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1 Summary

In this work the optical properties of three dimensionalphotonic crystal structures are
studied theoretically by meansof a full vectorial three dimensional�nite-di�erence time-
domain (FDTD) numerical simulation. First, the principles of lower dimensionalpho-
tonic crystal structures are comprehensively discussedto assessthe underlying physical
principles of eigenmode and bandgap formation. For consistency, results are obtained
on the basisof the FDTD-method. Then theseprinciplesaregeneralisedto two di�erent
classesof three dimensionalphotonic crystal systems. First, we addressthe technolog-
ically important caseof photonic crystal slab structures, i.e. two dimensional crystal
patterns in vertically �nite layer structures, where the localisation of the electromag-
netic �elds perpendicular to the crystal plane is achieved by total internal re
ection.
Starting with simpleair-bridge structuresthe systemsstudiedareextendedto morecom-
plex vertical structures, likepatterned insulator-on-silicon-on-insulator(IOSOI) cladding
structures mounted on a substrate. The main focus thereby is laid on the quantitativ e
description of e�ects that are related to the coupling of the index-guidedlocalisedpho-
tonic crystal modesto the environment. Next to the technologicallyextremelyimportant
calculation of radiation losses,it is, in particular, the discovery of cladding modes(i.e.
modes that have no exponential decaying behaviour in the claddings) for frequencies
in the bandgapregion that is important and pioneeringfor the understandingof these
systemsand their potential application in integrated optics. Second,we focus on the
fundamental physical properties of three dimensional inverted opal structures. Within
the weak coupling regime,we analysethe strong frequency, polarisation and spacede-
pendanceof the spontaneousemissionrate (which is equivalent to the local density of
states)of a dipolesourceembeddedwithin our inverted opal in a crystallite of �nite size.
Thereby, strong enhancement e�ects are demonstratedcloseto dielectric interfacesfor
certain frequenciesdue to the continuity conditions of the electric �eld modes. These
results are essential for the interpretation of luminescenceexperiments, becausein real
systemsthere is always an inhomogenousdistribution of emitters and an approximation
basedon a total density of states becomesinvalid. Finally, the basic building blocks
of the FDTD-code like core algorithm, boundary conditions and data extraction are
discussedin detail. Moreover, special adaptations of thesecomponents with respect to
photonic crystal analysis are discussedand examplary results for the dependanceon
internal simulation parameterson the results are shown.
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Zusammenfassung

In der vorliegendenArbeit werden die optischen Eigenschaften von dreidimensionalen
photonischen Kristallen theoretisch mit Hilfe von voll-vektoriellen �nite-di�erence time-
domain(FDTD)-Sim ulationen untersucht. Zun•achst werdendie Prinzipien von niederdi-
mensionalenphotonischen Kristall-Systemen diskutiert, insbesondereum die zugrun-
deliegendenphysikalischen Mechanismenzu kl•aren, die f•ur das Zustandekommen von
Eigenmodenund Bandl•uckenverantwortlich sind. Die zugeh•origenexemplarischenErgeb-
nisse werden mit Hilfe der FDTD-Metho de berechnet. Anschliessendwerden diese
Prinzipien auf zwei verschiedene Klassen dreidimensionalerSystemeverallgemeinert.
Als erstesbetrachten wir den technologisch wichtigen Fall eineszweidimensionalenpho-
tonischen Kristalls in einer vertikal endlichen Schichtstruktur, wobei die Wellenf•uhrung
senkrecht zur Kristallebenedurch Totalre
ektion erfolgt. Beginnendmit einfachenMem-
branstrukturen werden die untersuchten Systemebis hin zu komplex strukturierten
IOSOI-Schichtsystem mit Claddings auf einem Substrat erweitert. Das Hauptaugen-
merk liegt dabei auf der quantitativ en Beschreibung von E�ekten im Zusammenhang
mit der Kopplung der index-gef•uhrten photonischen Kristallmo den mit ihrer Umge-
bung. Neben der technologisch •ausserstwichtigen Berechnung von Streuverlusten ist
insbesonderedie Entdeckung von Cladding-Moden, d.h. Moden die keinen exponen-
tiellen Abfall in den Claddings zeigen,f•ur Frequenzeninnerhalb der Bandl•ucke wichtig
und neu f•ur dasVerst•andis dieserSystemeim Hinblick auf derenAnwendungin der in-
tegrierten Optik. Als zweites betrachten wir grundlegendephysikalische Eigenschaften
in dreidimensionaleninvertierten Opalen. Im Grenzfall der schwachen Wechselwirkung
analysierenwir die starke Orts-, Polarisations-und Frequenzabh•angigkeit der spontanen
Emissionsrate,hier •aquivalent zur lokalen Zustandsdichte, einesPunktdipols in einem
Kristalliten endlicher Gr•osse.Es wird dabei signi�k ante Verst•arkung an dielektrischen
Grenz
•achen f•ur bestimmte Frequenzengezeigt,die durch die Stetigkeitsbedingungen
der elektrischen Feldmoden verursacht wird. Diese Ergebnissesind essentiell f•ur die
Interpretation von Luminiszenz-Experimenten, da es in realen Systemenstets eine in-
homogeneVerteilung der Emitter gibt und somit eineN•aherungunter Verwendungder
totalen Zustandsdichte nicht mehr gilt. Am Schlusswerdenfundamentale Komponenten
einesFDTD-Programms wie Kernalgorithmus,Randbedingungenund Datenauswertung
detailliert beschrieben. Dar•uberhinaus werden spezielle Anpassungendieser Kompo-
nenten im Hinblick auf die Analysephotonischer Kristalle diskutiert und exemplarische
Ergebnissezur Abh•angigkeit von internen Simulationsparameternvorgestellt.
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2 Intro duction and Overview

The control of light propagationand emissionis today oneof the most exciting and pro-
gressing�elds with respect to potential applications in information technology. Indeed,
the traditional way of transporting and processinglarge amount of data with electronic
circuits reachesphysical limits that make it hard to satisfy the demandsof the upcom-
ing global information society. Many of theselimitations are hoped to be overcomeby
systemsthat are basedon photons insteadof electrons.While in someaspectsphotonic
devicesalready play a leading role as in long rangetransmissionthrough optical �bres,
an on-chip realisation of photonic circuits is still not achieved on a level mature enough
for the market. Moreover, electronic circuits are still orders of magnitudesaheadwith
respect to miniaturisation.

For fundamental physical research this meansthere is a largeneedfor the designand the
understandingof systemsthat can control and manipulate light on small lengthscales,
signi�cantly smaller than the wavelength of the light itself.

In 1987, Yablonovitch [1] and John [2] independently suggestedthe use of periodi-
cally nano-structured (which means structures of a size similar or smaller than one
wavelength) dielectrics to engineerthe mode structure and the density of states in a
meta-material that is now well known as photonic crystals. Their motivation was an
interdisciplinary useof principles long known in electrodynamicsand solid-state-physics.
Similar to the electronsin a crystalline semiconductor,a crystal of periodically arranged
dielectric scattererswith carefully chosengeometry, shouldexhibit a photonic band-gap,
i.e. a regionwith vanishingdensity of statesand prohibited propagation. In this type of
material, an excitedemitter with a transition frequencywithin the band-gapis stabilised
and not able to emit a photon. It quickly turned out that this is really possibleand a
new �eld of research was born.

In the last nearly two decadesintensive research has beenperformed and showed that
the original idea of suppressingspontaneousemissionis only oneof many exciting pos-
sibilities photonic crystals are able to o�er.

The strongly modi�ed interaction betweenradiation and matter has also beenapplied
e.g. for the enhancement of nonlinear e�ects. This mainly relieson the fact that within
photonic crystals there can be light propagation with very low group velocities. Also,
besidessuppressionof spontaneousemission[3], strong enhancement hasbeenpredicted
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2 Introduction and Overview

[4]. The tailoring of the local density of states has furthermore led to the proposal of
variousnon-Markovian quantumoptical e�ects like an anomolousLamb-shift [5] or split-
ting of optical levels at band edges[6]. It is obvious that thesee�ects may be utilised
for the optimisation of light sourceslike semiconductorlasers.

However, the largest variety of ideas has surprisingly not arised from the originally
intended manipulation of matter-light interaction but from the purely classicalpropa-
gation properties of photonic crystals. It has beenrecognisedquite early that the con-
trolled inclusion of defectsin a perfect lattice generatesstrongly localisedstateswithin
the bandgap. In the caseof a pointlik e defectthis results in a cavit y that canhave amaz-
ingly high quality factors simultaneouslywith very small mode volumes[7]. A property
that is very desiredin optical electronics.For a linear defecthowever light is con�ned in
two spacedirections and can propagatealong the line which createsa waveguidewith
extensionson the lengthscaleof the wavelength. Obviously, this is alsostrongly desired
by technologists. Two dimensionalcalculationsand simulations presented very early by
Joannopoulos et al [8] moreover suggestedvery interesting properties of these waveg-
uides like extremely low lossesat sharp bends[9]. This is possiblebecausethe guiding
mechanism in a photonic crystal is multiple Bragg interferenceand not total internal
re
ection asin conventional optical devices.This meansthat it is not necessarythat the
guiding happens in a material with high index or in a material at all. This perception
made a very new and interesting technical application possible,the photonic bandgap
�bre (PBF). In a PBF light is guidedalong a �bre with a periodically structured cross-
section,with the main intensity con�ned in an air-channel. These�bres apparently have
very low absorbtion lossesand su�er only weakly from material dispersion. Moreover,
very high intensitiescanbesent through a PBF without unwanted nonlinear interaction.
PBF's are now very likely to becomethe �rst largescaletechnologicalapplication based
on photonic crystals. Credits hereby must be given to the pioneeringwork of Phillip St.
John Russell[10].

It would be beyond the scope of this introduction to list all possibleapplications and
devicesproposed in the last years, like beam splitters, polarisation sensitive devices,
wavelenghth monitors or dispersioncompensators.However, it is important to mention
that the focus of the research concerningapplications has recently been concentrated
to two-dimensionallystructured layer-by-layer systemswhere the con�nement perpen-
dicular to the crystal plane is achieved by total internal re
ection. Although one looses
someof the bene�ts of full three dimensionalcrystals, the easeof fabrication seemsto
pay o�. Neverthelessthere has beena lot of progressin the last few yearsto overcome
the most fundamental disadvantageof three dimensionalcrystals, the di�cult controlled
inclusion of defects[11].

From the beginning of the research in this �eld, numerical analysisand simulation has
played a very important role. The reasonfor this is that the solutions of the full vec-
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torial Maxwell's equationsare required to correctly describe the optical properties and
that due to the structure of the equations no reasonableanalytical approximation is
possible. It hase.g. beendemonstratedin the early 1990'sthat a scalarapproximation
cannot explain the existenceof a band-gap. Another reasonis that the experimental
fabrication of photonic crystals is di�cult and time consuming.A pureheuristic try-and-
error approach without supporting designsuggestionsfrom theory would be unpractical.

The state of the art in numerical analysis of these systemsconsistsof a complemen-
tary useof frequency-and time-domain methods. The most prominent and widespread
frequency-domain-technique is the plane-wave-method for the computation of photonic
band-structuresand eigenmodes, that is basedon a time-harmonic plane wave decom-
position of eigenmodesand dielectric structure. Its advantagesare the relative e�cien t
computation and high accuracyin frequencydue to its iterativ e nature, while su�ering
from the inabilit y to handlesystemssu�ering from scattering losses.On the other hand,
for time-domain methods (most prominently the �nite-di�erence time-domain (FDTD)
method), there are nearly no restrictions in the geometricalor physical setup, but only
in required computing resources.Unfortunately, the latter are immenseand provide a
signi�cant disadvantage of FDTD. Nevertheless,due to the rapid progressin computing
power, FDTD hasbecomethe standard technique for analysingtechnologically relevant
problems. However, becauseit is still necessaryto work with clustersor supercomputers
to provide the requiredpower, recently moresophisticatedand promising new develope-
ments hasappearedlike �nite-v olume, multigrid or hybrid-basisapproachesthat aim to
make photonic crystal analysispossibleon standard personalcomputers.

This work adressesseveral aspects of photonic crystal research. Chapter 3 tries to
give a comprehensive overview over the fundamental physicsand mechanismsleadingto
bandstructures,eigenmodesand especially bandgaps.This is discussedfor oneand two
dimensional systems,and fundamental principles are generalisedto more complicated
systems.To ensureconsistency, all examplary results presented in this chapter are cal-
culated by self-developed computer codes.

Chapter 4 deals very detailed with one of the central aspects for the technical appli-
cation of two dimensionalphotonic crystals in �nite layer structures. The interaction of
the crystal pattern with the vertical structure and the resulting deviations from ideal
two dimensionalsystems,especially concerningout-of-planelossesdueto coupling to the
modebath of the environment. By gradually progressingfrom simpleidealisedstructures
up to complexsystemswith claddingsand substratethe important physical mechanisms
as well as quantitativ e results for technologically relevant material systemsare shown.
The discovery of cladding modesin insulator-on-silicon-on-insulator(IOSOI) structures
is thereby pioneeringfor the comprehensive understandingof thesesystems.

In Chapter 5 the attention is drawn to more fundamental physics in the context of
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2 Introduction and Overview

light-matter-in teraction in a three dimensional opal structure. By applying a special
modi�cation of the FDTD-method the strong spaceand frequencydependanceof the
spontaneousemissionrate in a �nite opal crystallite within the weak coupling regime
is analysedin detail. This hasa strong relevancefor the interpretation of luminescence
experiments [12]and the experimental probing of the mode structure of a photonic crys-
tal. In this work this hasbeendonefor the �rst time in a three dimensionalsystemwith
�nite size.

All results of the preceedingchapters have beenobtained by several problem adapted
versionsof an FDTD algorithm. As FDTD is a very generalmethod for solving electro-
dynamical problemsa proper adaptation to a certain problem with respect to e�ciency ,
reliabilit y and accuracy is sometimesdi�cult and not straightforward. Therefore in
chapter 6 the FDTD algorithm is described in detail including practical advisefor the
usein photonic crystal analysis.

14



3 Principles of Photonic Crystals

The basic principles and underlying theory of photonic crystals are introduced in this
chapter. First, necessaryprerequisitesfrom electrodynamics, solid state physics and
group theory are discussedin the context of photonic crystal analysis, most of them
using the 1D caseas an example. Next, basic structures and properties of crystals
with various dimensionality are presented. Finally, more sophisticatedconceptslike the
introduction of controlled defectsare explained.

3.1 Electromagnetism of Periodic Dielectrics

In someway, the invention of photonic crystals in 1987[1, 2] was not the discovery of
completenew physical principles, but an outstanding interdisciplinary recombination of
well-known physics. The essential part thereby was the combination of Maxwell's equa-
tions for electromagnetic�elds in a dielectric structure with Bloch's theoremfor periodic
potentials from solid-statephysics. The main aspect in understandingphotonic crystals
is the understanding of how these two principles interact in a periodically structured
dielectric.

3.1.1 Maxwell's Equations

Under generalconditionsthe four Maxwell's equationsin Heaviside-Lorentz units readas

r ~B(~r ; t) = 0 (3.1)

r � ~E(~r ; t) +
1
c

@
@t

~B(~r ; t) = 0 (3.2)

r ~D(~r ; t) = � (~r ; t) (3.3)

r � ~H (~r ; t) �
1
c

@
@t

~D(~r ; t) =
1
c
~j (~r ; t) (3.4)

with the material relations

~B = ~B( ~H ) (3.5)
~D = ~D( ~E) (3.6)
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3 Principles of Photonic Crystals

For the analysisof nanostructured dielectrics we can make somereasonablesimpli�ca-
tions. First, we assumethat no free currents or chargesare present in the system. This
meanswecanset the right hand sidesof the inhomogenousequations3.3and 3.4to zero.
Moreover, we can assumelinear dielectric materials with vanishing magnetic suscepti-
bilit y. This is reasonablefor most dielectric materials as long as the �eld intensities are
small enough.The generalmaterial equations3.5and 3.6under this assumptionarenow

~B(~r ; t) = ~H (~r ; t) (3.7)
~D(~r ; t) = � (~r ) ~E(~r ; t) (3.8)

where� (~r ) is the spaciallyvarying dielectric constant. In principal, � (~r ) canalsobe time
and/or frequencydependent, but this is not under considerationin our case. If we go
back to Maxwell's equationswith theseassumptionsthey now canbewritten astwo curl
equationswith the time derivativesonly depending on ~E and ~H and two homogeneous
equationscompleting the set.

r � ~E(~r ; t) = �
1
c

@
@t

~H (~r ; t) (3.9)

r � ~H (~r ; t) =
1
c
� (~r )

@
@t

~E(~r ; t) (3.10)

r ~E(~r ; t) = 0 (3.11)

r ~H (~r ; t) = 0 (3.12)

In practical applications,e.g. solving theseequationsnumerically, it is su�cien t to solve
the curl equationswhile assuringthe homogeneousequationsare ful�lled. In this case
it might be convenient to rearrangethe curl equationsin a way that they depend only
on ~E or ~H , respectively. This leadsto two secondorder wave equations,which are often
called master equationsin literature [8]:

r �
h

� � 1(~r ) r � ~H (~r ; t)
i
= �

1
c2

@2

@t2
~H (~r ; t) (3.13)

� � 1(~r ) r �
h

r � ~E(~r ; t)
i
= �

1
c2

@2

@t2
~E(~r ; t) (3.14)

To analyse the structure of 3.13 (we do not choose 3.14 for reasonsthat will be ex-
plained later) we choose a fourier decomposition in time, which meanswe assumea
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3.1 Electromagnetismof Periodic Dielectrics

time-harmonic behaviour of the �elds. This can be donewithout lossof generality. The
ansatz

~H (~r ; t) = ~H (~r ) ei! t (3.15)

leadsto the fourier spacemaster equation

r �
h

� � 1(~r ) r � ~H (~r )
i
=

! 2

c2
~H (~r ) (3.16)

which can be understood asan eigenvalue problem for the eigenfunctions~H (~r ) and the
eigenvalues! 2 of the generalform

�̂ ~H (~r ) = ! 2 ~H (~r ) (3.17)

wherethe operator �̂ contains the information about the dielectric structure. The eigen-
value problem basedon 3.13 is Hermitian and therefore ensuring that the eigenvalues
are real and the eigenfunctionsform a completesetof basisfunctions. This is convenient
for further theoretical analysisas well as for certain types of numerical solutions (e.g.
the plane-wave-expansionmethod (PWM, [13]). The reasonfor choosing3.13insteadof
3.14 is that the di�erent position of � (~r ) within �̂ destroys the hermiticit y. For further
analysisof 3.16 we needmore information about the dielectric structure described by
� (~r ). This is discussedin the next section.

3.1.2 Bloch's Theorem

Within the eigenvalue equation 3.16 the dielectric constant � (~r ) mathematically plays
the role of a potential. In a photonic crystal, we know that this potential is by de�ni-
tion periodic in one or more dimensions. We will now take advantage of this discrete
translational symmetry to learn moreabout the solutionsof the masterequation. Math-
ematically, the periodicity of � (~r ) can be expressedas

� (~r + ~R) (3.18)

where ~R is an integer multiple of a primitiv e lattice vector ~R in one dimensionor the
superposition of integer multiples of primitiv e lattice vectors ~Ri in d dimensions:

~R =
dX

i =1

ni
~Ri (3.19)
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3 Principles of Photonic Crystals

with integerni . For simplicity we will restrict ourselvesnow to the onedimensionalcase
(in x-direction: ~R = ax̂), without lossof generality. For completenesswe have to state
that we assumea continous translational symmetry in the other two spacedirections.
The discretetranslational symmetry can be expressedin terms of a translation operator
T̂ which createsa spatial shift by a. Due to the structure of the dielectric potential � (~r )
it can be shown, that T̂ commutes with �̂:

h
T̂ ; �̂

i
= 0 (3.20)

This meanswe canconstruct simultaneouseigenfunctionsof T̂ and �̂ and thereforeclas-
sify the eigenfunctionsof �̂ by the eigenvaluesof T̂ . The eigenfuctionsof T̂ are easily
determinedasplanewaveswith wavenumber k, becausethe translational symmetry only
allowsthe eigenfunctionsto di�er by a phaseshift which correspondsto the eigenvalue � :

T̂ eik x = eik (x+ a) = eik a eik x = � eik x (3.21)

It is obvious now, that � is not unique for all wavevectorsk, becauseeach k + m 2� =a (m
is an integer) will produce the same� as k. Mathematically, this meansthat all plane
wavescorresponding to k + mG with G = 2� =a form a degenerateset of eigenfunctions,
and that all superpositions of plane waves with wavevector k + mG are also an eigen-
function with eigenvalue � . As � doesonly depend on k as a free parameter for a given
structure, wecannow make the stepback to the masterequationand state the following:

The eigenfunctionsof �̂ can be classi�ed by a wavevector k and have the form:

~Hk(x) = eik x
X

m

~Hm eimGx = eik x ~uk(x) (3.22)

with the lattice periodic function uk(x) = uk(x + na) and plane wave amplitudes ~Hm .
This statement is well known in solid state physicsas Bloch's theorem[14].

We will now generaliseBloch's theoremfor d dimensions:
A given d-dimensionalstructure with dielectric constant

� (~r ) = � (~r + ~R) (3.23)

where

~R =
dX

i =1

ni
~Ri (3.24)
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3.1 Electromagnetismof Periodic Dielectrics

with primitiv e lattice vectors ~Ri and integer numbers ni has eigenfunctionswhich can
be labeledby an wavevector ~k and expressedin the form

~H~k(~r ) = ei~k~r
X

~G

~H~k; ~G ei ~G~r = ei~k~r ~u~k(~r ) (3.25)

where ~G represents reciprocal lattice vectorsof the form

~G =
dX

i =1

mi
~Gi (3.26)

with integer numbers mi and

~Gi � ~Ri = 2� � i;j (3.27)

and a lattice periodic function.

~u~k(~r ) = ~u~k(~r + ~R) (3.28)

� i;j is the Kronecker delta function and ~Gi primitiv e reciprocal lattice vectors.

3.1.3 The Concept of Brillouin-Zone and Bandstructure

We know from Bloch's theorem that wavevectors~k and ~k + ~G produce the sameset of
eigenfunctionsand corresponding eigenvalues. Thereforewe can restrict our analysisto
the smallestregionin k-spacethat canbeexpandedto the entire k-spaceby addingrecip-
rocal lattice vectors. Only this region contains non-redundant information. From solid
state physicswe know that this smallestpossibleregioncan be constructedasthe prim-
itiv e Wigner-Seitzcell in reciprocal spaceand is called the �rst Brillouin-zone (BZ) [14].
This concept is easily understood in a one dimensionalphotonic crystal, becauseit is
obvious that only k-valuesfrom � � =a to � =a (which is equivalent to � 0:5G to 0:5G)
ful�ll this condition. The completefrequencyeigenvalue spectrum of the systemcan be
obtained by calculating the eigenvaluesfor thesek-values. One step further we can sort
all eigenvaluescorresponding to a certain k-value and label them by an index, we will
refer from now to as the band-index n. The unique representation of an eigenfunction
is therefore

~H n
~k

(~r ) = ei~k~r
X

G

~H n
~k; ~G

ei ~G~r = ei~k~r ~un
~k
(~r ) (3.29)
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Figure 3.1: Schematic picture of a one
dimensional photonic crys-
tal. The black framed box
shows a primitiv e unit cell,
R is a lattice vector and a
the lattice constant
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Figure 3.2: Bandstructure of a low in-
dex contrast Bragg-mirror.
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is mirror symmetricwith re-
spect to k = 0.

or, as alsooften usedin literature, the labelling by the frequencyeigenvalue:

~H !
~k

(~r ) = ei~k~r
X

G

~H !
~k; ~G

ei ~G~r = ei~k~r ~u!
~k
(~r ) (3.30)

The combination of thesetwo conceptsresults in an ! over ~k diagram which is called
the bandstructure and has proven to be very useful when discussingthe properties of
periodic systemsin solid state physics,and now aswell in the �eld of photonic crystals.
The frequenciesare displayed in units of 2� c=a, which has proven to be useful. As
Maxwell's equationsare linear, the geometryand eigenvalues/eigenfunctionsscalealso
linearly. Therefore it makessenseto normalize frequenciesby a fundamental length of
the crystal, the lattice constant. The normalization to 2� c=a is always assumedin this
work when no explicit frequencyunits are given. We will illustrate this conceptnow for
a one dimensionalphotonic crystal. As shown in �g. 3.1 the unit cell consistsof two
layerswith the samethicknessa=2 and refractive indicesn1 and n2. If we assumenow a
very small index contrast n1=n2 the structure is exspected to have a similiar dispersion
relation asan homogeneousmaterial with an averageindex navg = (n1 + n2)=2, because
the periodic modulation represents only a small perturbation. This dispersion relation
is well known to be a straight line ! = navg � k. The modesof this slightly perturbed
structure consistmainly of onecomponent: The plane wave with wavevector ~k. In this
simple system we can easily seewhat happens for a k-value k1 larger than � =a. The
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3.1 Electromagnetismof Periodic Dielectrics

modes are backfolded by an reciprocal lattice vector ~G to a k-value k0 = k1 � G into
the �rst Brillouin zone, and now both eigenvalues ! 0 = navg � k0 and ! 1 = navg � k1

belong to the k-value k0, but have gainedan additional band index. Moreover, due to
the symmetry of the layer systemwe do not have to distinguish betweenk and � k and
therefore can restrict to the interval [0; � =a]. This procedure is illustrated in �g. 3.2.
This picture of backfolding into the �rst Brillouin-zone is only valid in a strict sense
when the modes have one dominant fourier-component (which meansthey are nearly
plane waves). In a generalcaseall modescontain contributions of plane wavesei (k+ G)x

for an in�nite number of G vectors.

3.1.4 The Bandgap

In the discussionof the last sectionwe ignored what happensat the edgeof the BZ. It
is already obvious from �g. 3.2 that the perturbation of the homogenouscaseis largest
and that a small gap in the dispersion relation arisesfor k = � � =a. We now want to
clarify the physical reasonof this e�ect:

The (nearly) plane wave for k0 = � =2 can be mapped by the reciprocal lattice vector
� G to k1 = � � =2. As both plane waves have the sameabsolutevalue of k, both will
contribute to the eigenmode. The result of an interaction of a propagatingand counter-
propagating plane wave is a standing wave. The sameargumentation holds true when
mapping k1 to k0 by + G. This meansthat the modeshave a two-fold degeneracy. We
can now construct basis functions of this two-dimensionalsubspace,with the maxima
of the standing wave either in the higher or the lower dielectric material. As the elec-
tromagnetic energy

Energy =
Z

� (x)
�
�
� ~E(x)

�
�
�
2

+
�
�
� ~H (x)

�
�
�
2

dx (3.31)

is di�erent in thesetwo cases,the modeshave di�erent frequencyeigenvalues. At the
edgesof the BZ this results in a degeneracysplitting in the band diagram. In turn, this
splitting causesa bandgap. That we de�ne as the frequencyinterval, within which no
modesexist for all possible~k-vectors. This has further consequences:

1. Due to the lack of modes,the density of states(see3.1.6) in the band-gapis zero.
This has a strong in
uence e.g. on spontaneousemission. We will discussthis
topic in more detail in chapter 5.

2. No propagation is allowed inside the photonic crystal for frequencieswithin the
gap. This certainly only holds when propagation within the samedimensionality
as the Brillouin-zone is taken into account. This meansfor the 1D-casethat a
bandgaponly exists for propagation perpendicular to the layers, and for the 2D-
casethat there is generallyno bandgapfor propagation out of the crystal plane.
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3 Principles of Photonic Crystals

We want to stresshere, that point 2 is not a commensuratecondition for the existence
of a bandgapasoften mistaken in literature. It will be discussedlater that other mecha-
nism can alsocausezerotransmissionthrough a photonic crystal, without the existence
of a bandgap.

