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Preface

Many applicationan chemicalengineerind27, 97], uid mechanicg33], geology[85],
andbiology involve systemf particlesimmersedn aliquid or gas o w. Examplesof
suchsystemsaresedimentatioprocessegjas-solidor liquid-solid uidized beds blood,
mixing processewhensediment-ladeniversenterlakesor the sea,powdertransportoy
pneumatiacornveying, theticking of hourglasses,occulation in suspensiongndmary
more.

Although all suspensionarebasedon the samefundamentals- solid particlesare sus-
pendedn a uid or a gas— the physicalpropertieghatdominatethe behaior could not
bemorediverse.

In colloidal chemistrythe behaior of a suspensioms dominatedby physicaland
chemicalpropertiesof the particlesandthe uid, sothatinterparticleforcessuch
asrepulsve electrostaticor attractve van der Waalsforcesdeterminethe stateof a
suspensionThe additionof a smallamountof additive containing,e.g. freeions,
to the uid maycausea stablesuspensioto occulate.

If particleslike sandor dustaretransportedy the air o w in low concetrations,
they do not causea distinctchangeof the o w. Thereforecloudsof dust,e.g.from
volcaniceruptionsaretransportedver large distancesn the atmosphere.

In contrasto low particlesconcentrationghebehaior changeslramaticallyif we
considerhigh particleconcentrationsasthey occurin dustavalancheswheree.g.
powdery snawv slidesdown a mountain. The particlesthemselesdrive theair ow
andareableto causewind velocitiesin excessof 200km/h [32].

Thisselectiorof exampleds farfrom beingcompleteobut it alreadyshavsthatthephysics
of suspensiongs very rich in phenomenandthe classicalproblemof sedimentations
only astartingpointfor theexplorationof thevast eld of particlessuspensions.

Particle suspensionkave all in commonthatthelong-rangechydrodynamidnteractions
mediatedby the uid in the interstitial voids of a particulate,granularsystemgreatly
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changats physicalbehaior ascomparedo the“dry” statewithoutmedium.Thedry state
is characterizety theshort-rangednostlyviscoelastidorcesthatactwhensinglegrains
comeinto contact. Thusthe behaior of adry granularsystemdependsery stronglyon
the particlevolumefraction. Dustavalanchesreanideal exampleof this phenomenon.
As longasthedustrestsonthegroundtheair in thein theinterstitialvoidsis of nointerest
andthe dustmay be describedik e a heapof sand. But assoonasthe particlesstartto
move, the particlevolumefractionis reducedandthe particleslosecontact.Now the air
betweenthe particlesmediatesa couplingof the movementf singleparticles.

Theanalyticaldescriptiorof suspensionis limited to specialcasessuchaszeroReynolds
numbers sphericalparticles,in nite systemsizes,or periodicboundaryconditions. We
thereforehaveto rely on phenomenologicalescription®f thesuspensionr oncomputer
simulations.Phenomenologicalescriptiondhave provento provide accuratepredictions
for specialcased 15, 57] but they are limited to parameterangeswherethe physical
mechanismgominatingthesuspensiobehaior do notchange Computeisimulationsn
principleovercomehisrestrictionbut suffer from theenormousxpensehatis associated
with the numericalrepresentationf freely moving boundariesn a uid. It is therefore
necessaryo nd adescriptionof suspensionwhich allows to transferthe particlescale
phenomendo a macroscopicscale. However, sucha projectis not possiblewithout a
detailedunderstandingf the suspension.

To gainsuchanunderstandingwe studythe sedimentatiorof mono-andbidispersesus-
pensionsWe restrictour studiesto non-Bravnian, hardspheresith a discretedistribu-
tion of sizesanddensitiessettlingunderthe in uence of gravity in a quadrilateralcon-
tainer The containemay eitherhave walls on the boundarie®r be periodically contin-
ued.

The thesisis organizedasfollows: In Chapterl we describethe uid dynamicalfoun-
dation of the problemand describesomebasic propertiesof particlessuspendedn a
uid. We thendescriben Chapter2 a numericalsimulationtechniquethatis capableof
simulatingmorethan10® degreesof freedomandusethis simulationtechniqueto study
monodispers€Chapter3) and bidispersg(Chapter4) suspensionsBasedon the simu-
lationsandexperimentaldata,we showv thata advection-difusionmodelfor the particle
concentrations ableto describehe settlingof polydispersesuspensionfChapters).



Chapter 1

The Physicsof Particle Suspensions

1.1 The Fluid

1.1.1 Continuum Mechanical Description

Thetheoreticaldescriptionof liquids is basedon the continuumhypothesiswhich states
thatit is possibleto associatehe macroscopigropertieof the uid with any volumeof

uid, no matterhow smallit is, andthatthe uid consistsof a continuousaggrejateof

such uid element4101]. We know thatthe continuumhypothesidreaksdown for very

smalllengthscalef theorderof thelengthof themeanfree pathof themoleculesvhich

formthe uid. Howeverif thescaleof thephenomenaf interestis seperatedlearlyfrom

thatof the meanfree path,thenwe canchoosean averaginglengthscaleon which each
volume elementcontainsso mary particlesthatthe uctuations of the meanvalueof a

physicalquantityis negligible.

Building onthecontinuumhypothesisve candescribéhemovemenibf a uid byitslocal
velocity v(; t), localdensity (x; t), andlocal pressurg(x; t) wherex is the positionin
space x ed coordinatesandt is the time. We will only dealwith isothermalprocesses
andthereforenot includethe temperaturen our considerations.To formulatethe basic
equationdor the uid we utilize the conserationof massandmomentum.

We consideravolumeV of uid in Eulerian(spacex ed) coordinates.The massof the
volume changesdueto the in- andout ow of uid throughthe surfaceS. Sothatthe
changeof massis

y y
g dv = v dS (1.1)

\Y S



10 1.1 TheFluid

wheredS is a volume elementof the surfacewith an outward normal. Becausedhe in-
tegrationvolume doesnot changewith time we canexchangethe integral with the time
derivative andby applyingGausss theoremwe nd the continuity equation,

%+r (w=0 (1.2)
Additional equationsare found by using the conseration of momentum,or Newton's
secondaw, i.e. the changeof momentunof a uid elements equalto the force acting
onit. We follow the movementof a uid elementsuchthatit alwayscontainsthe same
molecules. This implies that the volume of this uid elementmay change but thatits
massis constant. As a consequencahe momentumof the uid elementchangesonly
dueto changesn thevelocity

dv _ @+ dx@+dy@+dz@

- @ de de d@ (3
or equialently
dv = @ _
i @+ (v r)w (1.4)

Herethe velocity enterskqg. (1.4) in two ways: First asthe quantitythatchangesasthe
uid movesandsecondasthe quantitythatcontrolshow fastthe changeoccurs.

Now thatwe know how the momentunchangesve mustconsiderthe forcesactingon a
uid element.In principletherearetwo typeof forces,namelysurfaceandvolumeforces,

sothatwe canwrite

q Z Z Z
— vdV = T(t)dS+  f(%;t) dV (1.5)
dt v s v

whereT is the symmetricstressensorwhich describeghe surfaceforcesin caseof no
internaltorquedn the uid andf™is anarbitraryforceactingonthe uid volumelike,e.g.,
gravity. As EqQ.(1.5)is valid independentf theactualform of theintegrationvolume,the
relationmustthereforehold alsofor theintegrandsonly. By applyingGausss theoremnto
the surfaceintegral on theright handsidewe obtain

% + (¥ r)v=r T(¥t)+ ¢ t): (1.6)
Eq.(1.6)togethemwith Eq.(1.2) provide 4 equationgor the 5 variablesvelocity, pressure
anddensity Thelastequationis givenby the equationof statefor the uid = (p). In

mary casesespeciallywhenthe uid velocitiesaremuchsmallerthanthespeedf sound
in the uid, the uid canberegardedasincompressibl@and is aconstant.

We now have to specify the natureof the stresstensorT. Oftenthe symmetricstress
tensorT is divided into two contrikutions, (i) the diagonalpartof T; and (i) the off
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diagonalpartT;j = T;  1=d j Txk. Thetraceof the rst is thepressurectingin normal
directionon a uid element,andthe secondthe shearforce acting perpendiculato the
surfacenormal. In anideal uid with nofriction Tj is zeroandEq. (1.6) reducedo the
Eulerequation

%+ (v r)v=1r p+f a.7)

Foraviscousuid T isnotzeroandfriction occurswhenthedistanceébetweertwo neigh-
boring uid elementhanges,i.ethey move relative to eachother The forceis propor
tional to the relative velocity of thetwo uid elements. The mostgeneralform of the
stresgensorfor isotropic uids linearin thevelocity gradientss [101]

@i+@j 2 @ N @

] p 1) @J @i 3 1) @k 1) @k ( )
where is calledshearviscosityand the bulk viscosity which is the resistancef the
uid againsttompressionkFor thecaseof anincompressibleuid = constthecontinu-

ity equation(1.2)reducedor » = 0, sothatthecompressiblgartof the stressensor
disappearsBy insertingEq. (1.8)in Eq.(1.6) we arrive atthe Navier-Stokesequatiorfor
aincompressibleuid

%+ (¥ r)¥=r p+ r 2w+t (1.9)

The Navier-Stokesequationis a setof threenonlinearpartial differentialequationdor v

andp, whosenonlinearityis dueto the corvective term of the time derwvative. Together
with appropriatdooundaryconditionsandtheincompressibilityconstraintthesefour un-

knownscanbe determinedn spaceandtime.

1.1.2 Boundary Conditions

Sincethe Navier-Stokes equationsof the uid motion are partial differentialequations,
we needboundaryandinitial conditionsto solve theseequationsThetypical boundaries
for a uid are(i) solid, impermeablevalls, (ii) the boundaryto anotheruid and (iii) a
free surfaceof the uid. We will only considerthe casewherethe boundaryconsistsof
solid walls, becausave will only dealwith solid suspendeg@atrticlesin thisthesis.

Oneconditionin caseof a solid, impermeablavall is thatno uid may passthroughthe
wall. Thusthevelocity componenhormalto the boundarymustequalthe velocity of the
wall.

¥ A= Vs R; (1.10)



12 1.1 TheFluid

whereVs is thevelocity of thewall.

Thesecondonditionfor thetangentiacomponenbf thevelocityis notasobvious. It has
beenshovn by experimentghatthe no-slipboundaryconditionappliesfor the boundary
of normal uids andsolid walls, becausehe surfaceof thewall actslike alayerof uid
moving with velocity Vs. Theviscosityof the uid preventsadiscontinuityof thevelocity
betweernthe uid andthewall. The no-slipboundaryconditionis expressedy

¥ A=Vs AR (2.12)
andis independenof the conditionfor thenormalcomponent.

We will laterutilize theequialenceof asolid wall boundarywith a uid moving with the
samevelocity in our numericalmethodto describehe suspendegarticles.

1.1.3 Dimensionlesdescription

The conceptof dynamicalsimilarity saysthat undersomeconditionsthe o w patterns
of two similar geometriesare alsosimilar. This conceptallows for the usageof small-

scalemodelsand wind-tunnelsor towing-tanksto designandtestthe uid dynamical
propertienf aeroplanes;ars,andships.Thequestionis now underwhich conditiontwo

similar geometriewill producesimilar o w patterns.

Let us introducetypical lengthandvelocity scalesL andU of our system. Theseare
typical scalesof thesystemg.g. the sizeof anobstaclan the o w andatypical velocity
of the uid. We usethis characteristiovaluesto obtaina non-dimensionaform of the
variableswhich we denoteby primes,

x%= %=L; %»%= w=U; t°= tU=L: (1.12)

SubstitutingEqg. (1.12)into (1.9) andmultiplying the resultingequationby L= U ? gives
thedimensionlesdlavier-Stokesequation

@0 0 0— 1 ®,,0 L 2
——+ (v0 r Q0= U2r0p+ o' v+mf~. (1.13)
wherethe spatialandtime deriative transformlik e
L @
0= |y - d _@: — = 1.14
r r, an iy ( )

If we measurahe pressurendtheforcein unitsof 1= U ? andL= U 2 thentheequations
for thenon-dimensionalariablesarethesamef =UL isthesamen thetwo geometri-
cally similar situationsAs all variablesarenow primedwe dropthe primesandwrite the

nal, dimensionles$orm of the Navier-Stokesequation

%+(v ryv=r p+ R_ler 2y + (1.15)
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whereRe is thesocalledReynoldsnumber
L L
Re= oL _ut (1.16)

and = = isthekinematicviscosity

If we neglectthe externalforcesf™ thentwo geometricallyidentical situationswill have
the samesolutionsandthereforethe same o w patternsif the Reynolds numberis the
samein bothsituationsbecaus¢henthe Navier-Stokesequationsareidentical. Thusthe
Reynoldsnumberis the conditionfor dynamicalsimilarity.

1.1.4 The StokesEquations

We nd aphysicalinterpretatiorof the ReynoldsnumberRe, introducedn the previous
section by comparingheratio of theinertial term of the Navier-Stokesequation

2
¥ T UT (2.17)
to theviscousterm
jr 2y o (1.18)

We nd thatthe Reynoldsnumberindicatestheratio of inertiaforcesto viscousforces
j¥ rvj UL _
jr2y B

Re: (2.19)

Thus,whenthe Reynoldsnumberis very small(Re 1) theinertiaterm of the Navier-
Stokesequation(1.15)is very smallcomparedo the viscousforcesandwe may neglect
it. Thisleadsto thesocalledStokesequationfor aviscous uid,

%: r p+ R_ler 2 + (1.20)

The Stokesequationis a linear equationin ¥ andthereforeanalytically easierto handle
thanthefull Navier-Stokesequation.It alsoshavs two featuregpresenin low Reynolds
number o w, namely o w reversibility andthe long-rangenatureof the viscousinterac-
tions. Dueto thelinearity new solutionsto the Stokesequationcanbefoundby superpo-
sition of known solutions.

1.2 Particlesin Fluid

In this sectionwe look at the o w of viscous uid in the presencef a single or mary
sphericalparticles. The analytical calculationsare only possiblein the limit of low-
Reynoldsnumber o ws wherethe Stokesequationis still valid.
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1.2.1 A SingleParticle

A famoussolutionof the Stokesequation(1.20)is the o w pastasphere The solutionof
the ow eld is usedto calculatetheforceonthesphere.

The problemis bestconsideredn sphericakcoordinatesWe choosea frameof reference
wherethe sphereis at restandthe orientationsothat = 0 in the o w direction. By
symmetrythe azimuthalcomponenof the velocity is equalto zerov = 0. The uid is
moving with constantelocity v, atin nity , which givesthe boundaryconditions

Vi = Vgc0S ; and v = VpSin (1.21)
atr = 1 . Theboundaryconditionson the spherecanbe expressedy
vi=v =0 at r=a (1.22)

wherea is theradiusof the sphere Thesolutionof Eq. (1.20)is then[39]

3
vV, = Vycos 1 ?+% ; (1.23)
3
V. =  \psin 1 Z—?+%; (1.24)
3 voa
P Po = Qr—(z)COS: (1.25)

Themaincharacteristiof thesolutionis thatthedisturbancdérom thevelocity eld with-
outaspheredecays 1=r. Thisshavsthatthe ow eld isin uencedby the presencef
asphereover large distancesTo calculatethe force on the particlewe needthe stresson
the surfaceof the particle. On a boundaryat restthe pressureandviscousforcesper unit
areaaregivenby

T = sin (P Po)r=aCOS : (1.26)

which equalsthe constanwalue

3V0
T=2
2a

By (trivial) integrationoverthe surfacewe get

(1.27)

Fbo = 6 av; (1.28)

thedragonaspherdn anunboundeduid. It shouldbe notedthatdueto thefactthatthe
viscouseffect extendsover a long range,even distantboundarieshave a large effect on
the particles.E.g. in afalling-sphereviscometetheradiusof the containehasto be 100
timeslargerthanthatof the sphereio reducethe errorto lessthan2% [39].



ThePhysicsof Particle Suspensions 15

It is now easyto calculatethe velocity of a particlesettlingundergravity in aunbounded
uid. Theresultingvelocity Us; is calledthe Stokesvelocity,

Ust= g————— (1.29)

where , is thedensityanda theradiusof the particle.

1.2.2 A Fixed Array Of Particles

Oneof the rst approacheso calculatethe velocity of suspendegarticleswasto com-
putetheresistanc®f a x edassemblagef particles.In thepresencef wallsthemethod
of re ections[39] is usedto nd thecorrect ow eld andtheforceson the particlesit-

eratively. The solutionis approximatedy consideringhe boundaryconditionswith one
particleat a time, which is calledare ection. A differenttechniquewasusedby Hasi-
moto [41] to calculatethe force on a periodicarrayof particles.He usedthe periodicity
of the problemto expandthe uid elds into Fourier series. By usinga point particle
approximatiorhefoundthattheforceon a particleis givenby

F = 6 au
1 1:7601 = + 1:5593 2

(1.30)

where is thefraction of the volumeoccupiedby the particles. The settlingvelocity U
of suchanarrayis thereforegivenby

Ust

U= < : (1.31)
1 1760153 + 1:5593 2

For 1 thechangan thevelocityis proportionalto 3 andthereforeproportionalto
theinverseof the particleseparation.

1.2.3 FreelyMoving Particles

In a real suspensiorthe patrticle positionsare not x ed, so that the particlesare able
to changetheir relative positions. This rendersthe calculationof the settling velocities
dif cult, becauseve mustknow the particledistributionto determingheaverageparticle
velocity Ui, whichis de ned by
S
hUi = — Ui: (1.32)
N
i=1
For monodisperssuspensionghe particle distribution is not known a priori. We must
distinguishbetweertwo cases
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1. The particlesareso smallthatthe continuumhypothesigs only partially ful lled.
Thentheparticlesshav anerraticrandommotion, the so calledBrownianmotion.

2. Theparticlesarelarge enoughsothatthe Brownianmotionis neglegible.

The so called PecletnumberP e provides an estimatewhetherthe Brownian motion of
particlesmay be neglected. The Péecletnumbercomparedhe ratio of heatadwectionto
heatconductionandis de ned by

Pe= —; (1.33)

whereU is atypical velocity of the particle,a its radiusandD is the thermaldiffusion
coefcient. ForPe 1theadwective motionof theparticledominatesandthe Brownian
motion canbe neglected,whereador Pe 1 the Brownian motionis dominatingand
the particlemovementwill belargely of randomnature.In caseof low Pécletnumberwe
thereforeexpectto nd alocally homogeneouparticledistribution. This shovsthateven
if we do notconsiderinterparticleforces,the particledistributionis notknown a priori.

Therehave beenmary approacheto calculateheaveragesettlingvelocity of theparticles
in a suspension.We will briey describeBatchelors idea[7] which is basedon two-
particleinteractions.

Batchelorconsidersarandomsuspensiomt low volumefraction . He assumeshatthe
particle distribution is homogeneouand calculatesthe pair interactionbetweena test
spherepositionedat x, andall possiblepositionsof particles.The meansettlingvelocity

is thengivenby
Z

hui = U (%0; Q)P (Gujxo)d Gy ; (1.34)

1
N!
where C is a con guration of N spheresand P (G, jxo) is the conditional probability
densityof acon gurationof N + 1 particlesgiventhatthereis a sphereatthepositionx,.

The main problemis thatthe integral (1.34)is divergentbecausehe velocity eld of a
particledecays r !. Heovercomeshis problemby calculatingl V whereV isthe
translationalelocity dueto the nonuniformenvironment.In thisfashion he nds hUi up
to order ,

HJi = Ug(l 655 ): (1.35)

AlthoughEq. (1.35)is only valid atlow volumefractions,Batchelors linear approxima-
tion of the hinderedsettlingfunctioncaptureoneof the mainfeatureof particlesuspen-
sions.If the particlevolumefractionis increasedthe settlingof the particlesis hindered
dueto theback ow of liquid causedy theotherparticles.
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For particlevolumefractionslargerthan  0:15the Eqg. (1.35) predictsnegative settling
velocities,i.e. theparticleswill rise. Thisshavsthatthelineartheorymustnotbeapplied
over thewholerangeof possiblevolumefractions.A secondorderapproximatiorof the
hinderedsettlingfunction would requireto take threeparticleinteractionsinto account.
This approachhasbeentaken e.g. by P Mazuret. al. andBradyet.al. [70, 13] and
leadsto betterapproximation®f the hinderedsettlingfunction. But in all casesonehas
to make assumptionsn the particledistribution within the suspension.

Thecalculationsof the hinderedsettlingfunctionassumehatthe particlesaredistributed
homogeneouslwithin thevolume.If thisis notthe case saydueto theinitial conditions
or generatedy inclinedwalls asshavn in Figure 1.1, the calculationsarenot valid any

more. In caseof inhomogeneougitial conditionsas shovn on the left side of Figure
1.1, the back ow generatedy the particlesis not forcedto move throughthe particles
but avoids the region of high particleconcentration.Thusthe hinderedsettlingeffect is

reduced.In the caseof inclinedwalls, aninitially homogeneoudistribution of particles
will developareasof higherconcentrationgdark grey in Figurel.1) andareasof lower
particleconcentratior{light grey), wherethe upwardmoving uid o wswithoutthe hin-

dranceof settlingparticles.

Figure 1.1: Sketch of two situationswherethe averageparticle settling velocity is in-
creaseddueto ainhomogeneougitial particledistribution (left side)or inclined walls
(right side). In both casesthe back ow generatedyy the settling particlesavoids the
particlesandthe averageparticlevelocityis increased.

A similar situationoccurswhentherearelong-rangenterparticleforcesor otherphysical
effectsthatleadto clusteringof the particles.In suchcasegshe hinderedsettlingfunction
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doesnot needto beamonotonicallydecreasindunctionof the volumefraction.



Chapter 2

Simulation Method

Becauseof its greatimportance,the problemof particle suspensionfiasbeenandis
still attractingconsiderablattentionon both the experimentalandtheoreticallevel. As
is known from the physicsof liquids on the molecularscale[37], long-time tails will
arisein the correlationfunctionsof conseredcurrentsas,e.g.,theliquid's velocity eld,
andthe long-rangecharacterof the hydrodynamicinteractionnecessitatesery careful
studiesof the systemsize dependencef the results. Shortof analytic solutionsof the
problem,thechallengehereforesto nd simulationtechniqueshatareontheonehand
accurateenoughto allow reliablepredictionsput ontheotherhandof suf cient numerical
ef ciency to permitstudieson “large” systemsn termsof particlenumbersandcon ning
geometryand“long” timeswith respecto theintrinsic velocitiesandlengthscales.

Sometechniquesnotably nite elementor nite volumetechnique$22, 34,49,51, 69],
canreproducerery preciselythebehaior of asmallnumberof particles but they aretoo
computerintensive to simulatein threedimensionsnherentlycollective, mary-particle
effectsas, for example,the in uence of the presenceof a uid phaseon corvectionin
granularassemblieghebubblingin uidized beds,or instabilitiesassociateavith gravi-
tationaloverturning.Recentlyhowever, in two dimensionsuccessfusimulationsof rhe-
ologicalbehaior [34, 69] have beenperformed.The mosttime consumingpart of these
algorithmsis the recurrentnecessityto generatenew, geometryadaptedgrids because
continuoudistortionof the initial grid will quickly resultin very elongatecelementsor
evenoverlapswith partsof theinternalboundary(a particle).

Othertechniquescan deal with mary particles,but use phenomenologicagxpressions
[53, 91, 102 107 for the coupling betweenparticlesand uid that are incapableof
renderingcorrectlysingle particle behaior andlimit severely the predictive power of a
methodwhennew parameterangesareexplored. Theseincludealsothe averagedequa-
tion techniguesandthe EulerLagrangiarformulationsthatarepopularin turbulent o w
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simulationswheredirectsimulationis prohibitively expensve [96, 99, 102].

Several techniquesare basedon the assumptiorof low Reynoldsnumberswhich turns
the Navier-Stokes equationinto the linear Stokes equation. Then one exploits the fun-
damentalkolution of the Stokesequationto eliminatethe needto computethe solution
everywheran spaceput ratherusesaboundaryelementformulation[105] or amultipole
expansiorfor thestresontheparticlesurface[10, 12,58] possiblytogethemwith speci ¢
precautiondor the divergentnear eld lubricationforces[88]. Naive implementations
of thesemethodsequirethe storageandinversionof a full matrix. Only rathercomplex
clusteringtechniqueghat exploit the decayof the in uence of oneparticleon the other
with increasingdistancebetweenthe two canreducethis effort to be proportionalto the
numberof particles(apartfrom logarithmiccorrections) However, no ef cient boundary
integral techniquds known to usfor the nonlinearNavier-Stokesproblem.

The most powerful techniquesn termsof the ability to dealwith large systemsof the
describedkind have proved to be thosethat usea xed nonadaptie grid to represent
the uid ow. The particle boundariescanthenbe representeanly approximatelyas
permittedby the regular discretization.Suchtechniquesave beensuccessfullyusedby
Laddin conjunctionwith alattice-Boltzmanno w solver [60, 61] or in Ref.[103] with a
morecorventional nite differenceNavier-Stokessolver.

The methodthatwe proposeherefollows theimmersedooundarytechniqueproposedy

FogelsorandPeskin25]. Similarideasarealsoemployedin the ctitious domainmethod
developedby Glowinskiandco-workers[30, 28,29] andearlierdomainembeddingneth-
ods[16] aboutwhich we learnedonly after mostof this work hadbeencompleted.The

basicideaof thesetwo approachess to usethe sameconstantgrid for the resolutionof

the uid ow atall timesandrepresenthe particlesnot as boundaryconditionsto the
o w, but by a volumeforceterm or Lagrangemultipliersin the Navier-Stokesequation.
The uid equationcanthenstill be solved by very fastspecialized~ourier or multigrid

techniqueghatexploit theregulargrid structure.

