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Abstract

The ability to create particles with well defined properties is important to many
applications in modern life. A prominent example is powder inhalation as a
part of pharmaceutical engineering, but it is also relevant in food processing or
process engineering. The state of the art method to produce these particles is
by spray drying. The liquids used in spray drying are solutions of the particle
material, which have very often non-Newtonian properties. The process of
spray drying is greatly defined by the droplets resulting from the spray, and
therefore it is important to understand the breakup of non-Newtonian jets.
Besides spray drying, this understanding can also be used for many other
applications, such as spray painting or agriculture.

This thesis focuses on the numerical investigation of non-Newtonian behaviour
of liquid jets and single drops. The breakup of a liquid jet into drops is and
has been an important research topic in multi phase fluid dynamics. While
Newtonian jets and drops are well researched due to their ubiquity in fuel
injection for combustion engines, the behaviour of non-Newtonian jets and
drops is less researched. Due to the complexity of non-Newtonian rheology, only
a sub set of non-Newtonian behaviour, shear thinning viscosity, is investigated
in this work as a first step towards a better understanding.

Numerical simulations are used for the investigations of the underlying mecha-
nisms. They provide a practical way to analyse the processes inside the liquid
structures, such as the internal velocity field and the internal viscosity field,
in addition to the analysis of the liquid surface. Direct Numerical Simulation
(DNS) provides the necessary accuracy to capture the complex and highly
transitional multiphase flows. The numerical method applied here solves the
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Abstract

incompressible Navier-Stokes equations and uses the Volume of Fluid (VOF)
approach to capture the two phases. The interface between the two phases is
reconstructed with the Piecewise Linear Interface Calculation (PLIC) method
to reduce numerical diffusion. The shear thinning viscosity is calculated with
the Carreau-Yasuda model.

In a first part, non-Newtonian drop oscillations are investigated. First a
validation of the numerical method against experimental data is presented.
Then the mechanics of oscillating, shear thinning drops are explained. Non-
Newtonian drop oscillations are compared to Newtonian drops from theoretical
fluids and the analytical solution from the linear theory for drop oscillations. For
this the frequency and amplitude of the oscillations are analysed. Additionally,
drops initiated with the form of higher order oscillation modes are investigated.

In a second part, the primary jet breakup of non-Newtonian liquids is investi-
gated. In a first step, the grid dependency of the simulations is determined.
The mechanisms of breakup of non-Newtonian jets are analysed for different
breakup regimes, with a focus on the influence of the shear thinning viscosity
on the process. Then the influence of different parameters on the stability of
the jet is investigated. Hereby a special focus is put on different shear thinning
behaviours in addition to a variation of the Reynolds number, the velocity
profiles, the ambient pressure and turbulence. These results are also compared
to jets composed of theoretical Newtonian fluids. For these comparisons a
set of characterisations of the liquid surface are used. For jets in the higher
breakup regimes, we additionally investigate the jet angle and the resulting
drop sizes.

The investigation in this thesis provides a better understanding of the fun-
damental processes involved in non-Newtonian jet breakup. This result will
provide a basis for technical and efficiency improvements to the above mentioned
applications.
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Kurzfassung

Diese Arbeit beschäftigt sich mit der Erforschung des Verhaltens nicht newton-
scher Flüssigkeitsstrahlen und Tropen mit Hilfe von numerischen Simulationen.
Der Zerfall eines Flüssigkeitsstrahls in einzelne Tropfen ist und und war ein
wichtiges Thema im Bereich der mehrphasigen Fluiddynamik. Newtonsche
Strahlen und Tropfen sind schon recht gut erforscht, aufgrund ihrer herausra-
genden Bedeutung für die Treibstoffeinspritzung bei Verbrennungsmaschinen.
Das Verhalten nicht newtonscher Strahlen und Tropfen ist hingegen noch
weniger gründlich untersucht. Nicht newtonsche Strahlen kommen in verschie-
denen technischen Anwendungen, wie dem Spritzlakieren, und vor allem in der
Verfahrenstechnik, zum Beispiel beim Sprühtrocknen vor. Wegen der hohen
Komplexität bei der Betrachtung der Gesamtheit rheologischer Phenomäne,
beschränkt sich diese Arbeit auf die Betrachtung scherverdünnender Stoffeigen-
schaften. Dies soll als ein erster Schritt hin zu einem tieferen Verständnis der
Problematik verstanden werden.

Die Untersuchung der Mechanismen bei nicht newtonschen Fluiden erfolgt mit
numerischen Simulationen. Diese stellen ein praktische Methode zur Betrach-
tung der Prozesse im inneren der Flüssigphase dar. Zusätzlich zur Oberfläche
können interne Felder, wie zum Beispiel das der Geschwindigkeit oder das
der Viskosität, dargestellt werden. Die Direkte Numerische Simulation (DNS)
erlaubt die Behandlung der komplexen und hoch transienten Mehrphasenströ-
mung mit hinreichender Genauigkeit. Das numerische Verfahren, welches hier
zum Einsatz kommt, basiert auf der Lösung der inkompressiblen Navier-Stokes-
Gleichungen in kombination mit der Volume of Fluid (VOF) Methode zur
Erfassung der Flüssigphase. Eine Rekonstruktion der Phasengrezfläche mit der
Piecewise Linear Interface Calculation (PLIC) Methode hält diese scharf und
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Kurzfassung

reduziert die numerische Diffusion. Die scherverdünnende Viskosität wird mit
dem Carreau-Yasuda-Model berechnet.

Im ersten Teil werden nicht newtonsche Tropfen untersucht. Zuerst wid eine
Validierung des numerischen Verfahrens gegen experimentelle Daten durchge-
führt. Danach werden die Mechanismen bei scherverdünnenden oszilierenden
Tropfen erklärt. Nicht newtonsche Tropfenschwingungen werden mit newton-
schen Tropfen, mit theoretischen Stoffeigenschaften, so wie einer analytischen
Lösung basierend auf einer linearen Theorie für Tropfenschwingungen vergli-
chen. Hierfür werden Frequenz und Amplitude der Schwingungen analysiert.
Zusätzlich werden Tropfen die als Formen von Schwingungen höherer Moden
initialisiert wurden untersucht.

Im zweiten Teil wird der primäre Strahlzerfall von nicht newtonschen Fluiden
untersucht. Als erster Schritt wird hier eine Studie zur Gitterunabhängigkeit der
Simulation durchgeführt. Die Mechanismen des nicht newtonschen Strahlzerfal-
les werden für verschiedene Zerfallsregime untersucht, wobei der Einfluss der
scherverdünnenden Viskosität einen Schwerpunkt bildet. Danach wird der Ein-
fluss verschiedener Parameter auf die Stabilität des Strahls untersucht. Dafür
werden, neben einer Variation der Reynoldszahlen, der Geschwindigkeitspro-
file, des Umgebungsdruckes und der Turbulenz, vor allem unterschiedliches
scherverdünnendes Verhalten analysiert. Die Ergebnisse der Parametervaria-
tionen werden darüber hinaus mit Strahlen mit theoretischen newtonschen
Stoffeigenschaften verglichen. Als Grundlage für die Vergleiche wird eine Cha-
rakterisierung relevanter Oberflächengrößen genutzt. Zusätzlich werden bei
Strahlen aus den höheren Zerfallregimen der Strahlöffnungswinkel, so wie die
resultierenden Tropfengrößen untersucht.

Die Untersuchungen in dieser Arbeit ermöglichen ein verbessertes Verständnis
von den grundlegenden Vorgängen bei nicht newtonschem Strahlzerfall. Dieses
Ergebnis ermöglicht detailiertere Untersuchungen zur Verbesserung der zu
eingangs genannten Anwendungen, so wie ihrer Effizienz.
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CHAPTER 1

Introduction

The breakup of a liquid jet, which is exiting an orifice into a gaseous atmosphere,
into drops is a well know phenomenon that is relevant to many technical
applications. While a simple water spray, for example from a water faucet or a
garden hose, is probably the most well known case for a jet, the injection of a
fuel jet is probably the most researched one.

The injection of fuel into combustion engines such as a diesel or a petrol engine,
or in the case of aerospace applications a gas turbine are intensely investigated
(Lefebvre [70]). With the increasing amount of transport vehicles, from cars
and lorries, over trains to aeroplanes, the efficiency of these engines is not just a
economical demand, but due to global warming also an environmental necessity
[50]. The combustion of fuel is a chemical reaction of the hydrocarbons with
oxygen, which takes place at the surface of the fuel. In order to achieve the
most efficient combustion, the surface area of the fuel is therefore one of the
important parameters. This is especially true for engines with a continuous
cycle, where the residence time of the fuel inside the combustion chamber is
limited. An increase in the available surface area of the fuel is achieved by
breaking it up into many small drops as a result of the injection process. These
processes, where the liquids, such as the fuels, exhibit a Newtonian behaviour,
have therefore been intensively researched for many years.
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1 Introduction

Figure 1.1: Schematic of a gas turbine jet engine. By Jeff Dahl (CC-BY).

There is less research on processes, where the liquid has non-Newtonian prop-
erties - that means a non constant viscosity of the fluid. This is the case
in technical applications, such as spray painting, in agricultural applications
like the spraying of pesticides, in food processing, as well as in other parts of
process engineering. One important example for the spraying of non-Newtonian
liquids is spray drying. Spray drying is a process to generate particles with well
defined properties. It is used in different fields, for example in the productions
of pharmaceuticals. Powder inhalation is often used in the treatment of asthma.
Here, the active ingredient often hasn’t the right size or mass for ideal delivery
to the patients lung. In order to obtain the flow conditions for a good delivery
to the lung, the active ingredient is attached to a larger particle with a well
defined size, made of a non-active ingredient. This non-active particle can be
produced by spray drying as shown in figure 1.2.

In spray drying the material to be dried is available as solution in a liquid,
generally water. This solution often has non-Newtonian material properties.
The solution is introduced through a nozzle into the spray tower, a cylindrical
casing with a conical end. The jet with the material solution breaks up into
drops. The interior of the spray tower is heated and the water of the drops
evaporates while falling down. The material arrives at the bottom of the spray
tower as spherical solid particles and can be separated with a cyclone.

The size of the resulting material particles mainly depends on the size and
behaviour of the drops from the nozzle. Therefore, it is important to understand
how the non-Newtonian properties influence the breakup of the jet and the
resulting droplets.

2



1.1 State of the Art1.1 State of the Art

Figure 1.2: Schematic of a spray tower.

Whether to improve on the precision for the particle size or to increase the
efficiency of the process - it is necessary to have a good understanding of the
mechanisms of the primary breakup as well as of the behaviour of the resulting
drops. This work aims to improve our understanding of these processes by
investigating them with the help of direct numerical simulations (DNS). DNS
are well suited to improve the understanding of the underlying mechanisms,
as they easily allow to analyse the internal conditions of the non-Newtonian
liquids.

1.1 State of the Art

In this section the current state of research is provided for non-Newtonian
primary jet breakup and non-Newtonian drop oscillations.

3



1 Introduction

1.1.1 Jet Breakup

The breakup process has been of interest for scientists for over a century. Early
works, such as the well known mathematical analysis by Lord Rayleigh [91]
investigate the influence of hydrodynamic disturbances on a liquid jet. He
showed, that the wave-length of these disturbances is relevant, with wave-
length larger than the jet circumference leading to breakup. He also identified
an optimal wave-length for disturbances and compared them to experimental
research by Savart [100] and thus provided an early method for a linear stability
analysis of jets. Tyler [114] expanded the field with experiments on the relation
between the wavelength of the disturbances on the jet with the formation of
droplets. Especially with fuel injection in mind a lot of research has been done
on Newtonian sprays. Weber [118] provided a theory on breakup time and length
for slow velocity jets and compared his results to experiments by Haenlein [44].
Chandrasekhar [16] expanded Rayleigh’s analysis by accounting for the density
of the liquids and the viscosity. He found that viscosity reduces the breakup
and increases the resulting droplet size. These results were experimentally
confirmed by Donnelly and Glaberson [23].

Ohnesorge [82] provided a first categorisation of jet breakups into different
regimes as well as the dimensionless number groups necessary for this differen-
tiation. The regime map has been expanded with better understanding of jet
breakup processes, i.e. the atomisation limit by Miesse [78]. The Ohnesorge
regime map by Reitz and Bracco [93] has an additional dimension for the
density ratio and is the currently generally accepted version. The Ohnesorge
regime map including expansion by newer results can be found in section 2.3.

The early investigations of jets in the atomisation regime are mainly experimen-
tal in nature focusing on quantification of spray parameters, such as the breakup
length or the droplet size distribution, as for example given by Nukiyama [81].
The research has been expanded to investigations of different nozzle shapes
and jet angles, i.e. Reitz and Bracco [95]. More complex nozzle types, such as
swirl atomizers [39, 110] or effervescent atomizers [104], have been investigated.
Current research topics include flash atomisation [86], combustion simulation
[119] or supercritical jets [3].

A good introduction into the theory of jet breakup is given by Lefebvre [70].
Different techniques and resulting sprays for different nozzles and atomizers
are explained. Experimental results for the characterisation of sprays, such
as jet length or droplet sizes are given and correlations are provided. A short
overview of the recent advances in theory can be found in [72], while a more

4



1.1 State of the Art

extensive review of the field, including a chapter on non-Newtonian effects, is
given by Eggers and Villermaux [26].

Many of the phenomena of primary jet breakup are of small spatial and temporal
scales and therefore are difficult to investigate solely by experimental methods.
Numerical methods are increasingly used for the simulation and analysis of
jet breakup. A good review of results from simulations of primary breakup is
given by Gorokhovski and Herrmann [43].

There exist some Reynolds averaged Navier Stokes (RANS) calculations of
primary jet breakup, which were done in an industrial context, i.e. Beau et al.
[6], however their resolution is insufficient to capture the mechanisms of primary
breakup, which is modelled in their simulations and therefore only usefull in
cases, where the primary breakup is already well researched. Over the last
years there have been very interesting advances made in utilizing Large Eddy
Simulations (LES) for jet simulations, i.e. Bianchi et al. [8], Herrmann [46],
Chesnel et al. [17] or by Ketterl and Klein [53]. Nevertheless, DNS for now
continue to be the state of the art technique for calculating primary breakup.
There are different methods for the numerical treatment of the multiphase
interface, some of those are discussed in section 2.1.2. An overview of the
existing numerical methods can be found in [112]. A simulation using the
Volume of Fluid (VOF) method by Klein [58] investigates a liquid sheet at a
moderate Reynolds number, analyses the surface deformations and compares
the results with experimental data. The simulations use a procedure by Klein
et al. [57] to prescribe turbulent fluctuations at the nozzle exit. Pan and
Suga [85] used the Level-Set method to investigate the breakup of laminar
jets at low Reynolds numbers with and without the influence of gravity in
the first and second wind-induced breakup regimes. They find, that for high
Weber number a classification by the Ohnesorge regime map [70] might not
be accurate, as large scale vortices, induced in the core and amplified by the
surface instabilities, can lead to breakup.

Sander and Weigand [98] used the VOF method to investigate the influence of
different instability enhancing parameters, such as Reynolds number, velocity
profile or turbulence, on medium Reynolds number liquid sheets. They put a
focus on the influences of different velocity profiles and use the kinetic energy
flux to quantify the profiles. A jet from an air assisted nozzle as well as jet
from a more complex swirl atomizer nozzle were simulated by Fuster et al.
[36] with VOF combined with an adaptive mesh refinement based on octrees.
They analysed the velocity profiles and velocity fluctuations and obtained
droplet size distributions. They also compared 2D and 3D simulations and
found, that only the 3D treatment can capture transverse instabilities. Ménard

5



1 Introduction

et al. [77] presented a coupled Level-Set and VOF method and used it for the
simulation of a diesel jet at Re = 5800. Lebas et al. [69] used this simulation
to improve the ELSA breakup model [116] and Duret et al. [25] continued with
the improvement. Desjardins and Pitsch [22] did simulations with the Level-Set
and ghost fluid methods of jet breakup of liquid sheets at medium Reynolds
numbers. They investigated velocity statistics and used the jet morphology and
the Q-criterion to describe the influence of turbulent eddies on the breakup for
different Reynolds numbers and at different times. A very high resolution DNS
with the Level-Set method of a diesel jet was calculated by Shinjo and Umemura
[105]. They investigated a high inflow velocity and analysed for the interaction
of vortices in the gas with the surface of the liquid jet. Ling et al. [73] combined
a VOF simulation with a Lagrange point particle model to simulate pulsed jet
atomisation with Re = 800 and the gas assisted atomisation of a liquid sheet
with Re = 8000. They obtained flying angles and size distributions for the
resulting droplets and compared these results to experimental data.

While many experimental and numerical studies of the breakup of Newtonian
fluids exist, jets of non-Newtonian fluids are less well researched. Christanti
and Walker [18] did experiments on viscoelastic polymer solutions with a strain
hardening behaviour for Rayleigh breakup They did a visual characterisation
with a CCD camera and found that the liquid with a higher molecular weight
has an increased breakup length and at the same time produces less satellite
drops. Aliseda et al. [1] did experiments, where they used an atomiser with
coaxial air jets to spray different viscous and non-Newtonian liquids. Their
non-Newtonian liquids were shear thinning suspensions. They investigated the
breakup length and used a Phase Doppler Particle Analyser to obtain droplet
sizes. They also derived a droplet size model based on the wave length of the
first Rayleigh-Taylor instability and, when applicable, under the assumption of
a simple power law model for the viscosity and they compared the model to
their experimental results. They found good agreement for their Newtonian
cases, but mention, that the expected shear rates in the jet exceed their viscosity
measurements. An experimental study on the effect of ambient pressure on the
atomization of soybean oil is available from Kim et al. [56]. Negri et al. [80]
experimentally investigated the influence of different rheological phenomena of
gelled fluids on doublet impinging jets. They looked at three classes of fluids,
Boger fluids, polymer solutions and silica suspensions. Their focus was on the
formation of drops opposed to the formation of threads. They found that a high
Trouton ratio, as a measure of the extensional behaviour of a fluid, leads to
increased thread formation. Wang et al. [117] did experiments on the formation
of single drops from shear thinning colloidal suspensions for ink-jet printing.
They used a drop on demand system with a piezoelectric print head and high
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1.1 State of the Art

speed photography to investigate the induced breakup. They found, that in
the case of "good jetting conditions", meaning axisymmetric morphology and
trajectory, the results were similar to Newtonian experiments with a similar
viscosity at low shear. This is not surprising, since the shear thinning behaviour
of most of their liquids was rather minor. For more pronounced shear thinning
behaviour they detected shorter breakup times as well as a higher amount of
total ejected liquid volume.

An analytical linear stability analysis of 1D axisymmetrical non-Newtonian jets
is provided by Brenn et al. [12]. They used the Oldroyd eight constant model
to account for viscoelastic effects and included a comparison with experimental
data. They analysed the dispersion relation and showed, that the viscoelastic
jet exhibits a larger growth rate for axisymmetric disturbances compared to
a Newtonian jet. Zhihao and Zhengbai [122] extended the work of Brenn
et al. to a linear analysis for a non-Newtonian jet which accounts for three
dimensional disturbances. They found, however, that the growth rate for two
dimensional disturbances exceeds the one for three dimensional ones. They also
note, that three dimensional disturbances decreased with increasing azimuthal
wave numbers and confirmed, that the non-Newtonain jets are more unstable.

Doshi and Basaran [24] studied the pinch-off of shear thinning slender threads
with a 1D asymptotic analysis and the power law while ignoring inertia. They
obtained the shape and the axial velocity and investigated the axial scaling for
different exponents n of the power-law. Khayat [54] presented an analytical
solution for shear thinning power-law fluid jets limited to the near nozzle area.
He used matched asymptotic expansions to obtain a 1D symmetric similarity
solution. He showed, that a Newtonian fluid contracts stronger after exiting the
nozzle compared to a shear thinning fluid and provided the velocity profiles for
different exponents n of the power-law. Gao and Ng [40] did a 1D axisymmetric
stability analysis for shear thinning jets using the Carreau-Yasuda viscosity
model. They obtained breakup times and disturbances of the jet surface profile.
They found shorter breakup times for the Carreau-Yasuda fluid at low wave
numbers. They noted, that while in the Newtonian case the observed jet
surface profiles were of a similar frequency as the induced disturbance, the
non-linear nature of the Carreau-Yasuda fluid produced jet surface profiles at
higher frequencies.

A few numerical investigations of non-Newtonian jets exist. 1D slender jet
simulations of the formation and dripping of single drops from a capillary
tube were calculated by Yildirim and Basaran [121] with the generalised
Newtonian fluid model on finite elements. They studied leaky faucets for
both shear thinning and shear thickening fluids. They investigated breakup
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length, satellite drop formation and drop numbers for different volumetric
flow rates and gravitational Bond numbers. Mohsin et al. [79] derived a 1D
analytical solution for the radius and the velocity of a jet surface in Rayleigh
breakup. They used a long wavelength asymptotic expansion in combination
with the Carreau-Yasuda model for shear thinning viscosity and solved the
resulting partial differential equation numerically. They investigated the effects
of different parameters on breakup length and time and found, that a shear
thinning jet produces smaller main drops, but larger satellite drops. Lakdawala
et al. [65] did axisymmetric 2D Level-Set simulations of shear dependent non-
Newtonian jets at low Reynolds numbers using the generalised Newtonian fluid
model. They analysed their simulations for different drop formation regimes
and created a regime map dependent on the viscosity behaviour (Newtonian,
shear thinning, shear thickening) and the inflow velocity. Li-Ping et al. [74]
used LES with VOF and a simple power law model for a 3D simulation of the
atomization of a shear thinning jet. They used a sub grid scale model for the
eddy viscosity of the gas flow, but seem to be lacking a sub grid scale modelling
of the VOF transport. They did a visual analysis of the jet surface as well as
of the pressure and velocity fields.

It becomes clear, that while a plethora of research exists on the breakup of
Newtonian jets, this is not the case for shear thinning jets, especially when it
comes to 3D numerical simulations. The analytical research is often focused on
very specific regions and generally only investigates Rayleigh breakup as a 1D
problem. Experimental results often only provide a qualitative classification.
Furthermore, due to the range of non-Newtonian effects, some research is only
interested in viscoelastic behaviour or is limited to a more simplistic power law
model. The only other fully 3D numerical simulations of shear thinning known
to the author is the work by Li-Ping et al. [74], which utilises a rather doubtful
interpretation of a LES treatment for multiphase flows. It is therefore deemed
highly interesting to provide fully three dimensional numerical simulations of
the primary jet breakup of non-Newtonian liquids.

1.1.2 Drop Oscillations

The behaviour of drops, which result from jet breakup, is a connected research
area. If the drops get in some way deformed from their spherical form - be that
by the separation from a ligament, the interaction with the surrounding gas
flow, or from secondary breakup - they can undergo shape oscillations. These
oscillations are of interest, as the resulting change in surface area can have an
influence on technical processes, such as evaporation or chemical reactions.

