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Abstract

Due to rising computing capacities, including and accounting for uncertain (model) parameters

in numerical simulations is becoming more and more popular. Uncertainty Quantification (UQ)

addresses this issue and provides a variety of different mathematical methods to quantify the in-

fluence of uncertain input parameters on numerical solutions and derived quantities of interest.

This thesis is concerned with the development and improvement of different UQ methods for

numerical simulations of compressible flow problems, described by random conservation laws

like the compressible Euler or Navier–Stokes equations. We distinguish between polynomial-

based (non-statistical) UQ methods and sampling-based (statistical) UQ methods.

The first part of this thesis investigates non-statistical UQ methods, in particular the Stochas-

tic Galerkin (SG), Non-Intrusive Spectral Projection (NISP) and Stochastic Collocation (SC)

method. While SG is a frequently used method for UQ of random partial differential equa-

tions, the classical SG approach is not ensured to preserve hyperbolicity of the underlying

random hyperbolic conservation law. To this end we develop a hyperbolicity-preserving nu-

merical scheme, which uses a slope limiter to retain admissible solutions of the SG system,

while providing high-order approximations in physical and random space. The modified nu-

merical scheme is applied to different challenging numerical examples for which the classical

SG approach fails.

An important aspect when considering space-time-stochastic numerical schemes is to quantify

the errors that arise from numerical discretization. In this thesis we derive a novel a posteriori

error analysis framework for numerical discretizations of random hyperbolic systems of con-

servation laws, which rely on the Runge–Kutta Discontinuous Galerkin method in combination

with polynomial-based UQ methods. Our estimates are based on the relative entropy frame-

work of Dafermos and DiPerna [26] and allow us to quantify the entire space-time-stochastic

discretization error. Moreover, due to a splitting of the residual we are able distinguish between

spatio-temporal and stochastic errors. Based on the a posteriori error estimates we design novel

residual-based, space-stochastic adaptive numerical schemes. We confirm our theoretical find-

ings by various numerical experiments.

The last part of this thesis is concerned with statistical UQ methods, especially Monte Carlo

(MC) type methods. We extend the Multilevel Monte Carlo (MLMC) method to what we call

hp-MLMC method. Instead of considering a hierarchy of spatially refined meshes, we allow

for meshes which are arbitrarily hp-refined. The classical complexity analysis of MLMC is

extended to the hp-MLMC method. Moreover, to increase the robustness and efficiency of

an iterative version of hp-MLMC, we construct a confidence interval for the optimal number

of samples per level. To demonstrate the efficiency of the hp-MLMC method combined with



the novel sample estimator we apply our method to two different compressible flow problems

described by the random Navier–Stokes equations. In particular, we consider an important

problem from computational acoustics that exhibits physical phenomena with high sensitivity

with respect to the problem parameters and which poses a challenging problem for UQ.



Zusammenfassung

Aufgrund stetig steigender Rechenkapazität spielen numerische Simulationsmethoden, welche

zusätzlich den Einfluss unsicherer Eingabeparameter quantifizieren, eine immer größere Rolle.

Das Forschungsgebiet der Unsicherheitsquantifizierung widmet sich dieser Aufgabe und bie-

tet eine Vielzahl mathematischer Methoden an, welche es ermöglichen den Einfuss unsicherer

Parameter auf numerische Lösungen und abgeleiteter Größen zu quantifizieren. Diese Ar-

beit befasst sich mit der Entwicklung und Erweiterung von Methoden zur Unsicherheitsquan-

tifizierung im Rahmen der Simulation von kompressiblen Strömungsvorgängen, welche durch

zufällige Erhaltungsgleichungen, speziell den kompressiblen Euler oder Navier–Stokes Glei-

chungen, beschrieben werden. Es wird hierbei zwischen polynombasierten (nicht-statistischen)

Unsicherheitsquantifizierungmethoden und stichprobenbasierten (statistischen) Unsicherheits-

quantifizierungmethoden unterschieden.

Der erste Teil der Arbeit beschäftigt sich mit nicht-statistischen Unsicherheitsquantifizierungs-

methoden, nämlich mit der stochastischen Galerkin Methode (SG), der Nichtintrusiven Spek-

tralprojektion (NISP) und der Stochastischen Kollokation (SK). Während die SG Methode häu-

fig zur Unsicherheitsquantifizierung von zufälligen partiellen Differentialgleichungen angewen-

det wird, stellt der klassiche SG Ansatz nicht sicher dass die Hyperbolizität der zugrunde

liegenden hyperbolischen Erhaltungsgleichung erhalten bleibt. Aus diesem Grund wird mit

Hilfe eines Limiters ein modifiziertes numerisches Verfahren entwickelt, welches die Hyper-

bolizität das SG Systems garantiert. Zugleich bleibt eine hohe Approximationsordnung im

physikalischen und stochastischen Raum erhalten. Das modifizierte Verfahren wird auf mehrere

anspruchsvolle numerische Beispiele angewendet, bei denen das klassische SG Verfahren ver-

sagt.

Ein wichtiger Aspekt von Raum-Zeit-stochastischen numerischen Verfahren ist die Quanti-

fizierung des Fehlers der durch die numerische Diskretisierung der zufälligen Erhaltungsglei-

chung auftritt. In dieser Arbeit leiten wir einen neuen Ansatz zur a posteriori Fehleranalyse von

zufälligen hyperbolischen Erhaltungsgleichungen her. Für die numerisch Approximation wird

das Runge–Kutta Discontinous Galerkin Verfahren in Kombination mit polynombasierten Un-

sicherheitsquantifizierungmethoden verwendet. Die Fehlerschätzer basieren auf der relativen

Entropiemethode von Dafermos und DiPerna [26] und erlauben es zwischen Raum-Zeit und

stochastischem Diskretisierungsfehler zu unterscheiden. Basierend auf dem a posteriori Fehler-

schätzer konstruieren wir neue residual-basierte Raum-Zeit-Stochastik adaptive numerische

Verfahren. Wir unterstreichen die theoretischen Ergebnisse mit einer Auswahl an verschiede-

nen numerischen Experimenten.

Der letzte Teil dieser Arbeit widmet sich den statistischen Unsicherheitsquantifizierungmetho-



den, speziell der Monte Carlo (MC) Methode. Wir erweitern die Multilevel Monte Carlo Meth-

ode, welche eine Hierarchie von räumlichen Gittern unterschiedlicher Auflösung betrachtet, zu

der hp-MLMC Methode, welche beliebig hp-verfeinerte Gitter zulässt. Die klassiche Kom-

plexitätsanalyse des MLMC Verfahrens wird auf das hp-MLMC Verfahren erweitert. Deswei-

teren wird für eine iterationsbasierte Version des hp-MLMC Verfahrens ein Konfidenzintervall

hergeleitet, welches eine robuste Abschätzung an die Zahl der optimalen Samples pro Level

liefert. Um die Effizienz unseres Ansatzes zu demonstrieren betrachten wir zwei verschiedene

kompressible Strömungsprobleme welche mittels den zufälligen Navier–Stokes Gleichungen

modelliert werden. Insbesondere betrachten wir sogenannte Fugenströmungen welche eine

wichtige Problemklasse im Bereich der computer-gestützten Akustik dartstellen. Da diese Pro-

bleme physikalische Effekte mit starker Abhängigkeit von den Eingabeparametern modellieren

stellen sie ein anspruchsvolles Problem für Unsicherheitsquantifizierung dar.
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1 Introduction

Deterministic hyperbolic conservation laws

Many processes in physics and engineering are described by hyperbolic conservation laws,

a set of partial differential equations (pdes) which are derived from fundamental principles

of physics, namely conservation of mass, momentum and energy. To name a few examples,

flows of inviscid ideal gases or fluid flows in rivers and channels can be modeled by hyperbolic

conservation laws. The time-evolution of the vector of conserved quantities u(t,x) reads as




∂tu(t,x)+
d
∑

i=1
∂xiFi(u(t,x)) = 0, (t,x) ∈ (0,T )×Rd,

u(0,x) = u0(x), x ∈ Rd,

(1.1)

where t denotes the variable with respect to (w.r.t.) time and xi are the spatial variables corre-

sponding to d spatial dimensions. The set U ⊂ Rm is called state space, Fi ∈ C1(U ;Rm), is

the flux function for the i-th direction, and u0(x) ∈U are some suitable initial conditions. The

system (1.1) is called hyperbolic if the flux Jacobian DF :=
d
∑

i=1
αi DFi, has m real eigenvalues

and a set of m linearly independent eigenvectors for each α ∈Rd , |α|= 1. Here DFi denotes the

matrix which contains all partial derivatives of Fi w.r.t. to u in each direction i = 1, . . . ,d. The

system (1.1) is called strictly hyperbolic if the flux Jacobian DF has m distinct real eigenvalues.

For nonlinear flux functions, solutions of (1.1) may develop discontinuities in finite time and

therefore one has to consider weak solutions of (1.1). We call a function u ∈ L∞((0,T )×
Rd,Rm), a weak solution of (1.1) if it satisfies

T∫

0

∫

Rd

(
u(t,x) ·∂tφ(t,x)+

d

∑
i=1

Fi(u(t,x)) ·∂xiφ(t,x)
)

dxdt+
∫

Rd

u0(x) ·φ(0,x) dx = 0, (1.2)

for all φ ∈C∞
c (Rd×(0,T );Rm). Weak solutions of (1.1) are not necessarily unique and thus, to

ensure uniqueness, one has to consider additional admissibility criteria. A common criterion is

the so-called entropy admissibility criterion [26] which can be posed provided (1.1) is equipped
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with an entropy/entropy flux pair, (η ,q), with η ∈C2(U ;R) strictly convex and qi ∈C2(U ;R),
satisfying

Dqi = Dη DFi (1.3)

for all i = 1, . . . ,d. In addition to (1.2), an entropy admissible weak solution of (1.1) is supposed

to satisfy the following weak entropy inequality
T∫

0

∫

Rd

(
η(u)∂tΦ(t,x)+

d

∑
i=1

qi(u)∂xiΦ(t,x)
)

dxdt+
∫

Rd

η(u)Φ(0,x)dx≥ 0, (1.4)

for all Φ ∈C∞
c (Rd×(0,T );R+).

Well-posedness of (1.1), i.e. existence, uniqueness and continuous dependence on initial data,

of entropy solutions for scalar conservation laws (i.e. m = 1) in arbitrary space dimensions

has been proven by Kružkov in [72]. The proof relies on the fact that scalar conservation

laws admit infinite many entropy/entropy flux pairs. In contrast to scalar conservation laws

most systems of hyperbolic conservation laws are endowed with only one entropy/entropy flux

pair. In the case of spatially one-dimensional (d = 1) systems with initial data with small total

variation, existence of weak entropy admissible solutions has been shown by Glimm [53]. Later,

Bressan and coauthors [15, 16, 17] proved that the entropy admissible solutions constructed

by the Glimm scheme (or equivalently by wave-front tracking) are unique in the sense that

they are the only entropy admissible solutions satisfying additional stability properties such as

certain bounds on the growth of their total variation. For multi-dimensional systems of linear

hyperbolic conservation laws




∂tu(t,x)+
d
∑

i=1
Ai∂xiu(t,x) = 0, (t,x) ∈ (0,T )×Rd,

u(0,x) = u0(x), x ∈ Rd,

(1.5)

where Ai ∈ Rm×m are constant matrices for i = 1, . . . ,d, existence and uniqueness results of

weak solutions for (1.5) are also available, cf. [58, Thm. 5.3.2].

However, when considering nonlinear flux functions, results concerning existence and unique-

ness of entropy admissible weak solution for multi-dimensional systems are not available. In

contrast, recent results of the authors of [21, 27] have shown that entropy admissible weak so-

lutions in multiple space dimensions for the incompressible and compressible Euler equations

are not necessarily unique.

Although for nonlinear multi-dimensional systems the entropy admissibility criterion (1.4) does

not guarantee uniqueness of entropy admissible weak solutions, the existence of a convex en-

tropy provides at least local-wellposedness of the Cauchy problem (1.1) in terms of classical
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solutions. This means that an entropy admissible weak solution coincides with the classical

solution of (1.1) as long as the latter exists, cf. [26, Thm. 5.2.1]. The stability estimate is based

on the relative entropy η(·|·) : U ×U → R and the relative entropy flux q(·|·) : U ×U → R,

which are defined as

η(u|v) := η(u)−η(v)−Dη(v)(u− v), (1.6)

q(u|v) := q(u)−q(v)−Dη(v)(F(u)−F(v)). (1.7)

As η is strictly convex, η(u|v) is also strictly convex and this allows to estimate

η(u|v)≥ cv|u− v|2, (1.8)

for some cv > 0, when u is in a compact neighborhood of v, cf. [93]. Based on (1.8), it is

possible to compare the distance of two solutions u, v of (1.1) w.r.t. the L2-norm. If one of

the two solutions is at least Lipschitz continuous (and in particular satisfies (1.4) as equality),

and the other solution is entropy admissible, one can derive the following stability estimate [26,

Thm. 5.2.1]
∫

|x|<r

η(u(·, t)|v(·, t)) dx≤ aebt
∫

|x|<r+st

η(u0(·)|v0(·)) dx, (1.9)

for some suitable positive constants a,b,s and any r > 0. The estimate (1.9) shows on the one

hand that entropy admissible weak solutions and classical solutions of (1.1), which have the

same initial data, coincide as long as the classical solution exists. This property of entropy ad-

missible weak solutions is also called weak-strong uniqueness. On the other hand, the stability

estimate (1.9) can be also be interpreted in an “a posteriori sense”. It is possible to bound the

approximation error between the entropy admissible weak solution and a suitable numerical

approximation, or more precisely, a reconstruction thereof, in the same manner as (1.9) in terms

of a computable residual.

While this approach has been successfully applied for deterministic conservation laws cf. [28,

46] our aim is to extend the existing a posteriori error estimate to a probabilistic version of (1.1),

where we allow for random variations in initial condition and flux function. To achieve this aim

we derive in Section 2.4 a general stability estimate between a so-called random entropy ad-

missible solution and a Lipschitz continuous solution of a perturbed problem. With this error

estimate at hand we are able to derive different a posteriori error estimates for various numerical

approximations of the random entropy admissible solution. The description of random conser-

vation laws and numerical approximation schemes (also known as UQ methods) for random

conservation laws are described in the next section “Uncertainty Quantification”.
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Uncertainty Quantification

Although conservation laws accurately describe the evolution of physical quantities like mass

density, momentum or temperature, a discrepancy between experimental measurements and

high-resolution numerical simulations is often observable. For an example in the context of

aeroacoustics we refer to [74, Sec. 4.3.3.], where the authors report a discrepancy between a

measured and a simulated frequency spectrum for a flow of air over an open cavity. This mis-

fit occurred because the frequency spectrum exhibits high sensitivity to geometry parameters,

which the deterministic numerical simulation did not account for. This example illustrates that

apart from deterministic numerical approximation errors, a more fundamental source of error is

uncertainty in model parameters or measurements. To name a few more examples, it is often not

feasible or possible to accurately describe model parameters [9, 66, 67, 74, 78], or initial and

boundary conditions [55, 79, 80]. To reach a satisfactory level of validity and reliability of high

fidelity simulations, it is thus inevitable to take systematic uncertainties into account. A possible

approach to achieve this aim is to embed (1.1) into a probabilistic framework and model uncer-

tain parameters, initial conditions, or boundary conditions as random fields. The probabilistic

versions of (1.1) are called random hyperbolic conservation laws and their solutions are in fact

random fields, for which it is possible to compute important statistical information, such as

mean, variance or higher order moments. In Chapter 2 we establish the necessary probabilistic

framework for the description of random conservation laws and introduce the notion of random

entropy admissible weak solutions. Furthermore, we address the issue of well-posedness of

random conservation laws with uncertain initial condition and random flux functions.

Apart from discretizing space and time, the numerical approximation of solutions of random

conservation laws requires discretizing the random space. Uncertainty Quantification (UQ)

provides a large range of different mathematical methods for stochastic discretization. In this

thesis, we focus on the forward propagation of uncertainties and consider four different UQ

methods, which can be roughly divided into statistical and non-statistical methods. Statistical

methods approximate moments of the underlying random field by sampling. The most promi-

nent and most frequently applied method in this class is the Monte Carlo (MC) method. As

the asymptotic rate of convergence of the classical MC method is rather slow, Heinrich [61]

and later Giles [51] extended the MC method to the Multilevel Monte Carlo (MLMC) method,

where they considered spatial mesh hierarchies instead of one fixed mesh to discretize the deter-

ministic equation of interest. The main idea of the MLMC method is that the global behavior of

the exact expectation can be approximated by the behavior of the expectation of numerical solu-

tions with a low spatial resolution, which can be computed at low cost. The coarse expectation
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is then subsequently corrected by computations on finer levels, which are computationally more

expensive per sample. The number of these simulations at full resolution is significantly reduced

compared to the original MC method, resulting in a considerably lower overall computational

cost. In Chapter 6 we present the classical MLMC method and its extension to arbitrarily hp-

refined meshes. We extend the classical complexity analysis of MLMC to hp-MLMC and we

present a novel confidence interval for a robust estimate of the number of additional samples on

each level. The number of additional samples on each level plays a crucial role in the efficiency

of an iterative version of the hp-MLMC method.

For non-statistical methods, we focus on Polynomial Chaos (PC) and Stochastic Collocation

(SC) methods. Both approaches are polynomial-based approximations, which derive determin-

istic models for the stochastic modes. Their description is content of Chapter 4. The theoretical

foundation for the PC expansion was laid in [103] and can be described as an approximation of

Gaussian random variables by polynomials that are orthogonal with respect to the inner product

induced by the probability density function of the uncertain parameters. Later, the approach

has been generalized to a larger class of distributions [109], which is now known as general-

ized Polynomial Chaos (gPC). The modes in the gPC expansion can be either computed by a

Galerkin projection, which is also known as Stochastic Galerkin (SG) approach [45], or via a

pseudo-spectral projection, which approximates the modes by numerical quadrature [77]. The

pseudo-spectral projection is also called Non-intrusive Spectral Projection (NISP) and it is a

non-intrusive method. This means that the random conservation law only needs to be evaluated

at so-called collocation points, resulting in a finite set of deterministic hyperbolic conservation

laws, which can be discretized using already existing numerical solvers. Thus, efficient nu-

merical solver and existing parallelization strategies can readily be used and do not need to be

modified. In combination with sparse grids [19] the NISP method proves to be very efficient,

especially for high-dimensional random inputs.

In contrast to NISP, the SG approach is an intrusive method because the random conservation

law is transformed into a modified deterministic system of conservation laws, which makes the

adaption of existing numerical solvers inevitable. For low-dimensional random inputs, the SG

method promises higher resolution for fewer degrees of freedom than the NISP method. How-

ever, for high-dimensional random inputs this method becomes computationally infeasible due

to a very expensive evaluation of the modified flux function. We examine the performance of

both methods in detail in Section 4.3. Another flaw of the SG method applied to nonlinear hy-

perbolic conservation laws is, that the resulting SG system may lose its hyperbolicity, although

the original deterministic system is hyperbolic [87]. We address this issue for the SG method in

Section 4.2 and present a modified numerical scheme based on the Runge–Kutta Discontinuous
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Galerkin method which ensures the hyperbolicity of the underlying SG system.

The SC method approximates the random field by a series of Lagrange polynomials associated

with a set of prescribed collocation points. Similarly to the NISP method, SC is a non-intrusive

method and hence, deterministic numerical solver can readily be used. Its description is also

part of Chapter 4.

A posteriori error analysis and adaptivity

In recent years stochastic adaptivity has become an important issue for random conservation

laws (cf. [18, 57, 69, 99, 101, 104]), mainly because weak solutions of random conservation

laws develop discontinuities in finite time and the discontinuities propagate into the random

space. In this case it is desirable to locally increase the resolution around discontinuities in

spatial as well as in stochastic domain. This is typically achieved using indicators which mark

cells for refinement or coarsening. Refinement and coarsening indicators are either derived

from rigorous a posteriori error estimates, or they stem from heuristic quantities, for example

the gradient of the solution or other more sophisticated quantities. The theory for adaptive mesh

refinements (in random and physical space) based on a posteriori error estimates for random

elliptic and random parabolic partial differential equations has already reached a very satisfying

state [13, 35, 52, 56, 90]. However, compared to elliptic and parabolic equations, the theory

for adaptive mesh refinements for random hyperbolic conservation laws is still in its infancy.

Although results based on heuristic indicators are available (cf. the list from above), adaptive

mesh refinements strategies which rely on rigorous a posteriori error estimates are not available.

This is mainly due to the fact that even for deterministic hyperbolic conservation laws a rigorous

a posteriori error analysis is still an open problem.

A major contribution of this thesis is the derivation of a rigorous a posteriori error analysis

for random hyperbolic systems of conservation laws. Based on the generalized relative entropy

method which we introduce in Section 2.4, we derive in Chapter 5 different a posteriori error es-

timators for the entire space-stochastic discretization error for numerical approximations which

rely on the Runge–Kutta Discontinuous Galerkin method in combination with non-statistical

UQ methods. More specifically, we discuss the a posteriori error estimates in the context of

SG, SC and NISP methods. Furthermore, we prove a splitting of the resulting residual into

a spatio-temporal and a stochastic part, which allows us to quantify the errors arising from

spatio-temporal and stochastic discretization. For the SC method we use the splitting of the

corresponding residual to propose a novel residual-based space-stochastic adaptive numerical
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scheme, where the residuals are used as error indicators for local mesh refinement in physical

and random space.

Outline

This thesis is structured as follows. Chapter 2 recapitulates the necessary probabilistic frame-

work, introduces random hyperbolic conservation laws with uncertain initial data and flux func-

tion and establishes the notion of random entropy admissible weak solutions. Well-posedness

results for random scalar conservation laws are reviewed and the well-posedness for spatially

one-dimensional random conservation laws with uncertain initial data and flux function from

[47] is presented. The relative entropy method and the stability estimate between weak and

strong random entropy admissible solutions are also part of this chapter. Chapter 3 describes

the spatio-temporal discretization based on the Runge–Kutta Discontinuous Galerkin (RKDG)

method. Moreover, we give a short review of existing deterministic a posteriori error esti-

mates for conservation laws which are approximated with the Finite Volume method or the DG

method. In Chapter 4 the Stochastic Galerkin (SG), Non-intrusive Spectral Projection (NISP)

and Stochastic Collocation (SC) method are reviewed and the efficiency of NISP and SG up to

three random dimensions is assessed by means of a manufactured solution. Chapter 4 is also

concerned with the possible loss of hyperbolicity of the SG system and presents a hyperbolicity-

preserving numerical scheme for a SG-DG discretization of random hyperbolic conservation

laws. The numerical scheme is based on the work [34]. Chapter 5 presents the a posteriori

error analysis framework for non-statistical UQ methods from [47, 48, 49]. The last chapter is

concerned with the hp-MLMC method, an extension of the classical MLMC method to arbi-

trarily hp-refined meshes. It is based on the work [11], and the hp-MLMC method is applied to

the cavity flow problem from [74]. Finally, Chapter 7 summarizes the results of this thesis and

provides a list of directions for further research in the area of UQ of compressible flows.



2 Random hyperbolic conservation laws

This section is concerned with the description of random hyperbolic conservation laws. To al-

low for random variations in the hyperbolic conservation law (1.1) we recapitulate in Section 2.1

the necessary probabilistic framework to model uncertainties as random fields. We then intro-

duce random hyperbolic conservation laws and give a definition of the notion of solutions for

random conservation laws, which are called random entropy admissible weak solutions. An im-

portant aspect for random conservation laws is the existence and uniqueness of random entropy

admissible weak solutions. Well-posedness of random scalar conservation laws is discussed in

Section 2.2. In Section 2.3 we establish existence and uniqueness of random entropy admis-

sible weak solutions for one-dimensional systems of hyperbolic conservation laws with initial

data with sufficiently small total variation. Section 2.4 is concerned with the description and

extension of the relative entropy method to random conservation laws. We also present a stabil-

ity estimate for the difference between weak and strong random entropy admissible solutions,

which will be the foundation of the subsequent a posteriori error analysis framework.

2.1 Preliminaries and problem of interest

Let (Ω,F ,P) be a probability space, where Ω is the set of all elementary events ω ∈ Ω, F

is a σ -algebra and P is a probability measure on Ω. We parametrize the uncertainty with a

random vector ξ : Ω→ Ξ ⊂ RN with N ∈ N independent, absolutely continuous components,

i.e. ξ (ω) =
(
ξ1(ω), . . . ,ξN(ω)

)
: Ω→ Ξ ⊂ RN . This means that for every random variable ξ j

there exists a density function w j :R→R+, such that
∫
R

w j(y) dy= 1 and P[ξ j ∈A] =
∫
A

w j(y) dy,

for any A ∈B(R), for all j = 1, . . . ,N. Here, B(R) is the Borel σ -algebra on R. Moreover, the

joint density function w of the random vector ξ = (ξ1, . . . ,ξN) can be written as

w(y) =
N

∏
j=1

w j(y j) ∀ y = (y1, . . . ,yN)
> ∈ Ξ.

The random vector induces a probability measure P̃(B) := P(ξ−1(B)) for all B ∈B(Ξ) on the

measurable space (Ξ,B(Ξ)). This measure is called the law of ξ and for the remaining part of
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this thesis we work on the image probability space (Ξ,B(Ξ), P̃).

For a second measurable space (E,B(E)), we consider the weighted Lr
w-spaces defined as fol-

lows

Lr
w(Ξ;E) := { f : Ξ→ E | f is measurable and ‖ f‖Lr

w(Ξ;E) < ∞},

where

‖ f‖Lr
w(Ξ;E) :=





(∫
Ξ
‖ f (y)‖r

E w(y)dy
)1/r

= E
(
‖ f‖r

E
)1/r

, 1≤ r < ∞

ess supy∈Ξ ‖ f (y)‖E , r = ∞.

Let us now formulate (1.1) in terms of an uncertain initial condition and random flux function.

Our problem of interest is the following random initial value problem




∂tu(t,x,y)+
d
∑

i=1
∂xiFi(u(t,x,y),y) = 0, (t,x,y) ∈ (0,T )×Rd×Ξ,

u(0,x,y) = u0(x,y), (x,y) ∈ Rd×Ξ.
(2.1)

Here, u(t,x,y)∈U ⊂Rm is the vector of conserved random quantities and Fi(·,y)∈C1(U ;Rm),

P̃-a.s. y ∈ Ξ is the random flux function in dimension i = 1, . . . ,d. This means that

P̃({y ∈ Ξ | Fi(·,y) ∈C1(U ;Rm)}) = 1.

Moreover, U ⊂ Rm is the state space, which is assumed to be an open set and T ∈ (0,∞).

Following [26, Def. 3.1.1.] we first define the notion of hyperbolicity of (2.1), which essentially

coincides with the deterministic definition of hyperbolicity path-wise in Ξ.

Definition 2.1 (Hyperbolicity and characteristic speeds).
The system (2.1) is called hyperbolic if for any u ∈U , the m×m matrix

d

∑
i=1

αi DFi(u,y) (2.2)

has m real eigenvalues, denoted by {λi(α;u,y)}m
i=1, and m linearly independent eigenvectors,

denoted by {ri(α;u,y)}m
i=1, for all α = (α1, . . . ,αd)∈ Sd+1 := {α ∈Rd |

d
∑

i=1
α2

i = 1}, P̃-a.s. y∈
Ξ. It is called strictly hyperbolic if (2.2) has m distinct, real eigenvalues. We call the eigenvalues

{λi(α;u,y)}m
i=1 of (2.2) characteristic speeds.

The following definition of linear degeneracy and genuine nonlinearity from [26, Def. 7.5.1.]

will later be required for the analysis of one-dimensional random conservation laws.
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Definition 2.2 (Linear degeneracy and genuine nonlinearity).
We call a state u ∈U a state of genuine nonlinearity of the i-th characteristic family if

Dλi(α;u,y)ri(α;u,y) 6= 0 (2.3)

for all α ∈ Sd+1, P̃-a.s. y ∈ Ξ. We call u ∈U a state of linear degeneracy of the i-th character-

istic family if

Dλi(α;u,y)ri(α;u,y) = 0, (2.4)

for all α ∈ Sd+1, P̃-a.s. y ∈ Ξ.

To establish the notion of entropy weak solutions of (2.1) we first have to introduce a random

entropy/entropy flux pair.

Definition 2.3 (Random entropy/entropy flux pair).
We say that η ∈ L1

w(Ξ;C2(U ;R)), qi ∈ L1
w(Ξ;C2(U ;R)), for i = 1, . . . ,d, form a random

entropy/entropy-flux pair if η(·,y) is strictly convex P̃-a.s. y ∈ Ξ and if η and q satisfy

Dη(·,y)DFi(·,y) = Dqi(·,y),

P̃-a.s. y ∈ Ξ, for all i = 1, . . . ,d.

We assume that the random conservation law (2.1) is equipped with at least one random entropy/

entropy-flux pair.

Remark 2.4.
Most hyperbolic systems of conservation laws arising from physics are equipped with an en-

tropy/entropy flux pair, where the entropy function corresponds to the physical entropy resp.

energy of the system. In most cases this is the only non-trivial entropy.

Using Definition 2.3 we can now define random entropy admissible weak solutions of (2.1).

Definition 2.5 (Random entropy admissible solution).
The function u∈ L1

w(Ξ;L1((0,T )×R;U )) is called a random entropy admissible weak solution

of (2.1) if it satisfies.

1. It is a weak solution:
T∫

0

∫

R

(
u(t,x,y) ·∂tφ(t,x)+

d

∑
i=1

Fi(u(t,x,y),y) ·∂xiφ(t,x)
)

dxdt

=−
∫

R

u0(x,y) ·φ(0,x) dx, (2.5)

P̃-a.s. y ∈ Ξ and for all φ ∈C∞
c ([0,T )×Rd;Rm).
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2. For any random entropy/entropy flux pair from Definition 2.3 it satisfies the weak entropy

inequality:

T∫

0

∫

R

(
η(u(t,x,y),y)∂tΦ(t,x)+

d

∑
i=1

qi(u(t,x,y),y)∂xiΦ(t,x)
)

dxdt

≥−
∫

R

η(u0(t,x),y)Φ(0,x) dx, (2.6)

P̃-a.s. y ∈ Ξ and for all Φ ∈C∞
c ([0,T )×Rd;R+).

The well-posedness of the integrals in (2.5)-(2.6) is implicitly assumed and follows for scalar

conservation laws from the L∞-bound of the random entropy admissible solution (cf. Theo-

rem 2.7) and for one-dimensional systems from the TV bound of the random entropy admissible

solution (Theorem 2.9), resp. the assumption that the random entropy admissible solution only

takes values in a compact set.

We are now going to discuss in which cases random entropy admissible weak solutions of (2.1)

exist and if they are unique. We first review the theory for scalar conservation laws and then

turn to one-dimensional systems of hyperbolic conservation laws.

2.2 Well-posedness of scalar random conservation laws

We first consider multi-dimensional scalar random conservation laws, i.e. we restrict ourselves

to (2.1) with m= 1. Thanks to the fundamental work of Kružkov [72] and the stability estimates

[64, Thm. 2.14, Thm. 4.3], there exists a firm theory [78, 79, 89] for the well-posedness of

multi-dimensional random scalar conservation laws with uncertain initial condition and uncer-

tain flux function. Before we review the well-posedness result for scalar random conservation

laws we present the main stability result of [72] for the deterministic case.

2.2.1 Deterministic scalar conservation laws

Let us first consider a deterministic version of (2.1) with m = 1 and let us make the following

assumptions on initial data and flux function. We keep the same notation for initial condition,

flux function and solution as in (2.1).

(D1) The initial condition satisfies u0 ∈ L1(Rd;R)∩L∞(Rd;R).

(D2) The flux function Fi satisfies Fi ∈C1(R;R), for each i = 1, . . . ,d.
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We then have the following classical result, cf. [70, 72].

Theorem 2.6.
Suppose assumptions (D1)-(D2) hold. Then the scalar conservation law (2.1) admits a unique

random entropy admissible solution. Moreover, for every t > 0, let S (t) be the nonlinear data-

to-solution map which is given by u(t, ·) = S (t)u0(·). It satisfies in particular:

(i) S (t) : L1(Rd;R)→ L1(Rd;R) is a contraction, i.e.

‖S (t)u0−S (t)v0‖L1(Rd ;R) ≤ ‖u0− v0‖L1(Rd ;R),

for almost all t > 0.

(ii) It is L∞-bounded, i.e.

‖S (t)u0‖L∞(Rd ;R) ≤ ‖u0‖L∞(Rd ;R),

for almost all t > 0.

2.2.2 Random scalar conservation laws

We now consider the scalar random conservation law (2.1) with random flux function and ran-

dom initial data. We have to make the following assumptions on initial data and flux function.

Note that they are the probabilistic counterparts to Assumptions (D1)-(D2).

(R1) The initial condition satisfies u0 ∈ L1
w(Ξ;L1(Rd;R)) and ‖u0(·,y)‖L∞(Rd) < ∞, P̃-a.s. y ∈

Ξ.

(R2) The random flux function Fi satisfies Fi ∈ L1
w(Ξ;C1(R;R)) for each i = 1, . . . ,d and there

exists a constant 0 < c < ∞, such that ∑
i=1,...,d

‖Fi(·,y)‖C1(R;R) ≤ c, holds P̃-a.s. y ∈ Ξ.

A path-wise application of Kružkov’s theorem yields the existence and uniqueness of a path-

wise entropy admissible solution. The mapping properties of the data-to-solution operator from

Theorem 2.6 are needed to prove the measurability of the path-wise entropy admissible solution.

Theorem 2.7 ([78, 89]).
Suppose assumptions (R1)-(R2) hold. Then the random scalar conservation law (2.1) admits a

unique random entropy admissible solution, which satisfies

‖u(t, ·,y)‖L∞(Rd) ≤ ‖u0(·,y)‖L∞(Rd),

for a.e. t ∈ (0,T ), P̃-a.s. y ∈ Ξ.

Moreover, if u0 ∈ Lk
w(Ξ;L1(Rd)) for any k ∈ [1,∞), then

‖u‖Lk
w(Ξ;C0((0,T );L1(Rd))) ≤ ‖u0‖Lk

w(Ξ;L1(Rd)).
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From an interpolation inequality in Lr(Rd)-spaces and Theorem 2.7 it follows that u(·, ·,y) ∈
Lr((0,T )×Rd;R) for any 1 ≤ r < ∞, P̃-a.s. y ∈ Ξ. Under the assumption that the mapping

y 7→ u0(·,y) ∈ Lr(Rd;R) is measurable one can prove that the random entropy admissible weak

solution u is measurable w.r.t. Lr((0,T )×Rd;R).

Lemma 2.8 ([49], Lemma 2.4).
Let assumptions (R1)-(R2) hold and assume that u0 ∈ Lk

w(Ξ;Lr(Rd)) for some k,r ∈ [1,∞).

Then the mapping
(

Ξ,B(Ξ)
)
3 y 7→ u(·, ·,y) ∈

(
Lr((0,T )×Rd;R),B(Lr((0,T )×Rd;R))

)

is measurable.

2.3 Well-posedness of one-dimensional systems of random

conservation laws

In contrast to scalar conservation laws, where the entropy admissibility criterion played a central

role for uniqueness, for nonlinear multi-dimensional systems of conservation laws the correct

notion of solution is still an open problem. Therefore, general existence and uniqueness results

are not available. However, in the case of one-dimensional systems, i.e. (2.1) with d = 1,

equipped with initial data with small total variation, Glimm was able to provide a proof for

the global existence of entropy admissible solutions [53]. Later, Bressan and coauthors [15,

16, 17] developed a semi-group theory, which allowed the authors to prove that the entropy

admissible solutions constructed by the Glimm scheme (or equivalently by wave-front tracking)

are unique in the sense that they are the only entropy admissible solutions satisfying additional

stability properties such as certain bounds on the growth of their total variation. Based on these

deterministic results, in combination with a stability result of Bianchini and Colombo [14] we

prove the existence and uniqueness of random entropy admissible solutions for one-dimensional

systems of random hyperbolic conservation laws with uncertain initial data and uncertain flux

function. Before we present our main theorem we shortly review some classical deterministic

results for hyperbolic conservation laws in one spatial dimension, on which our proof is based.

2.3.1 One-dimensional deterministic hyperbolic conservation laws

In this section we first consider a deterministic version of (2.1), while keeping the same notation

for initial condition, flux function and solution as in (2.1). The Cauchy problem for the one-
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dimensional system of m conservation laws reads as follows.




∂tu(t,x)+∂xF(u(t,x)) = 0, (t,x) ∈ (0,T )×R,

u(0,x) = u0(x), x ∈ R .
(2.7)

We assume that (2.7) is equipped with a strictly convex entropy/entropy flux function. Further-

more, we make the following assumptions on the initial condition and flux function.

(D1) The initial condition satisfies u0 ∈ L1(R;U ).

(D2) The flux function satisfies F ∈C1(U ;Rm) and the Jacobian DF has m distinct real eigen-

values, with each characteristic field being either genuinely nonlinear or linearly degen-

erate, cf. Definition 2.1 and Definition 2.2.

