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Abstract

We study PDEs and SPDEs defined by a measure theoretic Laplacian A, with
Neumann or Dirichlet boundary conditions, where  is a Borel measure on [0, 1]. We
do not assume that p possesses a Lebesgue density, which includes singular measures

and especially self-similar measures on Cantor-like sets.

In the first part, we address the question of how to interpret a heat equation
defined by A, if the support of u is not the whole interval. We show that weak
measure convergence implies convergence of the solutions to the corresponding heat
equations. This provides an interpretation for the mathematical model of heat
diffusion in a rod with gaps in that the heat in this model diffuses approximately
like the heat in a rod possessing a strictly positive mass distribution which is small

on the gaps of the former rod.

In the second part, we investigate stochastic heat and wave equations, where p is
a self-similar measure on a Cantor-like set. We prove existence and uniqueness of
the mild solution under some Lipschitz and linear growth conditions. Further, we
establish Holder continuity in space and time and determine Holder exponents. The
obtained results generalize the well-known Ho6lder continuity properties of stochastic

heat and wave equations defined by the standard Laplacian.



Zusammenfassung

Wir untersuchen PDGs und SPDGs, die durch einen mafstheoretischen Laplace-
Operator A, mit Neumann- oder Dirichlet-Randbedingungen definiert sind, wobei
p ein Borelmaf auf [0,1] ist. Wir stellen nicht die Annahme der Existenz einer
Lebesgue-Dichte, was singuldare Mafe und insbesondere auch selbstahnliche Mafe

auf Cantor-ahnlichen Mengen einschliefst.

Im ersten Teil befassen wir uns mit der Frage, wie eine durch A, definierte
Wiérmeleitungsgleichung interpretiert werden kann, wenn der Tréager von g nicht
das gesamte Intervall umfasst. Wir zeigen, dass schwache Mafkkonvergenz Kon-
vergenz der Losungen der zugehorigen Warmeleitungsgleichungen impliziert. Dies
liefert eine Interpretation fiir das mathematische Model von Warmeleitung in einem
Stab mit Liicken: Die Wérme in diesem Modell diffundiert anndhernd wie Warme
in einem liickenlosen Stab, der aber an den Liicken des zuvor betrachteten Stabs

hinreichend wenig Masse besitzt.

Im zweiten Teil untersuchen wir stochastische Warmeleitungs- und Wellenglei-
chungen, wobei u ein selbstdhnliches Maf auf einer Cantor-dhnlichen Menge ist.
Wir beweisen Existenz und Eindeutigkeit der milden Losung unter der Annahme
geeigneter Lipschitz- und linearer Wachstumsbedingungen. Weiterhin weisen wir
Holderstetigkeit in Raum und Zeit nach und bestimmen Holderexponenten. Die
erhaltenen Resultate verallgemeinern die bekannten Holderstetigkeitseigenschaften
von stochastischen Warmeleitungs- und Wellengleichungen, die durch den Standard-

Laplace-Operator definiert sind.






1 Introduction

1.1 Statement of the problem

The heat equation, first introduced by Joseph Fourier [25] around 200 years ago,
constitutes the prototype of a parabolic partial differential equation and is of funda-
mental importance in various scientific fields. The connection to Brownian motion,
to the flow of electricity, to the diffusion of solutes in liquids (compare e.g. [60]) and
to the Black-Scholes partial differential equation (compare [7]) are just a few exam-
ples of countless applications. Joseph Fourier established a connection to physics:

The equation
u(t,z)  J*u(t,x)

p(x) 5 = B (t,x) € ]0,00) x [0,1]

describes heat flow on some one-dimensional, for example metallic, rod with mass
density p : [0,1] — (0,00). This equation has been investigated in numerous works
(compare e.g. [40], [8]), where the existence of a strictly positive mass density p is

usually assumed. But what if the rod does not possess such a mass density?

The treatment of this problem involves the generalization of the spatial derivative
with respect to a measure p. To this end, let 1 be a non-atomic Borel probability
measure on [0, 1] such that 0,1 € supp(u), £%([0, 1], ) be the space of measurable
functions f such that fol f?dp < oo and L2([0,1], ) be the corresponding Hilbert
space of equivalence classes. A function g € L?([0,1], ) is called the p-derivative of
F100,1] > Rif

f@%a[E@mmw,xemAy

Composing the p-derivative with the classical first derivative yields a measure the-

oretic generalization of the classical one-dimensional Laplacian A. We define
2 ._ 1 i ~ 2 )
D: = {f € C'([0,1]) : there exists (f')" € L*([0,1], ) :
@ =7+ [ 0V ). e 0.1}
0
The measure theoretic Laplacian with respect to u is defined by

A, D2 C L0, ) = L2(0, 1), ), f — (f)"
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Consequently, (/)" is the L%*(]0, 1], u)-equivalence class of the u-derivative of f’.

This operator has been widely studied, for example with an emphasis on address-
ing questions of the spectral asymptotics and further analytical properties, such as
properties of the resolvent operator and Green’s function [6,11,23,26-33,35-37,57,
58,61, 62|. Further, heat kernels and their connection to the associated Markov
process, known as Quasi or gap diffusion [47,53,54|, wave equations [10] and higher-

dimensional generalizations [34,59].

Let uy(z) = u(t,x), (t,z) € [0,00) x [0,1]. We are interested in the heat equation

ou
5 (02) = Au(e), (t,2) €[0,00) x [0,1] (1)

with appropriate initial value and boundary conditions, especially in its physical
meaning. How can we interpret a solution to this equation if the support of the

mass distribution p is not the whole interval?

The inhomogeneous problem

Ut ) = Dyan(a) + f(t,2), (1,2) € [0,00) x [0, )
allows for an external heat source. We study the case where f is a stochastic
force, more precisely a stochastic process that involves a multiplicative space-time
white noise, and suitable initial and boundary conditions are given. We are inter-
ested in the regularity of the solution according to an appropriate solution concept.
Hambly and Yang [41]| considered generalized Laplacians on some connected sets
with spectral dimension dg € [1,2), which includes the case of Hausdorff dimension

dy € [1,2), and proved that the regularity decreases as dg increases. We will extend

this result by examining the case of Hausdorff dimension less than or equal one.

In addition to that, we analyse the second-order problem

9*u

w(t,x) = Au(x) + f(t,z), (t,x) € [0,00) x [0,1], (3)

where f involves a multiplicative space-time white noise and the Hausdorff dimension
of the support of p is less than or equal one. This equation generalizes the well-known
stochastic wave equation defined by A, which describes the motion of a vibrating
string that is struck by a succession of random particles. The canonical application

is a stringed instrument left out during a sandstorm (compare [69]).
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1.2 Physical motivation

We give a physical motivation for heat equations defined by A, where we follow
[40, Section 1.2| and consider a metallic rod of constant cross-sectional area oriented
in the x-direction occupying a region from x = 0 to x = 1 such that all thermal
quantities are constant across a section. The rod can thus be considered as one-
dimensional. We investigate the conduction of thermal energy on a segment from
r = a to x = b. Let the temperature at the point = € [a,b] and time ¢ € [0, 00) be
denoted by u(t,z) and the total thermal energy in the considered segment at time
t by eqp(t). Let t € [0,00) be fixed. It is well-known that

coslt) = [ ult,z)ola)da,

assuming that the rod possesses a mass density p : [0,1] — (0,00). However, if we

denote the mass distribution of the rod by i, we can write

cas(t) = / u(t, 2)dp(z).

This equation involves no density. Hence, we can compute the total thermal energy
even if y has no density. The total thermal energy changes only if thermal energy
flows through the boundaries x = a and x = b. We deduce for the rate of change of

thermal energy

d

Eea,b(t) = ¢(t> a) - ¢<t7 b)v (4)

where ¢(t, x) denotes the heat flux density at (¢, z), which gives the rate of thermal
energy flowing through = at time ¢ to the right. Assuming sufficient regularity, we

can rewrite (4) as

b b
/a %u(t,x)d,u(x) = —/ %(m)du(w),

a

where ¢ (z) = ¢(t,x). With u,(z) = u(t,z), Fourier's law of heat conduction

¢ = —uj gives

b b
/Q%u(t,x)d,u(x)Z/a %%Ut(iﬁ)dﬂ(@")
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Figure 1: First steps of the iterative construction of the Cantor set

Since this is valid for all a,b € [0,1], a < b, it follows for p-almost all 2 € [0, 1]

0 d d
Eu(t,x) = @%ut(a:)

Applying the definition of A, yields the heat equation (1) with Dirichlet boundary
conditions u(t,0) = u(t,1) = 0 for all t > 0 if we assume that the temperature van-
ishes at the boundaries or with Neumann boundary conditions %(t, 0) = g—;‘(t, 1)=0
for all t > 0 if the boundaries are assumed to be perfectly insulated.

This provides a physical motivation for a mass distribution having full support
even if it possesses no Lebesgue density. However, it is still not clear how to interpret
the equation if the support of the mass distribution is not the whole interval, in

particular for singular measures, such as measures on the Cantor set.

1.3 Cantor set, Cantor-like sets and Cantor mea-

sures

The classical Cantor set, also known as the Cantor ternary set or simply the
Cantor set, first described by Cantor [9] and Smith [66], is a subset of the real line
that enjoys a lot of remarkable properties. It can be introduced in different ways.

Cantor [9] introduced it as the set of real numbers that can be written as

o0

Z;—Z, cn €40,2}.

n=1

An iterative construction, which is maybe more instructive than the above defi-
nition, is visualized in Figure 1 and can be described as follows: First, remove the
open middle third of the interval [0, 1]. Then, remove the open middle third of the

13



resulting two intervals and continue this procedure ad infinitum.

A further construction relies on the theory of iterated function systems, which
goes back to Hutchinson [46]. An iterated function system (IFS) is defined as a
finite set of contraction mappings {51, ..., Sy } on a complete metric space, where we
additionally assume that S; is a similarity mapping for 7 € {1,..., N}. There exists

a unique non-empty compact set K such that

U Si(K) = K. (5)

K is called self-similar with respect to {Si,...Sn}.

Let S1,5; :[0,1] = R, Si(z) =%, Sy(x) =%+ %, x €[0,1]. The Cantor set is
the unique non-empty compact set that is self-similar with respect to {5, So}. The
theory of iterated function systems allows various generalizations of the Cantor set.
We are interested in the following: Let {Si,..., Sy} be an IFS consisting of affine

contractions on [0, 1] with contraction factors 0 < r; < 1 such that

We call the unique non-empty compact set satisfying (5) a Cantor-like set.

One of the most important properties when studying these sets is their Hausdorff
dimension, named after Felix Hausdorff, who introduced this concept in [44|. The
Hausdorff dimension of a Cantor-like set K can be calculated easily: By Hutchinson
[46], the Hausdorff dimension of K, denoted by dy(K), is the unique solution d of

N

er: 1. (6)

=1

It is notable that the Hausdorff dimension of Cantor-like sets for different contraction
factors can be understood as an interpolation of the dimension of a single point and
that of an open interval: By variation of the contraction factors, the Hausdorff
dimension of Cantor-like sets can take any number d € (0,1). For example, let K
be the Cantor-like set given by Si(z) = rz, Sy(x) =1 —r+rz, x € [0,1], where
r = 274. Bvidently, it holds 0 < r < 1. Formula (6) gives dy(K) = d.

We can define several measures on a Cantor-like set K. For example, Hutchinson
[46] introduced the class of self-similar measures on Cantor-like sets, also called

Cantor measures. Let uy,...uy € (0,1) be probability weights, that is Z]kvz1 e = 1.

14
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Figure 2: Self-similar measure on a Cantor-like set

By Hutchinson [46], there exists a unique Borel probability measure p such that

p(A) = mep(S; ' (A))

for any Borel set A C [0,1] and it holds supp(u) = K. The measure y is called
self-similar with respect to (Si,...,Sn) and (p1,...un). In particular, for n € N
and wy, ..., w, € {1,..., N}, it holds p (S, © ... © Sy, ([0,1])) = ptw, - - * ftw, - Figure 2
illustrates that for n = 2. The natural choice of weights is p; = er(K), ie{l,..,N}.
The resulting measure is the normalized dp(K)-dimensional Hausdorff measure,
often called natural measure. If the sum of all contraction factors is less than one,
the one-dimensional Lebesgue measure of K, denoted by A(K), vanishes and any
measure on K is thus singular with respect to A'. This is the class of singular

measures we are especially interested in.

1.4 White noise and the Brownian sheet

Let p be the Lebesgue measure on [0, 1]. Recall the inhomogeneous heat equation

%(t,x) = Ayu(z) + f(t,z), (t,x)€[0,00) x [0,1] (7)

with Dirichlet boundary conditions u(0,t) = u(1,t) = 0 for all ¢ > 0 and an ap-
propriate initial condition. For a random exogenous forcing density f, we seek to
find a stochastic process that solves this equation. In order to define the notion

of random force we will include, let N > 1 and (§;;:1 <14,j < N) be a sequence
of i.id. random variables such that P (¢ ; =1) = P(§,; = —1) = 1. The random

15



variable §; ; can be interpreted as a short-term heat impulse at time ¢ = % around

xr = % We consider the two-parameter random walk

Sk,m: Z Z éi,j, k‘,mSN

1<i<k 1<j<m

According to Khoshnevisan [51, Theorem 4.1.1],
{N7'S|nipve) s tx € 10,1} = {B(t,x) s t,2 € [0,1]}, N — o0

weakly in a suitable space, where B is a two-parameter real-valued centred Gaussian

process with covariance
E [B(t,z)B(t',2")] = min{¢,t'} min{z, '}, ¢, z,2’ €[0,1].

This process is called a Brownian sheet on [0, 1]*>. Replacing the time interval [0, 1]
by [m, m + 1] for m > 1 and glueing the obtained processes B,,, m > 0 together,

more precisely, by
[t]—1
B(t,x) = Byt — [t],z)+ > Bi(l,x), t>0, z€0,1],

=0

we obtain a process called Brownian sheet on [0, 00) x [0, 1]. It can be understood
as a two-parameter generalization of Brownian motion. Following Walsh [69], we

define the random set function
€([0,¢] x [0,z]) == B(t,x), (t,x) € [0,00) x [0,1].

Let B([0,00) x [0,1]) be the Borel-c-algebra on [0,00) x [0,1]. By extending the
definition of ¢ to all elements of B([0,00) x [0, 1]), we obtain a centred Gaussian

process with covariance given by
E[€(A1)E(A2)] = N (A1 N Az), A, Az € B([0,00) x [0,1]),

where \? is the two-dimensional Lebesgue measure. ¢ is called space-time white
noise and allows for the definition of a stochastic integral f[o x[0.1] g(s,x)d¢(s, x) for

a suitable integrator g in the sense of Walsh [69].

We want to apply this concept of random noise to the inhomogeneous heat equa-

tion (7). For sufficient smooth exogenous forcing density f and zero initial condi-

16



tion, Duhamel’s principle (see e.g. |21, Problem 7.1]) provides a solution to (7) in
L*([0,1), 1), given by

ult,z) = / / PP () f(s,y)dyds, (t,x) € [0,00) x [0, 1],

where p? is the heat kernel of the Dirichlet Laplacian on L?([0, 1), uz). If we assume
that f is the Radon-Nikodym derivative of a Borel measure v on B([0, c0) x [0, 1]),

we can rewrite the previous identity as

u(t, ) = / / PP (2, y)du(s,y), (t,2) € [0,00) x [0,1].

Accordingly, we define

)= [ [ o.eaetonn)

to be the mild solution to

ou
a(tm) = Auut(x) + f(t’ :L‘) (8>

for (¢,z) € [0,00) x [0, 1] with Dirichlet boundary conditions and zero initial value.
The term £(¢,x) in equation (8) needs to be understood formally. In contrast to
the case of v, where f is the weak derivative of the distribution function of v,
the (pathwise) derivative of the distribution function of £, the Brownian sheet, only
exists in a distributional sense. Changing over to heat equations in the distributional

sense, equation (8) can be made more rigorous. We refer to [49] for more details.

If i is an arbitrary Borel probability measure on [0, 1], we define a space-time

white noise based on y as a centred Gaussian process with
E[E(A)E(A2)] = (M @ ) (Ar N Az), Ar, Ay € B([0,00) x [0,1]).

If Ay C [0,00) x ([0,1] \ supp(u)), then E[£(A;)?] = 0 and thus £(A;) = 0 almost
surely. In the context of a metallic rod: There is no noise on massless parts of the

rod.

17



1.5 OQOutline of the thesis

Each of the chapters 3-5 is dedicated to one of the equations (1)-(3). Before turn-
ing towards those problems, we summarize basic properties of measure theoretic
Laplacians and give a brief introduction into the theory of SPDEs driven by white

noise in Chapter 2.

The goal of Chapter 3 is to give an interpretation of a solution to the heat equation
(1) in the case where p is not of full support: We approximate the solution by a
sequence of solutions to heat equations defined by u, for n € N such that pu, is of

full support and converges weakly to u for n — oc.

To this end, let b € {N, D} represent the boundary condition, where N denotes ho-
mogeneous Neumann and DD homogeneous Dirichlet boundary conditions. Further,
we assume that (i), oy is @ sequence of non-atomic Borel probability measures on
[0, 1] such that 0, 1 € supp(u,,) and p,, = p,n — 0o, where — denotes weak measure

convergence.

It is well-known that Az is the generator of a strongly continuous semigroup
(T7) .~ on L([0,1], ). If ug € L*([0, 1], 42), the unique solution to the initial value

problem

du b
—(0) = Au(t), t € [0,00), (9)
u(0) = ug

in L2([0, 1], u) is given by u(t) = TPug for t > 0 according to a generalized solution
concept. This motivates the investigation of strong semigroup convergence. How-
ever, for different measures, the corresponding semigroups are defined on different
spaces. For the special case supp(u) = supp(u,) = [0, 1] for all n € N, the results by
Croydon [14] can be applied to obtain strong semigroup convergence on the space of
continuous functions on [0, 1]. To formulate a strong semigroup convergence result

without this assumption, we restrict the semigroup (TtN ) associated to Aﬁ’ on

>0

L?([0,1], i) to the subspace of continuous functions, denoted by (C[0, 1]);, which
is a Banach space with the uniform norm. The semigroup (TtD ) i~ 18 restricted to

the Banach space of continuous functions satisfying Dirichlet boundary conditions,
denoted by (C10, 1])5 . We show that the restricted semigroup, denoted by (Ttb) =00
is again a strongly continuous contraction semigroup and its infinitesimal generator

is given by the restriction of Al to {f € D (Al) : Al e (C[0,1])5}. We denote

18



this operator by Ab Moreover, if we assume that supp(u) C supp(py,) for alln € N,
the space (C0,1])", can be continuously embedded in (C10,1])", , where we denote
the embedding by 7,,. We will see that in this case, strong resolvent convergence
implies strong semigroup convergence and strong resolvent convergence is what we
will establish.

More precisely, let f € (C[0,1])%, A > 0 and n € N. We define R} = (A — AZ)_l
and R}, == (A — Azn)_l and prove

H?Tan RS 7ranoo—>O, n — 00. (10)

The proof of (10) involves the construction of measure theoretic hyperbolic functions

in order to generalize the hyperbolic functions

. > p2k+1 > 72k
Slnh(x) = Z m, COSh Z Xz E 0 1]
k=0 k:O

by replacing ‘”k—]f by generalized monomials defined by p. This extends the theory
of measure theoretic functions, developed for trigonometric functions by Arzt [2].
Then, we show that weak measure convergence implies convergence of the corre-
sponding hyperbolic functions and that the resolvent density of the operator Az
is a product of generalized hyperbolic functions. This leads to the desired strong

resolvent convergence. We obtain for f € (C[0,1])% and ¢ > 0
lim ||m 27 f = TP, maf ||, =0, (11)
uniformly on bounded time intervals. Afterwards, we will see that for f € (C[0, 1])?,
u:[0,00) = (C[0,1])), t — T} f

is the unique solution to the initial value problem
(12)

for ¢ € [0, 00) in the sense that ¢ — w(t) satisfies (12) for all ¢ > 0 and is continuous
with respect to (C[0,1])%, for all ¢ > 0. The same holds true if y is replaced by py,

19



for n € N. Finally, combining these results and (11) yields

lim ||7m,u(t) — u,(t)]| . =0,

n—oo o0

uniformly on bounded time intervals.

We obtain a meaningful interpretation for the diffusion of heat in the case of a
mass distribution with gaps in that the heat in a rod with mass distribution p dif-
fuses approximately like the heat on a rod with mass distribution p, for sufficiently

large n € N.
In Chapter 4, we study the SPDE

au(t, T) = AZut(:c) + f(t,ul(t,z)) + g(t, u(t, x))E(E, ), 13)

u(0,x) = ug(x)

for (¢,x) € [0,T] x [0, 1], where T" > 0, p is a self-similar measure on a Cantor-like set
K, £ is a space-time white noise based on u, f and g are predictable processes sat-
isfying some Lipschitz and linear growth conditions and wug satisfies some regularity

conditions.

