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In der Thermo-Fluiddynamik ist es wie im wahren Leben:

”
Es hängt alles irgendwie zusammen. Sie können sich am Hintern ein Haar aus-

reißen, dann tränt das Auge.“

Dettmar Cramer
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Kurzfassung

Toxische Treibstoffe in Lageregeltriebwerken werden zukünftig durch umweltfreundliche

Alternativen ersetzt. Flüssigsauerstoff (LOX, von engl. Liquid Oxygen) kann als

Oxidator verwendet werden, aber die vakuum-nahen Bedingungen des Weltalls führen zu

einer schnellen Expansion in einen überhitzten Zustand wenn LOX in die Brennkammer

gespritzt wird. Der Zerfall des Flüssigstrahls durch die resultierende Nukleation und

das Wachstum von Dampfblasen wird Flashverdampfung genannt. Die relevanten

Prozesse treten typischerweise bei kleinen Längen- und Zeitskalen auf und müssen in

makroskopischen Strömungssimulationen der gesamten Brennkammer modelliert werden.

Die Eigenschaften des erzeugten Sprays hängen sowohl von den Blaseninteraktionen als

auch von der Strömungsform in der Einspritzdüse und im Jet stark ab. Die aktuellen

Modelle zur Beschreibung der Flashverdampfung berücksichtigen diese Effekte nicht

explizit. Das am häufigsten verwendete Modell ist das Homogeneous Relaxation Modell

(HRM). Eine zusätzliche Erhaltungsgleichung beschreibt den Massenbruch der Dampf-

phase und der Phasenwechsel wird als Relaxation der überhitzten Flüssigkeit in den

Sättigungszustand modelliert. Durch die Dampfentstehung kommt es zur für Flashver-

dampfung typischen schnellen Strahlexpansion. Alternativ kann das Spray auch mit

einem Euler-Lagrange-Ansatz modelliert werden, bei dem die Tropfen als Massepunkte

betrachtet werden. Dabei müssen alle relevanten Sprayeigenschaften, wie Tropfengrößen-

und Geschwindigkeitsverteilungen, vorab bekannt sein. Beide Simulationsstrategien

liefern keine Information über Blasendichten und -größen. Mit Hilfe detaillierterer

Modelle (z.B. Zweigleichsungsmodelle) können diese Eigenschaften abgeleitet und damit

der Informationsgehalt makroskopischer Simulationen erhöht werden. Die erforderlichen

Schließungsbedingungen müssen die räumlich und zeitlich nicht aufgelöste Blasenex-

pansion im Strahlkern modellieren. Das Hauptziel der vorliegenden Arbeit ist deshalb

eine Quantifizierung der Wachstumsraten und der Interaktion von Dampfblasen, die zur

Entwicklung der Feinstrukturmodelle z.B. in Zweigleichungsmodellen verwendet werden

können. Die zugrundeliegenden Prozesse können mit direkten numerischen Simulatio-

nen (DNS) analysiert werden, wenn der Strömungslöser Phasenwechsel bei extremen

Umgebungsbedingungen erfassen kann. In dieser Arbeit wird ein voll-kompressibler Code

verwendet, der die diskontinuierliche Galerkin-Methode zur räumlichen Diskretisierung

XVII



Kurzfassung XVIII

der Erhaltungsgleichungen verwendet. Die Level-set-Methode erfasst die Phasengrenze

und Riemann-Löser bestimmen die numerischen Flussfunktionen zwischen benachbarten

Rechenzellen.

Im ersten Teil der Arbeit werden Schließungsbedingungen für die Modellierung der

Verdampfungsmassenflüsse im Hinblick auf das Blasenwachstum beurteilt. Das Wachstum

einer einzelnen Blase dient als Referenzfall für die Kalibrierung der Verdampfungsmo-

delle und die Validierung des DNS-Lösers. Drei verschiedene Verdampfungsmodelle

werden verglichen. Die Herz-Knudsen-Relation und eine kinetische Relation sagen die

Volumenexpansion einzelner Blasen gut voraus, können aber den zeitlichen Verlauf des

Massenflusses nicht widerspiegeln. Ein Feinstrukturmodell für den Wärmestrom liefert

qualitativ bessere Ergebnisse für den Massenfluss, aber die volumetrische Expansion

stimmt nur am Ende der Simulation mit der Referenzlösung überein. Die Abhängigkeit

der Modellkoeffizienten von den physikalischen Bedingungen ist für die verschiedenen

Verdampfungsmodelle ähnlich.

Im zweiten Teil der Arbeit wurden DNS von Blasengruppen durchgeführt und die

resultierenden Wachstumsraten mit den Standardmodellen für Einzelblasenwachstum ver-

glichen. Die Berechnungen zeigen, dass Dampfblasen im inneren des Strahls langsamer

wachsen als an der Oberfläche. Die Blasenradien fallen mit zunehmendem Abstand von

der Strahloberfläche ab. Das Wachstum im Strahlkern ist um 70% reduziert und hat damit

einen vernachlässigbaren Einfluss auf die Gesamtexpansion. Das reduzierte Wachstum ist

eine Folge der wechselwirkenden Druckfelder um benachbarte Blasen. Die Ergebnisse sind

in einem weiten Parameterbereich qualitativ vergleichbar und eine empirische Gleichung

wird vorgeschlagen, die die lokalen Blasenwachstumsraten als Funktion des lokalen Drucks

abschätzt.



Summary

Toxic propellants used in orbital manoeuvring systems are to be replaced by environ-

mentally less harmful alternatives. Liquid oxygen (LOX) can be used as oxidizer but

the near vacuum conditions of outer space lead to a fast expansion into a superheated

state when LOX is injected into the combustion chamber. The disintegration of the

liquid jet is driven by bubble nucleation and growth, which is - under given conditions -

called flash boiling. These processes typically occur at small length and time scales and

need to be modelled in macroscopic simulations of the entire combustion chamber. The

properties of the generated spray strongly depend on the dynamics of the interacting

bubbles as well as the flow patterns in the nozzle and in the jet. The state-of-the-art

models for flash boiling do not explicitly account for these effects. The most commonly

used model in the context of Euler-Euler simulations is the homogeneous relaxation

model (HRM). An additional transport equation represents the vapour mass fraction and

the phase transition is modeled as a relaxation of the superheated liquid to saturation

conditions. The vapour generation yields the fast expansion typical for flash boiling

jets. Alternatively, the spray can be modeled with an Euler-Lagrange simulation

directly accounting for the droplets as point mass. Here, all relevant properties such as

droplet sizes and velocity distributions have to be known a priori. In both simulation

strategies information on bubble densities and bubble sizes is not available. With

the aid of more detailed models (e.g. two equation models) these properties can be

derived increasing the data content of macroscopic simulations. The required closure

conditions need to model the spatially and temporally unresolved bubble expansion

in the jet core. Therefore, the main objective of the present work is a quantification

of bubble growth rates and bubble-bubble interactions that can be used to develop

sub-models e.g. for two equation models. Direct numerical simulations (DNS) can be

used to analyse the underlying processes if the solver handles phase transition effects

at extreme ambient conditions. This work uses a fully compressible discontinuous

Galerkin solver for space discretisation. The level-set method captures the phase interface

and Riemann solvers determine the numerical fluxes between adjacent computational cells.

In the first part of the work closure conditions for the mass transfer models are
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assessed with respect to vapour bubble growth. The growth of isolated bubbles serves

as a reference case to calibrate the vaporisation models and to validate the DNS solver.

Three different vaporisation models are compared. The Hertz-Knudsen relation and

a kinetic relation predict the volumetric expansion of a single bubble well but cannot

represent the instantaneous mass flux. A sub-grid scale heat flux model predicts the

mass flux qualitatively better but the volumetric bubble expansion matches only at late

time intervals. The dependency of the calibrated coefficients on the physical conditions is

similar for the different vaporisation models.

In the second part, DNS of bubble clusters are conducted and the resulting growth rates

are compared to the standard models for single bubble growth. The computations show

that vapour bubbles grow more slowly in the center of a jet than at its surface. The bubble

radii exponentially decrease with distance from the liquid jet interface and growth rates are

reduced by more than 70% in the centre of the jet such that their volumetric growth can be

neglected for the computation of the jet expansion. The reduced growth can be associated

with the interactions of the pressure fields surrounding the bubbles as the liquid pressure

increases due to bubble growth and vaporisation. The degree of superheat is locally

reduced and bubbles grow at a smaller rate. The results are qualitatively comparable

across a wide parameter range and an empirical correlation is derived estimating the local

growth rates based on the local pressure field.



Chapter 1

Introduction

In the digital era earth orbitting satellites affect the daily life of most people to a

great extent. Mobile internet coverage, television signals, navigation and weather

forecast are only few examples for the use of orbit satellites [75]. Starting in 1957

the number of satellite launches continuously increased. Following the database

of the Union of Concerned Scientists (UCS) a total number of 1886 satellites

are currently operating in the earth orbit [1], 389 of them launched in 2017 [2].

Important components of all satellites are the reaction control system (RCS) and

the orbital maneuvering system (OMS) responsible for attitude control, reboost

or re-entrance into the atmosphere [108]. Depending on the demands to total

thrust and life time different types of thruster can be used as RCS or OMS. One

thruster type relies on chemical propulsion where the exhaust gases of a combustion

process provide the necessary impulse to the space device. Hypergolic substances

are popular propellants because fuel and oxidizer spontaneously react and burn at

a high rate. The thruster does therefore not require an ignition system reducing

its weight and complexity. However, hypergolic propellants are toxic resulting in

high ground handling costs and environmental hazards. For this reason current

research focusses on the replacement of fuel and oxidizer by environmentally more

friendly alternatives [67]. One possible combination is gaseous methane and liquid

oxygen (LOX). Besides the nontoxicity the high specific impulse performance Isp is

beneficial [67]. However, using LOX as the oxidizer yields challenges in the design

of the injection system and the control of the combustion in the chamber: The

cryogenic oxygen is still liquid when it is injected into the combustion chamber, the

disintegration of the LOX jet controls the mixture with the fuel and determines the

prospects of successful ignition events. Satellite thrusters operate under the near

vacuum conditions of outer space. The pressure in the combustion chamber will be

1
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below the saturation pressure of the LOX causing a spontaneous phase transition

from liquid to vapour. This process is called flash boiling and it controls the

disintegration of the LOX jet and its break-up into small droplets. Designing the

injection system of a satellite thruster with an efficient and well-defined combustion

requires a precise prediction of the spray properties (droplet size distribution,

velocity fields, penetration depth). However, universal models for flash boiling

do not exist because it depends on a variety of parameters and the involved

physical processes interact in multiple ways. Several flash boiling regimes exist

and the characteristic properties of the generated sprays vary significantly. The

development of injection systems which optimally exploit the advantages of flash

boiling in the spray generation process is therefore extremely difficult.

Computational Fluid Dynamics (CFD) can aid the design process but the

requirements to the flow solver are high. The major aspects of flash boiling are

the nucleation and the growth of vapour bubbles [102]. The change from liquid to

vapour results in a strong expansion because the ratio between liquid density and

vapour density is typically high. The jet volume strongly increases and the liquid

core will burst once the vapour bubbles merge [103]. Despite the ever-increasing

computational resources a full resolution of all these processes on an industrial

scale will not be possible in the near future. Lamanna et al. [58] conducted

experminents on flash boiling of LOX jets and the test conditions at 113 K illustrate

the challenges for the computation: The radius of the smallest bubbles at these

conditions is of the order of 20 nm. If a bubble is initially resolved with ten cells

across its diameter, 250.0003 cells are required to discretize a cube of 1 mm3 with

an equidistant mesh. Even with mesh stretching or adaptive mesh refinement

strategies a simulation of the entire combustion chamber of a satellite thruster

is unfeasible and suitable models for the unresolved dynamics of vapour bubbles

are to be found. Models for single bubble growth exist [80, 81, 85] but they are

not necessarily applicable to cases where multiple bubbles can interact. This was,

e.g., observed by Kitamura et al. [53]. They defined a criteria for the onset of

flashing based on bubble growth rates but they found that measured growth rates

deviate from the theoretical growth rates. Therefore, a better understanding and a

quantification of bubble interaction effects can improve the existing models.
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1.1 Goals of the present work

This work is part of the Collaborative Research Centre SFB-TRR 75
”
Droplet Dy-

namics Under Extreme Ambient Conditions“ of the German Research Foundation.

Within one of the sub-projects the German Aerospace Centre (DLR) in Lampolds-

hausen is conducting experiments on LOX jets under flash boiling conditions. The

present work is part of the numerical partner project. The mid-term goal of the

numerical investigation is the simulation of flash boiling with the aid of large-eddy

simulations (LES). An LES of flash boiling requires, however, suitable sub-scale

models that account for the expansion of the vapour bubbles. Therefore, the main

goal of the present thesis is a quantification of the bubble-bubble interactions in

superheated LOX jets. For this purpose direct numerical simulations (DNS) of

the vapour bubble growth in the jet are conducted. This configuration inherently

requires a flow solver which is able to treat two-phase flows and phase change. More-

over, compressiblity can affect flash boiling and needs to be taken into account for

the computation. This yields the following objectives for the present investigation:

1. The assessment of simulation strategies for the DNS of vapour bubbles with

a fully compressible solver. The simulation of single bubble growth serves

as a reference case for the code validation. The sensitivity of the DNS to

numerical parameters is investigated. Two different equations of state and

three vaporisation models are evaluated. The parameters of the vaporisation

models are calibrated comparing the growth rates to analytical models for

bubble growth using several physical conditions.

2. Design and assessment of suitable simulation setups. The previous section

discussed the computational demands for the simulation of bubble growth

in liquid jets. The use of simplified geometries and generic configurations

reduces the computational cost. These geometries need to capture the essential

physical aspects and allow to cover a wide parameter range. Therefore the

influence of the comptutational domain on the resulting bubble growth rates

is compared for three different setups with an increasing level of detail.

3. Quantification of expansion rates of multiple interacting bubbles. One geomet-

rical setup is used to quantify bubble growth rates for a wide range of physical

parameters. Thereby, the deviation to the single bubble solution is evaluated

as functions of the distance to the jet surface and of the local pressure. Finally,

these results are used to suggest an alternative model for flash boiling jets.
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1.2 Thesis outline

Chapter 2 provides the theoretical background including fundamental thermody-

namic and fluidmechanical aspects, a literature survey on flash boiling along with

a phenomenological description of the underlying processes. Moreover, Ch. 2 sum-

marises the state-of-the-art simulation strategies for flash boiling and for compress-

ible two-phase flows with phase transition. The governing equations as well as the

physical models used for the present computations are discussed in Ch. 3 and the nu-

merical methods are introduced in Ch 4. Chapter 5 contains results from case studies

using simple geometries. They are important to analyse fundamental characteristics

of the flow solver and to define the reference conditions of the investigation. Firstly,

the properties of compressible two-phase flows are discussed using the example of a

half-open shock tube. Secondly, a semi-analytical model is used to investigate the

growth of single spherical bubbles and to quantify the growth rates for the present

operating conditions. This reference solution is used to validate the numerical solver

in the last section of Ch. 5. A detailed investigation of possible closure conditions

for the vaporisation modeling in the DNS of single bubbles follows in Ch. 6 and the

findings are used to analyse the growth of multiple interacting bubbles with the aid

of DNS in Ch. 7. The thesis is concluded with a summary on the conducted work

and an outlook on future research goals in Ch. 8.



Chapter 2

Theoretical background

The present work deals with the physical phenomenon called flash boiling, its mod-

eling and simulation. The term boiling indicates that at least two distinct phases are

involved ´ a liquid phase and its vapour ´ where the liquid undergoes a phase tran-

sition. Section 2.1 summarises the thermodynamic fundamentals which characterise

the processes involved in flash boiling. Section 2.2 describes some important aspects

of nozzle flows and jet break-up. On the basis of these theories and by reviewing

experimental observations Sec. 2.3 describes flash boiling phenomenologically. Sec-

tion 2.4 presents the state-of-the-art models for the macroscopic simulation of flash

boiling and deduces the simulation strategy for the present work.

2.1 Thermodynamic fundamentals

2.1.1 Thermodynamic states of liquids and gases

Several properties characterise the thermodynamic state of a fluid. Important ther-

modynamic state variables are the pressure p and the temperature T . They define

the ambient conditions of a thermodynamic system and allow to determine further

state variables from equations of state (EOS) [7]. Generally, only two state variables

might be set independently and all other properties are coupled by the EOS. The

thermal EOS correlates p and T with the density ρ or the specific volume v “ 1{ρ.

Phase diagrams help to assign the thermodynamic state of a substance to certain

regimes. Figure 2.1(a) depicts a schematic p-v-diagram. The saturation curve is

shown in red with the liquid saturation line on the left and the vapour saturation

line on the right. The area below the saturation curve represents the two-phase

mixture generated when the liquid vaporises. Stable subcooled liquid and stable

5
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(a) The area below the saturation curve
(red line) represents a mixture of liquid and
vapour during phase transition.
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vapour
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cooled

liquid

T=const.

sat.         

vapour

saturated

liquid

unstable 

region

metastable liq. metastable vap.

(b) Pure liquid or pure vapour can exist
below the saturation curve in metastable
states.

Figure 2.1: Vapour pressure diagram for different regimes.

superheated vapour exist on the left and right side of the saturation curve, re-

spectively. The saturation temperature Tsat “ fppq or equivalently the saturation

pressure psat “ gpT q define the saturation curve and represent the threshold for the

onset of a phase transition. The two-phase zone in Fig. 2.1(a) represents a mixture

of boiling saturated liquid and saturated vapour.

The specific internal energy e is another important state variable and describes

the energy of a quiscent fluid without potential energy [7]. For a given pressure and

temperature a caloric EOS determines the internal energy e according to a certain

reference state. The absolute value of e depends on the choice of this reference

point and only changes in e can be determined exactly. The specific enthalpy h was

introduced for the description of open systems and it is defined by

h “ e` pv. (2.1)

When the thermodynamic state of a fluid changes during an open flow process the

change in the term pv accounts for the volume work [7]. If the boiling liquid and the

saturated vapour of a two-phase system share the same temperature and pressure,

the system is in thermodynamic equilibrium. The specific enthalpy h is thereby

higher in the vapour than in the liquid. This difference is called the latent heat of

vaporisation and it is defined by

hfg “ hvap ´ hliq. (2.2)

The vaporisation of a liquid needs an energy supply allowing for the enthalpy rise
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and increasing the total energy of the vaporised fluid. In technological processes the

energy is supplied, e.g., in form of heat. During the vaporisation the temperature

is then constant because the supplied heat solely increases the enthalpy (see the

dash-dotted arrows in Fig. 2.1(a)).

Under certain conditions a pure liquid or a pure vapour state can be found below

the saturation curve. These states are then called metastable because they seek a

phase transition for returning into stable conditions. Figure 2.1(b) shows a corre-

sponding phase diagram. The metastable states are enclosed by the saturation and

spinodal lines (dashed black lines). The spinodals define the limit for the maximum

superheat and subcooling on the liquid and vapour sides, respectively. The area

enclosed by the spinodals represents thermodynamic unstable states which cannot

exist. Vaporisation of a superheated liquid may also occur without a further exter-

nal energy supply. The increase of the enthalpy when the liquid becomes gaseous

results in a cooling of the remaining liquid. Thereby, the superheated liquid relaxes

to a stable saturated state. If no heat is supplied from external sources vapori-

sation continues until the remaining liquid has cooled down to saturation conditions.

2.1.2 Nucleation of vapour bubbles

The previous section discussed the vaporisation from a macroscopic point of view.

The liquid and the vapour are considered as a homogeneous two-phase mixture (Fig.

2.1(a)) or as homogeneous individual phases (Fig. 2.1(b)) with phase transition

being a global process. On a microscopic level vaporisation occurs locally at the

interface between liquid and vapour. Here, not only the interfaces inherently defined

by the geometrical configuration are important. In the context of vaporisation,

the formation of new interfaces by bubble nucleation is a crucial aspect because it

increases the total interface area and therefore allows for higher total vaporisation

rates.

The nucleation describes the formation of the first stable vapour bubbles within

the liquid. In the present work the two-phase system is regarded in the sense of Fig.

2.1(b). If the liquid lies within the metastable range it is in tension [14]. This ten-

sion is defined as the pressure difference ∆pliq between the saturation pressure at the

local liquid temperature psatpT q and the local liquid pressure pliq. It can rupture the

liquid to form finite vapour voids [14]. Homogeneous and heterogeneous nucleation
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are two regimes characterising the formation of bubbles. Homogeneous nucleation

occurs within the bulk liquid as a result of stochastic fluctuations associated with

the thermal motion of the molecules. Heterogeneous nucleation instead occurs at

small inclusions. This can be gas impurities at a solid wall, dissolved gas or particles.

Heterogeneous nucleation typically occurs at smaller ∆pliq and is more relevant in

engineering applications. However, flash boiling may also be determined by homo-

geneous nucleation as will be discussed in Sec. 2.3. For the physical description

of vaporisation processes two important aspects within the nucleation theory are

the nucleation rate and the properties of the stable bubbles. The nucleation rate

determines the number of stable bubbles generated per unit time and unit volume

and therefore the bubble number density after a certain time interval. There is no

model equation that is universally valid, depending on the theory the estimated nu-

cleation rates in the literature may vary considerably and the present work uses the

nucleation rates as a free parameter. Therefore, the different nucleation theories and

possible model equations are not detailed further within this chapter. The reader is

refered to the work of Blander and Katz [13], Oxtoby [72] or Brennen [14] for fur-

ther theories. In contrast, the properties of the stable bubble nuclei are important

for the present work because they define the initial conditions of the simulation.

Common assumptions are that the liquid and the vapour are in mechanical and

thermodynamic equilibrium. Mechanical equilibrium exists if the surface tension

force balances the pressure difference between liquid and vapour such that

2σ

R
“ pvap ´ pliq, (2.3)

holds. Here, σ and R are the surface tension coefficient and the bubble radius,

respectively. The liquid pressure is equal to the ambient pressure p8. In thermody-

namic equilibrium the liquid and the vapour share the same temperature and the

same chemical potential, respectively, viz. Tliq “ Tvap “ T8 and µch,liq “ µch,vap.

Carey [16] used these conditions and the Gibbs-Duhem equation to obtain the pres-

sure of the vapour in the bubble:

pvap “ psatpT8qexp

ˆ

vliqppliq ´ psatpT8qq

RT8

˙

. (2.4)

This pressure is smaller than the saturation pressure at the ambient temperature.

In a p-v-diagram as given by Fig. 2.1(b) the resulting state can be assigned to the

right of the saturation curve in the superheated vapour range. Inserting Eq. (2.4)

into Eq. (2.3) gives the initial radius of a nucleated bubble. The pressure in the
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bubble is often simplified to pvap “ psatpT8q and this simplification is also used in

the remainder of this work. These conditions are further discussed in Sec. 5.2.1.

2.2 Nozzle flow and liquid jets

The following section describes the injection of a liquid into a gaseous atmosphere.

A large body of literature exists and the following theory is mainly based on the

book chapter of Fritsching in the Multiphase Flow Handbook by Crowe [38]. Figure

2.2 shows the general setup with the liquid tank on the left and the injection

chamber on the right side. The tank pressure is higher than the chamber pressure

pushing the liquid through the nozzle into the chamber. Given that there is no

phase transition the liquid pressure drops along the nozzle and it will be equal to

the chamber pressure at the orifice. When the liquid exits the nozzle it generates

a free surface to the gaseous atmosphere and it is called a liquid jet. Interactions

between the jet and the gas phase trigger instabilities, the surface deforms and

ligaments and droplets separate from the jet volume. This process is called primary

jet atomisation. The secondary atomisation describes the break-up of ligaments

and larger droplets into smaller droplets. Characteristic properties of this jet

disintegration are the length of the liquid core, the spreading angle of the generated

spray as well as the size and the velocity distribution of the liquid droplets. In the

field of spray combustion different factors matter. It is generally intended to have

a fast vaporisation and mixing of the fuel with the oxidizer because it enhances the

combustion efficiency and avoids pockets of rich mixtures leading to incomplete

combustion. On the one hand, a large spray angle indicates fast distintegration of

the liquid jet into small droplets with a good mixture formation. Smaller droplets,

in turn, facilitate a fast vaporisation because the surface-to-volume ratio is higher.

Liquid core

Interaction between

liquid jet and gas Interaction between

droplets and gas
Nozzle

Tank

Figure 2.2: Principal sketch for liquid jets injected into gas atmosphere.
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On the other hand, liquid droplets my impinge on the walls of the injection

chamber where they form films and decrease the combustion efficiency. For similar

reasons the length of the liquid core is important. With an increasing length of the

liquid core, the liklihood of droplet impact on the chamber wall in axial direction

increases. Moreover, a long liquid core indicates poor jet disintegration with fewer

but larger droplets. The droplet sizes vary for one certain configuration. The

average droplet diameter is characterised by the Sauter mean diameter (SMD). In

the absence of phase transition inertial forces, friction and surface tension control

the jet break-up. Different regimes exist depending on the ratio of these mechanical

forces summarised by the Reynolds number Re, Weber number We and Ohnesorge

number Oh. Further details on the mechanical jet break-up are found in the

relevant literature [38, 95]. They are not further discussed here because they are of

minor interest for the present computations.

2.3 Phenomenological description of flash boiling

Phase change introduces additional aspects to the jet atomisation. If the liquid

temperature exceeds the saturation temperature for the local pressure the liquid

vaporises. A sudden pressure drop may superheat the liquid below the saturation

pressure. In this case the phase transfer rates are typically higher than compared

to vaporisation at saturation conditions by an external heat supply. The enhanced

phase transition of a superheated liquid is called flash boiling. Figure 2.3 depicts

the simplified setup and outlines some of the key aspects of flash boiling jets with

respect to the theories of Secs. 2.1 and 2.2. A storage tank contains a subcooled

liquid at the injection pressure p0 (state A). The liquid passes the nozzle and the

pressure drops to the ambient pressure p8. If p8 is smaller than the saturation

pressure at the ambient temperature psatpT8q the liquid becomes superheated (state

B, see Sec. 2.1.1) and vapour bubbles will spontaneously nucleate (state C, see Sec.

2.1.2) [102]. The low pressure conditions in the expansion chamber (state D) allow

bubbles to grow, the liquid jet will strongly expand and break up into droplets once

the bubbles merge [103]. The superheat ratio

Rp “
psatpT8q

p8
(2.5)
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Nozzle

Figure 2.3: Simplified setup for a flash boiling jet. A sub-cooled liquid (state A)
will be injected into a low-pressure environment (state D). The liquid will expand
to a superheated state B allowing for spontaneous bubble nucleation at state C.

measures the deviation of the superheated liquid to its saturation state. Compared

to mechanical jet break-up droplet sizes are typically smaller and spray angels are

larger. The droplet vaporisation improves resulting in a more stable ignition within

a combustion chamber [102]. However, the characteristics of the spray generated by

flash boiling, such as droplet sizes, spray angle and penetration length, are difficult

to predict due to the complex interactions of the parameters involved. The essential

physical quantities controlling the spray generation are the nucleation rate and the

bubble growth rate [8, 102]. They depend on a variety of parameters and a great

effort has been spent on the experimental investigation of flash boiling in order to

identify different regimes and the underlying mechanisms.

Oza [73] classified flash boiling into an internal and an external mode. While

appreciable bubble nucleation and growth within the nozzle characterises internal

flash boiling, pure liquid exits the orifice in the case of external flash boiling. Brown

and York [15] conducted one of the pioneering studies. They investigated the
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(a) Mechanical break-up [53].

(b) Flash boiling [53].

Figure 2.4: Photographies of the jet disintegration of water jets for different regimes
taken from Kitamura et al. [53].

spray pattern for cylindrical water and Freon-11 jets using different nozzle types

and ambient temperatures. They considered heated liquids for an atmospheric

back pressure. Kitamura et al. used water and ethanol and extended the pressure

range approaching vacuum conditions [53]. Both studies show that the traditional

classification of the spray break-up based on the mechanical forces does not hold for

jets at a sufficiently high superheat. Figures 2.4(a) and 2.4(b) depict photografies

from Kitamura et al. [53] of mechanical jet break-up and external flash boiling,

respectively. While the subcooled jet breaks up only far downstream a violent

disintegration was observed further upstream for the superheated jet. Brown

and York [15] as well as Kitmura et al. [53] analysed the sensitivity of the axial

location where flashing occurs to different parameters. With increasing degree of

superheat the break-up point moves upstream and shattering of the jet enhances.

Both studies suggest that flash boiling requires a minimum degree of superheat.

Increasing mechanically induced disturbances permit bubble nucleation at lower

superheats and reduce the minimum required superheat level. The liquid jet in Fig.

2.4(b) exits the nozzle undisturbed and spontaneouosly flashes further downstream.

The delay time is associated with the time bubbles need to nucleate and grow to

a certain size. The faster the nucleation and growth process happens the further

upstream the jet disintegrates. A disintegration in close vicinity to the nozzle
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is typically associated to the internal flashing mode [53, 73]. On the one hand,

Oza [73] suggests that disintegration directly at the nozzle orifice is a result of

strong vapour generation within the nozzle. On the other hand, the photographs

of Reitz [87] show a liquid core even if the jet surface bursts at the nozzle exit.

