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ZUSAMMENFASSUNG

In dieser Arbeit beschaftigen wir uns mit ganzzahligen Gruppenringen ZG fiir
eine Serie von p-Gruppen G. Hierfiir werden wir den ganzzahligen Gruppenring
ZG als Pullback betrachten, was uns dann ermoglicht, eine ‘komplizierte Struk-
tur‘, den ganzzahligen Gruppenring, durch zwei ‘einfachere Strukturen‘, welche
durch Kongruenzen verbunden sind, zu verstehen.

Das einfachste Beispiel einer solchen Beschreibung ! liefert der ganzzahlige Grup-
penring einer zyklischen Gruppe C, = (c¢) der Primzahlordnung p:

«

7.C, 7
B Y
Z[¢] Iy,

mit einer primitiven p-ten Einheitswurzel ¢, a(c) = 1,8(c) = ¢ und mit den
durch die Ideale (p) und (1 — ¢) bestimmten Quotientenabbildungen  und 4.
Somit haben wir einen Isomorphismus von Ringen

2Cy ~ {(a,b) | (a,b) € Z X Z[(],7(a) = 6(b)} C Z x Z[(].

Ahnlich erhélt man fiir den ganzzahligen Gruppenring ZC)n+1 einer zyklischen
Gruppe der Primzahlordnung p™*! mit einer primitiven p"*'-ten Einheitswurzel
(pnt+1 die rekursive Beschreibung:

Zcpn+1 e Zcpn

ZL[Cpn+1] —— F,Cpn .
Fiir eine nicht zyklische abelsche p-Gruppe A ist eine sukzessive Zerlegung des
ganzzahligen Gruppenringes Z A durch Pullbackdiagramme zwar prinzipiell mog-
lich, liefert aber aufgrund der komplizierten Kongruenzen keine befriedigende

Darstellung. So erhalt man schon fiir die Kleinsche Vierergruppe V; den Isomor-
phismus von Ringen

ZV, ~ {(a,b,c,d) | (a,b,c,d)€Z* a =b=c=dmod 2,a+b+c+d =0 mod 4},

eine Darstellung, die fiir explizite Rechnungen wenig geeignet ist.
Beschreibungen ganzzahliger Gruppenringe fiir bestimmte nicht abelsche Grup-
pen als Teilringe von Produkten iiber Matrixringen wurden durch Roggenkamp

'Rim ( [Rim]) benutzte diese Beschreibung um mit einer Mayer-Vietoris Sequenz die Klas-
sengruppe des ganzzahligen Gruppenringes zu berechnen. Dabei gilt CI(ZC)) ~ CL(Z[(]).
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(siehe [Ro2]) und Kiinzer (siehe [Kii]) gegeben.

Analog zum abelschen Fall sind die ganzzahligen Gruppenringe von p-Gruppen
mit einer zyklischen maximalen Untergruppe fiir ein Studium durch entsprechende
Pullbacks am geeignetsten. Dieses Gruppen sind (siehe [Rob] Theorem 5.3.4 ):

(i) eine Diedergruppe Don,

(i) eine Semidiedergruppe (z,a | 22 = a*" =1,a* = a* '), n > 1,
(iii) eine Gruppe der Form G := (a,b|a?"" = 1,0°=1,a> = a?"*), n > 1,
(iv) eine verallgemeinerte Quaternionengruppe Qan.

27’L+1

Zimmermann untersuchte in [Zi] ganzzahlige Gruppenringe von Diedergruppen
Dyn. Wir werden in dieser Arbeit eine Methode angeben (in Kapitel 3.2), welche
die Behandlung der Fille (i) bis (iii) ermdglicht und dies dann speziell auf den
Fall (iii) anwenden, da dieser Fall auch ungerades p beinhaltet.

Es sei nun G wie in (iii) definiert. Dann erhélt man, analog zu ZCjn+1, eine
Beschreibung von ZG' als Pullback:

7.G ZCpnx Cpy

s
Z[Cpr+1]XCp —> FyCpn X C,.

Nun ist man interessiert an einer Beschreibung

e des getwisteten Gruppenringes Z[(,n+1] X C) als Teilring eines Matrixringes,
e der auftretenden Kongruenzen.

Eine Beschreibung von Z[{,n+1] x C}, durch Matrizen wurde von Ritter und Sehgal
[RiSe| gegeben. Wir werden eine dazu konjugierte Darstellung angeben, welche
die p-adische Struktur beriicksichtigt. Dabei gehen wir wie folgt vor:

(Um einige Fallunterscheidungen zu vermeiden, betrachten wir hier den wesentlich
aufwandigeren Fall p ungerade. Selbstverstandlich wird in der Arbeit auch der
Fall p = 2 behandelt.)

Wir betrachten Z[(,n~+1] als Modul iiber Z[(yn+1] % Cp, wobei der Koeffizienten-
bereich multiplikativ und die Gruppe C, := (b) durch den Galoisautomorphismus

b: Z[gpn“] — . Z[Cpn+1]
Cpn+1 = 5n:—11 = C : Cpn+1

operiert. Dann ist R := Z[(y| der Fixring von Z[(,+1] unter dieser Galoisop-
eration und B’ := {1, (n+1, ..., ;)’,;11} eine R-Basis von Z[(,n+1]. Indem wir die
Basiselemente als Zeilenvektoren interpretieren, erhalten wir die von Ritter und
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Sehgal gegebenen Darstellungen der R-Ordnung Z[(yn+1] % C,

01 1
1 ¢
A= - B = ¢
1

Cp" 0 gp_l
Nun fragen wir nach diesen Darstellungen beziiglich der p-adisch geordneten R-
Basis B := {1,1 — (n+1,..., (1 — {n+1)P~'}, wobei der dazugehdrige Basiswechsel
durch die, durch Binomialkoeffizienten gegebene, Pascalmatrix

0 0
-1

Pp=t 2

| —(p-1) . —(p-1) 1

~

[ S G Y

gegeben wird. Konjugation von A" und B’ mit (P), liefert die Darstellungen
A und B (sieche Lemma 3.11), deren Erzeugnis eine R-Ordnung A definiert.
Wir erhalten somit A als Bild einer Einbettung des getwisteten Gruppenringes
Z[(pn+1] x Cp in die minimale erbliche Uberordnung

R.. R
r=| @8
(7) ... (7) R

wobei 7 := 1—(,» € R prim ist. Insbesondere sind wir somit im zahlentheoretisch
interessanten, vollstindig verzweigten Fall.

Wir haben somit den getwisteten Gruppenring Z[(,n+1] % C, in eine uns ver-
traute R-Ordnung eingebettet, allerdings Darstellungen A und B erhalten, die
aufgrund ihrer komplizierten Form, insbesondere im Vergleich zu den Darstellun-
gen A" und B’', kaum fiir explizite Rechnungen geeignet sind. Erstaunlicherweise
gibt es jedoch Erzeuger N und W von A,

. OQ 01
. , W:= ,
.. 1
1-¢P1 0 T 0
welche auch fiir explizite Rechnungen geeignet sind:
Satz. 1 [Theorem 3.20 (i)] Sei ¢ := QI’,’:_I. Dann wird die zum getwisteten Grup-

penring Z[(yn+1] x Cp, isomorphe R-Ordnung A erzeugt von N und W und den

N =

Relationen
NP =0, WP=nq, WN=(NW+(1-).
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Anschliessend wird gezeigt, dass NV und W ein maximales Ideal in A erzeugen,
welches nach Lokalisation an p mit dem Radikal {ibereinstimmt.

Wir werden in den Kapiteln 4 bis 8 diesen, fiir unsere Arbeit zentralen Satz
benutzen um uns klassischen Problemen wie der Bestimmung von Uberordnun-
gen, der Kohomologie und des Darstellungstyps des getwisteten Gruppenringes
Z[Cpn+1] @ C, zuzuwenden. Dariiber hinaus behandeln wir Fragestellungen zu
Einheiten und Automorphismen sowohl im getwisteten als auch im ganzzahligen
Gruppenring.

Zum Beweis dieses Satzes bedurfte es einer neuen Technik, die der rekursiv
definierten Dreiecksmatrizen, welche wir in Kapitel 2 einfiihren werden. Um
deren Notwendigkeit zu demonstrieren, soll der Beweis des obigen Satzes nun
skizziert werden:

Wir miissen zeigen, dass die von A und B erzeugte R-Ordnung A mit der von N
und W erzeugten iibereinstimmt. Wir haben also zu zeigen, dass

(I): A,B€ p(N,W)und (II): N,W € p(A,B).

Nun sind N und W von so einfacher Gestalt, dass wir die Matrixprodukte N‘W7,
mit 0 < 14,5 < p, explizit bilden konnen. Aus diesen erzeugen wir dann A und B
R-linear. Somit gilt (I).

Da die durch A’ B’ gegebenen Matrizen von komplizierter Gestalt sind, iiberpriifen
wir die Bedingung (1) nach Konjugation mit (P),.

Dabei liefert der von der Z-linearen Abbildung

v Z[X] —  Z[X]
Xt - 1-X)"

induzierte Basiswechsel die (unendliche) Pascalmatrix

10 0
1 -1
p._|1-21

1 -33 -1

Man rechnet jetzt nach, dass ¥ eine Involution ist, somit gilt dies auch fiir P und
fiir die durch Restriktion erhaltene Matrix (P), 2 .

~ ~ ~

Mit N' := (ﬁ)pN(P)p und W' := (P),W(P), haben wir zu zeigen, dass
N' W'e (4, B).
2Dies war bereits Ende des neunzehnten Jahrhunderts bekannt und findet sich in dem Stan-

dardwerk Lehrbuch der Algebra von Heinrich Weber, erstaunlicherweise jedoch nicht in der

Literatur der modernen linearen Algebra (siehe Lemma 1.2 und Remark 1.5).



v

Es besteht nun das Problem N’ und W’ konkret anzugeben. Wir werden dabei
dieselben Methoden anwenden, mit denen wir auch A und B bestimmt haben.
Diese sollen nun am aufwéndigsten Teil, der Bestimmung von N, veranschaulicht
werden:

Es sei S := Z[g] der Polynomring, ¢,(q) := ¢?"*+...4+¢+1 das Kreisteilungspoly-
nom einer p-ten Einheitswurzel ¢ und I, := (¢,(q), X?) ein Ideal im Polynomring
S[X]. Dann ist S[X]/I, frei als S/{¢,(q))-Modul mit einer Basis { X" | 0 < i < p}.
Indem wir wieder die Basiselemente als Zeilenvektoren betrachten, erhalten wir
die zur Matrix N gehérende S/(¢,(q))-lineare Abbildung

®,: SX|/I, -  S[X|/I,
Xt s (1-g)XL

Die Matrix N’ wird dann durch die Abbildung ®, beziiglich der S/{¢,(q))-Basis
{(1—=X)"|0< i< p} gegeben.

Die explizite Gestalt von N’ werden wir per Induktion nach 4, also einer Induktion
nach den Zeilen der Matrix, verifizieren. Probleme die deshalb auftauchen, weil
wir diese Rechnungen fiir beliebiges p durchzufiihren haben, umgehen wir indem
wir die unendlich dimensionale S-lineare Abbildung

o: S[X] -  S[X]
X' = (1-¢)X!
betrachten, das heifit wir bestimmen ® beziiglich der Basis {(1 — X)* | 7+ € N}

und erhalten die unendlich dimensionale Matrix Id — H (siehe Proposition 1.24
(iii)) mit

(11(‘7) (1-0) (140
7 1—q)? 1— 1+ 1
7= | 028 (o

(1+2¢) (1—¢)(1+g+¢*) 1

Dabei ist die untere Dreiecksmatrix H mit Eintragen aus S rekursiv definiert
durch die Anfangsbedingung

SC (ﬁ)z’, =1

und der Konstruktionsregel R

CR: (H)i; = (1=q)(H)i-1; + q(H)im1,j-1 firi > j.

Jetzt erhalten wir N’ aus der Matrix Id — H nach Restriktion auf die Grofie p,
das heifit wir betrachten nur die obersten p x p Eintrage, und nach Auswertung
an q := (.

Um zu zeigen, dass N’ € g(A’, B') ist, rechnen wir wieder mit der allgemeinen
Matrix H. Nach einer geeigneten technischen Modifikation erhalten wir dann die
Matrix H” (siehe Definition 2.4), welche wir dann in ein Produkt zerlegen:

H=K.X.
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Dabei werden die Spalten des ersten Faktors K aus geeigneten Elementen von
r(A', B') konstruiert. Der zweite Faktor gibt an, wie diese Spalten S-linear zu
kombinieren sind um H7 zu erhalten. Um diese Gleichung nach X aufzulésen
betrachten wir die Gleichung

K=G-F-Dy_q,

eine Zerlegung von K in die g-Pascalmatrix G' und die Diagonalmatrizen F' und
D;_,. Dabei sind die Eintréige der g-Pascalmatrix G durch die Gausspolynome *

[;] gegeben. Durch Bestimmung der inversen g-Pascalmatrix G~ (Proposition

1.21) und des Produkts G - HT (Proposition 2.20) kénnen wir dann die obige
Gleichung, durch Rechnungen mit rekursiv definierten Matrizen losen. Nach
Restriktion der Losung X auf die Grofle p und Auswertung an der p-ten Ein-
heitswurzel ¢ := ( erhalten wir nun N’ € gr(A’, B'). Zusétzlich bestimmen diese
Eintridge auch das Bild 6(N) in unserer Pullbackbeschreibung des ganzzahligen
Gruppenringes ZG.

Mit Hilfe von Satz 1, einer Beschreibung der R-Ordnung A durch Erzeugende
und Relationen, werden wir noch weitere interessante Charakterisierungen von A
herleiten.

Satz. 2 [Theorem 3.22] Die R-Ordnung A hat die folgenden R-Basen:
(i) Ba={N'W7[0<i,j<p—1},
(ii) B) = {W'N |0<4,j <p—1}.

Daneben beschreibt Satz 3 [Theorem 3.30] die R-Ordnung A durch Kongruen-
zen und liefert ein Kriterium, ob ein Element aus der erblichen Uberordnung T,
welche sehr einfach zu verstehen ist, schon in A liegt. Da dieser Satz einer tech-
nischen Terminologie bedarf, soll hier nur seine Idee erlautert werden:

Wir notieren mit A; die i-te Diagonale von A, wobei die 0-te Diagonale durch
die Hauptdiagonale gegeben ist. Die erste Diagonale ist dann durch die Eintrage
genau einer Reihe dartiber plus dem Eintrag in der letzten Zeile und ersten Spalte
gegeben. Die erste Diagonale liegt somit direkt iiber der 0-ten. Analog definiert
man die zweite Diagonale als diejenige direkt tiber der ersten und so weiter (siehe
Definition 3.15). So ist zum Beispiel W durch seine erste und N durch seine
(p—1)-te Diagonale bestimmt.

Da die Multiplikation von Matrizen mit dem Konzept der Diagonalen vertraglich

3Die Gausspolynome besitzen, neben ihrer Bedeutung fiir die Kombinatorik (siehe [An]), die

folgenden Anwendungen fiir die Darstellungstheorie:
;} an der Primzahlpotenz ¢ := p” liefert die Anzahl der j-

dimensionalen Unterrdumme in ]Fjl Damit kénnen in der Darstellungstheorie der symmetischen

Auswertung des Gausspolynoms [

Gruppen die Dimensionen von Spechtmoduln bestimmt werden.
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ist, folgt mit Satz 2, dass es zwischen zwei verschiedenen Diagonalen keine Kon-
gruenzen gibt. Somit liegt v € I' genau dann in A, wenn fiir alle 0 < ¢ < p die
Projektion von v auf die i-te Diagonale, v;, gilt: 7; € A;. Nachdem wir aus ~;
einen Spaltenvektor 7; gebildet haben, kénnen wir anhand des Matrixproduktes

(P)p Vi
ablesen, ob v; € A; fiir alle 7 und damit v € A gilt.

Insbesondere benutzen wir, um die R-Ordnung A zu beschreiben, die Pascalma-
trix (P), an zwei wesentlichen Stellen:

-~

e Konjugation mit (P), liefert eine Einbettung des getwisteten Gruppen-
ringes Z[(yn+1] X C, in eine minimale erbliche Uberordnung T.
Allgemein gilt: Sei H eine Untergruppe von Aut(Cy*') und R wiederum
der Fixring von Z[(yn+1] unter der durch H gegebenen Galoisgruppe. Dann
folgt mit Lemma 3.2, dass R ein Dedekindring mit Primelement 7 ist.
Dabei ist p iiber 7w vollstandig verzweigt. Dann erhalt man mit den sel-

~

ben Methoden wie oben, also Konjugation mit (P),, den konstruktiven

Satz (Theorem 3.6). Es gibt eine volle Einbettung des getwisteten Grup-
penringes Z[(,»+1] x H in die erbliche R-Ordnung

R ... R

(m) ... (m) R |H|x|H|
Nun liefert der von Auslander und Rim bewiesene Satz 3.5, dass der
getwistete Gruppenring Z[(,n+1| X H genau dann zur erblichen R-Ordnung
[' isomorph ist, wenn p nicht die Ordnung von H teilt.
e Daneben erhalten wir mit (P), ein Kriterium, um zu entscheiden, ob ein
Element aus der erbliche Uberordnung I' auch in A liegt.
In den restlichen Kapiteln benutzen wir nun die Sétze 1, 2 und 3 fiir explizite
Anwendungen:

In Kapitel 4 betrachten wir Automorphismen und Einheiten sowohl im ganz-

zahligen als auch im getwisteten Gruppenring:
Die Beschreibung von ZG' als Pullback

7G

ZCpn xCy

A

F,Cpn X C,p.
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ermoglicht uns, einen duferen Automorphismus zu konstruieren. Hierzu nehmen
wir eine kanonische Einheit (sieche Remark 3.21 (i))

1
¢

T = . € A,
. o

welche sich fiir p € {2, 3} nicht zu einer Einheit im Gruppenring heben 1d8t, das
heift, dass im Urbild von 6(A) in ZCyn x C, keine Einheit liegt. Damit zeigen wir,
dass die Konjugation mit 7" auf A, verkniipft mit der Identitat auf ZCp» x Cp,
einen dufleren Automorphismus von ZG liefert.

Fiir das Element W € A gilt mit Satz 1, dass W? = #. Somit ist W keine
Einheit in A, aber rational eine Einheit. Dann kénnen wir den folgenden Satz
zeigen, welchen wir dann im Kapitel 7 anwenden, um projektive Auflosungen von
geeigneten A-Gittern zu konstruieren:

Satz (Theorem 4.5 ). Die Konjugation mit W liefert einen Automorphismus der
R-Ordnung A.

Es sei D, die Diedergruppe mit 8 Elementen. Dann bestimmen wir in ZD,
die Gruppen der Einheiten mit Augmentation 1 als Untergruppe vom Index 2 in
der Einheitengruppe des getwisteten Gruppenringes Z[i] x C, wobei Cy durch
komplexe Konjugation operiert. Beide Einheitengruppen beschreiben wir durch
Erzeugende und Relationen (siehe Theorem 4.10 und Theorem 4.12 ).

In Kapitel 6 werden wir uns mit zwischen A und T" gelegenen R-Ordnungen
beschéftigen.
Dabei zeigen wir:

Satz (Theorem 6.10 ).
(i) Die R-Ordnung I' hat eine R-Basis {b;,} fiir 0 <4, j < p und

Niwi i-p! falls 7 < 7,
, mit v(i,j) =
i-p"t—1 fallsi>j.

b j == )
(ii) Der Index der R-Ordnung A in der erblichen R-Ordnung I' ist gegeben
durch
/A =p®" D).
Im Falle p = 2 liefert der Radikalidealisatorprozef} eine Beschreibung samtlicher
Zwischenordnungen:

Satz (Theorem 6.8 ). Sei A ~ Z[(n+1] X Cy. Dann liefert der Radikalidealisator-
prozeB folgende Kette von R-Ordnungen:

A:Aog gAQn,le.



Dabei besitzt die Ordnung A; eine R-Basis

Bop == {1, W, nEN, 7= * NW}, falls i = 2k,
Borr1 = {1, W, 7 *N, 7~ *+DUNW?Y,  fallsi=2k+1.

Jede Zwischenordnung A ist ein Element dieser Kette.

Fiir ungerades p bedarf es jedoch anderer Methoden:
Ein Vergleich von Satz 2 (i) mit dem obigem Satz [Theorem 6.10 (i)] zeigt, dass
sich die jeweiligen R-Basen von A und I' nur durch bestimmte Potenzen von 7
unterscheiden. Diese Teilbarkeitsbedingungen beziiglich 7 werden wir benutzen,
um bestimmte, zwischen A und I' liegende R-Gitter grafisch zu beschreiben.
Aufgrund der multiplikativen Abgeschlossenheit liefert nun nicht jedes dieser Git-
ter auch eine Zwischenordnung. Ob dies der Fall ist, lasst sich zwar im Einzelfall,
also fiir konkrete Zwischenordnungen, anhand der eingefithrten grafischen Meth-
oden verifizieren, ist aber fiir einen allgemeinen Ansatz ungeeignet. Wir gehen
deshalb wie folgt, wieder unter Benutzung der grafischen Methoden, vor:
Zunachst zeigen wir, dass bestimmte R-Gitter I'-Hauptideale sind. Aus diesen
konstruieren wir eine Kette echt aufsteigender I'-Ideale J; von maximaler Linge,
welche dann zu einer Kette maximaler Lange aufsteigender Zwischenordnungen
A[3;] fiihrt.

In Kapitel 7 werden wir Ext-Gruppen gewisser A-Gitter berechnen. Mit den
Spaltenvektoren

1 0 0

0 1 :

ep_l = s ep_g = 0 yeeey €0 = O

0 : 1

erhalten wir die folgenden Isomorphismen von A-Moduln

R R R
T : R
Aoep g~ : yeeey N €7 R , A ey :
T 7r R

und diese implizieren

p—1
'~ @A-ei.
i=0

Fiir diese Summanden wir kénnen wir projektive Auflosungen konstruieren. Dabei
wird die projektive Auflosung im Fall # = 0 durch den nilpotenten Erzeuger N
gegeben:

N NP1 N .
S A - A - A LA

> A'@O - 0.



X

Die Konjugation mit W* liefert nach obigem Satz [Theorem 4.5] einem Automor-

phismus von A. Somit erhalt man im Falle 7 > 0 mit N; : =W'N die projektiven

Auflésungen

N NP N,
- A L A ¢ - A L A - A-e; ~ 0.

Da A eine Gorensteinordnung ist (siehe Kapitel 5) , konnen wir in der Kategorie

der A-Gitter analog injektive Auflésungen der A - e; angeben (siehe Proposition

7.2). Diese wird im Fall i = 0 wie folgt gegeben:

pel N NP1 N

0 W Y - A - A A

Wir verkniipfen nun die projektive mit der injektiven Auflésung und erhalten eine

Sequenz, zykhsch vom Grad 2, die wir benutzen, um in Lemma 7.4 die Tateko-

.e’L'

homologie Ext A(A ei, \- e]) zu berechnen.

Weiterhin beschreiben wir dann den Kohomologiering H (I') durch Komposition
von Kettenkomplexen. Als Faktorringe erhalten wir dann die Kohomologieringe
H} (A-e;), fiir die wir eine Obstruktion zur Kommutativitat geben kénnen.

In Kapitel 8 bestimmen wir mit Hilfe eines Resultates von Drozd and Kiri¢enko
den Darstellungstyp des getwisteten Gruppenringes A:
Satz (Theorem 8.7). Sei p prim und n > 1. Dann ist der Darstellungstyp des
getwisteten Gruppenringes A ~ Z[(,n+1] X C, genau dann endlich, wenn p = 2
ist.

Insbesondere erhalt man Beispiele nicht kommutativer, vollstandig verzweigter
R-Ordnungen mit endlichem Darstellungstyp.

An dieser Stelle mochte ich allen voran Prof. Roggenkamp nicht nur fiir die inter-
essante Themenstellung, sondern auch fiir seine Unterstiitzung in jeder Hinsicht
meinen Dank aussprechen.

