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Chapter 1

Introduction

Gas, liquid and solid phases are the most common states of matter in our daily
encountered 3-dimensional space. The school example is the H2O molecule with its
phases vapor, water and ice. Interestingly, electrons�with their point-like nature
and negative charges�can also organize themselves under certain conditions to bear
properties of these three common phases. At relatively high temperature, where
Boltzmann statistics prevails, the ensemble of electrons without interactions can
be treated as a gas of free particles. Cooling down the system, this electron gas
condenses into a Fermi liquid. Finally, as a result of the repulsive Coulomb forces,
electrons try to avoid each other by maximizing their distances. When the Coulomb
interaction becomes su�ciently strong, a regular lattice emerges�an electron solid.

The story however does not end here. Nature has much more in store for us.
Electronic systems in fact exhibit a large variety of phases induced by spatial con-
�nement, an external magnetic �eld, Coulomb interactions, or interactions involving
degrees of freedom other than charge such as spin and valley. Here in this thesis, we
restrict ourselves to the study of electrons in a 2-dimenisonal (2D) plane. Already in
such a 2D electron system (2DES), several distinct states of matter appear: integer
and fractional quantum Hall liquids [1, 2], the 2D Wigner solid [3�6], stripe and
bubble phases etc. [7, 8].

In 2DES it is su�cient to sweep the perpendicular magnetic �eld to pass from one
of these phases into another. Experimentally, many of these phases can be revealed
by simply measuring the resistance. For a quantum Hall state, the longitudinal
resistance vanishes, while the Hall resistance exhibits a plateau. The quantum Hall
plateau is a manifestation of localization induced by the inevitable sample disorder.
Coulomb interaction can also play an important role to localize charges. Even in
the disorder-free case, electrons�more precisely quasi-particles in the partially �lled
Landau levels�can crystallize into a Wigner crystal. The Wigner crystal is bound
to get pinned and hence localizes electrons in the bulk. This may cause an increase
of the quantum Hall plateau width. To unveil the existence of such a solid, one has
to go beyond standard transport investigations. Both microwave [3, 4] and NMR
experiments [5, 6] have shown strong evidences for Wigner crystal formation. In
Part I of the thesis, we present measurements of a thermodynamic quantity�the
chemical potential. We provide further insight into this solid phase by studying the
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B-�eld as well as temperature dependence of the electron crystallization.
The sensitive technique that we employ to measure the chemical potential is de-

veloped on a GaAs heterostructure with two quantum wells. In fact, in the presence
of a perpendicular magnetic �eld this bilayer system hosts a unique quantum Hall
state when each layer has a half �lled Landau level. An electron residing in one
layer can pair up with an empty state in the opposite layer and excitons may form.
These excitons are believed to form an exciton condensate under appropriate condi-
tions. Part II of this thesis is devoted to the understanding of this correlated state.
We employ a single electron transistor to probe the chemical potential�more di-
rectly its derivative with respect to density, the compressibility�around the νtot = 1
quantum Hall state. We then compare excitation gap obtained from this approach
with the gap determined from thermally activated transport studies. Our results
help to clarify the nature of the excitations at νtot = 1. Apart from the thermo-
dynamic measurement, we also perform tunneling experiments on the bilayer. A
systematic study of the interlayer tunneling on the distance between the two layers
is carried out. Also, we investigate the tunneling on a bilayer with a constriction in
the center. Interesting phenomena are observed such as an oscillating pattern in the
tunneling current as we gradually open the constriction. While some of our results
await further clari�cations, one can safely conclude that the electronic bilayer o�ers
intriguing physics, even two decades after its debut.

Below we outline in more detail the content of each chapter of this thesis.

Chapter 2 Two-dimensional electron systems

This chapter covers fundamental properties of a 2DES. The focus lies on the wave-
function and ground state energy in increasingly complicated cases: from single-
particle to many-body, from zero magnetic �eld to the quantum limit, from the
integer quantum Hall e�ect to the fractional quantum Hall e�ect. After this the-
oretical part, we turn to practical issues like quantum con�nement, materials and
experimental setups. In the end, we show a collection of materials hosting 2DES
with di�erent density and mobility values.

Chapter 3 Compressibility measurements

We present in this chapter mostly mathematical calculations. Before analyzing the
dual-gated bilayer that we measure, we review the chemical potential/compressibility
experiments on either a single layer or two layers of 2DES with a single gate. We ex-
plain the equations employed in the reported experiments �rst by simple arguments
and then by rigorous derivations. The electrostatic equations required to analyze
and guide our experiments on bilayers are formulated and described.

Chapter 4 Chemical potential measurement in bilayer systems

Chapter 4 addresses the evolution of the chemical potential of a 2DES. The tech-
nique used exploits the in�uence of the chemical potential change of the 2DES on the
density in a second, nearby 2DES. We observe anomalous features in the gap region
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when the chemical poential jumps from one Landau level into the next. Judging
from the �lling factor position of these anomalies as well as the temperature depen-
dent behavior, we assign them to the formation of a Wigner solid of quasiparticles
as we deviate from exact integer �lling.

Chapter 5 Using graphene as a sensor

Graphene is a single atomic carbon layer. Its conductance varies rapidly near the
charge neutrality point. This can be exploited to obtain a large response to the elec-
trostatic environment. In this chapter, we describe how to use graphene as a sensor
to detect the evolution of the chemical potential of a topological insulator (TI). We
develop a technique to precisely stack a graphene �ake on top of a topological insu-
lator or vice versa. We also outline a possible interlayer tunneling experiment in a
TI/Al2O3/TI device.

Chapter 6 Quantum Hall bilayer systems

In this and subsequent chapters, we turn our attention to the investigation of the
properties of the νtot = 1 quantum Hall state in a bilayer. We �rst present stan-
dard transport studies on a high-mobility low-density GaAs bilayer sample with
negligible single particle tunneling. It is demonstrated that the νtot = 1 state
is robust against imbalance. This state evolve continuously from the single layer
regime (νtop = 1,νbottom = 0 for the separate layers) across the balanced bilayer
point (νtop = νbottom = 1/2) up to the imbalanced regime with �llings νtop = 1/3 and
νbottom = 2/3.

Chapter 7 Single electron transistor on a bilayer

In this chapter, a single electron transistor is employed as a local probe to investi-
gate the compressibility of the bilayer system. The energy gap of the νtot = 1 state
is studied and extracted from compressibility measurements. The obtained values
are compared with results from thermally activated transport. The results are in
reasonable agreement, even though the compressibility experiments are position de-
pendent, i.e. the local disorder potential plays an important role. With the single
electron transistor, it was also possible to detect discrete charging events originating
from the localization of quasiparticles that form as one deviates from exact νtot = 1.

Chapter 8 Josephson-like tunneling in a bilayer

This chapter deals with tunneling experiments performed on two types of sample.
In the �rst part, we address mainly vertical interlayer tunneling. By systemati-
cally varying the interlayer barrier thickness, we investigate the evolution of the
Josephson-like tunneling. In the second part, we discuss a special sample with con-
tacts reaching only the top layer. This bilayer is further patterned into two areas
separated by a split gate. They are only connected via a quantum point contact
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(QPC). We observe interesting tunneling behavior across the QPC and discuss pos-
sible interpretations based on the coherent nature of the νtot = 1 state .

Parts of the results presented in this thesis are already published:
Local compressibility measurement of the νtot = 1 quantum Hall state in
a bilayer electron system
Ding Zhang, Stefan Schmult, Vivek Venkatachalam, Werner Dietsche, Amir Yacoby,
Klaus von Klitzing, and Jurgen Smet
Phys. Rev. B 87, 205304 (2013).
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Chapter 2

Two-dimensional electron systems

Reduced dimensions engender many profound properties for particles that reside
in them. In quantum theory, particles in 2D are generally called anyons [9�11].
They obey statistics that can continuously range from Bose-Einstein to Fermi-Dirac
statistics. In this case, exchanging two indistinguishable particles gives rise to a
phase that has to be neither +1 (for the Bosons) nor −1 (for the Fermions). For
a special category of 2D particles governed by so-called non-Abelian statistics [11],
even the pathways that one uses to exchange two particles can fall into distinct
classes. This whole concept of anyon statistics remained theoretical until the ob-
servation of quantum Hall e�ects. Quasiparticles in a ν = 5/2 fractional quantum
Hall state are predicted to follow non-Abelian statistics (see [11] and references cited
therein). Topological quantum computations [9, 10] using these quasiparticles have
been conceived. The discovery of quantum Hall e�ects bridged condensed matter
physics with topological theory. In fact, the quantum Hall state itself is topologically
distinct. Namely, it has chiral edges extending over the sample and an insulating
bulk hosting localized states1. Here, the dimensionality plays an indispensable role.
Theory has established quantum Hall e�ects in all even dimensions2 [15�17]. Two-
dimension (2D) therefore becomes unique in reality as quantum Hall e�ect can only
be experimentally observed in such a space.

In this chapter, we discuss some fundamental properties of a 2D electronic sys-
tem. We start with the density of states in a single particle theory (2.1). This is
followed by the introduction of Landau levels in 2.2. With this knowledge, we explain
the integer quantum Hall e�ect (IQHE) (2.3). The theoretical understanding from a
topological perspective is given. We then move on to consider the electron-electron
interactions (2.4). In the B = 0 T case, we compare the ground state energy of a
2DES in the Fermi liquid phase and in the Wigner crystal phase. This discussion of
ground state energy is further expanded to the high magnetic �eld regime where the
fractional quantum Hall e�ect (FQHE) occurs (2.5). We follow the earlier works on

1The Landauer-Büttiker picture describes the quantum Hall system as consisting of the cur-
rent carrying edges plus an incompressible bulk. Recent developments both in theory [12] and
experiment [13] have revealed more complicated details within the quantum Hall plateau region.

2Theory of quantum Hall e�ects in even dimensions considers uniform spaces. Experiments
have shown quantum Hall e�ects in a superlattice, i.e. an anisotropic 3D space [14].



14 2. Two-dimensional electron systems

FQHE mainly by Laughlin and explain the idea of fractional charge. After covering
the ground state energy of 2DES in di�erent phases, we calculate the chemical po-
tential and compressibility (2.6). We then consider the interactions in two closely
spaced layers of 2DESs (2.7). Finally, we turn to more practical issues like how
and in what materials a 2D electronic system can be realized (2.9 and 2.10). An
overview of the current 2D electronic systems is given.

2.1 Free particles in a box

This thesis focuses on the energy of a 2DES in various phases. The thermodynamic
quantity we speci�cally address is the change of energy induced by external variants
like electric or magnetic �eld etc. Essentially, the electric �eld introduces additional
charged particles into the system. We are therefore studying the relation between the
change of energy and the number of charged particles. To this point, we introduce
a quantity called the density of states (D(E)) which describes the number of states
(N) for particles per unit volume in the energy range [E , E + dE ].

D(E) = 1

V

dN

dE
. (2.1)

Here V characterizes the size of the system. In 2D, we replace V by the area S.

Starting with the simplest situation, we evaluate D(E) for free particles 3 con-
�ned in a 2D box. This calculation in textbooks is frequently performed just for
particles with a parabolic dispersion, since semiconductors can often be described
with parabolic bands. With the discovery of graphene [18, 19], particles with a lin-
ear Dirac-like energy dispersion have come into the spotlight in recent solid state
research. Further development reveals a new class of materials called topological in-
sulators which also host a linear energy dispersion. For completeness, we present the
calculation of D(E) for both the parabolic(non-relativistic) and linear(relativistic)
cases. We consider two Hamiltonians of free particles :

Hpara =
p2

2m
, (2.2)

Hlinear = vFσp. (2.3)

Here p = (px, py) is the momentum, σ = (σx, σy) is the Pauli matrix. m is the mass
of particles. In a semiconductor, the particles can be either electrons or holes and
m represents the e�ective mass. vF has a dimension of velocity and is termed the
Fermi velocity. In graphene, vF ≈ 106 m/s.

3Interactions between the particles are not taken into account.
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The corresponding energy dispersions and wavefunctions in the two cases are:

Parabolic

E =
h̄2k2

2m
,

Ψ(x, y) = Aei(kxx+kyy).

Linear

E = h̄vFk,

Ψ(x, y) = A

(
kx−iky√
k2x+k2y

1

)
,

(
1

kx+iky√
k2x+k2y

)
ei(kxx+kyy).

Here A is a normalization constant. Note that for the relativistic case, there are two
degenerate wavefunctions. This degeneracy gives rise to an extra degree of freedom
which is sometimes referred to as the pseudo-spin.

One sees that the wavefunctions are plane waves. It is worth mentioning that
in cylindrical coordinates the wavefunction has the form of a Bessel function. The
angular momentum can be easily de�ned in this set of coordinates (see the box on
the following page).

For the translational momenta in a Lx × Ly box, kx and ky must be a multiple
of 2π/Lx and 2π/Ly respectively, if a periodic boundary condition is chosen. The
momentum space hosts available states in a grid with the spacings of 2π/Lx and
2π/Ly. We evaluate the number of states in a ring of constant energy:

dN = LxLyD(E)dE = g
1

2π
Lx

2π
Ly

∫
E(k)=E

dkxdky. (2.4)

The degeneracy factor g is two in the GaAs semiconductor due to spin degree of
freedom and four in graphene (two spin orientations times the valley degeneracy).

From the energy dispersion, a �xed E means |k| is a
constant. We can therefore integrate over all possible
directions:

D(E)dE =
g

4π2
kdk

∫
dθ =

g

2π
kdk. ⇒ D(E) = g

2π
k
dk

dE
.

(2.5)
Putting the energy dispersions into the formula above,
we obtain

D(E) =
gm

2πh̄2 for E =
h̄2k2

2m
, (2.6)

and D(E) =
g

2π

E
h̄2v2F

for E = h̄vFk. (2.7)

For particles with a parabolic dispersion, the density of states D(E) is a con-
stant. This property helps to obtain a simple analytical expression for the chemical
potential of particles in 2D:

µ = kBT ln

(
e

2πh̄2n
gmkBT − 1

)
, (2.8)
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Particles in a disk
Solving the Schödinger equation in cylindrical coor-
dinates with the boundary condition Ψ(r = 0) �nite
and Ψ(r = R) = 0 yields:

Ψ = AJm(knm
r

R
)

(
x− iy

r

)m

,

m and n are integers

where Jm is the Bessel function, knm is the n-th zero

of this Bessel function. The index m is related to

the angular momentum of the particle. As shown on

the left, increasing m pushes the maximum of |Ψ|2

more outward. Consequently, particles circle around

the center with a larger radius and acquire a higher

angular momentum. Increasing n on the other hand

creates more nodes within the disk.

where n is the areal density of particles. Here we have assumed a Fermi-Dirac
distribution for the particles. The Fermi energy is de�ned as the chemical potential
at absolute zero temperature. Taking the limit T → 0 in Eq. (2.8), one gets:

EF = lim
T→0

µ(T ) =
2πh̄2n

gm
. (2.9)

For a linear dispersion, the Fermi energy is:

EF = h̄vF

√
4πn

g
. (2.10)

The Fermi temperature is de�ned as: TF = EF/kB. For completeness, we show the
density of states in 1D and 3D:

Parabolic

D1D(E) = g

√
2m

h̄2

1√
E
.

D3D(E) =
g

4π2

(
2m

h̄2

) 3
2 √

E .

Linear

D1D(E) =
2g

h̄vF
.

D3D(E) =
g

2π2

E2

(h̄vF )3
.

2.2 Landau levels

The energy spectrum of particles in 2D is strongly a�ected by a perpendicular mag-
netic �eld. Here we summarize the results for both the non-relativistic and relativis-
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tic cases. The Hamiltonians are:

Hpara =
π2

2m
, (2.11)

Hlinear = vFσπ. (2.12)

where π = p+ eA is the dynamical momentum. It contains the vector potential A.
The energy levels obtained by solving the quantum mechanical equation HΨ = EΨ
is gauge invariant. We demonstrate this point by deriving the energy eigenvalues
without specifying the gauge. This calculation can be done in the second quantiza-
tion form. To start with, we point out a useful commutation relation:

[πx, πy] =
eh̄

i

(
∂Ay

∂x
− ∂Ax

∂y

)
= −ieh̄B. (2.13)

We have used the fact that the magnetic �eld is in the z-direction, i.e. (∇×A)z =
Bez.

We further de�ne two ladder operators:

a =
1√
2eh̄B

(πx − iπy), (2.14)

a† =
1√
2eh̄B

(πx + iπy). (2.15)

From the commutation relation of πx and πy, we obtain [a, a†] = 1.
The Hamiltonians can be expressed by a and a† in very simple forms. In the

non-relativistic case, it is straightforward to arrive at:

Hpara = h̄ωc

(
a†a+

1

2

)
, (2.16)

where ωc = eB/m. The �rst term on the right hand side (a†a) is nothing but the
number operator. The eigenvalues of this number operator are integers. Therefore,
the energy eigenvalues of the Hamiltonian are:

Epara,M = h̄ωc

(
M +

1

2

)
, M = 0, 1, 2, ... . (2.17)

The energy spectrum consists of discrete levels�so-called Landau levels. They
have equal spacings of h̄ωc. The degeneracy N0 of each spin-split Landau level can
be obtained by further investigating the wavefunctions in a particular gauge. It
is quite straightforward in the Landau gauge to obtain (In case of the symmetric
gauge, the derivation can be found in ref. [20]):

N0 =
eB

h
S. (2.18)

For N particles in 2D, the �lling factor ν indicates how many Landau levels are
�lled:

ν = N/N0 =
nh

eB
. (2.19)
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Fig. 2.1: Landau level quantization in the
non-relativistic and relativistic cases. Here
we also take into account the disorder in-
duced broadening of the Landau levels.

In the relativistic case, we use |Ψ⟩ = (|ϕ1⟩, |ϕ2⟩)T and write down two equations
out of the 2× 2 matrix:

√
2eh̄BvFa|ϕ2⟩ = E|ϕ1⟩, (2.20)√
2eh̄BvFa

†|ϕ1⟩ = E|ϕ2⟩. (2.21)

Canceling out |ϕ1⟩ in the two equations, one ends up having a simple form:

2eh̄Bv2Fa
†a|ϕ2⟩ = E2|ϕ2⟩. (2.22)

The energy eigenvalues are:

Elinear,M = vF
√
2h̄eBM, M = 0, 1, 2, ... . (2.23)

In the relativistic case, applying a magnetic �eld still forms discrete Landau levels
but they are not anymore equidistant. In graphene, the Landau level degeneracy is
usually 4N0 when spin and valley degeneracies are not resolved.

In reality, the Landau levels are broadened due to disorder. Fig. 2.1 shows
schematically the density of states in a B-�eld and without a B-�eld.

2.3 Quantum Hall e�ect

At relatively low B-�eld, the Landau levels are still overlapping. However, the
modulated density of states can already exert a signi�cant in�uence on the transport
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Fig. 2.2: (a) Magnetoresistivity of a GaAs 2DES. Quantum Hall plateaus at ei-
ther integer or fractional �lling factors are indicated. Inset shows a typical Hall bar
illustrating the measurement of Rxx and Rxy. The conversion from the resistances
to resistivity components (ρxx, ρxy) is explained in the main text. (b) Conductivity
plotted against the �lling factor.

properties of the 2DES. The longitudinal resistance (Rxx) (see the de�nition in the
inset to Fig. 2.2) shows quantum oscillations�Shubnikov-de Hass oscillations�with
increasing B. At higher B-�elds where the Landau levels become fully resolved,
quantum Hall e�ects emerge. Hallmarks of the quantum Hall e�ect in transport are
a quantized Hall resistance together with a vanishing longitudinal resistance:

Rxy =
h

ie2
, Rxx = 0. (2.24)

Index i can be an integer or a rational fraction i = p/q�integer and fractional
quantum Hall e�ects [1, 2], respectively. Fig. 2.2 (a) displays typical traces of Rxx

and Rxy and how they are measured in a Hall bar geometry. One can also obtain the
conductivities from the resistances by knowing the width and length of the Hall bar
(W ×L). We �rst calculate the resistivity components. The longitudinal resistivity
is ρxx = RxxW/L whereas in 2D the Hall resistivity is equal to the Hall resistance:
ρxy = Rxy. The conductivity components can then be converted from resistivity
tensors using the following relation:

σxy =
ρxy

ρ2xx + ρ2xy
, (2.25)

σxx =
ρxx

ρ2xx + ρ2xy
. (2.26)
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Fig. 2.3: Comparison between the bands
of a normal insulator and the Landau levels
of a 2DES. Strips in the bottom symbolize
the di�erent topologies of these two systems.
The topology of normal bands corresponds to
a trivial strip. Landau levels are analogous
to a Möbius strip.

The integer quantum Hall e�ect can be explained in the framework of single
particle theory. The oscillating behavior of σxx can be understood already from the
modulated energy spectrum due to the formation of Landau levels. From semiclas-
sical theory, we get:

σxx ∝
∫

D(E)−∂f(E)
∂E

τ(E)
1 + ω2

cτ
2(E)

dE . (2.27)

Here, f(E) is the electron distribution function and τ(E) is the transport scattering
time. An oscillating density of states directly a�ects σxx. When the Fermi level
moves into the gap between two Landau levels, the density of states D(E) at the
Fermi level drops to zero. Consequently, σxx becomes zero and the bulk becomes
insulating. This happens when there are only fully �lled and fully empty Landau
levels. As shown in Fig. 2.3, this situation is similar to the case of a normal insulator
where the Fermi level sits in between the conduction band and the valence band.

In solid state physics [21], we recall that the insulating property is usually man-
ifested by a zero net current of a fully occupied band. One �rst writes down the
current density:

j = (−ge)

∫
ocuppied

dk

(2π)2
v(k). (2.28)

where the integration runs over all occupied bands and the electron velocity v(k) is
usually written as:

v(k) =
1

h̄

∂E(k)
∂k

. (2.29)

For a fully occupied band, one can always �nd two states with opposite velocities
that cancel each other. Thus, the net current is zero and the system is insulating.

It is necessary to point out that Eq. (2.29) describes a topologically trivial sys-
tem. Recent developments [22] have shown that more generally the electron velocity
contains an extra term:

v(k) =
1

h̄

∂E(k)
∂k

− e

h̄
E ×Ω(k). (2.30)
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Here

Ω(k) = i⟨∇ku(k)| × |∇ku(k)⟩, (2.31)

is the Berry curvature [22] and |u(k)⟩ is the Bloch wavefunction.
Adding the second term in Eq. (2.30) does not a�ect the quantum theory we have

been familiar with. This can be seen from symmetry considerations [22]. Time-
reversal symmetry requires that Ω(k) = −Ω(−k). On the other hand, spatial
inversion symmetry demands that Ω(k) = Ω(−k). For an ordinary system with
both time-reversal and spatial inversion symmetry, Ω(k) has to be zero.

The Berry phase only becomes non-trivial when either the time-reversal sym-
metry or the spatial inversion symmetry is broken. In the quantum Hall regime,
the magnetic �eld breaks time reversal symmetry. Hence, Landau levels are topo-
logically distinct from normal Bloch bands. In a cartoon analogy, this distinction
is similar to the di�erence between a normal paper strip and a Möbius strip (lower
panels of Fig. 2.3). We can calculate the Hall conductivity from Eq. (2.30):

σxy =
∑
n

e2

h̄

∫
LL

d2k

(2π)2
Ωkx,ky , (2.32)

where one sums up all the fully occupied Landau levels. As a side note, Eq. (2.32)
is actually a reformulation of the TKNN equation [23] that was used to explain the
IQHE:

σxy =
∑
n

ie2

2πh

∫
d2k

∫
d2r

(
∂u∗

∂kx

∂u

∂ky
− ∂u∗

∂ky

∂u

∂kx

)
. (2.33)

Based on topology, integration of the Berry curvature gives rise to 2π times an
integer C: ∫

LL

Ωd2k = 2πC, (2.34)

where C is the so-called Chern number. It has been mathematically demonstrated
that in the case of the QHE, the Chern number for each Landau level is one: C = 1.
We therefore end up with a simple expression:

σxy =
e2

h
M, (2.35)

where M denotes the number of fully �lled Landau levels.
The Berry phase or Berry curvature links directly the symmetry of a solid state

system to measurable quantities like σxy and σxx. Breaking either the time-reversal
or spatial inversion symmetry opens up a gap and induces the anomalous Hall ef-
fect [22]. If time-reversal symmetry is broken even in the absence of an external
B-�eld, the anomalous Hall e�ect can be observed. Recent work has shown that
one can break the time-reversal symmetry by introducing magnetic impurities. The
quantum anomalous Hall e�ect emerges [24] in a topological insulator with time-
reversal symmetry broken by magnetic ordering.
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Fig. 2.4: Interaction parameter rs as a function of density for electrons in GaAs and
ZnO. As the density increases, the interparticle distance drops.

2.4 Electron-electron interactions

As shown already in Fig. 2.2, there exist QH states with fractional �llings. These
states can only be understood if the Coulomb interactions between electrons are
taken into account. In fact, we have so far completely neglected the interactions. In
order to build up our understanding step by step, we remove the B-�eld and add
the Coulomb term into our Hamiltonian:

H =
∑
i

p2
i

2m
+
∑
i<j

e2

4πε

1

|ri − rj|
. (2.36)

In this expression, ε is the dielectric constant. We estimate the second term by
using the average distance between electrons. In the 2D case, which we focus on,
the interparticle distance ⟨r⟩ is given by 1/

√
πn, such that:

|Eq| =
e2

4πε⟨r⟩
=

e2

4πε

√
πn. (2.37)

Eq represents the average Coulomb energy per particle. Dividing the Coulomb po-
tential by the kinetic energy, we obtain a dimensionless parameter:

rs =
Eq

EF
=

me2

4πεh̄2√πn
. (2.38)
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Note that we take EF in Eq. (2.9) as the kinetic energy per particle (g = 2 was used).
This substitution assumes that the system can be described as a Fermi liquid. When
electrons behave as a classical gas instead of a Fermi liquid, the kinetic energy per
particle can be approximated by kBT .

rs can be also expressed as the interparticle distance over the Bohr radius a0:

rs =
⟨r⟩
a0

, a0 =
h̄24πε

me2
. (2.39)

In general, for an electronic system in semiconductors rs characterizes the magnitude
of the interactions. Note that against intuition, the interaction parameter rs in
Eq. (2.38) becomes stronger when the electrons are more distant (Fig. 2.4).

2.4.1 Hartree-Fock energy

We employ the mean-�eld approximation to calculate the Coulomb term. Within
this approximation, we use plane waves to construct the wavefunction and treat the
electron-electron interaction as a perturbation. The �rst order interaction energy
per electron calculated in this approach is sometimes called the Hartree-Fock energy.
To illustrate several important features of the many body interactions, we outline
the calculation for the 2D case. The basic formulation is introduced in Ref. [25] and
the detailed mathematics is given by Rajagopal and Kimball [26]. The Hartree-Fock
energy is calculated using the equation below:

NEq = ⟨Φ|
N∑
i<j

e2

4πε

1

|ri − rj|
|Φ⟩ = 1

2
⟨Φ|

N∑
i̸=j

e2

4πε

1

|ri − rj|
|Φ⟩, (2.40)

where Eq represents the Coulomb energy per particle. |Φ⟩ is an anti-symmetric
combination of all the plane waves. The anti-symmetry requirement comes from the
Pauli principle. It is, however, more straightforward to calculate Eq in the second
quantization form:

NEq =
1

2
⟨Φ|
∑
q

∑
k,k′

V (q)c†k′+qc
†
k−qckck′|Φ⟩, (2.41)

where

Φ =
N∏
i

c†ki
|0⟩, (2.42)

c†k and ck are the creation and annihilation operators obeying the anticommutation
rule. V (q) is the Fourier transform of the Coulomb potential. It has the following
form in 2D:

V (q) =
1

S

∫
d2reiqr

e2

4πε|r|
(2.43)

=
e2

2εS|q|
, (2.44)
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charge neutralnegatively charged

Fig. 2.5: Schematic comparison between a negatively charged system and a neutral
system. In the �rst case, charges tend to move to the outer boundary.

where S is the area of the system.
In plain language, the Hartree-Fock energy is evaluated by calculating scattering

processes of two electrons with momenta k and k′. After scattering, the two electrons
exchange a momentum q and acquire new momenta k− q and k′ + q. The electron
with the original momentum k, for example, can take either k−q or k′+q. However,
we may run into trouble if we assume that k = k − q and consequently the other
electron has k′ = k′ + q. In this case, q must be zero and V (q) diverges. This
singularity comes from the unphysical situation we are dealing with [25]. Namely,
the 2D system with only negative charges is unstable and all the charges will move to
the boundary to maximize their distances (see Fig. 2.5). To solve this problem, we
introduce a positively charged background to guarantee charge neutrality [25]. It is
practically also true that there is always a positively charged layer close to our 2DES
(doping layer or charges on the gate). This layer of positive charges stabilizes the
system. Without going into details, we assume that the interaction energy between
the electrons and the positive background cancels exactly the divergent term of
V (q = 0). By removing the divergent part, we focus on the exchange scattering
such that q = (k − k′). The formula for the Hartree-Fock energy becomes:

NEHF =
1

2

∑
k,k′

⟨Φ|V (k − k′)c†kc
†
k′ckck′ |Φ⟩ (2.45)

= −1

2

∑
k,k′

⟨Φ|V (k − k′)c†kckc
†
k′ck′ |Φ⟩ (2.46)

= −1

2

∑
k,k′

⟨Φ|V (k − k′)nknk′|Φ⟩. (2.47)

nk = c†kck is the number operator satisfying:

nk|Φ⟩ =
∑
i

δ(k − ki)|Φ⟩. (2.48)
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A minus sign shows up from Eq. (2.45) to Eq. (2.46) due to the anticommutation
rule. As the summation part in Eq. (2.47) is positive, the Hartree-Fock energy is
overall negative. This negative energy is in direct contrast to what one would naively
expect by simply adding up all 1/|ri − rj| terms in Eq. (2.40). However, this is not
unexpected because we have subtracted from the total energy the interaction part
with the positive background.

Taking a closer look at Eq. (2.47) reveals that the number operators nk, nk′ limit
the summation in momentum space to the occupied states only. In other words, it
yields zero if k exceeds the Fermi sphere. This can be written down explicitly in
the following manner:∑

k,k′

⟨Φ|V (k − k′)nknk′|Φ⟩ =
∑

|k,k′|<kF

V (k − k′), (2.49)

where kF =
√
2πn.