Therefore, Park and Lee introduced a sub-classification of the internal flashing

mode depending on the two-phase flow pattern within the nozzle [74]. In case of

a bubbly flow the liquid carrier phase exits the nozzle with an intact core because

bubbles are generated first at the nozzle wall. This mode supports the results of

Reitz [87]. With an increasing degree of superheat the nozzle flow changes from

bubbly flow to slug flow and further to annular flow. The length of the intact

core reduces from bubbly flow to slug flow. For annular flow only a thin liquid

film exits the nozzle and directly ruptures into ligaments and droplets after the

orifice. The annular flow type supports the observations of Oza [73]. Further nozzle

flow patterns are discussed by Sher [102]. A complete atomisation within the

nozzle generates a fully flashing spray with a highly dispersed droplet cloud [59].

In this case, nucleation rates are high enough to solely control the disintegration

of the liquid into droplets. Figure 2.5 summaries the different regimes of flash

boiling according to experimental findings. Numerous other experiments on flash

boiling considering different fluids (pure liquids and mixtures), a variety of nozzle

geometries and materials, different temperatures and flow velocities as well as

chamber and injection pressures were conducted [40, 42, 58, 103, 110, 118] which

confirm the general trends discussed here. At the same time a general model

treatment which covers the different regimes of flash boiling is not yet found due to

the complexity of the interacting effects.

The review of experimental studies identifies the major parameters in flash boil-

ing and their influence on the generated sprays:

1. Liquid temperature Tliq: For a fixed ambient pressure the liquid temperature

determines the degree of superheat. A temperature rise increases bubble nu-

Figure 2.5: Different flow modes for flash boiling, according to [15, 73, 74, 102].
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cleation and growth rates and therefore favours the onset of flash boiling.

2. Ambient pressure p8: for a fixed liquid temperature a decrease in p8 increases

the degree of superheat. Bubble nucleation and growth increase and flash

boiling occurs faster. At the same time, for a fixed tank pressure p0 a decrease

in the ambient pressure increases the flow velocity of the liquid uliq within the

nozzle.

3. Flow velocity uliq in the nozzle: On the one hand increasing velocities decrease

the residence time within the nozzle and therefore the time for heterogenouos

nucleation to take place. On the other hand an increased flow velocity in-

creases the mechanical disturbances of the liquid jet and the resulting fluc-

tuations favour homogeneous nucleation in the bulk liquid phase. Moreover,

the influence of velocity on the mechanical forces becomes important in the

transition regime between flash boiling and mechanical break-up.

4. Nozzle length L: Shorter nozzles result in shorter residence times of the liquid

within the nozzle and therefore less heterogeneous nucleation.

5. Nozzle diameter D: Larger nozzle diameters increase the inertial forces and

thus, possible disturbances that force homogeneous bubble nucleation. More-

over, inertia forces become important in the transition between flash boiling

and mechanical break-up.

These interactions emphasize the complexity of flash boiling. The experimental

studies showed that the generated sprays may occur in various shapes and a gener-

alised empirical description is not yet found. Therefore, a fully predictive numerical

simulation remains a challenging task. The current research efforts in the numerical

simulation of flash boiling are summarised in the subsequent section.

2.4 Numerical simulation of flash boiling

2.4.1 Macroscopic models for flash boiling

Sections 2.1 to 2.3 revealed the most important thermo- and hydrodynamic aspects

of flash boiling sprays. These yield a number of challenges for the numerical simu-

lation at an industrial scale:

1. The flow solver needs to distinguish between liquid and vapour. This problem

involves several length and time scales. While the liquid core of a jet has
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a macroscopic dimension the droplets of the generated spray may occur at a

microscale. In the former case the liquid core and the surrounding gas form two

distinct bulk phases. In the latter case a disperse cloud of microscopic droplets

exists. This droplet cloud occurs as a homogeneous mixture of liquid and

vapour on the macroscopic scale. Different modelling strategies exist for these

regimes. The existence of vapour bubbles further complicates the problem.

Depending on their number and size bubbles may be treated as separate bulk

phases or disperse bubble clouds. A general computational framework must

therefore cover the different flow regimes discussed in Fig. 2.5.

2. The transition from liquid to vapour needs to be considered. The nucleation

of bubbles, the growth of these bubbles by vaporisation at the surface as

well as vaporisation into the vacuum chamber from the surface of the liquid

core and from the generated droplets are the four relevant phase transition

processes. They are controlled by multiple physical mechanisms and it is

therefore difficult to capture the phase transition by a single model only.

3. The break-up of the liquid jet and the resulting spray pattern strongly de-

pend on the regime. Cases with a low superheat are primarily influenced by

mechanical and thermodynamic forces but the influence of bubble nucleation

and growth becomes dominant for higher superheats. Again, a prediction of

the entire break-up process from the liquid jet core to the smallest droplets is

difficult to describe with a single model.

One way to classify numerical methods for two-phase flows is to distinguish between

Euler-Euler and Euler-Lagrange approaches [119]. Two main strategies evolved for

the numerical simulation of flash boiling using either of the two techniques.

Euler-Euler methods treat both phases as a continuum and the governing equa-

tions (see Sec. 3.1) are solved in the liquid and vapour, respectively. An additional

transport equation accounts for the volume fraction α or mass fraction X of one

of the two phases. If α represents the volume fraction of the liquid, computational

cells with α “ 1 and α “ 0 solely contain liquid and gas, respectively. Each cell

with 0 ă α ă 1 will contain both, liquid and vapour. In the context of DNS

for multiphase flows α represents the relative amount of the liquid (or gas) with a

well defined single interface in each cell, e.g. Schlottke and Weigand [96]. In this

case special algorithms reconstruct a discret interface geometry from the volume

fractions of neighbouring cells [89]. Figure 2.6(a) shows an exemplary two-phase
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problem and its geometrical representation by a reconstructed interface. Section 1

has given an example for possible length scales and the resulting requirements on

the computational effort for flash boiling. A resolution of individual well defined

interfaces in each cell is therefore not feasible on an industrial scale. The liquid

volume fraction would represent a liquid-vapour mixture with multiple interfaces

as indicated in Fig. 2.6(b). The numerical respresentation of the volume fraction

does not account for the geometry of individual interfaces. Thus, the derivation and

calibration of suitable models representing the vaporisation is complex because α

does not provide any information on the flash boiling regime, bubble or droplet sizes

and densities. The most commonly used model in this context is the homogeneous

relaxation model (HRM). The source term on the right hand side of the vapour mass

Actual 

configuration

Numerical 

representation

(a) Interface reconstruction algorithms (e.g.
PLIC [89]) can determine the geometry if each
cell represents a single interface.

(b) If one cell contains multiple interfaces the
geometry of individual interfaces cannot be de-
termined from the α field.

Figure 2.6: The volume fraction α represents the relative amount of liquid in a
computational cell.

fraction equation [12]

DX
Dt

“
X ´ X

Θ
(2.6)

accounts for the transition from liquid to vapour. The source term may be

interpreted in the following way: the metastable liquid state in Fig. 2.1(b) is

relaxed towards a stable mixture of liquid and vapour as described by the two-phase

region in Fig. 2.1(a). The equilibrium mass fraction X is determined based on the

enthalpy of the superheated liquid and the saturation enthalpies of the liquid and

the vapour at the local pressure [12]. The relaxation time Θ is the key parameter

in the HRM determining how fast the transition from superheated liquid to a

two-phase mixture in equilibrium occurs. The relaxation time needs to be adjusted

for individual applications and can therefore also be used to adapt the model to
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different flashing regimes. Downar-Zapolski et al. [28] introduced a model for

determining Θ for one-dimensional channel flows. The model development is based

on the
”
Moby Dick“experiments by Reocreux [88]. They used a long tube that

mimics one-dimensional conditions and expanded a liquid below its saturation

pressure. The mass flow rate, pressure and volume fraction were measured along

the axial direction of the tube. Downar-Zapolski et al. [28] used these results

to derive an analytical equation for the relaxation time Θ as a function of the

pressure and volume fraction. The model has been developed for water in quasi

one-dimensional tubes but additional empirical constants allow for a calibration of

the model to different conditions. Moreover, Downar-Zapolski et al. [28] derived

separate equations for a low pressure treatment and a high pressure treatment.

While the low pressure treatment gave reasonable results for back pressures below

p “ 10 bar the high pressure treatment was applied beyond this limit. These

studies are the basis for many other investigations. Schmidt and his coworkers

[97, 98] applied the HRM for flashing water in pipes in two space dimensions.

Generally they obtained good results, but the simulations did not agree to the

experiments for all of their test conditions. They associate the differences to

the extended problem domain without a corresponding calibration of the model

coefficients in the HRM. Until today there is no database or calibration rule

that allows to adapt the model coefficients with respect to the operating fluid,

nozzle geometry and ambient conditions. In particular, there is no correlation

explicitly taylored for the simulation of a flashing jet (instead of flashing within

the nozzle). Therefore, the correlations derived by Downar-Zapolski et al. [28]

are still the basis for most simulations of injectors and jets alike. Gopalakrishnan

[41] and Neroorkar [71] extended the studies of Schmidt and co-workers [97, 98] to

three-dimensional setups including the expansion of the liquid jet in the chamber

for different fluids. Similar setups were investigated with the HRM by Duan et

al. [29, 30] (jet expansion), Lee et al. [63] (injector flow and jet) and Saha et al.

[92] (injector flow and jet). A mutual conclusion is, that the HRM predicts the

characteristic properties qualitatively well. For certain configurations numerical

results deviate from experiments. This is usually attributed to the lack of calibrated

model coefficients discussed before. First attempts to taylor the HRM were made

by Ramcke [84] for injector flows (modification of the threshold for switching

between low and high pressure treatment) and by Gärtner [39] for nitrogen jets

(modification of one model coefficient). However, the available information on the

model calibration is still limited and needs further extension. A thorough jus-
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tification for the applicability of the existing correlations to flash boiling does it exist.

Euler-Lagrange methods treat one phase as a continuum and the other phase

as Lagrangian point particles. In the context of spray simulations a carrier

continuous gas phase contains droplets which are tracked by a Lagrangian scheme

[119]. Transport equations for the location and the momentum are solved for

each particle or for groups of particles. Additional model equations describe the

temporal evolution of the mass and energy of the droplets. Source terms in the

transport equations for the Lagrangian particles and the Eulerian fields account

for the interactions between the liquid and the gas phases, respectively. These

interactions typically depend on sub-scale processes and appropriate models are

required. Three important aspects in the spray modelling that need a special

treatment in the case of flash boiling are the primary break-up of the liquid core,

the secondary break-up of ligaments and droplets and the vaporisation of the

droplets. A well established model for the mechanically driven primary break-up of

liquid sheets is the LISA (linear stability analysis) model [101]. Zuo et al. extended

this model for flash boiling conditions [122]. They calibrated the droplet sizes

obtained from the classical LISA model depending on the degree of superheat with

the aid of experimental data. Alternatively, it is possible to omit the primary jet

break-up and directly intialise droplets within the simulation domain or at the

inlet. This was done for flash-boiling sprays by Weber [115], Ma and Roekaerts

[66] as well as Ramcke [84]. In this case the characteristic properties of the spray

need to be prescribed to the simulation. This includes the droplet sizes (SMD,

size distribution), the droplet velocity distributions, the spray angle and initial

position of the droplets. Weber [115], Ma and Roekaerts [66] as well as Ramcke

[84] directly prescribed the droplet SMD and the spray angle. Ma [66] obtained the

input values from corresponding experiments. Ramcke [84] carried out a parametric

study and selected the final input parameters by comparing the numerical results

to experiments. Alternatively, Cleary et al. [19] and Witlox et al. [117] proposed

a correlation between the SMD and the degree of superheat for different regimes

of flash boiling. Some works also include the secondary break-up. Here, a large

primary droplet contains one bubble or multiple bubbles. The bubbles grow and

one primary droplet breaks up into smaller droplets when the vapour volume

fraction exceeds a critical value. Weber [115], Zeng and Lee [121] as well as Kawano

et al. [52] gave examples for this approach.
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Both, the Euler-Euler approach and the Euler-Lagrange approach, are promising

for the macroscopic simulation of flash boiling but some disadvantages remain. The

HRM treats the phase transition as a global relaxation towards the thermodynamic

equilibrium. The volume or mass fraction cannot represent the size and shape

of individual bubbles within a single computational cell (see Fig. 2.6(b)). An

approximation of bubble sizes would be possible only if a bubble number density

is known. The capabilities of experimental investigations do not allow to provide

bubble number counts in the liquid volume. The nucleation rates given by the

relevant nucleation theories easily vary for one or more orders of magnitude and

make a precise estimation difficult. Moreover, the known relaxation time scales

are based on experiments of water in shock tube and may not apply to other

conditions. Therefore, the HRM does not account for the different regimes shown

in Fig. 2.5. An Euler-Lagrange method needs a priori data of the spray properties

(angle, droplet size etc.) to properly initialise the carrier flow field and the droplets

for the computation. The primary break-up is usually not resolved and separate

data sets are required for individual cases. Simulation strategies providing a

higher level of detail are therefore preferable. Two-equation models have a great

potential to improve the existing simulation strategies. One example for such

two-equation models is the Σ-Y -model. Here, a volume fraction equation and

additionally an equation for the surface density, i.e. the ratio of the interface area

in one computational cell and the cell volume, are solved [112, 113]. If the volume

fraction and the surface density are known the size and the density of bubbles or

droplets can be derived. The equations for the volume fraction and surface density

require source terms that account for the generation and destruction of volume

or surface. These source terms describe the break-up of the liquid jet. Models

for mechanical jet break-up were applied in the context of such two-equations

models. An example is the ELSA-model which has been coupled with both, the

Reynolds-averaged Navier-Stokes (RANS) equations [61] and large eddy simulation

(LES) for application in turbulent flows [18, 70]. The most significant advantage of

a two-equation model is the extended knowledge on the interface geometry. This

allows for a better differentiation between the different regimes of flash boiling. Re-

cently, Rachakonda et al. [83] incorporated the Σ-Y -model to an HRM-based code

for flash boiling. However, they used the Σ-Y -approach only to model the primary

jet break-up while the secondary break-up and vaporisation were not accounted for

(vaporisation is treated within the HRM-context for the vapour quality equation

only). Lyras et al. [65] were the first to incorporate source terms for the phase
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transition of a flash boiling liquid into the Σ-Y -model. Besides the traditional

terms that describe the spray atomisation due to tubulence and aerodynamic

break-up they added terms that include the impact of vaporisation. Here, Lyras

et al. differentiate between a dense and a dilute vaporisation regime. In the dilute

regime the source terms are based on models for droplet vaporisation as given by

Abramzon and Sirignano [3]. The source term in the dense regime is adapted from

the HRM-model similarly using the relaxation time Θ for calibration. As discussed

before, there is no established data base that provides a reasonable calibration for

different fluids or for the different flash boiling regimes. An extension of the source

terms for the dense regime might be based on bubble expansion rates within the

superheated liquid core. In some works single bubble models are used to account

for the phase transition and jet expansion [51, 100] but these methods are not based

on a two-equation model. The single bubble models allow for the description of

the local production and desctruction rates of volume/surface but it requires that

the bubble is surrounded by a sufficiently large reservoir of superheated liquid. If

a liquid jet contains numerous vapour bubbles, this assumption may get violated

because bubbles can and will influence each other and thus affect the overall jet

expansion rate. Therefore, the major objective of the present work is an analysis

of the effect of bubble-bubble interactions with respect to growth rates within

superheated liquid jets by the aid of direct numerical simulations (DNS). Chapter

5 introduces the process conditions as given by the experiments on LOX injection

at the German Aerospace Center in Lampoldshausen [58]. The DNS are conducted

with a fully compressible two-phase solver that accounts for phase change. The

development and application of such flow solvers is a recent and active research field

itself. The following section summarises the state-of-the-art for the compressible

simulation of liquid-vapour flows with phase transition.

2.4.2 Direct Numerical simulation of compressible two-

phase flows

A good number of compressible multiphase solvers have been developed within the

last decade with recent examples introduced in references [17, 35, 36, 48, 60, 64,

93, 94, 120]. Saurel and his co-workers [93, 94] as well as Zein et al. [120] solved

separate equation systems for the two phases including one volume fraction equation

for each phase. The phase indicator diffuses across several cells which are treated as
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homogeneous mixtures of liquid and vapour. This allows to treat two-phase flows

for larger length scales because interfaces of individual bubbles do not need to be

resolved. However, a sharp separation of the two phases, as it is needed for a DNS of

bubble dynamics at a sub-grid scale, is difficult to achieve. Chang et al. [17] solved

the fully compressible Navier-Stokes equations with a level-set approach [107] that

keeps the interface between liquid and vapour sharp. However, Chang et al. did

not account for phase change. Lauer et al. [60], Lee and Son [64] and Fechter et al.

[35, 36] combined the level-set algorithm with compressible solvers that can account

for phase transition. Lauer et al. [60] used interface Riemann solvers without phase

change but source terms accounted for the mass transfer from liquid to vapour.

They estimated the mass fluxes with the Hertz-Knudsen relation and calibrated

the model coefficients for oscillating cavitation bubbles. However, the physics of

oscillating bubbles differs from the physics of vapour bubble growth. Moreover,

Lauer et al. [60] considered water and the coefficients may not be valid for other

fluids. Lee and Son [64] used a ghost fluid method and incorporate phase transfer

into the jump conditions which determine the ghost states. They estimated the mass

flux from the heat balance at the interface which requires a suitable resolution of the

temperature boundary layer. The heat flux determines the mass flux at the interface

and no model coefficient requires calibration. Lee and Son [64] used this solver to

investigate the growth and shrinkage of single compressible bubbles. However, the

present work focuses on LOX jets under flash boiling conditions where thermal

boundary layers are thin and their resolution is not feasible if numerous bubbles are

to be resolved in the computational domain. Fechter et al. developed an exact [35]

and an approximative [36] Riemann solver for general two-phase Riemann problems.

The equation system consisted of Rankine-Hugoniot and interface jump conditions

and they used a kinetic relation to estimate vaporisation rates. In [36] they showed

that the approximate Riemann solver, called HLLP Riemann solver, is faster than

the exact solver and it gives a reasonable approximation of the phase transition

in shock tubes and for single droplets. This Riemann solver is a modification of

HLLC-type Riemann solvers [49] and will be the basis of the present computations.

However, the HLLP Riemann solver had only been applied to shock tubes and

single droplets. The assumptions and vaporisation models for these type of flows

are not necessarily applicable to multiple bubble growth. Therefore, an important

aspect of the present work is the assessment of the HLLP Riemann solver with

respect to vapour bubble growth and the derivation and calibration of models for

the vaporisation mass flux.
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Chapter 3

Governing equations

The universal conservation laws that govern the transport of fluids are the continu-

ity equation (mass conservation), the Navier-Stokes equations (momentum conser-

vation) and the energy conservation equation. They are of the general form

¨

˚

˝

Temporal

change

of conserved

quantity

˛

‹

‚

`

¨

˚

˝

Advective

transport

of conserved

quantity

˛

‹

‚

“

¨

˚

˝

Diffusive

transport

of conserved

quantity

˛

‹

‚

`

¨

˚

˝

Change due

to sources

and external

forces

˛

‹

‚

. (3.1)

In the following, the term Navier-Stokes equations and its acronym NSE refer to the

entire set of conservation laws consisting of mass, momentum and energy equations.

This chapter provides the fundamental physical equations and models describing

compressible two-phase flows with phase transition. The relevant equation system

for a single phase is detailed in Sec. 3.1. The interface between liquid and vapour is

characterised by discontinuous jumps in the fluid states, most notably for the density.

The transport equations do not inherently account for these discontinuities and are

solved seperately for the two phases. The conditions that couple the isolated domains

are introduced in Sec. 3.2. The models applied to determine the vaporisation mass

fluxes are outlined in Sec. 3.3. For compressible flows the Navier-Stokes equations

are not a closed system and an equation of state (EOS) provides the additionally

required correlation, see Sec. 3.4. Besides these physical laws and models Sec. 3.5

introduces the interface capturing approach. From here on, bold symbols represent

vectors or matrices, and the subscripts 1, 2 and 3 indicate the Cartesian coordinate

directions.

23
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3.1 Conservation laws in the bulk phases

The compressible NSE are [111]

U t `∇ ¨ F A
pUq “ ∇ ¨ FD

pU ,∇Uq, (3.2)

where

U “ pρ, ρu1, ρu2, ρu3, ρEq
T (3.3)

is the vector of the conserved variables. Here, u1, u2, u3 and E are the three

Cartesian velocity components and the total specific energy, respectively. The latter

is the sum of the internal energy e and the kinetic energy, E “ e`
u2i
2

[7]. Einstein’s

notation is used to sum over double indices. The subscript t in Eq. (3.2) indicates

the partial derivative in time. The vectors of advective fluxes F A for the three

Cartesian coordinate directions read

F A
1 “

¨

˚

˚

˚

˚

˚

˚

˝

ρu1

ρu2
1 ` p

ρu2u1

ρu3u1
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‹

‹

‹

‹

‹

‹

‚

, F A
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¨

˚

˚

˚

˚

˚

˚

˝
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ρu1u2

ρu2
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‹
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‚
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˚

˚

˚
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‹

‚

. (3.4)

They define the transport of a conserved quantity with the fluid velocity. Here, the

pressure force is also included in the advective flux vector. The diffusive fluxes FD

are defined by

FD
1 “

¨

˚

˚

˚

˚

˚

˚

˝

0
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τ12

τ13
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˛
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2 “

¨

˚

˚

˚

˚

˚

˚

˝

0

τ21

τ22

τ23

u1τ21 ` u2τ22 ` u3τ23 ´ q2

˛

‹
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FD
3 “

¨

˚

˚

˚

˚

˚

˚

˝

0

τ31
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. (3.5)
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The stress tensor τij describes the viscous forces. The present work considers New-

tonian fluids where τij depends lineraly on the velocity gradients, viz.

τij “ µ

ˆˆ

Bui
Bxj

`
Buj
Bxi

˙

´
2

3

Buk
Bxk

δi,j

˙

(3.6)

with the Kronecker delta δij. The heat flux in the energy equation reads

qi “ ´k
BT

Bxi
. (3.7)

The fluid properties µ in Eq. (3.6) and k in Eq. (3.7) are the dynamic viscosity

and the heat conductivity, respectively, which can be obtained from material laws.

3.2 Conservation laws at the interface

The conserved quantities are not continuous across the interface but the liquid and

the vapour states are coupled by jump conditions [50]. The present work uses a

sharp interface approach. This means that each fluid state is clearly distinguishable

into liquid or vapour and no mixture states appear. This approximation corresponds

to Fig. 2.1(b). In this case, the interface is infinitely thin and cannot store mass,

momentum or energy. The jump conditions are derived by equating the advective

and diffusive flux terms in Eq. (3.2) for both sides of the interface as shown by Ishii

and Hibiki [50]. The general expression

vφw “ lim
xint`hÑ0

φ´ lim
xint´hÑ0

φ p“ φliq|x“xint
´ φvap|x“xint

(3.8)

is used subsequently with xint being the location of the interface. The following

correlations consider an interface which lies normal to the x-direction. In the general

case, all vectorial quantities have to be rotated to the interface normal direction

subscribed by n and the interface tangential directions subscribed by t1 and t2,

respectively. The rotation uses the interface normal vector nint and the interface

tangential vectors t1,int and t2,int and reads

φn “ φ ¨ nint, φt1 “ φ ¨ t1,int, φt2 “ φ ¨ t2,int. (3.9)

The normal and tangential vectors of the interface are defined in Sec. 3.5.
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Continuity equation

The continuity condition

0 “ v 9m2
w (3.10)

requires that the mass fluxes 9m2 to and away from the interface are equal. These

mass fluxes are defined by [50, 119]

9m2
“ ρliqpu1,liq ´ Sintq “ ρvappu1,vap ´ Sintq (3.11)

with Sint being the interface normal velocity. The expression ρpu1´Sintq corresponds

to the advective term in the continuity equation with pu1 ´ Sintq being the relative

normal velocity of the fluid to the interface. Combining Eqs. (3.10) and (3.11) yields

the continuity jump condition

0 “ vρpu1 ´ Sintqw . (3.12)

Momentum equation

The momentum balance across the interface is given by [50, 119]

σκ “ vρu1pu1 ´ Sintq ` p´ τ1,1w ,

0 “ vτ1,2w ,

0 “ vτ1,3w . (3.13)

and includes advective fluxes, viscous stresses, pressure and surface forces. The

volume specific momentum ρu1 is convected with the relative velocity pu1´Sintq on

both sides of the interface. The difference between the liquid and the vapour pressure

defines the pressure force on the interface. Additionally, the surface tension force

needs to be considered. It is equal to the product of the surface tension coefficient

σ and the curvature κ. The normal stress τ1,1 as well as the tangential stresses

τ1,2 and τ1,3 act on the interface. Without slip the tangential velocities at the

interface are the same from the liquid and the vapour side with equal tangential

stresses. Since the interface is infinitely thin, tangential stresses cannot influence the

normal component of the momentum (cf. Fig. 2.4 in Versteeg and Malalasekera, An

introduction to Computational Fluid Dynamics - The Finite Volume Method, 2007

[114]). In mechanical equilibrium the jump condition for the normal component of
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the momentum defines the pressure jump between liquid and vapour:

σκ “ pliq ´ pvap. (3.14)

Energy equation

The energy balance at the interface is defined by [50, 119]

σκSint “ vpρEqpu1 ´ Sintq ` pu1 ` q1 ` uiτ1iw . (3.15)

The four terms on the right hand side account for the advective flux, the pressure

work, the heat flux and the work done by viscous stresses, respectively. The left

hand side incorporates the surface tension work into the energy balance. Equation

(3.15) can be rewritten in terms of the specific enthalpy h as defined by Eq. (2.1).

In a first step the momentum balance given by Eq. (3.13) is multiplied by Sint and

substracted from Eq. (3.15). In a second step, the total specific energy E is replaced

by e` 1{2u2 “ h´ pv` 1{2u2. The pressure terms and the surface tension cancel and

the final enthalpy balance yields

0 “

2

ρpu1 ´ Sintq

ˆ

h`
u2

2
´ uSint

˙

` q1 ` uiτ1i ´ Sintτ11

:

“

2

9m2

ˆ

h`
u2

2
´ uSint

˙

` q1 ` uiτ1i ´ Sintτ11

:

(3.16)

The enthalpy jump vhw corresponds to the latent heat of vaporisation hfg as given

by Eq. (2.2). The commonly applied condition

9m2hfg “ q1,liq ´ q1,vap. (3.17)

can be derived from Eq. (3.16) if the the work done by viscous stresses

(uiτ1i ´ Sintτ11), the kinetic energy ( 9m2u2{2) and the term 9m2uSint are neglible.

Viscous stresses are small for cases with low velocities [57]. The jump in the kinetic

energy is typically small as exemplified using conditions relevant for the present

work. The latent heat of vaporisation for oxygen at T “ 120 K is hfg “ 173.658

kJ/kg and the fluid velocities are below 100 m/s. Thus, the latent heat of

vaporisation exceeds the kinetic energy by more than one order of magnitude. The

term 9m2uSint is of the same order as the kinetic energy and Eq. (3.17) is applicable

under the present conditions.
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In summary, the full jump conditions for the conservation of mass, momentum

and energy read

0 “ vρpu1 ´ Sintqw ,

σκ “ vρu1pu1 ´ Sintq ` p´ τ1,1w ,

0 “ vτ1,2w ,

0 “ vτ1,3w ,

σκSint “ vpρEqpu1 ´ Sintq ` pu1 ` q1 ` uiτ1iw . (3.18)

3.3 Vaporisation model

The interface velocity Sint is an additional unknown in the system of equations as

defined by the Eqs. (3.2) with jump conditions (3.18). The mass flux 9m2 and

Sint are coupled by Eq. (3.11). Equation (3.17) is typically used to estimate the

vaporisation rate at the interface. The heat flux q is determined by Eq. (3.7) using

the temperature condition

Tint “ Tsatppq. (3.19)

This allows to estimate the temperature gradients at the interface but a suitable res-

olution of the temperature boundary layer is required. Sections 5.1 and 5.2.4 discuss

the challenges for a direct computation of the temperature gradients and therefore

of the heat and mass fluxes for the present operating conditions. Alternatively, the

mass flux can be approximated by vaporisation models. The present work uses three

models which are introduced now.

The Hertz-Knudsen relation (HKR)

The HKR originates from [44] and [55] and is based on a mass balance at the liquid-

vapour interface. This balance law is derived from kinetic gas theory comparing the

molecule fluxes from and to the interface. Schrage [99] comprehensively discussed the

HKR and Persad et al. [76] gave a recent review on its application and calibration.

The model equation reads

9m2
“

1
?

2πR

˜

λvap
psat
a

Tliq

´ λcond
pvap

a

Tvap

¸

(3.20)
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where R, λvap and λcond are the specific gas constant, a vaporisation and a conden-

sation coefficient, respectively. The model coefficient are problem dependent and

have to be adjusted. Appendix A provides a detailed derivation of Eq. (3.20).

