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Abstract

We study the spectral asymptotics for Laplacians with Dirichlet boundary condi-

tions on random Cantor-like sets and on their complement.

In the first part, we determine the leading order in the Weyl expansion of the

eigenvalue counting function for measure theoretical Laplacians A* = %% with

respect to statistically self-similar and random V-variable Cantor measures .

In the second part, we investigate the classical one dimensional Laplacian %
on the complement of statistically self-similar Cantor sets, called statistically self-
similar Cantor strings. We establish a Strong Law of Large Numbers for the error
of the first term in the Weyl asymptotics of the eigenvalue counting function for the
classical Laplacian % on these statistically self-similar Cantor strings. Afterwards,
we discuss the random fluctuation of the normalized error of the first term in the
Weyl asymptotics of the eigenvalue counting function around its limit by giving a
Central Limit Theorem. Since the Central Limit Theorem only makes a statement
about convergence in distribution, we also establish an almost sure error estimate

of the random fluctuation using a Law of the Iterated Logarithm.



Zusammenfassung

Wir untersuchen die Spektralasymptotik von Laplace-Operatoren mit Dirichlet
Randbedingungen auf zufélligen Cantor-dhnlichen Mengen und auf deren Kom-

plement.

Im ersten Teil der Arbeit bestimmen wir die fithrende Ordnung in der Weyl-

asymptotik von mafstheoretischen Laplace-Operatoren A* = %% beziiglich statis-

tisch selbst-dhnlicher und zufilliger V-variabler Cantormafie p.

Im zweiten Teil betrachten wir den klassischen eindimensionalen Laplace-Opera-
tor % auf dem Komplement von statistisch selbst-dhnlichen Cantormengen. Zu-
nachst etablieren wir ein Starkes Gesetz der Grofien Zahlen fiir den Fehler des er-

sten Ordnungsterms in der Weylasymptotik der Eigenwertzahlfunktion des klassis-
d2
dz?

Cantormengen. Darauffolgend beweisen wir einen Zentralen Grenzwertsatz fiir die

chen Laplace-Operators auf dem Komplement von statistisch selbst-dhnlichen
zuféllige Fluktuation des normalisierten Fehlers des ersten Ordnungsterms der
Eigenwertzahlfunktion um dessen Grenzwert. Da der Zentrale Grenzwertsatz nur
eine Konvergenzaussage in Verteilung trifft, geben wir eine fast sichere Fehler-
schranke der zufélligen Fluktuation unter Anwendung eines Gesetzes des Iterierten

Logarithmus.



CHAPTER 1

Introduction

1.1. Weyl’s law and Berry’s conjecture

In the course of time, many seemingly separated areas arose in mathematics. Ques-
tioning connections between spectral and geometric properties of sets were empha-
sized with Kac’ paper [54] entitled “Can one hear the shape of a drum?” in which

he investigated the equation
1 2
§A|XU—|—w U=0 (1.1)

on a membrane X C R? with A\, denoting the Dirichlet Laplacian on X. Consid-

ering this equation was motivated by the wave equation

’u  190%u

= 1.2
o2 20x? (1.2)

with Dirichlet boundary conditions uj,, ( - ,t) = 0 for all ¢. Solutions
u(z,t) = Uz)e™', z€ X,te€l0,00) (1.3)

of the wave equation represent pure tones the membrane is capable of producing,
cf. [54, page 2|. Substituting (1.3) into the wave equation yields (1.1).

The main question of Kac in [54] is if the spectrum Y(X) of —A|, determines X
up to isometry. As shown in [39, 72| the answer is “no” in general. However, some
geometric properties of X are saved in Y(X). Weyl showed that the eigenvalue
counting function N(X; - ) of —A|, satisfies

N(X; \) = (20) "By volg(X) A\Y2 + 0 ()\d/Q) : (1.4)

as A — oo, where By denotes the volume of the unit ball in R%. The reader is

referred to [16,75,82-84|. This formula is nowadays known as Weyl’s law.



Furthermore, in [84] Weyl conjectured that (1.4) can be expanded to
N(X; \) = (2m) " Byvola(X) M2 — ¢5(d) voly_1 (0X) ND/2 4 o (A=1/2) - (1.5)

as A — oo. Under a regularity condition and if the boundary of X is smooth,
his conjecture was proven by Duistermaat and Guillemin [25] and Ivrii [50]. For a

historical overview see Ivrii [51].

Berry congectured in [10,11] that if the boundary of X is not smooth, the second
term in (1.5) should be driven by the Hausdorff dimension of 0.X. More precisely,

he conjectured
N(X; A) = (2m) “Byvola(X) AY? — ¢y (d, dz) H™(0X) X/% + 0 (X/?) | (1.6)

as A — oo, where dy denotes the Hausdorff dimension of 90X, H the dy-
dimensional Hausdorff measure and ¢y (d,d3) > 0 is a constant only depending
on d and dy.

His conjecture was proven wrong by Brossard and Carmona [14]. Moreover, they
indicated that the second term should be driven by the Minkowski dimension of
0X. Lapidus [60, Theorem 1.1| showed that if the Minkowski dimension d,,; of
0X is in (d — 1,d] and if the upper Minkwoski content of X is finite, then the
error of the first term in (1.4) is of the order O(A®™/2). Furthermore, Lapidus
and Pomerance [61] investigated the case when d = 1 and the boundary of X is
Minkowski measurable. They showed that in this case the Minkowski content is
the right measurement to capture the fractal length of the boundary of X in the
Weyl asymptotics. More precisely, [61, Corollary 2.3| yields

Theorem 1.1.1 (c.f. [61, Corollary 2.3]): Let X C R be bounded and open such
that 0X is Minkowski measurable with Minkowski dimension dy; € (0,1). Then, it
holds

N(X; \) = 7 Yooly (X) AY2 — ¢y (dpy) MP(OX)AM/2 4o (/\dM/2) :
as A\ — oo, where M denotes the dy;-dimensional Minkowski content and
¢z (dar) = 2707007~ (1 — dyr) (—((dwr)),

with ( being the Riemann zeta function.
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For higher dimensional sets it is in general hard to discover the growth of the
second order term. Fleckinger-Pellé and Vassiliev [30] constructed sets for which
the second order term in the Weyl asymptotics is proportional to a periodic func-

tion of log \.

Besides investigation on (1.6) when 0X is fractal, the leading order term in the
Weyl expansion got in focus for generalized Laplacians acting on fractals. Authors
such as Fukushima and Shima [37] and Kigami and Lapidus [57] considered (1.4) for
Laplacians on p.c.f. fractals, Hambly [41,42] and Freiberg, Hambly and Hutchinson
[35] on random fractals, Alonso-Ruiz and Freiberg [1,2], Alonso-Ruiz, Kelleher and
Teplyaev [3] and Hauser [45,46] investigated Laplacians on the Hanoi attractor and
Hauser [47] on streched fractals. Fujita [36], Freiberg [33,34] and Arzt [4] worked

on (1.4) for measure theoretical Laplacians acting on and off Cantor-like sets.

1.2. Statement of the problem for measure

theoretical Laplacians

We consider a finite non-atomic Borel measure on some interval [a, b]. Typically,
1 is a singular measure, i.e. ;¢ has no Radon-Nikodym density with respect to
the Lebesgue measure. Common examples are measures supported on the Cantor
set but also fully supported measures with asymmetric mass distribution. Mea-
sure theoretical Laplacians A* we investigate are the composition of two measure
theoretical first order derivatives.

For a mathematical motivation, consider a function f € C°([a,b],R). f is weakly

differentiable in Ly with Lo-weak derivative g if and only if g € Ly(A!) and

f@ = 1@+ [ gw)ds. o elab
see e.g. [13, Theorem 8.2]. Replacing the one dimensional Lebesgue measure A!
with p leads to a measure theoretical first order derivative. As in Freiberg [31,32],

we say f :[a,b] — R possesses a p-derivative f* € Lo(p) if and only if

f@—MH/%MMM7%M%

see also Arzt [4, Section 2.1|. Beside other analytic properties, in Freiberg [31] it

11



is shown that the p-derivative operator

d
- DY — Ly(p)

fe= f

is well-defined, where DY is defined in (2.1). Composing the p-derivative with
the classical first derivative % leads to the measure theoretical Laplacian we are

interested in
A" DY — La(u),
d
f = @fa
where DY is defined in (2.2).

For this operator we study Weyl’s law (1.4), meaning we study the equation
AP f=—=\f (1.7)

with Dirichlet boundary conditions

By Bird, Ngai and Teplyaev [12, Theorem 5| the spectrum of —A* with Dirichlet
boundary conditions is pure point with eigenvalues having finite multiplicities,
accumulating only at infinity. For more general measure theoretical Laplacians
defined as the composition of % and d% with some suitable measure v, these
properties are preserved as shown in Freiberg [31, Lemma 5.1 and Corollary 6.9]. In
addition to the mentioned, A* were considered in numerous papers. For properties

of the associated stochastic process see for example Kiichler [58,59] and Lobus [68].

1.3. Physical motivation for measure theoretical

Laplacians

The following physical motivation is taken from Arzt [4, Section 1.2|. In that work,
further physical motivations for this operator with Dirichlet and also with Neu-

mann boundary conditions are given.

12



We consider a flexible string, clamped between two points a and b. If we deflect
the string, a tension force drives the string back towards its state of equilibrium,
cf. [4, page 9]. A solution u of the wave equation (1.2) with Dirichlet boundary
conditions and X = [a, b] models the deviation of the string under the assumption
that the mass distribution of the string is homogeneous. Replacing the constant in

(1.2) by a mass density ¢ : [a,b] — R leads to

QPu(x,t)  0u(z,t)
o) =m = "o

(1.8)

A solution u of this generalized wave equation with Dirichlet boundary condition
u(a,t) = u(b,t) = 0 for all t models the same phenomenon as before with the
difference that the string has a possibly inhomogeneous mass distribution u(dz) =
o(z) dx (we set the other involved constants to 1).

The ansatz u(z,t) = ¢(x) (t) leads to

) )
o) @ela)

The left hand side no longer depends on x, the right hand side no longer on ¢, and
thus there exists a A € R such that

W) )
5 d@)ela)

= -\

for all t and x. We consider the equation for ¢ and write it as
¢"(x) = =Ap(x)e(x).
Integrating both sides with respect to the Lebesgue measure leads to
#a) = ¢ (a) == [ o) elo)dy

and thus

¢'(x) = ¢'(a) = A [ o) oly) dy.

Hence,

13



By definition of the p-derivative this means

d ,

—¢ == L.

dMQS o (1.9)
and consequently

Aty =—X\¢

with Dirichlet boundary conditions

The eigenvalue problem (1.9) no longer involves the density of the mass distribu-
tion of the string. Therefore, we can reformulate the problem for singular mass
distributions pu.

Up to a multiplicative constant, the square root of the eigenvalues are given as

the natural frequencies of the sting.

1.4. The Cantor set, Cantor-like sets and Cantor

strings

“Als ein Beispiel einer perfecten Punctmenge, die in keinem noch so
kleinen Intervall iiberall dicht ist, fithre ich den Inbegriff aller reellen

Zahlen an, die in der Formel:

e A
2 = — J— e i “ ..
3 3 3v
enthalten sind, wo die Coefficienten ¢, nach Belieben die beiden Werthe
0 und 2 anzunehmen haben und die Reihe sowohl ans einer endlichen,
wie aus einer unendlichen Anzahl von Gliedern bestehen kann.” ( [15],

page 590, footnote 11)

In 1883, Cantor introduced in the cited excerpt the set nowadays known as the
Cantor set. His investigation was based on giving an example for a perfect set

which is nowhere dense. Thereby, he defined the considered set as all real numbers

14



expressible as

A fixed-point argument based definition would be the following: By Hutchinson
[48] there exists to every iterated function system S = {Si,..., Sy} on a complete

metric space (X, d) a unique non-empty compact set K such that

K = JSi(K). (1.10)
With
(X, d) = ([0,1],]-]), S:{%x,%:)ﬂr;}, (1.11)

the unique non-empty compact set K satisfying (1.10) is the set introduced by
Cantor.

The Cantor set can also be defined as the limit of the iterative procedure in
which the open second third interval of every remaining interval is removed, start-

ing with the unit interval.

Figure 1.1: Iterative construction of the Cantor set

With (1.11) one can give an analytic definition of this iterative construction. There-
fore, define for x = (z1,...,2,), v; € {1,2}, n €N

15



Then, the Cantor set K is given as

K = ﬁ L S:[0,1].

n=1 |x‘:n

Furthermore, we call U\x|=n S:[0, 1] the n-th approzimation step of the Cantor set.

Hausdorff introduced in [44] a new dimension concept, today known as the
Hausdorff dimension. To give an example of a set whose Hausdorff dimension
can take any value in (0, 1), he generalized the Cantor set by removing an interval
with arbitrary fixed length ratio from the middle of each remaining interval.

Beardon [9] investigated the Hausdorff dimension of a more general construction
which was introduced by Tsuji [80,81|. Hereby, the considered set is defined by

%) N
K = (—] L.J (jxh“”xnu

n=1z1,....cn=1

where N € N, N > 2 and C,,. .

one-dimensional) satisfying

are connected compact sets (not necessarily

n

b Cxlw-azn 2 Cxl,...,:pn,

Tn41)
e (],...,Cy are pairwise disjoint ,

o there exists A € (0, 1) such that

lc

Tl yTmsTn41

| = AllCay,.anll

e there exists B € (0,1) such that for x,.1 # Y11

p<Cx1,..-,xn,xn+17 Cxl,-..,xn,ynH) > B ||O:v1,-~-,xn” )

where || - || denotes the diameter and
p(X,Y)=inf{|lz—y|: z€ X,y € Y}.

On page 61 ff., Falconer [27] considered sets

K = ijn (1.12)

16



with E,, being the union of a finite number of disjoint closed intervals, [0,1] D
E; D Ey D --- such that each interval in F,, contains at least two intervals of
E, 11 and the maximum length of intervals in F,, tends to 0 as n tends to infinity.
E,, can be regarded as the n-th approximation step of K in (1.12).

We call the above introduced generalized Cantor sets Cantor-like. Ziahle [85],
Falconer [28], Mauldin and Williams [70] and Graf [40] investigated the Hausdorff
dimension of random Cantor-like sets. Arzt [4] investigated spectral asymptotics
for measure theoretical Laplacians acting on random Cantor-like sets. In Mandel-

brot [69] a random generalization of the Cantor set on the whole real line is treated.

The complement of such a one-dimensional Cantor-like set is a disjoint union of
countably many open intervals those descending assorted lengths {l,,},en satisfy
lim,, .o l,, = 0. Such a set is called Cantor string. Cantor strings and their ran-
domizations are e.g. considered in Lapidus and Pomerance [61,62|, Hambly and
Lapidus [43|, Lapidus and van Frankenhuysen [64] and Charmoy, Croydon and
Hambly [18].

1.5. Outline of the thesis

In the presented thesis we consider Weyl’s law (1.4) and Berry’s conjecture (1.6)
on random Cantor sets and strings, respectively.

Firstly, we calculate the leading order in the asymptotics of the eigenvalue count-
ing function for measure theoretical Laplacians A* with respect to statistically
self-similar and random V -variable Cantor measures.

Berry’s conjecture is treated on the complement of statstically self-similar Can-
tor sets. For the classical Laplacian on these strings we make some statements

about the error of the second term in the Weyl asymptotics.

We summarize in Chapter 2 the preliminary work on Weyl’s law (1.4) for measure
theoretical Laplacians A* and Berry’s conjecture (1.6) on statistically self-similar

Cantor strings for the classical Laplacian.

In Section 3.1, C-M-J branching processes related to statistically self-similar
Cantor sets are introduced. The Weak and Strong Law of Large Numbers and the
Central Limit Theorem for these processes are given in Section 3.3. After these
preliminary convergence results, we establish in Section 3.4 a Law of the Iterated

Logarithm which is the first main result of the present thesis.
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Figure 1.2: First two approximation steps of a recursive Cantor set

We need to control some moments of the almost sure limit of the normalized
C-M-J branching process to apply the Central Limit Theorem and Law of the
Iterated Logarithm. An investigation on the almost sure limit of the normalized

C-M-J branching process terminates Chapter 3.

We shortly introduce recursive Cantor sets and corresponding Cantor measures,

the precise definition follows in Section 4.2.1. Corresponding random recursive
Cantor sets are also called statistically self-similar, e.g. in [18|. As explained, the
Cantor set can be constructed by taking repeatedly the image of the remaining
intervals under the IFS § = {%x, %az + %}, starting with the unit interval. We
generalize this procedure by considering a family of iterated function systems & on
[0, 1] (later more general on [a, b]) such that the image of the unit interval contains
the boundary points. In the first approximation step we subdivide the unit interval
according to an IFS Sy = {S1,...,5N,} € &. Afterwards, we take the image of
S1[0,1],...,5n,[0,1] under arbitrary iterated function systems Sp;:,...,Spn, €
S. Subsequently, we continue analogously. By given family of iterated function
systems &, this procedure can be encoded by a tree 1. The limiting set K is called
recursive Cantor set. Such recursive structures for p.c.f. fractals are considered in
Hambly [42].
In Figure 1.2, we see an example of a recursive Cantor set with & = {S(l), 8(2)},
SW being the generator of the Cantor set and S® splitting the unit interval
into five subintervals where the open second and fourth fifth interval is removed.
To each IFS we assign a vector of weights m@ = (m{?, ... ,m%)_), N; = |8,
mt? € (0,1) for all 4,

ngﬁ =1, j=1,2

18



(1) (1)

m%])m(f) mgl)m(QZ) m/(ll)m;(f) mél)m(ll) mg])mél)

Figure 1.3: First two approximation steps of a recursive Cantor measure

with which we construct a Borel probability measure p!) on [0, 1] with supp ut!) =
KW 1D weights an interval in an approximation step of K) by a product of
entries of vectors of weights. This product is encoded in the same way as the
composition of similarities of the used iterated function systems generating that
particular interval. Figure 1.3 shows the mass distribution of p!) for the intervals
in Figure 1.2.

