackle the main result of this section which is the following theorem:

Theorem 4.2.15. The following bound is valid
ITI(Pp)|| £ 1 (4.2.44)

with a hidden constant depending solely on a,b, ().
Suppose further that Assumption 4.1.4 holds. Then for all s < d%'ll, d=2ord=3

|

Proof. Let us tackle (4.2.44) first. Since

5| S s(7). (4.2.45)

)Wsl(Q)

a <II(P;) <b,

this bound is trivial. For the second bound (4.2.45) we have to utilise Theorem 4.2.14, which

provides us with the following estimate:

N £ 7N éeN

5|

P ‘Wsl(ﬂ) B ‘ ’WS}(Q) L1(Q)
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with s < d%'ll. Combining this result with Lemma 4.1.7, we obtain the desired result. After
all, thanks to Theorem 2.1.35 W1(Q) < L,(2) compactly for all p < oo, d =2 and p < 3 for

d = 3, we have

W ()

’ ‘

5|
Lo(@) ™

Ps Ps

Remark 4.2.16. Theorem 4.2.15 provides the justification for shifting

into the hidden constant < which then depends on data S,$,a,b,yq,v,.. and the generic

7| )

embedding constant c¢(p') as well as the generic Slater point related constant s(T).

Let us finish this section with a remark about the properties and structure of the estimators
derived in Theorem 4.2.12 and Theorem 4.2.13:

Remark 4.2.17. The estimators of Theorem 4.2.12 and Theorem 4.2.13 have two main
issues: The first one is the fact that they still contain linear errors such as H(S — Sk)(j,f;H
which need to be estimated further, because the function SUE is in general not known. To
overcome this problem, we will introduce residual type error estimators providing an upper
bound for these terms in Section 4.3.5.

The second issue is centred around the fact that the term Es in both the wvariational and
full discretisation setting does not lend itself to localisation, because, in essence, s does not
contain squared Lo- and H'-(semi)norms, just plain norms. To remedy this disadvantage, we
will describe a way to estimate the term(s) Es further to allow precisely for a localisation by

elementwise contributions. This will be done in Section 5.2 and Section 5.3.

We will now conclude this chapter by examining the issues of convergence of the estimator.

4.3 Convergence Properties of the Estimator

In this section the onus lies on giving the reader an impression of how the estimators derived
in Theorems 4.2.12 and 4.2.13 behave as £k — oo and £; — 0. Naturally, the desired property

would be
c(p’)s(T)&“ZN + EX(UF VR + E(UF, ViF) = 0 as e, — 0,k — 00

without any further conditions.

However, as we will soon discover, we will not be able to prove such a result without enforcing
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further sufficient conditions. Apart from certain technical assumptions, see (CA1)-(CA5)

below, the key condition for convergence will take the shape of

e (hp™), r,s >0, (4.3.1)

where
hax . — ht. 4.3.2
i max hy (4.3.2)

defines the maximal mesh size at iterate k. We emphasise that conditions of the type 4.3.1
should be viewed in a way that eventually successive refinement, i.e. h*** — 0, will make the
adaptive algorithm converge provided we are careful in choosing the regularisation parameter
€ and N.

To be more specific, we will present the reader with our convergence theorem, the key

result of this section, which we will prove step by step over the next few pages:
Theorem (Convergence of Estimator). Let e — 0, k — 0o, N > 1 and 4 < p’ < 00 in case
d=2 and p' =6 in case d = 3 be chosen such that

_ 3N+1
7
p
€

3/4=3N/p’ _—3N/p'/} max\1+§—2 max
Ek s Ek (hk‘ ) 2 q, hk — 0,

3(N-1)

e A2 o 0,6 0 min(e, YT ) 0

Then
N 4 EXU VEF) 4+ E(U V) = 0 as e — 0,k — .

At this stage we want to stress that the error estimators (4.2.32) and (4.2.25) still contain
linear errors, which still need to be estimated. We will sketch some of the issues and present
residual type estimators in Section 4.3.3, which also converge as € — 0 and k — oo.

The focus in this section lies very much on the error estimators derived for the full dis-
cretisation setting, Theorem 4.2.13. Convergence of the error estimators for the variational
discretisation approach, Theorem 4.2.12, is then just an easy consequence of convergence of

the error estimators in the full discretisation case.

For notational convenience, we will now drop explicitly stating the constants c(p’), s(7).

The reader should bear in mind that in certain estimates they arise.

Let us now give a list of the additional assumptions we make to prove the convergence
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theorem:
CA1. The Slater-type assumption, Assumption 4.1.4, is fulfilled.

CA2.

CA3.

CAA4.

CA5.

CAG.

Let ¢ > g be a fixed real number: Then y. has the following properties: y. € H Ha)yn
W2(Q) and Vy. € H(div,Q).

The convergence condition (3.3.4) is fulfilled.

The operator Ij, is the Lagrange interpolant. It is well-defined for g, since W;(Q) —
c), q> %, compare Theorem 2.1.35.

For all £ > N there exists a constant independent of k£ and &, such that

18] 1,0y S 1

Let4<p’<ooincased:2andp’:ﬁincased:3and%—Fz%:l

It is worthwhile to add some explanatory remarks to these assumptions:

(CA1l): We already needed this assumption to derive the estimators (4.2.25) and (4.2.32).

Thus, it is only natural that we need it again in this setting.

(CA2): The higher regularity of y. is needed to use standard interpolation estimates.
However, it is not overly restrictive at all, since - as we will see in Theorem 4.3.1 - it

merely reflects the generic regularity of the solution to the PDE in (CMP).

(CA4): We want to stress here that interpolation operators such as the Scott-Zhang
or Clément operators could be used as well for the operator I;. The crucial thing
is that I provides us with certain rates of convergence in terms of the mesh-size:

lve — Iyl S (h**)P, p large enough.

(CA5): This bound is crucial for providing estimates for the L,-norm of the discrete

multiplier, H@H L)’ with 1 < p < 2 which in turn are need to bound quantities such
B P

as |S*92|H1(9)=

However, the reader should note that we only enforce a uniform bound in the relatively

a key tool to prove convergence as we will soon discover.

weak L1(Q2)-norm. On the continuous level we have such a bound, compare Lemma
4.1.7.

(CAG6): This is the by now familiar convention for p’ and p which enables us to use
the a priori estimates of Theorem 4.1.10 and which we already demanded in Theorem
4.2.12 and Theorem 4.2.13, where we derived the estimators for the variational and full

discretisation respectively.
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Before we explore some consequence of these assumptions, let us first - for future use - record
an additional regularity result for the solution of the PDE in (CMP). The proof of the W, -
regularity can be found in [73], Section 4, Theorem 2, the proofs of the qu—regularity are in
Chapter 4, [37], in case d = 2 and Chapter 2, [38], if d = 3:

Theorem 4.3.1. The solution operator S is a linear and continuous mapping S : Lo(2) —
Wpl(Q) NWZ(Q) for some p>d and > 4 from Assumption (CA2).

Remark 4.3.2. The q of the theorem above is the same q as in (CA2) and will always

remain the same in the next two sections!
As a corollary of Assumption (CA5) we obtain the following bound

Corollary 4.3.3. Suppose that Assumption (CA5) holds. Then with p’,p from Assumption
(CA6):

He_iHLp(Q) Se¥.

Proof. The proof merely constitutes tracing the arguments of Lemma 4.1.7. O

Now, we can actually commence the task of proving our convergence theorem. The terms we

will focus upon first are the linear errors S — Si, this will be the subject of the next section:

4.3.1 Convergence of the Linear Errors

To start with, we observe that condition (CA3) ensures that (3.3.4) is fulfilled, which, in turn,
guarantees, compare Corollary 3.3.11 and Corollary 3.3.12, that for any null sequence ¢ and

k — oc: -
UF — ain Ly()

YkEk — ¢ in Hl(Q) (4.3'3)
1., -
— VP —o.
€k
These are the necessary ingredients to prove the following theorem:

Theorem 4.3.4 (Convergence of Linear Errors). Let e, — 0 be a null sequence and k — oo.
Then

(S = Sp)UH|

(S = SUF gy = 0, k — o0 (4.3.4)

Suppose further that e, and p' from Assumption (CA6) are chosen in such a way that

Jeo

P
€k

d_d
2 q

(hpay1*274 50, k — oo, (4.3.5)
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with g > %l from (CA2), then
(5 = Sk)* (V" —ya— 6;%)|| = 0, k — oo. (4.3.6)

Proof. We prove (4.3.4) first: We observe with [|S|| = [|S 71, q),1,()) and [S| = HSHE(LQ(Q),ﬁl(Q)

and the same convention for ||Sg|| and |Sk| that

1(S = ST || < IS @ — T + 11(S — Sk)all + 1Skl ||z — T

(5 = ST 1y < IS1 @ = T +1(S = Sk}l gy + 1Skl |2 = Tt |-

Since Skg — Sg for all g € La(R2) - see Theorem 2.3.10 - and (4.3.3) holds, uniform bounded-
ness of ||Sk||, |Sk|, compare Corollary 2.1.22, ensures that the right hand sides in the inequal-
ities above converge. This gives (4.3.4).