We establish the existence of a unique mild solution to (13) as well as various
regularity properties. A mild solution is defined to be a predictable [0, 7] x [0, 1]-
indexed process such that for every (¢,x) € [0,7] x [0, 1] it holds almost surely

it = [ tnt + [ [ ohe ) s uts, )ty

(14)
# [ gt uts, )G )G,
where the last term is a stochastic integral in the sense of Walsh [69]. We review

the theory of this integral in Section 2.3.

If 4 = A\ and ug, f and g are uniformly bounded, it is known (see e.g. [69]) that
the stochastic heat equation has a unique mild solution, which is essentially ——Holder
continuous in space and Z—Holder continuous in time. Essentially a-Holder contin-
uous means Holder continuous for every exponent strictly less than «. However, in
two space dimensions, the mild solution is a distribution, not a function. Hambly

and Yang [41] studied these properties in the setting of a p.c.f. self-similar set (in
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0.6

Figure 3: Holder exponent graphs for the stochastic heat equation

the sense of [48]) with spectral dimension between one and two. It turned out that

the temporal Holder exponent decreases as the space dimension increases.

We consider the case where the Hausdorff dimension of K is less than or equal one.
It will turn out that a mild solution to (13) exists and is unique. Moreover, assuming
some additional regularity conditions, there exists a version that is essentially %—
Holder continuous in space and essentially % — 73‘5—Hélder continuous in time. Here,
v is the spectral exponent of AZ (see Section 2.2) and § == maxj<j<y bg;‘gﬁ% can
be understood as a measure for the "skewness" of p. If v is the normalized dy (K)-
dimensional Hausdorff measure, we obtain the essential temporal Holder exponent
$(dy(K)+ 1)t Therefore, the temporal Holder exponent we obtained increases as

dy(K) decreases. Figure 3 visualizes that.

Preliminary for proving these results, we focus on the heat kernel of AZ. First,
we establish an improved estimate on the uniform norm of the eigenfunction ¢? for
k € N (see Section 2.1 for a detailed definition of ¢?). In fact, we prove that there
exists a constant C' > 0 such that for all k € N

k.. < Cks. (15)

A comparable result was proven by Kigami [48, Theorem 4.5.4| for eigenfunctions
of Laplacians on p.c.f. self-similar sets. This estimate along with the well-known
estimates on spectral exponents (see [37]) allows us to prove several continuity prop-
erties of the heat kernel of AZ. This will be essential in the observation of temporal

Holder continuity of the mild solution.
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The key tool in order to establish spatial Holder continuity is the approximation
of (t,y) + pl(z,y) for fixed x € K by (t,y) — <pf§(~,y), fﬂf>u in the space L([0,T] x
[0,1], \' ® ) for n > 1 sufficiently large, where the sequence (f), . approximates
the Delta functional §,. We prove that the approximating mild solutions, which
are defined by replacing the heat kernel by the approximated heat kernel, have the
desired spatial continuity and that the regularity is preserved upon taking the limit.
The technique of approximating point evaluations of heat kernels is usually applied
to investigate SPDEs in the sense of da Prato-Zabczyk (compare e.g. [24,41-43]).

We provide a way to apply this idea to Walsh SPDEs.

Besides these continuity properties, we investigate a property called intermittency.
Roughly speaking, an intermittent process develops increasingly high peaks on small
space-intervals when the time parameter increases. This is a phenomenon of mild
solutions to stochastic heat equations, which has found much attention in the last
years (compare, among many others, [3,45,49,50]). According to [49, Definition 7.5],
we call a mild solution u weakly intermittent on [0, 1] if the lower and the upper
moment Lyapunov exponents, which are respectively the functions v and 5 defined
for p € (0,00), z € [0,1] by

1 1
v(p, ) = liminf ~log E [[u(t, z)["], ¥(p, ) = limsup —logE [|u(t, z)|"]
t—oo 1 t—soo
satisfy
v(2,2) >0, F(p,x) <oo, pE[2,00), xe€[0,1].

We prove this in the Neumann case for f = 0 assuming some conditions on g.

In Chapter 5, we are concerned with the stochastic wave equation

2

%u(t, [E) == AZut(x) + f(ta u(t’ x))f(t, JZ),
(16)

u(0,x) = up(x), %U(O,l‘) = uy(x)

for (¢t,x) € [0,T] x [0, 1], where pu is a self-similar measure on a Cantor-like set K, f
is a predictable process satisfying some Lipschitz and linear growth conditions and

up and wuy satisfy some regularity conditions.

It is known (see [69]) that if g = A! and f is uniformly bounded, the stochastic

wave equation has a unique mild solution, which is essentially %—Hé’)lder continuous
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0.2

Figure 4: Holder exponent graphs for the wave equation

in space and in time. Again, in two space dimensions, the mild solution is a dis-
tribution, not a function. Hambly and Yang [41] addressed the questions regarding
these properties for stochastic wave equations in the sense of da Prato-Zabczyk on
p.c.f. self-similar sets with Hausdorff dimension between one and two. According to
the knowledge of the author, there are no results about second-order Walsh SPDEs
defined by a fractal Laplacian.

We show that there is a unique mild solution, which has a version that is essentially
. -1
:-Holder continuous in space and essentially (d a(K)+1+ %) -Holder
continuous in time, where v; == <l i = 1,..., N. In particular, if u is the natural
Ty
measure on K, we obtain the essential temporal Hélder exponent WIIOH' Figure 4

indicates this result.

Essential for the proof is the examination of the wave propagator of AZ, defined

by
sin \/Wt
BN (x,y) =t + Z%ﬁmwm, (t,2,y) € [0,00) x [0,1]%,  (17)

where oY, k > 1 are the L*(]0, 1], u)-normed eigenfunctions and A, k& > 1 the
related eigenvalues of —Afy , which will be introduced precisely in Section 2.1, and
analogously for Dirichlet boundary conditions. It is the wave equation counterpart
to the heat kernel. In contrast to the heat kernel, there is nothing known about
the regularity of the wave propagator. Further, an upper estimate of (17) using
the eigenfunction estimate (15) does not even give convergence. We approximate
y — PM(z,y) for fixed (t,2) € [0,00) x K by y — <Ptb(y,'),fff># in L2([0,1], p)
for n sufficiently large and conclude that y — PP(z,y) is an L*([0, 1], u)-function.

Then, we show that the approximated mild solutions, defined by replacing the wave
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propagator by these approximating functions, have the desired Holder continuity
properties and that the regularity is preserved upon taking the limit. Finally, we

observe weak intermittency.
This thesis is based on the following papers (compare the references [17], [18], [19]):

e T. Ehnes, B. Hambly, An Approzimation of Solutions to Heat Equations de-
fined by Generalized Measure Theoretic Laplacians, Preprint, 2020.

e T. Ehnes, Stochastic Heat Equations defined by Fractal Laplacians on Cantor-
like Sets, Preprint, 2019.

e T. Ehnes, Stochastic Wave Equations defined by Fractal Laplacians on Cantor-
like Sets, Preprint, 2019.

24



2 Preliminaries

2.1 Basic properties of measure theoretic Laplacians

First, we introduce basic concepts that will be essential in this work. For a more

detailed account, we refer to [38,48].

Let p be a Borel measure on [0,1] and let L?([0, 1], 1) be the Hilbert space with
inner product (f, g), = fol f(x)g(x)dp(x). Further, let C'[0,1] be the Banach space

of continuous functions with the uniform norm || f||, = sup,epo 1 |/ ()]

Definition 2.1: Let D be a dense subset of L*([0,1],u). A Dirichlet form on
L3([0,1], p) is defined to be a symmetric bilinear function € : D X D — R such
that

(i) E(u,u) >0 for all u € D.

(it) D equipped with the bilinear function & (u,v) = (u,v), + E(u,v), u,v € D is
a Hilbert space.

(1ii) If u € D, then u = (0Vu) A1 €D and € (u,u) < E(u,u).

Property (iii) is known as the Markov property. Furthermore, a Dirichlet form is
reqular if DN C0,1] is dense in D with respect to the norm /& (u,u) and dense in

C'[0, 1] with respect to the uniform norm.

Definition 2.2: Let (A,D(A)) be a densely defined linear operator on L*([0,1], u1).
An element y € L*([0,1], 1) is said to belong to the domain D(A*) of the adjoint
operator A* if there exists h € L*([0,1], ) such that

(Af.g) = ([, ).
In this case, A*f = h. Further, A is said to be self-adjoint if D(A) = D(A*) and
A= A"

If A is a non-negative self-adjoint operator on L%([0, 1], i), there exists a unique
self-adjoint operator B on L%([0, 1], ) such that BBf = Af for all f € D(A) (see
e.g. [48, Proposition B.1.2|). This operator is called the square root of A and we
write B = Az.

Let (X, ||-]|) be a real Banach space and idx be the identity on X.
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Definition 2.3: A strongly continuous semigroup is defined to be a family (T})i>0

of linear operators on H satisfying
(i) To = idyx,
(11) Tsyy =TTy for s, t >0,
(i) limes |Tif = fI| = 0 for f € X.

Furthermore, we define

T f —
D(A) = {f € X : there exists g € X such that Hg —P\rfg tft fH = 0}

and A = limy o tht_f for f € D(A). A is the infinitesimal generator of the strongly

continuous semigroup (1y)i>o-

Definition 2.4: Let A be an operator on X. The resolvent set p(A) is defined as
the set p(A) = {A € R: A — Xidx maps D(A) bijectively onto X}. For A\ € p(A),
we define R(\, A) = (A — )\idx)_l. This operator is called the resolvent operator of
A,

We now define measure theoretic Laplacians. To this end, let b € {N, D} and let
i be a non-atomic Borel probability measure on [0, 1] such that 0,1 € supp(u). If
[0,1] \ supp(p) # 0, [0,1] \ supp(p) is open in R and can be written as

[0, 1]\ supp () = | J(ai, ;) (18)

i>1
with 0 < a; < b; < 1, a;,b; € supp(p) for i > 1. Recall from Section 1.1 that
D’ = {f e C1([0,1]) : there exists (/)" € L2([0,1], 1) -
@) =rO+ [ Widnl). 2 €.}
0

We define
D(AY) = {f €D}: f1(0) = £(1) = 0} € L2((0.1]. )

and ALV as the restriction of A, to D (Aljj), that is

Ag D (Afj) — L*([0,1], 1), f— (fH".
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For A > 0, the resolvent operator R = R (A, AY) = (A — Aﬁ/)_l is a continuous
self-adjoint operator on L*([0,1], 1z) (see [27, Theorem 6.1]). Consequently, A — AY
is the inverse of a self-adjoint injective operator and thus self-adjoint (see e.g. [67,
Proposition A.8.2]. We conclude that AYY is self-adjoint.

A more abstract way to introduce measure theoretic Laplacians relies on the theory
of Dirichlet forms. Let

D! = {f :[0,1] = R : there exists f € L* ([0,1], ") :

f@) =10+ [ 7wy, w01}

and let F be the space of all L*([0, 1], u)-equivalence classes that possess a D!-
representative. Note that we write A\! for the one-dimensional Lebesgue measure

restricted to an interval I C (—o0, 00) if the restriction is clear from the context.

We define the non-negative symmetric bilinear form (€, F) on L*([0, 1], 1) by
1
E(u,v) :/ o () (x)dr, wu,v e F.
0

From now on, for each argument, which is an element of L*([0, 1], 1), we choose
the D!-representative that is for 7 > 1 linear on [a;, b;] (see Lemma A.1 for the
proof of existence of this representative). By Freiberg |28, Theorem 4.1], (£, F) is a
Dirichlet form on L?([0, 1], ). As a consequence of the basic theory of Dirichlet forms
(see [38, Theorem 1.3.1]), there exists a unique self-adjoint operator (AN, D (AN))
on L?([0, 1], ) such that

<—ANu,v>M:5(u,v), ueD(AY), veF. (19)

Freiberg [27, Proposition 3.1] proved that A} satisfies the Gauss-Green formula (19)
as well. We obtain D (AY) =D (A) and AV = AT,

We treat the case of Dirichlet boundary conditions in the same way. Let
D(A)) ={feD;: f(0) = f(1) =0} € L*([0,1], )

and let AL be the restriction of A, to D (AP). Further, let Fy be the space of
all L?([0,1], pu)-equivalence classes having a D!-representative f such that f(0) =
f(1) = 0. Then, (&, Fy) is a Dirichlet form (see |28, Theorem 4.1]). Again, there
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exists an associated self-adjoint operator (A”, D (AP)) on L2([0,1], 1) such that
<—ADu,v>M:€(u,v), ueD(A"), veF. (20)

We deduce D (AP) = D (AD) as well as AP = AP with a similar argumentation to

the Neumann case.

By Freiberg [27, Proposition 6.3, Lemma 6.7, Corollary 6.9], there exists an or-
thonormal basis {¢}, : k € N} of L*([0,1], 1) consisting of eigenfunctions of —Al,
and for the related ascending ordered eigenvalues {\¢ : k € N} it holds that
0 <A < M < .., where AP > 0. Since {% : &k > 1} is an orthonormal ba-
sis of L2([0,1], ), each f € L?([0,1], 1) can be written as f = >, f2p?, where
h=(/, gpz>u, k > 1. Along with the self-adjointness, we obtain the following

formula, called the spectral representation of A’ (see e.g. [38, Section 1.3]):

—AN =N

k>1

D(AY) = {f € L2([0,1), ) () < oo} .

k>1

The spectral representation provides a direct way to introduce the associated semi-
group. Define for f € L*([0, 1], u)

THf = e Mgk t>0. (21)

k>1

Then, (T7),,
generator is Al, (see [38, Lemma 1.3.2]). Further, the Markov property of the associ-

is a strongly continuous semigroup on L*([0, 1], 1) and its infinitesimal

ated Dirichlet form implies the Markov property of the associated semigroup, which
means that for all £ > 0 we have that TP f € [0, 1] p-a.e. whenever f € L?([0,1], i)
and f € [0,1] p-a.e. (see |38, Theorem 1.4.1]). Moreover, (Ttb)t>0 is the transition
semigroup of a strong Markov process (see [38, Theorem 7.2.1]), which is known as
Quasi or gap diffusion (see for example [47,53-55]). This process is not the object
of this work.
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2.2 Spectral asymptotics for self-similar measures

Throughout this section, let p be self-similar with respect to (Si,...,Sn) and
(1, ..., ), where Sy, ..., Sy are affine contractions on [0, 1] with contraction factors
0 < r; < 1 such that

0=5,(0) < Si(1) < Sa(0) < Sp(1) < ... < Sy(1) =1

and 1, ...,uny € (0,1) are probability weights (compare Section 1.3). We further
assume that 0,1 € supp(p) and set K := supp(u).

Let b € {N, D}. We have already mentioned that there exists an orthonormal basis
{¢} : k € N} of L*([0,1], 1) consisting of eigenfunctions of —A" and that for the
related ascending ordered eigenvalues {\} : k € N} we have that 0 < \§ < X\ < ..
where AP > 0. Let r; be the contraction factor of S; and let y be the unique solution

of
N

D (wri) = 1. (22)

i=1

By Fujita [37], there exist constants ¢y, c; > 0 such that for k > 2
1 b 1
ok <A < ko (23)

v is called the spectral exponent of AZ.

The goal of this section is to develop an asymptotic upper estimate on the uniform
norm of ¢! for k — co. The only known estimate, established in [29, Section 2| and
[2, Lemma 3.6], is elementary to derive and grows exponentially in &, which will turn
out to be far too weak for our purposes. In the following, we establish an improved
estimate, where we do not use the explicit representation of the eigenfunctions as
Arzt [2]. Instead, we follow Kigami [48, Theorem 4.5.4|, who has established a

similar estimate for Laplacians on p.c.f. self-similar sets.

Theorem 2.5: Let § = maxj<;<py bg(l(()i—-lﬁ)v)' Then, there exists a constant ¢ > 0
such that for all k € N

Since ¢! is an element of L*([0,1], ), it is not determined on [0, 1] \ supp(p).
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To overcome this ambiguity in the definition of ngZHoo, we henceforth evaluate the

D2 -representative of ¢}, which is for ¢ > 1 linear on [a;, bs).

vé

Theorem 2.5 implies with ¢y == ¢;? & for all kK € N
5
k][ < 2k (24)

We now prepare the proof of Theorem 2.5. First, we introduce some notation.

A concept to describe Cantor-like sets is given by the so-called word or code
space. Let I :=={1,..., N}, W,, := I" be the set of all sequences w of length |w| = n,
W* == U,enI™ be the set of all finite sequences and W := I*° be the set of all infinite
sequences w = wiwsows... with w; € I for ¢ € N. Then, I is called the alphabet
and W, W* W" n € N are called word spaces. We define an ordering on W by
denoting two words w and o as equal if w; = o; for all © € N and otherwise, we
write w < 0 & 0, < Wi OF W > 0 & 0, > Wy, Where k= inf{n € N: 0, # w,}.
In addition to an ordering, we define a metric on the word space by the map d :
WXxW — R, dw,o) = N"" with x defined as before. For every z € [0, 1], the map

T W—= K, o~ lim S, 05,,0...085, ()

n—oo

is well-defined, continuous, surjective and independent of z € [0, 1], which means
that for z,y € [0,1], 0 € W we have that m,(c) = m,(0) (see [5, Theorem 2.1]).
Hence, for every x € [0,1] and every y € K there exists at least one element of W,

which is by m, associated to .

We need a couple of lemmas to prove Theorem 2.5.

Lemma 2.6: Ifu € Fy, then
ull, < E(u),

where E(u) == E(u,u) and Hu||i = (u,u),.

Proof. Using AP > 1 (see e.g. [58, Lemma 4.9]), the assertion follows by the repre-

sentation of the smallest eigenvalue of a Dirichlet form (see [16, Theorem 1.3]). O

Lemma 2.7: There is a constant cg3 > 0 such that for all u € F
lully < es (E() + [lull7) ,
where |[ully = Ji [u(a)ldp(x
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Proof. Let u € F and let ug be the unique harmonic function with uy(0) = u(0) and
up(1) = u(1), that is up(z) == w(0)(1 —z) +u(1l)x, z € [0,1]. We have (u—ug)(0) =
(u—wup)(1) = 0 and thus u—wuy € Fy. Since the space of harmonic functions on [0, 1]
with two boundary conditions is two-dimensional, there exists ¢; > 1 such that for
all harmonic functions wug

loll,, < ¢ [Juoll; -
Since p is a probability measure we have for all u € F
Jully < flull,-
Furthermore, for u € F and the corresponding harmonic function g

E(u—up) = E(u) — 28 (u, up) + E(up)

E(u) — 2/0 o' () (u(1) — u(0))dz + (u(1) — u(0))*

E(u) — 2(u(1) — u(0))* + (u(1) — u(0))*
E(u) — (u(1) — u(0))*

and thus
E(u—up) < E(u).

By Lemma 2.6 and the above calculations,

[l < Mluoll,, + llu = uoll,,
< y[luolly + VE(u — o)
< g([fully + [lu = uolly) + VE(u — o)
< cllully + llu = uoll,) + V/E(u — uo)
< ¢ Jull, + v/ E(u—uo) + V/E(u— o)

< 2, (Jlull, + VE())

The assertion follows from the fact that for positive numbers a, b, ¢ with a < b+ ¢

we have that a? < 2(b* + ¢2). O

Moreover, we will need scaling properties for u and £. Firstly, we introduce the

notion of a partition, following Kigami [48, Definition 1.3.9].
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Definition 2.8: Let w € W* and
Yo ={0=0109... e W: 0, =w; foralll <i < |w|}.

A finite subset A C W* is called partition of W if it holds X,NYX, =0 forw # o € A
and W =

wGA

Let w € W*. For a function f, we define f, = fo, © fu, ©... 0 fy, . Further, let

Ty = Tw1rw2 te Tw\wl and e = ,Ule/*LWZ o 'uw‘w“

Lemma 2.9: Let A be a partition. We have

(i) 1= p(poS5H).

wEA

(1) Z E(uoS,) < E(u) for allu € F.

weA

This can be verified using [1, Section 3.2.1] by induction. Since this is a standard

argument, we skip the proof.

Proof of Theorem 2.5. Let u € F be fixed and let A be a partition. Then,

mﬁzéﬁmwm

= [ o S5 (e) (25)

wEA

= [ (S )P

<Y p (E@o ) + uo S.I7) (26)

cs | max{ ., '€ (uo S,) + e 1uosw(x du(x
@Mm DICIEES %u(uAI ﬂMQ)

< ca (ol }e0) + g Jul?). 1)

In the above, equation (25) follows from Lemma 2.9(i), inequality (26) from Lemma
2.7 and inequality (27) from Lemma 2.9(ii). Now, let v; = (u;73), i =1,...,N. By
(22) we have S_N v, = 1. Let A € (0,1] and the partition Ay be defined by

Ay ={weW: Vir " Vg > A2 Vot
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1
By definition of Ay, for w € Ay we have v = pu,r, < A> and thus max,en, (Hyrw) <

A7 Furthermore, it is known from [48, Proposition 4.5.2| that there exists ¢ > 0

such that mingea, ft, > chA°, from which it follows (mingex, uw)_l < Ci,/\_‘s. This
2

and (27) yield the existence of a constant ¢j > 0 such that for all A € (0,1], u € F

1 _
Jul?, < ¢ (A7) + A ull})

Let 6 .= 2+¢. Lemma 2.6 implies
lully < Null,, < E(w).

