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0.1 ABSTRACT

In order to investigate the deformations of the earth under the application of different force fields, several
models have been set forth and led to interesting results. Surface loads and earthquakes are two examples
of the force fields which have drawn attention in this respect. Since the main purpose of the author when he
started this work was the representation of post-seismic surface displacement fields, the present thesis refers
more often to that class of applications. In spite of it, the intention to test the method and bench mark one
solution by comparison with a present solution, encouraged the author to compute the displacement field
under a simple distributed surface load.

In studying the deformations induced by fault motions since STEKETEE [1958] introduced dislocation
theory, numerous analytical formulations have been developed. In each new model either a more compli-
cated force field is applied or consideration of more effects in the model has made it more realistic. The
deformation source ranges from a point surface source to inclined internal faults. The earth models started
from a non-gravitational, homogeneous, isotropic, linear, elastic, semi-infinite, planar model, i.e. elastic
half-space, then more effects were taken into account. Earth curvature, surface topography, stratification,
lateral heterogeneity, and compressibility are the specifications of the real earth which have been applied
in the models one after another. Some of them are still subject of important researches, the complications
introduced by lateral inhomogeneity and compressibility effects have not been solved completely yet.

At the same time when scientists have been trying to overcome the present problems in their analytical
models step by step, computational ability has broken out and is flying at a speed which nobody could even
dream of two decades ago. The present computer power in speed and in storage, moreover our expectation
of its future, have drawn the attention of many scientific fields. Numerical methods are propagating to every
discipline which is in one or the other way involved with computations.

Yet unsolved problems in the earth deformation analysis, and on the other hand the growth of numerical
methods motivated the author to apply the finite element method as the proper numerical technique for the
problem of interest and check its output.

The finite element technique is flexible enough to

e model lateral, in addition to radial, heterogeneities,
e include internal discontinuities,

e apply geodetic observations as boundary conditions.

This study presents the results of the application of finite element technique to the earth deformation
analysis under specified force fields. Different numerical earth models are specified in which various physical
properties are discussed. A homogeneous model, radially non-homogeneous models, one without lithosphere,
one with 50 km thick lithosphere, another one with 150 km thick lithosphere, and one model with lateral
variation of lithosphere thickness are discussed in the following.

For the finite element computation, the software package ABAQUS was applied.

0.2 ZUSAMMENFASSUNG

Um die Deformationen der Erde unter der Einwirkung verschiedener anregender Kraftfelder, z.B. Ober-
flichenlasten und Erdbeben zu untersuchen, werden mehrere Modelle aufgestellt, die zu hochinteressanten
Ergebnissen fiihren. Obwohl das Hauptanliegen der Arbeit in der Darstellung postseismischer Verschiebungs-
felder besteht und sich damit vor allem mit dieser Klasse von Anwendungen beschaftigt, wird - aus der Moti-
vation heraus, die Methode durch Vergleich mit bestehenden Lsungen zu testen - auch das Verschiebungsfeld
bei Einwirkung einer einfachen Oberfléchenlast berechnet.

Seit der Einfiihrung der Dislokations-Theorie durch STEKETEE [1958] sind zahlreiche analytische For-
mulierungen zur Beschreibung seismischer Deformationen entwickelt worden, wobei jedes nachfolgende Mod-
ell aus Griinden starkerer Realitdtsnahe entweder eine kompliziertere Anregungsfunktion als das vorherge-
hende verwendet oder weitergehende Effekte beriicksichtigt. Die angesetzten Anregungen reichen dabei von
punktformigen Oberflichenlasten bis zu geneigten inneren Verwerfungen.

Das einfachste untersuchte Erdmodell besteht aus einem nichtgravitierenden, homogenen, isotropischen,
linearen, elastischen, semi-unendlichen und ebenen Modell, d.h. dem sog. elastischen Halbraum. Die darauf
aufbauenden komplizierteren Modelle beriicksichtigen dann auch die Eigenschaften der realen Erde, wie z.B.
Erdkriimmung, Oberflichentopographie, Schichtung, laterale Inhomogenitit und Kompressibilitdt. Einige
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dieser Eigenschaften sind derzeit Gegenstand aktueller Forschungsarbeiten; so sind z.B. die durch laterale
Inhomogenititen und Kompressibilitdt hervorgerufenen Fragestellungen bisher noch véllig ungekléart.

Gliicklicherweise sind die bei der Anwendung analytischer Methoden auftretenden Probleme inzwischen
durch die erhebliche Fortentwicklung der Computer {iberwunden worden. In fast allen Bereichen der Wis-
senschaft werden heutzutage analytische Verfahren durch numerische Verfahren ergénzt oder sogar voll-
stindig ersetzt. Diese fortschreitende Entwicklung numerischer Methoden ermdglichen es nun, die Technik
der Finiten Elemente bei den bisher ungeldsten Problemen in der Erddeformationsanalyse anzuwenden. Die
Vorteile sind betrédchtlich: Es kénnen namlich

e zusitzlich zu den radialen auch laterale Inhomogentaten formuliert,
e innere Diskontinuitdten beriicksichtigt und

e Geoditische Beobachtungen als Randbedingungen eingebracht

werden.

Die vorliegende Arbeit prasentiert die Ergebnisse des Einsatzes der Finite-Elemente-Technik in der Erd-
deformationsanalyse unter Beriicksichtigung vorgegebener Kraftfelder. Es werden verschiedene numerische
Erdmodelle spezifiziert und deren unterschiedliche physikalischen Eigenschaften diskutiert: (i) homogenes
Modell, (ii) radial inhomogenes Modell (ohne Lithosphére, mit 50 km bzw. 150 km dicker Lithosphére)
und (iii) Modell mit lateralen Variationen der Lithosphérendicke. Alle Berechnungen wurden mit dem Soft-
warepakt ABAQUS durchgefiihrt.
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Chapter 1

INTRODUCTION

The deformation of the earth has been the subject of study of various disciplines for long time. The equation
of motion for an elastic body was formulated already by Navier in 1821. In the following two centuries, the
solution techniques developed further, great steps were taken ahead, but we still face unsolved problems. The
theory of elasticity has played a key role in this field, wherever the instantaneous deformations are sought, or
when the deformations after the application of the force fields are vanishing, otherwise viscoelasticity theory
is the proper tool to investigate the deformations.

Both theories, elasticity and viscoelasticity, lead to partial differential equations to be solved for the
earth, which is a difficult task in general.

1.1 A Historical Review of Dislocation Theory

In the following we try to present an overview of the developing process of dislocation theory, and a few
special cases of earth modeling in general, although this can’t be a complete historical review, since many
authors have worked on different models with various specifications.

Since STEKETEE [1958] introduced the basic idea of dislocation theory in a semi-infinite elastic medium,
lots of efforts have been performed to develop this theory further, and represent the earth by more accurate
models. CHINNERY [1961,1963] derived analytical solutions for displacement field of a rectangular disloca-
tion source in an elastic half-space, in particular the displacements on the surface of a medium caused by a
strike-slip fault. SMYLIE and MANSINHA [1971] generalized the theory of dislocation to real earth models by
taking into account: (i) self-gravitation, (ii) radial variation of elastic properties, density and gravity, (iii)
initial hydrostatic stress, and (iv) the presence of liquid core. CHINNERY and JOVANOVICH [1972] calculated
displacement fields due to vertical strike-slip fault for earth models of up to two layers over a half-space,
and studied the correlation of the complications with structure and distance from the fault. JOVANOVICH
et al. [1974a,b] examined the effect of the earth structure on earthquake displacement, strain and tilt fields
on the earth surface due to a point source in a multi-layered elastic half-space. RUNDLE and JACKSON
[1977] developed an analytic expression for the Green function of displacement due to a strike-slip point
source in an elastic layer over a a viscoelastic half-space, the point source solution can be integrated over the
surface of a finite fault. COHEN [1979] proposed a model for post-seismic surface deformation by attributing
them to lithospheric and asthenospheric viscoelasticity, and studied the effect of each of the two layers, he
also computed the stress changes due to the same source [1980a]. BOUCHON [1981] reported a method to
calculate the Green function for elastic layered media, and applied the method to the cases of a vertical
point source, horizontal point source and horizontal shear dislocations. DZIEWONSKY and ANDERSON [1981]
made an inversion of 1000 normal mode periods, 500 summary travel times, 100 normal mode @ values,
mass and moment of inertia, obtained radial distribution of elastic properties, ) values and density in the
earth’s interior, and introduced the Preliminary Reference Earth Model (PREM). IWASAKI and MATSU URA
[1981] computed quasi-static strains and tilts for a dislocation source in a stratified elastic half-space with an
intervenient Maxwellian viscoelastic layer. OKADA [1985] presented a complete set of solutions for surface
displacements, strains and tilts due to inclined shear and tensile faults in a half-space for point and finite
rectangular sources. BONAFEDE et al. [1986] calculated ground deformation on a viscoelastic half-space
for center of dilatation and pressure source. KAGAN [1987a,b] classified all possible elementary sources of
internal deformation in an elastic solid. ROTH [1990] used the theory of dislocation to model deformation on
the surface of a layered half-space, and extended the method to calculate deformation inside the medium.
SUN [1992] studied the potential and gravity changes caused by dislocations in spherically symmetric earth
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8 CHAPTER 1. INTRODUCTION

models, and discussed shear dislocations of vertical strike-slip, vertical dip-slip, dip-slip at a 45° dipping
plane and a tensile opening and explosion. OKUBO [1993] presented a reciprocity theorem between the static
deformation excited by a point dislocation in a SNREI (Spherical Non-Rotating Elastic Isotropic model),
and those generated by external forces such as tides, loads and surface shear forces. ROTH [1993] proposed
a detailed review of recent developments and the state of the art concerning three dimensional models for
crustal deformation in layered media. SUN and OKUBO [1993] continued their earlier works in studying
potential and gravity changes caused by dislocations in spherically symmetric earth models, and compared
the gravity changes due to dislocation in (i) flat earth models, (ii) homogeneous spheres, and (iii) layered
sphere. PAVLOV [1994a,b] showed that the inverse problem of seismic source theory for a general source
type distributed over a three dimensional spatial region in infinite homogeneous isotropic medium has no
unique solution, and based his discussion on the equivalent force [PAVLOV 1994a] and polynomial moments
[PAVLOV 1994b]|. PIERSANTI et al. [1995] quantified the effects of post-seismic deformation on the radial and
horizontal components of displacement, in the near and far fields of strike- and dip-slip point dislocations,
embedded in the elastic layer of a spherical self-gravitating stratified viscoelastic earth. BENNETT et al.
[1996] divided a homogeneous elastic half-space to vertical blocks in contact along vertical planar bound-
aries. FERNANDEZ et al. [1996a,b] modeled dipping faults with various angles in different depths of a model
with an elastic gravitational layer overlying a viscoelastic gravitational half-space, and computed horizontal
and vertical displacements. SUN et al. [1996] defined dislocation Love numbers and Green functions to study
elastic deformation of the earth caused by a point dislocation in a radially heterogeneous spherical earth
model, and derived spherical harmonic expansion for the shear and tensile dislocations of four independent
solutions. VERMEERSEN et al. [1996a,b] presented an outline of the analytical method of general radially
stratified n-layer self-gravitating Maxwell rheological models. POLLITZ [1997] investigated viscoelastic relax-
ation of a ductile asthenosphere underlying a purely elastic plate in a gravitational compressible spherical
layered viscoelastic rheology, and presented approximations suitable for near-field calculations. SABADINI
and VERMEERSEN [1997] applied normal mode theory to a class of multi-layered viscoelastic earth models
based on PREM, with an incompressible linear viscoelastic Maxwell rheology and modeled co- and post-
seismic deformation. SOLDATI et al. [1998] computed gravitational perturbation due to a lithospheric shear
dislocation in the co- and post-seismic regimes of a spherically symmetric earth model with a viscoelastic
mantle and an inviscid core. MARTINEC and WOLF [1999] presented a semi-analytical solution to the two
dimensional forward modeling of viscoelastic relaxation in a heterogeneous model consisting of eccentrically
nested spheres.

1.2 Geodetic Data of Deformation

In parallel to the theoretical development of dislocation theory and earth modeling, geodetic methodology
has made great steps in both theoretical direction and observation technology. Satellite Laser Ranging
(SLR), Very Long Base Line Interferometry (VLBI) and Global Positioning System (GPS) are now com-
mon techniques to detect earth’s surface displacements, e.g. in the vicinity of faults and plate boundaries.
Comparing to tiltmetry, KOSTROV and DAs [1988] wrote:

“geodetic measurements, which are representative of larger areas, are a better means of studying
tectonic strains.”

Quantifying the effects of post-seismic deformation on the different components of displacement vector due
to various dislocation sources, PIERSANTI et al. [1995] conclude that:

“VLBI techniques, with a precision of a few parts per billion over distances of 1000 km, can
detect global post-seismic deformation induced by large earthquakes.”

JACKSON et al. [1997] stated that:

“combined with detailed models relating earthquake occurrence to strain and stress accumulation,
such geodetic observations may also help to identify the places where earthquakes are most likely
in the next few decades.”

SEGALL and MATTHEWS [1997] argued that:

“the recent expansion of permanent Global Positioning System (GPS) networks provides crustal
deformation data that are dense in both space and time.”
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Japan paid considerable attention to this fact, and established nearly 1000 GPS sites in an average spacing
of about 20 km [MIYAZAKI et al. 1997].

Many authors have documented geodetic measurements in seismic active areas, and in most cases they
have interpreted the results to gain information about the geometry of the fault(s). MATSU’URA and TANI-
MOTO [1980] applied co-seismic geodetic data of the Kanto earthquake of 1923, derived a fault model in an
elastic dilatational but Maxwell deviatoric half-space, based on the derived model of the fault, they com-
puted post-seismic vertical displacements and compared with the crustal movements of the period 1931-1950.
BARRIENTOS and WARD [1990] used 166 sea level data, 130 elevation differences and 16 horizontal strains for
the 1960 Chilean earthquake on a Uniform Slip Planar (USP) and a Variable Slip Planar (VSP) faults in an
elastic half-space, and analyzed fault slip patterns. LISOWSKI et al. [1990] derived geometry and orientation
of a fault which best fits to the geodetic co-seismic data of Loma Prieta, California, the earthquake of 1989.
YosHIDA and KOKETSU [1990] developed a simultaneous inversion method of strong motion seismograms
and geodetic data for inferring earthquake rupture process, and applied their method to the 1984 earth-
quake of Naganoken, Seibe, Japan. ARNADOTTIR et al. [1991] presented a non-linear inversion procedure
of geodetic data to obtain elastic dislocation in a homogeneous half-space, applied the method to the 1989
earthquake of Kilauea, and concluded that a realistic structure is important to estimate source geometry
from geodetic data. WILLIAMS et al. [1993] used GPS survey of co-seismic displacements in the epicentral
region of the 1989 Loma, Prieta earthquake, and estimated the parameters of a uniform rectangular disloca-
tion. ARNADOTTIR and SEGALL [1994] calculated the geometry of the fault and the distribution of slip for
the the 1989 Loma Prieta earthquake based on the inversion of EDM, GPS, VLBI and elevation angle mea-
surements. JOHNSON and WYATT [1994] investigated the optimal design of geodynamics geodetic networks,
due to the growth of highly accurate geodetic measurements. ANZIDEI et al. [1996] used repeated measure-
ments of a GPS network of 9 sites crossing the Ionian sea from Calabria (Southern Italy) to Northwestern
Greece, and detected significant changes in the positions of 5 sites. BENNETT et al. [1996] computed slip
rates of the north America plate boundary in Southern California and Northern Mexico, based on repeated
GPS measurements and their half-space model with vertical blocks (§1.1). DUQUENCY et al. [1996] applied
geodetic trilateration and GPS in July 1991 and September 1994, and analyzed the co-seismic deformations
in the vicinity of the Southern Great Sumatran Fault (GSF) due to the February 1994 earthquake. BOCK et
al. [1997] reported the results of the great effort of the Southern California Permanent GPS Geodetic Array
(PGGA), established in 1990 to continuously monitor crustal motions. BURGMAN et al. [1997] analyzed
the GPS and leveling measurements collected in 5 years after 1989 Loma Prieta earthquake to investigate
the post-seismic motion, and concluded that the pre-seismic motions were accelerated by the earthquake.
SEGALL and MATTHEWS [1997] introduced a network inversion filter in order to inverse GPS data for crustal
deformations in frequently sampled geodetic networks, for estimating the distribution of fault slip in space
and time. WDOWINSKI et al. [1997] applied the observations of 7 sites in the area of the 1992 earthquake
of Landers, being observed for 100 days centered on the day of the earthquake, computed the co- and post-
seismic displacements and compared with the results of the dislocation problem. JACKSON. et al. [1977]
discussed the application of triangulation, laser measurements of line length, VLBI and GPS to identify
faults that lack clear evidence on the surface, and to determine the rate of motion on the faults. ZHANG
et al. [1997] analyzed time series of daily positions estimated from the data collected by 10 continuously
monitoring GPS sites in Southern California during a 19 month period 1992-1994. KATO et al. [1998] used
data from a Japan nationwide continuous GPS network to estimate crustal strains in the Japanese islands.
HUNSTAD et al. [1999] proposed a dislocation model for the two normal faulting earthquakes that struck the
Umbria-March, Italy, in 1997, they concluded a geometry of the faults and the ruptures which best fits to
the co-seismic displacements observed by GPS. KENNER and SEGALL [2000] reevaluated triangulation data
from Northern California following 1906 San Francisco earthquake, calculated uniform shear strain rates and
average station velocities. With the addition of recent geodetic data they inferred an effective relaxation
time for long term post-seismic deformation following the 1906 earthquake.