Let us now tackle (4.3.6): With arguments completely analogous to those above, we immedi-

ately obtain
Sp(YVE* —ya) — S*(F — ya), in HY(Q), k — oo

Thanks to the Poincaré-Friedrich inequality, Theorem 2.1.33, we thus immediately deduce:

(S — Sk)*(Y;k — yd) — 0 in LQ(Q), k — oo. (4.3.7)

Hence, to prove (4.3.6), we have to show Lo(f)-convergence of (S — Sg)*6;* — 0. Here,
though, things are not that straightforward, since éZ’“ need not strongly converge. In the
remaining part of the proof, we will demonstrate how to overcome this obstacle:

We note that

S5 =  sp  EZSSCHED9) (4.35)

g€ (Q\{0} gl

We define the space W by
wmzwgmm{weﬁwn:v¢eHme&

and observe that thanks to Theorem 4.3.1 and Lemma 4.1.3 we have for an arbitrary g € L2(2)
a1 € W with —Ay = g a.e in Q. Consequently (4.3.8) is equivalent to

1(S = S (=05) | = sup ((S = Sk)* (=), —Av)

4.3.9
vewno} 189 (4.3.9)

Let us therefore investigate the term ((S — Sg)*(—07*), —Aq) for arbitrary ¢ € W. Using
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Green’s formula and ¢ € H'(Q), we deduce
(S = S (~0). — ) = —(VSTF, Vi) + (VST V). (43.10)

Using the Ritz projection Ry, (4.2.13), and the fact that R;(S*67%) = S;6;*, we can continue

to rearrange (4.3.10) in the following way:

(8 = Sk)"(=00"), —Av) = —(VS™01F, V) + (VS0;", V)

= —(VS*03*, V) + (VS;05*, VR)
= —(VS*03*, V) + (VS*0;*, VR)
= —(VS"0;*, V(¥ — Rpv))).

An application of Cauchy-Schwarz’s inequality on the right then yields:
((S = Sp)*(—07F), —Ay) < ‘S*éikhp(g) W — Rl g1 () - (4.3.11)

Since S* : H=1(Q) — H(Q) and L,(Q) = H1(Q), %4—1% = 1 thanks to Assumption (CA6),

we obtain using Corollary 4.3.3:

<e (4.3.12)

5703 [0 < HézkHLp(Q) N

This can now be inserted in (4.3.11) so that together with standard interpolation estimates

for the Ritz projection, see e.g. [14], Sections 4.4 and 4.8, we are able to conclude :

(S = SK)"(=05), —A0) < €7 | — Rty

—-3/p’ 1444
T (s Rl [/

Now, observe that due to Theorem 4.3.1 and the definition of ¥, [[¢ly2(q) < ll9]l = [[-AY].
q
Thus for any such 0 # ¢ € W:

Qe

((S = Sp)*(—03), —AY) _ 3y ra_aWllwzey 5y ad_
5 c p jmax 2 g avy S c p jmax )
1A9] BE 2 Ay S ()

Plugging this bound into (4.3.9) yields:

Qe

105 — Sk (=) || < 7 (himexy 45

Due to (4.3.6) the right hand side converges and together with (4.3.7) we obtain the desired

result.
O
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In the singular parts of the error estimators (4.2.27) and (4.2.34) 'weighted’ terms of the type:

_ /
c 3N/p

occur. With the help of a condition similar to (4.3.6) we can prove convergence for those

terms, too:

Theorem 4.3.5. Suppose that e, — 0, N and p’ from Assumption (CA6) are chosen in such

a way that
e NV (pmaxyIF5=F 0, k — 0. (4.3.13)
with q from Assumption (CA2). Then
e NP\ (S = ST iy = 0, k — oc. (4.3.14)

Proof. Standard interpolation estimates yield

(S = Sk) U gy S (hp™) e HSUZkng(Q)

3N/p’

Multiplying this term with ¢, yields:

€;3N/P (S — Sk)[j;k‘Hl(Q) e, —3N/p' (hmax) 1+2 HSUZk

ng(ﬂ)

Theorem 4.3.1 now allows us to conclude uniform boundedness of HS U ,i’“ and condition

w2
(4.3.14) guarantees convergence of the right hand side and thus the desired result (4.3.14). O

Remark 4.3.6. We observe that for N > 1 condition (4.3.14) is a stronger condition than
(4.3.6). Thus, it is condition (4.3.14) which appears in our convergence theorem not its weaker

counterpart (4.3.6).

Having ascertained convergence of the linear error terms we can now focus on those terms in
(4.2.25) and (4.2.32) which contain only known discrete and continuous functions, i.e. those
quantities which we dubbed ’computable’ at the beginning of this chapter.

4.3.2 Convergence of the Computable Quantities

Theorem 4.3.7 (Convergence of Projection Error). Let e, — 0 and p’ from Assumption

(CAG6) are chosen in such a way that

e P AP 50, k = oo, (4.3.15)
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Then
U = I(PEH)|| = 0, k — oo.
In particular,
I(P*) = a, k=0
Proof. The key estimate that we prove in the course of this proof is
05— P 5 7 .

To derive this estimate, we recall Lemma 4.1.15. There, we demonstrated that II(-) is the

best-approximation of —%- in the convex and closed set
U={ueLy() : a<u<baein Q}.

Thanks to Theorem 2.1.7 we know that II is Lipschitz-continuous. Together with the pro-
jection relation (4.1.33) and standard estimates for the Lo-projection of an H!-function, we

then obtain: ~ ~ ~ ~
|UgE = T(PH)|| = || TL( Py, (Pg*)) —TL(PE") ||
N—————

—_[%k
Tk

1 _ _ (4.3.16)
< Lpo By - P2
S W™ P -
We now observe that Pf is the Ritz-projection (4.2.13) of S*(Y;* — y4 — 67*). Harnessing
its stability in the H' semi-norm, we can pursue our estimates with the help of Assumption
(CA5) and (4.3.12) in the following way:

R Pt [ ) < W™ Pk — S* (Y —ya — 0.5) i) + W™ (S* (Vi — ya — 05%) | o)
S hE™ IS (Ve = ya — 05 o)
1 1

S he™ ||Vt — val| + hi™ |63 » + v

k

HLP(Q)7
*3/17/ ma

Sephpt

Inserting this bound in (4.3.16), we obtain:
07— 1B | < e hpe

If (4.3.15) holds, then the right hand side in the inequality above converges and hence, the
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left side does, too. Due to (4.3.3) we know in addition that

lim II(P*) = lim Up* = a.

k—o00 k—o00

This is the desired result. O

Let us recollect that in the singular part of the error estimator (4.2.34) the following term

enters:
=N O - )|

To prove convergence of this term, we need to strengthen condition (4.3.15) in a similar way

as in Theorem 4.3.5. This is done in the next theorem:

Theorem 4.3.8. Suppose that e, — 0, p' from Assumption (CA6) and N > 1 are chosen
such that the following condition is fulfilled

—3(N+1)
e, U R0, k— oo (4.3.17)
Then,
—3N B
e,” U =P = 0, k — co. (4.3.18)

Proof. From Theorem 4.3.7 we know that
€k pek\ || < ~—3/P pmax
|URF = TP || < e hi™
Multiplying the inequality above with e3V/?" yields:
8};3]\7/17/ HUZk _ H(_P]ik)” < 8,;3(N+1)/p/hkmax.

Condition (4.3.17) then implies the desired result. O

Remark 4.3.9. We observe that (4.3.17) is a stronger condition compared to (4.3.15), thus

it is the former which enters as a condition in our convergence theorem.

We can now turn to the remaining explicit quantities. To tackle them, we need the ensuing

auxiliary estimate:

Lemma 4.3.10. For each € > 0 and q from Assumption (CA2) we have:

d_
((YE — Tiye) ™|y S (he)' 2

il

+&3/4
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Proof. Define § := SU i be given. Then we can estimate in the following fashion:

7 = Tee) By = [ V(% = Tee) V(5 — ) d
Q

- / V(VE — Tuye) V(VF — ) dQ + / VY — Iuye) V(i — o) d9
Q

+ /V(Yif — Iye)” V(ye — Ipye) dS2.

Using Young’s inequality, (4.2.2), and Green’s formula, we can pursue our estimates above to

derive:

(V¢ = Teve) "oy + 19 = Vi gy + 19e — It q

/ (=AY + Aye)(YE — Iye) ™ dQ
Q

l\D\H

(VE = Tiwe) ey <
(4.3.19)

Let us have a closer look at the term (Y — Iry.) . In case Y — Iy, < 0 feasibility of (Uf, V¥)
yields

E‘_/ks > Ikyc - Y/ks
Thus,
1V = Teye) ™[ < e [[ViE]] -

Observe now that —Ag = U a.e. in Q. Employing our deductions above, we gain for the
last integral on the right in (4.3.19):

/(—Az) + Aye) (Vi = Iiye) ™ dQ < [[( Ui +A89e) [ (V5 = Teye) ™ ||
~—~—~—
Q =—Aj
< |[0F + Agell e [V < 7

Let us now insert this estimate in (4.3.19). Harnessing standard interpolation estimates,
Assumption (CA2) and the fact that § € qu(Q) thanks to Theorem 4.3.1, we can then
conclude for (4.3.19):
(VE = Iye) oy ST 9= Y o) + e = Invellin () + >
—
=(S—Sk)Uj,

max d—q (15112 max d—q 2
S (hypex)ra=a HyHWq?(Q) (Rjpe)?He=a HycHW;(Q) +e%2.
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Drawing the square root then yields the postulated assertion. O
After this slight detour, we are now in the position to prove the following theorem:

Theorem 4.3.11 (Convergence of Explicit Quantities). Let e — 0 be a null sequence and
k — oco. Then

(67, Y5 — Ikye) = 0, k — oo (4.3.20)
Suppose now that (4.3.15) is satisfied. Then,
[(T(P*) + Aye) ™ || = || (@ + Aye) ™ ||, & — oo (4.3.21)
Besides, let (4.3.5) be fulfilled. Then
(05, Ikye — ye) — 0, k — 00 (4.3.22)
and
(UF —I(Pg*), Pi*), k — oo. (4.3.23)

Assume further that N > 1, e, — 0 and p’ from Assumption (CAG6) are chosen in such a way
that conditions (4.3.13), (4.3.17) as well as

3N

e, 7 =0, k— o0, (4.3.24)

|

are fulfilled. Then

& P (IEE) = TR+ 10 = Byl

(4.3.25)
+ Hyc — IkycHHl(Q) ) — 0, k — oo

Proof. The slackness identity in (4.1.25) immediately yields
nE Ve 15 ek [|2
( k?Yk - Ikyc> = _a HVk H )

The fact that we demanded that the basic convergence condition (3.3.4) be fulfilled, Assump-

tion (CA3), then allows us to conclude, compare Corollary 3.3.12:
L i5e012
— V|| = 0, k — .
Ek

Thus, (4.3.20) follows.
Let us tackle (4.3.21). Since we enforced condition (4.3.15), we know thanks to Theorem 4.3.7

S. Steinig AFEM for State-Constrained Optimal Control



171 CHAPTER 4. THE ESTIMATOR

that
I(P*) = @, k — oo.