2.1 Numerical Method

We now describethe essential®f our techniqueto treatlarge numbersof rigid particles
moving in a uid modeledby the Navier-Stokes equations. The problemcan be quite
cleanlyseparateahto threeparts:(i) the uid equations(ii) themotionof thesuspended
particles,and (iii) their mutual coupling. Most of the technicaldetailsof the rst two
subproblemganbefoundin theliteratureandwe will heregive only the mostimportant
factsfor completenessThe way of couplingthesetwo phasewill be addresseth more
detail.
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2.1.1 Liquid

Our startingpointsarethe Navier-Stokesequationgiescribinghemotionof a Newtonian
uid with inertia,

%+ ( r)v=r1 p+ rxn+f (2.1)

Here and denotethe uid densityandviscosity ¥ andp its velocity and pressure,
respectrely, and f~ a volumeforce term. As usual[63], we will not considerthe time
independengravity contribtutionto f~explicitly, but cancelit againsthe hydrostatigres-
sureandomit bothtermsfrom Eq.(2.1). Thecorrespondingpuoyangy forceswill betaken
into accountexplicitly in the equationsof motion of the suspendegarticles. However,
we will requirea uctuating componenbf f~asanessentiaingredientof our simulation
technique(seebelaw), sothatthe volumeforce term mustbe left in Eqg. (2.1). For the
following, we will considertheliquid asincompressiblei.e.,r ¥ = 0, andchoosethe
solutionmethodfor the uid equationaccordingly Incompressibilityis not a necessary
conditionfor the couplingtechnique.

We usea staggerednarker andcell (MAC) meshasthe basefor a secondorderspatial
nite-dif ferencediscretizatiorof (2.1), which simpli es considerablyhetreatmenbf the
pressureéboundaryconditions[26]. Detailscanbefound,e.g.,in Ref.[78], Chap.6. If
we denotethe componentf the velocity by u; v andw the discretizedNavier-Stokes
equationis givenby

1
i t”‘(ﬂ = R W (W)
xpi(;?;;l) + Rier zui(;?;l)( : (2.2)
1
i tv‘(”'n;& SRR (10 A (o A (A1)
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where t is thetime stepandthedifferentialoperatorsaarede ned by

1
xfl;m;n = H(fl+1=2;m;n fI 1:2;m;n); (23)
1
yfl;m;n = H(flzm+1=2;n fim 1=0n) ;
1
zfl;m;n = H(flzm;n+1=2 fI;m;n 1:2);
r 2fl;m;n = X xfl;m;n + y yfl;m;n + zfl;m;n ;
f _ f _ fI+1;mn 2fl;m;n + fI 1mn .
x xlImn — xx ! I;mn — h2 .

We calculatethe valuesof u; v andw locatedbetweenthe grid pointsby averagingthe
on-gridvalues sothatthe approximatioris still of seconcrdet

Theincompressibilityconstraintis satis ed via an explicit operatotsplitting, fractional-
time-stepmethod,describedn detailin thesamereferenceln thatframework, oneintro-
ducesan additionalprovisional “velocity” ¥ without physicalmeaningin orderto split
theonevelocity equation(2.1) into two,

vy
t
¥ty
t

(F ¥ )"+ r 2+ (2.4)
= r p"t: (2.5)

Here, the superscriptsy andn + 1; respectrely, denotethe valuesatt = n t and
t=(n+ 1) t. Thissystemof two equationss mathematicallyequialentto the single
equationthatwe startedout with.

An equatiorfor the pressurevariableis obtainedirom Eq. (2.5) by takingthe divergence
andusingthatthe divergenceof the updatedvelocity eld ¥"** mustvanish,

r 2ph*t —r v (2.6)
The stepsabove are often consideredo be a projectionof Egs.(2.4,2.5)onto a diver
gencefree subspacef the velocity vector eld—the pressureequationis usedto remove
the “perpendicular’velocity componentgontainedn ¥ —andthustheterm“projection
method”is often employed in this context. The exact distribution of termsto the split
equationgs notunique;in principle,someof thevelocity termson theright handsideof
(2.4) could appeaiin (2.5). Consequentlythe unphysicatemporaryeld ¥ would take

differentvalues without affectingv"**

The uid equationsnustbe solvedsubjectto the boundaryandinitial conditionsimplied
by the con ning geometryin our casea quadrilateravolumewhich is either(i) limited
by x ed walls on which no-slip conditionshold or (ii) periodically repeatedn space.
To obtain the boundaryconditionsfor Eq. (2.6), we project expression(2.5) onto the
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boundarys outward pointingnormaln,

— vt v, = (mor)p™t: (2.7)

Let usnow considerthe spatiallydiscretizedforms of Eq. (2.6) and(2.7) in the vicinity
of aboundaryase.g.,displayedn Fig. 2.1,

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1

1 Pi:m  Pom Pom P 1m + 1 Po:m +1 Po:m Pom  Pom 1
h h h h h h (2 8)
- Vx;O,m Vx; + VyOm Vy;O;m 1 )
t h h
and
1 n+1 n+1 — n+1 . 29
H(po;m Pram) = — Y Vi - (2.9)

Here,h is thelattice spacingof the grid usedfor the discretizatiorandthesufx  refers
to valuesontheboundary

po;n:;\}y;Om
\:/
Vy: | Vi;o;m
L SRR B
P 1m pom V. P1;m
N y;Oom 1
Y

Figure2.1: Staggerednarker andcell (MAC) meshin thevicinity of averticalboundary
The pressurepo., discretizationis centeredn cell (0; m), the velocitiesare shifted by

half the cell sizeto theright v,.o., andupwardvy.o.m, respectrely. The evaluationof the

Laplaceoperatorappliedto p involvesoneleg on which the pressuralerivative across
theboundaryneedgo beknown. This derivative canbe replacedoy atermthatinvolves
both the unknavn velocity v on the boundaryandthe updatedvelocity vall;m on the
boundaryatthe samdocation(notshavn).

If we now substitutethe expression(p?,;n1 p”*l;lm):h from Eq. (2.9) in (2.8), we see
that the the value of v,. cancelsfrom both sidesof the equation. In otherwords, the
solutionof the pressureequationdoesnot dependon the speci ¢ valuesof v,. on the
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boundary For computationatorveniencewe canthusin particulardemandhattheleft

n+l _

handside of the equationspecifyingthe boundaryconditionsshall vanish,i.e., v, =
V,. , correspondindo vanishingnormalderivativesof the pressureacrosshe boundary

Thus,we do not needto know thesetwo valueswhenwe solve the pressureequation.

Also, theincompressibilityguaranteethatwe satisfythe integrability conditionsfor the
pressureaquatiorlwith Neumanrconditions:

0 = dA p

= —  dxr v o= — dAHV:—t dAr ¥"*1 = 0. (2.10)

Theactualsolutionof the pressurequations effectedby afastmultigrid schemedhatex-

ploits the regularity of the grid usedfor discretization.The generalidea[35] anddetails
for two dimensiong2D) [53, 82] aregivenin the literature;the threedimensional3D)

implementationis describedn [46]. The hierarchicalstructureof a multigrid scheme
ensureghatthe time to solve the pressuresquationis asymptoticallyproportionalto the

numberof grid points, a highly desirablefeaturefor large-scalesimulations. Sinceno

transforminto abstractspaceds necessanas, e.g., in Fourier techniquesmultigrid is

memoryef cient andalsowell-suitedfor parallelizationby domaincomposition,asde-

scribed,e.g.,in [104].

One uid time stephenceconsistsof rst computingthe provisional velocity ¥ from
Eq. (2.4), which providesthe informationfor the sourcetermsof the pressureeq. (2.6).
Next thePoissomroblemis solvedwith Neumanrconditionsa r p = 0 ontheboundary
whereapplicable,i.e., for the nonperiodicdirections. For uniquenessye demandthat
the averagepressuras zero. Finally, the pressurevaluesare substitutedn Eg. (2.5) to
calculatethe updatedvelocitiesy"** :

A local and linear Neumannstability analysisof the numericalschemengglectingthe

couplingof th%velocity equationdy the pressurdermleadsto the condition
I |
’ h ’ Xd H 2 h Xd | H
1> 2—h44 —+2t d coskih) + — t vsin(kh) 9
i=1 i=1

2

(2.11)

for linear stability of a standingwave perturbationwith wave numberk;; thev; arethe
local uid velocity componentsTheinequality(2.11) mustbe satis ed at all discretiza-
tion nodesandfor all wave numbersk;: We obtaintwo simplernecessargonditionsfrom
(2.11) by demandinghattheinequalityholdsfor thetwo squareseparatelyin the rst,
we setcogkih) = 1and nd

1 h?

t< —
2d

(2.12)
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which s familiar from discretization®f thediffusionequation.Now we de ne the max-
imum value of all velocitiescomponentsover all spaceVmax = maxjvi(x)j; and set
sin(kih) = 1in thesecondsquare.Thenit followsthat

h

t< :
dVimax

(2.13)

atermdueto the presencef the corvective nonlinearityof the Navier-Stokesequations.

2.1.2 Particle- uid coupling

Themostchallengingpartof the problemis the treatmenbf the no-slipboundarycondi-
tion for the uid onthe particlesurfaces.We herebuild on anideathathasbeenapplied
by Fogelsonand Peskin[25] to the caseof viscous o w. Insteadof implementingthe
no-slip boundaryconditionsby modifying coefcients of the discretizedsystem[90] or
employing grid adaptvity asin nite-volumeor nite-elementtechniqueswe usethe
body-forcetermin the Navier-Stokes equationgo implementconstraintsacting on the
uid suchasto mimic the presencef rigid particlesat appropriateregionsin the o w.
Theseregionswill move asthe physicalparticleswill andthey will comprisesufciently

mary grid pointsin orderto representhe geometryof the physicalparticles. Sincethe
lattice pointsare spatially x ed, but the particlesmove, the associatiorof grid pointsto
particlerepresentingegionswill changen the courseof the simulation.

In moredetail,the computatiornof the motionof a physicalparticlei is decomposethto
two contributions. A moving liquid volumeelementV; of the sameshapeasthe particle
constituteshe rst contrikution. Let us for the momentassumehat we knev how to
move this elementrigidly within the restof the uid, justasif it werea solid particleof
uid density ; with massM/ = V;  andmomentof inertial | = cM/a?: For simplicity
we assumehatwe dealwith disksor spheresothatl is representetly ascalara being
the particleradiusandc = 1=2 or 2=5 in two andthreedimensionsrespectiely. As will

becomeclear ourapproachs notlimited to thesecases.

Theseconccontributionis a particletemplatethatalsohasthe shapeof therigid physical
particle,but it carriesthe massM, andthe momentof inertial {: Thesevaluescomple-
mentthoseof the uid contribution andsumto the valuesof the physicalparticlei, i.e.,
M; = M/ + M! andl; = || + I!: Theparticletemplateis rigid by de nition. We like to
think of thetemplatemotionasrepresentinghe particlemotion.

To make the generalideawork, we mustnow describehow to achiese a rigid coupling
betweenthe templateandthe associateduid element.To this end,we rst introducea
numbem; of referencepositionsry ; j = 1:::n; distributedoverthevolumeof template
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i. Therj arevectorsrelative to the centerof massof templatei. The associatedpatial
coordinatess changeonly dueto the movementandrotationof therigid template,

X (1) = % () + Oi(t) H; (2.14)

whereO; describesheinstantaneousrientationandx; is the positionof thetemplate In
the 2D casewe obtainO; by forming therotationmatrix associateavith theoneangular
degreeof freedomof the particle,in 3D we usequaterniong3] to representhe particle
orientationandto computethe rotationmatrix O;:

Associatedwith eachreferencepositionis atracerxj’; j = 1:::n; whichtracksthe
motionof the uid,

xTT = w(x"): (2.15)

Hereandin thefollowing we usedotsto indicatethetime derivativealongthetrajectories.
Pleasenotethatthetracersarepassvely corvectedwith the uid anddonotby themseles
constitutenew degreesof freedom.

Thecomparisorof thelocationof thetracerto the positionof its referencepointallows us

to judgewhetherthe uid volumeV; haschangedhapeor takenanotheitrajectoryasthe

associatedemplate. The conditionof rigid couplingtranslatesnto zerooffsetandzero
differencevelocity of thetracerandthereferencegpoint position. Thedensityandlocation
of thetracersshouldin generabe chosersuchthatthe numberof degreesof freedomof

the uid thatneedto be controlledshouldequalthe controllingnumberof tracerg(please
note the pertinentcommentsat the end of this section). Thatis to saythat eachtracer
shouldcontrola uid volumeof h%; d beingthe spatialdimension.

Now we obtainan explicit numericalschemeor the computationof the force densityf~
constraininghe uid motionasfollows. Wheneer betweertracerandreferencegposition
thereoccursa norvanishingdifferencein position™; = %'  xj orin velocity < , we
generatean additive contritution f5 to the force densityin the uid thattendsto drive
theliquid andthusthetracerbackto thereferencepositionandto diminishtheir relative
velocity. Onepossiblechoiceis

Ge)=( k3 25) (x =) (2.16)

wherek is a“spring” constant, adampingconstantand () the Dirac distribution. In
ourexplicit techniquek mustbechosenargeenoughsothatj jj  hholdsatall times.
Similarly, the dissipationintroducedby the velocity-proportionalfriction controlledby
mustbe smallenoughto be nggligible againstthe externalphysicalsourcesof enegy
dissipation. The force densityf~ in the uid equation(2.1) is the sumover all particles
I andreferencepointsj of 5 : A slight modi cation is neededn the caseof periodic
boundaryconditionswhich will bediscussedeparatelyn Section2.1.4.
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We mustregularizethe functionsin the rst partof the sum(2.16) by, e.g.,linearly
or quadraticallyweighted,interpolationto the nearesgrid points. For example,in 2D,
(x %9 is“distributed” linearly to thefour grid pointsclosesto x°with weightsw . |
accordingo theperpendiculadistance®f x°= (x%y9 from thediscretizatiorgrid point
(Xk1; Y1) justbelow to theleft. Theindicesk andl shallheredenotegrid indicesasused

in Fig. 2.1

o e
Wor = h_12 1 thIJ ly hyli;
Wy = h_lzjxo thIj jy° thlj.

Pleasenotethatdueto the useof astaggeredrid, the (x;; y;) will in generabedifferent
for differentcomponent®f theforce.

The prefactor1=h presenin the expressiorfor the weightsabove ensureghatthe spa-
tial integral over this representatiotyields unity [91]. Generalizatiorof this formulato
guadraticor nth orderweightsaswell asgeneraddimensiond is straightforward,

(n) — 1Yj _ JX|0 Xi;ll“"ldjn JX|0 Xi;ll;:::ldjn

..... + 1 (2.17)
Here,the index i refersto the vector componentandthe indicesl; the location of the
closesfrid point whosepositioncomponentsareall just smallerthanthoseof x% Larger
n tendto concentratehe weightin the grid point closestto x°. The applicationof such
higherorderweightshasadwantagesvhenthe referencepointsare placedup to exactly

theradiusof theparticle.

Fogelson,Peskin[25] and Stockie[98] usesmootherlongerrangedkernels,involving
exponentialsand trigopnometricfunctionswhich (i) are numericallymore expensve to
evaluateand(ii) donotseento accelerateonvergenceof the pressuresolutionevenif the
sourcetermsaresmootherWe considerasthe advantageof thesekernelstheir capability
to obtaina grid independentimit for the force densityandthusthe emeging motionif
thenumberof controlpointsis x edandh ! O:

In orderto estimatehelargestpossiblek atagiventime step t we considera systemof
coupledmassesThevalueof k togethewith thereducednass
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of the particletemplateM ! andthe uid element M¢ = ¢hd atxj introducesatime

scaleof oscillation,

r
1

M
T'= — —; 2.19

2 nik ( )
whichmustberesohedby theintegration,i.e., t  T!: Onlyfor thesesufciently small

t; we canguaranteetability andnumericalcorrectnessf the particleintegration.

For mary computationsve have adjustedk sothatthe above inequalityis satis edwhen
t is of the orderof the diffusive stability limit (2.12)imposedby the uid integration,
i.e.,

1 h?2
t< ———: 2.20
d (2.20)
Thus,k canbedeterminedrom
M
k = const—— (2.21)
n; t2

1=20.
T

In ourteststhatwe have performed stability wasalwaysachieredif t <

In 2D simulationswe have hadgoodexperiencesvith  valuescloseto aperiodicdamp-
ing of the particletemplate—irthis casetheassumptiorthatthetracerpositionsare x ed
yields = kM. Thishasofteneliminatedsmall,but unphysicabscillationsof the par
ticles, in particularin the beginningof the simulations.Theseoscillationsdo notindicate
instabilitiesof the numericalschemebut re ect the oscillatorytime scaleresultingfrom
templatemassandcouplingconstank.

In 3D simulations probablydueto the larger numberof controlpoints, = 0 seemgo
sufce. Ourempiricalexperiencesoncerninghe admissiblemaximumnumberof trac-
ersarenotconclusve. Whereasn dynamicalsimulationswith moving particlesit seems
oftenpossibleto increaseéhe numberbeyondthe numberof grid cellswithin onepatrticle
volume,in low-Reynolds-numbecomputationsvith static particlearrangementsye of-
tenneedto decreasg¢hetracerdensityto beslightly below thislimit to avoid instabilities.

Sincethe strongesigradientsof the stressoccuron the particle surface,computational
ef ciency suggestso reducethe tracerdensityin the particleinterior. Moreover, in the
viscousregime,theinertial effectsdueto the uid in theinterior of eachparticledomain
areneggligible. Interiortracersareonly necessaryo resohe changesn theangularveloc-
ity accurately Thesewill beimportantif signi cant changesn theangularvelocity occur
ontime scaleshorterthanthosefor thediffusionof vorticity acrosghe particlediametey
i.e., whenwe leave the regime of validity of the quasistatiapproximation.For particle
Reynolds numbersof aboutl andsufciently small concentrations / 0:2, whereit

follows from the work of Goldmanet al. [31] that effectsfrom the rotationalmotionin
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viscoussuspensionaregenerallyweak,we considerthe neglectof interior tracergusti-
ed.

2.1.3 Particle motion

The constraintforce distribution that we have introducedto guaranteequasirigid uid
motion must be cancelledby oppositeequaltermsacting on the particle templatesso
thatonly externalforcesremainin the momentumnbalanceof the combinedsystem.This
cancellations quite naturallyachiezed by applyingNewton's secondaw to the “spring”
associateavith eachreference-point-tracgrair. Thatis to saythat

Fi = kT +25 (2.22)

is theforceactingon particletemplate atthelocationof referenceointj . Similarly, the
angulatmomentuntbalancewill be satis ed whenwe take thetorqueto be

r

S = (Xij Xi) Fij (223)

with respecto thetemplatecenterof mass;.

As furthercontributionssingleparticleforces,gravity andbuoyang/ needto betakeninto
account,

F°= Mige, + Vige, = ( p)Vige;, (2.24)

wherewe have used , for the particledensityandV; for its volume(or areain 2D).

We now needto addresshe questionof direct particle-particleinteractions. In most
non-Bravnian suspensionthesearenggligible comparedo the hydrodynamiceffectsat
short distancesdbetweenparticles. For example, the approachof two particlesis very
stronglydampedy thehydrodynamicalubricationforcesbetweerthetwo surfaceysee,
e.g.,[20]). Numericallytheseforceswill be stronglyunderestimatesvhenthe distance
betweentwo particlesbecomesof the order of the lattice spacing. It is clearthat all
x edgrid techniguegincluding lattice Boltzmann)shaw this shortcoming put even off-
lattice particlemethodg(asDPD) similarly underestimat¢he lubricationforcesbecause
themodelintrinsic meanfree pathsetsalengthscalebeloy whichviscousstressesannot
be properlyrepresented.

We modelsurfacecontactsetweenparticles—andolve at the sametime the numerical
problemsarisingfrom possiblelarge particle overlaps—byintroducinga pairwiserepul-
siveforcethatactswhenthecentersf two particlescomecloserthanthesumof theirradii
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a + a¢. Lettheoverlapbetweerparticles andk bede nedas™k = (a+ax % %«j)€«;
with €, denotingthe unit vectorpointingfrom k to i: Thenwe take theforceoni to be

Fr = ko (2.25)

In a similar manney one may considerexplicit interactiontermsto restorethe correct
forceson the particlesat shortdistanced h [61, 91]. However, our resultsindicate
thatin the studiedconcentratiomangethelubricationeffectsarerecoveredto a sufcient
degreeby our numerics.At increasingconcentrationssuchcorrectionswill beof crucial
importancd72].

P P
Thetotal force F; on particletemplatei is thesumF; = F#+ | Fp + | Fj: Apart
fromthe uid reactionforceFj; ; which alsodescribeshe “unphysical”constraintforces,
(cf. Sec.2.1.2) theseermsarethosethatwe expectfor a“physical” particleto bepresent.

A Velocity-Verletintegrator[3] senesto integratethe equationsof motionfor the trans-
lation of thetemplate,

% = FiaM; (2.26)

and a Gearpredictorcorrectorintegrator of fourth order[82] for the rotation. For the
quaterniorformulationof therotation,we referthereadeito Ref. [3].

To briey summarizethe above, we would like to stressagainthat the modelingof a
rigid, heavy particlerequiresthe (i) “freezing” of theregion of uid occupying the space
of theparticleand(ii) the couplingof this regionto a particletemplatewhosedynamical
propertiesupplementhoseof the uid in suchafashionthatthecoupledsystembehaes
just asthe modeledparticlewould. The agumentsabose canbe putin a slightly more
stringentmathematicatontext, for whichwereferthereadeito theappendixof thispaper

2.1.4 Treatmentof periodic systemsand driving

In orderto minimize effectsfrom rigid walls it is often corvenientto studyperiodically
repeatectells. Periodicityin the following will always meanperiodicity in spaceonly.
Oneshouldbe aware,however, thatthe long rangenatureof the hydrodynamianterac-
tionsmightcausesomeatrtifactsin thiscasg55], mainlyincreasingauto-correlatioimes
associateavith the verticalmotion.

Gravity, or animposeddriving pressureggradientsingle out one speci ¢ direction, say
thevertical. Whereagperiodicboundaryconditionsposeno additionaldif culties for the
solutionof the uid and particle equationsperpendicularto that direction, we needto
specifymorepreciselywhatwe meanby periodicity parallel to it. We will hereconsider



SimulationMethod 31

the caseof driving the systemgravitationally via the densitydifferenceof particlesand
uid.

For the uid velocity eld we requireperiodicity of the solution acrossthe horizontal
systemboundaryin z direction,i.e., ¥(* + NL,&,) = w(%); whereN is an arbitrary
integerandL , thesizeof the systemin z direction. Similarly, the particlepositionsand
associatedelocitiescanbe periodicallyextended.

If we considerthe caseof a sectionof a vertically positionedtube, then we can also
demandthe pressurdo be a function periodicwith periodL ,€,: Due to the periodicity
of f~arisingfrom the (periodic)particlemotionandthe periodicvelocity eld, thesource
termof thepressurequationis alsoperiodic,theintegrability conditionsaresatis edand
we obtaina periodicsolutionfor the pressuravhich is uniqueup to a constanwhich we
choosesothatthe averagepressureranishesPhysically this systemwill evolve towards
a statisticallystationarystatein which on averagethe viscousforcesoriginating at the
walls balancethe gravitational driving.

In the caseof sedimentingsystemsit is however morenaturalto imaginethe simulation
cell asa small partof alarger system.In this case thereareno walls thatcould provide
balancingviscousforcesto counteracthe gravitation. The leastconstrainingcondition
onthesystemthatstill guaranteesvolutionto a stationarystateis to assumehatthereis
no netacceleratiorat arny time on the componentsvithin the considerectell. Thatis to
say thatat ary time, we mustmalke surethatthe integral over the simulationvolume of
theright handside

D _ 2
ot VTN TG (2.27)
() () (rery

of the Navier-Stokes equation(2.1) vanishes.Now, for the term (II) we apply Gausss
theoremand nd thatit depend®nly on the valuesof the velocity gradienttensorinte-
gratedover the surfaceof the cell. Sincethevelocity eld is periodic,contributionsfrom
oppositefacescancelidenticallyandthistermis alwayszero. If we decompos¢he pres-
sureinto (i) alinearly varyingpartand(ii) apurelyperiodiccontrikution,thenfor similar
reasonsthe volumeintegral over thegradientof the periodicpartvanishes.

Thuswe areleft with contributionsfrom the integratedforce density(lll) andanaverage
pressurgradient(l), whicharisein additionto thewell-known hydrostatigart. If wetake
thesetwo time dependentermsto be equal—informal analogyto the hydrostaticcase—
thenthey cancelfrom Eq. (2.27). The total acceleratiorof the uid in the simulation
volumethusvanishes.

For computationapurposesye simply subtractirom the eld f~its spatialaverageand
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thusobtain uid andpressureequationghatallow spatiallyperiodicsolutions.
X 1% % 1 X
f)= e 5 o =5 Fy: (2.28)
i Vov ] v ij

Physically we canthink of theassociatedonstanpressurgradient
1 Z

M Pin = abx (2.29)
which dropsfrom Eg. (2.27),asgiving rise to a buoyang force. This buoyangy force,
however, is alreadycorrectlyincludedin the“tracerspring” forcesappearingn the parti-
cle equationof motion (cf. Sec.2.1.3),sincewe would reducethe tracerforcesby their
averageandaddthe sameterm again,now in the form of a buoyang/ contritution from
theliquid.

2.1.5 Summary of the numerical procedure

We now brie y summarizethe sequencef stepsdescribedabore that are necessaryo
performonetime stepin our simulation.

1. We perform the predictor part of the Gearalgorithm for both the templateand
marker positions. No forcesneedto be known at this point, becausehe predic-
tion is solelybasedon Taylor coefcients of thetrajectoriesvhich werepreviously
recorded.