Theorem 2.9 ([16], Theorem 2).
Provided (D1) and (D2) hold, there exists a non-empty closed domain D ⊂ L1(R;U ) of inte-

grable functions with small total variation and a semi-group S (t) : [0,∞)×D → D , called

Standard Riemann Semigroup (SRS), that is unique (up to its domain) and which has in partic-

ular the following properties:

(i) There exists a constant L > 0, such that

‖S (s)u−S (t)v‖L1(R;U ) ≤ L
(
|s− t|+‖u− v‖L1(R;U )

)
,

for all u,v ∈D and for all s, t ≥ 0.

(ii) For u ∈ D the function u(t,x) := (S (t)u)(x) is an entropy admissible solution of (2.7).

It is the unique entropy admissible solution that is obtained as L1-limit of the wave-front

tracking algorithm.

Remark 2.10 (Uniqueness).
While (2.7) may have several entropy admissible solutions there is one and only one entropy

admissible solution induced by the SRS; in this sense entropy admissible solutions induced by

SRS are unique. It was proven in [16] that the SRS-induced entropy admissible solution is

the only entropy admissible solution satisfying certain additional stability properties, cf. [16,

(A2),(A3)].

Additionally, we will use the following result on the stability of the SRS. In particular, we can

quantify how much the SRS-induced entropy admissible solution varies if the flux is changed.

This result will be necessary to prove measurability of the random entropy admissible solution

when considering uncertain flux functions.
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Theorem 2.11 ([14], Corollary 2.5).
Let the flux function F satisfy (D2) and assume

D(F)⊆ {u ∈ L1(R;C ) | TV (u)≤M}, (2.8)

for some suitable positive M ∈ R and some compact set C ⊂ Rm. For t > 0 we denote by

S (t,F) the SRS from Theorem 2.9, associated with the flux function F.

Then there exists a constant C > 0, such that for any flux function F̃, satisfying (D2) and D(F̃)⊆
D(F), it holds that

‖S (t,F)u−S (t, F̃)u‖L1(R;U ) ≤Ct‖DF−D F̃‖C0(U ), (2.9)

for all u ∈D(F̃).

Remark 2.12 (Domain of SRS).
The domain of the SRS is discussed in [16, equation (1.3)]. Note that it can always be replaced

by a smaller set in order to make sure that additional conditions (such as (2.8)) hold.

2.3.2 One-dimensional random hyperbolic conservation laws

Based on the deterministic results from the previous section, we are now able to prove existence

and uniqueness of random entropy admissible weak solutions of (2.1). We assume that (2.1)

admits an random entropy/entropy flux pair as defined in Definition 2.3. and make the following

assumptions on the random initial condition and on the random flux function. Note that the first

two assumptions are the probabilistic versions of assumptions (D1) and (D2).

(R1) The uncertain initial condition satisfies u0 ∈ L1
w(Ξ;L1(R;U )).

(R2) For almost every realization y∈Ξ we have F(·,y)∈C1(U ;Rm) and the Jacobian DF(·,y)
has m distinct real eigenvalues, and each characteristic field is either linearly degenerate

or genuinely nonlinear. Moreover, we assume that F ∈ L1
w(Ξ;C1(U ;Rm)).

(R3) We define D :=
⋂

y∈Ξ D(F(·,y)), where D(F(·,y)) is the domain of the SRS from (2.8)

in Theorem 2.11. We assume that D 6= Ø and u0(·,y) ∈D , P̃-a.s. y ∈ Ξ.

(R4) There exists a compact and convex set C ⊂ U , s.t. S (t,F(·,y))u0(·,y)(x) ∈ C , a.e.

(t,x,y) ∈ (0,T )×R× Ξ and u0(x,y) ∈ C , a.e. (x,y) ∈ R× Ξ.

Theorem 2.13.
Let the assumptions (R1)-(R4) hold. For P̃-a.s. y∈Ξ we define u(t,x,y) :=S (t,F(·,y))u0(·,y)(x),
where {S (t,F(·,y))}t≥0 is the SRS from Theorem 2.9 associated with the flux-function F(·,y).
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Then u is a random entropy admissible solution of (2.1). It is unique in the sense that it is

the only random entropy admissible solution which path-wise coincides with the SRS-induced

entropy admissible solution of the deterministic version of (2.1).

Proof. The function u is path-wise the unique SRS-induced entropy solution of (2.1) by con-

struction. Note that we have assumed u0(·,y) ∈ D ⊂ D(F(·,y)), P̃-a.s. y ∈ Ξ. It remains to

show, that u is a random variable, i.e.
(

Ξ,B(Ξ)
)
3 y 7→ u(·, ·,y) ∈

(
L1((0,T )×R;U ),B((L1((0,T )×R;U )))

)

is a measurable map. To this end we define the vector space

E1 := L1(R;U )×C1(U ;Rm)

equipped with the norm

‖(u,F)‖E1 := ‖u‖L1(R;U )+‖F‖C1(U ;Rm).

Using Theorem 2.9 (i) and Theorem 2.11, which we can apply due to assumptions (R3) and

(R4), we deduce

‖S (t,F(·,y))u0(·,y)−S (t,F(·, ỹ))u0(·, ỹ)‖L1(R;U )

≤ ‖S (t,F(·,y))u0(·,y)−S (t,F(·, ỹ))u0(·,y)‖L1(R;U )

+‖S (t,F(·, ỹ))u0(·,y)−S (t,F(·, ỹ))u0(·, ỹ)‖L1(R;U )

≤Ct‖DF(·,y)−DF(·, ỹ)‖C0(U )+L‖u0(·,y)−u0(·, ỹ)‖L1(R;U )

≤Ct‖F(·,y)−F(·, ỹ)‖C1(U ;Rm)+L‖u0(·,y)−u0(·, ỹ)‖L1(R;U ),

for P̃-a.s. y, ỹ ∈ Ξ.

Hence, the mapping S(t) : (u,F)3 E1→ L1(R;U ), S(t)(u,F) :=S (t,F)u(·) is continuous for

almost all t > 0. Due to the finite time horizon we immediately deduce that the mapping

S : E1→ L1((0,T )×R;U ), S(u,F) := S (·,F)u(·)

is also continuous. Finally, it follows from assumptions (R1) and (R2) that the mapping

S0 :
(

Ξ,B(Ξ)
)
→
(

E1,B(E1)
)
, S0(y) := (u0(·,y),F(·,y))

is measurable. Thus, u(·, ·,y) =S (·,F(·,y))u0(·,y) = S◦S0(y) is a composition of measurable

mappings and hence measurable itself.
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In light of the previous existence and uniqueness results for random conservation laws the re-

maining part of this thesis is dedicated to the derivation of different suitable numerical schemes

to approximate the random entropy admissible weak solution numerically. In addition to ap-

proximating the entropy admissible weak solution another major goal of this thesis is to derive

computable error bounds for the numerical approximation error. We derive error bounds based

on a probabilistic version of the relative entropy stability framework from [26]. To this end we

extend the relative entropy framework to random conservation laws and generalize the stability

result from [26, Thm. 5.2.1 ] to random entropy admissible weak solutions. This is the content

of the next section.

2.4 Relative entropy method and stability estimate

The aim of this chapter is to derive a general stability framework to estimate the distance be-

tween the random entropy admissible weak solution and a strong solution of a perturbed ver-

sion of (2.1), in terms of the relative entropy. Our main result (Theorem 2.15) is a stability

estimate for the difference between the random entropy admissible weak solution and a Lips-

chitz continuous (in space and time) function, which satisfies a perturbed version of (2.1). For

the stability estimate we restrict ourselves to a one-dimensional spatial domain and consider

periodic boundary conditions. Without loss of generality we set D = [0,1]per. Moreover, we

assume that F(·,y) ∈C2(U ;Rm), P̃-a.s. y ∈ Ξ and that the problem (2.1) admits a random en-

tropy/entropy flux pair and a unique random entropy admissible weak solution which we denote

by u. Additionally, we consider a function v̄ which has to satisfy the following assumptions.

(A1) v̄(·, ·,y) ∈W 1
∞((0,T )×D;U ), P̃-a.s. y ∈ Ξ

(A2) v̄(t,x,y) ∈ C a.e. (t,x,y) ∈ (0,T )×D×Ξ, where C ⊂U is a compact and convex set

We denote the initial data of v̄ by v̄0(·,y) := v̄(0, ·,y), P̃-a.s. y ∈ Ξ. Plugging v̄ into (2.1), we

may view v̄ as solution of a perturbed version of (2.1), satisfying

R(·, ·,y) := ∂t v̄(·, ·,y)+∂xF(v̄(·, ·,y),y), (2.10)

P̃-a.s. y ∈ Ξ. We call the function R(·, ·,y) defined by (2.10) residual. With the help of the

relative entropy stability framework we can bound the difference between u and v̄ in terms of

the residual R. Let us first extend the relative entropy/entropy flux pair to what we call random

relative entropy/entropy flux pairs.

Definition 2.14 (Random relative entropy/entropy flux pair).
Let (η ,q) be a random entropy/entropy flux pair of (2.1) as defined in Definition 2.3. For
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P̃-a.s. y ∈ Ξ and for any v,w ∈U , we call the functions

η(v|w,y) := η(v,y)−η(w,y)−Dη(w,y)(v−w), (2.11)

q(v|w,y) := q(v,y)−q(w,y)−Dη(w,y)(F(v,y)−F(w,y)). (2.12)

random relative entropy and random relative entropy flux. Here, Dη(w,y) := Dw η(w,y) is the

matrix which consists of the partial derivatives of η w.r.t w but not w.r.t. y.

Before stating the main estimate, we establish bounds on the derivatives of the flux function

and the entropy, as they enter the upper bounds in the main estimate. Due to Assumption (A2)

and the compactness of C , there exist P̃-a.s. y ∈ Ξ constants 0 < CF(y) < ∞ and 0 < Cη(y) <

Cη(y)< ∞, such that,

|w>H F(v,y)w| ≤CF(y)|w|2, Cη(y)|w|2 ≤ w>H η(v,y)w≤Cη(y)|w|2, ∀w ∈ Rm,∀v ∈ C .

(2.13)

Here, for a generic function f , H f := H v f denotes its Hessian matrix which contains all

second order derivatives with respect to v. We are now able to state the main stability estimate

of this section.

Theorem 2.15 (Stability estimate).
Let u be the random entropy admissible weak solution of (2.1) and let v̄ be a Lipschitz solution

of (2.10) satisfying Assumptions (A1)-(A2). Then the difference between u and v̄ satisfies

‖u(t, ·, ·)− v̄(t,·, ·)‖2
L2

w(Ξ̃;L2(D))

≤
∫

Ξ̃

[
Cη(y)−1

(
‖R(·, ·,y)‖2

L2((0,T )×D)+Cη(y)‖u0(·,y)− v̄0(·,y)‖2
L2(D)

)

× exp

( t∫

0

Cη(y)CF(y)‖∂xv̄(s, ·,y)‖L∞(D)+Cη(y)2

Cη(y)
ds

)]
w(y)dy, (2.14)

for a.e. t ∈ (0,T ) and any P̃-measurable set Ξ̃⊂ Ξ.

Proof. Recalling the argument in [26, Sec. 4.5], which says that the distribution

∂tη(u,y)+∂xq(u,y)≤ 0

has a sign and is therefore a measure P̃-a.s. y ∈ Ξ, we may replace the smooth test function

in (2.6) by Lipschitz continuous ones. Thus, because u satisfies the entropy inequality (2.6)
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P̃-a.s. y ∈ Ξ, we have for almost any realization y ∈ Ξ and for any nonnegative Lipschitz con-

tinuous test function φ the inequality

0≤
T∫

0

∫

D

η(u,y)∂tφ(·, ·)+q(u,y)∂xφ(·, ·) dxdt+
∫

D

η(u0,y)φ(0, ·)dx. (2.15)

Next, we multiply (2.10) by Dη(v̄,y). Upon using the chain rule for Lipschitz continuous

functions and the relationship Dq(·,y) = Dη(·,y)DF(·,y) we derive the following relation

Dη(v̄(·, ·,y),y)R(·, ·,y) = ∂tη(v̄(·, ·,y),y)+∂xq(v̄(·, ·,y),y), (2.16)

P̃-a.s. y ∈ Ξ. Let us consider the weak form of (2.16) and subtract it from (2.15) to obtain

0≤
T∫

0

∫

D

(η(u,y)−η(v̄,y))∂tφ +(q(u,y)−q(v̄,y))∂xφ dxdt

−
T∫

0

∫

D

R(·, ·,y)Dη(v̄,y)φ dxdt+
∫

D

(η(u0,y)−η(v̄0,y))φ(0,x) dx,

P̃-a.s. y ∈ Ξ. Recalling Definition 2.14 we write

0≤
T∫

0

∫

D

(η(u|v̄,y)+Dη(v̄,y)(u− v̄)∂tφ dxdt

+

T∫

0

∫

D

(q(u|v̄,y)+Dη(v̄,y)(F(u,y)−F(v̄,y)))∂xφ dxdt

−
T∫

0

∫

D

R(·, ·,y)Dη(v̄,y)φ dxdt+
∫

D

(η(u0,y)−η(v̄0,y))φ(0,x) dx. (2.17)

Using the Lipschitz continuous (in space and time) test function Dη(v̄,y)φ in (2.5) and in the

weak formulation of (2.10) we obtain

0 =

T∫

0

∫

D

(u− v̄)∂t(Dη(v̄,y)φ)+(F(u,y)−F(v̄,y))∂x(Dη(v̄,y)φ) dxdt

−
T∫

0

∫

D

R(·, ·,y)Dη(v̄,y)φ dxdt+
∫

D

(u0− v̄0)(Dη(v̄0,y)φ(0,x)) dx. (2.18)

Using the product rule yields P̃-a.s. y ∈ Ξ

∂t(Dη(v̄,y)φ) = ∂t v̄ H η(v̄,y)φ +∂tφ Dη(v̄,y),

∂x(Dη(v̄,y)φ) = ∂xv̄ H η(v̄,y)φ +∂xφ Dη(v̄,y).
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Combining (2.18) with (2.17), we obtain

0≤
T∫

0

∫

D

η(u|v̄,y)∂tφ +q(u|v̄,y)∂xφ −∂t v̄ H η(v̄,y)(u− v̄)φ dxdt

−
T∫

0

∫

D

(∂xv̄ H η(v̄,y)(F(u,y)−F(v̄,y))φ dxdt+
∫

D

η(u0|v̄0,y)φ(0,x) dx.

Rearranging (2.10) yields

∂t v̄(·, ·,y) =−DF(v̄(·, ·,y),y)∂xv̄(·, ·,y)+R(·, ·,y),

P̃-a.s. y ∈ Ξ. We conclude that

0≤
T∫

0

∫

D

η(u|v̄,y)∂tφ +q(u|v̄,y)∂xφ dxdt

−
T∫

0

∫

D

[−DF(v̄,y)∂xv̄ H η(v̄,y)+R(·, ·,y)](u− v̄)φ dxdt

−
∫ T∫

0

∫

D

(∂xv̄ H η(v̄,y)(F(u,y)−F(v̄,y))φ dxdt

+
∫

D

η(u0|v̄0,y)φ(0,x) dx.

Using the fact that

DF(v̄,y)>H (v̄,y) = H (v̄,y)DF(v̄,y)

holds P̃-a.s. y ∈ Ξ (cf. [26, (3.2.4.)]), the last inequality is reformulated as

0≤
T∫

0

∫

D

η(u|v̄,y)∂tφ +q(u|v̄,y)∂xφ dxdt

−
T∫

0

∫

D

∂xv̄ H η(v̄,y)[F(u,y)−F(v̄,y)−DF(v̄,y)(u− v̄)]φ dxdt

−
T∫

0

∫

D

R(·, ·,y)(u− v̄)φ dxdt+
∫

D

η(u0|v̄0,y)φ(0,x) dx. (2.19)

Up to now the choice of φ was arbitrary. We fix s > 0 and ε > 0 and define φ as follows

φ(σ ,x) :=





1 : σ < s,

1− σ−s
ε : s < σ < s+ ε,

0 : σ > s+ ε.
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With this particular choice we obtain

0≤− 1
ε

s+ε∫

s

∫

D

η(u|v̄,y) dxdt−
T∫

0

∫

D

∂xv̄ H η(v̄,y)[F(u,y)−F(v̄,y)−DF(v̄,y)(u− v̄)]φ dxdt

−
T∫

0

∫

D

R(·, ·,y)(u− v̄)φ dxdt+
∫

D

η(u0|v̄0,y)φ(0,x) dx.

Sending ε → 0 we find for all Lebesgue-points s of η(u(σ , ·,y),y) in (0,T ) that

0≤−
∫

D

η(u(s, ·,y),y)|v̄(s, ·,y),y) dx

−
s∫

0

∫

D

∂xv̄ H η(v̄,y)[F(u,y)−F(v̄,y)−DF(v̄,y)(u− v̄)] dxdt

−
s∫

0

∫

D

H η(v̄,y)R(·, ·,y)(u− v̄) dxdt+
∫

D

η(u0|v̄0,y) dx.

We then estimate
s∫

0

∫

D

H η(v̄,y)R(·, ·,y)(u− v̄) dxdt

by Young’s inequality which in combination with (2.13) yields the constant Cη(y)2. The integral

T∫

0

∫

D

∂xv̄ H η(v̄,y)[F(u,y)−F(v̄,y)−DF(v̄,y)(u− v̄)] dxdt

is estimated by Taylor’s theorem and (2.13), which yields the constants CF(y) and Cη(y). The

remaining two terms involving the relative entropy are also estimated using Taylor’s theorem

and (2.13). Altogether we obtain P̃-a.s. y ∈ Ξ

Cη(y)
∫

D

|u(s, ·,y)− v̄(s, ·,y)|2 dx

≤CF(y)Cη(y)
s∫

0

(
‖∂xv̄(t, ·,y)‖L∞(D)‖u(·, ·,y)− v̄(·, ·,y)‖2

L2(D) dx
)

dt

+‖R(·, ·,y)‖2
L2((0,s)×D)+Cη(y)

2
s∫

0

‖u(·, ·,y)− v̄(·, ·,y)‖2
L2(D) dt

+Cη(y)‖u0(·,y)− v0(·,y)‖2
L2(D).

using Gronwall’s inequality and integrating over any P̃-measurable Ξ̃⊂ Ξ yields the assertion.
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Remark 2.16.
For a deterministic flux function F = F(·) the estimate (2.14) can be substantially simplified to

‖u(t, ·, ·)− v̄(t,·, ·)‖2
L2

w(Ξ̃;L2(D))

≤C−1
η

(
‖R(·, ·, ·)‖2

L2
w(Ξ̃;L2((0,T )×D))

+Cη‖u0(·, ·)− v̄0(·, ·)‖2
L2

w(Ξ̃;L2(D))

)

× exp

( t∫

0

CηCF‖∂xv̄(s, ·, ·)‖L∞
w(Ξ̃;L∞(D))+C2

η

Cη

)]
.

Based on Theorem 2.13 we are now able to derive different a posteriori error estimates for vari-

ous numerical schemes which approximate the random entropy admissible solution numerically.

The main idea is to modify the numerical solution to a function which is (at least) Lipschitz con-

tinuous in space and time. As the reconstruction process strongly depends on the UQ method,

we derive the a posteriori error estimates after presenting the different UQ methods.

The next chapter is concerned with the space and time discretization of (2.1). In this thesis

we rely on the Runge–Kutta Discontinuous Galerkin method. Its description and a review of

existing deterministic a posteriori error estimates for Finite Volume and Discontinuous Galerkin

schemes is the content of the next chapter.



3 Space and time discretization of
conservation laws

All UQ methods that are used in this work rely on a spatio-temporal numerical scheme which

solves deterministic equations resulting from stochastic discretization. For spatio-temporal dis-

cretizations of hyperbolic conservation laws there exist different numerical methods, for exam-

ple Finite Differences (FD), Finite Volumes (FV) or Finite Elements (FE). In this thesis we rely

on the Runge–Kutta Discontinuous Galerkin (RKDG) from [23], which combines the (local)

high-order accuracy of FE with the discrete conservation property of FV. We give a detailed

description of the RKDG method in the next section and for the sake of completeness we give a

short description of the FV method, which can be regarded as a special case of the DG method.

Beside the description of both methods we provide a small review of some classical a pos-

teriori error estimates for the error between entropy admissible solutions and their numerical

approximations obtained with FV or DG.

3.1 The Runge–Kutta Discontinuous Galerkin method

The RKDG method for systems of conservation laws has originally been introduced by Cock-

burn and Shu [23], see also [33, 62] for a detailed overview of the RKDG method. We explain

the RKDG method by means of the deterministic conservation law (1.1), following closely the

illustration of [33]. Let us consider a bounded d-dimensional spatial domain D⊂Rd , which we

assume to be a polyhedron. We partition D into Ns ∈ N quadrilateral elements Ql , l = 1, . . . ,Ns

with D =
Ns⋃

l=1
Ql . Moreover, we assume that the mesh is conforming, i.e. it has no hanging

nodes. We define the mesh parameters hmax := max
l=1,...,Ns

h̄l , hmin := max
l=1,...,Ns

hl , where h̄l,hl is

the longest, resp. shortest edge of Ql . With F I
h we denote the set of all (d− 1)-dimensional

(inner) faces (edges for d = 2), that are contained in D. For each Γ ∈F I
h the exist two elements

Q−Γ ,Q
+
Γ , such that Γ ∈ Q−Γ ∩Q+

Γ . We assume that Q+
Γ lies in the direction of the normal vector
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of Γ, denoted by nΓ (cf. Figure 3.1). With F B
h we denote the set of all (d− 1)-dimensional

faces which lie on the boundary of D, i.e. for all Γ ∈F B
h it follows that Γ ⊂ ∂D. With this

Q−
Γ Q+

Γ

e

nΓ

Figure 3.1: Edge Γ ∈F I
h , adjacent elements and normal vector

convention we define the spatial traces on Γ ∈F I
h as

u−Γ (ξ ) := lim
x→ξ : (x−ξ )·nΓ>0

u(x), u+Γ (ξ ) := lim
x→ξ : (x−ξ )·nΓ<0

u(x), (3.1)

for any ξ ∈ Γ. Using the same notation we define the jump and average function as follows:

[[u ]]Γ(ξ ) := (u−Γ (ξ )−u+Γ (ξ )), {u}Γ(ξ ) :=
1
2
(u−Γ (ξ )+u+Γ (ξ )), (3.2)

where for the remaining part of this thesis we suppress the argument ξ ∈ Γ.

Let us now introduce the space of piecewise DG polynomial ansatz and test functions:

V q
h := {u : D→ Rm | u

∣∣
Ql
∈ Pq(Ql;Rm), for 1≤ l ≤ Ns},

where Pq(Ql;Rm) is the space of polynomials of degree q ∈ N0 on the element Ql and u
∣∣
Ql

de-

notes u restricted to Ql . Two common choices for basis polynomials of V q
h are either orthogonal

polynomials which yield a so-called modal basis, or Lagrange polynomials associated with a set

of interpolation nodes, yielding a nodal basis, cf. [62, p.20-21]. In this thesis we use the nodal

basis, i.e. on each element Ql , l = 1, . . . ,Ns we use tensor products of local one-dimensional

Lagrange interpolation polynomials of degree q ∈N0, where the interpolation nodes are chosen

to be Gauß–Legendre or Gauß–Lobatto nodes, cf. [68].

The DG solution uh of (1.1) is sought in V q
h , i.e. uh(t, ·) ∈ V q

h , a.e. t ∈ (0,T ). To derive the

DG spatial discretization we consider the weak form of (1.1) using the same ansatz and test

functions.

Ns

∑
l=1

∫

Ql

(
∂tuh · vh−

d

∑
i=1

Fi(uh) ·∂xivh

)
dx+ ∑

Γ∈F I
h

∫

Γ

d

∑
i=1

Fi(uh)nΓ,i · [[vh ]]Γ ds

+ ∑
Γ∈F B

h

∫

Γ

d

∑
i=1

Fi(uh)nΓ,i · vh ds = 0, (3.3)
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for all vh ∈ V q
h . Here, nΓ = (nΓ,1, . . . ,nΓ,d) denotes the outward unit normal to the faces Γ of Ql .

The fluxes across the cell interfaces are now replaced by numerical fluxes F̂i : U ×U → Rm,

i = 1, . . . ,d, satisfying the following conditions:

1. F̂i(·, ·) is locally Lipschitz continuous

2. F̂i is consistent: F̂i(u,u) = Fi(u), for all u ∈U

3. F̂i is conservative: F̂i(u,v) =−F̂i(v,u), for all u,v ∈U

In this thesis we consider the upwind numerical flux [111], the Lax-Friedrichs numerical flux

[23], the Lax-Wendroff numerical flux [97] and the HLLE numerical flux [36]. We provide

a detailed explanation of the numerical fluxes when we describe the numerical experiment in

which they are used.

Remark 3.1.
For simplicity we do not discuss the evaluation of the numerical flux at the boundary, i.e. for

states u−Γ , resp. u+Γ for any Γ ∈F B
h . A detailed discussion for different boundary conditions

and their numerical treatment can be found in [33, Section 8.3].

For notational convenience we denote by u−Γ ,u
+
Γ the spatial traces of uh as defined in (3.1). With

the help of the numerical flux we rewrite (3.3) to

Ns

∑
l=1

∫

Ql

(
∂tuh · vh−

d

∑
i=1

Fi(uh) ·∂xivh

)
dx+ ∑

Γ∈F I
h

∫

Γ

d

∑
i=1

F̂i(u−Γ ,u
+
Γ )nΓ,i · [[vh ]]Γ

+ ∑
Γ∈F B

h

∫

Γ

d

∑
i=1

F̂i(u−Γ ,u
+
Γ )nΓ,i · vh ds = 0, (3.4)

for all vh ∈ V q
h .

Letting LV q
h

denote the L2-projection into the DG space V q
h , the semi-discrete initial-value

problem of (1.1) reads as follows: find uh ∈C1([0,T );V q
h ), satisfying





Ns
∑

l=1

∫
Ql

∂tuh · vh dx =
Ns
∑

l=1

∫
Ql

d
∑

i=1
Fi(uh) ·∂xivh dx

− ∑
Γ∈F I

h

∫
Γ

d
∑

i=1
F̂i(u−Γ ,u

+
Γ )nΓ,i · [[vh ]]Γ ds

− ∑
Γ∈F B

h

∫
Γ

d
∑

i=1
F̂i(u−Γ ,u

+
Γ )nΓ,i · vh ds

uh(t = 0) = LV q
h

u0,

(DG)

for all vh ∈ V q
h . The volume and surface integrals in (DG) are approximated using numerical

quadrature. Since the interpolation nodes are chosen to be Gaussian quadrature points, the
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discrete orthogonality of property of the Lagrange polynomials yields an efficient evaluation of

the corresponding integrals, cf. [63].

The initial-value problem (DG) is advanced in time by a R-th order strong stability preserving

Runge–Kutta (SSP RK) method [65, 94]. To this end we let 0 = t0 < t1 < .. . < tNt = T be

a (non-equidistant) temporal decomposition of [0,T ]. To ensure stability, the explicit time-

stepping scheme has to obey the following CFL-type condition

∆t ≤C
hmin

λmax(2q+1)
, (3.5)

where λmax is the maximal characteristic speed (cf. Definition 2.1) and C ∈ (0,1]. Furthermore,

we let ΛΠh : Rm → Rm be a suitable limiter, where we use either the TVBM minmod slope

limiter from [24] or a Finite-Volume subcell limiter from [95]. In writing down the method

we denote by Lh(uh(t, ·)) the right-hand side of (DG), with the operator Lh : V q
h → V q

h being

defined appropriately. The complete S-stage time-marching algorithm for given n-th time-iterate

un
h := uh(tn, ·) ∈ V q

h can then be written as follows:

Algorithm 1 Runge–Kutta time-step of (DG)

1: Set u(0)h = un
h(tn).

2: for s = 1, . . . ,S do

3: Compute: u(s)h = ΛΠh

( s−1
∑

l=0
αslwsl

h

)
, wsl

h = u(l)h + βsl
αsl

∆tnLh(u
(l)
h ).

4: end for

5: Set u(n+1)
h (tn+1) = u(S)h .

The initial condition u(0)h also has to be limited by ΛΠh. The parameters αsl satisfy the condi-

tions αsl ≥ 0,
s−1
∑

l=0
αsl = 1 , and if βsl 6= 0, then αsl 6= 0 for all s = 1, . . . ,S, l = 0, . . . ,s.

3.2 The Finite Volume method

Based on the semi-discrete formulation (DG) we immediately derive the FV method by con-

sidering constant ansatz functions, i.e. uh(t, ·) ∈ V 0
h , a.e. t ∈ (0,T ). Setting vh = χQl , for each

l = 1, . . . ,Ns yields (cf. [33, Remark 8.8])




∂t ūl =− 1
|Ql | ∑

Γ∈∂Ql

|Γ|
d
∑

i=1
F̂i(u−Γ ,u

+
Γ )nΓ,i,

ūl(t = 0) = ū0
l ,

(FV)
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where

ūl :=
1
|Ql|

∫

Ql

uh dx

and |Γ| denotes the (d− 1)-Lebesgue measure of face Γ ∈ ∂Ql and |Ql| is the d-dimensional

measure of the element Ql . Similar to the RKDG method the initial-value problem (FV) is

advanced in time by a R-th order strong stability preserving Runge–Kutta (SSP RK) method

[65, 94].

3.3 A posteriori error estimates for deterministic hyperbolic

conservation laws

In this section we shortly review some existing a posteriori error estimates for numerical ap-

proximations of the entropy admissible solution using FV or DG. One approach to derive a

posteriori error estimates for hyperbolic conservation laws is to consider the dual problem of

the conservation law. With the help of the solution of the discrete dual problem, it is possible

to derive a posteriori error bounds for linear output functionals, see for example [60, 96] in the

context of FV and RKDG. We do not pursue this approach in this thesis. A different paradigm

to derive a posteriori error bounds, on which we focus in this thesis, are residual-based methods

which we directly apply to the solution of the original conservation law. We view the numer-

ical approximation as a solution of a perturbed problem of the underlying conservation law,

where the perturbation is given by a computable residual. Using an appropriate stability anal-

ysis for the problem at hand one can bound the difference between the exact and numerical

approximation in terms of the residual. For scalar conservation laws based on Kružkov’s theory

the L1-setting is the suitable stability framework to derive a posteriori error estimates for FV

schemes or modified RKDG schemes, cf. [29, 54, 71, 84]. We shortly recall the main theorem

from [71, Thm. 2.11, resp. Cor. 2.14] for a FV discretization for scalar conservation laws,

where for simplicity we restrict ourselves to one spatial dimension.

For the following definitions we assume that the constants R,ω,T are given and we specify their

values in Theorem 3.2 below. We define the following sets

I0 :=
{

n | 0≤ tn ≤min{R+1
ω

,T}
}
,

DR+1 :=
{
(x, t) | |x− x0|+ωt < R+1

}
,

M(t) :=
{

j | there exists x ∈ Q j such that (x, t) ∈ DR+1

}
.
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Theorem 3.2 (A posteriori error estimate for deterministic scalar conservation laws).
Let u be an entropy admissible weak solution of (1.1) and let uh be its numerical approximation

using the FV method. Furthermore, let F̂ be a consistent, conservative and Lipschitz continuous

numerical flux with Lipschitz constant L. Moreover, assume that the numerical flux is monotone,

i.e. ∂uF̂(u,v) ≥ 0, ∂vF̂(u,v) ≤ 0, and let u0 ∈ L∞(R)∩BV (R) with constants A ≤ u0(x) ≤ B

a.e. x ∈ R .

Let K ⊂⊂ R×R+, ω = sup
A≤u≤B

F ′(u) and choose R,T and x0 such that T ∈ (0, R
ω ) and

K ⊂
⋃

0≤t≤T

BR−ωt(x0)×{t}.

Then there exists computable constants a,a0,b, such that the following estimate holds
∫

K

|u−uh| dxdt≤ T
[
a0

∫

|x−x0|<R+1

|u0(x)−uh(0,x)| dx+aQ+2
√

bQ
]
,

where

Q := ∑
n∈I0

∑
j∈M(tn)

∆tnh j|un+1
j −un

j |+4L ∑
n∈I0

∑
j,l∈E(tn)

∆tn(∆tn +h jl)|un
j −un

l |)

and E(tn) is the set of all edges which lie in M(tn). In the sum over E(tn) the indices j, l refer to

Q j,Ql such that Q j∩Ql is the corresponding edge and h jl = max{h j,hl}.

The proof of Theorem 3.2 relies heavily on the doubling of variables argument of Kružkov and

is therefore not generalizable to systems of conservation laws, where most systems are equipped

with only one entropy/entropy flux pair. Up to our knowledge the only available stability frame-

work which allows for the derivation of a residual-based a posteriori error estimate for systems

of hyperbolic conservation laws (endowed with a strictly convex entropy) is the relative entropy

framework of Dafermos and DiPerna [26], which we have presented in Section 2.4 in the con-

text of random conservation laws. The authors of [28, 46] used the relative entropy method to

derive an a posteriori error estimate for the difference between the entropy admissible solution

and a reconstruction of the numerical solution obtained with the RKDG method. Because the

relative entropy is equivalent to the L2-norm on compact and convex subsets, the error between

the exact solution and the reconstruction is bounded in the L2-norm. For the sake of complete-

ness we write down the main theorem from [28, Thm. 25] but we do not elaborate upon the

reconstruction process. We explain the temporal and spatial reconstruction process in detail in

Section 5.1.1. Let us assume that we have a reconstructed numerical approximation

ûst ∈W 1
∞((0,T );V

q+1
h ∩C0(D;U ))
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of the numerical approximation {un
h}

Nt
n=0 ⊂ V q

h at hand. This allows us to define the following

residual

Rst := ∂t ûst +∂xF(ûst).

We can then derive the following a posteriori error estimate.

Theorem 3.3 (A posteriori error estimate for deterministic systems of conservation laws).
Let the reconstruction ûst of the numerical approximation {un

h}
Nt
n=0 of the entropy admissible

weak solution only take values in a compact and convex set C ⊂U . Then we have the following

estimate for all n = 0, . . . ,Nt .

‖u(tn, ·)−un
h(·)‖2

L2(D) ≤ 2‖ûst(tn, ·)−un
h(·)‖2

L2(D)

+2C−1
η

(
‖Rst‖2

L2((0,tn)×D)+‖u0(·, ·)− ûst(0, ·, ·)‖2
L2(D)

)

× exp
(

C−1
η

tn∫

0

(
CηCF‖∂xûst(t, ·)‖L∞(D)+C2

η

)
∂t

)
,

Cη ,Cη ,CF > 0 are constants depending on the flux function F and the entropy η .

The a posteriori error analysis that we derive in Chapter 5 can be regarded as generalization of

Theorem 3.3 to random conservation laws.

Now that we have the necessary spatio-temporal discretization at hand, we can introduce dif-

ferent UQ method for discretization of the random space Ξ. Their description, discussion of

different issues, resp. their advantages and disadvantages is part of the upcoming chapters.



4 Non-statistical Uncertainty
Quantification methods

This chapter is devoted to the discussion of common non-statistical, i.e. polynomial-based,

UQ methods. On the one hand we consider the Stochastic Galerkin (SG) method and on the

other hand, we review the Non-Intrusive Spectral Projection (NISP) and Stochastic Collocation

(SC) method. Furthermore, we introduce the Multi-Element method from [87, 101], which

decomposes the random space into multiple elements (so called Multi-Elements) and the ap-

proximation is only required to be polynomial on each element, which helps to deal with Gibbs

oscillations arising from interpolating or projecting discontinuous data.

A major drawback of the SG method when applied to nonlinear systems of hyperbolic conser-

vation laws, is that the resulting SG flux Jacobian may have complex eigenvalues and therefore

the SG system loses its hyperbolicity [87]. To ensure that the underlying SG system remains

hyperbolic, we present in Section 4.2 a novel hyperbolicity-preserving numerical scheme for a

SG-DG discretization of the random conservation law. We apply our numerical scheme to dif-

ferent challenging one- and two-dimensional Riemann problems for which the plain SG method

fails.

We end this chapter with a comparison of the efficiency of SG and NISP methods by means

of a smooth manufactured solution. The comparison demonstrates that the SG method is only

competitive up to two random dimensions.

4.1 Review of the employed non-statistical UQ methods

Let us start with an overview of the non-statistical UQ methods which we use in this thesis.

When we talk about non-statistical UQ methods we refer to UQ methods which rely on a poly-

nomial representation of the random field. A major class of polynomial-based methods relies

on the Polynomial Chaos Expansion (PCE), whose foundations have been laid in [103] and can
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be described as a polynomial approximation of Gaussian random variables to represent ran-

dom processes. This approach has been generalized to a broader class of distributions by Xiu

and Karniadakis in [109] by considering polynomials from the so-called Askey-scheme, where

the approximating polynomials are orthonormal polynomials with respect to an inner product

induced by the probability density function of the chosen probability distribution. The intru-

sive spectral projection, also known as Stochastic Galerkin (SG) approach, considers a weak

formulation of (2.1) with respect to the random variables and uses the corresponding orthonor-

mal polynomials as ansatz and test functions to derive a highly coupled deterministic system

of conservation laws. Solving the deterministic system for the unknown modes yields an ap-

proximation of the underlying random field. The method is called intrusive because one has to

rewrite existing numerical solvers to approximate the modified conservation law.