Afterwards, we construct a probability space in which every atomic event indi-
cates a random tree. Such a random tree defines a statistically self-similar Cantor
set KI) and a corresponding random probability measure "), By using a scaling
property of the eigenvalue counting function, similar to that of Arzt [4] who es-
tablished his scaling property by following Kigami and Lapidus [57, Lemma 2.3|,
we are able to use the theory of C-M-J branching processes to determine in Sec-
tion 4.2.3 the leading order in the Weyl asymptotics for the Dirichlet eigenvalue
counting function N n of —A"" | This leading order is characterized by an ex-
pectation equation, similar to the equation characterizing the leading order in the
Weyl asymptotics of the Dirichlet eigenvalue counting function N* of —A* for

self-similar measures .

An interpolation between random homogeneous and statistically self-similar
structures can be done by trimming the tree [ in the manner that in every gener-
ation it is allowed to have at most a fixed number of different subtrees. We denote
this fixed number by V. Corresponding sets under consideration in Section 4.3 are
called V -variable Cantor sets. The case V' = 1 leads to homogeneous Cantor sets
and V' = oo can be regarded as the recursive structure. This construction was in-
troduced in |7, 8]. Spectral asymptotics for the Laplacian on V -variable Sierpinski
Gaskets are considered by Freiberg, Hambly and Hutchinson [35].

As an example for a V-variable construction, we consider four iterated function

19



systems G = {S(l),S(Q),S(3),S(4)} and set V = 3. We let S and S® be the
same IFSs as before, S® splitting the unit interval into three parts, where the
open second quarter interval is removed and S® also splitting the unit interval
into three parts, where the open third quarter interval is removed. The variable
V' € N determines the number of types. We denote the types in our example
by v, O, . In every approximation step, every type indicates an index of our
index set {1,2,3,4}. This indicated index can vary in different approximation
steps. Figure 1.4 shows an example on how we construct a 3-Variable Cantor set
in this setting. A V-variable Cantor set depends on a sequence of environments
which determines in every step the indicated indices of each type and also the

types of the intervals in the next step.

Approximation step: 0

Assigned type: V' Environment applied:

indicated index by ¥ - 1 indicated index by U - 4 indicated index by ¢ :2
v u} O
o O O v v O v
Approximation step: 1
Environment applied:
indicated index by ¥ :3 indicated index by U :3 indicated index by ¢ : 1
v ul Q
0 = /\ /\ /\
v & o O ] u]
Approximation step: 2
Environment applied:
indicated index by ¥ -4 indicated index by [J:2 indicated index by ¢ : 1

v ] O
u] O o o O O m]

Figure 1.4: First approximation steps of one possible 3-variable Cantor set

0 ] o m]

After applying the environment in approximation step 2 of Figure 1.4 all as-
signed types are equal. In our random setting such levels occur infinitely often
almost surely and are crucial for our consideration. We call such levels neck levels
and discuss some properties in Section 4.3.2. Afterwards, we give in Section 4.3

the spectral asymptotics for random V-variable Cantor measures.
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The main results of Chapter 4 are given in Theorem 4.2.9 and Theorem 4.3.18.

These theorems are main results of the present thesis.

Taking the complement of a statistically self-similar Cantor set K in [0, 1]
leads to a set U, called statistically self-similar Cantor string. U consists of a
countable union of disjoint open intervals with descending lengths. We investigate

the asymptotic behaviour of
_ 1
N(U; \) = =\V2 = N(U; \)
T

in Chapter 5. Therein, a crucial property of N(U; - ) is the decomposition

Ny—1 Ny
NU; A) = > N([0,1]; LIA) + > N(Us; RN
=1 =1

with Ny being the number of subintervals in the first approximation step, L; the
length of the gap interval between S;[0, 1] and S;41(0, 1], R; the scale factor of S;
and {Ui}f-vzwl i.i.d. copies of U. With this decomposition we can write N(U; %)
as a C-M-J branching process. In Section 5.2, we investigate the conditions for
the Central Limit Theorem and the Law of the Iterated Logarithm. As shown in
Section 5.3, controlling the error of the linear approximation of the underlying re-
newal function ensures the Central Limit Theorem and, if the normalized variance
process does not converge to 0, the Law of the Iterated Logarithm to hold. We
terminate Chapter 5 with an application, taken from [18|, in which the normalized

variance process does not converge to 0.

The main result of Chapter 5 is given in Theorem 5.3.2 which is a main result

of the present thesis.

Finally, in Chapter 6, we give an outlook. For A* this outlook concerns relations
between the leading order term in Weyl’s law for random V-variable and statis-
tically self-similar Cantor measures. Also, we discuss the assumptions needed for
the spectral asymptotics in Chapter 2.2 and Section 4.

A further investigation on the Central Limit Theorem and Law of the Iterated

Logarithm for N(U; - ) is also mentioned.
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Notation. For the length of a statement or proof ¢;, d;, i € N are some non-

negative numbers.

The present thesis is based on the following articles, for references of the first two
articles, see |73] and |74]:

- L. A. Minorics, Spectral Asymptotics for Krein-Feller-Operators with respect

to Random Recursive Cantor Measures. Preprint, 2017.

- L. A. Minorics, Spectral Asymptotics for Krein-Feller-Operators with respect
to V-variable Cantor Measures. Preprint, 2018.

- B. M. Hambly and L. A. Minorics, Some Limit Theorems for the Laplacian
on Statistically Self-Stmilar Cantor Strings. In preparation.
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CHAPTER 2

Preliminaries

In this chapter we give preliminary results on Weyl’s law for Laplacians under
consideration concerning the first order term in the Weyl asymptotics for the
eigenvalue counting function for measure theoretical Laplacians A* with respect
to certain measures p and the second order term in the Weyl asymptotics for the
eigenvalue counting function for the classical Laplacian on statistically self-similar

Cantor strings.

2.1. Definition and basic properties of measure

theoretical Laplacians

As Freiberg [31,32] we define a measure theoretical derivative. Therefore, let 1 be

a finite non-atomic Borel measure on [a,b], —0o < a < b < oo and

D = {f:[a,b]—>R: 3 f* e Ly(p) :

x

f@) = f@ + [ ) udy), o€ o b]}.

a

By Freiberg [31, Corollary 6.4], the pu-derivative

d
— D =) ~, — La(p), (2.1)

dp
fe=
is well-defined, whereby ~,, denotes the equivalence relation in Ly(u). Let
DY = @’2"’\1 = {f € C'([a,b],R) : 3 (f)* € Ly (p) :

P =r@+ [ (1) ), e [a,b]}.
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The measure theoretical Laplacian A is given as
A* DY =08 ~, — Lo(p) (2.2)
f= (),

see also Arzt [4, Section 2.1]. Further, denote by (\}),.y the ascending ordered

sequence of Dirichlet eigenvalues of —A* and, as in Chapter 1,
NE) =#{i e N X <A}

We establish the following lemma to control the eigenvalue counting function of

A* in Section 4.

Lemma 2.1.1: Let u be a finite non-atomic Borel measure on [a,b] with a,b € supp p.
Then, there exists ¢ > 0 such that

N*(s) < p(la, 0]) ¢ s

for all s > 0. Moreover, c is independent of .

Proof. Let
in(z — a,y — ) min(b — y, b —
o(z.y) = min(z — a,y l;z)_n;m( Y, 33)7 vy € ol
Then, with
Ty La(p) — La(p)
b
£rs [ o) ) ).
we get
—ddr_ N\
narl = if and only if T,f = ;f, (2.3)
fla)=f()=0

cf. [31, Theorem 4.1]. In the following we want to use Mercer’s Theorem, origi-
nally given in |71]. The version we use is taken from the book of Christmann and
Steinwart [19].

By [19, Definition 4.1, Lemma 4.3, Lemma 4.6], g is a continuous kernel and
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thus we can use Mercer’s Theorem [19, Theorem 4.49| and therefore
— 1
=3 ) 50
i=1 7

where (f;); are orthonormal eigenfunctions. Furthermore, the convergence is uni-
form. With

b—a
c= sup g(z,x) =
z€la,b] 4

it follows
= 1
2D 5
Integrating both sides with respect to u yields for any s > 0

1
w([a, b)) C>Z)\M /—N“du / — N¥(du) > - N“()

and thus the claim follows. O

In Chapter 4 we furthermore need relations between the Dirichlet and Neumann
eigenvalue counting function of —A¥#. Therefore, we write N& and N4 for the
Dirichlet and Neumann eigenvalue counting function of —A* respectively, where
we call A a Neumann eigenvalue of —A* if ) is an eigenvalue of —A#* with Neumann

boundary conditions

For references of the following Lemma, see Freiberg [32, Proposition 5.5].

Lemma 2.1.2 (c.f. [32, Proposition 5.5]): Let  be a finite non-atomic Borel
measure on [a,b] with a,b € supp u. Then, for all s > 0 holds

Np(s) < Ny(s) < Np(s) +2.
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2.2. Spectral asymptotics for measure theoretical
Laplacians on Cantor-like sets

2.2.1. Spectral asymptotics for self-similar Cantor measures

In this section we consider spectral asymptotics of A* with respect to self-similar
measures treated in Fujita [36]. Therefore, let S = {S,...,Sx}, N > 2 be an

iterated function system given by
Si(z) =rix+c¢, x€la,b,

whereby 7; € (0,1) and ¢; € R are constants such that the open set condition
is satisfied. As explained in Section 1.4, by Hutchinson [48] there exists a unique
non-empty compact set K = K(S) C [a, b] such that

Furthermore, let m = {my,...,my} be a vector of weights. Also shown in [4§],

there exists a unique Borel probability measure p = u(S, m) such that

N
p= S mag 57
=1

with supp p = K. We call K self-similar with respect to S and p self-similar with
respect to S and m or simply self-similar Cantor measure. This measure p is the

weak limit of the sequence of Borel probability measures (i, )nen, defined as

B 1
Hn = Z mxl"'mmnﬂoo(srlOSZQO"'OSIBn) 1’ o ::b—(l |1[a‘sb].

Hutchinson [48] furthermore showed that the Hausdorff and Minkowsi dimension
of K is given by the unique solution d € [0, 1] of
N

er =1 (2.4)

=1
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and it holds H4(K) € (0,00). Moreover, if m; = r¢ for all 4, it follows
p=H(K)""H(-NK),

since for a Borel set A C [a, b] follows

HUANK) (U Si ( )N Si(K)>

—ZHd S (A)) N Si(K))

Il

H? (r; (S;7'(A) N K))

(2

=1

r

=,

-

HY(STH(A) N K) .

1

(2

In this setting, the following theorem was established by Fujita [36, Theorem 3.6|
and Freiberg [34, Theorem 3.2|.

Theorem 2.2.1 (c.f. [36, Theorem 3.6 and 34, Theorem 3.2]|): Let v, > 0

be the unique solution of

Then, it holds

1. If the additive group ZZ]\LI Zlog(r;m;) is a dense subset of R, then there exists
C > 0 such that

lim N*(A\) A" = C.

A—00

2. If the additive group Zf\il Zlog(rim;) is a discrete subgroup of R with period
T, then there exists a T-periodic function G such that

NE(A) = (G(log A) 4+ o(1)) A7,

as A — o0.
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2.2.2. Spectral asymptotics for random homogeneous

Cantor measures

The spectral asymptotics for A* with respect to a generalization of self-similar
Cantor measures is discussed in this section. We only consider a random version
treated by Arzt [4, Section 3.5]. Therefore, let J be a non-empty countable index
set. To each j € J let SV = {Sy), ...,S](éj)}, N; € N be an IFS such that

@) = et e? wefat] i=1. N,

where the constants ng ) e (0,1), ¢ € R are chosen such that

a=5"(a) <SP b) <SP (a) < < SP(B) =b. (2.5)
Further, £ = (&1, &, ...), & € J is called an environment sequence and define
W, = {1, "‘7N§1} X {1, ...,N@} X+ X {1, ...,Ngn}, n € N.

A generalization of self-similar, called homogeneous Cantor set is defined by

K© = ﬂ U (Sgll) o 51(522) 0--:0 Sg:)) ([a, b]).

n=1 ’u)GWn

To this set, Arzt |4, Chapter 3] defined measures which are natural extensions
of self-similar Cantor measures. Therefore, let m\¥) = (mgj ), ...,m%i)_), j € J bea
vector of weights. The Borel probability measure ;&) under consideration is defined

as the weak limit of the sequence of Borel probability measures (,uff)> ,
neN

L

Mo = m )\|[a,b]' (26)

Iugf) = Z mgll) PP mgfs) NO o) (S’l(vgll) O-++0 Sz(j;':"))_l s
wEWn

w8 is called homogeneous Cantor measure, corresponding to K&, If |J| = 1, then
the definition of self-similar Cantor sets and measures coincide with K€ and p(®,

respectively.
For the random set up, let (2,.4,P) be a probability space and £ = (£;,&,..) a

sequence of i.i.d. J-valued random variables with p; := P(§; = j). In [4, Chapter

3] the following assumptions are discussed:
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sup IV, < 00, (A1)

jeJ
inf min Tl(j)mgj) >0, (A2)
jeJ i=1,...,Nj

sup max rgj)mz(j) <1, (A3)
jeJ =L N;
N;
H E ng)mgj) > 0, (A4)

N JEJ, i=1
2,2y r D mi <1

N
H ngj)mgj) < 00. (A5)
i=1

jed,
N, . .
£ P mi 51

With these assumptions, Arzt [4, Corollary 3.5.1| established the following theo-

ren.

Theorem 2.2.2 (c.f. [4, Corollary 3.5.1]): Let (Al)-(Ab) be satisfied. Then,

for the unique solution vy, > 0 of

N; pj
. A\ Y
[T ()7 ) =
jeJ \ i=1

it holds that there exist Cy,Cy > 0, A\g > 0 and ¢;(w),c2(w) > 0 for almost all
w € § such that

Cl A\ 6—01(w)\/10g>\10g10g10g>\ < Ng(g(“’»(/\) < N];\A;g(‘*’))()\) < 02 ATk e—cz(w)\/log)\logloglog)\

for all X > Ag.

See also Barlow and Hambly [6].
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2.3. Spectral asymptotics for Laplacians on

statistically self-similar Cantor strings

In this section we recap the results of Charmoy, Croydon and Hambly [18] about

the Central Limit Theorem for statistically self-similar Cantor strings. Therefore,

choose a deterministic number v € (0,1) and a random vector (Ty,...,T,), where
n > 2 is a deterministic natural number. Assume that (77, ...,T,) satisfies
n
Y Ti=1,  T€(01) a.s.
i=1

The construction of the random Cantor-like set under consideration is as follows.
Replace the unit interval [0, 1] by n equally spaced intervals with lengths R; =
Tll/ TR, = T, Afterwards, repeat this procedure for the remaining intervals
independently, indefinitely. The limiting set K is a statistically self-similar Cantor

set. By construction, the measure F' defined by

F(dt) =K Z eifyté‘, log R; (dt)

i=1

is a probability distribution on [0, c0), where § denotes the Dirac delta function.

By H denote the corresponding renewal function
H=1+) F™
m=1

where F™* denotes the m-fold convolution of F' with itself. Further, denote by G

the error of the linear approximation of the renewal function, i.e.

Gt) = H(t) —t </OOOuF(du))_1 |

Under the following assumption of the speed of convergence of G, Charmoy, Croy-
don and Hambly [18, Theorem 4.3| established a Central Limit Theorem for Ny.

Therefore, it is assumed that G converges to a finite constant (see Appendix Al).
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Assumption 2.3.1 (c.f. [18, Assumption 4.2]): There exist 31 € (7/2,00) and
¢, to € (0,00) such that
G(t) — lim G(u)| < ce ™,

U— 00

for all t > tg.

Theorem 2.3.2 (Central Limit Theorem, c.f. [18, Theorem 4.3]): Let

N([0,1]\K; - ) be the Dirichlet eigenvalue counting function of the negative Lapla-
cian on [0, 1\ K,

N([0, \K: 2) == %)\1/2 ~ N
and F' be non-lattice. Then, there exists a deterministic C' > 0 such that
N[0, 1\K; A2 2S¢ g,
Further, if Assumption 2.3.1 holds, then there exists 0® > 0 such that
XA (N[0, 1N MATY2 =€) 25 N(0, 02),

where N(0,0?) denotes the normal distribution with expectation 0 and variance o*.
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CHAPTER 3

C-M-J Branching Processes

Statistically self-similar Cantor sets can be encoded by random labelled trees I.
Counting the individuals of I according to some characteristic ¢ leads to C-M-J
(Crump-Mode-Jagers) branching processes. With a suitable choice of ¢ it is pos-

sible to write the eigenvalue counting function as a C-M-J branching process.

The definition of these processes is given in Jagers [52], see also Crump and
Mode [21,22]. In Section 3.1, Section 3.2 and Section 3.3 we follow closely the
structure of Charmoy, Croydon and Hambly [18, Chapter 2| and Hambly [42,
Chapter 2 and 3].

3.1. Definition of C-M-J branching processes

For our investigation, define the address space as
T=JN, N =9 (3.1)
k=0

Every z € T is a candidate for the random labelled tree (or population) I. x € T
identifies a tuple (&, L., ¢..), defined on (Q,, B, P,), where (2, B,,P,) are copies
of some probability space (Q, S~B,]I~D), consisting of the reproduction function &,
which is a point process on [0,00), the life length L, and a function ¢, on R,
where it is assumed that &,, * € T are i.i.d. and that ¢, is cadlag. We do not
distinguish between the function &, and the indicated measure. Further, write
&€:(00) for &,(]0,00)). (&, La, @r)s is defined on the product space (2,8, P) and is
called general branching process. As explained in |76, Chapter 7|, it is allowed that
¢, depends on the whole daughter process. In this case, ¢, is only defined on the

product space. The random labelled tree I is defined as follows.
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Definition 3.1.1 (Random Labelled Trees, c.f. [42, Chapter 2]): A random
labelled tree I is a subset of T satisfying the following properties:

o It holds ) € 1.
o [f(xy,...,x,) €1 then (xy1,...,2p-1) € 1.

o [For (zy,...,x,) € I it holds
(xh o 7In+1) € ] Zf and Only Zf 1 S Tn+1 S g(m ..... xn)(oo)'

Therefore, I has a unique ancestor denoted by (). By o,, x € I denote the birth

time of x given by

----- znfl) (t) Z 'Tn}

...........

and assume that oy = 0. Therefore it holds

5:1: = E 60'1,2'70'17
=1

whereby x, ¢ denotes the i-th progeny of x.