2. Likewise, we updatethe quaternionsandthe angularvelocity representinghe de-
greesof freedomof rotationof eachtemplate We thenusetheir valuesto compute
the rotationmatrix O;(t) to nd the predictediocationof the referenceooints|cf.
Eq.(2.14].

3. Fromthe predictedparticletemplatelocationthe interparticleforcesarecomputed
accordingto Eq. (2.25).

4. Now we arein a positionto comparethe predictedracerpositionsto the predicted
referencepoint locationsand infer the constraintforcesfj necessaryo impose
rigid motionon the uid [(Eq. 2.16)]. Theintegrationof f5 over its supportand
summationover all tracersassociatedo templatei yieldsthe reactionforce of the
uid ontothetemplate.Similarly, we determinghe actingtorqueusingEg. (2.23).

5. Knowing the force distribution fj; andthe uid velocity eld, we now know all
termsontheright handsideof Eq. (2.4) andcanperforma uid updateby
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(a) calculationof the provisional “velocity” eld » ; from the currentvelocities
¥" andtheconstrainforcesf ;

(b) determinatiorof the pressurdrom the Poissorequation(2.6) by a multigrid
procedure,

(c) and nally by adwancingthe uid velocityto¥"*! from the knowledgeof the
pressureeld andthe“old” velocities¥" [EqQ. (2.5)].

6. Fromthe predictediracerpositionsandthenew uid velocity valueswe obtainthe
correctiontermsfor thetracertrajectoriemecessarjor thesecondcorrection)part
of Gearsintegratorfor thetracerdEq. (2.26)].

7. Similarly, a correctionstepis performedfor the translationalandthe angularve-
locity of thetemplatesusingthe previously computedorquesandforces. The cor
rectedangularvelocity will thenbe usedto correctthe quaterniorvaluesthattrace
theorientationof the particle(Sec.2.1.3).

At this point we have completedhe time stepandcanperformmeasurementsn a con-
sistentsetof dynamicalquantities.

2.2 Validation of the Navier-Stokessolver

The Navier-Stokessolver outlinedin Sec.2.1.1hasbeentestedon thelimiting stationary
o w patternin the driven-caity problem[11] for Reynolds numberson the box scale
of Re= UL= < 10Q whereU denoteghe scaleof theimposedvelocities. As time
dependento ws we have testedsinusoidalvelocity pro les betweenparallel platesand
veri ed theexactly exponentialapproacho restandthe associatedlecayconstant.

Dueto theexplicit methodandtheinherent'dif fusive” stabilityconstraint, t < h?=2d ,
verylow-Reynolds-numbecalculationg ! 1 ) requireincreasinglyshortertime steps
andwill becomepronhibitively expensve. However, this limitation canbeovercomeby an
implicit time stepping possiblyexploiting thatthe Navier-Stokesequationgurn into the
linear Stokesequationgor Re! 0.

We do not think thatit is practicalto usethe proposedmethodin mary particle sys-
tems(orderof 1000Q beyond Reynoldsnumberson the particle scalelargerthanRe =

aU= = 10:::20, becausghe ow on andbelov the Kolmogoros scalemustbe re-
solved. In this regime the grid re nementfor methodswithout turbulencemodelingwill

soonrenderthe computationaéffort unacceptable.
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It shouldalsobe notedthatmodernimplicit andadaptve-gridmethodsaremoresuitable
for high precisioncomputationof time dependenpure uid o ws in static geometries.
In the context of model building for suspensiono ws with moving particles however,

x ed grid methodsdo not requireremeshing.Moreover, an explicit techniquelike the
oneproposedabove providesgreat e xibility to implementparticle-particlenteractions,
i.e., additionalshort-rangeattractve forcesof van der Waalstype to modelaggreation
phenomenagr materialpropertiesof the particles.

2.3 The caseof oneparticle: cubic periodic arrays

2.3.1 Setup

As the rst testcasein which boundaryconditionson the particle surfacehave a non-
trivial in uence onthe o w we considera uid passinghrougha cubicperiodicarrange-
mentof Xx edspheresatlow Reynoldsnumbers.The arising o w hasbeenanalyzedn

the point particleapproximatiorby Hasimoto[41] for smallvolumefractions . Among
others,Ladd [58] aswell as Sanganiand Acrivos [89] have consideredarger volume
fractionsup to the limit of = =6 with numericalmethodsin the viscousregime.
Morerecently KochandLadd[54] have publishedresultsfor cylinderarraysatmoderate
Reynoldsnumberausinglattice-Boltzmanrtechniques.

To this end, we imposeat eachpoint of the grid at rst a constantaccelerationf™ =
€, P=L correspondingo aconstanpressurarop P=L overthelengthL of thecubic
cell. Periodicboundaryconditionsare usedon the uctuating, non-linearlyincreasing
part of the pressureandthe o w velocities. The particle positionsand orientationsare
x edto betheinitial ones.

The simulationsare performedin 2D and 3D asdynamicalcalculationsstartingfrom a
uid eld atrestuntil a steady o w stateresults. The approacho stationarityis slower
atlower solid volume/aredractions.In 3D, we stopwhenan exponentialapproximation
indicatesthatthe expectedadditionalchangego the o w ratearelessthana fraction of
0:02 In 2D, we have adjustedhe pressuradrop duringthe simulationto obtainconstant

volumetric o w ratesandthusconstanReynoldsnumbers.

Thedragforce Fp on oneparticleis determineddy summingthe contributionsfrom all
the correspondingeference-point-tracgrairsaccordingto Eq. (2.22). If we divide the
modulusFp = jFpj of thedragforceby thevolumetric o w rateU;

Z
1

U:v

dx v, (%) (2.30)
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obtainedby averagingthe o w velocity overthecell volumeV; andreferthevalueto that
of anisolatedspherethenthedimensionlesslragcoefcient
_ _Fo
"6 aUu

(2.31)
results.

In 2D, Fp is thedragforce perunit lengthof the cylinder. We referit to U which has
therequiredunitsof force perunit length,
_ Fo.
D=
Both thesedragcoefcients areknown to have correctionsO(Re?) in arrayswhich have
re ection symmetrywith respecto theaxisof the o w [54, 71].

(2.32)

Similarly, therotationaldragcoefcients canbe computedoy imposingconstantangular
velocitieson the particlesandletting the o w adjust. In the viscousregime, bothin 2D
and3D, thetorqueis proportionalto the angularvelocity. In 3D, we referthe resulting
torqueonthesphereo thetheoreticalvalueof anisolatedsphere
— R .
R= g3 (2.33)
In 2D, the theoreticalvalue of the torque per unit length on an isolatedcylinder in an
in nite mediumis 4 a? ! ; sothatadimensionlessiragcoefcient
_ R
RE T2 (2.34)
canbede ned.

2.3.2 Meshsizedependence

Dueto thelack of adaptvity atthe particlesurface we expectthe effective hydrodynamic
radiusof the particlesto be slightly larger thanthe geometricalradiusof the reference
point arrangementhecauseachpoint controlsa uid volumeof extenth® reachingbe-
yondits geometridocationby h=2 in eachdirection.In fact,if thecon ning radiusof the
referencepoint placements takento bethe geometridemplateradius,thenwe measure
asa functionof meshsizethedragcoefcients shovn in Fig. 2.2,here = 0:0335 We
seethatindeedthe valuesextrapolateto asymptoticvaluesash ! 0 with leadingerror
proportionatto h.

We canthusimprove the accurag of the simulationby taking this effect explicitly into
account[61] by modifying the placemenbf the referencepoints. Let us write for the
effective hydrodynamiaadiusa, , assuminghat aislinearin h,

a. (h)=a+ a(h)=a+ mh: (2.35)
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Figure2.2: Dependencen meshsizeh of thedimensionles$ranslational p=6 aand

rotationalfriction coefcient g=8 a? in threedimensionsdenotedoy symbols+ and
, respectrely. Thevaluesarefor avolumefractionof = 0:0335atRe! O: It canbe

seenthatthenecessargorrectionto thedragcoefcient is linearin h.

Thedependencef thefriction coefcient onthevolumefractioncanbe Taylor expanded
aroundthe volumefractioncorrespondindo a particlewith radiusa,

((a)) (Cay+ Y(a) Y@ ath)
(Ca)+ Y(a) Yaymh: (2.36)

Comparingthe slopein Fig. 2.2 to the prefactorof h; andusingthe derivative { ( a))
from theliterature[58], we nd m  0:3: This valueholdsfor 3D andquadraticn = 2
interpolationschemefor the functionsin the force density[cf. Eq. (2.17)]. For the
dynamicalsimulationsin the next section,we thereforeretractthe tracersby anamount
of 0:3h from thegeometricsurface;in 2D we usem = 0:5h with n = 1 interpolation.

2.3.3 Translational drag and rotational friction coef cients

In Fig. 2.3 we shav theresultsof the extrapolationto h = 0 of thetranslationadragfor
2D and3D. In 3D we comparewith Ladd's [58] nhumericalsolutionsof the Stokesequa-
tion with thesameboundaryconditions.In 2D, we compareo theresultsof Sangan[89].

In the 3D simulationsthe pressuradrop is adjustedduring the simulationto achieve the
samevolumetric o w rate (and thus Reynolds number)independenbf volume or area
fraction of the obstacles.In 2D, the Reynolds numberbasedon the o w rateandthe
radiusof the obstacledoesnot exceed0:1.
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Figure2.3: (a) Drag coefcient  in (a) a periodic, 3D simple cubic arrangemenof
spheres(b) NaturalLogarithmIn p of thedragcoefcient in anarrayof cylindersfor
two differentunit cells that are expectedto yield the sameresistancéo ow. Thesolid
line in (b) is a cubic splinethroughthe logarithm of the semi-analyticaresultsfor the
friction coefcients givenin Ref. [89].

In Fig. 2.4 the correspondingesultsfor the rotationalfriction coefcients r areshavn
asfunctionsof volume and areafraction. In two dimensiongdifferentsymbolsdenote
differentarrangementef the cylinderswith respecto thediscretizationIn onecasethe
particleis locatedat position(0,0)in thecell of sizeL L, in theothertheunit cell was
choserto includetwo particles,oneat (0,0),the otherat (L=2; L=2). The symmetriesof
thearrayimply thatin both caseghe samescalarfriction coefcient mustresult.

In both 2D and 3D, we have computedthe drag coefcients by linear interpolationto

h = 0 of the h-dependentesults. For the densespackingsin 2D, the gapbetweerthe

particlesis aboutl3 grid cellswide for the nest grid used.Therelative differenceof the

friction coefcients computedor thetwo nest grids(13grid cellsand6 grid cellsacross
thegap)is about0:04. Table2.1 summarizeshe numericalresultsfor therotationaldrag
in thecylinder arrayfor whichwe did not nd valuesin theliteratureavailableto us.

2.4 Sedimentationvelocity as a function of volume frac-
tion

The measurementf the sedimentationvelocity of an ensembleof mary spheresasa
function of the volumefraction constitutesa morerealistictestthanthe two above. As
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Figure2.4: Rotationalfriction coefcient g in aperiodicarrangemenf (a) 3D spheres,
(b) 2D cylinders. In 3D, the solid line is a cubic splinethroughthe numericalresultsof
Ladd[58].

R= r= a%!
0:0314 1.07
0:049 1.08
0:0872 1:11
0:125 1:15
0:155 1.2
0:196 1.27
0:256 1:36
0:297 1:45
0:349 1:58
0:415 1:78
0:502 2:12
0:62 3:08
0:649 3:38
0:679 3:83
0:712 5:05
0:747 7.9

Table2.1: Dimensionlessesistancéo rotationin anarrayof cylindersatRe = a?! = =
0:1:
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in the caseof the x edspherearrangemeni thetwo precedingestswe chooseperiodic
boundaryconditionson our samplecell thatnow, however, containsmary spheresvhose
positionandorientationcanevolve dynamicallywithout arti cial kinematicconstraints.
Gravitation actsasthe driving force via the densitydifferenceof particlesand uid. It
waschosensuchthatthe Reynoldsnumberon the particlescaleof a singlesedimenting
particle,in 3D,
_2at
9 2
is aboutO:1. In 2D, we assuredy testsimulationson singlefalling discsthatwe arein
thesamerangeof Reynoldsnumbers.

Re (p )g (2.37)

As motivatedin Sec.2.1.2,we useonly oneshellof tracerssuchthattheir hydrodynamic
radiusequalghegeometricadiusof thetemplate.Their numberis takento betheinteger

partof 4 a?=h?; i.e.,approximatelyequalto thenumberof uid volumeelementnthe

surfaceof eachparticle.

Themeansedimentationelocity Us is measureth experimentsitherasthevelocitywith
which the upperfront of the particlerich phasesettlesor, whensingleparticlevelocities
canbe measuredasthe meanvelocity of the particlephase We will hereadoptthe latter
methodbecausave cannotobsere concentratiorirontsin a periodicsimulationcell,
1 X
Us = N O e: (2.38)
i=1
To obtaina dimensionlesguantity we referthe valueof Us to the velocity U, of asingle
falling particlein the samecell. This procedurgakessomecorrectiondueto nite cell
sizeandReynoldsnumberinto account.

Fig. 2.5 shavstheresultsfor the sedimentatiowelocity asa functionof volumefraction
for 2D and3D. In 3D we compareo theempiricallaw of RichardsorandZaki

U=l = (1 )" (2.39)

with n = 5:0. We seegoodagreemento the experimentalndings in theviscousregime
which nd valuesofn = 5:::6[75].

In 2D, the computationof a hinderedsettlingfunctionis a somevhatacademiaxercise
which we have doneto juxtaposethe resultsto the 3D ones.We have x edthe Reynolds
numberfor the singlecylinder experimentto 0:1 on the particlescale.We vary the area
fraction, keepingall otherparametergonstant.The meansettlingvelocity asa function
of areafractionis thenbeencomputedandnormalizedby the singleparticlevalue.

In 2D, the best t of a Richardson-Zaklike law yields an exponentof n  3:8; sub-
stantiallysmallerthanin 3D. The effect of alower n in 2D hasbeenseenbeforeusing



40 2.5SomeNumericalQuestions
1 Simulation =~ +
Richardson Zaki 11
0.8 t
0.8 f
_T? 06 r ﬁ 0.6 |
> D
0.4 0.4+
0.2 | 0.2t
0.1 0.2 0.3 0.4 0 ‘ ‘ ‘
0 0.1 0.2 0.3 0.4
(a) (b)

Figure 2.5: Sedimentatiorvelocity in a periodicallyrepeatectell: (a) 3D, (b) 2D. The

actionof gravity is counteractedby a constanpressurayradientin the oppositedirection,
suchthatat all timesthe volume ux acrossa horizontalcut throughthe cell vanishes.
Thesizeofthe3Dcellis12a 12a 12a;thatofthe2Dcell64a 64a(h = 0:25). Both

simulationsare performedat a Reynolds numberof approximately0:1 on the particle
scale(for singleparticlesfalling)

point-forceapproximationdor the suspendegbarticles[52]. However, the t to sucha
power law is only motivatedby the analogyto 3D andis in fact not corvincing. Most
of the differenceat larger volume fractionsmight be relatedto the areafraction of the
randomloosedisk packingin 2D ( 0:7) ascomparedo thesmallervalueof therandom
loosespherepackingin 3D ( 0:6); wherewe expectthe sedimentatiowvelocity to drop
to0[73].

2.5 SomeNumerical Questions

2.5.1 PerformanceData

As describedin Sec. 2.1 our methodrequiresthe time steppingof the Navier-Stokes
equation,the computationof the tracermovementwith two interpolationstepsfor the
uid velocity andforce density andthe integrationof the ordinarydifferentialequations
that describethe particle motion. For this latter part, we usea linked-celltechniqueto
reducethedeterminatiorof the particlecontactforcesto anO(N ) problemin thenumber
of particles.Thetime spendn this partof thealgorithmis only afew percentof thetotal
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computatiortime andis negligible.

Becausdhe exactratio of time spentin the uid-solverandin the couplingbetweerthe

uid andtheparticlesdepend®n variousparametersase.g.themeshsizeh, thevolume
fraction andthenumberof tracersperparticle,we justwantto give anexamplefor the
computationakostof a typical simulationdoneto calculatethe sedimentatiorvelocity
of a suspensionln this particularcasewe used65® 2.7 10° uid grid pointsand
h = 0:375 Thusthe cell was of a cubewith edgesof approximately24 particle radii
length. A volumefractionof = 0:1 correspondshereforeto 331 particleswith 93
tracerseach representing total of 30783tracers.

Onetime stepof this systemtakeson average2:6 secondn a Digital PersonaWork-
station433au.The uid solver needsabout54% andthe couplingcode35% of thetime.
The restwas spendin miscellaneoustatisticalcalculations, le input/output,etc. The
computationof particleinteractionsandthe trajectoryintegrationrequireslessthan 1%
of thetotal CPUtime.

In otherwords, pertime stepwe spentabout5:1 10 8s oneachgrid point, about29
10 s on eachtracerandabout50 10 °s on eachsuspendegbarticle. The memory
requirementsumup to 80 bytespertracerand120bytesper uid grid point, including
thedatastructureshecessaryor theimplicit pressureipdate.

2.5.2 Comparisonto other techniques
Particle Methods

As we have seenthe majorchallengeof directsuspensiosimulationis the properrepre-
sentatiorof moving boundariesn conjunctionwith numericalef ciency. Sinceparticles
are naturally describedn a Lagrangianpicture by comoving dynamicalvariables,one
couldjusti ably askwhy notto gothewholeway andalsouselLagrangiartechniquegor
the uid. Thisis evenmoretrue asthe Navier-Stokesequationgesultasthe continuum
limit of the averagemotion of particle systemaunderquite generalcircumstance$40].
Thefollowing issuesshouldbe considered:

1. theimplementationof a pure Lagrangiantechniqueis cleanerand more straight-
forward from a technicalpoint. At the sametime, even very simpleinterparticle
potentialg(asin thedissipatve particledynamicsmethod(DPD) or in directsimu-
lationsof, e.g.,Lennard-Jonesystems)equirealot morecomputationakffort than
thetreatmenbdf agrid nodein aNavier-Stokessolver. Our experiencepointto fac-
torsof 3 5 for structurelesgarticleswith linear springinteractionsascompared
to oneNavier-Stokesnodein 3D.
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2. in general,it is not simpleto predictthe averagematerialpropertiesof the parti-

cle phasefrom the propertiesof the interaction. One strongpoint of DPD with
respecto othercomputationamethodss the theoreticaknowledgethathasbeen
collectedin the recentpastabouthow the microscopicsimulationparametergon-
trol themacroscopipropertieof theDPDliquid. However, asthediscussiorabout
modelingheatconductionwithin the DPD framevork hasshown, suchextensions
require quite considerablecontrivancesand yet often material parameter®f the
puresuspendinghasehave to be determineda posteriorifrom the simulationbe-
fore the propertiesof the multi-phasesystemcanbedetermined.

. in particlecodesoneoftentakestherouteto modellargeror differentparticlesby

gluing togetherseveral (constituent)particlesof the type constitutingthe solvent
phasd81]. Suchanapproachs corvenientandef cient becauseat normallydoes
not requirespecialmeasureso track the orientationor the translationof the com-
positeparticle, becausaghesecanbe reconstructedrom the positionof the glued
particles. Also, the interactionsbetweenthe solvent and the constituentsof the
compositecomplex particlesareoftenof the samenatureasthosebetweerthe sol-
ventparticlesandcanthusbe computedn the samefashionwithout changingthe
structureof the simulationprogram.

However, this conveniencecomesat the price of computingpair interactionsbe-
tweenthe constituentso x the shapeof the compositeparticles. In contrastthe
marker-templatecouplingis a singleparticleinteraction.

Of courseit is alsoquite possibleto connectthe constituentof a soluteparticleto
a shapepreserving(possiblymasslessjigid templateas hasbeensuggestedhere
for the uid-particle coupling. This approactseemso have beentakenin the DPD
framework by atechniqueusedin Ref.[9].

. In generalbnemustbe awareof properscaleseparationFor example,thediscrete

natureof theparticlephasantroducesa “noise” termwhich causesuctuating mo-

tion of thesuspendegarticles.Thisnoisecanbeconsideredfeaturef simulations
atlow Pecktnumbersshallbe performedastheLennard-Jonesimulationsby Ra-

paport[44]) but mustbe eliminatedin oneway or the otherin the limit of large

Peckt numbers. Similarly, the discretenatureof the solvent particleswill cause
breakdevn of lubricationforceswhenthe soluteparticlesapproactsurface-surdice
distancegloserthanthemeanfree path(Knudseriength)of thesolvent,aswe have

discussedn the context of lubricationforce modelingin Sec.2.1.3for x edgrid

methods.

. Particle codeswith short-rangednteractions similar to explicit lattice-Boltzmann

techniquesdisplay a built-in compressibilityof the solvent phase. The speedof
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soundin thesesimulationsis often very small becauséhe particleinteractionsare
takento berathersoftin orderto allow (apparently)argetime steps.In contrastjn

continuumtechnigue®nehasef cient methodgo imposeincompressibility(solv-
ing a Laplaceequationfor the pressurequationin our case)or to resortto penalty
techniqueg78] thateffectively replacethe long-range_aplacesolver by introduc-
ing anarti cially compressiblenateriallaw.

Fixed lattice basedmethods

If insteadof usinga particletechniqueoneattemptgo solve a continuumequatiorfor the
uid phasehenonehasconsiderabléreedomin thechoiceof solutionmethodologyand
in thechoiceof thephenomenologicglarameterenteringthe equation. Every numerical
solutionof acontinuumequatiorrequiresadiscretizatiorof thecomputationatiomain.If
ahigh precisionof thesolutionis required thediscretizations oftentakenonanunstruc-
turedgrid andlocally re ned in the courseof the solution process.The computational
dravbacksarethecomplec datastructuresequiredandthe entraineccomputationatost.

In addition,sinceparticle- uid systemsarecharacterizetdy moving boundaryconditions,
aremeshingof the computationafrid mustoccurwhenit is distortedto suchan extent
thattherequirement®f the,e.g., nite-elementor nite-v olumetechniquecannotionger
bemet.

As we have outlinedin the introductionof this paper it is thus advantageoudgor the
simulationof mary-particlesystemsandif the demandson the precisionof the solution
are not too high, to pick a nonadaptre, regular grid to discretizethe continuum uid
eqguation. On sucha lattice we canfor exampleusethe lattice-Boltzmanntechnique a
nite-dif ferencecompressibler incompressibldNavier-Stokes or Stokes solver, certain
lattice gasautomataetc.

As in particlemethodsgcertainissuesshouldbe keptin mind:

1. Perhapghe mostproblematicpointis theimplementatiorof the no-slip conditions
onthe particlesurfacesandthe computatiorof the stressesConcerninghe match-
ing of theparticlesto thegrid, considerabléreedomexistsandincludes

(a) (rst order)discretizatiorof the particlesurfaceon appropriategrid nodesor
links of therespectre techniqug60, 87,104 ( rst order),

(b) smoothlyvarying“interpolation” coefcients to obtaina better possiblysec-
ond orderaccurateestimateof the local in uence of the boundaryfor lattice
Boltzmanncf. Ref.[23], for nite differenceRef.[90].
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Similarly, boundarystressesnust be evaluated. For lattice Boltzmann,typically

the knowledgeof the changeof the velocity populationassociateavith a boundary
link or nodeis required whereaghestressvaluationfor nite differencesnvolves
directevaluationof the stresgensorusinglocal pressureandvelocity. Pleasenote
thatin our methodnoneof theabove stepds necessaryasthe penaltyforcesonthe
uid includethe stresseshataredeterminedalreadyin the courseof the uid time

step.

. Dependingon the type of discretizationused, stabilizationmeasuresieedto be

taken. The explicit lattice-Boltzmanndescribedin [60] requirestime averaging
(over two time steps)of the torqueto avoid instabilities. Nonstaggeredite dif-

ferencegrids may showv grid decouplinginstabilities. Also the generalstability
constraintdrom linearanalysisof all explicit methodshave to be consideredimost
notably the Neumanndiffusive criterion linking time stepand squareof the grid

size.

. In mostmodern(explicit or implicit) methodshe computationakffort to perform

onetime stepis proportionalto the numberof discretizatiorf‘cells” thatrepresent
often a setof variablesdescribingthe local con guration of the continuum. For
example,in our method,the explicit part of the Navier-Stokestime stepandthe
implicit solutionof thepressureequatiorbothhave this property Lik ewise, lattice-
Boltzmannmethodsrequireonly a reweightingof locally availableinformationto
updatethe local velocity histogram. So, the computationaleffort differs due to
the constantof proportionality An explicit lattice-Boltzmanrtechniquecanmost
directly be comparedo a penaltytechniquefor incompressibleo ws [78], which
areof similar computationatompleity.

. The inclusion of enegy conseration into a lattice-Boltzmannscheme which is

necessaryo computeheat o w, is to our knowledgestill anopenquestion2, 84].
Thereis nocomparablaif culty whenusingdirectly discretizedux-consenation
equationsas,e.g.,the Navier-Stokesequationfor the momentumux.

To summarizéheabove, in suspensiophysicsthereis not onesinglesimulationmethod
that addresseshe entire spectrumof possibleconditions,with or without uid inertia,
with or without particleinertia,low or high Peckt numbersgconstitutve propertiesof the
suspendinguid, constitutive propertiesof the suspendeghasegsurfacetension elastic-
ity, additionalinteractions)particlegeometryetc. with e xibility andef ciency. As we
have statedn theintroduction,thenichefor the x edgrid methodpresentedhereis com-
putationat moderateor zeroReynoldsnumberwith lik ewise goodto moderateaccurag
dependingon the pricein processingime thatoneis willing to pay In thatrespecit is
very similar to the lattice-Boltzmanmmethodqd58, 60, 61].
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Brownian motion

The Navier-Stokes describeghe evolution of averagevelocity andpressureandis thus
naturally suitablefor systemsat high Pecket numberswhereno information aboutthe
discretenatureof the uid andtheassociateductuationsis required.