8



1.1 State of the Art

Since both research topics are connected, just like for jet breakup, early research
on drop shape oscillations was undertaken by Strutt and Lord Rayleigh [108].
He provides a first approach for calculating the angular frequency of drop
oscillations by equating the surface tension energy with the kinetic energy of
the drop, while disregarding viscosity, gravity and the density of the surrounding
fluid. An expansion on Rayleigh’s work is provided by Lamb, who first included
the viscosity of the drop fluid in his description [66] and later also added the
density of the surrounding fluid [67]. This linearised model can be used to
calculate the rate of decay of the oscillations in addition to the frequency. More
recent investigations focused on providing models for non-linear behaviour of
large amplitude oscillations. Tsamopoulos and Brown [113] presented a solution
for inviscid cases and Becker et al. [7] extended the models to include viscosity.

Chandrasekhar [15] used the model of Lamb with the normal mode technique
to predict an aperiodic limit for drop oscillations, considering the influence of
viscosity. Reid [92] did a similar normal mode analysis, but factored in the
surface tension. Prosperetti [88] introduces a different approach, solving the
initial value problem with a Laplace transformation, allowing for a transient
analysis of the oscillations for small amplitudes. Using this method, Prosperetti
[89] was able to provide a better calculation of the aperiodic limit. More recent
research deals with drop oscillations for non-Newtonian liquids. An analytical
work by Bauer [5] deals with drops of visco-elastic materials, investigating
frequencies and decay of the oscillations. Apfel et al. [2] present experiments
of drop oscillations in micro gravity on the Space Shuttle and compared the
morphology of pictures to numerical simulations. A good introduction into
Newtonian drop oscillations is given by Brenn [11].

Khismatullin and Nadim [55] provide an extensive theoretical analysis of the
characteristic equation for viscoelastic drop oscillations in vacuum. They
investigated the influence of different material properties, such as the Deborah
number or the Ohnesorge number, on the drops behaviour and found cases,
where the elastic effects take over the role of surface tension for the oscillation.
An investigation by Brenn and Teichtmeister [13] looked into drop oscillations
with a frequency dependent dynamic viscosity. They quantify the influences
of the viscoelastic material law and derive an experimental method for the
determination of the material properties from the drop oscillations.

This overview shows, that the Newtonian drop oscillations can be described
quite well analytically which also matches experiments. Some extensions exist
for viscoelastic fluids. It seem, however, that there are no investigations for
shear thinning fluids. Furthermore, droplet oscillations are rarely investigated
numerically. Such an investigation could provide an insight into the internal
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viscosity distribution inside the droplet, which experiments and analytical
solutions do not provide. It is therefore considered interesting to provide 3D
numerical simulations of oscillating drops from non-Newtonian liquids.

1.2 Objectives and outline

This thesis aims to extend the knowledge on non-Newtonian jet breakup.
Representing a first step towards a deeper understanding of the influence
of non-Newtonian behaviours on jet breakup this work limits itself to the
investigation of shear thinning behaviour. It will analyse the primary breakup
of jets as well as the oscillatory behaviour of single drops. The investigation
will be done with 3D direct numerical simulations. The investigations aim to
identify the differences for both the drop oscillations as well as the jet breakup
between the well known cases of Newtonian viscosity and less understood cases
of shear thinning viscosity. The simulations will be investigated by visualising
the liquid surface, as well as internal fields, including velocity, viscosity and
shear rate. The underlying influence of shear thinning viscosity behaviour
will be explained from these visualisations. In addition, quantifications of
the processes will be obtained and used to compare different influences on jet
breakup and drop oscillations. The thesis is organised in five chapters, dealing
with the following topics:

• The first chapter gives a motivation for the investigation and establishes
the current state of scientific knowledge

• The second chapter introduces the fundamentals for the investigation,
describing the fundamental method and the basics of rheology followed
by an introduction to the main concepts of jet breakup as well as drop
oscillations

• The third chapter explains the additions to the numerical method, which
have been implemented as part of this work

• The fourth chapter presents the results for the shear thinning drop
oscillation investigation

• The fifth chapter presents the results for the shear thinning primary jet
breakup investigation

• The sixth chapter summarizes the investigations and provides the conclu-
sions
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CHAPTER 2

Fundamentals

In the following chapter the relevant scientific fundamentals for this work are
provided. First, an introduction into the fluid dynamics of two phase flows is
given, concentrating on the numerical treatment based on the Volume of Fluid
(VOF) method. This is followed by a general introduction into rheology with
a focus on shear thinning liquids and the model fluids used. An overview of
the underlying laws of physics and mechanisms pertaining to the breakup of a
liquid jet is given. Finally, the fundamentals for oscillating drops are presented.

2.1 Fluid Dynamics of Multiphase Flows and Numerical
Method for the Simulations

This section introduces the underlying conservation equations, the physical
models and the limits relevant to multiphase flows. It will then describe the
discretisation and the numerical implementation as well as the treatment of
boundary conditions necessary for simulations.
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2.1.1 Fluid Dynamics Fundamentals

The basis are the conservative Navier-Stokes equations. These are the con-
servation of mass, the conservation of momentum, which is known as Cauchy
equations, and the conservation of energy. The conservation equation for mass
conservation reads

∂

∂t (ρ) +∇ · (ρu) = 0, (2.1)

The equation for momentum conservation can be written as

∂

∂t (ρu) +∇ · [(ρu)⊗ u] = −∇p +∇ · S + f , (2.2)

And the equation for energy conservation is given by

∂

∂t

(1
2ρu2 + ρe

)
+∇·

[
u
(1

2ρu2 + ρe
)]

= −∇·q̇−∇·(pu)+∇·(u · S) . (2.3)

Here u is the velocity vector of the flow, with the components u, v and w in
the three spatial directions x, y, and z. t is the time, the pressure is designated
p and ρ is the density. S is the shear stress tensor, which considers the viscous
forces and which will be discussed in more detail in section 3.1. The volume
force f = ρg + fγ is a combination of external accelerations, such as gravity,
which are contained in the vector k and of the capillary stress tensor fγ at
the gas liquid interface, which is used to apply surface tension forces. e is the
mass-specific internal energy and q̇ is the specific heat flux. All equations are
given in their differential formulation and their derivation can be obtained from
Rieber [97] or Schlottke [101].

The conservation equations are simplified to the incompressible formulation in
this work. This restriction is chosen as it simplifies the equations, however it
limits the maximum velocity u of the flow to Mach numbers Ma = U

c < 0.3,
where c denotes the speed of sound. The energy conservation equation (2.3) is
decoupled from the other equations in the incompressible case, if fluid properties
are constant. It is therefore only relevant to phenomena such as heat transfer or
phase change. Since this work only considers the fluid dynamics of multiphase
flows, this equation will be disregarded. Furthermore, the equation for mass
conservation (2.1) can be reduced to the equation of volume conservation for
incompressible flows

∇ · u = 0, (2.4)
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and the momentum conservation equation (2.2) becomes

ρ
∂u

∂t + ρ∇ · (uu) = −∇p +∇ · S + f . (2.5)

2.1.2 Numerical Method

All simulations are calculated with the program package Free Surface 3D
(FS3D), which has been developed at ITLR for more than 20 years and is under
continuous development. FS3D uses a finite volume (FV) discretisation of the
momentum equations in combination with the Volume of Fluid (VOF) method
in the one field formulation for the interface capturing. For the simulations in
this work, a first order time discretisation scheme in an explicit formulation is
used.

Modelling of Multiphase Flows

For multiphase flows there needs to be a method for the treatment of the free
surface in addition to the conservation equations. There are several modelling
approaches, each exhibiting different advantages and disadvantages. According
to Kothe [62] there are two main categories, the front tracking methods and
the front capturing methods.

The front tracking methods are considered to be Lagrange based. Their
approach is to track the free surface, for example by putting markers on the
surface [115] or by using a body fitted grid [37]. A well known enhancement to
a grid free implementation is Smoothed Particle Hydrodynamics as presented
e.g. by Stellingwerf [106].

The front capturing methods are Euler based. Their approach is to use a
colour function to automatically capture the free surface. The most noticeable
methods are the Level-Set method [84], which uses a height function φ, that
provides the distance to the free surface for each cell.

In this work, the VOF method is used, a front capturing method. The VOF
method is based on the work by Hirth and Nichols [48]. This method captures
the free surface with the introduction of an additional scalar field for the volume
fraction of the liquid phase, also called the disperse phase. This VOF variable

13



2 Fundamentals

is designated f and defined as the ratio of the liquid phase volume Vl to the
examined control volume V

f = Vl

V
. (2.6)

The scalar field f of the VOF variable, therefore can take the following values

f (x, t) =

 1 in the fluid phase,
]0, 1[ in interfacial cells,
0 in the gaseous phase.

(2.7)

An example of a VOF field is shown in figure 2.1.

liquid phase

gas phase

1.00 0.98 0.06

0.98 0.42 0.00

0.06 0.00 0.00

Figure 2.1: Left: In blue, a 2D section of a liquid structure (quarter of a drop).
Right: The representation of the liquid by the VOF variable f
discretised with a computational grid.

The equation for the advection of the VOF variable can be derived as

∂f
∂t + ∇ · (uf ) = 0. (2.8)

The VOF method is used in the one field formulation. The material properties
for the momentum conservation equation (2.2) can be calculated from the
volume fraction as

ρ (x,t) = ρg + (ρl − ρg) f (x,t) , (2.9)
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for the density and as

µ (x,t) = µg + (µl − µg) f (x,t) , (2.10)

for the dynamic viscosity. Here the subscript g and l designate the gaseous
phase and the liquid phase, respectively.

Time Discretisation

The discretisation of the mass conservation (2.1) and (2.8) and momentum
conservation equation (2.2) is used according to Rieber [97]

∇ · un+1 = 0, (2.11)

f n+1 − f n
∆t = −∇ · (f u)n , (2.12)

ρn+1un+1 − ρnun

∆t = −∇·[(ρu)⊗ u]n−∇pn+1+∇·S
(
µn+1,un

)
+fn+1. (2.13)

Here the superscript n designates the current time step tn and n+ 1 the next
time step tn+1. The difference between two time steps is ∆t = tn+1 − tn
The transport equation for the advection of the volume fraction (2.12) is full
explicitly discretised and can, therefore, be solved directly. With the resulting
new field f n+1, the density ρn+1 can now be obtained from equation (2.9). In
order to calculate the velocity field at the next time step tn+1 the discretised
momentum equation (2.13) is reformulated to

un+1 = 1
ρn+1 [ρnun −∆t∇ · [(ρu)⊗ u]n]

+ ∆t
ρ (f n+1)

[
−∇pn+1 +∇ · S

(
µn+1,un

)
+ fn+1] . (2.14)

This equation is split into three separate equations

ú = 1
ρn+1 [ρnun −∆t∇ · [(ρu)⊗ u]n] , (2.15)

with

ρn+1 = ρn −∆t∇ · (ρu)n , (2.16)
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ũ = ú + ∆t
ρ (f n+1)

[
∇ · S

(
µn+1,un

)
+ fn+1] , (2.17)

un+1 = ũ− ∆t
ρ (f n+1)

[
∇pn+1] . (2.18)

The first equation (2.15) deals with the convective accelerations and the second
equation (2.17) deals with all the non-convective accelerations except for the
acceleration due to pressure. This pressure acceleration is then added in the
last equation (2.18). While the first two separated equations can be explicitly
solved, a strictly explicit solution of the entire momentum conservation equation
is not possible. This is due to infinite propagation of compression waves, which
is a result of the incompressibility of the fluids. To resolve this, the pressure
acceleration has to be discretised implicitly. By introducing equation (2.18)
into equation (2.11) the pressure Poisson equation is obtained

∇ ·
[
∇pn+1

ρ (fn+1)

]
= ∇ · ũ∆t . (2.19)

From this equation, the new pressure field pn+1 can be calculated. The pressure
pn+1 can then be introduced into equation (2.18) to obtain the velovcity for the
next time step un+1. Rieber [97] explains that the step of solving the pressure
Poisson equation is also called the projection step, as a preliminary velocity
field has been projected into the space of the divergence free velocity fields.
This projection step ensures that the velocity un+1 will be divergence free. The
pressure Poisson equation is solved with the help of a multi-grid solver.

Spatial Discretisation

Spacial discretisation is done on a staggered grid. The grid is based on the
Marker and Cell (MAC) method by Harlow and Welch [45] and places scalar
values, such as the pressure p or the VOF variable f at the cell center, while
vector values, such as u are stored on the center of the cell faces in the three
dimensional case. In accordance to this distribution, the control volumes
for the conservation equations are also staggered. An example of such a
staggered grid for a two dimensional case is shown in figure 2.2 with the control
volumes highlighted. The grid is structured and rectangular, but allows for
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ui,j

vi,j

fi,j,pi,j

i− 1

i− 1
2

i

i+ 1
2

i+ 1

j − 1

j − 1
2

j

j + 1
2

j + 1

Figure 2.2: Staggered grid (2D case) as used in FS3D, based on the Marker and
Cell (MAC) method. The scalar values are stored in the cell center.
The velocity vector u is split into its components u and v, which are
then stored on cell edges. The control volume for mass conservation
is shown in red. The control volumes for momentum conservation in
x and y direction are shown in green and blue, respectively.

non-equidistant cell edges, where the edges ∆x, ∆y and ∆z do not have to be
constant.

Surface Reconstruction and f Advection

FS3D utilises a reconstruction of the free surface to prevent a smearing of
the volume fraction f caused by numerical diffusion. This is done because an
unprocessed f -field is unable to provide an exact information on the position of
the interface within the limits of a cell. The reconstruction furthermore allows
for a sharp delimination of the interface. The combination of the VOF method
with the Piecewise Linear Interface Calculation (PLIC) method as proposed by
Rider and Kothe [96] is used. For this, a plane that represents the interface is
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calculated for each cell by using the local unit normal vector n̂ obtained with
a 27 point stencil from the f -field

n̂ = −∇f
|∇f | . (2.20)

Then, a plane defined by the normal n̂ is constructed in the cell so that the
volume enclosed under the plane is in accordance with the volume fraction f of
that cell. The amount of f to be advected in any given direction x can then
be calculated by cutting the plane with a plane perpendicular to the direction
of the advection in a distance of u ∆t to the cells face. A visualisation of the
implementation is given in figure 2.3, showing the interface reconstruction with
PLIC on the left and the bounded VOF advection on the right.

1.00 0.98 0.06

0.98 0.42 0.00

0.06 0.00 0.00

1 u δt

1.00 0.98 0.06

0.98 0.42 0.00

0.06 0.00 0.00

Figure 2.3: Left: The reconstructed PLIC surface is visible as blue lines together
wit the f values. The original surface is implied by the dotted
black curve. Right: A geometrical representation of the advection
in x-direction. The total (gas + liquid) advection volume, defined
by u ∆t, is shown in red. The correct amount of f (liquid) for
advection is obtained by cutting the total advection volume with the
reconstructed surface. The resulting volume is shown for one cell in
green.

The f -advection as described above, as well as the convective accelerations
of the momentum equation (2.15) are calculated with an operator splitting
method based on the work by Strang [107]. For this Strang splitting the
three-dimensional transport equations are separated into three one-dimensional
equations. The equations are chained together, while the order of the three
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equations is permutated for each time step. When these permutations are
combined with a correction for divergence a second order accurate numerical
method is obtained.

Surface Tension Forces

The surface tension force fγ is another part of the momentum conservation
equation (2.2) to be discussed. This force is a part of the non-convective
accelerations dealt with in the separate equation 2.15. The surface tension
force is formulated as a volume force between two fluids. It is defined only at
the curved interface as

p2 − p1 = σκ (xγ) , (2.21)

where p2 − p1 denotes the pressure jump across the interface, σ is the surface
tension, a material property of the two fluids, and κ (xγ) is the curvature κ at
position xγ of the surface. The surface tension force on a unit surface area is
derived from the curvature κ (xγ) with the unit normal vector n̂γ as

fγ (xγ) = σκ (xγ) n̂. (2.22)

FS3D has several methods implemented to calculate fγ . In this work, two of
these methods are used, the Continuous Surface Stress (CSS) model by Lafaurie
et al. [63] and the Continuum Surface Force (b-CSF) model by Popinet [87].

For jet breakup simulations the CSS model is used. It introduces a surface
tension tensor

T = σαγ [(I − n̂⊗ n̂)] , (2.23)

with the surface density αγ and I being the identity matrix. From this tensor,
the surface tension force is calculated by

fγ = ∇ ·T. (2.24)

This method has the advantages of being faster and more robust than the
b-CSF model for cases, where the liquid structures become small, so that the
curvature has to be calculated from only few cells. This fits the jet breakup,
where large computational domains have a demand for efficiency and where
many small structures such as droplets and ligaments might be a result of the
simulation.
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For the simulations of drop oscillations the b-CSF model, an improved im-
plementation of the Continuum Surface Force model by Brackbill et al. [10],
is used. This model was implemented into FS3D by [9]. It introduces an
additional height function for a more accurate calculation of the curvature.
It is combined with an improved discretisation, which is more localized, to
better balance the surface tension forces over the interface. This method allows
for a strong reduction of parasitic currents, but for robustness it requires a
certain amount of liquid cells in order to calculate the height function. It is
therefore well suited for the investigations of single drops, where disturbances
from surface tension forces interfering with the oscillations are considered
problematic, while at the same time the liquid phase is well resolved.

Turbulent Inflow Boundary Condition

Simulations of jet breakup in FS3D require a boundary condition to represent
the conditions of the liquid at the exit of a nozzle. For this reason Huber et al.
[49] implemented a turbulent inflow generator in FS3D. It allows to define
sections of the boundary, from which fluid is introduced into the computational
domain. The shape of these sections can be varied as well as the average inflow
velocity and the velocity profile for the fluid. Additionally, it allows for the
application of artificial turbulence to the velocity profile. Artificial turbulence
is generated by the random spot method based on the work of by Kornev and
Hassel [60, 61]. The method superimposes isotropic turbulent fluctuations
u′ (t,y,z) onto the mean inflow velocity profile ū (y,z) in streamwise direction.
It places a collection of spots with a certain inner velocity distribution randomly
inside the inflow plane. The inner velocity of the spots is obtained analytically
from the shell-summed energy spectrum. The spots move through the inflow
plane, where they induce velocity fluctuations, which are superimposed onto
the inflow. This method allows for a divergence free generation of homogeneous,
isotropic turbulence at runtime and with variable time steps.

The side of the computational domain on which the inflow boundary condition
is situated, is set as a no-slip wall. The other sides of the computational domain
use a modified outflow boundary condition, which is explained in detail in
section 3.2.

Further Information

A more detailed explanation of the underlying equations of FS3D and their
numerical treatment is given by Rieber [97]. A current overview of FS3D,
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including additional features which have not been mentioned here, such as
phase change or multi-component fluids can be obtained in Eisenschmidt et al.
[27].

2.2 Rheology

In this section fundamentals of rheology are explained. The non-Newtonian
models relevant to this work are introduced and the material properties used
in the simulations are examined.

“Rheology is the science of deformation and flow of materials” [109]. In the
context of this work it concerns the viscosity of a fluid. The viscosity of a
fluid is its resistance to deformations. This resistance is caused by the friction
within the micro-structure of the fluid, i.e. between the particles or molecules
or crystalline structure. It can best be explained with the example of a Couette
flow - the flow of a viscous fluid between two surfaces. A sketch of the Couette
flow is shown in figure 2.4. 1

velocity u

shear stress τ

gradient ∆u
∆y

force F

d

y

x

Figure 2.4: Couette flow between two surfaces. The lower plate is fixed. The
upper plate is moving with the constant velocity u due to the force
F .

A fluid is situated in between two plates. The upper plate is moving with
the constant velocity u, while the lower plate is fixed. The fluid in between
the plates is envisioned as being made up of infinitesimal small vertical layers.
These layers interact with each other due to friction. The layer next to the
upper plate will be moving with the plate at the velocity u, while the layer just
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above the lower plate will have zero velocity. Due to the friction, the layers
in y-direction will each move at a faster speed than the one below, forming a
linear velocity profile for a Newtonian fluid. Therefore, the resistance of the
fluid moving with the velocity ∆u to the deformation at a height ∆y is a force

F = µA∆u
∆y , (2.25)

where A is the surface area of the plates, ∆y is the height above the lower
plate and ∆u the velocity at that height. The factor µ is the dynamic viscosity.
Sometimes the kinematic viscosity, the ratio of the dynamic viscosity to the
density of the fluid is used ν = µ

ρ
.

The change in velocity is called shear rate

γ̇ = ∆u
∆y = du

dy , (2.26)

which for a fully three dimensional case it is calculated with the symmetric
part of the velocity gradient as

γ̇ =
∣∣∣∣∇u + (∇u)T

∣∣∣∣
2
. (2.27)

With the general definition of the shear stress

τ = F
A , (2.28)

the equation for the shear stress of the Couette flow is obtained

τ = µγ̇, (2.29)

or as stress tensor for a generalised viscous fluid

S = ∇ ·
[
µ
∣∣∣∣∇u + (∇u)T

∣∣∣∣
2

]
. (2.30)

For many fluids, like water, the viscosity µ shows a constant, or nearly constant
behaviour for a constant temperature. The assumption of a constant µ provides
a constitutive equation known as Newton’s Law and fluids exhibiting that
behaviour are therefore called Newtonian fluids.

Fluids which do not exhibit a constant viscosity, in relation to the flow field,
are accordingly called non-Newtonian fluids. Two major classes of for non-
Newtonian fluids have been observed: those showing a behaviour independent
of time that only depends on the shear rate and those with a time dependent
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behaviour. An overview of these non-Newtonian classifications is shown in
figure 2.5. Additionally, there are external influences (not related to the flow)
that can effect the viscosity, such as temperature or pressure. These influence
are, however, not relevant for this work and are therefore not going to be
discussed further.

1

Non-Newtonian

Time Independent

Shear Dependent Yield Stress

Time Dependent

Thixotropic Viscoelastic

Figure 2.5: Overview of non-Newtonian phenomena.

2.2.1 Time independent non-Newtonian Fluids

The first class of non-Newtonian fluids are those where the viscosity depends on
the shear rate. The shear stress for these fluids can most simply be characterised
by a power law as described by Ostwald and De Waele [109]

τ = K γ̇n , (2.31)

where K is a material constant called the flow consistency and the exponent
n is the behaviour index. With equation (2.29), the viscosity of a power law
fluid is obtained

µ = K γ̇n−1. (2.32)

The exponent n defines the behaviour of the fluid. The different behaviours are
shown in figure 2.6. A Newtonian fluid is shown as the black linear line. The
shear stress is proportional to the shear rate and the exponent n = 1. For n < 1
the viscosity decreases with an increase in shear rate, the fluid become easier
to shear compared to the Newtonian case. It is the more common case and
is called a shear thinning or pseudo-plastic flow and it is shown as the green
curve. The opposite happens for n > 1, where the viscosity increases with
the shear rate. This is called shear thickening or dilatant behaviour. Dilatant
behaviour is the less common case and it is represented by the red curve.
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Newtonian, n=1

shear-thinning, n=0.9

shear-thickening, n=1.05

Bingham

Herschel-Bulkley

Figure 2.6: Curves showing the development of shear stress τ with shear rate γ̇
for different shear dependent fluids.

