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Deutsche Zusammenfassung

Die Modellierung und Simulation von Strömungsprozessen in technischen, geologischen
und biologischen Systemen stellt Forscher aus dem Bereich der Ingenieurswissenschaften,
Mathematik, Physik und Informatik vor große Herausforderungen. Dies liegt zum einen
darin begründet, dass die mathematischen Gleichungen oftmals nichtlinear sind. Des Weit-
eren genügt es für interessante Anwendungsfälle nicht nur ein einzelnes mathematisches
Modell oder eine bestimmte numerische Methode zu verwenden. Um eine realistische
Beschreibung der jeweiligen Problemstellung zu ermöglichen, ist es oftmals von Nöten ver-
schiedenartige Modelle miteinander zu koppeln oder neben den reinen Strömungsvorgängen
weitere physikalische Prozesse mit in Betracht zu ziehen. Hinsichtlich der Aufbereitung,
Visualisierung und Verwaltung der Simulationsdaten steht man häufig vor dem Problem,
dass große Datenmengen anfallen, welche nicht mehr auf gewöhnlichen Rechnern gespe-
ichert werden können oder lange Simulationszeiten verursachen können. Diese Beobach-
tungen motivieren den Einsatz von Modellreduktionstechniken, welche darauf abzielen kom-
plexe mathematische Modelle durch vereinfachte Modelle zu ersetzen. In dieser Habilita-
tionschrift werden verschiedene Modellreduktionstechniken präsentiert, die eine effiziente
Beschreibung von Strömungsprozessen erlauben ohne an Genauigkeit bezüglich physikalis-
cher Größen, welche für das jeweilige Anwendungsgebiet interessant sind, einzubüßen. Ins-
gesamt lassen sich die betrachteten Modellreduktionstechniken in vier Kategorien einteilen:
Dimensionsreduzierte Modellierung, Homogenisierungsmethoden, Gebietszerlegungsmeth-
oden und datenbasiertes Lernen. Um deren Einsatzmöglichkeiten im Zusammenhang
mit Strömungsprozessen darlegen zu können, betrachten wir in der vorliegenden Ar-
beit vier verschiedene Strömungsprozesse, die in der Medizin, Energieversorgung und
Umweltwissenschaften eine wichtige Rolle spielen. Dies sind im Einzelnen: Blutströmung in
großen Arterien und mikrovaskularen Systemen, Öltransport in Rohrleitungen sowie die In-
jektion von Flüssigkeiten in poröse Medien. Bei genauerer Betrachtung lassen sich unter den
aufgezählten Strömungsprozessen verschiedene Größenskalen und Strömungseigenschaften
identifizieren. Während die Strömungen in den großen Arterien und Rohrleitungssyste-
men höhere Reynoldszahlen aufweisen und sich durch großskalige Hohlräume bewegen,
beobachtet man bei Strömungen in mikrovaskularen Netzwerken und porösen Medien kleine
Reynoldszahlen und kleinskalige Hohlräume. Im Falle der großen Arterien und Röhrensys-
teme haben die Gefäße und die Röhren Durchmesser im Bereich von Zentimetern und Me-
tern. Im Gegensatz dazu weisen Gefäße in einem mikrovaskularen Netzwerk Durchmesser
im Bereich von Mikrometern auf. Poren und Porenhälse in einem Gestein oder Gewebe
weisen sogar noch kleinere Abmessungen auf. Diese Unterschiede motivieren die Behand-
lung der Strömungsprozesse in verschiedenen Teilen, die sich an den Eigenschaften der
jeweiligen Anwendung orientieren. Insgesamt ergeben sich für die Habilitationsschrift die
drei folgenden Teile:

• Teil I: Simulation von Strömungsprozessen in makroskaligen Netzwerken

• Teil II: Simulation von Blutströmung in mikrovaskularen Netzwerken

• Teil III: Simulation von Flüssigkeitsinjektionen in poröse Medien
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Die ersten beiden Teile sind in drei Kapitel untergliedert, während der letzte Teil zwei weit-
ere Kapitel beinhaltet. Jedes der insgesamt acht Kapitel basiert auf bereits veröffentlichten,
eingereichten oder zur Veröffentlichung genehmigten Arbeiten. Mit Ausnahme von Kapitel
4 wurden die eingereichten oder veröffentlichten PDF-Dokumente der einzelnen Publikatio-
nen in die Habilitationsschrift eingebunden. Die Tatsache, dass die Publikation aus Kapitel
4 nicht im Original eingebunden werden konnte, liegt in den Copyright Bestimmungen des
zugehörigen Verlags begründet. Aufgrund der Bestimmungen der Zeitschrift, erstreckt sich
das Copyright des Autors nur auf die Abbildungen und Tabellen dieser Publikation. Ins-
gesamt ergibt sich die folgende Gliederung:

• Teil I: Simulation von Strömungsprozessen in makroskaligen Netzwerken

– Kapitel 2: Numerische Modellierung von Kompensationsmechanismen für pe-
riphäre arterielle Stenosen

– Kapitel 3: Numerische Modellierung einer periphären arteriellen Stenose unter
Benutzung dimensionsreduzierter Modelle und maschinellem Lernen

– Kapitel 4: Simulation von Überspannungsreduktionssystemen unter Benutzung
dimensionsreduzierter Modelle

• Teil II: Simulation von Blutströmung in mikrovaskularen Netzwerken

– Kapitel 5: Lokale Fehlerabschätzung für die Poissongleichung mit einem Linien-
quellterm

– Kapitel 6: Mathematische Modellierung, Analyse und numerische Lösung von
elliptischen Gleichungen zweiter Ordnung mit kleinen Einschlüssen

– Kapitel 7: Hybride Modelle zur Simulation von Blutströmungen in mikrovasku-
laren Netzwerken.

• Teil III: Simulation von Flüssigkeitsinjektionen in poröse Medien

– Kapitel 8: Stabile Ausbreitung von Sättigungsüberschüssen für eine zweiphasige
Strömung in porösen Medien.

– Kapitel 9: Sättigunsfronten in zweiphasigen Strömungen durch poröse Medien:
Effekte von Hysterese und dynamischem Kapillardruck

Im ersten Kapitel wird ein Modell zur Simulation einer peripheren arteriellen Stenose
vorgestellt d.h. einer Stenose die sich weit weg vom Zentrum des Körpers befindet. Ins-
besondere betrachten wir eine Stenose in einer der Hauptarterien des rechten unteren Beins.
Zur Vereinfachung dieser Problemstellung wird die Blutströmung in den 55 Hauptarterien
des menschlichen Körpers mit eindimensionalen (1D) Strömungsmodellen simuliert. Die
Randbedingungen sowie der Einfluss der Stenose werden durch gewöhnliche Differential-
gleichungen beschrieben. Da diese Modelle nur eine Zeitvariable aber keine Raumvariable
besitzen, bezeichnet man sie auch als 0D Modelle. Dieses vereinfachte 1D-0D gekoppelte
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Strömungsmodell wird um Modelle für zwei Ausgleichsmechanismen erweitert. Dazu be-
trachten wir die metabolische Regulierung durch Arteriolen und die Arteriogenese. Sinkt
die Sauerstoffkonzentration in einem Teil des Gewebes, das durch das betroffene Gefäß
versorgt ab, so beobachtet man, dass sich die Querschnittsflächen der Arteriolen, die zwis-
chen den großen Arterien und dem Kapillarbett liegen, vergrößern. Dies bedeutet, dass
sich der Strömungswiderstand der Arteriolen verringert, was dazu führt, dass der Blutfluss
in die betroffene Region erleichtert wird. Die Größe der Querschnittsflächen wird über
Muskeln reguliert, die die Gefäßwände der Arteriolen umgeben. Arteriogenese beschreibt
einen Mechanismus, der ebenfalls eine Vergrößerung der Querschnittsflächen von Gefäßen
beschreibt. Diese Gefäße haben ähnliche Abmessungen wie Arteriolen, befinden sich aber
typischerweise zwischen zwei größeren Arterien und bilden Querverbindungen zwischen zwei
größeren Arterien. Diese Querverbindungen können die Blutströmung um eine Verengung
herumleiten. Die verstärkte Strömung durch diese Gefäße ruft eine erhöhte Schubspan-
nung an den Gefäßwänden hervor. Die Zellen an den Gefäßinnenwänden werden dadurch
aktiviert und leiten ein Signal an die Muskulatur im Inneren der Gefäßwand weiter, welche
sich daraufhin entspannt und dadurch die Querschnittsfläche des Gefäßes erhöht. Messun-
gen zeigen, dass sich die Querschnittsflächen um das 2.5-fache vergrößern können, was eine
erhebliche Absenkung des Strömungswiderstands bedeutet. Das Ziel dieses Kapitels besteht
nun darin die Effizenz der beiden Ausgleichsmechanismen mittels verschiedener Simulatio-
nen zu beurteilen. Dadurch lassen sich die beiden Ausgleichsmechanismen auch getrennt
betrachten, was in einem Tierversuch in der Regel nicht möglich ist. Eine getrennte Simula-
tion der beiden Mechanismen ergibt Aufschlüsse darüber, wie groß der Beitrag eines einzel-
nen Mechanismus zur Wiederherstellung des Blutflusses ist. Es lässt sich beispielsweise
ermitteln, wie viele Querverbindungen notwendig sind, um eine bestmögliche Kompensa-
tion des reduzierten Blutflusses zu erzielen. Zur numerischen Simulation benutzen wir für
die hyperbolischen 1D Strömungsmodelle die Methode der Charakteristiken. Dies ist auf
den ersten Blick überraschend, da dieses Verfahren nur von erster Ordnung in Raum und
Zeit ist. Andererseits lässt sich beweisen, dass dieses Verfahren unbedingt stabil ist, obwohl
es explizit ist. Diese Eigenschaft macht das Verfahren sehr attraktiv, da man nicht dazu
gezwungen wird winzige Zeitschritte ausführen zu müssen. Die niedrige Approximationsor-
dnung, welche zu großen Dissipations- und Dispersionsfehlern führen kann, wird in Kauf
genommen, da das Problem nur eine einzelne Raumdimension besitzt. Denn ein feines Git-
ter in einer einzelnen Raumdimension erzeugt einen beherrschbaren numerischen Aufwand.
Außerdem ist die Charakteristiken-Methode keiner klassischen CFL-Bedingung unterwor-
fen, welche uns bei einer feinen Ortsdiskretisierung zu winzigen Zeitschritten zwingen kann.
Für die Zeitdiskretisierung wählen wir Zeitschritte, die hinreichend klein sind, um die
schnelle konvektionsdominierte Strömung in den großen Arterien genau genug beschreiben
zu können, was dazu führt, dass sich auch der Diskretisierungsfehler in der Zeit in Grenzen
hält.
Um gesicherte Aussagen hinsichtlich dieser Problemstellung treffen zu können, ist es er-

forderlich eine ausreichende Menge an Simulationsdaten zu erzeugen. Dazu ist es notwendig
den Verengungsgrad der Stenose viele Male zu variieren, was zu langen Simulationszeiten
führt. Zur Verkürzung der Simulationszeiten wird zunächst eine Abbildung konstruiert,
die einem bestimmten Stenosegrad eine abgetastete Blutdruck- oder Flußratenkurve in der
Umgebung der Stenose zuweist. Insgesamt ergibt sich sowohl für den Druck als auch die
Flußrate ein Vektor bestehend aus q ∈ N abgetasteten Werten. Unter der Annahme, dass
sich der Stenosegrad nur zwischen 0 und 1 bewegt, wobei der Stenosegrad 0 einem gesunden
Gefäß entspricht und der Stenosegrad 1 einen vollständigen Gefäßverschluß repräsentiert,
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ergibt sich eine Abbildung vom Einheitsintervall in den vektorwertigen Raum Rq. Im
zweiten Kapitel des ersten Teils beschäftigen wir uns damit diese Abbildung möglichst
genau und effizient durch ein Ersatzmodell zu beschreiben. Das Ersatzmodell hat dabei
die Gestalt einer Linearkombination von Kernfunktionen. Eine Kernfunktion besitzt zwei
Variablen und gegebenenfalls weitere Parameter, die ihre genaue Form bestimmen. Außer-
dem ist sie symmetrisch bezüglich ihrer Variablen und positiv, weshalb sich durch derartige
Funktionen auch ein Skalarprodukt induzieren lässt. Ein klassisches Beispiel für eine Kern-
funktion ist die Gaußfunktion. Die Koeffizienten dieser Linearkombination und die Param-
eter, welche die Form der Kernfunktionen bestimmen, werden durch Greedy Algorithmen
und unter der Verwendung von Simulationsdaten ermittelt. Dabei wird für jede Kom-
ponente eine eigene Linearkombination von Kernfunktionen bestimmt. In jedem Schritt
des Greedy Algorithmus wird ein regularisiertes Ausgleichsproblem gelöst, dessen System-
matrx symmetrisch und positiv definit ist, da die Einträge der Matrix durch Auswertun-
gen der Kernfunktionen bestimmt sind. Daraus folgt sofort, dass jedes Ausgleichsproblem
wohlgestellt ist, was die Verwendung von Kernfunktionen nachträglich rechtfertigt. Für die
numerische Simulation verwenden wir wie schon im vorherigen Kapitel die Methode der
Charakteristiken.
Im letzten Kapitel des ersten Teils benutzen wir wie in den beiden ersten Kapiteln 1D-

0D gekoppelte Strömungsmodelle zur Simulation von Öltransport in Rohrleitungen. Im
Gegensatz zu den 1D Blutströmungsmodellen sind die 1D Modelle für das Röhrensystem
linear in den Unbekannten, da die Wechselwirkung zwischen der starren Röhrenwand und
der Strömung vernachlässigt werden kann. Diese Wechselwirkungen können im Falle von
Blutströmungen in großen Arterien mit ihren stark deformierbaren Gefäßwänden nicht ver-
nachlässigt werden. Die 0D Modelle beschreiben in diesem Zusammenhang den Einfluss von
Pumpen und Sicherheitssystemen. Mit Hilfe des modifizierten 1D-0D Strömungsmodells
werden das Geschwindigkeits- und Druckfeld in einem Teilstück einer Ölpipeline berechnet,
welche Ölfelder im Nordosten des Kaspischen Meeres und einen Hafen am Schwarzen Meer
verbindet. Durch Simulationen sollen Erkenntnisse über die Wirkungsweise der Sicher-
heitssysteme gewonnen werden. Insbesondere untersuchen wir die Auswirkungen auf die
Strömung, wenn sich eine Versorgungsklappe am Ende des Röhrensystems schließt oder
eine Pumpe ausgeschaltet wird. Beide Szenarien sind für die Praxis von großer Bedeutung.
Das Schließen einer Versorgungsklappe findet jeweils am Ende eines Abfüllungsprozesses
statt, d.h. wenn beispielsweise mehrere Öltanker mit einer neuen Ölladung bestückt wer-
den, muss die Versorgungsklappe mehrmals geöffnet und geschlossen werden. Das Herun-
terfahren einer Pumpe ist meistens zu Wartungszwecken, Reparaturarbeiten oder bei Un-
fällen notwendig. In beiden Fällen beobachtet man dynamische Druckänderungen in den
Rohrleitungen, welche zur Entstehung von Druckwellen mit erhöhter Amplitude führen
können. In der Fachsprache bezeichnet man dieses Phänomen als Druckstoß, Wasserham-
mer oder auch Druckschlag (engl. pressure surge). Dies bewirkt, dass die Wände der
Rohre Risse bekommen können oder Nähte und Verschraubungen beschädigt werden. Bei-
des kann zu einem Verlust von größeren Ölmengen führen. Neben der wirtschaftlichen
Verluste können sich auch massive Umweltschäden ergeben. Obwohl die Gefahren, die
im Zusammenhang mit einem Druckstoß stehen schon seit der römischen Antike bekannt
sind, ergeben sich immer wieder Schäden durch Druckstöße. So kam es beispielsweise im
Jahre 2009 in Hamburg zu einem Stromausfall, der auch einige Pumpen in verschiede-
nen Wasserwerken betraf. Der abrupte Ausfall der Pumpen erzeugte mehrere Druckstöße,
welche das Leitungssystem stark belasteten. Nachdem die Pumpen wieder gestartet werden
konnten, ergaben sich aufgrund der Vorbelastungen mehrere Rohrbrüche. Die Auswirkun-
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gen einer heruntergefahrenen Pumpe sind ebenfalls Gegenstand des vorliegenden Kapitels.
Dabei betrachten wir Druckkurven, welche sich durch das Abschalten einer Pumpstation
bei Astrakhan ergeben. Astrakhan liegt im südlichen Russland in der Nähe des Kaspischen
Meeres. Diese Pumpstation ist neben der reinen Pumpvorrichtung auch noch mit einer
Rückschlagklappe und einem speziellen Überdruckschutzsystem versehen. Die Messun-
gen der Druckkurven sind nahe der Pumpe während des Abschaltvorgangs stromaufwärts
und stromabwärts bezüglich der Transportrichtung erhoben worden. In diesem Kapitel
sind wir nun der Frage nachgegangen, ob sich diese Druckkurven auch durch eine vere-
infachte Modellierung der Pumpe sowie des Überdruckschutzsystems mit gewöhnlichen
Differentialgleichungssystemen beschreiben lassen. Das Überdruckschutzsystem besteht
neben einer Notfallklappe, die an die Rohrleitung angeschlossen ist noch aus einer Serie
von Gasakkumulatoren, welche durch den Gegendruck des Gases eine stetige und kon-
trollierte Öffnung der Notfallklappe ermöglichen. Dies ist ein wesentlicher Unterschied zu
den herkömmlichen Notfallklappen, welche sich schlagartig öffnen, falls der Innendruck im
Rohr einen gewissen Schwellenwert überschritten hat. Im Gegensatz dazu kann mit Hilfe
einer Notfallklappe, die mit Gasakkumulatoren gekoppelt ist, der Druckanstieg in einer
Ölpipeline effektiver kontrolliert werden. Durch eine Kontrolle des Druckanstiegs kann der
Betreiber einer Ölpipeline verhindern, dass sich die Auffangbecken, die an die Notfallk-
lappen angeschlossen sind, nicht zu schnell füllen. Dies gibt dem Betreiber die Zeit den
Innendruck in einer Pipeline durch weitere Maßnahmen, wie zum Beispiel durch die Öffnung
weiterer Notfallklappen, zu senken. Die Motivation dimensionsreduzierte 1D-0D gekoppelte
Strömungsmodelle für derartige Prozesse in Erwägung zu ziehen, liegt darin begründet,
dass man die Auswirkungen von Druckstößen in der gesamten Pipeline und nicht nur lokal
studieren möchte. Eine dreidimensionale Vernetzung eines gesamten Leitungssystems mit
Pumpen und Überdruckschutzsystemen sprengt die Möglichkeiten von Standardcomput-
ern und erfordert lange Rechenzeiten. Wie in den vorherigen Kapiteln verwenden wir die
Methode der Charakteristiken für die 1D Strömungsmodelle. Neben der Charakteristiken-
Methode benutzen wir ein stabilisiertes DG-Verfahren kombiniert mit einem expliziten
Runge-Kutta-Verfahren dritter Ordnung. Beide Methoden werden miteinander hinsichtlich
ihrer Genauigkeit und Effizienz verglichen. Es stellt sich dabei heraus, dass das DG-
Verfahren trotz der höheren Ordnung keine genauere Approximation der Messdaten als
die Methode der Charakteristiken erzeugt. Außerdem zeigt sich, dass sich bei der DG-
Diskretisierung eine strengere CFL-Bedingung als bei der Methode der Charakteristiken
ergibt. Damit ist die Methode der Charakteristiken auch in diesem Fall effizienter.
Der zweite Teil dieser Arbeit beschäftigt sich mit der dimensionsreduzierten Modellierung

von Blutströmung in mikrovaskularen Netzwerken. Da bereits kleine Gewebeblöcke mit
einem Volumen von 1.0 mm3 bis 2.0 mm3 tausende Gefäße mit Durchmessern im Bere-
ich von einigen Mikrometern enthalten, besteht eine Möglichkeit die Komplexität dieser
Problemstellung zu verringern darin mikrovaskulare Netzwerke vereinfacht durch eindi-
menisonale graphenartige Strukturen zu beschreiben. Die Blutströmung innerhalb des
Netzwerks wird durch die Poiseuille Gleichung beschrieben. Im umliegenden porösen
Gewebe wird die Strömung mit Hilfe der Darcy Gleichung modelliert. Zur Kopplung
der beiden Strömungsprozessen betrachten wir das Starlingsche Filtrationsgesetz und bes-
timmen damit die Form der Quellterme sowohl für die Poiseuille Gleichung, welche die
Strömung im vaskularen System bestimmt, als auch für die Darcy Gleichung, die für das
Gewebe zuständig ist. Um Massenerhaltung zu garantieren, besitzen die Quellterm ein
unterschiedliches Vorzeichen. Dadurch ergibt sich eine Kopplung der beiden Differential-
gleichungen über ihre Quellterme, wobei der Quellterm der Darcy Gleichung ein Dirac-
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maßaufweist, das auf die 1D Graphenstruktur des Netzwerks konzentriert ist. Insgesamt
ergibt sich auf diese Art und Weise ein 3D-1D gekoppeltes Strömungsmodell.
Um die mathematische Struktur derartiger Modelle zu verstehen, betrachten wir in Kapi-

tel 5 ein mathematisches Modellproblem. Dabei verzichten wir zunächst auf die Kopplung
und betrachten in Anlehnung an die Darcy Gleichung ein Poissonproblem mit Linienquell-
term. Für dieses Modellproblem analysieren wir das lokale Konvergenzverhalten der lin-
earen Galerkin Finite Elemente Methode, d.h. wir schätzen den Diskretisierungsfehler
dieser Methode in einem gewissen Abstand zu der Linie numerisch und analytisch ab. Die
Motivation, nur das lokale Konvergenzverhalten zu studieren, liegt darin begründet, dass
die nähere Umgebung um die Linienquellen durch das vaskuläre Netzwerk bedeckt ist.
Damit ist die Lösung an diesen Orten zur Beschreibung des Druck- und Geschwindigkeits-
felds im Gewebe von geringem Interesse. Dies bedeutet wiederum, dass man nur lokal eine
gute Qualität der numerischen Lösung für das Poissonproblem sicherstellen muss. Dadurch
könnte es vermieden werden, die Singularität, welche entlang der Linie entsteht genau
approximieren zu müssen.
Es zeigt sich, dass die Finite Elemente Methode lokal optimal konvergiert, obwohl ein

quasi-uniformes Gitter verwendet wird. Andererseits erkennt man eine lange Präasymp-
totik, was dazu führt, dass das Gitter bereits sehr fein sein muss, damit dieses Verfahren
optimal konvergiert. Bei genauerer Betrachtung der numerischen Simulationsergebnisse
erkennt man außerdem, dass der präasymptotische Bereich genau dann endet, wenn die Git-
terweite in der Größenordung des Radius des ausgeschnitten Zylinders liegt. Ruft man sich
in Erinnerung, dass die Radien von mikrovaskularen Netzwerken klein sind gegenüber den
Abmessungen des Gesamtgebietes, lässt sich daraus schließen, dass diese Kopplungsstrate-
gie nur dann eine genaue Beschreibung der Druckverteilung im Gewebe liefert, wenn das
Gitter sehr fein ist. Damit wäre der Vorteil, der sich durch die Modellreduktion ergibt,
wieder verspielt.
Daher wenden wir uns in Kapitel 6 der Entwicklung eines neuen Kopplungskonzepts zu,

welches nicht auf einem Linienquellterm beruht. Die Idee des neuen Kopplungskonzepts
besteht darin den Quellterm der Darcygleichung nicht auf die Mittelachse der einzelnen
Gefäße zu konzentrieren, sondern auf deren Gefäßwände, da dort auch der eigentliche Aus-
tausch mit dem umliegenden Gewebe stattfindet. Weitere Analysen zeigen, dass sich ent-
lang der Gefäßwände keine Singularitäten mehr bilden, sondern nur noch Knicke auftreten.
Dies bedeutet, dass die Lösung des 3D Problems nun eine höhere Regularität besitzt, was
auch das Konvergenzverhalten numerischer Lösungsverfahren verbessert. Im Gegensatz
zum Linienquellterm beobachtet man nun auch eine Konvergenz in der H1-norm. Ein
weiterer wichtiger Aspekt dieses Kapitels besteht darin, dass die Konstruktion dieses Kop-
plungskonzepts Möglichkeiten aufzeigt, den Modellierungsfehler, der durch Modellreduk-
tionen entsteht, in Abhängigkeit des Gefäßradius abzuschätzen. Der Modellierungsfehler
lässt sich wiederum in zwei Teile aufspalten. Zum einen ergibt sich ein Fehler durch die
Übertragung des 3D Problems, welches sich eigentlich nur auf das Gewebe beziehen sollte,
auf das gesamte Volumen, welches von dem Gewebe und dem mikrovaskularen Netzwerk
eingenommen wird. Der zweite Fehler besteht darin, dass zur Bestimmung des Flußes
über die Gefäßwand keine punktweise Berechnung stattfindet. Stattdessen wird der Druck
im Gewebe auf der Gefäßoberfläche gemittelt und mit dem Druck im Gefäß verglichen.
Dadurch wird die Flußberechnung stark vereinfacht. Für beide Fehlerquellen lassen sich
im Rahmen eines zweidimensionalen Modellproblems Fehlerschranken in Abhängigkeit der
Modellparameter, insbesondere des Radius herleiten. Es zeigt sich dabei, dass der Model-
lierungsfehler mit kleiner werdenden Radius abnimmt. Dies ist für dieses Anwendungsgebiet
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von großer Wichtigkeit, da die Gefäßradien eines mikrovaskularen Netzwerks im Vergleich
zur Größe des Simulationsgebietes klein sind.
Mit Hilfe der Modellreduktionstechniken, welche in den ersten beiden Kapiteln des

zweiten Teils der Arbeit analysiert wurden, lassen sich vaskuläre Systeme in kleineren
Gewebsblöcken effizient simulieren. Um aber Blutströmungen in größeren Teilen eines Or-
gans simulieren zu können, benötigen wir weitere Modellreduktionstechniken. Ein Grund
dafür ist, dass sich größere mikrovaskuläre Systeme nur sehr schwer aus Bilddaten rekon-
struieren lassen. Des Weiteren übersteigen die Dimensionen der Gleichungssysteme, welche
sich aus den numerischen Diskretisierungsverfahren ergeben, schnell die Leistungsfähigkeit
von durchschnittlichen Computersystemen. Um nicht jede einzelne Kapillare explizit mit
einem 1DModell behandeln zu müssen, gehen wir dazu über, nur die Arteriolen und Venolen
in einem mikrovaskularen Netzwerk mit 1D Strömungsmodellen zu behandeln. Das dichte
Kapillarnetz hingegen wird homogenisiert und mit Parametern für poröse Medien wie Per-
meabilitätstensoren und Porositäten charakterisiert. Dabei stellt sich die Frage wie groß
die REVs (Representative Elementary Volume) zu wählen sind, damit die jeweiligen Per-
meabilitätstensoren und Porositäten das homogenisierte Kapillarbett sinnvoll beschreiben.
Wählt man das REV zu klein oder zu groß, so zeigt bei der Homogenisierung klassischer
poröser Medien wie Gestein oder Sand, dass die Permeabilitäten und Porositäten stark
oszillieren und damit nicht repräsentativ sind. Aus diesem Grund führen wir basierend
auf einem Datensatz, der uns von Prof. Dr. Bruno Weber und Prof. Dr. Patrick Jenny
(ETH Zürich) zur Verfügung gestellt wurde, einen Test zur Bestimmung der REV Größe
durch. Der vorliegende Datensatz beschreibt einen Teil der zerebralen Mikrozirkulation
einer Ratte und füllt einen Quader mit den Dimensionen 1.0 mm × 1.0 mm × 2.0 mm.
In einem ersten Schritt wird basierend auf einem bestimmten Schwellenwert bezüglich des
Gefäßradius das Kapillarbett von den Arteriolen und den Venolen getrennt. Als nächstes
positionieren wir in der Mitte des Gebiets ein kleines REV in Form eines Quaders mit den
Abmessungen 12.0 µm × 12.0 µm × 24.0 µm und verlängern die Kanten dieses REVs in
jedem Schritt um 4.0 µm in x- und y-Richtung und um 8.0 µm in z-Richtung. Für die
jeweiligen REVs werden für das in dem REV enthaltenen Kapillarbett die Porösität und
die Permeabilitäten in den drei Raumrichtungen berechnet. Zur Bestimmung der Perme-
abilitäten legen wir in die jeweilige Raumrichtung einen Druckgradienten an und setzen an
den übrigen Rändern des Quaders no-flow Randbedingungen. Danach wird der Volumen-
fluß durch das Kapillarnetz berechnet und mit Hilfe des Darcygesetzes die Permeabilität
bestimmt. Es stellt sich heraus, dass sich die Parameter des porösen Mediums ab einer
Kantenlänge von 600.0 µm in x- oder y-Richtung stabilisieren. Dies würde aber bedeuten,
dass für den vorliegenden Datensatz nur ein einziges REV verwenden werden könnte. Damit
aber Heterogenitäten im Kapillarbett abgebildet werden können, verwenden wir für jede
Raumrichtung jeweils 2 REVs. Betrachtet man die vorherigen Ergebnisse, so erkennt man,
dass bei einer Kantenlänge von 500.0 µm die Permeabilitäten auch nur schwach oszillieren.

Insgesamt ergibt sich durch die Homogenisierung ein neues 3D Kontinuum, welches mit
einem anderen 3D Kontinuum für das Gewebe gekoppelt ist (dualer Kontinuumsansatz).
Berücksichtigt man noch die Kopplung des porösen 3D Kontinuums für das Kapillarbett
mit den Arteriolen und Venolen, so erhält man ein gekoppeltes 3D-3D-1D Modell. Zur
Validierung dieses neuen Ansatzes, vergleichen wir die Simulationsergebnisse mit denen
des 3D-1D Modells aus den vorherigen Kapiteln. Es zeigt sich, dass eine geeignete Kalib-
rierung bestimmter Modellparameter eine gute Übereinstimmung zwischen Massenflüssen
erzeugt, wobei diese Parameter für jeden Datensatz neu bestimmt werden müssen. Zur
Berechnung der Drücke in den Blutgefäßen und dem Gewebe verwenden wir die Finite Vol-
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umen Methode, da sie lokal massenerhaltend sind und relativ einfach zu implementieren
ist. Die Freiheitsgrade für die Finite Volumen Methode zur Diskretisierung der 3D Prob-
leme liegen dabei auf den Zellmittelpunkten der Kontrollvolumina, welche die Form von
einfachen Würfeln haben. Da außerdem der Permeabilitätstensor für die verschiedenen
3D Kontinua diagonal ist, genügt es den Fluß über die Grenzen der Kontrollvolumina mit
einer einfachen Zwei-Punkt Approximation zu berechnen. Im Falle des vaskularen Net-
zwerks, das durch eine graphenartige Struktur beschrieben wird, approximieren wir die
Druckwerte an den Knoten des Netzwerks und wählen ein Kontrollvolumen symmetrisch
um die Knoten. Bezüglich der Ränder des Kontrollvolumens bilanzieren wir wiederum die
Flüße. An den Rändern, welche mit den Gefäßquerschnitten übereinstimmen, verwenden
wir wiederum eine Zwei-Punkt Approximation. Hinsichtlich der Ränder, welche mit den
Gefäßwänden übereinstimmen, werden zunächst die gemittelten 3D Drücke berechnet und
danach mit Hilfe des 1D Drucks im Kontrollvolumen eine Zwei-Punkt Approximation des
Flußes.
Im letzten Teil dieser Arbeit, beschäftigen wir uns mit der mathematischen Modellierung

von Flüssigkeitsinjektionen in poröse Medien. Betrachten wir Messungen, die sich bei der
Injektion von Wasser in trockene Sandsäulen ergeben, so stellt sich heraus, dass die Wasser-
sättigungsprofile, welche man an verschiedenen Tiefen der Sandsäule aufzeichnet, nicht
monoton sind. Außerdem erkennt man, dass sich in geringeren Tiefen zunächst kleinere
Sättigungsüberschüsse bilden. Mit zunehmender Tiefe vergrößern sich diese Überschüsse
und bilden eine plateauartige Form. Dies erscheint auf den ersten Blick überraschend, da
nur am Eingang der Sandsäule Wasser injiziert wird und über die Wände der Sandsäule
kein Wasser zugeführt wird. Unter diesen Bedingungen lässt sich das eben beschriebene
Phänomen nicht mit Standardgleichungen der porösen Medientheorie erklären.
Aus diesem Grund erweitert man die herkömmlichen Modelle um eine weitere gewöhn-

liche Differentialgleichung, die die Entstehung eines Sättigungsüberschusses modelliert.
Diese Differentialgleichung enthält einen Parameter τ , der zur Kontrolle des Sätti-
gungsüberschuss dient. Daher bezeichnet man in der Fachsprache diese Zusatzgleichung
auch als τ -Term. Außerdem benutzt man bezüglich des Kapillardrucks und der relativen
Permeabilitäten Hysteresemodelle, um den Wechsel zwischen Bewässerung und Austrock-
nung zu simulieren, welcher entscheidend für die Bildung von Plateaus ist. Denn der Wech-
sel zwischen den beiden Kurven ruft eine unterschiedliche Ausbreitungsgeschwindigkeit der
beiden Fronten an einem Sättigungsüberschuss hervor.
Das Hauptaugenmerk der beiden letzten Kapitel ist es nun zu bestimmen, welche Sät-

tigungsprofile sich durch die vorgegebenen Modelle beschreiben lassen. Dazu gehen wir in
Kapitel 8 der Frage nach, wie sich ein vorgegebenes Sättigungsplateau durch ein poröses
Medium bewegt. Dabei ist es insbesondere von Interesse, ob das Plateau stabil bleibt,
sich vergrößert oder verschwindet und sich auf einem anderen Niveau neu bildet. Zur Ab-
schätzung der Geschwindigkeiten der Sättigungsfronten benutzen wir Rankine-Hugoniot
Bedingungen. Damit lässt sich entscheiden, wie sich ein vorgegebenes Sättigungsplateau
qualitativ verhält. Unsere analytischen Vorhersagen, spiegeln sich in numerischen Simula-
tionen wieder. Die numerischen Simulationen beruhen auf einer Finiten Volumen Methode
für die Ortsdiskretisierung und dem impliziten Eulerverfahren für die Zeitintegration, d.h.
wir verwenden ein voll-implizites Verfahren. Die nichtlinearen Gleichungssysteme, welche
sich daraus ergeben, werden durch ein gedämpftes Newtonverfahren gelöst. Damit das
Newtonverfahren auch bei einem Wechsel zwischen den Bewässerungs- und den Trock-
nungskurven konvergent ist, berechnen wir im Falle eines Wechsels glatte Übergänge in
Form von kubischen Splinekurven.
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Im letzten Kapitel der vorliegenden Arbeit wird das Modell aus dem vorherigen Kapitel
um die Differentialgleichung, welche für die Entstehung der Sättigungsüberschüsse verant-
wortlich ist, erweitert. Der Übergang zwischen den Trocknungs- und Bewässerungskurven
wird durch Sprünge, d.h. gerade Linien, beschrieben. In der Fachliteratur wird diese Art
der Übergangsmodellierung auch als play-type Hysterese bezeichnet.
Zur Analyse dieses Modells transformieren wir das Differentialgleichungssystem auf ein

reines System gewöhnlicher Differentialgleichungen und benutzen Analysetechniken für
gewöhnliche Differentialgleichungssysteme. Dadurch lassen sich interessante Einblicke in die
Struktur der zugehörigen Lösungen gewinnen, beispielsweise welche Gleichgewichtspunkte
das Differentialgleichungssystem besitzt und welche Eigenschaften diese Gleichgewicht-
spunkte besitzen. Berechnet man die Eigenwerte der Jakobimatrix, welche sich aus der
rechten Seite des Differentialgleichungssystems herleiten lässt, so kann man anhand der
Eigenwerte entscheiden, ob ein Gleichgewichtspunkt ein Attraktor oder ein Repeller ist.
Bei genauerer Betrachtung stellt man fest, dass die Eigenwerte auch von τ abhängen. Dies
bedeutet, dass der Charakter der Gleichgewichtspunkte stark von τ abhängt. Damit lassen
sich auch Kriterien ableiten für welche Werte von τ ein bestimmter Gleichgewichtspunkt ein
Attraktor oder ein Repeller ist. Lassen sich beispielsweise ein Gleichgewichtspunkt auf einer
Bewässerungskurve mit einem Gleichgewichtspunkt (Attraktor) auf der Trocknungskurve
durch einen Orbit verbinden, so bedeutet dies, dass sich ein Sättigungsüberschuss bildet.
Landet man hingegen nur auf einem Attraktor der Bewässerungskurve, so ergibt sich kein
Überschuss. Abhängig von einem gegebenen Parametersatz weiß man damit, wie τ zu
wählen ist, so dass sich eine Lösung mit einem Sättigungsüberschuss ergibt. Mit der Ken-
ntnis der Gleichgewichtspunkte und der Eigenschaften der Lösungskurven erhält man somit
ein genaues Bild darüber, welche Sättigungsprofile sich für einen vorgegebenen Parameter-
satz ergeben.
Die theoretischen Ergebnisse werden sowohl durch numerische Simulationen als auch

durch Messungen aus anderen Publikationen wieder. Im Gegensatz zum vorherigen Kapitel
verwenden wir kein vollimplizites Verfahren sondern ein IMPES artiges Verfahren. In jedem
Zeitschritt lösen wir ein nichtlineares elliptisches Randwertproblem für den Fluiddruck
durch eine Finite Volumen Methode, wobei das zugehörige nichtlineare Gleichungssystem
durch ein L-Schema gelöst wird.
Das L-Schema ist ein iteratives Lösungsverfahren, welches in jedem Iterationsschritt ein

lineares Gleichungssystem löst, das dadurch entsteht, dass in die nichtlinearen Terme die
Lösung aus der vorherigen Iteration eingesetzt wird, wohingegen die linearen Terme die Lö-
sung aus dem aktuellen Iterationsschritt beinhalten. Der Name L-schema rührt von der Tat-
sache her, dass zu den ursprünglichen Gleichungen ein linearer Term mit einem Parameter
L > 0 hinzufügt wird. Durch eine geschickte Wahl dieses Parameters lässt sich eine schnelle
Konvergenz dieses iterativen Verfahrens erzwingen. Der große Vorteil des L-Schemas
gebenüber dem Newtonverfahren besteht darin, dass für das L-schema keine Jakobima-
trix berechnet werden muss. Dadurch vermeidet man einerseits eine weitere Fehlerquelle,
die sich durch eine numerische Approximation der Jakobimatrix ergibt oder andererseits
den Aufwand, der sich im Rahmen einer analytischen Berechnung ergibt. Darüber hinaus
ist zu erwarten, dass aufgrund der sprunghaften Übergänge zwischen Trocknungs- und Be-
wässerungskurve das Newtonverfahren nicht konvergiert oder nur dann konvergiert, falls
der Zeitschritt sehr klein gewählt wird und als Startlösung die Lösung aus dem letzten
Zeitschritt verwendet wird. Am Ende des Zeitschritts wird durch einen expliziten Euler-
schritt eine neue Sättigung berechnet. Dazu verwenden wir den Druck und die Sättigung
aus dem vorherigen Zeitschritt.
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Bevor wir nun in den nachfolgenden Kapiteln die einzelnen Veröffentlichungen präsen-
tieren, werden in einem einleitenden Kapitel die Modellreduktionstechniken, welche in den
jeweiligen Veröffentlichungen verwendet werden, näher erläutert. Darüber hinaus wird
aufgezeigt, wie die verschiedenen Teile und Kapitel inhaltlich zusammenhängen und welche
innovativen Aspekte beleuchtet wurden.
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Summary

Modelling and simulation of flow processes in technical, geological and biological systems
poses great challenges for researchers from the fields of engineering sciences, mathematics,
physics and computer science. One reason for this is that the mathematical equations
are often non-linear. Furthermore, it is not sufficient to use a single mathematical model
or a specific numerical method for interesting applications. In order to enable a realistic
description of the respective problem, it is often necessary to couple different flow models
with each other or to consider further physical processes besides the pure flow processes.
Regarding the processing, visualisation and administration of the simulation data, one often
faces the problem that large amounts of data accumulate, which can no longer be stored
on ordinary computers or can cause long simulation times.
These observations motivate the use of model reduction techniques replacing complex

mathematical models with simplified models. In this habilitation thesis, different model
reduction techniques are presented that allow an efficient description of flow processes with-
out accuracy loss with respect to physical quantities that are interesting for a certain field
of application. Altogether, the model reduction techniques considered in this thesis can be
divided into four categories: Dimension-reduced modelling, homogenisation methods, do-
main decomposition methods, and data based learning. In order to be able to demonstrate
their possible applications in context of flow processes, we consider four different flow pro-
cesses that play an important role in medicine, energy supply and environmental sciences.
These are in detail: Blood flow in large arteries and microvascular systems, oil transport in
pipelines and the injection of fluids into porous media. On closer examination, these flow
processes can be associated with different length scales and flow properties. While flows
in the large arteries and piping systems show higher Reynolds numbers and move through
large scale cavities, small Reynolds numbers and small scale cavities are observed in mi-
crovascular networks and porous media. In the case of large arteries and tube systems, the
vessels or tubes have diameters in the range of centimeters or meters. In contrast, vessels
in a microvascular network have diameters in the range of micrometers. Pores and pore
necks in a rock or tissue have similar or even smaller dimensions.
These differences motivate the treatment of the flow processes in different parts, which

are oriented on the properties of the respective application. Altogether, we obtain the
following three parts for the submitted habilitation thesis:

• Part I: Simulation of flow processes in macroscale networks

• Part II: Simulation of blood flow in microvascular networks

• Part III: Simulation of fluid injection into porous media

The first two parts are divided into three chapters, while the last part contains two further
chapters. Each of the eight chapters is based on accepted publications. Except of Chapter
4, the submitted or published PDF documents of the individual publications have been
incorporated into the habilitation thesis. The fact that the publication from Chapter 4
could not be integrated into the thesis is due to the copyright regulations of the associated
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publishing house. Following the guidelines of the journal, the author is only allowed to use
the illustrations and tables of this publication.
In the first chapter we present a model for the simulation of a peripheral arterial steno-

sis, i.e. a stenosis that is located far away from the center of the body, e.g. the heart.
In particular, we consider a stenosis in one of the main arteries of the right lower leg.
To simplify this problem, blood flow within the 55 main arteries of the human body are
simulated with one-dimensional (1D) flow models. The boundary conditions and the influ-
ence of the stenosis are described by ordinary differential equations (ODEs). Since these
models have only one time variable but no space variable, they are also called 0D models.
This simplified 1D-0D coupled flow model is extended by models for two mechanisms to
compensate the reduced blood flow. As compensation mechanisms we consider metabolic
regulation by arterioles and arteriogenesis, i.e. the enlargement of small vessels between
two main arteries. The aim of this chapter is to assess the efficiency of the two balancing
mechanisms by means of a series of simulations.
In order to be able to make reliable statements regarding this problem, it is necessary

to generate a sufficient amount of simulation data. Therefore it is necessary to vary the
degree of stenosis many times, which leads to long simulation times. In order to shorten
the simulation time, in a first step a mapping is constructed which assigns a certain degree
of stenosis to a sampled blood pressure or flow rate curve in the vicinity of the stenosis.
In the second chapter of the first part, we deal with describing this mapping as precisely
and efficiently as possible using a surrogate model. The surrogate model has the form of
a linear combination of Gaussian kernels. The coefficients of this linear combination and
the parameters of the Gaussian kernels are determined by Greedy algorithms applied to
simulation data.
In the last chapter of the first part, we use as in the first two chapters 1D-0D coupled

flow models to simulate oil transport in pipeline systems. In contrast to the 1D blood
flow models, the 1D models for the pipeline system are linear in their unknowns, since the
interaction between the rigid tube wall and the flow can be neglected. These interactions
cannot be neglected in the case of blood flow through large arteries with deformable vascular
walls. The 0D models describe the influence of pumps and safety systems. By means of
this modified 1D-0D flow model we calculate the velocity and pressure field in a section
of an oil pipeline connecting oil fields in the north-east of the Caspian Sea with a port at
the Black Sea. Numerical simulations are performed to provide insights into the mode of
operation of the safety systems.
The second part of this thesis deals with dimensionally reduced modelling of blood flow

in microvascular networks. Since even small tissue blocks with a volume of 1.0 mm3 to
2.0 mm3 contain thousands of vessels with diameters in the range of a few micrometers, it
is necessary to reduce the complexity of this problem by modelling microvascular networks
in a simplified way by one-dimensional graph-like structures. Blood flow within the network
is described by the Poiseuille equation. In the surrounding porous tissue, flow is governed
by the Darcy equation. For the coupling of the two flow processes we consider Starling’s
filtration law and use it to determine the shape of the source terms both for the Poiseuille
equation and for the Darcy equation. In order to guarantee mass conservation, the source
terms have a different sign. This results in a coupling of the two differential equations by
their source terms, where the source term of the Darcy equation exhibits a Dirac measure
concentrated on the 1D graph structure of the network. Such type of flow model is called
3D-1D coupled flow model.
To understand the mathematical structure of such models, we consider a mathematical
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model problem in Chapter 5. For this purpose, we neglect the coupling and consider a
pure Poisson problem with a line source term. With respect to this, the local convergence
behaviour of the linear Galerkin finite element method is analysed, i.e. we estimate the
discretisation error at a certain distance from the line. The motivation to study only the
local convergence behaviour is due to the fact that the vicinity around the line sources is
covered by the vascular network.
It reveals that the finite element method converges locally in an optimal way, although a

quasi-uniform grid is used. On the other hand, there is a long preasymptotic range, which
leads to the fact that the grid must be very fine such that this method converges optimally.
The reason for this is a singularity along the line. These observations motivate the devel-
opment of a new coupling concept that is not based on a line source term. Therefore, in
Chapter 6, we turn to the development of a new coupling concept. The idea of the new
coupling concept is to concentrate the source term of the Darcy equation not on the cen-
tral axis of the individual vessels, but on their vessel walls, since the actual exchange with
the surrounding tissue takes place there. Further analyses show that there are no more
singularities along the vessel walls, but only kinks. This means that the solution of the
3D problem now has a higher regularity, which also improves the convergence behaviour
of numerical solution methods. Another important aspect of this chapter is that the con-
struction of this coupling concept offers possibilities to estimate the modelling error caused
by model reductions as a function of the vessel radius. It is shown in this context that the
modelling error decreases with decreasing radius. This is important for this application
since the vessel radii of a microvascular network are usually small compared to the domain
size.
Using the model reduction techniques analysed in the first two chapters of the second

part of this thesis, vascular systems in smaller tissue blocks can be efficiently simulated.
In order to simulate blood flow in larger parts of an organ, however, we need further
model reduction techniques. One reason for this is that larger microvascular systems are
very difficult to reconstruct from image data. Furthermore, the dimensions of the equation
systems resulting from the numerical discretisation methods quickly exceed the performance
of average computer systems. In order to avoid modelling every single capillary explicitly by
a 1D model, we model only the arterioles and venules in a microvascular network by 1D flow
models. The dense capillary network is homogenised and characterised with parameters
for porous media such as a permeability tensor and porosity. The homogenisation results
in a new 3D continuum which is coupled with another 3D continuum for the tissue (dual
continuum approach). If one considers also the coupling of the porous 3D continuum for
the capillary bed with the arterioles and venules, a coupled 3D-3D-1D model is obtained.
To validate this new approach, we compare the simulation results with those produced by
the 3D-1D model from the previous chapters. It shows that a suitable calibration of certain
model parameters produces a good agreement between mass flows and averaged pressures,
where these parameters must be determined once again for a new data set.
In the last part of this thesis, we consider the injection of fluids into porous media. In

particular, we study the phenomenon that after the injection, non-monotonous saturation
profiles with respect to the injected fluid occur, which after travelling a certain flow path
form a plateau-like saturation profile. These observations are of particular interest from the
perspective of mathematical modelling, since these saturation profiles cannot be explained
by the usual flow models for porous media.
For this reason, these models are extended by a further ODE, which models the formation

of a saturation overshoot. In addition to that, hysteresis models are used for the capillary
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pressure and the relative permeabilities to simulate the change between imbibition and
drainage, which is crucial for the formation of plateaus. The main focus of the last two
chapters is to determine which saturation profiles can be described by the given models. In
Chapter 8, we examine how a given saturation plateau moves through a porous medium. In
particular, it is of interest whether the plateau remains stable, enlarges or disappears and is
formed once again at a different level. To estimate the velocities of the saturation fronts, we
use Rankine-Hugoniot conditions. This allows us to decide how a given saturation plateau
behaves qualitatively. Our analytical predictions agree with numerical simulations.
In the last chapter of this thesis, the model from the previous chapter is extended by the

differential equation modelling the formation of saturation overshoots. For the analysis of
this model, we transform the differential equation system into a system of ordinary differ-
ential equations and use analysis techniques for ordinary differential equation systems. By
this, interesting insights into the structure of the corresponding solutions can be obtained,
e.g. what are the equilibrium points of the differential equation system and what are the
properties of these equilibrium points. Having the knowledge on the equilibrium points
and the properties of the solution curves at hand, one gets an exact picture on saturation
profiles resulting from a given parameter set. The theoretical considerations are reflected
in the numerical simulations.
Before we present the different publications in the following chapters, the model re-

duction techniques used in the respective publications are explained in more detail in an
introductory chapter. Furthermore, it is shown how the different parts and chapters are
connected in terms of content and which innovative aspects have been considered.
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1 Introduction

The introductory chapter of the submitted thesis is divided into three parts: In the first
part we describe four flow processes from different application areas which are examined in
the further parts of this thesis. In particular, it is discussed why the application of model
reduction methods is desirable or almost unavoidable in context of these flow processes.
The middle part of the introductory chapter deals with the description of the considered
simplification techniques. At the end of the introduction, a detailed overview on the struc-
ture of the thesis is given. In a first step, we motivate the rough classification of the
publications that have been included into this thesis. Then the respective publications are
described in more detail. Thereby, we are guided by the following questions: First: What
are the novel modelling aspects? Second: Which numerical methods have been used to
solve the underlying mathematical equations? Third: Which issues of practical relevance
have been considered in the respective publication?

1.1 Why do we require model reduction techniques for
simulating flow processes?

Flow processes are omnipresent in our everyday lives. Both in technical and biological
systems, flows of different kind are essential components [49]. In this work, we investigate
four different flow processes, which play an important role in different subfields of medicine,
biomedical engineering, pipeline engineering and geology (see e.g. Table 1.1). In order to

(FP 1) Flows through large arteries in a human cardiovascular system.

(FP 2) Flows within microvascular networks.

(FP 3) Fluid transport in pipelines.

(FP 4) Injection of fluids into a porous medium.

Table 1.1: List of flow processes that are considered in this thesis.

quantify the flow properties within natural or technical systems, great efforts have been
made since the early beginnings of engineering and natural sciences to design theoretical
models allowing us to predict flow patterns. Thereby, it turns out that the arising models
have the shape of partial differential equations (PDEs) like the Navier-Stokes equations
[51], ordinary differential equations (ODEs), algebraic equations or a combination of them.
Quite often, one can observe that flow models for complex applications exhibit strong non-
linearities [56, 80]. Furthermore, if several model equations are involved, they are usually
coupled in a complex way [82]. Due to that, it is in general not possible to provide analytical
solutions for the flow processes under consideration. This motivates the usage of computer
based methods. However, despite of an enormous increase of computational power and the

3



Introduction

development of advanced solution algorithms for PDEs, ODEs and algebraic equations, it
is still a huge challenge to compute an accurate solution in an acceptable time.
In application fields requiring solution data in almost real-time, it is of great importance

to provide accurate numerical solutions of flow equations by standard computers without
making an excessive use of means from high performance computing.

FP 1: Flows through large arteries in a human cardiovascular system

A fast and reliable simulation of (FP 1) from the above list, would support physiol-
ogists to improve their diagnosis methods and tools in a non-invasive way, since it is not
necessary to cut through the skin or blood vessels of patients or animals. Therefore both
the risk of infections and treatment time could be decreased.
A widespread disease, which occurs typically in arteries is atheriosclerosis, i.e., the

accumulation of plaque clogging the lumen of arteries (see Figure 1.1). Due to this disease,
blood flow through arteries can be decreased, drastically. It may even happen that a
sufficient supply of organ tissue is endangered [24, 37, 64, 85, 92, 124, 153]. The most
dangerous stenosis types are stenoses in the coronary arteries, in the branching between the
outer and inner carotid arteries as well as the leg arteries. This motivates the development
of therapy options for this disease and an exact analysis of this disease. Common treatment
options to alleviate or completely eliminate the consequences of arteriogenesis include the
removal of deposits, the insertion of stents, the placement of bypasses or the stimulation
of the body’s own compensatory mechanisms. Intact coronary arteries are essential
for maintaining the pumping power of the heart as they supply the heart muscle with
oxygen-rich blood. It is therefore of great interest to determine the narrowing degree, at
which a coronary stenosis endangers an adequate supply of the heart muscle. If an exact
reconstruction of the corresponding vessels is available, a flow simulation could be used
to find out whether a stenosis restricts blood flow in a critical way. However, the use of
computer-aided methods is not limited to this. It would also be possible to test the impact
of bypasses and stents before surgery. If it is, e.g., possible to vary the number and form
of bypasses in a computer model and to be able to observe the effect of these measures on
blood flow after a short time, an operation could be planned more effectively. A stenosis
in one of the carotid arteries is critical, since the carotid arteries are the main supply
channels for brain tissue. Due to the fact that the brain requires about 20 percent of the
total amount of oxygen in the blood [3, 4, 32], an unrestricted blood supply of the brain is
of great importance. In order to maintain the cerebral blood circulation, there is a circular
blood vessel system called Circle of Willis having the ability to replace the missing blood
volume by means of supply channels, linking the main arteries and the Circle of Willis
(CoW) (see Figure 1.2) [4]. However, the conductivity of the Circle of Willis is limited
and therefore just a certain amount of the missing blood volume can be compensated.
In addition to that, not every human exhibits a complete CoW (see Figure 1.3). Using
numerical simulations, it can be determined whether the reduced blood flow caused by a
carotid stenosis of a certain degree can be compensated [85]. By this a vascular surgeon
can prioritise the treatments of patients suffering from this vascular illness. If a severe
stenosis has to be removed, it can be necessary to occlude the affected carotid artery.
For the planning of a surgery, it is of great interest, how an occlusion of a carotid artery
influences the blood circulation and the blood supply of organs in particular the brain
and the heart muscle. This can provide information, e.g., on how long a carotid artery
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plaques

red blood cells

Figure 1.1: This figure shows a stenosis of higher degree in a blood vessel. Due to the
plaques which have formed at the vessel walls, only little red blood cells can pass
through the affected blood vessel. Therefore not enough oxygen is transported
to the tissue cells.
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Figure 1.2: In the figure one can see the most important arteries, which are branching out
of the heart into the arms, the head and the lower part of the body. Vessel
5 and 6 represent the left and right carotid arteries, while the indices 14 and
17 label the left and right vertebral arteries. The CoW inflows consist of the
basilar artery (Vessel 22) and the left and right inner carotid arteries (Vessels
11 and 12). The CoW has six outlets, which supply the brain tissue with blood.
The outlets are marked by the label CO (Cerebral Outflow).

can be occluded without causing health damage to the affected patient. By the help of a
computer-aided model, such data could be collected without any danger for the patient or
a test person. However, it is necessary to keep the simulation time as short as possible
in order not to prolong the planning process unnecessarily. A reduction of the simulation
time can be achieved, among other things, by using simplified computer models, which
are derived by model reduction techniques. In case of a stenosis occuring in a lower leg
artery, which can often be found in vessels of a smoker, one is faced with similar problems.
On the one hand, one wants to determine to what extent natural balancing mechanisms
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Figure 1.3: Complete Circle of Willis and its components: BA: Basilar artery, PCA: poste-
rior cerebral artery, MCA: middle cerebral artery, ACA: Cerebral front artery,
PCoA: Rear communicating artery, ACoA: Communicating front artery, ICA:
Internal carotid artery (top). Malformations of the Circle of Willies and their
frequency. The abbreviations below the individual illustrations indicate the
missing vessels (bottom).

can restore the reduced blood flow caused by a lower leg stenosis. There are, e.g., small
connecting arteries between the larger leg arteries [120], having the ability to enlarge their
cross section areas to some extent, such that blood volume can be conducted around
the stenosis. This is of great importance, since the oxygen supply of tissue far away
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from the heart is very sensitive to a reduced blood flow. A stenosis located in an artery
far away from the heart is also called peripheral stenosis. On the other hand, standard
diagnosis tools and treatment methods for this illness are still improvable. As it has been
described in the case of the coronary stenoses and the carotid stenoses model reduction
techniques for computational models offer a possibility to enhance these standard methods.

FP 2: Flows within microvascular networks

Another flow process that belongs to a medical field of application is blood flow in
microvascular networks (FP 2) (see Table 1.1). Contrary to (FP 1), we are in this case at
a complete different level of the cardiovascular tree. While the larger arteries transport
blood volume to the organs, the microvascular networks have the function to make the
exchange of oxygen, nutrients, metabolits etc. between the vascular system and the tissue
cells possible. Since these networks consist of vessels having lengths or diameters on
the scale of micrometers, they are referred to as microvascular networks. Being able to
simulate flow within both the microvascular networks and the surrounding tissue, opens
the possibility to investigate many interesting issues from biology or medicine without the
need to set up expensive and risky experiments.
One of the most important issues is the development of strategies to combat cancer, since

according to the world health organization (WHO) cancer is the most important cause of
death and morbiditiy in Europe after cardiovascular diseases.
Well known cancer therapies are chemotherapy, radiation and hyperthermia [94]. During

chemotherapy, therapeutic agents are injected into the patient’s blood and transported
through the vascular tree to the tumor cells. The therapeutic agents have the function of
killing the tumor cells directly or to prevent the vascularisation of tumor tissue, such that
the tumor cells can not be supplied by oxygen and nutrients. This is crucial to prevent a
severe cancer illness, since the vascularisation of a tumor enables its proliferation. In order
to ensure the efficiency of the chemotherapy and to keep the side effects low, the dosage of
the therapeutic agents has to be chosen carefully. Using numerical simulations, which yield
a realistic concentration distribution in the cancerous tissue region, an appropriate dosage
of the therapeutic agents, can be determined. Therefore, the simulation has to be performed
several times. This motivates the application of well taylored model reduction techniques
decreasing the simulation time while keeping a sufficient precision for the quantities of
interest. The main challenges in this context are simulating blood flow through a dense
microvascular network containing thousands of blood vessels. In Figure 1.4, one can see
an example for a microvascular network that is taken from the cortex of a rat brain and
is contained in a 1.0 mm × 1.0 mm × 2.0 mm tissue block. A full three-dimensional
(3D) model meshing such a complex structure introduces many degrees of freedom into
the discrete model, such that the numerical treatment of the corresponding flow problem
becomes expensive, i.e., the simulation time is relatively long. A further complexity that
occurs in the addressed problem, is that flow in the vascular system has to be coupled
with flow in the surrounding tissue. Besides cells and fibers, a block of tissue consists
of an interstitial space filled with a mixture of water and different substances. From a
computational point of view it is very expensive to resolve every pore by a fine 3D mesh
to determine the flow field and concentrations of medications numerically. Due to that we
require simplified models for the simulation of flow and transport in tissue.
When hyperthermia is applied, cancer tissue is subjected to high temperature for

some time, such that the cancer cells are dying step by step. Contrary to chemotherapy,
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it is possible to localise the heating causing minimal damage to the healthy tissue.
This can be achieved by injection of small particles and heating them by means of
radiation concentrated on the cancerous part. For an efficient removal of the cancer
cells, it is necessary to produce a homogeneous temperature distribution within the
affected tissue block [99]. In order to achieve this, a series of tests is required similar
to chemotherapy, to determine an appropriate concentration of particles. Moreover it
is necessary to choose types of particles emitting a sufficient amount of energy that is
equally distributed in space. Model reduction techniques can help to decrease the computa-
tional costs such that a decision making for hyperthermia is possible in an acceptable time.

FP 3: Fluid transport in pipelines

In addition to the flow processes (FP 1) and (FP 2), which play an important role
in biomechanics and physiology, we also consider in this thesis flow processes in technical
and geological systems. Important technical systems for our daily life are e.g. pipeline
systems for the transport of energy carriers such as oil or gas, but also of important supply
goods such as water (see (FP 3), Table 1.1). In order to ensure the safe transport of liquid
goods such as oil, gas or water, a robust pipe system and powerful pumps are needed, as
well as advanced safety systems such as relief valves and security tanks. Unfortunately,
the transport security could be endangered by different phenomena, like corrosion of the
vessel walls. Another issue that is relevant for pipeline engineers is the formation of water
hammers after the shutdown of a pump. Thereby, one observes that the decrease of the
inner pipeline pressure due to the shutdown of a pump, introduces an upstream and a
downstream travelling wave with respect to the location of the pump, which might exceed
the pressure under standard conditions, significantly [151]. A similar behaviour occurs,
when the oil loading of a tanker or a truck stops instantaneously [137]. If the vessel wall is
weakend due to some exterior influence, it is likely that the overpressure causes a crack in
the vessel wall such that fluid can flow out of the pipeline system. The fluid volume that
is lost due to the leakage, combined with the need to stop the fluid transport through the
affected pipeline system can cause an enourmous economical harm. In case of oil leakage,
oil may enter the sea or soil surrounding the pipeline, depending where the pipeline
system is located. As a consequence the environment and drinking water may be polluted
leading to severe health and environmental problems. A standard remedy, to prevent the
rupture of vessel walls is to make the vessel walls thicker. However, for a pipeline system
covering huge distances, a minimal enlargement of the vessel walls makes it necessary to
invest additional money into the required material. A further difficulty arising in this
context is that enlarging the vessel thickness adds additional weight to the pipeline system.
As a result, more effort has to be put in the construction of holder systems fixing the
position of the single tubes, since they have to carry more weight. Typically, such pipeline
systems extend over hundreds of kilometers, transporting water or oil from their source
locations to the consumer, factories or loading stations for ships and trucks [65]. Due
to that a detailed simulation of flow through a larger pipeline system is computionally
too demanding for standard computers. However, in order to be able to design efficient
pumping and security systems, it is crucial to study their effect not only locally, but also
globally. A complex 3D meshing resolving the details of the technical devices and pipelines,
would cause a huge amount of data, which is difficult to handle on standard computers.
Furthermore, it is quite often not necessary to resolve the whole pipeline system to
compute a pressure average across the section area of the tube. Should it be necessary
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to resolve the turbulences in the flow as part of a specific issue, only a small part of the
pipeline could be resolved by a 3D model, while the rest of the pipeline is described in a
simplified way. These aspects motivate the usage of simplified models for pipeline systems.

FP 4: Injection of fluids into a porous medium

A further flow process occuring both in the context of technical and geological sys-
tems is the injection of fluids into a porous medium. Classical examples for (FP 4) are
flows through filter systems or the infiltration of ink into paper [39]. Over the past eight
years, this flow process has gained great importance, especially within the framework of
the German energy industry (Energiewende). In view of the nuclear accident at Fukushima
in March 2011, greater efforts are being made to steadily increase the market share of
wind and solar energy in the production of electrical energy with the aim of reducing the
market share of fossil fuels and nuclear energy. The goals associated with the promotion
of renewable energy sources are the reduction of CO2 emissions and the containment of
the dangers of nuclear energy production such as the storage of nuclear waste and reactor
accidents. The renunciation of established energy production technologies, however,
creates other difficulties that are mainly related to the volatility of wind and solar energy.
There are various possibilities to store energy. It can be stored in thermal, chemical or

mechanical form using technical as well as geological systems (e.g. the subsurface). Con-
cerning thermal energy, one can exploit the nature of chemical reactions. Thermochemical
heat storage systems are charged based on endothermal reactions and discharged by means
of exothermal reactions. Calcium oxide e.g. reacts exothermically in presence of water to
calcium hydroxide. Due to its environmental compatibility, Calcium oxide is of great inter-
est for this purpose [125]. Simulating the injection of a hot fluid into calcium oxide, we are
faced with the issue to model an injection process of a fluid into a porous structure. Since
calcium oxide exhibits a crystalline structure, it can be considered as a porous medium.
Typically, thermochemical heat storage systems are used for small scale energy storage.
Energy storage on a larger scale is usually provided by underground energy storage sys-
tems [15]. For these storage systems, mechanical storage is based on compressed air energy
storage. Chemical storage in underground systems uses hydrogen and synthetic natural
gas and thermal storage is realised by underground thermal energy storage. In order to
improve the understanding of complex and coupled flow processes through porous soil and
rock layers in the subsurface, efficient and consistent numerical models are needed. As in
the case of tissue, resolving each pore in the respective porous medium, a 3D simulation
can not be performed due to limited computational resources. Numerical models resolving
each pore are often applied to simulate thin interfaces between e.g. a free flow zone and
a porous medium [145], however, they are not considered for huge 3D domains. For these
reasons, a reduction of model complexity and thus computational costs is required. This
can be achieved, among other things, by describing the porous medium by averaged quan-
tities [14, 73]. By this, it is possible to simulate flows through larger systems with porous
structures. A further difficulty arising in context of this flow problem, is that despite of a
constant injection rate and no external source, overshoots in the saturation profile of the
injected fluid can be observed in experiments [57]. This phenomenon can not be explained
by standard equations, which motivates the development of additional model equations.
However, even in context of this modelling approach one is confronted with the difficulty
of constructing a model which describes on the one hand the flow problem with sufficient
accuracy and on the other hand in a simplified way. This is crucial in order to prevent
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a loss of all the advantages provided by the other model reduction techniques for porous
media flow.

1.2 Basic modelling approaches

In the publications that are presented in this thesis, different modelling approaches are
discussed with the aim to reduce the overall computational complexity. In details, the
considered model reduction techniques will involve:

• Dimension reduced modelling: This technique is used to derive models for blood
flow within vascular and pipeline systems. Thereby, one-dimensional (1D) or
zero-dimensional (0D) formulations of 3D flow equations are considered to decrease
the complexity of the flow models.

• Homogenisation methods: These methods are considered for approximating complex
fine scale structures such as capillary networks, tissue and other porous structures.
The key idea is to avoid a detailed resolution of individual pores or capillaries.
Instead, such fine scale structures are turned into a less complex continuum based
model.

• Domain decomposition techniques: These techniques are based on the ”divide and
conquer” principle, i.e. a complex problem is decomposed into several sub-problems,
which are modelled, separately. Afterwards the different sub-models are again
combined to obtain a model for the whole issue. In the following parts of the
submitted thesis, we will use this idea e.g. to simulate flows through microvascular
networks and tissue. Thereby, the microvascular network is separated from the
surrounding tissue and different flow models are assigned to the network and the
surrounding tissue. A complete model is then obtained by deriving suitable coupling
conditions between the two flow problems.

• Data based learning: This concept is used to design simple surrogate models for
parameterised problems. The resulting surrogate model should be representative and
its evaluation should be cheaper as the evaluation of a complex standard model in
terms of computational costs. As a data source yielding the required training data,
experiments as well as simulations results could be considered. In our application
fields, we consider flow through a stenosis, where the parameter is given by the degree
of the stenosis.

The rest of this section is dedicated to the issue, how these different modelling approaches
are used to simplify the simulation of the flow processes listed in Table 1.1.

1.2.1 Model reduction techniques for macroscale networks

In a first step we draw our attention to blood flow problems. When deriving a reduced
model for blood flow one has to recall the basic structure of a human cardiovascular system.
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In the center of a human cardiovascular system is the heart connecting two subcirculations.
One subcirculation is the systemic circulation supplying the organs with oxygenated blood
and transporting deoxygenated blood back to the heart. The other subcirculation is called
pulmonary circulation, in which deoxygenated blood is turned into oxygenated blood and
transported back to the heart. Each subsystem, the systemic circulation as well as the
pulmonary circulation can be further subdivided into larger arteries, smaller arteries and
arterioles, capillary bed, venules and smaller venes and finally the larger venes.

Table 1.2: Vessel properties within the systemic circulation [56, Chapter 1]
Vessle type Thickness (vessel wall) [mm] Blood volume [%] Re Wo

Aorta 2.0 2.0 4000.0 10.5

Large arteries 1.0 5.0 2500.0 7.7

Small arteries 1.0 5.0 100.0 1.4

Arterioles 0.03 5.0 0.5 0.014

Capillaries 0.001 5.0 0.003 0.007

Venules 0.003 25.0 0.5 0.014

Large veins 0.5 50.0 1600.0 5.6

All the vessel types forming the subcirculations have their specific features and functions.
The heart pumps blood in discrete pulses into the large arteries of both circulations. This
results in a convection dominated, pulsatile and in some parts turbulent flow. In order
to quantify the pulsation and turbulence in a certain blood vessel, the Womersley number
Wo and the Reynolds number Re are used [56]. The Womersley number is a dimensionless
number that contains the frequency ω of the pulse and the viscosity of a fluid:

Wo = D

√
ωρ

η
,

where ρ is the density of blood, D is the diameter of the vessel, and η is the viscosity of
blood. The dimensionless Reynolds number Re, which quantifies the degree of turbulence
of flow, is calculated for blood vessels with a diameter of D as follows:

Re =
ρDU

η
.

U is the average velocity of the flow. According to Table 1.2, there are high Reynolds
numbers in the large arteries, whereas low Reynolds numbers can be measured in the small
arterioles and capillaries. The same behaviour can be observed for the Womersley numbers.
This means that there is fast, turbulent and pulsatile flow in the large arteries, while flow in
the small arterioles, venules and capillaries is almost stationary, laminar and not pulsatile.
Besides the different flow types, the blood vessel types exhibit further differences. The

diameter and lengths of the larger arteries are in size of centimeters. Contrary to that the
small arterioles have lengths and diameters of some micrometers [32], which means that the
human cardiovascular system includes several orders of magnitude with respect to lengths
and diameters. Concerning the vessel walls of large arteries, it can be shown that they are
highly deformable and impermeable. The vessel walls of arterioles are also not permeable,
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but they do not deform remarkably since they are wrapped with smooth muscles to control
the blood flow. In case of the capillaries, the vessel walls are very thin and exhibit only
a single cell layer. Furthermore they have gaps such that exchange processes between the
vascular system and the organ tissues can take place. This shows that the interaction
with the environment is different for each vessel type. It is obvious that an appropriate
modelling of these interactions is crucial to obtain realistic simulation results.
Taking all the different features of the respective vascular level into account, we consider

first a separation of three different scales, since each scale in the cardiovascular system
requires a specific type of modelling. Thereby, three different scales are identified in the
vascular system, these are: Macroscale networks, mesoscale networks and microscale or
microvascular networks (see Figure 1.4). A macroscale network consists of larger venes or
arteries covering space dimensions in the order of meters in width and length. A mesoscale
network is composed of middle sized to small arteries (veins) or larger arterioles (venules)
exhibiting a few bifurcations. The third scale, contains typically dense networks, whose
vessel diameters are in the order of micrometers and which fill volumes of a few cubic
millimeters. Since the flow processes (FP 1) and (FP 2) occur in macroscale and microscale
networks, they are objectives of Part I (macroscale networks) and Part II (microvascular
networks).

mesoscale
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Figure 1.4: Representation of different vascular systems on the level of the macroscale,
mesoscale andmicroscale. Left: Vascular system consisting of the 55 largest
arteries branching out of the heart [134]. Vascular systems of this type connect
the heart to the individual organs and therefore have a height of 1.5 m− 2.0 m
and a width of about 0.5 m. Middle: Bifurcation in the right carotid artery.
The main vessel has an average diameter of 0.94 cm, while the branches have an
average diameter of 0.94 cm [134]. Right: Capillary network with penetrating
arterioles (red) and outgoing venules (blue) in a tissue block of dimension:
1 mm× 1 mm× 2 mm [115].
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Open loop 1D-0D coupled model for blood flow in the large arteries

Examples for macroscale vessel networks, which have been used to demonstrate the perfor-
mance of blood flow models [134], can be seen in Figure 1.2 and 1.4. Both vessel networks,
are part of the systemic arterial network branching out of the heart. Figure 1.4 (left) shows
the basic arterial system of the systemic circulation consisting of the 55 main arteries, which
allows us to simulate the rough distribution of blood volume into the different parts of the
body. The other network shown in Figure 1.2 comprises 33 main arteries and includes the
basic structure of the Circle of Willis. This network is of high interest for investigating
issues arising in the context of a carotid stenosis and difficulties in blood supply of brain
tissue. In order to derive a model for blood flow within a network of this kind, it is con-
sidered isolated from the rest of the cardiovascular system in a first step. Applying the
principles of the domain decomposition method, the considered arterial network is then split
into its single vessels (see Figure 1.5).

Figure 1.5: Domain decomposition method and dimension reduction applied to a small
blood vessel network.
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Modelling blood flow in a single vessel

For each of the vessels, we determine an appropriate flow model. Thereby, we use
dimension reduced models to simulate flow through a single vessel, which are derived from
the incompressible 3D Navier-Stokes equations [109]:

ρ
∂u

∂t
+ ρ (u · ∇) u +∇P − η ∆u = f , in Ω(t), t > 0, (1.1a)

div (u) = 0, in Ω(t), t > 0. (1.1b)

Ω(t) ⊂ R3 is a compliant vessel of length l > 0 and R (z, t) > 0 is a function describing the
radius of the vessel. It results from a transformation of a curved vessel geometry in space
to a cylindrical vessel, whose main axis is aligned with the z-axis of a Cartesian coordinate
system (see Figure 1.6):

Ω(t) =
{

(r, θ, z) ∈ R3 | 0 ≤ z ≤ l, 0 ≤ r ≤ R(z, t), 0 ≤ θ < 2π
}
.

In (1.1a) and (1.1b) the solution variables u and P represent the 3D velocity and pressure
field in the considered vessel. ρ and η denote the density and the viscosity of the fluid.

Figure 1.6: Transformation of a curved vessel to a simplified compliant vessel. The surface
of the compliant vessel is described by a function R (z, t) along the z-axis.

Since we assume that blood is incompressible and due to the fact that blood in larger
vessels can be considered as Newtonian [108], ρ and η are taken to be constant. The source
term f incorporates external body forces like gravity. However, in the remainder of this
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thesis, we neglect the influence of external forces for simplicity i.e., we set: f ≡ 0. A further
simplification of (1.1a) and (1.1b) is achieved by introducing new solution variables in 1D.
Mathematically, they can be expressed as integrals with respect to a section area S (z, t)
that is located at the place z and time t:

A (z, t) =

∫

S(z,t)

dS, Q (z, t) =

∫

S(z,t)

u dS, p (z, t) =
1

A

∫

S(z,t)

P dS.

The new solution variables A, Q and p stand for the section area A, the flow rate Q and
the 1D pressure p, respectively. For the velocity field u we assume that it has the following
shape:

u (r, θ, z, t) = uz (z, t) · γ + 2

γ

[
1−

(
r

R(z, t)

)γ]
, (1.2)

where uz (z, t) is the z-component of the velocity field u. Integrating (1.1a) and (1.1b) on
both sides over S (z, t), we obtain [11, 22, 75]:

∂A

∂t
+
∂Q

∂z
= 0, z ∈ (0, l) , t > 0, (1.3a)

∂Q

∂t
+

∂

∂z

(
Q2

A

)
+
A

ρ

∂p

∂z
= −Kr

Q

A
, z ∈ (0, l) , t > 0. (1.3b)

Kr is a resistance parameter containing the dynamic viscosity η of blood [129]:

Kr = 2 (γ + 2)
πη

ρ
.

Choosing γ = 2, we obtain a resistance parameter corresponding to a parabolic Poiseuille
flow profile. However, setting γ = 9, the profile in (1.2) is almost constant in the middle
of the blood vessel and decays rapidly to zero in the vicinity of the boundary. According
to [4] the latter choice of γ describes realisitic flow profiles. Therefore, we use γ = 9 in the
remainder of this thesis.
In order to close the PDE-system (1.3a) and (1.3b), an algebraic relationship is used,

which can be derived similar to the Young-Laplace equation [101, 136]:

p(z, t) = G0

(√
A

A0

− 1

)
, G0 =

√
π · h0 · E

(1− ν2) · √A0

, (1.4)

where E is the Young modulus, A0 stands for the section area at rest, h0 is the vessel
thickness and ν is the Poisson ratio. Due to the fact that biological tissue is practically
incompressible, ν is chosen as: ν = 0.5. Equation (1.4) can be considered as a simple
FSI-model relating the section area of the blood vessel to the blood pressure p. Thereby,
it is assumed that the vessel wall is instantaneously in equilibrium with the forces acting
on it. Effects like wall inertia and viscoelasticity could be incorporated by means of a
differential pressure law [33, 98, 138] involving the time derivative of the section area A.
However, this would increase the complexity of the mathematical structure. Furthermore,
in [53] the influence of a viscoelastic term in the 1D FSI-model has been investigated.
The authors came to the conclusion that the influence of viscoelasticity is neglectable and
that a FSI-model like (1.4) is sufficient to simulate realisitc pressure and velocity curves
in larger arteries. Finally, neglecting the viscoelasticity, maintains the strict hyperbolicity
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of the above PDE system [1] so that efficient solvers for hyperbolic PDE-systems can be
applied. Due to its hyperbolicity, the system (1.3a)-(1.3b), can be locally transformed into
characteristic variables W1 and W2, with new source terms SW1 and SW2 (see [22, 28, 84,
83]):

∂W1

∂t
+ λ1

∂W1

∂z
= SW1 , (1.5a)

∂W2

∂t
+ λ2

∂W2

∂z
= SW2 . (1.5b)

λ1 and λ2 are the eigenvalues of the Jacobi matrix corresponding the flux function F of the
hyperbolic system:

F (A,Q) =

(
Q

Q2

A
+ A

3
2

ρ
√
A0

)
.

Since we can assume for the considered application that λ1 = v− c < 0 and λ2 = v+ c > 0
holds [55], the characteristic variables W1 and W2 can be considered as waves moving into
opposite direction, where W1 is moving into negative space direction and W2 is moving
into positive space direction. The variables v and c denote the flow velocity and the
characteristic wave speed of a certain vessel. They are defined by:

v (A,Q) =
Q

A
and c (A) = 4

√
G0

2ρ

(
A

A0

) 1
4

.

After some calculations, it can be shown that the primary variables A and Q and the
characteristic variables W1 and W2 are related to each other by the following algebraic
equations:

W1 = −Q
A

+ 4

√
G0

2ρ

((
A

A0

) 1
4

− 1

)
= −v + 4 · (c (A)− c (A0)) , (1.6a)

W2 =
Q

A
+ 4

√
G0

2ρ

((
A

A0

) 1
4

− 1

)
= v + 4 · (c (A)− c (A0)) . (1.6b)

Extrapolating the outgoing characteristic variables at the boundaries of the considered
vessel and using (1.6a) and (1.6b) allows us to prescribe boundary data in a mathematical
consistent way. The handling of boundary conditions will be discussed in detail at the end
of this subsection. Before turning to that issue, we show how the PDE-system (1.3a) and
(1.3b) can be further simplified.
If one is not interested in resolving the pulse waves in space, it is meaningfull to reduce

(1.3a) and (1.3b) to a system of ordinary differential equations (ODEs). Due to the fact
that the spatial dependency is dropped, this type of model is referred to as 0D-model. As
a first step towards a 0D-model, we introduce spatially averaged units:

Q̂ =
ρ

l

∫ l

0

Q (z) dz, p̂ =
1

l

∫ l

0

p (z) dz and Â =
1

l

∫ l

0

A (z) dz (1.7)

Integrating the 1D continuity equation (1.3a) over the intervall [0, l], it follows by means
of (1.7):

l
dÂ

dt
+Qout −Qin = 0, where Qout = Q (l, t) and Qin = Q (0, t) .
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Concerning the 1D momentum equation (1.3b), we further assume [56, Chapter
10.2]:

• The contribution of the convective term ∂
∂z

(Q2/A) is neglected.

• The variation of A with respect to z is small compared to that of p and Q.

Considering Table 1.2, the first assumption is suitable for simulating blood flow in smaller
vessels, in which the Reynolds numbers and flow velocities are slow compared to the larger
vessels. The second assumption can be justified, if the average is carried out over small
vessels. Following this assumption, we set A ≈ A0 in the 1D momentum equation (1.3b).
After integrating this equation, we obtain:

ρl

A0

dQ̂

dt
+ pout − pin = −ρKrl

A2
0

Q̂, where pout = p (l, t) and pin = p (0, t) .

Exploiting the second assumption, it can be shown that:

l
dp̂

dt
=
lG0

2A0

dÂ

dt
.

Finally, we have:

C
dpin
dt

+Qout −Qin = 0, (1.8a)

L
dQout

dt
+ pout − pin = −RQout, (1.8b)

where the following approximations have been used:

p̂ ≈ pin and Q̂ ≈ Qout.

In [50], it has been shown that choosing the solution variables in this way and providing
pout and Qin by means of boundary data, the ODE system (1.8a) and (1.8b) is well posed.
ODEs of this type are also used to model electrical circuits. In the electric network analogy,
Q corresponds to the current and p to voltage. The physical significance of the parameters
R, C and L can be described as follows (see also Figure 1.7):

• Compliance: This parameter is given by C = 2lA0

G0
in (1.8a). It quantifies the capacity

for blood volume in a certain vessel and can therefore be compared to a capacitor in
an electric circuit.

• Inductance: The parameter L = ρl
A0

is a weighting factor for the inertia term in (1.8a).
It is comparable to the inductivity of a coil, since an increased density of the fluid
increases the inertia of the flow system. Due to that the effective flow resistance is
also increased.

• Resistance: The parameter R = ρKrl
A2

0
in (1.8b) represents the flow resistance caused

by the blood viscosity. In an electric network this parameter would correspond to
an ohmic resistance. Transferring Ohm’s law into the hydraulic world, it reads as
follows: R = ∆p

Q
, where ∆p denotes the pressure drop across the resistance.
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Figure 1.7: Analogy between electrical and hydraulic units.