Fiir anregende und fruchtbare Diskussionen mochte ich mich besonders bei Martin
Hertweck und Matthias Kiinzer bedanken.



0. INTRODUCTION

In this work we will regard integral group rings ZG for a series of p-groups G.
For that reason we consider the integral group ring ZG as a pullback diagram.
This enables us to understand a ‘complicate structure’, the integral group ring,
by means of two ‘easier structures’ which are connected by congruences.

The most easiest example of such a description * is given by the integral group
ring of a cyclic group of prime order p:

(67

Z.C, V/
B Y

)
Z[(] Iy,

where ( is a primitive p-th root of unity, a(c) = 1, 8(c) = ¢ and the maps « and
d are given by the kernels (p) and (1 — ().
Hence we get the following isomorphism of rings

ZCp ~ {(a,b) | (a,b) € Z x Z[(],~(a) = 6(b)} C Z X Z[¢].
Similary we get a recursive description of the integral group ring ZCyn+1 of a
cyclic group of order p™t1i:
ZCpn+1 —_— Zcpn

Z|Gpn1] —— FpCpn

where (yn+1 is a primitive p"*!-root of unity.

For a non-cyclic abelian p-group A we can also decompose the integral group
ring ZA by pullback diagrams, but we will get complicate congruences which are
not suitable for explicit calculations. Even for Klein’s four group V; we get the
following isomorphism of rings

7V, ~ {(a,b,c,d) | (a,b,c,d)€Z* a =b=c=dmod 2,a+b+c+d =0 mod 4},

which is not suitable for explicit calculations.
Descriptions of integral group rings of some non-abelian groups were given by
Roggenkamp (see [Ro2]) and Kiinzer (see [Kii]).

“Rim ( [Rim]) used this description and the Mayer-Victoris sequence to determine the class
group of the integral group ring ZG: Cl(ZC,) ~ CI(Z[(]).
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As in the abelian case integral group rings of p-groups with cyclic maximal sub-
groups are most suitable for a description by pullback diagrams. These groups
are (see [Rob] Theorem 5.3.2):

(i) a dihedral group Dan,

(ii) a semidihedral group {(z,a | 2? = a®*"" =1,a® =a* '), n > 1,
(iii) a group of the form G := (a,b|a?"" = 1,0P=1,a" = a®" 1), n > 1,
(iv) a generalized quaternion group Qon.

2n+1

Zimmermann investigated in [Zi] integral group rings of dihedral groups Dsn. In
this work we will introduce a method which enables us to treat the cases (i) - (iii).
Then we will apply this method to the case (iii), because this case also includes
odd primes.

Now let G be defined as in (iii). Then we get, as in the case of ZCpn+1, a
description of ZG as pullback:

7G

ZCpnx Cpy

0
Z[Cpn+1] XCP — ]chpn ch.

Now one is interested in a description

o of the twisted group ring Z[(,n+1]xC, as subring of a matrix ring,
e the congruences.

A description of Z[(,»+1] @ C, by matrices is given by Ritter and Sehgal [RiSe].
We will give a conjugate representation which respects the p-adic structure. Ex-
plicitly:

(To avoid some distinction of cases we will now just consider the case p odd. It’s
understood that the easier case p = 2 is done in this work as well.)

We consider Z[(yn+1] as module over Z[(,n+1] x Cp, where the coefficients act by
multiplication and the group C, := (b) act via the Galois-automorphism

b: ZlGnn] = Z[Ges]
Grit > O = G

Now R := Z[(n] is the fixed ring of Z[(yn+1] under this Galois-operation and
B = {1, (1, .o, C;’,;ll} is an R-basis of Z[(,n+1]. We now consider the elements
of the basis as column vectors to get the representation of the R-order Z[(yn+1|xC),



given by Ritter and Sehgal:

01 1
1 ¢
AI: B,: CQ

Cpm 0 A ¢t

We are interested in the representations with respect to the p-adically ordered
R-basis B := {1,1 — (yn+1,..., (1 = (n+1)P 1} The transformation of the R-bases
is given by the Pascal matrix, which is defined using the binomial coefficients

0 0
-1

(P)p = _,2 1

| —(p=1) ... —(p=1) 1

We conjugate A" and B’ by (P), to get representations A and B (see Lemma
3.11), which generate an R-order A. Then we get A as image of an embedding of
the twisted group ring Z[(,»+1] % C, into the minimal hereditary over order

o

R.. R
e R
(7) ... (7) R

with 7 := 1 — (,» being prime in R. Especially we are in the totally ramification
case which is of interest in algebraic number theory.

So far we have an embedding of the twisted group ring Z[(,»+1] x C, into an
order with which we are familiar, but we have got representations A and B which
are not suitable for explicit calculations, especially if we compare these matrices
with A" and B’. Surprisingly there are generators N and W of the R-order A,

0 01
N = . , W= ,
' 1—¢P~1 0 T 0
which are suitable for explicit calculations:

Theorem. 1 [Theorem 3.20 (i)] Let ¢ := ]’,’:71. Then the R-order A, which is
isomorphic to the twisted group ring Z[(n+1] X Cp, is generated by N and W

with the relations

NP=0, W?=m, WN=CNW+(1-0).



We will show that N and W generate a maximal ideal in A, which coincides
after localization at p with the radical.

To prove this theorem we will introduce in Chapter 2 the technique of re-
cursively defined matrices. This leads to calculations involving lower triangular
matrices of infinite size, for example we have to invert the g-Pascal matrix G,
where the entries are given by the Gauss polynomials®.

We will use Theorem 1 to characterize the R-order A as follows:
Theorem. 2 [Theorem 3.22]The R-order A has the following R-bases:

(i) Ba ={N'WI|0<4,j <p-—1},
(i) B, = {WiNI |[0<i,j<p—1}

Then Theorem 3[Theorem 3.30] describes the R-order A by congruences and
provides a criterion to decide, wether an element of the hereditary over order I"
is even an element of A. This criterion involves multiplication with the Pascal
matrix P. Hence there are two important points where the Pascal matrix® P is
used to describe the R-order A:
e Conjugation with (ﬁ)p provides an embedding of the twisted group ring
Z[(pn+1) 3 Cp into the minimal hereditary over order I'.
More general the following holds: Let H be a subgroup of Aut(Cpt).
Again we denote by R the fixed ring of Z[(,»+1] under the Galois operation
given by H. Lemma 3.2 shows that R is a Dedekind ring with prime 7,
where p is totally ramified over 7. Then conjugation with (P), yields the
constructive

5The Gauss polynomials have, besides their importance in combinatorics (see [An]), the

following application in representation theory:
;] at the prime power g := p" provides the number

of the j-dimensional subspaces in Ffl This used to determine the dimensions of the Specht

Evaluation of the Gauss polynomials [

modules in the representation theory of the symmetric groups.

6We will show that P is an involution. This was already known at the end of the nineteenth
century and can be found in the standard work Lehrbuch der Algebra by Heinrich Weber but
surprisingly not in the literature of modern linear algebra (see Lemma 1.2 and Remark 1.5).



Theorem (Theorem 3.6). There is a full embedding of the R-order
Z[(pn+1) x H into the minimal hereditary R-order

R ... R

() ) R

Now a Theorem of Auslander and Rim (see Theorem 3.5) shows that

the twisted group ring Z[(,n+1] X H is isomorphic to I' if and only if p does
not divide the order of H.

e Further (P), can be used to obtain a criterion, to decide, whether an
element of the hereditary overorder I is even an element of A.

In the following chapters we will use the Theorems 1, 2 and 3 for explicite appli-
cations:

In Chapter 4 we consider automorphisms and units of the integral and also of
the twisted group ring:
The description of ZG as pullback

7.G — 7.CpnxC,

A

F,Cpn xC,

allows us to construct an outer automorphismus of the integral group ring ZG
in the case p € {2, 3}, which is given by conjugation with the canonical unit (see
Remark 3.21 (i))

. o

on A and the identity on ZCpn x C,.
From Theorem 1 we get that W? = 7, hence W is no unit in A but it is rational
unit. It turns out that

Theorem (Theorem 4.5). Conjugation with W provides an automorphism of the
R-order A.



We will use this theorem in Chapter 7 to construct projective resolutions of
some A-lattices we are interested in. Explicitly we get with the column vectors

1 0 0

0 1 ;

ep_l = s ep_z = 0 yeeey €0 = O

0 : 1

the following isomorphisms of A-modules

R R R
T : R
A-ep1 : R N R SN -eg :
T T R

and also
p—1
'~ @ A-e;.
i=0

The nilpotent element N yields the projective resolution
-N .Np_l -N e
A - A - A - A © . Aeg 0.
Then conjugation with W* provides projective resolutions for arbitrary A - e;.
Since A is Gorenstein we also get injective resolutions in the category of A-lattices:
T _
p-e; N NP1 -N
0 - Aeg — 21 A - A )\ e A e
Hence by splicing together the projective and injective resolution of A - ey (and
similar for A - ;) one gets the following exact sequence, cyclic of degree 2
N NP1 N NP1

- A - A - A - A - A
which we will use to calculate the Tate cohomology. Then we describe products
in cohomology by composition of chain maps.

In Chapter 6 we consider orders which lie between A and I". We will show:
Theorem (Theorem 6.10 ).
(i) The R-order I' has the R-basis {b; ;} for 0 <i,j < p and

NW? ioptt if ¢ < j,

b,',j = y with Z/(l,]) =

v (i) iopl =1 ifi> .
(ii) The index of the R-order A in the hereditary R-order I is given by
/A =p®" ).

In the case p = 2 the radical idealisator process provides all intermediate orders:



Theorem (Theorem 6.8 ). Let A ~ Z[(on+1]XCs.
(i) The radical idealisator process provides a chain of orders
A=A &G ... GApm =T,
An R-basis of order A; is given by
Boy := {1, W, 7 *N, mkFNW} if i=2k is even,
Bopy1 := {1, W, n kN, 7= *+DUNW}  if i=2k+1 is odd.
(ii) The chain of intermediate orders in (i) is of maximal length. Every inter-

mediate order A is an element of this chain.

For odd p we need other methods: The theorem above [Theorem 6.10 (i)] shows
that there are R-bases of A and T' which are just differing by 7=*(). We will
introduce a graphical description, which respects this divisibility by =7, to get a
chain of intermediate orders of maximal length.

In Chapter 8 we prove the following theorem

Theorem (Theorem 8.7). Let p be prime and n > 1. Then the representation
type of the twisted group ring A ~ Z[(,n+1] % C,, is finite if and only if p = 2.

In particullar, we get examples of non commutative, totally ramified R-orders
of finite representation type.



1. THE PASCAL MATRIX

1.1. Preliminaries.
The following matrices will be important for us
Definition 1.1. (i) Let ¢ an indeterminate and M, be an infinite matrix
with entries
(My)i; € Zlg), 1,5 > 1.
Then we have the following operations on M, :
— evaluation: Let p be an algebraic number. Then M, means the
evaluation of M, at p.
— restriction: Let n € N. Then (M,), is the n x n matrix with entries

(Mq)i,j for 1 S Z,_] S n.
(ii) The diagonal matrix D, is defined by
(Dg)it1,+1 7= 6i3q", for i,j > 0.

(with the Kronecker symbol §; ;.)
(iii) The Pascal matrix P is defined by the binomial coefficients

(P)it1,+1 = (), with 4,7>1 and (}) := 0 for j > 4.
(iv) P:= PD_;.
Lemma 1.2. (i) P~' = D_yPD_,, this means (P™');;1,j41 = (=1)"" (;)
(ii) P is an involution. (Also: D_; P is an involution.)

(iii) Let n € N, n > 1 and ¢ a n-th root of unity. Then PD, is of order n.

Proof: (i) and (ii) are equivalent, and (ii) follows from (iii). Thus we only have
to show (iii).

(iii): Let R be a commutative ring with ( € R and R[X] the polynomial
ring. By considering row vectors, PD, transforms the basis B:={1, X, X? ...}
to B":={1,1+(X, (1+¢X)?,...}. Applying PD; n times on B one gets the iden-
tity because (1+((1+...+¢(1+¢X)...)) = (1+(+...+¢" 4" X)) = X" O

Remark 1.3. (i) Multiplication of these matrices causes no problems be-
cause in every row there are only finitely many nonzero entrances.
(ii) Because of the triangular shape of the matrices, the statements remain
true, when we restrict each matrix M to (M),, n € N.
(iii) Let ¢ be invertible. Then we have D' = Dy-1.



Example 1.4.

Lo 0 1 0 0 00
(1 ) (o
P=l133-10 | P k= 12 108

A 1-4 6-41

Remark 1.5. (i) The idea for the proof of Lemma 1.2 is taken from Heinrich

(i)

Weber’s Lehrbuch der Algebra [We], just by replacing —1 by an arbitrary
root of unity therefore getting part (iii) of the Lemma 1.2.

The Pascal matrix appears in Weber’s book when the following problem
of interpolation is solved:

For a given field K of characteristic 0 and elements p; € K, 0 <17 < n
one wants to determine the polynomial p(X) of degree n with evaluations
p(i) = p; for 0 <i < n.

Any polynom of degree n can be written in the form
C()b()(X) + Clbl(X) + ...+ Cnbn(X)

where ¢; € K and
X(X-1).(X-v+1)
V!

b, (X):=

is the binomial polynomial of degree v. This leads, with the vectors
v := (po,...,pn)" and ¢ := (cg, ..., )", to the linear system (P), ¢ = v,

which is solved by Lemma 1.2.

(iii) Let A be a unit of the commutative ring R. Then the R[X]-module

R[X]/(X — A)™ is free as R-module with bases
B:={1,X,.., X" Tand B :={1,X -\, ..., (X = \)""'}.

By considering row vectors the basis transformation from 8 to 2B’ is given

by the n X n matrix

1
-2 1

A2 =2\ 1 = (DA )n(P)n(D=)n = (D2)a(P™)n(D3 )n
and hence from B’ to B by (D)), (P)n(D;)a.

So the Pascal matrix P and the diagonal matrix D) provide a basis trans-

formation between the Jordan and the rational canonical form. (The
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Jordan and the rational canonical form coincide for A = 0, so we handled

all cases of classical linear algebra.)

1.2. Integral group rings and the Pascal matrix.

Let ¢ be a p-th root of unity and C), the cyclic group of order p, generated by c.
Then we consider the integral group ring Z[(]C, as subring of [[,., , Z[(] via
the Wedderburn embedding:

wy: Z[CC, — ] zl
0<i<p—1
c +— &

which is obviously an embedding of Z[(]-orders, with the following properties:

Theorem 1.6. (i) A Z[¢]-basis of the image Im(w,) is given by the columns

of (P)p - (Di—¢)y-
(ii) Let v := (vy, ..., vp)" with v; € Z[(]. Then

v € Im(w,) <= (Di-o)y (P, v € ZICP,

Proof. (i) and (ii) are equivalent, since (13),, is an involution ( Lemma 1.2 (ii)).
(ii) is shown by Kleinert in [K1]. A proof for both parts in a more general case is
given by Kiinzer and Weber [KiWe]. O

Remark 1.7. (i) For Theorem 1.6 one just needs that the coefficients con-

tain a primitive p-th root of unity. Then the Pascal matrix P appears

twice : In (i) it provides a basis of the group ring and in (ii) one gets a

test whether v € Z[(]? is in the image of the Wedderburn embedding wy,.

(ii) Later on we will consider the twisted group ring Z[(y»]|xC,, where C, acts

via the Galois automorphism o € Gal(Q[(»], Q) with o(() := 5:_1“.

After embedding Z[(,»|*C, into a matrix ring, we will use the matrix

(ﬁ)p to test, whether an element of the matrix ring is in the image of the
twisted group ring.

(iii) The description of the group ring Z[(,»|Cy, via the Wedderburn embed-
ding is very useful for explicit calculations, as one sees when consider-
ing the rational idempotents, (i.e. the idempotents in the group ring
Q[¢pn]Cp). We illustrate this by giving an elementary proof of a lemma,
which is crucial for the generalization of the 'Rigidity of m-adic p-torsion’
from Weiss [Wei], given by Roggenkamp [Ro].

Let us fix the notation:
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e R is a p-adic ring , i.e., the integral closure of the p-adic integers Zp in a

finite extension of the p-adic field Qp.
e (i is a finite p-group with normal subgroup N <G and Iz(N) denotes the
augmentation ideal, induced by the exact sequence

0 —— Ig(N) —= RG ——~ RG/N —— 0.

e An RG-permutation lattice has a finite R basis, which is permuted by the
G operation.

Then Weiss proved the following theorem for R = Zp.
Theorem 1.8. Let M be an RG-lattice and N <1 GG, such that

(i) M|y is free as RN module,
(ii) M/Ir(N)M is a permutation lattice for G/N,

Then M is an RG-permutation lattice.

Roggenkamp generalized this result to p-adic coefficient rings R. In [Ro] p.432,
(or [RoTa] p.39) he explained :
"Let me briefly point out, where the difficulty with ramification lies: Let C}, be a
cyclic group of order p. If R is an unramified extension of Zp, let ¢ be a primitive
p-th root of unity. Then the group ring RC), is the pullback

RC, R

A R/(p),

where A = R[(] is a finite extension of R; moreover the only indecomposable
RC)y-lattices are R, A, RC. So one can prove statements about lattices by inspec-
tions, as Weiss has done.

If R now has ramification RC), is still a pullback as above, however, A is not an
order in a field anymore: it is a rather complicated order, and in general, there
are infinitely many indecomposable RC), lattices, RC, is wild in most of the cases.’

Now Roggenkamp has described A, 1:=RC),, by considering a series of pullbacks:
A; R

Aiy

using the following well known Lemma.
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Lemma 1.9. Let S be a Dedekind ring with field of quotients K, I an S-order
in a K-algebra A and e € A a central idempotent. Then one has the following
pullback of S-orders:

r le
(1=¢)
['(1—e) T,
with T := Te/(I NTe) ~ I'(1—e)/(T N T(1—e)). The units ['* are given by

[~ ((Te)* x (I'(1—e))*)NT.
Now we use the same decomposition in pullbacks by considering RC), via the

Wedderburn embedding wy:
We set A := w,(RC),) and denote for 0 < i < p the primitive idempotents by

e; € RP,with (e;); := 0,5, m;i:= Zej and A; := An;.
=0

(Hence A,y ~ RC, and Ay ~ R.)

Theorem 1.6 provides an R-basis of A; C R**! by the columns of (P);.1+(Dy)it1,
with 7 := 1 — (, where p is totally ramified over 7. We denote this R-basis
by B; := {big,...,b;;}, with column vectors b; ) := (—’ﬂ')k-((z),..., (;))t Then
Lemma 1.9 applied to the A; provides Lemma 1 of [Ro| (also Lemma 3.3. of
[RoTal):

Lemma 1.10. Let 0 < 7 < p. Then we have a pullback

Ay —T A

€ 0

modr’

R R/(x"),
where, with respect to the R-bases B; and B;_;, the maps correspond to the

following matrices:
1

i1~
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The kernels are given by the following R-bases:

Ker(- {bZ 1} ,
Ker( z) : {bz,l + W(;) b@o, ceey (—1)i_2bi,i—1 + 7Ti71 (zil) bi,O; ( ) bz i + ( ) i 0}
Ker(¢) : {51'71,1 + 7T(i) bi1,05 - (—1)"7 2015 + 7! (,fl) bi_1,0,T (,) 171,0}-

Proof. The matrices corresponding to -7; and -e; are given by Theorem 1.6 and
the chosen bases. With these matrices we easily get the kernels Ker(-n;_;) and
Ker(-¢;).

Since (Ker(-n; 1)) -e; =~ (), ¢ is the uniquely determined map, which makes the
diagram commute. The isomorphism given by the multiplication of Ker(-e;) with
-n;—1 yields to Ker(o). O

1.3. Pascal matrix and Bernoulli numbers.
Now we prove Lemma 1.2 using complex analysis:
An analytic function in 0 is uniquely determined by a power series

XIJ
= a/y—
z vl
v>0

By identifying f with a := (ag, a1,...)" the substitution X — ¢X corresponds
to the multiplication with D,, the multiplication with eX corresponds to the
multiplication with P. By specializing q := (, a n-th root of unity, one gets

PD¢f(X) = f(¢(X)e*
(PDY™F(X) = F(CX)elcHn

(PD)™f(X) = [f(CnX)el"+-HeX = f(X).
Since f(X) is arbitrary, PD, is of order n.

Remark 1.11. (i) Now we consider the function
Xe —-X/2 Xu
f(X) = eX/2 _ o—X/2 Z by~
v>0

where the coefficients in f(X) are defining the Bernoulli numbers. Since

FX) = f(=X) e,
we consider the Bernoulli numbers as ’eigenvector’ to the ’eigenvalue’ 1
of the involution D_; P, (see Lemma 1.2).
(Sometimes the Bernoulli numbers are defined by g(X) := X/)fffieim, see
[Neu], just differing from the first one by b; = 1/2 instead of b, = —1/2.

Then g(X) is fixed by the involution PD ;.)
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(ii) One easily sees that there are no eigenvectors for the Pascal matrix P
and that the space of eigenvectors to the ’'eigenvalue’ 1 of D_i P is of
infinite dimension. The Bernoulli numbers are the unique eigenvector to
the ’eigenvalue’ 1 of the modified Pascal matrix, which differs from P,
just by multiplication of the second row with —1.

(If we use the function g(x) for the definition of the Bernoulli numbers,
one gets uniqueness by multiplying the second column with —1.)

(iii) For any n-th root of unity (, one can easily construct an analogous func-
tion to f, which is fixed by D, P, but we don’t have an application for these
coefficients, especially they don’t agree with the ’generalized Bernoulli
numbers’, which appear in the theory of ’Dirichlets L-functions’.

1.4. The ¢g-Pascal matrix and Gaussian polynomials.

For the rest of this chapter we denote by ¢ be an indeterminate and we set
R := Z[q]. Then consider the ring A generated by X and Y with the single
relation Y X = ¢XV, hence A is free as an R-module with basis {X*Y7}.

Definition 1.12. Let 7,5 € N.

Z:] are the following coefficients in R:

(i) The Gaussian polynomials []

(X+v)'= > [i| Xy and [§] =0fori<

0<j<i

(ii) [;} denotes the evaluation of [;} at s.

This definition can be found in [PaWa], where is also a proof for the coincidence
with the classical definition, which we give in the next lemma. Especially the
Gaussian polynomials can be defined analogous to the binomial coefficients by

Lemma 1.13. For j <i € Nlet [i] := (¢" —1)/(¢ — 1), and [i]! := [],;<[j]-
Then the following equation holds:

[z} _ [2]!
A
Now we state some well known results on Gaussian polynomials ([Ja],[PaWal).

Proposition 1.14. Let i < j. The Gaussian polynomial [;} is of degree j(i — j)

and satisfies the following relations:



15

) [3] =[] +e| 5] o [i] =3 ]+ 7

Applying these results and using induction on i one proves the following [KiiWe]:

.. =]
q

pont 1] =[] o 7], = ][] =)

q

Lemma 1.15.

To give a g-analogous of the binomial theorem, where a slightly different version
can be found in [Ja],[KiiWe|, we need:

Definition 1.16. Let a be an element from the R-order A, which is defined
above. Then for i€N we set
(a;9)o := 1 and (a;9); := (a;9)i 1-(a—¢""").
Theorem 1.17. The following equation holds:
(X;q)i= Y (~1)g(%) [;]Xj-
0<5<i
Proof: The proof is done by induction, where the case ¢ = 0 is trivial.
Then one multiplies the equation given by (X;¢q);_; with (X—¢*~!) and get

(-1 ([ ] = 7 (19 1] =
o W] o)

Now we are done with Proposition 1.14 (iv). O
Definition 1.18. The ¢-Pascal matrix G is defined via the Gaussian polynomials
(@)it1,j+1 = [;]

Example 1.19.

