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Zusammenfassung

Diese Arbeit beschäftigt sich mit der Entwicklung eines neuartigen Algorithmus zur

Rekonstruktion von Messdaten in der Atomsondentomographie. Ziel ist es, die bekannten

Schwierigkeiten des herkömmlichen und auf dem Gebiet der Atomsondentomographie weit

verbreiteten Algorithmus zu überwinden. Diese Schwierigkeiten treten insbesondere in

Fällen inhomogener Spitzenstrukturen (d.h. verschiedene Atomspezies mit verschiedenen

Verdampfungsfeldern) auf. Außerdem soll der Algorithmus einfach anzuwenden und

hinreichend schnell sein, sodass die Anwendung auf experimentelle Datensätze mit einer

typischen Größe von einigen Millionen gemessenen Ionen möglich ist.

Die ursprüngliche Idee für den neuen Algorithmus basiert auf der bereits bestehenden

Möglichkeit, ein komplettes Atomsonden-Experiment auf einer realistischen Längenskala

zu simulieren. Ein bereits bestehendes Simulationspaket erlaubt die sukzessive Feld-

verdampfung mit anschließender Berechnung einer realistischen Trajektorie für jedes

Ion, welche von der Spitzenoberfläche bis zum Detektor in einigen Zentimetern Ent-

fernung verläuft. Das grundlegende Konzept dieses Simulationsprogramms erlaubt es

außerdem, die simulierte Feldverdampfung umzukehren. Diese Umkehrung entspricht

einer Rekonstruktion des Spitzenvolumens.

Dabei wird das gemessene Spitzenvolumen in umgekehrter Reihenfolge verglichen mit

der Verdampfung, also beginnend mit spät detektierten Ionen, rekonstruiert. In einem

ersten Schritt wird dieses Konzept am Beispiel einiger charakteristischer Spitzen mit

teilweise stark unterschiedlichen Verdampfungsfeldern der involvierten Spezies getestet.

Dabei arbeitet der Algorithmus zunächst ausschließlich auf einem festen Gitter. Dies hat

zur Folge, dass in jeden Schritt der Rekonstruktion nur bestimmte Gitterplätze als mögliche

Positionen für ein detektiertes Atom in Frage kommen.

Im zweiten Schritt wird die Beschränkung auf ein festes Gitter fallen gelassen. Hierdurch

nähert man sich einer realistischen Situation der Auswertung experimenteller Daten an, da

im Allgemeinen die Gitterstruktur bzw. deren Orientierung a-priori nicht bekannt ist. Dabei

stellt sich heraus, dass der Algorithmus sehr instabil gegenüber kleinen Ungenauigkeiten

bzgl. der Platzierung einzelner Atome ist. Um die Stabilität zu erhöhen, wird daher ein

interatomares Wechselwirkungspotenzial in die Berechnung einbezogen. Dieses dient als

Filter, welcher nur solche Positionen auf der momentanen Spitzenoberfläche zulässt, welche
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eine hinreichend große Anzahl an direkten Nachbaratomen aufweisen. Mit Hilfe des Wech-

selwirkungspotenzials kann der Rekonstruktionsalgorithmus deutlich stabilisiert werden.

Die Ergebnisse für eine Detektionseffizienz von 100% erscheinen vielversprechend, jedoch

zeigt sich bei einer Reduzierung der Detektionseffizienz ein nicht zu vernachlässigender

Einfluss auf die Qualität der Rekonstruktion.

Als Reaktion auf diese Beobachtung, wird in einem dritten Schritt ein neuer Algorithmus

entwickelt, welcher auf die Trajektorienberechnung verzichtet. Hierdurch soll der Algo-

rithmus sowohl stabiler als auch schneller werden. Der neue Ansatz setzt zunächst eine

Rotationssymmetrie der Spitzenstruktur bzgl. der Spitzenachse voraus. Der entscheidende

Vorteil dieser Technik ist die Fähigkeit, die Form der Spitzenoberfläche direkt aus der

lokalen Dichte der detektierten Ionen zu extrahieren. Dies ist ein entscheidender Fort-

schritt im Gegensatz zur herkömmlichen Rekonstruktionsmethode, da diese eine konstante

halbkugelförmige Spitzenform voraussetzt.

Der neue Algorithmus wird an verschiedenen simulierten, jedoch realistischen Spitzen-

strukturen getestet. Diese Teststrukturen enthalten entweder eine kugelförmige Ausschei-

dung oder eine planare Schicht mit einem stark unterschiedlichen Verdampfungsfeld im

Bezug auf die umgebende Matrix. Die mit der neuen Technik verbundenen Verbesserungen

hinsichtlich der Rekonstruktion werden durch direkten Vergleich mit der konventionellen

Methode herausgearbeitet. Es zeigt sich eine enorm verbesserte Rekonstruktion der sphäri-

schen Ausscheidungen bei stark unterschiedlichen Verdampfungsfeldern (44% bzw. 56%)

und außerdem eine wesentlich konstantere Dicke der rekonstruierten Schichtstruktur.

Zusätzlich wird durch eine leichte Modifikation der Technik eine enorme Verbesserung

hinsichtlich der Homogenität der Atomdichte erzielt. Während ohne diese Modifikation

die Atomdichte noch starken Schwankungen unterliegt, lassen sich diese Schwankungen

beeindruckend homogenisieren, wenn die Spitzenoberfläche nicht wie üblich als starres

Gebilde behandelt wird, sondern sich einzelne Teile der Oberfläche unabhängig voneinander

entwickeln dürfen.

Schließlich wird dieser neue Ansatz für die Rekonstruktion auf den allgemeinen Fall

einer Spitzenstruktur ohne Rotationssymmetrie erweitert. Dabei bleibt die grundsätzliche

Idee der Extraktion der Oberflächenform der Spitze aus der lokalen Dichte gemessener

Ionen auf dem Detektor erhalten. Entscheidend für diesen letzten Entwicklungsschritt ist

die Verknüpfung der Detektordichte mit der gaußschen Krümmung der Spitzenoberfläche.

Ein iteratives Verfahren ermöglicht in diesem Fall die Einstellung der gewünschten

Krümmung an verschiedenen Stellen der Spitzenoberfläche, woraus sich schließlich eine

zufriedenstellende Beschreibung der Spitzenform ergibt. Das Konzept wird an einem

ausgesuchten simulierten Datensatz getestet und diskutiert.
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Abstract

In this thesis, a new approach for the reconstruction of data taken from an atom probe

tomography experiment is presented. The goal of the study is to develop an algorithm,

which is able to overcome well-known drawbacks of the conventional reconstruction

technique, mainly caused by local magnification effects. At the same time, the algorithm

should be easy to use and also fast enough, so that it might be routinely used as an improved

alternative to the established reconstruction technique.

The idea is based on the already existing possibility to simulate an entire atom probe

experiment on a realistic length. Since the successive calculation of ion trajectories starting

at the emitter surface and hitting the detector after a flight of a few centimeters can be

realized, the concept is designed to invert the field evaporation process by making use of

this trajectory calculation. To this end, the detected emitter volume needs to be rebuilt

from the bottom to the top, which is an important difference compared to the conventional

technique.

In a first test, this inversion of the simulated experiment is demonstrated for a few

prominent example cases. The decisive criterion for the positioning of an atom at a specific

lattice site on the current emitter surface is the accordance of the impact position of the

corresponding calculated trajectory with the measured coordinates on the detector. For

every possible surface position, first an ion trajectory is calculated and its detector impact

position is compared to the measured impact position. Finally, the best-matching trajectory

defines the reconstruction coordinates.

The approach is performed for some prominent example emitter structures with strongly

varying evaporation fields of the involved material, which is known for causing tremendous

artifacts in the reconstruction derived by the standard technique. In this first attempt, the

algorithm is restricted to a rigid lattice, which means that detected atoms can only be

positioned at sites belonging to the former lattice of the emitter.

In a second step, the restriction to a rigid lattice is dropped. In this way, the reconstruction

algorithm describes a more realistic scenario, since the exact lattice structure and its

orientation might be unknown in the majority of experiments. The possibilities and

limitations of the approach are discussed. It is found that an additional criterion for the

determination of the reconstruction coordinates is needed in this case, since the algorithm is

13
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very sensitive to the misplacement of atoms. The stability can be significantly improved by

the consideration of an inter-atomic potential, which acts as a filter that exclusively allows

surface sites with a sufficiently high amount of neighbor atoms. For a perfect detector

efficiency the algorithm yields promising results, but a decrease of the efficiency towards

realistic values gives rise to artifacts.

As a consequence of these numerical experiments, a new concept has been developed,

which neglects the consideration of exact ion trajectories in order to make the algorithm

more stable and fast. This third approach assumes rotational symmetry for the investigated

emitter volume. An absolutely new characteristic of the technique is the capability to

extract the shape of a field emitter directly from the observed pattern of ion impacts on the

detector. This feature is a very important difference to the conventional technique, which

assumes a constant spherical emitter shape. To the best of the authors knowledge, such a

technique with this capability did not exist before. The promising features are demonstrated

for several simulated but nevertheless realistic emitter structures. The improved quality of

the reconstruction that can be achieved by the application of the here developed technique

is shown by direct comparison to the result of the established reconstruction approach.

The impressive benefits are illustrated for relevant emitter structures containing either

precipitates or layers of different materials with strongly varying evaporation fields (44%

or 56% relative variation). In addition, a simple modification of the technique is described,

which yields homogenized atomic densities in the reconstructed volumes. Without this

modification, the emitter surface is treated like a rigid curved plane, which is shifted

upwards with every reconstructed atom during reconstruction. Once the surface is no longer

considered to be rigid, individual parts can be lifted separately, yielding a significantly

homogenized atomic density.

Finally, the new concept of shape extraction is extended for the application to arbitrary

emitter structures. The main idea of extracting the information about the emitter shape from

the local density of measured events on the detector is maintained. In order to extend the

approach to the application to structures without rotational symmetry, a relation between

the local density of events on the detector and the Gaussian curvature on the emitter surface

is derived. With the help of an iterative finite difference method, the Gaussian curvature

at several positions on the tip surface is set. Consequently, a reasonable description of

the emitter surface can be obtained and the reconstruction of an arbitrary data set can be

performed. The concept is tested and discussed for a simulated example emitter structure.

14



Chapter 1.

Introduction

The development of high resolution microscopy techniques has been one of the most

influential contributions to modern materials science. Standard techniques like transmis-

sion electron microscopy (TEM) or scanning electron microscopy (SEM) have enabled

researchers to gain a steadily increasing understanding of complex solid state reactions at

the micro- or even nanoscale. Among these well-established microscopy tools, atom probe

tomography (APT) can be seen as a unique technique with very interesting key properties.

Since basically all other microscopy approaches exclusively deliver information about

the surface and its immediate vicinity, APT is a very exceptional tool because it also gives

access to information about the bulk of the investigated materials. Due the permanent field

evaporation of the atom probe specimen, former bulk regions automatically appear at the

surface at some point of the experiment and can therefore be accessed.

In the beginning, the range of possible materials for APT investigations was limited to

metallic specimens, since a sufficiently large electric conductivity was required. Major

improvements of the experimental setup, namely the introduction of a laser-assisted field

evaporation [1, 2], drastically changed this situation. In addition, the amount of recorded

data was increased and also the operation time has been massively reduced. Nowadays, the

range of materials contains semiconductors, insulators and composite materials [3]. There

is also a large interest in the analyses of nanoelectronic devices (Metal-oxide-semiconductor

field-effect transistor (MOSFET) and Fin Field-effect transistor (FinFET) devices) [4–6].

Beside the many promising instrumental features of APT, characteristic drawbacks of

the technique still exist. The most important part of an atom probe experiment is the

reconstruction of the analyzed volume from the measured data set. Since the middle of

the 1990’s, the common reconstruction approach has only slightly been improved. Well-

known artifacts in the reconstructed emitter volume, mainly caused by local magnification

effects, still could not be sufficiently overcome. In order to deal with these challenges,

the understanding of the dynamic development of the shape of the specimen apex has

been improved with the help of numerical simulations of field evaporation (FEV) on

15



Chapter 1. Introduction

a realistic length scale [7]. The strong influence of largely varying thresholds in the

required evaporation field, necessary to induce field evaporation, on the emitter shape could

impressively be observed in these simulations.

The possibility to simulate an entire atom probe experiment also gives rise to the

development of improved reconstruction algorithms. Since in the case of a simulated atom

probe analysis the former volume is perfectly known before a simulation, any kind of newly

designed reconstruction approach can immediately be evaluated by comparing the initial

tip volume with the result of the reconstruction of the simulated data set.

Thanks to the previous work by Oberdorfer et al. [8], which enables the user to calculate

realistic ion trajectories starting from arbitrarily shaped specimen surfaces, the idea of

including the calculation of such ion trajectories in the reconstruction has led to this work.

In addition to the trajectory calculation, the range of emitter structures that can be simulated

is no longer restricted to simple cubic lattices, as it has been in previous attempts [9,

10]. The examined structures can contain an arbitrary amount of different atomic species

with potentially strongly varying evaporation fields, which allow the investigation of the

capability of the reconstruction tool to deal with such challenging conditions.

Following a brief introduction into the principle of APT in chapter 2, the development

of an improved reconstruction approach is presented. The ultimate goal of this work is to

find a new concept for the reconstruction of atom probe data, which can routinely be used

as an alternative to the conventional reconstruction technique.

The concept of a completely new reconstruction technique, which is intended to rebuild

the former volume of the atom probe tip from the bottom to the top based on the trajectory

calculation of field-evaporated ions is outlined in section 3.1. In a first step towards a

new reconstruction tool, this idea is tested on a rigid lattice for several characteristic

emitter structures. The concept has been published in [11]. In order to make this technique

applicable to realistic cases, this idea is further enhanced to work without a predefined lattice

in section 3.2. The advantages and limitations of the designed algorithm are discussed

and necessary conclusions are drawn. As a consequence of the observed limitations,

the algorithm needs to be made more robust against the inevitable influence of missing

information caused by the limited detection efficiency, which is still an issue of modern

detectors.

To this end, an alternative reconstruction approach that is more robust against the loss

of information is presented in chapter 4 and 5. First, an improved technique exclusively

designed for the reconstruction of emitter structures with rotational symmetry is introduced

in chapter 4. The concept behind this method has been published in [12]. This technique is

able to identify the emitter shape during field evaporation by simply taking into account the

local density of measured events on the detector. This feature can be seen as one of the key

16



improvements compared to the commonly used reconstruction technique. In section 4.1.3

and 4.1.5, the promising results of this technique are presented.

Finally, the remaining requirements for a “complete” reconstruction approach, applicable

to arbitrarily shaped field emitters, are discussed in chapter 5. The final concept for a

versatile reconstruction technique, based on the idea of deriving the emitter shape from

the local density of detected events on the detector, is presented in section 5.1. Within the

scope of this work, an article describing the concept has been submitted [13].

17





Chapter 2.

Atom Probe Tomography

2.1. The principle of atom probe tomography

In this chapter, the basic principle of APT will be introduced. Atom probe tomography is

a microscopy technique, which images field-evaporated ions from the specimen surface

on a position sensitive detector. The ultimate goal of an atom probe experiment is the

generation of a three-dimensional map of the former tip volume, which contains chemical

information. The technique has first been introduced by Erwin Müller [14] and can be seen

as a further development of field ion microscopy (see section 2.1.1) [15]. Field evaporation

stands for the field-induced removal of individual atoms from the surface of the investigated

material (further details are given in section 2.1.2). In order to trigger the emission of an

ion, very high electric fields are required. They need to be in the order of several tens

of volts per nanometer. Those extraordinary high field strengths can only be achieved

by reducing the dimension of the specimen. Consequently, an atom probe specimen is a

very sharp needle-shaped tip with a radius in the range of 10 − 100 nm. The necessary

electric field is finally achieved by applying a base voltage of 3 − 15 kV between the tip

and the detector. In classical APT, this base voltage is further supported by short voltage

pulses, each one finally inducing the triggered field evaporation of individual atoms. Later,

laser-pulse-assisted APT was introduced [1, 16], which gave access to the investigation of

a much wider range of materials.

In section 2.1.1 an overview on the APT predecessor field ion microscopy is given.

Subsequently, the process of field evaporation is further described in section 2.1.2 and

finally the basic principle of APT is introduced in section 2.1.3. For any further detailed

information, the reader is referred to some of the most commonly known textbooks [17–21].
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Chapter 2. Atom Probe Tomography

2.1.1. The Field Ion Microscope

In field ion microscopy, which was first introduced by Bahadur and Müller [22], the surface

of a charged needle-shaped metallic specimen is imaged on a phosphor screen or nowadays

on a detector consisting of micro-channel-plates combined with an imaging screen. The

ions are formed by ionizing neutral imaging gas atoms. For the imaging gas, which is filled

into the chamber prior to the experiment, typically He or Ne is used. The tip is cooled

down to a cryogenic temperature in the range of 20 − 60 K. The field-induced ions starting

at the specimen surface are accelerated towards the detector and generate a characteristic

pattern, which provides a magnified image of the surface with detailed information about

the crystallography. The ionization is achieved by applying a high positive voltage in the

range of several kilovolts to the specimen/tip. In order to achieve an ion image of sufficient

quality, a certain voltage, the so-called best image voltage (inducing the best image field

respectively) is applied. In figure 2.3, the influence of the applied voltage can be seen for

the example of a tungsten tip. The quality of the observable image for an applied voltage

of 12 kV in figure 2.3b), appears to be much better, than the image quality achieved with a

voltage of 8.2 kV (see figure 2.3a)).

Other experiments have also shown that the quality of a FIM image is highly dependent

on the applied voltage [23]. Due to the small tip radius, extraordinary high fields (∼V/nm)

are formed in close vicinity of the tip surface. The process of ionization starts with the

polarization of image gas atoms, which is caused by the presence of the electric field.

Since the field is strongly inhomogeneous, the polarized atoms (light blue in figure 2.2)

experience a force, which initiates the atoms to approach the charged tip surface. Once the

atom has reached a certain distance to the tip surface, it accommodates to the temperature

of the tip by a few hopping steps on the surface until it finally attaches to the emitter. At

this point, an electron might be lost to the specimen via a tunneling process. The energy

barrier that has to be overcome in this tunneling process was described by Gomer [24]. For

metals, the critical distance dcrit for ionization between tip and gas atom depends on the

work function Φ0 of the tip material, the strength E of the present electric field and the

ionization energy EI of the gas atom (see figure 2.1):

dcrit =
EI − Φ0

e E
. (2.1)

Once the ionization has taken place, the positively charged ions are strongly repelled by

the tip surface and consequently accelerated towards the phosphor screen (see figure 2.2).

