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It is recalled how wave equations can be generated from dispersion relations. The 
bending wave equation for thin plates including some higher-order terms is obtained by 
this general method and compared to the corresponding equation of Timoshenko. Further, 
the dispersion of free plate waves is derived in a concise and elementary manner without 
using a scalar potential and a vector potential for the displacements. Finally, as a matter 
of practical interest, exact and approximate expressions for the ratio of parallel to 
perpendicular displacements at a plate surface are calculated. Under favourable circum- 
stances measurement of this ratio allows decomposing an observed wave into its quasi- 
longitudinal and bending components. 

1. INTRODUCTION 

The present paper has been stimulated by the strange unwillingness of textbooks on 
elastodynamics and technical acoustics to comment on the question of why the bending 
wave equation for thin plates (and beams) is fourth-order in the spatial derivatives, while 
the fundamental equations of elasticity are only second-order. Textbooks on elastody- 
namics (see, e.g., [ 1,2]) and related review articles [3,4] develop the general theory of 
plates but do not pay much attention, if any, to the limiting case of thin plates. On the 
other hand, textbooks written mainly for engineers (see, e.g., [5,6]) usually content 
themselves with the derivation of the bending wave equation for thin plates by means of 
forces and moments. A notable exception in this respect is reference [7], which treats 
both points of view; the initial question, however, is not explicitly answered either. 

Obviously, there is a gap between fundamental theory and engineering practice, and 
it is one purpose of this paper to encourage workers in both fields to bridge this gap. 
First, an elementary, but apparently not widely known answer to the question is provided. 
It is due to Sauter [8], and his arguments are recalled for convenience and the bending 
wave equation is derived for thin plates (including some higher-order terms) from the 
dispersion relation. The subsequent section is devoted to a derivation of dispersion 
relations of plate waves, which is somewhat simpler and perhaps more transparent than 
those usually found in textbooks. Finally, the last section may be of interest for practical 
applications in technical acoustics. The ratio of parallel to perpendicular displacements 
at the plate surface is worked out for an arbitrary mode and any frequency. Approximate 
expressions for the two fundamental modes of an infinite plate (which for low frequencies 
become bending waves and quasi-longitudinal waves) are also given. Below the cut-off 
frequency for the higher modes these results can be used for a decomposition of an 
observed wave into its symmetric and antisymmetric components from the measured ratio 
of parallel to perpendicular displacements. This may serve to illustrate that application 
of fundamental theory to practical problems may be possible without relevant loss of 
accuracy and simplicity. 
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2. WAVE EQUATIONS AND DISPERSION RELATIONS 

The spatial and temporal variation of a wavefield quantity q, e.g., the particle displace- 
ment in a solid, can be expressed as 

q = q. ,iC kr-wrl, 
(1) 

where q0 may depend on the co-ordinates y and z, but not on x and t. From the relations 
for space and time derivatives of arbitrary order 

#q/ax” = (ik)“q, iI”q/itt” = (-iw)“q (2) 

we can construct infinitely many differential equations, e.g., of the form 

1 .m+n ;Jmq/atm _ (mm/k”) #q/ax” =O, (3) 

which are all satisfied by the wave (1). 
Usually, however, a differential equation will be called a wave equation only if the 

coefficients of the derivatives are independent of frequency w and wave number k. For 
equations of the form (3) this means that urn should be proportional to k”: i.e., it is the 
dispersion relation w(k) which determines the order of the derivatives occurring in the wave 
equation. If the phase velocity c = w/k is constant, then one chooses m = n in equation 
(3) and obtains 

d+cq’=O or 4 _ clq,l = 0, (aa, b) 

where a dot and a prime denote respectively differentiation with respect to t and x. In 
general, w may be expanded in a Taylor series, 

o = ; K,k’, (5) 
I=0 

and from equation (2) one is then able to understand Sauter’s recipe [ 81 for how to derive 
a wave equation from a dispersion relation: replace w by id/at and k 
operate on the jeld q. 

For bending waves in thin plates the phase velocity is approximately 
the square root of the frequency or, equivalently, w = K2k2. Application 
gives 

id + K&‘= 0, 

by -i a/ax and 

proportional to 
of Sauter’s rule 

(6) 

which has exactly the same form as the time-dependent one-dimensional Schrodinger 
equation for a free particle. This is no surprise, if one recalls that from the free particle 
energy hw = h’k’/(2m) (h = Planck’s constant divided by 27r, m = particle mass) one 
obtains the same power law for the dispersion relation as for bending waves in the limit 
of vanishing thickness of the plate. Of course, the quantum mechanical field (the wave- 
function) is genuinely complex, whereas the classical field is taken to be complex for 
mere mathematical convenience. 

