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Preface

Many applicationsin chemicalengineering[27, 97], �uid mechanics[33], geology[85],

andbiology involve systemsof particlesimmersedin a liquid or gas�o w. Examplesof

suchsystemsaresedimentationprocesses,gas-solidor liquid-solid �uidized beds,blood,

mixing processeswhensediment-ladenriversenterlakesor thesea,powdertransportby

pneumaticconveying, theticking of hourglasses,�occulation in suspensions,andmany

more.

Although all suspensionsarebasedon the samefundamentals– solid particlesaresus-

pendedin a �uid or a gas– thephysicalpropertiesthatdominatethebehavior couldnot

bemorediverse.

� In colloidal chemistrythe behavior of a suspensionis dominatedby physicaland

chemicalpropertiesof the particlesandthe �uid, so that interparticleforcessuch

asrepulsiveelectrostaticor attractivevanderWaalsforcesdeterminethestateof a

suspension.Theadditionof a smallamountof additive containing,e.g. free ions,

to the�uid maycauseastablesuspensionto �occulate.

� If particleslike sandor dustaretransportedby the air �o w in low concetrations,

they donotcauseadistinctchangeof the�o w. Therefore,cloudsof dust,e.g.from

volcaniceruptions,aretransportedover largedistancesin theatmosphere.

� In contrastto low particlesconcentrations,thebehavior changesdramaticallyif we

considerhigh particleconcentrations,asthey occurin dustavalanches,wheree.g.

powderysnow slidesdown a mountain.Theparticlesthemselvesdrive theair�o w

andareableto causewind velocitiesin excessof 200km/h [32].

Thisselectionof examplesis farfrom beingcompletebut it alreadyshowsthatthephysics

of suspensionsis very rich in phenomenaandtheclassicalproblemof sedimentationis

only astartingpoint for theexplorationof thevast�eld of particlessuspensions.

Particlesuspensionshave all in commonthatthelong-rangedhydrodynamicinteractions

mediatedby the �uid in the interstitial voids of a particulate,granularsystemgreatly
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changeits physicalbehavior ascomparedto the“dry” statewithoutmedium.Thedrystate

is characterizedby theshort-ranged,mostlyviscoelasticforcesthatactwhensinglegrains

comeinto contact.Thusthebehavior of a dry granularsystemdependsvery stronglyon

theparticlevolumefraction. Dustavalanchesarean idealexampleof this phenomenon.

As longasthedustrestsonthegroundtheair in thein theinterstitialvoidsis of nointerest

andthe dustmay be describedlike a heapof sand. But assoonasthe particlesstartto

move, theparticlevolumefractionis reducedandtheparticleslosecontact.Now theair

betweentheparticlesmediatesacouplingof themovementsof singleparticles.

Theanalyticaldescriptionof suspensionsis limited tospecialcases,suchaszeroReynolds

numbers,sphericalparticles,in�nite systemsizes,or periodicboundaryconditions.We

thereforehaveto rely onphenomenologicaldescriptionsof thesuspensionor oncomputer

simulations.Phenomenologicaldescriptionshave provento provide accuratepredictions

for specialcases[15, 57] but they are limited to parameterrangeswherethe physical

mechanismsdominatingthesuspensionbehavior donotchange.Computersimulationsin

principleovercomethisrestrictionbut suffer from theenormousexpensethatis associated

with thenumericalrepresentationof freely moving boundariesin a �uid. It is therefore

necessaryto �nd a descriptionof suspensionswhich allows to transfertheparticlescale

phenomenato a macroscopicscale. However, sucha project is not possiblewithout a

detailedunderstandingof thesuspension.

To gainsuchanunderstanding,we studythesedimentationof mono-andbidispersesus-

pensions.We restrictour studiesto non-Brownian,hardsphereswith a discretedistribu-

tion of sizesanddensitiessettlingunderthe in�uence of gravity in a quadrilateralcon-

tainer. Thecontainermayeitherhave walls on theboundariesor beperiodicallycontin-

ued.

The thesisis organizedasfollows: In Chapter1 we describethe �uid dynamicalfoun-

dation of the problemand describesomebasicpropertiesof particlessuspendedin a

�uid. We thendescribein Chapter2 a numericalsimulationtechniquethat is capableof

simulatingmorethan109 degreesof freedomandusethis simulationtechniqueto study

monodisperse(Chapter3) andbidisperse(Chapter4) suspensions.Basedon the simu-

lationsandexperimentaldata,we show thata advection-diffusionmodelfor theparticle

concentrationis ableto describethesettlingof polydispersesuspensions(Chapter5).



Chapter 1

The Physicsof Particle Suspensions

1.1 The Fluid

1.1.1 Continuum MechanicalDescription

Thetheoreticaldescriptionof liquids is basedon thecontinuumhypothesis,which states

that it is possibleto associatethemacroscopicpropertiesof the�uid with any volumeof

�uid, no matterhow small it is, andthat the �uid consistsof a continuousaggregateof

such�uid elements[101]. We know thatthecontinuumhypothesisbreaksdown for very

smalllengthscalesof theorderof thelengthof themeanfreepathof themoleculeswhich

form the�uid. Howeverif thescaleof thephenomenaof interestis seperatedclearlyfrom

thatof themeanfreepath,thenwe canchooseanaveraginglengthscaleon which each

volumeelementcontainsso many particlesthat the �uctuations of the meanvalueof a

physicalquantityis negligible.

Buildingonthecontinuumhypothesiswecandescribethemovementof a�uid by its local

velocity~v(~x; t), local density� (~x; t), andlocal pressurep(~x; t) where~x is thepositionin

space�x ed coordinatesandt is the time. We will only dealwith isothermalprocesses

andthereforenot includethe temperaturein our considerations.To formulatethe basic

equationsfor the�uid weutilize theconservationof massandmomentum.

We considera volumeV of �uid in Eulerian(space�x ed)coordinates.Themassof the

volumechangesdue to the in- andout�ow of �uid throughthe surfaceS. So that the

changeof massis

@
@t

Z

V
� dV = �

Z

S
� ~v � d~S (1.1)
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whered~S is a volumeelementof the surfacewith an outward normal. Becausethe in-

tegrationvolumedoesnot changewith time we canexchangethe integral with the time

derivativeandby applyingGauss's theoremwe �nd thecontinuityequation,

@�
@t

+ r � (� ~v) = 0: (1.2)

Additional equationsare found by using the conservation of momentum,or Newton's

secondlaw, i.e. thechangeof momentumof a �uid elementis equalto the forceacting

on it. We follow themovementof a �uid elementsuchthat it alwayscontainsthesame

molecules.This implies that the volumeof this �uid elementmay change,but that its

massis constant.As a consequence,the momentumof the �uid elementchangesonly

dueto changesin thevelocity

�
d~v
dt

= �
@~v
@t

+ �
�

dx
dt

@~v
@x

+
dy
dt

@~v
@y

+
dz
dt

@~v
@z

�
; (1.3)

or equivalently

�
d~v
dt

= �
@~v
@t

+ � (~v � r )~v: (1.4)

Herethe velocity entersEq. (1.4) in two ways: First asthe quantitythatchangesasthe

�uid movesandsecondasthequantitythatcontrolshow fastthechangeoccurs.

Now thatwe know how themomentumchangeswe mustconsidertheforcesactingon a

�uid element.In principletherearetwo typeof forces,namelysurfaceandvolumeforces,

sothatwecanwrite

d
dt

Z

V
� ~v dV =

Z

S
T (~x; t) d~S +

Z

V

~f (~x; t) dV (1.5)

whereT is thesymmetricstresstensorwhich describesthesurfaceforcesin caseof no

internaltorquesin the�uid and ~f is anarbitraryforceactingonthe�uid volumelike,e.g.,

gravity. As Eq.(1.5)is valid independentof theactualform of theintegrationvolume,the

relationmustthereforeholdalsofor theintegrandsonly. By applyingGauss's theoremto

thesurfaceintegralon theright handsideweobtain

�
@~v
@t

+ � (~v � r )~v = r T (~x; t) + ~f (~x; t): (1.6)

Eq.(1.6)togetherwith Eq.(1.2)provide4 equationsfor the5 variablesvelocity, pressure

anddensity. Thelastequationis givenby theequationof statefor the�uid � = � (p). In

many cases,especiallywhenthe�uid velocitiesaremuchsmallerthanthespeedof sound

in the�uid, the�uid canberegardedasincompressibleand� is aconstant.

We now have to specify the natureof the stresstensorT . Often the symmetricstress

tensorT is divided into two contributions, (i) the diagonalpart of Tij and (ii) the off
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diagonalpart ~Tij = Tij � 1=d� ij Tkk . Thetraceof the�rst is thepressureactingin normal

directionon a �uid element,andthe secondthe shearforce actingperpendicularto the

surfacenormal. In anideal �uid with no friction ~Tij is zeroandEq. (1.6) reducesto the

Eulerequation

�
@~v
@t

+ � (~v � r )~v = �r p + ~f : (1.7)

For aviscous�uid ~T is notzeroandfriction occurswhenthedistancebetweentwo neigh-

boring�uid elementschanges,i.e.they move relative to eachother. Theforce is propor-

tional to the relative velocity of the two �uid elements.The mostgeneralform of the

stresstensorfor isotropic�uids linearin thevelocitygradientsis [101]

Tij = � p� ij + �
�

@vi

@x j
+

@vj

@x i
�

2
3

� ij
@vk

@xk

�
+ � � ij

@vk

@xk
; (1.8)

where� is calledshearviscosityand� thebulk viscosity, which is the resistanceof the

�uid againstcompression.For thecaseof anincompressible�uid � = constthecontinu-

ity equation(1.2) reducesto r � ~v = 0, sothat thecompressiblepartof thestresstensor

disappears.By insertingEq.(1.8)in Eq.(1.6)wearriveat theNavier-Stokesequationfor

a incompressible�uid

�
@~v
@t

+ � (~v � r )~v = �r p + � r 2~v + ~f : (1.9)

TheNavier-Stokesequationis a setof threenonlinearpartialdifferentialequationsfor ~v

andp, whosenonlinearityis dueto theconvective termof the time derivative. Together

with appropriateboundaryconditionsandtheincompressibilityconstraint,thesefour un-

knownscanbedeterminedin spaceandtime.

1.1.2 Boundary Conditions

Sincethe Navier-Stokesequationsof the �uid motion arepartial differentialequations,

weneedboundaryandinitial conditionsto solve theseequations.Thetypicalboundaries

for a �uid are(i) solid, impermeablewalls, (ii) the boundaryto another�uid and(iii) a

freesurfaceof the �uid. We will only considerthecasewheretheboundaryconsistsof

solid walls,becausewewill only dealwith solidsuspendedparticlesin this thesis.

Oneconditionin caseof a solid, impermeablewall is thatno �uid maypassthroughthe

wall. Thusthevelocitycomponentnormalto theboundarymustequalthevelocityof the

wall.

~v � ~n = ~VS � ~n; (1.10)
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where~VS is thevelocityof thewall.

Thesecondconditionfor thetangentialcomponentof thevelocityis notasobvious.It has

beenshown by experimentsthattheno-slipboundaryconditionappliesfor theboundary

of normal�uids andsolid walls, becausethesurfaceof thewall actslike a layerof �uid

moving with velocity ~VS. Theviscosityof the�uid preventsadiscontinuityof thevelocity

betweenthe�uid andthewall. Theno-slipboundaryconditionis expressedby

~v � ~n = ~VS � ~n; (1.11)

andis independentof theconditionfor thenormalcomponent.

Wewill laterutilize theequivalenceof asolidwall boundarywith a �uid moving with the

samevelocity in ournumericalmethodto describethesuspendedparticles.

1.1.3 DimensionlessDescription

The conceptof dynamicalsimilarity saysthat undersomeconditionsthe �o w patterns

of two similar geometriesarealsosimilar. This conceptallows for the usageof small-

scalemodelsand wind-tunnelsor towing-tanksto designand test the �uid dynamical

propertiesof aeroplanes,cars,andships.Thequestionis now underwhichconditiontwo

similar geometrieswill producesimilar �o w patterns.

Let us introducetypical lengthandvelocity scalesL andU of our system. Theseare

typical scalesof thesystem,e.g. thesizeof anobstaclein the�o w anda typical velocity

of the �uid. We usethis characteristicvaluesto obtaina non-dimensionalform of the

variables,which wedenoteby primes,

~x 0 = ~x=L; ~v 0 = ~v=U; t0 = tU=L: (1.12)

SubstitutingEq. (1.12)into (1.9) andmultiplying theresultingequationby L=�U 2 gives

thedimensionlessNavier-Stokesequation

@~v 0

@t0
+ (~v 0 � r 0)~v 0 = �

1
�U 2

r 0p +
�

UL�
r 02~v 0+

L
�U 2

~f : (1.13)

wherethespatialandtimederivative transformlike

r 0 = Lr ; and
@

@t0
=

L
U

@
@t

: (1.14)

If wemeasurethepressureandtheforcein unitsof 1=�U 2 andL=�U 2 thentheequations

for thenon-dimensionalvariablesarethesameif � =UL� is thesamein thetwo geometri-

cally similar situationsAs all variablesarenow primedwe droptheprimesandwrite the

�nal, dimensionlessform of theNavier-Stokesequation

@~v
@t

+ (~v � r )~v = �r p +
1

Re
r 2~v + ~f ; (1.15)
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whereRe is thesocalledReynoldsnumber

Re =
UL�

�
=

UL
�

(1.16)

and� = � =� is thekinematicviscosity.

If we neglect theexternalforces ~f thentwo geometricallyidenticalsituationswill have

the samesolutionsandthereforethe same�o w patternsif the Reynoldsnumberis the

samein bothsituationsbecausethentheNavier-Stokesequationsareidentical.Thusthe

Reynoldsnumberis theconditionfor dynamicalsimilarity.

1.1.4 The StokesEquations

We �nd a physicalinterpretationof theReynoldsnumberRe, introducedin theprevious

section,by comparingtheratio of theinertial termof theNavier-Stokesequation

j~v � r ~vj �
U2

L
(1.17)

to theviscousterm

j� r 2~vj �
� U
L2

: (1.18)

We �nd thattheReynoldsnumberindicatestheratioof inertiaforcesto viscousforces

j~v � r ~vj
j� r 2~vj

�
UL
�

= Re: (1.19)

Thus,whentheReynoldsnumberis very small (Re � 1) theinertia termof theNavier-

Stokesequation(1.15)is very smallcomparedto theviscousforcesandwe mayneglect

it. This leadsto thesocalledStokesequationfor aviscous�uid,

@~v
@t

= �r p +
1

Re
r 2~v + ~f : (1.20)

TheStokesequationis a linear equationin ~v andthereforeanalyticallyeasierto handle

thanthefull Navier-Stokesequation.It alsoshows two featurespresentin low Reynolds

number�o w, namely�o w reversibility andthe long-rangenatureof theviscousinterac-

tions.Dueto thelinearitynew solutionsto theStokesequationcanbefoundby superpo-

sitionof known solutions.

1.2 Particles in Fluid

In this sectionwe look at the �o w of viscous�uid in the presenceof a singleor many

sphericalparticles. The analyticalcalculationsare only possiblein the limit of low-

Reynoldsnumber�o wswheretheStokesequationis still valid.
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1.2.1 A SingleParticle

A famoussolutionof theStokesequation(1.20)is the�o w pastasphere.Thesolutionof

the�o w �eld is usedto calculatetheforceon thesphere.

Theproblemis bestconsideredin sphericalcoordinates.We choosea frameof reference

wherethe sphereis at restandthe orientationso that � = 0 in the �o w direction. By

symmetrytheazimuthalcomponentof thevelocity is equalto zerov� = 0. The �uid is

moving with constantvelocity~v0 at in�nity , which givestheboundaryconditions

vr = v0 cos� ; and v� = � v0 sin� (1.21)

at r = 1 . Theboundaryconditionson thespherecanbeexpressedby

vr = v� = 0 at r = a (1.22)

wherea is theradiusof thesphere.Thesolutionof Eq. (1.20)is then[39]

vr = v0 cos�
�

1 �
3a
2r

+
a3

2r 3

�
; (1.23)

v� = � v0 sin�
�

1 �
3a
4r

+
a3

4r 3

�
; (1.24)

p � p0 = �
3
2

� v0a
r 2

cos� : (1.25)

Themaincharacteristicof thesolutionis thatthedisturbancefrom thevelocity �eld with-

outaspheredecays� 1=r. Thisshowsthatthe�o w �eld is in�uencedby thepresenceof

a sphereover largedistances.To calculatetheforceon theparticlewe needthestresson

thesurfaceof theparticle.On a boundaryat restthepressureandviscousforcesperunit

areaaregivenby

T�� = � �
�

@v�

@r

�

r = a

sin� � (p � p0)r = a cos� ; (1.26)

which equalstheconstantvalue

T =
3� v0

2a
(1.27)

By (trivial) integrationover thesurfaceweget

FD = 6� � av0; (1.28)

thedragonaspherein anunbounded�uid. It shouldbenotedthatdueto thefactthatthe

viscouseffect extendsover a long range,even distantboundarieshave a large effect on

theparticles.E.g. in a falling-sphereviscometertheradiusof thecontainerhasto be100

timeslargerthanthatof thesphereto reducetheerrorto lessthan2% [39].
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It is now easyto calculatethevelocityof a particlesettlingundergravity in aunbounded

�uid. TheresultingvelocityUSt is calledtheStokesvelocity,

USt =
2
9

a2(� p � � )g
�

; (1.29)

where� p is thedensityanda theradiusof theparticle.

1.2.2 A Fixed Array Of Particles

Oneof the �rst approachesto calculatethevelocity of suspendedparticleswasto com-

putetheresistanceof a �x edassemblageof particles.In thepresenceof walls themethod

of re�ections [39] is usedto �nd thecorrect�o w �eld andthe forceson theparticlesit-

eratively. Thesolutionis approximatedby consideringtheboundaryconditionswith one

particleat a time, which is calleda re�ection. A differenttechniquewasusedby Hasi-

moto[41] to calculatetheforceon a periodicarrayof particles.He usedtheperiodicity

of the problemto expandthe �uid �elds into Fourier series. By usinga point particle

approximationhefoundthattheforceonaparticleis givenby

F =
6� a� u

1 � 1:7601�
1
3 + � � 1:5593� 2

(1.30)

where� is the fractionof thevolumeoccupiedby theparticles.Thesettlingvelocity U

of suchanarrayis thereforegivenby

U =
USt

1 � 1:7601�
1
3 + � � 1:5593� 2

: (1.31)

For � � 1 thechangein thevelocity is proportionalto � � 1
3 andthereforeproportionalto

theinverseof theparticleseparation.

1.2.3 FreelyMoving Particles

In a real suspensionthe particle positionsare not �x ed, so that the particlesare able

to changetheir relative positions. This rendersthe calculationof the settlingvelocities

dif�cult, becausewemustknow theparticledistributionto determinetheaverageparticle

velocityhUi , which is de�ned by

hUi =
1
N

NX

i =1

Ui : (1.32)

For monodispersesuspensionsthe particledistribution is not known a priori. We must

distinguishbetweentwo cases
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1. Theparticlesaresosmall that thecontinuumhypothesisis only partially ful�lled.

Thentheparticlesshow anerraticrandommotion,thesocalledBrownianmotion.

2. TheparticlesarelargeenoughsothattheBrownianmotionis neglegible.

The so calledPécletnumberPe providesan estimatewhetherthe Brownian motion of

particlesmay be neglected. The Pécletnumbercomparesthe ratio of heatadvectionto

heatconductionandis de�ned by

Pe =
Ua
D

; (1.33)

whereU is a typical velocity of the particle,a its radiusandD is the thermaldiffusion

coef�cient. For Pe � 1 theadvectivemotionof theparticledominatesandtheBrownian

motion canbe neglected,whereasfor Pe � 1 the Brownianmotion is dominatingand

theparticlemovementwill belargely of randomnature.In caseof low Pécletnumberwe

thereforeexpectto �nd a locally homogeneousparticledistribution. Thisshowsthateven

if wedo notconsiderinterparticleforces,theparticledistribution is notknown apriori.

Therehavebeenmany approachestocalculatetheaveragesettlingvelocityof theparticles

in a suspension.We will brie�y describeBatchelor's idea [7] which is basedon two-

particleinteractions.

Batchelorconsidersa randomsuspensionat low volumefraction� . He assumesthat the

particle distribution is homogeneousand calculatesthe pair interactionbetweena test

spherepositionedat~x0 andall possiblepositionsof particles.Themeansettlingvelocity

is thengivenby

hUi =
1

N !

Z
U(~x0; CN )P(CN j~x0)dCN ; (1.34)

whereC is a con�guration of N spheres,and P(CN j~x0) is the conditionalprobability

densityof acon�gurationof N + 1 particlesgiventhatthereis asphereat theposition~x0.

The main problemis that the integral (1.34) is divergentbecausethe velocity �eld of a

particledecays� r � 1. He overcomesthis problemby calculatingU � V whereV is the

translationalvelocitydueto thenonuniformenvironment.In this fashion,he�nds hUi up

to order� ,

hUi = USt(1 � 6:55� ): (1.35)

AlthoughEq. (1.35)is only valid at low volumefractions,Batchelor's linearapproxima-

tion of thehinderedsettlingfunctioncapturesoneof themainfeaturesof particlesuspen-

sions.If theparticlevolumefractionis increased,thesettlingof theparticlesis hindered

dueto theback�ow of liquid causedby theotherparticles.
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For particlevolumefractionslarger than� 0:15 theEq. (1.35)predictsnegative settling

velocities,i.e. theparticleswill rise.Thisshowsthatthelineartheorymustnotbeapplied

over thewholerangeof possiblevolumefractions.A secondorderapproximationof the

hinderedsettlingfunction would requireto take threeparticleinteractionsinto account.

This approachhasbeentaken e.g. by P. Mazur et. al. andBrady et.al. [70, 13] and

leadsto betterapproximationsof thehinderedsettlingfunction. But in all casesonehas

to makeassumptionson theparticledistributionwithin thesuspension.

Thecalculationsof thehinderedsettlingfunctionassumethattheparticlesaredistributed

homogeneouslywithin thevolume.If this is not thecase,saydueto theinitial conditions

or generatedby inclinedwalls asshown in Figure1.1, thecalculationsarenot valid any

more. In caseof inhomogeneousinitial conditionsasshown on the left sideof Figure

1.1, the back�ow generatedby the particlesis not forcedto move throughthe particles

but avoids the region of high particleconcentration.Thusthehinderedsettlingeffect is

reduced.In thecaseof inclinedwalls, an initially homogeneousdistribution of particles

will developareasof higherconcentrations(darkgrey in Figure1.1) andareasof lower

particleconcentration(light grey), wheretheupwardmoving �uid �o ws without thehin-

dranceof settlingparticles.

Figure1.1: Sketchof two situationswherethe averageparticlesettlingvelocity is in-

creaseddueto a inhomogeneousinitial particledistribution (left side)or inclined walls

(right side). In both casesthe back�ow generatedby the settling particlesavoids the

particlesandtheaverageparticlevelocity is increased.

A similarsituationoccurswhentherearelong-rangeinterparticleforcesor otherphysical

effectsthatleadto clusteringof theparticles.In suchcasesthehinderedsettlingfunction
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doesnotneedto beamonotonicallydecreasingfunctionof thevolumefraction.



Chapter 2

Simulation Method

Becauseof its great importance,the problemof particle suspensionshasbeenand is

still attractingconsiderableattentionon both the experimentalandtheoreticallevel. As

is known from the physicsof liquids on the molecularscale[37], long-time tails will

arisein thecorrelationfunctionsof conservedcurrentsas,e.g.,theliquid'svelocity �eld,

and the long-rangecharacterof the hydrodynamicinteractionnecessitatesvery careful

studiesof the systemsizedependenceof the results. Shortof analyticsolutionsof the

problem,thechallengethereforeis to �nd simulationtechniquesthatareon theonehand

accurateenoughtoallow reliablepredictions,butontheotherhandof suf�cient numerical

ef�ciency to permitstudieson“large” systemsin termsof particlenumbersandcon�ning

geometryand“long” timeswith respectto theintrinsic velocitiesandlengthscales.

Sometechniques,notably�nite elementor �nite volumetechniques[22, 34,49,51,69],

canreproduceverypreciselythebehavior of asmallnumberof particles,but they aretoo

computerintensive to simulatein threedimensionsinherentlycollective, many-particle

effectsas,for example,the in�uence of the presenceof a �uid phaseon convection in

granularassemblies,thebubblingin �uidized beds,or instabilitiesassociatedwith gravi-

tationaloverturning.Recentlyhowever, in two dimensionssuccessfulsimulationsof rhe-

ologicalbehavior [34, 69] have beenperformed.Themosttime consumingpartof these

algorithmsis the recurrentnecessityto generatenew, geometryadaptedgrids because

continuousdistortionof the initial grid will quickly resultin very elongatedelementsor

evenoverlapswith partsof theinternalboundary(aparticle).

Other techniquescan deal with many particles,but usephenomenologicalexpressions

[53, 91, 102, 107] for the coupling betweenparticlesand �uid that are incapableof

renderingcorrectlysingleparticlebehavior andlimit severely thepredictive power of a

methodwhennew parameterrangesareexplored.Theseincludealsotheaveragedequa-

tion techniquesandtheEuler-Lagrangianformulationsthatarepopularin turbulent �o w
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simulations,wheredirectsimulationis prohibitively expensive[96, 99,102].

Several techniquesarebasedon the assumptionof low Reynoldsnumbers,which turns

the Navier-Stokesequationinto the linear Stokesequation. Thenoneexploits the fun-

damentalsolutionof the Stokesequationto eliminatethe needto computethe solution

everywherein space,but ratherusesaboundaryelementformulation[105] or amultipole

expansionfor thestressontheparticlesurface[10, 12,58] possiblytogetherwith speci�c

precautionsfor the divergentnear-�eld lubricationforces[88]. Naive implementations

of thesemethodsrequirethestorageandinversionof a full matrix. Only rathercomplex

clusteringtechniquesthatexploit thedecayof the in�uence of oneparticleon theother

with increasingdistancebetweenthetwo canreducethis effort to beproportionalto the

numberof particles(apartfrom logarithmiccorrections).However, no ef�cient boundary

integral techniqueis known to usfor thenonlinearNavier-Stokesproblem.

The mostpowerful techniquesin termsof the ability to dealwith large systemsof the

describedkind have proved to be thosethat usea �xed nonadaptive grid to represent

the �uid �o w. The particleboundariescan thenbe representedonly approximatelyas

permittedby theregulardiscretization.Suchtechniqueshave beensuccessfullyusedby

Laddin conjunctionwith a lattice-Boltzmann�o w solver [60, 61] or in Ref. [103] with a

moreconventional�nite differenceNavier-Stokessolver.

Themethodthatweproposeherefollowstheimmersedboundarytechniqueproposedby

FogelsonandPeskin[25]. Similarideasarealsoemployedin the�ctitious domainmethod

developedby Glowinskiandco-workers[30, 28,29] andearlierdomainembeddingmeth-

ods[16] aboutwhich we learnedonly aftermostof this work hadbeencompleted.The

basicideaof thesetwo approachesis to usethesameconstantgrid for theresolutionof

the �uid �o w at all timesandrepresentthe particlesnot asboundaryconditionsto the

�o w, but by a volumeforcetermor Lagrangemultipliers in theNavier-Stokesequation.

The �uid equationcanthenstill be solvedby very fastspecializedFourier or multigrid

techniquesthatexploit theregulargrid structure.

