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1 Summary

In this work the optical properties of three dimensional photonic crystal structures are
studied theoretically by meansof a full vectorial three dimensional nite-di erence time-
domain (FDTD) numerical simulation. First, the principles of lower dimensional pho-
tonic crystal structures are comprehensiely discussedo assesshe underlying physical
principles of eigenmale and bandgap formation. For consistency results are obtained
on the basisof the FDTD-method. Then theseprinciples are generalisedo two di erent
classesf three dimensionalphotonic crystal systems. First, we addressthe technolog-
ically important caseof photonic crystal slab structures, i.e. two dimensional crystal
patterns in vertically nite layer structures, where the localisation of the electromag-
netic elds perpendicular to the crystal plane is achieved by total internal re ection.
Starting with simpleair-bridge structuresthe systemsstudied are extendedto more com-
plex vertical structures, like patterned insulator-on-silicon-on-insulator(IOSOI) cladding
structures mournted on a substrate. The main focusthereby is laid on the quartitativ e
description of e ects that are related to the coupling of the index-guidedlocalisedpho-
tonic crystal modesto the ernvironmert. Next to the technologically extremelyimportant
calculation of radiation lossesit is, in particular, the discovery of cladding modes (i.e.
modes that have no exponertial decaing behaviour in the claddings) for frequencies
in the bandgapregion that is important and pioneeringfor the understanding of these
systemsand their potential application in integrated optics. Second,we focus on the
fundamertal physical properties of three dimensionalinverted opal structures. Within
the weak coupling regime, we analysethe strong frequency polarisation and spacede-
pendanceof the spontaneousemissionrate (which is equivalert to the local density of
states) of a dipole sourceenmbeddedwithin our inverted opalin a crystallite of nite size.
Thereby, strong enhancemen e ects are demonstratedcloseto dielectric interfacesfor
certain frequenciesdue to the cortinuity conditions of the electric eld modes. These
results are essetial for the interpretation of luminescenceexperimerts, becausen real
systemsthere is always an inhomogenoudlistribution of emitters and an approximation
basedon a total density of states becomesinvalid. Finally, the basic building blocks
of the FDTD-code like core algorithm, boundary conditions and data extraction are
discussedn detail. Moreover, special adaptations of thesecomponerts with respect to
photonic crystal analysis are discussedand examplary results for the dependanceon
internal simulation parameterson the results are shown.
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Zusammenfassung

In der vorliegendenArbeit werden die optischen Eigenstaften von dreidimensionalen
photonisten Kristallen theoretisdh mit Hilfe von voll-vektoriellen nite-di erence time-
domain (FDTD)-Sim ulationen untersudt. Zunacdst werdendie Prinzipien von niederdi-
mensionalenphotonisten Kristall-Systemen diskutiert, insbesondereum die zugrun-
deliegendenphysikalischen Medchanismenzu klaren, die fur das Zustandelommen von
Eigenmalenund Bandluckenverartwortlich sind. Die zugelerigenexemplaristen Ergeb-
nisse werden mit Hilfe der FDTD-Metho de beretinet. Ansdliessendwerden diese
Prinzipien auf zwei versdiedene Klassen dreidimensionaler Systeme verallgemeinert.
Als erstesbetrachten wir dentechnologist wichtigen Fall eineszweidimensionalerpho-
tonischen Kristalls in einer vertikal endlichen Saichtstruktur, wobei die Wellenfuhrung
senkrebt zur Kristallebenedurch Totalre ektion erfolgt. Beginnendmit einfachen Mem-
branstrukturen werden die untersuditen Systemebis hin zu komplex strukturierten
IOSOI-Sdichtsystem mit Claddings auf einem Substrat erweitert. Das Hauptaugen-
merk liegt dabei auf der quartitativ en Besdireibung von E ekten im Zusammenhang
mit der Kopplung der index-getihrten photonisten Kristallmo den mit ihrer Umge-
bung. Neben der technologisd ausserstwichtigen Beretinung von Streuverlusten ist
insbesonderedie Entdedkung von Cladding-Moden, d.h. Moden die keinen exponen-
tiellen Abfall in den Claddings zeigen,fur Frequenzeninnerhalb der Bandlecke wichtig
und neu fur das Verstandis dieserSystemeim Hinblick auf deren Anwendungin der in-
tegrierten Optik. Als zweites betrachten wir grundlegendephysikalische Eigensbaften
in dreidimensionaleninvertierten Opalen. Im Grenzfall der schwachen Wedselwirkung
analysierenwir die starke Orts-, Polarisations-und Frequenzablangigkeit der spontanen
Emissionsrate,hier aquivalernt zur lokalen Zustandsdidite, einesPunktdipols in einem
Kristalliten endlicher Grosse. Es wird dabei signi kante Verstarkung an dielektrischen
Grenz adhen fur bestimme Frequenzengezeigt, die durch die Stetigkeitsbedingungen
der elektrischen Feldmoden verursatit wird. Diese Ergebnissesind essetiell fur die
Interpretation von Luminiszenz-Expgerimerten, da esin realen Systemenstets eine in-
homogeneVerteilung der Emitter gibt und somit eine Naherungunter Verwendungder
totalen Zustandsdidite nicht mehrgilt. Am Schlusswerdenfundamenale Komponerten
einesFDTD-Programms wie Kernalgorithmus, Randbedingungenund Datenausvertung
detailliert bestirieben. Daruberhinaus werden spezielle Anpassungendieser Kompo-
nerten im Hinblick auf die Analyse photonister Kristalle diskutiert und exemplaristie
Ergebnissezur Abhangigkeit von internen Simulationsparameternvorgestellt.
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2 Intro duction and Overview

The cortrol of light propagationand emissionis today oneof the most exciting and pro-
gressing elds with respect to potential applicationsin information technology. Indeed,
the traditional way of transporting and processingarge amourt of data with electronic
circuits readesphysical limits that make it hard to satisfy the demandsof the upcom-
ing global information scciety. Many of theselimitations are hoped to be overcomeby
systemsthat are basedon photonsinstead of electrons. While in someaspects photonic
devicesalready play a leadingrole asin long range transmissionthrough optical bres,
an on-dip realisation of photonic circuits is still not achieved on a level mature enough
for the market. Moreover, electronic circuits are still orders of magnitudesaheadwith
respect to miniaturisation.

For fundamertial physicalreseart this meansthere is a large needfor the designand the
understanding of systemsthat can cortrol and manipulate light on small lengthscales,
signi cantly smallerthan the wavelength of the light itself.

In 1987, Yablonovitch [1] and John [2] independerily suggestedthe use of periodi-
cally nano-structured (which means structures of a size similar or smaller than one
wavelength) dielectrics to engineerthe mode structure and the density of statesin a
meta-material that is now well known as photonic crystals. Their motivation was an
interdisciplinary useof principleslong known in electrodynamicsand solid-state-ptysics.
Similar to the electronsin a crystalline semiconductor,a crystal of periodically arranged
dielectric scattererswith carefully chosengeometry shouldexhibit a photonic band-gap,
i.e. aregionwith vanishingdensity of statesand prohibited propagation. In this type of
material, an excited emitter with atransition frequencywithin the band-gapis stabilised
and not able to emit a photon. It quickly turned out that this is really possibleand a
new eld of researb wasborn.

In the last nearly two decadesntensive researb has beenperformed and showved that
the original idea of suppressingspontaneousemissionis only one of many exciting pos-
sibilities photonic crystals are ableto o er.

The strongly modi ed interaction betweenradiation and matter has also beenapplied
e.g. for the enhancemen of nonlinear e ects. This mainly relieson the fact that within
photonic crystals there can be light propagation with very low group velocities. Also,
besidessuppressiorof spontaneousemission[3], strong enhancemenhhasbeenpredicted

11



2 Introduction and Overview

[4]. The tailoring of the local density of states has furthermore led to the proposal of
various non-Markovian quantumoptical e ects like an anomolousLamb-shift [5] or split-
ting of optical levels at band edges[6]. It is obvious that thesee ects may be utilised
for the optimisation of light sourcedike semiconductorlasers.