The imaginary unit, which looks strange in wave equations of classical physics, can 
usually be avoided by starting from the dispersion relation (5) squared, i.e., w2 = tczk4 in 
the example here, leading to the familiar equation 

ci’f K;qflll = () (7) 

with a fourth spatial derivative. Another reason for choosing equation (7) rather than 
equation (6) or other equations derived from higher powers of w lies in a natural physical 
interpretation of the individual terms, which in equation (7) correspond to inertial and 
restoring forces. 
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To illustrate the power of this method one may include two more terms in the squared 
dispersion relation for bending waves, 

w2 = K:k4{1 + d,(hk)‘+d2(hk)4}, (8) 

with dimensionless expansion parameters d, and d2, h being the thickness of the plate. 
Using the derivatives ij”= w2k2q = K:k6q + d,K:h’k* and ;i’= w4q = K;k*q one can avoid 
sixth and eighth spatial derivatives and obtain 

;i+K;q”“+d,h2$‘+(d2-d:)(h4/K;)‘ij’=0. (9) 

An equation of the same type has been derived by Timoshenko [9] for bending vibrations 
of bars by means of a detailed consideration of forces, moments, shear deformation, 
rotatory inertia, etc., including an “effective shear modulus” depending on the shape of 
the cross-section of the bar. It was also Timoshenko [lo] who note,d that the prefactor 
of 4” derived this way does not completely agree with that from the analog to equation 
(8) for bars. The agreement is rather close, however, if one chooses 8/9 of the ordinary 
shear modulus for the “effective shear modulus”. 

Timoshenko’s equation for bars [9] is readily transformed into the bending wave 
equation for thin plates by minor changes in the prefactors (cf. [7], p. 114). It turns out 
that again the fraction 8/9 is a favourable choice because the expressions corresponding 
to d,, -(13-4a)/48(1-a), to d2-d;, 1/64(1-a), and hence to dZ, (205-140a+ 
16u2)/2304(1 -a)’ (u = Poisson’s ratio), yield results close to those from the exact d, 
and d2, which are given at the end of the following section. The relative deviation is 
always less than 10% for all values of u between 0 and l/2. The prefactor d,-d: is 
always smaller than d, by roughly a factor of 15; i.e., the last term in equation (9) is 
clearly less important than the ij”-term. 

There are variants of the correction terms in equation (9) obtained with numerical 
factors other than 8/9 (see the paper by Mindlin [ll]). By contrast, the derivation of the 
bending equation of thin plates from the dispersion relation is free from such ambiguities. 

3. ELEMENTARY DERIVATION OF DISPERSION RELATIONS 

The derivation of dispersion relations for free plate waves presented here is elementary 
in the sense that the displacement field is not split into its irrotational and divergence-free 
parts. This commonly applied splitting, which is accomplished by introducing a scalar 
potential and a vector potential, is not compulsory from a mathematical point of view 
and physically unnecessary because apart from the pure shear waves (where introducing 
a vector potential would only complicate matters) there are no solutions which are purely 
irrotational or purely divergence-free. 

The fundamental equations of linear elastodynamics for the displacement field u in an 
isotropic solid, 

ii = c:vSl+ (cf - cf)VV . II, (10) 

with c, or cI the transversal or longitudinal phase velocity are solved by an ansatz for 
straight waves propagating in the x-direction, 

(11) 
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(The plate is assumed to be infinitely extended in x- and z-directions; its surfaces lie at 
y = *k/2; the less interesting case of pure shear waves with motions only in the z-direction 
is not considered.) This leads to the coupled system of differential equations 

(1 - v)k2a - ~,a” = (1 - v,)ikb’, (v, - v)k2b - b”= (1 - V,)ika’, (12a, b) 

where 

V = (c/c,)2, Y,=(C,/C,)2=(1-2a)/2(1-a), 

and the prime indicates differentiation with respect to y from now on. Symbolically system 
(12) can be written with differential operators II,, @ , D, , 

D,a+D,b=O, D,b+D,,a=O, (13a, b) 

and the ansatz 

a=-D,V, b=D,V, (14) 

which satisfies equation (13a) identically, reduces the coupled system to an ordinary 
differential equation of fourth order for the auxiliary function V, 

(l-v)(~,-~)k~V+(~+w-2v,)k~V”+v,V””=O, (19 

with the general solution (v, # Y # 1) 

V= C, e”lk?‘+ C, e-“lIky+ C, eesk-“+ C, ePcrzk-v, (16) 

where a, = fi and a2 = m. The amplitude “profiles” a(y) and b(y) can now 
be evaluated from equations (14) and (16). 

