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Abstract

This thesis addresses several questions about properties and asymptotic behaviours
of eigenvalues of the non-self-adjoint Robin Laplacian —Ag, that is, of the eigenvalue

problem

—Au = \u in €,

g:j +au=0 on 0,
where ) is either a bounded (smooth or Lipschitz) domain in R¢, d > 1, or a compact
quantum graph and « is a parameter. In recent years a large body of literature has
developed around these questions in the self-adjoint case, that is, for a real Robin
parameter o € R, and it is a natural question to ask whether those results can be
generalised for o € C; and this is the question we want to pursue here. According
to the vast amount of recent literature, there seems to be a burgeoning interest
in the spectral properties of the Robin Laplacian, which is why we want to give a
comprehensive overview on this subject. After a brief summary on the results for the
self-adjoint Robin Laplacian, presented to gain insight into what to expect for a € C,
we start by proving regularity results on the eigenvalues A as (meromorphic) functions
of a. Besides, we answer the question whether one can find an orthonormal basis (or
weaker types of bases) of L?(Q) consisting of Robin eigenfunctions. Our main interests,
however, are the localisation of the spectrum as well as the asymptotic behaviour
of A as functions of @ as a — oo in C. The tools commonly used to study spectral
properties of self-adjoint Laplace operators are totally inapplicable as they rely on
the variational min-max characterisation of eigenvalues, test-function arguments,
and Dirichlet-Neumann bracketing techniques. However, all these techniques become
useless if non-self-adjoint operators are considered; and this is the case as soon as
Im a #£ 0. To this end, we use two different approaches in order to study properties
of the eigenvalues as well as their asymptotic behaviour as functions of o as a — oo
in C.

Firstly, we establish trace-type inequalities for functions on smooth and non-smooth

domains €2 to prove a localisation theorem for the eigenvalues. This allows us to show



that, for fixed «, the entire spectrum (or more precisely the numerical range of —Ag)
is contained in a parabolic region in C. What is more, this localisation theorem gives
us control over both the real and imaginary parts of any eigenvalue in terms of the
real and imaginary parts of o, which then implies eigenvalue estimates for Lipschitz
domains that are new even in the real case. This approach is further applied to
compact quantum graphs, that is, metric graphs on which the Laplace operator
acts. To this end, we consider such graphs, where some (or all of the) vertices are
equipped with, possibly different, Robin parameters a; € C (also called ¢ couplings)
and on the remaining vertices continuity-Kirchhoff (also called Neumann-Kirchhoff)
conditions are imposed.

Secondly, we exploit a duality result for the Dirichlet-to-Neumann operator M ()
which is already known in the self-adjoined case: a number \ € C is an eigenvalue of
the Robin Laplacian with parameter o € C if and only if « is an eigenvalue of the
Dirichlet-to-Neumann operator with parameter A. As it turns out, it is often more
convenient to study the eigenvalues av of M()) instead of the eigenvalues A of —Ag
and this is the path we take. This approach yields several results for domains and
quantum graphs, respectively: on the one hand, we consider explicit examples of
domains Q C R?, such as intervals and higher dimensional hyperrectangles and balls.
We use explicit calculations in order to obtain a detailed analysis of the problem;
we give asymptotic error terms for the eigenvalue asymptotics and we compare
their behaviour to what happens in the real case. On the other hand, the same
Dirichlet-to-Neumann duality approach applied to quantum graphs not only allows
us to prove a dichotomy result on what happens to A when o« — o0 in certain regimes
of the complex plane, but since M (\) can be calculated more or less explicitly, we
give an (almost) complete answer to the question of the asymptotic behaviour as the

Robin parameters a;; — oo in certain regimes.



Zusammenfassung

Diese Dissertation befasst sich mit den spektralen Eigenschaften des nicht-selbst-
adjungierten Robin Laplace Operators —Ag, d.h. mit den Eigenwerten des Randw-

ertproblems

—Au = \u in €,

@—i—au:O on 0f).
ov

Dabei ist Q entweder ein beschrinktes (glattes oder Lipschitz) Gebiet im R? oder
ein kompakter Quantengraph und die Zahl « ist ein Parameter. Insbesondere von
Interesse ist dabei das asymptotische Verhalten der Eigenwerte in Abhéngigkeit
vom Robin-Parameter . In den letzten Jahren entwickelte sich eine grofie An-
zahl an Artikeln, die sich mit dem Robin-Laplace im selbstadjungierten Fall, d.h.
fir reelle Robin-Parameter «, beschaftigen. Wir stellen uns die Frage, ob die Re-
sultate auf den Fall o € C verallgemeinert und ob neue Erkenntnisse aus dieser
Untersuchung gezogen werden konnen; und dies wollen wir als Anlass nutzen, um
einen umfassenden Uberblick iiber das Thema zu geben und dabei neue Resultate
zu prasentieren. Um ein Gefiihl fiir das Problem selbst und die Erwartungen fiir
den komplexen Fall zu bekommen, fassen wir zunéchst die bekannten Resultate im
selbstadjungierten Fall zusammen. Fiir komplexes o untersuchen wir die Eigenwerte
A in Abhéngigkeit vom Parameter o und zeigen, dass es sich dabei um meromorphe
Funktionen handelt. Aulerdem beantworten wir die Frage, wann man eine Orthonor-
malbasis des L?(2) aus Eigenfunktionen finden kann und betrachten im Zuge dessen
auch schwichere Basis-Begriffe. Unser Hauptinteresse besteht jedoch zum einen in
der Lokalisierung des Spektrums und zum anderen im asymptotischen Verhalten
der Eigenkurven )\, wenn « in C gegen Unendlich strebt. Ublicherweise wird im
Kontext selbstadjungierter Operatoren auf Werkzeuge wie die variationelle min-max
Charakterisierung von Eigenwerten, Testfunktionsargumente oder das Dirichlet-
Neumann-Bracketing zurtickgegriffen. All diese Techniken basieren jedoch darauf,
dass der zugrundeliegende Operator selbstadjungiert ist. Da dies nicht mehr der Fall

ist, sobald Im « # 0 gilt, miissen wir auf alternative Techniken ausweichen und wir



verwenden daher zwei verschiedene Anséitze, um die Eigenschaften von Eigenwerten
sowie ihr asymptotisches Verhalten zu untersuchen.

Zunéchst stellen wir Spurungleichungen fir Funktionen auf glatten und Lipschitz
Gebieten auf und beweisen damit ein Lokalisierungstheorem. Dieses besagt, dass fiir
feste Parameter o das gesamte Spektrum (oder genauer, der numerische Wertebereich)
innerhalb eines parabolischen Bereichs in C liegt. Dartiiberhinaus lésst es uns
ebenso den Real- und Imaginérteil von A mithilfe des Real- und Imaginérteils von «
kontrollieren. Dies wiederum liefert Eigenwertabschéatzungen auf Lipschitz Gebieten,
die selbst im reellen Fall neu sind. Den Ansatz, den numerischen Wertebereich zu
untersuchen, wenden wir ebenfalls auf Quantengraphen an. Dabei handelt es sich um
metrische Graphen bestehend aus Knoten und Kanten, wobei der Laplace Operator
auf letzteren wirkt und die Knoten als Rand des Graphen interpretiert werden konnen.
Zu diesem Zweck betrachten wir Graphen, bei welchen einige (oder alle) Knoten
mit (moglicherweise unterschiedlichen) Robin-Parametern «; € C versehen sind. Die
restlichen Knoten geniigen dabei der Stetigkeits- und Kirchhoff-Bedingung (auch
Neumann—Kirchhoff-Bedingung genannt).

Zweitens nutzen wir eine aus dem selbstadjungierten Fall bekannte Dualitédtsaussage
zwischen dem Robin-Laplace und dem Dirichlet-zu-Neumann Operator M (). Dieses
besagt, dass eine Zahl A € C genau dann Eigenwert des Robin-Laplace mit Parameter
a € Cist, wenn « ein Eigenwert des Dirichlet-zu-Neumann Operators zum Parameter
A ist: Eine Analyse der Eigenwerte a von M () ist oft giinstiger als die der Robin
Eigenwerte X. Dieser Ansatz liefert mehrere Resultate, sowohl im Bezug auf Gebiete
als auch fir Quantengraphen. Einerseits betrachten wir konkrete Modelfalle, wie
etwa Intervalle und hoherdimensionale Quader und Kugeln. Dabei nutzen wir
explizit durchgefithrte Berechnungen, um moéglichst viele Details und Zusammenhéange
herauszuarbeiten; wir geben im Zuge dessen auch asymptotische Fehlerterme der
Eigenwertasymptotik(en) an und vergleichen diese erneut mit den Resultaten des
selbstadjungierten Problems. Andererseits liefert der selbe Dirichlet-zu-Neumann
Ansatz fiir Quantengraphen ein Dichotomie-Resultat mit Informationen dariiber,
wie sich A verhalten kann, wenn « auf eine gewisse Art und Weise gegen Unendlich
divergiert. Da sich in diesem Fall M ()A) mehr oder minder explizit berechnen
lasst, geben wir ebenfalls eine (fast) vollsténdige Antwort auf die Frage nach dem
asymptotischen Verhalten der Eigenwerte auf beliebigen kompakten Quantengraphen,

wenn « unter gegebenen Voraussetzungen gegen Unendlich strebt.
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Basic notation

Numbers, vectors, and sets

ACB
ACB
#A

R, /RS
R_ /RY
Sdfl

XA

N /Ny /Ny

D;s s ()

equal to by definition

empty set

A is a subset of B

A # B is a subset of B

the cardinality of a (possibly infinite) set A

set of real numbers (—o0, +00)

set of positive / non-negative real numbers

set of negative / non-positive real numbers

(d — 1)-sphere {z € R?: |z| = 1} in R?

the characteristic function R — R on aset A C R
set of integers

set of positive / non-negative / non-positive integers
open ball with radius ¢ and centre x

open annulus with inner and outer radii 0 < § < ¢’ and centre x
set of complex numbers / imaginary unit in C
RU{+oc0} / CU {0}

real part / imaginary part of z € C

complex conjugate of z € C and M C C

complex Gamma function C\ Ny — C

sectors in C, see Definition 3.6.1

set of complex (m x n)—matrices

identity matrix in C™*"

transpose of a vector x € C"

(1,...,24.1) ERT Y for v = (z4,...,74) € RY
Kronecker delta for i,j € Z
(n x n)-matrix M with entries M;; = d;e;

open domain in R? / its boundary
closure of a set M

complement X \ M of a subset M C X
convex hull of a discrete set M

points of accumulation of a set M C N for a metric space N
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Functions, spaces, norms, and convergence

supp u

(f,9)u

Ix

£l x

£l
fi—fin H
Je—~finH
XY
xSy

tr f

support cl{z € Q: u(z) # 0} of a mapping u

the residue of a function f in z € C

partial derivative for a multi-index 8 € R?

k times continuously differentiable functions on €2
functions in C*(2) which have compact support
Schwartz space

Topological dual space of S(R%)

dimension of a linear space X

dimension of X/Y for a subspace Y C X
continuous dual space of a topological vector space V
square summable sequences in C

Banach space

Hilbert space

orthogonal sum / difference

orthogonal complement to a set M

inner product of f and ¢ in a (pre) Hilbert space H
identity operator I : X — X

X-norm of f

L?(Q)-norm of f

convergence of fi to f wrt. || - ||g

weak convergence of fi to f wrt. (-, )g

the embedding I : X — Y is bounded

the embedding I : X — Y is compact

trace of a function f

Generic abbreviation

cf.
e.g.
i.e.
viz.
w.r.t.

a.ce.

confer (“compare”)

exempli gratia (“for example”)

id est (“that is”)

videlicet (“namely”)

with respect to

almost everywhere (w.r.t. a measure p)

end of proof

17



Operators and their spectra

3 =
& £
Az 222222252

Y

—Af ) —AY
—Ag

set of bounded (linear) operators on H
set of compact (linear) operators on H
generic linear operator

family of linear operators {A(a) : « € C}
sesquilinear form D(a) x D(a) — C
quadratic form a[u, u]

domain of a A / a

range of A

kernel of A

graph of A

numerical range of a A / a

adjoint and inverse of A

resolvent set of A

spectrum of a closed operator A

point / essential spectrum of a closed operator A
resolvent (A — 21)~! of A
Dirichlet-to-Neumann operator

-+ 0a)

Laplace operator ?:1 8]2

Nabla operator (01, ..

Laplace-Beltrami operator on S%!
Dirichlet / Neumann Laplacian on 2

Robin Laplacian on €2 with parameter o € C

Quantum graphs

£
1%

set of edges of a graph

set of vertices of a graph

subset of vertices equipped with a Robin boundary condition
set V\ Vr

graph consisting of V and &

number of edges incident with a vertex v

smallest degree of all v € Vg

smallest length of all edges of a (sub)graph G

smallest modulus of all elements of a finite set (or vector) M
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CHAPTER 1

Introduction

1.1 Motivation

The Laplace operator (or Laplacian) is a differential operator named after the
French mathematician Pierre-Simon de Laplace (1749-1827). He used it to describe
motions of objects in outer space (so called celestial mechanics) by applying it to

the gravitational potential

Va(z) = _Gi% (1.1.1)

in R, where G is the gravitational constant and M > 0 is the mass of a single point
mass in the origin. This gravitational potential Vi (z) describes the work that needs
to be done to move a unit mass from infinity to . More generally in R3, if we assume
that Vi does not originate from a point mass but comes from a continuous mass
distribution p(y) > 0 at y € R3, then Vg reads

Vole) = = [, 1ol V). (1.1.2)

Consequently, we can recover the mass distribution p from Vi by using the Laplace

operator A, that is,

o(z) = 4;GAVG@;). (1.1.3)

However, gravitational fields are just the tip of the iceberg when it comes to physical
phenomena whose descriptions are based on differential equations or, more precisely,
on the Laplace operator, such as electric potentials, diffusion equations to describe

thermal conduction, and the propagation of (e.g. electromagnetic) waves, to name

19



Chapter 1 Introduction

just a few. Since often bounded geometries are considered when describing physical

phenomena, it is necessary to equip Poisson’s equation
Au = f (1.1.4)

for suitable functions u and f with further conditions. As a first (simple) example

we want to consider a finite vibrating string:

(1) if we control the end points, that is, attach them to some fixed component,
the obtained vibration can be described by the wave equation equipped with

Dirichlet boundary conditions;

(2) controlling the vertical forces on the end points of the string results in Neumann

boundary conditions®;

(3) supposing an elastic attachment, that is, both ends of the string are attached
to springs: then the vertical forces on the end points are not controlled by
some given function, but they are proportional to the displacements of the end
points. The boundary condition used to describe this motion is a mixture of

the two conditions above and called Robin boundary condition®.

When we consider f = Au as the right-hand side of Poisson’s equation (1.1.4) we
obtain the eigenvalue equation Au = \u, known as the Helmholtz equation’, which
leads us to the mathematical field of spectral theory (we want to refer to Section 2.3
for more details on the spectral theory of Dirichlet and Neumann Laplacians). In
spectral theory one wants to study the spectrum of an eigenvalue problem, that is,
the numbers A such that there exists a non-zero function v with Pu = Au for some
differential operator P. In this thesis we want to consider P = —A as the differential
operator and equip it with the Robin boundary condition on a fixed domain €2, that

is, a sufficiently smooth, bounded, connected open set in R?, d > 1. This problem

named after the German mathematician Peter Gustav Lejeune Dirichlet, 1805-1859

2named after the German mathematician Carl Gottfried Neumann, 1832-1925

3named after the French mathematician Victor Gustave Robin, 1855-1897. However, Robin never
used the third boundary condition and it is still unclear who first attached his name to it; for
more information on Robin’s work and the third boundary condition, we refer to the article The
Third Boundary Condition - Was it Robin’s? [66].