This non-Newtonian behaviour can be explained by the micro-structure of
the fluid. The micro-structure, when sheared, will either change to reduce
the internal friction in case of a shear thinning flow, or it will increase the
friction in case of shear thickening. Four examples for the behaviour of the
micro-structures in a shear thinning case are sketched in figure 2.7. It is
shown how the application of shear can lead to a reorientation, stretching,
deformation or to the disintegration of the micro-structures, thereby decreasing
the internal friction. For shear thickening fluids the application of shear can,
for example, lead to a jamming within the micro-structure to increase the
internal friction. For time independent fluids it is assumed that these changes
in the micro-structure are quasi instantaneous.

The Ostwald-De Waele power law model, while simple, does have weaknesses.
For example, in the case of a shear thinning flow, if the shear rate approaches
very high values, the power law would predict the viscosity to tend to zero. In
reality, however, it has been observed that shear thinning fluids exhibit a lower
limit for the viscosity. Therefore, in addition to the basic power law, more
realistic models for the viscosity of a shear thinning or shear thickening fluid
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a b c d

Figure 2.7: Different changes in the micro-structure of a non-Newtonian fluid that
can lead to a decrease in viscosity, before and after the application of
shear: a) orientation, b) stretching, c) deformation, d) disintegration.

have been developed. These models allow for a more physical modelling of the
viscosity.

A modified power law of the form

µ = µ0

1 + µ0
KOW

γ̇1−n , (2.33)

where KOW and n are material constants, addresses, that most shear thinning
fluids have an upper limit for the viscosity µ0, also called the first Newtonian
plateau.

The Carreau-Yasuda model [14]

µ− µ∞
µ0 − µ∞

= [1 + (λγ̇)a]
n−1

a , (2.34)

additionally to µ0, considers the lower limit for the viscosity µ∞, also called
the second Newtonian plateau. In addition to these limits, the model also
uses three material constants λ, a, and n. The viscosity over the shear rate is
shown in figure 2.8 for the two advanced viscosity models in addition to the
Newtonian case and the Ostwald-De Waele model. The figure shows only shear
thinning cases, but the models can also be applied to shear thickening fluids.

Viscoplastic or yield stress fluids behave as an elastic solid below a certain shear
stress τ ≤ τ0 and behave as a fluid above that threshold τ > τ0. Analogously
to the explanation for the shear dependent behaviour, a certain amount of
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Newtonian

shear-thinning / Ostwald-De Wale

mod. power law

Carreau-Yasuda

Figure 2.8: Flow curves showing the development of viscosity µ with shear rate
γ̇ on a log-log-scale for different shear dependent flows.

shear needs to be applied for the changes in the micro-structure to begin. If
the behaviour above the threshold is Newtonian, the fluid is called a Bingham
fluid

γ̇ = 0 τ ≤ τ0
τ = τ0 + µγ̇ τ > τ0. (2.35)

The fluid is called a Herschel-Bulkley fluid, if the yield stress fluid has a power
law behaviour above the threshold

γ̇ = 0 τ ≤ τ0
τ = τ0 + K γ̇n τ > τ0. (2.36)

Both the Bingham and the Herschel-Bulkley fluid are shown in figure 2.6.
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2.2.2 Time dependent non-Newtonian Fluids

In this work only time independent non-Newtonian fluids are investigated.
For the sake of completeness a very short overview of the second class of
non-Newtonian fluids, which have a time dependent viscosity, is given. These
fluids are not only dependent on the shear rate, but also on the duration of the
shear and the history of the deformation. As shown in figure 2.5, there are two
sub-classes of time dependent non-Newtonian fluids, the thixotropic and the
viscoelastic fluids. A more complete introduction into time dependent fluids
can be found in [21].

The thixotropic fluids have an apparent viscosity, which decreases with time.
When the viscosity increases with time, they are also called negative thixotropy
or rheopectic. The behaviour can be explained similar to the time independent
case in chapter 2.2.1 by a change in the micro-structure, as represented in
figure 2.7, but for this case a significant microscopic time scale λt is necessary
for the changes to take place. Examples for a thixotropic and a rheopectic
behaviour are shown in figure 2.9, with a) showing the change of viscosity over
time for constant shear, compared to a Newtonian case. In b) the changes in
shear stress are shown for a changing shear rate.

Newtonian

rheopectic

thixotropic

thixotropic

theopectic

Figure 2.9: Time independent non-Newtonian behaviour: a) viscosity over time
for constant shear and b) shear stress for a thixotropic and a rheopec-
tic fluid.

The last class of fluids discussed in this section are viscoelastic fluids. The nature
of Newtonian fluids has been discussed, where the shear stress is proportional
to the shear rate. The opposite behaviour is shown by a solid during elastic
deformation, where the shear stress is proportional to the strain. In the case

27



2 Fundamentals

of an ideal elastic deformation the solid returns to its original state, once the
strain is removed. Viscoelastic fluids show a combination of both behaviour,
for example fluids which have the capability to store and recover some of the
energy introduced by the shear.

2.2.3 Model Fluids for the Simulations

For the numerical investigtion of shear thinning behaviour different model
fluids with different material properties are used. For this, aqueous solutions of
Praestol were chosen. Praestols are a series of water soluble polyacrylamides,
which come in different molecular weights and hydrolysation. Solutions of
Praestol 2500 and Praestol 2540 are used as model fluids. Praestol 2500 is a non-
ionic flexible polymer and Praestol 2540 is anionic and rigid-rod like. Praestols
are industrially used as flocculants in different water treatment applications.
The material properties of Praestol solutions with different polymer to water
weight ratios were characterized with a shear rheometer at the Institute of Fluid
Dynamics and Heat Transfer (ISW) at the Graz University of Technology and
are published in [28]. These flow curves are modelled with the Carreau-Yasuda
model in all simulations. The parameters for the model were fitted to the
experimentally measured flow curves with a least square fit. The experimental
data as well as the Carreau-Yasuda fitted curves for a selection of Praestol
solutions are shown in figure 2.10.

The Praestol solutions were chosen, not for their real application case, but
solely because of their non-Newtonian behaviour. They provide significant
changes in viscosity, as well as different shear thinning behaviours. This can be
well observed from the flow curves in figure 2.10, with all three curves exhibiting
different slopes. The curve for the Praestol 2540 0.05% illustrates this especially
well, starting at a higher first Newtonian plateau µ0, but starting the shear
thinning at lower shear rates, followed by a steeper decrease in viscosity and
therefore reaching its second Newtonian plateau before the other two curves.
The Praestol solutions are therefore well suited to investigate the fundamental
mechanism of shear thinning fluid flows. The material properties for all Praestol
solutions, including their parameters for the Careau-Yasuda model are given
in table 2.1.

In addition to the model fluids based on real liquids, theoretical fluids are also
used. For reasons of comparison, theoretical Newtonian fluids are used, with a
constant viscosity calculated from averaging the non-Newtonian viscosity in a
simulation with a Praestol solution. It should be mentioned that the Praestol
solutions show an additional viscoelatic behaviour in reality. This is ignored
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Figure 2.10: Flow curves for a selection of aqueous solutions of Praestol showing
dynamic viscosity µ over shear rate γ̇ on a double logarithmic scale.
The experimental characterisation is shown by symbols and the
least square fit to the Careau-Yasuda model parameters as full lines.
For comparison the constant viscosity of water is shown as a black
line.

for all simulations in this work, since it only deals with the investigation of
shear thinning effects.
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Table 2.1: Material properties of the aqueous Praestol solutions used for the
simulations. Additionally the fitted parameters a, λ and n for the
Carreau-Yasuda model, e.g. [14] are given.

Density Surface 1. Newtonian Viscosity
Tension Plateau

ρ
[
kg/m3] σ [mN/m] µ0 [Pa s] µ∞ [Pa s]

Air 1.189 1.82E-5
Praestol
2500 0.3% 999.4 73.15 0.046 0.004
2500 0.8% 1000.9 75.55 0.759 0.008
2500 1.0% 1001.6 77.09 1.590 0.001
2540 0.05% 1049.2 76.51 1.590 0.005
Model
parameters a λ n
Praestol
2500 0.3% 1.036 0.157 0.576
2500 0.8% 1.058 1.2995 0.488
2500 1.0% 1.1102 2.1685 0.4825
2540 0.05% 2.842 10.065 0.266

2.3 Jet Breakup

A liquid jet exiting a nozzle into a gaseous environment will over time breakup
into drops. The time and distance until the occurrence of this breakup, as well
as the size and the amount of the resulting drops, are depending on instabilities
in the jet. The instabilities are caused by the cohesive and disruptive forces
acting upon the surface of the jet and the resulting exchange of momentum
between the jet liquid and the ambient gas. The disruptive forces lead to
oscillations and perturbations on the surface, which can amplify to the point,
where the continuous liquid jet disintegrates into smaller liquid fragments like
drops and ligaments. There are five fundamental quantities influencing the
breakup of the jets, which will be relevant throughout this chapter:

• D - the diameter of the nozzle

• U - the average velocity of the jet when exiting the nozzle

• ρl - the density of the jet fluid

• µl - the viscosity of the jet fluid
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2.3 Jet Breakup

• σ - the surface tension between the jet liquid and the ambient fluid

The breakup of the continuous liquid jet core into drops is called primary
breakup. If the drops resulting from this process are above their critical
size, they will further disintegrate into smaller drops, which is referred to as
secondary breakup. The critical size for a drop with the equivalent diameter
D0 - the diameter of the drop in its ideal spherical shape - to breakup can be
obtained by a force balance over the drop as shown by Hinze [47]. It is defined
as

Wecrit = 8
CD

, (2.37)

where CD is the drag coefficient and Wecrit is the critical liquid or jet Weber
number. The Weber number is a dimensionless number that gives the ratio
between the aerodynamic forces and the surface tension forces

We = ρlU 2D0

σ
. (2.38)

2.3.1 Breakup Regimes

The breakup of a jet is caused by different mechanisms. The minimum re-
quirement for breakup is that the jet core is not continuous any more. The jet
stability curve or jet breakup curve shows the length of the jet core over the
injection velocity of the jet as illustrated in figure 2.11. A look at the breakup
curve, reveals four regimes for jet breakup, labeled A to D. These regimes are
classified as described by [94]:

1. Rayleigh Jet Breakup Regime

The breakup which occurs many jet diameters downstream of the nozzle
yields drops whose diameters exceed that of the jet diameter. This
breakup is caused by the growth of axisymmetric oscillations of the jet
surface, which are induced by surface tension.

2. First Wind Induced Breakup Regime

The breakup, which again occurs many diameters downstream of the
nozzle yields drops whose diameters are of the order of the jet diameter. In
this case the surface tension effect is augmented by the relative motion of
the ambient gas and the jet, which produces a static pressure distribution
across the jet accelerating the breakup process.
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Figure 2.11: Jet stability curve indicating the change of breakup length with jet
velocity. Taken from [70].

3. Second Wind Induced Breakup Regime

The breakup which occurs some jet diameters downstream of the nozzle
yields drops whose average diameter is smaller than the jet diameter.
Droplet formation results from the unstable growth of short wavelength
surface waves on the jet surface which are caused by the relative motion
of the jet and the ambient gas. Here, surface tension opposes the wave
growth.

4. Atomization Regime

The breakup appears to result in a complete and immediate disruption of
the liquid jet as it enters the gaseous environment. Droplets are formed
whose average diameters are a lot smaller than the nozzle diameter. Here,
the breakup mechanism is unknown.
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The regimes can be visualized in a chart that was first proposed by Ohnesorge
[82] based on experimental data. In this chart the dimensionless Ohnesorge
number Oh, is plotted versus the Reynolds number Re on logarithmic scales.
The Reynolds number is defined as the ratio between the inertial forces and
the viscous forces

Re = ρlUD
µl

(2.39)

and the Ohnesorge number is the ratio of the viscous forces to the inertial and
surface tension forces

Oh = µl√
ρlσD

. (2.40)

For both dimensionless numbers D represents the characteristic length. In
the case of jet investigations this is the nozzle diameter D. For investigations
focused on drops it it the equivalent drop diameter D0.

The Ohnesorge diagram is shown with the line proposed by Miesse [78] added
in figure 2.12 on the left.

The breakup in the different regimes is generally driven by the growth of
instabilities on the jet surface. Two major kinds of instabilities have been
identified: Rayleigh-Taylor instabilities and Kelvin-Helmholtz instabilities.

The Rayleigh-Taylor instability develops due to the difference in density ρ
between the jet liquid and the surrounding fluid, which has a lower density.
Any initial disturbance of the jet surface will also cause a displacement of
the surrounding fluid. Due to the lower density the surrounding fluid can
not provide the necessary pressure variations needed to prevent the initial
disturbance from growing and the disturbances increase.

The Kelvin-Helmholtz instability is caused by the difference in velocity between
the jet fluid and the surrounding atmosphere. The velocity difference induces
a shear layer at the boundary between the two fluids. The shear layer is
irrotational but has a uniform non-zero vorticity. When disturbed, the shear
layer produces localised vorticity concentrations, which lead to vertical velocity
perturbations, causing an amplification of the original wave. As a result, the
vorticity can cause the jet surface to roll up.

For jets that do not breakup directly after exiting the nozzle the disturbances on
the surface of the jet core are therefore a good indicator of the jet’s propensity
for breakup. In cases of a fully atomising jet the immediate breakup of the jet
core after exiting the nozzle prohibits an analysis of the jet surface. Over the
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Figure 2.12: The regime classification for the disintegration of liquid jets, accord-
ing to Ohnesorge [82].

years two quantities have been established from experimental investigations
as a way to quantify jet atomisation. The first quantity is obtained from the
sizes of the drops and the ligaments. It provides information on the size of the
liquid structures resulting from breakup. It is measured as the Sauter mean
diameter D32 , which is the ratio of the volume to the surface area of the liquid
structures. It can be calculated from an average drop diameter D0 as

D32 =
∑

D3
0∑

D2
0
. (2.41)

The second quantity for characterising an atomising jet is the jet angle α. It
provides information on the jet spreading. The correct way to define the jet
angle is still under dispute as many experimental works use their own definition
or even just a coarse visual analysis. It is defined as the opening angle of a
cone, which contains 99.8% of the liquid mass. For the purposes of this work

34



2.3 Jet Breakup

the angular point is set at the outer diameter of nozzle D - as opposed to the
center.

2.3.2 Stability Influencing Factors for Jets

The classification by Reynolds number and Ohnesorge number, as introduced
in the previous section, is generally the first influence which is considered to
estimate the jet’s propensity for breakup. However, there are many other
influences on the breakup of liquid jets, such as the ambient pressure, the
velocity profile or the turbulence intensity.

Ambient Pressure

An additional influence on the jet breakup can be observed for high pressure
environments. The conditions of the ambient gas are not considered by the
Ohnesorge and Reynolds numbers for the classical regime maps. In these cases
the aerodynamic influences of the surrounding gas also affect the breakup. This
influence on the gas to jet liquid density ratio ρg/ρl as given by Reitz [94] is
shown in figure 2.13.

This concept was expanded by considering the additional aerodynamic inertial
forces which act on the surface tension forces and can be described by the gas
Weber number, which is formed with the density of the surrounding gas ρg

Weg = ρgU 2D
σ

. (2.42)

Czerwonatis and Eggers [20] used this to modify the Ohnesorge number to

Z∗ =
√

WeWeg
Re = µlU

σ

√
ρg

ρl
. (2.43)

Jet Velocity Profile

The internal nozzle flow substantially influences the breakup. Nozzles can have
varying lengths and shapes. The internal nozzle flow determines the velocity
profile of the jet, as well as the turbulence level. While a multitude of complex
nozzles exists, ranging from rotary atomisers over swirl atomisers, premixing
nozzles and air blast atomisers, this more fundamental work is limited to the
investigation of plain orifice and dual orifice pressure nozzles.
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Figure 2.13: The influence of ambient pressure on the regimes for jet breakup
by Reitz [94].

The nozzles and corresponding velocity profiles relevant to this work are
depicted in figure 2.14. In the top row two plain orifice pressure nozzles with
different flow conditions are given. The constant velocity or block profile is
the result of a very short nozzle. In the case of an ideal laminar nozzle flow,
a parabolic velocity profile is formed. In the lower row a dual orifice nozzle
is shown. It comprises an inner nozzle with a circular cross section, which
injects the liquid at a lower velocity, and an outer nozzle with an annular cross
section, which injects the liquid at a higher velocity. The last profile is the
real turbulent profile of a short nozzle. It is obtained, by increasing the nozzle
length of the short nozzle until a more developed turbulent nozzle profile is
gained. This profile was obtained from an internal nozzle flow simulation using
OpenFOAM [83].

Even in Newtonian jets, the shear introduced by the nozzle can affect the
breakup. The kinectic energy contained within the nozzle flow is therefore a
good measure of the destabilising effect the nozzle will have on the jet. The
influence of nozzles on jet breakup has been investigated in detail by Sander
[99]. He proposed using the approach by McCarthy and Molloy [76] to quantify
the nozzle influence. The kinetic energy flux ε is the energy density flowing
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Block Profile
ε = 1.00

Parabolic Profile
ε = 2.00

Dual Nozzle Profile
ε = 1.30

Short Nozzle Profile
ε = 1.28

Figure 2.14: Nozzle types used in this work. A very short nozzle with a block
velocity profile, a long nozzle with a parabolic velocity profile, a dual
orifice nozzle and a short nozzle with a turbulent nozzle velocity
profile. The kinetic energy flux ε for each nozzle is given.

through the nozzle cross section A set in relation to the energy density of a
block profile

ε = 1
U 3A

ˆ A

0
ūi

3dA, (2.44)

where ūi indicates the local average velocity at the nozzle exit. The kinetic
energy flux ranges from ε = 1.0 for a block profile to ε = 2.0 in the case of a
parabolic profile.

Turbulent Intensity

Another influence on jet breakup is turbulence. As proposed by Reynolds,
these fluctuations can be separated for a stationary turbulent flow into

u (x, t) = ū (x) + u′ (x,t) , (2.45)
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where ū (x) is the time independent averaged part and u′ (x,t) constitutes the
fluctuating part. The turbulence can be quantified by the turbulent intensity,
which is calculated from the two parts as

Tu =
√

1
3 u′u′

|ū| . (2.46)

A second characteristic of turbulent flows, relevant to this work, is the integral
turbulent length scale Lt . It provides a measure of the extent over which the
velocities in eddies are appreciably correlated. Both quantities are used as
input for the turbulence generation in the simulations.

In jet breakup, turbulence acts as the initial disturbance, which then leads to
the development of Rayleigh-Taylor and Kelvin-Helmholtz instabilities. The
influence of turbulence on Newtonian jets has been investigated, for example
numerically by Gomaa et al. [41]. It has been shown that an increase in
turbulent intensity leads to an enhanced breakup of the jet. The same goes for
an increase of the integral turbulent length scale.

2.3.3 Resolution Requirements for Direct Numerical Modelling of
Jet Breakup

Direct numerical simulations are defined by fully resolving the turbulent fluc-
tuations in the flow field. Therefore, the discretisation of the jet breakup
simulations has to be chosen in such a way, that the smallest turbulent struc-
tures are resolved.

The universal equilibrium theory of Kolmogorov [59] was utilised by Batchelor
[4] to describe homogeneous turbulent flow. Turbulence follows an energy cas-
cade, which is shown in figure 2.15. Large vortices are generated by instabilities
in the mean flow. These large vortices have a wave length k = 1/L, where L
is of the order of the characteristic length. The large vortices are themselves
subject to inertial instabilities, which causes them to breakup into smaller
vortices. In this process larger vortices transfer their energy to smaller vortices.
These smaller vortices in turn also transfer their energy to even smaller ones.
This continuous process forms the cascade down to very small vortices. Once
the vortices are of a size l, so that their Reynolds number becomes unity,
viscosity becomes important. These very small eddies are then dissipated by
viscosity. The vortices vanish upon reach a smallest size. The size of these
smallest vortices is called the Kolmogorov length scale λk and corresponds to
the necessary resolution.
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Figure 2.15: Schematic illustration of the energy cascade for turbulent flow
structures as turbulent energy over eddy size.

For a channel or a pipe flow the Kolmogorov length scale can be estimated from
the integral turbulent length scale Lt and the fluctuating part of the velocity
u′. In this work isotropic turbulence is used for the estimation of the boundary
condition, simplifying the fluctuating part to only the streamwise direction
u′ = TuU . The Kolmogorov length scale is then calculated as

λk = Lt

Re
3
4
t

, (2.47)

with the turbulent Reynolds number

Ret = ρlu′Lt

µl
. (2.48)

The turbulent length scale is estimated from the nozzle diameter as Lt = D/8.
To obtain a correct setup for the DNS of a jet, the order of the size of a cell
needs to be equal or smaller than the Kolmogorov length ∆x ≤ λk .

A second criterion for the resolution is the size of the smallest liquid structures.
From equation (2.37) a minimum Weber number for droplets for breakup can
be derived as Wecrit = 13, cf. Ranz [90]. The reverse conclusion is that for a
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fixed velocity U and constant material properties ρ and σ a minimum diameter
for liquid structures can be defined

Dcrit = Wecritσ

ρU 2 = 13σ
ρU 2 . (2.49)

For the purpose of this estimation it is assumed that the maximum velocity
of a liquid structure will be the injection velocity of the jet U and that the
Weber number is calculated with the density of the gas ρg. To obtain a
usable representation of the reconstructed interface, a liquid structure needs
to be resolved by at least 3 cells. The cell size should be of the order of
∆x,∆y,∆z ≤ 3Dcrit, representing the smallest liquid structures.