On the screen, the hitting ions produce a pronounced contrast in the magnified image of

the tip surface. This contrast stems from the considerably large difference in the electric
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Figure 2.1.: Ionization of an image gas atom by tunneling. On the left, the potential well of an electron
belonging to an image gas atom without an external field is shown. Once the image gas atom
approaches a charged surface, the potential well bends and an energy barrier with a finite width
between the charged surface and the potential well is formed (plot on the right). Electrons
belonging to the image gas atom might be able to tunnel through this barrier (red arrow) and
occupy an energy level above the Fermi level ΦF , if its distance to the surface matches the
critical distance dcrit according to equation (2.1).

field at the edges of crystallographic planes and in the center of such planes. At the edges

of a crystallographic plane, the electric field is higher, which directly causes an increased

probability for the ionization of gas atom. Therefore, these positions appear relatively

bright in the resulting image on the screen, while places with a lower electric field appear

darker.

A further increase of the field enables the possibility to even remove individual atoms

located on the tip itself, rather than just ionizing gas ions in the vicinity. This process is

called field evaporation and can be seen as the essential step towards APT.

2.1.2. Field evaporation

The term field evaporation (FEV) describes the field-induced removal and ionization of

surface atoms of the needle-shaped tip. For FEV, the removed atoms have to belong to the

bulk of the tip, which means the removal of adatoms is excluded. The general term that

includes the removal of adatoms is field desorption. A very detailed theoretical work on

this topic is given in [25]. The theory behind FEV is mainly intended to describe the field

evaporation in metals.
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T 20-60K

Figure 2.2.: Sketch of a field ion microscope. The imaging gas atoms (light blue) are approaching the tip
surface (dark blue) due to the polarization in the electric field. In close vicinity to the surface, the
gas atoms are ionized (orange) and repelled by the tip surface. As a result, they are accelerated
towards the detector/phosphor screen on the top, yielding a magnified image of the tip surface
morphology.

In order to trigger the FEV of a surface atom, very high electric fields in the range of

several volts per nanometer are required. In APT, this can be achieved by the reduction of

the specimen to a needle-shaped tip with an apex radius in the range of 10 − 100 nm, as

explained above.

The process of FEV can be assumed to be thermally activated for temperatures above

40 K. An atom has to overcome a certain energy barrier in order to leave the surface. The

rate-constant k, which indicates the time for an atom to be field-evaporated on the surface

(unit s−1), can be described as

k = A · e
−

Q(E )

kB T . (2.2)

Here, the prefactor A is related to the vibrational frequency of an atom in its potential well,

trying to escape. kB is Boltzmann’s constant and Q(E) is the field dependent activation

energy for field desorption. In addition, it is also possible for surface atoms that experience

a sufficiently high field, to tunnel through the barrier of the potential energy well they are

located in [25–27]. Below a temperature of approximately 40 K, experimental results [28]

and theoretical predictions [29] have indicated that the tunneling process of the evaporating

atom may become more important than the thermally activated process for light atoms.
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(a)

(b)

Figure 2.3.: The field ion image of a tungsten tip. In (a), the applied voltage amounts to 8.2 kV, while the
voltage in (b) was set to 12 kV. (Courtesy of Helena Solodenko)

Before a metal atom is removed from the emitter surface, it already becomes partially

ionic because electrons will drain out due to the presence of the electric field. This model

is called the revised charge-draining model [17]. In the original charge-draining model

[30] it was assumed that the atoms evaporating from the surface are initially bound in a
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neutral state and that its charge would only drain out in very close vicinity to the energy

barrier, which has to be overcome. Quantum-mechanical considerations made by Sanchez

et al. [31] support the idea of the revised version of the charge-draining model, which states

that even relatively far away from the energy barrier the atom are already partially ionized.

Prior to these two models, Müller first introduced the image hump model [22], which is

assuming that full ionization takes place before the ion passes the potential energy hump.

This model is nowadays believed to be less accurate than the revised charge-draining model.

The exact value for the critical field strength, which leads to the emission of ionized

atoms is called the critical evaporation field or simply evaporation field Ecrit . Given this

particular field strength, the activation energy Q(Ecrit ) for field emission vanishes. The

value of Ecrit is material dependent. With the help of the energy balance Q0 of the FEV

process of a single charged ion

Q0 = ∆ + EI − Φ0, (2.3)

a final estimation for the evaporation field can be made. In the energy balance equation

(2.3), ∆ represents the bonding (sublimation) energy, EI the ionization energy of the atom

and Φ0 the work function of the material. The idea behind equation (2.3) is that when an

atom is removed from the surface, the bonding energy and the ionization energy has to be

spent. At the same time, an electron is drained, which delivers the work function back to

the electron system.

Further considerations made by Müller [32], and Gomer and Swanson [25] finally yield

the evaporation field for a single charged ion:

Ecrit ≈
4 π ǫ0

e3
Q2

0. (2.4)

The dependency of the activation energy Q(E) from the applied electric field was first

expected to be

Q(E) = Q0 −

√

e3

4 π ǫ0
E (2.5)

according to Müller. However, experimental investigations indicated that the relationship

is approximately linear [33]. This finding does not necessarily contradict to Müller’s

expression. In close vicinity to the critical evaporation field (E ≈ Ecrit), a Taylor expansion
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of (2.5) yields

Q(E) ≈
Q0

2

(

1 −
E

Ecrit

)

. (2.6)

The possibility to trigger and steer the FEV process lead to the idea of detecting the

field-evaporated ionized atoms rather than image gas ions, like it is done in FIM. This

concept forms the principle of APT.

2.1.3. Volume analysis

Historically, the first atom probe setup comparable to modern instruments was the so-called

imaging atom probe introduced by Panitz [34]. The important property of this instrument

was its wide field-of-view (FOV) and a spherically curved phosphor screen (combined

with micro channel plates) acting as a detector. Further improvement by Cerezo et al. [35],

Deconihout et al. [36], and Blavette et al. [37] finally allowed to determine the impact

position on the detector by using a planar detector which followed several micro channel

plates. These improved instruments were able to record the x- and y-coordinates of the

impact positions of detected ions. In addition, they enabled the user to record data sets in

the range of a few million atoms.

In 2003 the so-called LEAP® (local electrode atom probe) was introduced [38, 39]. This

instrument is nowadays widely used in the atom probe community (in different released

versions). As the name is already indicating, the LEAP® uses a counter electrode in front of

the atom probe tip. This counter electrode has a central circular aperture, which increases

the field strength at the tip apex. In contrast to previous devices, these modern instruments

are able to collect several millions of ion impacts in a single measurement. The field

evaporation can be triggered in two contrasting ways, either by a short voltage pulse or

by a laser pulse. Laser-pulsed devices give access to the analysis of poorly conducting

materials apart from metals. Therefore, instruments using laser-pulses are becoming more

and more popular. Nevertheless, not all groups working on the field of APT are using the

commercial LEAP®, but rather designed their own individual devices [40–42].

As mentioned above, APT can be interpreted as a kind of update of a FIM. In principle,

the experimental setup is very similar (see figure 2.4), except the fact that no image gas is

needed. The very high values for the electric field, achieved by applying a moderate positive

voltage of several kV and reducing the sample dimension to a needle with a curvature

radius of a few nanometers, are created in very close vicinity to the emitter surface. The
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Figure 2.4.: Sketch of the experimental set-up in atom probe tomography. The tip (left) is mounted in front
of the position-sensitive detector with a distance of a few cm. The whole set-up is located inside
a vacuum chamber with a pressure of approximately 10−10 mbar. The base voltage is applied
between tip and detector. It is complemented by either a voltage pulse at the counter electrode
or a short laser pulse. The removed ions (red) are accelerated towards the detector due to the
presence of the electric field (orange dashed lines).

electrical field at the emitter apex is approximately given by

Eapex =
U

β r
, (2.7)

with the total voltage U applied to the tip, the curvature radius r and the field factor β. The

field factor is treated as a constant parameter depending on the instrument and the sample.

Typical values for β are between 3 and 12. If the tip could be described by a perfectly

smooth sphere without a shank or cone underneath, β would have a value of 1. Due to the

deviation of the tip shape from a sphere, the field factor is needed.

The origin of this surprisingly simple formula stems from the consideration of an

example geometry, where the shape of the tip is described by a paraboloid (for a detailed

derivation see [43]). Although the description of the tip by a paraboloid is not completely

realistic, it turns out that the field factor at the apex and along the tip axis just depends

logarithmically on the actual emitter shape. Consequently, equation (2.7) is considered to

be useful in general. Usually it is used to determine the curvature radius of the tip during a

measurement, as the voltage U is known.

Since atomic noise levels should be depressed, the field emitter is cooled down to a
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temperature in the cryogenic range (20 − 50 K). The atom probe needle is mounted in

front of the position-sensitive detector with a distance of a few centimeters (see figure 2.4).

The measurement takes place in a vacuum chamber with ultra high vacuum conditions

(∼ 10−10 mbar), which are necessary in order to avoid any breakdown of the electrical field

and to ensure a comparably “clean” environment, so that no impurities will affect the results

of the experiment and the ion trajectories won’t be disturbed by collisions. A constant base

voltage Ubase is applied between the field emitter and the detector. The limited field caused

by the base voltage is still not sufficient to trigger FEV. Therefore, an additional voltage

pulse Upulse is applied, which brings the tip into a state, where significant field desorption

occurs. Typically, the voltage pulse is supplied by short negative pulses to an extraction

electrode (counter electrode in figure 2.4). The pulse frequency is usually in the range of

100 to 200 kHz.

For laser-assisted atom probe measurements, the base field is complemented by a short

laser pulse. In this case, FEV is triggered by thermal activation in form of a short heat

pulse. The choice of the laser power is critical to the quality of the measurement and is

strongly material dependent [44]. In order to achieve reliable results, the amount of heat

introduced to the system must be restricted, since high temperatures might cause migration

of atoms on the emitter surface before field desorption. A careful optimization of the laser

power and the pulse frequency ensures a sufficient cooling time of the tip surface after

each individual pulse. The pulse frequency of the laser is typically in the range of a few

hundred kHz with a pulse duration shorter than 20 ps (even as low as 120 fs in some cases).

Nevertheless, it is worth to mention that these values might differ severely depending on

the investigated material and the type of laser being used.

Following an atom probe experiment, the recorded data needs to be “reconstructed” (see

section 2.2). To this end, a suitable model for the tip shape is required. A convenient

approximation for the shape of the atom probe needle assumes that a general field emitter

is composed of a truncated cone with a spherical cap on top. The cone has a taper angle

α and the cap has a curvature radius rtip. This model delivers a rather simple approach

for the later reconstruction of the measurement data. The truncated cone/shaft of the tip

acts as a focusing lens during the FEV. As it is indicated in figure 2.4, the ion trajectories

are deflected towards the detector. This focusing effect needs to be taken into account in a

reconstruction approach, as it is described below.
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2.2. The point projection reconstruction approach

Once an atom probe experiment has successfully been carried out, the recorded data,

containing the time-of-flight and the impact position of the detected ions, need to be

post-processed. In general, this post-processing step is called reconstruction. As mentioned

before in section 2.1, the final goal is to rebuild the emitter volume in the form of a

three-dimensional map, where every detected ion has its well-defined position. Therefore,

any kind of reconstruction technique has the task to assign a mass-to-charge ratio and a three-

dimensional coordinate to all the recorded particles on the detector. The mass-to-charge

ratio m/q is derived from the time-of-flight in a straight forward way:

m

q
= 2U

t2

d2
, (2.8)

with the accelerating voltage U, the distance d between tip surface and detector and the

recorded time-of-flight t. For a better mass resolution, a long flight length is desired, but

this gain of mass resolution is counteracted by a decrease in the field-of-view (e.g. the

lateral width of experimentally accessible sample volume). To this end, solutions like the

introduction of a reflectron with focusing properties into the atom probe have been made,

which helps increasing the mass resolution without a reduction of the FOV [45].

The more complicated part of the reconstruction of a measured particle is the spatial

reconstruction, e.g. the determination of the Cartesian coordinates inside the field emitter

volume. In order to find the three-dimensional coordinates within the emitter volume,

Bas et al. proposed a surprisingly simple and purely geometric method based on two

main assumptions [46]. First, ion trajectories from the emitter surface to the detector are

considered as straight linear projection lines between the hit position and a projection point

P, located along the tip axis inside the emitter volume (see figure 2.5). For this reason, this

technique is commonly known as the point projection approach.

As a second assumption, the shape of the emitter apex is assumed to be spherical with a

constant radius of curvature r located on a truncated cone with a constant shank angle α

throughout the whole reconstruction procedure. This simplification of a stable endform of

the tip after a sufficiently long FEV process was confirmed by simulation approaches [47],

even though it has to be mentioned that the initial spherical shape changed slightly towards

a more polygonal equilibrium tip surface in the mentioned study. For pure silicon tips, the

endform has experimentally been observed to be non-spherical. Furthermore, there also

seems to be no tangential continuity between the cap and the shaft of the atom probe needle

[48, 49].

The working principle of the method is the following: The reconstruction starts with a
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r

P

α

Figure 2.5.: The point projection approach by Bas et al. assumes a constant spherical tip apex with radius r

set on a truncated cone with a shank angle α. The real ion trajectories (red dashed arrow) are
simply described by a linear back projection (dashed black line) between the impact position on
the detector and the projection point P on the tip axis.

semi spherical tip surface, defined by a user specified radius of curvature r. The initial

apex position zapex along the tip axis is also user specified. Each ion is reconstructed one

after the other until all recorded atoms have been processed. The process starts with the

first detected atom, which means, the reconstruction is performed from top to bottom. The

three-dimensional coordinates of one particular atom are given by the point of intersection

between the projection line, leading from the detector impact position to the projection

center on the tip axis, and the emitter surface (see figure 2.6):

*...,
x

y

z

+///-
=

*...,
0

0

zapex

+///-
+

*...,
r sin(ϑ′/ξ) cos(ϕ)

r sin(ϑ′/ξ) sin(ϕ)

1 − sin(ϑ′/ξ)

+///-
. (2.9)

Here ϕ is the azimuth angle of the hit position (x′, y′) on the detector plane and ϑ′ denotes

the detection angle of the ion on the detector with the distance l to the tip (see figure 2.7b)):

ϑ′ = arctan *,
√

x
′2
+ y

′2

l
+- . (2.10)

The image compression factor ξ takes into account the focusing effect of the electric field
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Figure 2.6.: Principle of the geometric reconstruction method [46]. For each detected ion the reconstructed
coordinates are given by the point of intersection (red dot) between the linear back projection of
the detector coordinate and the current tip surface (green). The volume is built up from top to
bottom (grey), while the emitter surface is shifted downwards. The blue volume represents the
remaining tip after the experiment.

on the ion trajectories. For small detection angles (ϑ′ < 30◦), the linear relation ϑ = ϑ′/ξ

between the detection angle and the respective emission angle is a suitable approximation.

For a larger FOV, a different approximation should be chosen, which will be discussed

later in section 4.1.1. Since no azimuthal distortion is assumed in this model, the angle

ϕ on the detector is the same for the reconstructed coordinate of the detected ion. As a

consequence of equation (2.9), the z-coordinate of reconstructed events is larger for atoms

that are being reconstructed closer to the center of the detector.

After each step, the current position of the emitter apex has to be shifted downwards

in order to take into account the shrinkage of the tip during FEV. This increment ∆z is

depending on several parameters:

∆z =
Ω

ρDet

M2

ADet

. (2.11)

∆z is proportional to the atomic volume Ω and the squared magnification factor

M =
l ξ

r
. (2.12)

30



2.2. The point projection reconstruction approach

l

x'

y'

ϑ'

r
ϑ'/

zapex

P

m

(a) (b)

Figure 2.7.: Illustration of the point projection approach. In (a), the ion trajectory is approximated by a
linear back projection from the detector to the projection point P (dashed line). Due to the
focusing effect of the tip shank, the detection angle ϑ′ differs from the emission angle ϑ = ϑ′/ξ.
Note that P typically lies behind the center m of the spherical cap with radius r (for m = P it
would be a radial projection). In (b), the measurement of the impact position (x ′, y′) on the
detector and the corresponding azimuthal angle ϕ for the later evaluation of equations (2.9) and
(2.10) are shown.

Furthermore, the increment also depends on the detector area ADet and the detector

efficiency ρDet , which is introduced in order to consider the volume of missing atoms that

could not be detected.

The derivation of (2.11) starts with an estimation of the number of evaporated atoms N

with constant volume Ω during the FEV of a thin layer on the tip apex. This layer has a

thickness ∆d and is limited by the emitter aperture ϑmax:

N =
A(ϑmax) ∆d

Ω
. (2.13)

The captured surface area A(ϑ) of the layer can be expressed by the overall detector area

and the magnification factor within a small angle approximation:

N ≈
ADet ρDet ∆d

ΩM2
. (2.14)

The emitter shrinkage ∆z can now be approximated by

∆z ≈

(

dN

d (∆d)

)−1

(2.15)
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which yields equation (2.11).

For samples with a non-zero shank angle α the curvature radius r is increasing during

shrinkage (see for example chapter 7 in [18]). This results in a blunting of the emitter,

which has to be included into the previous considerations. If the emitter is shrinking by ∆z,

the change of curvature is given by

∆r =
sin(α)

1 − sin(α)
∆z. (2.16)

After the calculation of the z-increment (∆z)i in reconstruction step i, the change of

curvature (∆r)i is determined. The new curvature radius is taken into account in equation

(2.11) by inserting it into equation (2.12) for the next z-increment (∆z)i+1:

(∆z)i+1 =
Ω

ρDet ADet

l2ξ2

(ri + ∆r)2
. (2.17)

Regarding the general model of the tip in the case of a non-zero shank angle, typically

tangential continuity between spherical cap and cone is assumed. In the reconstruction,

this continuity is included by (2.16), even though modifications of this equation, neglecting

tangential continuity have been proposed [50].