Another approach to compute the deterministic modes in the PCE expansion is called Non-

Intrusive Spectral projection (NISP). It solves deterministic versions of (2.1) at so-called col-

location points in random space and and computes the modes of the solution via a pseudo-

spectral projection, i.e. via numerical quadrature, cf. [77, 107]. Apart from approximating the

modes via numerical quadrature it is also possible to compute the modes using a least square

fit, as described in [76, Section 3.5]. However, we do not consider this approach in this thesis.

Stochastic numerical schemes which require to solve the random conservation law at prescribed

collocation points are in general called non-intrusive methods, because any suitable existing de-

terministic numerical solver can be used as “black-box” solver to approximate the collocated

deterministic problems. A major advantage of the NISP method compared to SG is that it can

effectively dampen the curse of dimensionality, which occurs for a high-dimensional random

space. In contrast to SG where evaluating the modified modified flux function of the SG system

becomes prohibitively expensive for high-dimensional random inputs, non-intrusive method can

use collocation points along sparse grids [19] to drastically reduce the number of evaluations of

(2.1).

While the NISP and SG method are based on the PCE expansion of the underlying random

field, the SC method approximates the random field by a series of Lagrange polynomials. Un-

like NISP and SG, the SC method does not aim at computing the corresponding modes via a

projection approach, but rather uses interpolation to approximate the underlying random field.

The polynomial interpolation is chosen in such a way, that it satisfies (2.1) at a prescribed set of

collocation points, cf. [107, 108], resulting in a set of collocated deterministic problems.
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4.1.1 The Stochastic Galerkin Method

Under the assumption that the solution of (2.1) has a finite second moment we expand u into a

generalized Fourier series using a suitable orthonormal basis.

Remark 4.1.
For scalar conservation laws Theorem 2.7 implies that if u0 ∈ L2

w(Ξ;L1(D)) it follows that

u ∈ L2
w(Ξ;L1((0,T )×D)) hence, u has a finite second moment. For nonlinear systems of con-

servation laws we need to assume that the solution of (2.1) has a finite second moment.

For a multi-dimensional random space Ξ ⊂ RN , we define Ξ j := ξ j(Ω) and let {Ψ j
k(·)}k∈N0 :

Ξ j → R be a L2
w j
(Ξ j)-orthonormal basis with respect to the one-dimensional density function

w j, i.e. for k, l ∈ N0 we have

〈
Ψ j

k,Ψ
j
l

〉
:= E

(
Ψ j

kΨ j
l

)
=
∫

R

Ψ j
k(y)Ψ

j
l (y) w j(y)d(y) = δk,l, (4.1)

for j = 1, . . . ,N.

Remark 4.2.
For a uniformly distributed random variable we use Legendre orthogonal polynomial and for a

normally distributed random variable we consider Hermite polynomials , cf. [109].

For any multi-index k = (k1, . . . ,kN)
> ∈ NN

0 we define the following multivariate polynomials

Ψk(y) := Ψ1
k1
(y1) · . . . ·ΨN

kN
(yN).

Following [37, 109], the random entropy solution u of (2.1) can be written as

u(t,x,y) = ∑
k∈NN

0

uk(t,x)Ψk(y). (4.2)

The deterministic Fourier modes uk = uk(t,x) in (4.2) are defined by

uk(t,x) = E
(
u(t,x, ·)Ψk(·)

)
∀ k ∈ NN

0 . (4.3)

From the Fourier modes (4.3) we immediately extract expectation and variance of u via

E
(
u(t,x, ·)

)
= u0(t,x) and Var

(
u(t,x, ·)

)
=

∞

∑
k∈NN \(0,...,0)

uk(t,x)2.

To derive the SG system of (2.1) we first truncate the infinite series in (4.2). As a finite-

dimensional basis we consider the complete polynomial space of degree K ∈ N0, described
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by the following index set

K := {k = (k1, . . .kN)
> ∈ NN

0 |
N

∑
j=1

k j ≤ K}, (4.4)

cf. [108]. The corresponding polynomial approximation space is defined as

WK(Ξ) :=
⊗

k∈K
Pk j(Ξ j), Pk j(Ξ j), := {p : Ξ j→ Rm | p is a polynomial of degree k j}.

Hence, the SG approximation reads as follows

u(t,x,y)≈ ∑
k∈K

uk(t,x)Ψk(y) (4.5)

Plugging the ansatz (4.5) into the random conservation law (2.1) and testing against the same

orthonormal basis functions yields the following SG system.

∫

Ξ

∂t

(
∑

k∈K
uk(t,x)Ψk(y)

)
Ψl(y) w(y)dy+

∫

Ξ

d

∑
i=1

∂xiFi

(
∑

k∈K
uk(t,x)Ψk(y)

)
Ψl(y) w(y)dy = 0,

(4.6)

for all l ∈K . Using the orthogonality relation (4.1) yields

∂t




u0
...

uNK




︸ ︷︷ ︸
=:u

+
d

∑
i=1

∂xi




∫
Ξ

Fi

(
∑

k∈K
uk(t,x)Ψk(y)

)
Ψ0 w(y)dy

...
∫
Ξ

Fi

(
∑

k∈K
uk(t,x)Ψk(y)

)
ΨNK w(y)dy




︸ ︷︷ ︸
=:Fi(u)

= 0, (SG)

where (with a slight abuse of notation) we define u, Fi(u) ∈ Rm·NK , where NK :=
(N+K

N

)
−1 =

card(K ) is the number of basis polynomials of WK(Ξ). For existing numerical approximation

schemes for the system (SG) and variants thereof, we refer to [20, 31, 75, 87, 91, 99, 106].

Approximating the deterministic system of conservation laws (SG) by the RKDG method from

Section 3.1 yields a sequence of numerical modes (to distinguish the numerically computed

modes from the modes of the exact solution we add additional hats) {ûn
k}

Nt
n=0 at points {tn}Nt

n=0

in time, for all k ∈K . The numerical approximation of the random entropy solution of (2.1) at

time t = tn reads as follows

u(tn,x,y)≈ un
h(x,y) := ∑

k∈K
ûn

k(x)Ψk(y). (4.7)
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For a one-dimensional spatial domain D ⊂ R, it has been shown in [87] that for the Euler

equations the flux Jacobian

∂F
∂u

=




F̂00 · · · F̂0NK
...

...

F̂NK0 · · · F̂NKNK


 ∈ R(m·NK)×(m·NK), (4.8)

where

F̂lm =
∫

Ξ

∂F
∂u

(
∑

k∈K
uk(t,x)Ψk(y)

)
Ψl(y)Ψm(y) w(y)dy, l,m = 0, . . . ,NK,

may have complex eigenvalues and therefore the system (SG) is no longer hyperbolic. This

issue is the main motivation for the development of our hyperbolicity-preserving numerical

scheme in Section 4.2. Furthermore, due to the polynomial approximation of discontinuous

data, Gibbs oscillations may arise and the plain SG approach is also prone to fail. To dampen

the Gibbs oscillations we introduce in the following section the Multi-Element approach as

for example in [98, 101, 102]. This approach corresponds to a domain decomposition of the

random space, where instead of a global interpolation in Ξ, we use local interpolations on every

random element.

4.1.2 The Multi-Element Stochastic Galerkin method

A major drawback of any global approximation approach in Ξ for hyperbolic conservation laws

is that discontinuities in physical space also propagate into random space. Due to the Gibbs

phenomenon the approximation may therefore oscillate, resulting in a slow convergence, or even

failure of convergence, cf. [87, 101]. To overcome this issue, we employ the Multi-Element

(ME) approach as presented in [98, 101, 102], i.e. we subdivide Ξ into disjoint elements and

consider a local approximation of (2.1) on every random element.

For the ease of presentation we assume that Ξ = [0,1]N , and let 0 = d1 < d2 < .. . < dNΞ+1 = 1

be a decomposition of [0,1].

Remark 4.3.
For random variables with unbounded image, for example for a normal distribution ξ ∼N (0,1),

the authors of [102] proposed a strategy to deal with the unbounded support of ξ . The idea is

to subdivide R into three elements (−∞,−a), [−a,a],(a,∞) and choose a ∈ R such that the tail

probability satisfies P(X ≥ a)≤ ε for some small ε > 0. Due to the small probability of the tail

elements, one performs the ME method only on [−a,a].
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We define Dm := [dm,dm+1), for m = 1, . . . ,NΞ− 1, and DNΞ := [dNΞ,dNΞ+1]. Introducing the

tensor-product index-set M := {m= (m1, . . . ,mN)
> ∈NN

0 : m j ≤NΞ, j = 1, . . . ,N} allows us to

define for m ∈M , the Multi-Element Dm :=
N×

j=1
Dm j . We consider a new local random variable

ξ m : ξ−1(Dm)→ Dm defined on the local probability space
(

ξ−1(Dm),F ∩ξ−1(Dm),P(·|ξ−1(Dm))
)
.

Using Bayes’ rule we compute the local probability density function of ξ m via

wDm(y
m) := w(ym|ξ−1(Dm)) =

w(ym)

P(ξ−1(Dm))
, ym ∈ Dm, (4.9)

where P(ξ−1(Dm)) > 0 for m ∈M can be assumed w.l.o.g., due to the independence of the

corresponding random variables.

Remark 4.4.
When considering uniform distributions, the local probability density function (4.9) remains a

density function of a uniformly distributed random variable. Hence, shifted Legendre polyno-

mials can readily be used. Other distributions, for example normal distributions, require to

numerically compute a set of polynomials which are orthogonal w.r.t. (4.9), cf. [102]. For

simplicity we consider only uniform distributions.

We parametrize the uncertain input in (2.1) using the local random variable ξ m and consider

a local approximation on every Dm. If we let {Ψm
k (y

m)}k∈NN
0

be the orthonormal polynomials

with respect to the conditional probability density function (4.9), we may consider the local

gPC approximation in element Dm,

um(t,x,ym) = ∑
k∈NN

0

uk,m(t,x)Ψm
k (y

m)≈ ∑
k∈K

uk,m(t,x)Ψm
k (y

m), (t,x,ym) ∈ (0,T )×D×Dm,

(4.10)

for all m ∈M . The global approximation can be written as

u(t,x,y)= ∑
m∈M

um(t,x,y)χDm(y)≈ ∑
m∈M

∑
k∈K

uk,m(t,x)Ψm
k (y)χDm(y), (t,x,y)∈ (0,T )×D×Ξ,

(4.11)

where the local approximation (4.11) converges to the global solution in L2(Ξ) as NΞ,K→ ∞,

cf [2, 101].

Remark 4.5.
Due to the disjoint decomposition of the random space, we can now apply the SG method

on every random element Dm for all m ∈M in parallel. This yields a trivial parallelization

strategy in random space.
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The expected value of u is given by its moment of zeroth order. We assume that Ψm
0 (y

m) =

∏N
j=1 Ψm

0 (y
m
j ) = 1 in Dm and obtain the expected value and variance as weighted sum of the

local expected values and variances.

E
(
u
)
≈
∫

Ξ
∑

m∈M
∑

k∈K
uk,mΨm

k χDm(y) w(y)dy

= ∑
m∈M

∑
k∈K

uk,m

∫

Dm

Ψm
k Ψm

0 P(ξ−1(Dm))wDm(y
m)dym

= ∑
m∈M

P(ξ−1(Dm))u0,m, (4.12)

Var
(
u
)
≈ ∑

m∈M

(
Var
(
um
)
+
(
u0,m−E

(
u
))2
)
P(ξ−1(Dm)), (4.13)

where the local variance Var
(
um
)

is given by

Var
(
um
)
≈
∫

Dm

(
∑

k∈K
uk,mΨm

k

)2

wDm(y
m)dym−u2

0,m = ∑
k∈K \(0,...,0)

u2
k,m.

4.1.3 The Non-intrusive Spectral Projection Method

Instead of computing the Fourier modes in (4.3) via an intrusive Galerkin projection, it is pos-

sible to approximate the modes using a non-intrusive discrete orthogonal projection. For the

derivation of the NISP method we consider for QΞ ∈ N0 the following tensor-product multi-

index set,

Q := {q = (q1, . . . ,qN) ∈ NN
0 | q j ≤ QΞ, j = 1, . . . ,N}

and define the multivariate quadrature points and weights as follows

yq := (yq1, . . . ,yqN ), wq := wq1 · . . . ·wqN , (4.14)

for all q ∈Q. Here {yq j}QΞ
q j=0, {wq j}QΞ

q j=0 are corresponding one-dimensional quadrature rules.

The choice of the quadrature points and weights is an important aspect of the NISP method and

depending on the distribution of the random variable ξ j we choose the quadrature points as zeros

of the corresponding chaos polynomials, cf. [109]. For example, if ξ j ∼U (a,b) is uniformly

distributed, we choose {yq j}QΞ
q j=0 to be the zeros of the (QΞ +1)-th Legendre polynomial. For a

Gaussian distribution we use the zeros of the Hermite polynomials accordingly.

Remark 4.6. 1. For a high-dimensional random space Ξ ⊂ RN , N >> 1 tensor-product

structures become computationally infeasible due to the curse of dimensionality. It is

therefore necessary to consider sparse grids [19].
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2. Apart from using Gaussian quadrature points as collocation points, other common choices

are quadrature points associated with for example Kronrod-Patterson, Fejér or Clenshaw-

Curtis quadrature rules. Especially Kronrod-Patterson and Clenshaw-Curtis quadrature

points are very efficient in combination with sparse grids, as they decrease the number of

quadrature points significantly due to their nested structure. For an overview of different

nodes and weights see for example [38].

Using the quadrature points as inputs in (2.1) we obtain card(Q) = (QΞ +1)N uncoupled (col-

located) deterministic initial value problems.




∂tu(t,x,yq)+
d
∑

i=1
∂xiFi(u(t,x,yq),yq) = 0, (t,x) ∈ (0,T )×D,

u(0,x,yq) = u0(x,yq), x ∈ D.

(4.15)

The system (4.15) is a deterministic system of hyperbolic conservation laws which can be solved

by any suitable deterministic numerical solver.

For every quadrature point yq ∈ Ξ we denote the corresponding numerical approximation at

time tn = tn(yq) by un
h(·,yq). Let us assume that the time-partition {tn}Nt

n=0 is the same for every

quadrature point {yq}q∈Q. We approximate the Fourier modes in (4.3) at time t = tn and for

x ∈ D by

uk(tn,x) = E
(
u(tn,x, ·)Ψk(·)

)
≈ ∑

q∈Q
un

h(x,yq)Ψk(yq)wq =: ûn
k(x), (4.16)

for all k ∈K , where K is the index set describing the complete polynomial space, cf. (4.4).

The numerical approximation of the random entropy solution of (2.1) at time t = tn reads as

follows

u(tn,x,y)≈ un
h(x,y) := ∑

k∈K
ûn

k(x)Ψk(y). (4.17)

4.1.4 The Stochastic Collocation method

The main difference between SC and NISP is the choice of basis polynomials. While NISP

uses orthogonal polynomials and computes the corresponding modes with a pseudo-spectral

projection, SC uses Lagrange polynomials for an interpolation in the random space. For the

SC method the polynomial interpolant of the random entropy admissible solution is supposed

to satisfy (2.1) at prescribed nodal (collocation) points. In the same manner as for NISP, the

collocation points are used as input parameters in (2.1) to derive a set of deterministic hyperbolic
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conservation laws, which are discretized with a deterministic numerical solver for each given

collocation point.

For a multi-dimensional random space Ξ ⊂ RN , the most common polynomial approximation

spaces are tensor products of one-dimensional interpolating polynomials. We follow [3] to first

define the space PK(Ξ) of tensor product polynomials of maximal degree K ∈ N0 by

PK(Ξ) :=
N⊗

j=1

PK(Ξ j), PK(Ξ j) := {p : Ξ j→ R | p is a polynomial of degree K}.

Remark 4.7.
An alternative approach to performing interpolation on tensor-product collocation points is a

Smolyak sparse grids interpolation cf. [19, 108]. The advantages and disadvantages of the

sparse grid collocation are extensively discussed in [107, 108]. A rule of thumb is that tensor-

product collocation points are computationally feasible up to five random dimensions [107]. In

our numerical experiments we only consider up to three random dimensions and we therefore

focus on tensor-product structures.

For a consistent notation we shall use the same symbol K for the index set of the SC method

as for the SG and NISP method. Hence, we let K := {k = (k1, . . . ,kN)
> ∈ NN

0 : k j ≤ K, j =

1 . . . ,N} be the corresponding tensor-product multi-index set and define the collocation points

yk = (yk1, . . . ,ykN )
> ∈ Ξ, k ∈ K . Similar to the NISP method we use as one-dimensional

collocation points the zeros of the corresponding chaos polynomials.

Remark 4.8.
In [25, Lemma 2] it has been shown that for Gaussian quadrature points the SC interpolant

coincides with the NISP approximation as long as the number of terms in the orthogonal series

is greater or equal than the number of points in the quadrature rule.

As a basis of PK(Ξ j) we choose the Lagrange basis {lk j}K
k j=0 associated with the collocation

points {yk j}K
k j=0, such that

lk j(yo j) = δk j,o j , ∀ k j,o j = 0, . . . ,K,

for all j = 1, . . . ,N. We then define the multivariate Lagrange polynomials as

lk(yo) := lk1(yo1) · . . . · lkN (yoN ), k,o ∈K .

Using the collocation points {yk}k∈K as input parameters in (2.1) yields card(K ) = (K +1)N
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(uncoupled) collocated initial value problems.




∂tu(t,x,yk)+
d
∑

i=1
∂xiFi(u(t,x,yk),yk) = 0, (t,x) ∈ (0,T )×D,

u(0,x,yk) = u0(x,yk), x ∈ D.

(4.18)

For every collocation point {yk}k∈K we denote the corresponding numerical approximation at

time tn = tn(yk) by un
h(·,yk). Let us assume that the time-partition {tn}Nt

n=0 is the same for every

collocation point {yk}k∈K . The numerical approximation of the random entropy admissible

solution of (2.1) at time t = tn can then be written as

u(tn,x,y)≈ un
h(x,y) := ∑

k∈K
un

h(x,yk)lk(y). (4.19)

4.2 Hyperbolicity-preserving limiter for SG

As discussed at the end of Section 4.1.1 the flux Jacobian of (SG) may have complex eigen-

values and thus, the SG system loses its hyperbolicity. Therefore, the plain SG approach is

not applicable for nonlinear and non-symmetric systems of hyperbolic conservation laws. To

remedy this problem we derive in this section a hyperbolicity-preserving limiter for a RKDG

discretization of the system (SG) which ensures that the SG system remains hyperbolic after

each iteration of our numerical scheme. Results from this section have been published in [34].

For the derivation of the hyperbolicity-preserving numerical scheme we restrict ourselves to a

two-dimensional spatial domain D ⊂ R2 and consider random variations in initial data. Thus,

(2.1) becomes




∂tu(t,x,y)+∂x1F1(u(t,x,y))+∂x2F2(u(t,x,y)) = 0, (t,x,y) ∈ (0,T )×D×Ξ,

u(0,x,y) = u0(x,y), (x,y) ∈ D×Ξ.
(4.20)

Appropriate boundary conditions for (4.20) will be specified in the corresponding numerical

experiments in Section 4.2.2.

To sketch the main idea of the hyperbolicity-preserving numerical scheme we first derive a mod-

ified CFL condition, such that the (space-stochastic) cell-mean is preserved after one time-step

of forward Euler. This is the statement of Theorem 4.16. Using a (space-stochastic) slope-

limiter, which limits the numerical approximation at the new time-step towards the admissible

cell-mean, we provide a pointwise admissible SG approximation. Let us first recall the defini-

tion of the hyperbolicity set for (4.20) which is similar to Definition 2.1.
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Definition 4.9 (Hyperbolicity set).
We call the set

H := {u ∈ Rm
∣∣∣ α1

∂F1(u)
∂u

+α2
∂F2(u)

∂u
has m real, distinct eigenvalues, for all α ∈ S3}

the hyperbolicity set and every state u ∈H is called admissible.

Assumption 4.10.
In the following we assume that the hyperbolicity set H is open and convex.

Moreover, we recall the following theorem from [106], which shows that admissible states

generate a hyperbolic SG system.

Theorem 4.11 ([106], Theorem 2.1).
If the SG approximation ∑

k∈K
uk(t,x)Ψk(y) of (4.20) is admissible, i.e.

∑
k∈K

uk(t,x)Ψk(y) ∈H a.e. (t,x,y) ∈ (0,T )×D×Ξ,

then the system (SG) is hyperbolic.

In a first step to derive the hyperbolicity-preserving numerical scheme we consider a weak

formulation of (4.20) with respect to physical and random variables. Similar to the ME method

from Section 4.1.2 we partition the spatial domain D⊂R2 into a uniform rectangular mesh with

cells Cr,s = [x1,r− 1
2
,x1,r+ 1

2
]× [x2,s− 1

2
,x2,s+ 1

2
] and cell-widths ∆x1 := (x1,r+ 1

2
− x1,r− 1

2
), ∆x2 :=

(x2,s+ 1
2
−x2,s− 1

2
). We test (4.20) with test function v(x1,x2,y), where supp(v)⊆Cr,s×Dm. The

weak formulation of (4.20) reads as

∂t

∫

Cr,s

∫

Dm

uv wDm(y
m)dymd(x1,x2) =

∫

Cr,s

∫

Dm

(
F1(u)∂x1v+F2(u)∂x2v

)
wDm(y

m)dymd(x1,x2)

(4.21)

−

x
2,s+ 1

2∫

x
2,s− 1

2

∫

Dm

[
F1(u)v

]x
1,r+ 1

2

x
1,r− 1

2

wDm(y
m)dymdx2 (4.22)

−

x
1,r+ 1

2∫

x
1,r− 1

2

∫

Dm

[
F2(u)v

]x
2,s+ 1

2

x
2,s− 1

2

wDm(y
m)dymdx1. (4.23)

The numerical approximation uh of (4.21)-(4.23) is then sought in WK(Ξ)⊗V q
h . The local

approximation in space-stochastic cell Cr,s×Dm reads as follows (we suppress the discretization
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parameter h for brevity)

ur,s,m(t,x1,x2,ym) := u
∣∣
Cr,s×Dm

(t,x1,x2,ym)

= ∑
κ∈J

∑
k∈K

uκ,k,r,s,m(t)ϕ
r,s
κ (x1,x2)Ψm

k (y
m). (4.24)

here {ϕr,s
κ }κ∈J are DG polynomials on cell Cr,s and J := {κ = (κ1,κ2)

T ∈ N2
0

∣∣ κi ≤ q, i =

1,2} denotes a two-dimensional tensor-product index set. For simplicity we do not insert (4.24)

into (4.20) and write down the semi-discrete version of (4.21)-(4.23) but postpone it to the proof

of Theorem 4.16.

An important aspect of the hyperbolicity-preserving numerical scheme is the approximation of

the integrals in (4.21)-(4.23). We use either Gauß–Legendre or Gauß–Lobatto quadrature rules.

In this section we denote Gauß–Legendre quadrature rules with Latin letters and Gauß–Lobatto

quadrature rules with Greek letters and add additional hats to the points and weights. To ap-

proximate the integral (4.21) on the spatial cell Cr,s we use a tensor-product of one-dimensional

Gauß–Lobatto quadratures with QD +1 = dq+1
2 e+1 points and weights, denoted by (x̂1,α , ŵα)

and (x̂2,β , ŵβ ) respectively, for α,β = 0, . . . ,QD.

Remark 4.12.
The Gauß–Lobatto quadrature rule includes the endpoints, i.e. cell interfaces. This property

will be used in the proof of Theorem 4.16.

To approximate the (spatially) one-dimensional integrals in (4.22) and (4.23), we use Gauß–

Legendre quadratures with sufficient accuracy. Let us assume that we employ Gauß–Legendre

quadratures with QL + 1 ∈ N points and weights denoted by (x1,p,wp) and (x2,q,wq) respec-

tively, for p,q = 0, . . . ,QL.

For a uniformly-distributed random variable and Legendre basis functions, we apply a Gauß–

Lobatto quadrature rule on Dm with QΞ + 1 =
⌈K+1

2

⌉
+ 1 points and weights (ŷq, ω̂q), q =

0, . . . ,QΞ. For a multi-dimensional random space Ξ⊂RN we also use tensor-product quadrature

rules and introduce the multi-index set

q ∈Q := {q = (q1, . . . ,qN)
T ∈ NN

0
∣∣ q j ≤ QΞ, j = 1, . . . ,N}. (4.25)

For other probability distributions we use the corresponding Gauß quadrature based on the

orthogonal basis polynomials and weighted by the probability density function wDm . We scale

the quadrature weights such that
QD

∑
α=0

QL

∑
q=0

∑
q∈Q

ŵαwqω̂q = 1,
QL

∑
p=0

QD

∑
β=0

∑
q∈Q

wpŵβ ω̂q = 1,
∫

Dm

u wDm(y
m)dym ≈ ∑

q∈Q
u(ŷq)ω̂q.

(4.26)



42 4.2. Hyperbolicity-preserving limiter for SG

Since the numerical approximation ur,s,m(t,x1,x2,ym) is discontinuous across the spatial cell

interfaces x1,r± 1
2
, x2,s± 1

2
, we replace the evaluation of the flux components F1, F2 at these points

with numerical flux functions F̂1(·, ·), F̂2(·, ·), obtained by (approximately) solving the corre-

sponding Riemann problem at the interface. To this end we denote the spatial traces by

ur,s,m(x−1,r+ 1
2
,x2,ym) := lim

x1↑x1,r+ 1
2

u|Cr,s×Dm(x1,x2,ym),

ur,s,m(x+1,r+ 1
2
,x2,ym) := lim

x1↓x1,r+ 1
2

u|Cr,s×Dm(x1,x2,ym),

ur,s,m(x1,x−2,s+ 1
2
,ym) := lim

x2↑x2,s+ 1
2

u|Cr,s×Dm(x1,x2,ym),

ur,s,m(x1,x+2,s+ 1
2
,ym) := lim

x2↓x2,s+ 1
2

u|Cr,s×Dm(x1,x2,ym).

A main ingredient of the hyperbolicity-preserving numerical scheme and the proof of Theo-

rem 4.16 are positivity-preserving numerical fluxes as described in [112]. For a simple defini-

tion of a positivity-preserving numerical flux let us first assume that ūn
r is the approximation of

the cell average of an exact solution u(t,x) in a one-dimensional cell [xr− 1
2
,xr+ 1

2
] at time t = tn.

After one time-step of forward Euler we obtain at time t = tn+1 the updated cell-mean

ūn+1
r = ūn

r −
∆t

∆x1

(
F̂1(ūn

r , ū
n
r+1)− F̂1(ūn

r−1, ū
n
r )
)
. (4.27)

Definition 4.13 (Positivity-preserving numerical flux).
The scheme (4.27) and the numerical flux F̂1 are called positivity-preserving, if ūn

r ∈H for all

r implies that ūn+1
r ∈H .

The positivity-preserving property is in general achieved under a suitable CFL condition, see

also [112]. In the following we assume that the numerical fluxes F̂1, F̂2 are positivity-preserving.

Assumption 4.14.
The numerical fluxes F̂1, F̂2, are positivity-preserving under the following CFL condition

λ 1
max

∆t
∆x1

+λ 2
max

∆t
∆x2
≤C,

where λ i
max is the maximum eigenvalue of the flux Jacobian DFi, for i = 1,2 and C ∈ (0,1].

Remark 4.15.
The positivity-preserving property from Assumption (4.14) is one ingredient of our hyperbolicity-

preserving numerical scheme and the proof of Theorem 4.16. We want to mention two numerical

fluxes, used in our numerical experiments, which satisfy Assumption (4.14). The Lax-Friedrichs

flux is positivity-preserving with C = 1 (see [112, Remark 2.4], where the property is shown for
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the deterministic Euler equations). The HLLE flux also fulfills this property for the deterministic

Euler equations (cf. [36]), whereas we use C = 0.5 for our numerical results in Section 4.2.2.

We can now state the main theorem of this section.

Theorem 4.16 (Hyperbolicity-preservation under a modified CFL condition).
Let Assumption 4.14 hold and assume that at time tn all point values satisfy

ur,s,m(tn, x̂1,α ,x2,q, ŷq) ∈H and ur,s,m(tn,x1,p, x̂2,β , ŷq) ∈H .

Then the space-stochastic cell-mean

ur,s,m :=
1∫

Cr,s

∫
Dm

1 wDm(ym)dymd(x1,x2)

∫

Cr,s

∫

Dm

ur,s,m(t,x1,x2,ym) wDm(y
m)dymd(x1,x2) (4.28)

is admissible after one Euler forward time-step under the modified CFL condition

λ 1
max

∆t
∆x1

+λ 2
max

∆t
∆x2
≤Cŵ0, (4.29)

where ŵ0 is the first weight of the (QD +1)-point Gauß–Lobatto quadrature rule.

Proof. In the weak formulation (4.21), we use u = ur,s,m and choose the test function to be

v = 1
∆x1∆x2

= 1
∆x1∆x2∆y , where ∆y =

∫
Dm

wDm(y
m)dym = 1, because wDm is a probability density

function on Dm. We note that for well-posedness of the surface integrals in (4.30) it is necessary

to use the numerical flux functions, however, to keep notation slim and more clear, we do not

introduce the numerical fluxes until (4.31). We formally obtain

∂t

∫

Cr,s

∫

Dm

ur,s,m
1

∆x1∆x2∆y
wDm(y

m)dymd(x1,x2)

=
∫

Cr,s

∫

Dm

(
F1(ur,s,m)

1
∆y

∂x1

1
∆x1∆x2

+F2(ur,s,m)
1

∆y
∂x2

1
∆x1∆x2

)
wDm(y

m)dymd(x1,x2)

−

x
2,s+ 1

2∫

x
2,s− 1

2

∫

Dm

1
∆x1∆x2∆y

[
F1(u)

]x
1,r+ 1

2

x
1,r− 1

2

wDm(y
m)dymdx2

−

x
1,r+ 1

2∫

x
1,r− 1

2

∫

Dm

1
∆x1∆x2∆y

[
F2(u)

]x
2,s+ 1

2

x
2,s− 1

2

wDm(y
m)dymdx1. (4.30)

The definition of the cell-mean, the properties ∂x1v= 0, ∂x2v= 0 and using numerical quadrature
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yield

∂tur,s,m =− 1
∆x1

QL

∑
q=0

∑
q∈Q

(
F1
(
ur,s,m(t,x1,r+ 1

2
,x2,q, ŷq)

)
−F1

(
ur,s,m(t,x1,r− 1

2
,x2,q, ŷq)

))
wqω̂q

− 1
∆x2

QL

∑
p=0

∑
q∈Q

(
F2
(
ur,s,m(t,x1,p,x2,s+ 1

2
, ŷq)

)
−F2

(
ur,s,m(t,x1,p,x2,s− 1

2
, ŷq)

))
wpω̂q.

We now replace the flux components Fi by the corresponding numerical fluxes F̂i, i = 1,2,

yielding

∂tur,s,m =− 1
∆x1

QL

∑
q=0

∑
q∈Q

[
F̂1
(
ur,s,m(t,x−1,r+ 1

2
,x2,q, ŷq),ur,s,m(t,x+1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(t,x−1,r− 1

2
,x2,q, ŷq),ur,s,m(t,x+1,r− 1

2
,x2,q, ŷq)

)]
wqω̂q

− 1
∆x2

QL

∑
p=0

∑
q∈Q

[
F̂2
(
ur,s,m(t,x1,p,x−2,s+ 1

2
, ŷq),ur,s,m(t,x1,p,x+2,s+ 1

2
, ŷq)

)

− F̂2
(
ur,s,m(t,x1,p,x−2,s− 1

2
, ŷq),ur,s,m(t,x1,p,x+2,s− 1

2
, ŷq)

)]
wpω̂q. (4.31)

The cell-mean evaluated at time-step tn can either be written as

u(n)r,s,m =
QL

∑
p=0

QD

∑
β=0

∑
q∈Q

ur,s,m(tn,x1,p, x̂2,β , ŷq)wpŵβ ω̂q,

or as

u(n)r,s,m =
QD

∑
α=0

QL

∑
q=0

∑
q∈Q

ur,s,m(tn, x̂1,α ,x2,q, ŷq)ŵαwqω̂q.

Let us define δ1 := λ 1
max

∆t
∆x1

,δ2 := λ 2
max

∆t
∆x2

and µ := δ1 + δ2. This allows us to write u(n)r,s,m as

the following convex combination:
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u(n)r,s,m =
δ1

µ
u(n)r,s,m +

δ2

µ
u(n)r,s,m (4.32)

=
δ1

µ

QD

∑
α=0

QL

∑
q=0

∑
q∈Q

ur,s,m(tn, x̂1,α ,x2,q, ŷq)ŵαwqω̂q

+
δ2

µ

QL

∑
p=0

QD

∑
β=0

∑
q∈Q

ur,s,m(tn,x1,p, x̂2,β , ŷq)wpŵβ ω̂q

=
δ1

µ

QD−1

∑
α=1

QL

∑
q=0

∑
q∈Q

ur,s,m(tn, x̂1,α ,x2,q, ŷq)ŵαwqω̂q

+
δ1

µ
ŵ0

QL

∑
q=0

∑
q∈Q

(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)+ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)
wqω̂q,

+
δ2

µ

QL

∑
p=0

QD−1

∑
β=1

∑
q∈Q

ur,s,m(tn,x1,p, x̂2,β , ŷq)wpŵβ ω̂q

+
δ2

µ
ŵ0

QL

∑
p=0

∑
q∈Q

(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)+ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)
wpω̂q, (4.33)

where we used the fact that

ŵ0 = ŵQD, x+
1,r− 1

2
= x̂1,0

∣∣
Cr,s

, x−
1,r+ 1

2
= x̂1,QD

∣∣
Cr,s

, x+
2,s− 1

2
= x̂2,0

∣∣
Cr,s

, x−
2,s+ 1

2
= x̂2,QD

∣∣
Cr,s

.

One Euler forward time-step of (4.31) reads as follows

u(n+1)
r,s,m = u(n)r,s,m−

∆t
∆x1

QL

∑
q=0

∑
q∈Q

[
F̂1
(
ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(tn,x−1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)

)]
wqω̂q

− ∆t
∆x2

QL

∑
p=0

∑
q∈Q

[
F̂2
(
ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s+ 1

2
, ŷq)

)

− F̂2
(
ur,s,m(tn,x1,p,x−2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)

)]
wpω̂q.
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Inserting (4.32) gives

u(n+1)
r,s,m =

δ1

µ

QD−1

∑
α=1

QL

∑
q=0

∑
q∈Q

ur,s,m(tn, x̂1,α ,x2,q, ŷq)ŵαwqω̂q

+
δ1

µ
ŵ0

QL

∑
q=0

∑
q∈Q

(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)+ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)
wqω̂q,

+
δ2

µ

QL

∑
p=0

QD−1

∑
β=1

∑
q∈Q

ur,s,m(tn,x1,p, x̂2,β , ŷq)wpŵβ ω̂q

+
δ2

µ
ŵ0

QL

∑
p=0

∑
q∈Q

(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)+ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)
wpω̂q

− δ1

λ 1
max

QL

∑
q=0

∑
q∈Q

[
F̂1
(
ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(tn,x−1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)

)]
wqω̂q (4.34)

− δ2

λ 2
max

QL

∑
p=0

∑
q∈Q

[
F̂2
(
ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s+ 1

2
, ŷq)

)

− F̂2
(
ur,s,m(tn,x1,p,x−2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)

)]
wpω̂q. (4.35)

Addition and subtraction of F̂1
(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)
in (4.34) and

of F̂2
(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)
in (4.35) yields
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u(n+1)
r,s,m =

δ1

µ

QD−1

∑
α=1

QL

∑
q=0

∑
q∈Q

ur,s,m(tn, x̂1,α ,x2,q, ŷq)ŵαwqω̂q (4.36)

+
δ2

µ

QL

∑
p=0

QD−1

∑
β=1

∑
q∈Q

ur,s,m(tn,x1,p, x̂2,β , ŷq)wpŵβ ω̂q

+
δ1

µ
ŵ0

QL

∑
q=0

∑
q∈Q

(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)+ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)
wqω̂q,

+
δ2

µ
ŵ0

QL

∑
p=0

∑
q∈Q

(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)+ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)
wpω̂q

− δ1

λ 1
max

QL

∑
q=0

∑
q∈Q

[
F̂1
(
ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)]
wqω̂q

− δ1

λ 1
max

QL

∑
q=0

∑
q∈Q

[
F̂1
(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(tn,x−1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)

)]
wqω̂q

− δ2

λ 2
max

QL

∑
p=0

∑
q∈Q

[
F̂2
(
ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s+ 1

2
, ŷq)

)

− F̂2
(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)]
wpω̂q

− δ2

λ 2
max

QL

∑
p=0

∑
q∈Q

[
F̂2
(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)

− F̂2
(
ur,s,m(tn,x1,p,x−2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)

)]
wpω̂q.
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Rearranging the previous equation (4.36) yields

u(n+1)
r,s,m =

δ1

µ

QD−1

∑
α=1

QL

∑
q=0

∑
q∈Q

ur,s,m(tn, x̂1,α ,x2,q, ŷq)ŵαwqω̂q

+
δ2

µ

QL

∑
p=0

QD−1

∑
β=1

∑
q∈Q

ur,s,m(tn,x1,p, x̂2,β , ŷq)wpŵβ ω̂q

+
δ1

µ
ŵ0

QL

∑
q=0

∑
q∈Q

wqω̂q

(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)

− µ
λ 1

maxŵ0

(
F̂1
(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(tn,x−1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)

)))

+
δ1

µ
ŵ0

QL

∑
q=0

∑
q∈Q

wqω̂q

(
ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

− µ
λ 1

maxŵ0

(
F̂1
(
ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)))

+
δ2

µ
ŵ0

QL

∑
p=0

∑
q∈Q

wpω̂q

(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)

− µ
λ 2

maxŵ0

(
F̂2
(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)

− F̂2
(
ur,s,m(tn,x1,p,x−2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)

)))

+
δ2

µ
ŵ0

QL

∑
p=0

∑
q∈Q

wpω̂q

(
ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

− µ
λ 2

maxŵ0

(
F̂2
(
ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s+ 1

2
, ŷq))

− F̂2
(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)))
.