1 0 0 0 0
1 1 0 0 0
@)= |1 1+¢q 1 0 0
1 1+gq+¢* 14+q+4¢* 1 0

114+g+@+@ 1+q+2¢+@+¢* 1+qg+¢+¢ 1
Remark 1.20. The ¢-Pascal matrix G specialize to the Pascal matrix P by the
evaluation at ¢ = 1:
G,=P.
The inverse of G is given in [KiiWe]. We give a different proof, which can be
considered as generalisation of Heinrich Weber’s proof of the Lemma 1.2.
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Proposition 1.21.
(G g1 = (=17 g7 [;}
Proof: Consider the following sequence of R-linear maps:
Rx] %~ a4 . A 7. R[X]
Xt — X!
XYl — (X+Y)Y?
XtyJ — X
By Definitions 1.12 and 1.18 the linear map ¢ := «-(-y corresponds with respect
to the basis {X*|i > 0} to the g-Pascal matrix G. Using Theorem 1.17 it remains
to show that ¢ is inverse to
¥: R[X] — RIX]
X —  (X;9)s
Obviously one has (X*)y-a-3 = (X+Y;q);, so we are done with part () of the
following statements:

VieN: (I):((X+Y;q))y=X", (II): (X+qY;9)i)y = X'+(¢'-1) X",

which we show by a parallel induction:

The statements (/) and (II) are trivial for s = 0.

(1) :
(X+Y;q)ir1)y (X4Y;9)i - (X+Y—¢'))y
(X+Y59)i-X)y + (X+Y;9)i- (Y —=¢))y

= (X-(X+qY;59)i)y + (X+Y;9)i-(Y—¢)y

(IDN),(I) —= X-(Xi—i-(qi—l)Xi_l) +Xi-(1—q)

Xi+1_

(I1):
(X+qY;9)in)y = (X+qY 1) (X+qY —q)-(X+qY —¢"))y
(X+qY—1) - ¢"(X/q+Y;0)i)y
= (¢ (X-1)(X/q+Y;9)e)y + (¢"qY-(X/q+Y;9)i)y
= (¢“(X=1)-(X/q+Y;9)i)y + (¢T-(X+Y;9)Y)y
0D = ¢ (X—1)-(X/q) + ¢ X"

Xi+1—Xi+qi+1Xi.

ad (%): This follows also by (I) and the R-linear substitution X — X/q. O
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1.5. Conjugation with the Pascal matrix.
Recall Definition 1.1 for P and D,. We introduce further:
Definition 1.22. (1) (D;)i+l,j+1 = 5i’j+1qi.
(i) (DF)itrger 7= dipryd’s
(iii) With the convention that (H); := 0 we define recursively
~ i fori <7y,
(H)ij = S T
(1—q)(H)i_l,j-l—q(H)i_l,j_l for 1 > 7-
Example 1.23.

010 0 .. 2.0 0
Df =00 _1 ‘0 ] Di=Dy={ 0 1-¢% 0 :
Lot
5 —q
=1 (1-¢2 1-¢ 10

(1-q)° (1=¢)*(1+2q) 1-¢* 1
Then by conjugation with the involution ﬁ, see Lemma 1.2, we get
Proposition 1.24. (i) (PDyP)is1 a1 = (;.)qj(l —q)t .
(i) PDf P = Id — D;.
(iii) 13(D1‘ D;)P=1Id—H.
(iv) P(Id + D— —-Dy)P=1H.

Proof: We are working with the polynomial ring R[X]|. As in Lemma 1.2 P
describes the basis transformation from {X* |7 > 0} to {(1-X)* | i > 0}.
(i) Since D, corresponds to the subsitution
¢g: X' — ¢'X",
we have
. P i 7

X' (1-X)" —> (1-¢X)' — (1~¢(1-X))" = ((1~q)+aX))

and (lquﬁ)Hl,jH is the coefficient of X7 in ((1—¢)+¢X))".

(ii) D corresponds to multiplication by X, so this statement follows from
x 2 (1-x) 2 x(1-X)F L (1-X) X
(iii) and (iv) are equivalent, thus we only have to show (iv).
With respect to the basis {X* | >0} the matrix Id + D; — Dy corresponds to
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linear map defined by

Yo X' —— X'+ (¢ — )X
Now we have to show, that for i>0

w‘I((l_X)i) = Z (ﬁ)z’+1,j+1(1_X)j-

0<j<i
By the recursive definition of H one has to show that:
(%) Y (1=X)") = (1=)9 (1=X)"" 1) H+ahg (1-X)"1) (1-X)+(1-¢) (1-X)",

where the last summand appears since we have to correct the coefficient of

(1-X)?, because we get by definition
(H)is141=1and not q- (H);; =q.
The formula (*) is proved by induction. It is obviously true for i = 0. Because of
1-X)=01-q1-X)"+¢1-X)"-X1-X)"",
and the R-linearity of 1, we get
(1= X)") = (1= )t ((1 = X)) + g0 (1 = X)) — (X (1 = X))
Hence to prove (x) it remains to show that
i = (X (1= X)) — qXehg((1 - X)) = (¢ — (1 - X)".
By using the definition of v, one calculates

Yo (XA =X)) = Ypgqi(=1)7 () (X7 + (¢ — 1)X9)
= XQ1-X)y '+ (-0 -X) 1,
q X1y ((1 — X)iil) = 920§j<i(_1)j (231) (Xj+1 + (qj - 1)Xj)

= gXA-X)T 4 (¢ - gl -X)!
and gets

Si=(1-gX(1-X)T + (- DA-X)T = (¢-1)(1 - X)".
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Remark 1.25. We have the coincidence

e(X') = (X+¢Y59)i)7,
where 1), is defined in (iv) of the last proof and ((X+qY’;q);)7y is given as state-
ment (II) in the proof Proposition 1.21.
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2. RECURSIVELY DEFINED TRIANGULAR MATRICES

Again we set R := Z][q|.

2.1. Definitions and examples.

Definition 2.1. A recursively defined matrix M is a lower triangular matrix over
R, which is determined by:

(i) The starting condition SC: Some entries (M); ; are chosen.
(ii) The construction rule CR: (M);4+1 41 is recursivly defined as R-linear
combination of (M);; and (M); 41, with the convention (M), = 0 for
1 €N
Remark 2.2. This definition is compatible with the operations evaluation and

restriction given in Definition 1.1.
Some of the matrices given in the last section can be defined recursively:

Example 2.3. (i) The Pascal matrix P is recursively defined by:
SC:(P)y:=1
CR :(P)ij:=(P)ic1j-1+ (P)ic1,-
(ii) From Proposition 1.14 one gets a recursive definition of the ¢g-Pascal ma-
trix G, using the relations (i) and (iv):
SC:(G)1:=1
CR :(@isrj11 = (@i + ¢ (@i,
or also, using the relations (i) and (v):
SC:(G)11:=1
CR :(Qisrga1 = ¢ (G + (G)ija-
(iii) One gets a recursive definition of the inverse ¢g-Pascal matrix G™! by:
SC: (G =1,
CR (G Visrga1 = (G )iy — ¢ (G )i
Proof. By Proposition 1.21, one has to involve the factor (—1)i_7q(i5j)

into the g-Pascal matrix G, which we just have recursively defined in (ii):

Using induction on ¢ we can assume that

(@ =17l [ 71
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and
. . i1—7j—1 .
(G)iga=(-1) g )[Z;l]'
Then we get with

¢TGN =1 ) g [

0

(iv) The matrix H given in the Definition 1.22 has been defined recursively.

Definition 2.4. Let R be the ring of lower triangular matrices over R for a fixed
size n, n € NU {oo}, and let M € R. Then 7 : R —— R permutes the entries

as follows:

with (MT)Z',J' = (M)i,l—}—ifj for ¢ 2 j

100\" 100
230 =1320].
456 654

Remark 2.6. (i) The definition of 7 may look somehow artifical, but it turns

Example 2.5.

out, that 7 is useful for explicit calculations with recursively defined ma-
trices.

(ii) 7 is an involution, because 1 —i— (1 —i—j) = j and obviously an additive
homomorphism on R.

(iii) The symmetry of the Pascal triangle or more general of the Gaussian
polynomials [;], see Proposition 1.14 (ii) shows that P and G are fixed
by 7. Since GT = G, T interchanges the two different recursive definitions
for GG given in Example 2.3.



22

2.2. Calculations.

Definition 2.7. Let H be the recursively defined matrix:

SC (H)Z,Z =1 V’l/ € N,
CR :(H)itrj41 = (H)ije1 +q(H)iy fori>j.
Then one easily proves:
Proposition 2.8. (i) H = Dy -H-Di',
(i) H = H™ - Dy_,.
(iii) HT is recursively defined by:
SC I(HT)i,l =1 Vie N,
CR:(H")is1j01 = q(H )ijpa + (H)iy forizj>1.

Example 2.9.
1 0 0 0 0 0
1 1 0 0 0 0
i 1 1+q 1 0 0 0
H)s=|1 1+g+¢ 14+2¢ 1 0 0
1 14+q¢+¢*+¢® 1+2g+3¢? 1+3q 1 0
1 14¢+¢*+¢*+¢* 142¢+3¢°+4¢* 1+3¢+6¢> 14+4q 1

Remark 2.10. One easily sees, that the j+1-th column of H” is given by the

binomial coefficients (;), but we don’t need this further on.

Definition 2.11. (i) Let m; ;=1 — ¢' and K be recursively defined by:

SC:(K)i1:=1 VieN,

CR: (I?)Hl,jﬂ = Tz(f?).” fori>j > 1.
(ii) Let K be recursively defined by:

SC:(K);:=1 VieN,

CR : (K)is1j41 = [i](K)iy; fori>j>1,

where [i] is defined in Lemma 1.13.

(iii) The factorial matrix F is defined as

(F)it1+1 = 0igli]!-

(We use the convention [0]! :=1.)
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Example 2.12.

10 0 0 0
- 1m 0 0 0
(K)5 = 1 Trg T1T9 0 0

1 Ty ToTg T1ToT3 0

1 Tq T3Ty TQTgTg T1ToT3T4

Remark 2.13. Later on we need the solutions of the equations
H =K-X and PD, ,=K -Y.

In the rest of this chapter we will solve these equations. Therefore we give for
K another recursive definition, which provides a decomposition as a product
of certain diagonal matrices (which are ’easy to understand’, especially it is no
problem to invert these matrices), and the g-Pascal matrix G, for which the
inverse G~! is given as a recursively defined matrix in example 2.3.

It turns out that the matrices, which solve these two different equations have

essentially the same shape.
Proposition 2.14. (i) K is recursively defined by:
SC :(I?)l,l = ]_,
CR : (I?)i+1,j+1 = qj(l?)i,j+1 + Wj(f?)i’j for ¢ > ] > 0.
(i) K= K-Dy_,.
(iii) K is recursively defined by:
SC :(K)l,l = ]_,
CR :(K)is a1 = ¢ (K)iga1 + [j](K)iy fori>j>0.
(iv) K=G-F.
Proof: (i) The construction rule for j = 0 clearly gives the desired result, we just
have to consider the case j > 0.
Therefore we use induction on %:

The statement is trivial for the first row (i = 0).

So assume that it is true for the first 7 rows, especially

~ ~

(K)'L,] = M j41Ti—j42---Ti—1 and (K)i,j—H =TT 1--T—1 -
Since (I?)i,j—l—l = Wi—j(l?)i,j and T + qjm_]- = 7; one gets

7 (K)ij + @ (K)ijpr = i T jpreemin = (K)ip1js1,
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which is the statement for the 7 + 1 row.

(ii) is obvious, since m; = [i](1 — q).

(iii) follows from (i) and (ii).

(iv) follows by comparing the recursive definition of K given in (iii) with the

recursive definition of G' given in Example 2.3 (ii). O

Definition 2.15. Let M be a matrix.

(i) Then (M), denotes the i-th row and (M), ; denotes the j-th column of
M.

(ii) (M)s41,+ is the matrix M with an additional row, consisting of zeros,
on the top. (M), .1 is the matrix M with an additional first column,
consisting of zeros.

(iii) (M).41,441 is the combination of the last two operations.

(iv) (M); 41 is the i-th row of (M), .41 and (M).41; the j-th column of
(M) 1,0 -

Remark 2.16. For smoothness we set moreover M, , := M.
Example 2.17. There is the following equation for the Pascal matrix P, which

follows from their recursive definition:

(P)*,* = (51,1)*,* + (P)*—i—l,* + (P)*—I—l,*—i—l .

For example:

1

11 (oo

12 = +
13

1 +
31

—_ O

1 :%
21 1

1

21

Proposition 2.18. (i) The equation PD;_, = K.Y is solved by F~'L, with
L recursively defined by:

SC :(E)l,l = ]_,
CR :(L)ig11 = [i = 1(L)ijr1 + (L)iy for >j,i>1,5>0.

(ii) G-'P = L, with L recursively defined by:

SC :(i/)l,l = ]_,
CR : (L)isre1 = (1= ¢ ") (D)o + (L)iy fori>j>0.
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Proof. (i) From Proposition 2.14 (ii) and (iv) we get K =GF D,_, and hence
Y = D{},F 'G 'PD,_,.

Since the diagonal matrices Df_lq and F~! commute, we are done with G-'P=L,

which we will show in (ii), and with

(1-¢™")=01-qli-1],
which shows that
Dy LD_,=L.
(ii) The proof is done by induction on the row index, the starting condition SC
being satisfied. From Example 2.3 (iii) one gets:
(G Vip1e = =€ (G i + (G igr -
Inductively we can assume that:

—¢7H G )in Py = =0 (L)

Using Example 2.17, we obtain
(G Vipt1Pis = (G Vips1(Pasre + (G7Hing1(P)agrp
= (G_l)i,*P*,* + (G_l)i,* (P)*,*—i—l
(L)ix + (L)ijer1 s

and we conclude that

A A

(Gil)iﬂ,*P*,* = —qifl(l_/)i,* + (L)iqx + (i/)i,*—i—l = (L)it1, -
O
Remark 2.19. The matrix L is invertible since it is of triangular shape with
entries 1 on the diagonal. Hence Proposition 2.18 (i) shows that
PD,_ L 'F=K.
Proposition 2.20. (i) G"'H" = L with
10 ...
L:=|0L
where L is recursively defined by:
SC :(I/)l,l = 1,
CR: (f/)i—f—l,j—i—l = (q — qz)(i)Z,J_H + (E)z,] for ¢ Z j Z O,Z Z 1.
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(i) L = D,D;_ LD’ D;" where L is recursively defined in Proposition 2.18.
(iii) Let

10 ...
T—|( 0L

Then L = D,D, ,LD;' D

1-¢™¢

Proof. (i) With Definition 1.18, Proposition 1.14 and Proposition 2.8 (iii) we get
forie N:

(@)iv11 = [8] =1=(H)i+10,

@iz =[] =i = (H )12,
where the last equation follows from 1 + ¢[i — 1] = [¢] and the construction rule
CR in the definition of H".
Hence the first two columns of H™ and G coincide and we verify the statement

for the first column of the matrices by showing that

(L)z’,l = 52’,1 .

The construction rule CR for L shows, that (E)l,l = ;1 and

(‘Z)H-l,l =(q— qi)(i)m .

Hence we have (L)s; = 0, which yields to (L);; = 0 for ¢ > 1.

So it remains to prove the construction rule CR of L at the position (I~/)H1,j+1
forj > 1.

By the recursive definitions of G™! and HT given in Example 2.3 (iii) and in

Proposition 2.8 one gets for 7 > 1:
(G i1 =(G Vi1 — ¢+ (G i
(H g1 = (H )wyrj +q- (H )sg1441-
Writing
(D) = (G H iy = (G it (H g

(I1) : +4(G™ i1 (H g1,
(II1) : — ¢ GT)in(H )
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the proof is finished inductively by noting:
(D) (G et (HD g1y = (G i (H ey = (L)im151
(ID) : q(Giwsr (H g1 = @G )in(H a1 = q(L)icr
(I11) : = ¢ (G Niw(H )y = =g (L)izry,

which verifies the construction rule CR.

(ii) follows from g — ¢* = q(1 — ¢)[i — 1].

(iii) follows from (ii). O
Example 2.21.
1 0 0 0 0
i 0 1 0 0 0
(L)s=| 0 1 1 0 0
0 1+g¢ 2+¢ 1 0

014+20+2¢°+¢> 34+49+3¢*+¢* 3+2q+¢*> 1
By the recursive definition of L one easily sees, that the i+ 1-th row of L is given
by the coefficients of [;_, (X +[5])-
Proposition 2.22. The equation H™ = K - X is solved by
X = F‘qufDq_1 :

Proof. This follows from the equations H = H™D;_, and K= GFD,_4 of the
Propositions 2.8 and 2.14 and Proposition 2.20. ]
2.3. Applications to number theory.

The technique of recursively defined matrices was introduced to get matrices,
which enable us to describe the integral group rings for some p-groups. One can
also use this technique to obtain results in number theory:

Some simple linear algebra applied to the matrix (K;), (see Definition 1.1, Propo-

sition 2.11 and Example 2.12) leads to a generalization of a well known number
theoretical result.

Lemma 2.23. Let n € N and ( a primitive n-th root of unity. Then the vector

v:=(1,...,1) is an eigenvector corresponding to the eigenvalue n for the matrix
(K¢)n-

Proof. We prove this by induction on the columns of (I?g)n, using the notation
= (1= el =€) (1= )l = ) o (1= P01 = )

for the sum of the entries of the (i + 1)-th column of (I?g)n Obviously Xy = n.

Let 7 > 1 and assume ¥;_; = n. The recursive definition of Kin Proposition 2.14
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(i) provides the equation
=1 =) (S - (1= (1 - 7))
+C(E - (1 =)A= (=),
Setting A; := (1 — ¢"**1).-(1 — (" !) one gets
(1-¢)8 =10 — (1-¢)A = (1= ¢")A;.
Then (1 — (") = —¢(1 — ¢"*) implies ; = ¥;_; = n. a
We reformulate this lemma as

Corollary 2.24. Let n € N and ( a primitive n-th root of unity. Then for
1 <4 <n—1 the equation

n—i—1

Z (1 . Cl+k)---(1 . CH—k) =n

k=0

holds.

Remark 2.25. If n = p is a prime, then the equations for i =1 and i =p—1
show that the trace and the norm of 1 — ( is equal to p. One easily sees that for
k ¢ {1,p — 1} the summands in the above sum are not permuted under Galois-
automorphisms, as it happens in the well known cases of the trace and of the
norm. Hence we are getting new equations. We illustrate this with the following
example:

Let ¢ be a 5-th root of unity. Then we get from the third column of (}?4)5 that

1-00-)+1-A)1-C)+(1-C)1-¢) =5.

Now applying the Galois-automorphism ¢ — ¢? provides the new equation

1-¢A-M+1-¢N1-O+1-01-¢)=5.
As a second application we will show, that the matrix L given in Proposition
2.20, yields a criteria to decide whether a prime is regular or irregular.
First we state some well known facts about regularity of primes and Bernoulli
numbers. As reference for the rest of this section we refer to [IrRo] Chapter 15.

e Jakob Bernoulli introduced the numbers B,,, now called Bernoulli numbers
(see Remark 1.11), to solve the following problem:
The sum S;,(n):=1" + ... + (n — 1)™ can be expressed in the following
way:

(m + 1) S (n) = zm: (mf) Bt

1=0
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Since the Bernoulli polynomials B, (z):=) """, (T) B;z™ fulfill the equa-

tion - B, (z) = mBy,—1(z) one can reformulate Bernoulli’s result as

n
Spn(n) = /O Bon(z) dz = %H(Bm+1(n) _Boa).
e Since the Bernoulli numbers are the coefficients of et%l developed in a
power series at the origin, one easily concludes that By,.; = 0 for n > 0.
e By definition a prime p is regular, if and only if the class number A, is not
divisible by p. Kummer proved, that p is regular if and only if p does not
divide any of the numerators of the Bernoulli numbers By, By, ..., B,_3.

By Example 2.21 the coefficients a; of the factorial polynomial

Fo(X) = ]:[ (X +i) = ZaiXi

are given by the entries of the (m + 1)-th row of L;, . Especially one has
ap=0,a,=(m—1), ap_1 = (’;‘), Ay, = 1.
Theorem 2.26. Let p be an odd prime. Then the coefficients a; of the factorial
polynomial F,(X) satisfy:
w=a=..=a, 3=0 mod(p?), az=as=..=a, =0 mod(p).
The prime p is irregular if and only if there is an i € {3,5, ..., p—2} with
a; =0 mod p?.

Proof. We consider the evaluation of F,(X) mod p?.
Since 1 < n < p? is uniquely determined by n = n’ +n” - p with n’ € {1,...,p}
and n” € {0,...,p—1}, we can show that:

(i) Fp(n)=—p-(n"+1) mod p?,

(i) pS, 1(n)=p- (' —1—n") mod p*.
(i) follows since p - (n” + 1) is the only factor of n - ...- (n +p — 1) divisible by p
and since the rest is congruent —1 mod p, by Wilson’s theorem.

(ii) follows since we get with 2~ =1 mod p for (p,z) = 1 that
pSpi(n)=p-(n'—1+(p-1)n")=p-(n —1—n") mod p*.

The discussion above shows that pS,_i(n) = B,(n) for n € N. So we get for
1 <n < p? that F,(n) +p-n = B,(n) and hence

F,(X) = By(X) —pX mod p*.
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and comparing coefficients gives for 2 < ¢ < p:
Ap—; = (I:) Bz mod p2 .
Then the result follows from the theorem of Kummer. O

Remark 2.27. So one can use the matrix L,;, to decide whether the prime
p divides the class group of Z[(,)], by evaluating the matrix L, at ¢ = 1 and
considering the entries in the (p+1)-th row p-adically.

Now one can ask if it is possible to get informations on the regularity of a prime
p by evaluating the matrix L, at ¢ = (,. It turns out, that the p-adic structure
of the coefficients is independent of the regularity of p. Using the notation [j],

for the evaluation of [j] at ¢ = (, and u for the product of cyclotomic units

U= ?;}[j]g one gets:
H(X + ) = XP + uZ (E—é)li—é(u ~0)X)'.

(This is prooved by setting X = —[j], and inspection of the minimal polynomial
of ¢ —1.)
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3. INTEGRAL GROUP RINGS AND TWISTED GROUP RINGS

3.1. The Abelian case.

The integral group rings Z Cy» of cyclic groups prime power order p™ are impor-
tant in integral representation theory. For example there is an analogue of the
main theorem on finitely generated Abelian groups. Especially if

G ~ Cp71n X ... X Cp?i
then one has the isomorphism of rings

ZG ~ ZCp?l ®Z ®Z Zcpnl .

Remark 3.1. (i) There is the well known inductive description of these in-
tegral group rings by pullbacks:

!

ZCyurs —— TC,

(x) f 04
5/
L|Gpnt1] —— Fy Cpo,
with Cpnt1:=(a), Cpn:=(a), o (a)=a, ' (a)=Cpm+1, ¥' and 0’ are the factor
maps mod 1 — ¢, and mod p.
This description follows from Lemma 1.9 with the rational idempotent

e:=(1+a" +a” + ..+ a? ") /p.

(ii) Of course one cannot expect to understand ZCp» ‘better’ than the pro-
jections Z[(,]. Specifically since there is no canonical description of the
unit group of Z[(,»] one cannot expect to get a canonical description of
the unit groups of these integral group rings.

3.2. The general case.
Let Cpn+1 = (a), H a subgroup of the automorphism group Aut(Cyn+1) and G
be the corresponding semi direct product: G ~ Cpn+1x H. Since the subgroups

of Cpnt1 are characteristic, the pullback above induces a description of ZG' as
pullback. We set G := G/(a?").

ZG 7G

B Y

5 a
Z[(pi]x H — T, G.
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Since Aut(Cpnt1)~Gal(Q(Gpr+1),, Q)= (Z/p"+'7Z) * one can consider Z[(yn+1]x H
as R-order, when R := Z[(n+1]", the fixed ring of Z[(yn+1] under H.

Lemma 3.2. Using the notation from above, one gets:

(i) Risa Dedekind ring with prime element m € R, where p is totally ramified
over T.
(ii) An R-basis of Z[(,n+1] is given by B 1= {1,1 — (pu+1, ...y (1 — (pna) AL}
(iii) R = Z[n].