It can be concluded that building up geophysical models without the application of geodetic data is only
a theoretical study of how a model of the earth behaves, while collection of geodetic data monitors the
surface motions of the real earth, and is by itself not sufficient to investigate the generating mechanism of
the motions. Application of geodetic data to geophysical models is the proper way of understanding the
real earth behavior. As a matter of fact geodetic data convey the behavior of the real earth to the purely
theoretical models, and make a bridge between the real earth and the model earth.
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1.3 Application of Numerical Techniques to Compute Deformations

Parallel to the analytical solutions, numerical techniques, e.g. the method of finite elements, have been
developed to deal with the equations whose solutions demand an advanced mathematical treatment, if
solvable at all. However, these techniques did not spread before the break through of the computational
ability.

Advent of new computers and their growth and popularity, brought about more power of numerical
computation therefore more attention is drawn to numerical techniques. Analysis of geodetic data and
earth deformation are not exceptions to this rule. GRAFAREND [1977] constructed a displacement field
characterized by translation, rotation and strain tensors based on the method of finite elements, he derived
stress-strain relations, especially of local, homogeneous and isotropic type. SZAMEITAT [1979] built up a
numerical model of elastic earth, based on elements of spherical layers. GRAFAREND [1986] represented the
local strain and local rotation in terms of irregularly shaped three dimensional finite elements which reflected
the structure of a geodetic network. BONAFEDE et al. [1986], in computing the ground deformations of a
center of dilatation and pressure source in a viscoelastic half-space, and its application in the volcanic area
of Campi Flegrei, Italy, concluded:

“the presence of two layers with different rheological properties makes the analytical solution
difficult to find out and one must finally resort to numerical technique.”

The available software and hardware of today let us go much further in complexities of the models, so that
consideration of lateral variations of the earth material is not a far distance aim any more.

1.4 Objectives and Outline

The main objective of this work is to present a numerical model of the earth as an alternative to analytical
models which is flexible enough to:

o consider lateral, as well as radial, variations of a material within the earth,
e model dislocation sources such as rectangular foult inside the earth,

e include geodetically observed displacements as boundary conditions.

This study applies finite element as a technique to show its flexibility to account for the above mentioned
factors, detailed discussion of the technique is beyond the scope of this work.

Chapter 2 introduces briefly the focal mechanism of earthquakes. Body waves, different types of sources,
geometry of a fault and their relevant terms are defined. Chapter 3 presents a number of different earth mod-
els, their specifications, and the relevant definitions, including the elements’ sizes and shapes. Computations
and results for these models are presented in chapter 4. Chapter 5 presents conclusions and suggestions for
further studies. In Appendix A the elements of elasticity theory for a general elastic medium are described,
starting from a simple material law, and continuing by generalizing for a continuum. The equation of motion
of the medium is derived. Appendix B deals with body forces, in particular with the basic theorem of Betti,
when is evaluated for the case of quiescent past and introduces the proper Green function. Equivalent body
forces for discontinuities inside an elastic body are discussed. The appendix concludes with the representa-
tion of a seismic source by a distribution of force couples. Viscoelasticity theory is the subject of Appendix
C, where the motions after the action of a deformation source are formulated. Thi is the proper tool to
study the post-seismic displacement field.



Chapter 2

FOCAL MECHANISM

The main aim of this work is to deal with the displacement fields of some dislocation sources. By dislocation
we mean discontinuous displacement, e.g. fault slippage. A dislocation source acts as a source of continuous
displacement over the rest of the globe, and this is what we will compute. Actually, we will deal with a

forward problem: given the dislocation value over the source area, we compute the displacement field.
This chapter presents the basic definitions which are required for later chapters.

2.1 BODY WAVES

Although at least one separate chapter could have been devoted to body waves, here we confine to the

definitions and propagation patterns of P and S waves only.
The international Dictionary of Geophysics [RUNCORN, 1967] gives the following explanations:

“Two types of elastic body waves may propagate in a homogeneous, isotropic, solid medium.
Both waves involve shearing of the elastic medium, but one entails a volume change without any
rotation of the material element whereas the other entails a rotation without any volume change.
The former is designated P wave and the latter S wave. At large distances from the source
the displacement of the elastic medium associated with the P wave is longitudinal whereas that
associated with S wave is transverse. ...

The designation P (for primae) and S (for secundae) were first used by seismologists to identify
the first and second prominent arrivals on records of nearby earthquakes. By 1900 it was gen-
erally agreed that the events so identified could be associated with the two types of body waves
predicted from the mathematical theory of elasticity by Poisson. A more general mathematical
theory of these waves had been given by STOKES [1883] who showed that the faster wave would
be dilatational and irrotational whereas the slower wave equivoluminal and rotational. In this
manner the dilatational wave became known as the P wave and the equivoluminal as the S wave.”

BATH [1979] writes:

“P is longitudinal, i.e. particles hit by this wave oscillate back and forth around their equilibrium
position in the same direction as the wave propagates. S is transverse, i.e. particle motion is
confined to a plane perpendicular to the direction of propagation. For simplicity, we split the S
wave motion into a horizontal (SH) and a vertical component (SV').”

One can write:

and

rotUp =0 ,

divUg =0 ,

in which Up and Ug are the displacement fields of the P and S waves respectively.

11
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2.2 SOURCES

Different sources are responsible for earthquakes, and are classified in three main categories BATH [1979]:

e Collapse earthquakes, caused by the collapse of cavities in the earth’s interior
e Volcanic earthquakes

e Tectonic earthquakes

Tectonic earthquakes are of the greatest significance to the earth, and are therefore discussed in more detail
in the following, while the shocks of the first two categories were formerly overestimated in importance,
although they are nearly always very small. A schematic picture of a tectonic mechanism is shown in figure
(2.1). The heavy vertical full line is a fault, with horizontal lines the structure of the earth on both sides
of the fault. This structure is continuous before any relative motion (figure2.1a). Slow motions in the earth

L
J

. —

- A

e d e

Figure 2.1: Simple model of a tectonic earthquake (a) before any motion, (b) after relative motion, (c)
rupture, (d) P- and S-wave radiation patterns

cause deformation in this area as in figure (2.1b). This process continues until the generated stresses are
larger than the strength of the material along the fault, and a rupture, i.e. a sudden motion, occurs (figure
2.1c). Figure (2.1d) shows the propagation pattern of S- and P-waves. In the upper left and lower right
areas P-wave causes compression, this is shown by PT and positive oscillation values at the beginning of
the curve z. In upper right and lower left areas P-wave causes dilatation, shown by P~ and negative values
of z in the first oscillations. The diagonal lobes show displacement areas of P-waves. The horizontal lobes
are the areas where S-wave propagates. In figure (2.1d) direction of the rupture on each side of the fault
is shown by an arrow. As a result of this configuration, if we imagine a cube of unit side centered at the
earthquake focus, it is deformed to a parallelepiped, the top view of which is depicted in figure (2.2).
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After the first oscillation

Before the earthquake :

¥

Figure 2.2: Deformation of a unit cube centered at the focus of an earthquake after the first oscillation, as
seen from top

Worth mentioning is that the compressional and dilatational areas, as well as the sign of the z curve as
shown in figure (2.1) are those of the first oscillation, and alternate in time. Whenever an earthquake occurs,
the first wave arriving at the recording station is the direct P-wave. Experimental evidences show that this
initial wave reaches at some stations as a compression, and at the others as a dilatation, and that these two
types produce a systematic pattern which is related to the focal mechanism.

In the investigations of the focal mechanism we should look for the models which provide these systematic
patterns. Different models have been proposed by investigators. Three basic models are noted in the
following.

e Point Focus:
Point focus is the simplest model. It consists of a force couple and produces the quadrantal distribution
of compressions (+) and dilatations (-) (figure 2.3). The two perpendicular lines which separate the four
quadrants are called Nodal Lines. The P-wave amplitude is zero on the nodal lines and is maximum
on the bisector of the nodal lines, while S-wave amplitude is zero on one of the nodal lines (the fault)
and maximum on its conjugate.

QoP
S

& b C

Figure 2.4: (a) Perpendicular pair of couples, its equivalent two pairs of opposite and equal forces at right
angles, with (b) P-wave, and (c) S-wave radiation patterns
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e Pair of Couples:
This model consists of two perpendicular couples or equivalently two pairs of equal and opposite forces

at right angles (figure 2.4). The P-wave radiation pattern is the same as that of a point force because
a force couple normal to the previous one produces the same P-wave radiation pattern, while that
of S-wave is different because the second perpendicular force couple generates an S-wave radiation
pattern normal to the pattern of the first couple.

e More Sophisticated Models:

Such models take into account the dimensions of the focus and do not consider them as point sources.
Most of such models are based on dislocation theory. In this class there are again different theories
which can be classified in two groups of kinematic and dynamic models. Kinematic models are those
which regard an earthquake as a sudden release of accumulated strains along a fault, as proposed by
KNOPOFF and GILBERT [1959] and KNOPOFF and GILBERT [1960]. In these models the trajectory
of the displacement is given as a function of space and time. In dynamic models the forces acting on
the particles are given, but the trajectory is unknown. In such models, e.g. VVDENSKAYA [1959], at
the moment of failure the stresses accumulated on the surface of the fracture are relieved. Kinematic
models deal with quantities as stress drop, average slip, and fracture area, while dynamic models with
source volume and strain release.

Usually the earthquake mechanism is not as simple as a point source or a pair of couples, but can be analyzed
mathematically as a combination of a number of such simple sources. The mathematical treatment is the
subject of appendices A and B.

2.3 FAULT PLANE GEOMETRY

Obviously the radiation pattern of seismic waves varies with the direction of the focus (the fault orientation).
The fault surface may have any orientation and consequently the displacement along the fault may happen in
any direction. Therefore, in order to investigate the displacement field, we have to define a coordinate system
and some useful directions or angles. We briefly review such definitions, and some of the interrelations.
e Geographic system of coordinates (figure 2.5)
T3
€,

€\,

ro
es

¢o €2

e )\0 \

T2

Z1

Figure 2.5: Geographic and epicentral systems of coordinates

Origin: mass center of the earth

e; axis: to the Greenwich meridian, in the equatorial plane
— ez axis: through the North Pole

— ey axis: so that the system is right handed

o FEpicentral system of coordinates (figure 2.5)
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— Origin: epicenter
— ep,: upward
— eg,: northward

— ey, eastward

The rotation between the geographic and the epicentral systems:

| €1 €9 €3
ex, —sin Ag €Oos Ag 0
ey, | —singocosAo —singgsinAg cos¢o

€r, | COS g CcosAg cosggsin g  sin ¢y

Fault (or dislocation) plane: the plane defined by the fracture, or simulated by its normal at the
dislocation point

Auziliary plane: plane perpendicular to the fault plane and to the slippage. Either in double couple
model of figure (2.4) or in single couple model of figure (2.3), fault plane and auxiliary plane are
not distinguishable by the radiation pattern of P-waves, i.e. if these two planes are interchanged,
the radiation pattern does not alter. Because of this ambiguity these two planes are called conjugate
planes.

Strike direction (or strike of the fault): the intersection line of the fault plane with the surface of the
earth (figure 2.6)
T3

trike direction

T2

z3

Figure 2.6: Strike direction and strike azimuth

Fault (or strike) azimuth: the angle between the strike direction and north, measured clockwise from
the north, 0 < ¢ < 2, (figure 2.6)

Foot wall: the mass of the rock below an inclined fault (figure 2.7)
Hanging wall: the mass of the rock above an inclined fault (figure 2.7)

Dip direction: a line on the earth’s surface perpendicular to the strike drawn in the direction in which
the fault plane is dipping (figure 2.7)
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Vertical

Dip direction Q

Hanging wall |_— Fault plane

Dip

Foot wall

Figure 2.7: Dip direction, dip and dip angle §

e Dip of the fault: a line in the fault plane perpendicular to the strike downward (figure 2.7)

o Source system of coordinates: the system obtained by rotating the epicentral system about e,, through

~

an angle m — ¢ (figures 2.8 and 2.9). This generates the

— €Y: in the strike direction

— €J: upward

— €9: so that the system is right handed

| €¢o €xo €rq
e) | —cosp sing 0
€)| —sing —cos¢p 0
€3 0 0 1
eg
n

0
€2 Foot wall

(S e

p Strike
Q(ro) ef

Dislocation plane

Dip direction
Figure 2.8: Slip angle, dip angle and the source system

e Slip angle ()\): the angle between the vector e (the unit vector in the slip direction) and the strike
direction, measured counterclockwise from the strike direction so that 0 < A < 27 (figure 2.8).

e Dip angle (§): the acute angle between the normal to the fault plane (n) and the vertical (e3), measured
from the vertical direction so that 0 < § < 7/2 (figures 2.7 and 2.8)
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North

é Parallel

Dip direction

€Xo East

Strike direction

Meridian

Figure 2.9: Side view with dip direction, strike direction, epicentral system and source system
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o Strike slip, lateral, transcurrent or wrench fault: a fault for which A = 0 or 27, that means slippage in

strike direction or opposite to it

e Dip-slip fault: a fault with an slip of A = 7/2 or 37 /2, that means slippage in dip direction or opposite

to it

e Oblique slip fault: a general fault which is a superposition of a strike-slip and a dip-slip fault, in other
words the slip Uy of a general fault can be decomposed to a slip of a strike-slip, U; = Uy cos A, and a

slip of dip-slip fault, Uy = Uy sin A

e Dextral or right lateral fault: a strike-slip fault in which to the eyes of an observer the opposite side of
the fault moves rightward (figure 2.10a)

e Sinistral or left lateral fault: a strike slip fault in which to the eyes of an observer the opposite side of
the fault moves leftward (figure 2.10b)

e

y
Z

NA

ra
[

Figure 2.10: Two kinds of strike-slip faults: (a) right lateral and (b) left lateral

Foot wall \ \

Figure 2.11: Two kinds of dip slip faults: (a) normal and (b) reverse

Foot wall

e Normal fault: an inclined fracture along which the hanging wall moves downward relative to the

footwall (figure 2.11a)
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e Reverse fault: an inclined fracture along which the hanging wall moves upward relative to the footwall
(figure 2.11Db)
e Thrust fault: a reverse fault with 6 < 45°

e Querthrust fault: a reverse fault with § < 10°



Chapter 3

NUMERICAL EARTH MODEL

In the appendices we discuss the basic theory of the earth deformation analysis. The fundamental theories of
elasticity (appendix A) and viscoelasticity (appendix B) were introduced as the proper theories to describe
the response of the earth to various types of sources, e.g. dislocation sources. This chapter discusses the
numerical definition of an earth model, which is then followed by a chapter on its solution.

3.1 EARTH MODEL DEFINITION

Our planet earth is highly heterogeneous. Its material varies from point to point so non-homogeneously that
the variations can’t be described by mathematical formulae. Moreover our knowledge of its material and
the variations of density, elastic parameters, viscosity and temperature inside the earth is very limited. By
earth modeling we understand specification of a model body which resembles the earth. A good model can
be used as the only choice of studying the earth deformations when the internal structure of the earth is
required. By earth model specification we mean specification of geometry and physics of the model earth.
Geometry of the model is specified by its shape and size, while physics of the model is specified by its
material content. Material specification in turn comprises assignment of properties and behavior. The
parameters to be specified as the material properties in our applications, are mass density, elastic constants
and viscosity for viscoelastic models. Material behavior specification determines whether the model, or each
of its sub-domains, is elastic or viscoelastic, linear or nonlinear, and in case of viscoelastic, which model of
viscoelasticity, Maxwell, Kelvin or more complicated (Appendix C).

In numerical modeling, there are more parameters to be assigned, i.e. size and shape of the elements.
Size and even shape of the elements may also be a function of position, according to the area of interest,
or when the source is so that in order to consider it more accurately, a finer network of nodes and elements
within a specified area is the best and most economic way of modeling it with the required accuracy, or due
to the local variations of the material properties.

Many analytical models have been specified and used, the models in which the material variations are
specified as analytical functions of positions. PREM [Dziewonski and Anderson 1981] is the most widely
accepted elastic spherical model which defines density, P— and S—wave velocities, quality factors, seismic
parameters, bulk modulus, shear modulus, Poisson’s ratio, pressure, variations of bulk modulus with pressure
and gravity as a function of radial distance or depth in 94 layers. SABADINT and VERMEERSEN, [1997] showed
that in modeling glacial-isostatic adjustment, a ten layer model is sufficient to reflect the effective material
variations of the model, and inclusion of more layers brings no further achievement about. MARTINEC and
WOoLF [1999] took the first step towards a laterally heterogeneous model by first designing a test model
consisting of eccentrically nested spheres.

3.2 SPECIFICATION OF A NUMERICAL EARTH MODEL

As stated in §3.1, a number of parameters are to be specified to make a numerical model, in the following
we introduce them step by step.

3.2.1 Elements’ Shapes

The software ABAQUS to be used for finite element analysis in this work is able to handle a number of
geometrically different elements [Hibbit, Karlsson and Sorensen, Inc. 1995]. We pick out the topologically
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simplest figure, a tetrahedron. Tetrahedron has the property that if each side of an equilateral tetrahedron is
subdivided into two, eight tetrahedra are obtained. Four of them are again equilateral, and each of the other
four figures has two equilateral triangles and two right angle isosceles triangles. The important property
is that if the latter types of the subdivided tetrahedra are subdivided again in the same way, the set of
the eight included tetrahedra contains four tetrahedra similar to the subdivided one, and four equilateral
tetrahedra. This means that if a large tetrahedron, circumferencing a sphere, is subdivided further, the
generated smaller tetrahedra approximate the sphere better, while the geometry of the tetrahedra does not
deteriorate. What remains problematic is the area close to the sphere surface where the tetrahedra’s sides
intersect the surface. This problem is overcome by projecting the outer and inner nodes onto the sphere
surface so that the subdivided tetrahedra exactly fill the spherical volume. Of course this deteriorates the
geometry of the surface tetrahedra a little, but the degree of deterioration depends on the projection scheme.
The mesh generator tool of the software MSC/PATRAN performs this job in a rather efficient way.

If the model is taken radially heterogeneous, the projection scheme is repeated on the boundaries of the
inner spheres, while a finer grid of elements is required in order to prevent a geometry deterioration.