2.2.1. Extension of the point projection approach for large detection

angles

The point projection approach presented in section 2.2 yields sufficient results for the

three-dimensional atom positions in the case of atom probe experiments with a very limited

field-of-view (ϑ′ ≤ 5◦). For larger detection angles ϑ′, which means for locations further

away from the tip axis, the resolution of the reconstructed tip volume decreases. This

decrease is mainly caused by the assumption of a constant emitter curvature, even though

tip blunting is already considered.

Furthermore, the z-increment in equation (2.17) has been derived within a small angle

approximation (see equation (2.14)) regarding the emission angle ϑ. For larger angles, the

analyzed volume can no longer sufficiently be described by a planar layer with a thickness

∆d and an area ADet/M
2. Since the FOV in modern instruments is comparably large

(ϑ′ ≤ 40◦), an improvement of the point projection approach, especially for the expression

of the emitter shrinkage ∆z, was required. Such improvements have been presented by

Geiser et al. [51], Gault et al [52], and earlier by Walck [53]. These extensions of the Bas

approach take into account the dependency of the emitter shrinkage ∆z from the enhanced

FOV. Furthermore, the influence of the shank angle and the tip blunting are included. The
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emitter shrinkage is generally given by

∆z =
Ω

ρDet (dv/dz)
. (2.18)

Here the function dv/dz describes the change of the analyzed emitter volume v during

reconstruction. In order to derive the change of the volume, v is described by a tip composed

of a spherical cap sitting on a cone with a shank angle α. On the bottom, the truncated

cone is cut by a second spherical cap with a different curvature radius (see figure 2.8a)).

The overall volume v is then given by two cap volumes Vk1 and Vk2 and the difference

between two cone volumes V1 and V2 (light blue volume in figure 2.8a)). Consequently, the

total volume reads

v = Vk1 − Vk2 + V2 − V1. (2.19)

Another useful expression for v is given by

v = v(z + ∆z) − v(z) = ∆z
dv

dz
. (2.20)

In the following, an expression for the volume v is derived. Straight-forward geometric

considerations yield the following expression for a cone volume as it is described in figure

2.8b):

Vcone(z) =
π

3
R2 sin2(ϑ) · (z + ∆z′). (2.21)

Here, R denotes the initial tip radius. Since the tip blunts according to figure 2.8c)

R = z
sin(α)

1 − sin(α)
=: z · w, (2.22)

the volume of cone 1 in figure 2.8a) equates to

V1 =
π

3
R2 sin2(ϑ) [1 + w (1 − cos(ϑ))] z. (2.23)

Since the second cone is shifted downwards by ∆z, its volume is given by

V2 =
π

3
R2 sin2(ϑ) [1 + w (1 − cos(ϑ))] (z + ∆z). (2.24)
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For the spherical cap on the top, the volume can be expressed by

Vk1 =
π

3
∆z′2 (3 R − ∆z′)

=

π

3
R2 z w (2 − 3 cos(ϑ) + cos3(ϑ)), (2.25)

and for the second cap accordingly

Vk2 =
π

3
R2 (z + ∆z) w (2 − 3 cos(ϑ) + cos3(ϑ)). (2.26)

Finally, the combination of equations (2.19) and (2.20) together with (2.23)-(2.26) yields

dv

dz
= π R2

[
sin2(ϑ) (1 + w (1 − cos(ϑ))) − w (2 − 3 cos(ϑ) + cos3(ϑ))

]
. (2.27)

With the relation in equation (2.27), the z-increment (2.18) becomes more suitable for

the reconstruction of volumes measured with an atom probe with a large FOV. Again, in

contrast to this linear dependency of the analyzed volume from the z-increment, the Bas et

al. approach assumes that the volume is distributed homogeneously across the analyzed

area A. Within a small angle approximation, S can be expressed by the detector area ADet

and the magnification M , so that dv/dz = ADet/M
2.

In conclusion, the main difference between the Bas et al. approach and the extension by

Geiser et al. is the missing necessity of a small angle approximation and the more accurate

description of the analyzed volume from the z-increment (the analyzed area respectively).

Nevertheless, the extension is still a geometric approach that assumes a hemispherical cap.

2.2.2. Limitations of the geometrical approach

The reconstruction approach presented in section 2.2 has proven to deliver reasonable results

for emitter structures containing materials with similar threshold fields of evaporation. The

absence of strong deviations in the evaporation field ensures a tip shape during FEV, which

can sufficiently be described as spherical. In many cases it was even possible to reconstruct

atomic lattice planes in direction of the tip axis.

A challenge for the geometric back projection technique is given by emitter structures

with a high degree of inhomogeneity in their evaporation behavior. A difference in the

evaporation fields is very likely to lead to artifacts in the geometric reconstruction. The

main reason for this is the influence of different evaporation thresholds/probabilities on

the emitter shape during an atom probe experiment. In these cases, the tip apex does not

have a spherical shape. Instead, the radius of curvature changes locally in dependence
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Figure 2.8.: Geometric considerations. The total analyzed emitter volume v (light blue) is shown in (a).
The volume is given by a spherical cap on the top (Vk1), combined with the difference of two
cone volumes (V2 − V1), which is again cut at the bottom by another spherical cap (Vk2). In
(b), the geometric relation for equation (2.21) can be observed. The plot in (c) illustrates the
dependency of the curvature radius R from the shaft angle α in (2.22).
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on the current local composition on the tip surface, which leads to local magnification

effects and even trajectory overlaps [11, 54, 55]. An example for the influence of such

local magnification effects is presented in figure 2.9b), where the reconstruction of a tip

containing a spherical particle with a higher evaporation field (see figure 2.9a)) is shown.

This example is a simulated field evaporation. Due to the higher evaporation threshold,

the precipitate forms a protrusion during FEV, as soon as it appears at the emitter surface

2.9c).

In order to point out this effect on the surface shape, figure 2.10 illustrates the change

regarding the curvature radius of the emitter surface shown in figure 2.9c) along the radial

direction perpendicular to the tip axis. The structure of the given example volume is

amorphous, since the formation of crystallographic facets is avoided in this way, which is

beneficial for the calculation of the curvature radius. For comparison, in figure 2.10 the

curvature radius is also shown for the initial tip surface, where the radius in the center has

a value of approximately 29 nm. Despite some numerical fluctuations, it can be seen that

the curvature radius drops significantly in the center in the later stage, where the precipitate

protrudes at the surface. Here, the curvature radius amounts to approximately 19.5 nm.

The ratio of these curvature radii is equal to 19.5 nm/29 nm=0.67.

The simulation of the field evaporation has been carried out by taking into account the

force acting on a surface atom. In every simulation step, one particular atom is evaporated.

In this case, always the atom experiencing the highest force has been emitted. The force is

proportional to the squared evaporation field. This means that the difference of the involved

evaporation field has also been squared. The ratio of the squared evaporation fields in the

simulation amounts to (1.0/1.25)2
= 0.64. This value is astonishingly close to the ratio of

the curvature radii in the center. The relationship between the radius of curvature and the

evaporation fields of different phases will be further discussed in section 4.1.3.

The varying shape of the tip leads to a strong outward deflection of the ions around

the protrusion. This deflections can not be correctly taken into account in the later

reconstruction as long as the emitter shape is assumed constant, which leads to a distorted

reconstruction of the precipitate (see figure 2.9b)) accompanied with a significant fluctuation

regarding the atomic density, which will be discussed in chapter 4. Further examples for

the difficulties in connection with the reconstruction performed with the point projection

approach can be found in [56] or [57].

In order to overcome these drawbacks, an improved reconstruction technique is needed.

In the past, several approaches have been suggested. For example, the calibration and

estimation of the constant reconstruction parameters included in the point projection

approach (e.g. the image compression factor and the field factor) has been improved

[58–61]. In another rather complex attempt, TEM images of the emitter surface were
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2.2. The point projection reconstruction approach

(a) (b)

(c)

Figure 2.9.: Well-known artifacts of the geometric reconstruction approach demonstrated by the example of
an amorphous tip structure containing a spherical precipitate (a). The atoms belonging to the
precipitate (red) have a 25% higher evaporation field compared to the surrounding matrix (blue).
Due to local magnification effects, the precipitate in (b) appears deformed and broader in lateral
direction in the reconstruction. The tip shape during the simulated FEV is shown in (c).

used in order to obtain the surface shape during FEV and use this additional information

in the reconstruction [62]. In addition, a correlative electron tomography approach has

been performed for the case of porous materials [63]. Furthermore, for the improvement

of the reconstruction on a larger scale (above 10 nm), an iterative technique based on

computational geometry has been presented [64].

Despite these contributions aiming for the improvement of the spatial reconstruction,

the need for an easy to use, fast and reliable approach is still urgent. If a new approach did

not rely on the simple geometric assumptions of the established technique, a higher quality

of the results, especially in the case of inhomogeneous tip structures, could be expected.

Therefore, an amended algorithm should allow the tip structure to deviate from a spherical
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2.3. Delaunay triangulation and Voronoi tessellation

covering the three-dimensional simulation space. The tip structure is located at the bottom

of the simulation space. This tip is further surrounded by a large number of support nodes.

The support nodes cover the vacuum inside the simulation space (measurement chamber)

and are essential to solve Poisson’s equation. The solution of Poisson’s equation delivers

the electrical potential at each node in the grid, which further allows the calculation of the

electric field acting on the tip surface and on field-evaporated ions. Once the equilibrium

potential is known, the given emitter structure is field-evaporated atom by atom and a

realistic trajectory for each ion is calculated on the full length between the tip surface and

the detector. This procedure is repeated until either the whole tip has been evaporated, or a

user-specified number of events is recorded.

For the simulation of realistic ion trajectories from the emitter apex to the detector, it is

useful to split the simulation space into different domains. In the case of the simulation

package TAPSim, this is done by covering the simulation space with a mesh of support

points as mentioned above. These points are further connected by a three-dimensional

tessellation composed of tetrahedra, the so-called Delaunay tessellation. The nature of

such tessellation of the simulation space is now discussed in two-dimensional space for the

sake of simplicity.

In two dimensions, the tessellation is called Delaunay triangulation because the tetrahedra

in three dimensions are replaced by triangles in 2D. The triangulation is performed by

connecting a grid of arbitrarily distributed points with so-called Delaunay triangles (see the

triangles in figures 2.11b) and 2.11c)). The defining characteristic of a Delaunay triangle is

its empty circumcircle. This means that for a given triangle in the triangulation no point of

the point distribution (e.g. no vertex of any other triangle) is located inside its circumcircle

(see figure 2.11c)). For the three-dimensional case, the empty circle criterion translates

to an empty circumsphere defined by the four vertices of each tetrahedron belonging to

the tetrahedral mesh. In addition to the empty circle/sphere property, the boundary of a

Delaunay tessellation/triangulation is always convex.

In order to set up the triangulation of a given arbitrary point distribution, several

algorithms exist. In this work, the Boyer-Watson algorithm has been applied [65].

Following this scheme, the tessellation is built up by inserting the individual points one

by one into the already existing triangulation (defined by the previously inserted points)

in each step until all points have been inserted. Starting with an initial triangle given by

the first three points in the point list (as long as those points are not aligned), every point

is inserted one after the other leading to a constantly changing appearance of the current

triangulation. The procedure is shown in figures 2.12a)-2.12d) for the two-dimensional

example of figures 2.11a)-2.11c). In figure 2.12a), a new point is inserted into the existing

Delaunay triangulation. Due to the fact that the point is located inside the triangulation, it
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(a) (b)

(c)

Figure 2.11.: Example for a two-dimensional Delaunay triangulation. The point distribution in (a) is
connected by a mesh of Delaunay triangles (b). The red circle in (c) indicates the characteristic
property of each triangle, namely the empty circumcircle.

can be expected that at least one triangle becomes invalid. In figure 2.12b) it can be seen

that two triangles need to be deleted because their respective circumcircles are no longer

empty. Once all invalid triangles have been deleted, the new point is located inside a cavity

formed by the remaining edges of the invalid triangles. In order to fill this cavity, all points

belonging to the surface of the cavity are connected to the new point of the triangulation.

In the end, the cavity is filled by new Delaunay triangles and the complete triangular mesh

is a Delaunay triangulation again (figure 2.12d)). This scheme can directly be applied

to the three-dimensional case. In three dimensions, the cavity shown in figure 2.12c) is

composed of the left over triangular facets of the deleted invalid tetrahedra.

The Bowyer-Watson algorithm can also be reversed in cases, where the deletion of a

vertex of the point distribution is required. All triangles (tetrahedra) connected to the

deleted vertex also have to be removed from the triangulation. Again a cavity is left in the
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(a) (b)

(c) (d)

Figure 2.12.: Insertion of a point to an already existing Delaunay triangulation. In (a) the new point is
inserted to the list of vertices belonging to the triangulation. This makes the two triangles
denoted by their respective circumcircles become invalid (b). The invalid triangles are deleted
from the triangulation leaving a cavity surrounding the new point (c). Consequently, all points
of this cavity are connected to the new point, which leads to the formation of new Delaunay
triangles filling the cavity (d).

mesh, which has to be refilled with Delaunay triangles (tetrahedra). This task can easily be

addressed by treating all points belonging to the cavity as a separated grid. This grid has

to be triangulated according to the above introduced algorithm and can subsequently be

inserted into the cavity of the initial triangulation.

It can be shown that for a given distribution of points only one particular Delaunay
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point), equation (2.29) is applied in order to approach the final state [66] that fulfills

Poisson’s equation:

Pi =
*.,

N
∑

j=1

γi, j · Pi, j +
qi

ǫ0

+/- ·
*.,

N
∑

j=1

γi, j
+/-
−1

, (2.29)

with the potential value Pi, j at neighbor j, qi the charge confined inside the Voronoi cell

of point i and γi, j the coupling factor between the points i and j. The index j runs over

all adjacent neighbor cells. The coupling factor is depending on the dielectricity values

assigned to the Voronoi cells of points i and j, as well as on the distance di, j between both

points and the surface area Ai, j of the Voronoi face between the two cells:

γi, j =

(

1

ǫr,i
+

1

ǫr, j

)

·
Ai, j

di, j

. (2.30)

For every point Pi, a new potential value is calculated. These new values are assigned

to the points and the application of equation (2.29) is repeated for every point. With

every iteration of equation (2.29), the electrical potential converges towards the solution of

Poisson’s equation. Once the solution is obtained to a sufficient accuracy, the potential

can also easily be determined everywhere in the mesh by interpolation. To this end, the

algorithm first identifies the Delaunay tetrahedron, in which the probed position is located

in. With the help of this information, the potential value is given by the weighted sum of

the respective values at the vertices of the Delaunay tetrahedron, which can be conveniently

obtained by expressing the probed position by barycentric coordinates:

P(~r) =

4
∑

i=0

ωi Pi . (2.31)

The described potential is a weighted average, for which the potential values Pi at the

vertices are weighted with the barycentric coordinates ωi of the probed position ~r in the

tetrahedron.

In order to integrate Newton’s equation of motion for charged particles inside the

simulation space, the force acting on these ions needs to be known. In general, the Coulomb

force acting on a charged particle (charge q) at position ~r is given by the product of its

charge and the electrical field. The electrical field at position ~r is equal to the negative

gradient of the potential:

~E(~r) = −grad P(~r). (2.32)
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In the case of a regular mesh, the potential gradient at each point could easily be calculated

by applying a finite difference method (e.g. central differences). However, in the general

case of an irregular mesh, this simple scheme cannot be used. Therefore, the local “potential

landscape” has to be approximated by a differentiable function in the vicinity of each node

in the mesh. In TAPSim, this is done by fitting a parabolic three-dimensional function

to the potential values of every respective generator point and its Delaunay neighbors.

The Coulomb force, which is present at the given generator point, simply equates to

the derivative of the previously fitted function. In order to obtain the Coulomb force at

an intermediate position between the nodes, the weighted sum of the field values at the

surrounding Delaunay vertices is calculated in the same way, like it is done for the potential

values.

Apart from the partition of the simulation space, another approach to describe the

electrical field between the tip and the detector has been introduced recently. This approach

works without any partition of the simulation space, which turned out to be useful for some

purposes of this work. The approach is explained in section 2.4, below.

2.4. Calculation of the charge distribution on the tip

surface

In this work, the reconstruction partly relies on the calculation of realistic trajectories. The

trajectory calculation in the reconstruction procedure is based on a scheme, which was first

proposed by Rolland and coworkers [67]. In contrast to the well-established simulation

approach of Oberdorfer [8], this technique does not rely on a Voronoi tessellation of the

simulation space. The absence of such a tessellation is very beneficial because in this

way, there is also no grid of support points, which would have to be changed continuously

during the reconstruction.

The meshless approach is based on the solution of Robin’s equation [68] which describes

the charge density on the surface of a conductor:

σ( ~P) =
1

2π

∫ ∫

S

~nP · ~u��~u��3 σ( ~P′) dS′. (2.33)

Here σ is the charge density, ~P and ~P′ are positions on the conductor surface, ~nP is the

normal vector at position ~P, ~u is connecting ~P and ~P′ and dS′ is the surface element at ~P′.

The solution of equation (2.33) can be found by applying an iterative method considering
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a sequence of charge density distributions σn( ~P) starting with an arbitrary σ0:

σn+1( ~P) =
1

2π

∫ ∫

S

~nP · ~u��~u��3 σn( ~P) dS′. (2.34)

This general solution is then applied to the case of a field emitter. As it has been shown in

several previous works [31, 69, 70] and as it was mentioned in section 2.1.2, the surface

atoms of an atom probe tip are acting as partial ions due to the influence of a very high

electric field. This is taken into account by assigning a charge qi to each surface atom

of the emitter. It is assumed that every charge is spread over a certain small area Ai,

surrounding the atom i. The area is further assumed to be the same for each atom, which

means Ai = A∀ i. Together with (2.34) this yields:

qi

A
=

1

2π

N
∑

k=1,k,i

qk

~ni · ~rik��~rik
��3 . (2.35)

Here the vector ~ni is the normal vector of the emitter surface at the position ~ri of the atom i

and the vector ~rik = ~ri − ~rk connects the atoms i and k. In order to make equation (2.35)

physically meaningful, it has to be divided by 2 ε0. The combination of (2.34) and (2.35)

provides the algorithm, which can be applied to the case of a field emitter. Starting with an

arbitrary charge q0 at each surface atom, the following iterative formula can be used to find

the equilibrium charge distribution:

qi,n+1

A
=

1

2π

N
∑

k=1,k,i

qk,n

~ni · ~rik��~rik
��3 . (2.36)

In each iteration step, the total amount of charge has to be conserved. This is done

by adjusting the small surface element A after each step, so that
∑

qi,n+1 =
∑

qi,n.