4pamed after the German physicist Hermann Ludwig Ferdinand von Helmholtz, 1821-1894.
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1.1 Motivation

reads

—Au = lu in Q, (1.1.5a)

ou
Em +au=0 on 052, (1.1.5b)

for a Robin parameter o appearing in the boundary condition. Note that here and
throughout v denotes the outer unit normal to the boundary 0f2, and if d = 1, then
we understand €2 C R to be a bounded open interval. From now on, we will be

partially following [30, Section 1].

In recent years a large body of literature has developed around the asymptotic
behaviour of the eigenvalues of (1.1.5) as the parameter a € R tends to +o00 € R.

To this end, we denote the solutions A of

—Au = \u in €, (1.1.6a)
u=>0 on 012, (1.1.6b)

numbered in ascending order, by
M <A< =00, (1.1.7)

that is, the eigenvalues of the boundary value problem for the Dirichlet Laplacian.
Since the solutions of the Robin problem (1.1.4) depend smoothly on the Robin
parameter «, we similarly denote them by

A(a) < Xg(a) < -+ — o0, (1.1.8)

and interpret each \;(a) as a function of « clarifying what we meant by writing
“asymptotic behaviour of the eigenvalues”: in contrast to Weyl’s asymptotics, where,
inter alia, the behaviour of the k-th eigenvalue is studied as k — oo, we want to study
both single eigenvalues and the whole spectrum as the boundary parameter tends to
infinity. We want to mention that the following paragraph is a brief summary and

we refer to Section 2.4 for more details and formal statements. In the real case, i.e.,
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Chapter 1 Introduction

a € R, it is known that, for each £ € N,

from below (that is, A\x(«) are monotonically increasing in «) as a — +o00; the
corresponding rate of convergence was studied and proved in [57, 58]. On the other
hand, if & — —oo0, the situation is much more complicated. Consider Q € R? to be

smooth and fix any k& € N. Then, the k-th eigencurve A\ («) satisfies
(@) ~ —a? (1.1.10)

as @ — —oo. Note that the enumeration of the eigenvalues in the sense of (1.1.8) does
not respect the analyticity of the curves — if we follow the analytic branches of the
eigenvalues, then the numbering is permuted as —« increases. The existence of such
crossing points allows the existence of further curves of eigenvalues which converge
to eigenvalues of the Dirichlet Laplacian from above [3, 38, 45, 63, 64, 85, 90]. Based

A

52
4
4172
o
4
n-2
~40 —20 20 40 a

Figure 1.1.1: Plot of the eigenvalues A of the one dimensional Robin problem as functions
of a € R. Note that in this case there are exactly two eigenvalues which behave like —a?
as a — —oo. Here, the eigenvalues A; are globally analytic functions of « and there are no
crossings at all.
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1.1 Motivation

on these statements several question arise:

(1) Can one determine more precise asymptotics, that is, higher (or in this case

lower) terms in the asymptotic expansion of \x(a) as o — —o0?

(2) What happens if we no longer require €2 to be smooth (for example by allowing
corners in the boundary 02)?

(3) If we no longer restrict a to be real but allow complex numbers o € C as
parameters, can we make any statement about the asymptotics of complex

eigencurves as |a| — oo in C?

The first question has been extensively studied and answered in [54, 59, 68, 82, 100]
who proved statements where the coefficients of further terms heavily depend on the
geometry of €2, more particular on its curvature. The second question, i.e., the case
of less regularity, has also been considered in several articles [35, 78, 79, 80, 88]: to
this end, a finite number of “model corners” — that is, corners which can be mapped
to a model cone of fixed angle of opening by a smooth diffeomorphism — is considered.
In this model case they prove that the asymptotics is mainly driven by the “most
acute” corner(s) of the domain; or in other words: the sharper the corner(s), the
larger the leading coefficient C' of the asymptotics A ~ —Ca? as a — —o0.

However, the third question of considering complex Robin parameters is the one
this thesis is devoted to. But why are (complex) Robin parameters interesting in the
first place? Due to the large body of literature (partially cited above) it is a natural
question to ask for generalisations of this problem; especially out of intrinsic interest
as someone who is interested in spectral theory. The road to working on the spectra
non-self-adjoint operators while having a background in self-adjoint theory is long
and rocky; this matter itself is challenging and thus worthwhile and desirable. Even
though there is no somewhat comprehensive work on the eigenvalue asymptotics of
the non-self-adjoint Robin Laplacian, there seems to be a burgeoning interest in this
topic in more specific contexts. When one speaks of scientific interest, however, an
application reference is usually inevitable. The physical term describing boundary
conditions of the third type is often called impedance boundary condition, which
plays a fundamental role in some of the articles listed below:

Firstly, we want to mention half-spaces where the Robin boundary condition is

confined to a straight axis and the domain on which the Helmholtz equation is
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studied is unbounded. If the Robin parameter is allowed to be variable, that is, « is a
real function of the location x € 0f2, the problem models outdoor sound propagation
over inhomogeneous flat terrain and acts as a model of rough surface scattering
[40, 87]. Mathematically, in this setting, sufficient conditions on the function « have
been studied which guarantee the total absence of eigenvalues in the spectrum [41].
Note that in this half-plane case, the Robin problem 1.1.5 still admits a discrete
set of eigenvalues outside the essential spectrum, that is, studying this problem
should give a more complete picture of the eigenvalue behaviour even in the real case.
Secondly, another field where impedance boundary conditions are crucial is scattering
theory of electromagnetic waves that collide with an object with its surface structure
being related to the real and complex parts of the Robin parameter « [6, 69]. Also
mathematically, inverse scattering problems have been studied, where the scattered
field satisfies mixed Dirichlet-impedance conditions on the boundary of the scatterer
[39]; for works on similar fields see [86, 87]. Furthermore, there are more various
contexts such as metric quantum graphs [71] (this field will be considered in the
last chapter of this thesis), thin layers [32, 84], triangles [93, 110], and especially
waveguides [31, 97, 98, 99, 107]. It seems astonishing that despite the great interest
in complex Robin (or impedance) boundary conditions, the literature still lacks of
a comprehensive overview of the spectral properties of the non-self-adjoint Robin
Laplacian on (bounded) Lipschitz domains. To this end, we will treat this issue

systematically; here, we want to give a brief summary of the results obtained therein.

1.2 Main results

The following theorem combines statements from Theorems 3.1.2, 3.2.11, 3.2.18, 3.3.1,
and 3.3.8; we refer to Chapter 3 for the individual theorems and their respective
proofs. Note that this theorem allows us to speak of analytical curves — up to
possible crossing points — when considering the Robin eigenvalues as functions of
the parameter . This especially motivates the study of the question regarding the

asymptotics of these curves in the complex plane as o — oo in C.

Theorem 1.2.1 (see [30, Theorem 1.1]). Suppose Q C R?, d > 1, is a bounded

Lipschitz domain. Then we have the following statements.
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(1)

(2)

(3)

(4)

(5)

In

Each eigenvalue has finite algebraic multiplicity and depends locally analytically
on o € C: more precisely, if (Ax(ap))ken is an enumeration of the eigenvalues
(each repeated according to its finite algebraic multiplicity) for some oy € R,
then each \g(c) may be extended to a meromorphic function \g(«) such that
for any a € C, these eigenvalues form the spectrum of the corresponding Robin

Laplacian.

Away from crossing points of eigenvalues, each eigenvalue A\i(c) and the corre-
sponding eigenprojection are holomorphic functions of a,, whereas at the crossing

points the weighted eigenvalue mean and the total projection are holomorphic.

If Me(@) is simple with eigenfunction 1 = («), then N (a) is given by

Ay (@) = fa&}fwjgf) (1.2.1)

(where the right-hand side is to be interpreted as a holomorphic continuation

in the event that the denominator is zero, as any singularities are removable).

For any a € C, the set of eigenfunctions and generalised eigenfunctions cor-
responding to the eigenvalues {\i(a) : k € N} can be chosen to form an Abel
basis of L*(Q), of order

d—1

——+9 (1.2.2)

for any 6 > 0, and even a Riesz basis if d = 1.

However, for any o € C\ R, the eigenfunctions can not be chosen to form
an orthonormal basis of L*(Q2). For the definitions of both bases, we refer to
Definitions 3.3.3, 3.3.4, and 3.3.5.

the self-adjoint case it is known that the set of eigenfunctions form an or-

thonormal basis of L?(2) for all o € R and it is a natural question to ask whether

this property remains valid in the complex case. We can answer this question with
the negative result of Theorem 3.3.1 (i.e., Theorem 1.2.1 (5)), although, there are

weaker basis concepts to give the positive results mentioned in (4). For the sake of

completeness and to build a foundation for our research, we give an overview of the

results known in the real (self-adjoint) case in Section 2.4. To give our expectations
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based on these results (and on the explicit calculations for model domains, such
as intervals, cuboids and balls), we refer to the brief summary above and give the

following conjecture, which, however, will not be answered completely in this work.

Conjecture 1.2.2 (see [30, Conjecture 1.2]). Let Q C R, d > 2, be a bounded

Lipschitz domain, and suppose o € C, |a| — oo.

(1) If Reaw — —oo, then there exists a sequence of absolutely divergent eigenvalues.
Any limit point of non-divergent analytic eigenvalue curves of eigenvalues is an

eigenvalue of the Dirichlet Laplacian (that is, a solution of (1.1.6)).

(i) If Q has C' boundary, then each divergent eigenvalue behaves asymptoti-
cally like —a? + o(a?).

(ii) If Q@ has Lipschitz boundary, then for any divergent analytic curve of
eigenvalues A = A(«v), there is a constant Cqy, € [1,00) depending only
on k from Theorem 1.2.1, such that A\g(a) = —Cq o + o(a?).

(2) If Rea remains bounded from below, then each eigenvalue converges to an

etgenvalue of the Dirichlet Laplacian.

We also want to note that most statements of Conjecture 1.2.2 are already known
in the self-adjoint case. In spite of that, the asymptotics on Lipschitz domains, i.e.
(i), is still a question to be answered even for a € R, see [36, Open Problems 4.17
and 4.20]. It is worth noting that if |Im a| grows faster than |Rea| as @ — oo in C,
for the divergent eigenvalues it is now possible to have large positive real part.

Unsurprisingly, the main problem of studying the complex case is that the tech-
niques commonly used in the articles where only self-adjoint operators are considered
are completely inapplicable in the non-self-adjoint case as they rely on the variational
min-max characterisation of eigenvalues and associated tools, such as test function
arguments, as in [45, 63, 64, 85] or Dirichlet-Neumann bracketing techniques (cf.
[54, 88, 100]) used for the decomposition of the Robin Laplacian. Thus, it is necessary
to revise and extend our toolbox which, besides acclimatisation, provides us with the
pleasant advantage that results for complex parameters maintain valid if restricted

to a € R.
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1.2 Main results

Estimates on the numerical range I

This is the case, for example, for the following theorem which will be proved as a
slightly stronger version, namely for the numerical range — estimates on this set build
first pillar of this thesis — of the associated sesquilinear Robin form (to which our
Laplacian is associated): we refer to Section 3.4 for details, including a description
of the parabolic-type region Aq, as depicted in Figure 1.2.1, and in particular to

Theorem 3.4.1 for the stronger version and its proof.

Theorem 1.2.3 (see [30, Theorem 1.3]). Suppose Q C R, d > 2, is a bounded
Lipschitz domain. Then there exist constants Cy; > 2 and Cy > 0 depending only
on ), such that for any a € C, any corresponding eigenvalue A € C of (1.1.5) is

contained in the set
A = {t+a-s€C:t20,s€[0,01\/1_5+C’2]}; (1.2.3)

in particular, we have the estimate
CQ
Re\ > —j\ReaP—C’Q\Rea\. (1.2.4)

If Q has C? boundary, then we may choose C, = 2.

The statements given above are based on sharp trace-type estimates on the

boundary integral of the Robin eigenfunctions. Since the Robin form simply reads

Ao, v] :/VUde—l—a/ wo do(z), (1.2.5)
Q B

this boundary term is the only term in the expression for A with possibly non-zero
imaginary part and this allows us to control the location of the whole spectrum
(more precisely the numerical range) for fixed a € C inside an explicitly specified
parabolic-type region Ag , of the complex plane.

As mentioned before, Theorem 1.2.3 might be restricted to the real case, more
precisely for Rea = a < 0, and from (1.2.4) we obtain a new result even in the

self-adjoint case.

Corollary 1.2.4 (see [30, Corollary 1.4]). Suppose Q C R, d > 2, is a bounded

Lipschitz domain. Then there exist constants ¢; > 1 and co > 0 depending only on 2
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oS

c? y
—T[Reod —C3|Rea| t=0 t = |Req]

Figure 1.2.1: The set A o for Rea < 0 and two different choices of Ima > 0. As Ima — 0,

2
the region collapses to the part of the real axis from —%\Re al? — C3|Real to +oo.
such that for any a < 0 and any corresponding eigenvalue A € R we have

A > —ca? + epan. (1.2.6)

If Q has C? boundary, then we may choose ¢; = 1.

At this point there are two things worth mentioning: firstly, Corollary 1.2.4 answers
Open Problem 4.17 from [36], namely that for any bounded Lipschitz domain €2,

there exists a constant ¢; > 0 depending only on €2 such that
(@) > —cia? (1.2.7)

asymptotically as &« — —oo. Secondly, this also seems to be the first time that for

any general C? domain there exists a constant ¢, > 0 depending only on € such that
Ma) > —a® + e (1.2.8)
holds for all @ < 0. The constant ¢, might be estimated explicitly in terms of the

geometry of 0€2: since the proof is based on expressions where the (maximal) mean
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curvature of the domain plays a major role, it is apparent why we require 2 to be of

(at least) class C2. For more details on ¢y we refer to Remark 3.4.13.

The Dirichlet-to-Neumann approach

Another approach — the second pillar of this thesis — is based on the duality between
the Robin Laplacian on L?*(2) and the Dirichlet-to-Neumann operator on L?(052).
To this end, suppose that (i) A = A(«) € C is an eigenvalue of the Robin Laplacian
for some given parameter o € C and (ii) that this eigenvalue is in the resolvent set
of the Dirichlet Laplacian, i.e., A is not in the spectrum of the eigenvalue problem
(1.1.6). The Dirichlet-to-Neumann operator M () is the operator which maps ¢ to
the (negative of the) outer normal derivative —0,u of the solution (if one exists) of
the Dirichlet problem

—Au = \u in €, (1.2.9a)
u=g on Of). (1.2.9b)

Then, « is an eigenvalue of M (\) for this value of \. What is more, M () is defined
in such a way that A\ € C is an eigenvalue of the Robin problem (1.1.5) for a given
parameter o € C if and only if « is an eigenvalue of the Dirichlet-to-Neumann
operator for the spectral parameter A. Consequently, studying the properties of
Robin eigenvalues A = A(«) as functions of « is equivalent to studying the Dirichlet-
to-Neumann eigenvalues av = a(\) as functions of . Since it turns out that it is
often more convenient to study a()\) instead of A(«) (even though some kind of
inversion is needed to translate the results from one picture into the other), this
is the approach we will take. This technique is standard and well known for real
a [12, Theorem 3.1], and it has been exploited on a regular basis in various other
contexts, see for example [12, 15, 43, 61, 92]. Besides, there are also results on the
duality between elliptic differential operators and operators of Dirichlet-to-Neumann
type in the non-self-adjoint case [34, Theorem 4.10], but in this thesis we give a
direct proof not only for the duality result of the complex eigenvalues but also for the
corresponding eigenfunctions of both operators: u is an eigenfunction of the Robin
problem (1.1.5) for a given parameter o € C if and only if tru is an eigenfunction

of M (). One of the results obtained by exploiting this equivalence is the following
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dichotomy theorem which does not previously (with respect to [30]) seem to have
been formally proved (as stated in [36, Open Problem 4.11]). For the proof and more
details we refer to two paragraphs of this work: for the one-dimensional case d = 1,
see Theorem 4.1.1 and for d > 2, see Section 3.5.