2.4 Drop Oscillations

Drops exist due to the molecular attraction of the liquid molecules. Inside
the liquid the molecules are evenly distributed, so that every molecule has the
same cohesive forces affecting it in each direction. The resulting net force is
therefore zero. This changes at the liquid interface. Whether surrounded by
vacuum or another fluid, the liquid molecules at the phase boundary do not
experience the same amount of molecular attraction in each direction. The
cohesive forces between the molecules outweigh the adhesive forces, interaction
with their surroundings, and result in a net force pulling the molecules towards
the liquid. This is the surface tension force. The surface tension σ is a material
property between two phases. It is defined by the work dW necessary for the
increase of the surface area dA

dW = Fxdx + Fydy = σxdx + σydy = σdA (2.50)

This provides the definition

σ = dW
dA . (2.51)

In a continuum mechanics context the surface tension can be modelled as a
pressure gradient with the well known Young-Laplace equation cf. [35]

∆p = σ
( 1
r1

+ 1
r2

)
, (2.52)

dependent on the curvature, with the radii of curvature r1 and r2. The
numerical implementation of the surface tension modelling is discussed in more
detail in section 2.1.2.
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A certain amount of energy is needed to move molecules towards the surface
and keep them there. Therefore, the drop will strive towards a shape with the
least molecules at the interface - the equilibrium state. When entirely enveloped
by another phase, and when no outward forces such as gravity act on the drop,
this shape is a sphere. When the surface of a drop is deformed away from the
spherical shape by an external force, the surface tension will act on the fluid,
moving it back towards a spherical shape. The surface tension force is converted
into momentum force. This momentum force, upon reaching the spherical
equilibrium state, can lead to a further deformation in the perpendicular
direction. As this constitutes a deformation from the equilibrium state, the
surface tension will affect the motion again. This reciprocity of surface tension
energy and kinetic energy leads to a periodic oscillation of the drop surface
around its spherical equilibrium state.

The oscillation is damped by fluid viscosity. The internal friction dissipates
the kinetic energy, so that the amplitude of the drop oscillations is damped
until the point where the oscillation stops. The relevant dimensionless number
for drop oscillations is the Ohnesorge number

Oh = µl√
ρlσD0

, (2.40)

which has already been introduced in section 2.3 as part of the fundamentals
on jet breakup. The Ohnesorge number can be seen the ratio of viscous forces
to the combination of surface tension and kinetic forces. In the context of
drop oscillations it puts the forces which promote oscillations (kinetic, surface
tension) in relation to the forces which counter oscillations (viscous).

The oscillation of a drop can be calculated analytically with the linear theory
by Lamb [66], an expansion of the work by Rayleigh [108]. It uses a two
dimensional description of the drop surface with Legendre polynomials Pl of
different orders l. The drop surface is described in polar coordinates r (θ) as,

r (θ) = R0

(
a0 +

lmax∑
l=2

alPl (cos (θ))

)
, (2.53)

with an amplitude factor a. The sum in (2.53) is starting with the first
oscillation mode l = 2, since l = 1 represents a translation. The Legendre
polynomials have been implemented for drop initialisation into the numerical
code as part of this work and are described in more detail in section 3.3.1.
Rayleigh obtained a differential equation for the amplitude al for a small inviscid
drop - neglecting gravity and density of the surrounding fluid - by equating
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the surface tension energy with the kinetic energy. Lamb [66] expanded this by
introducing viscosity and derived a differential equation for the oscillation of
drops that is analogous to a damped harmonic oscillator

d2al

dt2 + 2µ
ρR0

2 (l − 1) (2l + 1) dal

dt + σ

ρR0
3 l (l − 1) (l + 2) al = 0, (2.54)

with al (0) = al ,0. The drop oscillation equation (2.54) can be solved as

al = al ,0 exp (−δlt) cos
(√

ω2
l − δ2

l t
)
. (2.55)

The undamped angular frequency ω for a drop oscillation of mode l can therefore
be determined as

ω2
l = l (l − 1) (l + 2) σ

ρR0
3 , (2.56)

and the undamped period derived from equation (2.56) as

Tl = 2π√
l (l − 1) (l + 2)

√
ρR0

3

σ
. (2.57)

The frequency damping δ for a drop oscillation of mode l can be determined
as

δl = (l − 1) (2l + 1) 2µ
ρR0

2 . (2.58)

The corresponding surface area A for an oscillating drop can be calculated
from the amplitude al as

A = 4πR0
2 + 2π (l − 1) (l + 2)

2l + 1 R0
2al

2 (2.59)

according to Rayleigh [108].

Prosperetti [89] solved a variant of equation (2.54) with a Laplace transforma-
tion and showed that the frequency and therefore the oscillation vanishes below
a critical Ohnesorge number. Drops below that critical Ohnesorge number
Ohcrit are called aperiodic, since a deformed drop will simply revert to the
spherical form without oscillating. The aperiodic limit can be calculated as

Ohcrit = 1
(2l + 1)

√
2

√
l (l + 2)

l − 1 (2.60)
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2.4 Drop Oscillations

for mode l.

43



44



CHAPTER 3

Numerical Implementations

During this work different parts of FS3D have been improved upon. These
new implementations are shortly discussed, starting with the treatment of
non-Newtonian material properties. Then a necessary modification to the
outflow boundary conditions is presented. In the end a new method to set
the initial conditions for drop oscillations based on Legendre polynomials is
discussed.

3.1 Viscosity Calculation

The influence of viscosity occurs in the momentum conservation equation (2.2)
in the shear stress tensor for a fluid

S = µ
[
∇u + (∇u)T

]
, (3.1)

45



3 Numerical Implementations

which is solved in FS3D as part of the non-convective accelerations in equation
(2.17). Therefore, in this step the following sub-part of the momentum equation
is solved

ũ = ú + ∆t
ρ (fn+1)∇ ·

[
µ
[
∇u + (∇u)T

]]
. (3.2)

The viscosity µ is of constant value in case of a viscous fluid and it is dependent
on the shear rate γ̇ in case of a shear thinning fluid µ = µ (γ̇). The different
viscosities are explained in more detail in chapter 2.2. For this work an old
separate non-Newtonian module has been abandoned and the treatment of the
non-Newtonian viscosity has been introduced into the current FS3D viscosity
module, which in addition to the explicit routine also allows for an implicit
calculation of the velocity changes due to viscous stresses. Furthermore, a new
shear rate dependent viscosity model has been implemented.

The calculation of the viscous stresses is based on the method by Tryggvason
et al. [111]. They are discretised with a central difference scheme. On the
staggered grid, shear stresses are brought from the control volume for the mass
conservation to the control voluminas for the momentum conservation, in order
to solve equation (3.2). The viscosities are also needed on the momentum
control voluminas. The diagonal elements of the viscosities are interpolated
onto the cell sides with linear interpolation, i.e. for the x momentum control
volume

µi+ 1
2

= µi∆xi+1 + µi+1∆xi
∆xi + ∆xi+1

. (3.3)

The calculation of the velocity change is done from the position of each shear
stress, thereby eliminating redundant calculations of the shear stresses, which
were done in the old module. The algorithm works along the following three
steps:

1. Interpolate scalar values onto the staggered grid

2. Calculate shear stresses ∇ · S

3. Modify velocity by the shear stresses

If non-Newtonian material properties are selected this algorithm is expanded.
The shear rate γ̇ is calculated from the velocity field at the current time step
n as

γ̇ =
√

1
2
[
∇un + (∇un)T

]2
. (3.4)
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3.1 Viscosity Calculation

From the shear rate γ̇ the viscosity µ (γ̇) of the fluid is calculated from a
viscosity model for each cell. Three shear dependent viscosity models have
been implemented into FS3D, the modified Ostwald-De Waele model from
equation (2.33), the Cross model proposed in [19] and the Careau-Yasuda
model proposed in [14]. The Carreau-Yasuda model is used for the simulations
presented in this work and is described in more detail in chapter 2.2.2, equation
(2.34). A calculation of a shear dependent viscosity µ (γ̇) for the continuous
phase is also implemented, though not used in this work. The non-Newtonian
viscosity is then used to calculate the viscous stresses according to equation
(3.3) and the above mentioned steps. Hence, the algorithm for a non-Newtonian
simulation has the following form:

1. Calculate shear rate γ̇

2. Calculate non-Newtonian viscosity µ = µ (γ̇) from selected viscosity
model

3. Interpolate scalar values onto the staggered grid, including the non-
Newtonian viscosity

4. Calculate shear stresses ∇ · S

5. Modify velocity by the shear stresses

In addition to the new calculation of the viscosity accelerations a part of the
post processing has been directly included into the program code. A routine
to calculate the spatially averaged viscosity of the discontinuous phase

µ̄d (t) =

∑
x(f>0) µ (x) f (x) ∆x∆y∆z∑

x(f>0) f (x) ∆x∆y∆z
(3.5)

for each time step t. Here the viscosity µd is calculated back from the viscosity
of each cell µ (x) with a volume fraction f (x) > 0. The averaged viscosity
µ̄d (t) together with the maximum viscosity in the field µmax = max (µ (x))
and the minimum viscosity µmin = min (µ (x)) over time are output as a
simulation result.
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3 Numerical Implementations

3.2 Outflow Boundary Condition with Backflow Supression

Experience with jet breakup simulations has shown, that the outflow boundary
condition can cause problems with back flow. The outflow boundary condition
is a Neumann boundary condition with zero gradient

∂u
∂x

∣∣∣∣
boundary

= 0, (3.6)

for u the velocity vector field. It is implemented in FS3D, by setting the
halo cells to the value of the boundary cell. For example in case of the right
boundary with the index N for the velocity in x direction it is set to

uN+1 = uN , (3.7)

for the total amount of cells at the boundary.

The initial injection of the jet into the ambient gas can produce strong vortices.
When a vortex leaves the computational domain through an outflow boundary
condition, it can lead to velocity vectors in the boundary cell which are directed
back into the computational domain. When the halo cells are set according
to (3.7), as a result a gas or liquid stream into the computational domain is
created. This causes non-physical results. Furthermore, the problem does not
subside by itself, as for following time steps the outflow boundary condition is
set again with inwards pointing velocities.

To prevent this, a modification of the outflow boundary condition is imple-
mented to be applied to outflow boundaries in streamwise direction and only
to be used with jet simulations. In this modification a back flow into the
computational domain is suppressed by setting for these boundary cells the
streamwise velocity component u of the velocity vector u = (u,v,w)T to zero,
if this velocity component is pointing inside the computational domain. For
the right boundary with index N

uN+1 = 0 for uN < 0. (3.8)

To help conserve a divergence free velocity field, the sum of the velocity
components set to zero is distributed as a correction factor to all cells of the
boundary

uN+1 = uN+1 +
∑

uneg

IN
, (3.9)
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with IN being the number of cells in the right boundary and∑
uneg =

∑
uN for uN < 0. (3.10)

For boundary conditions perpendicular to the jet stream direction an additional
condition for the correction is introduced. Here a suppression of back flow is
only activated if the local velocity component pointing back into the domain
exceeds 10 % of the inflow velocity U .

3.3 Initial Conditions for Drops by Legendre Polynomials

For the simulation of drop oscillations the drop needs to be initialised in a
deformed state. In analytical works based on normal modes the initial shape of
the oscillating drop is generally described with a Legendre polynomial [11, 88,
102, 108]. Legendre polynomials were implemented into FS3D as a method for
setting the initial conditions of the simulation in the Bachelor thesis of Kaleta
[51].

3.3.1 Legendre Polynomials

The surface of a two dimensional representation of the drop can be defined in
polar coordinates with the radial coordinate r and the polar angle θ as

r (θ) = R0

(
1 +

∞∑
l=1

alPl (cos (θ))

)
, (3.11)

where a circle of radius R0 is superimposed by Legendre polynomial Pl and
an amplitude factor al . The Legendre polynomial Pl is the solution of the
Legendre differential equation

d

dx

[(
1− x2) d

dx
Pl (x)

]
+ l (l + 1) Pl (x) = 0 (3.12)

in the interval [−1,1] and the boundary condition Pl(1) = 1, as solved by
Laplace [68] and Legendre [71]. The solution can be expressed as a recursive
equation

Pl (x) = (2l − 1)xPl−1 (x)− (l − 1)Pl−2 (x)
l

, (3.13)
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3 Numerical Implementations

with P0(x) = 1 and P1(x) = x. The Legendre polynomials are zonal spherical
harmonics, with the Legendre polynomial of order l being given by

r (θ) = R0 (1 + aPl (cos (θ))) . (3.14)

A representation of the Legendre polynomial for l = 2 and a = 0.5 is shown in
figure 3.1 overlaid on a circle with the same reference radius R0.

Figure 3.1: Legendre polynomial with l = 2 and a = 0.5 in polar coordinates.
Circel with equivalent reference radius R0 as dotted line. Taken from
[51].

The Legendre polynomial provides a two dimensional shape. There are two
ways to obtain a three dimensional representation of a drop for the initialisation
from the Legendre polynomial. The first is a rotation of the two dimensional
zonal spherical harmonic around the z-axis. A selection of resulting three
dimensional shapes is shown in figure 3.2.

Figure 3.2: Drop initialisations in FS3D based on rotational symmetric 2D
Legendre polynomials of different orders l. Taken from [51].
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3.3 Initial Conditions for Drops by Legendre Polynomials

Fully three dimensional spherical harmonics without a rotational symmetry are
defined by associated Legendre functions, which are the solutions of the general
Legendre equation - a generalised form of the Legendre polynomial (3.12)

d

dx


1 − x2 d

dx
Pl (x)


+


l (l + 1) − m2

1 − x2


Pl (x) = 0 (3.15)

with Pl (1) = 1 for m and l being integers with 0 ≤ l ≤ m. From the solution
of equation (3.15) the spherical harmonic function Y m

l (φ,θ) can be derived
through norming of the solution and restriction to the real part as

Y m
l (φ,θ) =


2l + 1
4π

(l − m)!
(l +m)!P

m
l (cos (θ)) cos (mφ) . (3.16)

The descriptive equation in spherical coordinates is then

r (θ,φ) = R0 (1 + aY m
l ) = R0 (1 + aNm

l Pm
l (cos (θ)) cos (mφ)) , (3.17)

with

Nm
l =


2l + 1
4π

(l − m)!
(l +m)! . (3.18)

Three examples for droplets initialised as spherical harmonics without rota-
tional symmetry are shown in figure 3.3. A more in depth explanation of the
derrivation for both the Legendre polynomials and the associated Legendre
functions can be found in [51].

Figure 3.3: Drop initialisations in FS3D based on associated Legendre functions
without rotational symmetry. Taken from [51].
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3 Numerical Implementations

3.3.2 Volume Correction

For a good initialisation it is assumed, that the volume of the rotational
symmetric spherical harmonics is equal to the volume of an ideal sphere with
the same equivalent radius R0

V = 4
3πR

3
0. (3.19)

This assumption is, however, only true for very small deformations and therefore
small amplitude factors a. To reduce the errors when using larger amplitude
factors, a volume correction factor a0 is introduced into equation (3.11) leading
to

r (θ,φ) = R0 (a0 + alPl (cos (θ))) . (3.20)

The correction factor a0 is calculated from the conservation equation for volume.
An analytical solution can be obtained for odd values of l by

a0 =
(√

c
√

4a6 + c3 + c2

2c2

) 1
3

−
(

2c−1

√
c
√

4a6 + c3 + c2

) 1
3

a2, (3.21)

where c = 2l+ 1. For even values of l an approximation is provided by Schmehl
[103]

a0 = −1
2 +

√
1
4 −

a2

2l + 1 . (3.22)

3.3.3 Implementation

FS3D has an existing module for setting initial values of the VOF-field. The
droplets based on Legendre polynomials are implemented as a part of this
module. The implementation uses the four parameters R0, a, l and m and
in addition a point of origin - the drop center - defined by the coordinates
xm, ym and zm. For each cell the distance h between the cell center and
the Legendre polynomial - the multiphase interface - is calculated with the
Lagrange multiplier method [64] for distance minimisation. The function

r (θ,φ) = R0 (a0 +Nm
l aP

m
l (cos (θ)) cos (mφ)) , (3.23)

which is a combination of equations (3.14) and (3.17) and uses the volume
corrections given by equations (3.21) and (3.22) is used as the constraint.

52



3.3 Initial Conditions for Drops by Legendre Polynomials

The f -value for each cell is then calculated from this distance h and the width
of the cell ∆h = (dxdydz)

1
3 as

f = 0.5− h
∆h . (3.24)
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CHAPTER 4

Non-Newtonian Drop Oscillations

In this chapter the results of the simulations for oscillations of non-Newtonian
drops are presented. The results are an expansion on the work presented by
this author in [28] and on works by Kaleta [51], a student, whom this author
supervised. In the beginning the numerical setup for the simulations is discussed.
It is followed by an validation of the setup versus an experimental result. Then
the underlying mechanics of drop oscillations with shear thinning materials
are explained. In the end a comparison to an analytical solution gained from
the linearised theory of drop oscillations by Lamb will be done for elliptical
deformations and deformations representing higher modes of oscillations.

4.1 Numerical Setup for Drop Oscillations

The drop oscillations are simulated with a cubic domain with an edge length
of L = 8 mm. A deformed drop is placed at the center of the domain with
the volume equivalent to the volume of a sphere with a diameter D0 = 2 mm.
The drop has the volume V = 1

6πD3
0 ≈ 4.189 m3. The drop is deformed as

an ellipsoid with an aspect ratio of 5/2, leading to the semi-major axis in x-
and y-direction being a = b ≈ 1.36 mm and the semi-minor axis in z-direction
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4 Non-Newtonian Drop Oscillations

being c ≈ 0.54mm. The elliptical shape is the initial condition for oscillations
of mode l = 2 and the aperiodic limit can be calculated with equation (2.60)
as Ohcrit = 0.4.

The computational domain is discretised with a rectangular grid with 256 cells
in each direction for a total of over 16 million cells. Therefore, each cell is cubic
and has an edge length of ∆x = ∆y = ∆z = 3.125 · 10−5 m. With a ratio of
64 cells per diameter D0 this setup is well suited for DNS of drop oscillations.
The setup is depicted in figure 4.1.

Figure 4.1: 2D meridional section of simulations for the numerical domain of
drop oscillation.

The six boundaries are set to continuous (Neumann) boundary conditions
and the gravity is set to g = 0. To simulate the surrounding atmosphere,
the continuous phase is set as air at a predefined condition (pamb = 1bar,
Tamb = 293.15K) with a density ρAir = 1.1894kg/m3 and a dynamic viscosity
µAir = 1.83 · 10−5Pas. The drops are simulated as different aqueous solutions
of Praestol or with Newtonian model fluids for comparison. An overview of the
material properties of Praestol is given in chapter 2.2.3. The surface tension
modelling for all drop oscillations is done by using the balanced Continuous
Surface Force (b-CSF) model, which has been introduced in chapter 2.1.2. This
provides a reduced interference of parasitic currents on oscillations, especially
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4.1 Numerical Setup for Drop Oscillations

at small amplitudes. The mesh is set to move with the center of mass of the
disperse phase in order to always keep the drop centred in the computational
domain.

A grid independence study has been done for rectangular grids with 323, 643,
1283, 2563 and 5123 cells for Praestol 2540, 0.05% as the non-Newtonian fluid
with the strongest shear thinning influence. The oscillations of the surface
area have been taken as criterion for this analysis and are shown as change in
dimensionless liquid surface area A/A0 of the drop over dimensionless time t∗
in figure 4.2. Dimensionless surface area and dimensionless time will be used
throughout this chapter. The dimensionless surface area is the ratio of the
surface area of the drop to the surface area of the drop in its spherical shape
calculated as

A0 = 4πr2 = πD2
0 , (4.1)

from the drop diameter D0. The dimensionless time is defined as

t∗ = t
Tl
, (4.2)

where Tl is the period of a shape oscillation for mode l = 2 as provided by
equation (2.57) in section 2.4.

0 1 2 3 4 5 6 7 8 9

1

1.05

1.1

1.15

Figure 4.2: Grid dependence on drop oscillations of Praestol 2540, 0.05% for
rectangular grids with 323, 643, 1283, 2563 and 5123 cells.

The simulations with 323 and 643 cells are clearly under resolved. They exhibit
clearly visible differences in amplitude and frequency. Furthermore, they show
values of A/A0 < 1, indicating, that those resolutions are understating the
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surface area. In the case of 323 parasitic currents preventing the drop from
becoming quiescent after t∗ > 7. The differences in amplitude and frequency
are diminished for the simulation with 1283 cells, but are still visible. The
surface area for the spherical shape is correct for this resolution. Differences
vanish between the simulations with 2563 cells and 5123 cells. The deviation
between the simulations are given in table 4.1.

Table 4.1: Grid Dependency: Deviation in the liquid surface area peaks between
simulations with different resolutions and the 2563 cell simulation.

Grid Size
Cells 323 643 1283

Deviation in % 51.2 16.1 4.0

The deviation has been calculated as difference between the peaks of the
simulations with lower resolution and the 2563 cells simulation as a fraction of
the amplitude of the peak. The deviation has been averaged over the first 5
peaks. The deviation shows a clear trend, getting smaller with higher resolution.
Deviations are below 5% for the 1283 cells simulation. Simulations with the
2563 cells setup therefore provide a good accuracy. The even higher resolution
with 5123 cells is prohibitively costly.

4.2 Validation

In a first step the numerical simulations are validated against experimental data.
The simulation of drop oscillations from aqueous Praestol 2540, 0.05% weight,
is compared to the results of a drop oscillation experiment. The experiments
were conducted at the Institute of Fluid Dynamics and Heat Transfer (ISW) at
the Graz University of Technology and have been presented in [28]. The liquid
for the drops was prepared by dissolving the 0.05% weight of Praestol 2540
polymer powder in demineralised water and by stirring until a clear solution was
obtained. Following this, the solution was aged for 24 hours and characterised in
a shear rheometer. An insulin syringe was used to create drops with a diameter
of Dexp ≈ 2 mm. These drops were then placed inside an acoustic levitator, an
experimental apparatus as described in [120]. The acoustic levitator is used to
direct acoustic waves at an experimental specimen, such as a drop or a particle,
in order to keep it fixed in space, despite gravitation. The experimental setup
is sketched in figure 4.3. The drops were exited by the levitator to undergo
oscillations by modulating the harmonic frequency of the ultrasound used for
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4.2 Validation

the levitation. The drop was exited to its resonance frequency of fexp ≈ 130Hz.
The resonance frequency was found through an excitation frequency sweep
looking for the largest amplitude. Once the droplet was prepared this way, the
modulation was stopped and images of the oscillating drop were recorded with
a high speed camera with 2000 frames per second. The results are videos of
the damped shape oscillations.

Figure 4.3: Experimantal setup used to obtain the data for the validation. Drop
oscillations are recorded with a high speed camera and with the help
of an acoustic levitator [28].

The simulation was done according to the setup laid out in section 4.1 with the
material properties for the Praestol 2540, 0.05% solution as given in section
2.2.3. For the validation of the numerics the oscillations of the drop for both
the experiment, as well as the numerics are analysed and the frequency and
amplitude for the oscillations are compared. The frequency and amplitude
are obtained by looking at the meridional section, or side view, of the drop
in the x,z coordinate system. The maximum expansion of the drop in x- and
z-direction are evaluated over time. For the numerics this can be obtained
directly as output of the simulation, for the experiments the videos were post
processed with intrinsic functions of Matlab. The results are plotted as the
amplitude over time in figure 4.4 on the left.
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Figure 4.4: Drop oscillations: Amplitude over time in x and z direction for a D =
2mm drop of Praestol 2540, 0.05% wt. Frequency of drop oscillations
over dimensionless amplitude ε = Amax/Amean for D = 2 mm .