2.1 Numerical Method

We now describetheessentialsof our techniqueto treatlargenumbersof rigid particles

moving in a �uid modeledby the Navier-Stokesequations.The problemcanbe quite

cleanlyseparatedinto threeparts:(i) the�uid equations,(ii) themotionof thesuspended

particles,and(iii) their mutualcoupling. Most of the technicaldetailsof the �rst two

subproblemscanbefoundin theliteratureandwewill heregiveonly themostimportant

factsfor completeness.Theway of couplingthesetwo phaseswill beaddressedin more

detail.
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2.1.1 Liquid

OurstartingpointsaretheNavier-Stokesequationsdescribingthemotionof aNewtonian

�uid with inertia,

�
@~v
@t

+ � (~v � r )~v = �r p + � r 2~v + ~f : (2.1)

Here � and � denotethe �uid densityandviscosity, ~v andp its velocity andpressure,

respectively, and ~f a volumeforce term. As usual[63], we will not considerthe time

independentgravity contributionto ~f explicitly, but cancelit againstthehydrostaticpres-

sureandomit bothtermsfrom Eq.(2.1).Thecorrespondingbuoyancy forceswill betaken

into accountexplicitly in the equationsof motion of the suspendedparticles. However,

we will requirea �uctuating componentof ~f asanessentialingredientof our simulation

technique(seebelow), so that the volumeforce term mustbe left in Eq. (2.1). For the

following, we will considerthe liquid asincompressible,i.e., r � ~v = 0, andchoosethe

solutionmethodfor the �uid equationaccordingly. Incompressibilityis not a necessary

conditionfor thecouplingtechnique.

We usea staggeredmarker andcell (MAC) meshasthe basefor a secondorderspatial

�nite-dif ferencediscretizationof (2.1),whichsimpli�es considerablythetreatmentof the

pressureboundaryconditions[26]. Detailscanbe found,e.g.,in Ref. [78], Chap.6. If

we denotethe componentsof the velocity by u; v andw the discretizedNavier-Stokes

equationis givenby

u(n+1)
i;j;k � u(n)

i;j;k

� t
= � � x (u2)(n)

i;j;k � � y(uv)(n)
i;j;k � � z(uw)(n)

i;j;k

� � xp(n+1)
i;j;k +

1
Re

r 2u(n)
i;j;k ; (2.2)

v(n+1)
i;j;k � v(n)

i;j;k

� t
= � � x (vu)(n)

i;j;k � � y(v2)(n)
i;j;k � � z(vw)(n)

i;j;k

� � yp(n+1)
i;j;k +

1
Re

r 2v(n)
i;j;k ;

w(n+1)
i;j;k � w(n)

i;j;k

� t
= � � x (wu)(n)

i;j;k � � y(wv)(n)
i;j;k � � z(w2)(n)

i;j;k

� � zp(n+1)
i;j;k +

1
Re

r 2w(n)
i;j;k :
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where� t is thetimestepandthedifferentialoperatorsarede�ned by

� x f l ;m;n =
1
h

(f l+1 =2;m;n � f l � 1=2;m;n ) ; (2.3)

� y f l ;m;n =
1
h

(f l :m+1 =2;n � f l ;m � 1=2;n ) ;

� zf l ;m;n =
1
h

(f l :m;n +1 =2 � f l ;m;n � 1=2) ;

r 2f l ;m;n = � x � x f l ;m;n + � y � y f l ;m;n + � z � zf l ;m;n ;

� x � x f l ;m;n = � xx f l ;m;n =
f l+1 ;mn � 2f l ;m;n + f l � 1;m;n

h2
:

We calculatethe valuesof u; v andw locatedbetweenthe grid pointsby averagingthe

on-gridvalues,sothattheapproximationis still of secondorder.

The incompressibilityconstraintis satis�ed via anexplicit operator-splitting, fractional-

time-stepmethod,describedin detailin thesamereference.In thatframework, oneintro-

ducesan additionalprovisional “velocity” ~v� withoutphysicalmeaningin orderto split

theonevelocityequation(2.1) into two,

�
~v� � ~vn

� t
= � � ( ~r � ~vn)~vn + � r 2~vn + ~f n ; (2.4)

�
~vn+1 � ~v�

� t
= �r pn+1 : (2.5)

Here, the superscriptsn and n + 1; respectively, denotethe valuesat t = n � t and

t = (n + 1) � t. This systemof two equationsis mathematicallyequivalentto thesingle

equationthatwestartedout with.

An equationfor thepressurevariableis obtainedfrom Eq. (2.5)by takingthedivergence

andusingthatthedivergenceof theupdatedvelocity �eld ~vn+1 mustvanish,

r 2pn+1 =
�

� t
~r � ~v� : (2.6)

The stepsabove areoften consideredto be a projectionof Eqs.(2.4,2.5)onto a diver-

gencefreesubspaceof thevelocityvector�eld—the pressureequationis usedto remove

the“perpendicular”velocity componentscontainedin ~v� —andthustheterm“projection

method” is often employed in this context. The exact distribution of termsto the split

equationsis not unique;in principle,someof thevelocity termson theright handsideof

(2.4) couldappearin (2.5). Consequently, theunphysicaltemporary�eld ~v � would take

differentvalues,withoutaffecting~vn+1 :

The�uid equationsmustbesolvedsubjectto theboundaryandinitial conditionsimplied

by thecon�ning geometry, in our casea quadrilateralvolumewhich is either(i) limited

by �x ed walls on which no-slip conditionshold or (ii) periodically repeatedin space.

To obtain the boundaryconditionsfor Eq. (2.6), we project expression(2.5) onto the
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boundary'soutwardpointingnormal~n,

�
� t

�
vn+1

? � v�
?

�
= � (~n � r )pn+1 : (2.7)

Let usnow considerthespatiallydiscretizedformsof Eq. (2.6) and(2.7) in thevicinity

of aboundary, ase.g.,displayedin Fig. 2.1,

1
h

�
pn +1

1;m � pn +1
0;m

h �
pn +1

0;m � pn +1
� 1;m

h

�
+ 1

h

�
pn +1

0;m +1 � pn +1
0;m

h �
pn +1

0;m � pn +1
0;m � 1

h

�

= �
� t

�
v�

x ;0 ;m � v�
x ;�

h +
v�

y ;0 ;m � v�
y ;0 ;m � 1

h

� (2.8)

and

1
h

(pn+1
0;m � pn+1

� 1;m ) = �
�

� t

�
vn+1

x;� � v�
x ;�

�
: (2.9)

Here,h is thelatticespacingof thegrid usedfor thediscretizationandthesuf�x � refers

to valueson theboundary.

PSfragreplacements

�

p0;mp� 1;m p1;m

p0;m+1

p0;m� 1

v�
x ;� vx;0;m

vy;0;m� 1

vy;0;m

Figure2.1: Staggeredmarkerandcell (MAC) meshin thevicinity of averticalboundary.

The pressurep0;m discretizationis centeredin cell (0; m), the velocitiesareshiftedby

half thecell sizeto theright vx;0;m andupwardvy;0;m , respectively. Theevaluationof the

Laplaceoperatorappliedto p involvesone leg on which the pressurederivative across

theboundaryneedsto beknown. This derivativecanbereplacedby a termthat involves

both the unknown velocity v�
� on the boundaryandthe updatedvelocity vn+1

x;� 1;m on the

boundaryat thesamelocation(notshown).

If we now substitutethe expression(pn+1
0;m � pn+1

� 1;m )=h from Eq. (2.9) in (2.8), we see

that the the valueof v�
x ;� cancelsfrom both sidesof the equation. In otherwords, the

solutionof the pressureequationdoesnot dependon the speci�c valuesof v�
x ;� on the
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boundary. For computationalconvenience,we canthusin particulardemandthattheleft

handsideof the equationspecifyingthe boundaryconditionsshall vanish,i.e., vn+1
x;� =

v�
x ;� , correspondingto vanishingnormalderivativesof thepressureacrosstheboundary.

Thus,wedonotneedto know thesetwo valueswhenwesolve thepressureequation.

Also, theincompressibilityguaranteesthatwe satisfytheintegrability conditionsfor the

pressureequationwith Neumannconditions:

0 =
I

d~A � ~r p

!=
�

� t

Z
d~x r � ~v� =

�
� t

I
dA~n � ~v� =

�
� t

I
dA~n � ~vn+1 = 0: (2.10)

Theactualsolutionof thepressureequationis effectedby afastmultigrid schemethatex-

ploits theregularity of thegrid usedfor discretization.Thegeneralidea[35] anddetails

for two dimensions(2D) [53, 82] aregiven in the literature;the threedimensional(3D)

implementationis describedin [46]. The hierarchicalstructureof a multigrid scheme

ensuresthat thetime to solve thepressureequationis asymptoticallyproportionalto the

numberof grid points,a highly desirablefeaturefor large-scalesimulations. Sinceno

transforminto abstractspacesis necessaryas, e.g., in Fourier techniques,multigrid is

memoryef�cient andalsowell-suitedfor parallelizationby domaincomposition,asde-

scribed,e.g.,in [104].

One �uid time stephenceconsistsof �rst computingthe provisional velocity ~v� from

Eq. (2.4),which providesthe informationfor thesourcetermsof thepressureEq. (2.6).

Next thePoissonproblemis solvedwith Neumannconditions~n � r p = 0 ontheboundary

whereapplicable,i.e., for the nonperiodicdirections. For uniqueness,we demandthat

the averagepressureis zero. Finally, the pressurevaluesaresubstitutedin Eq. (2.5) to

calculatetheupdatedvelocities~vn+1 :

A local and linear Neumannstability analysisof the numericalschemeneglecting the

couplingof thevelocityequationsby thepressuretermleadsto thecondition

1 >
� 2

� 2h4

2

4

 
�h 2

�
+ 2� t

 

d �
dX

i =1

cos(ki h)

!! 2

+

 
�h
�

� t
dX

i =1

vi sin(ki h)

! 2
3

5

(2.11)

for linear stability of a standingwave perturbationwith wave numberki ; the vi arethe

local �uid velocity components.Theinequality(2.11)mustbesatis�ed at all discretiza-

tion nodesandfor all wavenumberski : Weobtaintwo simplernecessaryconditionsfrom

(2.11)by demandingthattheinequalityholdsfor thetwo squaresseparately. In the�rst,

we setcos(ki h) = � 1 and�nd

� t <
1
2d

�h 2

�
; (2.12)
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which is familiar from discretizationsof thediffusionequation.Now we de�ne themax-

imum value of all velocitiescomponentsover all space,vmax = maxjvi (~x)j; and set

sin(ki h) = 1 in thesecondsquare.Thenit follows that

� t <
h

dvmax
; (2.13)

a termdueto thepresenceof theconvectivenonlinearityof theNavier-Stokesequations.

2.1.2 Particle-�uid coupling

Themostchallengingpartof theproblemis thetreatmentof theno-slipboundarycondi-

tion for the�uid on theparticlesurfaces.We herebuild on anideathathasbeenapplied

by FogelsonandPeskin[25] to the caseof viscous�o w. Insteadof implementingthe

no-slip boundaryconditionsby modifying coef�cients of the discretizedsystem[90] or

employing grid adaptivity as in �nite-v olume or �nite-element techniques,we usethe

body-forceterm in the Navier-Stokesequationsto implementconstraintsactingon the

�uid suchasto mimic the presenceof rigid particlesat appropriateregionsin the �o w.

Theseregionswill moveasthephysicalparticleswill andthey will comprisesuf�ciently

many grid pointsin orderto representthegeometryof the physicalparticles.Sincethe

latticepointsarespatially�x ed,but theparticlesmove, theassociationof grid pointsto

particlerepresentingregionswill changein thecourseof thesimulation.

In moredetail,thecomputationof themotionof a physicalparticlei is decomposedinto

two contributions. A moving liquid volumeelementVi of thesameshapeastheparticle

constitutesthe �rst contribution. Let us for the momentassumethat we knew how to

move this elementrigidly within therestof the �uid, just asif it werea solid particleof

�uid density� f with massM l
i = Vi � f andmomentof inertia I l

i = cM l
i a

2: For simplicity

weassumethatwe dealwith disksor spheressothatI is representedby a scalar, a being

theparticleradiusandc = 1=2 or 2=5 in two andthreedimensions,respectively. As will

becomeclear, ourapproachis not limited to thesecases.

Thesecondcontribution is aparticletemplatethatalsohastheshapeof therigid physical

particle,but it carriesthemassM t
i , andthemomentof inertia I t

i : Thesevaluescomple-

mentthoseof the �uid contribution andsumto thevaluesof thephysicalparticlei , i.e.,

M i = M l
i + M t

i andI i = I l
i + I t

i : Theparticletemplateis rigid by de�nition. We like to

think of thetemplatemotionasrepresentingtheparticlemotion.

To make the generalideawork, we mustnow describehow to achieve a rigid coupling

betweenthe templateandtheassociated�uid element.To this end,we �rst introducea

numberni of referencepositions~r r
ij ; j = 1: : : ni distributedover thevolumeof template
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i . The~r r
ij arevectorsrelative to thecenterof massof templatei . Theassociatedspatial

coordinates~xr
ij changeonly dueto themovementandrotationof therigid template,

~xr
ij (t) = ~x i (t) + O i (t) � ~r r

ij ; (2.14)

whereO i describestheinstantaneousorientationand~x i is thepositionof thetemplate.In

the2D case,weobtainO i by forming therotationmatrixassociatedwith theoneangular

degreeof freedomof theparticle,in 3D we usequaternions[3] to representtheparticle

orientationandto computetherotationmatrixO i :

Associatedwith eachreferencepositionis a tracer~xm
ij ; j = 1: : : ni which tracksthe

motionof the�uid,

_~x
m
ij = ~v(~xm

ij ): (2.15)

Hereandin thefollowing weusedotsto indicatethetimederivativealongthetrajectories.

Pleasenotethatthetracersarepassivelyconvectedwith the�uid anddonotby themselves

constitutenew degreesof freedom.

Thecomparisonof thelocationof thetracerto thepositionof its referencepointallowsus

to judgewhetherthe�uid volumeVi haschangedshapeor takenanothertrajectoryasthe

associatedtemplate.Theconditionof rigid couplingtranslatesinto zerooffsetandzero

differencevelocityof thetracerandthereferencepointposition.Thedensityandlocation

of thetracersshouldin generalbechosensuchthatthenumberof degreesof freedomof

the�uid thatneedto becontrolledshouldequalthecontrollingnumberof tracers(please

note the pertinentcommentsat the endof this section). That is to say that eachtracer

shouldcontrola �uid volumeof hd; d beingthespatialdimension.

Now we obtainanexplicit numericalschemefor thecomputationof the forcedensity ~f

constrainingthe�uid motionasfollows. Wheneverbetweentracerandreferenceposition

thereoccursa nonvanishingdifferencein position~� ij = ~xm
ij � ~xr

ij or in velocity _~� ij , we

generatean additive contribution ~f ij to the force densityin the �uid that tendsto drive

theliquid andthusthetracerbackto thereferencepositionandto diminishtheir relative

velocity. Onepossiblechoiceis

~f ij (~x) = (� k~� ij � 2
 _~� ij )� (~x � ~xm
ij ); (2.16)

wherek is a “spring” constant,
 a dampingconstant,and� (~x) theDirac distribution. In

ourexplicit technique,k mustbechosenlargeenoughsothatj� ij j � h holdsatall times.

Similarly, the dissipationintroducedby the velocity-proportionalfriction controlledby


 mustbesmallenoughto benegligible againsttheexternalphysicalsourcesof energy

dissipation.The force density ~f in the �uid equation(2.1) is the sumover all particles

i andreferencepoints j of ~f ij : A slight modi�cation is neededin the caseof periodic

boundaryconditionswhichwill bediscussedseparatelyin Section2.1.4.
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We must regularizethe � functionsin the �rst part of the sum(2.16) by, e.g., linearly

or quadraticallyweighted,interpolationto the nearestgrid points. For example,in 2D,

� (~x � ~x0) is “distributed” linearly to thefour grid pointsclosestto ~x0with weightsw� k;� l

accordingto theperpendiculardistancesof ~x0 = (x0; y0) from thediscretizationgrid point

(xkl ; ykl) just below to theleft. Theindicesk andl shallheredenotegrid indicesasused

in Fig. 2.1

w00 =
1
h2

�
1 �

jx0 � xkl j
h

� �
1 �

jy0� ykl j
h

�
;

w10 =
1
h2

jx0 � xkl j
h

�
1 �

jy0� ykl j
h

�
;

w01 =
1
h2

�
1 �

jx0 � xkl j
h

�
jy0� ykl j

h
;

w11 =
1
h2

jx0 � xkl j
h

jy0 � xkl j
h

:

Pleasenotethatdueto theuseof astaggeredgrid, the(x i ; yi ) will in generalbedifferent

for differentcomponentsof theforce.

Theprefactor1=h2 presentin theexpressionfor theweightsabove ensuresthat thespa-

tial integral over this representationyields unity [91]. Generalizationof this formula to

quadraticor nth orderweightsaswell asgeneraldimensionsd is straightforward,

w(n)
� l1 ;:::;� ld

=
1
hd

dY

i =1

�
� 0� l i

�
1 �

jx0
i � x i ;l1 ;:::ld jn

hn

�
+ � 1� l i

jx0
i � x i ;l1 ;::: ld jn

hn

�
: (2.17)

Here, the index i refersto the vectorcomponentand the indicesl i the locationof the

closestgrid point whosepositioncomponentsareall just smallerthanthoseof ~x0: Larger

n tendto concentratetheweight in thegrid point closestto ~x0. Theapplicationof such

higherorderweightshasadvantageswhenthe referencepointsareplacedup to exactly

theradiusof theparticle.

Fogelson,Peskin[25] andStockie[98] usesmoother, longerrangedkernels,involving

exponentialsand trigonometricfunctionswhich (i) are numericallymore expensive to

evaluateand(ii) donotseemto accelerateconvergenceof thepressuresolutionevenif the

sourcetermsaresmoother. Weconsiderastheadvantageof thesekernelstheir capability

to obtaina grid independentlimit for the forcedensityandthustheemerging motion if

thenumberof controlpointsis �x edandh ! 0:

In orderto estimatethelargestpossiblek atagiventimestep� t weconsiderasystemof

coupledmasses.Thevalueof k togetherwith thereducedmass

M =
M t

i � M f

M t
i + � M f

(2.18)
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of the particletemplateM t
i andthe �uid element� M f = � f hd at ~xr

ij introducesa time

scaleof oscillation,

T t =
1

2�

r
M
ni k

; (2.19)

whichmustberesolvedby theintegration,i.e.,� t � T t : Only for thesesuf�ciently small

� t; wecanguaranteestabilityandnumericalcorrectnessof theparticleintegration.

For many computationswe have adjustedk sothattheabove inequalityis satis�edwhen

� t is of theorderof thediffusive stability limit (2.12)imposedby the �uid integration,

i.e.,

� t <
1
2d

�h 2

�
: (2.20)

Thus,k canbedeterminedfrom

k = const
M

ni � t2
(2.21)

In our teststhatwe haveperformed,stabilitywasalwaysachievedif � t < 1=20
T t :

In 2D simulationswe have hadgoodexperienceswith 
 valuescloseto aperiodicdamp-

ing of theparticletemplate—inthiscasetheassumptionthatthetracerpositionsare�x ed

yields
 =
p

kM t . Thishasofteneliminatedsmall,but unphysicaloscillationsof thepar-

ticles,in particularin thebeginningof thesimulations.Theseoscillationsdonot indicate

instabilitiesof thenumericalscheme,but re�ect theoscillatorytime scaleresultingfrom

templatemassandcouplingconstantk.

In 3D simulations,probablydueto the largernumberof controlpoints,
 = 0 seemsto

suf�ce. Our empiricalexperiencesconcerningtheadmissiblemaximumnumberof trac-

ersarenot conclusive. Whereasin dynamicalsimulationswith moving particlesit seems

oftenpossibleto increasethenumberbeyondthenumberof grid cellswithin oneparticle

volume,in low-Reynolds-numbercomputationswith staticparticlearrangements,we of-

tenneedto decreasethetracerdensityto beslightly below this limit to avoid instabilities.

Sincethe strongestgradientsof the stressoccuron the particlesurface,computational

ef�ciency suggeststo reducethe tracerdensityin theparticleinterior. Moreover, in the

viscousregime,theinertial effectsdueto the�uid in theinterior of eachparticledomain

arenegligible. Interior tracersareonly necessaryto resolvechangesin theangularveloc-

ity accurately. Thesewill beimportantif signi�cant changesin theangularvelocityoccur

on timescalesshorterthanthosefor thediffusionof vorticity acrosstheparticlediameter,

i.e., whenwe leave theregime of validity of thequasistaticapproximation.For particle

Reynoldsnumbersof about1 andsuf�ciently small concentrations� / 0:2, whereit

follows from the work of Goldmanet al. [31] that effectsfrom the rotationalmotion in
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viscoussuspensionsaregenerallyweak,we considertheneglectof interior tracersjusti-

�ed.

2.1.3 Particle motion

The constraintforce distribution that we have introducedto guaranteequasirigid �uid

motion must be cancelledby oppositeequaltermsacting on the particle templatesso

thatonly externalforcesremainin themomentumbalanceof thecombinedsystem.This

cancellationis quitenaturallyachievedby applyingNewton's secondlaw to the“spring”

associatedwith eachreference-point-tracerpair. Thatis to saythat

~Fij = k~� ij + 2
 _~� ij (2.22)

is theforceactingonparticletemplatei at thelocationof referencepoint j . Similarly, the

angularmomentumbalancewill besatis�edwhenwe take thetorqueto be

~� ij = (~xr
ij � ~x i ) � ~Fij (2.23)

with respectto thetemplatecenterof mass~x i .

As furthercontributionssingleparticleforces,gravity andbuoyancy needto betakeninto

account,

~F s
i = � M i g~ez + �V i g~ez = (� � � p)Vi g~ez; (2.24)

wherewehaveused� p for theparticledensityandVi for its volume(or areain 2D).

We now needto addressthe questionof direct particle-particleinteractions. In most

non-Browniansuspensionsthesearenegligible comparedto thehydrodynamiceffectsat

short distancesbetweenparticles. For example,the approachof two particlesis very

stronglydampedby thehydrodynamicallubricationforcesbetweenthetwo surfaces(see,

e.g.,[20]). Numericallytheseforceswill be stronglyunderestimatedwhenthe distance

betweentwo particlesbecomesof the order of the lattice spacing. It is clear that all

�x edgrid techniques(includinglatticeBoltzmann)show this shortcoming,but evenoff-

latticeparticlemethods(asDPD) similarly underestimatethe lubricationforcesbecause

themodelintrinsicmeanfreepathsetsalengthscalebelow whichviscousstressescannot

beproperlyrepresented.

We modelsurfacecontactsbetweenparticles—andsolve at thesametime thenumerical

problemsarisingfrom possiblelargeparticleoverlaps—byintroducinga pairwiserepul-

siveforcethatactswhenthecentersof twoparticlescomecloserthanthesumof theirradii



30 2.1NumericalMethod

ai + ak . Let theoverlapbetweenparticlesi andk bede�nedas~� ik = (ai + ak � j~x i � ~xk j)~eik ;

with ~eik denotingtheunit vectorpointingfrom k to i: Thenwe take theforceon i to be

~F p
ik = � kp

~� ik : (2.25)

In a similar manner, onemay considerexplicit interactiontermsto restorethe correct

forceson the particlesat short distances/ h [61, 91]. However, our resultsindicate

thatin thestudiedconcentrationrangethelubricationeffectsarerecoveredto asuf�cient

degreeby ournumerics.At increasingconcentrations,suchcorrectionswill beof crucial

importance[72].

The total force ~Fi on particletemplatei is thesum ~Fi = ~F s
i +

P
k

~F p
ik +

P
j

~Fij : Apart

from the�uid reactionforce ~Fij ; whichalsodescribesthe“unphysical”constraintforces,

(cf. Sec.2.1.2),thesetermsarethosethatweexpectfor a“physical” particleto bepresent.

A Velocity-Verlet integrator[3] servesto integratetheequationsof motionfor thetrans-

lationof thetemplate,

•~x i = ~Fi =M i (2.26)

anda Gear-predictor-correctorintegratorof fourth order [82] for the rotation. For the

quaternionformulationof therotation,we referthereaderto Ref. [3].

To brie�y summarizethe above, we would like to stressagainthat the modelingof a

rigid, heavy particlerequiresthe(i) “freezing” of theregion of �uid occupying thespace

of theparticleand(ii) thecouplingof this region to a particletemplatewhosedynamical

propertiessupplementthoseof the�uid in suchafashionthatthecoupledsystembehaves

just asthe modeledparticlewould. The argumentsabove canbe put in a slightly more

stringentmathematicalcontext, for whichwereferthereaderto theappendixof thispaper.

2.1.4 Treatmentof periodic systemsand dri ving

In orderto minimizeeffectsfrom rigid walls it is oftenconvenientto studyperiodically

repeatedcells. Periodicityin the following will alwaysmeanperiodicity in spaceonly.

Oneshouldbeaware,however, that the long rangenatureof thehydrodynamicinterac-

tionsmightcausesomeartifactsin thiscase[55], mainlyincreasingauto-correlationtimes

associatedwith theverticalmotion.

Gravity, or an imposeddriving pressuregradientsingleout onespeci�c direction, say

thevertical.Whereasperiodicboundaryconditionsposeno additionaldif�culties for the

solutionof the �uid andparticleequationsperpendicularto that direction,we needto

specifymorepreciselywhatwe meanby periodicityparallel to it. We will hereconsider
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the caseof driving the systemgravitationally via the densitydifferenceof particlesand

�uid.

For the �uid velocity �eld we requireperiodicity of the solutionacrossthe horizontal

systemboundaryin z direction, i.e., ~v(~x + N L z~ez) = ~v(~x); whereN is an arbitrary

integerandL z thesizeof thesystemin z direction. Similarly, theparticlepositionsand

associatedvelocitiescanbeperiodicallyextended.

If we considerthe caseof a sectionof a vertically positionedtube, then we can also

demandthe pressureto be a function periodicwith periodL z~ez: Due to the periodicity

of ~f arisingfrom the(periodic)particlemotionandtheperiodicvelocity �eld, thesource

termof thepressureequationis alsoperiodic,theintegrability conditionsaresatis�edand

we obtaina periodicsolutionfor thepressurewhich is uniqueup to a constantwhich we

choosesothattheaveragepressurevanishes.Physically, this systemwill evolve towards

a statisticallystationarystatein which on averagethe viscousforcesoriginatingat the

wallsbalancethegravitationaldriving.

In thecaseof sedimentingsystems,it is however morenaturalto imaginethesimulation

cell asa smallpartof a largersystem.In this case,thereareno walls thatcouldprovide

balancingviscousforcesto counteractthe gravitation. The leastconstrainingcondition

on thesystemthatstill guaranteesevolution to astationarystateis to assumethatthereis

no netaccelerationat any time on thecomponentswithin theconsideredcell. That is to

say, thatat any time, we mustmake surethat the integral over thesimulationvolumeof

theright handside

D
Dt

� ~v = � ~r p| {z }
(I )

+ � r 2~v| {z }
(I I )

+ ~f|{z}
(I I I )

(2.27)

of the Navier-Stokesequation(2.1) vanishes.Now, for the term (II) we apply Gauss's

theoremand�nd that it dependsonly on the valuesof thevelocity gradienttensorinte-

gratedover thesurfaceof thecell. Sincethevelocity �eld is periodic,contributionsfrom

oppositefacescancelidenticallyandthis termis alwayszero.If we decomposethepres-

sureinto (i) a linearlyvaryingpartand(ii) apurelyperiodiccontribution,thenfor similar

reasons,thevolumeintegralover thegradientof theperiodicpartvanishes.