Howewer, the largest variety of ideas has surprisingly not arised from the originally
intended manipulation of matter-light interaction but from the purely classicalpropa-
gation properties of photonic crystals. It hasbeenrecognisedquite early that the con-
trolled inclusion of defectsin a perfect lattice generatesstrongly localisedstates within

the bandgap. In the caseof a pointlik e defectthis resultsin a cavity that canhave amaz-
ingly high quality factors simultaneously with very small mode volumes[7]. A property
that is very desiredin optical electronics. For a linear defecthowewer light is con ned in

two spacedirections and can propagate along the line which createsa waveguide with

extensionson the lengthscaleof the wavelength. Obviously, this is alsostrongly desired
by technologists. Two dimensionalcalculationsand simulations preseited very early by
Joannopoulos et al [8] moreaver suggestedvery interesting properties of these waveg-
uideslike extremely low lossesat sharp bends[9]. This is possiblebecausethe guiding
medanism in a photonic crystal is multiple Bragg interferenceand not total internal

re ection asin corvertional optical devices.This meansthat it is not necessaryhat the
guiding happensin a material with high index or in a material at all. This perception
made a very new and interesting technical application possible,the photonic bandgap
bre (PBF). In a PBF light is guidedalonga bre with a periodically structured cross-
section,with the main intensity con ned in an air-channel. These bres apparerily have
very low absorbtion lossesand su er only weakly from material dispersion. Moreover,
very high intensitiescanbe sert through a PBF without unwanted nonlinearinteraction.

PBF's are now very likely to becomethe rst large scaletechnologicalapplication based
on photonic crystals. Credits herely must be givento the pioneeringwork of Phillip St.

John Russell[10].

It would be beyond the scope of this introduction to list all possibleapplications and

devicesproposedin the last years, like beam splitters, polarisation sensitive devices,
wavelenghth monitors or dispersioncompensators. Howeer, it is important to mertion

that the focus of the researb concerningapplications has recerly been conceitrated

to two-dimensionally structured layer-hby-layer systemswhere the con nemert perpen-
dicular to the crystal plane is achieved by total internal re ection. Although onelooses
someof the bene ts of full three dimensionalcrystals, the easeof fabrication seemsto

pay o. Newrthelessthere hasbeena lot of progressin the last few yearsto overcome
the mostfundamertal disadwantage of three dimensionalcrystals, the di cult cortrolled

inclusion of defects[11].

From the beginning of the researt in this eld, numerical analysisand simulation has
played a very important role. The reasonfor this is that the solutions of the full vec-

12



torial Maxwell's equationsare requiredto correctly descrike the optical properties and
that due to the structure of the equationsno reasonableanalytical appraximation is
possible.It hase.g. beendemonstratedin the early 1990'sthat a scalarapproximation
cannot explain the existenceof a band-gap. Another reasonis that the experimertal
fabrication of photonic crystalsis di cult andtime consuming.A pure heuristic try-and-
error approad without supporting designsuggestiongrom theory would be unpractical.

The state of the art in numerical analysis of these systemsconsistsof a complemen-
tary useof frequency-and time-domain methods. The most prominert and widespread
frequency-domain-tebnique is the plane-wave-metha for the computation of photonic
band-structuresand eigenmales, that is basedon a time-harmonic plane wave decom-
position of eigenmalesand dielectric structure. Its advantagesare the relative e cien t
computation and high accuracyin frequencydue to its iterative nature, while su ering
from the inability to handle systemssu ering from scatteringlosses.On the other hand,
for time-domain methods (most prominertly the nite-di erence time-domain (FDTD)
method), there are nearly no restrictions in the geometricalor physical setup, but only
in required computing resources.Unfortunately, the latter are immenseand provide a
signi cant disadwantage of FDTD. Newertheless,dueto the rapid progressin computing
power, FDTD hasbecomethe standard technique for analysingtechnologically relevant
problems. Howewer, becausat is still necessaryo work with clustersor supercomputers
to provide the required power, recerly more sophisticatedand promising new dewelope-
merts hasappearedlike nite-v olume, multigrid or hybrid-basis approadesthat aim to
make photonic crystal analysispossibleon standard personalcomputers.

This work adressesse\eral aspects of photonic crystal researb. Chapter 3 tries to
give a comprehensie overview over the fundamertal physicsand meanismsleadingto
bandstructures, eigenmalesand especially bandgaps. This is discussedor one and two
dimensional systems,and fundamertal principles are generalisedto more complicated
systems. To ensureconsistency all examplary results presetied in this chapter are cal-
culated by self-deeloped computer codes.

Chapter 4 dealsvery detailed with one of the certral aspects for the technical appli-
cation of two dimensionalphotonic crystalsin nite layer structures. The interaction of
the crystal pattern with the vertical structure and the resulting deviations from ideal
two dimensionalsystems,especially concerningout-of-planelossedueto couplingto the
mode bath of the environmernt. By gradually progressingrom simpleidealisedstructures
up to complexsystemswith claddingsand substratethe important physical medanisms
as well as quartitativ e results for technologically relevant material systemsare shown.
The discovery of cladding modesin insulator-on-silicon-on-insulator(IOSOI) structures
is thereby pioneeringfor the comprehensie understandingof thesesystems.

In Chapter 5 the attention is drawn to more fundamenal physicsin the context of

13



2 Introduction and Overview

light-matter-interaction in a three dimensional opal structure. By applying a special
modi cation of the FDTD-method the strong spaceand frequencydependanceof the
spontaneousemissionrate in a nite opal crystallite within the weak coupling regime
is analysedin detail. This hasa strong relevancefor the interpretation of luminescence
experimerts [12] and the experimertal probing of the mode structure of a photonic crys-
tal. In this work this hasbeendonefor the rst time in a three dimensionalsystemwith
nite size.

All results of the preceedingchapters have been obtained by seeral problem adapted
versionsof an FDTD algorithm. As FDTD is a very generalmethod for solving electro-
dynamical problemsa proper adaptation to a certain problem with respectto e ciency,
reliability and accuracyis sometimesdi cult and not straightforward. Therefore in
chapter 6 the FDTD algorithm is descrited in detail including practical advisefor the
usein photonic crystal analysis.

14



3 Principles of Photonic Crystals

The basic principles and underlying theory of photonic crystals are introducedin this
chapter. First, necessaryprerequisitesfrom electrodynamics, solid state physics and
group theory are discussedin the cortext of photonic crystal analysis, most of them
using the 1D caseas an example. Next, basic structures and properties of crystals
with various dimensionality are presered. Finally, more sophisticatedconceptslike the
introduction of cortrolled defectsare explained.

3.1 Electromagnetism of Periodic Dielectrics

In someway, the invertion of photonic crystalsin 1987[1, 2] was not the discovery of
completenew physical principles, but an outstanding interdisciplinary reconbination of
well-known physics. The essetial part thereby wasthe conmbination of Maxwell's equa-
tions for electromagnetic elds in a dielectric structure with Bloch's theoremfor periodic
potertials from solid-state physics. The main aspect in understandingphotonic crystals
is the understanding of how thesetwo principles interact in a periodically structured
dielectric.