We need some notation for individuals of I. For this notation, see also [35,
Notation 2.2|. Define 01 as the boundary of I that is the set of infinite paths
through I beginning at (). For x = (xy,...xx) € I we define the truncation of
x onto the first n ancestors for n < k as x|, = (#1,...,2,) and extend this
definition onto OI in the natural way. We use the relation z < y for y € I or
y € 01 if and only if (|z| < |y and y|, = x). Hereby, |y| = oo for y € 9I. The
composition of two individuals = = (z1,...,xx) and y = (y1, .. .,y,) is denoted by

xy = (T1,..., Tk, Y1, - -, Yn). Furthermore,

Definition 3.1.2 (Cut-Set, c.f. [35, Notation 2.2]): A subset C C I is called
a cut set if and only if there exists for all y € OI exactly one z € C such that

Ay = Y-

For av € (0, 00) define
v(dt) = E&(dt), E,(dt) = e E(dt), v (dt) = E&,(dt), (3.2)

where we suppress the x dependence if it does not cause confusion. We assume

that the general branching process (&, L., ¢.). has a Malthusian parameter, i.e.
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there exists a v € (0, 00) such that

By pr we denote the k-th moment

iy e /0 e (dt) (3.3)

of v,.

The C-M-J branching process to given general branching process (&;, Ly, ¢ )z is
defined as

Z(z)(t) = Z ¢x(t - Jaz)'

zel

Hereby, we assume that ¢ vanishes for negative times. In (3.10) it is explained
how to obtain the asymptotics of Z? if this is not the case. The interpretation of
7% depends on the characteristic ¢. For ¢(t) = I>0y the corresponding C-M-J

branching process

To=2°(t) = Y Lizon) (3.4)

zel

denotes the number of individuals born up to and including time ¢, c¢.f. Nerman [76].

3.2. Connection to statistically self-similar Cantor

sets

Relations between C-M-J branching processes and statistically self-similar fractals
were used e.g. in Hambly [42] and Charmoy, Croydon and Hambly [18]. For our in-
vestigation, we define to each x € T an iterated function system (N, @, 1,..., P, n,)
on some interval [a,b] with ®,; being a contraction similitude with random ratio
R,; and N, is a random natural number. We assume that (N,, @, 1,..., Py n,),
x €T arei.i.d.
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A random labelled tree I C T is generated as in Definition 3.1.1 by the three

properties
e It holds ) € I.
o If (x1,...,2,) € I then (xy,...,2,-1) € I.

e For (zq,...,2,) € I it holds

(1,...,2n41) €1 ifandonly if 1< 2pq < N,

The statistically self-similar Cantor set K is given by

K = ﬂ U va K:c = (D@,xl o (I)(:El),xz O©---0 (D(xl ..... xn,1),xn([a'7 bD

n=1 |z|=n,
xzel

This set satisfies
K =K,
i=1

as a random version of self-similarity.

N, being i.i.d. and distributed like K. This property can be thought

.....

To obtain the Hausdorff dimension of K, the following condition is discussed in
Falconer |28, Chapter 7].

Condition 3.2.1 (c.f. [28, Chapter 7]|): 1. The collection (int K,,x € I)

forms a net, i.e.

o Forx <y it holds

int K, Cnt K.

o [f neither x <y nory < x, then

int K, Nint K, = 0.

This condition is a random analogue to the open set condition in the deter-

ministic self-similar setting.
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2. K 1s proper, i.e. for every cut set C C I it holds that if x € C, there exists a
point y € K, such that for all z € C, z # x it holds y ¢ K.

The Hausdorff dimension of K were calculated by Falconer [28] and Mauldin
and Williams [70].

Theorem 3.2.2 (c.f. [28, Theorem 8.5 and 70, Theorem 3.6]): Let Condi-
tion 3.2.1 be satisfied. Then, on the event that K is not empty, it holds that

Ny
dimy K = inf{s >0:E (ZRf) < 1} a.s.
i=1

As explained in [18, Section 2.2], the reproduction function ¢ and life length L

of the general branching process which are related to K are

Ny
51 = Z o_ log Ry i L:L" = SUP Ogi — Og- (35)

i=1

Hence, K, corresponds to an individual born at time o, and vol;(K,) = e~

Further, by the definition of the Malthusian parameter v, we infer

E (Zw RZ) - / et () = 1. (3.6)

Thus, the Hausdorff dimension of K coincides with the Malthusian parameter of
(€$7 Lx)x-
3.3. Strong Law of Large Numbers and Central

Limit Theorem
By Jagers [52], the C-M-J branching process satisfies
£p(o0)

Zo(t) = o(t) + Y Z{(t = 0y), (3.7)

whereby {Zf’ }; are i.i.d. copies of Z¢. Multiplying this by e~ a random version

of the renewal equation is obtained, since by taking the expectation

22(t) = Ee " Z%(t),  wu®(t) = Ee "¢(t)
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it follows
22(t) = ul(t) + /000 22(t — u) vy (du), (3.8)

see [18], [42] and [76], whereby v, is by definition a probability distribution, see
Feller [29] for the renewal equation. Therefore, it is possible to obtain under cer-
tain regularity conditions the asymptotic behaviour of z?. With the asymptotic
behaviour of 2¢ and the fundamental martingale (W;); corresponding to the gen-
eral branching process, the asymptotics of Z® can be described. Thereby, the fun-

damental martingale is defined as

W, = Z e 1% A= {x el: U‘”\m—l <t< (72;} ,

TEA;

see [18], [76]. The corresponding filtration (F;); at time ¢ is given as the biogra-
phy of the individuals born up to and including time ¢. To define this filtration
formally, denote by 4, the n-th individual of the population, i.e. the individual of
the population such that there are exactly n — 1 individuals € I such that their
birth times satisfy

Or < 04,

If there are several birth times simultaneously, sort the individuals by an arbitrary
rule. Then, for x € T let P, be the projection map of the product space (£2,8) onto
the x component. As Nermann [76|, define the o-algebra (E,)nen as the smallest

o-algebra such that
{fweQ: 4(w)=2,..,in(w)=2,} €E, forall z;,...,2, €T
and
An{weQ: 2z {i(w),...,in(w)}} €E, foral Ac P! (B,), forallzeT.

According to |76, Proposition 2.4|, (W), is a non-negative cadlag (F;),-martingale,

where

.Ft = ET” (39)
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with T; defined by (3.4) and further EW; = 1 for all ¢. Furthermore, for x € I, we
write F, == Er, .

By Doob’s martingale convergence theorem, (W;); converges almost surely to a
random variable W. Moreover, as explained in [18, Theorem 2.1], Doney [23, 24]
established the following theorem.

Theorem 3.3.1 (c.f. [23,24]): The following properties are equivalent:

1. E(&(00)(log&,(00)) ) < o6
2. EW >0

3. EW =1
4. W >0 a.s. on the set where there is no extinction

5. (Whi)y is uniformly integrable
Otherwise, W =0 a.s.

Therefore, if the x log z property (typical in branching theory) of Theorem 3.3.1

holds, then the convergence of (W;); also takes place in L;.

For the convergence theorems for Z¢ it is convenient to assume that ¢ vanishes
for negative times. As explained in [18, Section 2.1], if this is not the case, we

consider the C-M-J branching process ZX* with
&z (00)
Xo(t) = ¢u(t)Lizo + Z — 02i)Lo<t<o, (3.10)

to get the asymptotic behaviour of Z%(t), as t — oo, since Z¢Ljg ) = zx°.

The Laws of Large Numbers for C-M-J branching processes are originally from

Nerman [76]. The versions we use are taken from Charmoy [17].

Theorem 3.3.2 (Weak Law of Large Numbers, c.f. [17,76]): Let (&, Ly, )
be a general branching process with Malthusian parameter v. Assume that v, is non-

lattice, ¢ > 0 and vanishes for negative times, u® is directly Riemann integrable

and for all t
E (sup ¢(u)> < 00.
u<t
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Then, it holds

where 1y is defined in (3.3), and
e 1Z0(t) =X 2%(c0) W in probability.
The Strong Law of Large Numbers is given by [76] under the following condition
on the general branching process.

Condition 3.3.3 (c.f. [76, Condition 5.1 and Condition 5.2]): There exist
non-increasing bounded positive integrable cadlag functions g and h on [0, 00) such
that

(s ) < B () <o

As explained in [18, page 7|, by choosing g(t) :=¢t~2 A 1 we thus obtain

57(‘30) — £V<t> = L s > L S
O / o(s) ) < | o) &%)

and assuming that the expected number of offsprings is finite, it thus follows

& (00) = &(1) 2\ —t
E <sttzlg) T) < Stlzlg {(1Vv#)e "} EE(o0) < o0.

The lattice case of the following Strong Law of Large numbers were treated in
Gatzouras [38].

Theorem 3.3.4 (Strong Law of Large Numbers, c.f. [17, 38, 76]): Let
(&, Ly, &) be a general branching process with Malthusian parameter . Assume
that ¢ > 0 and vanishes for negative times and that Condition 3.53.3 is satisfied.
Then, it holds

1. If v, is non-lattice then it holds

2°(t) e 2%(00) = ,ul_l/ u®(s) ds,
0
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where 1y is defined in (3.3), and

e1Z0(t) =X 22 (c0) W as.

2. If v, is lattice with period L then there exists a L-periodic deterministic

function G such that, as t — oo,

Z°(t) = (Gi’(t) +o(1)We™ " as.

and G’f s defined as

Yt e VROt + L))

i—
I seew(ds)

Go(t) =L~

Furthermore, if (W})y is uniformly integrable, the convergence is also in L.

To justify the name of the last theorem, we consider an i.i.d. sequence {X;};en.
Under certain regularity conditions, the classical Strong Law of Large Numbers

reads

n

]- n o0
N X, =X EX, a.s.
n

=1

With

Z¢(t) = Zgbx(t - Ux) = Z Z ¢$(t - Ux)

zel n=1 z€l,
|z|=n

we obtain an interpretation of Z¢ as a sum Y Y, () to which the right normal-

ization factor is e 7.

The following Central Limit Theorem is taken from [18]. Therefore, we consider
a general branching process (&, Ly, C, )z, where ( is a characteristic such that the

C-M-J branching process
Z(t) = Z%(t)

is centered, i.e. EZ(t) = 0 for all t. The variance process Z? has an important role
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in the Central Limit Theorem. By defining

&p(o0) §p(00)
qu(t) = Co(t)? +2Cy(t) ZZ o) +2 Y Y Zi(t— ) Zi(t — 0y),
=1 j<i
it holds
Z(t)* = Z4(¢t). (3.11)

Hence, Z? can also be represented as a C-M-J branching process. Therefore, it also
satisfies an equation of the form (3.7) and thus the renewal equation (3.8), i.e. by

defining

() =o(t) = e EZ()?, r(t) =r(t) = e "Eq(t), (3.12)
it holds
v(t) =r(t) + /000 v(t —s) vy(ds). (3.13)

Charmoy, Croydon and Hambly [18] assume for the Central Limit Theorem that

v converges to some finite constant.

Under the following two conditions, Charmoy, Croydon and Hambly [18] estab-
lished a Central Limit Theorem for the C-M-J branching processes.

Condition 3.3.5 (c.f. [18, Condition 2.6]): There exists € € (0,1/2) such that

e t/2 Z C(t—0,) 220, in probability.

oz <€t

As explained in [18, Condition 2.6|, this condition can often be checked by using
Nerman’s Weak Law of Large Numbers Theorem 3.3.2.

Condition 3.3.6 (c.f. [18, Condition 2.7]): There exists k € (0,00) such that

supE (’e‘”t/QZ(t)‘QM) < 00

teR

As explained in [18, Condition 2.7|, it is convenient to show this condition for

x = 1 which can be done by writing Z* as a C-M-J branching process.
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Theorem 3.3.7 (Central Limit Theorem, c.f. [18, Theorem 2.8|): Let
(&4, Ly, C,)e be a general branching process with Malthusian parameter  such that
EZ(t) = 0 for all t and that v, defined in (3.2) is non-lattice. Assume that Con-
dition 3.3.5 and Condition 3.3.6 are satisfied and further that v is bounded and

u(t) =3 v(o0),
where v(oo) is some finite constant. Then, it holds
e P74 2N Zo, in distribution,
where the distribution of Z., is characterised by
E (¢7%~) = E (e 30 (3.14)

Again, to justify the name of this theorem, we consider an i.i.d. sequence {X;};en
with EX; = 0. Under certain regularity conditions, the classical Central Limit

Theorem reads

1 n

— X; — N(0,VarX,).

If W =1 as., equation (3.14) characterizes the normal distribution with mean 0
and variance v(c0). Therefore, the distribution of Z,, can be thought as a general-
ized normal distribution with random variance v(oco0)W. Further, e /2 is given as
the square root of the normalization factor of Z as \/Lﬁ isof > 1" | X; in the classical

Central Limit Theorem.

3.4. Law of the Iterated Logarithm

In this section, we proof the first main result (Theorem 3.4.3) of this thesis.

The Central Limit Theorem describes the random fluctuation of the normalized
C-M-J branching process around its limit in distribution. However, we also want
to have some almost sure properties. Therefore, we establish a Law of the Iterated
Logarithm. For the Biggins martingale of supercritical branching random walks the
Law of the Iterated Logarithm is treated by Iksanov and Kabluchko [49]. For our
Law of the Iterated Logarithm, we need two technical assumptions on the general

branching process which are related to Condition 3.3.5 and Condition 3.3.6.
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Condition 3.4.1: There exists € € (0,1/2) and C(w) > 0 such that

e 2 Z (,(t—0,) <Cw) as.

oz <et

Condition 3.4.2: It holds that

supE (’e‘”tﬂZ(t)‘:i) < 00.

teR

The Idea of the proof of the following theorem is taken from the proof of [18,
Theorem 2.8| and [49, Theorem 1.6].

Theorem 3.4.3 (Law of the Iterated Logarithm): Let (&, L,,(,). be a gen-
eral branching process with Malthusian parameter v > 0 such that ( satisfies
EZ(t) =0 for all t and v, be non-lattice. Assume that

u(t) == v(c0),

where v(oco) > 0 and further, assume that Condition 3.4.1 and Condition 3.4.2
hold and that

E¢(00) log &(o0) < o0.

Then, for fized h > 0,

. e~ "h/2 7 (hn)
lim sup <1 a.s.
nsoo \/20(0c0)W log hn

Proof. We want to apply Theorem A.2.1 by using the Berry-Esseen estimate The-
orem A.2.2. Therefore, define Z(t) := e~ "/2Z(t) and C(t) == e /2 ((t). By (3.7) it

follows

7(t) = Z e T2t — 0y) + Z eI 7 L (t — 0y).

op<et rEAet

Let € € (0,1/2) such that Condition 3.4.1 is satisfied. Using boundedness of the

first term, it only remains to show that

lim sup

a.s.
n—so00 V2 v(00)W log hn

Therefore, let h = 1. With analogous arguments the claim follows for arbitrary
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fixed h > 0.
erAm e 0w/ Z:ﬂ (n—oy)

T, =
VE(Soen e Buln = 006,

; gn = ]:ena

where F, is defined in (3.9). Theorem A.2.2 leads to

3

Sren B[ 2utn— o) o)
sup[P(T, < 113.) ~ B(y)] < o

y€R (E (erAm =0z Zx(n — gx)g‘gn>>3/2.

Y c.)
(B (Soen, e Bl =006,))

We now verify

. 3
e %27 (n — o,)

< 00

by using the following Lemma. Remark that by the xlogx property of Theorem
3.3.1 it holds W > 0 a.s.

Lemma 3.4.4: It holds that

(Z e 7, (t — 0,)?

TEAet

Q)HOO v(co)W a.s.

Thus, it is enough to show that

> 3 el -

n=0 xz€Acn

3

gn) < o0 a.s.

Since by Condition 3.4.2 sup,p E| Z(t)|* < oo, it holds

S E ()emﬂ Zo(n— o)

xeAen

_3 _1
Qn> < ¢ E e 217 < cgWe,e 2

CCEAen

Since W,, =3 W, (W,)n is bounded and thus there exists a constant d; (depending

on w) such that

> 3 &(je - o

n=0 x€Acn

’ Qn) §d1(w)26 I <00 a.s.

n=0
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Hence, the claim follows. It remains to show Lemma 3.4.4.

Proof of Lemma 3.4.4. Let tg > 0 be such that

[v(t/2) —v(o0)| <6, forall t > t.

gl

<6 3 el 3o e

x€A\Ay /o T€ANA /o

Then, it follows

E ( Z e~ Zo(t — 04)% — v(o0)e 7=

(EEAgt

By |76, Corollary 5.9], there exists K > 0 for all ¢ > 0 such that

lim sup Z e 17 < K/ g(t)dtW,
c—K

t—o00
$EAet m14et+c

where g(t) = t72 A1 and we can choose ¢ arbitrarily large. This ensures that
> wcAnn Aus e 7?= converges to zero almost surely and by adjusting §, the claim

follows since | \Ayz e 77* is bounded by W, which converges almost surely

z€A
and is therefore bounded. O

This proofs Lemma 3.4.4 and hence Theorem 3.4.3 follows. O

Since (&, Ly, — (). also satisfies the conditions of Theorem 3.4.3 if (&, Ly, ()«

does, we obtain

Corollary 3.4.5: Let (¢, Ly, (,). be a general branching process with Malthusian
parameter v > 0 such that C satisfies EZ(t) = 0 for all t and that V., 18 non-lattice.