The calculation of the surface charge values is repeated, until all individual changes

∆ = qi,n+1 − qi,n from one step to another becomes smaller than a user-specified threshold.

The development of the charge distribution during iteration starting with a homogeneous

configuration can be seen in figures 2.15a) and 2.15b):

As it can be seen in figure 2.15b), the atoms located at the edges of a crystallographic

plane are carrying the largest amount of charge in the equilibrium state. This observation

corresponds to the fact that surface atoms at the edges of crystallographic planes are most

likely to be field evaporated during an atom probe experiment. The high evaporation

probability stems from the proportionality between the squared partial charge and the force
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2.4. Calculation of the charge distribution on the tip surface

(a)

(b)

Figure 2.15.: Development of the charge distribution at the surface of a field emitter. Starting with a
homogeneous distribution (a) the iterative method of equation (2.36) has been applied. Already
after the first step, the charge distribution has changed drastically (shown in (b)) and is already
very close to the equilibrium configuration under the given geometry. The changes after further
iteration steps are hardly visible and therefore, they are not shown.

acting on a surface atom, which can be derived with the help of Coulomb’s law:

~Fi =
1

4πǫ0

N
∑

k=1,k,i

qi qk

~rik��~ri k ��3 . (2.37)
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The individual probability for evaporation is considered to be proportional to the stress

γi = Fi/A at each surface site covering the area A [71]. Combining equation (2.37) with

(2.35), the evaporation probability equates to:

pi =
q2

i

2ǫ0 A2
. (2.38)

The outlined scheme for the determination of an equilibrium charge density is essential for

the subsequent trajectory calculation.

2.4.1. Trajectory calculation

The calculation of ion trajectories in the presence of a charged emitter surface is performed

by an integration of Newton’s law with the help of a Runge-Kutta method as it is described

in [72]. The determination of the force, acting on the particle is done via the application of

equation (2.37). The only difference is that the charge qi now refers to the charge state of

the emitted ion and the vector ~rik is a function of the ion’s current position.

In order to reduce the computational cost of the calculation of the sum in equation (2.37),

the atoms at the tip surface can be organized in an octree-structure (see [67]). In this octree,

every node refers to a cubic cell in the simulation space, which contains a certain amount of

charged surface atoms that are located inside the cube. The octree is composed of a large

cube (the root) covering the whole simulation space, which is further divided into eight

smaller cubes, the so-called child nodes. Each child node might be further subdivided,

which leaves them to become an internal node. The subdivision is carried out, until each

child node does not contain more than a user-specified amount of surface atoms. The

smallest cubes in the octree that are not subdivided any more a called leafs.

The determination of the force acting on the field-evaporated ion could be carried out

by considering all surface atoms in the leafs of the octree (all atoms at the tip surface

respectively). However, many surface atoms are located in a considerably large distance to

the ion. Therefore, the contribution of those surface atoms to the sum in equation (2.37)

is small. In order to save time, those atoms with a large distance to the ion are being

“summarized” with the help of the octree. For each internal node, the center-of-charge is

calculated considering all surface atoms contained inside the internal node’s cube. The

center-of-charge ~rc is given by the sum over all N j coordinates ~r j of the atoms confined in

the internal node, weighted by their individual charge qj :

~rc =

Nj
∑

j=0

qj · ~r j . (2.39)
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Obviously, the charge of this summarized internal node is given by the sum of all charges

qj . If the distance of the center-of-charge to the ion is larger than a user-specified value,

the contribution of all atoms confined in the internal node to the sum in equation (2.37) is

given by the charge and the coordinates of the center-of-charge.

Due to this simplification, the summation in equation (2.37) might be drastically reduced,

yielding a faster flight path integration. The same scheme is also applied to the calculation of

the equilibrium charge distribution prior to the emission of an ion, described in section 2.4.

Regarding the performance of the entire process, this turns out to be even more critical.

In the case of a reconstruction performed with the technique described in section 3.2

the charge distribution on an arbitrary atom probe tip is computed and the resulting ion

trajectories starting from several different positions at the respective emitter surface are

taken into account. The basic idea for a reconstruction technique, based on the trajectory

calculation is presented in the following chapter.
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Chapter 3.

Reconstruction on a discrete tip surface

In this chapter a first important step towards an improved reconstruction technique is made.

To this end, the capability of the general concept is demonstrated by inverting the simulated

field evaporation. In section 3.1, the principle of the reconstruction method is briefly

described. Subsequently, the exact tip structure after the simulated atom probe experiment

is taken and the field evaporated volume is reconstructed with the help of calculated realistic

ion trajectories.

In section 3.2 the approach is further elaborated in order to make it more versatile.

Here, the algorithm is no longer working on a predefined lattice, which allows a higher

degree of freedom for finding the position of each detected ion in the reconstruction. The

advantages and limitations of this technique are discussed based on example calculations

for characteristic simple emitter structures.

3.1. Proof of principle on a rigid lattice

As a first demonstration of the beneficial effect of the consideration of ion trajectories in

the reconstruction process, the simulated FEV is inverted. The results of this study have

been published in [11]. This means that the field evaporated emitter volume is built up

opposite to the order of the evaporation. Atoms that have been detected last are the first to

be reconstructed. In each step, the current surface structure of the atom probe needle is

considered for the calculation of ion trajectories.

The situation in each reconstruction step within this simple approach is illustrated in

figure 3.1. The number of candidates for the reconstruction coordinates are limited to the

lattice positions, which are located at the momentary tip surface. The algorithm chooses

one of these candidates as the respective reconstruction coordinate belonging to the current

measured detector event. To this end, for every candidate position a trajectory is calculated.

Afterwards, the trajectory corresponding to the impact position closest to the measured ion
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3.1. Proof of principle on a rigid lattice

(a) (b)

Precipitate Layer

Figure 3.2.: Slice through the reconstructed emitter structures for the reconstruction on a rigid lattice [11]. In
(a) the precipitate with a 50% lower or higher evaporation field in comparison to the surrounding
matrix (red) is illustrated. The respective tip volume containing a layer structure is shown in (b).

be recalculated according to the new situation. The potential value of the new surface atom

is set to the same constant value as the other atoms belonging to the tip. In close vicinity,

this is causing changes of the electrical potential. Once the potential has been recalculated

locally to sufficient accuracy, the algorithm is ready to deal with the reconstruction of the

next detected event and the same procedure is repeated.

This method has been applied to different test samples, each of them containing two

atomic species. The simulated data sets contained approximately 5000 atoms and 8000

atoms respectively. One of those emitter samples contained a spherical precipitate inside

a surrounding matrix. The other structure contained a layer, orientated perpendicular to

the tip axis. For both emitter structures, two different cases have been investigated. In

the first, the spherical particle or the layer had a 50% higher critical evaporation field

than the matrix atoms. In the other case, the evaporation field was 50% lower (see figure

3.2). Such a large difference regarding the evaporation field would cause severe artifacts

when using the conventional geometric reconstruction approach. The results derived by

the conventional point projection approach are given in the appendix in figure A.1 for the

precipitate structure and figure A.2 for the layer structure.

By contrast, the trajectory-based technique could rebuild the tip structure exactly in

all studied cases as illustrated in figure 3.2. At this point it has to be mentioned that the

comparison between the fundamental concepts is biased to some extent. The exclusive
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(a)

(b)
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Figure 3.3.: The deflection of ion trajectories on the tip surface in the case of a precipitate with a lower
evaporation threshold is shown in (a). In (b), the respective impact positions on the detector
together with the hypothetical impact position (called “linear projection”) needed for the correct
reconstruction by the standard technique is plotted. (data taken from [11])

selection of candidate coordinates belonging to the predefined lattice structure guides

the developing reconstruction into the correct direction and excludes several sources of

potential errors. The strong deflections of ion trajectories in vicinity to the precipitate

shown in figure 3.3a), causing strong artifacts when applying the conventional approach,

can already be avoided in this simple scheme.

In order to point out the severe influence caused by ion deflections, figure 3.3b)

demonstrates how beneficial the use of realistic ion trajectories can be. The blue daggers in

the plot represent the impact positions of the considered sample trajectories that started at
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3.2. Reconstruction without a rigid lattice

various surface sites in a specific stage of the reconstruction of the low field precipitate

example, when the precipitate is covering a certain amount of the tip surface. They

correspond to the blue trajectories in figure 3.3a). Accordingly, the best matching trajectory,

which is plotted in purple in figure 3.3a) corresponds to the impact given by the purple

circle in b). This trajectory ends extremely close to the measured position (black cross in

the plot). For comparison, in figure 3.3b) the hypothetical impact position, which would be

needed for the conventional point projection approach to yield the correct reconstruction

coordinate for the considered ion is indicated by a red cross. This position is located

approximately 5 mm away from the measured impact. In this example it can impressively

be observed that strong ion deflections cannot be sufficiently taken into account by the

standard technique and the consideration of trajectories has the potential to improve the

reconstruction.

In order to make the new technique applicable to realistic situations, where the exact

lattice structure of the field evaporated volume is not known, the method is further extended

in section 3.2. Nevertheless it should be mentioned that the idea of positioning atoms

on a predefined lattice is not uncommon. In the past, the so-called lattice rectification

technique has been proposed [73, 74]. Here the atoms are repositioned onto the positions of

a certain lattice structure after performing the standard reconstruction approach. The lattice

structure is extracted from the initial reconstructed volume by applying crystallography

characterization techniques (e.g. spatial distribution maps [75]).

3.2. Reconstruction without a rigid lattice

In section 3.1, a first step towards a trajectory-informed reconstruction of atom probe

tomography data has been introduced. This method needs to be further improved, so

that it no longer relies on the knowledge of the lattice structure of the measured tip. The

algorithm should be able to find a reasonable position for each atom without any kind of a

predefinition of possible positions.

An improved realization of the trajectory-based method works as follows: Starting

with a reasonable guess for the reconstruction coordinates, the algorithm approaches the

final surface position of the next atom step by step. This approach towards a surface

coordinate, which delivers a sufficiently close trajectory impact position, is performed by a

well-known optimization algorithm, e.g. the simplex algorithm of Nelder and Mead [76].

This algorithm repetitively calculates trajectories starting at several different positions. The

vertices of the simplex represent these starting positions. During the process, the simplex is

shrinking more and more, until its size is sufficiently small. Then the vertex of the simplex,
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Figure 3.5.: Reconstruction of a small emitter volume with an fcc structure derived by applying the trajectory-
based scheme without the help of a rigid lattice. Due to small inaccuracies regarding the
positioning of the atoms on the emitter surface, chain-like structures (encircled) can be observed.

nevertheless, due to a limited precision of the calculation of the electrical potential and the

force, the perfectly correct position is not found in the majority of cases. In addition, the

correlation between the starting positions of the trajectories on the surface and the impact

positions on the detector cannot be expected to be unique. Caused by trajectory overlaps,

different locations on the tip might yield to the same impact detector position within the

given degree of accuracy.

The formation and growth of the demonstrated chain structures can then be understood

by considering the strong effect of small protrusions on the flight path of the ions. Once a

small number of atoms, or in some cases even one individual atom, is occupying a position,

which slightly sticks out of the emitter structure, ion trajectories starting in the direct

neighborhood experience a strong deflection. The consequence of this deflection effect is

significant.

The trajectories starting on top of the protrusion compete with the trajectories starting

from other, more reasonable surface sites (see figure 3.6). Due to the large area on the

detector, which can be reached from the top of the protrusion, the algorithm might have to

make a choice between several almost equally sufficient matching surface positions. In

those cases, depending on the actual distance to the measured impact, atoms might by
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Misplaced
atom

Figure 3.6.: Mechanism leading to chain-like protrusions on the emitter surface. The trajectories starting on
top of the protrusion (red dashed arrows) compete with the trajectory originating from a more
reasonable surface location (green arrow). Because of the relatively large accessible area for
ions starting from the protrusion (red bar on the detector), the chain structure is very likely to
grow, since atoms might be reconstructed on the top of the chain by mistake.

mistake be reconstructed to a completely wrong location. In this case the artificial chain

structures will grow and their influence on the reconstruction will even be amplified.

As a consequence of this self-focusing to protrusion, a reconstruction algorithm without

any kind of constraint is highly unstable. Since small errors in the positioning of atoms

on the emitter surface cannot be excluded entirely, these deviations from the perfect

reconstruction position would lead to a self-amplifying formation of artifacts. A reasonable

result for the reconstructed emitter volume could no longer be expected, as soon as the

mechanism described above and illustrated in figure 3.6 dominate the whole process.

In order to address this challenge, the reconstruction method needs to be refined further,

so that the formation of such self-amplified protrusions is avoided. In section 3.2.1 such an

amended procedure is presented.

3.2.1. Introduction of an inter-atomic potential

In section 3.2, the challenges regarding the self-amplified growth of protrusions arising

during the reconstruction have been discussed. Since the growth of such structures can

hardly be stopped once they have reached a certain height relative to the surrounding

surface, they need to be excluded completely from the very beginning.

To this end, the reconstruction should still be performed without the constraint of a

predefined rigid lattice, but with guiding help of a weak interaction. This extension is

given by the application of a simple inter-atomic potential at each probed surface position.
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3.2. Reconstruction without a rigid lattice

Figure 3.7.: Top view of the sampling of a bcc emitter structure ([001] orientation) with a Lennard-Jones
pair potential according to equation (3.1). The lowest values are obtained at the edges of the
crystallographic planes.

The strength of this potential acts as a second criterion for the selection of a reconstruction

position for each detected ion. Alongside the search for a position, which delivers a

minimum distance between measured and calculated impact positions on the detector, the

intention behind the use of an inter-atomic potential is to guide the algorithm towards

surface sites with a large number of neighboring atoms. This property should be well suited

for the task of rebuilding the field evaporated volume with a high density. The possibility

of stacking atoms upon each other becomes more unfavorable because the number of direct

neighbors, or the number of atomic bonds to other surface atoms respectively, would be

very low, compared to other locations on the current emitter surface.

The idea of “measuring” the amount of atomic bonds at every probe position can be

realized by applying a simple pair potential, for example the Lennard-Jones potential:

VLJ (r) = ε

[
(

r0

r

)12
− 2

(

r0

r

)6
]
, (3.1)

where r is the distance between the two interacting atoms and r0 represents the atomic

distance, for which the potential shows a minimum. The absolute depth of the potential ε

is irrelevant in the following application of equation (3.1).

When the emitter surface is sampled and the value of the pair potential is calculated at

each position, the resulting potential landscape might look as it is shown in figure 3.7 for

the example of a bcc structure. As a consequence of the different pair potential values at

the surface as shown in figure 3.7, a dense packing of the reconstructed tip volume could
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Chapter 3. Reconstruction on a discrete tip surface

Figure 3.8.: Local minimum values of the Lennard-Jones potential applied on the surface of an atom probe
tip. The red spheres represent the resulting coordinates of the search for minimum potential
values. These positions define the final set of candidates for the reconstruction.

be achieved, if only local minimum positions of the applied Lennard-Jones potential were

considered as possible trajectory starting points. Consequently, the selection of possible

reconstruction coordinates needs to be restricted again.

In every step, prior to the calculation of any ion trajectory, the emitter surface has to be

searched for local minimum values regarding the Lennard-Jones potential in the vicinity of

a reasonably guessed position. This can conveniently be done with the help of a conjugate

gradient method [77] or the already mentioned simplex algorithm. A sufficiently large

number of sample points around the guessed position provides the gradient method with

start coordinates. Then for each of those initial locations on the surface, the search for a

close minimum of the pair potential is performed, until the gradient method converges.

The result of such a search is shown in figure 3.8.

Once the final set of possible candidates for the reconstruction is known, the algorithm

starts to simulate ion trajectories originating from each local minimum of the pair potential.

The remaining task in every reconstruction step is to make the final choice for the resulting

reconstruction coordinate. Since in this case, a second measure for the quality of any

candidate position besides the trajectory impact position is available, a combined criterion
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can be applied. In this work, the combined measure ρ(~r) is given by the ratio of the

distance between simulated and recorded detector position d, and the value of the pair

potential PLJ (~r):

ρ(~r) =
PLJ (~r)

d
. (3.2)

In this way, the candidate with the lowest value for ρ defines the final position for the

reconstruction of the next atom.

In the following, the results of the application of the above described procedure to several

different small emitter structures are presented. In all cases, the reconstruction started with

the remaining tip surface after the simulated evaporation.

The first test specimen is a rather small needle with a tip radius of 4 nm and an fcc

lattice structure. The lattice orientation was chosen so that the [111]-direction shows in

the direction of tip axis. The characteristic feature of the emitter volume is a 1.0 nm thick

layer with a 50% lower evaporation field in comparison to the surrounding matrix atoms.

The detected data set contains 5000 atoms. In figure 3.9a), a slice through the tip is shown

before evaporation. The information about the lattice structure can be seen in figure 3.9b).

Here, a lattice identification tool contained in the software package Ovito1 has been used,

in order to verify the presence of an fcc lattice and to provide the plot in figure 3.9b) as a

reference for the later reconstruction [78]. The tool performs a common neighbor analysis

according to [79], which is a typical choice for the task of lattice identification [80].

It can be observed that all atoms except for the surface atoms are colored in green. This

means that the bulk atoms belong to the same fcc lattice. For the surface atoms, a matching

lattice structure could not be found, since a sufficient number of neighboring atoms is

needed for the identification algorithm.