3.1.1 Maxwell's Equations

Under generalconditionsthe four Maxwell's equationsin Heaviside-Lorenz units readas

r B(mt) = 0 (3.2)
r  E(~t)+ %@@?B(H t) = 0 (3.2)
r D(Ft) = (F1) (3.3)
rOREYD (gDEY = (Y (3.4)
with the material relations
B = B(H) (3.5)
D = D(E) (3.6)

15



3 Principles of Photonic Crystals

For the analysisof nanostructured dielectrics we can make somereasonablesimpli ca-
tions. First, we assumethat no free currerts or chargesare presei in the system. This
meanswe can setthe right hand sidesof the inhomogenousquations3.3and 3.4to zero.
Moreover, we can assumelinear dielectric materials with vanishing magnetic suscepti-
bility. This is reasonablefor most dielectric materials aslong asthe eld intensities are
small enough. The generalmaterial equations3.5and 3.6 under this assumptionare now

B(r;t)
D(r1)

H (& t) (3.7)
(1) E(r51) (3.8)

where () is the spacially varying dielectric constart. In principal, (r) canalsobetime
and/or frequencydepender, but this is not under considerationin our case. If we go
bad to Maxwell's equationswith theseassumptionsthey now canbe written astwo curl
equationswith the time derivativesonly dependingon E and H and two homogeneous
equationscompleting the set.

r E(st) = %gﬁ(ﬁt) (3.9
1. . @

roORAED = S () GE®D (3.10)

r E(rt) = O (3.11)

r H(kt) = 0 (3.12)

In practical applications, e.g. solving theseequationsnumerically, it is su cient to sole
the curl equationswhile assuringthe homogeneougquationsare ful lled. In this case
it might be corveniert to rearrangethe curl equationsin a way that they depend only
on E or H, respectively. This leadsto two secondorder wave equations,which are often
called master equationsin literature [8]:

h [

r or AL = C—lzg F (F;t) (3.13)
h [

®)r r E(mt) = 0—12% E(r 1) (3.14)

To analysethe structure of 3.13 (we do not choose 3.14 for reasonsthat will be ex-
plained later) we choose a fourier decomposition in time, which meanswe assumea

16



3.1 Electromagnetismof Periodic Dielectrics

time-harmonic behaviour of the elds. This canbe donewithout lossof generality. The
ansatz

F(rt) = A e (3.15)

leadsto the fourier spacemaster equation

h i 2
r '®r A = ?H(F) (3.16)

which can be understood as an eigervalue problem for the eigenfunctionsH () and the
eigervalues! ? of the generalform

“EE) =1 2A(F) (3.17)

wherethe operator " cortains the information about the dielectric structure. The eigen-
value problem basedon 3.13is Hermitian and therefore ensuringthat the eigervalues
are real and the eigenfunctionsform a completeset of basisfunctions. This is corveniert
for further theoretical analysisas well as for certain types of numerical solutions (e.g.
the plane-wave-expansiommethod (PWM, [13]). The reasonfor choosing3.13instead of
3.14is that the di erent position of (&) within " destroys the hermiticity. For further
analysis of 3.16 we need more information about the dielectric structure descrilked by
(r). This is discussedn the next section.

3.1.2 Bloch's Theorem

Within the eigervalue equation 3.16 the dielectric constart () mathematically plays
the role of a potertial. In a photonic crystal, we know that this potertial is by de ni-
tion periodic in one or more dimensions. We will now take advantage of this discrete
translational symmetry to learn more about the solutions of the masterequation. Math-
ematically, the periodicity of (r) canbe expresseds

(F+ R) (3.18)
where R is an integer multiple of a primitiv e lattice vector R in one dimensionor the
superposition of integer multiples of primitiv e lattice vectorsR; in d dimensions:

xd
R = ni R; (319)

i=1
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3 Principles of Photonic Crystals

with integern;. For simplicity we will restrict ourselesnow to the onedimensionalcase
(in x-direction: R = aR), without lossof generality. For completenessve have to state
that we assumea cortinous translational symmetry in the other two spacedirections.
The discretetranslational symmetry can be expressedn terms of a translation operator
T which createsa spatial shift by a. Due to the structure of the dielectric potential (¥
it canbe shown, that T commutes with *

" =0 (3.20)

This meanswe can construct simultaneouseigenfunctionsof T and * and thereforeclas-
sify the eigenfunctionsof " by the eigemvaluesof T. The eigenfuctionsof T are easily
determinedasplane waveswith waverumber k, becausehe translational symmetry only
allowsthe eigenfunctionsto di er by a phaseshift which correspndsto the eigervalue

T gkx = dk(x+a) = dkagdkx -  gkx (3.21)

It is obvious now, that is not unique for all wavevectorsk, becauseead k+ m2 =a(m
is an integer) will producethe same ask. Mathematically, this meansthat all plane
wavescorrespnding to k+ mG with G = 2 =aform a degenerateset of eigenfunctions,
and that all superpositions of plane waves with wavewvector k + mG are also an eigen-
function with eigervalue . As doesonly depend on k as a free parameterfor a given
structure, we can now make the stepbadk to the masterequationand state the following:

The eigenfunctionsof " can be classi ed by a wavewector k and have the form:

X . .
He(x) = & H, M = &y (x) (3.22)

m

with the lattice periodic function ux(x) = ux(x + na) and plane wave amplitudes H,,.
This statemert is well known in solid state physicsas Bloch's theorem [14].

We will now generaliseBloch's theoremfor d dimensions:
A given d-dimensionalstructure with dielectric constart

)= (r+R) (3.23)
where

R = n;i R; (324)

18



3.1 Electromagnetismof Periodic Dielectrics

with primitiv e lattice vectors R; and integer numbers n; has eigenfunctionswhich can
be labeled by an wavewector K and expressedn the form

X . .
H (1) = Hp.c€°" = & b, (F) (3.25)
G

where G represets reciprocal lattice vectors of the form

xd
G= m; Gi (326)
i=1
with integer numbers m; and
Gi Ri =2 ij (327)
and a lattice periodic function.
te(r) = t(r+ R) (3.28)

ij Is the Kronedker delta function and G; primitiv e reciprocal lattice vectors.

3.1.3 The Concept of Brillouin-Zone and Bandstructure

We know from Bloch's theoremthat wavewectorsk and K + G producethe sameset of
eigenfunctionsand correspnding eigervalues. Thereforewe can restrict our analysisto
the smallestregionin k-spacethat canbe expandedto the ertire k-spaceby addingrecip-
rocal lattice vectors. Only this region cortains non-redundan information. From solid
state physicswe know that this smallestpossibleregion can be constructedasthe prim-
itiv e Wigner-Seitzcell in reciprocal spaceand is calledthe rst Brillouin-zone (BZ) [14].
This conceptis easily understood in a one dimensional photonic crystal, becauseit is
obvious that only k-valuesfrom  =ato =a(which is equivalent to 0:5G to 0:5G)
ful Il this condition. The completefrequencyeigervalue spectrum of the systemcan be
obtained by calculating the eigervaluesfor thesek-values. One step further we can sort
all eigervaluescorrespnding to a certain k-value and label them by an index, we will
refer from now to asthe band-indexn. The unique represetation of an eigenfunction
Is therefore

X
n — ARe n iGr — Kf 4N
H(F) = € Feg € = €T t(r) (3.29)
G
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Figure 3.1: Schematic picture of a one Figure 3.2: Bandstructure of a low in-
dimensional photonic crys- dex cortrast Bragg-mirror.
tal. The black framed box The k-range from  =ato
shows a primitiv e unit cell, 0 is not displayed becauset
R is a lattice vector and a is mirror symmetricwith re-
the lattice constart spectto k = 0.

or, asalsooften usedin literature, the labelling by the frequencyeigervalue:

Fe(|) = € AL €% = &5 a () (3.30)
G

The combination of thesetwo conceptsresultsin an! over K diagram which is called
the bandstructure and has proven to be very useful when discussingthe properties of
periodic systemsin solid state physics,and now aswell in the eld of photonic crystals.
The frequenciesare displayed in units of 2 c=a which has proven to be useful. As
Maxwell's equationsare linear, the geometry and eigervalues/eigenfunctionsscalealso
linearly. Thereforeit makessenseto normalize frequenciesby a fundamertial length of
the crystal, the lattice constart. The normalization to 2 c=ais always assumedin this
work when no explicit frequencyunits are given. We will illustrate this conceptnow for
a one dimensional photonic crystal. As showvn in g. 3.1 the unit cell consistsof two
layerswith the samethicknessa=2 and refractive indicesn; and n,. If we assumenow a
very small index cortrast n;=n, the structure is exspectedto have a similiar dispersion
relation asan homogeneousnaterial with an averageindex na,g = (N1 + n2)=2, because
the periodic modulation represetts only a small perturbation. This dispersionrelation
is well known to be a straight line ! = nggy k. The modesof this slightly perturbed
structure consistmainly of one componen: The plane wave with wavewector K. In this
simple systemwe can easily seewhat happensfor a k-value k; larger than =a The
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3.1 Electromagnetismof Periodic Dielectrics

modes are badkfolded by an reciprocal lattice vector G to a k-value kg = k; G into

the rst Brillouin zone,and now both eigervalues! o = nag ko and!; = nyg ki

belongto the k-value ko, but have gained an additional band index. Moreover, due to

the symmetry of the layer systemwe do not have to distinguish betweenk and k and

therefore can restrict to the interval [0; =a). This procedureis illustrated in g. 3.2.

This picture of badfolding into the rst Brillouin-zone is only valid in a strict sense
when the modes have one dominart fourier-componert (which meansthey are nearly
plane waves). In a generalcaseall modescortain cortributions of plane waves e'(k* G)x

for an in nite number of G vectors.

3.1.4 The Bandgap

In the discussionof the last sectionwe ignored what happensat the edgeof the BZ. It
is already obvious from g. 3.2that the perturbation of the homogenouscaseis largest
and that a small gap in the dispersion relation arisesfor k = =a We now warnt to
clarify the physical reasonof this e ect:

The (nearly) plane wave for ko = =2 can be mapped by the reciprocal lattice vector

Gto ky = =2. As both plane waves have the sameabsolute value of k, both will
cortribute to the eigenmale. The result of an interaction of a propagating and courter-
propagating plane wave is a standing wave. The sameargumenation holds true when
mapping k; to ko by + G. This meansthat the modeshave a two-fold degeneracy We
can now construct basisfunctions of this two-dimensionalsubspacewith the maxima
of the standing wave either in the higher or the lower dielectric material. As the elec-
tromagnetic energy

z
Energy = (x) E(x) ’ + H(x) ’ dx (3.31)

is di erent in thesetwo casesthe modeshave di erent frequencyeigervalues. At the
edgesof the BZ this resultsin a degeneracysplitting in the band diagram. In turn, this
splitting causesa bandgap. That we de ne asthe frequencyinterval, within which no
modesexist for all possiblek-vectors. This hasfurther consequences:

1. Due to the lack of modes,the density of states(see3.1.6)in the band-gapis zero.
This has a strong in uence e.g. on spontaneous emission. We will discussthis
topic in more detail in chapter 5.

2. No propagation is allowed inside the photonic crystal for frequencieswithin the
gap. This certainly only holds when propagation within the samedimensionality
as the Brillouin-zone is taken into accourt. This meansfor the 1D-casethat a
bandgaponly exists for propagation perpendicular to the layers, and for the 2D-
casethat there is generallyno bandgapfor propagation out of the crystal plane.
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3 Principles of Photonic Crystals

We want to stresshere,that point 2 is not a commensuratecondition for the existence
of a bandgapasoften mistakenin literature. It will be discussedater that other meda-
nism can also causezerotransmissionthrough a photonic crystal, without the existence
of a bandgap.

In practical applications normally one aims to make the bandgap as large as possi-
ble. To obtain a comparablemeasurefor the size, we now introduce the relative gap
width of a bandgapwith lower edge! ; and upper edge! ,

! o 1y
Lo 3(1a+ 1Y) (3:32)
where ! is the absolutegap width and! . the certer frequencyof the gap. Eq. 3.31
implies that the sizeof the bandgapis depender on the refractive index cortrast of the
two layers. Howewer, geometricalparametersare alsoimportant for sizeand position of
the gap. The dependanceof these parametersvaries strongly in structures of di erent
dimensionalitiesand is discussedn the sectionslater on.

3.1.5 Symmetries

An important tool for analysingphotonic crystalsand their optical propertiesis informa-

tion on the behaviour of eigenmalesunder certain symmetry operations. In marny cases
this allows qualitative predictions e.g. about transmissionbehaviour, but is generally
usefulwhenthere is a coupling of a photonic crystal to the ervironmert (e.g. incoupling

of external sources).In the following we will thereforediscussfundamertal symmetries
of electromagneticsystems.

Mirro r symmetry

The symmetry that will be usedmainly in this work is the mirror symmetry. Generally
if the dielectric constart () has an invariance under a mirror operation M, then M
comnutes with the operator " of the master equation, and Eigenmales can thus be
classi ed by the eigervaluesof M. We thereforede ne a mirror operator that mirrors a
vector eld F(r) at the planex = 0

ME@E) 1 x!  x;F ! Fy (3.33)

This can be easily generalisedo an arbitrary mirror plane, but for simplicissity we will
discussonly this simple example. It is obvious that applying M two times to the vector
eld will recreatethe original function. Therefore,the singleapplication can only cause
a multiplication by a constart
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3.1 Electromagnetismof Periodic Dielectrics

MFE@E = F@® (3.34)
M2E(®) = 2F(®) = F( (3.35)

From thesetwo equationsit follows, that  (the eigervalue of M) can only have the
values+1 and 1. The eigenmalesof F(+) will therefore be classi ed for there “odd'
and ‘ewen' symmetry ( = land = +1, respectively).

When we adopt this principle to the electromagneticeigenmales of a photonic crys-
tal we have to be careful. While the argumenation above is applicablestraight forward
to the electric eld E(r), the magnetic eld H(#) gains an additional sign due to its
pseudwectorial character. We will summarizethe conditions that are valid for odd and
even electromagneticeigenmalesdue to a mirror operation at an x=0-plane in the fol-
lowing table:

even mode: odd mode:

Ex(X;y;2) = Ex( X;y;2) Ex(X;y;2) = +Ex( Xy;2)
Ey(X;y;2) = +Ey( XVy;2) Ey(xy;2) =  Ey( xy;2)
E,.(X;y;2) = +E;( Xxy;2) E,(X;y;2) = E.( XY;2)
He(X;y;2) = +Hy( Xy;2) Hy(X;y;2) = He( X;Y;2)
Hy(X;y;z) = Hx( XY;2) Hy(X;y;z) = +Hx( xy;2)
H,(X;y;2) = He( X;V;2) H,(X;y;z) = +Hyx( Xy;2)

or, more generally speaking:

An evenmode haseven parallel componerts of the electric eld andanevwennormal
componert of the magnetic eld. The other componerts are odd.

An odd mode hasodd parallel componerts of the electric eld and an odd normal
componert of the magnetic eld. The other componerts are even.

wherenormal and parallel are meart with respect to the mirror plane. We want to note
here, that e.g. a plane wave propagating in x-direction with an electric eld polarized
in y-direction and magnetic eld in z-direction is odd with respectto a (y = constant)-
mirror plane.

Polarisation

A specialtype of mirror symmetry occursin 2D systems.Due to the cortinous transla-
tional invarianceperpendicularto the two dimensionalbasis(referredto as z-direction),
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3 Principles of Photonic Crystals

an intrinsic mirror symmetry exists. Moreover, the elds canonly vary by a phasefactor
e*zZ in z-direction. If we restrict oursehesto in-plane propagation (k, = 0), and con-
sider the symmetry conditions descriked in the previous section we easily obtain that
even modescan only consistof E,, E, and H, eld componerts and odd modesof E,,
Hyx and Hy, respectively. If we usethis information in the master equations3.13 and
3.14we seethat they decoupleinto two scalarequationsfor E, and H,.