The next important point is that the elements could be either linear or quadratic. A Linear element
(figure 3.1) is defined by its corner nodes only, the edges are lines, and a linear approximating function

Figure 3.1: Linear tetrahedron

is used inside it, while a quadratic element includes midpoints in addition to its corners. The edges are
quadratic lines, and the approximating function is quadratic (figure 3.2). Linear and quadratic tetrahedra

Figure 3.2: Quadratic tetrahedron, the midpoints are marked.

are formed by 4 and 10 nodes respectively.

It is advisable to use linear elements only to fill the gaps of special areas, otherwise in order to obtain a
reasonable accuracy, one needs too many elements.

In case of quadratic bodies, e.g. a sphere, there is another motivation for quadratic elements. They
exactly fill the body. Edges of surface linear tetrahedra are only the sphere chords, while those of a quadratic
tetrahedron lie on the spherical surface (figure 3.3). The homogeneous sphere of interest is subdivided
into 1849 quadratic tetrahedra with an average side length of 2457 km. There are 2862 nodes for this
decomposition. An internal and a surface tetrahedron are presented in figures (3.3 and 3.4), respectively. The
elements are given in table 3.1. Node specification, including the node numbers and Cartesian coordinates
is presented in table 3.2.

Although tetrahedron is used in this work as the main element shape, in some of the models it is not
an efficient shape for the whole spherical body, in particular in multi layer models. A good example is a
four layer model which consists of a spherical core, lower mantle, upper mantle and lithosphere, where the
thicknesses of the two top layers, upper mantle and lithosphere, are relatively small in comparison to the
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3 956

1

Figure 3.3: A surface element, the upper surface is a spherical triangle which lies on the model surface

1

3 1062

Figure 3.4: An internal element

| 365 | 1064 | 1063 | 1062 | 1061 | 1068 | 1069 | 1070 | 1065 | 1066 | 1067 |
[1184 [ 956 | 85 [ 67 | 124 [ 1940 | 388 [ 2490 [ 1942 | 502 [ 503 |

Table 3.1: Element definition for the elements of figures (3.4 and 3.3) respectively. The first column shows
the element number, columns 2 to 11 are the node numbers.

radius of the core and the thickness of lower mantle. If all the layers are to be descretized by tetrahedra,
in the thinner layers, e.g. a 50 km thick lithosphere, one needs small elements in order to keep a good
geometry of the elements, while in the lower layers this is not necessary. On the other hand, the nodes of the
successive layers must be identical on the border. This means that for such layers too many small elements
must be specified. To have a reasonable accuracy, 10° elements may be required, which increases the size of
the problem.
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[ o] x [ vy [ =z |
67 | 1602891 | 593679 | 6137420
85 | 430074 | -822451 | 6303035

124 | -270010 | 834108 | 6310388
388 | 1020931 | -104767 | 6287795
502 | 80153 5308 6370493
503 | 673843 720183 | 6294197
956 | -203956 | 635086 | 4763783

1061 | 636615 | -4495782 | 1450578

1062 | -257575 | -3129338 | 387696

1063 | -387084 | -4712731 | 584022

1064 | -897696 | -4290795 | 1849004

1065 | -130540 | -4393289 | 1649791

1066 | 124766 | -4604257 | 1017300

1067 | 189520 | -3812560 | 919137

1068 | -642390 | -4501763 | 1216513

1069 | -322329 | -3921035 | 485859

1070 | -577635 | -3710067 | 1118350

1940 | 113059 -93682 | 5533409

1942 | -236983 | 734597 | 5537085

2490 | 699468 614383 | 5450601

Table 3.2: Node definition for the elements of the figures (3.3 and 3.4)

One method to overcome this problem is to model different areas of the model by different figures. In
case of four layer sphere with a thin lithosphere and a relatively thin upper mantle, the best solution is to
fill the lower mantle by tetrahedra, and the two thin layers by pentahedra. Each pentahedron of the upper
mantle is made based on the triangular base of a tetrahedron in the lower mantle, and each pentrahedron
of the lithosphere stands on the upper triangular base of a pentahedron in the upper mantle.

The next point is that since we are going to design different models with different thicknesses of the
lithosphere, we must design a 5 layer model, with sandwich layer, that can be associated with the upper
mantle or the lithosphere. This layer is modeled by pentahedra. A vertical cross section of the model is
presented in figure (3.5). The darker part of the figure shows the surface of the fault.

_E

Figure 3.5: Cross section of the upper layers, descretized by pentahedra, the lower and upper levels show
upper mantle and lithosphere, respectively, the intermediate level is in one model regarded as part of the
upper mantle, and in another model as lithosphere. This helps to illuminate the role of lithosphere thickness
in the model behaviour. The darker area is the fault surface.

This set up ensures the flexibility of changing the thickness of lithosphere, while keeping the geometry of
the model constant, so that the responses are affected by the change of rheology only, and not by different
model geometries.
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3.2.2 Model Geometry

Next, the model size and shape are defined. The model is taken as a sphere, with no discontinuity surface
inside. It is important to choose a spherical boundary, because in case of internal discontinuities the spherical
boundary is extended so that it includes the discontinuity surface (figure B.1). The size of the sphere is
described by its radius, which is taken as the average radius of the earth, 6371 km.

3.2.3 Physical Properties of the Model

When choosing the physical properties, some specifications must be specified.

Compressibility: Shows to which extent the model is undertaking volume changes. In this study, we
confine ourselves to incompressible models, i.e. there is no volume change assumed. This implies zero
dilatation everywhere in the model:

€5 — 0. (31)

Incompressible response of material is not trivial for a numerical analysis, since a purely hydrostatic
pressure does not change the displacement field. The nearly incompressible case, or Poisson’s ratio of
greater than 0.49 exhibits a singular behavior. A in eq. (A.65) approaches infinity by v = 0.5. This
cause the numerical solution to be too sensitive to be used in practice. This singularity is removed by
treating the pressure stress as an independently interpolated basic solution variable, in the so called
’hybrid elements’. A detailed explanation is presented in HIBBIT et. al (1995).

Isotropy: specifies whether there are directional changes of the material properties at each point, an isotrope
material is one without directional dependencies of the properties.

Homogeneity: Whether a parameter is constant over the whole model, or they change with position, e.g.
homogeneity in elastic parameters implies (no positional dependency of the parameters) that:
ox _ Op
alb'i B (91‘,' h ’

(3.2)

while in a non-homogeneous model at least one of the above derivatives doesn’t vanish.

Rheology: Determines in which way the model behaves, elastic or viscoelastic, linear or non-linear, and in
case of a viscoelastic model, whether it behaves like a Maxwell fluid, Kelvin solid or a more complicated
body. In the following we assume linear models and in particular Maxwell fluid.

Gravitation: Self gravitation of the model can play an important role. When it is present, its prestress
field is taken into account according to the theoretical discussion of §A.2.5. We do not consider the
rotation of the earth in this work. A spherically symmetric, i.e. laterally homogeneous, isotropic sphere
generates a hydrostatic gravitational field, i.e. it causes no shear component. In the computations
(chapter 4) the effect of the gravitational pre-stress field is presented by comparing the responses of
two models with common geometrical and physical properties, but with and without gravitational
pre-stress field.

A number of different models are formed, they are explained in the following.

3.2.3.1 Incompressible, Homogeneous, Isotropic, Linear Elastic Sphere

The simplest spherical model is taken into account first, in order to make a comparison of the results with a
known solution for the displacement field of a simple surface distribution of loads. This is required to check
the ability of the finite element technique. The required parameters have the following values:

e The mass of the earth is chosen so that it generates a gravity modulus of g = 10 m s~2 on the surface.
With a radius of R = 6371 km, a universal gravitational constant of G = 6.672.10~ ! m3kg™'s?, the
total mass of the model is computed from:

GM
9= N2l (3.3)
as M = 6.083579287 x 10%* kg. If distributed homogeneously over the sphere, the mass density is:
p = 5616 kgm 3.
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e Average elastic constants are used in the model. Incompressibility implies that A — oo. The rigidity
is taken as p = 6 x 10'° Pa. Young’s modulus (E) and Poisson’s ratio (), from ERINGEN [1980]:

Ev
_ 4
A= A=) (34)
and
S (3.5)
F=5a+0) '
which imply that
3N+ 2
= 3.6
N (3.6)
and N
_ 3.7
2N+ ) (37)

This yields E = 1.8 x 10! Pa and v = 0.5.

e Linear elasticity is assumed.

3.2.3.2 Incompressible, Pre-Stressed, Homogeneous, Isotropic, Elastic Sphere

The previous model applies, except that the gravitational pre-stress filed of masses is taken into account.
The pre-stresses are formulated as shown in §A.2.5. What remains is to compute the gravitational stress as
a function of radius.
The equilibrium state of a self gravitating sphere is given by matching its body force with the pressure
gradient [AKI and RICHARDS 1980]:
—pg(r)r =VP(r), (3.8)

where p is the constant density, e.g., g(r) the positive valued modulus of gravity, r the unit radial vector, V
the gradient operator, and P(r) is the pressure. P(r) is in fact the pre-stress field we seek. Because of the
spherical symmetry, the gradient is equal to the radial derivative:

P 4 4
VP = 68_7' =—pg=—p (yerr) = —gﬂ'Gp2T . (3.9)
Integration yields:
2 .
P= —ngp2rz +C, (3.10)
where C is the integration constant. If we assume no pressure on the model surface:
2 2 p2
P(R) = —ngp RE+C=0. (3.11)
Therefore:
2 2 p2
C= ngp R, (3.12)
which means with eq. (3.10):
2
P(r) = ngpQ(R2 —r?). (3.13)

For a hydrostatic equilibrium state, the prestress tensor is:

oo =—PI . (3.14)

3.2.3.3 Incompressible, Non-gravitational, Homogeneous, Isotropic, Viscoelastic Sphere

The model is assumed of the same geometry, density and elastic parameters as in §3.2.3.1, and the average
viscosity is v = 102° Pa s .

3.2.3.4 Incompressible, Pre-Stressed, Homogeneous, Isotropic, Viscoelastic Sphere

As for the previous model, except that the gravitational effect of mass is taken into account as pre-stress.
The pre-stresses are treated as discussed in §A.2.5, similar to the previous model.
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3.3 NON-HOMOGENEOUS MODELS

It is not intended to end this work with homogeneous models. One of the main purposes is to investigate
the possibility of applying a numerical technique to more complicated models, especially in response to
dislocation sources. We therefore design a number of non-homogeneous models in addition to the simple
homogeneous ones.

In order to investigate the effect of different parameters, e.g. rigidity and viscosity, of different earth
layers, the following models are analyzed. In all modes the total mass is constant so that it generates a
gravitational acceleration of 10 m s~2 on the surface. All models except the last have five layers with respect
to rigidity and differ in viscosity profile. The last model is designed to study the effect of rigidity.

3.3.1 Model A: Core, Lower Mantle, Upper Mantle

This model includes a core, a perfect fluid, a lower mantle, a Maxwellian viscoelastic solid, and an upper
mantle, another Maxwellian viscoelastic solid with a lower rigidity than that of lower mantle.

Mass, rigidity and viscosity values are given in table 3.3, they are adopted from PREM [DZIEWONSKI
and ANDERSON, 1981] and SABADINI and VERMEERSEN [1997].

|[Layer | R(km) | u(Nm=?) [ plkgm=3) | v(Pas) ]
1 0 — 3480 — 10932 —
2 3480 — 5700 | 2.17 x 10! 4878 2.4 x 1022
3 5700 — 6221 | 1.10 x 10! 4003 1.6 x 102!
4 6221 — 6321 | 6.7 x 1010 4003 1.6 x 1071
5 6321 — 6371 | 4.6 x 10™ 4003 1.6 x 1021

Table 3.3: Material properties of a multi-layered model without lithosphere (Model A)

Although a model without lithosphere is far from the real earth, it is useful for investigating the role of
the lithosphere in the earth behaviour.

3.3.2 Model B: Core, Lower Mantle, Upper Mantle, 50 km Lithosphere

A thin lithosphere is added on top of the upper mantle. The practical difference with the previous model
is that the viscosity of the upper 50 km is set to infinity, while the rigidity and density profiles are kept
unchanged. In this way the effect of an elastic layer in the earth behaviour is revealed. The relatively thin
lithosphere resembles an oceanic plate. Table 3.4 shows the model properties.

| Layer | R(km) | u(N m~2) | plkg m~3) | v(Pa s) |
1 0 — 3480 — 10932 0
2 3480 — 5700 | 2.17 x 1011 4878 2.4 x 10%2
3 5700 — 6221 | 1.10 x 10! 4003 1.6 x 1021
4 6221 — 6321 | 6.7 x 10™ 4003 1.6 x 1077
5 6321 — 6371 | 4.6 x 1019 4003 00

Table 3.4: Material properties of a multi-layered model with a 50 km thick lithosphere (Model B)

3.3.3 Model C: Core, Lower Mantle, Upper Mantle, 150 km Lithosphere

The thickness of the lithosphere is increased to 150 km. The viscosity of this layer is set to infinity, while
the rigidity profile remains unchanged again (table 3.6).

The relatively thick lithosphere may be thought of as a continental plate. Adding the results of this
model to models A and B gives a more complete picture of the effect of the lithosphere and its thickness. On
the other hand the comparison of this model with model B can give an impression of the different behaviour
of oceanic and continental lithosphere.
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[ Layer | R(km) | p(Nm=?) [ p(Kgm=3) | v(Pas)
1 0 — 3480 — 10932 0
2 3480 — 5700 | 2.17 x 10T 4878 2.4 x 10%2
3 5700 — 6221 | 1.10 x 10! 4003 1.6 x 1021
4 6221 — 6321 | 6.7 x 1010 4003 00
5 6321 — 6371 | 4.6 x 100 4003 00

Table 3.5: Material properties of a multi-layered model with a 150 km thick lithosphere (Model C)

3.3.4 Model D: Core, Lower Mantle, Upper Mantle, Laterally Heterogeneous
Lithosphere

The main argument of applying a numerical technique to the analysis of earth deformations, for example in
response to a dislocation source, is its flexibility to model different material behaviours in different parts of
the model as opposed to the limitations of analytical techniques. The final purpose is actually to go beyond
these limitations. An important limitation of analytical techniques is the assumption of lateral homogeneity,
an assumption which may not be true around faults. Taking into account that many of the important
earthquakes happen on the borders of oceanic and continental plates, one may appreciate the importance
of the factor which is neglected in analytical models. The model properties are presented in table 3.6. In

| Layer | R(km) | p(Nm=?) | p(kg m~3) | v(Pas) |
1 0 — 3480 - 10932 0
2 3480 — 5700 | 2.17 x 10! 4878 2.4 x 1022
3 5700 — 6221 | 1.10 x 10™" 4003 1.6 x 10°T
4 6221 — 6321 | 6.7 x 10° 4003 oo or 1.6 x 1071
5 6321 — 6371 | 4.6 x 100 4003 00

Table 3.6: Material properties of a multi-layered model with a heterogeneous lithosphere (Model D), the
viscosity of layer 4 is 0o and 1.6 x 10%! Pa s in the continental and oceanic plates respectively

this model the continental plate covers an area of about 4500 x 9000 km? (figure 3.6), and the fault is in the

Figure 3.6: Continental plate in model D, fault is located in the middle of the lower border

middle of its lower border. The rest of the globe is covered by the oceanic plate, i.e. 50 km thick lithosphere.
In the computation step, displacement curves are plotted for points on the margin, in the middle of, and out
the the continental plate. They will be compared to the results of radially symmetric models.
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3.3.5 Model E: Core, Lower Mantle, Upper Mantle, 150 km Lithosphere of
Constant Rigidity

In this model the lithosphere is of 150 km thickness and constant rigidity. The only difference with model
C is therefore that the rigidity of the upper 50 km is set equal to that of the lower 100 km. This is stated
in table 3.7. The purpose of this model is to investigate the effect of rigidity, when compared to the results

| Layer | R(km) | p(Nm™?) | plkgm®) [ v(Pas) |
1 0 — 3480 — 10932 0

2 3480 — 5700 | 2.17 x 10™ 4878 2.4 x 1022
3 5700 — 6221 | 1.10 x 10™T 4003 1.6 x 101
4 6221 — 6321 | 6.7 x 101° 4003 00
5 6321 — 6371 | 6.7 x 1010 4003 )

Table 3.7: Material properties of Model E

of model C.

3.4 DEFORMATION SOURCE

Although the first aim of the this study is to apply the model for the analysis of the displacement discontinuity
sources, e.g. discontinuous motion of the fault surfaces, and in particular post-seismic displacements, we first
investigate the displacement field of a simplified surface load. This is because the analytical solution of this
problem is well known, and is therefore a good bench mark to test the accuracy of the numerical solution.

3.4.1 Surface Load

We apply a simple surface load proportional to the second degree zonal spherical harmonic:
L(8) = LnYa(R,6) , (3.15)

where L,, is the maximum pressure amplitude, R the radius of the model earth, # the colatitude measured
from the north pole, and:

Ya(R,0) = %(3 cos?0 —1) . (3.16)
As the load thickness, we take H;, = 3 km and thick assuming ice, a density of p;, = 900 kg m—3:
Ly = prgHp =2.7x 107 Pa . (3.17)
where g is the surface modulus of gravity, g = 10 m s~2. From the last three equations:

L(#) =1.35x 10" (3cos’0 — 1) Pa . (3.18)

3.4.2 Dislocation Sources

As the final aim of this work, dislocation sources are applied, a dipolar source of the type discussed in §B.5.1,
a one dimensional strike-slip fault, and a two dimensional vertical strike-slip fault.

The dipole is assumed to be located on the surface of the earth, with center and forces on the z—axis.
This is shown as (1, 1) in figure (B.4). A pressure of 1 x 10! Pa is applied on each side of the (R, 0,0) point.

The first dislocation source is assumed as a one dimensional displacement discontinuity on the earth’s
surface. The length and the prescribed amount of dislocation are introduced. The importance of a dipole
is that, as discussed in appendix B, a displacement discontinuity, e.g. slip on the surface of a fault, can be
analyzed as a distribution of dipolar sources on the fault surface.