The corresponding images for the result of the reconstruction performed with the above

presented algorithm are shown in figure 3.9c) and d). In c), the former thin layer can easily

be identified in the reconstruction, even though the difference in the evaporation field was

severe. Nevertheless, the reconstruction is not perfect. In the bottom and especially at the

outer part of the volume some slightly misplaced atoms appear. This circumstance also

results in a loss of the information about the lattice structure at the bottom. Interestingly,

the fcc lattice is reestablished in the following layers, which indicates at least a certain

robustness of the technique against local disturbances, since the structure is build up from

the bottom to the top. The reason for the misplaced atoms most probably stems from

numerical inaccuracies in the calculation of the charge density on the surface. Even very

small misplacements of atoms in the vicinity of a trajectory starting point might already

1http://ovito.org/
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about the lattice structure could obviously not be repaired by either the influence of the

inter-atomic potential or the trajectory calculation. Since the effect of missing information

in the data set is already significant after the deletion of only 1% of the data, dealing with

the limited detector efficiency of a realistic atom probe experiment can be expected to

be a very challenging task. It can also be assumed that the main issue in this regard is

the effect of the occurring surface deformation/roughness on the charge distribution and

consequently the electric field, which defines the ion trajectories. In section 3.2 it was

already shown that the effect of even small protrusions or locally increased roughness on

the charge distribution has the potential to distort the whole reconstruction. In a situation,

where a large amount of data is missing, even the application of an inter-atomic potential

might not be enough to prevent areas with an increased roughness, since misplacements of

atoms are still likely to occur.

At this point, it is still unclear, how to deal with the discussed consequences of a

limited detector efficiency in the context of the approach described above. One might

consider to introduce a random insertion of atoms into the reconstructed volume during the

reconstruction process. On the one hand, it would be rather easy to overcome the volume

deficit in this way. On the other hand it would still be not guaranteed that the occurrence

of severe roughness on the tip surface is sufficiently avoided. In addition, the random

insertion of atoms to unoccupied surface sites might also lead to trajectory deflections.

In an unfortunate situation, such deflections might guide the algorithm into the wrong

direction, which would yield misplaced atoms again. In a situation like that, it could be

possible that these misplacements occur because of the random atom insertion and would

not happen, if no further atoms would have been inserted into the volume randomly.

For the moment, a more robust approach for the reconstruction is needed, which is not

affected by missing information. In addition, the computational cost of the technique needs

to be reduced drastically for the application to realistic data sets of a few hundred million

atoms. To this end, a fundamentally different concept of an improved algorithm is made

in chapter 4. In this following case, the trajectory calculation is skipped, since this part

of the above presented approach turns out to be very critical and also sensitive to slight

misplacements of atoms. Instead of a very precise description of the ion trajectories, the

following technique will focus on the dynamic mesoscopic modeling of the surface shape

of the emitter. Since the information about the development of the tip shape during FEV

must somehow be reflected in the measured data set, this following approach is designed

to extract the momentary tip shape from the data set. Instead of focusing on individual

events, it rather considers larger parts of the entire measurement data and calculates the

corresponding tip shape. This more realistic description of the emitter is expected to deliver

substantial improvements for the reconstruction. Regarding the lack of information due to
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Chapter 3. Reconstruction on a discrete tip surface

a limited detector efficiency, it can also be assumed that such an approach is more robust,

as long as the detector efficiency is sufficiently homogeneous.
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Chapter 4.

Atom probe reconstruction with a

varying tip shape

As already discussed in section 2.2.2, the limitation of the conventional point projection

method mainly originates from the assumption of a constant emitter shape during the

field-evaporation experiment. In the reconstruction shown in figure 2.9b) the influence of a

dynamic tip curvature can be observed. Due to the high evaporation field of the precipitate,

the tip curvature undergoes a significant change during field-evaporation (see figure 2.9c)

and figure 2.10), which yields a significantly broadened precipitate in the reconstructed

volume.

The goal of the work described in the following, is to develop a robust reconstruction

approach, which is able to detect and consider these changes in the emitter curvature. In this

way, the flexibility of the reconstruction technique would be increased and the assumption

of a hemispherical tip surface would become obsolete.

Therefore, the main feature of the technique should be the capability to extract the emitter

shape at an arbitrary stage of the field evaporation from the local density of measured

events on the detector. As a first simplification for our considerations, we still assume

rotational symmetry. However, once the tip shape can be described sufficiently precise

under this constraint, a reconstruction based on this realistic surface can be expected

to show substantially reduced local magnification effects compared to the conventional

geometric projection. In addition, the new approach should avoid trajectory calculations,

since these calculations are much more time consuming and potentially reduce the stability

of the procedure.

In the following, the principle of this alternative approach is outlined. Within the scope

of this work, the concept has been published in [12].

In order to test the method, simulated data derived from emitter structures with rotational

symmetry will be reconstructed as application examples. Furthermore, a real experimental
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data set containing a layer structure of copper and aluminum nitride is reconstructed and

discussed in section 4.1.7.

4.1. A new reconstruction approach for emitters with

rotational symmetry

The goal of the following technique is the reduction of local magnification effects, which

have a strong influence especially when structures contain different materials/phases with

strongly varying evaporation fields. In contrast to previous reconstruction approaches, this

new method shall not rely on the assumption of constant curvature. Instead, it allows the

radius of curvature of the tip profile to change in radial direction perpendicular to the tip

axis.

The profile describing the tip surface is being calculated in a straight forward way, only

considering the local density of detected events on the detector. In order to take into

account the dynamic change of the surface of the measured tip, the profile calculation

described in the following, is performed for several larger portions of detected ion impacts.

Consequently, a change of the impact pattern on the detector will automatically yield a

change in the field emitter profile. The fragmentation of the entire set of measurement data

will be further explained in section 4.1.2. In the following section 4.1.1, the derivation of an

emitter profile from the density distribution on the detector is presented. The reconstruction

will be performed in the same order as in sections 3.1 and 3.2, meaning from the bottom

of the detected volume towards the top (last events are reconstructed first). Thus, the

observed emitter profile needs to be lifted in order to account for the emitter shrinkage

during evaporation. This issue of lifting the profile turned out to be very important for the

quality of the reconstruction and is further discussed in section 4.1.4.

4.1.1. Identification of the tip profile

Let us base the following consideration on a few assumptions. First, a linear relationship

between the distance D of the impact position of an ion on the detector and the detector

center and the emission angle θ of an ion at the tip surface is supposed. This relationship

has been well validated experimentally in the past [82], as it can be seen in figure 4.1:

D = κ L θ. (4.1)
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rings. This ring tessellation is also done with the tip profile, which is still to be identified

in detail. The number of rings belonging to the detector tessellation and to the profile

is the same, which means, each of the detector rings corresponds to one of the profile

rings, describing the tip surface. Every ring on the detector represents a defined interval

of detection distances from the detector center. According to equation (4.1), this directly

translates to a well-defined range of polar emission angles on the emitter surface. Every

profile ring is characterized by a fixed inclination/emission angle θi, matching the average

detection distance Di of the associated detector ring (see fig. 4.2). The remaining task for

the reconstruction algorithm is the calculation of the nodes defining the surface profile.

Each node is given by the pair of two values of radius ri and the respective height hi. Every

ring contained in the final emitter profile is bordered by two nodes.

As a consequence of the steady-state assumption, the amount of detected ions on one

detector ring is proportional to the evaporated volume Vi in the corresponding surface

segment (see figure 4.2c)). The volume can be identified as the projected surface area Ai

of an individual profile segment onto the base cross-section of the emitter multiplied by

the shrinkage ∆z. Due to the fixed inclination angle of the profile segments, the projected

surface area Ai of segment i is given by its surface area A∗
i

multiplied by an angle-dependent

projection factor:

Ai = A∗i · cos(θi). (4.2)

For every portion of the measured data set, the corresponding emitter profile is identified.

This is done ring by ring, from the center towards the outer part of the surface profile.

Starting with the first point of the profile at the center r0 = 0 and h0 = 0 the following

points of the tip profile are determined by the recursive evaluation of

ri =

√

Ni

π Ntot

ATip + r2
i−1 (4.3)

and

hi = hi−1 − tan(θi) · (ri − ri−1). (4.4)

In equation (4.3), the fraction of measured atoms in the ith detector ring Ni, and the total

amount of measured ions Ntot , as well as the overall cross-sectional area ATip of the

measured tip section are needed. An iterative application of equations (4.3) and (4.4)

finally delivers the resulting emitter profile associated with the current portion of data.

Once the surface profile has been identified, a certain amount of the atoms considered
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Figure 4.2.: Segmentation of emitter and detector. The detector (on the top in (a)) is divided into rings of
radii Di . The same is done with the profile intended to describe the tip surface in a particular
steady-state situation (see bottom of (a)). Every detector ring is associated with an interval
of detection distances ∆D and a projected surface area Ai . The inclination angles θi of the
corresponding profile rings are fixed, as it is illustrated in (b). The rings have a well-defined
radius ri and a height hi . Every ring represents an emission angle interval ∆θ, which is defined
by the neighbor segments. In (c), the size of the evaporated volume Vi of one particular segment,
given by Vi = ∆z · Ai , is sketched.

before, is reconstructed. The final reconstruction coordinates can be determined by linear

interpolation between the coordinates of the previously determined profile nodes. Since

the distance D on the detector is known for each recorded event, the associated angle θ

on the surface is defined by equation (4.1) and therefore it is clear, on which ring of the

emitter profile (with the inclination angle θi) the next atom has to positioned. Due to the
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assumed rotational symmetry of the investigated structure, the azimuth φ on the detector is

equal to the azimuth ϕ on the surface. Consequently, the Cartesian coordinates ~r of an

atom are calculated by

rx =

(

ri +
θ − θi

∆θ
· (ri+1 − ri)

)

· cos(ϕ), (4.5)

ry =

(

ri +
θ − θi

∆θ
· (ri+1 − ri)

)

· sin(ϕ), (4.6)

rz =

(

hi +
θ − θi

∆θ
· (hi+1 − hi)

)

. (4.7)

After the reconstruction of an atom, the tip profile has to be lifted upwards to take into

account the emitter shrinkage, which has taken place during the evaporation process. In

a first approach, one could lift the entire tip surface according to the volume increase Ω

given by the new atom:

∆z =
Ω

ATip

. (4.8)

This practice follows the conventional reconstruction techniques (except that the emitter

surface is not a hemisphere any more and it is shifted downwards due to the inverted

reconstruction order).

4.1.2. Fragmentation of the data set

The profile calculation described in section 4.1.1 is performed several times for different

portions of data during the reconstruction of the whole data set. To this end, the list of

recorded ion impacts is subdivided into smaller portions. The idea of this subdivision is to

model the changes of the shape of the emitter during the measurement as accurately as

possible, but keep the portion of data large enough to avoid statistical fluctuations in the

shape calculation.

In contrast to the geometric point projection method, the reconstruction starts with the

last detected ions, which ensures that the tip structure is rebuilt from the bottom to the top

and the surface shape is known at any moment of the reconstruction. The evaluation expects

two sampling parameters. The first parameter NP is important for the profile calculation,

which has been described above. It represents the number of detected events in the data

72



4.1. A new reconstruction approach for emitters with rotational symmetry

Figure 4.3.: Principle of the sampling process of the recorded measurement data (gray box) [12]. The
reconstruction algorithm starts the profile calculation with the last detected ion at the bottom of
the data set. All the ions in the blue box are taken into account for the derivation of the next tip
profile. Atoms confined in the red box at the bottom of the data fraction are finally reconstructed
on the basis of the resulting profile. Subsequently, the red and the blue box are shifted towards
the earlier detected ions and the profile calculation is repeated.

portion that are considered for the identification of the next surface profile (indicated by

the blue box in figure 4.3).

The second parameter NR defines the number of atoms that will be finally reconstructed

with the help of the currently calculated profile (red box in figure 4.3). This parameter is

allowed to be equal to NP, but in some cases it might be even beneficial for the reconstruction

to choose a smaller value. Especially for smoothing the transition between different surface

profiles, a choice of NR < NP might lead to a more realistic result. In the case of very

abrupt changes of the tip shape, a parameter choice with NP = NR could lead to strong

overlaps of the successive profiles. Obviously, a choice where NR > NP doesn’t make

sense, because in this situation, a certain fraction of measured atoms is reconstructed based

on a profile derived without considering them.

After the reconstruction of NR atoms on the basis of the current profile, a new profile for

the reconstruction of the next NR atoms is calculated. To this end, the first NR atoms in the

data portion for the profile calculation are replaced by the next NR atoms from an earlier
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(a)

(b)

(c)

Figure 4.5.: Demonstration of the varying curvature radius shown for two calculated tip profiles [12]. In (c) the
green profile is representing an emitter shape belonging to a homogeneous amorphous structure,
while the red profile is resulting from a density distribution belonging to an inhomogeneous
emitter structure, containing a species with a significantly lower evaporation field (28%). The
density distribution on the detector corresponding to the green profile is shown in (a) and the
distribution yielding the red profile is shown in (b). The inset in (c) illustrates the mean radius of
curvature (blue) and the principle curvature radii R1 and R2 of the red surface profile at different
lateral positions. A clear difference between the precipitate phase in the center and the outer
matrix phase can be seen.

were set to NP = 50000 for the profile calculation and NR = 10000 for the portion of atoms

that are reconstructed in each step. This choice is intended to smooth the transitions of the

emitter profile shape, which occur during the reconstruction.

For the demonstration of the advantages of the new technique in comparison to any

conventional method that assumes a constant emitter curvature, the capability of identifying

the tip shape is shown for two different portions of data in figure 4.5. The two data portions

belong to the simulated field evaporation of the emitter containing a particle with a 28%

lower evaporation field. The picture in a) shows the density distribution for the first portion

of data that has been detected, which means it contains the first 50000 atoms from the top

of the emitter shown in 4.4. At this stage, no precipitate atoms were located at the surface,
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and consequently, the surface shape has not changed yet from the ideal sphere. The density

of events shows a small increase in the center, but overall, it looks rather homogeneous. By

contrast, in figure 4.5 b), the density distribution on the detector clearly shows an increased

amount of events in the center. The corresponding portion of data has been taken from a

stage of the field evaporation, where the surface reached the precipitate. The increased

density of events in the center is the consequence of the 28% lower evaporation field of

the precipitate atoms compared to the matrix atoms. Since the precipitate is located in the

center of the tip, the ions are predominantly detected in the middle of the detector.

According to equation (4.3), the enhanced amount of recorded material in the detector

center in figure 4.5b) yields a larger radius of the associated ring segments in the calculated

tip profile, as it can be seen in c). The red profile, stemming from the detection density

in b), clearly has a very different shape, compared to the green profile resulting from the

density distribution in a). A closer look on the mean radius of curvature along both tip

profiles underlines the effect of the varying event density on the calculated tip shape. In the

inset of figure 4.5c), the values of the principle curvature radii R1 and R2 belonging to the

precipitate profile (red) is plotted over the lateral radius of every point in the profile. These

principle curvature radii R1 and R2 finally yield the mean radius of curvature

Rm =
2 R1 R2

R1 + R2
. (4.9)

The plot shows that the mean radius of curvature has two “plateau” values. The first

plateau value for the inner part of the profile amounts to (44 ± 2) nm, while the second

plateau at the outer part is (29 ± 2) nm. This means, the curvature radius for the inner

part is significantly higher than the curvature radius of 30 nm of the initial tip, while it

is slightly lower going further away from the tip axis. It also becomes clear that the two

principle curvature radii strongly differ at the interface between the particle and the matrix

but converge towards the initial mean radius of curvature (30 nm) again at the outer part of

the profile, which may be interpreted as a confirmation of the presented new method.

In [85], the authors expect a relationship between the mean radii of curvature RA and RB

and the evaporation field FA and FB of two phases, which reads RA/RB = FB/FA. In this

presented example, the ratio of the plateau values of the curvature radius is (1.5 ± 0.1),

while the ratio of the evaporation fields amounts to 1.4. Given the limited accuracy of the

profile calculation, the stated relation in [85] can be considered as confirmed.

The remaining task of the reconstruction algorithm is the final calculation of the three-

dimensional coordinates inside the tip volume for every detected ion. The coordinates are

defined by equations (4.5), (4.6), and (4.7), always using the current profile associated with

the data portion being reconstructed.
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(a) (b)

Low field High field

Figure 4.6.: The detected tip volumes for the case of a 44% lower evaporation field (a) and a 56% higher
evaporation field [12].

In order to further test the algorithm, two simulated data sets with even more severe

contrast in the evaporation fields were reconstructed. One simulation was carried out

with a 56% higher and the other one with a 44% lower evaporation field of the precipitate

atoms in comparison to the surrounding matrix. In figure 4.6 the original structures of

the detected data sets for both example cases are shown. Here, another important effect

of the local magnification occurring during FEV combined with the limited FOV can be

seen. This effect is a variation of the outer diameter of the detected volume. In the low

field case in figure 4.6a) an increasing diameter near to the precipitate can be observed. To

the contrary, in the high field case in figure 4.6b), the volume tapers when the spherical

particle is evaporated. Since the lift of the emitter profile after the reconstruction of an

atom depends on the projected cross-sectional area Ai (see equation (4.8)), this variation

regarding the cross-sectional area will affect the reconstruction. To this end, the diameter

change also needs to be considered during reconstruction.

In this study, a rather simple approach has been implemented in order deal with this

issue. Since the atom type of every detected ion and its respective evaporation field is

known prior to the reconstruction, the average evaporation field Eevap,av for the entire data

set can be calculated:

Eevap,av =
1

N

N
∑

i=0

Eevap,i . (4.10)
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Furthermore, for each portion of data considered for the calculation of the next surface

profile with the help of equations (4.3) and (4.4), the average evaporation field of the

respective portion Eevap,i is determined according to equation (4.10). Once this average

evaporation field for the current data portion is known, a scaling factor εi for the diameter

of the newly determined surface profile is derived:

εi =
Eevap,av

Eevap,i

. (4.11)

This scaling factor leads to an increased diameter of the reconstructed tip volume in the

case of a precipitate with a lower evaporation threshold, since the average evaporation field

of the data portion is significantly lower than Eevap,av, if the portion of data contains a lot

of precipitate atoms. In the opposite case, the volume diameter is shrinking as soon as a

relatively large amount of precipitate atoms with a high evaporation field is reconstructed.

This simple approach to deal with a varying diameter has been applied in all the following

test scenarios.

The full reconstruction process has been tested for tip structures with the low evaporation

field and the high evaporation field precipitate shown in figure 4.6. The results are shown in

figures 4.7 and 4.8. The reconstruction has been performed with the same values regarding

the sampling parameters. In the low field case, as well as in the high field case, the values

NP = 5000 and NR = 5000 turned out to yield the most reasonable result. The aspect ratio

of the reconstructed particle with the lower evaporation field in figure 4.7a) is equal to 1.0

and the whole emitter volume is obviously more similar to the original tip than the tip

volume shown in b). This is already a tremendous improvement, which becomes clear

by comparing it with the aspect ratio of the reconstructed particle in figure 4.7b). Here

the conventional reconstruction delivers a particle with an aspect ratio of 1.92. Despite

this impressive benchmark, the overall shape of the particle in the middle of the tip is still

slightly too flat at the upper end.