@ L e, @ 4 @ . 1@ .
& (Xy) & + a (xy) a Hz(x; y;1) 2 @t H(x;y;t)  (3.36)
Y(xy) % +  xy) @% E.(xy;t) = C—lzg E.(xy;t)  (3.37)

As even modesonly have transverse(in-plane) electric eld componerts, they are called
transverseelectric (TE), while odd modes,that consistonly of transversemagnetic eld

componerts, are denoted transverse magnetic (TM). This separationinto two scalar
master equationscan drastically reducethe numerical e ort in calculating band struc-
tures and eigenmalesfor purely two dimensionalsystems.

If the cortinous translational symmetry of a two dimensionalphotonic crystal is broken,
but a mirror symmetry still exists (e.g. in a photonic crystal slab), it is commonto call
the odd modesTM-lik e and the even modes TE-lik e. Directly in the mirror plane, the
strict seperation of componerts is still valid.

3.1.6 Density of States

The photonic density of states (DOS) plays an important role in understanding the
optical properties of a photonic crystal becauseit descrikesthe integral availability of
allowed states in a certain frequency range regardlessof band-index or k-value. The
DOSis de ned as
x Z
N() = d*k (I 1,.(R) (3.38)

n BZ

wherethe k-spaceintegration coversthe hole Brillouin zone(BZ) and! ,(K) is the eigen-
value for band-indexn and k-vector K. is the Dirac delta function. In freespaceN (! )
is proportional to ! 2. A vanishing DOS is the commensuratecondition for a complete
photonic bandgapand not, asoften arguedin literature, a perfectre ection or vanishing
transmissionbehaviour. We will discusslater that a vanishingtransmissioncan alsobe
causedby coupling e ects due to symmetry mismatch.

N (! ) represets a quartity that is averagedover the unit cell. It must not be confused
with the coupling strength of an emitter at a certain position to the electromagnetic
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3.2 One-DimensionalPhotonic Crystals: The Bragg Mirror

ervironment which can strongly vary in space. This quartity is called local density of
states (LDOS) and weights the cortributions of ead ! ,,(K) by the intensity of the elec-
tric eld at the position of the emitter, averagedover all dipole polarisations:
X £ 2
N( ;&) = d*k Ex(e) (¢ !'a(K) (3.39)
Zz

n B

The LDOS plays an essenhal role in quartum-electrodynamical phenomenain photonic
crystals[15]).

3.2 One-Dimensional Photonic Crystals: The Bragg
Mirro r

In this sectionwe will discussthe simplestcaseof a photonic crystal, the onedimensional
Bragg-mirror consistingof alternating layers of two di erent materials. This structure
is well known and has beenusedin optics for decades. Here we will discussit using
the terminology of photonic crystalsto gain insight into fundamertal processeshat will
help us later in the understandingof more complexhigher dimensionalphotonic crystal
structures.

Basically, we have two typesof variable parametersin a Bragg mirror. First, the refrac-
tive indicesn; and n, of the two materials and second the thicknessesl; and d, of the
two layerswithin the unit cell. More generally we can speak of material and geometry
parametersthat are responsiblefor the optical properties.

First, we want to keepthe geometry xed, using a lattice constart a and two lay-
ers with thicknessa=2 forming the unit cell, and study the in uence of the refractive
indices on the bandgap which is characterisedby its relative width ! =! .. Beforewe
calculate bandstructuresfor di erent setsof refractive indices,we can obtain somemore
information out of the structure of the master equation. If we multiply the dieIeBtric
distribution (+) by a constart factor or, equivalertly the refractive index by _
we seethat the only consequencevould be a scaling of the eigenfrequencie$ by = .
Howewer, this constart factor will be absorked in the fractional expressionin ! =! ..
This meansthat ewery dielectric structure with the samerefracticeindex cortrast n,=n;
will producethe samerelative gap width, and we canresortto discussingn,=n; instead
of n; and n, independerly.

Now we want to seethe quartitativ e in uence of the refractive index cortrast n,=n; (we
always assumen, > n; and, respectively, n,=n; > 1).

Fig. 3.3 shaws the relative gap width ! =!'; in dependanceon n,=n;, aswell as fre-
guenciesof the upper and lower edgesfor n; = 1:0. We can seethat the relative gap
width increasesstrongly with the index cortrast for n,=n; 3:5, and then starts to
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3 Principles of Photonic Crystals
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Figure 3.4: ! =! ., upper and lower bandedgedependen on d;=afor n,=n; = 3:0.
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3.2 One-DimensionalPhotonic Crystals: The Bragg Mirror

Figure 3.5:
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3 Principles of Photonic Crystals

saturate. This can be explained qualitatively like that: In 3.1.4we have identi ed the

origin of the bandgapasa degeneracysplitting of modesthat are predominatly localised
in high or low dielectric material. For increasingindex cortrast this is still the case,
but both modesnow tend to localisemore and morein the high index material. Above

a certain level of index cortrast a further increasedoesnot have a large e ect because
the modesare already nearly completely localisedin the the high index material. The

route to solwe this problem is obvious: We should give the modesmore room to localize
in the low index material. This can be done by modifying the thicknessof the layers,

making the high index layer thinner in favour of the low index layer. As we normalize
frequenciedo 2 c=a we keepthe lattice constart a = d; + d, constart. To verify this we

calculate ! =!. for di erent valuesof the relative thicknessof the low index layer d;=a
with xed n,=n; = 3:0 (g. 3.4)and n,=n; = 2.0 (g. 3.5). The maximum gap widths

correspnd to d;=a= 0:75 (n,=n; = 3:0) and d;=a= 0:666 (n,=n; = 2:0). Thesevalues
fulll the condition n;d; = n,d, that is well known in classicaloptics asthe matching of

the optical path lengthsin both layers. When we now usethis condition for calculating

the gap width in dependenceof n,=n, we end up with the optimum result in g. 3.6.

This result is not new and was known long before photonic crystals becamean active

scierti ¢ topic. Howeer, it shows the importance of the synergy betweenmaterial and

geometrical properties when designingstructures with a bandgap. The understanding
of the medanismsthat lead to a maximum bandgapare much more di cult in higher

dimensionsbecauseof the higher number of degreesof freedom(especially in geometry
and polarisation), but the principles are the same.

3.3 Two-Dimensional Photonic Crystals

In this sectionwe will discussbasicproperties of two dimensionalphotonic crystals (2D-
PC). Thereforewe will presen typical 2D-PC structures and correspnding numerical
results for bandstructuresand eigenmales. Furthermore we will analyzein more detall
the bandstructure and the parameter dependenciesof the hexagonalhole array, which
is essetial for later parts of this work.

The precisede nition of a two dimensional photonic crystal we use here consists of
two parts: First, a dielectric constart that is periodic in 2D and translationally invari-
ant perpendicular to the in-plane periodicity.

(Fxy:2) (Fxy + Ryy:2) (3.40)
(Fxy;2) = (ry52+ 2) (3.41)
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3.3 Two-DimensionalPhotonic Crystals

We will assiate the x-y-planewith the crystal plane and the z-direction astranslation-
ally invariant. Second,we will restrict our analysisto in-plane propagation.

k,=0 (3.42)

For out-of-plane propagtion the in-plane bandgapclosedor a certain value of k,. Details
can be found in [16].