Continuity of ||-|| then gives the desired result (4.3.21).
Let us now examine (4.3.22): For p’ and p from Assumption (CA6) we have the following

estimate (compare also Corollary 4.3.3):

(éia Irye — yC) < C(p/) Hé]ikHLp(Q) HIkyc - ycHLp/(Q)

= C(p,) HélikHLp(Q) [ Txye — yC”Hl(Q)
—3/p' /7 maxy\1+4—42
e PR el

N

Condition (4.3.5) now implies convergence.
Turning to (4.3.23), we first realise that thanks to (CA5) and Theorem 4.2.14 we know that

[5*(¥5* —ya = 0R)]| S 1. (4.3.26)
We now have the standard estimate:
ISEE —ya = BRI = 15" (V5 — wa — )| < [[(8 = )" (Vi —wa — B

Condition (4.3.5) guarantees convergence of the right-hand side above which in turn - coupled

with (4.3.26) - ensures boundedness
1P = (1SR (Y = ya = 60| S 1.
Now, Cauchy-Schwarz’s inequality, (4.3.15) and the previous deductions together imply
(G2 ~TPES), PE) < 02— |12 = 0. k= oc

which is (4.3.23).
Let us now investigate (4.3.25) term by term:

For |(Y;* — Iiye) ™ |1 () we employ Lemma 4.3.10 to deduce:

—3N/p' | /5 _ —3N/p' /1 max\1+4—2 3/4—3N/p’
e MV — Iiye) gy S e ()R T 4 AN

Conditions (4.3.13) and (4.3.24) then yield convergence.
Taking a look at [[Ixye — yell g1 (), we are able to conclude with the help of standard interpo-
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lation estimates:

—3N/p < *3N/pl(h;€nax)1+%—

d
€ I kye — Yel o) < ex *[Yellwz(q) -

Lastly, for the term
R LGOR

we take advantage of Theorem 4.3.8, in particular (4.3.17) to deduce convergence of the entire
term (4.3.25). O

Remark 4.3.12. In case d = 3, where p’ = 6 by Assumption (CA6), condition (4.3.24) poses
a restriction on the choice of N with the help of which we can decrease the regularisation
error on the continuous level. Naturally, this is not something for which we would wish.
However, it should be pointed out that numerically we often observe a faster convergence of
the regqularisation error H‘_/,fH, which is the source of the restriction (4.3.24), compare the
proof of Lemma 4.3.10. Thus, condition (4.3.24) is in effect not as severe it might strike the

reader.
Let us now tackle the term Héz’“ — P]SJF@E’“ H
Theorem 4.3.13. Suppose that e, — 0 as k — oo satisfies

6];9/4(h21ax)1/2 N 0’ E];3hglax N 07 k — oo. (4327)

Then
163" — BT (65| — 0.

Proof. The proof is fairly technical, thus we will restrict ourselves to the most important steps
here. The proof itself is based on the comparison of the problem (DM Pf) with a semi-discrete

problem of the type:
. 1 2 VT2 1 2
— Y — —||U — ||V
ety o e L@ 2 1Y = yallz, @) + 2|| a0 + 9% IVIZ, 0
s.t.

/VY-VWdQ:/UWdQ.VWEYk
Q

J (SDMF5)

and
U el
Iyye — Y — eV <0 ae. on )
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Here, (U,jk,Y;k,V,j ’“,ézk) denotes the solution and associated Lagrange multiplier éz’“ for
problem (SDMPy).
The crucial theoretical advantage of (SDM P;) is a penalty structure for the virtual control

mirroring the one in the continuous case, (4.1.8), i.e:
V(o) = = (min((V{*(2) = (o) (@).0)). (4329
Note that thanks to (4.1.1) and ||Sk|| < 1 due to (Pr7), we have
7

< 1.

~

HY(Q)

Hence, we immediately deduce thanks to (4.3.28)

)’€kvlfk

<1. (4.3.29)

~

HY(Q)

Besides, using the Lagrange interpolant I, we realise at once that
(Vi) (x) > Vik(x) faa. z€ Q.

After all, V,f * is just the cut-off of the piecewise affine function Y,f k — Iy.. Consequently, we
. N . Jad

discern (U, I; V%) € U

Presently, testing the respective optimality conditions of (DM Pf) and (SDMFf), we can

then proceed in the following way:

e o[ < 2 ol ey - 7
€k k k — €k k k k

<2 ||| sz@kv;) — (V) ] (4.3.30)
< e e ()
Here, we also used the bound, compare Theorem 3.2.5
= 7P s
Taking advantage of (4.3.29), we ultimately obtain for (4.3.30):
Hv,jk — V| < et (amaxy L2, (4.3.31)
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The KKT system of the semi-discrete problem also yields an equation for ézk and Vka ke

N 1~
O = Vi (4.3.32)
k

Combining this with the same relation for V’* and 6% in the KKT system for (DM Pf),
(4.1.25), (4.3.31) allows to deduce:

Besides, we note that éi’“ > 0, hence Lemma 4.2.5 and in particular (4.2.11) yield:

o — 0| < 5;9/4(;121%)1/? (4.3.33)

PYT03r = Prms 7 po,Lo () 05" =: PROG:.

Here, Prgs(7; Py, Lo()) denotes the La-orthogonal projection on the space FES(T, Po, L2(€2)).
Standard interpolation estimates, (4.3.29) and (4.3.32) enable us to conclude:

0k
| oo

—3 7 max 7€k
S e b ||leeVy

. 4.3.34
. ( )
With this at hand we can now use Lipschitz continuity of P,SJF with constant 1 - compare
Lemma 4.1.15 and Theorem 2.1.7 - (4.3.33) and (4.3.34) to arrive at:

g — g |

|05 — P @]l < | 07 — P (07)

|

[+ e - P

<2 g — 6 | + |5 - PR

|

< 529/4(hzna><)1/2 +€];3hll?ax Ekvkék

HY(Q)

Recalling (4.3.29), we know that the right hand side of the inequality above converges to 0
provided (4.3.27) is satisfied. This is the desired result. O

We are now finally in the position to prove our convergence theorem from the beginning of

the section:

Theorem 4.3.14 (Convergence of Estimator). Let ¢ — 0, k — oo, N > 1 and p' from
Assumption (CA6) be chosen such that as k — oo

3N+1

3/4—3N/p’  _—3N/p /7 max\1+2—2 T max

N e (4.3.35)
—9/4 /7 max\1/2 —37 max ., 2(N=1/p)=3/2 3(N-1) e
e (h™) Y7 = 0,6, °h™ — 0 min(e), JER ) — 0.

Then

ezN + E2(UF ViR ) + E(UF, Vi) — 0 as e — 0,k — oc.
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Proof. We will start with the regular parts (4.2.26) and (4.2.33) and proceed term by term:

The regular part:

Theorem 4.3.4 yields convergence of H (S — Sp)U* H as k — oo without any further condition.
Thus, let us tackle ||Ug* —II(P;*)|| — 0: Here, (4.3.35) implies (4.3.15) for N > 1. With
the help of Theorem 4.3.7 we can deduce convergence of HUE’C — H(P,f’“)H — 0 as k — oo.
Since for N > 1 (4.3.35) additionally ensures that (4.3.6) holds, Theorem 4.3.11, in particular

(4.3.23), allows us to conclude:
(Ugk —I(P*), P*) — 0, k — oo.