Thusweareleft with contributionsfrom theintegratedforcedensity(III) andanaverage

pressuregradient(I), whicharisein additionto thewell-knownhydrostaticpart. If wetake

thesetwo timedependenttermsto beequal—informalanalogyto thehydrostaticcase—

then they cancelfrom Eq. (2.27). The total accelerationof the �uid in the simulation

volumethusvanishes.

For computationalpurposes,we simply subtractfrom the �eld ~f its spatialaverageand
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thusobtain�uid andpressureequationsthatallow spatiallyperiodicsolutions.

~f (~x) =
X

ij

~f ij (~x) �
1
V

Z

V
d~x

X

ij

~f ij (~x) =
1
V

X

ij

Fij : (2.28)

Physically, we canthink of theassociatedconstantpressuregradient

r plin =
1
V

Z
d~x ~f ; (2.29)

which dropsfrom Eq. (2.27),asgiving rise to a buoyancy force. This buoyancy force,

however, is alreadycorrectlyincludedin the“tracer-spring” forcesappearingin theparti-

cle equationsof motion(cf. Sec.2.1.3),sincewe would reducethetracerforcesby their

averageandaddthesametermagain,now in the form of a buoyancy contribution from

theliquid.

2.1.5 Summary of the numerical procedure

We now brie�y summarizethe sequenceof stepsdescribedabove that arenecessaryto

performonetimestepin oursimulation.

1. We perform the predictorpart of the Gearalgorithm for both the templateand

marker positions. No forcesneedto be known at this point, becausethe predic-

tion is solelybasedonTaylorcoef�cients of thetrajectorieswhichwerepreviously

recorded.

2. Likewise,we updatethequaternionsandtheangularvelocity representingthede-

greesof freedomof rotationof eachtemplate.We thenusetheir valuesto compute

the rotationmatrix O i (t) to �nd thepredictedlocationof thereferencepoints[cf.

Eq. (2.14].

3. Fromthepredictedparticletemplatelocationtheinterparticleforcesarecomputed

accordingto Eq.(2.25).

4. Now we arein a positionto comparethepredictedtracerpositionsto thepredicted

referencepoint locationsand infer the constraintforces ~f ij necessaryto impose

rigid motion on the �uid [(Eq. 2.16)]. The integrationof ~f ij over its supportand

summationover all tracersassociatedto templatei yieldsthereactionforceof the

�uid ontothetemplate.Similarly, wedeterminetheactingtorqueusingEq.(2.23).

5. Knowing the force distribution ~f ij and the �uid velocity �eld, we now know all

termson theright handsideof Eq.(2.4)andcanperforma �uid updateby
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(a) calculationof the provisional “velocity” �eld ~v� ; from the currentvelocities

~vn andtheconstraintforces~f ij ;

(b) determinationof thepressurefrom thePoissonequation(2.6) by a multigrid

procedure,

(c) and�nally by advancingthe�uid velocity to ~vn+1 from theknowledgeof the

pressure�eld andthe“old” velocities~vn [Eq. (2.5)].

6. Fromthepredictedtracerpositionsandthenew �uid velocityvalueswe obtainthe

correctiontermsfor thetracertrajectoriesnecessaryfor thesecond(correction)part

of Gear's integratorfor thetracers[Eq. (2.26)].

7. Similarly, a correctionstepis performedfor the translationalandthe angularve-

locity of thetemplatesusingthepreviously computedtorquesandforces.Thecor-

rectedangularvelocitywill thenbeusedto correctthequaternionvaluesthattrace

theorientationof theparticle(Sec.2.1.3).

At this point we have completedthe time stepandcanperformmeasurementson a con-

sistentsetof dynamicalquantities.

2.2 Validation of the Navier-Stokessolver

TheNavier-Stokessolveroutlinedin Sec.2.1.1hasbeentestedon thelimiting stationary

�o w patternin the driven-cavity problem[11] for Reynoldsnumberson the box scale

of Re = UL�=� < 100; whereU denotesthescaleof the imposedvelocities. As time

dependent�o ws we have testedsinusoidalvelocity pro�les betweenparallelplatesand

veri�ed theexactlyexponentialapproachto restandtheassociateddecayconstant.

Dueto theexplicit methodandtheinherent“dif fusive” stabilityconstraint,� t < �h 2=2d� ,

very low-Reynolds-numbercalculations(� ! 1 ) requireincreasinglyshortertimesteps

andwill becomeprohibitively expensive.However, this limitation canbeovercomeby an

implicit time stepping,possiblyexploiting that theNavier-Stokesequationsturn into the

linearStokesequationsfor Re ! 0.

We do not think that it is practical to usethe proposedmethodin many particle sys-

tems(orderof 10000) beyondReynoldsnumberson theparticle scalelarger thanRe =

�aU =� = 10: : : 20, becausethe �o w on andbelow the Kolmogorov scalemustbe re-

solved. In this regimethegrid re�nementfor methodswithout turbulencemodelingwill

soonrenderthecomputationaleffort unacceptable.
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It shouldalsobenotedthatmodernimplicit andadaptive-gridmethodsaremoresuitable

for high precisioncomputationof time dependentpure�uid �o ws in static geometries.

In the context of model building for suspension�o ws with moving particleshowever,

�x ed grid methodsdo not requireremeshing.Moreover, an explicit techniquelike the

oneproposedabove providesgreat�e xibility to implementparticle-particleinteractions,

i.e., additionalshort-rangeattractive forcesof vander Waalstype to modelaggregation

phenomena,or materialpropertiesof theparticles.

2.3 The caseof oneparticle: cubic periodic arrays

2.3.1 Setup

As the �rst testcasein which boundaryconditionson the particlesurfacehave a non-

trivial in�uence onthe�o w weconsidera �uid passingthroughacubicperiodicarrange-

mentof �x ed spheresat low Reynoldsnumbers.Thearising�o w hasbeenanalyzedin

thepointparticleapproximationby Hasimoto[41] for smallvolumefractions� . Among

others,Ladd [58] as well as Sanganiand Acrivos [89] have consideredlarger volume

fractionsup to the limit of � = � =6 with numericalmethodsin the viscousregime.

Morerecently, KochandLadd[54] havepublishedresultsfor cylinderarraysatmoderate

Reynoldsnumbersusinglattice-Boltzmanntechniques.

To this end, we imposeat eachpoint of the grid at �rst a constantacceleration~f =

~ez� P=L correspondingto a constantpressuredrop� P=L over thelengthL of thecubic

cell. Periodicboundaryconditionsareusedon the �uctuating, non-linearlyincreasing

part of the pressureandthe �o w velocities. The particlepositionsandorientationsare

�x edto betheinitial ones.

The simulationsareperformedin 2D and3D asdynamicalcalculationsstartingfrom a

�uid �eld at restuntil a steady�o w stateresults.Theapproachto stationarityis slower

at lowersolid volume/areafractions.In 3D, we stopwhenanexponentialapproximation

indicatesthat theexpectedadditionalchangesto the �o w ratearelessthana fractionof

0:02. In 2D, we have adjustedthepressuredropduringthesimulationto obtainconstant

volumetric�o w ratesandthusconstantReynoldsnumbers.

Thedragforce ~FD on oneparticleis determinedby summingthecontributionsfrom all

the correspondingreference-point-tracerpairsaccordingto Eq. (2.22). If we divide the

modulusFD = j ~FD j of thedragforceby thevolumetric�o w rateU;

U =
1
V

Z
d~x vz(~x) (2.30)
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obtainedby averagingthe�o w velocityoverthecell volumeV; andreferthevalueto that

of anisolatedsphere,thenthedimensionlessdragcoef�cient

� D =
FD

6� � aU
(2.31)

results.

In 2D, FD is thedragforceperunit lengthof thecylinder. We refer it to � U which has

therequiredunitsof forceperunit length,

� D =
FD

� U
: (2.32)

Both thesedragcoef�cients areknown to have correctionsO(Re2) in arrayswhich have

re�ection symmetrywith respectto theaxisof the�o w [54, 71].

Similarly, therotationaldragcoef�cients canbecomputedby imposingconstantangular

velocitieson theparticlesandletting the �o w adjust. In theviscousregime,both in 2D

and3D, the torqueis proportionalto theangularvelocity. In 3D, we refer the resulting

torqueon thesphereto thetheoreticalvalueof anisolatedsphere

� R =
� R

8� � a3!
: (2.33)

In 2D, the theoreticalvalueof the torqueper unit lengthon an isolatedcylinder in an

in�nite mediumis 4� a2� ! ; sothatadimensionlessdragcoef�cient

� R =
� R

4� a2� !
(2.34)

canbede�ned.

2.3.2 Meshsizedependence

Dueto thelackof adaptivity at theparticlesurface,weexpecttheeffectivehydrodynamic

radiusof the particlesto be slightly larger thanthe geometricalradiusof the reference

point arrangement,becauseeachpoint controlsa �uid volumeof extenthd reachingbe-

yondits geometriclocationby h=2 in eachdirection.In fact,if thecon�ning radiusof the

referencepoint placementis takento bethegeometrictemplateradius,thenwe measure

asa functionof meshsizethedragcoef�cients shown in Fig. 2.2,here� = 0:0335. We

seethat indeedthevaluesextrapolateto asymptoticvaluesash ! 0 with leadingerror

proportionalto h.

We canthusimprove the accuracy of the simulationby taking this effect explicitly into

account[61] by modifying the placementof the referencepoints. Let us write for the

effectivehydrodynamicradiusae� , assumingthat� a is linearin h,

ae� (h) = a + � a(h) = a + mh: (2.35)
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Figure2.2: Dependenceon meshsizeh of thedimensionlesstranslational� D =6� � a and

rotationalfriction coef�cient � R=8� � a2 in threedimensions,denotedby symbols+ and

� , respectively. Thevaluesarefor avolumefractionof � = 0:0335atRe ! 0: It canbe

seenthatthenecessarycorrectionto thedragcoef�cient is linearin h.

Thedependenceof thefriction coef�cient on thevolumefractioncanbeTaylorexpanded

aroundthevolumefractioncorrespondingto aparticlewith radiusa,

� (�( ae� )) = � (�( a)) + � 0(�( a))� 0(a)� a(h)

= � (�( a)) + � 0(�( a))� 0(a)mh: (2.36)

Comparingtheslopein Fig. 2.2 to theprefactorof h; andusingthederivative � 0(�( a))

from the literature[58], we �nd m � 0:3: This valueholdsfor 3D andquadraticn = 2

interpolationschemefor the � functionsin the force density[cf. Eq. (2.17)]. For the

dynamicalsimulationsin thenext section,we thereforeretractthe tracersby anamount

of 0:3h from thegeometricsurface;in 2D weusem = 0:5h with n = 1 interpolation.

2.3.3 Translational drag and rotational friction coef�cients

In Fig. 2.3we show theresultsof theextrapolationto h = 0 of thetranslationaldragfor

2D and3D. In 3D we comparewith Ladd's [58] numericalsolutionsof theStokesequa-

tion with thesameboundaryconditions.In 2D,wecompareto theresultsof Sangani[89].

In the3D simulationsthepressuredrop is adjustedduring thesimulationto achieve the

samevolumetric �o w rate (andthusReynoldsnumber)independentof volumeor area

fraction of the obstacles.In 2D, the Reynoldsnumberbasedon the �o w rateand the

radiusof theobstacledoesnot exceed0:1.
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Figure2.3: (a) Drag coef�cient � D in (a) a periodic,3D simplecubic arrangementof

spheres.(b) NaturalLogarithmln � D of thedragcoef�cient in anarrayof cylindersfor

two differentunit cells thatareexpectedto yield thesameresistanceto �o w. Thesolid

line in (b) is a cubic splinethroughthe logarithmof the semi-analyticalresultsfor the

friction coef�cients givenin Ref. [89].

In Fig. 2.4 thecorrespondingresultsfor therotationalfriction coef�cients � R areshown

asfunctionsof volumeandareafraction. In two dimensionsdifferentsymbolsdenote

differentarrangementsof thecylinderswith respectto thediscretization.In onecasethe

particleis locatedat position(0,0) in thecell of sizeL � L, in theothertheunit cell was

chosento includetwo particles,oneat (0,0), theotherat (L=2; L=2). Thesymmetriesof

thearrayimply thatin bothcasesthesamescalarfriction coef�cient mustresult.

In both 2D and3D, we have computedthe dragcoef�cients by linear interpolationto

h = 0 of the h-dependentresults.For the densestpackingsin 2D, the gapbetweenthe

particlesis about13grid cellswide for the�nest grid used.Therelativedifferenceof the

friction coef�cients computedfor thetwo �nest grids(13grid cellsand6 grid cellsacross

thegap)is about0:04. Table2.1summarizesthenumericalresultsfor therotationaldrag

in thecylinderarrayfor which wedid not �nd valuesin theliteratureavailableto us.

2.4 Sedimentationvelocity asa function of volume frac-

tion

The measurementof the sedimentationvelocity of an ensembleof many spheresas a

functionof the volumefraction constitutesa morerealistictestthanthe two above. As
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Figure2.4: Rotationalfriction coef�cient � R in aperiodicarrangementof (a)3D spheres,

(b) 2D cylinders. In 3D, thesolid line is a cubicsplinethroughthenumericalresultsof

Ladd[58].

� � R = � R=4� a2� !

0:0314 1:07

0:049 1:08

0:0872 1:11

0:125 1:15

0:155 1:2

0:196 1:27

0:256 1:36

0:297 1:45

0:349 1:58

0:415 1:78

0:502 2:12

0:62 3:08

0:649 3:38

0:679 3:83

0:712 5:05

0:747 7:9

Table2.1: Dimensionlessresistanceto rotationin anarrayof cylindersatRe = a2! �=� =

0:1:
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in thecaseof the�x edspherearrangementin thetwo precedingtestswechooseperiodic

boundaryconditionsonoursamplecell thatnow, however, containsmany sphereswhose

positionandorientationcanevolve dynamicallywithout arti�cial kinematicconstraints.

Gravitation actsasthe driving force via the densitydifferenceof particlesand�uid. It

waschosensuchthat theReynoldsnumberon theparticlescaleof a singlesedimenting

particle,in 3D,

Re =
2
9

a3

� 2
� (� p � � )g (2.37)

is about0:1. In 2D, we assuredby testsimulationson singlefalling discsthatwe arein

thesamerangeof Reynoldsnumbers.

As motivatedin Sec.2.1.2,weuseonly oneshellof tracerssuchthattheirhydrodynamic

radiusequalsthegeometricradiusof thetemplate.Theirnumberis takento betheinteger

partof 4� a2=h2; i.e.,approximatelyequalto thenumberof �uid volumeelementson the

surfaceof eachparticle.

ThemeansedimentationvelocityUs is measuredin experimentseitherasthevelocitywith

which theupperfront of theparticlerich phasesettlesor, whensingleparticlevelocities

canbemeasured,asthemeanvelocityof theparticlephase.Wewill hereadoptthelatter

methodbecausewecannotobserveconcentrationfrontsin aperiodicsimulationcell,

Us =
1
N

NX

i =1

~Ui � ~ez: (2.38)

To obtainadimensionlessquantity, we referthevalueof Us to thevelocityU0 of asingle

falling particlein thesamecell. This proceduretakessomecorrectionsdueto �nite cell

sizeandReynoldsnumberinto account.

Fig. 2.5shows theresultsfor thesedimentationvelocity asa functionof volumefraction

for 2D and3D. In 3D wecompareto theempiricallaw of RichardsonandZaki

Us=U0 = (1 � �) n ; (2.39)

with n = 5:0. We seegoodagreementto theexperimental�ndings in theviscousregime

which �nd valuesof n = 5: : : 6 [75].

In 2D, thecomputationof a hinderedsettlingfunction is a somewhatacademicexercise

which we havedoneto juxtaposetheresultsto the3D ones.We have �x edtheReynolds

numberfor thesinglecylinder experimentto 0:1 on theparticlescale.We vary thearea

fraction,keepingall otherparametersconstant.Themeansettlingvelocity asa function

of areafractionis thenbeencomputedandnormalizedby thesingleparticlevalue.

In 2D, the best�t of a Richardson-Zakilike law yields an exponentof n � 3:8; sub-

stantiallysmallerthanin 3D. The effect of a lower n in 2D hasbeenseenbeforeusing
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Figure2.5: Sedimentationvelocity in a periodicallyrepeatedcell: (a) 3D, (b) 2D. The

actionof gravity is counteractedby aconstantpressuregradientin theoppositedirection,

suchthat at all timesthe volume�ux acrossa horizontalcut throughthe cell vanishes.

Thesizeof the3D cell is 12a� 12a� 12a; thatof the2D cell 64a� 64a(h = 0:25). Both

simulationsare performedat a Reynolds numberof approximately0:1 on the particle

scale(for singleparticlesfalling)

point-forceapproximationsfor the suspendedparticles[52]. However, the �t to sucha

power law is only motivatedby the analogyto 3D andis in fact not convincing. Most

of the differenceat larger volumefractionsmight be relatedto the areafraction of the

randomloosediskpackingin 2D (� 0:7) ascomparedto thesmallervalueof therandom

loosespherepackingin 3D (� 0:6); wherewe expectthesedimentationvelocity to drop

to 0 [73].

2.5 SomeNumerical Questions

2.5.1 PerformanceData

As describedin Sec. 2.1 our methodrequiresthe time steppingof the Navier-Stokes

equation,the computationof the tracermovementwith two interpolationstepsfor the

�uid velocity andforcedensity, andtheintegrationof theordinarydifferentialequations

that describethe particlemotion. For this latter part, we usea linked-cell techniqueto

reducethedeterminationof theparticlecontactforcesto anO(N ) problemin thenumber

of particles.Thetimespendin thispartof thealgorithmis only a few percentof thetotal
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computationtimeandis negligible.

Becausetheexact ratio of time spentin the �uid-solver andin thecouplingbetweenthe

�uid andtheparticlesdependsonvariousparameters,ase.g.themeshsizeh, thevolume

fraction� andthenumberof tracersperparticle,we justwantto giveanexamplefor the

computationalcostof a typical simulationdoneto calculatethe sedimentationvelocity

of a suspension.In this particularcasewe used653 � 2:7 � 105 �uid grid pointsand

h = 0:375. Thusthe cell wasof a cubewith edgesof approximately24 particle radii

length. A volume fraction of � = 0:1 correspondsthereforeto 331 particleswith 93

tracerseach,representinga total of 30783tracers.

Onetime stepof this systemtakeson average2:6 secondson a Digital PersonalWork-

station433au.The�uid solverneedsabout54%andthecouplingcode35%of thetime.

The restwasspendin miscellaneousstatisticalcalculations,�le input/output,etc. The

computationof particleinteractionsandthe trajectoryintegrationrequireslessthan1%

of thetotalCPUtime.

In otherwords,pertime stepwe spentabout5:1 � 10� 6s on eachgrid point,about29�

10� 6s on eachtracerandabout50 � 10� 6s on eachsuspendedparticle. The memory

requirementssumup to 80 bytesper tracerand120bytesper �uid grid point, including

thedatastructuresnecessaryfor theimplicit pressureupdate.

2.5.2 Comparison to other techniques

Particle Methods

As wehaveseen,themajorchallengeof directsuspensionsimulationis theproperrepre-

sentationof moving boundariesin conjunctionwith numericalef�ciency. Sinceparticles

arenaturallydescribedin a Lagrangianpictureby comoving dynamicalvariables,one

couldjusti�ably askwhy not to gothewholewayandalsouseLagrangiantechniquesfor

the �uid. This is evenmoretrueastheNavier-Stokesequationsresultasthecontinuum

limit of the averagemotion of particlesystemsunderquite generalcircumstances[40].

Thefollowing issuesshouldbeconsidered:

1. the implementationof a pureLagrangiantechniqueis cleanerandmorestraight-

forward from a technicalpoint. At the sametime, even very simple interparticle

potentials(asin thedissipativeparticledynamicsmethod(DPD) or in directsimu-

lationsof, e.g.,Lennard-Jonessystems)requirealot morecomputationaleffort than

thetreatmentof agrid nodein aNavier-Stokessolver. Ourexperiencespointto fac-

torsof 3 � 5 for structurelessparticleswith linearspringinteractionsascompared

to oneNavier-Stokesnodein 3D.
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2. in general,it is not simpleto predict the averagematerialpropertiesof the parti-

cle phasefrom the propertiesof the interaction. Onestrongpoint of DPD with

respectto othercomputationalmethodsis thetheoreticalknowledgethathasbeen

collectedin therecentpastabouthow themicroscopicsimulationparameterscon-

trol themacroscopicpropertiesof theDPDliquid. However, asthediscussionabout

modelingheatconductionwithin theDPD framework hasshown, suchextensions

requirequite considerablecontrivancesand yet often materialparametersof the

puresuspendingphasehave to bedetermineda posteriori from thesimulationbe-

fore thepropertiesof themulti-phasesystemcanbedetermined.

3. in particlecodes,oneoftentakestherouteto modellargeror differentparticlesby

gluing togetherseveral (constituent)particlesof the type constitutingthe solvent

phase[81]. Suchanapproachis convenientandef�cient becauseit normallydoes

not requirespecialmeasuresto track theorientationor the translationof thecom-

positeparticle,becausethesecanbe reconstructedfrom the positionof the glued

particles. Also, the interactionsbetweenthe solvent and the constituentsof the

compositecomplex particlesareoftenof thesamenatureasthosebetweenthesol-

ventparticlesandcanthusbecomputedin thesamefashionwithout changingthe

structureof thesimulationprogram.

However, this conveniencecomesat the price of computingpair interactionsbe-

tweentheconstituentsto �x theshapeof thecompositeparticles. In contrast,the

marker-templatecouplingis asingleparticleinteraction.

Of courseit is alsoquitepossibleto connecttheconstituentsof a soluteparticleto

a shapepreserving(possiblymassless)rigid templateashasbeensuggestedhere

for the�uid-particle coupling.Thisapproachseemsto havebeentakenin theDPD

framework by a techniqueusedin Ref. [9].

4. In generalonemustbeawareof properscaleseparation.For example,thediscrete

natureof theparticlephaseintroducesa “noise” termwhichcauses�uctuating mo-

tion of thesuspendedparticles.Thisnoisecanbeconsideredafeatureif simulations

at low Pecl�etnumbersshallbeperformed(astheLennard-Jonessimulationsby Ra-

paport[44]) but mustbe eliminatedin oneway or the other in the limit of large

Pecl�et numbers.Similarly, the discretenatureof the solvent particleswill cause

breakdown of lubricationforceswhenthesoluteparticlesapproachsurface-surface

distancescloserthanthemeanfreepath(Knudsenlength)of thesolvent,aswehave

discussedin the context of lubricationforce modelingin Sec.2.1.3for �x ed grid

methods.

5. Particlecodeswith short-rangedinteractions,similar to explicit lattice-Boltzmann

techniques,displaya built-in compressibilityof the solvent phase.The speedof
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soundin thesesimulationsis oftenvery smallbecausetheparticleinteractionsare

takento berathersoft in orderto allow (apparently)largetimesteps.In contrast,in

continuumtechniquesonehasef�cient methodsto imposeincompressibility(solv-

ing aLaplaceequationfor thepressureequationin our case)or to resortto penalty

techniques[78] thateffectively replacethelong-rangeLaplacesolver by introduc-

ing anarti�cially compressiblemateriallaw.

Fixed lattice basedmethods

If insteadof usingaparticletechniqueoneattemptsto solveacontinuumequationfor the

�uid phasethenonehasconsiderablefreedomin thechoiceof solutionmethodologyand

in thechoiceof thephenomenologicalparametersenteringtheequation.Everynumerical

solutionof acontinuumequationrequiresadiscretizationof thecomputationaldomain.If

ahighprecisionof thesolutionis required,thediscretizationis oftentakenonanunstruc-

turedgrid andlocally re�ned in the courseof the solutionprocess.The computational

drawbacksarethecomplex datastructuresrequiredandtheentrainedcomputationalcost.

In addition,sinceparticle-�uid systemsarecharacterizedby movingboundaryconditions,

a remeshingof thecomputationalgrid mustoccurwhenit is distortedto suchanextent

thattherequirementsof the,e.g.,�nite-elementor �nite-v olumetechniquecannotlonger

bemet.

As we have outlined in the introductionof this paper, it is thus advantageousfor the

simulationof many-particlesystemsandif thedemandson theprecisionof thesolution

are not too high, to pick a nonadaptive, regular grid to discretizethe continuum�uid

equation.On sucha lattice we canfor exampleusethe lattice-Boltzmanntechnique,a

�nite-dif ferencecompressibleor incompressibleNavier-Stokesor Stokessolver, certain

latticegasautomata,etc.

As in particlemethods,certainissuesshouldbekeptin mind:

1. Perhapsthemostproblematicpoint is theimplementationof theno-slipconditions

ontheparticlesurfacesandthecomputationof thestresses.Concerningthematch-

ing of theparticlesto thegrid, considerablefreedomexistsandincludes

(a) (�rst order)discretizationof theparticlesurfaceon appropriategrid nodesor

links of therespective technique[60, 87,104] (�rst order),

(b) smoothlyvarying“interpolation” coef�cients to obtaina better, possiblysec-

ondorderaccurateestimateof thelocal in�uence of theboundary;for lattice

Boltzmann,cf. Ref. [23], for �nite differencesRef. [90].
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Similarly, boundarystressesmustbe evaluated. For lattice Boltzmann,typically

theknowledgeof thechangeof thevelocitypopulationassociatedwith a boundary

link or nodeis required,whereasthestressevaluationfor �nite differencesinvolves

directevaluationof thestresstensorusinglocal pressureandvelocity. Pleasenote

thatin ourmethodnoneof theabovestepsis necessary, asthepenaltyforcesonthe

�uid includethestressesthataredeterminedalreadyin thecourseof the�uid time

step.

2. Dependingon the type of discretizationused,stabilizationmeasuresneedto be

taken. The explicit lattice-Boltzmanndescribedin [60] requirestime averaging

(over two time steps)of the torqueto avoid instabilities. Nonstaggered�nite dif-

ferencegrids may show grid decouplinginstabilities. Also the generalstability

constraintsfrom linearanalysisof all explicit methodshave to beconsidered,most

notably the Neumanndiffusive criterion linking time stepandsquareof the grid

size.

3. In mostmodern(explicit or implicit) methodsthecomputationaleffort to perform

onetime stepis proportionalto thenumberof discretization“cells” that represent

often a setof variablesdescribingthe local con�guration of the continuum. For

example,in our method,the explicit part of the Navier-Stokes time stepand the

implicit solutionof thepressureequationbothhavethisproperty. Likewise,lattice-

Boltzmannmethodsrequireonly a reweightingof locally availableinformationto

updatethe local velocity histogram. So, the computationaleffort differs due to

the constantof proportionality. An explicit lattice-Boltzmanntechniquecanmost

directly be comparedto a penaltytechniquefor incompressible�o ws [78], which

areof similarcomputationalcomplexity.

4. The inclusion of energy conservation into a lattice-Boltzmannscheme,which is

necessaryto computeheat�o w, is to our knowledgestill anopenquestion[2, 84].

Thereis nocomparabledif�culty whenusingdirectlydiscretized�ux-conservation

equationsas,e.g.,theNavier-Stokesequationfor themomentum�ux.

To summarizetheabove,in suspensionphysicsthereis notonesinglesimulationmethod

that addressesthe entirespectrumof possibleconditions,with or without �uid inertia,

with or withoutparticleinertia,low or highPecl�et numbers,constitutivepropertiesof the

suspending�uid, constitutivepropertiesof thesuspendedphase(surfacetension,elastic-

ity, additionalinteractions),particlegeometry, etc. with �e xibility andef�ciency. As we

havestatedin theintroduction,thenichefor the�x edgrid methodpresentedhereis com-

putationat moderateor zeroReynoldsnumberwith likewisegoodto moderateaccuracy

dependingon theprice in processingtime thatoneis willing to pay. In that respectit is

verysimilar to thelattice-Boltzmannmethods[58, 60, 61].
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Brownian motion

The Navier-Stokesdescribesthe evolution of averagevelocity andpressureandis thus

naturally suitablefor systemsat high Pecl�et numberswhereno information aboutthe

discretenatureof the�uid andtheassociated�uctuationsis required.