On the otherextreme,molecularsimulationcapturesall uctuating quantitiesaswell as
their spatialandtemporalcorrelations.In betweernthesetwo extremeswe nd Brownian
dynamicsideas[3, 12]—incorporatinghermal uctuationsinto the particleequationsof
motions—anductuating hydrodynamicgcf. [63], Ch. XVII); bothneglectspatialand
temporalcorrelationof thethermaldriving forces.

In uctuating hydrodynamicstress uctuations i?(x) arebuilt into the uid equations
andtheir statisticalpropertiesarefound by consideringdeasfrom nonequilibriumther
modynamicg63],

h i?((xl;tl) |Om(X2;t2)i = 2kBT ( il km ¥ im kl) (Xl Xz) (tl tz); (2.40)

wherekg is Boltzmanns constantand T the temperature Fromthis expressionwe can
nd for any givendiscretizatiora nite stressvectorto beincludedontheright handside
of theNavier-Stokesequation(2.1). We thusseethatthedescriptionof uid thermal uc-
tuationscanquite naturallybeincludedin our numericafframevork andmightbe subject
of a future study It shouldbe mentionedherethatin the contet of lattice-Boltzmann
methodssimilar ideashave beenusedto includethermal uctuations[24, 59, 60].

2.5.3 Scopefor impr oving the numerical scheme

Therearesomeunresoled numericalquestionghatwe would lik e to addresseforewe
conclude.

In orderto eliminatethe purely numericalconstantk and , we have testedanimplicit

schemethat doesnot requiretracers,but insteadassociatesn a quite similar fashiona
force directly with eachreferencepoint. Thenwe make tentatve uid integrationsteps
usingtheseforcesandcompareheresultingdifferencevelocitiesof uid andtemplateat
thereferencegpoints. Theforcesarenow modi ed by anadditive termproportionalto the
velocitydifferenceput with theoppositedirection. We thusarrive atsuccessiely “better”

forcedistributionsresultingin decreasinglifferencevelocities.We have obseredsucha
procedureo cornvergein simulationswith Re 1, but did not useit extensvely dueto

theadditionalcomputationagffort.

Dueto the smallslip allowedin our explicit “penalty” couplingtechniquethereoccursa
smallresidual uid motion insidethe particleregions. As a result,a certainamountof
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enepy is dissipatedevenif thecouplingof uid andtracerss notdissipatve. In 3D, we

nd thatthe fraction of enegy dissipatednside particleregionsrangesrom about0:01

in suspensionwith = 0:05upto about0:1infor = 0:3. Correspondinglyonecan

obsene changesdn the sedimentatiorspeedwhich, dueto theseadditionaldissipation
channels turn out to be smallerthan expected. For more precisemeasurementshis

purely numericaldissipationmustbe reducedby stiffer couplingsand correspondingly
smallertime steps. More elaborateamplicit techniqueswill alsoimprove the situation,

becauseherelative motioninsideparticledomainscanbe suppressedntirely.

2.6 Somefurther remarks

2.6.1 onacontinuum picture,

Theamgumentsn Sec.2.1.2canbe mademorepreciseif we try to understandhe proce-
duredescribedhbove asthediscretizedversionof a continuumproblem. Let us statethe
momentumequationof the uid (2.1)in theform

% v=1r T+ (2.41)

whereT denoteghe stresstensorof the uid. Its divergenceis the expression fp+
r 2v for Newtonian uids usedabove. For therigid particletemplatewe have

Miw = FP+FP (M V)ge; (2.42)

with l—‘i'p astheforceactingfrom the uid onthetemplate(determinedy summatiorof
the constraintforces),F;” the force dueto the presencef other particlesand the term
proportionatlto g representsveightandbuoyangy.

Let theregion of uid coveredby templatei attimet = 0 bedenotedby ;(0). Con-
tinuoustime evolution accordingto Eq. (2.41) will deformthis regioninto ;(t): The
positionsof the tracerstrackthis deformationandthusthe maximumsup, j7; j measures
thedeviationof (t) from theoriginal particleshapelt mightbeintuitiveto think of the
marker elongationsy; asrepresentatie discreteamplitudesof acontinuousdisplacement
eld ti(x) de ned ontemplatel, relatedto the positionx" by x{" = x| + t(x| ). The
constraintuid forcedensityf; for particlei is relatedto t; asimpliedby Eq.(2.16),i.e.,

fT0ed") = kei(x) 2 (d=de (% ); (2.43)

wherethetime derivative musttake thetime dependencef x| into accountlf theexter
nal stressesemainboundedthis form guaranteeshatt andthe rate of changeof t on
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@ i (t) remainboundedandapproactzeroask and increaseBy construction, (t) is
theunionof x + #;(x) with % beingoneof the points constitutingthe templateat time
t. Theincompressibilityof the o w guaranteethatthevolumeof (t) istimeinvariant
andequalsV;; thevolumeof thetemplate.

2.6.2 consewnedquantities,

Thelastagumentshowvs thatthe sumof themassof uid in  (t) andthetemplatemass
M is constanfandequalto the massof the physicalparticle.

The total changeof momentumof the coupledsystemis obtainedby integrating (2.41)
over (t), whichresultsin

P = T dA+ F/; (2.44)
@i(t)

wherewe have usedGausss theoremto corvert the integral over the divergenceof the
stresstensorinto a surfaceintegral. The vectorsP; andF! denotethe total uid mo-
mentumin ;(t) andthe sum of the constraintforces, respectrely. By construction,
F+ l—‘i'p = 0. Up to adegreeof accurag determinecoy 1=k and 1= thecenter
of massvelocity of the uid in ;(t) coincideswith thetemplatecentersx;: Thus,for the
sumof Eg. (2.44)and(2.42)we recover the equationof motionfor the centerof massof

arigid particleP of massM; = M + V; inthe ow,
I

Mi%= T d& (M; V)ge: (2.45)
@

To seewhat happendor the angularmomentumbalance we form the vector products
of EqQ. (2.41)with a vectorpointing from the templatecenterof massx; to x beforewe

performtheintegrationover (t);i.e,
Z Z Z

dx (* %) sz dx(* %) © T+ dx (x %) T
i(1) Dt i(t) i(1)

(2.46)

|
Theleft handsideis the total changeof angularmomentumof the uid E; andwe can
employ the symmetryof the stressensorto corvertthe rst termon theright handside

to asurfaceintegral,
I

|
E = (* %) dA T+~ (2.47)
@i(t)
As in the caseof linear momentum,we also considerthe correspondingequationfor
the template. The contritution to the torque of the gravitational forcesvanishes,and
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the contritution of the constraintforcescancels~ by constructionup to an accurag
determinedoy the maximumdeviation of a tracerfrom a referencepoint. To the same
accuray, the changeof angularmomentumof the uid canbe written asthe momentof
inertiatimesthe changeof angularvelocity which equalsthat of the template,againto
the agreepermittedby the tracerforcelaw. We thusrecover approximatelythe equation
of angularmotionof arigid particIeIP in a uid in theabsencef externaltorques,

Ii! = (¢ %) dA T: (2.48)
@

2.6.3 anduniqueness

The distribution of the constraintforcesin the particle/templataegion is not uniquely
determinedby demandinghatthe uid motion shouldmatchthe rigid body motion of
the particle. Also, the motion of the systemas a whole doesnot uniquely x f~. The
prescriptiongivenin the text selectsone of the possibledistributions, but leaves some
“gaugefreedom”which is very similar to the indeterminag of forcesin staticnetworks
of rigid elementsAlso here therigid templatecan“absorb”innerstressesonsequences
onthemotion.

If we write the Navier-Stokesequationsn the form,
- rp=G(v); (2.49)

whereG collectsthetermsdependingn spatialandtemporalderivativesof ¥; thenfrom
takingcurl anddivergencewe nd

Frf = G (2.50)
p = G (2.51)

The rst equationimpliesthatthe velocity distribution (andits rate of change)only de-
terminesf~ upto thegradientr™ of ascalar In general suchcontritutionsin uence the
pressuralistribution (2.51)andthusthe motion. If, however, ful lls additionalcondi-
tions,i.e., = 0on@ j, it will not have consequence®r the motionor in the exterior
of ;. If weextend overthewholedomainsuchthati~ existseverywhereand = 0
in theexteriorof all ;;thenp+ solves(2.51)forf~! f"+ r . Thescalar doesnot
contributeto themomentumux through@ ;; if its surfaceintegral @, dA vanishes.
Lik ewise, the contribution to the torque,herewith respecto the origin, but similarly for

ary referencepoint, is
Z Z Z

dxx (F ) = dx ™ % dxr~ (% )

I
Q.
>

o)
X

N—r

(2.52)
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andvanishegdf the surfaceintegral vanishes.This is the casein particularif = 0on
@ ; asadwertisedabove.

Sincethe f~actingon the uid hasareactionforce of oppositesign on the particletem-
plate, theseconditionsguaranteealso vanishingforce and torque contributions on the
templateasawhole.
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Chapter 3

MonodisperseSedimentation

3.1 Velocity uctuations

Theaveragevelocity of sedimentingion-Bravniansuspensionsanbe predictedheoret-
ically [7, 13]. In contrastthe understandingf the uctuations of the particlevelocities
is not yet satisactory While theories[17, 42,100 predictthatthe velocity uctuations
in randomsuspensionshoulddiverge asthe sizeL of the containers increasedexper
iments nd eitherno dependeng on the size of the container[75] or that the velocity
uctuations saturatdf the containersizeis increasedver athreshold93]. In contrasto
theexperimentaltesults simulationg62] whichusedperiodicboundaryconditionsfound
the predicteddivergenceof the velocity uctuationswith the systensize.

3.1.1 Estimate of the velocity uctuations

We will now calculatethe magnitudeof the velocity uctuations usingsomescalingar-
gumentf Hinch [43] andthe experimentakesultsof Segre etal. [93].

If weimaginethesystenofsize2lL L L tobeseparatethto 2 halvesby animaginary
wall, thenwe cannotexpectboth partsof the systemto containthe samenumberN =
3=(4 ) (L=a)® of particles. We expecta differenceof order N aswould be the case
if the particledistributionswererandomandindependentThe differencein weightwill
thenleadto a relative motion of thesetwo regions. More precisely N particleswill
giveriseto aexcessorce of
P_— 4

Fy= N 3 a g: (3.1)

Thiswill causethe velocitiesof two neighboringregionsto differ until the driving force

is balancedy the shearforce. The shearforce canbe estimatedy the expectedvelocity
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gradient U=L, theviscosityandthearea L2 of theseparatea@reas.

Fo= L2 (32)
Here is thevelocity differencebetweerthe differentregions. In the stationarystateof
a suspensiornthe two forcesbalanceeachotherandwe thusobtainthe magnitudeof the
velocity uctuations,

r

L 3.3 S
=& g L
a’

4
= £ = U
3 St

- (3.3)

whereUs; is the Stokesvelocity of asingleparticle.

If thereis alengthscale on which the suspensioms homogeneoudueto correlations
betweertheparticlesthenourpreviousargumentatiorns valid only for L < . Forsystem
sizesL > thesizeof the correlatedregionsreplaceghe role of the systemsizein our
previous arguments.Segre et al. [93] have measuredhe correlationan suspensionand
found

j=11la = (3.4)
If weusethis toestimate., we nd that

= pﬁVSt 1=3 Vs 1:3: (35)

With this agumentwe expectthatthevelocity uctuationsscalein large systemsas

Vg LB (3.6)

Thisis consistentwvith experimentalndings asshavnin Fig. 3.1(Figure3 of [93]) where
thevelocity uctuationsaremeasuredn largesystemsf widthw 1002 5.

As explainedaborve, the velocity uctuations canbe expectedto be independentf the
systensizeonly if thesizeof thesystems signi cantly largerthanthecorrelationlength.
If, in contrastthe containemwidth is of the samemagnitudeasthecorrelationdength,the
width of thecontainemwill controltheabsolutesalueof thevelocity uctuations. Eq.(3.3)
indicatesthat the velocity uctuationsin caseof small containersshouldscalewith the
squareroot of the containersize.

With regardto the volume fraction dependeng we expectthatthe uctuations scaleas
122 for smallsystemsand = for large systems.
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0.0001 0.001  o0.01 01

Figure 3.1: Figure 3 of [93]: Experimentalmeasurementsf the normalizedvelocity
uctuations V=\g. Thedatashavn arefrom Segre (circles)andNicolai [75] (squares).

3.1.2 Systemswith periodic boundary conditions

In orderto reducewall effectsin the simulationswe useperiodicboundaryconditionsin
all directions.We measurdhe velocity uctuationsin varioussystemf differentsizes
anddifferentvolumefractions.The simulationdetailsaregivenin Table3.1.

Width Height Toa <Uj>
24 24 002 200 0.76968 0.300879
48 48 0.02 200 0.83065 0.44554
128 128 0.02 232 0.858481 0.707185
32 64 01 200 0519128 0.556742
64 128 0.1 121 0.539484 0.765868
128 256 0.1 150 0.551416 1.21439
22 22 01 200 0.463158 0.302273
24 48 0.1 200 0.513729 0.440247
64 128 0.3 200 0.134829 0.348823

Table3.1: Simulationsof monodisperssuspensions a containemwith a squareground
section.Thesamplingstartedat T = 50andendedatT = T, shownin thetable.

If the size of our simulationsis below the limit wherethe velocity uctuations become
independenbn the sizeof the systenmwe expect

(=Us) (L) (3.7)
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(b)

Figure 3.2: Snapshotof typical systemsusedto calculatethe velocity uctuations in
systemswith periodicboundaryconditions.(a) shavs asystemof size24 24 24ata
volumefraction of 0:02 (68 particles)and(b) asystemof size128 256 128ata
volumefraction of 0:1 (100,132patrticles).

Consequentlya plot of the relative velocity uctuations versus(L )% shouldshow alll
the datapointson a straightline. We shaw the resultsin Table3.1andin Figure3.3(a).
We t the measuredrelocity uctuationsto aline f (x) = bx+ c with b = 0:63 and
c= 0:12 whichis alsoshaovn in Figure3.3(a). However, dueto the dependencef

on the productof L2 and 72 a smallchangeof oneof the exponentsdoesnot leadto
acompletelydifferentrescaling.This is seenin Figure3.3(b)wherewe use ™ to scale
thedata.Thoughthe t is betterin (a),a ™ dependenceannotbeentirelyexcluded.

3.1.3 Systemswith walls

In the previous sectionwe usedperiodicboundaryconditionsto minimize the effectsof

walls in the simulations.This approachs goodfor generalstudiesof systensizeeffects
andbulk properties.But assoonaswe wantto comparethe resultsof the simulations
with experimentsof a certaingeometrythis approachs problematic,becauset is not

clearhow the presencef walls in uencesthe suspensionlf we areableto simulatea

systemof the samesize as usedin the experimentwe usesolid walls in all directions
perpendiculato gravity to matchthe conditionsof the experimentsascloseaspossible
andthusavoid effectsfrom the absencef thewalls.

In 1995Nicolai andGuazzelli[76] publishedthe resultsof experimentson the Effect of
the vesselsizeon the hydrodynamicdiffusion of sedimentingsphees They usedglass
beadswith a radiusof a = 0:394mm in a viscous uid (13 P) anda settlingcontainer
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Figure3.3: Velocity uctuationsof thesimulationdistedin Table3.1versuga) L 1*? 12
aspredictedby Eq. (3.3)and(b) L™ 73, Scatterof thedatain (a)is lessthanthatin (b)
sothatwe concludethatthe scalingwith L2 1= seemdo becorrect.

of heightL, = 126z andwidth L, = 252a andvariedthe depthof the vessebetween
L, = 50a and200a (cf. Figure3.4).

They trackedthethetrajectorieof markedparticlesn asuspensionf unmarledparticles
with a digital imagingsystemandcalculatedthe local velocitiesof the particlesin the x

andy directionsandthe correspondingelocity uctuations. The particlesweretracked
in aimagingwindow of approximatelyl50by 300a. Thedepthof theimagingextended
throughthewhole system.

With this experimentaketupthey foundvelocity uctuations ,  0:33 0:04and
0:66 0:08 Thevelocity uctuationsdo not dependon the depthof the vesselandthe
ratio y= 5, 2

The measurementsf Nicolai and Guazzellineglectedthe movementof the particlesin
z direction, thus it was not possibleto measurehe velocitiesandtheir uctuations in
in the z direction. It is thereforenot clearif thereis anin uence of the vesselsizein
the z directionon the uctuations of the velocities' z component.Our simulationsare
choserto matchthe setupof Nicolai andGuazzelliascloselyaspossible.Nevertheless
therearetwo major differencespamely the boundaryconditionin they directionand
theReynoldsnumber The heightof thevesseln Nicolai's experimentsvas1262 which
we cannotachiese in our numericalsimulations. We thereforechooseto useperiodic
boundaryconditionsin the y direction anda vesselsizeof L, = 250a. The second
differencethe Reynoldsnumberwaslessthan10 2 in theexperimentwhereasve usea
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Figure 3.4: (a) simulationsetupand coordinatesystemusedin the simulations.Gravity
pointsin y direction. The boundaryconditionsin the simulationsare periodicparallel
to gravity andrigid wall perpendiculatto it. (b) snapshobf a typical systemof size
250 250 100with 74719particles.

Reynoldsnumberof 0:1 in our simulations.The setupof the simulationsis summarized
in Table3.2.

a = 1 L, = 250
= 25 L, = 250

g = 30 L, = 25:::200
= 0.05 h = 078
= 10

Table3.2: Parametersisedn thesimulationsof theexperimentf Nicolai andGuazzelli.

We sampletheparticlepositionsandvelocitiesin aareaof sizel50 250 10inthecenter

of the simulatedvessel.This ensureghatwe do not sampleparticleswhich arestrongly

in uencedby thewalls. We rst studythetime dependengof thevelocity uctuationsin

the suspensiono learnwhenthe velocity uctuations reacha steadystateandhow they

changewith time. We thereforemeasuredhevelocity uctuationsin intervalsof 1ts; and

averageover 10 measurements heresultsfor  areshovnin Figure3.5andfor , and
2 In Figure3.6.

The magnitudeof thevelocity uctuationsin our simulationss about40%largerthanin
the experimentsof Nicolai andGuazzelli.Onereasorfor this large valueis thatwe only
sampledparticleslocatedin the samplingzoneof size150 250 20in the centerof
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1.2 T T T T

Figure3.5: Time dependengof thevelocity uctuationsin y-directionfor differentdepth
L, of thevessel.The nal valueof thevelocity uctuationsis independenobf the depth
L, for vesselswith depthlargerthan50a.

the system. Therefore we do not sampleparticlesthat are closeto the walls. Particles
closeto thewalls will shav smallervelocity uctuations. This explainsthatthe velocity
uctuations decreasdrom 0.91 to 0.82 when we extend the samplingregion in the z
directionto spanthewhole system.

The secondexplanationis thata relatively coarsegrid (h = 0:73) hasbeenusedto dis-
cretizethe uid. If thegrid sizeof the uid h is halved,therelative uctuationsdecrease
from 0:91 to 0:87 for the systemwith L, = 50. Thuspartof the uctuationsis dueto
numericalinaccuraciesAs the computationakffort scaleswith h® we arepresentlynot
ableto calculateall the systemswith higheraccurag. Neverthelesstheratioof = , in
all our simulationss 2, the samevalueasmeasuredh the experiment.

The uctuationsfor thedifferentcomponentincreasevery rapidly. They becomestation-
aryafterapproximately150ts;. Butevenasthestationarystateis reachedthe uctuations
vary stronglyon time scalesof aboutl00 20Qs; which correspondso thetime scale
on which the large scalestructuregswirls) in the suspensiochange.We nd in accor
dancewith Nicolai andGuazzellithat , and y do not changewithin the error barsif
the depthof the vesselis varied between50 and200a. But we nd a reductionof ,
for L, = 50, which hasnot beenmeasuredy Nicolai andGuazzelli. In contrastto the
experimentsof Nicolai, we alsosimulateda systemwith a vesselof depthL, = 25and
nd asigni cant reductionin all component®f , especiallyin thez component.

Therearetwo possibleexplanationsof the ndings of the experimentsandthe simula-
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Figure 3.6: Time dependeng of the velocity uctuations of the x-component(a) and
z-component(b) for differentdepthsL, of the vessel. Like the uctuations of they
componenbdf thevelocities,the nal valueof thevelocity uctuationsis independenof
the depthL , for vesselswith depthlargerthan50a. For L, < 50 all component®f
show adecreasef thevelocity uctuations.

tions:

1. The velocity uctuations are dominatedby the largestdimensionof the vesselif
its smallestdimensionexceedsa critical value. We expectthatthis critical length
shouldbe of orderof the spatialcorrelationsof the velocities. If the smallestdi-
mensionof the vesselis smallerthanthe critical sizethe velocity uctuations will
belimited by the sizeof the smallerdimension.

2. Thevelocity uctuations are always dominatedby the smallestdimensionof the
vessellf thesmallesdimensionof thevessekxceedsacritical sizethentheveloc-
ity uctutations saturateandreacha nal valueindependendf this size.

Both agumentsvould explaintheresultswe have presentedip to now. Wetry to nd the
correctoneby simulatinga systemwherethe smallestdimensionof the vesselis above
thesupposedritical length,andthelargerdimensions decreasedWe simulatea system
of size1l50 250 100andcomparehevelocity uctuationswith the uctuationsin a
systemof size250 250 100

In Figure 3.7 we comparethe velocity uctuations of the simulationswith L, = 250
andL, = 150 No componenbf the velocity uctuations changessigni cantly when
the larger dimensionof the vesselis reduced.This suggestshat the smallestdimension
controlsthe magnitudeof thevelocity uctuationsandthatassumptior?. is correct.
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Figure3.7: Time dependeng of the velocity uctuations whenthe larger extensionL
is changedrom L, = 250to 150andL, = 100is constant.The velocity uctutations
do notchangedueto a decreasef the larger extension,which indicatesthatthe smaller
dimensionrdominateghe magnitudeof the velocity uctuations.
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Figure 3.8: Velocity uctuations  asa function of the systemsize. The left side (a)
shavs the | asa functionof L, for Ly = 250 On theright sideL is variedand
L, = 10Q The uctuationsincreaseuntil the smallestdimensionof the vesselreachesa
sizeof 100Ca.
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We shaw thevelocity uctuationsasa functionof thedepthof thevessein Figure3.8(a).
Figure 3.8(b) shaws the velocity uctuations for a depthof 100a and variouswidths of
the system. The samplingstartedatt = 15Qs; andwe sampledall particlesinside a
samplingregion of size150 250 20locatedin the centerof thevessel.We nd that
the uctuationsincreasdor vesselswith the smallestextensionbelonv 100a. As soonas
thesmallesteextensionincreasesbove 100a the uctuationsareconstant.

Thisis consistentith the spatialdistribution of thevelocity uctuations,whichwe shav
in Figure3.9for  andin Figure3.10for . To obtainthe datashown, we divide the
systemin Ny N, columnsandsamplethe particlevelocity of all particlesinsideeach
column. All particlesaresampledstartingatt = 10Qs;. To improve the statisticswe
utilize the symmetryof the systemin thex andz direction.

100

Figure3.9: Spatialdistribution of thevelocity uctuations  for thevessebf size250
250 100averagecdbvertheheightof thevessel.

Figure3.9 and3.10shawv thatthe velocity uctuationsincreasequickly andsaturateo a
nal value. Thelarger uctuationsof  in Figure3.9 aredueto the factthatonly one
simulationhasbeenevaluated sothatlong-lastingswirls arenot well averaged We nd

that the distancefrom the wall up to which the uctuations are affectedby the wall is
approximatelythe samefor the of the velocity componentsn thedirectionnormalto the
wall asfor thedirectionsparallelto thewall (cf. Figure3.10).

In Figure3.11we shaw thevelocity uctuationsasafunctionof thedepthof the system.
We nd that 4 and , arereducedoy thewallsupto adistanceof 50a from thewall.
For distances> 50a thevelocity uctuationsareapproximatelyconstant.Thedistanceof
50a isin accordancevith our previousobsenationsthatthe velocity uctuationsbecome
independentf the systensizewhenthe sizeexceedsl00a.
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Figure3.10: Spatialdistribution of the velocity uctuations , for avesselof size250
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Figure3.11: Velocity uctuationsasafunctionof z for asystemof size250 250 200
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We previously suggestedhatthe critical depthof the containershouldbe of the sameor-
derof magnitudeasthespatialcorrelationf thevelocitiesin thedirectionperpendicular
to gravity. To con rm this suggestiorwe measuredhe spatialcorrelationof the particle
velocities. The spatialcorrelationof U; is de ned as

hJ,(0)Ui(F)i  hUi (0)ihU;(r)i

Ui(0) Ui(r)

CUi (F') =

(3.8)

wherer = %, %, is the distancevector of the particles. We measuredhe spatial
correlationsasa functionof r = jf andtheangle betweerr andthey coordinateaxis
y. In theexperimentf Segre[93] the projectionof theparticlevelocitiesonaplanehave
beenusedo calculatehespatialcorrelationof thevelocities. To make ourmeasurements
comparablevith theexperimentatesultswe calculatehespatialcorrelationgwice,once
for particle pairswith + lying in the yx-planeandalsofor pairswith + lying in the yz-
plane.To reducethe effect of the walls we sampleparticlepairsonly if bothparticlesare
locatedinsidethe measurementolume,which is locatedin the centerof the vesseland
of sizel50 250 20forthesystenofsize250 250 100
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Figure3.12: Spatialcorrelationsof the settlingvelocitiesU, measuredn thex direction
(solid line) andthe z direction(dottedline). ThedepthL , of thevesselwas100a andthe
width Ly = 250a.