In practical applications normally one aims to make the bandgap as large as possi-
ble. To obtain a comparablemeasurefor the size, we now introduce the relative gap
width of a bandgapwith lower edge! 1 and upper edge! 2

� !
! c

=
! 2 � ! 1

1
2(! 2 + ! 1)

(3.32)

where � ! is the absolutegap width and ! c the center frequencyof the gap. Eq. 3.31
implies that the sizeof the bandgapis dependent on the refractive index contrast of the
two layers. However, geometricalparametersare also important for sizeand position of
the gap. The dependanceof theseparametersvaries strongly in structures of di�erent
dimensionalitiesand is discussedin the sectionslater on.

3.1.5 Symmetries

An important tool for analysingphotonic crystalsand their optical propertiesis informa-
tion on the behaviour of eigenmodesunder certain symmetry operations. In many cases
this allows qualitativ e predictions e.g. about transmissionbehaviour, but is generally
usefulwhenthere is a coupling of a photonic crystal to the environment (e.g. incoupling
of external sources).In the following we will thereforediscussfundamental symmetries
of electromagneticsystems.

Mirro r symmetry

The symmetry that will be usedmainly in this work is the mirror symmetry. Generally,
if the dielectric constant � (~r ) has an invariance under a mirror operation M̂ , then M̂
commutes with the operator �̂ of the master equation, and Eigenmodes can thus be
classi�ed by the eigenvaluesof M̂ . We thereforede�ne a mirror operator that mirrors a
vector �eld ~F (~r ) at the plane x = 0

M̂ ~F (~r ) : x ! � x ; Fx ! � Fx (3.33)

This can be easilygeneralisedto an arbitrary mirror plane, but for simplicissity we will
discussonly this simple example. It is obvious that applying M̂ two times to the vector
�eld will recreatethe original function. Therefore,the singleapplication can only cause
a multiplication by a constant

22



3.1 Electromagnetismof Periodic Dielectrics

M̂ ~F (~r ) = � ~F (~r ) (3.34)

M̂ 2 ~F (~r ) = � 2 ~F (~r ) = ~F (~r ) (3.35)

From these two equations it follows, that � (the eigenvalue of M̂ ) can only have the
values+1 and � 1. The eigenmodesof ~F (~r ) will therefore be classi�ed for there `odd'
and `even' symmetry (� = � 1 and � = +1, respectively).

When we adopt this principle to the electromagneticeigenmodes of a photonic crys-
tal we have to be careful. While the argumentation above is applicablestraight forward
to the electric �eld ~E(~r ), the magnetic �eld ~H (~r ) gains an additional sign due to its
pseudovectorial character. We will summarizethe conditions that are valid for odd and
even electromagneticeigenmodesdue to a mirror operation at an x=0-plane in the fol-
lowing table:

even mode:

Ex (x; y; z) = � Ex (� x; y; z)

Ey(x; y; z) = + Ey(� x; y; z)

Ez(x; y; z) = + Ez(� x; y; z)

Hx (x; y; z) = + Hx(� x; y; z)

Hy(x; y; z) = � Hx (� x; y; z)

Hz(x; y; z) = � Hx (� x; y; z)

odd mode:

Ex (x; y; z) = + Ex (� x; y; z)

Ey(x; y; z) = � Ey(� x; y; z)

Ez(x; y; z) = � Ez(� x; y; z)

Hx (x; y; z) = � Hx (� x; y; z)

Hy(x; y; z) = + Hx(� x; y; z)

Hz(x; y; z) = + Hx(� x; y; z)

or, more generallyspeaking:

� An evenmodehasevenparallel components of the electric �eld and an evennormal
component of the magnetic �eld. The other components are odd.

� An odd mode hasodd parallel components of the electric �eld and an odd normal
component of the magnetic �eld. The other components are even.

wherenormal and parallel are meant with respect to the mirror plane. We want to note
here, that e.g. a plane wave propagating in x-direction with an electric �eld polarized
in y-direction and magnetic �eld in z-direction is odd with respect to a (y = constant)-
mirror plane.

Polarisation

A special type of mirror symmetry occursin 2D systems.Due to the continous transla-
tional invarianceperpendicular to the two dimensionalbasis(referred to asz-direction),

23



3 Principles of Photonic Crystals

an intrinsic mirror symmetry exists. Moreover, the �elds canonly vary by a phasefactor
eik z z in z-direction. If we restrict ourselves to in-plane propagation (kz = 0), and con-
sider the symmetry conditions described in the previous section we easily obtain that
even modescan only consistof Ex , Ey and Hz �eld components and odd modesof Ez,
Hx and Hy, respectively. If we use this information in the master equations3.13 and
3.14we seethat they decoupleinto two scalarequationsfor Ez and Hz.

�
@
@x

� � 1(x; y)
@

@x
+

@
@y

� � 1(x; y)
@
@y

�
Hz(x; y; t) = �

1
c2

@2

@2t
Hz(x; y; t) (3.36)

�
� � 1(x; y)

@2

@2x
+ � � 1(x; y)

@2

@2y

�
Ez(x; y; t) = �

1
c2

@2

@2t
Ez(x; y; t) (3.37)

As even modesonly have transverse(in-plane) electric �eld components, they are called
transverseelectric (TE), while odd modes,that consistonly of transversemagnetic�eld
components, are denoted transverse magnetic (TM). This separation into two scalar
master equationscan drastically reducethe numerical e�ort in calculating band struc-
tures and eigenmodesfor purely two dimensionalsystems.
If the continous translational symmetry of a two dimensionalphotonic crystal is broken,
but a mirror symmetry still exists (e.g. in a photonic crystal slab), it is commonto call
the odd modesTM-lik e and the even modesTE-lik e. Directly in the mirror plane, the
strict seperation of components is still valid.

3.1.6 Density of States

The photonic density of states (DOS) plays an important role in understanding the
optical properties of a photonic crystal becauseit describes the integral availabilit y of
allowed states in a certain frequency range regardlessof band-index or k-value. The
DOS is de�ned as

N (! ) =
X

n

Z

B Z
d3k � (! � ! n (~k)) (3.38)

wherethe k-spaceintegration coversthe holeBrillouin zone(BZ) and ! n(~k) is the eigen-
value for band-indexn and k-vector ~k. � is the Dirac delta function. In freespaceN (! )
is proportional to ! 2. A vanishing DOS is the commensuratecondition for a complete
photonic bandgapand not, asoften arguedin literature, a perfect re
ection or vanishing
transmissionbehaviour. We will discusslater that a vanishing transmissioncan alsobe
causedby coupling e�ects due to symmetry mismatch.

N (! ) represents a quantit y that is averagedover the unit cell. It must not be confused
with the coupling strength of an emitter at a certain position to the electromagnetic
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3.2 One-DimensionalPhotonic Crystals: The Bragg Mirror

environment which can strongly vary in space. This quantit y is called local density of
states(LDOS) and weights the contributions of each ! n (~k) by the intensity of the elec-
tric �eld at the position of the emitter, averagedover all dipole polarisations:

N (! ;~r ) =
X

n

Z

B Z
d3k

�
�
� ~E n

~k
(~r )

�
�
�
2

� (! � ! n (~k)) (3.39)

The LDOS plays an essential role in quantum-electrodynamical phenomenain photonic
crystals [15]).

3.2 One-Dimensional Photonic Crystals: The Bragg
Mirro r

In this sectionwewill discussthe simplestcaseof a photonic crystal, the onedimensional
Bragg-mirror consistingof alternating layers of two di�erent materials. This structure
is well known and has been used in optics for decades. Here we will discussit using
the terminology of photonic crystals to gain insight into fundamental processesthat will
help us later in the understandingof more complexhigher dimensionalphotonic crystal
structures.

Basically, we have two typesof variable parametersin a Bragg mirror. First, the refrac-
tive indicesn1 and n2 of the two materials and second,the thicknessesd1 and d2 of the
two layers within the unit cell. More generally, we can speak of material and geometry
parametersthat are responsiblefor the optical properties.

First, we want to keep the geometry �xed, using a lattice constant a and two lay-
ers with thicknessa=2 forming the unit cell, and study the in
uence of the refractive
indices on the bandgapwhich is characterisedby its relative width � ! =! c. Before we
calculatebandstructuresfor di�erent setsof refractive indices,we can obtain somemore
information out of the structure of the master equation. If we multiply the dielectric
distribution � (~r ) by a constant factor � or, equivalently the refractive index by

p
� ,

we seethat the only consequencewould be a scalingof the eigenfrequencies! by
p

� .
However, this constant factor will be absorbed in the fractional expressionin � ! =! c.
This meansthat every dielectric structure with the samerefractice index contrast n2=n1

will producethe samerelative gap width, and we can resort to discussingn2=n1 instead
of n1 and n2 independently.
Now we want to seethe quantitativ e in
uence of the refractive index contrast n2=n1 (we
always assumen2 > n1 and, respectively, n2=n1 > 1).

Fig. 3.3 shows the relative gap width � ! =! c in dependanceon n2=n1, as well as fre-
quenciesof the upper and lower edgesfor n1 = 1:0. We can seethat the relative gap
width increasesstrongly with the index contrast for n2=n1 � 3:5, and then starts to
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Figure 3.3: � ! =! c, upper and lower bandedgefor layerswith equal thicknessdependent
on n2=n1
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Figure 3.4: � ! =! c, upper and lower bandedgedependent on d1=a for n2=n1 = 3:0.
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Figure 3.5: � ! =! c, upper and lower bandedgedependent on d1=a for n2=n1 = 2:0.
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Figure 3.6: � ! =! c, upper and lower bandedgedependent on n2=n1 for n1d1 = n2d2.
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saturate. This can be explainedqualitativ ely like that: In 3.1.4 we have identi�ed the
origin of the bandgapasa degeneracysplitting of modesthat arepredominatly localised
in high or low dielectric material. For increasingindex contrast this is still the case,
but both modesnow tend to localisemore and more in the high index material. Above
a certain level of index contrast a further increasedoesnot have a large e�ect because
the modesare already nearly completely localisedin the the high index material. The
route to solve this problem is obvious: We should give the modesmore room to localize
in the low index material. This can be done by modifying the thicknessof the layers,
making the high index layer thinner in favour of the low index layer. As we normalize
frequenciesto 2� c=a, we keepthe lattice constant a = d1 + d2 constant. To verify this we
calculate � ! =! c for di�erent valuesof the relative thicknessof the low index layer d1=a
with �xed n2=n1 = 3:0 (�g. 3.4) and n2=n1 = 2:0 (�g. 3.5). The maximum gap widths
correspond to d1=a = 0:75 (n2=n1 = 3:0) and d1=a = 0:666(n2=n1 = 2:0). Thesevalues
ful�ll the condition n1d1 = n2d2 that is well known in classicaloptics as the matching of
the optical path lengths in both layers. When we now usethis condition for calculating
the gap width in dependenceof n2=n1 we end up with the optimum result in �g. 3.6.
This result is not new and was known long beforephotonic crystals becamean active
scienti�c topic. However, it shows the importance of the synergybetweenmaterial and
geometricalproperties when designingstructures with a bandgap. The understanding
of the mechanismsthat lead to a maximum bandgapare much more di�cult in higher
dimensionsbecauseof the higher number of degreesof freedom(especially in geometry
and polarisation), but the principles are the same.

3.3 Two-Dimensional Photonic Crystals

In this sectionwe will discussbasicpropertiesof two dimensionalphotonic crystals (2D-
PC). Thereforewe will present typical 2D-PC structures and corresponding numerical
results for bandstructuresand eigenmodes. Furthermore we will analyzein more detail
the bandstructure and the parameter dependenciesof the hexagonalhole array, which
is essential for later parts of this work.

The precisede�nition of a two dimensional photonic crystal we use here consistsof
two parts: First, a dielectric constant that is periodic in 2D and translationally invari-
ant perpendicular to the in-plane periodicity.

� (~r xy ; z) = � (~r xy + ~Rxy ; z) (3.40)

� (~r xy ; z) = � (~r xy ; z + � z) (3.41)
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3.3 Two-DimensionalPhotonic Crystals

We will associate the x-y-planewith the crystal planeand the z-direction astranslation-
ally invariant. Second,we will restrict our analysisto in-plane propagation.

kz = 0 (3.42)

For out-of-planepropagtion the in-planebandgapclosesfor a certain valueof kz. Details
can be found in [16].

3.3.1 Basic Structures and Properties

Even if we restrict ourselves to using two di�erent materials only, the possibilities of
designinga two dimensionalphotonic crystal are immense.Therehasbeenlargee�ort of
testing variouslattices and unit-cells in search of an optimimum bandgapor other optical
properties of interest. Without achieving a comprehensive quantitativ e understanding
yet, somegeneralrules have beenestablishedthat determine the bandgap:

Brillouin Zone and Index Contrast

Within the x-y-plane a directional gap exists in each direction becausethere is always
somekind of onedimensionalperiodic modulation and a one-dimensionalphotonic crys-
tal always has a gap (see3.2). To obtain an omni-directional gap there must be an
overlap of all directional gaps. This is clearly very di�cult to realize if the directional
gapsare too small. This implies that there is a minimum index contrast n2=n1 > 1 that
is required to obtain a gap. The overlap of the directional gapsmay be achieved more
easily if the k-valuesalong the edgeof the Brillouin-zone do not di�er too much. This
calls for a Brillouin zonethat is as circular as possible.

Polarization Dependence

In 3.2we learnedthat the origin of a bandgapis the degeneracysplitting of modeswhose
energiesare localized stronger or weaker in the high dielectric medium. We will now
seethat this has consequencesfor the topology for gapsof di�erent polarization. Let's
assumea dielectric interfaceat x = x0 with

� (x < x0) > � (x > x0) (3.43)

To understand the behaviour of the electric energy � (~r )
�
�
� ~E !

~k
(~r )

�
�
�
2

= ~E !
~k

(~r ) ~D � !
~k

(~r ) (the

* denotesthe complex conjugate) of a mode at this interface we have to distinguish
betweenthe electric �elds polarized perpendicular or parallel to the interface. As Ek is
continous at x0
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� (x0 � � x)
�
�
� ~E !

~k;k
(x0 � � x)

�
�
�
2

> � (x0 + � x)
�
�
� ~E !

~k;k
(x0 + � x)

�
�
�
2

(3.44)

which meansthe energydiscontinously decreasesat the interface to the low index ma-
terial. For E? we recall that now the dielectric displacement ~D = � ~E is the continous
variable and therefore

� (x0 � � x)
�
�
� ~E !

~k;?
(x0 � � x)

�
�
�
2

< � (x0 + � x)
�
�
� ~E !

~k;?
(x0 + � x)

�
�
�
2

(3.45)

which meansthe energydiscontinously increases.The �rst caseis obviously more suit-
able for a strong con�nement in the high index material. In terms of two dimensional
photonic crystals we can use this for �nding optimal topologiesfor gaps of di�erent
polarizations. We have to avoid interfaces with respect to the perpendicular E-�eld
component. This is the casefor isolated high dielectric scatterersand TM-p olarization,
and for interconnectedhigh index dielectrics with low index scatterers(inversestruc-
tures) and TE-polarization. We will demonstratethis now for typical structures.

Square Lattice of High Index Cylinders Surrounded by Air

As an example we consider a square arrangement of cylinders with refractive index
n = 3:0 and radius r = 0:2a in air. Fig. 3.7(top) showsa schematicpicture of the crystal
with a primitiv e unit cell, the lattice vectors ~R1 and ~R2, lattice constant a and cylinder
radius r . The corresponding reciprocal lattice is depictedin �g. 3.7 (bottom). The inset
shows the Brillouin zoneconstructed from the reciprocal lattice vectors G1 and G2 as
Wigner-Seitzcell of the reciprocal lattice. The Brillouin zoneis quadratic and therefore
hasadditional symmetriesthat will reducethe part of k-spacethat hasto be considered.
The light grey triangle is the smallestarea that can be mapped to the whole Brillouin
zoneby mirror- or rotation-operationsand contains all non-redundant information. This
smallestpossiblepart is called the irreducible Brillouin zone. It is limited by the high
symmetry points �, X and M . We already know from one dimensionalexamplesthat
bandgapswill appear at the border of the Brillouin zone. Therefore it is su�cien t
to calculate the bandstructure for a closedpath along the lines connecting the high
symmetry points. Fig. 3.8 shows a calculation for TE- and TM-bands doneby a �nite-
di�erence time-domain (FDTD) method. As exspected from the generalarguments in
3.3.1 a TM-gap appearsfor frequenciesfrom 0:321 to 0:441, while there is no TE-gap.
The TM-gap has a relative width � ! =! c of 31:5% and is limited by the �rst band at
the M -point and by the secondband at the X -point. There is also a small directional
gap in �- X -direction for TE-modes. To explain the appearanceof the gapsaccordingto

3.3.1we will now analyzethe distribution of the electric energy� (~r )
�
�
� ~E !

~k
(~r )

�
�
�
2

of the �rst
two TE- and TM-bands at the X-point. Fig. 3.9 shows the energyfor the �rst TM-band
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3.3 Two-DimensionalPhotonic Crystals

within oneprimitiv e unit cell (Here and in all upcoming intensity plots, bright shading
indicateshigh intensity valuesand dark shadinglow intensity values). As ~E points along
the cylinder axis and thereforealways parallel to the dielectric interface, the energycan
be con�ned very strongly in the region of high-index dielectric material. Consequently,
this leadsto the lowest frequencyin the eigenvalue spectrum. A mode of higher order
will now require an additional node in the crystal plane, becausethere is no additional
degreeof freedomdue to the quasi-scalarcharacter of the z-polarizedelectric �eld. This
nodal line, ascanbe seenin �g. 3.10hasto go through the center of the cylinder because
the mode has to be orthogonal to the �rst one. This pushesa signi�cant part of the
energyout of the high dielectric into the air regionand causesan energyshift that leads
to the large gap observed in �g. 3.8.
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Figure 3.7: Top: Real space
lattice. Bottom: Reciprocal
spacelattice.
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Figure 3.8: Bandstructure for a squarelattice of
n = 3:0 cylinders with radius r = 0:2a in air.

The situation, however, is di�erent for TE-modes. As the electric �eld vector lies in
the crystal plane there are additional possibilitiesfor the energyto localise. The electric
�eld vector can be orientated perpendicular or parallel to the interface. For the lowest
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Figure 3.9: Electric energy at the X -
point for the �rst TM-band.

Figure 3.10:Electric energy at the X -
point for the secondTM-
band.

Figure 3.11:Electric energy at the X -
point for the �rst TE-
band.

Figure 3.12:Electric energy at the X -
point for the secondTE-
band.
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3.3 Two-DimensionalPhotonic Crystals

order mode in �g. 3.11 the �eld lines tend to be parallel (high contribution of the �rst
order plane wave). This indicates a perpendicular crossingat two sidesof the cylinder.
The corresponding discontinous increaseof the energy is clearly observed in �g. 3.11.
This causesa high localization in the low-index dielectric. The secondorder band in
�g. 3.12 has a more complexstructure in the �eld distribution and an even higher low
index localization. However, the di�erence to the �rst order band is obviously much
smaller than in the TM-case.

Hexagonal Lattice of Air Holes in a High Dielectric Background

Following our argumentation that interconnectedstructures provide TE-gaps and iso-
lated structures TM-gaps, we now try to �nd a compromiseto achieve a polarisation
independant gap. This can be done by using an inversestructure with large airholes
that nearly touch each other.
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Figure 3.13: Top: Real space
lattice. Bottom: Reciprocal
spacelattice.
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Figure 3.14: Bandstructure for a hexagonallat-
tice of air holes with radius r = 0:45a in a
n = 3:6 backbone.

Moreover, we now usean hexagonallattice, that rendersthe Brillouin zonemorecircular
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3 Principles of Photonic Crystals

Figure 3.15:1st TM at M Figure 3.16:2nd TM at M Figure 3.17:3r d TM at M

than in the squarelattice. Theseconsiderationslead to the structure shown in �g. 3.13
(top). The high dielectric material consistsof spots that are interconnectedby thin
veins in a way such that each hole is surroundedby six veinsand spots. The insetsalso
show the primitiv e unit cell, the lattice vectors R1 and R2 and the parametersr and
a. In �g. 3.13 (bottom) the reciprocal lattice is displayed with insets of the Brillouin
zone, the irreducible Brillouin zonewith high symmetry points �, M and K , and the
reciprocal lattice vectors G1 and G2. As an examplewe choosea high dielectric back-
ground n = 3:6 and holeswith r = 0:45a. The corresponding bandstructure is shown in
�g. 3.14. We can seea large TE-bandgap from 0:292to 0:483with � ! =! c = 49:3% and
a smallerTM-bandgap from 0:382to 0:424with � ! =! c = 10:4%. The TE-gap is limited
by the �rst band at the M -point and the secondband at the K -point, the TM-gap by
the secondband at � and the third band at K . To analysethe origin of thesegapswe
now study the energydistribution at selectedpoints, starting with the TM-modes.
Similiar to the squarelattice the only way to createhigher modesfor TM-p olarization is

by adding node planes.Fig. 3.15shows the �rst TM-mode at the M-point that strongly
localizesits energyin the dielectric veinsand spots, besideonenode plane that crosses
two veins. The secondband (�g. 3.16)addsonemorenode planethat alsocrossesveins.
The third band contains three nodal planes (�g. 3.17) that cross the dielectric spots
(and also run through two veins). As signi�cantly more energycan be stored in a spot
than in a vein, the changein energy is much larger between the secondand the third
band comparedto the �rst and second. This is re
ected in the bandstructure by the
frequenciesat the M-point but alsoin the fact that the TM-gap risesbetweenband two
and three and not between1 and 2 as for the TE-modes.
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3.3 Two-DimensionalPhotonic Crystals

Now we discusshow strong the sizeof the air-holesin
uences the width of the bandgap.
We thereforefocuson the modesthat limit the bandgap.

In �g. 3.18 and 3.19 we seemodes that have a high six fold symmetry in the dis-
tribution of the electric energy. At the �-p oint the energy is strongly localisedin the
dielectric spots while at the K -point the energyis concentrated in the veinswith nodes
in the spots. The localisation in the thin veins pushessomeenergyinto the air regions
and causesan increasein frequencywhich results in a gap. Following thesequalitativ e
arguments, the upper bandedgeshouldconsequently be moresensitive to changesin the
radius of the airholesbecausethis causesa larger relative changein the areaswherethe
energyis concentrated as illustrated by comparisonof �g. 3.19 and �g. 3.20 where the
upper edgemode is shown for di�erent radii. If the veinshave a similiar thicknessthan
the spots, the gap should vanish.
Now we want to discussthe TE-modesof the hexagonalstructure. This is donein more
detail becauselater we will focus on this particular system. Fig. 3.14 shows that the
TE-gap is much larger than the TM-gap. For the parametersusedin �g. 3.14we obtain
a TE-gap of 49:4%. The gapis limited at the lower edgeby the �rst band at the M -point
and at the upper edgeby the secondband at the K -point. Thereforewe will now look
closerat thesetwo modesand for illustration alsoat the �rst band at M .
Fig. 3.21shows the electric energyfor the �rst band at M and radius 0:45a. The energy
is well localised in the dielectric regionsand the continuity behaviour shows that the
electric �eld is parallel to the dielectric interfaces.Thereforeonly little energyis stored
in the air regions. The secondband at the samepoint displays a completely di�erent
picture (�g. 3.22): At two positions the �eld lines cross the interface perpendicular,
leading to signi�cant energy in the holes. Moreover, there are node planesin someof
the dielectric veins and nodes. The additional degreeof freedomdue the polarization
leadsto a large di�erence in energylocalisation and thereforein the frequencyeigenval-
ues. The mode that represents the upper band edge(�g. 3.23) has similiar properties
as �g. 3.21besidea di�erent symmetry due to the di�erent k-vector. What happensif
we changethe radius of the air hole? For both bands frequencieswill decreasedue to
the higher e�ective refractive index. The e�ect on the secondband is larger because
the relative volume of air decreasesand thereforealso the possibility of storing energy
there. In the modesof the �rst band nearly the whole energy is already stored in the
high index material and adding more material will not strongly improve this. As the
frequencyof the upper edgedecreasesstronger than the frequencyof the lower edgethe
relative width of the bandgap also becomessmaller. This is illustrated in �g. 3.24 to
3.26(energydistribution) and �g. 3.30(bandstructure) for radius 0:33a. In comparison
to the casewith r = 0:45a the relative decreaseis 37:8% for the upper edgefrequency
and 28:6%for the lower edgefrequencywhile the relative bandwidth decreasesto 36:3%.
Compared to the structures and polarisations discussedso far, the TE-gap in the in-
versehexagonalstructure is very robust and exists for a large range of frequencies.If
we further decreasethe radius we have to go until r = 0:13a to destroy the gap. This
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Figure 3.18:2nd TM at �,
r = 0:4a

Figure 3.19:3r d TM at K,
r = 0:4a

Figure 3.20:3r d TM at K,
r = 0:47a

Figure 3.21:1st TE at M,
r = 0:45a

Figure 3.22:2nd TE at M,
r = 0:45a

Figure 3.23:1st TE at K,
r = 0:45a
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Figure 3.24:1st TE at M,
r = 0:33a

Figure 3.25:2nd TE at M,
r = 0:33a

Figure 3.26:1st TE at K,
r = 0:33a

Figure 3.27:1st TE at M,
r = 0:13a

Figure 3.28:2nd TE at M,
r = 0:13a

Figure 3.29:1st TE at K,
r = 0:13a
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Figure 3.30:Bandstructure for TE-modesfor structures with varying radius
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Figure 3.31:Bandstructure for TM-modesfor structures with varying radius
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is presented in �g. 3.30and �g. 3.27 to 3.29. In the energydistribution we seethat the
perturbation of the dielectric by the hole becomesso small that the character of the
light is nearly that of a plane wave.
In contrast, the TM-gap is much lessrobust, ascanbeseenin �g. 3.31wherewecompare
the TM-bands for radii 0:40a and 0:47a. The relative changein the lower edgefrequency
is 14:5% while the upper edgefrequencychangesby 26:6%. For r = 0:47a this results
in a gap width of 14:7% while for r = 0:40a the gap just closes.
In the last two sectionsthe application of the generalprinciplesof 3.3.1hasbeendemon-
strated. However, even for basicstructures and the lowest order bands,it is already dif-
�cult to analysethe complicatedmode structures. It hasbecomeclear that the general
principles may only work asqualitativ e guidelinesbut cannot replacenumerical analysis
whenever quantitativ e information is required.