The kinetic relation (KR)

Fechter et al. [36] used the KR in their original formulation of the HLLP Riemann

solver. They provided a detailed derivation for the final model equation [35],

9m2
“

1

cent

Tref vs´ ssatw . (3.21)

This model ensures consistency with the second law of thermodynamics, but entropy

production at the interface is unknown and requires scaling by the coefficient cent

[35]. For constant interface states, 9m2 is inversely proportional to cent such that the

estimated mass flux decreases with an increasing model coefficient. The derivation

of Eq. (3.21) is also given in Appendix A.

A sub-grid scale heat flux model (SHFM)

The SHFM is based on the energy balance at the interface. Neglecting the heat dif-

fusion in the vapour phase the mass flux is obtained as the ratio of an approximated

heat flux in the liquid phase and the latent heat, viz.

9m2
“
qliq ´ qvap

hfg

«
qliq

hfg

. (3.22)

The assumption of negligible diffusive heat fluxes in the vapour phase is justified

as small temperature gradients in the bubble at the interface can be expected [62].

The heat diffusivity is higher in the liquid and the heat flux in the vapour becomes

important only for very large temperature gradients. As the HLLP Riemann solver

does not allow for diffusive effects, the thermal boundary layer will not be resolved

and the heat flux, qliq, is approximated by

qliq “ ´kliq
dT

dx

ˇ

ˇ

ˇ

ˇ

x“xint

« ´kliq2
T8 ´ Tsat

δ
, (3.23)

assuming a parabolic temperature profile in the boundary layer as illustrated in

Fig. 3.1(a). Similar approaches to estimate the heat flux in an unresolved thermal

boundary layer exist for droplets [95] but have not intensively been discussed in the
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context of vapour bubble growth. The model can be implemented in the current

compressible simulations by the following steps:

• The saturation temperature is determined from the vapour pressure inside of

the bubble. Starting from isothermal conditions the mass flux is initially set

to zero.

• The bubble growth is triggered numerically and with increasing size the pres-

sure in the bubble will decrease.

• The saturation temperature will then decrease and the temperature gradient

in Eq. (3.23) becomes non-zero. The mass flux increases proportional to the

temperature gradient.

• If the mass flux increases continuously, the vapour pressure will increase and

the decreasing temperature gradient relaxes the mass flux.

The accuracy of the SHFM depends on the estimation of the boundary layer thick-

ness in Eq. (3.23) which is determined by

δ “ CδR. (3.24)

Figure 3.1(b) shows an example for the ratio δ{R “ Cδ as a function of the bubble

radius R. As a first approach, the present work uses a constant Cδ calibrated

separately to each individual test case.

x=xint x=xint+δ

δ

liquid

bulk

vapour

bubble

boundary

layer 

(unresolved)

first 

node

(a) Sketch of the temperature pro-
file at the interface between liquid
and vapour.
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(b) Ratio between boundary layer
thickness and bubble radius as a
function of the bubble radius.

Figure 3.1: Aspects of the sub-grid scale heat flux model.
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3.4 Equation of state

The equation system (3.2) provides five equations for the six unknowns ρ, u1,

u2, u3, e and p and is therefore unclosed. The jump conditions in Sec. 3.2 and

the vaporisation models in Sec. 3.3 couple the liquid and the vapour phases but

do not provide new equations for closure. An EOS of the form p “ fpρ, eq is

additionally needed. The most simplistic EOS is the perfect gas law with the

thermal EOS p “ ρRT . This equation correlates the pressure with the density

and the temperature. The caloric EOS e “ cvT provides then the correlation with

the internal energy e using the specific heat capacity at a constant volume cv.

The perfect gas law is, however, valid for monoatomic gases only. Therefore, more

sophisticated models are needed for the computation of liquid-vapour flows with

phase change. The present work uses the open-source EOS library CoolProp [11]

and the Noble-Abel stiffened gas (NASG) EOS [68].

Further thermodynamic properties and transport properties are also required for

the present simulations. Given that ρ and e are the known independent properties,

the fluid temperature T , the specific entropy s and the speed of sound c are needed.

Finally, the transport properties µ and k as well as the surface tension coefficient σ

have to be determined by suitable material laws.

The EOS library CoolProp

Ian Bell and his co-workers comprehensively describe the functionality and the un-

derlying methods in their pioneering CoolProp publication [11] and only a brief

summary is given here. CoolProp provides the thermophysical properties for a

wide range of pure fluids. The correlations of the thermodynamic state proper-

ties are based on Helmholtz-energy-explicit EOS being the state-of-the-art for high-

accuracy EOS. The correlations for the transport properties µ and k as well as the

surface tension coefficient σ are either developed from experimental data, empiri-

cal or predictive methods [11]. Helmholtz-energy-explicit equations of state use the

temperature and the density as independent variables. If other state properties are

known numerical solvers are required to determine the unknown properties. This is

exemplified by the correlation p “ fpρ, eq. The computational effort for the numer-

ical solution of equation system (3.2) can strongly increase if the closing condition

p “ fpρ, eq requires a numerical solution itself. Therefore, the present work uses a

tabulation strategy as presented by Föll et al. [37]. In a pre-processing step, the

results of the EOS correlations are tabulated and later read in during runtime.
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Noble-Abel stiffened gas EOS

Le Métayer and Saurel [68] provide the basic theory for the NASG-EOS and derive

the correlations between the thermodynamic state properties. These correlations

are empiric equations, they are simple to implement and the computation is fast.

Subsequently, the NASG correlations needed for the computation within the present

work are introduced. Note that the following equations are defined in terms of

the specific volume v instead of the density ρ. The correlations that define the

thermodynamic state properties pressure, temperature, speed of sound and specific

entropy are:

p “
pe´ q̃qpγ ´ 1q

v ´ b
´ γP8, (3.25)

T “ pv ´ bq
p` P8
pγ ´ 1qCv

, (3.26)

c “

c

γv2pp´ P8q

v ´ b
, (3.27)

s “ Cvln
T γ

pp` P8qγ´1 ` q̃1
. (3.28)

The model coefficients γ, P8, q̃, b, q̃1 and Cv have to be determined for a specific

fluid. Equations (3.25) to Eq. (3.28) are valid for both phases but separate model

parameters apply for the liquid and the vapour, respectively. Le Métayer and Saurel

[68] provide an algorithm to determine the model coefficients by the aid of reference

data. In the present work the reference data is obtained from the CoolProp library.

At this point the entire physical model is determined and is summarised in the

following: Equation system (3.2) describes the transport of the fluid but is solved

separately for the liquid and the vapour phases. At the interface the two domains

are coupled by the jump conditions given by Eqs. (3.18). The vaporisation mass

flux is estimated based on one of the three models presented in Eqs. (3.20), (3.21)

or (3.23). With the density from the continuity equation and the specific internal

energy from the energy conservation equation all other thermodynamic properties

and transport properties can be estimated from equations of state or material laws

introduced in this section. Thus, the system of physical equations is closed and can

be solved numerically.
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3.5 Level-set equation

The flow solver needs to distinguish between the liquid and the vapour phase and

several approaches have been developed in the past 30 to 40 years. The present

DNS resolve individual vapour bubbles within a bulk liquid and the two phases

are treated in an Euler-Euler framework. Among others, the most commonly used

algorithms to capture the interface are the volume-of-fluid method introduced by

Hirt and Nichols [47] and the level-set method of Sussman et al. [107]. The present

work relies on the level-set algorithm because it guarantees the sharpness of the

interface and it allows for a straight-forward determination of interface normal

vectors and curvature.

The level-set approach uses a signed distance function Φpx, tq with its transport

equation

BΦ

Bt
` uLS∇ ¨ pΦq “ 0. (3.29)

The level-set Φ determines the distance to the interface and the zero-isocontour of

Φ defines the interface location. The advection velocity uLS is equivalent to the

interface velocity Sint from Eq. (3.12). An extension of Sint to several neighbouring

cells yields the level-set advection velocity uLS in the entire domain. For this

purpose, a Hamilton-Jacobi equation is solved as described by Adalsteinsson and

Sethian [4]. Similarly, the level-set function is reinitialized such that it remains a

smooth distance function during the entire simulation [107].

The normal vector of the interface and its curvature are determined using the

space derivatives of Φ according to:

nint “
∇Φ

|∇Φ|
, κ “ ∇ ¨ ∇Φ

|∇Φ|
. (3.30)

The tangential vectors are derived from the normal vectors using the Gram-Schmidt

orthonormalisation.
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Chapter 4

Numerical Approach

The conservation equations introduced in Eqs. (3.2), (3.18) and (3.29) are solved

numerically with the algorithms presented in the following sections. The basis for

the spatial discretization is the discontinuous Galerkin spectral element method

(DGSEM). It is coupled to a finite volume (FV) approach that enhances the

stability and improves the representation of the liquid-vapour interface. These two

algorithms are introduced in Secs. 4.1 and 4.2, respectively. Note that the term DG

solver always refers to the entire flow solver consisting of the combined DGSEM

and FV sub-cell approach. Both, the DGSEM and the FV approach are based on a

balance of the fluxes across the cell faces. These fluxes are determined by means of

the Riemann solvers presented in Sec. 4.3. The Runge-Kutta scheme described in

Sec. 4.4 is used to integrate the semi-discrete form of the conservation laws.

Note: In Sec. 3.1 the components of the state vector U and the flux vector

F represented the different conservation laws (mass, x-momentum, y-momentum,

z-momentum, energy). The vectorial character of the flux with respect to the Carte-

sian direction was accounted for by the subscripts 1, 2 and 3. Within Secs. 4.1 and

4.2 the vector F symbolises the flux of a single conservative quantity in the three

space directions in order to simplify the derivation of the discrete equations. This

single conservative quantity is therefore represented by a scalar U instead of a vector

U in Secs. 4.1 and 4.2. Any reference to the equations given in Ch. 3 refers to one

single equation out of these equation systems, e.g. the mass conservation equation.

35
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4.1 Discontinuous Galerkin spectral element

method

The major aspects of the discontinuous Galerkin spectral element method (DGSEM)

are

• a mapping of the conservation laws given in Eq. (3.2) from the physical space

to a reference space,

• a sub-division of the computational domain into discontinuous Galerkin (DG)

cells and

• a sub-cell resolution of the flow field within each DG cell.

The theoretical background of the DGSEM goes back to Reed and Hill [86] who

used the DG scheme for the neutron transport equations. Cockburn and Shu

extended these ideas in a series of papers to general hyperbolic conservation laws

[20, 21, 22, 23, 24] allowing the computation of the time dependent Euler equations,

i.e. Eq. (3.2) without viscous terms. Bassi and Rebay [9, 10] were the first to

apply the DGSEM to the full Navier-Stokes equations. The present implementation

relies on the work of Hindenlang et al. [46] who provided a detailed derivation of a

three-dimensional explict DGSEM. If not stated otherwise the following explanation

is based on this work.

The governing equations are mapped from the physical space x “ px1, x2, x3q
T to

the reference space ξ “ pξ1, ξ2, ξ3qT and x “ fpξq “ xpξq defines the mapping. Note

that the superscripts p¨q1, p¨q2 and p¨q3 indicate the three coordinate directions in

reference space. The transformation from the physical space to the reference space

uses two types of basis vectors [56]. Firstly, the covariant basis vectors

aj “
Bx

Bξj
(4.1)

point in directions parallel to the coordinate lines in reference space. They are

summarised by the Jacobian matrix [45]

J “ pa1,a2,a3q
T
“

»

—

–

Bx1
Bξ1

Bx2
Bξ1

Bx3
Bξ1

Bx1
Bξ2

Bx2
Bξ2

Bx3
Bξ2

Bx1
Bξ3

Bx2
Bξ3

Bx3
Bξ3

fi

ffi

fl

(4.2)



CHAPTER 4. NUMERICAL APPROACH 37

with its determinant

J “ a1 ¨ pa2 ˆ a3q. (4.3)

Secondly, the contravariant basis vectors

aj “
Bξ

Bxj
(4.4)

point normal to the coordinate lines in reference space. The mapping between the

physical space and the reference space is now defined with the aid of J and aj. The

transformation of the gradient of a scalar φ in conservative form reads [45]

∇φ “ 1

J

N
ÿ

i“1

B

Bξi
ppJaqiqφ. (4.5)

Accordingly, a vector φ is transformed by

∇ ¨ φ “ 1

J

N
ÿ

i“1

B

Bξi
ppJaqiq ¨ φ. (4.6)

The following paragraph describes the mapping of Eq. (3.2) from physical space

to reference space. Here, the flux vector F “ F A
´ FD summarises the advective

fluxes and the viscous fluxes. The mapped equations read

JpξqUtpt, ξq `∇ξ ¨FpUpt, ξqq “ 0 (4.7)

with

F i
“ pJaqi ¨ F “

3
ÿ

n“1

pJainqFn (4.8)

and the nabla operator in reference space ∇ξ “ pB{Bξ
1, B{Bξ2, B{Bξ3q.

So far the mapping of the governing equations from the physical to the reference

space is described. The paragraph now outlines the discretization of these equations

in a discontinuous Galerkin framework. Equation (4.7) is subdivided into a set of

control volumes Ω. The computational cells are mapped to a unit element E of

the size [-1;1] in each direction in reference space. After multiplying the resulting
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system of equations by a test function φ, the governing equations read [46]

ż

E
JUtφdξ `

ż

E
∇ξ ¨FpUqφdξ “ 0. (4.9)

An integration by parts of the second term in Eq. (4.9) gives the weak formulation

of the conservation laws,

B

Bt

ż

E
JUφdξ `

ż

BE
pF ¨N qφdS ´

ż

E
FpUq ¨ p∇ξφqdξ “ 0, (4.10)

with the normal vector N of the reference element face. The three terms on the

left hand side are the time integral, the surface integral and the volume integral,

respectively. Figure 4.1 illustrates the discretization of a one-dimensional domain in

the DG context. A one-dimensional Lagrange polynomial of the degree N with the

coefficients

lipξ
1
q “

N
ź

k“0
k‰i

ξ1 ´ ξ1
k

ξ1
i ´ ξ

1
k

, i “ 0, ..., N (4.11)

represents the state U of the fluid within a DG cell. In three-dimensional space the

exact fluid state is approximate by

Upξ, tq «
N
ÿ

i,j,k“0

Ûijkptqψijkpξq. (4.12)

using the basis functions

ψijk “ lipξ
1
qljpξ

2
qlkpξ

3
q. (4.13)

Here, i, j and k indicate the three coordinate directions in reference space ξ1, ξ2 and

ξ3, respectively. In the DGSEM the interpolation points, i.e. the sample points of

the Lagrange polynomials, and the integration points, i.e. the discretization points

for the numerical approximation of the flow field, collocate. At the same time the

Lagrange coefficients in Eq. (4.11) fulfill the Lagrange property

lipξjq “ δi,j ; i, j “ 0, ..., N. (4.14)

Therefore, Ûijk is equivalent to the physical state U at the polynomial node i, j, k.
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Figure 4.1: Discretization of a one-dimensional domain by DG cells with a sub-cell
resolution defined by a third order polynomial.

Similarly, the flux F is defined by

FpUpξqq «
N
ÿ

i,j,k“0

F̂ ijkψijkpξq (4.15)

and, with the aid of Eq. (4.8), the representation of F̂ ijk by the physical flux F is

F̂m
“

3
ÿ

d“1

Jamd pξ
1
i , ξ

2
j , ξ

3
kqFdpξ

1
i , ξ

2
j , ξ

3
kq. (4.16)

The expressions in the preceding section are now used to derive the numerical ap-

proximations for the three integrals in Eq. (4.10)

Time derivative integral

The first term on the left hand side of Eq. (4.10) is the volume integral of the time

derivative of U . Defining the test function by φ “ ψijk and using Eq. (4.12) gives

B

Bt

ż

E
JUφdξ “

B

Bt

ż

E
Jpξq

˜

N
ÿ

l,m,n“0

Ûlmnψlmnpξq

¸

ψijkdξ. (4.17)

Now the integral over the reference element is split into the three coordinate direc-

tions, viz.
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B

Bt

ż

E
JUφdξ “

B

Bt

ż 1

´1

ż 1

´1

ż 1

´1

Jpξq

˜

N
ÿ

l,m,n“0

Ûlmnψlmnpξq

¸

ψijkdξ
1dξ2dξ3. (4.18)

The Gauss-Legendre quadrature rule along with Eqs. (4.11) and (4.14) yields

B

Bt

ż

E
JUφdξ “

B

Bt

N
ÿ

λ,µ,ν“0

Jpξq

¨

˚

˝

N
ÿ

l,m,n“0

Ûlmn llpξ
1
λq

loomoon

δlλ

lmpξ
2
µq

loomoon

δmµ

lnpξ
3
νq

loomoon

δnν

˛

‹

‚

ψijkωλωµων

“
B

Bt

N
ÿ

λ,µ,ν“0

JpξλµνqÛλµν llpξ
1
λq

loomoon

δlλ

lmpξ
2
µq

loomoon

δmµ

lnpξ
3
νq

loomoon

δnν

ωλωµων “ Jpξijkqωiωjωk
BÛijk
Bt

. (4.19)

The integration weigths for the Gauss quadrature are ω. More details on the com-

putation of ω are given, e.g., in the textbook of Kopriva [56] in the Secs. 1.11 and

3.2.

Volume integral

The volume integral is the third term on the right hand side of Eq. (4.10). The

fluxes for the three coordinate directions d are treated separately by summing over

the individual fluxes,

ż

E
FpUq ¨ p∇ξφqdξ “

3
ÿ

d“1

ż

E
Fd
pUq ¨

Bφ

Bξd
dξ. (4.20)

Subsequently, Eq. (4.20) is simplified in the same manner as the time derivative

integral term in the preceding paragraph: The fluxes F are approximated using Eq.

(4.8), the test function is set to φ “ ψijk, integrals are determined using the Gauss

quadrature and the Lagrange property (4.14) leads to a cancellation of the majority

of the summation terms. This is exemplified here for the first component of the flux

F1,
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ż

E
F1
pUq ¨

Bφ

Bξ1
dξ “

ż

E

˜

N
ÿ

l,m,n“0

F̂1
lmnψlmnpξq

¸

Bφijk
Bξ1

dξ

“

N
ÿ

λ,µ,ν“0

¨

˚

˝

N
ÿ

l,m,n“0

F̂1
lmn llpξ

1
λq

loomoon

δlλ

lmpξ
2
µq

loomoon

δmµ

lnpξ
3
νq

loomoon

δnν

˛

‹

‚

Bφijk
Bξ1

ωλωµων

“

N
ÿ

λ,µ,ν“0

F̂1
λµν

dli
dξ

ˇ

ˇ

ˇ

ˇ

ξ“ξ1
ljpξ

2
µq

loomoon

δjµ

lkpξ
3
νq

loomoon

δkν

ωλωµων

“ ωjωk

N
ÿ

λ“0

F̂1
λµν

dli
dξ

ˇ

ˇ

ˇ

ˇ

ξ“ξ1
ωi. (4.21)

The derivative of the Lagrange coefficient l is generalised to

Dij “
dljpξq

dξ

ˇ

ˇ

ˇ

ˇ

ξ“ξi

. (4.22)

The volume integral considering all three coordinate directions then reads

ż

E
FpUq ¨ p∇ξφqdξ “ωjωk

N
ÿ

λ“0

Di,λF̂1
λjkωλ ` ωiωk

N
ÿ

µ“0

Dj,µF̂2
iµkωµ`

ωiωj

N
ÿ

ν“0

Dk,νF̂3
ijνων . (4.23)

Surface integral

The second term in Eq. (4.10) describes the fluxes across DG element faces. The

integrated fluxes for a hexahedral element read

ż

BE
pF ¨N qφdS “

„
ż 1

´1

ż 1

´1

pF ¨N qφdξ2dξ3

1

ξ1“´1

`

„
ż 1

´1

ż 1

´1

pF ¨N qφdξ1dξ3

1

ξ2“´1

`

„
ż 1

´1

ż 1

´1

pF ¨N qφdξ1dξ2

1

ξ3“´1

. (4.24)

Subsequently, the numerical approximation of these integrals is exemplified for the

fluxes in the positive and negeative ξ1-directions. In this case the unit normal

vectors in reference space read N˘
“ ˘p1, 0, 0qT and the flux can be simplified to
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F ¨N˘
“ ˘F1 at the respective element face. According to Eq. (4.8) the flux in

reference space is expressed by the physical flux as

˘F1
“

3
ÿ

n“1

Ja1
np˘1, ξ2, ξ3

qFnp˘1, ξ2, ξ3
q. (4.25)

With the normal vector in physical space

n˘n “
˘Ja1

n

ŝ˘
(4.26)

and the surface element

ŝ˘ “

g

f

f

e

3
ÿ

n“1

pJa1
np˘1, ξ2, ξ3qq

2 (4.27)

the flux becomes

F ¨N “ pF ¨ n˘qŝ˘ “ pfpUL, UR,n˘qqŝ˘. (4.28)

The physical flux F needs to be evaluated at the face of a DG element. However,

one central aspect of the DG approach is the discontinuity in the physical state at

the element faces. Figure 4.2 illustrates this problem. On the basis of the Lagrange

polynomials the fluid states are extrapolated to DG element faces. The Lagrange

polynomials are independent for each DG cell and the left and right sided states

UL and UR are in general not equal. Therefore, an approximated flux must be

determined to guarantee the consistency of the surface integral among adjacent

cells. The Riemann solvers described in Sec. 4.3 below approximate the fluxes

depending on UL, UR and the normal vector n˘. The resulting numerical flux is

labelled fpUL, UR,n˘q and integrated over the element surface according to

fp˘1, ξ2, ξ3
qŝ˘ “

N
ÿ

j,k“0

rfŝs˘ξ
1

j,k ljpξ
2
qlkpξ

3
q. (4.29)

Inserting Eq. (4.28) into Eq. (4.24) yields in ξ1 direction

„
ż 1

´1

ż 1

´1

pF ¨N qφdξ2dξ3

1

ξ1“´1

“

„
ż 1

´1

ż 1

´1

pfpUL, UR,n˘qqŝ˘φdξ2dξ3

1

ξ1“´1

.

(4.30)
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Figure 4.2: The extrapolation of the physical state U from the left and right cell to
the common face yields the different states UL and UR, respectively.

As for the time derivative and volume integral, the use of the Gauss quadrature

along with the Lagrange property (4.14) simplifies the resulting equation to

Eq. (4.30) “
N
ÿ

µ,ν“0

˜

N
ÿ

m,n“0

rfŝs`ξ
1

m,nlmpξ
2
µqlnpξ

2
νq

¸

lip1qljpξ
2
µqlkpξ

3
νqωµων

´

N
ÿ

µ,ν“0

˜

N
ÿ

m,n“0

rfŝs´ξ
1

m,nlmpξ
2
µqlnpξ

2
νq

¸

lip´1qljpξ
2
µqlkpξ

3
νqωµων

“

´

rfŝs`ξ
1

jk ´ rfŝs´ξ
1

jk

¯

ωjωk. (4.31)

The extension to three space dimension gives

ż

BE
pF ¨N qφdS “

´

rfŝs`ξ
1

jk lip1q ´ rfŝs
´ξ1

jk lip´1q
¯

ωjωk

`

´

rfŝs`ξ
2

ik ljp1q ´ rfŝs
´ξ1

ik ljp´1q
¯

ωiωk

`

´

rfŝs`ξ
3

ij lkp1q ´ rfŝs
´ξ1

ij lkp´1q
¯

ωiωj. (4.32)

Semi-discret formulation

The discrete formulations of the time derivative, volume and surface integrals, as

given by Eqs. (4.19), (4.23) and (4.32) can be inserted into Eq. (4.10) to yield the

semi-discret formulation of the DGSEM:
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BUijk
Bt

“

«

N
ÿ

λ“0

D̂i,λF̂1
λjk

N
ÿ

µ“0

D̂j,µF̂2
iµk

N
ÿ

ν“0

D̂k,νF̂3
ijν

`

´

rfŝs`ξ
1

jk l̂ip1q ´ rfŝs
´ξ1

jk l̂ip´1q
¯

`

´

rfŝs`ξ
2

ik l̂jp1q ´ rfŝs
´ξ1

ik l̂jp´1q
¯

`

´

rfŝs`ξ
3

ij l̂kp1q ´ rfŝs
´ξ1

ij l̂kp´1q
¯ı

. (4.33)

Here the one-dimensional operators

l̂i “
li
ωi
, D̂ij “ ´

ωi
ωj
Dij (4.34)

are used. The discretisation of the time derivative term on the left hand side is

outlined in Sec. 4.4.

4.2 Finite volume sub-cell approach

The interface between a liquid and a vapour is an obvious discontinuity within a flow

field. While discontinuities can occur at DG element faces the polynomials within

each DG element are continuous, see Figs. 4.1 and 4.2. If the interface moves

between two nodes of the same DG element instabilities will occur in the numerical

solution procedure. Alternatively, the interface can explicitly be restricted to lie

between two DG elements. This would, however, significantly reduce the accuracy

of the geometrical respresentation of the interface. Therefore the finite volume (FV)

sub-cell approach of Sonntag [105, 106] is used in the present work. Figure 4.3 depicts

the basic idea of this concept in one dimension. The DG element is sub-divided into

multiple FV sub-cells if a discontinuity occurs. The number of FV sub-cells is

equal to the number of polynomial nodes within a DG element. Sonntag developed

this method to stabilize DG simulations with strong shock waves [105] and Fechter

extended the scheme to two-phase flows [32, 34]. According to the nomenclature

proposed by Sonntag [105] a FV sub-cell refers to one individual degree of freedom

(DOF) within a DG element. An entire sub-divided DG element is called a FV

element. In three dimensions a FV element consists of pN ` 1q3 individual FV sub-

cells.

The discontinuous Galerkin scheme evaluates the integral balances of the conser-
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Figure 4.3: Discretization of a one-dimensional domain in the DG cells and a sub-
cell resolution defined by a third order polynomial. Cells in the vicinity of the
liquid-vapour interface are treated as FV cells.

vation laws for individual DG cells. The inner-cell resolution is accounted for by the

test function φ. The FV sub-cell approach applies the integral balances separately

to each polynomial node of a DG cell, i.e. to each individual DOF. The fluid state

is constant within a FV sub-cell reducing the test function to φ “ 1. Therefore, the

volume integral existing in the DG approach disappears and the integral balance for

a single FV sub-cell SC reduces to

B

Bt

ż

SC
JUdξ `

ż

BSC
pF ¨N qdS “ 0. (4.35)

The change between the DG and the FV method is performed adaptively during

the runtime of a computation. The numerical scheme switches when a predefined

criteria is fulfilled. This is discussed later on in this section. The conservation of

mass, momentum and energy must be enforced when the scheme switches between

DG and FV. Therefore the condition

ż

E
UDGdξ “

ż

E
UFV dξ “

N
ÿ

i,j,k“0

ż

SC
UFV
ijk dξ (4.36)

must be satisfied. In the general case the discret states UDG
ijk and UFV

ijk are not equal.

Firstly, in the DG context the discrete values are the sampling points of a continuous

polynomial while the states are constant within a FV sub-cell. Secondly, in the

present work the FV sub-cells are distributed equidistantly within the FV element,

while the sampling points follow a Gauss distribution in a DG element. Sonntag
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[105] discussed routines that ensure the consistent interpolation between UDG
ijk and

UFV
ijk with respect to Eq. (4.36). Subsequently, the semi-discrete formulation of the

FV scheme is discussed. In contrast to traditional FV methods the FV element is

here mapped to the reference space as discussed for the DG algorithm in Sec. 4.1.

The approximated time derivative integral then reads

B

Bt

ż

SC
JUdξ “ ∆V ref

ijk Jijk
BUijk
Bt

(4.37)

with ∆V ref
ijk being the volume of a FV sub-cell in reference space. The surface integral

is

ż

BE
pF ¨N qdS “ Aref

jk

´

fi´ 1
2
,j,kpU

L, UR,N q ` fi` 1
2
,j,kpU

L, UR,N q
¯

Aref
ik

´

fi,j´ 1
2
,kpU

L, UR,N q ` fi,j` 1
2
,kpU

L, UR,N q
¯

Aref
ij

´

fi,j,k´ 1
2
pUL, UR,N q ` fi,j,k` 1

2
pUL, UR,N q

¯

(4.38)

where Aref
jk is the area of FV sub-cell face for the respective direction. The semi-

discrete form of Eq. (4.35) is given by

BUijk
Bt

“ ´
1

∆V ref
ijk Jijk

”

Aref
jk

´

fi´ 1
2
,j,kpU

L, UR,N q ` fi` 1
2
,j,kpU

L, UR,N q
¯

Aref
ik

´

fi,j´ 1
2
,kpU

L, UR,N q ` fi,j` 1
2
,kpU

L, UR,N q
¯

Aref
ij

´

fi,j,k´ 1
2
pUL, UR,N q ` fi,j,k` 1

2
pUL, UR,N q

¯ı

. (4.39)

The time derivative term on the left hand side is discretized using the algorithm in

Sec. 4.4. As in the DG approach, the flux f depends on two generally discontinuous

states UL and UR. In contrast to the DG scheme the face values are here not

determined by an extrapolation of the polynomial. Instead, local gradients are

reconstructed by finite differences. If a first order discretization is used the state

of the FV sub-cell is simply copied to the respective sub-cell face. A second order

discretization is obtained using limited central-difference gradients. For each sub-

cell the gradient to the left and the right neighbor sub-cell is calculated and the

minimum gradient is used to extrapolate the state from the sub-cell to the sub-cell

face [105]. Central difference gradients cannot be reconstructed for cells next to the

liquid-vapour interface, even though a minimum limiter is used. This is illustrated

by the following example. A vaporising quiescent droplet has a high velocity on the

vapour side and an (almost) zero velocity on the liquid side. The gradients in the
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DG solver are built for the conservative variables. The momentum as a product

of density and velocity may be similar across the interface (high velocity times

low density vs. low velocity times high density). Therefore, the minimum limiter

cannot directly be applied to interface cells. To achieve a second order discretization

at the interface ghost states can be constructed as suggested by Aslam [5]. Here,

the state of one fluid is extrapolated normal to the interface into the (auxilliary)

cells of the other fluid. States are extrapolated by solving an additional differential

equation. This has to be done independently for both fluids. Section 5.3.3 discusses

the influence of the gradient approximation at the interface and within bulk FV

sub-cells for the present computations.