The boundary conditions for the free surfaces at y = *h/2, i.e., vanishing stress com- 
ponents a,,. (i = x, y, z), 

a,, = OF? = CT=? = 0, (17) 

read in terms of a and b and their derivatives at y = *h/2 denoted by a:, b:, as 

a:+ikb,=O, b:+(l-2v,)ika,=O. (18a, b) 

Apparently there are two types of solutions, each of which satisfies equations (18) by 
itself, namely (i) a(y) = a(-~), b(y) = -b(-y) and (ii) a(y) = -a(-~), b(y) = b(-v). The 
first type is called symmetric and the second antisymmetric because the associated 
deformations (more exactly the eigenvalues of the strain tensors) are symmetric or 
antisymmetric with respect to the middle plane y = 0 of the plate. Thus, with equations 
(14) and (16) the symmetric solutions are of the form 

a,=i[cu,C2cosh(a,ky)+~,C,cosh(a,ky)], b,=afC2sinh(aIky)+Cqsinh(cu2ky). 

(19) 

Exchanging cash and sinh yields the antisymmetric ones: 

a, =i[c~,C, sinh (cx,ky)+a,C, sinh (a,ky)], b, = CY;C, cash (a,ky)+ C3 cash (a2ky). 

(20) 

(The C, are amplitudes.) 
Finally, the condition for non-trivial solutions of equations (18) leads to the dispersion 

relations, also known as the Rayleigh-Lamb frequency equations, 

4a,c~,/(l+a~)~=[coth (cr,kh/2) tanh (azkh/2)]“, (21) 
for symmetric (+) and antisymmetric (--) modes. 
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This exercise has served to demonstrate that a derivation of equations (21) can be 
carried out very easily without introducing scalar and vector potentials for the displace- 
ment field. (The auxiliary variable V may be regarded as a kind of potential, but instead 
of two potentials only one auxiliary function is needed for an elegant solution of the 
coupled system (13).) Because of its simplicity and transparency the derivation presented 
here might be worth to be considered for future textbooks. 

The complexities of equations (21) will not be discussed here, because this has been 
done extensively elsewhere (e.g., in references [l-4,12]). Some approximate expressions 
are of interest, however, for the fundamental modes in the limit kh + 0, i.e., for quasi- 
longitudinal waves and bending waves in thin plates. The expansion here is pushed one 
term further than that of Sauter [S]; subscripts s or a stand for quasi-longitudinal 
(symmetric) or bending (antisymmetric) waves. 

2 
ws = c;,k2 l- 

C 

CT2 

12( 1 - u)2 
(hk)‘- u2(;2;;;T ,:r” ( hk)4 1 , 

$+, (hk)2 + 

489-418a+62u’ 
5040( 1 - g)2 (hk)4 , 1 

(22) 

(23) 

where 

c;, = E/p(l - uZ) 

with Young’s modulus E and mass density p. 
Frequently, an inverse relationship is desired, e.g., wavelength A or phase velocity c 

as a function of frequency f = o/2 n. The corresponding equations are then 

(24) 

4. DISPLACEMENT RATIOS AT THE PLATE SURFACE 

Experimental detection of vibrations of a plate is done by measuring the motion at the 
surface of the plate. For a careful analysis of such measurements one should know the 
displacements at the plate surface for all modes involved in the vibration, in particular 
the ratio r = a/b of parallel to perpendicular displacements at the plate surface (here 
y = +h/2 is to be considered). This ratio is easily deduced from equations (18) to (20); 
one gets, for symmetric modes, 

a, (l-c& coth(a,kh/2)-20,~2coth(cz2kh/2) 
rs =b, ,,=h,? = -icu,(cu:- 1) 7 (26) 

and for antisymmetric modes 

aa 
ra =b, !=h/: = 

(l+o:)tanh(a,kh/2)-2cu,cr2tanh(ru2kh/2)~ 
-ia,(az- 1) 

(27) 

These expressions are exact for any modes of the form (1 1), which describes waves with 
straight wave fronts, if LY, and a2 satisfy the corresponding dispersion relations (21) 
(circular waves behave differently, especially near the origin). With the approximate 
expressions (22) and (23) one obtains (to lowest order), for quasi-longitudinal waves, 

r,;’ = -i{u/( 1 - u)lkh/2, (28) 
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and for bending waves, 
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ra = -ikh/2, (29) 

reflecting the familiar dominance of longitudinal (transversal) motions in quasi-longi- 
tudinal (bending) waves (which is rarely quantified in textbooks). 

The lowest-order approximations (28) and (29) for the two fundamental modes also 
follow from the boundary conditions (18) if the lowest non-trivial approximations for a 
and b are inserted. For the quasi-longitudinal mode a, = a,, b, = b,y inserted in equation 
(18b) leads to equation (28); for the bending mode a, = a,y, b, = b, inserted in equation 
(18a) gives equation (29) (a,, a,, bo, b, are constants). In each case the remaining 
boundary condition is satisfied only approximately. For higher-order approximations the 
differential equations (12) have to be taken into account too. 