3.4 Defects

The availibilit y of structureswhereno propagationis allowedhasled to many interesting
suggestionsfor applications and devices(e.g. as mirrors for lasers[17]) as well as the
novel propagation properties of the photonic crystal bands (e.g. superprisma [18]).
However, the largest �eld of applications opens up by the controlled introduction of
defectsinto the perfectperiodic structure that createswell de�ned and strongly localised
stateswithin the bandgap. The qualitativ e understandingwhy local deviationsfrom the
perfect crystal can trap light is easy, becauseonecan just imaginesemi-in�nite crystals
that act as perfect mirrors and are brought together in a way such that they surround
a small region. If defectswith well de�ned properties (e.g. a certain frequencyor mode
pro�le) are required a deeper understanding of the mechanisms that lead to a defect
mode is necessary, especially becausethe possibilities of locally disturbing the lattice
are large. It can be done by modifying the material, the geometryor the lattice itself.
Generally, the introduction of a defectdestroys the periodicity of the crystal. In systems
of higher dimensionality this not necessarilyneedsto be donein all dimensions.Indeed,
we canclassifythe typeof defectby the number of dimensionsin which the periodicity is
broken. In an i -dimensionalsystema point-defect will destroy the discretetranslational
symmetry in i directions, a line-defect in i � 1 directions and a planar defect in i � 2
dimensions.Thereforepoint defectscanappear in 1-, 2- and 3-D systems,line defectsin
2- and 3-D and planar defectsonly in 3-D. In the following sectionswe will discussthe
creationof defectsof varioustypesin someexamplesystems.Wewill not addressdefects
in three dimensionalsystemsbecausethey have not yet reached technological relevance
becauseof experimental di�culties, but there has been important recent progressby
applying direct laserwriting in polymers [11].
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3.4.1 Point Defects in 1D

The super-cell concept

Beforewe start analysingdefectswe will introducea conceptthat helpsunderstanding
the physical mechanismsleading to defectcreation aswell asbeing useful for numerical
calculations. When de�ning the lattice vectors ~Ri and the concept of bandstructure
in 3.1.2 and 3.1.3 we have assumedthat ~Ri are primitiv e lattice vectors refering to a
primitiv e unit cell, leading to the largest possibleBrillouin zone. For the concept of
bandstructure this is convenient becausean unnessesarybackfolding can causeconfu-
sion. Mathematically, however, it is not necessary. We can also choosea non-primitiv e
unit cell, from now on called super-cell, (in 1D e.g. l � a long) and calculate the corre-
sponding vectors of real ( ~R � l) and reciprocal space( ~G=l) as well as the now (l-times)
arti�cially backfolded bandstructure. Fig. 3.32 shows an exampleof this procedurefor
a simple Bragg-mirror with n1 = 1:0, n2 = 2:0, d1 = 2a=3, d2 = a=3 and l = 11. In the
ideal systemthis formal changeis trivial and not bene�cial. However, if we now change
for examplethe thicknessof one layer and thereby createa point defect,we destroy the
~R-periodicity but still have the ~R � l-periodicity. The systemnow consistse�ectively of
a periodic arrangement of defectswithin a background one dimensional crystal. The
solutionsof this systemare not the sameasof the perfectdefectstructure that would be
a singledefect in an in�nitely extendedcrystal. However, we can arguethat the defect
mode is strongly localisedto the spatial perturbation and if the distancebetween two
defects(which is essentially the sizeof the supercell) is large enoughthat the eigenfunc-
tions of the singledefectsdo not overlap, the eigensolutionsare the sameas in the ideal
case. We thereforecan calculate the defect modesand frequencieswithout loosing the
bene�ts of working with a periodic system.

High and Low Index Defects

Usingthe supercellmethod wewill now investigatethe physicalorigin of pointlik edefects
in the one dimensionalexamplementioned in the last section. The energydistribution
at the lower and the upper edgeof the bandgap are shown in �g. 3.32 as well as the
dielectric structure.
Wenow perturb the crystal by making the central high dielectric layer dx = 0:1a thicker.
As adding high dielectric material decreasesthe frequenciesand we look for modes in
the bandgap we examine the in
uence on the upper bandedgemode. Fig. 3.33 (left)
shows the supercell bandstructure of the defect systemand we can observe two e�ects.
First, at the edgesof the supercell Brillouin zonesmall bandgapsappear. This is due
to the small modulation with period l � a that is causedby the periodic defects. These
gapsare arti�cial onesdue to the supercell method and have no further relevance for
our discussion.Second,the lowest branch of the secondband of the unperturbed crystal
is moving downwards into the gap and 
attens, but still has a small non zero group
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Figure 3.32:Bandstructure (left), upper edgemode (right,top), lower edgemode (right,
center) and dielectric distribution (right, bottom) for a 11a;dx = 0 super-
cell.

velocity. The distribution of the electric energy of this mode in �g. 3.33 (right, top)
shows already a localisation to the defect,but the additional high index material is not
yet su�cien t to make the exponential decreaseaway from the defect fast enough to
inhibit interaction with the periodic continuation of the supercell. This is achieved in
the next example(�g. 3.34) for dx = 0:333a where we can associate the defect mode
with a constant frequency0:3734which results in a vanishinggroup velocity and there-
fore pointlik e localisation. A stronger localisation to the defect can also be achieved
by increasingthe refractive index contrast of the background photonic crystal. This is
illustrated in �g. 3.35 for an examplewith the samegeometrical setup as in �g. 3.33
with a high index material with n = 3:0. Besidesthe stronger localisation the defect
frequencyis alsopushedaway stronger from the bandedge.
We can also createa defect by decreasingthe refractive index in one layer or, which is
e�ectively the same,make the high dielectric layer in the center of the supercell thinner.
In this case,the origin of the localiseddefect mode is the lower edgeof the bandgap.
This is illustrated in �g. 3.36.
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Figure 3.33:Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a;dx = 0:1a supercell
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Figure 3.34:Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a;dx = 0:333a supercell
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Figure 3.35:Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a;dx = 0:1a supercell
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Figure 3.36:Bandstructure (left): defect mode marked by line, defect mode (right,top)
and dielectric distribution (right, bottom) for a 11a;dx = � 0:233a supercell
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In summary:

� Locally decreasingthe refractive index resultsin a defectmodethat is deductedby
the lower band edgewhile increasingthe refractive index results in a defectmode
deductedfrom the upper band edge.

� Small perturbations with defect frequenciescloseto the band edgehave spatially
weakly con�ned modes. This should be noticed when supercell methods are used.

� A higher index contrast of the background crystal enhancesthe spatial localisation.

3.4.2 Point- and Line-Defects in 2D

For the creation of defects in a two dimensional system there exists a wide range of
parametersthat can in principal be modi�ed to destroy the periodicity. For example
we can locally changethe refractive index, the size,shape or symmetry of a scatterer,
the lattice constant, the lattice symmetry or various combinations of theseparameters.
Moreover, we can modify more than oneunit cell in the described ways. This list is not
comprehensive at all and a systematicanalysisof the possibilitieswould go beyond the
scope of this work. In the following we will restrict ourselves to typical examplesand
show aspectsof principal importance.

Point Defects

The simplest way of creating a point defect in a two dimensionalcrystal is to modify
one single scatterer without otherwise changing the symmetry of the lattice. In the
fundamental structures already discussedthis is usually doneby changing the radius of
a dielectric cylinder or an air hole, or by entirely removing it. If we take, for example,
an inversehexagonallattice and remove one hole we have a high dielectric defect that
will pull down states from the upper band edgein a qualitativ ely analogousway as in
the one dimensionalcase. However, the situation is much more complicated now. As
the defect structure still has a six-fold rotational symmetry (or C6v in terms of group
theory) that allows several types of defect modes, starting with a highly symmetric
fundamental mode and several higher order defect modes. However, it is not certain
that all modesallowed for symmetry reasonsdo exist in the bandgap. Detailed analysis
shows that it dependsstrongly on the crystal parameterswhich modesreally appear in
the gap. Moreover, the irreducible representations of C6v alsoallow two fold degenerated
modes. We demonstratethis now for a set of typical parametersusedin experimental
investigationsbasedon GaAs-structures (described e.g. in [19]).

We usea supercellwith 7� a in x-direction (� � K ) and 5�
p

3a in y-direction (� � M ).
The high dielectric material has a refractive index of 3:6 and the air holesa radius of
0.266.The hole in the center (x=0, y=0) is missing. For theseparametersbandstructure
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Figure 3.37:Mode 1: Energy. Figure 3.38:Mode 1: Ey.

Figure 3.39:Mode 2: Energy Figure 3.40:Mode 2: Ey.
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calculations show only one defect mode lying in the bandgap. Due to the size of the
supercell and the being folded back many times bandsthe band diagram becomesvery
confusingand yields no additional insights. We thereforedo not display it. Practically,
if we excite the defectmode by a random initial condition, we do not know if the mode
is degeneratedor not. A test could be to usea di�erent initial condition which is not
linearly dependant on the �rst. If we get a di�erent result we found a degeneracyand are
able to construct a basisfor the two-dimensionalsubspace.We can alsoget orthogonal
basisfunctions directly if we modify the initial conditions in a way that only modesof
certain symmetriesare excited. In the hexagonallattice we have mirror symmetriesfor
x = 0 and y = 0. We now make useof thesesymmetriesby choosing initial conditions
that are odd with respect to either x- or y-mirror-symmetry. The energydistributions
for the defect modesare shown in �g. 3.37 and �g. 3.39. In �g. 3.38 and �g. 3.40 the
distribution of the Ey component are shown (white represents positive, grey zero and
black negative valuesof Ey , respectively). Mode 1 has even symmetry for both mirror
planeswhile mode 2 has odd symmetry (and vice versafor Ex which is not displayed).
This proves that the modesare orthogonal basis functions. The knowledgeabout this
degeneraciesled to improvements of certain desiredmodecharacteristicsby intensionally
lifting this degeneracyby stretching the lattice constant along x- or y-direction [7].

Line Defects

Besidesthe completespatial localisation in both dimensionsthere is alsothe possibility
of breaking the crystal symmetry only in one direction by adding a one dimensional
line-shaped defect. This can be done for exampleby leaving out a row of holes in the
inversehexagonalstructure either in �- K - or in �- M -direction. This can createmodes
in the bandgapthat are localisedperpendicular to the line defectbut are able to prop-
agate along the defect. Thesestructures are often called photonic crystal waveguides
and represent oneof the most interesting research �elds with respect to practical appli-
cations. We will now discussthe principles of a line defectanalysisby looking at a �- K
defect in a hexagonalinversestructure with background index n = 3:6 and air holes
with radius r = 0:4a. Fig. 3.41shows a line defectstructure with the supercell usedfor
the calculations as an inset. Sincewe are only interested in the defect modeslocalised
perpendicular to the defect we needa su�cien t number of primitiv e unit cells around
the defectto seperate the in�nite number of parallel line defectsthat e�ectivly exist due
to the supercell. Due to the high index contrast background structure a separationof
4 �

p
3a in �- M -direction is enough. In �- K -direction there is a real physical periodicity

but we have to be careful becausethe K -point is not the sameas in the unperturbed
structure. In the defect-freestructure the distance from � to K is 2=3 � 2� =a. By
adding a line defect we distinguish one K -direction from the others and therefore all
high symmetry-points that limit the BZ have to be projected onto the line-defect-axis
to determine the BZ of the defect system. The new BZ is then limited by the projec-
tion of a M -point of the unperturbed lattice and the resulting K 0 has a distance to �
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Figure 3.41:Schematic view
of the real space
defect structure
with supercell.
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Figure 3.42:Projected bandstructure of a line
defect (odd and even modes) with
projected bandstructure of the per-
fect structure

of 1=2 � 2� =a. The sameresult can be obtained by directly calculating the BZ of the
supercell. To calculate the dispersionof the line-defect(waveguide)modeswe therefore
can restrict ourselvesin k-spaceto the �- K 0-direction.
Although the translational symmetry in �- M -direction is broken there is still a mirror
symmetry with respect to the plane spannedby the �- K 0- and z-direction crossingthe
defectat the center. We will alsoclassifythe defectmodesby their odd and even sym-
metry with respect to this mirror plane. This is important for incoupling problems[20].
Fig. 3.42 shows the bandstructure under the described conditions. For clear distingua-
tion of bulk and defect modes the projected bands of the defect-freecrystal are also
contained. There are six defectmodes(three even and three odd) that exist in the gap.
Not all have frequenciesin the gap for all k-valuesbut enter the bulk modes for some
parametersand are therefore not con�ned anymore by the crystal. It can be clearly
seenthat odd and even modes do not interact when they crosswhile modes of equal
symmetry show avoided crossingbehaviour. Fig. 3.43 shows the spatial distribution of
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1 2 3 4 5 6

Figure 3.43:Ey-distribution for the six defectmodesat � in orderof increasingfrequency.

the Ey (polarised in �- M -direction) �eld component to illustrate mode symmetry and
localisation of the defect modes. The modesare numbered by increasingfrequencyat
the �-p oint.
The guiding by the photonic crystal bandgapis not the only mechanism that is respon-
sible for the localisation. As the defectregionhasa higher e�ective refractive index than
the surrounding hole structure total internal re
ection will alsocontribute. Mode 1 and
4 of �g. 3.43 extend more into the photonic crystal than the others that are strongly
localisedto the dielectric strip in the center. The explanation is that 1 and 4 are dom-
inantly guided by the crystal while 2, 3, 5 and 6 mainly by total internal re
ection. In
the literature this is sometimesreferred as gap guided and index guided, respectively.
This distinguation, however, is only qualitativ ely and re
ects only a rough estimate of
the dominant mechanism.
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3.5 Transmission

3.5 Transmission

The bandstructure and eigenmode calculations presented so far have assumedan in-
�nitely extendedcrystal (mathematically represented by Bloch's theorem). Obviously,
this can never be realisedin real applications. An important question is thereforehow
a �nite photonic crystal responds to an external excitation. This aspect is one of the
research topics to be addressedin the next chapters in context with realistic three-
dimensional systems. Therefore, we will now introduce somebasic conceptsfor a 2D
examplewhich will be important for the understandingof more complexsystems.
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Figure 3.44:Bandstructure (left) and transmission(right) through 11 crystal layers in
�- M -direction.

Fig. 3.44comparesthe bandstructureof the in�nitely extendedcrystal with the trans-
missionthrough a �nite systemfor a plane wave excitation with normal incidence.The
�rst band directly corresponds to high transmission, only modulated by Fabry-Perot-
oscillations that are a result of the �nite length of the sample. This can be explained
by the large spatial overlap of the plane wave and the �rst order band becausethe lat-
ter has a large contribution of the lowest order fourier component. When reaching the
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3 Principles of Photonic Crystals

bandgapat frequency0:22 the transmissionbecomessmaller. The reasonfor this is the

attening of the band near the bandedgeand thereforea bad couplingdue to impedance
mismatch of the plane wave and the photonic crystal mode. Similiar arguments hold
for the small gap causedby the anticrossing of the secondand third band. Above fre-
quency0:56 there is onemore gap in transmissionhowever this is unexspectedfrom the
bandstructure becausethe �fth band (counted at �) covers this frequencyrange. To
explain this we comparethe �eld distributions of the Ey-component of the 3r d, 4th and
5th band (�g. 3.45 to 3.47). We can seethat band 3 and 4 are odd with respect to the
mirror plane spannedby �- M and z-direction while band 5 is even. An incoming plane
wave has an odd symmetry in this respect. The overlap and therefore the coupling of
modeswith di�erent spatial symmetry is always zeroand consequently band 5 doesnot
contribute to transmission. This result hasenormousimportance for the interpretation
of experimental results. As mentioned earlier it provesthat a vanishingtransmission(or
complementory a re
ection equalto 1) is not a commensuratecondition for the existence
of a bandgap. Moreover, for practical applications there is always an interfacebetween
conventional optical components and the photonic crystal. In nearly all systemscon-
sideredso far only the odd modescan be useddue to the symmetry matching problem.

Fig. 3.45: 3r d TE at M, Ey Fig. 3.46: 4th TE at M, Ey Fig. 3.47: 5th TE at M, Ey

3.6 Conclusion

In this chapter we have derived the masterequationof a photonic crystal describingthe
fundamental properties (bandstructure and eigenmodes) by introducing Bloch's theo-
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rem from solid state physics into Maxwell's equations. We have discussedfundamental
properties of this equation, especially the energy localisation mechanisms leading to
a bandgap, which is a frequency region with vanishing density of states, for several
one- and two-dimensionalexamplesby solving the master equation numerically in the
framework of a FDTD-algorithm. As the number of degreesof freedomis very large
especially in 2D we restricted the discussionof parameter dependenciesto a few easy
accesibleexampleslike refractive index or layer thickness. Moreover, we utilised some
other helpful conceptslike the Brillouin-zone, energy localisation, density of states or
certain symmetriesfor a better understandingof the optical properties. The inclusionof
point- and linedefectswith the result of localiseddefectmodeswithin the bandgaphas
beenpresented in the context of a supercell approach. Finally, we have touched �nite
systemsthat may additionally be described by transmssion. The conceptspresented
in this chapter will be extendedto more complex systemsthat resemble reality more
closelyand are thereforeof high practical interest in the next two chapters.
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4 Photonic Crystal Slab Structures

4.1 Intro duction

The optical properties of two-dimensionalphotonic crystals presented in the preceeding
chapter have led to many suggestionsof technological applications and devices. Es-
pecially in integrated optics there is a large need of basic functionalities like cavities
[7] or waveguides[20, 21] that can by the help of photonic crystals be realisedby the
controlled inclusion of defectson the scaleof the wavelenghth, while other applications
like superprisms baseon novel refractive properties of the bulk crystal. Moreover, the
properties are controlled by the layout of the nano-structuring and not only by micro-
scopicproperties of the materials used. This opensup a much larger operating window.
Further, the two-dimensionallayout assurescompatibilit y with existing on-chip technol-
ogy and the handling of high index materials like silicon or I I I-V-semiconductorsis well
establishedin the �eld of semiconductorphysicsand technology [22, 23, 24]. However,
although there is a large library of well-known methods that can be applied there are
still many problems to be solved beforephotonic crystal devicescan �nd their way to
the marketplace. Many of them are of experimental nature concerningthe accuracyof
the patterning, wall roughness,etc. [25, 26]. Others like the e�cien t in- and outcoupling
from conventional optical �bres have to be carefully addressedtheoretically. This is not
becausethe physics is unknown, but the complexity of photonic crystal modesexceeds
the limits of establishedapproximations like e�ective index methods. In this section,
which represents the central aspect of this work, we want to addressa problem which
is likely the most essential for the comprehensive understandingand future applicabil-
it y of two-dimensionalphotonic crystals, namely the �nite sizeof the crystal structures
perpendicular to the crystal plane of real systemsand the interaction of the periodic
structure with its environment. Fig. 4.1 illustrates a typical structure, a dielectric slab
of thicknessd, patterned with a hexagonallattice of holeswith radius r . It is obvious
that the conditionsshown in 3.3 for an ideal two-dimensionalsystemcannot beachieved
in real life, becausethe translational invariancein out-of-plane direction doesnot exist
anymore. In fact, we have to dealnow with regions"inside" and "outside" of the crystal
as well as the interaction of both regionsat the interface. This has important conse-
quences:Due to the interaction with the environment the modesof the vertically �nite
photonic crystal slabmay be lossywhich meansenergyis radiated into the environment.
In most casesfor technological applications this is not desired,so we needmechanisms
to keepthe light in the crystal. This is mainly doneby total internal re
ection.
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4 Photonic Crystal Slab Structures

Mathematically this meansin onedirection wecannotassumeperiodic boundariesand
therefore Bloch's theorem is not applicable in this direction. Moreover, the frequency
eigenvaluesare not real anymore but complex, with the imaginary part describing the
lossesthat canbeseenasan exponential dampingin time. The bandstructureintroduced
in 3.1.3 therefore is not anymore a completesolution of the eigenvalue problem. It still
gives important information but now has to be complemented by the lifetime of the
modes.
In the following we will analyseselectedsystemswith a full three-dimensional�nite-
di�erence time-domain (FDTD) approach. We will focus on the interaction of crystal
modesand the modesassociated with the surrounding material in systemswith a high
refractive index contrast betweencrystal and surrounding layers. We start with systems
that have a simplevertical structure and will stepby stepadvanceto structurestypically
usedin experiment.

Figure 4.1: Schematic illustration of an air-bridge structure with slab thicknessd, lattice
constant a and hole radius r .

4.2 Principles of Slab Waveguides

4.2.1 Slab Mo des and Lightcone

Beforewe start to analysephotonic crystal slabswe recall somewell known facts about
planar waveguidesthat are basedon total internal re
ection. We therefore assumea
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4.2 Principles of Slab Waveguides

dielectric layer with refractive index n2 and thicknessd in z-direction that is surrounded
by a lower index material n1. The system is assumedas in�nitely extendedin the x-
y-plane, leading to a characteristic in-plane propagation vector ~k0 due to translational
symmetry.
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Figure 4.2: Waveguidedispersionfor a slabwith refractive index n2 = 2:17and thickness
d = 0:4a surroundedby air. The k-axis corresponds to �- M -direction of a
hexagonalcrystal with lattice constant a.

Without lossof generality we can choose ~k0 to point in y-direction. The eigenmodes
of this systemcan now be calculatedby choosinga complexexponential function in the
three regionsof di�erent dielectric constant and satisfying the continuity conditions of
the �elds at the interfaces.This results in modesthat have a cosinosoidalor sinosoidal
behaviour in the high dielectric region(dependingon symmetry) and oscillatory or expo-
nentially decaying behaviour in the low dielectric regions. In the latter casethe energy
is con�ned in the high dielectric coreregion. This can be understood as following:
The mode is characterisedby a wavevector ~k, consistingof in-plane component ~k0 and
an out-of-planecomponent ~kz, and a frequency! . Propagationin the low index material
is only allowed if
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due to causality constraints. c0 represents the vacuum speedof light. This implies that
for ! > c0n1

�
�
� ~k0

�
�
� ,

�
�
� ~kz

�
�
� must be real and for ! < c0n1

�
�
� ~k0

�
�
� ,

�
�
� ~kz

�
�
� must be imaginary. In the

�rst casethe behaviour away from the core is oscillatory, in the secondexponentially
decaying. In an ! vs. ~k0 diagram we can thereforedistinguish two regionsseparatedby
the so-calledlightline (or, equivalently, lightcone) ! = c0n1

�
�
� ~k0

�
�
� . Guided modeslie below

that line while modesabove the line can radiate to the surrounding layers. It should be
stressedthat this generalstatement doesnot tell us anything about the strength of the
losses.Consequently, a mode above the lightline can have a long lifetime aswell, due to
e.g. symmetry considerations.
Fig. 4.2 shows the dispersion relation for the two lowest guided modesof a slab with

TE01 - Ez TE02 - Ez TM02 - HzTM01 - Hz

Figure 4.3: Modepro�les correspondingto �g. 4.2at k-value2M . Dashedlinesrepresent
the material/air-in terface.

n = 2:17and d = 0:4a surroundedby air for TE- and TM-p olarisation, respectively. The
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4.2 Principles of Slab Waveguides

air-lightline n1 = 1:0 is also displayed. Higher order modes are created by additional
node planes in the high dielectric core as can be seenin the mode pro�les in �g. 4.3.
They have a certain cuto�-frequency that decreasesstrongly with increasingd or n2. If
we want to avoid higher order e�ects, theseparametershave to be choosenaccordingly.
The symmetry behaviour of the slab modes with respect to the mirror symmetry in
x-y-plane in the center of the coreregion is even for the fundamental TE-mode (TE01)
and odd for the fundamental TM-mode (TM01). For the higher order modes(TE02 and
TM02) it is vice versa. This statement seemsto be contradictory to the mode pro�les in
�g. 4.3but is consistent with the de�nitions given in 3.1.5. The TM02 modee.g. is even,
but its only non-zeromagnetic�eld component H z hasodd symmetry. In literature odd
and even modesare often calledTM-lik e and TE-lik e, respectively. It shouldbe stressed
here that this labeling is only valid for zeroth order modes.

4.2.2 Backfolding of Slab Mo des

From chapter 4.2.1 we know what kind of modesa planar waveguidesupports. In the
following chapters we want to study step by step the way a periodic perturbation of a
slab leadsto a photonic crystal structure. For simplissity and easierunderstandingof
the processeswe make the following assumptions:

� Modesare TE-polarised.

� Modesare even with respect to the x-y-mirror-plane.

� We work in frequencyrangesbelow the cuto� of higher order modes.

� The objective is a hexagonalcrystal and restriction to �- M -direction.

� We consideronly modeswith odd symmetry with respect to a (�- M )-z-plane.

Note that the last item may be confusingat this stage becauseall slab modes of the
unpatterned layer have odd symmetry. However, aswe will seelater, in a photonic crys-
tal structure the even symmetry is also possiblebut not consideredbecauseit cannot
coupleto an external waveguideexcitation.

In the next step we arti�cially assumea hexagonalperiodicity with lattice constant
a of the translational invariant x-y-plane, to fold back the waveguidedispersioninto the
�rst BZ (Mathematically moreprecisewe shouldspeakof an in�tesimally small periodic
perturbation). For �- M -direction thesebackfolded bandsare shown in �g. 4.4.

We will now have a closer look which of thesebands are causedby which reciprocal
lattice vector. Therefore,in �g. 4.5 we seethe �rst BZ of the hexagonallattice with the
reciprocal lattice vectorsGi (i = 1::6) and the �- M -direction under consideration.Gi are
the six lattice vectorswith the smallestabsolutevalue, sothey shouldbe responsiblefor
the lowest bands. The k-vector at M is called k0. At the �-p oint for k=0 the �rst band
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Figure 4.4: Fundamental TE-mode of an air-bridge slab; arti�cially backfolded into the
�rst BZ of a hexagonallattice in � � M -direction.

has obviously zero frequency. The next higher frequencyat � corresponds to oneof all
six Gi vectors that are degeneratefor k = 0. If we increasethe k-value towards M this
degeneracyis partially lifted. We seea splitting into four branches. The lowest branch
meetsthe k0 branch of the origin at M . It must thereforebe causedby adding G1 which
is directed oppossitely to k0, leading to a two fold degeneracyat M (The lifting of this
degeneracywill later causethe formation of the bandgap)becausek0 and k0 + G1 have
the sameabsolutevalue.
The secondand the third branch are causedby G2 and G3 which are equivalent to G6

and G5, respectively, due to the mirror symmetry along the �- M -z-planeand therefore
two-fold degenerate.The fourth branch represents the path from G4 to k0 + G4 and is
not degenerate.
Due to the backfolding the bandshave crossingswith each other or with the lightline.

As the periodicity is arti�cial up to now there is no interaction at this crosssing,although
it would be allowed by mode symmetry. The introduction of real periodic variations will
causethis mode interaction. From the picture described in this chapter it is obvious
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Figure 4.5: Schematic illustration of the backfolding processalong � � M -direction.

that this interaction is causedby Bragg scattering at the periodic structure and there-
fore a consequenceof the introduction of real plane-wave-components with wavevectors
k0 + Gi .

4.3 Interaction of In-Plane Periodicit y and Vertical
Structure.

4.3.1 Air-Bridge Structure

We will now investigate the gradual transition of the backfolded modes of an unpat-
terned dielectric slab surroundedby air as described in 4.2.2 to a hexagonalphotonic
crystal consistingof air holeswith radius r .

For a better comparability of the structures for increasinghole radius r we keep the
geometricallyaveragedrefractive index navg, given by
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Figure 4.6: Left: r = 0:133a, n2 = 2:25 Right: r = 0:266a, n2 = 2:58

navg =
(
p

3a2 � 2� r 2)n2 + 2� r 2nhp
3a2

(4.2)

of the slab constant, where n2 is the refractive index of the slab and nh the refractive
index within the holes. As r and nr = 1:0 are given, the adjustable parameter to keep
navg constant is n2.
We start with a radius r = 0:133a and a corresponding n2 = 2:25. Fig. 4.6 (left) shows
the �- M bandstructure of the system. We can seethe following e�ects: The two-fold
degeneracyof the �rst and secondband at M is lifted and a small bandgapappears. The
correspondingspatial distributions of the electricenergy(�g. 4.8and �g. 4.11)show that
the original planewavesin the x-y-planeareonly slightly disturbedby the hole. However,
while in the unperturbed slab the in-plane phaseof the waveguidemodeswasarbitrary,
now the superposition of two counterpropagating waves form either a standing wave
with a minimum or a maximum in a hole, respectively. This causesdi�erent energies
and thereforethe frequencysplitting that leadsto a gap. This mechanismis qualitativ ely
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Figure 4.7: Left: r = 0:333a, n2 = 2:96 Right: r = 0:375a, n2 = 3:40

the sameasthe onein the ideal two dimensionalsystem. The di�erence is that the basis
for theseconsiderationsare now eigenmodes of the unperturbed slab instead of plane
waves.