So far the spin of the particles has not been accounted for. The operators for
di�erent spins commute with each other. Therefore, we should sum up the spin-up
and spin-down parts separately. Eq. (2.47) can be adapted to this requirement:

NEHF = −1

2

∑
k,k′

⟨Φ|V (k − k′) (nk,↑nk′,↑ + nk,↓nk′,↓) |Φ⟩. (2.50)

= −1

2

∑
σ

∑
|kσ ,k′

σ |<kF

V (kσ − k′
σ). (2.51)

For an unpolarized system,
∑

σ gives a factor of 2. We convert the summation
over momentum space to an integration by using:

∑
|k|<kF

⇒ S

(2π)2

∫
k<kF

d2k. (2.52)

Now the Hartree-Fock energy can be calculated as:

NEHF = −1

2
× 2×

(
S

(2π)2

)2 ∫
k<kF

d2k

∫
k′<kF

d2k′ 1

S

∫
d2rei(k−k′)r e2

4πε|r|

= − S

(2π)4
e2

4πε

∫
d2r

|r|

∫
d2keikr

∫
d2k′e−ik′r (2.53)

= − S

(2π)4
e2

4πε

∫
d2r

|r|

(
2πkF

J1(kF r)

r

)2

(2.54)

= − S

(2π)4
e2

4πε
(2πkF )

3 4

3π
= − e2

4πε
S
4

3

√
2

π
n

3
2 (2.55)

= − 1√
S

e2

4πε

√
2

π

4

3
N

3
2 . (2.56)
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Properties of the Bessel function have been used in the above derivation [26]:∫
k<kF

d2keikr =

∫ kF

0

kdk2πJ0(kr) = 2πkF
J1(kF r)

r
, (2.57)∫

d2r

|r|
J2
1 (kF r)

r2
= 2πkF

4

3π
. (2.58)

2.4.2 Fermi liquid vs. Wigner crystal

The total energy of the system consists of the kinetic energy and the Coulomb
potential. For a Fermi liquid, we approximate the Coulomb potential by the Hartree-
Fock energy such that:

Etot = S

∫ EF

0

m

πh̄2EdE +NEHF

=
πh̄2

m

N2

2S
− 1√

S

e2

4πε

√
2

π

4

3
N

3
2 , (2.59)

where S is the area of the system. If we stay with the Hartree-Fock calculation, a
partially polarized system can be modeled by summing up the energy of the spin-up
and spin-down branches respectively. Eq. (2.59) is therefore extended to:

Etot
N

=
πh̄2

m
n(1 + ξ2)− 2

3

√
2

π

e2

4πε
n[(1 + ξ)

3
2 + (1− ξ)

3
2 ]. (2.60)

We de�ne the spin polarization ξ as:

ξ =
n↑ − n↓

n↑ + n↓
. (2.61)

n↑ and n↓ denote the densities of particles with up and down spins respectively. As
the polarization increases, the kinetic energy becomes dominant in Eq. (2.60).

For convenience, one can express the energy as a function of the interaction
parameter rs:

Etot
N

=
1 + ξ2

r2s
− 4

√
2

3π

1

rs
[(1 + ξ)

3
2 + (1− ξ)

3
2 ], (2.62)

where the energy unit is changed to Rydbergs:

Ryd. =
h̄2

2ma20
=

me4

2h̄2(4πε)2
. (2.63)

Here a0 is the Bohr radius.
The Hatree-Fock approximation yields the correct order of magnitude for the

Coulomb interaction. However, it is widely known that the Hartree-Fock method
is not accurate enough because the correlation between electrons is simply ignored.
This di�erence between the exact Coulomb energy and the Hartree-Fock energy is
de�ned as the correlation energy Ec such that:

Ētot = Ekin + EHF + Ec (2.64)
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Fig. 2.6: Ground state energy per particle of the Fermi liquid (2D electron gas)
and the Wigner crystal (electron solid). The lower panels plot the energy di�erence
between the gas and solid phases. Here for the gas phase, both the Hartree-Fock
and the correlation energy are considered. For the curves in (a) and (c), the material
parameters for GaAs are used.

Tanatar and Ceperley [27] obtained the following formula for an unpolarized 2D
electron gas (a Fermi liquid):

Etot
N

=
1

r2s
− 8

√
2

3πrs
− 0.3568

1 + 1.13
√
rs

1 + 1.13
√
rs + 0.9052rs + 0.4165r

3/2
s

, (2.65)

where the last term is a �t to the correlation energy values at di�erent rs from
Monte-Carlo calculations.

A direct consequence of the electron-electron interaction is that at low densities
the ground state energy increases with decreasing density. This phenomenon is also
manifested by the negative compressibility of the 2DES which will be addressed
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in section 2.6. It was proposed by Wigner [28] that the strong electron-electron
interaction at low density may give rise to a crystalline phase of electrons 4. From
an energetic point of view, such an electron solid has a lower energy than the Fermi
liquid due to its maximized interparticle distance. Bonsall and Maradudin [30]
calculated the potential energy for the �ve 2D Bravais lattices. In the static case,
electrons are �xed on the lattice and the Coulomb potential can be evaluated by the
Madelung sum. Here again, a positively charged background is added to make the
system charge neutral. Among the �ve 2D Bravais lattices, the hexagonal lattice
has the lowest energy:

Eq = −3.921034

2

e2

4πε

√
n [J] = −2.2122

rs
[Ryd.]. (2.66)

Eq. (2.66) is referred to as the energy of a classical Wigner crystal. The electrons
can, however, oscillate at the lattice sites. From quantum mechanics, the harmonic
oscillator has a zero-point energy. This energy was evaluated to be 1.63r

−3/2
s [27].

By further including the anharmonic term, the total energy of the Wigner crystal
reads:

Etot
N

= −2.2122

rs
+

1.63

r
3/2
s

+
0.0508

r2s
. (2.67)

In Fig. 2.6, we compare the energy of the Fermi liquid described by Eq. (2.59)
and Eq. (2.65) with the Wigner crystal. In order to associate our discussion to the
experimental parts, we take the material parameters in GaAs (εr = 12.9, meff =
0.067me) to relate the interaction factor rs with the density n. As shown in the �gure,
the Hartree-Fock approximation underestimates the total energy of the system in
the low density regime n < 1 × 1010 cm−2. By adding correlations, the ground
state energy of electrons in the liquid phase becomes hardly distinguishable from
the energy in the solid phase. We enhance the comparison by plotting the energy
di�erence between these two phases (Fig. 2.6 (c)(d)). The liquid-solid transition
happens at rs = 37 where the energy of the Wigner crystal becomes lower. For
GaAs, this value corresponds to a density of around 2.3× 108 cm−2. As will become
clear later, this density is too low for the 2DES in GaAs to be still uniform.

2.5 Fractional quantum Hall e�ect: ν = 1/q

Rather than lowering the density, an alternative to enhancing the electron-electron
interaction is to apply a strong magnetic �eld. Classically, the magnetic �eld forces
electrons to orbit in tight circles, so their kinetic motion becomes less important. In
the quantum limit, the kinetic energy is identical for all electrons and we only need
to consider the Coulomb interactions. It was theoretically �rst proposed by Lozovik
and Yudson [31] that a 2-dimensional Wigner crystal can form with the aid of a
strong magnetic �eld. This proposal is especially attractive since the electron density
can still be kept high to assure a uniform distribution. Soon after the discovery

4The idea of an electron crystal was actually �rst conceived by Kronig to explain superconduc-
tivity (See the anecdote in ref. [29].).
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of the IQHE, researchers started to seek for signs of such a magnetic �eld driven
crystallization. Surprisingly, by going to strong B �elds, quantum Hall plateaus at
fractional �llings appeared �rst [2]. This discovery indicates that when the B-�eld
is not extremely high incompressible QH liquid states can have lower energies than a
Wigner crystal. To calculate this energy and consequently to determine the liquid-
solid transition, one has to construct a proper wavefunction to describe the system.
The total energy of the system can be calculated by plugging the wavefunction into
the following expression:

Etot = ⟨Ψ|
∑
i<j

e2

4πε

1

|ri − rj|
|Ψ⟩. (2.68)

Historically, Laughlin �rst constructed a many body wavefunction that success-
fully captured the essence of the fractional quantum Hall e�ect [32]. More recently,
the composite Fermion theory has emerged as an elegant and intuitive way of un-
derstanding the emergence of FQH states [33, 34]. To introduce some basics about
FQHE (wavefunction, quasiparticle, ground state energy, etc.), we follow the earlier
developments and focus on the simplest case where the �lling factor is one over an
odd integer, i.e. ν = 1/q.

2.5.1 Laughlin's wavefunction and the plasma analogy

For the FQHE at ν = 1/q, electrons are all squeezed in the lowest spin-split Landau
level. In the single particle picture, we have the following wavefunction for the
electron in the lowest Landau level if the symmetric gauge is chosen:

Ψ0,m(z) =
1√

2π2mm!lB
zm exp

(
−|z|2

4

)
, (2.69)

where z = (x − iy)/lB. The probability density
|Ψ0,m|2 concentrates on a ring with a radius of√
2mlB. Increasing the angular momentum m

pushes the electron further away from the cen-
ter.

Laughlin [32] proposed the following trial wavefunction to describe N electrons
in the lowest Landau level:

Ψk(z1, z2, ...) =
N∏
i<j

(zi − zj)
k exp

(
−

N∑
i

|zi|2

4

)
. (2.70)

This many-body wavefunction is an antisymmetric combination of all the single
particle wavefunctions in the lowest Landau level. The probability of two electrons
overlapping each other is zero. This canceling ful�lls the Pauli principle. Further-
more, one chooses k to be an odd integer to satisfy Fermi statistics. In fact, k is �xed
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by the inverse �lling factor 1/ν, i.e. k = q. We explain this point by considering the
total area that the system possesses. As we have shown in the single particle case,
the size of the system is determined by the angular momentum. From Eq. (2.70),
the maximal angular momentum that an electron acquires is: k(N − 1) ≈ kN .
This angular momentum de�nes the total area of the electronic system. All other
electrons circle in rings with smaller radii. We can then write down:

2πkNl2B = S. (2.71)

By using the fact that N/S = n and ν = nh/eB, we can immediately get k = 1/ν.
The physical importance of the Laughlin wavefunction can be appreciated by

projecting Eq. (2.70) to a 2D plasma. This mapping can be achieved by expressing
the probability density as

|Ψk(z1, z2, ...)|2 = exp(−βH), (2.72)

where

H = −2k

β

N∑
i>j

ln |zi − zj|+
1

2β

N∑
i

|zi|2 (2.73)

= −2k

β

N∑
i>j

ln |ri − rj|+
1

2βl2B

N∑
i

|r|2i +
2k

β
N ln(lB). (2.74)

Eq. (2.73) describes a Hamiltonian of a 2D plasma. To
clarify this point, let us �rst consider a 2D plasma with each
particle having a charge −|σ|. We imbed these charges into a
positively charged background with density ρ. The potential
energy of this plasma is:

− σ2

2πε

N∑
i>j

ln |ri − rj|+
ρ|σ|
4ε

N∑
i

|ri|2. (2.75)

Here the �rst term of Eq. (2.75) comes from the 2D Coulomb interaction between
the charged particles and the second term is the Coulomb potential of the charged
particles in a positively charged background. One can easily see the close similar-
ity between Eq. (2.73) and Eq. (2.75). The N -electron system can therefore be
visualized as N particles with charge σ. The most probable density distribution
|Ψk(z1, z2, ...)|2 sits at the minimum of the Hamiltonian H. From the plasma pic-
ture on the other hand, the lowest potential energy is reached when the negative
charges are neutralized by the positive background:

ρ = n|σ|, (2.76)

where n is the areal density of the negative charges. From this comparison, H in
Eq. (2.73) should rest its minimum at the point where it closely mimics a neutral
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plasma. This requirement is achieved when the two prefactors 2k/β and 1/(2β)
satisfy the following ratio:(

2k

β

)
/

(
1

2βl2B

)
=

(
σ2

2πε

)
/

(
ρ|σ|
4ε

)
. (2.77)

⇒ 4kl2B =
2|σ|
πρ

(2.78)

By further employing the neutral condition ρ = n|σ|, we arrive at:

4k
h̄

eB
=

2

πn
⇒ k =

eB

nh
=

1

ν
= q. (2.79)

In other words, having k = 1/ν naturally guarantees a neutral plasma which has
the lowest energy.

2.5.2 Fractional charge of quasiparticles

Quasiparticles in the FQH state acquire a fraction of the electron charge. These
fractionally-charged excitations emerge when the magnetic �eld deviates from the
value that yields the exact fractional �lling. The simplest case to clarify this point
is to consider the following wavefunction [32]:∏

i

(zi − z0)Ψq(z1, z2, ...). (2.80)

We prove the charge fractionalization in two steps. First of all, we show that
Eq. (2.80) represents the situation where a hole is added to the ground state. Sec-
ondly, we demonstrate that this hole inherits a charge of e/q.

To achieve the �rst step, we investigate the area of the system as was done in
ref. [20]. For convenience, we assume z0 = 0. We expand Eq. (2.80) to:(∏

i

zi

)∏
i<j

(zi − zj)
q exp

(
−

N∑
i

|zi|2

4

)

=

(∏
i

zi

)∑
Am1,m2,...z

m1
1 zm2

2 ...zmN
N exp

(
−

N∑
i

|zi|2

4

)

=
∑

Am1,m2,...z
m1+1
1 zm2+1

2 ...zmN+1
N exp

(
−

N∑
i

|zi|2

4

)
. (2.81)

Eq. (2.81) indicates that the angular momentum of each electron is promoted from
mi to mi + 1. This change represents the enlargement of the system. Compared
with Ψq(z1, z2, ...), Eq. (2.80) describes a state where all electrons move further away
from the center. The area of the whole system is therefore increased by

∆S = 2π(q + 1)l2B − 2πql2B =
h

eB
. (2.82)
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where q is the maximal angular momentum of the ground state Ψq(z1, z2, ...). The
equation above immediately tells us that one extra �ux quantum h/e is added, i.e.
∆Φ = B∆S = h/e. As the number of electrons is constant, threading one more �ux
quantum creates a hole in the system. In fact, this hole is created at z0.

We now investigate the charge of this hole. We again write down the probability
density in the form of e−βH and obtain:

H = −2q

β

N∑
i>j

ln |zi − zj| −
2

β

∑
i

ln |zi − z0|+
1

2β

N∑
i

|zi|2. (2.83)

In the plasma picture, the �rst term of Eq. (2.83) represents the Coulomb inter-
action between particles having a charge of σ where:

|σ|2

2πε
=

2q

β
. (2.84)

ri

ρ

σ

r0

σ* The second term in the Hamiltonian is equivalent to the
interaction between these charged particles and an additional
particle at a �xed point z0. To make the prefactor right, this
extra particle must have a charge σ∗ that satis�es:

σ∗σ

2πε
=

2

β
. (2.85)

Dividing Eq. (2.85) by Eq. (2.84) we obtain

σ∗ = σ/q. (2.86)

The relation between σ∗ and σ stated above means that the additional particle at
z0 holds a fraction of the charge of other particles at z1, z2, ...zN . When one projects
this relation back to the FQHE case, a hole will have 1/q of an electron charge.

2.5.3 Laughlin liquid vs. Wigner crystal

By using his trial wavefunction, Laughlin calculated the ground state energy of the
FQH state. His estimate was followed by more accurate calculation done by Levesque
et al. [35]. They obtained the following formula for Laughlin's liquid state:

E(ν) = −0.782133ν1/2 + 0.165ν1.24 − 0.009ν2.2, ν < 1/2. (2.87)

The energy unit is e2/(4πεlB).
The expression above is only valid for ν < 1/2. It does not satisfy particle-hole

symmetry:
ν[E(ν)− E(1)] = (1− ν)[E(1− ν)− E(1)]. (2.88)
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Fig. 2.7: Energy per particle as a function of the inverse �lling factor. Here the
density is �xed to 1011 cm−2 and the corresponding B-�eld strength is marked on the
top axis. The liquid-solid transition occurs at the point where the Wigner crystal has
a lower energy than the FQH liquid. (Adapted from [37])

To solve this problem, Fano and Ortolani [36] proposed the following scheme. They
performed numerical calculations of the ground state energy for a few particles
(N = 6 − 12) at various �lling factors. To obtain an analytical form, they �t the
numerical data points using a formula that ful�lls Eq. (2.88). The energy per particle
obtained from such an interpolation is:

EFO = E0(ν) + E1(ν)

= −
√

π

8
ν − 0.782133ν

1
2 (1− ν)

3
2

+ 0.55ν(1− ν)2 − 0.463ν
3
2 (1− ν)

5
2 . (2.89)

This formula is regarded as the "backbone function" for the FQHE states. It can
be used to describe the ground state energy of 2DES in the quantum limit.

An immediate comparison one could make here is the energy di�erence between
a Laughlin liquid and a Wigner crystal. A liquid to solid transition is expected since
the Wigner crystal should ultimately have the lower energy. In fact, the �rst term in
the formula of Levesque et al. comes from the classical Wigner crystal. One obtains
the prefactor by replacing n in Eq. (2.66) by the �lling factor ν. Adopting to the
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Fig. 2.8: Energy per particle as a function of the �lling factor at a �xed B-�eld.
Inset shows the energy di�erence between the Laughlin's state (FQH state) and the
Wigner crystal.

proper energy unit yields:

Eclassical
WC = −0.782133ν1/2. (2.90)

Lam and Girvin [37] derived the following formula for a correlated Wigner crystal
as well as a classical Wigner crystal with the energy calculated from Hartree-Fock
approximation.

Ec
WC = Eclassical

WC + 0.2410ν3/2 + 0.16ν5/2. (2.91)

EHF
WC = Eclassical

WC + 0.2823ν3/2 + 0.18ν5/2 − 1.41 exp (−2.07/ν). (2.92)

We use Eq. (2.87) to describe the FQH state5 and compare the energy of this
liquid state with the energy of the Wigner crystal. In Fig. 2.7 we show the energy as a
function of inverse �lling factor at a �xed density n = 1011 cm−2. If one only relies on
the Hartree-Fock calculation, the liquid-solid transition would happen at a critical
�lling factor of around νc ≈ 1/10. However, the correlation plays an important
role in the solid phase. Therefore, one should compare Ec

WC with the energy of the
Laughlin state. The critical �lling factor obtained in this way is νc ≈ 1/6.5.

The energy in the quantum limit only depends on the �lling factor. The liquid-
solid transition should also occur for a system at a �xed B-�eld but with decreasing

5It is obvious from Fig. 2.7 that the liquid-solid transition happens at roughly the same critical
�lling factor if we take Eq. (2.89) as the energy of FQH states.
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z i,

z j,

zj,b

zi,t

(a) (b)

Fig. 2.9: Sketch of two situations for a multicomponent FQHE: (a) electrons have an
extra spin degree of freedom; (b) electrons can keep their spin polarization but reside
in two layers.

density. However, these formula give very close values such that a crossing cannot
be easily identi�ed by just plotting the energy (Fig. 2.8). We therefore show in
the inset of Fig. 2.8 the energy di�erence between Laughlin's liquid state and the
Wigner crystal. The critical �lling factors obtained from this method are the same
as before (marked by the circles).

2.6 Fractional quantum Hall e�ect in a bilayer

In the previous section, we assumed that the strong magnetic �eld freezes the spin
degree of freedom for electrons. Under this assumption of full spin polarization, k in
the Laughlin's wavefunction has to be an odd integer. By lifting this restriction, the
electronic system gains an extra degree of freedom such that the fractional quantum
Hall states do not necessarily occur at �lling factors with odd denominator. Apart
from the spin degeneracy, one can also introduce a pseudo-spin degree of freedom
by having a second subband or another 2DES close by. Here we focus on the
bilayer system and discuss the multicomponent wavefunction �rst constructed by
Halperin [38]:

Ψm,m′,n =
Nt∏
i<j

(zi,t − zj,t)
m

Nb∏
i<j

(zi,b − zj,b)
m′

×
Nt∏
i

Nb∏
j

(zi,t − zj,b)
n

× exp

(
−
∑
i

|zi,t|2

4
−
∑
i

|zi,b|2

4

)
, (2.93)



36 2. Two-dimensional electron systems

t and b denote the top and bottom layers respectively. For electrons within one
layer, they are indistinguishable. Exchanging two electrons within one layer should
generate a minus sign due to Fermi statistics. In order to satisfy this requirement,
m and m′ need to be odd integers. On the other hand n can be either an odd or an
even number as two electrons in separate layers are naturally distinguishable.

The �lling factor of each layer is �xed by the exponents m, m′ and n. One can
derive this relation by considering the total area of the wavefunction. To do so, we
track the largest angular momentum that an electron in the top (bottom) layer can
possess. We take the electron at z1,t as an example. Product terms involving z1,t in
Eq. (2.93) are:

(z1,t − z2,t)
m(z1,t − z3,t)

m...(z1,t − zNt,t)
m

×(z1,t − z1,b)
n(z1,t − z2,b)

n...(z1,t − zNb,b)
n, (2.94)

where the �rst(second) line above comes from the intralayer(interlayer) interaction.
From this enumeration, it is clear that the largest angular momentum for an electron
in the top layer is m(Nt − 1) + nNb ≈ mNt + nNb. For the bottom layer, we can
have m′Nb +nNt. It is natural to further require that the system is symmetric such
that the top and bottom layers have the same area:

S = 2π(mNt + nNb)l
2
B = 2π(nNt +m′Nb)l

2
B. (2.95)

By using the fact that νt,b = 2πl2Bnt,b, we end up having two equations:

mνt + nνb = 1, (2.96)

nνt +m′νb = 1. (2.97)

The �lling factors can be immediately deduced:

νt =
m′ − n

mm′ − n2
, (2.98)

νb =
m− n

mm′ − n2
, (2.99)

νtot =
m+m′ − 2n

mm′ − n2
. (2.100)

One special case occurs when m = m′ = n. Eq. (2.96) and Eq. (2.97) then
become essentially one equation:

νt + νb =
1

m
. (2.101)

This multi-component quantum Hall state with wavefunction Ψmmm tolerates an im-
balance between the layers as any combination of νt and νb that satis�es Eq. (2.101)
corresponds to a quantum Hall state at νtot = 1/m.

By choosing speci�c indices m, m′ and n, the �lling factors can have even de-
nominators. Indeed, Rezayi and Haldane [39] pointed out that Ψ331 and Ψ111 are
candidates for incompressible QH liquids at νt = νb = 1/4 and νt = νb = 1/2
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respectively. This result was also simultaneously con�rmed by Chakraborty using
numerical methods [40]. Both QH states were later discovered experimentally in a
GaAs double quantum well system as well as in a wide GaAs quantum well with
two occupied subbands [41,42]. Moreover, experiments con�rmed that this νtot = 1
state is very robust against the density imbalance between the layers [43].

2.7 Compressibility of a 2DES

In this section we relate our previously discussed ground state energy of di�erent
phases to quantities that can be directly accessed by experiments: the chemical
potential µ and compressibility κ. We start with the de�nition of the chemical
potential which is the variation of the total energy when the number of particles
changes:

µ =
∂Etot
∂N

. (2.102)

As it will be shown in the next chapter, the chemical potential directly enters the
electrostatic equations and its variation can be measured experimentally. We can
also de�ne the compressibility:

1

κ
= n2∂µ

∂n
, (2.103)

where n = N/S. This de�nition is in fact equivalent to the following more familiar
expression (shown in the box on the following page):

1

κ
= −V

(
∂p

∂V

)
. (2.104)

Here p is the pressure and V is the volume of the system (or S in 2D). The compress-
ibility κ is a term introduced to quantify how much a system shrinks or expands
under a pressing or stretching force. For most systems, the volume decreases with
increasing pressure: ∂V/∂p < 0. Therefore, adding a minus sign in the equation
above makes sure that the compressibility of a system is usually positive. This way
of de�ning κ eases the comparison between di�erent materials in di�erent phases.
A gas has a much larger κ than a solid.

Lower κ means a less compressible system. On the other hand, Eq. (2.103) tells
that when the system becomes incompressible one needs to pay a greater amount of
energy to add particles into the system. For convenience, one sometimes uses only
the derivative of the chemical potential ∂µ/∂n. It re�ects the inverse compressibil-
ity. In this case, ∂µ/∂n increases when the system becomes more incompressible
(indicated by the arrow in Fig. 2.10).

Based on the formula for the ground state energy, we can calculate the chemical
potential and the compressibility. We �rst consider the 2DES within the Hartree-
Fock approximation. By using Eq. (2.59), one can readily obtain the chemical
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Fig. 2.10: Comparison between a gas, a liquid and a solid. The compressibility κ
increases from a solid to a gas. On the other hand, ∂µ/∂n has a larger value for a
solid than a gas.

potential and its derivative:

µ =
∂Etot
∂N

=
πh̄2

m
n− 2

√
2

π

e2

4πε

√
n. (2.105)

∂µ

∂n
=

πh̄2

m
−
√

2

π

e2

4πε

1√
n
. (2.106)

It follows from Eq. (2.106) that at su�ciently low densities the inverse compressibil-
ity of a 2DES becomes negative. This behavior is counterintuitive because it implies
that adding electrons to the system lowers its energy. The negative compressibility
arises from the fact that the kinetic energy drops faster than the Coulomb potential
with decreasing density. In Eq. (2.105), the kinetic energy scales with n whereas
the Coulomb potential scales with

√
n. We emphasize that within the Hartree-Fock

framework negative compressibility exists in 3D and 1D as well. The kinetic energy
scales with n

2
3 in 3D (n2 in 1D) but the Coulomb potential is only proportional to

n
1
3 (n).

We plot in Fig. 2.11 the chemical potential and its derivative for a GaAs-based
2DES. An e�ective mass m = 0.067me and a relative dielectric constant ε = 12.9 are
used. The dashed black lines are for the case where electron-electron interactions
are neglected. The solid blue (dotted red) curves represent a fully unpolarized
(polarized) system calculated within the Hartree-Fock approximation. In the spin
polarized case ξ = 1, the kinetic energy is enhanced by a factor of 2 whereas the
Coulomb energy increases only by a factor of

√
2. E�ectively, the spin polarization

reduces the Coulomb interaction.
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Thermodynamics
We give a proof of the equivalence of Eq. (2.103) and Eq. (2.104) presented in Ref. [20]. The
total energy can be expressed as the total number of particles times the average energy:

E = N Ē(n, T ),

where Ē is a function of two variables n and T . Substituting E in Eq. (2.102) using the
expression above, one obtains a formula for the chemical potential:

µ =

(
∂E
∂N

)
V

=

(
∂N Ē(n, T )

∂N

)
V

= Ē(n, T ) +N
∂Ē(n, T )

∂n

(
∂n(V,N)

∂N

)
V

= Ē(n, T ) + n
∂Ē
∂n

(2.107)

On the other hand, the pressure is related to the energy by:

p = −
(
∂E
∂V

)
N

= −
(
∂N Ē(n, T )

∂V

)
N

= −N
∂Ē(n, T )

∂n

(
∂n(V,N)

∂V

)
N

= n2 ∂Ē(n, T )
∂n

(2.108)

By replacing n∂Ē/∂n in Eq. (2.108) by Eq. (2.107), we have:

p = p(n, T ) = n(µ− Ē(n, T )). (2.109)

This new expression helps connect the two de�nitions Eq. (2.103) and Eq. (2.104) as seen
in the derivation given below:

1

κ
= −V

(
∂p(n(N,V ), T )

∂V

)
N

= −V
∂p

∂n

(
∂n

∂V

)
N

= −V
∂
(
n(µ− Ē)

)
∂n

(
−N

V 2

)
= n(µ− Ē) + n2 ∂µ

∂n
− n2 ∂Ē

∂n
(2.110)

= n2 ∂µ

∂n
. (2.111)

From Eq. (2.110) to Eq. (2.111), we have again employed Eq. (2.107).

Let us move on to consider the in�uence of a magnetic �eld. In general, the
magnetic �eld quenches the kinetic energy. Hence the Coulomb interaction becomes
relatively more important. We consider the quantum limit where all electrons are
squeezed into the lowest spin resolved Landau level. Starting from the ground state
energy (EFO(ν)) described by Eq. (2.89), the chemical potential can be calculated
using the expression:

µ =
∂ (EFO(ν)ν)

∂ν

e2

4πεlB
. (2.112)

The solid black curves in Fig. 2.11 are µ and ∂µ/∂n in the quantum limit.
The magnetic �eld is 9 T. At this �eld the �lling factor is always below one for
the density range considered here. The chemical potential keeps dropping with
increasing �lling factor ν. This steeper decrease of energy indicates stronger electron-
electron interactions than for the B = 0 T case. Also, the particle-hole symmetry is
visible in Fig. 2.11 (b). As we have learned from the B = 0 T case, ∂µ/∂n diverges
at low densities. In the quantum limit, ∂µ/∂n shows diverging behaviors on both
sides of ν = 1/2. This behavior indicates that one can lower the density of either
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Fig. 2.11: Chemical potential and its derivative with respect to density as a function
of density. Dashed: electron-electron interactions are neglected. Blue and red: µ and
∂µ/∂n obtained from the Hartree-Fock approximation with spin polarizations ξ = 0
and ξ = 1. Solid black: µ and ∂µ/∂n in the quantum limit.

the quasiparticles (ν = 1/2 → ν = 0) or the holes (ν = 1/2 → ν = 1). The inset of
Fig. 2.11 (b) shows schematic drawings for the two cases.

In Fig. 2.11 (b), we put two scales for the y-axis. On the right, we have used a
quantity d which has the dimension of length. d is de�ned as:

d =
ε

e2
∂µ

∂n
. (2.113)

This conversion helps us to directly compare the compressibility of the 2DES with
the geometric distances or capacitances.

2.8 Interlayer compressibility of two 2DESs

This thesis is mainly dealing with bilayer systems consisting of two closely spaced
2DESs. When the 2DESs approach each other, interlayer interactions must be taken
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Fig. 2.12: Total correlation energy per
particle as a function of layer separation
(adapted from Ref. [44]). Calculation was
performed at n = 1.3× 1012 cm−2 per layer.

into account. The Hamiltonian, including the interlayer interactions, reads:

Htot =
∑
i

p2
i,t

2m
+
∑
i<j

e2

4πε

1

|rt
i − rt

j|

+
∑
i

p2
i,b

2m
+
∑
i<j

e2

4πε

1

|rb
i − rb

j |

+
∑
i,j

e2

4πε

1

|rt
i − rb

j |
, (2.114)

where t, b indicate the top and bottom layers. The total energy of the system can
be written as:

Etot = Ekin(nt) + Vintra(nt)

+Ekin(nb) + Vintra(nb)

+⟨Ψt,Ψb|Vinter(rt, rb)|Ψt,Ψb⟩. (2.115)

The last term describes the interlayer interaction. It cannot be simply expressed as
two separate functions of nt and nb, respectively. Therefore, the chemical potential
derived from µt,b = ∂Etot/∂nt,b involves the two variables nt and nb together:

µt = µt(nt, nb),

µb = µb(nt, nb). (2.116)

One can further express µt and µb in the variational form:(
δµt

δµb

)
=

(
∂µt/∂nt ∂µt/∂nb

∂µb/∂nt ∂µb/∂nb

)(
δnt

δnb

)
, (2.117)

where the diagonal terms represent the intralayer compressibility. The o�-diagonal
parts are the so-called interlayer compressibility. It is obvious that the interlayer
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compressiblity components are equal:

∂µt

∂nb

=
∂µb

∂nt

=
∂2Etot
∂nt∂nb

. (2.118)

The interlayer interaction becomes important when its strength is comparable
to its intralayer counterpart. For a rough estimate, we can approximate the dis-
tance between electrons in the individual layers by the vertical distance between
the two sheets of 2DES�d. The intralayer Coulomb interaction on the other hand
is inversely proportional to 1/

√
πn at B = 0 T. The interlayer interaction at zero

magnetic �eld becomes relevant when:

d <
1√
πn

. (2.119)

Our estimate can be con�rmed by more rigorous calculations done by Zheng
and MacDonald [44]. They calculated the total correlation energy at B = 0 T
(see Fig. 2.12). As the interlayer distance becomes larger, the correlation energy
approaches the sum of two independent layers. Notably, the interlayer interaction
can be neglected when d ≥ k−1

F where kF =
√
2πn is the Fermi momentum.

In a strong magnetic �eld, the interparticle distance within the layer is gov-
erned by the magnetic length�lB. Both theory and experiment have shown that the
interlayer interaction plays an indispensable role when d < 2lB.