Figure3.12shavsthecorrelationof thevelocity compononenin y directionasafunction
of thedistancer in thex andz directions. The systemsizewas250 100in thex and
z directions.Thusonly distancesip to 60a in the z directioncould be measuredavithout
using particlesin the vicinity of awall. The correlationfunctionsdecreaseapidly and
the distinct negative correlationin x-directionshaws the presencef a structureof char
acteristicsizein the suspensionThefasterdecreas@f the correlationin the z-direction
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shavsthatthe correlationlengthof they-componenof the velocity is reduced.
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Figure 3.13: Spatialcorrelationsof the settling velocitiesU, measuredn the direction
parallelto gravity in avesselwith depthL, = 100a. For largeseparationghecorrelations
tendto zero.

Figure3.13shavsthecorrelationof thevelocitiesin theverticaldirection.In they direc-
tion thevelocity corelationshavs alesspronouncedegative correlationwhencompared
to thecorrelationan thehorizontaldirections.

Sayre et al. [93] measuredhe spatialcorrelationsof the velocitiesand found that the
particledistancewith the minimumhorizontalcorrelationcanbewell characterizetby

27a 1% (3.9)

N
1

This leadsto a correlationlengthof , = 73afor = 0:05 We nd acorrelationlength
of 75a. In Figure3.14we shav themeasuredpatialcorrelationof Segre togethemwith
our data. We usethe samescalingas proposedoy Segre: x=a 3. We nd thatthe
correlationsarequite similar.

We have seerpreviously thatthevelocity uctuationsdecreassigni cantly if thesystem
depthis reducedbelow 50a, so that the questionarisesasto how the spatialvelocity
correlationsin the x direction are affectedwhenthe systemsizeis decreasedh the z
direction.In Figure3.15we comparehe spatialvelocity correlationgor a systemwhere
L, = 100with asystemwherelL , = 25.

It is clearly visible thata reductionof the depthof the systemin the z-directioncauses
reductionof thecorrelationiengthin thex-direction. Thisindicateghatall theextensions
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Figure3.14: Spatialcorrelationsof the settlingvelocitiesU, measuredn thex direction
in avessewith depthL, = 100a andthedataof Segret al. [93] (+) of a suspensionvith
= 0:.03
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Figure3.15: Spatialcorelationsof U, measuredn thex directionfor vesseldepthL , of
25and100a. Not only thevelocity uctuationschangewith the vesseldepthbut alsothe
correlationlength.
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of avessehaveto betakeninto accountwhenthesizedependenof velocity uctuaions
arestudied.

In Figure 3.16 we shaw the velocitiesrelative to the averageparticle velocity. We only
shaw the velocitiesof particleslocatedin a slice of 10a locatedat the centerof the con-
tainer The containerhad periodic boundaryconditionsin the direction of gravity and
walls in the otherdirections. The depthof the systemwas (a) 25a, (b) 50a,(c) 100g,
and(d) 200a. It canbe seenthatthe instantaniousuctuations of the velocitiesincrease
signi cantly asthe systemdepthis increasedrom 25a to 50a.

By drawing the relative velocities(Fig.3.16)we alsoseethe meassuredize of the cor-
relationlength,which is approximatelyl=4 of the systemwidth for the large depthsand
approximatelyl=8 of the systemwidth for the containemwith depth25a.
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Figure3.16: Particlevelocitiesrelative to theaverageparticlevelocity of particledocated
in the centerof a vesselwith depth(a) 25a,(b) 50a,(c) 100a, and(d) 200a. Thevelocity
uctuaionsin (b,c,d)aresigni cantely largerthanin (a). Also the spatialextensionof the
swirls arelargerwhenthe systemdepthis increaseaver 25a.



Chapter 4
BidisperseSedimentation

This chaptens dedicatedo the study of the simplestcasef polydispersesuspensions
of spheresWe considera bidispersesuspensiomf particleswith differentsizes(section
4.2.1)or differentdensitiegsection4.2.2).

In additionto thevolumefractions | and s, werequiretwo otherdimensionlesparame-
tersto fully characterizéhesuspensiortheparticleradiiratio = a;=a andthereduced
densityratio = = s,where ;= ; denoteghedensitydifferenceof particle
species andthe uid.

The mostimportantparameteremainsthe total volume fraction ; = |+ 4. The

inuence of and is morecomple to understandandgenerallylessimportantif the

valuesdo notdiffer signi cantly from unity. Thisis re ectedin thehistoryof modelsthat

have beenproposedor the particles'velocities.Only a few take thein uence of species
volumefraction,radii ratio anddensityratio into account.Thefollowing typesof models
have beenproposedo describanulti-speciesuspensions:

Socalledcell modelswhereparticlessettleindependentlyf eachotherin a cell.
Thesizeof thecellsis givenby the particlevolumefractionsandtheradii ratio [38,
94, 95]. Thein uence of densityratiosis considerednly in the single particle
settlingvelocities.

Phenomenologicallynotivatedpolydispersextensionsof monodispersequations
as,e.q. Lockettetal. [65, 66] or Mirza andRichardsor{74]. Thesemodelstake
into accountonly thein uence of volumefractionson the settlingvelocities. The
particleradii anddensitiesenteronly indirectly via the single particle settlingve-
locity.

Analytical studiesfrom rst principles,which calculatethemeansettlingvelocities
for particlesby solving the Stokesequations.Here,the analysesf Batchelor[6]
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and Batchelorand Wen [8] arethe mostcomprehensie. The relative velocity of
particle pairsis calculatedand usedto determinethe suspensiorstructure ,which
thenis employedto calculatethe averagesettlingvelocitiesof the suspension.

4.1 Theory

We will briey summarizeBatchelors theory[6, 8] becausehe discussionn the next
sectionswill rely on hisbasicarguments.

Batchelorconsidergarticlesn aNewtonian uid of viscosity whereall effectsof inertia
canbenegglected[4, 6]. Thus,the Stokesequation

reg=rp, ra=0 (4.1)

is usedto describethe uid. A singleparticlesettleswith the Stokesvelocity

2a?
Os = 9 J.

(4.2)

where isthedensitydifferenceof the particleandthe uid.

We considera suspensiorof N different particle speciesvhereeachspecies canbe

characterizedy the particlesradiusa;, the particle density ; andthe particle volume
fraction ;. The particlesarerandomlydistributedin spacewith equalprobability such
thatthereis nooverlapbetweerspheresTheparticlesarerepresentetly pointforcesand

aparticlewith velocity Uy atdistanceR changeshe uid velocity aU,=R. Theleading
orderof the correctionto the meansettlingvelocity dueto the volumefraction depends
onhow theparticlesarearrangedIn thecaseof aregulargeometricabrrangemendf the

sphereswe nd thata=Ris proportionato = whichleadsto acorrectionof thesettling

velocitiesthatis of order *3U,. Thisis in contrastto a randomdistribution of spheres
whereall accessiblelistancesresampled Heretheintegral overtheaccessibl@ositions
minustheintegral overtheinaccessiblgositionsscaleswith order .

The settlingvelocity for eachspeciess of theform
i 0 X
hoii = O, a+ Sij i ): (4.3)
i=1

P
which is correctto order = i i. Here Ui(o) is the Stokes velocity Ug; of particle

species. Thesedimentatiorwoefcients S; dependonthe particleradii ratio

]
= (4.4)
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andthereduceddensityratio

=1 (4.5)
|
The sedimentatiortoefcient is calculatedoy computingthe interactionof pairsof par
ticles of differentdensitiesandradii. We considera sphereof speciesl locatedat x;
anda sphereof specie atx,. A force F, or F, respectrely actson eachsphere.The
linearity of theunderlyingequationsmpliesthattheresultingvelocity of sphera canbe
calculatedoy

O = bii F + bij F'J (46)
wherebj; is themobility tensorwhichis written as

1 = -

BT 5 mra M B g

wherewe have introducedr = %, x;, the unit tensorl andthe dimensionlesswo-
spheremobility functionsA;; andBj . Thesefunctionshave beencalculated(e.qg., by
Jefrey [50]) anddependonthesizeratio andtheinterparticledistancgt| = r. They
areobtainedfor r (a1 + ap)=2 by themethodof re ections If we useF; = 6 aiUi(O)
for the forces,thenthe relative velocitiesVj; of the two spherescanbe calculatedasa

functionof therelative positionst.

) 4.7)

V= (2 Du® SLE (@ HME) (48)

wherewe introducedthe normalizednterparticledistances = 2r=(a; + a,) and

2 Apn Ay N 21 3 )Ap .
2 1 @+ )z 1y
2 By Bu N 21 3 )By .
2 1 1+ )2 1y

L(s) (4.9)

M (s)

To calculatethe meanvelocitiesin the suspensiomwe integratethe additionalvelocity
of particlei causedby the other particlesover the whole volume. The integral hasto
be weightedby the pair-distribution function g; to renderthe correctresult. Now the
problemarisesthatthis integral divergeswith r | 1 dueto thetermsof orderr ! and
r 3 in the mobility functionsA;; andBj . This problemhasbeensolved by Batchelor
for themeanvelocity in amonodisperssuspensiofd] andfor polydispersesuspensions
[5]. If we do notallow for interparticleforces,thenthe meanadditionalvelocity canbe
written as

. 0 X (
h UiIZUi() i
j=1

)
(J°+ 239  (2+3 + 1) (4.10)

1+ 3

2
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where ~
3 55 55
0_ .
J = 4— - All? + By | ? | Gij (S)ds, (411)
and
3 2 z 55 S5
00—
J7= 1 1+ ., Alzg + B | 2 Gij (s) (4.12)
3 | + S5 + i+ = I ds:
4s s? 1+ )2s® s? '

In contrastto the caseof a monodisperssuspensionwhereBatchelorassumedhatthe
particlesin the suspensiorare randomlydistributed, the pair distribution functionin a
polydispersesuspensioms not known a priori. The relatve motion of two spheresn a
polydispersesuspensiomwill causea nonuniform pair distribution function.

If we negglectinterparticleforcesandrestrictour attentionto the caseof non-Brovnian
particles(e.g.large Peckt number),thenwe do not needto take diffusioninto account
andthe differentialequationfor the pair distribution functionis the continuity equation
for g; (asapairdensity)andthe cornvective pair density ux V; g;

% +7 (Vjgi)=0: (4.13)

This equationcanbe solved[7] if thetrajectoriesof the particlepair arein nite, e.g.the

particledistance tendsto1l fort! 1 . Batchelornds that
= 2L M) 1do
S sL L ds

Onemay nd asymptotidormsfor g; fromEq.(4.14)inthelimitsofs  land(s 2)
1 butin generaly; hasto bedeterminechumerically

Ing; (s) = ds: (4.14)

It is interestingto notethatin thelimit of a suspensiof identicalspherese.g. ! 1
and ! 1, thevaluesofL(r)andM (r) dependntheorderin whichthelimits aretaken.
Thereforea suspensionf equallydenseparticleswith a slight dispersiorwill show a g;;
differentfrom that of a suspensionith particlesof the samesize but a slight variation
of densities. Batcheloralso amyuesthat in caseof almostidentical particlesthe Peckt
numbercouldbe of sizeunity sincetherelativevelocity is small. ThusBrownianmotion
will resohe theindeterminag in the casediscussedhere.

Fromthe pair distributionit is now possibleto calculatethe sedimentatiortoefcients

Z 1 1+ 3
Si(; ) = > (A1 + 2B1n 3)g; (4.15)
2
#
1 2 3
+ 2 (1+ )° (At B12)g; s S ds

(2+3 + 1)
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Thevaluesof g; andthesedimentatiorroefcients canbe calculatechumericallywhich
hasbeendoneby BatchelorandWen|8].

We recollectsomeresultsfor the caseof non-Bravnian particlesand no interparticle
forcesin Table4.1.

N 2 1 05 0 06 1 15 225
0.25| -1.96 -2.00 -2.20 -256 -3.31 -3.83 -4.73 -6.90
05| -251 -2.27 -2.28 -253 -3.41 -429 -6.77

1 S, = 252 013 ( 6 1)

2| 318 -0.34 -1.89 -2.44 -9.85 -9.81 -11.16 -13.71
4|26.63 10.05 2.03 -2.66 -19.55 -24.32 -32.71

Table4.1: Sedimentatiorwoefcients calculatedby BatchelorandWen|[8]

4.2 SedimentationVelocities

4.2.1 Particles of different sizes
Theory

We now usethesedimentatioroefcients of BatchelorandWen(8] (c.f. sectiord.1)and
thedependengof thesedimentatiowoefcients on and to calculatehesedimentation
velocitiesin particlesuspensiong/hentheradii ratio of the particleschanges.

For constant = 1 andthecaseof bidispersesuspensiongq. (4.3) reducedo

< Us> Us(o)(l"' Sss st Sy 1) (4.16)

U|(O)(1+ Ss s+ Si 1);

< Uy >

wherethesubscripts andl denotethe smallandlarge particlespeciesThesedimentation
coefcients Sgs andS;; arebothequalto  5:6 asin the monodispersease.TheS; are
now afunctionof only. Thevaluescalculatedby BatchelorandWenin [8] canbe tted
by a polynomialof secondorder

Sa( ) 352 1:.04 103 % (4.17)
Ss() = 352 1.0 1.03= %

where isdenedby = a=a 1.
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Thuswe obtaionthe settlingvelocitiesasfunctionsof

u®@1 56 352, 104, 103, ?; (4.18)
U@ 56, 352, 1:04,= 1:.03 ;= ?):

hUsi
hU,i

Simulation

We simulatea bidisperseparticle suspensiorin the dilute regime with constantparticle
concentration®f | = ¢ = 0:0L Thesizeof the small particlesremainsunchangedt
as = 1 whereaghesizeof thelarge particlesis variedbetweeril and2. The systemis of
size24 24 24andperiodicboundaryconditionsareappliedin all directions.

In summarythefollowing parameterareused:

a = 1 = 10

a = 1:::2 g = 30
s= | = 25 Systemsize = 24 24 24
s= 1 = 001 h = 0.375

Table4.2: The parametersisedin the simulations.

(b)

Figure4.1: Snapshotsf thesystemaisedto calculatethevelocity uctuations. (a) shavs
asystenof size24 24 24with 68 particlesof sizeratio = 1and(b)with 44 particles
of sizeratio = 1.5. Thevolumefractionof theparticlesis constant, s = | = 0:0L

We studythebulk (thesocalledmixing zone)of thesuspensiomwherethe particlespecies
arenot segregated. We canthereforeapply periodicboundaryconditionsto our system
andconsidethesimulationvolumeto belocatednsidethemixing zoneof thesuspension
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andmeasureuantitiesassociatedvith the bulk of the suspensionln principlethis point

of view is notcorrect,astheperiodicboundaryconditionsstill in uence variousmeasured
guantities suchasthe valuesof the settlingvelocitiesandtheir uctuations. But evenas

thesevaluesdiffer for periodicboundaryconditions,we have seenthatthesedifferences
do not affect the effective particleinteractionssothatthe changeof the settlingvelocities

with volumefractionis not affectedby the periodicsetup.

-0.4 r

T

Iambdazl
lambda=1.5 ————
05T lambda=2 - R
-0.6 |

Figure4.2: Typical examplesof the evolution of the meanparticlesettlingvelocitiesfor
= 1;15;2.

To reducethe statisticalerrorsof our measurementse perform30 simulationsfor each
setof parameters.Eachsimulationrunsfor at least200 Stokestimes. The statistical
evaluationof the simulationsstartsafter 50 Stokestimesto ensurethat the measured
guantitiesareindependentf initial transients.In Figure 4.2 we shawv the evolution of
the ensembleveragedsettlingvelocitiesof threetypical simulationswith valuesof =
1;1:5 and2:0. As canbe seenthe suspensiomeachesa steadystatein very shorttime
dueto the dominanceof viscouseffects: the particlesassumevelocitiescomparableo
Us: almostinstantly(timescalea=Us;  a?= ). Afterwardstherearelong-livedfeatures
wherethe settling velocitieschangedue to the changesn the local con gurations of
particles.

In Figure4.3we show the predictionsof Eq. (4.18)for = 1:::2 asadottedlinesand
the measuredalues. It is evident that Eq. (4.18) overestimateshe velocities. This is
dueto the limited systemsizeandthe periodicboundaryconditions,which changeghe
settlingvelocities.

For a singlepatrticleof radiusl in the simulatedvolume,which corresponds$o avolume
fractionof = 0:000303Batchelorstheory predictsthe settling velocity to be U =
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Figure4.3: The dependencef the settlingvelocity of small (+) andlarge ( ) particles
on comparedvith the predictionsof Batchelorgheory(dottedlines)andthecorrection
appliedfor the nite volume (dashedines) and additionalthe nite Reynolds number
(solid lines).

1 56 = 0:998 Dueto theperiodicboundaryconditionsthe particlefeelsthe presence
of its periodicimagesandthe settlingvelocity for the particleis not the one of a single
particlebut the onefor a periodicarrayof particles.In thelimit of low volumefractions
the correctionto the settlingvelocity hasbeencalculatedby Hasimoto[41] andis given

by
U=U, =1 17601 =+ 1:5593 2 (4.19)

Note that here,the leadingcontrikution is notlinearin . A single particle of radius1
will thereforesettlewith avelocity of U = 0:882 We thereforeintroducethe Hasimoto-

correctedsingleparticlevelocities U, with

|
3 (1=3) 3 3 2
48 "7 ,28  ggg3 23

0,
U@ =u9 1 17601
i i 3L3 3L3 3L3

(4.20)

Uio(o) insteadof Ui(o) is usedto draw thedashedinesin Figure4.3.

A seconccorrectionhasto beapplieddueto the nite Reynoldsnumber If we considera
singleparticlesettlingin anunboundeduid thesettlingvelocity of theparticlewill bethe
Stokesvelocity only if the ReynoldsnumberRe ! 0. For nite valuesof the Reynolds
numberthe settlingvelocity hasto be corrected.ProudmarandPearsorj83] calculated
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thedragon asphereatlow Reynoldsnumberandfound

3 9 1
= + = — — :
F=6al0 1 8Re 40Re2In e (4.21)
A changein the particle ReynoldsnumberRe = Ua= dueto a changein the particle
velocity or the particleradiuswould thereforechangethe dragon the particle. To give a
estimateof the magnitudeof the correctionduethe nite Reynoldsnumberwe shav in

table4.3thecorrectionto thedragforce at variousReynoldsnumbers.

Re | 001 01 02 04 06 1
U=Us = 1+ iRe SReInL |1.004 1.032 1.061 1.117 1.184 1.375

Table4.3: Correctionto the Stokesdragat nite butlow Reynoldsnumbers.

At ReynoldsnumbersRe > 0:1 the correctionis > 3% andwe mustthereforeapply a

seconctorrectionto thesingleparticlevelocitieswhich we denoteby Uioo(o) :
1
O((O) _ 0(0) 3 9 1 .
SO =y 1+ _-Re —Re‘ln_— : 4.22
hEl 8R° 207 MRe (4.22)

Herewe encountethe problemthatthe singleparticlevelocity Uim(o) dependontheve-

locity of the particledueto the velocity dependeng of the Reynoldsnumber To ensure
thatour measurementgreconsistentvith thetheory we usethe measuregbarticleveloc-

ity to calculatethe Reynoldsnumberfor each . ThismeasuredReynoldsnumberis then

usedto calculatethe correctedsingle-particles velocity UiO((O) :

We now use Ui%) in Eg. (4.18) insteadof Ui(o) to calculatethe settlingvelocities. The
solid linesin Figure4.3 show the predictionsof Batchelorgheoryafter Hasimotosperi-
odicandProudmarandPearsors nite-Reynolds-numbecorrections.

Thesimulationresultsfor the meansettlingvelocitiesUs andU, shav avery goodagree-
mentwith Batchelorspredictionsfor the large particles,whereashe velocitiesfor the
smallerparticlesareoverestimatedThisindicateshattheincreasedack o w dueto the
large particleshasa strongelin uence thanpredictedoy Batchelors theory

We mustensurethatthis effect is not dueto numericalinaccuracies Errorscould arise
becauseparticleswith differentradii have differentvaluesof a=h dueto the x ed grid
spacingh andthereforethe quality of the discretizationvarieswith differentradii. To
estimatethe error introducedby the differentradii we perform a referencesimulation
of oneparticlewith radiusl settlingin a periodicbox of size24x24x24andcomparehe
resultsto thosefor aparticleof radius2 settlingin thesamebox. We compareheresulting
velocitiesU; to thetheoreticavalues.We nd thatthedeviationfrom thetheoreticalvalue
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is 1% for bothspeciesandthe differencein the errorsbetweerthe two speciess less
than1%. We arethereforecon dent thatthe slower velocitiesare not dueto numerical
effectscausedy thediscretization.

| Y Y " Simulation =15 ——
161 : Simulation | =2 4
\ Batchelor | =1.1 -+
Batchelor | =2 -
1.4 + |
= 12t ]
)
(@)]
1
0.8 + |
06 b L ! | L ) ) )

18 2 22 24 26 28 3 32 34 36
S

Figure4.4: Measuredoair distribution functiongs for = 1.5 (solidline)and = 2
(dashedine) comparedo thetheoreticalpredictionsof Batchelor8] for = 1:1 (dotted
line)and = 2 (dashed-dottetine). s = 2r=(a + @) is thedimensionlesslistance.

To understandvhy the small particlessettlemoreslowly thanexpectedwe needto look
at the spatialstructureof the suspensionTo this end,we determinethe pair distribution
function g; (r), i.e., the probability relative to an entirely homogeneoususpensiorof
nding a particleof specieg atdistancer from oneof specied: Figure4.4 shavs the
measuredsaluesfor the pair distribution function for pairsof onelarge and one small
particle(for = 1:25and = 2) asafunctionof thedimensionlesslistance

s=2r=(a + &); (4.23)

to malke the resultscomparabldor differentradii ratios . The graphindicatesthatthe
probability of closepairsdecreaseas increaseswhich is a genuinethree-bodyeffect.
Batchelorgwo-bodypredictionsdo not shav a signi cant decreasef the pair probabili-
ties.

Thereductionof particlepairscanalsobeseenn thepairdistributionfunctionscalculated
by Batchelorbut it is muchlesspronounced.As we have seenin section4.1 the pair

distributionfunctionhasbeencalculatedor adilute suspensioby solvingaconseration

equatiorfor thepairdistributionfunction. In Eq. (4.13)V; is therelative velocity of pairs
of particles.As a consequencthe calculatedpair distribution functionalsoneglectsary

effectswhich aredueto threeandmoreparticleinteractions.
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Figure4.5: (a) Measuredair correlationfunction gss(r) for pairsof small particlesfor

= 1 (solidline), = 1.5(dashedine)and = 2 (dottedline). (b) shavsthemeasured
pair correlationfunctiong, (r) for thelarge particles.Thevaluesof g, (r) for = 2 have
beenmeasuredh asystenof sizel28 128 128to make surethatthedecreasef g (r)
is notdueto systensizeeffects.

Thedecreasef the pair correlationfunctiongs(r) impliesthatthe correlationsg;; or gss
or both differ, which likewise cannotbe understoodn a particle pair approximationfor
dilutesuspension3Ve nd thatg, (r) shavsapronouncedlecreaséo valuessigni cantly
below 1intheranges = 2:::4for > 1.5(cf. Fig. 4.5). Sinceclosepairssettlefaster
a reducedprobability for suchcon gurationsimplies smallersettling velocities. This
correspondso the reductionof the velocitiesdueto the higherReynoldsnumberof the
largeparticles.?

Thereductionof gs(r) impliesthatwe have areductionof the numberof smallparticles
in the vicinity of the large particlesandthereforemore small particlesin the back- ow
areaof the large particles. If we assumehat the predictedpair correlationfunction of
Batcheloris correctfor viscous o w, thenwe have to attribute the changein the pair
correlationfunctionto the nite Reynoldsnumber

aTo quantitatvely resohe what the in uence of the Reynolds numberis one would needto do the
samesimulationsat zeroReynoldsnumber Our numericalmethodto simulatethe uid impliesthatthe
simulationtime stephasto be decreasedvith decreasingReynolds number Becauseof this limitation
onewould have to solve the Stokes equationgratherthan the Navier-Stokes equationsto overcomethis
limitations.
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4.2.2 Particles of differ ent densities

Now we studythe caseof suspensionsf particleswith differentdensitiesWe de ne
= h= 1 (424)

and identify the quantitiesassociatedvith the heary and light particle speciesby the
subscripth andl, respectiely.

Theory

As describedn sectiod.1thesettlingvelocitiesaredescribedy Eq. (4.3)in theapprox-
imationof pairinteractionsBatchelorandWen[8] alsocalculatedhesettlingcoefcients
for thecaseof = landfor 6 1asafunctionof :

S, = 252 0:13: (4.25)

We are thereforeable to rewrite Eq. (4.3) for a suspensiorof particleswith different
densities.

i = u®%@ 56, 252, 013 =) (4.26)
i = u9a 56, 252, 013,)
In thelimit of ! 1 onewouldnaively expectto nd that

=|1'm. Sis)= =|1'm. SiCs) (4.27)

Howeverascanbe seencomparingeg. (4.26)and(4.18),Batchelorscalculationsuggests
thatthis is notthecase.He nds thefollowing valuesfor S;; :
lim S(;) = 56 (4.28)

:!lel 1Sij( ;) = 265

As aconsequencevenasmalldifferencein the densityof the particlesshouldleadto a
sharpincreaseof the sedimentatiowvelocity of morethan27%in our case.

Simulation

Startingfrom thesamesetupdescribedn Sec.4.2.1with monodispersandequallydense
sphereswe now performsimulationsn which thedensityof onespeciegh) is increased.
We comparetheresultsto the predictionsof Eq. (4.26). As the velocitiesof the particles
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changedueto the changesn the density we mustalsoapply the correctionsntroduced
in section4.2.1which accountfor the niteness of the simulationvolumeandthe nite
Reynoldsnumber

We nd thatthe measuredrelocitiesfor the heary speciesagreewith the predictionof
Eq. (4.26)of Batchelorgheory Thedatain Figure4.6 evensuggestshe transitionfrom
Sj = 56at = 1toS; = 265when 6 1.