Two problems for the comparison become apparent. First, the amplitudes
of the simulation and of the experiment are not oscillating around the same
position. Second, there is a big difference in the amplitudes at the beginning
of the observations. This is due to the different initialisation of the oscillations.
In the experiment the drop is undergoing forced oscillations with the excitation
frequency before the observation. The experiment, therefore starts with the
drop already in motion. In the simulation, on the other hand, the oscillation
are generated by prescribing a larger initial deformation for the drop, compared
to the amplitude of the oscillations. The drop, however starts quiescent and is
accelerated by the surface tension force into the oscillating motion. A relevant
comparison can be obtained by comparing the frequency of the oscillations
for matching amplitudes. Therefore, we calculate the frequency between the
maxima of the oscillations Amax and plot it over the amplitude maxima, which
are made dimensionless with their average ε = Amax/Amean. This is shown in
figure 4.4 on the right.

In this representation the different initialisations become more apparent. As
explained above, the numerical simulation result starts with a large amplitude
of ε ≈ 1.4, which steadily decreases while the frequency increases. In the case
of the experiment we can identify the forced oscillations, where the frequency
starts at fex > 130 Hz. While for higher amplitudes ε > 1.1 the numerical
simulation exhibits different frequencies, for matching amplitudes in the range
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of 0.9 <  < 1.1 the simulation has frequencies of around fnum = 121Hz and
the experiment converges to a frequency of fexp = 125Hz. With a difference of
less than 4% this is considered a good match between the simulation and the
experiment. A part of the difference can be explained, due to the simulation
only taking the shear thinning properties into account, while there are also
viscoelastic effects present in the experiment. These viscoelastic effects also
account for the experiment experiencing less damping of the oscillations.

The comparison of a numerical simulation of a drop oscillation with experi-
mental data has shown the ability of FS3D to replicate the fluid dynamics of
shear thinning liquids accurately. The numerical implementation is considered
validated.

4.3 Viscosity Behaviour of a Shear Thinning Oscillating Drop

In this section the mechanics of shear thinning drop oscillations will be discussed.
The side view of the drop surface during the first period of the simulation of
a oscillating drop of Praestol 2540, 0.05% is shown in figure 4.5. The drop is
shown in a time line over the dimensionless time t∗.

Figure 4.5: Visualisation of the liquid surface of a shear thinning oscillating drop
from Praestol 2540, 0.05% at different times. The times shown are
t∗ ≈ 0.000, 0.100, 0.225, 0.375, 0.650, 0.825, 1.000, 1.125, 1.225.

The drop starts at t∗ ≈ 0.0 in the shape set by the initialisation (see section
4.1), as an ellipsoid in a prolate form and quiescent. The surface tension
causes the drop to contract, reaching a spherical shape at t∗ ≈ 0.225. It then
expands in the other direction and reaches an oblate shape at t∗ ≈ 0.65, with
a narrowing in the center. The drop then retracts to the spherical shape again
and finishes the first oscillation period by reaching a prolate shape again at
t∗ ≈ 1.225.

To analyse the influence of a shear thinning liquid on drop oscillations, in
figure 4.6 a two dimensional meridional cut through an oscillating drop from
Praestol 2540, 0.05% is shown for different time steps. The shear rate overlaid
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with the vector glyphs of the velocity field is shown in the right half of each
visualisation, while the viscosity distribution is shown on the left half.

In the first visualisation at t∗ ≈ 0.4 the drop is moving towards the oblate
shape. The drop is expanding in z-direction at the long ends at z/d = 0.3 and
z/d = 1.7, with long velocity vectors in these areas shown on the left. The
liquid moves mainly in z-direction, as shown by the parallel velocity vectors.
The shear rate, also shown on the left, is therefore rather low, especially inside
the liquid at z/d = 0.5 and z/d = 1.5. It increases somewhat towards the tip
due to the interaction with the surrounding atmosphere and the surface tension
forces inducing velocities in y-direction, as can be seen from the top most row
of velocity vectors, and therefore inducing shear forces. The viscosity, shown
on the right, is accordingly somewhat higher towards the tip ends of the drop,
and has two areas with high viscosity right below those areas. In the center
of the drop between z/d = 0.9 and z/d = 1.3 the shear rate is higher. This
can be explained from the velocity vectors. In this area the drop experiences
the expansion in z-direction and at the same time a contraction in y-direction,
showing the velocity vectors turning by 90° and inducing the high amounts of
shear. The corresponding viscosity in the drop center is therefore lower.

At t∗ ≈ 0.6 the drop has nearly reached the oblate shape. The velocities are
getting smaller, as the kinetic energy is used for the increasing deformation
of the surface. The shear rate in the drop center is reduced, as no further
deformation in the y-direction is taking place. The viscosity inside the drop is
increasing.

At time t∗ ≈ 0.64 the drop has reached its maximum extension in the oblate
form. In this state the drop is nearly quiescent. The kinetic energy has been
fully transformed into surface tension. The velocities are near zero, especially
in the center of the drop, with some small fluctuations at the top and bottom,
as well as by the constrictions in y-direction. The shear rate accordingly is
close to zero. The resulting viscosity shows a large maximum in the center of
the drop between z/d = 0.9 and 1.3.

The drop at t∗ ≈ 0.8 is moving from the oblate to the spherical form. It
is similar to the visualisation at t∗ ≈ 0.6, showing a high shear rate - and
therefore low viscosity - in the central area, where the contraction in z-direction
is changing into an expansion in y-direction. Near the drop tips, the shear rate
is low due to the parallel velocity vectors. Here this is even the case at the
liquid surface at the very tip, since the interactions with the atmosphere and
the surface tension are lower.

62



4.3 Viscosity Behaviour of a Shear Thinning Oscillating Drop

t? ≈ 0.4 t? ≈ 0.6

t? ≈ 0.64 t? ≈ 0.8

t? ≈ 1.0 t? ≈ 1.2

OH
0.000 0.0125 0.0250 0.0500

γ̇ in 1/s
10 20 50 100 200 500 1000 2300

Figure 4.6: Visualisation of the behaviour of a shear thinning oscillating drop
at different times. A meridional cut in the x-z-plane through the
center of the drop is shown, with the dimensionless shear rate γ̇ and
the vector glyphs of the dimensionless velocity on the right and the
Ohnesorge number on the left. The times shown are from left to
right and top to bottom t∗ ≈ 0.4, 0.6, 0.64, 0.8, 1.0 and 1.22. 63
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At t∗ = 1.0 the drop is close to the spherical shape. Thus, it is at the minimum
of surface tension energy and, therefore, at the maximum of kinetic energy.
Throughout the drop high velocities in y- and z-direction can be observed. The
shear rate is very high throughout the drop and the viscosity accordingly very
low.

The last visualisation shows the drop at t∗ ≈ 1.22. The drop is in the prolate
shape. This case is similar to the oblate shape, the drop being quiescent and
the shear being low, especially in the center of the drop. The resulting viscosity
is high, with the maximum at the center.

4.4 Oscillations of a Shear Thinning Drop

The oscillations of the drop from Praestol 2540, 0.05% are shown as changes in
dimensionless liquid surface area A/A0 of the drop as a function of dimensionless
time t∗ in figure 4.7. The quiescent Ohnesorge number Oh0 = µ0/

√
ρD0σ is

defined for the unmoving drop and, therefore, at zero shear with viscosity
µ0. This Ohnesorge number is Oh0 = 4.1. In addition to the non-Newtonian
simulations, the results from two simulations with Newtonian pseudo fluids are
shown. The first is a simulation with a constant viscosity µ0 and the second
has a constant average viscosity µ̄, where the viscosity has been averaged, from
the non-Newtonian simulation results, over the liquid phase of the drop and
over time.
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Figure 4.7: Drop oscillations as development of the liquid surface area A/A0
as a function of dimensionless time t∗. In red is shown Praestol
2540, 0.05%, with two pseudo fluid, a Newtonian simulation with
constant µ0 in black and a Newtonian simulation with µ̄ in blue.
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4.4 Oscillations of a Shear Thinning Drop

The drop from Praestol 2540, 0.05%, shown on the left side in red, is undergoing
oscillations. The first five periods are well visible, while the oscillations after
t∗ = 5.5 are getting very small. A drop oscillation period consist of two peaks
and two troughs, where the trough at minimum surface area represents the
spherical shape of the drop and the peaks represent the maximum deformation
in the prolate and the oblate shape. The drop spends more time in the oblate
shape, showing the broader peaks, while the narrower peaks are the prolate
shape. The oscillations are damped, with the amplitude maxima continuously
decreasing. The Newtonian simulation with constant µ0 = 1.6 Pa s shows no
oscillation. This drop immediately starts an aperiodic motion towards the
spherical shape, which it reaches at around t∗ = 6. This is not surprising, as
the Ohnesorge number is well above the aperiodic limit for Newtonian drops
in this mode Oh0 = 4.1 > 0.4 = Ohcrit. The Newtonian simulation with a
constant µ̄ = 0.013 Pa s exhibits oscillations. The Ohnesorge number for this
case is Oh = 0.32, and therefore below the aperiodic limit. The oscillations do,
however, differ from the non-Newtonian case. The amplitudes of the oscillations
are smaller than in the shear thinning case, indicating a stronger damping. The
periods of the oscillations for constant µ̄ are shorter compared to the Praestol
2540, 0.05% simulations.

The smaller oscillations for t∗ > 6 have been magnified in figure 4.8. The
amplitudes towards the end of the oscillations exhibit an opposite behaviour
compared to the early oscillations. The non-Newtonian drop is now experiencing
a stronger damping with its amplitudes maxima actually falling below amplitude
maxima of the Newtonian µ̄ drop for t∗ > 7.5. This stronger damping leads
to the non-Newtonian drop suspending oscillations at around t∗ = 9.0, while
the Newtonian simulation continues its oscillations with increasingly damped
amplitude maxima up until t∗ = 12.0.

The changes in viscosity are shown in figure 4.9 as spatially averaged Ohnesorge
number Oh over time t∗. The Ohnesorge number is calculated with the spatially
averaged viscosity as given by equation (3.5). In addition to the temporal
development of the spatially averaged Ohnesorge number, the constant lines
for the Ohnesorge numbers of the two Newtonian plateaus Oh0 = 4.1 and
Oh∞ = 0.013, the aperiodic limit Ohcrit = 0.4 and the Ohnesorge number from
the temporal averaged viscosity Ohmean = 0.033 are shown.

The Ohnesorge number develops over a large range during the entire simulation
leading to the early behaviour being difficult to analyse. A magnification of
the Ohnesorge number plot for times t∗ = 0− 8 is shown in figure 4.10.

The oscillations of the drop are visible in the spatially averaged Ohnesorge
number Oh. In accordance with the internal viscosity distribution, as analysed
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4 Non-Newtonian Drop Oscillations
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Figure 4.8: Development of the liquid surface area A/A0 over dimensionless time
t∗ during drop oscillations - magnified for t∗ = 6 − 12. In red is
shown Praestol 2540, 0.05%, with two pseudo fluids, a Newtonian
simulation with constant µ0 in black and a Newtonian simulation
with µ̄ in blue.
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Figure 4.9: Drop oscillations of Praestol 2540, 0.05% as development of the spa-
tially averaged Ohnesorge number Oh over dimensionless time t∗.

in section 4.3, the Oh exhibits peaks when the drop is in the prolate or oblate
shape and has troughs when in the spherical shape. From t∗ = 0 to 6 the
development is periodic with similar amplitudes, where the amplitude for the
oblate shape always exceeds the amplitude for the prolate shape. After t∗ = 6
the amplitudes of the Oh oscillations increase exponentially until about t∗ = 9,
when Oh exhibits one last peak and then starts converging towards Oh0 = 4.1.
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4.4 Oscillations of a Shear Thinning Drop
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Figure 4.10: Drop oscillations of Praestol 2540, 0.05% as development of the
spatially averaged Ohnesorge number Oh over dimensionless time
t∗ - magnified for t∗ = 0 − 8.

The end of the oscillations coincides with Oh exceeding the aperiodic limit Ohcrit
- upon which the drop performs one additional oscillation, before changing to
an aperiodic behaviour. The first Newtonian plateau is never reached in the
simulation, as parasitic currents inside the drop couldn’t be entirely suppressed
and, therefore, the velocities and shear rates inside the drop never reach zero.
Furthermore, it can be observed, that the spatially averaged Ohnesorge number
Oh is high at the start of the simulation, due to the initialisation. The drop is
initialised quiescent and the velocities and, therefore, the shear rates are low
during the first few time steps of the simulation. Accordingly the viscosity and
the Oh are high.

The development of the spatially averaged Ohnesorge number Oh helps to ex-
plain the differences between the surface area oscillations of the non-Newtonian
Praestol 2540, 0.05% and the Newtonian simulation with the constant viscosity
µ̄. The development of Oh is compared to Ohmean, the Ohnesorge number cal-
culated with the constant µ̄. During the early oscillations Oh is generally below
Ohmean with only the peaks exceeding it. The viscosity of the Newtonian drop
is therefore higher, explaining the higher damping. For the later oscillations
Oh increases and then continuously exceeds Ohmean. Accordingly the damping
of the non-Newtonian drop is then higher, leading to lower amplitudes and an
earlier end of oscillations observed in figure 4.8.

In figure 4.11 the oscillations of a drop from Praestol 2500, 1.0% are shown,
together with the according Newtonian pseudo fluid drops. This simulation is of
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4 Non-Newtonian Drop Oscillations

interest, as Praestol 2500, 1.0% has the same first Newtonian plateau viscosity
µ0 as Praestol 2540, 0.05%, as well as similar density ρ and surface tension σ.
The quiescent Ohnesorge number is therefore the same with Oh0 = 4.1. The
main difference is in the shear thinning behaviour, which is shown in figure
2.10 in section 2.2.3. The flow curve for Praestol 2500, 1.0% shows an earlier
end of the first Newtonian plateau and a much steeper decline of the viscosity
with increasing shear rate.
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Figure 4.11: Development of the liquid surface area A/A0 over dimensionless
time t∗ during drop oscillations. In red is shown Praestol 2500, 1.0%,
with two pseudo fluid, a Newtonian simulation with constant µ0 in
black and a Newtonian simulation with µ̄ in blue.

The Newtonian simulation with constant µ0 = 1.6 Pa s has a nearly identical
development as in the Praestol 2540, 0.05% simulation. The drop immediately
starts an aperiodic contraction towards the spherical shape. This was to be
expected due to its negligible differences in material properties. The non-
Newtonian drop of Praestol 2500, 1.0% undergoes half an oscillation, changing
to an oblate shape. One further very small peak can be observed at t∗ = 1.2
before the drop comes to rest in the spherical shape. The Newtonian pseudo
fluid with constant µ̄ = 0.276 Pa s does not oscillate. Its initial contraction is
faster compared to the constant µ0 simulation, but it is yet unable to deform
from the spherical shape upon reaching it. This is in accordance with theory
[89], as the Ohnesorge number for this case Oh = 0.71 > 0.4 = Ohcrit exceeds
the aperiodic limit.

The spatially averaged Ohnesorge number Oh for Praestol 2500, 1.0% is shown
in figure 4.12. It exhibits two peaks in Oh in accordance with the two peaks
observed in the surface area oscillation. The first peak already exceeds the
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4.4 Oscillations of a Shear Thinning Drop

aperiodic limit. After the second peak at about t∗ = 1.2 Oh starts an asymptotic
convergence towards Oh0.
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Figure 4.12: Drop oscillations of Praestol 2500, 1.0% as development of the spa-
tially averaged Ohnesorge number Oh over dimensionless time t∗ -
magnified for t∗ = 0 − 8.

The relevance of shear thinning behaviour for drop oscillations with non-
Newtonian properties becomes clear from the comparison of the oscillations
of Praestol 2540, 0.05% and Praestol 2500, 1.0% simulations. Even though
both fluids have the same first Newtonian plateau µ0 the difference in the
flow curves have a significant influence on the oscillations. While the stronger
reduction in viscosity under shear for Praestol 2540, 0.05% allows for 8 damped
shape oscillations, in the case of Praestol 2500, 1.0% only one oscillation can
be observed. This difference can partly be explained by the difference in the
spatially and temporally averaged viscosity µ̄ of the drop oscillations. However,
simulations of Newtonian pseudo fluids with a constant µ̄ also show a different
behaviour for both fluids when compared to the non-Newtonian simulations.
Therefore, the non-Newtonian properties can not generally be ignored.

Drop oscillations for Praestol 2500, 0.8% and Praestol 2500, 0.3% are also simu-
lated. The surface area oscillations for both fluids as well as the corresponding
pseudo fluids are shown in figure 4.13.

For Praestol 2500, 0.8% both pseudo fluids exhibit no oscillations. Their
Ohnesorge numbers are Oh = 1.95 and Oh = 1.01 for constant µ0 and constant
µ̄ = 0.393 Pa s, respectively. The shear thinning fluid drop shows a short period
of oscillation with three peaks. Analogous to the Praestol 2500, 1.0% drop,

69



4 Non-Newtonian Drop Oscillations

0 1 2 3 4 5 6

1

1.05

1.1

1.15

1.2

Figure 4.13: Development of the liquid surface area A/A0 over dimensionless time
t∗ during drop oscillations. In red is shown Praestol 2500, 0.3% and
a Newtonian simulation with corresponding µ̄ in blue. In magenta
is shown Praestol 2500, 0.3%, a Newtonian simulation with constant
µ0 in black and a Newtonian simulation with corresponding µ̄ in
green.

the shear thinning fluid behaviour allows for oscillations due to lower viscosity
during the strongest deformations.

The Praestol 2500, 0.3% drop and the pseudo fluid with µ̄ = 0.393 Pa s both
oscillate. Both drops are well below the aperiodic limit with Oh0 = 0.12 and
Oh = 0.04, respectively. The Newtonian simulations exhibit some instabilities
due to the low viscosity for t∗ > 2. This simulation problem does not impact
the interpretation.

The spatially averaged Ohnesorge numbers are shown for Praestol 2500, 0.8%
in figure 4.14 and for Praestol 2500, 0.3% in figure 4.15. The spatially aver-
aged Ohnesorge number for Praestol 2500, 0.8% is in agreement with previous
simulations, showing oscillations in Oh, which subside within one peak after
exceeding the critical value Ohcrit. After the last peak the Oh curve shows an
asymptotic convergence towards Oh0.

The spatially averaged Ohnesorge number for Praestol 2500, 0.3% has a different
behaviour. The Ohnesorge number oscillations happen in a region much lower
than the aperiodic limit Ohcrit. The oscillations are therefore in no way
limited by Ohcrit. Instead the upper limit is the Ohnesorge number of the
quiescent drop Oh0. The Oh curve approaches this limit in oscillations with
an increasing equilibrium point and decreasing amplitudes, much in contrast
to the asymptotic behaviour of the other presented drops.
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4.4 Oscillations of a Shear Thinning Drop
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Figure 4.14: Drop oscillations of Praestol 2500, 0.8% as development of the spa-
tially averaged Ohnesorge number Oh over dimensionless time t∗.

This analysis indicates that when investigating shear thinning drop oscillations
the aperiodic limit Ohcrit is still a relevant value. When the development of the
averaged Ohnesorge number Oh over time exceeds the aperiodic limit Ohcrit,
it indicates the end of the periodic behaviour. The oscillations subside within
one period of exceeding Ohcrit, showing an asymptotic convergence towards
Oh0. On the other hand, if the Ohnesorge number of the quiescent drop is
below the aperiodic limit Oh0 << Ohcrit, the periodic oscillations decrease in
amplitude, but continue until the drop is in a quiescent spherical shape.

71



4 Non-Newtonian Drop Oscillations

0 2 4 6 8 10 12

0

0.05

0.1

0.15

Figure 4.15: Drop oscillations of Praestol 2500, 0.3% as development of the spa-
tially averaged Ohnesorge number Oh over dimensionless time t∗.

4.5 Oscillations of a shear thinning Drop in Different Modes

In addition to a drop oscillation, which has been initialised as an ellipsoid, drop
oscillations starting from drop shapes of higher modes are investigated. For
this, the new initial conditions based on Legendre polynomials, which have
been introduced in section 3.3, are utilised.

The same numerical setup as provided in section 4.1 is used. The only difference
is the initialisation. The drop fluid for all following simulations is Praestol
2500, 0.3%.

Legendre Polynomials with Rotational Symmetry

Rotationally symmetric Legendre polynomials used for the initialisation are
shown in figure 4.16.

The amplitude factor a, which corresponds to the aspect ratio of the drop, is
chosen for all drops to start their oscillation with the same surface area ratio
of A/A0 = 1.137. The chosen amplitude factors are given in table 4.2. For
comparison, a drop initialised as an ellipsoid is also simulated. The ellipsoidal
drop is initialised in the prolate shape with an aspect ratio of 2.57.

The drop oscillations for the l = 2,m = 0 initialisation, as well as for the
ellipsoidal shape are shown in figure 4.17. The dimensionless surface area A/A0
as a function of dimensionless time t∗ is displayed, as explained in section 4.4.
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4.5 Oscillations of a shear thinning Drop in Different Modes

Ellipsoid l=2, m=0 l=3, m=0 l=4, m=0 l=5, m=0

Figure 4.16: Drop initialisations: Ellipsoidal drop and rotationally symmetric
Legendre polynomials of order l = 2 to 5, with m = 0 as order of
the associated Legendre function.

Table 4.2: Amplitude factors a for drop initialisations for Legendre polynomials
with rotational symmetry of order l.

l 2 3 4 5
a 0.2017 0.1638 0.1531 0.1436

In addition to the simulation results an analytical solution for the drop oscilla-
tions obtained from the linearised theory by Lamb [66] is shown. The analytical
solution is discussed in section 2.4.

The non-Newtonian oscillations for the ellipsoid and l = 2,m = 0 show only
minimal differences. The Newtonian pseudo fluid with µ̄ = 0.02Pa s oscillates
with lower amplitudes. The analytical solutions differ from the simulations.
The oscillation amplitude as well as the size of the drops is too large to fully
satisfy the assumptions of the linearised theory. The most visible difference
caused by the drop size is that the first peak of the analytical solution is
shifted to the right. The drop diameter D0 = 0.001m as well as the chosen
initial amplitude are kept, nevertheless, as it allows for comparability and
produces less spherical drop shapes in the case of higher modes. These less
spherical shapes are more interesting for the investigation of the non-Newtonian
influence.