2.9 Realization of a 2D con�nement

Semiconductor interfaces

Thanks to the advances in modern technologies, low dimensional systems are not
any more theoretically conceived ideas. Actually, 2D physics has been accompanying
our daily lives for quite a while. Transistors which are omnipresent nowadays rely
heavily on a sheet of electrons (or holes). In a metal-oxide-semiconductor �eld-
e�ect transistor (MOSFET), charge carriers are accumulated at the interface of a
semiconductor to the insulator. We show in Fig. 2.13 (a) a sketch of the Si-based
MOSFET. The energy band diagram is drawn at the bottom. We assume that there
is no work function di�erence between the metal and the semiconductor. No charge
carriers exist at zero gate voltage. By applying a positive voltage, the conduction
band in Si bends toward the surface. Once the conduction band falls below the
Fermi level, a conduction channel forms (colored as blue in the �gure).

Among other e�ects that limit the mobility, Si-MOSFET su�ers from the rough-
ness brought by the amorphous SiO2. The AlGaAs/GaAs heterostructure (see
Fig. 2.13 (b)) solves this problem. This system has a smoother interface as AlGaAs
and GaAs are both grown in the crystalline phase. Another major improvement in
AlGaAs/GaAs heterostructures is the remote doping. It is well-known that dopants
are ionized scatters. By moving them out of the layer where electrons reside scat-
tering becomes less severe. One can further improve the design by con�ning charge
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Fig. 2.13: Quantum con�nement realized using three di�erent approaches: (a)
Metal-oxide-semiconductor �eld-e�ect transistor; (b) AlGaAs/GaAs heterojunction;
(c) GaAs quantum well.In (b) and (c), orange color marks the Si doped regions.

carriers within a quantum well instead of at an interface (Fig. 2.13 (c)). By doing
so, the wavefunction can be symmetric and centered in a uniform GaAs layer. Inter-
face scattering is much suppressed. The remaining factors that control the mobility
are the impurities in GaAs and AlGaAs and the remote doping which generates a
smooth bare disorder potential.

Graphene and topolocial insulators

So far, we only focused on the conventional approaches to form a 2DES. It is worth
pointing out that the recent discovery of graphene has revolutionized the way of
thinking about how a 2DES can be realized (see review articles: ref. [18,19]). Elec-
trons are con�ned within an atomic layer of carbons and form a highly conductive
2DES. Of late, developments on 3D topological insulators [45] further extend the
�eld of 2D electronic systems. These systems host a highly conductive 2DES on
the surface even when the Fermi energy in the bulk rests in the gap. More detailed
discussions on these novel systems follow in the next section.

Mobility

The mobility µ quanti�es the transport of charge carriers in di�erent materials and
in di�erent structures. This quantity µ tells how fast the electrons move under a
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certain electric �eld: v = µE. It is related to the resistivity by:

ρ = neµ. (2.120)

From the Drude model, it can be derived that µ is related to the scattering time τ
according to:

µ =
eτ

m
. (2.121)

In experiment, there are typically two methods to determine the mobility. For a
2DES with a �xed density, one calculates the mobility from the sheet resistivity ρs
and the density nH :

µH =
ρs
nHe

. (2.122)

Note that n was replaced by nH since the density is usually determined from a Hall
measurement. This mobility is often called the Hall mobility.

For a system with a tunable density, one can obtain the so-called �eld-e�ect
mobility from the derivative of the resistivity with respect to the density:

µF =
1

e

dρ

dn
. (2.123)

2.10 Existing 2-dimensional electron systems

Systems in lower dimensions are routinely realized in laboratories. Tremendous
e�orts have been devoted to investigate and understand the intriguing physics that
low dimensions have brought with. In Fig. 2.14, we collect a wide variety of 2DESs
from the literature. When applicable, we took the Hall mobility values reported.

We mainly focus on 2DESs in semiconductors6. As an exception, the 2DES
formed on a helium surface is included. This system has an extremely high mobility
µ > 108 cm2V−1s−1. It is arguably the cleanest 2D electronic system one has ever
achieved [46,47]. However, the density of this system is only limited to n < 109 cm−2

by the electrostatic stability of the helium surface. This ultra low density plus the
large e�ective mass of the electron (meff ≈ me) gives rise to a Fermi temperature
lower than 10 mK [48] (The corresponding density for TF = 10 mK is shown on
the right axis of Fig. 2.14). Consequently, 2DES on the helium surface behaves
like a classical electron gas even at tens of millikelvin. There is no QHE in this
system. Nevertheless, such a system serves as the perfect platform for studying the
2-dimensional Wigner crystal (see Ref. [49] and references therein). It is also worth
mentioning that a quantum computation scheme harvesting the long spin coherence
time of electrons on helium [50] has instigated a recent surge in this �eld [47,51].

For the 2DES formed in a speci�c semiconductor, there are two general trends
of the mobility with increasing density: (1) Adding more electrons into the system
improves the screening of charged impurities. Mobility therefore increases with
higher density: µ ∼ n. (2) At high enough densities however the wavefunction gets

6Multilayered systems with conducting electrons con�ned in the plane (e.g. CuO superconduc-
tor) are not included.
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squeezed against the interface so much that interface scattering becomes dominant.
The mobility then starts to drop. For instance, one can observe both the increasing
and decreasing branches of µ as a function of n for ZnO [52] in Fig. 2.14.

The mobility plummets when entering the very low density regime. The lowest
density one can achieve while the 2DES is still conducting depends on the material.
In Si-MOSFET, 2DES tends to be insulating at n < 1011 cm−2 [53]. Charged states
in the oxide and the Si/SiO2 interface are responsible for the strong localization. On
the other hand, the 2DES in GaAs can still be metallic when n < 1 × 1010 cm−2.
In this case, charge �uctuations account for the sharp drop of mobility with lower
density [54].

In the following, we discuss some of the materials shown in Fig. 2.14.

GaAs, InGaAs, GaN

So far AlGaAs/GaAs heterostructures o�er 2DES with the highest mobility in semi-
conductors. Samples are usually grown by molecular beam epitaxy (MBE). Depend-
ing on the growth parameters and the research focus, samples with mobilities from
105 to 107 cm2V−1s−1 and densities ranging from 109 cm−2 to 1011 cm−2 have been
reported. In Fig. 2.14 we displayed only one data point (square) showing for a
state-of-the-art GaAs sample with µ = 35 × 106 cm2V−1s−1 [56]. The other data
points (circles) for GaAs belong to two samples with variable density reported in
ref. [55]. They represent high quality samples displaying integer quantum Hall states
at densities down to 4× 109 cm−2.

InGaAs/GaAs is a close variant of the AlGaAs/GaAs system. Its high carrier
density and high mobility at room temperature makes this system the best candidate
for high electron mobility transistors (HEMT). At low temperatures, the alloy scat-
tering and cluster scattering in the pseudomorphic InGaAs layer7 limit the mobility
to less than 105 cm2V−1s−1 [79].

GaN is another material with strong application interests. AlGaN/GaN het-
erostructures have been widely used for blue to ultraviolet light emitting diodes or
lasers. It has very strong spontaneous and piezoelectric polarization e�ects. These
polarizations can bend the conduction band below the Fermi level such that a 2DES
can form without any doping. This polar interface allows the formation of a very
shallow 2DES with reasonably high mobility [58�61]. However, the density of the
2DES is usually above 1× 1012 cm−2 and is di�cult to lower.

Si-MOSFET, Si/SiGe, H-Si(111), AlAs

For many decades, it was believed that a metal-insulator transition cannot happen in
2D. This was overruled by strong experimental evidence reported �rst by Kravchenko
et al and later by others as well. The metal-insulator transition was �rst reported
in Si-MOSFET. Data points for Si-MOSFET in the �gure were digitalized from the
original paper of Kravchenko et al. [53].

7By "pseudomorphic" it means that a very thin layer of InGaAs was introduced such that the
strain is uniformly absorbed.
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Fig. 2.14: Main panel: density versus mobility plot for 2D systems. TF represents
the Fermi temperature. lint is the interparticle distance. Inset shows the quantum
life time as a function of mobility in a log-log plot for selected materials. The data
points collected here are from the following literature: GaAs [55, 56], InGaAs [57],
GaN [58�61], AlAs [62], InSb/AlInSb [63], Ag-InSb [64], Si-MOSFET [53], Si/SiGe [65,
66], H-Si(111) [67], CdTe [68], HgTe/(HgCd)Te [69], strained HgTe [70], ZnO [52],
graphene/SiO2 [71, 72], graphene/h-BN [73], suspended graphene [74], Cu-STO [75]
(the density is estimated from the SdH oscillation.), LAO/STO [76,77], Bi2Te2Se [78],
electrons on helium [46].
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The (100)-oriented Si-MOSFET and SiGe/Si [66] have a two-fold valley splitting.
As a further complication, 2DES formed on a hydrogen terminated Si(111) surface
inherits a six-fold degeneracy [80, 81]. We put AlAs in this group as well due to its
available valley degree of freedom [62]. It is also worth mentioning that AlAs and
Si exhibit anisotropic e�ective mass tensors. Exploring the valley degree of freedom
and the in�uence of the anisotropic mass is of great interest and may help unveil
novel broken symmetry quantum Hall states [82�84].

Graphene

Graphene has attracted huge interest due to its electrical, optical and mechanical
properties. What's more, such a high mobility 2D electronic system can be easily and
cheaply prepared. We refer to the review papers for more details [18, 19]. Fig. 2.14
displays data points representing devices fabricated in three di�erent approaches:
(1) graphene deposited on a SiO2/Si substrate [71]; (2) graphene transferred on
an atomically �at h-BN substrate [73]; (3) a suspended graphene �ake [74]. In
principle, graphene o�ers a great density tunability. It is possible to switch from a
electron system to a hole system. Graphene on SiO2/Si, for example, can vary its
charge density from −5× 1012 cm−2 to 5× 1012 cm−2. The mobility values listed in
Fig. 2.14 are only the Hall mobility measured at the highest density. For a suspended
graphene device (the �ake is only supported by the contacts), the highest achievable
density is considerably lower than for supported samples. This reduction is due to
the mechanical instability of a freestanding membrane in high electric �elds.

Putting graphene on a h-BN substrate or making it freestanding signi�cantly
improves the quality of the device. One signi�cant improvement which is not re-
�ected by Fig. 2.14 is the reduced charge inhomogeneity. For graphene on SiO2

substrate, electron/hole puddles start to be dominant when n ≤ 2− 9× 1011 cm−2.
This charge �uctuation is reduced to δn ≤ 7 × 1010 cm−2 by placing graphene on
a h-BN substrate. By further detaching graphene from the substrate, the charge
inhomogeneity can drop down to δn ≤ 1× 1010 cm−2.

HgTe/(HgCd)Te, strained HgTe, Bi2Te2Se

Heavy elements are involved in this group of materials. The large atomic number
gives rise to very strong spin-orbit coupling. It results in exotic states without break-
ing the time-reversal symmetry. The quantum spin Hall e�ect has been uncovered
in a HgTe/(HgCd)Te quantum well [69]. The system hosts spin-resolved chiral 1D
states running along the edge of a 2D plane.

The strong spin-orbit interactions also generate conductive surface states in a
bulk material. These materials are referred to as 3D topological insulators (3D-TI).
Carriers on the TI surface obey a linear energy dispersion. Quite uniquely, the spin
polarizations of these massless Dirac fermions are locked to their momenta. As the
electron orbits around the Fermi circle, it accumulates a non-trivial Berry phase.
More exotic properties like the emergence of Majorana fermions and topological
quantum computing are predicted once the TI is combined with a superconductor.
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Experimental studies on 3D-TIs were advanced by angle-resolved photoemission
spectroscopy (ARPES). In 2008, BixSb1−x binary compounds were uncovered as
the �rst 3D-TI [85]. A year later, Bi2Se3 was identi�ed as the second class of 3D-
TIs with a simpler band structure. Bi2Se3 along with Bi2Te3 and Sb2Te3 gained
much attention also due to larger bulk band gaps which facilitate the transport
studies. From 2011, ternary compounds such as (BixSb1−x)2Te3 started to show
greater promise due to the suppressed bulk conductance [86]. The data point of
Bi2Te2Se in Fig. 2.14 is taken from the work of Gehring et al. [78]. They achieved
record high mobilities by growing Bi2Te2Se on a h-BN substrate. However, it is
necessary to note that the mobility values were obtained indirectly since there exist
two surfaces plus a weakly conductive bulk (due to defects and vacancies).

Rather than trying to grow a bulk material, strain engineering on a HgTe thin
layer system o�ers another approach to achieve a topological insulator. Integer quan-
tum Hall e�ects coming from two surface states have been recently observed [70].
Here also, the mobility value was inferred from a model with two conducting chan-
nels.

2.11 Reported materials showing QHE

We summarize in Fig. 2.15 materials that host a 2DES and show the QHE. We
indicate the year when the data points were reported. Advancement in technology
has played an important role in the discovery of the QHE. It was �rst uncovered
in a Si-MOSFET in 1980 [1]. Immediately afterwards, 2DES formed in GaAs het-
erostructures came into the spotlight [87]. The FQHE at ν = 1/3 was �rst reported
in 1982 with a GaAs sample [2]. Even denominator FQHE started to manifest it-
self in 1987 when µ > 106 cm2 V−1s−1 [88]. Today, the mobility in GaAs samples
can exceed 107 cm2 V−1s−1. Developments of 2DES formed in a MgxZn1−xO/ZnO
heterostructure exhibit the same trend [89�91]. Comparing to AlGaAs/GaAs, ZnO
heterostructures host a 2DES with much stronger electron-electron interactions. Re-
cently, the even denominator FQHE has been observed in a ZnO 2DES.

Ideally, as long as a 2D electron system exists, the QHE can be observed. On the
other hand, several technical conditions have to be satis�ed. Looking at Fig. 2.15,
it is tempting to draw certain boundaries for the observation of QHE. One sees that
systems with FQHE are mostly concentrated in the region with n ∈ [1010, 1012] cm−2

and µ > 105 cm2 V−1s−1.
For the upper bound in density, one has to bear in mind two restrictions. First,

even for free electrons in a quantum well, the highest density without populating
the next subband is 5 × 1012 cm−2 (assuming a well width of 10 nm). While the
second subband brings up an extra degree of freedom, the electron-electron inter-
action is relatively weak at such a high density. This is also linked to the second
and more practical factor: the available magnets. A static magnetic �eld of 14 T
is widely achievable in the labs. This �eld strength is normally realized by coils
made of superconductors (typically NbTi or Nb3Sn) that have a very high critical
magnetic �eld at liquid helium temperature. Currently, superconducting magnets
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Fig. 2.15: Collection of 2DESs that have shown QHE. The numbers after the labels
in the plot are years. "82" means year 1982 and "02" is year 2002. The density and
mobility for the data point Si(80) are estimated from ref. [1, 93].

can o�er a magnetic �eld up to 25 or 30 Tesla [92]. A hybrid system combining a
superconducting magnet and a resistive magnet can achieve a static magnetic �eld
of 45 Tesla. We marked on the right of Fig. 2.15 the densities where the ν = 1
QH plateau can be observed with the available magnets. As the FQHE is most
pronounced at ν < 1, the optimal density for observing the FQHE must be lower
than 1012 cm−2.

The lower limit for observing QHEs is mainly determined by disorder. Electrons
may be completely trapped in local disorder potentials when the density or the mo-
bility becomes too low. For an ultra low-density high mobility 2DES, the current
cryogenics may hinder the observation of QHEs. As marked in Fig. 2.15, the Fermi
temperature for a GaAs 2DES at 3 × 109 cm−2 is already as low as 1.2 K. Conse-
quently, such a 2DES behaves as a classical gas at the liquid helium temperature.
One has to employ at least a He3 system that operates at a few hundred millikelvin
to make sure that the 2DES is still a Fermi liquid.
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Chapter 3

Compressibility measurements

Experiments investigating the compressibility of a 2DES are frequently conducted.
Various formulas that �t to speci�c setups were used to interpret the experimental
data. Derivations were only given in scattered cases [94, 95]. In other cases, equa-
tions were presented without an intuitive explanation. Some of the formulas even
had unspeci�ed approximations. In this chapter, we give a review of di�erent com-
pressibility measurements. We derive the reported equations and further develop
formulas that will be used in the data analysis of this thesis.

3.1 Compressibility experiments on a single 2DES

3.1.1 Capacitance technique with a single gate

Experiment

Measuring the capacitance is the most straightforward
approach to investigate the compressibility. The �gure
on the left shows the simplest situation with one metallic
gate on top of the 2DES. The distance between the gate
and the 2DES is l1.

In addition to the dc gate voltage, one adds a small ac signal δVt with frequency
f . It modulates the density of the 2DES and induces a current from the 2DES to
the ground (δI1). The capacitance is calculated from δI1:

Cexp =
δQ

δVt

=
δI1 × 1

f

δVt

, (3.1)

As will be derived later, Cexp consists of a geometric (Cg) and a quantum capacitance
(Cq) term:

1

Cexp

=
1

Cg

+
1

Cq

=
l1
ε
+

1

e2
∂µt

∂nt

=
l1
ε

(
1 +

dt
l1

)
. (3.2)
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Here dt is again de�ned as:

dt =
ε

e2
∂µt

∂nt

,

The quantum capacitance term Cq is normally insigni�cant. For the 2DES in GaAs
heterostructures, the absolute value of dt at zero B-�eld is less than 1 nm when
n > 1× 1010 cm−2 (see Fig. 2.11 (b)). On the other hand, l1 is on the order of a few
hundred nanometers in standard GaAs samples. The relation dt << lB is satis�ed
and Cexp can be well approximated by Cg.

The situation becomes very di�erent when the 2DES enters a QH state. Ideally
the system becomes completely incompressible (∂µ/∂n = ∞) and cannot screen the
electric �eld. In this case, Cq = 0 and hence Cexp vanishes. In practice, the Landau
levels are broadened such that the system has still some �nite compressibility. Even
if so, the enhanced ∂µ/∂n causes a dramatic drop of Cexp when the 2DES enters the
QH plateau regime [96]. Caution is necessary with the experimental setups [97,98].
Below we highlight two major issues.

1, Impedance of the instruments
Ideally we obtain the capacitance from the out-of-phase component measured
with a two-phase lock-in:

Zc =
1

iωC
. (3.3)

In reality, various parts of the system also contribute to the total impedance.
One can simplify the circuit to a resistor R in series and with an additional
capacitor Cs in parallel to the component of interest:

Ztotal = R +
1

iω(C + Cs)
. (3.4)

Wires, connectors, contacts etc. all contribute to the resistance R. It shifts
the phase of the signal from purely 90◦. On the other hand, Cs comes mainly
from the capacitive coupling between the two wires connecting to the 2DES
and gate. Coaxial cables o�er a better shielding and can minimize this stray
capacitance. In general, one needs to put a capacitor with a known capacitance
value in the place of the sample in order to calibrate the contribution from R
and Cs [99].

2, Skin e�ect
It was pointed out by Dorozhkin et al. [97] that when the conductivity σxx

becomes su�ciently low the system may not be uniformly charged. In fact,
charges can only be injected into a region with a length scale:

λ =

√
σxx

πfCg

, (3.5)

This skin e�ect sets the upper limit for the ac frequency one can apply. This
value is quite demanding. Consider a square-sized GaAs sample (L=100 µm)
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with a 2DES embedded 300 nm below the surface (l1 = 300 nm, εr=12.9), for
uniform charging we require λ to be 10 times as large as L. We also assume
that ρxx in the QH state is still �nite and equals 10 Ω. σxx is then evaluated
via σxx ≈ ρxx/(ρxy)

2 = ρxx/(25.813kΩ)
2. In the end, we get:

f =
σxx

πCgλ2
=

ρxx
(25813)2πCg(10L)2

= 12.5 Hz. (3.6)

In other words, the capacitance measurement needs to be carried out in a quasi-
dc experiment. As an example, Khrapai et al. [100] carried out capacitance
measurements around ν = 1/3 and ν = 2/3 FQH states at a frequency as low
as 0.1 Hz.

Equations

We now show the derivation of Eq. (3.2). There are two fundamental equations to
start with. One immediately obtains the �rst equation from Gauss' law:

E1 =
e

ε
nt, (3.7)

The second equation comes from the energy conservation. We step through this
equation at length, because it helps to explain how we formulate the equations in
the remainder of this chapter. We investigate the energy band diagram displayed in
Fig. 3.1 (a). A 2DES is formed in a GaAs quantum well. This quantum well is gated
from the top. We apply a voltage Vt to the gate and another voltage V1 to the 2DES.
The energy di�erence between the Fermi levels (marked by red lines) of the metal
and the 2DES is equal to the electrochemical potential e(Vt − V1). Certain material
speci�c quantities are accounted for. They are shown in Fig. 3.1 as ∆Ec, Eqw, and
Em. ∆Ec represents the conduction band o�set between the GaAs quantum well
and the AlGaAs spacer. Eqw is the energy di�erence between the lowest subband in
the quantum well and the conduction band. Em characterizes the energy di�erence
between the Fermi level in the metal and the conduction band edge of the AlGaAs
spacer.

Fig. 3.1: (a) Energy band diagram of a single quantum well gated from the top
surface. (b) Illustration of di�erent voltage and energy quantities.
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We build up the energy equation by considering a virtual tour for an electron.
This electron starts from the ground and gets boosted by a battery (Vt). It gains a
certain amount of energy eVt when reaching the Fermi level of the metal. In order
to move to the 2DES this electron has to jump up by Em and climb up the slope
thus paying another fraction of energy eE1l1. Once reaching the Fermi level of the
2DES, this electron relaxes and accumulates ∆Ec − (µ + Eqw). Finally, it passes
through another battery (V1) to the ground and gives away eV1. As the electron
takes a closed loop, the total energy cost must be zero. We therefore have:

eVt − Em − eE1l1 + (∆Ec − µt − Eqw)− eV1 = 0. (3.8)

One can arrive at the same equation by matching the energy di�erences. We
take a look at the energy di�erence marked by the red bar in Fig. 3.1 (b). This
di�erence can be calculated either using the left part of Fig. 3.1 (b) or the right
part. Since both parts give rise to the same quantity, we arrive at an equation:

eVt − Em − eE1l1 = eV1 − (∆Ec − µt − Eqw). (3.9)

This is simply another way of arranging the terms in Eq. (3.8). In the remainder of
the thesis, we incorporate (∆Ec − Eqw) and Em into the o�sets of the gate voltages.
This is justi�ed as we are mainly interested in the change of the chemical potential
as a function of applied gate voltages. Constant values can be left out by performing
variations on both sides of the equation above. This simpli�es Eq. (3.8) into:

Vt − V1 = E1l1 +
µ

e
. (3.10)

We derive the expression for the capacitance by taking variations on Eq. (3.7)
and Eq. (3.10). We assume the 2DES is grounded such that V1 = 0. We have:

δE1 =
e

ε
δnt, (3.11)

δE1l1 +
δµt

e
= δVt. (3.12)

Canceling out δE1 it reads,

δVt =
δµt

e
+

e

ε
l1δnt. (3.13)

By further dividing both sides with eδnt, one arrives at Eq. (3.2):

1

Cexp

=
δVt

eδnt

=
1

e2
∂µt

∂nt

+
l1
ε
.

Extension

We describe an experiment to directly determine the chemical potential evolution.
We use a single electron transistor (SET) [95, 101] instead of the normal top gate.
We defer further discussion of the SET to Chapter 7. Here we restrict ourselves to
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the fact that a small change of the electric �eld can produce a signi�cant change of
the current through the SET:

δISET = ρsδE1. (3.14)

Here, ρs is a scaling factor which depends on the details of the SET. By putting the
SET on top of a 2DES, we keep Vt = 0 and vary V1 instead. From Eq. (3.10), we
get:

δV1 +
δµt

e
= −δE1l1, (3.15)

Based on this equation, a feedback measurement can be carried out in the following
manner. In the �rst step, one induces δµt in the 2DES by changing the B-�eld.
Consequently, δµt a�ects the electric �eld by δE1. This tiny change in electric �eld
is picked up by the SET. In the next step, one adjusts V1 by δV1 to null the change
in the SET. In total, the compensation process e�ectively sets δE1 in Eq. (3.15)
back to zero such that:

δµt = −eδV1. (3.16)

In experiment, one sweeps B and constantly adjusts V1 to �x ISET . The adjust-
ment of V1 can be directly converted to the chemical potential variation by using
Eq. (3.16).

3.1.2 Capacitance technique using two gates

Experiments

At B = 0 T, Cexp in Eq. (3.2) is apparently dominated by Cg. To obtain the
compressibility in such a situation, one should focus on only the electric �eld lines
that penetrate through the 2DES. This penetrated �eld re�ects the screening ability
of a 2DES, i.e. the density of states. In this section, we discuss two experiments
aimed at detecting this �eld.

Henriksen and Eisenstein [102] measured the compressibility of graphene in the
con�guration shown in Fig. 3.2 (a). The graphene �ake is sandwiched between a

Fig. 3.2: (a) Setup for a penetration �eld experiment. (b) Con�guration for the
single electron transistor measurement.
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metallic top gate and a Si backgate. The distance from the top gate (backgate) to
the 2DES is l1 (l2). They investigated the induced charge on the top gate δQ1 by
an ac voltage applied to the backgate δVb. This measurement yields an equivalent
capacitance de�ned as:

Cp =
∂Q1

∂Vb

. (3.17)

Henriksen and Eisenstein pointed out that Cp can be used to calculate the com-
pressibility as follows:

Cp =
εdt

(l1 + l2)dt + l1l2
≈ εdt

l1l2
. (3.18)

The approximation above comes from the fact that dt << l1,2.
The second experiment [95] uses the SET to measure the compressibility (see

Fig. 3.2 (b)). One sends two ac signals with di�erent frequencies to the 2DES and
the backgate. The current �owing through the SET is modulated accordingly. In
the end, one measures δISET/δV1 and δISET/δVb. The compressibility� here the
inverse compressibility 1/κ divided by n2 � can be calculated:

∂µt

∂nt

= l2
e2

ε

∂ISET

∂Vb

(
∂ISET

∂V1

)−1

, (3.19)

A sketchy derivation

We give a heuristic explanation of Eq. (3.19) here and in the following present a
rigorous derivation of both Eq. (3.18) and Eq. (3.19).

Let us look at ∂µt/∂nt. Its denominator is e�ectively a function of the backgate
voltage Vb: ∂nt ∝ ∂Vb. On the other hand, the numerator ∂µt can be related to the
voltage applied to the 2DES following Eq. (3.16):

∂µt = −e∂V1 (3.20)

We can therefore express ∂µt/∂nt in the form:

∂µt

∂nt

=
−e∂V1

∂nt

∂Vb
∂Vb

= −e2δV1

CδVb

. (3.21)

This is the expression also given by Yacoby et al1 [95]. We substitute C by ε/l2.
One should note that this replacement has neglected the quantum capacitance. With
this caveat in mind, we obtain:

∂µt

∂nt

= −e2l2
ε

δV1

δVb

, (3.22)

where δV1/δVb can be replaced by the following expression:(
∂V1

∂Vb

)
ISET

= −
(
∂ISET

∂Vb

)
V1

(
∂ISET

∂V1

)−1

Vb

. (3.23)

1Yacoby et al. uses δVsurf in the paper which is equal to −δV1 in our case.
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Putting them together, one arrives back to Eq. (3.19). We point out that the minus
sign in the equation above comes from the partial di�erential relation:

dI(V1, Vb) =

(
∂I(V1, Vb)

∂V1

)
Vb

dV1 +

(
∂I(V1, Vb)

∂Vb

)
V1

dVb

⇒ dV1 =
1(

∂I
∂V1

)
Vb

dI −

(
∂I
∂Vb

)
V1(

∂I
∂V1

)
Vb

dVb. (3.24)

Here the partial di�erentiations have to be employed instead of the ordinary
di�erentiations. This was sometimes not recognized and a wrong expression with
an extra minus sign was given.

A rigorous derivation

Fig. 3.3: Energy band pro�le

We now turn to a strict derivation. We formu-
late the equations in the same manner as discussed
before:

eVt − eV1 = eE1l1 + µt, (3.25)

eVb − eV1 = eE2l2 + µt, (3.26)

E1 + E2 = ent/ε. (3.27)

The �rst two equations come from energetic considerations whereas the last one
is from Gauss' law. The quantities above can be grouped into three classes. Vt,
V1, and Vb are three variables directly controlled by the experimental instruments.
E1 and E2 are quantities that can be experimentally measured. In the end, δµt

and ∂µt/∂nt are the ones we want to determine. In the following, we vary Vb and
V1 and check the induced change in E1. By doing so the experimentally measured
quantities are linked to the compressibility that we want to determine.

1, varying the backgate voltage only δVb ̸= 0, δV1 = δVt = 0
we have:

−δµt = eδE1l1, (3.28)

−δµt + eδVb = eδE2l2, (3.29)

δE1 + δE2 =
e

ε
δnt. (3.30)

It is convenient to �rst express the �external� variables δE1, δE2 and δVb in
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terms of the �intrinsic� variables δµt and δnt:

δE1 = −δµt

el1
, (3.31)

δE2 =
e

ε
δnt +

δµt

el1
(3.32)

δVb = (1 +
l2
l1
)
δµt

e
+

e

ε
δntl2. (3.33)

From Eq. (3.31) and Eq. (3.33), we get:

∂E1

∂Vb

= − dt
(l1 + l2)dt + l1l2

, (3.34)

One sees that this equation is nothing but the one used by Henriksen and
Eisenstein (see Eq. (3.18)). Here the extra minus sign comes from the di�erent
directions of E1 in Fig. 3.2 (a) and Fig. 3.3.

2, varying the voltage to the 2DES only δV1 ̸= 0, δVb = δVt = 0:

−δµt − eδV1 = eδE1l1, (3.35)

−δµt − eδV1 = eδE2l2, (3.36)

δE1 + δE2 =
e

ε
δnt. (3.37)

Performing similar manipulations as before, we have:

δE1 =
l2

l1 + l2

e

ε
δnt, (3.38)

δE2 =
l1

l1 + l2

e

ε
δnt, (3.39)

δV1 = −e

ε
δnt

l1l2
l1 + l2

− δµt

e
. (3.40)

One step further, we arrive at

∂E1

∂V1

= − l2
(l1 + l2)dt + l1l2

. (3.41)

Combining Eq. (3.34) and Eq. (3.41) together, it reads,

dt
l2

=
∂E1

∂Vb

(
∂E1

∂V1

)−1

. (3.42)

From Eq. (3.14)), we get:

∂ISET

∂V1,b

= ρs
∂E1

∂V1,b

, (3.43)
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such that

∂µt

∂nt

= l2
e2

ε

∂E1

∂Vb

(
∂E1

∂V1

)−1

(3.44)

= l2
e2

ε

∂ISET

∂Vb

(
∂ISET

∂V1

)−1

.

This is the formula used in the SET measurement.

Extension

From Eqs. (3.39)(3.40), we have:

∂E2

∂V1

= − l1
(l1 + l2)dt + l1l2

. (3.45)

Combining Eq. (3.45) with Eq. (3.41), we obtain a capacitance:

∂(E1 + E2)

∂V1

=
e

ε

∂nt

∂V1

= − l1 + l2
(l1 + l2)dt + l1l2

= −

(
dt +

(
1

l1
+

1

l2

)−1
)−1

(3.46)

This quantity is determined from the induced charge δnt on the 2DES by the
voltage applied to the top and back gates simultaneously�−δV1. We de�ne this
capacitance as Ctotal = −e∂nt/(ε∂V1) such that:

1

Ctotal

=
1

Cg1 + Cg2

+
1

e2
∂µt

∂nt

, (3.47)

where Cg1,g2 = ε/l1,2. If we move one of the gates to in�nity, the corresponding
capacitance between this gate and the 2DES drops to zero. Accordingly, Eq. (3.47)
goes back to Eq. (3.2) in the previous section.