An alternative computation of the pressure is given by an algebraic relationship between
the blood volume V contained in the blood vessel and the averaged inner pressure pin:

V − V0 = C · pin, (1.9)

which can be derived just as the Young-Laplace equation. The parameter V0 is called dead
volume and corresponds to the reference pressure pin = 0. By this (1.8a) and (1.8b) can
be represented as follows:

dV

dt
+Qout −Qin = 0, (1.10a)

L
dQout

dt
+ pout − pin = −RQout. (1.10b)

Modelling of boundary conditions

After describing dimension reduced flow models for single blood vessels, the last
step in the domain decomposition approach is to connect the flow models for the single
arteries. Besides the interior interfaces, there are also interfaces at the outer boundaries
of the network, connecting the considered network with the rest of the cardiovascular
system (see Figure 1.8). With respect to the inner interfaces, we consider bifurcations or
junctions (BI) as well as stenotic areas (SI) separating an affected blood vessel into two
parts. At the bifurcations, six unknows regarding the pressure and flow rate variables have
to be determined for each timepoint. Three flow conditions at a bifurcation or junction
are given by mass conservation and total pressure continuity. Next, we label the vessels at
a bifurcation by I, II and III. Thereby, I represents the mother vessel, while II and III
stand for the branches. By this the flow conditions read as follows:

QI = QII +QIII ,

pt,I = pt,II = pt,III , pt,i =
ρ

2

(
Qi

Ai

)2

+ p (Ai) ,
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Figure 1.8: This figure shows a portion of an arterial network with several bifurcations and
a stenosis as inner interfaces. At the boundaries there are inflow and outflow
boundaries, linking the network to the rest of the cardiovascular system.

where p (Ai) is given by (1.4). The remaing equations are obtained by extrapolating the
outgoing characteristic waves and using (1.6a) and (1.6b). This is possible, since we know
that each of the 1D problems governing the blood flow in each vessel is strictly hyperbolic.
Therefore, at each boundary there is exactly one characteristic wave entering and leaving
the domain. For further information, we refer to: [1, 55].
In order to simulate the influence of a stenosis, we first separate the affected artery in

three parts i.e. we apply again the decomposition method. Here, we consider separately
the stenotic area as well as the left and the right part of the artery with respect to the
stenosis. Next, the stenotic part is lumped to a node. This simplification is justified by the
fact that the length ls of the stenotic part is usually not very large. Using the following
ODE [124, 134, 153], we compute for each time point the flow rate Qs through the stenosis:

Ku · ρ · ls
A0,s

dQs

dt
= ∆ps −

Kv · η · ls
A0,s ·Ds

Qs −
Kt · ρ
2A2

0,s

(
A0,s

As
− 1

)2

Qs |Qs| . (1.12)

A0,s and As = (1−Rs) · A0,s refer to the section areas of the healthy and stenotic seg-
ments, while D0 and Ds denote the corresponding diameters [92]. The degree of stenosis is
represented by a parameter

Rs ∈ (0, 1) , (1.13)

where Rs = 0 corresponds to the healthy state and Rs = 1 stands for the case of a
completely occluded blood vessel. For convenience, it is assumed that both vessel parts
have the same section area A0,i as well as the same elasticity parameters. ∆ps is the pressure
drop across the stenosis. The second term on the right hand side of (1.12) quantifies the
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viscous effects within the stenosis. Furthermore, compared to the 0D-model (1.8a), there
is a third term on the right hand side accouting for the energy loss due to the formation of
vortices. The remaining parameters are empirical coefficients, which are given by [92]:

Kv = 32.0 · (0.83 · ls + 1.64 ·Ds) ·
(
A0,s

As

)2
1

Ds

, Kt = 1.52 and Ku = 1.2.

For each time point the flow rate Qs is prescribed at the boundaries of the adjacent vessel
parts. Just as in the case of the bifurcation, we have at each vessel boundary an outgoing
characteristic variable, which can be extrapolated based on the solution data at the bound-
ary or at some point from the interior of each vessel. All in all, we obtain a dimension
reduced 1D-0D coupled model to simulate the influence of a stenosis in a simplified way.
With respect to the outer interfaces, we distinguish between inflow (II) and outflow

interfaces (OI). Typically, we consider for the macroscale networks in this thesis only a
single inflow boundary that is adjacent to the outlet of the left heart chamber or the inlet of
the aorta. In order to emulate the influence of the heart, one can prescribe an appropriate
pressure profile or flow rate profile [4]. Another possibility is to consider dimensional
reduced models for the heart [54, 92] providing a pressure or flow rate boundary condition.
Combined with an extrapolation of the outgoing variable at the inlet of the aorta, boundary
data for both solution variables can be determined. At the outflow boundaries, we consider
simplified models accounting for the resistance and storage capacities of the blood vessels
that are not part of the 1D arterial network. In this context, there are two approaches how
to model the omitted parts of the cardiovascular system. The first one is called open loop
model, while the other one is referred to as closed loop model.
Using the open loop model, we do not simulate blood flow through the whole cardio-

vascular system as the term suggests, but we focus ourselves on the 1D arterial system.
In Figure 1.10, a blood vessel network consisting of the 55 main arteries can be seen. To
be able to simulate realistic pressure and flow rate curves within the considered network,
appropriate model equations are required at the outlets of the terminal vessels as well as
at the only inlet, which is identical to the inlet of the aorta. For this purpose, it is required
to prescribe at the inlet of the aorta a boundary condition that emulates the heart beats.
Quite often a half sine wave is considered for the flow rate variable Q, where the corre-
sponding wave length is adapted to the heart’s ejection phase. Besides, the amplitude of
the sine wave has to be determined in such a way that about 5.0 to 6.0 liter of blood volume
are flowing per minute through the inlet of the aorta [4, 5]. Another way would be to con-
struct a simplified model for the left heart chamber, simulating the inner pressure and the
volume flux through the aortic valve. Thereby, the filling process of the left chamber has
to be modelled in a simplified way, since the pulmonary circulation is omitted. Together
with the extrapolated outgoing characteristic variable W1 and (1.6a) the missing solution
variable can be determined. Concerning the terminal vessels, we assume that their main
axes are parameterised such that W2 is the outgoing characteristic variable, which can be
extrapolated at the outflow boundaries of the terminal vessels. The influence of the omitted
systemic vascular system is accounted for by means of a three-element R1CR2-Windkessel
model. Thereby, we use as before an analogy from electrical science. Here, the parameter
C stands for the storage capacity of the arterial vessels and capillaries that are connected
to a certain 1D terminal vessel. For these vessels we compute an averaged pressure pc and
a blood volume Vc. The blood volume Vc is determined by two flow rates Qin and Qout. Qin

represents the flux from the terminal vessel into the omitted arterial vessels and capillaries,
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while Qout quantifies the flux from these vessels into the venous system. This yields the
following ODE:

dVc
dt

= Qin −Qout.

Using an equation analogous to (1.9):

Vc − V0,c = C · pc,

we can rewrite the above equation as follows:

C
dpc
dt

= Qin −Qout.

By means of the ohmic law in hydraulic units, the fluxes Qin and Qout can be represented
by (see Figure 1.7 and 1.9):

Qin =
p (A)− pc

R1

and Qout =
pc − pv
R2

.

pv denotes an average venous pressure and p (A) is the pressure at the outlet of the con-
sidered terminal vessel. Combining the last two equations, we obtain:

C
d

dt
(p−R1Qin) = Qin −

pc − pv
R2

and after some calculations, it follows:

p− pv + CR2
dp

dt
= (R1 +R2)Qin + CR1R2

dQin

dt
. (1.14)

Integrating (1.14) and using the outgoing characteristic W2, we can prescribe boundary
conditions accounting for the influence of the omitted systemic vessels. Concerning a
possible choice of the parameters R = R1 + R2 and C, we refer to [134]. A possible
relationship between R1 and R2 is reported in [25]. The reason, why this type of model is
called Windkessel -model, can be explained by means of the term Windkessel-effect. The
Windkessel-effect is a mechanism damping the large difference between the systolic and
diastolic pressure and ensuring a continuous blood supply of the organs. A crucial factor
for this is the elasticity of the arterial walls (especially the aorta). Thanks to this vessel
property, a significant volume of blood can be stored in the respective vessels. In order to
transport blood volume to the organs, the muscles in the arterial vessel walls contract and
push blood volume towards the tissue cells. The muscles are supported by the elastic vessel
walls, exerting counter-pressure on the stored blood volume. This leads to a continuous
blood supply of the organ tissue.
The name of this mechanism stems from the first fire engines, in which a large air chamber

(Windkessel) had been installed. In the cardiovascular system, the heart corresponds to
the pump, while the air chamber corresponds to the arteries with elastic vessel walls.
The air chamber located between the pump and the syringe offers the possibility to store
water during the pumping process. As the air chamber fills with water, the air in the air
chamber is compressed, causing a counter-pressure on the inflowing water. This results in a
continuous and weakly pulsating water flow through the syringe of the pump. Due to their
deformable vessel walls, the arteries of the systemic circulatory system are comparable to
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Figure 1.9: Electric module representing the three-element Windkessel-model attached to
a 1D terminal artery. The resistance R1 represents the hydraulic resistance of
the arteries and capillaries and C their capacity. R2 quantifies the hydraulic
resistance of the corresponding veins. p (A) is the pressure at the outlet of the
1D artery, while pc and pv denote the pressures in the omitted arterial vessels
and veins, respectively.

an air chamber, as they can store fluid volume like the air vessel. The contraction of muscles
and tension in the elastic arterial walls correspond to the counter-pressure compressed air
exerts on the water in the air chamber (Windkessel).
In case of the closed loop model, the whole cardiovascular system is modelled, where flow

in the macroscale network consisting of larger arteries is modelled by the 1D flow model,
while the rest of the cardiovascular system is modelled by means of 0D-models having the
same shape as the 0D-model given by (1.10a) and (1.10b). In Figure 1.11, the rest of
the cardiovascular system is decomposed into different compartments. Here, we consider
compartments for the vascular systems in the upper and lower body, the four heart cavities,
the pulmonary circulation as well as the two largest veins of the systemic circulation.
Certainly, this decomposition is just one of many possible decompositions. In particular,
the compartment for the upper and lower compartment can be further subdivided, e.g.
one could design a compartment for the main organs in the systemic circulation [91]. For
each of these compartments one can estimate values for the hydraulic resistance R, the
inductance L and the capacity C [92, 103]. By means of (1.10a) and (1.10b), we compute
for each compartment an averaged blood pressure and at its outlets an averaged flow rate.
Please note that the equations for the heart cavities have to be adapted since its outlets
are equipped with valves (see Chapter 3). The compartments for the upper and lower body
are connected to the outlets of the 1D arterial network (thick-framed numbers) by three
element R1CR2-Windkessel models.
Similarly to the closed loop model, the resistance values incorporate the flow resistances

of the arterial vessels, which are subsequent to a terminal 1D artery. The difference between
the two modelling approaches is that the mentioned parameters characterise the omitted
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Figure 1.10: Example of an open 1D-0D coupled model. The larger arteries of the systemic
circulation are described by means of 1D-models, while the rest of the cardio-
vascular system is described by means of 0D-models. To take the Windkessel
effect into account, the 1D-arteries with thick-framed numbers are coupled
with three-element RCR-models. Contrary to the closed model, the 0D-models
attached to the outflow boundaries are not linked to the rest of the cardiovas-
cular system. Therefore, blood volume has to be refilled at the inlet of the
aorta. Overall, this modelling approach results in an open blood circulation.

vessels contained neither in the upper nor in the lower body compartment. Summarising,
this approach results again in a 1D-0D coupled model for flow in the considered network. A
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Figure 1.11: Example of a closed 1D-0D coupled model. The larger arteries of the systemic
circulation are described by means of 1D-models, while the rest of the cardio-
vascular system is described by means of 0D-models. To take the Windkessel
effect into account, the 1D-arteries with thick-framed numbers are coupled
with three-element RCR-models. The remaining part of the cardiovascular
system is also described by 0D-models and coupled to the inlet of the aorta.
Overall, this modelling approach results in a closed blood circulation.
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suitable choice of the mentioned model parameters can be found in [92] and the references
therein. In Part I of the submitted thesis dealing with macroscale networks, we use in
context with blood flow modelling in networks of large arteries open loop models. Since,
we do not investigate blood flow in the pulmonary circulation, an open loop model is
sufficient for the issues investigated in the respective chapters.

A 1D-0D coupled model for flow in pipelines

Besides blood vessel networks, a model pipeline equipped with a pump and a surge reduction
system (SRS) preventing the pipeline from rupture, has been investigated. In a few hundred
meters distance of a pump a SRS is installed dividing the pipeline into three parts. At the
inlet of the upstream pipeline a fixed pressure value pin and at the outlet of the downstream
pipeline a fixed pressure value pout is prescribed. The modelling concept is similar to the one
applied to the macroscale arterial networks i.e. we use a domain decomposition approach
and dimension reduced models for the pipeline as well as the pump and the SRS. Doing so,
we decompose the model pipeline into five single components: Upstream tube, downstream
tube, SRS, pump and finally a short tube linking the SRS and the pump. In a next step
the SRS and the pumping station are lumped and modelled by 0D-models. As in the case
of a stenosis or the R1CR2-Windkessel model, they have the shape of ODE systems. Using
the principles of mass and momentum conservation combined with averaging techniques,
one obtains for each tube a 1D flow model in form of a PDE, involving the solution variable
p representing the inner pressure and v denoting the fluid velocity. The PDE-system reads
as follows [93, Section 1.3 and 1.4]:

∂p

∂t
+ ρc2 ∂v

∂x
= 0, x ∈ (0, l) , t > 0, (1.15a)

∂v

∂t
+

1

ρ

∂p

∂x
= −λ (Re, ε)

1

d

v|v|
2ρ
− g sinα, x ∈ (0, l) , t > 0. (1.15b)

The constant c is the characteristic wave speed of the system, it depends on the diameter
of the pipeline, the modulus of elasticity of the pipeline wall and the oil as well as on the
thickness of the pipeline wall and the oil density. ρ and g denote the fluid density and the
gravity constant, respectively. Viscous forces are accounted for by the first summand in the
source term of (1.15b), where d is the internal diameter of the pipeline. The skin friction
coefficient λ is given by [58]:

λ (Re, ε) = 0.11

(
ε+

68

Re

) 1
4

.

In this formula ε is a relative roughness coefficient and Re = v·d
ν

is the Reynolds number
for pipe flow relating the convective term v · d and the fluid viscosity ν. To integrate the
gravity force into the model, the expression −g sinα is added to the source term of the
momentum equation (1.15b), where α denotes the tilt angle of the considered tube. On
closer examination, it can be observed that this PDE-system is a hyperbolic PDE of first
order such as the 1D blood flow model given by (1.3a) and (1.3b) . The major differences
between the two models consist in the structure of the flux function. While the flux function
of the blood flow model is non-linear, we have in case of the pipeline flow model a flux
function depending linearly on the solution variables. As a consequence, the linearisation
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Figure 1.12: Domain decomposition method and dimension reduced modelling applied to
a simple model pipeline. The model pipeline is decomposed into three tubes:
Upstream tube, middle tube and downstream tube. In each tube flow is mod-
elled by 1D equations. The SRS and and the pumping station contained in
the model pipeline are lumped and modelled by 0D-models (ODE-systems).
At the inlets and outlets of the three tubes, we precribe fixed pressure values
pin and pout or we couple the 1D flow models with the adjacent 0D-models.
This results in a 1D-0D flow model for the considered pipeline.

of the flux function is not necessary. Consequently, there is a linear relationship between
the characteristic and the primary variables:

W1 = p− ρ · c · v and W2 = p+ ρ · c · v.

Another aspect in which the two models differ is the FSI-model for coupling the flow and
the deformation of the tube walls. In contrast to the elastic vessel walls of the arteries, the
tube walls, which are made of steel, are hardly deformable. For this reason, the derivation
of (1.15a) and (1.15b) is based on the assumption that the diameters of the tubes are
almost constant. This means that a non-linear relationship between the cross-sectional
area and the internal pressure like (1.4) is no longer required. Based on this simplifying
assumption, we obtain a linear flow function in (1.15a) and (1.15b). As in the 1D blood flow
model, we use an extrapolation of the outgoing characteristic variables combined with given
pressure values or solutions of the 0D-models to compute appropriate boundary conditions
at the corresponding interfaces. By this, we obtain similar to the previous subsection a
1D-0D coupled model simulating the influence of a pump and a SRS on flows in a pipeline
system. For more detailed information, we refer to Chapter 4 (Part I) of this thesis and
the references therein.

Data based modelling of blood flow in the vicinity of a stenosis

Simulating the influence of a stenosis on the peripheral blood circulation, i.e., the blood
flow far away from the heart, we reconsider the arterial network depicted in Figure 1.10
and place a stenosis in Vessel 54 located in the lower right leg. By this, we split Vessel
54 into two new vessels that are numbered by 54 and 56 (see Figure 1.13). Within the
vessels i, i ∈ {52, 54, 55, 56} that are adjacent to the stenosis, we compute for one heart
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Figure 1.13: Pressure curves during one heart beat reported in the vicinity of a stenosis
of degree Rs ∈ (0, 1). From each curve i ∈ {52, 54, 55, 56}, we take q samples
(blue diamonds) in order to construct a mapping fi,P : (0, 1) → Rq, Rs 7→
fi,P (Rs) that can be approximated by a surrogate model.

beat (about 1.0 s) at fixed places pressure and flow rate curves. In order to compute
these curves, the 1D-0D model from the previous subsection is used. Recalling the 0D
flow model for the stenosis (1.12), we note that one of the main parameters is the stenosis
degree Rs ∈ (0, 1). For a well-founded investigation of the influence of stenosis on the
surrounding blood vessels, it is necessary to vary this parameter several times and to study
the changes on the pressure and flow rate curves. Thereby, it is possible to investigate,
which stenosis degrees have a relevant impact on the considered hemodynamic curves. A
standard way to do this, would be to restart the simulations for every stenosis parameter
Rs and to report for each simulation the data of interest. An alternative way consists in
simulating the pressure and flow rate curves for some Rs ∈ (0, 1). After each simulation,
we store q samples of each pressure and flow rate curve with respect to the considered heart
beat. By means of these data one can easily produce a dense output for the whole heart
beat using interpolation polynomials of higher order. Since the samples for each vessel i
can be associated with a certain Rs, we can design for both pressure (P ) and flow rate (Q)
a function fi,n, n ∈ {P,Q}, mapping the stenosis degree to the corresponding sample:

fi,n : (0, 1)→ Rq, Rs 7→ fi,n (Rs) .

The idea to reduce the computational complexity of the whole issue is to compute a surro-
gate function f̂i,n, whose evaluation is cheap. In a first step towards this goal, it is assumed
that f̂i,n can be represented as a linear combination of N ∈ N kernel functions Kk. De-
noting the corresponding coefficients by αk,l, we have for the l-th component of the image
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vector related to f̂i:

f̂i,n (Rs) (l) =
N∑

k=1

αk,l ·Kk (Rs, Rs,i) , i ∈ {52, 54, 55, 56} , l ∈ {1, . . . , q} . (1.16)

In this context, a function K : (0, 1)× (0, 1)→ R is considered as a strictly positive kernel
on (0, 1), if it is symmetric and for any N ∈ N and any set of pairwise distinct points

SN := {Rs,1, . . . , Rs,N} ⊂ (0, 1) ,

the N ×N kernel matrix AK,SN := (K(Rs,k, Rs,j))
N
k,j=1 is positive definite. An example for

a strictly positive definite kernel is the Gaussian kernel function

K(x, y) := exp(−ε2‖x− y‖2
2),

where ε is a tunable parameter. In order to determine the coefficients αk,l, we use the
simulated data as training data. From (1.16), we obtain for each component l interpolation
conditions by inserting the values from SN and replacing f̂i,n (Rs) (l) by the corresponding
value from the simulated data set. By this, a linear system of equations is obtained for the
computation of the coefficients αk,l.
Since the kernel function is chosen to be strictly positive definite, the matrix AK,SN

is symmetric and positive definite for any SN . Therefore, the resulting linear system of
equations exhibits a unique solution. In other terms, the model satisfying the interpolation
conditions (1.16) is uniquely defined for arbitrary pairwise distinct data points SN .
However, despite the fact that the kernel method can deal with arbitrary pairwise distinct

inputs SN , the resulting surrogate model is required to be fast to evaluate. It is clear that
the computational costs related to the evaluation of the surrogate model for a new stenosis
degree Rs is essentially related to the number N of elements in the sum. For this reason,
it is desirable to determine a sparse expansion, i.e., a linear combination in which most
of the coefficients αk,l are equal to zero. A sparse structure can be obtained by selecting
a small subset Sm ⊂ SN of the data points, and computing the surrogate. An optimal
selection of these points is a combinatorial problem, which is too expensive with respect
to the computational effort. Instead, we employ greedy methods (see [135] for a general
treatment, and [31, 116] for the case of kernel approximation). These methods select a
sequence of data points starting with the empty set S0 := ∅. At iteration m ≥ 1 the set

Sm = Sm−1 ∪ {Rs,m}

is updated by adding a suitable selected point Rs,m ∈ SN \ Sm−1. The selection of Rs,m is
based on the Vectorial Kernel Orthogonal Greedy Algorithm (VKOGA, [149]). Thereby,
the greedy algorithm chooses the new value Rs,m, such that the residual vector

r
(m)
i,n (f) (Rs) = fi,n (Rs)− f̂ (m)

i,n (Rs)

is minimised in a suitable norm, where f̂ (m)
i,n denotes the surrogate model resulting from the

m-th iteration. For further information, we refer to Chapter 3 in Part I and the references
therein.
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1.2.2 Model reduction techniques for fine scale structures

In the previous subsection, we have discussed model reduction techniques for flows in
networks consisting of large arteries and pipeline systems (see (FP 1) and (FP 3)). These
flow processes exhibit larger Reynolds numbers and convection dominated flow, which are
modelled by 1D hyperbolic PDE-systems. Considering Table 1.1, it remains to present
model reduction techniques for flows in microvascular networks (FP 2) and injections in
porous media (FP 4). Contrary to (FP 1) and (FP 3), we observe for these flow processes
small Reynolds numbers. A further difference is that in the case of (FP 1) and (FP 3)
the fluid is not moving through a system of large cavities, but through networks of small
pores or small capillaries. Taking the differences into account, it becomes obvious that for
(FP 2) and (FP 4) totally different modelling approaches are required. In the following,
we discuss the fundamentals of simplified models for blood flow in microvascular networks
and injection of fluids into porous media.

A 3D-1D coupled model for blood flow in microvascular networks

As a first step towards a model for blood flow in microvascular networks and surrounding
tissue, we recall briefly the most important properties of fluid and flow within such systems.
Concerning the fluid filling the space inbetween the tissue cells (interstitial space), it is
assumed that this fluid consists mostly of water. Since water is an incompressible and
Newtonian fluid, a constant density and viscosity can be considered for the tissue fluid.
This holds only partially for blood in microvascular networks.
Blood is composed of blood plasma, which can be compared to the interstitial fluid and

blood cells, which can be classified as red blood cells, white blood cells and blood platelets.
In particular, red blood cells determine the flow behaviour of blood, since they are the
most frequent ones. Furthermore their diameter exceeds the diameter of the capillaries and
small arterioles. Therefore they have to deform so that they can be transported through a
microvascular network. As a consequence the viscosity of the fluid is strongly dependent
on the vessel diameter, which means that it can not be considered as a Newtonian fluid. In
order to determine the corresponding viscosity parameter µbl , we use the following function
depending on the vessel diameter D [107]:

µbl (D) = µp

(
1 + (µ0.45 − 1)

(1−H)C − 1

(1− 0.45)C − 1
·
(

D

D − 1.1

)2
)
·
(

D

D − 1.1

)2

. (1.17)

The viscosity of the blood plasma is denoted by µp, and H stands for the discharge hema-
tocrit which is defined by the ratio between the volume of the red blood cells and the total
blood volume. The apparent viscosity µ0.45 for a discharge hematocrit of 0.45 is calculated
by:

µ0.45 = 6.0 exp (−0.085 ·D) + 3.2− 2.44 exp
(
−0.06 ·D0.645

)

and C is a coefficient determining the influence of H on µbl:

C = (0.8 + exp (−0.075 ·D))

(
−1 +

1

1 + 10−11D12

)
+

1

1 + 10−11D12
.

The density of blood might also vary locally, since the blood cells are not equally distributed
within the microvascular network [106]. However, in the publications of Part II, we will
neglect this effect and consider the blood density as constant.
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According to Table 1.2, Reynolds and Womersley numbers in microvascular networks
are smaller than one. This means that on this vascular level and within the tissue almost
stationary and no pulsatile flow can be observed. Instead, mass exchange with the sur-
rounding tissue has to be taken into account, since the vessel walls of the capillaries exhibit
gaps in their vessel walls such that oxygen and nutrients can be transported to the tissue
cells and that waste can be removed from the interstitial space.
To design a model for this flow problem, we use again the domain decomposition method.

In this case, we separate the vascular system from the surrounding tissue and derive different
models for them. Afterwards, coupling concepts have to be determined in order to obtain
a consistent and representative global solution (see Figure 1.14).
For the microvascular network, we apply a similar model reduction approach as for the

larger arteries, i.e., we split the network into its single vessels and derive a dimensional
reduced model for each vessel. In a second step, the single vessels are connected by means
of coupling conditions yielding a complete model for the network flow. In [102] it has been
shown that the Navier Stokes equations for flow in a microvascular network can be simplified
to a 1D Poiseuille type equation, which is defined on the main axis of the corresponding
vessel. For simplicity, it can be assumed that each vessel can be represented by a straight
edge in space, such that the network can be considered as a dense graph-like structure in
space (see Figure 1.4). Assuming that the network consists of N vessels, we obtain for the
i-th vessel, i ∈ {1, . . . , N} the following 1D PDE [105]:

− ∂

∂s

(
ρblπR

2
i

Kv,i

µbl

∂pv
i

∂s

)
= Svt,i, s ∈ [0, 1] (1.18)

In (1.18) pv
i indicates the pressure within the i-th vessel and s is the curve parameter of

the mapping describing the main axis of the corresponding vessel:

Λi : [0, 1]→ R3, s 7→ Λi (s) .

Ri is the vessel radius, which is assumed to be constant on each edge. The viscosity
parameter is governed by the vessel radius or diameter as it is shown in (1.17). ρbl is the
density of blood, which is taken to be constant. Finally, Kv,i is a parameter representing
the permeability of the i-th vessel and is given by: Kv,i = R2

i /8.
The exchange process with the surrounding tissue matrix is incorporated in the source

term Svt. In order to model flow from the interstitial space into the vascular system and
vice versa, Starling’s filtration law is considered [89, 130]. This physical law describes the
mass flux through the surface area of a permeable membrane. As driving forces for this flow
process, the pressure difference across the membrane as well as the difference of osmotic
pressures are considered. Using the notation from above, the flux Fp,i through the vessel
surface

Si = 2π ·Ri ‖Λi‖2 ,

with a permeability Lp,i is given by:

Fp,i = Si · Lp,i · ρint · (∆pi + (πp − πint)) .

Thereby, πp and πint denote the osmotic pressures. For simplicity, we consider them as
constants. The pressure difference between the fluids in the vascular system and the inter-
stitial space is given by ∆pi. Since we have essentially an exchange of interstitial fluid, its
density ρint has to occur in Starling’s filtration law.
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Figure 1.14: Outline of the 3D-1D modelling approach for microvascular networks in tissue.

Due to fact that Svt,i describes the mass flux per vessel length it is necessary to divide
Fp,i by the length of the vessel i.e. ‖Λi‖2, which yields for a curve parameter s ∈ [0, 1]:

Svt,i(s) = 2π ·Ri · Lp,i · ρint ·
(
pt
i(s)− pv

i (s) + (πp − πint)
)
. (1.19)

Please note that in (1.19), we have replaced ∆pi for each parameter by the difference
between the blood pressure pi and an averaged pressure of the interstitial fluid within the
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tissue pt, where the averaged pressure with respect to pt is given as follows:

pt
i(s) =

1

2πRi

∫ 2π

0

pt (Λi (s) +RinΛi(s, θ))Ri dθ,

where the vector nΛi(s, θ) indicates a normal vector perpendicular to the midaxis of the
i-the vessel and depending on an angle θ, such that the set {nΛi(s, θ) | θ ∈ [0, 2π)} describes
a unit circle around Λi (s) and perpendicular to the midaxis of the i-the vessel. All in all
we obtain for flow in a single vessel:

− ∂

∂s

(
ρblπR

2
i

Kv,i

µbl

∂pv
i

∂s

)
= 2π ·Ri · Lp,i · ρint ·

(
pt
i(s)− pv

i (s) + (πp − πint)
)
.

To obtain a complete flow model for the microvascular network, we enforce at the bifur-
cations pressure continuity and mass conservation. Depending on the given data, fixed
pressures or fluxes are prescribed at the inflow and outflow boundaries. Contrary to the
hyperbolic system that is used for the larger arteries, this is possible without further in-
vestigations, since the 1D flow problems for the microvascular network are of elliptic type.
As it is known from standard literature, elliptic problems are well posed for pure Dirichlet
boundary conditions or mixed boundary conditions.
It remains to design a model for the tissue flow. For this purpose, we consider the

tissue cells and the interstitial space as a homogeneous porous medium i.e. we assume
that the tissue block containing the microvascular network exhibits a constant porosity and
permeabilityKt. A definition of the terms porosity and permeability in context with porous
media can be found in [73, Chapter 2]. Since it is further assumed that the extracellular
space is filled with a homogeneous fluid, we use a single phase flow model for porous media
to determine the tissue pressure pt. The domain containing both the tissue matrix Ωt and
the vascular system Ωv is denoted by

Ω = Ωt ∪ Ωv ⊂ R3.

Actually, the flow model for porous media would have to be defined on Ωt. However,
due to the fact that the vascular flow model is composed of 1D flow models and that
the blood vessels of microvascular networks are small compared to the dimensions of the
whole domain, Ω is identified with Ωt: Ωt ≈ Ω. This means that we define on Ω a single
continuum model governing the single phase flow process in the tissue block. A standard
flow model describing the velocity field for such a flow process is the well-known Darcy law
[73]. Combined with a mass balance equation, the underlying PDE reads as follows:

−∇ ·
(
ρint

Kt

µint
∇pt

)
= Stv.

Here, the source term Stv models the exchange between the tissue matrix and the mi-
crovascular system. Deriving this source term, we use a concept that has been intensively
studied in [29, 30]. The fundamental idea of this modelling approach is to define a source
term that is concentrated on the midaxes of the vessels forming the microvascular network.
Therefore, we define the 1D graph Λ describing the location of the 1D network in space:

Λ =
N⋃

i=1

Λi ⊂ Ω.
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As Λ is a 1D structure in a 3D space it has zero measure in Ω. As a consequence, one
requires Dirac measures with respect to Λ in Stv to define it in a consistent way. In order to
guarantee the mass conservation, we reuse the source terms of the 1D flow problems with
the opposite sign:

Stv = 2π ·R · Lp · ρint ·
(
pv − pt − (πp − πint)

)
︸ ︷︷ ︸

=extv

δΛ,

where
extv |Λi = 2π ·Ri · Lp,i · ρint ·

(
pv
i − pt

i − (πp − πint)
)
.

Finally, this results by means of (1.18) in the following 3D-1D flow model for a microvascular
network:

− ∂

∂s

(
ρblπR

2Kv

µbl

∂pv

∂s

)
= 2π ·R · Lp · ρint ·

(
pt − pv + (πp − πint)

)
, (1.20a)

−∇ ·
(
ρint

Kt

µint
∇pt

)
= 2π ·R · Lp · ρint ·

(
pv − pt − (πp − πint)

)
δΛ. (1.20b)

A 3D-3D-1D coupled model for blood flow in microvascular networks

The 3D-1D coupled model from the previous subsection can be simplified by introducing a
further continuum arising from the homogenisation of discrete microstructures. Within the
3D-1D coupled model the interstitial space as well as the tissue cells have been described
in an averaged sense by the permeability parameter Kt and a porosity. To model the flow
in this porous media system, Darcy’s law has been applied. This concept can be further
applied to the fine scale components of the microvascular network. For this purpose, we
choose a threshold RT with respect to the radii of the blood vessels. Usually, it is chosen
such that it marks the limit between the arterioles or venules and the capillary bed. Based
on RT the microvascular system is divided such that the vessels whose radii are larger than
RT are classified as large vessels. All the other vessels are assigned to the capillary bed (see
Chapter 7). Flow within the network formed by the larger vessels is modelled by means of
(1.20a). Assuming that the exchange processes between the vascular system and the tissue
take only place within the capillary bed, we set for the larger vessels: Lp = 0 (see Figure
1.15).
In a next step, the discrete capillary bed is turned into a homogenised continuum just as

the porous tissue structure. The goal is to use a Darcy flow model for the capillary bed as
for the tissue, while preserving the information on the main flow channels via the 1D flow
models. As in the case of the interstitial flow, we consider a single phase flow model for the
homogenised capillary bed. The corresponding solution variable is the capillary pressure
pcap and the Darcy flow model is given by:

−∇ ·
(
Kup

µup
bl

∇pcap

)
= qcap

t + qcap
v . (1.21)

Considering (1.21), it is necessary to determine a permeability Kup for the homogenised
medium as well as a viscosity µup

bl to set up the left hand side of Darcy’s equation. Contrary
to the tissue matrix we can not assume that the permeability is given by a constant,
since the capillary bed exhibits a hierarchical structure. Due to that the permeability
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varies locally in Ω. This means that a tensor has to be computed for the permeability
function of the capillary bed. For simplicity, we restrict ourselves to a diagonal tensor
accounting for anisotropies in the three space dimensions. Following the standard porous
media theory [14, 73], we subdivide the tissue block Ω containing the capillary bed into
NREV representative elementary volumes (REVs) having the shape of a rectangular blocks.
For each REV j ∈ {1, . . . , NREV}, we determine a permeability tensor K(j)

up as well as an

Figure 1.15: Outline of the hybrid 3D-3D-1D modelling approach for microvascular net-
works in tissue.
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averaged viscosity µup
bl,j. The averaged viscosity is computed as a simple arithmetic mean of

the viscosity for all the capillaries contained in REV j. In order to determine the viscosity
for the single vessels, we use (1.17). For the computation of the diagonal entries of K(j)

up

a pressure gradient is applied at the facets of the REVs that are perpendicular to the
corresponding coordinate axes. On the remaining facets no-flow boundary conditions are
set. Next we compute the flux through one of the facets at which the pressure gradient is
applied. By means of this flux, the pressure gradient and the corresponding edge length,
the permeability value in the considered space direction can be calculated. For further
information, we refer to [115]. The determination of the source terms connecting the
capillary bed with the tissue matrix (qcap

t ) and the larger vessels of the microvascular
network (qcap

v ) is outlined in detail in Chapter 7.

Hysteresis models for fluid injection into porous media

In the previous subsection, we discussed modelling approaches for flow processes in tissue.
Thereby, we have assumed that the interstitial space in the tissue matrix is filled with
a homogeneous fluid. As a consequence, it has been sufficient to consider a single-phase
flow model. Creating a model for fluid injections into a porous medium, it is required that
besides a fluid, i.e., a wetting phase and a non-wetting phase like air have to be taken
into account. This is due to the fact that an injection of a fluid into a porous medium
is only meaningfull, if the pores of the porous medium are not fully saturated with the
fluid. Therefore, we assume that this flow process can be considered as a two-phase flow
process (see Figure 1.16). To each REV, averaged quantities are assigned as phase pressures
and phase saturations. The saturations are fractions of the volumes of the phases within
the REV and the volume of the REV. Moreover, there are parameters characterising the
porous medium like the porosity φ and the absolute permeability K, where the porosity φ
is defined as the fraction of pore volume contained in a REV and the volume of the REV
itself. In order to describe the REV based quantities in a comprehensive manner, a mass
balance equation and momentum balance equation for each phase is required.

According to [13, 73] the mass balance equations for the phases read in the absence of
source terms as follows:

φ
∂ (ραSα)

∂t
+∇ · (ραvα) = 0, α ∈ {w, n} , (1.22)

where α = n denotes the non-wetting phase and α = w the wetting phase. Sα and ρα are
the saturations and densities of the phases. The momentum balance equations governing
the phase-velocities vα are given by Darcy’s law [13, 73]:

vα = −krα
µα

K (∇pα − ραgêg) , α ∈ {w, n} . (1.23)

In (1.23) K is the absolute permeability of the porous medium, µα the viscosity and krα
the relative permeability of each phase. Moreover, pα, g and êg are the phase pressure, the
gravitational acceleration and the unit vector along gravity, respectively.
Obviously, the system (1.22)-(1.23) is not closed, since there are more unknowns than

equations, Therefore, one needs to make assumptions. Assuming incompressibility yields
that ρα are constant. Moreover, due to the fact that we consider a two-phase flow system,
it holds:

Sw + Sn = 1. (1.24)
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Figure 1.16: Injection of a fluid (wetting phase) into a porous medium filled with air
(non-wetting phase). The fluid is considered as a wetting phase, while the air
represents a non-wetting phase. On the right hand side the averaged quantities
with respect to a REV are listed.

The relative permeabilities are given by constitutive laws relating Sw to a dimensionless
value between 0 and 1 [13, 73]:

krα : [0, 1]→ [0, 1] , Sw 7→ krα (Sw) , α ∈ {n,w} , (1.25)

where the most widespread model curves are given by the van Genuchten or Brooks-Corey
model. At the interfaces between the wetting and non-wetting phase, it can be noted that
there is a pressure jump between the phase pressures pw and pn. In order to quantify this
pressure difference a further variable is introduced and indicated as capillary pressure pc:

pc (Sw) = pn − pw. (1.26)

As the relative permeabilities, pc can be modelled by a van Genuchten or Brooks-Corey
curve relating the capillary pressure and the saturation of the wetting phase:

pc : (0, 1]→ R+, Sw 7→ pc (Sw) . (1.27)

Summarising equations (1.22)-(1.27), we obtain a closed model for a two-phase flow process
in a homogeneous porous medium. In the different chapters of Part III, we model the
injection of water into a narrow sand column of height H (see Figure 1.17). Due to the
fact that a narrow column and a homogeneous porous medium is considered, it is assumed
that the water saturation is almost constant across the section area of the sand column.
Therefore, only 1D versions of (1.22) and (1.23) are investigated. Simulating injection
processes like the one depicted in Figure 1.17, it can be observed that the flow process
in the porous matrix is governed by imbibition and drainage processes. Experimental
studies reveal that the relationships for the relative permeabilities krw and krn as well as
for pc exhibit a different behaviour during imbibition and drainage [97, 155]. Thereby,
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porous medium:

water injection
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Figure 1.17: Setup of an infiltration experiment. At the inlet of a column having the
height H water is injected by a constant rate. The main axis of the column is
orientated such that it is aligned with the gravity vector.

it can be observed that both drainage and imbibition processes can be described by van
Genuchten or Brooks-Corey curves. However, different curve parameters have to be used
for the corresponding processes. In technical language these curves are referred to as
main drainage or main imbibition curves. A change from an imbibition to a drainage
process or vice versa is accomplished by moving from one main curve to the other. If
the time derivative of the water saturation is changing its sign, the relative permeability
or capillary pressure follows a curve linking the main curves, which is known as scanning
curve. Depending on the setting and the fluid moving through the porous medium these
linking curves can have steep gradients or a rather smooth course (see Figure 1.18). Based
on these experimental results one can conclude that a useful two-phase flow model for
injection processes has to incorporate a hysteresis model for the relative permeabilities and
the capillary pressure, since the course of the scanning curves suggest that a change between
drainage and imbibition processes occurs usually with a slight delay. Similar phenomena
can also be observed in context of many different fields of physics. A very prominent one
is magnetism [17].

In this thesis, we consider only flow processes with steep scanning curves. There are
essentially two ways to integrate a steep scanning curve into the two-phase flow equations
(1.22) and (1.23): One way is based on approximating the scanning curve by constant
saturation lines (see Figure 1.18). This type of numerical model is referred to as play-type
hysteresis model in the literature [16, 38]. It has been investigated analytically [23, 114,
123, 140] and a physical basis for this approach has been provided in [16, 121]. It can be
extended to account for smooth scanning curves by considering additional terms modelling
horizontal redistribution [38]. The second possibility consists in computing splines between
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the main drainage and imbibition curves ensuring a smooth transition between the two
processes. This is crucial if a Newton solver is used to solve the non-linear systems of
equations arising in the context of an implicit time stepping scheme.
Another phenomenon that can be observed in experiments is the formation of saturation

overshoots if the injection rate is large enough. The surprising thing about this is that
despite there are no external sources and the injection rate or other boundary conditions
are constant, non-monotone saturation profiles can be observed. According to the theory
of PDEs [40, 122, 142], this cannot be explained by a second order PDE-system such as
(1.22) and (1.23). Based on thermodynamic considerations a dynamic capillary model has
been proposed in [71]. Thereby, the standard relationship (1.27) is extended by a term
involving the time derivative of the wetting saturation and a parameter τ . Therefore, it is
indicated by ”τ -term”. Taking also hysteresis effects into account, we obtain:

pn− pw = pc (Sw) =
1

2
(p(i)
c (Sw) + p(d)

c (Sw))− 1

2
(p(d)
c (Sw)− p(i)

c (Sw)) · sign
(
∂Sw
∂t

)
− τ ∂Sw

∂t
,

(1.28)
where p(i)

c and p(d)
c denote the main drainage and imbibition curves for the capillary pressure.

The dynamic capillary term has been measured experimentally [21, 81] and it has been
successfully used to explain overshoots [26, 96, 114, 123, 141, 139, 140].

1.3 Structure of the thesis

After discussing the main features of the model reduction techniques applied in this the-
sis, we will now turn in this last section of the introduction to the different publications
presented in this thesis. In particular, it is outlined which novel aspects concerning mathe-
matical modelling and analysis have been investigated. In addition to that, we will have a
brief look on the numerical methods used to solve the mathematical model equations. The
submitted thesis is roughly subdivided into three larger parts: In the first part, we sum-
marise all the publications dealing with modelling and simulation of blood flow in larger
arteries and pipeline systems, while the second part of the thesis is concerned with blood
flow in microvascular networks. Finally, in the third part, we are focused on hysteresis
models for fluid injections into porous media.

1.3.1 Part I: Simulation of flow processes in macroscale networks

The first part of this thesis comprises three chapters, where the first two chapters are
focused on simulating blood flow through networks in large arteries. For this purpose,
the arterial network consisting of the 55 main arteries in Figure 1.10 is used to illustrate
our findings. Data on lengths, diameters, wall thicknesses and section areas can be found
e.g. in [126][Tab. 1]. The third publication is dedicated to the simulation of flow through
pipeline systems equipped with pumping stations and surge reduction systems (SRS). As
we outlined in Section 1.2.1 flow processes both in large arterial networks and pipelines can
be simulated in an efficient way by means of 1D-0D coupled flow models. Thereby, flow in
single arteries and pipeline parts have been modelled on the basis of 1D hyperbolic PDE-
systems. This results from the fact that both flow systems are on a macroscale level within
their area of application and that both flow processes exhibit higher Reynolds numbers.
For these reasons these publications are put together in Part I dealing with flow processes
in macroscale networks.

38



Structure of the thesis

0 0.2 0.4 0.6 0.8 1

0

500

1000

1500

2000

2500

3000

3500

0 0.2 0.4 0.6 0.8 1

0

500

1000

1500

2000

2500

3000

3500

0.35 0.4 0.45 0.5 0.55

200

400

600

800

1000

1200

1400

0.35 0.4 0.45 0.5 0.55

200

400

600

800

1000

1200

1400

Figure 1.18: This figure shows a simple scanning curve a with steep gradient between the
two main curves for the capillary pressures in case of a switch from imbibition
to drainage. On the left hand side the scanning curve is approximated by a
constant line (play-type hysteresis model), while on the right hand side a cubic
spline is constructed around the scanning curve to ensure a smooth transition
between the two curves.

In Chapter 2, the impact of a stenosis in the right lower leg is investigated. Besides
the simulation of the pure influence of a stenosis on hemodynamics, we have considered
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two endogenous compensation mechanisms to balance out the reduced blood flow caused
by a stenosis. One of these compensation mechanisms is called metabolic regulation. It
is based on estimating the average oxygen concentration in the tissue that is supplied by
a terminal 1D artery. If it is below a certain threshold, we decrease the resistance value
R1 in (1.14), otherwise it is kept constant or increased. A similar model has been studied
in [3]. The difference between our modelling approach and the model presented in [3] is
that the driving force for adapting the resistance is based on carbon dioxide and not on
oxygen. A change of R1 corresponds to shrinking or widening of the arterioles by means
of the smooth muscles that are wrapped around the vessel walls. In order to include this
mechanism into our flow model, we add further ODEs to (1.14) governing the averaged
oxygen concentration and an activation variable for the resistance R1.
As a second compensation mechanism we study arteriogenesis, i.e., the growth of pre-

exisiting shunts between two main arteries. In Chapter 2, the two main arteries in the
lower right leg are considered. A widening of these shunts allows to partially redirect the
blood volume around the stenosis located in one of the leg arteries. To the knowledge of the
authors this compensation mechanism has not been modelled in the way as it is described
in Chapter 2. As a flow model for the shunts, we chose a simple Poiseuille flow model and
use a growth function measured in the context of rat experiments [117, 120] to adapt the
section areas of the shunts. A Poiseuille flow model is applicable, since the shunts have
dimensions of arterioles and do not allow for fast and pulsatile flow. Moreover, the section
area of the shunts can not be considered as constant. However, for the 1D hyperbolic blood
flow model (1.3a) and (1.3b), we assumed that A0 is constant. On closer examination they
are typically smaller in the middle as on the inlets and outlets. Therefore, we approximate
the radial profile by small and piecewise constant units and apply to each unit a Poiseuille
flow model. The section areas of these units are adapted according to the growth function
from [120, Table 1].
Using this computational model, we investigate the impact of both compensation mech-

anisms, separately. Thereby, it has been revealed that including only one of these mecha-
nisms is not sufficient for a complete compensation if the stenosis blocks the entire section
area. This is still true, if the number of shunts is steadily increased. Only a combination of
both compensation mechanisms and at least five shunts are required to restore the reduced
blood flow.
Concerning the numerical discretisation, we are faced with several difficulties, since the

two compensation mechanisms are related to different time scales. While the metabolic
regulation is adapting the resistances of the arterioles within minutes, the growth of arterial
shunts exceeds over weeks. This means that we have to consider two different time scales.
In order to account for the different time scales, two different time steps ∆tma and ∆tmi are
introduced for the slow and the fast compensation mechanism, respectively. After exerting
a macro time step and updating the arteriogenesis model, we perform several micro time
steps using the enhanced 0D outflow model until the pressure and flow rate curves become
periodic again. Since we are only interested to what extend the reduced blood flow can be
compensated, it is admissible to simulate both processes, sequentially. As a time stepping
scheme for the 1D PDEs, we consider an explicit scheme. Due to the fact that we have
to simulate fast and convection dominated flow it is necessary to use small time steps in
order to be able to represent the pressure and flow rate waves with a sufficient accuracy.
On the other hand the choice of the time step size can be severely restricted by the CFL-
condition of a standard explicit time stepping scheme. Therefore, we have considered the
numerical method of characteristics (NMC) presented in [1]. It is shown in Theorem 1
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of this publication that the NMC is of first order in space and time, which might cause
large dissipation and dispersion errors. This can be prevented by a dense mesh in space
causing a low computational effort, since we are discretising a 1D flow problem. The time
steps resolving the pressure and flow rate curves are usually small enough to keep the
discretisation errors low. However, we are not forced to exert tiny timesteps since it is
proven in [1, Proposition 2] that the NMC is unconditionally stable even for CFL numbers
greater than one. In particular this property makes the NMC attractive for simulation
problems involving large simulation periods.
The next chapter is essentially concerned with the same stetting. Contrary to Chapter

2 the stenosis is modelled by the ODE (1.12). Moreover no compensation mechanisms are
considered in this case. Apart from these aspects the 1D-0D blood flow model is the same
as in the previous chapter. For the numerical discretisation we use again the NMC, where
in this chapter further details on the NMC are provided like the most important derivation
steps of this method. Thereby, we put a special emphasis on the grid nodes near the
boundaries. Using sufficiently large time steps, it may happen that characteristic curves
passing through grid nodes near the boundaries are leaving the computational domain
within a certain time step. This means that regarding these curves no spatial values from
the old time step can be determined for the time stepping scheme. Therefore, we compute
within each time step for the affected grid nodes the time points at which the characteristic
curves are crossing the boundary. Afterwards, we use the boundary conditions for the old
and the new time step to interpolate the corresponding characteristic boundary values at
the respective time points. These values are then used as substitute values within the NMC.
It is obvious that the computation of the substitute values has to be handled with care.
Since this issue has not been considered in [1] we have discussed this aspect in Chapter 3.
However, the main focus of this chapter is the combination of dimensional reduced blood

flow models with data based surrogate modelling. Besides classical model reduction tech-
niques like homogenisation or dimension reduced modelling, data based modelling has
become a further important approach to decrease the complexity of a simulation problem.
In particular for parameterised problems, in which one or several parameters are varied
many times, this model reduction technique offers the possibility to save computation time
by creating a surrogate model which can be evaluated at low costs. In context of blood
flow modelling the Reduced basis (RB) method has been used many times in the recent
years [95, 111, 112]. The basic idea of the RB-method is to solve in an offline phase the
parameterised PDEs for a few parameters (see e.g. [18, 25, 67]). In a second step the
corresponding solutions, which are denoted as snapshots are used to design a basis of a
low-dimensional space. Projecting the PDE into this space results in a low-dimensional
problem. The corresponding reduced system is solved in a so-called online phase, in which
solutions for several parameters can be computed, efficiently. Concerning blood flow mod-
elling these parameters determine usually the shape of a bifurcation, a stenosis, a bypass
or an inflow profile [110, Chap. 8], [111, 112]. In this chapter, we have investigated the
performance of a different type of data based modelling approach, which is referred to as
Kernel method [48, 66, 68, 119, 148]. Contrary to the RB method, the surrogate model is
in this case represented by a linear combination of kernel functions like the Gaussian or
the Wendland kernel [147, 150]. The coefficients in the linear combination and the param-
eters for the kernel functions are obtained from a training and validation process which is
performed in an offline phase [69] (see last part of Section 1.2.1).
The influence of a stenosis on the peripheral blood flow is simulated, varying the pa-

rameter Rs ∈ (0, 1) in the ODE (1.12). In order to obtain a realistic surrogate model it is
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necessary to run several simulations. Since it is sufficient to compute in the vicinity of the
stenosis averaged pressure and flow rate curves to demonstrate the impact of the stenosis,
the 1D-0D blood flow model instead of a complex 3D blood flow model can be used. As
a consequence, it is possible to generate more training data within the same time range
as in the case of a complex 3D model. We have been able to show by means of numerical
simulations that by providing an increasing amount of training data, the model reduction
errors for both the pressure and flow rate curves are monotonously decreasing. Analysing
the model reduction error with respect to Rs ∈ (0, 1), it turns out that for Rs → 1, which
corresponds to the case of a full occlusion, the relative errors attain their largest values.
Furthermore, we have demonstrated that an inverse problem can be solved by means of
this surrogate model. Given some pressure and flow rate curves it is possible to recover
the corresponding stenosis degrees accurately, in particular if Rs > 0.6 holds. This is even
true, if some noise is added to the pressure and flow rate curves.
In the final chapter of Part I, we consider the simulation of a pipeline system with an

integrated pump and a surge reduction system (SRS). As it has been described in Section
1.2.1 a 1D-0D coupled model similar to the one considered in the previous chapters has
been used for this purpose. Thereby, the 1D model is used to simulate flow in the pipeline
vessels. For the pump and the SRS, 0D models in the form of ODE systems are used. The
1D model has again the form of a hyperbolic PDE-system of first order, however its flux
function is linear in its unknowns contrary to the 1D blood flow model. Therefore it is
easier to handle as the blood flow model. Using the dimensional reduced model we have
studied the impact of hydraulic wave shocks [72, 78], which typically occur when a valve
is closed or when pumps are started or stopped [137, 151]. It has been revealed that a
hydraulic wave shocks causes an overpressure within the pipeline, which might lead to the
rupture of the pipeline wall. For this reason a pipeline has to be equipped with overpressure
protection systems. Typical protection systems are relief valves [10, 47], gas accumulators
or air chambers [133]. Relief valves are forced to open when pressure in the pipe exceeds
a pre-set value allowing oil to flow from the main pipeline to the relief tank, while gas
accumulators are used to reduce the increase of pressure.
In this chapter, an advanced type of protection system called SRS (surge reduction

system) [93] is examined. A SRS combines relief valves and gas accumulators. However,
contrary to a pure pressure relief valve, maintaining a constant pressure value in the pipe,
a SRS is used to control the steepness of a pressure wave front. This is achieved by using
a specifically constructed pilot operated relief valve with its control pipe connected to a
gas accumulator. The gas accumulator dumps the rate of change of pressure difference on
the sides of the relief valve, thus the valve is linked with the pressure change rate in the
main pipe rather than to the pressure absolute value. An operation of a SRS resembles the
operation of a gas accumulator reducing the speed of pressure increase. At the same time,
a gas accumulator usually consists of a large vessel filled with pressurised gas, whereas a
SRS uses significantly smaller gas vessels in order to control the pressure wave gradient. A
new aspect related to other works [9, 93] in this field, is the comparison of simulation data
and field data taken upstream and downstream of a pumping station with a SRS. This
pumping station is part of a pipeline connecting a marine terminal located on the shore of
the Black Sea with a production site at the Caspian Sea.
For the numerical discretisation of the PDE systems, two different discretisation methods

are tested: The first method is a combination of a stabilised discontinuous Galerkin (DG)
method in space and an explicit, third order and strong-stability-preserving Runge-Kutta
scheme in time [63, 88] (SSP-scheme), where we denote the degree of the polynomial basis
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by p. The other solution method is the numerical method of a characteristics [59, 151].
Studying both a higher order method (DG-method) and a robust lower order method, it is
intended to show, to what extend the usage of a higher order method pays off in terms of
accuracy and computational effort for the respective PDE-systems. Our numerical results
reveal that both methods can emulate the field data with a sufficient accuracy. Thereby,
we have used the same number of grid nodes for the method of characteristics as degrees
of freedom for the DG-method. Denoting the number of elements for the DG-method by
Nh, the number of degrees of freedom is given by: (p+ 1) × Nh. However, the numerical
method of characteristics proved to be much more efficient as the DG-method due to the
fact that the SSP scheme exhibits a CFL-condition that is very restrictive related to the
admissible time step size.

1.3.2 Part II: Simulation of blood flow in microvascular networks

This part consists again of three different chapters. While the first two chapters con-
tain mathematical analysis of issues arising in the context of models for blood flow in
microvascular networks, the third chapter presents new modelling ideas for blood flow in
microvascular networks.
Related to the 3D-1D coupled blood flow model given by (1.20a) and (1.20b), one can

formulate an elliptic model problem [28, Chapter 5]. Doing so, the solution variables pt and
pv are renamed by u3D and u1D, respectively. Neglecting the osmotic pressures, introducing
new constants K1D and K3D for the permeabilities, setting ρint = 1 and defining

β = 2πRLp,

we obtain the following 3D-1D elliptic model problem:

− ∂

∂s

(
K1D

∂u1D

∂s

)
= β (u3D − u1D) on Λ, (1.29a)

−∇ · (K3D∇u3D) = β (u1D − u3D) δΛ in Ω. (1.29b)

Ω ⊂ R3 is a bounded, open and convex domain with a piecewise smooth boundary and
Λ ⊂ Ω is a C2-curve. As the source term of (1.29b) contains a Dirac measure concentrated
on a 1D curve, the 3D solution u3D exhibits a singularity along the curve Λ [29]. This raises
different issues in the context of mathematical analysis as well as numerical discretisation.
It can be revealed that u3D ∈ L2 (Ω). However, it can be shown that u3D /∈ H1 (Ω).
Therefore, non-standard Sobolev spaces are required to show existence and uniqueness of
solutions. In [28, Chapter 4], it is demonstrated how weighted Sobolev spaces H1

α (Ω) can
be used to tackle this issue. For −1 < α < 1, these spaces are defined as follows:

H1
α (Ω) =

{
u ∈ L2

α (Ω)
∣∣∣ dα∇u ∈

[
L2 (Ω)

]3} and L2
α (Ω) =

{
u : Ω→ R

∣∣ dαu ∈ L2 (Ω)
}
,

where d (x) represents the distance function for an arbitrary point x ∈ Ω to the curve
Λ. Considering literature on convergence theory for standard finite elements [19, 70], it
becomes obvious that the reduced regularity of u3D deteriorates the convergence behaviour
of this numerical solution technique. A way to circumvent this drawback is to use locally
refined meshes (graded meshes) around Λ. By this, the huge gradients in the vicinity of Λ
can be resolved in a more accurate way. In case of a Poisson problem with a source term
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concentrated on a straight line Λ, which can also be considered as a 2D Poisson problem with
a point source (see Figure 1.19), it is possible to show a quasi optimal convergence order with
respect to the L2-norm [8] and an optimal convergence order for weighted Sobolev spaces
[29]. Another way to deal with the singularity is to split the solution in a singular component
and a smooth part. Thereby, the singular component accounts for the Dirac source term,
whereas the smooth part incorporates boundary conditions and possible smooth correction
terms. If an explicit representation of the singular part is known (e.g. for a straight line
or piecewise straight lines), the elliptic differential operator can be applied to it in a weak
sense and integrated into the right hand side. It remains to solve a standard elliptic PDE
with a source term in L2 (Ω) [60]. In the first chapter of Part II, we investigate the local
convergence behaviour of standard finite element methods on domains excluding a cylinder
around the singularity, where only quasi-uniform meshes are used to discretise the domain
Ω. This is motivated by the fact that the 3D solution u3D in (1.29a) and (1.29b) is of higher
interest in a domain excluding cylinders of radius R around Λ, since the space is occupied
by the vascular system there. Therefore, u3D or in real applications the tissue pressure pt is
of little interest there. The reason, why we are interested in quasi-uniform meshes is that
we want to avoid an expensive adaptive meshing if a complex network structure is used.
For this purpose, we examine in Chapter 5 the following elliptic model problem with a line
source term (Dirac measure concentrated on a C2-curve):

−∆u = δΛ in Ω, u = 0 on ∂Ω. (1.30)

The local L2-error eh related to (1.30) is measured on the domain Ω excluding a cylinder
ZR around Λ:

eh = ‖u− uh‖L2(Ω\ZR) , ZR = {x ∈ Ω | d (x) < R} ,
where uh represents the linear finite element approximation. Related to the error eh, we
show that bounding eh can be reduced to estimating the pointwise finite element error on
Λ for a dual problem derived from (1.30). In order to estimate the L∞ (Λ)-error for the
dual problem a further auxiliary problem is introduced. This auxiliary problem has the
form of a Poisson equation with a Dirac right hand side concentrated on a point x ∈ Λ.
After deriving a weak formulation of this auxiliary problem, the finite element error of the
dual problem can be used as a test function. By this, we obtain an equation for the dual
error at x ∈ Λ. Finally, an optimal upper bound of the left hand side of this equation can
be derived using estimates presented in [86, 118]. The theoretical findings are supported
by numerical simulations. Thereby, we observe that the pre-asymptotic range grows as the
radius R of the cylinder ZR is decreasing. If the meshsize of the uniform discretisation
mesh is below R, an optimal convergence of second order can be observed.
The reduced regularity and convergence order of finite element methods applied to

(1.29b), motivate the development of an alternative coupling concept. Deriving the 3D-1D
coupled model (1.20a) and (1.20b), the pressure in the vascular system is first averaged
across the section area of the vessels and then concentrated on the midaxes of the cor-
responding vessels. Therefore a line source term occurs in the in the right hand side of
(1.20b) and (1.29b).
In Chapter 6 we demonstrate how the usage of a line source term within the 3D problem

can be circumvented. The new coupling concept, that is investigated in this chapter is
based on the observation that the exchange process between the vascular system and the
surrounding tissue matrix occurs across the vessel surface. For this reason, it is reasonable
to concentrate the source term in (1.20b) or (1.29b) on the vessel surfaces. In order to
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Figure 1.19: Derivation of a 2D model problem from a 3D problem with a straight line
Λ. There are two possibilities for coupling the lower dimenional model having
a solution U with the higher dimenional model. One is to restrict the source
term on a line Λ or a point x0. Another one is to concentrate the source term
on the surface of a cylinder ZR or a circle line ∂BR (x0).

simplify the analysis of this new coupling concept, we assume that Λ is a single straight
line and that the solution u1D of (1.29a) is constant on Λ and equal to U (see Figure 1.19).
Fixing a 2D slice Ω2D perpendicular to Λ, it can be shown that (1.29b) can be reduced to
the following 2D model problem [28]:

−∆u = 2πRLp (U − u) δx0 in Ω2D, u = 0 on ∂Ω2D, (1.31)

where K3D ≡ I and x0 ∈ Ω2D ⊂ R2 marks the location of the straight line within the 2D
slice Ω2D. Applying the new coupling idea, the source term is not concentrated on the
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midaxis Λ or the point x0, but on the circle line ∂BR (x0) ⊂ Ω2D. By this, (1.31) can be
reformulated as follows:

−∆u = Lp (U − u) δ∂BR(x0) in Ω2D, u = 0 on ∂Ω2D. (1.32)

Another way to derive model problem (1.32) is to consider in a first step the following
elliptic problem:

−∆uref = 0 in Ωp = Ω2D \BR (x0) ,

uref = 0 on ∂Ω2D, −∇uref · n = Lp (U − u) on ∂Ωp \ ∂Ω2D, (1.33)

where the vector n denotes the outer normal on ∂Ωp and Ωp stands for the porous tissue
matrix excluding the vascular system. (1.33) can be considered as a reference problem,
representing the standard coupling concept between a 3D vascular system and the tissue
matrix Ωp. Contrary to the previous coupling concepts, the tissue matrix is not identified
with the whole domain Ω or Ω2D. Moreover the coupling between the vascular system and
the tissue matrix is based on a Neumann boundary condition, while in (1.31) or (1.32) the
coupling is based on source terms and averaged quantities. A weak formulation of (1.33)
is given by:

(∇uref ,∇v)Ωp + Lp(uref , v)∂BR(x0) = Lp · U ·
∫

∂BR(x0)

v dS, ∀v ∈ V (Ωp) . (1.34)

Please note that in the above equation, the standard notation for the L2-inner product is
used. The function space V (Ωp) is defined as follows:

V (Ωp) =
{
v ∈ H1 (Ωp) | v |∂Ω2D

= 0
}
.

The idea to further simplify the weak formulation (1.34) is based on splitting uref and the
test functions v on ∂BR (x0) into their mean values and fluctuations:

w
∣∣
∂BR(x0) = w + w̃, w ∈ {uref , v} .

By this and (1.34), we obtain:

(uref , v)∂BR(x0) =

∫

∂BR(x0)

uref v dS = 2πRuref v +

∫

∂BR(x0)

ũref ṽ dS.

Taking into account that the crosssection areas of blood vessels in microvascular networks
are small, we make two basic modelling assumptions:

1. The domain Ωp can be identified with the entire domain Ω2D.

2. The product of the fluctuations is small:
∫
∂BR(x0)

ũref ṽ dS ≈ 0.

Based on these assumptions, the following variational problem can be formulated: Find
ured ∈ H1

0 (Ω2D) such that:

(∇ured,∇v)Ω2D
+ 2πR · Lp · ured · v = 2πR · Lp · U · v, ∀v ∈ H1

0 (Ω2D) . (1.35)

On closer examination, it is revealed that (1.35) is a weak formulation of (1.32). This
means that the reduced problem (1.32) can be derived from the reference problem (1.33)
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by considering the assumptions from above. Concerning the well posedness of (1.35), we
have shown that this variational problem exhibits a unique solution in H1

0 (Ω2D). Moreover
it can be proved that

ured ∈ H1
0 (Ω2D) ∩H 3

2
−ε (Ω2D) , ε > 0,

which implies that the weak formulation of (1.32) exhibits a higher regularity as the weak
formulation corresponding to problem (1.31). Due to the point source term, the weak
solution of (1.31) is not even contained inH1

0 (Ω2D). This is in accordance with the fact that
a Dirac measure concentrated on a manifold of co-dimenion 1, like a circle ∂BR (x0) ⊂ Ω2D,
induces less roughness into a solution as a Dirac measure concentrated on a manifold of
co-dimenion 2 like x0 ∈ Ω2D or Λ ⊂ Ω [62].
Besides issues concerning well posedness and regularity of solutions, it is of high interest,

to estimate the modelling errors caused by the modelling assumptions 1 and 2. For this
purpose, we study the error e = uref − ured

∣∣
Ωp on Ωp. According to the modelling assump-

tions 1 and 2, the total error e can be decomposed into two error components which can
be estimated separately. We show that it holds for the modelling error e:

‖e‖H1(Ωp) ≤ C1ULp ·R |lnR|
1
2 + C2UL

2
p ·R2 |lnR| 12 ,

where the constants C1 and C2 are independent of R, Lp and U . Thereby, the first sum-
mand quantifies the error caused by modelling assumption 1, while the second summand
represents an upper bound for the error arising due to modelling assumption 2. Considering
the upper bound for the H1-norm of error e, it can be concluded that the modelling error
e is small, if the radius R is small, which is a further attractive feature of this coupling
concept. This observation is supported by a numerical test.
A further issue that is discussed in Chapter 6 is the numerical discretisation of elliptic

problems like (1.32). Considering the structure of corresponding solutions, it is revealed
that they do not exhibit singularities like the solutions of (1.31), but kinks are visible along
the circle lines ∂BR (x0). Due to that, we have shown that a standard finite element method
converges both in the H1-norm and L2-norm. However, the convergence rates for standard
quasi-uniform meshes are still sub-optimal i.e. around 1.0 for the L2-norm and 0.5 for
the H1-norm. Optimal convergence orders can be obtained using again graded meshes i.e.
locally refined meshes or quasi-uniform triangulations in which the edges of the triangles
that are intersected by ∂BR (x0) form a linear interpolant of ∂BR (x0) [90].
Chapter 6 is concluded by solving a 3D-1D coupled model problem based on the geometry

of a small microvascular network. Thereby, the 1D problem and the 3D problem are coupled
by means of the new coupling concept that has been investigated in the previous sections
of the chapter.
Considering the microvascular network in Figure 1.4 it can be observed that even a

small tissue block of 2.0 mm3 contains a huge number of capillaries and some arterioles. If
one is interested in simulating larger parts of an organ even a 1D resolution of the whole
vascular system would cause an enormous amount of data. Furthermore, it can be observed
quite often that a reconstruction of microvascular networks from image data exhibits many
segmentation errors, such that even a 1D graphlike network can not be composed. In such
cases, it is necessary to use instead of the fully-discrete 3D-1D coupled flow models, a 3D-
3D-1D coupled flow model (see Section 1.2.2). Using the 3D-3D-1D modelling approach,
besides the tissue also the fine scale parts of the microvasculature are converted into a
porous structure (dual continuum model), while flow processes within the larger vessels are
still modelled by 1D Poiseuille type equations.
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In Chapter 7, this modelling approach is outlined in detail. As a first step, we describe
how the permeability tensor for the finescale network parts are computed. In this context
we haved decided to restrict ourselves to diagonal tensors, since according to [41], the off-
diagonal entries of the resulting tensors are on average two orders of magnitude smaller than
the diagonal terms [41, Table 2]. Next we explain, how pressure boundary conditions for the
homogenised capillary structure can be computed from the given data. The most important
part of this section is concentrated on the issue how to connect the different compartments
of the 3D-3D-1D model. Contrary to existing works in this field [105, 128] we do not place
point sources at the outlets or inlets of the 1D vessels, but we compute the fluxes between
the larger vessels and the capillary bed by means of pressure differences, weighted by an
averaged permeability of the blood flow paths in the capillary bed and divided by the length
of these blood flow paths. However, the permeabilities and lengths of these blood flow paths
are hard to determine from the given data. Therefore a weighting parameter is introduced,
which can be used to calibrate the ratio of these parameters such that the total mass
fluxes provided by the fully-discrete 3D-1D flow model can be reproduced. For the double-
continuum approach modelling flow in the homogenised capillary bed and tissue, Starling’s
law is used, however, contrary to the fully-discrete 3D-1D model, it is incorporated into
the model based on volume source terms. The numerical solution is obtained by means
of cell-centered finite volumes for the 3D equations and a simple box method (or vascular
graph model) [115]. The reason for this is that these methods are locally mass conservative
and robust, if they are applied to segmented image data.

The section containing the numerical tests, begins with a justification of the choice of the
threshold RT separating the capillary bed from the larger vessels. It can be observed that
RT = 7.0 µm is a reasonable choice for separating the different scales that can be detected
in the given microvascular network (see [115]). On closer examination this threshold markes
essentially the limit between arterioles and the capillary bed (see [42, Table 1]). Afterwards,
it has been determined how the size of a REV for the capillary bed has to be chosen, such
that the averaged porous media parameters like the porosity and the permeabilities are
representative. It turns out that the 1 mm × 1 mm × 2 mm cube containing the network
should be decomposed into 8 cubes having the dimensions 0.5 mm × 0.5 mm × 1 mm. In
the further subsections, we have investigated the how well the mass fluxes into and out
of the system can be determined by means of the 3D-3D-1D coupled model. Thereby,
we demonstrate that there is an optimal choice for the parameter controlling the fluxes
between the larger vessels and the homogenised capillay bed, such that the mass fluxes into
the large vessels can be approximated in an accurate way. However, it turns out that the
choice of this parameter is very sensitive with respect to the pressure boundary conditions
of the larger vessels. This means that the adressed parameter has to be calibrated even if
the boundary conditions are changing, which is a certain drawback of the proposed model.
The pressures averaged with respect to the REVs differ at most 22 % from the fully-discrete
model. Despite of these deviations and the fact that a free parameter has to be calibrated,
the new 3D-3D-1D approach can reduce the complexity and several uncertainties. This
might open up the possibility to simulate larger parts of an organ in an efficient way,
in particular if besides the pure flow problem transient transport problems have to be
simulated or parameter estimations have to be performed.
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1.3.3 Part III: Simulation of fluid injection into porous media

The last two chapters of this thesis are concerned with the analysis of 1D two-phase flow
equations modelling fluid injections into porous media. As it has been pointed out it in the
last part of Subsection 1.2.2, there are different phenomena occuring in the context of fluid
injections into porous media. Considering experimental data (see Chapter 8 and 9), it can
be seen that the saturation profiles of the wetting phase form overshoots, which expand to
plateaus as the fluid front moves deeper into the porous medium. Having the modelling
techniques described in Subsection 1.2.2 at hand we want to investigate by analytical and
computational means, what type of saturation profiles can be produced by these modelling
techniques.
In the first chapter of Part III, we focus on analysing the shape of a given saturation

plateau. Our goal is to find out, under which conditions such a plateau restores its given
shape and which parameters have to be chosen such that the length of the plateau is
enlarged or enshrinked. In particular, the latter case is of high interest, since it is not clear
a priori, what happens after a plateau vanishes. A new plateau could be formed or a simple
shock could remain. The formation process of an overshoot is not subject of this chapter,
which means that the τ -term (1.28) is not considered in this chapter. Investigating the
stability of saturation plateaus two different types of models are considered. For the first
model, we have assumed that the sum of both phase velocities vn and vw is equal to a
constant total velocity v in space:

v (t) = vn (z, t) + vw (z, t) , z ∈ (0, L) , t > 0, (1.36)

where L indicates the length of the intervall [0, L] our 1D two-phase flow models are defined
on. This assumption is particularly useful for experiments, in which a pump injects a fluid
with a constant total velocity v into the porous medium. In this case v is known and can be
controlled experimentally. A plateau is generated by means of transient Dirichlet boundary
conditions at the inlet z = 0:

Sw(z = 0, t) =

{
SPw , t ≤ 500 s,

Sinw , t > 500 s.
(1.37)

In (1.37) SPw marks the top level of the plateau. The saturation on the left hand side of the
plateau is given by Sinw and on the right hand side it is denoted by Soutw . Soutw is identical
to the initial condition for Sw.
Based on (1.36), the two-phase flow equations (1.22) and (1.23) can be simplified to a

fractional flow equation. The name of this PDE is motivated by the fact that it contains
only the saturation variable Sw for the wetting phase and no variable of the non-wetting
phase:

∂Sw
∂t

+
v(t)

φ

∂

∂z

[
f(Sw)−D(Sw)

∂Sw
∂z

]
= 0. (1.38)

The function f in (1.38) is called fractional flow function and is defined by:

f(Sw) =

1 + krn(Sw)
ρw g K

v µn

(
1− ρn

ρw

)

1 +
µw
µn

krn(Sw)

krw(Sw)

,
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while the second function D represents the diffusion function of the system:

D(Sw) = −
krw(Sw)

K

vµw
p′c(Sw)

1 +
µn
µw

krw(Sw)

krn(Sw)

.

Provided that the total velocity v is given, we obtain:

∂pn
∂z

=
λw
λto

(
∂pc(Sw)

∂z
+ ρwg

)
+
λn
λto

ρng −
v(t)

λtoK
,

where the mobilities λα are defined as follows:

λα =
krα
µα

, α ∈ {w, n} and λto = λw + λn.

As a second model, we consider the 1D versions of (1.22) and (1.23). In order to obtain
comparable results, we have chosen for z = L a Neumann boundary condition incorporating
the total velocity v into the standard two-phase flow model:

∂

∂z
pn(z, t)

∣∣∣∣
z=L

=
g

λto

(
λwρw + λnρn −

v

g K

)
, t > 0.

Within both models the transition between the main imbibition and drainage curves is
computed by means of cubic splines in order to ensure a smooth transition between the
two processes.
In order to analyse the stability of a saturation plateau generated by (1.37), we observe

in a first step that such a plateau can be considered as a composition of a imbibition
wave determining the first front and a drainage wave representing the second front. Next
the velocities of both fronts are estimated. Thereby, we assume that the diffusive term is
dominated by the convective term:

D
∂Sw
∂z
� f, (1.39)

which means that (1.38) can be regarded as a Buckley-Leverett-type equation. The basic
idea to analyse the stability of saturation overshoots is to approximate the travelling wave
profile with piecewise constant functions [74]. By this, the approximated profile can be
considered as a superposition of two Buckley-Leverett shock fronts [74]. At the imbibition
and drainage discontinuities the Rankine-Hugoniot condition [46, Section 3.4.1] allows us
to estimate the velocity of imbibition and drainage front [74, Section 4.2]. The stability of
the overshoot region is preserved if the velocities of the imbibition and drainage front are
equal. Otherwise, the overshoot region grows or shrinks.
For a computational analysis we use in case of the fractional flow formulation (1.38) the

open source CFD-software Open∇FOAM [79, 146]. Thereby, a constant total velocity v is
assumed and only equation (1.38) is solved by numerical means. The implementation of the
numerical solution scheme is based on an explicit discretisation scheme for the convective
part, which is described by the flow function f . For the diffusive part, which is governed
by the function D an implicit discretisation scheme is considered[74, Section 5.2]. For the
solution of the non-linear systems of equations arising in each time step, a Newton solver is
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used. Due to that the scanning curves between the main imbibition and drainage curves are
approximated by cubic splines. By this, a smooth transition is ensured and the convergence
of the Newton solver is not deteriorated.
The numerical solution of the second model is carried out by means of the software pack-

age DuMuX [144], where the abbreviation DuMuX stands for the term DUNE for Multi-
{Phase, Component, Scale, Physics, ...}. This software package is a free and open-source
simulator for flow and transport processes in porous media [52] based on the modular PDE-
toolbox DUNE (Distributed and Unified Numerics Environment, [12]). The discretisation
method implemented in DuMuX uses the Implicit Euler method for the time integration.
For the spatial discretisation the standard cell-centered Finite Volume method is considered
in case of both models.
In the section on numerical tests, the inlet saturation Sinw is varied resulting in different

shapes and propagation speeds for the saturation plateaus. Doing so, we can identify
isolated values for which the plateaus remain stable. For all the other choices of Sinw the
plateau is growing or enshrinking. Comparing the analytical and numerical predictions, it
can be noticed that they coincide very well. Even the formation of a second plateau after the
original plateau has been vanished, can be predicted by both analysis tools. The numerical
results produced by the fractional flow model and the pressure saturation formulation
are also close together, which means that both models yield the same predictions on the
qualitative behaviour of the saturation plateaus.
In the second chapter of Part III, we use as in the first chapter the fractional flow

formulation to study the behaviour of water saturation fronts for two phase flow in a
homogeneous porous medium. The only difference is that the transition between the main
drainage and imbibition curves is described by means of a play-type hysteresis model,
approximating the scanning curves as constant saturation lines. Moreover, we replace the
transient boundary condition (1.37) by a constant Dirichlet value. In order to generate
the saturation overshoots, the τ -term expansion (1.28) is combined with a PDE similar to
the fractional flow formulation (1.38).

All in all, we obtain a mathematical model in the following dimensionless form:

∂S

∂t
+

∂

∂z

(
F (S, p) +Nch(S, p)

∂p

∂z

)
= 0 with F = f +Ngh, (1.40a)

∂S

∂t
=

1

τ
F (S, p) :=

1

τ





p
(d)
c (S)− p if p > p

(d)
c (S) ,

0 if p ∈
[
p

(i)
c (S) , p

(d)
c (S)

]
,

p
(i)
c (S)− p if p < p

(i)
c (S) ,

(1.40b)

where the saturation Sw is now denoted by S and pc has been replaced by p. The fractional
flow function F and the diffusion function h include all the relative permeabilities and
capillary pressure functions. Ng and Nc are dimensionless numbers which are referred to as
gravity and capillary numbers. As the names suggest, they incorporate besides some other
parameters the gravity constant as well as a reference pressure for the capillary pressure.

Analysing this mathematical model, we do not drop the condition (1.39), but we con-
sider the solution of (1.40a) as a viscous approximation of the hyperbolic Buckley-Leverett
equation with gravity. Thereby the velocities of the saturation fronts are not estimated by
a Rankine-Hugoniot condition. In this case, we transfer the model to an ODE-system. For
this purpose, we assume that (1.40a) is defined on R with respect to the spatial variable z.
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Next the following transformation of coordinates is performed:

S(z, t) = S(ξ), p(z, t) = p(ξ), with ξ = ct− z.

c ∈ R indicates a wave-speed. This type of transformation is called travelling wave formu-
lation, where we demand that the following holds:





lim
ξ→−∞

S(ξ) = SB, lim
ξ→∞

S(ξ) = ST ,

lim
ξ→−∞

p′(ξ) = lim
ξ→∞

p′(ξ) = 0.
(1.41)

In (1.41), SB corresponds to the initial saturation and ST to the injected saturation. Per-
forming some calculations we obtain the following ODE-system (dynamical system):

(TW )





S ′ =
1

cτ
F (S, p), (1.42a)

p′ = G (S, p), (1.42b)

where

G (S, p) :=
1

h (S, p)
(F (S, p)− `(S)) with `(S) = F (SB, pB) + c(S − SB). (1.43)

pB is the initial pressure. The remainder of Chapter 9 is concerned with the analysis of
the dynamical system (1.42a)-(1.42b). In particular, we identify equilibrium points of this
system and study the local behaviour in the vicinity of these points. A further important
issue that has been investigated is the identification of orbits or curves connecting the
equilibrium points. By this, one can study, which types of solutions can be represented
by the model at hand. Concerning the functions F and h, two different scenarios are
investigated separately:

• Scenario A: No hysteresis in the permeabilities is considered and F is monoton.

• Scenario B: Hysteresis is considered both for the permeabilities and the capillary
pressure.

For each scenario, entropy solutions of the corresponding Riemann problems are presented.
Moreover it is shown, how the parameter τ and ST have to be chosen such that an overshoot
occurs and a plateau can be formed. Our theoretical findings are supported by means of
numerical tests in the last sections of this chapter.
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Part I

Simulation of flow processes in
macroscale networks
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The first part of this thesis consists of three chapters that are based on different journal
articles. Every article is concerned with 1D-0D coupled models for flow problems in pipeline
systems or in arterial blood vessel systems that are part of the macrocirculation. The basis
of the 1D-0D modelling concept is based on a domain decomposition approach. Thereby, the
pipline or the blood vessel network is decomposed into its different tubes or blood vessels.
Flow processes within a single tube or a blood vessel are modelled by 1D hyperbolic PDE
systems. The term 0D-model indicates that e.g. the influence of the heart and the omitted
microcirculation as well as pumps and overpressure protection systems are modelled by
ODE systems i.e. by models, which exhibit a time variable but no space variable. At the
corresponding interfaces, the 1D PDEs and the ODE systems (0D models) are coupled with
each other to obtain a global solution in which the influences of the heart beats, omitted
vessels, pumps or overpressure protection systems are contained.

Chapter 2:

Numerical modeling of compensation mechanisms for peripheral ar-
terial stenoses

In the first chapter of Part I, we use the 1D-0D coupled blood flow model for
macroscale arterial networks (see Subsection 1.2.1), to simulate the influence of a
stenosis in the lower right leg. A stenosis having this feature, is called peripheral
stenosis, since it is located far away from the center of the body. A peripheral
stenosis is a typical vascular disease that is caused by smoking or bad diet. As the
heart and the peripheral circulation, the stenosis is modelled by a 0D model. For our
simulations, we use an arterial network whose data are published e.g. in [134]. In
order to compensate the reduced blood flow caused by the stenosis, the human body
exhibits different compensation mechanisms. As examples, we consider in Chapter
2 arteriogenesis and metabolic regulation. Arteriogenesis refers to the growth
of collateral vessels redirecting blood flow around the stenosis, while metabolic
regulation denotes the adjustment of the flow resistances of the peripheral blood
vessels. We show, how the standard 1D-0D coupled model can be enhanced such
that these compensation mechanisms can be integrated into the model. By means of
this model, it is investigated whether the reduced blood flow can be compensated
for a certain degree of stenosis. Thereby, we test both compensation mechanisms
isolated from each other and combined with each other. It turns out that only
a combination of both compensation mechanisms can restore the blood flow of a
healthy blood vessel.