For the tip structure containing a particle with a 56% higher evaporation field, again the

new technique yields a significantly improved result (figure 4.8a)) compared to the Bas et al.

approach in figure 4.8b). The aspect ratio of the particle resulting from the new technique

amounts to 0.98, while it is equal to 0.63 for the back projection technique. It becomes very

clear that the new approach is able to significantly reduce the local magnification effect,

which causes the drastic deformation of the precipitate in the classical reconstruction.

However, also with the new concept, the shape of the reconstructed particle is still

not perfectly spherical. Opposite to the low field case, here the reconstructed precipitate

appears too flat at the bottom and slightly too pointed at the top. The reason for the observed

remaining deviations from a spherical shape in both cases is mainly given by the strong and
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Aspect ratio 1.0 Aspect ratio 1.92

(a) (b)

Figure 4.7.: Slice through the reconstructed emitter volume with a precipitate of lower evaporation field.
New concept (a) and the reconstruction resulting from the conventional back projection approach
by Bas et al. (b). (reproduced from [12])

abrupt changes between two subsequent emitter profiles. Further improvement might be

achieved by varying the sampling parameters NR and NP during the reconstruction, rather

than keeping them at the same constant values throughout the whole process. Potentially, a

reasonable reduction of the value for NP at a transition stage of the emitter profile might turn

out to be beneficial. On the other hand, this would require at least another parameter, the

user would have to specify, and therefore the concept would also become more complicated.

In order to point out the advantages of the presented new method further, in figures

4.9 and 4.10, the atomic density in the vicinity of each atom inside the reconstructed

emitter volume is shown for both reconstruction methods. For the particle with a low

evaporation field, it can be seen in figures 4.9b) and c) that the conventional reconstruction

delivers a volume with an enormously increased density of the atoms, which is a direct

consequence of the local demagnification effect in this case. However, the atomic density

observed for the new approach is overall far more homogeneous, especially inside the

precipitate. Nevertheless, one can still see local fluctuations of the atomic density, mainly

at the interface between the precipitate and the matrix. In some areas of the reconstruction

in figure 4.9b), also the abrupt transition between one calculated profile and the next one is

clearly visible.

For the particle with the higher evaporation field, the influence of the large contrast in

the evaporation fields is very prominent in figure 4.10c). The density of the reconstructed

particle is dramatically reduced compared to the surrounding matrix. Again, in figure 4.9b)
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(a) (b)

Aspect ratio 0.98 Aspect ratio 0.63

Figure 4.8.: Slice through the resulting reconstruction derived by the new approach for a precipitate with a
higher evaporation field (a). In (b), the reconstruction performed by the Bas et al. method is
shown. (reproduced from [12])

derived with the new reconstruction concept, the influence of the local magnification is

significantly weaker. The atomic density appears to be almost homogeneous even in the

precipitate region.

Despite this very satisfying situation, also for a precipitate with a high evaporation field,

the density still varies significantly at the particle/matrix interface and also in this case, the

transitions between the individual profiles, describing the emitter at different stages is not

always smooth. Especially at the top of the reconstructed precipitate in b), the outer part of

the volume seems to be depleted, which can be explained by a very abrupt change of the

detector density distribution and their respective profiles at this stage of the reconstruction.

At this point it is worth to mention that these findings are not completely surprising, since

the here presented tip shape calculation assumes a steady-state situation when calculating

an emitter profile, as it has already been pointed out in section 4.1.1. Unfortunately, this

steady state is not fulfilled when the precipitate appears or disappears at the tip surface

during FEV. In these situations, the field emitter changes its shape relatively quick and

therefore, the resulting tip profile extracted from the event distribution on the detector

cannot describe the whole transition sufficiently accurate.

In the next subsection 4.1.4, the reason for the observed density variations is explained

and in addition, an amended procedure regarding the lift of the current emitter profile

after the reconstruction of an individual atom is discussed. The main idea of this further

improved procedure, is to lift the rings describing the surface individually, rather than
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lifting the entire emitter surface rigidly after each reconstructed atom.

4.1.4. Lifting the emitter profile

As it can be seen in figures 4.9 and 4.10, the atomic density of the reconstructed volume

still shows local density variations even in the shape corrected reconstruction scheme.

These variations mainly originate from the fact that the tip profile has been lifted rigidly

according to equation (4.8) after positioning each individual atom. The large difference

in the evaporation field of the involved species causes a very inhomogeneous evaporation

rate per surface area during a transition period of the FEV. The term transition period

denotes a situation of the field evaporation, in which the emitter shape is not in a steady

state, which is assumed in the above presented approach.

A “rigid lift” of the emitter profile during the reconstruction of those portions in the data

set, automatically yields either depleted or compacted areas. Instead of lifting up the full

profile according to (4.8), one may expect that a local lift of the surface would avoid or at

least reduce these density variations.

Therefore, it was tried to further improve the reconstruction by lifting every single ring

segment of the emitter profile individually. Since all segments are connected to their

neighbors in the profile, the lift of one of these segments would indirectly influence the

neighboring segments as well. In particular, the orientation angle θi with respect to the

detector axis, which is supposed to be fixed, would inevitably change during the shift of a

neighboring piece of the surface profile.

In order to deal with this problem, it is assumed that the profile pieces are no longer

connected to each other, so that their fixed orientation angle can be maintained during the

reconstruction. By lifting the segments individually, the calculated tip surface is granted a

necessary amount of “freedom”, which allows the continuous adaption of the profile to a

significant change of the measured event density on the detector.

The principle of the “local lift” of the emitter profile is rather simple. If a detected ion

needs to be positioned somewhere within the surface segment i, the shift in direction of the

tip axis is given by

∆zi =
Ω

Ai

, (4.12)

where Ai represents the projected cross-sectional area of the involved segment.

As it has been described in section 4.1.2, the surface profile is calculated several times

during the reconstruction for different detector patterns. In order to avoid depleted or

compacted regions in the reconstructed volume, the transition between two different
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(a)

(b)

Figure 4.11.: Issue of strongly varying surface profiles. In (a), the case of consecutive surface profiles with a
depleted zone between them is shown. The old profile (red) is followed by the black profile,
which is not as strongly bent as the previous profile. Consequently, the space between the
profiles is left empty, as the new profile is further shifted upwards. In (b), the opposite case,
where the old profile (red) has a smaller curvature than the new profile, is illustrated. Since
the new profile (black) is shifted upwards, the space between the profiles will be filled with
reconstructed atoms twice, yielding a larger density of atoms in this area.

calculated emitter profiles is most important. If the density distribution on the detector

changes significantly from one considered portion of data to another, the shape of the

identified profile will also undergo a severe change.

Therefore, applying the rigid lift principle and stacking these emitter profiles upon each

other, is very likely to yield either depleted areas which are simply not filled (see figure

4.11a)), or to the contrary, some areas might be considered twice, causing an increased

density of atoms in those particular regions (see figure 4.11b)). Consequently, in the local

lift procedure, a newly derived profile is stacked directly onto the previous profile, avoiding

voids or overlaps.

The corresponding procedure is illustrated in figure 4.12. Since the involved surface

profiles have already been split into pieces/segments, for each segment belonging to the

new profile, a reasonable height needs to be found. The original profile below the next one

(see figure 4.12a)) is no longer perfectly smooth, due to the fact that each segment has been

lifted upwards individually during the reconstruction of the previous portion of detected

ions (as illustrated in figure 4.12b)). The next surface profile, calculated by considering the

next portion of data and using equations (4.3) and (4.4), differs from the previous profile

regarding the lateral positions of the nodes, as it is shown in figure 4.12c). Consequently,

the segments, belonging to this new profile cannot simply be positioned directly on top of
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(a) (b)

(c) (d)

(e) (f)

z

r

Figure 4.12.: Illustration of the procedure to put one calculated emitter profile onto the previous profile.
In (a), an initial surface profile is shown. All segments, belonging to this profile are still
connected. Due to the local lift of each segment, the segments are disconnected after some
reconstructed events (b). On top of this profile the next one (green color) calculated with a
new portion of data, which might slightly differ regarding its lateral size has to be put (c).
Therefore, the next profile is again split into its individual segments. Every new segment is
then brought into close contact to the profile below (d). This means that two possible heights
are considered for every new segment. The first height is found by putting the left node of the
new profile segment directly onto the previous profile (green solid line). Alternatively, the
second height is defined by the height, which ensures the right node to be placed directly onto
the underlying profile (dashed green line). The resulting position is given by the average of
both possible heights(black solid line in (e)). The application of this procedure to every new
segment finally yields the new profile described by the solid green lines in (f).
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the profile segments underneath, belonging to the old profile. Therefore, for every new

profile segment a reasonable height is derived in a two step process.

First, the new segment (solid green line in figure 4.12d)) is shifted vertically so that

the inner node (the left node in figure 4.12d) respectively) is lying directly on the surface

below, described by the previous profile (red). The resulting position is indicated by the

solid green line in figure 4.12d). In a second step, the same procedure is applied, so that the

outer node of the current segment (the right node respectively), is also positioned directly

on the profile below, yielding a position, described by the dashed green line in figure 4.12d).

The final height for the profile segment is then simply given by the average of both heights,

which have been found in the two steps before. The resulting position of the profile piece

is given by the black line in figure 4.12e). Once this scheme has been applied to all the

segments of the new profile, the positioning of the individual atoms can continue.

It is worth to mention that the resulting new profile is also not perfectly smooth, as

it can be seen by the solid green line in figure 4.12f). Furthermore, the issue described

in figure 4.11 is still not avoided completely, but it can be reduced sufficiently, if the

number of segments in the profiles is chosen reasonably. In addition, the calculation of new

profiles during the entire reconstruction process using equations (4.3) and (4.4) remains

very important for the local lift concept. Since the lateral size of the new profile segments

needs to be adjusted to the amount of detected material in the corresponding detector

segments, the recalculation of the profile has a direct and important influence on the local

lift concept because the lateral size of the segments defines the z-shift of each segment

according to equation (4.12).

In the following, the beneficial influence of the local lift procedure, including the concept

of stacking profiles upon each other (as described above), on the atomic density of the

reconstructed emitter volume is discussed. To this end, the result of the reconstruction

approach using the rigid lift concept is compared to the result of the local lift principle.

In figure 4.13a), the atomic density of the resulting reconstructed volume for the emitter

structure containing a particle with a low evaporation field is shown for the rigid lift concept.

It can be seen that the density is rather inhomogeneous at certain transition positions.

Especially in the area highlighted by the orange dashed ellipse, the density is increased.

The reason for this increase can be understood with the help of the different emitter

profiles, which have been calculated during the reconstruction (black solid lines). In the

considered region of the volume, the successive profiles differ strongly. As a consequence,

the mechanism of overlapping profiles, described in figure 4.11b), yields an increased

atomic density.

In figure 4.13b), the determined profiles for the rigid lift concept are plotted (black solid

lines) together with the profiles of the local lift concept (red solid lines). The local lift

86



4.1. A new reconstruction approach for emitters with rotational symmetry

(a) (b)

Figure 4.13.: Effect of lifting profile pieces individually. In (a), the development of the field emitter
surface during reconstruction is shown for the rigid lift concept. The black lines represent
the individual surface profiles, which have been calculated during the reconstruction process.
In the background, the atomic density of the resulting emitter volume is shown. In (b), the
profiles belonging to the rigid lift concept are compared to the profiles related to the local lift
concept (red lines).

profiles have been derived by the process described in figure 4.12. It can be seen, that in

the beginning (the bottom) the profiles are practically the same, since here the evaporation

process has been in a steady state. As soon as the precipitate atoms are contained in the

data portions considered for the profile calculation, the black and red profiles start to differ.

Especially in the region, highlighted by the orange dashed ellipse, the red profiles stay

behind the black profiles in the outer part of the volume. In this part of the reconstruction,

a lot of material is positioned in the center, which means that the segments in the center of

the profile are lifted more often. At the transition, where no more precipitate atoms are

contained in the data portions (highlighted region) the difference between the rigid lift and

the local lift is reduced again, until it almost vanishes at the very top. Due to the fact that

the outer part of the profiles stays behind in the local lift concept, the increased atomic

density in this region, as it can be seen in figure 4.13a), can be avoided (see figure 4.14).
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here proposed technique. If the layers are not very thick, the FEV of an individual layer can

be characterized by a permanent change of the emitter shape. In other words, a steady-state

situation of the evaporation process, as it is assumed for the here presented technique, is

not present as long as the layer is located at the tip surface. The only way to deal with

a situation of this kind, is the compromise, which is described in section 4.1.4, where

the originally fixed surface profiles are split up into pieces, allowing to lift those pieces

individually.

Like in section 4.1.3, the emitter volumes that were tested here, had an amorphous

structure (tip radius 30 nm) and contained an embedded 10 nm thick layer perpendicular to

the tip axis. The FEV has been simulated with the TAPSim package for two different cases.

As with the precipitates, in the first case the layer atoms had a 44% lower evaporation

field (low field case) and in the second case a 56% higher evaporation field (high field

case). The detected volumes for a fixed FOV are shown in figures 4.16a) and 4.17a). A

well-known issue of the reconstruction of layers with different evaporation fields using the

point projection approach is the strongly varying layer thickness in the final reconstruction.

As already discussed before, the reason for this common observation is mainly given by

local magnification effects caused by the severely changing tip shape during the evaporation

process. These artifacts are also clearly visible in the low field, as well as the high field

case shown in figures 4.16b) and 4.17b).

In the low field case, the outer part of the layer (green species) is significantly thinner

than the central part. The opposite observation can be made for the high field case. In

the low field case, the tip surface flattens as soon as the upper matrix layer is completely

removed. As a consequence, the majority of the layer material is detected in the center

of the detector. Consequently, due to the fixed spherical surface shape assumed in the

reconstruction, the center of the layer has a higher thickness because most layer atoms are

considered to originate from the center of the emitter. The outer part appears to be thinner

and even shows depleted regions because the rigid emitter surface is moved downwards

after each reconstructed atom.

In comparison to the point projection technique by Bas et al., the here presented approach

delivers a more constant layer thickness in both cases, illustrated in figures 4.16c) and

4.17c). The sampling parameter NP and NR were chosen differently for the two numerical

experiments. In the low field case, the values NP = 80000 and NR = 7000 proved to be

useful. In the high field case, the most successful reconstruction was found for NP = 35000

and NR = 1000.

In the example with the 44% lower evaporation field, the layer thickness amounts to

approximately 10 nm and only a slight fluctuation of the thickness from the center towards

the outer part of the volume is visible. The overall position of the layer along the tip
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axis is a little too high (≈ 2 nm), which stems from the fact that due to the limited FOV,

the information about the lateral size of the detected tip volume is lost and needs to be

estimated. Comparing figure 4.16c) with the original volume in a), one can see a very

slight difference in the lateral size. It appears that the volume in c) is 1− 2 nm more narrow

in the lower part underneath the layer (between 32 and 70 nm). Therefore, the position of

the layer along the tip axis is slightly too high. The total height of the entire reconstructed

volume is matching very well to the height of the initial volume in a). The reason for the

accurate height is obviously the strong broadening, which occurs just underneath the layer

(at approximately 75 nm). This broadening balances the effect of the narrow volume below

and finally yields the correct height of the reconstructed tip. It is worth to mention that

in the outer region of the reconstruction, there are still some density fluctuations visible,

which will be discussed later (see figure 4.18).

In addition to the z-shift of the layer, the changing lateral width of the measured volume

in the layer zone itself could not be reconstructed entirely correct. As it can be seen in figure

4.16a), the width at the bottom of the layer is longer than elsewhere in the detected volume,

and it is decreasing fast towards the top. This necking effect, caused by the curvature

change during evaporation, is in principle also modeled, but, since according to equation

(4.11), the reconstruction algorithm assumes an increased width, as long as atoms with a

significantly lower evaporation field are involved in the calculation, the necking effect is not

sufficient. For a more accurate consideration of the width variation, a more complex model

would still be needed. In the future, the problem might be solved by a larger field-of-view

of the detector systems.

The application of the new reconstruction technique to the high field case also yields

a layer structure with a very constant thickness from the center to the outer edge of the

volume. Nevertheless, the thickness of the reconstructed layer appears slightly expanded

to approximately 12.5 nm and like in the low field case, the height position of the layer is

slightly shifted. In this case, the shift is directed downwards. Here it has to be mentioned

that the final height of the complete reconstructed volume is somewhat too small, which

is again explained by the inaccurate knowledge of the lateral size of the detected volume.

The lateral width of the layer volume in the reconstruction correctly decreases from the

bottom to the top of the layer. However, in the bottom the reconstructed necking is not large

enough, while on the top of the layer is not broad enough compared to the original detected

volume. The comparison of the atomic density between the point projection approach

and the here presented full algorithm is illustrated in figure 4.18 and 4.19. In general, the

density achieved by the newly developed approach is convincingly more homogeneous and

is sufficiently close to the preset value of 6 atoms per cubic nanometer.

In the low field case, the conventional point projection technique clearly leads to an
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(a)

(b)

(c)

matrix

low evaporation field

Figure 4.16.: Reconstruction of a layer structure with a lower evaporation field. The detected emitter volume
in (a) has been reconstructed with the point projection approach by Bas et al. (b) and the new
algorithm (c). The new algorithm has been performed by applying the local lift technique
described in section 4.1.4 to achieve a seamless transition between different reconstruction
stages.

increased density in the layer accompanied with a severely decreased density especially at

the interface below the layer. In comparison, the reconstructed volume in figure 4.18a)

is almost constant, even inside as well as around the layer. Only at the outer edge of the

layer structure, small regions with a slightly decreased and increased atomic density can

be observed. In contrast to the point projection technique, where the position and shape

of the layer inside the tip volume can easily be seen from the density fluctuations, the

reconstruction in a) does not allow to distinguish between layer and matrix in the density

92



4.1. A new reconstruction approach for emitters with rotational symmetry

(a)

(b)

(c)

matrix

high evaporation field

Figure 4.17.: Reconstruction of a layer structure with a higher evaporation field. Like in figure 4.16, the
detected emitter volume is shown in (a). The point projection approach illustrated in (b) again
shows a significantly varying layer thickness, which is clearly improved by the here presented
algorithm, as demonstrated in (c).

map.