On theotherextreme,molecularsimulationcapturesall �uctuating quantitiesaswell as

their spatialandtemporalcorrelations.In betweenthesetwo extremeswe �nd Brownian

dynamicsideas[3, 12]—incorporatingthermal�uctuations into theparticleequationsof

motions—and�uctuating hydrodynamics(cf. [63], Ch. XVII); bothneglectspatialand

temporalcorrelationsof thethermaldriving forces.

In �uctuating hydrodynamicsstress�uctuations � 0
ij (~x) arebuilt into the �uid equations

andtheir statisticalpropertiesarefoundby consideringideasfrom nonequilibriumther-

modynamics[63],

h� 0
ik (~x1; t1)� 0

lm (~x2; t2)i = 2kB T� (� il � km + � im � kl ) � (~x1 � ~x2)� (t1 � t2); (2.40)

wherekB is Boltzmann's constantandT the temperature.Fromthis expression,we can

�nd for any givendiscretizationa �nite stressvectorto beincludedontheright handside

of theNavier-Stokesequation(2.1).Wethusseethatthedescriptionof �uid thermal�uc-

tuationscanquitenaturallybeincludedin ournumericalframework andmightbesubject

of a future study. It shouldbe mentionedherethat in the context of lattice-Boltzmann

methodssimilar ideashavebeenusedto includethermal�uctuations[24, 59,60].

2.5.3 Scopefor impr oving the numerical scheme

Therearesomeunresolvednumericalquestionsthatwe would like to addressbeforewe

conclude.

In orderto eliminatethepurelynumericalconstantsk and
 , we have testedan implicit

schemethat doesnot requiretracers,but insteadassociatesin a quite similar fashiona

forcedirectly with eachreferencepoint. Thenwe make tentative �uid integrationsteps

usingtheseforcesandcomparetheresultingdifferencevelocitiesof �uid andtemplateat

thereferencepoints.Theforcesarenow modi�ed by anadditive termproportionalto the

velocitydifference,butwith theoppositedirection.Wethusarriveatsuccessively “better”

forcedistributionsresultingin decreasingdifferencevelocities.We haveobservedsucha

procedureto converge in simulationswith Re � 1, but did not useit extensively dueto

theadditionalcomputationaleffort.

Dueto thesmallslip allowedin our explicit “penalty” couplingtechniquethereoccursa

small residual�uid motion insidethe particleregions. As a result,a certainamountof
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energy is dissipatedevenif thecouplingof �uid andtracersis not dissipative. In 3D, we

�nd that the fractionof energy dissipatedinsideparticleregionsrangesfrom about0:01

in suspensionswith � = 0:05 up to about0:1 in for � = 0:3. Correspondingly, onecan

observe changesin the sedimentationspeed,which, dueto theseadditionaldissipation

channels,turn out to be smaller than expected. For more precisemeasurements,this

purely numericaldissipationmustbe reducedby stiffer couplingsandcorrespondingly

smallertime steps. More elaborateimplicit techniqueswill also improve the situation,

becausetherelativemotioninsideparticledomainscanbesuppressedentirely.

2.6 Somefurther remarks

2.6.1 on a continuum picture,

Theargumentsin Sec.2.1.2canbemademorepreciseif we try to understandtheproce-

duredescribedabove asthediscretizedversionof a continuumproblem.Let usstatethe

momentumequationof the�uid (2.1) in theform

D
Dt

� ~v = ~r � T + ~f : (2.41)

whereT denotesthe stresstensorof the �uid. Its divergenceis the expression� ~r p +

� r 2v for Newtonian�uids usedabove. For therigid particletemplate,wehave

M t
i
_~vi = ~F lp

i + ~F p
i � (M i � �V i )g~ez; (2.42)

with ~F lp
i astheforceactingfrom the�uid on thetemplate(determinedby summationof

the constraintforces), ~F p
i the force dueto the presenceof otherparticlesandthe term

proportionalto g representsweightandbuoyancy.

Let the region of �uid coveredby templatei at time t = 0 be denotedby 
 i (0). Con-

tinuoustime evolution accordingto Eq. (2.41) will deform this region into 
 i (t): The

positionsof thetracerstrackthis deformationandthusthemaximumsupj j~� ij j measures

thedeviationof 
 i (t) from theoriginalparticleshape.It mightbeintuitiveto think of the

markerelongations~� ij asrepresentativediscreteamplitudesof acontinuousdisplacement

�eld ~ui (~x) de�ned on templatei , relatedto theposition~xm
ij by ~xm

ij = ~xr
ij + ~ui (~xr

ij ). The

constraint�uid forcedensity~f i for particlei is relatedto ~ui asimpliedby Eq.(2.16),i.e.,

~f i (~xm
ij ) = � k~ui (~xr

ij ) � 2
 (d=dt)~ui (~xr
ij ); (2.43)

wherethetimederivativemusttake thetimedependenceof ~x r
ij into account.If theexter-

nal stressesremainbounded,this form guaranteesthat~u andthe rateof changeof ~u on
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@
 i (t) remainboundedandapproachzeroask and
 increase.By construction,
 i (t) is

the union of ~x + ~ui (~x) with ~x beingoneof the pointsconstitutingthe templateat time

t. Theincompressibilityof the�o w guaranteesthatthevolumeof 
 i (t) is time invariant

andequalsVi ; thevolumeof thetemplate.

2.6.2 conservedquantities,

Thelastargumentshows thatthesumof themassof �uid in 
 i (t) andthetemplatemass

M t
i is constantandequalto themassof thephysicalparticle.

The total changeof momentumof the coupledsystemis obtainedby integrating(2.41)

over 
 i (t), which resultsin

_~P
l

i =
I

@
 i (t )
T � d~A + ~F l

i ; (2.44)

wherewe have usedGauss's theoremto convert the integral over the divergenceof the

stresstensorinto a surfaceintegral. The vectors ~P l
i and ~F l

i denotethe total �uid mo-

mentumin 
 i (t) and the sum of the constraintforces,respectively. By construction,
~F l

i + ~F lp
i = ~0: Up to a degreeof accuracy determinedby � 1=k and� 1=
 the center

of massvelocityof the�uid in 
 i (t) coincideswith thetemplatecenters_x i : Thus,for the

sumof Eq. (2.44)and(2.42)we recover theequationof motionfor thecenterof massof

a rigid particleP of massM i = M t
i + �V i in the�o w,

M i
•~x i =

I

@P
T � d~A � (M i � �V t )g~ez: (2.45)

To seewhat happensfor the angularmomentumbalance,we form the vectorproducts

of Eq. (2.41)with a vectorpointing from the templatecenterof mass~x i to ~x beforewe

performtheintegrationover 
 i (t); i.e,
Z


 i (t )
d~x (~x � ~x i ) �

D
Dt

� ~v =
Z


 i (t )
d~x (~x � ~x i ) � ~r � T +

Z


 i (t )
d~x (~x � ~x i ) � ~f :

(2.46)

The left handsideis the total changeof angularmomentumof the �uid _~L
l

i andwe can

employ thesymmetryof thestresstensorto convert the �rst termon theright handside

to asurfaceintegral,

_~L
l

i =
I

@
 i (t )
(~x � ~x i ) � d~A � T + ~� l

i : (2.47)

As in the caseof linear momentum,we also considerthe correspondingequationfor

the template. The contribution to the torqueof the gravitational forcesvanishes,and
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the contribution of the constraintforcescancels~� l
i by constructionup to an accuracy

determinedby the maximumdeviation of a tracerfrom a referencepoint. To the same

accuracy, thechangeof angularmomentumof the�uid canbewritten asthemomentof

inertia timesthe changeof angularvelocity which equalsthat of the template,againto

theagreepermittedby thetracerforcelaw. We thusrecover approximatelytheequation

of angularmotionof a rigid particleP in a �uid in theabsenceof externaltorques,

I i _! =
I

@P
(~x � ~x i ) � d~A � T : (2.48)

2.6.3 and uniqueness

The distribution of the constraintforcesin the particle/templateregion is not uniquely

determinedby demandingthat the �uid motion shouldmatchthe rigid body motion of

the particle. Also, the motion of the systemasa whole doesnot uniquely �x ~f . The

prescriptiongiven in the text selectsoneof the possibledistributions,but leavessome

“gaugefreedom”which is very similar to the indeterminacy of forcesin staticnetworks

of rigid elements.Also here,therigid templatecan“absorb”innerstressesconsequences

on themotion.

If wewrite theNavier-Stokesequationsin theform,

~f � ~r p = ~G(~v); (2.49)

where~G collectsthetermsdependingonspatialandtemporalderivativesof ~v; thenfrom

takingcurl anddivergence,we �nd

~r � ~f = ~r � ~G; (2.50)

r 2p = ~r � ~f � ~r � ~G: (2.51)

The �rst equationimplies that thevelocity distribution (andits rateof change)only de-

termines~f up to thegradient~r � of a scalar. In general,suchcontributionsin�uence the

pressuredistribution (2.51)andthusthemotion. If, however, � ful�lls additionalcondi-

tions, i.e., � = 0 on @
 i , it will not have consequencesfor themotionor in theexterior

of 
 i . If we extend� over thewholedomainsuchthat ~r � existseverywhereand� = 0

in theexterior of all 
 i ; thenp + � solves(2.51)for ~f ! ~f + ~r � . Thescalar� doesnot

contributeto themomentum�ux through@
 i ; if its surfaceintegral
H

@
 i
d~A � vanishes.

Likewise,thecontribution to thetorque,herewith respectto theorigin, but similarly for

any referencepoint, is
Z


 i

d~x ~x � ( ~r � ) =
Z


 i

d~x� ~r � ~x �
Z


 i

d~x ~r � (~x� )

= �
I

@
 i

d~A � (~x� ) (2.52)
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andvanishesif the surfaceintegral vanishes.This is the casein particular, if � = 0 on

@
 i asadvertisedabove.

Sincethe ~f actingon the �uid hasa reactionforceof oppositesignon theparticletem-

plate, theseconditionsguaranteealso vanishingforce and torquecontributions on the

templateasawhole.
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Chapter 3

MonodisperseSedimentation

3.1 Velocity �uctuations

Theaveragevelocityof sedimentingnon-Browniansuspensionscanbepredictedtheoret-

ically [7, 13]. In contrastthe understandingof the �uctuations of theparticlevelocities

is not yet satisfactory. While theories[17, 42, 100] predictthat thevelocity �uctuations

in randomsuspensionsshoulddivergeasthesizeL of thecontaineris increased,exper-

iments�nd eitherno dependency on the sizeof the container[75] or that the velocity

�uctuationssaturateif thecontainersizeis increasedovera threshold[93]. In contrastto

theexperimentalresults,simulations[62] whichusedperiodicboundaryconditionsfound

thepredicteddivergenceof thevelocity �uctuationswith thesystemsize.

3.1.1 Estimateof the velocity �uctuations

We will now calculatethemagnitudeof thevelocity �uctuations usingsomescalingar-

gumentsof Hinch [43] andtheexperimentalresultsof Segr�e etal. [93].

If weimaginethesystemof size2L � L � L to beseparatedinto 2 halvesby animaginary

wall, thenwe cannotexpectboth partsof the systemto containthe samenumberN =

3=(4� )� (L=a)3 of particles. We expecta differenceof order
p

N aswould be the case

if theparticledistributionswererandomandindependent.Thedifferencein weightwill

thenleadto a relative motion of thesetwo regions. More precisely,
p

N particleswill

giveriseto a excessforceof

F1 = �
p

N
4
3

� a3� �g : (3.1)

This will causethevelocitiesof two neighboringregionsto differ until thedriving force

is balancedby theshearforce.Theshearforcecanbeestimatedby theexpectedvelocity
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gradient� U=L, theviscosityandthearea� L 2 of theseparatedareas.

F2 = �
�
L

L2; (3.2)

Here� is thevelocity differencebetweenthedifferentregions. In thestationarystateof

a suspension,thetwo forcesbalanceeachotherandwe thusobtainthemagnitudeof the

velocity �uctuations,

� =
4
3

�

q
�L 3

a3 a3� �g

� L
� USt

r
�L
a

; (3.3)

whereUSt is theStokesvelocityof asingleparticle.

If thereis a lengthscale� on which thesuspensionis homogeneousdueto correlations

betweentheparticles,thenourpreviousargumentationis validonly for L < � . For system

sizesL > � thesizeof thecorrelatedregionsreplacestherole of thesystemsizein our

previousarguments.Segr�e et al. [93] have measuredthecorrelationsin suspensionsand

found

� jj = 11a� � 1=3: (3.4)

If weusethis � to estimateL, we �nd that

� =
p

11VSt � 1=3 � 3VSt � 1=3: (3.5)

With thisargumentweexpectthatthevelocity �uctuationsscalein largesystemsas

� � VSt � 1=3: (3.6)

Thisis consistentwith experimental�ndings asshown in Fig. 3.1(Figure3 of [93]) where

thevelocity �uctuationsaremeasuredin largesystemsof width W � 100a� � 1=3.

As explainedabove, the velocity �uctuations canbe expectedto be independentof the

systemsizeonly if thesizeof thesystemis signi�cantly largerthanthecorrelationlength.

If, in contrast,thecontainerwidth is of thesamemagnitudeasthecorrelationslength,the

width of thecontainerwill controltheabsolutevalueof thevelocity�uctuations.Eq.(3.3)

indicatesthat the velocity �uctuations in caseof small containersshouldscalewith the

squareroot of thecontainersize.

With regardto the volumefraction dependency we expectthat the �uctuations scaleas

� 1=2 for smallsystemsand� 1=3 for largesystems.
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Figure 3.1: Figure 3 of [93]: Experimentalmeasurementsof the normalizedvelocity

�uctuations� V=VSt . Thedatashown arefrom Segr�e (circles)andNicolai [75] (squares).

3.1.2 Systemswith periodic boundary conditions

In orderto reducewall effectsin thesimulationswe useperiodicboundaryconditionsin

all directions.We measurethevelocity �uctuations in varioussystemsof differentsizes

anddifferentvolumefractions.Thesimulationdetailsaregivenin Table3.1.

Width Height � T�nal < Ujj > � jj

24 24 0.02 200 0.76968 0.300879

48 48 0.02 200 0.83065 0.44554

128 128 0.02 232 0.858481 0.707185

32 64 0.1 200 0.519128 0.556742

64 128 0.1 121 0.539484 0.765868

128 256 0.1 150 0.551416 1.21439

22 22 0.1 200 0.463158 0.302273

24 48 0.1 200 0.513729 0.440247

64 128 0.3 200 0.134829 0.348823

Table3.1: Simulationsof monodispersesuspensionsin a containerwith a squareground

section.ThesamplingstartedatT = 50andendedatT = T�nal shown in thetable.

If the sizeof our simulationsis below the limit wherethe velocity �uctuations become

independenton thesizeof thesystemweexpect

(� =USt) � (L� )1=2: (3.7)
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(a) (b)

Figure 3.2: Snapshotsof typical systemsusedto calculatethe velocity �uctuations in

systemswith periodicboundaryconditions.(a) showsa systemof size24� 24� 24at a

volumefractionof � = 0:02(68 particles)and(b) a systemof size128� 256� 128at a

volumefractionof � = 0:1 (100,132particles).

Consequently, a plot of the relative velocity �uctuations versus(L� )1=2 shouldshow all

thedatapointson a straightline. We show theresultsin Table3.1 andin Figure3.3(a).

We �t the measuredvelocity �uctuations to a line f (x) = bx + c with b = 0:63 and

c = � 0:12, which is alsoshown in Figure3.3(a). However, dueto thedependenceof �

on theproductof L 1=2 and� 1=2 a small changeof oneof theexponentsdoesnot leadto

a completelydifferentrescaling.This is seenin Figure3.3(b)wherewe use� 1=3 to scale

thedata.Thoughthe�t is betterin (a),a � 1=3 dependencecannotbeentirelyexcluded.

3.1.3 Systemswith walls

In theprevioussectionwe usedperiodicboundaryconditionsto minimizetheeffectsof

walls in thesimulations.This approachis goodfor generalstudiesof systemsizeeffects

andbulk properties.But assoonaswe want to comparethe resultsof the simulations

with experimentsof a certaingeometrythis approachis problematic,becauseit is not

clearhow the presenceof walls in�uencesthe suspension.If we areableto simulatea

systemof the samesizeasusedin the experimentwe usesolid walls in all directions

perpendicularto gravity to matchtheconditionsof theexperimentsascloseaspossible

andthusavoid effectsfrom theabsenceof thewalls.

In 1995Nicolai andGuazzelli[76] publishedtheresultsof experimentson theEffectof

the vesselsizeon the hydrodynamicdiffusionof sedimentingspheres. They usedglass

beadswith a radiusof a = 0:394mm in a viscous�uid (13 P) anda settlingcontainer
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Figure3.3: Velocity �uctuationsof thesimulationslistedin Table3.1versus(a)L 1=2� 1=2

aspredictedby Eq. (3.3)and(b) L 1=2� 1=3. Scatterof thedatain (a) is lessthanthatin (b)

sothatweconcludethatthescalingwith L 1=2� 1=2 seemsto becorrect.

of heightL y = 1262a andwidth L x = 252a andvariedthedepthof thevesselbetween

L z = 50a and200a (cf. Figure3.4).

They trackedthethetrajectoriesof markedparticlesin asuspensionof unmarkedparticles

with a digital imagingsystemandcalculatedthe local velocitiesof theparticlesin thex

andy directionsandthecorrespondingvelocity �uctuations. Theparticlesweretracked

in a imagingwindow of approximately150by 300a. Thedepthof theimagingextended

throughthewholesystem.

With thisexperimentalsetupthey foundvelocity �uctuations� x � 0:33� 0:04and� y �

0:66� 0:08. Thevelocity �uctuationsdo not dependon thedepthof thevessel,andthe

ratio � y=� x � 2.

The measurementsof Nicolai andGuazzellineglectedthe movementof the particlesin

z direction, thus it wasnot possibleto measurethe velocitiesand their �uctuations in

in the z direction. It is thereforenot clear if thereis an in�uence of the vesselsize in

the z directionon the �uctuations of the velocities' z component.Our simulationsare

chosento matchthesetupof Nicolai andGuazzelliascloselyaspossible.Nevertheless

therearetwo major differences,namely, the boundarycondition in the y directionand

theReynoldsnumber. Theheightof thevesselin Nicolai'sexperimentswas1262a which

we cannotachieve in our numericalsimulations. We thereforechooseto useperiodic

boundaryconditionsin the y direction and a vesselsize of L y = 250a. The second

difference,theReynoldsnumber, waslessthan10� 3 in theexperiment,whereasweusea
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Figure3.4: (a) simulationsetupandcoordinatesystemusedin thesimulations.Gravity

pointsin � y direction. Theboundaryconditionsin thesimulationsareperiodicparallel

to gravity and rigid wall perpendicularto it. (b) snapshotof a typical systemof size

250� 250� 100with 74719particles.

Reynoldsnumberof 0:1 in our simulations.Thesetupof thesimulationsis summarized

in Table3.2.

a = 1 L x = 250

� = 2.5 L y = 250

g = 30 L z = 25: : : 200

� = 0.05 h = 0:78

� = 10

Table3.2: Parametersusedin thesimulationsof theexperimentsof Nicolai andGuazzelli.

Wesampletheparticlepositionsandvelocitiesin aareaof size150� 250� 10in thecenter

of thesimulatedvessel.This ensuresthatwe do not sampleparticleswhich arestrongly

in�uencedby thewalls. We�rst studythetimedependency of thevelocity �uctuationsin

thesuspensionto learnwhenthevelocity �uctuations reacha steadystateandhow they

changewith time. Wethereforemeasuredthevelocity �uctuationsin intervalsof 1tSt and

averageover10measurements.Theresultsfor � y areshown in Figure3.5andfor � x and

� z in Figure3.6.

Themagnitudeof thevelocity �uctuations in our simulationsis about40%largerthanin

theexperimentsof Nicolai andGuazzelli.Onereasonfor this largevalueis thatwe only

sampledparticleslocatedin the samplingzoneof size150� 250� 20 in the centerof
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Figure3.5: Timedependency of thevelocity�uctuationsin y-directionfor differentdepth

L z of thevessel.The �nal valueof thevelocity �uctuations is independentof thedepth

L z for vesselswith depthlargerthan50a.

the system.Therefore,we do not sampleparticlesthat arecloseto the walls. Particles

closeto thewalls will show smallervelocity �uctuations. This explainsthat thevelocity

�uctuations decreasefrom 0.91 to 0.82 when we extend the samplingregion in the z

directionto spanthewholesystem.

Thesecondexplanationis thata relatively coarsegrid (h = 0:73) hasbeenusedto dis-

cretizethe�uid. If thegrid sizeof the�uid h is halved,therelative �uctuationsdecrease

from 0:91 to 0:87 for the systemwith L z = 50. Thuspart of the �uctuations is dueto

numericalinaccuracies.As thecomputationaleffort scaleswith h5 we arepresentlynot

ableto calculateall thesystemswith higheraccuracy. Nevertheless,theratio of � y=� x in

all our simulationsis 2, thesamevalueasmeasuredin theexperiment.

The�uctuationsfor thedifferentcomponentsincreaseveryrapidly. They becomestation-

aryafterapproximately150tSt. Butevenasthestationarystateis reached,the�uctuations

vary stronglyon time scalesof about100� � � 200tSt which correspondsto the time scale

on which the largescalestructures(swirls) in thesuspensionchange.We �nd in accor-

dancewith Nicolai andGuazzellithat � x and� y do not changewithin the error barsif

the depthof the vesselis variedbetween50 and200a. But we �nd a reductionof � z

for L z = 50, which hasnot beenmeasuredby Nicolai andGuazzelli. In contrastto the

experimentsof Nicolai, we alsosimulateda systemwith a vesselof depthL z = 25 and

�nd asigni�cant reductionin all componentsof � , especiallyin thez component.

Therearetwo possibleexplanationsof the �ndings of the experimentsandthe simula-
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Figure 3.6: Time dependency of the velocity �uctuations of the x-component(a) and

z-component(b) for different depthsL z of the vessel. Like the �uctuations of the y

componentof thevelocities,the�nal valueof thevelocity �uctuations is independentof

the depthL z for vesselswith depthlarger than50a. For L z < 50 all componentsof �

show adecreaseof thevelocity �uctuations.

tions:

1. The velocity �uctuations aredominatedby the largestdimensionof the vesselif

its smallestdimensionexceedsa critical value. We expectthat this critical length

shouldbe of orderof the spatialcorrelationsof the velocities. If the smallestdi-

mensionof thevesselis smallerthanthecritical sizethevelocity �uctuations will

belimited by thesizeof thesmallerdimension.

2. The velocity �uctuations arealwaysdominatedby the smallestdimensionof the

vessel.If thesmallestdimensionof thevesselexceedsacritical sizethentheveloc-

ity �uctutationssaturateandreacha �nal valueindependendof this size.

Bothargumentswouldexplain theresultswehavepresentedupto now. Wetry to �nd the

correctoneby simulatinga systemwherethesmallestdimensionof thevesselis above

thesupposedcritical length,andthelargerdimensionis decreased.Wesimulateasystem

of size150� 250� 100andcomparethevelocity �uctuationswith the�uctuations in a

systemof size250� 250� 100.

In Figure 3.7 we comparethe velocity �uctuations of the simulationswith L x = 250

andL x = 150. No componentof the velocity �uctuations changessigni�cantly when

the largerdimensionof thevesselis reduced.This suggeststhat thesmallestdimension

controlsthemagnitudeof thevelocity �uctuationsandthatassumption2. is correct.
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Figure3.7: Time dependency of the velocity �uctuations whenthe larger extensionL x

is changedfrom L x = 250to 150andL z = 100is constant.The velocity �uctutations

do not changedueto a decreaseof thelargerextension,which indicatesthat thesmaller

dimensiondominatesthemagnitudeof thevelocity �uctuations.
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Figure3.8: Velocity �uctuations � y asa function of the systemsize. The left side(a)

shows the � y as a function of L z for L x = 250. On the right side L x is varied and

L z = 100. The�uctuations increaseuntil thesmallestdimensionof thevesselreachesa

sizeof � 100a.
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Weshow thevelocity �uctuationsasa functionof thedepthof thevesselin Figure3.8(a).

Figure3.8(b)shows the velocity �uctuations for a depthof 100a andvariouswidths of

the system. The samplingstartedat t = 150tSt andwe sampledall particlesinsidea

samplingregion of size150� 250� 20 locatedin thecenterof thevessel.We �nd that

the �uctuations increasefor vesselswith thesmallestextensionbelow 100a. As soonas

thesmallestextensionincreasesabove100a the�uctuationsareconstant.

This is consistentwith thespatialdistributionof thevelocity �uctuations,whichweshow

in Figure3.9 for � y andin Figure3.10for � x . To obtainthedatashown, we divide the

systemin Nx � Nz columnsandsampletheparticlevelocity of all particlesinsideeach

column. All particlesaresampledstartingat t = 100tSt. To improve the statisticswe

utilize thesymmetryof thesystemin thex andz direction.
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Figure3.9: Spatialdistributionof thevelocity �uctuations� y for thevesselof size250�

250� 100averagedover theheightof thevessel.

Figure3.9and3.10show thatthevelocity �uctuations increasequickly andsaturateto a

�nal value. The larger �uctuations of � y in Figure3.9 aredueto the fact thatonly one

simulationhasbeenevaluated,sothat long-lastingswirls arenot well averaged.We �nd

that the distancefrom the wall up to which the �uctuations areaffectedby the wall is

approximatelythesamefor theof thevelocitycomponentsin thedirectionnormalto the

wall asfor thedirectionsparallelto thewall (cf. Figure3.10).

In Figure3.11weshow thevelocity �uctuationsasa functionof thedepthof thesystem.

We �nd that� x and� z arereducedby thewalls up to a distanceof � 50a from thewall.

For distances> 50a thevelocity �uctuationsareapproximatelyconstant.Thedistanceof

50a is in accordancewith ourpreviousobservationsthatthevelocity �uctuationsbecome

independentof thesystemsizewhenthesizeexceeds100a.
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Figure3.10:Spatialdistributionof thevelocity �uctuations � x for a vesselof size250�

250� 100.

0

0.05

0.1

0.15

0.2

0.25

0.3

0 20 40 60 80 100 120 140 160 180 200

s

z

sx
sz

Figure3.11:Velocity �uctuationsasa functionof z for asystemof size250� 250� 200.
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We previouslysuggestedthatthecritical depthof thecontainershouldbeof thesameor-

derof magnitudeasthespatialcorrelationsof thevelocitiesin thedirectionperpendicular

to gravity. To con�rm this suggestionwe measuredthespatialcorrelationof theparticle

velocities.Thespatialcorrelationof Ui is de�ned as

CUi (~r ) =
hUi (0)Ui (~r )i � hUi (0)ihUi (~r )i

� Ui (0) � Ui (~r )
; (3.8)

where~r = ~x2 � ~x1 is the distancevector of the particles. We measuredthe spatial

correlationsasa functionof r = j~r j andtheangle� between~r andthey coordinateaxis

~y. In theexperimentsof Segr�e[93] theprojectionof theparticlevelocitiesonaplanehave

beenusedtocalculatethespatialcorrelationsof thevelocities.Tomakeourmeasurements

comparablewith theexperimentalresults,wecalculatethespatialcorrelationstwice,once

for particlepairswith ~r lying in the yx-planeandalsofor pairswith ~r lying in the yz-

plane.To reducetheeffect of thewallswe sampleparticlepairsonly if bothparticlesare

locatedinsidethemeasurementvolume,which is locatedin thecenterof thevesseland

of size150� 250� 20 for thesystemof size250� 250� 100.
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Figure3.12: Spatialcorrelationsof thesettlingvelocitiesUy measuredin thex direction

(solid line) andthez direction(dottedline). ThedepthL z of thevesselwas100a andthe

width L x = 250a.