The last and the most interesting source being dealt with in this work is a two dimensional dislocation
source, a vertical right lateral strike-slip fault, i.e. a vertical plane on which discontinuous displacement may
occur as a source of continuous displacement over the rest of the model. A vertical section of the model is
depicted in figure (3.5).

The sources and the results are discussed in the next chapter.
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Chapter 4

RESULTS

This chapter presents results of the numerical computations for the model earth deformations under the
application of the force fields mentioned in chapter 3. Various models are investigated, all the models
considered are incompressible and isotropic, what make the difference of the models are the rheology and
the self gravitational pre-stress field. We consider both elastic and viscoelastic models, with and without
pre-stress field, under surface loads, dipolar sources, one and two dimensional strike-slip faults. In one case,
where the analytical solution is well known, the effect of the pre-stress field is discussed.

Some results presented in the following are location dependent, e.g. displacement curves at different
points, figure (4.1) shows the position of the points with respect to the fault and the lithospheric plate for
model D (chapter 3). Exact locations of the points are listed in table 4.1. The source is the planar fault of

o
LN

[14}

3

Figure 4.1: Relative positions of the selected points with respect to the fault location of continental plate of
model D (chapter 3), point 6 is on the north pole, while the fault is located in the equator.

figure (3.5), with the corner nodes given in table (4.2).

Since one important question in numerical analysis is the numerical stability, first of all we try to in-
vestigate this important point. There are some signs of numerical instability in response to the dislocation
source. Then we start the analysis of the earth behaviour under the surface load and dislocation source in
turn. Surface load is applied only to the simple homogeneous models only, in order to compare the results
with the given analytical solution. Dislocation sources, as the aim of this analysis, are discussed afterwards.

4.1 NUMERICAL STABILITY

In order to answer the question of numerical stability of the solution, we plot the displacement values for
a longer time span. In studying the earth responses, a time span of 5,000 years is used; for investigating
the stability, we extend this to 60,000 years in order to see if the model is unstable beyond the time span
of interest in the deformation analysis. The figures (4.2-4.11) show parallel, perpendicular and vertical

29
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(o] x | vy [ 2z |
1 553 | 6323 | 632

2 | -553 | 6323 | -555
3 | 1617 | 6039 | -1226
4 | 1253 | 6138 | 1162
5 | -1865 | 6003 | -1033
6 0 0 6371
7 0 6345 | 278

8 537 | 6146 | 1589
9 | -553 | 6323 | 555

10 | -544 | 6219 | 1274
11 | -1563 | 6176 0

12 | -1557 | 6153 | 555
13 | -1899 | 5985 | 1079
14 | -528 | 6034 | 1976

Table 4.1: Exact locations of the analysis points in km.

L n [ x[y | 2|
200037 | 551 | 6297
200044 | -551 | 4559 | 2000
400037 | 555 | 6347 | 0
400044 | -551 | 6297 | 0

Table 4.2: Node numbers and position (in km) of the corners of the source fault (figure 3.5)

components of displacements at points 1 and 4 (figure 4.1). The quantities given in the legends of the
following graphs are given in §4.3. The figures do not show any sign of numerical instability, the more
refined finite element model depicted by thicker line (§4.3) show the relaxation of the model after the time
period of 60,000 years, particularly in horizontal components.
Relatively small values of the vertical components are due to the horizontal dislocation source.
Abbreviations used in the graph annotations are introduced in §4.3
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and vertical components of displacements at point 1 (figure 4.1) on the
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Figure 4.6: Parallel, perpendicular and vertical components of displacements at point 1 (figure 4.1) on the

surface of model E
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Figure 4.8: Parallel, perpendicular and vertical components of displacements at point 4 (figure 4.1) on the

surface of model B
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Figure 4.9: Parallel, perpendicular and vertical components of displacements at point 4 (figure 4.1) on the

surface of model C
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Figure 4.10: Parallel, perpendicular and vertical components of displacements at point 4 (figure 4.1) on the
surface of model D
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Figure 4.11: Parallel, perpendicular and vertical components of displacements at point 4 (figure 4.1) on the

surface of model E
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4.2 HOMOGENEOUS MODELS

4.2.1 Incompressible, Homogeneous, Isotropic, Linear Elastic Sphere

We start from the simplest spherical model. An advantage of this model is that this is one of our two
models whose analytical solutions for the displacement field under surface loads are known. This can help
us compare:

e Analytical solutions with and without the pre-stress field
e Analytical and numerical solutions

The view of the descretized model in polar orthographic projection system is represented in figure (4.12).
The model properties are taken from §3.2.3.1 and are briefly reviewed here:

[

Figure 4.12: The tetrahedral model of the earth in polar orthographic projection

R =6371 km
p = 5616 X4
A— 00

1 =6.10'° Pqa

4.2.1.1 Surface Load
The surface load of §3.4.1 is applied to the model:

L(#) =1.35x 10" (3cos’# — 1) Pa .

4.2.1.2 Results

The displacement field is shown in figure (4.13). Analytical solution of the radial component of displacement
is known (JEFFREYS [1970], ENGELS [1991] and WOLF [1997]).

The surface load of §3.4.1 is applied to the model (eq. 3.18). According to JEFFREYS [1970] and ENGELS
[1991], the radial component of surface displacement is computed by:

ur(8) = Yty Yim (6) (4.1)
I,m

where u,,, (6) are the spherical harmonic coefficients of the radial surface displacement (WOLF [1984]):

_21+1 RP*pCPE + C R
_ 201244143
2(l = 1) yrpR + p2 =512

Ury, =

(4.2)

(WoLF [1984], AMELUNG and WOLF [1994]) where:
R =earth’s radius,
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3

b

Figure 4.13: Numerical solution of displacement field of surface loads in equatorial orthographic projection

p = density;
~vgr =surface gravity modulus,
= rigidity,

Ce*t =load’s potential,
CL =load’s pressure.

Pre-stress field is not considered in the present model, i.e. p = 0 in eq. (4.2). The load potential is
not considered, the pressure of the load is introduced to the problem as an external stress field, therefore
Cfrt = 0, and:

20+1 CLR

Upy,, = _2(l 1) N2l2+24l+3 : (4.3)

The applied surface load is proportional to the second degree zonal harmonic, therefore only CzL,o # 0, and:

ur(6) = up, , Y2(0) , (4.4)
from eq. (4.3): 3
Substitutions for the model parameters:
Upy o = —754.46 M,
ur(8) = —337.23(3cos’ 6 — 1) . (4.6)

The analytical and numerical solutions for the radial component of the displacement vector of a meridian
section are plotted in figure (4.14). The two values are plotted from the north pole on a meridian towards
the south pole. At the equator the dislocation has a maximum.

As expected from figure (4.13) the maximum subsidence and uplift are on the poles and the equator,
respectively. Figure (4.14) shows a promising coincidence of the analytical and numerical results. Taking
into account the points that this is only for 1849 elements, we can expect that for more difficult problems,
e.g. a more complicated force field or structure of the model earth, increase of the number of the elements
can keep an acceptable accuracy, an assumption that should be checked.

The following figures show contours of Cartesian displacement components.

Figure (4.15) shows that the maximum w; takes place on the z—axis.

According to figure (4.16) the us component vanishes on z—axis.



4.2. HOMOGENEOUS MODELS

400

200

-200

-400

Radial Displacement (m)

-600

-800

I )
Numerical solution
Theoretical solution

10000
Distance from the North Pole (km)

43

Figure 4.14: Comparison of radial displacements on the surface of an incompressible, elastic, homogeneous,
isotropic, non-gravitational sphere under surface loads. There are 2862 nodes and 1849 elements in the
model, with a characteristic length of 2457 km.
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L

Figure 4.15: View of the displacement component u; along the z—axis in equatorial orthographic projection,
values presented in meters
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VALUE
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-3. 226402
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Figure 4.16: View of the displacement component uy along the x— axis in equatorial orthographic projection,
values presented in meters

Figures (4.17)-(4.20) are self explanatory.
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L

Figure 4.17: View of the displacement component uz along z—axis in equatorial orthographic projection,
values presented in meters
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Figure 4.18: View of the displacements component u; along z—axis in equatorial orthographic projection,
values presented in meters
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Figure 4.19: View of the displacement component us along z—axis in equatorial orthographic projection,
values presented in meters

4.2.2 Incompressible, Pre-Stressed, Homogeneous, Isotropic, Linear Elastic Sphere

Now we turn to a pre-stressed model, and take into account the self-gravitational prestress field according
to the egs. (3.13) and (3.14). We apply a surface load again, and in the model response investigation we
compare the analytical solutions of the pre-stressed and non-gravitational models.

4.2.2.1 Surface Load

With p = 5616%"3— in eq. (4.2), instead of p = 0 for a non-gravitational model, we end up with:

5 CIR
Up=—s5——2——Y, (4.7)
22pgR + 19u

for the pre-stressed model.
Let us start with the analytical solution for the radial displacement field of the surface load specified
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w VALUE
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Figure 4.20: View of the displacement component uz along z—axis in equatorial orthographic projection,
values presented in meters

above, and compare it with that for the pre-stress-free case (§4.2.1.2). The two cases are shown in figure
(4.21), which underlines the importance of self-gravitational prestress field.

400 T

|
e : ~Q Pre-stressed model
- : N No prestress field ——---

200 |- e Tt S N e —

-200

-400

Radial Displacement (m)

-600

-800

0 5000 10000 15000 20000
Distance from the North Pole (km)

Figure 4.21: Comparison of analytical radial displacement fields under the surface loads for pre-stressed
and no-pre-stress spheres

4.2.2.2 Results

Analytical and numerical solutions for the radial displacement field are compared in figure (4.22)

An important point is how a numerical method can handle the pre-stress effect, although this can be
observed by comparing the figures (4.14 and 4.22). In order to get a clear picture, we compute the differences
between analytical solutions for the radial component of displacement of not pre-stressed and pre-stressed
models under surface loads, and the same difference for numerical solutions. The former difference is the
effect of gravitational pre-stress on analytical solution, and the latter on numerical solution, the last two
curves are compared.



4.2. HOMOGENEOUS MODELS 47

300 | | T
3 o Numerical solution
200 3 P —x Analytical solution ———-- ]

100 fmo e S I o —
o — D — —— -
1100 | e e RIS —

2200 | N —

Radial Displacement (m)

800 Z LB e e — N -

400 [ e S ICITREI SRR Y N —

500 | | |
0 5000 10000 15000 20000
Distance from the North Pole (km)

Figure 4.22: Analytical and numerical solutions of the radial displacement field due to surface loads applied
to an incompressible pre-stressed homogeneous isotropic linear elastic sphere
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Figure 4.23: Pre-stress effect on analytical and numerical earth models respectively, the effect in each case
is computes as the difference of the pre-stressed and no-prestress model

4.2.3 Incompressible, Homogeneous, Isotropic, Maxwell, Viscoelastic Sphere

For the case of a viscoelastic sphere, we apply two different deformation sources, surface load, similar to
the previous models, and dipolar source. The importance of the latter source is that fault motions can be
described by the accumulation of dipolar sources, as discussed in §B.5.2.

Since time is an important factor in viscoelastic deformation, in the application of the surface loads,
we apply the load for a short time, then remove the load gradually to see how the model responds to this
stress field variation. The model response is computed for a long time after stress removal. This type of
computation is only of interest to see how the model responds to a time varying source, otherwise the source
is far from the real sources.

4.2.3.1 Surface Load

We apply the surface load as given in eq. (3.18). After a short time the load is removed linearly and slowly
with time. In this example it is applied for 20 minutes, then removed linearly in 4 months. The strain
variations are investigated up to one year after the application of the surface loads.
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4.2.3.2 Results of Application and Removal of the Surface Load

The results for this temporal load field are plotted in figure (4.24). Comparison of the first curve, i.e. right

400
300 : t=21 r'rglzn0
200 ; i - t=2months
100 : ’ ‘ :

0
-100
-200
-300
400 I
-500
-600
-700

-800

Radial Displacement (m)

0 5000 10000 15000 20000
Distance from the North Pole (km)

Figure 4.24: Temporal variations of the radial displacement field, the plotted curves are in the legend from
top to the bottom, radial displacement right after the application of the surface load, shortly after starting
its removal, in the middle of the stress removal phase, and long after the total stress removal, exact times
are stated in the legend

after the stress application, with that for an elastic, non-gravitational sphere reveals that the instantaneous
response of the model is as in the elastic case. This is expected for a Maxwell fluid, as discussed in §C.2.1
and shown in figure (C.4).

Then, as the stress is removed, the model earth relaxes gradually to its hydrostatical equilibrium state.
In contrast to the Maxwell model of figure (C.4) which remains deformed even long time after stress removal,
the model earth recovers its original shape, the phenomenon is due to the pre-stress field.

4.2.3.3 Dipolar Source

As a primary dislocation source, we apply a dipole, and investigate the behavior of our model earth. A
pressure of 1.10'° Pa is applied at two points whose connecting line is parallel to the z—axis, with the point
(0, R,0) where R is the radius of the model earth (figure 4.26).

Contours of the displacement component u; and strain component €11 are presented in figures (4.27) and
(4.28). Both figures apply to the time right after the application of the dipole.
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Figure 4.25: Temporal variations of the strain component €33 at the north pole

Figure 4.26: A dipole, applied on the the two sides of the point (0, R,0) in the z—direction, dipole (1,1)
according to figure (B.4)

4.3 NON-HOMOGENEOUS MODELS

This section presents the results for the non-homogeneous models introduced in §3.3. Comparison of the
models leads to insight into the role of the individual parameters. The effect of the lithosphere and its
rigidity are investigated. Temporal variations of displacement components are presented, i.e. displacement
versus time curves.

In the remainders of this chapter, the deformation sources are always a two dimensional vertical right
lateral strike-slip fault, a cross section of which is the dark area of figure (3.5). In order to have an estimate
of the approximation error, each quantity is computed two times based on different finite element models.
Finite element model 1 is consists 13248 elements with an average length of 1025 km, while finite element
model 2 is made of 8503 elements with an average side length of 1263 km. Linear approximation (appendices
A-C) is used everywhere in this study, on account of the small displacement with respect to the model size,
i.e. a few meters in a sphere of R = 6371 km.

Some abbreviations are used in the plots and their legends, the abbreviations are as follows:
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Figure 4.27: w; component of the displacement field of (1,1) dipole, values presented in meters

vv

Figure 4.28: ¢;; strain component of the displacement field of (1,1) dipole

Lit00 := No lithosphere (Model A, §3.3)

Lit 50 := 50 km thick lithosphere (Model B, §3.3)

Lit150 := 150 km thick lithosphere (Model C, §3.3)

Litcont := Laterally heterogeneous lithosphere (Model D, §3.3)

Litr := 150 km thick lithosphere with constant rigidity (Model E, §3.3)
e FE-1 := Finite element model 1 (see above)

e FE-2 := Finite element model 2 (see above)

Point xx := Point numbers (figure 4.1)

4.3.1 Model A, no Lithosphere (Lit00)

We begin this part of the analysis with the three layer model A, which includes core, lower and upper mantle,
but no lithosphere. This model gives an impression of the creep phase of a Maxwellian viscoelastic body

(§C.2).
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A vertical fault of 1000 km length and 50 km depth is assumed in this model, a 2 m slip is applied
instantaneously to the fault, each side of the fault slips 2 m horizontally, then the fault is assumed to remain
without any motion after the slip. The displacement field over the rest of the model is computed. The
temporal variations of the displacement at a point, not far from the fault, is plotted in figure (4.29). Three
different components are plotted, parallel to the fault slip, perpendicular to the fault slip in horizontal
direction and vertical. The deformation starts with the elastic response and continue to creep. According to
the figures the vertical component is rather small (figures 4.29-4.31).
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Temporal variations of displacement at point 1 (figure 4.1), in response to a right lateral

strike-slip dislocation of 2 m on a vertical fault in Model A (no lithosphere).
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Temporal variations of displacement at point 4 (figure 4.1), in response to a right lateral
strike-slip dislocation of 2 m on a vertical fault in Model A (no lithosphere).
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Figure 4.31: Temporal variations of displacement components at point 7 (figure 4.1), in response to a right
lateral strike-slip dislocation of 2 m on a vertical fault in Model A (no lithosphere).
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4.3.2 The Effect of Lithosphere

The components of the displacement vectors at the given points are plotted versus time for different thick-
nesses of the lithosphere, a comparison of which can lead to an assessment of the role of the lithosphere in
the earth response to the applied source.

Figure (4.32) represents a comparison of parallel displacement component for the three models A, B and
C, i.e. with 0, 50km, and 150km thick lithospheres. Figures (4.33-4.37) plot the same curves at other points.

All these figures show that without lithosphere the displacements continue to relatively large values in
the long run, while an elastic lithosphere is like an obstacle in this process. The thicker the lithosphere, the
faster the displacements after the dislocation, and the faster the relaxation.
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Figure 4.32: Temporal variations of displacement components for three models: without lithosphere (Model
A, Lit00), with a 50 km thick lithosphere (Model B, Lit50) and 150 km lithosphere (Model C, Lit150) at
point 1 (figure 4.1).
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Figure 4.33: Temporal variations of displacement components for three models: without lithosphere (Model
A, Lit00), with a 50 km thick lithosphere (Model B, Lit50) and 150 km lithosphere (Model C, Lit150) at

point 2 (figure 4.1).
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Figure 4.34: Temporal variations of displacement components for three models: without lithosphere (Model
A, Lit00), with a 50 km thick lithosphere (Model B, Lit50) and 150 km lithosphere (Model C, Lit150) at
point 3 (figure 4.1).
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Figure 4.35: Temporal variations of displacement components for three models: without lithosphere (Model
A, Lit00), with a 50 km thick lithosphere (Model B, Lit50) and 150 km lithosphere (Model C, Lit150) at

point 4 (figure 4.1).
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Figure 4.36: Temporal variations of displacement components for three models: without lithosphere (Model
A, Lit00), with a 50 km thick lithosphere (Model B, Lit50) and 150 km lithosphere (Model C, Lit150) at

point 8 (figure 4.1).
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Figure 4.37: Temporal variations of displacement components for three models: without lithosphere (Model
A, Lit00), with a 50 km thick lithosphere (Model B, Lit50) and 150 km lithosphere (Model C, Lit150) at

point 9 (figure 4.1).
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4.3.3 Laterally Heterogeneous Lithosphere

In this section the response of the laterally heterogeneous model (model E, §3.3.4) is computed and compared
with the radially symmetric models. The displacement curves are plotted for different points, in the middle
and on the margin of the continental plate, and on the oceanic plate. They are then compared with the
motions of the same points in radial models and the same source.