2
1

We can thus choose A € (0, 1] such that A0 = L1t follows

E(u)
2 512
lully; < 265370 Jlull; (28)
and with ¢ = (2¢})'*+%

4
Jul255 < (265) 5N [luf it
4
= (2¢5)"F [Jul|? E(u)

4
= &' [|ull] €(u).

Let ¢ L2([0,1], 1) = LX(K,p), f > flx and AY : o (D (AY)) — L*(K, p),
u — ANy~ u. Then, &ﬁf is self—adjoint, has eigenvalues —\Y with eigvenfunctions
V¥ for k € N and the Dirichlet form & (u,v) == E(~ u,v=10), 4,0 € F = (F) is
associated (see Lemma A.2). It follows that for all u € F the Nash-type inequality

~ 4
lal2te < '€ (@) |all; (29)

is satisfied. Applying [48, Proposition B.3.7| yields the existence of ¢§” > 0 such
that for all kK € N and all ¢ > 0

where (ﬁN ) is the strongly continuous semigroup associated to ﬁfy . Using that
>0

TNGN = e M1gN for t > 0 (see [48, Corollary B.2.7]) and setting ¢ = & and

SV
)\k

| <, 0
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Gy = cy’e for k > 2, we obtain for all k € N
~N NS
18] = 2 (AF)
The assertion follows for b = N since we evaluate the Dj-representative of ¢ that

is for @ > 1 linear on [a;, b;] (see (18) for the definition of a;,b;). In case of b = D
the proof works analogously since Fy C F. O]

2.3 Stochastic integration

In this section, we review the integration theory with respect to space-time white
noise in the sense of Walsh [69]. Let p be a finite Borel measure on [0, 1], let
(2, F,F,P) be a filtered probability space and let F = (F;),, satisfy the usual
conditions. The white noise integration theory can be extended in various directions,
such as for measures on Lusin spaces, but we won’t need these generalizations and
therefore refer to Walsh |69, Chapter 1].

First, we recap the definition of white noise.

Definition 2.10: A space-time white noise based on p w.r.t. F is a centred Gaussian
process & = (£(A) : A € B([0,00) x [0,1])) such that for all Ay, As € B(][0,00) X
[07 1]); A3 € B([Oa 1])

(i) E[§(A)E(A2)] = (A @ ) (A1 N Ay),
(11) t— £([0,t] x As) is an F-martingale.

For the proof of the existence of such a process, we refer to Walsh [69, Chapter
1]. We will write space-time white noise, or white noise, if the measure p and the
filtration F are clear from the context. White noise is an L?*({2)-valued countably-
additive measure on B([0, 00) x [0, 1]) (see [49, Lemma 2.3]). This motivates the idea
to integrate appropriate functions against it. Walsh [69] developed an integration
theory for a wider class of integrators, the so-called martingale measures. White

noise is a well-behaved example of a martingale measure.

First, we define the stochastic integral for a class of simple processes, as one does

for the well-known It6 integral.
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Definition 2.11: A simple process ¢ : 2 x [0,00) x [0,1] — R is defined as a finite
sum of functions h :  x [0,00) x [0,1] = R of the form

h(w,t,z) = X(w) ey (t)1p(x), (w,t,z) € Qx[0,00) x[0,1]

with X bounded and F,-measurable, a,b >0, a <b and B € B([0,1]).

Let T' > 0. We define the stochastic integral for h(w,t,2) = X(w)L(y(t)1p(x)

/0 /01 h(w,t, z)&(t, x)du(x)dt = X (w) (£([0,t Ab] x B) —&([0,t Aa] x B)).

The integral for a simple process ¢, denoted by fo fo x)&(t, x)dp(z)dt, is defined

by linearity. As usual, we suppress the dependence on w.

For each simple process ¢ : 2 x [0,00) x [0,1] — R it can be easily shown that

] / / du(z)dt (31)

(compare [49, Section 4.2]). Identity (31) is known as Walsh’s isometry. In stochastic

gbta: (¢, x)dp(x)dt

calculus, the It6 isometry is essential to extend the stochastic integral to a class of
predictable processes, where the predictable o-algebra is generated by the class of
simple processes on  x [0,7]. The extension for Walsh integrals has a similar

character.

Let Ppo,11,j0,1) be the o-algebra that is generated by the class of simple processes
on  x [0,7] x [0,1]. We call a process on Q x [0,7] x [0,1] predictable if it is

measurable from Py 7 0,1) into B(R).

Definition 2.12: Let Por be the space of all processes ¢ € L*(Q x [0,T] x [0,1])
such that ¢ is predictable.

P, 1 is a Banach space, which can be checked by a standard argument, so we skip
the proof here. The subspace of all simple processes, where we identify each element
with all of its modifications, is dense in Py r (see [69, Proposition 2.3]). Now, let

¢ € Py and let (¢,),,cy be a sequence of simple processes such that ¢, — ¢ in Py
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as n — 0o. Then,

|

/0 bt 2)E(E, 2)dpa(x)dt — / / bt 2)E(E, 2)dpu(x)dt

= [ [ Blontt0) — ot o) o

= [lpn — (bmH%?(QX[O,T]X[O,l])'

Since L*(Q) is a Banach space, the stochastic integral of ¢,, converges in L?(2) and

we define

//Wl’ (t, x)dp(x nlgrolo//qsnta: (t,2)dp(x)dt in L*(S),

where the limit is independent of the choice of the convergent sequence. Obviously,

this integral again satisfies Walsh’s isometry. Further, (MT)TZO defined by

v = | ' [ ottt i

is a continuous F-martingale (see [49, Proposition 4.3]).

There are other notions of stochastic integrals. The theory of da Prato-Zabczyk
[15] is another very common way to define SPDEs. However, we do not investigate
such SPDEs in the present work. It should be noted that by using the results in the
present work, the investigations of heat and damped stochastic wave equations on
Cantor-like sets in the sense of da Prato—Zabczyk work very similar to those in [41]
and [43] for p.c.f. fractals.
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3 An Approximation of Solutions to Mea-

sure Theoretic Heat Equations

In this chapter, we consider heat equations defined by a generalized measure the-
oretic Laplacian on [0,1]. These equations describe heat diffusion on a rod such
that the mass distribution of the rod is given by a non-atomic Borel probability
measure u. First, we develop a theory of measure theoretic hyperbolic functions in
Section 3.1. Then, we establish properties of measure theoretic Laplacians on spaces
of continuous functions in Section 3.2. Based on that, we show that weak measure
convergence implies convergence of the corresponding measure theoretic Laplacians
in the strong resolvent sense. We prove that strong semigroup convergence with
respect to the uniform norm follows, which implies uniform convergence of solutions

to the corresponding heat equations. This is all done in Section 3.3.

3.1 Generalized hyperbolic functions and the resol-

vent density

Let b € {N,D} and let p be a non-atomic Borel probability measure on [0, 1]
such that 0,1 € supp(u). In this section, we develop a useful representation for the

resolvent density of A

Let A > 0. We consider the initial value problem

A,g = Ag,

9(0)=1, 4(0)=0 %

on L([0,1], ). (32) possesses a unique solution (see [27, Lemma 5.1]), which we

denote by gﬁ ~- Further, under the initial conditions

g<1) =1, g/(1> =0, (33>

9(0) =0, ¢'(0) =1, (34)
and

g(1) =0, ¢(1)=1, (35)
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respectively, the above eigenvalue problem also possesses a unique solution (see 27,
Remark 5.2]), and we denote it by g3y, g7 p and g3 , respectively. The resolvent

density is then given as follows.

Lemma 3.1: Let A > 0. The resolvent operator R} := (A — Al)™" is well-defined
and for all f € L*([0,1], u) we have

R f(x) = / Ay F)duly), z € 0,1,

where the resolvent densities are given by

A A
9in (@) 92N (Y)
PN (,y) = pY (v, 2) = ==,y € [0,1], w <y,
(91,1\1) (1)
A A
91.0(*)92.p(y)
PR (@ y) = pf (y,2) = == oy € [0,1], w <y
91,D(1)
Proof. See |27, Theorem 6.1]. O]

It is well-known that if g = A!, the solutions to (32) and (34) are given by

g7 n(2) = cosh (\/Xx) and ¢} p(z) = % sinh (ﬁx) , x €10,1],

respectively. We generalize the notion of hyperbolic functions by solving (32) and
(34) for an arbitrary measure p according to the given conditions. To this end, we

introduce generalized monomials as in [2].

Definition 3.2: For x € [0, 1] we set po(z) = qo(z) = 1 and for k € N

pe(a) - Jo pema (Hdp(t), if k is odd,
k(T) =
fox Pr—1(t)dt, if k is even,
IS e (tdt,  if ks odd,
qk(x) = .
Jo @1 (t)du(t), if k is even.

Pokt1(7) < por(®) < =, qor1(x) < par(z) < T (36)

(see [29, Lemma 2.3]).
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Definition 3.3: We define for x € [0,1], z € R

o0
sinh, ( E Pdas qng ), cosh,( E z%pgk
k=0

By (36) for all z € R
sinh,||_ < ze*, |jcosh.|| < e (37)

zk

Zr> k> 0. Tt follows that in this case

Example 3.4: If y = \', we have ¢,(z) =

o0 L2k
sinh, ( Z PR i = sinh(zz)
k=0

and analogously cosh,(z) = cosh(zx).

Proposition 3.5: Let A > 0. Then, for z € [0,1], we have

I
g1.n () = cosh (@), 91.p(x) =5 sinh, /5 (2),

1 .
gg"N(:z:) =cosh /;(1 — ), g§\7D(x) =— ﬁ sinh (1 — ).

Proof. The assertion for gi p was proven in [29, Lemma 2.3]. The proof for 91\,1\/

works analogously. We verify the assertion for g3 . Let z € [0,1]. Then,
coshf (1—2) Z)\"pgnl—x
y

=1+ Z )x"/ / Pan—2(t)du(t)dy
n=1 0 0
0o 11—z 1

—1+ 30 [ [ gt = dute)dy
n=1 0 1-y
00 1 py

- Zv/ / pona(1 — B)du(t)dy
n=1 z J0
00 1 py

—1= 30 [ [ a1 = duttyay
n—=0 z JO
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Due to estimate (36) we can use the dominated convergence theorem and obtain

1 y X
cosh 5(1 —2) =1~ )\/ /0 Z A'pon (1 — t)dp(t)dy
T n=0
1 ry
=1- )\/ / cosh 5(1 — t)du(t)dy.
z JO

We set f(x) = cosh (1 —z), z € [0,1] and get

o) =1-A / / " () du(t)dy, = € [0,1)

and in particular

o =1-nf 1 [ reantoyin

Hence, for x € [0, 1],

F() — £(0) = A / ) / " F(t)dp(t)dy.

The latter equation can be written as A,f = Af. It remains to check the initial

conditions. Obviously, f(1) = cosh ;(0) = 1. Using (36) again, we have

F11) == Npa1(0) = 0.

The proof for gﬁ p follows using the same ideas. ]
This leads to the following representation for the resolvent density:

Corollary 3.6: Let A > 0. It holds for z,y € [0,1], z <y,

-1
o (,y) = P} () = (coshl5(1))  cosh3(x) cosh 3(1 — y),

PPz, y) = pP(y,x) = % (sinhﬁ(l))_l sinh () sinh ;(1 — ).
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3.2 Restricted semigroups

Let b € {N, D} and let i be defined as before. Recall that AZ is the generator of

a strongly continuous Markovian semigroup (Ttb) of contractions on L?([0, 1], u).

t>0

Definition 3.7: For (t,z,y) € (0,00) x [0,1] x [0, 1], we define
po(z,y) Ze Nt b ()l (). (38)
k=1

This is called the heat kernel ofAZ. Note that for fized (t,y) € (0,00) %[0, 1], pe(+, y)
is affine on the intervals outside of supp(u), as the eigenfunctions are affine. Hence,
this pointwise representation coincides with the Di—representatz’ve of the L*([0,1], p1)-

equivalence class given by (38).

The heat kernel is the integral kernel of TP for ¢+ > 0. That is, for ¢ > 0 and
f e L3([0,1], ), we can write

T?f(2) = / P, y) F@)dp(y), = € [0,1].

In this section, we restrict these semigroups to appropriate spaces of equivalence

classes of continuous functions.

Definition 3.8: (i) We define (C[0,1])1 as the set of all L*([0, 1], p)-equivalence

classes possessing a continuous representative, formally

(C10,1]),, = { f € L*([0,1], 1) : f possesses a continuous representative}.

(ii) We further define (C0,1])?

n
possessing a continuous representative that satisfies Dirichlet boundary condi-

as the set of all L*([0,1], p)-equivalence classes

tions, formally

(Clo,1]), = { fe L2 ([0,1], i) : f possesses a continuous representative f
such that f(0) =0}.
The space (C[0,1])’, is a Banach space with the norm || f| (o)), ” lsupp(a H
Note that

1 o,y = Hﬂ‘oo’

41



where fis the continuous representative of f that is for ¢ > 1 linear on [a;, b;] (see
(18) for the definition of a;,b;). This is the representative we use when evaluating
f(x) for x € [0,1] \ supp(u). To simplify the notation, we henceforth write || f||__ for
1 cto.my.

Let u =Y, -, uppy € L*([0,1], ) and let ¢ > 0. We have

APTPu =" Ne bl € L2([0,1], 1) (39)

k>1
and thus TPu € D (AZ) Hence, the following inclusion holds:
7 ((C[0,1]);,) € (C[0,1]);.

This motivates the definition of the restricted semigroup (Ttb) which is for ¢t > 0

defined by

TP+ (Clo 1))y, = (Cl0, 1))y, T f =T7f.

The goal of this section is to show that (7}) >0
contraction semigroup. It is obvious that the semigroup property holds. Note that
by the Markov property of (17),. it follows with f = 1 for (¢,z) € (0,00) x [0,1]

again defines a strongly continuous

>0

0< TV f(x) = /0 P y)dp(y) < 1

and consequently for g € (C[0,1])",

o) = | [ 1p$<x,y>g<y>du<y>\ <l | [ lpg(w)du(w‘ <Nl € [0,1]

Hence, (Ttb) +>0 18 a semigroup of contractions. It remains to prove the strong con-

tinuity. To this end, we need some preparations. We write E(f, f) == E(f).

Lemma 3.9: If f € F, then

£l < EHZ+ IS,
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Proof. Let f € F. Then, by the Cauchy-Schwarz inequality for all ,y € [0, 1]

/ P

It follows by the reversed triangle inequality and by |z — y| <1

f(x) — ()| = < ( / oy <z>czz)é & —y? = E(f) | —yl7.

[f(@)] < |f(y)] +Ef)z.

Further, by integrating of y w.r.t. p,

1@< [ @)+ 0

and finally by the Cauchy-Schwarz inequality

F@] < IF], +E(F)>.

Lemma 3.10: Let f € (C[0,1])%. Then, limy ||T7f — f||., = 0.
Proof. We follow the proof of [48, Proposition 5.2.6]. Let f € F. By Lemma 3.9
and [48, Lemma B.2.4],
1
lim (|77 = f]|, <lm&(T7f = £)* + [ T7F = £]],
o1 2\ 3
<lim2} (& (11 - )+ |18 - £])°
= 0.

By the fact that F is dense in (C[0,1])]" and that, for t > 0, T;¥ is continuous on
(C[0,1]),, we obtain the assertion for b = N. To verify the case b = D, we prove
that 7o is dense in (C[0,1])7. Let f € (C[0,1])7. Then, by the density of F in
(C[0,1]))Y, there exists a sequence (f,),cy With f, € F for each n € N such that

| f — fullo = 0, n = co. We define for n € N

foo(@) = fu(2) = [u(0) = (fu(1) = fu(0)), = € [0, 1],
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which is an element of Fy. Further, we have that

folw) = f(x) = f(0) = 2(f(1) = f(0)) = f(x), = €[0,1]

since f satisfies Dirichlet boundary conditions. This implies

Tim [ o = fllo
= lim |[fn0 = foll

< lim sup (@) = F(@)[ 4+ [fa(0) = FO)] + [ (fu(1) = £2(0) = (F (1) = f(0)))]

=0. [l

The main result of this section now follows immediately.

Corollary 3.11: (Ttb) is a strongly continuous contraction semigroup on (C|0, 1])Z

t>0

3.3 Convergence results

3.3.1 Strong resolvent convergence

Let p be defined as before and let F' be the distribution function of u. We give

our basic assumption.

Assumption 3.12: Let (u,) be a sequence of non-atomic Borel probability mea-

neN
sures on [0,1] such that 0,1 € supp(u,) and p, — p,n — oo, where — denotes

weak measure convergence.

We denote the distribution function of u, by F), for n € N.

First, we give convergence results for the generalized hyperbolic functions intro-
duced in Section 3.1. Let pi, qx, kK € N be defined by p and pg,, gkn, £ € N be
defined by pu,, for n € N.
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Lemma 3.13: For xz € [0,1] and k,n € N we have

|F' = Foull o 2"

- n <2 > )
|026(2) — ok ()] < & —1)

IF = Fulle =

D2k () — porn(z)] <2 (k—1)! )

|G2r+1(2) — qors1n(z)| <2 CE

|P2k+1(T) — Porsim(z)| <2 (k—1)!

Proof. The distribution function of p is continuous. Hence, weak measure conver-
gence implies uniform convergence of the corresponding distribution functions (see
e.g. [12, Section 8.1]). We can thus apply [30, Lemma 3.1]. O

For z € R let cosh,, sinh, be defined by p and cosh,,, sinh,, be defined by p,
for n € N. We obtain a convergence result for the generalized hyperbolic functions,

comparable to that for generalized trigonometric functions in [30].

Lemma 3.14: Let z € R. Then,

|cosh, —cosh, || < 222" || F — Follo
|coshl, — cosh’ || < <22 + 224622> |1F = Fl. ,

|sinh, —sinh, || < 2237 ||F — F.ll .-
Proof. Let x € [0,1] and n € N. Then,

|cosh, (x) — cosh, ,(x)] < Z |por(x) — porn ()] 22
k=1

— IF = Full o
<2) T
k=1

EF = Fallee ono
k=0

= 2227 ||F — F.ll -
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Further, note that

cosh!(x) = Zpgk_l(l')ZQk
k=1
and
p1(#) = pra(@)] = ([0, 2]) — ([0, 2)| < |[F = Full
With that,
|cosh,(x) — cosh ,, Z |pak—1(x) — por—1,n(x)] 2**
< ( +zz )IIF Bl
= <z + 22%7 ) |F — Full
Finally,
|sinh, (z) — sinh, ,(z)| < Z |Gor41(%) — Qrgan(@)] 22
e 2k+1
<2 — || — F,
k=1
o0 2k+3
— 22 o I1F = Bl
= 2362 |F— Fl - L

We turn to the main result of this section. For b € {N,D}, A > 0 and n € N,
let R} be defined by yu, R}, be defined by p, and let the resolvent densities be
analogously defined. We assume supp(u) € supp(p,) for all n € N. Then, the

mapping
T 0 (C[0,1]) — (C[0, 1)), f = f (40)

defines an embedding, where f € (C[0,1])"

class of the representative of f € (C[0,1]), that is linear on each interval I C

supp(fn) \ supp(p).

denotes the L%([0, 1], u,)-equivalence
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Theorem 3.15: Let A > 0. Then, for all f € (C[0,1])",
lim ||RS,mf — T RS S| =
n—00 ’

Proof. We simplify the notation in this proof by omitting all embeddings. If we
evaluate on supp(u,,) \ supp(u), we always evaluate the representative that is linear
on each interval I C supp(u,) \ supp(u). First, we consider the case b = N. Let
A>0,n€eN, z,ye[0,1] with z <y. Using the triangle inequality,

o3 (2, y) — P\ (2, 9)]

(cosh’\ﬁ(l)) o (cosh/\f/\m(l)) -

|cosh, /5 (z) cosh 5 (1 — y)]|

-1 (41)
+ |cosh 5 (z) — cosh 5., (2)] (cosh'\an(l)> cosh (1 — y)‘
/ -1
+ |coshﬁ(1 —y) — COShﬁ’n(l — y)| (COShﬁm(l)) coshﬁ’n(x) )
We have
cosh’ (1) Z)\ par—1(1) > Ap1(1) = A (42)

and similarly cosh’\&n(l) > \. Applying this along with Lemma 3.14, we get

cosh 5 (1) — cosh!5(1)

(Cosh’ﬁ(l)) o (cosh’\&n(1)> -

cosh’ (1) cosh’ 5 (1)
(A4 2X2eY) [|F — F, |
= A2

and thus with (37)

-1 -1
<cosh’\ﬁ(1)) — (Cosh’\@n(l)>
- (e + 22X |F — F|

- A

|cosh, /5 (z) cosh 5 (1 — y)]|

For the second term on the right-hand side of inequality (41), we calculate

-1
(cosh’ﬁyn(l)) cosh /5(1 — y)’ <2 |F = F,|,

|cosh, /5(z) — coshﬁjn(x)‘

Treating the third term analogously and plugging the above calculations into (41)
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yields

1- N _ N
Jim mex 3 (,y) = pa(x,y)|

(e + 22X |F = F,||

< lim +4e* |F — F,||
n—o00 A o0
1
— lim (— + 2e* + 4) M| F — Fy
n—oo \ \ o0
= 0.