As already remarked, for N > 1 (4.3.35) is stronger than (4.3.5). Thus, thanks to Theorem

4.3.4, this allows us to conclude:
H(S — Sk)*O?kEk —Yd — ézk)H — 0, k — o0

Condition (4.3.35) also ensures (4.3.5), which in turn thanks to Theorem 4.3.11 also guarantees
convergence of (6%, Iry.—yc) — 0 and (6;*, Y, ¥ — Iyy.) — 0. All in all, we can thus conclude:

EXUFVER) =0, k — o0
Let us now turn to &s:

The singular part:

Again, we will proceed term-by-term. Convergence of the terms

165 = S1)" (V" = wa = 6| [ U5 — T(E)

(S = ST|

)

has already been established. Therefore, let us tackle the term
= . 2N(1-1/p') _3N/2
HP18+92’€}| min(ej e )’51@ / ).
We observe that due to Theorem 3.2.5 and (4.1.25):
1= _ _
gl L =S N 7 R
ek
Lemma 4.2.5 then provides the following bound:

1PEa || < 0%+ )| 5 7
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Consequently,

B0 min(e 01, 22

’ 3(N—
e (EzN(kl/p ){&/275]i (N 1))'

< min

Condition (4.3.35) then ensures convergence.
In addition, (4.3.35) also implies (4.3.27), which in turn allows us to conclude harnessing
Theorem 4.3.13:

|05k — P (679)]| = 0, k — oo

Besides, (4.3.35) ensures that (4.3.24),(4.3.13) and (4.3.17) all hold. Theorem 4.3.11, in

particular (4.3.25), in combination with Theorem 4.3.5 then immediately result in:

E

o N (IRE) = U]+ 15 = S0 oy

min < |(TL(P*) + Aye) ™

TS — L) Loy + e — fkyanl(m)) o,
All in all, we thus have
Es(UF, ViF) = 0, k — o0

which completes the proof. d

We can now turn to the last section of this chapter in which we will derive residual error
estimators for the linear error terms (S — Si)- which still appear in the error estimators &,
and &,.

4.3.3 Convergent Residual Type Estimators for the Linear Errors

In this section we derive residual estimators for the linear errors in (4.2.32) and (4.2.25). For
detailed information on definitions and further reading we refer to [2], Section 2.2. and [65].

To begin with, we make the following definition
Definition 4.3.15 (skeleton and jump residual). Let Ty be given. We define the skeleton Sy

by

Se:=(|J or)\ 00

TeTy
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For a given finite element function V' € Yy, we define the jump residual by:

[V]s :=n"-VV +n" - VV,

for all S € Sy, where n™ and n~ are the outer unit normal vectors pointing towards T+ and

T~ respectively with T+ and T~ being the elements meeting at the side S.

In the ensuing theorem, we will now derive a reliable Ls- error estimator for the linear error

in the adjoint state (S — Sk)*(Y¢ — ya — 65).

Theorem 4.3.16. Let § be as in Assumption (CA2) and ¢ be its dual exponent, i.e. %4— % =
1. Then the following bound is valid:
* (V€ eV 12 < (i/(2+%—%) e ae 119
165 =S (Ve —ya—0)|" S (D by 1YE = ya = Ol 7,1
TeTk
q/(§+i,g) _ —/ 2/—/ (4336)
+hp® 20 H[[VPEMIJLQ((?T)) !

= EP%(Ykgv élacv 77€a Q)v
Proof. For the sake of abbreviation we use the notation:

p* = S"(Y — ya — 0F)-

Theorem 4.3.1 is crucial to the proof, it guarantees that for each g € Lo(2) we obtain a
b € W2(Q)NWA(Q), p > d, and Vo € H(div, Q) with —At) = g a.e. in Q such that

up to a constant depending solely on HS”E(LQ(Q),W;(Q))'

We can now estimate the term on the right using Green’s formula, Galerkin orthogonal-

ity (Lemma 4.1.12) and standard interpolation estimates for the Lagrange interpolant I} :

o

w,

S () NWZ(Q) — Yy

(p° = Pi, =) = (V" - F), Vi)
= (V" — Pp) ¥ — i)

= > (Y —ya— 050 — L)) pyery + >, ([PE] 0 — Tntd) gs)

TeTk SeSy,

2+
S Z [Ylwz ) (hy

TeT,

d_
2

il

_ _ 3
1V = ya = 0ill ) + 17

d_d
2 q

0P o)
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Using Holder’s inequality for sums, we can continue in the following fashion:

B 25+ (2 —4d _ —_na
(= BE—A0) < (3 hy ¥ — e BT

TeTy
7(3+5-4 1/q
JrhT ’ H[[Pk]HLs(aT)) !
1
(D Wl
TeTy
72+5-9) 7
= (> hp ? o 1V = ya = 05l 7,0
TeTy
TG+ (1 pen)@ 1/7
+ hyp T H[[PEHH%Q@T)) ! HwHWq?(Q)
w1th + = = 1. Since ||¢||W2 < 1 we obtain the desired result by taking the supremum
over all w on each side. O

As an easy consequence we obtain the following Lo residual type estimator for the linear error

in the state:

Theorem 4.3.17. Let ¢ be given and q denote its dual exponent. Then the following bound

18 valid:

N
N

_ (+ T ( 7_4) _ _/ v
IS =SOUEIP S (X b MRy + hr o IV, o)
for (4.3.37)

= EYLzz(U]i,Ea (j)a

Proof. The proof is an application of the techniques presented in the proof of Theorem 4.3.16.
O

Finally, we present an H' residual type estimator. The proof of the bound given below can
e.g. be found in [65], Section 6.

Theorem 4.3.18. The following bound holds:

(S = ST Bne S O WU,y + prIIVYETIL, o)
TET, (4.3.38)

= EYH1(US, Tw),

We now conclude this chapter by demonstrating that EY%(U;*,q) and EYZ (Y ", 07", Tk, q)
converge to 0 as € — 0 and k — oo irrespective of the refinement strategy employed.
The convergence is independent of the particular refinement strategy because we demanded
that A" tend to 0 a.e, something which we will use frequently in the proof of convergence.

Needless to say, in the actual implementation one should opt for a smart marking strategy,
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e.g. one that at least captures the maximal error indicator, and not just a random one. In

Section 5.3 we will present a maximum strategy adapted to our setting.

Theorem 4.3.19. Let ¢, — 0 and k — oo such that condition (4.3.5) is fulfilled. Then

EPL(Y: 5, 0;%, Th.q) = 0
EYL2:(U*, T, q) — 0
EYH1; (UL, Tx) — 0

Proof. First of all, EYHl%(UE , Tr) — 0 is a consequence of the fact that for this estimator
there exists a local lower bound up to oscillation. The detailed arguments and proofs can be
looked up in [76],[60],[17] and [65], Sections 6 and 7.

Let us therefore tackle EP% (Y *, 0%, Ty, @) — 0. We recall the well known inequality for
1<p<g<oo.

(> lanl)Y < (Y lanl?) (4.3.39)

n n

We can then estimate in the following way:

%7%) \Ek ae | q( +2 €k
DR AR I L S AL 7 L
TeTk TeTk
d__ d
S
< Sty \Y&k—ydu
TeT;C
g o

In the last line, we have used inverse estimates, compare [14], Section 4.5.

For the first term in the sum above, we can then proceed in the following way:

d

»Q\\&

Z h T }ng _deLz < hihax Z Hygk ~ Yd HL2
TeTr TeT,
hihax HYEk - deq

with v = (j’(2—|— 5 %) > 0, after all ¢ > g. Hence, the term converges to 0, after all, h;*** — 0.
S

The same estimates (with different exponents) can be made for the term

'(2—4
> b \GSHL

TeT,

Taking advantage of Assumption CA5, we can conclude convergence, too.
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Let us now tackle the jump residual. For any side S, where two elements T+, T~ € T meet

we can deduce using the fact that the gradient is piecewise constant on each T € Tg:
/vagk nt + VP n P < / VP |ps | + [V PR |- |2
ISI(IVPE"!T+I2+ IVPE"\T %)
- ek / VP e+ o / VP
S hrk HVPE’“HL2<T+) +hyt HVP;?’“HLQ(T

This in turn implies:

3

5 2 £k ql(1+g_%) ek (|4
el s Y w IV Ly
Te{T+,T-}

At this stage we need to stress that VP; * is in general not bounded uniformly in Ly. However,

completely analogous to (4.3.12), we can conclude that
_3/p =
e, /" |PF ) S 1

which implies the following estimates for the jump residual, compare also (4.3.39):

3 d_

S g A £ (X KB )™

TeTk TETk

»m\m.

d

max\7 (1+4-9), 5 q
S ()T TD BT o
< (h?ax)ql(1+%*%)573§//p'

~

Q)

—0

thanks to condition (4.3.5).
The result EYL2Z(U£’“, Tr,q) — 0 is a straightforward application of the arguments made
for the term EP% (Y, *, 0%, Tx, ¢) and is valid regardless of condition (4.3.5). O
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Chapter 5

The Adaptive Algorithm

In this chapter we will describe the adaptive algorithm used for the numerical experiments
evaluated in Chapter 6. Theoretically, the framework is that of the previous chapter, Chapter
4, specifically we deal with the model problem (CM P), its regularisation (C'M P¢) and the
corresponding discrete problems (DM Py) and (DMPFP;). Structurally, we will follow the
adaptive loop

SOLVE — ESTIMATE — MARK — REFINE

and explain the different modules in detail on the way. At the end of this chapter we will
then present our adaptive algorithm in a compact way, Algorithm 5.4.1.

An crucial aspect of this chapter will be the localisation of the estimators derived in Theo-
rem 4.2.12 and Theorem 4.2.13. We will describe how to obtain a localisable error estimator
in detail in the 'ESTIMATE’ and "MARK’ sections, Sections 5.2 and 5.3.

The reader should note that in this Chapter we focus solely on the full discretisation

technique, i.e.
Uy, = FES(Tk, Po, L2(Q2)),

as this is the discretisation method we employed for our numerical experiments.