The frequency over the amplitude of the oscillations is shown in figure 4.18
for the above discussed simulations, as well as for the analytical solutions.
The frequency is calculated from the oscillation peaks, which were identified
with the Matlab intrinsic function “findpeaks”. Since the surface area exhibits
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Figure 4.17: Drop oscillations of Praestol 2500, 0.3% as development of the liquid
surface area A/A0 as function of t∗ for a drop initialised with the
shape of mode l = 2. In addition to the non-Newtonian simulations,
Newtonian pseudo fluids and analytical solutions are shown.

peaks for both the prolate and the oblate shape, the frequency is calculated for
every second peak, starting with the first oblate shape. The peak amplitude is
normalised with the surface area of the quiescent drop.

The analytical results have a frequency of ω = 126 Hz. The non-Newtonian ellip-
soid and both second mode drops converge towards a frequency ω ≈ 118− 119 Hz.
The difference in frequency is less than 10%. It is concluded, that non-
Newtonian fluid properties have no relevant influence on the oscillation fre-
quency. There is good agreement with the analytical solution. Thus, the
analytical solution for the frequency can be applied to shear thinning drops,
when the average viscosity µ̄ is used for the calculation.

The oscillations have been simulated for initialisation in the modes l = 2 to
l = 5, as shown in figure 4.16. The simulations have been done for both the
non-Newtonian viscosity µ (γ̇) and the Newtonian viscosity µ̄. The analytical
solution from the linearised theory by Lamb has also been calculated for all
modes. The results are shown in figure 4.19 as frequency over damping. The
damping is calculated between the amplitude maxima of every second peak

δ = ln

(
an
an+2

)
/Tn,n+2, (4.3)

with the amplitude maximum a and the period Tn,n+2. The amplitude maxi-
mum a is obtained from the surface area A using equation (2.59).
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Figure 4.18: Frequency over normalised amplitude ε for drop oscillations of
Praestol 2500, 0.3% drops. A drop initialised with the shape of
mode l = 2 and one as an ellipsoid are shown. In addition to the
non-Newtonian simulations, Newtonian pseudo fluids and analytical
solutions are shown.

The agreement between the non-Newtonian drop and the Newtonian µ̄ drop
are good for all four cases for frequency as well as damping. The comparison
with the analytical solution shows decreasing agreement with increasing order
l. This comparison is especially bad for the damping. This is attributed to the
chosen amplitude, as previously discussed. When the frequency is compared,
the simulations exhibit an increasingly smaller values than the analytical
solution, as well as a larger spread in both frequency and damping between
non-Newtonian drop and Newtonian µ0 simulation.

These results indicate, that for drop oscillations, even with higher oscillation
modes, it is generally feasible to predict the frequency and the damping for
a shear thinning drop from a Newtonian drop with constant µ̄. For the
investigated drops, the analytical solution by Lamb was only applicable for the
prediction of the frequency.

Three Dimensional Initialisations with Associated Legendre Functions

The oscillations of three select drops with fully three dimensional shape are
simulated. The drops are initialised as spherical harmonics without rotational
symmetry, based on the associated Legendre functions, which have been de-
scribed in section 2.4. The three selected initialisations are for l = 3,m = 2,
l = 5,m = 5, and l = 10,m = 5 and are shown in figure 4.20.
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Figure 4.19: Frequency ω over damping δ for drop oscillations of Praestol
2500, 0.3% drops. Drops initialised with the shape of modes l = 2,
l = 3, l = 4, and l = 5 are shown. In addition to the non-Newtonian
simulations, Newtonian pseudo fluids and analytical solutions are
shown.

The simulations of the three selected initialisations are plotted as frequency
over damping in figure 4.21. In addition, the initialisation with rotational
symmetry l = 5,m = 0 is shown again.

The simulations exhibit a good agreement in the frequency, again with a
larger deviation towards higher orders. The damping of the oscillations is less
concentrated compared to the simulations with rotational symmetry. Especially
for l = 10,m = 5 the decrease in damping is well visible.

The comparison between l = 5,m = 0 and l = 5,m = 5 shows a similar fre-
quency, but less damping for the three dimensional simulation. The oscillations
for these two simulations are plotted as spatially averaged Ohnesorge number
over dimensionless time in figure 4.22

The development of the averaged Ohnesorge number with time is very similar
for both simulations. The peaks coincide very well, as predicted by the good
agreement in frequency in figure 4.21. The peaks of the three dimensional
simulations are a more pronounced. For t∗ > 1.3 the oscillation behaviour
changes, as the shape of the higher order initialisation is damped and the drop
continues the oscillation in a spherical shape.

This good agreement in the averaged Ohnesorge numbers is surprising, since
the drops exhibit these similar values even though the shape of the drop as well
as the viscosity distribution inside are different. The viscosity distribution for
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Figure 4.20: Drop initialisations: Associated Legendre functions with parameters
l = 3, m = 2, l = 5, m = 5, and l = 10, m = 5.

both l = 5,m = 0 and l = 5,m = 5 is shown in figure 4.23 at times t∗ ≈ 0.09
and t∗ ≈ 0.15.

At t∗ ≈ 0.09 the drops are in a nearly spherical shape, close to their local
surface area minimum. The drops have a high internal velocity and, therefore,
high internal shear. The l = 5,m = 0 drop exhibits a low viscosity throughout,
except for a spherical part in the center. The l = 5,m = 5 drop exhibits an
even lower viscosity towards the surface, but has a region with even higher
viscosity in the center. This region extends in a cylindrical shape towards the
lower and upper parts of the drop. The viscosity distribution is caused by the
drop only oscillating in the two directions orthogonal to the cylinder.

At t∗ ≈ 0.15 the drops are close to their surface area maximum. The difference
in shape between the two drops is more pronounced. The drops are nearly
quiescent and, therefore, have a low velocities in the internal flow field and,
therefore, low shear. The l = 5,m = 0 drop exhibits high viscosity in the
center, which decreases towards drop surface in rings. The l = 5,m = 5 drop
is in a star shape. The viscosity distribution mirrors this shape with a star
shaped ring of higher viscosity and a spherical region of high viscosity in the
center.

Considering these large differences in shape and viscosity distribution it is
surprising, indeed, that the spatial averages are so similar. The same behaviour
can be observed for the pair of l = 3,m = 0, and l = 3,m = 2.
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Figure 4.21: Frequency ω over damping δ for drop oscillations of Praestol
2500, 0.3% drops. Drops initialised with the shape of modes
l = 3,m = 2, l = 5,m = 5, l = 10,m = 5, and l = 5,m = 0
are shown. In addition to the non-Newtonian simulations, Newto-
nian pseudo fluid simulations are shown.
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Figure 4.22: Drop oscillations of Praestol 2500, 0.3% as development of the spa-
tially averaged Ohnesorge number Oh over dimensionless time t∗
for initialisations l = 5,m = 0 and l = 5,m = 5.
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Figure 4.23: 3D visualisation of oscillating drops with initialisation l = 5, m = 0,
and l = 5, m = 5 at times t∗ ≈ 0.09 and t∗ ≈ 0.15. The local
Ohnesorge number Oh is shown in three cut planes. The liquid
surface as an iso-surface of the f field is visualised in transparent
grey.
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CHAPTER 5

Non-Newtonian Jet Breakup

In this chapter the results of the simulations for breakup of non-Newtonian
jets are presented. The results are a selection of and an expansion on the
works presented by this author and others in [29–34, 38, 52, 123–126]. The
investigations of non-Newtonain jet breakup are based on different simulations
with different numerical setups. These will be discussed at the beginning of
each section. The chapter investigates the underlying physics of jet breakup
with shear thinning materials. The influence on wind induced jet breakup
will be investigated by a surface deformation analysis. An investigation into
the influence of a shear thinning viscosity on atomizing jets uses droplet size
distributions and jet angle. Finally, an investigation of the grid dependency
of jet simulations and the implications for presented numerical results are
discussed.

5.1 Non-Newtonian Wind Induced Breakup

Simulations of shear thinning jets in the wind induced breakup regime are
analysed. These simulations are limited in size, so that the actual breakup
is outside of the computational domain. The investigation of the influence
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5 Non-Newtonian Jet Breakup

of a shear thinning viscosity is therefore limited to an analysis of the surface
deformations. First the numerical setup for the simulations is described, then
the analysis method for the surface deformations is discussed. The simulations
are introduced with a visual presentation of the jet surface and the viscosity
distribution, followed by the quantitative analysis of the surface deformations.

5.1.1 Numerical Setup

The jet in the wind induced breakup regime for the simulations uses a circular
nozzle with a diameter of D = 2.5 · 10−3 m. The simulations are done on
a rectangular computational domain with a streamwise length of x/D = 40
and the dimensions y/D = 6 and x/D = 6. The domain is discretised with
Ix = 2560 cells in x-direction and Iy = Iz = 256 cells in y and z-direction. The
entire domain consists of about 170 · 106 cells. The domain is sketched in figure
5.1 on the left.
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Figure 5.1: Numerical setup for the simulations. Left: Overview computational
domain. No slip wall in green. Inflow boundary condition in dark
blue. All transparent walls are set to an outflow boundary condition
(Neumann zero gradient). Right: Grid refinemet in the inflow plane -
for clarity only every fourth grid line is shown.

The boundary condition for the side at x = 0 (left side, green) is set to a no-slip
wall. A circular inflow boundary condition (blue) with diameter D = 0.25 cm is
applied to the center of this side to simulate the nozzle outflow conditions. The
remaining sides of the domain (transparent white) have an outflow boundary
condition, a Neumann boundary condition with zero gradient is applied to
them. The side opposite to the inflow, at x = 40 x/D, has the boundary
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5.1 Non-Newtonian Wind Induced Breakup

condition modified to suppress back flow with the method described in section
3.2. A grid refinement in y and z-direction is applied to a square area with
length 3D, centred around the nozzle. The grid refinement is shown in figure
5.1 on the right, with every fourth grid line displayed. The number of cells
in the refinement area is set to Iy (1.5 < y/D < 4.5) = 192 to better resolve
the jet surface and the gas-liquid interactions, leaving Iy (0.0 < y/D < 1.5) =
Iy (4.5 < y/D < 6.0) = 32 cell each for the regions above and below the jet. A
turbulent inflow is applied to the inflow boundary condition, using the inflow
generator explained in section 2.1.2. Different combinations of average inflow
velocity U , velocity profile, turbulence intensity Tu and turbulent length scale
Lt are applied for different simulations. An overview of the inflow parameters
in combination with the injected fluid is given in table 5.1. The material
properties for the fluids are given in table 2.1 in section 2.2.3.

Table 5.1: General parameters of the numerical setup

Nozzle Velocity Turbulence Turbulent Velocity
diameter intensity length scale profile
D0 [m] U [m/s] Tu [−] Lt [m]

2.5 · 10−3 66 0.5% 3.125 · 10−4 block

In addition to the non-Newtonian fluids, Newtonian pseudo-fluids are simulated
for comparison. The pseudo fluids have the same material properties as the
non-Newtonian fluids, with the exception of a constant viscosity. The zero
shear viscosity µ0 as well as the dimensionless numbers for the four simulations
are given in table 5.2.

Table 5.2: Material properties and jet characteristics for the jet simulations

Fluid Viscosity Reynolds Ohnesorge
number number

µ0 [Pa s] Re0 [−] Oh0 [−]
P2540 0.05% 1.56 104 3.64
P2500 1.0% 1.59 104 3.62
N2540 0.05% 0.0056 3 · 104 0.013
N2540 0.05% 0.0355 4.6 · 103 0.081

The Kolmogorov length scale for this setup has been calculated as λk =
2.44 · 10−3 m which is well within the cell size of the refinement region, which
is ∆x = ∆y = ∆z = 4 · 10−5 m.
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5.1.2 Wind Induced non-Newtonian Jet Surface

In this section the morphology of the jet surface and the development is
discussed for simulations of Praestol 2540, 0.05% and Praestol 2500, 1.0%.
These two fluids have been selected, because while they have the same first
Newtonian plateau µ0, they have different flow curves, providing an insight
into the influence of different shear thinning behaviour. The initial temporal
development of the Praestol 2540, 0.05% jet is shown in figure 5.2.

After injection, at t∗ = 3, the jet does not show strongly visible surface
undulations. At the jet tip the liquid is bend backwards, counter streamwise. It
is forming a plug - a flat liquid disc with a diameter Dplug > Djet. The plug is
formed due to the interaction with the surrounding gas atmosphere. At the edge
of the plug some ligaments are formed and droplets are detached. At t∗ = 10
many small disturbances can be seen on the jet surface. These are mainly due
to the turbulence applied to the inflow boundary, the turbulence of the nozzle.
Upon reaching t∗ = 20 the disturbances change with increasing jet length. The
disturbances for x/D < 15 are still small, of high frequency, and are reminiscent
of noise. For x/D > 15 the deformations exhibit a more recognisable three
dimensional surface wave behaviour, with larger amplitudes and longer periods.
The deformations are strongly influenced by the interaction of the liquid surface
with the surrounding gas flow. They constitute Kelvin-Helmholtz instabilities
and confirm this jets classification as being within the Wind-Induced breakup
regime. With increasing time t∗ = 30 this trend continues until the jet exits
the computational domain for the first time at t∗ = 41. Up to this point the
jet exhibits two phenomena, which are due to the transient nature of the initial
injection. First, a small amount of droplets can be seen, which have detached
from the plug at the jet tip. These drops can only be found around the jet tip
and no other droplets are created by the jet surface. Furthermore, a dominant
amplitude peak can be observed for the wave 10D behind the jet tip. This is
due to the plug inducing a vortex in the surrounding gas, which interacts with
the jet at this position.

At t∗ = 60 the transient effects of the initial injection have subsided. All
initial droplets have left the computational domain and no further droplets are
created. The gas vortex from the plug has also left the domain. The jet has
reached a quasi steady state. Close to the nozzle x/D < 15 the main influence
on the surface is the nozzle turbulence. This disturbance is developing into
three dimensional waves for 15 < x/D < 50. For x/D > 50 amplitudes in
y-direction are more pronounced - the three dimensional nature of the waves is
somewhat reduced, though still clearly visible.
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Figure 5.2: Temporal surface development of a Praestol 2540, 0.05% jet, Re = 35,
Oh = 3.67, block velocity profile. Isosurface through f = 0.5 shown
at dimensionless times t∗ = 3, 10, 20, 30, 41, 55.
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5 Non-Newtonian Jet Breakup

A visual comparison between the Praestol 2500, 1.0% jet and the Praestol 2540,
0.05% jet, with the otherwise identical numerical setup, is shown in figure 5.3.
The jets are shown at t∗ = 65. The jets have reached a quasi steady state.
While no major morphological differences are visible, upon closer inspection
the Praestol 2540, 0.05% jet exhibits a recognisably more disturbed jet surface.
In the case of the Praestol 2500, 1.0% jet the initial disturbances from the inlet
turbulence subside somewhat for a more smooth jet surface with pronounced
peaks with a longer wavelength. The Praestol 2540, 0.05% jet shows more
wave peaks and some peaks are bend in a behaviour already reminiscent of
Kelvin-Helmholtz instabilities.

P2500 1.0% t∗ = 75

P2540 0.05%

Figure 5.3: Comparison of the jet surface for Praestol 2500, 1.0% (top) and
Praestol 2540, 0.05% (bottom). The other parameters of the setup
are identical. The jets are in a quasi steady state at t∗ = 75.

The viscosity distribution inside the liquid jets is shown in figure 5.4 as a
central 2D slice at t∗ = 75. The viscosity is given in dimensionless form as the
local Ohnesorge number Ohloc calculated with the local viscosity value of each
cell µloc. In addition, velocity vectors are given at select streamwise positions.

It is important to notice, that different Ohloc scales are given for the jets, with
Praestol 2540, 0.05% exhibiting a viscosity of about a magnitude less, than for
the Praestol 2500, 1.0% jet. Both jets exhibit a similar behaviour, with the
lowest viscosities in the region after the nozzle exit at 0 < x/D < 5. This is
due to the shear introduced by the nozzle turbulence at the inlet. This effect
reduces, as the initial turbulence decays. The viscosity steadily increases in
streamwise direction in the region 5 < x/D < 25. For x/D > 25 the viscosity
has reached a quasi steady state. For both jets the viscosity exhibits irregular
structures with localised areas of higher viscosity, which are located more
towards the central region of the jets, with lower viscosity regions located near
the jet surface, especially the wave peaks. In the case of Praestol 2500, 1.0%
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OHlocforP2540,0.05%
0.00 0.01 0.02 0.03 0.04

Figure 5.4: Comparison of the internal viscosity distribution for the jets from
Praestol 2500, 1.0% (top jet, left legend) and Praestol 2540, 0.05%
(bottom jet, right legend). A 2D central slice of local Ohnesorge
number Ohloc is shown. Additionally, the velocity vector glyphs are
given at select streamwise positions. The jets are in a quasi steady
state at t∗ = 75.

the structures are larger in size, while for Praestol 2540, 0.05% these structures
are smaller, but with a higher quantity.

The temporal development of the liquid surface area A as well as the spatially
averaged viscosity for both fluid jets is shown in figure 5.5. The liquid surface
area is made dimensionless by the surface area of a solid cylinder. This cylinder
has a diameter equal to the nozzle diameter D and is growing in axial direction
with a velocity equal to the injection velocity U . It has the surface area

A∗ = A
Acyl

, (5.1)

where A is the liquid surface area of the jet. It is calculated at runtime from
the normal vector n̂ of the f -field as given by equation (2.20). The surface
area of the solid cylinder is defined as

Acyl =


πDUt + π
 D

2

2 for t < L
U ,

πDL for t > L
U .

(5.2)

For the presented simulation, the time of the jet exiting the domain texit = L/U
has been slightly modified by +3% to account for the decrease in overall jet
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velocity due to the air friction. The dimensionless surface area A∗ is displayed
in blue.

The spatially averaged viscosity is represented as an averaged Ohnesorge
number Oh, which has already been described in more detail in section 4.4. It
is displayed in orange.
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Figure 5.5: Development of the dimensionless liquid surface A∗ (blue) and the
spatially averaged Ohnesorge number Oh (orange) for Praestol 2500,
1.0% (continuous line) and Praestol 2540, 0.05% (slash dotted line)
over dimensionless time t∗. The temporal averages of A∗ for t∗ > 60
are shown as black dotted lines.

The comparison of the temporal development of the Praestol 2540, 0.05% and
the Praestol 2500, 1.0% jets shows the influence of the different non-Newtonain
liquids. For both fluids an increase in dimensionless surface area can be observed
for 0 < t∗ < 41. The surface area shows a steep increase directly after t∗ = 0
and then a steep decrease at around t∗ = 41. This is caused by the plug
(see figure 5.2) forming and then exiting the domain. For t∗ = 60 the surface
area development reaches a quasi steady state. Only small changes around a
constant value are visible.

It can be observed, that both jets exhibit a similar surface area after injection,
but that the increase of surface area is steeper for Praestol 2540, 0.05%. This
difference continues to exist once the jets have reached quasi steady state. For
the Praestol 2540, 0.05% jet the quasi steady surface area is at A∗ = 1.136 and
the Praestol 2500, 1.0% jet is at A∗ = 1.076 - a difference of 5.6%.
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5.1 Non-Newtonian Wind Induced Breakup

The development of the viscosity shows stronger differences between the two
fluids. The spatially averaged viscosity of the Praestol 2540, 0.05% jet has a
very minor increase up to t∗ = 40 and is very stable at Oh = 0.013 afterwards.
For the Praestol 2540, 0.05% jet a more pronounced change of viscosity during
the initial injection can be seen. In the quasi steady state it converges to
Oh = 0.081, but with a somewhat less stable behaviour.

This investigation showed three things. First, differences between the surface
area of the two fluids exist, even though they are hard to identify in the
three dimensional visualisation. Second, the differences in the viscosity are
higher compared to the surface area. Third, the jets reach a quasi steady state
for t∗ > 60. The averaged viscosity in this region can be used to describe
Newtonian pseudo-fluids, which have the identical average viscosity as the
non-Newtonian jets.

The temporal development of surface area and viscosity as presented above will
be used throughout this chapter to identify a quasi steady state and to obtain
the averaged viscosity for Newtonian pseudo fluids for comparison simulations.

5.1.3 Analysis Method for the Quantitative Description of a
Deformed Jet Surface

The quantitative analysis of the three dimensional jet surface deformations
is based on a method proposed in [41]. For a time step the method analyses
slices of the y-z-plane in x-direction, the streamwise direction of the jet. From
these slices three dimensionless quantities which describe different aspects of
the jet surface deformations are extracted. A representation of these quantities
is shown in figure 5.6.

The quantities are put into relation to the mean radius R̄ - the radius of a
circle with the equivalent amount of liquid mass ml as the slice

R̄ =

√
ml(x)
πρl∆x

R . (5.3)

The mean radius is made dimensionless by the radius of the inlet nozzle
R = D/2. The liquid mass of the slice is calculated as the sum of all f -values
in the slice

ml =
∑
I(x)

f (x) dx(x)dy(y)dz(z), (5.4)
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Figure 5.6: Left: Section of a jet with a visualisation of the three quantities for
the jet surface deformation analysis. Right: Result of the analysis
method for a single time step.

where I (x) is the total number of cells in the y-z-slice at position x. The
mean radius quantifies the contraction of the surface in axial direction. It is
represented in figure 5.6 by the black circle with radius R̄.

The quantity ∆c describes the deviation of the local center of mass. It is the
distance of the center of mass (yc, zc) of the y-z-slice to the center of the nozzle
(center of the inflow region) (yc,nozzle,zc,nozzle) made dimensionless by R

∆c =


(yc − yc,nozzle)2 + (zc − zc,nozzle)2

R . (5.5)

The deviation of the local center of mass ∆c quantifies the displacement of the
jet as a whole and is represented by by a green cross at the centre of mass
of the local slice and the magenta line, showing the local deviation over the
displayed length.

For the other two quantities a description of the surface is needed. For this
the 2D contour C of the slice is calculated. Using the marching squares
algorithm [75], for each cell containing an interface, one or two linear sections
of the surface contour are calculated as one or two pairs of y,z-coordinates.
They are the intersections of the iso-surface with the cell edges for f = 0.5.
The edges are selected from a lookup table and the coordinates are obtained
from linear interpolation between the f -values on the two connected corners
for f = 0.5. The contour is then stored as a collection of coordinates pairs
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5.1 Non-Newtonian Wind Induced Breakup

C = (y1, z1) , (y2, z2) ,..., (y2N , z2N ) , (y2N+1, z2N+1) with N being the number
of pairs.

The quantity Ω is the local surface area expansion. It sets the actual circum-
ference of the jet in relation to the circumference of a circle with radius R̄, a
perfectly circular jet with the identical local mass. The actual circumference is
calculated by summing up the length of all linear sections of the contour C,
giving

Ω =

∑N

k=1

√(
Cy2k −Cy2k−1

)2 +
(
Cz2k −Cz2k−1

)2
2πR̄

. (5.6)

The local surface area expansion Ω provides a quantification of the surface
deformations in circumferential direction and is represented by the light blue
contour line in figure 5.6.