Interlayer compressibility of a bilayer

As a �nal note, we point out that Henriksen and Eisenstein measured a graphene
bilayer. They treated the bilayer as a single system. The interlayer capacitance was
not considered. This is valid as the strong electrical coupling e�ectively bond the
two layers together. However, the interlayer capacitance becomes important when a
su�ciently strong perpendicular electric �eld is applied [103]. A density imbalance
between the two layers can be induced. This issue will be addressed at the end of
this chapter. In the following two sections, we deal with bilayers having a relatively
thick barrier. The interlayer term is therefore neglected.

3.1.3 Penetration �eld technique using a second 2DES

Experiments

The sensitivity of the penetration experiment crucially depends on the gate distances
(l1, l2). As the compressibility expressed by dt is normally a few nanometers, it is
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Fig. 3.4: Penetration �eld experiments in bilayer systems. The blue and green
rectangles indicate the top and the bottom 2DES respectively.

favorable to have comparable geometric terms. Historically, this was �rst realized in
a GaAs bilayer system. This system has two quantum wells separated by a barrier
of around 10 nm. By using one of the quantum wells as a probe, the measurement
sensitivity was dramatically enhanced. This improvement can be seen in the follow-
ing. Fig. 3.4 (a) sketches the measurement setup used by Eisenstein et al. [42, 94].
The ac signal is applied to the top gate and the induced current is measured the
bottom quantum well. The compressibility of the top quantum well can be deduced
based on the formula:

δI2
δI∗1

≈ δEp

δE1

=
dt

d+ db + dt
. (3.48)

The approximation above comes from the determination of δE1. This term was ex-
perimentally measured by depleting the top 2DES and recording the direct in�uence
of the top gate on the bottom 2DES. E�ectively, δI∗1 represents δI2(nt = 0). The
signi�cant improvement of the sensitivity rests on the fact that dt is comparable to
d.

Recently, an ingenious method [104] has further enhanced the sensitivity of pen-
etration �eld measurements (see Fig. 3.4 (b)). We start with the determination of
the chemical potential evolution in the top 2DES from the density change in the
bottom 2DES:

δµt =
e2d

ε
δnb, (3.49)

Although δnb is usually very small, its in�uence can be ampli�ed if one tunes the
bottom 2DES into the transition regime between two quantum Hall states. The
resistance of the bottom layer changes rapidly upon changing the density. A slight
variation of nb can therefore generate a measurable change in the resistance.

A similar experiment was also done by Kim et al. [105] on a stacked graphene
double-layer system (Fig. 3.4 (c)). Instead of the quantum Hall e�ect, they utilized
the sharp Dirac peak of a graphene monolayer. They tracked the shift of the Dirac
peak along the V1 axis at di�erent Vb: δV1. The chemical potential variation in the
bottom layer (induced by Vb) is:

δµb = eδV1. (3.50)
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Fig. 3.5: Energy band pro�le of a top gated double quan-
tum well system.

Derivations

We now derive the formulas given previously. There are two equations from ener-
getics:

−eV1 + eVt = eE1l1 + µt, (3.51)

eV1 − eV2 = eEpd+ µb − µt, (3.52)

and two equations from Gauss' law:

E1 − Ep = ent/ε, (3.53)

Ep = enb/ε. (3.54)

One can readily obtain Eq. (3.50) used in the third experiment introduced before
(Fig. 3.4 (c)). We take a look at the variational forms of Eqs. (3.52)(3.54). In a
feedback measurement (assuming V1 = 0), V2 is adjusted to �x nb such that δnb = 0.
Consequently, δµb = 0 (since µb = µb(nb)), δEp = 0 (from Eq. (3.54)). Removing
the zero terms δV1, δEp, δµb from Eq. (3.52), one gets eδV2 = δµt. This formula is
essentially the same as Eq. (3.50). Here we have switched from a backgated device
to a top gated one.

Varying Vt only

We now consider the situations depicted in Fig. 3.4 (a) and (b). The two 2DESs are
grounded such that δV1 = δV2 = 0. From Eqs. (3.52) and (3.54), we obtain:

δµt − δµb =
e2d

ε
δnb. (3.55)

This equation is in fact a strict form of Eq. (3.49) used by Ho et al. [104]. In their
data analysis, δµb is neglected. This treatment is justi�ed because in their case
d = 50 nm, db ≤ 1 nm such that:

δµb =
e2

ε
dbδnb ≪

e2d

ε
δnb. (3.56)

We move on to derive the equation used by Eisenstein et al. [42,94]. We mention
that the variational forms of Eq. (3.51)�(3.54) were �rst given in ref. [94]. Dividing
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δE1 and δEp by δVt, one obtains:

∂E1

∂Vt

=
d+ db + dt

dt(d+ db) + l1(d+ db + dt)
, (3.57)

∂Ep

∂Vt

=
dt

dt(d+ db) + l1(d+ db + dt)
. (3.58)

Taking one more step, we arrive at Eq. (3.48):

δEp

δE1

=
∂Ep/∂Vt

∂E1/∂Vt

=
dt

d+ db + dt
, (3.59)

A few words about mathematics, in contrast to Eq. (3.23) here we do not have
a minus sign in Eq. (3.59) since(
∂Ep(V1, V2, Vt(V1, V2, E1))

∂E1

)
V1,V2

=

(
∂Ep(V1, V2, Vt)

∂Vt

)
V1,V2

(
∂Vt(V1, V2, E1)

∂E1

)
V1,V2

=

(
∂Ep(V1, V2, Vt)

∂Vt

)
V1,V2

(
∂E1(V1, V2, Vt)

∂Vt

)−1

V1,V2

.

Extension

We explore the other possible compressibility measurements by varying V1 or V2

(Varying them together is equivalent to varying −Vt).

Varying V1 only (δV2 = δVt = 0):

∂E1

∂V1

= − d+ db
(d+ db)dt + (d+ db + dt)l1

, (3.60)

∂Ep

∂V1

=
l1

(d+ db)dt + (d+ db + dt)l1
. (3.61)

Varying V2 only (δV1 = δVt = 0):

∂E1

∂V2

= − dt
(d+ db)dt + (d+ db + dt)l1

, (3.62)

∂Ep

∂V2

= − dt + l1
(d+ db)dt + (d+ db + dt)l1

. (3.63)

In principle, if we replace the top gate by a SET and the bottom layer by a
backgate, the situation returns back to the one discussed in the previous section.
This can be con�rmed by our equations. Combining Eq. (3.60) and Eq. (3.62) we
have:

dt
d+ db

=

(
∂E1

∂V2

)(
∂E1

∂V1

)−1

. (3.64)

This equation is e�ectively Eq. (3.44) taking into account the density of states of
the backgate (∝ 1/db).
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Fig. 3.6: Energy band pro�le of a double
quantum well system.

3.2 Compressibility experiments on a bilayer

3.2.1 Techniques on a dual-gated bilayer

The experiments we performed in this thesis were all based on a bilayer system
equipped with both a top gate (or a SET) and a backgate (see Fig. 3.6). In this sec-
tion, we derive equations for such a con�guration. We have the following equations
to start with:

eVt − eV1 = eE1l1 + µt, (3.65)

eV1 − eV2 = eEpd+ µb − µt, (3.66)

eVb − eV2 = eE2l2 + µb, (3.67)

E1 − Ep =
e

ε
nt, (3.68)

Ep + E2 =
e

ε
nb. (3.69)

In Part I of this thesis, we investigate the chemical potential evolution of a single
2DES by monitoring the density change of a second close-by 2DES. In addition, the
transport studies in Part II deal with a GaAs bilayer system with two closely spaced
2DESs. In both cases, the two 2DESs are grounded V1 = V2 = 0. By using this
condition and canceling out the electric �eld components, one obtains:

Vt

l1
+

µb

ed
− l1 + d

l1d

µt

e
=

e

ε
nt, (3.70)

Vb

l2
+

µt

ed
− l2 + d

l2d

µb

e
=

e

ε
nb. (3.71)

In each equation, the �rst term describes the capacitive coupling between the top
gate (backgate) and the top (bottom) 2DES. The second term demonstrates that
the bottom (top) layer acts e�ectively as another gate to the top (bottom) 2DES.
The last term originates from the �nite density of states in the 2DES. If the density
is modi�ed also its chemical potential will change.

Also in Part II of this thesis, backgated GaAs bilayers are probed by a SET
deposited on the top surface. For the SET measurement, we are mostly interested
in the partial di�erential equations. Here we skip the derivation and present the
�nal results:
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∂E1

∂Vb

= −dtdb
D3

, (3.72)

∂E2

∂Vb

=
dtdb + l1(d+ dt + db) + ddt

D3
, (3.73)

∂Ep

∂Vb

= −db(l1 + dt)

D3
, (3.74)

∂E1

∂V1

= −ddb + l2db + dl2
D3

, (3.75)

∂E2

∂V1

= −dbl1
D3

, (3.76)

∂Ep

∂V1

=
l1l2 + dbl1

D3
. (3.77)

We denote

D3 = l1l2(d+ dt + db) + d(l1db + l2dt) + dtdb(l1 + l2 + d).

Due to symmetry, the partial di�erential equations with variables Vt and V2 can
be derived by exchanging the indices in Eqs. (3.72�3.77):

1 ⇀↽ 2, t ⇀↽ b. (3.78)

For equations involving Ep, however, an extra minus sign should be added:

∂Ep

∂Vt

=
dt(l2 + db)

D3
, (3.79)

∂Ep

∂V2

= − l1l2 + dtl2
D3

. (3.80)

Based on these equations, we obtain:

db
l2

=

(
∂E1

∂Vb

)(
∂E1

∂V2

)−1

, (3.81)

dt
d+ db + ddb/l2

=

(
∂E1

∂V2

)(
∂E1

∂V1

)−1

. (3.82)

If the top gate is replaced by a SET, Eq. (3.81) and Eq. (3.82) show how the
compressibility of the top and bottom layers can be measured, respectively.

In experiment, it is more convenient to apply the ac voltage to the two layers
together such that δV1 = δV2 = δV12. After similar calculation steps, we obtain:

∂E1

∂V12

= − l2(d+ dt + db) + ddb
D3

. (3.83)
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The formula for the SET experiment can be derived by further combining Eq. (3.83)
with Eq. (3.72):

∂ISET

∂Vb

(
∂ISET

∂V12

)−1

=
∂E1

∂Vb

(
∂E1

∂V12

)−1

=
dtdb

l2(d+ dt + db) + ddb
. (3.84)

One can check consistency of this derivation by taking the limit nb → 0. In this
situation, only the top quantum well matters and Eq. (3.84) should naturally go
back to Eq. (3.19). In fact, this is the case. Since the ∂µb/∂nb goes to in�nity when
nb approaches zero, Eq. (3.84) now reads,

lim
nb→0

∂ISET

∂Vb

(
∂ISET

∂V12

)−1

= lim
db→∞

dtdb
l2(d+ dt + db) + ddb

.
=

dtdb
l2db + ddb

=
dt

l2 + d
.

(3.85)

3.2.2 Interlayer compressibility

The interlayer compressibility describes the chemical potential variation in one 2DES
induced by the density change of the nearby second 2DES. We de�ne:

dij =
ε

e2
∂µi

∂nj

, i, j = t, b, (3.86)

From Chapter 2, we know that dtb = dbt. Following the same derivation procedure
as in previous sections, we arrive at:

∂E1

∂Vb

=

− ddtb + dttdbb − dtbdbt
l1l2d+ (l1 + l2 + d)(dttdbb − dtbdbt) + l2(l1 + d)dtt + l1(l2 + d)dbb − l1l2(dtb + dbt)

.

(3.87)
∂(E1 + E2)

∂Vb

=

l1
d− dbt + dbb +

(l1+d)
l1

(dtt − dtb)

l1l2d+ (l1 + l2 + d)(dttdbb − dtbdbt) + l2(l1 + d)dtt + l1(l2 + d)dbb − l1l2(dtb + dbt)
.

(3.88)

In experiment, Eq. (3.87) de�nes an equivalent capacitance. It re�ects the charge
induced in the top 2DES by the backgate voltage:

Cp =
∂Q1

∂Vb

= ε
∂E1

∂Vb

. (3.89)

Similarly, Eq. (3.88) corresponds to a capacitance characterizing the charge in-
duced in both 2DESs by Vb:

Cb =
∂(Q1 +Q2)

∂Vb

= ε
∂(E1 + E2)

∂Vb

. (3.90)
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One can also measure the charge induced by the top gate voltage:

Ct =
∂(Q1 +Q2)

∂Vt

= ε
∂(E1 + E2)

∂Vt

. (3.91)

∂(E1 +E2)/∂Vt can be expressed by dij and other geometric distances by switching
t ⇀↽ b and 1 ⇀↽ 2 in Eq. (3.88).

These equations are consistent with the results derived previously. We prove this
by going to two extreme cases. If the interlayer compressibility can be neglected such
that dtb = dbt = 0, the equations above immediately become the ones given in section
3.4. On the other hand, when the two layers overlap each other, the compressibility
components are indistinguishable: dtt = dbb = dtb = dbt. In this case, Eq. (3.87)
and Eq. (3.88) describe a single layer system. For instance, Eq. (3.87) becomes
essentially Eq. (3.34).

When dtt ̸= dbb ̸= dtb, Cp always carries a product of dtt and dbb whereas Ct,b

have only a single component of either dtt or dbb in the numerator. In this regard,
Ct and Cb can be used to distinguish the polarization of the layers. This can be
elucidated by de�ning a quantity (Ct − Cb)/Cp [103]. In a symmetric con�guration
(l1 = l2), we obtain:

Cb − Ct

Cp

=
(dbb − dtt)d

ddtb + dttdbb − d2tb
. (3.92)

This capacitance di�erence only turns nonzero when the system is out of balance.
The sign of this quantity tells the direction of charge polarization.
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Two-dimensional Wigner solid
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Chapter 4

Chemical potential measurement in

bilayer systems

The emergence of the integer [1] and fractional [2] quantum Hall (QH) e�ects in
two-dimensional electron systems (2DES) exposed to a perpendicular magnetic �eld
can be viewed as a magnetic �eld induced phase transition from a two dimensional
electron gas to an incompressible liquid. At still higher values of the magnetic
�eld when all electrons reside in the lowest Landau level, a transition to a solid
phase, the 2D Wigner crystalline state, appears. Disorder pins the crystal and
breaks it up into domains. As a result, the two-dimensional electron system becomes
insulating [3, 31,106�108].

Apart from this insulating behavior [106, 107], Wigner crystallization also gives
rise to a sharp resonance peak in the microwave absorption spectrum. This resonance
has frequently been attributed to oscillations of the crystalline domains within the
pinning potential, although not all experimental observations have been accounted
for [3, 4, 108�110]. Owing to technical advances to measure the microwave conduc-
tivity, similar resonances suggesting 2D Wigner crystal (WC) formation were also
unveiled near integer �lling factors [111] as well as around fractional �lling factor
ν = 1/3 [112]. In these cases, the Wigner lattice would not be formed by the elec-
trons themselves, but rather by the low-density quasi-particles in the partially �lled
Landau levels (LL). Very recently, experiments which employ resistively detected
NMR techniques have provided further details of this Wigner crystalline phase [5,6].

From a thermodynamic point of view, the compressibility usually goes down
when a system undergoes a transition from a gas to a liquid or from a liquid to a
solid. For the transition of a 2D electron gas into a quantum Hall liquid, a drop of
the compressibility has been con�rmed by several groups investigating the penetra-
tion �eld [42,94], the capacitance [98], or using local probes such as a single electron
transistor [95,113] and a scanning force microscope [114]. Since the compressibility
κ is determined by the density derivative of the chemical potential, 1/(n2δµ/δn),
also from a measurement of the chemical potential the transition to a liquid can
be deduced. Magnetization measurements [115, 116] are an example. They reveal
the sawtooth behavior of the chemical potential as Landau levels are successively
depleted when tuning the density or changing the �eld. For the WC which has
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Fig. 4.1: Schematic illustration of the realization of separate contacts to the GaAs
bilayer system. Upper-right panel shows the local depletion of the bottom layer. The
blue dots represent the 2DES.

a lower energy than a low density 2D electron gas, a negative compressibility is
expected [27, 117�120]. However, such a WC has not yet been observed in thermo-
dynamic measurements.

Here we report anomalies in the evolution of the chemical-potential of a 2DES
within the QH regime. The chemical potential of one 2DES is measured in a bilayer
con�guration and is determined from the density variation induced in the second
nearby 2D layer. The jump of the chemical potential due to condensation in a
quantum Hall liquid is disrupted by two shoulders sitting symmetrically around the
integer �lling. Our observations are consistent with the expected thermodynamic
behavior when a WC of quasi-particles emerges as one moves away from exact integer
�lling.

4.1 GaAs bilayers with separate contacts

Experiments were carried out on GaAs/AlGaAs bilayer systems consisting of two
19 nm GaAs quantum wells separated by a 9.6 nm AlAs/GaAs superlattice bar-
rier [121,122]. Prepatterned backgates and thermally evaporated metallic top gates
are used to achieve density tuning as well as separate contacts to the individual
layers. Fig. 4.1 illustrates the bilayer sample and the available gates used for dif-
ferent purposes. The small side gates overlap with the extended arms that connect
the main 2DES to the metal contacts. Applying a negative voltage to the side
top(back) gate locally depletes the top(bottom) quantum well. Consequently, only
the bottom(top) layer is contacted.

Five samples with either the Corbino [121] (Fig. 4.2 (a)) or Hall bar [122] geome-
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Fig. 4.2: (a) Optical image of the bilayer sample with a quasi-Corbino geometry.
(b) Schematics of the measurement circuit. The two layers are separately contacted.
The densities are controlled by the top gate (Vt) and the backgate (Vb). The spacings
between the layers and gates are denoted by l1, d and l2. (c) Illustration of the
measurement principle with feed-back. The bottom layer is used as the sensor layer
to detect the change of the chemical potential in the top layer ∆µt.

try have been investigated. These samples were also used to investigate the νtot = 1
quantum Hall state. We will present νtot = 1 results in part II. For the chemical
potential measurements, all samples we studied showed similar results. We focus on
one sample with a Corbino geometry in the remainder of this chapter. Unless oth-
erwise stated, measurements were performed at the base temperature T ≤ 20 mK
of a He3/He4 dilution refrigerator.

4.2 Measurement principle

The basic principle of the measurement technique is illustrated schematically in
Fig. 4.2 (b)(c) and was proposed previously in Ref. [104]. It aims at determining
the chemical potential of the top layer by monitoring the density change in the
bottom layer. Both layers are grounded at the central contact. The conductivity
of each layer is measured separately by applying a low voltage excitation with a
di�erent frequency to each layer (typically, 30 µV, 21 Hz for the top layer and
100 µV, 33 Hz to the bottom layer). The densities of each layer can be tuned by
adjusting DC voltages applied to the top and bottom gates: Vt and Vb. To record
the behavior of the chemical potential of the top layer µt as a function of the carrier
density or �lling factor, Vt is swept. Since the electrochemical potential of this layer
remains �xed, the change in the chemical potential induced by Vt is compensated
for by a change of the electrostatic potential equal in size, but opposite in sign. The
top layer will therefore act as a gate and its modi�ed electrostatic potential a�ects
the density in the bottom layer. If the backgate voltage is tuned such that the
conductivity of the bottom layer exhibits a steep slope as shown in Fig. 4.2 (c), the
small change in the electrostatic potential of the top layer, will cause a large variation
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in the conductivity of the bottom layer. The required readjustement of the backgate
voltage to return to the original value of the bottom layer conductivity allows to
extract the change in the chemical potential of the top layer. This measurement
principle can be elucidated by considering the terms which contribute to a density
variation ∆nb in the bottom layer [113]:

∆nb =
ε

el2
∆Vb +

ε

e2d
∆µt −

ε

e2
l2 + d

l2d
∆µb, (4.1)

where ε is the dielectric constant, e is the elementary charge, l1, d and l2 are the
geometric distances marked in Fig. 4.2 (a). To obtain ∆µt for the sample that we
focused on, l1 = 495 nm, d = 25 nm and l2 = 981 nm were used. These values were
determined by measuring the densities as a function of Vt, Vb, and the interlayer
voltage Vint (d was determined by measuring the density variation of one 2DES as a
function of the voltage Vint applied to the opposite 2DES.). We plugged in a relative
dielectric constant of εr = 12 to calculate the distances. They are in good agreement
with the growth parameters: l1 = 540 nm, d = 28.6 nm and l2 = 1013 nm.

The �rst term in Eq. (4.1) describes the capacitive coupling between the backgate
and the lower layer. The second term demonstrates that the top layer acts as another
gate to the bottom layer. The last term originates from the �nite density of states
in the bottom layer. If the density in the bottom layer is modi�ed also its chemical
potential will change. The required backgate voltage to maintain constant density
in the bottom layer equals

∆Vb = − l2
ed

(∆µt −∆µb) ≈ − l2
ed

∆µt. (4.2)

We took into account that l2 >> d. Also the assumption that |∆µt| >> |∆µb|
to approximate this expression is valid. If the top layer is highly compressible,
no electric �eld will penetrate to the bottom layer and ∆µb will be zero. If the
top layer is incompressible, |∆µt| will be large while ∆µb remains small, since the
working point has been set such that the bottom layer is in the compressible regime.
We conclude that the backgate voltage adjustment is proportional to ∆µt.

A simpli�ed but less powerful scheme has been previously implemented for the
study of the chemical potential evolution in a 2DES by Ho et al. [104]. In their
work, the chemical potential was obtained by monitoring the Hall resistance of the
nearby layer at a magnetic �eld where this layer was in the transition region between
two quantum Hall plateaus. A feedback-scheme was not possible since there was no
gate to tune the density of the sensing layer. Further restrictions applied since the
two layers were not separately contacted. A study of the chemical potential of the
probed layer within the quantum Hall regime was hampered by hysteresis e�ects that
were attributed to non-equilibrium eddy currents during the gate sweep [123]. The
samples employed here did not show hysteresis e�ects. This improvement enabled
us to obtain a complete pro�le of the chemical-potential evolution ∆µ = ∆µ(n),
especially within the QH plateau regimes.

To familiarize the reader with our measurement technique, we show in Fig. 4.3
an example. We �rst carried out a transport measurement by sweeping the B-�eld
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Fig. 4.3: (a)(b) Transport mea-
surements in both layers. An ac
excitation voltage of 33(50) µV is
applied to the top(bottom) layer.
We record the currents that pass
through the individual layers as a
function of B-�eld at �xed gate volt-
ages (Vt = 0.25 V, Vb = 0.1 V).
(c)�(d) Feedback measurement at
B = 0.955 T. The current through
the bottom layer is �xed (d). The
adjustment in the backgate voltage
(∆Vb) re�ects the chemical potential
evolution (e).
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at �xed gate voltages (Vt = 0.25 V, Vb = 0.1 V). To measure a Corbino sample, the
excitation voltage is usually kept constant and we monitor the current that passes
through the 2DES. As the conductivity σxx oscillates with the B-�eld, so does the
current. When the 2DES enters the quantum Hall plateau regime, σxx drops to
zero and the current gets fully suppressed. The oscillating behavior of the current
is con�rmed in our experiment. Fig. 4.3 (a)(b) displays the currents through the
individual layers as a function of B-�eld. As the two layers have di�erent densities,
the quantum Hall states are at di�erent B-�elds.

After understanding the transport curves, we performed the feedback measure-
ment at 0.955 T where the bottom layer showed a sharp slope of dIb/dB. The current
in the bottom layer Ib at this point was 0.45 nA. We swept the top gate voltage
(Vt) from 0.25 V down to -0.1 V in steps of 1 mV. After each decrement of Vt, Vb

was adjusted to keep Ib constant. We then recorded It, Ib and ∆Vb. Fig. 4.3 (c)(d)
demonstrate that Ib was successfully kept constant while It vs. Vt exhibited QH
plateaus. The chemical potential variation in the top layer is proportional to −∆Vb

shown in Fig. 4.3 (e).

4.3 Energy gaps of integer quantum Hall states

We carried out the feedback measurement at more B-�elds and in a larger range
of top gate voltages. The results are presented in Fig. 4.4 and Fig. 4.6. Here we
convert ∆Vb directly to ∆µt. There are three important aspects of the chemical
potential evolution:

(1) Negative compressibility: for a low density 2DES, the chemical potential
decreases when more electrons are added to the system. This decreasing trend is
directly con�rmed by the overall downward slope we observe. Moreover, at higher B-
�elds (B = 3.5 T for instance) the chemical potential decreases faster with increasing
density�consistent with existing theories of the 2DES in the quantum limit [36].

(2) Interactions of the quasiparticles and quasiholes: as the Fermi level moves
into the center between two Landau levels, the density of quasiparticles decreases.
Correspondingly, the inverse compressibility of quasiparticles drops to more negative
values (marked by black curves in Fig. 4.6). This diverging behavior comes from the
interactions among the quasiparticles [42].

(3) Chemical potential jump: the rapid increase of the chemical potential with
an increasing Vt in the quantum Hall plateau regime corresponds to the jump of the
Fermi level from a lower Landau level to a higher one. Energy gaps at integer and
fractional QH states can be extracted from such data.

We obtain the energy gaps for the IQH states by taking the following procedure.
We start with the numerical derivative of µt: ∂µt/∂nt (red trace in Fig. 4.4 (b)). A
quadratic �t to the data in the non-quantum Hall regime is used as the background�
(∂µt/∂nt)BG (dotted black curve in Fig. 4.4 (b)). We then subtract this background
from the derivative and reintegrate ∂µt/∂nt− (∂µt/∂nt)BG. This integration results
in a step like trace (blue curve in Fig. 4.4 (b)). The energy gap can be directly read
o� from the height of the step.
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Fig. 4.4: (a) Blue: chemical potential evolution in the top layer measured at three
B-�elds. Black: conductivity of the top layer. (b) Red: the numerical derivative of the
chemical potential µt(nt) at B = 0.581 T. Dotted black: a quadratic �t to the sections
where the top layer is not in a quantum Hall plateau regime. Blue: the chemical
potential evolution after the subtraction of a negative sloped background. (c) Energy
gaps obtained from the chemical potential jumps. Dashed line represents the expected
cyclotron energy by taking the e�ective mass of bulk GaAs. The blue line is a linear
�t to the energy gaps at νt = 2. The e�ective mass obtained from this �t is 0.063me.

We summarize the energy gap values in Fig. 4.4 (c). For even �lling factors, the
energy spacings come from the cyclotron energy h̄ωc. The dashed line in Fig. 4.4 (c)
represents the expected cyclotron gap if one takes m∗ = 0.067 as the e�ective mass
of electrons in bulk GaAs. From the slope of Eg = Eg(B) at νt = 2, we obtain an
e�ective mass of m∗ = 0.063. The energy gap we obtain for odd �lling factors is
much larger than the Zeeman splitting gap determined from the e�ective g-factor in
bulk GaAs. This large energy gap is a result of exchange-enhancement [124].

Despite the consistent value of the e�ective mass with other methods, the energy
gaps at νt = 2 and νt = 4 are clearly smaller than the expected ones. This reduction
was also reported by Ho et al. [104]. They suggested that it is due to Landau level
broadening. They proposed the following relation:

Eg,exp = h̄ωc − Γ. (4.3)

Here, Γ characterizes the Landau level broadening, which is attributed to disorder,
and Eg,exp is the experimentally determined energy gap.
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Fig. 4.5: Comparison between the energy gaps obtained from the thermally activated
transport and the chemical potential measurement.

Although Eq. (4.3) is quite often employed to explain the reduced energy gaps
found from thermal activation measurements, its usage in the context of chemical
potential measurements is problematic. Landau level broadening is expected to
smoothen the chemical potential jump from a sharp step function. The height of
this step should not be a�ected by Γ (See Fig. 4.5). In other words, the energy gap
extracted from the chemical potential measurement should be equal to the cyclotron
gap.

As the Landau level broadening fails to explain the reduction of the energy gaps,
one has to seek for other mechanisms. One may have already noticed in Fig. 4.4 (a)
that the chemical potential jump in the quantum Hall regime sometimes exhibits
a small kink in the center. At B = 0.581 T, only the even QH states host such
kinks. This anomaly is brought out more clearly in the derivative trace ∂µt/∂nt in
Fig. 4.4 (b). A downward spike appears in ∂µt/∂nt when the top layer is in the QH
states at νt = 2 and νt = 4. At B = 0.696 T, kinks appear in all QH states. Fig. 4.6
presents the results with re�ned parameters1 for better resolution of the anomalies.
Abrupt decreases of the chemical potential can be seen at B = 0.3 T for all the
even �lling factor QH states as well as at 3.5 T for νt = 1. At B = 0.3 T, a small
bump sits in the center of each QH state. The anomaly becomes better resolved
for νt = 1 at 3.5 T. For the trace ∂µt/∂nt vs. Vt, the central incompressible peak
at νt = 1 is sandwiched by two satellite peaks. There features were observed on
di�erent samples. This rules out local discrete charging as the origin [125,126].

Interruption of the chemical potential jump in the quantum Hall plateau regime
is likely playing a role in reducing the value of the energy gap that we obtain. These
anomalies strongly suggest the formation of a Wigner crystal of quasiparticles. For
the �lling factor range at which the chemical potential exhibits kinks, a low density
of quasiparticles exists. These quasiparticles tend to form a crystal in order to
maximize their distances. We discuss this in more detail in the following sections.

1We used a larger excitation voltage to the bottom layer and a smaller tolerance of the deviation
from the constant Ib. Also, the adjustment of Vb was with �ner steps.
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Fig. 4.6: Blue: ∆µt as a function of Vt measured at B =0.2, 0.3, and 3.5 T. For
B = 0.2, 0.3 T, only IQH states with even �lling factors manifest. Black dotted:
expected slope when the top layer gets fully incompressible. Certain �lling factors are
denoted. Red: ∂µt/∂nt obtained by numerically taking the derivative of the chemical
potential trace. Dotted red lines mark the positions of ∂µt/∂nt = 0. Dashed black:
conductance of the top layer (arbitrary units). Solid black curves mark downward
bending of ∂µt/∂nt coming from the interactions of quasi-particles. Curves for di�erent
magnetic �elds are vertically o�set for clarity.

4.4 Chemical potential evolution at νt = 1

In this section, we focus on the anomalies in the evolution of the chemical potential
around νt = 1. Fig. 4.7 displays µt as a function of νt at di�erent magnetic �elds.
The trace at B = 0.58 T show no anomaly whereas one single kink sets in at
B = 0.7 T. Two increasing sections are disrupted by a decreasing part in the center
at νt = 1. There is clearly a transition from a single kink at νt = 1 to two kinks on
the two sides with increasing B. At higher magnetic �elds, the anomalies become
fully resolved. For B = 1.7�2.2 T as well as B = 3.5 and 4.0 T, two anomalies reside
symmetrically at around νt ∈ [0.94, 0.96] and νt ∈ [1.04, 1.06]. Once resolved, their
positions seem to be independent of the B-�eld. We summarize the �lling factor
positions of the anomalies in Fig. 4.8. Notably, our observations are consistent with
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Fig. 4.7: Chemical-potential evo-
lution around �lling factor νt =
1 measured at di�erent magnetic
�elds. The two narrow regions high-
lighted by the gray rectangles cor-
respond to νt ∈ [0.94, 0.96] and
νt ∈ [1.04, 1.06].

Fig. 4.8: Filling factor position ∆ν =
(ν − 1) of the anomaly plotted as a func-
tion of the B-�eld. ∆νp and∆νv represent
peak and valley positions of the anomaly
as illustrated by the inset.
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Fig. 4.9: Chemical-potential evo-
lution around �lling factor νt = 1
measured at B = 2 T at di�erent
working points (a) or in di�erent
sweeping directions (b) .

the results from microwave [111] and NMR experiments [5].