Proof. First we state some well known facts (see [Wal):

o Z[(yn+1] is the integral closure of Z in Q((yn+1).
e A Z-basis of Z[(,n+1] is given by B := {1, {pn+1, ..., Cﬂﬁ?Jrl)_l}, where ¢ is
the Euler ¢-function.
(i) Let S be the integral closure of Z in K := Q({pn+1)".
Obviously R C S. Conversely S C Z[(n+:1] N K = R so S = R.
We denote by P := (1 — (pn+1) the unique prime ideal of Z[(yn+1] over p, with
corresponding valuation vy, and set 7 = NTQ(Can),K(l — (pm+1) € R. Then
vg(m) = |H| implies that 7 is prime.
(ii), (iii) Obviously Z[n] is a subring of R and (*B)y,], the Z[r]-module generated
by B, is a sublattice of Z[(yn+1].
Now the Pascal matrix (ﬁ)¢(pn+l) transforms the Z-basis B’ of Z[(,n+1] to the
Z-basis
B = {1,1 = Curtyonry (1 = Cpuin )21

Let 0 <1 < ¢(p"™') and j, k be determined by 1 = |H|-j+k, 0 < k < |H|. Then
(1 — Gnr1) /7 is a unit in Z[(yn+1], hence (1 — (pn+1)t and 7 (1 — (pnt1)* are just
differing by an unit. Therefore we get (%B)z[x = Z[(yn+1], which implies (ii) and
(iid). O

Remark 3.3. Now we state the main results in the theory of twisted group rings,
where we fix for the moment the following notation: Let R be a Dedekind domain
with quotient field K, and let S be the integral closure in a finite Galois extension
L of K, with Galois group H.

Auslander and Goldmann (see [AuGo] or [CuRe], P.591) showed:

Theorem 3.4. The twisted group ring S X H is a maximal R-order in L x H if
and only if the discriminant ideal d(S/R) coincides with R.



33

This is exactly the case, if S is unramified over R, so it does not happen for
the twisted group Z[(yn+1] x H, where we have totally ramification.
The next result is given by Auslander and Rim (see [AuRim]| or [CuRe], P.593):

Theorem 3.5. The twisted group ring S x H is a hereditary R-order in L x H
if and only if the Trace ideal Trz,x(S) coincides with R.

Hence Lemma 3.2 (ii) shows that Z[(»+1] X H is a hereditary R-order if and
only if p does not divide the order of H.

We can prove, using the number theoretical Lemma 3.2, the following theorem.
Theorem 3.6. Let R := Z[(,n+1]", the fixed ring of Z[(,n+1] under H. Then

there is a full embedding of the R-order Z[(,»+1] x H in the minimal hereditary

R-order
R ... R

() () R

Proof. We have to show, that we can represent both (,»+1 and H in I
Therefore we examine the operations of (,n+1 and H on the R-module Z[(,n+1]
with respect to the basis B of Lemma 3.2 (ii), where (1 — (yn+1)" corresponds to
the i + 1-th row. Now we get the following representations of dimension |H|:

For (,n+1 the representation is given by the matrix (r;;), with

H|-1

Cpn+1 . (]_ — Cpn+1)i = Z T‘i+1’j+1(1 — Cpn+1)j s
7=0

where Vgp((:(l — Cpn+1)i) =1 implies that ‘ Tit1,5+1 fOI"j < 1.
The automorphism o€ H provides the representation (s; ;) given by

|H|-1

o(1= o)) = 3 siprya(l = Gl
j=0

where vg(C-(1 — (pn+1)?) = i implies that 7 | 841,41 for j < 4. O

Definition 3.7. Let R be an integral domain, frac(R) = K, © an R-order in the
finite dimensional K-algebra A. With a decomposition into central orthogonal
idempotents e; + ... + e, = 1 the quasi blocks B; are defined as B; := D-e;.
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Remark 3.8. (i) With the central primitive idempotent of Remark 3.1 e :=

(i)

(iii)

(iv)

(1+a?" +a%"+...4a®=1P") /p the quasi block of ZCpn+1x H corresponding
to (1 — e) is isomorphic to the twisted group ring Z[(ym+1| x H.

Note that the method given in the proof of Theorem 3.6 is constructive.
As application we give in the next subsection an explicit description of
the integral group rings ZG for G ~ Cynt1 X C), with n > 1.

Theorem 3.6 provides an explicit description of all quasi blocks:

Since (Z/2"Z)" ~ Cyx Cyn-1 and (Z/p"+'2Z)” =~ Cp_1 x Cpn for p odd
one has to distinguish these two cases:

Case p odd:

One has G ~ Cyn x H and H ~ Cy; x Cpi with ¢ | p—1 and ¢ < n. Let b
and c be generators of C,: and C, respectively.

In case of i < n, the operation of H on Cj~ is faithfully, hence we are
done by induction.

In case of i = n, (B*"') is the kernel of the operation of H on Cyn, hence
normal in G. Then the idempotent f:= (145" '+ b 4 4 p@-1r") /p
provides the pullback (Lemma 1.9):

Z.C,ynt (Cyx Ci) o, ZCynxt (Coyx Cri )

-(1-f)

LCprx (Cox(€p) — Fp Cpnt (Cyx Cipiea)
Since Cyx Cyi-1 acts faithfully on Cp» one can calculate the representations
p(@), p(c) and p(b) of ZCyn x (Cq x Cyn—1) inductively.
So it remains to determine the representations of ZCyn 4 (Cy X (&,)):
Since the operation of H on C,n is not faithfully, one gets a®%' = a’. Also
&pi is a root of the minimal polynomial of a primitive p’-th root of unity.

Hence one gets the representations 7(a), 7(c) and 7(&,):

7(a) = p(@), 7(c) = p(c)and 7(&,) = Cz'i-p(b) for1<j<p-—-1.
We have found all representations by a dimension argument.
Case p = 2:
This case is handled analogously. Example 3.9 below serves as illustration.

Some special cases of this Theorem were calculated by Roggenkamp.
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Example 3.9. Let G := (a,b | a*® = b* = 1,a® = a3), hence G ~ Ci5 x Cy. Then
the group ring ZG can be written as pullback

(07

7G ZCg X 04

B v

0
Z[Cm] XCy — ]FpCS A 04,

Description of the quasiblock Z[(;s] ©xCy as R-order:

One has R := Z[(15]°* = Z[s + ¢J):

R is obviously fixed by the corresponding Galois automorphism o : (5 — (3.
We are done since R is integrally closed and ranky(R) = 2 = ¢(16)/4. Note that
mi= G+ G = V2.

Lemma 3.2 provides the R-basis of Z[(ig]: B := {1,1— (6, (1 — C16)%, (1 — 16)3}
and the Pascal conjugate basis B’ := {1, (16, (%, (3%} Then -(16 and o provides
the representations:

0 100 1 0 0O

. 0 010 r 0O 0 01

A=l ogo01) B={x0 <10

—107w0 0-1 0 1

By conjugation with the Pascal matrix (ﬁ)4 we get:

1 -1 0 0 1 0 0 O
0 1 -1 0 0 3 -3 1
A=l o o 1 —1]r B=lr22 8 70
2—-m2r—46—7m =3 3mr—4 14 —-12 3

Especially the matrices A’B? for 0 < 7 < 8,0 < j < 4 give the embedding of
Z[(16) X Cy in the hereditary order T of Theorem 3.6.

Description of ZCsxCy:

Since Aut(Cg) ~ Cyx Cy we do not have a faithful operation on Cs. Therefore

we decompose ZCgxCy in quasi blocks via the pullback

ZCsxCy —v ZCxxCly

B Y

0
ZCg A <£4> — leCg NCQ
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where the order ZCgx (£4) has relations a* = a® and €2 = —1.

Now we have an faithful operation in the induced group ring ZCgxC5 and cal-
culate the representations of the quasi block Z[(s|xC5, again an R-order with
R = Z[(s+¢3], as before:

AZ(QEW 7r_—11> and B:(in —01)-

The representations of the order ZCgx (£,) are given by the matrix A and by the
matrix B multiplied with the fourth root of unity i. Note that i ¢ R, therefore
ZCsx(&4) is no R-order anymore. Nevertheless we have an embedding of ZCsx(&,)

(a0 7))

Analogously one can calculate the remaining representations.

in the hereditary order

3.3. A twisted group ring as a factor ring of an integral group ring.
Now we give a description of the integral group rings ZG, where G ~ Cpnt1 X Cy,
1 < n, precisely

G = (a,b\a”’wrl =1,0P=1,b""ab=a?" ),
using the pullback
726G —> . ZH
B gl
0
A F,H,

where H := Cpn x Cp, A := Z[(m+1] x Cp the twisted group ring ({pm+1 is a
primitive p"*'-th root of unity), 8(a) = (pn+: and a(a) = a.
We will give
e a matrix representation of the Z[(yn]-order A, which respects the p-local
radical structure.
e an explicit description of the amalgamation §.

For the rest of this chapter we describe the twisted group ring Z[(n+1] X C,p.

Therefore we just consider matrices of the size p x p, especially we submit (),

to restrict a matrix of infinite size to a p x p-matrix.

Remark 3.10. (i) Since the operation of b on the quotient Z[(,+1] is Galois,
with fixed ring R := Z[(,»]|, we consider Z[(n+1] x Cp as an R-order.
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(ii) We get from Theorem 3.6 that S(a) and 3(b) correspond to the multipli-
cation -(yn+1 and the above Galois operation.
The R-basis B' = {1, {nt1, ---,C;);rll of Z[(yn+1] provides the following
representation, also given by Ritter and Sehgal [RiSe]:

01 1
1 ¢
Al = ‘. B, = CQ
1
Cp" 0 Cp_l
To examine the p-local structure of Z[(,n+1] % C, we use the R-basis

B = {1,1— (nt1, e, (L — Gurr)P7'}
of Z[(yn+1], given in Lemma 3.2, to prove

Lemma 3.11. With respect to the basis B, the representation [ is given by the

matrices:
1 -1 0... 0 1
1. (1-¢) ¢
A= |0 | 0207 20 €@ |
0... 0 1-—1 : : S
x %k k% (1-¢)r! G

where the last row of A is
(070 =G, (1P () s (CD2E) 1= (7)) -

Proof. Since the basis transformation from 8 to B’ is given by P one has to
conjugate the matrices A’ and B’ with P

With the notation given in the Definition 1.22 one decomposes
A= D;r + G (0p,1) -

We easily calculate

ﬁ(5p,1)ﬁ = (_1)1)_1(510,1)-
Then we have to show, with A := A + (—1)P(yn (6p,1) and A= A — Gor (0p.1),5
that
AP = A or equivalently (Id — Av)ﬁ =Id-A'.
Now we consider the multiplication X- on the Q[X]-module Q[X]/(X — 1)?:
With respect to the Q-basis {1, X,..., X?~!} we get the rational normal form,
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exactly the matrix Id — A. Then the Pascal matrix P transforms this basis to
{1,(1 = X),..., (1 — X)?"1}, and the equation
X - 1-X)=(01-X)—(1-X)"*

yields to the matrix Id — A
We get the matrix B with Proposition 1.24 (i) by evaluation at ¢ := ¢ and the

restriction to size p. O

Definition 3.12. We fix the following notation:

(i) R:=Z[¢n], 7 :=1— (pn and ¢ := (.
(ii) Let A’ be the R-order generated by A’ and B'.
(iii) Let A be the conjugate R-order generated by A and B.

Remark 3.13. We have A’ C (R),x, and a concrete embedding (Theorem 3.6):

R .. R
Ac| @R
() ... (r) R

The R-order A has the advantage, that some of the congruences are put into
the 7’s, but the generating matrices A and B are ‘hard to handle’; especially by
comparing them with A’ and B’. Surprisingly it turns out, that one can solve

this problem, by giving some ‘easy to handle’ matrices, which also generate the
R-order A.

Definition 3.14. of the p x p-matrices

0
01 1 12¢

W:= , Ii= . ,N := 1-¢?

0 . 1= 0

Ritter and Sehgal defined in [RiSe| the i-th diagonal of a matrix, to describe
the twisted group ring A’. We are using the following different definition:

Definition 3.15. Let M be a pXxp-matrix.
(i) Let z € Z. Then Z, [z] are given by:
0<z<p 0<[z]<pand z=Z=][z] modp.
(ii) The i-th diagonal of M, for 0 < i < p, is given by the pxp-matrix

(diag;(M));x = 65=5.:- (M) -
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(iii) The pxp-matrix M lies on the i-th diagonal if M = diag;(M).

Remark 3.16. (i) Hence the i-th diagonal is defined via an embedding in a
matrix, while Ritter and Sehgal used in [RiSe] a vector for their descrip-
tion.

(ii) Note that if M lies on the i-th diagonal and M’ on the j-th diagonal, then
MM’ lies on the 7+j-th diagonal.

(iii) The 0-th diagonal is just the diagonal. So B’ € A’ lies on the diagonal.
A" € A" and W € A lie on the first and N € A on the (p—1)-th diagonal.

(iv) The set {A"B"| < i,j < p— 1} is an R-basis of A’, where the elements
are lying on diagonals. It will turn out that { N'W7| <4,j < p— 1} plays
the same role for the R-order A.

Therefore it is crucial to understand the diagonals of A. For explicit calcula-
tions, it is useful to consider the diagonals as vectors. This leads to

Definition 3.17. Let (m; ;) be a p X p matrix in the matrix ring M. Then 7 is
defined by:

T M = M

m; ; = m,

i,14+i—7
Example 3.18.
123\" 132
456 =1546].
789 987
Remark 3.19. (i) 7 permutes the i-th diagonals with the [1 —]-th columns.

(ii) For lower triangular matrices of finite size this definition of 7 (given for
matrices of finite size) coincides with Definition 2.4 which is given for
lower triangular matrices.

(iii) The entries of N are all zero, except in the p — i-th diagonal, with the
entries occurring in the equation given in Corollary 2.24. Note that this

entries are just the summands

i<k<p: (NYpri= (1= (1=¢F1).

The main result of this chapter is the following theorem, which is used to
given an explicit description of the additive structure (see Theorem 3.22) and the
multiplicative structure (see Theorem 3.23) of A. Also a complete description of
the congruences of the R-order A is given (see Theorem 3.30).
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Theorem 3.20. (i) Set ¢ := 5:71. The R-order A is generated as ring by
W and N and the relations

NP =0, WP=m, WN=C-NW+(1-0).

(ii) The amalgamation ¢ is determined by:
podd:d(W)=1—a+a @ DA +b+..+ )2 &
p=2:6(W)=(1+a)pb.
Let L be the as follows recursive defined p — 1 X p — 1-matrix over Fj:
SC : (L)1, =1,
CR : (L)it1,j+1 := (1 —1)(L)ij+1 + (L)s; fori>j>0.

Then: SNy== > (L)iyz (1= b)ia .

0<2,5<p

Proof. All matrices in this proof are of size p X p, unless the p—1 x p—1 matrices
(L),—1 and L. Therefore, as above, we suppress the index (), for restriction.
(i) Note that W? = 7 and R = Z|[r], so (W, N) is an R-module.

We show that A C (W, N). Since A and B generate A, it is enough to show that
A, B € (W,N).

() A e (W,N):

It is enough to show that S := A — Id+ W € (W, N). The entries of S are zero
except in the last row, where they are all divisible by p.

Since NP~ = p(,,1) one gets NP7'W* = p(6,,14;) and

=

~ (%) -
S = ?Np‘lWZ € (W,N).

i=1

(8) B € (W,N):
Since the unit 7= Id — NW lies in (W, N), we have to show that

BT™'=D, (PD;! € (W,N).

Therefore it suffices to show that for

p—1
0<j<p: diagj(Dl_CPDl__lc) = ZNiWi_j/ri,]‘ with r;; € R.

i=j
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We apply 7 to this equation and have, since P” = P, to solve the following
equations for

p—1

0 S] <p: (PDl—g)*,j—i—l = Z(NiWi_j)TTi,j with Tij € R.

1=j
For j <1 < p the j + 1-th column of the matrix (N‘W®=/)7 coincides with the
i + 1-th column of the matrix I?C (see Definition 2.11), and the other columns

are zero. ( So in Example 2.12 one has m; :== 1 — (*.)

Hence one has to solve the system of linear equations:
PDy_¢ = K¢ - (ri5), with (rij) € (R)pxp-
Proposition 2.18 (i) gives:
(rij) = KZ'PDi_¢ = F7'L¢..

By construction I_LC € (R)pxp, moreover it is even a unit, because it is a lower tri-
angular matrix with entries 1 on the diagonal. The matrix of factorials F; is also
invertible in (R),x,, because it is of diagonal shape, with products of cyclotomic
units as entries.

Hence we have shown that A C (W, N).

Next we prove that (W, N) C A.
The necessary calculations are performed in a conjugate representation of A,
namely in A’. Exactly, by denoting W' := PWP and N’ := PN ﬁ, it remains to
show, that W' N € A'.
(v) Whe A"
The matrix W’ is given by:

where the last row of W' is

(=096 (=17 () (<17(2) 1-(0)) -
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The proof is the same as for Lemma 3.11 one just has to replace (,» by 7.
An easy calculation for S' := (Id — B")A’~! gives:
0 o 0
A= 1 S = 1-¢*

10 1-¢P1
Hence S’ is the same matrix as N and we get for
0<i< D Slp_lAli = (p6 ,1+i)p .

This implies for p odd the equation

L)
(kp) W'=1Id—A' =8P 1Y (—1)122A" e A
; p
i=1
Now we handle the special case p=2:

By conjugation with the Pascal matrix P we get:

1 0\(01\(1 0Y_( 1 -1
<1 —1> (q 0) (1 —1) - (1—q —1)'
Evaluation at q := (on gives the transformation from A’ to A. So the first diagonal
is given by —W + (1 — (3»)N (instead of —W in the case p odd).
Evaluation at g := 1 — (3= gives the transformation from W to W'. So the first
diagonal is given by —A’ 4 (xS’ (instead of —A’ in the case p odd), hence we get

the equation
(k9) W'=B' — A + (S € N, (with G = A?).

(One easily sees, that it is not possible to change the definition of W for the case
p = 2 by multiplying the first column of W by —1 in order to unify the proof.)
(0) N' e A"

From Proposition 1.24 (iii) it follows that

(%) N':Id—ft\lc.
So it suffices to show that
p—1
diag;(H¢) = Z S"A"Ir;; withr;; € R.
1=J

Now we apply 7 to this equation. Since for 0 < j < i < p the matrices S"A"~J ¢

A’ and N'W*J€A coincide one can use the same arguments as in (3) to reduce
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the problem to the system of linear equations
Hg = KC ) (’rZy]) 7
where the solution is given by Proposition 2.22 (i):
(***) (Ti,j) = FC_1D<Z<DC_1 € (R)po .

Evaluating the equation
B/—lA/B/ — Alp"+1

shows that ( = 5: . The relations for N and W are following from some easy
calculations. Theorem 3.22 will show that there are no other relations.
(ii) Obviously 6(A) = @ and §(B) = b. An easy calculation in F, shows that for

1<i<p: (—1)1'_1(2—2)5

Since 6(W) is determined - up to transformation- by the formulas (%,) we obtain
the representation for 6(1).

Using (xx), we determine §(N):

The —j-th diagonal of I/i\'c coincides with the j+1-th column of H ¢ and the j+1-th
column of (S"A"9)7 coincides with the i + 1-th column of K for 0 < j < i < p.

So (xxx) describes the amalgamation. Obviously
§(8"A" ) = (1-b)a ) -a 7 = (1-b)'a .

Since f-\IC has the same diagonal as the identity Id, one just has to examine the
j-th diagonals for j > 1. Therefore one only has to consider the submatrix L,
given in Proposition 2.20 (ii), of the pxp-matrix ZC- Obviously I_/C coincides
modulo (1 — ¢) with the modular matrix (L),_; (6 allows to consider the entries
modulo (1 —¢)). For the same reason the matrix D¢ corresponds to the identity
Id and the inverse F {1 of the matrix of factorials divides the i-th row of L by
1l O

Remark 3.21. (i) T € A (Definition 3.14) is a unit of order p, satisfying:
T=1Id— NW, WN-NW = 1-0T.

For p € {2,3} we will use this unit 7" to construct an non inner automor-
phism of the integral group ring ZG.
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(ii) The matrix L is given by:

h
Il
Ccoocoor f

(iii) The prime p appears in the description of 6(N) only by restricting the
size of L and is independent of p and of n > 1.
For example: Let A = Z[(5n+1] X C5. Then
—6(N) = (1-b)la '+ (£(1-0)*+ £(1-b)® + 25 (1-b)*)a 2
+(H(1-b)% +3-L(1-b)")a % + L (1-b)*a™".
Also §(W) is independent of n.
(iv) The ¢ + 1-th row of L is given by the coefficients of H;.ZO(X + 7).
(This can easily read of from the recursive definition of L.)

The ring theoretical description of the R-order A also provides an additive
description:

Theorem 3.22. The R-order A has the following R-bases:
(ii) B, = {W'N/ |0< 4,5 <p-—1}.
Proof. (i) By Theorem 3.20 (i) any A € A can be written in the form
A=) riNW.
0<i,j
Furthermore one can choose 0 < 4,5 < p, because NP = 0 and W/*P = gW7.
Therefore B, generates A as R-module. We are done since
dimpg(Z[(pnr1] x Cp) = p°.
(ii) follows from NW = (1—("')Id+('W N and the arguments of part (i). O

From Theorem 3.22 and Theorem 3.20 one get the following description of the
multiplicative structure of A:

Theorem 3.23. Let ¢t < p and M, the (t+1)x (t+1) matrix, which is recursively
defined by:

SC (mt)l,l = 1,
CR: (M) sttt == C M)k + (L= (M) for 0< 1<k <t.
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Then the multiplicative structure of A is given by:
. . ‘7 . .
@ For0<j<i<p: WN =3 ()N W
=0
(i) For 0<i<j<p: W-N = ()10 N W

=0

Proof. (i) With Theorem 3.20 (ii) one shows inductively that:
Wi N=CNW'+(1-¢)-Wt.
Then Wi N7 = (W*N)---N leads to the recursive definition.

(ii) This follows analogously with W - N7 = (7 - NVW + (1 — ¢?) - N771, O
Example 3.24. Let p >3 =1 > j. Then
1
M= CZ 2 13_<3 3 2 3
=l eei-o) a-en-g)
¢7 (¢

)(1=C%) (C+¢*+¢%)(1=¢*)(1-¢) (1=0)(1-¢*)(1-¢7)
Especially for 7 < 3 we get
J
WANT = " (M) 1,00 NV
1=0
Remark 3.25. (i) Since N-W = (" '-WN+1—("! one gets also formulas for
the multiplication ”from the other side”, where 90, is complex conjugate
to ﬂﬁt.
. . j —_— . .
For0<j<i<p: N-W/i=3) (M)W’ N
1=0
For0<i<j<p: N -W = Z(Wj)iﬂ,Hle_lNi_l :
1=0
(ii) After localizing at p the radical of R-order A is precisely the ideal (W, N)

with an R-basis
{N'WI |0<i,j<p,i+3j+#0}.
We get this result from Theorem 3.22 and from
A/(W,N)~ R/m ~F,.

In the next chapter we describe (W, N) more general (see Theorem 6.5).
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(iii) Since every N'W/ lies in exactly one diagonal, there are no congruences
between different diagonals.

To describe the congruences inside the i-th diagonal, we use:
Definition 3.26. Let 0 <1 < p.
(i) Let D; be the p x p diagonal matrix

~ 1 ifj<p-—i,
(Di)jj = L ,
m ifj>p—i.
(ii) A; :={A € A | lies on the i-th diagonal of A}.
(iii) A; := D; A,
Example 3.27. 150 is the identity,
1 1

51 = geeey Dp—l =

Remark 3.28. Since 7 (Definition 3.17) turns diagonals into columns and

R ... R
AC (7) R :
(7) ... (x) R

we identify /A{ZT as subset of RP. Especially we can describe the congruences in A
by considering /NXZ

Example 3.29. With W € A; and N € A,_; we get that D;'W™ € AT and

lN)p__llN T e /N\;_l are corresponding to the vectors:

1 0
~ 1 ~ 1 1-¢C
Di'W~ | . | and DY NT~— |

. ™ :

1 1— (Pt

Theorem 3.30. By decomposing the R-order A = @f:_ol A; one gets:
(i) An R-basis of A7 is given by the columns of ﬁDl_Cﬁi_ L
(i) Let v € RP. Then v € A7 if and only if D;D; ' P-v € RP.