4.2.1 Criteria to switch between DG and FV

The change from a DG element to a FV element or vice versa has to obey suitable

rules. Here, indicators are determined for each element, and switching between DG

and FV is enforced if the predefined upper or lower limits are exceeded or undercut.

Sonntag [105] used indicator functions which analyse the smoothness of a solution.

If the polynomial solution exhibits instabilities the indicator value I increases. If

I exceeds the upper treshold Imax the numerical scheme switches from DG to FV.

When the polynomial solution returns into a smooth state I decreases and the

DG scheme is used when I ă Imin. The condition Imin ă Imax avoids a frequent

alternation between the DG and FV schemes [105]. One of these indicators was

introduced by Persson and Peraire [77], and it is also used for the present work.

Fechter [32] combined the indicator of Persson and Pareire to an indicator directly

accounting for the location of the interface. Whenever the distance to the interface

is below a predefined limit I is explicitly set to a value higher than Imax to enforce

FV elements near the liquid-vapour interface. The indicator in the present work

is established on these indicators with the following modification and specification:

The initial pressure jump in the present work is always between the liquid and the

vapour. There are no shock fronts within an individual bulk phase at the start of

a computation, but the high pressure ratio between liquid and vapour leads to a

strong shock/rarefaction in the liquid and to a moderate shock/rarefaction in the

vapour phase. The main test cases involve interactions of multiple vapour bubbles

that lead to intense pressure wave dynamics within the liquid. In contrast, previous

studies with the present solver investigated cases such as single droplets and shock

tubes [32, 33, 34, 35, 36]. In these cases the liquid pressure relaxes more quickly than

compared to the present setups. Therefore, the liquid elements are generally treated
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with the FV scheme during this work. On the vapour side only those elements are

treated as FV elements that contain the interface, that have an element face next

to the interface or that exceed Imax due instabilities in the polynomial presentation

of the pressure field.

4.3 Riemann solvers

In Secs. 4.1 and 4.2 the need to determine consistent fluxes across the DG element

and FV sub-cell faces that separate discontinuous fluid states has been discussed.

In the present work Riemann solvers are used to obtain the consistent flux f

from the neighbouring states UL and UR. Riemann solvers capture compressible

effects such as shock or rarefaction waves. The basic idea is to treat the numerical

discontinuity as an initial value problem. Different algorithms are required at single

face element/cell faces and across the liquid vapour interface, respectively. In the

present work the HLLC Riemann solver of Toro [111] and the HLLP Riemann

solver of Fechter et al. [36] are used in the bulk phase and at the interface,

respectively. Note that a modified HLLC Riemann solver exists also for two-phase

problems without phase transition [33, 49]. If not stated otherwise, HLLC always

refers to the single-phase Riemann solver in the present work. The Riemann

solvers define fluxes normal to element/cell faces. The vectorial notation using the

bold symbolsU and F accounts here for the different conservation laws, see Sec. 3.1.

4.3.1 HLLC single phase Riemann solver

The basis for the HLLC Riemann solver is the approximate Riemann solver proposed

by Harten, Lax and van Leer (HLL) [43]. The C refers to a contact discontinuity

which is additionally resolved in the HLLC approach. This concept is illustrated in

Fig. 4.4. The abscissa and the ordinate are a space and a time axis, respectively,

and the initial discontinuity between UL and UR lies at x “ 0. The diagonal

lines represent signals which propagate away from the initial discontinuity as time

passes. The sketch in Fig. 4.4 shows three such signals which are also called waves.

Firstly, the left and the right waves are discussed. In the context of compressible

fluid dynamics these waves are associated with shock and rarefaction waves evolving

from pressure discontinuities. In the HLL approach the two outer waves enclose a

constant state which can be considered as a relaxed pressure field between shock

and rarefaction. In the HLLC approach an intermediate wave is resolved accounting
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Figure 4.4: Riemann wave fan for the HLLC approximation according to Toro [111].

for contact or shear waves within a bulk phase [111]. In the framework of multi-

component flows the contact wave describes the material interface between two

fluids. The present work deals with single component two-phase flows and phase

transition. Here, the contact wave may account for the discontinuity between fresh

vapour and ambient gas. The intermediate states in Fig. 4.4 are approximated by

U k˚
“ ρk

ˆ

Sk ´ uk

Sk ´ S˚

˙

»

—

—

—

—

—

—

—

–

1

S˚

vk

wk

Ek

ρk
` pS˚ ´ ukq

”

S˚ ` pk

ρkpS˚´ukq

ı

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(4.40)

with k “ L,R accounting for the left and right state, respectively. Auxilliary fluxes

F ˚k are defined using the intermediate states U k˚ according to

F ˚k “ F k
` SkpU˚k

´U k
q, (4.41)

with the advective flux F k given by Eq. (3.4). The numerical flux fHLLC is then

determined by

fHLLC “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

F L , if 0 ď SL

F ˚L , if SL ď 0 ď S˚

F ˚R , if S˚ ď 0 ď SR

FR , if SR ď 0.

(4.42)

The remaining unknowns are the signal velocities SL, SR and S˚ that transport

the different waves in Fig. 4.4. The outer wave speeds are characterised by the flow

velocity and the speed of sound. The present work uses the Roe-eigenvalues [91]



4.3. RIEMANN SOLVERS 50

SL “ ũ´ ã, SR “ ũ` ã. (4.43)

The variables denoted ˜̈ are the Roe-averages with the velocity given by

ũ “

a

ρLuL `
a

ρRuR
a

ρL `
a

ρR
. (4.44)

The EOS determines the average speed of sound as a function of the average density

and internal energy

ρ̃ “
a

ρLρR and ẽ “

a

ρLeL `
a

ρReR
a

ρL `
a

ρR
. (4.45)

The velocity of the contact discontinuity is

S˚ “
pR ´ pL ` ρLuLpSL ´ uLq ´ ρRuRpSR ´ uRq

ρLpSL ´ uLq ´ ρRpSR ´ uRq
. (4.46)

The text book
”
Riemann Solvers and Numerical Methods for Fluid Dynamics“by

Toro [111] provides a detailed derivation of these equations in Ch. 10.4.

4.3.2 HLLP two phase Riemann solver

Fechter et al. [36] introduced the HLLP two-phase Riemann solver which is also

based on the ideas of Harten, Lax and van Leer [43]. In contrast to the HLLC

Riemann solver it captures the phase transition (P) at a liquid-vapour interface.

The following two paragraphs outline the general two-phase Riemann problem

based on [35] and the simplifications of the HLLP algorithm introduced by [36],

respectively.

Exact description of the two-phase Riemann problem with phase change

Figure 4.5(a) shows all relevant fluid states for the description of compressible fluid

dynamics with vaporisation. The Riemann problem consists of the two initial and

three intermediate states. They are separated by four waves. As in the HLLC

Riemann problem the outer waves are shock or rarefaction waves propagating with

SL and SR, respectively. The Rankine-Hugoniot conditions [111]
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Figure 4.5: Riemann wave fans for two-phase problems with phase transition.
Adapted from [36].

ρk˚uk˚ ´ ρkuk “ Skpρk˚ ´ ρkq

ρk˚puk˚q2 ` pk˚ ´ ρkpukq2 ´ pk “ Skpρk˚uk˚ ´ ρkukq

pEk˚
` pk˚quk˚ ´ pEk

` pkquk “ Skpρk˚Ek˚
´ ρkEk

q (4.47)

couple the initial states with the star states. For the tangential velocity components

vk “ vk˚ and wk “ wk˚ holds [111]. The phase interface separates the liquid from

the vapour. It propagates with the interface velocity Sint. The jump conditions in

Eq. (3.18) give the relation between the inner state U# (fresh vapour in case of

vaporisation) and either UL˚ or UR˚ (the liquid state in case of vaporisation). The

evaporative mass flux 9m2 and the interface velocity are related by Eq. (3.10) using

the states next to the phase interface. The contact wave separates the inner state

U# (fresh vapour in case of vaporisation) and UL˚ or UR˚ (the vapour state in case

of vaporisation). The Rankine-Hugoniot conditions (4.47) correlate these states.

The following example shall illustrate the theoretical view given by Fig. 4.5(a) as

well as relations (3.18) and (4.47) with a simple physical example:

• A liquid droplet is initially subcooled at state UL with pL ě psat

• The droplet is injected into a low-pressure environment at UR with pR ă psat

• A rarefaction wave will propagate from the liquid-vapour interface towards the

center of the droplet. The signal velocity SL is of the order of the speed of

sound. The liquid pressure drops and the resulting rarefied liquid is super-

heated (UL˚ with pL˚ ă psat).

• The vapour becomes marginally compressed (UR˚ with pR˚ ą pR) by a weak
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shock wave. Again, the signal velocity SR mainly depends on the speed of

sound.

• Liquid vaporises at the phase interface generating fresh vapour at U#.

• The liquid-vapour interface propagates with Sint due to vaporisation of liq-

uid. As fresh vapour is continuously emitted from the interface the contact

dicontinuity between fresh vapour and compressed vapour propagates with S˚.

The exact Riemann problem is solved by 14 equations including

• Eq. (3.18) without both tangential momentum equations,

• Eq. (4.47) across the outer waves and the contact wave,

• Eq. (3.10) and one model equation from Sec. 3.3

for 14 unknowns (vL˚ “ pρL, uL, eLqT , vR˚ “ pρR, uR, eRqT , v# “ pρ#, u#, e#qT , SL,

SR, S˚, Sint, 9m2) [35]. Note that Fechter et al. [35, 36] neglect the diffusive terms in

the jump conditions Eq. (3.18) and replace the jump in the heat flux by Eq. (3.17).

Section 3.2 discusses the simplifications comprised in Eq. (3.17) which include the

omission of the kinetic energy and a term of the form 9m2uSint. These terms are

neglible for the present work and the resulting jump conditions read

0 “ vρpu1 ´ Sintqw ,

σκ “ vρu1pu1 ´ Sintq ` pw ,

σκSint “ vpρEqpu1 ´ Sintq ` pu1w ` 9m2hfg. (4.48)

The models from Sec. 3.3 estimate the mass flux 9m2 and hfg is evaluated at

Tref “ 0.5pTvap`Tliqq from the EOS [35, 36]. Remember that the tangential velocity

components are defined by vk “ vk˚ and wk “ wk˚ [111]. In principal, this equation

system can be solved iteratively yielding the exact solution of the Riemann problem

[35]. However, the computational cost is high. Therefore, Fechter et al. [36]

reduced the complexity of the Riemann problem and provided a simplified solution

algorithm as outlined now.
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HLLP approximation for two-phase flows with phase change

Simplification 1 - Outer wave speeds SL and SR: The HLLP Riemann solver

uses the same a priori estimation of the outer wave speeds SL and SR as the two-

phase HLLC Riemann solver of Fechter et al. [33]. Firstly, the auxilliary states

∆p “ pR ´ pL ` σκ,

∆u “ uR ´ uL,

ξL “
cRρR∆u´∆p

cL
´

cR ρ
R

ρL
` cL

¯ , ξR “
cLρL∆u`∆p

cR
´

cR ` cL ρ
R

ρL

¯ ,

ρ̃L “ ρL ` ξL, ρ̃R “ ρR ` ξR,

ũL “ uL ´
cL

ρL
ξL, ũR “ uR `

cR

ρR
ξR,

p̃L “ pL ` pcLq2ξL, p̃R “ pR ` pcRq2ξR (4.49)

are determined. The corresponding speeds of sound c̃L and c̃R are obtained from

the EOS (see 3.4 for details). The outer wave speeds are then estimated as

SL “ minpuL ´ cL, ũL ´ c̃Lq,

SR “ maxpuR ` cR, ũR ` c̃Rq. (4.50)

This approximation formally reduces the number of unknowns by two. However,

now the pressures pL˚ and pR˚ in Eq. (4.47) are thermodynamically inconsistent

with ρL˚, eL˚ and ρR˚, eR˚ [35] because the corresponding signal velocities have

been estimated a priori. Thus, the number of unknowns remains constant including

now pL˚ and pR˚ as they are independent of UL˚ and UR˚.

Simplification 2 - Omitting the contact discontinuity: The contact discon-

tinuity is neglected and the state across the contact wave is averaged. This is similar

to the HLL concept for single phase Riemann problems as proposed by Harten et

al. [43]. Figure 4.5(b) depicts the resulting wave fan. This reduces the number

of equations by three (Rankine Huginiot condition across the contact wave) while

the number of unknowns is reduced by four (U#, S˚). Thus, the remaining sys-

tem of equations is overdetermined with 11 equations and 10 unknowns. A third

simplification resolves this conflict.
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Simplification 3 - Neglecting the energy coupling on the vapor side: The

Rankine-Hugoniot condition is droped for the internal energy on the vapour side.

In cases with vaporisation, the energy eL
˚

will be mainly determined by the energy

jump across the liquid-vapour interface and the influence of the intial internal

energy eL on eL˚ is neglected [36]. The system of equations now consists of ten

equations and ten unknowns. Fechter et al. [36] obtained analytical expressions

for the internal states v˚L, v˚R as well as the pressures p˚L and p˚R from the software

Maple®. These expressions are given in [36] and in Appendix B.

This Riemann solver can be solved explicitly or implicitly. The explicit solution

uses the initial states UL and UR to determine the vaporisation mass flux 9m2, and

the intermediate states can be calculated from the equations in Appendix B. For

the implicit solution 9m2 is determined from the intermediate states UL˚ and UR˚.

The initial states give a first estimation of 9m2 and the intermediate states as well

as the mass flux are then iterated until convergence is achieved. From the final

intermediate states the numerical fluxes are calculated according to Eq. (4.41). In

contrast to the HLLC Riemann solver the fluxes FL˚ and FR˚ are used individually

for the left and the right cells, respectively.

4.4 Time discretization

For the numerical integration of the time derivatives, i.e. the left hand side of Eqs.

(4.33) and (4.39), a third-order Runge Kutta scheme is used. Williamson [116]

provided the theoretical background. The discrete equations evolving the initial

solution Un at time step n to the new solution Un`1 at time step n` 1 read

rU “ Un
` 1{3Un

t ∆t,

r

rU “ rU ` 15{16 rU t∆t with rU t “ U tp rUq ` 5{9Un
t ,

Un`1
“

r

rU ` 8{15
r

rU t∆t with
r

rU t “ U tp
r

rU q ` 153{128 rU t. (4.51)

The adaptive time step ∆t is determined based on the CFL criterion by Courant,

Friedrichs and Lewy [25] for the convective terms of the conservation laws. Similarly,

a DFL number is used within the DG solver to account for the diffusive terms. The
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convective and viscous eigenvalues,

λcon “ max

ˆ

p|u| ` cq

∆x

˙

(4.52)

and

λdif “ max
´ a

∆x2

¯

, (4.53)

determine the size of the time step. Here, a and ∆x are the thermal diffusivity

and the size of the DG element, respectively. The maximum function considers all

DG elements of the computational domain. The minimum of the convective and

diffusive time steps,

∆tcon “
CFLαRKpNq

λconp2N ` 1q
(4.54)

and

∆tdif “
DFLβRKpNq

λdifp2N ` 1q2
, (4.55)

is used for the computation. The factors p2N ` 1q and p2N ` 1q2 account for the

non-equidistant inner cell resolution of a DG element. αRK and βRK are scaling

parameters which depend on the polynomial degree N and the order of the time

integration.
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Chapter 5

Determination of reference

conditions

This chapter contains results of a series of code validations, parameter and model

studies that help to set up and analyse the main test cases presented in Chs. 6 and

7. Section 5.1 discusses some of the essential properties of the HLLP Riemann solver

and compressible liquid-vapour flows. The role of vapour bubble growth for the dis-

integration of flashing jets and the complexity of nucleation and bubble interaction

was discussed in Sec. 2.3. In contrast, single bubble growth is a relatively simple

and well defined test case. Here, it serves as a reference case used to understand the

basic physical mechanisms, to estimate length and time scales for bubble growth in

cryogenic LOX and to validate the solver for the DNS of multiple bubbles. In Sec.

5.2 the general physical aspects are summarised and a semi-analytical model for

single bubble growth is used to generate a reference data base. This semi-analytical

solution is used to validate the DNS solver and calibrate the vaporisation models.

Section 5.3 studies the sensitivity of the DNS results to the numerical parameters.

5.1 Vaporisation modeling with the HLLP Rie-

mann solver

In the following section the vaporisation of LOX in a shock tube is investigated. This

one-dimensional test case allows to analyse the properties of the HLLP Riemann

solver and to illustrate some characteristics of compressible two-phase flows at a

moderate computational cost. Sections 5.1.1 and 5.1.2 present the test setup and

the corresponding results, respectively.

57
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5.1.1 Setup shock tube

Figure 5.1 outlines the geometrical setup and the physical configuration of the shock

tube. Here, this shock tube is closed at one end and opened at the other end. The

left half of the domain is filled with saturated liquid (state A in Subfig. 5.1(b)), the

right half is filled with superheated vapour (state B in Subfig. 5.1(b)). The initial

temperature is the same in both phases. The initial pressure of the vapour pvap

on the right side is therefore less than the liquid pressure pliq. Table 5.1 provides

the physical initial conditons for both phases. A symmetry condition and an out-

flow condition are prescribed to the left and right domain boundary, respectively.

Table 5.2 summarises the physical models and the numerical parameters applied

for the present test case. The Hertz-Knudsen relation (HKR) introduced in Sec.

3.3 estimates the vaporisation mass flux and the coefficients are arbitrarily set to

λvap “ λcond “ 0.5. The results of this test case are used here for a qualitative

analysis and a precise calibration of λvap and λcond is therefore not needed. For

the quantitative analysis of multiple vapour bubbles a detailed calibration of the

coefficient follows in Ch. 6. For the same reason all other parameters given in Tab.

5.2 remain unchanged for the shock tube test case.

liquid
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Figure 5.1: Configuration of a shock tube test case with one open end.

Table 5.1: Initial conditions for the shock tube test case.

state density pressure temperature

ρ in rkg{m3
s p in rbars T in rKs

A 976.336 10 120
B 17.378 5 120
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Table 5.2: Default numerical parameters and physical models for the shock tube
test case.

parameter value comment

Vaporisation model HKR Sec. 3.3
λvap, λcond 0.5 arbitrary

EOS CoolProp

DG cells, Npoly 50, 3
FV order, IF order, CFL 2, 2, 0.9

5.1.2 Results shock tube

Figure 5.2 shows the density, pressure, velocity and temperature field after t “ 0.2

ms. The density profile in Subfig. 5.2(a) shows that the position of the liquid-

vapour interface has not changed. The amount of vaporised liquid after t “ 0.2

ms is too small to considerably reduce the liquid volume after the rather short

time interval. The increase in the vapour density at the interface results from a

shock wave as indicated by the pressure field in Subfig. 5.2(b). The initial pressure

difference causes shock and rarefaction waves propagating through the vapour and

liquid phases, respectively. The propagation speed of these waves is estimated by

Eq. (4.50) and for the present test case mainly determined by the speed of sound, c.

For the present operating conditions, the speed of sound of the liquid and the vapour

is cliq “ 642 m/s and cvap “ 201 m/s, respectively. Thus, the rarefaction wave in

the liquid has propagated further away from the interface than the shock wave in

the vapour. The pressure field at t “ 0.2 ms also allows to identify the different

states in the Riemann wave fan as it is depicted for the HLLP approximation in Fig.

4.5(b). The initial states UL
“ U liq and UR

“ U vap are still present at the left and

and right sides of the domain, respectively. The rarefaction wave and the interface

enclose the rarefied liquid of state UL˚. The compressed vapour is represented by

the state UR˚ between the interface and the shock wave. Subfigure 5.2(c) shows the

velocity field. The shock wave accelarates the vapour and the fluid velocity uvap « 22

m/s is maintained by the vaporisation from the interface. The small velocity on the

liquid side accounts for the expansion of the liquid by the rarefaction wave. The

temperature profile in Subfig. 5.2(d) illustrates three effects. Firstly, the liquid

temperature slightly cools down. This is the consequence of the expansion rather

than of the latent heat of vaporisation. Secondly, the vapour temperature increases

because the shock wave compresses the fluid. The third important aspect is the
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Figure 5.2: Solid lines: initial conditions of the shock tube. Dashed lines: results
after t “ 0.2 ms.

temperature drop to T « 117 K close to the interface. It occurs on the vapour side

and it is not associated with the latent heat of vaporisation. Figure 5.3 shows the

temperature profile after t “ 5.0 ms which gives a better illustration of this effect.

The temperature drop has propagated towards the vapour with the flow velocity

of the fresh vapour. This is confirmed estimating the propagated distance using

the vapour velocity near the interface with ∆xdist « 22 m{s ¨ 5 ¨ 10´3 s “ 0.11 m.

Figure 5.3 shows that the low temperature zone in the vapour ranges to x « 0.35 m

being approximately the distance to the interface at x « 0.25 m. The temperature

jump at x « 0.35 is associated with the contact discontinuity in the exact Riemann

problem. The states UL˚, U# and UR˚ as introduced in Fig. 4.5(a) can also be

identified in Fig. 5.3. The contact discontinuity separates the fresh vapour from the

compressed surrounding gas. Even though the HLLP approximation neglects this

jump the use of the HLLC Riemann solver in the bulk phase allows to account also

for the contact discontinuity.
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Figure 5.3: Solid line: initial temperature field of the shock tube. Dashed lines:
temperature after t “ 5.0 ms.

Figure 5.4 illustrates the characteristic behaviour of pressure waves in liquids.

Subfigure 5.4(a) shows the reflection of the initial rarefaction wave at the symmetry

plane on the left side of the domain. The pressure behind the rarefaction decreases

by the reflection and the wave propagates back towards the interface. The reflection

at the interface is depicted in Subfig. 5.4(b). The pressure wave is inverted from

a rarefaction to a shock wave. The pressure behind the shock is approximately

the same as the pressure before the previous rarefaction. Similar to the pressure

decrease after the reflection of the rarefaction at the symmetry, the shock wave

reflection increases the pressure behind the shock after it is reflected (not shown

here). Over time the pressure will relax towards the ambient pressure. Figure

5.5 depicts results at late time intervals. The density profiles in Subfig. 5.5(a)

indicate that an appreciable amount of liquid is vaporised within the time interval
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Figure 5.4: Pressure wave propagation in the liquid phase.
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considered. The liquid pressure is approximately the same as the vapour pressure

and the remaining pressure waves are of a small amplitude only. Subfigure 5.5(c)

shows that the liquid velocity has relaxed to zero and that the vapour velocity

remains constant during the vaporisation process.

The energy jump condition in Eq. (4.48) omits the heat fluxes across the inter-

face but couples the liquid and vapour energy by the source term 9m2hfg, see Sec.

4.3.2. Therefore, the cooling of the liquid due to the latent heat of vaporisation is

not accounted for by the HLLP Riemann solver. This is also seen in the temperature

fields in Fig. 5.5(d). Here, the liquid remains superheated at a constant tempera-

ture. Consequently, the mass flux at the interface converges, see Fig. 5.6. Although

the temperature of the generated vapour is lower than the temperature of the su-

perheated liquid, the specific enthalphy is higher in the vapour phase. The energy

needed to increase the enthalpy actually comes from the superheated liquid, the

liquid cools down and energy is conserved. The cooling of the liquid at the interface

is, however, not resolved in the HLLP Riemann solver and the energy conservation

is violated. To analyse the conservation property of the solver the total mass and

the total energy are determined by

mtotptq “

ż

V

ρdV `

t
ż

0

ρuAdt (5.1)

(5.2)

and

Etotptq “

ż

V

ρ

ˆ

e`
u2

2

˙

dV `

t
ż

0

ρ

ˆ

e`
u2

2

˙

uAdt, (5.3)

respectively. In both equations the first term on the right hand side represents the

volume integral of the conservative quantities within the domain. The second term

on the right hand side accounts for the fluid that has crossed the control surface

surrounding the domain. Figure 5.7 depicts the results for the shock tube. The total

mass represented by the solid line is conserved throughout the vaporisation. The

total energy increases instead because the evaporative cooling is not resolved. In

the present example 95% of the liquid vaporises within the time interval of t “ 0.5

s. Therefore, the rise in the total energy is relatively high. The energy reservoir
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Figure 5.5: Results for the shock tube when a considerable amount of mass has
vaporised.

allowing to vaporise the liquid is solely the superheated liquid itself and the liquid

temperature would therefore continuously decrease during the vaporisation process.

Reducing the energy of the remaining liquid at t “ 0.5 s by the energy difference

∆E “ Etotpt “ 0.5 sq ´Etotpt “ 0q would reduce the liquid temperature to unphys-

ically low ranges. Accounting for the liquid cooling during the entire vaporisation

process would result in a decreasing mass flux and less liquid would vaporise in

total. On a macroscopic level the cooling of the liquid will only become important

at reasonably long time intervals. If, however, time intervals are small, the change

of the mean temperature of the liquid bulk is neglible. In the case of vapour bub-

ble growth a relatively small amount of vaporised liquid leads to large volumetric

increase in the bubble radii. The energy rise is less significant for the simulation

of vapour bubble growth within the time intervals considered in the present work.

This is discussed in Sec. 5.3.6.
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Figure 5.6: Mass flux over time for the shock tube test case.
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Figure 5.7: Mass flux over time for shock tube.

5.2 Generation of a reference data base

The previous test case is well suited to characterise some of the fundamental physical

effects of compressible two-phase flows with vaporisation and the representation of

these effects using the HLLP Riemann solver. In the next step, the growth of isolated

vapour bubbles is investigated because it is more closely related to flash boiling. It

is important to point out that the studies of the present section are conducted with

a semi-analytical model that is independent from the DG solver. This model is

based on the Rayleigh-Plesset equation [80, 85] and referred to as RPE solver in the

remainder of this work. Here, it serves as a reference solution for the validation and

calibration of the DG solver in the further course of the investigations. Therefore,

in this section a data base for comparison is generated which is based on the RPE

solver.
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5.2.1 Physical aspects of single vapour bubble growth

Some aspects of bubble nucleation were introduced in Sec. 2.1.2 and further

detail on their subsequent growth is given here. Figure 5.8 illustrates the common

assumptions for single vapour bubble growth [82, 90]. The surrounding liquid is

superheated, i.e. it is below its saturation pressure at a metastable state B and

vapour bubbles nucleate under saturation pressure (see also Fig. 2.3). The latter

condition was introduced in Sec. 2.1.2 as a simplification of Eq. (2.4). The error

associated with this simplification is smaller than 4% for the present operating

conditions suggesting that pvap “ psatpT8q is a reasonable assumption.

The surface tension force balances the pressure difference between vapour and

liquid leading to a mechanical equilibrium. An isothermal nucleation defines the

thermodynamic limit for a bubble of critical radius [14]

Rcrit “
2σ

psatpT8q ´ pliq

. (5.4)

Tiny fluctuations overcome the mechanical equilibrium and the bubble grows ini-

tially at an extremely low rate. After the initial delay, the bubble grows at high

rates driven by the inertia of the liquid. The heat required for the vaporisation of

the liquid cools down the interface, and the vapour pressure as well as the growth

rate decrease. This process is indicated in Fig. 5.8 by the path from state C to

state D on the vapour side. A thin boundary layer develops from the bubble wall

towards the liquid, the vapour pressure approaches the ambient pressure and heat

conduction drives the bubble growth.