Theorem 1.2.5 (see [30, Theorem 1.5]). Let Q C R, d > 1, be a bounded Lipschitz
domain and o € C. Then, each analytic eigenvalue curve A = A(«) of the Robin
Laplacian —Ag either converges to a point in the Dirichlet spectrum or diverges to

0o in C as o — oo in C.

In contrast to the preceding theorem where individual eigencurves are considered,
we conversely study the entirety of the spectrum as @« — oo in C. To be more
precise, we analyse the possible points of accumulation of the Robin eigenvalues. It
turns out that if o diverges away from the negative real semi-axis, the only points of
accumulation lie in the Dirichlet spectrum. On the other hand, if « is contained in a
neighbourhood of the negative real semi-axis, the situation is much more complicated

since the crossing points of the eigencurves might accumulate.

Theorem 1.2.6 (see [30, Theorem 1.6]). Let Q C R, d > 2, be a bounded Lipschitz

domain and o € C.

(1) If &« — oo in C in such a way that either Re o remains bounded from below

Rea
Im «

Laplacian eigenvalues as o — oo are eigenvalues of the Dirichlet Laplacian.

or

remains bounded, then the only points of accumulation of the Robin

(2) However, any A € C is a point of accumulation of the eigenvalues of the Robin
Laplacian if o € C is allowed to be arbitrary. More precisely, given any A € C
there exist ay € C, k € N, |ag| — 00, such that X is an eigenvalue of the Robin

Laplacian with parameter oy, for all k € N.

We prove a slightly more precise version of Theorem 1.2.6 (1), namely Theorem 3.6.3
plus Remark 3.6.4. For the proof and more details on the contrast between both
statements of Theorem 1.2.6 we refer to Section 3.6.

Furthermore, we give a detailed analysis of the asymptotic behaviour of the Robin
eigenvalues where € is chosen to be a concrete example. To this end, we can (more
or less explicitly) calculate and analyse the corresponding Dirichlet-to-Neumann

operators on intervals, d-dimensional rectangles (in this work often called cuboids or
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hyperrectangles), and balls in d > 2 dimensions. Studying the asymptotics of M (\)
on these model domains and exploiting the aforementioned duality — we devote the
whole Chapter 4 to this topic — supports Conjecture 1.2.2. Besides, we expect that
many of the ideas drawn from this analysis could be transferred to more general
settings. As it turns out, this expectation is true for compact quantum graphs which
might be interpreted as a generalisation of the bounded interval. The setting of
metric graphs is the subject of Chapter 5 which, in particular, provides a proof of a

version of Conjecture 1.2.2.

By quantum graphs we mean metric graphs (for a definition and more details, see
Section 5.1) on which the Laplace operator acts. To this end, we consider compact
metric graphs G(V, £) consisting of a finite set of edges € = {e1,...,en}, m € N,

joined in a certain way at a finite set of vertices V = {vy,...,v,}, n € N.

Figure 1.2.2: A compact graph with |V| = 11 vertices and |£] = 12 edges.

We equip k < n of the vertices (ordered such that they are denoted by vy, ..., vx)
with Robin boundary conditions and the n — k£ remaining vertices vgi1,...,v, of
V with continuity-Kirchhoff (also called Neumann-Kirchhoff) conditions. We then
define a differential operator on G = G(V, £) by taking the negative of the second
derivative (that is, —A) on each edge e, ..., e,,. To this end, each e € £ is identified
with a compact interval [0, ] C R of length ¢, = |e| > 0. At the same time we equip
the vertices, that is, the endpoints of the edges e € £, with the vertex conditions
mentioned above. More precisely, we assume that the domain of the corresponding

operator —A§;  consists of L?(G) functions f such that

(i) continuity at all vertices v € V,
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(ii) the 0 condition

0
> g, flews) +a;f(v;) =0, (1.2.10)
e~vj
a; € C, j=1,...,k, at a distinguished set Vg := {v,..., v} CV of Robin
vertices (here f|. is the restriction of the function f on G to the edge e, 2 fl.(v)
is the derivative of f at the endpoint of e pointing into v;, and the summation

is over all edges e incident with v;), and

(iii) the usual Kirchhoff condition (also known as current conservation, see [27, eq.

(1.4.4)]), corresponding to a = 0, at all vertices in V \ V.

For brevity, we will write a = (o, ..., a;)T € C* for the vector containing the Robin
parameters on the vertices of Vi ordered such that a; represents the parameter at
v;. To put (ii) into perspective, the boundary 99 of a domain Q € R? corresponds
to the distinguished set Vg of Robin vertices at which the vertex condition (1.2.10)
is imposed; conditions of this type are also called ¢ coupling or ¢ interaction. We
note that, similarly to Theorem 1.2.1, all eigenvalues of —Af; are at least piecewise
analytic functions of a € C*, and for any fixed o they form an at most countable set.
We obtain the following result similar to Theorem 1.2.5; here, we denote by m(«)

the smallest of the moduli of its components, viz.

m(«) :jirllif.lk|aj|' (1.2.11)

Theorem 1.2.7 (see [76, Corollary 4.3]). Let G(V,E) be a compact metric graph with
Vi = {v1,..., v} as its set of Robin vertices and let o € C* be the vector containing
the Robin parameters a; € C. Then, each analytic eigenvalue curve A = Aa) of
the Robin Laplacian —AS;  either converges to a point in the Dirichlet spectrum or

diverges to oo in C as m(a) — o0.

For the proof, see Theorem 5.3.2 and Corollary 5.3.3. Before we come to our
main result for quantum graphs, we want to emphasise the importance of this topic
in spectral theory and applications: since each edge corresponds to a bounded
interval and each compact graph can be interpreted as finitely many such intervals
“glued together” at (some or all of) their endpoints, detailed analyses of quantum

graphs is often more easily accessible compared to the case where higher dimensional
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objects are studied. Moreover, even though graphs sometimes even allow explicit
computations to verify abstract theories or, on the other hand, to gain insight into
what to expect for domains or manifolds, they often turn out to be non-trivial. This
occurs for example with problems such as the Anderson localisation (the absence
of diffusion of waves in a disordered medium), the field of quantum chaos (the
description of chaotic classical dynamical systems in terms of quantum theory) or
geometric spectral theory [109, 65, 24, 77|, to name just a few. Additionally, the
vertex condition studied in this thesis appears frequently in the literature on quantum
graphs; for a description, see [27, Section 1.4], and for literature featuring these
conditions we refer to [25, 28, 51, 55, 70, 71, 105], among many others. We also refer
to the book [27, Preface and Chapters 1 and 7] as well as to the articles [25, 55, 81]
for even more references and information on these topics.

To state our main result, a version of Conjecture 1.2.2 for compact quantum
graphs, we need to introduce another Laplace operator on G. To this end, we denote
by —Ay the (Dirichlet) Laplace operator on L*(G), where the ¢ condition (ii) of
—AY;,. is replaced by the Dirichlet (zero) condition at the distinguished set Vg C V.
Note that, if v; is such a vertex equipped with the Dirichlet condition, the graph
G decouples to a disjoint union of degv; subgraphs, where degv; is the number of

edges incident with v;, cf. Figure 1.2.3.
o ——0 o ——0
\ . \
o ——————0
Figure 1.2.3: Dirichlet conditions at a vertex v; imply that the graph decouples to a disjoint

union of degv; subgraphs. If every vertex is a Dirichlet vertex, then we arrive at ||
subgraphs, each of which is an interval.

Theorem 1.2.8 (see [76, Theorem 1.2]). Suppose G = (V, ) is a compact metric
graph, and for the set of Robin vertices Vg = {v1,...,vx} C V, suppose that each
v; € Vg is equipped with the Robin parameter o € C, j = 1,...,k, and set
a:= (ay,...,a) € Ck. We suppose that for some m € {0,1,... k}

(1) ag:=aq =+ =y — 00 in a sector fully contained in the open left half-plane;
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(2) mi,. .., 00 — 00 in such a way that Re a; remains bounded from below as

a; — 00, forallm+1<j <k.

Then, as o — oo, counting multiplicities there are exactly m eigenvalues \ of —AS;.
which diverge away from the positive real semi-azxis (that is, whose distance to the

positive real semi-azis grows to 0o ); these satisfy the asymptotics

2
&%)

A= (degv;)?

+ O (adefeheo) (1.2.12)
as a — 0o, where {g is the length of the shortest edge of G. FEwvery eigenvalue of

=AY, which does not diverge to oo in C converges to an eigenvalue of —A{ZR.

In other words, we prove two possible behaviours of Robin eigenvalues as «; — oo in
C in the following regimes. On the one hand, for each Robin vertex v; € Vg equipped
with ag such that the real part of the Robin parameter satisfies Reay — —o0
sufficiently quickly, we obtain a single divergent eigenvalue A of —Af; . On the
other hand, if Re o; remains bounded from below as o; — 00, then we end up with
a Dirichlet vertex condition in v;. Before proceeding, we want to make a couple
of comments on the latter theorem: First of all, we remark that the statement is
obtained by exploiting the duality of —Af; and the associated Dirichlet-to-Neumann
operator M (\). Since the spectrum of the self-adjoint Dirichlet Laplacian —A{;’R is
purely real, so is the set of singularities of M (). Consequently, in this regime the
duality, or more precisely the relationship between o and A, is far more complicated
and this is why in Theorem 1.2.8 we deliberately avoid considering any potential
eigenvalue curves which diverge within any fixed strip around the real positive semi-
axis. For more information in the much simpler setting of one-dimensional intervals,
we refer to Section 4.1.3 and especially to Proposition 4.1.6.

Secondly, it appears to be a natural question to ask whether the result remains true
if the non-Robin vertices are equipped with some other self-adjoint condition(s) than
the standard (continuity) Kirchhoff condition (iii). While our proof makes explicit
use of the Kirchhoff conditions on Vy, we expect that certain generalisations, that
is, replacing (iii) by a different vertex condition, would be possible; see Remark 5.3.7
for more details.

Thirdly, there is a noteworthy generalisation in the statement of Theorem 1.2.8

compared to Conjecture 1.2.2 (and the theorems for domains): here, the Robin
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parameter « is variable in the sense that it can be seen as a function o : VV — C with

a forj=1,... k,

a(vj) = (1.2.13)

0 foryj=k+1,...,n,

while in the statements for domains (namely Theorem 1.2.3 and Corollary 1.2.4)
we fix a € C to be independent of the position x € 9€). However, some of our
results remain valid in essentially the same form even if « is considered a function
a € L>(09,C) instead of a constant o € C. This generalisation is possible especially
for two subject areas in particular: roughly speaking, for basic operator-theoretic
properties in Section 3.1 as well as for the estimates on the numerical range in
Section 3.4 due to the robust trace-type inequalities the estimates therein are based
on. We refer to Remarks 3.1.4 and 3.4.15, respectively, for more details. For most
other cases, however, this kind of generalisation introduces significant complications
(see Remark 3.2.16 for the Dirichlet-to-Neumann operator as such an example) and

we expect that many results would need heavy modifications in order to remain valid.

Fourth, in addition to supporting Conjecture 1.2.2, Theorem 1.2.8 should be of
independent interest: as mentioned before, vertex conditions of Robin type are
frequently studied (even though it is mostly the self-adjoint case examined in the
literature), however, there are further works in the field of spectral theory of quantum
graphs where the relationship between the parameter o and the eigenvalue A (in
other words the function o — A(«)) plays a significant role [25, 51]. In addition
to basic spectral and generation properties of graph Laplacians with complex
couplings [70, 71], just recently a Weyl law for the eigenvalue asymptotics of star
graphs for fixed complex a € C was established [105]. Moreover, there is a huge
body of literature on the eigenvalue asymptotics for Laplacians on R?, where large a
are often used to model potentials supported on a lower-dimensional manifold; we
refer to [47, 52, 53] for more information on this topic.

Fifth, the key to the proof of Theorem 1.2.8 is a well-chosen representation (see
Lemma 5.2.1) of the Dirichlet-to-Neumann operator: since there are only finitely
many Robin vertices vy, ..., v, the Dirichlet-to-Neumann operator — also known
as (Titchmarsh-Weyl) M-function — takes the form of a k x & matrix in a more
or less explicit representation. This provides an enormous advantage compared to

corresponding abstract results for domains. Now, the asymptotic behaviour of M
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with respect to its spectral parameter A = A(«) only needs to be translated into a
description for A(a). To this end, we exploit the (in the real case well known) duality
result of Theorem 5.2.2 and, similarly to the interval case, this allows us to give an
essentially complete answer to the question of the asymptotic behaviour of Robin
eigenvalues for large complex Robin parameters.

And sixth, it is worth mentioning that the asymptotics described in (1.2.12) is,
to the best of our knowledge, even in the case of real a new and since there is an
active interest in eigenvalue estimates on quantum graphs (see [25] and the references

therein), we explicitly state this special case.

Theorem 1.2.9 (see [76, Theorem 1.3]). Keep the assumptions of Theorem 1.2.8.
Suppose now that o := oy = ... = ay, is real and negative and all vertices in Vg are

equipped with the common Robin parameter o, and that

degv; < degvy < ... < deguy (1.2.14)
Then for
deg v,
a < —2 max { egv]} (1.2.15)
j=1,....k 6]-

the self-adjoint operator —AS,  has exactly k negative eigenvalues (here {; is the
length of the shortest edge incident with v;). Moreover, for each j =1,... k, the jth

eigenvalue \j = \j(av) behaves like

OéQ

M= ey

+ 0 (a2 (1.2.16)

as o« — —oo. Every other eigenvalue \;(«v), j > k + 1, converges to an eigenvalue of
AR

In the real (self-adjoint) setting, delta conditions can sometimes play a role in
the surgery methods used for quantum graphs which is why it can be useful to
understand how the eigenvalues depend on these conditions, see [25, Section 3]. We
will remain for a moment in the real case: there, one can show that the j-th Robin
eigenvalue \j(a) converges to the (j — k)th Dirichlet eigenvalue from above, for any
Jj > k+1; we refer to [27, Theorem 3.1.13] for the proof when k& = 1 (the general
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case is analogous). We draw explicit attention to the coefficient C' of the leading
term asymptotics —Ca?: in Theorem 1.2.9 we prove that C' = (degv;) 2, i.e., we
have ¢' < 1 as soon as more than one edge is incident with v;. This is a major
difference to the behaviour on domains in R?: if the domain € is smooth, then we
always have C' =1 [45, 90]; if 0€) contains corners, then, depending on the sharpness
of those corners, we obtain C' > 1. For more details and the actual theorems we
refer internally to Section 2.4.1, and externally to [78, 80, 88]. However, the first
observation of the leading coefficient depending on the geometry of the boundary goes
back to [85] which might be seen as the pioneer article for eigenvalue asymptotics of

the Robin Laplacian.