Proof. (i) Theorem 3.22 implies, that A; has the R-basis

{NOW*, ..., NP1yt NP0 NPT LY
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By applying ﬁ; L and 7 to this basis one easily sees that the first p—3 basis vectors
are given by the first p — ¢ columns of K , while the others are the remaining
columns of K divided by m. Hence an R-basis of KZT is given by the columns of
1?5[1. We conclude with P = PD_; and Remark 2.19 that

K-Di'=PD,_(-X -D;*

with the lower triangular matrix X := D_; L 'F € Gl,(R), because the matrix
of factorials F; is of diagonal shape, with cyclotomic units as entries and I_JC_I
is a lower triangular matrix with entries 1 on the diagonal. Then one easily
determines X! := D,XD; " as

, 7(X)ky fp—i<k<pandl<I<p-—i,
(Xi)ka :=
(X)k,l else.

Especially this operation does not affect the entries on the diagonal, hence X]
is a lower triangular matrix with units on the diagonal, which shows that X! €
GL,(R) and we are done with

KD7'=PD,_D*- X',
(i) By (i) A7 is given as the image of ﬁDl_Cﬁi’l. Hence we get for v € RP that
v E K,T = (ﬁDl,Cﬁ;l)’l- veERP.
We are done since P is an involution (Lemma 1.2 (ii)). O

Example 3.31. Let p=5,n > 1, ( and 7 as above. Then by denoting

1 0 0 0 0
1 1 0 0 0
iJ\O = 1 ) 61 = 2 3 ,/0\2 = 1 ) 63 = 0 3 64 = 0
1 3 3 1 0
1 4 6 4 1

and v; := (1 — ¢)"0; we get the following R-bases B, : for KZT
%Ka = {vo,--., Va}, By, = {vyeer, U3, 04/} -, By, = {vo, v1/7,...;v4 /7 }.

Now we give an impression, how to apply part (ii) of the last theorem, by checking
whether W and N are elements of A. Then W' € A; corresponds to vy € Bz,
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and N € A, to

CO
~ 1 . ¢
U= —(vo — v¢) with v := | (2

m &
<4

And, as expected, we have
e with P2 =Id and P, | = vy, that

1 1
0 0
P. vp=1| 0 and hence l~)1D1__1<13 =1 0 | €ERP,
0 0
0 0
e with
(1= 0
1-¢)" 1
p. ve=| (1-2¢)? that ﬁ4Df_1Cﬁ -v=—1| 1 | €RP.
(1= 1
1-9)* 1
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4. AUTOMORPHISMS AND UNITS

4.1. Automorphisms of integral group rings.
One can use the following strategy to construct outer central automorphisms of
the integral group ring ZCyn+1 x Cp, by the pullback

ZCpn+1 D'l Cp —_— Zcpn X Cp

B Y
)

A F,C,nxC,.

Assume there is a unit A € A*, such that the preimage of 6(\) under 7 contains
no unit. Since conjugation with A in A induces the identity in the modular
image, one can lift this inner automorphism of A to an outer automorphism of
ZCyn+1xCy by conjugation with A in A and the identity on ZCp» x C,.

We apply this method to 7' € A, a unit of order p (see Definition 3.14):

Since T'=Id — NW (see Remark 3.21), we get §(7") with Theorem 3.20 (iii).
Then there is the problem:

o Is there a unit u € ZCyn xC,, with y(u) = §(T)?
To get outer automorphisms we are interested in a negative answer. We don’t
have a result for general p but one can check it for some special primes.
Theorem 4.1. Let p € {2,3}. Then conjugation with 7" on A together with the
identity on ZCp» x C, provides an outer automorphism of the integral group ring
ZCpn+1 % C.

Proof. From the discussion above it follows that 7" induces an automorphism for

general p. Now Theorem 3.20 provides

a ' +b+ath if p=2,

b—a'+a W’ —a?-a-—a? ifp=3.

5(T) =

By a classical theorem of Higman there are only trivial units in ZC, x C, for
p € {2,3}. Hence we are done for n = 1. For general n € N we consider the
following commutative diagram:

00—~ (1-a") — ZCpxC, — ZC,xC, 0

!

v v

00— (1-8) — F,CpuxCp — F,CpxC, — 0.
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The case n = 1 shows, that the preimage of «(6(7")) under ' contains no unit,

and hence the preimage of 6(7") under +y contains no unit, and 7" does not lift to

an unit in the integral group ring ZG.

Now we assume that this automorphism is inner, hence there is an unit u € ZG*,

which we can choose with augmentation 1, such that S(u) = T - ¢ for a central

unit ¢ € A, where the center of A is given by the ring R = Z[(y»]. Then we

consider the commutative diagram

2.G —— LCpxCy — LC,xC,

B

5
R—" A e FyCipu X Cp v By CyxC,y

We conclude with ¢ € ¢(R) and Im(:0c) = T, that

a(B(Bw) = a(s(y) = 4 ¢TI itp=2,

b—a?+a?? —a—ab—ab®> ifp=3,

which contradicts the theorem of Higman.

g

Remark 4.2. Let us point out, where the problem to generalize this proof to

arbitrary prime p lies:

(i) There is no generic description for the group of units in ZC, x C,, for an

arbitrary prime p. Even the integral group ring ZC, doesn’t allow such a

description of the group of units, since one can consider ZC, as pullback

7.C, /
mod p
mod 1—
Z[¢] ‘ - T

and there is no explicit description of Z[(]*.

(ii) One can also describe ZC), x C,, by a pullback diagram, which reduces the

problem to determine the units in Z[(]. For some explicite given primes

p one can do this by using computer algebra systems.

As an application of the last theorem we first give Lemma 3.5. of [RoTal:

Lemma 4.3. Let D, be the dihedral group of order 8. Then there are two

conjugacy classes of group bases in ZD,.



51

Hereby

e conjugacy class means conjugation in V(ZD,), the group of units in ZD,
of augmentation 1.
e a group basis of ZG is a subgroup H of V(ZG) with |H| = |G].

Then one gets

Lemma 4.4. Conjugation with the involution 7" = ((1) _01 ) induces an auto-

morphism of ZD,, which permutes the conjugacy classes of group bases.
This automorphism is most easily described using a pullback:

(i) By Lemma 3.11 we consider a,b € ZD, as

o= (A2 ) s~ (3 2) 5).

Applying the automorphism given by conjugation with 7" one gets:

(L ) ) () 9),

(ii) With respect to the group basis G one gets:

()TZ ZD4 — ZD4
a +— a+(1—a*)(b—ab—2a)
b — b—(1—-a*)(a+ab).

4.2. Automorphisms of twisted group rings.

Now we will consider automorphisms of the twisted group ring Z[yn+1] x C, >~ A.
Later on, these results will be applied to get projective resolutions of some A-
lattices.

From W? = 7 follows that W is no unit in A but a rational unit. Hence we can
conjugate with W and get

Theorem 4.5. The conjugation with W provides an automorphism of the R-
order A.

Proof. Since A = (N, W), (Theorem 3.20 (i)) one just has to show, that
Nl = WN €A.

One easily calculates
(1=¢)/n
12
N1:
1—¢Pt
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Then N and N; are lying on the (p—1)-th diagonal, (Definition 3.15 ), and
correspond to (see Definition 3.26, Remark 3.28 and Example 3.29 )

0 1—¢
| e e
Ny 1= - 1-¢? €Ay, and 7= - : ey
: 1—¢p1
¢t 0

By Theorem 3.30 we have to show, that
D,\D{'.P -7, € R holds.

Then (P) = 1, (Dl_fg) = 1 and lN)p_l = 1 implies that the entry of the first
position of this product is given by 1 — (/7 € R. Let n; := 7n; and 1 < j < p.
Then we have to show that the j-th entry of P - n; lies in (1-¢)—1.
Let 1 < j < p: Since n; is the vector ny shifted by one position we get with
Definition 2.15 that
ﬁ'nl = (ﬁ)*,*+1 “To -
From the recursive definition of the Pascal matrix follows that the j+1-row of P
is equal to the j-row of P minus the j-row of (13)*,*“. Hence we get
(P)j 11 = (P)jus1 =m0 = (P - m0 — (P)j1,e - o
Now N € A implies that (P);, - ng € (1=¢)7') and (P)ji1,e o € (1—¢)),
which shows that (P);, -n; € (1 —¢)i™.
Let j = p: Observe that (1—¢)?* ~ p and that the entries (—1)° (pzl) in the p-th
row of P are equivalent to 1 modulo p. Then we are done since Tr(1—¢) =p. O
4.3. Units in integral and in twisted group rings.
For the rest of this chapter we will use the notation A(G) for the augmentation
ideal of the integral group ring ZG.
A classical theorem of Higman describes the units for an abelian group in the
integral group ring:
Theorem 4.6. (i) Let H be an abelian group. The group of units with
augmentation 1 is given by

V(ZH)~H x N,

where N is a free abelian group, with elements congruent to 1 mod(A?(H)),
N :=U(1+ A%(H)).
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(ii) Let G be an arbitrary group with commutator subgroup G'.
Then V(ZG)/U(1+ A%(G)) ~ G/G".
Remark 4.7. (i) A proof of (i) is given by Cliff, Sehgal and Weiss, who

considered the exponential type homomorphism
e:Zz;Jz—) thh.
heH heH

Part (ii) of the theorem follows with the same arguments.

(ii) The following theorem is a special case of a well known theorem of Cliff,
Sehgal and Weiss [ClSeWe]. But the proof given here for the group
Cpn+1XCy is more elementary. One is interested if the following theorem

is also true for nilpotent groups (see [Se] Problem 28).

Theorem 4.8. Let G =~ Cpn+1xC),. Then the group of units with augmentation
1 is given by
V(ZG) ~ N x G,
where N :=U(1 + A(A)A(G) + A?%(B)) is torsion free.
Hereby we set A(A) := (a — 1) and A(B) := (b — 1).
Proof. Theorem 4.6 (ii) shows that N’ := U(1+A?(GQ)) < V(ZG) with
V(ZG)/N' ~ CpnxC,.
First we show that Nx(a?") ~ N'. With I := A(A)A(G)+A?(B) we get
(b—1)(a—1) = (b—1)(a—1) — (a—1)(b—1) = ba(1—a?") = (1—a?") mod(I).
and conclude with
(1—a") ¢ I and p-(1—a”") = (140" + ... + " ) (1—a?") = 0 mod([),

that a?” ¢ N, and that N is of index p in N'.

It remains to show that NN is torsion free:
Let £ € N be a torsion element. Then Theorem 4.6 (i) implies that

a: LG — ZCmxC,
xr 1 ’

Since z is conjugate in ipG to an element of G (by a theorem of Weiss [Wei]) we

n-j . n .
get x ~ aP *. We are done, since a” is central. 0
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4.4. Explicit calculations.

Proposition 4.9. The elements

Xi= (1) andv={(g71)

of SLy(Z) are generating a group, which is isomorphic to

D=1 (g ) =),

V=(z,y|(zy"
Proof. One easily checks the relations for the given matrices.

This relations are implying that
X YVY=-Y - X%Y?and X'V =-Y- -Y2X.

It is well known, that X and Y? are generators of a free group I'(2) [New],(
where I'(2) < PSLy(Z), with odd entries on the diagonal and even entries on the
codiagonal.) Hence there are no other relations, since one can express v € V
uniquely as
v=(=1)Y"y,with e,7 € {0,1} and vy € I'(2) .

O

Theorem 4.10. The unit group of the twisted group ring Z[i] x Cs is given by
U~VxCyi=(z,y,t| @@y ") =-1=1La" =z oy =¢y7").
Proof. Theorem 3.30 provides that
2fixC~ A ={( 4, g) a,b,c,d € Z, a=dmod2 }.

With T := ( (1) _01 ) and Proposition 4.9 one verifies the relations above.

Let A’ := (X, Y,T). Then one has to show, that

VA::(Q“Cg) EAX = Ae A

Since —1,T € A’ one can assume that a,b > 0 and det(\) = 1 holds. Because of

* * * *
one can apply Euclid’s algorithm for the elements of the first row. Since A is a
unit one gets that a is odd and that ged(a, b) = 1. Hence

WeN AN =g, 7)=X"
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Remark 4.11. (i) There is a split exact short sequence

1 -V - A* - (—1) -1,

where a retraction ¢ defined by ¢(—1) =T.

(ii) Conjugation with W = ( g (1)) is an automorphism on A* (see Theorem
4.5), which multiplies 7" by —1 and permutes X and Y.

(iii) From |PSLy(Z)/T'(2)| = 6, see [New], and the proof of Proposition 4.9
follows that V' has the index 3 in SLy(Z).

(iv) Conjugation with ( _01 (1)) shows, that V' is not normal in SLy(Z).

Let V(RG) denote the units in RG with augmentation 1.

Then again the group ring ZD, is written as a pullback

ZD4 ZCQ X 02

Z[Z] NCQ — ]FQCQXCQ

Then the augmentation map € : ZD, — Z factors through ZC5 x C5 and since
V(ZCy x Cs) ~ Cy x Cy we get a diagram with an exact row

(Z[i] % Cy)*

V(ZCQXCQ) —5> (IFQCQXCQ)* B > 02 > 1,

where «,  are induced from the factor map mod(2) and 7 from the cokernel of
[B. One easily sees that « is surjective.

Then Lemma 1.9 (ii) implies V(ZD,;) ~ keray < (Z[i] X C5)*. Theorem 3.11
provides the representations

A=(371)maB=(37"%).
By using the representations of Theorem 4.10 we get A = XY !, B = XT and
BA=YT.
Theorem 4.12. Let Dy := (a,b | a* = 1,0 = 1, a® = a™') be the dihedral
group. Then the group of units with augmentation 1 of ZD, is given by:
(i) V(ZD,) ~ V' x Cy with

Vi~ (2®zy Ly (ey D)2 =1, (yz )P =—1) Cp = (b)

1
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and the operations
(@")'=27% (zy™)’'=(ay™) 7", W) =(zy™yy*(ay™) "
(ii) V(ZDy4) ~ V" x Dy, where V" is the free group on 3 generators
V" (o y ety )
and Dy = {a,b|a*=1,b0% =1, a®* = a™!) acts via

($2)a:y2. (yfleyfl) (y71x2y71)a: yfleyfl)fl (y2)a:x2_ (y71x2y71)
(372)() 2 (y—1$2y—1)b: $2'y_2 (yQ)b: (y_1$2y_1)_1‘$_2 .

=1
Proof. (i) One easily computes
a(z)=1+a+ab, a(y)=1+a+b, «o(t)=a+b+ab.

Hence a(V' x Cy) C Ker(y). Since V' x Cy is of index 2 in (Z[i] x C)* one just
has to check the given operations. This can be done with Theorem 4.10 .
(ii) From V' = V" . (a) follows V" - Dy ~ V(ZD,). The operations are again

verified by using Theorem 4.10. O
Remark 4.13. (i) The description above is symmetric in z and y. Especially
one has:
gty =yl

This equation follows from Theorem 4.12 (i): (zy!)?=(yz')?, or from
an explicite calculation with matrices.

(ii) The isomorphism V(ZD4) ~ V" x D, is shown by Jespers and Leal, also
by Parmenter, see also [Se]. They give the generators of V" by bicyclic
units, but they don’t describe the operation of D, on them. Indeed one
can easily verify that 22 and y? are bicyclic units, and y~'z%y~! is not.

(iii) From Theorem 4.1 follows, that 7" € A* provides an automorphism oy
on ZD,, which is not inner. One computes the following relations for the

generators of the free group V":
b-b°T =22, ab-(ab)°"=y?, a’Ta’=y ‘z’y '.

Especially the group bases D, and D;” are generating V(ZD,).
(iv) By denoting the embedding ¢ : V(ZD,) — A*, one gets the descriptions
of V(ZD,) as semi direct products.
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Case (i): Let det:A* — (—1). Then one has the split exact sequence
t-det

1 -V - V(ZDy) (—1) - 1.

Case (ii): Let ¢ be the map induced by the factorization A — A/2(W, N).
Then one has the split exact sequence

1 .y V(@D L A2 Ny 1,
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5. THE TWISTED GROUP RING A AND A BILINEAR FORM

From the following result one reads off the discriminant of A. In Chapter 6,
this will serve as starting point to construct over orders of A in the hereditary
R-order .

In Chapter 7, the result is used to give injective resolutions of certain A-lattices,
where it turns out, that these resolutions are ‘the same’ as the projective ones.
Glueing together these resolutions allows to calculate Tate cohomology.

Proposition 5.1. The R-order A is self dual with respect to the following non-

degenerate, associative, symmetric bilinear form:

(,Y: AXxA — R
AN = LT

1
P
Proof. From Theorem 3.22 it follows that {W'N’ | 0 < i < p} is an R-basis of
the diagonal of A, and by Corollary 2.24

p—i—1

Tr(W'N') = Y (1-¢"*)..(1-¢"F) =p.

k=0
In particular (-,-) takes values in R, as claimed.
Let 0 <4,5,k,1 < p, and assume that Tr(W!N7-N¥W!) #£ 0. Then j +k < p as
N? =0 or equivalently k¥ € {0,1,....p—j—1}.
Since Tr(WIN/-Nk¥WY) = Tr(WL-WININF) the matrix W NI lies on the
diagonal, which means that i +1 = j +k mod p or [ = j+k—i.
Order the elements of the R-bases B’y and B, given in Theorem 3.22 as follows:

IA - {bll, ceey bpo}
= {WPoINPLWPANe-L  WONPl e iNe=2 | ONe=2 | e ING | WONOY
B = {by, ..., by}

= {N'WONW!  NWP-LN'WO . NtwPTL | NPTIWO L NPTLPTLY

The matrix M := ((bj,b;)) describes (, ) with respect to this ordered bases.
Then the discussion above shows that M is a lower triangular (p® x p®)-matrix

with ones on the diagonal. Hence M is invertible, and A is self dual with respect
to (,)- O
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Remark 5.2. Hence there is the following isomorphism as A-left modules be-
tween A and its contragredient (Ay)* (see Proposition 9.5 of [CuRe])

A — (Ap)*

A= (LA
Since A is projective as A-right module every short exact sequence of A-right

modules

0 - M - N - A -0

splits. To get an exact functor Homg( , R) we restrict ourselves to the category

of A-lattices. Now we apply Hompg( , R) and get the split exact sequence
0 - \* ~ N* - M* ~0.

Since Hompg( , R) yields a duality between left and right A-lattices we conclude
that A is self-injective in the category of A-lattices.
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6. OVER ORDERS OF A

In chapter 3, we obtain an embedding of the R-order A in the hereditary R-
order

R ... R
r=1|7 R '
7r 7r'R

In this chapter we are concerned with the following questions:

e What is the index [I'/A] of A in I'?

e Is there a generic construction for a chain of orders from A to I' with
maximal length?

e Can one describe all intermediate orders between A and I'?

6.1. The radical idealisator process.
For the moment, let us assume that R is a local Dedekind ring, and that A is an
arbitrary R-order in a separable algebra A.

Definition 6.1. Let I be an two-sided A-ideal in A.
(i) The left order of I is the R-order

0,(I) :={a € Ala-I C I}.
Similarly, the right order of I is the R-order
O,(I) ={a € All-a C I}.
(ii) The idealisator of I is the R-order
3(1) = D1 N O, (1)

Set Ag := A and A4 := J(rad(A)) for n>0. The radical idealisator chain
is the ascending chain Ay & Ay & ... of R-orders, which eventually becomes
stationary:

AO gAl g gAN:AN—Fl-
Then, the R-order Ay is hereditary. (For details, we refer the reader to I. Reiners
Maximal Orders [Re| or to [Nebe].)
If the Dedekind ring R is assumed to have infinitely many prime ideals, then the
Jacobson radical of A is the zero ideal. In this situation, Benz and Zassenhaus

gave the notation of arithmetic radical of A. The reader may wish to recall the
definition of the discriminant d(A, R) of the R-order A from [Re], Section 10.

Definition 6.2. (i) The arithmetic radical aradg(A) of the R-order A is
the intersection of the maximal ideals of A containing the discriminant
d(A, R).
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(ii) We say that the R-order A is arithmetic local if there is a unique maximal
ideal of A containing the discriminant d(A, R).

Now one has again a radical idealisator process, that is, one can form a radical
ideaisator chain, using the arithmetic radical instead of the Jacobson radical.
Let us return to our situation, where R = Z[(yn] and A =~ Z[(yn+1]xC,. Then
the discriminant d(A, R) is the principal ideal generated by det(Tr(b;b,)), where
{b1,..., b2} is an R-basis of A. Thus it follows from theorem 5.1 that

Corollary 6.3. The discriminant of the R-order A is given by

d(A,R) = (p").

Likewise, it follows that (p) is the different of the R-order A (for the definition
of the different see [Re|, p.150).

Remark 6.4. Therefore we get the surprising fact that the different and the
discriminant of the R-order A does not depend on n.

Proposition 6.5. The R-order A is arithmetic local, with arithmetic radical
aradg(A) = (W, N).

Proof. Let M be a maximal ideal containing p”’. Since WP=rn and NP=0, the
images of W and N in A/M are nilpotent. Hence W, N € M. On the other hand,
it follows from Theorem 3.22 that

A/(W,N)~R/n ~T,.
So M = (W, N) = aradg(A). O
Definition 6.6. Set Ay := A and for >0

A1 = J(aradg(Ay)) -

Remark 6.7. Since any two elements of A, and therefore also any two elements

of an over order of A, are commuting modulo (1—(), one easily sees that

Dl(aradR(Ai)) = Dr(aradR(Ai)) .
For p=2 and arbitrary n€N we have the following result:
Theorem 6.8. Let A ~ Z[(3n+1]xCs.

(i) The radical idealisator process provides a chain of orders

A:Aog gAQn,le.
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An R basis of order A; is given by
Bop = {1, W, 7 kEN, 7=k NW} if 1=2k is even,
Borr1 = {1, W, 77N, 7= *B+DNW?Y if i=2k+1 is odd.
For 1<2"—1, the arithmetic radical of A; is given by
aradg(Agi) == g(m, W, n*N, 7=k NW) if 7=2k is even,
aradg(Aggy1) == r(m, W, N, a=EFONW)  if i=2k+1 is odd.
with ¢ < 2"—1 and for the hereditary order I' = Ayn_; by

aradg(I")=aradg(Agn_1)=aradg(Agn o).

(ii) The chain of intermediate orders in (i) is of maximal length. Every inter-

mediate order A is an element of this chain.

Proof. (i) The proof is done by induction on i. The statement for i=0 follows
from Proposition 6.5. Assume that i=2k+1 is odd, and let

X:=a+ W +yN+ONW € Apipr (0, 8,7,0 € Q((pr))-

Inductively, we may assume that aradg(Asx) has an R-basis as stated , so W €
aradg(Ag,) implies that

X -W=aW + fr+yNW + 7N € Ay,

and hence o, B, 7%y, 7™**15 € R. One easily checks the multiplication of X with
the remaining (basis) elements does not lead to stronger congruences, which give
the R-basis Bgg,1 of Aok 1. Now the arithmetic radical of Ay yq is computed in
the same way as aradg(A) was computed in Proposition 6.5. The case i is even
is treated similar.

(ii) Let A be an intermediate order between A and I'; we wish to show that A = A;
for some 0<3<2" 1 1.