We also want to investigate the next branch of the slab, causedby the counterprop-
agating G2 and G6 wavesof the unperturbed slab, which is two-fold degenerate.These
two G-vectorscorrespond at the M -point to modeswith a k-vector pointing perpendic-
ular to the selected�- M -direction. As exspected the branch also splits into two when
introducing a periodic modulation by a similar mechanism as for the band gap. The
di�erence is now that becausethe original slab modespropagateperpendicular to the
�- M -direction the two possibilitiesof adjusting the phaseof the counterpropagting parts
result in an even and an odd mode with respect to the (�- M )-z mirror plane. This can
be seenin the bandstructure in �g. 4.6 (left) and the energydistribution in �g. 4.14and
�g 4.17. As we want to restrict ourselveshereto modesthat can coupleto fundamental
excitations in �- M -direction (that are always odd), we will from now on neglect the
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Figure 4.8: 1st TE at M,
r = 0:133a.

Figure 4.9: 1st TE at M,
r = 0:266a.

Figure 4.10:1st TE at M,
r = 0:375a.

Figure 4.11:2nd TE at M,
r = 0:133a.

Figure 4.12:2nd TE at M,
r = 0:266a.

Figure 4.13:2nd TE at M,
r = 0:375a.
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Figure 4.14:3r d TE at M,
r = 0:133a.

Figure 4.15:3r d TE at M,
r = 0:266a.

Figure 4.16:3r d TE at M,
r = 0:375a.

Figure 4.17:4th TE at M,
r = 0:133a.

Figure 4.18:2nd TE at
interaction
point.

Figure 4.19:3r d TE at
interaction
point.

63



4 Photonic Crystal Slab Structures

even band. Higher branches of the backfolded bands of the unperturbed slab modes
behave in similar ways. We refrain from discussingthem in detail now becausefor most
applications we are only interestedin the few bandslimiting the bandgap.
Now we increasethe radius of the holesaswell asthe refractive index of the background
to keep the e�ective index constant and calculate bandstructuresand energydistribu-
tions for (r = 0:266a,n2 = 2:58), (r = 0:333a,n2 = 2:96) and (r = 0:375a, n2 = 3:4). The
last set of parameterscorresponds to silicon which is typically used in experiment for
high contrast applications and represents the material classthat we will study further
in this work. Fig. 4.6 (left) to 4.7 (right) show the gradual developement of the band-
structures while �g. 4.8 to �g. 4.16 show the corresponding energydistributions at the
M -point for the three lowest odd bands. With increasingindex contrast the bandgap
becomeslarger and has approximately a constant center frequencybecauseof the con-
stant e�ective index. The third band is e�ected least by this procedure. We can also
seethat for higher index contrast the energydistributions are more and more distorted
comparedwith the nearly plane wave low pertubation case.
Sinceup to now the discussionwasnot qualitativ ely di�erent from the two dimensional
case,we will now have a closer look at properties that are unique to slab structures.
We have arguedbeforethat backfolded modeswith matching symmetry should couple,
resulting in an avoidedcrossingand mixing of the �eld distributions around the crossing.
This shouldalsobevalid for the crossingof photonic crystal slabmodeswith the lightline
that represents the modesallowed in the surroundinglayers. Unfortunately, in the band-
structure the resolution in k- and ! -spacethat is achievable with our FDTD-algorithm
is too small to identify the avoided crossing. However, especially for the secondband
and higher index contrast we can seea distortion of the band when crossingthe light
line (�g. 4.7 (right)). As an interaction with modesof the environment continuum above
the lightline would make the slab modeslossy, we will now study the lossbehaviour for
the secondand the third band. Thereforewe de�ne the lossesof an eigenmode

~E !
~k

(~r ; t) = ei! t ~E !
~k

(~r ) = ei Re(! )t � I m(! )t ~E !
~k

(~r ) (4.3)

asthe imaginary part I m(! ) of the (now complex) frequency! . This exponential decay
in time corresponds to a Lorentzian lineshape in frequencywith a linewidth related to
I m(! ). For practical calculations we can either analysethe linewidths of the FDTD-
spectra in frequency domain or the decay behaviour in time after a monochromatic
excitation (see6.3.1). For most examplesin this chapter we usethe latter, but in this
section we also show spectra for illustration. Qualitativ ely, it should be a reasonable
assumption that structures with larger holes should have higher lossesbecausethere
is no guiding by total internal re
ection above the holes. To seethis we calculate the
relative linewidths of modesfor k = 0:7� =a in �- M -direction for the four systemswith
constant navg and varying radius described above. The modescorresponding to this k-
value lie just above the lightcone. Fig. 4.20shows the normalisedLorentzian lines. The
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Figure 4.20:Spectral lineshape in dependanceof hole sizeabove the lightcone (2nd TE-
band).

strong increaseof the linewidth with hole radius is clearly visibile. From the smallest
to the largest holesinvestigatedherewe have approximately a factor of 20. If the hole
sizeis a determining parameterof the lossesit should alsomake a di�erence how much
energyis localisedwithin the holes. Thereforea comparisonof the secondband (energy
localisedmainly in the holes) and the third band (energy localisedmainly in the high
dielectric) region would be desirable. Unfortunately this is di�cult becauseas can be
seenin the bandstructure �g. 4.7 (right) these bands interact in an avoided crossing
and mix �eld pro�les there. This can be seenin �g. 4.18 and 4.19 where the electric
energyis shown for both bandscloseto the interaction point. Nevertheless,we calculate
I m(! ) for the secondand third band of the silicon crystal. The result, as can be seen
in �g. 4.21(left), shows that there are vanishing lossesfor modesbelow the lightline as
exspectedtheoretically. Above the lightline I m(! ) strongly increasesfor the secondband
and drops when approaching the interaction point with the third band. The third band
shows a complementary behaviour, reaching its maximum valuebehind the anticrossing.
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This behaviour supports our assumptionthat the large lossesoccur for modeswith high
intensity within the holes,becausethe air band dominatesthe �eld distribution of the
secondband left of the anticrossing and the third band right of the anticrossing. Close
to the �-p oint the lossesfor both bands tend to zero. This e�ect can be explainedby
symmetry considerations.For a detailed discussionsee[27].

After we cleari�ed the most important physical mechanismsthat are responsible for
the band structure and the lossbehaviour of an air-bridge structure, we now want to
discussin more detail the technogically relevant quantities, band gap and losses,for
the silicon-basedstructure. From an application point of view it is desirableto have a
large band gap which meansa big operating window for devicesbasedon defects(cavi-
ties, waveguides).On the other hand we needlow lossesbecauseoptical signalsshould
propagateover somedistancewithout the needof ampli�cation. From our discussionso
far we know that theseconditions cannot be ful�lled simultaneously becausewe need
large holesfor an optimum band gap and small holesfor minimum losses.We will now
study the dependanceof thesequantities in the sililicon structure on hole size to clar-
ify which processis dominating. We addressthis problem from three directions: the
bandstructure, I m(! ) of the lossy secondand third band and �nally by propagation
simulations through a �nite number of hole layers. The latter has the following rea-
son: I m(! ) only describesthe temporal losseswhile in applications often the lossesper
propagation length are relevant. Thesetwo quantities are related by the group velocity
of the mode. As the group velocity is di�cult to calculate by time-domain methods
due to the needof a very high accuracyin frequency, we chooseanother approach for
estimating the propagation losses.We calculatethe transmissionthrough �nite samples
of di�erent lengths. The di�cult y of this method is that we have a superposition with
Fabry-Perot-resonancesin the transmissionspectrum that are due to the �nite length
of the sample. Moreover, there are also coupling losseswhen the exciting pulse enters
the photonic crystal. Although thesedi�culties allow us only to give an estimation of
the propagation losses,the results are very important becausethey are directly compa-
rable with experiments in contrast to calculationsthat are basedon in�nitely extended
structures. Fig. 4.21 comparesbandstructure, lossesand transmissionthrough 21 and
41rowsof holes,respectively, for the silicon systemwith r = 0:375a. In the transmission
calculationswe only seetwo narrow transmissionpeaksfor frequenciescorresponding to
the secondband below the lightline (! � 0:46) and closeto the �-p oint (! � 0:52).
The secondpeakdoesnot correspond to the third band at M which alsoseemspossible
from the band structure, but to the secondband at �, becausethe part of the third
band lying below the lightcone is very 
at (low group velocity) and cannot coupleprop-
erly to the excitation due to impedancemismatch. Theseresults match well with the
corresponding I m(! ) values. The bandgapcan be clearly identi�ed in the transmission
calculations as well as the transmissioncloseto one for the �rst band that is located
entirely below the lightline. Now we reduce the hole radius to r = 0:333a and show
the corresponding results in �g 4.22. As exspected, the bandgap decreasesas well as
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Figure 4.21:Losses,transmissionresults and bandstructure for r = 0:375.
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Figure 4.22:Losses,transmissionresults and bandstructure for r = 0:333.
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Figure 4.23:Losses,transmissionresults and bandstructure for r = 0:266.
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Figure 4.24:Losses,transmissionresults and bandstructure for r = 0:133.
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Figure 4.25:Left: Maximum lossesof secondand third TE-band for varying hole radius
r . Right: Relative gap width for varying hole radius r .

the losses,leading to observable transmissionof the secondband in the order of 1% at
least for 21 rows. Also the absoluteheight of the transmissionpeaksat � and below the
lightcone increasesstrongly. This is not due to lower lossesbut to better coupling for
two reasons.First, the bandsare generallyslightly steeper for smaller radius, leadingto
a smaller impedancemismatch. Second,the (allover) e�ective index di�erence between
the photonic crystal and the incoupling waveguideis smaller, also leading to a smaller
impedancechangeat the interface.

We further decreasethe hole size to r = 0:266a and r = 0:133a and seethe ten-
denciesdescribed above con�rmed. The corresponding results are shown in �g. 4.23
and �g. 4.24. We now want to comparethe decreaseof the bandgapwith the decrease
of lossesfor smaller holesquantitativ ely. Fig. 4.25 comparesthe relative width of the
bandgap (� ! =! c) with the maximum value of I m(! ) along the secondand the third
band for the described systems.While the sizeof the bandgapincreasesnearly linearly
with the hole size,the losseshave a much strongerdependanceof the radius. The mes-
sagefor technical applications is clear: The price (in terms of losses)one have to pay
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for an optimum bandgap is very high. It should be carefully balancedhow large the
bandgapreally has to be to keeplossessmall.

4.3.2 In�nite Low-Index Cladding

The structures described in the preceedingsection (often referred to as membrane or
air-bridge structures) have someintrinsic disadvantagesfrom an experimental point of
view. They are di�cult to fabricate becauseafter a standard lithography processthe
substratebelow the guiding layer hasto be removed. Moreover, the resulting structures
aresensitive to mechanical perturbations and thereforenot usefulfor many applications.
A possiblesolution of theseproblems is to embed the guiding layer in a material with
lower index instead of air. Consequently, our next step toward a realistic and more
applicablephotonic crystal slab is to considera high index guiding layer, surroundedby
a low index cladding of in�nite thickness. This cladding can either be structured like
the guiding layer or can consistof homogeneousmaterial. We will focushereon the �rst
case,becausein the secondthe physical principles are not di�erent from the air-bridge
casewith the exceptionthat the air-lightline is replacedby the linear dispersionof the
cladding material. Another reasonis that in fabrication it is much more convenient to
entirely pattern a layer-by-layer system instead of surrounding an air-bridge structure
with another material.
This type of systemcanbe seenasa high index photonic crystal slabsurroundedby two
semi-in�nite two-dimensionalphotonic crystals. It hasbeenpointed out in [28] that to-
tal internal re
ection is now described by the lowest band of the two-dimensionalcrystal
cladding. Therefore,to distinguish regionsof guidedand lossymodes,wehave to supple-
ment the three dimensionalslab-bandstructuresby the corresponding two-dimensional
calculations. As we are dealingwith mirror symmetric (with respect to the mirror plane
in the center of the guiding layer) structures this can be donefor di�erent polarisations
seperately.
Fig. 4.26(left) shows the bandstructureof a silicon slabwith an in�nite claddingof SiO2

with refractive index nclad = 1:45 (solid circles), including the corresponding 2D-bands
of the SiO2-crystal (hollow circles). We can seethat only the �rst slab band is guided
but nearly the entire bandgapliesbelow the lightline. We can thereforeexspect lossesin
applications relying on refractive properties of higher bands. However, there is a good
chanceof defect bands lying at least partially below the lightline. This is discussedfor
W1-waveguidesin [20]. It is obvious that with increasinge�ective refractive index of
the cladding the slope of the lightline will decreaseand therefore lessfrequencyranges
are guided by total internal re
ection and thereforea small cladding index is desirable.
However, there exists a counteracting mechanism that makes the ideal material choice
more sophisticated.
The strength of the spatial localisation to the guiding layer is proportional to the dif-
ferencein the refractive index between core and cladding. Therefore, for a low index
cladding we have a very strong con�nement to the guiding core layer. However, a
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strong spatial localisation meansa weak localisation in k-spaceand consequently strong
out-of-plane plane-wave-components. This is not relevant if there is total internal re-

ection. However, if coupling to the cladding-modes is allowed in principle (in regions
above the lightline), this should lead to larger losses.We will analysethis now quanti-
tativ ely by increasingthe cladding index, while keepingall other parametersconstant.
Fig. 4.26 (right) shows the bandstructure for nclad = 2:0. As exspected, there is only
a slight decreaseof the frequenciesin the bandstructure due to a slight increaseof the
e�ective index of the crystal modes.
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Figure 4.26:Bandstructure for a slab with ncore = 3:4, core thicknessd = 0:4a, hole
radius r = 0:375a and in�nitely extended cladding with refractive index
nclad = 1:45 (left) and nclad = 2:0 (right).

However, the lightline lies signi�cantly lower, indicating a smaller operating window
for guidedmodes. Consequently we now alsocomparethe lossesof the secondband that
is above the lightline for both cases.

Fig. 4.27 shows I m(! ) for the described systemsand also for nclad = 2:5 along the
�- M -path. We can seea very strong dependanceof the losseson the cladding index.
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Figure 4.27: I m(! ) for the secondTE-band of a slab with ncore = 3:4, core thickness
d = 0:4a, hole radius r = 0:375a and in�nitely extended cladding with
varying refractive index nclad.

Additionally , the localisation and the corresponding k-spacedistribution doesnot only
in
uence intrinsic lossesof the perfect systembut also causesa higher toleranceof low
index-contrast structuresagainstfabrication tolerances,especially surfaceroughnessand
hole shape [25].
This fundamental property of photonic crystal slabshascausedthe developement of two
oppositely directed streamswithin the photonic crystal community. On one side there
are groups that investigate high-index-contrast structures mainly basedon silicon and
silicon-oxid layers, relying entirely on the intrinsically losslessguided parts below the
lightline, becausethe high lossesabove make thesefrequencyregionsunusable[29]. On
the other hand there is the philosophy of using low-index-contrast structures, mainly
basedon II I-V semiconducatorslike GaAs or InP, which have intrinsic low lossesbut
have much higher toleranceagainstpractical imperfectness,but alsoan additional need
of deeper holesbecauseof the the weaker localisation. In future investigationsit hasto be
demonstrated,which ansatzis moresuccessfulwith respect to technologicalapplications.
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4.3.3 Finite Low-Index Cladding

Consequently, the next step towards a realistic description of a a photonic crystal slab
is to assigna �nite thicknessd to the cladding layers. An illustration of the systems
under considerationin this sectioncan be seenin �g. 4.28.
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Figure 4.28:Schematic cross-sectionsof the symmetric �nite cladding structure with
hole radius r , cladding thicknessd and lattice constant a. The insetsshow
the numericalunit cell. All boundarieswith exceptionof the markedPML's
are periodic. For more details seetext.

The insets show the cross-sectionsof the unit cell used in the FDTD-calculations,
while the dashedlines show the position of the opposingcross-section.Intensity pro�les
that will be discussedin this section always correspond to theseinsets. Moreover, we
restrict ourselves to a Si=SiO2-systemwith n(core) = 3:4 and n(clad) = 1:45, respec-
tively. The core thicknessis 0:4a.
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Beforewe analyseparticular systemswe will discussthe principal physical e�ects asso-
ciated with the �nite cladding thickness. First, we exspect that the modes which are
con�ned to the core and decay exponentially into the cladding exist in a similar way
as in 4.3.2and are quantitativ ely the samefor a su�cien tly large d. Second,we would
also exspect modeswhich are con�ned to the hole three-layer-structure (becauseit has
a higher refractive index than the surroundingair) that decay exponentially into the air
region but not within the cladding. Thesemodesare guidedwhen they are lying below
the air-light-line while for the coremodesa de�nition for a lightline is not obvious.
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Figure 4.29:Left: Mode pro�le of the cladding mode at M . The insets correspond to
dielectric interfacesin the three-layer-system.Right: Arti�cially backfolded
dispersionof the three-layer-systemwith d = 1:2a.

Third, whenthesetwo typesof modes- from now on referredto ascore-and cladding-
modes - have crossingsin the dispersion relation they should in principal be able to
interact, resulting in an avoided crossingbehaviour and modeswith mixed spatial char-
acteristics.
To addressthesesuggestionsquantitativ ely we �rst analysethe arti�cially backfolded
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banddiagramof anunpatternedslabstructure with d = 1:2a. The result in �g. 4.29(right)
shows a very similar picture as for the air-bridge structure discussedin 4.3.1. However,
we can clearly identify an additional band that comesup closeto the lightline with a
higher frequencythan the fundamental core mode. We calculate the spatial pro�le of
this band at the M -point and seein �g. 4.29 (left) that this mode, indeed,sati�es the
de�nition of a cladding mode. Moreover, we can seethat it has also somesigni�cant
�eld strength in the core, which meansit is able to couple to core-modes. The band
diagram alsosuggeststwo crossingsof the lowest branch of the claddingmodeswith two
backfolded coremodes.

In the next step we pattern the three-layer-structure with small holeswith r = 0:2a.
The bandstructure in �g. 4.30 (right) shows the already discussedsplitting of the core
modesaswell asfor the claddingmodes,while the interaction of claddingand corebands
is di�cult to determinedue to a low resolution in k-space.
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Figure 4.30:Left: Transmissionthrough 21 rows. Right: Bandstructure for r = 0:2a
and d = 1:2a.

Instead of increasingthe k-spaceresolution we perform a transmissionsimulation of
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a �nite sampleof 21 crystal rows in �- M -direction (�g. 4.30(left)). Herewe can clearly
identify a transmissiondip corresponding to the frequencyof the crossingbetweenthe
secondcore-and the cladding-bandwhich indicatesan avoidedcrossing.The interaction
between the third core- and the cladding-band is weaker and doesnot leave its "foot-
print" in transmission.

To explain this behaviour we calculate the spatial distribution of the electric energy
for the secondand the third coreband as well as the two lowest cladding modesat the
M -point.

Fig. 4.31: Sec-
ond core band
at M .

Fig. 4.32:
Third core
band at M .

Fig. 4.33: First
cladding band
at M .

Fig. 4.34: Sec-
ond cladding
band at M .
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In �g. 4.31 to 4.34 (and all following �gures of this type) we display cross-sections
along y-z-plane(in the center) and x-y-planesin the coreregion (top) and the cladding
(bottom). The electric energiesare always scaledto the maximum within the particular
cross-section.
As all modes are calculated at the M -point and therefore far away from interaction
points, the x-y-distributions in core and cladding do not di�er qualitativ ely. However,
it is obvious that both the secondcore- and the �rst cladding-band have dominating
plane-wave components pointing in y-direction while the third core band has domi-
nating components in x-direction. The resulting spatial overlap explains the di�erent
coupling strength at the two discussedanti-crossings.
The secondcladding-bandhasa x-y-cross-sectionsimilar to the secondcoreband. This
is not surprising becausewe exspect the sametype of degeneracysplitting at M for the
cladding bandsas for the corebands.
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Figure 4.35:Left: Transmissionthrough 21 rows. Right: Bandstructure for r = 0:333a
and d = 1:2a.

If we further increasethe hole size to r = 0:333a we seean even stronger avoided
crossingbehaviour that now causesa signi�cant gap of � 0.02 that is clearly visible
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as well in bandstructure (�g. 4.35 (right)) and transmission(�g. 4.35 (left)) and also a
small avoided crossingbetweenthe third coreand the �rst cladding band. This can be
explained by the decreasing�lling fraction. The modes that mainly concentrate their
energyin the high dielectric regionsare forcedto extendmore into y-direction, with the
result of a stronger interaction.
Moreover, the strong avoided crossingof the secondcore and the �rst cladding band
is now quite closeto the frequencyof the secondcore band at the M -point. This has
important consequences,becausethis frequencymarks the upper edgeof the bandgap
of the core modes. We know that the mode pro�les mix around the crossing. Conse-
quently, there existsa branch of the cladding band that reachesinto the bandgapof the
core modesand has signi�cant core intensity and therefore can couple to fundamental
waveguideexcitations. The result is that the bandgapof the core modes is e�ectively
destroyed and we can observe transmissionof a few percent at the upper edgeof the
core bandgap (�g. 4.35 (right)) that becomessmaller towards lower frequencieswith
decreasinginteraction of coreand cladding modes.
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Figure 4.36:Left: Transmissionthrough 21 rows. Right: Bandstructure for r = 0:375a
and d = 1:2a.
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This e�ect drastically changesthe picture of how photonic crystal slab structures can
be addressedtheoretically. It shows that it is not su�cien t to treat the slab as an ef-
fective two dimensionalsystemincluding lossesas the only processcausedby the layer
structure. A comprehensive three dimensional treatment as discussedhere uncovers
completely new e�ects.

To increasethe interaction of the core and cladding modesfurther, we now increase
the holeradius to r = 0:375a. The lower overall e�ective index shifts the bandsto higher
frequencies.

Fig. 4.37: Sec-
ond core band
at M .

Fig. 4.38:
Cladding band
at M .

Fig. 4.39: Clad.
band at inter-
action.

Fig. 4.40: 2.
core band at
interaction.
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As the coremodesare e�ected more strongly than the cladding modesby this varia-
tion, the bandstructure in �g. 4.36(right) shows only oneavoidedcrossingof the second
coreand the �rst cladding band. We can now study this e�ect in more detail.

Fig. 4.37 shows the energy distribution of the secondcore band at M , which is far
away enoughfrom the avoidedcrossingsothat wedo not exspect largemixing of the �eld
pro�les. The energy is strongly localisedto the core and the in-plane cross-sectionsof
coreand claddingshow no qualitativ edi�erence. The situation is similar for the cladding
mode at M as shown in �g. 4.38,wherewe alsohave a "pure" cladding mode that can
be derived from the cladding mode of the unpatterned layers (cp. �g. 4.29 (left)). The
situation becomesdi�erent, however, when we choosea k-value closer to the avoided
crossing. For the fourth k-value of the bandstructure (corresponding to 0:85� =a) the
mode pro�les are strongly mixed as can be seenin �g. 4.39 and �g. 4.40. The energy
distributions have the samequalitativ e propertiesand the energysplitting is only caused
by small details of the energylocalisation. The transmissionbehaviour through a �nite
sample (�g. 4.36 (left)) shows all exspected features like transmission within the gap
(with a maximum of � 6.5%) and an additional gap causedby the avoided crossing
of core and cladding bands. It should be mentioned here that theseproperties do not
depend on the length of the �nite sample becausethe involved modes lie below the
air-lightline. For di�erent samplelengths there would be only a di�erent spacingof the
Fabry-Perot oscillations.

To prove that the unexspected transmissionwithin the corebandgapis really caused
by the cladding modes, we will now look at the spatial pro�le of the transmission at
the output planar waveguideof the transmissionsample. Thereforewe plot the normal
component of the Poynting vector for certain frequenciesalong the output-plane. For
the transmissionspectra shown so far, the Poynting vector has been integrated along
this plane for each frequency.

Fig. 4.41shows the result for frequency0.263. There is only transmissionin the core
regionthat doesnot dependon the horizontal direction. This meansthat only k-vectors
perpendicular to the interface or, equivalently, parallel to �- M -direction are involved.
This is alsoequivalent to the mode that is usedasexcitation in the incoupling channel.
This direct mapping of incoupling and outcoupling modeswithout sacttering into other
guided modescan easily be understood, becausein the bandstructure we can seethat
for this frequencyonly the fundamental core band of the crystal can be excited. The
transmissionvalue < 1 is causedby out-of-planescattering lossesat the coupling inter-
facesand backre
ection into the incoupling waveguide. For frequency0.430we have a
completelydi�erent picture. This frequencylies in the corebandgap. Thereforeonly the
cladding mode can contribute to transmission. In �g. 4.42,consequently, we seestrong
transmissionin the claddingsthat doesnot depend on the horizontal direction, because
the �rst claddingband has(analogouslyto the �rst coreband) a dominant k-component
in �- M -direction. In the core region, nevertheless,we seea weak horizontal structure.
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Fig. 4.41: Px at
! = 0:263

Fig. 4.42: Px at
! = 0:430

Fig. 4.43: Px at
! = 0:487

Fig. 4.44: Px at
! = 0:520

This is due to the interaction with the secondcore band that also allows higher order
perpendicular (with respect to �- M ) G-vector valuesand thereforeBragg-like spots in
transmission. This can be seenmore clearly if we go to a higher frequency0.487where
the cladding mode can be excited aswell asthe coremode. The corresponding spatially
resolved transmissionin �g. 4.43 therefore shows a stronger higher order behaviour in
the core while the transmission in the claddings remains the same. To complete this
argumentation we alsocalculate the spatial distribution for frequency0.520which is in
a regionwhereno cladding mode shouldbe involved. As exspected,�g. 4.44shows only
transmissionin the corewith a horizontal pattern that clearly indicates the presenceof
higher order Bragg-components.

So far, we have kept the thicknessof the cladding layers constant. Now we want
to investigate the in
uence of d on the cladding modesand their interaction with the
core bands. Therefore we reducethe cladding size to d = 0:8a while keepingthe hole
radius r = 0:375a and show the corresponding bandstructureand transmissionresults in
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Figure 4.45:Left: Transmissionthrough 21 rows. Right: Bandstructure for r = 0:375a
and d = 0:8a.

�g. 4.45. The smaller e�ective index of the cladding increasesthe slope of the cladding
mode while the coremodesare nearly une�ected. This results in an additional avoided
crossingof the cladding band with the third coremode. In transmissionthere are only
signi�cant values for the guided �rst core band, the branch below the lightline of the
secondband and peaksfor modescloseto high symmetry points. For a further decrease
of d we would expect a more and more negligible role of the cladding mode, becauseits
cuto�-frequency increaseswhile the interaction with the coredecrases.Finally for d = 0
the systemcoincideswith the air-bridge case.In the following, however, we will increase
the cladding thickness.

As exspected, for d = 1:6a, the slope of the cladding mode decreasesas shown in
�g. 4.46(right). This causesa stronger interaction with the coreband for lower frequen-
ciesand therefore a cladding transmissionin �g. 4.46 (left) that is higher and reaches
further into the bandgap.