In the following the superposition of one symmetric and one antisymmetric mode with 
the same frequency and propagating (to begin with) in the same direction is considered. 
The displacement at the surface can be represented by 

(30) 

where the real number p, 0 G p s 1, is a measure of the portion of antisymmetric mode 
in the observed wave. The overall (complex) amplitude A and the (real) angle C$ permit 
normalization of the symmetric and antisymmetric parts inside the curly brackets without 
loss of generality. The measured displacement ratio r, becomes 

pr,+(l-p)e’@ 
rm=p+(l-p)r;‘ei@ 

with CD = (k, - k,)x + 4. Solving for p gives 

P=llj l+lr,l l=l}; 
the equation for @ follows from the fact that p is a real number: 

@ = arg {-rs(rm - ra)/(rm - rs)l. 

(31) 

(32) 

From r,,, measurements at various points x the wavenumber difference k, - k, can be 
verified experimentally, because 0 is proportional to x. The value for p, however, should 
come out independent of x; otherwise one would have to consider complex wavenumbers. 

The method of decomposition outlined above works if only two modes which have 
real wavenumbers and different displacement ratios are involved. (The modes may also 
be both symmetric or both antisymmetric.) With more than two modes a unique decompo- 
sition of an observed wave is no longer possible on the basis of the displacement ratios 
at only one surface of the plate. In practice, one is often interested primarily in the two 
fundamental modes, which become quasi-longitudinal and bending waves in the limit of 
low frequencies. Below the lowest cut-off frequency for the higher modes, A. = c,/(2h) 
corresponding to fh/c,, =‘v’-, one has indeed only these two modes propagating 
(provided there are no pure shear waves), and the method is applicable. Real plates, of 
course, are never infinite as assumed in the calculations here, but it would seem that the 
determination of p via equation (32) should be a reasonable estimate of the bending 
component in many cases. 
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The propagation direction of the waves is not always known and may even be different 
for the two modes. In this case an additional measurement of the z-component of the 
displacement is required for an unique decomposition of the observed wave with the 
more general form 

r, cos 4~~ 
u(h/2)=A p 1 

1i i 

ik (x cm 4”+: snn &,,I e u 

r, sin 4, 

4, and (6, are the angles of the wave vectors of the two modes with the x-axis. From the 
measured displacement ratio r,, (x-component to y-component) one obtains, for p and 

@, 

(35) 

cjp = arg {-rs(rXm -r, cos db)/(b;, - r, cos &)I 

with @ = k,(x cos c& + z sin 4,) - k,(x cos 4a ,f z sin 4,) + c$. 

(36) 

Similar equations for p and CD can be derived with the other measured displacement 
ratio r=, (z-component to y-component). Since these results for p and C$ must agree with 
those from equations (35) and (36), the real quantities d, and c$~ have to satisfy the 
complex equation 

(rrm -r, cos +a)/(r.rm -r,, cos &) = (rz, -r, sin &)/(rZm - rr sin 4,). (37) 

Unfortunately, solving this simple looking equation for 40 and 4, is relatively cumber- 
some. Therefore only an outline can be given of how one can proceed, as follows. Take 
the imaginary part of equation (37) and solve it (i) for cos & as a function of cos 4u and 
sin 4, (and the various displacement ratios, of course), and (ii) for sin & in the same 
way. Then substitute the results for cos 4.$ and sin 4c in the real part of equation (37). 
In general, this resulting equation in cos 4, and sin +a will have to be solved numerically. 

In the special case where both waves propagate along the same line, but possibly in 
opposite directions, i.e., & = I/J or $+ v and qG, = +!I or I+!+ rr, unique determination of 
+a and I#J.~ from equation (37) is no longer possible, because equation (37) always reduces 
to tan V = rzm/rxm, whereby only the line is specified, not the directions of propagation. 
Hence p and CD exhibit a fourfold ambiguity, which is difficult to remove because 
displacement ratios in the interior of the plate would have to be known (for instance in 
the middle plane y = 0 of the plate, where r, = r;’ = 0). In practice there will be no choice 
other than evaluating all four possibilities and selecting the one most probable in a 
particular experimental situation. 

If there is only one wave present (p = 0 or l), then the propagation direction can be 
determined uniquely from r,, and r,,, e.g., for p = 1, cos c$, = r.Xm/ro and sin +y = r;,/r,. 

The essence of this exercise on displacement ratios may be summarized as follows. 
From measurements, which are simple in principle, together with some exact (or almost 
exact) equations from the fundamental theory of plates, valuable information can be 
gained without extensive calculations. This experience might stimulate application of 
fundamental theory to other problems for which one may expect a much more satisfactory 
treatment without unnecessary approximations. 
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