Note that 72"~ = 2u for some u € R*. The R-order I has the R-basis

R A A R B N R )

Since 1, W € A C /~\, we only need to know what R-linear combinations of ( . )

and ( 1) are contained in A.
Note that each non-zero element of R can be written uniquely as an® where s>0
and o has norm Nrg/z(c) not divisible by 2. Since N € A, there are 0#a € R



63

and 8 € R whose norm , if non-zero, is not divisible by 2 and s,t>0, such that

A contains the element

X = onrs(ﬁ ) —|—ﬂ7rt( 1) .
Choose such an X with minimal s. We will show that 7° (7r ) € A.
Write m = Nrg/z(a) = a-a’. If 3 =0 then A contains

o X = m(ﬁs+1 ) and 7N = 7rs+1(2 )>

and since (m, 2) = 1, (7r3+1 ) is an integral linear combination of these elements,
and we are done.
So assume that S#0. Since

X-W:ﬁwt(7T >+a7rs+1( 1) €A,

we have s<t since s is minimal.
If s=t, then

X'=BX—aXW = fy7r3( 1) € A with v:= g>—a’r.
Write n=Nrp/z(v)=7-7". Then A contains
vX = n( 7Ts> and T NW = 2( 7Ts> ,
and since (n, 2)=1, X ::( ,ﬂ_s) is an integral linear combination of these elements.

Hence also XW = 7r8( ) € A.

If s<t, then

™

aX — BT LXW = (o — S22t (Wm ) ci.

and therefore 7r3( ) €A by the already familiar argument.

™
Now it readily follows that A has an R-basis

(1)) G ) ()

for some t>5>0. From
,ﬂ.s—l—l T — ’/TS+1

one gets s<t<s+1. The given basis elements of A are, up to units of R, the

elements
1 1

P p2nlo1-sT ) a1y

1, W, NW .
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Since N € K, we have s<2"~'—1. Alltogether, we have

0<s<t<s+1<2t_1

)

and each of the 2" possible choices for s,¢ gives one of the orders Ag,..., Agn_;.

As a trivial consequence, the chain Ay C ... C Ayn_; is maximal. O

The radical idealisator process does not yield a satisfactory result when p is
odd, because we do not get a chain of over orders of maximal length. This is
illustrated by the example of remark 6.30 (ii), where we use a graphical description
of intermediate orders, which we introduce in the following.

6.2. Embedding of twisted group rings in hereditary orders.

Now we give a graphical description of the R-order A, with respect to the R-basis
of Theorem 3.22 (i). Therefore we we use the following diagram, whereby the
position (4,5) corresponds to N*W7. One can use the same diagram to describe in-
termediate orders between A and the hereditary over-order I" by adjoining 'some’
circles to the position (,7), where v(i, j) circles are corresponding to the element
NWI [qv():

NO WO NO WO

. wi
N’L

A r

Now we give some rules for intermediate orders, which we will need in the fol-
lowing.
Lemma 6.9. Let A be an intermediate order (i.e. A C A C I'), which can be
described by adjoining circles to a diagram and denoting v(%,j) the number of
circles at the position (7,5). For 0 <4, j,k < p we get:

(i) Let j < k. Then v(s,j) < v(i, k).
(ii) Let 0 < ¢ < p—1. Then v(i,p—1) — v(3,0) < 1.
(iii) Let ¢ < k. Then v(i,j) < v(k, 7).
(iv) Let ¢ > 1. Then v(s,5) — v(i—1,7) < p" .

Proof. Since N,W € /N\, one concludes :
(i) Obviously

ik
_NW eA.

NW? CWk-I

7v(6:7) T pvling)
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By assumption there is the following R-basis of A

NTWs
7)|0§T:8<p )

V(s

and hence there exist an r € R such that

NiWE N
Gg) k)

Hence v(i,j) < v(i, k).
(ii) From
Niwp—l N? ~
gv(ip—1) W= qrv(ing)—1 €A,
follows, as in part (i), that v(i,p—1) — 1 < v(4,0).
(iii) It is proved as part (i) by analyzing the product
NiWI  NPWI

k—1t
NEE () (g €A

(iv) Theorem 3.23 shows that W-N* = (! N‘W + (1—¢*)N*"! and hence

Niwi . Niyitl o N
) =< 1v(isd) +(1=¢)- 2v(isd)

Y

where both summands are elements of A. Then we consider the second summand
and are done with the even well known arguments as above and since (1—(?) is
totally ramified over 7 of degree p"~1. O

Theorem 6.10. (i) The R-order I' has the R-basis {b;;} for 0 < 4,5 < p
and

N'Wi . i-p"! ifi <j,
b = G with v(i,j) = {
T i-pvt—1

ifi>7.
(ii) The index of the R-order A in the hereditary R-order I' is given by
T/A] = p*" 0.

Proof. (i) First we show that b, ; € I':
The elements N* and W7 are lying on the p—i-th and on the j-th diagonal with
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entries
(N = 4 A7€O0C ¢, it <p =,
14+l =
0 else,
. 1 ifl<p—yj,
(W)t =

m ifl>p—j.

Now we define 0;;, :=1if I <p—jand 0;;, := 7 if | > p— j. Then N'W7 lies on

the 7 — i-th diagonal where the non zero entries are given, if [ < p — 1, by
(*)  (NW)pag s = (1=¢H(A—=¢HH--(1=¢*" gy,

Since for 0 < k < p the element 1 — (* is totally ramified over the prime 7 :=
1 — G € R of degree p"~! we get

7PN € (R)pyp -
Obviously we have 7—@P" "~D.NiWJ € I". Now we prove
TP NI €T =i < j

Now we have to verify that the entries beyond the diagonal of the matrix 77"~ - N1}/
are divisible by 7 if and only if ¢« < 5. By the discussion above we just have to
consider [ € {1,....,p — i} :

For i < j we conclude from [I4i] > [I+]] that [+j > p, which shows that 0,; = T,

and we are done by formula (x).

Since [ € {1, ...,p— i} we conclude for ¢ > j that p — [ > i > j, which shows that

0;; =1, and we are done with formula (x).

Hence b;; € I'. It remains to show that

B := {00,k 01,415 s Op—k—1,p—15 Op—k,05 s Dp—1,k—1}

is an R- basis of the k-th diagonal.
For 0 < 4,7 < p we define the pxp-matrices
~ 7r'5i,k'5j,l if 4 > j,

(bi)kt1,im1 == _
0051 otherwise ,

and get obviously an R-basis for the k-th diagonal of I' by

%k = {bo’k, bl,k—|—1,---a bpfkfl,pfla bpfk,Oa---a bpfl,kfl} .
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Now let Ji be the matrix, which (/41)-th column coincides with k-th diagonal of
bii+x and J,. the matrix, which (I4+1)-th column coincides with k-th diagonal of
e

We get Jp=Dj, see Definition 3.26, and that Jj is a lower triangular pxp-matrix

with the following entries on the diagonal:

(1) (1-¢)  ifl<p—k,

(k)11 = e
a—(p 1—1).(1_<)...(1_Cl) otherwise .

Since

(1=0)-(=¢"

lpn 1

we conclude that

Ji - Dt € GL(R)
describes the basis transformation from %k to By.
(il) With the formula of (i ) there are

1—

=

) + Zw =D+ -0t =" - 1)

Il
)

J
circles in the line of to N'. We are done since Y *—)i = (%) and R/m ~F,. O

Corollary 6.11. (i) There is the following identity of R-orders: I' = A[%}
(ii) There is an R-basis of ' given by {( ) Wil0<i,j< p}

Proof. (i) We have that (1 — ¢)* is totally ramified over 7 of degree ip"~'. Then
Theorem 6.10 (i) and Lemma 6.9 (i), (ii) show that

N2w?2 NP—lyp-1
I'= A[l —¢7 (1= (1-¢)p ! ]

Now we show inductively that

%
= E Ti,jN]WJ
=1

with r;; € R, explicitely r;; = ¢-¢%--¢* 1,
This is trivially true for 7 = 1. Now let the statement hold for 7. Then

(NW)H = (NW).NW = Zr”NJWJ NW ,

Jj=1
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with r;; = (¢*-¢*"'. Now Theorem 3.23 shows that
W.N = ¢NW + (1 - YWt
and hence ;41441 = 154 - ¢ = (-
(ii) Theorem 6.10 (i) shows that an R-basis of I" is given by the elements

NW? g7 it0<i<j <p,

g’_VCV)Z SWPHTE 0 <j<i<p.
Then the proof of part (i) shows that it does not matter, whether one considers
elements N*W* or (NW)'. O

6.3. Ideals in hereditary orders.

For the rest of this section we will construct a generic chain of over-orders from
A to I'. For this we will need a chain of two-sided I'-ideals.

So first we will study those I'-ideals which we can describe by the same diagrams
as before, explicitely let J an two-sided I'-ideal which has an R-basis of the form

Since J C I' we conclude from Theorem 6.10 (i) that u(i,j) > —v(i, 7).
Proposition 6.12. Let £ be an R-sub-lattice of I' with R-basis
{INWI 0 <, j < p, pli, ) > —v(i, 5)} -
Then £ is an two-sided ['-ideal if and only if the following conditions are satisfied
(i) w(7,0) > p(i,1) > ... > p(i,p—1) > p(i,0) —1.
(ii) For ¢ > 0 we have pu(i,7) +p** > u(i—1,7).
(iii) For 4,5 < p—1 we have pu(i,7) > p(i+1,j+1) + p™~! and also
Proof. Let £ be an two-sided I'-ideal. Then we get:
(i) The equation
ah@D) NI W = il —e@i+l) | pe(ii+l) Nyt ¢ o
shows that pu(i,j) > u(i,j+ 1) for j < p—1and p(i,p — 1) > u(4,0) — 1 since
WP =r1.
(ii) Theorem 3.23 shows for ¢ > 0 that
W - wh(6d) NI

— CZ . ﬂ-li(iaj)Nin'i‘l + IP_T_CIZ . Wu(i,j)+p"—1Ni—1Wj .
T
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Since an R-basis of £ can be taken as above we conclude that especially the
L-¢" € R* shows that u(i,j)+p" ! >

second summand is an element of £. Now

(iii) Theorem 3.23 shows that
N NW
u(d) Neyyd .
T ¢

i; j)— Z"’17 +1 — .
_ qh(d)—u(it1,5+1) ¢ bl L) N L=60 ) iy
1-¢ 1-¢

With the same argument as above we have that the first summand is an element

of £ Since 1 — ( is totally ramified over 7 of degree p"! we get, using the
notation of Definition 3.15:
- R — et if j <p-1
p(i, §) —p(E+1,5+1) > T
p"l—1 ifj=p-1
So one direction of the proof is done.

By using Corollary 6.11 (ii) we show that a given R-basis, which satisfies the
NW.
1
(Therefore we use the same equations as in the first part of the proof.)

We get from (i) for j < p — 1 that

conditions (i),(ii) and (iii), is closed under multiplying by W and

aHED) NOWT W = phed)—pi+1) | ppi+l) Nipitt ¢ g,
since u(t,7) > p(i, j+1). Let j = p — 1. Then we get
ah(Gp=1) NP1 7 = e(ep—1)+1-u(i0) | pu(i0) Nipy0 ¢ £,

since p(i,p—1) +1 > p(i,0).
The left-multiplication by W is handled as in Lemma 6.9 (iv):
Theorem 3.23 shows that

W . k6d) NI
zg.ﬂmmNWW+y+1;£ﬁﬁmmnw*quV¢
T

The first summand is element of £, because £ is closed under right multiplication

by W and the second summand because Wlp;i € Rand p(i,7)+p" 1 > u(i—1,7)
by (ii).
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For the right-multiplication with JIVTVZ we get from Theorem 3.23 that

.. NW
u(i3) NI .
T 1—¢
2,5 )—u(e+1,7+1 — j
_ mmui D ¢I . L) N i+ L= ) Ny
1-¢ 1-¢
The second summand is element of £ since ¢ € R. Also the first summand is

=
element of £ since by (iii) u(7, j) — p(i+1, j4+1) > p™ ! and since 1—( is totally
ramified over 7 of degree p"~!. The case j = p — 1 follows with W? = 7.

The left-multiplication by JIVTWC/ is handled similar. a

Now we give an equivalent criterium, to decide whether R-lattices are even
['-ideals. We can use this new criterium to identify some R-lattices as I'-ideals

and use them to construct a chain of intermediate orders of maximal length from
Atol.

Proposition 6.13. Let £ be an R-sub-lattice of I' with R-basis
{mSDNWI |0 < i j <p, uli, ) > —v(i,f)}-
Then £ is an two-sided ['-ideal if and only if the following conditions are satisfied:
(i’) £1is free as R[W|-right-module of rank p with basis
{mrEIO) NI IE) | 0 < i < p}.

Hereby 0 < j(i) < p is defined as follows:
If (i, 0) = p(i,1) = ... = p(i,p—1) then j(i) := 0,
else let j(7) be determined by (i, j(i)—1) — (4, j(i)) = 1.
(i") Let ¢ > 0. Then j(i) = j(i—1) or
G-y w1 -1 <p—1
i) = L
0 if ji—-1)=p—1

(iii’) Let ¢ > 0. Then we have that

p(i—1,5(i-1)) = u(@, j(@) +p" ", ()
except in the case j(i) = 0 and j(i—1) = p—1, where we get
p(i—1,j(i—1)) = p(i, j (@) +p" " - 1. (8)

Proof. With Proposition 6.12 we have to show that the conditions (i),(ii) and

(iii), which are given there, are equivalent to (i’),(ii’) and (iii’).
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First let us assume that the conditions (i),(ii) and (iii) are satisfied.
(i’): From (i) follows that j(i) is well-defined. Then we get for 0 < k < p that

oilind (@) +k) N a(E)+k if j(3) + k <p,

aiBI@O+k=p) NIy i@ +k—p  elge,

ahi ) Nip7i6) Lk =

where we identify W? =7 € R.

(i"): Let j > 0. We conclude from (ii) and (iii) the following equation
p(i=1,j-1) > p(,5)+p"" > p(i-1,5),

and (i’) shows that these three terms are equal exactly if j # j(i—1), especially

we have
() 7 #76=1): p(i—1,5) — p(i, j) =p" .
Let j = j(i—1) > 0, hence
u(i—1,j-1) — p(i—1,5) = 1.
Then there are two cases.

Let case (I) be given by

p(i—1,5-1) > p(,5) +p"" = p(i-17) , (o)
we conclude that
Since (ii) implies that pu(i—1,j—1) — u(i,j—1) < p"~', we get
and hence j(i) = j(i—1).
Now we consider case (1) :

M(i_laj_l) = /1'(7”]) +p”_1 > :U'(Z_la]) :
Then p(i—1,j—1) = p(i—1,j) + 1 implies that
For j < p—1 we conclude from j + 1 # j := j(i—1) that p(i—1, j+1) = p(i—1,7)
and with statement (') that p(i—1,5+1) — (i, j+1) = p"~'. This shows us
(#x) = p(i=1,7) — p(i, j+1) =p" 7" (a2)

The difference of the last equations (xx) and (x) gives

(#%) — (%) p(i, 5) — p(i,j+1) =1,
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and hence we get j(i) = j(i—1) + 1.
If j = p—1 we have pu(i,p—1) > u(i,0) since

p(i,p=1) +p"' = p(i-1,p-2) (case (11))
1+ p(i—1,p-1) (j=p-1) ()
> pu(1,0) +pt (471) .

Then (i) shows u(i,p—1) = u(4,0) and j(i) = 0.
Hence we showed (ii’) for the case j(i—1) > 0.

Now we conclude from (ii) and (iii) the following equation
1+ p(i-1,p=1) > p(,0)+p* " > wu(i—1,0),
and (i’) shows that these three terms are equal exactly if j(i—1) # 0.
Now let j(i—1) = 0. As above there are two cases: The case (I)o is given by
1+ p(i-1,p—1) > pu@E,0)+p"" = p(i—1,0) . (as)
With (*') we have also for j > 0
p(i, g) +p" ' = p(i=1,7).
Then j(i—1) = 0 provides
w(i—=1,0) = p(i—-1,1) = ... = u(i—1,p-1),
hence also
pu(2,0) = p(i, 1) = ... = p(i,p-1),
which shows j(i) = 0.
The case (1), is given by
1+ pu(i—1,p—1) = pu(i,0)+p~t > pu(i—1,0)
which implies
(*)o : u(i—1,0) — u(i,0) = p"~" — 1.
Then (') shows, since j(i—1) = 0, that
(ex)o : p(i—1,1) — p(i, 1) = p" (cua)
Hence the difference between (xx)g and (x)g, by using u(i—1,0) = p(i—1, 1), gives
p(1,0) = p(i, 1) = 1,

so we get j(i) = 1. Hence (ii’) is proved.
(iii’) There are four cases, proved in (ii’), which together give equation («).
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Hereby we set again j := j(i—1).
(1): In case (I) we have for j := j(i—1) > 0 that

n—1 __

with j(i) = j(i—1).
(2): In case (/1) we have for 0 < j < p—1 that
/L(Z—l,]) - lu’(7’7.7+1) = pn_la (a2)

with j (i) = j(i—1) + L.
Hence it remains to prove («) for j(i—1) = 0.

(3): In case (Ip) we get j(7) = 0 and the equation

(3, 0) +p" = = p(i—1,0). (as)
(4): In case (I1p) we have j(i) = 1 and
.U'(i_l’ 1) - M(i’ 1) = pn_1 (a’4)

Then we are done, because for j(i—1) = 0 holds u(i—1,0) = p(i—1,1).
(B): In case (II) we get for j := j(i—1) = p — 1 that

:U'(iap_l) _+_pn—1 =1+ ,U,(i—l,p—l) (ﬂ)
and j(7) = 0, which shows that p(i,0) = p(i,p—1) and we conclude
M(’l:—l,p—l) = IU'(Z: 0) +pn71 -1.

Hence we proved (iii’).

Now we assume the conditions (i’),(ii’) and (iii’).
(i): Since {W* | 0 < k < p} is a R-basis of R[W] we get with (i’) the following
R-basis of £
{Wu(i,j(i))Nin(in 10<i,k<p}.
By assumption there is an R-basis of £ given by
{rrEINWI | 0< i, < p}.

Hence we get

p(s, 5 (1)) if j(1) <k <p

* % % i, k)=
(k) (i, k) (i, j(@)+1 if 0 <k <j(i)
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which shows that
w(i,0) > p(i, 1) > ... > p(i,p—1) > p(i,0) — 1.
(ii): We assume ¢ > 0. Then by (ii’) there are three cases.
For j := j(i) = j(i—1) we get with (iii’) that
u(i=1,5) = u(i,j) + 0"
Now (k%) implies
pu(i—1,k) = p(i, k) +p"tfor 0 <k <p,
and we have verified (ii) in the first case.
For j(i) = j(i—1) + 1 we show the equation of (i), u(i—1,k) < u(i, k) +p" 1, by
considering the cases k = j(i—1), k > j(i) and k < j(—1).
Now we recall equation (), given in (iii’):
p(i—1,5(-1)) = p(i, (i) +p"". (@)
By definition we get
and hence we get, after summing p"~' to the last and 1 to equation («):
u(i=1,5(i-1)) < p(i=1,5(i-1)) + 1 = (i, j(i-1)) + p" .
Now (x*x%) shows for k, with j(i) < k < p, that u(i—1,k) = pu(i—1,5(i—1)) and
w(i—1,k) = u(i,j(7)), hence (a) shows
u(i=1,k) = i, k) + " for §(5) <k <p.
Similar (**x) shows for 0 < k < j(i—1) that u(i—1,k) = p(i—1,7(i—1)) + 1 and
p(i, k) = p(i,5(4)) + 1, hence («) shows
p(i=1,k) = p(i, k) +p"~ ' for 0 < k < j(i—1).
For j(i) = 0 and j(i—1) = p—1 we consider equation (8) of (iii’):
p(i—=1,p=1) = p(3,0) +p"~ = 1.
Then j(i) = 0 implies that p(7,0) = (i, 1) = ... = p(i, p—1), hence
and j(i—1) = p—1 shows that p(i—1,k) = p(i—1,p—1) +1 for 0 < k < p—1,
hence
p(i=1,k) = p(i, k) +p"*.
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So in all cases we have for 7 > 0 that
p(i,j) +p" ' > p(i—1,75).

(iii) The proof of this part is done by similar arguments as in part(ii).

Again we use the equation («) of (iii’), which is equivalent to

pli 3(1) = pi+1,5(i+1)) +p" " (o)
With (ii’) we have to consider some different cases.
First let j := j(i) = j(i+1).
For j < k < p—1 we have u(i, k) = p(4,7) and p(i+1,k+1) = p(i+1,5) hence
(/) implies that
p(i, k) = p(i+1, k+1) +p"t.
For 7 > 0 we need to consider additional cases: With the equation
and (') we conclude that
p(i, j=1) > p(i, j=1) =1 = p(i+1,7) +p" ",
For k < j — 1 we get that pu(i, k) = u(i,7) + 1 and p(i+1, k+1) = p(i+1,7) + 1.
Hence again (') implies
pli k) = p(i+L, k+1) +p"7
which provides the first equation of (iii) in the case j := j(i) = j(i+1).
Now we consider the second equation of (iii) in this case:
We have pu(i,p—1) = p(i,7) and p(i+1,0) = p(i+1,5) + 1 for j > 0. Hence ()
implies for j > 0 that
plis p=1) + 1= p(i+1,0) +p" 7,
and for j = 0 we get
,U‘(va_l) +1> M(Zap_l) = /,L(l-i—l, 0) +pn—1 .

With (ii’) we consider the case j(i+1) = j(i) + 1 < p— 1.
For j(i) < k <p—1we get u(i, k) = p(s,7(2)) and p(i+1, k+1) = p(i+1, j(i+1)),
and hence with (o) that

w(i, k) = p(i+1, k+1) +p" .
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For 0 < k < j(i) we get u(i, k) = u(i, j(2))+1 and p(i+1, k+1) = p(i+1, j(i+1))+
1, hence again with (o) that

p(i, k) = p(i+1, k+1) +p" .

Now we prove the second equation of (iii) in the case j(i+1) = j(i) + 1 < p—1:
Again we have u(i,p—1) = p(i, j) and p(i+1,0) = p(i+1,5)+1 since j(i+1) > 0.
So we get with equation (o) that

(i, p=1) +1 = p(i+1,0) +p" .
In the case j(i+1) = 0 and j(7) = p—1, we get by the equation (3) of (iii’) that

p(i,p=1) + 1= p(i+1,0) +p" 7,
the second equation of (iii), and for 0 < k < p—1 that u(i, k) = p(i,p—1)+1 and
wu(i+1, k) = p(i+1,0). This shows

plis k) = pi+1,k) +p" .
|

With help of the last proposition we graphically describe the I'-ideals, which
have an R-basis

{mCONWI [ 0<i, j<p, u(i,j) > —v(i, )},
by drawing a thick line through the points (7, j(¢)).

Example 6.14. The following diagram describes such an typical I'-ideal, es-
pecially it satisfies condition (ii) of Proposition 6.13. Here we are in the case
p =7 (and n > 1). Proposition 6.13 (iii) shows that w(ig, jo) for some fixed
0 < ig,jo < p determines (i, ) for arbitrary 0 < 4,7 < p hence the following

diagram describes the I'-ideal up to an constant factor 7*.
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Definition 6.15. Let 0 < 4,7 < p and

. —pnLi if i < j

-l ifi> .
Then let J; ;  be the following two-sided I-principal-ideal J; ; , := (7*-N'W7).

The ideals J; ;  are well defined, because Theorem 6.10 (i) shows that J; ; , C T
Now we use the notation of Proposition 6.13 and Definition 3.15 and get:

Proposition 6.16. The I'-ideal J;, j, x is uniquely described by

gy =9
Jo+1i—19 if7 >4,
and
p(i, j(4)) = L N o
k—p"t(i—ip)+1 ifi>p+ig—Jo-

Proof. The I'-ideal J; j, » has an R-basis
{W”(i’j)Nin 10<i,j < p} ,

with (i, ) > (i, ).

With Corollary we have 6.11 ' = A [I/V, %] and in the proof of Proposition 6.12
we determined the products 7#(®3) N*W3. W, W .3 N*W I w“(i’j)Nin-% and
%-W“(i’j)N ‘W7 as R-linear combination of the given R-basis.

By using Theorem 3.23 we see that multiplying 7*- N W/ from the left with "
for 0 < r < iy and (%)S for 0 < s < p — g describes J;, j, x as R[W]-right
module as in Proposition 6.13 (i).