Figures (4.38-4.40) show the displacement curves of three points on the continental plate, and at the
same points in two radially symmetric models, with 50 km (model B) and 150 km (model C) thicknesses of
lithosphere. The three figures show that as the point of interest goes further from the fault neighborhood
towards the middle of the continental plate, the displacement curve approaches the corresponding curve in
model C in which the lithosphere is as thick as the continental plate. This means that in this model the
continental points, far from the oceans are not affected by the variations of viscosity under the oceanic plate,
particularly in the short run. As times goes on, the continental curve diverges from that of model C, i.e. the
effect of non-homogeneity is felt after a long time in the middle of the continent. A comparison of motions
on three different points, point 11 on the extension of the fault, points 12 and 13 at different distances from
the fault plane, reflects the same conclusion (Figs. 4.41-4.43).

The same quantities are plotted for point 14 on the continental plate, far from the fault and close to the
oceanic plate (figure 4.1). In the beginning the continental model curve is close to that of symmetric models,
but separates from it earlier. This means that on the margin of the continental plate, the viscosity of the
mantle is felt earlier: the closer to the shallower plate, the sooner it is affected by the mantle beneath the
ocean.
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Figure 4.38: Temporal variations of displacement components at point 7 (figure 29) on the continental plate
(Model D, Litcont), in radial models B and C (Lit50 and Lit150, 50 km and 150 km thick lithospheres,
respectively) close to the fault
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Figure 4.39: Temporal variations of displacement components at point 9 (figure 29) on the continental plate
(Model D, Litcont), in radial models B and C (Lit50 and Lit150, 50 km and 150 km thick lithospheres,
respectively) further from the fault
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Figure 4.40: Temporal variations of displacement components at point 10 (figure 29) in the middle of the
continental plate (Model D, Litcont), in radial models B and C (Lit50 and Lit150, 50 km and 150 km thick
lithospheres, respectively)
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Parallel displacement at point 11
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Figure 4.41: Temporal variations of displacement components at point 11 (figure 29) on the continental
plate (Model D, Litcont), in radial models B and C (Lit50 and Lit150, 50 km and 150 km thick lithospheres,

respectively) close to the fault
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Figure 4.42: Temporal variations of displacement components at point 12 (figure 29) on the continental
plate (Model D, Litcont), in radial models B and C (Lit50 and Lit150, 50 km and 150 km thick lithospheres,

respectively) further from the fault
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Figure 4.43: Temporal variations of displacement components at point 13 (figure 29) on the continental
plate (Model D, Litcont), in radial models B and C (Lit50 and Lit150, 50 km and 150 km thick lithospheres,
respectively)



4.3. NON-HOMOGENEQOUS MODELS 69

Parallel displacement at point 14

4 T T T T T T T T T
| i | N N . | | itcant E
Rl et e e sl e Pl Lit50, FE-1 -----. =
: ‘ : 3 : : : Lit150, FE-1 ————-
2 e R R REERET PEEREEPEEPEESEERERR —
£ i
\: 1 b o R R —
S :
g !
E ofF e R N -
(8] .
ks !
% A B -
a) :
T ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
T L -
4 | | | | | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time (year)

Vertical displacement at point 14

4 T T T T T T T T T
3 3 3 3 3 3 3 Litcont,FE-1
3 b R R EEEE R CEEEE EEEEERERRER R RREEEE B Lit50, FE-1 ------ —
: : : : : 1 : Lit150, FE-1 ————-
2 L T BB -
B i
:/ l e o R R —
S :
g :
s O ;
() '
8 :
o e IS IR S S A -
o :
T ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
T L A L -
4 ! ! ! ! ! ! ! ! !
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time (year)

Perpendicular displacement at point 14

4 T T T T T T T T T
! ! ! ! ! ! . Litcont,FE-1
3 e b SRS SRR b Lo Lit50, FE-1 == === -
: : : : . . ; Lit150, FE-1 ————-
2 L -
€ 3
: 1 R R e TR —
c '
g '
E Of R .,—— —
() '
8 :
= T ———,——,——————— T -
a !
ok ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
B A hbiR: —
4 | | | i | | | | |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time (year)

Figure 4.44: Temporal variations of displacement components at point 14 (figure 29) on the continental
plate (Model D, Litcont), in radial models B and C (Lit50 and Lit150, 50 km and 150 km thick lithospheres,
respectively)
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4.3.4 Rigidity Profile

Model E (§3.3.5) allows us to study the effect of the rigidity profile. This model includes a homogeneous
lithosphere and differs from model C (§3.3.3) only in the rigidity of the upper 50 km of the lithosphere.

Figure (4.45) represents the effect of the lithosphere on the three displacement components at point 5
(figure 4.1) for models C (Lit150) and E (Litr). The two horizontal components show that, as expected, the
elastic response is smaller for the more rigid body, but the relaxation is not affected, at least in the time
span of 5000 years. The vertical component may not be judged based on this model only, because of the
reasons already discussed.
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Figure 4.45: Displacement curves at point 5 (figure 4.1) in two models with 150 km thick lithosphere but
different rigidity profiles (models C and E, §3.3.3 and §3.3.5)
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Chapter 5

CONCLUSION AND FURTHER
STUDIES

The displacement fields of different models were analyzed in chapter 4. Moreover in two cases, where the
analytical solutions are well known, the analytical and numerical results were compared. This chapter
presents conclusions and suggestion for further studies.

5.1 CONCLUSION

Consideration of the results of chapter 4 suggests the following:

e Figure (4.21) shows the importance of the self-gravitational pre-stress field in the analysis of the earth
response to a surface load. The effect of pre-stresses may happen to be negligible for certain stress
fields or in certain areas, but in general it is to be considered in order to get a realistic picture of the
deformation field.

e From figure (4.14) it is concluded that the numerical technique nicely approximates the analytical
solution of this model.

e The same conclusion can be drawn from figure (4.22) for the pre-stressed model. Worth noting is
that this model does not completely include all the effect to be considered in a proper modeling of
the response to surface loads, because the incremental gravitational field is not taken into account.
Since the main purpose of the present work is to model a horizontal dislocation’s deformation field,
where the vertical field is not expected to play a decisive role, only those model specifications which
are important for this purpose have been considered. Therefore although the analytical curves have
been fairly good approximated by the numerical solutions, this method is not appropriate to apply to
a load problem. For that purpose, the incremental gravitational field is to be modeled as well as the
pre-stress field.

e Comparison of the figures (4.14 and 4.22) shows that there is better approximation in case of no pre-
stress. This could be due to the elements’ sizes, and it is expected that a the decrease of elements’
sizes, a pre-stressed model leads to similar results as for the other model. Generally, the more effects
are taken into account, the more refined the model must be.

e Figures (4.24 and 4.25) follow the expectations of a Maxwell viscoelastic material.

e There is no special problem in the definition of a multi-layered sphere, the number and the geometry
of the elements are important.

e Defining internal displacement discontinuity is possible, but one has to be careful with it. In this work,
the displacement values on the fault surface were prescribed, so that there is no material overlap and no
cavity, before and after the fault slip. If one intends to leave the motion of the discontinuous area, or at
some parts of it, the direct definition of a discontinuity surface, like a fault, may lead to unacceptable
results. One proper solution could be to specify the source as a three dimensional continuous but low
rigidity area instead of a discontinuous surface.
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e Definition of lateral heterogeneity is no problem as long as the element definition can properly separate
the areas of different material from each other. Practically, each element can be assigned to a separate
material, and this makes the method rather powerful to model non-homogeneity.

e In addition to the lateral variations of viscosity, the effect of the rigidity profile was analyzed in the
last step.

e The price to pay for the flexibility of the method to model discontinuities and heterogeneities is a
proper attention to the numerical stability of the results. A finer grid of nodes and elements around
the deformation source could help improve the stability of the solution.

5.2 SUGGESTION FOR FURTHER STUDIES

Clearly this work, like any other, does not end with an end point to this field of study and instead, again
like any other research, opens new subjects. The following ideas might be a reasonable continuation of this
work:

e Increase of the elements density in the near zone of the source in order to see its effects on the results,
especially on their stability.

e A gradual increase of the number of layers and comparison of results.

e Consideration of geodetically observed displacements, e.g. at permanent GPS points, as boundary
conditions can help a model reflect the reality more efficiently. They can play the role of a bridge from
the pure model environment to the real earth. Kostrov and Das [1988, p. 32| believe that (compared
to tiltmetry):

Geodetic measurements, which are representative of larger areas, are a better means of studying
tectonic strains.



Appendix A

ELEMENTS OF ELASTICITY
THEORY

This appendix briefly reviews some basic laws of elasticity such as Hooke’s law. It starts with the simplest
model, a rod in tension, and continues with generalization to a three dimensional linear elastic body. Various
deformation measures, strain and stress tensors are defined, their meanings are described, and their relation
is derived. The main types of elastic deformations are treated later by application of these laws.

A.1 HOOKE’S LAW FOR ROD IN TENSION

The fundamental equations of elasticity are based on Hooke’s law, which states that the extension 6l of an
elastic bar is proportional to the applied force F' (figure A.1):

Figure A.1: A rod in tension

5l ~ F. (A1)

The relationship between the force F, the length [, the cross section S, and the extension l of a bar is
called Hooke’s law:

—_ —E— (A.2)

where the proportionality constant F is called Young’s modulus and has the physical dimension of pressure.
Empirical results show that the same bar when extended in length is at the same time contracted in the
transverse direction. The contraction dh and the extension dl are related by:

5h sl 4 F
W= 1T TES” (4.3)

in which the dimensionless proportionality constant v is known as Poisson’s ratio.

i
T

Figure A.2: Extension and contraction of a rod in tension

Hooke’s law and eq. (A.3) constitute the basis for the linear elasticity theory of isotropic materials.
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A.2 GENERAL CONTINUOUS MEDIUM

Tensor notation is the proper tool to generalize the case of a rod to a continuous three dimensional medium
under the application of a force field instead of a simple force. The notation to write the equation of motion
and to define various deformation measures for a generalized medium (figure A.3) is very different.

Figure A.3: A general three dimensional medium under a force field

A.2.1 Deformation Measures

Among different motions of a three dimensional medium, what is meant by deformation is the motion of its
particles with respect to each other, i.e. rigid body translation (figure A.4) and rigid body rotation (figure
A.5) are excluded from the present discussion. The parameters which quantify this deformation are known
as deformation measures, two of them are defined in the following.

Figure A.4: Rigid body translation

Figure A.5: Rigid body rotation

Consider two points of a body in an infinitesimal neighborhood. We show their coordinates by capital
and small letters before and after the deformation, respectively. The points are separated by the vectors d X
and dz at the two epochs, when their distances are dS and ds (figure A.6), respectively.

Applying the summation convention in the Cartesian representation of the coordinates yields:
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@ (b)
Figure A.6: The separation vector (a) before and (b) after the deformation

ds? = dx¥dx¥
ds®> = dzFdz® .

The distance before the deformation can be derived in terms of the deformed coordinates:

_ XK

K k
dX*"* = 9k dz

or vice versa:

Ok

= 6XKdXK.

dz*

Then
OXE gXXK
ozk Ozl
= Cjdz*ds

ds? dr*dz!

and

k k
ds® = (;(LK ;;LdXdeLdﬁ

= CKLdXKdXL ,

7

(A.10)
(A.11)

where Cy; and ck, are the coefficients of Cauchy’s deformation tensor and Green’s deformation tensor:

Cy = OXKE gXK
Oxk ozt ’

er = ozk ozk
) OXK XL’

The change of the squared differential length is another deformation measure:

(ds? — dS? = 2ex1 (X, 1)aX KdX")

or
(ds® — dS? = 2By (e, t)da* da'
where
1
eKr = §(CKL(X,t) —0kL) ,
1
Eny = 5(5191 — Cri(z,t))

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

are the coefficients of the Lagrangian strain tensor and the Fulerian strain tensor, respectively. d;; is the

Kronecker delta, for ¢ = j §;; = 1, otherwise d;; = 0.
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A.2.2 Strain Tensor
For an arbitrary point of the deformation medium, e.g. ¢, we define the displacement vector as:
Ui:wi—X,-. (A.lS)

Then, for any neighboring points, e.g. X1 and X, (figure A.7), separated by the separation vector dX:

U,

oU=U,-U,

Figure A.7: Two neighboring points in a deforming medium

56X =X, - X, (A.19)
we have:

U1:$1—X1 (A20)
and

UQIZBQ—XQ y (A21)

and the the differential displacement is defined as:
oU=U,-U; . (A.22)

Series expansion and neglect of the terms of second and higher orders leads to

U ~ [(X2—X,).VIU (A.23)
(6X.V)U , (A.24)
where
(0X.V)U = (6X.VU1,6X.VU,,6X .VUs) (A.25)
or in indicial notation: )
sui = 2% 5xi (A.26)
T oxiTT '
Since ) ‘
; out  oUu? ;
i _ j
[(VxU)xdX]'= (OXJ' 6Xi)6X , (A.27)
where Vx is the curl operator, we can rewrite the eq. (A.26) as:
; 1 /oU!  oU’ ;1 /out Ui ;
T J — - J
Ut = 2 <6XJ' + OX") 0X7 + 5 (GXJ' 6X"> 0X (A.28)
1 /oU"  9U’ Co1
— _ - - J _
= 2<6XJ'+8X">6X +2[(VxU)xX] . (A.29)
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The two right hand terms of the last equation:

1 /oUut 8U?
[E.— 2 (3Xj + (9Xi> (e; ®€jﬂ (A.30)

where ® shows the tensor product, and

R:= %(v x U) (A.31)

are called (infinitesimal) strain tensor and rigid body rotation because of their geometrical meanings.

A.2.3 Geometrical Meanings of Strain Tensor Elements

Strain tensor elements convey helpful concepts, as follows.

A.2.3.1 Strain

The length of the infinitesimal segment after the deformation is computed by:

ds = (6X.6X + 26U.6X)*? . (A.32)
Since dU.0U ~ 0, it follows:
ds = (5Xi6X'+25Ui5X%)2 (A.33)
o out  ouUJ L . ) 2
— i 1 7 i i i
{6X 6X +[<6Xj+6Xi>6X X4+ [(V xU) x §X] 5)(]} . (A.34)
With _
[(VxU)x§X]'6X =0, (A.35)
we have
ds = (OX'6X' +2E;;0X'6X%)? (A.36)
~ dS(1+ E;N'N7) | (A.37)
where: 5x
N=_—_. A.38
x| (A.38)
Therefore: p
S . .
— =14 E;;N'N/. A.
IS + Ej; (A.39)

This equation shows that the extensional strain of the line segment in the direction IV is equal to E;; N iNd,
In this way, the stretch g—g in the coordinate directions is obtained as:

(j—;) =1+ E;; (no summation convention), (A.40)
i

which shows that the diagonal elements of the strain tensor define stretches along the coordinate lines.

A.2.3.2 Volume Change

The relative volume change can be computed from the relative length changes of the sides of a cube along
the three axes of a local Cartesian coordinate system (figure A.8). The side changes are:

d
(é) =1+ E;; (no summation convention), (A.41)
i

With V and v the volumes before and after the deformation, it follows:
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X3
A

|
AX3:
|

|
— ==X

AX,,”
/
7/

X1

Figure A.8: Small cube along the local Cartesian coordinate system

V = dS'ds*ds® (A.42)
v = ds'ds’ds® (A.43)
= dSldSQdSB (]. + Ell) (]. + E22) (1 + E33) (A44)
~ dS'dS?*dS® (1+ Ey). (A.45)
The relative volume change is thus:
v—V
B (4.46)

A.2.3.3 Non-diagonal Terms

Consider again the cube of figure A.8, assuming that the OABC side lying on the X; X, plane is deformed
to O'A'B'C' (figure A.9). Then:

Xo

0 A

Figure A.9: Horizontal section of the deformed cube along the local Cartesian coordinate system

v~ tanvy (A.47)
aU*?
~ oyt (A.48)

Yo~ tan+ys (A.49)
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ou!t
~ ax2 (A.50)
out  oU?
2F,, = X2 + X1 (A.51)
= Eip+ Ey . (A.52)

This shows that the symmetric non-diagonal terms of the strain tensor define the angular distortions. They
are known as shear strains.

A.2.4 Stress Tensor

The action of an external force field causes stresses in the deforming body. The state of stress at each point
is represented by the stress tensor defined as follows.
Let us go back to the small cube along the Cartesian coordinate axes X;, X, X3. Consider areas:

AS; = AXoAX;, (A.53)
AS; = AX;AXs, (A.54)
AS; = AX,AX, (A.55)

(figure A.10) small enough that the force AF; acting on AS? can be considered proportional to the associated

X3
033
|
| 032
| 023
lo3;
T
013, 22
021
it L X,
012
/
011 7/
7
/

Xy

Figure A.10: Stress tensor elements
area. If we denote the components of AF; by AFF, we can introduce the quantities:

AR
zk—ASi .

o (A.56)

The nine quantities o;, i,k = 1,2,3 completely define the state of stress at the origin of the coordinate
system X;X5X3, and are known as stress tensor. The following symmetry (AKI and RICHARDS [1980])
reduces the number of independent elements of the stress tensor to six:

Oik = Okj- (A.57)

Given the stress tensor at an arbitrary point, the surface force at this point can be computed with respect
to any surface:
fi = oring. (A.58)

(See any textbook in elasticity theory, e.g. ERINGEN [1980])
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A.2.5 Stress-Strain Relation

In an elastic medium, a medium in which strains vanish when stresses are removed sufficiently slowly, the
stress is always proportional to strain. When the stresses are removed abruptly, oscillations can arise in the
medium [BRECHKOVSKI and GONCHAROV, 1994]. An important characteristic of the medium is the relation
between stress and strain, which is known as constitutive relation.