Every term of the form

ur,s,m(tn,x+1,r− 1
2
,x2,q, ŷq)−

µ
λ 1

maxŵ0

[
F̂1
(
ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x−1,r+ 1

2
,x2,q, ŷq)

)

− F̂1
(
ur,s,m(tn,x−1,r− 1

2
,x2,q, ŷq),ur,s,m(tn,x+1,r− 1

2
,x2,q, ŷq)

)]

and

ur,s,m(tn,x1,p,x+2,s− 1
2
, ŷq)−

µ
λ 2

maxŵ0

[
F̂2
(
ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x−2,s+ 1

2
, ŷq)

)

− F̂2
(
ur,s,m(tn,x1,p,x−2,s− 1

2
, ŷq),ur,s,m(tn,x1,p,x+2,s− 1

2
, ŷq)

)]
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is admissible under the modified CFL condition

λ 1
max

∆t
∆x1

+λ 2
max

∆t
∆x2
≤Cŵ0,

due to Assumption (4.14). Hence, u(n+1)
r,s,m is a convex combination of admissible quantities in

H and therefore u(n+1)
r,s,m ∈H .

Remark 4.17.
Because SSP RK methods are convex combinations of Euler forward time-steps (see Algo-

rithm 3.1) and H is a convex set, SSP RK time-stepping methods are also positivity-preserving.

To ensure that at time tn all point values satisfy

ur,s,m
(
tn, x̂1,α ,x2,q, ŷq),ur,s,m(tn,x1,p, x̂2,β , ŷq) ∈H

for each cell Cr,s×Dm, we define the slope-limited polynomial in Cr,s×Dm as

ΛΠθ (ur,s,m)(t,x1,x2,ym) := θ ur,s,m +(1−θ)ur,s,m(t,x1,x2,ym). (4.37)

The variable θ limits the polynomial towards the (assumed to be) hyperbolic cell-mean. The

case θ = 0 coincides with the unlimited solution and for θ = 1 we have

ΛΠθ=1(ur,s,m)(t,x1,x2,ym) = u(n)r,s,m,

which is supposed to be hyperbolic. Because of this property and since H is convex, we can

choose

θ̂r,s,m(tn) := inf
{

θ̃ ∈ [0,1]
∣∣∣ ΛΠθ̃ (ur,s,m)(tn, x̂1,α ,x2,q, ŷq) ∈H

∧ΛΠθ̃ (ur,s,m)(tn,x1,p, x̂2,β , ŷq) ∈H

∀α,β = 0, . . . ,QD, p,q = 0, . . . ,QL, q = 0, . . . ,QΞ

}
.

Due to the assumption that H is an open set, we need to modify θ slightly in order to avoid

placing the solution onto the boundary (if the limiter was active). Therefore, we use

θ =





θ̂ , if θ̂ = 0,

min(θ̂ + ε,1), if θ̂ > 0,

where 0 < ε should be chosen small enough to ensure that the approximation quality is not

influenced significantly. For our numerical experiments we have ε chosen to be 10−8. Note that
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the cell-mean is preserved since

QD

∑
α=0

QD

∑
β=0

∑
q∈Q

ΛΠθ (ur,s,m)(tn, x̂1,α , x̂2,β , ŷq)ŵα ŵβ ω̂q

= θ u(n)r,s,m

QD

∑
α=0

QD

∑
β=0

∑
q∈Q

ŵα ŵβ ω̂q +(1−θ)
QD

∑
α=0

QD

∑
β=0

∑
q∈Q

ur,s,m
(
tn, x̂1,α , x̂2,β , ŷq

)
ŵα ŵβ ω̂q

= u(n)r,s,m.

Remark 4.18.
In the following pseudo-algorithm we slightly abuse notation and write ΛΠθ (u) instead of the

local polynomials ur,s,m. By this we mean the application of the hyperbolicity limiter on each

cell Cr,s×Dm separately where we obtain independent values of the limiter variable θ .

A complete Runge–Kutta time-step using the hyperbolicity-preserving limiter is shown in Al-

gorithm 2.

Algorithm 2 Runge–Kutta time-step with hyperbolic limiter

1: Set v(0) = u(n). # initialization time-step n
2: for s = 1, . . . ,S do # loop Runge-Kutta stages

3: Compute v(s) = ΛΠh

( s−1
∑

l=0
αslwsl

)
, wsl = v(l)+ βsl

αsl
∆tnLh(v(l)). # spatial limiter

4: Compute v(s) = ΛΠθ (v(s)). # hyperbolic limiter
5: end for

6: Set u(n+1) = v(S) # solution at time-step n+1

Remark 4.19.
The initial condition u0 has to be limited by both limiters ΛΠh and ΛΠθ .

4.2.1 Application to the two-dimensional Euler equations

In this section we compute the values of the limiter variable θ for the two-dimensional com-

pressible Euler equations for the flow of an ideal gas. The Euler equations are given by

∂tρ +∂x1m1 +∂x2m2 = 0,

∂tm1 +∂x1

(
m2

1
ρ

+ p
)

+∂x2

(
m1m2

ρ

)
= 0,

∂tm2 +∂x1

(
m1m2

ρ

)
+∂x2

(
m2

2
ρ

+ p
)

= 0,

∂tE +∂x1

(
(E + p)

m1

ρ

)
+∂x2

(
(E + p)

m2

ρ

)
= 0,





(4.38)
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where ρ describes the mass density, m1 and m2 the momentum in x1- and x2-direction and E the

energy of the gas. The four equations model the conservation of mass, momentum and energy.

The pressure p reads

p = (γ−1)

(
E− 1

2

(
m2

1 +m2
2
)

ρ

)
,

with the adiabatic constant γ > 1. The hyperbolic set is given by

H =





u =




ρ
m1

m2

E




∣∣∣∣∣ ρ > 0, p = (γ−1)

(
E− 1

2

(
m2

1 +m2
2
)

ρ

)
> 0




.

Lemma 4.20.
Let ũ = (ρ̃, m̃1, m̃2, Ẽ)T ∈H and u = (ρ,m1,m2,E)T ∈ R4 be arbitrary. Then the solution of

the hyperbolicity limiter problem

Find min
[0,1]

θ

s.t. θ ũ+(1−θ)u ∈H

for the two-dimensional Euler equations (4.38) has the solution

θ ? = max(h(θ1) ,h(θ2+) ,h(θ2−)) , (4.39)

h(x) = x ·χ[0,1](x),

θ1 =
ρ

ρ− ρ̃
,

θ2± =
ρẼ−2ρE + ρ̃E−m1m̃1−m2m̃2±

√
θ̃

m2
1−2m1m̃1 +m2

2−2m2m̃2 + m̃2
1 + m̃2

2−2ρE +2ρẼ +2ρ̃E−2ρ̃Ẽ

where

θ̃ = ρ2Ẽ2−2ρρ̃EẼ +2ρEm̃2
1 +2ρEm̃2

2−2ρẼm1m̃1−2ρẼm2m̃2

+ ρ̃2E2−2ρ̃Em1m̃1−2ρ̃Em2m̃2 +2ρ̃Ẽm2
1 +2ρ̃Ẽm2

2−m2
1m̃2

2 +2m1m2m̃1m̃2−m2
2m̃2

1.

Proof. See [34].

Remark 4.21.
In the previous lemma, the quantity ũ plays the role of the cell-mean ur,s,m in Theorem 4.16,

whereas u is given by the point values ur,s,m(t, x̂1,α ,x2,q, ŷq) and ur,s,m(t,x1,p, x̂2,β , ŷq).
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4.2.2 Numerical experiments using the hyperbolic-preserving numerical
scheme

In this section we apply the hyperbolicity-preserving discontinuous stochastic Galerkin scheme

(hDSG) to the one- and two-dimensional Euler equations. We examine the convergence of our

numerical scheme by means of a manufactured solution and employ our numerical scheme to

different Riemann problems for which the classical SG method fails.

For our numerical experiments we choose either the Lax-Friedrichs numerical flux with

• F̂1(u−1,r+ 1
2
,u+

1,r+ 1
2
) := 1

2

(
F1(u−1,r+ 1

2
)+F1(u+1,r+ 1

2
)−λ 1

max(u
+
1,r+ 1

2
−u−

1,r+ 1
2
)
)
,

• F̂2(u−2,s+ 1
2
,u+

2,s+ 1
2
) := 1

2

(
F2(u−2,s+ 1

2
)+F1(u+2,s+ 1

2
)−λ 2

max(u
+
2,s+ 1

2
−u−

2,s+ 1
2
)
)
,

where the numerical viscosity constants λ 1
max,λ 2

max are taken as the global estimate of the ab-

solute value of the largest eigenvalue of ∂F1(u)
∂u and ∂F2(u)

∂u . Alternatively, we choose the HLLE

numerical flux as in [36]

• F̂1(u−1,r+ 1
2
,u+

1,r+ 1
2
) :=

b+
1,r+ 1

2
F1(u−1,r+ 1

2
)−b−

1,r+ 1
2

F1(u+1,r+ 1
2
)

b+
1,r+ 1

2
−b−

1,r+ 1
2

+
b+

1,r+ 1
2

b−
1,r+ 1

2
b+

1,r+ 1
2
−b−

1,r+ 1
2

(u+
1,r+ 1

2
−u−

1,r+ 1
2
),

with signal speed estimates

b−
1,r+ 1

2
:= {λ 1

min(ū1,r+ 1
2
),λ 1

min(u
−
1,r+ 1

2
),0},

b+
1,r+ 1

2
:= {λ 1

max(ū1,r+ 1
2
),λ 1

max(u
+
1,r+ 1

2
),0},

where λ 1
min(u),λ

1
max(u) are the smallest and largest eigenvalues of ∂F1(u)

∂u and ū1,r+ 1
2

is the cor-

responding Roe mean value, cf. [36]. Analogously we define

• F̂2(u−2,s+ 1
2
,u+

2,s+ 1
2
) :=

b+
2,s+ 1

2
F2(u−2,s+ 1

2
)−b−

2,s+ 1
2

F2(u+2,s+ 1
2
)

b+
2,s+ 1

2
−b−

2,s+ 1
2

+
b+

2,s+ 1
2

b−
2,s+ 1

2
b+

2,s+ 1
2
−b−

2,s+ 1
2

(u+
2,s+ 1

2
−u−

2,s+ 1
2
),

b−
2,s+ 1

2
:= {λ 2

min(ū1,r+ 1
2
),λ 2

min(u
−
1,r+ 1

2
),0},

b+
2,s+ 1

2
:= {λ 2

max(ū2,s+ 1
2
),λ 2

max(u2,s+ 1
2
),0},

where λ 2
min(u),λ

2
max(u) are the smallest and largest eigenvalues of ∂F2(u)

∂u .

As numerical solver we use the Runge–Kutta discontinuous stochastic Galerkin solver SG-

FLEXI [12] with a SSP RK time-discretization of order four. We set the CFL-number from

Assumption (4.14) to C = 0.5. In the following numerical examples we measure the error in

mean and variance at final computational time t = T in the L1(D)- or L2(D)-norm which we
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approximate with a tensor product Gauß quadrature rule with 15 points (in one dimension)

in every physical cell and 20 points (in one dimension) in every ME. We denote the number

of spatial cells by Ns and the number of MEs by NΞ. When we employ the ME ansatz from

Section 4.1.2, we call our method ME-hDSG. The experimental order of convergence (eoc) is

computed by

eoc =
log
(

error(r)
error(r+1)

)

log
(

dof(r+1)
dof(r)

) , (4.40)

where the degrees of freedom dof(r) corresponds to the number of spatial cells Ns or Multi-

Elements NΞ and r represents the level of refinement.

Convergence test for smooth solutions

As a first benchmark example we consider a spatial refinement of the physical domain D =

[0,1]2per for a SG polynomial degree of K = 10, DG polynomial degrees of one and three and

one Multi-Element, i.e. NΞ = 1. We construct a smooth manufactured solution by introducing

an additional source term in (4.38). We choose the following analytical function

u(t,x1,x2,y) =




ρ(t,x1,x2,y)

m1(t,x1,x2,y)

m2(t,x1,x2,y)

E(t,x1,x2,y)




=




2+0.1(2π(x1− yt))

2+0.1cos(2π(x1− yt))

0

(2+0.1cos(2π(x1− yt))2



, (4.41)

where y = ξ (ω), ξ ∼U (0.1,1) is an uncertain frequency. We compute the numerical approx-

imation of (4.41) up to T = 1. Table 4.1 displays the L2-error in mean and variance of density.

The error is clearly dominated by the spatial error as the resolution in the random space is suf-

ficiently high. Hence, the numerical error decreases with the rate of the DG method, which is

(q+1)/2 in two spatial dimensions.

As second benchmark example we consider a stochastic refinement, where we increase the

SG polynomial degree K. We consider the same analytical function (4.41) from the previous

numerical experiment. In Table 4.2 we show the L2-error in mean and variance for density

for a K-refinement for one random element, i.e. NΞ = 1. Here, the physical mesh consists of

Ns = 20× 20 = 400 cells and a DG polynomial degree of six. For the smooth solution (4.41)

we observe that the error exhibits the expected spectral convergence when we increase the SG

polynomial degree.
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hDSG, q = 1

Ns L2(D)-Mean eoc L2(D)-Variance eoc

4 2.7033e-02 - 5.9515e-02 -

16 6.7904e-03 1.00 1.0958e-02 1.22

64 1.1669e-03 1.27 2.466e-03 1.08

256 1.6904e-04 1.39 3.8439e-04 1.34

1024 2.4801e-05 1.38 6.967e-05 1.23

4096 4.2716e-06 1.27 1.5161e-05 1.10

hDSG, q = 3

Ns L2(D)-Mean eoc L2(D)-Variance eoc

4 9.6072e-04 - 3.4636e-03 -

16 4.1815e-05 2.26 1.0036e-04 2.55

64 1.7619e-06 2.28 4.3666e-06 2.26

256 7.1412e-08 2.31 3.9645e-07 1.73

1024 2.9046e-09 2.31 1.7748e-08 2.24

4096 1.6708e-10 2.06 9.6501e-10 2.10

Table 4.1: L2(D)-errors and experimental order of convergence (eoc) for the Euler equations

(density) with K = 10, NΞ = 1, for DG polynomial degrees q = 1,3. Example (4.41).

hDSG

K L2-Mean L2-Variance

1 6.7406e-06 1.3562e-05

2 3.1228e-06 8.5896e-06

3 1.6532e-06 4.5845e-06

4 5.5879e-07 1.6006e-06

5 1.2829e-07 4.3977e-07

6 2.1531e-08 8.7639e-08

7 2.7923e-09 1.2051e-08

8 2.9392e-10 1.4562e-09

9 3.5925e-11 1.131e-10

10 2.4548e-11 4.7307e-11

Table 4.2: L2(D)-errors for the Euler equations (density) with NΞ = 1, Ns = 400 for DG poly-

nomial degree q = 6. Example (4.41).
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Uncertain Sod Shock test

In this numerical test we study the behavior of the hyperbolicity limiter ΛΠθ when it is applied

to the one-dimensional uncertain Sod shock problem from [87, 91]. To this end we consider

an uncertain position of the initial discontinuity, i.e., we consider the following set of initial

conditions

ρ(t = 0,x,y) =





1, x < 0.5+0.05y,

0.125, x≥ 0.5+0.05y,

m(t = 0,x,y) = 0,

E(t = 0,x,y) =





2.5, x < 0.5+0.05y,

0.25, x≥ 0.5+0.05y,





(4.42)

where ξ ∼ U (−1,1). The numerical solution is computed up to T = 0.2 and we define the

spatial domain as D = [0,1]. At the boundary we prescribe exact boundary conditions. We

choose the Lax-Friedrichs numerical flux and the TVBM minmod limiter from [24] as spatial

limiter ΛΠh. We divide the spatial domain into Ns = 500 cells, set the DG polynomial degree to

three and consider the hDSG and ME-hDSG method. For the hDSG scheme we use a truncation

order of K = 10 and for ME-hDSG we consider NΞ = 10 MEs and a linear approximation,

i.e. K = 1. Both methods are compared to a Monte Carlo simulation obtained with an exact

Riemann solver [4] with 200000 samples.

In Figure 4.1 we compare mean and variance obtained with the hDSG and ME-hDSG meth-

ods against the reference solution given by the Monte Carlo sampling. The expected value in

Figure 4.1(a) and Figure 4.1(b) indicates a good agreement between Monte Carlo, hDSG and

ME-hDSG. However, for the hDSG method we can see in Figure 4.1(b) and Figure 4.1(d), es-

pecially around the shock at x≈ 0.8, that the hDSG solution exhibits (K+1 = 11) small shocks,

which has also been observed for example in [31]. Because of the discontinuities in y, the plain

hDSG approach suffers from Gibbs’ oscillations and hence using a piecewise linear interpola-

tion, as in the ME approach, yields a far better resolution of mean and variance compared to the

plain hDSG approach.

Spurious oscillations for the hDSG method can also be observed in the x− y-diagram in Fig-

ure 4.2(a), especially in the vicinity of the shock-curve around x≈ 0.8. For the piecewise linear

interpolation of the ME-hDSG method the oscillations have vanished, cf. Figure 4.2(b).

Furthermore, the influence of the x− y discontinuities can be seen in Table 4.3, where we show

the error in mean and variance between the hDSG-, ME-hDSG-approximation and the Monte
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Figure 4.1: Density of Euler equations with initial state (4.42) at final time T = 0.2, Ns = 500

and DG polynomial degree q = 3. For hDSG, K = 10 and for ME-hDSG K = 1,

NΞ = 10. Example (4.42).
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Figure 4.2: Space-stochastic surface plot for density of Euler equations with initial state (4.42),

Ns = 500 and DG polynomial degree q = 3. For hDSG, K = 10 and for ME-hDSG,

K = 1, NΞ = 10. Example (4.42).

Carlo reference solution. We deduce that the error for the hDSG-approach quickly starts to

stagnate, whereas the error for the ME-hDSG approach is still decreasing. However, for all

three methods the computed order of convergence in this example is smaller than one which is

due to the discontinuities in y.

Finally, we display in Table 4.4 the percentage of limited cells for both methods compared

to all space-time-stochastic cells. The percentage of limited cells for ME-hDSG is one order

of magnitude lower than for the hDSG method, indicating that the numerical solution is more

likely to leave the hyperbolicity set for the hDSG approach, than for the ME-hDSG method.

This demonstrates the superiority of the ME approach when dealing with discontinuous data.
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hDSG

K L1(D)-Mean eoc L1(D)-Variance eoc

2 0.0075 – 7.3846e-04 –

4 0.0049 0.61 5.7026e-04 0.37

8 0.0038 0.37 4.4814e-04 0.35

16 0.0037 0.02 4.3632e-04 0.04

ME-hDSG, K = 0

NΞ L1(D)-Mean eoc L1(D)-Variance eoc

2 0.0086 – 8.8862e-04 –

4 0.0043 1.02 4.3359e-04 1.04

8 0.0021 0.99 2.2043e-04 0.98

16 0.0012 0.83 1.2997e-04 0.76

ME-hDSG, K = 1

NΞ L1(D)-Mean eoc L1(D)-Variance eoc

2 0.0054 – 5.5152e-04 –

4 0.0027 0.98 2.8091e-04 0.97

8 0.0016 0.75 1.6526e-04 0.77

16 0.0011 0.55 1.1586e-04 0.51

Table 4.3: L1(D)-errors and experimental order of convergence (eoc) for the Euler equations

(density) for Ns = 500 and DG polynomial degree q = 3. Example (4.42).

K/NΞ 1 2 3 4 5 6

hDSG [%] 0.0146 0.1473 0.0721 0.0457 0.0376 0.0386

ME-hDSG [%] 0.0146 0.0028 0.0021 0.0034 0.0037 0.0022

K/NΞ 7 8 9

hDSG [%] 0.0335 0.0251 0.0199

ME-hDSG [%] 0.0024 0.0021 0.0008

Table 4.4: Percentage of limited cells over all time-steps for the Euler equations with Ns = 500

and DG polynomial degree q = 3. For ME-hDSG we use K = 1. Example (4.42).
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An uncertain Riemann problem

In this numerical test we consider an uncertain Riemann problem in two spatial dimensions

D = [−0.5,0.5]2. We define

Q1 := [−0.5,0]× [−0.5,0], Q2 := [0,0.5]× [−0.5,0],

Q3 := [−0.5,0]× [0,0.5], Q4 := [0,0.5]× [0,0.5],

and perturb the density in Q2 and Q3. Hence, the uncertain Riemann data in primitive variable

read as follows

(ρ,u,v, p)(0,x1,x2,y) =





(0.138,1.206,1.206,0.029), (x1,x2) ∈ Q1,

(0.5232+0.1y,0,1.206,0.3), (x1,x2) ∈ Q2,

(0.5232+0.1y,1.206,0,0.3), (x1,x2) ∈ Q3,

(1.5,0,0,1.5), (x1,x2) ∈ Q4,

(4.43)

where ξ ∼ U (−2,2). This configuration ensures that all four constant states are separated by

shock waves, cf. [92]. We set T = 0.2 and at all boundaries we use extrapolatory boundary

conditions. As numerical flux we use the HLLE numerical flux and we choose the FV sub-cell

limiter from [95] as spatial limiter ΛΠh. To detect troubled cells we implement the modified

JST indicator as described in [95].

For this example we use the ME-hDSG method with NΞ = 4, K = 4, DG polynomial degree

q = 4 and Ns = 200×200 cells. We compare the results obtained with the ME-hDSG method

with a reference solution, which we obtained with the ME-SC method with NΞ = 20 MEs and a

linear approximation, i.e. K = 1, using the Finite-Volume module of FLEXI [95] with a second

order reconstruction, on a mesh with Ns = 500×500 cells.

Figure 4.3 illustrates mean and standard deviation (std) of density at final time T = 0.2 obtained

with both methods. In Figure 4.3(d) we also show a Schlieren plot of the mean of density

obtained with ME-SC. We observe that in std the ME-SG approach is slightly more diffusive

than ME-SC, but overall we see a very good agreement of both methods. To underline the

strength of the ME approach we plot in Figure 4.4 mean and density obtained with a standard

collocation approach using 212 = 441 collocation points on one ME, i.e. NΞ = 1. While the

mean flow coincides with the results of ME-hDSG and ME-SC, we observe that in regions of

high uncertainty the std obtained with SC is considerably smaller than for ME-hDSG and ME-

SC. This is presumably because of Gibbs oscillations due to the discontinuous initial condition.

Finally, in Figure 4.5 we plot the values of the limiter variable for each ME. The limiter is only
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Figure 4.3: Mean, standard deviation and Schlieren plot of density at final time T = 0.2 obtained

with ME-hDSG and ME-SC. Example (4.43).
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Figure 4.4: Mean and standard deviation obtained with standard SC. Example (4.43).
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Figure 4.5: Plot of limiter variable θ in spatial domain for each ME at final time T = 0.2.

Example (4.43).
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active around the position of the shock, moreover it is only active between Q2 and Q4, resp. Q3

and Q4.

Double Mach Reflection with uncertain angle

As a final numerical test for the hyperbolicity-preserving limiter, we consider the Double Mach

Reflection test case suggested by Woodward and Colella [105]. It consists of a Mach 10 shock

wave that hits a ramp which is inclined by 30 degrees. The Double Mach reflection poses a

very challenging problem for the hDSG method because the solution is very likely to leave the

hyperbolicity set due to the high jump in pressure. We choose the angle of the ramp uncertain,

i.e., we let ξ ∼U (28◦,32◦) and consider the following Riemann data in primitive variables




ρ(t = 0,x1,x2,y) =





8, x < x+ tan
( yπ

180◦
)

x2,

0.125, x≥ x+ tan
( yπ

180◦
)

x2,

v1(t = 0,x1,x2,y) =





8.25cos
( yπ

180◦
)

x < x+ tan
( yπ

180◦
)

x2,

0, x≥ x+ tan
( yπ

180◦
)

x2,

v2(t = 0,x1,x2,y) =




−8.25cos

( yπ
180◦
)
, x < x+ tan

( yπ
180◦
)

x2,

0, x≥ x+ tan
( yπ

180◦
)

x2,

p(t = 0,x1,x2,y) =





116.5, x < x+ tan
( yπ

180◦
)

x2,

1, x≥ x+ tan
( yπ

180◦
)

x2,

(4.44)

where x = 1
6 is the start of the ramp. The computational domain is D = [0,4]× [0,1] and we

set T = 0.2. At the bottom of the domain we employ reflective boundary conditions whereas

we prescribe outflow boundary conditions at the right. At the remaining boundaries we apply

Dirichlet boundary conditions, which correspond to the physical values. We use the HLLE

numerical flux and we choose the FV sub-cell limiter as spatial limiter ΛΠh. To detect troubled

cells we use the modified JST indicator like for the uncertain Riemann problem.

For this numerical example we apply the ME-hDSG method with NΞ = 8 MEs, SG polynomial

degree K = 4. The physical mesh consists of Ns = 240×40 cells and we use a DG polynomial

degree of q = 4. To compute a reference solution we use the ME-SC method with NΞ = 20

MEs and a linear approximation, i.e. K = 1, using the Finite-Volume module of FLEXI [95]

on a mesh with Ns = 1000× 450 cells. In Figure 4.6 we plot mean and std of density at final

time T = 0.2. We can see that the shock front is smeared out because of the variable angle.

Thanks to the high-order resolution in physical and random space, small-scale flow features in

mean and std of density are clearly visible. A high std can be identified around the position of
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the shock wave. Also around x = 1
6 , which corresponds to the start position of the ramp, we

observe a high std. In summary we see a very good agreement between mean and std obtained

with ME-hDSG and ME-SC.

Figure 4.7 shows the values of the limiter variable θ in ME one and eight at initial time t = 0.

We see that the limiter is only active around the shock front. Since the values of θ are close

to one, the solution is strongly limited towards the cell mean in this area. Furthermore, the

limited cells vary with the uncertain angle. The plain SG and even the ME-SG approach without

hyperbolicity-preserving limiter crash immediately after initialization of the initial condition.

In summary it can be said, that our proposed hyperbolicity-preserving scheme is a reliable and

robust method to compute complex flow problems with a high resolution in space, time and

stochasticity.
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Figure 4.6: Mean, standard deviation and Schlieren plot of density at final time T = 0.2 obtained

with ME-hDSG and ME-SC. Example (4.44).
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Figure 4.7: Plot of limiter variable θ in spatial domain for ME one and eight at initial time t = 0.

Example (4.44).

4.3 Comparison between NISP and SG

In this section we compare the efficiency of SG with the efficiency of NISP by means of a

smooth benchmark solution. To compare both methods we measure the total elapsed time (in-

cluding post-processing for NISP) on a workstation equipped with an AMD Ryzen Thread-

Ripper 2950x processor with sixteen kernels and 128 GB RAM. As deterministic solver for

NISP we use the standard version of FLEXI [63] and for the SG method we use the modified

FLEXI version SG-FLEXI from [12]. Both methods are parallelized using Open MPI and we

measure the total elapsed time on sixteen kernels which we denote by cpu time. When we use

NISP in combination with the ME method from Section 4.1.2, we call this method ME-NISP.

For the collocation points in a multi-dimensional random space Ξ we use tensor-products of

one-dimensional Gauß–Legendre quadrature points. The number of collocation points in one

dimension is always K +1.

As a benchmark solution we consider

u(t,x1,x2,y1,y2,y3) =




ρ(t,x1,x2,y1,y2,y3)

m1(t,x1,x2,y1,y2,y3)

m2(t,x1,x2,y1,y2,y3)

E(t,x,y1,y2,y3)




=




y3 + y2 cos(2π(x1− y1t))

y3 + y2 cos(2π(x1− y1t))

0

(y3 + y2 cos(2π(x1− y1t))2



, (4.45)

with three uniformly distributed random variables ξ1 ∼U (0.1,1), ξ2 ∼U (0.1,0.3) and ξ3 ∼
U (1.8,2.5). The exact solution (4.45) is computed up to T = 1. To test the efficiency of

both methods for different random dimensions we successively increase the number of random

variables starting from ξ1 while fixing ξ2 = 0.1, ξ3 = 2 and so on. The number of spatial cells

is always Ns = 400 and the DG polynomial degree is q = 6. As numerical flux we choose
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Lax-Friedrichs and we compute the L2(D)-error in mean of density at final computational time

T = 1.

Comparison: K-refinement

In this example we consider a global K-refinement for one fixed ME, i.e. NΞ = 1. In Figures 4.8,

4.9 and Tables 4.5, 4.6, 4.7 we compare error vs. polynomial degree K and error vs. cpu time

for SG and NISP in one, two and three random dimensions. First we observe that both methods

exhibit spectral convergence when we increase the number of polynomials. In almost all cases

the SG method yields a smaller absolute error for the same polynomial degree, however, only

in the one-dimensional case the SG scheme proves to be more efficient (in terms of error vs.

cpu time) than the NISP method. Because the computation of SG is very expensive in three

dimensions, we compute the error only up to SG polynomial degree of four.

SG, N = 1

K L2-Mean L2-Variance cpu time [s]

1 6.7406e-06 1.3562e-05 6.0

2 3.1228e-06 8.5896e-06 6.0

3 1.6532e-06 4.5845e-06 8.0

4 5.5879e-07 1.6006e-06 10.0

5 1.2829e-07 4.3977e-07 11.0

6 2.1531e-08 8.7639e-08 13.0

7 2.7923e-09 1.2051e-08 15.0

8 2.9392e-10 1.4562e-09 18.0

9 3.5925e-11 1.131e-10 21.0

10 2.4548e-11 4.7307e-11 25.0

NISP, N = 1

L2-Mean L2-Variance cpu time [s]

0.25193 0.039658 2.0

0.048331 0.024901 6.0

0.0035809 0.010305 6.0

0.0001363 0.0018718 11.0

3.1597e-06 0.00019378 11.0

4.9265e-08 1.3059e-05 11.0

6.2033e-10 6.2083e-07 16.0

1.0251e-10 2.1989e-08 17.0

1.0514e-10 5.9498e-10 17.0

1.0512e-10 3.1268e-11 18.0

Table 4.5: L2(D)-errors and cpu time for the Euler equations (density) for SG and NISP in one

random dimension. K-refinement.

Comparison: ME-refinement

In this numerical experiment we compare the ME-SG and ME-NISP method for an increasing

number of MEs. For both methods we consider a linear interpolation, i.e. K = 1. Figures 4.10,

4.11 and Tables 4.8, 4.9, 4.10 show error vs. number of MEs NΞ and error vs. cpu time for both
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SG, N = 2

K L2-Mean L2-Variance cpu time [s]

1 1.2374e-04 2.5015e-04 80.0

2 6.041e-05 0.00018524 94.0

3 3.5254e-05 0.00012008 122.0

4 1.4209e-05 5.7537e-05 173.0

5 5.2814e-06 2.1894e-05 221.0

6 1.5886e-06 6.3609e-06 336.0

7 3.5052e-07 1.4504e-06 467.0

8 5.8279e-08 2.4925e-07 700.0

9 – – –

10 – – –

NISP, N = 2

L2-Mean L2-Variance cpu time [s]

0.25193 0.043 5.0

0.048331 0.024827 16.0

0.0035809 0.009956 20.0

0.0001363 0.0017333 31.0

3.1597e-06 0.00017395 46.0

4.9266e-08 1.1552e-05 63.0

6.1997e-10 5.5604e-07 85.0

1.0471e-10 2.0564e-08 109.0

1.0723e-10 5.9281e-10 138.0

1.0725e-10 2.7011e-11 170.0

Table 4.6: L2(D)-errors and cpu time for the Euler equations (density) for SG and NISP in two

random dimensions. K-refinement.

SG, N = 3

K L2-Mean L2-Variance cpu time [s]

1 1.1315e-03 3.51281e-03 1844.0

2 2.192e-04 8.2764e-04 2722.0

3 5.3598e-05 2.4934e-04 5406.0

4 1.2283e-05 5.4753e-05 14583.0

5 – – –

6 – – –

7 – – –

8 – – –

9 – – –

10 – – –

NISP, N = 3

L2-Mean L2-Variance cpu time [s]

0.25193 0.12457 81.0

0.048331 0.024827 97.0

0.0035809 0.009956 122.0

0.0001363 0.0017333 181.0

3.1597e-06 0.00017395 283.0

4.9273e-08 1.1552e-05 450.0

6.1245e-10 5.5605e-07 701.0

9.3374e-11 2.0562e-08 1080.0

9.5918e-11 5.9519e-10 1637.0

9.5906e-11 2.1529e-11 2448.0

Table 4.7: L2(D)-errors and cpu time for the Euler equations (density) for SG and NISP in three

random dimensions. K-refinement.

methods. Similar to the K-refinement in Section 4.3, the SG methods yields a smaller error

for the same number of MEs. We observe that for a one-dimensional random space Ξ, ME-SG

is clearly more efficient (in terms of cpu time) than ME-NISP. In the two-dimensional case it

is only more efficient for one ME. However, for three random dimensions, ME-SG stands no

chance against the ME-NISP method in terms of efficiency. This is exactly the behavior that
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Figure 4.8: L2(D)-errors vs. K for the Euler equations (density) for SG and NISP. K-refinement.
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Figure 4.9: L2(D)-errors vs. cpu time for the Euler equations (density) for SG and NISP. K-

refinement.

we expect from SG and ME-SG, because computing the orthogonal projection of the modified

fluxes in (4.5) becomes more and more expensive when we increase the number of random

dimensions. Hence, for a one and maybe a two-dimensional random space, the SG method

yields an efficiency gain compared to NISP but after that point it is not competitive against

NISP. From our numerical experiments we deduce that SG is not suitable for UQ problems with

a high-dimensional random space and should only be employed if one is interested in highly

accurate numerical results for problems with one and maybe two uncertain parameters.
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ME-SG, N = 1

NΞ L2-Mean L2-Variance cpu time [s]

1 6.7125e-06 1.2071e-05 4.0

2 1.3863e-06 4.3691e-06 7.0

3 3.5026e-07 1.162e-06 11.0

4 1.2083e-07 4.3255e-07 14.0

5 5.1526e-08 1.7694e-07 20.0

6 2.5395e-08 8.9625e-08 27.0

7 1.3884e-08 4.8357e-08 28.0

8 8.2032e-09 2.9729e-08 29.0

9 5.1462e-09 1.8097e-08 47.0

10 3.3861e-09 1.1955e-08 51.0

ME-NISP, N = 1

L2-Mean L2-Variance cpu time [s]

0.048331 0.024901 7.0

0.00060436 0.0046097 11.0

0.00010158 0.00023847 11.0

3.0497e-05 5.8152e-05 17.0

1.2199e-05 2.1431e-05 16.0

5.8089e-06 9.7896e-06 21.0

3.1117e-06 5.1192e-06 27.0

1.8151e-06 2.9407e-06 28.0

1.1293e-06 1.8109e-06 31.0

7.3914e-07 1.1766e-06 32.0

Table 4.8: L2(D)-errors and cpu time for the Euler equations (density) for ME-SG and ME-

NISP in one random dimension. ME-refinement.

