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Abstract

This paper calculates the Loewy series of the projective indecomposable
module of the unipotent block contained in the Gelfand-Graev module of
the finite general linear group in case of non-describing characteristic and
Abelian defect group.

Introduction

In the modular representation theory of the general linear group in non-describing
characteristic a lot is already known. By the work of Dipper and James we have
a construction and labelling of the irreducibles ([Dil],[Di2],[Ja3], [DiJal]) and by
the same authors the construction of the decomposition matrix has been reduced
to the construction of the decomposition matrix of the ¢g-Schur-algebra [DiJa2].
Also we know the distribution of the irreducibles into Harish-Chandra series [Hi]
and into blocks [FoSri2].

In this thesis we want to explore an area where not much is known yet. The
projective indecomposable modules form a natural building block of modular
representation theory. From general theory we know that for each modular irre-
ducible D there exists a unique projective indecomposable module P such that
D is the head (and the socle) of P. Also from general theory we know that the
decomposition matrix determines the composition factors of P. It is a natural
question to ask what the inner structure of P looks like, i.e. what the Loewy
series of P are.

This question has already been answered for the special case of cyclic defect
group by the work of Peacock [Pea] and its specialisation by Fong and Srinivasan
[FoSril]. So we take a look at the more general case of a block with Abelian
defect group. Unfortunately, except in special cases we are not able to get a
formula for the Loewy series of all projective indecomposables. But we compute
the Loewy series of some which are, in some sense, also a building block for the
representation theory of general linear groups, namely those contained in the
Gelfand-Graev module.

For the purpose of this thesis we restrict ourselves further to the projective inde-
composable module which is contained in the unipotent block as well as in the
Gelfand-Graev, the projective indecomposable henceforth called the Steinberg-
PIM. We will give combinatorial formulas for the number of composition factors
of each type in each layer of the Loewy series. On the way of proving this we will
give two results, which should be interesting in their own right. First of all we will
prove that Harish-Chandra restriction of a composition factor of the Steinberg-
PIM yields a semisimple module. And second we will show that Harish-Chandra
restriction of the Steinberg-PIM does respect the layers of the Loewy series.
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In the first chapter crucial notations are established. The second chapter sum-
marises known results on the representation theory of general linear groups which
are needed later on. The proofs of these results are largely omitted, but references
are given. The third chapter contains the first results. We describe the possible
composition factors of the Steinberg-PIM and show that Harish-Chandra restric-
tion is a semisimple functor. In the forth chapter we first describe the special case
of cyclic defect and then look at the endomorphism ring of an induced Steinberg-
PIM of a Levi subgroup. It turns out, that this endomorphism ring contains a
sub-algebra, which in relevant cases is isomorphic to a Hecke algebra over the
endomorphism ring of said Steinberg-PIM. This in turn allows us the complete
treatment of another special case (namely e = 1) where all Loewy series of all
PIMs in the unipotent block are given. In the next section we show the fact that
Harish-Chandra restriction respects Loewy series. The main ingredients of the
proof are that the restriction of semisimple composition factors remains semisim-
ple and that there exists only one composition factor in the Steinberg-PIM which
is e-regular. We close the chapter with the actual calculation of the Loewy se-
ries of the Steinberg-PIM. Since the Loewy series in the case of cyclic defect are
completely known we need only some kind of identification procedure to get back
from the Loewy series of the Steinberg-PIM of a Levi subgroup to the Loewy se-
ries of the Steinberg-PIM of the general linear group. Here the Hecke sub-algebra
calculated above is used again. The last chapter gives some closing remarks and
outlines some possible routes of further research. We also give a description of
the Mullineux map (needed for calculation) and some examples in the appendix.

I wish to thank my supervisor Prof. Dipper for suggesting the area of work and
for many helpful discussions. I also thank the Deutsche Forschungsgemeinschaft
for their support in the project Di 531/3-1.
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1 Notation

We denote by G := Gl,,(q) the general linear group over the field with ¢ elements,
where ¢ is a power of the prime p. Let £ be a prime not dividing ¢ and e be the
order of ¢ modulo £.

Let (K,O, F) be an ¢-modular system, where we assume K and F to be alge-
braically closed. Given any OG-lattice X, we denote the corresponding ordinary
KG-module by X ® KG or X and the ¢-modular reduction of X by X. We will
write R for any of the rings {K, O, F'}. For any R-modules X and Y we write
X ®Y for the tensor product X ®z Y.

G is a group with split (B, N)-pair (see [Carter|, §2) with the standard Borel
subgroup B being the group of upper triangular matrices and the group N being
generated by the group of diagonal matrices 7" and the permutation matrices. T
is also the maximally split torus in G' and the Weyl group W is isomorphic to
the symmetric group S,.

The root system associated to the group can be taken as ® := {e; —¢; | i,j €
N, 1 <14,5 <mn, i # j} where e; denotes the standard basis of R". With the choice
of standard Borel subgroup above the simple roots are just A :={e; —e;11 | 1 <
i <n—1}. The positive roots are &+ := {e; —e; € ® | i < j}. For each I C A we
denote by ®; the subset of roots which can be written as Z-linear combinations
of roots in I.

To each root a@ = ¢; — e; € ® we associate a root subgroup of G by X, :=
{1, +xe;; | © € GF(q)}, where {e;;} denotes the standard basis of n x n matrices.
We also associate with a = e; — e; an element of the Weyl group s, := (7,7). W
acts on the roots by permuting the basis elements of R", so as, = —a =¢; —e;.
For I C A we define the group W; :=< s, | @« € I > which is a subgroup of W.
The set Dy := {w € W | Tw C &1}, a set of right coset representatives of W;
in W, is called the set of distinguished coset representatives. For I,J C A the
set Dy = Dr N D;l is the set of distinguished double coset representatives of
WA\W/W; (see [Carter], §2 for more details).

For I C A we define some subgroups of G:
P :=<T,X,|a€dtUd; > standard parabolic subgroup
Ly :=<T,X, | a€ ®; > standard Levi subgroup
Up:=< X, |a€d"\ &; > the Levi complement

For each w € W we have U, := (X, | a € &1, aw € &7).

We have that Uy is normal in Py and that P = L;U; (see [Carter|, prop 2.6.4).
The set of all parabolic subgroups of G is given by {P{ | I C A, g € G}. In
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the same way, the set of all Levi subgroups of G consists of all G-conjugates of
standard Levi subgroups. We write Lg for the set of standard Levi subgroups of
G. All modules are right modules unless stated otherwise.

2 Facts about Gl,(q) and its representations

In this section we want to summarise all the facts about the general linear group
and its representation theory needed in the rest of the thesis. All theorems and
definitions are given only for the general linear group, even if they can be done
in a more general setting.

2.1 Combinatorics

The representation theory of G is closely related to that of the Hecke algebra
Hr, q(S,) over the symmetric group S,, and therefore combinatorics of partitions
and tableaux play an important role. We indicate that X is a composition of n by
A E nand by A F n that A is a partition of n. The conjugate partition of X is
denoted by ).

Let e be a positive integer. A partition A = (A\J*, A2, ... Af) where \; > \; for
i > j is called e-reqular, if k; < e for all i. X is called e-restricted, if X' is e-regular.

Let e(d) be the least positive integer such that ¢ divides 1+q%4-¢??+- - - +q(e(D~1Dd,
Furthermore let &(d) be the least positive integer such that ¢ divides ¢*@¢ — 1.
Observe that e = é(1) and that e(d) = é(d) if e(d) # ¢ (or equivalently e # 1).

2.2 Harish-Chandra induction and restriction

Let L be a Levi subgroup of GG. Let P be a parabolic subgroup and U a Levi
complement of L in P. We define a functor from the class of RL-modules to the
class of RG-modules by

RY : mod—RL — mod—RG, M r Ind$olInf] M

where Ind% denotes the ordinary induction from P to G and Inff inflation from L
to P. This functor is called Harish-Chandra induction. The adjoint functor (both
left and right adjoint) is defined by

T¢ : mod—RG — mod—RL, N +~ Fix{, o Res@ N

where Res$ is the ordinary restriction and Fix{, is the Fix-point functor. The
composition is called Harish-Chandra restriction.
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These definitions as well as proofs for adjointness and the following properties
can be found in [DiFl].

Quite often it is useful to give the functors in a different form. We write U=

|—[1]| S u. Note that U € RU for all choices of R since p does not divide ¢ and U
uelU

is a p-group. Then RY M = M U ® RG and TN =2 N U as RG- respectively
RP
RL-module.

Proposition 2.1 (Transitivity). Let L < M < G with L, M Levi subgroups of
G. Then
R§ oRY =RY and TY o T, = TG

Proposition 2.2 (Mackey formula). Let L, M be standard Levi subgroups of
G and N an RL-module. Then we have an isomorphism of R-modules:

TSHREN = D Ritaw Thooy N

z€DL, M
where Dy, yr denotes a set of distinguished LxM double coset representatives.

Proposition 2.3. Let Ly, Ly be conjugate Levi subgroups of G. Then the functors
R(L;1 and R% are naturally equivalent. The same is also true for the functors Tgl

and Ti.

This was proved independently by Dipper and Du ([DiDu]) and Howlett and
Lehrer ([HoLe2]) and shows that we can usually just consider standard Levi
subgroups. It also shows, that Harish-Chandra induction and restriction do not
depend on the choice of a parabolic subgroup.

Proposition 2.4. Rg and Tg are exact functors and map projective modules into
projective modules. Furthermore, these functors commute with taking ¢-modular
reduction.

This is proved in [DiF1], §1

2.3 Construction of the irreducible modules

This subsection gives a brief overview on how to construct the irreducible repre-
sentations and fixes some necessary notation for later use. In this section, take

R e {K, F}.

An irreducible RG-module C is called cuspidal if TS C' = 0 for every Levi sub-
group L C G. The cuspidal modules are the building blocks in the construction
of the irreducible modules. We have the following:
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Theorem 2.5 (Cuspidal Modules). Let s € G be a semisimple element with
manimal polynomial of degree n. Then there exists an irreducible cuspidal KG-
module My(s,(1)). The ¢-modular reduction Mg (s, (1)) == Mgk(s, (1)) remains
irreducible (and of course cuspidal). The modules Mg(s, (1) and Mg(t, (1)) are
isomorphic if and only if the {-reqular parts of s and t have the same minimal
polynomial.

The construction of Mg (s, (1)) is due to Gelfand (see [Gel]). It can also be found,
together with the rest of the proof, in [Ja3].

Now we take d,k € N such that dk = n. Let L C G be the group of block
diagonal matrices, with blocks of size d x d i.e. L = (Gly(q))* € Lg. Let M =
Mpg(s, (1)) be a cuspidal RGls(q)-module. Then the tensor product M®* is a
cuspidal module for RL. We write Mg(s, (1¥)) for the module RS M®* and we
write E = Endgg(Mg(s, (1%))).

Theorem 2.6. The endomorphism algebra E is the Hecke algebra Ha g(Sk)
which is an associative algebra with basis {T, | w € Sy}. The multiplication
follows the following rule: if w € S,, andv = (i,i+1) for somei with1 <i <n-—1,
then
T, — {va if l(wv) = l(w) +1
Ty + (¢¢ — )T,  otherwise

The proof can be found in [Di2] or [HoLel].

Let A = (A, A9, ..., A) F K and write z = Yy, T, where W) denotes the
Young subgroup Sy, X --- x Sy, of Si. We define Mz(s, \) := x\Mg(s, (1¥)).

Now we want to construct the so called Specht modules. First we need a non-
trivial homomorphism z : (GF(¢), +) — R*. For u = nlet 0, (u) :== 2r(3> wii1)
where w € U and w;; is the (7,7) entry in w and the sum is taken over those i
where ¢ and 7 + 1 are in the same row of the standard p-tableau. We define:

1 _
Ef(n) = ] Zﬁu(u Yu  see [Ja3], 1.3

uelU

With this idempotent of RU we define the Specht module Sg(s,\) as
Ma(s, \)E: (dV)RG.

Theorem 2.7. The module Sgr(s,\) has a unique mazimal RG-submodule. In
case of R = K this implies that Sk (s, \) must be irreducible.

Proposition 2.8. Sp(s,\) is an £-modular reduction of Sk (s, \).
Now we find the modular irreducible FG-modules as
Dp(s,A) := Sp(s,\)/Sp* (s, \)
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see [Ja3], chapter7 for proofs

A complete classification of the modular irreducibles was first given by Dipper
in [Dil],[Di2], later by different methods by James [Ja3]. In [DiJal] both authors
brought their methods together and we use a mixing procedure described there
to construct a complete set of inequivalent irreducible KG-modules and FG-
modules:

Choose one root for each monic, irreducible polynomial over GF(q) except X and
call this set of roots C and well-order it. Let s < s9 < --+ < sy be elements of C.
For 1 < i < N denote by d; the degree of s; over GF(q) and let A®) - k;. Suppose
that diky + - -+ + dyky = n. Denote by L the Levi subgroup Glg, (q) X -+ X
Glayky (¢)- Then we have a list of all non-isomorphic irreducible RG-modules:

(1) RY(Sk(s1, A\ @ - @ Sk (sy, AM)) is an irreducible K G-module and

(ii) RY(Dp(s1, \M)®---@Dp(sy, AM)) is an irreducible FG-module, provided
all the s; are f-regular.

2.4 Harish-Chandra series and block structure

The irreducible and indecomposable modules can be divided into series. On one
hand there is the block structure, on the other hand are Harish-Chandra series.

Let R € {K, F}. The Harish-Chandra series Sg(L,C') is defined to be all the
irreducible constituents of hd R¢(C'), where L is a Levi subgroup of G' and C' is
a cuspidal RL-module. We have the following theorem due to Hiss [Hil:

Theorem 2.9. The irreducible RG-modules are partitioned into Harish-Chandra
series. Two series Sg(L,C) and Sr(L',C") are equal, if L is conjugate to L' and
C and C' are conjugate in Ng(L).

We do not want to go into the details here, because writing down the series in
complete generality requires some additional machinery. This can be found in
[Di3],84 and §5. But we do want to give the HC-series of the unipotent block (see
below) in the case e - ¢ > n.