Since Jjy jo,x is minimal with 7%-N©WJ € 3, . . we get with Proposition 6.13

(ii) and (iii) the description above. O
Proposition 6.16 shows that the graphical description of the principal-ideal

Jijk depends if 2 > j or if 7 < j. We illustrate this in the following example.

Example 6.17. Let p = 7. Then we describe the ideals J43; and Jo 5 by the

following diagrams.
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Jagp Josp -

N4
W5

By setting 7 := p — 1 we get the following chain of ['-principal ideals
Jp-1,00 C Ip-1p-1,-1 C Tp-1p-2-1C .. CTp1,01 C Tp-1p-1,-2 C ...
- jp—l,p—l,—p“‘l(p—l)ﬂ C...C jp—l,O,—p”‘l(p—l)H C jp—l,p—l,—p"‘l(p—l) cr,
which can also be written as

(NP7Y c (NP2 Y € (NPT 2) € ... € (NP7IWP) ¢ (NP =)y

C (NPT P-4y ¢ (NP P e D) (NPT Py T
This chain of ideals respects the R-basis
{m CINWT | 0<i, j<p},

which allows us to describe these ideals and later on some over orders graphically.
Proposition 6.16 shows that the quotient of any two successive ideals is isomorphic
as R-module to a direct sum of p copies of R/m ~ F,. (This result is illustrated
in example 6.18.)

We need a refinement of this chain to get a chain of I'-ideals of maximal length.
Then we get for 0 < j <p—1and 0 <7 < p"!(p—1) with Proposition 6.16 the

following chain of I'-ideals between the two successive ideal J := J,_1 ;11 _, and
JIp_1,,—r of the last chain:

() 2 3 C T+ 00 -rtp-1pm1 C I+ Tnjrip-2)pn-t C T+ Tojrip-s)pn-t C

e CI+Tp g rt2pnt CT+Tp g rapr—1 = Tp o rypn-1t C Tp_15—r,

where the quotient of any two successive ideals is isomorphic as R-module to
R/m ~TF,.

Example 6.18. Let p=5 and j = 3 and 3= J434. Then the chain of I'-ideals
3 C §+ 30,2,* C 3 + 31’2,* C §+ 32,2’* C §+ 33’2,* == 33,2,* C 34,2’*

corresponds to the diagrams
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PP PP@®

The refinement of maximal length between 3= Ip—1,0,—r+1 and Tp_1 p_1 _y IS
done analogously:

(1) TCT+T0p-1,rtp-1pn-1 €T+ Tip1,rip-2)pn-t C -

... C j + jpfz’pfl,,r_}_pn—l - jp*Q,pfl,fT-f—p"_l C jp—l,p—l,—r .

So altogether we have constructed a chain of I'-ideals of maximal length be-
tween Jp, 100 and Jp_y p_1,(p—1)pn-1, but we will need also a refinement between
Jp—1,p-1,(p—1)p»-1 and I'. Therefore we consider the chain

jp_l,p_l,(p_l)pnfl C jp_gjp_z,(p_g)pnfl C...C jg,gygpnfl C jlyl,pnfl crT.

which is even not of maximal length, but we are done by constructing a refinement
between J := T 111, (i41)pr—1 and Jy; _gpn-1 of maximal length analogously as
before:

/j C /j—{—jz',(),o C /j—i-ji’l,_pn—l C /j—i-ji’g,_gpn—l C...C §+ji,i_1’_(i_1)pn—l C ji,i’_ipn—l .

Example 6.19. Let p = 5. Then a chain of maximal length between 3=

33,3,_3.5n—1 and 32’27_2.5n—1 is given by
j C j + 30,2,0 - j + 31’2,_57»71 - 32,2’_2.57»71 ;

which corresponds to the diagrams

PGP

Hence we have proved

Theorem 6.20. There is a generic chain of I'-ideals of maximal length between

Jo,0 and I', where the quotient of any two successive ideals is isomorphic as
R-module to R/m ~ TF,.

Proposition 6.21. Let J be an I'-ideal.
(i) Then A[J] is an intermediate order between A and I
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(ii) Let {m*GINWI | 0 < 4,5 < p, u(i,j) > v(i,7)} be an R-basis of J. Then
A[J] has an R-basis

{r?CINWI | 0 <4, 5 < p, with p(i, ) := min(u(i, §),0)} .

Proof. (i) A[J] is multiplicatively closed since A C I'.
(ii) follows by comparing the R-basis of J with B, := {N‘W7 |0 <i,j < p}, an
R-basis of A, which is given in Theorem 3.22. |

Corollary 6.22. The generic chain of strictly increasing I'-ideals of maximal

length
jp—l,0,0 C jp—]_,0,0 + jo,p_l,(p_l)pn—l_l C..C 3171,_1771,—1 cr,

which is given in Theorem 6.20, provides by adjoining these I'-ideals to the R-
order A, a generic chain of increasing intermediate R-orders between A and I'.

Proof. This follows from Proposition 6.21 (i). O

Remark 6.23. Let J; C Jy are two successive ['-ideals in the generic chain of
I-ideals of Corollary 6.22 with the R-bases B, = {7MGINWI | 0 < i,5 < p}
and B, = {72@GINWI | 0 < i,j < p}. Then there is exactly one pair (ig, jo)
with 0 < 49, jo < p, such that

,Ufl(i07j0) -1 if (7’7]) = (i07j0) )

/1’2(717]) = . .
l’Ll(/LOa]O) elsea

and Proposition 6.21 (i) shows that A[J,] and A[J,] coincide if and only if
12 (%0, jo) > 0.
Now let A[J,] C A[J,]. Then this is a minimal extension of R-orders since J; has

index p in J,.

6.4. Graphical description of intermediate orders.

Now we describe a chain of intermediate orders between A and I' with maximal
length graphically. Thereby we use the graphical description of Lemma 6.9, that
means we use the diagram of the size p xp, whereby the position (4, j) corresponds
to N*WJ. To this positions we are adjoining circles, where one circle corresponds
to 'dividing by 7’.

Example 6.24. Let A ~ Z[(yn+1] x Cy. Then with Theorem 6.8 and by setting
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N° wo
: : N : : w
= I

the unique chain of intermediate orders (of length 27) is given by:

A:Q_Q_@ _@ T

To give an analog result for p > 2, we describe the chain of intermediate orders,
which is given in Corollary 6.22, graphically. Therefore we use the following
technics:

Definition 6.25. (i) Let 0 < k < p. Then by ’going up with width k’ one ad-
joins k-p circles to the p x p diagram, according to the following algorithm:

for j from p — 1 to 0 by step —1 do
for 7 from p — k to p— 1 do
print a circle at the position (3, j)
next ¢

next j.

p
2

Hereby one is ‘going up with wide p — 1°, but only adjoins circles at the

(ii) By ‘going up to the middle’ one adjoins ( ) circles to the p x p diagram.
position (i, 5), if i < j.

Example 6.26. (i) Let p = 3. Then going up with width 2 is given by:

RooRc R o R

(ii) Let p = 5. Then going up to the middle is given by:
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Theorem 6.27. Let A > Z[(yn+1] x C,. There is the following generic construc-
tion of over orders from A to I' with maximal length, by adjoining circles to the
p X p diagram corresponding to the R-basis *B:

e First: Going up with width 1 for p"~' times.

e Then: Going up with width 2 for p" ! times.

o ...

e Then: Going up with width p — 2 for p” ! times.

e Then: Going up with width p — 1 for p®»~'—1 times.
e Finally: Going up to the middle.

Proof. We decompose the chain of strictly increasing I'-ideals of Corollary 6.22

into :
(to) Jp-100 C
(01) 5 Tp-100 +Top 1,p-1pn-1 1 C o C TJpro -
(w02) : Jp_r0,-pn-t + Jop-1,p-2ppn 11 C C Tp1,0,-2pn-t -
(mp—2) 31771,0,*(1)73)10”*1 + Jop-12m 11 C - jpfl,ﬂr(pﬂ)p"*l -
(mpfl) : jp—l,O,—(p—Z)p"‘l + Jop-1pn-1-1 C C jp—LO,—(p—l)p“‘IH -
(Mp—1) © Tpr0,-p-1prt41 + Jop-10 C C Jprpr -t C
(Mp2) = Tprp-1,-p-1pnt + Jop-20 - C Tp2p-2-(p-2pnt C
(my) : Jo9,—9pn—1 + Jo,1,0 C Jip,—pnt C

(mo) : F,
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and adjoin this chain of ideals to the R-order A and get therefore the increasing
chain of intermediate orders of Corollary 6.22.

With Proposition 6.21 (ii) we get in line (tvg) that A[J,_100] = A.

Now we prove that for 1 < k < p—1 the line (tv;) corresponds to ’going up with
width &’ for p"~! times, (w, 1) corresponds to ’going up with width p — 1’ for
p"~! —1 times and that the lines from (m,_;) to (my) correspond to ’going up to
the middle’:

Line (1y) is given by

(mk): jp_]_’o,_(k_]_)pn—l+j()’p_]_’(p_k)pn—l_1 C .. C jp_]_,o,_kpn—l ,

and decomposes for k£ < p — 1 into p™ ! lines

(B1) 2 Tp10,—k-1ppm1 + Jop-1,0-kpr-1-1 C o C Tporo—(k-—1pr-t-1 C
(&) Tp1o,k-1pr i1+ Jop1pkprt2 C o C Tpao hoapri2C
(Epn—l) : jp—l,O,—(k:—l)pn—l—pn—l—f—l + jO,p—l,(p—k)pn—l—p"—l Cc ... C jp—l,O,—k:pn—l y

and for k = p — 1 into p"~! — 1 lines, where we submit the last line (,n-1).
Now we prove for 1 < [ < p"~! that the line ( in the case k = p — 1 we have
1<l<pr)

(El) : jp_l,():_(k_l)pn_l_(l_l) + j()m_l’(p_k)pn—l_l C i C jp_lj()’_(k_l)pn—l_l

corresponds to ’going up with width &’.
Therefore we set 7 := (k — 1)p"~! + [ and decompose the p? ideals of (§) into

([P—l) : jp—l,O,—r—i—l + joyp_l,—'f—f-(P—l)Pn_l C tee C jp_]-;p_ly_"' C
(IP—Q) : jp—l,p—l,—’l‘ + jO:P*Q,*T-F(p*l)p"*l C b C jp_lap_27_r C
([O) : jp_]wla_"' + 3070777"}'(1)71)17"71 C i C jp_laoy_"' )

where the lines (I;) correspond to the outer 'for next’-loop of Definition 6.25 (i)
and hence to the line in the diagram, which corresponds to W7.

We even have given the lines (I;) in the proof of Theorem 6.20, explicitely for
j =p—1with 3= JIp-1,0,—r+1 between Example 6.18 and Example 6.19

~

([pfl ) JCTI+ jO,p—l,—TJr(p—l)-p”‘l CI+ jl,p—l,—r+(p—2)-p”‘1 C .

- CT+ jp—2,p—1,—r+p“*1 = jp—2,p—1,—r+p"*1 C jpfl,pfl,fr
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and for j < p—1 with 3= Jp—1,j+1,—r between Example 6.17 and Example 6.18:

~

([]) : /j - j + jO,j,fr—k(pfl)-pn*l C /j + jl,j,fr—k(pf?)-p”*l C j + jg,j,,r_k(p,g).pnfl C

e CO+ Dy ot C I+ Dpn it = Tpajrignt C iy
Now for 0 < j < p and 3(1) =7+ Jij—r+(p—1—i)pn—1 We get the chain
() J(=1):=3c30)cI1)c..cIp-1).

We denote B; the R-basis of J(i) of the form {m* @) N'W3' |0 < i’ j'}. Then

for two successive ideals 3(7, —1) and 3(2) we have

g2 [ -1 e =),
pi—1(i'y 7" else.

Hence in the diagrams, which we used to describe I'-ideals we have to consider
the position (7, 7). Since (I;) is ordered by inclusion we consider first (0, ) and
then (1, 7) and so on up to (p—1, 7). This correspond to the inner 'for next’-loop
of Definition 6.25.

In the diagram which we use to describe intermediate-orders we have to print
a circle at the position (4, ) if the R-order A[J(i)] is bigger then A[J(i — 1)].
Remark 6.23 shows that this is the cases if and only if u(7, j) < 0, where (i, j)
is given in the line (I;) as p(i,j) = —r+ (p—1—14) -p" ..
With 7 = (k—1)p" '+l and 1 <1 <p" ! we first get

—(k=1Dp" > —r>—kp"':

n—1

Then, after adding (p — 1 — ¢)p™~! we conclude that

(p—i—k)yp" " > p(i,5) > (p—1—i—k)p" .

Hence p(i,j) < 0 if and only if i + k& > p or equivalently if

ie{p—k,...,p—1}.

So just in this case we have to print a circle at the position (4, j), which verifies
our construction ’going up with width &’.

It remains to prove, that the lines (m,_;) to (my) corresponds to ‘going up to the
middle’:

Now we will show that (my) for p — 1 > k£ > 1 corresponds to the inner ‘for
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next’-loop of ‘going up to the middle’, which is induced by the line of N*W* in

the diagram. Therefore we set
5 Jp-10—@-1)pr-141 fork=p—1,
Jkt1,b+1,—(k+1)pn-1 else,
and /j(z) =7+ Jik,—ipn—1 for 0 < i < k. Then the line (m;), which corresponds
to the points from (0, k) to (k, k) in the diagram provides the chain (as above in
the chase of (1))
(mp): 3(=1):=3cC30)cI1)C..cIk).

Then two successive ideals 3(2 -1)) C 3(2) are just differing at the position (i, k).
Since (i, k) = —i-p"~' < 0 if and only if i > 0 we have, by the same arguments
as in the discussion above, to print circles for all 7 with 0 < ¢ < k. This verifies

our construction ’going up to the middle’. 0

Remark 6.28. For intermediate orders A (A C A C I'), which can be described
by adjoint circles to a diagram, that means these orders have an R-bases
{mCONWI 0 <05 <p, 02 puli,j) 2 —v(i,5)},

with v(7, j) defined in Theorem 6.10 as

- prti if i <7,

v(i,j) = . e
ptlei—1 ifi>j,

we get

(i) an unique intermediate order A which is minimal over A, and

min>
(ii) an unique intermediate order Amax, which is maximal under T.
(i): This follows directly from Lemma 6.9 with A5, == A [%]
(i1): We get Amax by submitting the last circle in the construction algorithm of
Theorem 6.27. Hence Amax has the following basis as R[W|-right module
{ NW? N2W? Np_le_l}
L,

Pl 2=l o (p—1)pn=t

The uniqueness follows from I' = A[{2%], which was shown in Corollary 6.11 (i).

Now we are interested whether the intermediate orders A and Amax remain

min ¢
unique by comparing them with arbitrary intermediate orders A. Hence we give

up the assumption that the intermediate orders A have R-bases
{mHCDNWI | 0<i, j<p, 0 > p(i, ) > —v(i,4)}.
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Lemma 6.29. The R-order A,,;, is the uniquely minimal over-order over A of

all intermediate orders between A and T'.

Proof. Let A’ be another minimal over-order of A. Then A has the index p in A’
as R-module. Then there exist a

1 2
)\’ = ; . Z Ti,szwj,
4,720
with (7,7;;) = 1, such that A’ is generated as R-lattice by

{N'W7 | 0<i,j<p} U{X}.

Now we choose the index 7y minimal under the indices of the non zero coefficients
ri; and the index jo minimal under the indices of the non zero coefficients r;, ;
and get

—1yp—1
Tio,joNp we

™

Np—l—io . )\/ . Wp—l—'io — + )\’

with A € A. Then we set

. Np-lypp-1
_ TiggoNPT'W
T

A
an get the inclusions
ACA[N] CA.

Then (7, 74,,,) = 1 implies that A [5\} C Aypip and the minimality of A" and A5,

shows that these orders coincide. O

Remark 6.30. Now we want to point out that there some differences depending
if the prime p is odd or even. Therefore we compare the results of Theorem 6.8

and Example 6.24 with the following results.

(i) There is no unique maximal suborder of T" for odd p.
We will prove this in the case p = 3. The arbitrary case is handled
analogously.
The radical of I' is well known and given by

™ R R
radl)=( 77 R |,
TTw
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and we get

Amax

0 rad(I) - T ¢ - T -0,

where an F3-basis of the image Im(t¢) is given by the elements

() (o)

Conjugation with W provides an automorphism of I', which does not fix
the maximal suborder Amax, since one easily calculates that the image
Im(t¢) of the conjugate suborder A}j,x has an Fj-basis given by the

() )

For A ~ Z[(o] x C5 we get with 7 =1 — (3 € R = Z|[(3], and by setting

elements

N° wo
N w

&=

the following chain of all intermediate orders, which can be described by

P
@@@@@@@@

3,8

adjoint circles to a diagram:

Since
NW? NW? N2W

™ ™

= +(1+0-N
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we are allowed to adjoin a circle at the position (1, 2) if there is just a cir-
cle at the position (2,1). The other steps are easily verified with Lemma
6.9.
One easily calculates the intermediate orders given by the radical ideal-
isator process:

A=A =N — Ay T,
especially we do not get a chain of maximal length.

Theorem 6.27 provides the following chain of intermediate orders:

A=Ay —Ay —Agp — Ay —As — T,
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7. COHOMOLOGY OF TWISTED GROUP RINGS

In this section we consider left modules. There are analogous results for right
modules by replacing column vectors through row vectors. As general reference
we use Carlsons ’Modules and Group Algebras’ [Cal.

7.1. Projective and injective resolutions, Ext-groups.

Trivially A is projective as A-module. We will use this to construct projective
resolutions for some modules we are interested in. To construct analogous injec-
tive resolutions we will need that A is injective as A-module. With Remark 5.2
we restrict ourselves to the category of A-lattices.

We are interested in modules of the form Ae, where e runs through a chosen
set of rational primitive idempotents. These can be interpreted as the columns
of A, equipped with the natural A-operation. They are natural objects in the
following sense:

For 0 < i < p we denote by e; := (J,—;;); the column vectors:

1 0 0
0 1 :
€p—1 = y Ep—2 = 0 , €0 = 0
0 : 1

By multiplying A with the vector e; we get the projection on the p—i-th column

R R R
m : R
Aep g~ : ey N eq =~ R , AN eg > :
7r s R

and hence an isomorphism of left A-lattices

p—1
1=0

Remark 7.1. (i) The automorphism of Theorem 4.5, which is given by the
conjugation with W on A, and the equation e; = W' - ¢y provide an

isomorphism of A-modules

A=A -Wiege WA ¢
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(ii) Then conjugation with W7 from the left leads to N; :== W'N, explicitly to

0 1-¢/m
1-¢ ) 1—¢2
Ny = 1-¢ N, = ,
. e
1—¢Pt 0
1-¢P~ Y7
0
1
. Np—l = 1_C
. —cp
Hence N; lies on the p — 1-th diagonal. More precisely, we obtain

1

(Ni)1p = and (N;)yp1, =1—=C* for0 <r <p,

or equivalently written in a compact form, where we use the notation,

which we will introduce just before Lemma 7.4

1— Ci-{—r

Ni)irg1yr = ———.

(Ve 411, P—

(iii) NP~ lies on the first diagonal, exactly one calculates for 1 <4 < p:
(NP7 = i Op1oig - P/

(iv) Soon we will see that for p odd the projective resolution for the A-lattice
A -e; are cyclic of degree 2, while it is constant for p = 2. In this case the
following calculations to determine Ext-groups and cohomology rings are
getting more simple.

Suppose that p > 3. (The case p = 2 will be treated at the end of the
section.)
Therefore one has the projective and injective resolutions (with e! the transpose
vector to e;).

Proposition 7.2. (i) The A-lattice A-e; with 0 < ¢ < p has a projective
resolution of the form

-N; NP1 -N;
- A ¢ - A

A CA G A - 0.

(ii) The A-lattice A-ey has an injective resolution of the form

prey_ N NP1 N

0 - Aveg - A - A - A c A
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(iii) The A-lattice A-e; with 0 < i < p has an injective resolution of the form

'2'63—'71 .NZ. .N.pil N’L
0 - Aej —T A Y —" A - A

Proof. (i) With the isomorphism A-e; >~ V" 'A-ey of Remark 7.1,we just have to
consider the case 7 = (.

We have a complex because of N? = 0.

The exactness follows since {W*N7|0 <i, j<p—1} is an R-basis of A (Theorem
3.22 (ii) ). Precisely

p—1 p—1
A= Z’f'i,jWiNj Eker(N)ﬂO:/\N: ZTi,jWiNj+l
i,j=0 1,j=0

and hence r; ; =0 forall j <p—1.

From NP~' = (pd(y.1),ijk))jk: 1-€- just p in the lower left corner, it follows that
ker (-eg) = ker (-N?71) and hence the exactness at the rightmost copy of A.

(ii) follows with the same arguments as in part (i) and since N?~! factors through
A-eq:

N NP1 N
A - A - A C A -
N\
S ]
A'€0
Assertion (iii) follows analogous to (ii). O

Remark 7.3. Hence by splicing together the projective and injective resolution

of A-e; one gets the following exact sequence, cyclic of degree 2

.N: NP1 .N: NPL
- A LA K - A L A k - A -

which we will use to calculate the Tate cohomology.

We describe the elements of the cohomology ring as to p-dimensional vectors,
where we use the notation:

e Let z € Z. Then Z, [z] are introduced in Definition 3.15 (i) as

Z=[2=2 modp with0<Z<pand0<|[z]<p.
o 7;;:=1for j <iand ;= for j>i.

Lemma 7.4. Let pbe odd n € Z and 0 < ,75,k < p. Then
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(i) Via the isomorphism Homy (A, A - e;) >~ A - e, we get an R-basis of
Homy(A,A-e;) by {7, -e; | 0 <i < p}.
(ii) Ex\tin(A-ei, A-e;) is generated by {7;;e;}, which is an R-basis for the co-
cycles, and we get
—9n R ifi=j,
Exti (A-e;, Avej) /@) 7
R/(p-7') else.
(i) Exty o (
R-basis for the cocycles and is isomorphic to a direct sum of the quotients
¢ - ex, with £ #1¢ — 1 and
RII-¢) kAT,
R/(1—-¢Or ) ifk=j—-1.

A-e;, A-e;) is generated by {7, ce, | K #Zi—1 mod p}, which is an

Proof. (i) Follows easily by the isomorphisms between A -e; with vectors, we have
given at the begin of this chapter.

(i) We use the identification of (i) and get the cocycles by v € A-e; with N;-v = 0,
so the cocycles are generated as R-module by 7;e;.

Now we consider the diagram

and get the non zero coboundaries generated by the vector N? 1 CTiim16i=T We

determine the Ext-group by verifying

1/p-e; ifi=j
_1 i )
Tia- €T N e =

w/p-e; else.

In the case i = 0 we get NP~'.¢e,_; = p- ey and are done since 7;,_1 = 1 and
P 0 Jp

1 ifj=0,
Tio =
m  else.
If i > 0 we get with Remark 7.1 (iii) that N* " - e;,_; = p/m - e;, which gives the

result, because we have for ¢ # j, that 7;;, = 7;, 1 and for s = j that 7;; =1 and
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Tji—1 = T.
(iii) As above we get the cocycles by v € Ae; with N*~" .4 = 0. Remark 7.1 (iii)
provides an R-basis for the cocycles by {7;xex | K #Zi¢—1 mod p} and hence we

consider for £k Z i — 1 mod p the diagram

Hence the coboundaries have an R-basis {N; - 7;zr7e577 | k Zi—1 mod p}. We
recall that the non zero entries of V; generate the ideal (1 — (), except if there is
an entry in the last column, which provides ((1 — ¢)7~'). Now we determine the
Ext-group as above:

First let 2 = 0 and hence k£ < p — 1, which shows that

Tj,kZijk—_H<:>j7ék+1

and this yields the quotient R/(1 — ().
For j = k+1 we have 74414 = 7 and 741,41 = 1. This yields to the quotient
R/((1—¢)m™h).
The case ¢ > 0 and k # p — 1 is done by the same arguments as the case 7 = 0.
Now let 2 > 0 and & = p — 1. For the cocycles we get 7,1 = 1 for all j. The
coboundaries are determined as before by N* - 7;0eq = 70(1 — (*)/7 - €,1 and
our result follows from

1 ifj=0,

Ti0 =
7 else.