For the high field case in figure 4.19, again by using the Bas approach (figure 4.19b)),

strong density variations cannot be avoided. The most prominent deviation from the correct

target value can be seen above the layer and at the outer edge, where the density is increased.

At the upper interface, the atomic density drops, which makes it possible to recognize the

shape of the reconstructed layer even with the help of the density plot. In a), it can be seen

that the new algorithm delivers an improved result. Nevertheless, it has to be admitted that

even for the new technique, regions with an increased density at the outer edges of the layer
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decreases with a decreasing ρDet , since the number of reconstructed atoms becomes less.

4.1.7. Reconstruction of experimental data of an AlN/Cu multilayer

structure

In this section, a final demonstration of the beneficial properties of the here developed

reconstruction technique is made by applying it to real experimental data. To this end, a

multilayer emitter structure is reconstructed and the result is compared to the reconstruction

achieved by the conventional geometric approach. The tip contained a AlN/Cu layer

structure with a layer thickness of 4 nm each. On top of the mentioned layer structure,

a chromium layer has been sputtered, in order to protect the underlying layers during a

focused ion beam treatment, carried out prior to the atom probe measurement. The tip

has been field evaporated with a laser-assisted atom probe. The laser power was set to a

relatively high value of 45 mW. The resulting data set contained approximately 16 million

detected atoms.

For both approaches, the input tip radius for the reconstruction was set to 43 nm and the

shank angle had a value of 10◦. The image compression factor was equal to 0.7. For the new

algorithm, the sampling parameters have been chosen to NP = 280000 and NR = 90000. A

6 nm thick slice through the middle of the reconstructed tip volumes for both techniques is

shown in figure 4.21. As it can be seen, the reconstructed tip volumes differ clearly. The

new algorithm delivers a varying lateral size due to the changing averaged evaporation field

of the involved species. The evaporation fields become important, since the calculated

surface profiles are scaled according to equation (4.11). The lateral scaling of the emitter

profile helps finding reasonable and relatively constant layer thicknesses.

Since the exact value for the evaporation field of aluminum nitride is unknown, it was

estimated to 40 V/nm. This large value was chosen because the density distribution of

events on the detector in the end of the measurement indicated that the evaporation field of

AlN must be higher than the evaporation field of silicon, which has a value of 36 V/nm.

The main difference between the two reconstructed volumes is the appearance of the

AlN/Cu interfaces and the AlN/Cr interface at the top. In figure 4.21a), the interfaces look

sharper, while in b), some of the copper layers intermix with the respective underlying

AlN layer in the center of the volume. The thicknesses of the copper layers in b) is

overall strongly varying in the direction perpendicular to the tip axis. In the center, the Cu

layers have their maximum thickness, but further away from the tip axis they appear to

be significantly thinner. At the edge of the volume, the thicknesses increase again. This

increase goes along with a diffuse interface shape. In general, the AlN layers seem to be

much thicker than the copper layers. In addition, the interface between the chromium layer
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strong compression in the case of the conventional method could be avoided by the new

reconstruction approach. The improvement is mainly achieved by the local lifting of the

individual profile rings, as it is described in section 4.1.4.

In both composition profiles a lack of nitrogen is observed. An overall calculation of the

amount of the different species delivers 56.1 at% of copper, 23 at% of aluminum, 7.1 at%

of chromium and only 13.8 at% of nitrogen. From stoichiometry, one would expect the

same amount of nitrogen as of aluminum. However, this lack of nitrogen is not related to a

failure of both reconstruction methods.

One reason for the lack of nitrogen could be the increasing temperature of the tip during

the experiment. Especially the copper could be heated up significantly due to the absorption

of energy from the laser. This would consequently yield an indirect heating of the AlN and

therefore, the amount of detected nitrogen decreases.

In the composition profile belonging to the conventional approach (figure 4.25), the

nitrogen content in the AlN layers is higher than in the reconstruction performed with the

new approach. But this observation can be explained by the clearly decreased density of

atoms in these layers, which can be seen in figure 4.21b). Since the amount of atoms in the

AlN layers is decreased, statistical fluctuations have a larger impact on the composition and

might therefore lead to seemingly more reasonable results. Nevertheless, because of the

low and inhomogeneous density, the reliability of the composition profile shown in figure

4.25 has to be questioned and the result achieved with the help of the new approach should

be considered as more reliable.

However, beside the impressive improvements of the here presented approach, some

drawbacks are still visible. In the outer part of the reconstructed volume, the layers are bent

upwards and the interfaces are not as clear as in the center. Additionally, also the atomic

density appears to be more inhomogeneous. At this point, it has to be emphasized again

that the new approach assumes a steady-state situation of the field evaporation process,

where the surface shape is constant for a certain amount of time. Unfortunately, the

field evaporation of a layer structure with thin layers and atomic species with strongly

varying evaporation fields never reaches a steady state. Due to the differences regarding

the evaporation field, the surface is constantly changing and therefore, the here presented

approach cannot be expected to yield perfectly flat layers.

Nevertheless, the quality of the reconstruction might still be further improved by a

more elaborated choice of the sampling parameters NP and NR. At this moment, the two

parameters are chosen to be constant during the reconstruction. Possibly, an oscillating

value for NP and NR could yield even better results for layer structures similar to the here

discussed example. In this way, the lack of a constant surface curvature might be moderated

and even the outer part of the volume might reveal more defined interfaces between the
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layers.

In conclusion, this section demonstrated the capability of the new reconstruction

technique to improve well-known artifacts of the conventional approach for the case of

emitter structures with rotational symmetry. For those cases, the new algorithm provides

a reasonable alternative to the established point projection technique and can easily be

applied to realistic data sets containing several millions of detected ions.

Of course, a more versatile technique, which would improve the reconstruction of any

kind of emitter structure regardless its degree of symmetry, is desired for the evaluation of

modern atom probe experiments. Since the above described concept has proven to yield

promising results in a reasonable time, the basic idea of extracting the emitter shape from

the measured density of detected events needs to be extended. In the next chapter, as a final

step of this work, such an approach is described and tested in a similar way, as it has been

done in this section.
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Remaining steps towards a general

reconstruction approach

In chapter 4, the clear improvement given by the new reconstruction algorithm has been

demonstrated. Nevertheless, those achievements are not yet the end of the story. Since the

approach introduced in section 4.1 is based on the assumption of the presence of rotational

symmetry, the technique is still not applicable to the reconstruction of arbitrary field emitter

structures. However, structures without rotational symmetry are very common. A simple

example of such a case is already given by a mono-atomic atom probe tip that is field

evaporated using laser pulses. Since the light hits the tip perpendicular to the axis, one

side of the tip will be illuminated (i.e. heated) more than the other [44]. This enhanced

introduction of heat at one side will very likely lead to a preferred desorption of material

[97].

Consequently, the field emitter will develop a shape, which has no rotational symmetry

and so the corresponding density of detector events can be expected to be biased. As an

example for such a situation, a snapshot of the simulation of a field emitter, which develops

an asymmetric shape similar to a laser-illuminated tip, is shown in figure 5.1. In figure 5.2,

the corresponding detector pattern is plotted. It is obvious that the presented algorithm in

chapter 4 cannot be applied in this case. A tip surface as shown in figure 5.1 is clearly

representing a very common situation, where the steady state can be described by an

asymmetric emitter shape. The radius of curvature in the direction of the laser illumination

is shown in figure 5.3, in order to support this statement. Left from the center, the curvature

is rather small, yielding a large radius of curvature. At the maximum of the surface, the

curvature has its highest value and consequently, the radius of curvature is significantly

smaller than the initial curvature radius of 30 nm.

The detector pattern belonging to the steady-state situation of the illustrated tip shown in

figure 5.2 underlines the influence of the asymmetric tip shape. If the density of events is
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smaller at 0° than at the opposite side at around 180◦. This effect becomes smaller in the

vicinity of the detector center, as it can be seen for the event density of the second ring.

In order to deal with a detector pattern like this, the reconstruction algorithm needs to be

able to identify the shape and location of the lines of constant emission angle θ around the

entire emitter surface. In the algorithm presented in section 4.1, these lines of constant

emission angle were simply given by circles, due to the assumed rotational symmetry. In a

situation, as it is shown above in figures 5.2 and 5.4, the description of these lines by a

circle no longer applies.

In the following, a technique designed to treat cases like the one described above is

discussed. In this concept, the idea of determining the emitter surface shape from the event

distribution is maintained. As a major improvement step, a relation between the event

density on the detector and the Gaussian curvature at the surface is derived, which helps to

find a reasonable description of the emitter surface shape.

5.1. A reconstruction approach for asymmetric emitter

structures

In the following, a general approach for the reconstruction of arbitrary emitter structures

will be presented. This approach is designed to calculate the emitter surface shape, which

shall be described by cylindrical coordinates. This means, the tip surface is described

by a radius r and an azimuth angle ϕ at each point. In order to define the surface, one

needs to know the radius r (ϕ) and the corresponding height h(r, ϕ). The approach still

assumes convexity of the emitter surface and a cylindrical shaft. Apart from that, no further

assumptions for the tip shape are required. The concept for the tip shape calculation has

been submitted within the scope of this work [13].

Like in the previous approach for the reconstruction of structures with rotational

symmetry, this technique also relies on the local density of detected events on the detector.

Furthermore, it is again assumed that the amount of evaporated material from a specific

location on the emitter surface is directly proportional to the projected area ai of this

particular surface region onto the emitter base. In contrast to the concept described in

section 4.1, the detector and the tip surface cannot be divided into rings. For a generalization

of the approach, detector and tip surface need to be divided into segments with a constant

angle increment ∆θ and ∆Φ on the detector, and ∆θ and ∆ϕ on the tip surface (see figure

5.5a) and b)). Since no rotational symmetry can be assumed, it is very important to

distinguish between the azimuthal emission angle ϕ and the azimuthal detection angle Φ.

In cases without rotational symmetry, the assumption that these angles are the same no
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ΔΘ

ΔΦ

ΔΘ

Δφ

ri , j, hi,j

(a) (b)

Figure 5.5.: For the generalized approach, a predefined segmentation of the detector and the tip surface is
required. In (a), the segmentation of the detector is illustrated. The sketch in (b) shows the
segmentation of the emitter surface into nodes with coordinates (ri, ϕ j, hi, j ).

longer applies.

Due to the fixed segmentation of the surface, in the following, the radius at the angle

θi and ϕ j will be denoted r (θi, ϕ j ) = ri, j and the height will be denoted h(ri, ϕ j ) = hi, j .

The radius of the individual surface points remains fixed, which means ri, j = ri. The task

of the generalized reconstruction technique is the determination of the height hi, j at each

surface node. To this end, a relation between the local value for the Gaussian curvature

K (θ,Φ) at the tip surface and the event density at the corresponding region on the detector

is needed. Given the knowledge about the curvature at discrete positions on the surface,

the corresponding heights can be adjusted accordingly.

First, the algorithm needs to identify the value for the local Gaussian curvature K (θ,Φ),

which is needed at the emitter surface at a position with a specific angular direction (θ,Φ).

In general, the Gaussian curvature is defined as the inverse of the product of the two main

curvature radii R1 and R2 of a curved surface:

K =
1

R1 · R2
. (5.1)

In practical terms, the Gaussian curvature of a convex emitter can also be seen as the ratio

between the “angular” surface dS = dα dβ (with the small angle increments dα and dβ)

and the corresponding area dA related to a certain surface segment, which yields

K =
dS

dA
. (5.2)
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As already mentioned in section 4.1.1, the number dN of evaporated ions from a surface

segment in a steady state is proportional to the projected area da = dA · cos(θ) onto the

emitter base:

dN =
∆z dA

Ω
· cos(θ). (5.3)

Here, Ω stands for the atomic volume (assumed to be constant in this case), and ∆z

represents the emitter shrinkage after the evaporation of N atoms.

Rearranging equation (5.3) for dA and inserting it into equation (5.2) yields

K =
∆z · cos(θ)

Ω

dS

dN
=

∆z · cos(θ)

Ω

1

ρD

. (5.4)

This equation represents a relation between the measured density of events ρD (θ,Φ) on

the detector and the Gaussian curvature K (θ,Φ) of the corresponding surface segment.

This relation can now be used for the determination of the height hi, j of each surface node

(represented by the red dot in figure 5.5b)).

In the following, an iterative algorithm developed for this task is described [13].

5.1.1. Iterative calculation of the surface profile

The relation between the Gaussian curvature and the density of events on the detector is

now used for the determination of a height profile, which describes the field emitter. As

it is shown in figure 5.5, detector and surface profile are split into individual nodes. The

density ρD (θ,Φ) is measured at each node on the detector. For any position between the

nodes, a simple linear interpolation is made.

The height values hi, j at each of the nodes need to be found, in order to describe

the emitter surface correctly. To this end, the emitter shape is initially described by a

hemisphere. The normal vector, given at each node on the surface, points into a specific

direction (θi,Φ j ) towards the detector. Consequently, at each node on the surface, a

certain target value for the Gaussian curvature K (θi,Φ j ) can be found with the help of

equation (5.4) and a continuous function for the detector density ρD (θi,Φ j ) (given by

linear interpolation). Once all target values for the curvature are known, the calculation of

the heights hi, j can start. This height calculation is done in cylindrical coordinates r and ϕ.

The cylindrical coordinates are linked to the detector coordinates θ and Φ via the normal
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vector ~n = (nx, ny, nz)T
= ∂h/∂r × ∂h/∂ϕ at each node on the surface:

tan(θ) :=

√

n2
x + n2

y

nz

(5.5)

tan(Φ) :=
ny

nx

(5.6)

With the help of differential geometry considerations and the description of the height by

h = h(r, ϕ), the Gaussian curvature can then be expressed by [98]:

K (θ,Φ) =

r2 ∂2h
∂r2

(

∂2h
∂ϕ2 + r ∂h

∂r

)

−

(

∂h
∂ϕ
− r ∂2h

∂r ∂ϕ

)2

(

r2
(

1 +
(

∂h
∂r

)2
)

+

(

∂h
∂ϕ

)2
)2

. (5.7)

The derivatives in equation (5.7) can further be expressed by the following approximations:

∂h

∂r
≈

h
(l)

i+1, j − h
(l)

i−1, j

2∆r
;

∂h

∂ϕ
≈

h
(l)

i, j+1 − h
(l)

i, j−1

2∆ϕ
(5.8)

∂2h

∂r2
≈

h
(l)

i+1, j + h
(l)

i−1, j − 2 h
(l+1)

i, j

∆r2
;

∂2h

∂ϕ2
≈

h
(l)

i, j+1 + h
(l)

i, j−1 − 2 h
(l+1)

i, j

∆ϕ2
(5.9)

∂2h

∂r ∂ϕ
≈

h
(l)

i+1, j+1 + h
(l)

i−1, j−1 − h
(l)

i+1, j−1 − h
(l)

i−1, j+1

∆r ∆ϕ
. (5.10)

The indices l and l + 1 in these expressions represents the height value at the iteration

step l or l + 1 of the height calculation process. It is very important to mention that the

height value at the following step l + 1 (which needs to be determined) only appears in the

unmixed second derivatives in (5.9). The insertion of equations (5.8-5.10) into (5.7) yields

a quadratic equation for the height h
(l+1)

i, j
in iteration step l + 1. This quadratic equation has

the solution

h
(l+1)

i, j
= −
δ

2
+

√

δ2

4
− ξ + β + α · K̂ (θi,Φ j ). (5.11)

The Gaussian curvature values K̂ (θi,Φ j ) in (5.11) are the result of a normalization given

by K̂ (θi,Φ j ) = γ · K (θi,Φ j ) (for the normalization factor γ see below). Furthermore, in
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this solution several abbreviations have been used:

α :=
∆r2
∆ϕ2

4 r2
i

·
*..,
r2

i

*..,
1 + *.,

h
(l)

i+1, j − h
(l)

i−1, j

2∆r

+/-
2+//-
+
*.,

h
(l)

i, j+1 − h
(l)

i, j−1

2∆ϕ
+/-

2+//-
2

(5.12)

β :=
∆r2

4 r2
i

·

*.,
h

(l)

i, j+1 − h
(l)

i, j−1

2
− ri

h
(l)

i+1, j+1 + h
(l)

i−1, j−1 − h
(l)

i+1, j−1 − h
(l)

i−1, j+1

∆r

+/-
2 (5.13)

ξ :=

(

h
(l)

i+1, j + h
(l)

i−1, j

)

·

(

h
(l)

i, j+1 + h
(l)

i, j−1

)

4
+

∆ϕ2 ri

8∆r
·

(

(

h
(l)

i+1, j

)2
−

(

h
(l)

i−1, j

)2
)

(5.14)

δ := −

(

h
(l)

i+1, j + h
(l)

i−1, j + h
(l)

i, j+1 + h
(l)

i, j−1

)

2
−

ri

4
·
∆ϕ2

∆r
·

(

h
(l)

i+1, j − h
(l)

i−1, j

)

(5.15)

The value for the Gaussian curvature K̂ (θi,Φ j ) can be obtained with the help of equation

(5.4) and the measured event density

ρ(θi,Φ j ) :=
N (θi,Φ j )

sin(θi) · ∆θ ∆Φ
(5.16)

Since the tip radius R0 is fixed and the overall projected surface area is given by π · R2
0, a

normalization step is required, so that the projected surface area matches the correct value.

To this end, the Gaussian curvature values given by equation (5.4) have to be multiplied

with a constant normalization factor γ, before the evaluation of the height values can be

performed. This normalization factor is given by

γ =


2 π

∫

0

π/2
∫

0

cos(θ) sin(θ)

K (θ,Φ)
dθ dΦ


·

(

π R2
0

)−1
. (5.17)

Starting with a hemispherical shape, in every iteration step, the height h
(l+1)

i, j
at each

position of the surface grid is evaluated with the help of equation (5.11). To this end, the

direction of the normal vector at each surface node position needs to be recalculated, in

order to enable the evaluation of the corresponding event density, which is required. Once

all new height values have been determined, these new values are set and the evaluation

of equation (5.11) for every node is repeated. This scheme is applied repeatedly, until

the height values have converged towards the equilibrium configuration with a sufficient

accuracy.

The here presented scheme cannot be applied to surface location for which no event
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density is measured. Since the FOV of an atom probe device is limited (to about 45◦ in

modern instruments), a reasonable boundary condition for these surface nodes is needed.