5.1 ’SOLVE’

In this section we will explain the optimisation algorithm used to compute a solution to
(DM Pf) which - as usual - is denoted by (U, V?). The optimisation method which we use
is the primal-dual active set strategy (PDAS) which has been proven to be equivalent to a
semismooth Newton method introduced on the continuous level in Section 2.2.3, cf [41]. This
method ensures fast convergence, which is also demonstrated by our results in Chapter 6 and

theoretically underpinned by Theorem 2.2.16. Before taking the reader step by step through
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the algorithm, we first have to lay some notational groundwork, which revolves around trans-
ferring the equations and inequalities of the discrete KKT system (4.1.25) expressed in terms

of discrete functions into a matrix vector equation setting.

5.1.1 Deriving a Matrix-Vector Setting

First recall that the finite element spaces for the control and state in the full discretisation

setting of Chapter 4 were given by

Uy = FES(T, Po, L2(9))
Yi = FES(T;, P1, H' (),

i.e piecewise constant functions for the control and piecewise linear finite elements for the
state. Here, Ty is a shape-regular, conforming triangulation of €.

For a fixed k£ we introduce bases for both spaces, first for the control space.

Uy = span {%i, 77/}]%7 ¢Z“} .

Numbering the elements of the triangulation Ty by Ei, Fs, ..., By, , we choose a basis for Uy
by defining the basis functions 1 in the following way:

VilE, = 0ij = XE,, (5.1.1)

where ¢;; is the Kronecker symbol and x g, the characteristic function of the element Ej.

This allows us to expand functions in Uy, i.e. U € Ui can be written as

Ny

U=> u't;
=1

with the coefficient vector u = (u*)"*,. Thus, a function U € Uy, is uniquely determined by
its associated coeffcient vector u. Notationally, we will stick to a bold face notation for the
corresponding vector of coefficients of a discrete function.

An important consequence of (5.1.1) is that
a<U<b e a<u <bVie{l,..,n,}.
Consequently,

Uy < {ueR™ : a<u' <b} = U(R™),
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where the < is understood in the sense that every U € Uy is uniquely associated with a
coefficient vector u € U (R™) and vice versa. This will be highly useful for the PDAS
algorithm of the SOLVE module.

To construct a basis for the state space Y we first introduce the larger finite element space
Y/ defined by

¥/ = FES(7;,, Py, H'(2)).

Denoting the set of nodes of the triangulation T by N}, compare Definition 2.3.2, we define
a basis for Y£ by setting for all n; € Ny

i (nj) = bij,

where ¢;; is again the Kronecker symbol.

Then Y}; possesses the following basis:
Y} = span {gp,lf, go%, gozy} c HY(Q).
Presently, for the basis of Y; we now take those gp}'c which vanish on the boundary 02:
Y}, = span {gpi, it} C HY(D), ng < ny.

The basis expansion allows us to write the discretised state equation S,U P = Y,f and the

adjoint equation S;(Y¢ — yq — 05) = P in the following matrix vector fashion:
Ays = M°“u; (5.1.2)
for the state equation and
€ SS (€ 1 €
Apj, = M (y}, — ?Vk) —Yd; (5.1.3)

for the adjoint equation, where we also used the relation 6%17,5 = 5,‘2 of the discrete KKT
system (4.1.25). As before, the bold face letters denote the coefficient vectors to the discrete

function Y,f , P,f U .- For the stiffness matrix A = (aij)ny

i we have

= (Vg Vgl) 1<i<mny, 1<j<ng

aij =
= 5@‘]‘ 1> ng.
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The mass matrices M*® and M5 are given by

MSS
MSC

((h el
((hr 7)) € RMwXe,

1)

The vector yq = (yd)?y is given by

(ya,¥h) 1<i<ng

0 else.

We now intend to rewrite the optimality condition for U, i and V,f , (4.1.25) in terms of the
associated coefficient vectors uj, and vj, starting with the optimality condition for (_],i.

Basis expansion allows us to write the optimality condition for Uf in (4.1.25),
(P +vUR, U —Uy) >0 YU € Uy, (5.1.4)

in an indicewise way:

Introducing an additional mass matrix M defined by
M = (¢ )i
we claim that (5.1.4) is equivalent to the following indicewise projection formula
7" = min(b, max(a, 7 — (M°“)'p§)" — (M Cuf)?). (5.1.5)

The proof of this assertion is given in the ensuing lemma:
Lemma 5.1.1. The optimality conditions in the form (5.1.4) and (5.1.5) are equivalent.

Proof. As an intermediate step we observe that (5.1.4) can be reformulated in the following

way by simply writing the involved functions U, > p,i in their basis representation:
(u' — @) (M) ps + vMCug)! >0Vl <i<ny, v' €R, a<u' <b. (5.1.6)
Investigating the three cases @ = a, a < 4" < b and @’ = b we immediately deduce:

=0 ifa<@'<b
(M)'pg + vMCug) ¢ >0 ifusi =a

<0 ifast=b

Now, (5.1.5) readily follows.
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Conversely, (5.1.5) implies (5.1.6) and thus in turn (5.1.4). O

The relation (5.1.5) constitutes the bedrock of our PDAS algorithm to solve the optimal
control problem it being the matrix-vector equivalent of the projection formula of Theorem
4.1.16. At this stage, we also want to stress that it was precisely such a projection formula
which lay at the heart of the semismooth Newton method on the continuous level presented
in Section 2.2.3.

As we will shortly discover, the algorithm hinges on sets of active or inactive indices A, which

are subsets of either {1, ...,n,} or {1, ..., n, }, and to which are associated matrices P4 = (p;;)sj

1 ifi=jandic A
Dij = (5.1.7)
0 else.

Defining

Al ={ie{l,.,n,} : ' =a}
Al =i e {1, . n,} + =0}
Io={1,...,n,}\ (A2 U 4?)

with associated matrices Paq, P 4» and Py, (5.1.5) can be expressed by the equation
ug = P, (~(MOS)'pf + (- vMOC)ug) + Py (b) + P ag (a), (5.1.8)

where a and b are vectors of a’s and b’s of length n, respectively and I denotes the identity
matrix. The rather forced relation (5.1.8) is important for understanding the steps of the
PDAS properly, which we will present in a compact way at the end of this section. Before,
though, let us first derive a relation similar to (5.1.5) and (5.1.8) for the virtual control V.

Employing the usual notation for the coefficient vectors associated with Iy, Yk‘a , V,j and 9_2,
we derive from (4.1.25):

7o = — 6", (5.1.9)
The condition é,i € C\Zc can be transferred to a matrix vector setting by demanding
(M®965) > 0Vi=1,...,n,.
or equivalently, compare (5.1.9)
(M®9v) > 0Vi =1,...,n,

Standard nonlinear programming theory guarantees that the slackness equation in (4.1.25)
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can be reformulated with the familiar min-NCP-function in the following way:
min ((MSSVZ)i, Loyl — 55" — 517”) =0Vi=1,...,ny
Defining an active and an inactive set by
, iy ed LSS evi i

Ay = {z e{l,..,ny} : ¥ + 0" — E—Q(M vi)' < Ikyc}

I, :={1,...,ny} \ Ay,
we obtain a relation analogous to (5.1.8)

PIUéMSSVi +Paevi =—Pa, (yi + Ixye), (5.1.10)

Combining (5.1.8),(5.1.10), (5.1.2) and (5.1.3) we realise that the discrete KKT system

(4.1.25) is equivalent to the following system of matrix vector equations.

A MS¢ 0 0 v
0 I-P,(I-vM%) P, (M) 0 us
—M5 0 A LM p;,
Py, 0 P, M5 + Py \v§
— (5.1.11)
0
Paza+Pypb
—Yd
P4, Ikye.

We can now write down the PDAS algorithm in a compact way:

5.1.2 PDAS Algorithm

(5.1.11) constitutes the core of the PDAS - algorithm through which we will now take the

reader:
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Algorithm 5.1.1 PDAS
1: Set n=0.

2: Choose sets of active and inactive indices Z’”,AZ’",I{} CAL yny b, I = {1, yny b\
(A% U AL™), and A", TP C {1, ...,ny}, T = {1,...,n,} \ A
3: Build the associated matrices P 4an, ... according to (5.1.7).

4: Solve
A MS¢ 0 0 y"
0 I-Ppp(I-vMY) Pr,(M5) 0 u”
—MSS 0 A E%MSS p"
P an 0 0 Py 5 M + P ype ) \v"
0
PAZ,na —+ P.AZ’nb
—Yd
PAﬁIkYC'

5: Compute the new active and inactive sets for the control Aﬁ’nﬂ, AZ’”H,ISH according

to the ensuing formula

<a =ic A"
ubm — ((MSC’)tpn + I/MCCun)z Sbh —=ic Ab,n-i—l

U

else = i€

6: Compute the new active and inactive set for the virtual control A7+, Z"*! in the following

fashion
7 : n+1
yn,i + et %MSSVTL < Ikyc =1c Av
€ else = i€ It
an+l _  jan bn+l _  ,bn n+l _ gn noomn : . . . i}
7. If A, = Ay", Ay = Ay and A7 = A7 then u”,v" is optimal, since it solves
(5.1.11).

Else Go to Step 3.

This algorithm can be interpreted as a semismooth Newton method, see. e.g [41]. Convergence
properties are also investigated in this paper. Let us finish this section with a remark on

computational aspects:

Remark 5.1.2. From a computational point of view it is often advantageous, especially for

small regularisation parameters €, to use lumped masses instead of the mass matriz Mgg in
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the virtual control equation in the KKT system. We used lumped masses for regularisation
parameters € < 0.02 for both the smooth example, Section 6.1, and the Dirac example, Section
6.2.

We can now turn to the 'ESTIMATE’ module.