Chapter 3:

Numerical modelling of a peripheral arterial stenosis using dimen-
sionally reduced models and machine learning techniques

The following chapter is concerned with the same issue that has been investi-
gated in Chapter 2. However, contrary to the previous chapter, we do not consider
any compensation mechanisms, but we simulate the pure influence of a stenosis with
a certain degree. Therefore, pressure and flow rate curves over one heart beat are
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reported at some places in the neighbourhood of the stenosis. Recalling the numerical
effort that has been arising when many different stenosis degrees are considered, we
decided to create a surrogate model mapping a stenosis degree to the curves reported
around the stenosis. Thereby, the evaluation of the surrogate model should be very
cheap such that the computational effort can be decreased remarkably. The goal is,
to facilitate the performance of a parameter study like the one in Chapter 2. In order
to construct such a surrogate model, we use a linear combination of kernel functions.
The coefficients of this linear combination are determined by means of a Greedy
algorithm and a huge amount of training data, which are produced by simulations.
It is demonstrated that providing an increasing amount of training data, the error
between the surrogate model and the exact simulations is decreasing monotonously.
Finally, we use the surrogate model to solve inverse problems. Having some pressure
and flow rate curves at hand, the surrogate model enables us to compute the degree
of stenosis corresponding to these curves in a very efficient way.

Chapter 4:

Simulation of surge reduction systems using dimensionally reduced
models

In the final chapter of Part I, we apply a 1D-0D modelling concept, to simu-
late the performance of overpressure protection systems for oil pipelines. In contrast
to Chapter 1 and 2, the 1D hyperbolic PDE system is linear in its solution variables,
since the interaction between flow and the deformation of the pipeline wall can be
linearised. This is due to the fact that the walls consist of robust steel, which deforme
only little in operation. Using ODE systems, we describe the influences of a pump
and safety systems and use the resulting solutions to provide boundary conditions
for the 1D subproblems. There are several overpressure protection systems like relief
valves opening if a certain pressure threshold in the pipeline is exceeded. In Chapter
4, a more advanced protection system is investigated. It is referred to as surge
reduction system (SRS), since its relief valves open based on a pressure difference
between the pipeline pressure and the pressure in a gas accumulator attached to the
relief valve. By this, not only the pipeline pressure is controlled, but also its surge
within the pipeline system. This is crucial since a slow increase of pressure implies a
slow filling of an auxiliary tank that is attached to a relief valve. This provides more
time for a pipeline operator to react and use eventually other means to decrease the
pressure within the pipeline. Our numerical tests demonstrate the importance of a
SRS. In addition to that, we compare our numerical results to some field data.
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2 Numerical modeling of compensation
mechanisms for peripheral arterial stenoses

Bibliographic note: The content of this chapter is based on the following original article:
D. Driszga, T. Köppl, R. Helmig and B. Wohlmuth (2016): Numerical modeling of compen-
sation mechanisms for peripheral arterial stenoses. Computers in Biology and Medicine,
70, pages: 190-201, with courtesy of Elsevier.
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a b s t r a c t

The goal of this paper is to develop a numerical model for physiological mechanisms that help to com-
pensate reduced blood flow caused by a peripheral arterial stenosis. Thereby we restrict ourselves to the
following compensation mechanisms: Metabolic regulation and arteriogenesis, i.e., growth of pre-existing
collateral arteries. Our model is based on dimensionally reduced differential equations to simulate large
time periods with low computational cost. As a test scenario, we consider a stenosis located in the right
posterior tibial artery of a human. We study its impact on blood supply for different narrowing degrees by
the help of numerical simulations. Moreover, the efficiency of the above compensation mechanisms is
examined. Our results reveal that even a complete occlusion of this artery exhibiting a cross-section area of
0.442 cm2 can be compensated at rest, if metabolic regulation is combined with collateral arteries whose
total cross-section area accounts for 8.14% of the occluded artery.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Mathematical models have become more and more important in
many applications from medicine and biology [1,6,9,10,12,25,40].
Since these techniques are non-invasive, known physiological pro-
cesses in the human body can be applied to clinical problems and
used to predict the outcome with no risk for a patient. In this work,
we are concerned with the simulation of blood flow from the heart
through the arterial vessel system to the peripheral arteries, e.g.,
arteries in arms or legs. In particular, the impact of a stenosis in a
peripheral artery on blood supply of distal organs is investigated.

A stenosis is an abnormal narrowing in a blood vessel caused
by plaque made up of fat, cholesterol, calcium and other sub-
stances or, acutely, by a thrombus [23,36,43]. Due to pressure
drops and reduced oxygen supply, caused by a peripheral stenosis,
ischemia in distal tissue can result. In severe cases, it may be
necessary to perform amputations, e.g., of legs or arms.

As a response to arterial occlusion, the human vascular system
exhibits some compensation mechanisms helping to restore the
reduced blood flow. Here, we focus on two different compensation
mechanisms: metabolic regulation and arteriogenesis.

Metabolic regulation adjusts the resistance of the arterioles
supplying the surrounding tissue domain in cases of elevated
oxygen demands or hypoxia [33]. Depending on the metabolic
demand of the tissue, the resistances of the corresponding arter-
ioles are decreased or increased. This is achieved by muscles
wrapped around the walls of the arterioles, which can reduce or
enlarge the diameter of the corresponding vessels. This is a short
term regulatory process which occurs within seconds.

Arteriogenesis indicates the growth and remodeling of pre-
existent small vessels into physiologically relevant arteries.
Usually, these vessels are interarterial connections which are
present in almost all organs (see Figs. 1 and 2). In medical litera-
ture they are often referred to as collateral vessels. If an artery is
partially or completely occluded their diameters can be enlarged
significantly (up to 2.5 times). Thus, they can function as addi-
tional blood transport routes often preventing or limiting necrosis.
Measurements in mice reveal that this process endures about
3 weeks [34,35].

Comparing both compensation mechanisms, it becomes
obvious that they exhibit different time scales. For metabolic
regulation and arterial blood flow it is important to resolve every
heart beat, while in case of arteriogenesis, almost no change of the
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collateral vessels can be observed within the same time period. In
order to couple the different processes, we design a time stepping
scheme using macro time steps for the arteriogenesis and micro
time steps for the fast processes. The simulation of metabolic
regulation and arterial blood flow is based on dimensionally
reduced, i.e., one-dimensional (1D) and zero-dimensional (0D)
models, which can be derived by means of 1D mass and
momentum balance equations [3,5,14,15,21,27]. The choice of
these models is motivated by the intention to keep the computa-
tional costs low and to obtain simulation results faster. Besides the
fact that the computational effort related to 1D models is low,
some recent publications [17,30] reveal that quantities of interest,
e.g., pressure and flow waveforms, can be computed with small
deviations to numerical data obtained from 3D models.

We investigate numerically whether the previously described
mechanisms can compensate a certain degree of stenosis. To do so,
we consider an arterial network consisting of the 55 main arteries

(see Fig. 2). The effect of a peripheral arterial stenosis is studied by
placing a stenosis of different degrees in the right posterior tibial
artery (Vessel 54).

The rest of the paper is structured as follows: In Section 2, we
present the mathematical models for arterial blood flow, stenoses
and the compensation mechanisms. Section 3 contains our simu-
lation results and a short comment on the efficiency of the con-
sidered compensation mechanisms.

2. Mathematical modeling

In this section, numerical models for arterial blood flow, the
stenosis and the compensation mechanisms are presented.
Moreover, we discuss the used numerical methods and the time
stepping scheme.

Fig. 1. Growth of three collateral vessels (numbered by 1–3) between two femoral arteries of a mouse. The right femoral artery is artificially occluded (black arrow labels a
clamp; left). Femoral arteries from the non-occluded side of the same mouse (right) [35, Fig. 1].

Fig. 2. Arterial vessel system consisting of the 55 main arteries [41,42] (left). In Vessel 54 we put a stenosis and study the effect on blood flow. In particular, we want to
investigate, if the compensation mechanisms (metabolic regulation and arteriogenesis) can help to restore the reduced blood supply (right).
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2.1. Blood flow in a single vessel

The basis of our model is formed by a domain decomposition
technique [13,15,29], i.e., in a first step we split the network (see
Fig. 2) into its single vessels and assign a decoupled submodel to
each vessel. Next, we interconnect the independent subsystems by
suitable interface conditions. It is assumed that the arteries can be
considered as simple compliant tubes.

Within a single vessel Vi; iA 1;…;55f g, having the length li and
the initial section area A0;i, blood flow is governed by a 1D non-
linear system of transport equations [4,5]:

∂Ai

∂t
þ∂Qi

∂z
¼ϕi; zA ð0; liÞ; t40; ð1aÞ

∂Qi

∂t
þ ∂
∂z

Q2
i

Ai

 !
þAi

ρ
∂pi
∂z

¼ �Kr
Qi

Ai
; zAð0; liÞ; t40; ð1bÞ

where Ai;Qi and pi denote the section area, average volumetric
flux and pressure of the i-th vessel, respectively. ρ is the blood
density. By z and t, we denote the space and time variable. The
constant Kr is the friction force per unit length: Kr ¼ 22πη=ρ,
where η is the blood viscosity. The modeling assumptions leading
to this choice of Kr are specified in [5]. The 1D Eqs. in (1a) and (1b)
result from a cross section averaging of mass and momentum
which is reasonable for medium-sized to large arteries [7].

A possible way to close this system is to provide an algebraic
relation linking pi and Ai:

piðz; tÞ ¼ G0;i

ffiffiffiffiffiffiffi
Ai

A0;i

s
�1

 !
; G0;i ¼

ffiffiffiffi
π

p � h0;i � Ei
1�ν2
� � � ffiffiffiffiffiffiffi

A0;i
p ; ð2Þ

where Ei is the Young modulus, h0;i the thickness and ν the Poisson
ratio of the vessel wall. Due to the fact that biological tissue is
practically incompressible, ν is chosen as follows: ν¼ 0:5. Eq. (2)
assumes that the vessel wall is instantaneously in equilibriumwith
the forces acting on it. Effects like wall inertia and viscoelasticity
could be incorporated using a differential pressure law, see, e.g.,
[15,19].

ϕ i in (1a) is a term accounting for loss of blood volume across
the vessel wall. This term is equal to zero for almost all vessels Vi

except for the ones which are linked by the collateral vessels, i.e.,
in our case iA 54;55f g (see Fig. 2). In these cases the blood transfer
between the vessels V54 and V55 is simulated by a suitable source
or sink term (see Section 2.4).

Computing the characteristics of system (1a), (1b) and (2)
shows that changes in Ai and Qi are propagated by W1;i and W2;i:

W1;i ¼ �Qi

Ai
þ4

ffiffiffiffiffiffiffiffi
G0;i

2ρ

s
Ai

A0;i

� �1
4

�1

 !
¼ �viþ4 c Aið Þ�c A0;i

� �� �
; ð3aÞ

W2;i ¼ þQi

Ai
þ4

ffiffiffiffiffiffiffiffi
G0;i

2ρ

s
Ai

A0;i

� �1
4

�1

 !
¼ þviþ4 c Aið Þ�c A0;i

� �� �
: ð3bÞ

Under physiological conditions, it holds [14]:

vi ¼
Qi

Ai
⪡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G0;i

2ρ

ffiffiffiffiffiffiffi
Ai

A0;i

svuut ¼ c Aið Þ: ð4Þ

Based on (4), one can show that W1;i is a backward and W2;i a
forward traveling wave [7] [10, Chapter 2]. This insight is crucial
for a consistent coupling of the submodels to obtain a global
solution.

2.2. Incorporation of interface conditions

The hyperbolic system of transport equations provided by (1a),
(1b) and (2) has to be equipped with suitable interface conditions
at the endpoints z¼0 and z¼ li.

At the inlet of the aorta (Vessel 1), we prescribe a periodical
flow rate Qin having a period of 1 s:

QinðtÞ ¼
485

cm3

s
� sin π

Ts
� t

� �
for 0 srtrTs

0
cm3

s
for Tsotr1:0 s:

8>>><
>>>:

ð5Þ

Ts determines the duration of the systole. In this work, we choose
it as follows: Ts ¼ 0:3 s. Setting Qin to zero in ðTs;1:0 s� results in a
total reflector, simulating the closure of the aortic valve during the
diastole [4]. Combined with the outgoing characteristic (3a), the
equation for Qin yields the required interface data for every
time step.

Interface conditions for systems linked at a bifurcation can be
derived by the principles of mass conservation and continuity of
the total pressure. The total pressure for Vessel i is defined by:

pt;i ¼
1
2
ρ

Qi

Ai

� �2

þp Aið Þ:

Indexing the vessels at a bifurcation by I; II; IIIf g � 1;…;55f g as
shown in Fig. 3, we have at a time t:

QIðlI ; tÞ ¼ QIIð0; tÞþQIIIð0; tÞ;

pt;IðlI ; tÞ ¼ pt;IIð0; tÞ; pt;IðlI ; tÞ ¼ pt;IIIð0; tÞ:
The remaining equations are obtained by the characteristics
entering the bifurcation. Due to (4) there are three characteristics
leaving the vessels into the bifurcation. This results in a non-linear
algebraic system of equations for six unknowns. For more detailed
information concerning the coupling conditions at a bifurcation,
we refer to [15, Chapter 11][22,38].

At the outlets of the terminal vessels, we require again two
equations in order to be able to compute the interface data. The
first one is obtained by interpolating the outgoing characteristic
(3b) at z¼ li. The second one is given by a three element R1;iCiR2;i

� �
windkessel model incorporating the resistance R2;i and the com-
pliance Ci of the omitted vessels:

pi;lþR2;iCi
dpi;l
dt

¼ pvþ R1;iþR2;i
� �

Qi;lþR1;iR2;iCi
dQi;l

dt
; ð6Þ

where pi;l ¼ p Aið Þ and Qi;l denote the pressure and flow rate at the
outlet z¼ li of a terminal vessel Vi, respectively. pv is an averaged
pressure in the venous system. In this paper, we set: pv ¼ 5 mmHg
according to [20]. This ODE (0D-model) can be derived using
averaging techniques and the principles of electricity, where the
pressure corresponds to voltage, the flow rate to current, the
resistances to Ohm's resistances and the compliance to the capa-
city of a capacitor [4]. A detailed description how to couple this
0D-model and the corresponding 1D-model in the terminal vessel
can be found in the following articles: [5,26]. Since we have a 1D–
0D coupling at the outflow boundaries, this model for arterial
blood flow is often referred to as a multi-dimensional or multi-scale
model [5].

2.3. Simplified stenosis model

In order to simulate the influence of a stenosis, the affected
artery (Vessel 54) is split into three parts: The proximal part Vp,
the stenotic part Vs and the distal part Vd (see Fig. 4):

V54 ¼ Vp [ Vs [ Vd:
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Next we assign to Vp and Vd the 1D-model given by: (1a), (1b) and
(2). Due to the fact that the length of a stenotic domain is usually
not very large, we neglect Vs. In our model, pressure drops and
reduced flow caused by a stenosis are accounted for by prescribing
algebraic interface conditions at the outlet of Vp and the inlet of Vd.

The corresponding equations are written in terms of char-
acteristic variables and a reflection coefficient RtA 0;1½ �. Rt¼0
corresponds to the healthy state and Rt¼1 simulates a complete
occlusion. We propose the following interface conditions:

W1;Vp ¼ Rt �W2;Vp þ 1�Rtð Þ �W1;Vd
; ð7aÞ

W2;Vd
¼ Rt �W1;Vd

þ 1�Rtð Þ �W2;Vp : ð7bÞ
The idea behind this approach is that the characteristic waves
traveling through the stenosis are damped by the factor 1�Rt and
reflected by the factor Rt [28].

W2;Vp and W1;Vd
can be computed by the data at the corre-

sponding interfaces, since they are leaving the vessels. Combining
(7a) and (7b) with Eqs. (3a) and (3b) for the outgoing character-
istic variables W2;Vp and W1;Vd

, yields two non-linear systems of
equations for the required interface data.

A more complex model simulating a stenosis can be found in
[21,25,36,39,43]. It is given by an ODE and links the 1D-models
adjacent to a stenosis by a 1D-0D-coupling. However, our
numerical tests revealed that this model is less stable with respect
to the time step size used in a numerical discretization scheme.
Furthermore it is not possible to simulate a complete occlusion. If
the area of a stenosis is equal to zero, we would have to exert a
division by zero in this model. For these reasons, we have decided
to use the simplified stenosis model described in this subsection.

2.4. Blood flow through collateral vessels and arteriogenesis

Let us denote the total number of collateral vessels between the
tibial arteries 54 and 55 by Ncol. In order to establish a flow model
for the j-th collateral vessel of length lj, jA 1;…;Ncol

� �
, we first

reconsider Fig. 1 and discuss some properties of these vessels.
According to [35] they have the size of arterioles. Though this

may also be partly the cause in humans, measurements in the
human heart yield collateral vessels in a diameter range of

0.031 cm to 0.136 cm [32]. Assuming growth rates up to a factor 2–
3, we choose here starting radii of 0.03 cm to 0.04 cm. The average
radii of the posterior and anterior tibial arteries have the size of
0.375 cm and 0.197 cm, respectively [41].

Considering Fig. 1, which has been taken from [35, Fig. 1], we
observe that the collateral vessels have larger radii at their inlets
and outlets than in the middle. For convenience, we assume that
the radius rm;j in the middle is approximately half as large as the
radius rb;j at an endpoint and that the radii at both endpoints are
equal. In the following rb;j is set to 0.04 cm for all jA 1;…;Ncol

� �
. To

model the specific shape of the collateral vessels, these values are
interpolated by a second order polynomial:

rjðzÞ ¼
2 � z
l2j

� z� lj
� � � rb;jþrb;j;

yielding a profile for the radius of the considered vessel (see
Fig. 5).

We choose the Hagen–Poiseuille model to compute blood flow
through the collateral vessels because of the fact that in smaller
arteries less pulsatile blood flow is observed [24]. Since we have
pulsative blood flow of higher amplitudes in the main arteries, a
different flowmodel for the collateral vessels has to be considered.
In order to account for the variable vessel profile, we subdivide the
interval 0; lj

	 

equally in Nj elements. Each element has the length

Δzj ¼ lj=Nj and the k-th element kA 1;…;Nj
� �

is given by
Ωj;k ¼ ðk�1ÞΔzj; kΔzj

� �
. On Ωj;k the profile for rj is approximated

by a constant. Denoting the interpolant by ~r j, we set (see Fig. 5):

~r j jΩj;k
¼ rj

ð2k�1Þ
2

Δzj

� �
≕~r j;k: ð8Þ

Within each element, we compute a flow rate qj
cm3

s

h i
and

Fig. 3. 1D vessels at a bifurcation interface.

Fig. 4. Vessel V54 which contains a stenotic segment Vs is split into a proximal part Vp and a distal part Vd (left). Blood flow through the vessels adjacent to the stenosis is
governed by a 1D-model, whereas the stenosis is incorporated into the model by algebraic interface conditions (right).

Fig. 5. Parabolic profile for the radius rj of the j-th collateral vessel (top). Uniform
subdivision of 0; lj

	 

in elements Ωj;k . rj is approximated on each Ωj;k by a constant.

The new profile is denoted by ~r j (bottom).

D. Drzisga et al. / Computers in Biology and Medicine 70 (2016) 190–201 193



pressures pj;k½Pa� by the Hagen–Poiseuille law:

qj ¼ � π � ~r4j;k
8 � η �Δzj

Δpj;k ¼ � π � ~r4j;k
8 � η �Δzj

pj;k�pj;k�1

� �
; k¼ 2;…;Nj:

In order to close this system, we require for the pressure two
additional values pð54Þj and pð55Þj which are provided by the 1D
models governing the flow in the tibial arteries (Vessel 54 and 55):

qj ¼ � π � ~r4j;1
8 � η �Δzj

pj;1�pð55Þj

� �
; qj ¼ �

π � ~r4j;Nj

8 � η �Δzj
pð54Þj �pj;Nj

� �
:

For the computation of the pressures pð54Þj and pð55Þj , we assume
that the 1D models for the tibial vessels are defined on the
intervals 0; l54

	 

and 0; l55

	 

. The points at which the tibial arteries

are connected with the j-th collateral vessel are denoted by: zð54Þj

A Ið54Þcol and zð55Þj A Ið55Þcol .

Ið54Þcol D 0; l54
	 


and Ið55Þcol D 0; l55
	 


are intervals containing all the
points where Vessel 54 and 55 are connected with the collateral
vessels. Each of these intervals is decomposed into Ncol intervals
(see Fig. 6):

IðiÞcol ¼ IðiÞ1 [ … [ IðiÞNcol
; iA 54;55f g:

The centers of the intervals IðiÞj are identified with the connection

points zðiÞj . Moreover, we require that these intervals fulfill the
following assumptions:

zð55Þj � ~r j;1; z
ð55Þ
j þ ~r j;1

h i
D Ið55Þj ; zð54Þj � ~r j;Nj

; zð54Þj þ ~r j;Nj

h i
D Ið54Þj :

Having this notation at hand, we compute the boundary pressures
for the j-th collateral vessel by the following averages:

pð54Þj ¼ 1
2 � ~r j;Nj

Z zð54Þj þ ~r j;Nj

zð54Þj � ~r j;Nj

p54ðzÞ dz; pð55Þj ¼ 1
2 � ~r j;1

Z zð55Þj þ ~r j;1

zð55Þj � ~r j;1
p55ðzÞ dz;

where p54 and p55 are provided by (2).
As already mentioned in Section 2.1, the 1D models in the tibial

arteries are coupled by means of their source terms with the

collateral vessels. In order to simulate a loss or gain of blood
volume across the vessel walls, we have to specify the terms ϕ54

and ϕ55 in (1a). ϕ54 and ϕ55 are defined as piecewise constant
functions in space, where these functions are constant on the
intervals IðiÞj , iA 54;55f g.

Division of the flow rate qj by the diameters of the j-th col-
lateral vessels yields the corresponding function values on the
intervals IðiÞj . These values having the unit (cm

3

s ) are measures for
the blood volume leaving or entering the tibial vessels per second
through the inlets or outlets of the collateral vessels. Without loss
of generality, the inlets z¼ 0ð Þ of the collateral vessels are placed
on Vessel 55 and their outlets z¼ lj

� �
on Vessel 54. Provided that

qjZ0 holds, ϕ55 has to act as a sink and ϕ54 as a source term. Due
to that, we have to take the negative value in the case of ϕ55 (see
Fig. 6):

ϕ54ðz; tÞ ¼
1

2 � ~r j;Nj

qjðtÞ; zA Ið54Þj ; jA 1;…;Ncol
� �

;

0; zA 0; l54
	 


⧹Ið54Þcol ;

8>><
>>:

ϕ55ðz; tÞ ¼
� 1
2 � ~r j;1

qjðtÞ; zA Ið55Þj ; jA 1;…;Ncol
� �

;

0; zA 0; l55
	 


⧹Ið55Þcol :

8><
>:

Arteriogenesis, i.e., the enlargement of the collateral vessels, is
simulated by making the piecewise constant profiles ~r j time-
dependent. Therefore, we attach to each segment Ωj;k a suitable
growth function for the corresponding radius ~r j;k (see (8)):

~r j;k : ½0;1Þ-Rþ ; t↦~r j;kðtÞ; ð9Þ
A function type that is frequently used to model a growth process
is the generalized logistic function [31]:

~r j;kðtÞ ¼ ~r j;k � Oþ D

1þKe�Bðt�MÞ
� �ξ

0
B@

1
CA: ð10Þ

Fig. 6. The collateral vessels are contained in the intervals Ið54Þcol D 0; l54
	 


and Ið55Þcol D 0; l55
	 


. Each of these intervals is decomposed into Ncol disjoint intervals IðiÞj ; where its
centers zðiÞj are equal to the connection points of the collateral vessels. We place the inlets of the collateral vessels on Vessel 55 and its outlets on Vessel 54. The models for the
collateral vessels and the tibial vessels are coupled by the source terms ϕi and the averaged pressures pðiÞj ; iA 54;55f g, jA 1;…;Ncol

� �
. At the outlets of the tibial vessels, 0D-

models are attached to account for the influence of the omitted vessels.
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~r j;k is the radius for t¼0. In order to determine the parameters
O;D;K ;B;M and ξ in (10), we fit the generalized logistic function
with data describing the growth of collateral arteries in mice.
Considering Table 1 in [35], one can find measurements with
respect to the diameters of the growing collateral arteries.

These data are recorded for the initial state (0 days) and after 3,
7 and 21 days using 4 different groups of mice. For a certain group
(C57Bl/6), we observe that the diameters of the collateral vessels
are magnified by a factor of 1.59 after 3 days, 1.75 after 7 days and
2.3754 after 21 days. We compute by the help of the curve fitting
application from MATLAB the following parameters:

O¼ 1:000; D¼ 1:375; B¼ 4:969 � 10�6; M¼ �7:96 � 105;

K ¼ 1:000 and ξ¼ 322:997: ð11Þ

The diameter increase and the fitted normalized curve ~r j;kðtÞ=~r j;k
are depicted in Fig. 7. Combining (9)–(11) a growth model for the
collateral arteries is obtained. We point out that one is not
restricted to this growth function. If measurements with respect to
the growth of collateral arteries are available, one can use
these data.

2.5. Terminal vessels and metabolic regulation

The haemodynamic effect of vessels located beyond the 1D
main arteries is accounted for using lumped parameter or 0D
models (see (6)). These models exhibit three parameters R1;i, Ci
and R2;i for each terminal vessel iA ITer . By ITer � 1;…;55f g, we
define the index set of the terminal vessels. The total resistances
Rt;i ¼ R1;iþR2;i and compliances Ci are listed in [39, Table 2]. For the
computation of R1;i, the authors of [5] recommend to use the
characteristic impedance Zi ¼ ρ � c A0;i

� �
=A0;i of the i-th terminal

vessel to avoid non-physical reflections. Due to the stenosis in
Vessel 54 (right posterior tibial artery) blood flow will be
decreased in its distal part and increased in the neighboring Vessel
55 (right anterior tibial artery).

In order to prevent an oversupply at the outlet of Vessel 55, the
arterioles located beyond that outlet have to increase their resis-
tances, while the arterioles beyond the neighboring outlet have to
decrease their resistances to compensate the reduced blood sup-
ply, at least partially.

Within our model, we adjust the resistances R2;i to incorporate
this mechanism. A possible way to control R2;i is based on the
concentration of carbon dioxide in the affected tissue [3]. Here, we
couple R2;i, similar to [21, Section 24], with the oxygen con-
centration CtO2ð Þi in the tissue. This type of controlling the arterial
blood flow is called metabolic regulation. The governing equation
for the tissue concentration CtO2ð Þi in millimoles per kilogram of
dry weight mmol

kgdw

h i
is given by:

Mi
d
dt

CtO2ð Þi ¼QiðtÞ CO2 �σ � CtO2ð ÞiðtÞ
� ��vi CtO2ð Þi; t

� �
: ð12Þ

Mi denotes the dry weight of the tissue volume, which is perfused
by vessel Vi. We assume that the total tissue dry weight

M¼
X
iA ITer

Mi

is given by: M¼10 kgdw [10, Chapter 2, Section 2.5]. The indivi-
dual masses Mi are distributed according to the flow behavior for
fixed resistances R2;i. After blood flow has become periodic in our
simulations for the healthy state Rt ¼ 0ð Þ, we determine how much
blood volume has left the vessel system within one heart beat.
Then we compute the percentage of blood volume leaving the
terminal vessel Vi. Finally, the masses Mi are determined such that
they have the same percentage with respect to the total mass M. Qi

is the flow rate at the outlet of the terminal vessel Vi. The variable
σ denotes the partition coefficient and vi models the metabolic
rate of consumption of oxygen. CO2 ¼ 8:75μmol

cm3 is the mean oxygen
concentration in blood.

ODE (12) has been taken from [10, Chapter 2, Section 2.5], its
right hand side consists of three terms. The first term quantifies
the amount of oxygen supplying the corresponding tissue, the
second term accounts for the amount of oxygen extraction from
the blood under normal conditions. Finally, the third term simu-
lates the metabolic demand of the corresponding tissue.

A possible choice for the consumption rate is the Michaelis–
Menten law given by [18, Chapter 10]:

vi CtO2ð Þi; t
� �¼ Vmax;iðtÞ �

CtO2ð ÞiðtÞ
CtO2 þ CtO2ð ÞiðtÞ

;

where CtO2 ¼ 6:5mmol
kgdw is the average oxygen concentration in tis-

sue, and Vmax;i ¼ 2 � K0;i is the average consumption rate. K0;i ¼
0:18 � Mi

M
mmol

s denotes the consumption rate of oxygen at rest [10,
Chapter 2, Section 2.5]. The partition coefficient σ is determined
such that the following balance equation holds:

Q0;i � CO2 �σ � CtO2

� �
�K0;i ¼ 0;

where Q0;i is the mean flow rate within vessel Vi.
In the previous subsection, we used a logistic function to model

arteriogenesis. The time-dependent resistances R2;iðtÞ; tZ0 are
again described by a logistic function [19,21]:

R2;iðtÞ ¼
RLþRUeAr;iðtÞ� Ĉ

1þeAr;iðtÞ� Ĉ
; Ĉ ¼ � log

RðspÞ
2;i �RL

RU�RðspÞ
2;i

" #
: ð13Þ

RðspÞ
2;i is the set point of the outflow resistances R2;iðtÞ. It is computed

from R1;i ¼ Zi and the total resistance Rt;i ¼ R1;iþRðspÞ
2;i with data

from [39, Table 2]. RU and RL are the upper and lower bounds for
R2;iðtÞ; tZ0, respectively. Following [3], we choose them as
RU ¼ 1:30 � RðspÞ

2;i and RL ¼ 0:74 � RðspÞ
2;i . Regarding the choice of Ĉ one

has to note that it ensures the equality R2;i ¼ RðspÞ
2;i , if Ar;i ¼ 0 holds.

Ar;i represents an activation function for R2;i. Based on ODE (9) in

Table 1
List of different parameters occuring in our numerical model.

Physical parameter Sign Value Unit

Blood density ρ 1.028 g/cm3

Blood viscosity η 4:500 mPa s
Total tissue dry weight M 10.0 kgdw
Oxygen concentration in blood CO2 8.75 μmol=cm3

Average oxygen concentration in tissue CtO2 6.5 mmol/kgdw
Proportional gain Gr 2.000 kgdw/mmol

Fig. 7. Increase in diameter of growing collaterals arteries obtained from [35,
Table 1]. The data points are fitted by a generalized logistic growth function.
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[3], we propose the following ODE for Ar;i:

dAr;i

dt
¼ rhsAr;i

; ð14Þ

where the right hand side rhsAr;i
is determined by Algorithm 1.

Algorithm 1. Choice of rhsAr;i
.

if R2;i�RL
 oTOL then

if CtO2ð Þi�CtO2 404 d
dt CtO2ð Þi40 then

rhsAr;i
¼ Gr � CtO2ð Þi�CtO2

� �
else
rhsAr;i

¼ 0
end if

else if R2;i�RU
 oTOL then

if CtO2ð Þi�CtO2 o04 d
dt CtO2ð Þio0 then

rhsAr;i
¼ Gr � CtO2ð Þi�CtO2

� �
else
rhsAr;i

¼ 0
end if

else

rhsAr;i
¼ Gr � CtO2ð Þi�CtO2

� �
end if

The constant TOL40 denotes a certain tolerance which is set to
0.5. Gr¼2.0 is a suitable proportional gain [3,21]. We enhanced
ODE (9) in [3] by introducing the distinction of cases in Algorithm
1. Simulating effects arising from arteriogenesis without the pro-
posed distinction, we have observed that the activation values Ar;i

ðtÞ can become very small or large. This results in a delayed change
of the resistances and excessive fluctuations of the oxygen con-
centrations CtO2ð Þi. Motivated by this fact, we prevent Ar;i from
growing or falling by setting its time derivative to zero. This is
done, if R2;i is close to its extreme values RU and RL and if the tissue
concentration CtO2ð Þi is decreasing or increasing in certain cases.
Solving (12) and (14) and inserting the results of (14) into (13)
yield a complete model for metabolic regulation.

2.6. Numerical solution scheme

For the numerical treatment of the 1D model (1a), (1b) and (2),
we use the numerical method of characteristics (NMC). This dis-
cretization method has been analyzed in [2] where it has been
shown that the NMC is convergent of first order in space and time,
even for CFL-numbers that are greater than one. Due to this
attractive property, we are able to choose quite large time steps
which is desirable in the context of the presented model, since it
requires the simulation of many heart beats.

According to Fig. 7, one can see that a long simulation period of
about 3 weeks has to be treated. Simulating the growth of the
collateral arteries by (10) and (11), it becomes obvious that during
a single heart beat almost no change in the profiles of the col-
lateral arteries can be identified. Consequently, there is no need in
resolving every heart beat within 3 weeks and we choose for the
growth of the collateral vessels a macro time step size Δtma. For
the simulation of a single heart beat a micro time step size Δtmi

oΔtma is used. By means of these definitions our time stepping
scheme is designed as follows: At first we perform a macro time
stepΔtma from a discrete point in time tn; nAN to tnþΔtma. Then
the growth function (10) is evaluated at t ¼ tnþΔtma and the
profiles of the collateral vessels are adapted.

Resulting from this, the flow behavior in our vessel system is
changed and we simulate using the time step size Δtmi several

heart beats until the flow rate, pressure and concentration values
become periodic again. Exerting NðnÞ

mi micro steps, we arrive at
tnþ1 ¼ tnþΔtmaþNðnÞ

mi �Δtmi. Typically, several hundred heart
beats are required (see Fig. 8). This procedure is repeated until the
end of our simulation period tendð Þ is reached. In our simulations,
we have chosen Δtma ¼ 6 h and Δtmi ¼ 7:5� 10�4 s. As shown in
[2, Remark 5], the NMC is stable even for CFL numbers greater
than one. Thus we do not have a time step size restriction with
respect to the discretization of the transport equations. The
interface conditions between vessel segments, however, require
the solution of non-linear equations by the help of Newton's
method. Numerical tests reveal that the micro time step size Δtmi

¼ 7:5� 10�4 s yields convergence of the Newton solver and
numerical stability of the discretization. This means that we have
to simulate several thousands of heart beats in total.

3. Simulation results

By means of the numerical model presented in the previous
section, we simulate in this section the impact on arterial blood
flow of a stenosis located in Vessel V54.

Of considerable interest is the question which conductivity of
the collateral vessels is required to achieve an almost complete
compensation of the reduced blood supply depending on the
reflection parameter RtA 0;1½ � of the stenosis. This depends of
course on the original size, growth ability and number of collateral
vessels. These data are difficult to obtain in humans and
assumptions have to be made which may influence any con-
siderations about the necessary number of vessels. The advantage
of this modeling approach is that different parameters can be
considered which allows a better adaption of animal data to the
human situation.

3.1. Physiological data

The complete data for the 1D models (1a), (1b) and (2) such as
the different lengths li, section areas A0;i and elasticity parameters
βi can be found in [37, Table I], iA 1;…;55f g. Having βi and A0;i at
hand, the elasticity parameters G0;i in (2) can be calculated as
follows: G0;i ¼ βi �

ffiffiffiffiffiffiffi
A0;i

p
. Note that these data represent the arterial

Fig. 8. Illustration of the time stepping scheme used for the simulation of the
arteriogenesis.
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geometry and elasticity of a healthy young adult. For the three
element windkessel model (see Section 2.5 and (6)), we use the
values presented in [39, Table 2]. All vessel segments are dis-
cretized with a spatial length of 0.5 cm. The remaining fluid
parameters and the parameters determining the regulation model
are summarized in Table 1. The stenosis is placed 10 cm away from
the inlet of V54. Furthermore, we assume that each collateral vessel
has a length of 5 cm. The radial profile of the j-th collateral vessel
is approximated by Nj¼10 elements. We initially set Aiðz;0Þ ¼ A0;i

and Qiðz;0Þ ¼ 0 in the corresponding vessels. Pulsatile blood flow
is simulated by prescribing (5) at the inlet of the aorta (Vessel 1,
Fig. 2).

Using fixed terminal resistances, we compute by the 1D–0D
coupled model several heart beats until the numerical solution
becomes periodic. For the considered network this takes about 20
heart beats. Afterwards the regulation mechanism is switched on
and we simulate the arterial system until the curves for Qi, pi and
the oxygen concentrations CtO2ð Þi become periodic again. Next,
the stenosis is activated by smoothly increasing the reflection
parameter from 0 to RtA ½0;1� during a time period of 60 s). Finally,
arteriogenesis is activated (see Section 2.4) and simulated by the
time stepping scheme described in Section 2.6. The simulation is
terminated after a time span of 3 weeks is covered.

Fig. 9. Flow rates Q (top) and pressures p (bottom) reported at some locations in the vicinity of the stenosis placed in the tibial vessel 54, where RtA 0:00;0:80;0:95f g. The
data are shown for the time interval [298 s,300 s] before metabolic regulation and arteriogenesis are activated.
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3.2. Numerical results and discussion

The pressure and flow rate values in the healthy state (Rt¼0.0)
are within a reasonable range (see Fig. 9). Blood pressure ranges
from 83 mmHg to 121 mmHg which is in accordance with [11].
Moreover, the curves exhibit the typical shape of pressure and
flow rate curves in a peripheral artery. This justifies the usage of
1D models for arterial blood flow in order to analyze the effects of
compensation mechanisms.

Table 2
Pressure drops and conservation rates at a stenosis for some reflection parameters
Rt.

Rt (%) Δp (mmHg) pscons (%)

0 0.00 100.00
5 2.52 97.95
10 5.10 95.86
15 7.73 93.74
20 10.41 91.60
25 13.14 89.43
30 15.93 87.24
35 18.78 85.01
40 21.72 82.74
45 24.78 80.39
50 28.01 77.95
55 31.46 75.35
60 35.23 72.55
65 39.47 69.42
70 44.35 65.86
75 50.10 61.70
80 57.16 56.62
85 66.25 50.10
90 78.87 41.09
95 98.15 27.42
100 132.02 3.65

Fig. 10. Visualization of pressure drops and conservation rates at a stenosis for
some reflection parameters Rt. The regression lines suggest a linear behavior for
Rto0:7.

Fig. 11. Recovery rates depending on Rt with and without metabolic regulation.

Fig. 12. Recovery rates depending on Rt for arteriogenesis with different numbers
of collateral vessels.

Fig. 13. Recovery rates depending on Rt for arteriogenesis combined with meta-
bolic regulation.
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At first we demonstrate the impact of the stenosis by com-
paring the maximal systolic pressure values at the inlet and the
outlet of the stenosis within the time interval [120 s,121 s]. We
denote these values by pðiÞmax, iA in; out

� �
. Using these data, we

compute the absolute pressure drops Δp and conservation rates
pðsÞcons as follows:

Δp¼ pðinÞmax�pðoutÞmax

  and pðsÞcons ¼ 1� Δp

pðinÞmax

:

The corresponding simulation results are listed in Table 2. We
observe a non-linear relation between the reflection parameter Rt
and the conservation rates. In Fig. 10, it can be seen that the

conservation rates decrease severely for higher values of Rt. If Rt is
smaller than 0.7, we have a slow and almost linear decline of the
conservation rates and pressure drops. Thus, we define a stenosis
with RtZ0:7 as critical.

The influence of a stenosis on the adjacent vessels is illustrated
in Fig. 9. Not surprisingly, pressure and flow rate drop severely in
the distal part of Vessel 54, whereas in Vessel 55 both the flow rate
and the systolic pressure are slightly increased as Rt grows. Due to
reflections at the stenosis, the flow rate in Vessel 52 is reduced and
the pressure is significantly increased. This increases peak wall
tension which in an already weakened artery could add to the risk
of aneurism formation.

Fig. 14. Flow rates Q (top) and pressures p (bottom) reported at some locations in the vicinity of the stenosis with Rt¼0.95 placed in the tibial Vessel 54. The data are shown
in the last two seconds of the simulations for different scenarios.
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Next, we want to examine the efficiency of the compensation
mechanisms. Therefore, we define the recovery rate Q̂ 54 for the
mass flux at the outlet of Vessel 54 by averaging the flow rate over
the last simulated minute and comparing it to the mean flow rate
Q0;54:

Q̂ 54ðtendÞ ¼
1

60 s � Q0;54

Z tend

tend �60 s
Q54ðτ; l54Þ dτ:

Fig. 11shows the recovery rates depending on Rt for two cases. In
the first case, no compensation mechanism is considered whereas
in the second case only metabolic regulation is used at the outlets
of V54 and V55. It can be observed that the reduced flow can be
completely compensated for Rto0:7 in contrast to the case where
no compensation mechanism is used. For RtZ0:7, metabolic reg-
ulation cannot recover the complete blood flow anymore. How-
ever, we observe that the recovery rates are still higher compared
to the case without compensation mechanism.

In Fig. 12, one can see the recovery rates depending on Rt if only
arteriogenesis is applied as a compensation mechanism. A com-
plete recovery is not possible regardless of the number of col-
lateral vessels. For a complete occlusion, i.e., Rt¼1, blood supply
can be partially restored. As expected, the recovery rates increase
with a growing number of collateral vessels.

Finally, we combine both compensation mechanisms and pre-
sent the resulting recovery rates in Fig. 13. The effects of both
mechanisms in the vicinity of the stenosis are illustrated in Fig. 14.
In this scenario, a single collateral vessel allows a complete
recovery up to a stenosis degree of Rt¼0.75. A complete com-
pensation for all reflection parameters is achieved if five collateral
vessels exist. Summing the cross-sectional areas of the collateral
vessels at their centers results in a total cross-sectional area of
0.036 cm2 which accounts for 8.14% of the occluded vessel's area.

In addition to that, we record the oxygen concentration
ðCtO2Þ54 for every macro time step in the case of a complete
occlusion. In Fig. 15, the ratios between ðCtO2Þ54 and the mean
oxygen concentration ðCtO2Þ54 are depicted. The results are in
agreement with the recovery rates of the flow rate. The curve for
five collateral vessels is similar to the measurements in [35,
Fig. 6B]. This figure shows a comparison of haemoglobin oxygen
saturations in healthy and artificially occluded feet of mice. Even
though the topic of compensation mechanisms for stenoses is
actively studied [8,16], experimental data of humans concerning
the issue of this work are still missing mainly because in humans
we usually observe endpoints rather than the development of
compensatory structural adaption mechanisms. Therefore, only
measurements obtained from mice are considered.

4. Final remarks

In this paper, we have simulated the influence of a peripheral
arterial stenosis on blood supply of distal tissue. Furthermore, we
have modeled two mechanisms that help to restore the reduced
blood flow, i.e., metabolic regulation and arteriogenesis. The pre-
sented model is based on dimensionally reduced differential
equations and algebraic coupling equations. It has been revealed
that reduced blood supply caused by a critical stenosis can only be
recovered if both compensation mechanisms are combined and a
sufficient growth and number of collateral vessels is present. It
should be mentioned however, that in large animal experiments
incomplete compensation was reported and that the muscle oxy-
gen consumption rates refer only to the resting state of the mus-
cles, allowing structural maintenance and basic function. However,
the collateral growth calculated here would not allow us to com-
pensate for the consumption during muscle exercise. In order to
balance the missing blood supply caused by a stenosis of lower
degree it is sufficient to take only metabolic regulation into con-
sideration. The existing model can be enhanced by incorporating
further compensation mechanisms, e.g., angiogenesis or a more
complex model for arteriogenesis.

Conflict of interest statement

There is no conflict of interest associated with this work.

Acknowledgments

Funding: This work was partially supported by the DFG
(WO671/11-1), DZHK Munich Heart Alliance (Z 1 60 1 0 02 1100),
SyNergY – the Munich Cluster for Systems Neurology (EXC1010),
and Cluster of Excellence in Simulation Technology (EXC 310/2) at
the University of Stuttgart. We would also like to thank Elsevier for
the permission to reuse Figs. 1 and 4 from [35].

Ethical approval: There is nothing to declare.

References

[1] S. Acosta, D.J. Penny, C.G. Rusin, An effective model of blood flow in capillary
beds, Microvasc. Res. 100 (2015) 40–47.

[2] S. Acosta, C. Puelz, B. Riviere, D.J. Penny, C.G. Rusin, Numerical method of
characteristics for one-dimensional blood flow, J. Comput. Phys. 294 (2015)
96–109.

[3] J. Alastruey, S. Moore, K. Parker, T. David, J. Peiró, S. Sherwin, Reduced mod-
elling of blood flow in the cerebral circulation: coupling 1-d, 0-d and cerebral
auto-regulation models, Int. J. Numer. Methods Fluids 56 (8) (2008)
1061–1067.

[4] J. Alastruey, K. Parker, J. Peiro, S. Byrdc, S. Sherwin, Modelling the circle of
Willis to assess the effects of anatomical variations and occlusions on cerebral
flows, J. Biomech. 40 (2007) 1794–1805.

[5] J. Alastruey, K. Parker, J. Peiro, S. Sherwin, Lumped parameter outflow models
for 1-D blood flow simulations: effect on pulse waves and parameter esti-
mation, Commun. Comput. Phys. 4 (2008) 317–336.

[6] K. Baber, Coupling free flow and flow in porous media in biological and
technical applications: from a simple to a complex interface description,
University of Stuttgart, 2014. ISBN: 978-3-942036-40-5.

[7] S. Canic, E. Kim, Mathematical analysis of quasilinear effects in a hyperbolic
model blood flow through compliant axi-symmetric vessels, Math. Methods
Appl. Sci. 26 (2003) 1161–1186.

[8] M. Carvalho, A. Oliveira, E. Azevedo, A.J. Bastos-Leite, Intracranial arterial
stenosis, J. Stroke Cerebrovasc. Dis. 23 (4) (2014) 599–609.

[9] L. Cattaneo, P. Zunino, Computational models for fluid exchange between
microcirculation and tissue interstitium, Netw. Heterog. Media 9 (2014)
135–159.

[10] C. D'Angelo, Multi scale modelling of metabolism and transport phenomena in
living tissues (Ph.D. thesis), EPFL, Lausanne, 2007.

[11] A. Despopoulos, S. Silbernagl, Color atlas of physiology, Thieme, 2003.

Fig. 15. Ratios between ðCtO2Þ54 and the mean oxygen concentration ðCtO2Þ54 in a
period of 21 days.

D. Drzisga et al. / Computers in Biology and Medicine 70 (2016) 190–201200



[12] K. Erbertseder, J. Reichold, B. Flemisch, P. Jenny, R. Helmig, A coupled discrete/
continuum model for describing cancer-therapeutic transport in the lung,
PLoS One 7 (3) (2012) e31966.

[13] L. Formaggia, D. Lamponi, A. Quarteroni, One-dimensional models for blood
flow in arteries, J. Eng. Math. 47 (3–4) (2003) 251–276.

[14] L. Formaggia, F. Nobile, A. Quarteroni, A one-dimensional model for blood
flow: application to vascular prosthesis, in: I. Babuşka, T. Miyoshi, P.G. Ciarlet
(Eds.), Mathematical Modeling and Numerical Simulation in Continuum
Mechanics. Lecture Notes in Computational Science and Engineering, vol. 19,
Springer-Verlag, Berlin, 2002, pp. 137–153.

[15] L. Formaggia, A. Quarteroni, A. Veneziani, Cardiovascular Mathematics-
Modelling and Simulation of the Circulatory System, Springer-Verlag, Italia,
Milano, 2009.

[16] B.H. Grimard, J.M. Larson, et al., Aortic stenosis: diagnosis and treatment, Am.
Fam. Physician 78 (6) (2008) 717–724.

[17] L. Grinberg, E. Cheever, T. Anor, J.R. Madsen, G. Karniadakis, Modeling blood
flow circulation in intracranial arterial networks: a comparative 3D/1D
simulation study, Ann. Biomed. Eng. 39 (1) (2011) 297–309.

[18] M. Hacker, I. Messer, S.W. S, K. Bachmann, Pharmacology: Principles and
Practice, Academic Press, Burlington, San Diego, London, 2009.

[19] J. Alastruey, T. Passerini, L. Formaggia, J. Peiro, Physical determining factors of
the arterial pulse waveform: theoretical analysis and calculation using the 1-D
formulation, J. Eng. Math. 77 (1) (2012) 19–37.

[20] M.E. Klingensmith, et al., The Washington Manual of Surgery, Lippincott
Williams & Wilkins, Philadelphia, 2008, Table 30-1.

[21] T. Köppl, M. Schneider, U. Pohl, B. Wohlmuth, The influence of an unilateral
carotid artery stenosis on brain oxygenation, Med. Eng. Phys. 36 (7) (2014)
905–914.

[22] T. Köppl, B. Wohlmuth, R. Helmig, Reduced one-dimensional modelling and
numerical simulation for mass transport in fluids, Int. J. Numer. Method Fluids
72 (2) (2013) 135–156.

[23] E. Lakatta, Age-associated cardiovascular changes in health: impact on cardi-
ovascular disease in older persons, Heart Fail. Rev. 7 (2002) 29–49.

[24] J.J. Lee, K. Tyml, A.H. Menkis, R.J. Novick, F. McKenzie, Evaluation of pulsatile
and nonpulsatile flow in capillaries of goat skeletal muscle using intravital
microscopy, Microvasc. Res. 48 (3) (1994) 316–327.

[25] F. Liang, S. Takagi, R. Himeno, H. Liu, Multi-scale modeling of the human
cardiovascular system with applications to aortic valvular and arterial ste-
noses, Med. Biol. Eng. Comput. 47 (2009) 743–755.

[26] E. Marchandise, M. Willemet, V. Lacroix, A numerical hemodynamic tool for
predictive vascular surgery, Med. Eng. Phys. 31 (1) (2009) 131–144.

[27] J. Murillo, P. Garcia-Navarro, A Roe type energy balanced solver for 1D arterial
blood flow and transport, Comput. Fluids 117 (2015) 149–167.

[28] J.P. Mynard, P. Nithiarasu, A 1D arterial blood flow model incorporating ven-
tricular pressure, aortic valve and regional coronary flow using the locally
conservative Galerkin (LCG) method, Commun. Numer. Methods Eng. 24
(2008) 367–417.

[29] A. Quarteroni, A. Valli, Domain Decomposition Methods for Partial Differential
Equations, Numerical Mathematics and Scientific Computation, The Clarendon
Press and Oxford University Press, Oxford, 1999.

[30] P. Reymond, P. Crosetto, S. Deparis, A. Quarteroni, N. Stergiopulos, Physiolo-
gical simulation of blood flow in the aorta: comparison of hemodynamic
indices as predicted by 3-D fsi, 3-D rigid wall and 1-D models, Med. Eng. Phys.
35 (6) (2013) 784–791.

[31] F. Richards, A flexible growth function for empirical use, J. Exp. Botany 10 (2)
(1959) 290–301.

[32] J. Rockstroh, B.G. Brown, Coronary collateral size, flow capacity, and growth
estimates from the angiogram in patients with obstructive coronary disease,
Circulation 105 (2) (2002) 168–173.

[33] I. Sarelius, U. Pohl, Control of muscle blood flow during exercise: local factors
and integrative mechanisms, Acta Physiol. 199 (4) (2010) 349–365.

[34] W. Schaper, The Collateral Circulation of the Heart, vol. 1, North-Holland Pub.
Co., Amsterdam, 1971.

[35] D. Scholtz, et al., Contribution of arteriogenesis and angiogenesis to post-
occlusive hindlimb perfusion in mice, J. Mol. Cell. Cardiol. 34 (2002) 775–787.

[36] B. Seeley, D. Young, Effect of geometry on pressure losses across models of
arterial stenoses, J. Biomech. 9 (1976) 439–448.

[37] S. Sherwin, L. Formaggia, J. Piero, V. Franke, Computational modelling of 1D
blood flow with variable mechanical properties and its application to the
simulation of wave propagation in the human arterial system, Int. J. Numer.
Methods Fluids 43 (2003) 673–700.

[38] S. Sherwin, V. Franke, J. Peiro, K. Parker, One-dimensional modelling of a
vascular network in space-time variables, J. Eng. Maths. 47 (2003) 217–250.

[39] N. Stergiopulos, D. Young, T. Rogge, Computer simulation of arterial flow with
applications to arterial and aortic stenoses, J. Biomech. 25 (1992) 1477–1488.

[40] Q. Sun, G. Wu, Coupled finite difference and boundary element methods for fluid
flow through a vessel with multibranches in tumours, Int. J. Numer. Meth-
ods Biomed. Eng. 29 (3) (2013) 309–331.

[41] J. Wang, K. Parker, Wave propagation in a model of the arterial circulation,
J. Biomech. 37 (2004) 457–470.

[42] N. Westerhof, F. Bosman, C. de Vries, A. Noordergraaf, Computer simulation of
arterial flow with applications to arterial and aortic stenoses, J. Biomech.
2 (1969) 121–143.

[43] D. Young, F. Tsai, Flow characteristics in models of arterial stenoses II, J. Bio-
mech. 6 (1973) 547–559.

D. Drzisga et al. / Computers in Biology and Medicine 70 (2016) 190–201 201





3 Numerical modelling of a peripheral arterial
stenosis using dimensionally reduced models
and machine learning techniques

Bibliographic note: The content of this chapter is based on the following original article:
T. Köppl, G. Santin, R. Helmig and B. Haasdonk (2018): Numerical modelling of a periph-
eral arterial stenosis using dimensionally reduced models and machine learning techniques.
International Journal for Numerical Methods in Biomedical Engineering, pages: e3095,
with courtesy of Wiley.

73



Received: 17 October 2017 Revised: 22 February 2018 Accepted: 15 April 2018

DOI: 10.1002/cnm.3095

R E S E A R C H A R T I C L E - F U N D A M E N T A L

Numerical modelling of a peripheral arterial stenosis using
dimensionally reduced models and kernel methods

Tobias Koeppl1 Gabriele Santin2 Bernard Haasdonk2 Rainer Helmig1

1Department of Hydromechanics and
Modelling of Hydrosystems, University of
Stuttgart, Pfaffenwaldring 61, D-70569
Stuttgart, Germany
2Institute of Applied Analysis and
Numerical Simulation, University of
Stuttgart, Pfaffenwaldring 57, D-70569
Stuttgart, Germany

Correspondence
Tobias Koeppl, Department of
Hydromechanics and Modelling of
Hydrosystems, University of Stuttgart,
Pfaffenwaldring 61, D-70569 Stuttgart,
Germany.
Email: tobias.koeppl@iws.uni-stuttgart.de

Funding information
German Research Foundation (DFG),
Grant/Award Number: EXC 310/2

Abstract

In this work, we consider 2 kinds of model reduction techniques to simulate
blood flow through the largest systemic arteries, where a stenosis is located in a
peripheral artery, i.e., in an artery that is located far away from the heart. For our
simulations, we place the stenosis in one of the tibial arteries belonging to the
right lower leg (right posterior tibial artery). The model reduction techniques
that are used are on the one hand dimensionally reduced models (1-D and 0-D
models, the so-called mixed-dimension model) and on the other hand surro-
gate models produced by kernel methods. Both methods are combined in such
a way that the mixed-dimension models yield training data for the surrogate
model, where the surrogate model is parametrised by the degree of narrowing
of the peripheral stenosis. By means of a well-trained surrogate model, we show
that simulation data can be reproduced with a satisfactory accuracy and that
parameter optimisation or state estimation problems can be solved in a very effi-
cient way. Furthermore, it is demonstrated that a surrogate model enables us
to present after a very short simulation time the impact of a varying degree of
stenosis on blood flow, obtaining a speedup of several orders over the full model.

KEYWORDS

blood flow simulations, dimensionally reduced models, kernel surrogate models, mixed-dimension
models, peripheral stenosis, real-time simulations

1 INTRODUCTION

During the recent decades, the interest in numerical simulation of blood flow has been growing continuously. Main rea-
sons for this development are the increase of computational power, the design of efficient numerical algorithms, and the
improvement of imaging techniques combined with elaborated reconstruction techniques yielding data on the geometry
of interesting objects as well as important modelling parameters like densities of a fluid or tissue.1-3 The motivation for
putting more and more effort into these developments has been evoked by the fact that computational tools enable clin-
ical doctors and physiologists to obtain some insight into cardiovascular diseases in a non-invasive way. By this, the risk
of infections and other dangers can be remarkably reduced. Using numerical models, it is, e.g., possible to make predic-
tions on how a stenosis affects the blood supply of organs; in particular, one wants to find out to what extent a vessel can
be occluded without reducing the blood flow significantly. In this context, it is also of great interest whether blood vessel
systems like the circle of Willis4,5 or small interarterial connections6,7 can help to restore the reduced blood flow. Further-
more, the simulation of fundamental regulation mechanisms like vasodilation, arteriogenesis, and angiogenesis helps to

Int J Numer Meth Biomed Engng. 2018;e3095. wileyonlinelibrary.com/journal/cnm Copyright © 2018 John Wiley & Sons, Ltd. 1 of 24
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understand how the impact of an occlusion on blood flow can be reduced.8-10 Further important application areas are the
stability analysis of an implanted stent or an aneurysm. Thereby, it is crucial to compute realistic pressure values, mass
fluxes, and wall shear stresses in an efficient way such that these data can be evaluated as fast as possible.

However, the simulation of flow through a cardiovascular system is a very complex matter. Since it is composed of a
huge number of different vessels that are connected in a very complex way, it is usually not possible to resolve large parts
of the cardiovascular systems due to an enormous demand for computational power and data volume. In addition to that,
there are many different kinds of vessels covering a large range of radii, wall thicknesses, and lengths.2, chap.1, table 1.1, table 1.2

The vessel walls of arteries are, eg, much thicker than those of veins, due to the fact that they have to transport blood at
high pressure. As the heart acts like a periodic pump, blood flow in the larger arteries and venes having an elastic vessel
wall is pulsatile and exhibits high Reynolds numbers.2, chap. 1, table 1.7 This requires the usage of fluid-structure interaction
algorithms and discretisation techniques for convection-dominated flows.14-17 Contrary to that, flows in small vessels with
respect to diameter or length2, chap. 1, table 1.7 exhibit small Reynolds numbers. Moreover, the walls of such vessels are not
significantly deformed, and therefore, they can be modelled as quasirigid tubes. Vessels having these properties can be
typically classified as arterioles, venules, or capillaries. Taking all these facts into account, it becomes obvious that to this
part of the cardiovascular system, totally different models and methods have to be applied.18, chap. 6.2,19,20

Due to the variety of different vessel geometries and types of flows, it is unavoidable to consider a coupling of different
kinds of models such that realistic blood flow simulations within the entire or within a part of the cardiovascular system
can be performed. To reduce the complexity of the numerical model, mixed-dimension models have been introduced.21-28

Thereby, subnetworks of larger vessels are modelled by three-dimensional or one-dimensional (1-D) PDEs in space. At the
inlets and outlets of these networks, the corresponding models are coupled with 1-D PDEs or zero-dimensional (0-D) mod-
els (systems of ODEs) incorporating, e.g., the Windkessel effect of the omitted vessels and the pumping of the heart.29-31 An
alternative to these open-loop models for arterial or venous subnetworks of the systemic circulation are closed-loop mod-
els linking the inlets and the outlets of a subnetwork by a sequence of 0-D models for the organs, pulmonary circulation,
and the heart.32-34

Besides the usage of dimensionally reduced or multiscale models, a further method of reducing the complexity of blood
flow simulations has been established in the recent years.35-37 This approach is called Reduced Basis method (RB method)
and is based on the idea to solve in an offline-phase parameterised PDEs for a few parameters (see, e.g., Haasdonk38).
These so-called solution snapshots are then used as basis of a low-dimensional space, and projecting the PDE to this space
results in a low-dimensional problem. This reduced system can be solved in a so-called online phase, where solutions
for multiple parameters can be efficiently computed. Within relevant biomedical application areas, these parameters
determine usually the shape of a bifurcation, a stenosis, a bypass, or an inflow profile.39, chap. 8,36,37

In this paper, we want to investigate the performance of a different type of surrogate model obtained via machine learn-
ing techniques and in particular with kernel methods.40-44 Contrary to the RB method, the surrogate model is in this case
represented by a linear combination of kernel functions like the Gaussian or the Wendland kernel.45,46 The coefficients
in the linear combination and the parameters for the kernel functions are obtained from a training and validation pro-
cess, which is performed in an offline or training phase.47 These methods have the advantage of constructing non-linear,
data-dependent surrogates that can reach significant degrees of accuracy, while not needing an excessively large amount
of data, as for different machine learning techniques.

Using this method, we want to simulate the impact of a stenosis on blood flow; in particular, we consider a peripheral
arterial stenosis. This type of stenosis is of high interest for physiologists, since peripheral arteries supply organs that are
located far away from the heart. It is obvious that peripheral organs and tissues are affected by a potential risk of under-
supply and, therefore, an occlusion of peripheral arteries is extremely critical. For our simulations, we place a stenosis
in the right tibial artery located in the lower right leg (see Figure 1) and study the pressure and flow rate curves, i.e., the
evolution of the 2 quantities at different points over a complete heartbeat, in the vicinity of this stenosis.

We use for the blood flow simulations a 1-D–0-D coupled model, where we assign a 1-D flow model to the 55 main
arteries of the systemic circulation.8,18,21,48 At the outlets of this network, 0-D models are attached to the 1-D models to
incorporate the influence of the omitted vessels. The stenosis is modelled by a 0-D model consisting of an ODE.27,49,50

Using the dimensionally reduced model, we can produce realistic pressure and flow rate curves in a fast way.
Although this model is already both accurate and relatively fast, it is still too slow and hence not suitable for real-time

simulation or parameter estimation. To overcome this problem, we train a kernel-based surrogate model that predicts,
depending on the degree of stenosis, a pressure or flow rate curve. The surrogate is trained in a data-dependent way by
computing pressure and flow rate curves for different degrees of stenosis, which are used as training data for the kernel
method to construct an accurate surrogate model. The intention of this modelling approach is that a combination of
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FIGURE 1 This figure shows an arterial network consisting of the 55 main arteries of the systemic circulation.11-13 In vessel 54 (right
anterior tibial artery), we put a stenosis and study the effect on blood flow. The stenosis splits vessel 54 into 2 parts. The proximal part is again
labelled with the index 54, while the distal part receives the index 56. At the places of the black dots that are located at the outlet of vessel 52,
at the inlets of vessels 54 and 55 as well as at the inlet of vessel 56, we report over one heartbeat pressure and flow rate curves. Samples of
these curves serve as training data for the kernel methods creating a surrogate model, which maps the degree of stenosis Rs ∈ [0, 1] to the
samples of the corresponding curves

dimensionally reduced models and kernel methods allows us to simulate the impact of a stenosis for an arbitrary degree
of narrowing in a very short time. Simulation techniques of this kind might support clinical doctors and researchers with
some important information after a relative short time, such that their diagnostic process can be optimised.

This combination of techniques is relatively new, and the results presented in this paper demonstrate its effectiveness.
Moreover, although we concentrate here on the prediction of pressure and flow rate curves, the same technique can be
easily adapted to construct surrogates of other relevant quantities of the blood flow simulation.

We remark that the present approach has potentially different advantages over the RB method. Indeed, the RB method
typically requires the computation of several time snapshots in the offline phase to simulate the time evolution and also
requires a time integration, with mostly the same time step used in the full model, during the online phase. On the
other hand, kernel-based surrogates only require the time evolution of the quantities of interest in the desired time inter-
val as training data, and in the online phase, they can directly predict it for a new parameter, without the need of any
time integrations. Moreover, it is well known that the RB method may perform poorly when applied to transport prob-
lems, especially in the presence of moving structures or discontinuities evolution. This behaviour is reflected in a slowly
decreasing Kolmogorov width, as it is discussed, e.g., in Haasdonk.38, example 3.4

The remainder of our work is structured as follows: In Section 2, we outline all the details of the 1-D–0-D coupled
model and the model for the stenosis. In addition to that, some comments on the numerical methods are presented.
The first subsection of the following Section 3 contains some information on the fundamentals of kernel methods. This
first part presents results that are mainly already discussed in the cited literature. Nevertheless, since we aim to address
researcher of both the blood flow and machine learning communities, we include it to provide a clearer explanation for
the interested reader, which may be acquainted on only one of the 2 fields. The second and third subsections describe
how kernel methods can be used to compute flow variables in dependence of the degree of stenosis. By means of the
models and methods from Sections 2 and 3, we perform in Section 4 some numerical tests illustrating the accuracy of
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the surrogate kernel model. Moreover, it is shown how the surrogate kernel model can be used to solve a state estimation
problem. The paper is concluded by Section 5, in which we summarise the main results and make some comments on
possible future work.

2 SIMULATION OF ARTERIAL BLOOD FLOW BY DIMENSIONALLY
REDUCED MODELS

Simulating blood flow from the heart to the arms and legs, we consider the arterial network, presented in literature.11-13

This network consists of the 55 main arteries including the aorta, the carotid arteries, the subclavian arteries, and the
tibial arteries (see Figure 1). Our modelling approach for simulating blood flow through this network is based on the idea
to decompose in a first step the network into its single vessels. In the next step, a simplified 1-D flow model is assigned
to each vessel. Finally, the single models have to be coupled at the different interfaces, to obtain global solutions for the
flow variables.

The following subsections present the basic principles of the 1-D model and the coupling conditions at bifurcations as
well as at the stenosis. Furthermore, we make some comments on the numerical methods that are used to compute a
suitable solution. At the inlet of the aorta (vessel 1, Figure 1 left), we try to emulate the heartbeats by a suitable boundary
condition. To account for the Windkessel effect of the omitted vessels, the 1-D flow models associated with the termi-
nal vessels are coupled with ODE systems (0-D models), which are derived from electrical science.21 Usually, the term
Windkessel effect is related to the ability of large deformable vessels to store a certain amount of blood volume such
that a continuous supply of organs and tissue can be ensured. However, also, many of the vessels that are not depicted
in Figure 1 exhibit this feature to some extent. Furthermore, the arterioles located beyond the outlets of this network
can impose some resistance on blood flow.8,10 These features have to be integrated into the outflow models to be able to
simulate realistic pressure and flow rate curves.

2.1 Modelling of blood flow through a single vessel
Let us suppose that the Navier-Stokes equations are defined on cylindrical domains of length li ∈ R, i ∈ {1, · · ·, 55}
and that their main axis are aligned with the z-coordinate. Modelling the viscous forces, we assume that the blood in
large and medium-sized arteries can be treated as an incompressible Newtonian fluid, since blood viscosity is almost
constant within large and middle-sized vessels.51 The boundaries of the computational domain change in time due to
the elasticity of the arterial vessels walls and the pulsatile flow. Thereby, it is assumed that the vessel displaces only in
the radial direction and that the flow is symmetric with respect to the main axis of the vessel.23,52 In addition to that, we
postulate that the z-component uz of the velocity field u is dominant with respect to the other components. Taking all
these assumptions into account and integrating the Navier-Stokes equations across a section area S(z, t) perpendicular to
the z-axis at the place z ∈ (0, li) and a time t > 0, one obtains the following system of PDEs29,53,54:

𝜕Ai

𝜕t
+ 𝜕Qi

𝜕z
= 0, z ∈ (0, li) , t > 0, (1)

𝜕Qi

𝜕t
+ 𝜕

𝜕z

(
Q2

i

Ai

)
+ Ai

𝜌
𝜕𝑝i

𝜕z
= −Kr

Qi

Ai
, z ∈ (0, li) , t > 0. (2)

The unknowns of this system Ai,Qi, and pi denote the section area of vessel Vi, the flow rate, and the averaged pressure
within this vessel. Mathematically, these quantities are defined by the following integrals:

Ai(z, t) = ∫S(z,t)
dS, Qi(z, t) = ∫S(z,t)

uz dS, 𝑝i(z, t) = 1
Ai ∫S(z,t)

Pi dS,

where Pi is the three-dimensional pressure field. Please note that (1) is the 1-D version of the mass conservation equation,
while (2) represents the 1-D version of the momentum equations. 𝜌 stands for the density of blood. Kr is a resistance
parameter containing the dynamic viscosity 𝜂 of blood55: Kr = 22𝜋𝜂∕𝜌. The PDE system (1)-(2) is closed by means of an
algebraic equation, which can be derived from the Young-Laplace equation31:
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𝑝i(z, t) = G0,i

(√
Ai

A0,i
− 1

)
, G0,i =

√
𝜋 · h0,i · Ei(

1 − 𝜈2
)
·
√

A0,i
, (3)

where Ei is the Young modulus, A0,i stands for the section area at rest, h0,i is the vessel thickness, and 𝜈 is the Poisson ratio.
Due to the fact that biological tissue is practically incompressible, 𝜈 is chosen as follows: 𝜈 = 0.5. Equation 3 assumes that
the vessel wall is instantaneously in equilibrium with the forces acting on it. Effects like wall inertia and viscoelasticity
could be incorporated using a differential pressure law.34,56,57 However, neglecting the viscoelasticity maintains the strict
hyperbolicity of the above PDE system.58 Therefore, the interaction between the blood flow and the elastic vessel walls
(3) is accounted for by using (3). Assuming that G0,i and A0,i are constant, the PDE system (1)-(3) can be represented in a
compact form:

𝜕Ui

𝜕t
+ 𝜕Fi

𝜕z
(Ui) = Si (Ui) , z ∈ (0, li) , t > 0. (4)

For Ui = (Ai,Qi)T , the flux function Fi and the source function Si are given by

Fi (Ui) =
⎛
⎜⎜⎝

Qi

Q2
i

Ai
+ A

3
2

i
𝜌
√

Ai,0

⎞
⎟⎟⎠

and Si (Ui) =
( 0
−Kr,i

Qi
Ai

)
.

This system may be written in a quasilinear form:

𝜕Ui

𝜕t
+ ∇Ui Fi

𝜕Ui

𝜕z
= Si (Ui) , z ∈ (0, li) , t > 0,

where ∇Ui Fi is the 2 × 2 Jacobian matrix of the flux function Fi, having the eigenvalues 𝜆i,1 and 𝜆i,2. Denoting by vi =
Qi∕Ai the fluid velocity and vc,i (Ai) the characteristic wave velocity of vessel Vi, it can be shown that 𝜆i,1 = vi − vc,i and
𝜆i,2 = vi + vc,i. Under physiological conditions, it can be observed that59

vi =
Qi

Ai
≪

√√√√G0,i

2𝜌

√
Ai

A0,i
= vc,i (Ai) . (5)

Therefore, it holds for the eigenvalues: 𝜆i,1 < 0 and 𝜆i,2 > 0, and the above PDE system is hyperbolic. Exploiting the
fact that the Jacobian matrix ∇Ui Fi is diagonalisable, there is an invertible matrix Li such that it can be decomposed as
follows: ∇Ui Fi = L−1

i ΛiLi, where Λi is a diagonal matrix that has the eigenvalues 𝜆i,1 and 𝜆i,2 on its diagonal. By this, the
PDE system (4) can written in its characteristic variables Wi =

(
W1,i,W2,i

)T :

𝜕Wi

𝜕t
+ Λi

𝜕Wi

𝜕z
= LiSi (Wi) , z ∈ (0, li) , t > 0. (6)

The characteristic variables Wi and Li are related by the following equation:

𝜕Wi

𝜕Ui
= Li, Wi(Ui) =

(
0
0

)
for Ui =

(
A0,i

0

)
. (7)

An integration of (7) yields that the characteristic variables W1,i and W2,i can be expressed by the primary variables Ai
and Qi as follows:

W1,i = −Qi

Ai
+ 4

√
G0,i

2𝜌

((
Ai

A0,i

) 1
4

− 1

)
= −vi + 4 ·

(
vc,i (Ai) − vc,i

(
A0,i

))
, (8)

W2,i =
Qi

Ai
+ 4

√
G0,i

2𝜌

((
Ai

A0,i

) 1
4

− 1

)
= vi + 4 ·

(
vc,i (Ai) − vc,i

(
A0,i

))
. (9)

Based on condition (5) and the signs of 𝜆1,i and 𝜆2,i, one can prove that W1,i is a backward and W2,i is a forward travelling
wave.29,18, chap. 2 Furthermore, it can be shown that W1,i and W2,i are moving on characteristic curves cj,i defined by 2 ODEs:
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dc𝑗,i
dt

(t) = λ𝑗
(

c𝑗,i(t), t
)
, 𝑗 ∈ {1, 2}. (10)

These insights are crucial for a consistent coupling of the submodels at the different interfaces, since it reveals that
at each inlet and outlet of a vessel, exactly one coupling or boundary condition has to be imposed. The other condition
is obtained from the outgoing characteristic variable. At the inlet z = 0, the variable W1,i is leaving the computational
domain, whereas at z = li, the variable W2,i is the outgoing characteristic variable.

2.2 Numerical solution techniques
According to standard literature,60 the main difficulties that arise in terms of numerical treatment of hyperbolic PDEs
are to minimise dissipation and dispersion errors, in order to avoid an excessive loss of mass and a phase shift for the
travelling waves. A standard remedy for these problems is to apply higher-order discretisation methods in both space
and time13 such that the numerical solution is as accurate as possible. However, higher-order discretisation methods
tend to create oscillations in the vicinity of steep gradients or sharp corners, which can be removed by some additional
postprocessing.48,61,62 Moreover, time stepping methods of higher-order require small time steps to be able to resolve the
dynamics of a fast and convection-dominated flow and to fulfil a CFL condition, if they are explicit.

Considering all these features, we use in this work the numerical method of characteristics (NMC), which is explicit
and of low approximation order (first order in space and time58, theorem 1), leading to large dissipation and dispersion errors.
This drawback can be circumvented by using a fine grid in space and sufficiently small time steps. Since we deal in this
work with 1-D problems, a fine grid in space is affordable with respect to computational effort. On the other hand, a fine
grid might force an explicit method to exert very small time steps. However, for the NMC, it can be proven that its time
step size is not restricted by a condition of CFL type.58 This means that the NMC can use a fine grid in space and time
step sizes that are small enough to capture the convection-dominated blood flow and large enough to have an acceptable
number of time steps.

Let us suppose now that the interval
[
0, li

]
for vessel Vi is discretised by a grid having a mesh size Δzi and grid nodes

zi,k = k · Δzi ∈
[
0, li

]
, k ∈

{
0, · · ·,Nh,i

}
. Here, Nh,i is the index of the last grid node. In a time step [tn, tn + Δt], the NMC

iterates over all the grid nodes. At each grid node zi,k, there are 2 characteristic curves c(k)1,i and c(k)2,i for W1,i and W2,i (see
Figure 2). Both curves are linearised in zi,k and tn + 1 = tn + Δt. In the next step, the resulting tangents are traced back
to the previous time point tn, where the corresponding intersection points are denoted by g(k)1,i and g(k)2,i , respectively (see
Figure 2). This procedure is equivalent to solving for every zi,k the final value problem,58, equation 10 which can be derived
from (10):

dc𝑗,i (zi, tn+1, t)
dt

= λ𝑗
(

c𝑗,i (zi, tn+1, t) , t
)
, c𝑗,i (zi, tn+1, tn+1) = zi,k, 𝑗 ∈ {1, 2}.

Setting c𝑗,i (zi, tn+1, tn) = g(k)𝑗,i , we have by a first-order approximation:

c𝑗,i (zi, tn+1, tn+1) − c𝑗,i (zi, tn+1, tn) = ∫
tn+1

tn

λ𝑗
(

c𝑗,i (zi, tn+1, t) , t
)

dt,

zi,k − g(k)𝑗,i (tn) = ∫
tn+1

tn

λ𝑗
(

c𝑗,i (zi, tn+1, t) , t
)

dt

≈ Δtλ𝑗
(

c𝑗,i (zi, tn+1, tn) , tn
)
= Δtλ𝑗

(
g(k)𝑗,i (tn) , tn

)
.

Restricting the PDE system (6) to the characteristic curves c(k)𝑗,i , we have to solve the following ODEs in order to determine
approximations for W1,i and W2,i:

d
dt

W𝑗,i

(
c(k)𝑗,i (t), t

)
= LiSi

(
W𝑗,i

(
c(k)𝑗,i (t), t

))
. (11)

An explicit first-order discretisation of (11) yields the following extrapolation formula for Wj,i at c(k)𝑗,i (tn+1) = zi,k:

W𝑗,i
(

zi,k, tn+1
)
= W𝑗,i

(
g(k)𝑗,i (tn) , tn

)
+ Δt · LiSi

(
W𝑗,i

(
g(k)𝑗,i (tn) , tn

))
. (12)
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FIGURE 2 Linearisation of the characteristic curves c(k)𝑗,i for grid nodes zi,k in the vicinity of the boundary and in the inner of the
computational domain

At the old time step tn, the values W𝑗,i

(
g(k)𝑗,i (tn) , tn

)
can be interpolated using the precomputed values at the grid nodes

zi,k. For large time steps, it may happen that g(k)𝑗,i (tn) ∉
[
0, li

]
(see Figure 2). In these cases, the values W𝑗,i

(
g(k)𝑗,i (tn) , tn

)

cannot be interpolated from the spatial values. Therefore, we require a temporal interpolation at a time point at which
the linearised characteristic curves leave the computational domain. At the boundaries zi = 0 and zi = li, these time
points

{
t∗k(0), t∗k (li)

}
⊂ [tn, tn+1] can be computed by

t∗k(0) = tn − Δt
g(k)2,i

zi,k − g(k)2,i

and t∗k (li) = tn + Δt
li − g(k)1,i

zi,k − g(k)1,i

.

After computing the ingoing characteristic variables W2,i (0, tn+1) and W1,i (li, tn+1) for the new time step by means of
an external model (see Sections 2.3-2.6), we use a linear interpolation to provide a surrogate value for the missing
characteristic variable:

W2,i
(
0, t∗k(0)

)
=

tn+1 − t∗k(0)
Δt

W2,i (0, tn) +
t∗k(0) − tn

Δt
W2,i (0, tn+1) ,

W1,i
(

li, t∗k (li)
)
=

tn+1 − t∗k (li)
Δt

W1,i (li, tn) +
t∗k (li) − tn

Δt
W1,i (li, tn+1) . (13)

2.3 Modelling of heartbeats
At the inlet of the aorta, we couple the corresponding 1-D model with a lumped parameter model (0-D model) for the left
ventricle of the heart. By means of this model and the outgoing characteristic variable W1,1, the missing ingoing variable
W2,1 can be determined. To compute the pressure PLV in the left ventricle, we consider the following elastance model23,33:

PLV (t) = E(t) (V(t) − V0) + S(t)QLV (t),
dV
dt

= −QLV (t), (14)

where V is the volume of the left ventricle and QLV is the flow rate from the left ventricle into the aorta. V0 is the dead
volume of the left ventricle, and S denotes the viscoelasticity coefficient of the cardiac wall. For simplicity, we assume that
S depends linearly on PLV: S(t) = 5.0 · 10−4 · PLV(t). The time-dependent elasticity parameter E is given by33

E(t) = E · ev(t) + E, ev(t) =

⎧
⎪⎪⎨⎪⎪⎩

0.5
(

1.0 − cos
(

𝜋t
Tvc𝑝

))
, 0 ≤ t ≤ Tvc𝑝,

0.5
(

1.0 − cos
(

𝜋(t−Tvc𝑝)
Tvr𝑝

))
, Tvc𝑝 ≤ t ≤ Tvc𝑝 + Tvr𝑝,

0.0, Tvc𝑝 + Tvr𝑝 < t ≤ T.
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T represents the length of the heart cycle. Emax and Emin are the maximal and minimal elasticity parameters, while Tvcp
and Tvrp refer to the durations of the ventricular contraction and relaxation. The flow rate QLV through the aortic valve is
governed by the Bernoulli law63 incorporating the viscous resistance and inertia of blood:

L dQLV

dt
= ΔPv(t) − R · QLV (t) − B · QLV (t) · |QLV (t)| . (15)

The parameters R,B, and L quantify the viscous effects, flow separation, and inertial effects. Finally, the pressure drop
ΔPv(t) is computed as follows: ΔPv(t) = PLV(t) − p1(0, t), t > 0, where p1(0, t) is the pressure at the root of the aorta.

During the systolic phase of the heart cycle, it holds: ΔPv(t) > 0, and we use (14) to (15) to compute QLV(t). This value
serves as a Dirichlet boundary value at z1 = 0 for the 1-D model in vessel V1. Based on QLV(t), Equations (8) and (9), and
an approximation of W1,1(0, t) by (12), the ingoing variable W2,1(0, t) can be determined.

Within the diastolic phase of the heart cycle, p1(0, t) begins to exceed the pressure in the left ventricle PLV(t). As a result,
the aortic valve is closing, and we have no flux or a very little flux between the left ventricle and the aorta and, therefore,
we set QLV(t) = 0. Since we simulate only the left ventricle without taking into account the filling process by the left
atrium, we reactivate the model at the begin of every heart cycle.23 Thereby, at the end of each heart cycle, the volume of
the left ventricle is set to its maximal value: V (k · T) = Vmax, k ∈ N.

2.4 Modelling of bifurcations
To decrease the flow velocity and to cover the whole body with blood vessels, the arterial system exhibits several levels of
branchings. Therefore, it is very important to simulate blood flow through a bifurcation as exact as possible. Bifurcations
and their mathematical modelling have been the subject of many publications.48,64-67 Coupling conditions for systems
linked at a bifurcation can be derived by the principles of mass conservation and continuity of the total pressure. The total
pressure for vessel Vi is defined by

𝑝t,i =
𝜌
2

(
Qi

Ai

)2

+ 𝑝 (Ai) .

Indexing the vessels at a bifurcation by Vi, i ∈ {I, II, III} ⊂ {1, · · ·, 55}, we obtain the following 3 coupling conditions:

QI = QII + QIII and 𝑝t,I = 𝑝t,II, 𝑝t,I = 𝑝t,III. (16)

The remaining equations are obtained by the characteristics entering the bifurcation (see Figure 3). According to Section
2.1, we have at each bifurcation 3 characteristics moving from the vessels into the bifurcation. The outgoing characteristic
variables can be determined by tracing back the corresponding characteristic curves (see Section 2.2 and Equations (12)
and (13)). Using the characteristic variables and inserting (8) and (9) into (16), we obtain a non-linear system of equations
for the 3 unknown ingoing characteristic variables W1,I,W2,II, and W2,III.