The evolution from a single anomaly to two anomalies happens at very low
magnetic �elds. This behavior was not observed in either microwave or NMR studies
which revealed the WC. There, high B-�elds were a technical necessity. We attribute
this evolution to the competitions between the incompressible QH state and the WC.
Further study is necessary.

So far at each B-�eld, we only use one single working point of the bottom layer
where its conductivity shows sharp change as a function of density. We show in
Fig. 4.9 (a) that the choice of the working point does not a�ect our main conclusion.
The chemical potential evolution was measured at three di�erent working points
(see the inset to Fig. 4.9 (a)). These working points correspond to cases where the
bottom layer was either close to the QH plateau at νb = 1 or near the QH state at
νb = 4/3. All the measured traces in Fig. 4.9 (a) exhibit the same anomalies within
the rapidly increasing section of the chemical potential.

Finally, we carried out feedback measurements at a �xed working point but
with opposite sweep direction of Vt (Fig. 4.9 (b)). In the case of sweeping from
0.2 V down to -0.1 V, we also compared two cases: (a) the top layer carries an ac
current (blue trace in Fig. 4.9 (b)); (b) the top layer is grounded at both source
and drain contacts (red trace). All three traces nicely overlap. This investigation
already demonstrates that the anomaly in the chemical potential evolution does not
originate from hysteresis e�ects. A discussion about the hysteresis e�ects is deferred
to the last section of this chapter.
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4.5 An alternative method

Depending on the speci�c working point and of σxx,b that we chose, ∆µt(νt) may
show slight variations. However, for a �xed B-�eld the anomalous features always
occur at the same position . To better clarify that our results are not a�ected by
the choice of σxx,b, we carried out further measurements without using the feed-back
technique. At a �xed magnetic �eld, we scan both Vt and Vb and map out the
position of QH states. The boundary of a certain QH state in this (Vt, Vb) plane
mark directly the chemical-potential evolution. Similar measurements were recently
done on a graphene bilayer system [105]. No anomaly was observed there.

Fig. 4.10(a) and (c) provide an overview of the conductances as a function of Vt

and Vb. The results demonstrate that the top and bottom layers act equivalently.
Zigzag behavior appears on both �anks of the conductance when the system enters
the QH regime. Overall, two shifting trends can be observed for the QH states.
Here we focus on Fig. 4.10 (a). The top layer serves as the sensing layer while the
bottom layer is under investigation. Eq. (4.1) and Eq. (4.2) can be readily adapted
to this situation by exchanging the indices t and b. We focus on the position of the
QH state at νt = 4/3. Horizontally, this QH state shifts to higher Vt when Vb is
ramped up from around -0.2 V to -0.1 V or from 0.05 V to 0.15 V (black arrows in
Fig. 4.10 (a)). In these two parts, σxx,b is not yet reaching zero (see Fig. 4.10 (c))
and µb decreases with increasing Vb. This decrease of µb is equivalent to applying
a negative gate voltage relative to the top layer. Higher Vt is thus necessary to
compensate and �x the density (nt). On the other hand, µb increases as the bottom
layer enters the QH state at νb = 1. Consequently, less Vt is necessary to reach the
same density for the top layer. The position of the QH state at νt = 4/3 therefore
shifts to lower Vt (white arrow in Fig. 4.10 (a)). On top of this general trend, non-
monotonic behavior can be clearly observed. This is even better seen in the zoom-in
in Fig. 4.10 (b). Within the voltage range of Vb where σxx,b drops to zero, νt = 4/3
shows again three sections shifting to lower Vt connected by two sections moving in
the opposite direction. Accordingly, ∆nt changes in a zigzag manner. One can again
interpret from ∆nt the chemical evolution in the bottom layer. This measurement
corroborates the results from the feed-back experiment.

The chemical potential evolution of one of the layers can be determined from
the equi-conductance curves of the opposite layer. In Fig. 4.10 (e), we present one
such equi-conductance curve taken from the bottom layer. The shift of this curve in
the Vb axis�∆Vb again re�ects the chemical potential change in the top layer�∆µt.
Fig. 4.10 (f) shows another equi-conductance curve obtained at the same B-�eld but
for a higher top gate voltage range where IQH state at νt = 2 manifests itself. We
observe similar anomalous features around νt = 2.

As a �nal note, we provide the same conductance plot taken at B = 0.3 T
in Fig. 4.11. The irregularities appear for all the QH states of the bottom layer
(re�ected by the conductance of top layer).
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Fig. 4.10: (a)�(d) Color rendition
of the conductance of the top (bot-
tom) layer as a function of Vt and Vb

at B = 1.8 T. The white curves are
the equi-conductance lines from the
opposite layer. They re�ect di�erent
directions of the change of the den-
sity in the sensor layer correspond-
ing to the state (compressible or in-
compressible) of the sample layer.
Blow-ups of the regions highlighted
by the white rectangles are shown
on the right: (b) and (d). Wiggles of
the sensor layer are clearly visible in
the QH regime of the sample layer.
(e) and (f) Blue: equi-conductance
curves taken around νt = 1 and
νt = 2 at B = 1.8 T. (e) is taken
in the region: Vt ∈ [−0.1, 0.1] V,
Vb ∈ [0, 0.07] V from (c). Black:
corresponding conductance values in
the top layer taken at the positions
(Vt, Vb) where the equi-conductance
trace lies.

Fig. 4.11: Conductance of the bot-
tom layer as a function of Vt and Vb

at B = 0.3 T. The pink curve shows
the conductance of the bottom layer
as a function of Vb.
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Fig. 4.12: (a) Conductance as a function of the magnetic �eld B. Inset illustrates the
measurement principle. The position of the quantum Hall states shifts to either higher
or lower B depending on the density change. (b) Conductance change in the bottom
layer as a function of the �lling factor of the top layer at two temperatures. The
change in σxx,b re�ects the chemical potential variation in the top layer. Curves are
vertically o�set for clarity. (c) This panel shows the derivative of the conductance. It
more clearly shows the anomalous evolution of the chemical potential. (d)(e) Bottom
layer conductance and its derivative plotted against the �lling factor of the top layer
at di�erent temperatures but a �xed B-�eld (B = 1.4 T). Curves are vertically o�set.
The bottom panels show the corresponding quantum Hall plateau of the top layer.

4.6 Temperature dependent study

Further evidence is gathered from the temperature dependent measurement (Fig. 4.12).
Here we choose to stay at a �xed Vb and measure σxx,b in response to a the chang-
ing µt (induced by increasing Vt) (see Fig.4.12 (a)). Di�erent from the feed-back
technique, one measures the conductance change σxx,b at both a �xed B-�eld and a
�xed backgate voltage Vb. Once the chemical potential in the top layer increases, it
induces a density increase in the bottom layer. The quantum Hall states therefore
would shift to higher B-�elds (Inset to Fig. 4.12 (a): black to red). Consequently,
the conductance σxx,b at the lower B-�eld �ank near a quantum Hall plateau in-
creases. Likewise, a decrease in the chemical potential of the top layer induces a
drop of σxx,b on this �ank near the quantum Hall plateau (Inset to Fig. 4.12 (a):
black to blue). In general, one can interpret the chemical potential evolution in the
top layer simply from the conductance variation of the bottom layer. This tech-
nique works, however, only in a limited range due to its changing sensitivity. In the
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Fig. 4.13: Filling factor position ∆ν =
(ν − 1) of the anomaly plotted as a func-
tion of temperature at B = 1.4 T. ∆νp
and ∆νv represent peak and valley posi-
tions of the anomaly as illustrated by the
inset.

experiment, we selected the range of the conductance such that the regions where
anomalies appear correspond to high sensitivity. We emphasize that ∆σxx,b is not
linearly proportional to ∆µt. Nevertheless, we use this simpli�ed approach to check
the strength and the �lling factor position of the anomalies.

By raising the temperature up to 300 mK, the anomalies become less and less
distinguishable although the ν = 1 QH state still shows a wide plateau. This
temperature dependence behavior underlines the fragile nature of the WC. As the
conductance plateaus shrink at higher temperatures, the position where the anomaly
occurs moves closer to the center of the QH state. We take the derivative and plot the
peak and valley positions of the anomalies in Fig. 4.13. This behavior was observed
on the electron solid in the quantum limit by the microwave experiments [3, 4]. It
indicates that the WC at higher ∆ν has a lower melting temperature [127].

4.7 Hysteresis

Ho et al. observed strong hysteresis e�ects [123] in their bilayer samples with an
interlayer spacing of 50 nm. They argue that is is caused by the non-equilibrium cur-
rent (eddy current). On the other hand, the charge redistribution due to one of the
layers entering the QH states also results in a prominent hysteresis e�ect [128�130].
The expected hysteresis loops induced by these two e�ects are drawn schematically
in Fig. 4.14 (a)(b). Here we assume that we choose the working point of the bottom
layer such that ∆σxx,b ∝ ∆µt. This working point is on the lower B-�eld (higher
Vb) side near the QH plateau (similar to the point illustrated in Fig.4.12 (a)).

We have carefully checked our data and safely exclude hysteresis as the pos-
sible cause of the anomaly observed here. Fig. 4.14(c)�(e) are our results. For
Fig. 4.14 (e), a di�erent sample was used where the working point was chosen such
that ∆σxx,b ∝ −∆µt.
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Fig. 4.14: (a)(b) Schematic draw-
ings of the expected hysteresis ef-
fects caused by the charge redistri-
bution and the eddy current respec-
tively. Black and blue: conductance
traces of the bottom layer in the
two sweeping directions of Vt. Dot-
ted: conductance trace of the top
layer. (c)�(e) display the experi-
mental results. At a low magnetic
�eld B = 0.3 T (c), no hystere-
sis can be observed. (b) At B =
1.8 T, small hysteresis loops develop
near the region where the anoma-
lous features manifest themselves.
(e) Conductance traces taken from
another Corbino sample with di�er-
ent sweeping rates. The hysteresis
is suppressed at low sweeping rate
whereas the anomalous features re-
main.

At low magnetic �elds the two curves taken from di�erent sweeping directions
simply overlap whereas the anomalous features are clearly visible in the center of
each quantum Hall state (see Fig. 4.14 (a)). At high magnetic �elds, slight hysteresis
e�ects exist but are not responsible for the anomaly. This reasoning is based on
two observations. (1) The small hysteresis loop only appears in close vicinity to
the anomalous features. In contrast, either the charge redistribution or the non-
equilibrium current always causes a full hysteresis loop (see Fig. 4.14 (c)(d).) In
fact, from the delay behavior we can conclude that the small hysteresis is caused by
lagging of charge transfer; (2) Decreasing the sweeping rate further suppresses the
hysteresis e�ect, whereas the anomalous features are enhanced (see Fig. 4.14 (e)).
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4.8 Conclusion

In conclusion, we have developed a sensitive technique to measure the chemical
potential of a 2DES. We observed two kinks in the chemical potential evolution
that are symmetrically residing around integer �lling factors ν = 1 and ν = 2. We
attribute these features to the WC formation. They disappear rapidly at elevated
temperature.
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Chapter 5

Using graphene as a sensor

We propose to use graphene to study the surface states in 3-dimensional topological
insulators (3D-TI). Speci�cally, graphene detects the electric �eld that penetrates
through a 3D-TI. This penetration �eld re�ects the density of states of the surface
state in the 3D-TI. Graphene can be a sensitive electrometer due to the following
three aspects: 1, the resistance of graphene changes sharply when its Fermi level
approaches the charge neutrality point. In this regime, even small variations in the
environmental electrostatic potential near graphene would induce a large electric
response. 2, graphene exhibits Dirac peak even at room temperature. This basically
means that our measurement can be carried out in a wide temperature range from
millikelvin upto 300 K. 3, graphene can be easily prepared and transferred onto a
3D-TI. It allows us to achieve close proximity between graphene and its probing
object to enhance the measurement sensitivity.

After outlining the measurement principle, we point out that our envisaged
graphene/TI device can be achieved by using currently available techniques. We can
either stack graphene onto the TI or vice versa. Preliminary experiments are carried
out on a graphene/Al2O3/Bi2Se3 device. In the end, we discuss two more devices
fabricated by the transfer technique: (1) graphene/h-BN; (2) Bi2Se3/Al2O3/Bi2Se3.

5.1 Topological insulator/graphene hybrid systems

The surface state on a 3D-TI is essentially a 2D electronic system with carriers fol-
lowing a Dirac-like dispersion [45]. For a 2DES, the magnetic �eld can transform the
continuous density of states into discrete Landau levels. Due to its linear dispersion
near the Dirac point, the topological surface state under a perpendicular B-�eld
exhibits Landau levels with nonequal spacings. This unique sequence of Landau
levels has been directly con�rmed by scanning tunneling microscopy which probes
the density of states locally [131,132].

As the sample quality keeps improving, magnetotransport starts to reveal quan-
tum oscillations as a result of the emergent Landau levels [78, 133�136]. However,
the nature of these oscillations remains elusive as a trivial 2DES can also form on
the surface due to band bending [137]. The major challenge however is the presence
of a conductive bulk. This conduction comes from impurities and vacancies in the
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Fig. 5.1: (Left) Resistance of graphene as a function of gate voltage VTI (here the
TI serves a backgate to graphene). The chemical potential change in TI ∆µTI can
shift the Dirac peak of graphene by ∆VTI . At a �xed VTI , ∆µTI would induce a
noticeable change of the resistance. (Right) Schematic drawing of the graphene/TI
hybrid system with the measurement circuit.

bulk. In transport, both the surface as well as the bulk contribute simultaneously.
Properties of the surface states alone have to be extracted by �tting the data to
models. A capacitance measurement has the advantage of coupling primarily to the
surface state. A standard capacitance measurement has been tried recently [138].
Quantum oscillations were observed but their origin remains controversial. The
oscillations only appeared when the ac-frequency is higher than 10 kHz. As an im-
proved scheme, we propose to replace the normal metal gate used in the capacitance
measurement by a monolayer of graphene to enhance the sensitivity. In the follow-
ing, we outline two measurement schemes aiming at studying either the top or the
bottom surface of a 3D-TI.

5.1.1 Graphene on top of TI

Fig. 5.1 displays the system that we envisage to measure the chemical potential of the
TI top surface. The TI is a micrometer sized �ake prepared either from mechanical
exfoliation or by the van der Waals epitaxial growth method [78]. It sits directly
on top of a SiO2/Si substrate with a SiO2 thickness of l. After contacting the TI
and putting a conventional insulator (d) to cover its surface, we transfer a graphene
�ake on top. This graphene �ake is then contacted for transport studies. The
electrochemical potential di�erence between the Si-backgate and the TI is Vg −VTI .
By changing Vg − VTI , one adds electrons to or withdraws electrons from the TI.
A fraction of this density change occurs in the top surface state: ∆nTI and the
chemical potential of this surface state changes accordingly:

(∆Vg −∆VTI) → ∆nTI → ∆µTI . (5.1)
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Fig. 5.2: Sketch of the measurement setup to determine the chemical potential evolu-
tion at the bottom surface of the 3D-TI. The 3D-TI is grown on a h-BN �ake. Together
they are transferred onto a graphene monolayer which itself has been deposited onto
a h-BN �ake.

We now turn our attention to the coupling between graphene and the TI. The
electrostatic potential di�erence (e∆VTI +∆µTI −∆µG) between these two systems
generates an electric �eld ETI,G. It terminates in graphene and due to Gauss' law
the induced charge in graphene (enG) is equal to εETI,G. Canceling out the electric
�eld, we arrive at:

∆µTI

e
+∆VTI =

∆µG

e
+

e∆nG

ε
d. (5.2)

If we keep ∆VTI = 0, then ∆µTI which is caused by ∆Vg would directly a�ect
the chemical potential as well as density of graphene. Usually this induced change in
graphene is minuscule as ∆µTI itself is small. However, this in�uence gets ampli�ed
when graphene is near its charge neutrality point (See Fig. 5.1 (Left)). The resistance
of graphene changes signi�cantly even if ∆µTI only varies slightly.

If one assumes the shape of the Dirac peak is the same only its position has
shifted, then one can use the resistance change to calculate the shift ∆VTI . Another
more straightforward way is to sweep VTI while keeping Vg − VTI �xed and check
the new Dirac peak position (Fig. 5.1 (Left)). In both cases, we determine ∆µTI

from ∆VTI using the following expression:

∆µTI = −e∆VTI . (5.3)

5.1.2 TI on top of graphene

Recently, Gerhing et al. succeeded in growing Bi2Te2Se on h-BN �akes [78]. They
observed quantum oscillations originating from a high mobility 2DES in the bottom
surface. This success was attributed to the atomic �atness of h-BN. We therefore
would like to study the bottom surface. To do so, we need to stack a 3D-TI onto
graphene. Fig. 5.2 (Right) shows our proposed structure. From bottom to top, we
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start with a SiO2/Si substrate. We exfoliate a h-BN �ake on the substrate. This
is followed by the transfer of a monolayer graphene. Finally, we transfer the 3D-TI
grown onto h-BN to cover the center of the graphene �ake. Both the graphene �ake
and the 3D-TI are contacted. This geometry has two advantages. First of all, we can
achieve better sensitivity as graphene on h-BN exhibits generally higher transport
quality than graphene on SiO2 [73]. Secondly, it is known that the TI surface
becomes highly doped once exposed to air or even vacuum for some time (due to the
migration of Se vacancies to the surface) [139]. We transfer the TI together with its
substrate�h-BN. The TI bottom surface is naturally protected during all processing
steps.

Fig. 5.2 shows the measurement circuit. We focus on measuring the transport
properties of graphene while treating the TI as a top gate. The in�uence of the
backgate and the TI on the graphene is described by the following equation:

eVg +
d1
d2

eVTI −
d1
d2

µTI =
d1 + d2

d2
µG +

e2d1
ε

nG. (5.4)

Here, it was taken into account that the TI top gate has a �nite density of states. To
determine the chemical potential of the TI, the Dirac peak of graphene is monitored
as a function of Vg and VTI . The position of this peak in a Vg-VTI plot indicates where
∆nG = 0 and the chemical potential variation in the TI can be readily calculated
from Eq. (5.4) as:

∆µTI =
d2
d1

e∆Vg + e∆VTI . (5.5)

Here, we have used that ∆µG = 0 if ∆nG = 0.
We point out that the density change in the TI needs to be addressed in a sep-

arate experiment. The techniques described here allows to determine the chemical
potential evolution of the TI surface state. In the end, however, we would like to
plot ∆µTI as a function of density nTI . The term nTI cannot be simply deduced
from the capacitive coupling between the TI and a metal gate. The complication
comes from coexistence of a conductive bulk which serves as a charge reservoir. The
gate voltage to the TI induces charges at the surface but also in the bulk. To de-
termine the surface state charge density, magnetoresistance oscillations or the Hall
resistance of TI needs to be measured for each gate voltage.

5.2 Nanomembrane transfer technique

The proposed structure in the previous section requires the stacking of nanomem-
branes with µm-precision. The transfer technique is illustrated in Fig. 5.3. The
transfer of the TI �ake involves a wet transfer method. The TI is usually epitaxially
grown on a SiO2/Si substrate [78]. Starting with such a layer on SiO2/Si, a PMMA
�lm is spin coated to cover the whole substrate. After baking the PMMA �lm, the
sample is put in water for 2 hours at 90◦C. This heating process softens the PMMA
�lm and partly detach it from the substrate. The adhesion between the TI and the
PMMA �lm turns out to be stronger than between the TI and the substrate. By
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Fig. 5.3: Schematic illustration of the nanomembrane transfer. (a)(b) Two tech-
niques to prepare a thin �lm that carries the �ake to be transferred. (c) Sketch of the
positioning stage.

careful peeling with a tweezer, the PMMA �lm can be removed together with the
TI (highlighted in red in Fig. 5.3 (a)). This peeling proceeds in water. Due to its
hydrophobic nature, the PMMA �lm �oats on the surface of water once it has been
completely detached. This �lm can then be �shed out for transfer.

To transfer graphene onto the TI or h-BN �lm, we employ a dry transfer tech-
nique instead. It is essentially the same method reported in Ref [73]. A water
soluble PVA �lm is �rst spin-coated on the substrate followed by a PMMA �lm.
We exfoliate graphene directly on PMMA and let the whole sample �oat on water
afterwards. As the PVA dissolves, the substrate sinks down while the PMMA �lm
covered with the graphene �akes �oats on top of the water. The advantage of this
technique is obvious. The membrane is kept dry and no strain builds up.

Next, the nanomembranes (either the TI or graphene) on the PMMA �lm are
anchored either on a glass plate or a transparent plastic foil with a hole in the center
(represented by the white rectangles in Fig. 5.3 (c)). We then �x this frame and
approach the target to the nanomembrane. By adjusting the X-Y-Z position of the
target with piezoelectric motors under a microscope, high precision for positioning
can be achieved and the nanomembrane can be successfully stacked onto the tar-
get. After the transfer, the sample is baked to assure good adhesion between the
transferred nanomembrane and the target. The PMMA �lm is lifted o� in cold
aceton.
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Fig. 5.4: (a)(b) Optical images of a multilayer graphene �ake transferred onto a
Bi2Se3 �ake. The two electrodes shown in (a) only contact the TI. A 10-nm thick
Al2O3 layer exists between the TI together with the two electrodes and the graphene
�ake. (b) Graphene �ake contacted by another pair of contacts. (c) AFM image taken
before etching and contacting the graphene �ake. (d) Sketch of the device with the
measuring circuit. (e) Two-terminal voltage drop across graphene as a function of gate
voltage applied to the TI.

5.3 Graphene/Al2O3/Bi2Se3

We fabricated a graphene/Al2O3/Bi2Se3 device to investigate the chemical potential
evolution of the topological surface state. The Bi2Se3 �ake was grown by the van der
Waals epitaxial growth method [78]. After contacting this TI with two electrodes,
a 10-nm thick Al2O3 layer was deposited. This was followed by the transfer of
a multilayer graphene which overlapped the Al2O3-covered TI (Fig. 5.4 (a) and
(c)). The non-overlapping region of the graphene was further etched away and two
electrodes were evaporated to contact the remaining graphene (see Fig. 5.4 (b)).
This �nished device is schematically presented in Fig. 5.4 (d).

As a preliminary test, we passed an ac current through graphene and recorded
the voltage drop Vg,ac as a function of the dc gate voltage applied to the TI (see
Fig. 5.4 (d)). The result is displayed in Fig. 5.4 (e). Vg,ac drops down when VTI

deviates from zero. The two �anks where the voltage drops quickly can be used for
the chemical potential measurement. This measurement was done at room temper-
ature. Better sensitivity can be achieved once the sample is cooled down and the
Dirac peak of graphene becomes more prominent. Further improvement involves
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Fig. 5.5: Fabrication steps of a graphene/h-BN device. (a) BN �ake on the SiO2/Si
substrate. (b) Graphene transferred onto BN. (c) PMMA on graphene/h-BN patterned
by e-beam lithography to protect �at regions for further contacting. (d) After etching,
the area with bubbles and wrinkles has been removed. BN has also been slightly etched
thus possessing darker color than the un-etched region. (e) Second e-beam lithography
process de�ning the region for contacts. (f) The complete sample.

using a monolayer graphene.

5.4 Other devices prepared by the transfer tech-

nique

5.4.1 Graphene/h-BN

To investigate the bottom surface of the TI, we propose to use a graphene/h-BN
device as the sensor. Fig. 5.5 displays the key fabrication steps towards preparing
such a graphene/h-BN system. With the present technique, it seems unavoidable
that bubbles and wrinkles in graphene appear after the transfer. It is necessary to
cut out the �at area for further investigation. After the transfer (see Fig. 5.5 (b)),
several bubble-free areas are identi�ed for patterning and contacting.
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Fig. 5.6: (a) Evolution of the Dirac peak after each current annealing step. Curve
1, 2, 3 were taken after the annealing procedure indicated by the same number in
(b). R2pt was determined at a constant dc bias of V2pt =0.5 mV. By sweeping the
backgate voltage VBG, we monitored the current I through graphene and calculated
R2pt = V2pt/I. Note that the current we drove through the sample for measuring R2pt

was around 100 µA. This means that the electronic temperature was much higher
than the bath temperature (4.2 K). (b) Hysteresis loops of drain current as a function
of bias voltage during current annealing. For the �rst sweep, the compliance of the
instrument was set to 1 mA.

Measurements on the Hall bar region of this sample are summarized in Fig. 5.6.
The transport studies were carried out with the sample cooled down to 4.2 K in
liquid helium at B = 0 T. Just loaded, the graphene device was highly p-doped as
can be seen from the red curve in Fig. 5.6 (a). We then tried to clean the sample
by driving a large current through the sample [74, 140]. We gradually ramped up
the source-drain voltage and monitor the current through graphene (see inset to
Fig. 5.6 (b)). The large current can locally heat up the sample to signi�cantly higher
temperatures. This heating process changes the transport properties of graphene.
Two mechanisms are held responsible for these changes [140]. By heating up the
graphene, one can directly remove/"evaporate" some of the contaminants. Secondly,
at large current there exists a large temperature gradient in graphene. Dirt migrates
away from hot areas and clusters at cold sites. As contaminants are displaced by
either of the two mechanisms, the resistance of graphene changes. Sweeping V2pt up
and down can generate a hysteresis loop (Fig. 5.6 (b)).

We observed improved quality of graphene after two current annealing steps. The
Dirac peak shifted from VBG > 30 V down to 20 V and then to 6 V (see Fig. 5.6 (a)).
Meanwhile, the width of the peak which characterizes the charge �uctuations also
shrank. However, after the third annealing, the transport became worse. The resis-
tance curve became severely asymmetric. Also, multiple peaks emerged. Random
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movements of the contaminants resulted in several regions in graphene with di�erent
densities and mobilities. The transport therefore deteriorated.

5.4.2 Bi2Se3/Al2O3/Bi2Se3

The top and bottom surfaces of a TI have opposite helicities. Questions arise if
one can unveil such a spin-momentum locking from a transport measurement. Per-
shoguba and Yakovenko proposed to study the tunneling from the top surface to the
bottom surface with an in-plane magnetic �eld applied [141]. Due to the in-plane
magnetic �eld, the Fermi circle of the bottom surface shifts by a momentum q rel-
ative to the Fermi circle of the top surface (see inset of Fig. 5.7 (a), for simplicity
we assume two identical Fermi circles.). A semiclassical explanation for the momen-
tum di�erence is based on the Lorentz force the electron experiences when it travels
from the top to the bottom surface: F = evB//. Moving a vertical distance of d, an
electron gains the momentum:

q =

∫
Fdt =

∫
evB//dt = eB//d. (5.6)

For a system with no spin-locking, increasing the in-plane magnetic �eld results
in a sharp drop of the interlayer tunneling followed by an upturn. This behav-
ior has been experimentally observed in GaAs bilayer systems [142]. Interestingly,
Pershoguba and Yakovenko noticed that the interlayer tunneling for a topological
insulator is fully suppressed at the very start when B// = 0 T. This suppression
is due to the spin blockade. Electrons that have the same momentum on the two
surfaces occupy opposite spins. The inter-surface tunneling would require a spin-
�ip process which is exponentially suppressed at low temperatures. By applying an
in-plane B-�eld, one gradually increases the tunneling. At the resonant condition
where q = 2kF , Fermi circles touch at a single point where they share the same
momentum and spin. The spin-�ip process is no longer necessary and the interlayer
tunneling gets greatly enhanced.

The theoretical proposal involves the tunneling within one topological insulator.
However, opposite surfaces in a TI are quite often electrically connected due to either
the surface states on the edges or the conductive bulk. Carrying out an interlayer
experiment in a single TI is not feasible at the moment. Nevertheless, one could
study the tunneling in a stacked TI/I/TI system with the help of nanomembrane
transfer technique. We fabricated such a TI/I/TI device as shown in Fig. 5.7 (b)
using the wet transfer (Fig. 5.3 (a)). After contacting the �rst TI �ake (bottom one),
we covered the whole substrate by a 5 nm thick Al2O3 layer. We then transferred
another TI �ake on top of the �rst piece. The fabrication was completed by the
deposition of a second batch of contacts to the top TI.

We carried out preliminary measurements on our device at 1.2 K. The strong
spin-orbit coupling of the TI is manifested by the weak anti-localization e�ect [143,
144] shown in Fig. 5.7 (c). At B = 0 T, we also studied the interlayer conduction.
As can be seen in Fig. 5.7 (d), this interlayer tunneling is strongly suppressed in
the bias voltage range from -3 to 3 V. However, this suppression is not necessarily a
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Fig. 5.7: (a) Theoretical expectation for the interlayer conductance as a function of
the momentum change q induced by an in-plane magnetic �eld (adapted from ref [141]).
kF is the Fermi momentum. The red trace corresponds to a TI system and the black
trace represents a conventional bilayer system without spin-momentum locking. The
two Fermi circles are sketched within the panel as black and blue circles. Solid arrows
on the circle mark the helicity of the two surfaces of a TI. (b) Optical image of
a TI/I/TI device fabricated by the transfer technique. Cartoon representations of
the two TI �akes are shown in the insets to (c) and (d). (c) Magnetoresistance of
the bottom TI demonstrating the weak antilocalization e�ect. (d) Interlayer current
versus bias voltage at B = 0 T. Data in (c)(d) were collected at 1.2 K.

result of opposite helicities in the two surface states. With di�erent densities in the
two TI �akes, Fermi circles of TI surfaces may not overlap. This results in the same
phenomenon observed here. Further investigation would require the introduction of
an in-plane B-�eld.

Challenges remain in improving the quality of the TI. The theoretical calcula-
tion [141] assumes two identical Fermi circles with a relatively low Fermi energy
EF = 30 meV. Even in this case, a magnetic �eld of 20 T is required to see the
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enhanced tunneling (taking an interlayer distance of 5 nm). The materials we cur-
rently use typically have a EF ten times larger than the value used in the estimate
above. This high energy would correspond to an unreachable magnetic �eld for the
enhanced tunneling at q = 2kF . Nevertheless, it is still of interest to con�rm a grad-
ual enhancement of the interlayer conductance in a TI/I/TI system as a function of
B∥. Other possible investigations on such a TI/I/TI system include Coulomb drag
experiments between two surface states.
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νtot = 1 quantum Hall state
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Chapter 6

Quantum Hall bilayer systems

6.1 Introduction

In two closely spaced 2-dimensional electron systems (2DES), a condensate of electron-
hole pairs [145] forms when both layers are at half �lling and the interlayer Coulomb
interactions (e2/d, d is the layer separation) become comparable to the intralayer
Coulomb interactions (e2/lB, lB is the magnetic length). This excitonic condensate
manifests itself in transport as an incompressible quantum Hall (QH) state [41,42] at
total �lling factor νtot = νt + νb = 1 with Hall resistance quantization and vanishing
longitudinal resistance.

We show in Fig. 6.1 typical transport results from a bilayer system and compare
it to a single 2DES. The single 2DES exhibits standard quantum Hall states with
both integer and fractional �llings. The bilayer system here consists of two 2DESs
with the same densities. As we measure the two layers together, the quantum Hall
states re�ect the total �lling factors. One sees that for the bilayer system all integer
and fractional quantum Hall states have even numerators with one exception: the
νtot = 1 QH state.