ME-SG, N = 2

NΞ L2-Mean L2-Variance cpu time [s]

1 1.2374e-04 2.5016e-04 33.0

4 5.7001e-05 2.9659e-04 134.0

9 1.6892e-05 1.1411e-04 432.0

16 6.1867e-06 4.6866e-05 526.0

25 – – –

36 – – –

49 – – –

64 – – –

81 – – –

100 – – –

ME-NISP, N = 2

L2-Mean L2-Variance cpu time [s]

0.068057 0.027066 15.0

0.00060436 0.0047143 30.0

0.00010158 0.00026195 60.0

3.0497e-05 6.7483e-05 102.0

1.2199e-05 2.5668e-05 157.0

5.8089e-06 1.1948e-05 218.0

3.1117e-06 6.3225e-06 293.0

1.8151e-06 3.6608e-06 384.0

1.1293e-06 2.2669e-06 491.0

7.3915e-07 1.4788e-06 612.0

Table 4.9: L2(D)-errors and cpu time for the Euler equations (density) for ME-SG and ME-

NISP in two random dimensions. ME-refinement.
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ME-SG, N = 3

NΞ L2-Mean L2-Variance cpu time [s]

1 1.1316e-03 3.5136e-03 240.0

8 1.5013e-04 7.9673e-04 1799.0

27 3.5281e-05 2.3186e-04 10432.0

64 – – –

125 – – –

216 – – –

343 – – –

512 – – –

729 – – –

ME-NISP, N = 3

L2-Mean L2-Variance cpu time [s]

0.048331 0.024827 103.0

0.00060436 0.0047143 182.0

0.00010158 0.00026195 406.0

3.0497e-05 6.7483e-05 850.0

1.2199e-05 2.5668e-05 1583.0

5.8089e-06 1.1948e-05 2691.0

3.1117e-06 6.3225e-06 4321.0

1.8151e-06 3.6609e-06 6519.0

1.1293e-06 2.2669e-06 9335.0

Table 4.10: L2(D)-errors and cpu time for the Euler equations (density) for ME-SG and ME-

NISP in three random dimensions. ME-refinement.
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Figure 4.10: L2(D)-errors vs. NΞ for the Euler equations (density) for ME-SG and ME-NISP.

ME-refinement.
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Figure 4.11: L2(D)-errors and cpu time for the Euler equations (density) for ME-SG and ME-

NISP method. ME-refinement.



5 A posteriori error analysis framework
for non-statistical UQ methods

One of the most important tools to accelerate computations and increase efficiency of numeri-

cal schemes is to locally adapt the grid in physical and random space. The main ingredient for

adaptive mesh refinements are indicators which mark spatial and stochastic cells for refinement

or coarsening. From a heuristic point of view, indicators should capture important information

of the solution like position of discontinuities or areas of steep gradients to ensure that the mesh

is only refined in areas where mesh refinement is really necessary. On the other hand, from a

numerical analysis point of view, the indicator should be linked to the true numerical error, in

the sense that the indicator provides a computable bound for the error between the exact solu-

tion and its numerical approximation. These type of indicators are based on a posteriori error

estimates and in this case it is possible to construct adaptive numerical schemes which guaran-

tee that the true error is below a prescribed threshold (see for example [30, 71] in the case of

nonlinear conservation laws). Compared to random elliptic and random parabolic conservation

laws [13, 35, 52, 56, 90] the a posteriori error analysis for random hyperbolic conservation laws

is still in its infancy. One of the main reasons for this deficiency is the general absence of a uni-

fied a posteriori error framework for the numerical approximation of deterministic hyperbolic

conservation laws.

Despite the lack of an appropriate a posteriori error analysis, adaptive mesh refinements in phys-

ical and stochastic space based on heuristic indicators have already been successfully applied

to random conservation laws. In [69, 99, 101] space-stochastic adaptive mesh refinements for

the SG method are presented. Adaptive algorithms for the Stochastic Collocation method and

for the Simplex Stochastic Collocation method have been considered in [18, 57, 104]. Except

for [18], where the authors consider dual-based a posteriori error estimates for linear output

functionals, all of the above mentioned papers use heuristic criteria, for example the relative

change in the highest mode of the gPC approximation or the relative change in variance, to

mark cells in the random space for refinement. In a similar manner, spatial refinement is based

on heuristics indicators. In this thesis we make a first step towards an a posteriori error analysis
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framework for random conservation laws and derive a novel residual-based a posteriori error

estimate for space-time-stochastic discretizations which use the RKDG method in space and

time, and polynomial-based UQ methods in random space.

The a posteriori error analysis framework is based on the relative entropy framework for random

conservation laws, which we have presented in Section 2.4. To summarize the general idea,

we view the numerical solution obtained with different UQ methods (or, more precisely, a

reconstruction thereof) as the exact solution of a perturbed version of the original problem. The

reconstructions which we use depend on the specific UQ method and will be explained in detail

in the corresponding sections. The perturbation is given by a computable residual and by using

the relative entropy method we can bound the difference between the exact and the numerical

solution in terms of the residual. We prove that the residual admits a decomposition into a

spatial and a stochastic part, which enables us to control the errors arising from spatio-temporal

and stochastic discretization. Moreover, exploiting the residuals’ structure we propose for the

SC method a novel residual-based space-stochastic adaptive numerical scheme. Results from

the following sections have led to the publications [47, 48, 49].

5.1 A posteriori error analysis based on the SG method

In this section we derive an a posteriori error estimator for a numerical approximation of the

random entropy admissible solution of (2.1) using the SG method from Section 4.1.1. The

presented results are published in [49].

For the following a posteriori error analysis we restrict ourselves to the one-dimensional torus

D = [0,1]per. More specifically, we consider the random conservation law (2.1) with uncertain

initial data but deterministic flux function F : U → Rm. For simplicity we consider a one-

dimensional random space Ξ⊂R. Our problem of interest is the following random initial-value

problem. 



∂tu(t,x,y)+∂xF(u(t,x,y)) = 0, (t,x,y) ∈ (0,T )×D×Ξ,

u(0,x,y) = u0(x,y), (x,y) ∈ D×Ξ.
(5.1)

5.1.1 Discretization, reconstruction and residuals

Following the description in Section 4.1.1 we approximate the solution of (5.1) with the trun-

cated generalized Fourier series u(t,x,y) ≈
K
∑

k=0
uk(t,x)Ψk(y). According to Section 4.1.1, the
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(SG)-system of (5.1) reads as follows:




∂tu+∂xF = 0, (t,x) ∈ (0,T )×D

u0 =
(〈

u0,Ψk

〉)K

k=0
, x ∈ D,

(SG)

where we indicate the SG discretization with bold font. Here, u ∈ Rm·(K+1) and F : U →
Rm·(K+1), where U ⊂Rm·(K+1). We discretize the deterministic conservation law (SG) in space

and time using the RKDG method from Section 3.1.

To this end we let 0 = x0 < x1 . . . < xNs = 1 be a quasi-uniform triangulation of [0,1] and

0= t0 < t1 < .. . < tNt = T be a temporal decomposition of [0,T ] and identify x0 = xNs to account

for the periodic boundary conditions. Performing the DG spatial discretization and introducing

the numerical flux F̂ : U ×U → Rm·(K+1), we end up with the following semi-discrete initial

value problem.




Ns−1
∑

l=0

xl+1∫
xl

∂tuh ·vh dx =
Ns−1
∑

l=0

xl+1∫
xl

F(uh) ·∂xvh dx

−
Ns−1
∑

l=0
F̂(uh(x−l ),uh(x+l )) · [[vh ]]l,

uh(t = 0) = LV q
h

u0,

(DG-SG)

for all vh ∈ V q
h . To account for the periodic boundary condition we set uh(x−0 ) = uh(x−Ns

),

uh(x+Ns
)= uh(x+0 ). The initial-value problem (DG-SG) is solved in time using a SSP RK method,

cf. Algorithm 3.1.

Using the sequence of approximate solutions of (DG-SG) at points {tn}Nt
n in time, denoted

by {u0
h, . . . ,u

Nt
h }, we want to reconstruct the numerical approximation to a Lipschitz continuous

function in space in time. With this function at hand we are able to apply Theorem 2.15 to derive

an a posteriori error estimate for the difference between the entropy admissible solution and its

numerical approximation, resp. the reconstruction thereof. We structure the reconstruction

process into two parts.

1. Temporal reconstruction ût:

We first compute the temporal reconstruction as proposed in [28]. For the reconstruction in time

we define the spaces of piecewise polynomials in time of degree r ∈ N0 by

V t
r ((0,T );V

q
h ) := {u : [0,T ]→ V q

h | u
∣∣
(tn,tn+1)

∈ Pr((tn, tn+1),V
q

h )}.

Using Hermite interpolation on each time interval [tn, tn+1], we construct the temporal recon-

struction ût ∈V t
r ((0,T );V

q
h ). We note that the time derivative ∂tun

h can be approximated using

the right-hand side of (DG-SG).
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2. Space-time reconstruction ûst:

With the temporal reconstruction ût at hand, we define the space-time reconstruction ûst of

the DG-solutions of (SG). To prove an optimal decay of the error estimator, the authors of

[28] consider numerical fluxes F̂ which admit a special representation. In particular, there

needs to exist a locally Lipschitz function w : U ×U → Rm·(K+1), with the additional property

w(u,u) = u, such that F̂ can either be expressed as

F̂(u,v) = F(w(u,v)), ∀ u,v ∈ U , (5.2)

or as

F̂(u,v) = F(w(u,v))−µ(u,v;h)hν(v−u), ∀ u,v ∈ U , (5.3)

where ν ∈ N and for some matrix-valued function µ , which has the property that for any com-

pact K ⊂ U there exists a µK > 0, such that |µ(u,v;h)| ≤ µK(1+
|v−u|

h ), for h small enough.

Remark 5.1.
For our numerical computations we consider the following numerical fluxes.

• The upwind numerical flux: F̂(u,v) = F(w(u,v)) with w(u,v) = u satisfies (5.2)

• The Lax-Wendroff flux: F̂(u,v) = F(w(u,v)) with w(u,v) = u+v
2 − ∆t

2h(F(u)−F(v)), sat-

isfies (5.2).

• The Lax-Friedrichs flux : F̂(u,v) = 1
2

(
F(u) + F(w)

)
+ λ (w− u) satisfies (5.3), with

ν = 0, w(u,v) := 1
2(u+v) and µ(u,v;h) := λ I− F(u)−2F(w(u,v))+F(v)

2|v−u|2 ⊗ (u−v).

We define the spatial reconstruction which is applied to the temporal reconstruction ût(t, ·) for

each t ∈ (0,T ) using the function w (cf. [28, 46]).

Definition 5.2 (Space-time reconstruction).
Let ût be the temporal reconstruction of a sequence {uh}Nt

n=0 of solutions of the fully discrete

scheme of (SG) using a numerical flux satisfying (5.2) or (5.3). The space-time reconstruction

ûst(t, ·) ∈ V q+1
h is defined as the solution of

Ns−1

∑
l=0

xl+1∫

xl

(ûst(t, ·)− ût(t, ·)) ·vh dx = 0 ∀ vh ∈ V q−1
h ,

ûst(t,x±l ) = w(ût(t,x−l ), û
t(t,x+l )) ∀ l = 0, . . . ,Ns.

We have the following property of the space-time reconstruction.
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Lemma 5.3 ([28], Lemma 24).
Let ûst be the space-time reconstruction from Definition 5.2. For each t ∈ (0,T ), the function

ûst(t, ·) is well defined. Moreover,

ûst ∈W 1
∞((0,T );V

q+1
h ∩C0(D;U)).

Since ûst is Lipschitz continuous in space and time, we can compute the following space-time

residual.

Definition 5.4 (Space-time residual).
We call the function Rst ∈ L2((0,T )×D;Rm·(K+1)) satisfying

Rst(t,x) := ∂t ûst(t,x)+∂xF(ûst(t,x)) (5.4)

the space-time (or deterministic) residual .

Expanding the space-time reconstruction ûst in the finite orthonormal system {Ψk(y)}K
k=0 en-

ables us to consider the so-called space-time-stochastic residual. We define

V
q+1
h := {u : D→ Rm | u

∣∣
(xl ,xl+1)

∈ Pq+1((xl,xl+1);Rm), for 0≤ l ≤ Ns−1}.

Definition 5.5 (Space-time-stochastic reconstruction and space-time stochastic residual for SG).
The function ûsts ∈WK(Ξ)⊗W 1

∞((0,T );V
q+1
h ∩C0(D;Rm)), which is defined as

ûsts(t,x,y) :=
K

∑
k=0

(ûst)k(t,x)Ψk(y) (5.5)

is called space-time-stochastic reconstruction of the numerical approximation of (5.1), which

is defined as (cf. (4.7)): un
h(x,y) :=

K
∑

k=0
(un

h)k(x)Ψk(y), for all n = 0, . . .Nt .

Moreover, we define the space-time-stochastic residual Rsts ∈ L2
w(Ξ;L2((0,T )×D;Rm)) by

Rsts(t,x,y) := ∂t

( K

∑
k=0

(ûst)k(t,x)Ψk(y)
)
+∂xF

( K

∑
k=0

(ûst)k(t,x)Ψk(y)
)
. (5.6)

We are now ready to state the main a posteriori error estimate for the difference between the

random entropy admissible solution and the numerical approximation obtained with SG. Its

proof follows immediately from Theorem 2.15.

Theorem 5.6 (A posteriori error bound for the reconstruction of the numerical solution).
Let u be a random entropy solution of (5.1). Let the reconstruction ûsts from Definition 5.5
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only take values in a compact, convex set C ⊂ U . Then, the difference between u and the

reconstruction ûsts satisfies

‖u(s, ·, ·)− ûsts(s, ·, ·)‖2
L2

w(Ξ̃;L2(D))
≤2C−1

η

(
E sts(s)+CηE sts

0

)

× exp
( s∫

0

(CFCη‖∂xûsts(t, ·, ·)‖L∞
w(Ξ̃;L∞(D))+C2

η

Cη

)
dt
)
,

for 0≤ s≤ T and for any P̃-measurable set Ξ̃⊂ Ξ. Here,

E sts(s) := ‖Rsts‖2
L2

w(Ξ̃;L2((0,s)×D))
, (5.7)

E sts
0 := ‖u0− ûsts(0, ·, ·)‖2

L2
w(Ξ̃;L2(D))

. (5.8)

By means of the triangle inequality we reformulate Theorem 5.6 in terms of the numerical

approximation.

Corollary 5.7 (A posteriori error bound for the numerical solution).
Let u be a random entropy solution of (5.1). Then, the difference between u and the numerical

solution uh from Definition 5.5 satisfies

‖u(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ̃;L2(D))

≤2‖ûsts(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ̃;L2(D))

+2C−1
η

(
E sts(tn)+CηE sts

0

)

× exp
( s∫

0

(CFCη‖∂xûsts(t, ·, ·)‖L∞
w(Ξ̃;L∞(D))+C2

η

Cη

)
dt
)
,

for all n = 0, . . .Nt and for any P̃-measurable set Ξ̃⊂ Ξ.

While Corollary 5.7 provides error control between the exact and numerical solution we are

not able to identify if the numerical error is dominated by the spatio-temporal discretization

error introduced by the deterministic RKDG scheme, or the stochastic discretization error due

to truncation of the infinite gPC-series in (4.2). Hence, we would like to derive a splitting of the

upper bound into a space-time (deterministic) and stochastic part. This is the statement of the

following theorem, where we decompose the space-time-stochastic residual into a deterministic

and stochastic residual. Before stating the orthogonal decomposition we give a definition of the

stochastic residual.

Definition 5.8 (Stochastic residual).
Let K ∈ N0 be the order of the space-time-stochastic reconstruction from (5.5). The entries of

the stochastic residual are defined as

(Rstoch)k :=
〈
Rsts,Ψk

〉
=
〈

∂xF(ûsts),Ψk

〉
, (5.9)

for all k = K +1,K +2, . . ..
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Theorem 5.9 (Orthogonal decomposition of the space-time-stochastic residual).
The space-time-stochastic residual Rsts, from Definition 5.5, admits the following orthogonal

decomposition in L2
w(Ξ),

Rsts =
K

∑
k=0

(Rst)kΨk +
∞

∑
k=K+1

(Rstoch)kΨk. (5.10)

Further, E sts(s) from (5.7) admits the following decomposition,

E sts(s) = E st(s)+E stoch(s), (5.11)

where E st(s) :=
K
∑

k=0
‖(Rst)k‖2

L2((0,s)×D)
and E stoch(s) :=

∞
∑

k=K+1
‖(Rstoch)k‖2

L2((0,s)×D)
, for all s ∈

(0,T ].

Proof. We first consider the projection of the space-time-stochastic residual Rsts onto the sub-

space span{Ψ0, . . . ,ΨK}. Let l = 0, . . . ,K:

〈
Rsts,Ψl

〉
=
〈

∂t ûsts +∂xF(ûsts),Ψl

〉
=
∫

Ξ

(
∂t

K

∑
k=0

(ûst)kΨl +∂xF(
K

∑
k=0

(ûst)kΨk)
)

Ψl w(y)dy

= ∂t(ûst)l +(∂xF(ûst))l = (Rst)l,

where the last equality follow from the orthogonality relation (4.1). Thus,
〈
Rsts,Ψl

〉
coin-

cides with the coefficients of the space-time residual Rst from Definition 5.4. Analogously we

consider for l > K:
〈
Rsts,Ψl

〉
=
〈

∂t ûsts +∂xF(ûsts),Ψl

〉
=
〈

∂xF(ûsts),Ψl

〉
= (Rstoch)l

Formula (5.10) follows from the previous computations. Finally, Formula (5.11) is an appli-

cation of the Pythagorean theorem for the weighted Hilbert space L2
w(Ξ), applied to E sts(s) =

‖Rsts‖2
L2

w(Ξ;L2((0,T )×D))
.

Remark 5.10.
In the same manner as for Theorem 5.9 we can find an orthogonal decomposition of the ap-

proximation error in the initial condition measured by E sts
0 given in (5.8). Let us define the

orthogonal projection ΠK(u0) :=
K
∑

k=0
〈u0,Ψk〉Ψk. The Pythagorean theorem implies

E sts
0 = ‖u0− ûsts(0, ·, ·)‖2

L2
w(Ξ;L2(D)) =‖u0−ΠK(u0)‖2

L2
w(Ξ;L2(D))+‖ΠK(u0)− ûsts(0, ·, ·)‖2

L2
w(Ξ;L2(D))

=‖
∞

∑
k=K+1

〈u0,Ψk〉‖2
L2(D)+

K

∑
k=0
‖〈u0,Ψk〉− ûst

k (0, ·)‖2
L2(D)

= : E stoch
0 +E st

0 . (5.12)
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Summarizing Theorem 5.9, the coefficients of Rsts in the basis {Ψ0, . . . ,ΨK} are the coeffi-

cients of Rst from Definition 5.4 and thus these coefficients are associated with the space-time

error that arises when approximating the truncated (deterministic) (SG)-system. On the other

hand for the remaining coefficients of Rsts there is no such interpretation. But since the (SG)-

system is obtained by an orthogonal projection onto span{Ψ0, . . . ,ΨK} the remaining coeffi-

cients of Rsts contribute to the stochastic error that arises when truncating the infinite Fourier

series (4.2). We can now combine Corollary 5.7, Theorem 5.9 and Remark 5.10 to obtain an

a posteriori error bound for the error between the random entropy admissible solution and its

numerical approximation, which provides separate bounds for the spatial discretization error

and the stochastic discretization error

Theorem 5.11 (A posteriori error bound for the numerical solution with error splitting).
Let u be a random entropy solution of (5.1). Then, the difference between u and the numerical

solution uh from Definition 5.5 satisfies

‖u(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ;L2(D)) ≤ 2‖ûsts(tn, ·, ·)−un

h(·, ·)‖2
L2

w(Ξ;L2(D))

+2C−1
η

(
E st(tn)+E stoch(tn)+Cη(E

st
0 +E stoch

0 )
)

× exp
( s∫

0

(CFCη‖∂xûsts(t, ·, ·)‖L∞
w(Ξ;L∞(D))+C2

η

Cη

)
dt
)
,

for all n = 0, . . .Nt .

Theorem 5.11 allows us to decompose the error estimator for the space-time-stochastic error

into parts quantifying the stochastic and the spatio-temporal discretization error, respectively.

The stochastic error, introduced by truncating the Fourier series in (4.2), can be quantified

by E stoch(tn)+E stoch
0 . The spatio-temporal discretization error, i.e., the error which arises by

discretizing the system (SG) in space and time, can be quantified by E st(tn)+E st
0 .

In the case of the linear advection and Burgers equation, we can derive an analytical expression

for Rstoch.

Example 5.12. (a) In the case of the linear advection equation F(u) = au, a ∈ R, we have

(Rstoch)l =
∫

Ξ

(
∂xF(

K

∑
k=0

(ûst)kΨk(y))
)

Ψl(y) w(y)dy

=a
K

∑
k=0

∂x(ûst)k

∫

Ξ

Ψk(y)Ψl(y) w(y)dy = 0,

for l > K, due to orthogonality. Thus, Rstoch and consequently E stoch vanishes. This

means that the stochastic error is only inferred from projecting the initial condition onto
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the orthonormal system, and can be measured by E stoch
0 . Due to linearity of the advection

equation the initial stochastic error does not increase when advancing in time.

(b) If the advection velocity is random, i.e. F(u,y) = a(y)u, then the stochastic residual

becomes

(Rstoch)l =
∫

Ξ

(
∂xF(

K

∑
k=0

(ûst)kΨk(y),y)
)

Ψl(y) w(y)dy

=
K

∑
k=0

∂x(ûst)k

∫

Ξ

a(y)Ψk(y)Ψl(y) w(y)dy,

and in this case, due to the uncertain flux function, the stochastic error increases when

advancing in time.

(c) In the case of Burgers’ equation F(u) = u2

2 , we compute for l > K,

(Rstoch)l =
∫

Ξ

(
∂xF
( K

∑
k=0

(ûst)kΨk(y)
))

Ψl(y) w(y)dy

=
1
2

∫

Ξ

∂x

( K

∑
k=0

(ûst)kΨk(y)
)2

Ψl(y) w(y)dy.

Because
( K

∑
k=0

(ûst)kΨk

)2
is a polynomial of degree 2K and due to orthogonality, it follows

that
∫

Ξ

∂xF
( K

∑
k=0

(ûst)kΨk(y)
)

Ψl(y) w(y)dy = 0

for l > 2K. We therefore only need to compute (Rstoch)l for l = K +1, . . . ,2K. Moreover,

1
2

∫

Ξ

∂x

( K

∑
k=0

(ûst)kΨk(y)
)2

Ψl(y) w(y)dy = (∂xûst)>Clûst ,

where [Ck]
K
k,l=0 :=

∫
Ξ

Ψk(y)Ψl(y)Ψk(y) w(y)dy, k = K + 1, . . . ,2K, is the symmetric and

sparse polynomial chaos tensor [85].

Before presenting numerical experiments concerning the scaling behavior of the space-time and

stochastic residual we want to make some important remarks.

Remark 5.13. 1. In [28] it has been shown that for linear equations, i.e. F(u) = au, a ∈ R,

using a numerical flux satisfying (5.2) and provided the numerical error converges as

O(hq+1), the deterministic residual E st converges with the same order as the numerical

error. Hence, in this case we have optimality of the residual and an optimal a posteriori

error control.
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2. In the nonlinear case, the optimality of the residual for smooth solution in the first time-

step is still open, cf. the discussion in [49].

3. Whenever the solution of system (SG) exhibits discontinuities in the spatial variable, the

quantity ‖∂xûsts(t, ·, ·)‖L∞
w(Ξ̃;L∞(D)) is expected to scale like h−1 and hence the estimator

will blow up for h→ 0 in the vicinity of discontinuities. We therefore have only reliable a

posteriori error control in the pre-shock case. However, as the residuals clearly capture

important flow information we use the residuals in Section 5.2 as indicators for local

mesh refinement, even in the post-shock case.

4. For linear equations we have that CF = 0. Therefore, for linear equations we expect no

blow-up of the estimator for h→ 0 even in case the solution is discontinuous.

5. Our numerical experiments in Section 5.1.2 indicate that E stoch exhibits spectral conver-

gence. We are currently not able to give a proof for this assertion. From a heuristic

point of view, the quantities (Rstoch)k =
〈

∂xF(ûsts),Ψk

〉
are the Fourier coefficients of

∂xF(ûsts) in the basis {Ψk}∞
k=0 and hence, if y 7→ ∂xF(ûsts(t,x,y)) is sufficiently regular,

the coefficients decay spectrally.

Remark 5.14.
For scalar random conservation laws it is also possible to derive an a posteriori error estimator

using the deterministic a posteriori error estimate in Theorem 3.2. We decided to use the relative

entropy framework of Dafermos and DiPerna based on the following two reasons. First, for

smooth solutions, upper bounds for the numerical error that result from Kružkov’s theory are

only of half-order, i.e. have a rate of convergence of (q+1)/2, when q ∈ N is the polynomial

degree, cf. [54, 71]. In contrast, the worst case for error bounds for smooth solutions obtained

using the relative entropy framework is loosing one order, i.e. the rate of convergence is q.

Second, the relative entropy framework requires only one strictly convex entropy/entropy flux

pair. In contrast to Kružkov’s theory it is also applicable for random hyperbolic systems of

conservation laws.

5.1.2 Numerical experiments

In this section we present numerical experiments for scalar random conservation laws, where we

examine the scaling behavior of the space-time-stochastic residual. For the following test cases,

we consider the classical polynomial chaos expansion using Legendre orthonormal polynomials

for uniformly distributed random variables. As numerical solver for the SG system we use SG-

FLEXI [12, 63]. For the time-stepping we use a low storage SSP RK-method of order three as in
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[65], a time-reconstruction of order three and for the physical space we use DG polynomials of

degree one or two. As numerical flux for the linear advection equation, we choose the upwind

flux,

F̂(u,v) = F(w(u,v)), w(u,v) = u,

and as projection operator for the initial data, we choose the Radau-projection operator LV q
h
=

R+
h , as defined in [111]. For the Burgers equation, in contrast to the linear advection equation,

the direction of transport of information depends on the state and we therefore select the Lax-

Wendroff numerical flux

F̂(u,v) = F(w(u,v)), w(u,v) =
1
2

(
(u,v)+

∆t
h

(
F(v)−F(u)

))
.

For Burgers’ equation we use Gauss-Legendre interpolation of the initial data in our numerical

experiments. We have also tried other interpolation and projection operators and all of them

lead to the same scaling behavior of the space-time residual described in Remark 5.15. The

space, time and stochastic integrals are numerically evaluated by a Gauß–Legendre quadrature.

For the time integration we use 7 points, in physical space we use 25 points and in random space

80 points. In the following we call ‖u(T, ·, ·)− uNt
h ‖L2

w(Ξ;L2(D)) numerical error and we plot the

quantities E st(T ), E stoch(T ) and the numerical error as in Theorem 5.11 at final computational

time T .

Remark 5.15. 1. As already mentioned in Remark 5.14, for nonlinear hyperbolic equations,

the space-time residual is suboptimal (by one order) on the first time-step. Indeed, we

loose half an order of convergence in the (global) space-time residual, i.e. when the error

is of order hp+1 the error estimator is of order hp+1/2. This is due to a lack of com-

patibility between the projection/interpolation of the initial data into the DG space and

the spatial-reconstruction. For the linear advection equation, where we compute the nu-

merical solution using an upwind numerical flux, the Radau projection is the compatible

choice, as it accounts for the upwind direction. Indeed, we have used it in our numerical

experiments and observed optimal rates for the error estimator. A similar concept for

nonlinear equations is up to now missing.

2. If we start to reconstruct the numerical solution of the Burgers equation from t = 0, we

loose half an order of convergence in the space-time residual. Therefore, we start to

reconstruct the numerical solution after the first time-step on the coarsest mesh used for

our computations. This corresponds to t = 0.008. We also start to integrate the space-

time residual from t = 0.008 and obtain the full order of convergence in the space-time

residual.
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The linear advection equation

We consider the linear advection equation

∂tu+2∂xu = 0, (5.13)

on the spatial domain [0,2]per and with T = 0.2. We start the computation with 16 elements and

a time-step size of ∆t = 0.02. We then subsequently reduce h and ∆t by a factor of two. The

initial condition is given by u0(x,y) = y(1−0.5cos(πx)), where we assume ξ ∼U [1,3] to be

uniformly distributed.

In Figures 5.1 and 5.2 we show the numerical error between the exact solution u(t,x,y) =

y(1− 0.5cos(π(x− 2t))) and the numerical solution computed by the RKDG method for one

and three chaos polynomials (K = 0,2), evaluated at tn = T . Thanks to CF = 0 in this special

case, the exponential term of the error indicator from Theorem 5.11 vanishes. In Figure 5.1 we

can see that the numerical error is not decreasing when h tends to zero. This is due to the term

E stoch
0 , cf. Remark 5.10. The overall error is dominated by the error we make in projecting

the initial condition onto span{Ψ0}. If we increase the number of orthonormal polynomials to

three, we obtain an exact representation of the initial condition in the orthonormal basis, i.e.,

E stoch
0 = 0. Therefore, the numerical error only consists of the spatio-temporal discretization

error, quantified by E st , this can be seen in Figure 5.2. After increasing the polynomial chaos

degree, the numerical error decreases with the same order as the spatial residual. Furthermore,

for q = 1,2 both residuals have the correct order of convergence, that is q+1.
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Figure 5.1: Error and eoc plot for the linear advection equation in the case of one orthonormal

polynomial and DG polynomial degrees q = 1,2. Example (5.13).
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Figure 5.2: Error and eoc plot for the linear advection equation in the case of three orthonormal

polynomials and DG polynomial degrees q = 1,2. Example (5.13).

The Burgers equation with smooth solution

In this numerical example we consider Burgers’ equation

∂tu+∂x(
u2

2
) = S (5.14)

with source term

S(t,x,y) = πy2 sin(π(x− yt))
(

cos(π(x− yt))−1
)
,

ξ ∼U [1,3]. For the initial condition u0(x,y) = ycos(πx), the exact solution for Burgers’ equa-

tion is given by

u(t,x,y) = ycos(π(x− yt)).

The numerical solution is computed up to time T = 0.2 on the spatial domain D = [0,2]per and

we start the computations initially on a mesh with 16 elements and time-step size ∆t = 0.008.

Again we reduce h and ∆t by a factor of two. The DG polynomial degree is two and the

reconstruction in time is of order three. In the following numerical computations we consider

different cases, where on the one hand we refine the physical space and on the other hand we

increase the polynomial degree of the orthonormal polynomials. The latter corresponds to a

refinement in the random space.

We start our computations by considering mesh refinements in the physical space with a fixed

polynomial chaos degree. In Figure 5.3 (a) we display the numerical solution using only one

chaos polynomial, which corresponds to K = 0. We can see that the numerical error is clearly

dominated by E stoch. To reduce the overall error significantly, we have to increase the polyno-

mial chaos degree. We increase the number of polynomials to five, corresponding to K = 4. We
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observe in Figure 5.3 (b), that for the coarse space discretization with 16 elements the numerical

error is dominated by E st . However, after this point any significant reduction of the numerical

error requires again an increase of the polynomial chaos degree as the numerical error is then

again dominated by E stoch. When increasing the polynomial degree to thirteen (K = 12), we

can see in Figure 5.3 (c) that the numerical error is now dominated by E st , as the stochastic

discretization is fine enough. The numerical error now converges with the same rate as the

space-time residual. Additionally, in Figure 5.3 (d) we plot the exponential factor from Theo-

rem 5.11 for different polynomial degrees K and different mesh sizes h. We can see that in the

smooth case the exponential factor stays bounded for h→ 0. The exponential factor for K = 0

is smaller than for K = 4,12 because we solve the (SG)-system only for the mean value.

In the previous computations we have considered spatial refinements for a fixed polynomial

chaos degree. Now we want to examine the behavior of E stoch for different mesh sizes and a

DG polynomial degree two. In Figure 5.4 (a) we show results for a fixed spatial discretization

with 16 elements. We can see that the numerical error is dominated by E st , because the spatial

discretization is too coarse. We can also see that E st remains unchanged by increasing the

polynomial chaos degree. Additionally, we note that E stoch exhibits spectral convergence. To

reduce the numerical error we therefore need to increase the number of spatial elements or the

DG polynomial degree. Finally, in Figure 5.4 (b) we consider a very fine mesh, consisting of

Ns = 1024 elements. Due to the fine resolution of the physical space, the numerical error is

dominated by E stoch up to K = 8. After that point, the numerical error can only be significantly

decreased by performing a spatial refinement. We can now also see how the numerical error

converges spectrally until its convergence is again dominated by the spatial error.

Let us note that the spectral convergence of E stoch is in accordance with what is known theo-

retically for stochastic discretization errors in SG schemes. Indeed, the authors of [55] prove

spectral convergence of the SG method for the linear transport equation with random transport

velocity. This indicates that the stochastic residual allows us to assess the magnitude of the

stochastic discretization error in an optimal (spectral) way.

The Burgers equation, the artificial shock case

We study now the same example as in the previous section,

∂tu+∂x(
u2

2
) = S, (5.15)

but we compute numerical solutions up to T = 0.56 and use the slope limiter ΛΠh from [24].

It is a well-known drawback of the SG-methodology, cf. the numerical example in Section 6 of
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Figure 5.3: Error plots for the Burgers equation for h-refinement, q = 2. Example (5.14).

[85], that, even if the solution to (5.1) is smooth up to time T , the solutions of the (SG)-system

may develop discontinuities before that time. Indeed, this is the case in the example at hand.

In Figure 5.5(a), we display the numerical solutions and residuals for K = 1 at time T . The

solution of the zeroth mode u0 appears to contain a shock at approximately x≈ 1.6. We see that

the spatial discontinuity is clearly picked up by the zeroth mode Rst
0 of the spatial residual and,

to some extent, also in the second mode Rst
2 of the stochastic residual. We may therefore use
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Figure 5.4: Error plots for the Burgers equation for K-refinement, q = 2. Example (5.14).

the spatial residual as an indicator for local spatial mesh refinements, which will be considered

in Section 5.2.
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(a) K = 1, residuals indicated on the right y-axis.
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(b) K = 2, residuals indicated on the right y-axis.

Figure 5.5: Plot of the numerical solution, spatial residual and stochastic residual for the Burgers

equation in the case of two and three orthonormal polynomial and DG polynomial

degree q = 2. Example (5.15).

Moreover, we can see in Figure 5.6, that for h→ 0 the spatial residual blows up, although the

numerical error stays constant. Also E stoch grows with h→ 0, however very slow compared

to E st . Increasing the polynomial chaos degree to K = 2, also increases the smoothness of the
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numerical solution, which can be seen in Figure 5.5 (b). In Figure 5.6, we can see that for

K = 2, E st decreases when h tends to zero.
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Figure 5.6: Comparison of residuals and numerical error for one and two orthonormal polyno-

mials and DG polynomial degree q = 2. Example (5.15).

The Burgers equation, the shock case

As last numerical example we consider a Riemann problem for Burgers’ equation, where the

jump size of the discontinuity and thus the shock speed is random. The spatial domain is now

[−1,1] and we set T = 0.1. The initial condition is given by

u0(x,y) =





1+ y, if x≤ 0,

0.5+ y else,

where ξ ∼ U [−0.2,0.2]. The shock speed can be computed as s(y) = 1.5+ 2y and therefore

the exact solution for Burgers’ equation is given by

u(t,x,y) =





1+ y, if x≤ s(y)t

0.5+ y else.

As the shock speed is P−a.s. positive, we use the upwind numerical flux in this numerical

experiment. We use the slope limiter ΛΠh from [24] and consider a very fine physical reso-

lution with 512 elements and DG polynomial degree of two. Although the exact solution is

discontinuous we can see in Figure 5.7 that E stoch exhibits exponential convergence an increas-

ing number of orthonormal polynomials. This is due to the fact that the coefficients of u in the

polynomial chaos expansion are smooth, cf. [85, Section 6]. Hence, although the exact solution
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is discontinuous E stochdisplays the correct (spectral) type of convergence and moreover, it gives

us information about the resolution in the stochastic space independent of the spatial resolution.
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Figure 5.7: Error plot for the Burgers equation for a fixed mesh with 512 elements and DG

polynomial degree q = 2.

5.2 A posteriori error analysis based on the SC method

In this section we derive an a posteriori error estimate for numerical approximations which rely

on the SC method from Section 4.1.4. The content of this section led to the work [47].

For our problem of interest we now allow for random flux functions and consider an N-dimensional

random space Ξ ⊂ RN , N ∈ N. The spatial domain remains D = [0,1]per and the initial-value

problem that we consider reads as follows.




∂tu(t,x,y)+∂xF(u(t,x,y),y) = 0, (t,x,y) ∈ (0,T )×D×Ξ,

u(0,x,y) = u0(x,y), (x,y) ∈ D×Ξ.
(5.16)

5.2.1 SC on time-dependent physical meshes

Recalling the SC method from Section 4.1.4 we consider a set of nodal collocation points,

denoted by {yk}k∈K ⊂ Ξ. Using the collocation points as input parameters in (5.16) we obtain
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the following deterministic initial-value problems




∂tu(t,x,yk)+∂xF(u(t,x,yk),yk) = 0, (t,x) ∈ (0,T )×D,

u(0,x,yk) = u0(x,yk), x ∈ D,
(5.17)

for all k ∈K . For the space and time discretization of (5.17) we use again the RKDG method

described in Section 3.1 but now we want to allow for adaptive spatial mesh refinement. There-

fore, we formulate the DG scheme on time-dependent spatial meshes. For the ease of presen-

tation we neglect the dependence of the flux F , the spatial mesh and the DG spaces on the

collocation points {yk}k∈K .