Further, by (37) and (42),

/Olpiv(%y)f(y)du(y) —/0

1

px (@,y) f (y)dun(y)’

< (COSh/\/X(l))_ICOSh\f)\(l') /Ocoshﬁ(l—y)f(y)du(y)
- / cosh 5 (1 — ) f(4)dpia(y)
€>\ 1 !
< | eostatt = 0 int) - [ cosh (1= )70

Due to weak measure convergence,

1

i [ coshs(1 = ) () o)~ / cosh (1 — ) (y)du(y) = 0

n—o0

and consequently,

lim max
n—o00 z€(0,1]

[ w5 (ﬂf,y)f(y)dun(y)‘ o

We get the same result for x > y and obtain

li N PN
Jim max |RY, f(z) — Ry f(2)
1

< lim max
n—o00 x€[0,1]

/O oY () () dia(y) —

O px (. y) f (y)dun(y)‘

+ lim max
n—o0 z€[0,1]

=0.

/0 (PN (z,9) = pAp(@,y)) f(y)dp,
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Now, let b = D. Again by the triangle inequality, for n € N and z,y € [0,1], z < y,
Ipij(w, y) = Pl 9))|

\/_ ( ’(smh\f(l)) (sinhﬁm(l))_l’ |sinh /5 (2) sinh 5 (1 — y)|

).

_ (43)
+ |sinh /5 (z) — sinhﬁ,n(a:)‘ ‘(sinhﬁyn(l)) 1sirﬂl\&(l - y)‘

+ ’sinhﬁ(l —y) — sinhﬁjn(l — y)‘ (sinh’\&n(l)) sinhﬁjn(x)

We have -
smh\f Z 26]2k+1 ) > \/_C.Il( 1) = \/_
k=
and thus

(sinb5(1) " = (sinby, (1) | < 2VA P = Bl

Arguing in the same way as before, we get

. 2
Jim max o7 (@,y) = pRu(@ )] < lim ﬁﬁekllF—FnHoer”

4 3
+ lim —=\2e* |F = F,||_ e
Jim Akt e

= lim (26/\+4) )\62)\HF_F”||00

= 0.
Further,
e | [ e fint) = [ ) £
< max (\/Xsinhﬁ(l)>_1 sinhﬁ(a:)/ sinh 5(1 —y) f(y)du(y)
z€[0,1] 0

- /01 sinh,/5(1 — y)f(y)dun(y)‘
< ‘(ﬁsinhﬁ(1)>_l‘ [sinh || ‘ /01 sinh (1 —y) f(y)du(y)
- /01 sinh,5(1 — y)f(y)dun(y)‘-
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Due to the weak measure convergence, this goes to zero as n tends to co. Deducing

the same result for > y and combining the above inequalities,

lim max |RY, f(z) — RY f(z)]

n—o0 z€[0,1]
1

/O px (@, ) fF()duy) — | pX (x, ) f (y)dun(y)'

0

< lim max
n—o0 2€[0,1]

+ lim max
n—o00 z€[0,1]

/O (pX (z,y) = pXn(@,y) f(y)dpn

= 0. U

3.3.2 Graph norm convergence

Let 1 be defined as before and let A > 0. Analogously to the restricted semigroup,

we define the restricted resolvent operator by

RY - (C0,1])) — (C[0,1))), RYf =R}/,
R} (C[0,1)7 — (C[0,1))7, RYf =R} /.

Further, we define the operators Ajj and Afb) by

Apf=A0f DAY ={feD(a)): A1 € (C0,1])
AJf =80 DA)) ={feD(A)) A € (C0, 1)}

which are called the part of the operator Aﬁ’ in C|0, 1])2’ and the part of the oper-
ator AD in C0, 1]) , respectively. The following Lemma shows how the restricted

semigroup, the restricted resolvent and the part of the operator are connected. For
that, let b € {N, D}.

Lemma 3.16: (i) The infinitesimal generator of the strongly continuous contrac-

tion semigroup (17),., is AL,

(ii) RY is the resolvent of Al

Proof. For all f € L*([0,1], ), we have that | f[|, > [[f]|,, therefore the inclusion
map i : (C[0,1]), — L*([0,1], ), f = [ is continuous. Moreover, (77) =0 defines
a strongly continuous contraction semigroup on (C0,1])%, and (C[0,1])% is (T7) 150"

invariant (see Corollary 3.11). We thus can apply [21, 2.3 Proposition| to verify (i).
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We turn to part (ii). Let A > 0 and let R} be the resolvent of AP, By part (i)

and [21, 1.10 Theorem]|, this operator is well-defined and given by
Rf= [ e s e (0.0
0

Further, by definition of (7}) 1> and RS,

RV f=RYf = / e MT fds = / e TP fds, f € (C0, 1])Z
0 0

It follows R} = R on (C0, 1])°. O

We are now able to establish graph norm convergence. To this end, let (jn,), o

satisfy Assumption 3.12 and we assume supp(u) C supp(p,) for all n € N.

Theorem 3.17: Let b € {N,D}. For f € D (AZ) there exists (fn)neny with f, €
D (Afm) such that forn € N

lim [mf = fallo + [Tl f = A% ful . =0,

Proof. _Let A>0, feD(AL) and g := (A= Al) f. Then, f = R}g and we define
fn = Rg’nwng. Applying Theorem 3.15,

T . f = full =0 (a4
Further,
ANf=Af—(A=AVf)f=Af—yg
and
A fo=Mu— (A=A ) o= Ao — Tag.
It follows

Hﬂ'nAZf - Abnfnnoo =A Hﬂ-nf - f"Hoo

and thus, by (44),
lim ||m,ALf — AL full _=0. O
n—00 o0
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3.3.3 Strong semigroup convergence

For b € {N,D}, let (Ttb)t>0

analogously the restricted semigroups (Ttb)

be defined by u, (I}

B t,n)tzo
10 and (Ttl:n>tzo

respectively. The main result of this chapter is a direct consequence of the previous

be defined by pu, and
be defined by p and g,

results.

Theorem 3.18: Let f € (C[0,1]). Then, for allt >0
lim H7TnTtbf — Ttbn’/Tan =0,
n—00 ’ oo
uniformly on bounded time intervals.

Proof. For n € N, 7, is a bounded linear transformation between Banach spaces.
Further, (Ttb)t>0 and (Ttl?n)t>07

groups on their respective spaces (see Corollary 3.11). Hence, due to [22, Theorem

n € N are strongly continuous contraction semi-

6.1], the assertion is a direct consequence of Theorem 3.17. O]

Strong semigroup convergence can be interpreted as convergence of solutions to

heat equations. The connection is given as follows (see [21, Proposition 6.2]).

Lemma 3.19: Let A be the generator of a strongly continuous semigroup <St)t2()
on a Banach space X. Then, for each f € D(A) the abstract heat equation

ou
E(t) = Au(t), (45)
u(0) = f

fort > 0 has a unique classical solution in X given by
u:[0,00) = X, t— S, f,

meaning that u is continuously differentiable with respect to X, u(t) € D (A) and
(45) holds for all t > 0.

Let T'>0and f € D (AZ) Theorem 3.18 implies that the classical solution to

O,y xb
(1) = AL, (1),
un(0) = 7, f
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converges uniformly for (¢,z) € [0, 7] x [0, 1] to the classical solution to

ou .
1) = A,

u(0) = f

as n — oo, assuming that m,f € D (A? ). However, the assumption f € D (A?)
and m,f € D (AL ) for all n € N is very restrictive, as the following example

illustrates.

Example 3.20: Let p be a measure according to the given conditions such that
supp(u) is a A-zero set and assume that supp(u,) = [0, 1] for all n € N. Further,
let f €D (AZ) Then, for ¢ > 1, m,f is linear on [a;, b;]. Now, if we assume that
mof € D(AL), then Al f(z) =0, x € [a;,b;] and thus AY, f =0 € (C[0,1))) . If
b= D, we obtain m,f = 0 € (C]0, 1])5n and thus f =0 € (C|0, 1])5 and if b = N,
(mnf) =0 € C[0,1] and thus f' =0 € (C|0, 1]);V

This motivates the following solution concept (compare |21, Definition 6.3]).

Definition 3.21: Let X be a Banach space, A : X — X and f € X. We call a
map u : [0,00) = X, t — u(t) solution to the abstract heat equation

du
S0 = Aut) "
u(0) = f

fort >0 if u is continuous with respect to X fort > 0, u(t) € D(A) for allt > 0
and limy,_ w = Au(t) with respect to X fort > 0.

Using this solution concept, we can establish the desired convergence for any initial

condition with respect to the uniform norm.

Theorem 3.22: Let f € (C]0, 1])Z and let (fin)nen satisfy Assumption 3.12. Fur-

ther, let {u(t) : t > 0} be the unique solution to

du b
%(t) = Aju(t), t >0, (47)
u(0) = f
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and let for n > 1 {u,(t) : t > 0} be the unique solution to

du —
—2(t) = Ab w,(t), t >0,
(1) = A ), > )
un(0) =, f
Then,
lim {|m,u(t) — ua(t)] o =0, (49)

n—0o0

uniformly on bounded time intervals.

Proof. First, we show that t + T?f is a solution to (47). Let t > 0. By (39) we
have for any k € N

w(t)=Tlf =Ttf €D ((Az)’“) .

It follows that Abu(t) € D (A?) and especially Abu(t) € (C[0,1])%, which implies
u(t) € D(A%). From the strong continuity of (7}),., along with the semigroup
property we get the continuity of u with respect to (C0, 1])2 Further, since Az is

the infinitesimal generator of (Ttb)t>0,

_ TbTb _ Tb

h—0 h h—0

— AVTVf = Abu(t).

For the proof of uniqueness, first note that the unique solution to

dv b
%(t) = Auv(t), t >0, (50)
v(0) = f

on the Hilbert space L?([0, 1], u) is given by v(t) = TP f (see [48, Theorem B.2.6]).
We now show that a solution to (47), which we denote by u, is also a solution to
(50). The continuity with respect to L?([0, 1], 1) follows from

[u(t) —u(s)ll,, < [lu(t) —u(s)lls, =0

Let ¢ > 0. We have u(t) € D (A}), which by definition implies that u(t) € D (A}).
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Further,

}lg% u(t + h) —u(t) —Azu(t)H :}lg% (t—i—h})l—u(t) ~ Au()
< }lli% (t—i—h})L—u(t) —Azu(t)Hw
=0.

Therefore, u is a solution to (50). This proves the uniqueness. We can follow the
same arguments to verify that 77, m,f is the unique solution to (48) for n € N.

Then, (49) is a direct consequence of Theorem 3.18. ]

3.4 Applications

Example 3.23: As a first application, we consider a non-atomic Borel probability
measure 4 on [0,1] such that 0,1 € supp(u) and supp(p) # [0,1]. We define for
e € (0,1) the approximating probability measure p. by

et
ferm e

It is elementary that p. converges weakly to p as € — 0 and Theorem 3.22 is
applicable. Let b € {N, D} and f € (C[0,1])%. Then, the unique solution {u(t) :
t >0} to

where 7. : (C[0,1])), = (C[0,1])%,_ is an embedding as previously defined (see (40)),

converges to the unique solution {u(t) : t > 0} to

du ~b
u(0) = f

for each ¢ > 0 with respect to the uniform norm as € tends to zero.

In the previous example, p could be chosen to be an absolutely continuous measure,

95



N% Hy fho Hopty s

Figure 5: Approximating Cantor measures of levels n = 1, 2.

for example )‘Il[ {o[3.] , or to be a singular measure, as a self-similar measure on the
0,3ul%,1
Cantor set. Furthermore, it is not required that the approximating measures have

full support.

Example 3.24: Let p be the unique invariant Borel probability measure on [0, 1]
given by the IFS consisting of S1(z) = £ and Sy(z) = 2 + 2, x € [0,1] and weights
p, e € (0,1), ie. pis a Cantor measure. Following [30], for n € N we define the

approximating Cantor measures of level n by

pn(B) =3" Y AL [[ e B € B(0.1]),

zef12}n  i=1
where I, == (S;, 0...05,;,)([0,1]), = € {1,2}". Figure 5 illustrates the approxi-
mating Cantor measures of levels n = 1,2. We denote the distribution function of
p by F and the distribution function of p, by F), for n € N. Then, |F — F,|| ., — 0
(see |30, Proposition 4.2|) as well as supp(u) C supp(p,) for n € N and Theorem
3.22 can be applied. Hence, for f € (C[0,1])%, the unique solution {u,(t) : ¢ > 0}
to

du, -
E(t) = Aznun(t)a

un,(0) = m, f

converges to the unique solution {u(t) : t > 0} to

du b
E(t) = ,uu(t)7
u(0) = f

for each t > 0 with respect to the uniform norm as n tends to infinity.

Finally, we connect both applications.

56



Example 3.25: Let € > 0, n € N and let p, p,, {u(t) : t > 0} and {u,(t) : t > 0}
be defined as in Example 3.24. We define pu, . by

e
Hone = 077

Y

i.e. analogously to Example 3.23, and {u,.(t) : t > 0} to be the solution to

dtn e (t) = Ab (1),

dt Hinoe
u’n,6<0) = 7Tn,6f7
where 7, is an embedding as previously defined. Further, let ¢ € [0,00) and § > 0.
By Example 3.24, there exists ng € N such that for all n > ny we have that
o
() = ()] < 5.

By Example 3.23, for each n > ng there exists ¢, > 0 such that for all € < g, we

have that 5
H%@—WAMQ<5

Hence, for all n > ng, € < g, it holds
[u(t) = une ()], <0

Hence, the heat on a rod with mass distribution given by a Cantor measure diffuses

approximately like the heat on a rod possessing a strictly positive mass density

which is small off the Cantor set.
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4 Analysis of Measure Theoretic Stochastic

Heat Equations

Let p be a self-similar measure on a Cantor-like set K according to Section 2.2.
Further, let (Q, F,F,P) be a filtered probability space and let F = (F;) 1>0 satisfy
the usual conditions. The object of study in this chapter is the stochastic PDE

au(t, T) = AZut(:c) + f(t,ult, z)) + g(t,u(t, z))E(t, x),

u(0,x) = ug(x)

(51)

for (t,z) € [0,7] x [0,1], where " > 0, b € {N,D}, uo : Q x [0,1] = R, f, g :
Q x [0,7] x R — R. Further, £ denotes a F-space-time white noise based on p
according to Definition 2.10.

Before we elaborate on the mild solution to (51), we need to have a closer look on

the resolvent density and the heat kernel of AZ.

4.1 Approximation of the resolvent density

We develop a method to approximate the Delta functional on a Cantor-like set K,
in particular to approximate the resolvent density, which will then again be used to

approximate point evaluations of heat kernels.

For n > 1, let A,, be the partition of the word space W defined by

AN={w=wi.wn e W i, -y, >10. >Tu},

max

where 7. = max;—; _ny7;. Further, let dy be the Hausdorff dimension of K,
v; = 4= forie {1,..,N} and K, = S,(K) for w € W. |A| denotes the cardinality

of a seic A if A is countable and the diameter if A is uncountable.

Lemma 4.1: Let n € N. Then,
(i) [An| < o0 and J,cp, Ko = K.

(i) For w € A, there exvists a subset A" C Ay such that K, = J,cp Ko

(111) For w,v € A, w # v, it holds |K, N K,| € {0, 1}.
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(iv) Forw € A,, it holds p(K,,) > prdapd yn here g e min;—1_ N i, Vmin =

max ' min” min’

mini:l,...,N V.

(v) Forw € W* there exists n € N such that w € A,,. Consequently, for allm >n
there exists A;, C Ay, such that K., = Uyepr K.

If the measure p is given by p; = 77 and thus v; = 1, i = 1, ..., N, the estimate

in (iv) coincides with that in [41, Lemma 3.5(iv)].
Proof. (i) The first claim is obvious. For the second, note that U,ewK, = K
and that Uy,ep, 2 = W and thus Uyes, wea, K, = K. It remains to show that

Ky = Uyey, K, for w € A,. This follows by applying S, to both sides of
equation U,ewk, = K.

11 et w e N,. e know art (1) that K, = Upen, £, Tw < T choose
(")L A,. We k by p () hat K, ex, K. I ntl o ch

max?’

A = {w}. Now, let r, > r!1 and i € {1,..., N}. We have r,, < r"__, which

max —_— max’

implies 7,r; < r"*1 and thus wi € A,4;. Hence, choosing A’ = {wl,..wN}

verifies the statement.

(iii) The assertion follows directly from the fact that |5;([0,1]) n.S;([0,1])| € {0,1}
for ¢ # j along with the injectivity of S; for i € {1,..., N}.

n

Ty and

(iv) Let w € A,, and m = |w|. By definition of A,, we have r,, -+ -r,, , >

n
therefore r,, > 7 "min. Then,

o dHMoA d ,uwm
Ho = w1 dpg wWm dpr
w1 Wm

— "w "min

d
> pndpdn g m

max ' min” min

d
> pndupdi g n

max ' min”min*

In the last inequality, we have used that m < n and v,;, < 1.

(v) Let w = wy...w,, € W*. Choose n € N such that r, < r% _ and r, > rl.

max

We have 7y, ...7%,, _, Tmax > Twy---Tw,, and thus

m

—1 n+1, —1 n

o > Mo Tmax = T

7“wl"‘/r‘wm—l > Twl...Tme max ' max max*

We have found an n € N such that w € A,,. For the second part, we can argue

as in (ii) by induction.
O
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We introduce a sequence of functions approximating the Delta functional. Hereby,
we use the notation from [41]. We prepare this by defining the n-neighbourhood of
x € K for n € N by

Dyx)= |J Ko
wEAn,LEEKw
Note that D%(x) consists of at least one element of {K,, : w € A,}, which follows
from Lemma 4.1(i), and of at most two elements since pairs of these elements in-

tersect in at most one point. From the latter and the definition of A, it follows
that

|D?(z)| < 2r™ (52)

n max

and we define the approximating functions for x € K and n > 1 by

Fay) = p(Dy(x)) py)(y), v € [0,1]. (53)
By Lemma 4.1(iv),
1AM = n(DR ()™ < 1 i Vit (54)

Lemma 4.2: Ifx € K and g € L*([0,1], 1) is continuous, then lim,_,., (fi:9), =
g(@).

Proof. Let x € K be fixed. For n € N and w € A,,, we have |K,| <. and thus,
for y € D%(z), |z —y| < r?,... Now, let € > 0. Since g is continuous, there exists
d > 0 such that |g(z) — g(y)| < € for y € [0, 1] with |y — x| < J. Choose n € N such
that r < 4. Then,

max

T _ 1 . T
5790 = 0 = gy |, o) —ote)
1
< L(D0(2)) /D%(m) 9(y) — g(z)|du(y)
1

< Wﬂﬂ%@)) E=E —~

Let b € {N, D}. The resolvent density of A’ is a product of eigenfunctions on A?

(see Corollary 3.6). Therefore, it is elementary to check that there exists a constant
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L, such that for (x,vy, 2) € [0,1]3
o1 (2, 2) = pi(y. 2)| < Lilz —yl. (55)

Lemma 4.3: Let xy,25 € K and m,n > 1. Then,

1
o pli<y7 Z)f;;(;l (y)f?(z)d/i(y)dﬂ(z) - p?([[’l,iﬁg) < Ll( Tmax T rgax)'

Proof. Using the Lipschitz continuity of p% and (52),

(pli(,% 2) = P (w1, m2)) fut(y) fo2(2)dp(y)dp(z)

/ / (7. 2) — A, )| + |04 (1 2) — b 22)) £22 () F2 (2)dpa(y)dpa(2)

(g, (Il))M(DO o)) (/DO (22) /DO (1) |3y, 2) = P, 2)

+ |01 (21, 2) = P} (1, 2) | dpu(y ) dpa(=2 ))

d d
(DO (xl DO CL’Q /Do (x2) /Do (x1) "'max maX) /“L(y> N(z)
_Ll( max+rmax)' ]

4.2 Heat kernel properties

In this section, we recap basic properties of heat kernels and prove a couple of
continuity properties. Recall Definition 3.7 for the definition of the heat kernel.
Moreover, we define for h € L?([0, 1], fo po(z,y)h(y)du(y) = h(z). Part (iii)
of the subsequent lemma shows that thls is a meaningful definition. Further, let
be {N,D}.

Lemma 4.4: Let T > 0, h € L*([0,1], 1) and (T?)i>0 be the strongly continuous

semigroup associated to AZ.
(i) For all(t,x,y) € [T,00)x[0,1]?, there exists Ky > 0 such that |p(z,y)| < Kr.
(ii) (t,x,y) — pP(x,y) is continuous on (0,00) x [0, 1]2.

(i11) Fort>0,s>0, z,y € [0,1], fol Pz, 2)pl (2, y)dpu(z) = pb, (2, y).
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(iv) For (t,x,y) € (0,00) x [0,1]?, let plgx(y) = p’(x,y). Then, pf’z €D (AZ) and
for allt € (0,00), z,y € [0,1],

0
apg(‘rvy) A,u,pt:c< )

(v) For (t,z,y) € (0,00) x [0,1]%, p2(z,y) > 0.
(vi) For (t,x) € (0,00) x [0,1], [5 pM (2, y)du(y) =1 and [, pP(x,y)duly) <1 .
(vii) Fort € (0,00), TYh(z <ptz,h> in L*([0,1], p).