Back to the numerical range

We exploit the same overarching idea to localise the spectrum of the non-self-adjoint
Robin Laplacian as described in the prior paragraph Estimates on the numerical
range in order to prove statements similar to Theorem 1.2.3 and Corollary 1.2.4 in the
setting of compact quantum graphs. We prove an adapted version of Theorem 1.2.3
to obtain a similar parabolic region Ag, C C, cf. Figure 1.2.1, containing the whole
of the spectrum. Notationally, for the fixed set Vg = {v1,..., v} of Robin vertices
we will always write

D= jirll’i?’kdegvj (1.2.17)
for the smallest number of edges being incident with any Robin vertex. We also
denote by g = min{l, : e € £} the length of the shortest edge in the whole of G.

Theorem 1.2.10 (see [76, Theorem 5.1]). (1) Let o € C*. Then the numerical
range W (aq), and in particular every eigenvalue of —AS, , is contained in the

set

k 2 2
Aga = t—|—ZOéj8j ECZtZO, Sj S 0,* Tj—f—i s (1218)
: VT B

j=1
where the numbers 0 < 7; <t satisfy Z?Zl T; < t.

(2) If oy = ... = ag, =1 a € C is independent of j = 1,....k, then W(ay) is
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contained in

0,;\/Z+ 1] } (1.2.19)

Ago, =<t se€eC:t>0,s€
G, {—l—a S >0,s Dl

This localisation theorem gives us control over both the real and imaginary party
of any eigenvalue in terms of the real and imaginary party of «, thus, as a direct

consequence, we obtain the following corollary.

Corollary 1.2.11 (see [76, Corollary 5.2]). Let a € C such that Rea < 0. Then

any eigenvalue X\ € o(—AS; ) satisfies

(Rea)? Rea

Re) > —
Az e Ty

(1.2.20)

Furthermore, we do not only give estimates on the real part but also on the
(modulus of) the imaginary part of A and we refer to Section 5.4 and especially
Theorem 5.4.15 for more details. We want to remark that if the components of
a € CF have a sufficiently large negative real part, these bounds (for both Re \
and Im \) are essentially asymptotically optimal. Let us therefore briefly consider
the simplest case where a < 0 is independent of the k Robin vertices vy, ..., deg vy,
which we order such that degv; < degvy < -+ < wy. Let |G| be the total length of
G (that is, the sum of all edge lengths). Then, we obtain the following two-sided

bound on the lowest eigenvalue \;(«),

2

o o
A > _ 1.2.21
1) 2 ~egu T T degor (1.2.21a)
o? 200 1 ka
A in<— — — =, — . 1.2.21b
1(a) < mm{ (degvr)?  lgdego, Zé’ G| } ( )

This statement is proved in Corollary 5.4.10 and Remark 5.4.11.

1.3 Structure of the thesis

This thesis is organised as follows. To establish a formal basis for future sections, we
start in Chapter 2 by introducing preliminaries and basics about boundary value

problems. In Sections 2.1 and 2.2 we provide fundamental ideas and theorems
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from functional analysis and spectral theory, such as Sobolev spaces on Lipschitz
domains and their boundaries, trace operators, and the variational characterisation
of eigenvalues. After a short summary of Dirichlet, Neumann, and Robin boundary
conditions and their corresponding forms and operators in Section 2.3, we briefly
sketch the case of the Robin eigenvalues (or eigencurves) in the special case when €
is a bounded interval where everything can be calculated explicitly. Section 2.4 is
devoted to the history of Robin eigenvalue asymptotics: we summarise the crucial
milestones of what has been achieved so far in the field of spectral asymptotics of
the self-adjoint Robin Laplacian on both smooth and non-smooth (that is, Lipschitz)
domains.

In Chapter 3 we start with a detailed spectral analysis of the Robin Laplacian on
domains Q C R% In Sections 3.1 and 3.2 we generalise results in the self-adjoint case
to the case where « is no longer real (see Theorem 3.1.2). Moreover, we prove that
{A(a) := —Ag : a € C} forms a self-adjoint holomorphic family of operators, that
is, A(a)* = A(@), as well as that each Robin eigenvalue \;(«) can be extended to a
meromorphic function with at most algebraic singularities at non-real crossing-points
of eigenvalues, c¢f. Theorem 3.2.11, and the same is proved for the corresponding
eigennilpotents. Another generalisation is given in Theorem 3.2.18: for o € R
there is a known formula for the derivative \'(«) of a simple eigenvalue \ with
respect to the Robin parameter and we prove that this representation is indeed
locally meromorphic with at most removable singularities. In view of the analytic
dependence of the eigenfunctions of the Robin Laplacian for a € C, Section 3.3
is devoted to the question whether these eigenfunctions also still have reasonable
basis properties of L?(Q): we prove the negative result of Theorem 3.3.1, which says
that the eigenfunctions of —Ag form an orthonormal basis of L*(2) if and only if
a € R, cf. Theorem 1.2.1 (5). Besides, we introduce weaker basis concepts (such as
Riesz, Bari, and Abel bases) in order to prove a positive result which corresponds
to Theorem 1.2.1 (4). The analysis of the numerical range in Section 3.4 leads us
to our main localisation Theorem 3.4.1: to obtain that the numerical range (and
hence the spectrum) of the Robin Laplacian is contained in a parabolic region Agq ,
we prove the crucial (and sharp) trace-type inequality of Lemma 3.4.7 for Lipschitz
domains. In Section 3.5 we introduce and analyse the Dirichlet-to-Neumann operator,
including a proof of Theorem 1.2.5, as well as the “duality” between the Robin and

Dirichlet-to-Neumann eigenvalue problems, which is well known in the real case. In a
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later section this will form the (abstract) foundation of the explicit analysis of model
domains in Chapter 4. However, before proceeding with explicit calculations, we
study the question of which values A € C can be reached as points of accumulation
of the Robin eigenvalues as a — oo in C; up to a sector in which « diverges, we
answer this question in Theorem 3.6.3. The last section of this chapter, namely
Section 3.7, then rounds off the spectral analysis of the Robin Laplacian by recalling
and applying recent results from [21, Sections 2, and 3] to our operator.

In Chapter 4, we give three concrete examples (model cases) of ). Here, we
additionally pay attention to the error estimates appearing in the asymptotic expan-
sions. Firstly, start with the interval in Section 4.1, where we not only calculate the
Dirichlet-to-Neumann operator explicitly, but we give a detailed analysis of what
happens in the picture of the Dirichlet-to-Neumann operator and the Robin Lapla-
cian, respectively, including a consideration of the relation between the eigenvalues
diverging near the positive real semi-axis and the parameter a. Divergence of the
eigenvalues \ outside an arbitrarily small sector around the positive real semi-axis is
shown to be possible only if Re @« — —o0: the only two divergent eigenvalues A behave
like —a?, while the rest converge to the Dirichlet spectrum. If Re o remains bounded
from below, then, at least outside such a sector, all eigenvalues are convergent (see
Theorems 4.1.1 and 4.1.4, as well as Proposition 4.1.6). Besides, in Section 4.1.2, we
describe the procedure of inverting the asymptotical expansions from () to A(«)
while the information about the error terms is preserved. Here and throughout the
text we call this the Rouché inversion technique. Furthermore, we prove a version
of Theorem 1.2.1 (5) by explicit calculations. Secondly, in Section 4.2 we use our
results on the interval to study d-dimensional rectangles (also called hyperrectangles
or cuboids), see Theorem 4.2.2; as they are constructed as d intervals orthogonally
“glued together”. And thirdly, we treat d-dimensional balls in Section 4.3, where
the asymptotic behaviour of complex Bessel functions are used to determine the
asymptotics of the Robin eigenvalues; see in particular Theorems 4.3.5 and 4.3.6.

Finally, in Chapter 5 we study all the aspects and properties mentioned above but
in the setting where the domain € is replaced by a compact quantum graph G. In
Section 5.1 we give a brief summary of the basic notation of metric graph, where we
define suitable function spaces and introduce different vertex conditions (especially
the so called § coupling) and the corresponding Laplace operators. We continue in

Section 5.2 by introducing Dirichlet-to-Neumann matrices M (\) to derive the block
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matrix representation of Lemma 5.2.1. This allows us to establish the asymptotic

behaviour of M in Section 5.3 which is key for proving Theorem 1.2.8. Finally, in

Section 5.4 we give estimates on the numerical range of the Robin Laplacian and

hence inequalities for the real and imaginary parts of its eigenvalues.

1.4 How to read this thesis

Even though this doctoral thesis is designed to be a coherent text and the order of

the chapters and sections are chosen to serve this purpose, there are some remarks

on how to read this dissertation.

(1)

This thesis is based on the two articles [30] (joint work with James B. Kennedy
and Sabine Boégli) and [76] (joint work with James B. Kennedy) as listed on
page 11. However, since the problems studied here are generalisations of a topic
already (at least partially) covered by former papers, there are sections which
contain notation and results from textbooks or articles we have not proved or
introduced ourselves. To clarify and distinguish these different cases, mainly
two “citing methods” are used: the first indicator is the brief introduction
preceding each chapter or (sub)section, while the second one is a short text
preceding the statement in question. If there is no indicator whatsoever, the
statements are due to the two articles mentioned above, that is, new results
proved by my co-authors and myself. To give a rough idea of the subject areas
falling into the last category, in Figure 1.4.1 they are marked with an asterisk.
Chapters 3 and 4 are mainly based on [30, Sections 3-8 and Sections 2, 9], the
results in Chapter 5 are due to [76].

The underlying papers [30, 76] form a proper subset of this thesis and the main
results of both papers and this thesis coincide. However, in this thesis there are
many additional paragraphs, remarks, and statements which support the main
results with further information and details: besides a higher level of detail
in almost every proof, many additional figures sketch or illustrate the ideas
of proof or clarify given notation. Furthermore, especially when considering
examples in Chapter 4, there are supplementary statements (e.g. Lemma 4.1.7)

which might follow from the abstract theory of Chapter 3: explicit calculations,
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42

however, appeared to be useful for gaining insight into what to expect in the

general case and so they are included as well.

The previous item leads additionally to a last remark, namely, that there are
two possible (and canonical) ways to read this thesis. (Before actually reading
this paragraph, for reasons of clarity, we highly recommend taking a look at
the corresponding Figure 1.4.1 first.) As an alternative to reading the thesis in
the order presented (that is, interpreting Chapters 4 and 5 as applications of
the theory established in Chapter 3), one can start out with reading Chapter 4
in order to gain intuition as well as more insight into the approaches from
Chapter 3. This is the path we, the authors of [30, 76], took. Since (parts of)
Chapter 5 might be interpreted as a generalisation of the discrete calculations
in the case where () is an interval, one could also read Sections 5.1- 5.3 as a

comprehensive generalisation of Section 4.1.



1.4 How to read this thesis

CHAPTER 2

Preliminaries

Functional analysis
Spectral theory
Boundary conditions

Eigenvalue asymptotics

4
4 4
4 4
RS
A QJO
k4 k4 v
AN
'

|

CHAPTER 5
Quantum Graphs
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Numerical range*
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Abstract results

Holomorphy*
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Numerical range*
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Jordan chains
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Introduction
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Figure 1.4.1: The structure of this thesis and the relation between the chapters. Sections
marked with * are due to [30, 76]. The dashed arrows indicate the “flow of information”.
The abbreviation D-t-N stands for “Dirichlet-to-Neumann”.
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CHAPTER 2

Preliminaries and boundary value
problems

Contents
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2.3 Dirichlet, Neumann, and Robin Laplacians . . . . . . . . . 56
2.3.1 Robin eigencurves in one dimension . . . . . . . . . .. .. 62
2.4 Eigenvalue asymptotics . . . . . . . ... .00 64
2.4.1 Large negative parameter . . . . . . . . . . . ... ... 64
2.4.2 Large positive parameter . . . . . . . .. ... ... 72

In this chapter we will introduce function spaces, corresponding embedding theo-
rems, and collect a number of basic properties which we will use to introduce and
understand the Laplacian and some of its boundary value problems. The boundary
conditions in this context, namely Dirichlet, Neumann, and Robin conditions, will be
introduced in Section 2.3. Since our aim is to make statements that are as general
as possible (at least with respect to the boundary regularity), we will be using the
framework of McLean [94, Chapter 3] and Kato [74, Chapters V and VII], and we
start by recalling some definitions from there. We assume throughout that (1) H
is a Hilbert space with inner product (-, - )y and norm || - ||z, and (2) that, if not

stated otherwise, Q C R? is a bounded Lipschitz domain.
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2.1 Some functional analysis

In this section we build the foundations for considering linear operators and their
boundary value problems on bounded Lipschitz domains 2 C R?. We start by
introducing Sobolev spaces both on domains and on their boundaries 0f2, respectively.
A complete introduction can be found in many textbooks, e.g. [2, 62, 5]. We, however,
use the framework, definitions and theorems of [94, Section 3] since the statements
therein (Sobolev embedding theorems as well as compactness of the trace operator)

are given in a generality to even hold for Lipschitz domains.

2.1.1 Sobolev spaces on Lipschitz domains

We start by defining what exactly we mean by the term Lipschitz domain; heuristically,
this means that the boundary 02 of a domain 2 can locally (after an elementary

transformation) be described by the graph of a Lipschitz continuous function.

Definition 2.1.1. Let Q C R?% d > 2, be an open set. If there is a Lipschitz

continuous function ¢ : R%! — R such that
Q={weR"" :zy < ((#) forall &=(z1,...041)" €R"Y}, (2.1.1)

then € is called a Lipschitz hypograph.

Definition 2.1.2. The open set Q is a Lipschitz domain if its boundary 0f) is
compact and if there exist finite families {W;} and {€;} such that the following

conditions hold.

(1) The family {W,} is a finite open cover of 9Q: each W; C R? is open and we
have 02 C UJ W]

(2) Each Q; can be transformed to a Lipschitz hypograph by a rigid motion, that

is, by a rotation plus a translation.

(3) The set Q2 satisfies
W,NQ=W,NQ, (2.1.2)

for each j.
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Definition 2.1.3. Let  C RY, d > 2, a non-empty open subset.

(1) The Sobolev space W*P(Q) of order k based on LP(Q) is defined by
WhP(Q) = {u € LP(Q) : 9%u € L(Q) for all 8] <k}, (2.1.3)

where 3 € N? is a multi-index and 9°u is viewed as a distribution on €, that
is, 9°u € LP(Q) means that there exists a function gs € LP(Q) such that

(u,0%0) 1200 = (=1)"N(g5, ) 120 (2.1.4)

for all test functions ¢ € D(£2). The function gz is then often called weak

partial derivative of w.
2) The norm || - ||yyerq) defined by
()

1/p
3 /Q ()| d:v) (2.1.5)

181<k

||U||ka(9) = (

is called Sobolev norm. The completeness of the space LP(2) implies that

WkP(Q) together with the latter norm is a Banach space.

Since the canonical setting of trace operators are Sobolev spaces of fractional order,

we need the following definition.

Definition 2.1.4. (1) For 0 < 1 < 1 we denote by | - |, .o the Slobodeckij semi-

norml

[ulyp = </Q A de dy> . (2.1.6)

|z — y|Ten

(2) For s =k+ p € (k,k+ 1), we define

Wor(Q) o= {u € WH(Q) : [0%ul,pq < oo for all || =k}. (2.1.7)

!This norm is sometimes also called Gagliardo semi-norm, see [46, Section 2].
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This space equipped with the norm || - ||ws»rq) given by

p
HUHWS’P(W = (”UHIV’Vk,p(Q) + Z ‘8’814 ) (2.1.8)

9. 79
|Bl=k P

is called Sobolev space of fractional order s.