3.3.1 Basic Structures and Properties

Even if we restrict oursehesto using two di erent materials only, the possibilities of
designinga two dimensionalphotonic crystal areimmense. There hasbeenlargee ort of
testing variouslattices and unit-cells in seart of an optimimum bandgapor other optical
properties of interest. Without acdhieving a comprehensie quartitativ e understanding
yet, somegeneralrules have beenestablishedthat determinethe bandgap:

Brillouin Zone and Index Contrast

Within the x-y-plane a directional gap existsin eat direction becausethere is always
somekind of onedimensionalperiodic modulation and a one-dimensionaphotonic crys-
tal always has a gap (see3.2). To obtain an omni-directional gap there must be an
overlap of all directional gaps. This is clearly very di cult to realizeif the directional
gapsaretoo small. This implies that there is a minimum index cortrast n,=n; > 1 that
is required to obtain a gap. The overlap of the directional gapsmay be achieved more
easilyif the k-valuesalong the edgeof the Brillouin-zone do not di er too much. This
calls for a Brillouin zonethat is ascircular as possible.

Polarization Dependence

In 3.2we learnedthat the origin of a bandgapis the degeneracysplitting of modeswhose
energiesare localized stronger or wealer in the high dielectric medium. We will now
seethat this has consequencefor the topology for gapsof di erent polarization. Let's
assumea dielectric interfaceat x = xg with

(X < Xo) > (X> Xo) (3.43)

2
To understand the behaviour of the electric energy (r) E:z (r = E:z (F)Dk! (r) (the

* denotesthe complex conjugate) of a mode at this interface we have to distinguish
betweenthe electric elds polarized perpendicular or parallel to the interface. As Ey is
cortinous at Xg
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3 Principles of Photonic Crystals

(o X) ELo X > (Xo* X) EL(xo+ %) (3.44)

which meansthe energydiscoriinously decreasest the interfaceto the low index ma-
terial. For E, we recall that now the dielectric displacemeh D = E is the cortinous
variable and therefore

(o X) EL, (0 %) < (Xo* X) EL (xo*+ %) (3.45)

which meansthe energydiscorinously increases.The rst caseis obviously more suit-
able for a strong con nemert in the high index material. In terms of two dimensional
photonic crystals we can use this for nding optimal topologiesfor gaps of di erent

polarizations. We have to avoid interfaceswith respect to the perpendicular E- eld

componert. This is the casefor isolated high dielectric scatterersand TM-p olarization,
and for interconnectedhigh index dielectrics with low index scatterers (inverse struc-
tures) and TE-polarization. We will demonstratethis now for typical structures.

Square Lattice of High Index Cylinders Surrounded by Air

As an example we consider a square arrangemem of cylinders with refractive index
n = 3:0andradiusr = 0:2ain air. Fig. 3.7 (top) shovsa sthematic picture of the crystal
with a primitiv e unit cell, the lattice vectorsR; and R, lattice constart a and cylinder
radiusr. The correspnding reciprocal lattice is depictedin g. 3.7 (bottom). The inset
shaws the Brillouin zone constructed from the reciprocal lattice vectors G; and G, as
Wigner-Seitz cell of the reciprocal lattice. The Brillouin zoneis quadratic and therefore
hasadditional symmetriesthat will reducethe part of k-spacethat hasto be considered.
The light grey triangle is the smallestareathat can be mapped to the whole Brillouin

zoneby mirror- or rotation-operationsand cortains all non-redundart information. This
smallestpossiblepart is called the irreducible Brillouin zone. It is limited by the high
symmetry points , X and M. We already know from one dimensionalexamplesthat

bandgapswill appear at the border of the Brillouin zone. Thereforeit is sucient

to calculate the bandstructure for a closedpath along the lines connecting the high
symmetry points. Fig. 3.8 shaws a calculation for TE- and TM-bands doneby a nite-

di erence time-domain (FDTD) method. As exspected from the generalargumeris in
3.3.1a TM-gap appearsfor frequenciesirom 0:321to 0:441, while there is no TE-gap.
The TM-gap has a relative width ! =!' . of 31:5% and is limited by the rst band at
the M -point and by the secondband at the X -point. There is also a small directional
gapin - X -direction for TE-modes. To explain the appearanceof the gapsgccordingto

3.3.1we will now analyzethe distribution of the electric energy (+) Er!< (r) ofthe rst
two TE- and TM-bands at the X-point. Fig. 3.9 shavsthe energyfor the rst TM-band
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3.3 Two-DimensionalPhotonic Crystals

within one primitiv e unit cell (Here and in all upcoming intensity plots, bright shading
indicateshigh intensity valuesand dark shadinglow intensity values). As E points along
the cylinder axis and therefore always parallel to the dielectric interface,the energycan
be con ned very strongly in the region of high-index dielectric material. Consequetly,

this leadsto the lowest frequencyin the eigervalue spectrum. A mode of higher order

will now require an additional node in the crystal plane, becausethere is no additional

degreeof freedomdue to the quasi-scalarcharacter of the z-polarized electric eld. This

nodal line, ascanbe seenin g. 3.10hasto gothrough the certer of the cylinder because
the mode hasto be orthogonal to the rst one. This pushesa signi cant part of the

energyout of the high dielectric into the air regionand causesan energyshift that leads
to the large gap obsenedin g. 3.8.
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Figure 3.7: Top: Real space Figure 3.8: Bandstructure for a squarelattice of
lattice. Bottom: Reciprocal n = 3:0 cylinders with radiusr = 0:2a in air.
spacelattice.

The situation, however, is di erent for TE-modes. As the electric eld vector lies in
the crystal planethere are additional possibilitiesfor the energyto localise. The electric
eld vector can be orientated perpendicular or parallel to the interface. For the lowest
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3 Principles of Photonic Crystals

Figure 3.9: Electric energy at the X- Figure 3.10:Electric energy at the X -
point for the rst TM-band. point for the secondTM-
band.

Figure 3.11:Electric energy at the X - Figure 3.12: Electric energy at the X -
point for the rst TE- point for the second TE-
band. band.
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3.3 Two-DimensionalPhotonic Crystals

order modein g. 3.11the eld linestend to be parallel (high cortribution of the rst
order plane wave). This indicates a perpendicular crossingat two sidesof the cylinder.
The correspnding discortinous increaseof the energyis clearly obsened in g. 3.11.
This causesa high localization in the low-index dielectric. The secondorder band in
g. 3.12hasa more complexstructure in the eld distribution and an even higher low
index localization. Howewer, the di erence to the rst order band is obviously much
smallerthan in the TM-case.

Hexagonal Lattice of Air Holes in a High Dielectric Background

Following our argumeration that interconnectedstructures provide TE-gaps and iso-
lated structures TM-gaps, we now try to nd a compromiseto achieve a polarisation
independart gap. This can be done by using an inversestructure with large airholes
that nearly touch ead other.
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Figure 3.13: Top: Real space Figure 3.14: Bandstructure for a hexagonallat-
lattice. Bottom: Reciprocal tice of air holes with radiusr = 0:45a in a
spacelattice. n = 3.6 bakbone.