2.5 Modelling of the peripheral circulation
At the outlet of a terminal vessel Vi, the reflections of the pulse waves at the subsequent vessels have to be incorporated
to simulate a realistic pressure decay. For this purpose, we assign to each terminal vessel a reflection parameter Rp,i =

FIGURE 3 Decomposition of a bifurcation into 3 independent vessels VI,VII, and VIII. Orientating the axes of the vessels as in the figure, the
characteristic variables W2,I,W1,II, and W1,III are leaving the corresponding vessels. These variables can be determined by values from the inside
of the vessels, and combined with the coupling conditions (16), we have a system of equations yielding the boundary values for VI,VII, and VIII
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R1,i + R2,i, where R1,i is the resistance parameter of Vi and R2,i is the equivalent resistance parameter for all the vessels,
which are connected to Vi but not contained in the 1-D network. A third parameter Ci quantifies the compliance of
the omitted vessels, and therefore, it is a measure for the ability of these vessels to store a certain blood volume. These
parameters form a triple

(
R1,i,Ci,R2,i

)
that is referred to as a 3-element Windkessel model in literature.21,2, chap. 10 To describe

the dynamics of a Windkessel model, the following ODE has been derived using averaging techniques and an analogy
from electrical science4,21,25:

𝑝i,t + R2,iCi
d𝑝i,t

dt
= 𝑝v +

(
R1,i + R2,i

)
Qi,t + R1,iR2,iCi

dQi,t

dt
. (17)

𝑝i,t = 𝑝 (Ai) and Qi,t denote the pressure and flow rate at the outlet z = li of a terminal vessel Vi, respectively. pv is
an averaged pressure in the venous system. Combining (17) with (3), (8), and (9) yields an equation depending on the
characteristic variables. By means of this equation and the given outgoing characteristic variable W2,i, the missing ingoing
characteristic variable W1,i can be computed, by solving for each time point of interest a non-linear equation. Having W1,i
and W2,i at z = li and for a time point t > 0 at hand, the boundary values Ai (li, t) and Qi (li, t) can be computed for each
t > 0 using (8) and (9). Further information on the derivation of lumped parameter models for the peripheral circulation
can be found in Olufsen and Nadim.68

2.6 Modelling the influence of a stenosis on blood flow
A blood vessel Vi containing a stenosis is split into 3 parts: A proximal part Vi,p, the stenosis itself, and a distal part Vi,d.
In the next step, we assign to Vi,p and Vi,d the 1-D blood flow model from Section 2.1, while the part of Vi that is covered
by the stenosis is lumped to a node (see Figure 4).

The degree of stenosis is represented by a parameter Rs ∈ [0, 1], where Rs = 0 corresponds to the healthy state and
Rs = 1 stands for the case of a completely occluded blood vessel. For convenience, it is assumed that both vessel parts
have the same section area A0,i as well as the same elasticity parameters. The lengths of Vi,p and Vi,d are denoted by li,p and
li,d. At the boundaries zi,p = li,p and zi,d = 0 that are adjacent to the stenosis, 2 characteristic variables W2,i,p and W1,i,d are
moving towards the stenosis (see Figure 4 and Section 2.1). Using these characteristic variables and an appropriate 0-D
model, we have enough equations to compute the boundary conditions for the two 1-D models. Modelling the stenosis,
we consider an ODE containing several parameters of physical relevance to couple both parts of the affected vessels.
According to previous studies,49,50,69 the flow rate Qs through a stenosis and the pressure drop Δ𝑝s(t) = 𝑝i,d(0, t)−𝑝i,𝑝

(
li,𝑝, t

)
across a stenosis are related to each other by the following ODE:

Ku · 𝜌 · ls

A0,s

dQs

dt
= Δ𝑝s −

Kv · 𝜂 · ls

A0,s · Ds
Qs −

Kt · 𝜌
2A2

0,s

(
A0,s

As
− 1

)2

Qs |Qs| . (18)

A0,s and As = (1 − Rs) · A0,s refer to the section areas of the normal and stenotic segments, while D0 and Ds denote the
corresponding diameters.33 ls is the length of the stenosis. The remaining parameters are empirical coefficients, which are
given by33:

Kv = 32.0 · (0.83 · ls + 1.64 · Ds) ·
(

A0,s

As

)2 1
Ds

, Kt = 1.52 and Ku = 1.2.

FIGURE 4 Decomposition of a blood vessel Vi into a proximal part Vi,p and a distal part Vi,d. The stenosis having a degree of stenosis
Rs ∈ [0, 1] is lumped to a node and modelled by a 0-D model. To provide boundary conditions at z = li,p and z = 0 for the 1-D models
accounting for the influence of the stenosis, the outgoing characteristics W2,i,p and W1,i,d are combined with the coupling conditions of the
0-D model
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Solving (18), we use the solution value Qs for each time point as a boundary condition at zi,p = li,p and zi,d = 0. Together
with the extrapolated characteristic variables W2,i,p and W1,i,d as well as (8) and (9), we have a system of equations for
the boundary conditions adjacent to the stenosis. In the case of a full occlusion, i.e., Rs = 1, we multiply (18) by A2

s .
Considering the limit As → 0, we obtain an algebraic equation that gives Qs = 0. This is equivalent to a full reflection of
the ingoing characteristics W2,i,𝑝

(
li,𝑝, t

)
and W1,i,d(0, t), t > 0.

3 KERNEL-BASED SURROGATE MODELS

In this section, we introduce kernel methods for surrogate modelling. First, we present the general ideas of kernel methods
applied to the approximation of an arbitrary continuous function 𝑓 ∶ Ω ⊂ Rd → Rq, where Ω is a given input parameter
domain and d, q are the input and output dimensions, which can be potentially large (e.g., the present setting will lead to
q = 400). Then we concentrate on the present field of application and discuss how this general method can be used to
produce cheap surrogates of the full model described in the previous sections.

Our goal is to construct a surrogate function 𝑓 ∶ Ω → Rq such that 𝑓 ≈ 𝑓 on Ω, while the evaluation of 𝑓 for any input
value is considerably cheaper than evaluating f for the same input. This approximation is produced in a data-dependent
fashion, i.e., a finite set of snapshots, obtained with the full simulation, is used to train the model to provide a good
prediction of the exact result for any possible input in Ω. The computationally demanding construction of the snapshots
is performed only once and in an offline phase, while the online computation of the prediction for a new input parameter
uses the cheap surrogate model.

3.1 Basic concepts of kernel methods
We introduce here only the basic tools needed for our analysis. For an extensive treatment of kernel-based approximation
methods, we refer to the monographs,40,44,70 while a detailed discussion of kernel-based sparse surrogate models can be
found in Haasdonk and Santin.47 Nevertheless, we recall that this technique has several advantages over other approxi-
mation methods, namely, it allows for large input and output dimensions, it works with scattered data, it allows fast and
sparse solutions through greedy methods, and it has a notable flexibility related to the choice of the particular kernel.

As recalled before, we aim at the reconstruction of a function 𝑓 ∶ Ω → Rq, Ω ⊂ Rd. We assume to have a dataset given
by N ∈ N pairwise distinct inputs, ie, a set XN ∶= {x1, · · ·, xN} ⊂ Ω of N points in Ω (the data points) and corresponding
function evaluations FN ∶= {𝑓 (xi), xi ∈ XN} ⊂ Rq (the data values).

The construction of 𝑓 makes use of a positive definite kernel K onΩ. We recall that a function K ∶ Ω×Ω → R is a strictly
positive kernel on Ω if it is symmetric and, for any N ∈ N and any set of pairwise distinct points XN ∶= {x1, · · ·, xN} ⊂ Ω,
the N × N kernel matrix AK,XN ∶= (K(xi, x𝑗))N

i,𝑗=1 is positive definite. Many strictly positive definite kernels are known in
explicit form, and notable examples are, e.g., the Gaussian K(x, 𝑦) ∶= exp(−𝜀2||x − 𝑦||22) (where 𝜀 is a tunable parameter)
and the Wendland kernels,45 which are radial and compactly supported kernels of piecewise polynomial type and of finite
smoothness. Given a kernel K, the surrogate model 𝑓 ∶ Ω → Rq is constructed via the ansatz

𝑓 (x) ∶=
N∑
𝑗=1

𝛼𝑗K(x, x𝑗), x ∈ Ω, (19)

with unknown coefficient vectors 𝛼𝑗 ∈ Rq. The coefficients are obtained by the vectorial interpolation conditions

𝑓 (xi) = 𝑓 (xi), 1 ≤ i ≤ N, (20)

i.e., the surrogate model 𝑓 is required to predict the same value of the full model f when computed on each of the data
points contained in the dataset. Putting together the ansatz (19) and the interpolation conditions (20), one obtains the set
of equations

𝑓 (xi) =
N∑
𝑗=1

𝛼𝑗K(xi, x𝑗) = 𝑓 (xi), 1 ≤ i ≤ N,

which can be formulated as a linear system AK,XN𝛼 = b with

AK,XN ∶= [K(xi, x𝑗)]N
i,𝑗=1 ∈ RN×N , 𝛼 ∶=

[ ⋮
𝛼T
𝑗
⋮

]
∈ RN×q, b ∶=

[
⋮

𝑓 (xi)T

⋮

]
∈ RN×q. (21)
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Since the kernel is chosen to be strictly positive definite, the matrix AK,XN is positive definite for any XN; thus, the above
linear system possesses a unique solution 𝛼 ∈ RN×q. In other terms, the model (19) satisfying interpolation conditions
(20) is uniquely defined for arbitrary pairwise distinct data points XN and data values FN.

This interpolation scheme can be generalised by introducing a regularisation term, which reduces possible oscillations
in the surrogate at the price of a nonexact interpolation of the data. We remark that in principle, this does not reduce the
accuracy, since a parameter 𝜆 ≥ 0 can be used to tune the influence of the regularisation term, and a zero value can be
used when no regularisation is needed.

To explain this in details, we first recall that, associated with a strictly positive definite kernel, there is a uniquely defined
Hilbert space K(Ω) of functions from Ω to Rq. For the sake of simplicity, we discuss the case q = 1, i.e., scalar-valued
functions, while the generalisation to vectorial functions will be sketched at the end of this section. The space K(Ω)
contains in particular all the functions of the form (19), and their squared norm can be computed as ||𝑓 ||2K (Ω)

= 𝛼TAK,XN𝛼.
This means that a surrogate with small K(Ω)-norm is defined by coefficients 𝛼 with small magnitude.

With these tools, and again for q = 1 and a regularisation parameter 𝜆 ≥ 0, a different surrogate can be defined as the
solution of the optimisation problem

min
𝑓∈K (Ω)

N∑
i=1

(
𝑓 (xi) − 𝑓 (xi)

)2 + λ||𝑓 ||2K (Ω)
= min

𝛼∈RN
||AK,XN𝛼 − b||22 + λ𝛼TAK,XN𝛼, (22)

which is a regularised version of the interpolation conditions (20), where exact interpolation is replaced by square error
minimisation, and the surrogate is requested to have a small norm. When a strictly positive definite kernel is used, the
representer theorem71 guarantees that the problem (22) has a unique solution, that this solution is of the form (19), and
that the coefficients 𝛼 are defined as the solutions of the linear system

(
AK,XN + λI

)
𝛼 = b,

where I is the N × N identity matrix and where now 𝛼 and b are column vectors. It is now clear that pure interpolation
can be obtained by letting 𝜆 = 0 although a positive 𝜆 improves the conditioning of the linear system, reducing possible
oscillations in the solution.

These Hilbert spaces, the corresponding error analysis, and the formulation of the regularised interpolant can be
extended to the case of vector-valued functions 𝑓 ∶ Ω → Rq just by applying the same theory to each of the q components.
The fundamental point here, to have an effective method to be used in surrogate modelling, is to avoid having q different
surrogates, one for each component. This would result in q independent sets of centres, hence many kernel evaluations
to compute a point value 𝑓 (x). To reduce the overall number of centres, one can make the further assumption that a com-
mon set of centres is used for all components. From the point of view of the actual computation of the interpolant, this is
precisely equivalent to the solution of the linear system (21), where in the regularised case also the term 𝜆I is included.
We remark that more sophisticated approaches are possible to treat vector-valued functions, but the approach presented
in this work yields already satisfactory results.

3.2 Sparse approximation
So far, we have shown that kernel interpolation is well defined for arbitrary data and that the corresponding interpolant
has certain approximation properties. Although the method can deal with arbitrary pairwise distinct inputs XN, the result-
ing surrogate model 𝑓 is required to be fast to evaluate. From formula (19), it is clear that the computational cost of the
evaluation of 𝑓 (x) on a new input parameter x ∈ Ω is essentially related to the number N of elements in the sum. It is
thus desirable to find a sparse expansion of the form (19), i.e., one where most of the coefficient vectors 𝛼j are zero. This
sparsity structure can be obtained by selecting a small subset Xn ⊂ XN of the data points and computing the corresponding
surrogate.

An optimal selection of these points is a combinatorial problem, which is too expensive with respect to the computa-
tional effort. Instead, we use greedy methods (see Temlyakov72 for a general treatment and De Marchi et al73 and Schaback
and Wendland74 for the case of kernel approximation). Such methods select a sequence of data points starting with the
empty set X0 ∶= ∅, and, at iteration n ≥ 1, they update the set as Xn ∶= Xn−1 ∪ {xn} by adding a suitable selected point
xn ∈ XN ∖ Xn− 1. The selection of xn is done here with the f-vectorial kernel orthogonal greedy algorithm (f-VKOGA75),
which works as follows. At each iteration, a partial surrogate can be constructed as
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𝑓n(x) =
n∑

𝑗=1
𝛼𝑗K(x, x𝑗), (AK,Xn + λI)𝛼 = bXn ,

where AK,Xn , bXn are the matrix and vector of (21) restricted to the points Xn. To evaluate the quality of the partial surrogate,
one can check the residual vector

rn( 𝑓 )(x) ∶= 𝑓 (x) − 𝑓n(x),

for all x ∈ XN ∖ Xn. The f-VKOGA takes precisely xn ∶= maxx∈XN∖Xn−1 ||rn(x)||2, ie, it includes in the model the data point
where the error is currently largest. By checking the size of the residual, one can stop the iteration with 𝑓n ≈ 𝑓 , while
potentially n ≪ N, ie, the new surrogate model is much cheaper to evaluate, but it retains the same accuracy of 𝑓 . More
precisely, it has been proven that, under smoothness assumptions on the target function f, the VKOGA algorithm, with
the f- or similar selection strategies, can attain algebraic or even spectral convergence rates.75,76

Finally, we remark that the partial surrogates can be efficiently updated when adding a new point, i.e., 𝑓n can be
obtained from 𝑓n−1 by computing only a new coefficient in the expansion, while the already computed ones are not
modified. We point to the paper47 for a more in-depth explanation of this efficient computational process.

Observe that this greedy method results in the selection of a small subspace Vn ∶= span{K(·, xi), xi ∈ Xn}, and 𝑓n is
computed as the projection, thus best approximation, of f into Vn. The selection of the points Xn via the f-greedy selection
strategy makes use of the values of f on all the points XN. In this sense, the procedure is similar to a least square approxi-
mation, where a small set of points is used to generate an accordingly small approximation space. Nevertheless, it is not
clear in the least square setting how these few points should be selected, whereas the present approach allows an incre-
mental selection of points and an efficient update of the approximant, which can be stopped when a tolerance criterion is
reached. Moreover, by solving (22), we are indeed constructing an approximant that minimises a least squares accuracy
term combined with a regularisation term.

3.3 Simulating blood flow in the vicinity of a peripheral stenosis by means of kernel
methods
Coming back to the blood flow simulation, we define in details the target functions f, which will be approximated by the
kernel method. These functions will represent the maps from an input stenosis degree Rs ∈ [0, 1] to the resulting pressure
or flow rate curve for different vessels, as computed by the full simulation of Section 2.2. The definition of f is described
in the following.

Since the numerical simulation is expected to have a transient phase before reaching an almost-periodic behaviour, the
system is first simulated with the method of Section 2.2 in the time interval [T0 ∶= 0s,T1 ∶= 20s] for the healthy state
Rs = 0. The state reached at time T1 is then used as initial value for the subsequent simulations. At the time T1, the
stenosis is activated with a degree Rs ∈ [0, 1] and the system is simulated until T2 = 30 seconds for various values of Rs.

From this set of simulations for different values of Rs, we keep the pressure and flow rate curves of the last heartbeat,
i.e., in the time interval [29s, 30s]. This means that for each point in the spatial grid, we have the time evolution of the
pressure and flow rate, which are represented as a q-dimensional vector for each space point, where q depends on the
actual time discretisation step.

To study the effect of the stenosis, we concentrate on the vessels number Nv ∈ {52, 54, 55, 56}, which are the ones
surrounding the stenosis (see Figure 1), and for each of those, we select a reference space point. Putting all together, for
each of the 4 vessels, we have one reference point located in the middle of these vessels. For each point, we have the
q-dimensional time discretisation of the pressure and flow rate curve in the time interval [29s, 30s]. The maps from an
input stenosis degree to these vectors define functions 𝑓 P

Nv
∶ [0, 1] → Rq (for the pressure) and 𝑓F

Nv
∶ [0, 1] → Rq (for the

flow rate).
Figures 5 and 6 show examples of pressure and flow rate curves, for both healthy state and Rs ≈ 0.7. It can be observed

that in the case Rs ≈ 0.7, the flow rate in vessels 54 and 56 is remarkably reduced, while the flow rate in vessel 55 is slightly
enlarged. The pressures in vessels 52, 54, and 55 are increased, which may lead to the formation of an aneurysm, if the
vessel walls are weakened in this region. Concerning the healthy state Rs = 0, one has to note that the pressure values are
within a physiological reasonable range, i.e., 79 mmHg for the diastolic pressure and 130 mmHg for the systolic pressure.
Similar pressure curves have also been published in other works.21,33

With respect to the general setting introduced in the previous section, we have here d ∶= 1, q = 400,Ω ∶= [0, 1].
We can then train a kernel model for each of the 8 functions (corresponding to pressure and flow rate for each of the 4
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FIGURE 5 Pressure curves around the stenosis for the healthy state (top) and a degree of stenosis Rs ≈ 0.7 (bottom). The curves are
reported at the black dots for t ∈ [29 s, 30 s]

vessels) using snapshot-based datasets. In particular, the data points XN ⊂ [0, 1] are a set of N pairwise distinct stenosis
degrees, and FN ⊂ Rq is the set of snapshots obtained by the full model run on the input parameters XN.

Those models can then be used to predict the output of the simulation for an input stenosis not present in the dataset.
For example, for a given value Rs ∈ [0, 1], the evaluation 𝑓 P

Nv
(Rs) is a q-dimensional vector that approximates the pres-

sure curve in the time interval [29s, 30s] in vessel Nv with stenosis degree Rs. We remark that this setting can be easily
modified to approximate different aspects of the full simulation, although the present ones yield interesting insights into
the behaviour of the system.

Before we present the numerical tests, 2 remarks on the data are in order. First, the current time step produces 400
samples per second, which means that we have q = 400, i.e., we are approximating functions [0, 1] → R400. Second, the
data obtained with Rs = 0 are removed from the datasets and replaced with the one with Rs = 10−6, since the ODE
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FIGURE 6 Flow rate curves around the stenosis for the healthy state (top) and a degree of stenosis Rs ≈ 0.7 (bottom). The curves are
reported at the black dots for t ∈ [29 s, 30 s]

model (18) is meaningful only for a strictly positive value of the stenosis degree, while the quadratic term vanishes for
Rs = 0, thus leading to a different model. This restriction is not relevant from an application point of view, since the a
value Rs = 10−6 can be considered to effectively represent the healthy state.

In the training of each model, the parameters 𝜀 and 𝜆 are chosen within a range of possible values by k-fold
cross-validation. This means that the training data are randomly permuted and divided into k disjoint subsets of approx-
imately the same size and, for each pair (𝜀, 𝜆) of possible parameters, a model is trained on the union of k − 1 subsets
and tested on the remaining one. This operation is repeated k times changing in all possible ways the k − 1 sets used
for training. The average of the error obtained by these k tests is assigned as the error score of the parameter pair, and
the best pair (𝜀, 𝜆) is chosen as the one yielding the smallest error score. The actual model is then trained on the whole
training set using these parameters. In more details, we use here 10-fold cross-validation and test 20 logarithmic equally
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spaced values 𝜀 ∈ [10−2, 50] and 15 logarithmic equally spaced values 𝜆 ∈ [10−16, 10−2]. The error measure to sort the
parameters is the maximum absolute error.

4 NUMERICAL TESTS

This section is concerned with the training of the surrogate models and analyses them under different perspectives. We
train different surrogates using different training sets of increasing size to analyse the number of full model runs needed
to have an accurate surrogate. They are obtained each with N equally spaced stenosis degrees in

[
10−6, 1

]
, with N =

{5, 10, 20, 40, 80, 160, 320, 640}.
A further dataset of N = 1000 equally spaced stenosis degrees is used as a test set, i.e., the surrogates computed with

the various training datasets are evaluated on this set of input stenosis degrees, and the results are compared with the full
model computations. We remark that the values of this test set are not contained in the training sets (except for Rs = 10−6

and Rs = 1), so the results are reliable assessments of the models' accuracy. For every value (Rs)i in the test set, we consider
the absolute and relative errors

e(i)A ∶= ||𝑓 ((Rs)i) − 𝑓 ((Rs)i)||2, e(i)R ∶= ||𝑓 ((Rs)i) − 𝑓 ((Rs)i)||2
||𝑓 ((Rs)i)||2 ,

and, to measure the overall error over the test set, we compute both the maximum absolute and relative errors, i.e.,

EA ∶= max
1≤i≤1000

e(i)A , ER ∶= max
1≤i≤1000

e(i)R .

We use the Gaussian kernel, and the f-VKOGA is stopped using a tolerance 5 · 10−8 on the regularised Power Function,
which controls the model stability.47

4.1 Simulation parameters
Before we study the performance of the numerical model, we summarise the simulation parameters in this subsection.
For the 1-D arterial network, the data from Sherwin et al13, Table 1 have been used. In this table, the different lengths li,
section areas A0,i, and elasticity parameters 𝛽 i can be found. By means of 𝛽 i and A0,i, the elasticity parameters G0,i in
(3) can be calculated as follows: G0,i = 𝛽i ·

√
A0,i. Please note that vessel 54 from the original dataset is split into a new

vessel 54 of length l54 = 10.0 cm, the stenosis of length ls = 1.0 cm, and an additional vessel 56 of length l56 = 21.2 cm
(see Figures 1 and 4). The resistances Rp,i = R1,i + R2,i and capacities Ci occurring in (17) are listed in Stergiopulos
et al,69, Table 2 where the resistance R1,i is determined by the characteristic impedance Zi = 𝜌 · c

(
A0,i

)
∕A0,i.21 For t = 0, we

set Ai(z, 0) = A0,i,Qi(z, 0) = 0 and pi(z, 0) = 0 in the corresponding vessels. The parameters for the left ventricle model
are listed in Table 1. To solve the ODEs occurring in Section 2, we use an explicit discretisation scheme of first order.

TABLE 1 List of the different parameters for the model of the left
ventricle23, section 4,33, Table 2

Physical Parameter Sign Value Unit

Dead volume left ventricle V0 10.00 cm3

Maximal volume Vmax 130.00 cm3

Duration of heart cycle T 1.00 s
Duration of ventricular contraction Tvcp 0.30 s
Duration of ventricular relaxation Tvrp 0.15 s
Maximal elastance Emax 2.75 mm Hg/cm3

Minimal elastance Emin 0.08 mm Hg/cm3

Viscous resistance R 3.0 · 10−3 mm Hg · s∕cm3

Separation coefficient B 2.5 · 10−5 mm Hg · s2∕cm6

Inductance coefficient L 5.0 · 10−4 mm Hg · s2∕cm3
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TABLE 2 Accuracy of the surrogates for pressure and flow rate for vessels 52, 54,
and 55a

Vessel 52 Vessel 54 Vessel 55
N EA ER EA ER EA ER

Pressure
10 5.76 · 100 3.01 · 10−3 7.35 · 100 3.80 · 10−3 7.41 · 100 3.85 · 10−3

40 1.15 · 100 6.00 · 10−4 1.50 · 100 7.75 · 10−4 1.51 · 100 7.85 · 10−4

160 9.53 · 10−1 4.97 · 10−4 1.23 · 100 6.35 · 10−4 1.25 · 100 6.47 · 10−4

640 2.95 · 10−1 1.54 · 10−4 2.98 · 10−1 1.54 · 10−4 3.01 · 10−1 1.56 · 10−4

Flow rate
10 6.05 · 100 3.35 · 10−2 5.48 · 100 2.51 · 10−1 8.33 · 10−1 1.20 · 10−2

40 7.72 · 10−1 4.28 · 10−3 5.23 · 10−1 2.41 · 10−2 1.84 · 10−1 2.64 · 10−3

160 6.35 · 10−1 3.52 · 10−3 4.08 · 10−1 1.88 · 10−2 1.41 · 10−1 2.03 · 10−3

640 1.73 · 10−1 9.61 · 10−4 7.70 · 10−2 3.55 · 10−3 3.02 · 10−2 4.34 · 10−4

aThe table shows the absolute (EA) and relative (ER) errors obtained with datasets of increasing size
N.
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FIGURE 7 Absolute (left) and relative (right) errors obtained by kernel surrogates with an increasing training set, for both the pressure
(blue curves) and flow rate (red curves)

4.2 Accuracy of the surrogate models
We start by describing in detail the results obtained for vessel 56, i.e., for the functions 𝑓 P

56 and 𝑓F
56. Figure 7 shows the

absolute and relative errors EA (left) and ER (right) for the 2 functions. For both the pressure and flow rate, it is clear that
an increase in the dataset size, hence in the number of full model runs, produces significantly more accurate models.
The actual magnitude in the absolute errors is different between pressure and flow rate, due to a different magnitude of
the output quantities. Nevertheless, the relative errors demonstrate that the pressure curves are better approximated by
the kernel models by about 2 orders of magnitude, for each dataset size. In any case, the models exhibit a converging
behaviour towards the full model. Moreover, it should be noted that already a relatively small dataset of N = 160 stenosis
degrees produces good results in both cases. For a better understanding of the error behaviour, we report in Figure 8 the
pointwise absolute and relative errors e(i)A , e(i)R for pressure (left) and flow rate (right) in the case N = 640. Observe that
the errors are in all cases very oscillating, since each point in the plots represents one value of e(i)A (or e(i)R ) for a different
value of (Rs)i, i.e., it is the 2-norm of the 400-dimensional vector 𝑓 ((Rs)i)−𝑓 ((Rs)i). Thus, the small oscillations for a single
parameter of the surrogate around the exact solution are amplified into the values depicted in the figures.

It is worth noticing that in both cases, the magnitude of the exact quantity is decreasing for Rs close to one; thus, the
relative error is magnified for high stenosis degrees. This effect is particularly evident for the flow rate, where the kernel
model has a better absolute accuracy for Rs ≈ 1, but a significantly worse relative accuracy.

We remark that this causes the worse relative error for the flow rate observed in Figure 7. Indeed, the relative error ER
for a given size of the training set is computed as the maximum of the relatives error e(i)R for all the values (Rs)i in the test
set. Thus, ER is dominated by the relative error obtained in the region Rs ≈ 1, which is large due to the small magnitude
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FIGURE 8 Pointwise absolute (blue) and relative (red) errors obtained by the kernel models with N = 640 training points for the
prediction of the pressure (left) and flow rate (right)

of the flow rate computed by the full model. A different error measure, e.g., the average relative error, would result in a
different error decay in Figure 7.

Similar results have been obtained for the other 3 vessels. The results are reported in Table 2. It is relevant to notice that
for these vessels, the effect of the stenosis is much less visible. Indeed, the relative error for the flow rate is not significantly
worse than the one of the pressure, since the flow does not completely vanish for increasing stenosis degrees. This effect
is more evident for vessels 52 and 55, which are not directly connected with the stenosis.

To further measure the accuracy of the surrogate, we compare a relevant blood flow index obtained with the full model
and with the surrogate. We consider the pulsatility index PI, which is a commonly used diagnostic index and has the
advantage of being measurable in a non-invasive way (see, e.g., Stergiopulos et al69). For a given stenosis degree Rs, in
vessel Nv, it is computed as

PIP(Rs) ∶=
max

(
𝑓 P

Nv
(Rs)

)
− min

(
𝑓 P

Nv
(Rs)

)

mean
(
𝑓 P

Nv
(Rs)

) , PIF(Rs) ∶=
max

(
𝑓F

Nv
(Rs)

)
− min

(
𝑓F

Nv
(Rs)

)

mean
(
𝑓F

Nv
(Rs)

) ,

for the pressure and flow rate, respectively. It measures the difference between the systolic and diastolic pressures (or
flow rate) divided by its average value. This index can be computed in the same way also for the surrogate using the same
formula with the full model replaced with the data-based prediction. Figure 9 reports the logarithmic error between the
exact and the predicted values of PIP (left) and PIF (right) in vessel 56, for all values of Rs in the test set and for the surrogate
obtained with N = 640. The results demonstrate the accuracy of the approximate model also in capturing a physically
relevant quantity, and this is obtained by data accuracy only, ie, no constraint is imposed to the surrogate to match the
desired values of the PI index of the full model. The simulation results that are provided in Figure 9 show a similar curve
progression as in Stergiopulos et al.69, figure 3 or figure 6 For small stenosis degrees, the normalised PI indices with respect to
Rs = 0, ie, the health state, are almost one. As the stenosis degree increases (see Figures 5 and 6), it can be observed
that in particular, the systolic pressures and flow rates are damped significantly. As a consequence, the PI indices are
decreasing monotonously. Up to a stenosis degree of Rs = 0.5, the gradient of the curve is rather low, while for a severe
stenosis Rs > 0.5, the gradient of the PI curve is very high.

4.3 Efficiency of the surrogate models
It is now of interest to investigate the online efficiency of the surrogates, that is, the time needed to evaluate the models
on a new input stenosis. To understand the timing results, we remark that the evaluation of the full model for a given
stenosis degree Rs takes around tfull = 200 seconds, only for the simulation of the time interval [29s, 30s], i.e., without
considering the transient phase. We remark that the present MATLAB implementation can be significantly optimised for
speed, and a smaller execution time can be expected using a compiled language.

Since the f-VKOGA constructs the surrogate selecting only a relevant subset of the full dataset, we look at the actual
number of points that is selected for the various datasets and output quantities. Figure 10 (left) reports this number of
points, as obtained in the approximation of 𝑓 P

56, 𝑓
F
56 as discussed in the previous section. It is interesting to observe that
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FIGURE 9 Absolute error between the pulsatility index (PI) computed with the full model and the one computed with the surrogate for
the pressure (top, left) and flow rate (top, right). The results at the bottom line are obtained by a kernel model with N = 640
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FIGURE 10 Number of points selected by the f -vectorial kernel orthogonal greedy algorithm (left) and runtime to evaluate the surrogates
on 1000 inputs (right), for vessel 56 and for datasets of increasing sizes

the number of points increases as the dataset increases, but the number is well below the total number of points. This
means that the surrogates are faster than a nonsparse kernel expansion. Moreover, the flow rate requires the selection of
more points, which confirms that this output quantity is more difficult to predict. To assess the actual efficiency of the
models, in Figure 10 (right), we report the runtime required to evaluate each model on the 1000 test stenosis degrees. The
evaluation is repeated 100 times, and the figure shows the mean and standard deviation over the 100 experiments. As
expected, the evaluation times are related to the sparsity of the models.

In all cases, the evaluation of the surrogates on 1000 inputs takes on average less than 1.5 ·10−2seconds, ie, for the largest
(hence slowest) model, we can estimate an evaluation time per stenosis degree to tsurrogate = 1.5 ·10−5seconds. Compared
with tfull = 2 · 102 seconds, this still gives a speedup factor of about 106 in the worst case.
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4.4 Solving a state estimation problem by means of kernel methods
To demonstrate the use of the surrogate model, we use it to solve a state estimation problem that would be infeasible by
using the full model. Namely, for a given pressure or flow rate curve in a time interval, we want to predict as accurately
as possible the stenosis degree that corresponds to a given curve. We assume to collect the measurements into a vector
𝑦 ∈ Rq, which is given by the model output for a fixed, but unknown input stenosis degree R⋆, plus some additive noise,
i.e.,

𝑦 ∶= 𝑓 (R⋆) + 𝜂v,

where 𝜂 ≥ 0 is a noise level and v is a random vector. In the following experiments, v is drawn from the uniform dis-
tribution in (0, 1). We aim at detecting the value R⋆ from y only. Doing so, we define a cost function J(Rs) measuring the
squared distance between the measurements and the model prediction for a given stenosis degree Rs, i.e.,

J(Rs) ∶=
1

2||𝑦𝑗||22

q∑
𝑗=1

(
𝑦𝑗 − 𝑓𝑗(Rs)

)2, (23)

and consider the solution R̃⋆ of the optimisation problem

R̃⋆ = min
Rs∈[0,1]

J(Rs).

Observe that, when the noise term 𝜂v is vanishing and the model prediction is exact, the unique minimiser is the exact
solution, ie, R̃⋆ = R⋆.

In principle, it would be possible to formulate the cost function (23) also in terms of the full model f. Nevertheless, this is
infeasible in practice, since multiple evaluations of f are required to compute a minimiser. The use of the cheap surrogate
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FIGURE 11 Cost functions J for R⋆ = 0.1 (left) and R⋆ = 0.9 (right) for the pressure curve (top line) and the flow rate (bottom line), for
vessel 56 and using the surrogate based on the dataset of N = 160 full model runs. The various curves correspond to increasing noise levels
in the target value y
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model, instead, allows a real-time estimation of R⋆. Moreover, since the kernel is differentiable the cost function is also
differentiable, thus, the use of gradient-based methods is possible. In particular, we have

d
dRs

J(Rs) =
1

||𝑦𝑗||22

q∑
𝑗=1

(
𝑦𝑗 − 𝑓𝑗(Rs)

) d
dRs

𝑓𝑗(Rs),

with

d
dRs

𝑓𝑗(Rs) =
d

dRs

( N∑
i=1

𝛼i𝑗K(Rs,Ri)

)
=

N∑
i=1

𝛼i𝑗
d

dRs
K (Rs,Ri) ,

and the Rs derivative of the kernel can be explicitly computed, since the kernel itself is known in closed form. In other
terms, both the cost function J and its derivative can be computed efficiently by means of the surrogate, and they both
only involve the evaluation of matrix-vector products.

We proceed to some experiments for vessel 56 and the surrogate models obtained with the dataset of N = 160 full model
runs. In Figure 11, we plot the cost function J for Rs ∈ [0, 1] and R⋆ = 0.1 (left) and R⋆ = 0.9 (right) for the pressure
(top) and flow rate (bottom). The results are reported for increasing noise levels 𝜂, obtained as 10 logarithmically spaced
values in [0.01, 0.5]. It is clear that the surrogate provides a reliable prediction when the stenosis degree is large, also in
the presence of noise, since the cost function has a unique minimiser. Instead, for small target stenosis degrees, the cost
function is flat, so we should expect a less accurate prediction.

The values of R̃⋆ can then be computed with any constrained optimisation solver, and we use here the MATLAB built-in
fmincon, which uses an active set search procedure. The noisy input y for 𝜂 = 0.1, as well as the resulting estimated
curves, is depicted in Figure 12, for both R⋆ = 0.1 and 0.9 and both pressure and flow rate. The estimated values R̃⋆ are
reported in Table 3.

At a first look, the results could seem somehow surprising, since the estimation is much better for large stenosis degrees,
i.e., in the cases where the surrogates are less accurate. Nevertheless, the exact values of the pressure and the flow rate
indeed are less variable for small Rs, so for the estimator, it is more difficult to discriminate between different values.
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FIGURE 12 Noisy data and estimated curves for R⋆ = 0.1 (left) and R⋆ = 0.9 (right) for the pressure curve (top line) and the flow rate
(bottom line) (vessel 56). The surrogate model is based on the dataset of N = 160 full model runs
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TABLE 3 Results of the parameter identification problem
for the pressure and flow rate curves with R⋆ = 0.1 and
R⋆ = 0.9a

Pressure Flow rate
R⋆ R̃⋆ Error R̃⋆ Error

0.1 3.11 · 10−1 2.11 · 10−1 1.37 · 10−1 3.71 · 10−2

0.9 9.00 · 10−1 1.67 · 10−4 9.00 · 10−1 1.83 · 10−4

aThe table reports the estimated values R̃⋆ and the errors with respect
to the exact state.

5 CONCLUSION AND FURTHER WORK

In this paper, we have simulated blood flow in the 55 main arteries of the systemic circulation. For this purpose, 1-D
blood flow models have been considered. At the outlets of the main arteries, 0-D lumped parameter models have been
coupled with the corresponding 1-D models to include the Windkessel effect of the omitted vessels, while at the inlet of
the aorta (vessel 1), a lumped parameter model for the left ventricle has been coupled with the 1-D model for the aorta.
Furthermore, the impact of a stenosis in a tibial artery has been simulated by an ODE depending on the degree of the
stenosis. To be able to obtain insight into the flow behaviour in the vicinity of the stenosis for an arbitrary degree of stenosis
without starting the simulation for every degree of stenosis again, the output data are provided by a surrogate model
based on kernel methods. It is has been demonstrated that the error between the surrogate kernel model and the exact
simulation result is decreasing as more and more training data are included into the surrogate model. In addition to that,
the efficiency of the kernel method has been investigated. The surrogate kernel model has been used to solve a parameter
and state estimation problem: For a given pressure or flow rate curve in the vicinity of the stenosis, the corresponding
degree of stenosis is estimated, and the kernel-based surrogate yields also a prediction of the state. This is a step towards
real-time estimation and decision in patient-specific treatments.

Future work may be concerned with simulating the whole circulation by means of a closed-loop model. This means that
besides the left ventricle, also the remaining chambers of the heart as well as the pulmonary circulation and the venous
part of the systemic circulation have to be modelled.33 A further aspect that could be investigated would be to include
besides the stenosis degree more parameters of interest. Two possible parameters would be the peripheral resistances of
vessels 55 and 56. In Section 2.5, we denoted them by R2,55 and R2,56. Varying these parameters, one could simulate the
effect of vasodilation, i.e., the enlargement of arterioles due to a reduced blood supply of tissue. In this context, it is of
great interest how these resistances have to be adapted such that for a given degree of stenosis, a maximal blood flow rate
distal to the stenosis can be restored.

Moreover, the cost function for the state estimation problem in Section 4.4 could be improved such that the estimates
for low stenosis degrees are more accurate.

In more general terms, other aspects of model- and data-driven surrogate modelling could be investigated. For instance,
the same kernel-based technique has been recently applied to uncertainty quantification.77 In the present setting, this
could lead to the fast assessment of the impact of uncertainty on the model output, e.g., in a setting where the stenosis
degree or other possible input quantities are not exactly measured.
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4 Simulation of surge reduction systems using
dimensionally reduced models

Bibliographic note: The content of this chapter is based on the following original article:
T. Köppl, M.Fedoseyev and R. Helmig (2018): Simulation of surge reduction systems
using dimensionally reduced models. Journal of Hydraulic Engineering, 45(1), 04018079,
the illustrations and tables contained in this article are reused with courtesy of ASCE.

The focus of this chapter is to study transient flow processes in an oil pipeline caused by a
sudden stoppage of a pumping station combined with an overpressure protection system.
Our numerical investigation is based on a dimensional reduced model, where a 1D system
of PDEs is considered to simulate flow in the pipeline. The pumping units, valves and
overpressure protection systems, are modelled by algebraic systems of equations and ODEs
(0D models). Our simulation results demonstrate the efficiency of overpressure protection
systems. Finally, they are compared to some measurements.

4.1 Introduction and motivation

To facilitate a secure transport of oil or gas in a pipeline, it is important that pipeline
walls are stable and have no leakages. However, during operation a rupture of pipelines
may occur because of several reasons [9, 43, 76]. One reason for ruptures in pipeline walls
are hydraulic wave shocks [78, 72], occurring when a valve is closing or when a pump is
started or stopped [137, 151]. For this reason, pipelines exhibit protection systems. One
of the simplest protection systems is a union of relief valves that opens when pressure in
the pipeline exceeds a certain threshold allowing oil to leave the main pipeline into a relief
tank [10, 47]. Another pressure-control device in a pipeline is an air vessel [133]. In this
chapter, we study another type of protection system called surge reduction system (SRS)
[93]. Contrary to a pressure relief valve whose purpose is to maintain a constant pressure
value in the pipeline, a SRS is used to control the steepness of a surge wave front. This
is implemented using a relief valve with a control pipe linked to a gas accumulator. The
gas accumulator has the function to dump the rate of change of pressure difference on
the sides of the relief valve piston, thus making the valve to react rather to the pressure
change rate in the main pipe and not to the pressure absolute value. Since a complex 3D
model for this technical system would cause a high computational effort [151], a dimensional
reduced model is used for this system. Thereby a 1D hyperbolic PDE system is considered
to compute pressure and velocity values in a pipeline systen [93]. At the places, where
the pump and SRS are installed, the adjacent 1D models for the pipeline are coupled by
algebraic equations and ODEs. By this the influence of the pumping station and the SRS on
pipeline flow can be accounted for. However, this type of modelling approach is not limited
to oil pipelines, it has already been applied successfully in many application areas such as
blood flow simulations [87] and hydropower systems [143]. For the numerical treatment
of the corresponding PDE systems, we consider two different discretisation techniques:
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The first technique is a stabilised DG-method in space combined with a third order SSP
Runge-Kutta scheme in time [88, 63]. A further technique that is considered is the method
of a characteristics (MOC) [59, 151]. Considering both a higher order numerical method
(DG-method) and a lower order numerical method (MOC), we want to study, to what
extend the usage of a higher order method pays off concerning accuracy and computational
effort. Using the simplified model two scenarios are investigated, where in the first scenario
a pump without a SRS is simulated. The simulation results from this first scenario are
compared to the simulation results of a second scenario, in which a pump with a SRS is
simulated. By this, the significance of a SRS for maintaining the stability of pipeline walls
can be demonstrated. A further new aspect related to other works [9, 93] in this field, is the
comparison of simulation data with field data taken upstream and downstream of a pump
with a SRS. The pump is part of a pipeline transporting oil from an oil field in Kazakhstan
to a marine terminal on the shore of the Black Sea. The rest of this chapter is structured
as follows: In Section 4.2, we explain the technical details of a SRS and a pump. The next
Section 4.3 presents a 1D-0D modelling concept for a pipeline combined with a pumping
station and a SRS, using a domain decomposition approach. In the last Section 4.4 the
simulation results are summarised and discussed.

4.2 Technical details

A pipeline system is a combination of a long pipe with pumping stations (PS), installed
almost every 100 km. The pumps add potential energy to the fluid and therefore they
help to overcome energy losses due to friction and turbulence. A pump is a very complex
facility, fullfilling besides pumping the following tasks: Filtering, storage, gathering, control
of chemical composition of the fluid within the pipeline. The technical system under con-
sideration exhibits pumps with downstream non-return valves and overpressure protection
systems (see Figure 4.1). Auxiliary facilities, that do not have any significant influence
on flow processes in the main pipeline, are excluded from the further considerations. It
consists of a PS located between two other PS upstream and downstream of pipeline. A PS
is composed of a protection system and centrifugal pumps with a non-return valve (NRV).
Typically 3-phase electric motors are used to drive centrifugal pumps; the design of the
motors implies rotation of the shaft only in a predetermined direction. Changing the direc-
tion of flow within a pipeline may force opposite rotation of the shaft, which can damage
the motor. Preventing this, a NRV restricting a back flow in the pipe is added downstream
of the pumping units. Upstream of the pump, a protection system is installed. In this
chapter, we study a special kind of protection system, which is referred to as surge reduc-
tion system (SRS). An outline of a SRS is shown in Figure 4.2 a). It is connected to the
pipeline by two branch pipes. The first pipe connects the main pipeline with a relief valve,
whereas the other pipe connects the main pipeline with a gas accumulator by a control
valve. Contamination of the control valve orifice is prevented, replacing oil with ethylene
glycol in an auxiliary tank. Ethylene glycol flow into the gas accumulator is regulated by
the control valve having a variable discharge coefficient. Pressurised gas in the accumulator
controls the opening pressure of the pilot-operated relief valve. An example for a SRS with
its main mechanical components is presented in Figure 4.2 b).
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a)

b)

Figure 4.1: Technical setup that is investigated in this chapter. Upstream of a pump
equipped with a non return valve (NRV), a protection system is installed to
prevent overpressure (a). Dimensional reduced model for the SRS, the PS and
the main pipeline (b).

4.3 Modelling a pipeline with a pumping station and a SRS

The transformation of the technical system into a mathematical model is depicted in Figure
4.1 a): The pipeline is considered as a 1D line, while the pumping station, the NRV and
the SRS are lumped. In the following subsections, we discuss how the different components
of the technical system from the previous section are modelled by a 1D-0D approach.
Moreover, we show how the different parts can be linked with each other such that pressure
and velocity curves in the whole pipeline can be simulated.

4.3.1 Modelling oil transport within a pipeline

First, the 1D pipeline is separated into three different parts (see Figure 4.1 b)), where each
part has a certain length lj, j ∈ {I, II, III}. It is assumed that oil can be considered as
a weakly compressible fluid. The pipelines are modelled as impermeable tubes and the
deformations of the vessel wall are assumed to be small. Therefore, no FSI has to be
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a)

b)

Figure 4.2: Design scheme (a) and visualisation (b) of a surge reduction system (SRS)
(Image (b) with courtesy of IMS Industries, LLC, http://www.imsholding.ru.).

considered. By means of mass and momentum conservation, a system of PDEs for the fluid
pressure and velocity in the j-th part can be determined [2, 59, 93]:

∂pj
∂t

+ ρc2
j

∂vj
∂xj

= 0, xj ∈ (0, lj) , t > 0, (4.1a)

∂vj
∂t

+
1

ρ

∂pj
∂xj

= −λj (Rej, εj)
1

dj

vj|vj|
2ρ
− g sinαj, xj ∈ (0, lj) , t > 0, (4.1b)

xj [m] and t [s] are space and time variables. pj(xj, t) [Pa] and vj(xj, t) [m/s] represent
pressure and velocity at the place xj and time t. cj [m/s] denotes the wave speed of the
system, depending on the diameter dj [m] of the main pipeline, the modulus of elasticity
of the main pipeline wall, the oil density ρ [kg/m3] and finally on the thickness of the main
pipeline wall. g [m/s2] represents the gravity constant. Viscous forces are incorporated by
the source term of (4.1b). The friction coefficient λi [−] occuring in this source term is
given by Altschul’s formula [58]:

λj (Rej, εj) = 0.11

(
εi +

68

Rej

) 1
4

.
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Here, εj [−] denotes a relative roughness coefficient and Rej =
vj ·dj
ν

stands for the Reynolds
number. Integrating the gravity force into the model, the expression −g sinαj is added to
the momentum equation (4.1b), where αj is the tilt angle of the pipeline in part j. (4.1a)
and (4.1b) can be rewritten as follows:

∂Uj

∂t
+
∂Fj

∂xj
(Uj) = Sj (Uj) , xj ∈ (0, lj) , t > 0. (4.2)

Uj in (4.2) is given by
Uj = (pj, vj)

T ,

the flux function Fj and the source function Sj read as follows:

Fj (Uj) =

(
ρ · c2

j · vj
1
ρ
· pj

)
and Sj (Uj) =

(
0

−λj (Rej, εj)
vj |vj |
2ρdj
− g sinαj

)
.

Since Fj can be represented as follows:

Fj (Uj) = Hj ·Uj :=

(
0 ρ · c2

j
1
ρ

0

)
·
(
pj
vj

)
,

the Jacobian matrix of Fj is given by the matrix Hj. The eigenvalues µji, i ∈ {1, 2} of Hj

are given by:
µj1 = −cj and µj2 = cj.

This implies that there is exactly one positive and exactly one negative eigenvalue. Due to
that, the PDE system (4.2) is hyperbolic and can be reformulated as follows:

∂Wj

∂t
+ Λi

∂Wj

∂xj
= LjSj (Wj) , xj ∈ (0, lj) , t > 0, (4.3)

where Wj = (W1,j,W2,j)
T and the other parameters are defined as follows:

Λj =

(
−cj 0
0 cj

)
, Wj = LjUj, Lj =

(
1 −ρcj
1 ρcj

)
, Hj = L−1

j ΛjLj. (4.4)

The characteristic variables Wj can be interpreted as waves moving in opposite directions.
This is of great importance determining suitable boundary conditions for the subsystems,
since it reveals that at each boundary only one condition for the ingoing characteristic
variables has to be provided. The outgoing characteristics (see Figure 4.1 b)) are computed
by reducing the PDE system (4.3) to a system of ODEs. Thereby, the characteristic waves
are restricted to space-time curves

(xi,j(t), t) , j ∈ {I, II, III} , i ∈ {1, 2}

and the PDE system (4.1a), (4.1b) is reduced to the following ODEs:

dW1,j

dt
(x1,j(t), t) = −Φj (vj) ,

dx1,j

dt
= −cj,

dW2,j

dt
(x2,j(t), t) = Φj (vj) ,

dx2,j

dt
= cj, t > 0,

103



Simulation of surge reduction systems using dimensionally reduced models

where

Φj (vj) = ρcj

(
−λj (Rej, εj)

vj|vj|
2ρdj

− g sinαj

)
.

The dynamical system from above can now be used to approximate the outgoing charac-
teristic variables within a numerical algorithm. This procedure is illustrated by means of
W2,I. Doing so, we consider a time step [t−∆t, t]. Using this notation, we have for the
space-time curve:

x2,I (t) = x2,I(t−∆t) + cI∆t.

Choosing x2,I (t) = lI, we have:

x2,I (t−∆t) = lI − cI∆t

and a first order approximation of W2,I, yields the following formula:

W2,I (lI, t) = W2,I (lI − cI∆t, t−∆t) + ∆t · ΦI (vI (lI − cI∆t, t−∆t)) , (4.5)

assuming that W2,I and vI can be interpolated at

xI = lI − cI∆t and t = t−∆t.

Similarly, the other outgoing characteristic variables can be computed. In order to de-
termine the ingoing characteristic variables further boundary conditions are required, ac-
counting for a prescribed inflow pressure or velocity as well as the impact of a SRS or a
PS. Another possibility to compute W2,I (lI, t) is to use a time integrator of higher order.
Using an explicit time integrator for solving (4.1a) and (4.1b) an extrapolation as (4.5) is
not required. Due to the fact that for an explicit time integrator the solution variables
from the previous time step t = t−∆t are known, the values for pressure and velocity can
be directly obtained at xI = lI. By this, the outgoing characteristic W2,I (lI, t−∆t) can be
determined. Using both characteristic variables, a transformation to the primary variables
Uj, is equivalent to multiplying the inverse matrix of Lj with Wj :

Uj = L−1
j Wj.

In the remainder of this section, we show how the coupling conditions for a SRS and a PS
can be derived.

4.3.2 0D model for a SRS

At xI = lI and xII = 0, we require at each time point t > 0 four conditions to set up a
well-posed problem within the parts of the main pipeline. Two conditions can be derived
based on pressure continuity and mass conservation. With respect to the mass conservation
it has to be taken into account that if the relief valve is partially or completely open, there
is some mass flux from the pipeline system into the SRS. Indicating the flowrate through
the inlet piping of the SRS by qsr [m3/h], the following coupling conditions are obtained:

pI (lI, t) = pII (0, t) = psr(t),
d2

Iπ

4
vI (lI, t)−

d2
IIπ

4
vII (0, t) = qsr(t). (4.6)
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By means of the pressure difference psr(t)− pout between the inlet and outlet piping of the
relief valve, qsr can be determined by [77, 93]:

qsr(t) =
Krv (∆p)

3600

√
psr(t)− pout

ρ
· ρw

∆pKv
, Krv (∆p) =





0, if ∆p ≤ ∆p1,

K∗rv
∆p−∆p1
∆p2−∆p1

, if ∆p1 < ∆p ≤ ∆p2,

K∗rv, if ∆p2 < ∆p.

(4.7)
Krv [m3/h] represents the discharge coefficient of the relief valve, ρw [kg/m3] denotes the
density of water and ∆pKv [Pa] the static pressure loss. The pressure pout is the static
pressure of oil in a relief tank. In case of an initially empty tank it can be approximated by
the atmospheric pressure patm. Please note that the discharge coefficient Krv is depending
on the pressure drop ∆p between the main pipeline and the pressure in the gas accumulator:

∆p(t) = psr(t)− pgas(t).

∆p1 is the pressure drop at which the pressure relief valve starts opening, whereas ∆p2 is
the pressure drop at which the valve is fully opened. This means that: Krv = K∗rv, if the
valve is fully open. If the valve is opening, the discharge coefficient depends linearly on
the pressure drop. pgas in the gas accumulator is governed by the volume flow qcv [m3/h]
of ethylene glycol through the control valve into the gas accumulator. It can be regulated,
varying the control valve discharge coefficient Kcv [m3/h]. Assuming that the process of gas
compression in the accumulator is isothermal, pressure and volume of gas V t

gas are expressed
as follows [77, 93]:

dV t
gas

dt
= −qcv = −Kcv ·

√
|∆p|
ρe
· ρw

∆pKv
· sign (∆p) , pgas · V t

gas = p0 · V0. (4.8)

ρe [kg/m3] denotes the density of ethylene glycol, p0 [Pa] and V0 [m3] represent a reference
pressure and the volume of gas in the gas accumulator. To close the system, we use
the characteristic variables of the adjacent PDE systems that are travelling towards the
considered interface. According to (4.4) and Figure 4.1 b) the characteristic variables W2,I

and W1,II are leaving I and II. Using some values from the inside of these subdomains at a
previous time point these characteristics can be interpolated tracing back the characteristic
curves for these variables (see (4.5)). Using the outgoing characteristics W2,I, W1,II and
(4.6), we have a system of equations governing all the boundary conditions at this interface:

W2,I (lI, t) = pI (lI, t) + ρ · cI · vI (lI, t) , W1,II (0, t) = pII (0, t)− ρ · cII · vII (0, t) . (4.9)

4.3.3 0D model for a pumping station

Deriving coupling equations at the interfaces adjacent to the pump, we use the same tech-
niques as in the previous subsection. Two coupling equations are obtained by conservation
equations for momentum and mass flux. The remaining equations are related to the char-
acteristic variables travelling towards this interface. Pumps use centrifugal pumps to add
energy to the oil transport. Therefore, the pressure downstream of the pump is increased
causing a pressure jump at the point where the pumping station is located. Due to the fact
that there is no remarkable loss or gain of oil within a pump, we require the continuity of
the flux at xII = lII and xIII = 0. This yields the following coupling equations at II and III:

pIII (0, t) = pII (lII, t) + ρ · g ·H (qp (t)) , qp(t) =
d2

IIπ

4
vII (lII, t) =

d2
IIIπ

4
vIII (0, t) . (4.10)
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Assuming that the flowrate through the pump qp [m3/h] is positive, it holds that: qp(t) > 0.
H [m] denotes the total dynamic head of the pumping unit, quantifying the power of
a pump depending on the flowrate qp. In our modelling approach, we use the following
relation to compute the total dynamic head [93]:

H (qp) = A · ω2 −B · ω · qp − C · q2
p.

A, B and C are given positive coefficients depending on the design of the pump. ω is the
relation between the current rotational speed of the rotors and its maximal value. For ω = 1
a pump is operating at full rotational speed. According to the characteristic analysis, it can
be observed that W2,II and W1,III are the outgoing variables. For the pump, the outgoing
characteristics can be extrapolated from the inside of the intervalls [0, lII] and [0, lIII] (see
Subsection 4.3.1). The missing coupling conditions are given by:

W2,II (lII, t) = pII (lII, t)+ρ · cII ·vII (lII, t) , W1,III (0, t) = pIII (0, t)−ρ · cIII ·vIII (0, t) . (4.11)

Combining (4.10) and (4.11) we obtain an equation system that can be used to incorporate
the pump and to establish a well-posed problem. For qp(t) ≤ 0 the NRV has to prevent
any flow through the pump. Incorporating this property into the model, the equations for
mass and momentum conservation (4.10) are governed by coupling equations simulating a
full reflection. This is accomplished by setting the ingoing characteristic variables to the
values of the outgoing characteristic variables:

W1,II (lII, t) = W2,II (lII, t) and W2,III (0, t) = W1,III (0, t) . (4.12)

Using (4.11) and (4.12), we can simulate flow in the vicinity of the pumping station, if the
NRV is closed.

4.3.4 Numerical methods

The mathematical models developed in the previous section, exhibit strong nonlinearities
in the coupling equations as well as in the source term of (4.1b). Therefore, it is difficult
to determine an analytical solution in a general case and numerical solution schemes are
required. The main difficulties occurring in the context of solving hyperbolic PDE-systems
numerically are to suppress the artificial damping of the solution and dispersion errors
caused by the discretisation [113, Chapter 13]. To tackle these difficulties, we apply a DG-
method of third order for the spatial discretisation and a Runge-Kutta method of third
order for the time integration. On the other hand, numerical schemes of higher order tend to
create unphysical oscillations in the vicinity of steep gradients or shocks. In the application
area that is investigated in this work, there are shocks in the solutions if the pumping
station is shut down or a valve is closing. Therefore, it is of great importance to choose a
solution method damping numerical oscillations. In order to remove numerical oscillations,
we use the adaptive slope-limiter technique. Thereby the slopes of the numerical solution
are damped by a suitable coefficient such that wiggels are removed, while smooth extrema
[88] are not damped. To preserve a non-oscillatory solution in a certain time step a 3-stage
SSP-scheme (Strong-Stability-Preserving) is considered. A SSP-scheme is a special kind of
Runge-Kutta scheme [63], which does not enlarge existing oscillations. Therefore, a time
stepping scheme of this class of solvers stabilises the solution. A drawback of this method
is that it exhibits a time step restriction due to a CFL-condition, which is more severe
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than the time step restriction for the Explicit-Euler method. Therefore, we considered
another numerical technique, whose CFL-condition is milder. Due to the fact that the
MOC is a robust method for hyperbolic PDEs [59, 151], we select this method to compute
a numerical reference solution. The disadvantage is that it is just of first order both in
space and time. For this reason, dissipation and dispersion errors are significantly larger
than in case of the DG-method. In the following, we will test which feature of the both
methods is more significant for the numerical discretisation of the model. To quantify the
time step restriction, we define the Courant numbers of the DG-method and the MOC as
follows:

CNDG = max
j∈{I,II,III}

∆tDG · cj
∆xDG

, CNMOC = max
j∈{I,II,III}

∆tMOC · cj
∆xMOC

, (4.13)

where ∆tk, k ∈ {DG,MOC} are the time step sizes for both methods. In the case of
the DG-method ∆xDG refers to the length of a finite element, while ∆xMOC indicates the
distance between two grid nodes at which the MOC approximates the solution variables.
For each discretisation method, we consider a uniform grid in space. cj is the characteristic
wave speed of the j-th part (see Equation (4.1a) and (4.1b)).

4.4 Simulation results

Based on the numerical model developed in the previous sections two different scenarios
are studied. The first scenario illustrates the significance of a SRS. For this purpose, flow
in a pipeline without a SRS is simulated. Instead of a SRS, we use at the same interface
coupling conditions simulating a transition of pressure and velocity waves. In addition
to the two characteristic variables that can be extrapolated, the two remaining coupling
conditions are given by:

W2,II (0, t) = W2,I (lI, t) and W1,I (lI, t) = W1,II (0, t) .

Additionally, a second simulation is performed considering a SRS 200 m upstream of
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Figure 4.3: Oil pipeline linking Tengiz in Kazakhstan and a marine terminal at the Black
Sea. Field data are taken in the vicinity of the pump at Astrakhan (Map with
courtesy of IMS Industries, LLC, http://www.imsholding.ru.).

the pump. Validating the numerical model, the simulation results are compared to field
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measurements. These measurements are reported for a pipeline of the Caspian Pipeline
Consortium (CPC). CPC is a large international oil transportation project operating on a
more than 1500 km long pipeline system. The main objective of this project is to transfer
crude oil from some oil fields in Kazakhstan to a marine terminal located in Novorossiysk,
Russia (see map in Figure 4.3). In the vicinity of the PS Astrakhan pressure curves have
been reported, during and after a stoppage with a duration of 90 s. In both scenarios,
gravity forces are neglected, which means that we set αi = 0, i ∈ {I,II,III} in (4.2). At
xI = 0 and xIII = lIII constant Dirichlet conditions for the pressures are chosen. They are
denoted by pin

I and pout
III . Using pin

I and pout
III combined with the variables W1,I (0, t) and

W2,III (lIII, t), the other characteristics are given by:

W2,I (0, t) = 2 · pin
I −W1,I (0, t) and W1,III (lIII, t) = 2 · pout

III −W2,III (lIII, t) .

The simulation time tend has been chosen such that reflected shock waves caused by the
shutdown of the pump reach the pumping station. The parameters ν, ρe and ρw as well as
the static pressure loss ∆pKv, we use for both scenarios, are given by:

ν = 1.5 · 10−5 m2/s, ρe = 1110 kg/m3, ρw = 1000 kg/m3 and ∆pKv = 105 Pa.

The initial condition for the pressure, is given by a piecewise linear function;

p (x, 0) =





pin
I +

pout
I −pinI
lI

xI, for xI ∈ [0, lI] , x = xI,

pin
II +

pout
II −pinII
lII

xII, for xII ∈ [0, lII] , x = lI + xII,

pin
III +

pout
III −pinIII
lIII

xIII, for xIII ∈ [0, lIII] , x = lI + lII + xIII.

(4.14)

x ∈ [0, lI + lII + lIII] denotes the global coordinate of the pipeline. pout
I , pin

II , pout
II and pin

III
are the pressures at the inner interfaces for t = 0. The initial condition for the velocity is
represented by a piecewise constant function:

v (x, 0) =





v
(0)
I , for xI ∈ [0, lI] , x = xI,

v
(0)
II , for xII ∈ [0, lII] , x = lI + xII,

v
(0)
III , for xIII ∈ [0, lIII] , x = lI + lII + xIII.

(4.15)

4.4.1 Change of pressure and velocity distribution in case of a
shutdown

Figure 4.4 a) shows the initial condition (4.14) for the pressure of the first scenario, while the
pressure parameters for (4.14) are presented in Table 4.1 and Table 4.3. The parameters
for the initial velocity (4.15) area listed in the same table, together with most of the
other model parameters. With respect to the discharge coefficient Kcv, different values are
selected, to study the damping effect of a SRS:

Kcv ∈ {5.0 m3/h, 8.0 m3/h, 12.0 m3/h, 20.0 m3/h, 50.0 m3/h} .

ω is determined by a time dependent function decaying linearly from 1.0 to 0.0 for t ∈ [0, t∗].
For our considerations, we set: t∗ = 5 s and for the density of oil we set: ρ = 900.0 kg/m3. In
this subsection only the simulation results obtained by the DG-method are presented, where
we use quadratic Legendre polynomials in space. The discretisation parameters are given
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Table 4.1: Parameters for the first scenario
I II III

Inlet pressures pini [MPa] 3.0 0.69924 4.35
Outlet pressures pout

i [MPa] 0.69924 0.68996 2.20

Initial velocities v(0)
i [m/s] 2.5 2.5 2.5

Diameters di [m/s] 1.0 1.0 1.0
Lengths li [m] 4.98 · 104 2.0 · 102 5.0 · 104

Relative roughnesses εi [−] 0.1 · 10−3 0.1 · 10−3 0.1 · 10−3

Wave velocities ci [m/s] 1.0 · 103 1.0 · 103 1.0 · 103

Fluid densities ρi [kg/m3] 800 800 800
Fluid viscosities νi [m2/s] 1.5 · 10−5 1.5 · 10−5 1.5 · 10−5

Table 4.2: Parameters for the second scenario
I II III

Inlet pressures pin
i [MPa] 3.33 1.14044 4.36

Outlet pressures pout
i [MPa] 1.14044 1.13605 2.16

Initial velocities v(0)
i [m/s] 1.504 1.504 1.504

Diameters di [m/s] 1.0 1.0 1.0
Lengths li [m] 9.98 · 104 2.0 · 102 1.0 · 105

Relative roughnesses εi [−] 0.1 · 10−3 0.1 · 10−3 0.1 · 10−3

Wave velocities ci [m/s] 1.0 · 103 1.0 · 103 1.0 · 103

Fluid densities ρi [kg/m3] 800 800 800
Fluid viscosities νi [m2/s] 1.5 · 10−5 1.5 · 10−5 1.5 · 10−5

by: ∆xDG = 50.0 m and ∆tDG = 0.025 s. In Figure 4.4 a), we can see that the stoppage of
a pump causes the creation of two pressure waves: A high-pressure wave travelling through
the upstream pipeline and a low-pressure wave travelling downstream. This graph shows
that during the process the surge pressure is added to the static line pressure. As it can be
observed, it clearly exceeds the initial conditions for the pressure and an allowed pressure
level possibly damaging the pipeline wall.
If a SRS with a discharge coefficient Kcv = 12.0 m3/h is located upstream of the pump,

the pressure shock wave travelling upstream is damped remarkably (see Figure 4.4 b)).
Observing the pressure curves for t = 45 s at x = 1.0 · 104 m, we note that the pressure
exceeds even the inlet pressure pinI = 3.0 MPa, if no SRS is added. Otherwise, the upstream
pressure curve for t = 45 s is remarkably lower than the inlet pressure. In Figure 4.4
b) the maximal pressure of the corresponding upstream curve is around 2.75 MPa at
x = 3.10 · 104 m. Therefore the propagation of high-pressure waves through the pipeline
can be damped and by this a rupture of the pipeline wall could be prevented. However,
the SRS also increases an amplitude of a discharge wave generated in the downstream
pipe leading to a higher risk of column separation. In Figure 4.4 c) and d), the velocity
distribution along the pipeline at different time points can be seen. As for the pressure,
a propagation of shock waves can be seen. Contrary to the pressure curves the velocity
curves for the same simulation are symmetric to an axis located at the pump. Due to the
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Table 4.3: Parameters for the relief valves and pumping equipment
First scenario Second scenario

Relief valve discharge coeff. K∗rv [m3/h] 5.0 · 103 5.0 · 103

Relief valve set pressure ∆p1 [Pa] 55.0 · 103 1.0 · 105

Relief valve full opening pressure ∆p2 [Pa] 178 · 103 1.25 · 105

Gas accumulator initial pressure p0 [Pa] 9.0 · 105 1.2 · 105

Gas accumulator initial volume V0 [m3] 0.448 0.448
Atmospheric pressure patm [Pa] 1.0 · 105 1.0 · 105

Pump characteristic coeff. A [m] 435 512
Pump characteristic coeff. B [h/m2] 0.0 1.423 · 10−2

Pump characteristic coeff. C [h2/m5] 0.0 2.0 · 10−6

fact that the slopes of the pressure curves in the vicinity of the pump are smaller than
the slopes of the initial condition, the flow velocity decreases in the same region to a lower
and almost constant velocity distribution. This can be seen exemplarily at the velocity
curve for t = 45.0 s in Figure 4.4 c). Adding a SRS to the pipeline, one can see in Figure
4.4 d) a jump in the velocity curve, where the SRS is installed, which means that the oil
flow is partially redirected from the pipeline through the relief valves into a relief tank.
An important parameter controlling the damping of high pressure waves, is the discharge
coefficient Kcv of the control valve linking the replacement tank and the gas accumulator.
It has to be carefully chosen, since it can not be changed during operation. Considering
all engineering difficulties arising during production of the system elements, the only way
to change the system working parameters in an easy way, is to vary a discharge coefficient
of the control valve Kcv by opening/closing the control valve. In some rare occasions, the
SRS producer decides to change the equipment by installing a second gas accumulator
in parallel to the existing one. This causes a doubling of gas volume having the same
effect on a pressure wave as a reduction of Kcv. However, the installation of a further gas
accumulator can only be performed during the production of a SRS, so that the user is still
left with being able to changeKcv. Thus it is important to determine suitable values forKcv

by a numerical simulation, before the SRS is used. Considering (4.8), the ethylene glycol
flux from the replacement tank into the accumulator (see Figure 4.2) is influenced besides
a pressure difference also by Kcv. Choosing Kcv = 0 there is no flow from the replacement
tank into the accumulator. In this case the SRS is equal to a simple relief valve opening,
if a certain pressure threshold is exceeded (4.7). The drawback of this protection system
is that an overflow of the relief tank may happen, if the pressure in the main pipeline is
not decreasing early enough. This means that a device is needed to control the discharge
coefficient of a relief valve. Varying Kcv, it can be observed for a low discharge coefficient
that a low pressure gradient with respect to time can be produced (see Figure 4.5). On the
other hand, choosing a higher discharge coefficient (Kcv ∈ {20 m3/h, 50 m3/h}) we see that
the pressure curves are similar to the setting in which no SRS is considered (red curve
in Figure 4.5). If no SRS is installed, the pressure gradient is much higher as for a low
discharge coefficient Kcv. Comparing the pressure curves we conclude that by a carefully
chosen parameter Kcv the high pressure wave can be damped sufficiently, allowing us to
maintain safe operation of the pipeline. Moreover a fast opening of a relief valve can be
prevented and a fast overflow of the attached tank does not take place. In case of the relief
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Figure 4.4: Pressure shock waves for different time points (5.0 s, . . . , 45.0 s) after the shut-
down of a pump. In (a), the pump is not combined with a SRS, whereas in
(b), the pump is combined with a SRS. Figures (c) and (d) show the velocity
shock waves for different time points (5.0 s, . . . , 45.0 s) after the shutdown of a
pump. In (c) the pump is not combined with a SRS, whereas in (d), the pump
is combined with a SRS.
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valve opening within a short time period, it can happen that the tank is filling too fast.
This can prevent a pipeline operator from decreasing the pressure in another way, which
means that this measure enables a pipeline operator to react accordingly to an emergency
and perform additional measures (like the stoppage of an upstream pump or the closure
of a pressure control valve generating a discharge wave) to prevent a rupture of a pipeline
wall. Thus a SRS does not mainly control the maximum amplitude of a pressure wave
like conventional relief valves, but it is used to regulate the rate of change of pressure with
respect to time.

4.4.2 Comparison of simulation results and measurements

To reproduce the field measurements taken after a stoppage of the pump at Astrakhan,
we study essentially the same scenario investigated in the previous subsection, but with
different values for the model parameters (see Table 4.2 and Table 4.3). The initial con-
ditions for the pressure and velocity, are again given by functions like (4.14) and (4.15).
Further the function for the relative angular velocity is adopted from the previous scenario.
The discharge coefficient, for this scenario is given by Kcv = 5.2 m3/h and ρ = 800 kg/m3.
As we can see in Figure 4.5 b), the pressures based on measurements and DG-simulations
coincide very well. The numerical results do not leave the confidence interval of pressure
measurement units (green shaded area) up to t = 65 s. After that, the measurements differ
only slightly. However, the course of the corresponding curves is similar. Measuring the
difference between the measurements and simulation we compute a discrete L2-norm of the
absolute difference and the measurements. Using these data, a relative error is computed.
For a function f and discrete time points tk the L2-norm it is given by:

‖f‖L2 =

√√√√ 1

Nm

Nm∑

k=1

f 2 (tk).

Nm is the number of measurement points. By this formula, the relative errors E(i)
rel, i ∈

{up, do} between the upstream and downstream measurements and simulations are given
by:

E
(i)
rel =

∥∥∥p(i)
m − p(i)

s

∥∥∥
L2∥∥∥p(i)

m

∥∥∥
L2

.

p
(i)
m and p(i)

s , i ∈ {up, do} indicate the measured and simulated pressure curves upstream
and downstream of the pump. For Nm = 1801 measurement points and the DG-method,
it can be seen that both the relative error upstream and downstream are below 5 % (see
Table 4.4). These numbers and the graphs in Figure 4.5 b), suggest that measurements
can be emulated by the 1D-0D model. Next, we compare the results obtained by the DG-
method with the results that are obtained solving the same setup by means of the MOC.
The simulation results produced by the two different methods are shown in Figure 4.5 c),
while the comparison of the relative errors is reported in Table 4.4. For the DG-method,
we use 200 elements and quadratic Legendre polynomials, which is equal to 600 degrees of
freedom. To have the same number of degrees of freedom in space, we used for the MOC 600
grid nodes in space. However, testing both methods based on these space discretisations,
it can be observed that for the DG-method a time step size of ∆tDG = 0.005 s has to be
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a)

b)

c)

Figure 4.5: Change of pressure over time in the pipeline upstream of the SRS (a). Com-
parison of field measurements and numerical simulation results upstream and
downstream of a PS located at Astrakhan (b). Comparison of the simulation
results produced by the DG-method and the MOC (c).

selected in order to provide stable results. This yields a Courant number of CNDG = 0.005
(see (4.13)). The largest time step size for the MOC method is given by ∆tMOC ≈ 0.333 s,
which means that the Courant number for the MOC-method is given by CNMOC ≈ 1.0.
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Investigating the simulation results shows that both methods provide comparable results
but the simulations performed with the MOC is much faster than the calculation of the
same setup using the DG-method. This might be due to the slope limiter deteriorating
the accuracy of the DG-method. Summarising, we can conclude that for this problem the
DG-method does not provide more accurate results as the MOC and that it is not that
efficient as the MOC.

Table 4.4: Relative errors for the field case

Numerical Method E
(up)
rel E

(down)
rel

Discontinuous Galerkin (200 elements, polynomials of 2nd order) 4.7 % 5.0 %
Method of Characterisitcs (600 nodes) 3.2 % 4.7 %

4.5 Concluding remarks

In this chapter, a numerical model for transport processes in pipelines with a PS and a SRS
is presented. Our model decreases the complexity of the issue by means of dimensionally
reduced models and a domain decomposition method. Thereby, flow in the main pipeline is
simulated by a 1D system of transport equations, while the PS and the SRS are simulated
by systems of ODEs (0D models). At the places where the PS and the SRS are located,
the main pipeline is decomposed. In order to couple the different pipeline parts again,
the ODE-systems yield for each time coupling values at the interfaces. For the numerical
treatment, we have considered a DG-method and the MOC, where the MOC proved to be
as accurate as the DG-method. However, it is much more efficient as the DG-method. By
means of this model, we have shown that a shock wave, that is initiated by the stoppage of
a PS, can be sufficiently damped by a SRS and a rupture of the pipeline may be prevented.
Additionally, we have reproduced field measurements taken upstream and downstream
of a PS, which demonstrates the efficiency of our model. Future work in this field may
focus on further validating the dimensionally reduced model, for example, by comparing
the reduced model with 3D models. Concerning the discretisation methods, one could
apply a stable time integrator for the DG-method with a less restrictive CFL-condition.
Besides, a more sophisticated limiter method for the DG-discretisation in space could be
investigated. Finally, more advanced relief systems, which do not enlarge the amplitude of
the downstream wave should be designed and modeled.
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Part II

Simulation of blood flow in
microvascular networks
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As the first two chapters of Part I, the second part of the submitted thesis is concerned
with modelling and simulating of blood flow. However, contrary to the first part we con-
sider blood vessel networks on a different scale. While in Chapter 2 and 3 large blood vessel
networks on the macroscale level are considered, the following chapters study blood vessel
networks on a microscale level. Typically, these networks fill volumes of a few cubic meters
and have diameters of a few micrometers. Therefore networks on this vascular level are
called microvascular networks. Moreover, blood flow at this level is slow and not pulsatile,
which means that inertia terms and interactions with the vessel walls can be neglected. In
addition to that, exchange processes with flow in surrounding tissue have to be included
into the model. Taking these features into account, we simulate blood flow in microvascular
networks by means of Poiseuille type equations with suitable source terms. Since microvas-
cular blood vessels can be considered as small inclusions within the tissue, microvascular
networks are represented as 1D graphlike structures. The surrounding tissue can be re-
garded as a composition of the cellular matrix and an interstitial space filled with some
fluid, where the interstitial space is regarded as a combination of pores and pore throats.
Due to that, flow within tissue is modelled as flow within a 3D isotopic porous medium.
The exchange processes with the vascular system is accounted for by Dirac source term
combined with Starling’s law, where the Dirac measure is concentrated on the 1D graph
describing the network. Part II consists as the previous part of three chapters. These three
chapters contain a conference proceeding and two journal articles. The first two publica-
tions investigate theoretical aspects related to this 3D-1D coupling approach. In the final
publication of this part, a further model reduction technique for simulating blood flow in
microvascular systems is presented.

Chapter 5:

A local error estimate for the Poisson equation with a line source
term

In Chapter 5, we study the local convergence behaviour of a standard finite
element method for a Poisson problem with a line source term, i.e., we cut out a
cylinder of a certain radius around the line and investigate the convergence with
respect to the L2-norm on the rest of the domain. This is motivated by the fact that
the Darcy equation with a Dirac source term concentrated on a line is an elliptic
PDE with a pure line source term, if the coupling terms are neglected. It turns
out that a standard linear finite element method converges with an optimal rate
after a preasymptotic range. On the contrary, the L2-error converges poorly on the
whole domain. This is due to the fact that line source terms introduce singularities
along the line. However, the preasymptotic range for the local L2-error ends, if the
meshsize is below the radius of the omitted cylinder. Recalling the fact that micro
vessels have small radii, it becomes obvious that the 3D mesh has to be very fine, to
obtain an optimal convergence rate.

Chapter 6:

Mathematical modeling, analysis and numerical approximation of
second-order elliptic problems with inclusions

Motivated by the results of Chapter 5, we develop in the following chapter an
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alternative coupling concept avoiding the formation of singularities. For this
purpose, the Dirac measure is not concentrated on the centerline of the vascular
network but on the surface of the vessel walls. This means that the Dirac measure
is concentrated on a manifold with co-dimension 1. The exchange term is again
governed by Starling’s law. As a result, the pressure solution in the tissue exhibits
only kinks but no singularities. Based on a 2D model problem that can be derived
from a 3D problem with a single straight cylinder, we show that the model reduction
error between the simplified model and a full-dimensional model is decreasing as
the radius of the vessel is decreasing. This implies that for vessels with small
radii related to the dimensions of the whole domain a small modelling error can
be expected. Obviously, this feature is characteristic for a typical microvascular
network. Finally, we investigate the global convergence behaviour of a standard
linear finite element method with respect to the L2-norm and H1-norm. Due to the
reduced regularity, this numerical method converges suboptimal if quasi-uniform
meshes are used. However, compared to the standard 3D-1D coupling concept the
convergence behaviour is improved.

Chapter 7:

Hybrid models for simulating blood flow in microvascular networks

Considering the key results of the previous chapters, one can conclude that
the new coupling concept presented in Chapter 6 has many advantages compared
to the standard 3D-1D coupling approach [30], which is based on line source terms.
Applying the new coupling concept to a very dense and large microvascular network,
it turns out that still a fine mesh has to be used to compute the massexchange and
the pressure field in an accurate way. In addition to that the system matrix arising
from the numerical treatment of the new coupling approach is usually denser as the
system matrix corresponding to the standard 3D-1D coupling approach. Further,
both coupling algorithms considered so far require an accurate description of the
vascular system. However, due to reconstruction errors from image data, it is quite
often not possible to describe microvascular networks with a sufficient accuracy.
These observations motivate a further simplification step. Doing so, only the larger
vessels of a microvascular network are described by 1D graphlike structures, while
the finescale components of the network are homogenised and considered as a 3D
porous medium. Since this modelling approach results in a coupling of the 3D porous
continuum for the homogenised network with the 3D porous continuum for the tissue,
such a modelling approach is referred to as 3D-3D-1D coupled double-continuum
approach. In order to illustrate the efficiency of this hybrid model, it is compared to
the 3D-1D coupled model from Chapter 6.

120



5 A local error estimate for the Poisson equation
with a line source term

Bibliographic note: The content of this chapter is based on the following original article:
T. Köppl, E. Vidotto and B. Wohlmuth (2016): A local error estimate for the Poisson
equation with a line source term. Numerical Mathematics and Advanced Applications,
ENUMATH 2015, pages: 421-429, with courtesy of Springer (Cham).
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A local error estimate for the Poisson equation
with a line source term

Tobias Köppl, Ettore Vidotto, and Barbara Wohlmuth

Abstract. In this paper, we show a local a priori error estimate for the Poisson
equation in three space dimensions (3D), where the source term is a Dirac measure
concentrated on a line. This type of problem can be found in many application ar-
eas. In medical engineering, e.g., blood flow in capillaries and tissue can be modeled
by coupling Poiseuille’s and Darcy’s law using a line source term. Due to the singu-
larity induced by the line source term, finite element solutions converge suboptimal
in classical norms. However, quite often the error at the singularity is either dom-
inated by model errors (e.g. in dimension reduced settings) or is not the quantity
of interest (e.g. in optimal control problems). Therefore we are interested in local
error estimates, i.e., we consider in space a L2-norm on a fixed subdomain excluding
a neighborhood of the line, where the Dirac measure is concentrated. It is shown
that linear finite elements converge optimal up to a log-factor in such a norm. The
theoretical considerations are confirmed by some numerical tests.

1 Introduction

Our model problem is defined on an open, convex and polyhedral domain
Ω ⊂ R3. Within Ω we consider a C2-curve Γ , having the following properties:

Γ ⊂ Ω, |Γ | ≤ C <∞ and dist(Γ, ∂Ω) ≥ c > 0, (1)

where C, c > 0 are fixed constants and dist denotes the Euclidean distance.
Using these definitions, the model problem reads as:

{
−∆u = δΓ in Ω,

u = 0 on ∂Ω,
(2)

where δΓ is the Dirac measure concentrated on the curve Γ . Considering a
more general Poisson problem with a source term that is given by a real and

T. Köppl
Institut für Wasser- und Umweltsystemmodellierung, Universität Stuttgart, D-
70569 Stuttgart, Germany
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Institute for Numerical Mathematics, Technische Universität München, D-85748
Garching b. München, Germany
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regular Borel measure, one can show existence and uniqueness of a weak so-
lution [7, Thm. 1]. Moreover it can be proved that it belongs to the space
W 1,p

0 (Ω) for p ∈ [1, 3/2) and that linear finite element solutions have a re-
duced convergence order of 1/2 with respect to the standard L2-norm.

For the case of a Dirac measure concentrated on a C2-curve fulfilling the
conditions (1), the authors of [9] proved that the weak solution of (2) is in
W 1,p

0 (Ω) for p ∈ [1, 2) (see [9, Thm. 2.1, Case (ii)]) and that linear finite
elements converge with first order in the standard L2-norm.