Proposition 2.10. Assume that e - £ > n and let s < s9 < --- < sy with
s; € C be semisimple (-elements. Assume diky + - - -+ dyky = n with d; = deg s;.
For each s; there is a unique irreducible, cuspidal Glg,(q) module C(s;). Take
L =Glg(¢)" x -+ x Glgy ()™ and C = C(s1)®" @ -~ @ C(sy)®*N. Then the
wrreducible KG-modules in this HC-series, also called the ordinary HC-series, are
given by:

Sk (L,C) = {RS(Sk(s1, M) ® - @ Sk (sn, An)) | Ai - k; Vi)



For the division of the irreducible F'G-modules into series we need L = Gl.(q)" x
Gli(q)® such that n = er + s. The unique cuspidal F L-module in this block is
C = Dp(1,19)®"® Dp(1,1)®%. The HC-series, also called the modular HC-series,

s given by:
Sp(L, C) ={R§(Dr (1, (ep))) ® Dp(1, 1)) | pb 7, pt s e-regular}

where M = Gl.,(q) x Gls(q).

We use the connection between the ordinary and the modular Harish-Chandra
series to make the following observation.

Proposition 2.11. Let Sk be an irreducible KG-module and let Sg be an (-
modular reduction of Sk . Furthermore suppose D is a composition factor of Sp.
Then for any Levi subgroup L < G we have that TS S = 0 implies TS Dp = 0.
Therefore, if Sk lies in the Harish-Chandra series S (M, C). then D lies in a
Harish-Chandra series Sgp(M’',C"), where M < M.

Proof. Taking /-modular reduction is compatible with the HC-restriction functor
so TS Sk = 0 implies TS Sp = 0. Since TY is exact we have TS Dy = 0 for any
composition factor of Sg.

We know from the construction of the HC-series (see [Hi]) that Dp € Sp(M',C")
implies that M’ is minimal among the Levi subgroups such that TAGW Dr # 0 and
the same holds true for Sk € Sk (M, C). So the second claim follows from the
first. [l

The following observation though rather obvious will be quite useful on several
occasions for the rest of this paper.

Proposition 2.12. Let L < M be standard Levi subgroups of G. Suppose that
the D s irreducible and belongs to the Harish-Chandra series Sp(L,C). Then
all composition factors of soc TS, D and hd TS, D belong to the Harish-Chandra
series Sp(L,C) of M.

Proof. Let X be any composition factor of soc T, D and suppose X belongs to
the Harish-Chandra series Sg(L, C'). Then Hompy (R} C, TS, D) # 0. Therefore
by adjointness of functors Hompg(R% C, D) # 0 and so D belongs to the Harish-
Chandra series S(L, C). This implies, that L is conjugate to L and C' is conjugate
to C and our claim is proved. The claim for hd T]\GJ D is proved similarly. O

A second method to partition the irreducible RG-modules (and even the inde-
composable ones) is the partition into blocks. The blocks of the general linear
groups have been determined by Fong and Srinivasan in [FoSri2]. Here we only
consider those irreducibles belonging to the same block.
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Proposition 2.13. Let RY (Dp(s1,\M)®- @ Dp(sn, Ay)) and RS (Dp(t, 1)@
- ® Dp(ta, par)) be irreducible FG-modules as described above. These are in
the same (-block of G if and only if the following conditions hold for all i:

(i) s; = t; with degree d;
(ii) N\; and p; are partitions of the same integer k;.

(11i) N\; and p; have the same €é(d;)-core.

This was made explicit in [DiJa2| as was the following proposition.

Proposition 2.14. Let Rfl(SK(Sl, A)® - ®Sk(sn, Ay) and RgQ(SK(tl, i) @
- ® Sk (tar, ar) be irreducible KG-modules as defined above. These are in the
same C-block of G if and only if the following conditions hold:

N M

(1) > (degs;)|Ni| = > (degt;)|p;| for all l-regular v € C, where s is the

i=1 j=1
si=u t;:u

C-reqular part of s;.

(i1) For every s; there exists a t; such that the é(degs;)-core of \; is the same
as the é(degt;)-core of p; and vice versa.

By a theorem of Broué and Michel ([BrMi]) we know that certain unions of
Harish-Chandra series form a union of blocks. We formulate here a version in our
special case, with the notation above:

Proposition 2.15. Let RY (Dp(s1,\M)®- @ Drp(sn, Ay)) and RS (Dp(t, 1) ®
- ® Dp(ta, par)) be irreducible FG-modules as described above. These are in
the same union of €-blocks if and only if s; = t; for all 7.

Let RY (Sk(s1, M) ® -+ ® Sk (sn, Av) and RY, (S (t1, 1) @ -+ @ S (tar, piar) be
wrreducible KG-modules as defined above. These are in the same union of £-blocks
if and only if

Z(deg si)|\i| = Z(deg ti)lp;| for all -reqular u € C.

!’ __ /I _
S;=u tj—u

So each union of blocks is characterised uniquely by an C-reqular semisimple ele-
ment.

In an abuse of language we will call the union of blocks characterised by the
semisimple element 1 € G the unipotent block.

In this thesis we restrict ourselves to blocks with an Abelian defect group. By
this we mean that the union of blocks we are looking at consists of blocks which
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have all Abelian defect groups. Furthermore we restrict ourselves to the unipotent
block. But where the first condition is necessary to give us a problem that can
be handled, the second is mostly for convenience and to shorten notation. We
look again at the case of arbitrary blocks with Abelian defect groups in the last
chapter.

From Fong and Srinivasan in [FoSri2] we know that a conjugate of every ¢-element
of GG lies in the defect group of the unipotent block. Therefore the defect group
is the (-Sylow subgroup of G. It is Abelian if and only if e - £ > n. (see [Weir]).
So we can substitute this condition for the condition of Abelian defect group.

2.5 Steinberg Module and Gelfand-Graev Module

In this subsection we consider two important special modules. First we describe
the construction of the Gelfand-Graev module for a standard Levi subgroup L
of G. Let x be a linear character of U N L such that the restriction to each root
subgroup X; C L is nontrivial. Since |U N L| is invertible in O, we have the
following idempotent in OL:

- 1 -1
er = T Z x(u™u

ueUNL

By general theory I'z o := e OL is projective and hence up to isomorphism the
only OL-lattice in the K L-module e, KL = I'j, . We call this module (and its
(-modular reduction I'y, ) the Gelfand-Graev module of L. It was first introduced
by Gelfand and Graev in [GelGr|. From the definition it is easy to calculate that
for L = Gl,,,(q) x --- x Gl,,.(q) we have

I'r=Ta, 9r® - ®lal, .r

The Gelfand-Graev module has some interesting properties:

Proposition 2.16. All irreducible components of the Gelfand-Graev module I'¢
occur with multiplicity 1.

Proposition 2.17. Each Harish-Chandra series Sk(L,C) has exactly one irre-
ducible KG-module with Tg i in common, which is given by R (Sk(s1, (1¥)) ®
c @ Sic(sr, (197))).

Proposition 2.18. For any Levi subgroup L of G we have T¢ I'er=TLkR.

Proofs of these propositions can be found in [Carter] §8.

Because of Proposition 2.17 we know there is a unique irreducible KG module
which the Gelfand-Graev module I' x and the Harish-Chandra series Sk (7, 17)
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have in common. This module is called the Steinberg module and in our previous
notation is denoted by Sk (1, (1™)). The ¢-modular reduction Sr(1, (1")) is called
the modular Steinberg module. Its head is Dp(1,(1™)). Since I'¢ g is projective,
the projective indecomposable module with Dg (1, (1)) in its head is the unique
projective indecomposable module (short PIM) that the unipotent block and the
Gelfand-Graev module have in common. We call it the Steinberg-PIM and denote
it by Pg(G).

Corollary 2.19. Let L = Gl,,(q) x --- x Gl,,,(q) be a standard Levi subgroup of
G. Then Ps,(L) = TY Pg,(G).

Proof. From Propositions 2.17 and 2.18 we know that Ps;(L) is a PIM in the
Gelfand-Graev module of L. On the other hand let Sk(M,C) be any Harish-
Chandra series in the unipotent block. Then we use the Mackey formula:

TR C= P Ripnr Titen, C° = € Ri.C”

But the (-regular part of the semisimple element corresponding to C* is the same
as the one corresponding to C', e.g. 1. This shows that the restriction of any
module in the unipotent block of GG to a Levi subgroup L lies in the unipotent
block of that Levi subgroup. ]

We use this isomorphism to identify T% Pg,(G) with Pg(L). This leaves no non-
trivial ambiguity since Autgy(Ps;(L)) is one-dimensional.

3 Steinberg-PIM and Harish-Chandra restric-
tion

In this section we want to determine the behaviour of the irreducible constituents
of the Steinberg-PIM under Harish-Chandra restriction.

3.1 The irreducible constituents of the Steinberg-PIM

In the whole section the relation between e, which is the order of ¢ modulo ¢ and
e(1), which is the smallest integer such that ¢ divides 1+ ¢ + --- + ¢*V~! plays
an important role. Therefore the case e = 1 # e(1) is special and will be treated
separately.

Proposition 3.1. The (-modular reduction of the Steinberg module Sg(1, (1))
has exactly one composition factor Dp(1,\) with A\ = n an e(1)-reqular partition.
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All other composition factors are of the form Dp(1, p) with p = n an e(1)-singular
partition. The e(1)-reqular composition factor Dp(1,X) occurs with multiplicity
one. Furthermore, A\ can be calculated using the Mullineux map applied to the
partition (n) of n.

Proof. We know that the columns of the decomposition matrix of the unipotent
block of G indexed by e(1)-regular partitions of n are equal to the decomposition
matrix of the Hecke algebra H, x(S,) (see [Ja3], Thm 8.1). The Specht module of
the Hecke algebra corresponding to Sk (1, (1")) is the alternating module of the
Hecke algebra SU"). But the alternating module is 1-dimensional, i.e. irreducible.
Therefore SU") = D* for some A - n e(1)-regular and so Sp(1,1") has exactly
one e(1)-regular composition factor Dg(1, ).

To calculate the partition A we have to introduce an outer automorphism of the
Hecke algebra:

f: H%R(Sn) - Hq,R(Sn) T, — (C] - 1>T1 - T,

where v is a basic transposition in 5,,. This can be extended to products T, T,
and then linearly to sums. With this we have (Sg”))ti = Sgn) (see [DiJa2] Lemma
2.2). But this means that the irreducible constituent in the head of 51(71”) is the
image of the trivial module under the Mullineux map as was shown by Brundan
[Bru]. For the convenience of the reader we will describe a combinatorial way to
calculate the Mullineux map in appendix B. O

We want to extend the result above to the Steinberg-PIM. To do this we need to
know the ordinary irreducible constituent of said PIM:

Proposition 3.2. Fach Harish-Chandra series of ordinary irreducible modules
contains exactly one constituent of the Gelfand-Graev module.

Proof. This follows from the fact that in the case of Gl,(¢) Harish-Chandra se-
ries and geometric conjugacy classes coincide and that each geometric conju-
gacy classes contains exactly one constituent of the Gelfand-Graev module (see

[Carter],§8). O

From now on in this section we assume that e = e(1) > 1 except when explicitly
stated otherwise.

So all ordinary constituents of the Steinberg-PIM except the Steinberg module
itself belong to HC-series Sk(L,C) with T" < L since 1 is the only cuspidal
T-module in the unipotent block. But by Theorem 2.9 we know that all Dp(1, \)
with A - n e-regular lie in the Harish-Chandra series Sr (7T, 11). So by Proposition
2.11 the Steinberg module Sg(1, (1)) is the only possible source of e-regular
composition factors and we get the following corollary:
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Corollary 3.3. The Steinberg-PIM Psi(G) has exactly one composition factor
Dp(1,\) where X\ = n is e-reqgular and this composition factor occurs with mul-
tiplicity 1. X is the image of (n) under the Mullineur map. We will denote this
unique e-regular composition factor of the Steinberg-PIM by D,cq4(n).

In case that n < e, the Steinberg module remains irreducible under /-modular
reduction. In this case we have D,.,(n) = D(1,1") = Sp(1,1").

Now we can describe the composition factors of Pg(G) in terms of D,.4(j) for
J < n. We use the following Proposition of James ([Ja4], 3.10) which follows from
a theorem of Dipper and James ([DiJal], Thm 5.1):

Proposition 3.4. Let p = n and let o and p be determined by the conditions,
that ' = o + e(1)p’ and that « is e(1)-reqular. Let s be any (-element of degree
e(1) over GF(q) and let L = Gljo)(q) % Gley)p/(q). Then:

Dp(1,p) = RE(Dr(1,a) 0 Dr(s, p) = RE(Dr(1,a) o Dp(1, (e(1)p)))

Theorem 3.5. Let yu=n and let o and p be determined as above with oo = 7 and
p b w. Then Dp(1, 1) is a composition factor of Ps;(G) only if Dp(1, &) = Diyey())
and Dp(1, (ep)') is a composition factor of Psi(Glew(q)).

Proof. If u = « is e-regular, then by Cor. 3.3 there is nothing further to prove.
So we can assume 4 to be e-singular and therefore p - w > 1.

Suppose Dp(1, ) is a composition factor of Pg;(G). Then by proposition 3.4
Dp(1, 1) = RY(Dr(1,a) o Dp(s, p)) where L is defined as above. All composi-
tion factors of T%(Dp(1, 1)) are composition factors of TS Pg,(G) = Ps,(L). By
Mackey decomposition we have:

T7(Dr(1, 1) = TF RE(Dr(1, @) 0 Dp(s, p))
@ Rinre Tinpe(Dr(1,a) @ Di(s, p))*

mGDL’L

I

Since 1 € D we have that Dp(l,a) ® Dp(s,p) is a composition factor of
Psi(L) = Psi(Gli(q)) ® Psi(Glew(q)). But this implies that Dg(1, ) is a com-
position factor of Ps;(Glj(q)) and therefore Dp(1, &) = D,,(j) by corollary 3.3.
And it implies as well that Dg(s,p) = Dg(1,(ep')’) is a composition factor of
Psi(Glew(q))- O

Naturally we would also like to know which composition factors do occur in the
Steinberg-PIM. That question will be answered later. But we can solve one special
case:

Corollary 3.6. Let P = Ps,(Gl.(q)) and e > 1. The composition factors of P
have the form D,4(e) or Dp(1,1¢). Both occur at least once, D,.4(e) exactly once.
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Proof. Since 1°¢ is an e-singular partition we know that D,.4(e) 2 Dp(1,1°). The
composition factor D,.4(e) occurs exactly with multiplicity one by Cor. 3.3. But
Dp(1,1¢) occurs by the definition since it is the head of the Steinberg-PIM. No
other composition factors occur since Dg(1, ) with (1") # u b e is necessarily
e-regular and so Dp(1, 1) must be isomorphic to D,4(e). O

3.2 Harish-Chandra restriction of simple modules in the
Steinberg-PIM

The aim of this subsection is to prove the following first main theorem, which
is interesting in its own right, but also plays an important role in determining
the structure of the Steinberg-PIM. Throughout this subsection we assume that
e-{>nande=e(l)> 1

Theorem 3.7. Assume that e-¢ > n. Let Dp(1, 1) be an irreducible constituent
of the Steinberg-PIM Ps(G). Then for any Levi subgroup M € L we have either
TS, Dp(1, 1) = 0 or TS, Dp(1, ) is a direct sum of simple F M -modules.

