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We state a uniqueness theorem for camera calibration in terms of the twisted cubic. The
theorem assumes the general linear model and is essentially a reformulation of Seydewitz’s star
generation theorem. © 1988 Academic Press, Inc.

This note points out a tie-in between the geometry of the twisted cubic and
camera calibration. A similar observation has been made by [2, pp. 25-26] without
mentioning special cases.

The relevant geometry was established by 19th century geometers. The theorem
stated below is essentially a reformulation of the star generation theorem of [6] (cf.
[3, 2. Abtheilung; 7, Band II, pp. 172-183; 4, p. 309)).

By camera calibration we mean the determination of the parameters of the
camera transformation using the coordinates of a set of “reference points” in
3-space and their corresponding image coordinates. In photogrammetry this is
referred to as the “determination of the orientation.”

A system of linear equations assuming the general linear model can be found for
example in [1, p. 482]. Using this model we have the following:

THEOREM. Let R be a set of reference points in real 3-space. Let C be a projective
transformation of maximal rank from 3-space onto 2-space with K = Ker C. Then
there exists a projective transformation C', distinct from C, with C(R) = C'(R) for
all R € & if and only if

(&) 2V (K} is a subset of a possibly composite twisted cubic or

(b) R is a subset of the set theoretic union of a line and a plane, and K lies on the
line.

For a readable proof of both implications in the real case including a discussion
of the degenerate cases see [7, Band II, p. 172ff.] Compare also the analytical
approach in {5; 4, p. 309]; the latter reference restricts itself primarily to complex
space.

The curves which occur in (a) of the theorem are explicitly

(i) the proper twisted cubic, which is defined in terms of homogeneous
coordinates via the parameter representation

Xo: X1 Xy X3 = fo(8): f1(8): £,(8): f5(6)
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F16. 1. A composite twisted cubic—a conic and a unisecant.

with
3
f(8) = X a6
j=0
and det(a,;) # 0;
(i1) the union of a conic and a unisecant as indicated in Fig. 1,

(iii) the union of two skew lines and a transversal as indicated in Fig. 2.

In (i) and (ii)) the terms “unisecant” and “transversal” are used in their
projective sense, i.e., the point of intersection may lie on the plane at infinity.

\

Fi1G. 2. A composite twisted cubic—two skew lines and a transversal.
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In applications K = Ker C corresponds to the position of the camera. The general
assumptions of the theorem should be understood as stipulating that all reference
points lie in the camera’s field of view. The theorem implies that the coefficient
matrix in the matrix equation for camera calibration given in [1, p. 482} is not of
maximal rank if and only if the lens and the reference points lie on the configura-
tions as stated in the theorem. If the data is noisy, the theorem implies that this
coefficient matrix is ill-conditioned when the reference points lie on one of the given
configurations; conversely, it suggests that the matrix might be well-conditioned
when these configurations are avoided.

Remark. Six points are insufficient to ensure unique camera calibration from all
camera positions. This is a consequence of the fact that a possibly composite twisted
cubic passes through any 6 points in space. See for example [4, p. 314] for an
analytic proof of this when the points lie in general position. When 4 points lie in a
plane, choose a possibly degenerate conic to pass through the 4 points and the point
of intersection of the plane with the join of the remaining 2 points, and thus obtain
a conic and a unisecant.

ExaMpLE. Take 7 points in 3-space, 4 in one plane, 3 in another such that no 3
lie on a line. If these are taken to be reference points, camera calibration is possible
from any position from which all reference points are in the camera’s field of view.
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