A plethora of interaction phenomena has been unveiled at νtot = 1. For exam-
ple, the interlayer tunneling bears striking resemblance to the I-V characteristic of
a Josephson junction. [121, 146, 147] A Goldstone mode coming from the sponta-
neous breaking of the U(1) symmetry has been con�rmed. [148] In transport, the
existence of excitonic super�uidity at νtot = 1 has been uncovered in a counter-�ow
con�guration. [149�151]

Intensive e�orts have been devoted to investigate the energy gap of the νtot = 1-
QH state. The dependence of the energy gap on charge imbalance [43, 151�154] as
well as on the pseudo- [155] and real-spin [156,157] polarizations has been explored.
Theoretically, it is expected that the νtot = 1-QH state is robust against a charge
imbalance. This robustness has been established in a bilayer hole system by Clarke
et al. [158] Similar investigations have been carried out on bilayer electron systems
with large single-particle tunneling. [153, 154] Excitonic super�uidity, however, was
only demonstrated on electron-electron bilayer samples with negligible single-particle
tunneling. [149�151] Those samples have only been studied in a limited range of
imbalance [43, 151].Therefore, a complete study of the νtot = 1-QH state under
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Fig. 6.1: Magnetoresistances of a single 2DES and a bilayer system. Whereas ν = 1/2
for a single 2DES corresponds to a compressible state, νtot = 1/2 + 1/2 is a quantum
Hall state with quantized Rxy and vanishing Rxx.

charge imbalance in samples hosting most of the exotic phenomena associated with
an excitonic condensate is still lacking. In this chapter, we present transport results
on a bilayer sample with a structure that has produced Josephson-like tunneling [159]
and excitonic super�uidity [122]. The νtot = 1-QH state evolves continuously over
the whole range of charge imbalance.

6.2 Sample

The GaAs bilayer samples we used in Part I have dual gated structures. The metallic
top gate covers the whole 2DES. Although this gate allows us to easily control the
density in the top quantum well, it becomes an obstacle for introducing external
probes onto the sample. Getting rid of the top gate is not straightforward. In
conventional dual-gated bilayers, the electron density in each layer is about 5 ×
1010 cm−2 at zero gate voltage. This relatively high density guarantees good contacts
but a top gate is always necessary for the study of the νtot = 1 state. A negative
voltage has to be applied to reduce the density to the range where the νtot = 1 state
forms.

To free the top surface while keeping the density su�ciently low, we grow wafers
with modi�ed structures (wafer C1001192, C0909101, C1001182). A schematic of the
wafer C1001192 is displayed in Fig. 6.2. The heterostructure is composed of a 200 nm
Si-doped GaAs layer, which serves as the backgate, followed by a 200 nm thick low
temperature grown GaAs layer and a bu�er layer with a total thickness of 1660 nm.
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Fig. 6.2: A sketch of the GaAs/AlGaAs bi-
layer system. There is only one doping layer
which exists between the surface and the top
quantum well.

Two 19 nm GaAs quantum wells separated by a 9.6 nm AlAs/GaAs superlattice
barrier were placed on top of this barrier. The quantum wells were covered by
a 450 nm Al0.23Ga0.77As spacer layer and then a 40 nm Si doped Al0.23Ga0.77As
layer [160]. Finally, a 200 nm AlGaAs layer plus a 20 nm capping layer terminated
the growth. For double quantum well structures, the symmetric-anti-symmetric
subband splitting ∆SAS characterizes the single-particle interlayer tunneling. For
our sample, ∆SAS was estimated to be 150 µK [159].

Hall bars with a width of 400 µm were patterned using optical lithography and
wet chemical etching. Metal contacts to the 2DESs as well as the backgate consist
of a Ni/Ge/Au/Ni alloy. They were thermally evaporated and annealed in forming
gas. The recipes for sample processing are given in the appendix.

Here the doping layer is placed quite far away from the quantum well (Previously
the distance was 300 nm). Also, only one doping layer is inserted. As a consequence,
the top quantum well has an intrinsic electron density (nt) as low as 1.7×1010 cm−2,
whereas the bottom quantum well has no electrons when no backgate voltage is
applied (Vb = 0 V): nl = 0. The disorder potential in the quantum well due to the
inhomogeneity of dopants is reduced signi�cantly. We obtained a sample mobility of
1.1−1.8×106 cm2/V s within the density range: n = nt+nb = 1.7-6.9×1010 cm−2.
Compared to the previous bilayer samples with similar densities, the mobility is
improved by a factor of 2 to 3. Furthermore, the deletion of the doping layer
between the bottom quantum well and the backgate removes hysteresis e�ects when
sweeping the backgate voltage.

6.3 Magnetoresistances versus density and B-�eld

We start by showing the transport results. Standard low-frequency ac lock-in tech-
niques were employed with a 1 nA ac-current oscillating at 8 Hz. By increasing
the backgate voltage (Vb), we were able to tune the system from a single layer to
a bilayer. A color rendition of the longitudinal resistance in the density (n) versus
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Fig. 6.3: Color rendition of the longitudinal resistance Rxx as a function of magnetic
�eld B and backgate voltage Vb. On the bottom axis also the total density n has been
plotted. Total �lling factors νtot are denoted in white numbers. They are determined
from the height of the QH plateaus in the Rxy traces. The QH state at νtot = 3/5+2/3
corresponds to νt = 3/5 and νb = 2/3. Dotted (dashed) lines mark theB-�eld positions
where the upper (lower) layer is expected to condense in a quantum Hall state. Lines
are plotted for νt,b =1/3, 2/3, 1, 4/3, 2 and 3. They were theoretically calculated
with two �tting parameters. Solid lines highlight the region where ν = 1. Gray color
marks the same ν = 1 region but at 850 mK with the arrow indicates the bending of
the νt = 1 QH state.

magnetic �eld (B) plane is plotted in Fig. 6.3. We focus on the νtot = 1 QH state
�rst and explain other features in the end of this section.

The νtot = 1 QH-state is unique, since it is the only incompressible state evolving
continuously along a straight line from the single layer to the bilayer QH state with-
out any interruption, i.e. it survives independent of the degree of charge imbalance.
Other QH states do not possess this property. The regions where the Hall resistance
plateau is at h/2e2, for example, are separated by high resistance regions. In the
region where B ∈ [1, 2] T and Vb ∈ [0.4, 0.7] V, the ν = 1 QH state is drastically
enhanced. Both the longitudinal resistance minimum as well as the Hall plateau
extend over a much wider range of the magnetic �eld. The single wide plateau
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Fig. 6.4: Rxy and Rxx with in-
creasing temperature at Vb = 0.6 V.
νt = 1 and νtot = 1 quantum Hall
states are better distinguished at
high temperatures.

indicates a large number of localized states in this region. Temperature dependent
transport studies suggest that both the single layer νt = 1 QH state and the bilayer
νtot = 1 QH state induced by interlayer correlations are simultaneously present. At
elevated temperatures, the region where Rxy = h/e2 has shrunk and the νtot = 1
QH state can be distinguished more easily from the νt = 1 state. This coexistence
is illustrated in Fig. 6.3 (a) by the gray region obtained at 850 mK and in Fig. 6.4
as single line traces at a series of increased temperatures.

At still higher backgate voltages (around Vb = 1.04 V), when both layers are
nearly equally populated, all integer and fractional quantum Hall states have even
numerators with one exception: the νtot = 1 QH state. Fig. 6.1 shown at the
beginning of this chapter compares the transport curves at Vb = 0.3 V and Vb =
1.04 V. By adding electrons to the bilayer system, the ratio d/lB increases and
the intralayer interactions become more dominant. The energy gap closes and the
system starts to behave more and more as two separate layers. Eventually the
νtot = 1 QH-state collapses. Concomitant with the disappearance of the νtot = 1 QH
state, regions with low resistance emerge in the close vicinity of νtot = 1 (upper right
corner of Fig. 6.3), but it is di�cult to assign speci�c fractional �lling factors. We
show in Fig. 6.5 the transport traces around this region. The low resistance region
(region I in Fig. 6.5) centered around (B = 2.5 T, Vb = 1.35 V) is accompanied
by a plateau in the Hall trace but with a value slightly higher than the plateau at
νtot = 1 (the di�erence is about 500 Ω). For the regions at either higher magnetic
�elds or higher gate voltages, the Hall traces do not show any pronounced plateaus
(region III in Fig. 6.5).

We explain some additional features observed in Fig. 6.3. Up to Vb = V0
∼=
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Fig. 6.5: Magnetoresistances plot-
ted against the B-�eld in the high
backgate voltage range. I, II, and III
mark three regions with Rxx min-
ima. Region II corresponds to the
νtot = 1 QH state.

0.5 V (marked on the top axis), the system behaves as a single layer and the QH
states shift linearly to higher B-�elds with increasing backgate voltage. There are
two reasons why electrons cannot be �lled directly to the bottom quantum well
in this range of positive gate voltages. We display a schematic of the conduction
band pro�le for the case Vb < V0 in the inset of Fig. 6.6. To occupy the second
quantum well, the band bending needs to be overcome in order to achieve alignment
among the lowest subbands of the two quantum wells. This alignment occurs at
approximately Vb = V0. Since we are operating at low carrier densities, the 2DES
possesses negative compressibility [94]. Hence not only electrostatic band bending,
but also the reduction of the chemical potential while adding electrons to the top
quantum well needs to be compensated in view of the negative compressibility before
the subbands of the adjacent quantum wells align. We illustrate this point by
drawing the Fermi level below the lowest subband level of the quantum well.

When the bottom quantum well becomes populated, Fig. 6.3 shows that the
QH states associated with the top layer drop to lower magnetic �eld values. This
bending is most pronounced in the region Vb = 0.5�0.6 V. This too is a signature of
negative compressibility. The density in the top layer decreases and is transferred
to the bottom layer because it is energetically more favorable to occupy the bottom
layer with a larger density [152, 161�163]. This can also be viewed as a result of
overscreening of the lower 2DES, so that the number of electric �eld lines reaching the
top layer decreases. This electron interaction e�ect can be modeled by considering
two ideally thin 2DESs with their energy in the Hartree-Fock approximation.

In case the bottom layer is completely depleted, the negative compressibility has
little in�uence on the density in the top layer. The density scales almost linearly
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Fig. 6.6: Calculated densities versus
backgate voltages. Density of the top
layer drops when one starts to populate
the bottom layer. Inset displays the en-
ergy band pro�le. Three panels illustrate
the situations at di�erent gate voltages.

with Vb. When both layers are occupied, the equation for modeling the bilayer is as
follows [94]:

ent =
ε

l1
Vdop +

ε

d

µb

e
− ε(l1 + d)

l1d

µt

e
. (6.1)

Vdop is a �tting parameter used to characterize the intrinsic electron density when
all applied voltages equal zero. For the curves plotted in Fig. 6.3 and Fig. 6.6, we
used Vdop = 0.178 V. Eq. (6.1) re�ects that the charge density in the top layer is
determined by the capacitive coupling to the doping layer (�rst term on the right
hand side), the capacitive coupling to the bottom layer (second term), and the
quantum capacitance (third term). The derivation of Eq. (6.1) can be found in
Chapter 3.

We employ the results from the Hartree-Fock approximation to describe the
chemical potential as a function of the electron density:

µi(ni) =
h̄2π

m
ni − 2

√
2

π

e2

4πε

√
ni, i = t, b. (6.2)

Instead of determining nt,b as a function of Vb, we �x the value of nb and calculate
the required Vb. With the help of Eq. (6.2) for i = b we obtain µb. Putting the value
of µb into Eq. (6.1), nt and µt can then be determined by solving Eq. (6.1) together
with Eq. (6.2) for i = t. Based on these results, the required value of Vb is calculated.

If only the top layer is occupied, it is necessary to modify the equations for
the single layer case in order to calculate nt as a function of Vb. Plotting nt and
nb as a function of Vb + 0.335 V (see Fig. 6.6), the theoretical curves �t well with
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Fig. 6.7: Color plots: resistance as a function of B and Vb at three selected temper-
atures. Right panel: Arrhenius plot of the resistance as a function of inverse temper-
ature for selected densities. Numbers indicate the densities in unit of 1010 cm−2.

the experimental data. The o�set voltage 0.335 V is necessary to account for the
band bending e�ect (We linearly extrapolated the calculated data to the region
[0, 0.335] V.).

Having known the density dependence nt = nt(Vb) and nb = nb(Vb), one can
further calculate the B-�eld positions of certain quantum Hall states. The dashed
and dotted lines in Fig. 6.3 are from our calculations. They represent the QH
states for the individual layers. As the two layers enter incompressible ground states
with di�erent �lling factors, a composite QH state appears with the plateau at
Rxy = h/(νt + νb)e

2 where νt and νb are quantum Hall �lling factors of the top and
bottom layers. Our results are consistent with previous observations on a hole-hole
bilayer [152, 158]. For ν ≥ 1, the theoretically calculated position of the integer
and fractional quantum Hall states �t well with the experimental data. The main
discrepancy is the bending point of the trace for νt = 2/3. Also, the trace for
νb = 2/3 deviates from the region where Rxx shows a minimum (B ∈ [2, 3] T,
Vb ∈ [1.0, 1.4] V). It indicates that in the quantum limit our simple model is no
longer satisfactory [164]. One should replace Eq. (6.2) by the formula describing the
ground state energy of electrons in the quantum limit. We will return to this point
in the next chapter.

6.4 Activated transport

We further investigate the temperature dependence of the transport on the bilayer
system. Fig. 6.7 (a) displays the evolution of the resistance with increasing temper-
ature. The stripe of the νtot = 1 region shrinks dramatically. It indicates that the
νtot = 1 QH state at higher density and B-�eld is more fragile. This behavior is
very di�erent from QH states originating from a single layer. Take the stripe corre-
sponding to νb = 2/3 as an example, at 150 mK its resistance minima gets broader
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Fig. 6.8: Energy gaps of the νtot =
1 QH state determined from acti-
vated transport. Blue curve is a
guide to the eye.

and deeper if one follows the arrow in Fig. 6.7 (a). In other words, this FQH state
becomes stronger at higher density.

We extract the energy gap Eg of the νtot = 1 QH state. For a gapped system
showing thermal activation, the resistance minima obey the following expression:

Rxx,min = R0e
−Eg/2kBT . (6.3)

We show in Fig. 6.7 (b) the resistance minima at νtot = 1 as a function of inverse
temperature�T−1 for several densities. The energy gap is obtained from a �t to the
exponential section. The results are summarized in Fig. 6.8.

When the current is sent through both layers, the thermal activation gap at
νtot = 1 is expected to increase parabolically with imbalance at �xed total density,
i.e. d/lB �xed. [43,151] This parabolic dependence is not observed here, because the
total density is not �xed. Here, we go along the B = nh/e line so that not only the
imbalance but also the ratio d/lB is changed.

We de�ne the imbalance as:

∆n

n
=

(n− n0)

n
, (6.4)

where n is the total density at a certain backgate voltage and n0 = 5.53×1010 cm−2

is the total density when the two layers are balanced. This de�nition is a variant
of the one used elsewhere [43,151]. It o�ers a convenient comparison with the data
presented in the literature. Around the balanced point, we have nt ≃ n0/2 and
nb ≃ (n− n0/2) such that ∆n/n = (nb − nt)/(nb + nt).

The νtot = 1 QH-state is strengthened as d/lB decreases. In the range where
∆n/n < 0, increasing the density drives the system to balance and also shifts the
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QH-state to higher B-�elds. The latter causes an increase of d/lB. Both account
for a decrease of Eg. In the region where ∆n/n > 0, the weakening of the interlayer
interactions due to a larger d/lB appears to play a larger role than the stabilizing
e�ect brought about by the charge imbalance. As a result, Eg continues to decrease.

The energy gap Eg at νtot = 1 obtained from thermal activation is large for such
a correlated state. The robustness of the νtot = 1 QH state is also con�rmed by
SET measurements described in the next chapter. Here we point out that in the
balanced case Eg is above 1 K. In the imbalanced case with small d/lB ratio, Eg

even exceeds 6 K (Higher values become di�cult to be determined in a dilution
refrigerator). These values are higher than the previously reported values at similar
d/lB (see Fig. 7.2) [43, 150�152, 157, 165]. This large energy gap is a result of the
improved sample quality.
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Chapter 7

Single electron transistor studies on

a bilayer

We have developed a GaAs bilayer system that can form the νtot = 1 quantum Hall
state by solely tuning a backgate. The formerly indispensable top gate becomes un-
necessary. This advancement allows us to employ established techniques that probe
the quantum Hall state from the surface. Here we employ a single electron transis-
tor (SET) [95] to investigate the local inverse compressibility. In section 7.1, we �rst
characterize the performance of the SETs. The purpose of employing these SETs is
to gain better understanding of the charge excitations of the νtot = 1-QH state. To
prepare the readers, we provide an introduction of the quasiparticles at νtot = 1 in
section 7.2. Relevant transport experiments reported previously are also included.
We then brie�y explain the SET measurement in section 7.3. This is followed by the
compressibility data in section 7.4. In section 7.5, we address the energy gap of the
νtot = 1-QH state. At the base temperature of a dilution refrigerator (20 mK), we
extract the discontinuity in the chemical potential ∆µ for the νtot = 1-QH state. We
compare the evolution of ∆µ with the energy gap Eg determined from thermally ac-
tivated transport studies. Finally, despite the di�culties posed by the deeply buried
low-density bilayer system, we were also able to observe the localization of charged
quasiparticles at νtot = 1 (section 7.6).

7.1 Single electron transistor

In our experiment, the SETs were evaporated on the Hall bar mesa. One SET con-
sists of a 80×500 nm2 aluminum island with tunnel contacts to two aluminum elec-
trodes (Fig. 7.1 (a)). The sub micrometer sized island possesses a tiny capacitance C
such that the charging energy Q2/C exceeds kBT at millikelvin temperatures. One
can therefore resolve the discrete charging of the island at low temperatures. Here
we use the 2DES as the gate and characterize the SET by monitoring the current
passing through it as a function of the bias voltage VSET and the gate voltage V2D.
Fig. 7.1 (b) displays the typical I-V characteristics obtained at T = 20mK, B = 1 T.
Aluminum turns superconducting at a temperature below 1.2 K. We suppress this
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Fig. 7.1: (a) SEM image of the SET and schematic drawing of the measurement
circuit. (b) ISET as a function of V2D and VSET measured at T = 20 mK and
B = 1 T. Color plot illustrates the Coulomb blockade diamonds. (c) ISET vs. VSET

at two di�erent values of V2D. Insets represent the corresponding level diagrams on
the I-V curve. (d) Coulomb blockade oscillations of ISET as a function of V2D at three
di�erent bias voltages.
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superconducting gap by applying a strong magnetic �eld. The I-V characteristics
stay the same at higher B-�elds.

Obviously, ISET oscillates as a function of the gate voltage V2D at small VSET .
This current modulation arises from the Coulomb blockade physics of the small
aluminum island. As sketched in Fig. 7.1 (c), electrons are allowed to �ow through
the SET only if the energy level of the island resides between the source and the
drain levels. At a �xed but low bias, the current can be turned on and o� by
shifting the discrete energy levels as shown in Fig. 7.1 (d) (The seemingly sinusoidal
oscillation is due to temperature broadening.). The SET is a highly sensitive probe
of the electrostatic environment. From Fig. 7.1 (d) we can directly read the change
in the electrostatic potential of the 2DES from the change of the current ISET . We
maximize this reading by choosing a bias which generates the largest amplitude of
the oscillation (VSET = 0.2 mV). The current increases by 0.05 nA when V2D changes
by ∼ 1 mV (from the black dot to the white one). Similar to the chemical potential
measurement discussed in chapter 6, the sensitivity of the SET also varies. The
black dot in Fig. 7.1 (d) indicates the most sensitive working point for this bias
voltage. In the measurement, we again employ a feed back circuit to �x the working
point so the sensitivity is maximized at all times.

7.2 Merons at νtot = 1

Charge excitations at νtot = 1 involve quasiparticles referred to as merons [166�168].
Four di�erent types of merons can be distinguished according to their vorticity
σ = ±1 and the interlayer polarization. Their charge can be expressed as:

e∗ = σνt,be. (7.1)

Direct experimental observations of merons have not been reported. However,
results reported by Wiersma et al. seem to support the existence of those quasi-
particles. They showed that the behavior of the activation energy Eg at νtot = 1
under imbalance depends crucially on which layer the current is driven into. [151]
and which layer is measured. Fig. 7.2 (a) is adapted from their report. In the �rst
experiment, they injected current into only one layer and measured the activated
transport from the opposite layer. This con�guration corresponds to a Coulomb drag
experiment. In the second measurement, they checked the activation at νtot = 1 for
each individual layer. In this con�guration, only the layer under investigation car-
ries the current. As shown in Fig. 7.2 (a), these two experiments yield very di�erent
behaviors. While measuring Eg on a single layer gives rise to an asymmetric depen-
dence with imbalance, measuring the drag resistance results in a parabolic curve of
Eg centered at the balanced point. This parabolic behavior was also observed when
two layers are contacted together [43] (see Fig. 7.2 (b)). These apparently contrast-
ing behaviors were later explained theoretically by Roostaei et al. [167]. If only a
single layer carries current, only two out of the four types of merons are subject to
an external force. They cause dissipation in the drive layer only and the activation
energy depends asymmetrically on the imbalance. In the drag experiment, merons
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Fig. 7.2: (a) Energy gaps as a function of imbalance in an electron-electron GaAs
bilayer (adapted from ref. [151]). (b) Energy gaps as a function of imbalance for two
hole-hole GaAs bilayer samples (from ref. [43])

.

in the top layer have to couple with the merons in the bottom layer. In this case,
dissipation happens in both layers and the activation energy does not depend on the
sign of the polarization. Consequently, a symmetric behavior is expected.

7.3 Measuring principle

The electrostatic equations for the SET measurement have been derived in Chapter
3. We give a more intuitive explanation in this section. Let us �rst consider a
backgated single 2DES. An electric �eld δE2 generated by varying the backgate
voltage pushes charges into or out of the 2D system. Because of the �nite density
of states, this δE2 modi�es the chemical potential by an amount δµ. A part of
the electric �eld δE1 penetrates through the layer and is detected by the SET. δE1

causes a detectable change in the current �owing through the SET (δISET ) when it
is operated at a suitable working point. Therefore, δISET re�ects the change of the
chemical potential in the 2DES through the following chain of quantities:

δµ ⇒ δE1 ⇒ δISET . (7.2)

This change in the chemical potential is related to the backgate modulation δVb

according to the equation

δµ =

(
∂µ

∂n

)(
∂n

∂Vb

)
δVb. (7.3)

Here, ∂µ/∂n is just the inverse compressibility divided by n2. The conversion factor
from δµ to δISET can be determined by calibrating the SET response. To this end,
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Fig. 7.3: A schematic of the sample, the
aluminum SET and the circuitry for the com-
pressibility measurement.

the electrochemical potential of the 2DES (δV2D) is changed directly and the induced
change in the SET current (δISET ) is measured. δISET/δV2D is referred to as the
sensitivity of the SET. Hence, in the experiment, two ac signals are simultaneously
applied (shown in Fig. 7.3): (1) The backgate oscillates with an amplitude δVb at
a frequency fb; (2) The electrochemical potential of the 2D system oscillates with
an amplitude δV2D at a frequency f2D. The induced SET current contains both
frequency components and yields the quantities δISET/δV2D and δISET/δVb. We
de�ne:

η =
δISET

δVb

(
δISET

δV2D

)−1

. (7.4)

We have the following relationship between the measured quantity in experiment η
and the inverse compressibility κ−1 or ∂µ/∂n:

η =
ε

e2lb

∂µ

∂n
=

ε

e2lb

κ−1

n2
. (7.5)

Here, lb is the distance from the backgate to the quantum well, ε is the dielectric
constant. lb can be experimentally obtained by extracting the density from the Hall
resistance or Shubnikov-de Haas oscillations as a function of the backgate voltage.
By measuring η it is possible to determine the inverse compressibility of a single
2DES. The same approach was also employed recently in experiments on bilayer
graphene. [169] Henriksen and Eisenstein [102] also determined the compressibility
of bilayer graphene using a capacitive arrangmenent based on the same principle.

Eq. (7.4) is valid as long as the bilayer acts as a strongly coupled system. For
our GaAs bilayer system, however, the data we present indicates that this condition
is satis�ed only when the νtot = 1 QH-state forms. It demonstrates the strong
coherence of the bilayer at this total �lling factor. The exchange of electrons between
the layers becomes very unlikely out of the coherent regime and the single particle
tunneling is limited by the extremely small ∆SAS. Therefore, inverse compressibility
components for the individual layers are well-de�ned when the system is not in the
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νtot = 1 state. In this case, the backgate controls the density in the lower quantum
well (nb) directly whereas the density variation in the upper quantum well (δnt)
is induced via the interlayer electric �eld (δEint). δEint re�ects the change of the
chemical potential in the lower quantum well (δµb). Writing down the relations
between these quantities, yields:

δISET ∝ δµt =

(
∂µt

∂nt

)
δnt, (7.6)

δnt ∝ δEint, (7.7)

δEint ∝ δµb =

(
∂µb

∂nb

)(
∂nb

∂Vb

)
δVb. (7.8)

One can readily see that by monitoring δISET we measure the product of the two
compressibility components in a bilayer:

η =
δISET

δVb

(
δISET

δV2D

)−1

=
dtdb

lb(d+ dt + db) + ddb
. (7.9)

Here, d is the center-to-center distance between the two quantum wells and di =
ε
e2

∂µi

∂ni
, i = t or b denoting the top or the bottom layer. lb is now the distance from

the back gate to the lower 2DES.
Measurements were carried out with an ac-voltage to the backgate of 10 mV

(about ∼ 4 electrons µm−2 are added and removed again during one cycle), at
1.7 Hz or 1 mV at 11 Hz. The amplitude and the frequency were kept low to
minimize resistive e�ects. [95] Measurements with the larger amplitude δVb = 10 mV
enable us to determine the discontinuity of the chemical potential (∆µ) at νtot = 1.
In order to investigate discrete charging events near νtot = 1 a smaller amplitude
is required to prevent too many simultaneous charging events. We note that the
large distance between the SET and the deeply buried 2DESs signi�cantly reduces
the spatial resolution. As a result single discrete charging events are more di�cult
to detect than in shallower 2DESs. The ac-voltage applied to the two 2DESs for
calibration purposes was 0.1 mV at 26 Hz.

7.4 Inverse compressibility

Fig. 7.4 plots the measured quantity η at zero magnetic �eld and compares it to
our calculations. A sign reversal of η occurs at a backgate voltage of about 0.45
V and is correctly explained by Eq. (7.9). For a single 2DES with low density,
the compressibility is negative and hence η is negative. When a bilayer forms,
both layers exhibit negative compressibility and the product yields a positive result,
which accounts for the sign reversal. The calculation (dotted line) �ts reasonably
well with the data. When the bilayer has formed, some deviation between theory
and experiment becomes apparent. The theoretical curve quickly drops close to
zero, while the experimental data �uctuate around a non-zero constant value. We
attribute this di�erence to band-bending e�ects [94] which are not considered in our
simple model.
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Fig. 7.4: η vs. the average density
n at B = 0 T. The solid black line
is from the theoretical calculations.

Fig. 7.5: η vs. the averaged den-
sity n at B = 2.3 T. The blue traces
in this �gure and Fig. 7.4 were ob-
tained using the same SET. The red
and gray traces were obtained from
the other two SETs. The solid black
line is from the theoretical calcula-
tions. The dashed black curve il-
lustrates the smoothed background
for the data represented by the red
curve. This background was later
subtracted from the original data to
determine ∆µ at νtot = 1.

Fig. 7.5 displays η measured at B=2.3 T. Apart from the extrema caused by the
condensation of one or both layers into an incompressible QH-state, we point out
one generic feature for the curve in the presence of a B-�eld: The position where
the jump from η < 0 to η > 0 occurs shifts to higher density compared to the zero
�eld case. This is also seen in the transport data (compare the bending points for
νt = 2/3 and νt = 1 in Fig. 6.3). It stems from the enhancement of the negative
inverse compressibility in the quantum limit. [36] Increasing the density in the upper
quantum well results in a stronger decrease of the chemical potential compared to
the B = 0 T case. Therefore, one has to apply a higher backgate voltage in order to
pull down further the lowest subband in the lower quantum well and make it align
with EF .

This observed behavior in a magnetic �eld can be qualitatively explained in
our simple model. For calculating the inverse compressibility, we use the density
dependence of the total energy of electrons described by Fano and Ortolani. [36]
The outcome is shown as the solid black line in Fig. 7.5. The rapid jump of η to
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Fig. 7.6: η plotted as a function of the magnetic �eld and the density. The dotted
black lines separate QH states identi�ed from transport.

positive values has indeed shifted to higher densities. A more complete theoretical
description should include the band bending e�ect in a self-consistent manner.

We now examine the regions where QH states emerge. We focus on Fig. 7.6. In
the single layer regime, η is mostly negative (dark blue) but develops a peak whenever
the two-dimensional electron gas condenses into a QH liquid. The system has become
incompressible. Features corresponding to the νt = 3/5 and 2/3 quantum Hall states
can be observed. In the bilayer regime, η turns positive as it contains the product
of the negative inverse compressibility of each layer. When one layer condenses into
an incompressible quantum Hall �uid, the compressibility of that layer reverses sign,
turns positive, giving rise to an overall negative numerator in Eq. (7.9). Hence, η
develops a dip rather than a peak. This expected behavior is nicely illustrated in
Fig. 7.6 for νb = 2/3. The dotted curves in the graph indicate the boundaries where
quantum Hall behavior is observed in transport. In the region where the lower layer
is in the νb = 2/3 QH state while the upper layer is still compressible, η has a
minimum. In contrast, when both layers condense into a fractional QH state, η
develops a maximum. For example, at the bottom of Fig. 7.6 a small peak is visible
at B = 1.75 T and Vb = 1.1 V when νt = νb = 2/3.

As we sweep the density η displays a peak when the system approaches νtot = 1.
In this range, the bilayer acts as a single incompressible layer. The system can
be described by Eq. (7.5), where µ and n refer to the total chemical potential and
the total density, respectively. The peak at νtot = 1 in Fig. 7.5 is �anked by two
minima. These minima are reminiscent of the diverging compressibility previously
reported in a single layer due to the interaction among quasi-particles which form
as we move from exact integer or fractional �lling factor. [94, 98] Since we measure
compressibility locally, a scan of the density or magnetic �eld around νtot = 1 may
give rise to multiple peaks. Local density variations can cause the formation of the
νtot = 1 at somewhat di�erent densities or �elds in the region sensed by the SET.
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Fig. 7.7: ∆µ and Eg at νtot =
1. Data points denoted by SET1,
SET2, and SET3 are derived from
the compressibility data of three dif-
ferent SETs on the same sample.
The gray diamonds represent Eg de-
termined from thermal activation.
Solid curves are guides to the eye.

If two regions of di�erent density are close enough to the SET, two peaks may be
detected. This is manifested by the blue trace in Fig. 7.5. The position of the
compressibility maximum recorded with di�erent SETs varies somewhat, re�ecting
the density �uctuations and the local nature of our measurement.

7.5 Energy gaps at νtot = 1

Previous investigations of the energy gap at νtot = 1 relied on thermally activation
transport. It is therefore of interest to investigate the discontinuity in the chem-
ical potential (∆µ) at νtot = 1 directly. ∆µ also re�ects the energy gap but the
measurement requires no current �ow through the sample.

We extract ∆µ at νtot = 1 with the following procedure. First, a smoothed
background is subtracted from the raw data (see Fig. 7.5). Subsequently, η is inte-
grated over the density n. Here, n is not the local density but the density obtained
from transport measurements. Scaled by a geometrical factor, the height between
the local minimum and maximum of the integrated curve around νtot = 1 yields
∆µ. [100] Since η was measured by �xing B and sweeping VBG, ∆µ was determined
at �xed B-�elds. We converted the B�axis to a density n�axis by using νtot = 1,
i.e. n = eB/h. In Fig. 7.7, we compare ∆µ with the energy gap Eg derived from
thermal activation.