Before we can prove this, we need to look at some special cases:

Proposition 3.8. Let L 2 Gl,,(q) x - --xCl,, (¢). Then TG Dyey(n) = Dyoy(n1)®
P ® Dreg(nr)-

Proof. This is a special case of a theorem of Dipper and Gruber ([DiGr|, Theorem
2.25). Here we give a proof which uses the much simpler setting and is therefore
more elementary.

We already know that T¢ Ps,(G) = Pg,(L) (Cor. 2.19) and that Pg,(L) con-
tains only one e-regular composition factor namely D,¢,(n1) ® - - - ® Diey(n,) (see
Cor. 3.3). Since HC-restriction is exact all composition factors of T¢ D,,(n) are
contained in Pg;(L). By Prop. 2.12 we know that head and socle of T¢ D,,(n)
consist of composition factors from the series Sg(1, 17). But these are exactly the
e-regular composition factors, so

hd TS D,ey(n) = 50¢ TG Dyeg(n) = TG Dyeg(n) = Dyeg(n1) @ -+ ® Dyey(ny)

Proposition 3.9. Let p - w and let L = Gl,(q) x Gly(q) € Lan,,(q)- Then

D0 Doy 4o De(L, (e)) @ Dr(1, (er)) if a/e,bfe € Z

0 otherwise

T} De(1, (ep')) = {
where ay,, are the Littlewood-Richardson coefficients.
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Proof. We have Dp(1,(ep’)') = Dp(s,p) (see [DiJal], Thm. 5.1) where s is a
semisimple f-element of degree e as above. But since e/ > n the decomposition
matrix is the identity matrix and so we also have that Dg(s, p) = Sp(s, p). Since
Sr(s, p) lies in the a Harish-Chandra series coming from Gl.(q)" the second case
is clear with Mackey decomposition. For the first case, we have

TgsF(Sup) gT€SK<57P) = @ @ a,prSF(Suu)(@SF(S?V)
pk(a/e) vi(b/e)
This comes from the fact that HC-restriction of Specht modules is governed by
the Littlewood-Richardson rule (see [DiJa2] §7). The rest follows, since Sg(s, i) =
Dr(1,(en')) and Sp(s,) = Dr(1, (er)’) as above. O

By induction on the number of factors of the Levi subgroup we get the following,
more general corollary:

Corollary 3.10. Let p-w and let L € L. Then TS Dp(1, (ep')) is either 0 or
a direct sum of simple modules.

The following technical Lemmas are needed for the proof of the main theorem:

Lemma 3.11. Let I,J C A and let x € Dy ; be a distinguished double coset
representative. Suppose for a; € I we have w € Wy such that cxw € ®~. Then
o =y € J.

Proof. this is Lemma 2.71 in [Carter] O

Lemma 3.12. Let x € S, be arbitrary. Suppose that {1,...,a} are fized points
under the action of x on the set {1,...,n} and suppose that (a+1)x =y # (a+1).
Then the number of displacements of x(a + 1,a + 2,...,y) is smaller than the
number of displacements of x.

Proof. Without loss of generality we can assume that a +1 = 1. Let 1 < 21 <
2o < n. Now suppose 212 < zox. If 20 > y, then 2o is fixed under the action of
the cycle 7 = (1,2,...,y) and therefore zixm < zoxm. If 2w < y then zx # y
since y = lx and z; < 29. But this implies ziz2m = 212 + 1 < 200 + 1 = 29xm.
This shows that (1,2,...,y) creates no additional displacements. But clearly for
any 1 < 2o with 292 < y we have that 1o > zox but lzm = 1 < 2927 so xm has
less displacements than z. O

Lemma 3.13. Let L = Gl,(q) x Gl,—.(¢) and M = Gls(q) x Gl,_s(q) and let
x € Dr v be a distinguished double coset representative. Then

L* N M = Gl,(q) x Gls_a(q) x Glo(q) x Gl,—s_c(q)
LNM* = Gl(q) x Gl(q) x Gly_a(q) x Glo_s_c(q)

where 0 < a<s, 0<c<n-—sanda+c=r. Moreover, the action of x=' on

L* N M exchanges Gls_o(q) and Gl.(q).
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Proof. There is a 1-1 correspondence between standard Levi subgroups and the
simple roots contained in them which is compatible with the action of the Weyl
group on both. So we will prove this Lemma in the language of simple roots and
the action of the Weyl group:

L—1:= {a17 R 07 Py O T PRI Jan—l}

M J:={ag,...,051,0541,...,0p_1}

We have to consider two cases:

First suppose r < s. Let 0 < a < r—1 be minimal with (a+1)z # a+1. If no such
a exists, then {1,...,r} are fixed points of x. Therefore x € W;ND; ; = {1}. In
this sub-case Iz = I and L N M = Gl,(q) x Gl,_,(q) x Gl,—s(¢). But if such a
exists, then (a + 1)z = s + 1. This is shown as follows: assume (a + 1)z =y < s.
Then z(y,a+1,a+2,...,y—1) is an element of the same double coset as x with
less displacements then x as seen in Lemma 3.12, which is a contradiction to x
being a distinguished double coset representative. Assume (a + 1)z =y > s+ 1.
Then z(y, s+1,s+2,...,y—1) is in the same double coset with less displacements,
which is the same contradiction as above. Since z is a distinguished double coset
representative, we see that agi 1, ..., @12 lie in ®; and therefore by Lemma
3.11 in J. But this implies a, 117 = Qsi1,..., Q1 = agieq. Let b > r be
maximal with bz # z. Because (a + 1)z = s + 1 we have b > s. With the same
arguments as above we get bx = s and bx = s,...,(r+ 1)z =s+ (r+1)—b.
But since z fixes everything larger than b and everything smaller than a we get
b= s+ cand x is given by:

a+1 ... r r+1 ... s+c¢
xr =
s+1 ... s+c a+1 ... s
Therefore
IxrNJ= {ala-"7050,717&0,4»17-"70587170484»17'-'7a5+6717a5+c+17"'7an71}

as claimed. With the explicit description of = we see that

-1
InJx = {0517 SRR C VR Y RS PINSRIPN @ 72 P TNE PISPE O FRECES PRO PR PR ;Oénfl}

and that we got from Iz N J to I N Jz~! by exchanging the to middle blocks.

The case r > s can be shown with a similar argument. O]
At last we have gathered everything we need to proof Theorem 3.7:

Theorem 3.7. Without loss of generality we can assume M = Gly(q) x Gl,,—5(q).
The case that u is e-regular is covered by Prop. 3.8. So we may write ' = o' +ep’
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with o 7 e-regular and p - w > 1. We have Dp(1, 1) = RY(Dp(1,a) ®

Dp(1,(ep'))) with L = Gl,(q) x Gl,—.(q). Now we use Mackey decomposition:
T Dr(1, 1) = T§ RE(Dr(1,a) @ Dr(L, (ep'))

D Ritow TLau(Dr(l,0) @ Dr(L, (ep))”

€Dy, M

1

Since x € Dy we know by Lemma 3.13 that

LOM™ = Glu(g) x Gl(g) x Gly—a(q) X Glo—s—c(q)

=X =Y

This gives

al, Gly_r
Ty et (Dr(1,0) @ Dr(L, (ep')') = (TX" Dr(1,a)) @ (T Dr(1, (ep')))
But the first factor is D;ey(a) ® Dyeg(c) by prop. 3.8 and the second factor is zero
or semisimple by prop. 3.9. x acts on the module the same way as on the groups,

permuting the blocks and we get that each factor has the following form for some
BF e,y e,

RY. 11 (Dyeg(a) @ Dp(1, (3')) @ Dyeg(c) ® Di(1, (7))
= (Rer et Drea(a) @ Dp(1, (e8)))
@ (R Dreal€) ® Dp(1,(e7))

But the two induced modules are simple by Prop. 3.4 and this completes the
proof. O]

The proof of the theorem is constructive, so in principal it can be used to calculate
TS Dp(1, i) for any composition factor Dp(1, i) of Ps,;(G). But we can also use
the proof to get the converse of Theorem 3.5:

Proposition 3.14. Let b n such that i/ = o + ep’ with o e-reqular. Suppose
Dp(1,a) = Dyey(|a]) and Dp(1, (ep')') is a composition factor of Ps;(Gle,(q)).
Then Dp(1, p) is a composition factor of Ps:(G).

Proof. Let L = Glja/(q) % Gleji(q)- Since Ps,(L) = T% Ps,(G), every composition
factor of Pg,(L) is a composition factor of T¢ Dg(1,\) for some A F n, where
Dp(1, ) is a composition factor of Ps:(G). Since D := D,.,(|a|) @ Dr(1, (ep'))
is a composition factor of Pg;(L) we conclude that D is a composition factor of
TS Dr(1,\) for some composition factor Dy(1, \). But the proof of Theorem 3.7
shows that A = p. O]
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We get one more corollary from the proof of the theorem which will be useful
later on. For this we need the following notation. Let L = Gl,,,(¢)" and let X, Y
be two different F'Gl,,(¢)-modules. Let M = X® @ Y®" with ¥+t = r be an
FL-module. We denote by M the direct sum over all different permutations of
the factors X and Y. For example, if M = X ® X ® Y, then we have

M=X0XoY)a(XoY®X)® (Y ©X o X).

We also expand the notation to the situation, where a fixed factor Z is tensored
to the end of each summand. So

XQYRZ=X0YRZ) & (Y ®X®Z).

Corollary 3.15. Let L = Gl.(q)" x Gli(q)°® such that e > s and let Dp(1, p)
be a composition factor of Psi(G). Suppose that p = n is a partition of n with
p = o +ep such that a & (et + s) is e-reqular and p = 7. Then TS Dp(1, 1)
consists of m(p) copies of the following direct summand

Dp(1,19)%7 & Dieg(€)®" @ Dreg(1)**

where m(p) denotes the multiplicity of Dp(1,1¢)®" in Tgt;gi Dr(1, (ep)).

Proof. Since T¢ Dp(1,p) is semisimple and Dg(1, ) belongs to the Harish-
Chandra series Sgp(Gle(q)" x Gli(¢)"*, Dp(1,19)%" @ Diyeg(€)®' @ Dieg(1)®%) all
composition factors of T Dp(1, 1) belong to this Harish-Chandra series viewed
as series of F'L (see Prop. 2.12). Since the only possible composition factors of
Ps(Gle(q)) are Dp(1,1¢) and D,4(e) (by Cor. 3.6) we know that any composition
factor has to be some permutation of

Dp(1,19)%% @ Dyeg () @ Dyeg (1)

with a4+ b =r. But Dp(1,1°) is a cuspidal F'Gl.(¢q)-module and so the number a
determines the Harish-Chandra series. Because all composition factors are in the
Harish-Chandra series above we know that a = 7 and therefore b = t.

We denote by X the module Dp(1,19)%" @ D,.e(€)® @ D,ey(1)®5. Let Y be any
permutation of the Gl.(q) factors of X. Since TS Dp(1, i) is semisimple we can
count the multiplicity of the composition factors by calculating the dimension of
Hom spaces. We get:

Homp (Y, TS Dp(1, 1)) = Hompg(RE Y, Dp(1, 1))
>~ Hompa(RY X, Dp(1, 1)) = Hompr (X, TS Dp(1, 1))

The first and third isomorphism is true by adjointness of functors and the second
by the fact that RY X = RYY (see Prop. 2.3). So X and Y have the same
multiplicity in TS Dp(1, ).
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To calculate the multiplicity of X in T% Dp(1, 1) we need to look more closely
at the proof of Theorem 3.7. We take M := Glgr(q) X Glet+s(q). Then Dp(1, u) =
RS, Dr(1, (ep')') ® Dyeglet + 5). We have by Mackey decomposition

Z =TS RS, Dr(1, (ep)) @ Dyeglet + s)

P Rifeons Tiean(Dr(1, (€0)) ® Drgglet + 5))”

€Dy, M

s

I

Now the proof of Theorem 3.7 shows that X (with D,¢4(et + s) at the end) can
only occur as composition factor in those summands of T3 Z where z = 1. And

since Tgtt(;)st(i)(;h(q)s Dyeg(et +8) = Diyeg(€)® @ Dyeg(1)®* the multiplicity of X in

TS Dp(1, ) is equal to the multiplicity of Dp(1, 1¢)®7 in Tgi:’(égi Dr(1,(ep)). O

3.3 The special Case e =1

With the additional assumption that e - £ > n this special case is a corollary of
the facts that the upper part of the decomposition matrix in this case is just the
identity matrix.

Proposition 3.16. Let D(1,u) be any irreducible FG-module and let L be a
standard Levi subgroup of G. Suppose that e = 1 and ¢ > n. Then TS D(1, u) is
semisimple or zero.

Proof. Under the special assumptions of the proposition we know that the de-
composition matrix of the unipotent block in the upper part is just the identity
matrix, i.e. Sp(1l, 1) = Dp(1, ) for any partition p = n (see [Jad], Thm 6.4).
But HC-restriction of a Specht module gives a direct sum of Specht modules for
the Levi subgroup. The exact factors can be calculated using the Littlewood-
Richardson rule (see [DiJa2], §7). And these Specht modules in turn are irre-
ducible since the upper part of the decomposition matrix of Gl,,(¢) is still the
identity matrix for any n; < n. O]

So we see that our main theorem of this section (Thm. 3.7) is true without the
assumption that e > 1.

4 The Loewy series of a PIM

4.1 General Remarks

There are two Loewy series, called upper and lower series or radical series and
socle series. The knowledge of one often gives the knowledge of the other, provided
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the module we are looking at is self-dual. We will show this well known facts for
the convenience of the reader.

Let R € {K,F}. For any RG-module M we define the dual module M* =
Homp(M, R) as R-vector space. Now we let G act by (ag)(m) := a(mg™') and
thus turn M* into a right RG-module.

Proposition 4.1. Taking the dual is an exact, contravariant functor from the
category of finite-dimensional RG-modules onto itself. If P is a projective RG-
module, so is P*.