There are different constitutive relations for different types of materials. Linear elastic bodies are those
materials whose constitutive relation is a generalization of Hooke’s law, i.e. each component of the stress
tensor is a linear combination of the components of the strain tensor:

(4.59)

The quantities ¢;jpq are components of a fourth order tensor who has the symmetries [AKI and ROCHARDS,
1980]:

Cjipqg = Cijpq (A.60)

Cijqp = Cijpg (A.61)
and

Cpqij = Cijpq (A.62)

The symmetries reduce the number of independent components (elastic moduli) from 81 to 27 [MASE, 1970].

Elastic moduli do not vary with strains, they are generally functions of position and the coordinate system

in the used. In the special case where they don’t vary with the coordinate system (isotropic medium), the

constitutive relation is highly simplified. The independent elastic moduli are reduced to Lame constants A
and p:

Cijkt = AijOri + p(Sikdj1 + Girdjk) (A.63)

The results are valid for small deformations from a reference state, which refers to the state of no stress.
This can’t be applied to cases like earth’s interior where pressures of 1 Mbar are expected. For this reason
we can refer the reference state to a presumed stress, e.g. g9, then investigate the relation between strain
and incremental stresses, e.g. Ao, the relation is again as before:

AO',']' = Cijkl €kl (A64)

Alternative to Lame constants, the material behaviour can be specified by Young’s modulus and Poisson’s
ratio. The two sets of quantities are interrelated by:

Ev
(1+v){—-2) (A.65)
2(1+v)

A =
l”’ =

or
3N+ 2

AFn (A.66)
2\ + p)

A.3 EQUATION OF MOTION

In the displacement field U of the body V bounded by the surface S (figure A.11), there is a constraint
on the accelerations, body forces and tractions. By setting equal the rate of change of momentum of the
particles in V to the acting forces:

%///Vp%_’:dv:///vfdv+//gT(n)ds (A.67)
[ e frms e

or in index notation
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— X,

/

X1
Figure A.11: Current volume V, bounded by the current surface S

where V is the current volume and S the current surface.

Note that using the Lagrangian approach, i.e. expressing the space time dependent functions as functions
of the reference position X and time ¢, the argument X, e.g. in U (X, t) is a fixed position and not a function
of time, therefore — in the above equation can be replaced by 7

ot

ou(X,t) du(X,t)
En = FT (A.69)

and
op(X,t) _ dp(X,1)

ot dt
Moreover although the volume elements are deformed, their masses are constant in the Lagrangian approach:

. (A.70)

%(pdV) =0. (A.71)

3 [ [ =] [t
///vV.udV=//Su.dS, (A.73)

where dS is the normal outward vector to the surface element S with a magnitude equal to the area of the
surface element dS, and the dot denotes the inner product of the two vectors. In index notation we can

write:
///ufﬂV://uin,-dS (A.74)
v 5

= ufJ By eq. (A.58):

Therefore:

Applying the Gauss theorem:

where we used the abbreviation 6;']-
T,' = 05Ny (A.75)

where T' =Traction vector, o =stress tensor and m =unit normal vector. One concludes that :

//STidSz//so_jinjdsz///‘/a'ji’jdv, (A.76)
///V(Pﬁi—fi—aji,j)dVZO- (A.77)

then
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This equation is valid for any partial body of a continuous material, therefore:

(pits = fi+ i ) (A.78)

This is one of the several forms of the equation of motion.
In the initial state, i.e. before the deformation, the medium is assumed to be at rest, therefore we can
write:
0= fi+ 00ji- (A.79)

In the pre-stressed form of eq. (A.64), one term is added to the eq. (A.67) and eq. (A.68):

%// Vpa(;;"dv:///sz-dV+//5Ti(n)d5+//SA0ji"jd5- (A.80)

Following the same principles:

[Pﬁi = fi +00ji,; + Aojij ] (A.81)

One has to be careful in the applications of the last equation, since here Aoj;; is in the deforming
coordinates. By transforming it into the initial coordinates:

_ 60’0j,’ 6XK
U()J” = 8XK 63}1 (A82)
With:
u® = 2K - XK, (A.83)
we have:
_ anjz’ a.’EK 6U,K
70T XK (axz’ " g (4.84)
_ 80’0]'1' 8uK 6XL
= gk (b gr e (489
adojz' 6uK 8mL 6uL
= iK — - — . A.
OXK [51‘ OXL \ 9z 9z (A.86)
_ 600]'1' ) 6UK I 6uK 8uL
= oxK (‘5’K ~oxt% T gxT ot (A.87)
_ Oogji 5 ou o,
= %k (@K — o5t 0. (A.88)

A.3.1 Reynold’s Transport Theorem

Reynold’s Transport Theorem states an important property of the variations in a continuum. To understand
this theorem, we need the following definitions and relations.

1. Material Derivative: When a property of a continuum is formulated by a scalar P(x,t) which can also
be a component of a vector or a matrix, and if x is itself a function of time, x (X,t), we have:

dP 9P OPds, OP 0P 9P
a0t Tom dat ot o, ot T UVl (4.89)

2. When
dV =dX'dX?dX3, (A.90)
dv = dz'dr*dz® | (A.91)
then
dv = JdV , (A.92)
where 5 91
J O%i OFj Ok (A.93)

T kX, X, 0Xs’
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where €;;;, is the permutation symbol defines as:
€123 = €231 = €312 = —€132 = —€213 = —€321 = 1

and
€ijr = 0 otherwise

3. In the Eulerian description, i.e. writing the equations in the deforming coordinate system x, the volume

element dv is a function of position and time, and

d d

7 (dv) = = (JdV). (A.94)

Since dV, the volume element before the deformation, does not depend on time:

d dJ
with &2 = JZU [MasE, 1970]:
d Ov; Ov;
fhad = ? = 2dv = . A.
dt(dv) J 6xz~dV axid” Vvdv (A.96)

Note that v is the velocity vector, while dv is the volume element in the deforming coordinate system.

4. In time derivatives of volume integrals in Eulerian formulation, one should not forget that dv is a
function of time, therefore :

G| [ [ rana=[[[G@w- ///[_d +pl (dv)]. (A.97)

Since v is a definite portion of the continuum, the integration and differentiation are interchangeable.

Applying material derivatives and %dv:
oprP Ov
P
[ |(5 +was,) o+ Poear

%///vP(m,t)dv
[ [ 7 -

- // —d +///va—xp(va)dv. (A.98)
Applying Gauss theorem:

[dt [ [ [rwon=[[[Zuw:] /dJ (499

This equation is known as Reynold’s transport theorem and states that the rate of increase of the property
P in a continuum occupying the volume v is equal to the sum of the amount of the property created within
v plus the flux of the property through the surface s of v.
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Appendix B

DESCRIPTION OF BODY FORCES

B.1 INTRODUCTION

There are basically two different categories of seismic sources, classified as ezternal and internal [AKI and
RICHARDS, 1980]. External sources are located on the earth’s surface and are usually modeled as time
varying tractions applied to the earth’s surface. Some examples are meteorite impacts, rocket launching and
ocean waves. Internal sources, such as earthquakes and underground explosions, are located inside the earth.
We will deal with internal sources in this chapter.
Internal sources are more difficult to treat analytically because the source functions are more complicated.
Internal sources my be subdivided into two parts:

o faulting sources,

e volume sources,

which are events associated with internal surfaces and internal volumes, respectively. Slip across a fracture
plane is an example of a faulting source, and sudden expansion (explosion) of a three dimensional internal
region may be taken as an example of a volume source.

The main aim of this chapter is to represent the displacement field of a seismic source, i.e. to obtain
a formula for the displacement at an arbitrary point in space and time in terms of quantities related to
the source. In most cases, e.g. earthquake faulting, the seismic source extends over a finite fault plane (or
volume) and over a finite time interval and involves motions in different directions and magnitudes near the
source. Therefore the seismic source is too complicated to be represented by one formula, but there are some
solution techniques to handle this problem.

In one of the techniques discussed in this chapter a discontinuous source modeled as a traction or dis-
placement discontinuity is replaced by an equivalent body force, i.e. a non-existing body force which could
produce the same displacement field outside the source region.

B.2 FUNDAMENTALS

The technique is based on Betti’s theorem, as follows [AKI and RICHARDS, 1980)].

B.2.1 Betti’s Theorem

Suppose that there are two sources of displacement in one medium:

1. Body force field F(x,t):
F(x,t): the body force acting per unit volume on the particle at position & at time ¢,

7@ (n): the traction on the surface designated by its unit normal vector n,
U(x,t): the displacement field at point  at time t.

2. Another body force field:
G(z,t): the force field, acting per unit volume,

V) (n): the traction,
V(x,t) displacement.

87
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The notation TV (n) and V) (n) helps distinguish tractions of the two fields U and V from each other,
and does not mean that the tractions depend on the displacements.
Betti’s theorem stated that the above functions are functionally related as:

[/// (F — pU) VdV+//TU> ).VdS = /// pVUdV+//T<V’ )UdS] (B.1)

Proof: Starting from left hand side (LHS) of eq. (B.1) it follows:

LHS = / / / — pii)vidV + / / T (n)vds . (B.2)

From eq. (A.75) and eq. (A.78):
/// —afH)vde+// j njvidS

/// —afg)v,dv+// )y, ynds. (B.3)

where o(U) is the stress field of the U. From the Gauss theorem eq. (A.74):

J ] Jolwar | [ [ el
v
/// Z(JU;)de-{-/// fg)v,+a(U)vz,j)dV. (B.4)
v

Applying the constitutive equation of linear elastic bodies (egs. A.59 and A.64) and denoting strain field of

U by eU):
/ / / cijpaely vV
v
1
= 5/// Cijh1Vi,j (U, + g r)dV
v
1 1
= 5/// Cz’jklvi,juk,ldv+5///Cijklvi,jul,kdv
%
1 1
= 5/// c,'jklvi,juk,ldV-l—ﬁ///cijlkvi,juk,ldV. (B.5)
v v

From the symmetries of ¢;jx (eq. A.61):

1 1
LHS = 5///Cijkl’lji,juk7ldv+§///Cz'jkl'l}z"juk’ldv
v %
///Cijsz',juk,de- (B.6)
\%
This can be rewritten in the form:
1 1
LHS = 5///c,-jkluk,lvi,jdv+§///c,-jkluk,lv,-,jdv
\% \%
1 1
= 5///Cijkluk,lvi,jdv+§///Cz’jkluk,lvj,idV:
% v
1
= 3 / / / Cijhitn, (Vij + vj)dV =
/// Cz]klukle( Jav. (B.7)

LHS

LHS

LHS
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From egs. (A.77 and A.78), the last equation can be transformed to:

(g — plx)urdV + T,§V’ (n)urdV
/1) /1
/ / /V (g — pb).udV + / /S TV (n) udv | (B.8)

LHS

which proves the Betti’s theorem.

B.2.2 Displacement Field with a Quiescent Past

A special case of Betti’s theorem which refers to a medium with quiescent past, i.e. when there has been no
displacement before a specified time, is very helpful.

Betti’s theorem holds even when F, U and TU) refer to time t, but G, V and TV) to time 7 — ¢t [AKI
and RICHARDS, 1980]. Rearrangement of Betti’s theorem (eq. B.1) yields:

///V[F(t).V(T—t)—G(T—t).U(t)]dV

+ // [T(U)(n,t).V(T—t)—T(V)(n,T—t).U(t) ds .
S

(B.9)
We integrate over the temporal range —oo to oo:
/ {/// p [V (-~ 1) - U®).V] } it =
—o00 14
/ {/// [F().V(r —t) — G(r — ).U(t)] dV} dt
—o00 |4
+/ {// [T(U)(n,t).V(T —t) =TV (n, 7 —t).u(t)] dS} dt . (B.10)
—oo S
For an incompressible material, (% = ) and we can write the last equation as:

///V{P/_O; [ﬁ(t)'V(T_t)—U(t)-V(T—t)] dt}dvz (B.11)
/_oo {///V[F(t)V(T—t) —G(t —t).U(t)]dV}dt

+/_(:{//S[T(U)(n,t).V(r—t) 1V (n, 7 - .U (0)as] dt} .

Integrating the left hand side gives:

[]] e[ oove-o-vove-oafa-[ [ [ {o0ve-n-vore-o}" o

(B.12)

Quiescent past means no motion before a specified time 7y:
Ut)=U({t)=0;t<1, (B.13)
Vir—t)=V(r—t)=0; 7 —t < 7. (B.14)

We introduce integral boundaries:

U(-0) =U(-x0) =V (r—o0) = V(r —00) =0 (B.15)
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for any 7 and 7. The right hand side is zero as well, and we conclude that for 7 < 7p:

/O;dt///v{U(w,t).G(w,T—t)_V(mﬂ__t)_F(w,t)}dV:

/oa dt// {V(w,T—t).T(U)(n,t) _U("”vt)-T(V)(n,r—t)}ds_ (B.16)
— s

Therefore having a displacement source, i.e. the body force field and surface tractions, in a body of incom-
pressible material with quiescent past, the last formula helps calculate the unknown displacement field of
any other known source. This is done by introducing Green’s function.

B.2.3 Green’s Function

In order to compute the displacement field of a known source in an incompressible body with quiescent past,
we define the simplest possible source, a concentrated unit force, calculate its displacement field, which is
called Green’s function, then introduce this to the eq. (B.16) together with the body forces and tractions of
another source, and obtain the displacement field.

The case of earthquakes is not dealt with in terms of forces and tractions as they appear in the eq. (B.16).
There is a fault, for which an equivalent body force field is computed, i.e. a non-existing force field which
would produce the same displacement field as the fault, if it existed. Then this equivalent force field is used
as one source in Betti’s theorem, and the displacement field of the slip across the fault is computed. This
process requires some mathematical tools as follows.

Suppose that the a unit impulse is applied at * = ¢ and t = ¢y along the direction e,. The impulse is
known can be written as:

fi(a:, t) = A6($ — wo)é(t — to)ém , (B].?)
where:

e A is the unit constant with the dimension of force,

e §(x) is the three dimensional Dirac delta function with the dimension of ] )
volume

1
e 0(t) is the one dimensional Dirac delta function with dimension of e’
m

e §;, is the dimensionless Kronecker delta function.

Such a source is sometimes called concentrated force.

The displacement field generated by the concentrated force is denoted as AG;,, (x, t; @, to) and is known as
elastodynamic Green’s function. The value of the function G(x,t; g, to) would be equal to the displacement
value at point x, at time ¢ in the direction e;, caused by the concentrated unit force applied at point xq
and time %o in the direction eg, i.e. it depends on the receiver and source coordinates. The Green’s function
must satisfy the condition:

2

0 0 0
p@Gm(w,t;mo,to) = 6m6(w - iI)o)(S(t - to) + 67 [Cijkla—mlen(w,t;wo,to) (B.IS)
J

throughout the source [AKI and RICHARDS, 1980], where c;;; are the coefficients of the constitutive equation
of linearly elastic bodies. The following initial and boundary conditions apply:

1. Initial conditions:

G(wata Zl?(),t(]) =0
fi . B.1
%G(%t;wo,to) — o[t (B.19)

2. Either of the following homogeneous boundary conditions:

(a) The surface of the body is rigid:
ui(z)=0; z€S. (B.20)

Therefore the boundary conditions are independent of time. Then the time origin can be shifted,
and G does not depend on absolute time, but on ¢ — ¢g:

G(z,t;xo, to) = G(x,t — to; T0,0) = G(x, —to; To, —1) (B.21)
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which is called a reciprocal relation, i.e. arelation between a pair of solutions for the displacements
throughout an elastic body. This equation is a reciprocal relation for source and receiver times.

(b) No tractions on surface S:
Oijng = 0. (B.22)

B.2.4 Proof of Some Reciprocity Theorems
From Betti’s theorem for the displacement field of an incompressible body with quiescent past, and with:
f :=unit impulse applied in m-direction at * = x; and t = ty;
g :=unit impulse applied in n-direction at @ = x5 and t = t5:

filz,t) = Ad(x — x1)6(t — t1)0im (B.23)

gz-(a:,t) = A(S(:z: — wz)(S(t + tg)ém R (B.24)
the corresponding displacements fields are:

ui(z,t) = AGin(z,t;21,11) , (B.25)

vi(z,t) = AGin (T, t; T2, —12) , (B.26)

respectively. The presence of the unit impulse A guarantees the dimensional identity of the above two sides.
We substitute egs. (B.23-B.26) into eq. (B.16). The right hand side vanishes for both homogeneous
cases:

1. Rigid surface, i.e. no displacement on the surface :

U(z,t) =V(x,t)=0; xS . (B.27)
2. No traction:
T @) =TV )n)=0; z€5. (B.28)
Therefore o
/ dt/// {U(z,t) G(z,7—t) — V(x,7 —t).F(z,t)}dV , (B.29)
—o0 14

/_(:dt///vui(m,t)gi(m,r—t)dv=/_Zdt///vv,.(w,f—t)fi(m,t)dv. (B.30)

Substituting eqs. (B.23-B.26):
/oo dt///V Gim(x,t;21,t1)AS(x — 22)0(T — t + 12)0;,dV =

_ / Tt / / /V Gin(@, 7 — b T2, —t2) AS(m — @1)0(t — £1)SimdV. (B.31)

Summation over index i yields:

/Oo dt///VGnm(m,t;ml,tl)Aé(a: —@)S(r —t 1)V =
_ /00 dt///VGmn(w,T—t;wg,—tg)AJ(w — @1)8(t — t)dV. (B.32)
After integration over the volume:
/oo AGn (2, 6 1, 1)0(r — £+ to)dt =

= /Oo AGpn (21, T — t; 22, —12)0(t — t1)dt . (B.33)

Integration over time and eliminating the constant A from both sides finally yields:

Grm (22, T+ to;21,t1) = Gup (@1, T — t1; 22, —t2). (B.34)
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For tl = t2 =0:
Gnm(wz,T;wl,O) =Gmn($1,7'; 1132,0) (B35)

which is a spatial reciprocity, i.e. a reciprocal relation for source and receiver positions, saying that
the n-th displacement component at the position &2 due to a concentrated force at the position x;
applied in direction e,, after the time 7 equals the m-th displacement component at the position x;
due to a concentrated force at the position x5 applied in direction e,, after the same time 7.