Remark 2.1.5. The latter Definition 2.1.4 also holds for p = co: note that the
integrand of (2.1.6) is the pth power of

|u(z) — u(y)|
W. (2.1.9)
Consequently, if p = oo, we get the usual Holder semi-norm of order .

Remark 2.1.6. For p = 2 we write H*(Q2) instead of W*%(Q2). Due to the extension
theorem of Stein, cf. [111, Chapter VI.3: Theorem 5’ and Section 3.3], for s > 0, the
space H*(Q) defined in this way coincides with the space of functions from H*(R?)
restricted to 2. In the second case, for s € R, we define the so called Bessel potential

of order s,
T*: SR = SR @) = [ (14 |¢?)2a()eme de, (2.1.10)
R
for x € R4, where 4 is the Fourier transform of u in the Schwartz space S(R?).

We arrive at the following definition.

Definition 2.1.7. For any s € R we define the Sobolev space of order s on R by
H*(RY) = {u € S*(RY) : J*u € L*(R")} (2.1.11)

and equip this space with the inner product
(u, V) gs(ray = (T *u, T*0) 12(Ra) (2.1.12)

and the induced norm

Hs(R%) =4/ (U,U)Hs(Rd) = ||jSU||L2(Rd). (2113)

i
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Remark 2.1.8. Note that the Bessel potential
TS H*(R?) — L*(RY) (2.1.14)
introduced in (2.1.10) is a unitary isomorphism, and J%u = u implies that
HO(R?Y) = L*(RY). (2.1.15)

Definition 2.1.9. Let Q € R%, d > 2, be a bounded Lipschitz domain and let s > 0.
If we denote by H(€2) the closure of D(€2) in H*(Q2), then H*(Q2) is defined as the
dual space Hj(Q)*.

We want to give an important compactness result which originated in the well
known article of Rellich [104].

Theorem 2.1.10. Let Q € R? be a bounded, open subset and assume that
—00 <t <s<o0. (2.1.16)
Then, the embedding H*(Q2) — H'(Q) is compact. In particular, for s > 0, every

H*(2) is compactly embedded in L*(Q).

2.1.2 Sobolev spaces on the boundary

Let © C R? be a Lipschitz hypograph, cf. Definition 2.1.1, and let 0 < s < 1. The
corresponding Sobolev space H*(0f2) is constructed in terms of Sobolev spaces on
R4 Let u € L*(09) and define

uc () = u(¥,¢(2)) (2.1.17)

for ¥ € R4-1.
Definition 2.1.11. We define the space H*(0f)) by

H(09) == {u € L*(Q) : uc € H* (R} (2.1.18)
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and equip it with the inner product
(U,’U)Hs(ag) = (uﬁvvC)HS(Rd—l)' (2119)

Definition 2.1.12. The space H*(09) is defined as the completion of L?(99) with

respect to the norm given by

Jull—on) = uey/T+ VP

It can be followed that H*(0f2) is a realisation of the dual space H*(02)*.

(2.1.20)

Hfs(Rdfl) '

To define H*(09) for Lipschitz domains €2, recall the notation of Definition 2.1.2,
we choose a partition of unity {®;} subordinate to the open cover {W;} of 9€2. To
this end, we choose ®; to satisfy >, ®;(x) = 1 for all 2 € 9.

Definition 2.1.13. The space H*(02) is defined as in Definition 2.1.11 together

with the inner product

(U,U)Hs(ag) = Z(q)ju,@jv)m(mj). (2121)

J

2.1.3 The trace operator

When working with boundary value problems it is natural to consider u|gn as an
element of a Sobolev space on 0f) while u itself is an element of a Sobolev space on
2. The function which maps u to u|sq is then called trace operator; we dedicate this
short section to the operator just mentioned and its properties. Let s > 1/2. As
before, unless otherwise stated, for the proofs of the following statements we refer to
[94, Section 3, esp. pp. 100-106]: the trace operator tr : D(R?) — D(R?"!) given by

tru(z) := u(,0) (2.1.22)
for # € R%"! can be uniquely extended to a bounded linear operator

tr: H¥(RY) — H~ V2R, (2.1.23)
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Since tr has a continuous right inverse, we have
H PR = {rusu e HY(RY)}. (2.1.24)
If we now consider Lipschitz domains, then the trace operator
tr: D(Q) — D(09) (2.1.25)

defined by tru = u|gq satisfies the following extension property.

Theorem 2.1.14. For 1/2 < s < 3/2 the operator tr from (2.1.25) has a unique

extension to a bounded linear operator
tr: H*(Q) — H*Y2(09). (2.1.26)

For a proof and more details we refer to [42, Lemma 3.6].

2.2 Some spectral theory

For the sake of completeness we give some basic terms and theorems of spectral
theory of (unbounded) operators and forms on Hilbert spaces. We will be using
the framework of Spectral Theory of Self-Adjoint Operators in Hilbert Space by M.
S. Birman and M Z. Solomjak [29, Chapter 3].

Definition 2.2.1. A linear mapping
A:D(A)CH—H (2.2.1)

is called linear operator on a Hilbert space H. By D(A) we denote its domain and
by R(A) = AD(A) its range (or image). With respect to the inner product

(u, )4 = (u,v)g + (Au, Av) g, u,v € D(A) (2.2.2)

the domain D(A) becomes a pre-Hilbert space, denoted by H 4; the corresponding

norm || - || 4 given by

lull% = [lullf + 1 Aullf, v e D(A) (2.2.3)
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is called A-norm.

Definition 2.2.2. Let A: D(A) C H — H be a linear operator. A is called closed
if H4 is complete, i.e. H, is a pre-Hilbert space with respect to (2.2.2).

There are well known properties which are equivalent to A being closed: The

following lemma is due to [29, Theorem 3.2.1.].

Lemma 2.2.3. Let A: D(A) C H — H be a linear operator. Then, the following

properties are equivalent:
(1) A is closed.
(2) The graph

G(A) :={(u, Au) € H x H :u € D(A)} (2.2.4)

1s closed in H x H.

(3) Whenever a sequence (x,)nen in D(A) converges in H, i.e., x, - x € H, and
Az, — vy in H, then we have x € D(A) and y = Ax.

Definition 2.2.4. Let A : D(A) C H — H be a closed, densely defined linear
operator, that is, D(A) C H is dense with respect to || - || a.

(1) The set
p(A):={2€C: A—=zI: D(A) — H has a bounded inverse} (2.2.5)

is called resolvent set of A;

(2) for z € p(A) we call
R.(A):=(A—2I)"": H— D(A) (2.2.6)

the resolvent of A.
(3) The complement of the resolvent set o(A) := C\ p(A) is called spectrum of A,

(4) we denote by o,(.A) the point spectrum A, that is

op(A) :={z€0(A): A— 2] : D(A) — H is not injective}; (2.2.7)
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(5) and we call the set

Oess(A) :={z€0(A): (A—2I):D(A) - H

(2.2.8)
is not a Fredholm operator}

the essential spectrum of A.

Note that in the literature the definition of essential spectra of non-self-adjoint op-
erators might vary. Our definition (often denoted by o.3) using Fredholm operators is

due to Wolf, cf. [114]. For five distinct definitions and their respective characteristics,
see [49, Chapter IX].

Definition 2.2.5. Let a : D(a) x D(a) C H x H — C be a densely defined
sesquilinear form and let A : D(A) C H — H be a linear operator. We call the set

W(A) :={(Au,u) : u € D(A) and |ju||g =1} CC (2.2.9)
the numerical range of A and, likewise, the set
W(a) := {alu,u] : v € D(a) and ||ju||lg =1} C C (2.2.10)

the numerical range of a. If A is the operator associated with a, that is, if A is
defined by

D(A) ={u € D(a) : 3h € H with afu,v] = (h,v) Yv € D(a)}, (2.2.11a)
Au = h, (2.2.11b)

then it follows immediately from the definitions that
op,(A) C W(A) C W(a). (2.2.12)

Definition 2.2.6. We call A m-sectorial (of semi-angle ) if there exist a vertex
v € R and an angle 0 < 0 < 7/2 such that

W(A) Cc {zeC:|arg(z —7)| <0} (2.2.13)
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(where the principal argument of a complex number is taken to be between —m and
7) and for all A € C with Re A < 7 we have that A € p(A) satisfies the resolvent

norm estimate

1
(A =AD" aon < » (2.2.14)

— Re )|’

The form a is likewise called sectorial (of semi-angle ) if (2.2.13) holds for W (a)
instead of W (.A). Neglecting the resolvent estimate (2.2.14), A and a, respectively,
satisfying (2.2.13) are called sectorial.

The following property, cf. [74, Corollary VI.2.3], of the numerical range of an
operator and its associated sesquilinear form is an immediate conclusion of Kato’s

first representation theorem [74, Theorem VI.2.1].

Lemma 2.2.7. The numerical range W (A) of A is a dense subset of the numerical

range W (a) of a.

The following statement is known as the Riesz—Schauder theorem or simply spectral

theorem for compact operators. For its proof we refer to [102, Theorem VI.15].

Theorem 2.2.8. Let A € S(H) be a compact operator on H. Then, its spectrum
o(A) is a discrete set having no limit points except perhaps X\ = 0. Further, any
X € a(A\{0} is an eigenvalue of finite multiplicity (i.e. the corresponding space of

eigenvectors is finite dimensional).

With the assistance of the spectral mapping theorem we obtain the following

corollary.

Corollary 2.2.9. Let A be a linear operator with compact resolvent R,(A) € Soo(H).
Then,

(1) for the spectrum of A we have o(A) = o,(A);

(2) either o(A) is finite or there exists a sequence (A\y)ren C C such that

klim | Ak| = 00 and o(A)={ | k€ N} (2.2.15)
—00

(3) X\ € 0,(A) implies that dim N(AI — A) < oco.
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The next statement is often called Hilbert—Schmidt theorem. Its proof can be found
in [102, Theorem VI.16].

Theorem 2.2.10. Let A € So(H) be a self-adjoint compact operator on H. Then
there is a complete orthonormal basis (Vy)ren of H consisting of eigenfunctions 1y,

of A. The associated sequence of eigenvalues (Mg )ren C R satisfies limy_,oo Ap = 0.

We arrive at the following version of the spectral theorem for m-dissipative opera-

tors; for both the statement itself and its proof, see [9, Theorem 1.4.8].

Theorem 2.2.11. Let A: D(A) C H — H be a linear operator on a separable and

infinite dimensional Hilbert space H. Assume that A

(1) is m-dissipative, i.e., Re (Au,u)g < 0 for all w € D(A) and (I — A) is

surjective;
(2) is symmetric, i.e., (Au,u)y = (u, Au)y for all u € D(A);
(3) has compact resolvent, i.e., R,(A) € Soo(H) for every z € p(A).
Then, there exists an orthonormal basis (Vrx)ren € D(A) of H and an associated
sequence of eigenvalues (Ag)gen C (—00,0], such that

Ay, = Ay, and klim A = —00. (2.2.16)
—00

Furthermore, A is given by

D(A) = {u € H | (A(u, ¥p))ren € (C)}, (2.2.17a)
k=1

2.2.1 Variational characterisation

A major tool for estimating the eigenvalues of self-adjoint operators is the so called
min-max principle or the variational characterisation of eigenvalues. This technique
allows us to use test functions to obtain upper estimates for the eigenvalues. Since
we will need the notation in Chapter 5, we give a brief introduction; the definitions
and statements in this section are well known and can be found in almost every
textbook about spectral theory, e.g. [62, Section 8.12], [103, Chapter XIII.1], or [74,
Section 1.6.10].
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Chapter 2 Preliminaries and boundary value problems

Definition 2.2.12. Let a : D(a) x D(a) — R be a real sesquilinear form. The
quotient defined by

alu, u]

Rlal(u) : (2.2.18)

ullzz@
is called the Rayleigh quotient of a.

We adapt the general min-max (or more precisely maz-min) principle to the case

of the Robin Laplacian.

Theorem 2.2.13. Let A: H — H be a self-adjoint operator which is semi-bounded
from below and associated to the form a : D(a) x D(a) — R. Then, its nth eigenvalue
An(A) can be characterised by

M(A) = sup inf R[a](u). (2.2.19)
NCD(a) 1&%]

codim N=n—1

In particular, the first eigenvalue of the real Robin Laplacian A\i(«) reads

Mla) = inf Jo IVul? dz + a [y |U|2d‘7‘

ueH(Q) Jo |ul? dx
u#£0

(2.2.20)

2.3 Dirichlet, Neumann, and Robin Laplacians

Let Q Cc R%, d > 1, be a bounded domain, that is, a bounded open set with a finite
number of connected components, and (if d > 2) assume that it is a Lipschitz domain,

cf. Definition 2.1.2. We will proceed as follows: firstly, we define a sesquilinear form
on H'(Q),

aq : H'() x H'(Q) — C, (2.3.1)

for arbitrary a € C. By restricting the form domain D(a,) = H'(Q) x H'(Q) to
H}(2) x H}(Q) and by setting the Robin parameter o = 0, we then obtain the

Dirichlet and Neumann Laplacian, respectively. To this end, let a € C and define

aou,v] = / Vu-ﬁdqua/ wo do(z). (2.3.2)
Q o0
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2.3 Dirichlet, Neumann, and Robin Laplacians

We will refer to this form as the Robin form (for the parameter ) and we want to
use the abbreviation a,[u] := a,[u, u] for u = v; the form is then called quadratic.
If a = a, is the Robin form in Definition 2.2.12, then the Rayleigh quotient (see
Definition 2.2.12) reads

Jo [Vul?dz + « [yq |u* do
Rla, =
[aq](u) o ude

(2.3.3)

Recall that € is a Lipschitz domain. We use the framework of [12, Section 2] in order

to clarify what we mean by Au and d,u of u € H*(Q).
Definition 2.3.1. Let Q C R? be any bounded Lipschitz domain and let u € H*(Q).

(1) We say that Au € L?() if there exists f € L?(£2) such that
/ Vu-Vvdz = / fodx (2.3.4)
Q Q

for all v € H(Q).

(2) Let additionally Au € L?(2). We say that 2% = 9,u € L*(09) if there exists
g € L*(09) such that

/Q (Vu Vv — (Au)@) dz = /BQ gudo (2.3.5)

for all v € H'(Q2). We then write d,u = g.

Before proceeding, we want to make a few remarks: firstly, the usual normal
derivative d,u is generally not defined for all u € H'(Q) since  is assumed to be a
Lipschitz domain. To this end, we explicitly remark on the Definition 2.3.1(2); we
say that the (outer) normal derivative d,u exists, if it exists, in the weak sense and
we will not speak of the “distributional sense” here owing to the low regularity of the
boundary. Secondly, both (1) and (2) of Definition 2.3.1 are chosen in a way such

that Green’s formula

ou

/Q (Vu Vv — (Au)@) dr = / —vdo (2.3.6)

on Ov

holds for all v € H'(Q2) whenever u € H'(Q), Au € L*(Q), and d,u € L*(Q2). By

the trace theorem (cf. Theorem 2.1.14 for s = 1) the Robin form a, is coercive,

o7



Chapter 2 Preliminaries and boundary value problems

that is, there exists ¢ > 0 such that Re a,[u] > c||u||%p(m for all u € D(as) = H1(2).
Consequently, a,, is closed, which then implies that there exists an associated operator
A(a) on L*(Q) (see almost every textbook about operator theory, e.g. [102]). By
associated we mean that D(A(a)) C D(a,) and a,[u,v] = (A(a)u,v) 2y for every

u € D(A(a)) and every v € D(a,). The domain of the associated operator reads

D(A(a)) = {u € D(ay) : 3h € L*(Q) such that

3 (2.3.7)
talu, v] = (A(a)h,v) Vv € D(aq)},

cf. [14, Section 1].
Definition 2.3.2. We define the following operator denoted by —A& on L*(Q) by

D(-A2) = {u e H'(Q) : Auc L}Q)

5 5 (2.3.8)
gu 2 ith 2% _
and 5 € L*(09) with £y + au O},
—Adu = —Au. (2.3.8b)
Here,
4 9%
Au=Y" 57 (2.3.9)

is the positive distributional Laplacian and g—:j is to be understood in the sense of

Definition 2.3.1(2). The associated eigenvalue problem reads

—Au = \u in €, (2.3.10a)

gz +aou=0 on 0%; (2.3.10Db)

the Robin boundary condition is also referred to as third type.