The quantity ξmax describes the maximum extension of the jet, as the max-
imum distance between the local surface and the local centre of mass. It is
calculated by finding the maximum distance between the center of mass and
the coordinates of the contour, and is made dimensionless with the nozzle
radius R

ξmax =
max

(√
(Cy − yc)2 + (Cz − zc)2

)
R . (5.7)

The maximum extension ξmax provides a description of the local deformation
of the slice and is represented by a red circle with radius ξmax.

For comparison this analysis is applied to a jet simulation, that has reached a
quasi-steady state. The four quantities are calculated over the full jet length for
simulation results, which were written out with every ∆tprnt = 1.893 · 10−3 s.
The quantities are then temporally averaged over 250 write out time steps.

5.1.4 Jet Deformation Analysis

Different jet simulations are analysed with the method explained in section
5.1.3 in the quasi steady state at t∗ > 60. The influence of the shear thinning
material behaviour, the difference to the zero shear viscosity µ0, the influence
of different inflow velocity profiles, the influence of turbulence intensity and
the influence of ambient pressure are investigated.
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5 Non-Newtonian Jet Breakup

Influence of Shear Thinning Behaviour

First the influence of different shear thinning material behaviour is investigated
for the two jets, which have been shown in the previous chapter 5.1.2. The
temporally averaged deviation of the center of mass ∆c is shown in figure 5.7
for the non-Newtonian jets from Praestol 2500, 1.0% and Praestol 2540, 0.05%.
Also given are the corresponding Newtonian pseudo fluids with a constant
liquid viscosity, obtained as a spatial average from the Newtonian simulations
in quasi steady state.
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0.15

c

Figure 5.7: Surface deformation analysis for Praestol 2540, 0.05%, Praestol 2500,
1.0% and for Newtonian simulations with constant averaged viscosity
µ. Deviation of center of mass ∆c.

The deviation of the center of mass ∆c increases for all jets in streamwise
direction. Here the Praestol 2540, 0.05% jet shows a somewhat stronger
increase, while the other three jets are in the same range, as Praestol 2500, 1.0%
exhibiting somewhat stronger oscillations. The differences in these quantities
is rather small for all jets.

The temporally averaged surface area expansion Ω and the maximum extension
ξmax are shown for the four jets in figure 5.8.

Differences in the surface quantities are more pronounced. The surface area
expansion Ω shows a trough shortly after the nozzle for all jets. This is due
to the shortcoming of inflow boundary condition. The inlet is only able to set
cells to f = 0, or to f = 1, leading to a non circular cross section at x = 0. This
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Figure 5.8: Surface deformation analysis for Praestol 2540, 0.05%, Praestol 2500,
1.0% and for Newtonian simulations with constant averaged viscosity
µ. Left: Surface area expansion Ω. Right: Maximum extension
ξmax.

is compensated by surface tension after about 1D. Afterwards, the surface area
expansion increases for all jets up to x/D = 10, with a steeper increase in case
of Praestol 2540, 0.05% and its corresponding pseudo-fluid. For x/D > 10 the
Praestol 2500, 1.0% jet shows a small decrease of Ω in streamwise direction
converging towards a constant behaviour close to Ω ≈ 1.05. This early peak
in surface area expansion is due to the influence from the nozzle turbulence,
which dissipates in streamwise direction. The Praestol 2540, 0.05% jets have a
continuous increase reaching Ω ≈ 1.12 at the end of the computational domain.
The maximum distance ξmax exhibits a similar behaviour. All jets show a
strong increase for x/D < 10 and a less steep increase afterwards. The Praestol
2540, 0.05% jets have a stronger increase to ξmax ≈ 1.23 and the Praestol 2500,
1.0% jets are reaching ξmax ≈ 1.17.

Two relevant behaviours can be observed from both the surface area expansion
Ω and the maximum distance ξmax. First, the Praestol 2540 jets exhibit a
stronger increase compared to the Praestol 2500, 1.0% jets, both in surface area
expansion, as well as in maximum extension. This is due to the much stronger
shear thinning behaviour, which has already been described in the analysis
in section 5.1.2, showing a lower average viscosity of nearly a magnitude and,
therefore, leading to a less stable jet. Second, for both non-Newtonian fluids,
the corresponding pseudo fluids exhibit a smaller surface area expansion, even
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though this effect is somewhat less pronounced. This shows, that a non-uniform
distribution of the viscosity for the shear thinning jets, especially in the outer
regions, leads to a less stable jet.

Comparison to Constant Viscosities

The difference between a shear thinning jet and jets with related constant
Newtonian viscosities is investigated for Praestol 2500, 0.3% solution. The
identical numerical setup as described in section 5.1.1 is used with minor changes.
Due to the lower viscosity the inflow velocity is reduced to U = 0.7m/s. With
the material properties for Praestol 2500, 0.3% this provides Re = 380 and
Oh = 0.1. In addition, the velocity profile for a turbulent short nozzle is
applied. This profile introduces more shear in the surface region of the jet
core compared to the constant inlet velocity profile. The inflow parameters are
summarised in table 5.3.

Three simulations are visualised in figure 5.9 at t∗ = 100 in a quasi steady state.
The non-Newtonian simulation µ (γ̇) is shown and additionally the Newtonian
pseudo fluids with constant µ0 and µ. The average viscosity µ = 0.008 36Pa s is
obtained from temporal and spatial averaging of the non-Newtonian simulation.

P2500, 0.3%, µ(γ̇) t∗ = 100.0

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
x/D

+2
+1
0

−1
−2

y/D
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Figure 5.9: Comparison of the jet surface for Praestol 2500, 0.3%. The non-
Newtonian simulation (bottom) is shown together with two New-
tonian pseudo fluids with constant µ0 = 0.046 Pa s (middle) and
µ = 0.008 36 Pa s (top). The other parameters of the setup are
identical. The jets are in a quasi steady state at t∗ = 100.

The visualisation reveals differences in the stability of the jets. The Newtonian
jet with constant µ0 is very stable. It has basically the shape of a solid cylinder.

94
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Table 5.3: General parameters of the numerical Setup

Nozzle Velocity Turbulence Turbulent Velocity
Diameter intensity length scale profile
D0 [m] U [m/s] Tu [−] Lt [m] Re [−]

2.5 · 10−3 700 0.5% 3.125 · 10−4 short
Fluid Viscosity Reynolds Ohnesorge

number number
µ0 [Pa s] Re0 [−] Tu [−]

P2500 0.3% 4.6 · 10−2 380 0.1
N2500 0.3% 4.6 · 10−2 380 0.1
N2500 0.3% 0.836 · 10−2 2092 0.02

The other two jets exhibit a more disturbed surface. The non-Newtonian jet
shows the strongest deformation. It has some folding of the surface in the region
4 < x/D < 14, which is reminiscent of non-Newtonian cavity breakup [124].
This more pronounced deformation is caused by the turbulence from the nozzle.
Further downstream the non-Newtonain jet has the strongest amplitudes in
jet core displacement. The Newtonian jet with constant µ is somewhat less
deformed, showing more smaller surface waves.
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Figure 5.10: Surface deformation analysis for Praestol 2500, 0.3% and for New-
tonian simulations with constant averaged viscosity µ and constant
µ0. Deviation of center of mass ∆c.
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The quantitative analysis described in section 5.1.3 is applied to the three
simulations. The deviation of the center of mass ∆c is shown in figure 5.10
for the non-Newtonian jet as well as for the Newtonian pseudo fluids. The
temporally averaged surface area expansion Ω and the maximum extension
ξmax are shown for the three jets in figure 5.11.
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Figure 5.11: Surface deformation analysis for Praestol 2500, 0.3% and for New-
tonian simulations with constant averaged viscosity µ and constant
µ0. Left: Surface area expansion Ω. Right: Maximum extension
ξmax.

The deviation of the center of mass ∆c is increasing with jet length for all three
simulations. The increase is smaller in the case of µ0, and more pronounced for
the other two simulations, with the strongest deviation for the µ (γ̇) simulation.

The development of the averaged surface area expansion Ω and the maximum
extension ξmax show a similar behaviour. The non-Newtonian simulation and
the Newtonian simulation with µ show a strong initial increase for x/D < 10 for
both Ω and ξmax. This increase is due to the stronger deformations in the region
4 < x/D < 14, which has been described in the previous section on surface
visualisation. Further downstream both quantities decrease converging towards
values Ω > 0 and ξmax > 0. The values for the non-Newtonian simulation
are always slightly larger compared to the µ case. The Newtonian simulation
with µ0 exhibits a constant behaviour, showing no increase in surface area or
maximum extension. The curve for ξmax mirrors the curve for Ω. This is in
good agreement with the visualisation.
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5.1 Non-Newtonian Wind Induced Breakup

The investigation demonstrates the influence of the shear thinning viscosity with
a short nozzle profile. The difference to a fluid with constant µ0 is well visible.
The µ0 simulation shows barely any deformation in the visual examination and
in the quantitative analysis, as the viscosity is high enough to suppress the
disturbances at the set inflow velocity and turbulence intensity. It becomes
clear, that the Newtonian criteria calculated for µ0 can not be simply applied
to non-Newtonian fluids with a recognisable shear thinning behaviour. This
is especially true, since Praestol 2500, 0.3% is the fluid with the lowest shear
thinning influence used in this work, as the two Newtonian plateaus only differ
by about one magnitude.

The difference between the non-Newtonian simulation µ (γ̇) and the Newtonian
simulation with the corresponding constant average viscosity µ is smaller,
but still clearly recognisable. For the quantities ∆c, Ω, and ξmax longer
deformations are visible for the µ (γ̇) case, as well as in the visual examination.
The differences are also larger as in the comparison of different fluids in the
previous section 5.1.4. This is due to the greater influence of the shear thinning
viscosity in case of a short nozzle velocity profile. The influence of the nozzle
is discussed in more detail in the next section 5.1.4. The average differences in
the deformation quantities are of the same order of magnitude. The deviations
to the average, however, are significantly larger for the shear thinning fluid,
pointing to a less stationary behaviour.

Comparison of Different Inflow Velocity Profiles

Praestol 2500, 0.3% jets from three inflow velocity profiles, a constant nozzle
profile, a dual orifice nozzle profile and a parabolic velocity profile have been
simulated in addition to the simulation with the short nozzle profile presented
in the previous section 5.1.4. The nozzles are explained in section 2.3.2 and are
characterised by their kinetic energy flux ε as given by equation (2.44). The
kinetic energy fluxes of the four simulated nozzles are given in table 5.4.

Table 5.4: Kinetic energy flux ε for the four nozzles used in the simulations

Nozzle Block Short Dual Parabolic
Abbreviation CN SN DN PN
ε 1.00 1.28 1.30 2.00

97



5 Non-Newtonian Jet Breakup

The four jets are used to compare the influence of the velocity profile on the
jet surface. The jet simulations with the four different velocity profiles are
visualised at t∗ = 100 in figure 5.12.

The strong influence of the inflow velocity on the jet breakup is clearly visible.
The short nozzle jet has a cylindrical core shape with surface deformations.
This jet has already been described in detail in section 5.1.4. The constant inlet
velocity jet is basically a solid cylinder. It shows only very minor deformations
of the surface. This is in good agreement, with the much lower kinetic energy
flux ε = 1.00.

The dual orifice jet is less stable, compared to the first two jets. The jet core
is clearly deformed from the cylindrical shape starting at x/D > 15. The jet
core is deflected from its equilibrium position and protruding ligaments are
visible. In streamwise direction a few drops have separated from the core.
An investigation of the development of the jet in time reveals, that the core
sometimes breaks up within the computational domain.

The jet with the parabolic velocity profile has the highest kinetic energy
flux ε = 2.00. Correspondingly, this jet is the least stable. In the region
12 < x/D < 32 it has longer ligaments compared to the dual orifice jet and
even exhibits holes in the jet core. For x/D > 32 the core fully breaks up into
many drops and ligaments. The core of this jet always breaks up inside the
computational domain.

The quantitative jet surface analysis (see section 5.1.3) is applied to the
simulation data. The deviation of the center of mass ∆c is shown in figure 5.13.
For comparison, the four jets have also been simulated as a Newtonian pseudo
fluid. The constant viscosity for the pseudo fluid is calculated as temporal
and spatial average of the non-Newtonian viscosity from the corresponding
simulations in the quasi steady state.

The temporally averaged surface area Ω and the maximum extension ξmax are
shown in figure 5.14.

The deviation of the center of mass ∆c is showing the largest deviations for the
parabolic profile, with a continuous increase over jet length, to ∆c ≈ 1.4. The
dual orifice profile has a similar growth in deviation in the region x/D < 20 and
shows less of an increase afterwards, going towards ∆c ≈ 0.6 . The deviations
of the center of mass for the short nozzle profile are quite a bit smaller, and
the deviations for the constant inlet velocity profile are negligible small. For
all four nozzles, the non-Newtonian fluid simulations and the Newtonian µ
simulations develop nearly in parallel, indicating very few differences between
the jets.
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Figure 5.12: 3D visualisation of the surface for jets from Praestol 2500, 0.3% at
t∗ = 100. The jets are simulated with the following inflow velocity
profiles: Short nozzle velocity profile, constant inlet velocity profile,
dual orifice nozzle velocity profile and parabolic velocity profile.
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Figure 5.13: Surface deformation analysis for Praestol 2500, 0.3% with different
nozzle velocity profiles. Additionally, corresponding Newtonian
simulations with constant averaged viscosity µ are shown. Deviation
of center of mass ∆c.
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Figure 5.14: Surface deformation analysis for Praestol 2500, 0.3% with different
nozzle velocity profiles. Additionally, corresponding Newtonian
simulations with constant averaged viscosity µ are shown. Left:
Surface area expansion Ω. Right: Maximum extension ξmax.
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5.1 Non-Newtonian Wind Induced Breakup

The surface area expansion Ω shows a similar behaviour for the parabolic, the
short nozzle and the dual orifice profile. The surface area expansion has a
large initial increase after injection. This increase is connected to the folding
of the surface observed in the visual analysis in figure 5.12. In agreement
with the figure, the spatial position of this folding is earliest in the case of
the short nozzle followed by the dual orifice nozzle and the parabolic profile.
The parabolic profile exhibits the strongest surface area expansion, reaching
Ω ≈ 2.1, corresponding to the very fine structures seen in the visual analysis.
The surface area expansion steadily decreases in streamwise direction, following
the initial peak, converging towards a values above unity. Again, the parabolic
profile exhibits the highest values, followed by the dual orifice nozzle and then
the short nozzle.

The maximum extension ξmax shows an increase after injection for the short
nozzle, the dual orifice and the parabolic profile simulations. The short nozzle
and the dual orifice simulation exhibit a peak in the region of surface folding at
x/D = 10 and x/D = 18, respectively. Afterwards, for both jets a decrease is
observed. The maximum extension for the parabolic profile simulation continues
to grow and becomes more erratic with jet length. This behaviour is caused
by drops and ligaments separating from the jet and leaving the computational
domain perpendicular to the streamwise direction, thereby reducing the liquid
mass in the analysis. The behaviour fits the observed breakup in the visual
analysis.

The Newtonian pseudo fluids with constant µ exhibit a similar behaviour for
the parabolic profile and the short nozzle profile for the development of ∆c, Ω,
and ξmax. The Newtonian fluid curve always has lower values compared to the
non-Newtonian fluid. In case of the dual orifice nozzle profile, however, only
the non-Newtonian jet core is more unstable, with higher values of ∆c. The jet
surface, characterised by Ω and ξmax, exhibits higher values for the Newtonian
pseudo fluid for x/D > 22.

The surface area expansion Ω as well as the maximum extension ξmax for the
short nozzle profile are smaller compared to the other nozzles. The same applies
to differences between the non-Newtonian simulation and the Newtonian pseudo
fluid.

To help explain the influence of the non-Newtonian fluids as well as the
differences to the Newtonian pseudo fluids, the viscosity distribution inside the
jets is visualised in figure 5.15 as a 2D x,z slice through the center of the inflow.
The non-Newtonian simulations for the four nozzles are shown. Velocity vector
glyphs are shown at select x-positions.
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Figure 5.15: 2D slice of the viscosity distribution through the center line of the
jets of Praestol 2500, 0.3% at t∗ = 100. The jets are simulated with
the following inflow velocity profiles: Short nozzle velocity profile,
constant inlet velocity profile, dual orifice nozzle velocity profile
and parabolic velocity profile. In addition velocity vector glyphs
are shown at selected streamwise positions.
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5.1 Non-Newtonian Wind Induced Breakup

The influence of the velocity profiles can be best observed in the region directly
after injection x/D < 12. The short nozzle velocity profile shows large velocity
gradients near the jet surface, which induce shear and lead to a low viscosity in
this region. Around the center of the jet core it has a nearly constant velocity
and, therefore, low shear and high viscosities. The low viscosity near the
surface favours deformations of the surface. The deformations have a velocity
component in radial direction, which increases the shear rate towards the jet
core. This causes the regions of low viscosity to grow towards the center. In
turn, this increases the propensity of the jet surface for stronger deformations.
The mechanism repeats until the viscosity is low throughout the entire jet at
x/D ≈ 10. The non-Newtonian fluid jet is less stable, due to the lower viscosity
in the regions near the jet surface favouring deformations, even when compared
with a simulation with constant µ.

The constant inlet velocity profile has the lowest initial shear and the highest
viscosity. The shear is due to the inflow turbulence intensity Tu = 0.5%. This
initial turbulence intensity decays with jet length and the viscosity in the
center increases accordingly. The viscosity decreases somewhat towards the jet
surface, as the interaction of the jet with the ambient air builds up a shear layer.
The viscosities of the constant inlet velocity profile jet are higher compared to
all other nozzles, leading to the negligible differences when compared to the
Newtonian pseudo fluid.

The dual orifice nozzle profile has high shear rates in the region where the
inner nozzle and the outer nozzle meet. The viscosity, correspondingly, is low
in this region. The nozzle induces, however, less shear in the jet surface and
the viscosity increases towards the center of the outer ring. This lower viscosity
in the center region of the jet core has two effects. Firstly, it destabilises the
core as a whole, explaining the greater instability of the center of mass ∆c.
Secondly, it leads to a low average viscosity µ for the entire jet, while having
a comparably high viscosity in the surface region. This explains, why the
surface deformations, characterised by Ω and ξmax, actually show stronger
deformations for the Newtonian pseudo fluid with constant µ.

The parabolic velocity profile produces a similar non-Newtonian viscosity
behaviour as the short nozzle profile. However, the profile has strong velocity
gradients throughout the entire jet core leading to a low viscosity in most of the
jet, except for a small region in the center. The surface analysis, accordingly,
shows a similar, but stronger behaviour when compared to the short nozzle
profile simulation.

The influence of different nozzles is clearly visible. In accordance with Newto-
nian jet research [99], the instability of the jet increases with the kinetic energy
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5 Non-Newtonian Jet Breakup

flux ε of the nozzle. The influence of shear thinning behaviour is also visible,
but less pronounced compared to the nozzle influence. The velocity profiles
influence on the non-Newtonian fluid is strongest close to the nozzle exit. It
leads to a less stable jet compared with a Newtonian pseudo fluid. The shape
of the velocity profile determines what characteristic of the jet becomes less
stable, depending on where regions of high shear rate occur.

Influence of Turbulence Intensity and Ambient Pressure

The influence of initial nozzle turbulence and of the pressure of the gas sur-
rounding the jet is investigated. Jets from Praestol 2500, 0.3% with a short
nozzle have been simulated with a higher ambient pressure of pamb = 10 bar and
with an increased turbulence intensity Tu = 5%. The jets are compared to the
simulation of the short nozzle jet presented in section 5.1.4, which is considered
the base line case. The relevant boundary conditions are summarised in table
5.5. All other conditions are identical to the numerical setup of the comparison
jet.

Table 5.5: Boundary conditions for the investigation of ambient pressure and
turbulence intensity.

Fluid Pressure Density Viscosity Turbulence Nozzle
ratio ratio intensity

pamb [bar] ρl/ρg [−] µ0/µg [−] Tu [−]
P2500, 0.3% 1 840 387 0.5% short
P2500, 0.3% 10 840 387 0.5% short
P2500, 0.3% 1 840 387 5.0% short

The three simulations are shown in figure 5.16 for t∗ = 100. The base line case
has already been described in detail in section 5.1.4.

The jet with higher turbulence intensity shows an earlier onset of a folding of
the jet surface, starting immediately after injection at x/D > 1. This early
disturbance is also more pronounced with longer surface waves. The other
two jets start this development later at 3 < x/D < 5. This strong disturbance
decreases in streamwise direction and the jets exhibit normal Rayleigh-Taylor
waves for x/D > 20 comparable to the base line case.

The jet with the higher ambient pressure has a similar surface development
as the base line jet after injection for 0 < x/D < 10. Further downstream,
x/D > 10, however, the jet exhibits a stronger deformation of the jet core.
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Figure 5.16: 3D visualisation of the surface for jets from Praestol 2500, 0.3%
with a short nozzle inflow velocity profile at t∗ = 100. The jet in
the middle is simulated with a higher turbulence intensity Tu = 5%.
The jet on the right is simulated with a higher ambient pressure of
pamb = 10 bar. 105



5 Non-Newtonian Jet Breakup

The quantitative jet surface analysis (see section 5.1.3) is applied to the
simulation data. The deviation of the center of mass ∆c is shown in figure 5.17.
For comparison, the three jets have also been simulated as a Newtonian pseudo
fluid. The constant viscosity for the pseudo fluid is calculated as temporal
and spatial average of the non-Newtonian viscosity from the corresponding
simulations in the quasi steady state.
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Figure 5.17: Surface deformation analysis for Praestol 2500, 0.3% with a short
nozzle. A variation of the turbulence intensity Tu = 5.0% and a
variation of the pressure pamb = 10 bar are shown together with the
baseline case with Tu = 0.5% and pamb = 1 bar. In addition the
curves for Newtonian simulations with constant averaged viscosity
µ are given. Deviation of center of mass ∆c.

The observations of the visual analysis for the variations in turbulence intensity
and pressure are confirmed when analysing the deviation of the center of
mass ∆c. The jets with higher ambient pressure pamb = 10 bar exhibit larger
deviations of the jet cores center of mass,linearly increasing with jet length.
The jets with the higher turbulence intensity of Tu = 5.0% have a similar
behaviour as the comparison jet, but at a somewhat higher level. In all cases
the curves of the Newtonian jets mirror the behaviour of the non-Newtonian
ones at slightly lower values.

The temporally averaged surface area expansion Ω and the maximum extension
ξmax are shown in figure 5.18.