The discontinuity in the chemical potential at νtot = 1 obtained from di�erent
SETs follows overall the same decreasing trend as the thermal activation gap. In
the SET measurement, the excitations are induced only through δVb. Naively δVb

adds charges to the lower layer only and one might expect to see solely excitations
from the lower layer. The expected result in this case would be that ∆µ increases
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Fig. 7.8: The local inverse com-
pressibility at νtot = 1 plotted as
a function of the average density
and the magnetic �eld. A smoothed
background has been subtracted to
highlight the discrete charging lines
(black).

with increasing n. However, Fig. 7.7 shows that ∆µ overlaps with Eg quite well
even at large imbalance. Since Eg is determined when both layers are participating
in the transport, this overlap indicates that for the chemical potential jump at
νtot = 1 merons in both layers are involved. The strong coherence makes the layers
indistinguishable and we are dealing with paired merons just as in the activation
experiment with current imposed through both layers [167,168].

We now turn to the non-monotonic behavior of ∆µ. Data from SET1 shows
a signi�cant peak around 5.2 × 1010 cm−2. We attribute this strong peak to the
fact that two incompressible regions are contributing to the SET signal. This is
evident also from the incompressible behavior in the νt = 2/3 region in Fig. 7.5
(blue and grey traces from two di�erent SETs). Despite this complication, one can
see that the energy gap varies signi�cantly with position. The spatial variation in
∆µ is likely related to a variation in the disorder potential. A larger energy gap
from the SET data indicates a locally cleaner area. In principle, it is possible to
determine the charge of the quasiparticles e∗ by using the equation ∆µ = |e/e∗|Eg.
Dorozhkin et al. determined the quasiparticle charge at 1/3 by comparing ∆µ from
capacitance measurement with Eg [98]. Since in our case ∆µ is strongly a�ected by
local disorder, this equation is of limited use. Nevertheless, the fact that most of
the data points overlap seems to suggest that e/e∗ = 1. This analysis again points
to our previous assertion that merons come as pairs in our system.

7.6 Discrete charging at νtot = 1

A more accurate approach to determine the charge of quasiparticles is to use the
SET for studying charge localization [125, 126, 170]. In general, charge carriers will
redistribute and generate a spatially varying density pro�le in an attempt to screen
the bare disorder potential. As long as the local density of states is not exhausted,
they are able to accomplish this task. As a Landau level approaches complete �lling
in some regions, the required density to �atten the bare disorder potential locally
exceeds the level degeneracy. Hence, the bare disorder potential can not be screened
away everywhere and an incompressible lake with compressible islands emerges.
The discrete nature of charge becomes relevant. Elementary charge excitations can
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be added to the remaining compressible dots only one at a time when the overall
density is raised su�ciently. Each charging event corresponds to �lling a localized
state and when the SET is closeby, this charging event gives rise to a jump in
the local chemical potential and is detected as a spike in the local compressibility.
As the average density is increased further, more and more charges are added to
the dots each time producing a spike in the compressibility. The same landscape
of compressible areas appears at a higher B. Assuming a �xed charge, the same
charging physics recurs at the same density deviation from complete �lling. The
�lling of a speci�c localized state therefore produces in the density vs. magnetic
�eld plane a line with slope equal to the �lling factor of the underlying quantum
Hall state. For the νtot = 1 state a more complex behavior is expected. If individual
merons are detected, the spacing between the charging spikes should change with
the degree of imbalance and charging lines would no longer be parallel to �lling
factor 1. If however quasiparticles are added to a compressible dot in pairs, parallel
lines are expected instead like for conventional quantum Hall states, since paired
merons carry a �xed total charge equal to the electron charge.

In our bilayer sample, investigating the charge localization is challenging as the
2DES is deeply buried below the surface. The SET couples to a large area such
that many charging events occur simultaneously and some averaging is inevitable.
Still, by reducing the excitation voltage δVBG, several charging lines at νtot = 1 were
observed (see Fig. 7.8). Even though the experiment in Fig. 7.8 exhibits parallel
lines and would therefore suggest charge localization physics based on paired merons,
caution is due to draw this conclusion. Simulations show that the width of the
charging lines is so large that it is not possible to distinguish the case with �xed
charge e for charging with paired merons or variable charge if individual merons are
added to the system. For such charge localization experiments, an improved spatial
resolution is quintessential. This requires shallower bilayer systems while keeping
the density low in order to still satisfy d/lB < 2 for the νtot = 1 QH state. Lowering
the aluminum content used for the spacer between the 2DES and the doping layer
is one potential solution.

7.7 Conclusion

We employed an SET to investigate the chemical potential discontinuity ∆µ at
νtot = 1. As the SET probes a local area, the evolution of ∆µ as a function of
charge imbalance and d/lB is greatly in�uenced by the disorder potential. The
charging of localized states was observed at di�erent values of the charge imbalance
at νtot = 1. From a comparison between the density dependence of the jump in
the chemical potential and the activation energy in transport, we conclude that the
charged quasiparticles or merons probed in such experiments at νtot = 1 are paired.
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Chapter 8

Josephson-like tunneling in a bilayer

The formation of the νtot = 1 QH state in a bilayer with negligible single particle
tunneling is clear evidence for the occurrence of interlayer phase coherence. This cor-
related state is distinct from the other quantum Hall states. The coherence signals
a spontaneous symmetry breaking that is similar to what happens in a supercon-
ducting transition. Theory has for instance predicted two important consequences.
First, in analogy to a superconductor-insulator-superconductor (SIS) junction, the
two layers have a rigid phase di�erence which gives rise to an interlayer Josephson
current [171�173]. Secondly, by connecting two bilayers with a weak link, a phase
di�erence across the junction builds up. Such a system is predicted to host a su-
percurrent, which consists of excitons �owing in the plane [174, 175]. This chapter
is devoted to two experiments that have relevance to the theoretical aspects above.
In the �rst part (section 8.1), we study the vertical interlayer tunneling on bilay-
ers with di�erent interlayer distances. The second part (section 8.2) deals with
tunneling experiments on a bilayer with a constriction in the center.

8.1 Interlayer tunneling

8.1.1 Introduction: bilayer vs. Josephson junction

Soon after the observation of the νtot = 1 QH state [41, 42] in transport, the close
similarity between a quantum Hall bilayer and a Josephson junction was recog-
nized [171�173]. We summarize this comparison in Table 8.1. For an electron in
the bilayer, its wavefunction can be expressed as a superposition of the states in
the two individual layers. In a pseudo-spin picture, we represent the electrons in
the top and bottom layers by the spin up (| ↑⟩) and spin down (| ↓⟩) orientations,
respectively. The phase di�erence θ = θ↓ − θ↑ between the two states can be chosen
randomly when there is no quantum Hall state. However, this freedom in pseudospin
is frozen once the νtot = 1 state occurs. All the pseudospins must align in the same
direction to minimize the energy (second line in Table 8.1). Such a spontaneous
symmetry breaking �nds its counterpart in the superconducting transition. The su-
perconductor acquires a macroscopic phase θ and breaks the gauge �eld symmetry.
This analogy can be extended further to understand the interlayer tunneling (third
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line in Table 8.1). In a bilayer, the emergent phase θ is in fact a phase di�erence
between the layers. Similar to the Josephson current driven by the phase di�erence
between two superconductors, an interlayer Josephson current would arise in the
quantum Hall bilayer system.

The above picture assumes macroscopic coherence and ignores the in�uence of
disorder. Theoretical studies were �rst reported by Wen and Zee [171, 172] as well
as Ezawa and Iwazaki [173]. Theory awaited however experimental con�rmation.
In 2000, Spielman et al. [146] reported the observation of a zero bias interlayer
conductance peak at νtot = 1. This tunneling behavior suggested the expected
Josephson supercurrent. It immediately triggered a new round of theoretical inves-
tigations and predictions [176�179] along with experimental endeavors and veri�ca-
tions [121, 122, 148, 180, 181]. Theory describes the quantum Hall bilayer either in
the clean limit or with disorder [147]. In the clean limit, it was predicted that the
critical current scales linearly with ∆SAS. In the dirty limit, a square dependence
was derived instead:

Ic ∝ S∆2
SAS, (8.1)

where Ic is the maximum tunneling current around zero bias and S is the sample
area.

The reported tunneling experiments on the quantum Hall bilayer were carried
out e�ectively on samples with two di�erent ∆SAS values (∆SAS =10 µK [146, 148]
and 100 µK [121, 159]) only and very di�erent heterostructure designs. Hyart and
Rosenow [147] already pointed out that the critical currents measured on these two
types of samples obeyed the square dependence. Here we investigate more system-
atically the in�uence of the barrier thicknesses, i.e. the ∆SAS values in samples with
an otherwise identical design. The values span a range of three orders of magnitude:
∆SAS ≈ 1, 100, and 1000 µK. We observed the well-established Josephson-like
tunneling on bilayers with ∆SAS ≈ 1 and 100 µK. In contrast, the sample with
the largest ∆SAS yields a tunneling I-V identical to the I-V characteristic for the
breakdown of the νT = 1 state when driving an in-plane current through the system.

Table 8.1: Comparison between a bilayer and a Josephson junction.
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Fig. 8.1: Schematic drawing of the
measurement setup for a four termi-
nal interlayer tunneling experiment.

8.1.2 Barrier thickness dependence of the critical current

All our samples were fabricated from wafers grown by molecular beam epitaxy
(MBE). The double quantum well structure consists of two GaAs quantum wells
with a width of 19 nm and an AlAs/GaAs superlattice barrier. The superlattice is
composed of M layers of AlAs (1.7 nm) and M −1 layers of GaAs (0.28 nm). Three
di�erent thicknesses of the barrier were grown: b = 12, 10, and 8 nm (M=6, 5, 4).
Prepatterned backgates and thermally evaporated top gates allow separate contacts
as well as individual tuning of the two layers. Samples were mounted in a 3He/4He
dilution refrigerator with a base temperature below 20 mK. The data presented here
were all collected in the balanced case where both layers have the same density. We
used a four-terminal geometry as shown schematically in Fig. 8.1. A dc voltage
was applied across the top and bottom layers and the current was measured using
a current ampli�er to the bottom layer. The actual voltage di�erence between the
layers was measured across two other contacts to the two layers.

Fig. 8.2 displays our main result and compares the three bilayer samples. The
large current around zero bias comes from the interlayer coherence at νtot = 1.
With decreasing barrier, the tunneling current becomes larger. The sample with
the thickest barrier b = 12 nm exhibits a tunneling current on the order of only
a few pA (Fig. 8.2 (a))1. The tunneling current reaches the nA-range when the
barrier thickness is reduced just 2 nm (Fig. 8.2 (b)). Also, the I-V characteristic
undergoes a drastic change as a result of the barrier thickness reduction. It consists
of three discontinuous sections. This discontinuity is induced by the strong negative

1Data used in Fig. 8.2 (a) has been presented in ref. [182]. In his thesis, Huang [182] also showed
a similar plot of Fig. 8.2.
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Fig. 8.2: Interlayer tunneling I-V curve obtained from three bilayer samples with
three barrier thicknesses. The critical currents Ic are marked. For the thickest barrier
b = 12 nm, the tunneling current is in the picoampere range. The inset in panel (c)
illustrates the conduction band pro�le of the bilayer. The single particle tunneling
amplitude ∆SAS is de�ned as the energy spacing between the lowest symmetric and
antisymmetric subbands. The d/lB ratios are: (a) 1.48, (b) 1.58, (c) 1.41.

conductance in the nonlinear tunneling I-V together with the unavoidable contact
resistance. A detailed explanation for the shape of the I-V curve is given in the
box with Fig. 8.3. As marked in Fig. 8.2, for an upward sweep the critical current
can only be obtained at V > 0 V . In the sample with b = 12 nm the negative
conductance is not so pronounced. The jumps as well as the asymmetry between
up and down sweeps are not present there.

A further reduction of the barrier to b = 8 nm causes the interlayer tunneling I-
V to change once more. The current is not only much larger but also the I-V curve
is smooth again and does not show interruptions. The smoothness of the curve
indicates that the maximum Josephson tunneling current has not been reached.
Instead, we believe the current is limited by the breakdown of the νtot = 1 QH state.

Fig. 8.4 compares the data obtained in two di�erent measurement con�gurations:
interlayer tunneling and in-plane transport. We also compare the results with and
without applying an in-plane magnetic �eld. We �rst focus on the case where B∥ =
0 T. The blue curve shows the outcome when only one layer is contacted. The
non-linearity in the I-V characteristic can be understood as a manifestation of the
breakdown of the νtot = 1 state. Upon reaching a current of about 2 nA, the in-plane
transport becomes dissipative, hence the longitudinal voltage drop increases rapidly.
Strikingly, the I-V curve in the tunneling measurement con�guration (black curve)
follows closely the trace for the in-plane measurement con�guration. It suggests
that a Josephson current of about 2 nA produces the same dissipative e�ect in
the intralayer transport. Larger Josephson currents are not accessible, since the
quantum Hall state itself starts to break down.
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Fig. 8.3: Modeling of the circuit with a nonlinear
tunnel junction and a resistor in series.

Load-line e�ect
The sudden jumps in Fig. 8.2 (b)
come from the interplay between the
tunnel junction and the measure-
ment circuit. The tunnel junction
gives rise to a nonlinear I-V with a
maximum current followed by a neg-
ative conductance section. We can
model this behavior by the formula:

I(Vt) =
I0V0Vt

(V 2
t + (V0/2)2)

. (8.2)

On the other hand, the series resistor
in the circuit creates instability as
multiple solutions may exist for the
equation:

V2pt − I(Vt)R0 = Vt. (8.3)

Here R0 represents essentially the
contact resistance. Fig. 8.3 on the
right shows the solutions to the two
equations combined. For a �xed
V2pt, three solutions of Vt (V4pt) and
I exist in the voltage interval be-
tween the line CD and AB. When
V2pt is swept in the positive (nega-
tive) direction, both I and V4pt will
jump from A to B (C to D). The
measured data is therefore discontin-
uous. Going from V4pt = −0.5 V to
+0.5 V, the critical current is only
reached once at V4pt > 0.

We can separate the Josephson phenomenon from the onset of dissipative pro-
cesses in the intralayer transport by introducing an in-plane magnetic �eld, because
for the νtot = 1 state the interlayer tunneling and intralayer transport respond very
di�erently to an in-plane �eld. The in-plane B∥ is generated by rotating the sample
and increasing the total B-�eld to keep B⊥ = nh/e �xed. At a rotation angle of
68◦ where B∥ = 6.5 T, we carried out the dc I-V measurements in the two con-
�gurations again. The νtot = 1 state is weakly suppressed at this high tilt angle.
This is seen in the magnetoresistance around νtot = 1. It still shows a pronounced
minimum (Fig. 8.4 (d)). However, the I-V characteristic in the in-plane transport
con�guration indicates that the quantum Hall state breaks down more easily (brown
curve in Fig. 8.4). The interlayer tunneling itself is suppressed exponentially with
B∥. The interlayer current (red curve) is now only a few pA, i.e. three orders of
magnitude smaller than at B∥ = 0 T. Regions with negative conductance can be
clearly seen and the critical current becomes well-de�ned (marked by red arrows).

Table 8.2 summarizes the critical currents and zero bias conductances from the
three samples shown in Fig. 8.2. For the sample with b = 8 nm, we de�ne the critical
current from the crossing of a linear �t to the high voltage data (|V | ∈ [0.1, 0.2] mV)
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Fig. 8.4: Top panels: two con�g-
urations for dc I-V measurements:
(a) interlayer tunneling and (b) in-
tralayer transport. (c) Data ob-
tained using the two con�gurations
at νtot = 1, d/lB = 1.71 for the sam-
ple with b = 8 nm. By rotating the
sample while keeping the perpendic-
ular B-�eld �xed, we introduce an
in-plane B-�eld. (d) Comparison
between the magnetoresistance min-
imum around νtot = 1 at θ = 0◦ and
68◦.

at zero bias. It is necessary to keep in mind that this I∗c is not the intrinsic Josephson
critical current but the breakdown current of the νtot = 1 QH state. To remind of
this di�erent origin, we use I∗c . The zero-bias conductance dI/dV for this sample
is estimated from the slope of a linear �t in the range [−I∗c /2, I

∗
c /2]. For the other

two samples with b = 10 and 12 nm, the critical currents are well de�ned. For the
zero-bias conductances of those two, we numerically calculate dI/dV as a function of
the bias and take the maximum values at zero bias. For the sake of comparison, the
critical currents and zero bias conductances are further normalized by the sample
area. Fig. 8.5 (a) plots Ic/S and (dI/dV )/S as a function of ∆SAS. The single
particle tunneling amplitude�∆SAS is estimated from the tunneling conductance at
zero B-�eld [182]. The estimated ∆SAS follows nicely the expected exponential
decay with the interlayer distance (shown in the inset of Fig. 8.5 (a)). This justi�es
our comparison between the experimental data and the theoretical trend of Ic/S
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Fig. 8.5: Normalized critical cur-
rent and zero bias conductance as
a function of ∆SAS . Data were
obtained from the I-V curves in
Fig. 8.2. Dashed(dotted) line marks
the trend following I ∝ ∆2

SAS (I ∝
∆SAS). Inset shows the dependence
of ∆SAS on the interlayer distance
d.

vs. ∆SAS. Data points from samples with b =10 and 12 nm support that the
critical current scales quadratically with ∆SAS. In contrast, the sample with b=8
nm shows a critical current smaller than expected from the square dependence. This
seemingly small critical current originates from the breakdown of the QH state due
to dissipative intralayer transport.

8.2 Sideways tunneling

In this section, we turn our attention to sample R140A from wafer C1001192. Four
Hall bars were fabricated on the same chip. They yielded similar results. We focus
on two Hall bars, hereafter referred to as A and B. Fig. 8.6 (a) shows an SEM image
of one of the Hall bars. A split gate with an opening of 1 µm was de�ned on the

Table 8.2: List of bilayer samples investigated in this chapter. b is the barrier
thickness. Bνtot=1 is the B-�eld at which the interlayer tunneling was measured.
Ic is the critical Josephson current or the breakdown current. S is the area of the
sample. The last sample in this table will be discussed in the next section.

Wafer b ∆SAS Bνtot=1 d/lB Ic dI/dV S

nm µK T � nA µS mm2

81995 8 1000 1.8 1.41 8.85 2477 0.064

81653 10 86 1.96 1.58 1.77 161 0.1

82018 12 2.4 1.5 1.48 2.08 pA 0.242 0.082

C1001192 10 86 2.3 1.71 0.26 15.5 0.464
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Fig. 8.6: False color SEM im-
ages of sample R140A. (a) One
of the four measured Hall bars.
(b) A blow-up of the split gate
region. Side etching generates a
sharp ridge in the middle.

surface with electron beam lithography. Wet chemical etching was performed in the
exposed area down to 250 nm below the crystal surface before the evaporation of
metallic top gates. This etching removed the doping layer beneath the split gate.
Because wet chemical etching is isotropic, an area approximately 250 nm underneath
the PMMA layers was etched as well. The split gate only covers part of the trench
(Fig. 8.6 (b)). A quantum point contact (QPC) is de�ned at the gap separating the
split gates. Here a constriction is formed in the 2DES. It can be turned on and o�
by applying a dc voltage to the split gate. A positive voltage is required to generate
a conductive channel (in�uenced by the work function of the metal alloy). As will
be proven later, this conductive channel is only available in the bottom layer for
Vsp ∈ [0, 1] V. Unless otherwise stated, data were collected at the base temperature
of a dilution refrigerator (around 20 mK).

8.2.1 Transport: only top layer contacted

We start with the data obtained when the constriction is pinched o�. In this case,
the split gate pattern cuts the Hall bar into two electrically isolated areas. A stan-
dard four-terminal measurement is not possible as we only have three contacts on
each side. We therefore measured the two-terminal magnetoresistance which at high
B-�elds re�ects mostly the Hall resistance. Fig. 8.7 (a)(b) compare the magnetore-
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Fig. 8.7: (a)(b) Comparison between the Hall resistances of a reference sample (from
the same wafer) and two-terminal resistances of sample R140A with a constriction at
backgate voltages (Vb) of 0.4 V (dashed black) and 1.04 V (solid blue), respectively. νt
marks the �lling factor of the top layer, whereas νtot is the total �lling factor. Insets
show the corresponding measurement circuits. The large background resistance around
νtot = 1 stems from high contact resistances at high B. (c) Longitudinal resistance of
the reference sample measured at Vb = 1.04 V. (d) Conductance dI/dV measured on
R140A at Vb = 1.04 V when the constriction was fully open (Vsp = 0.9 V).

sistances of sample R140A in panel (b) with the traces from a reference sample in
panel (a). This reference sample was fabricated from the same wafer, but no split
gates were deposited. In the reference sample shown in Fig. 8.7 (a), the system can
be tuned from a single layer to a bilayer when the backgate voltage increases (Vb)
from 0.4 V to 1.04 V. When changing the voltage to 1.04 V, the νtot = 1-QH state
appears. In addition, QH plateaus at other �lling factors drop to half of the height
compared with the single layer case. The sample R140A with constriction behaves
very di�erent. The traces recorded at 0.4 and 1.04 V nicely overlap in the range
B ∈ [0, 1.5] T. This at �rst sight suggests that the backgate voltage is ine�ective for
tuning the density. However, the νtot = 1-QH state, which is a direct indication of
bilayer coherence, appears at the expected B-�eld for Vb = 1.04 V. The high contact
resistance in the two-terminal measurement hinders here the observation of a quan-
tized plateau (The contact resistance at B = 0 T is about 20 kΩ but is expected to
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increase with B.). The R2pt traces obtained from sample R140A are reminiscent of
Coulomb drag measurements [151] where the current passes through one layer ony.
This would imply that the current carrying layer is the top layer as the bottom layer
is still insulating at Vb = 0.4 V.

Also the measurement across the constriction corroborates that in this sample
only the top layer is contacted. By applying 0.9 V to the split gate, the QPC is
opened. As shown in the inset to Fig. 8.7 (d), a constant ac voltage is applied
between the source and the drain and the induced current (dI) is measured at
the drain contact. A four terminal voltage dV was simultaneously recorded using
another pair of contacts across the QPC. The conductance through the sample
R140A is de�ned as the division dI/dV . Here we focus on the density balanced
case where Vb = 1.04 V and compare dI/dV with the longitudinal resistance trace
from the reference Hall bar in Fig. 8.7 (c). In the low B-�eld region, minima in
dI/dV correspond nicely to the minima in Rxx. The conductance is suppressed
when quantum Hall states appear. However, this correspondence between dI/dV
and Rxx is inverted around νtot = 1. The conductance is strongly enhanced when
the νtot = 1 QH state forms. This behavior again points to the fact that only the top
layer is contacted. The positive split gate voltage only opens the QPC in the bottom
layer. Electrons have to tunnel from the top layer to the bottom layer in order to �ow
across the constriction in the bottom layer. Then the electrons have to tunnel back
to the top layer. At low B-�eld, the interlayer tunneling is suppressed when both
layers are in QH states. The measured dI/dV therefore drops. At νtot = 1, however,
the interlayer tunneling is strongly enhanced due to the interlayer coherence. When
opening the QPC, a large current can �ow through the sample and gives rise to an
enhanced dI/dV .

8.2.2 Tunneling I-V characteristics

The contact con�guration has been clari�ed in the previous experiments. Here, we
re�ne our investigation by carrying out purely dc measurements. The experimental
setup is sketched in the inset of Fig. 8.8 (a). This dc measurement yields directly
a Josephson-like I-V curve at νtot = 1. Around zero bias, a large current can �ow
through the sample. This strong enhancement is followed by a sudden drop at �nite
but still small bias voltage. Ramping up the voltage further generates a gradual
increase in current. Starting from V4pt = 1 mV to 2.5 mV, the current drops. By
changing the density as well as the magnetic �eld, we explore the evolution of this
I-V characteristic across a large parameter space.

We �rst provide arguments that the large current around zero bias can be at-
tributed to the correlated νtot = 1 state. For the balanced case at ntot = 5.6 ×
1010 cm−2, the I-V curves are displayed in Fig. 8.8 (b) for B = 0 T and 0.45 T
(dashed and dotted traces). Both of them show a strongly suppressed conductance
around zero bias. At these �elds no interlayer coherence can develop. We also mea-
sured the tunneling I-V at νtot = 1 for di�erent densities. Lower density implies
lower backgate voltage and hence a larger split gate voltage is necessary. This ad-
justment ensures that the QPC in the bottom layer remains fully open. As shown
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Fig. 8.8: (a) Josephson-like tunneling I-V obtained from two samples on R140A
in the balanced case (Vb = 1.05 V). Inset sketches how the sample is contacted and
how the current �ows. (b) I-V characteristics obtained at three di�erent densities.
Solid curves were measured at νtot = 1 under di�erent imbalance and d/lB ratio (With
decreasing density: (n − n0)/n =0%, -7%, and -14%, where n0 = 5.6 × 1010 cm−2,
d/lB =1.71, 1.66, and 1.60.) Dashed and dotted curves were obtained at B = 0
and 0.45 T at the balanced case (Vb = 1.04 V).(c) Color rendition of the longitudinal
resistance as a function of Vb and B in a reference sample. Bright(dark) color indicates
high(low) resistance. White numbers mark the total �lling factors. Colored symbols
represent the backgate voltages and B-�elds at which the I-V traces were retrieved
on sample R140A.

in Fig. 8.8 (b), the critical current doubles when the ntot is reduced from 5.6 to
4.8 × 1010 cm−2. This enhancement comes from the smaller d/lB ratio at lower
density. It strengthens the νtot = 1 QH state.

The Josephson-like I-V characteristic can be observed in a surprisingly large
�lling factor range. This behavior is in direct contrast to the reported results on
purely vertical tunneling at νtot = 1 [146, 159]. There the interlayer conductance
quickly drops down once |νtot − 1| > 0.2. In our sample, the zero-bias conductance
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Fig. 8.9: (a)(b) Interlayer tunneling I-V curves in the balanced case (Vb = 1.05 V)
but at �lling factors that deviate from νtot = 1 (by changing the B-�eld). The critical
current Ic is marked for νtot = 1.04. (c) Critical current as a function of B-�eld. Filled
symbols correspond to I-V curves with the same color in (a) and (b). The trace with
gray shadow is the longitudinal resistance of a reference sample illustrating the B-�eld
positions of QH states in normal transport. Inset sketches the density gradient close
to the split gate.

peak persists even to νtot = 1.53 as shown in Fig. 8.9. It indicates that there
exist regions with much lower densities. These regions form the νtot = 1-QH state
even when the �lling factor in the bulk signi�cantly deviate from one. One might
argue that near the sample edge, the density should be lower and the νtot = 1-
QH state will appear there at lower B-�elds and hence larger bulk �lling factor.
However, this density variation should be present in all bilayer samples. The lack
of previous observation rather indicates that the introduction of the split gate (see
Fig. 8.10) is responsible for the observation of the νtot = 1 quantum Hall state across
a larger range of bulk �lling factors as a result of density gradients near the split
gate constriction.
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Fig. 8.10: Schematic drawing of the density gra-
dient near the quantum point contact. As the bulk
is at νtot = 1, areas close to the split gate possess
lower �lling factors due to the depletion region.

8.2.3 Fraunhofer-like oscillation

So far, we have focused on Josephson-like tunneling when the QPC is fully open
(Vsp = 0.92 V). We also mentioned brie�y that at zero split gate voltage the QPC is
fully pinched o�. Here we decrease the split gate voltage from 0.92 V and investigate
the evolution of the tunneling I-V . We present data on sample A in the balanced
case (see appendix for data in the imbalanced cases). Similar behavior was also seen
on sample B (see appendix).

Fig. 8.11 (a) displays the tunneling I-V curves for three di�erent split gate
voltages. An extended region with vanishing current �ow around zero bias voltage
indicates suppressed tunneling as the splitgate voltage drops. This suppression is
overcome at a �nite bias voltage where the current starts to rise rapidly again.
Despite the appearance of zero current region, the critical current marked by Ic is
not a�ected. It reaches the same maximum value as in the case where no zero current
region is present. We numerically calculate the conductances dI/dV for each split
gate voltage and plot it in Fig. 8.11 (b). For Vsp = 0.92 V, the conductance peak at
zero bias is as high as 0.4e2/h. When lowering Vsp from 0.92 V to 0.79 V, the zero
bias peak splits into two peaks. The distance between the two conductance peaks
increases as Vsp is lowered further to 0.73 V. At the same time, the peak height
decreases.

Naively one might expect that the separation between the two conductance peaks
monotonically widens as Vsp decreases. However, this is not the case. Instead, an os-
cillating pattern appears as we tune the split gate voltage continuously. Fig. 8.11 (c)
summarizes the conductance dI/dV as a function of V and Vsp. Clearly, the con-
ductance peak splits up, but also the split peaks merge back multiple times as
Vsp decreases from 0.92 V to 0.67 V. This oscillating behavior depends sensitively
on temperature. Fig. 8.12 compares data obtained at 20 mK and 140 mK. Apart
from the reduced conductance, there are less number of oscillations at 140 mK.
Apparently, small oscillations at high Vsp have been completely wiped out. Also,
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Fig. 8.11: (a)(b) Tunneling current I and its numerical derivative dI/dV as a
function of bias voltage V at three di�erent split gate voltages Vsp. These data were
obtained on sample A. (c) Color coded plot of dI/dV as a function of V and Vsp.
The white dotted trace shows the oscillating conductance at zero bias (V = 0 V) as
a function of Vsp. Numbers marked on the top correspond to the gate voltages at
which we show the line cuts in panels (a) and (b). (d) Bias voltage position of the
conductance maximum as a function of Vsp at di�erent B-�elds. Lines are guides to
the eye. For B =1.4 T to 2.3 T, traces are vertically o�set by 0.05 mV. The trace at
2.4 T is o�set by 0.6 mV.

oscillations between 0.75 and 0.8 V are much weaker.
The oscillating pattern is also strongly magnetic �eld dependent. To illustrate

this, we repeated the measurement of Fig. 8.11 (c) at other B-�elds. At each B-�eld
and Vsp, we mark the position of the conductance peak2. This peak position as a
function of Vsp at a �xed of B-�eld is plotted for B-�elds between 1.4 T and 2.4 T in
Fig. 8.11 (d). The strongest oscillation pattern is observed at νtot = 1 (B = 2.3 T).
As one deviates from νtot = 1 by just ±0.04, oscillations at Vsp > 0.8 V disappear.

2If there are two conductance peaks at Vpeak,+ > 0 and Vpeak,− < 0 at a �xed B and Vsp, we
take the averaged value: (Vpeak,+ − Vpeak,−)/2.
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Fig. 8.12: Color coded plot of dI/dV
as a function of V and Vsp at two tem-
peratures. Note that the color bars
have di�erent scales.

A further increase of νtot makes also oscillations at lower Vsp disappear. Also the
amplitude of the oscillation, i.e. the deviation of the peak position from zero bias,
becomes smaller away from νtot = 1.