We want to mention that the mathematical community does not agree on whether
this boundary condition should in fact be called Robin condition since it was never
used by the namesake Victor Gustave Robin, see Third Boundary Condition - Was it
Robin’s? [66]. We wish to prove that the operator A(a) = —A§ from Definition 2.3.2

is indeed the one associated to a,,.
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2.3 Dirichlet, Neumann, and Robin Laplacians

Lemma 2.3.3. The operator on L*(Q) associated to a, is defined by

D(—A2) = {u c H'(Q) : Aue L*(Q)

) ) (2.3.11a)
e w4 _
and ey € L*(092) with 5 + au O},

—Afu = —Au. (2.3.11b)

For the proof, we follow the steps of [14, Proof of Theorem 2.3].

Proof. Let A(a) be the operator on L?(Q) associated to a,. Step 1: We show that

D(A(a)) € D(A(a)) and A(a)u = A(a) on D(A(a)). Fix any u € D(A(a)), let

A(a)u = f € L*(R2), and let v € H'(Q) be arbitrary. Then we have

/QVu -Vodz + oz/aQ wodo(z) = aqfu,v] (2.3.12a)
= (A(a)u,v) (2.3.12b)
= /Q fodz (2.3.12¢)

for all v € H'(Q) by definition of the relation a, ~ A(a). We may choose any
v e CX(Q)in (2.3.12) to obtain f = —Awu. Using this, we immediately obtain

/Q Vu - Vodz + /Q (Au)vde = /8 (—auwpdo(x) (2.3.13)

for all v € H'(2), that is, d,u exists in the weak sense of Definition 2.3.1(2), and it

satisfies d,u = —au, or equivalently,

ou
£ +au = 0. (2.3.14)

Step 2 (converse of Step 1): we prove that D(A(a)) € D(A(a)) and A(a)u = A(a)
on D(A(«)). To do this, let u € D(A(a)) as in Definition 2.3.2; we observe that

/QVU -Vodzr + /Q(Au)@dx = /m gﬁda(x) = /m(—au)@da(x) (2.3.15)
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Chapter 2 Preliminaries and boundary value problems

for all v € H'(Q). Rearrangement yields
Ao lu, v] = —/Q(Au)@d:v (2.3.16)

for all v € H'(Q) and that is, by definition 2.3.7, exactly u € D(A(«)), as well as

Ala)u = —Au = —AZu = A(a)u. (2.3.17)

O

For more details on this topic we refer to [12, Section 2] or [33, Section 1]. We use

the Robin form to define the Dirichlet and Neumann Laplacians, respectively.

Definition 2.3.4. If a = 0, then we write —AY in place of —AJ, for the operator
on L*(Q) associated with the Dirichlet form ay on its form domain D(ag) = H ().
The operator —AJ is called the Neumann Laplacian. The associated eigenvalue

problem reads

—Au = \u in €, (2.3.184a)
ou
£ 0 on 0€2; (2.3.18b)

the Neumann boundary condition is also referred to as second type.

In fact, the following definition is usually presented as a theorem where (in a similar
manner is for the Robin Laplacian) it is proved that the given domain coincides
with the one of the operator that is associated to the particular form. However, the

Dirichlet Laplacian is well known and we omit the proof (cf. [17, Section 3]).

Definition 2.3.5. If qq is restricted to H} () x HJ(£2), then we call the associated
operator the Dirichlet Laplacian, which we denote by —AQL; that is,

D(=Af) = {u e Hy(Q) : Aue L*(Q)}, (2.3.19a)
—ABu=—Au. (2.3.19b)
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2.3 Dirichlet, Neumann, and Robin Laplacians

The associated eigenvalue problem reads

—Au= M in(, (2.3.20a)
u=0 on 0§ (2.3.20b)

the Dirichlet boundary condition is also referred to as first type.

The following theorem is well known and we omit its proof. The properties listed
mostly follow from the fact that the resolvent R,(A) (for A = —Af or A = —AY)
is a compact operator and thus, the spectral theorem, namely Theorem 2.2.11, is

applicable.

Theorem 2.3.6. Let Q C RY, d > 1, be a bounded Lipschitz domain. The operators
—Af and =AY

(1) both have compact resolvent,

(2) are m-accretive, self-adjoint and semi-bounded from below in L*(S2).

(3) Their spectra
o(—=Af) c (0,00) and  o(—=AY) c [0,00) (2.3.21)

are discrete, consisting only of eigenvalues of finite multiplicity, whose algebraic
and geometric multiplicities always coincide, and with 400 as their only point

of accumulation.

Remark 2.3.7. Due to the fact that
D(ag) = Hy(2) € Hy(Q) (2.3.22)

(extend any function H}(Q) to Q' by zero) for any Q C ', it is immediate by the
max-min principle, see Theorem 2.2.13, that the Dirichlet eigenvalues satisfy the so

called domain monotonicity
M (Q) <A (Q) (2.3.23)

for all £ € N.
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2.3.1 Robin eigencurves in one dimension

To gain insight into what to expect in general, we want to consider the one dimensional
case of the Laplace eigenvalue problem with real Robin boundary conditions. Since

there are only two boundary points {£1} of Q@ = (—1,1), the Robin problem reads

—u"=Xu  on(—1,1), (2.3.24a)
—u'(—1) + au(-1) =0, (2.3.24b)
+u'(+1) + au(+1) = 0. (2.3.24¢)

Note that we always consider the outer normal derivative. It is well known that the

general solution of (2.3.24) is given by
u(z) = C cos(VAx) + C_sin(vV/\z) (2.3.25)
with coefficients C'_, Cy € R. The first derivatives with respect to x
u'(x) = —Cy vV Asin(VAz) + C_vV A cos(VA\x) (2.3.26)
at the boundary points z = F1 read

—u/(=1) = —=C.VAsin(VA) — C_vV A cos(VA) (2.3.27a)
and o/ (+1) = —C.Vsin(VA) + C_vV A cos(VA), (2.3.27Dh)

respectively. Then the boundary conditions (2.3.24b) and (2.3.24c) are equivalent to

sin(vV/\) [ — OV - aC’_} + cos(V\) [ —C_V+ ozCJr} =0, (2.3.28a)
sin(VA)[ = C4 VA + aC_] + cos(VA)[C_VA + aCy] =0, (2.3.28b)

which, by addition and subtraction, respectively, implies

—C+\/Xsin(\/X) +aCy cos(\/X) =
—aC_sin(VA) — C_vVAcos(V)) =

0, (2.3.29a)
0. (2.3.29D)
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2.3 Dirichlet, Neumann, and Robin Laplacians

We arrive at

2

a=VAtanVx  for A # WZ (27 +1)%, (2.3.30a)
or a=—VAcot VA for A # n25? (2.3.30b)

for any 7 € Ny (for j = 0, that is, A — 0T, equation (2.3.30b) can be continuously

extended to o« = —1). We consider the following two cases.
(1) If A = %52 for some j € Ny, or in other words sin(v/A) = 0 and | cos(v/A)| = 1,
then the equations (2.3.28) lead to

—C_VA+aC,=0=C_V+aCy, (2.3.31)

which implies C_ = 0 due to the outer equations and consequently C'y = 0 for

a # 0 due to the inner equation. We arrive at v = 0, a contradiction.

(2) If A = (25 + 1)?7%/4 for some j € Ny, or in other words cos(v/A) = 0 and

|sin(v/A)| = 1, then a similar argument yields u = 0, as well.

This approach allows us to make some observations based on the latter calculations

and on Figure 2.3.1.

(1) For each value of A\, which is not an eigenvalue of the corresponding Dirichlet

problem, that is,
22
A#Af:if— (2.3.32)

for j € N, there are exactly two corresponding values of a.
(2) The eigenvalues are (strictly) monotonically increasing in « for all o € R.
(3) There are no crossings of the positive eigenvalue curves.

(4) If a < 0 is sufficiently large, then there are exactly two (mostly referred to as
A1(@) < Ay(«)) negative eigenvalues, which seem to diverge to —oo as @ — —00
and these are the only branches which are unbounded in A; for more details
and generalisations, see Section 2.4.1 for real parameters and Section 4.1.2
for the complex case. Every other eigenvalue converges to some point of the

Dirichlet spectrum as a — —o0.
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nz //'
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Figure 2.3.1: Plot of the eigenvalues \ of the Robin problem (2.3.28) as functions of o € R:
the blue graph originates from (2.3.30a), the orange one from (2.3.30b); the horizontal grid
lines represent the corresponding exception points (2.3.30).

(5) If @ = 0, then the eigenvalues A\(0) are given by (75)?/4 for j € Ny, that is,
exactly the eigenvalues of the Neumann Laplacian on (—1,1).

(6) If > 0, then every eigenvalue is positive and each of them converges to some

point of the Dirichlet spectrum.

2.4 Eigenvalue asymptotics

For a fixed domain ©Q C R%, d > 2, we consider the Robin eigenvalue problem for a
real parameter a € R and ask the question as to what happens to the eigenvalues in
o(—A%) = {\(a) : k € N} as « tends to oo in R.

2.4.1 Large negative parameter

We want to ignore the term large for a brief moment and assume that Q C R? is a
bounded Lipschitz domain. If we use the constant test function u = 1 (note that this

cannot be an eigenfunction for av < 0) in the variational max-min characterisation of
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the first eigenvalue (2.2.20), we immediately obtain

109]

AM(a) < a Q)

(2.4.1)
for any a < 0, that is, a first trivial estimate from above; in particular, we have
A(a) < 0 for any o < 0. Assume that Q@ C {x; > 0} is contained in the upper
half-space. D. Daners and J. B. Kennedy [45, Lemma 2.1 and Remark 2.2] used the
test function u(z) = e~** to obtain an estimate from above which originated in the
article [63] by T. Giorgi and R. Smits from 2007: for any bounded Lipschitz domain
Q C R d>2, we have

Mi(a) < —a? (2.4.2)

for any @ < 0. We wish to point out that there is a fundamental difference
when considering the nth eigencurve \,(a) (counted accordingly to multiplicity)
or an analytic branch: in general the nth eigenvalue may be overtaken by the
(n + 1)st eigenvalue as o« — —oo. These crossing points permute the order of the
eigenvalues \j(a) < Ao(a) < ... as exemplified in Figure 2.4.2; however, when
considering the (possibly) non-smooth eigencurves, we have the following theorem
[36, Proposition 4.8].

Theorem 2.4.1. Let Q C R?, d > 2, be a bounded Lipschitz domain. Then for any

fized n > 1, we have \,(a) = —00 as o — —o0.

Smooth domains

So, to obtain an upper estimate on the first eigenvalue with a test function argument
is straight forward, however, proving the corresponding lower estimate is profoundly
harder: the first approach to get an asymptotic expansion of the principal eigenvalue
as a — —oo is by A. A. Lacey, J. R. Ockendon, and J. Sabina from 1998 [85]. They
proved that A\;(a) behaves asymptotically like —a? if the domain € is somewhat
similar to a ball in R?; to be more precise, let Q € R? be a bounded C* domain for

k > 2 such that there exists a C* diffeomorphism hy (that is, hy' exists and is also
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of class C*¥),
ho : ST — 09, (2.4.3)

where S71 C R? is the (d — 1)-sphere in d dimensions. In particular, this assumption

implies that the annular region
Q= {zr € Q:dist(z,00) < e} (2.4.4)

can be mapped onto the spherical annulus

D. = B,(0)\ B,_.(0) (2.4.5)

for some small € > 0: for example, let y = rw be the representation of y € D, in

spherical coordinates, that is,
l—e<r<1 and w e 54 (2.4.6)

and let v(z) be the outer unit normal to €, as well as hy as in 2.4.3. Then we use

the transformation = = h(y) given by

h(y) = ho(w) + (r = D (ho(w)). (2.4.7)

The transformation is depicted in Figure 2.4.1.
For more details on the following theorem and its proof, we refer to [85, Theo-

rem 2.2].

Theorem 2.4.2. Let Q € RY, d > 2, be equivalent to a sphere as described above.

Then, we have \i(a) = —a® + 0 (a?) as a = —c0.

Note that the proof of Theorem 2.4.2 can be used verbatim if {2 consists of finitely
many connected components, each of which being equivalent to a sphere. Several
years later in 2004, the result was generalised by J. Lou and M. Zhu. Not only did
they state Theorem 2.4.2 for generic domains of class C'* [90, Theorem 1.1], but they
allowed o to depend on the position of the boundary, that is, if we replace o by

ab(z) for some continuous function b : 92 — R and denote by b, the non-negative
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O ~ 90, U 0Q;
Q ~ Q,

o0 9.

hol: 00— S

hot s 00 — S

Figure 2.4.1: We use the C* diffeomorphism hg to map the annular region Q. onto the
spherical annulus D..

part of b, we have

€N

() = —a? (max b+(x)>2 +o (a2) (2.4.8)

as o — —oo [90, Remark 1.1]. The interest in this topic did not slacken and so the
main result of Lou and Zhu was further generalised by D. Daners and J. B. Kennedy

in 2010 to be applicable for higher eigenvalues [45, Theorem 1.1]:

Theorem 2.4.3. Let Q € R?, d > 2, be a bounded domain of class C*. Then for

every n € N we have
(@) = —a®+o <a2> (2.4.9)

as o — —0Q.

Remark 2.4.4. Note that in this theorem we do not follow what we will later on

call analytic eigencurves: the nth eigenvalue might be overtaken by the A\, _; at some
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distinct threshold a = ay, that is
)\n(@o) = )\nfl(Oéo). (2410)

These possible crossing points imply a permutation of the elements of o(—Ag) =
{\e(@) : k € N} as depicted in Figure 2.4.2.

Figure 2.4.2: Crossing points of the eigencurves, where \;, u;, and \;(a) denote the Dirichlet,
Neumann, and Robin eigenvalues, respectively.

Besides, there are results for the second term asymptotics of the principal eigenvalue

.....

spherical shells (annular regions), see [59, Theorem 3].

Theorem 2.4.5. Given positive numbers 0 < r < R we denote by

D.r:={zcR:r < |z| <R} (2.4.11)
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the spherical annulus of width R — r and centre 0. Then we have the asymptotics
, d—1
M[Dygl(a) = —a” + 5 @ + o(a), (2.4.12a)

M[Bg](a) = —a® + ?a + o(a) (2.4.12b)

as o — —0OQ.