(viii) Fort >0, sup, cio PY(2,y) = | T} |[1-500, where || All,q denotes the operator

norm of an operator A : LP — L9,

Proof. (i)-(vi) are well-known for Neumann boundary conditions (see e.g. [54]). (i)-
(vi) for Dirichlet boundary conditions can be checked in the exact same way as for
heat kernels on p.c.f. self-similar sets in [48, Chapter 5].

The proof of (viii) is a standard argument. Let ¢t € (0,00) be fixed and C' =
SUD, ye(0,1] (. y)|. Further, let f € L*([0,1], ). Then, for z € [0,1],

27| = | [ et <c | 1) duy)

and thus HTth1—>oo <C.
Recall that [0, 1]\ K = |52, (a;, b;) (see (18)). Since p! is symmetric and continuous
n [0,1]? and we evaluate the representative that is for i > 1, y € [0, 1] linear on
[ai, b;] x {y}, there exist g, yo € K such that p’(zg,y0) = C. Let n € N and f¥ be

defined as in (53). We have || fZ°||, = 1. By Lemma 4.2,

lim <fx0 ?Jo)> = p?(mmyo) =C.

n—o0

Hence, for all € > 0 there exists n € N such that

2520 (90| = (F20 ), b)),
>(C —e.

H > (' as € can be chosen
1—o00

It follows that ||T,f’fff0 HOO > (' — ¢, which implies HTt”
arbitrarily small. O
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Hambly and Yang [41, Lemma 6.6] investigated continuity properties of heat ker-
nels associated to Laplacians on connected p.c.f. self-similar sets. We give a compa-
rable result for Cantor-like sets, where we additionally take all self-similar measures

according to the given conditions into account. Recall that v is defined to be the

b _ log 4;
spectral exponent of A} and ¢ = max;<i<y bg&)ﬁ—fm)ﬂ'

Proposition 4.5: Let T > 0.

(i) There exists Co(T) > 0 such that for all (t,z,y) € (0,T] x [0,1]?
ph(x,y) < Co(T)t°,

(ii) There exists Cy(T) > 0 such that for all (t,z,2',y) € (0,T] x [0,1]*

126

1 —_ =
pi(z,y) — ) (2, y)| < CL(T)|x — /|2t 72 %,
(iii) There exists Co(T) > 0 such that for all (s,t,x) € (0,T)? x [0,1] with s <t
|pls’(x,x) —pf(x,x)‘ < Cy(T) (8—75 _ t—wa) '

Proof. We follow the proof of |41, Lemma 6.6].

(i) We can apply [48, Proposition B.3.7] as in (30) to obtain the existence of a
constant Co(1) such that ||77 < Co(1)t™ for t € (0,1]. By Lemma
4.4(viii),

e

sup ph(z,y) < Co(1)t™°, t € (0,1].
z,y€[0,1]

If T > 1, the assertion follows from the previous inequality and the fact that

p’ is continuous and thus bounded on [1,77] x [0, 1]2.

(i) Let (t,y) € (0,7] x [0,1] be fixed. By part (i),

2 o

p’i(-,y)H2 :/0 P (z,y)*dp(x) = py(y,y) < Co(T)t™.

Let u(z) = p (x,y), x € [0,1]. With |38, Lemma 1.3.3(i)|] and the contractiv-

t
2
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ity of T?, it follows that
2

]_ 2
& (Thu.Tu) < * (|ruH2 ~|fral )
2 2 t # 2 llp

1 2
<l

< Co(T)t+7°.

Since pb(-, ) is continuously differentiable, we can apply the Cauchy-Schwarz

inequality and get for z,z" € [0, 1]

!

P} (x,y) — P}, y)| S/ dz

0 b
&pt(zvy)

L 1
<lo-alt{ [
0

Note that T?u = p?(-,y). We obtain
2

NI

2
dz)

2
() — pi (@ y)|” < |z —2|E (W) (. y). 0, y))
= |z — 2| (Tfu, Tfu)
2 2

9
&pt<z7y)

<o — 2| Co(T)t 1770

and therefore /

sup 1
|§

z,2/€f0,1] |z — o

< et

(iii) Let t € (0,T], z,y € [0,1] and p} (y) = p% (x,y). We have
27 2

9 >—3/1b< Pdu(y)
ol ®) =5 | P y) duly

POy

:/o Ep%(xuy) dp(y)
! 0

=2 / P o (y) 57 L (9)dn(y),
0

where we can interchange integral and derivative since %pg (z,y)?* is bounded
2

on [t —e,t+¢] x [0,1] for ¢ > 0 sufficiently small. By Lemma 4.4(iv) along
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with identity (19) and (20), respectively,

1 1
0
| #0500 = [ 8.8, @l
0 0
==& (P . 0% m) -
27 27

We obtain the existence of a constant C%(7") such that
0
‘ b2, x)

Pt = ‘25 (plix)‘ < CL(T),

where the last step can be checked in the same way as in the proof of (ii). We
conclude for all z € [0,1], s,t € (0,7]

Co(T)

i (3_75 — t‘”‘s) . O

[P, 0) — ph(a,@)| < C4(T) / e
4.3 Heat kernel approximation

We develop a way to approximate point evaluations of heat kernels. First, we

provide upper estimates of functionals of the heat kernel using the resolvent density.

Lemma 4.6: Let h € L*([0,1], ) and t € (0,00). Then,

/ / (/ P2z, y) h(y)du(y))2du(w)ds < %%/01 /01pl(:v,y)h(x)h(y)du(l’)du(y)-

Proof. Let h € L*([0,1],1) and t € (0,00). We adapt ideas from [42, Lemma
4.6]. We first note that T} is self-adjoint, which follows directly by the spectral
representation (21) along with the functional calculus theory (see [64, Theorem
VIIL5]). Using this and Lemma 4.4(vii),

/ / (/ pa(z,y) h(y)dﬂ(y)>2du(x)ds = /Ot <T§h’sth>u ds

t
_ b
— /0 (T}, by ds

t
< e2t/0 e > (Ty.h, h>“ ds.
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Further, we have the following connection of semigroup and resolvent: If A > 0,
then RYh = [;° e MT}hdt (see e.g. [21, Theorem 1.10]). With that,

t 00
th/ e % <T5’sh, hy ds < e* </ e 3T? hds, h>
0 a 0 u

-5 ([ Ao n)

-5 [ ] Ao, o

We derive a way to approximate (t,y) — pl(z,y) for fixed x € K.

Lemma 4.7: Let t € (0,00) and x € K. Then,
t 1 2
[ [ (s, —stten) dutods < 21
0 Jo

Proof. Let x € K and m,n > 1. By Lemma 4.3,

/0 / ) () — FE@) (o) — fﬁ(y))du(Z)du(y)‘

- )/0 /0 Py (2 9) [ () fi(y) = Pz, ) — (2, 9) fi (2) fa (y) + P} (z, )

= M) () fry) + i, 2) + P12 9) £ (2) o (y) = pi (o, 2)dp(2)du(y)
<AL (1 F Trnax)- (56)

Now, let s € (0,00) and & € K. Then,
/01 (AN —pZ(x,y)>2du(y)
= /01 (g} e b (y) (@b, £2), — Ph(x, y)>2 dp(y)
_ /01 (f: e N [@Z, £, - 902(03)} wi(@) 2 dp(y)

k=1
00

=S e (e ), - o))
k=1
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By Lemma 4.2 and Fatou’s lemma,

S e (b 12), - b))

k=1
_Z 2 (gl ), — Tim (g, fi) ]
= anl_rgo e*QAZS [<(p27f;f>u - <@Za f7fz>u]
k=1

o) 2

<tmint 3 e (g ), — (e s, ]
k=1

Further, using Fatou’s Lemma again,

/Ot /01 <<pg('7y)af:f>u —pg(l',y))leu(y)dS

t 00
<liminf [ Y e 2 (gl fo - f,f;}i ds

m—o0 [ P
00 2
T . ¢ —/\Zs b T _ frx b
—lmlgf/ Z (b fo = fm), er| d
0 I
2
~ it [ / ( / B N2 CE) = F2d(a) ) s

Finally, by Lemma 4.6 and estimate (56),

// (/ oy, 2 f”“(Z)—fé(Z))du(z))Zdu(y)ds

<5 [ [ A0 - )G - D)

< 2L1€2t(rr?1ax + rzax)'

S

We conclude

t ol 9
/ / <<p’;(-, v) fa), =P, y)) dp(y)ds = liminf 2L,€* (1}, +770)
0 JO

m—r0o0

—2L th n

max °



4.4 Existence, uniqueness and continuity

Let b € {N,D} and T > 0 be fixed. We define the concept of a solution to (51)
that will be the object of study in the present chapter.

Definition 4.8: A mild solution to the SPDE (51) is defined as a predictable
[0, 7] x [0, 1]-indexed process u(t,z) such that for every (t,z) € [0,T] x [0,1] it holds

almost surely

utteo) = [ oo+ [ [t s, )i

(57)
/ / Pr_s(x,y)g(s, uls,y))E(s, y)du(y)ds,

where the last term is a stochastic integral in the sense of Walsh (see Section 2.3).
We define the spaces in which we will search for a solution.

Definition 4.9: Let ¢ > 2 and let S, be the space of [0,T] x [0, 1]-indezed pre-

dictable processes v that satisfy

1
[|v]|gr == sup sup (E[jv(t,x)]Y])7 < oc.
t€[0,T] z€[0,1]

Further, we define Sqr as the space of equivalence classes of elements of Sy, where
two processes vy, vy are equivalent if vi(t,x) = vo(t, x) almost surely for all (t,x) €
[0, 7] x [0, 1].

Note that S, 7 is a Banach space. The proof works by standard arguments, so we
skip it here.

We allow for random initial data wug, but since ug is not time-dependent, we need

to introduce a further space.

Definition 4.10: Let ¢ > 2. We define S, as the space of [0, 1]-indexed processes v
that are measurable from Fy @ B([0,1]) into B(R) and satisfy

[oll, = sup (E[v(z)|"])s < oc.
z€[0,1]

Further, we define S, as the space of equivalence classes of elements of S,, where

two processes vy, vy are equivalent if vi(x) = vo(x) almost surely for all x € [0, 1].

68



S, is a Banach space as well. The proof is a standard argument and we skip it.

Throughout this section, we make the following assumptions, which are adapted
from [41, Hypothesis 6.2].

Assumption 4.11: There exists ¢ > 2 such that
(i) up € S,

(1) f and g are predictable and satisfy the following Lipschitz and linear growth
conditions: There exists L > 0 and a predictable process M : Q x [0,T] — R
such that [|[M||, 7 = sup,ep 1)l M (8)||La@) < oo and for all (w,t,z,y) € Q x
[0, 7] x R?

|f(w,t,2) = flw, t,y)| + |g(w, t,z) — g(w,t,y)| < Llz — 9],
|f(w,t, @) + |g(w, t,z)| < M(w,t) + L|z|.

Predictability of a process f : © x [0,7] x R can be defined in the same way as in
Section 2.3 (see also [69]).

We are now able to prove stochastic continuity properties of v; and v,, which are
defined for (¢,x) € [0,T] x [0, 1] and vy € S, 7 by

ui(t,z) = / / P ()9 (s, vol s, )€ (s, y)du(y)ds, (58)
vo(t, ) = / / P (. 9) (s, vo(5, 1)) dp(y) ds. (59)

Proposition 4.12: Let ¢ > 2 be fized. Then, there exists a constant C3 > 0
such that for vy € Sy vi and ve are well-defined and we have for all s,t € [0,T],
vy €l0,1], i€ {1,2}

E [|vi(t, z) = vi(t, y)|] < Cs (1 + ||voll? 1) & — yl?,
1 76
E [Jui(s, 2) = vi(t, 2)|7] < Cs (14 Juollg) |s — G %).

Remark 4.13: Note that v < 1 is equivalent to

log i

which is satisfied as we assume 0 < p;,7; < 1.
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Proof. We adapt ideas from [41, Proposition 6.7]. First, we consider v;. For z €
0,1], (t,y) — pi(z,y) is continuous on (0,77] x [0,1] and g and v, are predictable.
The integrand is thus predictable. By Hypothesis 4.11, for ¢ > 2, (t,z) € [0,T] %
[0, 1],

E [lg(t, vo(t, ))|") < 2771 (E[|M(1)|] + LE [Jwo(t, 2)|]) - (60)

Hence, by Lemmas 4.4(iii) and 4.5,

e[/ Y () g, vl )t

t 1
< (2 sup [|M(5)]}2q + 2L HvoHi,T) / / pi_s(x,y)*dp(y)ds
s€[0,T] o Jo
t
= 2 w0 M)+ 227 el ) [ il
s€[0,T] 0
t
< (2 sup [IM(5) ey + 2L2Caf2) |rvoun> JRER
0

s€[0,T7]

which is finite due to 70 < 1. Hence, v, (t, z) is well-defined.

In order to prove the spatial estimate for vy, let (t,z,y) € [0,T] x [0,1]? be fixed.
There exists a constant C'(¢) such that

E[Jor(t, z) — vi(t,y)|]

{/ / pis(w,2) = 1l (y, 2)) 9(s, vo(s, 2))€(s, 2)dp(2)ds

q

| IS

NI

(pi’_s@, 2) = b (y,2))” gls, vols, 2))2du(z)ds

| @

108022 = 102" E s, )P ) T
(P (. 2) — 1 (3, 2))? (E [lg(s.v0(s, 2D du(z)ds|
< 210(g) M1y + L0wole) | [ 0 (e 2)
[

[ SISy

—pb_(y,2)) du(z)ds

I

where we have used the Burkholder-Davis-Gundy inequality (see [49, Theorem B.1])
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n (61), Minkowski’s integral inequality in (62) and relation (60) in (63). We proceed
by dealing with the integral term in (63), whereby we first treat the case z,y € K.
Applying Lemma 4.3, Lemma 4.6, Lemma 4.7 and the Lipschitz continuity of the
resolvent density (see (55)),

/O t / 1 (h_u(2,2) = P2y, 2)) " du(z)ds
ﬂ%//®s7f—m plz)ds
= %n—mo/ / Py (21, 22) (f2(21) = fL(20)) ([ (22) — f2(22))dpu(z1)dpa(22)

= — \pl z,x) — 205 (z,y) + P (v, y)|

< L1€2t|[E -yl

For i € N and = € (a;,b;), recall that we evaluate the D>-representative of p}(-,y)
for (t,y) € (0,7] x [0,1]. We thus have

pi(x,y) = pilas,y) + (b' — ) (P} (bi y) — pi(ai ) y € [0,1]

and consequently,

mm@:AAmemmwwwm@MW@%
= vy (t,a;) + (x — ai) (v1(t, b;) —vi(t, a;))

bi — Q;

almost surely. Consequently, for all x,y € [0, 1]

2 2 q q
(Pr_s(z,2) = pi_y(y,2)) " du(2)ds| < (L1)? e®|z —y|>.

We conclude
E[|oi(t, ) — vi(t,y)|] < 297" C(q) (L1)? (| M|25 + L9 Jvolle.1) lx — yl?.

This proves the spatial estimate.
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We turn to the temporal estimate. Let s,t € [0, 7] with s < t and = € [0, 1]. Then,
by using the Burkholder-Davis-Gundy inequality, Minkowski’s integral inequality

and inequality (60) in the same way as before, we get

E flvy (2,2 —v1(8 )%

" dp(y)du

N

(2, y) psﬁxyﬂ%ﬂ()fEHM&vdayDW

gww@mwm&vwwﬂ (it

R

— b () g (w) dpa(y)du

We split the latter integral in the time intervals [0, s|] and (s,t] and get for the first
part by Proposition 4.5(iii)

/S /1 (- 9) = 2-u29))” du(y)du
/ / P, y) = Py o(2.9)) dp(y)du

iAme Wby (2 3) + Py (2 2)du

s t— —79
< 27y (2T) / u™ -2 (u + TS) t(utt—s)"du  (64)
0
S J— _76
< 276+102(2T)/ u*’yﬁ _ <u + t 5 S) du
0
9—70+1 s t\'7° t—s\'"
- 2T) s = ( = +
1—7602( )<S (2+2> +< 2 >
CQ(QT) 1—~6
< SC G gy

For the second part by Proposition 4.5(i)

t 1 t—s
| [ reeranan= [ e
s 0 0

t—s
< 27700, (2T) / u " du
0

277
<

<Co(2T)(t — )"
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The statements about vy can be shown in the same way using Jensen’s inequality

instead of the Burkholder-Davis-Gundy inequality. n

Corollary 4.14: Let ¢ > 2 and vy € S, r. Then, vy and vy defined as in (58)-(59)

are elements of S, r.

Proof. By setting s = 0 in Proposition 4.12 we obtain |[v;||,; < oo, i = 1,2. We
need to show that v; is predictable. Let n € N, (t,z) € [0,7] x [0,1] and

21 . .
n _ tpJ o o
vy (t, ) = 2)“1 <2nT, 2n) ]1(2%T,’;;}T](t)]l(2%g?nl]<x)-
i,j=
Evidently, [vf[|,; < oo. To prove that 7 is predictable, we show that v} is the S, 7-
limit of a sequence of simple processes. To this end, let N > 1, (t,x) € [0,7] x [0, 1]
and

PN (L, x) == ((=N) Vol (t,z)) A N.

) on
bounded for 0 < 4,5 < 2"~!. Further, it converges in S, r to v as N — co. Indeed,

let X be aset, f: X — R. We define f*(z) = f(x) VO and f~(x) = f(z) A0,
r € X. With that,

This defines a simple process since (( —N)V (#T i)) AN is F i -measurable and

. n N
]\}EHOO Uy (t,l’) U1 (t,(L’) o.T
— i i
< Ti + 7 J ) _ + [ 7 J
< Jm D || <2nT’ 2n) (”1 <2nT’ 2”)/\N> ’
4,7=0 q,
(i (i,
—7. L)~ ((=N) Vv 71 L
e (3r) - (cover (375)) |
q7
— i i
. + _ o _ + o o
_Nhféoz Y1 <2nT’ 2n) (Ul (2nT’ 2n> AN)
i,7=0 La(Q)
(1 J _ (1 J
—7. 2 )~ ((=N) Vv —7 L
o (mr5) - (v (375))

=0,

where the last equation follows by the monotone convergence theorem. We conclude
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that v is predictable for n € N. By Proposition 4.12,

o1 = o[, < sup  sup |lvi(s, @) — vi(t,y)ll Loq)
ls—t|<Z |z—y|<+

< sup sup lvi(s,x) = vi(t, @) Loq)
\s—t|<% .IE[O,I]

+ sup  sup [oi(t, ) — vi(t, 9)ll ooy
te[0,T] [z—y|< L

™ E
(—) + (—) — 0, n — oo.
n n

Hence, v is predictable. The predictability of vy follows in the same way. O]

Q=

< (C5 (1 + [lwoll2))

We can now follow the methods in [41, Theorem 6.9] to establish existence and

uniqueness.

Theorem 4.15: Assume Condition 4.11 with ¢ > 2. Then, SPDE (51) has a

unique mild solution in Sy 1.
Proof. Uniqueness: Let u,u € S, be mild solutions to (51). Then v :=u—u € Sy .
By setting G(t) = sup,¢po E[v*(t,2)], t € [0,T], we calculate for (t,x) € [0,T] x
[0,1]
E [v(t,z)?]
t 1
<7 | [ [ () Ulsuto) — £ (05,00 duli)as|
o Jo
t el
28| [ [ o) s ulo.0)) — o s T ) s (69)
0o Jo
t 1
<2(T+1)L*E [/ / v*(s,7) (pf_s(x,y))Qdu(y)ds}
0o Jo
t 1
<2402 [ 6() [ () dutwis
0 0
t
—2T+ )L [ Glolply(oa)ds
0

< 21T +1)Cy(2T) LA /t G(s)(t — s)ds, (66)

where we have used Walsh’s isometry (see Section 2.3) and Hoélder’s inequality in
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(65) and Proposition 4.5(i) in (66). For t € [0,T], it follows
t
G(t) <2"77(T + 1)00(2T)L2/ G(s)(t — )" 7ds.
0

Setting h, = G, n € N in [69, Lemma 3.3| gives G(t) = 0 for t € [0,T]. We conclude
u(t, z) = u(t, ) almost surely for every (¢,x) € [0,T] x [0, 1].

Ezxistence: As usual, we apply Picard iteration to find a solution. For that, let
u =0¢€ S, and for n > 1, (t,z) € [0,7] x [0, 1],

U (£ 7) = /1pt($ Y)uo(y / / Py (2, y) [ (s, un(s,y))dp(y)ds o

/ / Pi-s(,9)g (s, un(s,9))E(s, y)dp(y)ds.

Let n > 1, assume that u,, € S, and define u,; as in (67). The last two terms
on the right-hand side are elements of S, 7 by Corollary 4.14. The first term is pre-
dictable because it is Fyp-measurable and thus adapted and almost surely continuous
due to the dominated convergence theorem and Proposition 4.5(i). Furthermore, by

Minkowski’s integral inequality and Lemma 4.4(vi)

| ]:

< Juollg

1 q

0 pb (e, v)E [Juo(y)|%]7 dpuly)

/0 Py (z, y)uo(y)du(y)

q

/0 Py (z, y)du(y)

q
< Jluollg -

It follows w11 € Sy 7.