For 7 =0 in eq. (B.34):

Grm(x2,t2;21,t1) = Grn (1, —t1; 22, —t2) , (B.36)

which is a space-time reciprocity.

B.2.5 Important Cases

A number of important formulae can be derived from the fundamental equation (eq. B.16). Three of them
are considered here, others are discussed in the next section.

1. The displacement field of a general source is computed when the Green’s function is known, assuming

that the incompressible body has been at rest before the action of the source.
Known functions:

e A unit concentrated force applied at space-time point (xg,o):
gi(x,t) = Ad(x — o) (t — t0)din - (B.37)
e Green’s function is the normalized displacement field of the above source:
vi(x,t) = AGip (x, t; T, to)- (B.38)

e A general source:
fi(wat) ;T € Vv )

with the physical dimension of force per volume, which is not necessarily a point source.
Unknown function:

e Displacement field generated by the source
ui(x,t) .

Homogeneous boundary conditions:
Substituting into eq. (B.16) and eliminating the dimensionality factor A from both sides gives:

/Zdt///vui(m,t)é(m—mo)é(t—to)éinde/(:dt///‘/Gm(w,t;mo,to)fi(w,t)dV.

(B.39)

Carrying out the integrations on the left hand side, this reduces to:

un(Xo, to) :/O;dt///VGin(w,t;wg,to)fi(w,t)dV, (B.40)

which is the classical definition of a Green’s function as the kernel of a convolution integral. Since
the argument of the displacement field is usually denoted by (x,t), we may change the notation
as follows:

o (z,t) instead of (o, o),

e (&,7) instead of (x,t).
Therefore:

un(t) = [ O;dr / / /V Gin(&, 7300, 0) fi(€, 7V (B.41)

which my be abbreviated using the convolution symbol:

un(m,t):///VGm(ﬁ,T;a:,t)*fi(g,T)dV. (B.42)
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2. For non-homogeneous boundary conditions with:
e Displacement values for the unit impulse on the boundary surface:
AGi (& T52,t) ; ¢ €S .
e Known values of the displacement field on the boundary surface:
ui(z,t); x €S .
e Unknown function is the displacement field over the deforming body:
ui(z,t) ; x €V -35.

Eq. (B.16):
/_00 dT///VUi(w,t)(s(w —&)6(T = 1)6inGin (&, 7 — t;2,0) f;(€,7)dV (€) =
= /_O; d’/"//s |:Gzn(£;7' —t,w,O)TZ(U)(,,) — %Uz(ﬁ,T)TZ(V)(u) ds(é-) , (B43)

where v is unit normal of S. Carrying out the integration over the first term of the integrand in
left hand side, we obtain:

wmﬂ=:[iw//ﬂpmawm%mmamww

+ /_ O;dT / /S [Gintem — 12,076 (w)

1 .
— e TV )] as(e) . (B.44)
We know from eq. (A.75) that:
TVE D () = 0548, 7 — tyny (€) - (B.45)
oS (&~ 1) = cjim(©)ely) (B.46)
V) o 1[Ov(§T—t)  Ou(éT—1) BA
Combining the last three equations yields:
Ti(V(g’T_t))(u) = cijrr (&)vj(§)vea (&, 7 — 1) . (B.48)
From eq. (B.38):
Uk,l(f,T — t) = AG]m,l (E, T—1, 0) . (B.49)
Therefore:
Ti(v(g’r_t))(’/) = ACijni(§)v; (&) Grni (€, 7 — t;2,0) . (B.50)

If this result is applied to the eq. (B.44), we obtain:
un(,t) = / dr / / / Gin(€,7 — t;,0) f5(€, T)dV (£)
—oo 14

= ot UEn,,,
+ [wdT//S[G,n(g, t2, 0T &7 ()
— ui(€7)cijn (§)v;(€)Grna (€, 7 — t;2,0)[dS(€) - (B.51)
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3. In the special case of homogeneous boundary conditions and with the source of the unknown displace-
ment field a non-unit impulse applied at (xq,%o) in the direction ey, we may write:

F(&,7) = fnd(& — x0)d(T —to)eo , (B.52)
with physical dimensions as in eq. (B.17). From eq. (B.41) we have:

un(m,t)=/_de///vam(g,f;m,t)fia(g—mo)a(f—fo)dv. (B.53)

Eliminating the delta functions finally yields:

Special combinations of concentrated forces are very important in earthquake studies and are discussed later.

B.3 EQUIVALENT BODY FORCES

In order to apply the mathematical tools for solving the displacement field of a source, e.g. an earthquake,
we need one more concept: equivalent body forces. They are non-real forces which produce the same dis-
placement field as the actual source. The resultant equivalent body forces for traction discontinuities and
displacement discontinuities are considered in the following. Readers interested in a more detailed discussion
are recommended to refer to AKI and RICHARDS [1980].

Displacement Discontinuity

Figure B.1: An elastic body, with volume V, external surface S, and internal discontinuity surface X

Suppose that a slip occurs across a fault ¥ with the sides ¥ and X~ (figure B.1), the displacement u, the
Green’s function G, the unit normal of the fault v, and the elastic constants c;jz;. The difference of any
function f on the two sides of the fault is denoted by [f]:

[f(@)]:=flxeXh) - flxex). (B.55)

We assume that u and G satisfy homogeneous boundary conditions on S.

The discontinuity surface X is considered as part of the boundary surface. The selection of positive and
negative sides and therefore the positive and negative directions of v are arbitrary. A positive and a negative
neighborhood of ¥ are defined. The boundary integral turns to include the discontinuity surface as well as
the outer surface of the body.

When the two sides of the discontinuity surface slip with respect to each other, e.g. in response to a
point source in the body, the equation of motion, eq. (A.78), is not valid on it any more. This slippage in
turn becomes a source, i.e. each point of it acts as a point source, and deforms the body in addition to the
deformation caused by the first point source.

The point on the fracture surface £ € ¥ is displaced by the first point source, therefore:

ui(€,7) = AGin(§,T50,t0) ; EE€X . (B.56)
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The strain tensor for this displacement is:

A
epg(€,7) = 9 {Gpn,g(§; 520, t0) + Gynp(€, 750, t0)} (B.57)
From eq. (A.64), the stress tensor becomes:

Tij (£a T) = Cijpq (g)epq (&a T) ) (B58)

and the resulting surface tractions acts on the body particles as another source (eq. A.75):

WU e, 7) = 75(€)v;(€) ; €€ T . (B.59)

Therefore, the following term is added to the equations as a new dislocation source:

U, ) = cijpa(©)epa(&7)v;(€)

gciqu (5)1/] (5) {Gpn,q(£> T;%0, tO) + an,p(ga T; %o, tO)} . (BGO)

In view of the summation convention and the symmetries of c;jpq, this reduces to:

U

hE = CiquVijn,q . (BG].)

Traction Discontinuity

If for any reason, e.g. application of external forces, the reaction on ¥ is discontinuous, then:
T = [T(g’T)(u)] £0;£€T, vL1Y (B.62)

acts as another source.

In order to have a correct solution for the deformation in the elastic body under consideration, the
discontinuity surface has to be taken into account. One way to do this is to include the surface in the
boundary surface as in eq. (B.51). Then this form can be simplified by a mathematical trick. We can
compute non-real body forces which produce the same effect as the discontinuity. These forces are called
equivalent body forces. They allow us to replace the surface integration over discontinuity surface by the
volume integration over equivalent body forces and thus exclude the discontinuity surface from the boundary
integration. The equivalent body forces are added to the body forces in eq. (B.51).

The body force equivalents to traction discontinuity and displacement discontinuity are considered in the
following.

Having included the discontinuity in the boundary surface (figure B.1), we have:

Boundary =S5+ % |,

where S is the outer surface of the elastic boy and ¥ is the discontinuity surface. Eq. (B.51) can be rewritten

as:
@t = [ ZdT [ [ ] énter-tiaosienavee

s [Car [ [{Guer-tz0rVE 00
- {Au, &7 C,Jk,l €)I/3Gknl(€,7'—t z, 0) dS(&) (B.63)
+ / dT// (&, — 12,07V ED )

Auz(&: )cljkl(g) (g)Gknl(gaT_t iy 0)}d2(£) .

/_O:odT///VGin(S,T—t;a:,O)fi(gr)dV(g)
/ZdT//S{Gm(ﬁﬁ—t?wao)Tz-(U(g’T”(v)

Therefore
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{Au, £, Cz]kl £ I/JGknl(g, -t 0) dS(g)
/ dr / / Gin(&,7 — t;, 00T U ED () (B.64)
Auz 5, cz]kl £ (s)Gknl(Ea t iy 0)}d2+( )

. / dT//_ in(€,T—tx, o)T(U(ﬁ,r @)

— Aui(§, 7)cijni (€)v(§)Grna (€, 7 — t;2,0)} dET(£) }-

The next to last integral is preceeded by a minus sign because of the sign change of v from Xt to ¥~.
Rearranging the surface integrals over ¥ and ¥~, we obtain:

izt = [ ZC” [ [ ] énter-tansignave
+ /Oo dT// Gm(g,T—t;m,o)T}U@T”(u)

{Auz 67 cz]kl g)V]Gknl(ga t r 0) dS(&) (B65)
/ dT// Gin(€,7 — t;,0) {T(U(€+’T) ) —Ti((g_’T))(u)}dE(g)

— A‘/_m//;(ui(g"'ﬂ') _Ui(g_’T))cijkl(g)yj(s)akn,l(s,T—t;.’l:,(])dE

_|_

_|_

where €% and £~ are two neighboring points on £ and ¥~ respectively. Using the notation introduced by
eq. (B.55), this may be rewritten as:

(un(@t) = /°° dr / / / Gin(€,7 = t;,0) fi(€, )V (€) N

+ / dr / / Gin(€, 7 — t;2,0)THE (1)
- Auz (&, 7)cijnt (€)v;(§)Grni (€, T — t;2,0)} dS(€) (B.66)
+ / dr / / W&, 7 =t 2,0) [Ti‘“@’f”(u)] ds(€)

N / dr / / 06 ) a5 O Gona7 = 152,000 -

B.3.1 Body Force Equivalent to Traction Discontinuity

From eq. (B.66) we see the effect of the traction discontinuity on ¥ as:
D@t = [ ar [ [ Guler-t52,0) 1D w)] axce) (B.67)
—oo )

We need an expression equivalent to [Ti(u(g’T))(u)] with the dimension of volume force density. Using the
properties of the delta function, we can rewrite the last equation as:

1= [“ar [ [Guer-sa0{[ [ [ [["w]sm-oavmae  @os)

According to Fubini’s theory of interchanging the order of integration:

uDe,t) = [ ZdT [[] Gm(g,T—t;m,O){ [ [ w)] 5(n—€)d2(£)}dV(n) -

:/_OodT///VGm(g,r—t;a:,O)f}T](n,T)dV(n)

where
[f}T]z [ [ [0 w) 5(n—£)d2(£)J (8.70)

with the dimension of volume force density, i.e. Vf)‘;ffrze, is equivalent body force field for traction discontinuity.

This is a non-real force field which will produce displacement field equal to the displacement field of the
actual traction discontinuity.
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B.3.2 Body Force Equivalent to Displacement Discontinuity

The same method is applied to the case of displacement discontinuity. From eq. (B.66):

Uz, 1) = —4 / dr / / (i (€, 8)] cisnt (€);(€) Crona (€, 7 — 1.2, 0)AS(E) . (B.71)
—00 ¥
Using the three dimensional delta function with the physical dimension m we can write:
Gun€7 12,0 = [ [ [ Gualn, 7~ ti2,008m - v (m) . (B.72)
v
Therefore:
0 0
G, ™ — t;,0) = —{ /] Gknm,r—t;w,ow(n—s)dvm)} . (B.73)
oG oG v
Since G, is no longer a function of &:
iG &, 7 - t;z,0) [///G 15:1:0)6 d5(n—€)dV(n )] (B.74)
&, kni&, T kn(M, T ¢, n- . .
In virtue of
2 sm-6)=—Lsm-e (B.75)
ag " o ’ '
we can write eq. (B.73) as
0 0
seCmer—tw.0 == [ [ [ Gunr—t2.05-60-avin. (8.76)

Therefore, eq. (B.71) yields:

:—A/ dT//[uz €MNesumrs© {= [ [ [ Gunn.r = t:2,0)-s0n - v} az(e)

(B.77)
Again with Fubini’s theory [FUBINI, 1983]:

o= ["ar [ [ [{] [ emem@m@pom-ga@] 5o

XGkn 77; t T, O)dV( )

Therefore, the body force equivalent for a displacement discontinuity is:

[f[U —af / ui(€,7) cmpq(s)ug(s)a%a(n—e)dz@)}. (B.79)

B.4 VOLUME SOURCES

When the source is not a point, but a volume, and to each element of the volume a time varying force is
applied, then the generated displacement field is the summation of all the displacement fields due to the
forces applied at different volume elements and different instants of time. Therefore for an incompressible
earth with homogeneous boundary conditions, without discontinuity surfaces and with quiescent past, the
displacement field of a volume source is represented by eq. (B.41):

Un(x,t) :/O:odr///VGin(ﬁ,T;w,t)fi(i,T)dV. (B.80)

One way to solve for such a displacement field is suggested by ESHELBY [1957] and is described by [AKI
and RICHARDS, 1980]. Although volume sources are not considered in the present study, the description is
rewritten in the following in order to complete this chapter:
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Let us illustrate this concept by a set of imaginary cutting, straining, and welding operations
described by ESHELBY [1957]. First we separate the source material by cutting along the surface
¥ enclosing it and removing the source volume (the inclusion) from its surrounding (the matriz).
At this stage, we suppose that the material removed is held in its original shape by tractions
having the same volume over ¥ as the tractions imposed across . by the matrix before the cutting
operation. Second, we let the source material undergo transformational strain Ae,s. By this, we
mean that Ae,; occurs without changing the stress within the inclusion, stress-free strain. It is
this strain that characterizes the seismic source. .... Third, we apply extra surface tractions that
will restore the source volume to its original shape: this will result in an additional stress field
—CpgrsAers = —ATy, throughout the inclusion, and the additional tractions applied on its surface
Y are —cpgrs Aersty, where v, is the outward normal on ¥. Since A7y, is a static field, A7y, o = 0.
The stress in the matrix is still unchanged, being held at its original value by tractions imposed
across the internal surface ¥, and having the same value as tractions imposed on the matrix by
the inclusion before it was cut out. Fourth, we put the inclusion back in its hole (which is exactly
the correct shape) and weld the material across the cut. The traction on ¥~ is now an amount
—CpgrsAersvy greater than that on X+, leading to a traction discontinuity (in the v direction)
of amount +cpgrsAersvy. This traction is due to applied surface forces that are external to the
source and which act on the inclusion to maintain its correct shape. Fifth, we release the applied
surface forces over ¥ ™. Since tractions is actually continuous across X, this amount to imposing
an apparent traction discontinuity of —(cpgrsAers)v,. The elastic field produced in the matrix
by the whole process is that due to apparent tractions discontinuity across X.

The displacement field is given as for traction discontinuity, i.e. eq. (B.51) with [Tp] = —(cpgrs)Aersy:

() = /_ Z / /_ Cpure e Gopl€,7  5,0)a3(E) (B.81)

If the integrand and its derivatives with respect to € are continuous, we can apply Gauss theorem to obtain:

@n(m)= [ ZdT / / /V aigq[cpqrsAerquan(E,T—t;m,O)]dV(ga. (B.82)

B.5 DESCRIPTION IN TEMRS OF MOMENTS

So far, we have discussed point sources, and their displacement fields as Green’s functions. Here we continue
with a special combination of two point sources, i.e. a dipolar source, and its Green’s function.

B.5.1 Dipolar Source

One important combination of two concentrated forces in earthquake analysis is a dipolar source.

Suppose that two concentrated forces of the same magnitude f in opposite directions denoted by the unit
vectors @ and —a are applied at the same time 7 at two points, each § distant from 7o in the directions v
and —v (figure B.2). Such a source is called double force and its displacement field is the vector addition of
displacement fields of the two concentrated forces [AKI and RICHARDS, 1980]. BEN-MENAHEM and SINGH
[1981]:

u(xz,t) = Af. [G(m,t;ro + %I/,T) - G(z,t;10 — %U,T)] (B.83)
or
ui(x,t) = Af; I:Gij (z,t;7m0 + %I/,T) —Gij(z,t;r0 — %u,r)] . (B.84)

In the limiting case of € — 0, we can write the displacement field as:
Uz'({l),t) = AijTOGij(:c,t;ro,T).eu (B85)

in which V,, represents gradient with respect to the ¢ components, i.e.:

ui(z,t) = Aefjaaiq;j(m,t; To,T)ey.v = Aef; %C;: . (B.86)
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To + %I/
To

7‘0—%1/

—fa

Figure B.2: A double force

If at the same time as e — 0, also f — oo so that ef; — Fj, then:

0G;
ui(w,t) = AFJ Y Vg . (B87)
Oqr
The derivative in the above formula is defined by:
0Gi; . Gz’j(-’E:t;’“0+Agkek;T)—Gz’j(wat;To— Azq’“ek,T)
— := lim . (B.88)
Oqr  Aq—0 Aqg

The denominator of the last fraction gives the effect of a force couple applied at (r¢,7). Therefore the
displacement at (x,t) is a summation of nine different double forces at (rg,7). According to the relative
directions of @ and v, two special cases are distinguished (figure B.3):

Fa
r
—Fa-= ° = ['a 0
To
—Fa
(a) (b)

Figure B.3: (a) Dipole, and (b) single couple

1. If a is parallel to v, i.e. the forces lie on the line of separation, the source is called a dipole.

2. If a is orthogonal to v, i.e. the forces are perpendicular to the line of separation, the source is called
a single couple.