This result for the second term asymptotics was further generalised by P. Exner,
A. Minakov, and L. Parnovski in 2014 [54, Theorem 1.3] and again in 2015 by K.
Pankrashkin and N. Popoff [100, Theorem 1]. Here, we want to give the latter result
for C3 and C* domains, respectively. We denote by Kmax = Kmax(§2) the maximum
mean curvature of the boundary 99 of a C® domain. Since the sign of the mean
curvature depends on the choice of the normal vector to 02 as well as on the sign
convention for the Weingarten tensor, we specify that here a convex domain does

always have positive mean curvature.

Theorem 2.4.6. Let Q C R?, d > 2, be of class C3, then for any fized k € N we

have
Me(@) = —a® + (d = 1)fmaxa + O (o) (2.4.13)

as o — —oo. If, additionally, the domain is of class C*, then the remainder estimate
can be replaced by O (al/Q).

This result may be used to consider conjectures regarding a reverse Faber-Krahn
inequality; M. Bareket conjectured that for any a < 0 the ball maximises the first
eigenvalue of the Robin problem among all domains of the same volume [19, Section 1].
Considering a counterexample from [59], let B, be a ball of radius » > 0 and D, g

be as defined in Theorem 2.4.5 of the same volume as B,., we have

1 1
Iimax(Br) = ; > E = K'max(Dr,R) (2414)
and hence
)\1[Br]((1/) < )\1[DT7R](Q) (2415)

for sufficiently large o < 0 by Theorem 2.4.6.
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Lipschitz domains

In this section we want to discuss the effect of the domain having corners on the first
term of the asymptotics as a« — —oo. For the half-angle 0 < § < 7 we define the

planar sector
Us:={(r,0) =z € R*: |0] <6}, (2.4.16)

where the functions u(z,y) = u(r, ) shall be denoted by the common notation in
Cartesian coordinates for r > 0 and € € [0, 27). The two major cases, namely sectors

of acute and obtuse angles, are depicted in Figure 2.4.3. If 2 = U, M. Levitin and

d>7/2 <72

Figure 2.4.3: Planar sectors U; for two different choices of §. Note that, unlike depicted
here, Us is not truncated but an infinite sector in R2.

L. Parnovski showed in [88] by construction of the corresponding eigenfunction that

the principal eigenvalue satisfies

2

M [Us]() = _si%é if0 <6< g (2.4.17a)
M[Us](a) = —a? ifg <5< (2.4.17b)

Their main result, however, is the following asymptotical expression where the
leading coefficient equals the principal eigenvalue of a model cone K, which is C*°-

diffeomorphic to the “most acute” corner(s) of the domain €, cf. Figure 2.4.4. To
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this end, €2 is assumed to be piecewise smooth and to satisfy a uniform interior cone
condition and for reasons of clarity we refer to [88, Theorem 3.2] for more details on

the assumptions on €2 and for the proof.
Theorem 2.4.7. Assume that the domain Q C R, d > 2,
(1) is piecewise smooth,

(2) satisfies the interior cone condition,

(3) satisfies the existence of a C™-diffeomorphism f, for each y € 0Q as described
above and depicted in Figure 2.4.4.

Then we have

A () = —Cqa® + o(a?) (2.4.18)
as a — —oo, where
Cq = sup Cy = sup —\[K,](—1) > 0. (2.4.19)
yeN yeo)
Ky
Q
C* — diffeomorphic

f ’1/

Figure 2.4.4: C°°-diffeomorphism f, from the model cone K, onto the corresponding corner
of Q.

If y is a corner point but the boundary is somewhat bent inside such that there
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exists a hyperplane H, > y and a radius r > 0 with
B.(y)NnH, C Q, (2.4.20)

cf. Figure 2.4.4, then we have C,, = 1. The same holds if € is smooth at y [88,
Theorem 3.5]. Furthermore, the same authors generalise this result for a variable

Robin parameter: if « is replaced by aw(y) for a boundary weight

w:0) =R  with sup w(y) > 0, (2.4.21)
yeN

then the coefficient C, of Theorem 2.4.7 is replaced by

Cq = sup w(y)*C,, (2.4.22)
yeo2
w(y)>0

see [88, Remark 3.3].

Figure 2.4.5: A domain €2 where 0 is bent inwardly at a corner point y € €2 such that
the green segment of the hyperplane H, is fully contained in 2.

2.4.2 Large positive parameter

From the variational characterisation, see Theorem 2.2.13, it is clear that each A, (-)
is an increasing function of « € R (in fact, the eigenvalues are strictly increasing,
cf. [106, Theorem 3.2]): if we assume that \,(«) is an algebraically simple (that is,
the dimension of the associated spectral projection) eigenvalue for some « and if we

denote the corresponding eigenfunction by ,,, then the derivative of the eigenvalue
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with respect to « is given by

d o Joa MQL do

@A"(OO > 0. (2.4.23)

N Jondr —
This expression for the derivative is due to [7, Lemma 11] for o > 0, however, the
proof works verbatim for all & € R. We will generalise this result in Section 3.2.2.
Furthermore, by [57, Theorem 1] and the following arguments we can follow that
there exists an infinite number of crossing points of the Robin eigenvalues with the
a axis, cf. Figure 2.4.2. Indeed, let Q C R?, d > 2, be a bounded Lipschitz domain.
It is known that, as long as the trace operator H'(Q2) — L?(0f2) is compact, the
spectrum of the Steklov problem

—Au=0 in, (2.4.24a)

ou
5, " Tv= 0 on o (2.4.24b)

is purely discrete and consists only of eigenvalues {7; : j € N} [13, Section 2]. Each
7; corresponds to a zero eigenvalue of the Robin problem for the parameter o = —7;
which proves the assertion. This together with the monotonicity (2.4.23) implies
that each of these eigenvalues must remain negative for o < —7; and positive for
a > —T;. Back to the case of positive «, if we assume that € is of class C?, then
each Robin eigenvalue converges to some point of the Dirichlet spectrum, that is,

the spectrum of the Dirichlet operator o(—Ag), as a — 400, cf. [57, Theorem 2].

Theorem 2.4.8. Let Q C RY, d > 2, be a bounded domain of class C?. Then the
Robin eigenvalues \g(a), k = 1,2, ..., satisfy

2
C (AP
Og)\kD—/\k(a)g(\/_Z)

for all a > 0. The constant C' does not depend on k.

(2.4.25)

In particular, we have A\(a) — AP as a — +oo which justifies the regime of
Figure 2.4.2 for a > 0.
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CHAPTER 3

Spectral analysis and basis properties of
the Robin Laplacian
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In this chapter we will formally introduce the Robin Laplacian, denoted by —Ag,
on bounded domains 2 C R? and establish regularity and basis properties of the
eigenvalues (as functions of the complex parameter «) and eigenfunctions, respectively.
Moreover, we will prove a localisation theorem for the numerical range in order
to give estimates on the whole Robin spectrum and hence on the eigenvalues of
—Ag. The Dirichlet-to-Neumann operator will be introduced whose duality to the
Robin eigenvalue problem will be exploited to (1) prove statements on the points
of accumulation of the Robin eigenvalues and (2) to give explicit calculations in
Chapter 4.
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Chapter 3 Spectral analysis of the Robin Laplacian

3.1 The Laplace operator and its boundary value

problems

The Robin Laplacian, as it will turn out, acts as a cross between both the Dirichlet and

the Neumann Laplacian. The following lemma is key to establishing its properties.

Lemma 3.1.1. Let Q C R?, d > 1, be a bounded Lipschitz domain and oo € C. The
Robin form a, given by (2.3.2) is bounded in H'(Q2) and sectorial of semi-angle 0
forany 0 < 6 < m/2.

Proof. Fix any a # 0 (if a = 0, the proof is trivial since the form q is associated to
the self-adjoint Neumann Laplacian). Due to the trace theorem 2.1.14 for s = 3/4
and the Sobolev embedding theorem by Rellich 2.1.10 we have that the map given

by the composition
HY(Q) < HY4(Q) -5 HY4(0Q)—L*(69) (3.1.1)

is compact and thus bounded. This implies

Jull = | [ 1vulzd / 24 ’ 3.1.2
aalull = | [ IVuPdo o [ Juf do(a) (31.20)
< [Vula@ + lalluln (3.1.2b)

for all w € H'(Q), that is, the Robin form a, is well defined and bounded on
H'(Q) x H'(Q). Sectoriality then follows immediately from the definition of a,. [

The following theorem now follows from Kato’s first representation theorem, see
Theorem 3.2.2, [74, Corollary VI.2.3], plus the fact that the form domain H'(Q) is
densely and compactly embedded in L?(£2) since 2 is a bounded Lipschitz domain:
see Theorem 2.1.10 for the compactness and for the density statement we use the
fact that the space of test functions D(2) is dense in L*(€2). The following theorem
is due to [30, Theorem 3.3].

Theorem 3.1.2. Let Q C R, d > 1, be a bounded Lipschitz domain and o € C.
The operator —Ag is

(1) semi-bounded from below in L?(Q),
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3.1 The Laplace problem

(2) locally uniformly (in a € C) m-sectorial of semi-angle 6 for any 0 < 0 < 7/2,
(3) densely defined on H'(Q), and

(4) its spectrum o(—AQ) is discrete, consisting of eigenvalues of finite algebraic

multiplicity, with their only point of accumulation being oo € C;
(5) it is self-adjoint if and only if « € R and

(6) for any given a € R, its eigenfunctions may be chosen to form an orthonormal
basis of L*(Q).

We also briefly state for the record a result (see [30, Theorem 3.4]) on the generation
properties of holomorphic semigroups. We will not need this here, so we do not go

into any details.

Theorem 3.1.3. Let Q C R?, d > 1, be a bounded Lipschitz domain and o € C.
The operator A generates a holomorphic Cy-semigroup of operators of semi-angle 9,

for any 0 < 6 < /2.
For more on holomorphic semigroups, including their definition, see [11, Chapter 3.

Proof. This follows immediately from the resolvent estimate contained in the m-
sectoriality assertion of Theorem 3.1.2, combined with Proposition 3.7.4 and Theo-
rem 3.7.11 of [11]. O

Since we are interested in the spectral properties of the Robin Laplacian and for
future reference, we state explicitly the weak form of the eigenvalue equation: A € C

is an eigenvalue of the operator —Ag, that is, of the boundary value problem

—Au = \u in Q, (3.1.3a)

ou
£ +au=0 on 052, (3.1.3b)

with eigenfunction ¢, if and only if
aalth, V] :/vw-ﬁdwr/ awda(m):A/wdx (3.1.4)
Q o9 Q

for all v € H'(Q). Finally, we briefly summarise what happens if « is allowed to be a

function « : 92 — C instead of a constant. Even though this generalisation will not
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Chapter 3 Spectral analysis of the Robin Laplacian

be deepened for domains in this work, it will still play a greater role as we consider
quantum graphs in Section 5; there we will be considering compact quantum graphs,

that is, « is a function from the set of vertices into C.

Remark 3.1.4. If o € L>(99, C), then the sesquilinear form a, may be defined in
the same way (see (2.3.2)) and maintains its properties (in particular Lemma 3.1.1)

due to the continued validity of the trace theorem and hence the estimate

< el zoe o) lull 220 (3.1.5a)

’/moz|u]2da(:c)

< el VullZz ) + Cle llall = on) lullZz ). (3.1.5b)

Consequently, Theorem 3.1.2 remains valid with the obvious modifications that —Ag
is self-adjoint if and only if a(x) € R for all x € 9. The local uniform sectoriality of
Theorem 3.1.2 depends only on [|c|| e (s0): indeed, for given semi-angle 6 the vertex
in the sectoriality estimate can be chosen in dependence only on the estimate given
in (3.1.5). Theorem 3.1.3 then holds verbatim.

3.2 Holomorphic dependence of the Robin
eigenvalues and eigenfunctions on the

parameter

In this section we wish to study the dependence of the eigenvalues A(«) and eigenpro-
jections @, of the Robin Laplacian —Ag on the parameter o € C. This segment splits
into two parts: in Section 3.2.1 we apply Kato’s theory of holomorphic families of
operators to show that there is a family of eigencurves (as functions of o € C), each of
them analytic apart from potential crossing points, which describe the totality of the
spectrum for any fixed a. Moreover, we prove that the eigenprojections as operators
on L*(Q) likewise depend analytically on «, again except at the crossing points.
However, here caution is recommended: the normalised eigenfunctions themselves
do not change analytically: see Theorem 3.2.14. Then, in Section 3.2.2, we obtain a
formula for the derivative of an eigencurve with respect to «, at any point where the
corresponding eigenprojection is one-dimensional, that is, where the eigenvalue is

simple.
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3.2 Holomorphic dependence of the Robin eigenvalues and eigenfunctions

3.2.1 A holomorphic family of operators

As mentioned, we will start by applying Kato’s theory, see [74, Chapter VII], to study
the behaviour of the eigenvalues and eigenprojections of the Robin Laplacians —Ag
in dependence on the parameter o € C. As before, 2 C RY, d > 1, is a fixed bounded
Lipschitz domain. We first recall some more basic theory. To this end, we use the
framework of Section 2.2 to give important theorems about the relation between
linear operators and their associated forms and we start with the first representation
theorem, cf. [74, Theorem VI.2.1].

Definition 3.2.1. We call a linear submanifold D’ C D(a) a core of a sesquilinear
form a : D(a) x D(a) — C, if the restriction

a:D' xD C D(a) x D(a) = C (3.2.1)

of a has the closure a’ = a.

Theorem 3.2.2. Leta: D(a)x D(a) C H — C be a densely defined, closed, sectorial
sesquilinear form on H. Then there exists an m-sectorial operator A: D(A) C H —
H such that

(1) D(A) C D(a) and
alu,v] = (Au,v)y (3.2.2)

for all w € D(A) and v € D(a);
(2) if u € D(a), w € H and

alu,v] = (w,v) g (3.2.3)

holds for every v belonging to a core of a, then u € D(A) and Au = w. The

m-sectorial operator A is uniquely determined by the condition (1).
The following two corollaries are due to [74, Corollary VI.2.2 and VI.2.3].

Corollary 3.2.3. If we define the form a' : D(A) — H for the operator A : D(A) —
H by

a'lu,v] := (Au,v) g, (3.2.4)
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Chapter 3 Spectral analysis of the Robin Laplacian

then we have o’ = a.
Corollary 3.2.4. The numerical range W (A) is a dense subset of W (a).

Furthermore, we need to specify what we will be meaning by a holomorphic families

of operators or forms. The following definitions are due to [74, Section VII.2.1].

Definition 3.2.5. Let X, Y be Banach spaces. A family of closed operators A(«) :
X =Y for a € Dy C C is called a holomorphic family of type (A) if

(1) the domain D(A(«)) = D(.A) is independent of a,
(2) A(a)u is holomorphic for av € Dy for every fixed u € D(A).

Definition 3.2.6. Let a, be a family of sesquilinear forms on D(a) for a« € Dy C C.
This family is said to be holomorphic of type (a) if

(1) each a, is sectorial and closed with D(a,) = d(a) independent of & and dense
in H,
(2) aq[u,u] is holomorphic for a € Dy for each fixed u € d(a).

Remark 3.2.7. (1) If A(«) is holomorphic of type (A), it is actually holomorphic,

i.e. representable as a convergent power series.

(2) By using the polarisation formula, (2) from Definition 3.2.6 implies that a,[u, v]

is holomorphic in « for each fixed pair u,v € D(a).

Theorem 3.2.8. Let a, be a holomorphic family of forms of type (a). For each «
let A(a) ~ a, be the associated m-sectorial operator. Then A(a) form a holomorphic

family of operators and A(«) are locally uniformly sectorial.