We let 0 = x0 < x1 . . . < xNs = 1 be a quasi-uniform triangulation of [0,1], which we denote

by T and 0 = t0 < t1 < .. . < tNt = T be a temporal decomposition of [0,T ]. Furthermore,

we identify x0 = xNs to account for the periodic boundary conditions. With each time-interval

(tn, tn+1] we associate a (possibly different) partition Tn and associated DG space

V q
h,n := {u : D→ Rm | u

∣∣
I ∈ Pq(I,Rm), for all I ∈Tn}.

With LV q
h,n

we denote the L2-projection mapping into the DG space V q
h,n.

Following [30] we call the function uh a generalized semi-discrete DG approximation of (5.17)

if it satisfies for u−1
h := LV q

h,0
u0 the following equations. For every n = 0, . . . ,Nt , un

h

∣∣
[tn,tn+1]

∈
C1((tn, tn+1);V

q
h,n)∩C0([tn, tn+1];V

q
h,n))),





Ns−1
∑

l=0

xl+1∫
xl

∂tun
h ·ψh dx =

Ns−1
∑

l=0

xl+1∫
xl

Ln
h(u

n
h) ·ψh dx ∀ψh ∈ V q

h,n

un
h(tn) = LV q

h,n
un−1

h (tn),
(GDG)

where Ln
h : V q

h,n→ V q
h,n is defined by

Ns−1

∑
l=0

xl+1∫

xl

Ln
h(v) ·ψh dx =

Ns−1

∑
l=0

xl+1∫

xl

F(v) ·∂xψh dx

−
Ns−1

∑
l=0

F̂(v(x−l ),v(x
+
l )) · [[ψh ]]l, ∀v,ψh ∈ V q

h,n. (5.18)

The numerical solution uh is defined through uh(0) := u−1
h and uh

∣∣
(tn,tn+1]

:= un
h

∣∣
(tn,tn+1]

.

The S-stage time-marching algorithm for the initial-value problem (GDG) for given n-th time-
iterate un

h(tn) ∈ V q
h,n reads as follows.
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Algorithm 3 Runge–Kutta Time-Step on time-dependent meshes

1: Set u(0)h = un
h(tn).

2: for j = 1, . . . ,S do

3: Compute: u( j)
h = ΛΠh

( j−1
∑

l=0
α jlw

jl
h

)
, w jl

h = u(l)h +
β jl
α jl

∆tnLn
h(u

(l)
h ).

4: end for
5: Set un

h(tn) = u(S)h .

The spatial mesh is adapted after every iteration of Algorithm 3. We describe the local mesh

adaption procedure in detail in Section 5.2.3.

5.2.2 Reconstruction and residuals

The reconstruction process for the SC approximation (4.19) is very similar to that of the SG

method, which we already described in detail in Section 5.1.1. For the SG method we recon-

structed the deterministic modes of the truncated gPC expansion, now we reconstruct the numer-

ical approximation {un
h(·,yk)}Nt

n=0 for every collocation point {yk}k∈K to a Lipschitz function

in space and time. For simplicity we assume that all approximate solutions are interpolated onto

a reference mesh T , which is a common refinement of all meshes. With V q
h we denote the DG

space associated with T , hence un
h(·,yk) ∈ V q

h for all n = 0, . . . ,Nt and for all k ∈K .

The temporal and space-time reconstruction process from Section 5.1.1 provides us with a com-

putable space-time reconstruction ûst(yk) := ûst(·, ·,yk) ∈W 1
∞((0,T );V

q+1
h ∩C0(D;U )) of the

numerical approximation {un
h(·,yk)}Nt

n=0, for every collocation point yk, k ∈K .

This allows us to define the space-time residual as follows.

Definition 5.16 (Space-time residual).
We call the function Rst(yk) := Rst(·, ·,yk) ∈ L2((0,T )×D;Rm), defined by

Rst(t,x,yk) := ∂t ûst(t,x,yk)+∂xF(ûst(t,x,yk),yk), (5.19)

the space-time residual associated with the collocation point yk, for all k ∈K .

In the next step we expand the space-time reconstruction into the corresponding random basis,

i.e. in the Lagrange basis, to obtain the so-called space-time-stochastic reconstruction.

Definition 5.17 (Space-time-stochastic reconstruction for SC).
We call the function ûsts ∈PK(Ξ)⊗W 1

∞((0,T );V
q+1

h ∩C0(D;U )) defined by

ûsts(t,x,y) := ∑
k∈K

ûst(t,x,yk)lk(y),
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the space-time-stochastic reconstruction of the numerical approximation (4.19).

Similar to the space-time reconstruction, we may plug ûsts into the random conservation law

(5.16) to obtain the so called space-time-stochastic residual.

Definition 5.18 (Space-time-stochastic residual for SC).
We define the space-time-stochastic residual Rsts ∈ L2

w(Ξ;L2((0,T )×D;Rm)) by

Rsts(t,x,y) := ∂t ûsts(t,x,y)+∂xF(ûsts(t,x,y),y). (5.20)

We now have all ingredients together to state the following main a posteriori error estimate that

can be directly derived from Theorem 2.15.

Theorem 5.19 (A posteriori error bound for the numerical solution).
Let u be a random entropy admissible solution of (5.16). Provided the reconstruction ûsts from

Definition 5.17 only take values in a compact, convex set C ⊂U , the difference between u and

the numerical solution un
h from (4.19) satisfies

‖u(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ̃;L2(D))

≤ 2‖ûsts(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ̃;L2(D))

+2
∫

Ξ

[(
C−1

η (y)
(
E sts(tn,y)+Cη(y)E

sts
0 (y)

))

× exp
( tn∫

0

Cη(y)CF(y)‖∂xûsts(t, ·,y)‖L∞(D)+C2
η(y)

Cη(y)
dt
)]

w(y)dy,

for all n = 0, . . . ,Nt and for any P̃-measurable set Ξ̃⊆ Ξ. Here

E sts(tn,y) := ‖Rsts(·, ·,y)‖2
L2((0,tn)×D), (5.21)

E sts
0 (y) := ‖u0(·,y)− ûsts(0, ·,y)‖2

L2(D). (5.22)

Similar to the SG method we want to derive a splitting of the space-time-stochastic residual into

a space-time (deterministic) and stochastic part. The decomposition of the residual is shown in

the following lemma.

Lemma 5.20 (Splitting of the space-time-stochastic residual for SC).
The space-time-stochastic residual Rsts admits the decomposition

Rsts = Rst +Rstoch, (5.23)

with

Rst := ∑
k∈K

Rst(yk)lk and (5.24)

Rstoch := ∂xF
(

∑
k∈K

ûst(yk)lk, ·
)
− ∑

k∈K
∂xF(ûst(yk),yk)lk. (5.25)
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Rst and Rstoch are called the space-time (deterministic) and stochastic residual.

Proof. For every collocation point yk, k ∈K , we compute the space-time reconstruction

ûst(·, ·,yk) which fulfills

Rst(yk) = ∂t ûst(yk)+∂xF(ûst(yk),yk). (5.26)

Moreover, we know from (5.47) that the space-time-stochastic reconstruction ûsts=

∑
k∈K

ûst(t,x,yk)lk(y) satisfies the relation

Rsts = ∂t ûsts +∂xF(ûsts, ·) = ∂t

(
∑

k∈K
ûst(yk)lk

)
+∂xF

(
∑

k∈K
ûst(yk)lk, ·

)
. (5.27)

Multiplying (5.26) by lk and summing over k ∈K yields

∑
k∈K

Rst(yk)lk = ∑
k∈K

∂t ûst(yk)lk + ∑
k∈K

∂xF(ûst(yk),yk)lk. (5.28)

Inserting (5.28) into (5.27) yields

Rsts = ∂t

(
∑

k∈K
ûst(yk)lk

)
+∂xF

(
∑

k∈K
ûst(yk)lk, ·

)

+ ∑
k∈K

Rst(yk)lk−
(

∑
k∈K

∂t ûst(yk)lk + ∑
k∈K

∂xF(ûst(yk),yk)lk
)

= ∑
k∈K

Rst(yk)lk +
(

∂xF
(

∑
k∈K

ûst(yk)lk, ·
)
− ∑

k∈K
∂xF(ûst(yk),yk)lk

)

=Rst +Rstoch.

Remark 5.21.
The residual Rst in (5.24) interpolates spatio-temporal residuals and contains information

about the discretization error in physical space, i.e. the space-time resolution of (GDG) us-

ing the RKDG method. In contrast to Rst , the stochastic residual Rstoch in (5.25) indicates the

quality of the interpolation in stochastic space.

To simplify Theorem 5.19 let us assume that the eigenvalues of the Hessian Huη(u,y) are

bounded from above and below by positive numbers, for any u ∈ C uniformly in Ξ. We let

Cη := esssup
y∈Ξ

Cη(Ξ) < ∞, Cη := ess inf
y∈Ξ

Cη(y) > 0 and CF := esssup
y∈Ξ

CF(Ξ) < ∞. In our nu-

merical examples, where we consider the compressible Euler equations, the dependence of the

flux function F and η on y is explicitly known and we can compute the constants Cη ,Cη ,CF

numerically.
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Corollary 5.22 (A posteriori error bound with error splitting and simplified bounds).
Let u be a random entropy admissible solution of (5.16). Then, the difference between u and

the numerical solution un
h from (4.19) satisfies

‖u(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ̃;L2(D))

≤ 2‖ûsts(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ̃;L2(D))

+2C−1
η

(
2E st(tn)+2E stoch(tn)+CηE sts

0

)

× exp
(

C−1
η

tn∫

0

(
CηCF‖∂xûsts(t, ·,y)‖L∞

w(Ξ̃;L∞(D))+C2
η

)
dt
)

for n = 0, . . . ,Nt and for all P̃-measurable sets Ξ̃⊆ Ξ. Here,

E st(tn) := ‖Rst‖2
L2

w(Ξ̃;L2((0,tn)×D))
, (5.29)

E stoch(tn) := ‖Rstoch‖2
L2

w(Ξ̃;L2((0,tn)×D))
, (5.30)

E sts
0 := ‖u0(·, ·)− ûsts(0, ·, ·)‖2

L2
w(Ξ̃;L2(D))

. (5.31)

Remark 5.23. 1. In order for the upcoming space-stochastic adaptive algorithm based on

E st , E stoch to be efficient, we need E st to depend solely on the spatio-temporal discretiza-

tion and to be independent of the stochastic discretization. Similarly, we need E stoch

to decay when the stochastic resolution is increased but to be independent of the spatio-

temporal discretization. In Remark 5.24 we prove that E st is indeed unaffected by stochas-

tic refinement. Remark 5.25 discusses the independence of the stochastic residual from

the spatial discretization.

2. The scaling properties of E st , resp. Rst(yk), were studied in [28]. Currently we are

not able to prove any of the scaling properties of E stoch w.r.t. to K and the number of

Multi-Elements. However, our numerical experiments show that E stoch scales as desired,

i.e. E stoch shows the same qualitative behavior as the stochastic interpolation error of the

exact solution.

3. As described in Remark 5.13, Rst scales with 1
h in the vicinity of shocks and contact

discontinuities, i.e., it blows up under spatial mesh refinement in these areas, although the

numerical solution converges towards the exact solution. Hence, we only have reliable

a posteriori error control for smooth solutions of (5.16). However, as Rst precisely

captures the positions of rarefaction waves, contact discontinuities and shocks we use

Rst and Rstoch, resp. E st and E stoch, as local indicators for our adaptive mesh refinement

algorithms described in Section 5.2.3.

Remark 5.24 (Uniformity of the deterministic residual in Ξ).
As noted above, the collocation points yk are chosen to be the zeros of the corresponding or-
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thogonal polynomial depending on the distribution of y. The deterministic residual Rst from

(5.24) consists of Lagrange polynomials associated with the corresponding collocation points,

thus Gaussian quadrature in Ξ yields

E st(T ) = ‖Rst‖2
L2

w(Ξ;L2((0,T )×D)) = ∑
k∈K
‖Rst(yk)‖2

L2((0,T )×D))wk

≤ max
k∈K
‖Rst(yk)‖2

L2((0,T )×D).

Hence, E st inherits the convergence order of Rst(yk) and is thus independent of the stochastic

discretization.

Remark 5.25 (Decay of stochastic residual).
Remark 5.24 shows that the deterministic residual E st is indeed unaffected by stochastic dis-

cretization. To prove that the stochastic residual Rstoch is independent of the spatial discretiza-

tion is not straightforward and can only be shown if we assume that the stochastic regularity

does not depend on the spatial discretization. This is in general not true, see for example [82,

Sec. 4.3], where the authors prove that in case of a wave equation with discontinuous wave

speed, the stochastic regularity depends on the spatial mesh width h. If we define the SC oper-

ator via IK (u) := ∑
k∈K

u(yk)lk we are able to write the stochastic residual Rstoch from (5.25)

as follows

Rstoch(t,x, ·) =
(

∂xF
(

∑
k∈K

ûst(t,x,yk)lk(·), ·
)
− ∑

k∈K
∂xF(ûst(t,x,yk),yk)lk(·)

)

= ∂xF(ûsts(t,x, ·), ·)−IK

(
∂xF(ûsts(t,x, ·), ·)

)
,

for a.e. (t,x) ∈ (0,T )×D. Hence, Rstoch corresponds to the stochastic interpolation error,

when interpolating the spatial derivative of the flux function F. As long as the regularity of

the mapping y 7→ ∂xF(ûsts(·, ·,y),y) does not depend on the spatial mesh width h, Rstoch would

decay independently of h. For smooth solutions we expect that this is indeed the case, cf. [82,

Remark 6]. Our numerical experiments confirm this assertion and show that the convergence

of E sc is unaffected by the spatial resolution.

5.2.3 Adaptive Algorithms

The splitting of the space-time-stochastic residual into a deterministic and a stochastic residual

helps us in developing adaptive numerical schemes where we use the residuals as local error

indicators for spatial and stochastic mesh refinement. We describe the deterministic spatially

adaptive algorithm, which we use to solve (GDG) for every collocation point yk, k ∈K . We
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slightly abuse the notation from (5.29) and write for every physical cell I ∈Tn, E st
k (tn, tn+1, I) :=

‖Rst(yk)‖L2((tn,tn+1)×I), which is the cell-wise indicator for the spatial refinement in D.

The local physical mesh refinement is achieved by uniformly dividing one cell into two new

children cells or merging two cells into one parent cell. To mark elements for refinement we

compute the deterministic residual E st
k (tn, tn+1, I) on every cell I ∈ Tn and based on the resid-

ual we mark a fixed fraction of the cells for refinement. To coarsen the mesh, we can only

merge cells that have the same parent element and both siblings are marked for coarsening.

For coarsening we also choose a fixed fraction of all elements according to the local residual

E st
k (tn, tn+1, I), cf. [60]. Additionally, each cell is augmented with a variable denoting its current

mesh-level which is initially zero. We fix a maximum mesh-level L ∈ N, to restrict the fineness

of the adaptive mesh. The algorithm reads as follows:

Algorithm 4 Deterministic h-adaptive algorithm
Input: final time T , max mesh-level L, initial mesh T0

1: Compute un+1
h on the current mesh Tn using Algorithm 3

2: Compute E st
k (tn, tn+1, I) for I ∈Tn and mark a fixed fraction of the elements for refinement

and coarsening
a: Refinement: If the cell’s mesh-level is L do nothing. Else divide it uniformly into two
new cells and increase the two new cells’ mesh-level by one
b: Coarsening: If the cell’s mesh-level is zero do nothing. Else check if its sibling is marked
for coarsening. If yes merge the two cells into one and decrease its mesh-level by one

3: Project un+1
h onto the new mesh Tn+1 using the LV q

h,n+1
-projection

4: If tn+1 < T go to step 1

Remark 5.26.
After every projection step in line three of Algorithm 4 we apply the TVBM slope limiter ΛΠh.

In the numerical experiments in Section 5.2.4 we observed that setting the refinement and coars-

ening fractions to 1% and 20% provided the best error reduction. We restrict the maximal re-

finement level to L = 3, since the time step size is linked to the size of the smallest spatial cell

(confer (3.5)), and allowing for smaller cells would make the time steps infeasible small. This

limitation could be overcome by local time-stepping.

Next, we describe the stochastic adaptive algorithm, where we use the Multi-Element method

from Section 4.1.2 in combination with the SC method. We call this method ME-SC. The idea

is the compute the stochastic residual E stoch on every ME and use this information as local

indicator for stochastic refinement.
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Algorithm 5 Stochastic NΞ-Adaptive Algorithm
Input: initial number of Multi-Elements MΞ, max no. of Multi-Elements NΞ, K +1 number of
collocation points in each stochastic dimension

1: For every Multi-Element Dm compute (K +1)N numerical samples using Algorithm 4
2: Compute E stoch(T ) on every Multi-Element Dm and uniformly subdivide the Multi-

Element with the biggest residual, set MΞ := MΞ +(2N−1)
3: If MΞ < NΞ compute M samples on every new Multi-Element and go to 2

5.2.4 Numerical experiments

In this section we present various numerical examples concerning the scaling properties of the

residuals and the performance of the adaptive algorithms. As deterministic numerical solver we

use the RKDG Code FLEXI [63]. The DG polynomial degrees are always one or two and for

the time-stepping we use the low storage SSP RK-method of order three as in [65]. The time-

reconstruction is also of order three. As numerical fluxes we choose either the Lax-Wendroff

numerical flux

F̂(u,v) := F(w(u,v)), w(u,v) :=
1
2

(
(u+ v)+

∆t
h
(F(v)−F(u))

)
, (5.32)

or the Lax-Friedrichs numerical flux

F̂(u,v) :=
1
2

(
F(u)+F(v)

)
+λ (v−u). (5.33)

In our example, the uncertainty is uniformly distributed. Therefore, we use the zeros of the

Gauß–Legendre polynomials as collocation points. Computing E st ,E stoch requires computing

integrals, we approximate them via Gauß–Legendre quadrature where we use seven points in

time, ten points in physical space and ten points in random space, except for K-refinement,

where for the global interpolation the number of quadrature points in random space is 2K.

In the following experiments we consider as instance of (5.16) the one-dimensional compress-

ible Euler equations for the flow of an ideal gas, which are given by

∂tρ +∂xm = 0,

∂tm+∂x

(
m2

ρ
+ p
)

= 0,

∂tE +∂x

(
(E + p)

m
ρ

)
= 0,

(5.34)

where ρ describes the mass density, m the momentum and E the energy of the gas. The consti-

tutive law for pressure p reads

p = (γ−1)
(

E− 1
2

m2

ρ

)
,
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with the adiabatic constant γ = 1.4 if not specified otherwise. In the following figures we refer

to the quantity ‖m(T, ·, ·)−mNt
h (·, ·)‖L2

w(Ξ;L2(D)) at final computational time T as numerical error,

unless otherwise stated. We also plot the residuals E st(T ) and E stoch(T ) as in (5.29) and (5.30)

from the momentum equation.

Remark 5.27.
Due to the structure of the flux Jacobian for the Euler equations (5.34),

DF(u) =




0 1 0

−0.5(γ−3)m2

ρ2 (3− γ)m
ρ γ−1

−γ Em
ρ +(γ−1)m3

ρ3 γ E
ρ − 3

2(γ−1)m2

ρ2 γ m
ρ


 ,

the first component of the stochastic residual Rstoch from (5.25) vanishes when considering the

Euler equations without source term. We therefore use the residuals for the momentum and the

energy balance as indicators for our space-stochastic mesh refinements.

Deterministic adaptivity: Sod Shock Tube Problem

In this numerical experiment we apply the adaptive spatial mesh refinement from Algorithm 4

to the Sod shock tube problem. The Riemann data for this problem is given by

ρ(t = 0,x,y) =





1, x < 0.5

0.125, x≥ 0.5,

m(t = 0,x,y) = 0,

E(t = 0,x,y) =





2.5, x < 0.5,

0.25, x≥ 0.5.

(5.35)

The numerical solution is computed on the domain D = [0,1] up to T = 0.2 using the Lax-

Friedrichs flux (5.33) and a DG polynomial degree of two. In this example we use exact bound-

ary conditions. In Figure 5.8(a) we compare the L1(D)- and L2(D)-error at time T between the

numerical solution and the exact solution obtained with an exact Riemann solver [4]. We can

see that for the same number of spatial cells Ns, the numerical error obtained with the adaptive

numerical algorithm is smaller than for the uniform mesh refinement. The adaptive algorithm is

also computationally more efficient than the uniform algorithm, which can be seen in the error

vs. cpu time plot in Figure 5.8(b).

Remark 5.28.
As discussed in Remark 5.23, Rst scales with 1

h in the vicinity of shocks and contact discontinu-

ities, i.e., it blows up under spatial mesh refinement in these areas. Thus, if we view the residual
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Figure 5.8: Error plot for the deterministic Sod shock tube problem. Example 5.35.

as an error indicator, it severely over-estimates the error so that it is to be called “inefficient”

in these areas, according to the nomenclature of e.g. [100]. From the point of view of mesh

adaptation however, refinement based on Rst leads to a reasonable refinement strategy that

yields a considerable improvement in error decay compared to uniform mesh refinement (cf.

Figure 5.8). In particular, Rst precisely captures the positions of rarefaction waves, contact

discontinuities and shocks.

Over-estimating the error at discontinuities leads to maximal refinement at discontinuities and

some refinement strategies for hyperbolic conservation laws suggest a maximal refinement close

to shocks [88].

A one-dimensional random space, K-refinement

We now consider the following exact solution.




ρ(t,x,y)
m(t,x,y)

E(t,x,y)


=




2+0.1cos(4π(x− yt))(
2+0.1cos(4π(x− yt))

)(
1+0.1sin(4π(x− yt))

)

(
2+0.1cos(4π(x− yt))

)2


 . (5.36)
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The numerical solution is computed on D = [0,1]per up to T = 0.2, the uncertainty stems from

a uniform distribution, i.e. ξ ∼U (0,8). We consider three different spatial meshes consisting

of Ns = 8,32,512 elements, DG polynomial degrees of q = 1,2 and we use the Lax-Wendroff

numerical flux (5.32). In this numerical example we globally approximate the function (5.36)

in Ξ, i.e. we increase the polynomial degree K and consider one ME.

2 10 2010−16

10−12

10−8

10−4

100

K

er
ro

r

K refinement in Ξ

E stoch, Ns = 8, q = 1
E stoch, Ns = 32, q = 2
E stoch, Ns = 512, q = 2
E st , Ns = 8, q = 1
E st , Ns = 32, q = 2
E st , Ns = 512, q = 2
error, Ns = 8, q = 1
error, Ns = 32, q = 2
error, Ns = 512, q = 2

Figure 5.9: Error plot for stochastic smooth problem (5.36).

Figure 5.9 shows the behavior of the error and the spatial, resp. stochastic residual, when we

globally interpolate the smooth function (5.36). We see that the stochastic residual E stoch ex-

hibits spectral convergence. Also the numerical error exhibits spectral convergence until it starts

to stagnate because of the spatial resolution error. This is the correct behavior of the stochastic

residual as we are globally increasing the polynomial degree in the random space and, there-

fore, expect spectral convergence with increasing polynomial degree. We also observe that the

exponential convergence of E stoch is not altered by a finer or coarser space discretization, even

for the very coarse discretization consisting of eight spatial cells and DG polynomial degree of

one. Moreover, the deterministic residual E st is unaffected by the increasing resolution in the

random space, which we expect from the residual’s splitting into a space-time and a stochastic

part.
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Mesh refinement in Ξ and random flux function

In this example we examine the scaling properties of E stoch under mesh refinements for a two-

dimensional random space Ξ⊂ R2. We consider the same smooth function as before,




ρ(t,x,y1)

m(t,x,y1)

E(t,x,y1)


=




2+0.1cos(4π(x− y1t))(
2+0.1cos(4π(x− y1t))

)(
1+0.1sin(4π(x− y1t))

)

(
2+0.1cos(4π(x− y1t))

)2


 . (5.37)

with ξ1 ∼ U (0,8). Moreover, we consider a random adiabatic constant. We assume that γ =

ξ2 ∼ U (1.4,1.6) and thus the flux function is also random. The randomness of the adiabatic-

constant corresponds to considering a gas mixture of uncertain composition. The numerical

solution is computed on D = [0,1]per up to T = 0.2. We consider a fixed spatial mesh consisting

of Ns = 32 elements. For the ME-SC method we perform a linear and a quadratic interpolation,

i.e. K ∈ {1,2}.
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Figure 5.10: Error plot for stochastic smooth problem (5.37).

Figure 5.10 illustrates the behavior of the stochastic residual E stoch, when we consider a local

interpolation, i.e., when we consider the ME method from Section 4.1.2. We observe that for

a local linear and quadratic interpolation, i.e. K ∈ {1,2}, the stochastic residual converges

approximately with the expected rate of convergence, which is (K + 1)/2, cf. [102]. Like for

the K-refinement in the previous section, the deterministic residual E st stays constant, when we

increase the number of MEs, i.e. it is independent of the stochastic discretization.
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Stochastic adaptivity: stochastic problem with discontinuous solution

We apply the stochastic adaptive Algorithm 5 without spatial adaptivity to a solution which has

a discontinuity in the random variable and compare the results with uniform space-stochastic

mesh refinements. We therefore consider the following discontinuous function,



ρ(t,x,y1,y2)

m(t,x,y1,y2)

E(t,x,y1,y2)


=




1+A(y1,y2)cos(4π(x− y1t))(
1+A(y1,y2)cos(4π(x− y1t))

)(
1+0.1sin(4π(x− y1t))

)

(
1+A(y1,y2)cos(4π(x− y1t))

)2


 , (5.38)

where

A(y1,y2) =





0.1, if y2
1 + y2

2 ≤ 0.52

0.2, else .

is a discontinuous amplitude. For the spatial domain D= [0,1]per we use Ns = 32 elements and a

DG polynomial degree of two. The solution is computed up to T = 0.2 using the Lax-Wendroff

numerical flux (5.32) and for the uncertainty we assume that ξ1,ξ2 ∼U (0,1). For the ME-SC

method we consider a linear interpolant, i.e. K = 1.

In Figure 5.11(a) we plot the error and the spatial resp. stochastic residual versus the number

of MEs and in Figure 5.11(b) we show the error of the uniform and adaptive method versus

cpu time. In Figure 5.11(a) we can observe that for the uniform stochastic refinement, both

the error and the stochastic residual E stoch converge with a rate of approximately 1/4. This is

in accordance with what we expect when interpolating a two-dimensional discontinuous func-

tion. For the adaptive refinement the error and the residual exhibit a rate of convergence of

approximately 1/2. The advantage of the stochastic adaptive algorithm is also reflected in Fig-

ure 5.11(b), where we reach an error reduction in significantly less time compared to uniform

refinement.

Space-stochastic adaptivity: an uncertain Riemann problem

Finally, we assess the efficiency of the space-stochastic adaptive algorithm by considering a

random Riemann Problem. The initial data for this problem reads as follows

ρ(t = 0,x,y) = 1

m(t = 0,x,y) =





y1, x≤ 0.5

y2, x > 0.5

p(t = 0,x,y) = 1,

(5.39)
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Figure 5.11: Error plot for discontinuous stochastic problem (5.38).

where ξ1,ξ2∼U (−1,1) and D= [0,1]. We compare the space-stochastic adaptive Algorithm 5

with uniform refinement, both in physical and random space. For this problem we use the Lax-

Friedrichs numerical flux (5.33) and for the uniform spatial mesh we consider Ns = 512 spatial

elements. We prescribe exact boundary conditions. For the adaptive algorithm we always start

on a spatial mesh consisting of Ns = 128 elements. The DG polynomial degree is two and we

consider a linear interpolation in the random space, i.e. K = 1. The solution is computed up to

T = 0.2. The error is measured in the expected value rather than the L2
w(Ξ;L2(D))-norm. Note

that we do not have an exact solution at hand for this problem, but due to Jensen’s inequality,

‖E
(
u(T, ·, ·)

)
−E
(
uNt

h (·, ·)
)
‖2

L2(D) ≤ E
(
‖u(T, ·, ·)−uNt

h (·, ·)‖2
L2(D)

)
(5.40)

= ‖u(T, ·, ·)−uNt
h (·, ·)‖2

L2
w(Ξ;L2(D)).

The reference expectation E
(
u(T, ·, ·)

)
is computed using a Monte Carlo method with an ex-

act Riemann solver with 500000 samples. In Figure 5.12(a) we show the numerical error as in

(5.40) and we also consider the error ‖E
(
u(T, ·, ·)

)
−E
(
uNt

h (·, ·)
)
‖L1(D) for an increasing number

of MEs, i.e. for increasing NΞ. We can see that the adaptive algorithm decreases the error con-

siderably faster than the uniform refinement. This is also depicted in the cpu time vs. error plot

(Figure 5.12(b)), where we can see that the adaptive algorithm reaches an absolute error in sig-

nificantly less computational time than the uniform algorithm. This demonstrates, in particular,
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Figure 5.12: Error plot uncertain Riemann problem (5.39).

the efficiency of our proposed method.

5.3 A posteriori error analysis based on the NISP method

As last application of our a posteriori error analysis framework we derive an a posteriori error

estimator for numerical approximations which rely on the NISP method. The content of this

section is published in [48].

Since the reconstruction procedure and the main a posteriori error estimate are very similar

to that of the SC method from Section 5.2, we only present the notion of reconstruction in

the context of NISP and the corresponding splitting of the residual. We consider (2.1) with

uncertain initial data, deterministic flux function F : U → Rm and one-dimensional random

space Ξ⊂ R. Our problem of interest is the following initial-value problem.




∂tu(t,x,y)+∂xF(u(t,x,y)) = 0, (t,x,y) ∈ (0,T )×D×Ξ,

u(0,x,y) = u0(x,y), (x,y) ∈ D×Ξ.
(5.41)
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5.3.1 Discretization, reconstruction and residuals

Recalling Section 4.1.3 we consider a set of quadrature points denoted by {yq}QΞ
q=0 ⊂ Ξ and

use them as collocation points in (5.41). Consequently, we obtain the following deterministic

initial-value problems




∂tu(t,x,yq)+∂xF(u(t,x,yq)) = 0, (t,x) ∈ (0,T )×D,

u(0,x,yq) = u0(x,yq), x ∈ D.
(5.42)

for all q = 0, . . . ,QΞ. For a simple notation let us assume that the time partition {tn}Nt
n=0 and the

triangulation T used for (5.42) are the same for every quadrature point {yq}QΞ
q=0. The numerical

approximation of the random entropy admissible weak solution of (5.41) at time t = tn can be

written as (cf. (4.16) and (4.17))

un
h(x,y) :=

K

∑
k=0

ûn
k(x)Ψk(y) =

K

∑
k=0

( QΞ

∑
q=0

un
h(x,yq)Ψk(yq)wq

)
Ψk(y). (5.43)

For every collocation point {yq}QΞ
q=0, the reconstruction process from the previous sections pro-

vides us with a computable space-time reconstruction ûst(yq) := ûst(·, ·,yq)∈W 1
∞((0,T );V

q+1
h ∩

C0(D;U )) of the numerical solution {un
h(yq)}Nt

n=0 ⊂ V q
h . This allows us to define a space-time

residual as follows.

Definition 5.29 (Space-time residual).
For all q = 0, . . . ,QΞ, we define Rst(yq) := Rst(·, ·,yq) ∈ L2((0,T )×D;Rm) by

Rst(yq) := ∂t ûst(yq)+∂xF(ûst(yq)) (5.44)

to be the space-time residual associated with the quadrature point yq.

Next we define the reconstructed mode, the space-time-stochastic reconstruction and the space-

time-stochastic residual. The latter is obtained by plugging the space-time-stochastic recon-

struction into the random conservation law (5.41).

Definition 5.30 (Space-time-stochastic reconstruction and residual).
Let {ûst(yq)}QΞ

q=0 : (0,T )×D→Rm be the sequence of space-time reconstructions at quadrature

points {yq}QΞ
q=0. The reconstructed modes of (5.43) are defined as

ûst
k :=

QΞ

∑
q=0

ûst(yq)Ψk(yq)wq, (5.45)
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for k = 0, . . . ,K. The space-time-stochastic reconstruction ûsts ∈ WK(Ξ)⊗W 1
∞((0,T );V

q+1
h ∩

C0(D;U )) is defined as

ûsts(t,x,y) :=
K

∑
k=0

ûst
k (t,x)Ψk(y). (5.46)

Finally, we define the space-time-stochastic residual Rsts ∈ L2
w(Ξ;L2((0,T )×D;Rm)) by

Rsts := ∂t ûsts +∂xF(ûsts). (5.47)

In Lemma 5.31 we show a splitting of the space-time-stochastic residual Rsts into three parts. A

deterministic residual, which corresponds to the spatial error when approximating (5.42) using

the RKDG method, a quadrature residual that reflects the quadrature error from the discrete

orthogonal projection in (4.16) and a stochastic cut-off error, which occurs when truncating the

infinite Fourier series in (4.2).

Lemma 5.31 (Orthogonal decomposition of the space-time-stochastic residual).
The space-time-stochastic residual Rsts from (5.47) admits the following orthogonal decompo-

sition,

Rsts =
K

∑
j=0

(
Rst

j +Rsq
j

)
Ψ j +

∞

∑
j>K

Rsc
j Ψ j, (5.48)

where

Rst
j :=

QΞ

∑
q=0

Rst(yq)Ψ j(yq)wq for j = 0, . . . ,K

Rsq
j :=

〈
∂xF
( K

∑
k=0

ûst(yk)Ψk

)
,Ψ j

〉
−

QΞ

∑
q=0

∂xF(ûst(yq))Ψ j(yq)wq for j = 0, . . . ,K

Rsc
j :=

〈
∂xF
( K

∑
k=0

ûst(yk)Ψk

)
,Ψ j

〉
for j > K

are called the j-th mode of the space-time, stochastic quadrature and stochastic cut-off residual.

Moreover, we have

E sts(t) := ‖Rsts‖2
L2

w(Ξ;L2((0,t)×D)) =
K

∑
j=0
‖Rst

j +Rsq
j ‖2

L2((0,t)×D)+
∞

∑
j>K
‖Rsc

j ‖2
L2((0,t)×D)

≤ 2E st(t)+2E sq(t)+E sc(t), (5.49)

where, for any t ∈ (0,T ),

E st(t) :=
K

∑
j=0
‖Rst

j ‖2
L2((0,t)×D), E sq(t) :=

K

∑
j=0
‖Rsq

j ‖2
L2((0,t)×D), E sc(t) :=

∞

∑
j>K
‖Rsc

j ‖2
L2((0,t)×D).
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Proof. We recall that the space-time reconstruction ûst(yq) satisfies

Rst(yq) = ∂t ûst(yq)+∂xF(ûst(yq)) (5.50)

for all q = 0, . . . ,QΞ. Moreover, the reconstructed mode ûst
j was defined as (cf. (5.45))

ûst
j =

QΞ

∑
q=0

ûst(yq)Ψ j(yq)wq (5.51)

for all j = 0, . . . ,K. Multiplying (5.50) by Ψ j(yq)wq and suming over q = 0, . . . ,QΞ yields,

using (5.51), the following relationship

QΞ

∑
q=0

Rst(yq)Ψ j(yq)wq = ∂t ûst
j +

QΞ

∑
q=0

∂xF(ûst(yq))Ψ j(yq)wq. (5.52)

By definition of the space-time-stochastic residual we have

Rsts = ∂t ûsts +∂xF(ûsts) = ∂t

( K

∑
k=0

ûst
k Ψk

)
+∂xF

( K

∑
k=0

ûst
k Ψk

)
.

Let us begin by studying the j-th mode of Rsts for j = 0, . . . ,K. In this case the orthogonality

relation (4.1) yields

〈
Rsts,Ψ j

〉
=
〈

∂t ûsts +∂xF(ûsts),Ψ j

〉
= ∂t ûst

j +
〈

∂xF
( K

∑
k=0

ûst
k Ψk

)
,Ψ j

〉
. (5.53)

Using (5.52) we obtain

〈
Rsts,Ψ j

〉
=

QΞ

∑
q=0

Rst(yq)Ψ j(yq)wq (5.54)

+
〈

∂xF
( K

∑
k=0

ûst
k Ψi

)
,Ψ j

〉
−

QΞ

∑
q=0

∂xF(ûst(yq))Ψ j(yq)wq = Rst
j +Rsq

j .

For j > K the j-th moment of Rsts is

〈
Rsts,Ψ j

〉
=
〈

∂xF
( K

∑
k=0

ûst
k Ψk

)
,Ψ j

〉
= Rsc

j . (5.55)

Formula (5.48) then follows from (5.54) and (5.55). Formula (5.49) is an application of the

Pythagorean theorem for L2
w(Ξ).