5.2 ’ESTIMATE’

In this and the next section we will explain how to turn the error estimator of Theorem 4.2.13,
which still contains linear errors (S — Sk)- into a localisable, numerically evaluable estimator,
i.e. an estimator which only contains known discrete and continuous functions. To be more
precise, in this and the next section we will derive quantities €2(Ug, V¢), €5(Uf, V) and

éz(Ug , V) which contain only known continuous and discrete functions such that

ENURVE) S €U VE) = ) (eh)X(T)
TeTr

with local indicators (e )?(7') and (ef)*(T).

First of all, let us recall the estimator for the full discretisation derived in Theorem 4.2.13,
compare also Theorem 4.2.15 and Remark 4.2.16. In this section, we will stop explicitly
stating the generic constants s(7) and ¢(p’) as well as ||S|| and fix v = 1:

o=

_ 8 2 _ _
107 =l + S ||o=" | s ™ + €20, ) + €402, %) (5.2.1)

with o . - o
E2(UF, Vi) = 4||(S — Sp)U||” + 6 || U5 — 11(Fp) ||

+4(S = Se)*(VE —ya — 67

+8(Uf — TI(P), PY) + 8(05, Y — Inye)

+ 8(525 Irye — yc)

(5.2.2)
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and

E(URE, Vi) = 8|5 — wal| ([[(S = ST + [|UF — m(P)]))
+8 [P |(S = S1)" (Vi —ya — O + 810 — P 0|

+ 8| PO 65 || min(2N 01PN

+ 8 min { |(TL(PE) + Age) || e NP (I(S = ST o) + [|TF = TH(FE) |

+ e = Inyell gy + 1Y = Teye) ™ i) }

(5.2.3)
As we have already mentioned, this estimator has the drawback that it cannot be localised on
each element. Let us expound on this point a bit: &, does not pose any problem in this aspect,
since it solely contains squared Lo-norms and scalar products which can be evaluated on each
element T € 7, and then added to obtain the bound &,. In addition, the local indicator is
stored on the element as an indicator for the '"MARK’-procedure.
However, £ cannot be localised in this manner, because it contains solely norms not squared
norms. This is not an issue if one just wants to compute the global error estimator &, yet,
we do not get any quantities on each T" which can be interpreted as local error indicators as
the foundation for a marking algorithm. Therefore, the basic idea now is to square & to get
squared norms - which can then be computed on each T' € T and stored on each T to get

local indicators for the marking algorithm. This is the subject of the next theorem:
Theorem 5.2.1. For &(UE, Vi) we have the following estimate:
(U5, Vi) < (E2(U;, Vi) 2

with

52(TTE 7€ \E 2 e |2 F7e He |12

E(UR, Vi) = 48||YE —wal|” (||(S = Su)UE||” + ||U; — () |")

Sen (2 e 2o (12 = )
+ A8 [[TL(PE) || || (S = Sk)*(YE —ya — 03)||” + 48|65, — P 65|

+ 48 || PY* 05 || min(eN U1/ 3N 52

+ 48 min { |(TL(PF) + Aye)~ H2 ,4e= 0N/ (|(§ — Sk)U,iﬁp(Q)
r7e e |2 2 € -2
+ |0 = TP ||™ + l1ye — Irvell 2y + 1(Y5 = Tiye) |H1(Q))}

Proof. To prove the bound (5.2.4), we merely square & and repeatedly apply Young’s in-
equality, (4.2.2) and then draw the root:
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Since & > 0 we know that (£2)Y/2 = £,. Squaring &, and using Lemma 4.2.1, we obtain:

1

5 & < IVE —wall” (ll(S = S TEIP + |07 - 1))

+ TP IS = Sk (Ve —ya — 65)||* + |6, — P26

]| PRAE | min(e A0/, N

+ (min { |(TL(PE) + Aye)™

2
I

(5.2.5)
78_3N/pl(’(5 - Sk>UI§’H1(Q)

2
+ (| UF = TP | + lye — Teyell gy + (Vi — Ikyc)_\Hl(Q))}) .
We now merely have to tackle the min term, all other terms already appear in (5.2.4). Setting

X = ||(T(P) + Aye)™ |
Y = NP (|(S - STz o)
+ |08 = TP || + lve — Tnvell gy + 1(YE = Tnve) ™ i)

we deduce employing standard properties of the min operator
2% := (min(X,)))? = min(X?, Y?).
Let us now as the final step estimate J?. Harnessing once again Lemma 4.2.1, we gain:
V? < 47N (|(S = ST 70y
+ 105 = TP + e — Tevell oy + 1 = Tetie) Py
The estimates for Z and ) can now be inserted in (5.2.5) to get the desired result. O

The quantities £2(Ug, V), E(UE, V) and (‘:’E(Ul‘i, Vi) still contain linear errors (S—Sj)- which
need to be estimated. This will be done by the residual-type error estimators of Section 4.3.3.

Let us thus therefore briefly recapitulate them:

5.2.1 Estimators for the Linear Errors

Let us for simplicity assume that € is regular enough to admit an H?(Q) solution, i.e. for g
from Theorem 4.3.1 we have ¢ = 2.

Theorem 4.3.17 then provides an Lo-residual estimator which gives the following global upper
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bound for the linear error in the state ||(S — Sk)Ugsz

165 = SOTEN* £ 3 W ORI ey + P4 IVEN L, oy
= (5.2.6)
= EYL22 (U, YE, Tr)

The global upper bound EYLZi(Ug,ﬁ) is the sum of local indicators EY L2%(Uf,Y¢, T),
compare (5.2.6)

EYL2} = EYL2}(UF, Vi, To) = Y EYL2Y(UF, Y5, 1), (5.2.7)
TeT

where
EYL22(US,YE,T) = EY L22 := hh HUgHigm + B3 WWY?HHZ(@T)

The local indicators EYLQ%(UE, Y,f, T) can then be used as the basis of a marking strategy
as explained in the next section. That is why a localisation of the type (5.2.7) and (5.2.6)
is so crucial.

For the H'(Q)-error we recall Theorem 4.3.18 to gain the following upper bound:

(S = S Uiy S Y b H@Hizm + hr H[[Vﬁfﬂ”ig(an
TeTh (5.2.8)

= EYH1(U;,YE, Te),

Again, as in (5.2.7) we can localise E§,1 in the following way:

EYH1; = EYH1(U;, Y5, Tx) = Y EYHI(US, Y, T) (5.2.9)
TET

with
277 7€ 2 2 ||77e|2 e |2
EYH1, (U, Ys,T) = EYH1j = hy HUkHLz(T) +hr H[[VYkHHLQ(aT) :

The local indicators EY H12(Ug, Y, T) can then again be used as the foundation for a mark-
ing strategy.

The linear error which remains to be dealt with is the one in the adjoint state:

105 = S4)* (V¢ —ya— 65)|-

S. Steinig AFEM for State-Constrained Optimal Control



192 CHAPTER 5. THE ADAPTIVE ALGORITHM

Theorem 4.3.16 supplies the global upper bound

1S = Sk)* (Ve —ya— )| < > |IYE —ya - éiHiQ(T) + Ry H[[VPﬂ]Hi?(aT)
TeTy (5.2.10)
= EP2(YE, 05, P2, Tr).

As before, we can localise (5.2.10) in the following way:

EPj = EP%(P;,Y;, 72’7;6) = Z EPI?(YI§7 727PI§7T) (5.2.11)
TeTk

with
EP;(Y§, 65, B;, T) = EPE := by ||V — ya — _2‘@2(7’) +hy HHVPI?]]H;((?T) :

We are now in the position to finally derive our estimators €2(U§, Vi), €,(Ug, V) and @?((_],f, Vi)
which only contains known discrete or continuous functions. This is the subject of the next
section:

5.2.2 Collecting the Global Estimate

Inserting the error estimators of Section 5.2.1 into the definitions of £2, (5.2.2), &, (5.2.3),

and &,, (5.2.4), we obtain the following bounds:

ENUE, Vi) < €UE, Vi)

e €2(U5, VE) = 4EYL2} + 6||Uf — I1(F;)||* + 4EP}
+8(U — TI(PF), PE) + 8(6%, Y — Iye) (5.2.12)
+ 805, Inye — ve).-

Secondly,

E(UE, Vi) S €(URE, V)
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with

Cs(Ux, Vi) = 8|Y§ — v (BYL2y + [|UF — TL(P) )
+ 8 ||TL(PE) | EPy, + 8|65, — PYT05|| + 8| P05 || min(e2N (1P, g3N/2)

+ 8min { [(T1(PF) + Aye) || ,e 3N (BEYHL,, + ||TF — TI(Pf)||

e — Tetellan oy + 1075 — fkyc>—|H1(m)}
(5.2.13)
And lastly,
EX(U, VE) < €X(TE, VF)
with
E2(UE, VE) =48 ||V — val|* (BYL2Z + ||UF — () ||)
+ 48 ||T(PE) || EP? + 48 |05 — POF6z||” + 48 || PO+ 0| min(e N (=17 3

+ 48 min { [(T(PF) + Aye)~||*, 4SNP (EYH1Z

+ 107 = 1P| + llye — Lyell 7 o) + (Vi — Ikyc)_ﬁﬂ(sz))}
(5.2.14)
As we aimed for, the right hand sides in (5.2.12), (5.2.13) and (5.2.14) contain only known
discrete or continuous functions. Combining the bounds above with the result of Theorem

4.2.13, we obtain the estimator:
|07 —al]* S N + €UE, Vi) + €(UE, Vi),

where, as observed before, the estimators €2(Uf, V¢) and €,(Ug, V) contain only known

discrete or continuous functions

5.3 'MARK’

In this section we will explain how to obtain local indicators from our estimators ¢2(UZ, V¢)
and &, (U, £, V) which we can then use for our marking strategy, Algorithm 5.3.1:
For the regular part ¢2(Ug, V¢) we gain:

UL Vi) = D (R)*(T)
TeT
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with local indicator (compare (5.2.6) and (5.2.10) for the definition of EY?2? and EP?)