In [2], the authors have performed some numerical tests to investigate
the convergence behavior of an elliptic 3D-1D coupled problem arising in the
context of blood flow simulations [3,4]. Thereby, a 1D problem is defined on
a straight line in 3D and is embedded into the 3D problem by a Dirac source
term concentrated on this line. The L2-error of the 3D problem has not been
computed on Ω, but on a subdomain Ω \ Z̃R, where Z̃R is a cylinder of
radius R around this line. It has been observed that the local L2-convergence
behavior of linear finite elements is optimal up to a log-factor.

Motivated by these numerical results, we prove a quasi-optimal conver-
gence behavior with respect to a local L2-norm. For this purpose, we define
a domain ZR covering a certain neighborhood of the curve Γ :

ZR := {x ∈ Ω : dist(x, Γ ) < R},
where 0 < R < dist(Γ, ∂Ω) is a fixed constant. The rest of this paper is
organized as follows: In Section 2, we formulate the main result, which is a
quasi-optimal bound of the L2-error on Ω \ ZR and give an outline of the
proof. A key ingredient for this proof is an auxiliary result, which is proved
in Section 3. Finally in Section 4, we illustrate our theoretical result by some
numerical tests.

2 Main result

The weak formulation of problem (2) reads as follows: Find u ∈W 1,p
0 (Ω) for

p ∈ [1, 2) such that

(∇u,∇ϕ) =

∫

Γ

ϕ dΓ ∀ϕ ∈W 1,q
0 (Ω), (3)

where (·, ·) denotes the duality pairing of Lp(Ω) and Lq(Ω), and q > 2 satisfies
1/p + 1/q = 1. The right-hand side of the weak problem (3) is well-defined,
since for q > 3 the embedding W 1,q(Ω) ↪→ C(Ω) is continuous (see, e.g., [1,
Thm. 4.12]).

In order to solve (3), we introduce a family of quasi-uniform simplicial
triangulations Th = {τ} of Ω, where hτ is the diameter of the element τ .
Furthermore, let h := maxτ∈Th hτ be the meshsize. Our finite element space
is then defined by standard conforming linear finite elements:

Vh := {ϕh ∈ H1
0 (Ω) : ϕh|τ ∈ P1(τ), ∀τ ∈ Th}, (4)
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where P1(τ) denotes the space of linear polynomials on the element τ . Due
to Vh ⊂ W 1,q

0 (Ω) ⊂ W 1,p
0 (Ω), the following discrete version of (3) is well-

defined: Find uh ∈ Vh such that

(∇uh,∇ϕh) =

∫

Γ

ϕh dΓ ∀ϕh ∈ Vh. (5)

In order to derive an upper bound for the finite element error, we use a
standard duality argument and define the corresponding dual problem as
follows: {

−∆w = eχΩ\ZR
in Ω,

w = 0 on ∂Ω,
(6)

where χΩ\ZR
is the characteristic function of Ω \ ZR and e := u− uh. Since

Ω is convex and eχΩ\ZR
∈ L2(Ω), it holds that w ∈ H2(Ω) ∩H1

0 (Ω) (see [8,
Chap. 8]).

From now on, we fix p = 7/5. The choice is somehow arbitrary, but
guarantees that H2(Ω) ⊂ W 1,q(Ω) for q = 7/2. Moreover, we have w ∈
W 1, 72 (Ω). A weak formulation of (6) is given by:

(∇w,∇ϕ) = (eχΩ\ZR
, ϕ), ∀ϕ ∈W 1, 75 (Ω) (7)

and it is well defined. The corresponding finite element approximation wh ∈
Vh satisfies the following equality:

(∇wh,∇ϕh) = (eχΩ\ZR
, ϕh), ∀ϕh ∈ Vh. (8)

For the proof of our main result, a pointwise error estimate for the finite
element error w−wh is required. Such an estimate is presented in the following
lemma.

Lemma 1. Let w ∈ H1
0 (Ω) ∩H2(Ω) be the solution of problem (6) and let

wh ∈ Vh be its finite element approximation given by (8). Then for a x0 ∈ Γ ,
the following pointwise error estimate holds

|(w − wh)(x0)| . h2| lnh|‖w‖H2(Ω). (9)

We use the notation . for ≤ C, with a generic constant C independent of h.
The proof of this lemma is presented in the next section. Comparing this re-
sult with the standard L∞-estimate [5, Thm. 22.7], we have on the right-hand
side of (9) the norm ‖w‖H2(Ω) and not the stronger norm ‖w‖W 2,∞(Ω). This
is a consequence of the H2-regularity of w and the fact that w is harmonic
in ZR. By means of this lemma, one can prove the following theorem, which
is the main result of our paper.

Theorem 2. Let u ∈W 1,p(Ω) for p ∈ [1, 2) be the weak solution of (2) and
let uh ∈ Vh be its finite element approximation. Then it holds the following
quasi-optimal estimate for the local error:

‖u− uh‖L2(Ω\ZR) . h2| lnh|. (10)
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Proof. Using the Galerkin orthogonality, properties (1) of Γ , Lemma 1 and
H2-regularity of w, we obtain:

‖e‖2L2(Ω\ZR) = (eχΩ\ZR
, u− uh) = (∇w,∇(u− uh))

= (∇(w − wh),∇(u− uh)) = (∇u,∇(w − wh))

=

∫

Γ

(w − wh)dΓ ≤
∫

Γ

|w − wh|dΓ ≤ |Γ |max
x∈Γ
|(w − wh)(x)|

. h2| lnh| ‖w‖H2(Ω) . h2| lnh|‖e‖L2(Ω\ZR).

3 Proof of Lemma 1

Let x0 ∈ Γ be fixed. We denote a ball of radius r around x0 by Br and assume
h < r/4. Moreover, we demand Br+2h ⊂ B2r ⊂ ZR. In order to study the
finite element error of the dual problem within Br, a smooth cut-off function
η is introduced. Besides η ∈ C∞(Ω), this function is supposed to satisfy:





η(x) = 1, if x ∈ Br,
η(x) = 0, if x ∈ Ω \B2r,

0 ≤η(x) ≤ 1, if x ∈ B2r \Br.

By the help of this cut-off function, an auxiliary Dirac problem is introduced,
where the Dirac measure is concentrated at x0 ∈ Γ :

{
−∆z = α(δx0 + f0) in Ω,

z = 0 on ∂Ω,
(11)

with α := sgn
(
(w − wh)(x0)

)
. The function f0 is defined as follows:

f0(x) :=

{
− 2∇η · ∇Gx0 −Gx0∆η if x ∈ B2r \Br
0 if x /∈ B2r \Br

and Gx0
(x) := 1

4π
1

|x−x0| denotes Green’s function in 3D with respect to x0 for

x 6= x0. This choice of f0 leads to the following solution of the Dirac problem
(11):

z = α · η ·Gx0
.

A straightforward computation shows that z /∈ H1(Ω), but z ∈ W 1,p
0 (Ω) for

p ∈ [1, 3/2). The weak formulation of (11) reads now: Find z ∈ W
1, 75
0 (Ω)

such that:

(∇z,∇ϕ) = α

(∫

Ω

f0ϕdΩ + ϕ(x0)

)
, ∀ϕ ∈W 1, 72

0 (Ω). (12)
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The discrete version of (12) is given by:

(∇zh,∇ϕh) = α

(∫

Ω

f0ϕh dΩ + ϕh(x0)

)
, ∀ϕh ∈ Vh. (13)

Setting ϕ = w − wh, we obtain by (12):

(∇z,∇(w − wh)) = (f0, α(w − wh)) + |(w − wh)(x0)|.

This yields:

|(w − wh)(x0)| = (∇z,∇(w − wh))− (f0, α(w − wh)). (14)

Using the Hölder inequality, f0 ∈ L2(Ω), w ∈ H2(Ω) and standard finite
element estimates, one obtains obviously:

∫

Ω

α(w − wh)f0 dΩ ≤ ‖f0‖L2(Ω) · ‖w − wh‖L2(Ω) . h2.

Inserting this bound in (14) and using the Galerkin orthogonality, it follows:

|(w − wh)(x0)| . h2 + (∇(z − zh),∇(w − wh)).

It remains to estimate the second term on the right-hand side. For this pur-
pose, we consider an interpolation operator Sh : Wn,p(Ω) → Vh of Scott-
Zhang type [11], due to its stability properties. By Galerkin orthogonality,
we have:

|(w − wh)(x0)| . h2 + (∇(z − zh),∇(w − Shw)).

Splitting the domain Ω into Br and Ω\Br and applying the Hölder inequality
yields:

|(w − wh)(x0)| . h2 + ‖∇(z − zh)‖L2(Ω\Br)‖∇(w − Shw)‖L2(Ω\Br)

+ ‖∇(z − zh)‖L1(Br)‖∇(w − Shw)‖L∞(Br).
(15)

Next, we have to bound the four error terms occuring on the right-hand side
of (15). The estimates for these error terms are provided in the following.

For the second term ‖∇(w − Shw)‖L2(Ω\Br), a standard estimate (see,
e.g. [11, Thm 4.1]) and the H2-regularity of w, yields:

‖∇(w − Shw)‖L2(Ω\Br) . h‖w‖H2(Ω), (16)

Next we estimate the interpolation error ‖∇(w − Shw)‖L∞(Br) using some
results about the interior regularity of w.

Lemma 3. Let w be the solution of (7) and let us assume that Br+2h ⊂
B2r ⊂ ZR and 4h < r holds. Then we have on Br:

‖∇(w − Shw)‖L∞(Br) . h‖w‖H2(Ω). (17)
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Proof. Using the approximation properties of Sh and the Sobolev embedding
W 4,2(Br+2h) ↪→W 2,∞(Br+2h) [1, Thm. 4.12], one obtains:

‖∇(w − Shw)‖L∞(Br) . h‖w‖W 2,∞(Br+2h) . h ‖w‖W 4,2(Br+2h)
.

Interior regularity [8, Thm. 8.10], H2-regularity of w and the fact that w is
harmonic in ZR (and in particular in B2r), yield:

‖w‖W 4,2(Br+2h)
. ‖w‖W 1,2(B2r) . ‖w‖H2(Ω),

which completes the proof.

Finally, we have to derive suitable bounds for the error terms involving the
finite element error z − zh. Since z is the weak solution of a homogeneous
Poisson problem whose source term consists of a L2-function and a pointwise
Dirac measure, we can use the results derived in [10].

Lemma 4. Let z ∈ H2(Ω \Br)∩W 1,p
0 (Ω) for p ∈ [1, 3/2) be defined by (12)

and let zh ∈ Vh be its finite element approximation defined by (13). Then the
following two bounds are valid:

‖∇(z − zh)‖L2(Ω\Br) . h+ ‖z − zh‖L2(Ω\Br−2h). (18)

and
‖∇(z − zh)‖L1(Br) . h| lnh|. (19)

Proof. The proof of this lemma is a direct consequence of [10, Lemma 3.6]
and [10, Lemma 3.10].

Combining equation (16) and Lemmas 3 and 4, we find

|(w − wh)(x0)| . h2| lnh|‖w‖H2(Ω) + h‖z − zh‖L2(Ω\Br−2h)‖w‖H2(Ω).

Using [10, Thm. 2.1] for the term ‖z− zh‖L2(Ω\Br−2h) and the H2-regularity
of w, it finally follows

|(w − wh)(x0)| . h2| lnh|‖w‖H2(Ω). (20)

4 Numerical experiments

In this section, we illustrate the theoretical estimate (10) by numerical exam-
ples. For this purpose, we choose the unit cube as our computational domain,
i.e., Ω = (0, 1)3. By the help of the curves:

Γ1 : [0, 1]→ Ω, Γ1(s) = (0.5, 0.5, s),

Γ2 : [0, 1]→ Ω, Γ2(s) = 0.5 (1 + 0.06 cos (2πs) , 1 + 0.06 sin(2πs), s+ 0.5) ,

we define two different Poisson problems, setting in (2) Γ to Γ1 or Γ2 .
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In the first case, we modify the homogeneous boundary condition in (2),
such that the exact solution of the considered Poisson problem is given by:

u(x) = − 1

2π
log |x− Γ1(x3)|.

In the second case, we keep the homogeneous boundary condition. How-
ever, for this problem no analytical solution is available. Therefore, we pre-
compute a numerical reference solution on a fine mesh and determine the
finite element errors by comparing numerical solutions on coarser meshes to
the reference solution. The numerical results (see Figure 1) are obtained by
means of a linear finite element solver implemented in DUNE [6].

According to Theorem 2, we report the local L2-error on Ω \ ZR for
different radii R ∈ {0, 0.0625, 0.125, 0.25}. The approximation errors and
convergence rates for the different refinement levels ` are listed in Table 1
and 2. It can be seen that for R = 0 the finite element scheme converges only
with first order, as predicted by [9, Lemma 3.3]. In the remaining cases second
order convergence can be observed, if h < R holds. This is in agreement with
estimate (10) in Theorem 2.

1
0.5

00
0.5

1
0

0.2

0.4

0.6

0.8

Fig. 1. The figure shows the position of Γ2 within the unit cube (left) and a contour
plot for uh = 0.1 together with three different slices at x3 = 0.2, 0.5, 0.8 (right).

Table 1. L2-error on Ω \ ZR for Γ = Γ1.

` Dof R = 0 Rate R = 0.0625 Rate R = 0.125 Rate R = 0.25 Rate

2 125 1.0461e-2 / 1.0461e-2 / 1.0461e-2 / 4.3424e-3 /

3 729 5.4648e-3 0.94 5.4648e-3 0.94 2.5806e-3 2.02 1.4692e-3 1.56

4 4913 2.7741e-3 0.98 1.3369e-3 2.03 8.0692e-4 1.68 2.3815e-4 2.63

5 35937 1.3968e-3 0.99 4.1809e-4 1.68 1.4183e-4 2.51 5.7466e-5 2.05

6 274625 7.0077e-4 1.00 7.4890e-5 2.48 3.4535e-5 2.04 1.4533e-5 1.98

7 2146689 3.5097e-4 1.00 1.8260e-5 2.04 8.7158e-6 1.99 3.6356e-6 2.00
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Table 2. Discrete L2-error on Ω \ ZR for Γ = Γ2.

` Dof R = 0 Rate R = 0.0625 Rate R = 0.125 Rate R = 0.25 Rate

2 125 9.9816e-3 / 5.7708e-3 / 4.1503e-3 / 2.8019e-3 /

3 729 6.5546e-3 0.61 2.6437e-3 1.13 1.5200e-3 1.45 6.3984e-4 2.13

4 4913 4.6708e-3 0.49 1.1080e-3 1.25 3.9200e-4 1.96 1.5896e-4 2.01

5 35937 1.8626e-3 1.33 2.8450e-4 1.96 1.0354e-4 1.92 3.9731e-5 2.00

6 274625 7.7970e-4 1.26 5.6445e-5 2.33 2.1513e-5 2.27 8.2663e-6 2.26
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10. T. Köppl, and B. Wohlmuth, Optimal a priori error estimates for an elliptic
problem with Dirac right-hand side. SIAM Journal on Numerical Analysis 52.4
(2014): 1753-1769.

11. R. Scott, and S. Zhang, Finite element interpolation of nonsmooth functions
satisfying boundary conditions. Mathematics of Computation 54.190 (1990):
483-493.





6 Mathematical modeling, analysis and
numerical approximation of second-order
elliptic problems with inclusions

Bibliographic note: The content of this chapter is based on the following original article:
T. Köppl, E. Vidotto, B. Wohlmuth and Paolo Zunino (2018): Mathematical modeling,
analysis and numerical approximation of second-order elliptic problems with inclusions.
Mathematical Models and Methods in Applied Sciences 28(05), pages: 953-978, with cour-
tesy of World Scientific.

131



2nd Reading

March 15, 2018 8:20 WSPC/103-M3AS 1850025

Mathematical Models and Methods in Applied Sciences
(2018)
c© World Scientific Publishing Company
DOI: 10.1142/S0218202518500252

Mathematical modeling, analysis and numerical approximation

of second-order elliptic problems with inclusions

Tobias Köppl
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Many biological and geological systems can be modeled as porous media with small

inclusions. Vascularized tissue, roots embedded in soil or fractured rocks are examples
of such systems. In these applications, tissue, soil or rocks are considered to be porous
media, while blood vessels, roots or fractures form small inclusions. To model flow pro-
cesses in thin inclusions, one-dimensional (1D) models of Darcy- or Poiseuille type have
been used, whereas Darcy-equations of higher dimension have been considered for the
flow processes within the porous matrix. A coupling between flow in the porous matrix
and the inclusions can be achieved by setting suitable source terms for the correspond-
ing models, where the source term of the higher-dimensional model is concentrated on
the center lines of the inclusions. In this paper, we investigate an alternative coupling
scheme. Here, the source term lives on the boundary of the inclusions. By doing so, we
lift the dimension by one and thus increase the regularity of the solution. We show that
this model can be derived from a full-dimensional model and the occurring modeling
errors are estimated. Furthermore, we prove the well-posedness of the variational for-
mulation and discuss the convergence behavior of standard finite element methods with
respect to this model. Our theoretical results are confirmed by numerical tests. Finally,
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we demonstrate how the new coupling concept can be used to simulate stationary flow
through a capillary network embedded in a biological tissue.

Keywords: Elliptic problems; small inclusions; model reduction; finite element approxi-
mation.

AMS Subject Classification: 78M34, 65N30, 65N12, 65N15

1. Introduction

In this work, we address a special type of second-order elliptic equation, which can

be considered a model problem for diffusion processes in porous media with small

inclusions. To define this problem, a two-dimensional, open, bounded and convex

domain Ω ⊂ R2 is considered. Moreover, we assume that Ω is a polygonal domain.

Within Ω there are N ∈ N open balls Bi ⊂ Ω. By Bi, we denote a ball around a

center xi ∈ Ω having the radius Ri. For a given constant C > 0 it holds:

dist(∂Ω, Bj) > C, dist(Bi, Bj) > C, i �= j, i, j ∈ {1, . . . , N},
where

dist(M, Bj) = min{‖x − y‖2 |x ∈ M, y ∈ Bj}, M ∈ {∂Ω, Bi}.
For notational convenience, we split the domain Ω in two parts, Ωf , Ωp:

Ωp = Ω\Ωf , where Ωf =
N⋃

i=1

Bi. (1.1)

In the applications discussed in more detail later on, Ωf represents the collection

of channels and fractures, while Ωp is the surrounding porous material. Having this

notation at hand, our model problem reads as follows:

−∆uref = f in Ωp, −∇uref · ni = κi(Ui − uref) on ∂Bi, uref = 0 on ∂Ω.

(1.2)

The source term f ∈ L2(Ωp) represents a body force or external source and sink

terms, while κi(Ui −uref) is modeling a flux through the interface Γi from the inclu-

sions into the porous medium or vice versa. More precisely, κi ∈ R, κi > 0 plays the

role of a permeability, Ui ∈ R, Ui > 0 is a given intensity of the inclusion Ωi, and ni

denotes the outward unit normal vector of ∂Bi. In Sec. 7, we will also consider the

case where Ui are functions that obey partial differential equations coupled with

problem (1.2). For applications with many small inclusions, model (1.2) is compu-

tationally unfeasible, because of the excessive computational cost that would arise

using a computational mesh that conforms to all inclusions. Therefore, we present

in this work a simplified form of problem (1.2), which considerably reduces the cost

of numerical simulations. The reduced model we propose consists of the following

equations for the unknown ured:

−∆ured = F +

N∑

i=1

κi(Ui − u
(i)
red)δ∂Bi in Ω, ured = 0 on ∂Ω, (1.3)

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 S
T

U
T

T
G

A
R

T
 U

N
IV

E
R

SI
T

Y
 o

n 
03

/1
6/

18
. F

or
 p

er
so

na
l u

se
 o

nl
y.



2nd Reading

March 15, 2018 8:20 WSPC/103-M3AS 1850025

Second-order elliptic problems with active inclusions 3

where δ∂Bi stands for a Dirac measure laying on ∂Bi and the expression u
(i)
red abbre-

viates the mean value of ured on ∂Bi:

u
(i)
red =

1

2πRi

∫

∂Bi

ured dS. (1.4)

The fluctuations ũ
(i)
red of ured on ∂Bi are defined by:

ũ
(i)
red = ured|∂Bi − u

(i)
red. (1.5)

The source term F ∈ L2(Ω) is an extension of the source term f in (1.2), where we

claim that F coincides with f on Ωp:

F(x) =

{
f(x), for x ∈ Ωp,

fi(x), for x ∈ Bi.
(1.6)

In addition to that, it may hold that F exhibits no jumps at the interfaces ∂Bi and

that for a constant Cf > 0:

‖fi‖L2(Bi) ≤ Cf‖f‖L2(Ωp), ∀ i ∈ {1, . . . , N}. (1.7)

In cases where Ui are the solutions of partial differential equations derived from

model reduction techniques, thus defined on lower-dimensional manifolds or sets

(2D, 1D, 0D), this gives rise to coupled systems of PDEs defined on embedded

domains with heterogeneous dimensionality.5,7,14,26 Such PDE systems are often

classified into PDE systems with co-dimension 1, i.e. 3D-2D or 2D-1D coupled

PDEs, and PDEs with co-dimension 2, i.e. 3D-1D or 2D-0D coupled problems.

The numerical analysis and discretization of these types of problems have

been investigated in several publications.6,17,22 For the numerical treatment of

interface problems with co-dimension 1, XFEM methods have proved to be very

effective.10,33 In the case of co-dimension 2, the solution of the higher-dimensional

problem exhibits singularities along the manifolds representing the inclusions. When

the lower-dimensional problems are represented as a distribution of Dirac source

terms embedded into the higher-dimensional space, the reduced regularity deteri-

orates the convergence of numerical methods and optimal convergence rates can

only be recovered using graded meshes or local error norms.2,6,19,20

In this paper, we investigate by means of the model problem (1.3) a different

way of coupling partial differential equations with heterogeneous dimensionality.

The fundamental difference between the coupling term in (1.3) and the existing

coupling concepts is that the inclusion is not represented by a single line or point

in space. In the source term of (1.3) the Dirac measure is concentrated on the

physical boundary of the inclusions. Therefore, a dimensional gap of two in the

coupling term is avoided and the corresponding solution is smoother. At the same

time, the averaging technique applied to the interface conditions makes it possible

to couple the bulk problem with sub-problems defined on manifolds of co-dimension

2. This formulation allows for a more natural mathematical analysis of the model,

numerical discretization and error analysis of the resulting approximation schemes.
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In this work, we thoroughly analyze a prototype version of the problem, address-

ing point-wise inclusions embedded into a two-dimensional domain. We point out

that for the 3D-1D setting, the analysis can be worked out in a similar way for

special cases such as one isolated inclusion on a straight line. However, since the

embedding results are dimension dependent and since the choice of the boundary

condition influences the regularity of the solution, we do not work out the 3D-1D

case in detail. More complex situations such as networks of inclusions, possibly

showing bifurcations and curvilinear branches, require much more care. In case of

curvilinear inclusions one has to use local finite covering arguments and in case of

bifurcations possible new singular terms may appear.

The coupling of three-dimensional continua with embedded 1D inclusions, of

which the proposed model represents a template, arises in applications of great

importance such as microcirculation, flow through perforated media and the study

of reinforced materials.

Flow and transport simulations in complex vascular networks are becoming

a popular approach to study the physiology of tumors and to design new treat-

ments.12,25,36 This new trend is motivated by the need to incorporate accurate

physical models of flow, biochemical transport and mechanical interactions within

a realistic geometrical description of the vasculature, which in turn enables the

comparison of simulations with imaging data captured at the microscale by means

of intravital microscopy techniques.3,4,18,21,38 We also point out that a similar

approach is being used for simulating the interaction of plant roots with soil.32

This new approach for solving PDEs in domains with inclusions is also of interest

in many other fields such as in the design of cooling systems for electronics (for

designing pulsating heat pipes for space applications) in neuroscience (to study the

impact of cerebrospinal fluid clearance on chronic mental disease and dementia)

and in the simulation of floods (through the interaction of the hydraulic network

with the surrounding territory).

The remaining parts of this work are organized as follows: In Sec. 2, we sum-

marize some trace inequalities which are required for the mathematical analysis

in the following sections. Section 3 presents the model derivation and the weak

formulation of (1.3). Moreover, the existence and uniqueness of the weak solu-

tion is shown and its regularity is discussed. Section 4 characterizes the modeling

error. In Sec. 5, we consider the numerical discretization by the finite element

method and study its convergence. Our theoretical results are confirmed by numer-

ical tests, which are presented in Sec. 6. Finally, in Sec. 7, the new coupling concept

is used to address a relevant application, i.e. the perfusion of vascularized biological

tissues.

2. Trace Inequalities

In this section, we discuss two trace inequalities that are key ingredients for our

mathematical analysis. The first trace inequality allows us to bound the mean value
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v(i) (see (1.4)) of a function v ∈ H1
0 (Ω) with respect to the boundary of a ball Bi,

while the second trace inequality is an inequality of Steklov-type providing an upper

bound for traces of functions v, whose averages vanish on ∂Bi:∫

∂Bi

v dS = 0.

In order to prove the well-posedness of our model problem (Sec. 3) and to derive

suitable upper bounds for the modeling error (Sec. 4), it is crucial to know how the

arising constants depend on the radii Ri of the circular inclusions Bi. Therefore,

we investigate these constants in more details.

Lemma 2.1. Let Bi ⊂ Ω be a ball with a sufficiently small radius Ri. Then it holds

for the mean value v(i) of v ∈ H1
0 (Ω):

v(i) ≤ C|lnRi|
1
2 ‖∇v‖L2(Ω),

where the constant C > 0 is independent of Ri.

Proof. According to Remark 1 of Ref. 1, it holds for Bi:

v(i) ≤ 1

2πRi

(
2

Ri

∫

Bi

|v|dx +

∫

Bi

|∇v|dx

)
.

Applying the Hölder inequality to both summands, we have:

v(i) ≤ 1

πR2
i

(πR2
i )

1
q ‖v‖Lp(Bi) +

√
πR2

i

2πRi
‖∇v‖L2(Bi),

≤ (πR2
i )

− 1
p ‖v‖Lp(Bi) +

√
πR2

i

2πRi
‖∇v‖L2(Bi).

For the parameters p and q such that 1/p +1/q = 1, while the L1-norm in the

second summand is estimated by a product of L2-norms. The choice p = |lnRi| ≥ 2

and q = |lnRi|
|lnRi|−1 yields:

v(i) ≤ π
− 1

|lnRi| R
− 2

|lnRi|
i ‖v‖Lp(Bi) +

√
πR2

i

2πRi
‖∇v‖L2(Bi)

≤ exp(2)‖v‖Lp(Ω) +
1

2
√

π
‖∇v‖L2(Ω).

According to a Sobolev inequality (see Eq. (6.20) in Ref. 39), there exists a constant

C > 0 independent of Ri such that for v ∈ H1
0 (Ω) it holds true:

‖v‖Lp(Ω) ≤ Cp
1
2 ‖∇v‖L2(Ω). (2.1)

Therefore, we have

v(i) ≤ C(|ln Ri|
1
2 ‖∇v‖L2(Ω) + ‖∇v‖L2(Ω)),

with a constant C > 0 independent of Ri.
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Next, we derive by means of the Steklov inequality a trace inequality for the

fluctuation ṽ(i) with respect to a ball Bi (see (1.5)).

Lemma 2.2. Let Bi ⊂ R2 be a ball with a sufficiently small radius Ri and v ∈
H1

0 (Ω). Then we have:

‖v‖L2(∂Bi) ≤ C
√

Ri|ln Ri|‖∇v‖L2(Ω),

where C > 0 is a constant independent of Ri.

Proof. Observing that
∫
∂Bi

ṽ(i) dS = 0, we find in terms of Sec. 3 in Ref. 16 and

Sec. 5 in Ref. 23 that

‖ṽ(i)‖L2(∂Bi) ≤
√

Ri‖∇v‖L2(Bi). (2.2)

Using the orthogonal decomposition of v, we obtain:

‖v‖2L2(∂Bi)
= ‖v(i) + ṽ(i)‖2L2(∂Bi)

= 2πRi(v
(i))2 + ‖ṽ(i)‖2L2(∂Bi)

.

In order to bound the first term, we apply Lemma 2.1 and the second term is

bounded by (2.2).

3. Model Derivation and Analysis

Let us start with the variational formulation of reference problem (1.2). It consists

of finding uref ∈ V (Ωp) such that

(∇uref ,∇v)Ωp +

N∑

i=1

κi(uref , v)∂Bi = (f, v)Ωp +

N∑

i=1

κiUi

∫

∂Bi

v dS, ∀ v ∈ V (Ωp),

(3.1)

where we have adopted the standard notation for the L2-inner product. The func-

tion space V (Ωp) is defined as follows:

V (Ωp) = {v ∈ H1(Ωp)|v|∂Ω = 0}.

Using (1.4) and (1.5), the interface terms can be written as:

(u, v)∂Bi =

∫

∂Bi

u v dS = 2πRi u
(i)v(i) +

∫

∂Bi

ũ(i) ṽ(i)dS. (3.2)

We derive a simplified model (also named here as reduced model) on the basis of

the following assumptions, which rely on the fact that the inclusions are small:

(A1) we identify the domain Ωp with the entire Ω;

(A2) we assume that the residual term in (3.2) is small, namely
∫

∂Bi

ũ(i) ṽ(i)dS 
 0.
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Second-order elliptic problems with active inclusions 7

In Sec. 4, we will define the error components associated with each of these assump-

tions, and we will analyze their magnitude in terms of the parameters of the prob-

lem. We replace (3.1) with a surrogate problem: Find ured ∈ H1
0 (Ω) such that

(∇ured,∇v)Ω + 2π
N∑

i=1

Riκiu
(i)
redv

(i) = (F , v)Ω + 2π
N∑

i=1

RiκiUiv
(i), ∀ v ∈ H1

0 (Ω).

(3.3)

Problem (3.3) is equivalent to finding ured ∈ H1
0 (Ω) such that:

a(ured, v) = L(v), ∀ v ∈ H1
0 (Ω), (3.4)

where the bilinear form a(·, ·) : H1
0 (Ω) × H1

0 (Ω) → R is given by:

a(u, v) = (∇u,∇v)Ω + 2π

N∑

i=1

Riκiu
(i) v(i). (3.5)

The linear form L is defined as follows:

L : H1
0 (Ω) → R, L(v) = (F , v)Ω + 2π

N∑

i=1

RiκiUi v(i). (3.6)

Obviously, (3.4) is the weak formulation of the reduced problem (1.3). For the

variational problem (3.4), one can prove the following result on the well-posedness.

Theorem 3.1. Let the requirements of Lemma 2.1 be fulfilled. Then problem (3.4)

has a unique solution

ured ∈ H1
0 (Ω) ∩ H

3
2−ε(Ω), ∀ ε > 0.

Furthermore, it holds the following stability estimate:

‖ured‖H1
0 (Ω) ≤ C

(
‖F‖L2(Ω) +

N∑

i=1

κiRi|lnRi|
1
2 Ui

)
.

Proof. The variational problem (3.4) can be analyzed by means of the Lax–

Milgram Lemma. We begin by proving that the symmetric bilinear form (3.5) is

continuous and coercive. The coercivity is a direct consequence of the Poincaré

inequality. More precisely for any v ∈ H1
0 (Ω) there exists a positive constant CP

independent of Ri and κi, such that:

a(v, v) ≥ (∇v,∇v)Ω ≥ (1 + C2
P )−1‖v‖2H1

0(Ω).

By means of Lemma 2.1, we have

2πRi u(i) v(i) ≤ 2πRiC|lnRi|‖u‖H1
0(Ω)‖v‖H1

0(Ω). (3.7)

Then, using (3.7), we obtain the continuity of the bilinear form:

a(u, v) ≤
(

1 + 2πC

N∑

i=1

κiRi|lnRi|
)
‖u‖H1

0(Ω) ‖v‖H1
0(Ω).

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 S
T

U
T

T
G

A
R

T
 U

N
IV

E
R

SI
T

Y
 o

n 
03

/1
6/

18
. F

or
 p

er
so

na
l u

se
 o

nl
y.



2nd Reading

March 15, 2018 8:20 WSPC/103-M3AS 1850025
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The boundedness of the linear form (3.6) then remains to be proven. According to

Lemma 2.1, we have:

2πRiv
(i) ≤ 2πRiC|lnRi| 12 ‖∇v‖L2(Ω) ≤ 2πRiC|ln Ri| 12 ‖v‖H1

0(Ω).

All in all, it follows that there is a unique solution ured ∈ H1
0 (Ω). Due to the presence

of Dirac source terms in (1.3) no H2-regularity can be recovered and the question

arises as to which interspace Ṽ with H2(Ω) ⊂ Ṽ ⊂ H1
0 (Ω) the solution ured belongs.

Since the right-hand side in (1.3) is in H− 1
2−ε(Ω), ∀ ε > 0 it can be shown, analogous

to Case (iii) in Theorem 2.1 of Ref. 15, that ured ∈ H
3
2−ε(Ω), ∀ ε > 0. Testing (3.4)

with v = ured, using the coercivity of the bilinear form a, the continuity result of

the linear form L and the Cauchy–Schwarz inequality the above stability estimate

can be derived.

4. Analysis of the Modeling Error

We aim to analyze the error arising from assumptions (A1) and (A2) at the basis of

the reduced model (3.3). Let us denote by uint the solution of the problem obtained

after the intermediate step (A1), that is

(∇uint,∇v)Ω +

N∑

i=1

κi(uint, v)∂Bi = (F , v)Ω +

N∑

i=1

κiUi

∫

∂Bi

v dS, ∀ v ∈ H1
0 (Ω).

(4.1)

Proceeding as in Theorem 4.12 in Ref. 37 and Theorem 3.1, one can prove that

problems (3.1) and (4.1) admit unique solutions uref ∈ V (Ωp), and uint ∈ H1
0 (Ω),

respectively. We define the modeling error as e := uref − ured|Ωp , and we naturally

decompose it as the error related to assumption (A1), that is e1 := uref − uint|Ωp

and the one associated to (A2), namely e2 := uint−ured. The two parts of the error

are analyzed separately, and we show that the following inequality holds true:

‖e‖H1(Ωp) ≤ ‖e1‖H1(Ωp) + ‖e2‖H1(Ω)

≤ C1

[
‖F‖L2(Ω)

N∑

i=1

Ri|lnRi|
1
2 (1 + κi) +

N∑

i=1

UiκiRi|lnRi|
1
2

]

+ C2


‖F‖L2(Ω)

N∑

i=1

κiRi +

N∑

i,j=1

κiκjRiRj |lnRj |
1
2 Uj


, (4.2)

where the constants C1 and C2 are independent of Ri, κi and Ui, ∀ i ∈ {1, . . . , N}.
Equation (4.2) informs us of the structure of the modeling error. The first two

terms on the right-hand side relate to the modeling assumption (A1) concerning

extension of the physical domain Ωp to the whole domain Ω. This component of

the error scales quasi-linearly with the size of the inclusions. The third and fourth

components on the right-hand side quantify the error of replacing the solution on
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the interfaces with its average and relate to the modeling assumption (A2). Since

a modeling error for one interface affects all the other interfaces, not surprisingly

the fourth term is proportional to
∑N

i,j=1 RiRj , up to a log-term.

4.1. Analysis of the modeling error related to assumption (A1)

In this subsection, we derive an upper bound depending on the parameters which

occur in our model problem for the modeling error corresponding to assumption

(A1). As a first step we define an elliptic auxiliary problem:

−∆uf = F in Ω, uf = 0 on ∂Ω.

Having the weak formulation:

(∇uf ,∇v)Ω = (F , v)Ω, ∀ v ∈ H1
0 (Ω). (4.3)

By means of the solution uf , we decompose the solutions of (3.1) and (4.1) as

follows:

uref = wref + uf |Ωp and uint = wint + uf . (4.4)

Next, we introduce two extension operators

Esa : V (Ωp) → H1
0 (Ω) and Est : H2(Ω) → H2

0 (Ω̂)

presented in Sec. 2.1 in Ref. 31 and Theorem 7.25 in Ref. 13, respectively. Here,

Ω̂ is an open and bounded set with Ω � Ω̂ ⊂ R2. In order to derive a stability

estimate for wref , we exploit the following properties of Esa and Est:

(P1) Let v ∈ V (Ωp) then it holds: Esav|Ωp = v and Esav
(i)

= v(i).

(P2) According to the proofs of Lemma 2.2, Theorem 2.2, Example 2.1 in Ref. 31,

there is a constant Csa > 0 independent of Ri, such that:

‖∇Esav‖L2(Ω) ≤ Csa‖∇v‖L2(Ωp) for v ∈ V (Ωp).

(P3) For v ∈ H2(Ω), there is a constant Cst > 0, such that:

‖Estv‖H2(Ω̂) ≤ Cst‖v‖H2(Ω) and Estv|Ω = v.

For v = wref ∈ V (Ωp) in (3.1), using the decomposition in (4.4) we obtain:

‖∇wref‖2L2(Ωp)
≤ (F , Esawref)Ω − (∇uf ,∇Esawref)Ω −

N∑

i=1

(fi, Esawref)Bi

+

N∑

i=1

(∇uf ,∇Esawref)Bi −
N∑

i=1

κi(uf , wref)∂Bi

+

N∑

i=1

Uiκi

∫

∂Bi

wref dS.

Testing (4.3) with v = Esawref ∈ H1
0 (Ω), we have:

(F , Esawref)Ω − (∇uf ,∇Esawref)Ω = 0
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and by (P1) and the Hölder inequality, it follows:

‖∇wref‖2L2(Ωp)
≤

N∑

i=1

‖fi‖L2(Bi)‖Esawref‖L2(Bi) +

N∑

i=1

‖∇uf‖L2(Bi)‖∇Esawref‖L2(Bi)

+

N∑

i=1

κi‖uf‖L2(∂Bi)‖wref‖L2(∂Bi) + 2π

N∑

i=1

UiκiRi · w(i)
ref .

In order to bound the first summand, we consider once again the Hölder inequality

with the parameters r and s fulfilling the condition 1/r + 1/s = 1. By means of

this, one can show that:

‖Esawref‖L2(Bi) ≤ CR
1
r

i ‖Esawref‖L2s(Bi). (4.5)

Setting s = p/2 and using (2.1), we obtain:

‖Esawref‖L2(Bi) ≤ CR
1− 2

p

i p
1
2 ‖∇Esawref‖L2(Ω). (4.6)

Then, it follows for p = |lnRi| together with (1.7) and (P2):

N∑

i=1

‖fi‖L2(Bi)‖Esawref‖L2(Bi) ≤ C‖F‖L2(Ω)‖∇wref‖L2(Ωp)

N∑

i=1

Ri|lnRi|
1
2 . (4.7)

Analogously to (4.5) and (4.6) one can show that:

‖∇uf‖L2(Bi) ≤ CR
1− 2

p

i ‖∇uf‖Lp(Bi).

Based on (2.1), (P3) and the H2-regularity of uf , we obtain:

‖∇uf‖Lp(Bi) ≤
(

2∑

i=1

‖∂xiEstuf‖pLp(Ω̂)

)1/p

≤ Cp
1
2

(
2∑

i=1

‖∇(∂xiEstuf)‖pL2(Ω̂)

)1/p

≤ Cp
1
2 ‖Estuf‖H2(Ω̂) ≤ Cp

1
2 ‖uf‖H2(Ω) ≤ Cp

1
2 ‖F‖L2(Ω).

Choosing p = |lnRi| the following estimate for the second summand results in:

N∑

i=1

‖∇uf‖L2(Bi)‖∇Esawref‖L2(Bi) ≤ C‖F‖L2(Ω)‖∇wref‖L2(Ωp)

N∑

i=1

Ri|lnRi|
1
2 .

(4.8)

Applying Lemma 2.2, (P1) and (P2) to the third summand and considering the

H2-regularity of uf together with a standard Sobolev embedding, we have:

N∑

i=1

κi‖uf‖L2(∂Bi)‖wref‖L2(∂Bi) ≤ C‖F‖L2(Ω)‖∇wref‖L2(Ωp)

N∑

i=1

κiRi|lnRi|
1
2 .

(4.9)
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The bound for the last summand follows directly from Lemma 2.1 and (P1):

2π

N∑

i=1

UiκiRi · w(i)
ref ≤ C‖∇wref‖L2(Ωp)

N∑

i=1

UiκiRi|lnRi|
1
2 . (4.10)

Summarizing (4.7)–(4.10), we finally have:

‖∇wref‖L2(Ωp) ≤ C

[
‖F‖L2(Ω)

N∑

i=1

Ri|lnRi|
1
2 (1 + κi) +

N∑

i=1

UiκiRi|lnRi|
1
2

]
.

(4.11)

As a next step, we derive a stability estimate for the function wint. In this pro-

cess, (4.1) is tested with v = wint ∈ H1
0 (Ω). Inserting the decomposition of uint

(see (4.4)) into (4.1), it follows that

‖∇wint‖2L2(Ω) ≤ (F , wint)Ω − (∇uf ,∇wint)Ω −
N∑

i=1

κi(uf , wint)L2(∂Bi)

+ 2π

N∑

i=1

UiκiRi · w(i)
int.

By means of the techniques which have been used to derive the stability estimate

for wref one can prove that:

‖∇wint‖L2(Ω) ≤ C

[
‖F‖L2(Ω)

N∑

i=1

κiRi|lnRi|
1
2 +

N∑

i=1

UiκiRi|lnRi|
1
2

]
. (4.12)

Based on (4.11) and (4.12) an upper bound for the error component e1 can be

derived:

‖e1‖H1(Ωp) = ‖wref − wint‖H1(Ωp) ≤ ‖wref‖H1(Ωp) + ‖wint‖H1
0(Ω)

≤ ‖Esawref‖H1
0 (Ω) + ‖wint‖H1

0(Ω) ≤ C(‖∇wref‖L2(Ωp) + ‖∇wint‖L2(Ω))

≤ C1

[
‖F‖L2(Ω)

N∑

i=1

Ri|lnRi|
1
2 (1 + κi) +

N∑

i=1

UiκiRi|lnRi|
1
2

]
.

4.2. Analysis of the modeling error related to assumption (A2)

Here, we aim to derive an upper bound for e2, in terms of the data and the geomet-

rical configuration of the inclusions. By subtracting problem (3.3) from (4.1) and

rearranging the terms, we obtain the following equation:

(∇(uint − ured),∇v)Ω +

N∑

i=1

κi(uint − ured, v)∂Bi +

N∑

i=1

κi(ured − u
(i)
red, v)∂Bi = 0,

∀ v ∈ H1
0 (Ω).
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Recalling that ũ
(i)
red = ured − u

(i)
red and choosing v = e2 = uint − ured ∈ H1

0 (Ω) it

follows:

‖∇e2‖2L2(Ω) ≤
N∑

i=1

κi

(
− ũ

(i)
red, e2

)
∂Bi

≤
N∑

i=1

κi‖ũ(i)
red‖L2(∂Bi)‖e2 − e

(i)
2 ‖L2(∂Bi).

This intermediate result is coherent with assumption (A2), because it shows that

if the fluctuations on the interfaces ∂Bi are small, then the modeling error is small

too. Now by Eq. (2.2) and the stability estimate in Theorem 3.1, we have:

‖∇e2‖2L2(Ω) ≤
N∑

i=1

κiRi‖∇ured‖L2(Ω)‖∇e2‖L2(Ω)

≤ C2


‖F‖L2(Ω)

N∑

i=1

κiRi +

N∑

i,j=1

κiκjRiRj |lnRj |
1
2 Uj


 ‖∇e2‖L2(Ω).

By means of Poincaré’s inequality, the result reported in inequality (4.2) is proved.

5. Numerical Approximation

In this section, we study the convergence behavior of a standard finite element

discretization applied to the variational problem (3.4). Let Th be a family of quasi-

uniform triangular meshes which partitions the computational domain Ω. By h, we

denote the characteristic mesh size of the grid. As a finite element space Vh ⊂ H1
0 (Ω)

piecewise linear finite elements are considered:

Vh = {v ∈ C(Ω) ∩ H1
0 (Ω)|v|T ∈ P1(T ), T ∈ Th},

where P1(T ) is the vector space of first-order polynomials defined on T . Using the

notation from Sec. 3, the numerical solution uh ∈ Vh has to fulfill the following

equation:

a(uh,red, vh) = L(vh), ∀ vh ∈ Vh. (5.1)

A first convergence result for this discretization is provided in the next theorem.

Theorem 5.1. Let ured ∈ H1
0 (Ω)∩H

3
2−ε(Ω) be the solution of (3.4) and let uh,red

be defined by (5.1). For the discretization error ured − uh,red, we have the upper

bounds

‖ured − uh,red‖H1(Ω) ≤ C1h
1
2−ε‖ured‖

H
3
2
−ε(Ω)

and

‖ured − uh,red‖L2(Ω) ≤ C2h
3
2−ε‖ured‖

H
3
2
−ε(Ω)

for 0 < ε ≤ 1
2 and some constants C1, C2 independent of h.
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Proof. It is obvious that the linear form L and the bilinear form a in (3.5) and (3.6)

fulfill all the conditions for Céa’s lemma (see proof of Theorem 3.1). Therefore, the

H1-error can be bounded by an interpolation error:

‖ured − uh,red‖H1(Ω) ≤
√

Ca

α
‖ured − Shured‖H1(Ω), (5.2)

where Sh : H1(Ω) → Vh is a suitable interpolation operator. Ca and α denote the

continuity and ellipticity constant of the bilinear form a. Choosing for Sh the Scott–

Zhang operator (Theorem 4.1 in Ref. 34) and considering the regularity result in

Theorem 3.1, the first estimate follows. Please note that from the proof of Theo-

rem 3.1 it can be concluded that the constant in (5.2) is bounded, even if Ri tends

to zero. Based on the first estimate, the second estimate can be shown by means of

an Aubin–Nitsche argument.

We note that although the solution is not globally in H2, and thus we cannot

expect O(h) convergence in the H1-norm, the solution restricted to Ωp and Ωf

can be expected to be in H2. Therefore, we can apply particular techniques to

improve the accuracy of the numerical approximation. In this work, we discuss

two possibilities to bypass the reduced regularity of the solution by modifying the

computational grid. The modification of the grid consists in adapting the grid to the

interfaces ∂Bj, j ∈ {1, . . . , N} such that optimal error estimates can be derived.

In the literature they are referred to as δ-resolving (see Definition 3.1 in Ref. 24)

and graded meshes Sec. 3.1 in Ref. 6. Other ways to handle the lower regularity

employ, e.g. appropriate error norms,20 or an appropriate finite element space.11

A grid Th is δ-resolving with respect to an interface ∂Bj , if the boundaries of

the subgrids corresponding to Bj and Ω\Bj have a maximal distance of δ to the

interface ∂Bj . In this work, we consider a special type of a δ-resolving grid, in

which the element edges adjacent to ∂Bj form an interpolating linear spline for

this interface (see Fig. 1, top). From standard interpolation theory, it is well known

that in this case δ = O(h2) holds. Note that to fulfill this property, Th does not

have to be refined locally.

Contrary to that, a grid that is graded with respect to ∂Bj exhibits local refine-

ments along ∂Bj, since a graded mesh has the feature that the diameters of the

elements are scaled by the distance to the interface, such that the element diame-

ters become smaller the nearer they are located to the interface, (Sec. 2 in Ref. 2),

see Fig. 1, bottom. Let us denote the minimum distance of an element T to the

interfaces ∂Bj by rT and the diameter of T by hT . For the purpose of this work, it

is sufficient to consider a particular case of the graded meshes presented in Sec. 3.1

of Ref. 6. For a characteristic mesh size h, we assume that the local element size

hT scales as
√

rT and that hT ≈ h2 if T is close to ∂Bi. In other words, let δ > 0

be a fixed coefficient (e.g. δ = 1
2 ), then we assume

hT ≈
{

h
√

rT , if rT > δh,

h2, otherwise.
(5.3)
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Fig. 1. Adapted meshes for a circular interface ∂Bj : δ-resolving mesh with δ = O(h2) (top),
graded mesh (bottom).

In the next theorem, we show that using a δ-resolving or a graded mesh, opti-

mal convergence rates can be recovered, provided that the corresponding solution

exhibits some local smoothness.

Theorem 5.2. Let u be the weak solution of (3.4) such that it holds : ured ∈
H2(Ωs), where Ωs = Ωp ∪ Ωf (see (1.1)). By T δ

h we denote a family of δ-resolving

meshes with δ = O(h2) and by T g
h we denote a family of graded meshes. Both

meshes are adapted to the interfaces ∂Bj , j ∈ {1, . . . , N}. The corresponding finite

element solutions of (5.1) are uδ
h,red and ug

h,red. On these conditions, one can prove

for the discretization errors ured − uk
h,red, k ∈ {δ, g} the following optimal H1(Ω)-

and L2(Ω)-estimates :

(E1) ‖ured − uδ
h,red‖H1(Ω) +

1

h
‖ured − uδ

h,red‖L2(Ω) � h‖ured‖H2(Ωs),

(E2) ‖ured − ug
h,red‖H1(Ω) +

1

h
‖ured − ug

h,red‖L2(Ω) � h1−ε‖ured‖
H

3
2
−ε(Ω)

+ h‖ured‖H2(Ωs),

where 0 < ε ≤ 1
2 .
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Proof. As in the proof of the previous theorem, the H1-errors for both discretiza-

tions can be bounded by an interpolation error. In the case of the δ-resolving mesh,

we use a modified Clément operator Sch presented in Definition 3.3 of Ref. 24. For

this operator, one can prove the following approximation result (see Theorem 3.5

in Ref. 24):

‖ured − Schured‖2H1(Ω) � h2‖ured‖2H2(Ωs)
+ δ‖ured‖2H2(Ωs)

. (5.4)

Then estimate (E1) follows from the assumption δ = O(h2). For a graded mesh T g
h ,

we choose the Scott–Zhang operator Szh from Theorem 4.1 in Ref. 34 and compute:

‖ured − Szhured‖2H1(Ω) =
∑

T∈T g
h

‖ured − Szhured‖2H1(T )

=
∑

T∈T g
h

rT≤δh

‖ured − Szhured‖2H1(T )

+
∑

T∈T g
h

rT>δh

‖ured − Szhured‖2H1(T ).

By Theorem 3.1 for the elements of the first summand we have:

‖ured − Szhured‖2H1(T ) � h1−2ε
T ‖ured‖2

H
3
2
−ε(ωT )

,

where ωT is a patch of elements around T . For 0 < ε ≤ 1
2 and using (5.3), we have:

∑

T∈T g
h

rT≤δh

‖ured − Szhured‖2H1(T ) � h2−4ε‖ured‖2
H

3
2
−ε(Ω)

. (5.5)

Using ured ∈ H2(Ωs) and the approximation properties of Szh, for the second

summand we have:
∑

T∈T g
h

rT>δh

‖ured − Szhured‖2H1(T ) � h2‖ured‖2H2(Ωs)
. (5.6)

Combining (5.5) and (5.6), we obtain the H1-estimate. The L2-estimates follow

from an Aubin–Nitsche argument.

While for the 2D-0D problem the use of interface fitting or graded meshes is

computational still feasible, the computational effort for the construction of such

meshes can drastically increase for real complex 3D-1D structures.27,28,30,35 In these

cases, the proposed model reduction approach gives the choice between using a uni-

form mesh and accepting sub-optimal convergence rate or defining a problem fitted

mesh. In this case, the 3D-1D approach still features significant advantages with

respect to the full 3D discretization of the inclusions. More precisely, the compu-

tational cost for solving the problem defined on the inclusion is drastically reduced

(especially in the 3D-1D case). Moreover, the proposed scheme does not require
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any point by point coherence of the computational meshes of the bulk and the

inclusions, ensuring greater flexibility for the construction of the bulk mesh. In

particular, this property is a significant advantage if stochastic components in the

geometrical layout of the network have to be taken into account. Finally, the appar-

ent analogies of the proposed methodology with the method of Green’s functions

for the solution of PDEs open the way for the definition of non-polynomial enrich-

ments of the approximation space that would guarantee optimal convergence rates

on quasi-uniform meshes.

6. Numerical Experiments

The objective of this section is to support by means of numerical evidence of the

theoretical results of Secs. 4 and 5. In the first subsection, we show to what extent

the solutions of problem (3.1) and of the simplified model (3.3) differ. The second

subsection contains several tests addressing the convergence results in Theorems 5.1

and 5.2.

6.1. Investigation of the modeling error

In this subsection, we analyze numerically the modeling error in (4.2). Let us con-

sider a single source term, that is, we set N = 1 in (1.3). We denote with uref and

ured the analytical solutions to problem (3.1) and (3.3), respectively. In the general

case, these solutions are not known a priori. Therefore, we verify (4.2) using their

linear finite element approximations uh,ref and uh,red, respectively, since the numeri-

cal solutions converge to the corresponding analytical solutions as the mesh size goes

to zero. We define the reduced problem (3.3) on the domain Ω = (−1, 1)2, while the

full-dimensional problem (3.1) is posed on Ωp = Ω\B1, where the only circular inclu-

sion B1 is a ball of radius R with center in (0.3, 0.4). In many applications, the radius

of the inclusion is the most relevant parameter and with estimate (4.2) we have

proved that the error introduced adopting the reduced model tends to zero as the

radius of the inclusion becomes smaller. Therefore, in this test, we analyze the influ-

ence of the size of the inclusion, that is, we vary its radius R, while keeping the other

parameters constant. In order to verify the dependency of the modeling error on the

radius R of the inclusion, we take R ∈ {0.1, 0.05, 0.025, 0.0125, 0.00625, 0.003125},
while we set κ = U = 1 constant for all simulations. As the source term, we choose

the function

F(x, y) = sin(9x) + sin(13y) + x + y, for (x, y) ∈ Ω.

According to Theorem 5.1 and standard convergence results, we can bound the

modeling error by:

‖uref − ured‖H1(Ωp) ≤ ‖uref − uh,ref‖H1(Ωp) + ‖ured − uh,red‖H1(Ωp)

+ ‖uh,ref − uh,red‖H1(Ωp)

� O(h
1
2 ) + ‖uh,ref − uh,red‖H1(Ωp).
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876543
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R=0.1 R=0.05 R=0.025 R=0.0125 R=0.00625 R=0.003125

Fig. 2. The numerical modeling error is calculated for different values of the mesh characteristic
size (h = 2−i for i = 3, . . . , 8) and for different radii of the ball B1 (each line shown with different
colors). For each radius the modeling error values are interpolated using splines. We observe that
as the mesh size h tends to zero, the error converges to a fixed value, which is the actual modeling
error.

As the mesh size h tends to zero, we may assume that the modeling error between

numerical solutions converges to the actual modeling error, as Fig. 2 suggests. As

an error measure, we employ the numerical modeling error defined by:

err = ‖uh,ref − uh,red‖H1(Ωp).

Furthermore, we define an error functional to show the experimental order of con-

vergence by

Rate =
log(err(R1)/err(R2))

log(R1/R2)
,

where err(R) is the numerical modeling error for the radius R. In Table 1, the

modeling error, computed at the finest level of the δ-resolving mesh, is provided

for different radii together with the rate of convergence with respect to the radius

R of the inclusion. We observe that the modeling error decays quasi-linearly as R,

which is in good agreement with our estimate (4.2).

6.2. Convergence tests

The objective of this section is to illustrate the convergence results of Theorems 5.1

and 5.2 by means of numerical experiments based on test cases where the analytical

solution is explicitly available. For our first convergence test, we consider a single

source term, i.e. we set in (1.3) N = 1. The ball B1 has the radius R = 0.25

and the center x1 = (0, 0). As a computational domain, we choose the square:
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Table 1. The numerical modeling error is

shown for different radii and κ = U = 1. The
convergence rate is reported in the last column.

R err Rate

0.1 9.92770e− 03 /

0.05 6.31752e− 03 0.65

0.025 3.62451e− 03 0.80

0.0125 1.95587e− 03 0.89

0.00625 1.00884e− 03 0.96

0.003125 5.12174e− 04 0.98

Ω = (−1, 1)2 ⊂ R2. The remaining parameters of the problem are given by κ1 = 0.1

and U1 = 1. Setting F ≡ 0 and appropriate Dirichlet boundary conditions, the exact

solution of this problem is given by8:

ue,1(x) =





U1
κ1

1 + κ1

(
1 − R ln

( r

R
(x)
))

, r(x) > R,

U1
κ1

1 + κ1
, r(x) ≤ R,

where r(x) is the Euclidean distance from an arbitrary point x ∈ Ω to the center

of the ball B1:

r(x) = ‖x − x1‖2. (6.1)

The numerical solution uh,1 is defined by (5.1), and the numerical discretization

error eh,1 is given as follows: eh,1 = ue,1 − uh,1. For the triangulation of Ω three

different types of meshes are used: A uniform mesh, a δ-resolving mesh with δ =

O(h2) and a graded mesh, defined by (5.3). The second refinement levels of these

grid types are depicted in Fig. 3. Tables 2 and 3 show the discretization errors eh,1
with respect to the L2- and the H1-norm. Considering the convergence rates in

both tables it can be seen that the theoretical convergence results in Theorems 5.1

and 5.2 are confirmed, since it holds ue,1 ∈ H2(Ωs).

Fig. 3. Three different types of meshes are used for the first convergence test (single point source

term). left: Uniform mesh (521 elements), middle: δ-resolving mesh, δ = O(h2) (1368 elements),
right: Graded mesh (870 elements).
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Table 2. L2-norms of eh,1 and convergence rates for three different meshes (uniform,
δ-resolving, graded). In the last line of the table the theoretical convergence rates are listed.

Level Uniform mesh Rate δ-resolving mesh Rate Graded mesh Rate

1 8.506954e − 03 / 8.844852e − 04 / 1.154294e − 03 /

2 2.717929e − 03 1.65 2.272761e − 04 1.96 2.517585e − 04 2.20

3 8.675497e − 04 1.65 4.925913e − 05 2.21 7.779338e − 05 1.69

4 3.011329e − 04 1.53 1.452474e − 05 1.76 2.061325e − 05 1.92

5 1.041544e − 04 1.53 3.649972e − 06 1.99 4.491752e − 05 2.20

expected 1.50 expected 2.00 expected 2.00

Table 3. H1-norms of eh,1 and convergence rates for three different meshes (uniform,
δ-resolving, graded). In the last line of the table the theoretical convergence rates are listed.

Level Uniform mesh Rate δ-resolving mesh Rate Graded mesh Rate

1 6.074554e − 02 / 2.463609e − 02 / 2.826352e − 02 /

2 3.995154e − 02 0.60 1.132668e − 02 1.12 1.482623e − 02 0.93

3 2.995280e − 02 0.42 5.583932e − 03 1.02 9.268436e − 03 0.68

4 2.047021e − 02 0.55 2.772943e − 03 1.01 4.954802e − 03 0.90

5 1.460174e − 02 0.49 1.381250e − 03 1.01 2.162039e − 03 1.20

expected 0.50 expected 1.00 expected 1.00

As a next step we want to study problem (1.3) with several circular inclusions

Bi for i = 1, . . . , N (N > 1). For this purpose, a new analytical solution ue,2 is

determined. Analogously to (6.1), the distance between the centers of the balls xi

and an arbitrary point x ∈ Ω is given by ri(x) = ‖x − xi‖2, i ∈ {1, . . . , N}. Using

this notation we define the solution ue,2 as a linear combination:

ue,2(x) =





N∑

i=1

αi

(
1 − Ri log

ri
Ri

)
, x /∈

N⋃

i=1

Bi,

Gi(x), x ∈ Bi,

where αi ∈ R and Gi(x) is a harmonic function in Bi. Then it holds:

−∆ue,2 =

N∑

i=1

αiδ∂Bi . (6.2)

A comparison of the right-hand sides in (6.2) and (1.3) yields the following

equations for the coefficients αi:

αi = κi(Ui − u
(i)
e,2), i ∈ {1, . . . , N}.

In order to compute the average u
(i)
e,2, we use the fact that the functions

uj = 1 − Rj log
rj
Rj

, j ∈ {1, . . . , N}\{i}

are harmonic in Bi. By the mean-value formula for harmonic functions (see

Chap. 2.2, Theorem 2 in Ref. 9), we have:

u
(i)
j = 1 − Rj log

rij
Rj

, rij = ‖xj − xi‖2, i �= j,
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resulting in the following expression for u
(i)
e,2:

u
(i)
e,2 = αi +

∑

j �=i

αju
(i)
j .

Now, the coefficient vector α = (α1, . . . , αN )T can be determined by a system of

equations:

A · α = b,

where the matrix A ∈ RN×N and the right-hand side b ∈ RN are given by:

Aij = (1 + κi)δij + κiu
(i)
j (1 − δij) and bi = κiUi, i, j ∈ {1, . . . , N}.

It remains to determine the functions Gi on Bi. An appropriate expression for these

functions is given by the following linear combination:

Gi = αi +
∑

j �=i

αj

(
1 − Rj log

rj
Rj

)
,

since these functions are harmonic and represent a continuous extension of

ue,2|Ω\ S
N
i=1 Bi

.

For the numerical simulations, we again consider Ω = (−1, 1)2 and five source

terms (N = 5, Fig. 4). As in the case N = 1 the boundary conditions are adjusted

such that ue,2 is the exact solution of problem (1.3). Table 4 contains the remaining

parameters used for the numerical simulations. The discretization errors in the

L2- and the H1-norm summarized in Table 5 are based on a uniform triangulation

of Ω (see e.g. Fig. 3, left). We observe that the discretization scheme converges as

predicted by Theorem 5.1.

Fig. 4. (Color online) Location of the balls B1, . . . , B5 in the computational domain Ω = (−1, 1)2

(left), Three-dimensional graph of the numerical solution uh,2 based on the parameters in Table 4
(right).
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Table 4. Parameter set used for problem (1.3) with N = 5
source terms.

xi Ri Ui κi

B1 (−0.50, 0.50) 0.15 2.30 0.12

B2 (0.75,−0.25) 0.20 2.50 0.10

B3 (−0.50, 0.50) 0.25 2.80 0.09

B4 (0.25, 0.25) 0.10 2.50 0.08

B5 (0.25,−0.75) 0.05 3.00 0.25

Table 5. L2- and H1-norms and of eh,2. In the last line of the table the
theoretical convergence rates are listed.

Level L2-error Rate H1-error Rate

1 2.669615e − 02 / 1.884496e − 01 /

2 8.892418e − 03 1.59 1.749503e − 01 0.11

3 3.855905e − 03 1.21 1.177106e − 01 0.57

4 1.279445e − 03 1.59 8.816140e − 02 0.42

5 4.521436e − 04 1.50 6.029469e − 02 0.55

6 1.537090e − 04 1.56 4.283918e − 02 0.50

expected 1.50 expected 0.50

7. A 3D Problem Coupled with 1D Inclusions with Application

to Microcirculation

We present a prototype model for stationary flow in a permeable biological tissue

perfused by a network of capillaries. Although flow in the capillary network is better

described by a mixed type model addressing velocity and pressure simultaneously

and transport of chemical species is often unsteady, we consider here steady coupled

elliptic problems. The domain Ω where the model is composed of two parts, Ωp and

Ωf , denoting the interstitial volume and the capillaries, respectively. We assume

that the capillaries can be described as cylindrical vessels and Λ denotes their

center line. We decompose the network Λ into individual branches Λi. Branches

are parametrized by the arc length si; a tangent unit vector λi is also defined

over each branch, determining in this way an arbitrary branch orientation. The

capillary radius Ri, is for simplicity considered to be constant along each branch of

the network. In particular, the domain Ωf can be split into cylindrical branches Ωi

defined as follows:

Ωi = {x ∈ R3; x = s + r}, s ∈ Λi = Mi(Λ
′ ⊂ R1),

r ∈ DΛi(Ri) = {rnΛi
; r ∈ (0, Ri)},

where Mi is a mapping from a reference domain Λ′ to the manifold Λi ⊂ R3 and

nΛi
denotes a unit normal vector with respect to Λi. We denote with Γi the lateral
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surface of Ωi. Using this notation, problem (1.2) becomes,




−∆up = 0 in Ωp,

−∆uf = 0 in Ωf ,

−∇up · np = κi(up − uf ) on Γi,

−∇uf · nf = κi(uf − up) on Γi,

up = 0 on ∂Ωp\
N⋃

i=1

Γi,

uf = g on ∂Ωf\
N⋃

i=1

Γi,

where g denotes a Dirichlet boundary condition imposed at the endpoints of the

network. The problem in Ωf is a prototype of flow or mass transport problem in

a network of cylindrical channels, surrounded by the domain Ωp where another

flow and transport problem is defined. It is assumed that the interface between

these regions is permeable, namely it is crossed by a normal flux proportional to

κi(up − uf ).

Applying the model reduction technique presented in Sec. 3, the equations

defined on the network of inclusions Ωf can be restricted to the one-dimensional

network Λ. Differentiation over the branches is defined using the tangent unit vec-

tor as ∂siw = ∇w · λλλi on Λi, i.e. ∂si represents the projection of ∇ along λi. As a

result, the 3D-1D counterpart of problem (3.4) becomes
{

a(u, v) + bΛ(u, v) = bΛ(U, v) ∀ v ∈ H1
0 (Ω),

A(U, V ) + bΛ(U, V ) = bΛ(u, V ) + F(V ) ∀V ∈ H1
0 (Λ),

(7.1)

where U, V ∈ H1
0 (Λ) denote trial and test functions relative to the reduced problem,

with the following bilinear forms:

a(w, v) = (∇w,∇v)Ω, A(w, v) =

N∑

i=1

(∂siw, ∂siv)Λi , bΛ(w, v) =

N∑

i=1

κi(w, v)Λi .

The right-hand side F(V ) takes into account the boundary conditions on the net-

work endpoints, after applying a suitable lifting. A central role in Eq. (7.1) is played

by the restriction operator (·) that is defined as:

w(i)(s) =
1

2πRi

∫ 2π

0

w(Λi(s) + RinΛi(s, θ))Ri dθ.

The vector nΛi(s, θ) indicates a normal vector perpendicular to λλλi(s) and depending

on an angle θ, such that the set {nΛi(s, θ) | θ ∈ [0, 2π)} describes a unit circle around

Λi(s) and perpendicular to λλλi(s). Taking these definitions into account, it becomes

obvious that w(i) represents an average value of w with respect to a circle of radius

Ri around Λi(s) and perpendicular to λλλi(s).
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Fig. 5. Visualization of the domains Ω and Λ used in the idealized simulations of microcirculation.
The computational mesh of Ω is also shown. We consider two distinct test cases: on the left the
network consist of one single segment; on the right the network is a graph with 22 branches.

We solve problem (7.1) in the two test cases shown in Fig. 5. In all cases, we

enforce the value uf = g = 1 at the inflow (a single point on one face of the cube)

and uf = g = 0 at one or several outflow points (that are visible on the opposite

face of the cube in Fig. 5).

The results of the simulations are depicted in Fig. 6 in the left and right panels,

respectively. The test case of the single segment confirms the expected behavior

of the model. The field u diffuses radially from the line source. The effect of the

variation of U on the line source is also visible. The second test case shows the

ability of the method and of the corresponding finite element solver to handle more

complex configurations. In this case, the network consists of a unit cube Ω = (0, 1)3

that embeds an idealized branching network of 22 branches, visualized in red. For

simplicity, the capillary radius and the parameter κ are kept constant for each

Fig. 6. (Color online) Visualization of the numerical solutions U on Λ and u on Ω of problem (7.1)

for the test cases of Fig. 5. The contour plots correspond to the solution values u = 0.02 (left)
and u = 0.01 (right).
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branch and set to R = 0.01 and κ = 0.1. As a result, the solution uf is expected

to vary along Λ as shown in Fig. 6. The solution in Ω behaves correspondingly, as

the solution of a Poisson equation with a constant concentrated source distributed

on Λ.

8. Conclusion

Thanks to some emerging applications, such as the simulation of complex microvas-

cular networks3,4,12,27,28 or the computational study of plant roots,32 the numeri-

cal approximation of problems governed by partial differential equations featuring

small active inclusions, i.e. inclusions that actively interact with the surrounding

environment, has recently attracted the attention of researchers in applied math-

ematics.5–7,20 From the mathematical point of view, the problem consists of cou-

pling partial differential equations on embedded manifolds with a dimensionality

gap. The analysis and approximation of such problems is not completely established

yet.

We believe that this work contains some significant contributions in this spe-

cific area. More precisely, we have proposed a new problem formulation, different

from the one previously introduced by D’Angelo,5–7 that features the following

advantages: (i) the new problem formulation naturally arises from the full three-

dimensional description of the problem with inclusions, upon application of well

defined model reduction hypotheses; (ii) it allows us to analyze the existence of

solutions in the framework of Lax–Milgram Lemma; (iii) owing to (i), it is possi-

ble to provide upper bounds for the modeling error related to the model reduction

strategy and to explicitly characterize the dependence of the model error from the

parameters of the problem, such as the size of the inclusions; (iv) it allows us to

study the approximation properties of the finite element method exploiting the

classical Céa’s approach. Combining this result with non-standard interpolation

properties of functions with low regularity, we were able to prove error estimates

for the proposed method in the case of uniform, δ-resolving and graded meshes. The

extension of this approach to more advanced models, such as problems in mixed

form29 or time-dependent problems is under investigation and will be presented in

forthcoming studies.
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17. J. Jaffré and J. Roberts, Modeling flow in porous media with fractures; discrete frac-
ture models with matrix-fracture exchange, Numer. Anal. Appl. 5 (2012) 162–167.
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21. T. Köppl, B. Wohlmuth and R. Helmig, Reduced one-dimensional modeling and
numerical simulation for mass transport in fluids, Int. J. Numer. Methods Fluids
72 (2013) 135–156.

M
at

h.
 M

od
el

s 
M

et
ho

ds
 A

pp
l. 

Sc
i. 

D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 S
T

U
T

T
G

A
R

T
 U

N
IV

E
R

SI
T

Y
 o

n 
03

/1
6/

18
. F

or
 p

er
so

na
l u

se
 o

nl
y.



2nd Reading

March 15, 2018 8:20 WSPC/103-M3AS 1850025
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Erratum: Mathematical modeling, analysis and numerical
approximation of second-order elliptic problems with
inclusions

Bibliographic note: T. Köppl, E. Vidotto, B. Wohlmuth and Paolo Zunino (2018):
Mathematical modeling, analysis and numerical approximation of second-order elliptic
problems with inclusions. Mathematical Models and Methods in Applied Sciences 28(05),
pages: 953-978, with courtesy of World Scientific.

There is an error in the L2-estimate of Theorem 5.1: Instead of

‖ured − uh,red‖L2(Ω) ≤ C2h
3
2
−ε ‖ured‖H 3

2−ε(Ω)

the correct L2-estimate should read as follows:

‖ured − uh,red‖L2(Ω) ≤ C2h
1−ε ‖ured‖H 3

2−ε(Ω)

I want to thank Prof. Dr. Paolo Zunino (MOX, Politecnico Milan) for bringing this error
to my attention.
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7 Hybrid models for simulating blood flow in
microvascular networks

Bibliographic note: The content of this chapter is based on the following original article:
E. Vidotto, T. Koch, T. Köppl, R. Helmig and B. Wohlmuth (2019). Hybrid models for
simulating blood flow in microvascular networks. Multiscale Modeling & Simulation, 17(3),
1076-1102, with courtesy of SIAM.
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HYBRID MODELS FOR SIMULATING BLOOD FLOW IN
MICROVASCULAR NETWORKS∗
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Abstract. In this paper, we are concerned with the simulation of blood flow in microvascular
networks and the surrounding tissue. To reduce the computational complexity of this issue, the
network structures are modeled by a one-dimensional graph, whose location in space is determined
by the centerlines of the three-dimensional vessels. The surrounding tissue is considered as a ho-
mogeneous porous medium. Darcy’s equation is used to simulate flow in the extra-vascular space,
where the mass exchange with the blood vessels is accounted for by means of line source terms.
However, this model reduction approach still causes high computational costs, particularly when
larger parts of an organ have to be simulated. This observation motivates the consideration of a
further model reduction step. Thereby, we homogenize the fine scale structures of the microvascular
networks resulting in a new hybrid approach modeling the fine scale structures as a heterogeneous
porous medium and the flow in the larger vessels by one-dimensional flow equations. Both modeling
approaches are compared with respect to mass fluxes and averaged pressures. The simulations have
been performed on a microvascular network that has been extracted from the cortex of a rat brain.

Key words. microcirculation, homogenization, mixed-dimension models, multiscale models,
hybrid models

AMS subject classifications. 76S05, 76Z05, 92C10, 92B99

DOI. 10.1137/18M1228712

1. Introduction. Modeling of blood flow and transport at the level of microcir-
culation is an interesting subfield in biomedical engineering. A reliable computational
model for the microcirculation of the human body would enable physicians and phar-
macists to obtain better insight into the oxygen supply of cells, the waste removal
from the interstitial space [21], and further important biological processes without
the need to perform expensive and risky experiments [5, 7, 36]. In addition, such
models open up the possibility of studying the impact of diseases like Alzheimer’s
[23] and to improve medicines and therapies for cancer treatment [6, 22, 29, 30].
Well-known therapies for cancer treatment are, e.g., hyperthermia [33, 48] and the
injection of therapeutic agents preventing the vascularization of cancer tissue [44]. In
order to increase the efficiency of the mentioned cancer therapies, it is crucial to focus
the therapeutic agents or the heat on the cancerous part of an affected organ while
maintaining the rest of the tissue. In order to be able to simulate the distribution
of heat and the concentration of therapeutic agents with an adequate accuracy, the
hierarchical structure of the vascular system supplying the considered organ has to
be taken into account.

However, even for vascular systems contained in small volumes covering just a
few cubic millimeters, it is a challenging task to simulate flow in the microvascular
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networks and the interstitial space, since the flow in a complex network structure con-
sisting of thousands of vessels [17, Chap. 1] is coupled with the flow in the surrounding
tissue matrix [11, 38].

As a consequence, several model reduction techniques have been developed for
simulating flow through an entire organ or parts of an organ. A widespread technique
in this field is homogenization. Thereby, brain tissue and the vascular system are
considered as two different continua modeled as porous media [12, 32, 41, 42], and
the pressure and velocity field are computed by means of Darcy’s equation [20, 24].
Using this approach, the computational effort and the data volume are significantly
reduced. On the other hand, both the pressure and the velocity field can only be
described in an averaged sense, neglecting the exact structure of the vascular system.
As a result, the distribution of therapeutic agents or heat might not be computed with
sufficient accuracy. A further challenge is to determine suitable permeability tensors
for the Darcy equation reflecting the structure of the vascular trees in an averaged
way. Thereby, brain tissue and the vascular system are considered as two different
continua modeled as porous media [12, 32, 41, 42], and the pressure and velocity field
are computed by means of Darcy’s equation [20, 24, 46, 32].

Another way to decrease the computational complexity is to describe the vascular
networks by means of one-dimensional (1D) flow models [9, 47, 30, 16, 39, 19], while
the surrounding tissue is considered as a three-dimensional (3D) porous medium. By
this, an expensive meshing of a 3D blood vessel system is avoided, and at the same time
the hierarchical structure of the vascular system is maintained. However, elaborate
concepts for coupling 1D flow equations with a flow equation (Darcy equation) for
a 3D flow problem [8, 25, 26] have to be developed. This is done by constructing
suitable source terms for both the Darcy equation in 3D and the 1D flow problems.
On closer examination, one notes that the source term in 3D consists of Dirac measures
concentrated on the centerline of the vessels or the corresponding vessel walls, inducing
a certain roughness into the solution of the 3D Darcy equation. Due to possible
singularities or kinks occurring in the solution, sufficiently fine meshes are required
to obtain an accurate numerical solution.

Here, we propose a new hybrid approach which preserves the advantages of re-
duced order models, while preserving a sufficiently high accuracy. The idea is to
model the larger vessels by 1D flow models, whereas the capillaries and tissue are
considered as porous continua, as is done in the homogenization approach. We
apply this hybrid modeling approach to a microvascular system filling a volume of
1.134 mm × 1.134 mm × 2.268 mm (see Figure 1). This microvascular system was
taken from the brain of a rat, and the corresponding data was generated by the
group of Weber (University of Zurich) [40]. Within this network, one can find several
penetrating arterioles and venules connecting this vascular subsystem to the macro-
circulation of the rat’s brain; see Figure 1. Our motivation to choose this approach is
that by resolving the largest vessels in this volume, the main hierarchy of the vessel
system is incorporated into the model. Moreover, using a homogenized double contin-
uum model for the capillaries and the tissue, we have a less complex model which will
certainly yield some speed-up, if several units of cubes of a few cubic millimeters are
aggregated to simulate larger parts of an organ. Compared to other works [13, 34, 43]
investigating hybrid approaches for microvascular systems, we consider in this work
the capillaries and the tissue as two coupled porous media, i.e., a double continuum
approach [14]. In addition, we discuss alternative coupling conditions between the
1D vessels and the 3D continuum for the capillaries. To validate our hybrid 3D–1D
modeling approach, a comparison with a fully discrete 3D–1D model [6, 8, 9, 31, 26]
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is performed.
The rest of this work is structured as follows. In section 2, we describe the data

set that is used for our numerical tests. In addition, the basic modeling assumptions
are discussed. The model problems and the corresponding numerical discretization
methods are outlined in section 3. Section 4 contains some numerical tests and a dis-
cussion of the results obtained from both models. Finally, in section 5, we summarize
the key features of our work and briefly suggest directions for future research.

2. Problem setting and main simplifications. In order to illustrate the per-
formance of our modeling approaches, we consider the microvascular network shown
in Figure 1. To obtain the data for this microvascular network, first an anaesthetized
rat was perfused with phosphate buffered saline and barium sulphate. In a second
step, the brain was removed and a sample from the cortex was taken. Using this sam-
ple, an X-ray tomographic microscopy of the sample was performed. Based on the
resulting image, vessel midlines were extracted, and the 3D coordinates of branches,
kinks as well as start and end points, were determined. We denote these points as
network nodes. Furthermore, curved vessel midlines were replaced by straight edges,
and to each edge a mean vessel radius was assigned. In addition to the different radii,
the connectivity of network nodes was determined; i.e., it was reported which net-
work nodes are connected with each other. At the network nodes that are adjacent to
the boundaries of the extracted sample, physiologically meaningful pressure boundary
conditions are provided [40].

Analyzing the given data, it turns out that the radii range from 1.6 µm to 28.2 µm.
Within the network some larger penetrating arterioles and venules can be identified at
the top of the sample. At the bottom of the sample a larger venule and arteriole are
leaving or entering the cuboid domain. The rest of the microvascular network consists
of tiny capillaries. Zooming in on the original data set, we detected some dead ends of
the arterioles and venules (network nodes that are not connected to the capillaries).
Since we want to perform a precise comparison between the fully discrete and the
hybrid modeling approaches, the edges associated with dead ends are removed from
the data set such that in the resulting microvascular network all the network nodes
are connected.

Further modeling assumptions that are used in the remaining sections read as
follows:

(A1) The non-Newtonian flow behavior of blood is modeled in a simplified way
using an algebraic relationship.

(A2) The density of blood is constant.
(A3) The influence of gravity is neglected.
(A4) The inertial effects can be neglected.
(A5) The pulsatility can be neglected.
(A6) The walls of the larger vessels are considered impermeable; i.e., no flow occurs

across their walls.
These assumptions are motivated by the following considerations: It is well known
that blood consists of blood cells as well as plasma. Blood plasma itself is a mixture of
water and ions, while the blood cells can be separated into the following groups: red
blood cells, white blood cells, and blood platelets [17, Chap. 1]. In particular, the red
blood cells determine the flow behavior of blood significantly [15]. Moving through
a microvascular network, the red blood cells have to deform more and more as the
vessel diameters become smaller than the diameter of the red blood cells. This results
in a varying viscosity for the individual blood vessels, and therefore this feature is
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Fig. 1. A microvascular network extracted from a rat brain (top), filling a volume of 1 mm ×
1 mm× 2 mm. A subdivision based on the vessel radius can be seen at the bottom of the figure. The
network at the bottom left is the capillary bed of the microvascular network (all vessels whose radii
are smaller than a given threshold, here 7 µm). The motivation for such a threshold is postponed
to section 4.1. At the bottom right, arterioles and venules (whose radii are larger than the given
threshold) constitute the network of larger vessels.

recorded in (A1) [35]. Thereby, we adopt for an edge of diameter D the following
formula for the in vivo viscosity µbl [Pa · s] [37]:

(2.1) µbl (D) = µp

(
1 + (µ0.45 − 1)

(1−H)
C − 1

(1− 0.45)
C − 1

·
(

D

D − 1.1

)2
)
·
(

D

D − 1.1

)2

.

Please note that in (2.1) the diameter D is dimensionless. The physical diameter
d [µm] has to be divided by 1.0 µm to obtain D. The viscosity of the blood plasma
is denoted by µp [Pa · s], and H stands for the discharge hematocrit, which is defined
by the ratio between the volume of the red blood cells and the total blood volume.
The apparent viscosity µ0.45 for a discharge hematocrit of 0.45 is calculated by

µ0.45 = 6.0 exp (−0.085 ·D) + 3.2− 2.44 exp
(
−0.06 ·D0.645

)
,

and C is a coefficient determining the influence of H on µbl:

C = (0.8 + exp (−0.075 ·D))

(
−1 +

1

1 + 10−11D12

)
+

1

1 + 10−11D12
.
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Please note that this function for the in vivo viscosity holds actually for human blood.
However, we are not aware of such a function for rat blood, and therefore we assume
that this function can be employed for rat blood as well. For simplicity, we assume
in (A2) that blood is incompressible. Considering the total volume of the system
under consideration, the quantity of fluids contained in this volume is relatively small,
such that the effect of gravity can be neglected. Since the blood velocity is about
0.1 mm/s in the arterioles and venules and about 0.01 mm/s in the capillary bed in
a human system [17, Table 1.7], it can be concluded that the Reynolds numbers in
the whole microvascular network are significantly lower than 1.0. Therefore modeling
assumption (A4) is reasonable [18]. The pulsatility of blood flow can be neglected
(A5), due to the fact that the Womersley numbers in the arterioles, venules, and
capillaries are much smaller than 0.1. The Womersley number is a dimensionless
number relating the frequency of a pulse and the viscosity of a fluid to each other [17,
Table 1.7]. The last modeling assumption (A6) is motivated by the fact that the vessel
walls of capillaries consist of a thin layer of endothelial cells with gaps between them
such that blood plasma, oxygen, and other substances can migrate into the interstitial
space and then to the tissue cells or vice versa. Contrary to that, the vessel walls of
the larger vessels (arterioles and venules) are thicker and not as permeable, since they
exhibit a continuous endothelial cell layer that is surrounded by one or two concentric
layers of smooth muscle cells [10], [17, Chap. 1].