Figure3.12showsthecorrelationof thevelocitycompononentin y directionasafunction

of thedistancer in thex andz directions.Thesystemsizewas250� 100in thex and

z directions.Thusonly distancesup to 60a in thez directioncouldbemeasuredwithout

usingparticlesin the vicinity of a wall. The correlationfunctionsdecreaserapidly and

thedistinctnegative correlationin x-directionshows thepresenceof a structureof char-

acteristicsizein thesuspension.Thefasterdecreaseof thecorrelationin thez-direction
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showsthatthecorrelationlengthof they-componentof thevelocity is reduced.
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Figure3.13: Spatialcorrelationsof the settlingvelocitiesUy measuredin the direction

parallelto gravity in avesselwith depthL z = 100a. For largeseparationsthecorrelations

tendto zero.

Figure3.13showsthecorrelationsof thevelocitiesin theverticaldirection.In they direc-

tion thevelocitycorelationshowsa lesspronouncednegativecorrelationwhencompared

to thecorrelationsin thehorizontaldirections.

Segr�e et al. [93] measuredthe spatialcorrelationsof the velocitiesand found that the

particledistancewith theminimumhorizontalcorrelationcanbewell characterizedby

� ? = 27a� � 1=3: (3.9)

This leadsto a correlationlengthof � ? = 73a for � = 0:05. We �nd a correlationlength

of � 75a. In Figure3.14weshow themeasuredspatialcorrelationof Segr�e togetherwith

our data. We usethe samescalingasproposedby Segr�e: x=a� � 1=3. We �nd that the

correlationsarequitesimilar.

Wehaveseenpreviously thatthevelocity �uctuationsdecreasesigni�cantly if thesystem

depthis reducedbelow 50a, so that the questionarisesas to how the spatialvelocity

correlationsin the x directionare affectedwhen the systemsize is decreasedin the z

direction.In Figure3.15we comparethespatialvelocitycorrelationsfor a systemwhere

L z = 100with a systemwhereL z = 25.

It is clearlyvisible thata reductionof thedepthof thesystemin thez-directioncausesa

reductionof thecorrelationlengthin thex-direction.This indicatesthatall theextensions
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Figure3.14: Spatialcorrelationsof thesettlingvelocitiesUy measuredin thex direction

in avesselwith depthL z = 100a andthedataof Segr�e t al. [93] (+) of asuspensionwith

� = 0:03.
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Figure3.15: Spatialcorelationsof Uy measuredin thex directionfor vesseldepthL z of

25and100a. Not only thevelocity �uctuationschangewith thevesseldepthbut alsothe

correlationlength.
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of avesselhaveto betakeninto accountwhenthesizedependency of velocity �uctuaions

arestudied.

In Figure3.16we show the velocitiesrelative to the averageparticlevelocity. We only

show thevelocitiesof particleslocatedin a sliceof 10a locatedat thecenterof thecon-

tainer. The containerhadperiodicboundaryconditionsin the directionof gravity and

walls in the other directions. The depthof the systemwas (a) 25a, (b) 50a,(c) 100a,

and(d) 200a. It canbeseenthat the instantanious�uctuations of thevelocitiesincrease

signi�cantly asthesystemdepthis increasedfrom 25a to 50a.

By drawing the relative velocities(Fig.3.16)we alsoseethe meassuredsizeof the cor-

relationlength,which is approximately1=4 of thesystemwidth for thelargedepthsand

approximately1=8 of thesystemwidth for thecontainerwith depth25a.
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(a) (c)

(b) (d)

Figure3.16:Particlevelocitiesrelativeto theaverageparticlevelocityof particleslocated

in thecenterof a vesselwith depth(a) 25a,(b) 50a,(c) 100a, and(d) 200a. Thevelocity

�uctuaionsin (b,c,d)aresigni�cantely largerthanin (a). Also thespatialextensionof the

swirls arelargerwhenthesystemdepthis increasedover25a.



Chapter 4

BidisperseSedimentation

This chapteris dedicatedto thestudyof thesimplestcasesof polydispersesuspensions

of spheres.We considera bidispersesuspensionof particleswith differentsizes(section

4.2.1)or differentdensities(section4.2.2).

In additionto thevolumefractions� l and� s, werequiretwo otherdimensionlessparame-

tersto fully characterizethesuspension,theparticleradii ratio � = al=as andthereduced

densityratio 
 = � � l=� � s; where� � i = � i � � denotesthedensitydifferenceof particle

speciesi andthe�uid.

The most importantparameterremainsthe total volume fraction � t = � l + � s. The

in�uence of � and
 is morecomplex to understandandgenerallylessimportantif the

valuesdonotdiffer signi�cantly from unity. This is re�ectedin thehistoryof modelsthat

have beenproposedfor theparticles'velocities.Only a few take thein�uence of species

volumefraction,radii ratioanddensityratio into account.Thefollowing typesof models

havebeenproposedto describemulti-speciessuspensions:

� So calledcell modelswhereparticlessettleindependentlyof eachotherin a cell.

Thesizeof thecellsis givenby theparticlevolumefractionsandtheradii ratio [38,

94, 95]. The in�uence of densityratios is consideredonly in the singleparticle

settlingvelocities.

� Phenomenologicallymotivatedpolydisperseextensionsof monodisperseequations

as,e.q. Lockett et al. [65, 66] or Mirza andRichardson[74]. Thesemodelstake

into accountonly the in�uence of volumefractionson thesettlingvelocities.The

particleradii anddensitiesenteronly indirectly via thesingleparticlesettlingve-

locity.

� Analyticalstudiesfrom �rst principles,whichcalculatethemeansettlingvelocities

for particlesby solving the Stokesequations.Here,the analysesof Batchelor[6]
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andBatchelorandWen [8] arethe mostcomprehensive. The relative velocity of

particlepairs is calculatedandusedto determinethe suspensionstructure,which

thenis employedto calculatetheaveragesettlingvelocitiesof thesuspension.

4.1 Theory

We will brie�y summarizeBatchelor's theory [6, 8] becausethe discussionin the next

sectionswill rely on hisbasicarguments.

Batchelorconsidersparticlesin aNewtonian�uid of viscosity� whereall effectsof inertia

canbeneglected[4, 6]. Thus,theStokesequation

� r 2~u = r p; r ~u = 0 (4.1)

is usedto describethe�uid. A singleparticlesettleswith theStokesvelocity

~USt =
2a2� �g

9�
; (4.2)

where� � is thedensitydifferenceof theparticleandthe�uid.

We considera suspensionof N differentparticle specieswhereeachspeciesi can be

characterizedby the particlesradiusai , the particledensity� i andthe particlevolume

fraction � i . The particlesarerandomlydistributedin spacewith equalprobability such

thatthereis nooverlapbetweenspheres.Theparticlesarerepresentedby point forcesand

aparticlewith velocityU0 atdistanceR changesthe�uid velocity� aU0=R. Theleading

orderof thecorrectionto themeansettlingvelocity dueto thevolumefractiondepends

onhow theparticlesarearranged.In thecaseof a regulargeometricalarrangementof the

spheres,we�nd thata=Ris proportionalto � 1=3 whichleadsto acorrectionof thesettling

velocitiesthat is of order� 1=3U0. This is in contrastto a randomdistribution of spheres

whereall accessibledistancesaresampled. Heretheintegralovertheaccessiblepositions

minustheintegralover theinaccessiblepositionsscaleswith order� .

Thesettlingvelocity for eachspeciesis of theform

h~Ui i = ~U(0)
i (1 +

NX

j =1

Sij � j ): (4.3)

which is correctto order � =
P

i � i . Here ~U(0)
i is the Stokesvelocity ~USt of particle

speciesi . Thesedimentationcoef�cients Sij dependon theparticleradii ratio

� =
aj

ai
(4.4)
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andthereduceddensityratio


 =
� j � �
� i � �

: (4.5)

Thesedimentationcoef�cient is calculatedby computingthe interactionof pairsof par-

ticles of differentdensitiesand radii. We considera sphereof species1 locatedat ~x1

anda sphereof species2 at ~x2. A force ~F1 or ~F2 respectively actson eachsphere.The

linearityof theunderlyingequationsimpliesthattheresultingvelocityof spherei canbe

calculatedby

~Ui = b ii
~Fi + b ij

~Fj (4.6)

whereb ij is themobility tensorwhich is writtenas

b ij =
1

3� � (ai + aj )

�
A ij

~r~r
j~r j2

+ B ij (I �
~r~r
j~r j2

)
�

(4.7)

wherewe have introduced~r = ~x2 � ~x1, the unit tensorI and the dimensionlesstwo-

spheremobility functionsA ij andB ij . Thesefunctionshave beencalculated(e.g.,by

Jeffrey [50]) anddependon thesizeratio � andthe interparticledistancej~r j = r . They

areobtainedfor r � (a1 + a2)=2 by themethodof re�ections. If weuse~Fi = 6� � ai
~U(0)

i

for the forces,thenthe relative velocities~Vij of the two spherescanbe calculatedasa

functionof therelativepositions~r .

~Vij (~r ) = (� 2
 � 1)~U(0)
i

�
~r~r
r 2

L(s) + (I �
~r~r
r 2

)M (s)
�

(4.8)

wherewe introducedthenormalizedinterparticledistances = 2r=(a1 + a2) and

L(s) =
� 2
 A22 � A11

� 2
 � 1
+

2(1 � � 3
 )A12

(1 + � )( � 2
 � 1)
; (4.9)

M (s) =
� 2
 B22 � B11

� 2
 � 1
+

2(1 � � 3
 )B12

(1 + � )( � 2
 � 1)
:

To calculatethe meanvelocitiesin the suspensionwe integratethe additionalvelocity

of particle i causedby the otherparticlesover the whole volume. The integral hasto

be weightedby the pair-distribution function gij to renderthe correctresult. Now the

problemarisesthat this integral divergeswith r ! 1 dueto thetermsof orderr � 1 and

r � 3 in the mobility functionsA ij andB ij . This problemhasbeensolved by Batchelor

for themeanvelocity in a monodispersesuspension[4] andfor polydispersesuspensions

[5]. If we do not allow for interparticleforces,thenthemeanadditionalvelocity canbe

writtenas

h� ~Ui i = ~U(0)
i

NX

j =1

� i

( �
1 + �

2�

� 3

(J0+ 
 � 2J00) � 
 (� 2 + 3� + 1)I

)

(4.10)
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where

J0 =
3

4�

Z

s� 2

�
A11

~s~s
s2

+ B11

�
I �

~s~s
s2

�
� I

�
gij (~s)d~s; (4.11)

and

J00=
3

4�
2�

1 + �

Z

s� 2

� �
A12

~s~s
s2

+ B12

�
I �

~s~s
s2

��
gij (~s) (4.12)

�
�

3
4s

�
I +

~s~s
s2

�
+

1 + � 2

(1 + � )2s3

�
I �

3~s~s
s2

� � �
d~s:

In contrastto thecaseof a monodispersesuspension,whereBatchelorassumedthat the

particlesin the suspensionare randomlydistributed, the pair distribution function in a

polydispersesuspensionis not known a priori. The relative motion of two spheresin a

polydispersesuspensionwill causeanonuniformpairdistribution function.

If we neglect interparticleforcesandrestrictour attentionto the caseof non-Brownian

particles(e.g. large Pecl�et number),thenwe do not needto take diffusion into account

andthe differentialequationfor the pair distribution function is the continuity equation

for gij (asapair density)andtheconvectivepair density�ux ~Vij gij

@gij

@t
+ ~r � (~Vij gij ) = 0: (4.13)

This equationcanbesolved[7] if thetrajectoriesof theparticlepair arein�nite, e.g. the

particledistancer tendsto 1 for t ! 1 . Batchelor�nds that

ln gij (~s) =
Z 1

s

�
2(L � M )

sL
+

1
L

dL
ds

�
ds: (4.14)

Onemay�nd asymptoticformsfor gij fromEq.(4.14)in thelimits of s � 1and(s� 2) �

1 but in generalgij hasto bedeterminednumerically.

It is interestingto notethat in the limit of a suspensionof identicalspheres,e.g.� ! 1

and
 ! 1, thevaluesof L(r ) andM (r ) dependontheorderin whichthelimits aretaken.

Thereforea suspensionof equallydenseparticleswith a slight dispersionwill show a gij

differentfrom that of a suspensionwith particlesof the samesizebut a slight variation

of densities. Batcheloralsoarguesthat in caseof almostidenticalparticlesthe Pecl�et

numbercouldbeof sizeunity sincetherelativevelocity is small.ThusBrownianmotion

will resolve theindeterminacy in thecasediscussedhere.

Fromthepair distribution it is now possibleto calculatethesedimentationcoef�cients

Sij (�; 
 ) =
Z 1

2

" �
1 + �

2�

� 3

(A11 + 2B11 � 3)gij (4.15)

+
1
4


 (1 + � )2

�
(A12 + B12)gij �

3
s

� #

s2ds

� 
 (� 2 + 3� + 1):
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Thevaluesof gij andthesedimentationcoef�cients canbecalculatednumericallywhich

hasbeendoneby BatchelorandWen[8].

We recollectsomeresultsfor the caseof non-Brownian particlesand no interparticle

forcesin Table4.1.

� n
 -2 -1 -0.5 0 0.6 1 1.5 2.25

0.25 -1.96 -2.00 -2.20 -2.56 -3.31 -3.83 -4.73 -6.90

0.5 -2.51 -2.27 -2.28 -2.53 -3.41 -4.29 -6.77

1 Sij = � 2:52� 0:13
 (
 6= 1)

2 3.18 -0.34 -1.89 -2.44 -9.85 -9.81 -11.16 -13.71

4 26.63 10.05 2.03 -2.66 -19.55 -24.32 -32.71

Table4.1: Sedimentationcoef�cients calculatedby BatchelorandWen[8]

4.2 SedimentationVelocities

4.2.1 Particles of differ ent sizes

Theory

Wenow usethesedimentationcoef�cients of BatchelorandWen[8] (c.f. section4.1)and

thedependency of thesedimentationcoef�cients on� and
 to calculatethesedimentation

velocitiesin particlesuspensionswhentheradii ratioof theparticleschanges.

For constant
 = 1 andthecaseof bidispersesuspensions,Eq.(4.3)reducesto

< Us > = U(0)
s (1 + Sss � s + Ssl � l ); (4.16)

< Ul > = U(0)
l (1 + Sl s � s + Sl l � l );

wherethesubscriptsandl denotethesmallandlargeparticlespecies.Thesedimentation

coef�cients Sss andSl l arebothequalto � 5:6 asin themonodispersecase.TheSij are

now afunctionof � only. Thevaluescalculatedby BatchelorandWenin [8] canbe�tted

by apolynomialof secondorder

Ssl (� ) = � 3:52� 1:04 � � 1:03 � 2; (4.17)

Sl s(� ) = � 3:52� 1:04=� � 1:03=� 2;

where� is de�ned by � = al=as � 1.
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Thusweobtaionthesettlingvelocitiesasfunctionsof � :

hUsi = U(0)
s (1 � 5:6� s � 3:52� l � 1:04� l � � 1:03� l � 2); (4.18)

hUl i = U(0)
l (1 � 5:6� l � 3:52� s � 1:04� s=� � 1:03� s=� 2):

Simulation

We simulatea bidisperseparticlesuspensionin the dilute regime with constantparticle

concentrationsof � l = � s = 0:01. Thesizeof thesmallparticlesremainsunchangedat

as = 1 whereasthesizeof thelargeparticlesis variedbetween1 and2. Thesystemis of

size24� 24� 24andperiodicboundaryconditionsareappliedin all directions.

In summarythefollowing parametersareused:

as = 1 � = 10

al = 1: : : 2 g = 30

� s = � l = 2.5 Systemsize = 24� 24� 24

� s = � l = 0.01 h = 0.375

Table4.2: Theparametersusedin thesimulations.

(a) (b)

Figure4.1: Snapshotsof thesystemsusedto calculatethevelocity �uctuations. (a)shows

asystemof size24� 24� 24with 68particlesof sizeratio � = 1 and(b) with 44particles

of sizeratio � = 1:5. Thevolumefractionof theparticlesis constant,� s = � l = 0:01.

Westudythebulk (thesocalledmixing zone)of thesuspensionwheretheparticlespecies

arenot segregated.We canthereforeapply periodicboundaryconditionsto our system

andconsiderthesimulationvolumeto belocatedinsidethemixing zoneof thesuspension
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andmeasurequantitiesassociatedwith thebulk of thesuspension.In principlethispoint

of view is notcorrect,astheperiodicboundaryconditionsstill in�uencevariousmeasured

quantities,suchasthevaluesof thesettlingvelocitiesandtheir �uctuations. But evenas

thesevaluesdiffer for periodicboundaryconditions,we have seenthat thesedifferences

donotaffect theeffectiveparticleinteractionssothatthechangeof thesettlingvelocities

with volumefractionis notaffectedby theperiodicsetup.

-1.1

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

0 50 100 150 200

U

t

lambda=1
lambda=1.5

lambda=2

Figure4.2: Typical examplesof theevolution of themeanparticlesettlingvelocitiesfor

� = 1; 1:5; 2.

To reducethestatisticalerrorsof our measurementswe perform30 simulationsfor each

set of parameters.Eachsimulationruns for at least200 Stokes times. The statistical

evaluationof the simulationsstartsafter 50 Stokes times to ensurethat the measured

quantitiesare independentof initial transients.In Figure4.2 we show the evolution of

theensembleaveragedsettlingvelocitiesof threetypical simulationswith valuesof � =

1; 1:5 and2:0. As canbe seenthe suspensionreachesa steadystatein very short time

dueto the dominanceof viscouseffects: the particlesassumevelocitiescomparableto

USt almostinstantly(timescalea=USt � a2=� ). Afterwardstherearelong-livedfeatures

wherethe settling velocitieschangedue to the changesin the local con�gurationsof

particles.

In Figure4.3 we show thepredictionsof Eq. (4.18)for � = 1: : : 2 asa dottedlinesand

the measuredvalues. It is evident that Eq. (4.18) overestimatesthe velocities. This is

dueto the limited systemsizeandtheperiodicboundaryconditions,which changesthe

settlingvelocities.

For a singleparticleof radius1 in thesimulatedvolume,which correspondsto a volume

fraction of � = 0:000303Batchelorstheory predictsthe settling velocity to be U =



74 4.2SedimentationVelocities

0.5

1

1.5

2

2.5

3

3.5

4

1 1.25 1.5 1.75 2

U

l

Batchelor       
 +  Hasimoto 
 +  Proudman

Us
Ul

Figure4.3: Thedependenceof the settlingvelocity of small (+) andlarge (� ) particles

on � comparedwith thepredictionsof Batchelorstheory(dottedlines)andthecorrection

appliedfor the �nite volume(dashedlines) andadditionalthe �nite Reynoldsnumber

(solid lines).

1 � 5:6� = 0:998. Dueto theperiodicboundaryconditionstheparticlefeelsthepresence

of its periodicimagesandthe settlingvelocity for theparticleis not theoneof a single

particlebut theonefor a periodicarrayof particles.In thelimit of low volumefractions

thecorrectionto thesettlingvelocity hasbeencalculatedby Hasimoto[41] andis given

by

U=U1 = 1 � 1:7601� 1=3 + � � 1:5593� 2: (4.19)

Note that here,the leadingcontribution is not linear in � . A singleparticleof radius1

will thereforesettlewith a velocity of U = 0:882. We thereforeintroducetheHasimoto-

correctedsingleparticlevelocities U
0(0)
i with

U
0(0)
i = U(0)

i

 

1 � 1:7601
�

4� a3
i

3L3

� (1=3)

+
4� a3

i

3L3
� 1:5593

�
4� a3

i

3L3

� 2
!

: (4.20)

U
0(0)
i insteadof U(0)

i is usedto draw thedashedlinesin Figure4.3.

A secondcorrectionhasto beapplieddueto the�nite Reynoldsnumber. If weconsidera

singleparticlesettlingin anunbounded�uid thesettlingvelocityof theparticlewill bethe

Stokesvelocity only if theReynoldsnumberRe ! 0. For �nite valuesof theReynolds

numberthesettlingvelocity hasto becorrected.ProudmanandPearson[83] calculated
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thedragon asphereat low Reynoldsnumberandfound

~F = 6� a� ~U
�

1 +
3
8

Re�
9
40

Re2 ln
1

Re

�
: (4.21)

A changein the particleReynoldsnumberRe = Ua=� dueto a changein the particle

velocity or theparticleradiuswould thereforechangethedragon theparticle.To give a

estimateof themagnitudeof the correctionduethe �nite Reynoldsnumberwe show in

table4.3 thecorrectionto thedragforceat variousReynoldsnumbers.

Re 0.01 0.1 0.2 0.4 0.6 1

U=USt = 1 + 3
8Re� 9

40Re2 ln 1
Re 1.004 1.032 1.061 1.117 1.184 1.375

Table4.3: Correctionto theStokesdragat �nite but low Reynoldsnumbers.

At ReynoldsnumbersRe > 0:1 the correctionis > 3% andwe mustthereforeapply a

secondcorrectionto thesingleparticlevelocitieswhich wedenoteby U
00(0)
i ,

U
00(0)
i = U

0(0)
i

�
1 +

3
8

Re�
9
40

Re2 ln
1

Re

� � 1

: (4.22)

Herewe encountertheproblemthatthesingleparticlevelocity U
00(0)
i dependson theve-

locity of theparticledueto thevelocity dependency of theReynoldsnumber. To ensure

thatourmeasurementsareconsistentwith thetheory, weusethemeasuredparticleveloc-

ity to calculatetheReynoldsnumberfor each� . ThismeasuredReynoldsnumberis then

usedto calculatethecorrectedsingle-particle'svelocityU
00(0)
i .

We now useU
00(0)
i in Eq. (4.18) insteadof U(0)

i to calculatethe settlingvelocities. The

solid lines in Figure4.3 show thepredictionsof BatchelorstheoryafterHasimotosperi-

odicandProudmanandPearson's �nite-Reynolds-numbercorrections.

Thesimulationresultsfor themeansettlingvelocitiesUs andUl show averygoodagree-

mentwith Batchelorspredictionsfor the large particles,whereasthe velocitiesfor the

smallerparticlesareoverestimated.This indicatesthattheincreasedback�o w dueto the

largeparticleshasastrongerin�uence thanpredictedby Batchelor's theory.

We mustensurethat this effect is not dueto numericalinaccuracies.Errorscouldarise

becauseparticleswith differentradii have differentvaluesof a=h dueto the �x ed grid

spacingh andthereforethe quality of the discretizationvarieswith different radii. To

estimatethe error introducedby the different radii we perform a referencesimulation

of oneparticlewith radius1 settlingin a periodicbox of size24x24x24andcomparethe

resultsto thosefor aparticleof radius2 settlingin thesamebox. Wecomparetheresulting

velocitiesUi to thetheoreticalvalues.We�nd thatthedeviationfrom thetheoreticalvalue
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is � 1% for bothspeciesandthedifferencein theerrorsbetweenthetwo speciesis less

than1%. We arethereforecon�dent that the slower velocitiesarenot dueto numerical

effectscausedby thediscretization.

0.6

0.8

1

1.2

1.4

1.6

1.8 2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6

g l
s(

r)

s

Simulation l =1.5
Simulation l =2
Batchelor l =1.1
Batchelor l =2

Figure4.4: Measuredpair distribution function gl s for � = 1:5 (solid line) and� = 2

(dashedline) comparedto thetheoreticalpredictionsof Batchelor[8] for � = 1:1 (dotted

line) and� = 2 (dashed-dottedline). s = 2r=(ai + aj ) is thedimensionlessdistance.

To understandwhy thesmallparticlessettlemoreslowly thanexpectedwe needto look

at thespatialstructureof thesuspension.To this end,we determinethepair distribution

function gij (r ), i.e., the probability relative to an entirely homogeneoussuspensionof

�nding a particleof speciesj at distancer from oneof speciesi: Figure4.4 shows the

measuredvaluesfor the pair distribution function for pairsof one large andonesmall

particle(for � = 1:25and� = 2) asa functionof thedimensionlessdistance

s = 2r=(ai + aj ); (4.23)

to make the resultscomparablefor differentradii ratios� . The graphindicatesthat the

probabilityof closepairsdecreasesas� increases,which is a genuinethree-bodyeffect.

Batchelorstwo-bodypredictionsdo not show a signi�cant decreaseof thepair probabili-

ties.

Thereductionof particlepairscanalsobeseenin thepairdistributionfunctionscalculated

by Batchelorbut it is much lesspronounced.As we have seenin section4.1 the pair

distributionfunctionhasbeencalculatedfor adilutesuspensionby solvingaconservation

equationfor thepairdistributionfunction.In Eq.(4.13)Vij is therelativevelocityof pairs

of particles.As a consequencethecalculatedpair distribution functionalsoneglectsany

effectswhich aredueto threeandmoreparticleinteractions.
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Figure4.5: (a) Measuredpair correlationfunctiongss(r ) for pairsof small particlesfor

� = 1 (solid line), � = 1:5 (dashedline) and� = 2 (dottedline). (b) shows themeasured

pair correlationfunctiongl l (r ) for thelargeparticles.Thevaluesof gl l (r ) for � = 2 have

beenmeasuredin asystemof size128� 128� 128to makesurethatthedecreaseof gl l (r )

is notdueto systemsizeeffects.

Thedecreaseof thepair correlationfunctiongl s(r ) impliesthatthecorrelationsgl l or gss

or both differ, which likewisecannotbeunderstoodin a particlepair approximationfor

dilutesuspensions.We�nd thatgl l (r ) showsapronounceddecreasetovaluessigni�cantly

below 1 in theranges = 2: : : 4 for � > 1:5 (cf. Fig. 4.5). Sinceclosepairssettlefaster,

a reducedprobability for suchcon�gurations implies smallersettling velocities. This

correspondsto thereductionof thevelocitiesdueto thehigherReynoldsnumberof the

largeparticles.a

Thereductionof gl s(r ) impliesthatwe havea reductionof thenumberof smallparticles

in the vicinity of the large particlesandthereforemoresmall particlesin the back-�ow

areaof the large particles. If we assumethat the predictedpair correlationfunction of

Batcheloris correctfor viscous�o w, then we have to attribute the changein the pair

correlationfunctionto the�nite Reynoldsnumber.

aTo quantitatively resolve what the in�uence of the Reynolds numberis one would needto do the

samesimulationsat zeroReynoldsnumber. Our numericalmethodto simulatethe �uid implies that the

simulationtime stephasto be decreasedwith decreasingReynolds number. Becauseof this limitation
onewould have to solve the Stokesequationsratherthan the Navier-Stokesequationsto overcomethis

limitations.
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4.2.2 Particles of differ ent densities

Now westudythecaseof suspensionsof particleswith differentdensities.Wede�ne


 = � � h=� � l � 1 (4.24)

and identify the quantitiesassociatedwith the heavy and light particle speciesby the

subscripth andl, respectively.