5.2.2 Reference model

The growth of single vapour bubbles has excessively been investigated and reliable

analytical and semi-analytical solutions for determining the bubble radius and its

growth rate exist [14, 62, 69, 79, 80, 81, 82, 85, 90]. These models use an integration

of the Navier-Stokes equations (momentum conservation) from the bubble wall to

infinity using assumptions of spherical symmetry. Plesset [78, 79] extended the early

work of Rayleigh [85] to the Rayleigh-Plesset equation (RPE)

R :R `
3

2
p 9Rq2 “

1

ρliq

ppsat ´ p8 ´
2σ

R
´

4µ

R
9Rq (5.5)
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for single bubble growth. Here, R, 9R and :R are the bubble radius and its first and

second time derivative, respectively. A derivation according to Brennen [14] is given

in Appendix C. Solving Eq. (5.5) provides the temporal evolution of the bubble

radius R and its derived quantities (growth velocity, acceleration). Equation (5.5)

holds for the inertia controlled regime and includes the surface tension force and the

viscous forces. Lee and Merte [62] coupled the RPE to the temperature equation

BT

Bt
` ur

BT

Br
“ a

ˆ

B2T

Br2
`

2

r

BT

Br

˙

(5.6)

and derived suitable boundary conditions at the bubble wall from Eq. (3.22).

Equations (5.5) and (5.6) provide a relatively simple, one-dimensional integrable

solution [62], they account for the inertia and the heat diffusion driven stages of

bubble growth and can thus serve as a reference for the DNS code development.

The solution algorithm is adapted from Lee and Merte [62]. In the present work an

implicit Euler scheme is used to discretise Eq. (5.5). Equation (5.6) is discretised

in a thin liquid band which caputures the thermal boundary layer at the interface.

The resulting equation system is solved iteratively until the temperature field

converges.

The Rayleigh-Plesset equation [79, 85] and its coupling to the temperature equa-

tion by Lee and Merte [62] describe the growth of isolated bubbles using several

assumptions that warrant some further discussion:

superheated liquid

r

critical

point

superheated 

vapoursubcooled

liquid

T=const.

metastable liq. metastable vap.

C

B
D

Figure 5.8: Initial conditions for the present setup. State B indicates a metastable
superheated liquid. State C indicates a vapour bubble which nucleates within the
liquid. We assume an isothermal nucleation with the vapour bubble being saturated.
The resulting pressure gap is balanced by the surface tension.
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1. The system consists of a spherical bubble in an infinite liquid reservoir: This

assumption allows to employ radial symmetry for the solution of bubble expan-

sion. In a truly flashing liquid multiple bubbles occur and the bubble density

is typically high. The bubbles may therefore interact with their neighbour and

deviate from sphericity. The present study, however, considers isolated bub-

bles in a sufficiently extended liquid environment only and the fluid properties

need to be selected with respect to the ambient conditions (i.e. pressure and

temperature) typical for flash boiling of cryogenic oxygen. Multiple bubble

arrangements will be discussed in Ch. 7.

2. The vapour in the bubble is saturated and in thermodynamic equilibrium with

the liquid at the interface: If the growth rate of the bubble exceeds the rate at

which vapour can be generated, the bubble pressure drops below the saturation

pressure [79, 80]. An estimation of the maximum rate of vapour generation

is difficult because the accommodation coefficients of the underlying kinetic

model are in general not known [81]. Shusser et al. [104] gave an example for

an extension of the Rayleigh-Plesset equation incorporating a kinetic model for

phase transfer rates and nonequilibrium effects are briefly addressed in [81].

Up to today, uncertainties in the estimation of these nonequilibrium effects

at the interface persist and the present work therefore assumes processes at

molecular scale to be much faster than macroscopic processes such as bubble

expansion and uses the common equilibrium assumption.

3. The vapour pressure inside the bubble is constant and the liquid is incom-

pressible: The growth velocities of the isolated bubbles in this work do not

exceed 20 m/s and are therefore considerably smaller than the speed of sound

in the vapour. It is valid to assume that the bubble pressure instaneously

follows the pressure at the bubble wall [80]. The speed of sound of the liquid

oxygen is larger than 640 m/s for the present operating conditions confirming

the assumption of an incompressible liquid phase.

It is emphasized here, that the approximation of Lee and Merte [62] is in general

not restricted to certain regimes of bubble growth. Plesset and Zwick [80] derived

an analytical model for the heat diffusion controlled stage taking into account the

evaporative cooling. This model is, however, valid for thin boundary layers only. The

procedure of Lee and Merte resolves the temperature field and assumptions regarding

the boundary layer thickness are not needed. Up to today, the Rayleigh-Plesset

equation is a common reference for the understanding and the quantification of the
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growth process in the context of flash boiling [8, 102] and it is deemed reasonable

to use the implementation by Lee and Merte [62] for the present investigation.

5.2.3 Physical conditions

Experiments on flash boiling of LOX are currently conducted at the German

Aerospace Centre (DLR) in Lampoldshausen and first results have been presented

by Lamanna et al. [58]. The temperature of the cryogenic oxygen ranges from

T “ 90 K to T “ 120 K and the same range is covered here. The superheat ratio Rp

defined by Eq. (2.5) specifies the pressure conditions for the liquid and the vapour at

a given temperature. Table 5.3 lists the initial conditions of the different test cases

that span the entire temperature range and provide conditions from very moderate

to high superheat. Cases are labeled CX-Y with X and Y being the superheat ratio

Rp and the initial temperature, respectively (e.g. C5-120 for Rp “ 5 and T0 “ 120

K). Single bubble growth is typically characterized by the Jakob number Ja

Table 5.3: Initial conditions for bubble growth parametric study. Densities are given
in [kg/m3], pressures are given in [bar], critical radii in [µm] and temperatures in
[K]. The Jakob number Ja is dimensionless.

Rp “ 5 Rp “ 10 Rp “ 50 Rp “ 100

T8 “ 90.0 pliq 0.199 0.099 0.02 0.01
psat “ 0.994, ρliq 1141.927 1141.905 1141.887 1141.885
ρvap “ 4.39 Rcrit 0.332 0.295 0.271 0.268

Ja 117.545 298.334 1965.017 4185.898

T8 “ 100.0 pliq 0.508 0.254 0.051 0.025
psat “ 2.54, ρliq 1090.303 1090.230 1090.171 1090.164
ρvap “ 10.425 Rcrit 0.332 0.295 0.271 0.268

Ja 62.883 158.303 1022.836 2162.338

T8 “ 110.0 pliq 1.087 0.543 0.109 0.054
psat “ 5.434, ρliq 1033.779 1033.566 1033.395 1033.374
ρvap “ 21.281 Rcrit 0.039 0.034 0.031 0.031

Ja 39.698 99.442 632.984 1329.518

T8 “ 120.0 pliq 2.045 1.022 0.204 0.102
psat “ 10.0223, ρliq 969.208 968.612 968.133 968.073
ρvap “ 39.308 Rcrit 0.015 0.013 0.012 0.012

Ja 28.780 72.016 453.795 948.112
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Ja “
ρliqcp,liqpT8 ´ Tsatpp8qq

ρsat,vappp8qhfg

. (5.7)

It measures the degree of superheat as the ratio between the heat stored in the

liquid and the latent heat needed for vaporisation [81]. The present parameter

study is based on the pressure ratio Rp instead, because it is one important key

parameter in flash boiling (e.g. [59]). Table 5.3 lists the corresponding Ja used for

the evaluation of the DNS results in Sec. 6.1.

5.2.4 Results of the reference model and conclusions for the

DNS of vapour bubbles

In this section the reference model described in 5.2.2 is evaluated using the operation

conditions given in Sec. 5.2.3. The relevant time frame should cover the growth

process until bubbles merge in a superheated LOX jet. This, however, is generally

not known a priori, it depends on the bubble density and therefore on the nucleation

rate. Here, a time interval of 100 microseconds is considered. Figure 5.9 depicts the

bubble radii for different temperatures T8 and different pressure ratios Rp. The

bubble sizes at t “ 100 µs are larger than 100 micrometer. For reasonably high

nucleation rates a jet disintegration is likely to occur within this growth interval.

Only for low nucleation rates the time range needs to be extended further. The three

stages of bubble growth - initial delay, inertia controlled growth and heat diffusion

controlled growth - can be characterised in Subfig. 5.9(a). During the intial stage the

bubble radii do not change. Once the disturbance is large enough bubbles rapidly

grow and inertia forces control the growth rate. During this stage the growth rate

typically increases with increasing T8. The bubble surface is accelerated by the

pressure force (first term on the right hand side of Eq. (5.5)) which rises with

increasing saturation pressure and therefore with increasing temperature. At later

times, C5-120 grows more slowly than the C5-90 because the former reached the heat

diffusion controlled stage while the latter is still inertia controlled. For Rp “ 100 all

cases remain inertia controlled and therefore C100-120 keeps higher growth rates up

to t “ 100 µs, see Subfig. 5.9(b).

Subfigure 5.10(a) depicts the liquid temperature profiles for different initial tem-

peratures with a superheat ratio Rp “ 100 at the final simulation time. The bubble

surface lies at r ´R “ 0 and its decreased temperature Tint is a consequence of the
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Figure 5.9: Bubble radius over time for different temperatures
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latent heat of vaporisation. The boundary layer to the bulk liquid with T ą Tint is

of the order of δ “ 10 µm. Subfigure 5.10(b) shows the boundary layer thickness

during the growth up to 1000 times Rcrit. Within this growth interval δ does not

exceed 7 micrometer and a good resolution must be ensured, in particular for the

early stages. Subfig. 5.10(c) shows the number of cells the boundary layer is resolved

with. The yellow line represents C100-120 where less than 10 cells resolve δ for the

first stage of growth from R “ Rcrit to R “ 10Rcrit. Therefore, C100-120 is used to

assess the sensitivity of the reference solution to the mesh spacing. Figure 5.11(a)

compares the results of the default mesh to a mesh with increased resolution. The

bubble radius in Subfig. 5.11(a) compares very well for both meshes with differences

only at the early time intervals. Subfigure 5.11(b) depicts the corresponding number

of cells in the boundary layer. With the finer mesh δ is well resolved by more than

30 cells during the first period. The difference in the radius during the early stages

results from the different initial delay times. A mapping of the physical time t to

t˚ “ t´tpR “ 1.01¨Rcritq allows to compare solely the growth process without effects

of the initial delay. Figure 5.12 shows that the corresponding results for the two

meshes fit very well. The low resolution of the boundary layer in the early stages

does not affect the growth process but only the initial delay. The delay time in

the computations strongly depends on the numerics. In the present case a pressure

increase in the bubble by 1% for the first time step triggers the growth from the

mechanical equilibrium. Physically, such fluctuations may occur as a consequence of

turbulent fluid motion or thermal motion of the molecules. A direct relation of the

numerical disturbances to the physical fluctuations is difficult. However, since the

actual growth process seems unaffected by the initial delay this issue is not further

investigated here. The influence of the delay time on the calibration of the vapori-

sation models for the DNS is discussed in Sec. 6.1.

In Sec. 5.2.1 the different stages of bubble growth and the relevant physical

mechanisms determining the growth rates were discussed. If time and bubble size

are normalized by [81]

t` “
A2t

B2
, R` “

AR

B2
, (5.8)

with A “
b

2
3

hfgρvappT8´Tsatq

ρliqTsat
and B “ Ja

b

12
π
aliq, then the asymptotes of the iner-

tia and heat conduction driven stages can be approximated by linear and square

root dependencies of R` on t`, respectively [81]. An analytical equation for the
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dimensionless radius reads

R` “
2

3

“

pt` ` 1q3{2 ´ pt`q3{2 ´ 1
‰

. (5.9)

The normalisation defined by Eqs. (5.8) and (5.9) was originally indroduced by

Mikic et al. [69] and covers the inertia and heat diffusion driven stages. It uses

several assumptions and empirical correlations which may introduce appreciable

uncertainties. However, Eq. (5.9) compares suprisingly well with multiple exper-

imental and numerical studies [6, 81]. In the context of the current study, these

correlations provide first estimates of the relevant bubble growth stages and the

asymptotic limits for flash boiling of cryogenic oxygen. Other analytical solutions

coupling the different stages of bubble growth are presented, among others, by

Theofanous and Patel [109], Prosperetti and Plesset [82] as well as Avdeev et al.

[6], but are not further discussed here.

The t`-R` relationship according to Mikic et al. [69] is demonstrated in Fig.

5.13. Here, the reference solutions for single vapour bubble growth have been nor-

malized as introduced by Eqs. (5.8) and the dashed and dash-dotted lines indicate

the asymptotic limits of Eq. (5.9). It is apparent that inertia driven growth holds

for times smaller than t` “ 10´2 only, while diffusion controlled growth requires

growth for time scales longer than t` “ 50. The intermediate range is defined from

10´2 ă t` ă 50. Figure 5.13 shows the cases C5-90, C5-120, C100-90 and C100-120,

which cover a wide spectrum of Ja including the highest and the lowest degree of

superheat within the present parameter range. The maximum physical simulation
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Figure 5.12: Bubble radius for different mesh resolutions without initial delay.

time in this reference study is t “ 100 µs because flash vaporisation is not limited to

single bubble growth, nucleation rates are high and bubbles will rapidly interact and

merge. Only case C5-120 becomes heat diffusion controlled within this time interval

and all other cases are either inertia controlled or lie within the intermediate range.

Increasing Rp or Ja shifts the dimensionless solution towards the inertia controlled

range for the same final time while an increase in T0 has the opposite effect. Lee

and Merte [62] observed the same trend comparing different experimental investiga-

tions. This analysis shows that the majority of our test cases is inertia controlled.

However, the vaporisation models cannot be calibrated towards a mass flux which

is solely derived from the solution of Eq. (5.5) without coupling of the temperature

equation as explained subsequently with the aid of Fig. 5.14.

Figure 5.14 demonstrates the effect of heat diffusion and evaporative cooling

on the reference solution. The black lines depict the bubble radius over time for

case C100-90 with (solid lines) and without (dashed lines) diffusive terms, where

the initial bubble growth is nearly identical. The blue lines show the corresponding

vaporisation mass flux and considerable differences between the coupled and the

uncoupled solutions occur even at early stages, where the bubble radii still feature

very similar values. The mass flux is determined as 9m2 “ ρvap
9R. Without heat

diffusion the mass flux increases and remains at a high level. At the same time,

the pressure in the bubble and the vapour density remain constant. If evaporative

cooling (and thereby heat diffusion) is included, the mass flux decreases after an early

peak, the pressure in the bubble decreases and the vapour density decreases as well.

In the inertia controlled range, the growth rate of the bubble ( 9R) is not affected

by the different mass fluxes because the vapour density changes for the different
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Figure 5.13: Dimensionless bubble radius over time for different combinations of T0

and Rp, respectively. The dashed line defines the analytical solution in the inertia
controlled range. The dash-dotted line indicates the analytical solution in the heat
diffusion controlled range.

approximations and compensates the variation in 9m2. Therefore, the volumetric

flow rate 9V “ A ¨ 9m2{ρvap (with A being the bubble surface) is similar for the two

approaches within the inertia controlled regime. It is concluded that evaporative

cooling affects the bubble pressure and the mass flux throughout the entire growth

process, but the growth rate is markedly affected at later stages only. Regarding

the simulation of bubble growth with the DG solver it seems attractive to omit the

early stages and use the converged mass flux from the RPE reference solution as

input (i.e. replace the models introduced in Sec. 3.3 by the converged mass flux

of the reference solution). This, however, turned out to be inaccurate. In the DG

solver, the bubble pressure will also drop despite the omission of heat conduction and

subsequent temperature decrease at the interface since the bubble is fully resolved

and surface effects become small as the radius increases. The mass flux of the DG

solver should therefore not be calibrated towards the constant mass flux derived

from the RPE solution without heat diffusion, as this will strongly overpredict the

growth rate. Therefore, it is concluded that evaporative cooling and heat diffusion

are required to predict all physical quantities accurately, even for the inertia driven

stage. The HLLP Riemann solver presented in Sec. 4.3 does not account for the

heat diffusion at the interface. In the bulk phases non-viscous Riemann solvers

can be extended to account for diffusive fluxes using the approach of Bassi and

Rebay [9, 10]. They approximate the diffusive flux as the arithmetic mean of two

neighboring cells. This is a valid approach in the continuous bulk phases but it will
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lead to non-physical fluxes if applied across the interface. To avoid any inconsistency

with the HLLP Riemann solver the DNS does not resolve heat diffusion across the

interface and the vaporisation models are calibrated such that the growth rates of

the bubbles are matched for particular time intervals. Section 6.1.1 assesses the

validity of this approach.

Figure 5.14 also indicates that the relevant length scales of bubble growth easily

cover three orders of magnitude. For different physical conditions these ranges may

even be larger for the same time interval. This is shown in Fig. 5.9(a) which depicts

the physical bubble radii at Rp “ 5 for the different temperatures. The bubble grows

by four orders of magnitude for T0 “ 120 K which is impossible to resolve in full 3D

computations. As the volumetric jet expansion and jet break-up are key quantities

of interest, it is fair to stipulate that the early stages of growth are not relevant.

Figure 5.15 depicts the total vaporised mass (solid lines) and the mass flux (dashed

lines) as functions of the bubble radius R. The mass flux peaks at low R but the

total vaporised mass accumulates during the final stages, due to the R2-dependence

of the surface area of the bubble. Thus,

• it is valid to assume that early bubble growth can be neglected and that

• the initial bubble radius for the DG simulation can be increased to R0 “

0.1Rend. The computations would then cover 99.9% of the volume expansion

of a single bubble growing from Rcrit to Rend.

In a real jet the final bubble radius will depend on the generally unknown nucleation
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Figure 5.15: Results obtained from the RPE coupled to the temperature equation
for different temperatures (colours) at Rp “ 5

rates. Within the present work different possible growth stages are considered and

represented by the normalized radius

R˚ “
R

Rcrit

(5.10)

and the initial radii

R˚0 “
R0

Rcrit

“ t1, 5, 10, 25, 50u (5.11)

as a third independent parameter in addition to T8 and Rp. The reference solution

from Sec. 5.2 defines the final simulation time for each combination of R˚0 , T8 and

Rp with tend “ fpRend “ 10R0q. Note that the initial radius in the reference solution

(RPE) is always equal to the critical radius. In summary, the test matrix is defined

by three independent variables. Two of these parameters, T0 and Rp, define the

physical conditions and the third parameter, R˚0 , defines the range of the length and

time scales that are covered during the simulation time.

Figure 5.16 depicts different terms of the RPE for case C5-120. The black, red

and yellow lines represent the pressure in the bubble psatpT “ Tintq, the surface

tension and the viscous term, respectively. The blue line shows the pressure in the

liquid at the bubble defined by the boundary condition

pliqpr “ Rq “ pvap ´
2σ

R
´

4µ 9R

R
, (5.12)
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tension and the viscous terms in the Rayleigh-Plesset equation for C5-120. The blue
line represents the liquid pressure at the bubble wall defined by Eq. (5.12)

see also Eq. (C.15) in Appendix C. Figure 5.16 reveals two features of single bubble

growth that are important for the subsequent investigations. Firstly, the liquid

pressure increases at the bubble wall. Section 5.1 showed pressure waves rapidly

propagating through the liquid and an amplification if they are reflected, e.g. at a

symmetry plane. In cases with multiple bubbles pressure waves origninating from

different bubble walls will be reflected and amplified when they interact. This will

lead to a local pressure increase. The influence of this pressure rise on the bubble

growth rates is discussed in Ch. 7. Secondly, the viscosity affects the growth process

only at early stages where it is of the same order as the liquid pressure pliqpr “

Rq. Therefore, viscouos tension can be neglected if isolated bubbles are considered

because it mostly influences the delay time of the start of the bubble growth process,

only.

5.3 Numerical tests

Section 5.2 introduced a reference solution for single vapour bubble growth. This

test case is used to validate the DNS solver for the computation of multiple bubble

growth. The computation of single bubble growth with the DNS solver requires a

calibration of the vaporisation models introduced in Sec. 3.3 for each combination of

the independent parameters T0, Rp and R˚0 . A detailed study for the calibration for

the entire parameter range is presented in Ch. 6. The present section uses C5-120

with R˚0 “ 50 to analyse the sensitivity of the solution to numerical parameters and
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to compare the results for the EOS approximations given in Sec. 3.4.

5.3.1 Base case setup

The spherically symmetric reference solution allows for the use of identical symmetry

conditions in the DG solver. The tangential stresses are zero for spherical symmetry

and Fig. 5.16 showed that normal stresses are neglible for single bubble growth

under the present operating conditions. In this case, the Cartesian three-dimensional

equation system (3.2) can be reverted to a 1D configuration with spherical symmetry

by adding the source term [111]

S “
2

r

¨

˚

˝

ρu

ρu2

upE ` pq

˛

‹

‚

(5.13)

to the right hand side. Figure 5.17 depicts the geometrical setup where the bubble

is on the left side of the domain. The left boundary at r “ 0 indicates the bubble

centre and is treated as a symmetry plane. The superheated liquid fills the right

side with an outflow boundary condition at r “ L. The default domain size satisfies

the condition

L “
tendcliq

2
(5.14)

ensuring that a pressure wave can travel only one time forth and back through the

domain. The parameters C “ f ¨NDG, r˚ “ 1´Crref
1´C

and rnode “ L ¨ r˚ determine the

radial position of a polynomial node rnode. Here, f , NDG and rref are an adjustable

stretching coefficient, the number of discontinuous Galerkin elements and the node

coordinate in an equidistant reference domain ranging from 0 to 1, respectively.

The degree of the polynomial is kept constant for all simulations with N “ 3.

The default stretching factor is f “ 1.03 and the number of DG elements NDG is

set such that a bubble is initially resolved with at least ten discretisation points.

Table 5.4 summarises the default parameters. The numerical tests in the present

section are accomplished using the Hertz-Knudsen relation. The model coefficients

are calibrated against the reference solution from Sec. 5.2 and also provided in Tab.

5.4.

The preceding section discussed the condition for the initial radius according to

Eq. (5.11). The increase in initial radius reduces the computational cost compared
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Figure 5.17: Geometrical setup for single bubble growth.

Table 5.4: Default numerical and geometrical parameters as well as physical models
for single bubble test case C5-120 with R˚0 “ 50.

parameter value comment

Vaporisation model HKR Sec. 3.3
λvap 0.038 calibrated (see Ch. 6)
λcond 0.0376 λvap “ 0.99λcond

EOS CoolProp

DG cells 120
Npoly 3
L 0.33 mm Eq. (5.14)
f 1.03 mesh stretching coefficient

FV order 2
IF order 1

CFL 0.9

to R0 “ Rcrit for two reasons: Firstly, for a fixed number of cells across the bubble

radius the total number of computational cells reduces. Secondly, the required

time step increases with the cell width and therefore with R0 if, again, the number

of cells across the bubble radius is constant. For a given final simulation time,

the total number of time steps reduces with increasing time step size. The total

computational time is proportional to the number of time steps and the number of

cells. The computational time relative to the computational time with R0 “ Rcrit

reads
tCPU

tCPU,Rcrit

“
∆tRcrit

∆t

NDG

NDG,Rcrit

. (5.15)

Table 5.5 lists the results for R˚0 “ 5...50. They do not strongly depend on T0 nor Rp.

The meshes for the present analysis were constructed such that the number of cells

across the bubble radius and the cell width approaching the right end of the domain

(cf. Fig. 5.17) are constant for R0 “ Rcrit and R0 “ R˚0 ¨ Rcrit, respectively. The
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Table 5.5: Relative computational time for different R˚0 in percent.

R˚0 “ 5 R˚0 “ 10 R˚0 “ 25 R˚0 “ 50

tCPU{tCPU,Rcrit 15% 7% 2% 1%

computational time reduces by at least 85% compared to the cases with R0 “ Rcrit.

At R˚0 “ 50 the computational time reduces to 1% emphasising the benefit of using

Eq. (5.11).

5.3.2 Mesh resolution and time step restriction

A grid dependency study is conducted to ensure independence of results on the major

numerical parameters. These include the domain size, L, the bubble resolution, i.e.

the grid size, and the time step that is here expressed with the aid of the CFL

number. The influence of these parameters is studied for C5-120 with R˚0 “ 50.

First, the domain size is varied to assess the influence of wave reflections from the

boundary: L is given by Eq. (5.14). It is then increased and decreased by a factor

of 2 for the current study. The specific parameters are given in Tab. 5.6. Figure

5.18(a) depicts the bubble radius over time which is not sensitive to the domain size.

Diagram 5.18(b) shows the pressure field at the final time and an increase in p on

the liquid side is observed for L{2 compared to L and 2L. The differences arise due

to weak shock wave reflections at the outflow boundary condition. The deviation

in the pressure field does not affect the bubble growth but using the domain size L

in Eq. (5.14) guarantees mesh independence throughout the investigation and L is

used for the remainder of this work. Figure 5.19 depicts the same quantities for a

varying resolution of the initial bubble with Nbub “ 5, Nbub “ 10 and Nbub “ 20.

Table 5.7 lists the corresponding mesh parameters. The three cases are in very good

agreement indicating mesh independent results for the given criteria. Figure 5.19

also illustrates results when using a reduced time step (here, the CFL number is

set to 0.45). Again, no significant changes in the growth rates and in the resulting

pressure field are observed. The bubble radii deviate by a maximum of 2.2%, 1.4%

and 0.9% comparing the cases with a variable cell width, time step size and domain

length, respectively.
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Table 5.6: Parameters for domain size sensitivity study. The default length L is
given by Eq. (5.14).

domain f [-] DG cells
size [mm] f [-] DG cells

L{2 0.165 1.029 100
L 0.33 1.03 120
2L 0.66 1.031 140

Table 5.7: Parameters for cell size sensitivity study.

Nbub f [-] DG cells

5 1.062 60
10 1.03 120
20 1.015 240

5.3.3 Discretisation order and HLLP approximation at the

interface

This section analyses the sensitivity of the results to the numerical approximation at

the interface and in bulk phase FV sub-cells. The default setup introduced in Sec.

5.3.1 uses a first-order approximation at the interface (IF-order) and a second order

approximation in the bulk phase FV sub-cells (FV-order). The HLLP Riemann

solver is treated explicitly as discussed in Sec. 4.3. The sensitivity of the results to

these numerical parameters is investigated here using the three combinations
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10.



5.3. NUMERICAL TESTS 82

 0

 1

 2

 3

 4

 5

 6

 7

 8

 0  0.2  0.4  0.6  0.8  1

R
 [

µ
m

] 

t [µs]

Nbub=5
Nbub=10
Nbub=20

CFL=0.45

(a) Bubble radius over time.

 1.8

 1.9

 2

 2.1

 2.2

 2.3

 2.4

 2.5

 2.6

 2.7

 2.8

 2.9

 0  20  40  60  80  100

p
 [

b
ar

]

r [µm]

Nbub=5
Nbub=10
Nbub=20

CFL=0.45

(b) Pressure field at tend.

Figure 5.19: Results of C5-120 with different bubble resolutions Nbub and with
CFL “ 0.45 using the domain size L.

• FV-order: 1st; IF-order: 1st; HLLP: explicit,

• FV-order: 2nd; IF-order: 2nd; HLLP: explicit,

• FV-order: 1st; IF-order: 2nd; HLLP: implicit.

Figure 5.20 depicts the corresponding results for the radius and the final pressure

field. Significant differences in the growth rate are only obtained if the gradient

approximation at the interface is changed to the more accurate second-order scheme.

Using a first-order approximation also in the bulk phase results in a significant

change in the pressure field. If both, the interface and the bulk phases are treated

with a second order scheme the pressure fluctuation at the interface on the liquid

side is avoided. However, a second-order treatment in a three-dimensional case

requires the solution of additional differential equations as suggested by Aslam [5],

see also Sec. 4.2. Thereby, the computational effort may rise significantly. Since

the general physical aspects are also covered with the first-order approximation

this will be used in the remainder of the present work. This considerably reduces

the computational time for the three-dimensional simulations in Ch. 7. Note that

the vaporisation models are scaled such that the reference solution is matched. In

principal, a good match may be obtained for any combination of the numerical

parameters. A consistent comparison between the single bubble DNS in Ch. 6 and

the multiple bubble DNS in Ch. 7 will be ensured using the same numerical setup,

respectively.
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Figure 5.20: Results of C5-120 with different bubble resolutions Nbub for L “ L2.

5.3.4 Initial condition for the vapour in the bubble

The previous test cases intialised the vapour in the bubble according to the initial

conditions defined by T0 and Rp using the physical conditions presented in Sec.

5.2.3. The initial bubble radius is increased from R˚0 “ R0{Rcrit “ 1 to R˚0 “ 50. The

pressure in the bubble is equal to the saturation pressure at the ambient temperature

psatpT0q. This initialisation is referred to as the default initialisation within the

present section. Following the results in Sec. 5.2.4 the bubble pressure reduces when

the bubble grows. Therefore, an initialisation of the vapour with a reduced pressure

obtained from the reference solution at R˚ “ 50 seems a reasonable alternative.

Figures 5.21(a) and 5.21(b) depict the corresponding pressure fields after 10% of

the physical simulation time and at the end of the computation. The default setup

with the increased vapour pressure rapidly converges towards the solution using a

decreased initial pressure. The pressure fields deviate for very early time intervals

only suggesting no significant effect of the pressure initial condition on the DNS

solution.