Two possibilities exist. Either the heights of the nodes at the boundary of the field-of-view

are fixed, or the directions of the respective surface normals at the boundary positions are

set to a constant value. In any case, it is difficult to choose a reasonable value for either the

heights or the normal directions at a maximum detection angle of 45◦, since these values

are unknown prior to the reconstruction.

To this end, it is reasonable to extend the number of nodes considered in the iterative

algorithm described above, so that all nodes until the maximum emission angle θmax = 90◦

are included. The boundary condition for the normal directions at an angle of 90◦, which

means at the very edge of the surface, is known at any time. At the edge of the surface, one

can be sure that the surface normals point into the direction with θi = 90◦.

The remaining question is how to deal with the unknown values for the Gaussian

curvature at the positions of the surface nodes outside the FOV. In this work it is assumed

that the Gaussian curvature for these nodes is given by the average curvature value of the

nodes inside the FOV. With this assumption, the iterative algorithm for the height value

calculation can be performed for every node at the surface, regardless, whether its normal

direction lies inside or outside the field-of-view.

5.1.2. Example calculation for an asymmetric emitter structure

In this section, the technique for the identification of the emitter surface shape described

above shall be tested. To this end, the FEV of an example emitter structure has been

simulated. The tip has an amorphous structure with a constant atomic density of 6 atoms

per cubic nanometer. In addition, the tip contains a cylinder volume with a different atom

type compared to the surrounding matrix. This cylinder has a radius of 8 nm and is shifted

8 nm away from the tip axis in lateral direction (see figure 5.6). In the following example,

the evaporation field of the atoms inside the cylinder volume (called “type 2” atoms in

the following) has been chosen to be 32 % higher than the evaporation field of the matrix

atoms (red atoms in figure 5.6).

Consequently, once the steady-state configuration of the tip surface has been reached,

the cylinder forms a protrusion at the tip apex. Due to this “defect” in the emitter shape,

local magnification occurs and the type 2 atoms reaching the detector cover a relatively

large area on the detector. At the same time, the density distribution on the detector in the

steady state clearly shows a reduced density of events, where the type 2 atoms are detected.

The density of measured events in the steady state of the field evaporation is shown in

figure 5.7. As it can be seen, the local magnification caused by the higher evaporation
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field of the cylinder atoms yields a circular shaped area with a decreased density. A closer

look to this low density area reveals a small density gradient towards the center of the

detector. Furthermore, the density at the interface between this circular area and the rest of

the detector rises sharply, which is mainly caused by the outward deflection of trajectories

at the interface between the cylinder and the matrix on the tip surface.

The clearly non-symmetric event density has now been taken into account, in order to

test the above presented concept for the shape calculation. The detector and the emitter

surface were divided into 18×32 nodes according to figure 5.5 (18 nodes in radial direction

and 32 nodes in azimuthal direction). As a first guess, the algorithm started with an initial

hemispherical shape of the surface. Then the curvature calculation and the subsequent

recalculation of the height of each node has been carried out. Meanwhile, the lateral

positions of the surface nodes have been kept constant. The process was stopped, as soon

as the largest observed height difference between iteration step l and l + 1 among all nodes

became smaller than a predefined threshold value of 0.1 %.

The resulting emitter shape is now compared to the original surface in the investigated

steady state. In figure 5.8, the calculated surface profile in the direction cutting through the

cylinder (the direction of the black arrow in figure 5.6b)) is plotted in red. For comparison,

the corresponding slice through the original tip surface is plotted in green. As it can be

seen, the asymmetric shape of the profile could be extracted from the detector density since

the calculated profile shows a slight protrusion on the right beside the tip axis. Nevertheless,

the result doesn’t match perfectly. Further improvements might be possible by finding a

more suitable boundary condition, which will be discussed later.

The capability of the new concept can be further underlined by the comparison of the

calculated profile shown in figure 5.8 with the profile in the perpendicular direction (blue

arrow in figure 5.6b)). In figure 5.9, this profile is shown and it is again plotted together

with the original surface profile. As it can be seen, the calculated profile in this direction

is symmetric to the tip axis. This could be expected, since the cylinder containing the

atoms with a higher evaporation field is not present in this direction. The most important

observation, which can be made in the figures 5.8 and 5.9, is the capability of the concept

to yield a realistic surface shape in different directions regardless the presence of symmetry

in the corresponding event density on the detector.

The improvement given by the new concept is better pointed out by the comparison of

the radii of curvature of the calculated and the original profile (see figure 5.10). The plot in

figure 5.10 impressively shows the similarity of the curvature radii of both the calculated

and the original surface profiles at different positions along the direction of the black arrow

in figure 5.6b). As it can be seen, left from the tip axis the curvature is lower than on the

right. It is even slightly lower than the initial curvature, which would yield a curvature
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the impact of local magnification effects and the issue of a strongly varying atomic density

can be improved in comparison to the standard technique.

The remaining task after the identification of the surface shape is the positioning of the

measured atoms on the surface. This can be done with the help of the previously described

Delaunay triangulation (see section 2.3).

First, for each node on the previously calculated emitter surface, the corresponding

detector position has to be identified with the help of the normal vectors. These normal

vectors are already known, since the surface profile calculation required their knowledge.

The detector positions, given by the linear projection of the normal vectors onto the detector,

can be connected by a Delaunay triangulation. The change of curvature on the surface

automatically translates into a varying size of the Delaunay triangles. The effect of the

low density of events on the triangulation caused by the cylinder contained in the emitter

volume, which is shown in figure 5.7, can be seen in figure 5.11. Due to the low density of

measured events, the curvature of the corresponding region on the tip surface increases.

This leads to a relatively large average distance of the projected points on the detector, and

therefore, to larger triangles in the resulting triangulation.

Once the mesh on the detector is known, it is a straightforward task to identify the

embedding triangle for every detected ion. Since each vertex of the Delaunay triangulation

is related to one of the nodes of the tip surface profile, it is immediately clear that each

individual detected ion needs to be positioned between the surface profile nodes belonging

to the respective Delaunay triangle. The final position ~ri for the atom i on the emitter

surface is given by a weighted sum of the positions ~p j of the surface nodes related to the

involved triangle in the detector mesh shown in figure 5.11.

~ri =

2
∑

j=0

ω j · ~p j . (5.18)

The weight factors ω j can be obtained in the same way as for the electric potential in

equation (2.31), using barycentric coordinates (see figure 5.12). To this end, the triangle

embedding a certain measured impact position (black triangle in figure 5.12) on the detector,

is divided into three smaller triangles (blue). These triangles are defined by two vertices

belonging to the black triangle and the impact position (red cross). For example, the small

triangle corresponding to the vertex p1 is given by the impact position and the two opposite

vertices p2 and p3. Given the overall surface area of the black triangle Atri and the areas of

the smaller triangles (T1,T2 and T3), the weight factors are simply obtained by calculating

the ratio values ω j = Tj/Atri.

In the given example, the triangles inside the area indicated by the red dashed circle in
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Figure 5.11.: Delaunay triangulation of the detector mesh, resulting from the linear projection of the normal
vectors from the calculated emitter surface onto the detector. The influence of the low density
region on the triangle sizes can be seen inside the red dashed circle.

figure 5.11 are clearly larger than the triangles left from this area. The increased triangle

sizes help to balance the influence of the reduced density of detected ions in this region of

the detector (see figure 5.7). Due to the larger sizes, more detected ions will be embedded

inside these triangles. Consequently, more atoms will be distributed to the corresponding

region in the reconstructed volume (see figure 5.13).

The result of a reconstruction of the emitter structure shown in figure 5.6 for the case of a

32 % higher evaporation field of the type 2 atoms is illustrated in figures 5.13a) and b). The

reconstruction has been performed by dividing the data set into smaller portions as it has

been proposed in section 4.1.2. The parameters NP and NR have been set to 200.000 each
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T1

T2

T3

p1

p2

p3

Figure 5.12.: Illustration of the determination of barycentric coordinates in a triangle. The weight factors in
equation (5.18) are given by the ratio of the areas of the triangles T1,T2 and T3 and the surface
area Atri of the black tiangle, embedding the detected ion impact position (red cross).

(the whole data set contained approximately 600.000 atoms). In this example calculation,

the emitter surface has been lifted rigidly according to equation (4.8), since the scheme

for the local lift of the surface presented in section 4.1.4 cannot be directly applied in the

absence of rotational symmetry. As the light blue bar in figures 5.13a) and b) indicates,

the width of the reconstructed cylinders varies significantly in both volumes. For the new

approach, the width amounts to 17.1 nm, whereas the point projection approach delivers a

width of 19.5 nm. As it can be seen in figure 5.6, the correct width is given by 16 nm.

A further look at the local atomic density in both reconstructions supports the beneficial

influence of the improved surface shape calculation included in the here presented approach.

In figure 5.14, a slice through both reconstructions from figure 5.13 is shown. The atoms

are colored according to the local atomic density at their respective position inside the

volume. In figure 5.15, the local density along the direction defined by the black arrow

in figure 5.6 is shown for both reconstructions. As it can be seen in figure 5.14b) and

figure 5.15, the conventional point projection approach yields a reconstructed volume with

a significantly lower atomic density in the cylinder volume, caused by local magnification.

In addition, the atomic density is increased in the center, next to the cylinder containing the

type 2 atoms, which is another consequence of the local magnification effect. In contrast

to this observation, the reconstruction in figure 5.14a), representing the result of the here

presented technique, has a much more homogeneous atomic density close to the desired

value of 6 atoms per cubic nanometer. Especially in the cylinder containing the type 2

atoms, the density does not drop as severely as in the case of the conventional reconstruction
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by different tip shapes might be difficult to distinguish. To this end, a further criterion

beside the local density of measured events on the detector might be needed in these rare

exceptional cases, in order to extract a reasonable description of the tip surface from the

measurement data.

Another open question is the possible consideration of calculated ion trajectories in

the reconstruction approach. Since it has been observed that effects caused by trajectory

overlaps can be repaired to some extent with the help of calculated ion trajectories, a more

complete technique should somehow include this feature.

One possibility might be the usage of trajectories in order to replace the projection

of the surface normals onto the detector, in order to observe the Delaunay mesh as it is

shown in figure 5.11. In this way, the problem of a rising instability of the reconstruction

might be sufficiently tamed, since the underlying surface is relatively smooth and extreme

deflections should be avoided. The trajectories could be expected to improve the volume

reconstruction slightly, especially in the vicinity of material interfaces.

Furthermore, the determination of the optimum sampling parameters NP and NR is

requiring a clear strategy. In the presented example cases, it turned out that a relatively

small value for NR is beneficial for the later reconstruction. However, a universal recipe

regarding the choice of these parameters is still not known.
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Summary

In this work a new reconstruction algorithm for the evaluation of atom probe tomography

data has been developed. The development process was split up into several different parts.

In a first test stage described in chapter 3, it was confirmed that the simulated field

evaporation process can be inverted by calculating realistic ion trajectories starting from

various positions on the current emitter surface. The possibility to perform a reconstruction

in a reversed form starting with the last detected atoms could be confirmed in section 3.1

for two very typical emitter structures, namely a layer structure and a structure containing a

spherical particle. In a first approach, the reconstruction has been done on a rigid lattice,

where a predefined selection of possible three-dimensional coordinates existed in each

reconstruction step. In this way, the possibility of misplacing an atom was effectively

discretized, which means that an atom could either be positioned at the exact former position

in the lattice or it could have been placed at one of the immediate neighbor positions.

Since this selection of predefined candidate positions cannot be easily made in the general

case without any information about the lattice structure of the specimen, the reconstruction

technique was enhanced in section 3.2. At this stage, the algorithm was allowed to position

the atoms everywhere on the tip surface without the restriction of a discretized lattice. Due

to numerical inaccuracies, which are inevitable to some extent, this approach delivered

unphysical results as it can be seen in figure 3.5. In order to avoid the appearance of strong

surface roughness and self-amplifying protrusions, a guidance was needed, informing the

algorithm about the quality of a possible reconstruction site.

To this end, a simple Lennard-Jones potential has been used in order to identify surface

position with a high number of neighboring atoms. In the following reconstruction step, the

algorithm choses the final resulting position from this set of local minimum values of the

inter-atomic potential. The application of this improved technique delivered very promising

results for small emitter structures as shown in figures 3.9 and 3.10. Despite the severe

difference regarding the evaporation fields of the involved atomic species, the layer structure

as well as the spherical precipitate could be reconstructed successfully. In addition, it
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turned out that the former fcc lattice structure could be recovered, even in the case of the

layer structure in figure 3.9, where the information got lost in the very beginning of the

reconstruction process (the bottom of the reconstructed volume respectively). Nevertheless,

a further investigation of the effect of the limited detector efficiency on the reconstruction

revealed serious challenges. The reconstructed volume of the precipitate structure from

figure 3.10, observed after randomly removing only 1% of the detected atoms from the

data set, already appears to be strongly distorted. The particle is still visible but the

lattice structure is already affected very strongly by the missing information, since the fcc

structure is lost, even at regions located pretty deep inside the bulk (see figure 3.10d)).

Given the fact that the detector efficiency in a realistic atom probe experiment is in the

range of 50% − 80%, dealing with the issue of missing atoms in the data set seems to be a

very complicated if not impossible challenge. In addition, the computational effort of the

improved technique presented in section 3.2 is to high by the time of this study, since the

amount of data from an APT measurement could easily reach numbers of a few hundred

million atoms.

Therefore, the second larger part of this thesis worked towards an alternative approach,

which is simply faster and less sensitive to missing information. In a first step, a complete

solution for a special kind of emitter structures could be developed. It is exclusively

intended to be applied to emitter structures given a rotational symmetry regarding the tip

axis. The approach doesn’t include the calculation of ion trajectories and simply assumes

a projection law for the ions according to equation (4.1). The most important difference

between this approach and the point projection approach by Bas and coworkers is the

capability of identifying a reasonable emitter surface shape with the help of the measured

event density on the detector. In other words, this technique is no longer based on the

assumption of a constant spherical emitter shape.

The surface is composed of a fixed number of pieces (rings) with a constant orientation

angle for which the lateral size needs to be adjusted according to the local detector density.

The procedure of building a reasonable description for the tip surface is performed several

times for different portions of data with a predefined size, which ensures the consideration

of changes regarding the emitter shape during field evaporation.

In a first version of this approach, the whole emitter surface is shifted upwards after each

reconstructed atom and the final atom position is defined by the equations (4.5), (4.6) and

(4.7). The approach turned out to represent a remarkable improvement of the reconstruction

of an amorphous structure with a spherical particle with either a substantially lower or

higher evaporation field than the surrounding matrix. The size aspect ratio of the particle

could be recovered impressively well in all cases, especially in direct comparison with the

result of the traditional point projection approach (see figures 4.7 and 4.8).
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Nevertheless, the atomic density of the reconstructed volume still varied significantly in

the vicinity of the particle/matrix interface. The reason for these density fluctuations is

most probably the assumption of a steady state of the tip shape, which is clearly not true

during a transition stage, when the particle covers a growing (or shrinking) amount of the

full emitter surface.

Therefore, the approach has finally been improved in order to better account for these

transition situations occurring during field evaporation. The calculated emitter profiles,

initially intended to be rigid, were broken up. Consequently, each segment of the height

profile was allowed to be lifted independently and just according to its lateral size and the

amount of associated detected material. Meanwhile, the orientation angle of each segment

is kept constant. This approach can be seen as a compromise because on the one hand, it

slightly contradicts the basic concept of the new approach, but on the other hand, it turned

out to improve the homogeneity of the atomic density drastically as it is illustrated for

example in figure 4.14.

The outlined reconstruction approach is sufficiently fast, which means it could routinely

be used for the reconstruction of experimental data sets with an expected rotational

symmetry (for example layer structures). This has been shown for the experimental

example of a Cu/AlN layer structure in section 4.1.7. Even the well-known experimental

challenge of a limited detector efficiency (typically in the range between fifty to eighty

percent) does not diminish the capability of the technique to deliver reliable reconstructions.

This claim is supported by numerical experiments carried out in section 4.1.6.

Lastly, the limitation of the algorithm to emitter structures with rotational/axial symmetry

has been overcome in section 5.1. A new approach for general tip structures has been

developed. This technique also calculates the emitter surface profile from the local event

density on the detector. In contrast to the rotational symmetry approach, this technique

uses a direct relation between the local event density and the Gaussian curvature of the

emitter surface in a particular angular direction.

With the help of a finite difference method, the required Gaussian curvature is iteratively

set at each surface position. This iterative procedure yields a reasonable result for the

description of the emitter surface. The final reconstruction can be performed by the linear

projection of the the normal vectors on the calculated surface onto the detector. The

intersections of these projection lines with the detector plane yield a mesh, which can be

connected by Delaunay triangles. Finally, for every detected ion, the surrounding triangle

is identified and the position of the detected atom in the reconstructed volume is given by a

weighted sum of the surface nodes belonging to the corresponding Delaunay triangle on

the detector.

In summary, the presented reconstruction technique can be judged as a significant
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improvement. Apart from minor adjustments, e.g. the issue of a local lift of the emitter

volume in the final reconstruction approach described in section 5.1, the algorithm is

ready to be used as a new standard technique. Once these refinements have been done,

the conventional point projection approach can be fully replaced by the new concept and

the issue of local magnification effects and strong density fluctuations could be drastically

reduced in practical atom probe work.
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Appendix A. Geometric reconstruction of important example structures

(a)

(b)

Figure A.1.: Results for the reconstruction after applying the standard geometric approach to the precipitate
structure shown in fig. 3.2 for the high field precipitate case in a), and the low field precipitate
case in b).
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(a)

(b)

Figure A.2.: Results for the reconstruction of the layer structure shown in fig. 3.2 for the high field case in
a), and the low field case in b).
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Appendix B. Influence of the limited detector efficiency
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Figure B.1.: Reconstructions for different detector efficiencies in the low field case described in 4.1.6.
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Figure B.2.: Reconstructions for different detector efficiencies in the high field case described in 4.1.6.
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Appendix B. Influence of the limited detector efficiency
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Figure B.3.: Atomic densities for the reconstructed volumes in the low field case described in 4.1.6.
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Figure B.4.: Atomic densities for the reconstructed volumes in the high field case described in 4.1.6.
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