Theory

As describedin section4.1thesettlingvelocitiesaredescribedby Eq. (4.3)in theapprox-

imationof pairinteractions.BatchelorandWen[8] alsocalculatedthesettlingcoef�cients

for thecaseof � = 1 andfor 
 6= 1 asa functionof 
 :

Sij = � 2:52� 0:13
 : (4.25)

We are thereforeable to rewrite Eq. (4.3) for a suspensionof particleswith different

densities.

hUh i = U(0)
h (1 � 5:6� h � 2:52� l � 0:13� l=
 ) (4.26)

hUl i = U(0)
l (1 � 5:6� l � 2:52� h � 0:13� h
 )

In thelimit of 
 ! 1 onewouldnaively expectto �nd that

lim
� =1 ;
 ! 1

Sij (
 ; � ) = lim

 =1 ;� ! 1

Sij (
 ; � ) (4.27)

HoweverascanbeseencomparingEq.(4.26)and(4.18),Batchelorscalculationsuggests

thatthis is not thecase.He �nds thefollowing valuesfor Sij :

lim

 =1 ;� ! 1

Sij (
 ; � ) = 5:6; (4.28)

lim
� =1 ;
 ! 1

Sij (
 ; � ) = 2:65:

As a consequence,evena smalldifferencein thedensityof theparticlesshouldleadto a

sharpincreaseof thesedimentationvelocityof morethan27%in ourcase.

Simulation

Startingfrom thesamesetupdescribedin Sec.4.2.1with monodisperseandequallydense

spheres,wenow performsimulationsin which thedensityof onespecies(h) is increased.

We comparetheresultsto thepredictionsof Eq. (4.26).As thevelocitiesof theparticles
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changedueto thechangesin thedensity, we mustalsoapply thecorrectionsintroduced

in section4.2.1which accountfor the �nitenessof thesimulationvolumeandthe �nite

Reynoldsnumber.

We �nd that the measuredvelocitiesfor the heavy speciesagreewith the predictionof

Eq. (4.26)of Batchelorstheory. Thedatain Figure4.6evensuggeststhetransitionfrom

Sij = 5:6 at 
 = 1 to Sij = 2:65when
 6= 1.
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Figure4.6: Thedependenceof the settlingvelocity of light (+) andheavy (� ) particles

on 
 comparedwith thepredictionsof Eq.(4.26)andEq.(4.18)with thecorrectedsingle

particlevelocity of Eq.4.22. Thetransitionfrom Eq. (4.18)to Eq. (4.26)when
 6= 1 is

observed.

Although the predictionsof Batchelorarereproducedfor the heavy particles,the small

particlesshow acleardeviation from thepredictionsfor largervaluesof 
 . Thestatistical

error of the datain Figure4.6 is smallerthanthe sizeof the symbolsused. The same

discrepancy hasbeenobservedfor thesuspensionwith particlesof differentsizes.

In orderto explain this discrepancy weneedto betterunderstandtheinternalstructureof

thesuspensionfor thecaseof particleswith differentdensities(Figure4.7 and4.8). We

seethat the probability for pairsof heavy and light particlesin closecontactincreases

for increasingdensityratio, which is in contrastto the behavior of a suspensionswith

particlesof differentsizes(seeFigure4.4). If we look at theprobability to �nd pairsof

light particles(Figure4.8(a))weseenosystematicchangefor thelight particlepairsclose

to contact.For theheavy particleswe �nd a reductionof pair probability(Figure4.8(b))

but it is lesssigni�cant comparedto Figure4.5(b).
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Figure4.7: Measuredpair distribution functiongij for 
 = 1:5 solid line, 
 = 2 dashed

line and
 = 4:33dottedline. s is thedimensionlessdistances = 2r=(ai + aj ).
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Figure4.8: (a) Measuredpair correlationfunction gl l (r ) for pairsof light particlesfor


 = 1 (solid line), 
 = 2 (dashedline) and 
 = 4:33 (dottedline). (b) shows the

measuredpair correlationfunctionghh (r ) for theheavy particles.
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4.3 Velocity Fluctuations

Thepredictionof thevelocity �uctuations in suspendedparticlemixturesis of greatim-

portancein processengineering.Many chemicalprocessesuse�uid or gassuspensions

andaresensitiveto thediffusivity of theparticles.As thevelocity �uctuationscontrolthe

effectivediffusivity of theparticlesit is thereforedesirableto understandhow thevelocity

�uctuationschangewith thepropertiesof theparticles.

In contrastto thecaseof monodispersesuspensionswherevelocity�uctuationshavebeen

studiedin detail,muchlessis known aboutvelocity �uctuationsfor polydispersesuspen-

sions. The only work on the velocity �uctuations in bidispersesuspensionsis, to our

knowledge,theexperimentalstudyof PeyssonandGuazzelli[79, 80]. They tracksingle

particlesin abidispersesuspensionwith � = 2 anddifferentconcentrationsandcalculate

the meanandvarianceof the settlingvelocity for the two particlespecies.For concen-

trationsof � L = � S = 0:01 they �nd for the velocity �uctuations � of the two species

that

� S

� L
= 0:85; (4.29)

andmeasurethevelocity �uctuationsasa functionof theconcentrationof thelargeparti-

cles.They �nd thatthe�uctuations increasewith particleconcentrations� L andpropose

ascalingof � � � 1=3.

We will now take a look at how thevelocity �uctuations changewhentheparticleradii

ratio � andthereducedparticledensityratio 
 arechanged.Thelimit of � = 
 = 1 has

beenstudiedin section3.1,wherewehaveseenthatthemagnitudeof thevelocity �uctu-

ationsdependonthevolumefractionandon thesizeof thecontainer. Thedependency of

thevelocity �uctuationson thesystemsizewill in�uence theresultswhen� is varied.

In thelimit of � ! 1 or 
 ! 1 thesmall/lightparticleswill act like tracerparticlesin

the�uid andwill thereforeshow thesamevelocity�uctuationsasthe�uid in asuspension

of the large/heavy particles. On the other handthe settling velocity and the velocity

�uctuations of the large/heavy particleswill be reducedby the increaseof the effective

viscosityof the�uid with thesuspendedsmall/lightparticles.In thelimit of low volume

fractionsfor the small/light particlesthis increasein the viscositycanbe estimatedby

Einstein's relation

� e� = � (1 +
5
2

� S): (4.30)

In caseof low volumefractionsthechangein viscositywill besmall (e.g. 2:5% at � =

1%) andit requiresvery accurateexperimentsto measurethe in�uence of the increased

viscosityon thevelocity �uctuations.



82 4.3VelocityFluctuations

0.26

0.28

0.3

0.32

0.34

0.36

0.38

0.4

0.42

0.44

0.46

0.48

1 1.2 1.4 1.6 1.8 2

s

l

Large
Small

Figure4.9: Velocity �uctuations in a bidispersesuspensionof thelargeparticles(+) and

thesmallparticles(� ) versustheradii ratio � = aL =aS.

We will now show anddiscussthe resultsof the simulationsdescribedin section4.2.1.

In Figure4.9 we show the measuredvelocity �uctuations � for the large andthe small

particlesin a bidispersesuspension.The velocity �uctuations of the small particlesin-

creasefor increasingradii ratio � , whereasthevelocity �uctuationsof thelargeparticles

�rst decreaseandthenstartto increase.Theobservationsfor thesmallparticlesareeasy

to understand.Due to the increasingvelocitiesof the large particles(U0 � � 2) theset-

tling of thesmall particlesis disturbedandsomeof the small particleswill settlefaster

in theneighbourhoodof the largeparticleswhile otherswill settleslower (or rise faster)

asthey arein the back�ow region of the large particles. So the velocity �uctuations of

thesmallparticlesaredominatedby the largeparticles.For increasingradii ratios� we

will getcloserto thecasewherethesmallparticlesarejust tracerparticlesfor thevelocity

�uctuationsin the�uid.

In caseof thelargeparticleswehave threeeffectswhichgovernthevelocity �uctuations:

1. Thesingleparticlevelocity of the largeparticlesscalesapproximatelywith U0 �

� 2. As the�uctuationsshouldbeproportionalto U, we would expectan in�uence

of O(� 2) on thevelocity �uctuations.

2. The relative sizeof thecontainerdecreaseswith increasing� . As we have a con-

tainersizedependency of orderO(
p

L=aL ) (cf. section3.1) we would expectthe

resultingeffect to beof O(1=
p

� )

3. For � = 1 wehaveonesingleparticlespecieswith avolumefraction� = � S + � L .
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When� is increasedthe large particleswill becomemoreandmoreindependent

from thein�uenceof thesmallparticles– they decouple.Thiswill reducetheinitial

volumefractionand� will reduceto thevolumefractionof thelargeparticlesonly

� = � L . As the�uctuationsincreasewith increasingvolumefractionsupto � = 0:3

[75], weexpecta reductionof thevelocity �uctuationsdueto thedecouplingof the

largeparticlesfrom thesmallparticles.

To seewhenthedecouplingof thetwo particlesspeciesoccurswe scalethe �uctuations

with the velocity of the large particlesanddivide it by
p

� for the large particlesto ac-

countfor thesizedependency of thevelocity �uctuations. As we seein Figure4.10,the

�uctuationsdecreaserapidly andreachaconstantvalueat � � 1:8.
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Figure4.10: Velocity �uctuations of the large particlesscaledwith the meansedimen-

tation velocity U and
p

� to accountfor the dependency of the velocity �uctuations on

U andthesystemsizeL=a respectively. Therescaledvelocity �uctuations decreaseand

reacha constantvalueat � � 1:8.

Thevalueof therescaled�uctuationsat � = 2 is abouthalf of theinitial �uctuations.We

would haveexpectedthatthereductionof thevelocity �uctuationsdueto thedecoupling

of the two particlespecieswould have beenabout
p

2. This indicatesthat theremight

anothermechanism(besidesthedecoupling)thatreducesthevelocity �uctuations.

We now turn to simulationsof suspensionswith particlesof differentdensities.As the

sizesof theparticlesdonot change,we donot seesystemsizedependenciesfor different

valuesof 
 , andthemaincontributionto changesin thevelocity �uctuationswill befrom

theincreasingsettlingvelocitiesof theheavy particles.Thesetupof thesimulationshas

beendiscussedin section4.2.2.
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Figure4.11: Velocity �uctuations in a suspensionof two particlespecieswith different

densitiesfor theheavy particles(+) andthelight particles(� ) versusthereduceddensity

ratio 
 = (� h � � )=(� l � � ).

In Figure4.11we show the measuredvalues. The main differencewith respectto the

measurementswhere� wasvariedis thattheheavy particlesdonotshow ainitial decrease

of thevelocity �uctuations in contrastto the largeparticles.For bothspecies,theheavy

andthelight particles,the�uctuationsincreaseroughlylinearlyin � andthelight particles

show slightly larger�uctuations.

To comparetheresultsof thesimulationswhere
 6= 1 with theresultsof thesimulations

where� 6= 1, we scalethevelocity �uctuations with U andin Figure4.12comparethe

resultsof Figure4.10with therescaleddataof Figure4.11. We �nd that thequalitative

behaviour for variationsof 
 and � is the same,but that the reductionof the rescaled

velocity �uctuationsat thesamerelativevelocity of theparticlesis morepronouncedfor

variationsof � .

Anotherinterestingquantityis theratio of velocity �uctuationsfor largeandsmallparti-

cles. YannikPeyssonfound in his experiments[79] with a bidispersesuspensionwhere

theparticleradii ratio was� = 2, thattheratio was

� S

� L
= 0:75� 0:05: (4.31)

To explain their results,they usedthescalingargumentby Hinchandconsideredaspher-

ical region of sizeL with N1 = � (L=a1)3 andN2 = � (L=a2)3 particlesrespectively.

The�uctuations in thenumberof particlesis of order
p

N 1 and
p

N 2 if theparticlesare
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Figure4.12: Rescaledvelocity �uctuationsof theheavy particlesin a suspensionof par-

ticleswith differentdensities(+) comparedwith therescaledvelocity �uctuationsof the

largeparticlesin abidispersesuspension.

randomlydistributed.Theresultingvelocity �uctuationswouldbeof size

� � (
p

N 1a3
1 +

p
N 2a3

2)� �g =6� � L (4.32)

They now introducea virtual radiusa3
0 = (

p
N 1a3

1 +
p

N 2a3
2)=

p
N1 + N2 anda charac-

teristic radiusa3
m = (N1a3

1 + N2a3
2)=(N1 + N2). With VS0 beingtheStokesvelocity of

a virtual particleof sizea0 and� = � 1 + � 2 thetotal volumefraction,Eq. (4.32)canbe

written

� � VS0

p
� (L=a0)(a0=am )3=2: (4.33)

In [80] PeyssonandGuazzellinow assumethat they cancalculatethecorrelationlength

� of eachspeciesby

� i �
ai

� 1=3

�
am

a0

� 3

: (4.34)

The�rst partof theright handsideof thisassumptionis motivatedby Segr�es' [93] �nding

for monodispersesuspensionsthat � � ai � � 1=3 whereasthe secondpart hasnot been

motivated. They assumethat � from Eq. (4.34)canbe usedasL in Eq. (4.33). But it

shouldbenotedthata0 andam bothdependon N i andthereforeon L. Therefore� given

in Eq. (4.34)alsodependson L.

If we useEq. (4.34)andset� = L andsolve for L we �nd L = 3:2a1 for thesmalland

L = 6:5a1 for the large particles,which is signi�cantly smallerthantypical correlation

lengthsmeasuredin experiments.
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We alsodoubtthat theeffective volumefractionin a bidispersesuspensionis thesumof

thevolumefractionsof thetwo species,exceptin thelimit of � ! 1.

NeverthelessPeyssonandGuazzelli�nd thattheratio of thevelocity �uctuationsfor the

two particlespeciesshouldbeof size

� S

� L
=

r
aS

aL
; (4.35)

which agreeswith their measurements.

In our simulationswe �nd that the valueof � S=� L = 1:7 for a radii ratio of aS=aL =

1=� = 0:5. This is signi�cantly largerthanthevaluespredictedandmeasuredby Peysson

andGuazzelli.

Onecauseof thedifferencesbetweenthesimulationsandtheexperimentsis againfound

in thesystemsizedependency of thevelocity �uctuations. We usethesamescalinglaws

as derived in section3.1 to draw the velocity �uctuations vs. the scaledsystemsize.

Figure 4.13 shows the resultsof the bidispersesimulations(� = 2) togetherwith the

monodispersesimulationsof section3.1.
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Figure 4.13: Scalingof the velocity �uctuations with the systemsize in a bidisperse

suspensionfor thesmallparticles(� ), the largeparticles(� ) comparedwith simulations

of monodispersesuspensions(+). Theradii ratiowas� = 2 andtheReynoldsnumberon

thescaleof thesmallparticlesRe = 0:1. We alsoshow thevelocity �uctuations for the

smallparticlesscaledwith thevelocityof thelargeparticles(� ).

We�nd thatthe�uctuationsof thesmallparticles(� ) scaledwith theirvelocityarelarger

thanin themonodispersecase.Thisis to beexpectedaswewill seelater. The�uctuations
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of thesmallparticlesaredominatedby thevelocitiesandthevelocity �uctuationsof the

largeparticles.We thereforealsoshow the�uctuationsof thesmallparticlesscaledwith

theaveragesettlingvelocityof thelargeparticles(� ) whichshowsaclosematchwith the

measuredvelocity �uctuationsfor thelargeparticles(� ). Thevelocity �uctuationsfor the

largeparticlesshow adifferentscalingwith thesystemsizecomparedto themonodisperse

case.

Due to the fact that the velocity �uctuations of the small and the large particlesscale

differentlywhenthesystemsizeis changed,measurementsin systemswith differentsizes

will givedifferentresultsfor theratio of thevelocity �uctuations.

In Figure4.14we show the ratio of the velocity �uctuations � S=� L versusthe particles

sizeratio � = aL =aS.
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Figure4.14:Ratioof velocity�uctuations� S=� L versustheparticlessizeratio� = aL =aS

for thevelocitycomponentparallel(+) andperpendicular(� ) to gravity.



88 4.3VelocityFluctuations



Chapter 5

Modeling of PolydisperseSuspensions

Sofarwehavestudiedsystemswhichwerein�nite or periodicin thedirectionof gravity.

In suchsystemsno large-scaleseparationof the involved particlesspeciescanemerge.

However, in systems,wherethe translationalinvariancein vertical direction is broken,

e.g,by thepresenceof horizontalwalls, distinct regionswith differentconcentrationsof

theparticlespecieswill emerge. This is sketchedin Figure5.1 for a bidispersesuspen-

sion. At thetop of thevesselthereis a region void of particles,becauseall specieshave

moveddownwards.Below, we �nd aregion(I) with predominantlysmall,slowly settling

particlesthenamixedregion(II), in whichstill bothspeciesarepresent,and,�nally , atthe

bottom,a sediment,in which thefractionof large,quickly settlingparticlesis increased.

Thetransitionzonesdisplaya smoothchangein theparticleconcentrations.

Most macroscopictheoriesdescribingtheevolution of volumefractionsin multidisperse

suspensionsare basedon the well known Kynch theory [57]. If the hinderedsettling

functionis known theevolutionof thevolumefractionscanbecalculated.As longasthe

hinderedsettlingfunction is a monotonousdecreasingfunctionof theconcentrationthe

Kynchmodelleadsto jumpsin theconcentrations,becausee.g. a continuousconcentra-

tion gradientfrom a concentration� 0 at y0 to � = 0 at y0 + � y will resultin a situation

wheretheparticlesabove y0 settlefasterthantheparticlesat y0 andthereforethewidth

of thetransitionzone� y will reduce.Thismechanismis calledtheself-sharpeningeffect

[57]. Experimentalinvestigationsshowedthat theinterfacesin multispeciessuspensions

arebroadeneddueto polydispersityandhydrodynamicdiffusion[18, 19,36,64]. To ac-

countfor thiseffect thetheoryof Kynchmustbeextended.Thiscanbedoneby addinga

diffusivecomponentto Kynch'spurelyadvective theory.

Many measurementson bidispersesuspensionshave beenperformed,but mostdealwith

thesettlingvelocitiesof eithertheinterfacesor singleparticleswithin thedifferentzones

of thesuspension.Lesspublicationsarefoundon themeasurementsof volumefractions.
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Shock 2
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Sediment layer

Clear liquid

Region II
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(a) (b)

Figure5.1: (a)Sketchof theparticledistributionwithin abidispersesuspensionand(b) a

snapshotof a (small)simulation.

Especiallymeasurementswherethe volumefraction is measuredfor eachspeciessep-

aratelyarenot easyto performexperimentally. Therefore,we simulatethe settling of

bidispersesuspensionsto getamoredetailledinsightontheevolutionof thevolumefrac-

tions. We comparethe resultsof our three-dimensionalsimulations�rst with a model

basedon Kynch's theoryandsecondwith a advection-diffusionmodel,which accounts

for thehydrodynamicdiffusionin particlesuspensions.

5.1 The Kynch basedModel

In orderto allow thedescriptionof thethree-dimensionalproblemof aparticlesuspension

by a setof onedimensionalpartial differentialequationsthe following conditionsmust

beful�lled. Firstly theextensionsof thesystemin thedirectionsperpendicularto gravity

mustbemuchlargerthanthesizeof theparticles.Theresultthendoesnotdependin detail

on theboundaries.Thesecondrequirementis thattheinitial conditionsof thesuspension

arehomogeneousin thedirectionsperpendicularto gravity. Thirdly, thereshouldbeno

physicalprocessesinducinglateralinhomogenities,aspresente.g. in thecaseof settling

in inclinedcontainers[1].

In orderto model this kind of system,we de�ne local particlevolumefractionsby av-

eragingover thin horizontalslicesof the system[57], in which the particleconcentra-

tions do not changeappreciablyasfunctionsof thevertical coordinate.In this way, the
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problemis reducedto one dimension. The concentrationchangesdue to vertical par-

ticle currents. Thesecurrentsareassumedto be a function of the local concentrations

� = (� 1(y); � 2(y); : : : ) only. Herey is the vertical direction,parallel to gravity. The

conservation of massfor eachspeciesi = 1; : : : ; N is expressedin the N hyperbolic

conservationequations

@� i

@t
+

@� i Ui (�)
@y

= 0: (5.1)

As thehinderedsettlingfunctionUi (�) is a decreasingfunctionof � i , Eq. (5.1) leadsto

discontinuities,socalledshockfronts,propagatingwith thevelocity VS. Thevelocity of

theshockcanbecalculatedby evaluatingthecontinuityequationat theshock

(U+
i � VS)� +

i = (U�
i � VS)� �

i ; (5.2)

whereU+
i ; � +

i ; U�
i ; and� �

i denotethevaluesof Ui and� i above andbelow thedisconti-

nuity, respectively. Thusthevelocityof theshockis

VS =
U+

i � +
i � U�

i � �
i

� +
i � � �

i
; (5.3)

which is alsocalledtheRankine-Hugoniotcondition. In caseof a monodispersesuspen-

sionof initial concentration� theshockfront separatesthehomogeneoussuspensionfrom

theclear�uid at thetop.

Giventheinitial andboundaryconditions,wesolveEq.(5.1)numerically. Thenumerical

methodsmusttake into accountthe jump conditionsat the locationsof theshocks.This

is doneeitherby usingthe jump conditionexplicitly or by employing so calledshock-

capturingschemes,whichwill approximatethephysicallyrelevantsolution.

Propertiesof the Hindered Settling Function

In order to solve Eq. (5.1) we have to know the hinderedsettling function. Thereare

many different empirical proposalsfor the hinderedsettling function in multidisperse

suspensions[21, 65,68,74, 77]. Theoreticalpredictionsof thehinderedsettlingfunction

aredueto Batchelor[6], Hinch [42],andBradyandDurlofsky [13].

As we have seenin chapter4, Batchelor's theory for dilute suspensionsdescribesthe

behavior of polydispersesuspensionsaccurately. Thereforewe baseour modelingon

Batchelor's hinderedsettlingfunctionbut in orderto simplify themodeling,we require

that the hinderedsettlingfunction vanishesaswe approachthe maximumtotal volume
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fraction� t �
P

i � i ! � 1 .a WethereforeextendBatchelor's form

hUi i = U(0)
i (1 +

NX

j =1

Sij � j ) (5.4)

to anonlinearequation

hUi i = U(0)
i

e(1+
�

j Sij � j +2 � t =� 1 )(� 1 � � t )2

e � 2
1

(5.5)

which preserves the asymptoticbehavior as � i ! 0, but vanishesat � t = � 1 . We

comparethe form (5.5), Batchelor's hinderedsettling function (5.4) and the empirical

relationof RichardsonandZaki [86] in Fig. 5.2.
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Figure5.2: HinderedsettlingfunctionEq.(5.5)usedin theadvectiondiffusionmodelEq.

(5.7). We alsoshow theresultsof BatchelorEq.(5.4)andthephenomenologicalrelation

of RichardsonandZaki [86].

5.1.1 Comparisonwith Simulation Results

Weconsiderparticlesof sizeas = 1 andal = 1:41in avesselwith quadraticcross-section

of size36� 567� 36with wallsat thebottomandtopandperiodicboundaryconditions

in theotherdirections.Thissetupis chosento resembleasettlingcolumnwherethewalls

arefar apartfrom thecenter, sothattheir in�uence canbeneglected.
aThereis nosinglemaximumtotal volumefractionfor polydispersesuspension,becausethemaximum

volumefractionof thesedimentdependson theratioof theparticleradii andtheactualcompositionof the

sediment.To simplify our argumentationwe assumea singlevaluefor themaximumvolumefraction� 1 .
Also, thehinderedsettlingfunctionneednotvanishat � 1 , becausein threedimensions�o w throughdense

packedspheresis still possible.
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Figure 5.3: Simulationof a bidis-

persesuspensionusedto compare

with the one-dimensionalmodel

equations.

In summarythe following parametersareusedfor

thesimulations:

� = al=as 1.414

� l ;s 0.05

L x ,L y ,L z 36,576,36

� l ;s 2.5

g 30

Re 0.1

Figure5.4 shows the iso-concentrationlines of a)

the small and b) the large particlesobtainedby

drawing theconcentrationof theparticlesasafunc-

tion of theheighty andthetime. Thelong-dashed,

short-dashed,dottedanddash-dottedlinesshow the

concentrationsof the threedimensionalsimulation

andcorrespondto � l = 0:1; 0:06; 0:04and0:01, re-

spectively. Thesolid linescorrespondto thenumer-

ical solution[14] of theadvectionmodelandto the

denotedconcentrationvalues.

Figure5.5shows theconcentrationpro�les for dif-

ferenttimes. Theresultsof thesmallandthe large

particlesareshown in Figure5.5(a)and(b), respec-

tively.

In the three-dimensionalsimulationswe �nd that

the concentrationof the small particles increase

with time above the initial concentrationof � s =

0:05 (cf. Fig. 5.4(a)). The increasein concentra-

tion occursin the region of the suspensionwhere

only thesmallparticlesarepresentandsaturatesat

avalueof � s � 0:064.

The enrichmentof small particlesin region I fol-

lows directly from thecontinuitycondition(5.2) if we look at theinitial conditionwhere

theconcentrationof thesmallparticlesis (approximately)thesameaboveandbelow the

shock2. Theeffective �ux � of smallparticlesfrom thetop to thebottomis thengiven
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Figure5.4: Iso-concentrationlinesof a) thesmallandb) thelargeparticles.Theconcen-

tration pro�les aregeneratedby drawing the concentrationpro�les asa function of the

heighty for differenttime next to eachother. Thelong-dashed,short-dashed,dottedand

dash-dottedlines show theconcentrationsobtainedby the threedimensionalsimulation

andcorrespondto � l = 0:1; 0:06; 0:04and0:01, respectively. Thesolid linescorrespond

to the numericalsolution[14] of the advectionmodelandto the denotedconcentration

values.
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Figure5.5: Concentrationpro�les of thesmallparticlesa) andthelargeparticlesb). The

symbolsshow the resultsof the threedimensionalsimulationsand the solid lines the

numericalsolutionof theconvectionmodel.
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by

� = (U+
i � VS)� +

i � (U�
i � VS)� �

i (5.6)

As U�
i is smallerthanU+

i dueto thepresenceof thelargeparticlesin region II we have

a negative net �ux of smallparticles,until theconcentration� +
i of smallparticlesabove

shock2 is higherthanbelow theshock.

In additionto theenrichmentof thesmallparticlesvolumefractionthewidth of thetran-

sient zonebetweenthe small particlesand the clear �uid increases.The width of the

transientzonebetweenregion I andregion II is evenmoreenlargedcomparedto thetran-

sientzonebetweenregion I andtheclear�uid.

We�nd thatapurelyadvectivemodelpredictsthelocationof theshockandthemagnitude

of the enhancementof the small particleconcentrationaccurately. It also predictsthe

particle concentrationsin the sediment. The advection model cannotrenderthe �nite

width of the shockwhich is causedby the presenceof hydrodynamicdiffusion. Also

theenrichmentof smallparticlesabove themixedparticleregion occursinstantaneously,

which is not the casein the simulations. We canthereforesaythat a advectionmodel

is only applicablewhenthe lengthscaleconsideredis muchlarger thanthewidth of the

transitionregions.

5.2 The Advection-Diffusion Model

It is not dif�cult to extend the advective model (5.1) by a diffusive contribution. To

this end we assumethat vertical particle currentshave two components.One is due

to the downward settling motion � i (y)Ui (�) . The other describesthe random,diffu-

sive componentof the motion and is proportionalto the gradientof the volume frac-

tion: � D i (�)( @=@y)� i (y). The continuity equationsfor eachspeciesthenturn into an

advection-diffusionequation,

@� i

@t
= �

@
@y

�
� i Ui (�) � D i (�)

@� i

@y

�
: (5.7)

This type of equationhasbeenproposedpreviously [19, 64, 67] for the monodisperse

case.ProvidedthatD(�) = D andUi (�) arebothconstantthesolutionis known to be

� (y; t) = � 0

�
1 � erf

�
y � VSt
p

4Dt

��
=2; (5.8)

undertheboundaryconditionthattheconcentrationis equalto 0 and� 0 for y = + 1 and

y = �1 , respectively. Becausethediffusioncoef�cient in suspensionschangeswhenthe

volumefraction is varied,thesolution(5.8) doesnot apply for suspensions.But, dueto
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thefactthatself-sharpeninganddiffusionbroadeninghaveopposingeffectson thefront,

they canbalanceeachotherandform astabilizedpro�le. Thiswill holdfor any functional

form of thehinderedsettlingfunctionthatleadsto self-sharpening[57].