3.5

Eq.(4.26
Eq. (4.18)——

05 1 1 1 1 1 1

Figure4.6: The dependencef the settlingvelocity of light (+) andheary ( ) particles
on comparedvith the predictionsof Eq. (4.26)andEq. (4.18)with thecorrectedsingle
particlevelocity of Eq.4.22. Thetransitionfrom Eq. (4.18)to Eq. (4.26)when 6 1is
obsenred.

Although the predictionsof Batchelorare reproducedor the heavy particles,the small
particlesshowv acleardeviation from thepredictionsfor largervaluesof . Thestatistical
error of the datain Figure 4.6 is smallerthanthe size of the symbolsused. The same
discrepang hasbeenobsenedfor the suspensiomvith particlesof differentsizes.

In orderto explain this discrepang we needto betterunderstandhe internalstructureof
the suspensioffior the caseof particleswith differentdensitieqFigure4.7 and4.8). We
seethat the probability for pairs of heary andlight particlesin closecontactincreases
for increasingdensityratio, which is in contrastto the behaior of a suspensionsvith
particlesof differentsizes(seeFigure4.4). If we look at the probabilityto nd pairsof
light particles(Figure4.8(a))we seeno systematichangeor thelight particlepairsclose
to contact.For the heary particleswe nd areductionof pair probability (Figure4.8(b))
but it is lesssigni cant comparedo Figure4.5(b).
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Figure4.7: Measuredpair distribution functiong; for = 1:5solidline, = 2dashed
lineand = 4:33dottedline. s is thedimensionlesslistances = 2r=(a; + g;).
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Figure 4.8: (a) Measuredpair correlationfunction g (r) for pairsof light particlesfor
= 1 (solid line), = 2 (dashedine) and = 4:33 (dottedline). (b) shaws the
measuregbair correlationfunctiongn, (r) for the heavy particles.
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4.3 Velocity Fluctuations

The predictionof the velocity uctuationsin suspendegarticlemixturesis of greatim-
portancein processengineering.Many chemicalprocessesise uid or gassuspensions
andaresensitve to thediffusivity of the particles.As thevelocity uctuationscontrolthe
effective diffusivity of theparticlest is thereforedesirablgo understandhow thevelocity
uctuations changewith the propertiesof the particles.

In contrasto the caseof monodisperssuspensiongherevelocity uctuationshave been
studiedin detail,muchlessis known aboutvelocity uctuationsfor polydispersesuspen-
sions. The only work on the velocity uctuations in bidispersesuspensionss, to our

knowledge,the experimentalstudyof PeyssonandGuazzelli[79, 80]. They tracksingle

particlesin abidispersesuspensiowith = 2 anddifferentconcentrationandcalculate
the meanand varianceof the settlingvelocity for the two particle species.For concen-
trationsof | = s = 0:01they nd for thevelocity uctuations of thetwo species
that

S = 085 (4.29)
L
andmeasurehevelocity uctuationsasa functionof theconcentratiorof thelarge parti-
cles.They nd thatthe uctuationsincreasewith particleconcentrations | andpropose
ascalingof =3,

We will now take a look at how the velocity uctuations changewhenthe particleradii
ratio andthereducedparticledensityratio arechanged.Thelimit of = = 1has
beenstudiedin section3.1,wherewe have seerthatthe magnitudeof thevelocity uctu-
ationsdependnthevolumefractionandonthesizeof thecontainer Thedependengof
thevelocity uctuationsonthesystemsizewill in uence theresultswhen is varied.

Inthelimitof ! 1 or ! 1 thesmall/lightparticleswill actlike tracerparticlesin
the uid andwill thereforeshav thesamevelocity uctuationsasthe uid in asuspension
of the large/heay particles. On the other handthe settling velocity and the velocity
uctuations of the large/heay particleswill be reducedby the increaseof the effective
viscosityof the uid with the suspendedmall/lightparticles.In thelimit of low volume
fractionsfor the small/light particlesthis increasen the viscosity can be estimatedby

Einsteinsrelation

5
e = (I+3 o) (4.30)
In caseof low volumefractionsthe changen viscositywill besmall(e.g. 25%at =
1%) andit requiresvery accurateexperimentso measurehein uence of theincreased
viscosityon thevelocity uctuations.
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Figure4.9: Velocity uctuationsin abidispersesuspensiomf the large particles(+) and
thesmallparticles( ) versugsheradiiratio = a, =as.

We will now shav anddiscussthe resultsof the simulationsdescribedn section4.2.1.
In Figure4.9 we shov the measuredelocity uctuations for the large andthe small
particlesin a bidispersesuspension.The velocity uctuations of the small particlesin-

creasdor increasingadii ratio , whereaghevelocity uctuations of the large particles
rst decreaseandthenstartto increase The obsenationsfor the smallparticlesareeasy
to understand Due to the increasingvelocitiesof the large particles(U° ?) the set-
tling of the small particlesis disturbedand someof the small particleswill settlefaster
in the neighbourhooaf the large particleswhile otherswill settleslower (or rise faster)
asthey arein the back ow region of the large particles. So the velocity uctuations of

the small particlesaredominatedoy the large particles. For increasingradii ratios  we

will getcloserto thecasewherethesmallparticlesarejusttracerparticlesfor thevelocity
uctuationsin the uid.

In caseof thelarge particleswe have threeeffectswhich governthevelocity uctuations:

1. Thesingleparticlevelocity of the large particlesscalesapproximatelywith U°
2. As the uctuations shouldbe proportionalto U, we would expectanin uence
of O( 2) onthevelocity uctuations.

2. Therelative sizeof the containerdecreasewith increasing . As we have a con-
tainersizedependengof orderO( L=a, ) (cf. section3.1) we would expectthe
resultingeffectto beof O(1= )

3. For = 1wehaveonesingleparticlespeciewith avolumefraction = g+ .
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When is increasedhe large particleswill becomemore and more independent
from thein uence of thesmallparticles-they decouple Thiswill reducetheinitial
volumefractionand will reduceto the volumefractionof thelarge particlesonly

= L. Asthe uctuationsincreasevith increasing/olumefractionsupto = 0:3
[75], we expectareductionof thevelocity uctuationsdueto thedecouplingof the
large particlesfrom the smallparticles.

To seewhenthe decouplingof the two particlesspecieccurswe scalethe uctuations
with the velocity of the large particlesanddivide it by = for the large particlesto ac-
countfor the sizedependengof the velocity uctuations. As we seein Figure4.10,the
uctuations decreaseapidly andreacha constanwalueat 1.8.

0.4 : : :

T

Lérge +

0.35 r

sl Y2y

0.25 r

0.2

015 1 1 1 1 1

Figure4.10: Velocity uctuations of the large particlesscaledwith the meansedimen-
tationvelocity U and  to accountfor the dependeng of the velocity uctuations on
U andthe systemsizelL=a respectiely. Therescaledselocity uctuations decreasand
reacha constanvalueat 1:8.

Thevalueof therescaleductuationsat = 2is abouthalf of theinitial uctuations. We
would have expectedthatthe reductionof thevelocity uctuations dueto thedecoupling
of the two particle specieswould have beenabout 2. This indicatesthat theremight
anothemechanisnf{besideshedecouplingthatreduceghevelocity uctuations.

We now turn to simulationsof suspensionwvith particlesof differentdensities.As the
sizesof the particlesdo not changewe do not seesystensizedependenciefor different
valuesof , andthemaincontritutionto changesn thevelocity uctuationswill befrom
theincreasingsettlingvelocitiesof the heary particles. The setupof the simulationshas
beendiscussedh section4.2.2.
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Figure4.11: Velocity uctuationsin a suspensiomf two particle specieswith different
densitiedor the heavy particles(+) andthelight particles( ) versushereduceddensity

ratio = ( p )=( | ).

In Figure4.11we shav the measuredialues. The main differencewith respectto the
measurementshere wasvariedisthattheheary particlesdonotshaw ainitial decrease
of the velocity uctuationsin contrastto the large particles. For both speciesthe heary
andthelight particlesthe uctuationsincreaseaoughlylinearlyin andthelight particles
show slightly larger uctuations.

To compareheresultsof thesimulationswhere 6 1 with theresultsof thesimulations
where 6 1, we scalethevelocity uctuationswith U andin Figure4.12 comparethe
resultsof Figure4.10with the rescaleddataof Figure4.11. We nd thatthe qualitatve
behaiour for variationsof and is the same,but that the reductionof the rescaled
velocity uctuations atthe samerelative velocity of the particlesis morepronouncedor
variationsof

Anotherinterestingquantityis theratio of velocity uctuationsfor large andsmall parti-
cles. Yannik Peyssonfoundin his experimentg79] with a bidispersesuspensionvhere
theparticleradiiratiowas = 2, thattheratiowas

S =075 005 (4.31)

L
To explaintheir results they usedthe scalingagumentby Hinch andconsideredh spher
ical region of sizeL with N; = (L=a;)® andN, = (L=a,)® particlesrespectiely.
The uctuationsin the numberof particlesis of order N; and N if the particlesare
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Figure4.12: Rescaledrelocity uctuations of the heary particlesin a suspensiof par
ticleswith differentdensitieq+) comparedwith therescaledselocity uctuations of the
large particlesin abidispersesuspension.

randomlydistributed. Theresultingvelocity uctuationswould be of size

p_ p_
( N;a+ N,al) g=6 L (4.32)

. . . p_— p_— —
They now introduceavirtual radiusad = ( Ni;ai+ N zag):p N; + N, andacharac-

teristicradiusa®, = (Niad + N,ad)=(Ni + N,). With Vs, beingthe Stokesvelocity of
avirtual particleof sizeagand = ;+ ,thetotal volumefraction,Eq.(4.32)canbe
written

Veo, (L=a0)(a0=an)*2: (4.33)

In [80] PeyssonandGuazzellinow assumehatthey cancalculatethe correlationlength
of eachspeciedy

CTIE g : (4.34)
The rst partof theright handsideof thisassumptioms motivatedby Segres' [93] nding
for monodispersesuspensionshat a; 7 whereaghe secondpart hasnot been

motivated. They assumeahat from Eq. (4.34)canbe usedasL in Eqg. (4.33). But it
shouldbe notedthatay anda,, bothdependon N; andthereforeonL. Therefore given
in Eq. (4.34)alsodepend®nlL.

If we useEq.(4.34)andset = L andsolvefor L we nd L = 3:2a; for thesmalland
L = 6:5a; for thelarge particles,which is signi cantly smallerthantypical correlation
lengthsmeasuredh experiments.
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We alsodoubtthatthe effective volumefractionin a bidispersesuspensiois the sumof
thevolumefractionsof thetwo speciesexceptin thelimit of ! 1.

Nevertheles$eyssonandGuazzelli nd thattheratio of thevelocity uctuationsfor the
two particlespecieshouldbe of size

r_—
s _ 8,

: 4.35
- 2 (4.35)

which agreeswith their measurements.

In our simulationswe nd thatthevalueof <=, = 1:7 for aradii ratio of ag=g =
1= = 0:5. Thisis signi cantly largerthanthevaluespredictedandmeasuredy Peysson
andGuazzelli.

Onecauseof the differencesetweerthe simulationsandthe experimentss againfound
in the systemsizedependengof thevelocity uctuations. We usethe samescalinglaws
asderived in section3.1 to drav the velocity uctuations vs. the scaledsystemsize.
Figure 4.13 shows the resultsof the bidispersesimulations( = 2) togetherwith the
monodisperssimulationsof section3.1.
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Figure 4.13: Scalingof the velocity uctuations with the systemsize in a bidisperse
suspensioffior the small particles( ), thelarge particles( ) comparedvith simulations
of monodisperssuspensiongt). Theradii ratiowas = 2 andtheReynoldsnumberon
the scaleof the small particlesRe = 0:1. We alsoshaw the velocity uctuations for the
smallparticlesscaledwith the velocity of thelarge particles( ).

We nd thatthe uctuationsof thesmallparticles( ) scaledwith theirvelocityarelarger
thanin themonodispersease.Thisis to beexpectedaswe will seelater The uctuations
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of the smallparticlesaredominatedoy the velocitiesandthe velocity uctuations of the
large particles.We thereforealsoshow the uctuations of the smallparticlesscaledwith
theaveragesettlingvelocity of thelarge particles( ) whichshavsaclosematchwith the
measuredelocity uctuationsfor thelarge particles( ). Thevelocity uctuationsfor the
largeparticlesshav adifferentscalingwith thesystensizecomparedo themonodisperse
case.

Due to the fact that the velocity uctuations of the small and the large particlesscale
differentlywhenthesystensizeis changedmeasuremenia systemswith differentsizes
will give differentresultsfor theratio of thevelocity uctuations.

In Figure4.14we shaw theratio of the velocity uctuations s= | versusthe particles
Sizeratio = a =as.
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Figure4.14:Ratioof velocity uctuations s= | versugheparticlessizeratio = a_=as
for thevelocity componenparallel(+) andperpendiculaf ) to gravity.
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Chapter 5
Modeling of PolydisperseSuspensions

Sofarwe have studiedsystemsvhichwerein nite or periodicin thedirectionof gravity.

In suchsystemao large-scaleseparatiorof the involved particlesspeciescan emege.

However, in systemswherethe translationalinvariancein vertical directionis broken,

e.g,by the presencef horizontalwalls, distinctregionswith differentconcentrationsf

the particle specieswill emepge. This is sketchedin Figure5.1 for a bidispersesuspen-
sion. At thetop of the vesselthereis a region void of particles,becausall speciehave

moveddownwards.Below, we nd aregion (1) with predominantlysmall,slowly settling
particlesthenamixedregion(ll), in whichstill bothspeciearepresentand, nally , atthe

bottom,a sedimentjn which the fraction of large, quickly settlingparticlesis increased.
Thetransitionzonesdisplaya smoothchangen the particleconcentrations.

Most macroscopitheoriesdescribingthe evolution of volumefractionsin multidisperse
suspensiongare basedon the well known Kynch theory[57]. If the hinderedsettling
functionis known the evolution of the volumefractionscanbe calculated As long asthe
hinderedsettlingfunctionis a monotonousiecreasindunction of the concentratiorthe
Kynchmodelleadsto jumpsin the concentrationsdhecause.g. a continuousconcentra-
tion gradientfrom a concentration g atyoto = Oatyp+ Yy will resultin a situation
wherethe particlesabove y, settlefasterthanthe particlesaty, andthereforethe width
of thetransitionzone y will reduce.Thismechanisnis calledtheself-sharpeningffect
[57]. Experimentainvestigationshavedthatthe interfacesin multispeciesuspensions
arebroadenedlueto polydispersityandhydrodynamidiffusion[18, 19, 36, 64]. To ac-
countfor this effectthe theoryof Kynchmustbe extended.This canbedoneby addinga
diffusive componento Kynch's purelyadwective theory

Many measurementsn bidispersesuspensionbave beenperformed put mostdealwith
thesettlingvelocitiesof eithertheinterfacesor singleparticleswithin the differentzones
of the suspensionLesspublicationsarefound on the measurementsf volumefractions.
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Figureb.1: (a) Sketchof the particledistribution within a bidispersesuspensioand(b) a
shapshoof a (small)simulation.

Especiallymeasurementa/herethe volume fraction is measuredor eachspeciessep-
aratelyare not easyto performexperimentally Therefore,we simulatethe settling of
bidispersesuspension® getamoredetailledinsighton the evolution of thevolumefrac-
tions. We comparethe resultsof our three-dimensionasimulations rst with a model
basedon Kynch's theoryand secondwith a adwection-difusion model, which accounts
for the hydrodynamidiffusionin particlesuspensions.

5.1 The Kynch basedModel

In orderto allow thedescriptiorof thethree-dimensiongiroblemof aparticlesuspension
by a setof onedimensionalpartial differentialequationghe following conditionsmust
beful lled. Firstly theextensionf the systemin thedirectionsperpendiculato gravity
mustbemuchlargerthanthesizeof theparticles.Theresultthendoesnotdependn detail
ontheboundariesThe secondequirements thattheinitial conditionsof the suspension
arehomogeneous the directionsperpendiculato gravity. Thirdly, thereshouldbe no
physicalprocessesducinglateralinhomogenitiesaspresent.g. in the caseof settling
in inclinedcontainerg1].

In orderto modelthis kind of system,we de ne local particle volume fractionsby av-
eragingover thin horizontalslicesof the system[57], in which the particle concentra-
tions do not changeappreciablyasfunctionsof the vertical coordinate.In this way, the
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problemis reducedto one dimension. The concentratiorchangesdue to vertical par
ticle currents. Thesecurrentsare assumedo be a function of the local concentrations

= (1(y); 2(y);:::) only. Herey is the vertical direction, parallelto gravity. The
conseration of massfor eachspecies = 1;:::;N is expressedn the N hyperbolic
conserationequations

@i, @ U0 _
@ Q@

As the hinderedsettlingfunctionU;() is adecreasindunctionof ;, Eq.(5.1)leadsto
discontinuitiesso calledshockfronts, propagatingvith the velocity Vs. The velocity of
theshockcanbe calculatedoy evaluatingthe continuity equationat the shock

0 (5.1)

U V) = Vs) s (5.2)

whereU"; ;U ;and , denotethevaluesof U; and ; above andbelow the disconti-

nuity, respectrely. Thusthe velocity of theshockis

Vs = A (5.3)
[

whichis alsocalledthe Rankine-Hugoniotondition. In caseof a monodisperssuspen-
sionof initial concentration theshockfront separatehehomogeneoususpensiofrom
theclear uid atthetop.

Giventheinitial andboundaryconditionswe solve Eq. (5.1) numerically The numerical
methodsmusttake into accountthe jump conditionsat the locationsof the shocks.This
is doneeitherby usingthe jump conditionexplicitly or by employing so called shok-
capturingschemeswhichwill approximatehe physicallyrelevantsolution.

Propertiesof the Hindered Settling Function

In orderto solve Eq. (5.1) we have to know the hinderedsettling function. Thereare

mary differentempirical proposalsfor the hinderedsettling function in multidisperse
suspensionR1, 65,68, 74, 77]. Theoreticalpredictionsof the hinderedsettlingfunction

aredueto Batchelor[6], Hinch[42],andBradyandDurlofsky [13].

As we have seenin chapter4, Batchelors theoryfor dilute suspensionslescribeshe
behaior of polydispersesuspensiongaccurately Thereforewe baseour modelingon
Batchelors hinderedsettlingfunction but in orderto simplify the modeling,we require
that the hinderedsettling function vanishesas we approachthe maximumtotal volume
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P
fraction i i! 1.2 WethereforeextendBatchelors form
; (0) X
rUiI = Ui (1+ Sij j) (5.4)
j=1
to anonlinearequation
PSi2 =) 2

2
€ 1

o e
hyi = Uu® (5.5)

which preseres the asymptoticbehaior as ; ! 0, but vanishesat = ;. We
comparethe form (5.5), Batchelors hinderedsettling function (5.4) and the empirical
relationof RichardsorandZaki [86] in Fig. 5.2.

1 : x x X X
Richardson-Zaki
A Batchelor ———
0.8 | Eq. (5.5)
0.6 ]
0.2 |
0 L L 1 L N

Figure5.2: HinderedsettlingfunctionEg. (5.5) usedin theadwectiondiffusionmodelEq.
(5.7). We alsoshaow the resultsof BatchelorEq.(5.4)andthe phenomenologicaklation
of RichardsorandZaki [86].

5.1.1 Comparisonwith Simulation Results

We considelparticlesof sizeag = 1anda = 1:41in avesselith quadratiacross-section
of size36 567 36 with walls atthe bottomandtop andperiodicboundaryconditions
in theotherdirections.This setupis choserto resemble settlingcolumnwherethewalls
arefar apartfrom the centey sothattheirin uence canbe neglected.

aThereis no singlemaximumtotal volumefractionfor polydispersesuspensiorhecaus¢he maximum
volumefraction of the sedimentepend®n theratio of the particleradii andthe actualcompositionof the
sediment.To simplify our algumentatiorwe assumea singlevaluefor the maximumvolumefraction ; .
Also, thehinderedsettlingfunctionneednotvanishat i , becausén threedimensionso w throughdense
pacledspheress still possible.
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In summarythe following parametersre usedfor
thesimulations:

= a=& 1.414
s 0.05
Lx,Ly,Ll, 36,576,36
I's 2.5
g 30
Re 0.1

Figure 5.4 shows the iso-concentratioriines of a)
the small and b) the large particles obtainedby
drawing theconcentratiorof theparticlesasafunc-
tion of the heighty andthetime. Thelong-dashed,
short-dashedjottedanddash-dottedinesshow the
concentration®f the threedimensionakimulation
andcorrespondo | = 0:1; 0:06; 0:04and0:01, re-
spectvely. Thesolidlinescorrespondo thenumer
ical solution[14] of theadwectionmodelandto the
denotecdconcentratiorvalues.

Figure5.5 shows the concentratiorpro les for dif-
ferenttimes. Theresultsof the smallandthe large
particlesareshowvn in Figure5.5(a)and(b), respec-
tively.

In the three-dimensionasimulationswe nd that

the concentrationof the small particlesincrease

with time above the initial concentratiorof ¢ =

0:05 (cf. Fig. 5.4(a)). Theincreasen concentra-

tion occursin the region of the suspensiorwhere

only the smallparticlesarepresentandsaturatesit Figure 5.3: Simulationof a bidis-
avalueof s 0:064 persesuspensiorusedto compare

with the one-dimensionalmodel
The enrichmentof small particlesin region | fol- equations.

lows directly from the continuity condition(5.2) if we look attheinitial conditionwhere
the concentratiorof the smallparticlesis (approximatelythe sameabose andbelow the
shock2. Theeffective ux  of small particlesfrom thetop to the bottomis thengiven
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b)

0.01, 0.04

Figure5.4: Iso-concentratiotines of a) the smallandb) thelarge particles.Theconcen-
tration pro les aregeneratedy draving the concentratiorpro les asa function of the

heighty for differenttime next to eachother Thelong-dashedshort-dashedjottedand

dash-dottedines shav the concentration®btainedby the threedimensionakimulation

andcorrespondo | = 0:1;0:06; 0:04 and0:01, respectrely. Thesolid linescorrespond
to the numericalsolution[14] of the adwectionmodelandto the denotedconcentration
values.
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b)

1 T — i — enl

Figure5.5: Concentratiompro les of thesmallparticlesa) andthelarge particlesb). The
symbolsshaw the resultsof the three dimensionalsimulationsand the solid lines the
numericalsolutionof the cornvectionmodel.
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by
= (U Ve) § (Y Vs) | (5.6)

As U, issmallerthanU;” dueto the presencef thelarge particlesin region Il we have
anegative net ux of smallparticles,until the concentration ;" of smallparticlesabove
shock2 is higherthanbelow the shock.

In additionto the enrichmenbf the smallparticlesvolumefractionthe width of thetran-
sientzonebetweenthe small particlesand the clear uid increases.The width of the
transientzonebetweerregion| andregionll is evenmoreenlagedcomparedo thetran-
sientzonebetweerregion | andtheclear uid.

We nd thatapurelyadwectve modelpredictshelocationof theshockandthemagnitude
of the enhancementf the small particle concentratioraccurately It also predictsthe
particle concentrationsn the sediment. The adwection model cannotrenderthe nite
width of the shockwhich is causedby the presenceof hydrodynamicdiffusion. Also
the enrichmenbf small particlesabove the mixed particleregion occursinstantaneous)y
which is not the casein the simulations. We canthereforesaythat a adwection model
is only applicablewhenthelengthscaleconsidereds muchlargerthanthe width of the
transitionregions.

5.2 The Advection-Diffusion Model

It is not dif cult to extendthe adwectve model (5.1) by a diffusive contritution. To
this end we assumethat vertical particle currentshave two components. One is due
to the downward settling motion (y)U;() . The other describeghe random,diffu-
sive componentof the motion and is proportionalto the gradientof the volume frac-
tion: Di()( @@) i(y). The continuity equationdor eachspecieghenturn into an
adwection-difusionequation,

@_ @ @

@: @ iUi()  Di() @

This type of equationhasbeenproposedoreviously [19, 64, 67] for the monodisperse
case ProvidedthatD() = D andU;() arebothconstanthesolutionis knownto be

(5.7)

Yy Vst
) = 1 erf — =2; 5.8
(y;t) 0 —pﬂ (5.8)

undertheboundaryconditionthattheconcentrations equaltoOand ofory = +1 and
y = 1 ,respectrely. Becausghediffusioncoefcient in suspensionshangesvhenthe
volumefractionis varied, the solution(5.8) doesnot apply for suspensionsBut, dueto



Modelingof Polydispers&uspensions 97

thefactthatself-sharpeningnddiffusionbroadeninchave opposingeffectson thefront,
they canbalancesachotherandform astabilizedpro le. Thiswill holdfor any functional
form of the hinderedsettlingfunctionthatleadsto self-sharpeningb7].

In the caseof a monodispersauspensionve calculatethe traveling pro le for a given
hinderedsettlingfunction anda given functionalform of the diffusion coefcient in the
frameof referenceof themoving pro le. By applyingthetransformation

=y Vst (5.9)

whereVs is the velocity of the stationarypro le, we determinethe stationarypro le by
solving

@)U() Vsl _ @G

@ g (5.10)

whichyields

@()
@

wherethe valuesof Vs andthe integrationconstantA are determinedby the boundary
conditionsat+1 and 1 . If we considerthetop front betweenthe clear uid andthe
particlesof ainitially homogeneoususpensiomf concentration , we nd A = 0and
Vs = U( o). Theresultingintegral
Z
y Vst=

(JIU() Vs]=D()

+ A (5.11)

D( () d 0
o WY V) +A
canbe integratedat leastnumericalfor a given setof a hinderedsettlingfunctionanda
diffusioncoefcient.