Assume that

v(t) =5 v(c0),

where v(oco) > 0 and further, assume that Condition 3.4.1 and Condition 3.4.2
hold and that

E¢(00) log &(o0) < o0.
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Then, for fized h > 0, it holds

—yhn/2 7 h e~ Yhn/27(p
—1 < liminf ‘ n) < lim sup (hn) <1 as. (3.15)
n—oc /2v(c0)W log hn n—oo  1/2v(00)W log hn

As for the Strong Law of Large Numbers and the Central Limit Theorem, we
justify the name of this theorem by considering an i.i.d. sequence {X;};en. Under

some regularity conditions and if the X; are centred, the classical Law of the
Iterated Logarithm reads

VAT X VESL X
—1 = liminf < lim sup =
n—oo /2 VarX; loglogn n—oo /2 VarXj loglogn

In equation (3.15) VarX; is replaced by v(oo)W which is the generalized variance
of Z4 in the Central Limit Theorem 2.3.2. Further, e~ 7/? is the square root of the

normalization factor of Z and

—'yn/QZ —'yn/QZ
lim inf \ lim sup ‘ () _ = liminf \ lim sup ‘ ()
nooe e (/20(00)Wlogn  n U nses y/20(00)W loglog e

3.5. Some properties of W

For our applications of the Central Limit Theorem and the Law of the Iterated
Logarithm, we need to control the moments of the almost sure limit of Z¢(t)e".
In this section we outline these properties.

Firstly, we investigate the equation (3.7). Multiplying with e~ and taking the
limit ¢ — oo, it follows by the Strong Law of Large Numbers Theorem 3.3.4 with

¢(t) = Lu=0y
W = Z Wie %7 a.s., (3.16)

where we assume that E&(0co) < oo and W; is the limit of the fundamental mar-

tingale corresponding to the general branching process (&,, Ly, ¢x)zco,1, ¢.f. Ham-
bly [42]. Furthermore, {WV;}; are i.i.d. distributed like W and independent of ;.

For the moment bounds, we need the following lemma. The case W = 1 a.s. of
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Lemma 3.5.1 were treated in [18, Lemma 3.5|. Therefore, let

£p(o0)
P(0) =E Y e
=1

Lemma 3.5.1 (c.f. [18, Lemma 3.5]): Let (&, L., ¢.). be a general branching
process. Then, it holds

EY et = i $(0)F
k=0

zel
and the sum is finite for 6 € (1,00).

Proof. Monotone convergence yields

]EZ e 010 = i E Z e 910=
k=0
|

xel z€el,
z|=k

and therefore

E Z 6—9701 - K Z &D(ZOO) e—e’yame—e'y(o'ryi—o-z)
=1

z€l, z€l,
|z|=k |z|=k—1

—F Z 6—9’YUxE(§I(ZOO) e—@v(ax’i—am)

z€l, =1

]:xp:l)
|z|=k—1

_E Z o~ Z o0 inf{t>0: & (t)>i}
i=1

z€el,
|z|=k—1

=) Y e

z€l,
|z|=k—1

[terating over k, we get the desired equality and because (1) = 1 and ¥ is strictly

decreasing in #, the claim follows. O]

To control the moments of C-M-J branching processes and the limit of the
fundamental martingale (W,);, we proof the following lemma. Similar results were
also established by Mauldin and Williams [70].
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Lemma 3.5.2: Let (&, Ly, ). be a general branching process. Assume that ¢ > 0

and vanishes for negative times and

¢(t) < c1§(00).
Furthermore, assume that

Eé(00)® < 00
and that Condition 3.5.3 is satisfied and v, is non-lattice. Then, it holds

EZ¢(t)6 < di e and EWS < oc.
Proof. By Fatou’s lemma follows
EW® < d, litrggle(Z¢(t)e_7t)6.

Therefore, it is sufficient to show that E(Z¢(t)e™")® is bounded. We start by
showing that E(Z?(t)e™")? < oo and proceed iteratively. Using the idea of [18,

Lemma 3.6], we show that the expectation of

2%(2%(75 —0,)? (3.17)

zel

+2) gu(t—o Z — 02) (3.18)

zel

+2) Z D Z2 it —044) Z2,( ax,j)> (3.19)

zel =1 j<i

is bounded, where we use (3.11). To deal with (3.17), we use ¢(t) < ¢1€(00)e™ to
get

e 'K Zgbz(t —0,)r < EZ £(00)?e™ 27 = I E¢(00)? i (2
k=0

zel zel

For (3.18) and (3.19) we use the same strategy and remark that

EZ%(t) < cpe.
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Thus, in (3.18) we get

727tEZ¢t_UI Z Uzz

zel
&x(00)
TR E(00)e ) N R <Zf’i(t — O) ]:x>
zel i=1
£z (00)
ey E Z gw(oo)ev(tfoz) Z o (t=0a.)
zel i=1

<cackE Z e 217, (00)?

zel
=acE Z e M1 EE, (00)?

zel
=1 EE(0)* E Z —270

zel

< 00,

where we used Lemma 3.5.1 and that o,; > 0,. For (3.19), remark that

E (20t = 02) 22t = 00)| Fo)) = B (Z0,(t — 02,0)| T2 ) E (22t = 025) | )
and thus
EL(OO
CIEY DD Zrit = 0ni) 27, = o)
zel =1 j<t
& (00)
S C% 6727/th Z Ze’Yt Uzz)e’yt O'zj)
zel =1 j<t
<cAE Z e 27¢,(00)?
zel
< 0.
For the third moment, we define
o) &p(o0)
Qo(t) =¢o(t)* + 3¢n(1) Z ZY(t—03) +3¢0(t) Y ZL(t —03) 2L (t — o)
=1 3,7=1

+ Z ZL(t — o) Z2(t — o) Z(t — o).

i,7,k=1,
not all equal
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Therefore,
Zo(t)* = Z9(1)

and we can proceed as for the second moment. Therefore, we only show how to esti-
mate the third and fourth sum. By the estimates before it follows Ee 27 Z?(t)? < c3
and thus

e SR Z Dot — 02) Z Z2(t — 043) 22 (t — 04)
x€l ij=1
< e 'E ( > Guloo)erttew)
xzel
£z (00) 1
/2 1/2

S E(Zt -0 F) T E (20,0 - 0)| F) )
ij=1

<ccE Z 6_37””@(00)3

zel

< 00.
For the last sum, assume without loss of generality that ¢ is different. Then,

E(Z2.(t = 020 28,0 = 02) Z0,(t = 02) | o)

—E (20t - o2)

.7-}) E (Zf,j(t — O-x,j)Zik(t — aLk)‘}})
Applying the Cauchy-Schwarz inequality, we get

E (Z;ij(t —0,5) 2% (t — az,k)‘fx)
(3.20)

1/2

¢ 2 1/2 ¢ 2
<B (22t — 00| F) B (2000t - 0un)?| )

Afterwards, we can proceed iteratively to obtain the claim. O
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CHAPTER 4

Spectral Asymptotics for Measure

Theoretical Laplacians

In this chapter we study Weyl’s law (1.4) for measure theoretical Laplacians A#
with respect to statistically self-similar and random V'-variable Cantor measures.
It may occur that the normalized eigenvalue counting function oscillates or is peri-
odic rather than convergent. Therefore, we first give a generalization of the leading
order in the Weyl asymptotics for A#. Afterwards, we investigate this generaliza-

tion for A* for the different Cantor measures.

The main results of this chapter are provided in Theorem 4.2.9 and Theorem

4.3.18. These theorems are results of the present thesis.

4.1. Spectral exponent

Equation (1.4) motivates the definition of the spectral dimension

do(X) .. logN())
y = dm = (41)
which leads to
ds(X)=n

in (1.4). Many authors before studied the expression (4.1) for generalized Lapla-
cians on fractals, e.g. [35,42]. In this section, we investigate this expression for
measure theoretical Laplacians A* with respect to certain measures p. Therefore,

we call the limit

o .. log NH(N)
=) = fim =

the spectral exponent of the corresponding measure theoretical Laplacian, c.f.
Freiberg [34].
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Hence, by Theorem 2.2.1, the spectral exponent of A* with respect to self-similar
Cantor measures p is given as the unique solution v, > 0 of
N
> (rmi)* =1,

i=1

where we use the same notation as in Section 2.2.1.

By Theorem 2.2.2, the spectral exponent for random homogeneous Cantor mea-

sures is almost surely given by the unique solution 7, > 0 of

N, P

. A\ Y
(S (o)) =1
jeg \ i=1

Hereby, we use the same notation as in Section 2.2.2.

4.2. Spectral exponent for statistically self-similar
Cantor measures

4.2.1. Construction

The idea of the proofs, constructions and structure of Section 4.2 are taken from
Arzt [4, Chapter 3| and Hambly [42]. Let J be an index set. We define to each
j € J an IFS 8Y. Therefore, let N; € N, N; > 2. Then SV = (Sfj),...,S](\?j)

where we define Si(j ) [a,b] — [a,b] by

S-(j)(x) = rgj)x + cgj),

7

for some 7Y € (0,1), ¢V € R, i = 1,..., N, such that

(3

a=S"(a) < S (b) < S (a) < S (b) < -+ < S{)(a) < SY)(b) = .

Furthermore, let m{) = <m§j), ,m%ﬂ)) be a vector of weights. Therefore, as in

Section 2.2.2 an element of the index set J identifies a tuple <S 28 m(j)>.

As in Chapter 3, we construct a (for now deterministic) tree I with unique

ancestor (). Every individual x € [ indicates a index j € J which we also denote
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by x for convenience. The number of children of z is N, and by I,, we denote the

n-th generation of I, where Iy = {0}. For x € I,,, x = (z1, ..., x,), we define

mCC = m;qi) “ e m((xlv---azn—l))

In )

S = S(@) (@) o) S((Ilv"wipn—l))
x T1 cee T

and analogously S ! as the composition of the preimages of the contraction simil-
itudes. For n € N let

Kr(z]) = U Sx([a’ b]) = U K., K,= Sl‘([a’ b])

x€ly, ImIEI’
Trj=n

The limiting set
KW = m KD
n=1

is called recursive Cantor set.

Proposition 4.2.1: The set K is compact and contains at least countably in-
finitely many elements, namely Si, ... 2,)(a) and S(z, .. .,)(b), 21 =1,..., Ny, ..., x,, =
1, ey N(z17_..7wn71), n € N.

Proof. Let © = (x1,...,x,) € I,,. For m € N let 2’ and 2” be two individuals of
the population such that 2’ = z1,,, 1,, == (1,...,1) € R™, m € N and 27, ...,z =

cey n

L1y eeey Ty, T = N( ) for k =n+1,..,n + m. By definition

SRTEEN Tp_1)

Syp(a) = Sz(a),

Thus S.(a), S:(b) € K(Qm for all m € N, which proofs the statement. O

n

By construction, it holds that
No
KD = Js® (kD). (4.2)
i=1

where 6;I denotes the subtree of I, rooted at (7).
We define the recursive Cantor measures analogously to the homogeneous Cantor

measures (2.6). Let

95



WD) = S o (7 (A) polA) = A (A)

—a
xGIn

for all A € B([a,b]), where B denotes the Borel-o-algebra. The recursive Cantor
measure p'!) for a Cantor set coded by I is defined as the weak limit of (;AP) .
nelNo

Lemma 4.2.2: For all x € I holds
(S, ([a, b])) = my.

Proof. Let x € I,,, y € I,.1n, n,m € N. Because of

K, ify ==x
K,nk,=¢ v
0, otherwise,
we get
I
= Z My o (SJI(K1'>)
yEIn-Hn
= Z my o (S, (K2)) -
ye]n«!»mﬂ
Yl ="
Since

we finally obtain
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Lemma 4.2.3: It holds
Ny
-1
M(I) _ Zmz@ M(GJ) ° Si(@) (4.3)
i=1

and therefore for i € {1,..., Ny} and A € B([a,b]) with A C Si(@)([a,b]),

0 ; ¢)—t
P (A) = m® (000 807 (4).

Proof. Let A € B([a,b]). Then, we get

N@ NL N(z TY,eny Tp_1)
0 i Gy ey Lyy— —
=2 > 2w g (S e) ! (4))
=1 z1=1 rn=1
N@ N(zl ,,,,, Tn) L
=S Y O ) g ((51,1 7777 or) (A)>
.1’1:1 :I,‘n+1:1
I
=#oia(4)
Taking the limit n — oo, we obtain the assertion. O

4.2.2. Dirichlet-Neumann bracketing

We establish a Dirichlet-Neumann bracketing with which we obtain the character-
istic ¢ for the C-M-J branching process under consideration. To this end, we first

give a scaling property for the Ls-Norm.

Lemma 4.2.4: Let f,g € Ly (D). Then,

(90 1, () Zm < Y908 >L2(u(9”)) '

Proof. With supp p) = K) and Lemma 4.2.3 we get
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Ny
0 0 0
= > m®™(fo 5,90 57 (auny.

i=1
0

Let (€0, F) be the Dirichlet form on Ly(p)) whose eigenvalues coincide with

the Neumann eigenvalues of — AR Namely,

/f

F = H"([a,b]),

see [32, Proposition 5.1], Where H 1([@ b]) denotes the Sobolev space on Ly (AL [a, b])
of order 1. We write N ) for N§ v and N 1(3[ ) for N g(l). To obtain the Dirichlet-
Neumann bracketing, we follow Arzt [4, Section 3.2.2] and define a Dirichlet form
(ED, FD). Let O be the set of all functions f : [a,b] — R with fo S¥ e F
foralli =1, ..., Ny and

1 () ()
f|(5§®)<b>v5§3)1(a>) € ((SZ (b)75i+1(a)>>

for all i = 1, ..., Ny — 1. With [4, Proposition 3.2.1] follows F € F®)_ but F ¢ F,
because f € F has not to be continuous on the boundary points of wa)([a, b]).
For all f,g € F, define

Ny 1 Ny—1 S(@
(U(fag) = ZTO)E: <fOSl(@),gOS Z /(0) U) du

i=1 "1

By [4, Proposition 3.2.1] the following relation between £ and & holds.
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Lemma 4.2.5 (c.f. [4, Proposition 3.2.1|): For all f,g € F it holds, f o SZ»(@),
go Sl-(@) € F and

ED(f,9) =E(f,9).

Further, [4, Proposition 2.2.2] implies that the embedding F" < Ly(pD) is
a compact operator and thus we can refer to the eigenvalue counting function of
the Dirichlet form (0, FD) on L, (1), Let N(f“),f(”,u“)) be the eigenvalue
counting function of (£, F (),

Proposition 4.2.6: For allt > 0 holds
Ny
0;1 0 0
N(ﬁa),g(n,um)(t) = ZN](V : (7‘@( 'm} )t> :
i=1

Proof. Let f be an eigenfunction of (g(l), FD, ,LL(I)> with eigenvalue A, i.e.

ED(f.9) =N, g>L2<M<,>) for all g € FU).

Because f,g € Ly (uP) it follows by Lemma 4.2.4

— 0
Nw Nl 0o

1
L oe(fo8® 4050 4 / /() ¢ () du
zZm@ (7osi%g0s) Zl o T (4.4)

:)\Zml(-@) <foSi(®),goSi(®)> .

i—1 Lo (u%iD)

We show that each summand on the left side equals each summand on the right

side, respectively. Therefore, let h € F and define for each 5 € {1, ..., Ny}

. ho SO ), ifte SY(a,b]),
h](t) = J J

0, otherwise.

Then h; € F,h; 0S¥ = h, for all j € {1,...,Np} and h; 0 S = 0 for i # j.
Moreover, ﬁ;‘(s@ =0,5=1,...Nyp, 2 =1,.., Ny — 1. With g = izj, we

then get in (4.4)

()52 (@)

@g (f . SJ@),h) _ )\m§-®) <f o S](@>7h>L2(M<9jI>) .
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Because this equation holds for all h .7-" f oS ) is an eigenfunction of the Dirich-
letform (5,}", u(eﬂ)) with eigenvalue r m D) for all Jg=1,...,Ng.

Now, let A > 0, such that fori =1, ..., Ny, rf@)mgm))\ is an eigenvalue of (5, F, ,u(ei]))

with eigenfunction f;. This means,
g(f”w )—T‘(@m <f17 > ( )>’
for all g € F. Let

£t) = fio Sfmil(t), ift € Si(w)([a, b)) for some i € {1,..., Ny}

0, otherwise.

Then, f € F and fo Si(@) = f;, 1 =1,..., Ny and therefore

Ny 1 Ny

(@) _ ® ()
S (res) =Aym (rosa),
=1 "1 =1

for all g € F. Since for § € FO it holds by definition of FO, o 5 e F,
1 =1,..., Ny and thus

No o Ny
@ -~ o@)y _ () @ - o)
27’@) E(foS;7,go s )—)‘Zlmi <foSi ,gosS; >L2(u(9z‘”)'

But the left side of this equation is equal to £ (f, §), because f" <S(®>(b) SO ¢ ))) =
i Wi\
0, foralli =1,..., Ny — 1. With Lemma 4.2.4 we then obtain

ED(f,9) =M {f,3 9) 1 (0 (4.5)

for all § € FU). Therefore, \ is an eigenvalue of (S (), FO, pD) with corresponding

eigenfunction f. Using this, we can easily conclude the claim. ]

Let (Fo, &) be the Dirichlet form on L, (u!)) whose eigenvalues coincide with
the Dirichlet eigenvalues of —A“m, i.e. £ is defined as before and

For={feF: fla) = f(b) =0},

see [32, Proposition 5.3|. As for the Neumann eigenvalue counting function we
follow Arzt [4, Section 3.2.3| and define a Dirichlet form (fél),gél)) on Ly (1))
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FO={rer: f@=oforze [sP0),5% @], i=1,. N -1},

) ._
(c/’O = 5‘]:_(()1) X]:_éI).