In the caseof a monodispersesuspensionwe calculatethe traveling pro�le for a given

hinderedsettlingfunctionanda givenfunctionalform of thediffusioncoef�cient in the

frameof referenceof themoving pro�le. By applyingthetransformation

� = y � VSt; (5.9)

whereVS is thevelocity of thestationarypro�le, we determinethestationarypro�le by

solving

@� (� )[U(� ) � VS]
@�

=
@D(� ) @�

@�

@�
; (5.10)

whichyields

� (� )[U(� ) � VS] = D(� )
@� (� )

@�
+ A (5.11)

wherethe valuesof VS andthe integrationconstantA aredeterminedby the boundary

conditionsat + 1 and�1 . If we considerthetop front betweentheclear�uid andthe

particlesof a initially homogeneoussuspensionof concentration� 0 we �nd A = 0 and

VS = U(� 0). Theresultingintegral

y � Vst =
Z �

0

D(� 0)
� 0(U(� 0) � VS) + A

d� 0 (5.12)

canbe integratedat leastnumericalfor a givensetof a hinderedsettlingfunctionanda

diffusioncoef�cient.

In experimentstheparticlesarenot monodisperseandthustheexperimentshave to take

thepolydispersityof theparticlesinto account.Particlesof differentsizeswill have dif-

ferentvelocities.Thereforethewidth of theinterfacewill increaseproportionalto t. The

interfacespreadingdueto a diffusionis �
p

t. Thusthespreadingof theinterfaceat the

beginning of the sedimentationprocessis dominatedby diffusion,andit is in principle

possibleto separatethetwo contributionsin experiments.

Propertiesof the Diffusion Coef�cient

In contrastto thepurelyadvective modelof section5.1 we have to provide not only the

hinderedsettlingfunction U(�) but alsothe diffusion coef�cient D(�) to calculatethe

evolution of theparticleconcentrations.Analogousto thehinderedsettlingfunction the

diffusioncoef�cients have to ful�ll someconstraints.
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In thecaseof highvolumefractionthemobility of theparticlesis reduced,andat leastfor

� t = � 1 theparticlesget immobileandthediffusioncoef�cients of all particlespecies

mustvanish. Thereis alsono diffusion for � t ! 0 becausein the limit of independent

particlesthetrajectoryof theparticleis astraightline.

Measurementsof Nicolai [75] andcalculationsof Schwarzer[92] showed for monodis-

persesuspensionsthat thediffusioncoef�cient increasesfor dilute suspensions� < 0:1

with increasingparticlevolumefractionsanddecreasesfor � > 0:1. In caseof polydis-

persesuspensionsthelocalconcentrationsof all particlespecies� determinethediffusion

coef�cient of aspecies.
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Figure 5.6: Dif fusion coef�cient Eq. (5.13) usedin the advectiondiffusion modelEq.

(5.7)comparedwith thenormalizedexperimentaldataof Nicolai [75].

For thediffusioncoef�cients D i (�) weproposethefollowing empiricallyexpression

D i (�) = DmaxA ai U
(0)
i � i

 
Ui (�)

U(0)
i

! 2

; (5.13)

which shows goodagreementwith themeasurementsof Nicolai et al. [75] (cf. Fig. 5.6).

For A = 31:54, the maximumvalueof D i is Dmax . So Dmax = 6:4 correspondsto a

maximumof D i =ai U
(0)
i of 6:4.

The Stationary Pro�le

With the model equationfor the diffusion coef�cient (5.13) and the hinderedsettling

function(5.5)given,it is possibleto integrateEq. (5.12)numericallyfor a monodisperse
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suspensionandwe can�nd ananalyticalsolutionof theconcentrationpro�le for special

choicesof U(� ) andD(� ). Especiallyfor a linearhinderedsettlingfunctionU = U0(1 �

C� ) andaconstantdiffusioncoef�cient D = D0 Eq.(5.13)becomesaBurger'sequation,

wherethesolutionis known for all times,andthestationarypro�le takestheform

� (� ) = � 1 +
� 2 � � 1

1 + e(U(� 2 )� U(� 1 )) � =2D
: (5.14)

In Figure5.7weshow thestationarysolutionof (i) theBurger'sequation(solidline) (ii) of

ourmodelwith thehinderedsettlingfunctiongivenby Eq.(5.5).Furthermorewedisplay

thesolutionfor aconstantdiffusioncoef�cient (dashedline) andthediffusioncoef�cient

given by Eq. 5.13 (dottedline). The pro�les describedby the Burger's equationcorre-

spondingto a linearhinderedsettlingfunctionandconstantdiffusioncoef�cient is almost

S-shaped.The nonlinearhinderedsettling function Eq. (5.5) with a constantdiffusion

coef�cient alsoshowsanS-shapebut thewidth is increaseddueto thenonlinearityof the

hinderedsettlingfunction. Theusageof a concentrationdependentdiffusioncoef�cient

modi�es the S-shapeof the pro�le. Especiallyat low volumefractionsthe S-shapeis

truncatedandthecharacteristictail is suppressed.
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Figure 5.7: Stationaryconcentrationpro�le of the Burger's equationEq. (5.14) with

D = 4 (solid line) and of the advection diffusion model with the nonlinearhindered

settlingfunctionEq. (5.5) anda constantdiffusioncoef�cient D = 4 (dashedline). The

dottedline shows thestationarypro�le for theconcentrationdependentdiffusioncoef�-

cientEq. (5.13).
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5.2.1 Comparisonwith Simulation Results

In this sectionwecomparetheresultsof threedimensionalsimulationsto thepredictions

of the advection-diffusion modelproposedin the last section. We considerparticlesof

sizeas = 1 andal = 1:41 in a vesselwith quadraticcross-sectionof size36� 567� 36

with wallsat thebottomandtopandperiodicboundaryconditionsin theotherdirections.

This setupis chosento resemblea settlingcolumnwherethewalls arefar apartfrom the

center, sothattheir in�uence canbeneglected.

In summaryweusethefollowing parametersfor thesimulations:

� = al=as 1.414

� l ;s 0.05

L x ,L y ,L z 36,576,36

� l ;s 2.5

g 30

Re 0.1

Dueto therelatively smallcross-sectionof thevesselof 36as � 36as which corresponds

to a cross-sectionof 25:5al � 25:5al for thelargeparticleswe expectthatthemagnitude

of thevelocity �uctuations andaccordinglyof thediffusioncoef�cient will be lessthan

measuredin theexperiments(cf. section3.1) .

We �nd thatamaximumof D i =ai U
(0)
i , Dmax = 4:0 � 0:5 shows thebestagreementwith

thesimulations.Nicolai etal. founda maximumvalueof D i =ai U
(0)
i = 6:4 � 1:0.

Figure5.8shows thepredictionsof theadvection-diffusionmodeltogetherwith thedata

of thethreedimensionalsimulations.Theadvection-diffusionmodelpredictsconcentra-

tion pro�les for the small andthe large particlesin the rangeof small volumefractions

very accurately. For higherconcentrations� > 0:3 theagreementis not asgood,but the

generaltrendis captured.It seemsthatdiffusion is too pronouncedat higherconcentra-

tions,in accordancewith theexperimentaldatashown in Figure5.6. Theexperimentally

measureddiffusion coef�cient vanishesat � = 0:4 whereasthe model function (5.13)

becomeszero only at a volume fraction of � = 0:68. The vanishingof the diffusion

coef�cient at volumefractionssmallerthan� = 0:68 is alsoexplicablefrom geometri-

cal arguments.At a certainvolumefraction the particlesaresocloseto eachotherthat

theparticlesarenot ableto move independently, theparticlesaretrapped.We therefore

expectthat thediffusionis stronglyreduced,well beforethemaximumpackingof parti-

clesis reached.Our modelequationfor thevolumefractiondependency of thediffusion

coef�cient doesnotcapturethisdetail.
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Figure5.8: Volume fraction of the small particles(a) and the large particles(b). The

solid linesshow thepredictionsof theadvection-diffusionmodelandthedatapointsthe

measurementsfrom 3 dimensionalsimulations. The valuesof the concentrationshave

beenshiftedby 0.1 for t > 100. We alsoshow the initial concentration� = 0:05 (dotted

line).
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5.2.2 Comparisonwith Experimental Results

In experimentalmeasurementsof polydispersesuspensiononly thetotal volumefraction

of particlesis accessible.We thereforecompareour advectiondiffusionmodelwith ex-

perimentswhich studythe concentrationpro�le of a monodispersesuspensionof glass

spheresin viscous�uid.

In generalit is not easyto comparethe theoreticalpredictionswith experimentaldata,

becausethestationaryconcentrationpro�le is normallynot availablefrom experiments.

This is dueto thefact that theparticlesusedin experimentsarenever monodisperse.To

beableto comparewith experimentswe thereforehave to accountfor thepolydispersity

of theparticles.

Lee, Jang,Choi andLee [64] measuredthe broadeningof the interfaceof a 'monodis-

perse',non-colloidalsuspensionby NMR computerizedtomography. They usedparticles

with a averageradiusof 68�m anda standarddeviationof 4�m . In Figure2 of Ref. [64]

they show thevolumefractionasa functionof thepositionfor 332,443,567,1288and

2611secondswhichcorrespondsto 471,628,804,1827and3703Stokestimest St.

We useEq.(5.5)and(5.13)in theadvectiondiffusionequation(5.7) to describethecon-

centrationpro�les by numericalintegrationof (5.7). Theonly freeparameteris thescal-

ing factorof thediffusioncoef�cient Dmax . All otherparameterswhich enterthepartial

differentialequationaregiven by the experimentalsetup. The concentrationpro�le at

t = 471tSt canbewell representedwith Dmax = 10. But aswe seein Figure5.9a value

of Dmax = 15 would beneededto describetheconcentrationpro�le at t = 804tSt. The

width of thepro�le grows fasterthanpredictedby theadvectiondiffusionequation.

This pronouncedspreadingof thepro�le is dueto thepolydispersityof theparticles.As

describedin section5.2thewidth of thepro�le increasesproportionalto t becauseof the

polydispersityof the suspension.To accountfor the polydispersityof the particleused

in Lee's experiment,we representthe continuousdistribution of particlessizesby NS

particlespecieswith thesamestandarddeviation. We use5 particlesspeciesandweight

themasshown in Figure5.10to resemblea Gaussiandistribution of particlesizes.We

alsotried non-Gaussiandistributionslike a uniform distribution with thesamevariance,

but we �nd thatthedifferencesin theresultsaremarginal.

We�nd thatfor aparticlesdistributionwith � = 4 thepredictionsof ourmodelmatchthe

experimentaldatamorecloselythanin thecaseof monodisperseparticles,but thewidth

of the experimentalpro�le still increasesfasterthanin our model. If we increasedthe

width of our particlesizedistribution to � = 6 the experimentalresultsarereproduced

to a large extent. In Figure5.11we show the experimentaldataof Lee et al. andour

numericallycalculatedconcentrationpro�les for differenttimes.
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Figure5.9: Measuredconcentrationpro�le for t = 471tSt and804tSt (+) andpredicted

concentrationsfor a maximumvalueof thediffusioncoef�cient D max = 10 (solid line)

andDmax = 15dashedline.

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

55 60 65 70 75 80

Figure5.10:Approximationof a continuousGaussianparticlesizedistributionwith � =

4 by 5 particlesspecies.
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Figure5.11: Concentrationpro�les measuredby Lee et al. (+) andpredictionsof our

model equationfor monodisperseparticles(dashedlines) and a distribution 5 particle

sizeswith � = 6 (cf. Fig. 5.10) (solid lines). In both casesthe maximumvalueof the

diffusioncoef�cient wasDmax = 10.
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Ourstudyshowsthatamodelwhich takesthepolydispersityof theparticlesinto account

is ableto yield muchbetterresultsthana purelymonodispersedescription.It alsoshows

that the polydispersityof the particlesis often the main causeof the spreadingof the

interfaceevenin seeminglymonodispersesuspensions.

In Figure5.12weshow how thesuspensionpro�le at (a) t = 471tSt and(b) t = 804tSt is

composedfrom the5 particlespecies,distributedlikeshown in Figure5.10.Thewidth of

thetransitionzonefor thetotalconcentrationincreasesduethedifferentsettlingvelocities

of the5 particlespecies.As shown in Figure5.12theconcentrationof theslowersettling

particlesspecies(theparticlesof theparticlesizedistribution with a radiussmallerthan

average)increasesat thetop of thesuspensiondueto thecontinuumequation(5.3). Ad-

ditionally thewidth of theinterfacefor theparticlespecieslargerthantheaverageradius

is muchlargerasfor thesmallerparticlespecies.

We have shown in this chapterthat it is possibleto us polydispersehinderedsettling

functionsin conjunctionwith concentrationdependenddiffusioncoef�cients to describe

concentrationpro�les of mono-andpolydisperseparticlesuspensions.Eventhoughthe

time dependedsolutionsof the resultingcoupledpartial differentialequationsareonly

accesiblebynumericalintegrationit providesvaluableinsightinto theparticlesegregation

andinterfacespreeding,andmightevenhelpto understandthecompositionof sediments.
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Figure5.12: Concentrationpro�les at (a) t = 471tSt and(b) t = 804tSt for thedifferent

particletypeswith a discreteGaussiansizedistribution (� = 6) asshown in Figure5.10.
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Conclusion

We have presenteda numericalsimulation techniquewhich allows us to study three-

dimensional,non-Brownianparticlesuspensionsat low Reynoldsnumbers[47]. Thepro-

gramhasbeenparallelized,sothatweareableto simulatepolydispersesuspensionswith

up to a few hundredthousandparticles.

Thesimulationtechniquecouplestheparticlesandthe�uid by meansof constraintforces

andhasbeenveri�ed on varioustestcaseslike �uid �o w througha bedof �x edspheres

andthecalculationof thevolumefractiondependency of themeansedimentationvelocity.

We have shown that the simulationis suitablefor suspensionsup to a particlevolume

fractionof approximately40%.

Monodispersesuspensions

The studyof the velocity �uctuations of monodispersesuspensionshasshown that the

velocity �uctuations in systemswith periodicboundaryconditionsdivergewith thesys-

temsizeL. Theincreaseof thevelocity �uctuations is in agreementwith thetheoretical

argumentsof Hinch [43] andscaleslike � � L 1=2� � with � = 1=2 with an error bar

� � = 1=6.

In thecaseof monodispersesuspensionswherethecontaineris boundedby walls in the

directionsperpendicularto gravity no suchscalinghasbeenfound. We have studied

systemsof size 250 � 250 and varied the depthfrom 25 to 200 at a volume fraction

of � = 0:05. We have found that the smallestextensionof the containercontrolsthe

magnitudeof thevelocity �uctuations. If thesmallestextensionis increased,thevelocity

�uctuationsincreaseup to a limit andarethenindependentof thecontainersize.

Wealsofoundthattheinstantaneousvelocity �uctuationsincreasevery rapidly whenthe

sedimentationprocessstartsandreacha steadystateafter approximately150tSt. After
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thatthewidth of theinstantaneousvelocitydistributionstill �uctuatessigni�cantly around

its meanvalueon timescalesof about100tSt. Thevelocity �uctuationsnearthewallsare

reducedup to adistanceof approximately40a from thewalls.

In accordancewith theobservationsof Segr�e [93] we alsofoundthattherelativeparticle

velocities~U� h~Ui show aswirl-likestructure.Thespatialcorrelationlengthperpendicular

to gravity is 75a at � = 0:05whenthevelocity �uctuationsareindependentof thesystem

extensions.

Bidispersesuspensions

In simulationsof suspensionswith particlesof two sizeswe have veri�ed predictionsof

BatchelorandWenfor theaveragesettlingvelocities,if correctionsdueto the�nite size

of thesimulationvolumeandthe�nite Reynoldsnumberareappliedto themeasureddata.

The agreementof thepredictedpair correlationfunctionswith the measureddatais not

asgoodasfor thevelocities,indicatingthatthreeparticleeffectsarepresentevenat very

low volumefracionswithout invalidatingBatchelor's two-bodyapproximation.

In caseof particleswith differentdensitiesthe subtlechangesof the settlingvelocities

dueto thedifferentlimits in thecalculationsof thesedimentationcoef�cients couldnot

befound.

The velocity �uctuations in bidispersesuspensionshave also beenmeasured.On one

handthevelocity �uctuationsof thelargeparticles�rst decreaseandthenincreaseasthe

sizeof thelargeparticlesis increasedin a suspensionof particleswith differentradii. On

theotherhandthevelocity �uctuations of themoredenseparticlesin a suspensionwith

particlesof differentdensitiesdoincreasesimilarly to thevelocity�uctuationsof thelight

particles.We foundthattheratio of velocity �uctuationsof smallandlargeparticleswas

abouttwice theexperimentalvaluereportedby Peysson[80].

Themeasurementof thevelocity �uctuations in bidispersesuspensionfor differentsizes

of the simulationvolumecould not be broughtin accordancewith the scalingbehavior

foundfor monodispersesuspensionswith periodicboundaryconditions.

Modeling of polydispersesuspensions

BasedonKynch'sone-dimensionaltheoryfor theevolutionof concentrationsin monodis-

persesuspension[57], we formulatedan extensionfor polydispersesuspensions.The

choiceof the �ux functionhasbeenbasedon Batchelor's sedimentationcoef�cients [8],

which reproducesthe basicfeaturesof the resultsof three-dimensionalsimulationsof

batchsedimentation.The Kynch modeldid not show the broadeningof the interfaces
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betweenthe differentsettlingzonesin the polydispersesuspensionand lacksa correct

descriptionof theincreaseof smallparticlevolumefractionin thezoneof smallparticles

only [14].

Wehave thereforeextendedtheKynchmodelto anadvection-diffusionmodel,wherethe

volumefractiondependency of thediffusioncoef�cient is describedby thephenomeno-

logicalexpression

D i (�) = DmaxA ai U
(0)
i � i

 
Ui (�)

U(0)
i

! 2

(6.1)

whichshowsagoodagreementwith experimentaldata[75].

Thesystemof coupledpartialdifferentialequationsresemblestheresultsof simulationsto

a highdegreeandallows to describetheexperimentalconcentrationpro�les of monodis-

perseparticlesuspensionsof a givensizedistribution.

6.1 Outlook

Using this simulationtechniquein connectionwith the parallelizationof the particle-

�uid interaction,it is now possibleto ef�ciently simulatenon-sphericalparticles,with

a large aspectratio or particlesuspensionswith particlesof differentsizes[56]. Future

developmentscouldaim in differentdirections.

� Thestudyof non-sphericalandespeciallyelongatedparticlesuspensions.Thebe-

havior of non-sphericalparticlesat �nite Reynoldsnumberin asuspensionis apar-

ticularly interestingproblem,asthe idealizationof sphericalparticlesis not often

metin realsuspensions.Weexpectinterestingeffects,as,e.g.,clustering.

� AssoonastheReynoldsnumberis increasedaboveapproximately0.5theanalytical

calculationsbasedonthelinearStokesequationslosetheirvalidity. As ourmethod

usesthe full Navier-Stokesequationto model the �uid, it includesthe nonlinear

effects,which comeinto play astheReynoldsnumberis increased.It is therefore

possibleto studyhow thepropertiesof thesuspensionschangewhentheReynolds

numberis varied.

� Themostchallengingis to �nd a descriptionof particlesuspensionswhich allows

an up-scalingof particlescalesimulationsto systemsizesof technologicalrele-

vance.A consistentformulationon scaleslarger thantheparticlescaleis required

andthe necessaryphenomenologicalparameterscanbe determinedfrom particle

scalesimulations.Thiswould allow for thepredictionof phenomenain largescale
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applicationsfrom �rst principlesandcouldthereforehelpto explorewide parame-

ter ranges,which is notpossiblewith classicalphenomenologicaltheories.



Appendix A

TechnicalDetails

As wehaveseenin thesection2.5.1thenumericalmethodis still computationallyexpen-

sive andit requireslarge resourceson memoryandCPUtime to simulateparticleladen

�o ws with 105 andmoreparticles. Due to the long-range,hydrodynamicinteractionof

theparticles,systemswith many particleshave to besimulatedovera longphysicaltime.

Suchsimulationsareonly possibleon modernsupercomputers,which implieseitherthe

vectorizationor the parallelizationof the algorithm. As the amountof computermem-

ory neededincreaseslinearly with the �uid grid pointsandthe numberof particlesand

the scalabilityof vectorcomputerswith regardto memoryconsumptionis problematic,

we decidednot to vectorizetheprogrambut to parallelizethealgorithmfor theusageon

massiveparallelcomputers.

We chosethedomaindecompositionapproachto port thealgorithmto theparallelcom-

puter, becausethe interactionbetweentheparticlesandthe �uid arelocalizedat the lo-

cationof the particlesand the inter particle forcesarealsoshort ranged. We usedthe

MessagePassingInterface(MPI), which is availableon mostcomputerplatformsfor the

implementationof thecommunication.Theprogramis integratedin andpro�ts from the

P3TC++ library thatis beingdevelopedat theICA 1 [45].

A.1 Parallelization of the Fluid

For a �nite differencediscretizationof the Navier-Stokes equation(cf. Sec. 2.1) do-

main decompositionis a good choicefor the parallelizationstrategy, becausethe data

of only a �x ed numberof neighboringgrid points is neededto updatethe information

associatedwith a given grid point. We will sketch the parallelizationprinciple for the

two-dimensionalcaseandappealto the imaginationof the readerfor the generalization

to threedimensionsbecausethetwo-dimensionaldescriptionis morecomprehensive.
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FigureA.1: Exampleof a two dimensionalgrid which is distributedacross4 PEs. The

circlesshow thegrid pointsneededto calculatethenew valueof thearrayat thelocation

of theblackcircle. Theshadedgrid pointsaretheshadow rows. They containcopiesof

thenonshadedgrid pointswith thesameindex.
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FigureA.1(a)shows anexampleof a two dimensionalgrid of size12� 12with periodic

boundaryconditions.We wantto distributethecomputationaldomainonto4 processing

elements(PEs).Thedistributedarrayis shown in FigureA.1(b). In orderto updateany

given grid point, for examplethe point marked with the black circle in FigureA.1 we

requirethe valueson the grid point itself andthe 2d nearestneighbors(grey circles) to

discretizethePoissonequation.Hered denotesthe dimensionof the discretization.To

discretizethe Navier-Stokesequationwe alsoneedthe neighborsin the diagonaldirec-

tions(whitecircles)dueto thenonlinearpartof theNavier-Stokesequation.

Thuswemustcopy thevaluesontheboundaryof aPEdomainto thatPEwhichcontains

theneighboringgrid points,sothateachPEcancalculatethenext time stepindependent

of theotherPEs.For examplethelower left PEhasto sendthegrid pointswith i = 0 and

i = 5 to the upperleft PE andthe grid pointswith j = 0 andj = 5 to the lower right

PE.As the ratio of the surfaceareato the volumescaleslike 1=L whereL is the linear

dimension,theadditionalwork necessaryfor thecommunicationwill be lesssigni�cant

asthearraysgetlarger.

The Poissonequation(2.6) hasto be solved in eachtime step. If we apply an iterative

procedurelike SORto �nd thesolution,thenumberof iterationsneededwould increase

with thesizeof thearrayandmake largescalesimulationsdisproportionatelyexpensive.

Figure A.2: Sketch of the seriesof grids usedin the multigrid algorithm to solve the

Poissonequation.

Wethereforeuseamultigrid algorithm,whichdiscretizesthePoissonequationonaseries

of gridswith increasingmeshspacings(cf. Fig. A.2). On eachgrid only few iterations

of e.g. the Gauss-Seidelrelaxationmethodare neededto smooththe hight frequency
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part of the error on that discretizationlevel. Thus the multigrid algorithm overcomes

theprincipalscalingproblemandtheeffort is proportionalto thenumberof grid points

[35, 106]. The problemis now that the multigrid algorithmusesa sequenceof arrays

wherethemeshsizeh is doubledfrom grid to grid assketchedin FigureA.2. Dueto the

coarseningof thegridsthenumberof grid pointsdecreasesby afactorof 1=2d. Therefore

theboundaries,whichmustbecommunicatedplaya importantroleastheratioof surface

to volumeincreases.Thusthelatency associatedwith eachcommunicationwill resultin

a reducedparallelef�ciency of thecoarsegrid.

The effect of the communicationlatency is alsovisible if we measurethe parallelef�-

ciency � of a Gauss-Seidelrelaxation.Theparallelef�ciency is de�ned by

� =
T1

TN
; (A.1)

whereT1 is the time neededto iteratea �eld of sizeL 3 on onePE andTN the time to

iteratea �eld of sizeN L 3 onN PEs.As weseein FigureA.3, latency causesadeviation

from theexpected� = 1 � c=L dependency for small valuesof L. Herec is a constant

dependingon the ratio of time spendupdatingthe boundarypoints (so called shadow

points)andcalculatingthegrid pointsin thevolume.
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FigureA.3: Parallelef�ciency of a parallelGauss-Seideliterationon 27PEs.Thesizeof

the �eld is L3 on oneand(3L)3 on 27 PEsrespectively. The solid line is the idealized

behavior � = 1 � c=L without communicationlatency.

The usageof a multigrid algorithmfor thePoissonequationresultsin a decreaseof the

parallelef�ciency of theNavier-Stokessolverfrom � 90%to � 70%for a�uid �eld with

L = 64. It is still muchfasterthanan iterative method,dueto its superiorconvergence

properties[35].
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A.2 Parallelization of the Particles

The particlesin our simulationconsistof the particle itself and the tracerswhich are

associatedto the referencepositionson the particles(cf. Sec. 2.1.2). Theparticlesand

the tracersmove continuouslyin space.If we decomposeour computationaldomainin

thesamewayasfor the�uid, thecomputationof theinteractionbetweentheparticlesand

the�uid doesnot requireinter-processorcommunications.

amax

A A

PE 1

PE 2

FigureA.4: Conventionalapproachto parallelizetheparticlesandtracers.Particlesnear

the boundaryare shown for PE 1 on the left and for PE 2 on the right. The greyed

particlesareshadow particles,i.e. copiesof theparticleslocatedtheotherPE.Thetracers

arestoredwith theparticlesonthesamePE.Thedashedline showstheinteractionradius

of particles,i.e. all particles,whosecenterlie within the boundaryandthe dashedline

mustbecommunicated.In theareaof width amax betweentheboundaryandthedotted

line thevaluesof the�uid velocitieshaveto beknown, i.e. they mustbestoredin shadow

rows.

If aparticle(e.gparticleA in Fig. A.4) is locatedwithin adistancesmallerthantheparti-

cle radiusfrom thephysicalboundaryof thecomputationaldomain,partsof theparticle

andthereforepartsof thetracerswill belocatedoutsidethecomputationaldomain.This

impliesthatweneedthe�uid grid valuesfrom theneighboringPEto calculatethemove-

mentof the tracersandthe forceson the particle(areabetweensolid anddottedline in

Fig. A.4). ThuswemustcommunicateNsh = amax=h shadow rowsfrom theneighboring

PE to calculatethe force on the particleandto integratethe tracers,whereamax is the
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maximumparticleradius. In additionthe neighboringPE needsthe particleandtracer

positionsto calculatetheforceon the�uid (greyedparticleA onPE2).