Proof. 1t is clear that Hompg( , R) is contravariant. Let f : M — N be an RG-
homomorphism. Then f*: N* — M* «a+ «ao f is also an RG-homomorphism:

(f*(a-g)(m) = ((a-g)o f)(m) = (- g)(f(m)) = a(f(m)g™") = a(f(mg™"))
((ao f)-g)(m) = (f*(a)-g)(m)

The functor is also exact, since the underlying functor of vector spaces is exact.
Furthermore RG = RG* by the anti-automorphism of RG, which maps g — ¢~
This also shows, that P, which is a direct summand of RG"™ is mapped to a direct

summand P* of (RG*)" =2 RG™. O

Proposition 4.2. Let M be a finite-dimensional RG-module. Then we have the
following isomorphisms:

hd(M™) = (soc M)*  soc(M*) = (hd M)*
J(M*) = (M/soc M)* (J(M))" = M*/soc(M*)

This shows, that factors of the socle series of M are the same as the factors of
the radical series of M* with the order reversed.

Proof. We show the first and the last isomorphism. The other two are proved
similarly. We have

0—socM — M — M/socM — 0
0« (socM)* «— M* «— (M/soc M)* «— 0

But (soc M)* is semisimple, therefore contained in the head of M*. And
(soc M)* C hd M* gives (hd M*)* C soc M. This is a contradiction to the fact,
that taking the dual maps irreducibles into irreducibles and so does not change
the number of composition factors. So (soc M)* = hd M* and from the above
equation follows also (M/soc M)* = J(M*).

The last conclusion follows from these isomorphisms. O
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The irreducible F'G-modules in the unipotent block have the nice property of
being self-dual. This in turn implies that the dual of a PIM P in this block is
again the same PIM. This is shown by the work of James in [Ja2], chapter 11.
With these propositions in mind we see that calculating the radical series of a
PIM or calculating the socle series gives the same information. So we will work
in whatever setting is more convenient.

The general idea for the calculation of the Loewy series is the following. First we
search for a projective generator P of the block. Then by the Morita theorems (see
e.g. [CuRel]) we have an isomorphism of lattices between the submodule lattice
of P and the lattice of right ideals in £ = Endgg(P). Then we decompose F
and map everything back. Unfortunately, in general we do not have an accessible
projective generator and the decomposition of F is also often very hard.

4.2 Cyclic Defect Groups

In this subsection we consider the case where all defect groups are cyclic. This
is equivalent to the case that n < 2e. From now on we restrict ourselves to an
actual block with a cyclic defect group. There can be more than one (and blocks
with defect 0) in our unipotent block.

From a result of Fong and Srinivasan in [FoSril] we get:

Proposition 4.3. The Brauer tree of a block with cyclic defect group in Gl,(q)
is an open polygon of length (e + 1) with the exceptional characters at one end.
Furthermore all PIMs in one actual block are labelled by partitions of n with the
same e-core.

This information can be plugged into the main theorem of Peacock ([Pea]) about
the submodule lattice of a PIM in a block with cyclic defect group:

Theorem 4.4. Let Py, ... P. be the PIMs in a block with cyclic defect group, the
order given by the lexicographic order of the partitions, which characterise the
PIMs. Let Vi, ..., V. be their respective heads. Then the submodule lattices take
the following form (withi=2,...,e —1):
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1. In case e =1 we have p,

\%1

i

1

2. In case e > 1 we have the following:

1
°
Vo
°
i
0
(ii) P,
Vi
°
V;/ Xjﬂ
[ ®
Vk Vit
°
Vi
0
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(iii) P

From this information we can write down the various Loewy series and also the
structure of the endomorphism ring of any PIM. We do this explicitly for the
Steinberg-PIM in the case where G = Gl.(¢q) and e > 1.

Corollary 4.5. Let G = Gl.(q) and assume e > 1. Then the radical series and
the socle series of the Steinberg-PIM Ps(G) take the following form:

Dp(1,1°) Dp(1,19)
Dp(1,1°) @ Dyey(e) Dp(1,1°)
Dp(1,1°) :

: Dp(1,1°)
Dp(1,1°) Dp(1,1°) @ D,ey(e)
Dp(1,1¢) Dp(1,1°)

radical series socle series

Proof. The Steinberg-PIM corresponds to the exceptional characters since it is
the only PIM whose Loewy length is not bounded by 3. The identification of the
factor V, and V,_; comes from the fact that Pg;(G) has only the composition
factors Dyeq(e) and Dp(1,1°) (see Cor. 3.6) and that V. occurs in P, with
multiplicity 1 as does D,4(e) in Pg(G). O

Note that in the extreme case where the number of composition factors
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of type Dp(1,1°) in Ps;(Gle(q)) is exactly 2, both series take on the form
Dp(1,1°)
Dyeg(e)
Dr(1,1°)

Corollary 4.6. Let P be any PIM in a block with cyclic defect group of G. Then
Endrg(P) & F[X]/X*, where k is the number of composition factors of P equal
to hd P.

4.3 The structure of Ps; (L) and Endpy(Ps:(L))

Let L be the standard Levi subgroup Gl.(¢)" x Gli(¢q)* of G with s < e. From the
previous subsection we know the structure of Pg;(Gl.(q)). We also know if e > 1,
then Ps:(Gli(q)) = Dr(1,(1)). But Psi(L) = Ps(Gle(q))®" @ Pst(Gli(q))®*, so
all we need is an algorithm to calculate the structure of P and the endomorphism
ring of P from the structure of its factors.

From general theory (see [CuRel], Lemma 10.37) we get:

Proposition 4.7. We have

Endpr(Psi (L)) = EndFGle(Q)(PSt(Gle<Q)))®T ® EndFGh(Q)(PSf<G11(Q)>>®S
= EndFG]e(q)<PSt(Gl€(q)))®r'

We also want to calculate the radical series of Ps;(L) and the radical series of
Endpgr(Psi(L)). The procedure is similar, since the structure is similar. To sim-
plify the notation, we just write down the case of two factors. This is folklore but
for the convenience of the reader we supply a proof.

Proposition 4.8. Let A, B be finite dimensional F-algebras such that A/J(A)
and B/J(B) are split semisimple. Furthermore let M @ N be an outer A ® B-
module. Then the k™ radical is given by

JHM@N)=>_J(M)®.J"(N)

=0
and the k' layer in the radical series is given by

FUM & N)LTHM @ N) 2= @) (M) /T (M) @ JE 1 (N) /()

=0
Proof. We want to show

JIM@N)=JM)® N+ M® J(N)
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This is a consequence of the fact that with our assumptions on A and B we have
J(A®B) = J(A)®@ B+ A®J(B) (see [CuRel], §10E) and for any (A® B)-module
X we have J(X) = XJ(A® B) (see [CuRel] §5C). We get the general formula
by using J(M ® N) = J(M) @ N + M ® J(N) repeatedly.

The second formula is a little more technical to prove. Since J*"{(M®@N)/J*(M®
N) is semisimple we have that

(JY(M) @ J*H(N)) N i JI(M)® JF1(N) C J(M® N)
J=0, j#i
This implies
JFH M@ N)/JHM @ N) = (i J(M) @ J*HN) + JHM @ N)) JJH(M @ N)

N

= (B (M) & JI7(N) + JH(M @ N))/JHM @ N)

ESIEN

(J'(M) ® JEITHN)) /(THH(M) @ JH T (N) + T (M) @ JV(N)

D

.
Il

0
1

e

I

J(M)/JHHM) @ JH T (N) [T

@
i
=)

We draw an easy consequence of this proposition:

Corollary 4.9. Let L = Gl.(¢q)" x Gli(¢q)® with s < e and e > 1. Then the
unique e-reqular composition factor D,e,(L) of Ps;(L) belongs to the r' layer in
the radical series where we count from top to bottom, starting with 0.

Proof. The unique e-regular composition factor of Pg;(L) has the form D,,(L) =
D,y (€)®" @ Dyey(1)®%. From Corollary 4.5 we know that D,4(e) lies in 1°* layer
of the radical series of Ps;(Gl.(q)) and that D,¢,4(1) lies in the 0" and only layer
of the radical series of Pg;(1). So the second formula of Proposition 4.8 implies
our result. [

4.4 The Endomorphism Ring of an Induced Module
It is well known that for any irreducible cuspidal F'L-module C' of a Levi sub-

group L of G, the endomorphism ring End Fg(Rg () is a tensor product of Hecke
algebras (see [Dil]). Now we look at a slightly different situation.
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Let L = Gl.(q)" x Gli(q)* with s < e be a standard Levi subgroup of G. We
consider RY Pg,(L), and we write henceforth P := Pg,(L) and E := Endpz(P).

With Adjointness and Mackey decomposition we have

€ = Endpe(RY P) & Homp, (P, T{RY P) = @) Hompy(P,Rfsny Theny PY).

:EEDL’L

Note that € = Endpg(RY P) and Hompr (P, TY RS P) are free right E-modules
and that the isomorphism a : & — @, cp, , Hompr (P, R, TE. . P7) is an
isomorphism of F-modules. Now consider the E-submodule

H:= @ Homp (P, P*) C @ Hompp (P, Rieny, Then, PY)

xGDLL CCE'DL’L
L*=L

Denote by H := ofl(]:.l) the F-submodule of & corresponding to H and by
W(L,P) :={x € Dy | L* = L} a subgroup of the Weyl group which is called
the ramification group of L.

First we need the structure of the ramification group:

Proposition 4.10. The ramification group is the subgroup of S, permuting di-
agonal blocks of the same size, i.e. W(L, P) = S, x S;.

Proof. 1t is clear that each permutation of blocks of the same size satisfies L* = L
and P* = P. They are also in Dy, 1, since x and xz~! map positive roots in Wy, to
positive roots. On the other hand any element with L* = L and = € Dy, must
be a permutation of blocks of the same size since basic roots are mapped to basic
roots in this case. []

In the proof we actually use the following property of L.

Proposition 4.11. L is up to conjugation the unique minimal standard Leuv:
subgroup of G such such that Ps,(G) is a direct summand of RS P. Thus for any
subgroup M < L the Steinberg-PIM Ps,(G) of G is not a direct summand of

RY, Ps,(M). This implies also that P is not a direct summand of R%, Ps,(M) for
any standard Levi subgroup M < L.

Proof. Let C' be the cuspidal F'L-module in the unipotent block of L, which exists
by Theorem 2.5. The map Pg;(L) — C' is a minimal projective cover of C. This
can be lifted to RS Ps,(L) — RY C. But the module Dg(1,1") lies in the HC-series
Sr(L,C). So there exists a surjective homomorphism f : RS C' — Dp(1,1"). This
shows that RY Pg (L) is a projective cover of Dp(1,1%). But Dp(1,1") is also the
head of Pg,(G), so Pg(G) must be a direct summand of RS Pg,(L). Now for
any M < L we have TS, Dp(1,1") = 0 by the definition of the Harish-Chandra
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series. This implies Hompg(RS, Ps,(M), Dp(1,1")) = 0. But as Dp(1,17) is the
head of Ps;(G) there exists at least the projection map. Therefore Pg;(G) cannot
be a direct summand of R{; Ps,(M). This proves the minimality of L. Since
RS Ps,(L) = RS, Ps,(L)* all conjugates of L have the same property.

Now suppose L is any minimal standard Levi subgroup such that Ps,(G) is a
direct summand of R Pg,(L). Then P, (L) = T¢ Pg;(G) is a direct summand of
T¢ R% Ps,(L). This implies, by Mackey decomposition and the minimality of L,
that there exists © € Dy 1, such that L* > L. By the minimality of L we have
that L and L are conjugate. This proves the uniqueness.

The last claim follows from transitivity of HC-induction (see Prop. 2.1). Assume
that P is a direct summand of R}, Ps;(M). Then Pg;(G) is a direct summand of
R§, Ps:(G) = RY RY, Pg,(M) which is a contradiction to the minimality of L. [

Now we can state the main theorem of this subsection:

Theorem 4.12. Let B = {f1,..., fr} be an F-basis of E = Endpr(P). Then
H is a sub-algebra of € with a basis labelled {B,f; | w € W(L,P), f; € B}.
Furthermore H is a free E-module with basis {B,, | w € W(L, P)} and we have
the following multiplication rule

Bow(f"9) if llvw) = l(w) + 1

Pl B = {qd2Bw(f“’g) +(¢* = DBu(f*g) ifllvw) =1(w) =1

Here v denotes a basic transposition in W (L, P) and d is the size of the diagonal
blocks of L exchanged by v, which is either e or 1. The action of w € W (L, P)
on f € E is given by the corresponding permutation of the entries in the tensor
product, e.g.

[fla® - ®c)=(fi® 0 f) (ca® - ®cy) = fiw(c1) @+ @ fawlcn)

The proof mimics the structure of the proof used in [Dil] to calculate the mul-
tiplication in Endpq(RY C), where C is a cuspidal FL-module. We use several
lemmas and propositions to structure the proof.

First of all we have that for any w € W (L, P)
Qy : P — PY ClRCR R Cp > Clyp—1 @ Cop—1 R+ ® Cppp1

is an isomorphism of F'L-modules since Ps;(L) = Ps:(Gl.(¢))®" @ Ps:(Gli(q))%*.
The second important map is

.G pw G r— _ 3
Bype : Rp PY — Ry P Z mgF%Lg = Z mgF%Lwa_lg = Z mgF@;Lng
geEPL/G gePL/G geEPL/G
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where m, € P¥ for all g and U = ﬁ Y wey U- It was shown in [DiDu], that this
map is a natural equivalence of functors. This implies immediately that

(ay ®1id) o By py = By pey 0 (G ® id) z,y € W(L, P)
The following lemma will be needed for the first part of the multiplication rule:

Lemma 4.13. Let x,y € W(L, P) such that l(zy) = l(z) + [(y). Then

Ba:,PI o By,sz = Ba:y,PIy-
Proof. This is Proposition 10.2.2 in [Carter]. O

The following proposition establishes a basis for H with the maps introduced
before.

Proposition 4.14. {B,, pv o (a, ® id) o (f ® id) | w € W(L,P), f € B} is a
basis of H. We write By, := B, pw 0 (ay, ®@id). Furthermore {B,, | w € W(L, P)}
1s an E-basis of H.