(5.12)

In experimentghe particlesarenot monodispersandthusthe experimentshave to take
the polydispersityof the particlesinto account.Particlesof differentsizeswill have dif-
ferentvelocities. Thereforethewidth of theinterfacewill increasgroportionaltot. The
interfacespreadinglueto a diffusionis P t. Thusthe spreadingf theinterfaceat the
beginning of the sedimentatiorprocesds dominatedby diffusion, andit is in principle
possibleto separatéhetwo contributionsin experiments.

Propertiesof the Diffusion Coef cient

In contrastto the purely advective modelof section5.1 we have to provide not only the
hinderedsettlingfunctionU() but alsothe diffusion coefcient D() to calculatethe
evolution of the particleconcentrationsAnalogousto the hinderedsettlingfunctionthe
diffusioncoefcients haveto ful Il someconstraints.
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In the caseof high volumefractionthemobility of the particlesis reducedandatleastfor

t = 1 theparticlesgetimmobile andthe diffusion coefcients of all particlespecies
mustvanish. Thereis alsono diffusionfor ! 0 becausen thelimit of independent
particlesthetrajectoryof the particleis a straightline.

Measurementsf Nicolai [75] andcalculationsof Schwarzer[92] shaoved for monodis-
persesuspensionthatthe diffusion coefcient increasegor dilute suspensions < 0:1
with increasingparticlevolumefractionsanddecreasefor > 0:1. In caseof polydis-
persesuspensionthelocalconcentrationsf all particlespecies determinghediffusion
coefcient of aspecies.
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Figure 5.6: Diffusion coefcient Eg. (5.13) usedin the adwection diffusion model Eq.
(5.7) comparedvith the normalizedexperimentaldataof Nicolai [75].

For thediffusioncoefcients D;() we proposehefollowing empiricallyexpression

Ui()

©

Di() = DmaxA aiUi(O) [ (5.13)

which shavs goodagreementith the measurementsf Nicolai etal. [75] (cf. Fig. 5.6).
For A = 31:54, the maximumvalueof D iS Dpax. S0Dmax = 6:4 correspondso a
maximumof D;=a Ui(o) of 6:4.

The Stationary Pro le

With the model equationfor the diffusion coefcient (5.13) and the hinderedsettling
function(5.5) given, it is possibleto integrateEq. (5.12) numericallyfor amonodisperse
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suspensiomndwe can nd ananalyticalsolutionof the concentratiorpro le for special
choicesof U( ) andD( ). Especiallyfor alinearhinderedsettlingfunctionU = Uy(1

C ) andaconstantiffusioncoefcient D = D Eq.(5.13)becomes Burger'sequation,
wherethe solutionis known for all times,andthe stationarypro le takestheform

()= a¥ 1+ eU(2) U(1) =2D° (5.14)

In Figure5.7we shaw thestationarysolutionof (i) theBurger'sequation(solidline) (ii) of

our modelwith thehinderedsettlingfunctiongivenby Eq. (5.5). Furthermoreve display
the solutionfor a constandiffusioncoefcient (dashedine) andthediffusioncoefcient

givenby Eq. 5.13 (dottedline). The pro les describedby the Burger's equationcorre-
spondingo alinearhinderedsettlingfunctionandconstantdiffusioncoefcient is almost
S-shaped.The nonlinearhinderedsettling function Eq. (5.5) with a constantdiffusion
coefcient alsoshovsanS-shapdout thewidth is increasediueto the nonlinearityof the
hinderedsettlingfunction. The usageof a concentratiordependentliffusion coefcient

modi es the S-shapeof the pro le. Especiallyat low volume fractionsthe S-shapes
truncatedandthe characteristidail is suppressed.
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Figure 5.7: Stationaryconcentratiorpro le of the Burger's equationEq. (5.14) with
D = 4 (solid line) and of the adwection diffusion modelwith the nonlinearhindered
settlingfunction Eq. (5.5) anda constandiffusioncoefcient D = 4 (dashedine). The
dottedline shaws the stationarypro le for the concentratiordependentiffusion coef-
cientEq.(5.13).
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5.2.1 Comparisonwith Simulation Results

In this sectionwe compareheresultsof threedimensionakimulationsto the predictions
of the adwection-difusion model proposedn the last section. We considerparticlesof

sizeas = 1landa = 1:41in avesselwith quadraticcross-sectionf size36 567 36

with walls atthebottomandtop andperiodicboundaryconditionsin theotherdirections.
This setupis choserto resemblea settlingcolumnwherethe walls arefar apartfrom the

center sothattheirin uence canbe negglected.

In summarywe usethefollowing parametersor the simulations:

= a=a 1.414
I's 0.05
Ly,Ly,L, 36,576,36
I's 2.5
g 30
Re 0.1

Dueto therelatively smallcross-sectiomf thevesselof 36a;  36as which corresponds
to across-sectionf 2558, 25:5a, for the large particleswe expectthatthe magnitude
of the velocity uctuations andaccordinglyof the diffusion coefcient will belessthan
measuredn theexperimentdcf. section3.1).

We nd thatamaximumof D;=a Ui(°>, Dmax = 4.0 0.5 shavsthebestagreementvith
thesimulations Nicolai etal. founda maximumvalueof D;=aU® = 6:4 1.0.

Figure5.8 shaws the predictionsof the adwection-difusionmodeltogethermwith the data
of thethreedimensionakimulations.The advection-difusionmodelpredictsconcentra-
tion pro les for the smallandthe large particlesin the rangeof small volumefractions
very accurately For higherconcentrations > 0.3 theagreemenis notasgood,but the

generaltrendis captured.lt seemghatdiffusionis too pronouncedt higherconcentra-
tions,in accordancevith the experimentaldatashown in Figure5.6. The experimentally

measuredliffusion coefcient vanishesat = 0:4 whereashe modelfunction (5.13)
becomeszeroonly at a volumefractionof = 0:68. The vanishingof the diffusion
coefcient atvolumefractionssmallerthan = 0:68is alsoexplicablefrom geometri-

cal aguments.At a certainvolumefraction the particlesare so closeto eachotherthat
the particlesarenot ableto move independentlythe particlesaretrapped.We therefore
expectthatthe diffusionis stronglyreducedwell beforethe maximumpackingof parti-
clesis reached Our modelequationfor the volumefraction dependengof the diffusion
coefcient doesnot capturethis detail.



Modelingof Polydispers&uspensions 101

3) 0.7 . . . . .
0.6
0.5
0.4
0.3
0.2
0.1
0 "
0 100 200 300 400 500
y
b) T T T
t=100 +
t=200 x -
t=300 *
t=400 o .
t=500 o
1D Model ———

O 100 200 300 400 500
y

Figure 5.8: Volume fraction of the small particles(a) andthe large particles(b). The
solid lines shaw the predictionsof the adwection-difusionmodelandthe datapointsthe
measurementBom 3 dimensionalsimulations. The valuesof the concentrationhave
beenshiftedby 0.1 for t >100. We alsoshaw theinitial concentration = 0:05 (dotted
line).
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5.2.2 Comparisonwith Experimental Results

In experimentaimeasurementsf polydispersesuspensiomwnly thetotal volumefraction
of particlesis accessibleWe thereforecompareour adwectiondiffusion modelwith ex-

perimentswhich studythe concentratiorpro le of a monodispersauspensiomf glass
spheresn viscous uid.

In generalit is not easyto comparethe theoreticalpredictionswith experimentaldata,
becausehe stationaryconcentratiorpro le is normally not availablefrom experiments.
This is dueto the factthatthe particlesusedin experimentsare never monodisperseTo

be ableto comparewith experimentsve thereforehave to accountfor the polydispersity
of the particles.

Lee, Jang,Choi andLee [64] measuredhe broadeningof the interfaceof a 'monodis-
perse',non-colloidalsuspensiolhy NMR computerizedomographyThey usedparticles
with a averageradiusof 68 m anda standardleviationof 4 m . In Figure2 of Ref.[64]
they shav the volumefraction asa function of the positionfor 332,443,567,1288and
2611secondsvhich correspond$o 471,628,804,1827and3703Stokestimest ;.

We useEq. (5.5)and(5.13)in theadwectiondiffusionequation(5.7) to describethe con-
centrationpro les by numericalintegrationof (5.7). The only free parameters the scal-
ing factorof the diffusion coefcient D ,ax. All otherparametersvhich enterthe partial
differential equationare given by the experimentalsetup. The concentratiorpro le at
t = 471t canbewell representewvith D,,x = 10. But aswe seein Figure5.9avalue
of Dmax = 15would be neededo describethe concentratiorpro le att = 804s;. The
width of thepro le grows fasterthanpredictedby the advectiondiffusionequation.

This pronouncedpreadingf the pro le is dueto the polydispersityof the particles.As

describedn section5.2thewidth of thepro le increaseproportionalto t becaus®f the
polydispersityof the suspension.To accountfor the polydispersityof the particle used
in Lee's experiment,we representhe continuousdistribution of particlessizesby Ns

particlespecieswith the samestandardieviation. We use5 particlesspeciesandweight
themasshowvn in Figure5.10to resemblea Gaussiardistribution of particlesizes. We

alsotried non-Gaussiaulistributionslik e a uniform distribution with the samevariance,
butwe nd thatthedifferencesn theresultsaremaginal.

We nd thatfor aparticlesdistributionwith = 4 thepredictionsof our modelmatchthe

experimentaldatamorecloselythanin the caseof monodispersearticles,but thewidth

of the experimentalpro le still increasegasterthanin our model. If we increasedhe

width of our particlesizedistributionto = 6 the experimentalresultsarereproduced
to a large extent. In Figure5.11 we show the experimentaldataof Lee et al. andour

numericallycalculatecconcentratiorpro les for differenttimes.
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Figure5.9: Measuredcconcentratiorpro le fort = 471ts; and804s; (+) andpredicted
concentrationgor a maximumvalue of the diffusion coefcient D, = 10 (solid line)
andD . = 15dashedine.
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Figure5.10: Approximationof a continuousGaussiarparticlesizedistributionwith =
4 by 5 particlesspecies.
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Figure5.11: Concentratiorpro les measuredy Lee et al. (+) and predictionsof our
model equationfor monodispersearticles(dashedines) and a distribution 5 particle
sizeswith = 6 (cf. Fig. 5.10)(solid lines). In both caseghe maximumvalue of the
diffusioncoefcient wasD . = 10.
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Our studyshavsthata modelwhich takesthe polydispersityof the particlesinto account
is ableto yield muchbetterresultsthana purelymonodisperséescription.It alsoshowvs
that the polydispersityof the particlesis often the main causeof the spreadingof the
interfaceevenin seeminglymonodisperssuspensions.

In Figure5.12we shav how thesuspensiopro le at(a)t = 471ts; and(b)t = 804, is
composedrom the5 particlespeciesdistributedlik e shavn in Figure5.10. Thewidth of

thetransitionzonefor thetotal concentrationcreasesluethedifferentsettlingvelocities
of the5 particlespeciesAs shavn in Figure5.12the concentratiorof the slower settling
particlesspecieqthe particlesof the particlesizedistribution with a radiussmallerthan
average)increasesit thetop of the suspensiomueto the continuumequation(s.3). Ad-

ditionally thewidth of theinterfacefor the particlespeciedargerthanthe averageradius
is muchlargerasfor the smallerparticlespecies.

We have shown in this chapterthat it is possibleto us polydispersehinderedsettling
functionsin conjunctionwith concentratiordependendliffusioncoefcients to describe
concentratiorpro les of mono-andpolydisperseparticle suspensionsEventhoughthe
time dependedsolutionsof the resultingcoupledpartial differential equationsare only
accesibldy numericaintegrationit providesvaluablensightinto theparticlesegregation
andinterfacespreedingandmightevenhelpto understandhe compositionof sediments.
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Figure5.12: Concentratiorpro les at(a)t = 471 and(b)t = 804s; for thedifferent
particletypeswith adiscreteGaussiarsizedistribution( = 6) asshovnin Figure5.10.



Chapter 6
Conclusion

We have presenteda numericalsimulationtechniquewhich allows us to study three-
dimensionalnon-Bravnianparticlesuspensionatlow Reynoldsnumberg47]. Thepro-
gramhasbeenparallelized sothatwe areableto simulatepolydispersesuspensiongith
upto afew hundredhousandatrticles.

Thesimulationtechniquecouplesheparticlesandthe uid by meansof constrainforces
andhasbeenveri ed on varioustestcasedike uid o w throughabedof x edspheres
andthecalculationof thevolumefractiondependengof themeansedimentationelocity.
We have shown that the simulationis suitablefor suspensionsip to a particle volume
fractionof approximately40%

Monodispersesuspensions

The study of the velocity uctuations of monodisperssuspensionfasshavn thatthe

velocity uctuationsin systemswith periodicboundaryconditionsdiverge with the sys-

temsizeL. Theincreaseof thevelocity uctuationsis in agreementvith the theoretical

argumentsof Hinch [43] and scaleslike L¥™  with = 1=2 with anerror bar
= 1=6.

In the caseof monodisperssuspensionwherethe containeris boundedoy walls in the
directionsperpendiculato gravity no suchscalinghasbeenfound. We have studied
systemsof size 250 250 and varied the depthfrom 25 to 200 at a volume fraction
of = 0:05. We have found that the smallestextensionof the containercontrolsthe
magnitudeof thevelocity uctuations. If thesmallestextensionis increasedthevelocity
uctuationsincreaseaup to alimit andarethenindependenotf thecontainersize.

We alsofoundthattheinstantaneouselocity uctuationsincreaserery rapidly whenthe
sedimentatiorprocessstartsandreacha steadystateafter approximatelyl5Qs;. After
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thatthewidth of theinstantaneousgelocity distributionstill uctuatessigni cantly around
its meanvalueon time scalesf aboutl0Qs;. Thevelocity uctuationsnearthewallsare
reducedup to adistanceof approximatelytGa from thewalls.

In accordancevith the obsenationsof Segre [93] we alsofoundthattherelative particle
velocitiesO hJi shawv aswirl-likestructure Thespatialcorrelationengthperpendicular
togravity is75aat = 0:05whenthevelocity uctuationsareindependenof thesystem
extensions.

Bidispersesuspensions

In simulationsof suspensionwith particlesof two sizeswe have veri ed predictionsof
BatchelorandWen for the averagesettlingvelocities,if correctiongdueto the nite size
of thesimulationvolumeandthe nite Reynoldsnumberareappliedto themeasuredlata.
The agreemenof the predictedpair correlationfunctionswith the measurediatais not
asgoodasfor thevelocities,indicatingthatthreeparticleeffectsarepresenevenat very
low volumefracionswithout invalidatingBatchelors two-bodyapproximation.

In caseof particleswith differentdensitiesthe subtlechangesf the settlingvelocities
dueto the differentlimits in the calculationsof the sedimentatiorcoefcients could not
befound.

The velocity uctuations in bidispersesuspensionfiaze also beenmeasured.On one
handthe velocity uctuationsof thelarge particles rst decreas@andthenincreaseasthe
sizeof thelarge particlesis increasedn a suspensionf particleswith differentradii. On
the otherhandthe velocity uctuations of the moredenseparticlesin a suspensionvith
particlesof differentdensitieslo increasesimilarly to thevelocity uctuationsof thelight
particles.We foundthattheratio of velocity uctuationsof smallandlarge particleswas
abouttwice the experimentalaluereportedby Peysson[80].

The measuremertf the velocity uctuationsin bidispersesuspensioffior differentsizes
of the simulationvolume could not be broughtin accordancevith the scalingbehaior
foundfor monodisperssuspensiongith periodicboundaryconditions.

Modeling of polydispersesuspensions

BasednKynch'sone-dimensionaheoryfor theevolution of concentrationgn monodis-
persesuspension57], we formulatedan extensionfor polydispersesuspensions.The
choiceof the ux functionhasbeenbasedon Batchelors sedimentatiortoefcients [8],
which reproducedhe basicfeaturesof the resultsof three-dimensionasimulationsof
batchsedimentation.The Kynch model did not shov the broadeningof the interfaces
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betweenthe differentsettling zonesin the polydispersesuspensiorandlacksa correct
descriptionof theincreaseof smallparticlevolumefractionin the zoneof smallparticles
only [14].

We have thereforeextendedhe Kynchmodelto anadwection-difusionmodel,wherethe
volumefraction dependeng of the diffusion coefcient is describedy the phenomeno-
logical expression

Ui()
2

Di() = DmaxAaU? | (6.1)

which shavs agoodagreementvith experimentaldata[75].

Thesystenof coupledpartialdifferentialequationsesemblegheresultsof simulationgo
a high degreeandallows to describethe experimentalkconcentrationpro les of monodis-
perseparticlesuspensionsf a givensizedistribution.

6.1 Outlook

Using this simulationtechniquein connectionwith the parallelizationof the particle-
uid interaction,it is now possibleto efciently simulatenon-sphericaparticles,with
a large aspectratio or particle suspensionsvith particlesof differentsizes[56]. Future
developmentsouldaimin differentdirections.

The studyof non-sphericabndespeciallyelongatedoarticle suspensionsThe be-
havior of non-sphericaparticlesat nite Reynoldsnumberin asuspensiors a par
ticularly interestingproblem,asthe idealizationof sphericalparticlesis not often
metin realsuspensionsiVe expectinterestingeffects,as,e.g.,clustering.

As soonastheReynoldsnumbetis increase@bove approximatelyd.5theanalytical
calculationdasednthelinear Stokesequationdosetheir validity. As our method
usesthe full Navier-Stokes equationto modelthe uid, it includesthe nonlinear
effects,which comeinto play asthe Reynoldsnumberis increasedlt is therefore
possibleto studyhow the propertiesof the suspensionshangevhenthe Reynolds
numberis varied.

Themostchallengingis to nd adescriptionof particlesuspensionghich allows
an up-scalingof particle scalesimulationsto systemsizesof technologicalrele-
vance.A consistenformulationon scaledargerthanthe particlescaleis required
andthe necessarphenomenologicgbarameterganbe determinedrom particle
scalesimulations.This would allow for the predictionof phenomenan large scale
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applicationdrom rst principlesandcouldthereforehelpto explorewide parame-
terrangeswhichis notpossiblewith classicaphenomenologicaheories.



Appendix A

Technical Detalls

As we have seenn thesection2.5.1thenumericaimethodis still computationallyexpen-
sive andit requireslarge resource®n memoryand CPU time to simulateparticleladen
o ws with 10° andmore particles. Due to the long-range hydrodynamidnteractionof
theparticles systemawith mary particleshave to be simulatedover along physicaltime.
Suchsimulationsare only possibleon modernsupercomputersyhich implies eitherthe
vectorizationor the parallelizationof the algorithm. As the amountof computermem-
ory neededncreasedinearly with the uid grid pointsandthe numberof particlesand
the scalability of vectorcomputerswith regardto memoryconsumptions problematic,
we decidednot to vectorizethe programbut to parallelizethe algorithmfor the usageon

massve parallelcomputers.

We chosethe domaindecompositiorapproacho port the algorithmto the parallelcom-
puter becausehe interactionbetweenrthe particlesandthe uid arelocalizedat the lo-
cationof the particlesandthe inter particle forcesare also shortranged. We usedthe
MessagdPassinginterface(MPI), whichis availableon mostcomputerplatformsfor the
implementatiorof the communication.The programis integratedin andpro ts from the
P3T C++ library thatis beingdevelopedatthe ICA 1 [45].

A.1 Parallelization of the Fluid

For a nite differencediscretizationof the Navier-Stokes equation(cf. Sec. 2.1) do-
main decompositions a good choicefor the parallelizationstrateg)y, becausehe data
of only a x ed numberof neighboringgrid pointsis neededo updatethe information
associatedvith a given grid point. We will sketchthe parallelizationprinciple for the
two-dimensionataseand appealto the imaginationof the readerfor the generalization
to threedimensiondecausehe two-dimensionatescriptions morecomprehensie.
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FigureA.1: Exampleof atwo dimensionalgrid which is distributedacross4 PEs. The
circlesshow the grid pointsneededo calculatethe new valueof thearrayat thelocation
of theblackcircle. The shadedyrid pointsarethe shadev rows. They containcopiesof
thenonshadedrid pointswith the sameindex.
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FigureA.1(a) shavs anexampleof atwo dimensionalbrid of sizel2 12 with periodic
boundaryconditions.We wantto distribute the computationatiomainonto4 processing
elementgPESs). Thedistributedarrayis shovn in FigureA.1(b). In orderto updateany
given grid point, for examplethe point marked with the black circle in Figure A.1 we
requirethe valueson the grid pointitself andthe 2d nearesheighbors(grey circles)to
discretizethe Poissonequation.Hered denoteghe dimensionof the discretization.To
discretizethe Navier-Stokes equationwe alsoneedthe neighborsn the diagonaldirec-
tions (white circles)dueto the nonlinearpartof the Navier-Stokesequation.

Thuswe mustcopy thevaluesontheboundaryof a PEdomainto thatPE which contains
theneighboringgrid points,sothateachPE cancalculatethe next time stepindependent
of the otherPEs.For examplethelower left PE hasto sendthegrid pointswith i = 0and
i = 5totheupperleft PEandthe grid pointswith j = 0andj = 5 to thelower right
PE. As theratio of the surfaceareato the volumescaledike 1=L wherelL is thelinear
dimensionthe additionalwork necessaryor the communicatiorwill belesssigni cant
asthearraysgetlarger.

The Poissonequation(2.6) hasto be solvedin eachtime step. If we apply aniterative
procedurdike SORto nd the solution,the numberof iterationsneededvould increase
with the sizeof thearrayandmale large scalesimulationsdisproportionatelyxpensve.

Figure A.2: Sketch of the seriesof grids usedin the multigrid algorithmto solve the
Poissorequation.

We thereforeusea multigrid algorithm,which discretizegshe Poissorequatioronaseries
of gridswith increasingmeshspacinggcf. Fig. A.2). Oneachgrid only few iterations
of e.g. the Gauss-Seidetelaxationmethodare neededo smooththe hight frequeng
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part of the error on that discretizationlevel. Thusthe multigrid algorithm overcomes
the principal scalingproblemandthe effort is proportionalto the numberof grid points
[35, 106]. The problemis now thatthe multigrid algorithm usesa sequencef arrays
wherethe meshsizeh is doubledfrom grid to grid assketchedn FigureA.2. Dueto the
coarseningf thegridsthenumberof grid pointsdecreaseby afactorof 1=2d. Therefore
theboundarieswhich mustbe communicategblay aimportantrole astheratio of surface
to volumeincreasesThusthelateny associateavith eachcommunicatiorwill resultin
areducedparallelef ciency of the coarsegrid.

The effect of the communicationateng is alsovisible if we measurehe parallel ef -
cieny of aGauss-Seideklaxation.The parallelef ciency is de ned by

= L. (A.1)

whereT; is thetime neededo iteratea eld of sizeL® ononePEandTy thetime to
iteratea eld of sizeN L3 onN PEs.Aswe seein FigureA.3, lateny causesideviation
from theexpected = 1 c=L dependengfor smallvaluesof L. Herec is a constant
dependingon the ratio of time spendupdatingthe boundarypoints (so called shadev
points)andcalculatingthe grid pointsin thevolume.
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FigureA.3: Parallelef ciency of a parallelGauss-Seideterationon 27 PEs.The sizeof

the eld is L3 on oneand(3L)% on 27 PEsrespectiely. The solid line is the idealized
behaior = 1 c=Lwithoutcommunicatiorateng.

The usageof a multigrid algorithmfor the Poissonequationresultsin a decreasef the
parallelef ciency of theNavier-Stokessolverfrom 90%to  70%for a uid eld with
L = 64. It is still muchfasterthananiterative method,dueto its superiorcorvergence
propertied35].
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A.2 Parallelization of the Particles

The particlesin our simulationconsistof the particle itself and the tracerswhich are
associatedo the referencepositionson the particles(cf. Sec. 2.1.2). The particlesand
the tracersmove continuouslyin space.If we decompos®ur computationablomainin
thesameway asfor the uid, thecomputatiorof theinteractionbetweerthe particlesand
the uid doesnotrequireinter-processocommunications.

PE 2

FigureA.4: Corventionalapproacho parallelizethe particlesandtracers.Particlesnear
the boundaryare shavn for PE 1 on the left and for PE 2 on the right. The greyed
particlesareshadav particles,.e. copiesof the particlesocatedtheotherPE. Thetracers
arestoredwith the particlesonthesamePE. The dashedine shonstheinteractionradius
of particles,i.e. all particles,whosecenterlie within the boundaryandthe dashedine
mustbe communicatedln the areaof width a,,.x betweenthe boundaryandthe dotted
line thevaluesof the uid velocitieshaveto beknown, i.e. they mustbestoredin shadev
rows.

If aparticle(e.gparticleA in Fig. A.4) is locatedwithin a distancesmallerthanthe parti-
cle radiusfrom the physicalboundaryof the computationatiomain,partsof the particle
andthereforepartsof thetracerswill belocatedoutsidethe computationatiomain. This
impliesthatwe needthe uid grid valuesfrom the neighboringPEto calculatethe move-
mentof the tracersandthe forceson the particle (areabetweensolid anddottedline in
Fig. A.4). Thuswe mustcommunicatédNg, = amax=h shadev rows from the neighboring
PE to calculatethe force on the particle andto integratethe tracers,whereanax is the
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maximumparticle radius. In additionthe neighboringPE needsthe particle andtracer
positionsto calculatetheforceonthe uid (greyedparticleA onPE?2).

If this approachs utilized we mustcommunicateNg, rows of uid velocity grid points
andall the particlesincludingthe associatedracersthatlie within a particleradiusfrom
the physicaldomainboundary[104]. Therefordargeamountsof datamustbe communi-
cated especiallywhenthe meshsizeh becomesmallcomparedo the particleradiusor
whenthe particlesarenonsphericalas,e.g., ber-like particles.