Proposition 4.2.7: For all x > 0 it holds

N(S(I) FD H(I) ZN (0:1) (T m} )x>
Proof. Let f be an eigenfunction of (80 ),]:'é ), p)) with eigenvalue A. Then

& (£.9) = MF.9), (uny.

for all g € Fy. Therefore, by [4, Proposition 3.2.1] and Lemma 4.2.4,

No No=1 5@ (4
;ms(fos gosY +Z/% g'(u) du

—)\Zm fgL2 u(“))

For h € Fy define

(O : ®)
P oS, it e 5P (an),

0, otherwise.

Because h € Fy, it follows izj € j}él) and ﬁj o Sj@) = h for j = 1,...,Ny and
71]- ) SZ-(@) =0, if ¢ # j. Hence,

€ (rosm) =am® (fosfn), (o)

J

for all j = 1,..., Ny. Therefore, rz@)mgm))\ is an eigenvalue of (5’]:0,“(911)) with
eigenfunction f o SZ@), 1=1,..., Np.

(@)

Now, let r; m Y\ be an eigenvalue of (5 Fo, 1t ) for some A > 0 with corre-
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sponding eigenfunction f;, © = 1, ..., Ny. Therefore,

E(fla ) = T(w)m <fla >L2(M(9 I)

for all g € Fy. Let

oy fio Si(w)_l(t), ift € Si(w)([a, b)), for some i € {1,..., Ny}

0, otherwise.

Since f; € Fy, it follows f € ]:"él) and because of f o SZ@) = fi,1=1,..., Ny,

NQ) 1 N@

- ) _ () (@)
ZT(@)E’.(foSz 7g> _)‘Zmz <foSz 7g>L2(u<9iI))’
=1 "1 =1

for all g € Fy. For g € .7:"(5]) it holds ¢ o SZ-(@) € Fo, i = 1,..., Ny. Analogously to
(4.5) then follows

&V (f.5) = (. 9) 1 (u0):

Hence, A is an eigenvalue of (gél), Fo, pD) with eigenfunction f and, as before, we

can now easily conclude the claim. O

Since (5(1 F D D) is an extension of (5,]—“, ,u(I)) and (5,-70,#(1)) is an ex-
tension of (80 ),fé ), p)), we infer from the Max-Min principle, see e.g. Lapidus
and Kigami [57, Theorem 4.5|, the Dirichlet-Neumann bracketing:

Corollary 4.2.8 (Dirichlet-Neumann bracketing): For allt > 0 holds
(GERE e (i)
Z N (0:1) @) N(I)( Z @) @)t '

4.2.3. Spectral asymptotics

We define a probability space (€2,8,P) in which every atomic event indicates a
random tree I. Let (Q,‘B,l@) be a probability space and U,, = € T be iid. J-
valued random variables. The probability space we are interested in is defined as

in Section 3.1, i.e. as the product space
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(2,8,P) = [[ (2%, B.,P.),
z€T
whereby (Qg, B, P,) are copies of (Q,%B,P) and T defined in (3.1). We set U, =
U, o P,, x € T, where P, is the projection map onto the z-th component. w € 2
indicates a random tree I = [(w). This random tree is defined as in Section 3.2.
The corresponding sets and measures ) and pu'!) respectively are called statis-

tically self-similar.

As explained in Section 3.2, there is a connection between statistically self-
similar Cantor sets and branching processes. We use this connection to determine
the spectral exponent in this section. The general branching process we use here
not only depends on the scale factors as in (3.5), but also on the weights m?). The

considered reproduction function and life length are defined as

= E o log r @) L, =supo,; — 0. (4.6)

With Corollary 4.2.8 for each z > 0 holds

NU(Z) NU@

ZN'9I< (Up) U@))SNI()I)()S J(V <ZN9I<(UV) (Uw)t).

For simplicity, we write in the following Ny, 7“2@) and mﬁ“’) for Ny,, rl(U”) and ml(-U‘”)

and consider the scaling property

§p(o0)
S 0 (90) < N0,
i=1
Let
I 0,1
Z(t) = N(D) (e"), Zit) = N]g )(et)

and (&, Lz, m:). be the general branching process with &, L defined in (4.6) and
£p(o0)

m(t) = Z(t) — Z Zi(t — 03).

i=1
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It then follows that the C-M-J branching process Z" coincides with Z. As explained

in (3.10) if n does not vanish for negative times, we use
€p(o0)
Xg(t) = nw(t)]l{tzo} + Z Z?(t - O'i)]l{()gt<oi}-
i=1
Thus, Z"(t) and ZX"(t) have the same asymptotic behaviour, as t — oo.

In the following, we denote as in Section 3.2 by W the limit of the underlying fun-

damental martingale corresponding to the general branching process (&;, Ly, 1:) -

The following theorem is the main result of this section. The idea of the proof
is taken from [42, Theorem 5.5|.

Theorem 4.2.9: Assume that
ENj < oo. (4.7)

Then, the spectral exponent for statistically self-similar Cantor measures p'D is

gwen by the unique solution v, > 0 of

N,
~ 0 o)
E Z (7“2- m,; ) = 1.

Moreover,

1. If vy, defined in (3.2) is non-lattice, then

lim Ng)()\) A= 2X (o)W as.,

A—00
where

oy o I B0
S tertp(dt)

2. If v,, 1is lattice with period L, then, as A — oo,

NS (A = (GX"(log(N\) +o(1)) A W a.s.,
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where G 1s a periodic function with period L, given by

o) S BRI )
' J - tetv(de) '

Proof. The proof relies on the following lemma.

Lemma 4.2.10: Assume that
ENg, < .

Then, W > 0 a.s. and the Malthusian parameter of the general branching process

(&xy Ly me)z 1S the unique solution 7, > 0 of

Furthermore, it holds:

1. If v, defined in (3.2) is non-lattice then

lim Z(t) e "' = 2X"(c0) W a.s.,

t—o0
where

J5* e EQC () dt

i (o0) 1= Jo" temrtu(dt)

2. If v,, 1is lattice with period L, then, ast — oo,
Z(t) = (G¥'(t) +o(1)) ' W a.s.,

where GX" is a periodic function with period L given by

D d VR 12)

Jj=—00
I se s v(ds)

GX'"(t)=L-

We rescale Lemma 4.2.10 by A = log(t) and therefore it remains to show
Lemma 4.2.10.
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Proof of Lemma 4.2.10. By Theorem 3.3.1 it follows W > 0 a.s. since
ENylog Ny < ENj < oc.

Let

f(s)=E (Z]j@: <7“Z@)m2(-0)>8) .

@y, ~ 1

forall j € J,i=1,...,N;, f is strictly decreasing. Since N; > 2, j € J it holds

By dominated convergence, f : [0,00) — R is continuous and because r

f(0) =2
and
sh—glo f(s) =0.

By continuity, there exists 7, > 0 such that f(v,.) = 1. Furthermore, ~, is the
unique solution strictly bigger than zero and also the Malthusian parameter of
the considered general branching process. The first moment of v, is finite since
ENy < oo. With g(t) = ¢ 2 A 1 the first part of Condition 3.3.3 is satisfied as
explained in Section 3.3. By Lemma 2.1.1, there exists a deterministic constant
¢ > 0 such that

Z(t) < ce. (4.8)

Further, from the Dirichlet-Neumann bracketing follows that

0<0t) £ 30 (N (OmOe) — NG (0 0er))
i=1
With Lemma 2.1.2 we thus obtain
n(t) < 2Ny. (4.9)
Taking together (4.8) and (4.9) we obtain

X"(t) < Ny,
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for some deterministic ¢ > 0. Therefore, the second part of Condition 3.3.3 follows
with h(t) = e 7. The Lemma then follows from Theorem 3.3.4.
m

This proofs Lemma 4.2.10 and hence Theorem 4.2.9 follows. O]

Remark 4.2.11: By Lemma 2.1.2 the asymptotic behaviour of Ng)()\))\_% and
N](VI)()\))\_“““ coincide.

4.2.4. Comparison between statistically self-similar and
random homogeneous Cantor measures

We saw the construction of recursive Cantor sets and corresponding recursive Can-
tor measures. Then, we showed under a moment condition that the spectral ex-
ponent of A* with respect to statistically self-similar Cantor measures is almost

surely given by the unique solution v, > 0 of

N,
SO, O\
E Z (ri m,; ) = 1.

i=1

In Theorem 2.2.2 we recalled the results of [4] about the spectral asymptotics
of A" with respect to random homogeneous Cantor measures p. In particular, as
explained in Section 4.1, the spectral exponent for random homogeneous Cantor

measures is almost surely given by the unique solution ~;, > 0 of
N; P
< A\ YR
H <r§j)m5j)) =1.
jeJ \ i=1

The next proposition relates 7, to vy, where we assume that (A1)-(Ab) are satisfied.

Proposition 4.2.12: With the notation above and in Theorem 2.2.2, it holds
Y < ¥ and equality if and only if there exists o > 0 such that

N

<.

(rz(j)ml(j)>a =1, foralljeJ (4.10)

=1
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Proof. Let t;(«a) = SN (rgj)mgj )> , J € J. With Jensen’s inequality, we obtain

> pjlog (tj(a)) < log (ij tj(a)) :

jed jed

Since log is strictly increasing, equality holds if and only if ¢;(«) = 1 for all j € J.
Now, let (4.10) not be satisfied. Then,

0="> p;log(tj(1)) < log (ij %)) .

Jje€J Jj€J

As log (Z ics P tj(a)> decreases as « increases, the assertion follows. O

Remark 4.2.13: If U, = U, for all z,y € I such that |x| = |y|, then the cor-
responding recursive Cantor measure is homogeneous. However, Theorem /.2.9
makes no statement about the spectral exponent for random homogeneous Cantor

measures, since the probability that ') is homogeneous is 0 in non-trivial cases.

Example 4.2.14 (c.f. [4, Section 4.5]): Let J be countable andp; =P (Uy = j) € (0,1),
J € J. Further, assume that rgj) = r](\],), mgj) =..= m%} forall j € J. There-
fore, m(]) = NL i=1,...,N; for allj e J. Letr = 7’? and N = Ny. If conditions

(A1)-(Ab) are satisfied then the spectral exponent for random homogeneous Cantor

measure is given by

Elog N

T Blog(N/r)’

see [4, Page 64]. The spectral exponent for statistically self-similar Cantor measure

1s given by the unique solution v, > 0 of

E(N (r/N)") = 1.

If not (r/N)* =1/N for some o > 0, for almost all w € Q, we thus have

0= log (Zp] Ny (/) )<ijlog( N (r/N;)") = Elog (N (r/N)™).

jeJ Jj€J

Therefore,

~ ElogN -
= Elog(N/r)
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4.3. Spectral exponent for random V'-variable
Cantor measures

4.3.1. Construction

The idea of the proofs, constructions and structure of Section 4.3 are taken from
Arzt [4, Chapter 3| and Freiberg, Hambly and Hutchinson [35]. As in Section 2.2.2
and Section 4.2 we let J be an index set and define to each j € J an IFS
S — (SP, S}@) on [a,b] with N; € N, N; > 2 by

SZ-(j) (x) = r9 o+ cgj)

i

for some rgj) € (0,1), D eR,i=1, ..., Nj such that

2

a=57(a) < 57(b) < 55(a) < (b)) < - < SF)(a) < SR (b) =

and further, a vector of weights m\) = (mgj), e m%))

For the construction of V-variable labelled trees we follow Freiberg, Hambly and

Hutchinson [35, Section 2.4|. Therefore, we first need to define environments.

Definition 4.3.1 (Environment, c.f. [35, Definition 2.7]): An environment
E is a matriz E = (E(1), ..., E(V)) which assigns to each v € {1,...,V'} both an

i&

index jE¥ € J and a sequence of types (Tfi)izl , i.e.

E(v):(jf,Tfl...TE >€J><{1,...,V}NJ‘5, vell,... V).

s "o,N .
i

A V-variable labelled tree depends on a sequence of environments (E¥)gsq,
whereby the n-th generation (or level) of the tree is defined as follows (c.f. [35, Con-
struction 2.8|):

Generation 0: Every V-variable tree has a unique ancestor, denoted by (. To this

ancestor we assign a type 7% € {1,...,V}.

el
Generation 1: Set v == 7% and S, = S <]E ) . This determines the first IFS to be
used. The number of children of the ancestor () is the number of
contractions of S,. Assign to the i-th child of () the type Tf;.

Generation 2: Repeat the procedure used in generation 1 for every individual of

the first generation, whereby E! is replaced by E2.
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We denote a V-variable tree by Iy and its n-th generation by Iy,,. By construction,
we assigned to each node x € Iy,, an index jZ" and therefore a tuple consisting
of an IFS SU%) and a vector of weights mU%) | For convenience, we denote this

index also by z. As before, we define

My = m:(vml) . m((xlz"'vxnfl))

Sy = S(@) 0...0 S((m ..... ZTn_1))
T - 1 o

and S, ! as the composition of the preimages.
The V-variable Cantor set Kv) is then defined analogously to the recursive

Cantor set K), namely

KIv) = m U Se([a, b)), K, := S.([a,b]).

n=1 mEIV’n

The difference between Kv) and K is that the number of different indices as-
signed to nodes in Iy, is uniformly bounded by V', whereas in Section 4.2 the

number of different indices assigned to nodes in [, is in general not uniformly

bounded.

The following result is transferred from Proposition 4.2.1.

Proposition 4.3.2: The set K) is compact and contains at least countably in-
finitely many elements, namely Sia, ... 2,)(a) and Sz, 2.,)(b), 21 =1,..., Ny, ..., x,, =
1, ceey N(m,---,xn—l)‘

As for the recursive Cantor sets it follows
Ny
KIv) — U S’i(@) (K@) (4.11)
=1

The V-variable Cantor measure (V) is also defined analogously to the recursive

Cantor measure ) i.e. uv) is the weak limit of </L£LIV)) defined by
n€ENg

Ly

i (A) = map (S71(A)) polA) = A

xEIvm

(4)

for all A € B(la,b)).
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Lemma 4.3.3 and Lemma 4.3.4 are transferred from Section 4.2 to the V-variable

setting.

Lemma 4.3.3: For all x € Iy holds

") (Su([a, b)) = mq

and

p) = Zm pOv) o 5O (4.12)

=1

Lemma 4.3.4: Let f,g € Ly (u'"v)). Then,

<fgL2 (1)) Zm < g0 >L2(M<wv>)'

By definition of cut sets A C Iy (see Definition 3.1.2), we obtain iteratively the

following lemma.

Lemma 4.3.5: Let A C Iy, be a cut set of Iy,. Then it holds

<f g Lg M(IV) Zmz o Szag © SI>L2<M(GZIV))

zEA

For the random set up, we also follow the construction of [35, Section 2.5]. There-
fore, let P be a probability distribution on the index set J. From this probability
distribution we obtain a probability distribution Py, on the set of environments
by choosing jZ, v € {1,...,V} independently according to P and choosing the
types 7,; 1 < i < N;p iid. according to the uniform distribution on {1,...,V'}
independently of the chosen indices.

Let 2y be the set of all V-variable trees to given index set J and tuple (S @) ),
j € J. We choose 7 € {1,...,V} according to the uniform distribution and in-
dependently the environments at each stage i.i.d. according to Py. This induces
a probability distribution on €2y, and on the set of V-variable fractals Ky . For

convenience, we denote these probability distributions also by Py, .
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Throughout Section 4.3 we assume the following technical assumptions to hold:

sup IV; < o0 (C1)
jed

0 < myips .= inf min mz(j) <sup max mgj) = Mgyp < 1 (C2)

jedJ i=1,...,Nj jeJ 1=1,...,Nj

0 < 7ips := inf min rl(] )

<sup max 7 =iry, <1 C3
nfl_min 777 < sup_max, (C3)

%

4.3.2. Neck levels

As mentioned in the introduction, an important tool to analyse the spectral asymp-
totics for A" are neck levels which we define in this section. Further, we intro-
duce a sequence of cut sets (Ay)g, related to neck levels. In Section 4.3.3 we use this
sequence to get a Dirichlet-Neumann bracketing. This Dirichlet-Neumann brack-
eting and Lemma 4.3.8 are then applied to obtain the spectral exponent. The idea
to use this specific sequence of neck levels to determine the spectral exponent is

taken from Freiberg, Hambly and Hutchinson [35].

Definition 4.3.6 (c.f. [35, Definition 2.14|): Let E be an environment. We call
E a neck if all Tfi are equal. Further, we call n € N a neck level of a V -variable

tree if the environment assigned to the n-th generation of the tree E™ is a neck.

These neck levels occur with probability one infinitely often and
Eyn(l) < oo,

where we denote by n(k) the k-th neck level of the corresponding random V-
variable tree. Remark that the sequence of times between neck levels is a sequence
of geometric random variables, c.f. [35, Section 2.6]. We need the following property
of sums of scale factors, included from [35, Lemma 2.16] to determine the spectral

exponent.
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Lemma 4.3.7 (c.f. [35, Lemma 2.16]): Let sgj) eRi=1,..,N;, j€J such
that

Sinf := Inf min sgj) > 0,

jeJ i=1,...,N;
()

Ssup = SUp max s, < 0.

jEJ i=1,..., N]'

(Q)) (('731 ----- Jj'n.fl))

Then, with S, = Sy, +** S, , = (x1,...,2,) € Iy it follows

1
lim — log E s = Ey log E Sy Q.S. (4.13)
k=00 k z€ly, z€ly,
|el=n(k) |e=n(1)

The sequence of cut sets we are interested in is defined as

Aol

I
=

?

Ap=<Szxely:eN |z =n() and mxrmge_k<mm‘ e " 1)}.

Next, we compare the asymptotical growth of objects, related to these cut sets.
Therefore, we use the following notation. Let f, g be real valued functions. We say

f is asymptotically dominated by g and write

f (k)

f =g ifandonlyif limsup—= <1.
Let
My,
k | k|7 k Z ngmm7
LL’EAk

yr = maxyy(r),  yp(w) =n(l) —n(l—1), 2 €A, 2] =n(l).