Proof. We use adjointness and the Mackey formula to get a basis:

Endpe(Rf P) = Homp, (P, TERE P) = @ Hompr(P,Riwn, Thun, P*)

w€eDr, 1,
= @ Hompp (P, PY) @ EB Hompr, (P, Rfwny, Ps:(L N Lwil)w)
weW (L,P) weDr, 1 \W(L,P)
i

Now {a, o f | f € B} is a basis of Hompy (P, P*). Following the isomorphisms
backwards we get that {B,, pw o (a, ®id) o (f ® id) | w e W(L,P), f € B}isa
basis of H. Since all these isomorphisms are E-module isomorphisms we get that
{By, | w e W(L,P)} is an E-basis of H. O

Henceforth we will shorten By, o (f ® id) to B, f when this leaves no ambiguity.
The next step is the first half of the multiplication rule:

Proposition 4.15. Let w € W (L, P) be arbitrary and let v € W (L, P) be a basic
transposition (exchanging diagonal blocks next to each other) such that l(vw) =
l(w)+ 1. Then

By f o Byg = Buw(f"9)
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Proof. Using Lemma 4.13 and the natural equivalence of B, p» we get:

B,f o Byg = By pvo(a,®id) o (f ®id) o By pw o (a, ®id) o (g ® id)
= B, pv 0 By, pow 0 (ay fa,g ® id)
= Byw pvw 0 (Ayy ® id) o (fPg ® id)
= Buu(f"9)

O

For the second case we will consider a special case first. We take n = 2k with
k=1or k = e and we take L = Gli(q)?. Proposition 4.14 tells us that {B, [ |
w € {1,v}, f € B} is a basis of H, with v standing for the exchange of the two
blocks of L. The only relation to work out is the one for B?. Here we have the
following;:

Proposition 4.16. Assume that L has the properties of Proposition 4.11 i.e. L
is minimal such that Ps,(G) is a direct summand of RS P. With the notation
above, we have B?> = la + B,b, with a,b € E.

Proof. Since Pgi(G) is a direct summand of Rf P by assumption the projection
7 :RY P — Pg(G) < RY P is an element of Endpr(RY P). Since TS Py (G) = P
we have that the image of m under the Frobenius reciprocity is contained in the
component P & PY, since no other component contains a copy of P since they
are all induced from smaller Levi subgroups. So we have m € H. This implies:

7 =19+ Byh and 7* = 1¢* + B,(¢°h + hg) + B2h'h =1g+ B,h=7 (1)

where g, h € E. Now we assume B? = la+ B,b+x, where a,b € E and x belongs
to an F-space complement of H in Endpz (RS P). Comparing coefficients in (1)
we get xh"h = 0. We have to establish = 0. To achieve this, we show that h is
invertible. So assume that h is not invertible. Now we remark that E, being the
endomorphism ring of a PIM, is a local ring. So every non-invertible element is
actually nilpotent and F = F @ J(FE) as F-space. Since 7 is an idempotent, it
cannot be nilpotent, therefore ¢ = alg + g has to be invertible, with o € F* and
g € E nilpotent. Comparing coefficients of 15 = B, we get

ol +2ag+ >+ h’ha =alp+§

eJ(E)

and we conclude that o = 1. But now we compare the coefficients of B, and get

2h, +g h+h€+h hb= _h
€J*(E) eJh1(E) €Jk(E)
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where k is chosen such that h € J*(E) but h ¢ J**!(E). The equation remains
true modulo J¥*1(E) and so we conclude h = 0 modulo J**1(E). By the choice
of k this is only possible if A = 0. But this implies, that 7 is invertible, and
therefore 7 = id. But this is impossible. Since the equation RY P = Pg,(G)
would also be true in characteristic 0 we can look at the ordinary Steinberg
module of L, which is Sk (1, 1%) ® Sk (1, 1%). Its induction to G is governed by the
Littlewood-Richardson rule, so we see that it contains Sk(1,(2%)) for example,
which does not lie in Pg;(G). So we must conclude that h is invertible and the
proposition is proved. 0

Now we take again L = Gl.(q)" x Gl;(q).

Lemma 4.17. Let Ps,(G) be a direct summand of RS Ps,(L). Then for any Levi
subgroup L < M < G, Ps,(M) is a direct summand of R}’ P.

Proof. Ps;(G) is the projective cover of the Steinberg module Sr(1,1"), therefore
there exists a nonzero homomorphism in Hompg(Ps:(G), Sp(1,1")). Since Ps:(G)
is a direct summand of RY P this induces a nonzero homomorphism RY P —
Sr(1,1™). By adjointness of functors we have

0 # Hompg(RY P, Sp(1,1")) = Hompy (RY P, TS, Sp(1,1™))

But TY, Sp(1,17) is the Steinberg module of FM and R} P is projective. Since
Pgi (M) is the minimal projective cover of the Steinberg module it must be a
direct summand of R} P, as claimed. O

Now we have gathered all the ingredients for the second part of the multiplication
rules:

Proposition 4.18. Let w € W (L, P) be arbitrary and let v € W (L, P) be a basic
transposition such that l(vw) = l(w) — 1. Then

B, o B, = By,a+ B,b (2)

with a,b € E.

Proof. Since I(vw) = I(w) — 1 this implies, that w = vw’ with I(w) = l(w') + 1.
Therefore B,, = B, o B,y by Proposition 4.15. So we can assume w = v and just
look at B2. Now let M := L(v) be the smallest Levi subgroup of G containing L
and v. From Lemma 4.17 we know that Pg,(M) is a direct summand of R} P.
Just looking at the two blocks exchanged by v we get by Proposition 4.16 that
on R} P we have B? = la + B,b. But Harish-Chandra induction from M to G
then gives the same on RY P. O
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We now want to calculate the coefficients a and b in the formula of Proposition
4.18. Note that by the proof of that theorem these coefficients do not depend on
w, but only on v and are the same as those of Proposition 4.16. We let both sides
of the equation (2) act on (m ® 1) with m € P arbitrary. This gives:

m @ vU; vU; = a(m) @ 1+ a, o b(m) @ vU;

Now we use the unique decomposition of P F%L FG as ), gep, /GP F%L g and

compare coefficients for g = 1. Since vU, v N P, = {1} and v ¢ P, we have

1 -
m® —U, =a(m)® 1.
1%
Furthermore, u € U, C Uy, acts trivially on the F'L-module P, so a acts on P as
ﬁ — ¢~% where d is the size of the blocks exchanged by v.
For b we use the same technique and let both both sides of the equation act on
m ®v. We get

m @ vU, vU, v = a(m) ® v + a, o b(m) @ vl v

Comparing coefficients again we get the following condition:

bim)® 1= Z a;t (m)vuvu'v @ 1 (3)

u,u’ €U,
vuvu vEPY,

Before we continue, we need a result from ordinary representation theory of finite
groups:

Lemma 4.19. Let C,C" be non-isomorphic irreducible KG-modules and let T :
G — GIC) and T" : G — GI(C") be the corresponding matriz representations.
Then:

ZmT(QA) R vaT'(9) = 0 and ZvlT(gfl) ®@ 0,1 (g) =

geG geG

for any vy ® vo € C @ C".

Proof. 1t is enough to prove the statement for a basis {e; ®e; | 1 <i,5 < dim C'}
where {ey, ..., eqmc} is the standard basis of C. Now we use orthogonality rela-
tions for representations (see e.g. [Hul, §V.5, Theorem 5.7):

_ ) &
> Tilg NTule) =0 and Y Ty(g ") Talg) = ddag—~

gelG geG
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Therefore

Yol oal g =) Y Tilg™) @ ali(9)

geG geG 3,1
_Ze]®el (ZTH DTl (g );0
geG

and

Z eT(g7") @ erT(g Z Z e;Tii(g7") ®eTr(g)

geG geG j,l
geG
G
= di|m|C' (€j®6l)5jk5il
gl
_ &l %e
dimC " ‘

]

To simplify notation we assume that v exchanges the first and the second block.
If v would exchange any two other blocks the result is the same. This leads to

u 1

14+uwd w

vuvu'v = 1

1

Recall from equation (3) that u,u’ € U, are d x d matrices. So 1 really is the
appropriate identity matrices. From (3) we also have the condition vuvu'v € Py
which implies 1+ uv’ = 0, so v’ = —u~! € Gly(q). Now suppose m = (¢; @ - ®
¢,) € P. Observe that |U; | = ¢* so we get

beg®-®cy,) = q_d2 Z -t Rcau®- - ®c,
u€Glg(q)

= —q*d2 Z U lRau® - ®cy

u€Gly(q)

To actually calculate b we need to lift the equation to OG and then tensor with
K to get a problem in characteristic zero. This is possible since Harish-Chandra
induction and restriction commute with this and P is a projective module. Since
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P is a direct summand of the Gelfand-Graev module each ordinary constituent
has multiplicity 1. So we have two cases to consider: ¢; ® ¢y € CRC" with C 2% '
and ¢; ® ¢ € C'® C'. Both cases are dealt with by Lemma 4.19. This gives us:

{o if C % "

g \d(i}éi((q_g(cl ® -+ ®¢,) otherwise

b(C1®"'®Cn):

If d =1, then the Steinberg-PIM Ps;(Gly(q)) is equal to the Steinberg module,
since ¢ does not divide the order of Gly(¢q) in this case. The dimension of the
ordinary Steinberg module is ¢#@~1/2 (see [Carter],§6.4). This implies

BUD (1) = (- )

In the case of d = e we have, that each ordinary module in Ps;(Gls(g)) has degree
1Gla(q) : Caiyq)(5)|p|Caiyg)(8)]p where s is the semisimple (-element describing
the module (see [Carter|,§8.4). All modules other than the Steinberg module

contain at least one factor Gli(¢°) in Cqi,g)(s). Therefore in all cases (including

the Steinberg module) (¢°—1) divides % which in turn implies that the factor

is 0 = (¢¢ — 1) over F. This proves the second part of the multiplication rule.

We get an easy corollary to Theorem 4.12:

Corollary 4.20. The sub-algebra H in & has the form H = (FS,@H, r(Ss))QpE
and its radical has the form J(H) = (FS, ® Hyr(Ss)) ® J(E). The quotient is
isomorphic to F'S, ® H, r(Ss), which is semisimple.

Proof. The form of the algebra is just a restatement of Theorem 4.12. Note that
because of s < e < ¢ the Hecke algebra H, (Ss) is semisimple and actually
isomorphic to F'S;. From general theory (see e.g. [CuRel], Theorem 10.38) we
know that the radical has the form J(F'S, ® F'S;) @ E+ (FS, ® F'Ss)® J(E). But
FS, ® F'S, is semisimple because el > n, so { > n/e > r. So J(F'S, ® FSs) =0
and the rest follows. O

In the next step, we decompose RS Ps, (L) into PIMs:

Proposition 4.21. Let L = Gl.(q)" x Gli(q)® with s < e. Then

RY Ps(L) = @ maP())
pkEr, aks
)\’:o/—i-ep’

where P(X) is the projective indecomposable module with head Dp(1, \) =: [A] and
my denotes the multiplicity of [\ in RS C. Here C is the cuspidal FL-module
Drp(1,19)%" @ Dp(1,1)®°.
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Proof. We know that RS Pg,(L) is a projective cover of RY C, since C'is the head
of Ps;(L). The multiplicity comes from the following calculation:

#P(\) direct summand of R Pg,(L) = dimp Hompg (RS Ps (L), [A])
= dimp Hompp (Pg (L), TZ[A]) = dimp Homp,, (C, TZ[A])
= dlmp HOHng(Rg C, [)\]) = My

In the second line we use that T¢[)\] is semisimple (Theorem 3.7) and in the third
line, that RY C is also semisimple, since Endpg(RY C) = Hye p(S,) @ Hy r(Ss) =
FS, ® FS, is semisimple.

Now suppose P()), for some A F n, is a direct summand of Rg Psi(L). Then as
above C has to be a simple constituent of the semisimple module T [A]. This in
turn implies Hompz (TS P()\), C) # 0. Then Hompg(P(A), RY C) # 0 and since
RY C is semisimple, this means that [A] belongs to the Harish-Chandra series
S(L,C). So A n satisfies ' = o/ + ep’ with pr and a F s. O

Now we identify the PIMs of H:

Proposition 4.22. Let &+ ---+¢é, =1 € H/J(H) be a decomposition into
pairwise orthogonal, primitive idempotents. Then there exist e; € H such that
ei+J(H)=¢ ande;+---+e, =1€ H CE is a decomposition into pairwise
orthogonal primitive idempotents in .

Proof. We know by Corollary 4.20 that H = H/J(H) ® E. We take ¢; := ¢; ® 1.
From the rules of multiplication and addition it is clear that the e; are pairwise
orthogonal idempotents. They have to be primitive, since the number of primitive
idempotents is the same in H/J(H) = Endpg(RY C) and in &, which was shown
in Proposition 4.21. O

Before we finish with the structure of the radical series of H, we will use the
previous proposition to draw some facts about the structure of &:

Proposition 4.23. We have
E=H+J()

where J(E) denotes the usual Jacobson radical of £. Furthermore, every simple
E-module is simple as H-module.

Proof. From Proposition 4.22 we know that every primitive idempotent of £ lies
in H. Therefore £/J(€) = H/J(H) which proves the first claim. The second one
is an easy consequence of £ = H + J(&) since J(&) acts as zero on any simple &-
module X, so H and &£ act the same on X and X can only be simple as £-module
if it is simple as H-module. [
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Let f be any of the primitive idempotents of H. Then the radical of fH is
fH-J(H)= fJ(H) since H is a semi-local ring (see [CuRel], Prop. 5.29). So we
inductively get (by Cor. 4.20):

JHfH) = fIMH) = (f(FS, © FS,)) ® J*(E)

To calculate the radical series of fH we have to decompose J*(fH)/J* 1 (fH).
The factor is

JEFH) TN (fH) = (f(FS, ®@ FS) @ JNE)/JM(E)

Since J(E) acts as zero, this is a semisimple F'S, ® F'Sg-module. The irreducible
constituents of F'S,®@F'S, are tensor products of Specht modules S*' ®5?2 labelled
by bipartitions (A1, A2), where A; F r and Ay F s. The projective indecomposable
H-modules are also labelled by such bipartitions.

To formulate the next result, which gives the decomposition of the £ radical layer
we need some notation. Denote by M *1:*2) the permutation module of F'S, ® F'S,
belonging to the bipartition (A1, A2). For any p = r we write comp(k, d, p) for
the number of compositions of k of the form (z/{*,z%?,...,2"”) where the z; are

]
pairwise different integers with 0 < z; < d — 1.