The simplified initialisation associated with the increase in the initial bubble

radius also affects the initial velocity field. While the initial interface velocity is

zero in the DNS the reference solution yields a non-zero velocity at R˚ “ 50. Figure

5.22 depicts the interface velocity for the reference solution (blue line) as well as the

DNS with the default initialisation (black line) and with a decreased initial bubble

pressure (red line). Again, the default solution converges to the solution with the

reduced pressure after a short time. Moreover, the early peak in the interface velocity

observed for the reference solution is also obtained with the DNS using the default



5.3. NUMERICAL TESTS 84

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 2.6

 2.8

 0  10  20  30  40  50

p
 [

b
ar

]

r [µm]

(a) t “ 0.1tend

 2

 2.1

 2.2

 2.3

 2.4

 2.5

 2.6

 2.7

 2.8

 0  20  40  60  80  100

p
 [

b
ar

]

r [µm]

Default
RPE corrected

(b) t “ tend

Figure 5.21: Pressure fields of C5-120 with R˚0 “ 50 with different initial conditions
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intialisation. Since the pressure difference is initially higher than the surface tension

a strong pressure wave propagates through the liquid. This yields a strong increase in

the liquid and consequently of the interface velocity. The simplified start conditions

in the pressure field compensate for simplified start conditions in the velocity field.

Therefore, the default initial conditions with pvap “ psatpT0q are used for the bubble

in the remainder of this work.

5.3.5 Equation of state

In the following section the results using the CoolProp EOS library and the NASG-

EOS are compared. The coefficients for the NASG-EOS for liquid oxygen are ob-

tained using the algorithm of Le Métayer and Saurel [68]. The CoolProp library
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provides the reference data for the computation of the coefficients and for a vali-

dation of the resulting correlations. Table 5.8 lists the coefficients for the vapour

and the liquid phases, respectively. Figures 5.23 and 5.24 depict the resulting cor-

relations for the vapour and the liquid phase, respectively. The lines represent the

reference data from the CoolProp library and the symbols show the NASG results.

The subfigures show the specific volume, the specific internal energy, the speed of

sound and the specific entropy as functions of the temperature for three different

pressures. The NASG data match the CoolProp data well on the vapour side. Only

the specific internal energy slightly deviates for high temperatures, and in particular

for temperatures above 100 K. Note that the subcooled vapour states are omitted in

the data generation with CoolProp because they are not of interest for the present

computations. In the liquid phase (cf. Fig 5.24) the specific internal energy and the

specific entropy compare well to the reference data for the entire temperature range.

The specific volume matches well the CoolProp data at temperatures below 100 K

but increasingly deviates at higher temperatures. The speed of sound is predicted

correctly only at T “ 90 K. Below 90 K, c is underpredicted and above 90 K it is

overpredcited.

Since the best EOS fit with the NASG approximation is obtained at T “ 90 K the

results of the single bubble DNS are compared for C5-90 and C5-120 with R˚0 “ 50,

respectively. Figure 5.25 depicts the bubble radius over time and the pressure field

at the final simulation time. Both diagrams show that the NASG-EOS provides

results in good agreement with those obtained using the CoolProp library. Figure

5.26 depicts the corresponding results for C5-120. Here, the differences between

results using the different EOS approximations are considerably larger. The final

bubble radius is overpredicted by approximately 70%. The coefficients of the NASG-

EOS are computed for a predefined temperature range. Attempts to increase the

accuracy for the temperatures above 100 K by adapting this predefined temperature

range have not been successful. The NASG-EOS is an appealing alternative to

more general EOS models because it is easy to implement and allows for a fast

Table 5.8: Coefficients for the NASG-EOS given in Eqs. (3.25)-(3.28).

γ P8 q̃ b q̃1 Cv

vapour 1.4702 0.0 139968 0.0 1696.42 551.814
liquid 1.65513 1.96685ˆ 108 ´151817 0.00057131 5160.61 1019.15
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Figure 5.23: Comparison between CoolProp data and NASG approximation for the
vapour phase at three different pressures.

computation of the fluid states. The present work relies, however, on the CoolProp

library because the NASG-EOS does not cover the entire parameter range with

sufficiently high accuracy.

5.3.6 3D simulation of single bubble growth

As a final validation, the capabilities of the 3D implementation of the DG solver are

demonstrated. The results of the single bubble setup are compared between the 3D

DG computation, the 1D DG computation and the reference solution (RPE). Figure

5.27 depicts the dimensionless bubble radius over time. The three-dimensional

case agrees very well with the one-dimensional simulation and with the reference

solution. Figure 5.28 shows a three-dimensional representation of the bubble

growth. The four subfigures from the top left to the bottom right depict different

simulation times ranging from t “ 0.0 µs to t “ 1.0 µs. The left plane of each
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Figure 5.24: Comparison between CoolProp data and NASG approximation for the
liquid phase at three different pressures.
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Figure 5.25: Results of C5-90 with different EOS approximations.



5.3. NUMERICAL TESTS 88

 0

 2

 4

 6

 8

 10

 12

 0  0.2  0.4  0.6  0.8  1

R
 [

µ
m

] 

t [µs]

CoolProp

NASG

(a) Bubble radius over time.

 2

 2.5

 3

 3.5

 4

 4.5

 0  20  40  60  80  100

p
 [

b
ar

]

r [µm]

CoolProp

NASG

(b) Pressure field at tend.

Figure 5.26: Results of C5-120 with different EOS approximations.
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subfigure illustrates the pressure field. As observed in the 1D computation a

pressure wave propagates away from the interface as the bubble grows. Note that

the color bar scales with a maximum pressure of p “ 3 bar which indicates that

the global pressure level rapidly relaxes towards the ambient pressure. This effect

was also discussed in Sec. 5.2, see Fig. 5.16. The right plane of the subfigures in

Fig. 5.28 shows the characteristic velocity field for single vapour bubble growth:

the velocity peaks at the interface in the liquid phase and decreases towards the

outside due to the spherical symmetry of the problem. The density fields shown in

the bottom planes demonstrate that the sharpness of the interface is guaranteed.

The results show that the DG solver accurately captures essential physical effects

of the growth of vapour bubbles. It is therefore a suitable tool for the computation

of multi-bubble dynamics and their interactions under flashing conditions.
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Figure 5.28: Three-dimensional representation of the bubble growth.

Finally, the mass and energy conservation is evaluated for the three-dimensional

solver. Figure 5.29(a) illustrates the relative change of the total mass and the total

energy throughout the simulation. Both increase by less than 1%. Section 5.1

demonstrated that the HLLP approximation does not resolve evaporative cooling

and that the total energy therefore increases by the amount of the latent heat of

vaporisation. Within the time intervals used for the computation of bubble growth

in the present work, the relative amount of vaporising liquid is rather small and the

unresolved evaporative cooling does not strongly affect the bulk liquid temperature.

Figure 5.29(b) normalises the total energy increase by the energy released if the

entire bulk liquid cools down by 1 K. The diagram reveals that the error introduced

by the numerical approximation amounts to less than 2% of the energy needed to

change the liquid temperature by 1K.
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Figure 5.29: Mass and energy conservation.



Chapter 6

DNS of single vapour bubble

growth

The preceding chapter outlined the important properties of the DG solver and sum-

marised the physics of vapour bubble growth using the example of LOX under flash

boiling conditions. These investigations yield two important applications for the

remainder of this work. Firstly, as discussed in Sec. 5.2.4, the bubble growth easily

covers several orders of magnitude. Therefore, individual cases defined by R˚0 in Eq.

(5.11) consider different stages of the growth process separately. Secondly, the evap-

orative cooling at the interface makes bubble growth a highly transient process. The

HLLP Riemann solver does not account for evaporative cooling. Therefore, the va-

porisation models are calibrated separately for each combination of Rp, T0 and R˚0 in

Sec. 6.1. A prediction of the model coefficients on the basis of the Rayleigh-Plesset

reference data is suggested in Sec. 6.2.

6.1 Calibration of vaporisation models

The coefficients of the vaporisation models in Sec. 3.3 are calibrated such that the

bubble radius at the final simulation time matches the reference solution. Starting

from an initial guess the coefficients are scaled by the ratio of the obtained bubble

radius in the DG computation to the target bubble radius. This is repeated until

the model coefficients change by less than 1%. The entire process is automated to

efficiently provide calibrated model coefficients for the 240 cases defined by Rp, T0,

R˚0 and the vaporisation model.

91
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6.1.1 Hertz-Knudsen relation

A direct calibration of the HKR is difficult because two model coefficients appear in

Eq. (3.20). Setting λcond “ λvap reduces the accuracy of the model but simplifies the

estimation of the remaining model coefficient. Lauer et al. [60] calibrated this single

coefficient according to a reference solution for the simulation of cavitation bubbles.

A similar strategy is used in the present work but λcond “ 0.99λvap is suggested

to stabilise the simulations. At the initial time steps, when the solution deviates

only slightly from mechanical and thermodynamic equilibrium, vaporisation is

favoured and early bubble growth is stabilised. The present investigation does not

consider bubble collapse nor bubble oscillations. At later time steps, the proposed

reduction in the condensation rate does not change the results. The condition

λcond “ 0.99λvap holds throughout the remainder ot this work but the subsequent

discussion refers only to λvap. In the following, the DG results are compared with

the reference solution starting the discussion for case C5-120 with R˚0 “ 50.

C5-120, R˚0 “ 50

The black line in Fig. 6.1 depicts the normalized bubble radiusR˚ over time obtained

from the DG solver while the red line shows the corresponding reference solution.

The DG solution agrees well with the reference solution for the relevant time and

length scales. The deviations are large only for t{tend ă 0.2 because the initial radius

for the DG solution had been increased. The corresponding vaporisation coefficient

λvap “ 0.038 scales the mass flux towards 9m2 « 65 kg/(m2s), see Fig. 6.2. The

vaporisation mass flux converges to a constant value because the liquid remains

superheated in the HLLP approximation. Initially, the vapour in the bubble is

saturated and Eq. (3.20) gives a zero mass flux. There is no mechanical equilibrium,

the bubble grows and the pressure in the bubble drops. With decreasing pressure

the mass flux increases and the pressure drop is slowed down. After a short time

the bubble pressure converges towards the ambient pressure and a steady state is

reached for the bubble pressure and the mass flux. Figure 6.3 depicts the pressure

field at different time steps. The bubble pressure approaches to the ambient level

after t{tend « 0.08. After that time, the bubble pressure and the mass flux remain

unchanged. The qualitative behaviour of 9m2 in the reference solution cannot be

matched but the integrated mass flux depicted in Fig. 6.4(a) deviates by only

10%. The vaporisation coefficients are calibrated such that the final bubble radius
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Figure 6.1: Normalized bubble radius R˚ over time of case C5-120 with R˚0 “ 50.
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Figure 6.2: Vaporisation mass flux 9m2 of case C5-120 with R˚0 “ 50.

matches. The total vaporised mass deviates from the reference solution because

the vapour densities are not exactly the same as in the reference solution and the

same volume contains a different mass. The main focus of this work is the volume

expansion of the bubbles. Figure 6.4(b) shows the total change in the bubble volume

where the deviations are smaller. Thus, the HLLP Riemann solver coupled to the

HKR is a suitable approach to predict the volumetric expansion of single vapour

bubbles. Note that the results for total vaporised mass can be improved adopting

the calibration to the target quantity mtot. However, the calibration towards mtot is

found to be more difficult to obtain, particularly at low R˚0 . Given the good match

in ∆V the calibration towards R is continued. The calibration of λvap is specific for

the chosen time scale. The next step analyses the validity of the present approach

for the same physical conditions, i.e. constant T0 and Rp, at different time intervals

implicitly defined by R˚0 (cf. Sec. 5.2.4).
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Figure 6.4: Integrated quantities of C5-120 and R˚0 “ 50.

Variation of the initial radius R˚0

In this section R˚0 is decreased towards the critical radius R˚0 “ 1 keeping the time

interval of each simulation fixed by R˚end “ 10R˚0 . Figure 6.5 depicts the bubble

radii as a function of time where each individual calibration provides a good match

with the reference solution for the final simulation time. The growth at the relevant

length and time scales matches the reference solution well as seen for R˚0 “ 50 in

Fig. 6.1. Figure 6.6 depicts the total vaporised mass and the total volume change as

a function of time for C5-120 with R˚0 “ 1 and R˚0 “ 10. The total vaporised mass

deviates by more than 25% for the case with R˚0 “ 1. The generated volume matches

the reference solution well only close to tend. In contrast, a very good agreement for

both mtot and ∆V is obtained starting from R˚0 “ 10. While mtot is predicted with

different accuracy for the combinations of R˚0 , Rp and T0, very good matches in ∆V

are observed across the parameter range with minor restrictions for R˚0 “ 1.
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Figure 6.5: Normalized bubble radius R˚ over time for different length scales.
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Figure 6.6: Total vaporised mass and volume change of C5-120 for different R˚0 .

Variation of the physical conditions

The following simulations are conducted using R˚0 “ 50 and the superheat ratio Rp

and the temperature T0 are varied. Figure 6.7 shows the volumetric expansion for

the cases C100-120 and C5-90, which agree well with the reference solution. Similar

results are obtained for the various combinations of Rp, T0 and R˚0 . Regarding the
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Figure 6.7: Volumetric expansion for R˚0 “ 50 under different physical conditions.

simulation of single vapour bubble growth it is concluded that

• the simplifying assumptions discussed in Sec. 5.2.4 are valid in most of our

cases,

• the bubble growth can be predicted within a wide parameter range using the

HLLP Riemann solver combined to the HKR,

• the instantaneous mass flux cannot be predicted with the HKR within the

HLLP Riemann solver.

6.1.2 Kinetic relation and sub-grid scale heat flux

This section compares the former results to the two alternative vaporisation models.

Figure 6.8 depicts the corresponding vaporisation mass fluxes, the bubble radii and

the volumetric expansion. The blue and yellow lines show results for the KR and

the SHFM, respectively. The peak mass flux (Fig 6.8(a)) is slightly higher for the

KR when compared with the HKR (black line), but - as the evaporative cooling in

the HLLP approach is not resolved - it rapidly asymptotes towards a constant value.

The asymptotes of the HKR and KR deviate by approximately 5%. Particularly

at early times 9m2 fluctuates but the volumetric expansion is nearly identical to the

HKR (Fig. 6.8(c)). Similarly, trends observed for different initial radii R˚0 and for

different physical conditions follow trends described for the HKR closure. The yellow

lines in Fig. 6.8 represent the SHFM. Here, the mass flux agrees qualitatively better

with the reference solution than the HKR and the KR solutions. The mass flux

peaks during the initial stages and continuously decreases for larger time intervals.

This results from the dependency of the vaporisation model on the continuously
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Figure 6.8: Comparison of HKR, KR and SHFM for case C5-120 and R˚0 “ 50.

growing boundary layer thickness as it is defined by Eq. (3.24). However, the

reference mass flux is underpredicted for the entire time interval. In contrast, the

volumetric expansion is overpredicted because the increased radius R˚0 “ 50 results

in a larger bubble surface which allows for a faster volume expansion of the bubble

(Fig. 6.8(c)). At the end of the simulation time all vaporisation models predict the

volumetric expansion well. A better estimation of the boundary layer thickness δ can

improve the prediction of the volumetric expansion of the SHFM for the early stages.

This could be achieved by a dynamic determination of Cδ but further research would

be required to find suitable models and is beyond the scope of the current work.

The mesh resolution and time step size do not affect the characteristic progress of

9m2, R and ∆V . The findings discussed in Figs. 6.5-6.7 for the HKR were similarly

made for the corresponding results of KR and SHFM closures.
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6.2 Prediction of model coefficients

The previous sections demonstrated the validity of the present simulation strategy

for a wide parameter range. The tables in Appendix D list the corresponding

calibration coefficients. The main disadvantage of this approach is the need to

iteratively calibrate the model coefficients for each combination of the initial

parameters T0, Rp and R˚0 . A truly predictive simulation requires the modelling of

the calibration coefficients and in this section, the relation of the model coefficients

to the characteristic parameters of our study is discussed. The results follow similar

trends for the different vaporisation models as subsequently exemplified for the HKR.

Figure 6.9 depicts the vaporisation coefficient λvap as function of R˚0 , Rp, T0, Ja,

R` or t` (Figs. 6.9(a)-6.9(f), respectively). For the sake of clarity, the diagrams

show the results from the bounds of the parameter ranges only, but trends for the

intermediate values lie within these bounds. Subsequently, the dependencies shown

in Fig. 6.9 are discussed for the individual subfigures:

• Subfig. 6.9(a): For fixed physical conditions, λvap scales inversely proportional

with R˚0 . The mass flux in the reference solution decreases monotonically

with time/radius after its early peak (cf. Fig. 6.2). The combination of the

DNS solver with the HKR closure yields - after a short transient stage at the

beginning of a simulation - a constant mass flux. Depending on the growth

stage λvap scales this constant mass flux such that the mean value of the

reference solution is approached. At small R˚0 the coefficient λvap eventually

increases because the early stage of bubble growth is highly transient with

the fast increase in the reference mass flux at the beginning followed by a

continuous decrease.

• Subfig. 6.9(b): For small superheat ratios, no obvious relation between Rp and

λvap is found. The solid and dash-dotted lines in Fig. 6.9(b) represent cases

with R˚0 “ 5 and R˚0 “ 50, respectively. While λvap decreases with increasing

Rp at low R˚0 , it increases with increasing Rp at high R˚0 . The reference

growth rate increases with increasing Rp at later time intervals. Therefore,

λvap also increases with increasing Rp at the high R˚0 range. At smaller R˚0 the

reference growth rate also increases with increasing Rp but the differences are

less pronounced. The inertia forces strongly affect the early growth stage and

therefore λvap does not follow the trend obtained for higher R˚0 .
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• Subfig. 6.9(c): The calibrated coefficients λvap decrease with decreasing T0

if R˚0 and Rp are fixed. With the temperature also the saturation pressure

and - for a constant Rp - the ambient pressure change. Since these are key

quantities in the HKR, see Eq. (3.20), the correlation between λvap and T0 is

difficult to assess. The driving pressure difference in Eq. (3.20) and therefore

the resulting mass flux typically decrease for smaller temperatures. Here, we

observe that the calibration of λvap further reduces the mass flux for lower

temperatures.

• Subfigs. 6.9(d)-6.9(f): The coefficient λvap does not correlate with either of

the characteristic numbers Ja, R` and t`. Trends are observed if Rp and

R˚0 are fixed (Subfig. 6.9(d)) or if Rp and T0 are fixed (Subfigs. 6.9(e) and

6.9(f)) but in general the characteristic number can spread over several orders

of magnitude for similar vaporisation coefficients.

To summarize, there is no apparent correlation of λvap with any of the characteristic

quantities that would allow for an a priori estimate of the model parameter. Similar

findings are made for the KR and SHFM closures as discussed in Appendix E.

An alternative modelling procedure for the calibration coefficients can be based

on the reference solution (RPE). Since the results follow similar trends for the differ-

ent vaporisation models we restrict this analysis to the HKR. With λcond “ 0.99λvap,

Eq. (3.20) can be rearranged to yield the vaporisation coefficient as

λvap,RPE “
9m2
?

2πR
psat?
Tliq
´ 0.99 pvap?

Tvap

. (6.1)

The reference solution provides the mass flux 9m2, the vapour pressure pvap and the

vapour temperature Tvap at R “ Rend. The saturation pressure psat is determined as

a function of the liquid bulk temperature Tliq “ T8. Figure 6.10(a) depicts the ratio

between the calibrated coefficients λvap,cal (Appendix D) and the coefficients λvap,RPE

from Eq. (6.1). The estimates λvap,RPE differ from the calibrated coefficients, but

the deviations are similar for constant R˚0 . For small R˚0 the mass flux in the RPE

is larger than the mass flux in the DG solution. As a result λvap,RPE is larger and

λvap,cal{λvap,RPE is smaller than one. The opposite applies for large R˚0 and Fig.

6.10(b) confirms this theory. The red line in Fig. 6.10(a) is a least-squares fit of the

data points, which can be used to approximate λvap,pre based on the initial estimation
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Figure 6.9: Vaporisation coefficients λvap as a function of different characteristic
quantities of the investigation.

λvap,RPE with

λvap,pre “ λvap,RPE ¨ 1.27 ¨ p1´ expp´R˚0 ¨ 0.086qq0.61. (6.2)
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The largest deviation between λvap,cal and λvap,pre occurs for Rp “ 100, T0 “ 120

K and R˚0 “ 5. The predicted coefficient and the resulting volume expansion differ

by approximately 45%. Figure 6.10(c) summarises these deviations for all test con-

ditions. The error tends to decrease for increasing initial radii and Fig. 6.11 gives

one possible reason for this trend. Here, the mass fluxes are normalized with the

coefficient A of Eq. (5.8) and with the density of the saturated vapour in the bubble.

The black lines show solutions from the RPE which converge after an initial highly

transient stage into a single curve. The slope of this curve is approximately propor-

tional to pt`q´0.5 and remains roughly constant within the time interval considered.

The modelling of the early transients is rather complicated with the present method

but the volumetric expansion (that is our target quantity) is small for these stages

and the accuracy improves for the relaxed stages.
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Figure 6.10: Comparison of estimated and calibrated λvap.
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Figure 6.11: Vaporisation mass fluxes from the RPE normalized by the vapour
density and the factor A in Eq. (5.8) as a function of the dimensionless time t`.
After an initial transient the curves for all cases approximately converge to a single
curve.

6.3 Sensitivity analysis for the model coefficients

and DNS results

The preceding sections discussed the dependency of the coefficients of the va-

porisation models to the physical initial conditions and the initial bubble radii.

This section discusses the sensitivity of the DNS results to changes in the model

coefficients for fixed initial conditions.

Figure 6.12 depicts the bubble radius as a function of time for different physical

parameters and vaporisation models. The red and black lines represent the cali-

brated results and results with a 10% change in the model coefficient, respectively.

In all cases, an increase or decrease in the coefficient yields faster or slower bubble

growth. The maximum difference in the bubble radii between the calibrated and

the disturbed solutions lies between 2% and 10%. The difference in the radius is

smaller than the change in the coefficient for some of the cases because the density

of the fresh vapour also changes. An increase in the mass flux as a result of a change

in the coefficient yields an increased density and the volume expansion reduces.

The inverse effect is observed if the mass flux decreases. The results show that an

calibration of the vaporisation models is essential to compute the bubble expansion

accurately with the DNS procedure in use. At the same time, the deviation in the

coefficient is not equal to the deviation in the resulting growth rate.

The result of the calibration was also compared for different numerical setups.
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Figure 6.12: Sensitivity of the bubble radius to a 10% change in the model coefficient.
All cases use R˚0 “ 50.

The errorbars in Fig. 6.13 indicate the deviation for the calibrated coefficients of

the HKR for different mesh and time resolutions. The diagram shows the errorbars

for R˚0 “ 5 and R˚0 “ 25 as well as Rp “ 5 and Rp “ 10 as a function of time. The

influence of the numerical parameters is small compared to the change of λvap with

T0, Rp and R˚0 . Therefore, the calibration of the model coefficients represents an

adaption with respect to the physical conditions and it is not significantly affected

by the numerics.
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Chapter 7

Bubble expansion in superheated

jets

Chapters 5 and 6 discuss single bubble growth as the essential reference case and

its simulation with the DG solver. Flash boiling is, however, a phenomenon where

multiple bubbles occur. Findings based on single bubble models and simulations

are not necessarily applicable to cases with multiple bubbles. Therefore, the present

chapter studies the growth of interacting bubbles and compares the resulting growth

rates to the cases of Ch. 6. The setups of Ch. 7 represent a section of a superheated

liquid jet and are introduced in Sec. 7.1. Section 7.2 provides the results of the

simulations with multiple bubbles and the comparison to the single bubble cases.

Finally, Sec. 7.3 suggests closure conditions for the LES of flash boiling jets which

are based on the present computations.

7.1 General setup

Section 2.1.2 discusses the role of bubble nucleation for flash boiling and summarises

some of its fundamental aspects. The nucleation rate determines the bubble num-

ber density after a certain time interval. The present work does not include the

nucleation process itself but uses the bubble number density as a free parameter

characterising the bubble distance. The bubbles are arranged in regular arrays such

that equal bubble growth of all bubbles would result in a close packing configura-

tion at the end of the computations. The uniform bubble distance is Dbub and the

105
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resulting distances in the Cartesian reference frame are1

Dx,bub “ Dbub,

Dy,bub “
Dbub
?

2
,

Dz,bub “
Dbub

?
6

3
. (7.1)

The distance between the bubbles is defined as a multiple of the initial radius with

Dbub “ ΨbubR0, (7.2)

using Ψbub “ 10. The bubble number density is directly related to the bubble

distance by Nbub,dens “ 1{pDx,bubDy,bubDz,bubq. The number densities can be varied

by either modifying Ψbub or R0. Using i.e. Ψbub ă 10 leads to jet break-up in

the very early stages of bubble growth, the dynamics of the growth process itself

seem less significant and modelling of the spray at the nozzle exit as droplet clouds

without primary break-up may be favourable. Instead, the bubble number density

is modified by varying R˚0 “ R0{Rcrit by a factor of 50 which leads to variations in

bubble number densities by more than five orders of magnitude. Note that for large

multiples of initial bubble radius, i.e. Ψbub " 10, the early stages of bubble growth

will not increase the volume of the jet. This can be shown analytically by [26]

V ˚ “
Vjet,end

Vjet,0

“ 1`
?

3
π

0.75

1

Ψ3
bub

pR˚3
´ 1qp1´ ρ˚q (7.3)

which describes the ratio of a cylindrical volume after and before bubble growth.

The derivation of this equation is given in Appendix F. Figure 7.1 depicts V ˚ as a

function of the dimensionless bubble radius R˚ for different initial bubble spacings

Ψbub. Starting from the critical radius at R˚0 “ 1 the jet volume will not increase

as long as the condition Ψbub

R˚
ą 10 holds. This, again, supports the omission of

early stages of bubble growth and justifies the variation of the bubble number den-

sity by changing R˚0 only. The parameter Ψbub is kept constant throughout this work.

1A close-packing of spheres may be defined by an array consisting of regular tetrahedrons and
the center of the spheres would be located at the vertices of the tetrahedrons. If one edge of the
tetrahedron is parallel to the x-direction in a Cartesian reference frame, the distance of the vertices
in y-direction can be defined as the hight of a regular triangle, i.e. Dy,bub “

?
3{2Dbub. Here, the

distance in y-direction is Dy,bub “ 1{
?

2Dbub ă
?

3{2Dbub resulting in an increased bubble count
in y-direction by 20%.
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Figure 7.1: Ratio between final jet volume and initial jet volume according to Eq.
(7.3). If the bubble distance is large compared to the initial radius, i.e. Ψbub is
large, then the early stages of bubble growth do not contribute to the expansion of
the liquid jet.

A typical nozzle diameter for the experiments at DLR [58] is Dnoz “ 0.5 mm.

Resolving the bubbles of the critical size at T0 “ 100 K and Rp “ 5 (Rcrit “ 0.1 µm)

with 8 FV sub-cells across its diameter would require 20000 cells along the nozzle

radius alone rendering a fully three-dimensional computation unfeasible. Therefore,

the geometric configuration should be simplified and errors associated with the

simplification should be assessed. As a first approximation the jet is represented

by a column with one row of fully resolved bubbles in its center. Figure 7.2 shows

a sketch of the computational domain. Note the orientation of the coordinate

system with its origin positioned at the gas-liquid interface. Symmetry boundary

conditions in the y- and z-directions as well as in the positive x-direction mimic

the close packing of bubbles. In the negative x-direction a low pressure vapour

reservoir allows for the expansion of the liquid column. The different fluid states

are the same as described in Fig. 2.3: The liquid is superheated at state B and it

contains saturated vapour bubbles at state C. The pressure in the vapour reservoir

(state D) is below the saturation pressure for the local temperature. This simplified

setup includes essential physical aspects of flashing flows and allows to conduct first

qualitative and quantitative investigations at reduced computational cost. This

setup is referred to as Setup 1 in the remainder of this work. For Setup 2 the

approximation of the jet’s geometry is improved. The liquid bulk is now represented

by a cylindrical slice which can expand to the negative x- and y-directions, while

the z-directions and the positive x- and y-directions are treated as symmetry planes,

see the illustration on the top right in Fig. 7.2. This setup is expected to represent

fluid within the jet and away from the leading edge. Setup 3 is depicted in the
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bottom right of Fig. 7.2, it additionally allows for an expansion of the liquid to the

negative z-direction and represents fluid at the leading tip. The representation of

the actual jet geometry improves from Setup 1 to Setup 3 but the computational

effort also increases. The deviations in the bubble growth rates for the different

geometries and the suitability of Setup 1 to represent jet expansion are discussed

in Sec. 7.2.2.

x

z
y

Figure 7.2: Different geometrical setups for the investigation of multiple bubble
growth in superheated liquids. The fluid states B, C and D are labelled according
to Fig. 2.3.

A second important aspect of the configuration is the thickness of the liquid

layer, i.e. Lx,liq in Setup 1, Lx,liq and Ly,liq in Setup 2 and additionally Lz,liq in Setup

3. The thickness Lx,liq is defined by the number of bubbles in x-direction and the

bubble distance by

Lx,liq “ Nx,bub ¨Dx,bub. (7.4)

In Setup 1, the thicknesses in y- and z-directions are given by Ly,liq “ 2Dy,bub

and Lz,liq “ 2Dz,bub, respectively. The dimensions of Setup 2 and 3 are set to

Ly,liq “ Lx,liq and Lz,liq “ Ly,liq “ Lx,liq. The bubble column in Fig. 7.2 contains,

e.g., five bubbles in x-direction. The size of the low pressure reservoir is defined by

Lx,buf “ 0.5 ¨ Lx,bub. Setup 1 is the reference for analysing the dependency of the
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bubble growth rates on the thickness of the layer, i.e. on the number of bubbles

resolved in a certain spatial direction. These results are also discussed in Sec. 7.2.2.