7.2. Products in Cohomology.

We will describe products in cohomology by using the composition of chain maps,
whereby we first consider the more difficult case p odd.

Since the resolution belonging to A-e; is cyclic of degree 2, one just has to consider
the cases Ext’ (A-e;, A-¢;) and Ext} (A-e;, A-e;).

Proposition 7.5. Let p be odd.
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. . . 0 . .
e;, Ae;) w = T,
(i) The chain map corresponding to v € Exty (A-e;, A-ej) with v = 7;;-¢; is

given by
Nz 'Np_l Nz Gy
A A A CA— s ey - 0
Wi TJWid Wi
N, NPT N .
A A " R A9 N )

(ii) The chain map corresponding to vx € Exty(A-e;, A-ej) with k # i — 1

mod p and v, = 7€ is given by

N NPT N; e
A DA A A Ay - 0
k=i Xk Wk
NP N e
CA—T A Y G Ry W )

where X ; € A lies on the p-th diagonal with p := 2+k—j, and is always
zero except at the two different positions
Vp—i,[p,—i] ) p
(Xiik)p-stn—i) = T s
and

Vi_1—k|,[1—4] " P
(Xiﬂjak)[_l—kL[l_j] = w’

1— 1kt
with
iftk—j>1,

1
1 if —p+l1<k—j<I1,

Vijk =
m ifk—j=-p+1.

Remark 7.6. The coefficients v;; correspond to the matrix

1 1

11 L2

(vig) = 1
. ™

1 1

1 ... ... 1

They can also given by
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The matrix X ; is determined by two non zero entries and the coefficient

p
1—¢a
Vjk, which we get most easily from the matrix above.

Proof. (i) First one verifies that W7 - ¢; = 7, - e;:

Wi=i lies on the 7 — j-th diagonal with entries
(*1) (Wﬁ)r,[r—ki—j] = Tr[r4+i—j] for1<r< D,

and the vector e; has exactly one non zero entry (e;), = 0k p—;-
Hence we get a non zero entry in the product if and only if [r +i— j] = p—j or

equivalently if r = p — 1. Exactly we get
W7 ey =Tpipj €,

and are done, since Tp_;,—; = Tj;-

For ¢ > j and arbitrary « one gets
P B . y
NfW'™ = —W"N*WP = W' 7.N2 .
7

For 7 < j the commutativity of the diagram follows by multiplying this equation
with the central element W? = 7.
(ii) As above one gets Wij-ej = Tjk €k
We set
Ay := NPLwk=d

Remark 7.1 (iii) shows, that only the p—i-th row of A; has nonzero entries.
Then Nf’_l lies on the first, W*=7 on the k—j-th and hence A; on the 1+k—j-th
diagonal. Now we conclude, that A; has exactly one nonzero entry. Now we
show that this entry is given by
p
(*2) (AI)T,S = —'5T,p—i55,[1+k—j—i] :

8,7

We have that (N?7'),, = 2 Orp-i 051 ( see Remark 7.1 (iii)) and hence
equation (k1) of (i) shows that the unique nonzero entry of A, lies at the position
(p—1t,[1+k—1i—j]) and is given by

Tio T1—d,[1+k—i—j] -
For i = 0 we verify formula (*2) with 7,0 = 1, 71_j144—i—j) = 1, r =pand s <p

and hence 75, = 1.
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For i > 0 we have 7,0 = m and [1 —i] = [—i] + 1 > [—i]. The position of the non

zero entry of A; is at the position r = [—i] and s = [1 +k — i — j|. Then we have
Mois =1 = [1 i <s<=r<s,

and the formula (x9) follows from

Now we consider the equation
(x3) XijuN; =41,

which implies that X ;, lies on the p-th diagonal and has an non zero entry in
the p—i-th row, so at the position (p—i,[u—i]). Remark 7.1 (ii) shows, that the
nonzero entry of the [ — i]-th row of N; is given by
1— <1+k—i
Tl lu—i]
and hence we conclude with [ — 1 —i] > [p —i] <= [p — 1 — i] = p that

p Tu—1-1,p—1
Xijk)p—iylu—i] = i
(X gk )p—i,u—i T 1 dp i 1—Clh=

Next we show, that
Tlu—1—i),p—1
Vp—ify—i] = ————— .
poeb Tlu—1~i],p—i
For this we use
) w1 if u>1,
(x4) [p—1]= o ,
p+u—i ifpu<i.
First let [u — 4] — (p —4) > 1, which is with (x4) equivalent to 1 < p < i. So we
conclude, that © # 7+ 1 mod p and get

p>p—i-1]=p+p—i-1>p—i,

which implies, that

l<=[p—1i—1<(p—1), that

[u—i]—1 ifpu#i+1 modp,
P ifu=i7+1 modp.
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So we get for p Z17+ 1 mod p that
Tl—1—4].p— 1
M: T = Vp—i,[u—i] forl—p< [IU‘_Z]_(p_Z) <TI.
Tu-1-ip—i 1 ’
For py =141+ 1 mod p we get for 7+ > 0, that
Thu—1—ilp—
M: E:Vp—i[u—i] for1—p< [,u—z]—(p—z) <1,
T[“_I_Z]J)_z m ,
and for ¢ = 0, that
Tp—1—i],p—1 m . .
S = S g for T p =[] = ().
Tu-1-ilp—i 1
Hence we determined the first non zero entry of X; ;.

Remark 7.1 (ii) shows that the [1—j]-th row is the only one of N, which is
identically zero, so we get by equation (*3) that all other non zero entries of X;; ;
have to lie on the [1—j]-th column. Since X;;; lies on the p-th diagonal, we
have to consider the position ([—1 — k], [1 — j]) and determine this entry by the
equation

Ni-Xijp = WHINIT =0 A,
By similar calculations as above one gets

p
(A2)r,s = '5r,p*k587[1—j] ;

8T

and Remark 7.1 (ii) shows that
1— Ciflfk
(Ni)p—k -1k = ———-
T[—l—k],p—k
So we have
p T[—l—k],p—k

T—jlp-k 1 — (170

(Xig)[—1-k],[1=5] =
Then we have to show with
m ifk=p-1

(*5)  Ti—1-klp-k =
1 ifk<p-1,

and
r ifk>j>1,
(*6) T—jlp—k =
1 else,
that
T[—].—]C],p—k

(*7) Vl1—k,1—5] =
[ 1,[1—4] T ilp—k
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For [1 —j] —[-1 — k] > 1 we get, that [1 — 5] > 1 and [—-1 — k] < p hence j > 1,
a condition of (%), and k¥ < p — 1, so we get with (5) that 7_1_4, = 1. Now
l—jl=p+1l—-jand[-1—-k]l=p—-1—k
imply that
N—jl—[-1-k]l>1l<=p+1—-j—(p—-1-k)>1<=k>j>0,
hence we get with (x¢), that 71_j;,_, = 7, which yields to the equation (*7) in
the first case.
Now let [1—j]—[—1—Fk] < 1. As above we get for k£ < p—1, that [-1—k] = p—1—k,
hence 71— p—r = 1 and
N—jl-[-1-%k<l<=[1-jl-p-1-k)<1l<=[1-j]<p—k,
which shows that 7j;_;;,_x = 1. So we verified equation (*7) in the case £ < p—1.
If k=p—1 we have 7_1_p—x = 7 and
m ifj>1,
Ti—jl,p—k —
e 1 ifj=0,

hence equation (x7) is verified.

The matrix X ;, has nonzero entries exactly at two different positions since
we assumed that £ Z i — 1 mod p, so the diagram in (ii) commutes. Now we
have to prove, that the multiplication with X; ;; provides a homomorphism of
A-modules, which is done by showing X ;, € A. For this we use the notation of
Definition 3.26 and Theorem 3.30.

Since X ; lies on the p-th diagonal we have to show that

Xi,j,k: € Au.
By Definition 3.26 (iii) we get
Xz',j,k € Au < 5;1 . Xi,j,k € /A\/u.

This is, by denoting )?i,j,k the nonzero column of 5;1X 7., with Theorem 3.30

Z,jik’
(ii), equivalent to show

(*) 5ND;*1Cﬁ . )?i,j,k € RP.
For any p X p-matrix Y lying on the [-th diagonal one easily computes

(Dfl'Y)r,[l+r] = (Y)r,[l+r]/7—r,pfl .
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We apply this to our matrix Xj;, and get the column vector )?i,j,k, which is

identically zero, except in the p — i-th and in the [—1 — k]-th row, with entries

PN === R (R
Za.77k p—1 - 1 P
%m else,
) ——1ti—k 1 /J/E {0, 1},
Kigwm = 9,
else.

e (174—1+i—k)

Since these entries are depending whether p€{0,1} or not, we just have to prove

equation (x) for the strongest congruences, hence we have to consider the cases

w € {0,2}.
In the case ;= 0 we have an equivalence between equation (x) and that

(ﬁ . j(\vi,j’k)l =0 mod (]_—C)l_l,

holds for 1 < [ < p. Now we just have to consider the case [ = p, since (1 — ()P~
divides the entries of ka Now p is totally ramified over (1 — () of degree p— 1

and the entries of the p-th row of P are equal to 1 mod p since

(-1)'(*7")=1 modpfor 0<i<p,

7

which can easily proved by induction on 7. So we are done, since

p p
—cat1-¢

_a:pfor0<a<p.

The case p = 2 follows by the same arguments since the entries of )?wk are
-2
divisible by A=9P"% for @ > 1. For [ = p we work as in the case yu = 0, after

™
multiplying the analogue equations with . (Il

Immediately we get the Tate-cohomology E/);tj\(A-ei, A-e;), by using Proposi-
tion 7.5.

Corollary 7.7. Let p be odd.
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—2n
(i) The chain map corresponding to v € Ext, (A-e;, A-ej) with v = 7,,-¢; is

given by
N; NP! N; NP1
- A - A i - A - A k - A
N NPE N LNPL
- A T LA ! - A T LA ! - A -
2m+1

(ii) The chain map corresponding to 7, € E}RA (A-e;, A-ej) with k # i—1
mod p and v, = ;€ is given by

N .NP! N NP1
- A N oy oy L LA LA -
ki Xijk ki Xijk kI
.NP! N, NP1 -N;
- A I A T+ A I A T+ A -

We use the previous results to describe the cohomology ring Hj (T'):

Theorem 7.8. Let p be odd and v € E}RZ(A-@,-, Aej)and v € E/bRT(A-ej, A-ey)
are given as p dimensional vectors as described in Lemma 7.4. Then we get the

—n+
product v - v € Ext,n\ m(A-ei, A-ex) as the following p dimensional vector:

(i) For n and m even, v = 7j,-¢; and v = 7y ;-¢; we get
Tk,i€i 1f’L-_]+_]-]€<p,
T Tk,i" € lf’L—_]-l-_]—k‘Zp
(ii) For n even, m odd, v = 7;,-¢; and v = 7y ;-¢; with [ # j—1 mod p we get

T i+i—j ° Citi—j ifi—5+1—k>p,

where we get [ +47— 7 Zi—1 mod p.
(iii) For n odd, m even, v = 7;,-¢; with | Zi—1 mod p and v = 7} j-¢; we get

Tk, " €1 1fl—]+]—k<p,
T Tkl " €l lfl—]+]—k2p
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(iv) For n and m odd, v = 7j;-¢; with [ # i—1 mod p and v = 75 4-¢; with

t# j7—1 mod p we get

71_C1p+l*inlfj,m * Tk,i€i ift+14+2= _] +17 mod p,

0 else ,

where the coefficients 7, ; are given for 0 < r,s < p by

% ifr+s<p-—2,
Mrs =<1 ifp—-2<r+s<2p-—-2,
7 ifr=s=p-—1.

Hence the coefficients 7, ; correspond to the p X p-matrix

BRI
| =
[a—y
[

(777",3) =

it |

ANy N ANy
D/ G S

Wik Wik Wik
AN N )

exactly to the vector

Witin, o, = Wisitichg, = | i M 1mI k<D,

TThie; fi—j+j—k>p.
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(ii) and (iii) are proved analogously.

(iv) The product 7 - v corresponds to the diagram

ANy N e R
Wi Xi ji N Xiji
LA G R G
Xt Wik Xt WEE|
e
L S S S, G

or by using the description as vectors to
Vv =X, Tk et -

Now Proposition 7.5 (ii) provides that the [y — i]-th and the [1 — j]-th column
are exactly the non zero columns of X ;;, and that X ;; lies on the u-th diagonal
with p := 2+1 — j. Especially these are two different columns since | # i—1
mod p. We conclude with ¢t # j—1 mod p, that the vector above is different

from zero exactly if t = ¢ — p and we get in this case with formula (%) of remark
7.6, that

W R e if pe {0,1},

yov= _
#lW“H_k-ek 1fu> 1.

Now we determine - v, which depends on y and p:=2+t — k, so u belongs to
the first and p to the second chain complex. ( X+ lies on the p-th diagonal.)
We get for p =1 that:

p+t—k>p<=—=t—k=p—-1l<p=1,

which yields to the last row of (7, ).
The row above, (1,_2,), is induced by p =0<=1—j=p— 2.
For > 1 we get u =2+ — 7 and hence

pt+t—k<p<=l—-j+t—-k<p-2,
which gives the row 7 .. O
As an application we also get the cohomology ring Hj(A-e;).
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—0
Definition 7.9. Let ¢; € Ext, (A-e;, A-e;) be the element of the cohomology ring
H}(T") corresponding to e;.
Corollary 7.10. Then ¢; is an idempotent with

Proof. Lemma 7.4 (i) shows that ¢; is well defined. Then we are done by the last
theorem and by Wi~ = Id. O

Theorem 7.8 provides also a description of the cohomology ring H} (A-e;), which
is more explicit, because one just has to consider matrices X;; ; instead of X ;:

Corollary 7.11. Let p be odd. With the notation

—2n
e 5.¢ € Ext, (A-e;, Ave;) and
——om+1

® onmi10r € Exty, (A, Avg;) for 0<k<p-—1,k#%i—1 mod p,

where 9, corresponds to e; and o9,,+10k to 7 kex (see Prop. 7.4), one gets the

multiplicative structure of Hj(A-e;) as

(1) o2n€ is central and
2n€ 2n'€ = 2(n4n’)€ and 2n5'2m+15k = 2(n—|—m)+15k .

(ii) the non central 9,,,10x’s are multiplied in the following way:

%' 2(m+m’+1)5 if £ + kK = 2(2 — 1) mod P,
2m410k" 2m! 110k =

0 else .
Proof. (i) This is most easily seen by using the description of chain complexes,
where we have the identity as vertical maps.
(ii) We get from Theorem 7.8 (iv) that k —i#p—1, k' —i#p— 1 and
k+k =2(i—1) mod p. This implies that k — i + k' —i = p — 2 and hence we
get nm,m =1. O

Remark 7.12. (i) For k+ k' = 2(i—1) mod p one gets
2m+10k'* 2m/ 410k = % 2(m+m/+1)€ -
1—( (Fk—0)
Hence the complex conjugation is the only obstruction for H(A-e;) to be
commutative.
In the case p = 2 we have ( = —1, which is the only case in which the

cohomology rings H} (A-e;) are commutative.
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(ii) It is surprising that the cohomology rings Hj(A-e;), for 0 < i < p are
independent of n, where A ~ Z[(jn+1] X C,,.
Example 7.13. Let A be the twisted group ring corresponding to p = 5 and an
arbitrary n > 1. Then H}(A-ey) is additively generated by
on€ and 2m+16k with ]{IE{O, 2,3, 4} .
The multiplicative structure is given by

e ,,¢ is central and
2n€° 2n'€ = 2(n4n')€ and on€:omy 10k = 2(n+m)+15k-
e the non central 5,105 are multiplied as

_Lg' 2(m4m!/+1)€ if k=0,

1
om4102 2m/ 410k =
0 else ,

5 .

—2" 2(m+m/+1)€ if k=4
om4+103" 2m/ 410k = e ’
0 else ,

5 .

—e3 " 2(mAm/+1)€ if k=3,
2m+154'2m'+15k = =
0 else,

5 .

—¢a " 2(mAm/+1)€ if k=2,
om+100  amip10 = 17C
0 else .

Remark 7.14. Now we consider the case p = 2:

(i) Proposition 7.2 remains true.

(ii) In Lemma 7.4 and in Proposition 7.5 one has not to distinguish the cases
if the index of the Ext-groups is even or odd. In Lemma 7.4 case (i) is
equivalent to cases (ii) and (iii). Consider that in Proposition 7.5 we have
X jx = WF¥ . hence the statements (i), (ii), (iii) and (iv) of Theorem 7.8

are equivalent. Also part (i) and (ii) of Corollary 7.11 are equivalent.
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8. THE REPRESENTATION TYPE OF SOME TWISTED GROUP RINGS

First we state some well known results, where we use chapter 33 of [CuRe] as
reference. We denote by {2 an O-order in a separable K-algebra, where K is a
global field or the completition of a global field, and R is a Dedekind domain
with quotient field K. We assume that R # K. For each maximal ideal p of O,
let the subscript P denote completion. Then we set

S(Q) ={P | Qp # maximal Op-order in A,},
and get

Proposition 8.1. Let €2 be a heriditary or maximal order. Then the number of
non-isomorphic indecomposable (2-lattices is finite, and equals to to the number
of isomorphism classes of full (2-lattices in simple A-modules.

By the following theorem of Jones [Jo] we just have to consider the p-adic case:

Theorem 8.2. Let (2 be an O-order in a separable K-algebra, where K is a global
field: Let n(£2) be the number of non-isomorphic indecomposable left Q-lattices:
Then

n(2) < oo <= n(Qp) < oo for each P € S(Q).
For integral group rings holds

Theorem 8.3. Let G be a finite group. Then ZG has finite representation type
if and only if for each prime p dividing |G|, the Sylow p-subgroups of G are cyclic
of order p or p?.

Hence the integral group rings ZCpn+1 X Cp, have infinite representation type.
Now we consider twisted group rings A ~ Z[(,n+1] % Cp, which we studied in the
preceeding chapters, especially we are in the totally ramified case. With Theorem
8.2 we are interested whether the p-adic completition of A which we denote by
Ap has finite representation type.

First we apply the following result of Drozd [Dr]:

Theorem 8.4. Let R be a discrete valuation ring and let €2 be an R-order in a
separable K-algebra A. Suppose that € is a local ring, and set D = /rad(2)
(a skewfield). Let €' be an R-order in A containing €2, and suppose that J is a
two-sided ideal of Q' for which

rad(Q) C J C rad(Q).

Let m be the dimension over D of the D-vector space €'/J. Then

(i) © has infinite representation type if m > 4.
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(i) If ' is itself a local order, and if (rad(Q')) C J, then Q has infinite
representation type whenever m > 3.

Then we conclude

Corollary 8.5. Let p be prime p > 5 and n > 1. Then the twisted group ring
Z[(pn+1] X Cp >~ A has infinite representation type.

Proof. We get that Q := A, and Q' := I, are Z,[(yn]-orders, where we have shown
in Remark 3.25 (ii), that € is local with maximal ideal (W, N) and residue class
field F,. Now we set R = Z,[(,»] J := rad(T',) and get with

R ... R (r) R ... R
r,:= (W) .R . : and rad([)) := (W) (7) '
(7) ... () R ™) ... (ﬁ)
that
Q)T ~T.
Hence we are done with part (i) of Theorem 8.4. O

It remains to study the case p € {2,3}. For this we use the following Theorem of
Drozd and Kiri¢enko, where we use the notation ugr(M) for the minimal number
of generators of the R-module M.

Theorem 8.6. Let () be a Z-order in a f.d. Q-algebra A, and let C' be the center
of 2. Suppose that for each prime ideal P of C, the localisation (2, is primary
(that is Q,/rad(€2,) is a simple artinian ring.) Let Q be the intersection of all
maximal Z-orders in A which contains Q, and let I be the Q-module /.
Then (2 is of finite representation type if and only if the following conditions hold:
(i) € is a hereditary ring.
(i) pa(l) <2.

(ili) po(rad(l)) < 1.

Then we will show the main result of this chapter:

Theorem 8.7. Let p be prime and n > 1. Then the representation type of the
twisted group ring A o~ Z[(,n+1] X C, is finite if and only if p = 2.

Proof. Theorem 8.2 allows us to consider R-orders over the p-adic numbers R =

Zp[Cpn .-
First let p = 2. Then we shall show that there are exactly two maximal orders
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Q) and €2, over A with

Q= (5 1) and 0, = ((ff) g_l)).

It is well known ( see [Re]) that all maximal orders over A are given up to

conjugation by the maximal order €2;. Then (), is maximal, because
(W‘l())(R R)(?T 0)_ R (77h)
0 1 R R 01)7\(n) R '
We denote by K the field of quotients of R. Then every
_ (a b )
Y=\ecd
with a,b,c,d € K and det u # 0 provides a maximal order u 'Q;u. By multiply-
_ (7m0
U=\onr

we can assume that u has the valuation v, (detu) € {0,1}. Now let v 'Qu an

ing u with the central matrix

arbitrary maximal order over A. Then W € A shows that

2 2
s (0) (70) (%) - (8 midn ) < (R )
We get for k € K that v, (k*) € 2Z and v, (7k?) € 1+ 2Z.
Now let v, (det u) = 0. Then a? — wb* € R implies that v, (a) > 0 and v, (b) > 0,
and 7d? — ¢® € R implies that v, (c) > 0 and v, (d) > 0. Hence we get u € Gly(R)
and v 'Qu = Q.
Now let v, (det u) = 1. Then a? —7b* € (7) implies that v, (a) > 1 and v, (b) > 0,
and wd? — ¢® € R implies that v,(c) > 1 and v,(d) > 0. We set a = 7d’, c = ¢

and we get with

o= (%5 ecum)
that
=T ) (£ (RR)(ED (G =
Hence

ﬁleﬂngF

verifies condition (i) of Theorem 8.6.
Theorem 6.10 shows that I = I'/A has the R-basis {ﬂpn]ﬁfil_l, gn—vf’l} From Theo-
rem 3.20 we get WN = —NW + 2. Then an% € R shows the following identity
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in I:
W ' ﬂ];[nlyl = 7_rpn]yl_l .
Then I is generated as A-module by ﬂjpvnvyl and rad(/) = rad(A)I by Mﬁ,

which verifies the condition (ii) and (iii) of Theorem 8.6.

Now we sketch the proof for p = 3:
Obviously there are the following maximal suborders over A:
R RR R (77Y) (=71 R R (7}
QIZ(RRR>,QQZ(E’/T; R R ),ng(R R(7r_1)>.
R RR ) R R () (7) R
Then we conclude that
QCUNQNQ=T.
By applying Theorem 8.6 we want to prove that A has an infinite representation
type. Since there is no hereditary suborder of I' we can assume that Q=T.
As above we apply Theorem 6.10 and conclude that I = I'/A is generated as
A-module by

NW_ N2W?2 }
an,1 ) 7r2pn71

Since A is semilocal we get that

rad(I) =rad(A)I = <N—Wz N72>

an—l ) szn—l,l
is not cyclic, which contradicts condition (iii) of Theorem 6.10.

The case p > 5 is done in Corollary 8.5. O

Remark 8.8. (i) Hence we received finite representation type in the non
commutativ and totally ramified case for p = 2. It should be no problem
to examine the representation type of the twisted group rings Z[(an+1] % Co,

which are induced from the dihedral group with
C§n+1 = Cg_n1+1 )

or from the semidihedral group with
<2bn+1 = 22;:11

by the methods of this work.

(ii) In Theorem 6.8 we get in the case p = 2 the following unique chain of

intermediate orders

A:Aog gAgn,le.
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Now one can ask if these intermediate orders classify the nonisomorphic
indecomposable A-lattices.

(iii) Now let p > 2. Since I' is hereditary it has finite representation type.
Now one can ask for which R-orders given in the chain of intermediate

orders between A and I' (see Theorem 6.27) we get a finite representation

typ.
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