Moreover, we now usean hexagonallattice, that rendersthe Brillouin zonemorecircular
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3 Principles of Photonic Crystals

-

>

Figure 3.15:15 TM at M Figure 3.16:2@ TM at M Figure 3.17:39TM at M

than in the squarelattice. Theseconsiderationsleadto the structure shovn in g. 3.13
(top). The high dielectric material consistsof spots that are interconnectedby thin
veinsin away sud that eat holeis surroundedby six veinsand spots. The insetsalso
show the primitiv e unit cell, the lattice vectors R; and R, and the parametersr and
a. In g. 3.13(bottom) the reciprocal lattice is displayed with insets of the Brillouin
zone, the irreducible Brillouin zonewith high symmetry points , M and K, and the
reciprocal lattice vectors G; and G,. As an examplewe choosea high dielectric badk-
ground n = 3:6 and holeswith r = 0:45a. The correspnding bandstructure is shavn in
g. 3.14. We can seea large TE-bandgap from 0:292to 0:483with ! =! .= 493%and
a smallerTM-bandgap from 0:382to 0:424with ! =!I . = 10:4%. The TE-gap is limited
by the rst band at the M -point and the secondband at the K -point, the TM-gap by
the secondband at and the third band at K. To analysethe origin of thesegapswe
now study the energydistribution at selectedpoints, starting with the TM-modes.
Similiar to the squarelattice the only way to createhigher modesfor TM-p olarization is
by adding node planes. Fig. 3.15shovsthe rst TM-mode at the M-point that strongly
localizesits energyin the dielectric veinsand spots, besideone node plane that crosses
two veins. The secondband ( g. 3.16)addsone more node planethat alsocrossesreins.
The third band contains three nodal planes(g. 3.17) that crossthe dielectric spots
(and alsorun through two veins). As signi cantly more energycan be storedin a spot
than in a vein, the changein energyis much larger betweenthe secondand the third
band comparedto the rst and second. This is re ected in the bandstructure by the
frequenciesat the M-point but alsoin the fact that the TM-gap risesbetweenband two
and three and not betweenl and 2 asfor the TE-modes.
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Now we discusshow strong the sizeof the air-holesin uences the width of the bandgap.
We thereforefocus on the modesthat limit the bandgap.

In g. 3.18 and 3.19 we seemodesthat have a high six fold symmetry in the dis-
tribution of the electric energy At the -p oint the energyis strongly localisedin the
dielectric spots while at the K -point the energyis concerttrated in the veinswith nodes
in the spots. The localisation in the thin veins pushessomeenergyinto the air regions
and causesan increasein frequencywhich resultsin a gap. Following thesequalitative
argumerts, the upper bandedgeshould consequetly be more sensitive to changesin the
radius of the airholesbecausehis causesa larger relative changein the areaswherethe
energyis concetrated asillustrated by comparisonof g. 3.19and g. 3.20wherethe
upper edgemode is shown for di erent radii. If the veinshave a similiar thicknessthan
the spots, the gap should vanish.

Now we warnt to discussthe TE-modesof the hexagonalstructure. This is donein more

detail becauselater we will focus on this particular system. Fig. 3.14 shows that the

TE-gap is much larger than the TM-gap. For the parametersusedin g. 3.14we obtain

a TE-gap of 49.4%. The gapis limited at the lower edgeby the rst bandat the M -point

and at the upper edgeby the secondband at the K -point. Thereforewe will now look

closerat thesetwo modesand for illustration alsoat the rst bandat M.

Fig. 3.21shows the electric energyfor the rst bandat M and radius 0:45a. The energy
is well localisedin the dielectric regionsand the cortinuity behaviour shaws that the

electric eld is parallel to the dielectric interfaces. Thereforeonly little energyis stored

in the air regions. The secondband at the samepoint displays a completely di erent

picture (g. 3.22): At two positions the eld lines crossthe interface perpendicular,

leading to signi cant energyin the holes. Moreover, there are node planesin some of

the dielectric veins and nodes. The additional degreeof freedomdue the polarization

leadsto alarge di erence in energylocalisation and thereforein the frequencyeigerval-

ues. The mode that represets the upper band edge( g. 3.23) has similiar properties
as g. 3.21besidea di erent symmetry due to the di erent k-vector. What happensif

we changethe radius of the air hole? For both bands frequencieswill decreasealue to

the higher e ective refractive index. The e ect on the secondband is larger because
the relative volume of air decreasesnd therefore also the possibility of storing energy
there. In the modesof the rst band nearly the whole energyis already stored in the

high index material and adding more material will not strongly improve this. As the

frequencyof the upper edgedecreasestrongerthan the frequencyof the lower edgethe

relative width of the bandgap also becomessmaller. This is illustrated in g. 3.24to

3.26 (energydistribution) and g. 3.30(bandstructure) for radius 0:33a. In comparison
to the casewith r = 0:45a the relative decreasds 37:8% for the upper edgefrequency
and 28:6% for the lower edgefrequencywhile the relative bandwidth decreaseso 36:3%.

Comparedto the structures and polarisations discussedso far, the TE-gap in the in-

verse hexagonalstructure is very robust and exists for a large range of frequencies. If

we further decreasehe radius we have to go until r = 0:13a to destroy the gap. This
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N

Wy

Figure 3.18:2" TM at Figure 3.19:3'9 TM at K,  Figure 3.20:3' TM at K,
r = 0:4a r = 0:4a r =047

Figure 3.21:1% TE at M, Figure 3.22:2" TE at M, Figure 3.23:1% TE at K,
r = 0:45a r = 0:45a r =045
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J A
B

Figure 3.24:1% TE at M, Figure 3.25:2" TE at M, Figure 3.26:1% TE at K,
r= 033 r = 0:33a r =033

. L

Figure 3.27:1% TE at M, Figure 3.28:2" TE at M, Figure 3.29:1%' TE at K,
r=013a r=0:13a r= 013
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3.4 Defects

is presetted in g. 3.30and g. 3.27to 3.29. In the energydistribution we seethat the
perturbation of the dielectric by the hole becomesso small that the character of the
light is nearly that of a plane wave.

In cortrast, the TM-gap is much lessrobust, ascanbe seenin g. 3.31wherewe compare
the TM-bands for radii 0:40a and 0:47a. The relative changein the lower edgefrequency
is 14:5% while the upper edgefrequencychangesby 26.:6%. For r = 0:47a this results
in a gap width of 14:7% while for r = 0:40a the gap just closes.

In the last two sectionsthe application of the generalprinciples of 3.3.1hasbeendemon-
strated. Howeer, even for basicstructures and the lowest order bands, it is already dif-
cult to analysethe complicated mode structures. It hasbecomeclearthat the general
principles may only work asqualitativ e guidelinesbut cannot replacenumerical analysis
wheneer quartitativ e information is required.

3.4 Defects

The avalilibilit y of structureswhereno propagationis allowed hasled to many interesting
suggestiondfor applications and devices(e.g. as mirrors for lasers[17]) as well asthe
novel propagation properties of the photonic crystal bands (e.g. superprisma [18]).
Howeer, the largest eld of applications opens up by the cortrolled introduction of
defectsinto the perfectperiodic structure that createswell de ned and strongly localised
stateswithin the bandgap. The qualitativ e understandingwhy local deviationsfrom the
perfect crystal cantrap light is easy becauseone can just imagine semi-in nite crystals
that act as perfect mirrors and are brought togetherin a way sud that they surround
a small region. If defectswith well de ned properties (e.g. a certain frequencyor mode
pro le) are required a deeper understanding of the medanismsthat lead to a defect
mode is necessaryespecially becausethe possibilities of locally disturbing the lattice
are large. It can be done by modifying the material, the geometryor the lattice itself.
Generally the introduction of a defectdestroys the periodicity of the crystal. In systems
of higher dimensionality this not necessarilyneedsto be donein all dimensions.Indeed,
we can classifythe type of defectby the number of dimensionsin which the periodicity is
broken. In ani-dimensionalsystema point-defect will destroy the discretetranslational
symmetry in i directions, a line-defectin i 1 directions and a planar defectin i 2
dimensions.Thereforepoint defectscanappearin 1-, 2- and 3-D systems,line defectsin
2- and 3-D and planar defectsonly in 3-D. In the following sectionswe will discussthe
creation of defectsof varioustypesin someexamplesystems.We will not addressdefects
in three dimensionalsystemsbecausehey have not yet readed technological relevance
becauseof experimenrtal di culties, but there has beenimportant recen progressby
applying direct laserwriting in polymers[11].
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3.4.1 Point Defects in 1D
The super-cell concept