Theorem 4.24. Let (A, \2) and (w1, pe2) be bipartitions of (r,s). Counting the
radical layers from top to bottom (and starting with the 0" layer) we obtain the

following formula for the number of composition factors of type S ® S*2 in the
k™ layer of the PIM labelled by (i1, i) of the algebra H :

Z comp(k,d, p) - dimp Hompg, o rs, (S™ ® S*2, (5" @ S#2) @ M)

pEr
Here d equals the length of the Loewy series of Psi(Gle(q)).
Proof. We start by looking at J*(E)/J*'(E). Denote by £ the endomorphism

ring £ := Endrai,(q)(Pst(Gle(q))). By the formula in Proposition 4.8 we know
that as F-vector spaces we have

BN E) = @ TUE) I E) @ JT(E) /T E) @ F

0<iy,...ir<d—1

i1t tir=k

- @ r=® @ w
i o <11+>:(f’1’1:k$? )

= @comp(k, d, p) M)
pEr
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The last expression also respects the action of F'S, ® F'S, on J¥(E)/J*(E).
Therefore

JE(FH) ) JHH(FH) = @Comp(/ﬂ,d’ p) (8" @ S2) @ MP)

pEr

Since everything is semisimple, counting the dimension of the Hom space is the
same as counting the number of composition factors. This proves the theorem. [J

4.5 The Special Case ¢ =1

We want to look at the special case e = 1, because here we can get the Loewy
series of all PIMs in the unipotent block, not just the series of the Steinberg
PIM. The reason is that we have a convenient projective generator and therefore
a complete knowledge of the endomorphism ring of this generator. Note that the
condition el > n specialises to ¢ > n in this case.

Proposition 4.25. Let 17 be the trivial module of F'T and denote by Psy(T) =
P(17) a projective cover of 1p. Then RS P(17) is a pro-generator for the unipo-
tent block.

Proof. The endomorphism ring Endpg(R% 17) of RS 17 is the Hecke algebra
Hrq(S,) (see [Dil]) and since £ does not divide n it is semisimple. Therefore RS 17
is a direct sum of simple modules. Since all simple F'G-modules are contained in
the Harish-Chandra series Sp(T,17) the lifting RS (f) : R% P(17) — R$ 17 of
f: P(1y) — 1p is a projective presentation of the block and R¢ P(17) therefore
a pro-generator. ]

Since there exist no Levi subgroups L < T we immediately get from the definition,
that in this special case H = Endpe (RS P(17)) and furthermore H = F'S,,. This
shows, that we can use Morita equivalence (see [CuRel], §3D) to calculate the
Loewy series of the PIMs from the Loewy series of H as described in theorem
4.24. The only thing we need to know is the correspondence between the labels
of the irreducibles. Not surprisingly we have:

Proposition 4.26. Under the correspondence of the Morita equivalence between
RS P(17) and H the irreducible Dp(1,)\) corresponds to the irreducible Specht
module S*.

Proof. This is a special case of Proposition 4.36. m

We restate theorem 4.24 in the language of F'G-modules:

34



Proposition 4.27. Let A\, i be partitions of n. Counting the radical layers from
top to bottom we get the following formula for the number of composition factors
of P* of type Sp(1, ) in the k™ radical layer:

Z comp(k, d, p) - dimp(Hompg, (S*, S* @ M”))

pEn

where d = |(GF(q)*)e|.

4.6 Main Theorem

We want to put the gathered knowledge to use and state a relation between the
radical series of Pg;(L) and the radical series of Pg;(G) in almost all cases of
Abelian defect. We assume e > 1 since the proofs given here do not work in the
special case e = 1.

Theorem 4.28. Let L = Gl.(q)" x Gli(q)® with s < e and e > 1. Then for any
standard Levi subgroup L < M < G and any non-negative integer i we have:

T J'(Psi(G)) = J'(Psi(M))

We start by showing some lemmas. Let L = Gl.(¢q)" x Gli(¢)* as above.

Lemma 4.29. Let M < G be a standard Levi subgroup and let X < Pg(G).
Then for all non-negative integers i we have J (TS, X) C TS, J/(X).

Proof. Since HC-restriction is exact, we have the following short exact sequence:
0— TG J(X) = T X — TG hd(X) — 0

By Theorem 3.7 we know, that T$, hd(X) is semisimple. Therefore J(T$, X) C
TS, J(X). Using this inclusion multiple times proves the claim. O

Lemma 4.30. The unique reqular composition factor D,.,(n) of Psi(G) lies in
the head of J"(Ps:(G)).

Proof. The uniqueness of D,4,(n) was proved in Corollary 3.3. We denote by
D, .4(L) the unique composition factor D,c4(e)” X Diyey(1)® of Psy(L). This com-
position factor lies in the head of J"(Ps(L)) by Corollary 4.9. We know,
that J"(Ps:(L)) C TS J"(Psi(G)). So Dyey(L) is no composition factor of
TS (Psi(G))/ TS J"(Psi(G)). Because TG Dyey(n) = Dyey(L) by Proposition 3.8
this implies that D,.4(n) is a composition factor of J"(Ps;(G)). So Dyey(n) is a
composition factor of hd J*(Ps;(G)) with i > r.
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On the other hand we know, that D,,(n) is a composition factor of the Steinberg
module Sp(1,1") and occurs with multiplicity one there. Furthermore, Ps:(G) is
a projective cover of Sp(1,1"). But by Corollary 2.24 of [DiGr] we know that
Sr(1,1™) has exactly one composition factor in each modular HC-Series of the
unipotent block. There are r + 1 modular series in this block (see Prop. 2.10), so
Sr(1,1™) has r + 1 composition factors. So D,4(n) lies in the head of J'(Pg;(G))
with 7 < r. O

The following observation is an easy consequence of the lemma and its proof
above, but interesting in its own right.

Proposition 4.31. Let e > 1 and let r such that n = er + s with s < e as
above. Then the Loewy series of the {-modular reduction Sp(1,1™) of the ordinary

Steinberg module as defined in section 2.3 is uniserial with (r + 1) composition
factors. Furthermore hd Sg(1,1") = Dp(1,1") and soc Sp(1,1") = D,ey(n).

Proof. From the construction of Dg(1,1") we know that hdSp(1,1") =
Dp(1,1"). As in the proof of Lemma 4.30 we have that Sp(1,1") has exactly
(r 4+ 1) composition factors. Let 7 : Ps;(G) — Sp(1,1™) be a minimal projective
cover. We have m(J(Ps;(GQ))) C Ji(m(Ps:(@))) = J(Sp(1,1")). Now the unique
e-regular composition factor of Ps;(G) is contained in hd J"(Ps:(G)) by Lemma
4.30. So its image cannot be zero in Sp(1,1") and therefore J"(Sg(1,1™)) # 0. But
Sp(1,1™) has only (r + 1) composition factors and so each radical layer contains
exactly one composition factor and J"(Sp(1,1")) = soc Sp(1,1") = D,ey(n). O

The next corollary is an easy but important consequence of the Lemma 4.30.

Corollary 4.32. Let Hompq(J/(Psi(G)), RS Dyeg(L)) # {0}. Then this Hom
space is 1-dimensional, we have i = r and each homomorphism factors through
Dyey(n) € RE Dyy(L).

Proof. The Hom space has dimension at most 1, since by Frobenius reci-
procity it is isomorphic to Hompp, (TS Ji(Psi(G)), Dyeg(L)) and TS Ji(Psi(G)) <
TY Ps;(G) = Psy(L). Since Pg;(L) has exactly one composition factor D,.,(L)
(see Cor. 4.9) the claim follows.

We already know that D,.,(L) lies in the modular Harish-Chandra series
Sp(T, 17). Therefore the socle of RY D,.,(L) consists only of irreducibles from
this series (see Prop. 2.12), which are those Dg(1,)) with A\ e-regular. Also
Diyeg(n) € RY D,y(L) is unique by Frobenius reciprocity. But D,.4(n) is the only
e-regular composition factor of Ps;(G). So for any non-zero homomorphism f €
Hom g (J*(Psi(G)), R D,ey(L)) the socle of its image is Dyey(G) € RY D,ey(L)
and ¢ <.
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For i = r we know that D,.4(n) is a composition factor in the head of J"(Pg;(G))
by Lemma 4.30 and so everything is clear.

For i < r we assume dim Hompp (TS J'(Ps;(G)), Dyeg(L)) = 1. Then D,.,(L)
is a composition factor of Ps,(L)/J(T$ Ji(Ps;(G))) which is a factor of
Ps(L)/J"(Ps;(L)). But this module has no composition factor D,.,(L) by
Lemma 4.30 which leads to a contradiction. O

The next proposition shows, that if we prove the theorem for L we immediately
get the same theorem for any standard Levi subgroup M with L < M < G.

Proposition 4.33. Let L < M < G be a standard Levi subgroup. Assume
J{(Psy(L)) = TS J{(Ps(Q)) for some non-negative integer i. Then

J'(Psi(M)) = T5; J'(Psi(G))

Proof. We already know J'(Pg,(M)) C TS, J'(Ps/(G)) by Lemma 4.29. Now
suppose this is a proper inclusion. This gives the following short exact sequence:

0 — J'(Psy(M)) — TS, J(Ps:(G)) - X — 0

where X # 0. There are no cuspidal F'M-modules in the unipotent block for any
L < M since r < ¢, s < e. So we have T} X # 0. Using the exactness of T} we
get

0 — TY J{(Pgy(M)) — TS J'(Ps(G)) — TH¥ X — 0

This is a contradiction, since by assumption T¢ J/(Ps,(G)) = J/(Ps(L)) C
T3 J'(Pst(M)). O

Now we are ready to proof the theorem.

of Theorem 4.28. In view of Proposition 4.33 it is enough to check the case M =
L. We use induction on i. The start ¢ = 0 is just identification Tg Psi(G) = Pg(L)
(see Prop. 2.19). So we assume Ji(Ps,(L)) = T J!(Ps,(G)). Since

JH N (Psy(L)) = J(FL) - J'(Psi(L)) < J(TE J'(Psi(G)) < T J™ (Psi(G))

by Lemma 4.29 we know by inductive assumption hd T¢ J*(Ps,(G)) is contained
in hd J'(Ps;(L)). By counting the factors we will prove that this is in fact an
equality, so J*(Pg (L)) = TS JH (Pg(G))

We first fix some notation. Let X = Dp(1,1)%" ® Dyey(€)®" @ D,ey(1)®° be an
irreducible F'L-module and let M = G; x Gy = Gler(q) X Gleas(q) be a Levi
subgroup of G. We write L; = Gl.(¢)" and Ly = Gl.(q)" x Gl;(q)*. We also write
X = X' ® D,¢y(Ly) where X' = Dp(1,17)%".
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The number of times that X is a direct summand of T% hd J/(Ps,(G)) will be
denoted by w(X). Since T hd J*(Ps(G)) is semisimple we have

w(X) = dim Hompy (TS hd J'(Ps,(G)), X)
= dim Hompy (TS, hd J*(Ps,(G)), R} X)
= dim Hompp (T§; hd J'(Psi(G)), RS X' @ RY? Dyeg(Lo))

Since 7 < ¢ and X' is cuspidal, by [Dil] Rfll X’ is semisimple and its irreducible
constituents are determined by the semisimple F-algebra EndFGl(Rfl1 X') =
Hyqe(Sr) = FS;. Let Y be any irreducible F'Gi-module in the modular Harish-
Chandra series S(L1, X’). Denote by m(Y’) multiplicity of Y in the semisimple
FG1-module Rfll X'. The multiplicity m(Y") is the same as the multiplicity of X’

in Tfll Y by Frobenius reciprocity.

As in the proof of Corollary 4.32 soc jo D, cy(L5) consists only of e-regular com-
position factors and D,.,(G2) has multiplicity 1 in there. Since the simple sub-
modules of T, hd J*(Ps,(G)) are of the form A® B with A a composition factor

of Pg;(G1) and B a composition factor of Pg;(G2) we can substitute D,.4(G2) for
R$? Dyeg(Ls). So

wX)=" Y m(Y)-dimHompy (TF hd J'(Psi(G)),Y @ Dyeg(Gh))
YeS(Ly,X")

= > m(Y) dimHompg(hd J'(Ps(G)), R Y @ Dyeg(Ga))
YeS(Ly,X")

Now hd J*(Ps;(G)) is semisimple and R$; Y ® D,.,(G2) is simple (by [DiJal],
Thm 5.2). So we can lift each homomorphism hd J/(Pg;(G)) — RS, Y ® Doy (Go)
to a homomorphism J/(Pg;(G)) — RS, Y @ D,ey(Ga). We get

wX)=" Y m(Y)dimHompe(J (Psi(G)), R Y & Dyeg(Ga))
YeS(Li,X")

= Z m(Y) dim Hompp (TS, J/(Pst(G)), Y @ Dyeg(Go))
YeS(Ly,X")

= dim Hompp (TS, J(Pst(G)), RY! X' ® Dyey(G2))

By Proposition 4.33 and the inductive assumption we know that T, J*(Ps,(G)) =
J'(Psy(M)). Furthermore we can describe the radical series of Pg;(M) in terms
of the radical series of Pg;(G1) and Pg;(G2) as in Proposition 4.8:

JH(Psy(M)) = J"H(Psy(Gh)) @ J*(Psi(Ga))

k=0
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Let 0 # f € Hompy (J(Psi(M)), Rgll X' ® Dyeg(Gs)). Let f be the restriction of
f to the submodule J**(Pg,(G4)) ® J*(Ps;(Gs)). By general theory f = g ® h
with h @ J*¥(Ps(G)) — D,ey(Ge) being an FGo-module homomorphism. By
Corollary 4.32 every homomorphism A’ : J*(Ps;(Gy)) — Rfj D,eq(L2) factors
through D,.,(G2) and is almost always zero. So we can substitute D,.,(G2) by
jo D,cy(L2) in the equation above:

w(X) = dim Hompy (TS, J'(Psi(G)), R X' @ RY? Dyeg(Lo))
= dim Homp (TS J'(Psi(G)), X' @ Dyey(Ls))
= dim HomFL(Ji(PSt(L)), X'® Dyeg(Lo))

The last line says that the number of times, that X’ ® D,.,(L2) is a composition
factor of hd Ji(Ps,(L)) is the same as for TS hd J*(Ps,(G)).