The quantitative analysis of the averaged surface area expansion Ω confirms the
observations of the visual analysis. The jets with a higher turbulence intensity
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Figure 5.18: Surface deformation analysis for Praestol 2500, 0.3% with a short
nozzle. A variation of the turbulence intensity Tu = 5.0% and a
variation of the pressure pamb = 10 bar are shown together with the
baseline case with Tu = 0.5% and pamb = 1 bar. In addition, the
curves for Newtonian simulations with constant averaged viscosity
µ are given. Left: surface area expansion Ω. Right: maximum
extension ξmax.

exhibit an earlier and stronger increase of the surface area. This strong initial
disturbance from the inflow conditions subsides with jet length, providing a
similar behaviour as the base line jet for x/D > 15.

The jets with higher pressure pamb show a similar behaviour as the base line
case, but with a higher surface area expansion Ω. This case is interesting,
as in the region 0 < x/D < 20 the influence of the non-Newtonian viscosity
is larger than the variation of the pressure. In this region the curves for the
non-Newtonian jets are exceeding the curves for the Newtonian jets and the
curves are showing a similar development. For x/D > 25 the development of
the averaged surface area expansion is back in line with previous observed
behaviour, both jets with higher pressure having higher values of Ω.

The maximum extension ξmax confirms the previously described trends. The
jets with the higher turbulence intensity have the strongest deformations
directly after injection, but revert to a similar behaviour as the base line case
with jet length. The jets with higher pressure have the strongest deformations
with increasing jet length. The influence of the variations of pressure and
turbulence intensity exceeds the influence from the non-Newtonian behaviour.
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5 Non-Newtonian Jet Breakup

5.2 Non-Newtonian Jet Atomisation

Simulations of shear thinning jet in the atomisation regime are analysed. For
these simulations a quantitative description is based on spray parameters, such
as droplet size or jet angle.

5.2.1 Numerical Setup

The jet in the atomisation regime uses a circular nozzle with a diameter of D =
5 · 10−3 m. The Simulations are done on a rectangular computational domain
with a streamwise length of x/D = 24 and the dimensions y/D = z/D = 8. The
domain is discretised with Ix = 1536 cells in x-direction and Iy = Iz = 512 cells
in y and z-direction. The entire domain consists of about 402 · 106 cells. The
cells are cubic with a length ∆x = 7.81 · 10−5 m. The boundary condition for
the side at x = 0 (left side) is set to a no-slip wall. A circular inflow boundary
condition with diameter D is applied to the center of this side to simulate the
nozzle outflow conditions. The remaining sides of the domain have an outflow
boundary condition, a Neumann boundary condition with gradient 0 applied
to them. The side opposite to the inflow, at x = 40 x/D, has the boundary
condition modified to suppress back flow with the method described in section
3.2. The simulation uses no grid refinement. A turbulent inflow is applied to
the inflow boundary condition, using the inflow generator explained in 2.1.2.
The material properties for the fluids are given in table 2.1 in section 2.2.3.

5.2.2 Jet Atomisation

Two jets with Re0 = 400 and Oh0 = 2.59 are shown in figure 5.19 at t∗ = 30.
The jets are from Praestol 2540, 0.05% and Praestol 2500, 1.0%, both have the
same µ0 = 1.59 Pa s and very similar values of ρ and σ, but differ in the shear
thinning behaviour, as shown in figure 2.10. The Kolmogorov length scale for
the jets is λk = 3.15 · 10−4 m - more than 4 times the cell length.

Table 5.6: General parameters of the numerical setup

Fluid Nozzle Velocity Turbulence Turbulent Reynolds
diameter intensity length scale number

D [m] U [m/s] Tu [−] Lt [m] Re [−]
5.0 · 10−3 128 5.0% 6.25 · 10−4 400
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5.2 Non-Newtonian Jet Atomisation

Both jets exhibit a similar behaviour. The jet core becomes unstable very
quickly, leading to a strongly deformed surface with wavy structures within 1D
after exiting the nozzle. The surface waves break off, forming ligaments and
drops around x/D = 5. The jet is growing in radial direction, with increasing
jet length. The amount of separated ligaments and drops also increases with
jet length.

5.2.3 Analysis Method for the Quantitative Description of an
Atomising Jet

The quantitative analysis of atomising jets is based on an evaluation of the
separate liquid structures, the droplets and ligaments which detach from the
jet. The first part for this analysis is therefore the identification of these
separate liquid components. A separate liquid component is defined from the
volume fraction f as a region of connected computational cells with f > 0, only
neighbouring cells with f = 0. These structures are identified from the f -field
data in a post-processing step.

The post-processing algorithm starts with an identification mode, where it scans
the f -field for cells with f > 0. Upon identifying one such cell, it adds the cell to
a list and switches to labelling mode. In labelling mode the algorithm labels the
current cell from the list as part of the current structure and then investigates
the six neighbouring cells for values of f > 0. All identified neighbours are
added to a list of cells to be investigated next. The investigation of cells is
continued until the list contains no more new entries. Then the algorithm
reverts to identification mode, scanning for f > 0 cells, while ignoring all cells,
that belong to structures which have already been identified. This continues
for all cells of the computational domain, at which point all liquid structures
have been identified.

The algorithm stores the index I = (i,j,k) for each cell belonging to a structure
Ξ in a linked list data structure. For each structure the liquid volume V is
calculated

VΞ =
∑

Ξ

f (I ) ∆x (I ) ∆y (I ) ∆z (I ) . (5.8)

From the volume the average drop diameter for each structure is calculated

dΞ = 3

√
6VΞ

π
, (5.9)
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Figure 5.19: 3D visualisation of the surface of the jets from Praestol 2540, 0.05%
(right) and the Praestol 2500, 1.0% (left) at t∗ = 30. Re0 = 400,
Oh0 = 2.59.
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as well as the center of mass for each drop

xc,Ξ =
∑

Ξ xc,I f (I ) ∆x (I ) ∆y (I ) ∆z (I )
VΞ

, (5.10)

where xc,I is the coordinate of the cell center of the cell with index I . Further-
more, the average velocity of the liquid structure is calculated

uΞ =
∑

Ξ

u (I ) . (5.11)

The structure Ξ containing the largest amount of cell is identified as the jet
core and is ignored for the following analysis. Furthermore, liquid structures
which correspond to the following criterion

VΞ < 3∆x∆y∆z, (5.12)

containing a volume smaller than three cells, are also removed prior to further
analysis. These structures are too small for a correct calculation of surface
tension forces and are therefore considered numerical floatsam, which should
not be considered for droplet sizes.

The jet angle is calculated from the centres of mass of the structures with an
iterative algorithm. The jet core is also treated as a single point with a large
mass. The result of the jet angle algorithm applied to one case is visualised
in figure 5.20. A jet angle α is taken from the outer rim of the nozzle D/2.
For each liquid structure it is checked, if its centre of mass is inside the jet
angle. The condition is, that 99.8,% of the liquid structures should be inside
the jet angle, allowing for a small amount of outliers. The iteration is aborted
if either the error for the contained mass is smaller than error < 1 · 10−5 or if
niter = 100 iteration have been reached.

To obtain the average jet angle α the jet angle is calculated for several investi-
gation time steps in the quasi steady state and then temporally averaged over
the results.

The drop diameter analysis is a post-processing step based on liquid structure
identification, which averages the drop diameters over several investigated
time steps. For a correct temporal averaging every liquid structure can be
counted only once. An investigation plane is placed inside the computational
domain at x/Dplane = 23.6. At each investigation time tninv the structures
are counted, which will cross the x/Dplane plane between now and the next
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Figure 5.20: Method for determining jet angle: Centres of mass projected in
radial coordinates as green circles with jet angle line α plotted in
red starting at D/2.

investigation time tn+1
inv . The first criterion is for the centre of mass to be left

of the investigation plane xc,Ξ < x/Dplane. The second criterion is obtained by
an Lagrangian advection of the center of mass with the averaged velocity for
the structure

xn+1
c,Ξ = xnc,Ξ + ūΞ ∆tinv, (5.13)

The analysis is done on 400 data fields which are temporally evenly spaced
with tprnt = 4.882 812 5 · 10−6 s for a total investigation time of t∗inv ≈ 50,
which approximately corresponds to the time the jet needs to fully traverse
the computational domain twice.

The number of drops N which are identified at the plane are counted. The
drop diameters dΞ are used to calculate the Sauter mean diameter D32 , which
is given in equation (2.41).
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5.2 Non-Newtonian Jet Atomisation

5.2.4 Atomising Jet Analysis

Different atomising jet simulations are analysed with the method given in
section 5.2.3. The influence of the shear thinning material properties, as well
as the influence of different inflow velocity profiles are investigated.

Influence of Shear Thinning Behaviour

The analysis results for the atomising jets from Praestol 2540, 0.05% and
Praestol 2500, 1.0% are given in table 5.7. In addition to the shear thinning
simulations, Newtonian simulations with a constant viscosity µ calculated as
spatial and temporal average from the corresponding non-Newtonian simulation
have been simulated and analysed. The results are added to the table.

Table 5.7: Jet angle α, drop sizes D32 , and amount of drops N for jet simulations
of Praestol 2540, 0.05% and Praestol 2500, 1.0% and corresponding
Newtonian pseudo fluids.

Fluid P2540 N2540 P2500 N2500
0.05% 0.05% 1.0% 1.0%

Nozzle constant inlet velocity profile
α [°] 6.0034 6.1057 5.8554 5.9099
D32

[
m2] 0.0563 0.0566 0.0578 0.0558

N 16 712 17 098 14 752 15 338

The influence of the non-Newtonian fluid properties is visible for the atomising
jets, as it was for the wind induced jet. The Praestol 2540, 0.05% jet has a
stronger shear thinning behaviour and correspondingly exhibits a larger jet
angle α, as well as a smaller Sauter mean diameter D32 combined with a longer
number of liquid elements N . While the effect of the different non-Newtonian
fluids is visible in the data, it has to be mentioned, that the differences are
relatively small.

Influence of Inflow Velocity Profiles

The jets from Newtonian pseudo fluids both exhibit a larger jet angle and
more drops. The N2540, 0.05% jet results in a larger D32 for the drops, while
the N2500, 1.0% jet has a smaller D32 . This behaviour is explained from the
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5 Non-Newtonian Jet Breakup

viscosity distribution inside the non-Newtonian jets in combination with the
averaging of the constant viscosity for the pseudo fluids.

The influence of three different nozzles is investigated for Praestol 2500, 0.3%
jets. The simulations use the identical numerical setup as described in section
5.2.1. The inflow properties have been modified for the different fluid and are
given in table 5.8. The Kolmogorov length scale for the jets is λk = 1.67 · 10−5 m.
In this case, with the lower viscosity and the higher Reynolds number, the
Kolmogorov length scale slightly exceeds the cell length ∆x = 7.81 · 10−5 m of
the original setup. It is well within the same order of magnitude and therefore
full-fills the requirements for DNS.

Table 5.8: General parameters of the numerical setup

Fluid Nozzle Velocity Turbulence Turbulent Reynolds
diameter intensity length scale number

D [m] U [m/s] Tu [−] Lt [m] Re [−]
5.0 · 10−3 92 5.0% 6.25 · 10−4 10.000

Three nozzles, a constant inlet velocity nozzle, a short nozzle and a dual
orifice nozzle have been simulated with Praestol 2500, 0.3% and with the
corresponding Newtonian pseudo fluid with a constant viscosity µ obtained
from spatially and temporally averaging of the non-Newtonian simulation. The
analysis described above in section 5.2.3 has been applied to the simulations to
obtain the jet angle α, the Sauter mean diameter D32 and the total amount of
analysed drops N . The results are given in table 5.9.

Table 5.9: Jet angle α, drop sizes D32 , and amount of drops N for jet simulations
of Praestol 2500, 0.3% and corresponding Newtonian pseudo fluids
with different nozzles.

Fluid P2500 N2500 P2500 N2500 P2500 N2500
0.3% 0.3% 0.3% 0.3% 0.3% 0.3%

Nozzle constant inlet velocity short nozzle dual nozzle
α [°] 12.0633 12.0380 14.6205 14.8124 9.6684 9.6371
D32

[
m2] 0.0628 0.0622 0.0690 0.0679 0.0824 0.0801

N 40 422 40 778 48 094 49 641 48 272 48 639

The analysis reveals a similar behaviour as observed for the jets in the wind
induced breakup regime. The short nozzle is leading to a stronger breakup,
with a larger jet angle and more drops. The difference between the two nozzles
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is significantly larger, than the difference between the shear thinning and the
Newtonian simulations with the same nozzle. The resulting drop sizes exhibit
only small differences, with Newtonian fluid properties and the short nozzle
leading to slightly bigger drops. The dual orifice nozzle shows a different
behaviour, with a smaller jet angle and larger drop sizes. The influence of the
shear thinning behaviour is much smaller again.

5.3 Grid Dependency of non-Newtonian Jet Breakup
Simulations

The general suitedness of FS3D for non-Newtonian jet simulations is given
due to the validation of jet breakup presented in [42] and the validation of the
shear thinning viscosity given in section 4.2 and published in [28].

The requirements of DNS for jet breakup simulations have been described
in section 2.3.3. These constraints dictate a high number of cells for the
investigation of atomising jets. The Ohnesorge regime map shows, that in
order to transition a jet into the atomisation region, generally, higher Reynolds
number are necessary. This results in smaller Kolmogorov length scales and,
therefore, smaller computational cells. At the same time an atomising jet
exhibits a larger spread in radial direction, leading to larger computational
domains. Therefore, the combination of smaller cells and larger domains leads
to a large number of total computational cells. A study of the grid dependency
provides a way to estimate the quality of the simulation.

The influence of the grid resolution of the simulation has been initially investi-
gated in [33] and expanded for this work. A jet setup has been investigated for
three different resolutions of the computational domain. The jet exits a nozzle
with a diameter of D = 2.5 · 10−3 cm with a constant inlet velocity profile
U = 55.25 m/s. The injected fluid is Praestol 2500, 0.3% giving a Reynolds
number of Re = 3000 and an Ohnesorge number of Oh = 0.11, putting it
into the atomisation regime. The material properties for Praestol are given in
table 2.1 in section 2.2.3. A turbulence intensity Tu = 10% with an integral
turbulent length scale of Lt = 3.125 · 10−4 m is applied to the inflow. The jet
is injected into a rectangular computational domain with a streamwise length
of x/D = 40 and y/D = z/D = 16 in the other directions. The discretisation
for the three resolutions is given in table 5.10. The grids are named coarse
grid, medium grid and fine grid.
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Table 5.10: Discretisations of the domain

Cells Cells ∆x = ∆y = ∆z Total number
in x in y and z in the core region of cells

Fine Grid 2304 768 4.34 · 10−5 m 1.3 · 109

Medium Grid 1152 384 8.68 · 10−5 m 1.7 · 108

Coarse Grid 576 192 1.74 · 10−4 m 2.1 · 107

A 3D visualisation of the jet surface and a slice of the velocity field for the
three resolutions are shown for the identical dimensionless time t∗ = 22.1 in
figure 5.21.

The coarse grid simulation (top) shows a jet with a continuous jet core for
the entire length. The jet surface is increasingly disturbed with jet length and
has ligaments and droplets breaking away, but the jet never fully breaks up.
The shape is cylindrical with only a small extension in radial direction. The
velocity magnitude is increasing towards the jet surface with peaks near the
jet tip. The medium grid (middle) is conical in shape and has more ligaments
and droplets breaking away. Towards the jet tip the jet core is thinner and
showing strong oscillations. Due to the strong deformations the velocity field
is also more disturbed with peaks at troughs of the jet surface. The fine grid
(bottom) is fully atomising, with no continuous core for x/D > 15. A large
amount of ligaments and droplets is created. The jet is conical, spreading far
from the nozzle center line. The ligaments and surface structures are visibly
finer. The velocity field is more extended around the jet and more and broader
areas of lower velocity are visible.

For a quantitative comparison the number of liquid structures N , the average
droplet diameter Dav, the jet breakup length Ljet/D and the jet angle α are
compared. The results for all three simulations are given in table 5.11 for
t∗ = 44.2.

Table 5.11: Grid study: quantitative results for the three different grids. Given
are the number of liquid structures N , the average droplet diameter
Dav , the jets breakup length Ljet/D and the jet angle α for t∗ = 44.2.

N Ljet/D [m] Dav
[
m2] α [°]

Fine Grid 14299 29.18 0.021 9.49 °
Medium Grid 2480 38.94 0.035 8.26 °
Coarse Grid 160 40.00 0.060 3.96 °
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Figure 5.21: Jet surface as isosurface through f = 0.5 and velocity magnitude as
slice through the jet centre line y/D = 8 at t∗ = 22.1 for the three
grid resolutions. Based on [33].
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A general trend for all three grids is clearly visible. An increase in numerical
resolution leads to more liquid structures N of smaller size Dav and to a shorter
jet length L and a larger jet angle α. It has to be mentioned, that the breakup
length of the coarse grid Ljet/D = 40.00 is identical with the length of the
computational domain, indicating, that this jets core did not breakup during
the simulation. The breakup length for this case therefore has to be assumed
to be longer.

The differences between the medium grid and the fine grid are smaller than the
differences between the coarse and the medium grid, showing a clear advantage
towards a better resolution. However, it has to be acknowledged, that even
with 1.3 billion cells the grid study is not able to show a convergence for
relevant integral quantities of the jet breakup. However, the use of even larger
simulations is not possible today due to both, the necessary computational
time as well as the difficulties of handling the huge amount of generated data.

The jet simulations which have been presented in this chapter, therefore, have
to be interpreted as qualitative results and as results which are possible today.
Quantitative descriptions, such as droplet sizes are useful to compare the
influence of i.e. different viscosities on breakup, but can not be seen as a fully
predictive value for an experiment or a real engineering application.
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CHAPTER 6

Conclusions and Outlook

6.1 Conclusions

This thesis deals with the investigation of the influence of non-Newtonian fluid
properties on the breakup of liquid jets. The topic is motivated by the interest
in spray drying for the generation of particles, where often non-Newtonian
liquids are sprayed. Hereby the accuracy and the efficiency of the process is
dependent on understanding the breakup mechanisms of the jet.

In order to better understand these mechanisms, the primary jet breakup for
atomising and wind induced jets was investigated, as well as the oscillating
behaviour of single drops. The investigation is done with DNS. DNS has the
big advantage for this analysis of allowing to easily visualise and analyse the
viscosity distribution inside the fluid. The incompressible finite volume CFD
code FS3D is used for the simulations. The code utilises the VOF method in
combination with a PLIC reconstruction to simulate multiphase flows. The
non-Newtonian properties for the investigation were restricted to shear thinning
viscosity. The shear thinning behaviour was modelled with the Carreau-Yasuda
viscosity model. All simulations were calculate on the Cray XC40 ’Hazel Hen’
supercomputer at the high performance computing center Stuttgart (HLRS).
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The investigation of oscillating drops started with a grid study and a validation
of the simulation versus experimental results. The viscosity distribution inside
an oscillating drop was visualised and analysed. Simulations of drops from non-
Newtonian fluids were compared to corresponding Newtonian pseudo fluids with
constant viscosity in relation to the aperiodic limit for drop oscillations. The
comparison with a constant first Newtonian plateau µ0 showed clear differences,
underlining the general influence of shear thinning of the process. The non-
Newtonian simulations were then compared to Newtonian pseudo fluids with
a constant viscosity µ̄ obtained from temporal and spatial averaging of the
non-Newtonian viscosity over the process. The differences in these simulations,
while smaller, were still well visible, confirming the influence of a shear thinning
viscosity on the process. The development of a spatially averaged Ohnesorge
number over time was used to show, that the non-Newtonian simulations are
still influenced by the aperiodic limit Ohnesorge number found by Prosperetti.

The influence of non-Newtonian behaviour on higher order oscillation modes
was investigated. Legendre polynomials and associated Legendre functions were
implemented as initialisation of the oscillations. It was shown, that the shear
thinning viscosity has no major influence on the oscillation frequency of the drop,
when compared to Newtonian pseudo fluids. The influence on damping is also
investigated. With increasing order of the oscillation mode the calculated values
become spread out more. This is true, both for the Newtonian and the non-
Newtonian simulations. Additionally, fully three dimensional initialisations were
compared to two dimensional Legendre polynomials with rotational symmetry.
It was interesting to find, that not only the frequencies match, but also the
spatially averaged viscosity, even though the three dimensional shapes differ
greatly.

The influence of non-Newtonian fluid behaviour on the stability of liquid jets
was investigated. The viscosity distribution inside the jets was visualised and
analysed. It was observed, that the shear thinning behaviour results in a lower
viscosity at the jet surface. This is caused by the shear forces induced into the
jet through the interaction with the surrounding gas. The lower viscosity near
the jet surface enables stronger deformations. This behaviour can be amplified
by a shear inducing nozzle velocity profile.

A quantitative analysis method for the stability of a jet surface was introduced
and applied to simulations of jets in the wind induced breakup regime. The
simulations varied different stability influencing parameters, i.e. the strength of
the shear thinning behaviour, different nozzle velocity profiles, the turbulence
intensity of the inflow and the ambient pressure of the surrounding gas. In
addition to the non-Newtonian simulations, jets with Newtonian pseudo fluids
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with a constant viscosity were simulated and analysed. The constant viscosity
was obtained as a temporal and spatial average of the corresponding non-
Newtonian simulation in a quasi steady state. It was shown, that the shear
thinning behaviour consistently increases the instability of the jet surface.
However, it was also shown, that this shear thinning effect is generally smaller
compared to the other stability influencing parameters. A comparison with a
corresponding Newtonian jet with constant µ0 has shown bigger differences.

Jet breakup simulations in the atomisation regime were investigated. The
simulations were analysed for jet angle and drop sizes. The results confirmed
the influence of shear thinning for this regime. They showed broader jet angles
and smaller drop sizes for stronger shear thinning behaviour. A variation of
three nozzle velocity profiles showed the same.

An analysis of the grid dependency of the atomisation simulations with up to
1.3 billion cells showed no convergence. Therefore, all atomisation simulations
presented in this thesis have to be seen only as qualitative results. They give
a good insight into expected trends in the behaviour, but are not physically
predictive.

The thesis showed, that shear thinning effects have a relevant impact on jet
breakup and drop oscillations and need to be considered. Assuming a constant
viscosity at zero shear µ0 for simulations will lead to wrong results. Modelling
the jet breakup and drop oscillations with a constant viscosity, temporally and
spatially averaged from the process, still produces different results, but theses
differences are a lot smaller. This is especially true, when compared to other
effects which influence them. It can therefore be concluded, that for nozzle
design the influence of a shear dependent viscosity is only secondary compared
to many other known stability influencing parameters.

6.2 Outlook

This thesis was limited to the investigation of jet breakup with shear thinning
non-Newtonian behaviour and without phase change. In real engineering
processes, such as spray drying, the fluid has often even more complex non-
Newtonian properties and the process involves evaporation. To expand on this
thesis it is, therefore, highly interesting to extend the non-Newtonian modelling
to include time dependent effects, such as thixotropy and to investigate the
influences. Another interesting research area is to include phase change to
model the influence of evaporation on the jet breakup.
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