However, the bandstructure alsoshows a peculiar new feature. The secondcoreband

82



4.3 Interaction of In-Plane Periodicity and Vertical Structure.

0,01 0,1 1
Transmission

0,1

0,2

0,3

0,4

0,5

0,6

fr
eq

ue
nc

y 
[2

P
i c

/a
]

M
k-vector

0,1

0,2

0,3

0,4

0,5

0,6

fr
eq

ue
nc

y 
[2

P
i c

/a
]

P
S

frag
replacem

ents

�

Figure 4.46:Left: Transmissionthrough 21 rows. Right: Bandstructure for r = 0:375a
and d = 1:6a.

seemsto have a discontinous steparound frequency0:49. However, asthis is not possible
due to the structure of Maxwell's equationswe have to look for a di�erent explanation.
We thereforecalculate the mode pro�les for the secondcore and the cladding mode at
M to look if there is a fundamental changein this bands. However, as can be seenin
�g. 4.47 and �g. 4.48, the core and cladding modeslook very much the sameas in the
casesdiscussedbefore. Next we calculate the mode pro�les of the secondcore band
directly beforeand behind the "discontinuity". We �nd that thesemodesare extremely
lossyand aredi�cult to exciteproperly. Thereforein the energydistributions in �g. 4.49
and �g. 4.50 we can even seespuriousrests of the numerical excitation sources(bright
small spots above and below the core in �g. 4.50which is a typical e�ect when a mode
is only very weakly excited or extremely lossy. However, what we can alsoseeis a faint
notion of an additional nodal plane within the cladding, leading to the suggestionthat
the "discontinuity" originates from an avoided crossingwith a very lossysecondorder
cladding mode, that cannot be detected itself due to fundamental limitations inherent
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4 Photonic Crystal Slab Structures

of the numerical method itself.

Fig. 4.47: Sec-
ond core band
at M .

Fig. 4.48:
Cladding band
at M .

Fig. 4.49:
2. core band
before interac-
tion.

Fig. 4.50:
2. core band
behind interac-
tion.

If this assumption is true, the secondorder cladding mode should be stabilised by
a further increaseof the cladding thickness. Moreover, it must exist also in an unpat-
terned layer-by-layer structure. Therefore we �rst calculate the arti�cially backfolded
bandstructure for the unpatterned systemwith d = 2:0a. As predicted, �g. 4.51(right)
shows besidethe known featuresan aditional band (marked by a line) that has spatial
properties of a higher order cladding mode as shown in �g. 4.51 (left). This band also

84



4.3 Interaction of In-Plane Periodicity and Vertical Structure.

continuesas a lossyband above the lightline. It becomesundetecableto the numerical
method due to the high lossesbeforeit reachesthe �-p oint.
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Figure 4.51:Left: Mode pro�le of the 2. cladding mode at M . The insetscorrespond to
dielectric interfacesin the three-layer-system.Right: Arti�cially backfolded
dispersionof the three-layer-systemwith d = 2:0a.

In the next stepwe pattern the d = 2:0a-slabwith r = 0:375a holes. In the bandstruc-
ture in �g. 4.52 (right) we can clearly seethe interaction of the secondorder cladding
mode with the secondcoreband. The corresponding transmissionresult (�g. 4.52(left))
shows all already known features. The additional gap due to the higher order interac-
tion cannot be proven here, becauseit already lies in a frequencyregion that has low
transmissiondue to high losses.

To completethe proof that we found a secondorder cladding mode, we calculate the
mode pro�les of the cladding modesat L = 0:7� =a. Fig. 4.53shows the already known
�rst order cladding mode, while �g. 4.54the new secondorder cladding mode. The still
hardly detectable solution above the avoided crossingof the secondcladding and the
secondcoremode is shown in �g. 4.55while 4.56shows the third coreband.
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Figure 4.52:Left: Transmissionthrough 21 rows. Right: Bandstructure for r = 0:375a
and d = 2:0a.

At the end of this section we want to summariseand generalisethe picture we have
obtained: Finite claddingssupport a new type of mode that can strongly interact with
the core bands. If this happenscloseto the upper band edgeof the core bandgap,un-
wanted transmissionthrough the claddings for frequencieswithin the bandgapoccurs.
With increasingcladding thicknesshigher order modesappear. What does this mean
in the limit d ! 1 ? We know that in this limit we can go back to a picture with a
continuum of background modesthat are responsiblefor lossesand are described by the
modi�ed lightline (see4.3.2). The truncation to a �nite cladding thicknessintroduces
an additional boundary that discretisesthe background continuum. Additionally , the
surrounding air introducesa new continuum of modes. From the point of view of the
coremodes,that are normally wanted with respect to bandgapapplications, this means
we have to deal with two lossmechanisms. First, the coupling to the air-continuum and
second,the coupling to a discreteset of cladding modes.
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4.3 Interaction of In-Plane Periodicity and Vertical Structure.

Fig. 4.53: 1.
order cladding
band at L.

Fig. 4.54: 2.
order cladding
band at L.

Fig. 4.55: 2.
core band at L.

Fig. 4.56: 3.
core band at L.

In the �rst case,the lossesactually leave the system,while in the secondthey can be
guided within the claddingsand can causeunwanted e�ects in applications.

4.3.4 In
uence of Substrate

In a �nal step we mount the structures presented in 4.3.3on a bulk substrate madeof
SiO2 and thereforeobtain a structure that closelyresemblesto the realistic experimental
situation. Before we analysethis structure quantitativ ely we argue what e�ects of the
substrate we will exspect:
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Figure 4.57:Bandstructure of cladding modesfor varying cladding thicknessin the fre-
quencyrangeof the corebandgap.

� For a su�cien t cladding thicknessthe substrateshouldonly have a small e�ect on
coremodesbecausethey exponentially decay in the cladding and have only a very
small spatial overlap with the substrate.

� As the substrate has a higher refractive index than the cladding, the guided
cladding modes will becomelossy. More generally, the lightline of air must be
replacedby the dispersion relation of SiO2 with refractive index n = 1:45. This
should also causelossesfor the secondand higher core bands that were partially
guidedwithout substrate. Theselossesaresmall comparedto thoseof the cladding
modesfor the reasonexplained,however, above.

� The lossesof the claddingmodesshoulddecreasewith increasingcladdingthickness
due to the weaker localisation.

� The substrate breaksthe vertical mirror symmetry of the system. The result is a
possibleinteraction of the even TE-modesdiscussedso far with odd TE- and TM
as well as even TM-modes. The interaction again is larger for cladding modes,
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4.3 Interaction of In-Plane Periodicity and Vertical Structure.

while the separationfor coremodesis still valid within a certain limit.

Strictly speaking, the last item destroys the bandgap of the core modes even without
consideringthe cladding modes at all becausein the structures discussedthere is no
simultaneous bandgap for TE- and TM-modes. However, symmetric claddings of a
su�cien t thicknessminimize the strength of polarisation mixing.

Fig. 4.58:
Cladding band
at ! = 0:4 for
d = 2:0a.

Fig. 4.59:
Cladding band
at ! = 0:4 for
d = 1:6a.

Fig. 4.60:
Cladding band
at ! = 0:4 for
d = 1:2a.

Fig. 4.61:
Cladding band
at lightline for
d = 1:2a.

In fact, this is besidesan increasedmechanical stabilit y the main reasonfor using
cladding structures instead of membraneswhere thesee�ects are intrinsically avoided.
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4 Photonic Crystal Slab Structures

In this context the claddings act as an optical isolator for the core modes to reduce
substrate e�ects.

For a quantitativ e analysis the coupling with modes of di�erent symmetry and po-
larisation unfortunately causesproblems within our numerical framework becausethe
large variety of modes that now exists in the systemcannot be resolved in reasonable
computation time. We will therefore focus on the most important e�ect, the cladding
band in the corebandgap,that wecanexciteselectively by spatially localisedexcitations
(see6.3.1).

Fig. 4.57shows the claddingbandsfor varying cladding thicknessin the frequencyrange
covering the bandgapof the core modes. Also included are the lightlines for SiO2 and
air that indicate that the cladding modes can in principle radiate into the substrate
in all cases. For d = 0:8a and d = 1:2a it is di�cult to determine if the modes are
guided with respect to the cladding-air-interface becausethe bands comevery closeto
the air-lightline within the displayed frequencyrange.

To clearify the in
uence of the cladding thicknesson the spatial energydistribution
we calculate the spatial pro�le at frequency! = 0:4 for cladding thicknessesd = 1:2a,
d = 1:6a and d = 2:0a as displayed in �g. 4.58 to 4.60. It can be clearly seenthat
the modesstrongly localiseenergy in the top cladding and the core while in the lower
cladding there are negligible values. With respect to mode symmetry this meansthat
the modesare neither odd nor even but a superposition of both with contributions in
similar order of magnitudes. Also the maximum in the core region is shifted out of
the center with the consequenceof a smaller but still non-vanishing coupling to even
waveguideexcitations. Moreover it can be seenthat the relative part of energylocalised
in the core decreaseswith increasingcladding thickness.This is an indication that the
coupling to an external waveguideexcitation is weaker for increasingcladding thickness.
Normally, these issuesshould be clari�ed by corresponding transmission simulations.
However, asthe cladding modesare lossywe would seeno transmissionat all for sample
lengths large enoughto sort out �nite size(especially Fabry-Perot) e�ects.

Therefore we will now analysethe strenghth of these lossesfor the bands displayed
in �g. 4.57. Fig. 4.62 shows the corresponding imaginary parts of the frequencies.The
behaviour close to the upper band edge is complicated becausehere the interaction
with the secondcoreband takesplaceand the mode pro�les and, consequently, alsothe
di�erent loss behaviours mix. However, if we go further into the bandgap we can see
that, as exspected, the lossesincreasewith decreasingcladding thickness. For d = 2:0
and d = 1:6 we can observe a small smooth increaseof the lossestowards the lower
bandedge.In the caseof lower cladding thicknessesthere is an additional minimum that
correspondsroughly to the frequencywherethe cladding band reachesthe air-lightline.
For frequenciesbelow, the lossbehaviour increasesstronger than for frequenciesabove,
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Figure 4.62:Lossesof the claddingbandsfor varying cladding thicknessin the frequency
rangeof the corebandgap.

indicating that radiation lossesnow occur into the air aswell as into the substrate. The
energydistribution at this minimum for d = 1:2 asdisplayed in �g. 4.61shows that the
mode is extendedinto the air region very strongly but still guided in this respect. The
origin of the formation of this minimum in lossesis not yet clear and will be subject of
further investigations.

The results in this subsectionindicate that lossy cladding modes may act as a loss
mechanism in realistic photonic crystal slab structures in Si=SiO2-structures. Due to
the computational e�ort and the large variety of parametersthe comprehensive under-
standing of all related e�ects will require intensive further research.

4.4 Conclusion

In this sectionwe have analysedseveral aspectsof the interaction of a two-dimensional
photonic crystal slab with a vertical layer structure into which the slab is embedded.

91



4 Photonic Crystal Slab Structures

Starting with the fundamental optical properties of an unpatterned dielectric slab we
developeda simpleair-bridge structure, wherewediscussedthe bandstructuresaswell as
eigenmodes,gapsize,radiation lossesand transmissionproperties in dependanceof hole
radius. Gradually, this simple structure has beenmodi�ed to more realistic cases.For
symmetric semi-in�nite claddingswe discussedthe in
uence of the cladding index. Then
we focusedon �nite claddingsof varying thicknessin an Si=SiO2-system. Wediscovered
the existenceof claddingmodes,i.e. modeswith signi�cant, non-decaying intensity in the
claddinglayersfor frequencieslying in the bandgapof the coremodesand identi�ed these
claddingmodesto leadto unexspectedtransmission.To our knowledgethis hasnot been
reported before. A detailed analysisof the dependanceon the cladding thicknessalso
revealedthe existenceof higher order cladding modes. In the last part we demonstrated
that thesecladding modes becomelossy when the structure is mounted onto a SiO2-
substrate. Cladding modesmay act as a lossmechanism in bandgapapplications and
will be thereforesubject of intensive further investigations.
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5 Spontaneous Emission in Inverted
Opals

5.1 Intro duction

The discussionof the optical properties of photonic crystals presented in the preceeding
chaptershasbeendonein terms of bandstructure and eigenmodesfor the ideal in�nitely
extendedstructure and in terms of an optical responseto external �eld excitations asfar
as more realistic �nite systemswere concerned.Now we want to focus on the physical
processesthat occur when the emitter itself (in the simplest casean atomic dipole) is
placedwithin the structure. It waswell known beforethe conceptionof photonic crystals
that a dielectric distribution in the vicinit y of an emitter canmodify its emissionprocess
because,in a classicalpicture, �eld components that arere
ected back to the emitter can
interact with it. In a frequencydomainpicture this canbeexplainedby the local coupling
strength of the emitter with the mode bath. A simple example is a one-dimensional
resonatorthat supports standing wavesaseigenmodes. When the emitter is located in a
node of the standing wave it cannot coupleto the mode bath and spontaneousemission
is supressed,while enhancement can be observed whenthe emitter is locatedat maxima
of the resonatormode. In a photonic crystal there ideally is a range of frequency(the
bandgap)whereno modesexist at all. Thereforethereshouldbeno couplingfor emitters
having a transition frequency lying in the bandgap regardlessof position. Actually,
this was the original motivation for the suggestionof photonic crystals by John and
Yablonovitch in 1987[1, 2]. The technological applications described in chapter 4 that
now mainly drive the progressin the �eld of photonic crystals are a later development.
In this chapter we will present the physical basisof the spontaneousemissionprocess
in a dielectric environment and show results for the modi�ed spontaneousemissionin a
�nite inverseopal structure within the weak coupling regime. For the discussionof the
fundamental theoretical description we will closelyfollow the argumentation of [30].

5.2 Weak and Strong Coupling Regime

In the �rst studiesof a singletwo-level atom coupling to a singleelectromagneticcavit y
mode by Jaynesand Cummings(for further readingabout the Jaynes-Cummingsmodel
seee.g. [31]) it becameobvious that the coupling strength � betweenatom and cavit y
mode, estimatedby
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� =
� 12

~

r
2� ~


V
(5.1)

is an important parameter to classify the systemqualitativ ely. It is determinedby the
atomic transition frequency
, the cavit y volume V, and the dipole matrix element � 12

of the atom. ~ repesents Planck's constant devided by 2� . If we compare� with the
dipole dephasingrate 
 12 and the decay rate of the cavit y photon � cav we have to dis-
tinguish the strong coupling regime

� � (
 12; � cav) (5.2)

from the weak coupling regime

� � (
 12; � cav) (5.3)

which are also referred in literature as the non-Markovian and Markovian regime, re-
spectively. Physically, in the strong coupling regimewe have a signi�cant probability of
reabsorbtion of the emitted photon, leading to an oscillatory behaviour of the exspec-
tation value of the excited state occupation number of the atom. The quantum optical
phenomenarelated to this behaviour and the particular optical properties of photonic
crystalshave beenextensively studied in [5, 6, 32,33, 34, 35] but are alsocontroversially
discussed[36, 37, 38]. In this work we will limit ourselvesto the discussionof the weak
coupling regimewherewe canassumean exponential decay due to a pure dipole dephas-
ing rate 
 12. In particular, we will study the in
uence of a photonic crystal environment
on the spontaneousemissionrate


 =
d
dt

D
N̂2

E

n2
(5.4)

where
D

N̂2

E
is the exspectation value of the occupation number operator of the excited

state and n2 the ensemble averagedoccupation number.

5.3 Classical and Quantum Description Within the
Weak Coupling Regime

In this sectionwe will give the key relations for deriving the spontaneousemissionrate
within the weakcoupling regimeand show an analogybetweenthe classicallyand quan-
tum mechanically obtained expressionsthat will allow us later to calculate 
 within a
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5.3 Classicaland Quantum Description Within the Weak Coupling Regime

classicalFDTD-scheme. The derivation is not comprehensive but will only show the
stepsthat are important for the physical understanding. For a more detailed discussion
see[30]. Following the argumentation in [30] we do not useelectric or magnetic �elds
for the derivation but the vector potential ~A(~r ; t) under the Coulomb gaugecondition

r
h
� (~r ) ~A(~r ; t)

i
= 0 (5.5)

We will denoteclassicalvector �elds by an overarrow while quantum mechanical vector
operators are written bold with an overhat.

5.3.1 Quantum Approach

If we want to discussthe vector potential in terms of the eigenmodes of a photonic
crystal we should �rst introduce a generalexpansionof the vector �eld operator into a
completeset of eigenfunctions:

Â (~r ; t) =
X

n

s
2� ~c2

! n

h
ân

~An (~r ) + ây
n

~A �
n (~r )

i
(5.6)

with ân and ây
n the annihilation and creationoperator of a photon in the nth mode,which

has frequency! n and spatial pro�le ~An (~r ). The star denotesthe complex conjugated
value. If we couplethis mode systemto a two-level systemwith transition frequency

we obtain an Hamiltonian of the form

Ĥ = E2b̂y
2b̂2 + E1b̂y

1b̂1 +
X

n

~! n ây
n ân +

X

n

h
~� n b̂y

2b̂1ân + ~� �
n ây

n b̂y
1b̂2

i
(5.7)

where b̂i and b̂y
i are the annihilation and creation operator of state i (i = 1: ground

state, i = 2 : excited state and E i the corresponding energies. � n represents the cou-
pling strength of the two-level systemwith mode n and is given by

� n = �
e

~m

r
2� ~
! n

~p12 � ~A(~r0) (5.8)

in dipole approximation for an emitter located at ~r 0 and dipole matrix element ~p12. e
and m are electron chargeand mass,respectively.
As we are interestedin the time derivative

d
dt

N̂2 =
d
dt

(b̂y
2b̂2) (5.9)
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of the occupation number operator of the excited state for the calculation of the spon-
taneousemission(seeeq. 5.4) we now useeq. 5.7 to set up the Heisenberg equations
of motion for N̂2. To keep this equation of motion consistent with our weak coupling
assumptionswe have to introduce a quantum Langevin operator that represents the
dephasingand therefore the decay of the excited state into the modesof the dielectric
structure. Further analysisof this Langevin operator results in an interpretation as a

uctuating quantum current ĵ f luc(~r ; t) that is responsible for the spontaneousemission
now described by the equation

d
dt

N̂2;spon =
i

~c

Z
d3~r

h
ĵ +
f luc(~r ; t) � Â � (~r ; t) � Â + (~r ; t) � ĵ �

f luc(~r ; t)
i

(5.10)

where the + and � superscripts denote parts belonging to positive and negative fre-
quencies,respectively. To evaluate eq. 5.10we have to relate ĵ f luc(~r ; t) and Â (~r ; t). This
can be doneby a classicalGreen'sfunction ansatzthat results in

Â (~r ; ! ) = �
4�
c

Z
d3~r

0
~e� G!

�� (~r ;~r
0
) ĵ f luc;� (~r

0
; ! ) (5.11)

in frequencydomain and the subscripts� and � denoting Cartesianvector components
while ~e represents the polarisation vector. Using eq. 5.11 in eq. 5.10 and taking the
ensemble average�nally results in the spontaneousemissionrate
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d
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12

� I m
�
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�� (~r0;~r0)
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(5.12)

5.3.2 Classical Approach

Now we calculate the electromagneticenergy Wr ad radiated by a classicaloscillating
dipole current and try to derive a form similar to eq. 5.12. We start with the equation
that describesthe work that is doneby an electric �eld ~E to a current ~j

Wr ad = �
Z

dt
Z

d3~r ~j (~r ; t) � ~E(~r ; t) (5.13)

For convenienceat a later stage,~j (~r ; t) and ~A(~r ; t) are split into positive and negative
frequencyparts (each the conjugatecomplexof the other) when fourier transformed
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~j (~r ; t) =
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In frequencydomain we can, analogouslyto the quantum case,relate the vector poten-
tial to the current by the classicalGreen'sfunction

~A(~r ; ! ) = �
4�
c

Z
d3~r

0
~e� G!

�� (~r ;~r
0
)j � (~r ; ! ) (5.16)

For a pointlik e current sourceof the form

~j (~r ; ! ) =
e
m

j ! � (~r � ~r 0)~p12 (5.17)

eq. 5.16simpli�es to

~A(~r ; ! ) = � j !
4� e
mc

~e� G!
�� (~r ;~r 0)p12;� (5.18)

Now we insert eq. 5.14and eq. 5.18into eq. 5.13and evaluate the resulting expression.
After replacing ! by 
, which is equivalent to ignoring a small term of the order 
 12=

we end up with

Wr ad = �
2� e2

c2m2
p12;� p12;� 
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d! jj ! j2 I m

�
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(5.19)

It is now obvious that if we choosea Lorentzian lineshape for j !

j ! =
1

i(
 � ! ) + 
 12
(5.20)

the classically radiated energy is proportional to the quantum mechanically obtained
spontaneousemissionrate obtained in eq.5.12. In particular this meansthat if we know
the valuesfor the spontaneousemissionrate and the radiated energyin freespace(which
is accessibleanalytically) we can calculate the spontaneousemissionin the vicinit y of
a dielectric structure via a purely classicalapproach with an oscillating current source,
accordingto


 cav = 
 f r ee
Wcav

Wf r ee
(5.21)
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or, as usedin this work, we can directly de�ne a modi�cation factor normalisedby the
free spacerate as

� cav =
Wcav

Wf r ee
(5.22)

where � < 1 can be interpretated as supressionand � > 1 as enhancement of the free
spacespontaneousemissionrate.
Up to this point we madeno statement about the dielectric structure and thereforethe
precisestructure of the eigenmode basis. It is clear that the modi�cation factor � can
be strongly dependant on the transition frequencyand the position within the dielectric
structure. To obtain the full knowledgeabout �( ~r ; ! ) we would have to know the com-
plete mode structure. In most practical cases,especially in complexphotonic crystals,
this cannot be achieved. Moreover, even if the mode structure of the ideal crystal is
known, interesting questionsconcern �nite structures that are principally lossy. The
big advantage of the classicalapproach presented is that within an FDTD-algorithm
�( ! ) can be determined at a single position ~r 0 without the explicit knowledgeof the
eigenmodes,by inserting a probe current sourceat ~r 0 and time integrating the radiated
energy. The physical origin of the modi�cation of the radiated energyis the interaction
of backre
ected parts of the emitted �eld that interact with the current. The deriva-
tion of equivalencyof classicaland quantum mechanical results was donefor a classical
emitter with a Lorentzian emissionspectrum corresponding to the exponential decay in
time causedby the Langevin operator within the weak coupling regime. In the classical
picture this is not mandatory because
 12 is an arbitrary parameter. We can assume
a vanishing linewidth leading to a monochromatic excitation and as a result get the
strength of the interaction of backre
ected �elds with the current sourcefor just a single
frequency. Generalisingthesearguments and using the linearity and fourier properties
of the classical�elds we can excite the systemby a temporal arbitrary shaped pulsed
source~j (! ; ~r0), fourier transform the electric �eld at the position of the sourceand cal-
culating � cav(! ;~r0) as

� cav(! ;~r0) =
Wcav

Wf r ee
=

~Ecav(! ;~r0)~j cav(! ;~r0)
~E f r ee(! ;~r0)~j f r ee(! ;~r0)

(5.23)

Then, the spontaneousemissionrate of an emitter with dephasingrate 
 12 can be cal-
culated by a convolution of � vac(! ;~r ) with the corresponding Lorentzian with width

 12. This procedurerequiresobviously that 
 12 is independant of the dielectric struc-
ture which is also a consequenceof the weak coupling assumption. We also note that
� cav(! ;~r ) is equivalent to the local density of statesas usedin [33].
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5.4 SingleDielectric Sphere

5.4 Single Dielectric Sphere

Beforewe start to analysethe spontaneousemissionin a photonic crystal structure we
want to verify our numerical method by the comparisonwith results that are obtainable
analytically. We chooseasa test systema dielectric sphereof radius r and refractive in-
dex n = 3:0 embeddedin freespacewhich meansthe application of absorbingboundary
conditions in all three dimensionsof the numerical domain. The analytical expressions
for the spontaneousemissionmodi�cation factor �( ! ;~r ) are given in [39, 40]. For sim-
plicit y we will only considerthe caseof an emitter placed in the center of the sphere
becauseby this we circumvent polarisation issuesdue the rotational symmetry of the
resulting system. Fig. 5.1 shows the comparisonof the analytical results with the nu-
merical calculation. The excellent quantitativ e agreement legitimates the application of
this method for generaldielectric structures.
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Figure 5.1: Modi�cation factor �( ! ) for a dipole in the center of a dielectric spherewith
radius r and refractive index n = 3:0: Comparisonbetweenanalytical result
(line) and FDTD (dots).
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5 SpontaneousEmissionin Inverted Opals

5.5 Inverted Opals

For the investigation of the modi�cation and especially the suppresionof spontaneous
emissionwithin the bandgap, the two-dimensionalstructures consideredso far in this
work are not ideally suited becausethey do not exhibit a bandgap in the senseof a
vanishing local density of states. While for the application for passive optical devices
this is not prohibiting becausewe can selectively excite desiredmodes(e.g. the guided
or quasi-guidedones)an emitter embeddedin the structure will more or lesscouple to
the wholemode bath including the radiative modesthat destroy the gap. This hasbeen
investigatede.g. in [41]. We thereforehave to choosea full three dimensionalperiodic
structure to clearly identify the physical e�ects. From the variety of three dimensional
photonic crystalsexhibiting a full bandgapthat have beenproposedtheoretically and/or
realisedexperimentally wechoosethe classof inverted opal structures. This classof crys-
tals has distinguisheditself as easyto fabricate by self-organisingprocesses[42, 43, 44]
on a relative largescale.Thereforeit is widely usedfor the investigation of fundamental
physicalprocessesin photonic crystals [3, 12]whereits largestdisadvantage, the di�cult
controlled inclusion of defectsthat is necessaryfor most technologicalapplications,does
not play an important role. It is not the purposeof this work to discussthe structure
itself or dependencieson geometryand material parametersbecausethis is described ex-
tensively in literature [45]. We just chooseoneexamplesystemwith parametersthat are
on onehand as realistic as possiblefrom a fabricational point of view but are adjusted
in a way that the desiredoptical properties like the bandgapare easily observable.

5.5.1 Geometrical Setup

The geometricaldistribution of dielectric material in an inverted opal canbe understood
most easily by shortly reviewing the fabrication process:Polystyrene spheresof radius
r are allowed to sediment slowly in a liquid, e.g. an alcohol. Due to self-organising
processesthey arrange in a face-centered-cubic (fcc) close packed lattice. Then the
liquid is evaporated and the systemin�ltrated by an high index material. Ideally, aswill
be assumedhere,all voids betweenthe spheresare completely �lled. In practice oftenly
the high index material only covers the polstyrenesphereleadingto a morecomplicated
structure. After the in�ltration the system is heated and the polystyrene spheresare
also evaporated leaving an fcc-arrangement of air-spheresin a dielectric matrix with
refractive index n. In practice, the evaporation of the polystyrene spheresleads to a
sintering of the ideally touching air spheres. This e�ect is incorporated in our model
by cylindrical connectionsof the air sphereswith radius r s = 0:4r . Fig. 5.2 shows the
dielectric interfacesof a conventional unit cell of the structure. The lattice constant a
is de�ned as the edgelength of the conventional cell and not, as often done for other
lattices, as the length of a primitiv e lattice vector which is

p
3=2 � a in this case. The

conventional unit cell (which consistsof four primitiv e cells) is highly symmetric. As
we want to analysespatial dependenciesof the spontaneousemissionlater on we can
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5.5 Inverted Opals

Figure 5.2: Dielectric structure of a conventional unit cell of an inverseopal. The inset
shows the irreducible tetragonal volume in real spacelimited by the high
symmetry point P1-P4. The units are given in discrete gridpoints of the
numerical mesh.

reducethe problem by identifying the irreducible part of the unit cell that cannot be
mapped by symmetry operationsto another. We �nd that the conventional unit cell has
a 48-fold symmetry and that we can reduceto a tetragonal spacevolume limited by the
high symmetry points Pi (i = 1::4) as shown in the inset of �g. 5.2. This geometrical
setup can alsobe interpretated asan interconnectedlattice of octagonaland tetragonal
volumesof high dielectric material. It is important for the further discussionto note
that P1 is located in the center of an air sphere,P2 at the touching point of two air
spheres(therefore in the center of the cylindrical interconnect), P3 in the center of an
octagonal volume and P4 in the center of a tetragonal volume. This conventional unit
cell is usedfor bandstructure calculation with periodic boundary conditions applied in
all spacedirections.
For the calculation of the modi�ed spontaneousemissionwe also want to include the
�niteness of the system. Principally, the in�nite casecan be addressedby a frequency
domain mode expansionaswell. This hasbeenalreadydemonstratedwith low accuracy
due to numerical constraints in [47]. We therefore model cubic crystallites with edge
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5 SpontaneousEmissionin Inverted Opals

Figure 5.3: Finite crystallite of edgelength 3a embedded in free space. The units are
given in discretegridpoints of the numerical mesh.

lengthsof l = 3a, l = 5a and l = 7a, respectively, that are enclosedby PML boundaries.
This systemsizescorrespond to 108,500and 1372singlescatterers. Fig. 5.3 shows the
crystallite with edgelength 3a. The surfacetermination is the samefor all sizesand
alsoaccordingto �g. 5.3.