We get each composition factor Y of Pg;(L) by permuting the factors of X and
by changing 7 (see Cor 3.15). But for any permutation Y of the factors of X
we have again the same numbers on both sides, by Frobenius reciprocity and the
fact, that RS X = RY Y. But the arguments also do not depend on the value of 7.
So we have that T hd J*(Pg(G)) and hd J*(Pg;(L)) have the same composition
factors. This proves the theorem. O

4.7 Calculation of the Loewy Series

In this subsection we again assume e > 1. The Theorem 4.39 below is still valid in
this case (just compare Prop. 4.27) but the proofs need this additional assump-
tion.

There remains one problem to solve in calculating the Loewy series. It is illus-
trated by the following example:

Let G = Gly(gq) with ¢ = 9 and ¢ = 5 so e = 2. The structure of the radical series
of Ps;(Gla(q)) given by Theorem 4.4.

[17]
Pa(Gla(q)) = [17] & [2]
[17]

where we write just [A] for the modular irreducible module Dg(1, A). Writing [A][x]
for the irreducible F'L-module Dg(1,\)® Dg(1, 1) we obtain for the radical series
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Of PSt<L):

From Theorem 3.5 we know that [4], [2%], [21%] and [1] could be composition
factors of Pg:(G). The following tabular gives their restriction to L:

M |T¢ M

[4] | [2]12]

[2%) | [12][1%]

[21°] | [1%)[2] & [2][17]
[ ] [1%)[1%]

So [4] and [21?] can be uniquely identified by their respective restriction, but [22]
and [1%] can not be distinguished this way. So at this point we can say that the
radical structure of Pg;(G) looks something like this:

[+]
[+] @ [+] @ [217
] @ [+ © [x] @ [21°] @ [4]
[+] ® [T] ]@ [217]

where [#| stands for either [1?] or [2%]. We see that this approach leaves the
unsolved problem to identify the correct source if two irreducible modules have the
same restriction or if the restriction of two irreducible modules have composition
factors in common, which can happen in bigger examples.

The identification is solved in the following propositions:
Proposition 4.34. Let Dp(1, 1) be a composition factor of Psi(G) and assume

that i’ = o' + ep’ where a is e-reqular and a partition of r > e. Then Dgp(1, pn) is
uniquely determined by TS Dp(1, 1) with L = Glo(q) x Gl,_.(q).

Proof. We claim, that TS Dp(1, 1) contains a direct summand D, ey(e)®@Dp(1,N)

and that A - n — e uniquely determines u. Let § F |a| — e be the partition
corresponding to Dye4(|or| — €). Define A = n —e be N = ' 4+ ep’. The proof of
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our claim is just a careful analysis of the proof of theorem 3.7. D,,(e) ® Dp(1,\)
is a direct summand, we just look at z = 1 in the Mackey decomposition.

Now suppose D,e,(e) ® Dp(1,)) is a composition factor of T¢ D(1, ). Each
composition factor has the form

Gle Glp—e
(Rt (o) Drea(@)@ D (L, (en)) @ (RGY (5, _._.() Drea( @@ D (L, (7))

If the first factor is D,.,(e) we have a = e and this implies Dp(1, (e7')")
Dr(1,(ep')’) by construction of X\. But by construction of v (in the proof of 3.
we know v = p and therefore \ determines p.

O3 R

The remaining case, where the e-regular part of the partition is smaller than e,
needs more machinery. We start by a more general observation, which will be
used subsequently:

Proposition 4.35. Let P be a projective module FG-module and let £ =
Endpg(P) be the endomorphism ring. Then there is a bijection as partially ordered
sets between the right ideals of € (henceforth E-ideals) and those right submod-
ules U C P such that P is also a projective generator of U i.e. there exists an
integer n and a surjective homomorphism P™ — U (henceforth called P-mod).
The bijection is given by

F : E-ideals — P-mod I+ 1-P:= Im(f) (4)
fel
G : P-mod — E-ideals U — Homyg(P,U) (5)

Proof. This is a specialisation of a far more general theory about Schur functors
which can be found for example in [BrDiKl] chapter 3. From there we know that
our functors are mutually inverse equivalences of categories between mod-£ and
the full sub-category of mod-kG such that P is a projective generator (Theorem
3.1d and Lemma 3.1f in [BrDiKl]). So we just need to show that in case of our
sub-categories F o G and G o F are in fact identities.

First we have to show that the images of our functors are of the form we claimed.
For any submodule U C P we have that Homye(P,U) is a right ideal in €. On
the other hand for any right ideal I < & we have that [ - P =} . Im(f) C P
and since [ is finitely generated, P is a projective generator of this submodule.

For any U € P-mod we have Homyg(P,U) - U C U by definition. But since
P is a projective generator for U, we also have U C ZfeHomkG(RU) Im(f). So
F oG = idpmoea. For any I € E-ideals we have I C Homyg(P, I - P) from the
definition and Homyg (P, I - P) = I from the equivalence of categories. Together
this gives G o F = idp_moq.

The partial orderings of this sets are clearly respected by the functors, since I C J
implies /- P C J - P and U C V implies Homyq(P,U) C Homyg(P, V). O
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We want to apply this proposition to the case where P = Rg Psi(G) and cal-
culate some part of the radical series of P from the radical series of £ =
Endpg(RY Ps(G)). From Proposition 4.21 we know, that all the composition
factors which we still want to identify occur in the head of P. Unfortunately, we
do not know &€ well enough. We only know the sub-algebra H well enough. But
as the following propositions will show, this is good enough for our purpose.

First we need to know how the labelling of the PIMs and therefore the irreducibles
of £ and P correspond in our case:

Proposition 4.36. Let f be a primitive idempotent of €. Then hd f€ is an
irreducible H/J(H) module and therefore labelled by a pair of partitions (A1, A2)
with Ay Fr and Ay = s. Then f€ - P is the PIM of G corresponding to the label
p with (1 = Xy + (eX))'.

Proof. The first claim is a restatement of Proposition 4.22. The second claim
follows if we just look at the heads of the PIMs involved. Under the map F the
head of £ just maps to the head of P. But the head of £ is just the semisimple
algebra F'S, ® F'S; and the head of P is just RgC’ with C' being the unique
cuspidal F'L-module in the unipotent block. The correspondence between those
has been described in the work of Dipper (see [Di3], §5). O

We write 7 for the map that is projection from Rg Psi(L) onto Pg(G) followed
by the inclusion from Pg,(G) into RS Ps,(G). Form the definition of H it is clear
that all endomorphisms f : R Pg,(L) — Pg(G) < RY Pg(L) are contained in
H. So in fact 7€ = mH. So we can look at the radical series of mH instead of
the radical series of 7€ to determine the unknown in the radical series of Pg:(G).
Because all £-ideals of 7€ are H-ideals it is clear that F gives a surjective map
from H-ideals of mH to the P-mod submodules of Pg;(G). But it is not clear,
that this map also respects the radical series and is injective. This is the claim of
the next proposition:

Proposition 4.37. Let A be a partition of r, M = Glg.(q) x Gls(q) and let k
be a non-negative integer. Furthermore suppose that the number of composition
factors of type [1¢] in Psi(Gl.(q)) is at least 3. Then the number of times, that
S* @ SU°) is a composition factor of the k™ radical layer of mH is the same as
the number of times, that RS, Dr(1, (eN)') ® Dyey(s) is a composition factor of
the k'™ radical layer of Psi(G).

Proof. We already know by Proposition 4.36 and Proposition 3.5 that the com-
position factors Ry, Dr(1, (eX'))® Dp(1,1°) (and note that D,.,(s) = Dp(1,1%))
are the only ones which occur in Pg;(G) and can be "seen” by £ and H. We also
know from Proposition 4.23 that any simple £-module is a simple H-module and
therefore any semisimple £-module is also semisimple as H-module. This means
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that the radical series of 7€ viewed as H-modules already has the characteristic
that the various factors are semisimple. So we get inductively that the k™ radical
layer of 7€ is included in the k' radical layer of wH, provided the (k — 1)
layers are equal. So it is enough to show that the layers have the same number
of composition factors.

We start by counting the number of those composition factors of the k' rad-
ical layer of Pg(G) which are of the form RS, Dr(1, (eN)') ® Dyey(s). Since
TY RS, Dr(1, (eN)) @ Dieg(s) =2 m(A\)Dp(1,19)8" @ D,.y(1)®* by Corollary 3.15
we count the number of composition factors of type Dr(1,1°)%" ® D,.,(1)®® in
the k' layer of Pg;(L) instead. As in Corollary 3.15 m(\) denotes the multiplicity

of Dp(1,19)" in Tg, () Dip(1, (X)),
From the structure of Pg;(Gl.(¢q)) and the construction of the radical series we get

that this number is (and here we use that [1°] occurs in each layer of Pg;(Gle(q)))

Z comp(k,d, p) dimp M?.

pEr

Now we want to count the factors corresponding to RS, Dp(1, (eN)') ® Dyey(s) in
the k' radical layer of mH and show that the number is equal. From Theorem
4.24 we get for the number of composition factors of type S* @ SU°) in the k*
radical layer of the PIM of H labelled by (17, 1°):

Z comp(k, d, p) - dimp Hompg grs. (S ® S (S(lr) ® S(ls)) ® M(p’(s)))

pEr

For counting purposes we can just ignore the second part of all these modules. To
compare this expression with the previous one we have to sum over all possible
partitions A - r and we have to take into account the multiplicity we get when
applying HC-restriction. This gives:

Z m<)\) Z COmp(k7 d> p) : dlmF HomFS'r (S)\a S(lr) ® Mp)

A pEr

Since tensoring with S") induces a bijection on the irreducible FS,-modules we
can ignore it, since we sum over all A = r. To get our desired result, we only have
to prove the following equation for any p - r:

Z m()\) dimp Hompg, (S, M*) = dimp M”

AEr
But we have dimp M? = 3,  dimpHompg (S*, M?) - dimp S* since FS, is
semisimple and

dim S* = number of standard \-tableaux
= dimp HomFST(SA, (S(l))@" TFST)
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(see [Jal] §8,816). But the last number is equal to m(\) since F'S, is isomorphic
to the endomorphism ring Endpz (RS Dp(1,1¢)") (see [Dil]). O

The missing case, where Ps;(Gle(q)) has the form
Dp(1,19)

Direg(€)
Dp(1,1°)

can be treated similarly. The only difference is that every other layer of Pg;(L)
has no composition factor of the form Dp(1,1°)®" ® Dp(1,1)®%. So the formulae
must be adjusted. We have:

Corollary 4.38. Let A\ be a partition of r, M = Gl..(q) x Gls(q) and let k
be a non-negative integer. Furthermore, suppose that the number of composition
factors of type [1¢] in Ps;(Gle(q)) is 2. Then the number of times that S* @ S1°)
is a composition factor of the k'™ radical layer of mH is the same as the number
of times that RS, Dr(1, (eN))® Dyey(8) is a composition factor of the 2k radical
layer of Psi(G).

We close this section with two examples. First we finish the example above:

The H-structure of the corresponding PIM of Pg;(G) looks like this with [A]
written for S*:
[17]
[1*] @ [2]
%] @ [1*] @ [2]
[1*] @ (2]
[17]
Now [1%] corresponds to [1] = Dx(1,1*) and [2] corresponds to [2%] = Dg(1,22).
By the Proposition 4.37 and the previous calculations this means, that the radical
structure of the Steinberg PIM of Gly(q) is
[1°]
1] & [2%] & [217]
Pa(GlL(q)) = [ & [1'] @ 2] @ [21°] © [4]
1] @ [2%) & [217]
[17]

The second example is a little bigger, to also illustrate the other identification
process.

We use G = Glg(q) with ¢ = 13 and ¢ = 7, so again e = 2. The structure of the
radical series of Ps;(Gla(q)) is
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To use Proposition 4.34 we also need to know the radical series of Ps;(Gly(q)),
which can be calculated analogously to the previous example. We get:

[1%]
[14] @ [22] @ [217]

e[ e[2?] @ [217] @ [4]

Ps(GL(q)) = 1Y@ 1Y @ 2% © [2°] © [217]

[ @ 1] @ [27]
[11] @ [27]
1]

Now we could calculate explicitly the radical series of Ps;(Gls(q)) ® Psi(Gla(q)).
But this is not necessary for our purpose. By Proposition 4.34 we only need to
know where the elements [A][2] are and since [2] occurs only once in the radical
series of Pg;(Gla(q)) (in the first layer) this is easy. So we start by calculating the
Harish-Chandra restriction of the composition factors that might occur, where

L = Gly(q) x Gla(q):

For the elements [3%], [221?] and [1%] we need to know the combinatorial data from

Theorem 4.24:

k | comp(k,4,(3)) | comp(k, 4, (21)) | comp(k, 4, (1%))
0 _ —

1 (0°1) —
2 (0%2), (120) -
3 (073) (012)
4 2), (2%0) (013)
5 3), (2°1) (023)
6 (320) (123)
7 (371, (2%3) -
8 (3%2) -
9 _ _




The next table gives the dimensions dimp Hompg, (S*, M? @ S1)

MG pen pra®)

S®) 0 0 1
SeH 1 2
S | 1 1

For better readability we give the result in a table. The numbers in the column
labelled by [A] give the number of composition factors of type [A] in the respective
layers. The radical series of Ps;(Glg(q)) is:

layer | [6] [41°] [2°] [21%] [37] [2°1°] [1°]
0

© 0~ Ui W
—
— =N
— =N NN
— ==
N W R AW -
= RN WWWWND ==

We can shape our result into explicit formulas, only containing the combinatorial
data and the dimensions of Hom-spaces of the symmetric group. We just combine
Propositions 4.34 and 4.37.

Theorem 4.39. Let pn = n such that ' = o + eX and suppose Dp(1, ) =
D, ey(|ar|) and suppose X = r. Denote by t the largest integer smaller or equal to
n/e—r and by d the number of composition factors Dp(1,1¢) in Ps;(Gle(q)). The
number of times, that Dp(1, 1) is a composition factor in the (6k + )™ radical
layer of Psi(G) is equal to:

Z comp(k, d, p) - dimy Hompg, (S*, M? ® S17)

pEr

where 0 =2 ifd=2 and 6 =1 if d > 2.