We directly present the following a posteriori error estimate with separable error bounds, which

follows from Theorem 2.15 and Lemma 5.31.
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Theorem 5.32 (A posteriori error bound for the numerical solution with error splitting).
Let u be the random entropy admissible weak solution of (5.41). Provided the reconstruction

ûsts from Definition 5.46 only takes values in a compact, convex set C ⊂ U , the difference

between u and the numerical solution un
h from (5.43) satisfies

‖u(tn, ·, ·)−un
h(·, ·)‖2

L2
w(Ξ;L2(D)) ≤ 2‖ûsts(tn, ·, ·)−un

h(·, ·)‖2
L2

w(Ξ;L2(D))

+2C−1
η

(
2E st(tn)+2E sq(tn)+E sc(tn)+CηE sts

0

)

× exp
(

C−1
η

tn∫

0

(
CηCF‖∂xûsts(t, ·, ·)‖L∞

w(Ξ;L∞(D))+C2
η

)
dt
)
,

for all n = 1, . . . ,Nt .

Theorem 5.32 shows that the entire space-stochastic error can be decomposed into three parts,

where E st quantifies the spatio-temporal discretization error of the RKDG scheme, E sq assesses

the quality of the discrete orthogonal projection and E sc quantifies the stochastic error by trun-

cation of the generalized polynomial chaos series.



6 Statistical Uncertainty Quantification
methods

The previous chapters were concerned with UQ methods for random conservation laws, which

relied on polynomial approximations of the underlying random field. In this chapter we dis-

cuss a simpler and in most cases more robust approach for UQ of compressible flows, based on

Monte Carlo (MC) and Multilevel Monte Carlo (MLMC) methods. As our novel contribution

we extend the classical MLMC method, which considers hierarchies of meshes of different res-

olution (h-refinement), to hierarchies which consist of arbitrarily h-, p- or hp-refined meshes.

Due to the multilevel structure, the bulk of computational time is shifted towards coarse lev-

els and only a few computations are conducted on fine levels, yielding significant savings in

computational work. We extend the well-known complexity results for the h-MLMC method

to what we call hp-MLMC method and prove that in the best case the asymptotic work scales

quadratically with the prescribed tolerance.

An important aspect of an iterative version of hp-MLMC is the optimal number of samples

which have to be computed on each level during one iteration. Due to random fluctuations in

computational time (for example due to a random time-step) and the fact that statistical quan-

tities like variances are only estimated, the optimal number of samples is in fact a statistical

quantity. A reliable estimate of the optimal number of samples requires a sufficiently large

sample size, which might be not available for deep levels or in the warm-up phase of the algo-

rithm. Consequently, a wrong estimate may lead to a severe overestimation of the actual optimal

number of samples, leading to a decrease of efficiency of the hp-MLMC method. Therefore, to

account for this additional uncertainty we are going to derive a lower confidence bound for the

optimal number of samples, which ensures that the optimal number of samples is not overesti-

mated.

Finally, we present numerical results for our numerical scheme and apply the h-,p- and hp-

MLMC method to different uncertain, viscous, compressible flow problems, governed by the

Navier–Stokes equations. In particular, we consider an important flow problem from computa-
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tional acoustics, a so-called cavity flow. It exhibits physical phenomena with high sensitivity

with respect to the problem parameters, thus it poses a challenging problem for UQ. Results

from this chapter have been published in [11] and the cavity example is from [74].

6.1 Monte Carlo method

The most straightforward approach for UQ of random conservation laws is the MC method.

It generates random inputs of the uncertain data, performs a deterministic simulation for every

random input and approximates mean and variance of the underlying random field by computing

sample mean and sample variance. More specifically, we are interested to determine

E
(
Q(u(t,x, ·))

)
=
∫

Ξ

Q(u(t,x,y)) w(y)dy and (6.1)

Var
(
Q(u(t,x, ·))

)
=
∫

Ξ

(
E
(
Q(u(t,x,y))

)
−Q(u(t,x,y))

)2
w(y)dy (6.2)

for a.e. (t,x) ∈ (0,T )×D. Here Q can be any arbitrary non-linear function or functional of u.

We let {ŷ j}M
j=1 ⊂ Ξ denote a set of randomly drawn input samples. Using ŷ j as an input param-

eter in (2.1) we compute a numerical approximation {u j
h(tn, ·)}

Nt
n=0 := {uh(tn, ·, ŷ j)}Nt

n=0 ⊂ V q
h

using the RKDG method from Section 3.1. We assume that the samples {u j
h}M

j=1 are indepen-

dent and identically distributed (iid). The MC estimator of (6.1) is defined as follows:

EM
MC
[
Q(uh)

]
:=

1
M

M

∑
j=1

Q(u j
h)≈ E

(
Q(u)

)
. (6.3)

The following lemma illustrates the rather slow convergence of the classical MC method with

respect to the sample size M ∈ N.

Lemma 6.1.
Let M ∈N and assume that Q(u) ∈ L2

w(Ξ;E) for some suitable Banach space E. Then the mean

square error (MSE) satisfies

E
(
‖E
(
Q(u)

)
−EM

MC
[
Q(u)

]
‖E
)2 ≤M−1σ2,

where σ2 := E
(
‖E
(
u
)
−u‖E

)2.

Proof. See the proof of Lemma 4.1 in [8].

Hence, the classical MC method converges with a rate of M−1/2 and is thus not suitable for prob-

lems where the computation of a single sample is computationally expensive. In our numerical
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experiments where we consider two-dimensional flow problems governed by the compressible

Navier–Stokes equations, MC is not feasible because the computation of a single sample is too

time-consuming. The situation becomes even worse when considering three-dimensional flow

problems.

6.2 hp-Multilevel Monte Carlo method

To overcome this problem Heinrich [61] and later Giles [51] extended the MC method to the

Multilevel Monte Carlo (MLMC) method, where they considered different mesh hierarchies

instead of one fixed mesh, to discretize the deterministic equation of interest. The main idea

of the MLMC method is that the global behavior of the exact expectation can be approximated

by the behavior of the expectation of numerical solutions with a low spatial resolution, which

can be computed at low cost. The coarse expectation is then subsequently corrected by only a

few computations on finer levels, which are computationally more expensive per sample. For

a successful application of MC and MLMC for UQ of conservation laws, we refer to [6, 7, 40,

79, 80, 81, 86] and references therein.

The classical MLMC method of Giles considers a hierarchy of different spatial meshes, which

corresponds to a h-refinement in spatial domain. We therefore dub this method h-MLMC.

On the other hand, mesh hierarchies can also be obtained by varying other discretization pa-

rameters, for example the degree of the ansatz polynomials. The resulting method is called

p-MLMC, or Multiorder MC (MOMC) as in [81]. In this thesis we generalize the h- and p-

MLMC method to arbitrarily, i.e. hp-refined mesh hierarchies. Consequently, we call this

method hp-MLMC method. To give a precise definition of the hp-MLMC method we consider

for l = 0, . . . ,L ∈ N, spatial meshes with Nl ∈ N elements and ansatz spaces of polynomial

degree ql ∈ N0. We choose the number of cells Nl and DG polynomial degrees ql , such that

N0 < .. . < NL and q0 < .. . < ql holds, i.e., we simultaneously increase the mesh size and the

DG polynomial degree. With V ql
hl

we denote the DG polynomial space corresponding to level

l = 0, . . . ,L . Moreover, ul(t, ·,y) ∈ V ql
hl

(a.e. (t,y) ∈ (0,T )×Ξ) is the DG numerical approxi-

mation associated with level l = 0, . . . ,L. Additionally, the deterministic numerical solution on

level l = 0, . . . ,L for input parameter ŷ j ∈Ξ, is denoted by u j
l := ul(·, ·, ŷ j) and will subsequently

be called sample.

Next we advance the MC estimator EM
MC
[
·
]

to the hp-MLMC estimator EL
hp

[
·
]

by using the
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linearity of the expectation in combination with a telescoping sum. We then write (see [51])

E
(
Q(uL)

)
=

L

∑
l=0

E
(
Q(ul)−Q(ul−1)

)
, (6.4)

where we define Q(u−1) = 0. Now each term in (6.4) can be estimated by the MC estimator

(6.3). If we let Ml ∈ N denote a level-dependent number of samples for each level l = 0, . . . ,L

and assume that the samples {Q(u j
l )}

Ml
j=1, l = 0, . . . ,L, on different levels are independent from

each other, we obtain the hp-MLMC estimator via

EL
hp
[
Q(uL)

]
:=

L

∑
l=0

1
Ml

Ml

∑
j=1

(Q(u j
l )−Q(u j

l−1)) =
L

∑
l=0

EMl
MC

[
Q(ul)−Q(ul−1)

]

≈
L

∑
l=0

E
(
Q(ul)−Q(ul−1)

)
= E

(
Q(uL)

)
.

Here, Q(u j
l ) and Q(u j

l−1), are computed using the same sample y j
l ∈ Ξ. The main idea of the

MLMC estimator is that the global behavior of the exact expectation can be approximated by

the behavior of the expectation of numerical solutions with a low resolution, where each sample

can be computed with low cost. Thus, Ml should be big for coarse levels. The coarse-level

expectation is then subsequently corrected by a few computations on finer levels, for which each

sample is computationally expensive and therefore Ml should be small on fine levels. Hence,

the most important aspect for the efficiency of the hp-MLMC estimator is the correct choice of

Ml . In the following section we show how to obtain Ml as solution of a constrained optimization

problem.

6.2.1 Optimal number of samples

For the following analysis we set the QoI to

Q(u) = u(t, ·, ·) (6.5)

for a fixed t ∈ [0,T ]. We note that our analysis can be analogously performed using any other

QoI, including functional ones and suitable norms.

Remark 6.2.
We consider the QoI (6.5) because we are mainly interested in statistical quantities of the solu-

tion u itself. However, many other QoIs have a higher regularity than the solution u, especially

if Q is a functional. Therefore, using a QoI with high regularity yields a faster decrease of

the variance across different levels, which increases the performance of the MLMC method
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compared to MC. In [1, Fig. 10] it has been numerically shown that for an uncertain Kelvin-

Helmholtz problem the level variance of the solution u does not decrease, because upon each

mesh refinement additional smaller scale structures are detected. Thus, MLMC method pro-

vides no computational gains compared to the MC when the QoI is the solution u itself. We

observe a similar behavior for the open cavity problem in Example 6.4.2 and for this example

we consider a QoI based on the pressure fluctuations of the solution. This QoI admits a fast

decrease of the variance across different levels.

With the help of the following representation of the MSE we derive an optimal number of

samples Ml for all l = 0, . . . ,L.

MSE := ‖E
(
u(t, ·, ·)

)
−EL

hp
[
uL(t, ·, ·)

]
‖L2

w(Ξ;L2(D)) ≤ εdet + εstat, (6.6)

εdet := ‖E
(
u(t, ·, ·)

)
−E
(
uL(t, ·, ·)

)
‖L2(D),

εstat := ‖E
(
uL(t, ·, ·)

)
−EL

hp
[
uL(t, ·, ·)

]
‖L2

w(Ξ;L2(D)).

The first term εdet in (6.6) is the deterministic approximation error (bias). It accounts for the

insufficient resolution of the deterministic system. The second term εstat corresponds to the

statistical (sampling) error. It occurs due to the finite number of samples in (6.3). The optimal

number of samples Ml is then chosen to minimize this term. For notational convenience we will

in the following suppress the explicit dependence on t ∈ [0,T ]. Using the independence of the

samples, we rewrite the statistical error in (6.6) (cf. [83]):

ε2
stat = E

[
‖E
(
uL
)
−EL

hp
[
uL
]
‖2

L2(D)

]

= E
[
‖

L

∑
l=0

E
(
ul−ul−1

)
−EMl

MC

[
ul−ul−1

]
‖2

L2(D)

]

=
L

∑
l=0

1
M2

l

Ml

∑
i=1

E
[
‖E
(
ul−ul−1

)
− (ui

l−ui
l−1)‖2

L2(D)

]

=
L

∑
l=0

1
Ml

E
[
‖E
(
ul−ul−1

)
− (ul−ul−1)‖2

L2(D)

]

=:
L

∑
l=0

σ2
l

Ml
. (6.7)

From the representation (6.7), the optimal number of samples can be obtained by an error-

complexity analysis as in [51, 81, 83]. We introduce the total work

Wtot := Wtot(M0, . . . ,ML) :=
L

∑
l=0

Mlwl, (6.8)
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where wl is the work needed to create one sample u j
l −u j

l−1. Following [51] we obtain the opti-

mal number of samples on different levels by considering the following minimization problem.

For a tolerance ε > 0,minimize
M0,...,ML∈N

Wtot under the constraint
L

∑
l=0

σ2
l

Ml
≤ 1

4
ε2. (6.9)

The minimization problem can be explicitly solved by (cf. [22, 51, 81])

Ml =

⌈(ε
2

)−2
√

σ2
l

wl

L

∑
k=0

√
σ2

k wk

⌉
. (6.10)

Since we consider an iterative version of the hp-MLMC method, we denote by Mtotl the number

of samples on level l ∈ {0, . . . ,L} that have already been calculated during the iterations of the

algorithm. We want to emphasize that Mtotl is not equal to Ml , which is the estimated optimal

number of samples from (6.10).

The level variances σ2
0 , . . .σ

2
L in (6.7) are not known in general and we therefore use the unbi-

ased estimator as in [83]:

σ̂2
l :=

1
Mtotl −1

Mtotl

∑
j=1

∫

D

(( 1
Mtotl

Mtotl

∑
i=1

(u j
i −ui

l−1)
)
− (u j

l−1−u j
l−1)

)2

dx. (6.11)

The work required for the simulation of one sample can vary with an uncertain parameter (e.g.

when uncertain viscosity influences the time-step restriction). Moreover, on high performance

computing systems, random variations in work can occur between two executions of the same

simulation. In order to account for this uncertainty, we estimate the work wl on level l = 0, . . . ,L

by the average work per sample U i
l , denoted by wi

l , and define the average work by

ŵl :=
1

Mtotl

Mtotl

∑
i=1

w j
l (6.12)

As a matter of fact, Ml from (6.10) is also only estimated and we call the estimator in the

following M̂l .

We now have all ingredients to state the classical MLMC algorithm proposed by Giles in [51].

It essentially consists of two parts. The first part aims at finding a maximum number of levels L

to bound the bias term εdet in (6.6). In the second part of the algorithm the optimal number of

samples Ml is computed such that (6.9) is satisfied. With this choice we obtain MSE ≤ ε with

the smallest possible computational cost. For the sake of illustration we shortly recapitulate the

most basic form of the hp-MLMC algorithm, where we fix the number of levels L beforehand.

The algorithm is in most parts similar to the ones presented in [51, 83]. The basic idea is to
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compute a number of warm-up samples Kl on each level l = 0, . . . ,L, then estimate wl , σ2
l and

compute Ml by formula (6.12). Finally, we add Ml−Mtotl new samples and repeat the process

as long as no new samples have to be added. The algorithm reads as follows.

Algorithm hp-MLMC
1: Fix a tolerance ε > 0, the maximum level L ∈ N and set L := {0, . . . ,L}
2: Compute Kl (warm-up) samples on level l = 0, . . . ,L and set Mtotl := Kl
3: while L 6= /0 do
4: for l ∈L do
5: Estimate wl by (6.12), σ2

l by (6.11) and then Ml by (6.10)
6: if Ml > Mtotl then
7: Add (Ml−Mtotl) new samples of u j

l −u j
l−1 and update Mtotl

8: else
9: Set L := L \{l}

10: end if
11: end for
12: end while
13: Compute EL

hp

[
uL
]

Based on Algorithm hp-MLMC, we want to discuss several important aspects of the hp-MLMC

method. First, the complexity of the algorithm will be analyzed in Theorem 6.4. The choice of

the maximum level L will be considered in Remark 6.8. The discussion of the number of warm-

up samples K0, . . . ,KL (line two in the algorithm), resp. the additional samples (line six and

seven in the algorithm) will be postponed to Section 6.2.3, where we derive lower confidence

bounds for the optimal number of samples Ml .

6.2.2 Computational complexity of hp-MLMC

Let us first consider the computational complexity of Algorithm hp-MLMC. To analyze the hp-

MLMC method we impose the following assumptions. To simplify the estimates in Theorem 6.4

below, we set q̃l = ql +1 for all l = 0, . . . ,L,

(A1) Asymptotic work: ∃ γ1,c1 > 0 (independent of hl, q̃l): wl ≤ c1(h−1
l q̃l)

γ1 for all l ∈ N

(A2) Bias reduction: ∃ κ1,c2 > 0 (independent of hl, q̃l): ‖E
(
U
)
−E
(
Ul
)
‖L2(D) ≤ c2hκ1q̃l

l for

all l ∈ N.

(A3) Variance reduction between two levels: ∃ c3 > 0, (independent of hl, q̃l): σ2
l ≤ c3hκ2q̃l

l

for some κ2 > 0 with κ1q̃0 ≥ κ2q̃0
2 and for all l ∈ N.
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Remark 6.3. 1. In Assumption (A1) it is required that the computational work is bounded

by the number of degrees of freedom on levels l = 0, . . . ,L. For the RKDG method in d

spatial dimensions we have h−d
l (ql +1)d spatial degrees of freedom times the number of

time-steps, which is proportional to h−1
l (ql + 1)1, or h−2

l (ql + 1)2, depending on evalu-

ation of the maximum in the CFL condition (6.52). Thus, the total work asymptotically

equals O(h−(d+1)
l (ql +1)d+1), resp. O(h−(d+2)

l (ql +1)d+2) and we therefore expect the

parameter γ1 to satisfy γ1 = d +1, or γ1 = d +2.

2. Assumption (A2) assumes that the bias, i.e., the deterministic approximation error, con-

verges with the order of the DG method. For smooth solutions the order of convergence

is O(hql+1
l ) = O(hq̃l

l ), cf. [110] and the numerical experiments in [63]. Therefore, we

expect κ1 = 1.

3. In Assumption (A3) we assume that the variance on level l = 0 . . . ,L, decays similar to

the bias term. If we consider regular solutions of a random pde, we expect κ2 = 2, cf. the

discussion in [86, p. 25].

In Theorem 6.4 below we consider two different cases κ2q̃0 ≷ γ1. For the second case κ2q̃0 < γ1

we introduce a critical level L∗ ∈ N such that κ2q̃L∗ < γ1 and κ2q̃L∗+1 ≥ γ1. With this notation

and the assumptions from above we can prove an optimality result for the complexity of the

hp-MLMC method. This result generalizes [22, Theorem 1] and [81, Theorem 3] to hp-refined

mesh hierarchies.

Theorem 6.4 (Complexity of the hp-MLMC method).
For β ∈N, and q0≥ 1 let {ql := q0+β l}l∈N be a sequence of DG polynomial degrees. Addition-

ally, we consider a family of meshes with associated mesh size hl = λ−lh0 for some h0 ∈ (0,1)

and λ ≥ 2. Let V ql
hl

be the corresponding DG spaces.

Under the assumptions (A1) - (A3), there exists a constant c > 0, such that for any tolerance

0 < ε < 1
e , there exists a maximum level L = L(ε) ∈ N, L(ε) ≥ 2, a number of samples Ml on

each level l ∈ {0, . . . ,L(ε)}, such that the mean square error from (6.6) satisfies MSE ≤ ε with

the computational complexity

Wtot ≤





cε−2, κ2q̃0 > γ1,

cε−2− γ1−κ2q̃0
min{κ1q̃L,κ1q̃L∗} , κ2q̃0 < γ1.

Remark 6.5.
Theorem 6.4 states that in the worst case κ2q̃0 < γ1, there exists a threshold for the asymptotic

complexity, which is O(ε−2− γ1−κ2q̃0
κ1q̃L∗ ) which cannot be improved for L > L∗.
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Before we present the proof of Theorem 6.4 we quickly state the following two lemmas which

will be needed for the proof of Theorem 6.4.

Lemma 6.6 ([81]).
For every real number r ∈ (0,1) and any p ∈ N, p≥ 1, we have

∞

∑
l=0

r(q̃0+β l)(q̃0 +β l)p =
p

∑
k=1

ckrk
( d

dr

)k rq̃0

1− rβ . (6.13)

Proof. Due to the geometric series formula we have

rq̃0
∞

∑
l=0

(rβ )l = rq̃0
1

1− rβ =: f (r).

Differentiation with respect to r and then multiplication by r yields

r
∞

∑
l=0

(q̃0 +β l)r(q̃0+β l−1) = r f ′(r).

Repeating this process p times yields the assertion of Lemma 6.6.

Lemma 6.7.
The following equality holds,

hκ1q̃L+1
L+1 = hκ1q̃L

L λ−κ1(q̃0+β )λ−2κ1βLhκ1β
0 . (6.14)

Proof. A straightforward calculation yields

hκ1q̃L+1
L+1 = (λ−1hL)

κ1(q̃L+β )

= λ−κ1q̃Lλ−κ1β hκ1q̃L
L hκ1β

L

= hκ1q̃L
L λ−κ1q̃0λ−κ1βLλ−κ1β (λ−Lh0)

κ1β

= hκ1q̃L
L λ−κ1(q̃0+β )λ−2κ1βLhκ1β

0 .

Proof of Theorem 6.4. We structure the proof as follows. First, we choose the numbers of levels

L(ε) ∈ N to bound the bias term εdet in (6.6). After fixing L = L(ε) we choose the numbers of

samples Ml for every level l = 0, . . . ,L.

By Assumption (A2) the bias term satisfies

εdet = ‖E
(
u
)
−E
(
uL
)
‖L2(D) ≤ c2hκ1q̃L

L ≤ ε
2
. (6.15)
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The statement in (6.15) can be equivalently written as

2c2ε−1hκ1q̃L
L = 2c2ε−1(λ−Lh0)

κ1(q̃0+βL)≤1.

Taking the logarithm yields

P(L) := log(2c2ε−1)+κ1(q̃0 +βL)
(

log(h0)−L log(λ )
)
≤ 0. (6.16)

The roots of the quadratic polynomial P are given by the real numbers

L1 =
κ1(β log(h0)− q̃0 log(λ ))+

(
β 2κ2

1 log(h0)
2 +κ2

1 q̃2
0 log(λ )2

2βκ1 log(λ )

+4βκ1 log(2) log(λ )+4βκ1 log(λ ) log(c2/ε)+2βκ2
1 q̃0 log(λ ) log(h0)

) 1
2

2βκ1 log(λ )
,

L2 =
κ1(β log(h0)− q̃0 log(λ ))−

(
β 2κ2

1 log(h0)
2 +κ2

1 q̃2
0 log(λ )2

2βκ1 log(λ )

+4βκ1 log(2) log(λ )+4βκ1 log(λ ) log(c2/ε)+2βκ2
1 q̃0 log(λ ) log(h0)

) 1
2

2βκ1 log(λ )
.

From now on we fix the level

L = L(ε) = max{dL1e ,dL2e ,2}. (6.17)

Without loss of generality we assume that the maximum in (6.17) is attained at dL1e. Due to

L1 ≤ L≤ L1 +1 we obtain

c2h
κ1q̃L1+1
L1+1 < c2hκ1q̃L

L ≤ c2h
κ1q̃L1
L1

≤ 1
2

ε. (6.18)

Using Lemma 6.7 yields the lower bound

1
2

εδλ−2κ1βL1 < c2hκ1q̃L
L ≤ 1

2
ε, (6.19)

with δ := λ−κ1(q̃0+β )hκ1β
0 . Next, we consider two different cases.

First case: κ2q̃0 > γ1

We choose the number of samples on level l = 0, . . . ,L to be

Ml :=
⌈

4ε−2c3Sh(γ1+κ2q̃l)/2
l q̃−γ1/2

l

⌉
. (6.20)
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Here,

S = h−γ1/2
0

dγ1/2e
∑
k=1

ckrk
( d

dr

)k
f (r), f (r) =

rq̃0

1− rβ (6.21)

is the right-hand side in (6.13) with r = hκ2/2
0 . Using (6.20) and Assumption (A3) we obtain

L

∑
l=0

σ2
l

Ml
≤ 1

4
ε2S−1

L

∑
l=0

h(κ2q̃l−γ1)/2
l q̃γ1/2

l

≤ 1
4

ε2S−1
L

∑
l=0

h(κ2q̃l−γ1)/2
0 q̃γ1/2

l

≤ 1
4

ε2S−1h−γ1/2
0

∞

∑
l=0

hκ2(q̃0+lβ )/2
0 (q̃0 + lβ )γ1/2

≤ ε2

4
(S−1S) =

ε2

4
.

Here we used κ2q̃l− γ1 > 0 for all l = 0, . . . ,L, because κ2q̃0 > γ1.

Next we want to derive a bound for the total work. Using Assumption (A1) we obtain

L

∑
l=0

Mlwl ≤ c1

L

∑
l=0

Mlh
−γ1
l q̃γ1

l .

Using the definition of Ml from (6.20) leads to

L

∑
l=0

Mlwl ≤ c1

L

∑
l=0

Mlh
−γ1
l q̃γ1

l

≤ c1

L

∑
l=0

(
4ε−2c3Sh(γ1+κ2q̃l)/2

l q̃−γ1/2
l +1

)
h−γ1

l q̃γ1
l

≤ c1

(
4ε−2Sc3

L

∑
l=0

h(κ2q̃l−γ1)/2
l q̃γ1/2

l +
L

∑
l=0

h−γ1
l q̃γ1

l

)
. (6.22)

The first sum in (6.22) is bounded by the same arguments as before. For the second sum we

first consider (6.19). After rearranging the lower bound in (6.19) we obtain

1
2

εδ < c2λ 2κ1βL1hκ1q̃L
L = c2λ 2κ1βL1λ−Lκ1q̃Lhκ1q̃L

0 (6.23)

= c2λ 2κ1βL1λ−Lκ1q̃0λ−κ1βL2
hκ1q̃L

0

= c2λ κ1β (2L1−L2)λ−Lκ1q̃0hκ1q̃0
0 hκ1βL

0 .

Because L≥ L1 and L≥ 2 it holds that (2L1−L2)≤ 0 and thus λ κ1β (2L1−L2) ≤ 1. Analogously

we estimate hκ1βL
0 ≤ 1. Altogether we have

1
2

εδ < c2hκ1q̃0
L ,
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and this yields

h−γ1
L < (2c2δ−1ε−1)γ1/κ1q̃0 . (6.24)

On the other hand we have from (6.19)

1
2

εδλ−2κ1βL1 < c2hκ1q̃L
L = c2λ−Lκ1q̃0λ−κ1βL2

hκ1q̃L
0 .

Rearranging gives

1
2

εδλ κ1β (L2−2L1)λ Lκ1q̃0 < c2hκ1q̃L
0 . (6.25)

By the same arguments as above we derive the following lower bound

1
2

εδ < c2hκ1q̃L
0 . (6.26)

Thus, by rearranging (6.26) and taking the logarithm we obtain

q̃L <
log(2c2δ−1ε−1)

log(h−κ1
0 )

=
log(2c2δ−1)

log(h−κ1
0 )

+
log(ε−1)

log(h−κ1
0 )

=: ĉ1 + ĉ2 log
(1

ε

)
. (6.27)

The leading term in (6.27) has logarithmic growth in ε , hence we can bound it by a term which

grows algebraically, i.e. we find a constant ĉ3 > 0, such that

q̃L < ĉ3ε
−2+

γ1
κ1q̃0

γ1+1 . (6.28)

To have a negative exponent we need to have κ1q̃0 >
1
2γ1. This follows from Assumption (A2)

because κ1q̃0 ≥ κ2q̃0
2 > γ1

2 . We then proceed to estimate

L

∑
l=0

h−γ1
l q̃γ1

l ≤ h−γ1
L q̃γ1

L (L+1)≤ h−γ1
L q̃γ1+1

L , (6.29)

where the last inequality follows from the fact that (1+L)≤ q̃0 +βL = q̃L. Now, using (6.24)

and (6.28) yields with a constant c = c(c2, ĉ3,δ−1)

L

∑
l=0

h−γ1
l q̃γ1

l ≤ cε−
γ1

κ1q̃0 ε−2+ γ1
κ1q̃0 = cε−2. (6.30)

Thus, the first case follows.

Second case: κ2q̃0 < γ1

Let L∗ ∈ N be such that κ2q̃L∗ < γ1 and κ2q̃L∗+1 ≥ γ1. For the second case we choose

Ml :=
⌈

8ε−2c3h(γ1+κ2q̃l)/2
l h−(γ1−κ2q̃0)/2

L∗
(
1−λ−(γ1−κ2q̃0)/2))−1

⌉
, (6.31)
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for l = 0, . . . ,L∗ and

Ml :=
⌈

8ε−2c3Sh(γ1+κ2q̃l)/2
l q̃−γ1/2

l

⌉
, (6.32)

for l = L∗+1, . . . ,L. Here S is the right hand side of (6.13) with r = hκ2/2
0 and q̃0 replaced with

q̃L∗+1. We derive the following two bounds which we shall consider later. Let us assume that

L(ε) from (6.17) satisfies L = L(ε)≤ L∗. After rearranging (6.19) we have

h−κ1q̃L
L < 2c2(εδ )−1λ 2κ1βL1 ≤ 2c2δ−1λ 2κ1βL∗ε−1

Hence, we deduce

h−γ1
L < c(L∗)−γ1/κ1q̃Lε−γ1/κ1q̃L , (6.33)

where we set c(L∗) = 2c2δ−1λ 2κ1βL∗ . If 0 < c(L∗)< 1 we estimate

c(L∗)−γ1/κ1q̃L ≤ c(L∗)−γ1/κ1q̃0 =: c̃(L∗),

and if c(L∗)≥ 1 we estimate

c(L∗)−γ1/κ1q̃L ≤ c(L∗)−γ1/κ1q̃L∗ =: c̃(L∗).

In both cases c̃(L∗) is a constant independent of L.

If conversely L∗ ≤ L−1 holds, we have

c2hκ1q̃L∗
L∗ ≥ c2hκ1q̃L−1

L−1 ≥ c2h
κ1q̃L1
L1

= c2
ε
2
,

because L−1≤ L1, cf. (6.17). It follows that

h−γ1
L∗ < ε−γ1/κ1q̃L∗ . (6.34)

Next, let us consider a splitting for the statistical error given by

L

∑
l=0

σ2
l

Ml
=

L∗

∑
l=0

σ2
l

Ml
+

L

∑
l=L∗+1

σ2
l

Ml
. (6.35)

Note that in the case L ≤ L∗, the second sum in (6.35) vanishes. We treat each term separately

and start with the first sum in (6.35). Using the definition (6.31) of Ml we have

L∗

∑
l=0

σ2
l

Ml
≤ 1

8
ε2h(γ1−κ2q̃0)/2

L∗ (1−λ−(γ1−κ2q̃0)/2))
L∗

∑
l=0

h(κ2q̃l−γ1)/2
l

≤ 1
8

ε2h(γ1−κ2q̃0)/2
L∗ (1−λ−(γ1−κ2q̃0)/2))

L∗

∑
l=0

h(κ2q̃0−γ1)/2
l .
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For the last inequality we used the fact that h(κ2q̃l−γ1)/2
l < h(κ2q̃0−γ1)/2

l holds as long as 0 >

κ2q̃l− γ1 > κ2q̃0− γ1. We proceed to estimate

L∗

∑
l=0

σ2
l

Ml
≤ 1

8
ε2h(γ1−κ2q̃0)/2

L∗ (1−λ−(γ1−κ2q̃0)/2))
L∗

∑
l=0

(λ L∗−lhL∗)
−(γ1−κ2q̃0)/2

=
1
8

ε2h(γ1−κ2q̃0)/2
L∗ (1−λ−(γ1−κ2q̃0)/2))

L∗

∑
l=0

(λ lhL∗)
−(γ1−κ2q̃0)/2

≤ 1
8

ε2h(γ1−κ2q̃0)/2
L∗ h−(γ1−κ2q̃0)/2

L∗ (1−λ−(γ1−κ2q̃0)/2))
∞

∑
l=0

(λ−(γ1−κ2q̃0)/2)l

≤ 1
8

ε2.

In the next step we estimate the second sum in (6.35) and use the definition (6.32) of Ml to

derive

L

∑
l=L∗+1

σ2
l

Ml
≤ 1

8
ε2S−1

L

∑
l=L∗+1

h(κ2q̃l−γ1)/2
l q̃γ1/2

l ≤ 1
8

ε2S−1
L

∑
l=L∗+1

h(κ2q̃l−γ1)/2
0 q̃γ1/2

l

≤ 1
8

ε2S−1
L−(L∗+1)

∑
l=0

h
(κ2q̃(L∗+1)+l−γ1)/2
0 q̃γ1/2

(L∗+1)+l ≤
1
8

ε2, (6.36)

which yields altogether
L

∑
l=0

σ2
l

Ml
≤ 1

4
ε2.

Similarly to the previous sum (6.35) we rewrite the total work as

L

∑
l=0

Mlwl =
L∗

∑
l=0

Mlwl +
L

∑
l=L∗+1

Mlwl (6.37)

and proceed with the first sum.

L∗

∑
l=0

Mlwl ≤ c1

L∗

∑
l=0

(
8ε−2c3h(γ1+κ2q̃l)/2

l h−(γ1−κ2q̃0)/2
L∗

(
1−λ−(γ1−κ2q̃0)/2)

)−1
+1
)

×h−γ1
l q̃γ1

l . (6.38)

Starting with the first sum in (6.38) we estimate

L∗

∑
l=0

c3c18ε−2h−(γ1−κ2q̃0)/2
L∗

(
1−λ−(γ1−κ2q̃0)/2)

)−1
h−(γ1−κ2q̃l)/2

l q̃γ1
l

≤ c3c18ε−2h−(γ1−κ2q̃0)/2
L∗

(
1−λ−(γ1−κ2q̃0)/2)

)−1 L∗

∑
l=0

(λ lhL∗)
−(γ1−κ2q̃0)/2q̃γ1

l

= c3c18ε−2h−(γ1−κ2q̃0)
L∗

(
1−λ−(γ1−κ2q̃0)/2)

)−1 L∗

∑
l=0

(λ−(γ1−κ2q̃0)/2)l(q̃0 +β l)γ1.
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By the ratio test the series
L
∑

l=0
(λ−(γ1−κ2q̃0)/2)l(q̃0 +β l)γ1 converges as L→ ∞. Hence,

L∗

∑
l=0

c3c18ε−2h−(γ1−κ2q̃0)/2
L∗

(
1−λ−(γ1−κ2q̃0)/2)

)
h−(γ1−κ2q̃l)/2

l q̃γ1
l ≤ cε−2h−(γ1−κ2q̃0)

L∗ ,

where c := c3c18
(

1− λ−(γ1−κ2q̃0)/2)
)−1 ∞

∑
l=0

(λ−(γ1−κ2q̃0)/2)l(q̃0 + β l)γ1 . If L∗ ≤ L− 1 we use

(6.34) to end up with

L∗

∑
l=0

c3c18ε−2h−(γ1−κ2q̃0)/2
L∗

(
1−λ−(γ1−κ2q̃0)/2)

)
h−(γ1−κ2q̃l)/2

l q̃γ1
l

≤ cε−2h−(γ1−κ2q̃0)
L∗

≤ cε−2− γ1−κ2q̃0
κ1q̃L∗ .

If L∗ ≥ L holds we use (6.33) to obtain

L

∑
l=0

c3c18ε−2h−(γ1−κ2q̃0)/2
L

(
1−λ−(γ1−κ2q̃0)/2)

)
h−(γ1−κ2q̃l)/2

l q̃γ1
l

≤ cc̃(L∗)ε−2h−(γ1−κ2q̃0)
L

≤ cc̃(L∗)ε−2− γ1−κ2q̃0
κ1q̃L .

Returning to the total work estimate, for the second sum in (6.38) we use (6.29) to obtain

L∗

∑
l=0

h−γ1
l q̃γ1

l ≤ h−γ1
L∗ q̃γ1+1

L∗ .

By the same argument as in (6.26)-(6.28) we find a constant ĉ4 such that,

q̃L∗ < ĉ4ε
−2+

κ2q̃0
κ1q̃L∗

γ1+1 . (6.39)

In this case we need κ1q̃L∗ >
κ2q̃0

2 , which follows from Assumption (A2) because κ1q̃L∗ >

κ1q̃0 ≥ κ2q̃0
2 . Upon using (6.34) and (6.39) we end up with

L∗

∑
l=0

Mlwl ≤ h−γ1
L∗ q̃γ1+1

L∗ ≤ ĉ4c̃ε−2− γ1−κ2q̃0
κ1q̃L∗ ,

which holds for L∗ ≤ L−1. For L≤ L∗ we obtain

L

∑
l=0

Mlwl ≤ h−γ1
L q̃γ1+1

L ≤ ĉ4c̃(L∗)ε−2− γ1−κ2q̃0
κ1q̃L .
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We combine the previous cases by writing

L∗

∑
l=0

Mlwl ≤ h−γ1
L∗ q̃γ1+1

L∗ ≤ ĉ4c̃(L∗)ε−2− γ1−κ2q̃0
min{κ1q̃L,κ1q̃L∗} .

For the second sum in (6.37) we have

L

∑
l=L∗+1

Mlwl ≤ c1

L

∑
l=L∗+1

(
8ε−2c3Sh(γ1+κ2q̃l)/2

l q̃−γ1/2
l +1

)
h−γ1

l q̃γ1
l

= 8c1c3Sε−2
L

∑
l=L∗+1

(
h(κ2q̃l−γ1)/2

l q̃γ1/2
l

)
+ c1

L

∑
l=L∗+1

h−γ1
l q̃γ1

l .