(ep)*(T) == 8(Uy — I(FE), Pf) 1oy + 805, Vi — Tnvie) Ly ()
5 = 5 (2
+8(05, Inye — ye) Locry + 6 |UZ — TP ||, )
+4EP? +4EY23.

Due to the min-bracket in the localisable singular part @5((_]2, V), (5.2.14), things are a bit
more complicated:
Let us first define:

= ||Ye - de2 and d, := HH(R?)HQ
and recall the localisable singular part €2(U¢, V;):
E2(UF, Vi) := 48¢, || Uf — TI(PY)||” + 484, EP? + 48¢, EYL2}
+ 4805 — PO (B;)||° + 48 || PO (85) || min(e*N -1/ 23N

+48m1n{” (PE) + Aye)~||*, 4e= NP (BYH1 + ||UF — (P

+ [lye — Ik?/c”?{l(ﬂ) + (Y5 - Ikyc)‘%fl(ﬂ))}‘

In case the minimum in the definition above is attained by H (U + Aye)™ H2 the local indicators

are given by

(e0)2(T) 1= 48¢}, || Uf = TP, oy + 48 || (TP + Aye) |17, oy + 48107 = PEE @)1,

+ 48| P2 (85|} La(T) mln(E4N(1_1/p),€ Ny + 4844 EP? +4sckEYL2z.
If not, the local indicators take the following shape (compare (5.2.9) for the definition of
EYH13):

(e1)2(T) := (48 + 4SNPyl ||TF — T1(PE) +48dL EP? 4 ¢, EY L27

e

+ 48 Héi - P,S"'é}i“f.n( + 48 HPO+ 65) HL min(s4N(1_1/p,),53N)

+ 48~ NP (4 lye — Tyl Fa ) + 41(Vi — Ik:yc)_ﬁfl(sz) +4EY H1}).

Thus, all in all

CTLVE) = D () (D).

TeT,

These observations now enable us to present our marking algorithm:
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Algorithm 5.3.1 Marking
1: Choose parameters 7, € (0,1] and 5, € (0, 1].
2: Let ¢, ™" := max {¢} } and ¢™*%* := max {e}
P = s () ma {c})

3: for T € T, do MARK T if

max,r max,s

e =gy Ve =1y

4: end for

Algorithm 5.3.1 generates a set of marked elements M C Tj which is then refined with the
help of a refinement algorithm generating a new shape-regular and conforming triangulation
Trr1, compare also our remarks in Section 2.3.5. On the new grid 7311 we again start with
'SOLVE’, Section 5.1.

As a brief summary of this chapter we can now lay out the complete adaptive algorithm:

5.4 The Complete Adaptive Algorithm

Algorithm 5.4.1 The Adaptive Algorithm
1: : Choose a tolerance TOL and parameters N > 1, in case d = 2 p/ > 4 and n,,ns € (0, 1],

the latter for the marking algorithm, Algorithm 5.3.1.

2: SOLVE: Perform the PDAS-algorithm, Algorithm 5.1.1

3: ESTIMATE: Compute ¢2(UZ, V¢), €,(Ug, V) and @g((_],j, V) as well as the local indi-
cators ¢;, and ej.
If

N L XU, Vi) + €,(Us, Vi) < TOL?

with v from (4.1.22), then break.
Else: go to MARK

4: MARK: Perform the marking algorithm, Algorithm 5.3.1.

5: REFINE: Refine marked elements and generate a new shape-regular and conforming
triangulation Txy1, go to SOLVE
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Chapter 6
Numerical Experiments

In this chapter, we will present two numerical examples of the successful implementation
of our adaptive algorithm. The first is a smooth example, the second is an example with
a Dirac d-distribution as the multiplier to the continuous unregularised problem, compare
Theorem 2.2.7. All computations were done with the help of the finite element software
library ALBERTA, cf. [74].

To check the performance of our adaptive algorithm, we constructed an analytic solution of
a state-constrained optimal control problem with the help of an additional source term g,
which does not change the analyses of the previous sections. The true solution satisfies the

following necessary and sufficient optimality system:

—Ay=u+gyg in Q
y=0 on Jf)
—Ap=y—ys—[pinQ
p=0 on 02 (6.0.1)
u = 1II(p)
p =0
(1,9 — ye) = 0.

Here, we deliberately leave some ambiguity as to the duality product in the last line. In the
smooth case of Section 6.1 the duality product simply is the Lo(2) scalar product, but in the

minimum regularity setting of Section 6.2 we have

(1,9 = Ye) = (.Y — Ye) (@) ,0(0)-

Let us now turn to the actual examples:
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6.1 The Smooth Example

For this example we choose € = [0, 1] and a smooth solution to the optimal control problem.
The goal was to verify that the adaptive algorithm deploys degrees of freedom smartly and

does not waste them. As we will see, the adaptive algorithm performs reasonably well.

The following functions were given with x = (z¢, z1):

y(x) = sin(mxg) sin(mxq)

B(z) = 10020 (z0 — 1)a1 (21 — 1)e~ 100 @0~ 10)

y(x) if (2o, 1) — (3, 3)[* < 0.125
(z) = (|(wo, 1) — (3, 3)[* — 0.125)  else

<
5
—
8
N
I

10 if |(wo,21) — (3, 3)> < 0.07

yq and g were adjusted to solve the adjoint and state equation in (6.0.1). Besides, a = —5
and b = 5 was chosen.

Though the problem is ’smooth’ in the sense that the Lagrange multiplier to the state con-
straint fi is a regular Lo-function, the problem is of interest numerically, because strict com-

plementarity is lacking, i.e.

i(z) = 0 5la) > yela), @ € Q.

From an optimisation point of view this is a disadvantage, because lack of strict complemen-
tarity can lead to 'chattering’ of active sets, compare [8], Example 5.2 and [10], Section 6.1.5,
which is reflected on the finite-dimensional level by the same index being flagged active, then
- in the next iterate of the PDAS loop - being flagged inactive again and then active again
and so on. This is the dreaded circling behaviour of active set strategies. Fortunately, we did
not encounter many numerical issues in our example.

The regularisation parameter ¢ was fixed to € = 0.015. For the adaptive algorithm, Algorithm
5.4.1, we chose N =3, p’ = 18 and TOL = 10~2. The parameters for the marking strategy,
compare the marking algorithm, Algorithm 5.3.1, were fixed to 7, = 0.65, ns = 0.75. Besides,
we observed that by using the modified regular part (U €, VE) defined by

C(UL Vi) = D E)A(T) (6.1.1)
TeT,
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with local indicator

(F)*(T) := 8max((Uf — I(F), Ff) 1501, 0) + 8 max((6}, Y — Ixye) 1,(1), 0)
5 = Sy 12
+ SmaX(Qiy Ikye — yC)LQ(T)7 0)+6 HUE - H(PIS)HLQ(T)
+4EP? +4EY 2]

we achieved a better performance of the adaptive algorithm.

As the following figure shows, the adaptive strategy achieves a higher computational precision
for a given number of degrees of freedom (DOFs), where DOFs= dim(Uy). This is of course
the desired effect:

The Smooth Problem

error adaptive .

04
estimator adaptiv

error uniform ———
estimator unifor
optimal order

02 | B

error/estimator values

005 B

1000 3000 6000

DOFs

Figure 6.1: The Smooth Example

The figure above has logarithmic scale for both axes.

Let us add some remarks to Figure 6.1:

e For comparison purposes we have included a gold ’optimal order’ curve in Figure 6.1.
It is motivated by the fact that for the best-approximation in Ly(2) of a function
u € HY(Q) by a piecewise constant function Pyu € Uy we have the optimal estimate,
compare Theorem 2.3, [34] and [12]:

|u — Puul| < (dim(Uy))~ 2. (6.1.2)

Thus, we cannot expect the discrete solution U ;. to approximate u better than the rate

(dim(Uy,))~/2 given by the inequality above. As we see in Figure 6.1, both the adaptive
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and uniform refinement strategies achieve this order - as would be expected in such a

smooth case.

e We observe that the actual error decays slightly faster compared to the estimator, that
is, the actual error curve possesses a steeper slope. This is partly explained by our
modified estimator (6.1.1) and - in addition - by the fact that the estimator is built for
the worst-case, i.e. the least regular case as exemplified by the Dirac example of Section
6.2, where we will see that in this case the estimator reflects the true decay of the error
almost exactly. However, in the present case which is significantly smoother, because
the Lagrange multiplier for the state constraint i is a regular Lo-function, some of the
estimates used for deriving the estimator are too conservative and too pessimistic. This

explains the slightly worse slope.

Next, we want to tackle a more singular example for which the gain of using an adaptive

refinement strategy is more obvious.

6.2 The Dirac Example

We choose the ball B;1(0) C R? as our domain Q. Even though it is not meshable, the
adaptive algorithm resolves the boundary quite well. Thus, at least in this example, the
adaptive algorithm even performs well in a setting where there is an additional error coming
from the resolution of the curved boundary.