The following lemma is a slight modification of [35, Lemma 3.8.(c)].

Lemma 4.3.8 (c.f. [35, Lemma 3.8.(c)| ): There ezists o > 0 such that

/

E=e™ < (P ming)* e ¥ <rymy < e as. forx € Ay
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4.3.3. Dirichlet-Neumann bracketing

As in Section 4.2 we use a Dirichlet-Neumann bracketing to proof the spectral
asymptotics for AR Firstly, we give a scaling property for the Neumann eigen-
value counting function, which relies on the scaling property established by Arzt [4,
Section 3.2.2]. Therefore, let (£, F) be the Dirichlet form on Ly (7)) whose eigen-
values coincide with the Neumann eigenvalues of — ARV which, as in Section 4.2,

is given by

F =H"([a,b)]),

E(f.g) = /f

We write N ](VIV) for the corresponding eigenvalue counting function. Our scaling
property depends on the sequence A, defined in Section 4.3.2. Since A, is for all
k € N a cut set, there exists an n € N such that N == (N@, Ning), N(NWN(N@)), ),
|INp| = n and Ny € Ag. To each x € Ap\{Ny} there exists a 2’ € A such that
the right neighbour point in Kv) of S,(b) is S,(a). We let I, be the gap interval
between S,[a,b] and S,/[a,b] i.e. I, = (S;(b), Sy (a)).

For the bracketing, we define a sequence of Dirichlet forms ((£¥, F "’))keN. There-

fore, let

Fro= {f:[a,b]HR . foS, e H'([a,b])

for all z € Ay and f, € H' (Iw)}

Using Lemma 4.2.5 iteratively, we obtain:

Lemma 4.3.9: Let f,g € F and k € N. Then for all x € Ay, foS;,g0S5, € F

and

Z 5 (foSygoSy)+ Z f(u) ¢'(u) du.

zEA zeA\ N} Te

Thus for

EXf9) =) %5 (foSsmgoS)+ > f'(uw) g (u)du, f.geF*

zEN zeA\ N} L

it holds (£,F) C (&F, F*). Analogously to [4, Section 3.2.2|, we obtain that
(EF, F*) is a Dirichlet form on Lo(p!v)) and that the embedding F* < Lq(putv))
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is a compact operator. Hence, we can refer to the eigenvalue counting function N%

of (¥, F*, puliv)).

Proposition 4.3.10: For allt > 0, k € N holds

0o 1
NE(t) = Z Nz(v Y (rymgt).

zEAL

Proof. Let f be an eigenfunction of (5’“,}"’“, u(IV)) with eigenvalue A, i.e.

EX(f.9) = M(F.9) vy forall g€ F-.

Because f,g € Ly (")) it holds by Lemma 4.3.5

S cE(fosges)t S [ fu)gw)ds

A, * weA\{ Ny} I (4.14)
=A Z Mg <f o S:Evg o SZ>L2(M(99~‘IV)) :
TEA

Now, we show that each summand on the left hand side equals each summand on
the right hand side, respectively. Therefore, let h € F and define for each y € Ay

1) = hoS;M(t), it e S,(a,b]),

0, otherwise.

Then h]; € F* hly“OSy = hfor all y € Ay and h’;oSm =0 for y # x € Ax. Moreover,
h;‘lz =0, for all y € Ay, z € Ap\{Ni}. With g = h,, we then get in (4.14)

1
— & (f o Sy, h) = )\my <f o Sy, h>L2(“(eyzv)> .

Ty

Because this equation holds for all h € F, foS, is an eigenfunction of the Dirichlet
form (5, F, u(eyl‘/)) with eigenvalue r, m, A for all y € Aj.

Now, let A > 0 such that for x € A, r,m, A is an eigenvalue of (5,]—", u(ezIV))

with eigenfunction f,, i.e.

g(fxag) =Ty Mg A <f$7g>L2(#(GZIV))
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for all g € F. Let

F(b) = feoS;Ht), ift € Sy([a,b]) for some z € Ay,

0, otherwise.

Then f € F¥ and fo S, = f,, * € A;, and therefore

Z Tig (fo m,g) =\ Z My <fO $>g>L2(u(9“))

€N z €A

for all g € F. Since for g, € F* it holds by definition of F*, g, 0 S, € F, z € A,
and thus

Z Tlg (f © Oz, gk © Sx) =A Z My <f O Oy, gk © Sx>L2(#(gzIV)) . (415)

J)GAk aceAk

But the left hand side of this equation is equal to £*(f, gx), because f'|, = 0 for

all z € Ag\{Ny}. With Proposition 4.3.5 we then obtain

1

gk(fa gk) = A <f7 gk>L2(M(IV))

for all g € F*. Therefore, \ is an eigenvalue of (5 ko FF u(IV)) with corresponding

eigenfunction f. Using this, we conclude the claim. O

Next, we give the scaling property for the Dirichlet eigenvalue counting function,
which relies on the scaling property established by Arzt [4, Seciton 3.2.3|. There-
fore, let (€, Fy) be the Dirichletform on Ly (V) whose eigenvalues coincide with

the Dirichlet eigenvalues of —A”(IV), i.e. £ is defined as before and

Fo={feF: fla)=f(b) =0}

As for the Neumann eigenvalue counting function, we define a sequence of Dirichlet
forms (é’k,]-"é“) on Lo (,u(IV)), where

Fo={feFo: f) =0fort eI, v € N\{N}}, keN
and

(c/'k.

T |f§xfg )

We denote the correspond eigenvalue counting function by N¥.
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Proposition 4.3.11: For allt > 0 holds

NE@&) =" NS (rymy ).

TEAL

Proof. Let f be an eigenfunction of (8’“,.7-"6"’, ,u(IV)) with eigenvalue A. Then,
EX(f,9) = M[, ) 1 (1)

for all g € F¥. Therefore, we get with Lemma 4.3.9 and Lemma 4.3.5,

S cefosges)t Y [ fu)gw)ds

zeA, weA\{Ny} I
=AY my (foSsgo SI>L2(M(9MV)) :
TEA

For h € Fy, we define

HE(L) = hoS (), ifte Sy([a,b]),
0, otherwise.

Because h € Fy, it follows h’; € Fr, h'y‘“' oS, = htforye Apand hyoS, = 0 for
y # x € Ay. Hence,

1
_g(f © Syuh) = )‘my <f © Sy7h>L2(M(9yIV)) ’

Ty

for all y € Ag. Therefore, r,m, A is an eigenvalue of (5 , Fo, ,u(eyl‘/)) with eigen-

function fo S,, y € Ay.

Now, let r,m, A be an eigenvalue of (E,fo,u(QEIV)) for some A > 0 with cor-

responding eigenfunction f,, z € Ay, i.e.
g(fmv g) =Tz My A <fac7 g>L2<u(GIIV))
for all g € Fy. Let

F(b) = fooS7Ht), ift € Sy([a,b]) for some z € Ay,

0, otherwise.
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Since f, € Fy it follows f € F& and because of f oS, = f,, x € Ay, we obtain

1
2 E(FoSng) =X ) ma(foSag), (0

:EEAk J)GAk

for all g € Fo. For g, € Fp holds gy 0 S, € Fy, * € Ay, and therefore as in (4.15)

follows

£k<f7 gk) = A <f7 gk>L2(M(1v))

for all g, € F*. Hence, ) is an eigenvalue of (5’“,.7—"0’“, ,u(IV)) with eigenfunction f

and we conclude the claim. O

Since (Ek,]:k, ,u(IV)) is an extension of (5,]—”, M(IV)) and (5,]—"0, ,u(IV)) is an ex-
tension of (&%, FF, u™)) for all k € N, we infer from the Max-Min principle, see
e.g. Lapidus and Kigami |57, Theorem 4.5|, the Dirichlet-Neumann bracketing:

Corollary 4.3.12 (Dirichlet-Neumann bracketing): For allt > 0 and k € N
holds

SN (rymy t) < NSO < NOV(6) < S0 NS (ryma ).

e T€Ag

4.3.4. Spectral asymptotics

In this section we investigate the spectral exponent for V-variable Cantor measures.
Therefore, we first give some estimates for the first Dirichlet eigenvalue. Remark
that we assume (C1)-(C3) to hold.

Lemma 4.3.13: It holds

2
1— Tinf

(’rinf Tninf(1 - rsup))2 (b - a)rsup .

< 2 <
(b—a) ="t

Proof. For the first estimate, let f be an eigenfunction of (5 , Fo, ,u(IV)) such that
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| fllLouy = 1. By the Cauchy-Schwarz inequality, we obtain

fA @) = (f(2) = f(a))*

([ dy)
< W oy
=

< 112000 o)

Integration with respect to p yields
1< o oy (b — @)
Since f is an eigenfunction of (5, Fo, ,LL(IV)), we get
(Iy)
HfHL2 e = S ot ae)y = EF f) = M v

Hence, the first estimate follows. For the second estimate, define z; == S’fb) <S1(\}()1> (a)) =
a+ rgm (1 — T’N(U) (b—a), zo = ng(b) =a+ Tl (b —a) and

e, iz €fa,x]
fla) =141, if ¥ € (1, 22]
bb__;z, if x € (x9,0].

Therefore, f is constant 1 on the very right second-level cell which remains from
the very left first-level cell and linear interpolated from a to x; and b to x5 such
that f € Fo. Hence,

e i)= [ (7)
al 1
le—a+b—x2

((0) @ (1 _ (D
1-— + 7 (1 TN(1)>

0 1 0 '
r§ ) (1 - TJ(V()D) <1 — 7’§ )> (b—a)

Further,
A ®, (1)
/a <f> dp > my My -
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As explained in [4, Section 3.3.2], it holds

i _ e EULS)

1

feFo Hf”i(“).

For this result, see e.g. [26, Theorem 1.3]. Therefore,

A/iL(IV) — lnf 5(];7 f) < g(f27 f)
feFo ||f||L2(M) f
La(u)

1-— r&w) + 1”5@) (1 — r](\}()l))

<
- (0 1 0 1] 1
7‘§ ) <1 — T](V()1)> (1 — r§ )> (b—a) mg )mg\f()l)

1—r2

inf

(Tinf nﬂbinf(1 - Tsup))2 (b - a) .

IN

[]

Together with the Dirichlet-Neumann bracketing, we can estimate N ,’3”” by Mj.
Therefore, let

7] = Tinf Minf-
Lemma 4.3.14: There exist ¢y, co > 0 such that for almost all w € €2
NS(T) < exMy,, My < NSV (eaTr ™)
forall k>0
Proof. With Corollary 4.3.12 and Lemma 2.1.1, we get

No(T) < 37 NG (mr, )

TEAL

< 2M; + Z Nl(foV)(mzrsz)

rEN
<2M, +cT; Z Myl
Z‘GAk
S Cle7

where the third estimate follows from Lemma 2.1.1. Together with

(rymg) ' <y ¥ett <y %T, xeA, foral k
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which follows from Lemma 4.3.8, and Lemma 4.3.12, Lemma 4.3.13, we get

M, = Z Ngazlv) ()\/f(ﬂzlv)> < Z Nl()ezlv) (62% My (Tx mx)fl)

TEAL T€AL

S Nl()IV) (C2Tk77_yk )7

pdv)

thereby we also used that \| "~ < )\’;(lv), see |53, Theorem 4]. O

Lemma 4.3.15: For almost all w € § there exists ko(w) € N and o, ¢y > 0 such
that

Nz()IV)(Tk) <caMy, M, < NgV)(kaTk)a for k> ko(w).

Proof. The lemma follows from Lemma 4.3.14 and =% < k* by Lemma 4.3.8. [

The spectral exponent is given as the unique zero strictly bigger than zero of
the function defined in the next lemma. This lemma shows that this zero is indeed

unique and exists. It is a slight modification of [35, Lemma 4.12].

Lemma 4.3.16 (c.f. [35, Lemma 4.12]): Let

f(t) = Eylog Z (mary)’, t>0.

z€ly,
|z|=n(1)

Then, there exists a unique vy > 0 such that f(yy) = 0.

Proof. f is strictly decreasing and continuous. Since f(0) > 0 and
lim f(t) = —o0, the claim follows. O

t—o00

The following corollary is a slight modification of [35, Proposition 4.13].

Corollary 4.3.17 (c.f. [35, Proposition 4.13| ): [t holds almost surely

z€ly,
|z|=n(k

Proof. This corollary follows from (4.13). ]

The following theorem is the main result of this section. It is a slight modification
of [35, Theorem 4.14].
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Theorem 4.3.18 (c.f. [35, Theorem 4.14|): The spectral exponent is almost

surely given by the unique solution vy > 0 of

f(/YV) = 07
where f is defined in Lemma 4.3.16.

Proof. By Corollary 4.3.16, the solution exists and is unique. Therefore we have
to show that

(Iv)
lim log Npp "’ (s)

=Yy a.s.
5—»00 log S

To this end, we define for |z| = n(k)

(Tscmx)t

> (Tymyy.

yely,
lyl=n(k)

T (t) =

By Proposition 4.3.17 we get for t > vy (i.e. f(x) < 0) for € = €(w) > 0 small
enough that for all ¢ > 0 there exists kg = ko(w) € N such that

To(t) > (ramg)t e PO > e (rom) for all k > k. (4.16)
Since for |z| = n(k) it holds

Z (rmlmxl)t

l€bgI,
[l|=n(k+1)—n(k)

> (Tymy)t > (Tlml)t

y€Ely,, 1€6,1,
ly|=n(k) lt|=n(k+1)=n(k)

Z (Txlmxl)t

€01,
[l|=n(k+1)—n(k)

7
> (rymy) ’
yely,
lyl=n(k+1)

T.(t) =

where the second equality holds because 0,, Iy = 0,1y for all |z;| = |xo| = n(k),

we get for every k € N

> ) =1

TEAL
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and thus we obtain from Lemma 4.3.8 for some ¢’ > 0 and all k£ > kq,

1= Z 7.(t) > Z ¢ (rgmy)’ = eMk™ ek,

TEAL T€Ag

Therefore,
My < ck' ekt a.s. (4.17)

For s > 1 large enough let k be such that s € (e*7!, e*]. By Lemma 4.3.8 we then
have s < T}. Together with (4.17) and Lemma 4.3.15,

logNgV)(s) < logNgV)(Tk) < log(eMy)
log s - log s - k-1

<t a.s.

Since this holds for all ¢ > vy, it follows

log NgV) (s)

<Y a.s.
log s

Now, let t < vy (i.e. f(t) > 0). For € > 0 small enough we get for some ky € N,

analogously to the estimates in (4.16),

1= Z T (t) < Z ¢ (remg)’ < eMie ™, for all k > kg

TEAL TEA

and thus
M, > ce®,  forall k > k.

From Lemma 4.3.15 it follows

log NYY) (k*Ty,) _ log My

>~ .S. .
’ z— =1 as (4.18)

for some o > 0. For s > 1 large enough and k such that s € (e*71, ¢¥], we get again

from Lemma 4.3.8 for some o > 0

kT, < kb < e(1 +log s)als a.s.
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and thus

1 N(IV) LT 1 N(IV) 141 o
lim inf og Np” k) < lim inf og Np (el +10g5)" 5) a.s.
k—s00 k t—o0 log s
Since
log e(1 + log s)* ,
lim oge(l +logs)” s =1, lime(l+logs)®s =00
5—00 log s 500
it follows
Iv) (1.0 (Iv)
lim inf log N " (k*T;) < lim infw a.s.
k—o00 S—00 log S

Since (4.18) holds for all ¢ < 7y we then obtain

1 N(Iv)
og Np™(s) o s,
log s
Combining (4.18) and (4.19), the claim follows.
Remark 4.3.19: With Lemma 2.1.2 we also obtain

log Ny (t)

= a.s.
tioo logt i
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CHAPTER 5

Spectral Asymptotics for the
Laplacian on Statistically

Self-Similar Cantor Strings

As in [18, Chapter 3|, we investigate applications of the Central Limit Theo-
rem 3.3.7 in this chapter. Also, we consider the Law of the Iterated Logarithm 3.4.3
for the same applications, which is not treated in [18]. The reproduction function

and life length of the considered general branching process are defined by (3.5).

Charmoy, Croydon and Hambly [18, Chapter 3| assumed (for the CLT) that
¢(oc0) = n for all individuals for some n € N and that the birth times oy,...,0,
are distributed such that for some fixed v € (0, 00) it holds

n

E e 1% =1 a.s.

i=1

With the latter assumption the limit W of the fundamental martingale of the un-
derlying general branching process is almost surely constant 1. We would like to
give a Central Limit Theorem without these conditions.

For simplicity, we assume that 1., defined in (3.2), is non-lattice. By the discussion
of the Central Limit Theorem in the lattice case (see [18, Section 2.5|), we expect

similar results to hold if v, is lattice.

The idea of the proofs, constructions and structure we use in this chapter are

taken from [18], where the case W =1 a.s. is treated.

In our setting, the general branching process (&, Ly, ¢), with Malthusian pa-
rameter 7 satisfies Nerman’s Strong Law of Large Numbers Theorem 3.3.4 which

yields

e N2t 23X 2%(c0) W as.
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in the non-lattice case. The focus of our investigation is the random fluctuation
of e Z%(t) around its limit. Therefore, as in [18, Chapter 3|, we decompose
e2(eZ9(t) — z%(00) W) into two parts

e1t/? (e_wZ‘é(t) — z¢(oo) W) =

(5.1)
e 2 (Z2(t) — e"2%(t) W) + /2 (2%(t) — 2%(00)) W.

Firstly, the aim is to apply the Central Limit Theorem on the first summand.
The second will converge to 0. Together with Slutsky’s lemma we then obtain a
result on the random fluctuation. Secondly, to describe the random fluctuation of
e " Z%(t) around its limit almost surely, we want to apply the Law of the Iterated

Logarithm Theorem 3.4.3 which can be done with the same decomposition.