5.5.2 Bandstructure

It has been shown in literature [45] that the inverted opal structure provides a full
three dimensionalbandgapfor an index contrast of more than 2:6. This bandgapopens
up between the 8th and the 9th band. Thesevaluesare strictly speaking for the ideal
inverted opal without the cylindrical holesconnectingthe air spheresbut the di�erence
is neglectiblefor our purposes.The examplesystemunder considerationhasa bandgap
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Figure 5.4: Bandstructure for the inverseopal with refractive index n = 3:6 and geomet-
rical setup as described in �g. 5.2. The insets show the completebandgap
and the pseudogapin �- L-direction.

with a gap/midgap ratio of 6:7% between freqencies0:795 and 0:85, as can be seenin
�g. 5.4. Another remarkable feature of the bandstructure is the largepseudogapin �- L-
direction. It is remarkablebecauseit correspondsto the (111) crystallographicdirection
which is in the self-organisingfabrication processperpendicular to the crystal surface.
Thereforeit is easilyaccesiblefor re
ection experiments and alsothe preferreddirection
for the detection of light that is coming out of the crystal. For a detailed discussionof
the irreducible BZ and the high symmetry points in k-spaceseee.g. [46].
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5 SpontaneousEmissionin Inverted Opals

5.6 Spontaneous Emission Rate

5.6.1 Space and Polarisation Dependance

As described in 5.3.2we have to calculate �( ! ;~r 0) seperately for each emitter position
and polarisation. In the �nite crystallite moreover not every unit cell is equivalent and
di�ers e.g. in the distance to the surface. However, even if we neglect this and under
restriction to the irreducible tetragonal volume this is computationally too expensive to
be done for all spacepoints. We will therefore concentrate on selectedpositions and
polarisations that represent interesting physical aspects.
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Figure 5.5: �( ! ;~r ) for the high symmetry points P1 - P4.

First we calculate �( ! ;~r 0) at the four high symmetry points within the center unit
cell of a l = 5a crystallite (We will justify later why this sizeis a reasonablechoice.) and
polarisation in z-direction. In �g. 5.5 we seethat the bandgap can be clearly identi-
�ed for all four symmetry points. Also the directional �- L-pseudogapat frequency0:56
shows its e�ect at least qualitativ ely in all cases.However, for other frequencieswe see
a strong spacedependance.Noticable is especially the high enhancement for frequencies
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5.6 SpontaneousEmissionRate

Figure 5.6: �( ! ;~r ) for the path from P3 to P1 for a dipole orientated normal to the
interfacecrossedat dipole position 0:15a.

Figure 5.7: �( ! ;~r ) for the path from P3 to P1 for a dipole orientated parallel to the
interfacecrossedat dipole position 0:15a.
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5 SpontaneousEmissionin Inverted Opals

Figure 5.8: �( ! ;~r ) for the path from P3 to P2 for a dipole orientated parallel to the
interfacecrossedat dipole position 0:21a.

just above the bandgapat P3 with �( ! ;~r 0) � 18. This is not unexspectedbecausemany
modestend to concentrate their energywithin the high dielectric material and P3 is in
the center of the largest conglomerateof high dielectric material. It shouldbe therefore
interesting to investigatewhat happensif we go from P3 to another symmetry point, e.g.
P2, and thereby crossinga dielectric interface. It is obvious that now polarisation has
also to be carefully accreditedbecauseof the di�erent continuity behaviour for normal
and parallel components relative to the interface. We thereforecalculate �( ! ;~r 0) along
the path P3-P2 for perpendicular and parallel polarisation with respect to the dielectric
interface crossedat dipole position 0:15a. For both polarisations the obvious physical
featurescan be clearly identi�ed in �g. 5.6 and �g. 5.7: We have a strong supression
of emissionwithin the bandgapregardlessof position. Also the di�erent continuity be-
haviour at the dielectric interface can be clearly seen. While we have a discontinous
step for normal polarisation in �g. 5.6, � is continous for parallel polarisation in �g. 5.7.
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5.6 SpontaneousEmissionRate

Figure 5.9: �( ! ;~r ) for the path from P4 to P2 for a dipole orientated normal to the
interfacecrossedat dipole position 0:14a.

Moreover, we can seethat the enhancement peak for frequenciesabove the bandgap
is spatially localised to the high index octagonal volume independant of polarisation.
For the caseof parallel polarisation there appearsa new enhancement peak below the
bandgap for emitters located closeto the interface. When we start at P3 and analyse
the path to symmetry point P2 (that is also lying in air) we seefor parallel polarisation
a similar picture with high enhancement localisedin the octagonalvolume but alsoen-
hancement peaksfor frequenciesabove as well as below the bandgap at the dielectric
interfaceat dipole position 0:21a. This can be seenin �g. 5.8. The maximum value for
� is around 26.
A third possibility of crossinga dielectric interfacecan be found on the path from P4 to
P2. The results for normal dipole polarisation canbe found in �g. 5.9. The discontinous
behaviour at the interface can be clearly observed while the maximum enhancement
valuesare not as large as in the other cases.In particular, the enhancement within the
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5 SpontaneousEmissionin Inverted Opals

tetragonal volume is much smaller than in the octagonalvolume analysedbefore.
From the presented results we can draw two conclusionsthat are essential for the inter-
pretation of luminescenceexperiments that are typically doneby the in�ltration of dye
moleculesinto the inverted opal [12]. First, the strong spacedependanceof � makesthe
knowledgeof the precisedistribution of the emitters necessary. Moreover, the strongest
e�ects can be found on dielectric interfaceswhere the in�ltrated dyes will very likely
adsorb. Second,the orientation of the adsorbed moleculesrelative to the interface is
alsonot neglectible. This will especially in
uence resultsof experiments donewith large
dye molecules.

5.6.2 In
uence of Finite Size

Sofar we have analysedthe position and polarisation dependanceof � within the center
unit cell. However, aswe are dealingwith crystallites of �nite size,not all unit cellsare
equivalent.

(0,3,0)

(0,3,3)

(0,3,2)

(0,3,1)

(1,3,0) (2,3,0) (3,3,0)

z

x
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Figure 5.10:Schematic illustration of the �nite crystalsand dipolepositions. Onesquare
stands for one conventional unit cell with edgelength a. The center unit
cell of a crystallite is denotedby (0,0,0) and each unit cell has an integer
coordinate in all spacedirections. (a): Crystals of size 7a (dotted), 5a
(dashed)and 3a (solid) with z-polarised dipol in the center unit cell. (b)
y = 3 plane of the 7a crystallite with dipole positions for calculation of
surfacee�ects.
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Figure 5.11: �( ! ) at P3 for the center unit cell of crystallites with edgelength 3a, 5a
and 7a.

We will thereforenow study the e�ects of the absolutesizeof the crystallite and the
proximit y of a dipol to the crystallite's surface.

First we calculate � at P3 for the center unit cell of crystallites with size3a, 5a and
7a. The geometricalsetup is sketched in �g. 5.10 (a). Fig. 5.11 shows that the results
are qualitativ ely the samefor 5a and 7a but di�er substantially for 3a, especially for the
enhancement at frequenciesbetween0:85 and 1:0 wherethe con�nement of the electro-
magnetic eigenmodesobviously becomesweaker. This result also justi�es the choiceof
a 5a crystal in 5.6.1 where we intended to get results that are relatively independant
of the �niteness of the system. We should mention herealso that the resolution in fre-
quencyspaceis not �ne enoughto resolve Fabry-Perot interferencesthat are exspected
to appear due to the �nite size.
In the next calculation we take a 7a crystallite and again dipole position P3, and move
the dipole from the center unit cell closerto the surface.Due to the dipole polarisation
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Figure 5.12: �( ! ) at P3 for a z-polariseddipole approaching a x = constant surface.
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Figure 5.13: �( ! ) at P3 for a z-polariseddipole approaching a z = constant surface.
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5.7 Conclusion

this can be done in two di�erent ways. If we assumea z-polarised dipole, a shift in
x- and y-direction would be equivalent becauseboth surfacesare parallel to the dipole
orientation, but a shift in z-direction is physically di�erent, becausethe dipole is orien-
tated normal to the surface.The geometricalsetup is sketched in �g. 5.10(b). Fig. 5.12
shows � for a shift in x-direction. We can seethat an e�ect is only observed for the unit
cell directly at the interface and (much weaker) for the next cell. Dipoles lying in the
center and the neighboring cellsare not e�ected by the surface.
For a shift in z-direction the in
uence of the surface is even smaller, as can be seen
in �g. 5.13. This can be explained by recalling the emissionpattern of a dipole which
has a maximum perpendicular to the dipole axis and vanishing components parallel to
it. A z-polariseddipole at a z = constant surfacewill thereforeradiate only a little in
direction of the surface.

5.7 Conclusion

This chapter has beendevoted to the study of spontaneousemissionin inverted opals.
The classicalapproach for obtaining the spontaneousemissionrate within the weakcou-
pling regimehasbeencomparedwith the quantum-mechanicalderivation. The numerical
FDTD-implementation that builds on this quantum-classicalcorrespondencehas been
veri�ed by calculating the analytically accessiblecaseof a spherical scatterer showing
excellent agreement betweenthe analytical solution and the numerics. The application
of the numerical method to �nite cuboical cristallites of an inverseopal with refractive
index 3:6 lead to the following results:

� The spontaneousemissionrate clearly re
ects the existenceof a bandgapregardless
of dipole position.

� Outside the bandgap there is a strong space,polarisation and frequencydepen-
dance.

� The strongestenhancement can be observed in the center of the dielectric regions
and at dielectric interfaces.The absoluteenhancement factor is up to � 26 for the
dipole positions under investigation.

� The behaviour at dielectric interfacesshows a polarisation dependancethat cor-
respondsto the continuity conditions of the electric �eld and is thereforestrongly
varying for perpendicular or parallel polarisation. This result shows the impor-
tance of the knowledgeof adsorbtion processesof dye moleculesin luminescence
experiments.

� The �nite sizeof the crystallite has only small in
uence on the results for dipole
positions more than 2-3 lattice constants away from the surface. In other words,
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5 SpontaneousEmissionin Inverted Opals

a crystallite with edgelength 5a represents an "in�nite" crystal for an emitter
positioned in the center unit cell. This substantially lowers the requirements for
experimental analysis.

112



6 The FDTD-Metho d and its
Application in Photonic Crystal
Analysis

6.1 Intro duction

All numerical results in this work have beenobtained by using several variations of the
Finite-Di�erence Time-Domain algorithm (FDTD) initially presented by Yee in 1966
[48]. The FDTD method represents a very generalway of solving the time and space
dependent Maxwell's equationsusing a specialisedlinearisation scheme. It is used in
many �elds of electromagnetismand covers the whole range of electrodynamical prob-
lemsfrom nanooptics to acceleratorphysics. In this chapter wewill givea short overview
of the basicprinciples and components of an FDTD simulation as well as discussingin
moredetail the specialmodi�cations neededfor analysingphotonic crystals. For further
reading about FDTD and its applications we suggeste.g. [49] or [50].

6.2 Basic Components and Metho ds

Very generallyspeaking,a FDTD-program consistsof four fundamental building blocks:
First, the spatial de�nition of the systemwith a distribution of dielectric or magnetic
materials and the choiceof a proper termination of the calculation space,the boundary
conditions. Second,the corealgorithm that calculatesthe electromagnetic�elds at each
spatial discretisation point and timestep. Third, an exciting sourceof somekind and
fourth, routines for data extraction, especially when not only the �elds but alsoderived
quantities like energyare of interest. The structures of the di�erent building blocks are
closelyrelated to each other dependingon the problemunderconsideration.E.g. the use
of anisotropic materials requiresa special form of the core algorithm, periodic (Bloch)
boundariesrequire complex�elds in all other building blocks and so on. In this section
we will focuson the components that are neededto obtain the results presented in this
work, but there are many variations and extensionsalso within the �eld of photonic
crystals [51, 52, 53].
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6.2.1 The Time-Stepping Algorithm and the Yee-Cell

Our aim is to solve the time dependent curl Maxwell equations:
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where the vacuum speedof light c is set to 1 for numerical convenience.The ansatz is
now to divide continous spaceand time into discretegrid cells and replacespatial and
temporal derivatives by �nite di�erences on this discrete mesh. We de�ne the spatial
grid as

~r = (x; y; z) ! (i � x; j � y; k� z) (6.9)

for the generalthree dimensionalcaseand the time dimensionas

t ! n� t (6.10)

� x, � y, � z and � t are the discretisation stepwidths and i, j, k and n the integer co-
ordinates within the discrete mesh. The vector components of the �elds are therefore
denotedas, e.g.
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Hx (~r ; t) ! Hx jni;j;k (6.11)

The next step is the linearisation of the derivatives, following the scheme

@f (x = i � x)
@x

!
f i +1 � f i � 1

2� x
(6.12)

By this ansatz, which is used typically in applied mathematics and numerics, the lin-
earisation is e�ectivly done over a 2� x-intervall. All components are localisedat the
sameposition (i; j; k) in spaceand will result in e.g. the following update equationfor H x
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The revolutionary idea of Yee was now to take advantage of the special nature of
Maxwell's curl equationsto improve accuracyby a factor of two by changingthe spatial
localisation of the �eld components in the following way:
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In the curl expressionsthis meansthat the neighboring components that are neededto
calculatethe derivative are only 0.5 stepsaway and the linearisation is only doneover a
one step interval. As E-�elds only depend on H-�elds and vice versa, the samecan be
donein time, shifting E-�elds 0.5� t relative to the H-�elds. The resulting equationsare
therefore
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for the H-�eld components and
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for the E-�eld components. This procedureyields a oneorder higher accuracyin space
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and time without increasingthe total number of discretisationpoints. The arrangement
of the shifted grids for each component is illustrated in �g. 6.1.
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Figure 6.1: Illustration of the spatial localisation of the �eld components in a three
dimensionalYeecell.

The �eld valuesat a new time step only depend on former valuesof other �elds as can
be seenin eq. 6.20-6.25.In applied mathematicsthis is called an explicit schemeand is
well known to be unstable in general. However, in the caseof Maxwell's curl equations
we can force stabilit y by obeying the condition

� t �
1

c
q

( 1
� x )2 + ( 1

� y )2 + ( 1
� z )2)

(6.26)

for the discrete step widths in spaceand time. The derivation is not given here in
detail and can be studied in [49]. Principally, it is done by analysing the in
uence of
the discretisation on the error of the energycontent of a plane wave, assuringthat the
energydoesnot increasein time in average.
The accuracyof the discretenumerical schemedependsmainly on the discretespaceand
time steps. As a rule of thumb the smallest wavelength appearing in the calculations
should be at least resolved with 12 numerical grid points.

117
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6.2.2 Boundary Conditions

It is obvious that in practical calculationsonly a �nite number of discretisation points
and therefore a �nite spacevolume (and time interval) can be calculated. The conse-
quenceis that the discretecurl equationscannot beapplied for certain �eld components
at the edgesof the computational domain becausesomeof the required components
would lie outside and are therefore not de�ned. If we look e.g. in x-direction and a
domain boundedby i = 0 and i = i max we seethat equations6.20, 6.21 and 6.22 and
6.23are still valid becausethey only requirewell de�ned �eld valuesfor i = 0. However,
in equations6.24and 6.25the components

Hz j
n+ 1

2

� 1
2 ;j + 1

2 ;k

and

Hy j
n+ 1

2

� 1
2 ;j;k + 1

2

are required but not de�ned.
The situation at i = i max is similar. Now we needthe unde�ned values

Ez jni max +1 ;j;k + 1
2

for updating Hy and

Ey jni max +1 ;j + 1
2 ;k

for Hz.

If we generalisethis consideration,we have to take special careof the tangential compo-
nents of the electric �eld at the interfacesi; j; k = 0 and i; j; k = (i; j; k)max + 1 to obtain
a completelyde�ned system. In the next subsections,typical boundary conditions used
for the calculationsin this work are shortly described.

Metallic Boundaries

The simplest way of treating the tangential electric �eld components is to set them
to zero after each time step. Mathematically this corresponds to the von Neumann-
boundary condition of a constant potential at the interface and physically it describes
a perfectly conducting material which is approximated best in experiment by metals.
Thereforewe speakof metallic boundary conditions. An incoming electromagneticwave
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that hits the boundary is entirely re
ected back into the computational domain and no
energycanescape from the system. This typeof boundarydoesnot represent the desired
circumstancesfor most calculations. However, becauseof its easyimplementation it is
sometimesusedin combination with other methods as will be described later.

Periodic Boundaries

For perfectly periodic systems(which meansthey are in�nitely extendedin the direc-
tion(s) of periodicity) we know from Bloch's theorem(see3.1.2) that the �eld valuesat
equivalent positions in di�erent unit cellsonly di�er by a phasefactor. Numerically this
hasthe consequencethat we can describe the entire in�nite systemby just oneunit cell
and apply periodic boundariesthat ful�ll Bloch's theorem. We illustrate this for a one
dimensionalsystemextending in x-direction and boundedby i = 0 and i = i max . We
know from the introduction of this section that we have to take special care of Ey j i =0 ,
Ey j i = i max +1 , Ez j i =0 and Ez j i = i max +1 . If we assumea periodicity of length i max � x we can
relate the components at the boundariesby applying Bloch's theorem in the following
way:

Ey j i =0 = e+ ik x i max � x � Ey j i = i max (6.27)

Ez j i =0 = e+ ik x i max � x � Ez j i = i max (6.28)

Ey j i = i max +1 = e� ik x i max � x � Ey j i =1 (6.29)

Ez j i = i max +1 = e� ik x i max � x � Ez j i =1 (6.30)

For the application of Bloch's theorem we have to introduce a wavevector kx in the
direction of periodicity. This is a parameter in the calculation and hasto be given from
the outside. The restriction to only one k-value is the price one have to pay for the
bene�t of limiting the computational domain to just oneunit cell. Moreover, the phase
factor in Bloch's theoremis complex,requiring complexelectricand magnetic�elds also.
In practice this doublesthe memory requirements of the calculation. The generalisation
to three dimensionsis straightforward but requiresa ~k-vector with components in all
spacedirections.

Open Boundaries

In many casesit is desirableto simulate a structure embeddedin in�n tely extendedfree
spacebecausethis is closestto most experimental situations. Numerically this means
we have to de�ne boundary conditions with the property that waves approaching the
interfacesof the computational domain are completety absorbed without any spurious
re
ection back into the system. This hasto be achieved for wavesof arbitrary frequency
and angle of incidence. There are several propositions in literature for addressingthis
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task like Mur's boundary conditions [54] of �rst and secondorder or perfectly matched
layers (PML) invented by Berenger[55] in several variations. In this work we use the
so-calleduniaxial perfectly matched layers (UPML) boundary [49] and will now give a
short description of their fundamentals and practical implementation.
The idea of PML boundariesis simple: We introducea layer of a certain thicknessd (in
units of numerical discretisation points) consisting of an arti�cal conducting material
that absorbsincoming waves. The absorbinglayer is terminated by metallic boundaries
that re
ect the rests of the wave entirely and the wave is damped again on its way
back. Only a vanishing part of the original amplitude reenters the calculation domain.
The obvious di�cult y that hasto be solved is that for conventional absorbingmaterials
there would be a partial re
ection at the interface betweenthe calculation volume and
the absorbing material due to impedancemismatch. We have to choosethe material
properties thereforein a way that there is no impedancediscontinuity for any frequency
and angleof incidence. It hasbeenshown in [49] that this condition can be ful�lled for
a plane wave with frequency! by the modi�ed frequencydomain Maxwell's equations

r � ~H (~r ; ! ) = � i! � (~r ) s � ~E(~r ; ! ) (6.31)

r � ~E(~r ; ! ) = i! � (~r ) s � ~H (~r ; ! ) (6.32)

with a matrix s of the form

s =

0

@

sy sz

sx
0 0

0 sx sz
sy

0
0 0 sx sy

sz

1

A (6.33)

wherethe components of the diagonalelements are given by

si = � i �
� i

i!
(6.34)

The parameter � i is responsible for the damping of a wave with a ki component of the
wavevector while � i ensuresthe correct treatment of evanescent wavesreaching into the
PML layer. In a three dimensional volume we have six PML-layers (two for each di-
mension). Due to the �nite thicknessof the PML layerswe have regionsat edgeswhere
two PML layers overlap and cornerswhere three PML layers overlap. This is shown
schematically in �g. 6.2 . Dependingon the regionunder considerationthe matrix s can
be simpi�ed becausethe si are only di�erent from 1 for the components normal to the
interface. This meanswe only needthe generalform of s in the corners,while for areas
wheree.g. there is only a damping in x-direction s reducesto
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1

2
3

Figure 6.2: Schematic illustration of di�erent PML-regions. (1): Plane, (2): Edge and
(3): Corner
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0 0
0 sx 0
0 0 sx

1

A (6.35)

Now we want to apply this conceptin our FDTD algorithm. The �rst problem is that a
direct fourier transformation of the frequencydomain expressionswould leadto a convo-
lution in time. To circumvent this problemthe additional �elds ~B and ~D are introduced,
leading to the following set of modi�ed Maxwell's equationsfor the PML layers:

r � ~H (~r ; t) = ~� �
@~D(~r ; t)

@t
+ ~� � ~D(~r ; t) (6.36)

r � ~E(~r ; t) = � ~� �
@~B(~r ; t)

@t
� ~� � ~B (~r ; t) (6.37)

~� �
@~D(~r ; t)

@t
+ ~� ~D(~r ; t) = � (~r )

 

~�
@~E(~r ; t)

@t
+ ~� � ~E(~r ; t)

!

(6.38)

~� �
@~B(~r ; t)

@t
+ ~� ~B(~r ; t) = � (~r )

 

~�
@~H (~r ; t)

@t
+ ~� � ~H (~r ; t)

!

(6.39)

The discretisation follows the standard FDTD schemewith ~D localisedat the samepo-
sitions as ~E and ~B at the samepositions as ~H .
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The last issuesto considerare now the values for � i and � i . This has been the sub-
ject of many numerical experiments and studies. By a proper choice the performance
of the PML boundariescan be optimised e.g. for certain frequency rangesor angles
of incidence. Without a more detailed discussionwe give now the expressionsfor � i (i )
and � i (i ) chosenfor the photonic crystal calculations in this work which are spatially
dependant of the direction perpendicular to the layers:

� i (i ) = � max �
�

i
d

� p

(6.40)

� i (i ) = 1 + (� max � 1) �
�

i
d

� p

(6.41)

where d is the total thicknessof the PML layers and p an exponent that is usually
between3 and 4 [49]. For the calculations in this work d is normally between8 and 20
discretisation points.

6.2.3 Sources

To calculate the optical responseof a dielectric structure we obviously needsomekind
of excitation. The choice of a proper excitation for a given problem does not follow
a generalguideline but strongly dependson experience. In many cases,the exspected
results play an important role for the choice of the excitation. E.g. the symmetry or
spatial localisation of the exspected solutions can help to selectively excite the desired
�eld distributions. This doesnot meanthat FDTD is not an a-priori-method. However,
its generalcharacter is one major disadvantage in this respect. A solution obtained by
FDTD is always reliable. However, under circumstancesto be discussedmore detailed
later on a solution can be "forgotton" due to an awkward excitation, which often means
it is superposed by solutions that are excited orders of magnitude stronger. In this
subsectionwe will discussseveral typesof excitations. The explicit forms how they are
usedin practicearegivendirectly in the relatedchaptersof photonic crystal applications
later on.

Initial Fields

A method usedquite often is the assignment of the �eld to certain valuesfor t = n� t = 0.
When this type of excitation is usedonehas to take careof the following issues:
The initial �eld distribution must ful�ll the homogenousMaxwell's equationsthat are
not directly incorporated in the FDTD-algorithm. Especially the condition

r ~H (~r ; t = 0) = 0 (6.42)
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must be ful�lled becausea violation would lead to unphysical results. A violation of

r
h
� (~r ) ~E(~r ; t = 0)

i
= 0 (6.43)

would physically introducestatic chargesthat may alsomodify the results.
Besidethis physical considerations,there are alsonumerical onesthat can in
uence the
simulations. The initial condition will project to the solutions allowed by the system.
This processtakes some"relaxation" time. The proper choice of the initial condition
can reducethis time signi�cantly and thereby also reducing numerical noise. We will
illustrate this now for a simple example.
Assumea one dimensionalfreespace(n = 1:0) systemboundedby periodic boundaries
with k-vector kx . This systemsupports planewavesolutionswith the spatial distribution

Ey(x) = E 0
y ei (kx + G i )x (6.44)

whereGi are reciprocal lattice vectorsasde�ned in 3.1.2. If we now set an initial �eld

Ey(x) =
X

i

E 0
y ei (kx + G i )x (6.45)

for some reciprocal lattice vectors Gi the initial condition will instantanously �t to
the boundary conditions and i plane waves will propagate in time through the system
without being disturbed.
Now we choosean initial condition of the sameform but with a slightly di�erent vector
k0

x = kx + � kx but keepkx as the parameterof the periodic boundaries. In this casethe
valuesthat are exchangedby the periodic boundariesdo not �t and plane waves with
the samekx but slightly di�erent phaseenter the system. After sometime the system
consistsof many planewavesthat areall slightly phaseshifted. The result is a destructive
interferenceand no proper solutions are excited. Moreover, due to the approximative
character of the discretesystemthe cancellationis not perfect, but will causea random
noise. Even if we have a mixture of �tting and non-�tting components of the initial
condition this noisecan superposethe real solutionsand make them undetectable.
If we look at the frequencyspectrum of the initial �eld excitation we seethat due to
the � -like shape in time we can exspect that all frequencycomponents could principally
be excited. Sometimesthis is desirerable,especially when all solutions are exspected
to have similar coupling strengths (or spatial overlap) to the excitation and a large
spectrum of solutions is wanted. However, there are also caseswhen this property is
a disadvantage, especially when solutions are investigated that couple only weakly to
external excitations. Then a pulsedexcitation with a narrow frequencyspectrum around
the exspectedsolution should be preferred.
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6 The FDTD-Metho d and its Application in Photonic Crystal Analysis

Current Sources

A very simple way of creating electromagnetic�elds is the introduction of a pointlik e
oscillating current sourceat position ~r 0 into the H-�eld curl equation:

r � ~H ( ~r0; t) = � (~r )
@~E( ~r0; t)

@t
+ � (~r � ~r 0) � ~j (t) (6.46)

This is practically doneby keepingthe time-steppingalgorithm unchangedand updating
the corresponding electric �eld components after each timestep accordingto

Ex jni 0+ 1
2 ;j 0 ;k0

= Ex jni 0+ 1
2 ;j 0 ;k0

+ � � 1j i 0+ 1
2 ;j 0 ;k0

� j x jni 0+ 1
2 ;j 0;k0

(6.47)

e.g. for a x-polarised dipole with arbitrary temporal dependancej x jn . It should be
mentioned that an arbitrary orientation of onepointsourceis not straightforward to im-
plement becauseof the di�erent localisation of the E-�eld vector components.
In most casesdipolesinstead of initial �elds are usedwhen only an excitation of a lim-
ited frequencyspectrum is desired. A proper choice for ~j ( ~r0; t) is then e.g. a sinosoidal
function with center frequency! 0 multiplied with a Gaussianenvelope of width � .