3. Models and numerical methods. After describing the data set used in this
work and discussing the basic modeling assumptions, we outline in this section the
two modeling approaches under consideration, i.e., the fully discrete 3D–1D model
and the hybrid 3D–1D model. In particular, we discuss coupling concepts between
the different parts of the microvascular network and the tissue. Finally, the numerical
discretization of the model equations is briefly explained.

We start by introducing some notation. The cuboid containing the microvascular
network depicted in Figure 1 is denoted by Ω and given by

Ω =
{

x = (x1, x2, x3)
> | 0 mm < x1, x2 < 1.13662 mm

∧ 8.75 · 10−4 mm < x3 < 2.16388 mm
}
.

As has been described in section 2, we assume that the vascular system Λ under
consideration has been segmented and approximated by extracting the midline of
each blood vessel and approximating the midlines by straight segments Λk ⊂ Λ. Each
segment is equipped with a constant radius value Rk for k = 1, . . . , N . Therefore,
the entire vascular system is assumed to be given by the union of N cylinders Vk of
radius Rk for k = 1, . . . , N . We then split the domain into two parts:

Ωv =

N⋃

i=k

Vk and Ωt = Ω \ Ωv,

where Ωv represents the vascular system and Ωt the tissue. The entire vascular system
can now be described by a graph, whose edges are represented by the center lines Λk of
each cylinder Vk for k = 1, . . . , N . Each segment Λk is parametrized by the arc length
sk, and λk is the tangent unit vector determining the orientation of the centerline
of Vk. Let us denote the two endpoints of the edge Λk by xk,1,xk,2 ∈ Ω. With this
notation at hand, each cylinder Vk can be defined as

Vk = {x ∈ Ωv | x = xk,1 + sk · λk + rk } ,
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where xk,1 + sk · λk ∈ Λk =Mk(Λ′ ⊂ R1) and

rk ∈ DΛk
(Rk) = {rnΛk

(sk, θ) : r ∈ [0, Rk) , sk ∈ (0, |xk,2 − xk,1|) , θ ∈ [0, 2π)} .

Mk is a mapping from a reference domain Λ′ to the manifold Λk ⊂ Ω, and nΛk
denotes

the set of unit normal vectors with respect to Λk. Γk is the lateral surface of the branch
Vk, and the union Γ corresponds approximately to the surface of the vascular system,
since the cylinders Vk may not perfectly match each other: Γ =

⋃N
k=1 Γk. The given

blood vessel network is separated into two parts: Based on a fixed threshold RT, we
subdivide the network Λ into two subsets ΛL, consisting of large vessels which are
considered to be impermeable, and ΛC, consisting of capillaries. Associated to this
separation, we define two index sets IL, IC:

IL := {k ∈ {1, . . . , N} | Rk ≥ RT } and IC := {k ∈ {1, . . . , N} | Rk < RT } .

Using these definitions, ΛL and ΛC can be represented as follows:

ΛL :=
⋃

k∈IL
Λk and ΛC :=

⋃

k∈IC
Λk.

The surface of the capillaries is given by ΓC :=
⋃
k∈IC Γk. Finally, to each node

of the graph a pressure value is assigned. The computation of the pressure values
corresponding to the interior nodes is outlined in section 3.3, while at the boundary
nodes the pressure values are prescribed from the given data set (see section 2).

3.1. Fully discrete 3D–1D model. With respect to the surrounding tissue,
we assume that it can be considered as a porous medium with an isotropic scalar
permeability Kt

[
m2
]

[24]. In order to model the flow in a porous medium, one can
use the Darcy equation to obtain a pressure field [1, 20].

Within the 1D network Λ, we assume that the flow is described by the Hagen–
Poiseuille law with a mass balance equation. Differentiation over the branches is
defined using the tangent unit vector as dw/dsk = ∇w·λk on Λk; i.e., d/dsk represents
the projection of ∇ along λk. The governing flow equations for the whole network
Λ are obtained by summing the governing equation over the index k and introducing
the global variable s. Furthermore, we assume that the mass transfer from the vessel
into the tissue matrix and vice versa occurs across the membrane ΓC of the capillaries
according to Starling’s filtration law [28, 45]. Following the approach presented in
[26], these exchange processes are accounted for by a Dirac measure δΓC in the source
term of the 3D tissue problem:

(3.1)





−∇ ·
(
ρint

Kt

µint
∇pt

)
= Lcapρint

(
pv − pt − (πp − πint)

)
δΓC

in Ω,

− d

ds

(
ρblπR

2Kv

µbl

dpv

ds

)
= 2πRLcapρint

(
pt − pv + (πp − πint)

)
in Λ,

ρint
Kt

µint
∇pt · n = 0 on ∂Ω,

pv = pv
D on ∂Λ.
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For each edge Λk and its lateral surface Γk and f ∈ L2(Γk), we indicate with fδΓk

the linear operator in C(Ω) defined by

〈fδΓk
, φ〉 =

∫

Λk

∫

∂B(sk,Rk)

fφ dS dsk ∀φ ∈ C∞0 (Ω), k ∈ IC.

The symbol ∂B(sk, Rk) denotes the circle with center in Λk(sk) and perpendicular to
λk. The variable pv denotes the pressure in the network and pt the pressure in the
tissue. The term pt(sk) in (3.1) represents the average value of pt with respect to the
circle ∂B(sk, Rk):

(3.2) pt(sk) =
1

2πRk

∫ 2π

0

pt (Λk (sk) +RknΛk
(sk, θ))Rk dθ, k ∈ IC.

πp and πint represent the oncotic pressures of the plasma and the interstitial fluid, re-
spectively. According to [27], these values are assumed to be constant. The hydraulic
conductivity Lcap [m/(Pa · s)] of the membrane is assumed to be constant for the
segments Λk, k ∈ IC. The radius R [m] and the permeability Kv

[
m2
]

are defined
for each segment Λk as

(3.3) R|Λk
= Rk and Kv|Λk

=
R2
k

8
.

The viscosity µbl [Pa · s] of blood is computed according to (2.1), while µint [Pa · s]
represents the viscosity of interstitial fluid. ρint

[
kg/m3

]
and ρbl

[
kg/m3

]
are the

densities of the interstitial fluid and of blood, respectively. pv
D [Pa] are the boundary

data, obtained from the data set previously described in section 2. On the boundary
of the tissue continuum ∂Ω ⊆ ∂Ωt \ ΓC, we set homogeneous Neumann boundary
conditions. Due to the fact that we have no boundary data available, homogeneous
Neumann boundary conditions have been chosen. However, if measurements or other
data become available, this boundary condition can easily be replaced.

Alternative 3D–1D PDE systems simulating flow in microvascular networks can
be found in [8, 9]. The difference from the presented coupling approach is that in
the source term of the tissue problem, the Dirac measure is concentrated on the
midlines of the vascular system. As a result, singularities along the network midlines
are introduced in the 3D pressure field [25, 19]. Moreover, there are no estimates for
the modeling errors arising from this type of coupling concept. In [26] we proved for
a two-dimensional (2D) model problem that the coupling approach in (3.1) causes a
small modeling error if the radii of the network are small compared to the considered
tissue matrix. Furthermore, the pressure field in the 3D tissue matrix does not exhibit
any singularities but exhibits only kinks at vessel surfaces.

3.2. Hybrid 3D–1D model. Considering the microvascular network in Figure
1, it can be seen that it consists of venules and arterioles and a large number of small
capillary vessels forming a dense structure. Due to that, we consider the capillaries
as a 3D porous medium, while the venules and arterioles are still considered as 1D
vessel systems. This approach has the clear advantage that it does not require a high-
resolution description of the microvascular network under consideration and that it
preserves the hierarchy of the larger vessels. All in all, there are now two coupled 3D
continua in Ω, one for the capillary bed and another one for the tissue. This means
that the hybrid 3D–1D model is a double-3D continuum model contrary to the fully
discrete model, which is a single-3D continuum model. As for the tissue, the flow
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Fig. 2. Subdivision of the capillaries ΛC into eight REVs.

in the homogenized capillaries can be described using Darcy’s law, and we pose the
following problem for the corresponding unknown pcap:

(3.4)




−∇ ·

(
ρbl

Kup

µup
bl

∇pcap

)
= qcap in Ω,

pcap = pcap
D on ∂Ω.

Kup is the corresponding permeability tensor, µup
bl is an averaged viscosity, qcap in-

dicates the source term, and pcap
D denotes the Dirichlet boundary condition. These

terms and parameters are described in the following.
Computing the tensorKup and the averaged viscosity µup

bl . Let us assume
that the domain Ω can be decomposed into representative elementary volumes (REVs)
[20], that is,

(3.5) Ω =

NREV⋃

j=1

REVj ,

where NREV is the total number of REVs. Furthermore, we assume that each REVj ⊂
Ω is a rectangular cuboid, as depicted in Figure 2. With respect to REVj , the viscosity
µup

bl is defined as follows:

µup
bl (x) = µup

bl,j if x ∈ REVj , where µup
bl,j =

1

|IC,j |
∑

k∈IC,j

µbl (2 ·Rk/µm) .

The viscosity µbl is given by (2.1), and the set IC,j is defined as follows:

IC,j = {k ∈ IC | Λk ∩ REVj 6= ∅} .

Now, we determine the tensor Kup which represents the permeability of the homog-
enized capillary bed. In [12], the authors computed full permeability tensors for
periodic cells based on computer-generated capillary networks, whose properties sta-
tistically match measurements in brain tissue. The off-diagonal entries were found to
be on average two orders of magnitude smaller than the diagonal terms [12, Table 2].
Following this observation, we make the following simplifying assumptions for Kup:
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(i) The permeability tensor Kup is constant on each REVj :

Kup(x) = K(j)
up , if x ∈ REVj .

(ii) The permeability tensor K
(j)
up is diagonal:

K(j)
up =



k

(j)
x 0 0

0 k
(j)
y 0

0 0 k
(j)
z


 ,

with k
(j)
x , k

(j)
y , k

(j)
z > 0.

In order to determine the components of the permeability tensor K
(j)
up , we apply the

upscaling strategy presented in [40] which we briefly describe in the following. For
simplicity, we restrict ourselves to the computation of the permeability component

k
(j)
x . The other permeability components k

(j)
y and k

(j)
z can be computed in an anal-

ogous way. As a first step in computing this quantity, we apply a no-flow boundary
condition to all the facets of the REVj whose face normals are not aligned with the

x-axis (see Figure 3). The remaining facets are denoted by F
(j)
in,x and F

(j)
out,x. Between

these facets a pressure gradient is applied by imposing a pressure pin,x on F
(j)
in,x and

a pressure pout,x on F
(j)
out,x, where pin,x > pout,x. This results in a volume flux from

F
(j)
in,x to F

(j)
out,x. Using the vascular graph model (VGM) described in subsection 3.3,

we compute the pressure field in

ΛC,j =
⋃

k∈IC,j

Λk.

By means of this pressure field, the volume flux V F
(j)
out,x through F

(i)
out,x is computed

as follows:

V F
(j)
out,x =

∑

xk∈ΛC,j∩F (j)
out,x

πR2
kKv (sk)

µbl
· ∂p

v

∂s
(sk) ,

where xk = Λk (sk) for k ∈ IC,j . Based on V F
(j)
out,x, the permeability component k

(j)
x

is approximated as follows:

(3.6) k(j)
x ≈

V F
(j)
out,x · µup

bl,j · L
(j)
x

L
(j)
y · L(j)

z · (pin,x − pout,x)
.

L
(j)
x , L

(j)
y , and L

(j)
z are the edge lengths of REVj in the x-, y-, and z-directions,

respectively. An open issue in this context is the choice of the REV size. In order to
clarify this issue, we refer to subsection 4.2, in which the admissible size of the REVs
is determined numerically.

Computing the boundary conditions pcapD . For the computation of the bound-
ary data pcap

D , we consider the REVj that are adjacent to the boundary ∂Ω, i.e.,
REVj ∩∂Ω 6= ∅. The six facets of an REVj are denoted by F1j , . . . , F6j . For each Fij

with Fij ⊂ ∂Ω, we compute an averaged boundary value p
(ij)
D . This is done by averag-

ing all the pressure values pk that are assigned to the boundary nodes xk ∈ ∂ΛC and
whose distance to the face Fij is smaller than a small parameter εd > 0 (see Figure
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Fig. 3. Homogenization of a capillary network contained in an REVj . On the facets F
(j)
in,x

and F
(j)
out,x whose normals are aligned with the x-axis, we apply pressures pin,x and pout,x, while on

the other facets a no-flow condition is imposed. Computing the flux between F
(j)
in,x and F

(j)
out,x, the

permeability component k
(j)
x can be estimated.

4): dist (Fij ,xk) < εd. For the rest of the paper, we set εd = 10−8 m. Assuming
that Nij nodes are fulfilling these conditions, we compute the averaged pressure by
an arithmetic mean:

p
(ij)
D =

1

Nij

Nij∑

k=1

pk.

In order to obtain a smooth function for the boundary values pcap
D , we assign the

pressure values p
(ij)
D to the centers of the faces Fij and construct a linear interpolant

pcap
D on ∂Ω based on the described setup by means of the function interpolate from

the package PDELab of Dune [4].

Fig. 4. The figure shows a 2D layout parallel to the x-y plane of an REVj that is located at an
edge of the domain Ω. At the top of the figure, the discrete capillary network contained in REVj is

shown, while in the bottom part of the figure, the homogenized system with the tensor K
(j)
up and the

averaged boundary pressures p
(2j)
D and p

(3j)
D can be seen.

Computing the source term qcap. The source term qcap in (3.4) can be split
into a component qcap

v accounting for the impact of the larger vessels and a component
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qcap
t incorporating the influence of the surrounding tissue:

(3.7) qcap = qcap
v + qcap

t .

Let xk be a node at the boundary of the subset ΛL and in the interior of the domain Ω,
i.e., xk ∈ ∂ΛL∩Ω. Furthermore, we assume that xk ∈ Λk ∩REVj for an index k ∈ IL
and an index j ∈ {1, . . . , NREV}. This means there exists an sk such that xk = Λk(sk).
Then the flux occurring between the edge Λk and the capillary continuum is given by

(3.8) ρbl
πR2

kKv (sk)

µbl
· ∂p

v

∂s
(sk) = αcap

v (Λk,REVj)
(
pcap

(j) − pv (sk)
)
,

where the factor αcap
v and the averaged pressure pcap

(j) are defined as follows:

(3.9) αcap
v (Λk,REVj) = ρbl ·

πR2
kK

(j)
v

µup
bl `

(kj)
c

and pcap
(j) =

1

|REVj |

∫

REVj

pcap (x) dx.

The coefficient K
(j)
v represents the permeability of the capillaries connected to the

coupling point xk. The parameter `
(kj)
c [m] indicates the average length of the blood

flow paths that begin at xk and are contained in REVj which is not known a priori
and has to be estimated. Therefore, we set

(3.10)
K

(j)
v

`
(kj)
c

= α
K

(j)
v

Lj
,

where Lj is the smallest edge length of the REVj , and K
(j)
v denotes the arithmetic

average of the permeabilities (3.3) of the capillaries contained in the REVj . A numer-
ical study to determine the optimal value of the parameter α ∈ (0, 1) (with respect
to the fluxes within the system) for the problem under consideration is postponed
to subsection 4.3. Considering the right-hand side of (3.8), one has to note that the
term

pcap
(j) − pv (sk)

`
(kj)
c

represents a finite difference approximation of a pressure gradient at an outlet of the
larger vessels. According to the REV concept in porous media theory [1, 20], one
can assign to each REV an averaged pressure pcap

(j) , which stands for the pressure field

in the REVj . The finite difference above can be considered as an approximation of
the pressure gradient between an outlet of ΛL and the homogenized capillary bed in
REVj . Using (3.8), the source term qcap

v is computed for x ∈ REVj by

(3.11) qcap
v (x) =

∑

xk∈∂ΛL∩REVj

αcap
v (Λk,REVj)

|REVj |
(
pv (sk)− pcap

(j)

)
,

such that the model is mass conservative.
Computing the source term qcapt . As in the case of the fully discrete 3D–

1D model, the tissue is considered a porous structure. The main difference from the
capillaries is that we assume an isotropic permeability Kt for the tissue. Furthermore,
the interstitial fluid is assumed to have a constant viscosity µint. By means of Darcy’s
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law, the pressure pt can be computed by

(3.12)





−∇ ·
(
ρint

Kt

µint
∇pt

)
= −qcap

t in Ω,

ρint
Kt

µint
∇pt · n = 0 on ∂Ω.

It remains to specify the source term qcap
t modeling the fluid transfer between the

capillary bed and the intracellular space. For this purpose, we use as in (3.1) Starling’s
filtration law with respect to the vessel surface area Sj that is contained in an REVj :

Sj =
∑

k∈IC,j

∣∣∣Λ̃k
∣∣∣R2

kπ,

where Λ̃k ⊆ Λk such that Λk ∩ REVj = Λ̃k. Using this parameter, qcap
t is given by

(3.13) qcap
t (x) =

ρint · Sj · Lcap

|REVj |
(
pt (x)− pcap (x) + (πp − πint)

)
, x ∈ REVj .

Summary of the equations governing the hybrid model. Summarizing
all the previous considerations, the hybrid (double-continuum) 3D–3D–1D model is
governed by the following equations:

• Large vessels (1D discrete network):

(3.14)





− ∂

∂s

(
ρbl · πR2Kv

µbl

∂pv

∂s

)
= 0 in ΛL,

pv = pv
D on ∂ΛL ∩ ∂Ω,

flux term in (3.8) on ∂ΛL ∩ Ω.

• Capillary bed (3D porous medium):

(3.15)




−∇ ·

(
ρbl

Kup

µup
bl

∇pcap

)
= qcap

v + qcap
t in Ω,

pcap = pcap
D on ∂Ω.

• Tissue (3D porous medium):

(3.16)





−∇ ·
(
ρint

Kt

µint
∇pt

)
= −qcap

t in Ω,

ρint
Kt

µint
∇pt · n = 0 on ∂Ω.

The coupling term qcap
v is given by (3.11) and describes the interactions between the

extracted network ΛL and the homogenized capillaries. The other coupling term qcap
t

is defined by (3.13) and stands for the exchange between tissue and homogenized
capillaries.

3.3. Numerical discretizations. Next, we briefly describe a numerical scheme
that is used to solve the model equations (3.1) and (3.14)–(3.16). The elliptic PDEs
governing the flow within the tissue or the upscaled capillaries are solved numerically
by means of a standard cell-centered finite volume method [20], where the numerical
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fluxes across the cell surfaces are approximated by the two-point flux method. The
choice of this method is motivated by its intrinsic local mass conservation, and by the
fact that we can work with uniform hexahedral meshes.

For the numerical solutions of the network equations in both modeling approaches
(3.1) and (3.14), we employ the VGM [14, 34, 40]. Thereby, we approximate the
pressure values at the grid nodes xk discretizing the network structures. Around each
grid node a control volume CVk is placed such that the grid node is in the center of
the control volume (see Figure 5). In the next step, the fluxes Fkj and F tk across the
surfaces of the control volume are computed and summed up such that the sum of
the fluxes is equal to zero:

(3.17)
∑

j∈N (xk)

Fkj − F tk = 0, Fkj =
ρbl · πR4

k

8µbl |xj − xk|
·
(
pv (xj)− pv (xk)

)
,

where Rk is the radius of the edge linking xk and xj . N (xk) denotes the set of indices
that share the edge Λk with the point xk.

When solving the fully discrete model (3.1), because the walls of the smaller
vessels (capillaries) are permeable, a flux across the vessel walls has to be considered,
too. This is done by computing an averaged pressure in the tissue with respect to
the part of the vessel wall touching the control volume; see Figure 5. Then, this
pressure value is compared to the network pressure associated with the grid node xk
to determine the flux across the vessel wall:

F t
k = 2πLcap · ρint


 ∑

j∈E(xk)

Rj

∫

CVk∩Λj

I (pv)− pt − (πp − πint) dS


 .

E(xk) is the index set for the edges containing the grid node xk. I (pv) is a linear
interpolant for the pressure field pv, whose shape on each edge is determined by the
two pressure values of the edge. By this, we obtain for each grid node a mass balance
equation. Summarizing these equations, we obtain a system of equations for the
pressure values at the grid nodes.

The reason we consider a different discretization for the network is the treatment
of bifurcations or junctions in the network. Within the VGM approach, a grid node
is placed directly at a bifurcation, and the mass balance equation (3.17) can easily

xj1
xk xj2

CVk

Fk,j1
Fk,j2

Λi2
Λi1

Fig. 5. Representation of the numerical fluxes through the surface of the control volume CVk
with center in xk. The point shares the edges Λi1 and Λi2 with the nodes xj1 and xj2 of the network,
respectively.
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be established. Applying the cell-centered finite volume method, one cannot place
a degree of freedom directly at a bifurcation, and therefore the fluxes through the
bifurcation point have to be computed. Since the radii of the branches and the main
vessel may be different, the computation of the fluxes requires a careful computation
of the numerical transmissibility coefficients in (3.17). Finally, the continuity of the
pressure at a bifurcation is guaranteed using the VGM.

All in all the numerical treatment of the PDEs together with the boundary con-
ditions, source terms, and coupling conditions yields for each model a sparse linear
system of equations. Each block of the system matrix is the discrete representative of
an elliptic differential operator or a coupling term, whereas the contributions of the
oncotic pressures and the boundary conditions are incorporated into the right-hand
side of the system of equations. For the numerical solution of the linear equation
system a block AMG preconditioner is applied. The preconditioned system is then
solved by a stabilized biconjugate gradient method. This solver was realized using the
generic interface of the ISTL library of DUNE and its AMG implementation [2, 3].

4. Numerical tests. In this section, we test the numerical models presented
in section 3 using the data set described in section 2. Thereby, by means of the
fully discrete 3D–1D model (3.1), a reference solution is computed for the hybrid
model (3.14)–(3.16). The results obtained by both approaches are compared with
respect to mass fluxes and averaged REV pressures. The flow is driven by the bound-
ary conditions, as described in sections 3.1 and 3.2. In particular, no-flow boundary
conditions are posed for the flow in the tissue, while prescribed Dirichlet values are
considered for the network (see section 2). In Table 1, the model parameters for the
numerical simulations are summarized. The motivation for the choice of RT = 7 µm
is given in subsection 4.1, while the number NREV in (3.5) for the hybrid model is
discussed in subsection 4.2. Subsections 4.3 and 4.4 contain the numerical results for
the mass fluxes and the averaged REV pressures, respectively. Finally, in subsection
4.5, the influence of different boundary conditions is discussed.

Table 1
Values of the parameters used for the numerical experiments.

Discharge hematocrit H 0.45
Tissue permeability Kt 10−18 m2

Interstitial fluid viscosity µint 1.3 · 10−3 Pa · s
Plasma viscosity µp 1.0 · 10−3 Pa · s

Blood density ρbl 1030 kg/m3

Interstitial fluid density ρint 1000 kg/m3

Plasma oncotic pressure πp 3300 Pa
Interstitial oncotic pressure πint 666 Pa

Capillary wall hydraulic conductivity Lcap 10−12 m/(Pa · s)
Threshold large vessels/capillaries RT 7 µm

4.1. Justification of the threshold RT. In this subsection, we motivate the
choice of the threshold RT = 7 µm that we employ to separate the larger vessels from
the capillaries. Let us consider the whole vessel system Λ as depicted in Figure 1,
at the top. For each segment Λk, we calculate the blood velocity vk, where we set a
constant pressure gradient of δp at the vertices:

vk =
R2
k

8.0µbl,k
· δp|Λk|

,
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where µbl,k is the viscosity of the blood according to (2.1). The distribution of the
velocities is reported in Figure 6, on the left, for the case δp = 1.0 Pa. Choosing
the threshold RT to 7.0 µm, we obtain that the average velocity in the set ΛC is
approximately 60 times smaller than the average velocity in the set ΛL. Furthermore,
the set ΛC consists of 14918 vessels, while only 337 vessels are contained in the set
ΛL. Despite the low number of larger vessels, the chosen threshold still allows us to
capture the main geometry of the vessel system, as depicted in Figure 6, on the right.
In fact, choosing a larger threshold such as RT = 18.0 µm would drastically reduce the
number of larger vessels, yielding a network that provides only restricted information
about the geometry of the original system. On the other hand, choosing a smaller
threshold would incorporate too many vessels in the size of capillaries. Considering
the morphological values listed in [13, Table 1], we can observe that the choice of
our threshold is close to the lower bound of the diameter range for the arterioles.
Motivated by these considerations, we fixed the threshold to 7.0 µm.
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Fig. 6. On the left, the blood velocity for each vessel in the system Λ is shown, where each
segment is subject to a 1.0 Pa pressure difference. Setting the threshold to RT = 7.0 µm yields
14918 vessels in the set ΛC with an average velocity of 0.00714 mm/s, and 337 vessels in the set ΛL

with an average velocity of 0.41533 mm/s. On the right, the system ΛL is depicted for the threshold
RT = 7.0 µm. The network ΛL for the threshold RT = 18.0 µm is marked in green.

4.2. Homogenization of the capillary bed. In order to determine the ad-
missible REV sizes for the approximation of the permeability tensor, we perform the
following test: A single control volume, initially of size 12× 12× 24 µm, is positioned
in the center (0.00056831, 0.00056831, 0.00113662) of the domain Ω and then enlarged
in each space direction approximately by 4.0 µm in the x- and y-directions and by
8.0 µm in the z-direction. For each one of these control volumes, the values of the
intrinsic permeability are determined using (3.6) and suitable adaptations for the y-
and z-directions. In addition to that, we compute the blood volume fraction, which
is defined as the ratio between the volume of the capillary network contained in the
control volume under consideration and the volume of the control volume itself. The
test is performed starting from the center of Ω, because this position allows for a
larger margin of growth of the control volume. The numerical results confirm the ex-
pected oscillating behavior of the intrinsic permeability that typically occurs when the
size of the control volume is too small (Figure 7, left). The permeabilities appear to
reach stable values if the edges of the control volume are greater than approximately
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500.0 µm (in the x- and y-directions). Therefore, we can assert that the control vol-
ume with half the dimensions of the domain (568.31 × 568.31 × 1081.503 µm) and
collocated in the center of Ω can be assumed to be an REV. A further argument to
support this statement can be derived considering the blood volume fraction of the
capillary continuum. As depicted in Figure 7 on the right, the blood volume fraction
seems to stabilize around the value 1.16% if the length of the control volume is larger
than approximately 400.0 µm. However, collocating a single REV in the center of the
domain with half the size of Ω is not enough, since the entire capillary network has to
be homogenized. On the other hand, having a single REV covering the entire domain
would mean that the heterogeneity of the capillary system is not considered. In fact,
observing Figure 9 (top left), we can notice that in the upper part of the system,
the capillaries are mainly aligned with the z-direction, while in the bottom part, the
main directions are the x- and y-directions. These orientations are consistent with the
structure of the larger vessels, as reported in Figure 1, on the bottom right. To this
end, we subdivide the domain into 2×2×2 control volumes, each having half the size
of the domain, as the central REV from the previous test. The centers of these con-
trol volumes and their corresponding numeration are reported in Table 3. To assert
that these eight control volumes are REVs as well, we observe in Figure 8 that the
radii distribution of the capillaries contained in each control volume is similar to that
of the central REV from the previous test. Furthermore, mean radii and standard
deviations are similar as well. Supported by these observations, we can assume that
the eight control volumes considered are REVs and that the permeabilities reported
in Figure 9 are representative.

4.3. Comparison of the mass fluxes. A comparison between the two numer-
ical models is provided in terms of the mass fluxes across different boundaries and
interfaces. For the 1D systems in both the fully discrete network and the reduced
network, the mass flux MF through a boundary node xk = Λk(sk) ∈ ∂Λ ∩ ∂Ω is
computed as in (3.17).
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Fig. 7. On the left, the upscaled permeability is computed in the case where a single control
volume is positioned in the center of the domain Ω. The dimensions of the control volume are
enlarged by approximately 4 × 4 × 8 µm in each step until the control volume fills the entire domain
Ω. The length of the control volume in the plot has to be doubled to obtain the actual size of the
control volume in the z-direction. After an oscillating transition zone, each permeability stabilizes
around a fixed value. On the right, the blood volume fraction of the corresponding control volume is
reported.
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Fig. 8. Histograms of the radii distributions of the capillaries contained in each control volume.
The numeration is given according to Table 3. For each CV, the mean value avg(R) of the radii
and the standard deviation std(R) are provided. In the last histogram, the radii distribution of the
capillaries contained in the REV with the same center as the domain Ω and same dimensions as
the other control volumes is reported.

The inflow MFin through the boundary point xk is defined as

MFin(xk) =

{
MF (xk) if MF (xk) > 0,

0 otherwise.

In a similar way, we can define the mass flux out of the domain:

MFout(xk) =

{
|MF (xk)| if MF (xk) < 0,

0 otherwise.

Having this notation at hand, we define the total inflowMFLV,in and outflowMFLV,out

through the large vessels as

MFLV,in =
∑

xk∈∂ΛL∩∂Ω

MFin(xk) and MFLV,out =
∑

xk∈∂ΛL∩∂Ω

MFout(xk).

For the hybrid approach, the mass fluxes through the boundary ∂Ω of the capillary
continuum have to be interpreted as single quantities for each boundary REV. Let us
assume that the REVj shares at least one side with the boundary of the domain, that
is, ∂REVj ∩ ∂Ω 6= ∅. In this work, we employ the following definition for the net flux
NF with respect to the REVj :

NF (REVj) = ρbl

∫

∂REVj∩∂Ω

K
(j)
up

µup
bl,j

· ∇pcap
(j) · n dS,

where n denotes the outward unit normal vector to the boundary. Numerically, the
gradient ∇pcap

(j) is calculated by the standard two-point flux approximation for a cell-

centered finite volume method. Analogously as for the 1D fluxes, we define the inflow
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Fig. 9. Permeability tensors Kup in the case of 2×2×2 REVs. The heterogeneous distribution
of the capillaries from Figure 1 is therefore incorporated, in the sense that in the lower part of the
domain, the flow occurs mainly in the xy-plane, while it is on the top in the z-direction.

NFin through the REVj as

(4.1) NFin(REVj) =

{
NF (REVj) if NF (REVj) > 0,

0 otherwise,

and the outflow as

(4.2) NFout(REVj) =

{
|NF (REVj)| if NF (REVj) < 0,

0 otherwise.
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Therefore, the total net fluxes for the capillary continuum are given by

(4.3) MFHY
cap,in =

NREV∑

j=1

NFin(REVj) and MFHY
cap,out =

NREV∑

j=1

NFout(REVj).

For a suitable comparison of the fluxes, the fluxes through the capillaries in the fully
discrete method have to be averaged in the same sense as for the hybrid approach.
Therefore, we can similarly define the net flux NFcap for the REVj as the sum of the
fluxes through the boundary capillaries; namely,

NFcap(REVj) =
∑

xk∈∂ΛC∩∂REVj∩∂Ω

MF (xk).

Then, the inflow NFcap,in and outflow NFcap,out through the REVj can be defined
analogously to (4.1) and (4.2). The total inflow MFFD

cap,in and outflow MFFD
cap,out

through the capillaries for the fully discrete model can be defined similarly to (4.3).
The mass fluxes between capillaries and tissue are denoted by MFFD

cap,t for the fully

discrete model and by MFHY
cap,t for the hybrid model. Again, we compute only net

fluxes for each REV following a procedure similar to that for the blood fluxes described
above. In case of the hybrid model, we compute the net flux in an REVj by

NFHY
cap,t (REVj) =

ρintLcapSj
|REVj |

∫

REVj

(
pt (x)− pcap (x)

)
− (πp − πint) dx.

Defining the net inflow flux NFHY,in
cap,t (REVj) and outflow flux NFHY,out

cap,t (REVj) as
in the previous cases, the total inflow is given by

(4.4) MFHY,in
cap,t =

NREV∑

j=1

NFHY,in
cap,t (REVj),

and the total outflow is calculated as the sum of the net outflows.
For the fully discrete model, we compute the net flow in REVj as follows:

NFFD
cap,t (REVj) = ρint · 2πLcap

∑

k∈ΛC,j

Rk

∫

Λk

(
pt − pv

)
− (πp − πint) dS.

As in this case of the hybrid model, the total inflow is given as in (4.4). Having these
definitions at hand, we first compute the mass fluxes for the fully discrete model.
Using these values, we determine the values of the parameter α in (3.10) such that
the following objective functions are minimized:

f1(α) =

√∑

β

∑

γ

1

2

(
MFHY

β,γ −MFFD
β,γ

)2

for β ∈ {LV, cap} and γ ∈ {in, out}, and

f2(α) =

√
1

2

(
MFHY

LV,in −MFFD
LV,in

)2

.

The results obtained with the hybrid model strongly depend on the value of α in
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(3.10), as we can deduce from Figure 10, where both objective functions f1 and f2

are plotted with respect to the parameter α. For the objective function f2, it is
easy to identify the minimum at α = 0.4, while for f1 the minimum is attained at
α = 0.46. The choice between these two values of α is made comparing the fluxes
listed in Table 2, where we report the fluxes obtained on the finest level for both
the fully discrete (FD) and the hybrid (HY) models (details to the mesh refinements
are postponed to section 4.4). The results for the latter model are provided for
α ∈ {0.2, 0.4, 0.46, 0.9}. We can observe a good agreement between the hybrid and the
fully discrete models, in particular with respect to the inflow due to the larger vessels,
if α = 0.4 is chosen. The major differences in the fluxes consist in the contributions of
the homogenized capillaries. In fact, using the hybrid model, the mass fluxes into the
capillary continuum and out of the capillary continuum are significantly overestimated
compared to those of the fully discrete model. On the other hand, choosing α = 0.46
yields an overall better agreement with the fully discrete model because all four fluxes
are optimized at the same time, but not a single quantity is as well approximated as
for α = 0.4. Moreover, due to the fact that in a small neighborhood of the minimum,
the function f1 is relatively flat, the difference between |f1(0.4)− f1(0.46)| is about
0.141 µg/s. For completeness, we report the fluxes for α = 0.2 and α = 0.9 as well as
show by how much these results differ from the solution of the fully discrete model.
Therefore, for the rest of the paper, we proceed by comparing the fully discrete model
with the hybrid model, where we fixed α = 0.4 in (3.10).

Finally, to validate the numerical discretization of the hybrid model, we report
in Figure 11 the numerical mass fluxes, where each plot of the flux is calculated with
respect to the mesh refinement. It can be seen that for all the quantities reported,
the curves plotted are approaching asymptotic values, as the mesh is refined. This
behavior demonstrates that the mass fluxes obtained at the finest level and reported
in Table 2 are representative for the hybrid model.

4.4. Comparison of the REV pressures. After comparing the mass fluxes
obtained by the two modeling approaches, we proceed with the comparison of the REV
pressures within the tissue and the capillary bed. For the hybrid model, the averaged
pressure pcap

(j),HY in the capillaries for the REVj is given by the definition (3.9), while
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Fig. 10. Graphs of the objective functions f1 and f2. For f1, the minimum is reached at
α = 0.46, while, for f2, it can be seen at first glance that the minimum is attained at α = 0.4.
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Table 2
Mass fluxes at the boundaries and interfaces of the vascular system. All the fluxes that are

presented in this table are given in µg/s. For the hybrid method, the fluxes reported are obtained
for different α.

Large vessels Capillary bed Tissue

Method MFLV,in MFLV,out MFcap,in MFcap,out MFcap,t

FD 9.80161 10.4964 1.30573 0.61093 2.54991 · 10−3

HYα=0.4 9.79829 7.80573 2.04311 4.03567 1.10565 · 10−3

HYα=0.46 8.89951 7.14353 1.87204 3.62801 1.04549 · 10−3

HYα=0.2 16.9280 13.2730 2.86975 6.52477 1.48711 · 10−3

HYα=0.9 5.87650 4.95714 1.17063 2.08998 0.78677 · 10−3
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Fig. 11. Behavior of the mass fluxes for the hybrid approach with respect to the number of
degrees of freedom. At the top, the fluxes at the boundaries of the capillaries and of the large vessels
are reported. At the bottom, the total net flux from the capillary bed into the tissue for the hybrid
approach is presented.

the average pressure in the tissue is defined as

(4.5) pt
(j),HY =

1

|REVj |

∫

REVj

pt (x) dx.

In case of the fully discrete model, we again use (4.5) to determine the REV pressure
within the tissue and label this value by pt

(j),FD. The REV pressure for the capillaries



22 VIDOTTO, KOCH, KÖPPL, HELMIG, AND WOHLMUTH

with respect to an REVj is approximated by

pcap
(j),FD =

1

|ΛC,j |

∫

ΛC,j

pv (x) dx.

Furthermore, for the REVj we define the relative pressure error Ecap
r in the capillaries

and Et
r in the tissue as

Eβr (j) =

∣∣∣pβ(j),HY − p
β
(j),FD

∣∣∣
pβ(j),HY

, β ∈ {cap, t}.

The results obtained by means of the hybrid and fully discrete methods are reported
for each REV in Table 3, together with the numeration in the mesh and the center
of each REV. The average difference between the pressures obtained with the hybrid
method and the fully discrete method is given by approximately 537.08 Pa (corre-
sponding to 4.03 mmHg) for the capillaries, while the average difference within the
tissue is given by approximately 316.27 Pa (corresponding to 2.37 mmHg). These
values yield an average relative error of the pressures between the hybrid model and
the fully discrete model of approximately Ecap

r = 11.37% in the capillaries and of
Et

r = 13.97% in the tissue.

Table 3
Averaged REV-pressures in the capillaries and in the tissue.

REV pcap
(j)

[Pa] pt
(j)

[Pa]

j Center [mm] HY FD Ecap
r HY FD Et

r

1 (0.284, 0.284, 0.542) 5107.77 4535.61 11.20% 2400.12 1972.80 17.80%
2 (0.852, 0.284, 0.542) 5217.07 4704.37 9.83% 2465.14 2027.71 17.74%
3 (0.284, 0.852, 0.542) 5002.77 4658.86 6.87% 2325.75 1961.99 15.64%
4 (0.852, 0.852, 0.542) 5041.25 4447.64 11.77% 2392.00 1939.18 18.93%
5 (0.284, 0.284, 1.623) 4843.99 5465.34 12.83% 2156.06 2469.00 14.51%
6 (0.852, 0.284, 1.623) 5041.86 5425.96 7.62% 2295.94 2440.22 6.28%
7 (0.284, 0.852, 1.623) 3789.44 4637.19 22.37% 1847.50 2192.57 18.68%
8 (0.852, 0.852, 1.623) 4960.14 4539.09 8.49% 2178.97 2132.44 2.14%

Finally, in Table 4 we report the average relative errors Ecap
r and Et

r of the hybrid
model with mesh refinement. These errors are calculated with respect to the REV
pressures obtained by the fully discrete model on the finest mesh, i.e., the values
reported in Table 3 in the corresponding columns. Table 4 suggests that the errors

Eβr converge to a fixed value. The remaining error can be considered as the modeling
error arising from the homogenization.

If we calculate the solution of the hybrid model on the mesh with 16 × 16 × 16
elements in both the capillaries and tissue for a total of 8538 degrees of freedom, we
obtain that the average relative errors differ by less than 1% from the average relative
errors on the finest mesh. In this situation, we can assert that the modeling error
dominates the discretization error, and thus the obtained pressures can be considered
as representative for the hybrid model. On the other hand, the relative error for the
pressure in the fully discrete model is already less than 1% on the coarsest mesh,
where the elements coincide with the REVs. However, in this case the linear system
still has 12995 degrees of freedom in the network and 8 in the tissue. Therefore,
compared with the fully discrete model, a smaller linear system can be solved to
obtain representative values for the fluxes and pressures in the hybrid model. This
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reduction in the number of degrees of freedom is expected to become more sensible if
a larger system is considered.

Table 4
Averaged relative errors of the REV-pressures in the capillaries and in the tissue with respect

to the degrees of freedom (dofs).

dofs Ecap
r Et

r

362 16.20% 22.30%
474 14.15% 17.70%
1370 12.71% 15.51%
8538 11.95% 14.56%
65882 11.58% 14.17%
524634 11.42% 14.02%
4194650 11.37% 13.97%

4.5. Sensitivity analysis of α for different boundary conditions. In this
section, we study the influence of the boundary conditions on the parameter α defined
in (3.10). Considering the results reported in Table 2, one can conclude that the
arterioles and venules significantly determine the pressure and velocity fields within
the microvascular system. Therefore, we vary the pressures at the boundary of these
vessels as follows. Let us denote by pa and pv the average boundary pressure of the
arterioles and of the venules, respectively. For the experiment setting considered here,
the difference

δ = |pv − pa|

amounts to approximately 5000 Pa (corresponding to 37.5 mmHg). For all

i ∈ {−10%, . . . ,−1%, 0%, 1%, . . . , 10%},

we add the pressure 1
2δ · i to each boundary node corresponding to an arteriole, while

at the venous boundary nodes, we subtract the same quantity. This yields a variation
in the average pressure difference by the fraction i of δ. For each new network, the
optimization process described in section 4.3 is conducted, and the resulting graphs
of the objective functions f1 and f2 have the same shape as in Figure 10. Following
the same strategy described above, only the optimal α for the objective function f2

is considered and reported in Table 5.
If the average pressure difference is reduced, the optimal α is subject to relatively

small variations. On the other hand, if δ becomes larger, the deviations from α = 0.4
become larger. However, as we can observe in Figure 10, a small deviation from
the optimal α yields a sensible difference in the flux MFLV,in. Therefore, a single α
cannot be determined in advance and used for other samples with different data; the
calibration of α has to be repeated for every new experimental setting.

5. Concluding remarks. In this work, we have presented a hybrid model for
simulating blood flow through networks at the level of microcirculation. The pre-
sented model is based on 1D flow models for the larger vessels and on homogenization
techniques for the capillaries and the tissue. Thereby, the capillaries and the tissue
are modeled as 3D coupled porous media resulting in a double 3D continua approach
for simulating flows within both systems. In order to validate the simulation results
obtained by our hybrid model, we have generated a reference solution by means of a
fully discrete 3D–1D coupled model. Here, the complete vascular network is resolved
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Table 5
Optimal α values for the cases in which the average pressure difference δ is varied by the

percentage i.

i [ % ] α

−10,−9 − 8 − 7,−6,−4,−3,−2 0.41
−5 0.42

−1, 0,+1 0.4
+2 0.38

+3,+4 0.39
+5,+6,+7 0.37
+8,+9,+10 0.36

by 1D flow models, and only the flow within the tissue is considered as a porous
medium flow.

For the comparison criteria between the two models, we have chosen mass fluxes
at the boundaries of the microvascular system and averaged pressures for each REV.
If the parameter α in (3.10) is chosen appropriately, our simulation results showed
that the fluxes at the inlets and outlets of the larger vessels obtained with our hybrid
model coincide in a satisfactory manner with the corresponding fluxes obtained solv-
ing the fully discrete model. On the other hand, the fluxes through the capillaries
are overestimated by the hybrid model. Furthermore, the net mass flux between the
tissue and the capillaries is approximately 2.3 times higher for the fully discrete model
than for the hybrid model. Regarding the averaged pressures for each REV, the sim-
ulations showed that the pressures obtained with the hybrid model differ, on average,
by approximately 4 mmHg in the capillaries and by approximately 2.37 mmHg in the
tissue from the solution of the fully discrete model. A more thorough comparison
with respect to the reduction of the computational cost will be the subject of future
work. For this purpose, a larger tissue sample should be examined. Additionally, we
investigated the influence of different boundary conditions on the optimal parameter
α. Despite the fact that α varies only slightly, the results suggest that it may be
necessary to calibrate α for every experimental setting to obtain accurate approxi-
mations of the mass fluxes provided by the fully discrete model. Similarly, in [43] a
parameter has to be optimized as well to model the flux between the different vessel
types. These observations suggest that, in the context of hybrid models for microvas-
culature, different unknown parameters occur whose value is not known a priori. As
a consequence, further investigations are required to improve the hybrid modeling
approach. In particular, it would be of great interest to determine whether a combi-
nation of such parameters exists that can be applied to different settings and provide
accurate results.

Considering other works regarding upscaling of capillary structures, such as [34],
we obtained comparable results. In [34], the authors obtained permeabilities in the
order of 10−14 m2, i.e., approximately 5 times larger values than those depicted in
Figure 9. However, having a closer look at the data, one can observe that in [34] the
radius of the capillaries is around 3 µm, while in our experiment the radius of the
capillaries ranges between 1.6 µm and 7 µm, which explains the difference. Regarding
the choice of the parameter RT, the threshold 7 µm is in good agreement with the
morphological values listed in [13, Table 1].

A limitation of our hybrid model consists in the determination of the parameter
α. In this paper, we employed the solution of the fully discrete model to tune the
parameter α in order to optimize certain fluxes. A way to make a more independent
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definition of α may involve a precise computation of the quantities K
(j)
v and `

(kj)
c

in (3.9). Furthermore, a better approximation of the permeabilities of the homoge-
nized system may be necessary, particularly if larger systems are considered. We also
point out that the hybrid model we presented allows one to compute only net fluxes.

A clear advantage of the hybrid model is the fact that only mesoscale data are
required to parametrize the model, whereas microscale data are necessary for fully
discrete models. This holds for boundary data as well as for model parameters.
Furthermore, we have provided tools to analyze homogenized models systematically
that can be used to verify other upscaling strategies.

Future work in this field might be concentrated on coupling the new hybrid model
for blood flow with transport models for therapeutic agents and other substances such
that cancer therapies like hyperthermia can be simulated. A further interesting issue
that could be studied by means of the hybrid model is enhancing existing flow models
for whole organs or part of organs such that the diagnosis techniques for clinical
applications can be improved.
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[25] T. Köppl, E. Vidotto, and B. Wohlmuth, A local error estimate for the Poisson equation
with a line source term, in Numerical Mathematics and Advanced Applications, ENU-
MATH 2015, Springer, New York, 2016, pp. 421–429.
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Part III

Simulation of fluid injection into porous
media
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The objective of the last part is the analysis of hysteresis models for injection processes of
fluids into a dry porous medium. Considering measurements obtained in context of water
infiltration into a dry sand column, different features can be observed, which can not be
explained by standard porous media equations. First of all, one notices that despite of the
fact that there are no external sources a water saturation overshoot can be seen, which is
increasing as the depth within the sandcolumn increases. Furthermore, it can be observed
that the overshoots have the shape of a plateau. In order to model these phenomena, the
standard equations for two-phase flow in porous media are extended by an ODE containing
a parameter τ > 0 to simulate the generation of saturation overshoots. In literature, this
equation is referred to as ”τ -term”. The formation of plateaus is modelled by introducing for
both the drainage and the imbibition process a main curve with respect to the permeabilities
and the capillary pressure. In experiments it can be seen that the transition between the
two processes is governed by curves called scanning curves. Thereby, one has to note that
their shapes depend on the place of their origin. In order to account for this transition
behaviour, hysteresis models are used. The following two chapters are concerned with the
issue how the saturation overshoots look like for a given set of parameters.

Chapter 8:

Stable propagation of saturation overshoots for two-phase flow in
porous media

In the first chapter of Part III, we use two different two-phase flow models to
investigate under which conditions a given saturation overshoot is stable or how it
behaves when it moves through the porous medium. In case of both models it is
assumed in a first step that the total velocity is constant in space and time. To
enforce a constant total velocity, we simplify the two phase flow equations by means
of this assumption to a fractional flow formulation. The other model is based on the
standard two-phase flow equations. Here, a constant total velocity is obtained by
choosing appropriate boundary conditions. Both models use cubic spline curves, in
order to descibe the transition between drainage and imbibition curves. By means
of the Rankine-Hugoniot conditions, we estimate the speed of the drainage and
imbibition fronts to obtain some insight into the behaviour of a given overshoot.
The analytical results are confirmed by several numerical tests. Finally, we use the
second model, to simulate further infiltration problems, neglecting the restriction
that the total velocity is constant in time.

Chapter 9:

Fronts in two-phase porous media flow problems: the effects of hys-
teresis and dynamic capillary

In the last chapter of this thesis, we derive as in the previous chapter a frac-
tional flow formulation of the two-phase flow model assuming again that the total
velocity is constant in space and time. Contrary to Chapter 8, we consider also the
τ -term to model the formation of saturation overshoots. The hysteresis model we
are using is not based on cubic splines, but the scanning curves are approximated
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by straight lines. This type of hysteresis model is also called ”playtype” hysteresis
model. In order to analyse the model, we transform the fractional flow formulation
into an ODE-system consisting of two equations. For this purpose, we use a
travelling wave ansatz. The resulting ODE-system is analysed by means of different
mathematical tools for dynamical systems, i.e., we identify the equilibrium points
of the system and decide whether they are stable or not. By this, it can be
determined whether two equilibrium points can be connected by a travelling wave or
a rarefied wave. The analytical results are supported by numerical simulation results.
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8 Stable propagation of saturation overshoots
for two-phase flow in porous media

Bibliographic note: The content of this chapter is based on the following original article:
M. Schneider, T. Köppl, R. Helmig, R. Steinle and R. Hilfer (2018): Stable Propagation of
Saturation Overshoots for Two-Phase Flow in Porous Media. Transport in Porous Media,
121(3), pages: 621-641, with courtesy of Springer Netherlands.
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1 Introduction

Flow processes in porous media involving two immiscible fluids can be found in different
industrial applications and subsurface hydrosystems (Dullien 1992). The movement of fluids
through filter systems or the infiltration of ink into paper, for example, can be described by
a two-phase flow model (Middendorf 2000). In the unsaturated part of a subsurface system,
the flow behavior of the water and air phase governs the transport of contaminants such
as pesticides or chemicals used within fracking processes (Boudet et al. 2014; Charbeneau
2000). Furthermore, the water uptake of root networks from the surrounding soil can be
modeled by a two-phase flow system (Schröder et al. 2012).

In order to get a better understanding of two-phase flow through porous media, several
experiments have been performed. Infiltration experiments on constant flux imbibition into
a dry porous medium have revealed that the water saturation exhibits a non-monotone and
fluctuating profile with an overshoot region (DiCarlo 2004; Kalaydjian et al. 1992; Shiozawa
and Fujimaki 2004). Figure 1 shows several overshoot profiles. The profiles seem to consist
of an imbibition front followed by a drainage front together forming a saturation overshoot
(DiCarlo 2004;Hilfer andSteinle 2014;Kalaydjian et al. 1992; Shiozawa andFujimaki 2004).

Initiation and propagation of saturation overshoots have been long-standing challenges
(Alt and Luckhaus 1983; Alt et al. 1984; Beliaev and Hassanizadeh 2001; Briggs and Katz
1966; Cueto-Felgueroso and Juanes 2009; DiCarlo 2004, 2013; DiCarlo et al. 2012; Eliassi
and Glass 2001, 2002; Glass et al. 1989; Otto 1996; Shiozawa and Fujimaki 2004; Duijn
et al. 2013, 2007; Xiong 2014; Youngs 1958). Existence of saturation overshoots have been
excludedmathematicallywithin established traditional equations for two-phaseflow(DiCarlo
et al. 2012; Egorov et al. 2003; Eliassi and Glass 2001; Fürst et al. 2009; Duijn et al. 2007).
Many non-standard physical-mathematical models have been developed to predict the for-
mation of saturation overshoots (see Xiong (2014) for a recent review). One approachmodels
a hold-back-pile-up effect by extending the Richards equation with additional terms (Eliassi
and Glass 2002). Static as well as dynamic overshoots appear in models that take the differ-
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Fig. 1 Measurements of water saturations within several sand columns, during an infiltration experiment with
a constant injection rate. The curves in the graph are reported at different depths and for different media. The
curves seem to suggest that the water saturation curves exhibit overshoots containing a plateau (DiCarlo 2004;
Fritz 2012) as predicted by traditional theory in Hilfer and Steinle (2014); Steinle and Hilfer (2016)
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ence between percolating and nonpercolating fluids parts explicitly into account (Doster et al.
2010; Hilfer et al. 2012). A further widespreadmodeling concept utilizes dynamic extensions
of the capillary pressure to enforce saturation overshoots (Koch et al. 2013; Lamacz et al.
2011; Manthey et al. 2008; Nieber et al. 2005; Rätz and Schweizer 2014; Duijn et al. 2007).
Recently, it was shown that the traditional theory reproduces quantitatively the propagation
of saturation overshoot (Steinle and Hilfer 2017).

In this paper, we are not interested in the formation process of a saturation overshoot.
Instead we want to investigate under which conditions (initial conditions, boundary con-
ditions, porous media parameters, etc.) a given saturation overshoot remains stable as it
propagates through a homogeneous or heterogeneous porous medium. More specifically, the
objective of this paper is twofold. In Hilfer and Steinle (2014); Steinle and Hilfer (2016,
2017) it was shown that a stable propagation of saturation overshoots can be observed in a
traditional fractional flow simulation using flux boundary conditions. The first objective is to
confirm or disprove this result for homogeneous media in a pressure–saturation formulation
with pressure boundary conditions. The second objective is to extend the investigation to
gravity driven infiltration with Dirichlet pressure conditions, as well as to heterogeneous
porous media.

All results in this work pertain to the flow of two immiscible and incompressible fluids
in a rigid porous medium. In Sect. 2, we describe the governing flow equations in two
formulations, the hysteresis model, the initial and the boundary conditions. In Sect. 3 the
stability analysis and the numerical methods are presented. Finally in Sect. 4 the results for
homogeneous media are given in Sect. 4.1 while the results for inhomogeneous media are
found in Sect. 4.2.

2 Mathematical Model

In this section, we present the standard physical-mathematical model which can be used
to describe infiltration experiments with a constant injection rate qw

[
m3/s

]
into a porous

medium. We denote the absolute permeability of the porous medium by K
[
m2

]
and the

porosity by φ [−]. An experimental setup that can be characterized by this parameter set is
the injection of water into a sand column which has a height L [m] (see Fig. 2).

2.1 Governing Equations

For simplicity, we assume that the walls of the sand column in Fig. 2 are impermeable for
the injected fluid and that the saturation profile is almost constant across the section area of
the column. Under these circumstances, it is sufficient to describe the flow within the sand
column by one-dimensional models. These models are defined on an interval (0, L) which
parameterizes the main axis of the column. Without loss of generality, it is further assumed
that this axis is parallel to the direction of gravity and identical with the z-axis of a Cartesian
coordinate system. It is assumed that its origin is located in the middle of the inlet of the
sand column (see Fig. 2). The two-phase flow process within the porous medium consists of
a wetting phase α = w and a non-wetting phase α = n.

2.1.1 Pressure–Saturation Formulation

Let z ∈ [0, L] ⊂ R denote the position and t ≥ 0 the time variable. The saturation Sw(z, t)
of the wetting phase and the pressure pn(z, t) of the non-wetting phase are chosen as primary
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Fig. 2 Setup of an infiltration
experiment. At the top of a
column having the height L a
fluid is injected, where the
injection rate is constant and
denoted by qw

unknowns. If no external source or sink terms are given, the mass balance of each phase α

having saturation Sα(z, t), velocity vα(z, t) and density ρα(z, t) reads as follows (Helmig
1997; Hilfer and Steinle 2014):

φ
∂ (ραSα)

∂t
+ ∂ (ραvα)

∂z
= 0, α ∈ {w, n} , z ∈ (0, L) , t > 0. (1)

vα is given by the generalized Darcy law:

vα = −krα (Sw)

μα

K

(
∂pα

∂z
− ραg

)
, α ∈ {w, n} , (2)

where μα [Pa · s] is the viscosity. krα stands for the relative permeability function of each
phase. By this, one can define the mobility of the phase α by:

λα = krα
μα

, α ∈ {w, n} . (3)

pα [Pa] and g
[
m/s2

]
denote the pressure and the gravity constant, respectively. For sim-

plicity, we assume that the two fluids are incompressible and set the densities to a constant
value such that with α = w, n

ρα(z, t) ≡ ρα (4)

holds for all z and t . The system is closed by two constitutive relations. One of these relations
is the saturation balance:

Sw + Sn = 1. (5)

The second one describes the relation between the fluid pressures:

pc(Sw(z, t)) = pn(z, t) − pw(z, t), (6)
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where pc (Sw) is a given capillary pressure–saturation model. Summarizing Eqs. (1)–(6), we
obtain the following system of equations

∂Sw

∂t
− ∂

∂z

(
λw

K

φ

(
∂pw

∂z
− ρwg

))
= 0, z ∈ (0, L) , t > 0, (7a)

−∂Sw

∂t
− ∂

∂z

(
λn

K

φ

(
∂pn
∂z

− ρng

))
= 0, z ∈ (0, L) , t > 0, (7b)

pc − pn + pw = 0, z ∈ (0, L) , t > 0, (7c)

where the unknowns are Sw, pw and pn . The field Sn is then obtained from the constraint
(5).

In experiments there is often a pump injecting fluid into the porous medium (as illustrated
in Fig. 2). These experimental situations are usually modeled using the following fractional
flow formulation.

2.1.2 Fractional Flow Formulation

The fractional flow formulation is obtained by reformulating the problem in terms of satura-
tion Sw(z, t), pressure pn(z, t), and total velocity v(z, t) defined as

v(z, t) := vw(z, t) + vn(z, t) (8)

z ∈ [0, L] , t ≥ 0. If v > 0, the fluid flows from the top to the bottom of the sand column
(see Fig. 2). The unknowns v, pn and Sw obey the coupled system

∂v

∂z
= 0 (9a)

∂pn
∂z

= λw

λto

(
∂pc
∂z

+ ρwg

)
+ λn

λto
ρng − v

λtoK
(9b)

φ
∂Sw

∂t
+ ∂

∂z

{
λw

λto

[
v + Kλn(ρw − ρn)g + Kλn

∂pc
∂z

]}
= 0 (9c)

where (4) was used and λα = λα(Sw), pc = pc(Sw) with α = n, w, to are nonlinear
functions of the water saturation. The symbol

λto = λw + λn (10)

is the total mobility. The fractional flow function f (Sw) is defined by Steinle and Hilfer
(2016):

f (Sw) =
1 + krn(Sw)

ρw g K

v μn

(
1 − ρn

ρw

)

1 + μw

μn

krn(Sw)

krw(Sw)

(11)

and depends on v. Solving (9a) and rewriting (9c) gives the system:

v(z, t) = v(t) (12a)

∂pn
∂z

= λw

λto

(
∂pc(Sw)

∂z
+ ρwg

)
+ λn

λto
ρng − v(t)

λtoK
(12b)

∂Sw

∂t
+ v(t)

φ

∂

∂z

[
f (Sw) − D(Sw)

∂Sw

∂z

]
= 0 (12c)
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with z ∈ [0, L] , t ≥ 0. The diffusion function D(Sw) again depends on v. It is defined by
Steinle and Hilfer (2016):

D(Sw) = −
krw(Sw)

K

vμw

p′
c(Sw)

1 + μn

μw

krw(Sw)

krn(Sw)

(13)

with p′
c = dpc(Sw)/dSw . The system of equations (12) is incomplete, if v(t) is considered

to be unknown. When the total flux density v(t) is unknown, it has to be computed as a part
of the solution of (9).

The system of equations (12) is particularly useful for experiments inwhich a pump injects
a total flux density v(t) into the porousmedium. In that case v(t) is known and experimentally
controlled. If v(t) is known, then (12c) is solved for the saturation profile Sw(z, t), and the
result is inserted into (12b), to compute the pressure pn(z, t) by integration over z.

The pressure–saturation formulation (7) and the fractional flow formulation in (9) are
equivalent. However, different primary variables and appropriate boundary conditions might
be chosen. Before discussing initial and boundary conditions further, the constitutive func-
tions and parameters need to be specified.

2.2 Modeling of Hysteresis

Following Hilfer and Steinle (2014) we consider two different relative permeability and
capillary pressure functions of van Genuchten form (Luckner et al. 1989; Genuchten 1980) to
account for the hysteresis between drainage and imbibition processes. A distinction between
drainage and imbibition is achieved by introducing two sets of model parameters determining
the shape of the corresponding functions:

αi , βi , γi , K i
rw, Ki

rn, Siwr , Sinr and Pbi , i ∈ {im, dr} . (14)

i = im abbreviates the term imbibition, while i = dr represents the drainage process. The
van Genuchten functions are given by:

kirw
(
Sei

) = K i
rw

√
Sei

[
1 −

(
1 − S1/αiei

)αi
]2

, (15a)

kirn
(
Sei

) = K i
rn

√
1 − Sei

(
1 − S1/βiei

)2βi
, (15b)

pic
(
Sei

) = Pbi

(
S−1/γi
ei − 1

)1−γi
, (15c)

where Sei is called effective saturation and is defined as follows:

Sei = Sw − Siwr

1 − Siwr − Sinr
.

In the following subsection a scanning curve approach for hysteresis is outlined. The idea of
this approach is to construct a cubic spline between the imbibition and drainage curve, when
it is necessary to switch from drainage to imbibition or vice versa. This results in a smooth
change between drainage and imbibition. For a general discussion and formulation of the
presented hysteresis model, as well as a comparison with the simplistic hysteresis model
used in Hilfer and Steinle (2014); Steinle and Hilfer (2016) the reader is referred to Steinle
and Hilfer (2017).
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2.2.1 Scanning Curve Approach

Let us consider a time interval
[
tn, tn+1

]
with a duration of the stepsize Δt = tn+1 − tn . The

saturations for t = tn and t = tn+1 are denoted by S(n)
w and S(n+1)

w , respectively. Since we
are using an implicit Euler method to integrate the pressure–saturation formulation in time,
we require an iterative solver to determine the solution of the system of equations arising at
every time step. The saturation produced by the k-th iteration is indicated by S(n,k)

w . In order
to decide, whether we have to define a drainage or imbibition process, we observe the sign
of the time derivative in ∂t Sw. Concerning the time interval

[
tn, tn+1

]
this is done as follows:

first of all, the time derivative is approximated by a finite difference quotient:

∂t S
(n,k)
w (z) ≈ S(n,k)

w − S(n)
w

Δt
, z ∈ (0, L) , (16)

where S(n,0)
w = S(n)

w . Next we fix a parameter ε > 0 and distinguish the cases:

– If ∂t S
(n,k)
w (z) > ε, we consider an imbibition process in z ∈ (0, L).

– If ∂t S
(n,k)
w (z) < −ε, we consider a drainage process in z ∈ (0, L).

– If
∣∣
∣∂t S

(n,k)
w (z)

∣
∣∣ ≤ ε, we take for z ∈ (0, L) over the process from the last time step and

stay on the curve for drainage or imbibition, respectively.

If the process differs from the process of the last time step, a further parameter δ > 0 is
introduced. Using this parameter, we define the saturation S(n)

w,δ by:

S(n)
w,δ =

{
S(n)
w − δ, if we switch from imbibition to drainage,

S(n)
w + δ, if we switch from drainage to imbibition.

Next, we compute a cubic spline Gsc connecting the points
(
S(n)
w ,G1

(
S(n)
w

))
and

(
S(n)
w,δ,G2

(
S(n)
w,δ

))
,

where the first derivatives of Gsc coincide with the first derivatives of G1 and G2:

G ′
1

(
S(n)
w

)
= G ′

sc

(
S(n)
w

)
and G ′

2

(
S(n)
w,δ

)
= G ′

sc

(
S(n)
w,δ

)
.

Switching from imbibition to drainage the expressions G1,G2 are chosen from

(G1,G2) ∈
{(

kimrw, kdrrw
)

,
(
kimrn , kdrrn

)
,

(
pimc , pdrc

)}

otherwise, we have:

(G1,G2) ∈
{(

kdrrw, kimrw
)

,
(
kdrrn , kimrn

)
,

(
pdrc , pimc

)}
.

The resulting splines for the relative permeabilities and the capillary pressure are denoted by
kscrw, kscrn and pscc . Finally, the new functions krw, krn and pc within the iteration k + 1 are
determined as follows: In the case of switching from imbibition to drainage it holds:

G
(
S(n,k+1)
w

)
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Gim

(
S(n,k+1)
w

)
, if S(n,k+1)

w > S(n)
w ,

Gsc

(
S(n,k+1)
w

)
, if S(n)

w > S(n,k+1)
w ≥ S(n)

w,δ

Gdr

(
S(n,k+1)
w

)
, if S(n,k+1)

w < S(n)
w,δ,
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while in the other case, we have:

G
(
S(n,k+1)
w

)
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Gim

(
S(n,k+1)
w

)
, if S(n,k+1)

w > S(n)
w,δ,

Gsc

(
S(n,k+1)
w

)
, if S(n)

w < S(n,k+1)
w ≤ S(n)

w,δ

Gdr

(
S(n,k+1)
w

)
, if S(n,k+1)

w < S(n)
w ,

for all

(G,Gsc,Gdr ,Gim) ∈
{(

krw, kscrw, kdrrw, kimrw
)

,
(
krn, k

sc
rn, k

dr
rn , kimrn

)
,

(
pc, p

sc
c , pdrc , pimc

)}
.

Here, we want to point out that the Newton iteration can terminate, while we are moving on
a scanning curve. In this case it holds that

S(n+1)
w ∈

[
S(n)
w , S(n)

w,δ

]
or S(n+1)

w ∈
[
S(n)
w,δ, S

(n)
w

]
(17)

and we store the parameters determining the connecting spline. For the next time step, we
set S(n+1,0)

w = S(n+1)
w and use the connecting spline to evaluate the corresponding functions

until the results of the Newton iterations are not anymore contained in one of the intervals
listed in (17).

Inserting Eqs. (15a)–(15c) into the formulas (11) and (13) yields pairs of functions for
drainage and imbibition which are denoted by ( fim, Dim) for the imbibition process and by
( fdr , Ddr ) for the drainage process.

2.3 Initial and Boundary Conditions

It remains to specify the initial and boundary conditions for the various fields as a function
of z ∈ [0, L] and t ∈ [0, tend ].

2.3.1 Fractional Flow Formulation

The initial condition for the fractional flow formulation is given by

Sw(z, t = 0) = Soutw , z ∈ (0, L) , (18)

for the water saturation. Consequently, by virtue of (6) and (12b) the initial pressure profile
obeys

∂

∂z
pn(z, t = 0) = g

λto

(
λwρw + λnρn − v

g K

)
(19)

and the resulting pressure pn(z, 0) is linear in z.
The total flux density v(t) is assumed to be controlled by a pump so that it is given and

known. In experiments, it is usually constant so that

v(t) = v = const (20)

is assumed in our simulations.
At the boundary z = 0, we set the following Dirichlet condition

Sw(z = 0, t) =
{
SP
w , t ≤ 500 s,

Sinw , t > 500 s,
(21)
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to generate an initial overshoot whose propagation is then monitored. As emphasized in
Steinle and Hilfer (2016), the time-dependent boundary values at z = 0 specified above can
be viewed also as an initial value problem with time-independent constant boundary value
(Sinw at the inlet) if one uses t = 500 s instead of t = 0 as the initial instant.

At the boundary z = L , the Dirichlet condition

Sw(z = L , t) = Soutw , t ∈ (0, tend) (22)

is used. The end of the simulation time period tend has to be chosen such that the water front
does not reach the boundary z = L , where L is the system size. As a consequence of this
choice of tend , the non-wetting pressure pn obeys a Neumann condition at z = L throughout
(0, tend) due to (19). The integration constant can be used to specify the pressure at the inlet.

2.3.2 Pressure–Saturation Formulation

In a pressure–saturation formulation (7), additional conditions are needed for the pressure. To
emulate flux boundary conditions, (19) suggests to use Neumann conditions for the pressure.
The total velocity is again fixed as in (20).

Initial conditions for pressure and saturation in the pressure–saturation formulation are

Sw(z, t = 0) = Soutw , z ∈ (0, L) (23a)

pn(z, t = 0) = patm + gz

λto

(
λwρw + λnρn − v

g K

)
, z ∈ (0, L) . (23b)

The pressure initial condition is not essential. However, an appropriate choice of the initial
condition improves the convergence of iterative solvers, which are used in the context of an
implicit time integrator.

At the inlet boundary z = 0 the time-dependent Dirichlet condition (21) for saturation is
applied, exactly as in the fractional flow case. In addition the pressure boundary condition

pn(z = 0, t) = patm, t ∈ (0, tend) (24)

is needed.
The total velocity v is controlled through the boundary condition at the outlet. In addition

to the Dirichlet condition (22) for saturation, the following Neumann condition is set at the
outlet boundary z = L

∂

∂z
pn(z, t)

∣∣∣
∣
z=L

= g

λto

(
λwρw + λnρn − v

g K

)
, t ∈ (0, tend) , (25)

for pn to emulate the flux boundary condition as suggested by (19). Note, that the Neu-
mann condition at z = L is crucial to emulate flux boundary conditions. It seems, however,
somewhat artificial in view of the difficulty to imagine an experimental device for it.

3 Methods

3.1 Rankine–Hugoniot Velocity Estimates

For the analysis of the front velocities, we assume that the diffusive terms are dominated by
the convective term:

Di
∂Sw

∂z
	 fi , i ∈ {im, dr} , (26)
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which means that (12c) can be regarded as a Buckley–Leverett-type equation. The basic
idea to analyze the stability of saturation overshoots is to approximate the traveling wave
profile with piecewise constant functions (Hilfer and Steinle 2014). As a consequence, the
approximated profile can be considered as a superposition of two Buckley–Leverett shock
fronts (Hilfer and Steinle 2014). At the imbibition and drainage discontinuities, the Rankine–
Hugoniot condition (Evans 1998, Section 3.4.1) allows us to estimate the speed of imbibition
and drainage front (Hilfer and Steinle 2014, Section 4.2). The stability of the overshoot
region is preserved if the speeds of the imbibition and drainage front are equal. Otherwise,
the overshoot region grows or shrinks.

For convenience of the reader, we recall here the formulas for the speed of the drainage
front cdr and the speed of the imbibition front cim . Thereby, it is assumed that a given water
saturation overshoot has a height of SP

w . Let us further assume that beyond the drainage and
imbibition front the saturations are given by Sinw and Soutw , respectively. Then cim and cdr can
be estimated by the following formulas:

cim = v

φ

fim
(
SP
w

) − fim
(
Soutw

)

SP
w − Soutw

(27a)

cdr = v

φ

fim
(
SP
w

) − fdr
(
Sinw

)

SP
w − Sinw

. (27b)

Note that the transition from drainage to imbibition is determined by the scanning curve,
which connects the primary drainage and imbibition curves. Therefore, at this transition it
holds that fsc(SP

w ) = fim(SP
w ), see Sect. 2.2.1, which justifies the use of formula (27b) to

estimate the drainage front propagation speed.

3.2 Numerical Methods

The mathematical models (7) and (12c) with initial and boundary value problems are solved
numerically. The numerical solution of (7) is carried out by means of the software package
DuMux(Weishaupt et al. 2016). The abbreviationDuMuxstands for the termDUNE forMulti-
{Phase, Component, Scale, Physics, …}. This software package is a free and open-source
simulator for flow and transport processes in porous media (Flemisch et al. 2011) based on
the modular PDE-toolbox DUNE (Distributed and Unified Numerics Environment, Bastian
et al. 2010). The discretizationmethod implemented inDuMuxuses the Implicit Eulermethod
for the time integration and a standard cell-centered Finite Volume method for the spatial
discretization.

In the case of the fractional flow formulation, the open-source CFD-software
Open∇FOAM (Jasak et al. 2007;Weller et al. 1998) is used. Thereby, a constant total velocity
v is assumed and only Eq. (12c) is solved numerically. The implementation of the numer-
ical solution scheme uses an explicit discretization scheme for the convection dominated
part which is described by the flow function f . For the diffusive part which is described
by the function D an implicit discretization scheme is considered (Hilfer and Steinle 2014,
Section 5.2).

4 Numerical Simulations

In this section we achieve the objectives of the paper. The first objective is to compare the
fractional flow formulation with a given constant total velocity v and Dirichlet boundary
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conditions (see Sect. 2.3.1) with the pressure–saturation formulation using both Dirichlet
and flux boundary conditions (see Sect. 2.3.2). In this context, we point out that for the
pressure–saturation formulation, the assumption of a constant total velocity is enforced by
the choice of the boundary conditions. Contrary to that, in the fractional flow formulation,
a constant total velocity is directly enforced in Eq. (12c). In addition to that, the influence
of the different discretization schemes, see Sect. 3.2, is analyzed. Moreover, it is of interest
how the parameters have to be chosen such that a given saturation overshoot remains stable
and under which conditions it is enlarged or diminished. The qualitative behavior of the
drainage and imbibition front is predicted by (27). These formulas indicate the parameter
dependency of the drainage and imbibition front speeds. Besides the shape of the fractional
flow functions fim, fdr , the choice of SP

w , Sinw , Soutw governs the propagation of saturation
overshoots.

The second objective is to simulate gravity driven flow with pressure boundary conditions
similar to an infiltration experiment. In this case the total flux density v(t) is unknown and
not given. Finally, the investigations are extended to heterogeneous systems with position-
dependent permeability.

4.1 Fractional Flow Versus Pressure–Saturation Formulation

The parameters for our first numerical test are listed in Table 1. The parameter sets from
Table 1 yield a total velocity of v = 1.0×10−5 m/s. It remains to specify the values for Sinw .
Therefore, we plot for

Sinw ∈ {0.44, 0.48754, 0.51}

the velocities given in Eq. (27), as a function of the plateau saturation SP
w . The corresponding

results can be seen in Fig. 3. In the case of Sinw = 0.44 the velocity of the drainage front
is faster than the imbibition front. For Sinw = 0.48754 the velocities of the drainage and
imbibition front are equal and in the third case Sinw = 0.51 the drainage front is slower than
the imbibition front. Based on this analysis, we can expect that for Sinw = 0.44 the initial
overshoot is not stable and vanishes, whereas in the case of Sinw = 0.48754 the saturation
overshoot should remain stable. The third value Sinw = 0.51 yields together with the other
parameters a saturation overshoot whose plateau is enlarged.

Since we have assumed for the velocity analysis that the Buckley–Leverett limit holds,
the issue arises, if the velocities in Eq. (27) represent a good estimation of the velocities
produced by the given parameter set. This would be the case, if the diffusive term in (12c) is
dominated by the convective term (see Eq. (26)).

The graph in the top left corner of Fig. 4 shows a typical shape of solutions for the water
saturation Sw that are obtained from our models. We observe that it consists of three plateaus
where Sw attains the constant values Sinw , SP

w and Soutw . In these regions, the spatial derivative
is equal to zero and therefore the diffusive term vanishes there (see Fig. 4, bottom left).

In between these plateaus, there are two transition zones located at the drainage and the
imbibition front. Considering the difference between the fractional flow function and the
diffusive term (see Fig. 4, top right), it can be seen that even in these regions the fractional
flow function governs the physical behavior, despite of the fact that the absolute values for
the fractional flow function f are not much larger than those of the diffusive term (see Fig. 4,
bottom right). From these observations, we conclude that the velocities provided in (27) yield
a useful estimate for the propagation velocities of both water saturation fronts, even though
we do not consider a pure Buckley–Leverett system.
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Table 1 Parameters for the first numerical experiment

Parameter Symbol Value Unit

Height of the sand column L 2.0 m

Porosity φ 0.348 –

Permeability K 2.0 × 10−10 m2

Density wetting phase ρw 1.0 × 103 kg/m3

Density non-wetting phase ρn 1.0 kg/m3

Viscosity wetting phase μw 1.0 × 10−3 Pa s

Viscosity non-wetting phase μn 3.0 × 10−5 Pa s

Gravity g 9.81 m/s2

Pressure imbibition Pbim 690 Pa

Pressure drainage Pbdr 700 Pa

Atmospheric pressure patm 1.0 · 105 Pa

Exponent, imbibition, wetting phase αim 0.6 –

Exponent, imbibition, non-wetting phase βim 1.2 –

Exponent, imbibition, capillary pressure γim 0.9206 –

Exponent, drainage, wetting phase αdr 0.85 –

Exponent, drainage, non-wetting phase βdr 1.1 –

Exponent, drainage, capillary pressure γdr 0.906 –

Rel. perm., imbibition, wetting phase Kim
rw 0.6 –

Rel. perm., imbibition, non-wetting phase Kim
rn 1.0 –

Rel. perm., drainage, wetting phase Kdr
rw 0.6 –

Rel. perm., drainage, non-wetting phase Kdr
rn 0.4 –

Res. sat., imbibition, wetting phase Simwr 0.0 –

Res. sat., drainage, wetting phase Sdrwr 0.07 –

Res. sat., imbibition, non-wetting phase Simnr 0.045 –

Res. sat., drainage, non-wetting phase Sdrnr 0.045 –

Saturation, wetting phase, plateau SPw 0.7 –

Saturation, wetting phase, outlet Soutw 0.01 –

Hysteresis parameter δ 0.01 –

Hysteresis parameter ε 1.0 × 10−5 –

Mesh size Δz 5 × 10−4 m

The parameters δ and ε that are used for the hysteresis model are also listed in Table 1. As
previously mentioned, we use Newton’s method to solve the nonlinear system of equations
arising in each time step. Depending on the number of Newton iterations, we adapt the time
step size such that the Newton solver converges. If the Newtonmethod does not convergence,
the time step size is reduced, where the maximal time step size is chosen as Δtmax =
1.0 × 10−3 s.

The numerical solutions for Sw are shown in Figs. 5, 6, 7. Figure 5 corresponds to the first
case with Sinw = 0.44, whereas Figs. 6 and 7 correspond to the second and third case with
Sinw = 0.48754 and Sinw = 0.51, respectively.
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Fig. 3 Traveling wave composed of a drainage and a imbibition front (top left), propagation velocities of
drainage and imbibition front for Sinw = 0.44 (top right), Sinw = 0.48754 (bottom left) and Sinw = 0.51 (bottom
right). It can be seen that for SPw = 0.7, the different values for Sinw yield different velocities for the drainage
front, while the imbibition front velocities remain the same

In the following, these results are discussed using the front velocities for SP
w = 0.7, which

are shown in Fig. 3. The imbibition velocity is given as cim ≈ 6.3 × 10−4 m/s, which is the
same for all three cases. The drainage front velocity for case one is cdr ≈ 8.53 × 10−4 m/s.
Therefore, the drainage front moves faster than the imbibition front and we observe that
the initial plateau vanishes at the time point t ≈ 1917 s. As a consequence, the saturation
decreases because of diffusion, see Fig. 5 (top right). The reduction of the plateau height
implies a front velocity change. Figure 3 (top right) shows that the drainage velocity decreases
faster than the imbibition velocity. For plateau heights below SP

w ≈ 0.6336, the imbibition
front propagates faster than the drainage front. This means that a second plateau is formed.
As the plateau length increases, the influence of the diffusive term decreases and the niveau
of the second plateau is approximately SP

w ≈ 0.6117. Furthermore, it can be seen in Fig. 5
that the plateau width increases with time due to the fact that cim > cd .

In the second scenario, Sinw is chosen such that the front velocities are the same, meaning
that the width of the plateau, which is approximately 0.3151m, is constant over time. The
results shown for t = 800 s and t = 1500 s in Fig. 6 confirm this thesis.

The last case exhibits an enlargement of the plateau width. Here, Sinw is selected such that
the imbibition front, with cim ≈ 6.3 × 10−4 m/s, moves faster than the drainage front, with
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Fig. 4 Transition zones around the drainage and the imbibition zone (top left), difference between the frac-
tional flow function and the diffusive term (top right), values of the fractional flow function f (bottom right),
values of the diffusive term (bottom left)

cdr ≈ 4.5 × 10−4 m/s, see Fig. 3. The results at t = 800 s and t = 1500 s are shown in
Fig. 7. The pressure–saturation formulation and the fractional flow formulation yield similar
solutions, where the deviation increases with time. This is due to the fact that the fully
implicit scheme applied in the DuMux-implementation produces more numerical diffusion
than the Open∇FOAM implementation. Furthermore, the total velocity v is only constant
up to the nonlinear and linear solver tolerances. Therefore, the initial plateau saturation
slightly decreases with time, which in turn influences the front propagation. Nevertheless
the numerical results indicate that the velocity analysis assuming the Buckley–Leverett limit
provides reasonable estimates.

To quantify the difference between the numerical implementations, the following discrete
norm is defined:

eS =
(

∑

i

Δz(Sdw,i − Sfw,i )
2

)0.5

, (28)

where Sdw,i is the numerical saturation value in cell i in the Open∇FOAM implementation,

while Sfw,i denotes the value in cell i in DuMux. The errors eS for the different cases are
calculated for each time point shown in Figs. 5, 6, 7. They can be found in Table 2. In
accordancewith the graphs in the abovefigures, a slight error increase in time can be observed.
Furthermore, it can be seen that the errors have approximately the same order of magnitude.
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Fig. 5 Saturation profiles for the first case with Sinw = 0.44 and t ∈ {1000 s, 2000 s, 2500 s, 3000 s}. The
solid line represents the solution of (7), whereas the dashed line represents the solution of (12c)
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Fig. 6 Saturation profiles for the second case with Sinw = 0.48754 and t ∈ {800 s, 1500 s}. The solid line
represents the solution of (7), whereas the dashed line represents the solution of (12c)

4.2 Pressure Boundary Conditions and Heterogeneous Media

In the previous subsection, different scenarios have been simulated based on the assumption
that the total velocity is constant.However, for two-phaseflow this assumption is only satisfied
for special cases. If Dirichlet conditions are assigned to the boundaries or if the fluids are
no longer assumed to be incompressible, this assumption is violated. Here, only the fully
implicit formulation is used to simulate a test problem with a non-constant total velocity. We
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Fig. 7 Saturation profiles for the third case with Sinw = 0.51 and t ∈ {800 s, 1500 s}. The solid line represents
the solution of (7), whereas the dashed line represents the solution of (12c)

Table 2 Discrete norms eS of the Open∇FOAM and the DuMux implementation

Case 1 Case 2 Case 3

Time 1000 s 2000 s 2500 s 3000 s 800 s 1500 s 800 s 1500 s

eS 0.68e-2 1.93e-2 2.93e-2 6.12e-2 1.01e-2 2.36e-2 1.02e-2 2.55e-2

Fig. 8 Setting for the
heterogeneous test problem with
Dirichlet boundary conditions

consider besides a varying total velocity a heterogeneous permeability K . The setting of this
test case is shown in Fig. 8, and Table 3 lists the parameters that are used for the simulation,
where we list only those parameters that differ from those in Table 1.