The main result of this chapter is provided in Theorem 5.3.2 which is a result

of the present thesis.

5.1. Centering the process
We start by defining a characteristic ¢ such that
Z0(t) — 2 ()W = Z°(¢).

Then, as required for the Central Limit Theorem 3.3.7 and the Law of the Iterated

Logarithm Theorem 3.4.3, ( is a centred characteristic. Therefore, let

E@( ) = Cplt Z =) 22t — o) Wy — 2 (t) W (5.2)

Thanks to (3.16), we get
B £p(o0)
Colt) = do(t) + Y Tt — o) Wi — () W

=1
&p(o0)

+ 3 I (20t — oy) — 20(1))
i=1

With the last equality we can control the second term by controlling |2%(t — ;) —

29(t)| as the following lemma shows.
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Lemma 5.1.1: Let (&, Ly, ¢.)x be a general branching process. Assume that
122(t) — 2%(00)| < cr1e™™ A cy,

for some 51 € [0,00). Then,

&p(o0)
[Co(] < [@o(0)] +2 D Wie ™7 (1M1 A cpe™)

i=1
Proof. Remark that W, W; > 0 a.s. and thus

£p(o0)
[Co)] < loo()] + Y W, (|22(t — 03) — 2%(00)| + |2°(t) — 2%(00))

i=1

§o(o0)
< |oo(t)] + Z W, ((cre™ 00 A ey) + (cre™ A ey))
i=1

£p(0)
< ‘¢@(t)‘ + 92 Z W;e 7 (Cle(V*ﬁl)teﬁmi A CQ@’Yt)

=1

Remark 5.1.2: If 1 <~ in Lemma 5.1.1, we infer

&p(c0)
|§®(t)| <|opp(t)| + 2c, (A1) Z W,

i=1

5.2. Investigation on the conditions of the Central

Limit Theorem and the Law of the Iterated
Logarithm

With Lemma 5.1.1, we are able to bound ¢ by a constant (depending on w) if
p1 =~ and if we are able to bound ¢. In our investigation, |¢y(t)| < p(c0) ¢; and

hence for 5; =7,
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We assume that ¢ and therefore also  vanishes for negative times. As explained
in (3.10), we can use other characteristics if ¢ does not vanish for negative times.

We start our investigation by considering Condition 3.3.5.

Lemma 5.2.1: Let (&, Ly, ). be a general branching process with Malthusian
parameter v € [0, 1], E¢(o0) < oo and ¢ be defined as in (5.2). Assume that ¢ > 0

and vanishes for negative times, v, defined in (3.2) is non-lattice and that

Then Condition 3.3.5 and Condition 3.4.1 are satisfied.

Proof. Let € < ~y/2. Then,

e 2 Z C(t—oy)| < el Dtemetey Z x(00) + Z W
oz et oz <€t =1
From Theorem 3.3.4 follows
e e Z &:(00) + Z W 2% 6, as.
oz <et i=1
Since € < v/2, the claim follows. O

Next, we show that for §; = v in Lemma 5.1.1, Condition 3.3.6 is satisfied with
r = 1 and therefore Condition 3.4.2 is also satisfied. We firstly recall the definition

of ¥ in Lemma 3.5.1, i.e.

€p(c0)
P(0) =E Z e~
i=1

To check Condition 3.3.6 and Condition 3.4.2 we have to assume that the sixth

moment of £(c0) is finite, i.e.
E&(00)° < o00.

One would expect that we need E£(00)"2 < 0o to get Condition 3.3.6 and there-

fore if we take k = 1 it should be enough to have finiteness of the third moment.
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However, since we use the Cauchy-Schwarz inequality to get Condition 3.3.6, we
need boundedness of the (3 -2 = 6)-th moment of £(o00).

Lemma 5.2.2: Let (&, Ly, ¢.). be a general branching process with Malthusian
parameter v € [0,1] and ¢ defined as in (5.2). Assume that ¢ > 0 and vanishes
for negative t, v, defined in (3.2) is non-lattice, the conditions of Lemma 3.5.2 are
satisfied, i.e.

$t) < c1§(00),  EE(00)" < 00

and for all t

&p(oo
1G] <o [ &loo)+ 3 Wi
i=1

Furthermore, assume that v defined in (3.12) is bounded. Then it holds

sup Ele 2 Z(1)]? < oo.
>0

Proof. We define () analogously to @ in the proof of Lemma 3.5.2, that is

£p(o0) &p(o0)
Qu(t) =Cy(t)* +3Cy(1)° Y Zit —a:) +3(o(t) Y Zilt — 0:) Z;(t — o))
i=1 ij=1

+ Z Z:(t — 03) Z;(t — 0) Zi(t — o).

i,7,k=1,
not all equal

Therefore
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and thus |Z(¢)]? is bounded by

DGt —a)l (5:3)

zel
&z (00)
+3Z|< t_ax ’22 ’sz sz| (54)
zel
B &z (00)
+3) (Gt —0u)l D N Zuilt = 00i)|| Z0(t = 02 ) (5.5)
zel 1,j=1
ém(oo

+3° Y NZeilt — 0o Zes(t — oo )| Zast — i)l (5.6)

zel  i,5,k=1,

not all equal

Multiplying (5.3) with e=3%/2 and using the estimate of (, we get

3
51(00

CHPEY G- 0 £ AED e | 6aloo) + 30 W

xzel zel

&z (00) 3
= clEZe 2VUZE<< Z sz)

zel

Since W, is independent of F,, and W, ; for j # i, distributed like W, o, is Fliaia
measurable, &, is independent of Fliojr and the third moment is finite, there exists

a ¢y such that

gl (o )

zel

_3
x) < C?{CQE E e 2%

xzel

and thus

73'yt/22‘g t— o, !3<6102EZ€ $roe _ ¢ CQZID 3/2)

zel zel

To estimate (5.4) we use the same arguments as for (5.3) and the boundedness of
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v to obtain

&z(oo
3e RN |, (t - ou)f? Z | Zoi(t — 02,)]
zel
<3c 6_3%/2153267(’5_"”) x(00) + Z W, Z | Z0i(t — 02i)]
zel i=1

§x(00) 4
S 3 C% 673'Yt/2]EZ e'V(t*O'z)E < (é_z(oo) + Z W:E,Z)

xel =1
&x(00) B
> B(Zualt = oui) P2
=1
€a(00) 4 1/2
<3 02 01/2 —37t/2[g Z 637 (t=02)/2g, < ( Z W, z> Fw) gx(OO)
zel

< 00,

where we get EZ(t)? < ¢3¢ since v is bounded and get the boundedness of
E ((&x(o0) + Wx)4|.7-"x) since the fourth moment of £(co) is bounded.

To estimate (5.5), we need the following Lemma.

Lemma 5.2.3: It holds for all t

EZ(t)4 S d163’yt.
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Therefore, we get

€z (00)
e PR (Gt —00)| Y 1 Zeilt — 02| Zas(t — 02y)]
zel 3,7=1
Scle_gvtﬂEZ 51’( Z sz Z |Zocz — Oz ||Zx](t_0xj)|
zel 7,7=1
£2(00) 1/2
S C1 6737t/2E Z E << Z Wm 7,) I) '
zel
§x(00) B _ 1/2
D E((1Z0i(t = 00)l| Zas(t = 025))*| Fa)
ij=1
£2(c0) 2 1/2
< d}/che—thﬂEZ]E((fm(oo) + Y W) J-"m> 3-00¢ (502
zel i=1

< Q.

For the last term, we argue as in (3.20) and use again the boundedness of v to

get

&p(c0)

PR Y — 02| Z2j(t = 0o )| Zep(t — 00 i)

xel i,7,k=1,
not all equal

<GP EE(00)f’ By e

zel

< 00.

It remains to show Lemma 5.2.3.

Proof of Lemma 5.2.3. We decompose Z* as we did for Z3 to get a characteristic
f such that

74 =77
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Thus

i,7,k,1=1,
not all equal

Therefore, we can bound Z* by using the same arguments as for Z3. We start with

the first term and get

4
3“1[-32( t—o,)t <cle” 3'7t]EZeQ'” “I)(fx Z Wm) < 0.

zel zel

For the second, we get

&z (o0)
_3”1[32( t—o,)? Z| i(t—0u4)|
zel
£e(00)
< Ciie—?ﬂftE Z e31(t=02)/2]p ((fm(oo) + Wx)6 ’]_—x)l/2 Z E(Zm(t o Ux,i)2|]:x)1/2
zel i=1

< o0,

where we use that the sixth moment of £(c0) is bounded.

For the third term, we use that

EZ?(t)* < dse™
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by the proof of Lemma 3.5.2. Therefore

&z (o)
eigthZCz(t Z ’Z{L”L — Oz "Z:E]( O-x:j)’
zel 3,5=1
€z (00) 4
<c G_SWEZE<<€(OO) + Z sz> fa:)'
zel i=1
&a(00) - -
D B((1Zailt = 02i)l| Zaj(t = 00 5))°1F) 2
ij=1
£2(00) 4 1/2
< C% dé/2 ed’ytEZE<<£x<oo> + Z ng> Jrac) 61(00)3627@ o)
zel i=1

< Q.
For the fourth term, we use
EZ?(t)® < dge®"

and proceed as before. We estimate the last term as in (3.20) and hence the claim
follows. ]

This proofs Lemma 5.2.3 and hence Lemma 5.2.2 follows. O]

5.3. Spectral asymptotics for statistically

self-similar Cantor strings

The main result of our investigation in this chapter are included in this section.
We first define the domain on which we consider the Laplacian and move on to the
behaviour of its spectrum. The set we investigate is a subset of [0, 1] whose bound-
ary is a statistically self-similar Cantor set. Many authors investigated spectral
properties on the complement of Cantor-like sets. For references see [18,43,63].
We consider a random vector (N, Ry, ..., Ry) with R; € (0,1), Efil R; <1,
N € N, N > 2 a.s. Then, we construct an iterated function system (®4,...,®y) on
[0, 1] which splits the unit interval in N equally spaced intervals with length ratios

(R1,...,Ry). The set under consideration is the statistically self-similar Cantor
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set

K =) | ®(0,1)).

n=1 =z€lI,
|z|=n

We assume that K forms a net and is proper and therefore by Theorem 3.2.2 on
the event that K is not empty, the Hausdorff dimension of K is almost surely given

by the unique solution v € [0, 1] of

N
EY R =1
=1

As in [18, Theorem 4.1], it follows that Hausdorff and Minkowski dimension coin-

cide a.s. and
y=dy =dy a.s.

The set we investigate is U = [0, 1]\ K. It is a countable union of open intervals
and by construction, OU = K. We call U a statistically self-similar Cantor string.
For references, see [18,63].

In the following, we assume that the sixth moment of N is bounded, i.e. we assume
ENS = E¢(0)® < o0.

Let X C R be a countable union of domains. The Dirichlet eigenvalue counting

function of the Laplacian A, on X is given by
N(X; \) = # {Dirichlet eigenvalues of — A, < A}.
We follow [18,66] and define
N(X; \) = %voll(X))\l/Q — N(X; \).
If Xy and X, are disjoint countable unions of domains it holds

N(X1UXa; A) = N(X15 A) + N(Xz; ). (5.7)
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Moreover, for r € (0, 00) holds
N(rX; ) =N (X; r?)). (5.8)

We use an assumption on the convergence rate of the error of the linear approx-
imation G of the renewal function, see Appendix A.1. The assumption is related

to Assumption 2.3.1.

Assumption 5.3.1: There ezist 1 € (v,00) and c,tg € (0,00) such that the
error of the linear approximation G of the renewal function of v, defined in (3.2)

satisfies

G(t) — lim G(u)| < cie™ P
U—r 00

for allt > t,.

In Section 2.3, the assumption is that 8; € (7/2,00). However, since we do not
assume W =1 a.s., we use a faster rate of convergence in the renewal theorem to
obtain the strong law of large number for the square of the centred C-M-J branch-

ing process.

The following theorem is the main result of this chapter. The idea of the proof
is taken from the proof of |18, Theorem 4.4].

Theorem 5.3.2: Let K be a statistically self-similar Cantor set with dimension
v, vy defined in (3.2) be non-lattice, EN® < 0o and U = [0, 1]\ K. Then, it holds

ATEN(U; N X OW as. and in L,

where W is the almost sure and L' limit of the underlying fundamental martingale

(Wi) and C' is some strictly positive constant. Furthermore, W >0 a.s.
If Assumption 5.3.1 holds, then
A/ (/\_V/QN(U; A) — CW) =X Zo in distribution,
where the distribution of Z. is characterized by

i0Z —192y(co)W
Ee?%e = e 20 v(W,
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whereby v(0o) == lim; . v(t) with v defined in (3.12) and, if v(co) > 0 it holds

e—yn/4 ( —7n/2N(U. en) - CW)

—1 < liminf
- oo \/2v YW logn
. e/ (emmEN(U; em) — CW)
< lim sup <1
n—o0 \/27) Wlogn

almost surely.

Proof. We follow the proof of [18, Theorem 4.3|. Therefore, let P; be the scale
factor of the open gap interval between the i-th and (i + 1)-th interval in the first
approximation step of K. By the construction of K and the properties (5.7) and
(5.8) of N it follows

- §p(o0)—1 B £p(o0) -
NU; )= Y N(B[0,1]; A)+ N(RU;; \)
=1 =1

€p(00)— £p(00)

ZNOl P2)) ZNU“R2

where U; are i.i.d. copies of U.

8

It is well known that the eigenvalues of —A  are (nm)?. Therefore
N([0,1]; A) =7 "]A\V2 = Lﬂfl)\l/zj .
Thus, N([0,1]; A) is bounded by 1 A (7 *A1/2).

Next, we define the characteristic which we use to write N as a C-M-J branching

process. Therefore,

§p(o0)—1
— Z N([O, 1]; PiQth).
i=1

Since
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it holds
29(t) = N (U; ).
Furthermore,

0 < o(t) < (£(o0) = 1)(e'yep + Tis0),  Z%(H)Tyeo < €'Ticp. (5.9)

To establish Nerman’s Strong Law of Large Numbers to obtain the first part of

the theorem, we use (3.10) and set
€p(o0)
Xo(t) = do(t)1e=0 + Z Z)(t — 03) lo<i<o,

which is bounded by a constant times £j(o0) because of (5.9). Therefore, we can

use Theorem 3.3.4 and obtain

e X () 2Ny / e Ex(s)dsW a.s.andin L'.
0

This means,
ATEN(U; N) ity ul/ e Ex(s)dsW as.andin L',
0

which yields the first part of the theorem by defining C' = p' [ e "Ex(s) ds.
For the second part, we define ( and ¢* as in (5.2) and let

7¢ = Zéw, 7% = 79,

By definition of y, these two C-M-J branching processes are equal for ¢ > 0 and
therefore, the variance functions v®(t) = vi¢(t) and vX(t) = o< (t) defined in

(3.12) are equal for t > 0. Since (Z;); are independent, we get

&§p(o0)
rX(t) = e [ BECy (1) + 2By (1) ZZX :

where X := <" is defined as in (3.12). Since x is bounded by a constant times
&(o0) and

|2X(t) — 2X(00)| < cze™* (5.10)

98



by Assumption 5.3.1 and Lemma A.1.2, we get by Lemma 5.1.1

&p(00) 2

G2 <a Z w; (5.11)

and
Lemma 5.3.3: It holds for all e > 0
EZX(t)* < cy(e)e™ > 0.

Therefore,
EC(t) Y ZX(t— o)
i=1

&p(o0)
<E|E(&G0)? )" ZE(ZX(t—Ul)

=1

1/2
F@> (5.12)

< Cg(E) e'yt/2+et/2.
Fix € > 0 sucht that 7/2 + ¢ < v and thus there exist ¢, 7 > 0 such that
r(t) < ce M.

and we can use renewal theorem of [66] to obtain

&p(00)

lim vX(t) = ,ul_l/ e E (¥ (s)? + 2 K () ( Z ZX(s — ;)
0

t—o00

Therefore, the conditions of the Central Limit Theorem 3.3.7 are satisfied and thus
we get by using the decomposition of ZX as in (5.1), the rate of convergence (5.17)

and Slutsky’s lemma
/2 (e ZX(t) — CW) = 2% Z. in distribution.

With analogous arguments we show that the conditions of the Law of the Iter-
ated Logarithm 3.4.3 are satisfied and thus the claim follows. It remains to show
Lemma 5.3.3.
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Proof of Lemma 5.5.3. Since

we get
& (00)
ZX(t)2:Z<Qf(t—0x)2+2C Z (t—0.)

€a(00)
+ Y L 2N 02 (0

Since (Z,); are i.i.d. and centred, it follows

EZX(t)? =EY | Ot — 0a)* +203( Z — 04.)

zel

By Lemma 3.5.1 and Lemma 5.1.1 we control the first summand by d;e?'™¢* and

since
EZX(t)? = E(ZX(t) — e"Ee " ZX(t))? < dye®"*
by using Cauchy-Schwarz as in (5.12), it follows

—'yt et EZX < d4 E Z z (7+€) 00,

zel
where the last estimate follows also by Lemma 3.5.1. O
O
Example 5.3.4: Let the distribution of (N, Ry, ..., Ry) be defined by
P((N,Rl,...,RN):(3,1/5,1/5,1/5)> -
(5.13)

1
27
1
2

IP((N, Ri,...,Ry) = (2,1/3, 1/3)) _
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Figure 5.1: First three approximation steps of a statistically self-similar Cantor set
corresponding to (5.13)

To check Assumption 5.3.1 we use Stone’s Theorem A.1.1 where

fw) = [ e Play)

N
=EY R/
=1

Therefore, f is analytic and it holds
fw)=1 ifand only if w=0.
Hence, Assumption 5.3.1 is satisfied and thus it holds
N (NTEN(U; A) — CW) X 7 in distribution

with the notation of Theorem 5.3.2.