If this approachis utilized we mustcommunicateNsh rows of �uid velocity grid points

andall theparticlesincludingtheassociatedtracersthat lie within a particleradiusfrom

thephysicaldomainboundary[104]. Thereforelargeamountsof datamustbecommuni-

cated,especiallywhenthemeshsizeh becomessmallcomparedto theparticleradiusor

whentheparticlesarenonspherical,as,e.g.,�ber-likeparticles.

To overcomethisproblemwesplit thecalculationof theforcefrom the�uid onaparticle

so thateachPEcalculatesthepartof the forceoriginatingfrom the �uid locatedon the

PE.Additionallywestorethetracersseparatelyfromtheparticles.Thisallowsthattracers

migrateindependentof theparticlesfrom onePEto theotherasassoonasthey crossthe

boundarybetweenthe PEs. The situationshown in FigureA.4 thenchangesto the one

shown in FigureA.5.

h

A A

PE 1

PE 2

FigureA.5: Parallelizationapproachfor theparticlesandthe tracersusedin thesimula-

tions.Tracesandparticlesmigrateindependentfrom eachotherfrom onePEto theother.

The particlesandtracersthat arecopiesfrom particlesandtracersfrom anotherPE are

drawn in grey.

PE1 now only containspartsof thetracersassociatedwith particleA andcalculatesonly

that part of the force actingon the particleandon the �uid which originatesfrom this

tracers.Therestof thetracersarelocatedonPE2. Theforcesontheparticlecalculatedon

PE2 arestoredin theshadow particleandafterthecalculationof all forcescommunicated
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backto thePEwheretheparticleis located(PE1 in this case).Thereforetheamountof

datawhich hasto becommunicatedis reducedsigni�cantly. The two tracersof particle

A shown in grey on PE1 arecopiesof the tracerslocatedon PE2 andarenecessaryto

calculatetheforceon the�uid at theboundarygrid points.

In summarywe have to storethe following (shadow) datafrom the neighboringPEsto

calculatea timestep:

� 1 shadow row of the�uid velocitiesto integratethetracermovement,

� particleswhich arewithin 2amax of theboundary(dashedline in FigureA.5),

� tracerswhicharewithin h of theboundary(dottedline in FigureA.5).

We do not want to concealthat the advantageof lesscommunicationhasto be paid by

additionalcomputationsandstoragerequirementsfor the particles.Due to the fact that

the particlesandtracersarestoredseparatelyeachparticlemustbe identi�ed uniquely

andeachtracerhasto storethis information in order to know with which particle it is

associated.In additionweneedto �nd thecorrespondingparticlebeforewecancalculate

the force on the particleandon the �uid. Thuswe usean associative mapto minimize

thetime spentto �nd theparticles.Additional complexity is addeddueto thefact thata

particlemight bepresenton up to 2d PEsin d dimensionsif it is locatedin thecornerof

thecomputationaldomain.

A.3 Parallel performance

Dueto theoptimizationsdescribedin theprevioussection,theparallelef�ciency of the

algorithmdescribedis almostindependentof thegeometryof theparticlesandtherelative

sizeof the particleswith regardto the �uid discretization.Due to the fact that the par-

allelizationof theparticlesis moreef�cient thanthatof the �uid, theparallelef�ciency

increasesslightly with higherparticleconcentrations.

The implementationof the multigrid algorithmdoesnot allow for arbitrarysizesof the

�uid �eld. We thereforedo not measurethe parallel ef�ciency but a parallel scaleup,

i.e. we calculatea simulationof a givensizeon onePEandthanincreasethesizeof the

problemandaccordinglythe numberof PEs. Thereforea ideal scaleupwould result in

thesituationthatall simulationstake thesametime. In FigureA.6 weshow

� (N ) =
T1

TN
; (A.2)
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whereN is thenumberof PEsandTN is the time neededfor thesimulationon N PEs.

Thescaleupof theparallelef�ciency is shown for threedifferentsystemsizes:A system

with a �uid grid size of 323N (+), 643N (� ), and 1283N (*) at a volume fraction of

� = 0:2 andameshsizeh = 0:375.
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FigureA.6: Scaleupof theparallelef�ciency. We show � asa functionof thenumberof

PEsN for threedifferentsystemsizes(+) 323N , (� ) 643N , and(*)1283N .

In additionwe show N � in FigureA.7.ThevalueN � correspondsto thenumberof time

stepsdonein a �x edtimeasa functionof thenumberof PEs.
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FigureA.7: Scaleupof theparallelef�ciency. Weshown N � asa functionof thenumber

of PEsN for threedifferentsystemsizes(+) N 323, (� ) N 643, and(*)N 1283. Thesolid

line is thelimit of a idealscaleup.
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DeutscheZusammenfassung i

1 Einleitung

GekoppelteSystemausTeilchenund einemFluid, wie sie z. B. bei Suspensionenoder

Aerosolenvorliegen,zeigenPḧanomenedie sowohl auf molekulareals auchauf lang-

reichweitigehydrodynamischeKräftezurückzuf̈uhrensind.WährendbeiKolloiden(eine

Suspensionvon Brown'schenTeilchen)oft elektrostatischeoderVan der WaalsKräfte

zwischenden TeilchendasVerhaltender Suspensionbestimmen,ist z.B. bei Staubla-

winen die Wechselwirkung der TeilchendurchdasGasfür daskollektive Verhaltender

Teilchenverantwortlich.

Die analytischeBeschreibungvon Suspensionenist nur in wenigen,speziellenSituatio-

nen(geringeTeilchenkonzentration,unendlichausgedehntesSystem,schleichendeStrö-

mung) möglich, weshalbman oft auf phänomenologischeBeschreibungenoder Com-

putersimulationenangewiesenist. PḧanomenologischeBeschreibungensindabernur in

bestimmtenParameterbereichengültig und könnennicht für die Voraussagein anderen

Parameterbereichenverwendetwerden,wohingegen in Computersimulationenwie Ex-

perimenteneueParameterbereicheerforschenkönnen.Durchdie sichbewegendenTeil-

chen,die als sich bewegendeRänderin der Flüssigkeit behandeltwerdenmüssen,ist

die Simulationvon Suspensionenauf der Teilchenskalasehraufwendig. Durch einen

Übergangvon der Teilchenskalazu einermakroskopischenBeschreibung der Suspensi-

on könnteder Aufwandbetr̈achtlichreduziertwerden. Dazu ist jedochdasdetaillierte

VersẗandnisderSuspensionVoraussetzung.Um einenbesserenEinblick in dasVerhalten

von Suspensionenzu bekommen,untersuchenwir mono-und bidisperseSuspensionen

in einemquaderf̈ormigenBeḧalterunterdemEin�uß derGravitation. Der Beḧalterkann

dabeiperiodischeRandbedingungenoder festeWändeaufweisen.Außerdemwird ein

Advektions-Diffusions-Modellzur Beschreibung der Konzentrationenin polydispersen

Suspensionenaufgestellt.

2 Die Simulationsmethode

Die numerischeMethodezur Simulationvon suspendiertenTeilchenbasiertauf der so-

genanntenimmersedboundaryTechnikvonFogelsonundPeskin[25]. Dabeiwerdendie

Bewegungsgleichungender Flüssigkeit auf einemregulärenGitter gelöst und die Teil-

chendurchZwangskr̈aftemodelliert.DadurchkönnenspezielleLösungsverfahrenfür die

Navier-Stokes-Gleichungenverwendetwerden,diedieRegulariẗatdesGittersausnutzen.

Die Simulationläßtsich in drei Teilproblemezerlegen: 1. die Lösungder Flüssigkeits-

gleichungen,2. die BewegungdersuspendiertenTeilchenund3. die Kopplungzwischen

Flüssigkeit undTeilchen. Die LösungdererstenbeidenTeile sindhinreichendbekannt,
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undwir werdenunsdeshalbauf die Kopplungkonzentrieren.Für einedetailliertereBe-

schreibungderSimulationsmethodeverweisenwir aufRef. [48].

Die Grundlagefür dieFlüssigkeitsbeschreibungist dieNavier-StokesGleichung,

�
@~v
@t

+ � (r � ~v)~v = �r p + � r 2~v + ~f : (Z.3)

Dabeibezeichnet� die Dichte,� die Viskosiẗat,~v die Geschwindigkeit, p denDruck der

Flüssigkeit und ~f die Volumenkraft,die auf die Flüssigkeit wirkt. Die Variablenwerden

auf einemregulärenGitter, einemmarker andcell Gitter in zweiterOrdnungdurch�nite

Differenzendiskretisiertund mit Hilfe eineszeitexpliziten und druckimplizitenVerfah-

rensunterErfüllungderInkompressibiliẗatsbedingungr � ~v = 0 gelöst.

Die Integration der Bewegungsgleichungenfür die Teilchen erfolgt durch einen Ge-

schwindigkeits-Verlet-Algorithmusfür die Translationund durcheinenGear-Prediktor-

KorrektorvierterOrdnungfür dieRotation[3].

Dasdritte Teilproblem,die KopplungzwischendenTeilchenundderFlüssigkeit erfolgt

überdie Volumenkraftin der Navier-Stokes-Gleichung(Z.3). Dazuwird dasTeilchen

i durch zwei Anteile modelliert: Der erstebestehtauseinemFlüssigkeitselementmit

derselbengeometrischenForm wie dasTeilchen. Die Flüssigkeit in diesemVolumen

wird nundurchZwangskr̈aftesobewegt, dasssie sichwie ein Festk̈orperinnerhalbder

restlichenFlüssigkeit bewegt. Sie verḧalt sich dannwie ein Teilchender Dichte � mit

einerMasseM l
i = Vi � und einemTrägheitsmomentvon I l

i = (2=5)M l
i a

2 im Falle ei-

ner Kugel mit Radiusa. Der zweiteModellanteil ist eineTeilchenschablone,die eben-

falls die geometrischeForm desphysikalischenTeilchenshatunddie MasseM t
i unddas

TrägheitsmomentI t
i trägt, die zusammenmit demFlüssigkeitsanteildie Masseund das

TrägheitsmomentdesphysikalischenTeilchensergeben:M i = M l
i + M t

i undI i = I l
i + I t

i :

Die Kopplung zwischender Flüssigkeit und der Teilchenschabloneerfolgt über die

Zwangskr̈afte. Die Zwangskr̈afte werdendurchein explizites Verfahrenberechnet,das

ähnlichwie bei sogenanntenPenalty-Verfahrenein gewisseDeformationdesvom Teil-

chenbedecktenFlüssigkeitsvolumenszulässtund ausdieserDeformationdie Zwangs-

kräfteberechnet,diederDeformationentgegenwirken.

Konkretwerdendazuin demFlüssigkeitsvolumen,dasvom Teilcheni überdecktwird

sogenannteMarkierungspunkte~x m
ij in derFlüssigkeit verteilt. DieseMarkierungspunkte

bewegensich massenlosmit der Flüssigkeit _~x
m
ij = ~v(~x m

ij ). Mit jedemdieserMarkie-

rungspunktewird ein Referenzpunkt~x r
ij auf der Teilchenschabloneassoziiert,so dass

zumZeitpunktt = 0 die Beziehung~� ij = ~x m
ij � ~x r

ij gilt.

Die Kraftdichte~f aufdieFlüssigkeitwird nunausdenAbsẗandenzwischenMarkierungs-
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undReferenzpunktenberechnet

~f ij (~x) = (� k~� ij � 2
 _~� ij )� (~x � ~x m
ij ); (Z.4)

wobeik eineFederkonstanteund
 eineDämpfungskonstantedarstellen.� (~x) bezeichnet

dieDirac'scheDeltafunktion.Die Federkonstantek mussdabeihinreichendgroßgewählt

werden,sodassdie Differenz� ij immerwesentlichkleineralsdie Gitterkonstanteh des

Flüssigkeitsgittersist, d.h.dassj� ij j � h zuallenZeitenerfüllt ist.

Die Simulationsmethodewurdean verschiedenenTestf̈allen wie der Umstr̈omungperi-

odischerAnordnungenvon KugelnundderSedimentationmonodisperserKugelnveri�-

ziert.

3 MonodisperseSedimentation

3.1 Geschwindigkeits�uktuationen

Währendesfür die mittlerenSinkgeschwindigkeitender Teilchenin nicht Brown'schen

SuspensionentheoretischeVorhersagengibt [7, 13], ist dasVersẗandnisder Geschwin-

digkeits�uktuationennochnicht befriedigend.TheoretischeBetrachtungen[17, 42,100]

sagenvoraus,dassdie Geschwindigkeits�uktuationenin Suspensionenmit der Größe

desBeḧaltersanwachsen.In experimentellenUntersuchungenwird dieseAbhängigkeit

vonderSystemgr̈oßeabernichtodernurbiszueinerbestimmtenSystemgr̈oßegefunden

[75, 93]. Simulationenvon Suspensionen[62] zeigeneineDivergenzderGeschwindig-

keits�uktuationenmit derSystemgr̈oße.

Abschätzungder Geschwindigkeits�uktuationen

Mit Hilfe einer Abscḧatzungvon Hinch [43] und den experimentellenResultatenvon

Segr�e et al. [93] kannein Ausdruckfür dasSkalierungsverhaltenderGeschwindigkeits-

�uktuationen hergeleitetwerden. Wenn man sich ein Systemder Größe2L � L � L

zufällig verteilter, suspendierenderTeilchenvorstellt,dasin zweiHälftengeteiltwird, so

erwartetmandasssichim Mittel in beidenTeilenN = (3=4� )� (L=a)3 Teilchenbe�nden.

Bei einerzufälligenTeichenverteilungvariiertdiemittlereTeilchenzahlum
p

N Teilchen,

sodasssichein antreibenderGewichtsunterschiedvon

F1 = �
p

N
4
3

� a3� �g (Z.5)

ergibt. DieseKraft verursachtsolangeeinenGeschwindigkeitsunterschiedzwischenden

beidenHälften dem die viskose Scherkraftentgegenwirkt. Die Scherkraftzwischen
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diesenbeidenBereichenkann durch den zu erwartendenGeschwindigkeitsgradienten

� U=L, dieViskosiẗatderFlüssigkeit unddieFläche� L 2, diediebeidenBereichetrennt

abgescḧatztwerden.

F2 = �
�
L

L2: (Z.6)

Hier habenwir die Geschwindigkeitsdifferenzmit � bezeichnet.In einemstation̈aren

ZustandwerdenbeideKräfte sich gegenseitigaufheben,und man kanndie Größeder

Geschwindigkeits�uktuationen� abscḧatzen:

� =
4
3

�

q
�L 3

a3 a3� �g

� L
� USt

r
�L
a

; (Z.7)

wobeiUSt dieStokesGeschwindigkeit bezeichnet.ManerwartetalsoeinAnwachsender

Geschwindigkeits�uktuationenmit
p

L.

WenneshingegeneineLängenskala� gibt, jenseitsdererdieSuspensionalshomogenund

unkorreliertbetrachtetwerdenkann,dannwäreunserArgumentnurgültig für L < � . Für

SystemabmessungenL > � übernimmtdieGrößedernochkorreliertenBereichedieRol-

le derSystemgr̈oße.Segr�eetal. [93] fandenin ihrenExperimenteneineKorrelationsl̈ange

von � jj = 11a� � 1=3, woraussichfür die Geschwindigkeits�uktuationenin großenSyste-

menfolgendesSkalierungsverhaltenergäbe:

� � VSt� 1=3: (Z.8)

Systememit periodischenRandbedingungen

Um denEin�uß derWändezu eliminieren,verwendenwir in allenRichtungenperiodi-

scheRandbedingungenundmessendie FluktuationenderSinkgeschwindigkeit derTeil-

chenin SystemenverschiedenerGrößeundverschiedenemVolumenanteil� derTeilchen.

Wennsichdie Systemgr̈oßeunterhalbdesGrößebe�ndet, abderdie Geschwindigkeits-

�uktuationen unabḧangigvon derSystemgr̈oßewerden,erwartetmanfolgendesVerhal-

ten,

(� =USt) � (L� )1=2: (Z.9)

Bei einerAuftragungdernormiertenGeschwindigkeit gegen(L� )1=2 solltendeshalballe

Datenpunkteauf einerGeradenliegen. AbbildungZ.8 zeigt die gemessenenWerteund

eineAusgleichsgeradef (x) = bx+ c mit b= 0:63undc = � 0:12.
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Abbildung Z.8: Geschwindigkeits�uktuationenaufgetragen̈uberL 1=2� 1=2. NachGlei-

chung(Z.7)erwartetman,dassdieDatenpunkteaufeinerGeradenliegen.Die gestrichel-

teLinie zeigtdie Ausgleichsgeradef (x) = bx + c mit b= 0:63undc = � 0:12.

Systememit Wänden

In experimentellenUntersuchungenkönnenperiodischeRandbedingungennichtrealisiert

werden.Um denEin�uß von Wändenauf die Suspensionzu untersuchenunddie Simu-

lationenmit Experimentenvergleichbarzumachen,werdenin denRichtungensenkrecht

zur Gravitation festeWändeals BegrenzungdesSimulationsvolumenseingebaut.Da-

durchsind die Bedingungenbis auf die Randbedingungenin Richtungder Gravitation

identischmit denExperimentenvonNicolai undGuazzelli[75].

In ihrenExperimentenverwendetenNicolai undGuazzelliGlaskugelnin einerviskosen

Flüssigkeit und ließensiebei einemVolumenanteilvon � = 0:05 in einemBeḧaltermit

einerHöhevon L y = 1262a und Breite von L x = 252a sedimentieren.Die Tiefe des

Beḧalterswurdevon L z = 50a bis 200a variiert. Die gemessenenGeschwindigkeits�uk-

tuationenwareninnerhalbderFehlerbalkenkonstantundbetrugen� x � 0:33� 0:04und

� y � 0:66� 0:08. DasVerḧaltnisderFluktuationenbetrug� y=� x � 2.

UnsereSimulationenzeigen(vgl. Abb. Z.9(a)),dassdie Geschwindigkeitenin Systemen

mit einer Tiefe L z > 100a innerhalbder Fehlerbalken unabḧangig von der Tiefe des

Systemswerden.

Um ausschließenzu können,dassdie Breite desSystemseinenEin�uß auf denBetrag

derGeschwindigkeits�uktuationenhat,wurdenauchSimulationenbei einerfestenTiefe

L z = 100a und verschiedenenBreiten L x = 50: : : 250a durchgef̈uhrt. Diesesind in
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Abbildung Z.9: Geschwindigkeits�uktuationen� y als Funktionder Systemgr̈oße. Auf

der linken Seite(a) wird � y in Abhängigkeit von L z bei L x = 250 gezeigt. Auf der

rechtenSeite(b) wird L x variiertundL z = 100festgehalten.Die Fluktuationenwachsen

bis diekleinsteAbmessungdesBeḧalterseinenWert von � 100a überschreitet.

Abbildung Z.9(b) gezeigt.Wie zu sehenist, werdendie Geschwindigkeits�uktuationen

von derkleinstenAbmessungdesSystemskontrolliert.

Die AnwesenheitderWändeändertalsodasSkalierungsverhaltenderGeschwindigkeits-

�uktuationenim VergleichzuperiodischenRandbedingungendrastisch.

4 BidisperseSedimentation

Die Sinkgeschwindigkeiten der Teilchen in einer SuspensionpolydispersenTeilchen

wurdenvon Batchelor[6, 8] in ersterOrdnungangegeben. Dabei wurdendie Wech-

selwirkungen von Teilchenpaarenin einer selbstkonsistentenVerteilung von Teilchen

ber̈ucksichtigt.Für die Sinkgeschwindigkeit dereinzelnenTeilchensortenergabsich

h~Ui i = ~U(0)
i (1 +

NX

j =1

Sij � j ): (Z.10)

Hierbei wird mit ~U(0)
i die StokesGeschwindigkeit der Teilchensortei bezeichnet.Die

Sedimentationskoef�zienten Sij sindFunktionendesTeilchengr̈oßenverḧaltnisses

� =
aj

ai
(Z.11)
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unddesreduziertenDichteverḧaltnisses


 =
� j � �
� i � �

: (Z.12)

Die Sedimentationskoef�zienten Sij wurdenfür bestimmteWertefür � und 
 von Bat-

chelorundWen[8] numerischberechnet.

4.1 Sedimentationsgeschwindigkeiten

Für 
 = 1 undzweiTeilchensortenreduziertsichdieGleichung(Z.10)zu

< Us > = U(0)
s (1 + Sss � s + Ssl � l ); (Z.13)

< Ul > = U(0)
l (1 + Sl s � s + Sl l � l );

wobeiderIndex s diekleinenundl diegroßenTeilchenbezeichnet.Die Sedimentations-

koef�zienten sindnur nochvon � abḧangig. Die numerischenWertevon Batchelorund

WenkönnendurcheinPolynomzweiterOrdnungapproximiertwerden,

Ssl (� ) = � 3:52� 1:04 � � 1:03 � 2; (Z.14)

Sl s(� ) = � 3:52� 1:04=� � 1:03=� 2;

wobeiwir � als � = al=as � 1 de�nieren. Die beidenSedimentationskoef�zienten Sss

undSl l habenwie im monodispersenFall beidedenWert � 5:6.

AbbildungZ.10zeigtdiegemessenenSedimentationsgeschwindigkeitenin Abhängigkeit

vom Radienverḧaltnis � . Durchdie endlicheSystemgr̈oßevon 24� 24� 24 werdendie

Teilchendurchihre periodischenAbbilder beein�ußt,unddie erwarteteSedimentations-

geschwindigkeit mussumdieKorrekturvonHasimoto[41]

U=U1 = 1 � 1:7601� 1=3 + � � 1:5593� 2; (Z.15)

berichtigtwerden. Eine zweiteKorrekturwird wegender endlichenReynoldszahlnot-

wendig, da mit zunehmendemTeilchenradiusauch die Reynoldszahlansteigt. Nach

ProudmanundPearson[83] mussdieStokesKraft aufein Teilchendurch

~F = 6� a� ~U
�

1 +
3
8

Re�
9
40

Re2 ln
1

Re

�
; (Z.16)

korrigiertwerden.

DurchdasBerücksichtigendieserbeidenEffektestimmendieVorhersagenvonBatchelor

undWenfür die Sedimentationsgeschwindigkeitensehrgut mit denErgebnissenderSi-

mulationüberein.Für die von BatchelorundWenvorhergesagtePaarverteilungsfunktion

g(r ) ist die Übereinstimmunghingegennicht soausgepr̈agt,wasauf Mehrteilchenwech-

selwirkungenzurückzuf̈uhrenist.
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AbbildungZ.10: Abhängigkeit derSinkgeschwindigkeit derkleinen(+) undgroßen(� )

Teilchenvon � verglichenmit denVorhersagenvon Batchelor(gepunkteteLinien), und

denKorrekturenaufgrunddesendlichenSystemvolumens(gestrichelteLinien) und der

endlichenReynoldszahl(durchgezogeneLinien).

5 Modellierung polydisperserSuspensionen

Bisherwurdennur Systememit periodischenRandbedingungenin Richtungder Gravi-

tationbetrachtet.Sobaldaberdie Translationsinvarianzin RichtungderGravitation z.B.

durchdasVorhandenseinvon Wändengebrochenwird, bilden sichverschiedeneZonen

(z.B.SedimentundklareFlüssigkeit) mit unterschiedlichenTeilchenkonzentrationenaus.

Bei jederrealenSuspensionhandeltessichumeinSystemmit gebrochenerTranslations-

invarianz. Zur Beschreibung der Konzentrationsverläufewird normalerweisedasdrei-

dimensionaleSystemauf eineDimensionreduziert,indemdasSystemin Richtungder

Gravitation in dünneSchichtenzerlegt und die betrachtetenGrößenin denRichtungen

orthogonalzurGravitation gemitteltwerden.

Zur Beschreibung der Konzentrationenin Abhängigkeit von der Höhewird häu�g die

Kynch-Theorie[57] verwendet.Dabeihandeltessichum eineAdvektionsgleichungder

Form

@� i

@t
+

@� i Ui (�)
@y

= 0; (Z.17)

wobei �( y) = (� 1(y); � 2(y); : : : ) die Konzentrationender Teilchensorteni = 1: : : N

an der vertikalenPositiony darstelltund Ui (�) die Sedimentationsgeschwindigkeit der
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Teilchensortei .

Wenndie Abhängigkeit derSedimentationsgeschwindigkeit von derlokalenKonzentrat-

ion der Teilchenbekanntist, kannmit Hilfe von Gleichung(Z.17) auseinerAnfangssi-

tuationdie zeitlicheEntwicklungderKonzentrationenberechnetwerden.Der Vergleich

desadvektiven Kynch-Modellsmit Simulationenzeigt jedoch,dassdasKynch-Modell

zwar die großr̈aumigeStrukturderKonzentrationsverläufewiedergebenkann,abernicht

diegenauenVerläufeandenSchockfronten[14].

Wir erweiterndeshalbdasAdvektionsmodellum einenDiffusionsterm,der die hydro-

dynamischeDiffusiondersedimentierendenTeilchenbeschreibensoll. DasAdvektions-

Diffusions-ModellhatnunfolgendeForm:

@� i

@t
= �

@
@y

�
� i Ui (�) � D i (�)

@� i

@y

�
: (Z.18)

wobei D i (�) die effektive Diffusionskonstantein Abhängigkeit von den lokalen Kon-

zentrationenbezeichnet.Zur Vollständigkeit desModells müssennochdie beidenkon-

stitutivenBeziehungenzwischenKonzentrationundSedimentationsgeschwindigkeit und

zwischenKonzentrationunddemDiffusionskoef�zienten angegebenwerden.

Für dieSedimentationsgeschwindigkeitenerweiternwir BatchelorslineareBeziehungfür

polydisperseSuspensionen,derenGültigkeit für kleine Konzentrationengezeigtwurde

umsieauchbeihöherenKonzentrationeneinsetzenzukönnen.Die erweiterteForm

hUi i = U(0)
i

e(1+
�

j Sij � j +2 � t =� 1 )(� 1 � � t )2

e � 2
1

(Z.19)

ist für � ! 0 identischmit Gl. (Z.10), weist abernicht die unphysikalischennegativen

Wertefür � > 0:178auf.

Für denDiffusionskoef�zienten schlagenwir folgendenfunktionalenZusammenhangvor

D i (�) = DmaxA ai U
(0)
i � i

 
Ui (�)

U(0)
i

! 2

; (Z.20)

der auchdie experimentellenResultatevon Nicolai et al. [75] gut wiedergibt. In Glei-

chung(Z.20)ist A = 31:54eineNormierungskonstante,diesogewählt ist, dassD max der

maximaleBetragdesDiffusionskoef�zienten ist.

Durch die Vorgabevon Anfangs-und Randbedingungenkannder zeitlicheVerlauf der

KonzentrationendurchnumerischeIntegrationderDifferentialgleichungberechnetwer-

den. In Abbildung Z.11 vergleichenwir die VorhersagendesAdvektions-Diffusions-

Modellsmit Dmax = 4:0 mit derdreidimensionalenSimulationeinesSystemsderGröße

36� 576� 36mit zweiTeilchensorten(al =as = 1:414).
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AbbildungZ.11: VolumenanteilderkleinenTeilchen(a)unddergroßenTeilchen(b). Die

durchgezogenenLinien zeigendie VorhersagendesAdvektions-Diffusions-Modells.Die

Datenpunktesind MessungeneinerdreidimensionalenSimulation. Die Konzentrations-

wertesindjeweils um 0:1 nachobenverschobenworden.Die gepunkteteLinie zeigtdie

Anfangskonzentrationvon � = 0:05.