The initial conditions are again set to

Sw(z, t = 0) = Soutw , z ∈ (0, L) .

At the boundary z = 0, we set the following Dirichlet boundary condition:

Sw(z = 0, t) =
{
SP
w , t ≤ 4000 s,

Sinw , t > 4000 s,
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Table 3 Parameters for the
second numerical experiment
with heterogeneous permeability

Parameter Symbol Value Unit

Permeability domain one K1 2.0 × 10−11 m2

Permeability domain two K2 4.0 × 10−11 m2

Hysteresis parameter δ 0.01 –

Hysteresis parameter ε 1.0 × 10−7 –

Fig. 9 Averaged total velocity v

plotted over time. It can be
observed that v is varying
significantly over time. The kink
at 4000s is caused by changing
the Dirichlet boundary value for
the water saturation

0 0.5 1 1.5 2
x 104

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8 x 10−5

t[s]

v
t[
m

/
s]

with Sinw = 0.4. At z = L , we set Sw(z = L , t) = Soutw . For the pressure of the non-wetting
phase, we use Dirichlet conditions:

pn(z = 0, t) = patm, pn(z = L , t) = patm + ngL

and the permeability is given by:

K (z) =
{
K1, z ≥ 0.5m,

K2, z < 0.5m,
(29)

where K1 and K2 can be found in Table 3. Using for each boundary a Dirichlet condition,
the assumption of a constant total velocity in space and time is no longer fulfilled. This is
shown in Fig. 9, where the time evolution of the spatially averaged total velocity is depicted.
Therefore, the front velocity analysis which has been used in the last section, is not valid
for this test case. Nevertheless, we obtain similar solution profiles as before. In Fig. 10, the
saturation profiles are shown for

t ∈ {5000 s, 8000 s, 9000 s, 10000 s, 15000 s, 20000 s}.
After t = 5000 s, the plateau width is about 0.3m long (see Fig. 10, top left) and after
t = 7000 s, the imbibition front has reached the heterogeneity at z = 0.5m. Due to the fact
that the permeability is larger in the second domain, the saturation decreases (see Fig. 10, top
right). At the time point t = 8270 s the entire plateau has reached the second domain, where
it can be seen that the height of the new plateau is decreased to SP

w = 0.593. Considering
all the remaining simulation results in Fig. 10, the same solution behavior as in case one
from the last subsection can be observed: first, the plateau width shrinks and the saturation
overshoot decreases. After that the imbibition front overtakes the drainage front, resulting in
the formation of another plateauwhich is enlarged as time goes by.All in all, this demonstrates
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Fig. 10 Saturation profiles for a heterogeneous permeability (see Eq. (29)) and Sinw = 0.4 for t ∈
{5000 s, 8000 s, 9000 s, 10000 s, 15000 s, 20000 s}

that the fully implicitmodel is capable of solving heterogeneous problemswith a total velocity
that is not constant.

5 Final Remarks

The long-standing experimental and theoretical problems related to existence, initiation and
propagation of saturation overshoot in porous media have been controversially discussed
for several decades by numerous authors (Alt and Luckhaus 1983; Alt et al. 1984; Beliaev
and Hassanizadeh 2001; Briggs and Katz 1966; Cueto-Felgueroso and Juanes 2009; DiCarlo
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2004, 2013; DiCarlo et al. 2012; Eliassi and Glass 2001, 2002; Glass et al. 1989; Otto
1996; Shiozawa and Fujimaki 2004; Duijn et al. 2013, 2007; Xiong 2014; Youngs 1958).
In this paper, we have investigated and extended recent predictions for propagation and
stability of saturationovershootswithin the traditional generalizedDarcymodel for two-phase
immiscible displacement (Hilfer and Steinle 2014). The propagation speeds of the drainage
and imbibition front have been estimated usingRankine–Hugoniot conditions. For convection
dominated flow, as analyzed in this paper, these estimates yield satisfactory predictions on
the stability of saturation overshoots. Predictions on the stability or instability of a given
overshoot have also been confirmed numerically. Finally, the numerical analysis has been
extended to heterogeneous media.

Our numerical simulations show that for a constant total velocity the fractional flow formu-
lation and the pressure–saturation formulations yield almost the same results. Furthermore,
the theoretical predictions with respect to the stability of the overshoots have been confirmed
by the simulation results. Finally, it has been demonstrated that saturation overshoots exist
in gravity driven infiltration experiments with Dirichlet boundary conditions for pressure, as
well as for heterogeneous media with position-dependent permeability.

Future work in this fieldmay be concernedwith applying this model to problems in several
space dimensions. For this purpose, it is necessary to improve the efficiency of the nonlinear
solvers such that larger time steps can be exerted and fewer iterations are required for the
convergence of the iterative solvers.
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Abstract
In this work, we study the behavior of saturation fronts
for two-phase flow through a long homogeneous porous
column . In particular, the model includes hysteresis and
dynamic effects in the capillary pressure and hysteresis
in the permeabilities. The analysis uses traveling wave
approximation. Entropy solutions are derived for Riemann
problems that are arising in this context. These solutions
belong to a much broader class compared to the standard
Oleinik solutions, where hysteresis and dynamic effects are
neglected. The relevant cases are examined and the cor-
responding solutions are categorized. They include non-
monotone profiles, multiple shocks, and self-developing
stable saturation plateaus. Numerical results are presented
that illustrate the mathematical analysis. Finally, we discuss
the implication of our findings in the context of available
experimental results.
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1 INTRODUCTION

Modeling of two-phase flow through the subsurface is important for many practical applications, from
groundwater modeling and oil and gas recovery to CO2 sequestration. For this purpose, the mass bal-
ance equations are used which read in the absence of source terms1,2 as follows:

𝜙
𝜕
(
𝜌𝛼𝑆𝛼
)

𝜕𝑡
+ ∇ ⋅

(
𝜌𝛼𝑣𝛼
)
= 0, 𝛼 ∈ {𝑤, 𝑛}, (1)

where 𝛼 = 𝑛 denotes the nonwetting phase and 𝛼 = 𝑤 the wetting phase. Furthermore,𝜙 is the porosity,
𝑆𝛼 and 𝜌𝛼 the saturation and density of the phases. The phase-velocities 𝑣𝛼 are given by the Darcy’s
law,1,2

𝑣𝛼 = −
𝑘𝑟𝛼
𝜇𝛼

𝐾
(
∇𝑝𝛼 − 𝜌𝛼𝑔𝑒𝑔

)
, 𝛼 ∈ {𝑤, 𝑛}. (2)

Here 𝐾[m2] is the absolute permeability of the porous medium, 𝜇𝛼[Pa ⋅ s] the viscosity, and 𝑘𝑟𝛼 the
relative permeability of each phase. Moreover, 𝑝𝛼 [Pa], 𝑔 [m∕s2], and 𝑒𝑔 stand for the phase pressure,
the gravitational acceleration, and the unit vector along gravity, respectively. Observe that the system
(1)-(2) is not closed as there are more unknowns than equations, that is, 𝑆𝛼 , 𝑘𝑟𝛼 , and 𝑝𝛼 . Hence, one
needs to take certain assumptions. Assuming incompressibility results in 𝜌𝛼 being constant. Moreover,
by definition

𝑆𝑤 + 𝑆𝑛 = 1. (3)
Commonly it is assumed that the relative permeabilities, as well as the phase pressure difference, are
functions of the saturation of the wetting phase,1,2

𝑘𝑟𝑛 = 𝑘𝑟𝑛(𝑆𝑤), 𝑘𝑟𝑤 = 𝑘𝑟𝑤(𝑆𝑤), and 𝑝𝑛 − 𝑝𝑤 = 𝑝𝑐(𝑆𝑤). (4)
The function 𝑝𝑐 ∶ (0, 1] → ℝ+ is referred to as the capillary pressure function. System (1)-(4) reduces
to the hyperbolic Buckley-Leverett equation if this term is neglected, that is, 𝑝𝑐 ≡ 0. The model given
by (1)-(4) works well under close to equilibrium conditions and when flow reversal does not take place.
However, some more general cases cannot be explained by this model.

One of the first evidences of deviation from the standard model was reported in the 1931 paper
by Richards3 where he concluded that the capillary pressure term is hysteretic in nature. Capillary
hysteresis refers to the phenomenon that 𝑝𝑐 measured for a wetting phase infiltration process follows
a curve, denoted here by 𝑝(𝑖)𝑐 (𝑆𝑤), which differs from 𝑝𝑐 measured for a drainage process, denoted
by 𝑝(𝑑)𝑐 (𝑆𝑤). If the process changes from infiltration to drainage or vice versa, then the 𝑝𝑐 follows
scanning curves that are intermediate to 𝑝(𝑖)𝑐 (𝑆𝑤) and 𝑝(𝑑)𝑐 (𝑆𝑤).4 This is shown in detail in Figure 1
(left). Since then, hysteresis has been studied experimentally,5-7 analytically,8-12 and numerically.12-16
Variety of models have been proposed to incorporate the effects of hysteresis, such as independent
and dependent domain models17-19 and interfacial area models.20-23 A comprehensive study of these
models can be found in Ref. 24. Using thermodynamically constrained averaging theory (TCAT),25,26
one can eliminate hysteresis in capillary pressure altogether by introducing interfacial area and
Euler characteristics as additional unknowns. A mathematical study of such models is undoubtedly
interesting. However, they require additional constitutive equations. Thus, their analysis is beyond
the scope of the present work. In this paper, we will use the play-type hysteresis model4,24 that
approximates scanning curves as constant saturation lines. Such models are generally implemented
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F I G U R E 1 (Left) Hysteresis of capillary pressure and scanning curves. The plots drawn use data points from
figs. 4 and 5 of Ref. 5. (Right) Hysteresis of relative permeabilities. Experimental data from Ref. 32 are used for the
𝑘𝑟𝑤 plots and the corresponding scanning curves. Plots for 𝑘𝑟𝑛 show data from Ref. 29. The curves are scaled in the
𝑦-direction

in classical porous media simulators. Well-posedness results for play-type hysteresis model are found
in Refs. 8, 9, 11, 12, 27. It has a physical basis4,28 and it can be extended to depict the realistic cases
accurately.24 A similar hysteretic behavior is observed for the relative permeabilities too, although to
a lesser extent. Hysteresis of the nonwetting phase relative permeability in the two-phase case (oil and
water for example) is reported in Refs. 29-31. The wetting permeability 𝑘𝑟𝑤 also exhibits hysteresis6,32
but the effect is less pronounced (see Figure 1 (right)).

Another effect that cannot be explained by the standard model is the occurrences of overshoots. More
precisely, in infiltration experiments through initially low saturated soils, it is observed that if the flow
rate is large enough then the saturation at an interior point is larger than that on the boundary even in
the absence of internal sources.33-35 This cannot be explained by a second-order model such as (1)-
(4).36-38 Hence, based on thermodynamic considerations the dynamic capillary model was proposed
in Ref. 39. Since then the dynamic capillary term has been measured experimentally40,41 and it was
used successfully to explain overshoots.9,11,12,42-45 Also the well-posedness of the dynamic capillarity
model has been proved46-49 and numerical methods have been investigated.50-54

In this paper, we are interested in studying how the flow behavior is influenced if one considers
the nonequilibrium effects, that is, hysteresis and dynamic capillarity. For this purpose, we study the
system in a one-dimensional setting. The one-dimensional case is relevant when one spatial direction
is dominant; it approximates flow through viscous fingers12,55,56 and it can explain results from the
standard experimental setting shown in Figure 2.33-35 In this study, the behavior of the fronts is investi-
gated by traveling wave (TW) solutions. The TW solutions can approximate the saturation and pressure
profiles in infiltration experiments through a long column, and the existence conditions of the TWs act
as the entropy conditions for the corresponding hyperbolic model when the viscous terms are disre-
garded. For the unsaturated case (𝑝𝑛 = 0), TW solutions with dynamic effect were analyzed in Ref.
42 For the two-phase case, it was shown rigorously in Refs. 43, 44, 57 that nonmonotone TWs and
nonstandard entropy solutions are existing if one includes dynamic capillarity effect. Similar analysis
but for higher-order viscous terms containing spatial derivatives were performed in Refs. 58, 59. The
existence of TW solutions for the unsaturated case when dynamic capillarity and capillary hysteresis
are present was proved in Refs. 9, 45 and criteria for nonmonotonicity and reaching full saturation
were stated. It is evidenced in Refs. 15, 60 that hysteresis can explain stable saturation plateaus but
it cannot initiate them. In Refs. 10, 12, it is shown how both hysteresis and dynamic capillarity are
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F I G U R E 2 Setup of an infiltration experiment. Water is injected at a constant rate at the inlet of a column having
height 𝐻 . The main axis of the column is orientated along the gravity vector

required to explain the growth of viscous fingers. The entropy conditions for Buckley-Leverett equa-
tion considering hysteresis in only permeability were derived in Refs. 61-63. However, hysteresis and
nonlinearities were not included in the viscous term. This is taken into consideration in Ref. 64 where
the authors add a dynamic term to model permeability hysteresis, while disregarding hysteresis and
dynamic effects in capillary pressure. The behavior of TW for a nonmonotone flux function in the
presence of a third-order term was described in Ref. 65.

In our current work, we build upon9,42-45 to describe the behavior of fronts in the two-phase case
when dynamic capillarity and both type of hysteresis are included. The models that are used in our
analysis are introduced in Section 2. Section 3 discusses the existence of TWs when hysteresis and
dynamic effects are included in the capillary pressure but not in the permeabilities. Entropy conditions
are derived and they reveal that there can be nonclassical shocks. In Section 4, the analysis is extended
to include hysteresis in the permeabilities. This makes self-developing stable saturation plateaus and
a broader class of entropy solutions possible. Section 5 presents numerical results that support our
analytical findings. Finally, we make some concluding remarks in Section 6 and compare the results
with experiments.

2 MATHEMATICAL MODEL

This section is dedicated to the formulation of a mathematical model that can be used to describe an
infiltration process of a fluid into a homogeneous porous column. An example for such an infiltration
process is the injection of water into a dry sand column (see Figure 2).
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2.1 Governing equations
Here we consider the one-dimensional situation where the flow problem is defined on an interval
(0,𝐻). This simplification is justified by the fact that the walls of the porous column, in which the
fluids are injected are impermeable and that saturation is in general almost constant across the section
area of the column. The axis is pointing in the direction of gravity. The medium is assumed to be
homogeneous and the fluids are incompressible. Under these constraints, (1)-(2) simplify to

𝜙
𝜕𝑆𝛼
𝜕𝑡

+
𝜕𝑣𝛼
𝜕𝑧

= 0, 𝑣𝛼 = −
𝑘𝑟𝛼
𝜇𝛼

𝐾
(
𝜕𝑝𝛼
𝜕𝑧

− 𝜌𝛼𝑔
)
, 𝛼 ∈ {𝑤, 𝑛}, (5)

where 𝑡 and 𝑧 are denoting the time and space variables, respectively. To further simplify the model,
after summing (5) for the two phases and using (3) we observe that the total velocity

𝑣(𝑧, 𝑡) = 𝑣𝑤(𝑧, 𝑡) + 𝑣𝑛(𝑧, 𝑡) (6)

is constant in space. In addition to that, we assume that 𝑣 is also constant in time, which occurs, for
example, if a constant influx (injection rate) is prescribed at the inlet 𝑧 = 0. This gives

𝜕𝑣
𝜕𝑡

= 𝜕𝑣
𝜕𝑧

= 0, or 𝑣(𝑧, 𝑡) ≡ 𝑣 for 𝑧 ∈ (0,𝐻) and 𝑡 > 0. (7)

From (5)-(7), one finds

𝑣𝑤 =
𝑘𝑟𝑤

𝑘𝑟𝑤 + 𝜇𝑤
𝜇𝑛
𝑘𝑟𝑛

𝑣 + 𝐾
𝜇𝑛

𝑘𝑟𝑤𝑘𝑟𝑛
𝑘𝑟𝑤 + 𝜇𝑤

𝜇𝑛
𝑘𝑟𝑛

(
𝜕𝑝𝑐
𝜕𝑧

+
(
𝜌𝑤 − 𝜌𝑛

)
𝑔
)
. (8)

At this stage, we define the fractional flow function

𝑓 ∶=
𝑘𝑟𝑤

𝑘𝑟𝑤 + 𝜇𝑤
𝜇𝑛
𝑘𝑟𝑛

, (9)

and the function

ℎ ∶=
𝑘𝑟𝑤𝑘𝑟𝑛

𝑘𝑟𝑤 + 𝜇𝑤
𝜇𝑛
𝑘𝑟𝑛

= 𝑘𝑟𝑛𝑓 . (10)

Substituting these relations and definitions into (5) for 𝛼 = 𝑤 yields the transport equation for the
wetting phase

𝜕𝑆
𝜕𝑡

+ 𝑣
𝜙
𝜕
𝜕𝑧

[
𝑓 +

𝐾
(
𝜌𝑤 − 𝜌𝑛

)
𝑔

𝑣𝜇𝑛
ℎ + 𝐾

𝑣𝜇𝑛
ℎ
𝜕𝑝
𝜕𝑧

]
= 0, (11)

where we used the notation

𝑆 ∶= 𝑆𝑤 and 𝑝 ∶= 𝑝𝑛 − 𝑝𝑤. (12)

Note that 𝑓 and ℎ are functions of 𝑆 and possibly of 𝑝, as shown below.
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2.2 Modeling hysteresis and dynamic capillarity
To incorporate hysteresis and dynamic capillarity in the model, one needs to extend capillary pressure
and relative permeability given in the closure relationship (4).

2.2.1 Capillary pressure
The following expression is used to extend the capillary pressure:

𝑝 ∈ 1
2
(
𝑝(𝑖)𝑐 (𝑆) + 𝑝(𝑑)𝑐 (𝑆)

)
− 1

2
(
𝑝(𝑑)𝑐 (𝑆) − 𝑝(𝑖)𝑐 (𝑆)

)
⋅ sign
(𝜕𝑆
𝜕𝑡

)
− 𝜏 𝜕𝑆

𝜕𝑡
, (13)

where sign(⋅) denotes the multivalued signum graph

sign(𝜉) =
⎧⎪⎨⎪⎩

1, for 𝜉 > 0,
[−1, 1], for 𝜉 = 0,
−1, for 𝜉 < 0

(14)

(see Refs. 4, 11, 39). The second and third terms in the right-hand side of (13) describe, respectively,
capillary hysteresis4 and dynamic capillarity.39 Furthermore, 𝜏 ≥ 0 denotes the dynamic capillary coef-
ficient. It models relaxation or damping in the capillary pressure. Although in practice 𝜏 may depend
on 𝑆,34,40 here we assume it to be constant. The case of nonconstant 𝜏 is considered in Refs. 9, 45. The
capillary pressure functions 𝑝(𝑗)𝑐 , 𝑗 ∈ {𝑖, 𝑑}, fulfill1,2,5:

(P1) 𝑝(𝑗)𝑐 ∶ (0, 1] → [0,∞), 𝑝(𝑗)𝑐 ∈ 𝐶1((0, 1]), 𝑝(𝑗)𝑐 (1) = 0. Moreover, 𝑝(𝑗)𝑐
′
(𝑆) < 0 and 𝑝(𝑖)𝑐 (𝑆) <

𝑝(𝑑)𝑐 (𝑆) for 𝑆 ∈ (0, 1).

Here, and later in this paper, a prime denotes differentiation with respect to the argument. In the
absence of dynamic effects, that is, 𝜏 = 0, expression (13) implies

𝑝 =

{
𝑝(𝑖)𝑐 (𝑆) when 𝜕𝑡𝑆 > 0,
𝑝(𝑑)𝑐 (𝑆) when 𝜕𝑡𝑆 < 0.

This is precisely what is seen from water infiltration/drainage experiments.5 When 𝜕𝑆
𝜕𝑡 = 0, 𝑝 is between

𝑝(𝑖)𝑐 (𝑆) and 𝑝(𝑑)𝑐 (𝑆). For this reason, the hysteresis described by (13) is called play-type hysteresis: that
is, the scanning curves between 𝑝(𝑖)𝑐 (𝑆) and 𝑝(𝑑)𝑐 (𝑆) are vertical.

Before discussing the case 𝜏 > 0, we introduce for convenience the sets

(𝑖) ∶=
{
(𝑆, 𝑝) ∶ 𝑆 ∈ (0, 1], 𝑝 < 𝑝(𝑖)𝑐 (𝑆)

}
, (15a)

(𝑑) ∶=
{
(𝑆, 𝑝) ∶ 𝑆 ∈ (0, 1], 𝑝 > 𝑝(𝑑)𝑐 (𝑆)

}
, (15b)

 ∶=
{
(𝑆, 𝑝) ∶ 𝑆 ∈ (0, 1], 𝑝(𝑖)𝑐 (𝑆) ≤ 𝑝 ≤ 𝑝(𝑑)𝑐 (𝑆)

}
, (15c)
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and the strip  = (𝑖) ∪ ∪(𝑑) = {0 < 𝑆 ≤ 1}. In Ref. 45, it is shown that pressure expression
(13) can be written as

𝜕𝑆
𝜕𝑡

= 1
𝜏
 (𝑆, 𝑝) ∶= 1

𝜏

⎧⎪⎨⎪⎩

𝑝(𝑑)𝑐 (𝑆) − 𝑝 if (𝑆, 𝑝) ∈ (𝑑),
0 if (𝑆, 𝑝) ∈ ,
𝑝(𝑖)𝑐 (𝑆) − 𝑝 if (𝑆, 𝑝) ∈ (𝑖).

(16)

2.2.2 Relative permeability
To make the effect of hysteresis explicit in the relative permeabilities, we need to incorporate a depen-
dence on both 𝑆 and 𝜕𝑆

𝜕𝑡 . This dependence should satisfy

𝑘𝑟𝛼
(
𝑆, 𝜕𝑆

𝜕𝑡

)
=

{
𝑘(𝑖)𝑟𝛼(𝑆) if 𝜕𝑆

𝜕𝑡 > 0,
𝑘(𝑑)𝑟𝛼 (𝑆) if 𝜕𝑆

𝜕𝑡 < 0,
for 𝛼 ∈ {𝑤, 𝑛}. (17)

Here, 𝑘(𝑖)𝑟𝛼, 𝑘(𝑑)𝑟𝛼 ∶ [0, 1] → ℝ are the infiltration and drainage relative permeabilities obtained from
experiments.6,29-32 In line with the experimental outcomes, we assume here for 𝑗 ∈ {𝑖, 𝑑},

(P2) 𝑘(𝑗)𝑟𝑤 ∈ 𝐶2([0, 1]), 𝑘(𝑗)𝑟𝑤
′
(𝑆) > 0 for 0 < 𝑆 ≤ 1, 𝑘(𝑗)𝑟𝑤(0) = 0 and 𝑘(𝑗)𝑟𝑤 is strictly convex. Moreover,

for 0 < 𝑆 < 1, 𝑘(𝑖)𝑟𝑤(𝑆) < 𝑘(𝑑)𝑟𝑤 (𝑆).
(P3) 𝑘(𝑗)𝑟𝑛 ∈ 𝐶2([0, 1]), 𝑘(𝑗)𝑟𝑛

′
(𝑆) < 0 for 0 ≤ 𝑆 < 1, 𝑘(𝑗)𝑟𝑛 (1) = 0 and 𝑘𝑟𝑛 is strictly convex. Moreover,

for 0 < 𝑆 < 1, 𝑘(𝑑)𝑟𝑛 (𝑆) < 𝑘(𝑖)𝑟𝑛 (𝑆).

Note the reverse ordering in 𝑘𝑟𝑤 and 𝑘𝑟𝑛 when switching from infiltration to drainage. This is demon-
strated experimentally in Refs. 29, 30, 32, see also Figure 1.

In Ref. 66, a play-type approach has been proposed to model 𝑘𝑟𝛼 where

𝑘𝑟𝛼 ∈ 1
2
(
𝑘(𝑑)𝑟𝛼 (𝑆) + 𝑘(𝑖)𝑟𝛼(𝑆)

)
− 1

2
(
𝑘(𝑑)𝑟𝛼 (𝑆) − 𝑘(𝑖)𝑟𝛼(𝑆)

)
⋅ sign
(𝜕𝑆
𝜕𝑡

)
. (18)

However, this model is ill-posed in the unregularized case as for 𝜕𝑆
𝜕𝑡 = 0 the relative permeabilities are

undetermined, that is, the relative permeabilities have no equation to determine them when 𝜕𝑆
𝜕𝑡 = 0.

This is different for the capillary pressure (13) because 𝑝 satisfies Equation (11) as well. With the per-
meabilities, we take an approach inspired by Refs. 61-63. Here, inherited from the capillary pressure,
the hysteresis is of the play-type as well, but now depending on 𝑆 and 𝑝, rather than on 𝑆 and 𝜕𝑆

𝜕𝑡 . We
propose the following model: for 𝛼 ∈ {𝑤, 𝑛}

𝑘𝑟𝛼 = 𝑘𝑟𝛼(𝑆, 𝑝) =
⎧⎪⎨⎪⎩

𝑘(𝑑)𝑟𝛼 (𝑆) if (𝑆, 𝑝) ∈ (𝑑),
�̄�𝑟𝛼(𝑆, 𝑝) if (𝑆, 𝑝) ∈ ,
𝑘(𝑖)𝑟𝛼(𝑆) if (𝑆, 𝑝) ∈ (𝑖).

(19)

Here, �̄�𝑟𝛼 ∶  → [0,∞) is a given function that satisfies

(P4) �̄�𝑟𝛼 ∈ 𝐶2() such that 𝑘𝑟𝛼 ∈ 𝐶() for 𝛼 ∈ {𝑤, 𝑛} and 𝜕𝑝�̄�𝑟𝑤 > 0, 𝜕𝑝�̄�𝑟𝑛 < 0 in .
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F I G U R E 3 The functions 𝑓 (𝑆), ℎ(𝑆), and 𝐹 (𝑆) as given in Remark 2. Here, 𝑀 = 2 and 𝑁𝑔 = 4

Observe that this implies �̄�𝑟𝛼(𝑆, 𝑝(𝑗)𝑐 (𝑆)) = 𝑘(𝑗)𝑟𝛼 (𝑆) for 𝑗 ∈ {𝑖, 𝑑}. For the moment we leave the
choice of �̄�𝑟𝛼 unspecified except for properties (P4), as it neither influences the entropy conditions
nor the critical 𝜏 values introduced afterward.
Remark 1. In the computations, one needs to specify an expression for �̄�𝑟𝛼 . In Section 5, we use

�̄�𝑟𝛼(𝑆, 𝑝) = 𝑘(𝑖)𝑟𝛼(𝑆) +
(
𝑘(𝑑)𝑟𝛼 (𝑆) − 𝑘(𝑖)𝑟𝛼(𝑆)

)( 𝑝 − 𝑝(𝑖)𝑐 (𝑆)

𝑝(𝑑)𝑐 (𝑆) − 𝑝(𝑖)𝑐 (𝑆)

)
. (20)

This expression is obtained by considering sign in (13) and (18) as a function that can be eliminated.
With 𝜏 = 0 in (13), this results in (20). Since the fraction (20) is bounded by 0 and 1 for (𝑆, 𝑝) ∈ ,
we have lim𝑆↘0 𝑘𝑟𝛼(𝑆, 𝑝) = 𝑘(𝑖)𝑟𝛼(0) = 𝑘(𝑑)𝑟𝛼 (0) and similar for 𝑆 ↗ 1.

Observe that (19) is consistent with (17) as from (16), 𝜕𝑆
𝜕𝑡 > 0 iff 𝑝 < 𝑝(𝑖)𝑐 (𝑆) and 𝜕𝑆

𝜕𝑡 < 0 iff 𝑝 >
𝑝(𝑑)𝑐 (𝑆). Moreover, the scanning curves for 𝑘𝑟𝛼 have constant 𝑆. Although not true in general, see,
for instance, Figure 1, we restrict ourselves to play-type for both 𝑝 and 𝑘𝑟𝛼 . An extension describing
nonvertical scanning curves is discussed in Ref. 24 and chapters 3,11 of Ref. 27.

Using (19) and (9),(10), the nonlinearities 𝑓 and ℎ are expressed in terms of 𝑆 and 𝑝 as well:

𝜁 (𝑆, 𝑝) =
⎧⎪⎨⎪⎩

𝜁 (𝑑)(𝑆) if (𝑆, 𝑝) ∈ (𝑑),
𝜁(𝑆, 𝑝) if (𝑆, 𝑝) ∈ ,
𝜁 (𝑖)(𝑆) if (𝑆, 𝑝) ∈ (𝑖),

for 𝜁 ∈ {𝑓, ℎ}. (21)

From (P2)-(P4) we deduce for 𝑓 and ℎ:

(P5) 𝑓 ∈ 𝐶(), 𝑓 ∈ 𝐶2() and 𝜕𝑝𝑓 > 0 in . For 𝑗 ∈ {𝑖, 𝑑}, 𝑓 (𝑗) ∈ 𝐶2([0, 1]), 𝑓 (𝑗)′(𝑆) > 0 for
0 < 𝑆 < 1, 𝑓 (𝑗)(0) = 0, 𝑓 (𝑗)(1) = 1. Moreover, for 0 < 𝑆 < 1, 𝑓 (𝑖)(𝑆) < 𝑓 (𝑑)(𝑆).

(P6) ℎ ∈ 𝐶(), ℎ̄ ∈ 𝐶2(), ℎ(𝑗) ∈ 𝐶2([0, 1]) and ℎ(𝑗)(0) = ℎ(𝑗)(1) = 0 for 𝑗 ∈ {𝑖, 𝑑}.

Observe that in general no ordering holds between ℎ(𝑖) and ℎ(𝑑). Typical curves for 𝑓 (𝑗) and ℎ(𝑗) are
shown in Figure 3. The Equations (11), (13), and (21) are the complete set of equations for our model.
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2.3 Dimensionless formulation
Let𝐻 [m] be the characteristic length, 𝑝𝑟 [Pa] the characteristic pressure, 𝑡𝑟 = 𝜙𝐻

𝑣 [s] the characteristic
time, and 𝜏𝑟[Pa ⋅ s] the characteristic dynamic capillary constant. Inspired by the J-Leverett model,67

we take as characteristic pressure 𝑝𝑟 = 𝜎
√

𝜙
𝐾 , 𝜎 being the surface tension between the two phases.

Alternatively, one could consider 𝑝𝑟 = (𝜌𝑛 − 𝜌𝑤)𝑔𝐻 which is a more common choice for the Richards
equation with gravity. Setting

�̃� ∶= 𝑧
𝐻
, 𝑡 ∶= 𝑡

𝑡𝑟
, �̃� ∶= 𝜓

𝑝𝑟
, and 𝜏 = 𝜏

𝜏𝑟
,

where 𝜓 ∈ {𝑝, 𝑝(𝑖)𝑐 , 𝑝
(𝑑)
𝑐 }, and defining the dimensionless numbers

𝑁𝑔 ∶=
𝐾
(
𝜌𝑤 − 𝜌𝑛

)
𝑔

𝑣𝜇𝑛
(gravity number) and 𝑁𝑐 ∶=

𝐾𝑝𝑟
𝑣𝜇𝑛𝐻

(capillary number),

we obtain from (11) the dimensionless transport equation
𝜕𝑆
𝜕𝑡

+ 𝜕
𝜕�̃�

(
𝑓 +𝑁𝑔ℎ +𝑁𝑐ℎ

𝜕�̃�
𝜕�̃�

)
= 0. (22)

The closure relation (13) becomes

�̃� ∈ 1
2
(
�̃�(𝑖)𝑐 (𝑆) + �̃�(𝑑)𝑐 (𝑆)

)
− 1

2
(
�̃�(𝑑)𝑐 (𝑆) − �̃�(𝑖)𝑐 (𝑆)

)
⋅ sign
(𝜕𝑆
𝜕𝑡

)
− 𝜏

𝜏𝑟
𝑝𝑟𝑡𝑟

𝜕𝑆
𝜕𝑡
. (23)

Now choosing 𝜏𝑟 = 𝑁𝑐𝑝𝑟𝑡𝑟 = 𝑝2𝑟
𝜙𝐾
𝑣2𝜇𝑛

, the Leverett scaling for 𝑝𝑟 gives

𝜏𝑟 =
𝜎2𝜙2

𝜇𝑛𝑣2
implying 𝜏 =

𝜇𝑛𝑣2

𝜎2𝜙2 𝜏. (24)

This choice leaves us with a characteristic dynamic coefficient that is independent of the length scale of
the problem. This is precisely the scaling used in Refs. 43, 44, 68 that is consistent with the hyperbolic
limit. Realistic values of dimensional and scaled quantities are given in Ref. 69.

Dropping the ̃ sign from the notation, we are left with the dimensionless system

()

⎧⎪⎪⎨⎪⎪⎩

𝜕𝑆
𝜕𝑡

+ 𝜕
𝜕𝑧

(
𝐹 (𝑆, 𝑝) +𝑁𝑐ℎ(𝑆, 𝑝)

𝜕𝑝
𝜕𝑧

)
= 0,

(25a)
𝜕𝑆
𝜕𝑡

= 1
𝑁𝑐𝜏

 (𝑆, 𝑝), (25b)

where 𝐹 = 𝑓 +𝑁𝑔ℎ. (25c)
This system can be seen as a regularization of the hyperbolic Buckley-Leverett equation with gravity.
Here, the regularization involves hysteresis and dynamic capillarity. Compared to the usual second-
order parabolic regularization, yielding shocks that satisfy the standard Oleinik conditions,70 different
(nonparabolic) regularizations may yield shocks that violate these conditions, see, for example, Refs.
43, 71. Such shocks are called nonclassical.

One of the main issues that concerns this paper is to show the existence of nonclassical shocks
originating from System (). To this end, we proceed as in Ref. 43 and study the existence of TW
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solutions of () that connect a left state 𝑆𝐵 to a right state 𝑆𝑇 in the presence of both hysteresis and
dynamic capillarity. TWs for the model with only dynamic capillarity are analyzed in Refs. 44, 57.
For the case of unsaturated flow, that is, Richards equation with a convex flux function, existence and
qualitative properties of TWs are considered in detail in Refs. 9, 42, 45.

For the purpose of TWs, we consider System () in the domain −∞ < 𝑧 < ∞. Then the capillary
number 𝑁𝑐 can be removed from the problem by the scaling

𝑧 ∶= 𝑧∕𝑁𝑐 and 𝑡 ∶= 𝑡∕𝑁𝑐.

This yields the 𝑁𝑐 independent formulation

(̃)
⎧
⎪⎨⎪⎩

𝜕𝑆
𝜕𝑡

+ 𝜕
𝜕𝑧

(
𝐹 (𝑆, 𝑝) + ℎ(𝑆, 𝑝)𝜕𝑝

𝜕𝑧

)
= 0,

𝜕𝑆
𝜕𝑡

= 1
𝜏
 (𝑆, 𝑝),

(26)

with −∞ < 𝑧 <∞ and 𝑡 > 0. This is the starting point for the TW analysis.
Remark 2. Using the Brooks-Corey type expression, for example, see Ref. 72,

𝑘𝑟𝑤(𝑆) = 𝑆𝑞 and 𝑘𝑟𝑛(𝑆) = (1 − 𝑆)𝑞, (27)

with 𝑞 = 2, the nonlinearities (9), (10), and (25c) become for no-hysteresis in permeabilities,

𝑓 (𝑆) = 𝑆2

𝑆2 +𝑀(1 − 𝑆)2
, ℎ(𝑆) = (1 − 𝑆)2𝑓 (𝑆), 𝐹 (𝑆) = 𝑆2 (1 +𝑁𝑔(1 − 𝑆)2)

𝑆2 +𝑀(1 − 𝑆)2
,

where 𝑀 = 𝜇𝑤
𝜇𝑛

denotes the viscosity ratio. A plot is shown in Figure 3 for these functions. Some
elementary calculations give

(𝑎) Monotonicity: If 𝑁𝑔 ≤𝑀 then 𝐹 ′(𝑆) > 0 for all 0 < 𝑆 < 1 and if 𝑁𝑔 > 𝑀 then there exists a
unique 𝑆𝐹 ∈ (0, 1) such that 𝐹 ′(𝑆) > 0 for all 0 < 𝑆 < 𝑆𝐹 and 𝐹 ′(𝑆) < 0 for 𝑆𝐹 < 𝑆 < 1. Since
𝐹 (1) = 1, clearly 𝐹 (𝑆𝐹 ) > 1.

(𝑏) Inflection points: 𝑓 (𝑆) has only one inflection point in (0,1) whereas, 𝐹 (𝑆) has at most two. To
see this for 𝑓 (𝑆), note that 𝑓 ′′(𝑆) = 𝑃 (𝑆)𝑄(𝑆) with 𝑄(𝑆) being a positive function and 𝑃 (𝑆) =
𝑀 − (3𝑀 + 3)𝑆2 + (2𝑀 + 2)𝑆3. Since 𝑃 (0) =𝑀 , 𝑃 (1) = −1 and 𝑃 ′(𝑆) < 0 for 𝑆 ∈ (0, 1), the
result follows.

These properties of 𝑓 and 𝐹 will be used when discussing the different cases of TWs.

2.4 TW formulation
Having derived the nondimensional hysteretic two-phase flow System (̃), we investigate under which
conditions TW solutions exist. These are solutions of the form

𝑆(𝑧, 𝑡) = 𝑆(𝜉), 𝑝(𝑧, 𝑡) = 𝑝(𝜉), with 𝜉 = 𝑐𝑡 − 𝑧,
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where 𝑆 and 𝑝 are the wave profiles of saturation and pressure and 𝑐 ∈ ℝ the wave-speed. We seek
TWs that satisfy

⎧
⎪⎨⎪⎩

lim
𝜉→−∞

𝑆(𝜉) = 𝑆𝐵, lim
𝜉→∞

𝑆(𝜉) = 𝑆𝑇 ,

lim
𝜉→−∞

𝑝′(𝜉) = lim
𝜉→∞

𝑝′(𝜉) = 0,
(28)

where 𝑆𝐵 corresponds to an “initial” saturation and 𝑆𝑇 to the injected saturation. The choice of
𝑝′(±∞) = 0 ensures that the diffusive flux vanishes at 𝜉 = ±∞. Substituting (28) into (26), and inte-
grating (26) one obtains

𝑐𝑆 −
(
𝐹 (𝑆, 𝑝) − ℎ(𝑆, 𝑝)𝑝′

)
= 𝐴, (29a)

𝑐𝑆′ = 1
𝜏
 (𝑆, 𝑝), (29b)

where 𝜉 ∈ ℝ and 𝐴 is a constant of integration.
As was shown in Ref. 9 for the Richards equation, (28) and (29) do not automatically guarantee the

existence of lim𝜉→±∞ 𝑝(𝜉). However, if 𝑝(±∞) is well-defined then (29b) and the existence of 𝑆(±∞)
forces lim𝜉→±∞  (𝑆(𝜉), 𝑝(𝜉)) = 0. Recalling that  (𝑆, 𝑝) = 0 iff (𝑆, 𝑝) ∈  we then have

lim
𝜉→−∞

𝑝(𝜉) = 𝑝𝐵 ∈
[
𝑝(𝑖)𝑐 (𝑆𝐵), 𝑝(𝑑)𝑐 (𝑆𝐵)

]
, lim

𝜉→∞
𝑝(𝜉) = 𝑝𝑇 ∈

[
𝑝(𝑖)𝑐 (𝑆𝑇 ), 𝑝(𝑑)𝑐 (𝑆𝑇 )

]
.

We show later that 𝑝𝐵 , interpreted as the initial pressure, can sometimes be chosen independently,
whereas, 𝑝𝑇 , when existing, is always fixed by the choice of 𝑆𝐵, 𝑆𝑇 , and 𝑝𝐵 . Following the steps in
Refs. 9, 44, 45, we obtain the Rankine-Hugoniot condition for wave-speed 𝑐, that is,

𝑐 =
𝐹 (𝑆𝑇 , 𝑝𝑇 ) − 𝐹 (𝑆𝐵, 𝑝𝐵)

𝑆𝑇 − 𝑆𝐵
. (30)

With this, system (29) can be rewritten as a dynamical system,

(TW)

{
𝑆′ = 1

𝑐𝜏 (𝑆, 𝑝),
𝑝′ = (𝑆, 𝑝), (31)

where

(𝑆, 𝑝) ∶= 𝐹 (𝑆, 𝑝) − 𝓁(𝑆)
ℎ(𝑆, 𝑝)

with 𝓁(𝑆) ∶= 𝐹 (𝑆𝐵, 𝑝𝐵) + 𝑐(𝑆 − 𝑆𝐵). (32)

Note that when 𝐹 is nonmonotone (eg, 𝑁𝑔 > 𝑀 in Figure 2), the wave-speed 𝑐 can be positive or
negative depending on the values of 𝑆𝐵 and 𝑆𝑇 .

We study all possible solutions of system (TW) for 𝜏 > 0. They serve as viscous profiles of admis-
sible shocks of the limiting Buckley-Leverett equation. Existence conditions for solutions of (TW) act
as admissibility/entropy conditions for the corresponding shocks.

The solutions of (TW) are investigated under two different scenarios.
A: No hysteresis in relative permeabilities, that is, 𝜁 (𝑖) = 𝜁 (𝑑) for 𝜁 ∈ {𝑓, ℎ}. Furthermore, 𝑁𝑔 is suf-

ficiently small so that 𝐹 satisfies properties stated for 𝑓 (𝑗) in (P5). For 𝐹 as in Remark 2 this is
satisfied if 𝑁𝑔 ≤𝑀 .
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F I G U R E 4 (Left) The saturations 𝑆𝐵, 𝑆, �̄�, and �̃�. Here, 𝑆 is the tangent to the 𝐹 (𝑆) curve from (1,1) and �̄� is
the tangent from (𝑆𝐵, 𝐹 (𝑆𝐵)). (Right) The saturation 𝛽(𝛼) is defined by the third intersection of the line connecting
(𝛼, 𝐹 (𝛼)) and (𝑆𝐵, 𝐹 (𝑆𝐵)) with 𝐹 . The inflection point of 𝐹 is at 𝑆 = 𝑆𝑜 and 𝛽(�̃�) = 1

B: 𝑁𝑔 and 𝜏 sufficiently small; relative permeabilities are hysteretic.

A third scenario where 𝑁𝑔 is large so that 𝐹 is nonmonotone is discussed briefly at the end of
Section 3.

3 NO RELATIVE PERMEABILITY HYSTERESIS AND
SMALL 𝑵𝒈 (SCENARIO A)

In the absence of relative permeability hysteresis, the functions 𝑓, ℎ, 𝐹 , and  depend on 𝑆 only. We
explicitly state the properties of 𝐹 as a result of (P5), (P6), and Remark 2.

(A1) 𝐹 ∈ 𝐶2([0, 1]), 𝐹 ′(𝑆) > 0 for 0 < 𝑆 < 1, 𝐹 (0) = 0, 𝐹 (1) = 1. Moreover, a unique 𝑆𝑜 ∈ (0, 1)
exists such that

𝐹 ′′(𝑆𝑜) = 0, 𝐹 ′′(𝑆) > 0 for 0 < 𝑆 < 𝑆𝑜, and 𝐹 ′′(𝑆) < 0 for 𝑆𝑜 < 𝑆 < 1.

3.1 Preliminaries
For the purpose of readability, we moved the proofs of most details in Appendix A. Throughout this
section, we restrict ourselves to relatively small values of 𝑆𝐵 . Specifically, we assume

0 < 𝑆𝐵 < 𝑆𝑜. (33)

First let us take 𝑆𝐵 ≤ 𝑆, where 𝑆 is the saturation at which 𝐹 ′(𝑆) = 1−𝐹 (𝑆)
1−𝑆 . The convex-concave

behavior of 𝐹 implies 𝑆 < 𝑆𝑜. For later purpose, and with reference to Figure 4 (left), we introduce
the additional saturations 𝑆𝐵 < �̃� < �̄� < 1, where �̃� is the saturation at which 𝐹 (𝑆) intersects the
line connecting (𝑆𝐵, 𝐹 (𝑆𝐵)) and (1,1), and where �̄� is the saturation for which 𝐹 ′(�̄�) = 𝐹 (�̄�)−𝐹 (𝑆𝐵)

�̄�−𝑆𝐵
.

To each 𝛼 ∈ [�̃�, �̄�] corresponds a unique 𝛽 ∈ [�̄�, 1] such that (𝛽, 𝐹 (𝛽)) is the third intersection point
between the graph of 𝐹 and the chord through (𝑆𝐵, 𝐹 (𝑆𝐵)) and (𝛼, 𝐹 (𝛼)) (see Figure 4 (right)). This



MITRA ET AL. 13

F I G U R E 5 The plot of (𝑆;𝑆𝐵, 𝛼) for different values of 𝛼. Here, 𝛼1 < �̃� < 𝛼2 < 𝛼3 = 𝑆∗ < 𝛼4 < �̄� < 𝑆∗.
Values of 𝛾 and 𝛽 are also shown. Note that 𝛽(𝛼1) and 𝛾(𝛼4) do not exist

defines the function
{
𝛽 ∶ [�̃�, �̄�] → [�̄�, 1], 𝛽(�̄�) = �̄�, 𝛽(�̃�) = 1,
𝛽(𝛼) is strictly decreasing. (34)

Later in this section, a second function 𝛾 = 𝛾(𝛼) is introduced as one of the roots of the equation

∫
𝛾(𝛼)

𝑆𝐵
(𝑆;𝑆𝐵, 𝛼)𝑑𝑆 = 0 for 𝑆𝐵 ≤ 𝛼 ≤ �̄�. (35)

Here, (𝑆;𝑆𝐵, 𝛼) is the expanded notation of  from (32) for the 𝑝 independent case:

(𝑆;𝑆𝐵, 𝛼) = 𝐹 (𝑆) − 𝓁(𝑆;𝑆𝐵, 𝛼)
ℎ(𝑆)

with 𝓁(𝑆;𝑆𝐵, 𝛼) = 𝐹 (𝑆𝐵) +
𝐹 (𝛼) − 𝐹 (𝑆𝐵)

𝛼 − 𝑆𝐵
(𝑆 − 𝑆𝐵).

A typical sketch of (𝑆;𝑆𝐵, 𝛼) for different values of 𝛼 is shown in Figure 5. Note that
(𝑆;𝑆𝐵, 𝛼) decreases with respect to 𝛼 ∈ [𝑆𝐵, �̄�] and (36)

(𝑆;𝑆𝐵, 𝛼)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

< 0 for 𝑆𝐵 < 𝑆 < 𝛼
>0 for 𝑆 > 𝛼

}
when 𝑆𝐵 < 𝛼 < �̃�,

< 0 for 𝑆𝐵 < 𝑆 < 𝛼
>0 for 𝛼 < 𝑆 < 𝛽(𝛼)
< 0 for 𝛽(𝛼) < 𝑆 < 1

⎫⎪⎬⎪⎭
when �̃� < 𝛼 < �̄�.

(37)

Since,

(𝑆;𝑆𝐵, 𝛼) =
⎧
⎪⎨⎪⎩

( 1
𝑘𝑟𝑛(𝑆)

)
when 𝛼 ≠ �̃�,

( 1−𝑆
𝑘𝑟𝑛(𝑆)

)
when 𝛼 = �̃�,

(38)

as 𝑆 ↗ 1, we have for most practical applications
(𝑆;𝑆𝐵, 𝛼) is nonintegrable near 𝑆 = 1 for each 𝑆𝐵 ≤ 𝛼 ≤ �̄�. (39)
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F I G U R E 6 The functions 𝛽, 𝛾 , and �̄� (assuming (39)) and the definitions of 𝑆∗ and 𝑆∗ for 𝑆𝐵 < 𝑆

This is the case for Brooks-Corey permeabilities with 𝑞 ≥ 2 (see Remark 2).
Remark 3. We also note that in the context of this section the wave-speed (30) reduces to

𝑐 =
𝐹 (𝑆𝑇 ) − 𝐹 (𝑆𝐵)

𝑆𝑇 − 𝑆𝐵
.

From assumption A1, it follows that there is a one-to-one correspondence between 𝑐 and𝑆𝑇 ∈ [𝑆𝐵, �̄�].
Writing 𝑐 = 𝑐(𝑆𝑇 ), we have the following properties for 𝑐(𝑆𝑇 ):

𝑐(𝑆𝐵) = 𝐹 ′(𝑆𝐵), 𝑐(�̄�) = 𝐹 ′(�̄�), and 𝑑𝑐
𝑑𝑆𝑇

> 0 for 𝑆 ∈ [𝑆𝐵, �̄�].

Returning to Equation (35), we note that 𝛾 = 𝑆𝐵 is the trivial solution. Properties (37) and (38)
imply the existence of a second nontrivial and increasing solution 𝛾 = 𝛾(𝛼) for 𝛼 ≥ 𝑆𝐵 . It satisfies the
following properties.
Proposition 1. Assume either (39) or 𝑆𝐵 ∈ (𝑆, 𝑆𝑜). Let 𝛾 be the increasing (unique) solution of (35).
Then it is defined in the interval [𝑆𝐵, 𝑆∗] where 𝑆∗ ∈ (�̃�, �̄�) is such that 𝛾(𝑆∗) = 𝛽(𝑆∗) =∶ 𝑆∗. Fur-
thermore, 𝛾(𝑆𝐵) = 𝑆𝐵 , 𝛾(𝛼) > 𝛼 for 𝛼 > 𝑆𝐵 and 𝛾(𝛼) < 𝛽(𝛼) for 𝛼 < 𝑆∗ in the common domain of
definition of 𝛽 and 𝛾 (see Figure 6).

Observe that, if (39) holds, then a third solution 𝛾 = �̄� exists for �̃� < 𝛼 < 𝑆∗. It decreases in 𝛼 with
�̄�(�̃�) = 1 and �̄�(𝑆∗) = 𝑆∗. The solutions (35) and the function 𝛽(𝛼) are sketched in Figure 6.
Remark 4. For simplicity, we assume (39) for the remaining discussion. This guarantees the existence
of a (𝑆∗, 𝑆∗) pair. The methods presented in this paper can also be applied to analyze the case when
𝛽(𝛼) and 𝛾(𝛼) are not intersecting. The results are briefly discussed in Section 3.2.

Next we turn to system (TW) where, for the time being, we take

𝑆𝐵 < 𝑆𝑇 ≤ �̄�. (40)
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F I G U R E 7 The 𝑆−𝑝 phase plane and the direction of orbits for Scenario A with �̃� ≤ 𝑆𝑇 ≤ �̄�. The regions
, (𝑖), (𝑑) and the equilibrium lines are marked

Since (TW) is autonomous, it is convenient to represent solutions as orbits in the (𝑆, 𝑝)-plane, or rather,
in the strip {(𝑆, 𝑝) ∶ 0 ≤ 𝑆 ≤ 1, 𝑝 ∈ ℝ}. Moreover, orbits are same for any shift in the independent
variable 𝜉. Therefore, we may set without loss of generality (see Refs. 9, 45),

𝑆(0) = 1
2
(𝑆𝐵 + 𝑆𝑇 ). (41)

Equilibrium points of (TW) that are of particular interest are

𝐸𝑗
𝐾 ≡ (𝐾, 𝑝(𝑗)𝑐 (𝐾)), where 𝐾 ∈ {𝑆𝐵, 𝑆𝑇 } and 𝑗 ∈ {𝑖, 𝑑}.

If �̃� ≤ 𝑆𝑇 < �̄�, a third pair exists for 𝐾 = 𝛽(𝑆𝑇 ). The points 𝐸𝑗
𝐾 and the direction of the orbits are

indicated in Figure 7. By the special nature of the function  , we have in fact that all points of the
segments 𝐸𝑖

𝐾𝐸
𝑑
𝐾 are equilibrium points. Boundary conditions (28) are satisfied if an orbit connects

the segments 𝐸𝑖
𝑆𝐵
𝐸𝑑
𝑆𝐵

and 𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

. As shown in Ref. 45, an orbit can leave 𝐸𝑖
𝑆𝐵
𝐸𝑖
𝑆𝐵

only from the
lowest point 𝐸𝑖

𝑆𝐵
. Then it enters region (𝑖) where it moves monotonically with respect to 𝑆 as a

consequence of the sign in the right-hand side of Equation (31): if 𝑝 < 𝑝(𝑖)𝑐 (𝑆) we have 𝑆′ > 0.
Due to this monotonicity, one can alternatively describe an orbit leaving 𝐸𝑖

𝑆𝐵
as a function of the

saturation as long as it belongs to (𝑖). For given 𝜏 > 0 and 𝑆𝑇 satisfying (40), let𝑤(𝑆) = 𝑤(𝑆; 𝜏, 𝑆𝑇 )
denote this function. Then

𝑤(𝑆𝐵; 𝜏, 𝑆𝑇 ) = 𝑝(𝑖)𝑐 (𝑆𝐵) (42a)

and 𝑤(𝑆; 𝜏, 𝑆𝑇 ) < 𝑝(𝑖)𝑐 (𝑆) in a right neighborhood of 𝑆𝐵. (42b)

As in Refs. 9, 45, we deduce from (TW) that 𝑤 should satisfy

𝑤′(𝑆; 𝜏, 𝑆𝑇 ) =
𝑐𝜏(𝑆;𝑆𝐵, 𝑆𝑇 )

𝑝(𝑖)𝑐 (𝑆) −𝑤(𝑆; 𝜏, 𝑆𝑇 )
for 𝑆 > 𝑆𝐵. (43)

Using techniques from,9,45 one can show that initial value problem (43), (42a) has a unique local solu-
tion 𝑤(𝑆; 𝜏, 𝑆𝑇 ) that satisfies (42b).
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Remark 5. Conversely one recovers the orbit (𝑆(𝜉), 𝑝(𝜉)) by substituting 𝑤 into (31). Using (41) this
gives

𝜉 = 𝑐𝜏 ∫
𝑆(𝜉)

1
2 (𝑆𝐵+𝑆𝑇 )

𝑑𝜚

𝑝(𝑖)𝑐 (𝜚) −𝑤(𝜚; 𝜏, 𝑆𝑇 )
𝑑𝜚 and 𝑝(𝜉) = 𝑤(𝑆(𝜉); 𝜏, 𝑆𝑇 ).

Rewriting (43) as
(
𝑝(𝑖)𝑐 −𝑤

)(
𝑤 − 𝑝(𝑖)𝑐

)′ + (𝑝(𝑖)𝑐 −𝑤
)
𝑝(𝑖)𝑐

′ = 𝑐𝜏(𝑆;𝑆𝐵, 𝑆𝑇 ),
we find recalling (P1) that
(
(𝑝(𝑖)𝑐 −𝑤)2

)′ = 2
(
𝑝(𝑖)𝑐 −𝑤

)
𝑝(𝑖)𝑐

′ − 2𝑐𝜏(𝑆;𝑆𝐵, 𝑆𝑇 ) ≤ −2𝑐𝜏(𝑆;𝑆𝐵, 𝑆𝑇 ) in {𝑤 < 𝑝(𝑖)𝑐
}
. (44)

Integrating this inequality from 𝑆𝐵 to 𝑆 gives the lower bound

𝑤(𝑆; 𝜏, 𝑆𝑇 ) > 𝑝(𝑖)𝑐 (𝑆) −
√
2𝑐𝜏Φ(𝑆) in

{
𝑤 < 𝑝(𝑖)𝑐

}
,

where Φ(𝑆) = Φ(𝑆;𝑆𝐵, 𝑆𝑇 ) ∶= − ∫ 𝑆
𝑆𝐵

(𝜚;𝑆𝐵, 𝑆𝑇 )𝑑𝜚.
⎫
⎪⎬⎪⎭

(45)

With 𝑆𝑇 satisfying (40), properties (37)-(39) and Proposition 1 imply
Φ(𝑆) > 0 for 𝑆𝐵 < 𝑆 < 𝛾(𝑆𝑇 )

Φ(𝑆𝐵) = Φ(𝛾(𝑆𝑇 )) = 0

}
when 𝑆𝐵 < 𝑆𝑇 ≤ 𝑆∗, (46a)

and Φ(𝑆) > 0 for 𝑆𝐵 < 𝑆 < 1
lim
𝑆↗1

Φ(𝑆) = +∞

}
when 𝑆∗ < 𝑆𝑇 ≤ �̄�. (46b)

Observe that, depending on 𝑆𝐵 , 𝑆𝑇 , and 𝜏, the interval where 𝑤(𝑆) < 𝑝(𝑖)𝑐 (𝑆) is either (𝑆𝐵, 1] if 𝑤(𝑆)
and 𝑝(𝑖)𝑐 (𝑆) do not intersect, or (𝑆𝐵, 𝑆𝑖) with 𝑆𝑖 ≤ 1 in case there is an intersection at 𝑆 = 𝑆𝑖. In the
latter case, it follows immediately from (44) that we must have,
Proposition 2. Suppose there exists 𝑆𝑖 ∈ (𝑆𝐵, 1) such that 𝑤(𝑆) < 𝑝(𝑖)𝑐 (𝑆) for 𝑆𝐵 < 𝑆 < 𝑆𝑖 and
𝑤(𝑆𝑖) = 𝑝(𝑖)𝑐 (𝑆𝑖). Then (𝑆𝑖;𝑆𝐵, 𝑆𝑇 ) ≥ 0.

Hence, if the orbit exits through the capillary pressure curve 𝑝(𝑖)𝑐 , it can only do so at points where ≥ 0. From the discussion above, one defines
𝑆𝑚(𝜏, 𝑆𝑇 ) = sup{𝑆 ∈ (𝑆𝐵, 1) ∶ 𝑤(𝜚; 𝜏, 𝑆𝑇 ) < 𝑝(𝑖)𝑐 (𝜚) for all 𝑆𝐵 < 𝜚 < 𝑆}, (47)

which is the upper limit of the interval on which 𝑤 exists. Then we have
Proposition 3.

(a) If 𝑆𝐵 < 𝑆𝑇 ≤ 𝑆∗, then 𝑆𝑇 ≤ 𝑆𝑚(𝜏, 𝑆𝑇 ) < 𝛾(𝑆𝑇 ) for all 𝜏 > 0;
(b) If 𝑆∗ < 𝑆𝑇 ≤ �̄� and 𝑤(𝛽(𝑆𝑇 ); 𝜏, 𝑆𝑇 ) < 𝑝(𝑖)𝑐 (𝛽(𝑆𝑇 )), then 𝑆𝑚(𝜏, 𝑆𝑇 ) = 1 and lim

𝑆↗1
𝑤(𝑆) = −∞.

In Figure 8, we sketch the behavior of 𝑤(𝑆; 𝜏, 𝑆𝑇 ) in (𝑖). The existence of orbits as in Figure 8
(left) is a direct consequence of the behavior of the lower bound (45). Orbits as in Figure 8 (right) need
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F I G U R E 8 Sketch of orbits represented by 𝑤(𝑆; 𝜏, 𝑆𝑇 ). (Left) 𝑆𝑇 ,1 ∈ (𝑆𝐵, 𝑆∗], 𝜏1 < 𝜏2; (Right) 𝑆𝑇 ,2 ∈ (𝑆∗, �̄�],
𝜏3 < 𝜏4

more attention since the case 𝑆𝑚(𝜏, 𝑆𝑇 ) < 𝛽(𝑆𝑇 ), represented by 𝜏3, remains to be discussed. We make
the behavior as sketched in Figure 8 (right) precise in a number of steps.

Next, we give a general monotonicity result.
Proposition 4 (Monotonicity).
(a) For a fixed 𝑆𝑇 ∈ (𝑆𝐵, �̄�] and any pair 0 < 𝜏1 < 𝜏2,

𝑤(⋅; 𝜏2, 𝑆𝑇 ) < 𝑤(⋅; 𝜏1, 𝑆𝑇 ) in {𝑤(⋅; 𝜏1, 𝑆𝑇 ) < 𝑝(𝑖)𝑐 (⋅)}

and

𝑆𝑚(𝜏1, 𝑆𝑇 ) < 𝑆𝑚(𝜏2, 𝑆𝑇 ) if 𝑆𝑇 < 𝑆𝑚(𝜏2, 𝑆𝑇 ) ≤ 𝛽(𝑆𝑇 );

(b) For fixed 𝜏 > 0 and any pair 𝑆𝐵 < 𝑆𝑇 ,1 < 𝑆𝑇 ,2 ≤ �̄�,

𝑤(⋅; 𝜏, 𝑆𝑇 ,2) < 𝑤(⋅; 𝜏, 𝑆𝑇 ,1) in {𝑤(⋅; 𝜏, 𝑆𝑇 ,1) < 𝑝(𝑖)𝑐 (⋅)}

and

𝑆𝑚(𝜏, 𝑆𝑇 ,1) < 𝑆𝑚(𝜏, 𝑆𝑇 ,2) if 𝑆𝑇 ,2 ≤ 𝑆𝑚(𝜏, 𝑆𝑇 ,2) ≤ 𝛽(𝑆𝑇 ,2).

Remark 6. To complement Proposition 4, we further state that
𝑆𝑚(𝜏1, 𝑆𝑇 ) = 𝑆𝑇 if 𝑆𝑚(𝜏2, 𝑆𝑇 ) = 𝑆𝑇 and 𝑆𝑚(𝜏2, 𝑆𝑇 ) = 1 if 𝑆𝑚(𝜏1, 𝑆𝑇 ) = 1.

The statements follow directly from the ordering of the orbits.
So far we have shown monotonicity of the orbits in (𝑖). The next results give the continuous depen-

dence on the parameter 𝜏 and 𝑆𝑇 . This is addressed in the following results.
Proposition 5 (Continuous dependence of 𝑤). Let 𝑣 = 𝑝(𝑖)𝑐 −𝑤. In the context of Figure 4 and with Φ
defined in (45), we have

(a) 0 < 𝑣2(𝑆; 𝜏2, 𝑆𝑇 ) − 𝑣2(𝑆; 𝜏1, 𝑆𝑇 ) < 2𝑐(𝜏2 − 𝜏1)Φ(𝑆) for 𝑆𝐵 < 𝑆 ≤ 𝑆𝑚(𝜏1, 𝑆𝑇 );
(b) 0 < 𝑣2(𝑆; 𝜏, 𝑆𝑇 ,2) − 𝑣2(𝑆; 𝜏, 𝑆𝑇 ,1) < 2(𝑐(𝑆𝑇 ,2)Φ(𝑆;𝑆𝐵, 𝑆𝑇 ,2) − 𝑐(𝑆𝑇 ,1)Φ(𝑆;𝑆𝐵, 𝑆𝑇 ,1)) for

𝑆𝐵 < 𝑆 ≤ 𝑆𝑚(𝜏, 𝑆𝑇 ,1);

Corollary 1 (Continuous dependence of 𝑆𝑚). Let 𝜏0 > 0 and 𝑆𝑇0 be fixed such that 𝑆𝑚(𝜏0, 𝑆𝑇0 ) ≤
𝛽(𝑆𝑇0 ). Then for any small 𝜀 > 0, there exists 𝛿 = 𝛿(𝜀; 𝜏0, 𝑆𝑇0 ) so that |𝑆𝑚(𝜏, 𝑆𝑇 ) − 𝑆𝑚(𝜏0, 𝑆𝑇0 )| < 𝜀
if max{|𝜏 − 𝜏0|, |𝑆𝑇 − 𝑆𝑇0 |} < 𝛿 and 𝑆𝑚(𝜏, 𝑆𝑇 ) < 𝛽(𝑆𝑇 ).
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F I G U R E 9 (Left) Ordering of the orbits in the 𝑆-𝑝 phase plane for 𝑆∗ < 𝑆𝑇 < �̄� and typical values of 𝜏:
0 < 𝜏1 < 𝜏2 < 𝜏3 < 𝜏𝑐(𝑆𝑇 ). (Right) The behavior of the orbits in the 𝜉-𝑆 plane for the same 𝜏 values

Now we are in a position to describe how 𝑆𝑚 behaves for different combinations of 𝑆𝑇 and 𝜏.
Proposition 6. For each 𝑆𝑇 ∈ (𝑆𝐵, �̄�], there exists a 𝜏𝑚(𝑆𝑇 ) > 0 such that

𝑆𝑚(𝜏, 𝑆𝑇 ) = 𝑆𝑇 for all 0 < 𝜏 ≤ 𝜏𝑚(𝑆𝑇 ) and 𝑆𝑚(𝜏, 𝑆𝑇 ) > 𝑆𝑇 for all 𝜏 > 𝜏𝑚(𝑆𝑇 ).

The proof of this result is given in proposition 2.1 of Ref. 45. For later purposes, we introduce here
some definitions that are related to Proposition 6. Let 𝑃 = min𝑆∈(𝑆𝐵,�̄�){−𝑝

(𝑖)
𝑐

′
(𝑆)} > 0 and 𝑚0(𝑆𝑇 ) =

sup𝑆∈[𝑆𝐵,𝑆𝑇 ] ′(𝑆;𝑆𝐵, 𝑆𝑇 ) < ∞, and define

𝜏𝑚 =
𝑃 2

4𝑐𝑚0(𝑆𝑇 )
and 𝑟𝑚 =

𝑃
2

[
1 −
√

1 − 𝜏
𝜏𝑚

]
. (48)

Then,
𝑝(𝑖)𝑐 (𝑆) + 𝑟𝑚(𝑆 − 𝑆𝑇 ) < 𝑤(𝑆; 𝜏, 𝑆𝑇 ) < 𝑝(𝑖)𝑐 (𝑆) for all 𝑆 ∈ (𝑆𝐵, 𝑆𝑇 ) and 𝜏 < 𝜏𝑚,

which directly gives 𝑆𝑚(𝑆𝑇 , 𝜏) = 𝑆𝑇 . Thus, 𝜏𝑚 > 0 is defined as
𝜏𝑚(𝑆𝑇 ) ∶= sup{𝜏 ∶ 𝑆𝑚(𝑆𝑇 , 𝜏) = 𝑆𝑇 } ≥ 𝜏𝑚 > 0. (49)

Finally, using [Ref. 9, proposition 4.2(b)] one concludes that 𝜏𝑚(𝑆𝑇 ) < ∞.
We consider now the case 𝜏 > 𝜏𝑚(𝑆𝑇 ). Propositio-n 3 guarantees that 𝑆𝑚(𝑆𝑇 , 𝜏) < 𝛾(𝑆𝑇 ) ≤ 𝛽(𝑆𝑇 )

if 𝑆𝐵 < 𝑆𝑇 ≤ 𝑆∗. However, for 𝑆𝑇 > 𝑆∗ it is unclear whether 𝑆𝑚(𝑆𝑇 , 𝜏) is bounded by 𝛽(𝑆𝑇 ) or
not. We show below that a 𝜏𝑐 = 𝜏𝑐(𝑆𝑇 ) exists in this case such that 𝑆𝑚(𝑆𝑇 , 𝜏) ∈ (𝑆𝑇 , 𝛽(𝑆𝑇 )) if
𝜏 ∈ (𝜏𝑚(𝑆𝑇 ), 𝜏𝑐(𝑆𝑇 )) and 𝑆𝑚(𝑆𝑇 , 𝜏𝑐(𝑆𝑇 )) = 𝛽(𝑆𝑇 ) implying from Proposition 3 that 𝑆𝑚(𝑆𝑇 , 𝜏) = 1
for all 𝜏 > 𝜏𝑐(𝑆𝑇 ) (see Figure 9).
Proposition 7. We have

(a) For each 𝑆𝑇 ∈ (𝑆∗, �̄�), there exists a unique 𝜏𝑐 = 𝜏𝑐(𝑆𝑇 ) such that

𝑆𝑚(𝜏𝑐, 𝑆𝑇 ) = 𝛽(𝑆𝑇 ).

(b) The function 𝜏𝑐(⋅) is strictly decreasing and continuous on [𝑆∗, �̄�]. One has 𝜏𝑐(𝑆𝑇 ) → ∞ as 𝑆𝑇 ↘
𝑆∗ and 𝜏𝑐(�̄�) = 𝜏 = 𝜏𝑚(�̄�) > 0.
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F I G U R E 1 0 The different cases of 𝑆𝐵 < 𝑆𝑇 < 𝑆∗. The orbits are plotted for 0 < 𝜏1 < 𝜏𝑖 < 𝜏2 < 𝜏𝑑 < 𝜏3

After these preliminary statements, we are now in a position to consider the solvability of (TW) for
different ranges of 𝑆𝑇 .

3.2 Problem (TW) with 𝑺𝑩 < 𝑺𝑻 ≤ �̄�

We investigate the existence of an orbit connecting (𝑆𝐵, 𝑝
(𝑖)
𝑐 (𝑆𝐵)) and the segment 𝐸𝑖

𝑆𝑇
𝐸𝑑
𝑆𝑇

. Defining

𝜏𝑗 =

(
𝑝(𝑗)𝑐

′
(𝑆𝑇 )
)2

4𝑐′(𝑆𝑇 ;𝑆𝐵, 𝑆𝑇 ) > 0, 𝑗 ∈ {𝑖, 𝑑}, (50)

the eigenvalues of the (TW) system associated with the equilibrium points 𝐸𝑗
𝑆𝑇

, 𝑗 ∈ {𝑖, 𝑑} are

𝜆𝑗± =
𝑝(𝑗)′(𝑆𝑇 )

2𝑐𝜏

[
1 ±
√

1 − 𝜏
𝜏𝑗

]
implying

{
𝐸𝑗
𝑆𝑇

is stable sink for 𝜏 ≤ 𝜏𝑗 ,

𝐸𝑗
𝑆𝑇

is stable spiral sink for 𝜏 > 𝜏𝑗.

This immediately gives 𝜏𝑖 ≥ 𝜏𝑚 as no monotone orbit can connect with 𝐸𝑖
𝑆𝑇

for 𝜏 > 𝜏𝑖. The general
behavior of the orbits for 𝑆𝑇 ∈ (𝑆𝐵, 𝑆∗] are stated in
Theorem 1. Under the assumptions of Scenario A, consider 𝑆𝐵 satisfying (33), 𝑆𝑇 ∈ (𝑆𝐵, 𝑆∗] and
𝜏𝑖 < 𝜏𝑑 . Let (𝑆, 𝑝) be the orbit originating from (𝑆𝐵, 𝑝

(𝑖)
𝑐 (𝑆𝐵)) satisfying (TW). Then, with reference to

Figure 10, as 𝜉 → ∞ one gets

(a) If 0 < 𝜏 ≤ 𝜏𝑖, then either 𝑆 → 𝑆𝑇 and 𝑝→ 𝑝(𝑖)𝑐 (𝑆𝑇 ) monotonically with respect to 𝜉 through (𝑖)

(when 𝜏 ≤ 𝜏𝑚) or the orbit (𝑆, 𝑝) goes around 𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

finitely many times and ends up in either
𝐸𝑖
𝑆𝑇

or 𝐸𝑑
𝑆𝑇

(when 𝜏𝑚 < 𝜏 ≤ 𝜏𝑖).

(b) If 𝜏𝑖 < 𝜏 ≤ 𝜏𝑑 , (𝑆, 𝑝) → 𝐸𝑑
𝑆𝑇

after finitely many turns around 𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

.

(c) If 𝜏𝑑 < 𝜏, then (𝑆, 𝑝) revolves infinitely many times around𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

while approaching it and (28)
is satisfied.

These statements are demonstrated by arguments from [Ref. 45, theorem 2.1 and lemmas 2.1 &
2.2]. We omit the details here. In Theorem 1, we have taken 𝜏𝑖 < 𝜏𝑑 without loss of generality. In the
𝜏𝑖 > 𝜏𝑑 case, the roles of the equilibrium points 𝐸𝑖

𝑆𝑇
and 𝐸𝑑

𝑆𝑇
are reversed. The typical behavior of

the 𝑆 and the 𝑝 profiles with respect to 𝜉 is given in Figure 11. Both 𝑆 and 𝑝 are monotone for 𝜏 < 𝜏𝑖,
whereas for 𝜏𝑖 < 𝜏 < 𝜏𝑑 they have finite number of local extrema and 𝑝(+∞) = 𝑝(𝑑)𝑐 (𝑆𝑇 ). For 𝜏 > 𝜏𝑑 ,
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F I G U R E 1 1 Typical behavior of 𝑆(𝜉) (left) and 𝑝(𝜉) (right) for different values of 𝜏. Here profiles for three
different 𝜏 values are plotted satisfying 0 < 𝜏1 < 𝜏𝑖 < 𝜏2 < 𝜏𝑑 < 𝜏3. The 𝜉 = 0 coordinate is fixed by (41)

F I G U R E 1 2 The sets , , and  and the functions �̌�𝐵(𝜏), �̂�𝐵(𝜏)

𝑆 has infinitely many decaying local extrema, whereas 𝑝 has no limit. In particular, each 𝑆 maximum
corresponds to a saturation overshoot. On the other hand, the oscillations in 𝑝 become wider, in line
with the assumption lim𝜉→∞ 𝑝′(𝜉) = 0. In this case, the segment 𝐸𝑖

𝑆𝑇
𝐸𝑑
𝑆𝑇

becomes an 𝜔-limit set of
the orbit.

Turning to the case,𝑆𝑇 ∈ (𝑆∗, �̄�), we define the two functions which will be used extensively below.
Definition 1. The functions �̂�𝐵, �̌�𝐵 ∶ [0,∞) → (0, 1] are such that

�̌�𝐵(𝜏) =

{
(𝜏𝑐)−1(𝜏) for 𝜏 > 𝜏,
�̄� for 0 ≤ 𝜏 ≤ 𝜏,

and �̂�𝐵(𝜏) = 𝛽(�̌�𝐵(𝜏)).

Observe that �̌�𝐵(𝜏) is a strictly decreasing function whereas �̂�𝐵(𝜏) is a strictly increasing function
for 𝜏 > 𝜏 and �̂�𝐵(𝜏) = �̌�𝐵(𝜏) = �̄� for 𝜏 ≤ 𝜏. This is sketched in Figure 12. Numerically computed
�̌�𝐵(𝜏) and �̂�𝐵(𝜏) functions are shown in Figure 20.
Remark 7. The case when 𝛽(𝛼) does not intersect 𝛾(𝛼) is treated in a similar way. However, since
orbits may intersect the line segment {𝑆 = 1, 𝑝 ≤ 0} in this case, a multivalued extension of 𝑝(𝑖)𝑐 at
𝑆 = 1 needs to be introduced, see Refs. 9, 45 for further details. With this, one shows that the function
𝜏𝑐(𝑆𝑇 ) is well-defined in [�̃�, �̄�]. Then, a 𝜏

𝐵
> 0 exists such that �̌�𝐵(𝜏𝐵 ) = �̃� and �̂�𝐵(𝜏𝐵 ) = 1. The

subsequent results remain valid if �̂�𝐵 and �̌�𝐵 are extended by

�̌�𝐵(𝜏𝐵 ) = �̃� for 𝜏 > 𝜏
𝐵
, and �̂�𝐵(𝜏) = 1 for 𝜏 > 𝜏

𝐵
.
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F I G U R E 1 3 (Left) The direction of orbits for the system (31), (52) and the orbits (𝑆𝑑, 𝑝𝑑 ) and (𝑆1, 𝑝1). Here the
orbit (𝑆𝑑, 𝑝𝑑 ) connects 𝐸𝑑

�̂�𝐵 (𝜏)
and 𝐸𝑖

𝑆𝑇
. (Right) The domain Ω used in the divergence argument for the hypothetical

case where (𝑆1, 𝑝1) crosses the line 𝑆 = 𝑆𝐵

With this in mind, we define the following sets:
 = {(𝑆𝑇 , 𝜏) ∶ 𝑆𝐵 < 𝑆𝑇 < �̄�, 𝜏 < 𝜏𝑐(𝑆𝑇 )},

 = {(𝑆𝑇 , 𝜏) ∶ 𝜏 > 𝜏, �̌�𝐵(𝜏) < 𝑆𝑇 < �̂�𝐵(𝜏)},

 = {(𝑆𝑇 , 𝜏) ∶ �̄� < 𝑆 < 𝑆∗, 𝜏 < 𝜏𝑐(𝛽−1(𝑆𝑇 ))}. (51)

Observe that if 𝑆𝑇 < �̄� then only regions  and  are relevant. With 𝑆𝑜 defined in (A1), for
(𝑆𝑇 , 𝜏) ∈  one has
Proposition 8. For a fixed 𝑆𝐵 ∈ (0, 𝑆𝑜) and (𝑆𝑇 , 𝜏) ∈ , the orbit (𝑆, 𝑝) entering (𝑖) from 𝐸𝑖

𝑆𝐵
behaves according to statements (a),(b), and (c) of Theorem 1.

We discuss the remaining situations, (𝑆𝑇 , 𝜏) ∈  and (𝑆𝑇 , 𝜏) ∈  in the next section.

3.3 (𝑺𝑻 , 𝝉) ∉ 
Since 𝑆𝑇 > �̌�𝐵(𝜏), a TW cannot connect 𝑆𝐵 and 𝑆𝑇 . However, a different class of waves is possible
when (𝑆𝑇 , 𝜏) ∈ .
Proposition 9. For a fixed 𝑆𝐵 ∈ (0, 𝑆𝑜) and (𝑆𝑇 , 𝜏) ∈ , consider the system

{
𝑆′ = 1

𝑐𝑑𝜏
 (𝑆, 𝑝),

𝑝′ = (𝑆; �̂�𝐵(𝜏), 𝑆𝑇 ), with 𝑐𝑑 =
𝐹 (�̂�𝐵(𝜏)) − 𝐹 (𝑆𝑇 )

�̂�𝐵(𝜏) − 𝑆𝑇
. (52)

For this system, an orbit (𝑆𝑑, 𝑝𝑑) exists that connects 𝐸𝑑
�̂�𝐵(𝜏)

for 𝜉 → −∞ to 𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

for 𝜉 → ∞.

Proof. Upon inspection of the eigendirections for the system (52) around the equilibrium point 𝐸𝑑
�̂�𝐵(𝜏)one concludes that there is indeed an orbit (𝑆𝑑, 𝑝𝑑) that connects to𝐸𝑑

�̂�𝐵(𝜏)
as 𝜉 → −∞ from the set(𝑑)

defined in (15). Moreover, from the direction of the orbits in this case, as shown in Figure 13 (left), it
is apparent that after leaving 𝐸𝑑

�̂�𝐵(𝜏)
, 𝑆𝑑 decreases monotonically till the orbit either hits the curve 𝑝 =

𝑝(𝑑)𝑐 (𝑆) for some𝑆 ≤ 𝑆𝑇 or exits {𝑆 > 𝑆𝐵} through the line𝑆 = 𝑆𝐵 . We prove that it is not possible for
the orbit to escape through 𝑆 = 𝑆𝐵 . To show this, consider the orbit (𝑆1, 𝑝1) that satisfies the original
(TW) equations and enters (𝑑) from 𝐸𝑑

�̂�𝐵(𝜏)
. We show that this orbit cannot cross the line 𝑆 = 𝑆𝐵 .
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The divergence argument presented in Refs. 9, 42, 45 is used for this purpose. To elaborate, assume
that (𝑆1, 𝑝1) intersects the line 𝑆 = 𝑆𝐵 at 𝑇 . Consider the region Ω, enclosed by the segments 𝐸𝑖

𝑆𝐵
𝑇 ,

𝐸𝑖
�̂�𝐵(𝜏)

𝐸𝑑
�̂�𝐵(𝜏)

, the orbit (𝑆1, 𝑝1) and the orbit (𝑆2, 𝑝2) that satisfies (TW) and connects 𝐸𝑖
𝑆𝐵

to 𝐸𝑖
�̂�𝐵(𝜏)

(see Figure 13 (right)). Introducing the vector-valued function ⃖⃖⃗𝑅(𝑆, 𝑝) = ( 1
𝑐𝜏 (𝑆, 𝑝),(𝑆;𝑆𝐵, 𝑆𝑇 ))

and deduces from (16),

div⃖⃖⃗𝑅 = 1
𝑐𝜏
𝜕
𝜕𝑆

(𝑆, 𝑝) = 1
𝑐𝜏

⎧
⎪⎨⎪⎩

𝑝(𝑖)𝑐
′
(𝑆) in (𝑖),

0 in ,
𝑝(𝑑)𝑐

′
(𝑆) in (𝑑).

This gives a contradiction when the divergence theorem is applied to ⃖⃖⃗𝑅 in the domain Ω: the integral
of ⃖⃖⃗𝑅 over 𝜕Ω is nonnegative whereas ∫Ω div⃖⃖⃗𝑅 < 0 from (P1) and Figure 13 (right). Hence, the orbit
(𝑆1, 𝑝1) intersects 𝑝(𝑑)𝑐 (𝑆) at some 𝑆 ∈ (𝑆𝐵, �̌�𝐵(𝜏)].

The wave-speed corresponding to the orbit (𝑆𝑑, 𝑝𝑑) satisfies

𝑐𝑑 <
𝐹 (�̂�𝐵(𝜏)) − 𝐹 (𝑆𝐵)

�̂�𝐵(𝜏) − 𝑆𝐵
= 𝑐𝑖, (53)

𝑐𝑖 being the speed of both (𝑆1, 𝑝1) and (𝑆2, 𝑝2) waves. Hence, by the continuity of the orbits with
respect to 𝑐, as shown in Proposition 4, it is evident that (𝑆𝑑, 𝑝𝑑) intersects 𝑝(𝑑)𝑐 (𝑆) for some 𝑆𝑑 > 𝑆𝐵 .
From here, the rest of the proof is identical to the proof of Theorem 1, and follows the arguments in
[Ref. 45, theorem 2.1 and lemmas 2.1 & 2.2]. ■

The general picture is described in the following corollary:
Corollary 2. For 𝜏 small enough, the orbit (𝑆𝑑, 𝑝𝑑) goes monotonically to 𝐸𝑑

𝑆𝑇
. For 𝜏 large enough,

(𝑆𝑑, 𝑝𝑑) goes infinitely many times around 𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

while approaching it, and lim
𝜉→±∞

𝑝′𝑑(𝜉) = 0.