5 Conclusions

In this section, as promised, we will take a look at other blocks. We will also
outline some possible areas of further research or application.
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If we look back, we actually used very seldom that we worked in the unipotent
block. One occasion was that the PIMs are self-dual. This is not the case in
general. However, the union of blocks we look at are given by semisimple ¢-regular
elements s € GG. Now suppose s is conjugate to slfl X .912“2 X ... sﬂfVN with d; = deg s;
and diky + - -+ + dyky = n. Then we know by the work of Brundan, Dipper and
Kleshchev (see [BrDiKl], Thm 2.4e) that this union is Morita equivalent to the
block of Glgk, (q) X -+ X Glayky(q) defined by the same s. So we only need to
look at blocks defined by s where s is conjugate to slfl. Here the dual module
of Dr(s, ) is simply Dr(s™!, A). Since there is no structural difference between
s and s7! all the results still hold. Another occasion is the description of the
cyclic defect group by the condition el > n. This has to be reworked carefully
but can be overcome. Last but not least Bonnafé and Rouquier in [BoRou| imply
the Morita equivalence with their general result, so we know that the structure
of the regular PIM in any block from the structure of the Steinberg PIM.

If we look at the data we actually need to start the combinatorial machinery,
we see only two things. The number of times e fits into n and the length of the
Steinberg-PIM of Gl.(gq). All the other data, especially the concrete value of n
and e is only needed to label the composition factors correctly. For the structure,
they are irrelevant. A few calculations for small n/e and small d are given in
appendix C

There are a lot of ways to expand the results. The first naturally would be to
get rid of the Abelian defect condition. An other direction could be to generalise
some of this to other classical groups. A possible application could be in the
construction and understanding of a projective generator of the unipotent block,
similar to that in the case e = 1 and the calculation of its endomorphism ring
which could lead to the Loewy series for all PIMs.
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A German Summary

In der modularen Darstellungstheorie der generellen linearen Gruppe in nicht-
beschreibender Charakteristik ist bereits Vieles bekannt. Durch die Arbeiten von
Dipper und James kennen wir eine Konstruktion und eine Indizierung der irredu-
ziblen Moduln (vgl. [Dil],[Di2],[Ja2],[DiJal]) und die Berechnung der Zerlegungs-
matrizen wurde von den selben Autoren auf die Kenntnis der Zerlegungsmatri-
zen von g-Schur-Algebren zuriickgefiihrt (vgl. [DiJa2]). Weiterhin kennen wir die
Verteilung der irreduziblen Moduln auf Harish-Chandra Serien [Hi] und auch die
Verteilung auf die Blocke [FoSri2].

Diese Dissertation beschéftigt sich nun mit einem Teilgebiet der Darstellungs-
theorie von Gl,(q), welches groBitenteils noch unerforscht ist. Die projektiv-
unzerlegbaren Moduln (im folgenden kurz PIM) und die Berechnung ihrer Struk-
tur stellen eine wichtigen Zwischenschritt zum Versténdnis aller unzerlegbaren
Moduln dar. Aus allgemeinen Sétzen wissen wir, dass es zu jedem irreduziblen
Modul D genau einen PIM P gibt, so dass D der Kopf und der Sockel von P ist.
Kenntnis der Zerlegungsmatrix gibt uns auflerdem die Kompositionsfaktoren je-
des PIMs. In dieser Arbeit soll nun die Frage nach der inneren Struktur, d.h. den
Loewyreihen, dieser PIMs gestellt und in Spezialfillen auch beantwortet werden.

Im sehr speziellen Fall eines PIMs, der in einem Block mit zyklischer Defektgruppe
liegt, liefern die Arbeiten von Jennings [Je| und Fong und Srinivasan [FoSril] eine
vollsténdige Antwort. Wir betrachten nun eine Verallgemeinerung davon, den
Fall eines Blocks mit abelscher Defektgruppe. Leider kénnen wir die Struktur
aller PIMs nur in einem Spezialfall bestimmen. Aber wir bestimmen die Struktur
einschliefllich der Angabe elementarer Formeln fiir die PIMs welche im Gelfand-
Graev-Modul enthalten sind.

Um die Notation zu vereinfachen, beschrinken wir uns vorerst sogar noch wei-
ter, ndmlich auf den unipotenten Block und den darin enthalten PIM aus dem
Gelfand-Graev-Modul, welche wir im folgenden als Steinberg-PIM bezeichnen.

Das erste Kapitel etabliert wichtige Notationen. G bezeichne im folgenden die
generelle lineare Gruppe der invertierbaren n x n-Matrizen mit Eintragen aus dem
endlichen Korper GF(q). Es sei F' ein Korper der Charakteristik ¢ > 0, wobei ¢
kein Teiler von ¢ ist. Eine standard Leviuntergruppe L < G ist eine Gruppe von
Blockdiagonalmatrizen der Form Gl,, (¢) x --- x Gl,, (¢) mit ny + - -+ n, = n.
Auflerdem bezeichnen wir mit e die Ordnung von ¢ modulo /.

Im zweiten Kaptitel tragen wir die fiir den Fortgang wichtigen Ergebnisse der Dar-
stellungstheorie der Gl,,(¢) zusammen. So werden die Funktoren Harish-Chandra
Induktion (RY) und Harish-Chandra Restriktion (T¢) definiert, die cuspidalen
und irreduziblen Moduln konstruiert und die Einteilung der Irreduziblen in Blécke
und Harish-Chandra Serien angegeben. Zuletzt wiederholen wir noch die Defini-
tion des Gelfand-Graev Moduls I' und definieren den Steinberg-PIM Pg,(G) als
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den PIM, der Gelfand-Graev und dem unipotenten Block gemeinsam ist. Dessen
wichtigste, im folgenden oft bendttigte Eigenschaft ist

T Psi(G) = Psy(L) := Ps(Gly, (q)) ® - - - @ Psy(Gla, (q))

wobei die Leviuntergruppe L = Gl,,,(¢) x --- x Gl,,, (¢) ist.

Im dritten Kapitel geht es darum, welchen Effekt Harish-Chandra Restriktion auf
die Kompositionsfaktoren des Steinberg-PIM hat. Die Basis dafiir ist das folgende
Korollar basierend auf einem Ergebnis von Dipper und Gruber [DiGr]:

Korollar 1 (Korollar 3.3). Sei e > 1. Dann hat der Steinberg-PIM Psi(G)
genau einen Kompositionsfaktor Dp(1,X) mit A = n e-requlir und dieser hat
Multiplizitat 1. Er wird mit D,.4(n) bezeichnet.

Damit bestimmen wir zunédchst die moglichen Konstituenten:

Satz 2 (Theorem 3.5). Sei u = n eine Partition von n mit ' = o + ep/,
wobei a = j e-requlir und p = w. Wenn nun Dp(1, u) ein Kompositionsfaktor im
Steinberg-PIM Psy(G) ist, dann ist Dp(1, ) = D,c4(j) und Dp(1, (ep)') ist ein
Kompositionsfaktor von Psi(Glew(q))-

Die Umkehrung ist auch richtig, ihr Beweis benétigt allerdings den folgenden
wichtigsten Satz dieses Kapitels, welcher sowohl fiir die weitere Arbeit zentral als
auch fiir sich selbst interessant ist.

Satz 3 (Theorem 3.7). Sei Dp(1, 1) ein Kompositionsfaktor des Steinberg-PIM
Ps,(G). Fiir jede Leviuntergruppe L < G gilt, dass T Dp(1, 1) entweder gleich
0 oder direkte Summe von einfachen F L-Moduln ist.

Im vierten Kapitel sind wir dann beim Kern der Dissertation. Zunéachst wird die
Untermodulstruktur im Fall einer zyklischen Defektgruppe nach Peacock [Peal
zitiert (Theorem 4.4). Damit bestimmen wir die Radikalstruktur von Pg; (L) und
End gy, (Psi(L)) wobei wir die Leviuntergruppe L als L = Gl.(q)" x Gl;(q)® wahlen
und damit Ps;(L) aus dem zyklischen Defektfall hervorgeht. Weiter untersuchen
wir dann den Endomorphismenring Endpq(RY Ps,(L)). Darin finden wir eine
Unteralgebra H, welche isomorph ist zur Heckealgebra H; g(.S,) ® H1 g(Ss) wobei
E = Endp(Psi(L)). Sie hat die folgende innere Struktur:

Satz 4 (Theorem 4.24). Seien (A, A\2) und (u1, po) Multipartitionen von (r, s).
Die folgende Formel gibt die Anzahl der Kompositionsfaktoren vom Typ SM ® S*2
in der k-ten Schicht der Radikalreihe des PIMs vom Typ (1, o) an, wobei die
Schichten von oben nach unten, beginnend bei 0, gezdihlt werden.

Z comp(k, d, p) - dimp Hompg, gps, (SM ® S22, (S ® S*2) @ M)
pkr

49



Hierbei ist d die Linge der Loewyreihe vom Psi(L) und comp(k,d, p) bezeichnet
die Anzahl der Kompositionen von k der Bauart (z7',...,xf") wobei 0 < x; < d
paarweise verschieden sind.

Diese ganzen Uberlegungen erledigen im wesentlichen den Spezialfall e = 1, der
dann als néchstes kurz behandelt wird.

Nun folgt ein weiteres Hauptergebnis der Dissertation, welche das Verhalten der
Radikalreihe unter Harish-Chandra Restriktion behandelt.

Satz 5 (Theorem 4.28). Sei L = Gl.(q)" x Gli(q)® mit s < e und sei e > 1.
Dann gilt fir jede standard Leviuntergruppe L < M < G':

TG, rad’(Ps,(G)) = rad’(Ps,(M))

Der Beweis dieses Satzes beruht auf den folgenden Ideen. Zum einen gilt fiir
X < Pgy(G), dass rad (T$, X) € TS, rad’(X), weil TS, hd(X) halbeinfach ist.
Damit kann der Gleichheit durch zédhlen der Kompositionsfaktoren im Kopf jeden
Radikals induktiv beigekommen werden. Den Erfolg verdankt diese Zahlmethode
vor allem der Kenntnis der jeweiligen Lage des Faktors D,.,.

Lemma 6 (Lemma 4.30). Mit obigen Bezeichnungen liegt der Kompositions-
faktor D,c4(n) von Ps;(G) im Kopf von rad” (Ps:(G)).

Nachdem nun die Struktur von Ps;(L) aus dem zyklischen Fall abgeleitet wurde
und Harish-Chandra Restriktion die Radikalstruktur erhélt fehlt zur Berechnung
der Radikalstruktur von Ps;(G) nur noch die Information, wie sich einzelne Kom-
positionsfaktoren unter Harish-Chandra Restriktion verhalten. Da die Abbildung
leider nicht injektiv ist, also Informationen verloren gehen benutzen wir insbe-
sondere die bekannte Struktur von H, um zu folgendem Endergebnis zu kommen:

Satz 7 (Theorem 4.39). Sei u = n derart, dass ' = o + e)N, wobei
Dp(1l,a) = D,ey(la]) und A = r. Sei weiter t = [n/e —r] und d die Anzahl der
Kompositionsfaktoren der Form Dp(1,1¢) in Ps(Gle(q)). Dann ist die Anzahl
der Kompositionsfaktoren vom Typ Dp(1,p) in der (0k + t)-ten Radikalschicht
gleich dem folgenden Ausdruck:

Zcomp(k, d, p) - dimp Hompg, (S*, M? @ SU)
pEr

2 fallsd =2

1 sonst

Dabei ist § = {

Wir beenden die Arbeit mit einem Ausblick auf alle PIMs des Gelfand-Graev und
mogliche Verallgemeinerungen. Ein Anhang mit der Definition der Mullineux-
Abbildung und konkreten Beispielen schlieit das Ganze ab.
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B The Mullineux Map

For the calculation of D,.4(n) we need an explicit description of the Mullineux
map. We will give this description here. We will not prove that this purely
combinatorial map coincides with the result in representation theory we really
claim. That was done by Brundan in [Bru|. The map itself is due to Mullineux
[Mul].

The Young diagram of a partition A = (A, Ag, ..., A,) is the following set of
points in the x — y plane:

{(,/)|1<j< N, 1<i <7}

The y-axis is taken as pointing downwards so the row 1 is at the top. The e-edge
of a partition consists of e-segments all but at most one of which contain e points.
The first e-segment comprises either the first e points of the rim (starting with
the longest row) or the entire rim if its length is less than e. The next e-segment
is obtained similarly starting in the row next below that contained the end of the
previous e-segment. This process continues until the final row is reached.

Let A = XO XM X(@) = () be the partitions we get by removing the respective
e-edges. Denote by a; the number of points of the respective e-edges and by 7;
the number of rows of (V.

g Ay ... Qa—1
o T ... Ta-1

The datum ( ) determines \.

Now we define s; := a; — r; +¢; where ¢;, = 0 if e divides a; and ¢; = 1 other-
. apg a1 ... Qg—1

wise. Then @
So S1 ... Sg-—-1

D,eg(n) = Dp(1,m(n)).

defines an e-regular partition m(\) and we have

We give an example for e = 4 and get the following table:
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(e (e ) Ty
o () G) o
@ () ) o
@ () ()
w ) (5) e
@ (1) G1) e
o (17 (53 e
ol (1)) (3 e
o (1) (33) |2

C Examples

In the spirit of the remark in the last chapter we will only give structural examples,
depending on the index w of e in n and the number of composition factors in
Ps(Gle(q)) henceforth denoted by d + 1. So we need a new notation for our
generic composition factors. We write (x,p) to denote the composition factor
RY D,ey(ze + 5) @ Dp(1, (ep))') with n = e(x + |p|) + s with s < e and L =
Gl:):eJrS(q) X G19|P|(q)

We start with the case of cyclic defect, that is w = 1.

w=1, d=2 w=1,d>2

layer | (0, (1)) (1,()) layer | (0,(1)) (1,()
0 1 0 0 1 0
1 0 1 1 1 1
2 1 0 2 1 0
d—1| 1 0

The next step w = 2 is already more complicated and a general model cannot be
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given.

w=2 d=3

layer | (0,(1%)) (0,(2)) (1,(1)) (2.0)

w=2,d=2

w=2 d=4

layer | (0,(1%)) (0,(2)) (1,(1)) (2.0)

layer | (0,(1%)) (0,(2)) (1,(1)) (2,0)

w=2d=5

layer | (0,(1%)) (0,(2)) (1,(1)) (2.0)
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Even more complicated gets w = 3:

layer | (0,(1%)) (0,(21)) (0,(3)) (1,(1%) (1,(2)) (2,(1) (3.0)
layer | (0,(1%) (0,(21)) (0,(3)) (1,(1%)) (1,(2)) (2,(1) (3.0)
layer | (0,(1%)) (0,(21)) (0,(3)) (1,(1%)) (1,(2)) (2,(1)) (3.0)

w=3,d=2
w=3, d=3
w=3, d=4

o4



w=3,d=5

layer | (0,(1%) (0,(21)) (0,(3)) (1,(1%)) (1,(2)) (2,(1) (3,0)

10
11
12
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