~j ( ~r0; t) = � (~r � ~r 0) � ~j 0 sin(! 0t)e
� 1

2 �( t � t 0
� )2

(6.48)

where the spectral width of the pulse around ! 0 is determined by � � 1. The radiation
characteristicsof a dipole are well known [56]. It should be taken care that this is con-
sideredfor a proper excitation. E.g. a x-polariseddipole hasno plane wave component
directly pointing into x-direction and therefore maybe no good choice when a mode
propagating in x-direction should be excited.
When it is desiredto excite a �eld pattern of a certain symmetry there are two issues
to be considered.
First, the spatial localisation of the excitation due to the spatial shift of the corre-
sponding E-�eld component. It has beenobserved that even the small 0:5� x-shift can
signi�cantly break the symmetry when not properly considered.
Second,when choosing two dipols to excite odd or even mirror symmetry the trans-
formation behaviour is di�erent for dipolespolarisedperpendicular or tangential to the
mirror plane accordingto the discussionin 3.1.5.
One more issueof practical importance is the choice of t0 in the envelope function. It
should be assuredthat the current for t = 0 is small comparedto the maximum am-
plitude becauseotherwisewe have physically a step function at the beginning that can
disturb results, especially after Fourier transforming by introducing Gibb's oscillations.
It is also important to be aware that a point-sourceof the described type can introduce
static chargesafter the temporal oscillation vanished.This canbe seenin the continuity
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equation for chargesand currents

@
@t

� (~r ; t) + r ~j (~r ; t) = 0 (6.49)

If we integrate 6.49 from t = 0 to t = T and assumethat we had no static chargesat
the beginningof the calculation we get

� (~r ; T) = �
Z T

0
r ~j (~r ; t)dt (6.50)

To avoid static chargeswe can therefore choosea current distrubution that has either
no divergence,or that is zerowhen integrated in time. In practice, the secondcondition
can be easily full�lled by adjusting the phaseof the sine function

~j ( ~r0; t) = � (~r � ~r 0) � ~j 0 sin [! 0(t � t0)] e� 1
2 �( t � t 0

� )2

(6.51)

becausenow we integrate over the product of a sine function that is odd with respect
to t0 with a Gaussianthat is even with respect to t0.

Total-Field/Scattered-Field Metho d

The injection of external �elds by electric dipol currents has the disadvantage that the
radiation pattern of a dipole is given and therefore there is no choice of certain plane
wave components exciting the system. This can be overcomee.g. by using lines or
planesof dipolesthat are arrangedin a way that the plane wave components travelling
in undesireddirectionscanceleach other. This method is usedwidely becauseof its easy
implementation. Neverthelessit has the disadvantage that e.g. for a plane of dipols,
energy is radiated in both directions away from the plane. In caseswhere re
ection
properties of a structure are investigated the waves travelling in the wrong direction
away from the sourceplane can overlap with waves re
ected by the dieletric structure
and therefore in
uence results. This can be overcomefor pulsed sourcesby choosing
a long path betweenthe incoupling plane and the structure. This allows the temporal
separationof the di�erent parts but requiresa lot of additional systemsizeand there-
fore computing resources(time and memory). A better way of injecting well de�ned
plane wave components is the total-�eld/scattered-�eld (TFSF) method that is more
complicated but more powerful and e�cien t. We will now describe TFSF for a simple
onedimensionalexample.
Due to the superposition principle for electric and magnetic �elds we can assumearbi-
trarily that the total �elds are splitted in scatteredparts ~Escat and ~Hscat, and incident
parts ~E inc and ~H inc :
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~E total (x; t) = ~Escat(x; t) + ~E inc (x; t) (6.52)
~H total (x; t) = ~Hscat(x; t) + ~H inc (x; t) (6.53)

Moreover, we can also arbitrarily de�ne a certain position x0 = i0� x and demandthat
for x < x0 only the scatteredparts are consideredwhile for x � x0 the total �elds are
calculated. For the discreteFDTD equationsthis is consistent for most spacepoints but
not at the border i 0 wherewe have e.g.

Ey;total jn+1
i 0

= Ey;total jni 0
+ � (i0)� 1 � t

� x

�
Hz;scat j

n+ 1
2

i 0 � 1
2

� Hz;tot j
n+ 1

2

i 0+ 1
2

�
(6.54)

with the �nite di�erence of a total and a scatteredpart of the magnetic �eld that vio-
latesour assumptions.However, wecancorrect6.54by addingan external incident part:

Ey;total jn+1
i 0

= Ey;total jni 0
+ � (i0)� 1 � t

� x

�
Hz;scat j

n+ 1
2

i 0 � 1
2

� Hz;tot j
n+ 1

2

i 0+ 1
2

�

+ � (i0)� 1 � t
� x

� Hz;inc j
n+ 1

2

i 0 � 1
2

= Ey;total jni 0
+ � (i0)� 1 � t

� x

�
Hz;tot j

n+ 1
2

i 0 � 1
2

� Hz;tot j
n+ 1

2

i 0+ 1
2

�

The incident part Hz;inc j
n+ 1

2

i 0 � 1
2

can now be de�ned arbitrarily . Togetherwith the analo-

gousequationsfor the other tangential components Ez, Hy and Hz wecaninject external
�elds at i 0. E.g. we can assumethe temporal characteristicsof a plane wave and assign
them to Ey;inc and Hz;inc and a wavevector in + x-direction. The result would be a wave
travelling into + x-direction, starting at i 0. For x < x0 there would be no �elds until a
re
ection occurssomewhereat x � x0. The re
ected parts of the wave crossi 0 unper-
turb ed and represent the scatteredpart.

If we extend this principle to two dimensionswe have to de�ne the tangential com-
ponents along a line. However, we have to take care at the end of the line depending
on the boundary conditions used. In �g. 6.3 (a) we illustrate the caseof a periodic
boundary in the direction parallel to the incoupling line. As Bloch's theorem exactly
relates the spacepoints at the ends we can inject plane waves that need not neces-
sarily propagate perpendicular to the incoupling line without further concerns. If we
have absorbing boundarieswe cannot just end the injection line becausefor the ends
there would be inconsistent FDTD-equations. Instead we have to de�ne a closedline as
seenin �g. 6.3 (b) to ensureconsistency. This method requiresthe completeknowledge
of the temporal and spatial characteristics of the excitation at all injection lines and
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(a) (b) (c)

Figure 6.3: Di�eren t typesof TFSF-injections in 2D dependingon the type of boundary
conditions. The bold line represents the TFSF-injection line, dashedlines
phasefronts of incoupledplanewavesand greyregionsabsorbingboundaries.
The remaining boundariesin (a) are periodic.

is therefore often very complicated to implement. Also, one have to be very careful
when interpretating the physical meaningof the �elds insideand outsidethe closedline,
whena complicatedscattering occursinside. An approximation usedto circumvent this
problem is to abandonthe preciseplane wave injection in favor of a spatially localised
excitation as sketched in �g. 6.3 (c). In this casea spatial envelope function assures
that the incident �elds vanish at the endsof the injection line and thereforewe do not
needa closedline. Unfortunately, this spatially localisedexcitation hasalsoplane wave
components parallel to the incoupling line that cannot be injected properly by TFSF.
There is always an error in the order of a fewpercent, dependingon the strength of these
parallel plane wave components that doesnot only appear asa distorted �eld inside the
calculation spacebut also as unwanted waves travelling away from the incoupling line
in the wrong direction. The extensionof the discribed two dimensionalschemeto three
dimensionsis straightforward.

6.2.4 Data Extraction

The FDTD code principally provides all vector components of electric and magnetic
�elds for the whole integration spaceand time. However, in many casesthe time and
spacedependant �elds are not the relevant quantities to draw physical conclusions.
Then we needderived or transformed quantities, e.g. energyor energytransportation
information aswell asfourier transforms. To obtain this information consistantly within
the FDTD-algorithm we have to properly include the e�ects of discretisationand shifted
grids.
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Poynting's Theorem

The energy in a spacevolume V with a dielectric structure � (~r ) at a time t0 follows a
conservation equation known as Poynting's theorem:

Z

V
dr3~j (~r ; t0) ~E(~r ; t0)

+
Z


( V )
dr2

h
~E(~r ; t0) � ~H (~r ; t0)

i

�
Z

V
dr3 1

2

h
� (~r ) ~E 2(~r ; t0) + ~H 2(~r ; t0)

i
= 0 (6.55)

The �rst term represents the energythat is createdwithin the volumewhen the electric
�eld ~E(~r ; t) interacts with a current ~j (~r ; t0). The secondterm integratesthe energy
o w
represented by the Poynting vector

~S(~r ; t0) = ~E(~r ; t0) � ~H (~r ; t0) (6.56)

over the surface
( V) and therefore stands for the energy leaving or entering the sys-
tem. The third term �nally represents the total electromagneticenergystored within
the volume.
Especially for transmission or re
ection calculations the knowledge of energy related
quantities is very important. However, obviously, we have a problem when we want to
transfer eq. 6.55 to the discretegrid of an FDTD-calculation becausethe di�erent �eld
vector components are not localisedat the samepositionsand thereforein a strict sense
energyrelatedquantities arenot de�ned at any discretegrid point. The ideato overcome
this problem is to interpolate the �eld valuesat a certain point and then calculating the
correspondant local value of the derived quantities. This works �ne if we e.g. want to
calculate the electric �eld intensity ~E 2( ~r0; t0):

~E 2( ~r0; t0) ! ~E 2jn0
i 0 ;j 0 ;k0

= 1
4

h
Ex jn0

i 0 � 1
2 ;j 0 ;k0

+ Ex jn0

i 0+ 1
2 ;j 0 ;k0

i 2
+

1
4

h
Ey jn0

i 0 ;j 0 � 1
2 ;k0

+ Ey jn0

i 0 ;j 0+ 1
2 ;k0

i 2
+

1
4

h
Ez jn0

i 0 ;j 0 ;k0 � 1
2

+ Ez jn0

i 0 ;j 0;k0+ 1
2

i 2
(6.57)

However, assoon asmorethan oneinterpolating operation is neededase.g. whenquan-
tities contain E- and H-�elds (spatial and temporal interpolation) we seethat the inter-
polation operationsdo not commute. There are no unambigousarguments for choosing
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a certain order in which the interpolations are performed,but it hasbeenpointed out in
[57] that the consistencyof Poyntings's theorem can be assured.Despiteother existing
possibilities we usedthe form introduced in [57] for a consistent version of Poynting's
theorem in this work.
We therefore introducethe interpolation operators m̂i acting on a function F jni;j;k

m̂t F jni;j;k =
1
2

h
F j

n� 1
2

i;j;k + F j
n+ 1

2
i;j;k

i
(6.58)

m̂x F jni;j;k =
1
2

h
F jni � 1

2 ;j;k + F jni+ 1
2 ;j;k

i
(6.59)

m̂y F jni;j;k =
1
2

h
F jni;j � 1

2 ;k + F jni;j + 1
2 ;k

i
(6.60)

m̂z F jni;j;k =
1
2

h
F jni;j;k � 1

2
+ F jni;j;k + 1

2

i
(6.61)

and the following discretecounterparts of the energycontributions in 6.55:

~j (~r ; t) ~E(~r ; t) ! j x � m̂x Ex + j y � m̂yEy + j z � m̂zEz (6.62)

Sx (~r ; t) ! m̂y [m̂xEy � m̂tHz] � m̂z [m̂tHy � m̂xEz] (6.63)

Sy(~r ; t) ! m̂z [m̂yEz � m̂tHx ] � m̂x [m̂tHz � m̂yEx ] (6.64)

Sz(~r ; t) ! m̂x [m̂zEx � m̂tHy] � m̂y [m̂tHx � m̂zEy] (6.65)

� (~r ) ~E 2(~r ; t) ! m̂x

�
�E 2

x

�
+ m̂y

�
�E 2
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�
+ m̂z

�
�E 2

z

�
(6.66)

~H 2(~r ; t) ! m̂ym̂z

h
H
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2

x H
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2
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h
H

n� 1
2

y H
n+ 1

2
y

i
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m̂xm̂y
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H
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2

z H
n+ 1

2
z

i
(6.67)

and usetheserelations for all energyrelated calculations in this work.

Spectral Information

The solutions of Maxwell's equationsinvestigatedin this work can be decomposedinto
simple time-harmonic or exponentially damped time-harmonic modes. Especially the
bandstructuresand eigenmodesare de�ned in frequencydomain. However, the FDTD-
algorithm as a time-domain method producestime-dependant results and thereforewe
needa transformation into frequencydomain to discussresults in the right terms. This
is doneby fourier transformation that is well known as
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f (~r ; ! ) =
1

p
2�

Z
dtf (~r ; t)ei! t (6.68)

and its discreteequivalent for a �nite number N of timestepswith width � t

f (~r ; ! ) =
� t

p
2�

NX

n=1

f (~r ; n)ei! n� t (6.69)

Due to the �nite timestep and the �nite summation interval we have limitations for the
accuracyof f (~r ; ! ). It can be shown that � t is proportional to the highest frequency
! max that can be calculated properly, while N is proportional to the resolution in fre-
quencyspace� ! .
Now we want to transform time-domain data obtained by a FDTD-simulation of
S = imax � j max � kmax spacepoints and N timesteps. We seethat for the complete
transformation we would have to store S � N (in units of required memory for all �eld
components of one discrete spacepoint) numbers to apply eq. 6.69. In most practical
casesthis is impossibledue to constraints of computing resources.Depending on the
problem under considerationwe have to choosefrom one of the following two possibil-
ities for reducing memory requirements: First, we have a problem where we want to
cover preciselya large frequencyinterval with highest possibleaccuracy, but it is suf-
�cient to calculate the spectrum at a few spacepoints S0. In this caseit is favourable
to store the time seriesfor the few spacepoints and calculate the fourier transform in a
post-processingstep. Onecan alsobene�t then from highly e�cien t commerciallyavail-
able fast-fourier-transform(FFT) routines. The requirements of computing memoryare
essentially S0 � N . Second,if we needspectral information at so many di�erent space
points that we cannot store all time seriesin memory we can do the fourier transform
on-the-
y. This meansthat after each integration step we calculate for each desired
frequency! f (f = 0::F0) the new contribution in the sum of 6.69.

f (~r ; ! f ; n + 1) = f (~r ; ! f ; n) + f (~r ; n + 1)ei! f (n+1)� t (6.70)

This method reducesthe memory requirements to S0 � F0 becausewe only have to store
the actual value of the fourier sum for each desiredfrequencyand not the whole time
series. This is obviously only an advantage if we do not want to calculate the fourier
transform for all possiblefrequencies.The disadvantage is that the computation of the
fourier sum is much lesse�cien t than the post-processingfourier transform. It is only
recommendableif onerestricts to a smaller number of frequencyvalues. This condition
is ful�lled in most casesbecausethe maximum frequencydeterminedby � t due to the
stabilit y condition is much larger than the frequenciesto be consideredfor physical re-
sults.
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Another important aspect of the fourier transform is the phenomenonknown asGibb's
oscillations. It states the following: If the corresponding time signal of a Heavyside
function is truncated and transformed back into frequencydomain the discontinuity is
not represented properly. In the vicinit y of the discontinuity there are oscillations that
grow towards the discontinuity. With an increasingintegration interval the frequency
of the Gibb's oscillation increasesand the oscillations shift closer to the discontinuity
while their amplitudes increase.Strictly speaking this phenomenoncan not be avoided
becausewe always deal with �nite intervals. In practice, e.g. when we have a dielectric
structure that acts asa Heavyside-shaped �lter we always have the disturbing e�ects of
Gibb's oscillations. This problem can be facedin di�erent ways: One way is to choose
an integration interval that is large enoughso that the frequencyof Gibb's oscillations
is well below the desiredfrequencyresolution. Then in most casesresults are a�ected
only neglegibly. This has the disadvantage of signi�cantly increasingthe required com-
putation time. Another way is to apply �lter functions as it is well known in signal
processing[58]. It meansthat the time signal is multiplied with a �lter function before
being fourier transformed. In frequencydomain this results in a convolution of the �lter
function with the desiredspectrum which in
uences the result. There existsa large va-
riety of �lter functions that try to minimise the error in di�erent aspects,e.g. for low or
high frequencies.E�ectiv ely this �lter functions causea smoothing of the discontinuity
and thereby suppressthe oscillations. The question, if or what �lter functions should
be used depends on the desired results. E.g. when we want to know a transmission
spectrum over a wide rangeof frequenciesa �lter function would be desirable,while if
we only want to know the preciseposition of the Heavyside function (e.g. the bandedge
of a photonic crystal) the smoothing would make the result more inaccurate.
The considerationsso far in this subsectionare more or lessindependent of the input
quantities and are directly applicable to E- and H-�elds. However, we want to stress
now that onehas to be careful when dealing with energyrelated quantities. If we want
e.g. to calculate the spectral transmissionvia the spectral energy
o w described by the
Poynting vector ~S = ~E � ~H we seethat the outer product doesnot commute with the
fourier transform F T(f ):

F T
h

~E(~r ; t) � ~H (~r ; t)
i

6= F T
h

~E(~r ; t)
i

� F T
h

~H (~r ; t)
i

(6.71)

We will now illustrate by a simple examplewhy the right hand sideof 6.71is the phys-
ically correct choice:
Assumea time signal that consistsof two propagating plane waves with di�erent fre-
quency

Ey(x; t) = E (1)
y sin(! 1t � k1x) + E (2)

y sin(! 2t � k2x) (6.72)

Hz(x; t) = H (1)
z sin(! 1t � k1x) + H (2)

z sin(! 2t � k2x) (6.73)
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Both plane wavessuperposeand carry energyof their frequency. In a power spectrum
we would exspect two delta-shaped peaksat ! 1 and ! 2. This result is achieved by �rst
fourier transforming Ey and Hz seperately and then calculating the Poynting vector:

S(x; ! ) = Ey(x; ! ) � Hz(x; ! )

=
�
E (1)

y � (! � ! 1) + E (2)
y � (! � ! 2)

�
�
�
H (1)

z � (! � ! 1) + H (2)
z � (! � ! 2)

�

= E (1)
y H (1)

z � � (! � ! 1) + E (2)
y H (2)

z � � (! � ! 2) (6.74)

while fourier transforming the time-dependant Poynting vector ~S(t) would give addi-
tional peaksfor the beat frequencies0:5(! 1 + ! 2) and 0:5(! 1 � ! 2) which is unphysical
with respect to our assumptions. We should also note that Gibb's oscillations are en-
ergy conservingwhen integrated over the whole frequencyspacebut can lead to local
violations around the discontinuity. It has been observed by the author that e.g. for
transmissionT(! ) and re
ection R(! ) simulations the sum R + T that should be equal
to oneregardlessof frequencyalsocontains the oscillationsaround the discontinuity.

6.3 Application to Photonic Crystals

6.3.1 Bandstructure and Eigenmode Calculations

The eigenvaluesand eigenmodesof a periodic dielectric systemare often calculated as
the solution of the frequencydomain master equation 3.13, e.g. by the decomposition
of the spatial dimensionsinto a �nite plane wave basisand solving the resulting matrix
equation. This is very e�ective and well establishedin the photonic crystal commu-
nity and freeware computer codes are available [59]. Nevertheless,plane wave solvers
have the intrinsic disadvantage that they require a periodicity in all spacedirections
and thereforecan not handleopen systemswith complexeigenvalues. There are several
e�orts to solve this problemin frequencydomainbut there is still no establishedsolution
for three dimensionalsystems[60].
In time-domain, the proper implementation of open boundaries is well known as de-
scribed in 6.2.2. As the main aspect of this work concernsthe optical properties of
photonic crystal slabs we use a modi�ed FDTD algorithm for bandstructure calcula-
tions in this work. In somesensethis type of algorithm is lesse�cien t than plane wave
methods, becausenot all information provided by the master equation is used to op-
timize the algorithm. However, becauseof the possibility to addressopen system the
FDTD-based method is much more general.
In the following subsectionswe will give a description of the principal setup of the used
method as well as practical hints concerningconvergenceand e�ciency .
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6.3 Application to Photonic Crystals

Structure of Bandstructure and Eigenmode Calculation

The principle setup of a bandstructure calculation basedon FDTD is as following: In a
�rst step we model a unit cell of the photonic crystal containing the dielectric structure
and apply proper, proplemadaptedboundary conditions. The unit cell is not necessarily
primitiv e. There is also the possibility of choosingconventional unit cellsor supercells.
The �rst is e.g. necessarywhen the primitiv e unit cell is not rectangular and therefore
cannot be �t into a cuboid computation domain as it is the casefor a hexagonaltwo-
dimensionalstructure or the face-centered-cubical structure in three dimensions,while
the secondis usedfor defectcalculations. As it is the nature of photonic crystalswehave
periodic boundary conditions at least in one spacedimension. The associated k-vector
is thereforea parameterof the calculation and to obtain the completebandstructure we
have to repeat the following stepsfor each desiredk-value of the Brillouin zone. Next
we have to excite the systemby an external source.The proper choiceof the excitation
dependsstrongly on the actual systemand is thereforediscussedin detail in the corre-
sponding sections. Then the systemis time-integrated for a certain number of discrete
time-steps(that determineslater the resolution in frequencyspace,see6.2.4), while the
excitation projects on the eigenmodessupported by the systemthat are now oscillating
harmonically for a closedor damped-harmonicallyfor an opensystem. It is obvious that
the couplingstrength of the excitation to each crystal mode canstrongly vary. It is even
possiblethat modesare not excited due to an improper spatial or spectral excitation.
For the identi�cation of the frequencyeigenvaluescorresponding to the given k-vector
it is now su�cien t (assumedall modeshas beenproperly excited) to fourier transform
the time seriesof one �eld component at one spacepoint and identify the peaksof the
frequencyspectrum with the eigenvalues. In practice, it is dangerousto rely just on one
component and onespacepoint becauseby chanceonecan choosea point that lies in a
node plane of a mode that is consequently missing in the spectrum. Also just one �eld
component can be zero for a mode of a certain polarisation. The codes in usefor this
work thereforechooserandomly a number of test points and components (typically 10
to 50) to minimise the risk of missingsomemodesfor thesereasons.
After determining the eigenvaluesthe eigenmodescanbe extracted by repeating the cal-
culation and applying discreteFourier transformations for the known eigenvalues. This
can be understood as applying very narrow band �lters to extract the eigenmodesout
of the mode superposition oscillating in the system.

Material De�nition and Convergence

In a FDTD algorithm the computational domain is devided into discrete subcells and
the spatial derivativesare approximated by �nite di�erences. We now want to discuss
how �ne the numerical spacehasto be resolved to get reliable results,or in other words,
how many grid points are neededand how far the material de�nition of the dielectric
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scatterersin
uences accuracy.
The simplest test to check convergenceis to calculate the samephysical system with
di�erent resolutionsand comparethe results of certain output parameters. It must be
stressedthat di�erent output parameterslike eigenvaluesor energiescan have di�erent
sensitivity to the resolution. If the results are within a certain interval of accuracywe
say the result hasconvergedand we usethe lowest resolution that obtains this result for
optimum e�ciency .
We now set up an examplesystemto demonstratethis procedure. We choosethe very
simple caseof dielectric cylinders surroundedby air and arrangedin a squarelattice in
two dimensions. However, when we want to assignthe value for � (~r ) on the discrete
grid we face a problem. The circular scatterer cannot be properly represented on the
rectangular grid. There are several resonablechoiceshow to assignthe � (~r )-value. E.g.

Figure 6.4: Illustration of di�erent types of mapping a circular scatterer onto the dis-
crete rectangulargrid. The circle represents the shape of the ideal scatterer.
Further explanation is given in the text.

we can give all discrete cells the value of the dielectric that lie completely within the
circle as can be seenin �g. 6.4 (upper left). In the limit of an in�nite resolution this
would perfectly represent the circle. However, for lower resolutions it is obviously a
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lower boundary for the sizeof the scattererand the results will correspond to a slightly
smallerscatterer. Analogouswe canconstruct an upper boundary by assigningthe value
of the high dielectric material to all cells that touch the circle (�g. 6.4 (lower right)). A
good compromisewould be to analysethe relative volume fraction of the ideal cylinder
in each cell and assignthe corresponding index value only when more than half of the
cell is occupiedby the cylinder (�g. 6.4 (lower left)). For this casewe now calculatetwo
typical eigenfrequenciesdepending on the number of gridpoints N per lattice constant
a which meansthat the whole unit cell is devidedinto N 2 discretecells. The curvesare
shown in �g. 6.5 marked with open squares. We can seethat especially for the lower
eigenvalue the convergencebehaviour is quite bad and even for 120 points per lattice
constant there is still no convergence.
We therefore try to improve our material modelling oncemore by not only using the
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Figure 6.5: Convergencebehaviour of two eigenvaluesfor di�erent modelling of the scat-
terers. Opensquaresrepresent the staircasemethod; �lled squaresthe fuzzy-
cell method.

�lling fraction of a cell at the edgeof the cylinder for the decisionif high or low index is
assigned.Now we calculate an averagerefractive index weighted by the �lling fraction
and assignit to the edgecells. This is illustrated in �g. 6.4 (upper right) by the useof
a grey scale. This method, often referredas fuzzy-cells,represents best the total �lling
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Figure 6.6: Dielectric dis-
tribution of the conven-
tional unit cell. white:
n=3.4, black: n=1.0

Figure 6.7: Initial condi-
tion (a): H-�eld intensity

Figure 6.8: Initial condi-
tion (b): H-�eld intensity

fraction of high index material in the unit cell. The curvesrepresented by �lled squares
in �g. 6.5 show a dramatically better convergencebehaviour. Good convergenceis
reachedfor 30grid points per lattice constant. The disadvantageof fuzzy-cellsis that the
discontinous nature of the dielectric interfacessmoothes. This may have disadvantages
for other applications. However, in the caseof photonic crystals fuzzy-cellshave proven
to be the most e�ective way of material modelling. It shouldbe addedherethat in plane
wave methods there exists an even more sophisticatedway of averaging. Depending on
the polarisation of the electric �eld relative to the surfaceeither the dielectric constant
or its reciprocal are averaged,leading to an even better convergence.
Regardlessof the usedmaterial model there exists the problem that the scattererhasa
di�erent symmetry in the numerical grid. E.g. a circular scatterer has ideally a higher
symmetry than the lattice in a hexagonalarrangement. However, in the FDTD grid it
hasstrictly speakinga squaresymmetry and thereforeit is lower than that of the lattice.
This can causea small lifting of degeneraciesand therefore splitting of bands in some
cases.