Table 7.1 summarises the default geometrical and numerical parameters. The

mesh is equidistant and resolves the initial bubble radius with four FV sub-cells.

Thus, the total number of cells will not depend on the physical parameters T0, Rp

and R˚0 but only on the geometrical configuration and the number of bubble layers.

A sensitivity study varying the parameters in Tab. 7.1 shows a small influence on

the numerical parameters, only. An increase of the mesh resolution or of the buffer

zone size changed the resulting bubble radii by less than five percent. The CFL

condition has a larger effect only for very small CFL numbers. However, the smaller

CFL numbers caused larger mass losses as the level-set approach and the ghost fluid

method used in the interface Riemann solver are inherently not mass conserving.

With CFL “ 0.1 mass losses have been of the order of five percent while it has

been around one percent with CFL “ 0.9 and CFL “ 0.9 is therefore used. The

investigation of multiple bubble growth uses the HKR as given in Eq. (3.20) or the

SHFM as in Eqs. (3.22) and (3.23) to model vaporisation. The model coefficients

are taken from the investigation in Ch. 6, see also Appendix D.

Table 7.1: Geometrical and numerical parameters.

Parameter CFL R0{∆x Ψbuffer Ψbub

Value 0.9 4 0.5 10

7.2 Results

The reference test case uses an initial temperature of T0 “ 120 K, Rp “ 5 and

R˚0 “ 50. Section 7.2.1 shows the corresponding results using Setup 1. Section

7.2.2 discusses two aspects. Firstly, the bubble growth is compared for Setups 1,

2 and 3 and the influence of the geometrical simplification is analysed. Secondly,

the height of the liquid column Lx,liq is varied for Setup 1 resulting in a variation

of the bubble number. Bubbles at the bottom of the column (i.e. in the jet center)

are assumed to grow more slowly than bubbles close to the surface. If the growth

of the innermost bubbles becomes independent at a certain Lx,liq bubble growth

for bubbles located at x ą Lx,liq will be known, these bubbles do not need to be

included in the computations and the domain size could be reduced in x-direction
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to xmax “ Lx,liq. Based on the parameter studies presented in Sec. 7.2.2 the setup

for the subsequent computations is chosen. This setup is then used in Sec. 7.2.3 to

analyse the deviations of bubble growth within bubble clusters when compared to

single bubble growth. The dependency of the results on the independent parameters

T0, Rp and R˚0 is discussed in Sec. 7.2.4.

These studies are used to analyse the sensitivity of results on numerical parameters

and physical process conditions and are conducted using the HKR only. Finally,

Sec. 7.3 proposes growth correlations for bubbles in flash boiling jets. Here, the

performance of the two closures for the evaporative mass flux, HKR and SHFM, is

also compared.

7.2.1 Setup 1, C5-120

Figure 7.3 depicts contour plots of pressure and density at three different time steps

for the bubble column configuration. The blue iso-surfaces indicate the interfaces

between the bubbles and the superheated liquid. Bubbles that are closer to the

low pressure reservoir at the top of the domain grow faster than bubbles at the

bottom. Figure 7.3 also shows that the pressure increases towards the bottom of

the bubble column. This pressure rise decreases the local evaporation rates at the

bubble surface. Figure 7.4(a) depicts the mass flux at the interfaces of the outermost

(top) and innermost (bottom) bubble, respectively. The mass flux for the outermost

bubble is approximately 50% higher than that of the innermost bubble. This is

consistent with Eq. (3.20) where an increased mass flux results from a decreasing

vapour pressure. The lower pressure at the top of the bubble column (cf. Fig.

7.3) therefore yields the increased evaporative mass flux. Figure 7.4(b) depicts the

corresponding density profiles. The vapour density at the bottom of the bubble

column is approximately double the vapour density for the outermost bubble. The

differences in the mass flux and in the vapour densities are responsible for the smaller

growth rates of the outer and inner bubbles. Figure 7.5 shows the normalized bubble

radius R˚ as a function of the normalised position x{Dbub of the bubble within the

column at t “ 0.5 µs. The outermost bubble (close to the surface with low x{Dbub)

grows twice as fast as the innermost bubble. In the following section these results

are compared to Setup 2 and Setup 3 and to cases with an increased Lx,liq.
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Figure 7.3: Contour plots of the bubble column test case for three different time
steps with five bubble rows along the x-direction. The left plane and right plane
show the time averaged pressure field and the density field, respectively. The blue
coloured iso-surfaces indicate the interfaces between bubbles and superheated liquid.
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Figure 7.4: Mass flux and density contours of the outermost (top) and innermost
(bottom) bubble for case C5-120 with R˚0 “ 50 at t “ 0.5 µs.

7.2.2 Geometry and bubble number variation

The reference case C5-120 with R˚0 “ 50 is now used to compare different geomet-

rical setups. The black, blue and red symbols in Fig. 7.6 show the normalised

radii at t “ 0.35 µs for Setup 1, Setup 2 and Setup 3, respectively. Bubbles at

the same distance from the ”jet” interface grow more slowly for Setup 1 than for

Setups 2 and 3. For the latter setups more than one bubble can exist for a given

distance and due to the symmetry conditions, only few scatter exists for Setup 2.

However, scatter becomes larger for Setup 3 as bubbles at the jet tip experience a

different pressure field than bubbles at the jet edge (for a comparable x). Therefore,
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Figure 7.6: Dimensionless bubble radii for different geometries using C5-120 with
R˚0 “ 50. The black, blue and red symbols represent the numerical data for Setup
1, Setup 2 and Setup 3, respectively. The solid lines show the corresponding expo-
nential fits.

least-squares exponential fitting functions R˚ “ fpxq (solid lines) are introduced for

guidance of the eye and for better comparison. Setup 1 deviates from Setup 3 by

a maximum of 20%, while Setup 2 underestimates bubble expansion by 5% only.

Computational requirements increase, however, by a factor of 4.4 when comparing

Setup 3 with Setup 2. The error of 5% seems acceptable and representation of

the jet configuration by Setup 2 appears sufficiently accurate as computational

efficiency becomes a critical issue if the number of bubble rows needs to be large.

This is discussed in the next paragraph.

Figure 7.7 shows the normalised bubble radii R˚ for C5-120, R˚0 “ 50 and Setup

1 varying the number of bubbles in x-direction. The differences are rather small for

bubbles close to the bulk liquid interface but grow with increasing x. With an in-

creasing number of bubbles these deviations become smaller. The solid lines in Fig.
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Figure 7.7: Dimensionless bubble radii for different numbers of bubbles rows using
C5-120, R˚0 “ 50 and Setup 1 at t “ 0.5 µs.

7.7 show least-squares hyperbolic fitting functions for the cases using Nx,bub “ 15

and Nx,bub “ 20. Here, hyperbolic fits are chosen over exponential fits to improve

the match for large x{Dbub. Bubble radii gently decrease with increasing x for

x{Dbub ą 10. The estimations of R˚ based on the fitted functions in Fig. 7.7

compare very well deviating by less than 1% for x{Dbub ą 10. It is seen that at

large enough distances (x ą 15Dbub), the bubble’s relative location to the bulk liq-

uid interface becomes unimportant as bubble growth rates differ little. These small

differences will have negligible effect on the overall expansion rate of the jet and

computations including the outer liquid jet layer of a thickness of 15Dbub will suffice

to completely characterise bubble expansion of groups of bubbles and their interac-

tions. Therefore, the remaining investigation uses Setup 2 with a layer thickness of

Lx,bub “ Ly,bub “ 15Dbub. The resulting mesh contains 55 mio degrees of freedom

and gives an acceptable compromise between accuracy and computational cost.

7.2.3 Reference case: Setup 2, C5-120

All results demonstrate that bubbles in the center of a superheated jet grow more

slowly than bubbles closer to its surface. This implies that bubble growth rates

within bubble clusters - at least for the majority of the bubbles - are smaller than

those obtained from single bubble models and single bubble growth models will lead

to significant mistakes if applied indiscriminately. In the following, bubble radii

and bubble growth rates for bubbles in the cluster are compared to those of single

bubble simulations and potential errors that single bubble models will induce shall

be quantified. Therefore, the normalised bubble radius and the normalised growth
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rate are introduced as R{Rsb and 9R{ 9Rsb, respectively. The index sb refers to the

results from simulations of a single bubble in Ch. 6. Moreover, a reduced radius is

defined by pR ´ R0q{pRsb ´ R0q. Figure 7.8(a) depicts the normalised bubble radii

as a function of their position relative to the jet surface. The outermost bubbles

grow 20% more slowly than a single bubble. The bubble radii decrease exponentially

with increasing distance from the jet surface. The differences to the single bubble

are relatively independent of time for the outermost bubbles, but increase with time

for bubbles further away from the jet interface. This effect is explained with the

aid of Figure 7.8(b). Here, the black symbols show the reduced bubble radius as a

function of the distance to the jet surface. The inner bubbles grow extremely slowly

and hardly change their sizes. This slow growth then leads to a continuous decrease

of the ratio R{Rsb with time. Figure 7.8(b) also shows that the reduced bubble size

is rather invariant with time and that bubbles at distances from the interface larger

than x{Dbub “ 15 will not contribute to the liquid jet expansion, justifying again the

reduction of the domain suggested in Sec. 7.2.2. The black symbols in Fig. 7.8(b)

include all time steps beyond an initial transient stage after an initial pressure wave

has propagated through the entire liquid layer. This time limit is proportional to a

characteristic time

t̃ “
Dbub

cliq

(7.5)

and is defined by

tini “ Nx,bubt̃. (7.6)

The red line represents an exponential fit with

R ´R0

Rsb ´R0

“ expp´p0.48
x

Dbub

` 0.2qq0.042. (7.7)

One further target quantity is the total volumetric expansion of the jet. The present

setup includes 221 fully resolved bubbles (bubbles at the symmetry planes are not

counted) and the expansion of the 221 bubbles, and therefore of the jet slice, is

now approximated in two ways. The first option assumes a uniform expansion of

all bubbles. The volume change is added for each bubble using the single bubble

solution in Ch. 6. The second option takes into account the location x{Dbub of the

individual bubbles and calibrates the single bubble solution with the aid of Eq.

(7.7). Again, a summation of the volume change over all bubbles gives the total
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Figure 7.8: Setup 2, C5-120, R˚0 “ 50: Comparison of the bubble radii to those of a
single bubble.

volumetric expansion. Both options account for the loss of liquid volume due to

vaporisation. The resulting dimensionless jet volume is depicted in Fig. 7.9 up

to 0.45 µs. This marks a minimum time bubbles need to grow before they merge

under the present conditions. The corresponding growth factor of 5 allows to close

the initial bubble distance of 10R0. The actual time needed will be higher, because

bubbles will push each other apart and growth rates are smaller in bubble clusters.

After 0.45 µs the volume of the liquid jet has increased by less than 5% using the

exponentially fitted growth rates. In contrast, the single bubble model gives a

volume increase of approximately 75% in the same time interval. The final volumes

differ by 66%, it is identified as the the minimum error associated with the usage

of the single bubble model and it will increase if bubbles coalesce at later times.

This emphasizes the impact of bubble interactions on the expansion of superheated

liquid jets.

The present results illustrate the dependency of the bubble radius on its location

relative to the jet surface. The general goal of this investigation is the development

of improved LES sub-grid models for flash boiling. Such models require closure for

the phase change at a sub-grid scale and are typically formulated as mass or volume

generation rates. Therefore, the growth rate 9R of individual bubbles in the jet is

analysed now. Figure 7.10(a) shows the normalised growth rates as a function of

the relative distance to the jet surface. They decrease exponentially towards the jet

center, similar to the bubble radii. For x{Dbub À 3, 9R{ 9Rsb is time invariant, but

it depends on time for bubbles further away from the interface. In Sec. 7.2.1 the
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R˚ “ fptq given by single bubble growth rates (black line) and by Eq. (7.7).

dependency of the bubble growth rate on the local pressure field was discussed. A

low liquid pressure allows for higher mass fluxes and bubbles grow faster. Figure

7.3 demonstrates that the low pressure conditions propagate towards the jet center

in time. With a decrease in the local pressure the growth rate of the bubbles will

increase. In contrast, the pressure rapidly converges to a relatively steady solution in

the single bubble DNS, the increased pressure level is not maintained in the absence

of additional interacting bubbles. Thus, 9R{ 9Rsb changes as the local pressure in

the jet changes. Close to the jet surface, the pressure conditions remain constant

and both, 9R{ 9Rsb and 9R do not change in time. The innermost bubbles also face

constant pressure conditions for the time interval considered, because the liquid is

still pressurised. Bubbles at a medium distance face the largest change in the local

pressure field and therefore, 9R and 9R{ 9Rsb depend on time. This temporal variation

hinders adequate parametrization of growth rates for LES sub-grid closures and

therefore Fig. 7.10(b) depicts the normalised bubble growth rate as a function of

the local degree of superheat

Rp,loc “
psatpTliqq

pbub

. (7.8)

with pbub defined as the average pressure in a bubble. Figure 7.10(b) shows a linear

increase of 9R{ 9Rsb with the local degree of superheat. The red line fits the DNS data

with

9R

9Rsb

“ 0.33Rp,loc ´ 0.33. (7.9)

This expression is time invariant and thus much better suited for the parameteriza-
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Figure 7.10: Setup 2, C5-120, R˚0 “ 50: Comparison of the bubble growth rates to
those of a single bubble.

tion of growth rates as part of modelling strategies. It may serve as the basis for the

estimation of phase transfer rates in future LES simulations, where pbub could be

equivalent to the local pressure in one LES cell. A single LES cell will contain nu-

merous bubbles and the local pressure would characterise the average growth rates

which should - due to the linear relationship - be an adequate approximation of the

vaporisation occuring at the sub-grid scales. In the following, the expressions of

Eqs. (7.7) and (7.9) are compared for different initial conditions.

7.2.4 Parameter study

This section assesses the validity of the findings reported in Sec. 7.2.3 subject to a

variation of the independent parameters T0, Rp and R˚0 . If not stated otherwise,

diagrams show the DNS results and the corresponding least-square fits as black

symbols and yellow solid lines, respectively. The red solid lines represent the fitting

function of the reference case C5-120 with R˚0 “ 50. Figure 7.11 compares the

reduced bubble radii and the normalised growth rates for different temperatures.

Subfigures 7.11(a) and 7.11(b) depict the change in the bubble radius as a function

of the distance to the jet surface for T0 “ 100 K and T0 “ 110 K, respectively.

Qualitatively, the results are similar across the temperature range, but the reduced

radii decrease faster towards the jet center for a decreasing temperature. Within

the time intervals considered Rp,loc decreases with temperature for the same

normalised distance x{Dbub being one indicator for the reduced bubble growth. The

low-pressure condition propagates faster towards the jet center as the temperature
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increases. However, a direct comparison is difficult because both, length and

time scales change. Therefore, the Rp,loc-to-T dependency is associated with a

normalised time defined by t˚ “ t{t̃ using the expression in Eq. (7.5). This

normalised time scale decreases with increasing temperature suggesting a faster

characteristic propagation of the low pressure conditions towards the jet center.

Subfigures 7.11(c) and 7.11(d) show the corresponding normalised growth rates as a

function of the local degree of superheat. The linear dependency of 9R{ 9Rsb on Rp,loc

also holds for T0 “ 100 K and T0 “ 110 K, but the slope increases with decreasing

temperature. Note that the scatter for T0 “ 100 K stems from the early time steps

as pressure waves propagate from the jet surface to the center.

Changing the initial pressure ratio Rp or the initial radius R˚0 confirms the present

findings. Figure 7.12(a) depicts the reduced bubble radii of case C10-120. The cor-
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Figure 7.12: Reduced bubble radii.
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responding results with a variable R˚0 are given in Fig. 7.12(b). Here, the black,

blue and yellow lines represent R˚0 “ 5, R˚0 “ 10 and R˚0 “ 25, respectively. The

exponential decrease of the reduced bubble radius is in a similar range for the dif-

ferent initial conditions. Figure 7.13 depicts the normalised mass flux as a function

of Rp,loc varying all independent parameters. While the case with the pressure ratio

Rp “ 10 shows a similar dependency of 9m2{ 9m2
sb on Rp,loc as the cases with Rp “ 5,

differences occur if the initial radius decreases. This is associated with the increased

surface tension. For the same surrounding pressure the bubble pressure is higher at

smaller radii. This applies to both, the single bubble DNS and the multiple bubble

DNS. Therefore, the same massflux, i.e. 9m2{ 9m2
sb « 1 is obtained for a lower Rp,loc.

The present investigation shows that bubble growth rates within liquid jets sig-

nificantly deviate from single bubble models. The data base for the single bubble
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growth is obtained using a constant ambient pressure. This applies also to the

reference database obtained from the Rayleigh-Plesset equation. In principal, the

Rayleigh-Plesset equation can also be solved with a time varying pressure field. This

is done subsequently using the average liquid pressure field of the outermost and in-

nermost bubbles for case C5-120 with R˚0 “ 50. Figures 7.14(a) and 7.14(b) show

the average liquid pressure field surrounding the outermost and innermost bubbles,

respectively. The black lines show the instaneous pressure and the red lines fit these

data to exponential functions such that the a smooth pressure curve is obtained.

Both time profiles are used as input for the Rayleigh-Plesset equation and the result-

ing radii are compared in Figs. 7.14(c) and 7.14(d) for the outermost and innermost

pressure field, respectively. Here, the initial radius for the Rayleigh-Plesset equa-

tion needs to be increased as well because otherwise the rapidly increasing pressure

would lead to bubble collapse. In both cases, the growth rates are comparable for

the DG solver and the Rayleigh-Plesset equation with time varying pressure fields.

The use of the RPE as a sub-grid closure seems therefore acceptable, if it is solved

on-the-fly using the local pressure of the macroscopic simulation. Bubbles would

need to be tracked in a Lagrangian manner and if the bubble number is high the

computational effort may increase considerably. In Sec. 2.4 the potential of the

Σ-Y -model to represent different flash boiling regimes was discussed. Here, trans-

port equations for the volume fraction and surface density are solved as Eulerian

fields and individual bubbles are not tracked. Therefore, Sec. 7.3 discusses empirical

correlations allowing to estimate the mass flux or the bubble growth rate without

on-the-fly computation of the Rayleigh-Plesset equation.

7.3 Derivation of model equations for the LES of

flash boiling jets

The correlations that have been shown in the previous sections help to assess errors

associated with models based solely on single bubble expansion rates. However,

they do not necessarily provide suitable LES subgrid models. Above correlations

require single bubble growth as a function of conditions at the interface between the

core liquid jet and the low pressure surroundings. Corrections from single bubble

growth could be modeled as functions of distance from this interface. This may

be cumbersome and impractical in a complex, convoluted 3-D liquid jet. Alterna-

tively, normalised growth rates or mass fluxes may be estimated as functions of a
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normalised local pressure difference, see Fig. 7.15. The dependency is similar for

different intial conditions and may be approximated by the linear relation based on

the solution of the single bubble model. Regarding the formulation of an LES model

this approximation has two main disadvantages. Firstly, the single bubble solution

needs to be determined as a function of time. In the context of a two-equation

model (see Sec. 2.4.1) bubbles are not tracked and the lifetime of individual bubbles

is therefore unknown. Alternatively, the single bubble data may be obtained as a

function of the bubble radius. However, the mass flux given by the Rayleigh-Plesset

solution peaks at small radii. Thus, the small bubbles in the center would experience

unphysically strong growth. Secondly, the source terms in two-equation models such

as the Σ-Y -model are needed for the surface density and the volume fraction. The

mass flux can be transfered to a volumetric flux dividing it by the vapour density.

In the LES only mixture properties are available in the computational cell and an

estimation of the density is not straight forward. A suitable closure condition for

the surface and volume production/destruction rates in a two-equation model may
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be based on bubble growth rates, i.e. 9R, as a function of local filtered quantities.

Figure 7.16 depicts the bubble growth rate 9R normalised by the bubble parameter

A from Eq. (5.8) as a function of a normalised pressured difference. Here, the filtered

pressure, p̃LES, is represented by an average from all cells in a distance of half the

initial bubble spacing (0.5Dbub) from the bubble center. The subfigures 7.16(a)

and 7.16(b) show results for the HKR and the SHFM, respectively. The symbols

originate from DG simulations and are the bubble growth rates of all bubbles at

different times. The different cases are identified by different colours and symbols.

The figures also include possible global fits using exponential (HKR) or hyperbolic

(SHFM) functions that read

9R

A
“ 0.11expp1.72∆p˚q ´ 0.12 (7.10)

and

9R

A
“ 0.3sinhp1.52∆p˚q ` tanhp´49.42∆p˚2

´ 31.53q ` 1.0, (7.11)

respectively, where ∆p˚ “ psatpT8q´p̃LES

psatpT8q´p8
. A functional dependence of 9R on ppsat´p̃LESq

has two advantages: Firstly, the phase transfer is expressed as a bubble growth rate

allowing for a straight forward estimation of vaporisation source terms. The bubble

growth rates can be obtained from simple computations and do not require fits from

experimental data that are usually not available. Secondly, the growth rates are

expressed in terms of a locally filtered quantity as it is typically available in LES.

It is apparent that each case correlates well with the pressure difference but one
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single function cannot capture all physics involved in bubble growth. Some scatter

around this single fit exists and bubble growth cannot solely be parameterized by

the pressure difference. This is to be expected because not all information that

determine 9R in the DG simulations as presented in previous sections are available in

the LES. A simple fitted function that captures an average growth rate and provides

a qualitative subgrid closure for flash evaporation may, however, be more accurate

than existing models that relate the growth to the deviation from equilibrium con-

ditions and typically use data from a single existing experiment (known as Moby

Dick experiment [88]) despite different setups, conditions and fluids.

Equations (7.10) and (7.11) allow to derive approximated source terms for a two-

equation model with the volume fraction and surface density as model equation. A

precondition is that the mean bubble radii and the bubble number can be derived

from the volume fraction and surface density within a computational cell. For each

cell the bubble radius Rn at time step n and the bubble number Nbub must be

known. The change in the vapour volume and in the interface area due to bubble

growth is then

V n`1
´ V n

“ Nbub
4

3
π

ˆ

”

Rn
` 9R∆t

ı3

´ rRn
s
3

˙

(7.12)

and

An`1
´ An “ Nbub

4

π

ˆ

”

Rn
` 9R∆t

ı2

´ rRn
s
2

˙

, (7.13)

respectively. Equations (7.12) and (7.13) can then be incorporated into the source
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terms of the Σ-Y model. This is a first attempt to model the growth of multiple

bubble as sub-grid scale process for the Σ- and Y -equations. Therefore, the present

approximation is subject to the following limitations.

7.3.1 Limitations of the proposed SGS-model

1. The most obvious limitation is the scatter in 9R{A for different parameters.

Depending on the conditions Eqs. (7.10) and (7.11) may over- or underpredict

the actual growth rates and only a qualitative dependency on ∆p˚ is obtained.

2. The phase change mechanism at the bubble interface is not explicitly accounted

for by the HKR. The heat flux at the interface will also increase if the vapour

pressure and therefore the interface temperature is decreased. However, the

influence of the boundary layer thickness is not considered. For increasing

time the temperature boundary layer increases and the mass flux decreases

even if the vapour pressure is low.

3. The present model equation only considers the expansion of bubble clusters

but other flow pattern, such as slug flow (see Sec. 2.3), are not accounted for.

4. Most setups for the computation of multiple bubbles use R˚0 “ 50. This

affects the least-square approximation of Eqs. (7.10) and (7.11). Therefore,

the coefficients of the present equation may slightly change if larger data sets

are available.

5. The numerical simulations last until the outermost bubble is about to break

through the outer liquid layer. If this layer becomes too thin, simulations be-

come unstable presumably as a consequence of poorly resolved pressure waves.

The validity of the correlations in Eqs. (7.10) and (7.11) cannot be guranteed

if bubble break-up and droplet formation occurs. This is one possible exten-

sion for future work. Moreover, a simulation of the entire process from bubble

growth to droplet formation can be used to assess time scales for the break-up

of the jet from the surface to the center.



Chapter 8

Conclusion & Outlook

The present study contains comprehensive investigations of fully compressible nu-

merical simulations of vapour bubble growth in the context of flash boiling of cryo-

genic oxygen. This final chapter summarises the most important findings and con-

clusions regarding the DNS of compressible multiphase flows with phase change

and the macroscopic simulation of flash boiling. A short summary of the resulting

challenges and ideas for future research projects complete this work.

8.1 Conclusion

The first goal of the present investigation was the simulation of single vapour

bubble growth with a fully compressible two-phase solver. It is based on the

HLLP Riemann solver coupled to a discontinuous Galerkin method and a third

order Runge-Kutta scheme to discretise the Navier-Stokes equations in space

and time, respectively. The solver preserves a sharp interface between the liquid

and vapour. Three different models to estimate the vaporisation mass flux are

compared. The first model is the Hertz-Knudsen relation (HKR) which is based

on the difference between saturation pressure and vapour pressure. The second

approach uses a kinetic relation (KR) according to the original formulation of the

HLLP Riemann solver. It estimates the mass flux depending on the deviation

of the local entropy to the saturation entropy. The last approach determines

the vaporisation mass flux based on a sub-grid scale heat flux and is denoted as

sub-grid heat flux model (SHFM). Here, a parabolic temperature profile within the

liquid boundary layer is assumed and the temperature gradient is defined by the

first derivative at the interface. These models are calibrated to match the bubble

radius of a reference solution for a wide pressure, temperature and time range. The

125
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operating conditions are characteristic for superheated cryogenic oxygen issuing

into combustion chambers near vacuum.

The HKR and the KR yield similar results. The instantaneous character of

the reference mass flux is not captured but the volumetric expansion of bubbles

and the total vaporised mass are well predicted. Uncertainties appear only at the

smallest time scales. Typical length and time scales vary a lot within the parameter

range and the calibrated model coefficients change accordingly. For an increasing

temperature the calibration promotes vaporisation but a general dependency on

the time scales or pressure ranges is not obvious. The SHFM qualitatively matches

the reference solution for the mass flux well. However, the bubble radius and

the volumetric expansion match the reference case only during the last part of

a simulation. A more sophisticated representation of the model coefficient may

improve the results for the volumetric expansion and offers potential for an explicit

model without a priori calibration.

The second - and major - objective of the present investigation is the analysis of

bubble growth rates in superheated liquid jets. Here, multiple bubbles can interact

and single bubble models overpredict the actual growth rates. In this investigation,

the HKR determines the vaporisation mass flux and the bubble growth rates are

compared to the corresponding results of the single bubble computations. At first

the suitability of different geometries to approximate the expansion rates of liquid

jets issuing into a vacuum has been evaluated. Each setup resolves multiple vapour

bubbles and a low pressure reservoir allows for an expansion of the liquid bulk

as a result of bubble growth. The most simplified setup uses a single bubble row

which is interpreted as a radial column within a cylindrical jet. In a second and

third setup this domain is extended in the circumferential and axial directions,

respectively. The number of bubbles in radial direction is also varied. The presence

of many vaporising bubbles prevents a sudden and large pressure drop at the jet

center and bubbles located away from the jet interface grow very little. A reduced

domain size covering approximately 15 bubbles from the jet interface to the jet

center suffices to investigate bubble growth. The final setup resolves 15 bubble

rows in the radial direction of a cylindrical jet slice. These conditions give an

acceptable trade-off between computational cost and accuracy. The growth rates of

individual bubbles decrease from the jet surface to its center. When bubbles begin

to grow and interact, the liquid is compressed. While the jet surface permanently
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faces the low pressure reservoir a pressure gradient from jet surface towards the

center develops. The resulting pressure increase is responsible for the deviation of

vaporisation rates - and hence bubble growth rates - along the radial direction. For

a fixed time step, bubble radii decrease exponentially towards the jet center. The

differences to the single bubble results are large and up to 70% in the center of the

jet for the time intervals considered. The growth rates of the outermost bubbles

differ constantly by approximately 20% from the single bubble simulations. The

deviation of the bubble radii to radii from single bubble simulations can be fitted

by an exponential function and be parameterized by the distance to the jet surface.

An analytical solution for the total volume expansion of a cylindrical jet based on

single bubble growth rates is compared with the volumentric expansion of a jet

with interacting bubbles, where the corresponding growth rates are obtained from a

functional dependence fitted to the DNS data. The final volumes after a minimum

growth time needed for bubble merging differ by 66%. These results are similar

for a wide range of initial conditions. If the single bubble model is fed with a time

variable pressure field the results compare well to those of multiple bubble DNS. It

can be concluded that - in the context of macroscopic simulations of flash boiling -

the growth process of vapour bubbles needs to be included as a sub-scale model and

needs to account for deviations from single bubble growth. In principal, the single

bubble reference solution can be solved on-the-fly using the local increased pressure

as the back pressure. This requires an additional computation and may increase

the total computational effort if numerous bubbles have to be solved independently.