The strong B-�eld dependence suggests that the oscillating pattern is not simply
a result of electrostatically tuning the QPC. Moreover, the number of oscillations
reaches a clear maximum at νtot = 1. It indicates that the phase coherence of the
νtot = 1 state plays an important role. In fact, Josephson-like tunneling persists over
the whole range of B-�elds, B ∈ [1.4, 2.4] T, presumably as a result of the density
gradient in the sample (see Fig. 8.9). The continuous weakening of the oscillations
from B = 2.3 T down to 1.4 T can be attributed to the reduced area where the
νtot = 1 state forms. To further corroborate the correlation between the occurrence
of the oscillations and the formation of the νtot = 1-QH state, we investigate dI/dV
as a function of V and Vsp at B-�elds where the Josephson-like tunneling diminishes.
At B = 0.45 T (νtot = 2.5 + 2.5 = 5�both layers are compressible), we utilize the
�nite conductance due to single particle interlayer tunneling (for a single I-V trace at
0.45 T, see Fig. 8.8 (b)) to ensure transport from the left to the right of the sample
across the constriction (since contacts can only inject current in the top layer).
The result is shown in Fig. 8.13 (a). Between Vsp = 0.65 V and 0.7 V, the QPC is
gradually turned on. Two conductance peaks exist but the separation between them
becomes smaller. In contrast to the oscillating behavior around νtot = 1, conductance
peaks stay at �xed biases once the the QPC is fully open (Vsp > 0.7 V). No deviation
can be observed.

The same experiment is repeated at B = 1.2 T as well as B = 2.8 T. For
B = 1.2 T, the bulk is in an integer QH state at νtot = 2, i.e. each layer is at ν = 1.
At B = 2.8 T (νtot = 0.82), electrons are all squeezed into the lowest Landau level
(quantum limit). At both B-�elds the conductance around zero bias is strongly
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Fig. 8.13: Conductance
across the constriction mea-
sured at three B-�elds away
from the νtot = 1 region where
Josephson-like tunneling ap-
pears. For the �elds here, the
�lling factor νtot corresponds
to 5, 2, 0.82 (From top to bot-
tom).

suppressed. We use the slight conductance enhancement at very high bias and track
the shift of this conductance peak on V -axis as a function of Vsp (Fig. 8.13 (b)(c)).
In the range between 0.7 and 0.8 V, only very weak oscillations can be observed. We
conclude that the oscillation pattern observed in Fig. 8.11 (c) is intimately connected
with the νtot = 1 state.
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8.2.4 Discussions

The Josephson-like tunneling we observed in sample R140A exhibits a critical cur-
rent much smaller than expected. Sample R140A (wafer C1001192) has the same
double quantum well structure as the sample with a barrier of 10 nm (wafer 81653)
presented in section 8.1 (see Appendix for the growth recipes of the two wafers). As
listed in Table 8.2, the Hall bar of sample R140A is about four times bigger. Its
d/lB ratio is also slightly higher. Taking into account the scaling-up e�ect due to
the larger sample size and the weakening e�ect brought about by a higher d/lB, we
anticipate3 a critical current of about 2.4 nA for vertical tunneling at νtot = 1 in
R140A. In reality, Ic is one order of magnitude smaller (Fig. 8.14).

We observed the same reduced critical current on all four Hall bars of sample
R140A. This reproducibility indicates that the current suppression is not accidental.
There are two possible scenarios to account for this reduction. The �rst explanation
is based on the assumption that the tunneling I-V obtained in sample R140A re�ects
mainly the vertical interlayer tunneling. The smaller critical current can then be
attributed to a thicker barrier. We illustrate in Fig. 8.14 this consideration. As
we learned from the previous section, the critical current scales quadratically with
∆SAS while ∆SAS decays exponentially with the center-to-center distance between
the two quantum wells (d). Following the relation Ic/S ∝ ∆2

SAS, the critical current
in sample R140A would �t in if its ∆SAS is around 20 µK. This would mean that
wafer C1001192 has a barrier which is 0.8 nm thicker than the one in wafer 81653
(top panel of Fig. 8.14). Such a small variation may happen during the MBE growth.

However, one experimental fact speaks against the thicker-barrier scenario. The
energy gap at νtot = 1 measured on wafer C1001192 is larger than the gap for wafer
81653 [121] (see Fig. 8.15). From previous experiments, it is known that the energy
gap enhances as one thins down the barrier [121, 151, 155]. Hence, wafer C1001192
should have the same or even a slightly thinner barrier than wafer 81653 and a
thicker barrier cannot be the cause for the reduced tunneling current4.

To account for both the enhanced energy gap and the reduced critical current,
we propose a second and more interesting scenario. We argue that the measured
I-V re�ects mainly the tunneling characteristic of the QPC. The Josephson-like I-V
could then indicate that coherent tunneling occurs within the plane from one νtot = 1
bilayer to another νtot = 1 bilayer. Before we show the detailed circuit modeling,
we outline the basic idea that supports Josephson-like sideways tunneling. In the
system we investigate, current �ow requires two times vertical tunneling and once
in-plane tunneling at the constriction (QPC) in series (see the inset to Fig. 8.16). As
long as vertical tunneling can occur up to a larger critical current, the bias voltage
we applied will mainly drop across the QPC. Even though we can only measure
the total voltage drop, the I-V curve around zero bias is predominantly controlled

3As the vertical tunneling happens twice in sample R140A, the area we use in our calculation
is 0.464/2 = 0.232 mm2. We also assume a linear dependence of the critical current on the d/lB
ratio taking from ref. [159].

4Still, this energy gap comparison is an indirect argument and other factors (no pre-patterning,
only a single doping layer in C1001192) may also play a role in providing a large energy gap. A
rigid judgement would require the cross-section TEM to precisely compare the two wafers.
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Fig. 8.14: Top panel: relation between
the center-to-center distance d between
the two quantum wells and the single par-
ticle tunneling amplitude ∆SAS . Solid
line is a �t to the gray, blue and red data
points. It illustrates the exponential de-
pendence: ∆SAS ∝ exp (−Cd), where C
is a constant. Bottom panel: normal-
ized critical currents obtained from di�er-
ent samples. Except for the data point
of sample R140A, other data points were
obtained from a purely vertical tunneling
con�guration. Assuming the same ∆SAS ,
the critical current in R140A is one or-
der of magnitude smaller than expected.
However, such a reduced current can be
accounted for by a 10.8 nm thick barrier
in R140A which reduces∆SAS to the right
value (shift the data point horizontally).

Fig. 8.15: Energy gap of the νtot = 1-
QH state as a function of d/lB ratio for
di�erent samples (Data for b = 12 nm was
obtained by Wiersma et al. [151], Data
for b = 10 nm was reported by Tiemann
et al. [121].). Energy gap for C1001192
was obtained in the balanced case from
the reference sample.

by the properties of the QPC. The small critical current then re�ects the current
limiting by the QPC.

Fig. 8.16 presents the results of our modeling. In Fig. 8.3, it was already shown
that Eq. (8.2) can be used to describe the vertical tunneling. It reproduces an I-V
characteristic with a critical current and a section with negative conductance. Here
we use Eq. (8.2) to model the I-V behavior for vertical tunneling in R140A by
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Fig. 8.16: (a)(c)(e) Black(blue): I-V behavior for vertical tunneling or in-plane
tunneling through the QPC. For vertical tunneling, we set the parameters in Eq. (8.2)
to: I0 = 2.42 nA, V0 = 44 µV. For the blue nonlinear I-V in (e), the parameters are:
I0 = 0.26 nA, V0 = 67 µV. (b)(d)(f) show the corresponding four-terminal I-V where
V4pt = V2pt − IR0. Dashed parts highlight sections where the circuit is unstable. The
measured I-V will exhibit interruptions and hysteresis here.

putting the expected large critical current (2.4 nA) and high zero-bias conductance
(220 µS). We further assume that the contact resistance R0 is still 200 kΩ as was
used in our previous modeling e�orts. We essentially vary here only the I-V of the
QPC (blue curves in Fig. 8.16 (a)(c)(e)). For case (a) and (c), the QPC gives rise
to a linear increase of current over voltage with a slope dI/dV ≈ 0.4e2/h before a
critical current of 0.3 nA is reached. Once this current is reached, the conductance
of the QPC either drops by a factor of 5 (Fig. 8.16 (a)) or 10000 (Fig. 8.16 (c)). In
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the third case (Fig. 8.16 (e)), we assume that the I-V curve of the QPC can also be
described by Eq. (8.2) but with a reduced current and conductance. Using a circuit
in the inset to Fig. 8.16 (a), the current can be calculated as a function of the four
terminal voltage�V4pt = V2pt − IR0. Here V2pt is the bias voltage between the source
and drain contact. Fig. 8.16 (b)(d)(f) displays the I-V4pt curve one would measure
for the three di�erent I-V characteristics of the QPC.

For the top panel (Fig. 8.16 (a)), the current in the QPC does not possess an
upper limit. The large critical current for vertical tunneling can be reached, but a
signi�cant bias voltage is needed (Fig. 8.16 (b)). The I-V curve exhibits a region
of negative conductance. Hence, if measured it will be interrupted (dashed section
not measurable). These features are in disagreement with our experimental �ndings.
The second I-V we assigned for the QPC saturates to a maximal current. This limits
the total current that can �ow through the entire structure. As a result, the I-V
would show a saturated current in a large bias range up to 0.7 mV (Fig. 8.16 (d)).
At higher voltage, there are two solutions which indicates an instability. Again
a discontinuous curve would result. In general, this I-V is not consistent with
our experimental �ndings. Instead, we can nicely reproduce the continuous I-V
curve with reduced critical current if we assume that the tunneling at the QPC
resembles the Josephson-like vertical tunneling (see Fig. 8.16 (f)). There is no
longer a discontinuity in the I-V since the QPC has a much larger impedance and
the contact resistance becomes less important.

The above modeling assumes that vertical tunneling has a large critical current
and conductance. One may argue that if vertical tunneling can only support a
small tunneling current (due to a thicker interlayer barrier), the whole modeling in
Fig. 8.16 can be discarded. The measured I-V can be generated by just summing the
two nonlinear I-V s for vertical tunneling plus a resistor as shown in Fig. 8.17(a)(b).
A measurement at higher frequencies, which reveals the conductance of the QPC
at zero B-�eld, disfavors this scenario. We recall that the zero-bias conductance we
derived from the Josephson-like I-V curve of sample A was ≥ 0.4e2/h (Fig. 8.11 (a)).
This value re�ects the total conductance of the three "junctions" in series. In this
case, each junction should possess a conductance larger than 0.4e2/h. We write this
down more explicitly:

GQPC(B = 2.3 T) ≥ 0.4
e2

h
, Gvertical(B = 2.3 T) ≥ 0.4

e2

h
. (8.4)

Starting from 0.4e2/h, the conductance of the QPC is expected to increase further as
the B-�eld decreases [183, 184]. On the other hand, the vertical tunneling between
the layers drops signi�cantly when going to zero B-�eld. We have:

GQPC(B = 0 T) ∼ e2

h
, Gvertical(B = 0 T) ≪ 0.1

e2

h
. (8.5)

Because vertical tunneling is suppressed, it is not possible to perform a standard
quasi dc-experiment to obtain GQPC . Here, an ac measurement at a frequency of
1.3 kHz is used. The temperature is raised to 0.4 K to remove any interaction
e�ects. The setup is shown in the inset of Fig. 8.17 (c). At 1.3 kHz, the interlayer
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Fig. 8.17: (a)(b) Modeling of the measured I-V curve for two nonlinear tunneling
junctions connected in series with a QPC described as a linear resistor. (a) Black and
blue: I-V characteristics for vertical tunneling and transport across the QPC. For
vertical tunneling, we set the parameters in Eq. (8.2) to: I0 = 0.26 nA, V0 = 42 µV.
For the QPC, 1/RQPC = 0.4e2/h. Curve in (b) shows the corresponding four-terminal
I-V . Here, V4pt = V2pt − IR0. (c) AC measurement of the QPC as a function of Vsp

at B = 0 T, Vb = 1.04 V.

impedance is greatly suppressed. We can therefore extract purely the conductance
of the QPC. As shown in Fig. 8.17 (c), the QPC is switched on when Vsp reaches a
threshold value. However, even after the QPC is fully open, its conductance is only
about 0.13e2/h (for sample A) which is in contradiction to the expected conductance
of e2/h. This low conductance can only arise from tunneling across the QPC. The
large di�erence between the conductance at 0 T (0.13e2/h) and at 2.3 T (0.4e2/h
) suggests that current �ow through the QPC is enhanced at νtot = 1 and at the
�ling the QPC should not be treated as a simple resistor. It is the �rst indication
of Josephson-like in-plane tunneling occurring at νtot = 1.
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Zusammenfassung

Gase, Flüssigkeiten und Festkörper sind die häu�gsten Zustände von Materie in
unserer allgegenwärtigen dreidimensionalen Umgebung. Ein Beispiel hierfür bieten
die drei Phasen der H2O-Moleküle: Dampf, Wasser und Eis. Interessanterweise kön-
nen auch Elektronen�mit ihrer punktartigen Natur und negativen Ladungen�diese
drei Aggregatzustände unter bestimmten Bedingungen einnehmen. Bei relativ ho-
her Temperatur bewegen sich Elektronen als freie Teilchen, ohne gegenseitige Wech-
selwirkung, also vergleichbar der Situation in Gasen. Bei Abkühlung des Systems
kondensiert das Elektronengas in eine sogenannte Fermi-Flüssigkeit. Schlieÿlich ver-
suchen die Elektronen aufgrund der Coulomb-Wechselwirkung sich gegenseitig durch
die Vergröÿerung ihrer Abstände auszuweichen. Ist die Coulomb-Wechselwirkung
ausreichend stark, so entsteht ein regelmäÿiges Gitter�ein Elektronen-Festkörper.

Dies ist jedoch nicht das Ende der Geschichte. Die Natur hat mehr für uns auf
Lager. Elektronen zeigen eine Vielzahl von Phasen, die auf das Zusammenspiel zwis-
chen räumlicher Beschränkung, magnetischen Feldern, Coulomb-Wechselwirkungen
und anderen Freiheitsgraden wie Spin und Valley zurückgeführt werden können. In
dieser Arbeit begrenzen wir uns auf die Untersuchung von Elektronen in einer zwei-
dimenisonalen Schicht. In einem 2D-Elektronensystem(2DES) treten verschiedene
Zustände auf, wie zum Beispiel ganzzahlige und fraktionale Quanten-Hall-Flüssig-
keiten, 2D-Wigner-Festkörper, Streifen-und Blasenphasen.

Die genannten Zustände eines 2DES können durch die Veränderung eines senkre
chten Magnetfeldes ineinander übergehen. Viele dieser Phasen können in einfacher
Weise durch Messen des Widerstandes nachgewiesen werden. In einem Quanten-
Hall-Zustand verschwinden die longitudinalenWiderstände, während der Hall-Wider-
stand ein Plateau aufweist. Die Breite der Quanten-Hall-Plateaus steht im Zusam-
menhang mit der Unordnung der Probe, die zu einer groÿen Anzahl von lokalisierten
Zuständen führt. Zudem kann die Coulomb-Wechselwirkung auch eine wichtige
Rolle spielen. Auch in einem System ohne Unordnung können Elektronen � genauer
Quasi-Teilchen in den teilweise gefüllten Landau-Niveaus � aufgrund der starken
Coulomb-Wechselwirkung kristallisieren. Durch die Fixierung des Wigner-Kristalls
werden Elektronen im Inneren der Probe lokalisiert. Ein solcher Kristall kann die
Breite des Quanten-Hall-Plateaus erhöhen. Zum Nachweis der Existenz eines solchen
Festkörpers muss man über die üblichen Transportmessungen hinausgehen. Sowohl
Mikrowellen� als auch NMR-Versuche liefern starke Hinweise. Im ersten Teil dieser
Arbeit werden Messungen einer wichtigen thermodynamischen Gröÿe, des chemis-
chen Potentials, gezeigt. Signaturen einer negativen Kompressibilität im chemischen
Potential innerhalb eines Quanten-Hall-Plateaus weisen ebenfalls auf die Bildung
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eines Wigner-Festkörpers hin. Des Weiteren untersuchen wir die Abhängigkeit der
Elektronen-Kristallisation von der Temperatur und dem Magnetfeld.

Die emp�ndliche Technik, die wir zur Messung des chemischen Potentials einset-
zen, wird auf einer GaAs-basierenden Probe mit doppeltem Quanten-Topf entwick-
elt. In der Tat besitzt dieses Doppelschicht-System einen einzigartigen Quanten-
Hall-Zustand, wenn jede Schicht nur ein halb gefülltes Landau-Niveau aufweist. Ein
Elektron in einer Schicht kann sich mit einer leeren Stelle in der entgegengesetzte
Schicht paaren. Es wird angenommen, dass dieser so genannte νtot = 1-Zustand ein
Kondensat aus diesen Exzitonen ist. Der zweite Teil dieser Arbeit beschäftigt sich
mit diesem korrelierten Zustand. Ein Einzelelektronen-Transistor wird zur Unter-
suchung des chemischen Potentials bzw. dessen Ableitung und der Kompressibilität
rund um den νtot = 1 Quanten-Hall-Zustand verwendet. Es wird auÿerdem die durch
diese Methode erhaltene Anregungslücke mit der Lücke aus thermisch aktivierten
Transportmessungen verglichen. Das Ergebnis hilft dem Verständnis von angeregten
Zuständen bei νtot = 1. Neben den thermodynamischen Untersuchungen werden zu-
dem Tunnelexperimente im Doppelschicht-System durchgeführt. Der Tunnelprozess
zwischen zwei Schichten wird in Abhängigkeit von deren Abstand systematisch un-
tersucht. Zudem wird eine Doppelschicht-Struktur mit einer schmalen Barriere in
der Mitte der Probe analysiert. Interessante Phänomene treten hier auf, wie zum
Beispiel ein oszillierendes Verhalten des Stroms bei Ö�nen der Barriere. Obwohl
die Erklärungen für einige Ergebnisse noch ausstehen, kann sicher festgestellt wer-
den, dass das elektronische Doppelschichtsystem auch zwei Jahrzehnte nach seiner
erstmaligen Untersuchung immer noch faszinierende Aspekte der Physik bietet.
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Appendix A

Quantum point contact on a bilayer

So far the experimental results we presented only focused on the bulk propertis of
the 2DES. The edge of the sample, which plays an important role for a quantum
Hall system, was not addressed. In fact, no experimental attempts were directed
to edge transport in the νtot = 1-QH state so far. The lack of such experiments
can be attributed to the necessity of a top gate that covers the sample. The bilayer
samples with an intrinsic νtot = 1 o�er the advantage that no top gate is required.
Local electrostatic gating on the surface can be employed to manipulate the edge
channel. Here we investigate the edge transport at νtot = 1 in a quantum point
contact (QPC) geometry. The fabricated devices are presented in section A.1. The
one-dimensional nature of the QPC is proven in section A.2 by showing the quan-
tized conductance steps at zero B-�eld. The edge transport studies at νtot = 1 are
summarized in section A.3. The results can be explained nicely using the Landauer-
Buttiker formalism. Finally, we outline possible future experiments utilizing the
QPC on a bilayer.

A.1 Samples

The samples we investigated are shown in Fig. A.1. Hall bars were de�ned with
standard optical lithography. The Hall bars on R140A in Chapter 8 and R140B
were fabricated in one batch. However, for R140B as well as R178, no etching
was done in the split gate area. After the Hall bars were processed, we directly
deposited a Cr/Au split gate in the center of the mesa with the help of electron
beam lithography.

The QPC is formed at the small opening of the split gate. The gap is designed
to be 1.2µm in sample R140B and 4.2µm in R178. Nevertheless, the real width of
the channel in the 2DES is expected to be much smaller, as a result of the large
vertical distance between the gate and the 2DES. The split gate can be operated
without leakage from -8 V up to around 1 V. Due to the workfunction of the metal,
depositing a Cr/Au top gate on the bilayer lowers the electron density even at zero
gate voltage. This e�ect is relatively dramatic on our low-density samples.
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Fig. A.1: Optical images of Hall bars with split gates on top. All dimensions are in
microns

A.2 One-dimensional channel in a bilayer

The number of conducting channels through the QPC can be tuned by electrostatic
gating. Quantized conductance steps appear when the QPC approaches pinch-o�.
Sample R140B was used to demonstrate that a 1D channel can from in our bilayers.

Before applying any gate voltage to the split gate Vsp = 0 V, we obtained magne-
toresistance traces as displayed in Fig. A.2 (a). The two layers are equally populated
at a backgate voltage of 1.1 V. Rxy re�ects the bulk and shows nicely quantized
plateaus. In contrast, the behavior of Rxx is in�uenced by the QPC region. For
�elds above 1.5 T, the more fragile QH states (νtot = 4/3 and νtot = 1) fail to show
zero resistance. It indicates that the QPC region has a lower electron density than
the bulk even at Vsp = 0 V.

The quantized conduction at zero B-�eld is illustrated in panel (b) and (c) of
Fig. A.2. As we sweep Vsp from zero to negative values, the conductance G decreases
and shows steps at |Vsp| > 4.5 V. Notably, these steps concentrate in two gate voltage
ranges: |Vsp| ∈ [4.6, 5.6] V and |Vsp| ∈ [6.2, 7.2] V. No clear steps can be observed
in between these two voltage intervals. Furthermore, the conductance steps shown
in Fig. A.2 (b) possess much higher values. These results lead to the conclusion
that 1D channels form in the two layers in a sequential order. A 1DES with a few
conductive channels �rst forms in the top layer. In this case, the bottom layer still
has too many conductive channels. Only after the top layer is completely pinched-
o�, the bottom layer starts to show quantized conductance steps. The top panels of
Fig. A.2 (b)(c) illustrate by shading which regions of the bilayers conduct.

Strong hysteresis exists in sweeping the split gate voltage. Conduction in the
QPC of the top layer cannot be recovered without thermal cycling once it is pinched-
o�. Also, the trace shown in Fig. A.2 (c) can only be observed in one sweep direction
: 0 → −8 V.
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Fig. A.2: (a) Magnetoresistance traces
recorded when the two layers are balanced.
This measurement was done before applying
any gate voltage to the split gate. Numbers
marked are total �lling factors. (b)(c) First
sweep of the split gate voltage at zero B-�eld,
steps in the conductance appear at two dif-
ferent ranges of the gate voltage. The top
panels indicate which regions conduct.

A.3 Edge channel at νtot = 1

The magnetic �eld breaks the time-reversal symmetry. In the quantum Hall regime
when edge transport dominates, chirality becomes important and current can �ow
along the edge of the sample in a clockwise or counterclockwise fashion. Thedirection
of this edge current is governed by the sign of the magnetic �eld. Here we investigate
the edge transport of a quantum Hall bilayer system. We focus on the νtot = 1-
QH state in the case where current is passed through both layers. Experiments
were carried out on sample R178. Inset to Fig. A.3 explains the measurement
con�guration. This geometry allows to measure the density at the QPC from the
Hall trace of RD at low B-�eld. In the quantum Hall regime, RD has di�erent values
for the opposite B-�eld directions. Applying the Landauer-Buttiker formalism to
our measurement con�guration yields the following equations:

R+
D =

h

e2
1

νQPC

, (A.1)

R−
D =

h

e2

(
2

νbulk
− 1

νQPC

)
, (A.2)

RT =
h

e2

(
1

νQPC

− 1

νbulk

)
. (A.3)
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Fig. A.3: Magnetoresistance traces. Dur-
ing the measurement, a positive split gate
voltage of 0.8 V was applied. The inset
sketches the measurement setup. R+

D (R−
D)

was measured when sweeping B from 1.5 to
2.5 T (-1.5 to -2.5 T). The νtot = 1-QH state
is highlighted in yellow.

R+
D (R−

D) refers to the value at B > 0 (B < 0). Fig. A.3 presents the experimental
results around νtot = 1 when the two layers are balanced. Our results �t nicely
to the expected behavior of RD. The di�erence between R+

D and R−
D indicate the

chirality of the edge current at νtot = 1. Using the maximum value of R+
D within

the quantum Hall plateau at νbulk = 1, we estimate νQPC to be 0.923.

The Landauer-Buttiker formalism can be further veri�ed by comparing (R+
D +

R−
D)/2 with Rxy (and (R+

D −R−
D)/2 to RT −Rxx) in our data. From the equations,

we �nd:

R+
D +R−

D

2
=

h

νbulke2
, (A.4)

R+
D −R−

D

2
= RT . (A.5)

As can be seen in Fig. A.3, although R+
D and R−

D are measured for the opposite
B-�eld directions, the mean value of them (R+

D + R−
D)/2 simply collapses back to

Rxy in the quantum Hall regime. Deviations between (R+
D +R−

D)/2 and Rxy outside
the QH regime should come as no surprise as the edge transport picture is not valid
any more . We also found that (R+

D − R−
D)/2 equals RT when Rxx drops to zero in

the νtot = 1 QH-regime. This overlapping behavior supports the existence of edge
channels in such a quantum Hall bilayer system.
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Fig. A.4: (a)(b) Two extreme cases of inter-edge tunneling in the Landauer-Buttiker
picture. (c) Inter-edge tunneling in a bilayer with the current �owing only in the
bottom layer. (d) Compressible edge and incompressible bulk in the quantum Hall
regime.

A.4 Outlook

The QPC has been widely used to study the inter edge tunneling of a certain quan-
tum Hall state. There are two extreme cases for this tunneling as drawn schemati-
cally in Fig. A.4 (a) and (b). In the strong backscattering regime, the edge channels
are mostly re�ected from the QPC. Tunneling across the QPC involves electrons.
In the weak backscattering regime where the edge channels can mostly �ow through
the QPC, quasi-particles can tunnel from the forward moving edge to the backward
moving edge. Investigating this type of tunneling in our bilayer system at νtot = 1
may therefore shed further light on the issue of merons. However, our current sam-
ple is not suitable for this task. We measure both layers together. In this case, it
is likely that paired merons tunnel from one side to the other. The situation be-
comes interesting if only the bottom layer is connected. The current can then be fed
through only one layer. This con�guration may allow us to investigate the tunneling
of a single type of merons (Fig. A.4 (c)). As a concluding remark, we point out that
we used extensively the edge transport picture. For the sake of completeness, we
note that mounting evidence exists [13] that a more accurate description includes
compressible and incompressible strips near the edge [12]. Adapting this picture,
we should consider quasiparticle tunneling from one compressible strip to the other
one across the incompressible bulk as shown in Fig. A.4 (d).
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Appendix B

Wafers

We present the MBE growth recipe as well as the sample processing steps in this
appendix. Fig. B.1 describes the layer sequence of the two wafers we use. The
chemical potential measurements were carried out on samples from wafer 81653
(feed back measurements on 81653_CR85 and temperature dependent measure-
ment on 81653_CR1). This wafer has a prepatterned backgate [185]. The trans-

Fig. B.1: Wafer 81653 and C1001192. The aluminum content of AlxGa1−xAs is
marked at the bottom.
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port and SET measurements were done on samples from wafer C1001192 (sample
number C1001192_R160_SET_G1). Tunneling experiments involving a quantum
point contact were also done on samples from C1001192. The sample number is
C1001192_R140_F. We have renamed this sample as R140A in the main text. For
the interlayer tunneling experiments, we investigated three di�erent wafers. Here
we only show one of them� wafer 81653. The other two wafers di�er only by the
barrier in between the two 2DES as explained in the main text.

To fabricate a Hall bar on wafer C1001192, the following recipe was carried out:

1. De�ne the Hall bar via photolithography. Use wet chemical etching to fabricate
a mesa with a height of 700 nm.

2. De�ne a hole for contacting the backgate. Before doing the etching, use oxygen
plasma to remove photoresist residues in the developed area (35 seconds). Use
wet chemical etching to dig a hole with a depth of 1300 nm.

3. Evaporate metal contacts to both the 2DES and the backgate:
Ni(8 nm)⇒Ge(190 nm)⇒Au(380 nm)⇒Ni(38 nm).1

4. Forming gas annealing of the contacts.

5. Evaporate Cr(10 nm)/Au(110 nm) to locate bond pads.

1Experience has shown that the �rst nickel layer has to be more than 6 nm to prevent backgate
leakage. Also Ge/Au layers of 180 nm/360 nm are insu�cient to achieve good contacts.



155

Appendix C

More data on the Fraunhofer-like

oscillations

Fig. C.1 displays oscillating patterns obtained at three di�erent B-�elds and back-
gate voltages corresponding to the νtot = 1 state in the bulk. With a decreasing
density, the imbalance increases from zero (Vb = 1.05 V) to -7% (Vb = 0.95 V), and
-14% (Vb = 0.85 V), where n0 = 5.6 × 1010 cm−2. At lower backgate voltages, one
has to apply higher split gate voltages to open the QPC.

Fig. C.2 shows data obtained from Hall bar B of sample R140A. It demonstrates
that the oscillating pattern varies from sample to sample.
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Fig. C.1: Fraunhofer-like oscillation patterns in dI/dV as a function of V and Vsp

at νtot = 1 but with three di�erent densities. Data were recorded on Hall bar A of
sample R140A.
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Fig. C.2: Data obtained on sample B of chip R140A. (a)(b) Tunneling current I
and its numerical derivative dI/dV as a function of bias voltage V at three di�erent
split gate voltages. (c) Color coded plot of dI/dV as a function of V and Vsp. The
white dotted trace shows the oscillating conductance at zero bias as a function of Vsp.
Numbers marked on the top correspond to the gate voltages at which we show the
line cuts in (a) and (b). (d) Bias voltage position of the conductance maximum as
a function of Vsp at di�erent B-�elds. Lines are guides to the eye. From 1.4 T to
2.3 T, data points for each B-�eld are vertically o�set with a stepsize of 0.05 mV.
Data points at 2.4 T are o�set by 0.6 mV from V =0 mV.
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Appendix D

Speculation about the contacts

In chapter 8 unequivocal evidence was presented that on Hall bars of R140A only
the top layer was contacted even though we would anticipate the alloyed contacts
to reach both layers as they are only 10 nm apart. Here we speculate on the reasons
for this accidental contacting of the top layer only.

Sample R140A was processed in the same batch with another three samples. In
retrospect, we found one treatment that was only carried out on this particular sam-
ple. Namely, to fabricate the split gate a wet chemical etching step was performed
in the area where the split gate would be deposited. Naively the remainder of the
sample area should be covered by the e-beam resist (PMMA) and would therefore
remain una�ected by the etching. However, the PMMA resist we used was only
250 nm thick, whereas the Hall bar mesa had a thickness of 700 nm. One possi-
bility is that the side of the mesa was not covered and etching was unintentionally
performed. Even if so, preliminary investigations using SEM failed to reveal any
noticeable change near the edge of the mesa (Fig. D.1). The acid may also a�ect
the metal alloy. The alloy adds to the total height another 600 nm such that the
PMMA resist may get easily broken at the border of metallic contacts. To verify
this possibility, we did a control experiment on a second piece of the same wafer,
hereafter referred to as sample R140B. After con�rming that this sample had all
contacts to both layers, we spin-coated it with a thin PMMA resist. Then it was ex-
posed to oxygen plasma for 30 seconds (standard treatment before evaporation) and
put directly into the etching solution for a few minutes. If the acid indeed a�ects the
metal alloy, sample R140B would show di�erent contact behavior after this treat-
ment. However, no change was detected after the treatment when characterizing
R140B again at 1.2 K.

We conclude that we have been unable to identify the required conditions to
reproduce contacts that only contact the top layer. It is worth mentioning that
exotic contact behavior was seen before in these bilayers. Zhang has shown that
without any special treatment only the bottom layer could be contacted 1. Also,
Yoon et al. fabricated bilayer samples equipped with a split gate and encountered

1Master thesis of D. Zhang: Transport properties on GaAs bilayer systems, 2010, Max-Planck
Institute for Solid State Research, Stuttgart.
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Fig. D.1: False color SEM images of the metal contact on sample R140A.

the same problem�only the top layer was contacted 2. In all cases, the very low
intrinsic density in the quantum well may play an important role.

2Y. Yoon, private communication, 2010.
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