As in the first example and Chapter 4 we treat the model problem with an additional function

g as a source term. The following true solution solving the optimality system (6.0.1) was given

The Lagrange multiplier for the continuous unregularised problem is given by 354(0), the

Dirac source at x = 0, and p(x) is the (scaled) fundamental solution in 2d solving

—Ap = 356(0) in B1(0)
p=0 on 0B1(0).
This setting represents the minimum regularity, worst-case setting, because, in this case, p is

not an H'(Q)-function. In choosing a = —1e12 and b = 1e12, we ensured that the singularity
is not completely nullified by the cut off with II and is making itself felt in the optimal control
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u, $00.

As parameters for the adaptive algorithm, recall Algorithm 5.4.1, we chose N = 3, p/ = 18,
TOL = 102 and a fixed regularisation parameter ¢ = 0.018. The parameters for the marking
algorithm, Algorithm 5.3.1, were taken to be n, = 0.7 and n, = 0.8.

As the following chart shows, the discrete solutions generated by the adaptive algorithm of
Chapter 5 are a superior approximation to the true solution compared to uniform refinement.

Again DOFs= dim(Uj) and again, we employed the modified estimator (6.1.1):

The Dirac Problem

error adaptive

estimator adaptive
error uniform

estimator uniform ———

optimal order

025 B

error/estimator values

1000 2000 4000

DOFs
Figure 6.2: The Dirac Example

Again, we employed a logarithmic scale for both axes.

We discern that the adaptive refinement strategy deploys degrees of freedom smartly, since
for a given number of DOF's its output is a more accurate solution. In addition, the behaviour
of the true error is captured well by the estimator for both the adaptive and uniform refine-

ment case. However, the optimal order of (dim(Uy))~1/2

- represented by the gold ’optimal
order’ curve, compare (6.1.2), is not reached. The reason for this is that if the regularisation
parameter ¢ is fixed, eventually the error due to regularisation in this low-regularity setting,
which is highly sensitive to changes in ¢, dominates. This is highlighted by both the adaptive
and uniform error curves flattening out for higher degrees of freedom: The discrete solutions

converge to a continuous (smooth) solution @® with
|u— 2% 1, q) =~ €’ for some p > 0.

That is of course not a satisfiying state of affairs. Therefore, in the next section, we will present
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an heuristic steering approach for the regularisation parameter € to achieve the ’optimal order’

which - as we will see - provides a remedy to this conundrum.

6.3 An Heuristic Steering Approach for Discretisation and

Regularisation

In this section, we will give an example of an heuristic approach to steer both regularisation
and discretisation simultaneously. Let us first dwell a bit on the motivation:

Suppose that the discrete unregularised problem (DM Py;) admits the existence of a Lagrange
multiplier 8, € C@ for the state constraint in the vein of Definition 2.2.5 which is furthermore
uniformly bounded in L;(Q2). The following optimality condition for the unique solution Uy
holds:

(Pk + I/ﬁk, U - Uk) — (ék, SpU — SkUk) >0 VU € U.

Then, testing the optimality condition above with U,i and the optimality condition in the
KKT system for the regularised discrete problem (4.1.25) with Uy, we deduce - after a short
computation and also harnessing the improved bounds for the discrete multiplier ), which

are merely an application of the results of Corollary 4.3.3 to the unregularised setting:
= =en2, Ljoen2 3/ 1T
v || O = O "+  [VEII s & 3P |VE | -

This gives rise to the interpretation of ]V,ﬂ () as an 'indicator’ for the overall error which
is solely generated by regularisation. Needless to say, this is not a solid mathematical basis for
a simultaneous steering of regularisation and discretisation, but as Figure 6.3 below demon-
strates, it is not without its merits.

Based on this indicator, we then performed the following e-adaption given a tolerance TOL

for the adaptive algorithm and an initial regularisation parameter e:

Algorithm 6.3.1 s-adaption
1: Choose parameters 0 < p < 1,0 <~y <1 and Cs > 0 as well as epiy > 0.

2: Compute |V |g1(q)

3. if 8”‘3/73,]V,5\H1(Q) > CsTOL? then set
e = max(Y1&, Emin)

4: else set
Do not change €

5. end if

We realise that strictly speaking, we have not utilised e!—3/ p/W,ﬂ (o) as an indicator but

g3/’ |‘_/,f\ () with p < 1. This modification has its roots in the observation that a uniform
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(independent of ¢ and k) bound on the term s”_S/”/Wk‘E\m(Q) with p < 1 coupled with a
uniform L;(2)-bound for the Lagrange multiplier #; for the regularised problem (DM Py)
ensures that the central convergence condition (3.3.4) is fulfilled. We will shortly sketch why:
A uniform bound for Héi immediately leads to the bound - compare the arguments of

Lemma 4.1.7 -

HLl(Q)

73/1)/’ 1§p§27 1_’_1:1.

108100 S & 1l

This in turn allows us to estimate:

3 -
ak(@)] = 55 |VEI* =

3 _ _ - - o ’ — _
522 Ve, VEI S 10, Vi)l S e Ve jpaay S Cse PTOL?.
Now, because 0 < p < 1, we have an integrable function on (0,1) bounding |aj (e)| which
means that the convergence condition (3.3.4), where equi-integrability of the sequence aj, was
demanded, is met.
We employed the following paramters: TOL = 1072, N = 3, p’ = 18 and for the marking
strategy n, = 0.65 and ns = 0.75. The parameters of Algorithm 6.3.1 were chosen as p = 0.91,

Cs = 6.5, vy = 0.85 and e,;, = 0.004. and obtained the following results:

Dirac Adaptive Steering

T
Error Adaptive

04 Estimator Adaptive
Optimal Order

epsilon

error/estimator values
epsilon

0.05 L L L 0.005
1000 2500 5000

DOFs

Figure 6.3: Simultaneous Steering

As before, a logarithmic scale for both axes was used.
We realise that employing the steering strategy for the regularisation parameter ¢ proposed

by Algorithm 6.3.1 combined with adaptive refinement according to our estimator, we recover
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the optimal order of (dim(Uy))~'/2 that can be expected for a piecewise constant ansatz, in
fact there is even a slight superconvergence effect.

For a uniform strategy such an approach is at least not immediately applicable, because there
are fewer iterates and the mesh is refined globally such that the degrees of freedom double in
each step. Due to the high e-sensitivity of this Dirac example this would mean that ¢ would
have to be decreased quite swiftly otherwise we are (almost) in the same situation as in the
fixed regularisation parameter setting, where eventually the regularisation error dominates.
In particular 7 in Algorithm 6.3.1 would have to be chosen much closer to 0. This, however,
leads to numerical difficulties because the driving down the regularisation parameter to 0
will lead to a problem for which the PDAS algorithm fails to converge. Thus, Algorithm
6.3.1 lends itself better to a situation where the grid is refined adaptively - which is why we

implemented it merely in an adaptive setting.
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Conclusions & Outlook

To assess the results of this thesis, it is perhaps best to recall its title: ’AFEM for State-
Constrained Optimal Control - Convergence Analysis and A Posteriori Error Estimation’.
Reflecting upon the theorems and proofs of Chapter 3 and Chapter 4, we realise that what
we set out to do, namely to provide a rigorous convergence analysis without imposing any
regularity conditions on the mesh and/or the solution and to derive a reliable a posteriori
estimator, we have achieved.
Needless to say, there are directions for possible expansions of the results presented in this
thesis. First and foremost, perhaps, one would like to measure the efficiency of the a posteriori
error estimator. After all, efficiency is a property highly coveted in a posteriori error analysis
and unsurprisingly so, since this is the notion that perhaps best captures the inherent advan-
tage of adaptive methods compared to the strategy of uniform refinement. In the context of
a posteriori error estimation for (linear elliptic) PDE, efficiency is defined by the existence of
a a local lower bound up to oscillation in the following vein, compare [65], Theorem 6.2:

Er S la— Uy

HLQ(W(T)) + osc(Uy)

Here, w(T') denotes a patch of elements
wr = {T’Eﬁ : TQT’%@},

Er is the local error indicator, @ — Uj, the error between the true and discrete solution and
osc denotes a data oscillation term that converges faster than the true error. However, such a
notion is unsuited to the unusual structure of the a posteriori error estimator derived in this
setting, after all the estimator derived in Chapter 4 has one term, £2 squared, and the other,
&s entering without. Therefore, another notion would have to be developed.

Also, it would of course be desirable to possess an efficient strategy to steer discretisation and
regularisation simultaneously. Unfortunately, this is a very intricate question and the subject
of a posteriori error estimates for the regularisation would have to be addressed in this setting
- a subject whose complexity must not be underestimated.

Besides, it is also of interest to find out if there are settings in which the necessary and sufficient

condition of convergence in Chapter 3 is not fulfilled. In the setting of the control of a Poisson
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equation with a constant state constraint y. = 8 < 0, a sufficient condition for convergence
would be the existence of a sequence of functions 2§ € H'(Q) with Vz{ € H(div, ) such that
Y _ 3 1 1
1V ~ Do = #flino) S 1M1 S0 70 >0 9> 5 p<3(5 - )
where p’ is chosen in such a way that H!(Q) < L, ().
At the end, though, let us with these final thoughts stress that it is fair to say that in this
thesis, basic techniques were developed with which state-constrained optimal control problems
can be analysed without the machinery of maximum norm error estimates, be it on a discrete
or on the continuous level. That is a genuine novelty in this particular branch of mathematics
- and in the authors’ humble view a novelty with some merit - , hopefully, perhaps, one which
in the future will come to serve at least as a little brick in a large, striking and impressive
edifice of future results on adaptive methods in the context of state-constrained optimal

control problems.
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