Therefore, on the basis of the present DNS an empirical correlation is proposed,

which estimates bubble growth rates with respect to the local pressure field. A

database for single bubble growth can then be pre-tabulated based on the intial

conditions and the derived vaporisation mass fluxes can be adapted with a simple

analytical function.

8.2 Outlook

The findings of the present investigation suggest various follow-up studies in both,

the field of compressible multi-phase DNS and in the field of LES of flash boiling.

One major restriction of the present work is the need to pre-calibrate the coeffi-

cients in the vaporisation models. Here, not only the physical initial conditions are
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important but also the relevant time scale. One reason is that the HLLP Riemann

solver does not resolve the evaporative cooling. Combined with the HKR or KR,

this leads to an almost steady vaporisation process that is in conflict with the

highly transient character of single vapour bubble growth. The SHFM improves

the qualitative representation of the mass flux. Yet, the model coefficient still

requires an a priori calibration for different physical conditions and time ranges.

An improvement of the estimation of the boundary layer thickness in the model

equation or a dynamic determination of the model coefficient during run time

could potentially improve the results and allow for a fully predictive simulation

without a priori calibration. Moreover, the HLLP Riemann solver can be extended

such that heat diffusion across the interface and evaporative cooling are directly

accounted for. This would allow for the omission of any additional model for the

vaporisation mass flux and the computations would solely rely on the numerically

approximated physics at the interface. However, since boundary layer thicknesses

are typically small for the present operating conditions, the computational effort

would strongly increase and few bubbles could be resolved only. A third challenge

in the computation of compressible bubble growth is the break-up of the liquid layer

between the low-pressure chamber and the outermost bubbles. Here, instability

occured whenever the liquid bridge was resolved with less than four FV sub-cells.

Underresolved pressure waves in the liquid are identified as a possible reason for

the instabilities. A stable simulation of the rupture of the bulk liquid would allow

to estimate time scales for the propagation of the jet break-up from the surface to

the center.

In the context of the macroscopic simulation of flash boiling enhanced models

can be developed on the basis of two-equation models. Here, a volume fraction

and a surface density equation are solved allowing to compute average bubble (or

droplet) sizes and therefore explicitly distinguish between different flashing regimes.

Yet, there is no known study accounting for the bubble expansion within such a two-

equation model. The correlations derived in the present work can serve as a basis for

the development of sub-scale models to estimate the volume and surface generation

by bubble growth. The present correlation would cover the external flashing mode

and the internal flashing mode originating from bubbly nozzle flow (see Fig. 2.5).

Extended models which also account for slug nozzle flow need to be developed, e.g.

using further DNS similar to those of the present study. In other flashing modes,

either arising from annular nozzle flow or the fully flashing mode, the expansion of
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the jet by vapour bubbles or larger vapour pockets is less important and alternative

closure conditions are required.
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Appendix A

Derivation of the Hertz-Knudsen

relation and the kinetic relation

Hertz-Knudsen relation

If a liquid is in equilibrium with its saturated vapour, the number of molecules

per time unit changing from liquid into vapour must be equal to those changing

from vapour into liquid [54]. In this case the rate of molecules that transition from

a liquid state into a vapour state is known to be the upper limit of vaporisation

[44, 54]. The first equation for this limit origantes from the work of Hertz [44] and

it can be drived assuming a Maxwell-Boltzmann velocity distribution of the vapour

molecules at the interface [76, 99] The mass flux from the interface into the vapour

is [99]

9m2
lv “

ż 8

´8

ż 8

´8

ż 8

0

mmolUfvap,satdUdV dW (A.1)

with the gas distribution function

fvap,sat “ nvap,sat
β3

sat

π3{2
e´β

3
vap,satprU´Us

2`rV´V s2`rW´W s2q. (A.2)

Here, mmol, pU, V,W q and n are the molecule mass, the molecular velocities and the

number density of molecules, respectively. Equation (A.2) uses the definition

β “
b

M{p2RgT q (A.3)

with the molar mass M and the specific gas constant Rg Inserting Eq. (A.2) in Eq.
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(A.1) gives

9m2
lv “ ρvap,sat

ˆ

β3
sat

π3{2

˙ˆ

1

2β2
sat

˙ˆ

π1{2

βsat

˙ˆ

π1{2

βsat

˙

(A.4)

which is

9m2
lv “ ρvap,sat

ˆ
?
RTsat
?

2π

˙

. (A.5)

Applying the ideal gas law p “ ρRT the mass flow rate from the interface into the

gas phase becomes

9m2
lv “ psat

ˆ

1
?

2πRTsat

˙

. (A.6)

Knudsen extended this equation to account for the deviation from the theoretical

maximum [54, 55]. He introduced the calibration coefficient λvap yielding [55]

9m2
lv “ psat

ˆ

λvap
?

2πRTsat

˙

(A.7)

with λvap ď 1. Equation (A.7) is valid only if the liquid vaporises into pure vacuum

[31]. In a realistic case the vapour propagating away from the interface will generate

a back pressure pvap. Therefore, the Hertz-Knudsen relation combines the mass flux

from the interface into the vapour 9m2
lv with the corresponding flux from the vapour

to the interface [31, 76]:

9m2
“

1
?

2πR

˜

λvap
psat
a

Tliq

´ λcond
pvap

a

Tvap

¸

. (A.8)

The kinetic relation

The derivation of the kinetic relation follows the work of Fechter et. al [35]. It is

based on an entropy balance at the interface where the entropy production is defined

by

η “

„

9m2
psvap ´ sliqq `

ˆ

qvap

Tvap

´
qliq

Tliq

˙

. (A.9)

Assuming that η is zero the difference between the heat fluxes is approximated by

qvap ´ qliq « ´ 9m2Trefpsvap,sat ´ sliq,satq. (A.10)
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With Tliq « Tvap “ Tref the combination of Eqs. (A.9) and (A.10) gives

η “ 9m2
rpsvap ´ sliqq ´ psvap,sat ´ sliq,satqs . (A.11)

Fechter et al. use the constitutive law [35] ηTref “ cent 9m2 to derive the final model

equation

9m2
“

1

cent

Tref vs´ ssatw . (A.12)

The model coefficient cent needs to be adapted for different fluids or process condi-

tions.
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Appendix B

Analytical equations for the HLLP

Riemann solver

The approximated intermediate states in the HLLP Riemann solver are determined

by the following expressions given by Fechter et al. [36]:

Left star state v˚L “ pρ
˚
L, v

˚
L, e

˚
L, p

˚
Lq
T :

ρ˚L “p2SLρ
2
LvL ` ρLvLρRvR ´ SintρLvL ` SintρRvR ´ S

2
Lρ

2
L

` SLρLSRρR ` SintSLρL ´ SintSRρR ´ ρLvLSRρR ´ ρ
2
Lv

2
L

´ SLρLρRvRq{p´ρLv
2
L ` ρRv

2
R ´ ρLS

2
L ` SintSL ´ SintSR ´ SRρRvR

` 2SLρLvL ` pR ´ pL ´∆p´ SLρRvR ` SLSRρRq (B.1)

v˚L “p´SRρRvRρLvL ` SRρRvRSLρL ` pLSLρL `∆pSLρL ` 2ρ2
Lv

2
LSL

´ ρLvLSintSR ` SintSLρRvR ` SLρLSintSR ´ pLρLvL ´ S
2
Lρ

2
LvL

` ρLvLρRv
2
R ´ ρ

2
Lv

3
L ´ SLρLρRv

2
R ´ ρLvL∆p` ρLvLpR ´ SLρLpR

´ SLSRρRSintq{p2SLρ
2
LvL ` ρLvLρRvR ´ SintρLvL ` SintρRvR

´ S2
Lρ

2
L ` SLρLSRρR ` SintSLρL ´ SintSRρR ´ ρLvLSRρR

´ ρ2
Lv

2
L ´ SLρLρRvRq (B.2)

p˚L “pL ` pρLv
2
L ´ ρ

˚
Lpv

˚
Lq

2
q ´ SLpρLvL ´ ρ

˚
Lv
˚
Lq (B.3)

e˚L “
1

ρ˚Lpv
˚
L ´ SLq

p´SLρLeL ` vLpρLeL ` pLq ´ v
˚
Lp
˚
Lq ´

1

2
pv˚Lq

2 (B.4)
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Right star state v˚R “ pρ
˚
R, u

˚
R, e

˚
R, p

˚
Rq

T :

ρ˚R “pρLvLSRρR ´ SintρLvL ´ ρLvLρRvR ´ SLρLSRρR ` SintSLρL

` SLρLρRvR ´ 2SRρ
2
RvR ` S

2
Rρ

2
R ´ SintSRρR ` SintρRvR ` ρ

2
Rv

2
Rq{

p´ρLv
2
L ` SLρLvL ` ρLvLSR ´ ρLSLSR ` S

2
RρR ´ 2SRρRvR ´ pL ` ρRv

2
R

´∆p` SintSL ´ SintSR ` pRq (B.5)

v˚R “pS
2
Rρ

2
RvR ´ ρLvLSintSR ` SintSLρRvR ` SLρLSintSR ´ 2ρ2

Rv
2
RSR

´ pRSRρR ` pRρRvR ´ SLSRρRSint ´ ρLv
2
LρRvR ` ρ

2
Rv

3
R ` SLρLvLρRvR

´ SLρLvLSRρR `∆pSRρR ` pLSRρR ´ pLρRvR ´∆pρRvR ` ρLv
2
LSRρRq{

pρLvLSRρR ´ SintρLvL ´ ρLvLρRvR ´ SLρLSRρR ` SintSLρL

` SLρLρRvR ´ 2SRρ
2
RvR ` S

2
Rρ

2
R ´ SintSRρR ` SintρRvR ` ρ

2
Rv

2
Rq (B.6)

p˚R “pR ` pρRv
2
R ´ ρ

˚
Rpv

˚
Rq

2
q ´ SRpρRvR ´ ρ

˚
Rv
˚
Rq (B.7)

e˚R “
1

ρ˚Rpv
˚
R ´ Sintq

p∆pSint ´ Sintρ
˚
Le
˚
L ´ v

˚
Rp
˚
R ` v

˚
Lpρ

˚
Le
˚
L ` p

˚
L

´ ρ˚LpSint ´ v
˚
Lq∆hlatq ´

1

2
pv˚Rq

2 (B.8)



Appendix C

Derivation of the Rayleigh-Plesset

equation

The following derivation follows the derivation in [14]. Initially an arbitrary function

F ptq “ upr, tq ¨ r2 is considered, where u, r and t are velocity, radius and time

respectively. Without any mass transfer at the liquid-vapour interface, the velocity

at the interface with the bubble radius R is

upR, tq “
dR

dt
“
F ptq

R2
, (C.1)

which gives

F ptq “ R2 dR

dt
. (C.2)

In case vaporisation takes place, the vaporisation rate 9mv can be estimated as

9mv “ ρv 9V “ ρv
d

dt

ˆ

4

3
πR3

˙

“ ρv4πR
2 dR

dt
, (C.3)

with ρv and 9V being the vapour density and volume flow rate, respectively. Consid-

ering the liquid side, the mass flow rate due to vaporisation is

9ml “ ρlAul (C.4)

where A and ul are the surface of the bubble and the relative speed between bub-

ble wall and liquid (the speed at which the interface moves due to the vaporised

“vanished” liquid volume). Setting both mass flow rates equal gives for the relative
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velocity

ul “
ρv
ρl

dR

dt
(C.5)

and the flow velocity at the bubble wall is then

upR, tq “
dR

dt
´ ul “

ˆ

1´
ρv
ρl

˙

dR

dt
. (C.6)

If the density ratio between gas phase and liquid phase is high, the contribution of

ul can be neglected. With the initially defined auxiliary function F ptq the radially

defined velocity field is

upr, tq “
R2

r2

dR

dt
. (C.7)

The momentum balance in the liquid in spherical coordinates reads

ρl

ˆ

Bu

Bt
` u

Bu

Br

˙

“ ´
Bp

Br
` µl

ˆ

1

r2

B

Br

„

r2Bu

Br



´
2u

r2

˙

. (C.8)

Dividing the whole equation by ρl and inserting Eq. (C.7) in Eq. (C.8) gives

B

Bt

ˆ

R2

r2

dR

dt

˙

`
R2

r2

dR

dt

B

Br

ˆ

R2

r2

dR

dt

˙

´

νl

ˆ

1

r2

B

Br

„

r2 B

Br

"

R2

r2

dR

dt

*

´
2R2

r4

dR

dt

˙

“ ´
1

ρl

Bp

Br
(C.9)

Further analysis considering product rule, chain rule etc., the previous equation can

be summarized to

1

r2

˜

2R

„

dR

dt

2

`R2 d2R

dt2

¸

´
2R4

r5

ˆ

dR

dt

˙2

“ ´
1

ρl

Bp

Br
. (C.10)

An integration from r “ R to r “ 8 defined as

8
ż

r“R

#

1

r2

˜

2R

„

dR

dt

2

`R2 d2R

dt2

¸

´
2R4

r5

ˆ

dR

dt

˙2
+

dr “ ´
1

ρl

pp8q
ż

ppRq

dp. (C.11)
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then gives

«

´
1

r

˜

2R

ˆ

dR

dt

˙2

`R2 d2R

dt2

¸

`
2R4

4r4

ˆ

dR

dt

˙2
ff8

R

“
ppRq ´ pp8q

ρl
. (C.12)

Inserting the limits of the integral we get

0´

«

´
1

R

˜

2R

ˆ

dR

dt

˙2

`R2 d2R

dt2

¸

`
2R4

4R4

ˆ

dR

dt

˙2
ff

“
ppRq ´ pp8q

ρl
. (C.13)

If the velocity is defined as 9R “ dR{dt and the acceleration as :R “ d2R{dt2 the

Rayleigh equation is obtained:

3

2
9R2
`R :R “

ppRq ´ pp8q

ρl
. (C.14)

It has to be noted here that the viscous terms cancel out during analysis. Frictional

effects as well as the contribution of the surface tension are taken into account via

the boundary condition at the interface:

ppRq “ pb ´
2σ

R
´

4µ

R
9R (C.15)

where pb is the pressure inside the bubble which finally leads to the Rayleigh-Plesset

equation:

R :R `
3

2
9R2
“

1

ρl

ˆ

pb ´ pp8q ´
2σ

R
´

4µ

R
9R

˙

(C.16)



140



Appendix D

Coefficients of the different

vaporisation models

This section lists the calibrated coefficients for the HKR, the KR and the SHFM

for each combination of T0, Rp and R˚0 . If no value is given, no stable solution was

obtained.

Table 4.1: λvap for Rp “ 5 and Rp “ 10.

C5- C5- C5- C5- C10- C10- C10- C10-
R˚0 90 100 110 120 90 100 110 120

1 0.050 0.071 0.093 0.110 0.045 0.064 0.084 0.093
5 0.056 0.071 0.084 0.093 0.052 0.065 0.080 0.083
10 0.056 0.064 0.075 0.083 0.055 0.065 0.076 0.082
25 0.042 0.045 0.050 0.057 0.047 0.052 0.058 0.063
50 0.030 0.031 0.033 0.038 0.035 0.037 0.042 0.046

Table 4.2: λvap for Rp “ 50 and Rp “ 100.

C50- C50- C50- C50- C100- C100- C100- C100-
R˚0 90 100 110 120 90 100 110 120

1 - 0.058 0.075 0.082 - - 0.073 0.081
5 0.053 0.064 0.072 0.074 0.052 0.058 0.071 0.073
10 0.054 0.065 0.074 0.076 0.054 0.059 0.073 0.075
25 0.050 0.055 0.059 0.064 0.051 0.054 0.060 0.064
50 0.039 0.041 0.045 0.049 0.039 0.041 0.045 0.049
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Table 4.3: cent for Rp “ 5 and Rp “ 10.

C5- C5- C5- C5- C10- C10- C10- C10-
R˚0 90 100 110 120 90 100 110 120

1 3793 907.0 278.2 119.2 4279 1012 333.7 139.3
5 4448 1115 425.0 193.1 4844 1340 476.1 231.9
10 4529 1251 495.7 224.8 4796 1375 503.6 256.3
25 5612 1886 747.0 350.8 5807 1881 724.5 340.5
50 8186 2747 1207 554.0 8152 2555 1085.5 507.3

Table 4.4: cent for Rp “ 50 and Rp “ 100.

C50- C50- C50- C50- C100- C100- C100- C100-
R˚0 90 100 110 120 90 100 110 120

1 - - 375.0 - - - 386.4 -
5 5262 1481 555.8 296.5 5370 1659 562.7 303.3
10 5193 1468 576.0 288.3 5160 1639 585.2 294.9
25 5684 1826 721.4 368.9 5628 1884 768.7 372.2
50 7667 2603 1032.6 524.9 7685 2612 1036.0 531.1

Table 4.5: Cδ for Rp “ 5 and Rp “ 10.

C5- C5- C5- C5- C10- C10- C10- C10-
R˚0 90 100 110 120 90 100 110 120

1 0.993 1.074 1.288 1.826 1.367 1.495 1.774 2.620
5 0.175 0.221 0.305 0.437 0.218 0.281 0.400 0.607
10 0.088 0.121 0.174 0.248 0.103 0.141 0.208 0.307
25 0.050 0.074 0.102 0.139 0.052 0.081 0.113 0.162
50 0.037 0.055 0.076 0.103 0.039 0.057 0.080 0.113

Table 4.6: Cδ for Rp “ 50 and Rp “ 100.

C50- C50- C50- C50- C100- C100- C100- C100-
R˚0 90 100 110 120 90 100 110 120

1 1.750 1.942 2.367 3.524 1.801 2.336 2.454 3.640
5 0.289 0.374 0.514 0.810 0.299 0.419 0.525 0.845
10 0.130 0.178 0.246 0.389 0.130 0.190 0.255 0.397
25 0.062 0.089 0.127 0.190 0.062 0.092 0.128 0.193
50 0.041 0.061 0.087 0.129 0.042 0.062 0.088 0.132



Appendix E

Dependency of cent and Cδ on

initial conditions and

characteristic numbers

Figure 5.1 depicts the dependencies of the coefficient cent in the KR onR˚0 , Rp, T0, Ja,

R` and t`. Equation (3.21) shows that the mass flux scales inversely proportional

to cent. Subsequently, the individual subfigures of Fig. 5.1 are discussed:

• Subfig. E.1(a): With increasing R˚0 the model coefficient increases such that

the asymptotic mass flux decreases. As discussed in Sec. 6.2 this results from

the transient decrease of the reference mass flux with time/radius.

• Subfig. E.1(b): The model coefficient depends only weakly on the superheat

ratio Rp. Again, the trends and conclusions are similar to those of the HKR

in Sec. 6.2 considering the inverse proportionality of the mass flux on cent.

• Subfig. E.1(c): We observe a decrease of the coefficient with increasing tem-

perature if R˚0 and Rp are fixed. As observed for the HKR, the model coefficient

scales such that vaporisation is enhanced for an increase in temperature. How-

ever, the entropy as the key quantity in Eq. (3.21) also changes with T0 and

a direct correlation is not apparent.

Figure 5.2 shows the resulting correlations for the SHFM. In general, an increase in

Cδ yields a decrease in the mass flux. However, the SHFM yields a similar transient

behaviour as the reference solution and the correlations of Cδ in Fig. 5.2 deviate

from those obtained for the HKR and the KR, respectively. This is a consequence
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of the R-dependency of the mass flux given by Eqs. (3.22), (3.23) and (3.24).

Subsequently, the individual dependencies of Cδ are discussed

• Subfig. E.2(a): Eqs. (3.23) and (3.24) show that the mass flux decreases with

increasing R˚0 . The high coefficients observed in Fig. E.2(a) at small R˚0 avoid

an overprediction of the mass flux when the radii and approximated boundary

layer thicknesses are rather small.

• Subfigs. E.2(b) and E.2(c): The trends Cδ “ fpRpq and Cδ “ fpT0q are

explained by the same physical effects. Figures E.2(b) and E.2(c) show that

Cδ increases with Rp and T0, respectively. This particularly applies for small

R˚0 (solid lines). Both, for increasing T0 and increasing Rp, the temperature

difference ∆T “ Tliq ´ Tsatpp8q increases. According to Fig. 6.3 the pressure

in the bubble rapidly approaches the ambient pressure such that ∆T “ Tliq ´

Tsatpp8q reasonably approximates the temperature difference in Eq. (3.23).

Thus, an increase in T0 and Rp would result in an increase of 9m2. At the

same time, the bubble radius and accordingly the boundary layer estimation

decrease with increasing T0 and Rp which, again, allows for higher mass fluxes.

The increase of Cδ avoids nonphysically high mass fluxes.

Both, the KR and the SHFM do not reveal a clear correlation between the

coefficients and the characteristic parameters R`, t` and Ja.
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Figure 5.1: Vaporisation coefficients cent as a function of different characteristic
quantities of our investigation.
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Figure 5.2: Vaporisation coefficients Cδ as a function of different characteristic quan-
tities of our investigation.



Appendix F

Derivation of the expansion

equation for cylinderical volumes

containing spherical bubbles.

The present analysis uses the following assumptions and definitions:

• The dimensionless distance of the bubbles is

Ψbub “
Dbub

R0

. (F.1)

• The bubbles are distributed in a close-packing of spheres.

• The cylindrical volume is defined by the cylinder radius Rnoz and its length

Ljet.

• The ratio between vapour density and liquid density is

ρ˚ “
ρbub

ρliq

. (F.2)

• The ratio between final jet volume and initial jet volume is

V ˚ “
Vend,jet

V0,jet

. (F.3)

One-fourth of the cylindrical jet with the initial volume

V0,jet “ 0.25πR2
nozLjet (F.4)
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is considered. The number of resolved bubbles in the three-dimensional domain

is the product of bubble numbers in the x-, y- and z-direction. As we consider a

cylindrical geometry in the x-y-plane the product of the bubble numbers in these

directions is scaled with π{4. We consider the densest possible package of spheres

following the bubble distances from Eq. (7.1). The resulting number of bubbles is

NB “
Ljet

Dbub

ˆ

Rnoz

Dbub

˙2?
2

3
?

6

π

4
(F.5)

The generated vapour volume is equal to the product of number of bubbles and

the volume increase of a single bubble,

∆Vvap “ NB
4

3
πprR˚ ¨Rcrits

3
´R3

critq “ NB
4

3
πR3

critpR
˚3
´ 1q. (F.6)

Combining Eqs. (F.1),(F.5) and (F.6) with R0 “ Rcrit gives

∆Vvap “
?

3
π2

3
LjetR

2
noz

1

Ψ3
bub

pR˚3
´ 1q. (F.7)

The liquid volume, which is evaporated is

∆Vliq “ ∆Vvap ¨ ρ
˚ (F.8)

The final volume of the liquid jet is

Vend,jet “ V0,jet `∆Vvap ´∆Vliq “ V0,jet `∆Vvapp1´ ρ
˚
q (F.9)

Using Eqs. (F.4) and (F.9) the volume ratio of the final and initial jet is derived

as

V ˚ “
Vjet,end

Vjet,0

“ 1`
∆Vvapp1´ ρ

˚q

Vjet,0

“ 1`
?

3
pπ2{3qLjetR

2
noz

1
Ψ3

bub
pR˚3 ´ 1qp1´ ρ˚q

0.25πLjetR2
noz

“ 1`
?

3
π

0.75

1

Ψ3
bub

pR˚3
´ 1qp1´ ρ˚q. (F.10)



Appendix G

Data storage

Table 7.1: Case and code used to produce results of paper on single bubble
growth by Dietzel et al. [27]. The main directory on the data storage is
ITV-PUBLICATIONS/GIT/2019 Dietzel IJMF/Rayleigh-Plesset-Data. The corre-
sponding code repository is GITLAB/itv-mitarbeiter/Dietzel/rayleigh-plesset

2019-Dietzel-IJMF-DNS-SB
Data on storage Case Code
heat-diffusion Single bubble growth using ”master” on GIT

algorithm of Lee&Merte [62] SHA: c713b48d
for various Rp and T0.

no-heat-diffusion Single bubble growth using ”no heat-diffusion”
algorithm of Lee&Merte [62] on GIT
for various Rp and T0 neglecting SHA: 6c59c6ca
heat-diffusion and evaporative cooling
cooling
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Table 7.2: Case and code used to produce results of paper on single bub-
ble growth by Dietzel et al. [27]. The main directory on the data storage
is ITV-PUBLICATIONS/GIT/2019 Dietzel IJMF/DG-Data. The corresponding
code repository is GITLAB/TwoPhaseDG/StruktiTwoPhase

2019-Dietzel-IJMF-DNS-SB
Data on storage Case Code
HKR DEFAULT Various Rp, T0 and R˚0 ; ”master” on GIT

HLLP solver [36]; SHA: 596ab101
HKR, default setup

HKR CFL Various Rp, T0 and R˚0 ; ”master” on GIT
HLLP solver [36]; SHA: 596ab101
HKR, decreased CFL number

HKR MESH Various Rp, T0 and R˚0 ; ”master” on GIT
HLLP solver [36]; SHA: 596ab101
HKR, mesh study

HKR PRESS Various Rp, T0 and R˚0 ; ”master” on GIT
HLLP solver [36]; SHA: 596ab101
HKR, study initial bub. pres.

KR Various Rp, T0 and R˚0 ; ”master” on GIT
HLLP solver [36]; SHA: 596ab101
KR

SHFM Various Rp, T0 and R˚0 ; ”master” on GIT
HLLP solver [36]; SHA: 596ab101
SHFM

Table 7.3: Case and code used to produce results of paper on single bub-
ble growth by Dietzel et al. [27]. The main directory on the data storage
is ITV-PUBLICATIONS/GIT/2019 Dietzel IJMF/DG-Data. The corresponding
code repository is GITLAB/TwoPhaseDG/ILASS17Flexi

2019-Dietzel-IJMF-DNS-SB
Data on storage Case Code
HKR 3D Rp-5 T0-120 Fully 3D simulation using the ”master” on GIT

reference conditions SHA: 71fff548
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Table 7.4: The following codes are generally used for pre- and postprocessing of the
3D simulations

Pre- and post processing for the 3D simulations
GITLAB repo Usage Code
GITLAB/TwoPhaseDG/EOS Generation of EOS tables ”master” on GIT

Read-in of table SHA: 33d0462a
GITLAB/TwoPhaseDG/HOPR Mesh generation ”master” on GIT

SHA: a08deca9
GITLAB/TwoPhaseDG/Posti Post processing tool, ”master” on GIT

i.a. generation of SHA: 88afd1ac
paraview files (*.vtu)

GITLAB/TwoPhaseDG/ Post processing tool, ”master” on GIT
Eval Bubble Growth i.a. for evaluation of SHA: 95612315

growth rates and filtered
quantities

Table 7.5: Case and code used to produce results of paper on multiple bub-
ble growth. Here, cases of the bubble column are considered. The main di-
rectory on the data storage is ITV-PUBLICATIONS/GIT/2019 Dietzel IJMF-
2/DG-Data/bubble column. The corresponding code repository is GIT-
LAB/TwoPhaseDG/ILASS17Flexi

2019-Dietzel-IJMF-DNS-MB
Data on storage Case Code
Rp-5 T0-120 R0STAR-50/ Five fully resolved bubbles, ”master” on GIT
NxBub-05 Sec. 5.1 in paper SHA: 71fff548
Rp-5 T0-120 R0STAR-50/ Ten fully resolved bubbles, ”master” on GIT
NxBub-10 Sec. 5.2 in paper SHA: 71fff548
Rp-5 T0-120 R0STAR-50/ 15 fully resolved bubbles, ”master” on GIT
NxBub-15 Sec. 5.2 in paper SHA: 71fff548
Rp-5 T0-120 R0STAR-50/ 20 fully resolved bubbles, ”master” on GIT
NxBub-20 Sec. 5.2 in paper SHA: 71fff548
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Table 7.6: Case and code used to produce results of paper on multiple bubble growth.
Here, cases of the jet slice are considered. The main directory on the data storage
is ITV-PUBLICATIONS/GIT/2019 Dietzel IJMF-2/DG-Data/jet slice. The corre-
sponding code repository is GITLAB/TwoPhaseDG/ILASS17Flexi

2019-Dietzel-IJMF-DNS-MB
Data on storage Case Code
Rp-5 T0-120 R0STAR-50/ Five fully resolved bubbles, ”master” on GIT
NxBub-05 in radial direction SHA: 71fff548

Sec. 5.2 in paper
Rp-5 T0-120 R0STAR-50/ 15 fully resolved bubbles, ”master” on GIT
NxBub-15 in radial direction, SHA: 71fff548

reference conditions
Sec. 5.3 in paper

Rp-* T0-* R0STAR-*/* Parameter study on Rp, ”master” on GIT
T0 and R˚0 , SHA: 71fff548
Sec. 5.4 in paper

Rp-* T0-* R0STAR-* Corresponding parameter, ”master” on GIT
SHFM/* study with SHFM, SHA: 71fff548

Sec. 5.5 in paper
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