Purely Periodic Systems

A purely periodic systemis bounded in all spacedirections by periodic boundary con-
ditions. We have discussedone- and two-dimensional examplesin chapter 3 and a
three-dimensionalexample in chapter 5. Now we discusswhich type of excitation has
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Figure 6.9: Spectra for initial �elds with di�erent spatial localisation at the M -point of
an hexagonallattice.

to be usedto obtain comprehensive and reliable results.
First, we recall someknown properties of the system and the desiredresults: Due to
its periodic boundary conditions the computational domain cannot loseenergy. More-
over, the eigenmodesform a completeset of linear independant eigenfunctions.This has
the consequencethat the eigenvalues are real and the exspected peaks in the spectra
are � -shaped. The consequenceis that the initial condition will project onto this set of
eigenfunctionswith a strength that is only determinedby its spatial overlap. Afterwards
each mode contains and conserves a certain amount of energy. To excite all modesre-
liably we have to take careof the spatial distribution of the initial condition, including
polarisation. If we additionally assurethat the excitation covers the whole range of
frequenciesof interest, the results should be comprehensive. Moreover, we can usean
additional property of the solution to improve convergenceand reducenoise: We know
that the eigenmodescan be decomposedinto plane waveswith wavevector (~k + ~Gi ). If
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the excitation alsoconsistsonly of theseplane waves,this would improve the e�ciency
of the calculation (see6.2.3).
Thesepreliminary considerationslead to the ansatzof an initial �eld distribution con-
sisting of the superposition of plane wavesof the form

~H (~r ; t = 0) =
X

~G i

h
~v � (~k + ~Gi )

i
ei~r (~k+ ~G i )+ i � i (6.75)

where we have two arbitrary parameters~v and �. The form of the amplitude of each
plane wave ~v � (~k + ~Gi ) forcestransversality of the plane waves and satis�es the ho-
mogeneousMaxwell equation r ~H = 0 [61]. ~v is arbitrary and provides an additional
degreeof freedomthat can be usedespecially in two dimensionalsystems.As described
in 3.1.5 the 2D casedecomposesin TE- and TM-modes. If we choosee.g. ~v = (0; 0; vz)
the polarisation of the plane waves is always TM while for ~v = (vx ; vy; 0) we have TE
polarisation. We can therefore selectively excite modes of a certain polarisation by a
proper choiceof ~v.
The other arbitrary parameter, the phase� i of each plane wave can be usedto adjust
the spatial distribution of the initial condition. We will demonstratethis now for a two
dimensionalexample.
Wecalculatethe spectrum for a hexagonallattice of air holeswith radius r = 0:375a in a
dielectric background with refractive index n = 3:4 at the M -point of the �rst Brillouin
zone. A sketch of the dielectric structure of the conventional unit cell usedfor compu-
tation is shown in �g. 6.6. As discussedin 3.3.1 the �rst and the the third TE-band at
M concentrate the energymainly in the dielectric region while the secondTE-band has
signi�cant intensity within the holes. We thereforeadjust � i in a way that the intensity
of the initial �eld is either concentrated in the holes(�g. 6.7) or in the high dielectric
region (�g. 6.8). The initial conditions consistof 121plane wavescorresponding to the
reciprocal lattice vectors

~Gi;j =
5X

i = � 5

5X

j = � 5

i ~G1 + j ~G2 (6.76)

with G1 and G2 representing the primitiv e lattice vectors of the structure. It should
be stressedthat this superposition of plane waves must not be seenin the senseof a
decomposition. It just provides "material" for the systemthat can be mapped on the
eigenmodes. A further increaseof the number of plane wavesdoesnot give any advan-
tage.
Fig. 6.9 comparesthe spectra for the two di�erent initial conditions. For the initial
condition localisedin the high dielectric region the peaksof all three bandshave inten-
sities in the sameorder of magnitude while for localisation in the air holesthe peak of
the secondband is more than two ordersof magnitude larger. In the choosenexample
neverthelessall peakscan be clearly identi�ed. However, in situations wheremodesof
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Figure 6.10:Spectra for di�erent integration intervals at 0:75j� � M j of a slab system
with Si -coreand �nite SiO2-claddings(d=1.2a). Parameterssee4.3.3.

di�erent localisation have nearly the samefrequencythey can only be resolved with a
careful adaptation of the initial condition.

Partially Open Systems

If we want to calculate the bandstructure of a systemthat is at least open in one di-
rection the physical situation changessubstantially . As the analysisof two dimensional
photonic crystal slabs is the central aspect of this work (seechapter 4) we will now
carefully discussexcitations that allow a reliable identi�cation of eigenmodesin a lossy
system.
The photonic crystals under investigation generally contain both guided modeswith a
� -shaped line in frequency domain and exponentially decaying "lossy" modes with a
corresponding Lorentzian lineshape in the spectra. This leadsto a major problem when

139



6 The FDTD-Metho d and its Application in Photonic Crystal Analysis

M

k

r0 r1

r1'

R2

r0'

R1

M

k

r0 r1

r1'

R2

r0'

R1

M

k

R2 R1

r1r0

r1' r0'

(a) (b) (c)

Figure 6.11:Arrangements of point dipole sourceswithin the conventional unit cell of
the hexagonallattice for di�erent symmetriesand polarisation.

bandstructures with high frequency resolution are needed. E.g. we assumea system
with one guided and one lossymode and integrate over a time interval T with a corre-
sponding frequencyresolution � ! and choosethe initial condition in a way that both
peakshave the sameintensity. If we now increaseT to decrease� ! the ratio of the
peak intensities is not 1 anymore becausethe peak intensity of the lossymode becomes
comparablysmaller. The reasonis that in the fourier sum the additional contributions
of the longer integration time are constant for the guidedmode while thesefor the lossy
mode decay exponentially . Fig. 6.10shows this e�ect for a realistic structure as investi-
gated in 4.3.3. The three peakscorrespond to the second,third and fourth TE-modes
at the M -point. The secondband is below the air light coneand thereforeguidedwhile
the third and the fourth are lossy. The e�ect described above can be clearly seenby the
comparisonof four di�erent integration intervals.
The consequenceis that we cannot reach an arbitrary frequencyresolution becauseat a
certain point the lossymodeswould disappear in the noiseof the spectra. This repre-
sents a major disadvantage of a time domain method in this case. We can not rely on
a very generalexcitation but have to apply additional information about the exspected
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Figure 6.12:Spectra for di�erent spectral widths of the exciting pulse.

solutions. To achieve this wehave two possiblestrategies.First, wecanselectively excite
the desiredmode by spatially localising the excitation or even usesymmetry properties.
Second,we can selectively excite a frequencyrangeby a pulsedsource. In practice, for
problemsthat are di�cult to addressbecausewe know only a little about the solution,
generally a combination of both is applied. There is no generalguideline for the opti-
mum choiceand a large part dependson experience. In the following we will discussa
type of pulsedexcitation that hasbeenwidely usedin chapter 4 of this work.
A simpleway to realisea pulsedsourceis the useof a pointlik e current sourceat position
~r0 asdescribed in 6.2.3. In our calculation we usea sine function with center frequency
! 0 and a Gaussianenvelope with width s.

~j (~r0; t) = ~j 0 � sin
�

2� c
a

! 0(t � t0)
�

e� 1
2 ( t � t 0

s )2
(6.77)
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As it would lead to an unwanted additional peak at ! 0 we must start the fourier trans-
form not until the external current has vanishedand only its emitted �elds remain in
the system. We de�ne thereforea time T = 2t0 whenwe start with the fourier transform
and relate t0 and s in a way that ~j (~r0; T) is below a certain threshold. In the following
calculations this was donewith t0 � 3s, leading to ~j (~r0; T) < 2%. When we apply this
to the conventional unit cell of a hexagonallattice we have to be carefulwith the spatial
localisation of the current source. If we would use just one pointsource in the conven-
tional unit cell that is physically repeated in�nitely in the crystal plane the periodicity
of the dielectric lattice would be di�erent than that of the point sources. The lattice
constant of the currents would be larger, causingsmaller k-valuesand e�ectively an ar-
ti�cial backfolding of the bandstructure. To avoid this we have to placecurrent sources
at each position of the conventional unit cell that can be mapped by a lattice vector ~R
to ~r0. Fig. 6.11(a)shows an examplefor ~r 0 mapped to ~r 0

0 by the lattice vector ~R1. The
two dipole sourceshave now the correct lattice periodicity. However, we must also take
the phasebetween the two dipoles into account becauseotherwise their emissioninto
plane waveswith wavevector ~k + ~Gi would destructively interfere. We must choosethe
phaserelation accordingto Bloch's theoremfor �elds in di�erent unit cells:

~j (~r0; t) = ei~k ~R1 � ~j (~r0
0; t) (6.78)

This has also to be taken into account when modes of certain symmetriesare excited
selectively. In chapter 4 we restrict ourselvesto modeswith odd symmetry with respect
to the ~k-z-planefor �- M -direction (dashedline in �g. 6.11(a)-(c)). Thereforeour current
sourceshave to be arrangedaccordingly. We mirror the sourceat ~r 0 by the operation
M̂ to ~r 1 and add the secondsource~r 1

0 by the application of ~R2. To excite the desired
mode symmetry we alsohave to be careful with the polarisation of the dipols. We recall
that parallel components of the electric �eld transform odd for odd modes while nor-
mal components transform even for odd modes(see3.1.5). The dipole polarisations to
achieve odd modes are therefore as shown in �g. 6.11 (b)-(c) while (a) shows an even
excitation.
Now we have all ingredients for selectively exciting an odd mode. For the structure used
asan exampleabove in this chapter we gradually modify t0 and s around the frequency
of the third TE-band. The results are shown in �g. 6.12. We seethat for s = 100 the
neighboring modesare still dominating, for s = 200all three modeshave approximately
the sameintensity and for s = 400only the desiredmode is detectable.
At the end of this sectionwe note that the selective excitation of a singlemode is com-
putationally very expensive when whole bands or bandstructureshave to be analysed.
E�ectiv ely, with a nearly monochromatic excitation the main advantage of time-domain
methods vanishes.This approach shouldonly be applied for critical positionswithin the
bandstructure asfor exampleoccuring at avoided crossings.However, the careful useof
all presented strategiesof mode excitation provide an excellent toolkit for the analysis

142



6.3 Application to Photonic Crystals

0 1000 2000 3000 4000
timesteps

0

2e+13

4e+13

6e+13

8e+13

In
te

ns
ity

 [a
.u

.]

Figure 6.13:E-�eld intensity of a monochromatic excitation after the decay of the exci-
tation current at a randomly chosenspace-point.

of photonic crystal structures supporting guided as well as lossymodes.

Calculation of Losses

The real parts of the eigenvaluescan be easily determinedas the peak positions in the
obtained spectra as discussedin the preceedingchapter. In the caseof lossy modes
we are also interested in the imaginary part that represents the temporal decay of a
mode. Principally this could be donein two ways: We caneither determinethe width of
the peaksin the frequencyspectra or directly extract the temporal informationen for a
monochromatic excitation. On the �rst view the frequencydomain approach looksmore
usefulbecausethe data canbe obtained for all modescorresponding to a certain k-value
in a single simulation. However, in practice we have the problem that we needa high
resolution in frequencyfor preciselydetermining the linewidth. As described beforethis
reducesthe peakheight relative to theseof guidedmodesand thereforethe error caused
by neighboring peaksincreases.In contrast a monochromatic excitation requiresa larger
number of time stepsbeforethe excitation current hasdecayed, but afterwardsa relative
small number of time steps is su�cien t to determine the temporal decay. Even if we
repeat this for several bandsthe total computation time is not signi�cantly larger than
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Figure 6.14:Logarithmic graph of the maxima of the intensity decay displayed in 6.13
(circles) with linear �t (line).

for a spectral analysis. We will demonstratethis now for a typical examplechoosingthe
sameexamplesystemasusedin 6.3.1. We have seenthat the parameterst0 = 1200and
s = 400 lead to a selective excitation of the lossy mode for ! 0 = 0:473. We will now
analysethe temporal behaviour of the electric �eld intensity at a randomly chosenpoint
~r0. Fig. 6.13 shows a clear exponential decay of the intensity. The approach we will
now useto extract the decay constant I m(! ) is simple: We extract the maxima of the
oscillatory decaying intensity and �t an exponential function (or, equivalent but more
practical: use the logarithm of the intensity value and apply a linear �t). As we have
a large number of maxima even for a small number of time steps(comparedto what is
neededfor a proper resolution in frequencyspace)this linear �t is very precise.We will
not discussthe �t algorithm in detail becausewe useprede�ned functions of commercial
packages,but generally speaking a simple least square�t is su�cien t. Fig. 6.14 shows
the extracted maxima as well as the �t function.

6.3.2 Transmission and Re
ection of Partially Periodic Systems

While the bandstructuresand eigenmodesare properties of an ideal in�nitely extended
system,transmissionand re
ection are characteristic for �nite and thereforemore real-
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6.3 Application to Photonic Crystals

Figure 6.15:Schematic illustration of an in-plane cross-sectionof a system with free-
spaceincoupling. White areas indicate air, grey areassilicon. Hatched
areassymbolize PML- and bold linesperiodic boundaries.Dashedlines are
transmissionand re
ection planes,respectively.

Figure 6.16:Schematic illustration of an in-plane cross-sectionof a systemwith planar-
waveguideincoupling. White areasindicate air, grey areassilicon. Hatched
areassymbolize PML- and bold linesperiodic boundaries.Dashedlines are
transmissionand re
ection planes,respectively.

istic structures. There is always an excitation that comesfrom the "outside" and enters
the structure under investigation at an incoupling interface, interacts with the structure
and leavesat an outcoupling interface. In a FDTD-simulation this meansthat we have
to apply open boundariesat least in this direction of propagation where the structure
is �nite. In the directions perpendicular it is still possibleto repeat the structure peri-
odically into in�nit y. Fig. 6.15-6.18show cross-sectionsfor a three dimensionalsystem
wherewe have the �nite direction of propagation, one periodically repeatedcrystal di-
rection and an open out-of-planedirection. This is the typical setup for the calculation
of transmissionthrough a photonic crystal slab.
Very sloppy speakingthe transmissionis the fraction of the incoupledexcitation that is
going through the structure while the re
ection is what is going backwards. However, if
we look more careful at the problem we seethat we have to de�ne thesenumbers more
preciseto obtain unambigousresults.
To illustrate the problemwe considerasa simpleexamplesysteman air-bridge structure
that is �nite in �- M -direction and periodically repeatedperpendicular. The �rst issue
we should clearify is the type of termination in the �nite direction. The cross-sections
through the crystal plane in �g. 6.15and �g. 6.16show that we can e.g. either cut the
structure so that it is entirely surroundedby air or we can continue the unperturbed
waveguide. This choice has an important in
uence on the excitation signal as can be
seenin the cross-sectionperpendicular to the crystal plane in �g. 6.17 and �g. 6.18.
When we usea waveguideas an incoupling channel we can excite with modesthat are
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Figure 6.17:Cross-sectionperpendicular to the center of �g. 6.15. The arrowssymbolize
plane waves that interact with the structure (out-of-plane-scattering) or
propagateune�ected below the structure.

con�ned to the slab while for a freespaceincoupling plane wavesor, more complicated,
localisedbeamspots can be used. We de�ne the transmissionas the amount of energy
WT that crossesa given plane P

WT =
Z

dt
Z

P
d~r 2 ~S(~r ; t) (6.79)

at the end of the structure (marked as dashedlines in the pictures) normalisedby the
energyof the input. It is alsoobvious that all typesof excitationsgivedi�erent transmis-
sion results. If we choosee.g. a monochromatic sourcewith a frequencyin the bandgap,
the transmissionof a waveguidemode excitation is much smaller than that of a plane
wave excitation as illustrated in �g. 6.17 and 6.18. The reasonis that in the caseof
free spaceincoupling there are plane wavesthat do not interact with the structure and
directly reach the transmissionplane (illustrated by the arrows below the structure in
�g. 6.17). In the crystal plane the di�culties can be even more complicated because
for a frequencyabove the bandgapthe outcoupling hasnot only wavevector components
in the direction of the incoupling but alsocontributions from Bragg-di�raction as illus-
trated in �g. 6.15. The last aspect to be mentioned here is the scattering out of the
crystal plane that contributes as lossesto the results. In �g. 6.17 and 6.18 it is illus-
trated that for an improper choice of the plane where transmissionis calculated these
lossescan partially and wrongly contribute to transmission,especially for small angle
scattering.
We saw even in this simpleexamplethat we have to carefully de�ne the systemand the
excitation to obtain results that can be interpretated clearly and unambigously which is
especially critical when comparingwith experimental measurements. We will now give
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Figure 6.18:Cross-sectionperpendicular to the center of �g. 6.16. The excitation in this
caseis doneby a localisedwaveguidemode.

a guidelinehow this can be achieved.
The de�nition of the surfacetermination and the incoupling channelis givendueto prac-
tical or experimental constraints. The generalapproach of a well de�ned transmission
and re
ection calculation is as follows:

� Decomposethe incoupling channel into a completeset of eigenfunctions.In most
casesthis will be either plane wavesor eigenfunctionsof a waveguideor a �bre.

� Analyse the mode structure of the incoupling channel and excite onewell de�ned
incoupling mode. This is a point where many mistakes are made in the FDTD-
community. The simple excitation by an oscillating point sourcein a waveguide
that is often usedproducesa very di�cult to determine superposition of guided
and radiating parts. The radiating parts can be sorted out by a su�cien t length
of the incoupling waveguide, but it remains still the problem that the resulting
excitation is a superposition of guided modesof di�erent orders and symmetries
that strongly dependson systemparameterslike dipole sourceposition that must
not in
uence the physical results.

� Project the outcoupling signal onto the eigenfunctionsof the outcoupling channel
and calculate the percentage of the incoupling signal that is projected to each
outcoupling channel.

� Repeat the previous step for a re
ection plane with the set of counterprogating
incoupling modesas outcoupling channel.

� Repeat the two previousstepsfor each incoupling mode.
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Figure 6.19:Spectral transmissionpro�le of an incoupledwaveguidepulse.

The completeresult of a three dimensionaltransmission/re
ection calculation of a lossy
systemwould consistof two matrices, one for transmissionand one for re
ection, that
relateseach incoupling mode I to each outcoupling mode O of the system
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(6.80)

and analogouslyfor re
ection. The lossesL cannot be assignedto an output channel
but can be given integral for one input channel as

Lm (! ) = 1 �
X

n

Tmn (! ) + Rmn (! ) (6.81)

For practical applications it is not necessaryin most casesto know all transmission
and re
ection coe�cien ts. E.g. it is su�cien t to calculate the coe�cien ts relating the
fundamental modesof incouplingandoutcouplingwaveguidebecausehighermodessu�er
from large lossesand are thereforenot relevant. It is also commonto integrate output
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Figure 6.20:Ratio of the spectral waveguidetransmissionfor two planeswith distance
30a.

channelsthat belongto the samewaveguidemode but travel in di�erent directions due
to Braggdi�raction. However, it shouldbestressedthat simpli�cations like thesealways
require a good knowledgeabout the systemunder investigation becauseotherwisethe
interpretation of the results is misleading. A generalproblem in the comparisonwith
experimental results is also that in experiments there are similar problemsin providing
controlled and well-de�ned conditions (e.g. single-mode excitation).
In this work (seee.g. chapter 4) wemainly usedan in- and outcouplingwith unpatterned
dielectric waveguidesbecauseit is easierto producewell-de�ned conditionswith localised
guidedmodesthan with extendedplanewaves. We inject a mode by �rst calculating its
mode pro�le with standard solversfrom planar optics [62]and then usethe mode pro�le
asan envelope function for a total-�eld/scattered-�eld approach. The argumentation so
far relied moreor lesson a monochromatic excitation. However, to usethe full potential
of a time-domainmethod weshouldalsoapply pulsedsources.For a pulseweprincipally
have to calculate the spatial pro�le for each frequency component and construct the
TFSF-algorithm from this. This is very time consumptive in practice and therefore
we usean approximation: We only calculate the pro�le for the center frequencyof the
pulse and inject a pulse with this spatial envelope into a unpatterned waveguide. The
parts that do not exactly solve the eigenmode equation needsomepropagation length
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to project to the right solutionswhile someparts radiate away. While this happensthe
pulsespreadsin time due to the dispersionof di�erent frequencycomponents. Then, we
record the pulse at a certain timestep at each spacepoint that contains relevant parts
and usethis stored pulse as an initial �eld condition in transmissionsimulations. The
error of this approximative method dependson the spectral pulsewidth, the dispersion
of the waveguideand the spatial volume whereit is recorded.Fig. 6.19shows a typical
excitation pulse. The error can be estimated by calculating the changein the spectral
transmission of the pulse after somepropagation length that ideally should be zero.
Fig. 6.20shows a small deviation in the rangeof 0.5%for a large frequencyrange. The
deviation becomeslarger for small frequencies(long wavelengths)which arenot properly
recordedby the �nite cutout. For frequenciesbelow 0:1 the results are not reliable.

6.4 Conclusion

In this chapter we have presented various aspects of the �nite-di�erence time-domain
(FDTD) method for solving the time dependant Maxwell-curl-equations. Besidesthe
time integrating core-algorithm with �eld components localised on shifted subgrids
within the Yee cell, the proper implementation of stabilit y conditions, dielectric ma-
terials, boundary conditions and external sourceshas beendiscussedas well as various
aspects of data extraction, that can be critical due to the nature of the Yee-cellor, as
Fourier-transform related numbers,due to the time-domain character of the method. A
solution for energyrelated numbers has beenpresented in form of a discreteversionof
Poynting's theorem. As the proper choiceand adaptation of thesebuilding blocks of a
FDTD-codeis critical for accuracy, reliabilit y, performanceand stabilit y of a simulation,
we have given several concreteexamplesfrom photonic crystal analysis. Especially the
proper choiceof initial conditionsor exciting pulsesourcesin bandstructure calculations
for closedas well as for open systemshas beendiscussedand substantiated by several
investigationsconcerningpulsewidths, localisation or symmetry considerations.Special
interest hasalsobeengiven to the calculation of lossesin complexeigenvalue problems.
Moreover, we carefully addressedtransmissioncalculationsof photonic crystal slabsand
formulated a generalguideline for obtaining reliable and anambigousresults.
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Based on FDTD-simulations, we have presented new unique results on the complex
structure of electromagnetic�elds in various classesof photonic crystals as well as dis-
cussedthe computational method itself in the context of this application. Thereby, the
main intention has beento achieve a realistic description of three dimensionalsystems
with technologicalor fundamental relevance.

In chapter 3 we introducedthe masterequationthat describesthe eigenvaluesand eigen-
modesof an in�nitely extendeddielectric structure with discretetranslational symmetry
as a combination of Maxwell's equationsand Bloch's theorem. Useful representations
like Brillouin zoneand bandstructure werealsointroducedand explained. By discussing
spatial energylocalisation in one-and two-dimensionalstructureswe explainedthe exis-
tenceof a bandgap,i.e. a frequencyregionwhereno eigenmodesexist, under appropriate
conditions. The in
uence of the refractive indicesand the geometrywere discussedfor
several examples. Besidesthesephysical principles that entirely characterisethe ideal
crystal, some auxiliary tools for an e�cien t and intuitiv e description like symmetry
considerationsor the supercell approach for defect structures were presented and sup-
plemented with numericalexamples.Our study of lower dimensionalsystemsspeci�cally
is essential for the investigation of more complex systemsdiscussedin the succeeding
chapters becausethe superposition e.g. with �nite sizee�ects makesa proper identi�-
cation of the mechanismsleading to a certain property di�cult.

Chapter 4 addressesthe interaction of a two-dimensionalphotonic crystal pattern with
a vertical layer structure. This material system, that is often called photonic crystal
slab, is the most prominent candidatefor application in integrated optics, becauseof its
relatively easyfabrication (comparedto three dimensionalcrystals). It relies on total
internal re
ection for the con�nement to the corelayer and hasregionsin the bandstruc-
ture where the modescan be lossy due to the interaction with the environment mode
bath. This interaction hasbeeninvestigatedin detail in this chapter for several con�g-
urations of the layer structure. We start with an air-bridge structure that only consists
of a patterned high dielectric slab surroundedby air, then add semi-in�nitely extended
patterned low index cladding layers,cut thesecladdingsto a �nite thicknessand �nally
mount this structure on a substrate. While the results for the air-bridge structure and
the in�nitely extendedcladdingscloselyresemble to standard predictions in literature,
in the �nite cladding casewe have found an (up to now undescribed) new type of mode.
These cladding-modes show signi�cant intensity within the cladding layers and exist
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for frequencieswithin the bandgapregion of the coremodes. Moreover, symmetry and
�eld distribution allow a coupling to core modes leading to unexspected transmission
for bandgapfrequencies.As a consequencethe bandgapis e�ectively destroyed. In the
more realistic caseon top of a substrate, the cladding modesare shown to be lossy. It
will be a central aspect of future work to investigatethe in
uence of cladding modesto
defectstructures like linedefect-waveguides.

We note that this part of our work directly touchesoneof the most important topics of
today's photonic crystal research. Most of the interesting suggestionsfor optoelectronic
applications rely on two-dimensionalsimulations and calculations. However, more and
more, the vertical structure or, respectively, the in-plane waveguiding is realisedto be
the limiting factor. It has to be cleari�ed in future if application proposalsstill hold
after a full three-dimensionalrealistic analysis.

In chapter 5 we discussthe space-,polarisation- and frequency-dependanceof the spon-
taneousemissionrate in an inverted opal structure. In the limits of the weak coupling
regimewe demonstratethe equivalenceof a classicalapproach to the full quantumme-
chanical treatment, as hasbeenshown in literature before. Then we adopt our FDTD-
method to utilise this equivalanceand analyse�nite crystallites of an high index inverted
opal with a completephotonic bandgap. The results show strong enhancement (up to a
factor of � 26) for emitter positions in dielectric regionsand interfaces. The latter has
also a strong polarisation dependancedue to the continuity conditions of the electric
eigenmodes. Moreover, we found that the photonic crystal e�ects can be obtained for
relatively small �nite crystallites and that the distance of the emitter to a surfaceis
only relevant if it is lessthan 2 or 3 lattice constants. As inverted opalsare very often
usedas a test systemfor luminescenceand other light-matter-in teraction experiments,
theseresults are very important for the interpretation of theseexperiments. Normally,
dye moleculesare in�ltrated into theseopalsand distribute inhomogenously. Very often
an adsorbtion at dielectric interfacestakes place. Therefore, it is essential to take the
spatial dependanceof the spontaneousemissionrate into account, becausean estimation
of an averagedemissionmodi�cation basedon the total density of states would yield
inaccurateresults.

In further studies it should be investigated if these e�ects can be used to tailor light
emissionin desired ways. However, it is not only the in�ltration of active materials
that givesreasonfor interesting apllications. Also the inclusion of materials like liquid
crystals that can be switched by external �elds is an interesting perspective for future
research. Moreover, new developments like direct laser writing give new motivation for
the competition with slabstructures in integrated optics, becausethey addressthe main
disadvantageof three-dimensionalstructures in this respect, the di�cult y of a controlled
inclusion of defects.
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All the results in this work have been obtained by FDTD-simulation. As FDTD is
a very generalmethod for analysingelectrodynamic problems,several signi�cant adap-
tations have to be done to achieve e�cien t, reliable and accurate results in photonic
crystal analyis. The basicsof the method itself as well as the proper detailed adjust-
ments for di�erent typesof photonic crystal problems(e.g. bandstructure, transmission)
have beendiscussedin chapter 6. Especially the appropriate excitation of guided and
lossymodesin photonic crystal slabshasbeenstudiedand practical hints hasbeengiven.

However, although FDTD is now the standard tool for photonic crystal analysis (to-
gether with the plane-wave-expansionmethod) and the availible computing power is
fastly increasing, this method still su�ers from its large demand of resources. There-
fore, new developments in applied mathematics and numerics are strongly required,
especially for optimisation of technologically relevant structures or intensive parame-
ter scanning, that support FDTD analysis in future. Promising achievements in this
�eld have beendonewith multigrid-methods or hybrid-basis-approximations. Moreover,
new questionslike fabrication tolerancesmake �nite-element or �nite-v olume-approach
reasonable,becausethey are better suited to resolve local deviations from the perfect
structure. However, thesenew developments are only able to handle optically passive
structures, while the generalcharacter of FDTD alsoallows in principle the inclusion of
active materials. E�orts in this direction are highly active research topics. Therefore,
in the analysisof new systemslike photonic crystal lasers,�bre lasersor diodesthat are
basedon photonic crystal structures, FDTD will play a leading role for technological
applications, as well as in the theoretical investigation of the strong coupling regimeof
spontaneousemission.
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