Upon using an index shift, the estimates (6.36) and (6.30) yield

L

∑
l=L∗+1

Mlwl ≤ cε−2 ≤ cε−2− γ1−κ2q̃0
min{κ1q̃L,κ1q̃L∗} ,

which concludes the proof.

Remark 6.8 (Choice of the maximum level).
The number of levels L in Algorithm hp-MLMC can be computed a priori using (6.17). It is also

possible to compute L on the fly. To this end we consider, similarly as in [51, 81],

‖E
(
u
)
−E
(
uL
)
‖L2(D) = ‖

∞

∑
l=L+1

(E
(
ul
)
−E
(
ul−1

)
)‖L2(D)

≤ ‖E
(
uL
)
−E
(
uL−1

)
‖L2(D)

∞

∑
l=L+1

‖E
(
ul
)
−E
(
ul−1

)
‖L2(D)

‖E
(
uL
)
−E
(
uL−1

)
‖L2(D)

.

Assuming that ‖E
(
ul
)
−E
(
ul−1

)
‖L2(D) ≤ c2hκ1q̃l

l we obtain

‖E
(
ul
)
−E
(
ul−1

)
‖L2(D)

‖E
(
uL
)
−E
(
uL−1

)
‖L2(D)

≈ hκ1q̃l
l

hκ1q̃L
L

= (λ−lh0)
κ1(q̃0+β l)(λ−Lh0)

−κ1(q̃0+βL)

= λ (L−l)κ1q̃0λ κ1β (L2−l2)hκ1β (l−L)
0

≤ λ (L−l)κ1q̃0hκ1β (l−L)
0 ,

where we used that λ κ1β (L2−l2) ≤ 1 as l > L and λ ≥ 2. Thus,

‖E
(
uL
)
−E
(
uL−1

)
‖L2(D)

∞

∑
l=L+1

‖E
(
ul
)
−E
(
ul−1

)
‖L2(D)

‖E
(
uL
)
−E
(
uL−1

)
‖L2(D)

≤ ‖E
(
uL
)
−E
(
uL−1

)
‖L2(D)

∞

∑
l=1

(λ−κ1q̃0hκ1β
0 )l

= ‖E
(
uL
)
−E
(
uL−1

)
‖L2(D)

λ−κ1q̃0hκ1β
0

1− (λ−κ1q̃0hκ1β
0 )

.
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Therefore, the condition to add new levels is

max
j∈{0,1,2}

(λ−κ1q̃0hκ1β
0 )( j+1)

1− (λ−κ1q̃0hκ1β
0 )
‖E
(
uL− j

)
−E
(
uL− j−1

)
‖L2(D) ≤

1
2

ε. (6.40)

This criterion ensures that the deterministic error approximated by an extrapolation from the

three finest meshes is within the desired range, cf. [81]. For the modified hp-MLMC algorithm

which we introduce in Section 6.2.3 we add new levels adaptively based on (6.40).

6.2.3 Confidence intervals for the number of additional samples

In this section we discuss the computation of the optimal number of samples Ml based on con-

fidence intervals, having in mind the use of queue-based HPC systems. In most modern large-

scale computing systems, access to compute nodes is based on job schedulers. For execution of

a job, a certain number of nodes can be requested for a specified time slot. The job is executed

after some queuing time, which can be much longer than the actual job execution time. In the

context of hp-MLMC, it is advisable to submit a new job to the queue for each iteration of

Algorithm hp-MLMC, since otherwise idle times of the compute nodes are very difficult to avoid.

As each iteration requires its own queuing time, it is our aim to compute as many new samples

as possible during one iteration of Algorithm hp-MLMC. On the other hand, we want to avoid

computing more samples than optimal, as this would decrease the efficiency of the hp-MLMC

method. Moreover, from an economical point of view wasted computing time is expensive. In

that sense, one is facing two competing issues. The first issue is to reduce queuing time by

computing as many samples as possible per iteration. The second issue is to reduce the number

of unnecessarily computed samples, i.e. saving computing time.

A straightforward approach to satisfy the first issue is to rely on the standard estimator M̂l .

However, this approach contradicts the second aim of saving computing time. Let us recall that

the quantities wl and σl in (6.7) and (6.8) are not known exactly but are estimated by ŵl, σ̂l .

In most cases the number of samples in the warm-up phase and after the first iteration of the

hp-MLMC algorithm is too small to obtain a reliable estimate M̂l of the optimal number of

samples Ml . This wrong estimate may then lead to an severe overestimation of Ml (see for

example Figure 6.3(a)) and thus spoils the goal of avoiding the computation of unnecessary

samples and saving computing time.

Remark 6.9.
We note that our arguments and our proposed method of course also apply to sequential com-

puting, where it is also desirable to avoid overestimating the optimal number of samples, while
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keeping the iteration number (and associated post-processing costs) to a minimum. It becomes

however especially important in the context of HPC systems, where large queuing times are to

be averted.

In order to satisfy the second goal of saving computing time, we want to properly account for the

fact that Ml is only estimated by constructing a confidence interval for Ml . More specifically, we

construct a one-sided confidence interval IMl = [Ml,∞), such that P(Ml ∈ IMl)≥ 1−α . To derive

the desired confidence interval we construct corresponding one-sided confidence intervals for

σl , wl denoted by

Iσl = [σl,∞), Iwl = [wl,∞), Iwl = (−∞,wl],

respectively. As we do not have any information about the underlying distributions of σl and

wl we construct the confidence interval based on asymptotic confidence intervals. Hence our

approach is heuristic because the Central Limit Theorem implies that the number of samples

needs to be sufficiently large to ensure that the estimators are asymptotically normally dis-

tributed. This seems to be a contradiction to the fact that we choose a small number of samples

for the warm-up phase. However, we show in estimate (6.44) that our construction of the confi-

dence interval is very conservative and yields a robust lower estimate on the optimal number of

samples, although the number of warm-up samples is of order O(1). Indeed, we never overes-

timated the optimal number of samples in our computations, justifying our approach.

For the construction of the confidence interval for σl we use the method described in [5, Formula

(6)], which employs an adjustment to the degrees of freedom of the χ2-distribution. More

precisely, we let

r̂l :=
2Mtotl

γ̂el +
( 2Mtotl

Mtotl−1

) ,

γ̂el =
Mtotl(Mtotl +1)

(Mtotl −1)(Mtotl −2)(Mtotl −3)
µ̂4

l

σ̂4
l
− 3(Mtotl −1)2

(Mtotl −2)(Mtotl −3)
,

where µ̂4
l := ‖

Mtotl
∑

i=1

(
(ui

l−ui
l−1)− 1

Mtotl

Mtotl
∑
j=1

(u j
l −u j

l−1)
)4
‖L2(D). For the lower confidence interval

Iσl = [σl,∞) we therefore define

σl :=

√√√√ r̂lσ̂2
l

χ2
1−α

2 ,r̂l

, (6.41)

where for some α ∈ (0,1), χ2
1−α

2 ,r̂l
is the (1− α

2 )-quantile of the χ2-distribution for r̂l degrees

of freedom. If the random samples are normally distributed, it follows that γ̂el = 0 and thus

r̂l = Mtotl − 1, i.e. we obtain the standard confidence interval for the variance of a normal



126 6.2. hp-Multilevel Monte Carlo method

distribution (cf. [5]). For wl we compute the confidence interval using the standard asymptotic

confidence interval for the mean, i.e.

wl := ŵl− z1−α
2

σ̂wl√
Mtotl

, wl := ŵl + z1−α
2

σ̂wl√
Mtotl

, (6.42)

where z1−α
2

is the (1− α
2 )-quantile of the normal distribution and σ̂2

wl
is the unbiased estimator

for the variance of wl . We then define

Ml =
1
ε2

σl√
wl

(
L

∑
k=0

σk
√

wk

)
(6.43)

and the confidence interval IMl := [Ml,∞). Moreover, for l = 0, . . . ,L we define the events

Xl := {Ml ∈ IMl},

Σε,l,lower :=
{ 1

ε2 σl ∈ I 1
ε2 σl

}
, I 1

ε2 σl
:= [

1
ε2 σl,∞),

Σl,lower := {σl ∈ Iσl},
Wl,lower := {√wl ∈ I√wl}, I√wl := [

√
wl,∞)

Wl,upper := {√wl ∈ I√wl
}, I√wl

:= (−∞,
√

wl].

It then follows that Yl ⊆ Xl , with

Yl :=
L⋂

k=0

(
Σk,lower∩Wk,lower∩Wl,upper∩Σε,l,lower

)
,

for all l = 0, . . . ,L. Using elementary probability estimates and De Morgan’s rule we estimate

P(Xl)≥ P(Yl) =1−P(Y c
l )

≥1−
L

∑
k=0

(
(P(Σc

k,lower)+P(W c
k,lower)+P(W c

l,upper)+P(Σc
ε,l,lower)

)
. (6.44)

We construct the confidence intervals Iσk = [σk,∞), I√wk = [
√wk,∞) and I√wl

= (−∞,
√

wl]

such that

P(Σε,l,lower) = P(Σk,lower) = P(Wk,lower) = P(Wl,upper) = 1− α
4L

(6.45)

for some α ∈ (0,1). This choice yields P(Xl)≥ 1−α, for all l = 0, . . . ,L.

Whereas the lower confidence bound Ml helps in saving computing time, it increases the number

of queuing operations. Therefore, in order to balance the two competing issues of either reduc-

ing queuing time or saving computing time we introduce an additional parameter ζ ∈ [0,1] and

let

M̃l := ζ Ml +(1−ζ )M̂l. (6.46)
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By setting ζ = 0 we pursue the aim of reducing queuing time and by setting ζ = 1 we try to save

computing time. Choosing ζ ∈ (0,1) corresponds to finding a strategy in between. Moreover,

it is possible to choose ζ = ζ iterl
l iteration-dependent, such that each level l = 0, . . . ,L has its

own iteration counter iterl . We choose the following strategy which tries to realize a trade-off

between reducing queuing time and saving computing time:

ζ iterl
l =





1, for iterl = 1,

0.5, for iterl = 2,

0, for iterl > 2.

(6.47)

In the first iteration we rely on the lower confidence bound Ml from (6.43) to avoid overesti-

mating Ml . In the second iteration we start to approach M̂l but still consider Ml as a safe-guard

for overestimating Ml . After the second iteration, where Mtotl is sufficiently large, we trust the

estimate M̂l . It might happen that during the first two iterations we have Ml ≤ Mtotl < M̂l . In

that case we set ζ iterl
l = 0.

The modified hp-MLMC method which adds new levels adaptively based on the bias estimate

(6.40), is summarized in Algorithm hp-MLMC with confidence intervals. Let us com-

ment on Algorithm hp-MLMC with confidence intervals. Initially the algorithm considers

three levels. As long as Mtotl < M̂l the algorihm adds samples according to the strategy defined

in (6.47). After looping over all levels, the algorithm checks if the statistical tolerance is met

(line 17). If the statistical tolerance is met it checks if the bias criterion is also satisfied (line

18). If the bias criterion is not satisfied it adds an additional level (line 21) and computes addi-

tional warm-up samples KL+1. After this step the iteration is complete and the algorithm restarts

from line 4. The algorithm terminates when the sum of the estimated statistical error and the

estimated bias term is smaller than ε .

Thanks to this safety mechanism we avoid computing unnecessary samples and improve the

efficiency of the plain hp-MLMC algorithm, while trying to reduce the overall queuing time. For

the number of warm-up samples Kl we typically choose ten to one hundred samples on the

coarse levels and three samples on the fine levels. When we add a new level we set the number

of warm-up samples also to three.

6.3 hp-MLMC for compressible Navier–Stokes equations

In this section we apply the hp-MLMC method for UQ of compressible flows described by the

two-dimensional Navier–Stokes equations. Our application in mind is a problem arising from
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Algorithm hp-MLMC with confidence intervals
1: Fix a tolerance ε > 0, set L = 2 set L := {0, . . . ,L}
2: Compute Kl (warm-up) samples on l = 0, . . . ,L, set Mtotl := Kl and iterl = 1

3: while L 6= /0 do
4: for l ∈L do
5: Estimate ŵl by (6.12), σ̂2

l by (6.11) and then M̂l by (6.10)

6: Estimate wl , wl by (6.42), σ2
l by (6.41) and then Ml by (6.43)

7: if Mtotl < M̂l then
8: Set ζ iterl

l according to (6.47) and compute M̃l by (6.46)

9: Add
⌈
M̃l−Mtotl

⌉
new samples of u j

l −u j
l−1

10: Set Mtotl := Mtotl +
⌈
M̃l−Mtotl

⌉

11: Set iterl := iterl +1

12: else
13: Set iterl := iterl +1

14: Skip level l

15: end if
16: end for
17: if the statistical tolerance (6.9) is satisfied then
18: if the bias term satisfies (6.40) then
19: Set L := /0

20: else
21: Set L := L ∪{L+1}
22: Compute KL+1 (warm-up) samples and set MtotL+1 := KL+1

23: Set iterL+1 = 1

24: Set L := L+1

25: end if
26: end if
27: end while
28: Compute EL

hp

[
uL
]

computational acoustics, where we consider the flow over an open cavity. Due to different noise

generation mechanisms, like Rossiter feedback, or Helmholtz resonance, the cavity emits tonal

noise which is very sensitive with respect to different parameters, cf. [73, 74] for a detailed

description of the different noise generation mechanisms. We apply the hp-MLMC method to

quantify the influence of uncertain parameters, for example an uncertain Mach number, on the

development of tonal noise.



6. Statistical Uncertainty Quantification methods 129

For the physical space we consider D⊂ R2, to be a bounded spatial domain. We further define

the space-time-stochastic domain DT,Ξ := (0,T )×D×Ξ. Our equations of interest are the

following random Navier–Stokes equations:

ut +∇x · (G(u)−H(u,∇xu)) = 0, ∀ (t,x,y) ∈ DT,Ξ, (6.48)

where u(t,x,y) denotes the solution vector of the conserved quantities, i.e. u=(ρ,ρv1,ρv2,ρe)>,

G(u) and H(u,∇xu) are the advective and viscous fluxes, i.e.

Gi(u) =




ρ vi

ρ v1vi +δ1i p

ρ v2vi +δ2i p

ρ evi + pvi



, Hi(u,∇xu) =




0

τ1i

τ2i

τi jv j−qi



, i = 1,2. (6.49)

Here, δi j is the Kronecker delta function and the physical quantities ρ , v = (v1,v2)
>, p, and

e represent density, the velocity vector, the pressure and the specific total energy, respectively.

With Stokes’ and Fourier’s hypothesis, the viscous stress tensor τ and the heat flux q are given

by:

τ := µ(∇v+(∇v)>− 2
3
(∇ · v)I), q =−k∇T , (6.50)

with µ being the dynamic viscosity, k the thermal conductivity and T the local temperature.

In order to solve for the unknowns, the system has to be closed by an equation of state. We

choose for the gas constant R, the adiabatic exponent γ and specific heat at constant volume cv

the perfect gas law assumption

p = ρRT = (γ−1)ρ(e− 1
2

v · v), e =
1
2

v · v+ cvT . (6.51)

We augment (6.48) with suitable boundary and initial conditions, denoted by

B(u) = g, ∀(x,y) ∈ ∂D×Ξ

and

u(0,x,y) = u0(x,y), ∀(x,y) ∈ D×Ξ.

The boundary operator B, the boundary data g and the initial condition u0 will be specified when

we describe the numerical experiments in Section 6.4. We call u ∈ L2
w(Ξ;C1([0,T ];L2(D))) a

weak random solution of (6.48), if it is a weak solution P̃-a.s. y ∈ Ξ and a measurable mapping
(
Ξ,B(Ξ)

)
3 y→ u(·, ·,y) ∈

(
C1([0,T ];L2(D)),B(C1([0,T ];L2(D)))

)
.

Remark 6.10.
We have to assume the existence and uniqueness of weak random solutions of (6.48), since there

are no well-posedness results for (6.48) available.
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6.4 Numerical experiments

In this section we present numerical results for the hp-MLMC method as introduced in Algo-

rithm hp-MLMC with confidence intervals. In Section 6.4.1, we apply h-, p-, hp-MLMC

and the plain MC method to a smooth benchmark problem to verify the assumptions of Theo-

rem 6.4. In Section 6.4.2, we apply the h-, p- and hp-MLMC method to an open cavity flow

problem, an important flow problem from computational acoustics. We give a detailed compar-

ison of all methods and verify that for both problems, h-, p- and hp-MLMC yield an optimal

asymptotic work. This shows that the hp-MLMC method is applicable for UQ of complex

engineering problems in computational fluid dynamics.

The numerical solver relies on the Discontinuous Galerkin Spectral Element solver FLEXI [63].

The time-stepping uses a Runge–Kutta method of order four with a time-step restriction of the

form

∆t ≤min
{ hmin

λ c
max(2q+1)

,
( hmin

λ v
max(2q+1)

)2}
, (6.52)

where (6.52) λ c
max :=

(
(|v1|+c)+(|v2|+c)

)
is an estimate for the absolute value of the largest

eigenvalue of the convective flux Jacobian with c :=
√

γ p
ρ being the speed of sound. Moreover,

λ v
max :=

(
max

(
4

3ρ ,
γ
p

)
µ
Pr

)
, is an estimate of the largest eigenvalue of the diffusion matrix of

the viscous flux, where Pr =
cpµ

k is the Prandtl number. The viscous fluxes normal to the

cell interfaces are approximated by the procedure described by Bassi and Rebay [10] and the

numerical flux is chosen to be the Roe Riemann solver with entropy fix [59]. For the following

numerical experiments we let DOFl:=(h−1
l ql)

2. All computations for the open cavity were

performed on Cray XC40 at the High-Performance Computing Center Stuttgart.

6.4.1 Smooth benchmark solution

In this numerical example we verify Theorem 6.4 by means of a smooth manufactured solution,

given by



ρ(t,x1,x2,y)

ρv1(t,x1,x2,y)

ρv2(t,x1,x2,y)

E(t,x1,x2,y))




=




2+Asin(4π((x1 + x2)− f t))

2+Asin(4π((x1 + x2)− f t))

2+Asin(4π((x1 + x2)− f t))(
2+Asin(4π((x1 + x2)− f t))

)2



. (6.53)

The benchmark solution (6.53) is obtained by introducing an additional source term in (6.48).

We choose the amplitude A and frequency f of (6.53) to be uncertain, i.e. we let A∼U (0.1,0.9)



6. Statistical Uncertainty Quantification methods 131

and f ∼N (1,0.052). The spatial domain is D = (−1,1)2 and we consider periodic boundary

conditions. The setup of the mesh hierarchies for MC, h-MLMC, p-MLMC and hp-MLMC can

be found in Table 6.1. The final computational time for this example is T = 1 and the QoI in

this example is the momentum in x1-direction at final time T , i.e.

Q(u) = (ρv1)(T, ·, ·, ·).

For the confidence intervals in (6.45) we set α to be 0.025.

level

MC h-MLMC p-MLMC hp-MLMC

Nl ql Nl ql Nl ql Nl ql

0 256 6 16 3 64 2 16 4

1 – – 64 3 64 3 64 5

2 – – 256 3 64 4 256 6

3 – – 1024 3 64 5 1024 7

Table 6.1: Level setup for MC, h-, p- and hp-MLMC. Example 6.4.1.

In Figure 6.1(a) we plot the estimated bias, i.e. the quantity ‖E
(
ul
)
−E

(
ul−1

)
‖L2(D) from Re-

mark 6.8. The quantities E
(
ul
)

and E
(
ul−1

)
have been estimated by the standard MC estimator

(6.3). hp-MLMC yields the smallest bias compared to h- and p-MLMC but this is not surpris-

ing since hp-MLMC admits the finest resolution for all levels. In Figure 6.1(b) we plot the bias

term vs. hq̃l
l in a log-log plot. This allows us to estimate κ1 from Assumption (A2) using a linear

fit. For h-MLMC, where we consider a DG polynomial degree of three, we estimate κ1 ≈ 0.9.

Since we expect the bias term to converge with a rate of four (cf. Remark 6.3 2.) we compute

from 4 = κ q̃0 a rate of convergence (in terms of mesh width h) of h-MLMC of approximately

3.6.

Figure 6.1(c) shows the estimated level variances σ̂2
l and its 95% confidence interval. We

observe that for hp-MLMC the level variance decays faster than for h- and p-MLMC. To verify

the assumptions of Theorem 6.4 we estimate κ2 from Assumption (A3) in Figure 6.1(d). For

h-MLMC we estimate κ2 ≈ 1.35. Since we expect the level variance to decay with a rate of

eight (cf. Remark 6.3 3.) we compute from 8 = κ2q̃0 a rate of convergence of approximately

six, which is slightly smaller than expected.

In Figure 6.2(b), Figure 6.2(d) and Figure 6.2(f) we check Assumption (A1) for all three

methods under consideration. We estimate the average work using the sample mean from

(6.12). Since we expect γ1 = 3 and because DOFl:=(h−1
l ql)

2, the average work should scale
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as ŵl = O(DOF3/2
l ) (cf. Remark 6.3 1). Combining the estimate of κ2 from Figure 6.1(d) and

the fact that γ1 ≈ 3, we compute that h-, p- and hp-MLMC satisfy κ2q̃0 > γ1 (see the param-

eters of the coarsest level given in Table 6.1). Although h-MLMC does not satisfy 2κ1 ≥ κ2

from Assumption (A2), we observe in Figure 6.1(e) that all three methods yield an optimal

asymptotic work of O(ε−2). Moreover, compared to MC, all three methods yield a speedup of

approximately two orders. It appears that for small tolerances hp-MLMC proves to be the more

efficient than h- and p-MLMC. This is probably due to the very small variance on level two,

because for the same tolerance hp-MLMC requires significantly less samples on level two than

h- and p-MLMC. Finally, we check whether the prescribed tolerance ε is reached by all three

methods. To this end we evaluate the statistical error εstat by (6.11) and compute the determin-

istic approximation error εdet using the exact solution (6.53). Both terms εdet and εstat are then

summed up as in (6.6) and plotted in Figure 6.1(f).

The computed number of samples on each level for different tolerances is shown on the left-

hand side of Figure 6.2. As expected, we only need a few computations on the fine levels, the

majority of the computations is performed on coarse levels because the computation of coarse-

level samples is very cheap compared to fine-level samples. The average work is plotted on

the right-hand side of Figure 6.2. All three methods exhibit an average work of approximately

γ1 = 3, cf. the discussion from above.

Figure 6.3 illustrates the advantage of computing the lower confidence bound Ml from (6.43).

In this figure we plot the values of Ml from (6.43), of M̃l from (6.46) and of M̂l from (6.10), for

each level l = 0, . . . ,3, for the first three iterations of Algorithm hp-MLMC with confidence

intervals. For this example we use h-MLMC. In Figure 6.3(a) we observe that relying on the

estimate of M̂0 would have led to an overestimate of the optimal number of samples by more

than 3000 samples. The same holds for level one (Figure 6.3(b)) where we would have over-

estimated the optimal number of samples by more than 300. On the other hand, our proposed

strategy ensures that we reach the standard estimator M̂l in (at most) three iterations. This shows

in particular the advantage of our approach because we avoid computing unnecessary samples,

hence we save computing time, while trying to keep the number of queuing operations low.
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Figure 6.1: Estimated bias, variance, tolerance and asymptotic runtime. For σ̂2
l we also plot the

95% confidence interval. Example 6.4.1.
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Figure 6.2: Computed number of samples and average work on each level. Example 6.4.1.
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Figure 6.3: Estimated Ml , M̂l and chosen number of samples M̃l from (6.46) for different levels

for the h-MLMC method. The tolerance in this example is ε = 5e−4. The number

of warm-up samples was (100, 10, 3, 3) (Example 6.4.1).



136 6.4. Numerical experiments

6.4.2 Open Cavity

In this numerical example we investigate the influence of uncertain input parameters on the

aeroacoustic feedback of cavity flows as in [74]. The prediction of aeroacoustic noise is an

important branch of research for example in the automotive industry, however due to the large

bandwidth of spatial and temporal scales, a high order numerical scheme with low dissipa-

tion and dispersion error is necessary to preserve important small scale information and hence

it poses a very challenging numerical problem for UQ. We consider the flow over a two-

dimensional open cavity, cf. Figure 6.4, using h-, p- and hp-MLMC.

For this flow problem we consider two uncertain parameters. The first uncertain parameter is the

initial condition for pressure, i.e. we let p0 ∼N (1.8,0.012) be normally distributed. With this

choice the Mach number Ma = v1
c , where c =

√
γ p

ρ is the speed of sound, becomes uncertain.

The initial condition in primitive variables then reads as follows
(

ρ0,v0
1,v

0
2, p0

)
=
(

1,1,0, p0(y)
)
.

As a second uncertain parameter, we let the boundary layer thickness in front of the cavity,

δ99 ∼U (0.28,0.48), be uniformly distributed.

For the boundary conditions at the inlet we employ Dirichlet boundary conditions in combi-

nation with a precomputed Blasius boundary layer profile. All wall boundaries are modeled as

isothermal no-slip walls where the temperature T is computed from the ideal gas law p= ρRT ,

where the gas constant for air satisfies R = 287.058. Downstream of the cavity we consider a

pressure outflow boundary condition, where the pressure is specified by the initial pressure.

Above the cavity we also consider a pressure outflow boundary condition. We augment the

downstream and upper boundaries with a sponge zone (cf. Figure 6.4) to avoid that artificial

reflections reenter the computational domain. Detailed information about the sponge zone can

be found in [74].

For our QoI we record the pressure fluctuations p(t,x,y) on top of the cavity at x0 = (x1,x2) =

(1.57,0) over time and then perform the discrete-time Fourier transform (DTFT) to obtain the

sound pressure spectrum at x0, i.e.

Q(u) = DTFT
(

p(·,x0,y)
)
.

The corresponding L2-norm is then taken over frequency space. The mesh hierarchies for h-, p-

and hp-MLMC can be found in Table 6.2. For the confidence intervals in (6.45) we set α to be

0.025.
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Figure 6.4: Left: Schematic sketch of the open cavity setup with a laminar inflow boundary

layer. All geometric parameters are adopted from [74] and are non-dimensionalized

by the cavity depth. Right: Computational mesh on the finest level. Example 6.4.2.
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Figure 6.5: Mean frequency spectrum and standard deviation obtained with p-MLMC for ε =

5e−5. Example 6.4.2.

level
h-MLMC p-MLMC hp-MLMC

Nl ql Nl ql Nl ql

0 279 7 1987 4 279 4

1 423 7 1987 5 423 5

2 957 7 1987 6 957 6

3 1987 7 1987 7 1987 7

Table 6.2: Level setup for h-, p and hp-MLMC. Example 6.4.2.
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Because computing a MC reference solution for this example would be too expensive, we show

in Figure 6.5 the resulting mean frequency spectrum and its standard deviation for p-MLMC

with a prescribed tolerance ε = 5e−5. For U∞ being the free-stream velocity, f the frequency

and Lc the length of the cavity we define the Strouhal number St= f L
U∞

, which is a dimensionless

frequency and an important fluid mechanical parameter. The dominant peaks, which correspond

to the so-called Rossiter modes (cf. [74, 73]) are clearly observable in the mean spectrum. From

the high standard deviation of p̂ at St≈ 0.3 and St≈ 0.4, which correspond to the positions of the

second and third Rossiter mode, we deduce that a switching between both modes takes place,

which depends on the Mach number of the flow. The same phenomenon has been observed for

an uncertain cavity depth in [74].

Considering the bias error we can see that in Figure 6.6(a) for p-MLMC the bias estimate

‖E
(
Q(ul)

)
−E

(
Q(ul−1)

)
‖L2 for p-MLMC is smaller than 2.5e−5. As all three methods share

the same finest level, we can assume that the bias error from (6.6) is satisfied for all three

methods under consideration.

Figure 6.6(b) shows the estimated level variance σ̂2
l across different levels. All three methods

yield a very good variance reduction, especially p-MLMC has already a very small variance on

level two. However, the computation of samples on the coarse grids is extremely costly for p-

MLMC. Taking a closer look at the variance on level zero, we see that hp-MLMC achieves the

same variance as p-MLMC but with much less DOFs. This yields the computational advantage

of h- and hp-MLMC compared to p-MLMC (see Figure 6.6(c)) for this open cavity problem.

The asymptotic work is still optimal for all three methods, which can be seen in Figure 6.6(c).

Finally, in Figure 6.7 we plot the number of computed samples for different tolerances and

the average work that is needed to compute one sample on the corresponding level. Again,

most of the computations are performed on the coarse levels as expected. In contrast to the

smooth benchmark problem from Section 6.4.1 the average work does not scale as O(DOF3/2
l )

but more like O(DOF2
l ), indicating that γ1 ≈ 4. The main reason for this behavior is that the

uncertain Mach number influences the time-step size because the speed of sound is a part of

the eigenvalues of the Jacobian of the advective fluxes. The bigger the pressure, the smaller the

time-step size, which results in a bigger work.
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Figure 6.6: Estimated bias, variance and asymptotic work. For σ̂2
l we also plot the 95% confi-

dence interval. Example 6.4.2.
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Figure 6.7: Computed number of samples and average work on each level. Example 6.4.2.



7 Conclusions and outlook

In this section we summarize the outcomes and achievements of this thesis. Moreover, we want

to point out some possible directions for further research in the field of UQ of compressible

flows.

7.1 Summary

High-resolution numerical schemes that account for uncertainties which may arise due to mod-

eling or measurement errors, are becoming more and more important. Thanks to the continuous

improvement of computer-processing capacities in the last few decades, it is now possible to

combine high-fidelity numerical solvers with mathematical models, which allow for the incor-

poration and simulation of uncertainties in input parameters. In this thesis we investigated,

developed and improved various methods for UQ of compressible flows.

In a first step we embedded deterministic hyperbolic conservation laws into a probabilistic

framework and established existence and uniqueness of so-called random entropy admissible

weak solution for random conservation laws with uncertain initial data and random flux func-

tion. We discretized the random conservation laws in space and time using the Runge–Kutta

Discontinuous Galerkin method and for the stochastic discretization (UQ method respectively)

we employed the Stochastic Galerkin (SG), Non-intrusive Spectral Projection (NISP), Stochas-

tic Collocation (SC) and Multilevel Monte Carlo (MLMC) method.

While SG is a frequently and successfully used method for UQ of random pdes, it has been

shown that for nonlinear hyperbolic problems it does not necessarily preserve hyperbolicity

of the underlying hyperbolic system. To remedy this issue we developed a hyperbolicity-

preserving numerical scheme for a SG-DG discretization of random hyperbolic conservation

laws. We derived a modified CFL-condition, under which the space-stochastic cell-mean is

admissible, i.e. generates a hyperbolic SG system, after one time-step of forward Euler. With

the help of a slope-limiter, which limits the solution towards the admissible cell-mean, we en-
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sure that the solution remains admissible after each time-step. Various numerical experiments

have proven that the modified numerical scheme is a well-suited and robust method for intru-

sive UQ of complex compressible flow problems governed by the Euler equations. Beside the

development of the hyperbolicty-preserving numerical scheme for the SG method, we extended

the massively parallel solver FLEXI [63] to the SG and ME-SG method, resulting in the novel

High-Performance Computing UQ software framework SG-FLEXI [12]. The numerical solver

is capable of simulating random compressible Euler and random compressible Navier–Stokes

equations up to three spatial dimensions and arbitrary random dimensions.

Another important issue that we addressed in this thesis is the derivation of error estimates for

discretization errors arising from spatio-temporal and stochastic discretization. In this work we

have derived the first rigorous a posteriori error analysis for random hyperbolic conservation

laws. Our approach is based on the relative entropy framework of Dafermos and DiPerna [26],

where we estimated the difference between the random entropy admissible weak solution and

a reconstruction of the numerical approximation in the L2
w(Ξ;L2(D))-norm. Furthermore, we

showed that the space-time-stochastic residual admits a splitting into a residual representing the

space-time error and a residual representing the stochastic approximation error. Based on the

decomposition of the residual we proposed for the SC method a novel residual-based, space-

stochastic adaptive algorithm. Extensive numerical investigations showed that for smooth solu-

tions both residuals exhibit the correct order of convergence and are indeed independent of each

other. Moreover, the proposed adaptive numerical schemes provided a significant efficiency

gain compared to uniform mesh refinements.

In the last chapter of this thesis we introduced the hp-MLMC method, an extension of the clas-

sical MLMC method to arbitrarily hp-refined meshes. We generalized the complexity analysis

of MLMC to the hp-MLMC method and proved that in best case the asymptotic work of hp-

MLMC scales quadratically with the prescribed tolerance. Another issue that we addressed in

this thesis is the robust estimation of the number of additional samples after every iteration of

hp-MLMC. The estimate of the number of additional samples per level is based on statistical es-

timates of average computational time and level variances and is therefore a stochastic quantity.

As the efficiency of the MLMC method strongly depends on this quantity we provide a novel

confidence interval for the optimal number of samples per level. The proposed confidence inter-

val provides a robust and reliable lower estimate for the number of additional samples and helps

to prevent overestimating the optimal number of samples per level. We applied the hp-MLMC

to different problems governed by the compressible Navier–Stokes equations, in particular we

considered a cavity flow problem from computational acoustics, demonstrating that the method

is suitable to handle complex engineering problems.
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7.2 Directions for further research

In this thesis we presented a first rigorous a posteriori error estimate for random conservation

laws. However, a main issue of our approach is that we have only reliable error control as long

as the solution is smooth. In the post-shock regime the error estimator blows-up under mesh

refinement. For scalar conservation laws an a posteriori error estimator based on Kružkov esti-

mates may circumvent this problem (see Theorem 3.2), however the estimator has a sub-optimal

rate of convergence, cf. [71] and the discussion in Remark 5.14. For systems of hyperbolic con-

servation laws an appropriate a posteriori error analysis, which is also reliable in the post-shock

regime is still not in sight. Therefore, our proposed approach corresponds to the current state of

the art of the a posteriori error analysis for hyperbolic systems of conservation laws.

A novel approach to UQ for random conservation may be provided by so-called statistical solu-

tions [41, 42], which are probability measures on Lp-spaces. This approach extends the notion

of (spatially one-point) measure-valued solutions [32] to spatially k-point cross-corelations. The

authors of [41] were able to prove existence and uniqueness of entropy admissible statistical so-

lutions for scalar conservation laws. Recent results concerning the convergence of numerical

approximations towards (dissipative) measure-valued [39, 44] and statistical solutions [43] sug-

gest that measure-valued, resp. statistical solutions might be the correct framework to handle

the issue of existence and uniquess of solutions of multi-dimensional hyperbolic conservation

laws. In a recent publication [43] the authors were able to extend the relative entropy method

to the setting of statistical solutions and prove weak-strong uniqueness for dissipative entropy

admissible statistical solutions. We believe that it is possible to extend our a posteriori error

framework to statistical solutions and obtain similar error estimates in the Wasserstein distance.

Another interesting problem for further research is the extension of the reconstruction to two- or

three spatial domains. A first approach to extend the reconstruction to two spatial dimensions

is presented in [50]. However, the proposed reconstruction does not yield an optimal decay

of the corresponding residual and from our point of view, the correct reconstruction approach

is far from clear. Moreover, the a posteriori error analysis should be extended to include more

realistic boundary conditions and it would be interesting to apply the error estimator to problems

described by the compressible Navier–Stokes equations.

Another open problem is the optimality of the stochastic residuals. Although we were not able

to prove any convergence rates for the stochastic residual, our numerical experiments indicate

that the stochastic residual exhibits an optimal (algebraic or spectral) error decay, hence further

investigations in this direction should be conducted.
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Concerning the hp-MLMC method an interesting question would be if it is possible to further

increase the efficiency of the hp-MLMC method using hp-adaptive numerical schemes. This

would also be a very good opportunity to further develop the a posteriori error estimator for the

compressible Navier–Stokes equations and use the residual as indicator for refinement.
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Acronyms

CFL Courant-Friedrichs-Lewy

DG Discontinuous Galerkin

DOF Degree(s) of Freedom

DTFT Discrete Time Fourier Transform

eoc Experimental order of convergence

FD Finite Differences

FE Finite Element

FV Finite Volume

GDG Generalized Discontinuous Galerkin

gPC Generalized Polynomial Chaos

hDSG Hyperbolicity-preserving Discontinuous Stochastic Galerkin

HLLE Harten-Lax-van Leer-Einfeldt

LF Lax-Friedrichs

LW Lax-Wendroff

MC Monte Carlo

ME Multi-Element

MLMC Multilevel Monte Carlo

MSE Mean square error

NISP Non-intrusive Spectral Projection

PC Polynomial Chaos

PDE Partial differential equation

OoI Quantity of interest

Re Reynolds Number

RKDG Runge–Kutta Discontinuous Galerkin

SC Stochastic Collocation

SRS Standard Riemann Semigroup

SSP RK Strong stability preserving Runge–Kutta

St Strouhal number

Std Standard Deviation

TVBM Total Variation bounded in the mean

UQ Uncertainty Quantification
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