Having defined a Cartesian coordinate system, three different directions of the forces and three different
directions of separation give rise to nine possibilities: three dipoles and six single couples in the coordinate
directions (figure B.4).

The single couple (i, j); i-e. © # j, exerts a torque in the direction £k on the medium. The single couple
(i, ) exerts another torque in the direction Fk. This means that having the six single couples with equal
magnitudes, the total implied rotational motion vanishes.
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3 3 3
(1,1) 1,2 1,3
2 2 2
1 1 1
3 3 3
(21 (2.2 (23
2 2 2
1 1 1
3 3 3
(31 3.2 (33
2 2 2
1 1 1

Figure B.4: Dipoles and single couples along Cartesian coordinate axes.

B.5.2 Description by Moments

From eq. (B.71) and for the displacement field associated with a displacement discontinuity in an incom-
pressible material with homogeneous boundary conditions we can write:

un@t) = A [ dr [ [ fuse ) e (€5 (©Gna(6 7~ ti2,00d2(E) (B.89)
—0o0 )
or, using the convolution symbol (eq. B.42) in brief notation:
(1) = A / / (i€, 7)] cogravy * 2kn g (B.90)
= &

G, in this formula expresses the effect of the k-component of the displacement discontinuity at & on the
n-component of the displacement at x. 0Gy,/0& can be interpreted physically as a single couple with the
arm in [-direction. Therefore the summation over [ and integration on ¥ means that the displacement at
(z,t) is the effect of the distributed couples on X.

[ui] vjcijr is the strength of the (k,l) couple with the dimension moment per unit area. Therefore:

[m = [u,] ViCijki€r & el] (B.gl)

is called moment density tensor. With this, eq. (B.90) takes the form:
un(x,t) = A// Mmpg * G dY . (B.92)
x

Sufficiently far from X, it can be regarded as an effective point and we can define the moment tensor by:

[M = //Emkldz(ek®el)J. (B93)
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With this, eq. (B.92) reduces to

(un(@,t) = AMu(€,7) % Grna (€, 5@, 1) ] - (B.94)

The last equation is very important in seismology and the representation of seismic source displacement
fields.

B.5.3 Simplified Examples of Buried Faults

At the end of this appendix some examples of slip across a buried fault are considered.

€3

A
Motion on the upper surface &

Motion on the lower surface

Figure B.5: A simple example of a buried fault normal to the & axis with slip parallel to the axis & axis.

A buried fault may be regarded as an internal displacement discontinuity. In this section the moment
density tensor of such a fault is computed for an incompressible, isotropic, homogeneous earth. In the
following, the moment density tensor elements are referred to the point of fracture, i.e. (€,7).

For this simplified earth, the elastic constants are evaluated from eq. (A.63). Then the moment density
tensor elements from eq. (B.91) are:

Mpg = [wi]vj {Xdij0pg + (0ipdjq + Gigdjp)}
= M;dij) [wi] + p (vid5q) ([ui] dip) + p (v565p) ([ui] diq) (B.95)
Avi [ui] + pvg [up] + pvp [ug]

On account of the properties of ;;, this reduces to

(g = Avi [0] g + 11 (v [] + vy [ug)) ) - (B.96)

If the slip occurs on the plane of ¥, v L [u] and
v; [uz] =0 5 (B97)

and eq. (B.96) reduces to
Mpg = 1 (Vg [up] + vp [ug]) - (B.98)

If the slip happens to be along a coordinate axis (figure B.5), the moment density tensor is further
reduced. For example, if the slip is parallel to the & coordinate axis, then [us] = [ug] = 0, with the third
axis normal to the fault plane v; = v = 0, we then obtain:

0 0 plu]
o 0o o0 |. (B.99)
plu) 00

m
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Appendix C

ELEMENTS OF VISCOELASTICITY
THEORY

Sofar, we have described elastic materials. However there are many materials which do not obey the elasticity
laws. Sometimes, the deformations take place gradually after the application of a force field. It may also
happen that the body is deformed suddenly, but the deformations continue and are not recovered after the
removal of the applied force field. Viscoelasticity is one proper theory to study the behaviour of one class of
such materials.

This appendix briefly presents the basic idea of viscoelasticity theory and concentrates on the type of
viscoelasticity most common in the earth deformations studies, i.e. the Maxwell fluid. We begin with
the concepts for one dimension, i.e. uni-axial extension, and continue with the generalizations for three
dimensions. The discussion is confined to infinitesimal deformation, therefore the non-deformed and deformed
coordinate frames are not distinguished.

C.1 BASIC ELEMENTS

Figure C.1: Helical spring represents elastic behaviour

A helical spring (figure C.1) is the basic element representing elastic deformations. Deformations (exten-
sion and contraction) happen simultaneously with the action of forces. This behaviour is presented by eq.
(A.2) and is the subject of appendix B.

o« 4"
T 0

Figure C.2: Dashpot represents viscous behaviour

The basic element which represents viscous behaviour is the dashpot of figure C.2. In this model it is
not the elongation which is proportion to the applied stress, but it is its time derivative:

o =Fe, (C.1)

where dot denotes the time derivative. € is called strain rate, and the material whose deformations follow
eq. (C.1) is known as wviscous material.

103
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C.2 VISCOELASTIC BEHAVIOUR

Viscoelastic behaviour is a combination of the elastic behaviour of the spring element and the viscous
behaviour of the dashpot. Different viscoelastic materials are defined, depending on whether the spring and
dashpot are coupled parallel or in series and how many basic elements are coupled.

C.2.1 Maxwell Fluid

se—e—"\V\N\N—e—A—e g

Figure C.3: Maxwell fluid

The first viscoelastic model combines a spring and a dashpot in series (figure C.3). The applied stress at

the two elements are equal
04 =05=0, (C.2)

but the total strain is the sum of the initial strains:
e=¢€s+eq, (C.3)

where indices s and d refer to spring and dashpot respectively.
According to the assumed constitutive equation of the spring, i.e. linear elasticity, and the dashpot, i.e.

viscosity, we may write:
0 =05 = Feg (C4)

where E and €, are Young’s modulus and infinitesimal strain in spring respectively, and
U:Ud:Féd, (C5)

where F' and é;4 are the viscosity and strain rate of the dashpot, respectively.
From eq. (C.1):

-7
&=% (C.6)
and from eq. (C.5):
] o
=% - (C.7)
Egs. (C.3), (C.6) and (C.7) yield: )
. o 0o
which is the constitutive equation of a Maxwell fluid. An alternative form is:
o+pi6=qé€, (C.9)
with: .
q=F. (C.11)
In order to study the behaviour of a Maxwell fluid, we subject it to a two step test [FLUGGE, 1975].

Step 1: Creep Phase: In the first step a constant stresso = o¢ is applied at instant ¢ = 0, and eq.
(C.9) is solved for €(t). The general solution of the differential equation (C.9) is:

e(t) = ?t +C:t>0. (C.12)
1

The initial condition of applying oy at ¢ implies that

T

lim [ odt=0, (C.13)

=0 o
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but

lim 6(1) = o9 . (C.14)

T—=0
Egs. (C.13) and (C.14) allow us to integrate both sides of eq. (C.9) as 7 — 0, which yields:

P100 = qi€0 - (C.15)
With egs. (C.9) and (C.10) we thus obtain:

b1 g0
_bt__ 00 1
€0 @ (o) E 5 (C 6)

where ¢ is the strain value at 0Ttime immediately after the application of 0. Substituting this into eq.

(C.12) for t = 0T yields:
P

€) = Cl = —0g - (C.17)
il
Therefore, from eq. (C.12):
e(t) = 2044 &Uo =(t +p1)@ . (C.18)
Q1 Q1 Q1

The creep phase of the test is shown in the time interval 0 < ¢t < ¢; of figure (C.4).

ag
o0
0 t ¢
€
€1
€0
0 t ¢

Figure C.4: The two step test for a Maxwell fluid

Step 2: Relaxation Phase: In the second step the stress is considered while the strain is kept constant
for t > ty:

et)=€t1)=€1;t>t . (C.19)
Eq. (C.9) turns to:
o+pio=0 (C.20)
which is a homogeneous first order differential equation with the general solution:
o(t) = Coe 71 , t >ty . (C.21)
The initial condition for ¢t = ¢; is:
O'(tl) =09 - (0.22)
With this we obtain from eq. (C.21):
oo = Cae™ 71, (C.23)
02 = 0'067;_11 5 (024)
o(t) = ooe” 7. (C.25)

This phase is shown in figure C.4 for ¢ > ;.
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C.2.2 Kelvin Solid

Figure C.5: Kelvin Solid

The second simple viscoelastic model is a parallel combination of spring and dashpot elements (figure
C.5). In this model strain is equal at both elements:

€ = 68 = (;‘d 5 (026)
but the total stress is distributed over the two elements:
oc=o0,+0g . (C.27)

Again linear elasticity of the spring and viscosity of the dashpot imply, respectively:

os = Fe , (C.28)
oq=Fé€. (C.29)
From eq. (C.27):
o =FEe+ F¢ (C.30)
or
0 = Qo€ + Q1€ , (C.31)
where:
a=F. (C.33)

To discuss the behavior of a Kelvin material, the two step test is applied again [FLUGGE, 1975].
Step 1: Creep Phase: Constant stress o = oy is applied at t = 0 and eq. (C.31) is solved for e(t):

et) =2 4 Cre M a=D (C.34)
qo q1

Although o jumps from 0 to o¢ at ¢ = 0, it remains finite and therefore é should remain finite too. This
means that:

e(0t)=¢€(07) =0. (C.35)
Therefore: o
0)==+0C,=0, (C.36)
g0
which leads to o
c,=-=2, (C.37)
qo
et) = 2201 — e My . (C.38)
qo0

This creep phase is depicted in the time interval 0 < ¢ < t; of figure (C.6).

Step 2: Relaxation Phase: In this phase the strain is kept constant:
e(t) =€ =const. ; t >t . (C.39)

Then from eq. (C.31):
o(t) = qoer , (C.40)

which means that when strain is fixed, stress does not change either.
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ag
o0
0 t ¢
€
€1
0 t ¢

Figure C.6: The two step test of Kelvin material

C.2.3 More Complicated Materials

The possibility of combining the basic elements spring and dashpot is not confined to the two parameter
Maxwell and Kelvin models. There may be more than one of each element type and they may be combined
in different ways, parallel or series. A few of them are mentioned without detailed discussion. This will be
useful when later, considering the solution method.

C.2.3.1 Three-parameter solid

W—-
L
I

Figure C.7: Three-parameter solid

The three-parameter solid of figure (C.7) is described by the constitutive equation:

0+ P10 = Qo€ + Q1€ . (C.41)

C.2.3.2 Three-parameter fluid

e —
!
L

Figure C.8: Three-parameter fluid

The other three-parameter model is the fluid of figure (C.8). This type of material is described by the
constitutive equation:
0+ P10 = Qi€+ @€ (C.42)
C.2.3.3 Four-parameter solid

The following equation describes the constitutive behavior of a four-parameter solid (figure C.9):

0+ P16 = Qo€ + q1€ + @€ . (C.43)
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! !
L L

Figure C.9: Four-parameter solid

C.2.3.4 Four-parameter fluid

Figure C.10: Four-parameter fluid

The last material we introduce here is the four-parameter fluid of figure (C.10).The constitutive equation
of this model is:
O+ P10+ p2€ = q1€ + g€ . (C.44)
C.2.4 General Material

The behavior of a general viscoelastic material could be specified as follows:

Zpk qu o (C.45)
or in a shorter notation:
Po = Q¢ . (C.46)
Here P and @Q are differential operators defined by:
d d dr
.. - 4
P = [l-l-d +dt2+ +dt"] , (C.4T)
S PO a9
dt = dit? dtm )

C.3 SOLUTION TECHNIQUE

In order to solve eq. (C.45) or (C.46), we define two new functions related to the creep and relaxation phases
of the standard test of sections §C.2.1 and §C.2.2.

In the creep phase we apply a constant stress og during the period 0 < ¢t < ¢;. Since we consider only
linear materials, strain and stress are proportional at any time, while the proportionality factor can change
in time due to viscous behavior:

e(t) = aoJ (1) . (C.49)

The function J(t), which is equal to strain per unit stress, is known as creep compliance and defines the
motion of the linear viscoelastic material in the creep phase.

During the relaxation phase, t > t;, strain is kept constant. Similarly, because of the linearity of the
material response and the viscous part of the behavior:

o(t) = e Y(t) . (C.50)

The function Y'(t), which defines the stress per unit strain, is called relazation function and expresses the
material behavior in the relaxation phase. Creep and relaxation functions are related to each other. In order
to find this relation, we consider their Laplace transformations with respect to time [KREYSZIG, 1993].

The differential operators P and @ of egs. (C.47) and (C.48) are first transformed to the Laplace domain.
Assuming that the time derivatives of o and € are zero at ¢ = 07, follows that:

do d%c d'o
= (1 24 ... ") 5 51
E{a+dt+dt2—|— +dt”} (1+s+s+--+s")7, (C.51)
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where £{.} denotes Laplace transformation and & := £ {o}. The last result states that:
L{P}=P(s)=1+s+8"+---+s". (C.52)
By the same reasoning it follows that:
L{Q}=09(s)=1+s+8"+---+5™, (C.53)
such that the differential equation (C.45) is transformed into the following algebraic equation:
P(s)g = Q(s)€ . (C.54)

This equation is very similar to the generalized Hooke’s law in elasticity theory (eq. A.59). This is the
foundation of the correspondence principle of elasticity.

This principle of viscoelasticity states that of an elastic problem is known, the Laplace transform of
the solution to the corresponding viscoelastic problem may be found by a similar equation in the Laplace
domain.

Assuming a unit constant stress in the creep phase, eq. (C.49) becomes:

e(t) = J(t) (C.55)
or in the Laplace transform domain: B
€(s) = J(s) . (C.56)
Comparison of the last equation with eq. (C.54) yields:
7 P(s)
J(s) = . C.57
)= 330 (C57)
In a similar way it follows:
> Q(s)
Y(t) = C.58
)= 505 (C:59)
Combining the last two equations, we obtain:
= 5 1
J(8)Y(s) = 2 (C.59)

which shows that if any of the two functions, creep compliance or relaxation function, is known, the other
one can be obtained in Laplace domain. This in turn implies that either of the two functions is sufficient to
uniquely determine the linear viscoelastic behavior.

C.4 GENERALIZATION TO THREE DIMENSIONS

The one dimensional model of §C.2 forms the basic theory of viscoelasticity theory. In order to solve the final
equations for any material in three dimensional space, we need to generalize these tools to three dimensions.

In the three dimensional physical space, we take advantage of the same mathematical tools as we discussed
in case of three dimensional elastic bodies, i.e. stress and strain tensors (§A.2). The tensors, this time to be
used in viscoelastic models, are manipulated so that they can be used in the general viscoelastic eq. (C.48)
and its Laplace transforms, egs. (C.51) and (C.53).

In three dimensions, instead of only extension or contraction, also hydrostatic pressure, dilatation and
shear parts must be considered as discussed in §A.2. We decompose the stress and strain tensors into two
parts.

The stress tensor can be split into spherical (hydrostatic) and deviatoric (shear) parts as follows:

011 012 013 1 2011 — 022 — 033 012 013
o= | 021 022 023 | = gaiz’I—i— 3 021 —011 + 2092 — 033 023
031 032 033 031 032 —011 — 022 + 2033

(C.60)

The first term on the right hand side is a diagonal matrix with equal diagonal elements, which specifies a

hydrostatic stress field while the second term is a symmetric tensor with zero trace, i.e. shear stresses only.
We show this separation by:

oc=04+0;. (C.61)
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o4 and o, are called spheroidal and deviatoric stresses respectively.
In the same way, strain tensor is split into dilatation (spheroidal) and shear (deviatoric) strains as:

€11 €12 €13 1 1 2€11 — €22 — €33 €12 €13
€= | €1 €2 €3 | =€+ €21 —€11 + 2€29 — €33 €23 (C.62)
3 3 233
€31 €32 €33 €31 €32 —€11 — €22 + 2¢€

which can be rewritten as:
€E=€it€. (C.63)

If the stress field is equal to a hydrostatic stress plus a pure shear stress field, the equations are simplified,
so that the diagonal elements of the shear stress tensor vanish. In that case, and for an isotropic material,
the diagonal elements of the strain tensor vanish too and:

0 o012 o013
o=onl+ 0921 0 023 , (064)
o31 o3z 0

0 €2 €3
e=€n 1+ €21 0 €93 . (065)
€31 €32 0

The same general relation as in the one dimensional case exists for three dimensional viscoelastic mate-
rials. What differs from the one dimensional case is that the type of viscoelastic behavior may be different
for spheroidal and deviatoric parts. This is reflected in the formulation by the separation of the constitutive
equations. Thus P and Q in egs. (C.46) and (C.54) could are split into spheroidal and deviatoric parts as
follows:

Pao=Que (0 := %aii ;€= %eu)
Pgoi; = Q,ei5 (i # )

where ¢ := %aii , €= %eii and indices d and s represent spheroidal and deviatoric parts respectively. In the
Laplace transform domain we obtain:

(C.66)

Pd& = ng )
Psoij = Q&5 (i #7J) -

In many earth models, the dilatation is assumed elastic, while a Maxwell fluid is considered in shear defor-
mation.

(C.67)
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