We prove that (u,)nen is a Cauchy sequence in S, 7. For n € N, let v, = ;41 —
up, € S;r. By Holder’s and the Burkholder-Davis-Gundy inequality, for (¢,z) €

[0, x [0, 1]

pt J(@,9)7 (905, g1 (5,9)) — 9 (5,ua(s,9)))” du(y)ds

E [[vns1(t, 2)|)

[SIS)

< 27T

0 Po_o(@,9)? (f(5, unsa(5,9) — £ (5, ua(s,9)))? duly)ds

+2171C(q

7
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and using the Lipschitz property of f and g and Minkowski’s integral inequality,

<ot (rtrc) ([ [ atwor [Ivn(s,y)lq])idﬂ(y)dS)g-

Let n € N and H,(s) = sup,ep (E[|vn(s,y)|q])§, s € [0,7]. Then, there ex-

ists a constant ¢, such that |H,(t)] < ¢, for each t € [0,7]. By setting C' =
2

(2071 (T2 + C(q)) L7) * we get for (t,z) € [0,7] x [0,1] and n € N

E [Jon4(t, 2)[%)

t 1
<21 (T4 4 C()) L'E P,y (s, y)du(y)ds
0

(E[[vnar(t,2)|)s < C / Ho ()P (2, 7)ds

¢
< 27y (2T)C / Ho(s)(t — ) ds.
0
where we have used Proposition 4.5(i) and thus
¢
o) <27°CQIC [ (o)t = ) 7ds.
0

By [69, Lemma 3.3|, there exists a constant C’ > 0 and an integer k& > 1 such that
forn,m >1,t€0,T]

Hn+mk( / H t—S

Therefore, > -/ Hpimi(t) converges uniformly for ¢ € [0, 7], which is straight

forward to check by the ratio test using that 4/ "”:“‘J’:k < 4 / " for n,m > 1. We

conclude
sup v/ H,(t) = 0, n — oo,

t€[0,T]
which implies the same for v, ||, . Hence, (us)n>1 is a Cauchy sequence in S, 1
with limit, say u. To show that u satisfies (57), let (¢,x) € [0,7] x [0, 1] be fixed
and take the limit in L(Q2) for n — oo on both sides of (67). We get u(t, z) on the
left-hand side. For the right-hand side, note that there is a constant C” > 0 such
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that

q}

/0 / P () (F(s,u(s,9)) — £ (5, n(s, ) (5, y)du(y)ds

<( e @) - ) dut)is)

?|

+E|

/0 / P () (905, u(s, 1)) — g (5, unls, ) dpu(y)ds

which goes to zero as n tends to infinity with the same argumentation as before. [J

Before stating the main result, we define u** € S, 1 by

W ) / / P () f (s, uls, y))dpu(y)ds
+/0 /0 Py_s(x,y)g(s, u(s,y))E(s, y)du(y)ds

almost surely for (¢,z) € [0, 7] x [0,1]. That is,

1
wo(t,a) = ultya) = [ pllep)unly)duly)
0
almost surely for (¢t,z) € [0,7] x [0, 1]

Theorem 4.16: Assume Condition /.11 with ¢ > 2. Then, there exists a version
of u**°, denoted by u*°, such that the following holds:

(i) Ifg> 2 and t € [0,T], @(t,-) is essentially § — %—Hélder continuous on [0, 1].

2 2
continuous on [0, 7.

.. s\ —1 ~sto . . ) .
(i) If ¢ > (3 —%)  and x € [0,1], @(-,2) is essentially 3 — % — é—Holder

(1ii) If ¢ > 2 (% — 7—‘S)_l, Ut is essentially (% — 77‘5 — %) -Hélder continuous on
[0,7] x [0,1].

o]

Proof. The continuity properties in part (i) and (ii) of a version of u*° are direct

consequences of Proposition 4.12 by setting vy = u and Kolmogorov’s continuity

theorem (see e.g. [52, Proposition 21.6|).

Now, let (s,t,z,y) € [0,T]*> x [0,1]> and without loss of generality, we assume
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|s —t| < 1. Then,

Husto S ZE) sto(t y)|Q}

< < 99~ 1 Husto s, )_usto ‘ j| H Sto(t y)|(1])

°(t,
(:z:—y]? +|s —t|? (2-% )
max{|x—y|%,|s—t|q(% %>}

7).

<2105 (14 ul|? 7

53

xXr
)
< 21C5 (14 [Jull? ;)
)

1
< 2905 (1+ [Jull?y) max {|z — y.|s — #}7C

The result follows by Kolmogorov’s continuity theorem in two dimensions (see e.g.
[52, Remark 21.7]). O

Remark 4.17: We consider u5 because the regularity of u is, in general, restricted
by the regularity of u — u**°. However, we can formulate the following: There is a
version of u—u** such that this version is for fixed t € (0, T] %-Hé’)lder continuous on
[0,1] and for fixed z € [0,1] and Ty > 0 3-Hélder continuous on [Ty, T]. This can be
checked in the same way as [41, Lemma 6.10] using Proposition 4.5. Consequently,

there exists a version @ of u such that
(i) If ¢ > 2 and ¢ € (0,7, a(t,-) is essentially 1 — %—H'dlder continuous on [0, 1].

(i) Ifg> (3 - %‘S)fl and z € [0,1], a(-, ) is essentially 5 — 1 _ ——Holder contin-

uous on |11, 7.

Example 4.18: (i) If ug, f and g satisfy Assumption 4.11 for some ¢ > 2 and,
in addition, are uniformly bounded, ¢ can be chosen arbitrarily large such
that we obtaln = for the ess. spatial and 1 — 775 for the ess. temporal Hélder

exponent. If, moreover, the measure p is the natural measure on K, then

log (er> B dy B 1

o) 1
_ — ax = — = .
2 <N log ( dH+1) 2 2dy + 2 2dy + 2

1
21

N | —

N | —

m
1<i

The left-hand side of Figure 6 visualizes that for 0 < dg < 1.

For dy = 1 and the natural measure on K, we meet the well-known Holder
continuity properties for the stochastic heat equation defined by the standard
Laplacian. Further, in case of AZ being a Laplacian on a p.c.f. self-similar
set with 1 < dy < 2, Hambly and Yang [41, Theorem 6.14]) established the
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06 0.3

Figure 6: Holder exponent graphs for the stochastic heat equation

essential spatial Holder exponent 3 1 and the essential temporal Hélder exponent

5 d . Therefore, our results can be understood as an extension of their results

to the case of dy < 1.

(ii) If p is not the natural measure on K, then it can be easily checked that

5 1
-
2 2y +2

1
2
As an example, consider the weighted IFS given by S1,Ss : [0, 1] — R, Si(z) =

2, Sy(z) =%+ 1, z€0,1] and weights i, o € (0,1). Then,

~vo 1 1 logp; 1 1 1l0g fimin

PR P =F] log(iri) 2 2log (Hmin)’

N | =

which goes to zero as pyim — 0. The right-hand side of Figure 6 indicates
that.

4.5 Weak intermittency

Let b € {N, D}. We consider the process u given by

uttea) = [ ste o)+ [ [t s, )t

(68)
/ / P, 9)g (s, u(s, 9)E(s, y)dia(y)ds

almost surely for (¢,z) € [0,00) x [0, 1].

79



According to [49, Definition 7.7|, we call u weakly intermittent on [0, 1] if the lower
and the upper moment Lyapunov exponents, which are respectively the functions
and 7 defined for p € (0,00), = € [0, 1] by

1 1
1(p,2) = limint  log E [Ju(t, )], (p,#) = limsup ~ log E [[u(t, 2) ",
— 00

t—o0
satisfy
1(2,2) >0, F(pa) <00, pe2,00), € 0,1].

In this section, we make the following additional assumption:

Assumption 4.19: We assume that ug € S, for some ¢ > 2. Moreover, we assume
that f and g are predictable and satisfy the following Lipschitz and linear growth
condition: There exists a constant L > 0 such that for all (w,t,z,y) € 2x|0, 00) xR

‘f(W,t,.f) - f(w>tay)’ + ]g(w,t,x) _g(watay” S L‘l’ _y‘a
f(w, t, )] + |g(w, t, 2)] < L1+ [=]).

Predictability of a process f : Q2 x [0,00) X R can be defined in the same way as
in Section 2.3 (compare [69)]).

First, we establish the upper bound.

Theorem 4.20: There exists Cy > 0 such that for allp € [1,q|, (t,x) € [0,00) %[0, 1]

1 1_17
(E[Ju(t,z)["])r < (2 HuOHq 4 1) eCapT=70t

Remark 4.21: If p is the natural measure on K, we have v = diﬁl and thus

ﬁ = dpg + 1. Then, the above inequality reads as

(E [Jut, 2) )7 < (2 Juoll, +1) @™,
Before proving Theorem 4.20, we need to extend our heat kernel estimates.
Lemma 4.22: Let b € {N,D}. There exists C5 > 0 such that for all (t,z) €

(0,00) x [0,1]
pi(z,x) < Cs (L+¢77).
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Proof. Let T > 0. By (23) and (24), for each (¢,z) € (0,00)x € [0,1]

|pg(l’,l’)‘ < Zefcok%tcgkéi

k>1

The term on the right-hand side converges uniformly on [T}, 00) (see |48, Lemma
5.1.4]). Further, we have AV = 0, ¢V = 1, AP > 0. The dominated convergence
theorem gives

SN _ .o .D _

tli{gpt (.CE,.Q?) - 17 tli{&pt (33,513) - O,
uniformly for all z € [0, 1]. This along with Proposition 4.5(i) implies the result. [
Proof of Theorem 4.20. We follow the methods of [41, Theorem 7.5]. Let p €

2,q], « > 0, (t,z) € [0,00) x [0,1] be fixed. By the Burkholder-Davis-Gundy

inequality,

e (B [Ju(t, z)["])?

< lual, + (& [

Lovh <E

e 'py_s(z,y) f (s, uls,y))dp(y)ds p]);

p] ) |
To estimate the first integral, we apply Minkowski’s integral inequality and obtain
Sy )
<[ / Ul () (B[ (s, us.y))? dp(y)ds
1
<if / < (,y) (14 (E [Juls, 5) ") ) diuty)ds

<L <z o [ S fey) s ((E[\u(s,z»f’]ﬁ)du(y)ds)

1 1 [t
—+  sup (e E [Ju(s, 2)|"])* / e~ =) (s
QO (5,2)€[0,]x[0,1] 0

<1+ sup (eQSEnu(s,z)m)i).

(s,2)€[0,¢]x[0,1]

e 2tpb_ (2, y)%g(s, u(s, y))%ds

3=

ey _y(x,y) f (s, u(s,y))dp(y)ds

IN
t~

IN
Rt~
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In the second last inequality, we have used that ¢ — te~®' reaches its maximum at
t = é We turn to the second integral. Applying Minkowski’s integral inequality
and Lemma 4.22,

g] ) |

</ / R ”9<8au(s,ympbidu<y>ds)é

<I ( [ e o) s (14 <E[|u<s,z>|p1>i)2ds)

e 2 (x,y)%g(s,u(s,y)) du(y)ds

IN

z€[0,1]

1
s t672a(t 8),.b ( ) g —as + —as (E H ( P % 2 i 2
= ; Do\ T up (e e u(s, z)["]) S

z€[0,1]

3=

t 3
<i s (e re @l ) ) ([ e i)
(s,2)€[0,t]x[0,1] 0
1
<272 sup (1 + e (E[|u(s, 2)[]) ) </ —ospb (i, x)ds)
(s,2)€[0,t]x[0,1] 0

cotiod ([Temteenn) (e s ).
0 (

$,2)€[0,t]x[0,1]

We denote the gamma function by I' and calculate

/ e (145 )ds = / e **ds +/ e g1
0 0 0
1 1 [ -6
=—+ —/ e’ <£) ds
a  afy a

1+ a"T(1 —~9)
- :

This implies that a constant C} > 0 exists such that for all & > 1

/ e (1 + s ) ds < Cha™ 1,
0
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Then,

B =

e (B [Ju(t, x)["])

L
smmﬁ(—+L2@@m“@ sup (14 e (B [Ju(s, 2)P)
a (s,2)€[0,1]x[0,1]

hSA

).

Now, let a :== CY pl%vﬁ, where (') > 1 does not depend on p. Then,

4 L\2G,Ch (O T

L
—+ L 20504/1&7671
(0%

pl 'yé

which goes to zero as '} — co. Consequently, we can choose C?} > 1 such that

L 1
— + L\/2C5Cla—1p < —.
a 2

This leads to

3=

(Eflu(t,z)["])» < <2||u0|] + ) 4p1175t

If 1 <p <2, we have for (¢,2) € [0,00) x [0, 1]

(E[Ju(t, z)["]))7 < (E [Ju(t,z)[*])
< (2ull, +1) e
(

2 |uoll, +1) %) T

N|=

1
CyaT=Ab

and obtain the assertion for all p € [1, q] by setting Cy = CY 27T O

The above proposition immediately implies for p € [1, ¢]

1
3(p,x) < limsup = sup log E [Ju(t, )"] = Cyp' 7.

tsoo L z€[0,1]

We now establish a lower bound for the second moment of u defined by

uttea) = [ otdnt + [ [ oG ntuts, )€ dntds (69

almost surely for (¢,z) € [0,00) x [0,1]. That is, we let f := 0 and g be not

time-dependent in (68). Furthermore, let the following conditions hold.
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Assumption 4.23: (i) ug : [0,1] — R is measurable and bounded.

(i1) g: R — R satisfies the following Lipschitz and linear growth conditions: There
exists L > 0 such that for all (x,y) € R?

l9(x) — g(y)| < Llx —yl,
l9(z)| < +L(1+ |z]).

Proposition 4.24: Define L, := inf
Then, v(2,z) > L2 for all x € [0, 1].

@ and assume inf,cjo 1) uo(x) > 0.

Proof. Let (t,x) € (0,00) x [0,1]. By the non-negativity of ug and Lemma 4.4(vi)

/O Py (x, y)uo(y)du(y) > inf ug(y) /0 Py (z,y)du(y) = inf uo(y).

y€[0,1] y€[0,1]

Using Walsh’s isometry, the zero-mean property of the stochastic integral and the

previous estimate, we get
E [u(t, $)2}

= (/Olpiv(x,y)uo(y)du(y))z+/Ot/Olpivs(xvy)QE [9(uls, 9))°] dp(y)ds

+/01Piv($ay)uO(y)du(y)E Vt/11055(3:,y)g(u(s,y))g(s,y)du<y)ds
> Inf uo( / / Lgpt S(z,y)? [ (Say)ﬂ du(y)ds.

z€[0,1]

It holds ¢ =1 and AY¥ = 0 and consequently,

Ze AVt N > Ay tSON(:E)QZ 1.

k>1

With I(t) = inf,epq1) E [u(t, z)?], t > 0, we obtain

I(t) > inf wg(z // Lgpt Sz, y)?1(s)du(y)ds

z€[0,1]

z€[0,1]

= inf uo(z)2+/ Lgpz(t_s)(x,a:)f(s)ds
0

> inf up(2)? + / L21(s)ds. (70)

z€[0,1]
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It follows

t t s
I(t) > inf uo(z)2+/0 L? inf uo(z)2d5+/0 L;/O L21(u)duds

z€[0,1] z€[0,1]

t s
= inf u(2)®+ L2 inf uo(z)2t+/ L;/ L21(u)duds
0 0

2€[0,1] z€[0,1]

and by iterating this

oo LQntn )
I(t) > inf 2N "9 — inf 2elst
(02 Il 2 o = Iy ol

which yields

1 log (inf, 2
liminf =~ log E [u(t,)*] > liminf 08 (infzci. o (2)") + L% =2 O
t—oco g g

t—o00 t

The main result of this section follows directly.

Corollary 4.25: Let inf,cjo1jug(x) > 0 and Ly > 0. Then, u given by (69) is

weakly intermittent on [0, 1].
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5 Analysis of Measure Theoretic Stochastic

Wave Equations

5.1 Preliminaries

Let b € {N,D}, T > 0 and let 1 be a self-similar measure on a Cantor-like set
K according to Section 2.2. Further, let (2, F,F,P) be a filtered probability space
and let F = (F}),», satisfy the usual conditions. In this chapter, we address the
hyperbolic stochas_tic PDE

%u(m) = Abug(z) + f(t,ult,2)E(t, @),

u(0,x) = uo(x), (71)
0
au(o,m) = uy ()

for (t,z) € [0,7] x [0,1], ug,u; : [0,1] = R, f: Q2 x[0,7] x R — R. Further, ¢
denotes a space-time white noise based on p according to Definition 2.10.

Before defining the concept of a mild solution to (71), we need to have a closer

look on deterministic wave equations.
1
To this end, let ug € D (A?), uy € D ((—AZ) 2) and let uf ., u} ., k > 1 such that

. 2 2
Uy = Zkz1 u&kgoz and u; = 2k21 u’{sz In particular, Zk21 ()\2) (ugk) < 0
and 7,1 A (ull’k)2 < oo. For (t,z,y) € [0,00) x [0,1]? let

sin \/Wt
PN (z,y) =1+ %Sﬂg(l’)#)g(w

E>2
and
sin ( )\kD t)

PP(x,y) = Z T@E(@@?(y)

This is called wave propagator of AZ, be {N,D}. As AZ is a self-adjoint, dissipative
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operator on L2([0, 1], 1), the wave equation

62
o sult o) = M),
u(0, ) = up(x),
8u590t, x) — ()

for ¢ > 0 on L*([0, 1], 1) has a unique solution, which is for (¢,z) € [0,00) x [0,1]
given by
u(t, z) = Clug(w) + Stuy (),

where the operators Sf, C?: L?([0, 1], ) — L*([0,1], 1) are defined by

sin <\/_ t)

StN:ka =t +Z foer
k>1 k>2
sm( ADt)
StDZkaSDk HZ ———=fPer,
k>1 k>1
C;V:ka »—>Zcos< )\Nt> No¥,
k>1 k>2
CcP . ka — Zcos < )\Dt> ©P.
k>1 k>1

for ¢ > 0. The connection to the wave propagator is given by

| i dutn) = St (a). (4.2) € 0.00) x 0.1,

The operator families {S? : ¢ > 0} and {C} : t > 0} are called strongly continuous

sine and cosine family, respectively (see also [68]).

We are now able to define the concept of a solution to (71) that we will investigate

in this chapter.

Definition 5.1: A mild solution to the SPDE (71) is defined as a predictable
[0,T] x [0, 1]-indexed process such that for each (t,z) € [0,T] x [0, 1] it holds almost
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surely

u(t, v) = Clug(w) + SPuy (v / / PP (2, 9)f(s,u(s,y)E(s, y)du(y)ds.  (T2)
We now give a set of conditions, which we assume to hold throughout this chapter.

Assumption 5.2: (i) ug € D (Al) , u; € D <(—AZ)%).

(11) There exists ¢ > 2 such that f is predictable and satisfies the following Lipschitz
and linear growth conditions: There exists L > 0 and a predictable process
M Q% [0,T) = R with |[M]|, 5 = sup,cioml|M(3)l| ey < 00 such that for
all (w,t,z,y) € Q x [0,T] x R?,

|fw,t,z) = flw, t,y)| < Ll —yl,
|f(w,t,2)| < M(w,t)+ L|x|.

Recall that « is defined to be the spectral exponent of AZ. Note that the self-
adjointness of A’ along with the assumption uy € D (A?) implies that there is a

constant Cg < oo such that
b _1
‘<Uo,ﬁpk>u) <Cek v, k=1

Indeed, for k& > 2 we have

‘<u0,gpév>u‘ :ﬁkuo’_ on) )— W ‘< AN ug, o) ‘<001HAN“0H =3

Analogously, since u; € D ((—AZ)%), there is a constant C7 < oo such that

‘<u1,¢z>u‘ < C%k:fi, k> 1.
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5.2 Wave propagator properties and approximation

Let T'> 0 and ¢ € [0, T] be fixed. Obviously, P! : (z,y) — P!(z,y) is an element
of L?([0,1]?, n ® u). We provide a way to approximate PP(x,-) : y — Pl(x,y) by
L*([0, 1], u)-functions for fixed # € K. Then, we deduce that P/(z,-) € L* ([0, 1], p)
for z € [0, 1].

Let A : L*([0,1],u) — L*([0,1], 1) be a linear operator. We denote the operator
norm of A by ||Al|. This is defined by

[All == sup [|Ag]l,.
9EL>(0,1],2):
lgll, =1

We show that the map ¢ — S? is Lipschitz continuous on [0, 00) with respect to the

operator norm.

Lemma 5.3: Let 0 < s <t. Then,
ISt =S| <t—s.
Proof. Let g = 37,5 gi ¢x such that [[g]|, = 1. Then,

(SN = SNl

ey e 3 ST — W) e

We have \Y > 1 (see e.g. [1, Section 3.3.1]). Hence,

(s (Axe) - sin (VAFs) )

2

(t—5)?2 (V) + >

< (t—s) (g{V)Q N T;}l) (Sin <\/Xt> —)\sin (ﬁs))
<(t—s)?2> (o)’

= (t —s)%

S (gh)’

k>2
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Further, using AP > 1 (see e.g. [58, Lemma 4.9]), we obtain the assertion for Dirichlet

boundary conditions in the same way. m

The following lemma provides a way to find upper estimates of functionals of the

wave propagator using the resolvent density.