To overcomethis problemwe split the calculationof the forcefrom the uid onapatrticle
sothateachPE calculateghe part of the force originatingfrom the uid locatedon the
PE.Additionally we storethetracersseparatelyrom theparticles.Thisallowsthattracers
migrateindependenof the particlesfrom onePEto theotherasassoonasthey crossthe
boundarybetweerthe PEs. The situationshavn in Figure A.4 thenchangedo the one
showvn in FigureA.5.

FigureA.5: Parallelizationapproactfor the particlesandthe tracersusedin the simula-
tions. Tracesandparticlesmigrateindependenfrom eachotherfrom onePEto theothet
The particlesandtracersthat are copiesfrom particlesandtracersfrom anotherPE are
dravnin grey.

PE 1 now only containgpartsof thetracersassociateavith particleA andcalculatesonly
that part of the force actingon the particleand on the uid which originatesfrom this
tracers.Therestof thetracersarelocatedon PE2. Theforcesontheparticlecalculatedn
PE2 arestoredin theshadov particleandafterthecalculationof all forcescommunicated
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backto the PE wherethe particleis located(PE 1 in this case).Thereforethe amountof
datawhich hasto be communicateds reducedsigni cantly. Thetwo tracersof particle
A shown in grey on PE 1 arecopiesof thetracerslocatedon PE 2 andare necessaryo
calculatetheforceonthe uid attheboundarygrid points.

In summarywe have to storethe following (shadaev) datafrom the neighboringPEsto
calculateatime step:

1 shadaev row of the uid velocitiesto integratethetracermovement,
particleswhich arewithin 2a,,,x of theboundary(dashedine in FigureA.5),

tracerswhich arewithin h of theboundary(dottedline in FigureA.5).

We do not wantto concealthat the advantageof lesscommunicatiorhasto be paid by

additionalcomputationsand storagerequirementgor the particles. Due to the fact that
the particlesandtracersare storedseparatelyeachparticle mustbe identi ed uniquely
and eachtracerhasto storethis informationin orderto know with which particleit is

associatedin additionwe needto nd thecorrespondingarticlebeforewe cancalculate
the force on the particleandon the uid. Thuswe usean associatre mapto minimize
thetime spentto nd the particles.Additional compleity is addeddueto the factthata

particlemight be presenpn up to 2¢ PEsin d dimensionsf it is locatedin the cornerof

thecomputationatlomain.

A.3 Parallel performance

Dueto the optimizationsdescribedn the previous section,the parallelef ciency of the
algorithmdescribeds almostindependentf thegeometryof the particlesandtherelative
size of the particleswith regardto the uid discretization.Due to the factthatthe par
allelizationof the particlesis moreef cient thanthatof the uid, the parallelefciency
increaseslightly with higherparticleconcentrations.

The implementatiorof the multigrid algorithmdoesnot allow for arbitrary sizesof the
uid eld. We thereforedo not measurehe parallel ef ciency but a parallel scaleup,
i.e. we calculatea simulationof a givensizeon onePE andthanincreasehe sizeof the
problemandaccordinglythe numberof PEs. Thereforea ideal scaleupwould resultin

thesituationthatall simulationstake the sametime. In FigureA.6 we shav

(N) = TT—Nl; A2)
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whereN is the numberof PEsand Ty is thetime neededor the simulationon N PEs.

Thescaleupof the parallelef ciency is shawn for threedifferentsystemsizes:A system

with a uid grid sizeof 32N (+), 64°N ( ), and 128N (*) at a volume fraction of
= 0:2andameshsizeh = 0:375

0.8 & M) i

T,/Ty

h

04 r .

0.2 ]

0 1 1 1 1 1 1
10 20 30 40 50 60 70

N

FigureA.6: Scaleupof the parallelef ciency. We shav  asafunctionof the numberof
PEsN for threedifferentsystemsizes(+) 32N, () 643N, and(*) 128N..

In additionwe shav N in FigureA.7.ThevalueN corresponds$o the numberof time
stepsdonein a x edtime asafunctionof thenumberof PEs.
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70 T T T T T T

70

FigureA.7: Scaleupof the parallelef ciency. Weshavn N asafunctionof the number
of PEsN for threedifferentsystemsizes(+) N32%, ( ) N64%, and(*)N 128. Thesolid
line is thelimit of aidealscaleup.
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DeutscheZzusammerdssung [

1 Einleitung

GeloppelteSystemausTeilchenund einemFluid, wie sie z. B. bei Suspensionender
Aerosolenvorliegen, zeigenPhanomenedie savohl auf molekulareals auchauf lang-
reichweitigehydrodynamisch&rafte zurickzutihrensind. Wahrendoei Kolloiden(eine
Suspensiorvon Brown'schenTeilchen)oft elektrostatisch@der Van der WaalsKrafte
zwischenden Teilchendas Verhaltender Suspensiorbestimmen,st z.B. bei Staubla-
winen die Wechselvirkung der TeilchendurchdasGasfir daskollektive Verhaltender
Teilchenverantwortlich.

Die analytischeBeschreilnng von Suspensioneist nur in wenigen,speziellenSituatio-
nen(geringeTeilchenlonzentrationunendlichausgedehnteSystem schleichend&tro-
mung) moglich, weshalbman oft auf phanomenologisch®&eschreiingenoder Com-
putersimulationem@ngaviesenist. PranomenologischBeschreilmngensind abernur in
bestimmtenParameterbereichegilltig und konnennicht fur die Voraussagén anderen
Parameterbereicheverwendetwerden,wohingegenin Computersimulationemwie Ex-
perimenteneueParameterbereicherforscherkonnen.Durch die sich bevegendenreil-
chen,die als sich bevegendeRanderin der Flussigleit behandelwerdenmiissen,ist
die Simulationvon Suspensioneauf der Teilchenskalasehraufwendig. Durch einen
Ubegangvon der Teilchenskalazu einermakroslopischenBeschreibing der Suspensi-
on konnteder Aufwand betfachtlichreduziertwerden. Dazuist jedochdasdetaillierte
Verstindnisder SuspensioWoraussetzundJm einenbessereikinblick in dasVerhalten
von Suspensioneau bekommen,untersuchemir mono-und bidisperseSuspensionen
in einemquaderbrmigenBehalterunterdemEin u’ der Gravitation. Der Behalterkann
dabeiperiodischeRandbedingungenderfeste Wandeaufweisen. Aul3erdemwird ein
Advektions-Difusions-Modellzur Beschreilnng der Konzentrationernn polydispersen
Suspensioneaufgestellt.

2 Die Simulationsmethode

Die numerischeMethodezur Simulationvon suspendiertefieilchenbasiertauf der so-
genanntemimmesedboundaryTechnikvon Fogelsonund Peskin[25]. Dabeiwerdendie
Bewegungsgleichungeder Flussigleit auf einemregularen Gitter gelost und die Teil-
chendurchZwangskéaftemodelliert. DadurchkonnenspezielleL dsungserfahrenfir die
Navier-Stokes-Gleichungermerwendeiverden die die Regularitat desGittersausnutzen.

Die Simulationlaf3tsichin drei Teilproblemezerlegen: 1. die Losungder Flussigleits-
gleichungen2. die Bewegungdersuspendiertefieilchenund 3. die Kopplungzwischen
Flussigleit und Teilchen. Die Losungder erstenbeidenTeile sind hinreichendbekannt,



und wir werdenunsdeshalbauf die KopplungkonzentrierenFur einedetailliertereBe-
schreilungder Simulationsmethodeerweiserwir auf Ref.[48].

Die Grundlagéefuir die Flussigleitsbeschreingist die Navier-StokesGleichung,

@, (r ¥v¥=1r1 p+ r %%+f: (2.3)
@

Dabeibezeichnet die Dichte, die Viskositat, v die Geschwindigkit, p denDruck der
Flussigleit undf~ die Volumenkraft,die auf die Flussigleit wirkt. Die Variablenwerden
aufeinemregularenGitter, einemmarker and cell Gitter in zweiterOrdnungdurch nite
Differenzendiskretisiertund mit Hilfe eineszeitexpliziten und druckimplizitenVerfah-

rensunterErfullung derInkompressibiliaitsbedingung v = 0 gelost.

Die Integration der Bewegungsgleichungemir die Teilchen erfolgt durch einen Ge-
schwindigleits-\erlet-Algorithmusfirr die Translationund durcheinenGearPrediktor
Korrektorvierter Ordnungfur die Rotation[3].

Dasdritte Teilproblem,die Kopplungzwischenden Teilchenund der Flussigleit erfolgt
Uberdie Volumenkraftin der Navier-Stokes-GleichungZ.3). Dazuwird dasTeilchen
I durch zwei Anteile modelliert: Der erstebestehtaus einem Flussigleitselemenimit
derselbergeometrischeri-orm wie das Teilchen. Die Flussigleit in diesemVolumen
wird nundurchZwangskafte so bewvegt, dasssie sich wie ein Festlorperinnerhalbder
restlichenFlussigleit bewegt. Sie verhalt sich dannwie ein Teilchender Dichte  mit
einerMasseM/ = V; undeinemTragheitsmomenton || = (2=5)M/a? im Falle ei-
ner Kugel mit Radiusa. Der zweite Modellanteilist eine Teilchenschablonelie eben-
falls die geometrisché&orm desphysikalischeeilchenshatund die MasseM ! unddas
Tragheitsmoment! tragt, die zusammemit dem Fliissigleitsanteildie Masseund das
Tragheitsmomerdesphysikalischeeilchensergeben:M; = M/+ M!undl; = 1]+ 1}:

Die Kopplung zwischender Flussigleit und der Teilchenschablonerfolgt Gber die
Zwangskafte. Die Zwangskéafte werdendurchein explizites Verfahrenberechnetdas
ahnlichwie bei sogenannteenalty-\érfahrenein gewisse Deformationdesvom Teil-
chenbedeckterlussigleitswolumenszulasstund ausdieserDeformationdie Zwangs-
krafte berechnetdie der Deformationentggenwirken.

Konkretwerdendazuin dem Flussigleitswolumen,dasvom Teilcheni Uiberdeckiwird
sogenannt&larkierungspunkte;" in der Flussigleit verteilt. DieseMarkierungspunkte
bewegen sich massenlosnit der Flussigleit x-,?q = ¥(x"). Mit jedemdieserMarkie-
rungspunktewird ein Referenzpunki; auf der Teilchenschablonassoziiert,so dass
zumZeitpunktt = Odie Beziehungy = %" x; gilt.

Die Kraftdichtef~ aufdie Flussigleit wird nunausdenAbstnderzwischerMarkierungs-
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undReferenzpunkteberechnet
Fe)=(kT 25) 0 %), (2.4)

wobeik eineFederlonstantaund eineDampfungsknstantalarstellen. (x) bezeichnet
die Dirac'scheDeltafunktion.Die Federlonstanté&k mussdabeihinreichendyrof3gewvahlt

werden,sodassdie Differenz ; immerwesentlichkleineralsdie Gitterkonstanteh des

Flussigleitsgitterast, d.h.dasg ;j  h zuallenZeitenerfullt ist.

Die Simulationsmethodeurde an verschiedeneffestfllen wie der Umsttomungperi-
odischerAnordnungervon Kugelnund der SedimentatiormonodisperseKugelnveri -
ziert.

3 MonodisperseSedimentation

3.1 Geschwindigkeits uktuationen

Wahrendesfir die mittleren Sinkgeschwindigg&itender Teilchenin nicht Brown'schen
Suspensionetheoretische/orhersagemibt [7, 13], ist dasVerstindnisder Geschwin-
digkeits uktuationennochnicht befriedigend.Theoretischéetrachtungeifil 7, 42, 100
sagenvoraus,dassdie Geschwindigkits uktuationenin Suspensionemit der Grof3e
desBehaltersanwachsen.In experimentellenJntersuchungewird dieseAbhangigleit
von der Systemgdl3eabernicht odernur bis zu einerbestimmterSystemgodl3egefunden
[75, 93]. Simulationervon Suspensionef62] zeigeneine Divergenzder Geschwindig-
keits uktuationenmit der Systemgdl3e.

Abschatzung der Geschwindigkeits uktuationen

Mit Hilfe einer Abschatzungvon Hinch [43] und den experimentellenResultatenvon
Sare etal. [93] kannein Ausdruckfiir dasSkalierungserhaltender Geschwindigkits-
uktuationen heigeleitetwerden. Wennmansich ein Systemder GroRe2L L L

zufallig verteilter suspendierenddreilchenvorstellt,dasin zwei Halften geteiltwird, so
erartetmandasssichim Mittel in beidenTeilenN = (3=4 ) (L=a)° Teilchenbe nden.
Bei einerzufalligenTeichewerteilungvariiertdie mittlere Teilchenzahum ™ N Teilchen,
sodasssichein antreibendeGewichtsunterschiegon

P—
Fp= N ga3 g (2.5)

ergibt. DieseKraft verursachsolangeeinenGeschwindigkitsunterschiedwischenden
beidenHalften dem die viskose Scherkraftentggenwirkt. Die Scherkraftzwischen
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diesenbeidenBereichenkann durch den zu erwartendenGeschwindigkitsgradienten
U=L, die ViskositatderFlussigleitunddie Flache L2, diedie beidenBereichetrennt
abgeschtztwerden.

F, = E|_2: (Z.6)
Hier habenwir die Geschwindigkitsdifferenzmit  bezeichnet.In einemstatioraren
Zustandwerdenbeide Krafte sich gegenseitigaufhebenund mankanndie GroReder
Geschwindigkits uktuationen absclatzen:
T35 r—
4 F& 49 L
== — —; Z.7
3 L USt a ) ( )
wobeiUs; die StokesGeschwindigkit bezeichnetMan erwartetalsoein Anwachserder
Geschwindigkits uktuationenmit = L.

WenneshingegeneineLangenskala gibt, jenseitsdererdie Suspensioalshomogenund
unkorreliertbetrachtetverdenkann,dannwareunserArgumentnurgultig furL < . Far
Systemabmessungén> Ubernimmtdie GroRedernochkorreliertenBereichedie Rol-
le derSystemgdRe.Segre etal.[93] fandenn ihrenExperimenterineKorrelationsange
von j = 1la '3, woraussichfir die Geschwindigkits uktuationenin groRenSyste-
menfolgendesSkalierungserhaltenergabe:

Vs F3: (Z.8)

Systememit periodischenRandbedingungen

Um denEin ufl3 derWandezu eliminieren,verwenderwir in allen Richtungenperiodi-
scheRandbedingungeand messerdie Fluktuationerder Sinkgeschwindigeit der Teil-
chenin SystemerverschiedeneGrofReundverschiedenerdolumenanteil derTeilchen.
Wennsich die Systemgbdl3eunterhalbdesGroliebe ndet, ab derdie Geschwindigkits-
uktuationen unablfangigvon der Systemgolewerden,erwartetmanfolgendesverhal-
ten,

(=Us) (L) (Z.9)

Bei einerAuftragungdernormiertenGeschwindigkit gegen(L )*™ solltendeshalkalle
Datenpunkteauf einer Geraderliegen. Abbildung Z.8 zeigt die gemesseneWerte und
eineAusgleichsgerade(x) = bx+ cmitb= 0:.63undc= 0:12
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Abbildung Z.8: Geschwindigkits uktuationenaufgetrageriiberL ™ 72, Nach Glei-
chung(Z.7) erwartetman,dassdie DatenpunktaufeinerGeradeniegen.Die gestrichel-
te Linie zeigtdie Ausgleichsgerade(x) = bx+ cmitb= 0:63undc= 0:12

Systememit Wanden

In experimentellerdntersuchungekdnnenperiodischdRandbedingungemichtrealisiert
werden.Um denEin ul3 von Wandenauf die Suspensiorzu untersucheminddie Simu-
lationenmit Experimentervergleichbarzu machenwerdenin denRichtungersenkrecht
zur Gravitation feste Wandeals Begrenzungdes Simulationswlumenseingebaut. Da-
durchsind die Bedingungerbis auf die Randbedingungem Richtungder Gravitation
identischmit denExperimentervon Nicolai und Guazzelli[75].

In ihren ExperimenterverwendeterNicolai und GuazzelliGlaskugelnn einerviskosen

Flussigleit undlie3ensie bei einemVolumenanteivon = 0:05in einemBehalter mit

einerHohevon Ly = 1262 undBreitevon L, = 252a sedimentierenDie Tiefe des

Behalterswurdevon L, = 50a bis 200a variiert. Die gemessene@Geschwindigkits uk-

tuationenwareninnerhalbder Fehlerbalkenkonstantundbetrugen , ~ 0:33  0:04und
y 0:66 0:08 DasVerhaltnisderFluktuationerbetrug = x 2.

UnsereSimulationerzeigen(vgl. Abb. Z.9(a)),dassdie Geschwindigkitenin Systemen
mit einer Tiefe L, > 100a innerhalbder Fehlerballen unablangigvon der Tiefe des
Systemswverden.

Um ausschliel3eru kdnnen,dassdie Breite desSystemseinenEin ul3 auf denBetrag
derGeschwindigkits uktuationenhat, wurdenauchSimulationerbei einerfestenTiefe
L, = 100a und verschiedenemreitenL, = 50:::250a durchgeiihrt. Diesesindin
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Abbildung Z.9: Geschwindigkits uktuationen , als Funktionder Systemgdf3e. Auf

der linken Seite(a) wird  in Abhangigleit von L, bei L, = 250 gezeigt. Auf der
rechtenSeite(b) wird L, variiertundL, = 100festgehaltenDie Fluktuationerwachsen
bis die kleinsteAbmessunglesBehalterseinenWertvon  100a Uiberschreitet.

Abbildung Z.9(b) gezeigt. Wie zu sehenist, werdendie Geschwindiglkits uktuationen
von derkleinstenAbmessunglesSystemskontrolliert.

Die AnwesenheitlerWandeandertalsodasSkalierungserhalterder Geschwindigleits-
uktuationenim Vemleich zu periodischerRandbedingungedrastisch.

4 BidisperseSedimentation

Die Sinkgeschwindigkiten der Teilchenin einer SuspensiomolydispersenTeilchen
wurdenvon Batchelor[6, 8] in ersterOrdnungangeeben. Dabei wurdendie Wech-
selwirkungenvon Teilchenpaarenn einer selbstlonsistenteriverteilung von Teilchen
bericksichtigt.Fur die Sinkgeschwindigkit dereinzelnenTeilchensorterigabsich

. X
hoi =0+ s ) (2.10)
j=1

Hierbei wird mit Ui(o) die Stokes Geschwindigkit der Teilchensorte bezeichnet.Die
Sedimentationstefzienten S; sind FunktionendesTeilchengbl3ewerhaltnisses

-8
=3 (2.11)
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unddesreduzierterDichteverhaltnisses

=1 . (2.12)

i
Die Sedimentationstefzienten S; wurdenfir bestimmteWertefur und von Bat-
chelorundWen[8] numerischberechnet.

4.1 Sedimentationsgeschwindig&iten

Fur = 1lundzweiTeilchensortemeduziertsichdie Gleichung(Z.10) zu

Uéo)(l-l' Sss st SsI I); (Z.13)
U|(O)(1+ Ss s+ S 1),

< Ug >

<y >

wobeiderindex s die kleinenund| die groRenTeilchenbezeichnetDie Sedimentations-
koefzienten sindnur nochvon abhangig. Die numerischeWertevon Batchelorund
Wenkonnendurchein PolynomzweiterOrdnungapproximiertwerden,

Sa( ) 352 1:04 103 % (Z.14)
Ss() = 352 1.04&= 1.03= %

wobeiwir als = a=a 1 de nieren. Die beidenSedimentationgbefzienten Sgg
undS;; habenwie im monodisperseRall beidedenWert 5:6.

AbbildungZ.10zeigtdie gemesseneBedimentationsgeschwindigikenin Abhangigleit
vom Radiewerhaltnis . Durchdie endlicheSystemgofRevon24 24 24 werdendie
Teilchendurchihre periodischerbbilder beein uf3t,und die erwarteteSedimentations-
geschwindigkit mussum die Korrekturvon Hasimoto[41]

U=U, =1 17601 ¥+ 1:5593 ?; (2.15)

berichtigtwerden. Eine zweite Korrekturwird wegender endlichenReynoldszahlnot-
wendig, da mit zunehmendenTeilchenradiusauch die Reynoldszahlansteigt. Nach
ProudmarundPearsorj83] mussdie StokesKraft aufein Teilchendurch

3 9 1
= + — — — : .
F=6aU 1 8Re 40Re2In Re (Z.16)

korrigiertwerden.

DurchdasBerucksichtigerdieserbeidenkEffekte stimmendie Vorhersagenron Batchelor
und Wenfur die Sedimentationsgeschwindigitensehrgut mit denErgebnisserder Si-
mulationtiberein.Fur die von Batchelorund Wenvorhegesagtdlaanerteilungsfunktion
g(r) ist die Ubereinstimmundningegennicht so ausgepigt, wasauf Mehrteilchenwech-
selwirkungenzuriickzufihrenist.
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AbbildungZ.10: Abhangigleit der Sinkgeschwindigkit derkleinen(+) undgro3en( )
Teilchenvon vemlichenmit denVorhersagewvon Batchelor(gepunktete.inien), und
denKorrekturenaufgrunddesendlichenSystemwlumens(gestrichelteLinien) und der
endlichenReynoldszah(durchgezogenkinien).

5 Modellierung polydisperser Suspensionen

Bisherwurdennur Systemanit periodischerRandbedingungem Richtungder Gravi-
tation betrachtet.Sobaldaberdie Translationsimarianzin Richtungder Gravitation z.B.
durchdasVorhandenseiron Wandengebrocherwird, bilden sich verschieden&onen
(z.B. Sedimenundklare Flussigleit) mit unterschiedlichefieilchenlonzentrationeaus.
BeijederrealenSuspensiohandeltessichum ein Systenmit gebrochenerranslations-
invarianz. Zur Beschreiling der Konzentrationserlaufe wird normalerweisedasdrei-
dimensionaleSystemauf eine Dimensionreduziert,indemdas Systemin Richtungder
Gravitation in dinne Schichtenzerleggt und die betrachteterGrof3enin denRichtungen
orthogonakur Gravitation gemitteltwerden.

Zur Beschreibing der Konzentrationenn Abhangigleit von der Hohe wird hau g die
Kynch-Theorig57] verwendet.Dabeihandeltessichum eine Advektionsgleichungler
Form

@i, @ U0
@ Q@

wobei (y) = ( 1(y); 2(y);:::) die Konzentrationerer Teilchensorten = 1:::N
an der vertikalenPositiony darstelltund U;() die Sedimentationsgeschwindigik der

= 0 (Z.17)
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Teilchensorte.

Wenndie Abhangigleit der Sedimentationsgeschwindigik von derlokalenKonzentrat-
ion der Teilchenbekanntist, kannmit Hilfe von Gleichung(Z.17) auseiner Anfangssi-
tuationdie zeitliche Entwicklungder Konzentrationemerechnetverden. Der Vergleich

desadwektiven Kynch-Modellsmit Simulationenzeigt jedoch,dassdasKynch-Modell
zwar die grol3&aumigeStrukturder Konzentrationserlaufewiedegebenkann,abernicht

die genauenVerlaufeandenSchockfronterj14].

Wir erweiterndeshalbdas Advektionsmodellum einenDiffusionsterm der die hydro-
dynamischeiffusionder sedimentierendemeilchenbeschreibesoll. DasAdvektions-
Diffusions-ModellhatnunfolgendeForm:

@; @ @;

6 = @ iUi() Di() @I
wobei D;() die effektive Diffusionslonstantein Abhangigleit von denlokalen Kon-
zentrationerbezeichnet.Zur Vollstandiglkeit desModells miissemochdie beidenkon-
stitutivenBeziehungerzwischenKonzentratiorund Sedimentationsgeschwindigitund
zwischerKonzentratiorunddembDiffusionsloef zienten anggeberwerden.

(Z.18)

Fur die Sedimentationsgeschwindigikenerweiternwir BatchelordineareBeziehundur
polydisperseSuspensionergjerenGultigkeit fur kleine Konzentrationemgezeigtwurde
um sieauchbei hoherenKonzentrationerinsetzerzu konnen.Die erweiterteForm

e+ sy j+2 =1 )( 1 1)? (Z.19)

istfar ! Oidentischmit Gl. (Z.10), weistabernicht die unphysikalischemegativen
Wertefir > 0:178auf.

Fur denDiffusionsloefzienten schlagemwir folgenderfunktionalenZusammenhangor
!
Ui()

Di() = DmaxA aiUi(O) i U(O) ;
i

(Z.20)

derauchdie experimentellerResultatevon Nicolai et al. [75] gut wiedegibt. In Glei-
chung(Z.20)ist A = 3154 eineNormierungsknstantedie sogewvahltist, dasD ,ax der
maximaleBetragdesDiffusionsloefzienten ist.

Durch die Vorgabevon Anfangs-und Randbedingungekannder zeitliche Verlauf der
Konzentrationemurchnumerischdntegrationder Differentialgleichunderechnetver-
den. In Abbildung Z.11 vergleichenwir die Vorhersagerdes Advektions-Difusions-
Modellsmit D nax = 4:0 mit derdreidimensionalesimulationeinesSystemader Grol3e
36 576 36mitzweiTeilchensorterfa,=a; = 1:414).
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AbbildungZ.11: VolumenanteitlerkleinenTeilchen(a) unddergroRenTeilchen(b). Die
durchgezogenehinien zeigendie VorhersagenlesAdvektions-Difusions-ModellsDie
Datenpunktesind Messungereinerdreidimensionaleisimulation. Die Konzentrations-
wertesindjeweils um 0:1 nachobenverschobenvorden.Die gepunktetd.inie zeigtdie
Anfangslonzentratiorvon = 0:05.