Observe that, if (𝑆𝑇 , 𝜏) ∈  then TWs do not exist between 𝑆𝑇 and �̂�𝐵(𝜏) since both are in the
concave part of 𝐹 with 𝑆𝑇 > �̂�𝐵(𝜏). Thus we have exhausted all the possibilities of connecting 𝑆𝐵
and 𝑆𝑇 with Theorem 1 and Proposition 9.

3.4 Entropy solutions to hyperbolic conservation laws
Under the conditions of Scenario A, we consider the Riemann problem

𝜕𝑆
𝜕𝑡

+ 𝜕𝐹 (𝑆)
𝜕𝑧

= 0 in ℝ × [0,∞) (54a)

with 𝑆(𝑧, 0) =
{
𝑆𝑇 for 𝑧 < 0,
𝑆𝐵 for 𝑧 > 0.

(54b)

In the context of the viscous model discussed in this paper, we consider the Buckley-Leverett Equation
(54a) as the limit of System (25) for𝑁𝑐 ↘ 0. As a consequence, we only take into account those shock
solutions of (54a) that have a viscous profile in the form of a traveling wave satisfying (TW). Such
shocks are called admissible because they arise as the 𝑁𝑐 → 0 limit of TWs. In this sense, the entropy
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condition for shocks satisfying (54a) are equivalent to existence conditions for traveling waves satisfy-
ing (TW). This may lead to nonclassical shocks violating the well-known Oleinik entropy conditions,
see, for example, Ref. 43.

Here, we assume
0 < 𝑆𝐵 < 𝑆𝑇 < 1, (55)

which is more general compared to (33) where the additional constraint of 𝑆𝐵 < 𝑆𝑜 was imposed. This
generalization is possible since 𝑆𝐵 > 𝑆𝑜 simply implies that the sets ,  are empty. Our analysis
can also be applied to derive the entropy conditions for the case 𝑆𝐵 > 𝑆𝑇 , however, for simplicity we
restrict our discussion to (55).

(𝑺𝑻 , 𝝉) ∈ 
As in the usual Buckley-Leverett case (ie, without dynamic capillarity and hysteresis in the regularized
models) the solution is given by

𝑆(𝑧, 𝑡) =

{
𝑆𝑇 for 𝑧 < 𝑐𝑡,
𝑆𝐵 for 𝑧 > 𝑐𝑡,

where 𝑐 = 𝐹 (𝑆𝑇 ) − 𝐹 (𝑆𝐵)
𝑆𝑇 − 𝑆𝐵

. (56)

Here, the shock satisfies the classical Oleinik condition.

(𝑺𝑻 , 𝝉) ∈ 
In this case, the admissible solution is composed of two shocks: an infiltration shock from 𝑆𝐵 to �̂�𝐵(𝜏),
followed by a drainage shock from �̂�𝐵(𝜏) to 𝑆𝑇 .

𝑆(𝑧, 𝑡) =
⎧
⎪⎨⎪⎩

𝑆𝑇 for 𝑧 < 𝑐𝑑𝑡,
�̂�𝐵(𝜏) for 𝑐𝑑𝑡 < 𝑧 < 𝑐𝑖𝑡,
𝑆𝐵 for 𝑧 > 𝑐𝑖𝑡,

with

⎧
⎪⎪⎨⎪⎪⎩

𝑐𝑖 =
𝐹 (�̂�𝐵(𝜏)) − 𝐹 (𝑆𝐵)

�̂�𝐵(𝜏) − 𝑆𝐵
,

𝑐𝑑 =
𝐹 (�̂�𝐵(𝜏)) − 𝐹 (𝑆𝑇 )

�̂�𝐵(𝜏) − 𝑆𝑇
.

(57)

Note that this solution is different from the Oleinik entropy solution.70 Moreover, the shock connecting
𝑆𝐵 and �̂�𝐵(𝜏) is undercompressive71 meaning that it violates the Lax entropy condition. This is because
𝑐𝑖 > 𝐹 ′(�̂�𝐵(𝜏)) for this shock. The trailing shock connecting �̂�𝐵(𝜏) to 𝑆𝑇 is however classical.

(𝑺𝑻 , 𝝉) ∈ 
The solution in this case violates again the Oleinik entropy condition. It consists of an infiltration shock
from 𝑆𝐵 to �̂�𝐵(𝜏) followed by a rarefaction wave from �̂�𝐵(𝜏) to 𝑆𝑇 ,

𝑆(𝑧, 𝑡) =

⎧
⎪⎪⎨⎪⎪⎩

𝑆𝑇 for 𝑧 < 𝐹 ′(𝑆𝑇 )𝑡,
𝑟(𝑧∕𝑡) for 𝐹 ′(𝑆𝑇 )𝑡 < 𝑧 < 𝐹 ′(�̂�𝐵(𝜏))𝑡,
�̂�𝐵(𝜏) for 𝐹 ′(�̂�𝐵(𝜏))𝑡 < 𝑧 < 𝑐𝑖𝑡,
𝑆𝐵 for 𝑧 > 𝑐𝑖𝑡,

(58)

with 𝑟(⋅) satisfying
𝐹 ′(𝑟(𝜁 )) = 𝜁, for 𝐹 ′(𝑆𝑇 ) ≤ 𝜁 ≤ 𝐹 ′(�̂�𝐵(𝜏)). (59)
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F I G U R E 1 4 The entropy solutions for (left) (𝑆𝑇 , 𝜏) ∈ , (center) (𝑆𝑇 , 𝜏) ∈ , and (right) (𝑆𝑇 , 𝜏) ∈ . Note
that the solutions in the center and the right figures include nonclassical shocks

Since 𝐹 is concave for 𝑆 ∈ [�̂�𝐵(𝜏), 𝑆𝑇 ], 𝐹 ′ is monotone implying that 𝑟(⋅) is well-defined. We observe
that in the last two cases the solution features a plateau-like region. This plateau appears and grows in
time since the speeds of the drainage shock and of the endpoint of the rarefaction wave are lesser than
the speed of the infiltration shock. Interestingly, the saturation of the plateau only depends on 𝑝(𝑖)𝑐 and
not on 𝑝(𝑑)𝑐 . To be more specific, although the viscous profile consisting of a TW wave connecting 𝐸𝑑

�̂�𝐵

and 𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

depends on 𝑝(𝑑)𝑐 , the shock solution resulting from it, in the hyperbolic limit, does not.
However, the role of the drainage curve in the entropy solutions become evident in Scenario B, which
is discussed in the next section.

In the absence of hysteresis and for linear higher-order terms, which correspond to constant 𝑘 and
linear 𝑝𝑐-𝑆 dependence, in [Ref. 43, section 6] it is proved that the nonstandard entropy conditions
discussed here are entropy dissipative for the entropy𝑈 (𝑠) = 1

2𝑠
2. However, such an analysis is beyond

the scope of this paper. The solution profiles for the Riemann problem are shown in Figure 14.

3.5 Extension to the nonmonotone 𝑭 case
The analysis so far can be extended to the case where 𝑁𝑔 is large resulting in 𝐹 being nonmonotone.
If 𝑆𝐹 ∈ (0, 1) is the saturation where 𝐹 (𝑆) attains its maximum (see Remark 2 and Figure 3), then
the results obtained so far cover the case when 𝑆𝑇 and 𝑆∗ are below 𝑆𝐹 . However, if 𝑆𝑇 > 𝑆𝐹 then
the TW study has to be conducted also from an 𝑆𝑇 perspective, not only from the 𝑆𝐵 one. In this
scenario, since fronts having negative speeds and thus moving toward 𝑆𝑇 become possible, one has to
consider the functions �̂�𝑇 (𝜏), �̌�𝑇 (𝜏) for a fixed 𝑆𝑇 , similar to �̂�𝐵(𝜏), �̌�𝐵(𝜏) from Definition 1 for fixed
𝑆𝐵 . Due to the symmetry in the behavior of the fronts approaching 𝑆𝐵 , respectively, 𝑆𝑇 , some of the
results obtained so far extend straightforwardly to the nonmonotone case. However, a detailed analysis
is much more involved and therefore left for future research because of the following two reasons:

1. Depending on the relative positions of 𝑆𝐵 , �̂�𝐵 , 𝑆𝑇 , and �̂�𝑇 , there are many subcases to consider.
In this case, up to three shocks are possible, traveling both forward and backward. Which of these
shocks are admissible and how they are connected requires further analysis.

2. For a nonmonotone 𝐹 , when considering the hyperbolic limit in the absence of hysteresis or
dynamic effects, the entropy solutions may include rarefaction waves with endpoints moving in
opposite directions, forward and backward. When capillary hysteresis is included, preliminary
numerical results have provided solutions incorporating two rarefaction waves, one with endpoints
traveling backward and another one with endpoints traveling forward, and a stationary shock at
𝑧 = 0. Such solutions still need to be analyzed further.
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F I G U R E 1 5 (Left) The graphs of 𝐹 (𝑖) and 𝐹 (𝑑), together with the saturations �̄�𝑖, �̄�𝑑 and the points 𝑈𝐵, 𝑈𝑇 .
(Right) The orbit directions for Case (i) for two equilibrium points 𝐸𝐵 and 𝐸𝑇 . The black dotted curve represents points
where (𝑆, 𝑝) = 0, implying 𝑝′ = 0

4 HYSTERETIC RELATIVE PERMEABILITIES AND SMALL
𝑵𝒈 (SCENARIO B)

For Scenario B, the flux function 𝐹 (𝑆, 𝑝) is composed of 𝐹 (𝑗) = 𝑓 (𝑗) +𝑁𝑔ℎ(𝑗) for 𝑗 ∈ {𝑖, 𝑑} and 𝐹 =
𝑓 +𝑁𝑔ℎ̄ such that

𝐹 (𝑆, 𝑝) =
⎧
⎪⎨⎪⎩

𝐹 (𝑑)(𝑆) if (𝑆, 𝑝) ∈ (𝑑),
𝐹 (𝑆, 𝑝) if (𝑆, 𝑝) ∈ ,
𝐹 (𝑖)(𝑆) if (𝑆, 𝑝) ∈ (𝑖).

(60)

It has the following properties
(A2) 𝐹 ∈ 𝐶(), 𝐹 ∈ 𝐶2(), 𝜕𝑝𝐹 > 0 in  and 𝐹 (𝑖), 𝐹 (𝑑) satisfy properties stated for 𝐹 in A1. In

addition, 𝐹 (𝑑)(𝑆) > 𝐹 (𝑖)(𝑆) for 0 < 𝑆 < 1.
In this scenario, 𝑆𝐵 can be taken in the entire interval (0,1) and 𝑝𝐵 can be chosen independently as

long as (𝑆𝐵, 𝑝𝐵) ∈ , that is,
0 < 𝑆𝐵 < 1 and 𝑝𝐵 ∈

[
𝑝(𝑖)𝑐 (𝑆𝐵), 𝑝(𝑑)𝑐 (𝑆𝐵)

]
. (61)

This is different from Scenario A where 𝑆𝐵 is restricted to the interval (0, 𝑆𝑜) and 𝑝𝐵 is fixed to
𝑝𝐵 = 𝑝(𝑖)𝑐 (𝑆𝐵).

We first introduce some notation.
Definition 2. For 𝑘 ∈ {𝐵, 𝑇 } let 𝐸𝑘 = (𝑆𝑘, 𝑝𝑘) and 𝑈𝑘 = (𝑆𝑘, 𝐹 (𝑆𝑘, 𝑝𝑘)) (see Figure 15 (left)). We
define the saturations �̄�𝑗 , 𝑗 ∈ {𝑖, 𝑑} as the 𝑆-coordinates of the tangent points to 𝐹 (𝑗)(𝑆) from𝑈𝐵 such
that �̄�𝑖 ≥ 𝑆𝐵 and �̄�𝑑 ≤ 𝑆𝐵 .

Observe that the saturations �̄�𝑗 , for 𝑗 ∈ {𝑖, 𝑑}, are functions of 𝑈𝐵 . The properties of 𝐹 (𝑗) further
ensure that they are well-defined. If 𝑆𝐵 is such that 𝐹 (𝑖)′′(𝑆𝐵) ≤ 0 and 𝑝𝐵 = 𝑝(𝑖)𝑐 (𝑆𝐵) then �̄�𝑖 = 𝑆𝐵 .
Similarly if 𝐹 (𝑑)′′(𝑆𝐵) ≥ 0 and 𝑝𝐵 = 𝑝(𝑑)𝑐 (𝑆𝐵) then �̄�𝑑 = 𝑆𝐵 .

The existence of TWs is analyzed for the following two cases:
Case (i): 𝑆𝐵 < 𝑆𝑇 ≤ �̄�𝑖, and Case (ii) : �̄�𝑑 ≤ 𝑆𝑇 < 𝑆𝐵.
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F I G U R E 1 6 𝑈𝐵 , 𝑈𝑇 , 𝓁(𝑆) used in Proposition 11 in the 𝑆-𝐹 plane. (Right) The 𝑆-𝑝 plane and the orbit
(𝑆(𝑖), 𝑝(𝑖)) for Case (i) with 𝐹 (𝑖)(𝑆𝑇 ) > 𝐹 (𝑆𝐵, 𝑝𝐵) and 𝜏 < 𝜏∗𝑖 (𝑆𝑇 )

Regarding the choice of 𝑝𝑇 , we have the following.
Proposition 10. Let 𝑆𝐵 and 𝑆𝑇 be as in Case (i) or Case (ii). Then any solution of (TW) that connects
𝐸𝐵 and 𝐸𝑇 can only exist if 𝑝𝑇 = 𝑝(𝑖)𝑐 (𝑆𝑇 ) or 𝑝𝑇 = 𝑝(𝑑)𝑐 (𝑆𝑇 ).

Proof. Since 𝐸𝑇 is an equilibrium point,  (𝑆𝑇 , 𝑝𝑇 ) = 0, which implies that 𝑝𝑇 ∈ [𝑝(𝑖)𝑐 (𝑆𝑇 ), 𝑝
(𝑑)
𝑐 (𝑆𝑇 )].

The directions of the orbits for 𝑝𝑇 in this interval are displayed in Figure 15 (right). We proceed by
introducing the set

0 = {(𝑆, 𝑝) ∶ 𝑆 ∈ (0, 1), 𝑝 ∈ ℝ such that (𝑆, 𝑝) = 0}.

It corresponds to the black dotted curve in Figure 15 (right). Let 𝓁 = 𝓁(𝑆), defined in (32), be the line
passing through 𝑈𝐵 and 𝑈𝑇 . If 𝓁 intersects 𝐹 (𝑖) at 𝑆 = 𝑆𝐻 , then the vertical half-line {(𝑆𝐻, 𝑝) ∶ 𝑝 <
𝑝(𝑖)𝑐 (𝑆𝐻 )} lies in 0 due to the definition of 𝐹 in (60). Concerning 𝐹 (𝑑), 𝓁 has either zero, one or two
intersection points (see Figure 16 (left)). In the latter case, as before, 0 contains one or two vertical
half-lines as shown in the (right) plot of Figure 16. However, this aspect plays no major role in the
analysis below.

Every point in the set 0 ∩ is an equilibrium point. However, all points in the set 0 ∩ int()
(the interior of  being referred to as int() here) are unstable and as follows from Figure 15 (right),
no orbit can reach these points as 𝜉 → ∞. This eliminates all other possibilities to reach 𝐸𝑇 as 𝜉 → ∞
except for 𝑝𝑇 = 𝑝(𝑖)𝑐 (𝑆𝑇 ) and 𝑝𝑇 = 𝑝(𝑑)𝑐 (𝑆𝑇 ). ■

We now consider the two cases separately.

4.1 Case (i): 𝑺𝑩 < 𝑺𝑻 ≤ �̄�𝒊

The main result of this section is
Proposition 11. Assume (61) and let 𝑆𝑇 ∈ (𝑆𝐵, �̄�𝑖], 𝑝𝑇 = 𝑝(𝑖)𝑐 (𝑆𝑇 ), and 𝐹 (𝑖)(𝑆𝑇 ) > 𝐹 (𝑆𝐵, 𝑝𝐵). Then
a 𝜏∗𝑖 (𝑆𝑇 ) > 0 exists such that for all 𝜏 < 𝜏∗𝑖 (𝑆𝑇 ) there is an orbit satisfying (TW) and connecting 𝐸𝐵
to 𝐸𝑇 .

Proof. Consider the orbit (𝑆(𝑖), 𝑝(𝑖)) that leaves 𝐸𝐵 vertically through the half-line {𝑆 = 𝑆𝐵, 𝑝 < 𝑝𝐵}.
The directions of the orbits in  imply that (𝑆(𝑖), 𝑝(𝑖)) intersects 𝑝(𝑖)𝑐 (𝑆) and enters (𝑖) (the region
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F I G U R E 1 7 The orbit (𝑆(𝑑), 𝑝(𝑑)) for Case (ii) with 𝐹 (𝑑)(𝑆𝑇 ) < 𝐹 (𝑆𝐵, 𝑝𝐵) and 𝜏 < 𝜏∗𝑑 (𝑆𝑇 )

under the graph of 𝑝(𝑖)𝑐 ) at some finite 𝜉 ∈ ℝ (see Figure 16 (right)). In (𝑖), its motion is governed by
the system

⎧
⎪⎨⎪⎩

𝑆′
(𝑖) =

1
𝑐(𝑖)𝜏

(
𝑝(𝑖)𝑐 (𝑆(𝑖)) − 𝑝(𝑖)

)
,

𝑝(𝑖)′ = 𝑖(𝑆(𝑖)) ∶= (𝑆(𝑖), 𝑝
(𝑖)
𝑐 (𝑆(𝑖))

)
,

with 𝑐(𝑖) =
𝐹 (𝑖)(𝑆𝑇 ) − 𝐹 (𝑆𝐵, 𝑝𝐵)

𝑆𝑇 − 𝑆𝐵
> 0. (62)

Note that 𝑖(𝑆) = (𝐹 (𝑖)(𝑆) − 𝓁(𝑆))∕ℎ(𝑖)(𝑆). The system (62) has exactly the same structure as (TW)
described in Section 3. Defining 𝜏∗𝑖 (𝑆𝑇 ) similar to 𝜏𝑚 in Proposition 6, the result follows directly. ■

Remark 8. Observe that the construction fails if𝐹 (𝑖)(𝑆𝑇 ) < 𝐹 (𝑆𝐵, 𝑝𝐵)which is intuitive since the over-
all process is not infiltration in this case. If one prescribes a flux 𝐹 = 𝐹𝑇 at 𝜉 → ∞ which is less than
𝐹 (𝑆𝐵, 𝑝𝐵), then Propositions 10 and 11 force the saturation at 𝜉 → ∞ to be 𝑆𝑇 = (𝐹 (𝑑))−1(𝐹𝑇 ) < 𝑆𝐵 ,
reducing the problem to Case (ii). However, if one fixes the saturation𝑆𝑇 so that𝐹 (𝑆𝐵, 𝑝𝐵) > 𝐹 (𝑖)(𝑆𝑇 ),
then we get a frozen profile with a 𝑝𝑇 ∈ (𝑝(𝑖)𝑐 (𝑆𝑇 ), 𝑝

(𝑑)
𝑐 (𝑆𝑇 )) that satisfies 𝐹 (𝑆𝑇 , 𝑝𝑇 ) = 𝐹 (𝑆𝐵, 𝑝𝐵). This

is explained further in Section 5.2. We set 𝜏∗𝑖 (𝑆𝑇 ) = ∞ in this case.
Proposition 11 implies the following:

Corollary 3. Under the assumptions of Proposition 11, let 𝑆(𝑖)(𝜉) = 𝑆 for some 𝑆 ∈ (𝑆𝐵, 𝑆𝑇 ] and
𝜉 ∈ ℝ. Define 𝑤(𝑆; 𝜏) ∶= 𝑝(𝑖)(𝜉) < 𝑝(𝑖)𝑐 (𝑆). Then lim

𝜏→0
𝑤(𝑆; 𝜏) = 𝑝(𝑖)𝑐 (𝑆).

Here, 𝑤 is the counterpart of 𝑤 defined in Section 3 for Scenario A. The proof of Corollary 3 is
based on the inequality (45) which is satisfied in this case by 𝑤. From Corollary 3, one obtains that
for Case (i), if 𝜏 ↘ 0, meaning that if the dynamic capillarity is vanishing, then the orbit follows either
the scanning curve, here the line segment {𝑆 = 𝑆𝐵, 𝑝

(𝑖)
𝑐 (𝑆𝐵) < 𝑝 < 𝑝𝐵}, or the infiltration curve 𝑝(𝑖)𝑐 .

The result is analogous to the results for capillary hysteresis given in [Ref. 9, section 3].

4.2 Case (ii): �̄�𝒅 ≤ 𝑺𝑻 < 𝑺𝑩 and stability of plateaus
The counterpart of Proposition 11 for Case (ii) is (see also Figure 17),
Proposition 12. Assume (61) and let 𝑆𝑇 ∈ [�̄�𝑑 , 𝑆𝐵), 𝑝𝑇 = 𝑝(𝑑)𝑐 (𝑆𝑇 ), and 𝐹 (𝑑)(𝑆𝑇 ) < 𝐹 (𝑆𝐵, 𝑝𝐵). Then
a 𝜏∗𝑑 (𝑆𝑇 ) > 0 exists such that for all 𝜏 < 𝜏∗𝑑 (𝑆𝑇 ) there is an orbit (𝑆(𝑑), 𝑝(𝑑)) satisfying (TW) and con-
necting 𝐸𝐵 to 𝐸𝑇 . Moreover, for a fixed 𝑆(𝑑) = 𝑆 ∈ [𝑆𝑇 , 𝑆𝐵), one has 𝑝(𝑑) → 𝑝(𝑑)𝑐 (𝑆) as 𝜏 → 0.

Finally, we investigate a special case related to the development of stable saturation plateaus in infil-
tration experiments. For 𝑆𝐵 ∈ (0, 1), and 𝑆𝑇 ∈ (𝑆𝐵, 1) a stable plateau is formed when an infiltration
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wave, from𝑆𝐵 to𝑆𝑃 ∈ (𝑆𝑇 , 1), followed by a drainage wave, from𝑆𝑃 to𝑆𝑇 , both have the same speed
resulting in the width of the plateau to remain constant. This is different from the plateaus described
in (57) where the speeds of the infiltration and the drainage fronts are necessarily different. The exis-
tence of stable saturation plateaus has been widely studied experimentally29,33,35 and numerically.15,60
Although results regarding stability of the plateau are available,15,60 the mechanism behind its devel-
opment is still not well understood. Here, we give an example where our analysis predicts that such a
plateau will develop. Specifically, it occurs when 𝜏 > 𝜏∗𝑖 (𝑆𝑇 ) and a direct monotone orbit from 𝐸𝐵 to
(𝑆𝑇 , 𝑝

(𝑖)
𝑐 (𝑆𝑇 )) is no longer possible. This is verified numerically in Section 5.2.

Proposition 13. Assume (61) and let 𝑆𝑇 ∈ (𝑆𝐵, 1) be such that the line 𝓁 through 𝑈𝐵 =
(𝑆𝐵, 𝐹 (𝑆𝐵, 𝑝𝐵)) and 𝑈𝑇 = (𝑆𝑇 , 𝐹 (𝑑)(𝑆𝑇 )) in the 𝐹 -𝑆 plane intersects 𝐹 (𝑖) at some 𝑆 = 𝑆𝑃 ∈
(𝑆𝑇 , �̄�𝑖). Consider the system (TW) with the wave-speed

𝑐𝑃 =
𝐹 (𝑑)(𝑆𝑇 ) − 𝐹 (𝑆𝐵, 𝑝𝐵)

𝑆𝑇 − 𝑆𝐵
=
𝐹 (𝑖)(𝑆𝑃 ) − 𝐹 (𝑆𝐵, 𝑝𝐵)

𝑆𝑃 − 𝑆𝐵
=
𝐹 (𝑖)(𝑆𝑃 ) − 𝐹 (𝑑)(𝑆𝑇 )

𝑆𝑃 − 𝑆𝑇
.

For this system, let (𝑆𝑃(𝑖), 𝑝
𝑃
(𝑖)) be the orbit that passes through(𝑖) and connects to the equilibrium point

(𝑆𝐵, 𝑝𝐵) as 𝜉 → −∞, described in Proposition 11. Similarly, let (𝑆𝑃(𝑑), 𝑝
𝑃
(𝑑)) be the orbit passing through

(𝑑) and connecting to (𝑆𝑃 , 𝑝
(𝑖)
𝑐 (𝑆𝑃 )) as 𝜉 → −∞, described in Proposition 12. Assume that 0 < 𝜏 <

max{𝜏∗𝑖 (𝑆𝑃 ), 𝜏
∗
𝑑 (𝑆𝑇 ))} where the 𝜏∗𝑖 (𝑆𝑃 ) and the 𝜏∗𝑑 (𝑆𝑇 ) values correspond to the orbits (𝑆𝑃(𝑖), 𝑝

𝑃
(𝑖)) and

(𝑆𝑃(𝑑), 𝑝
𝑃
(𝑑)), respectively. Then, (𝑆𝑃(𝑖), 𝑝

𝑃
(𝑖)) → (𝑆𝑃 , 𝑝

(𝑖)
𝑐 (𝑆𝑃 )) as 𝜉 → ∞ and (𝑆𝑃(𝑑), 𝑝

𝑃
(𝑑)) → (𝑆𝑇 , 𝑝

(𝑑)
𝑐 (𝑆𝑇 ))

as 𝜉 → ∞.

The proof follows directly from Propositions 11 and 12.

4.3 Entropy solutions
We can now discuss the entropy solutions of the Riemann problem (54) under the assumptions of
Scenario B. To be more specific, we give a selection criteria for the solutions of the system

⎧
⎪⎨⎪⎩

𝜕𝑆
𝜕𝑡 +

𝜕𝐹 (𝑆,𝑝)
𝜕𝑧 = 0,

𝑝 ∈ 1
2

(
𝑝(𝑑)𝑐 (𝑆) + 𝑝(𝑖)𝑐 (𝑆)

)
− 1

2

(
𝑝(𝑑)𝑐 (𝑆) − 𝑝(𝑖)𝑐 (𝑆)

)
⋅ sign
(
𝜕𝑆
𝜕𝑡

)
,

in ℝ × [0,∞) (63)

with 𝑆(𝑧, 0) =
{
𝑆𝑇 for 𝑧 < 0,
𝑆𝐵 for 𝑧 > 0,

and 𝑝(𝑧, 0) = 𝑝𝐵 for 𝑧 > 0. (64)

We view (63) as the limit of () when the capillary effects vanish. However, hysteresis is still present
in the model.

Note that 𝜏 still plays a role in determining the entropy solution despite being absent in (63). This
is similar to what we saw in Section 3. However, the focus here being hysteresis in permeability and
capillary pressure, for a fixed 𝑆𝐵 ∈ (0, 1) we take

0 < 𝜏 < min
{

inf
𝑆𝑇∈(𝑆𝐵,�̄�𝑖]

𝜏∗𝑖 (𝑆𝑇 ), inf
𝑆𝑇∈[�̄�𝑑 ,𝑆𝐵)

𝜏∗𝑑 (𝑆𝑇 )
}
. (65)

Observe that (65) does not provide a void interval for 𝜏. To see this, note that 𝜏∗𝑖 (𝑆𝑇 ) is defined similar
to 𝜏𝑚 in Proposition 6 and thus, it satisfies the inequality in (49), that is, it has the positive quantity 𝜏𝑚
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as its lower bound. Although 𝜏𝑚 in Proposition 6 actually depends on 𝑆𝑇 , one sees from (48) that the
values of 𝜏𝑚 are bounded away from 0 uniformly with respect to 𝑆𝑇 . Hence, 𝜏∗𝑖 (𝑆𝑇 ) is also bounded
uniformly away from 0. Similar argument holds for 𝜏∗𝑑 (𝑆𝑇 ).We now consider the cases 𝑆𝑇 > 𝑆𝐵 and 𝑆𝑇 < 𝑆𝐵 separately.

𝑺𝑻 > 𝑺𝑩

If 𝑆𝑇 ≤ �̄�𝑖 (�̄�𝑖 introduced in Definition 2) and 𝐹 (𝑖)(𝑆𝑇 ) > 𝐹 (𝑆𝐵, 𝑝𝐵) then the entropy solution is a
shock:

𝑆(𝑧, 𝑡) =

{
𝑆𝑇 for 𝑧 < 𝑐(𝑖)𝑡,
𝑆𝐵 for 𝑧 > 𝑐(𝑖)𝑡,

with 𝑐(𝑖) =
𝐹 (𝑖)(𝑆𝑇 ) − 𝐹 (𝑆𝐵, 𝑝𝐵)

𝑆𝑇 − 𝑆𝐵
. (66)

For𝐹 (𝑖)(𝑆𝑇 ) < 𝐹 (𝑆𝐵, 𝑝𝐵), from Remark 8, the solution is (66) but with 𝑐(𝑖) = 0, that is, it is a stationary
shock. However, if 𝑆𝑇 > �̄�𝑖 then the solution becomes more complex, combining a rarefaction wave
with a shock:

𝑆(𝑧, 𝑡) =

⎧⎪⎪⎨⎪⎪⎩

𝑆𝑇 for 𝑧 < 𝐹 (𝑖)′(𝑆𝑇 )𝑡,
𝑟(𝑖)(𝑧∕𝑡) for 𝐹 (𝑖)′(𝑆𝑇 )𝑡 < 𝑧 < 𝐹 (𝑖)′(�̄�𝑖)𝑡,
�̄�𝑖 for 𝐹 (𝑖)′(�̄�𝑖)𝑡 < 𝑧 < 𝑐(𝑖)𝑡,
𝑆𝐵 for 𝑧 > 𝑐(𝑖)𝑡.

(67)

Here, 𝑟(𝑖)(⋅) satisfies

𝐹 (𝑖)′(𝑟(𝑖)(𝜁 )) = 𝜁, for 𝐹 (𝑖)′(𝑆𝑇 ) ≤ 𝜁 ≤ 𝐹 (𝑖)′(�̄�𝑖).

𝑺𝑻 < 𝑺𝑩

If 𝑆𝑇 ≥ �̄�𝑑 then the entropy solution for 𝐹 (𝑆𝐵, 𝑝𝐵) > 𝐹 (𝑑)(𝑆𝑇 ) is the shock

𝑆(𝑧, 𝑡) =

{
𝑆𝑇 for 𝑧 < 𝑐(𝑑)𝑡,
𝑆𝐵 for 𝑧 > 𝑐(𝑑)𝑡,

with 𝑐(𝑑) = 𝐹 (𝑆𝐵, 𝑝𝐵) − 𝐹 (𝑑)(𝑆𝑇 )
𝑆𝐵 − 𝑆𝑇

, (68)

and for 𝐹 (𝑆𝐵, 𝑝𝐵) < 𝐹 (𝑑)(𝑆𝑇 ) it is (68) with 𝑐(𝑑) = 0. If 𝑆𝑇 < �̄�𝑑 then the solution has a similar struc-
ture to (67), that is,

𝑆(𝑧, 𝑡) =

⎧⎪⎪⎨⎪⎪⎩

𝑆𝑇 for 𝑧 < 𝐹 (𝑑)′(𝑆𝑇 )𝑡,
𝑟(𝑑)(𝑧∕𝑡) for 𝐹 (𝑑)′(𝑆𝑇 )𝑡 < 𝑧 < 𝐹 (𝑑)′(�̄�𝑑)𝑡,
�̄�𝑑 for 𝐹 (𝑑)′(�̄�𝑑)𝑡 < 𝑧 < 𝑐(𝑑)𝑡,
𝑆𝐵 for 𝑧 > 𝑐(𝑑)𝑡,

(69)

with the function 𝑟(𝑑)(⋅) satisfying

𝐹 (𝑑)′(𝑟(𝑑)(𝜁 )) = 𝜁, for 𝐹 (𝑑)′(𝑆𝑇 ) ≤ 𝜁 ≤ 𝐹 (𝑑)′(�̄�𝑑).
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5 NUMERICAL RESULTS

For the numerical experiments, we solve (̃) (System (26)) in a domain (𝑧𝑖𝑛, 𝑧𝑜𝑢𝑡), where 𝑧𝑖𝑛 < 0 and
𝑧𝑜𝑢𝑡 > 0. As an initial condition for the saturation variable, we choose a smooth and monotone approx-
imation of the Riemann data:

𝑆(𝑧, 0) =

⎧
⎪⎪⎨⎪⎪⎩

𝑆𝑇 for 𝑧 < −𝑙,
(𝑆𝐵+𝑆𝑇 )

2 + (𝑆𝑇−𝑆𝐵)
4𝑙3 𝑧 ⋅ (𝑧2 − 3𝑙2) for − 𝑙 ≤ 𝑧 ≤ 𝑙,

𝑆𝐵 for 𝑧 > 𝑙.

(70)

Here, 𝑙 is a smoothing parameter, 𝑆𝑇 denotes the saturation induced by a certain injection rate and 𝑆𝐵
is the initial saturation within the porous medium. To model the capillary pressure, a van Genuchten
parameterization is considered, that is,

𝑝(𝑗)𝑐 (𝑆) = Λ𝑗
(
𝑆
− 1
𝑚𝑗 − 1

)1−𝑚𝑗
, 𝑗 ∈ {𝑖, 𝑑}.

In the remainder of this section, we use the following parameter set: Λ𝑖 = 3.5, 𝑚𝑖 = 0.92, Λ𝑑 = 7, and
𝑚𝑑 = 0.9. To solve (̃) numerically, for 𝑛 ∈ ℕ ∪ {0} and 𝑡0 = 0, we solve within the time step

[
𝑡𝑛, 𝑡𝑛+1

] of width Δ𝑡𝑛 = 𝑡𝑛+1 − 𝑡𝑛,

the elliptic problem

− 𝜕
𝜕𝑧

(
𝐹 (𝑆, 𝑝) + ℎ(𝑆, 𝑝)𝜕𝑝

𝜕𝑧

)
= 1
𝜏
 (𝑆, 𝑝),

with respect to the pressure variable 𝑝. For a given 𝑆, this is a nonlinear elliptic problem and to solve
it, a linear iterative scheme is employed which is referred to as the L-scheme in literature73-75:

𝐿
(
𝑝𝑖𝑛 − 𝑝𝑖−1𝑛

)
− 𝜕
𝜕𝑧

(
𝐹
(
𝑆𝑛, 𝑝

𝑖−1
𝑛
)
+ ℎ
(
𝑆𝑛, 𝑝

𝑖−1
𝑛
)𝜕𝑝𝑖𝑛
𝜕𝑧

)
= 1
𝜏
(𝑆𝑛, 𝑝𝑖−1𝑛

)
.

Here, 𝑝𝑖𝑛 denotes the pressure at the 𝑖th iteration and 𝑝0𝑛 = 𝑝(𝑧, 𝑡𝑛). On closer examination, the L-scheme
corresponds to a linearization of the nonlinear problem, since for each iteration a linear equation in the
unknown pressure variable 𝑝𝑖𝑛 is solved. For Scenario A the parameter 𝐿 is set to 𝐿 = 1

𝜏 to ensure
convergence of the L-scheme45,73 and for Scenario B the modified variant of the L-scheme is used9,75
to speed up the convergence, since in this scenario the stiffness matrix has to be recomputed in every
iteration. A standard cell centered finite volume scheme is considered for discretizing the linearized
elliptic problem in space. Having the pressure variable 𝑝𝑛 and the saturation variable 𝑆𝑛 for 𝑡 = 𝑡𝑛 at
hand, we update the saturation as follows:

𝑆𝑛+1 = 𝑆𝑛 +
Δ𝑡𝑛
𝜏

(𝑆𝑛, 𝑝𝑛).
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F I G U R E 1 8 Fractional flow function 𝐹 for Scenario A (left). The characteristic points �̃�, �̄�, and 𝑆𝑇 are shown.
(Right) Curves for 𝛾 (red) and 𝛽 (black) corresponding to 𝐹 . The intersection point of these curves is denoted by
(𝑆∗, 𝑆∗)

5.1 Numerical results for Scenario A
First we illustrate the theoretical findings of Scenario A. The boundary conditions with respect to the
pressure variable are of Neumann type at 𝑧 = 𝑧𝑖𝑛 and of Dirichlet type at 𝑧 = 𝑧𝑜𝑢𝑡:

𝑝′
(
𝑧𝑖𝑛, 𝑡
)
= 0 and 𝑝(𝑧𝑜𝑢𝑡, 𝑡

)
= 𝑝(𝑖)𝑐 (𝑆𝐵) for all 𝑡 > 0. (71)

The boundaries of the domain are given by: 𝑧𝑖𝑛 = −10 and 𝑧𝑜𝑢𝑡 = 500. Because we do not include
hysteresis in the relative permeabilites, the flux function 𝐹 depends only on 𝑆 and is determined by:

𝑓 (𝑆) = 𝑆2

𝑆2 + (1 − 𝑆)2
and 𝑁𝑔 = 1.

The numerical results presented in this subsection are related to 𝑡 = 𝑡end = 300. For the parameters of
the initial condition, we take:

𝑆𝐵 = 0.1, 𝑆𝑇 = 0.4, and 𝑙 = 1.

Based on these data, some of the variables and constants occurring in Section 3.1, Figures 4 and 6 are
computed, that is:

�̃� ≈ 0.3138, �̄� ≈ 0.5909, 𝑆𝑜 ≈ 0.4393, 𝑆∗ ≈ 0.4111, and 𝑆∗ ≈ 0.8132. (72)
Moreover, the curves for 𝛾 and 𝛽 are determined (see Figure 18). Observe that, from our choice, 𝑆𝐵 <
𝑆𝑜 and 𝑆𝑇 ∈ (𝑆𝐵, 𝑆∗]. Next, the characteristic 𝜏-values for drainage and imbibition are computed.
Using (50) and given parameters, we obtain:

𝜏𝑖 = 0.0452 and 𝜏𝑑 = 0.2620.

Because the requirements listed in Theorem 1 are all fulfilled, we can compare the numerical results
with the claims contained in the theorem. For this purpose, we choose 𝜏 from the following set:

𝜏 ∈ {0.045, 0.25, 1.0, 2.0},

and study the resulting 𝑆-𝑝 orbits. Considering Figure 19, it can be observed that for 𝜏 < 𝜏𝑖 monotone
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F I G U R E 1 9 Orbits for different 𝜏 parameters in the 𝑆−𝑝 plane

saturation waves are produced by the numerical model linking 𝐸𝑖
𝑆𝐵

and 𝐸𝑖
𝑆𝑇

. In the other cases, a
saturation overshoot can be detected, where for 𝜏𝑖 < 𝜏 < 𝜏𝑑 the orbit ends up at the equilibrium point
𝐸𝑑
𝑆𝑇

and for 𝜏 > 𝜏𝑑 the orbits spiral around the segment 𝐸𝑖
𝑆𝑇
𝐸𝑑
𝑆𝑇

. If we choose larger values of 𝜏,
the corresponding 𝑆𝑚(𝜏, 𝑆𝑇 ) value of the orbit increases. This supports the claims of Corollary 1 and
Proposition 4. Similar results including variation of saturation with 𝜉 can be found in Ref. 45.

The parameter choice considered so far, corresponds to the solution class  (see (51)), whose
entropy solution consists of a single shock without any saturation overshoots (see Figure 21 (top)).
However, there are two further solution classes,  and  (see (51)), arising in the context of Scenario
A, represented by entropy solutions (57) and (58). In case of solution class , the entropy solution is
given by saturation plateau that is formed by an infiltration wave followed by a drainage wave. The
saturation at plateau level is denoted by �̂�𝐵(𝜏). For solution class , the entropy solution exhibits a
rarefaction wave connecting 𝑆𝑇 with �̂�𝐵(𝜏), which is connected to 𝑆𝐵 by a shock. To observe these
cases numerically, we compute the �̂�𝐵(𝜏) and �̌�𝐵(𝜏) curves introduced in Definition 1 (see Figure 20).
In the figure, we fix 𝜏 = 1 and vary 𝑆𝑇 so that the pairs (𝑆𝑇 , 𝜏) belong to one of the sets , , and. The results are shown in Figure 21 with the (left) plot showing the variation of 𝑆 with 𝑧, and the
(right) plot showing the profiles in the 𝑆-𝑝 phase plane. The curves corresponding to Set  show a
direct TW wave connecting 𝑆𝐵 and 𝑆𝑇 = 0.35. Some oscillatory behavior around 𝑆𝑇 can be observed
since 𝜏 is comparatively large, however, the existence of a single TW between 𝑆𝐵 and 𝑆𝑇 implies that
these states are connectable by an admissible shock in the hyperbolic limit. Next, choosing 𝑆𝑇 = 0.55,
(𝑆𝑇 , 𝜏) lies in Set , and a solution consisting of an infiltration wave followed by a drainage wave is
computed in accordance with the theory. The development of the plateau is shown in Figure 22. Again,
small oscillations are seen in the drainage wave part which is expected from Corollary 2 since 𝜏 is large.
The resulting plateau has saturation 0.7158, whereas, the prediction from Figure 20 is �̂�𝐵(𝜏) = 0.7254.
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F I G U R E 2 0 The �̂�𝐵(𝜏) and �̌�𝐵(𝜏) curves computed for 𝑆𝐵 = 0.1. The characteristic saturations are as in (72).
The corresponding Sets , , and  along with (𝑆𝑇 , 𝜏) test pairs used in Figure 21 are shown

F I G U R E 2 1 Numerical solutions corresponding to different (𝑆𝑇 , 𝜏) pairs from solution classes , , and ,
marked in Figure 20. Here, 𝜏 = 1 is fixed and 𝑆𝑇 is chosen from {0.35, 0.55, 0.8}. The (left) plot shows the variation of
𝑆 with 𝑧, whereas, the (right) plot shows 𝑝 versus 𝑆. The saturation plateau for the Sets  and  is observed at
�̂�𝐵 = 0.7158

Finally, for 𝑆𝑇 = 0.8, the pair (𝑆𝑇 , 𝜏) belongs to the Set . The numerical solution exhibits a shock-
like structure followed by a plateau and they coincide with the infiltration wave of Set  on both plots
of Figure 21. Moreover, a rarefaction wave between �̂�𝐵(𝜏) and 𝑆𝑇 is detected. Thus, we conclude that
the saturation profiles in Figure 21 correspond to the entropy solutions depicted in Figure 14 and the
numerical results are in agreement with the theory.

5.1.1 Stability of the TW profiles
Another important issue with regards to our discussion is the stability of the TW solutions. For the
dynamic capillarity model, linearized stability of TW profiles was investigated in Refs. 76, 77 for
convex flux functions. The TWs were found to be stable under small perturbations. Linear stability of
the steady-state solution for the dynamic capillarity model was shown in Ref. 37. However, such a result
might not hold when hysteresis is included. For example, in Ref. 38 it was shown that with hysteresis,
stable planar fronts are not guaranteed. Moreover, linearized stability results might not extend to large
deviations from the TW profile. Nevertheless, in our case, the stability of the TW profiles is indicated
by the numerical computations. More precisely, the numerical examples are presenting the solution
profiles for the partial differential equations, thus not for the TW. These numerical results are obtained
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F I G U R E 2 2 The time evolution of the solution profile for (𝑆𝑇 , 𝜏) ∈ 

by using a regularized initial data in (70). The solution quickly develops into profiles that are either an
approximation of the corresponding TW if the values of 𝑆𝑇 and 𝑆𝐵 are states that can be connected
by a TW for the chosen parameters, or it exhibits a plateau value that approximates very well the left
state that can be connected by a TW to 𝑆𝐵 . Moreover, this is obtained irrespective of the choice of the
regularization parameter 𝓁 in the initial condition (70). Similar behavior was reported in the numerical
examples of Refs. 9, 43-45. However, instability of the TWs is observed for large 𝜏 when hysteresis is
included in the permeabilities. This requires further attention and we have excluded this possibility in
our current analysis and computations.

5.2 Numerical results for Scenario B
In case of Scenario B, we choose the following boundary conditions with respect to the pressure vari-
able. As in the previous subsection, they are of Neumann type at 𝑧 = 𝑧𝑖𝑛 and of Dirichlet type at
𝑧 = 𝑧𝑜𝑢𝑡:

𝑝′
(
𝑧𝑖𝑛, 𝑡
)
= 0 and 𝑝

(
𝑧𝑜𝑢𝑡, 𝑡
)
= 𝑝(𝑑)𝑐 (𝑆𝐵) for all 𝑡 > 0. (73)

Moreover, the boundaries of the domain are given by: 𝑧𝑖𝑛 = −10 and 𝑧𝑜𝑢𝑡 = 190. To make matters
interesting, contrary to the previous subsection, we do not start with an infiltration state for 𝑆𝐵 , but
with a drainage state. Due to the fact that we consider hysteresis both in the capillary pressure and
relative permeabilities, fractional flow functions are introduced both for infiltration and for drainage.
We use

𝑓 (𝑖)(𝑆) = 𝑆2

𝑆2 + 3(1 − 𝑆2)
, 𝑓 (𝑑)(𝑆) = 𝑆2

𝑆2 + 2(1 − 𝑆2)
with 𝑁𝑔 = 0,

and define 𝐹 (𝑖) and 𝐹 (𝑑) accordingly. We verified numerically that if 𝑆𝑇 > 𝑆𝐵 and 𝐹 (𝑖)(𝑆𝑇 ) <
𝐹 (𝑆𝐵, 𝑝𝐵) then the solution is frozen in time in the sense that 𝑆(𝑧, 𝑡) = 𝑆(𝑧, 0) for all 𝑡 > 0. This
is what was discussed in Remark 8. To verify Propositions 11 and 12 and entropy solutions (66)-(69),
we show two results: 𝑆𝐵 = 𝑆𝐵,1 = 0.3, 𝑆𝑇 = 𝑆𝑇 ,1 = 0.95, and 𝑆𝐵 = 𝑆𝐵,2 = 0.95, 𝑆𝑇 = 𝑆𝑇 ,2 = 0.3
both for 𝜏 = 0.02. Let the corresponding solutions be (𝑆(𝑖), 𝑝(𝑖)) and (𝑆(𝑑), 𝑝(𝑑)). Since 𝑆𝑇 ,1 > �̄�𝑖 for
the first case (see Definition 2) and 𝜏 is small, from (67) it is expected that the entropy solution will
have a shock from 𝑆𝐵,1 to �̄�𝑖, followed by a rarefaction wave from �̄�𝑖 to 𝑆𝑇 ,1. This is exactly what
is seen from the viscous profiles obtained numerically (see Figure 23). Similarly, for the second case,
since 𝑆𝑇 ,2 < �̄�𝑑 and 𝜏 is small, we see from Figure 23a viscous solution resembling a drainage shock
followed by a rarefaction wave, as predicted in (69). Next, we investigate whether a stable plateau is
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F I G U R E 2 3 The viscous solutions for 𝑆𝐵,1 = 0.3, 𝑆𝑇 ,1 = 0.95 denoted by (𝑆(𝑖), 𝑝(𝑖)) and 𝑆𝐵,2 = 0.95,
𝑆𝑇 ,2 = 0.3 denoted by (𝑆(𝑑), 𝑝(𝑑)) with boundary conditions (73) and 𝜏 = 0.02 fixed. In the (left) plot, the solutions are
shown in the 𝐹 -𝑆 plane and in the (right) plot the saturations are plotted as functions of 𝑧. The points 𝑈𝐵,1 and 𝑈𝐵,2
and the saturations �̄�𝑖(𝑈𝐵,1) and �̄�𝑑 (𝑈𝐵,2), introduced in Definition 2, are marked. The results agree with the
predictions of Propositions 11 and 12 and Section 4.3

formed for suitable parameter values by an infiltration wave and an ensuing drainage wave, as predicted
in Proposition 13. This happens only if 𝜏 > 𝜏∗𝑖 (𝑆𝑇 ), since in this case, a monotone connection between
(𝑆𝐵, 𝑝𝐵) and (𝑆𝑇 , 𝑝

(𝑖)
𝑐 (𝑆𝑇 )) does not exist. To this end, in the numerical experiment we have used the

following parameters:
𝑆𝐵 = 0.3, 𝑆𝑇 = 0.5, and 𝜏 = 0.5.

For a stable saturation plateau, the velocities of the infiltration wave, connecting 𝑆𝐵 and 𝑆𝑃 , and the
drainage wave, connecting 𝑆𝑃 and 𝑆𝑇 , have to be equal, that is, if 𝑐𝑃(𝑖) and 𝑐𝑃(𝑑) are denoting the two
wave-speeds, then

𝑐𝑃(𝑖) =
𝐹 (𝑖)(𝑆𝑃 ) − 𝐹 (𝑑)(𝑆𝐵)

𝑆𝑃 − 𝑆𝐵
=
𝐹 (𝑖)(𝑆𝑃 ) − 𝐹 (𝑑)(𝑆𝑇 )

𝑆𝑃 − 𝑆𝑇
= 𝑐𝑃(𝑑),

where 𝑆𝑃 stands for the saturation of the plateau. Geometrically, this equality is fulfilled, if the points
(
𝑆𝐵, 𝐹

(
𝑆𝐵, 𝑝𝐵

))
,
(
𝑆𝑇 , 𝐹

(𝑑)(𝑆𝑇
)) and (

𝑆𝑃 , 𝐹
(𝑖)(𝑆𝑃

))

are located on the same line. This is precisely the condition that the solutions (𝑆𝑃(𝑖), 𝑝𝑃(𝑖)) and (𝑆𝑃(𝑑), 𝑝
𝑃
(𝑑))of Proposition 13 satisfy. Drawing a line through the given points for 𝑆𝐵 = 0.3 and 𝑆𝑇 = 0.5 (see

Figure 24), we obtain that a stable plateau should be located at 𝑆𝑃 ≈ 0.634. As seen from Figure 24,
the orbit in the 𝑆-𝐹 plane stabilizes exactly at 𝑆𝑃 ≈ 0.634 and all the three points line up. Considering
Figure 25, we observe that the saturation plateau is in a transient state in the beginning, but it stabilizes
at 𝑆𝑃 ≈ 0.634 for longer times, as the speeds of the infiltration and drainage waves match.

6 FINAL REMARKS AND COMPARISON WITH
EXPERIMENTS

In this work, a one-dimensional two-phase flow model has been analyzed for infiltration problems.
For simplicity, we have assumed that the medium is homogeneous and a constant total velocity is
prescribed at the boundary. Dynamic and hysteretic effects are included in the capillary pressure with
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F I G U R E 2 4 The orbit in the 𝑆 − 𝐹 plane representing a stable saturation plateau for Scenario B. The
equilibrium points for this orbit are shown on the flux curves

F I G U R E 2 5 Saturation profiles for different time points. Besides the initial condition (top left) and the final
saturation profile (bottom right), two intermediate profiles are shown, which have the form of a plateau. Contrary to the
final saturation profile their plateaus are not stable, since the speeds of the infiltration and the drainage fronts are equal
only for 𝑆𝑃 = 0.634

transitions between drainage and infiltration processes being modeled by a play-type hysteresis model
having vertical scanning curves. Relative permeabilities are modeled as functions of saturation and
capillary pressure to make their hysteretic nature explicit.

The focus being on TWs, the system of partial differential equations is transformed into a dynamical
system. This system is analyzed for two different scenarios, A and B. In Scenario A, the hysteresis
appears only in the capillary pressure, and we consider a broad range of dynamic capillarity terms,
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F I G U R E 2 6 The saturation profiles for water injection experiments taken from Ref. 29. Note the presence of
growing saturation plateaus

from small to large ones. In Scenario B, hysteresis is included in both the relative permeabilities and
in the capillary pressure, whereas the dynamic capillary effects are kept small. For each scenario, the
existence of TW solutions is studied. In particular, we show that if the dynamic capillary effects exceed
a certain threshold value, the TW profiles become nonmonotonic. Such results complement the analysis
in Refs. 9, 42, 45 done for the unsaturated flow case, respectively, in Refs. 43, 44 for two-phase flow
but without hysteresis. From practical point of view, the present analysis provides a criterion for the
occurrence of overshoots in two-phase infiltration experiments.

Based on the TW analysis, we give admissibility conditions for shock solutions to the hyperbolic
limit of the system. Motivated by the hysteretic and dynamic capillarity effects, such solutions do not
satisfy the classical entropy condition. This is because the standard entropy solutions to hyperbolic
two-phase flow models are obtained as limits of solutions to classical two-phase flow models, thus not
including hysteresis and dynamic capillarity. In particular, for the infiltration case of Scenario A, apart
from the classical solutions, there can be solutions consisting of (a) an infiltration shock followed by a
rarefaction wave having nonmatching speeds, or (b) an infiltration shock followed by a drainage shock
resulting in a growing saturation plateau (overshoot) in between. This is similar to the results in Refs. 43,
44. In Scenario B, the entropy solutions are shown to depend also on the initial pressure. In particular,
if certain parametric conditions are met, the solutions may include ones featuring a stable saturation
plateau between an infiltration front and a drainage front, both traveling with the same velocity. Such
solutions are obtained, for example, in Ref. 15, but only after generating the overshoot through a change
in the boundary condition. All cases mentioned above have been reproduced by numerical experiments,
in which a good resemblance has been observed between the TW results and the long-time behavior
of the solutions to the original system of partial differential equations.

From practical point of view, we note that the present analysis can also be used to explain experi-
mental results reported, for example, in Refs. 33, 41, 55, 66. The occurrence of saturation overshoots
is predicted theoretically for high enough dynamic capillary effects, namely, of the 𝜏 value in (24). In
dimensionless setting, this can be assimilated to an injection rate that is sufficiently large. This is in line
with the experimental results in Ref. 33, where the development of plateau-like profiles was observed
for high enough injection rates, as shown in fig. 5 of 33 and fig. 5.3 of Ref. 66. Similarly, in the water
and oil case, the plateaus are seen to develop and grow in figs. 5-6, 8-9, 18 of Ref. 29 (see Figure 26).
This behavior is predicted by the analysis in Section 3. Moreover, fig. 10 of 29 might be presenting the
case when the saturation has developed a plateau between two fronts traveling with the same velocity,
a situation that is explained by the authors by means of hysteretic effects in the flux functions. Such
solutions are investigated numerically in Refs. 15, 60, where it is shown that the plateaus can persist in
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time but without explaining how they are generated. The results in Section 4 partly support the conclu-
sions there, but also explain the mechanism behind the development of such plateaus. We mention78
in this regard, where the authors conclude that a similar mechanism must be responsible for observed
stable saturation plateaus inside viscous fingers.
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APPENDIX A: PROOFS OF SOME RESULTS GIVEN IN SECTION 3.1
Proof of Proposition 1. The property that 𝛾(𝛼) increases follows directly from (36). Moreover, 𝛾(𝛼) > 𝛼
for 𝛼 > 𝑆𝐵 , since ∫ 𝛼

𝑆𝐵
(𝑆;𝑆𝐵, 𝛼)𝑑𝑆 < 0 in this case (see (37)). Observe that, if (39) is satisfied then

𝛾(�̃�) < 1. This shows the existence of 𝛾(𝛼) in a right neighborhood of 𝑆 = �̃�. The solution in this case
exists up to 𝛼 = 𝑆∗ ∈ (�̃�, �̄�) where 𝛾(𝛼) and 𝛽(𝛼) intersect: 𝛾(𝑆∗) = 𝛽(𝑆∗) =∶ 𝑆∗.

For𝑆𝐵 ∈ (𝑆, 𝑆𝑜), 𝛽(𝛼) and 𝛾(𝛼) can similarly be defined, although the domain where 𝛽(𝛼) is defined
is different. In this case, the intersection of 𝛽(𝛼) and the second solution 𝛾(𝛼) is guaranteed irrespective
of (39) since ∫ �̄�

𝑆𝐵
(𝑆;𝑆𝐵, �̄�)𝑑𝑆 < 0 and ∫ 1

𝑆𝐵
(𝑆;𝑆𝐵, 1)𝑑𝑆 > 0. This is because (𝑆;𝑆𝐵, �̄�) < 0 for

𝑆𝐵 < 𝑆 < �̄� and (𝑆;𝑆𝐵, 1) > 0 for 𝑆𝐵 < 𝑆 < 1. ■

Proof of Proposition 3.
(a) The lower bound follows from Proposition 2. To show the upper bound, observe that if𝑆𝑚(𝜏, 𝑆𝑇 ) ≥

𝛾(𝑆𝑇 ), then 𝑤(𝛾(𝑆𝑇 )) ≤ 𝑝(𝑖)𝑐 (𝛾(𝑆𝑇 )). This directly contradicts the strict inequality in (45) since
Φ(𝛾(𝑆𝑇 )) = 0.

(b) Since (⋅;𝑆𝐵, 𝑆𝑇 ) < 0 in (𝛽(𝑆𝑇 ), 1), Proposition 2 and (45), (46a) imply 𝑆𝑚(𝜏, 𝑆𝑇 ) = 1. Since
(45) holds for all 𝑆 < 1 and since 𝑤′ < 0 in a left neighborhood of 𝑆 = 1, let us suppose that
lim𝑆↗1𝑤(𝑆; 𝜏, 𝑆𝑇 ) = −𝐿 (𝐿 > 0). Then Equation (43) and property (39) give 𝑤′ ∉ 𝐿1 near 𝑆 =
1, contradicting the boundedness of 𝑤. ■
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Proof of Proposition 4. We argue as in Refs. 43,44. The key idea is to introduce the function

𝑢 =
(𝑝(𝑖)𝑐 −𝑤)√

𝑑
with 𝑑 = 𝑐(𝑆𝑇 )𝜏. (A1)

Using (43) one obtains for 𝑢 the equation

𝑢′(𝑆; 𝜏, 𝑆𝑇 ) =
1√
𝑑
𝑝(𝑖)𝑐

′(𝑆) −
(𝑆;𝑆𝐵, 𝑆𝑇 )
𝑢(𝑆; 𝜏, 𝑆𝑇 )

. (A2)

Clearly, 𝑢|𝑆𝐵 = 0 and 𝑢 > 0 in a right neighborhood of 𝑆𝐵 . Since |𝑆𝐵 = 0 as well, one finds from
(A2) and the sign of 𝑢

𝑢′(𝑆𝐵; 𝜏, 𝑆𝑇 ) =
𝑝(𝑖)𝑐

′
(𝑆𝐵)
2

[√
1
𝑑
− 4

′(𝑆𝐵;𝑆𝐵, 𝑆𝑇 )
(𝑝(𝑖)𝑐

′
(𝑆𝐵))2

− 1√
𝑑

]
> 0

since ′(𝑆𝐵;𝑆𝐵, 𝑆𝑇 ) < 0. Using (36), Remark 3 and some elementary algebra
𝑢′(𝑆𝐵; 𝜏1, 𝑆𝑇 ) < 𝑢′(𝑆𝐵; 𝜏2, 𝑆𝑇 ) in case (𝑎), (A3a)

𝑢′(𝑆𝐵; 𝜏, 𝑆𝑇 ,1) < 𝑢′(𝑆𝐵; 𝜏, 𝑆𝑇 ,2) in case (𝑏). (A3b)

(a) From (A3a), 𝑢1(⋅) ∶= 𝑢(⋅; 𝜏1, 𝑆𝑇 ) < 𝑢(⋅; 𝜏2, 𝑆𝑇 ) =∶ 𝑢2(⋅) in a right neighborhood of 𝑆𝐵 . We claim
that 𝑢1 and 𝑢2 do not intersect in {𝑢1 > 0}. Suppose, to the contrary, there exists 𝑆𝑖 > 𝑆𝐵 such that
𝑢1(𝑆) < 𝑢2(𝑆) for 𝑆𝐵 < 𝑆 < 𝑆𝑖 and 𝑢1(𝑆𝑖) = 𝑢2(𝑆𝑖). Thus 𝑢1′(𝑆𝑖) ≥ 𝑢2′(𝑆𝑖). Evaluating (A2) at
𝑆𝑖 gives

𝑢1
′(𝑆𝑖) =

𝑝(𝑖)𝑐
′
(𝑆𝑖)√
𝑑1

−
(𝑆𝑖;𝑆𝐵, 𝑆𝑇 ,1)

𝑢1(𝑆𝑖)
<
𝑝(𝑖)𝑐

′
(𝑆𝑖)√
𝑑2

−
(𝑆𝑖;𝑆𝐵, 𝑆𝑇 ,2)

𝑢2(𝑆𝑖)
= 𝑢2

′(𝑆𝑖),

a contradiction. If 𝑆𝑇 < 𝑆𝑚(𝜏2, 𝑆𝑇 ) ≤ 𝛽(𝑆𝑇 ), the 𝑢-monotonicity gives 𝑆𝑚(𝜏1, 𝑆𝑇 ) ≤ 𝑆𝑚(𝜏2, 𝑆𝑇 ).
We rule out the equality by contradiction. Suppose 𝑆𝑚(𝜏1, 𝑆𝑇 ) = 𝑆𝑚(𝜏2, 𝑆𝑇 ) =∶ 𝑆𝑚. Then

𝑢1 < 𝑢2 in (𝑆𝐵, 𝑆𝑚).

Integrating Equation (A2) from 𝑆𝑇 to 𝑆𝑚 gives

𝑢2(𝑆𝑇 ) − 𝑢1(𝑆𝑇 ) = (𝑝(𝑖)𝑐 (𝑆𝑇 ) − 𝑝(𝑖)𝑐 (𝑆𝑚))

(
1√
𝑑2

− 1√
𝑑1

)
+ ∫

𝑆𝑚

𝑆𝑇

(

1
𝑢2

− 1
𝑢1

)
. (A4)

Since  > 0 in (𝑆𝑇 , 𝑆𝑚) for 𝑆𝑇 < 𝑆𝑚 ≤ 𝛽(𝑆𝑇 ), the term in the right of (A4) is negative, yielding
a contradiction.

(b) Using (36), this part is demonstrated along the same lines. Details are omitted. ■

Proof of Proposition 5. As seen from (A2), 𝑣 satisfies the equation
(𝑣2)′ = 2𝑣𝑝(𝑖)𝑐

′ − 2𝑐𝜏 in {𝑣 > 0}.
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F I G U R E A 1 Behavior of 𝑤 close to 𝑆𝑚: (left) 𝜏 > 𝜏0 and (right) 𝜏 < 𝜏0

Integrating this equation and using Proposition 4 and Φ from (45) gives the desired inequalities. ■

Proof of Corollary 1. We only demonstrate continuity with respect to 𝜏. The proof of continuity with
respect to 𝑆𝑇 follows the same arguments. We therefore take 𝑆𝑇 = 𝑆𝑇0 and drop its dependence from
the notation for simplicity. Consider first 𝜏 > 𝜏0 and𝑆𝑇0 < 𝛽(𝑆𝑇0 ). Recalling 𝑣(𝑆𝑚(𝜏0); 𝜏0) = 0, Propo-
sition 5 gives

0 < 𝑣(𝑆𝑚(𝜏0); 𝜏) <
√
2𝑐(𝜏 − 𝜏0)Φ(𝑆𝑚(𝜏0)),

where Φ(𝑆𝑚(𝜏0)) > 0 by (46) and Proposition 3. For any given (small) 𝜀 > 0 and with reference to
Figure A1 choosing 𝛿 < 𝑝(𝑖)𝑐 (𝑆𝑚(𝜏0))−𝑝

(𝑖)
𝑐 (𝑆𝑚(𝜏0)+𝜀)

2𝑐Φ(𝑆𝑚(𝜏0))
we have

𝑤(𝑆𝑚(𝜏0), 𝜏) > 𝑝(𝑖)𝑐 (𝑆𝑚(𝜏) + 𝜀) for all 𝜏 − 𝜏0 < 𝛿.

Since 𝑤′ > 0, this implies the continuity of 𝜏 > 𝜏0.
Next let 𝜏 < 𝜏0 and 𝑆𝑇0 ≤ 𝛽(𝑆𝑇0 ). Now we have from Proposition 5

0 < 𝑣(𝑆𝑚(𝜏); 𝜏0) <
√
2𝑐(𝜏0 − 𝜏)Φ(𝑆𝑚(𝜏)). (A5)

Since 𝑣(⋅, 𝜏0) ∈ 𝐶([𝑆𝐵, 𝑆𝑚(𝜏0)]), 𝑣(𝑆𝑚(𝜏0), 𝜏0) = 0 and 𝑣(⋅, 𝜏0) > 0 in (𝑆𝐵, 𝑆𝑚(𝜏0)), the continuity of
𝑆𝑚 follows directly from (A5). ■

Proof of Proposition 7.
(a) Suppose no 𝜏𝑐(𝑆𝑇 ) exists such that𝑆𝑚(𝜏𝑐, 𝑆𝑇 ) = 𝛽(𝑆𝑇 ), meaning𝑆𝑚(𝜏, 𝑆𝑇 ) < 𝛽(𝑆𝑇 ) for all 𝜏 > 0.

From [Ref. 9, proposition 4.2(b)] we have that

𝑤(𝑆; 𝜏, 𝑆𝑇 ) → −∞ as 𝜏 → ∞ for all 𝑆 ∈ (𝑆𝐵, 𝑆𝑇 ].

This implies that for large enough 𝜏, a 𝑆1 ∈ [𝑆𝑇 , 𝛽(𝑆𝑇 )] exists for which 𝑤(𝑆1) = 0. From (43), it
is evident that 𝑤(𝑆𝑇 ) ≤ 𝑤(𝑆), in particular 𝑤(𝑆𝑇 ) < 𝑤(𝑆1) = 0. Moreover, (45) gives the lower
bound 𝑤(𝑆) ≥ 𝑤(𝑆𝑇 ) ≥ 𝑝(𝑖)𝑐 (𝑆𝑇 ) −

√
2𝑐𝜏Φ(𝑆𝑇 ) ≥ −

√
2𝑐𝜏Φ(𝑆𝑇 ) for all 𝑆 ∈ [𝑆𝐵, 𝑆𝑚(𝜏, 𝑆𝑇 )].

Multiplying both sides of (A2) by 𝑢, integrating from 𝑆𝐵 to 𝑆1 and using the above inequality
we get

−1
2
𝑝(𝑖)𝑐

2(𝑆𝐵) = ∫
𝑆1

𝑆𝐵
(𝑐𝜏(𝑆;𝑆𝐵, 𝑆𝑇 ) + 𝑝(𝑖)𝑐

′(𝑆)𝑤(𝑆; 𝑐, 𝜏))𝑑𝑆

≤ −𝑐𝜏Φ(𝑆1) + (𝑝(𝑖)𝑐 (𝑆𝐵) − 𝑝(𝑖)𝑐 (𝑆1))
√
2𝑐𝜏Φ(𝑆𝑇 ).
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Since Φ(𝑆1) > 0 (as stated in (46b)), this leads to a contradiction for 𝜏 → ∞. Hence, 𝑆𝑚(𝜏, 𝑆𝑇 ) =
𝛽(𝑆𝑇 ) for some 𝜏 > 0. The uniqueness follows from Proposition 4.

(b) The monotonicity and continuity follows from Propositions 4 and 5 and Corollary 1. To
show the limit for 𝑆𝑇 ↘ 𝑆∗, assume that lim𝑆𝑇↘𝑆∗ 𝜏𝑐(𝑆𝑇 ) = 𝜏∞ < ∞. Let then 𝜏 > 𝜏∞. Propo-
sition 3 implies that 𝑆𝑚(𝜏, 𝑆∗) < 𝛽(𝑆∗). Choose an 𝑆𝑇 > 𝑆∗ such that 𝛽(𝑆𝑇 ) ≥ 𝑆𝑚(𝜏, 𝑆∗).
Since 𝜏 > 𝜏𝑐(𝑆𝑇 ), we get that 𝑤(𝑆𝑚(𝜏, 𝑆∗); 𝜏, 𝑆𝑇 ) ≤ 𝑤(𝛽(𝑆𝑇 ); 𝜏, 𝑆𝑇 ) ≤ 𝑝(𝑖)𝑐 (𝛽(𝑆𝑇 )), implying
𝑤(𝑆𝑚(𝜏, 𝑆∗); 𝜏, 𝑆∗) −𝑤(𝑆𝑚(𝜏, 𝑆∗); 𝜏, 𝑆𝑇 ) ≥ 𝑝(𝑖)𝑐 (𝑆𝑚(𝜏, 𝑆∗)) − 𝑝(𝑖)𝑐 (𝛽(𝑆𝑇 )). This gives a contra-
diction when𝑆𝑇 ↘ 𝑆∗ since the right-hand side goes to 𝑝(𝑖)𝑐 (𝑆𝑚(𝜏, 𝑆∗)) − 𝑝(𝑖)𝑐 (𝛽(𝑆∗)) > 0, whereas
the left-hand side converges to 0 from Corollary 1.
The existence of a 𝜏 > 0 is a consequence of the continuity of 𝜏𝑐 with 𝜏 = 𝜏𝑚(�̄�) ≥ 𝜏𝑚(�̄�) following
from Proposition 6.

■





10 Concluding remarks and outlook

In this habiliation thesis we have investigated how model reduction techniques can be
used to simulate complex flow processes in an efficient way. This has been exemplified
by means of the following flow processes: Blood flow in large arteries and microvascular
networks, oil transport in pipelines and injection of fluids into porous media. The model
reduction techniques which have been considered comprise dimension reduction, data based
learning and homogenisation techniques. In different chapters of the submitted work, the
resulting modelling approaches have been analysed mathematically (see Chapters 5, 6 and
9). The other chapters are concerned with the computational analysis of model reduction
techniques or their application to a certain problem setting (see Chapters 2, 3, 4, 7 and
8). All these chapters have a dedicated conclusion. In the final chapter these conclusions
are summarised and put into context of this thesis. Furthermore, several aspects of future
research are discussed.
Part I is focused on simplified models in context with blood flow in networks of large

arteries and oil pipelines. The first chapter of this part contains a mathematical model,
which can be used to simulate the influence of a peripheral arterial stenosis on blood supply
of distal tissue. Furthermore, two mechanisms that help to restore the reduced blood
flow, i.e., metabolic regulation and arteriogenesis have been modelled. As model reduction
techniques we have used dimensionally reduced differential equations and algebraic coupling
equations. Our simulation results show that reduced blood supply caused by a severe
stenosis can only be recovered if these compensation mechanisms are combined and a
sufficient number of collateral vessels is given. Balancing the missing blood supply caused by
a stenosis of lower degree it is sufficient to take only metabolic regulation into consideration.
The existing model could be enhanced by incorporating further compensation mechanisms,
e.g., angiogenesis or an advanced model for arteriogenesis.
The following Chapter 3 is closely related to the first chapter of Part I. As the title sug-

gests, it is concerned with the same issue from biomedical engineering. However, contrary
to Chapter 2, we do not incorporate compensation mechanisms. In this chapter, we are
focused on the numerical effort arising when the stenosis degree is varied many times as it
has been done in the previous chapter. For this purpose a surrogate model depending on
the stenosis degree is designed having the form of a linear combination of kernel functions
like Gaussian kernel functions. Using simulation data produced by a dimensionally reduced
blood flow model, the coefficients of the corresponding linear combinations as well as pa-
rameters determining the kernel functions are computed based on a Greedy algorithm. It
is has been shown that the error between the surrogate kernel model and the exact simu-
lation data is decreasing as an increasing amount of simulation data is used to design the
surrogate model. Moreover, the surrogate kernel model has been used to solve a parameter
estimation problem. Thereby, the degree of stenosis has been estimated for a given pressure
or flow rate curve in the vicinity of the stenosis. Future work related to the simplified blood
flow model may be concerned with simulating the whole circulation based on a closed loop
model. This means that besides the left ventricle also the remaining chambers of the heart
as well as the pulmonary circulation and the venous part of the systemic circulation would
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have to be modelled. A further aspect that could be investigated would be to apply be-
sides the kernel based methods also a Reduced Basis method to the parameterised stenosis
problem and compare the performance of both methods. In particular, the cost function
for the parameter estimation problem should be improved such that the estimates for low
stenosis degrees are more accurate.
In Chapter 4 the modelling technique that has been used to simulate blood flow in the

first two papers is adapted to simulate oil transport in a pipeline. As the one-dimensional
flow equations for single arteries, the flow equations for oil in a single pipeline are one-
dimensional (1D models) in space and have the form of a hyperbolic system of equations.
The difference between the two flow models is that the flow model for the oil pipeline can be
linearised, since the interaction between the tube walls and the flow are neglectable. Pumps
and security systems are simulated by systems of ODEs (0D models). At the places where
the pumps and the security systems are located, the main pipeline is decomposed. In order
to couple the different pipeline parts again, the ODE-systems yield for each time point
boundary values at the new interfaces. This is the same technique used for the simulation
of a stenosis. All in all, both the pipeline system and networks of large arteries can be gov-
erned by means of 1D-0D coupled models. For the numerical discretisation, a discontinuous
Galerkin method (DG-method) and the method of characteristics (MOC) have been used,
where the MOC proved to be as accurate as the DG-method, but much more efficient as
the DG-method. Our numerical simulations reveal that a pressure shock wave, which is
initiated by the stoppage of a pump, can be significantly damped by a security system and
a rupture of the pipeline can be prevented. Moreover, it has been possible to reproduce
field measurements taken upstream and downstream of a pump, demonstrating the effi-
ciency of the model. Further work could be focused on further validating the dimensionally
reduced model, e.g., by comparing the simplified model with full-dimensional (3D) models.
Concerning the discretisation methods, one could design a stable time integrator for the
DG-method with a less restrictive CFL-condition. Besides, a more sophisticated limiter
method for the DG-discretisation in space should be considered. Concerning modelling
aspects, more advanced relief systems should be investigated.
The main focus of Part II is on modelling and simulation of blood flow in microvascular

networks and the surrounding tissue. In order to decrease the complexity of this issue the
blood vessel network is approximated by a 1D graph-like structure, while the tissue has
been considered as a homogeneous porous medium. As flow models a 1D Poiseuille flow
model for the vascular network and a standard Darcy equation for the tissue flow have been
chosen. Both flow models are coupled by their source terms, where the 1D model appears
as a Dirac measure within the source term of the 3D Darcy equation. This results in a
3D-1D coupled flow model for the considered issue.
Related to the 3D Darcy equation with a 1D Dirac source term one can define a mathe-

matical model problem, which can be used to study the convergence behaviour of standard
finite element methods. In Chapter 5 the Poisson equation with a line source term is in-
vestigated. Since the pressure in the 3D tissue matrix is only of interest in regions that are
not covered by the vascular system, we have studied in this chapter the local convergence
behaviour of a standard finite element discretisation based on quasi-uniform meshes. For
this purpose, we cut out a cylinder around the line, which can be considered as a blood ves-
sel. On the remainder of the domain we study the local convergence behaviour of the finite
element method. It can be proved that even if a quasi-uniform mesh is used a linear finite
element method exhibits an optimal convergence behaviour. Our numerical tests confirm
the optimal convergence rate after a preasymptotic range, which ends if the meshsize is in
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the size of the radius of the cylinder.
The fact that the preasymptotic range ends if the meshsize is in the range of the radii

of the blood vessels is not satisfactory. Since in microvascular systems these vessels are
typically very small compared to the computational domain, a very fine mesh is required to
resolve the steep gradients and to guarantee optimal convergence. Moreover the pressure
field in the tissue matrix exhibits singularities along the mid axes of the blood vessels,
which can not be observed in reality. These features motivate the development of a new
coupling concept. In Chapter 6 we have investigated an elliptic model problem that is
related to a coupling concept projecting the 1D model not on the midaxes of the vessels
but on their vessel walls, because the actual exchange between the vascular system and the
tissue occurs there. The new coupling concept exhibits some advantages compared to the
standard coupling approach [28, 29, 30]. One of these advantages is that the new problem
formulation naturally arises from the full 3D description of the problem with inclusions,
using well-founded model reduction hypotheses. Hence, it is possible to provide upper
bounds for the modelling error related to the model reduction strategy and to characterise
the dependence of the model error from the parameters of the problem explicitly, such as the
radius of a blood vessel. Furthermore, it is possible to analyse the existence of solutions by
means of the Lax-Milgram lemma. Finally, we have studied the approximation properties of
the finite element method exploiting Céa’s classical approach. Combining this result with
non-standard interpolation properties of functions with low regularity, we have been able
to prove error estimates for the proposed method in case of uniform and adapted meshes.
Future work in this field might be concerned with the extension of this approach to more
advanced models, such as problems in mixed form [100] or transient problems.
Despite of the fact that the new coupling approach from Chapter 6 has several advantages

compared to other coupling approaches, it is still unfeasible to simulate larger parts of an
organ. One reason for this is that even in small organic volumes covering just a few cubic
millimeters, it is a challenging task to simulate flow in the microvascular networks and
the interstitial space, since they consist of thousands of vessels [56, Chap. 1]. In addition
to that it can happen that due to image segmentation errors small capillaries can not be
reconstructed with a sufficient accuracy. As a consequence we just model flow in the larger
vessels of a microvascular network by 1D Poiseuille flow models. The fine scale vessels are
homogenised and converted into a porous medium coupled with the porous tissue matrix,
which yields a double continuum flow model. Since we use a 1D flow model and a double
continuum flow model, we refer to this model as ”hybrid model”. In order to validate the
simulation results obtained by our hybrid model, we have generated a reference solution
by means of the 3D-1D coupled model. Choosing the modelling parameters appropriately,
our simulation results reveal that the mass fluxes at the boundaries of the larger vessels
obtained with our hybrid model coincide in a satisfactory manner with the corresponding
fluxes obtained solving the 3D-1D model. On the other hand, the mass fluxes with respect
to the capillaries are overestimated by the hybrid model. Moreover, the net mass flux
between the tissue and the capillaries is approximately 2.3 times higher for the 3D-1D
model than for the hybrid model. Regarding the averaged pressures for each REV, the
simulations suggest that the pressures obtained with the hybrid model differ, in average,
by approximately 4 mmHg in the capillaries and by approximately 2.37 mmHg in the tissue
from the solution of the fully-discrete model. However, we are able to show that a smaller
linear system can be obtained compared to the 3D-1D model. In particular, we have shown
that pressure values are representative for the model, in the sense that the discretisation
error is negligible with respect to the modelling error. A more thorough comparison with
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respect to the reduction of the computational costs would be subject of future work. For
this purpose, a larger tissue sample should be considered. Finally, it would be of great
interest to determine, whether a combination of modelling parameters exists that can be
applied to different settings. As the authors of [128], we observe that in context of hybrid
models for microvasculature different unknown parameters occur, whose values are not
known a priori.
Part III is concerned with two-phase flow models for injection of fluids into dry porous

media. In particular, it is investigated how the propagation and generation of saturation
overshoots with respect to the fluid phase can be modelled and simulated [6, 7, 16, 20, 27,
34, 35, 36, 44, 45, 61, 104, 127, 139, 141, 152, 154]. For this purpose we have considered in a
first step (Chapter 8) a two-phase flow problem with time dependent boundary conditions
at the injection interface creating an artificial saturation overshoot. By means of two
different flow models it is simulated how this artificial saturation overshoot propagates
through the dry porous medium. Thereby, it is assumed that the total velocity of the
two-phase flow system is constant. The change between drainage and imbibition processes
is incorporated using hysteresis models [131, 132]. In addition to that, we estimate the
propagation speed of the drainage and saturation fronts marking the overshoot. This is
done considering Rankine-Hugoniot conditions. It can be observed that the theoretical
and numerical results conincide with respect to the qualitative behaviour of the saturation
overshoot. Future work in this context might be concerned with applying this model to
problems in several space dimensions. Therefore, it would be necessary to improve the
efficiency of the non-linear solvers such that larger time steps can be exerted and fewer
iterations are required for the convergence of the iterative solvers.
In the final chapter of this part, we enhance the analysis of the previous chapter. Fur-

thermore, the formation of saturation overshoots is not enforced by a boundary condition.
Instead a further ODE is added to the two-phase flow model from the previous chapter
[71, 26, 96, 114, 123, 141, 139, 140] such that non-monotone saturation profiles can be
simulated. This ODE contains a parameter τ controlling the size of the overshoot. Our
mathematical analysis is based on transforming the PDE system into a system of ODEs by
means of the travelling wave approach. Thereby, we remove the space and time variables
of the system by introducing a new coordinate and integrating the transformed equations
on both sides with respect to this new coordinate. By means of this analysis, we have
determined, how τ has to be chosen such that a saturation overshoot can be seen. Finally,
we have provided accurate estimates for the velocities of the drainage and imbibition fronts
such that the behaviour of overshoots can be determined more precisely. Our theoretical
findings have been confirmed by several numerical tests. Further work could be concerned
with analysing the same type of two-phase flow models which are not based on the as-
sumption that the total velocity of the two-phase flow system is constant in space and
time.
Concluding the submitted thesis, we note that the main focus of this work is fundamental

research for reducing the computational complexity arising in the context of interesting
application areas like physiology, energy storage systems and pipeline engineering. We
have demonstrated that dimensionally reduced models, data based surrogate models and
homogenised models can be used to produce applicable results. However, further effort has
to be put into this type of research so that it is useable for complex issues in application fields
like medicine or energy industry. One important aspect would be to combine the blood flow
models for the macroscaled blood vessel networks and microcirculation. For this purpose,
1D Navier-Stokes equations could be used for the macroscaled blood vessel networks and
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hybrid models for the capillary bed. A robust and meaningful model comprising both
scales, would enable physiologists to study the distribution of a certain drug that is typically
injected into a larger vene and then transported through the whole cardiovascular system.
Thereby, it is important to determine the injected concentration, since many drugs have
only an effect, if their concentration in blood or in tissue exceeds a certain threshold.
Using a computer model the amount of drugs that is injected can be optimised such that
the concentration is sufficiently high but that on the other hand no drugs are wasted and
side effects can be kept to a minimum. The models for injection processes, which have been
analysed in the last part of this thesis, have to be extended such that they can handle multi-
phase flow and multi-component transport as well as heat transport. This is important to
be able to simulate an injection of fuels into an energy storage device. Fuel itself is typically
not a homogeneous fluid, but it consists of several components. Moreover, the injection of
fuel or hot water into energy storage systems involve that different components can change
their phase. If in a heat storage system, salts like sodium acetate are heated in their solid
state, they become liquid. Finally, robust and efficient numerical methods have to be tested
or newly developed such that not only 1D models, but also 3D models can be treated in
an efficient way.
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