Lemma 5.4: There is a constant Cg > 0 such that for all g € L*([0,1], 1) and all
t 0,77,

| sto@) dute) < & [ [ sanig(rntudutordut)

Proof. Let g = 77, g ¢ and t € [0,T]. Then,

14+ MY _
(T2 V1) <g,(1—AN) 1g> . (73)
m
By definition of the resolvent density,

(1—aM) " g(x) :/0 py (2, 9)9(y)du(y), = € [0,1].

Plugging this into (73), the assertion for b = N follows. The case b = D works

similarly. O]

This leads to an approximation of y — P}(z,y) for fixed (t,2) € [0,T] x K.
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Lemma 5.5: There is a constant Cs > 0 such that for all x € K, t € [0,T] and

n €N .
. 2
| (8250) = o)) duty) <
0
Proof. Let € K, t € [0,T] and n € N. Note that (1, f), —fofx w(y) = 1.
Then,

/0 (SY f2(y) — P (2.))° du(y)

1 °o  §in )\]kvt ’
:/0 t<1,f$>u+2%wiv(y) <<piv,fﬁ>yptN(x7y)) dp(y)

_ /01 t((l,f,‘f)u -~ 1) Ry @ [(wévafi}# —wiv(ff)] wiv(y)) dp(y)

k=2

2

= /01 ( 3 M (ol 1), — o (@)] sOiV(y)) du(y)-

By the Riesz-Fischer theorem, it holds

/1(°°m(ﬂf> v o)

> —Or [<s0k Ta ), = P (:v)} K (y)) dp(y)

2
= [ A @]
provided that the latter series converges. By Fatou’s lemma and Lemma 4.2,

> ﬂ (e 1), — ot @)]

k=2
0 gin? \/ N
) o), o (.50,

% sin ( )\Nt)

< timinf Y [0, — ()
k k
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Further, by Lemma 4.3 and Lemma 5.4, for m € N

> Tg (o, =]

= [ (8800 - F20) duty

() (2 05) — P G) — Fa()dily)di()
o) ) 20 — )

— fa() fn(y) + f2(2) fi(y)) du(z)du(y)
= 8/0 /O Py (2, y) fo () [ (y) — oy (2, ) = pY (2, 9) [ (2) fi(y) + o7 (2, 2)

We conclude

1
(S50 = B e,0) ) < T inf 4G+ )
0 m—0o0
= 468[417“”

max*

The estimates for Dirichlet boundary conditions can be found similarly. O]

Finally, we are able to establish that PP(x,-) € L%*([0,1], ) for fixed (t,2) €
[0,T] x [0, 1].

Lemma 5.6: There exists a constant Cq > 0 such that

sup sup HPtb(x, )Hu < (.
tel0,T] z€[0,1]

Proof. Let hy, hy : [0,1] — RU{—00, 00} be measurable. By Minkowski’s inequality,

</o1 hf(ac)cM(:v))é _ (/01 (hi(z) — ha(z) + h2(x))2du($))%

< ([ - h2($))2du(ﬂf)>% + ([ )

=
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where it is not required that the integrals are finite (see e.g. [20, Theorem VI 1.8]).
Further, let ¢ € [0,T]. For f € L*([0,1], 1) we have

[Sefll, < (@ VI

which follows directly by the definition. Using this, Lemma 5.5 and inequality (54),
we obtain for x € K, n € N,

(/01 (be(%y))zdu(y));
< </01 (Sifa(y) — Hb(x,y))2du(y)) + (/01 (Sffrf(y)fdu(y));

S </01 St = ) du(y))% +(TV1) </o1 (f3(y))? d#(y));

[NIE

1 n ndpg _d7H _n
<C2ridax+ (TV 1) rma? 7.2 v, 2.

Choose n = 1. As the right-hand side of the last inequality does not depend on
(t,x) € [0,T] x K, the assertion follows for = € K.

Recall that [0,1]\ K = ;2 (a;, b;) (see (18)). For = € [0,1] \ K, let ¢ € N such
that = € (a;,b;). By the linearity of ¢ on (a;, b;) for k € N it follows that

x—
P)(z,y) = — Y (PE(biyy) — PMlay))  (ty) € 0,7] x [0,1].
Since a;, b; € K, we obtain the result. n

5.3 Existence, uniqueness and continuity

Let b € {N,D}, T > 0 and q > 2. We prove continuity properties of v;, i = 1,2, 3,
which are defined for vy € S, 1 and (¢,x) € [0,7] x [0, 1] by

= [ / P20 (5. vl )€ ) () s, (74
vy(t, ) = SPuy (z (75)
vg(t, x) = Cfuo(x). (76)

We will use the following lemma.
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Lemma 5.7: Let a < 0,b > a. Then, there is a constant Cyp > 0 such that for all
t €0, 00)

D kTNt < Oyt
keN

Proof. See [42, Lemma 5.2]. O

We start with proving Holder continuity properties of v, and vs.

Proposition 5.8: There ezists a constant Cyg > 0 such that for all i € {2,3},
s, t € [0,T], x,y € [0,1], we have

[oi(t, ) — vi(t, )] < Crolz — 9|2,
lvi(s, ) — vi(t, )| < Cols — | —(2+0)7)A1

Proof. First, we treat the spatial continuity. Let t € [0,7], z,y € K. By Lemma
4.3, Lemma 5.4, Lemma 5.5 and the Lipschitz continuity of the resolvent density,

2

/0 P (e, =)un ()dpu(2) — / Py, 2)us (2)dp(2)
< / (Ph(z,2) — Ph(y, 2))” ud(2)du(2)

< sup (i2(2) / (PY(z,2) — FY(y.2))’ du(2)

z€[0,1]

— sup (ul(2)) lim / (S (/2 — f2) ()" du(2)

z€[0,1]
< sup (u(:)) Cs Jim [ [ At - e
— f2(22))dp(z1)dp(22)
= sw (u3(2)) Cs (ph(x,x) — 20} (2, ) + P (¥, v))
< 2L,Cq s%pl] (ui(2)) |z —yl. (77)

For i € N and = € (a;, b;), recall that we evaluate the Dz—representative of ¢? for
each £ € N. We thus have

xrT — Q

ﬂb<x,y>:ab<ai,y>+( )(Pb(bz,m Pasy)) s y e 0.1

b, — a;
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and therefore
ult.o) = [ ' Phs 2 () (2)
- /01 (Ptb(az-,y) + (Z - az’) (B (b, ) — Rb(ai7y))) wy(2)du(2)

[ 7

r — a;

= vy(t, @) + ( ) (0a(t, b)) — va(t, 7)) -

bi——ai

Hence, for all t € [0,T], x,y € [0, 1]

[0a(t, ) — va(t, )| < 2L:Cy Sl[lp] (ui(2)) |z —yl.
z€[0,1

To deal with v, for k > 2, we set )y = \/A{ug;.. Then, for t € [0,T], z € [0,1],

CNug(z) = uéVJ + ZCOS ( )\,ngt) uévkcpkN(x)
k>2

N ZCOS< )\]’“Vt> N N

= U, + — = Uk Pk

k>2 VAR

1
It holds °,., Uy yer € D <(—AZ) 2). We can now proceed in the same way as in

the proof for vy. For Dirichlet boundary conditions, the proof works similarly.

For the temporal estimate, let s,¢ € [0,T] with s < ¢t and = € [0, 1]. Then, there

is a constant C], > 0 such that

(S = 5Y) w ()]
< (t = 8)|ur| + g ‘Sm <\/Et>w_;n WES)) ot ()|

© [2A (Wt— )x{fS)

EDIEDS _
k=2 Ak

urspr ()]

<O Y KT A (\t - s|k%*%> .
k=2
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Recall that v6 < 1. We have

1 1 1
+1<———+1<1—2—§O. (78)

6 1
2 v 2y v o

We can thus choose a = g — =4+ 1landb:= % — % + 1 in Lemma 5.7 to get

1
7
(SN = SN) ur ()] < CloCalt — 5|~ EFOMAL,

By similar methods, there is a constant C7, > 0 such that

[(CN = CY)ug(a)| < Clo D k7 A <|s _ t\;ﬁ*%) 7

k=2

which leads to
[(CF = CY) ug()| < CfpCaplt — 5| EHIMAL

The calculation for Dirichlet boundary conditions can be done in the same way. [J

The estimates for v; are more complicated to derive.

Proposition 5.9: Assume Condition 5.2 with ¢ > 2. Then, there exists a constant
Ci1 > 0 such that for all vy € Sy it holds that vy is well-defined, predictable and
for all s,t €10, T], z,y € [0,1],

E (i (t, z) — vi(t,9)]7] < C1i (1 + [|volllr) |2 — yI2,

log vimin ) -1

E[[vi(s,2) — vi(t, 2)|7] < Cuu (1 + Jwollf7) [s — el

Proof. For fixed x € [0,1], (t,y) — P}(x,y) is measurable and deterministic and
thus predictable. Further, f and vy are predictable, according to the assumption.
Consequently, the integrand in (74) is predictable. By Hypothesis 5.2, for (¢,z) €
[0,T] x [0,1], ¢ = 2,

Lt vo(t, 2))|7 < 2070 M) + 297 L [ug (£, 2) |, (t,2) € [0,T] x [0,1]  (79)
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and thus

e[ [ [ P st ) autoyis]

t 1
<2 sup || M(5)|[32q + 2L IIUOH;,T/O /O P} (z,y)*dp(y)ds

s€[0,T7]

1
<2 sup M) + 2Tl swp [ PPty
s€[0,T] (s,2)€[0,T]x[0,1] J0

which is uniformly bounded for (¢,z) € [0,7] x [0, 1], due to Lemma 5.6. Conse-
quently, vy (¢, x) is well-defined.

Spatial estimate: Let t € [0,T), z,y € [0,1]. Using (79), the Burkholder-Davis-

Gundy inequality and Minkowski’s integral inequality, there exists C'(q) > 0 such
that

E[Jor(t, x) = vi(t, y)|"]

{/ / (P(@,2) = P y(y,2)) f(s,v0(s, 2))& (s, 2)dp(z)ds

q

| IS

ok

<¢4a@—ﬂgm@fﬂawu@ﬂmmw

|

(P, 2) = P (v, Z))2 (E[|£(s,vo(s, 2))|]) 7 du(2)ds

NS

< 2171C(q) (|27 + Llvo|27) ) — P(y, 2)) du(z)ds| . (80)

We proceed by estimating the integral term in (80). As in (77), we get
/ / — Pb(y, ))2 dp(2)ds < 2T L Cs|z — y|ds
and thus

E[ji(t, 2) —wi(t, )] < 27 ' TEC(q) (L0)? (1M 7 + Lolooll8r) |7 — w12,

This proves the spatial estimate.

97



Temporal estimate: We adapt ideas from [43, Proposition 4.3]. Let s,t € [0, 7]
with s <t and = € K be fixed. As before, we get

[ [ (81)

— P (2, )10, (w) dp(y)du

Eflor(t, 2) = vi(s, 2)[1]

< 217°C(q) (IMI3 7 + Lol )

[S]N<}

We split the above integral into its parts [0, s] and (s, ] and consider the first part.
Let n € N. By Lemma 5.5 and the triangle inequality for u € [0, s],

</01 (Plulay) = Plu(e,y) du(?ﬂ) |
_ (/o1 (St = S*) f2 )’ du(y))

< ([ e -2 o - (s - st) fﬁ(y))2du(y))

2
1
2

1
2

(
< (/01 (St-ufi(y) —Pfu(fv,y)fdu(y))
+

(/o1 (Se_ufily) = Pf_“(aj’y))Qdu(y));

and by resorting and squaring,
! 2
/ (Pru(z,y) = Ply(2,y))" duly)
0
1
x 2 n
<2 / ((St-u = o) fr () duly) + 8Csr
0
Hence, by integration,
s 1 9
/ / (Pu(z,y) = Py (2.y))” du(y)du
0

0
s 1
<2 [ [ (St = S1) J ) du(y)du + 8Cusri
0 0
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We consider the integral term on the right-hand side of the previous inequality.

Applying Lemma 5.3,

// F2(y) = St 2 () d du—/H L= St £ du

< T f3l (= 9)*

We turn to the second part and get in the same way as before,

/ / ) du(y)du
<2// ) dpnly) + 2057 du
_2// F2())” dply)du + 2Cs(t — s)r™ ..

Again, we give an upper bound for the integral term. By Lemma 5.3,

[ st azla= [t st gzl
<5212 [ =

1 ,
IR
Further, by (54),

foH < T_dH fndHV—n

min max min

Consequently, there exist C' > 0 and C” > 0 such that for all s,¢t € [0,T], = € K,
neN

t 1
/ / (Ptbfu(:a y Psb u<x7 y)]l[o,s} (U))2 d:u(y)du S C<t - ) rmZgHymm + Cl glax
0 0

< C( ) ndHV + C// n

max min max ?

where C” = max {C”, C(t—s)? (d 4 L8 Vmin ) } In order to find the minimum in

log rmax

n, we define

log vimin

f(y) = C(t — S)2eylog<ﬁ>(dﬁ’+1ogrmdx) + C//eflog(ﬁ)y.
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By differentiating,

F(y) = C(t — 5" log (

— C"log <

> (dH N M) o1o8( ) (o femin)

log(Tmax)

Tmax

) 67 log( Trnlax )y

Tmax

and by setting zero,

1on(spi) (ot 1)

Tmax log(Tmax)
c” log (T 1 > ok
- lo, Vmin - lo, Vmin '
Ot —s)1og (1) (du + et ) Ot — ) (dn + 2lient )
By logarithmising we obtain
1 1 min c”
ylog< )(dH%—%%—l):log ——
T'max Og("max _ 208(Vmin )
g C(t — s)2 (dH + 1og<rmax)>

Solving this equation for y yields

]' O//
v log 7
log( 1>(dH+M+1> C(t_5)2(dH+w>

Tmax log(rrrlax) log(rmax)

which we denote by 1y. This value does not need to be an integer, but there is an
integer n such that n € [yo,yo + 1). It is elementary to see that yo is the unique
minimum on R. Hence, f is increasing on [yo, 00). It follows that there exists C"” > 0
such that

/o /0 (PY (@, y) — Pr_ (@, 9)Lpq(w)” du(y)du < f (o +1).
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We calculate

f(yo+1)
IOg( . o log (Vinin) ) log(Vimin)
log (Vmin) Cl-e) (dHJr log(Tmax)) 2H+ Tog(rmax)

1 )(dH+log(rmax))( 1 ) log(ﬁ) dH+1+112§(<:$;§‘())

=C(t —s)?

Tmax Tmax

1 ( C//
og
log (v ))
—s)2 OB\ Pmin)
Ct=9) (dH+ log(Tmax) —1

1 log _1 d log(Ymin)
1 o Tmax H 1 og(r
_I._ C r ax ( ( ) log(Tmax)

max
i i)
og(rmax
log(Vimin) log (Vi)
9 1 (dH+log(Tmax)> O” dg+1+ log(rmax)
=C(t—s) -
T 2 Og(Vmin
max C(t - S) (dH + log(""max)>
TOg(’/min)
1" C” dgtit log(rmax)
+ C'rimax T~
_ 52 log(Vmin)
C(t S) (dH _'_ log(rmax))

2
log(Vpmin)

= CO"(t — 5) " Tostrmax) |

The case z € [0,1] \ K follows as before by using the linearity of ¢! on [a;, b;] for
ik> 1. 0

Corollary 5.10: Assume Condition 5.2 with ¢ > 2 and let vo € S;p. Then, v;, © =
1,2,3, defined as in (74)-(76), are elements of Sy 1.

Proof. By setting s = 0 in Proposition 5.8 and Proposition 5.9, we obtain [|v;[[, ,» <
oo, i = 1,2,3. We need to show that v; is predictable. For n € N, (t,z) €
[0,7] x [0, 1], let

2" —1 . .
n ) ¢ J
v (t,x) = E Uy <2—nT, 2—n) ]].(%T7i2~&:anj| (t)]l(%j;}](x).

,7=0

Evidently, [vf[|, s < oo. To prove that 7 is predictable, we show that v] is the S, 7-
limit of a sequence of simple processes. To this end, for N > 1, (¢,z) € [0,T] x [0, 1],
let

PN (t, ) = ((=N)Vol(t,z)) AN, tel0,T], z<€[0,1].
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This defines a simple process as ((—N) V g (Q%T, ;—n)) A N is ]—";-%—measurable and
bounded for 0 < 4,5 < 2"~!. Further, it converges in S, 1 to v as N — oo. Indeed,

we have

. n N
]\}1_{20 U1 (t,l’) Uy (t’x)Hq,T
pi, i i
< 1 +( A +( J
< e X () - (0 ) ),
4,7=0 q,
i g (i
—((=N) Vv 7 L
ol (ra) - (0w (330)],
pits i i
I + o o + [ = J
_Nhfioz 1 <2n ’2n> (Ul (Q”T’ 2"> /\N)
4,7=0 La(2)
i g (i
7.2 ) = ((=N) Vv —71, L
+ ||vg (2n 72”) <( ) Vo <2n 72n>) o)
:O’

where the last equation follows by the monotone convergence theorem. We conclude
that v} is predictable for n € N. By Proposition 5.9,

|1 — v’qu,T < sup sup |lvi(s,z) — Ul(t;y)HLQ(Q)
ls—t|<L |z—y|<i

< sup sup
|S*t‘<% $€[071}

|U1(sa .QC) - Ul(tv x)HLq(Q)

+ sup  sup |jvi(t, ) — o1t y)|l oo

t€[0,1] |z—y\<%

< (Cu (L + Tloollgr))

Q=

VRS
S

N———

Hence, vy is predictable. The predictability of vy and wvs follows from the fact that
they are measurable and deterministic. O]

Theorem 5.11: Assume Condition 5.2 with ¢ > 2. Then the SPDE (71) has a
unique mild solution in S, 1.

Proof. Uniqueness: Let u,u € S, 7 be mild solutions to (71). Then v :=u—u € Sy .
Setting G(t) == sup,ep ) E [v*(t,2)], t € [0,T] and using Walsh’s isometry yields for
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(t,2) € [0,T] x [0,1]

E [v(t,2)*] =

(f [ o st = etey €(S,y)du(y)d3>2]

—E [ / t / P (e)? (s (o) — f (s, )P du(y)ds}

<[ [ [ Bt ]
< </Ot Zsel[lo%E [v%(s,2)] /1 Ptb_s(x,y)gdu(y)d8>

< LT sup HPb H / sup E [v?(s,2)] ds
€[0T z€[0,1]
< L’T sup HPb H / G(s)ds
€[0,7] " Jo
and thus
, [t
G(t) < L*T sup ||[P(z,)|| / G(s)ds
t€[0,7] " Jo
Since G is continuous on [0,7] (by Proposition 5.9 with vy = v), we can apply

Gronwall’s lemma to derive G(s) = 0 for s € [0,7]. Therefore, u(t,z) = u(t, z)
almost surely for every (¢,x) € [0,7] x [0, 1].

Ezistence: We follow the methods in the proof of [41, Theorem 7.5] and use
Picard iteration to find a solution. For that, let uy = 0 € S, and for n > 2,
(t,xz) € 10,7 x [0,1],

Unt1(t, z) = Cyug(x) + Spui(x)

b (82)
/ / P (@, y) f(s,un(s,y))E(s, y)du(y)ds.

Proposition 5.8 and Proposition 5.9 imply that u,, € S, for each n > 3. We prove
that (uy),>2 is a Cauchy sequence in S, 7. Let n > 2, (t,z) € [0,T] x [0, 1] and let
Wy, = Up+1 — Uy € Sy r. Using the Burkholder-Davis-Gundy inequality, the Lipschitz
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property of f as well as Minkowski’s integral inequality leads to

Hwn—i—l t I

_ﬂ//wﬁy F (5,1 (5,9)) — £ (5, un(s. ) €5, y)du(y)ds

q

| IS |

NS

oﬂﬂwW@mmW—mM@wWWW

Lq(AiAIRiJ%yV(EHwA&yMﬂﬁduwﬁﬁ)z

< Clg)L® sup ||P(z,-)|" (/O sup (E [|wn(s,y)|q])§d3)

|

t 1
C(q)L'E P (z,y)*wi(s,y)dp(y)ds
0

q

2
s€[0,T7] y€[0,1]

Let n > 2 and H,(t) = sup,¢p 1) (E [Jwn(t, m)|‘1])§ Then, there is a constant &, such
that |H,(t)| < &, for all t € [0,T]. By Lemma 5.6, for (t,z) € [0,T] x [0, 1],

(E [Jwnar (1,2)[])F < C(g)F Mﬁw/ﬂ

tel0, T
and thus
mm%ﬂﬁ%w/ﬂ

tel0,T

With k = C(q)gLQCg, we see that Hs(t) < kkot and deduce inductively

n > 1.