Before we start analysingdefectswe will introduce a conceptthat helpsunderstanding
the physical medanismsleadingto defectcreation aswell as being usefulfor numerical
calculations. When de ning the lattice vectors R; and the concept of bandstructure
in 3.1.2and 3.1.3we have assumedthat R; are primitiv e lattice vectorsreferingto a
primitiv e unit cell, leading to the largest possibleBrillouin zone. For the concept of
bandstructure this is cornveniert becausean unnessesanbadfolding can causeconfu-
sion. Mathematically, howeer, it is not necessary We can also choosea non-primitive
unit cell, from now on called super-cell, (in 1D e.g. | a long) and calculate the corre-
sponding vectors of real (R |) and reciprocal space(G=l) aswell asthe now (I-times)
arti cially badkfolded bandstructure. Fig. 3.32 shavs an exampleof this procedurefor
a simple Bragg-mirror with n; = 1.0, n, = 2.0, d; = 2a=3,d, = a3 and | = 11. In the
ideal systemthis formal changeis trivial and not bene cial. Howe\er, if we now change
for examplethe thicknessof onelayer and thereby createa point defect, we destroy the
R-periodicity but still have the R I-periodicity. The systemnow consistse ectively of
a periodic arrangemen of defectswithin a badkground one dimensional crystal. The
solutionsof this systemare not the sameas of the perfectdefectstructure that would be
a singledefectin an in nitely extendedcrystal. Howewer, we can arguethat the defect
mode is strongly localisedto the spatial perturbation and if the distance betweentwo
defects(which is essetially the sizeof the supercell) is large enoughthat the eigenfunc-
tions of the singledefectsdo not overlap, the eigensolutionsare the sameasin the ideal
case. We therefore can calculate the defect modesand frequencieswithout loosing the
bene ts of working with a periodic system.

High and Low Index Defects

Usingthe supercellmethod we will now investigatethe physical origin of pointlik e defects
in the one dimensionalexamplemertioned in the last section. The energydistribution

at the lower and the upper edgeof the bandgap are shavn in g. 3.32 as well as the
dielectric structure.

We now perturb the crystal by making the certral high dielectric layer dx = 0:1a thicker.
As adding high dielectric material decreaseshe frequenciesand we look for modesin

the bandgap we examinethe in uence on the upper bandedgemode. Fig. 3.33 (left)

shaws the supercell bandstructure of the defectsystemand we can obsene two e ects.

First, at the edgesof the supercell Brillouin zone small bandgapsappear. This is due
to the small modulation with period | a that is causedby the periodic defects. These
gapsare arti cial onesdue to the supercell method and have no further relevance for
our discussion.Secondthe lowest brandh of the secondband of the unperturbed crystal
is moving downwards into the gap and attens, but still has a small non zero group
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Figure 3.32: Bandstructure (left), upper edgemode (right,top), lower edgemode (right,
certer) and dielectric distribution (right, bottom) for a 11a;dx = 0 super-
cell.

velocity. The distribution of the electric energy of this mode in g. 3.33 (right, top)
shaws already a localisation to the defect, but the additional high index material is not
yet sucient to make the exponertial decreaseaway from the defect fast enoughto
inhibit interaction with the periodic cortinuation of the supercell. This is achieved in
the next example(g. 3.34) for dx = 0:333 where we can asseiate the defect mode
with a constant frequency0:3734which resultsin a vanishing group velocity and there-
fore pointlik e localisation. A stronger localisation to the defect can also be achieved
by increasingthe refractive index cortrast of the badkground photonic crystal. This is
illustrated in g. 3.35for an examplewith the samegeometricalsetup asin g. 3.33
with a high index material with n = 3:0. Besidesthe stronger localisation the defect
frequencyis also pushedaway strongerfrom the bandedge.

We can also create a defectby decreasingthe refractive index in one layer or, which is
e ectiv ely the same,make the high dielectric layer in the certer of the supercellthinner.
In this case,the origin of the localised defect mode is the lower edgeof the bandgap.
This isillustrated in g. 3.36.
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Figure 3.33: Bandstructure (left): defectmode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a;dx = 0:1a supercell
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Figure 3.35: Bandstructure (left): defectmode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a;dx = 0:1a supercell

o
i

frequency [2Pi c/a]
o
w

o
)

0,1

1,0

electric energy [a.u.]

o

orNwWhOa O
diel. const.

0.000 0.125 0.250 0.375 0.500 O

k-vector [2Pi/(11a+dx)]

x-direction

Figure 3.36: Bandstructure (left): defectmode marked by line, defectmode (right,top)

and dielectric distribution (right, bottom) for a 11a;dx =

0:233a supercell

43



3 Principles of Photonic Crystals

In summary:

Locally decreasinghe refractive index resultsin a defectmodethat is deductedby
the lower band edgewhile increasingthe refractive index resultsin a defectmode
deductedfrom the upper band edge.

Small perturbations with defectfrequenciescloseto the band edgehave spatially
weakly con ned modes. This should be noticed when supercell methods are used.

A higherindex corntrast of the badground crystal enhanceghe spatial localisation.

3.4.2 Point- and Line-Defects in 2D

For the creation of defectsin a two dimensional system there exists a wide range of
parametersthat can in principal be modi ed to destroy the periodicity. For example
we can locally changethe refractive index, the size, shape or symmetry of a scatterer,
the lattice constart, the lattice symmetry or various conbinations of these parameters.
Moreover, we can modify more than oneunit cell in the described ways. This list is not
comprehensie at all and a systematicanalysisof the possibilities would go beyond the
scope of this work. In the following we will restrict oursehesto typical examplesand
shaw aspects of principal importance.

Point Defects

The simplest way of creating a point defectin a two dimensionalcrystal is to modify

one single scatterer without otherwise changing the symmetry of the lattice. In the

fundamenal structures already discussedhis is usually done by changingthe radius of
a dielectric cylinder or an air hole, or by ertirely removing it. If we take, for example,
an inverse hexagonallattice and remove one hole we have a high dielectric defect that

will pull down statesfrom the upper band edgein a qualitatively analogousway asin

the one dimensional case. Howeer, the situation is much more complicated now. As

the defect structure still has a six-fold rotational symmetry (or Cg, in terms of group
theory) that allows seeral types of defect modes, starting with a highly symmetric
fundamenial mode and se\eral higher order defect modes. Howeer, it is not certain

that all modesallowed for symmetry reasonsdo exist in the bandgap. Detailed analysis
shaws that it dependsstrongly on the crystal parameterswhich modesreally appearin

the gap. Moreover, the irreducible represetations of Cg, alsoallow two fold degenerated
modes. We demonstratethis now for a set of typical parametersusedin experimertal

investigationsbasedon GaAs-structures (described e.g. in [19]).

We usea supercellwith 7 ain x-direction (  K) and5 P 3ain y-direction ( M).

The high dielectric material has a refractive index of 3:6 and the air holesa radius of
0.266. The holein the certer (x=0, y=0) is missing. For theseparametersbandstructure
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» =
Figure 3.37:Mode 1: Energy Figure 3.38:Mode 1: E,.
.
. .
Figure 3.39:Mode 2: Energy Figure 3.40:Mode 2: E,.
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calculations shov only one defect mode lying in the bandgap. Due to the size of the
supercell and the being folded badk many times bandsthe band diagram becomesvery
confusingand yields no additional insights. We thereforedo not display it. Practically,
if we excite the defectmode by a random initial condition, we do not know if the mode
is degeneratedor not. A test could be to usea di erent initial condition which is not
linearly dependart onthe rst. If we getadierent result we found a degeneracyand are
able to construct a basisfor the two-dimensionalsubspace.We can also get orthogonal
basisfunctions directly if we modify the initial conditionsin a way that only modes of
certain symmetriesare excited. In the hexagonallattice we have mirror symmetriesfor
x = 0andy = 0. We now make use of thesesymmetriesby choosinginitial conditions
that are odd with respect to either x- or y-mirror-symmetry. The energydistributions
for the defect modesare shavn in g. 3.37and g. 3.39. In g. 3.38and g. 3.40the
distribution of the E