In this example we verified the conditions of the Central Limit Theorem in the
case W # 1. To give an application of the Law of the Iterated Logarithm where
we can verify v(co) > 0, we investigate the case W = 1 a.s. which is considered
in [18] for the Central Limit Theorem.
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5.4. Law of the Iterated Logarithm in the case
W=1

In this section we consider the same statistically self-similar Cantor strings as [18],
those results on statistically self-similar Cantor strings we recapped in Section 2.3,
i.e. we choose a deterministic number v € (0, 1) and a random vector (T1,...,T},)

with a deterministic natural number n > 2. We further assume that
n
Y Ti=1, T€(01) a.s.
i=1

We replace the unit interval by n equally spaced intervals with lengths
Ry =T ... R, = Ty" and repeat this procedure for the remaining intervals
independently and indefinitely. The limiting set K is a statistically self-similar
Cantor set those complement U in [0, 1] is the statistically self-similar Cantor
string under consideration in this section.

As explained in Section 5.3, on the event that K is not empty Hausdorff and
Minkowski dimension are almost surely given by ~.

Reproduction rate and life length under consideration are defined by (3.5). As

in [18], we call a general branching process which satisfies £(c0) = n and

n
E e % =1 a.s.
i=1

a Ap-general branching process and the corresponding statistically self-similar
Cantor string A,-random Cantor string. We will see that in this setting Assump-
tion 2.3.1 is enough to ensure the Law of the Iterated Logarithm for N(U; -) to
hold.

For the Law of the Iterated Logarithm we again split the considered C-M-J

branching process as in (5.1) which leads to

et/? (e‘”tZ‘ﬁ(t) — z¢(oo)) =

(5.14)
e‘”t/z(Z‘b(t) — e”tz(b(t)) + /2 (z¢(t) — z¢(oo)) )

Moreover, because W = 1 and £(00) = n a.s., the centred characteristic ¢ defined
by (5.2) will satisfy

((t) < cre
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for some 8 < /2. As in Lemma 5.2.1, we get the following lemma which is a slight

modification of [18, Lemma 3.4|.

Lemma 5.4.1 (c.f. [18, Lemma 3.4]): Let (&, Ly, ¢.)z be a A, -general branch-
ing process with Malthusian parameter v € [0,1] and C being the corresponding
centred characteristic defined by (5.2). Assume that ¢ > 0 and vanishes for nega-

tive times, v., defined in (3.2) is non-lattice and that
[C(t)] < cre™,

for some B < /2. Then, Condition 3.4.1 is satisfied
Proof. Let 0 < € < ~y/2 — (. Then,
e~ t/2 Z C_x(t —0,)| < 6(6—(7/2—5))t€—6t01 Z 1.
o <et o <et

From Theorem 3.3.4 follows

_ t—ro0
e et E 1 —= ¢y, as.
o <€t

Since € < v/2 — 3, the claim follows. ]
The following lemma is taken from [18, Lemma 3.6].

Lemma 5.4.2 (c.f. [18, Lemma 3.6]): Let (&, Ly, ). be a A,-general branch-
ing process with Malthusian parameter v and ( being the corresponding centred
characteristic defined by (5.2). Assume that ¢ > 0 and vanishes for negative times
and that

[CH)] < e,

Then, Condition 3.4.2 is satisfied.

With these two lemmas we are able to proof the Law of the Iterated Logarithm
of this section. Before we give the theorem, we recall the assumption on the speed

of convergence in Section 2.3.
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Assumption 5.4.3 (c.f. [18, Assumption 4.2]): There exist $; € (7/2,00)
and ¢, tg € (0,00) such that the error of the linear approximation G of the renewal
function of v, defined in (3.2) satisfies

G(t) — lim G(u)| < ce™™,

U—>0Q
for all t > ty.

The proof of the following theorem is a slight modification of the proof of [18,
Theorem 4.3|.

Theorem 5.4.4 (c.f. [18, Theorem 4.3]): Let U be a A, -random Cantor string
with dimension v and v., defined in (3.2) be non-lattice. Then, it holds

ATEN(U; N X0 >0 as. andin L,

Furthermore, if Assumption 5.4.3 holds, then

e/ (emmEN(U; em) — )

—1 < liminf
n—s00 2v(o0) logn
, e~ (emmEN(U; e) — C)
< lim sup <1
n—c0 2v(00) logn

almost surely, whereby v(oo) == lim;_,o, v(t) € (0,00) with v defined in (3.12).

Proof. The first part follows from |18, Theorem 4.3|. For the second part we follow
the proof of Theorem 5.3.2. Define

P=(1-R —--—R,)/(n—-1).

By the construction of K and the properties (5.7) and (5.8) of N it follows

N(U; X) = (n—1)N ([0,1]; P?X\) + i]\f (Us; RIN),

i=1

where U; are i.i.d. copies of U.

With the characteristic

¢o(t) = (n—1)N ([0,1]; P?*¢*),
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we get

and hence

with
0<¢(t) < (n—1)(e"Tco+ Lizo),  Z°(t) 1o < €'z (5.15)
We define ¢” and ¥ as in (5.2) and let
A ZCW7 7% = 7%,

By definition of y, these two C-M-J branching processes are equal for ¢ > 0 and

therefore, the variance functions v®(t) = U5¢(t) and vX(t) == v¢ (t) defined in

(3.12) are equal for ¢ > 0. Since (Z;); are independent and ((,), are i.i.d., we get
ré(t) = e MECy(t)?,

where 7¢ == 1<’ is defined as in (3.12). By Assumption 5.4.3 and Lemma A.1.2 it
holds

129(t) — 2%(00)| < cre” ", for some g > v/2.
Lemma 5.1.1 and (5.15) imply
(1)) < cpel?"
and thus there exist ¢,7 > 0 such that
r(t) < ce M.
and we can use renewal theorem of [66] to obtain

lim vX(¢) = lim v?(¢) = p;* /00 e °E §¢(s)2ds € (0,00) (5.16)

t—o00 t—o00 0
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Since x is bounded and also
|2X(t) — 2X(00)| < cge™? (5.17)

by Assumption 5.3.1 and Lemma A.1.2, we see that by Lemma 5.4.1 and Lemma 5.4.2
together with (5.16) the conditions of the Law of the Iterated Logarithm 3.4.3 are
satisfied and hence by Corollary 3.15 it follows

e~ "4 7ZX(n/2) e~ 47X (n/2)

—1 < liminf < lim sup <1 a.s.
n—oo /2v(00)logn n—soo  4/2v(00)logn
Together with the decomposition (5.14) the claim follows. O

The following example of A,-random Cantor strings is taken from [18, Chapter
5].

Example 5.4.5 (c.f. [18, Chapter 5]): Consider a vector a = (av,...,q,) €
(0,00)". Let v € (0,1) and the distribution of (=7, ... e~"7) given by

(em ™7, ..., e ") ~ Dir(a),

where Dir(a) denotes the Dirichlet distribution with weights oy, ..., o, > 0.

Figure 5.2: First four approximation steps of A,-random Cantor sets with
(e, ...,e ") ~ Dir((«o, ) for @ = 1,30,80 and v = 0.6, 18, Fig-
ure 5|.

By [18, Lemma 5.2] it holds
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Lemma 5.4.6 (c.f. [18, Lemma 5.2]): Assume that

k
ar=ap=-=a,=—— ke{,234), n>2 (5.18)
n_

Then the Fourier transformation f(w) of v, defined in (3.2) is analytic and # 1
for all w € C with Rew € (0,7] and therefore by Stone’s Theorem A.1.1

G(t) — 2’“‘712 = O(e™™).
2

Hence, if a satisfies (5.18) then the Law of the Iterated Logarithm 5.4.4 holds.
In [18, Remark 4.4] it is explained that if

|2%(00) — 2(1)| < cre P2 for some By > /2 (5.19)

is not satisfied, we should not expect the Central Limit Theorem to hold because
then v(oc0) is not finite and thus we should also not expect the Law of the Iterated
Logarithm to hold if (5.19) is not satisfied.
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CHAPTER 6

Outlook

This chapter outlines some open questions and conjectures regarding the present

work.

6.1. Law of the Iterated Logarithm for C-M-J

branching processes

In Corollary 3.4.5, we saw that if the general branching process (&, Ly, (, ), with
centred characteristic ¢ satisfies some regularity conditions and if v, is non-lattice,
then the corresponding C-M-J branching process Z satisfies for fixed h > 0,

e~ "2 7 (hn)

o e~ /2 7 (hn) .
—1 < liminf < lim sup <1 a.s.
noo \/2v(c0)Wloghn = n-oeo /2v(c0)W log hn

with v(00) being the limit of the normalized variance process Ee™Z(t)? and W
the limit of the underlying fundamental martingale. It seems natural to extend this
Law of the Iterated Logarithm to all ¢ and further ask if the upper and lower bound
for the liminf and limsup respectively also holds. In [49] a decomposition, with
which the reverse inequality chain in the Law of the Iterated Logarithm for the
biggins martingale was proven, is provided. It should be possible to get a similar

decomposition for Z. Therefore, we make the following conjecture.

Conjecture 6.1.1: Let (£, Ly, (). be a general branching process with Malthu-
sian parameter v > 0 such that ¢ satisfies EZ(t) = 0 for all t. Assume that

v(t) =5 v(c0),
where v(0o) > 0 and further, assume that Condition 3.4.1 and Condition 3.4.2,

E¢(00) log §(00) < 00
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hold and v, is non-lattice. Then,

—’yt/?Z t —’yt/?Z t
_1 = liminf —= ®) < lim sup ¢ ®)

=1
t=oo /20(00)W logt t—oo  1/2v(00)W logt

6.2. The spectral exponents ~;, vy and 7,

In Section 1.4 we explained the connection between homogeneous, V-variable and
recursive structures and showed in Section 4.2.4 that if the conditions of Theo-
rem 2.2.2 are satisfied, it holds

T < (6.1)

The first related question is if it is possible to relax the conditions of Theorem 2.2.2
to get the spectral exponent for random homogeneous Cantor measures. Assump-
tions (A1) and (A2) in particular seem to be very strong conditions in a random
setting. However, it seems natural to ask if assumptions (A1)-(A5) can be replaced
by (4.7) with which we would have the spectral exponent for random homogeneous
and statistically self-similar Cantor measures under the same assumption. Related

to that are similar questions for the V-variable setting.

By increasing V| it is allowed to use more different iterated function systems in
the approximation steps of the corresponding V-variable Cantor set. Therefore, by
increasing V', we get more thicker and thinner parts in the fractal and since we ex-
pect that the thicker parts dominate the thinner parts in the spectral asymptotics,

we assume (Yy)yen to be an increasing sequence. Thus, we conjecture that
=<7 SBSSY
holds. Furthermore, one could ask if

YW — Yn

holds, cf. [35].
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6.3. Applications of the CLT and LIL for C-M-J

branching processes

Firstly, we consider the main theorem of Chapter 5. By Conjecture 6.1.1 immedi-

ately follows

Conjecture 6.3.1: Let K be a statistically self-similar Cantor set with dimension
v, vy be non-lattice and U = [0, 1]\ K. Assume that Assumption 5.3.1 is satisfied
and v(oo) > 0. Then it holds almost surely

XY (ATEN(U; X)) — CW)
—1 = liminf
A—r00 V/2Ww(oo) log log A

, N (ANTEN(U; X) = CW)
< lim sup =1,
A—ro0 V/2Wv(00) log log A

where we use the same notation as in Theorem 5.5.2.
In Theorem 5.3.2 an explicit expression for v(oco) is given by
&p(c0)

v(o0) =yt /000 e E 5¢(s)2 + 2 °E f%)(s) Z Z%(s — 0y) ds.
i=1

Therefore, v(co0) = 0 if and only if

£p(00)

. / e E ()2 ds = — / 2 PEE(s) Y Z0(s — o) ds,
0 1=1

0

which seems to be very unlikely. However, Graf [40] showed that H7(K) € (0, c0)
if and only if Zf\il R} =1 a.s., where we use the same notation as in Chapter 5.
Therefore, it could be possible that v(co) > 0 if and only if Zf\il R} =1 a.s. Even
if this is the case A\7/* could be the right factor to capture the random fluctuation
of N(U; A\)A™/? around its limit, i.e. one could ask if

A0t/ (/\_”’/QN(U; A)—CW) ¥ % as.

for all € > 0.

Moreover, it should be possible to relax the assumption EN% < oo.
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In Section 5.4 we saw that in the case W = 1 a.s. it holds v(oco) > 0 and, in
particular, the Law of the Iterated Logarithm 5.4.4 holds if Assumption 5.4.3 is

satisfied which is

G(t) — lim Gu) =0 (e™"), B>1/2, (6.2)

U—00

whereas in the case W # 1 a.s. we assume that G converges faster, namely

G(t) — lim G(u) = O (e—ﬁﬂ . B>

U— 00

The reason is that we use Cauchy-Schwarz to separate EW Z(t — 0,)? in Lemma
522 . If

EWZ(t —0.)* < cre”

it should be enough to require 5 > 1 /2 for the Central Limit Theorem and Law of

the Iterated Logarithm in the case where W is not almost surely equal to 1.

As a second application, we consider the measure theoretical Laplacian AR

with respect to statistically self-similar Cantor measures u!). Therefore define

NG (A) = 2" (c)W — N (M)A,

where we use the same notation as in Theorem 4.2.9. It could be possible to get the

normalization factor of N g ) and also a CLT and LIL for the random fluctuation.

6.4. Further convergence theorems for branching

processes

Another tool to analyse the growth of sums of random variables is the Large De-
viation Theory. We can also investigate this theory for C-M-J branching processes
and ask if Z¢ satisfies

P(Z%(t)e™ " > 5) m e~ AOBE)

for some increasing functions A and B.
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Besides growth properties of C-M-J branching processes, we can consider the
random fluctuation of the fundamental martingale (W), around its limit. As
pointed out in Section 3.4, Iksanov and Kabluchko [49] gave a Central Limit Theo-
rem and Law of the Iterated Logarithm for the biggins martingale. Following this,
one could investigate also a CLT and LIL for (W;);, i.e. consider the asymptotics
of

EW — W),

where we conjecture that ¢7*/? is the right normalization factor.
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APPENDIX

A.1 Speed of Convergence in the

Renewal Theorem

The assumptions in Chapter 5.2.2 are strongly related to the convergence rate
of the renewal function which we introduce in this section. This assumption can
be checked by using a Theorem of Stone [79], also included in this section. This
theorem were used in [18| for the Central Limit Theorem in the case W =1 a.s.

The following investigation is taken from [18, Section 3.2|. We consider the renewal

equation

2(t) = u(t) + /000 z(t — s) F(ds), (A.1.1)

where F' is a non-lattice probability distribution function on [0, c0). Typically, z

is given as

2(t) = / " ult — y) H(dy),

where H is given as the renewal measure

H = iF*”
n=0

Hereby, F*" denotes the n-fold convolution of F' with itself, see [29,55]. If F has

finite mean p;, then the renewal theorem of [29] shows that

Ht o0
9“—>1.
pyt

Further, if u is smooth enough, e.g. directly Riemann integrable, then by [29] it
holds that

2(t) =X 2(00) = pt /OO u(s) ds.

—0o0
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The error of the linear approximation of the renewal function is given by
G(t) = H(t) — p 't,

in whose convergence rate we are interested. When F' has a finite second moment

2, then

see [18] and references therein. The rate of convergence here can be studied by

considering the Fourier transform f of F' defined by

f(w) ::/OooewsF(ds), w e C.

For references see e.g. [29,65,78,79| and for the lattice case see also the Appendix
B of [56]. The Theorem of Stone, pointed out in the introduction of this section is

as follows.

Theorem A.1.1 (c.f. [79 and 18, Theorem 3.2|): Suppose that there exists
r1 € (0,00) such that f(w) is analytic and # 1 when Rew € (0,r1). Then, for
every r € (0,71) it holds

H2 —rt
Git)——=0 :
(1) = 4% = (™™
We are rather interested in the rate of convergence of z than of G. The following

lemma relates the rate of convergence of 2% to the rate of convergence of G. It is
included from [18]. There, it is adapted from [20].

Lemma A.1.2 (c.f. [18, Lemma 3.3]): Let z, u and F satisfy the renewal
equation (A.1.1) and suppose that

> t—oo _1 >
A0 = [ ule—) ) 3 [ at)
0

—0Q0

Then,

2(00) — 2(t) = iy’ / Tt ) dy - / "t — y) Gldy).
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A.2 Berry-Esseen Theorem

To proof our Law of the Iterated Logarithm we use the following theorem adapted
from Asmussen and Hering [5, Proposition 7.2, page 436] which relies on the con-
ditional Borel-Cantelli lemma. The idea to use [5, Proposition 7.2, page 436| to
proof our Law of the Iterated Logarithm is taken from the proof of [49, Theorem
1.6].

Theorem A.2.1 (c.f. [5, Proposition 7.2, page 436]): Let (G,)nen, be a fil-

tration and (X, )nen, be a sequence of random variables such that

oo

S sup [P (X, < ylGa) — B(y)| <0 aus.,
n=0 yeR

where ®(y) = \/LTW 2. e*/2 dx. Then,

: X
limsup —=<1 a.s.

n—oo 210gn -

Furthermore, if there exists m € N such that X,, is G,1m measurable for all n,
then it holds

) X
lim sup

e —
n—00 \/QIOgTL

We study the expression

Z sup [P (X, <y[G,) — ®(y)]

n=0 yeR

by using the well known Berry-Esseen estimate. The version we give here is taken
from [49, Lemma 4.2].

Theorem A.2.2 (Berry-Esseen, c.f. [49, Lemma 4.2]): Let (Y,,)nen be inde-
pendent random variables with EY; = 0, 0? = EY? < oo, p; = E|Y;|? < oo and
o2 02 < oo. Then,

)

Z‘Oil i 2031 Pi
sup [P | == <y | —2(y)| S a2 55
yeR (\/ > i1 0; (> 01'2)3/2

with ®(y) = \/%7 2. e /2 g
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