The series ), o, H
the ratio test using that \/ H““ § \/ n”—Jfl for n > 2. We conclude

2( ) is uniformly convergent on [0, 7], which can be verified by

1
sup Hz(t) — 0, n — oo,
te[0,7

which implies the same for |lw,||,,. Hence, (u,)n>2 is a Cauchy sequence in S, r
and we denote the limit by u. To check that u satisfies (72), let (¢, ) € [0,7] x [0, 1]
be fixed and take the limit in L?(2) for n — oo on both sides of (82). We get u(t, z)
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on the left-hand side. For the right-hand side, note that
]

?|

< et ([ [ 2w @ uts.) — o)) dutos)

/O / P (a,y) (F(s, u(s,)) — F (5 wn(5,9))) E(s,y)dpy)ds

which goes to zero as n tends to infinity with the same argumentation as before. [

Propositions 5.8 and 5.9 provide different temporal Holder exponents, so they need

to be compared. Recall that 6 = max;—1 bgé(()ﬁ—ﬁf)w) and vy = ming_;  y .
'

Lemma 5.12: We have

1 min -
(dH+1+ ke ) <2 (24 8).
log rmax

Proof. We calculate

min;— log 1; — lo rdu
1,..., N glL(/ g (A _(1_dH)+2

max;—; .y logr;

log p; — log ri#
— —(1—d 2
z:HllaXN log r; ( )+

log p1; — logr; + (1 — dg) log
— max oM T 08T * n) logr —(1—dy)+2
i=1,..,N log r;

log 11; — log 7,
i=1,..,N log r;

It follows

IN

lo Vmin -
Cm+1+ & )

log p; — log r; -
( max 084 —logri 2>
log rmax

i=1,....N log r;
log p; — log r; -
. (M—g . 2)
= log r;
. log r;
= min ————
i=1,...N log u; + logr;
. log pu;
= mn |(1——"F—7——
i=1,..,N log 1; + log r;

log pu;
=1-— max ——————
i=1,...N log u; + log r;
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Hmin

Figure 7: Temporal Holder exponent graph for the stochastic wave equation

and since v < L

N

log Vimin
log rmax

-1
<dH—|—1+ ) < (1 —78) <2—2y—~0. ]

Using this lemma and the established Holder continuity properties, the main result

of this chapter is a direct consequence of Kolmogorov’s continuity theorem.

Theorem 5.13: Assume Condition 5.2 with ¢ > 2. Then, the mild solution u to
the SPDE (71) has a version u such that the following holds:

(i) If ¢ > 2 and t € [0,T), u(t,-) is ess. 3 — %—Hé'lder continuous on [0, 1].

-1
(i) If g > 2V (dH +1+ bg”"‘m) and x € [0, 1], u(-, z) is ess. <dH +14+ log"mm>

logr log rmax

—E-Holder continuous on [0, 7).

-1
(iii) If ¢ >4V (2 (dH+1+ llggmm»; T is ess. ((dH+ 14 llgg:mm> A %) -2
Hélder continuous on [0,T] x [0, 1].

Proof. Using Propositions 5.8 and 5.9 and Lemma 5.12, this can be proven in the

same way as Theorem 4.16. [

Example 5.14: If i is not the natural measure on K, then v,;, # 0. As an example,
consider the classical Cantor set given by the IFS consisting of S1(z) = §, S2(z) =
%4— 2, v € [0,1] with weights 11, o € (0,1). If g, uy and f satisfy Assumption 5.2

and f is uniformly bounded, ¢ can be chosen arbitrarily large. We obtain

-1 —1 —1
log me) _ <log2 1 log fimin —|—10g2> _ (1 B log,umm)

d 1
( oL log rmax log 3 log 3 log 3

for the essential temporal Holder exponent. Figure 7 shows the corresponding graph.
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5.4 Weak intermittency

Let b € {N, D}. We consider

ult,z) = Clug(z) + / / P2 (2, y)f(s,uls, 9)ECs, )dp(y)ds  (83)

for (¢,z) € [0,00) x [0,1]. Recall that the upper moment Lyapounov exponents are
defined by

1
Y(p, ) = limsup — log E [Ju(t,2)["], p € (0,00), = € [0,1].

t—o0 t

Let € > 0. According to [13], we call u weakly intermittent on [¢,1 — ¢] if
:Y(27x>>07 ’_}/(p,$)<00, p€[2700)7 T € [671_8]'

Henceforth, we make additional assumptions.

Assumption 5.15: We assume that Condition 5.2(i) holds. Furthermore, we as-
sume that f is predictable and fulfills the following Lipschitz and linear growth con-
dition: There exists a constant L > 0 such that for all (w,t,z,y) € Q x [0,T] x R?

|f(w,t,x) - f(wat7y)| < L|‘T - y|7
|flw,t,z)| < L(L+ [z).

First, we establish an upper bound.

Proposition 5.16: There exist constants Cio,C13 > 0 such that for all p € [1,¢],
(t,x) € [0,00) x [0,1]
E [Ju(t, z)"] < ChpeC™,

Proof. vs is uniformly bounded on [0, 00) x [0, 1]. This can be verified by the same
methods as in the proof of Proposition 5.8. For example, for b = D and (t,z) €
[0,00) x [0, 1],

CPug(z) =

Zcos ( /\th> or (x)ufy
k=1

0o 00

s _1 o_ 1

< E 0206]62/{? v :CQOG E k2 v,
k=1 k=1

where the sum is finite due to g—% < 0 (see (78)). Hence, there is a constant K > 0

such that sup, ,ep0.00)x[0.1] [V3(t, )| = K. Now, let p € [2,q]. By the Burkholder-
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Davis-Gundy inequality and Minkowski’s integral inequality, for (t,z) € [0,00) X
[0, 1]

e~ (E [Ju(t, 2)|"])¥ |
oo o] i}

vt t / B () (B [|f(s, (s, )P dn)is)

e P (z,y) f(s,u(s,y))E (s, y)du(y)ds

N

1
2

z€[0,1]

<ot a( [ [ emnt oy (14 @) o

and further, by Lemma 5.6,

=

[ [ eent e s (e‘“+e—“<E[|u<s,z>>|p1> ) duty)as

z€[0,1]

sup (e*as—l—e*a (E [|u(s, 2) % / / “2alt=)pb (z,y)2du(y)ds
[0,1]

(s z)€[0,T]x

g<1+ sup e—as<E[|u<s,z>>|P1>i> a2 / 2000 g
(s,2) 0

2)€[0,7]x[0,1]

,2)€[0,T]x[0,1]

C(92 —as 1 2
< =1+ sup e (Eflu(s, 2))[F])» | -
2a (s,2)

Let a == 8CZL*p. Then, LZ\/*/Q%CQ = 1 and thus

(E H“(tvx”p])% <K + e = 2] + 8057t

It remains to check the case p € [1,2). For (t,z) € [0,00) x [0,1] and p € [1,2), w

have

(E [|u(t,x)]p])% < (E [lu(t,a;)ﬂ)ﬁ < 2K + e 16C3 L% < 2K + p16C3L7pt 0

We immediately obtain for p > 1

1 log C
3(p) = limsup — sup logE [|u(t, z)[’] < limsup Ogt 2 4 Opp? = Cp?.

t—o0 z€[0,1] t—o00
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For the lower bound, we deal with

ult.a) = Chuo) + | t [ P s s it (5

for (t,z) € [0,00) x [0,1]. That is, we let u; = 0 and f be not time-dependent in

(71). We assume the following conditions.

Assumption 5.17: Let Condition 5.2(i) hold. Furthermore, let f : R — R satisfy
the following Lipschitz and linear growth conditions: There exists L > 0 such that
for all (x,y) € R?

|f(x) = f(y)| < Llz -y,
|f(x)] < L(1 + |z).

f (=)

X

Proposition 5.18: Assume Ly = inf > 0.

2€R\{0}

(i) Let b = N and inf,cpoq)uo(x) > 0. Then, there exists a constant k > 0 such
that %(2,z) > K for all x € [0, 1].

(ii) Let b = D, € > 0 and inf,cp1-quo(x) > 0. Then, there exists a constant
ke > 0 such that ¥(2,2) > k. for all x € [e,1 — ¢].

Proof. Let € > 0, infyec1-quo(x) > 0, x € [e,1 — €. It suffices to find a constant
Be > 0 such that

/00 e PR [u(t,z)?] dt = 0o forall B <, (85)
0

(compare the proof of [13, Theorem 3.2]). Using Walsh’s isometry and the zero-mean
property of the stochastic integral yields for ¢ € [0, 00)

E [u(t,)?] dt = vs(t, )% + / / P (2,y)°E [f(u(s,1))?] du(y)ds
Fo(t,2)E [ [ [ st e pinas
(P + [ [ PR ()] dulo)ds
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and thus, by Laplace transformation for 5 > 0,

/OO e P'E [u(t,x)?] dt = /00 e Plug(t, x)%dt
0 o oo
<[ [ R e PR [t dutwhasar
In order to bound the first term on the right-hand side from below, note that
v3(0,2) = up(x) > infyer1-guo(y) > 0. By Proposition 5.8, v is Holder con-
tinuous in ¢ uniformly for all € [0,1]. We thus obtain the existence of a constant

to > 0 such that vs(t,z) > %, (t,x) € [0,t0] x [e,1 —¢]. Let Kz = g Then, for

27 168"
z€le,1—¢
/ e PR [u(t,z)?] dt
’ oo t 1
> Kot 1y [ [P 0B [u(s,)) dutw)dsde
0 0 Jo

and for (¢,y) € [0,00) X [¢,1 — €] with P’(z,y) : [0,00) = R, t — P}(z,y),

Afhmwﬁwwwﬂﬁ—@%wHEMwﬂﬂm

where * denotes the time convolution. It holds Ls(f x g) = Lsf - Lsg, where L

denotes the Laplace transformation. Hence,

[T [ R s, ) duntasa
_ /0 1 /0 e /0 "PE () E [u(s, y)?] dsdtdu(y)
= [ [T e [ e a0 dsint).

Let Mg(x) = [;° e PE[u(s, )] ds. Then,

Ms(z) > K+ L?/O /OOO e P (,y)* Mg(y)dtdu(y). (86)
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If b= N, we set € := 0 and have for all (¢,x) € [0,00) x [0, 1]

L2
) sin ( Agt)

1PN (2, )| = #2 *ZT (M) (@)

and thus

e PN )|t

0 1
/ / e‘BtPtN(x,y)QKﬁdu(y)dtzKﬁ/
0 0 0
> Kz / e PHRdt
0

=2K3873.

By iterating this in (86), we obtain for all z € [0, 1]

Mp(x) > Kg ) (2L567%)"
n=0

This sum diverges if and only if § < @ QL}, which verifies (85).
Now, let b = D, e > 0 and ¢ = infyep1-q 97 (2)%. As pP(z) # 0, z € (0,1)

(see [29, Proposition 2.5]), we have ¢ > 0. Then,
o) 1 0o o0 SiIl2 ( )\th>
_ _ V 2
/ / e P PP (a,y)* Kpdp(y)dt > Kﬁ/ e )\—D( v) (x)dt
o Jo 0 k=1 k

00 sin? APt
> KB/O e_ﬁtM (¥D) (x)dt

AY

AP
Kad 00 B4
= b P sin?(¢)dt
(AMP)z Jo
Kod 2
B¢ >0
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By iterating this in (86) we obtain

3
00 ) / /\D ) L2
Mﬁ(x)ZKﬁ7EZ ¢ ( 1) f

() ~1(5)

Let f = \/BA_D The above sum is equal to oo for all 8 such that 3° + 43 <
_3
2¢ (AP) 2 L3. This verifies (85). O

We directly obtain the main result of this section.
Corollary 5.19: Let Ly > 0 and let u be given by (84).
(i) Let b= N and inf,cpq1)uo(x) > 0. Then, u is weakly intermittent on [0,1].

(ii) Let b = D, € > 0, infyec1-quo(x) > 0. Then, u is weakly intermittent on
[e,1—¢].
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A Some Technical Details

Let p be an atomless Borel probability measure on [0, 1] such that 0,1 € supp(u)
and let K = supp(u) # [0,1]. Recall that [0,1] \ K = ;= (ai, b;) (see (18)),

D' = {f:[0,1] =+ R there exists /' € L ([0,1], ') :

fa) =10+ [ 7wy, v 0]}

and that F is defined to be the space of all L?([0, 1], u)-equivalence classes possessing

a Dl-representative.

Lemma A.1: Let f € F. Then, there exists a unique continuous representative g

in the equivalence class of f such that g is for i > 1 linear on [a;,b;] and g € D'.

Proof. The uniqueness is clear. For the proof of existence, let f be a D'-representative
of f. We define a function h : [0,1] — R by

F(z) ifrekK,
h(z)=9" .
W if v € (ai,b;), i >1

and g : [0,1] — R by i
o) = FO + [ Wiy, = < 0.1

For i > 1, g is obviously linear on [a;, b;]. Further, let z € K and J, :={i > 1:b; <
x}. Then, for z € K,

For z € K, it follows that g(x) = f(z). It remains to show that h € L? ([0, 1], A!).
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By the Cauchy-Schwarz inequality, we have for a,b € [0, 1]

We conclude

ieN
b;
< [ F@) s [ (@) i
ieN Y i K
1
:/ (_’(x))de,
0
which is finite due to f € D O

Lemma A.2: Let b€ {N,D}, ¢ : L*([0,1], u) = L*(K, u), u + ul, and
A(u) = vy, D(AL) =w (D (A)).
Then,

(i) (AZ,D <§Z>> 18 self-adjoint and dissipative. In particular, ﬁz 1s the gen-

erator of a unique strongly continuous semigroup <ﬁb> . Further, u is an
>0

eigenfunction ofﬁz for the eigenvalue X if and only if ~1u is an eigenfunction

of AZ for the eigenvalue .

(i) € (W,0) = EQW U, v~0), 0,0 € F = (F) defines a Dirichlet form, which
is associated to ﬁﬁf and g(ﬁ, v),u,v € ]?0 = (Fo) defines a Dirichlet form

associated to 55

Proof. (i) First, we show that AZ is self-adjoint. We denote the inner product on
L*(K, p) also by (-,-),. Let w € D (32) and u = ¢~'u. D (Al) is dense in
L*([0,1], 4). Therefore, for any u € L?([0,1], u), there is a sequence (uy,)nen
with u, € D (A%), n € N such that |u, — ul[,, — 0 for n — oco. Because of
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lun —ull, = |Yu, — |, for all n € N and Yu, € D (KZ) , D (ﬁi) is dense
in L?(K, ).

Now, let u,v € D (ZZ) and u = ¢ ~'u, v = 0. It is straight forward
to check that v — (u,Abv) is a linear continuous mapping on D (A?) if
and only if v — <ﬂ, Ei’ﬁ?> is linear and continuous on D (ﬁi), which yields

D (ZZ) =D <(£z>*> Further, for all u,v € D (gii)

<Ega, '17>M = (ALY pu, o)
= (YA, Yv),
= (Au,v),
= (u, Ajv),
= (yu, p ALY o)
~ (@ Ef@#.

The self-adjointness of A follows. The dissipativity of KZ implies the dissi-
pativity of AZ since
b ~ b
<Auu,u># = <Auu,u>u <0.

The self-adjointness along with the dissipativity implies that Ez generates a
strongly continuous semigroup (Ttb>t>o (see [48, Theorem B.2.2|). It remains
to verify the statement about eigenvalues and eigenfunctions of AZ. For that,
let \<0,ueD (AZ) The bijectivity of ¢ implies that (AZ — )\) u =0 if and
only if 1 (AZ — )\) u = 0. The results about eigenvalues and eigenfunctions

follow.

Again, let w,0 € D (ﬁﬁ’) and u = 1%, v = ~10. The density of F in
L*(K, j1) can be checked exactly like the density of D (ﬁff) in L2([0, 1], u).

Further, it is obvious that & defines a positive definite, symmetric bilinear
form. We verify that, with o > 0 and &, (@,7) = € (4, 7) + o (T, 0) s (f, §a>

is a Hilbert space. Note that &, (@,7) = Eal(u, v), which implies that &,
defines an inner product. Now, let (u,),.y be a Cauchy sequence in F. Then,

u, = Y ', n € Nis a Cauchy sequence in F with limit, say u. Since
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[ — Yull, = [Jun —ul|, for all n, Yu is the limit of (), oy in F. For the

Markov property, we calculate
EOVIAD =EOVuAL) <Em)=E@).

To verify that Aﬁl is associated to &. , we apply the correspondence between
Aﬁ/ and & to get

— <£ﬁfﬂ,5>u = —<Afju,v>u = E(u,v) =€ (W,7).

The case b = D works similarly.

B Directions for Further Research

Remark B.1: Consider the heat equation (9) with initial value given by the Delta
distribution 9, : g — g(y) for y € supp(p). Then, the heat kernel

i y) =D el (@)eh(y), (t,x) € [0,00) x [0,1]

k>1

solves the equation in the distributional sense. The heat kernel is of particular
importance in the context of the associated Markov process (compare the remark
below) and stochastic partial differential equations (compare Section 4). It is an
open question whether weak measure convergence implies convergence of the corre-

sponding heat kernels in an appropriate sense.

Remark B.2: The operator AZ on L*([0,1], 1) is the infinitesimal generator of a
Markov process, called a quasi-diffusion (compare e.g. [47,53-55]). Convergence
of semigroups raises the question whether the associated Markov processes also
converge weakly. If u,, — p, our results imply that for each f € (C|0, 1])2, t €[0,00)
and each starting point x € [0, 1]

E [ (X2(0)] = Thuf(2) » T2 () =B [ (X’()] . n > ox,

where X? is associated to A’ and X} is associated to A?, . A direct argument extends

this to all continuous functions on [0, 1]. Then, a modification of the corresponding
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proof in [14] gives convergence of all finite-dimensional distributions. The tightness
would be required to establish that X? — X° weakly in the Skorokhod space of

cadlag functions.

Remark B.3: Let u be of full support. Consider the wave equation

2
0“u b

W(t) = AJu(t), tel0,00) (87)

on L?([0,1], u). This hyperbolic equation describes the motion of a vibrating string
with mass distribution p such that, if it is deflected, a tension force drives it back
towards its state of equilibrium. If y were not of full support, the string would have
massless parts. It is not clear how to interpret massless parts of a string. We suppose
that the motion of such a string behaves approximately like the motion of a string
with very little mass on these gaps, analogous to our results about the diffusion of
heat.

Assume that u(0) € D (AZ) and, for reasons of simplicity, that the initial velocity
vanishes. Then, there exists a unique solution to (87) in L*([0, 1], 1) given by u(t) =
CPu(0), t > 0, where (C7) ;>0 denotes the strongly continuous cosine family of A
(compare Section 5.1). We have already shown that p,, — u implies strong resolvent
convergence of the corresponding operators restricted to continuous functions. It
is well-known that this implies convergence of the corresponding cosine families
(C’fn) £50? which implies convergence of the solutions to the corresponding wave
equations, provided that there exist M > 0 and w > 0 such that for all n > 1,
t>0|CP,| < Me" (see [39]). Proving that the restriction of C} to (C0,1])% for
t > 0 is the cosine family of AZ (and analogously for u,) and verifying the above
estimate would be a way to establish the desired convergence of solutions to the

wave equations.

Remark B.4: We have shown that under some regularity conditions, the mild

solution to a stochastic heat equation given by (68) satisfies the upper moment
bound 1
L —
(B [Jut, 2)["]) < (2 ol + 1) O,

for a constant Cy > 0. We conjecture that there are constants Ci3,C14 > 0 such
that for all (¢,z) € [0,00) % [0,1], p > 1 we have

1
(B [Jut, z)"])7 > Cyaer ",
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where we probably have to assume further regularity conditions, as f(¢t,z) = 0, g(t,z) =
z, up(xz) =1, (t,x) € [0,00) x [0, 1], which leads to the so-called parabolic Anderson
model. Comparable results are known for the parabolic Anderson model defined by
the standard Laplacian (compare e.g. |3, Theorem 2.6]). The proof relies on the fact
that the moments of the mild solution can be expressed in terms of the local times of
Brownian motion. We suppose that a generalization of this concept to Cantor-like

sets would lead to the desired lower moment bound.

Treating the same problem for the stochastic wave equation is probably even more
difficult as there is no such lower bound known for the stochastic wave equation
defined by the standard one-dimensional Laplacian, according to the knowledge of
the author.

Remark B.5: The investigation of stochastic heat and wave equations raises the
question of further stochastic PDEs defined by AZ, such as the stochastic Burgers
equation

(t,x) = Abu(t,x) + f(t, u(t,z)) — u(t, x)%u(t, z)+ (L, x). (88)

p
for (t,z) € [0,T] x [0, 1]. It is known (see e.g. [4]) that, assuming sufficient regularity
and appropriate initial data, the mild solution to (88) for u = A! possesses a version
that is essentially %—Hb'lder continuous in space and essentially %—Hblder continuous
in time, which coincides with our results concerning the regularity of the stochastic
heat equation. This suggests the assumption that one could establish the same
Holder exponents for the mild solution to (88) as for the stochastic heat equation
defined by AZ. However, as the proof in [4] makes use of stochastic calculus, it seems

that our results are not trivially generalizable to this equation.
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