Definition 3.2.9. We call the family A(«) a holomorphic family of type (B) if A(«)
is holomorphic, m-sectorial, and A(a) ~ a,, where a, is a holomorphic family of

forms of type (a).

To emphasise the dependence on « and for ease of notation, from now on we will

write
Ala) == —=Ag,. (3.2.5)

For an isolated eigenvalue A\ of a linear operator A on a Hilbert space H, its

eigenprojection @, is defined as follows (see [74, Section II11.6.5]).
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3.2 Holomorphic dependence of the Robin eigenvalues and eigenfunctions

Definition 3.2.10. Take a closed curve I'y C p(.A) enclosing A but no other point

of o(A). Then,
1

27
is a projection onto the algebraic eigenspace of X in H. Besides, @), is independent
of the choice of T'y.

Qx = fr (A—20)""dz (3.2.6)

We arrive at the following results; see [30, Theorem 4.1].

Theorem 3.2.11. Let Q C R4, d > 1, be a bounded, Lipschitz domain and let A(c),
a € C, be given by (3.2.5).

(1) The operator family A(«a), a € C, is self-adjoint holomorphic, i.e., A(a)* =
A(a@).

(2) Each eigenvalue A\i(«) can be extended to a meromorphic function with at most
algebraic singularities at non-real crossing points of eigenvalues. There are only
finitely many eigenvalue curves meeting at locally finitely many crossing points.

The same is true of the corresponding eigenprojections (Qx and eigennilpotents

(A(a) = A@))@x()-

Before proving the latter theorem we follow [30, Section 4] in order to give two
remarks on crossing points of the eigencurves and on the analytic continuation

property of the spectrum for a fixed o € C.

Remark 3.2.12. Suppose that two different eigenvalue curves A\;(a) and A\a(a) meet

at A\ for a = «y, i.e.
A= )\1(@0) = )\2(0&0). (327)

Then, the corresponding separating curves I'y, (a), 'x,(0) in (3.2.6) do not exist in
the limit o« — «p. However, the holomorphic continuation of the total projection
@,\(a) = Qx () + Qo) exists in ay and is equal to the eigenprojection for A of
A(p). In addition, let m; and msy denote the respective algebraic multiplicities
(that is, the dimensions of the associated spectral projections) and m = my 4+ my the

multiplicity at «g. By [74, Sections VII.4.5, T1.2], the weighted eigenvalue mean

Aa) = ?711 (mi (@) + mada(a) (3.2.8)
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is holomorphic in aq. A corresponding statement holds in the case of more than two

curves meeting at A, but in general the eigennilpotents may be discontinuous in ay.

Remark 3.2.13. Theorem 3.2.11 proves in particular parts (1) and (2) of The-
orem 1.2.1. Let us briefly explain in particular how we obtain the fact that the

analytic continuation €(«) of the eigenvalues
E(ap) := { () : k € N} (3.2.9)

for given ag € C exhaust the spectrum o(—Ag) for any a € C. Indeed, suppose there
were some a € C and an eigenvalue A(«) which did not lie on any of the eigencurves
Ak(@), that is, M(a) ¢ €(«). Then, said eigenvalue A(«r) could itself be extended to
an analytic eigenvalue curve on C by Theorem 3.2.11(2), and in particular we would
have an eigenvalue () not included among the the Ax(cy), that is, A(ag) ¢ (o),
a contradiction to the assumption that (Agx(ap))ren (counting multiplicities) is the

totality of the spectrum at «y.

Proof of Theorem 3.2.11. (1) By [74, Theorem VII1.4.2], A(«), a € C, is a holomor-
phic family of operators, and by [74, Remark VII.4.7], it is a self-adjoint holomorphic
family. (2) Then it follows from [74, Theorem VII.1.8] that the eigenvalues and
eigenprojections depend (locally) holomorphically on «, and hence so do the eigen-
nilpotents. Since the operator family is self-adjoint holomorphic, there are no
singularities at real crossing points of eigenvalues, see [74, Section VIL.3.1]. The
finiteness of the number of eigenvalue curves meeting at a crossing point, and of
the local number of crossing points, follows from A(«) having compact resolvent
and from the holomorphy of the eigenvalue curves. More precisely, since the total
projection (see Remark 3.2.12) is locally holomorphic, [74, Problem II1.3.21] implies
that the dimension of its range is locally constant and thus finite. This also implies
that if there were infinitely many crossing points in a compact set, then finitely many
eigenvalue curves meet at infinitely many points which have an accumulation point;
now the identity theorem implies that the eigenvalue curves have to be identical.

It remains to prove that for any fixed ay € C each eigenvalue A\;(cg) can be
extended to a function which is holomorphic on C except at the crossing points. We
fix such a A\x(ap) and take an arbitrary compact subset K C C that is the closure of

an open, connected set. It suffices to prove that if K contains «q in its interior, then
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there is a bounded holomorphic (except for crossing points) eigenvalue curve A («),

a € K, which coincides with Ag(ap) at o = .
To this end we consider the resolvent of A(a) for v € K. We set

po = [ p(=AQ). (3.2.10)

acK

Note that p5 # @ since the operator family A(a), a € K, is uniformly sectorial, see
Theorem 3.1.2 (2). Fix z € pf; then the resolvent family

R.(a) = (A(a) —2I)7', a€K, (3.2.11)

is not only compact but bounded-holomorphic [74, Theorem VII.1.3]. Thus, the

point spectrum

op(R=(a)) = o(R:(a)) \ {0} (3.2.12)

consists of eigenvalues of finite algebraic multiplicity, and with 0 as their only point
of accumulation. Denote the eigenvalues of R, () by (), where the ordering is

chosen in such a way that

1

M) = )

+z (3.2.13)

for all j. Now the eigenvalue p () may be extended to a holomorphic eigenvalue
curve, first to a neighbourhood of «g. This curve p;(a) cannot take on the value 0
for any a € K, since otherwise R, («)) would not be invertible; hence its modulus has
a non-zero minimum on any compact set. Together with the bounded-holomorphy
of A(a), o € K, we obtain that p(a) can be extended holomorphically to all of K
except at only finitely many crossing points with other eigenvalue curves. Via the

identification

1
N pr ()

Ax(@) + 2 (3.2.14)

we obtain that Ag(a) is well defined and holomorphic on all of K except at the

crossing points. Since oy € C and k were arbitrary, this completes the proof. n
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Even though Theorem 3.2.11 establishes that the eigenprojections can be continued
holomorphically (away from possible crossing points), the eigenfunctions lose this

property when normalised to have L?*(2)-norm one (see [30, Theorem 4.4]):

Theorem 3.2.14. Let H be a separable Hilbert space and let D C C be an open,
connected set. Let A(a) be an operator family on H such that its eigenfunctions u(c)
depend holomorphically on o« € D. Then the norm ||u(a)| g is non-constant on D or

u does not depend on o € D.

Proof. Let o € D, assume the family of normalised eigenfunctions u(«a) of A(«) to
be holomorphic and fix an arbitrary ag € D. Then, the function f : D — C defined
by f(a) = (u(ap), u(e)) satisfies

[f(@)] < [lu(ao)lmllu(@) ]l =1, (3.2.15)

that is, f is contractive on D. Now, since f(«ap) = 1, the maximum principle yields
that | f| = 1 is constant and by f(ag) = 1 we conclude f = 1. Furthermore, for any

a € D we have

[u(a) — u(ao) |l = (w(e) — u(n), u(er) — u(an)) (3.2.16a)
= [lu(@)ll + llu(ao) 7 — 2Re (u(ao), u(e)) = 0. (3.2.16b)

Consequently, u(a) = u(cy) and the family of eigenfunctions is independent of o, a

contradiction. O]

The question whether the eigenfunctions of —~A¢ , ,, are orthogonal in L*((—a, a))
will be clarified in Section 3.3.

Remark 3.2.15. In the case of such domains, where one can describe the eigenvalues
more or less explicitly (that is, as solutions of transcendental equations), namely
intervals, balls and (hyper-) rectangles, it is possible to show that the eigennilpotents
are always zero; see Remark 4.2.1 for the case of hyperrectangles and Remark 4.3.4
for the case of the ball. It thus seems reasonable to expect that the eigennilpotents

are zero on any Lipschitz domain.

Remark 3.2.16. However, it is easy to see that there can be nontrivial eigennilpo-

tents if « is allowed to be a function on the boundary. Take the simplest possible
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case of an interval Q = (—a, a) and suppose o : {—a,a} — C is a function. Then for
some values of a the eigennilpotents are non-zero: indeed, following the approach of

(83, Section 3|, let t € R and consider purely imaginary oy (z) of the form

—it  for x = —a,

a(x) = (3.2.17)
+it  for x = +a.
Then the spectrum of the Robin Laplacian A(a;) = —A{", ) reads
_ 2 2
o (A(ay) = {#*} U {k] }jEN, (3.2.18)
where k; = g—g, j > 1. That is, the spectrum consists of the eigenvalues of the

Neumann Laplacian independently of ¢, plus the eigenvalue 2. This eigenvalue

(interpreted as the case j = 0) corresponds to the eigenfunction
up(z) = —e (3.2.19)
while the rest of the eigenfunctions for kJJQ read

u;(z) = cos(k;(z + a)) — :sin(kj(x +a)). (3.2.20)

J

Note that each u;, 7 > 1, is, like its eigenvalue, independent of ¢. Fix j € N. The
eigenvalue curves t? and kJQ obviously cross at ¢t = k;, meaning that the algebraic
multiplicity at this point should be two. However, the eigenfunctions uy and wu;

converge to the same function as t — k;: indeed, we check that for

eQ1ta

e 12 ¢

it (3.2.21)
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when ¢ = k; the corresponding eigennilpotent satisfies

d2
(Alar) = 2) g(x) = —359(@) = g(x) (3.2.22a)
_ d i —itx 1 —itx eZitai it
T W <2te o T e
. oita (3.2.22b)
42 —itx itx
' (2#je 42 )
2ita
_ (;eitz 4 ;eitz 12tx —itx 4 1 eltm)
o ita (3.2.22¢)
_ 2$e—1tx + Telt:z:
= —e " = yy(x) (3.2.22d)
as well as
2\?2 d? 2 2 itz | 42 —itx
(Alar) —12) g = — g 1 un(w) =~ 4 P =0 (3.2.23)
Consequently, we obtained
2
(A(ozt) - tz) g=1ug#0 and (A(at) - t2) g =0, (3.2.24)

that is, g is a root vector and the geometric and algebraic eigenspaces do not coincide

However, the focus of this work is on the eigenvalue asymptotics and it would take
us too far afield to explore the question of the eigennilpotents here. So we leave it as

an open problem to investigate them in the case that « is independent of x € 0f).

Open Problem 3.2.17. Given any bounded Lipschitz domain Q C R?, suppose
that X\ = A a) is a repeated eigenvalue of A(a) = —AQ for some o € C. Is the
eigennilpotent (A(a) — Ma))Q@aa) necessarily equal to zero?

3.2.2 The derivative with respect to a

Let A(a) be a simple eigenvalue with corresponding eigenfunction ¥. We wish to

give a formula for the derivative \'(«) along its corresponding eigencurve, which by
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Theorem 3.2.11 always exists. Especially but not only in the special case « = 0 a
corresponding formula (see [36, eq. (4.12)]),
d Jsa )2 do(z)

—A = 7 3.2.25
is reasonably well known; for more details see [36, Section 4.3.2] and the references
therein. The proof of the following theorem (which is due to [30, Theorem 4.8]) is
given after the proof of Lemma 3.2.20.

Theorem 3.2.18. Let Q C R%, d > 1, be a bounded, Lipschitz domain, let o € C,
and let X\ = M) be any holomorphic family of eigenvalues. Suppose that there ezists
a d > 0 such that for all a in the neighbourhood Bs(cg) of ap, A(a) is a simple
eigenvalue of —AS, with eigenfunction ¥ (a)) which is chosen to be holomorphic in «.
Then in a neighbourhood of « the function

oy Jro (@) do(z) (3.2.26)

Jo¥(a)?dz

is meromorphic with at most removable singularities. Its holomorphic continuation

is equal to N(«) at every point in Bs(ay).

This justifies writing simply

/\/(Oé) _ fBQ ¢(a)2 dO(%) (3227)

Jo (@) dx

for all & € Bs(ayp), and in particular Theorem 3.2.18 implies Theorem 1.2.1(3).
We leave it as an open problem to determine whether the mapping (3.2.26) can

actually have (removable) singularities, or whether the denominator never vanishes.

Open Problem 3.2.19. Let A(«) be any algebraically simple eigenvalue of —Ag for
some Q0 C R? bounded and Lipschitz and o € C, and denote by 1 («) its eigenfunction,
scaled arbitrarily. Does it follow that

/Qw(oz)2 dz #0 7 (3.2.28)

We first prove that under the assumptions of the theorem the derivative of the

eigenfunction ¢ with respect to «, which we denote by ¢'(«) (and which exists as
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an element of L?*() by another application of Theorem 3.2.11) is actually in H'().
Notationally, we will take z € C to be small enough that a + z € Bs(ay), that is,
la+ 2z —ap| < 0.

Lemma 3.2.20. Under the assumptions of Theorem 3.2.18, we have ¢'(«) € H'(Q)
for all a € Bs(ay).

Proof. We will show that

lim sup [V (a+2) — Vi)l < 0. (3.2.29)

z—0 |Z|2

Since we already know that Vi/(«) exists in the distributional sense (as ¢'(a) €
L*(9)), it will then follow from (3.2.29) that actually V¢/(a) € L*(Q).

To prove (3.2.29), we fix z € C sufficiently small (as explained above) and use the
weak form of the equation for both A\(a+ z) and A(«) to obtain (with (-, -) the inner
product on L*(Q))

IV((a + 2) = p(a))ll3 (3.2.30a)
— Re /Q (Vio(a+ 2) — V(@) - (Vola + 2) — Vola)) dz (3.2.30D)
=Re [Ma+2)(¥(a + 2), (0 +2) —(a))]

~ Re {(a +2) [ dla+2)@lat2) - o) da(x)]
~ Re [A(@) ((a), b(a +2) = ¥(a)|
+Re |a [ d(@)@lat2) — Ha) dola)
= Re (Aa+ 2)(a+2) ~ A@)p(@), va +2) - ¥(a) )
~Re /8 ) (<a +2)b(a+ 2) (3.2.30d)

~ ap(a))@la+2) — H(a)) ) do(a).

(3.2.30c)
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3.2 Holomorphic dependence of the Robin eigenvalues and eigenfunctions

We next estimate the integrand in the boundary integral (3.2.30d) as follows:

= Re |((a + 2)(a+2) - av(a)) @+ 2) — o) (3.2.31a)
= —Re (OJ+Z)|1/1(CV+Z) ¢(a)| (3.2.31b)
+ Re [24(a)(0(a +2) = ¥(a))
< —Re(a+ 2)|v(a+ 2) — (a)?
Ll , (3.2.31c¢)
+ 5“/)(0( +2) —Y(a)|” + TW)(QN .
Applying the trace inequality in the form
/aﬂ [uf* do(z) < e Vul* + Cc|lul® (3.2.32)

for all u € HY(Q), where C. > 0 depends only on € > 0, to each of the two integrals

’ “Re(a+2) ’/ (a+ 2) — b(a)* do(x) (3.2.33)

and

[2I*

= /m ()2 d, (3.2.34)

and choosing € > 0 small enough that
1
n=c¢ {—Re (a+2) + 2} <1 (3.2.35)

leads us to

IV ((a +2) - w()]3
< Re (Aa + 2)(a + 2) — Al@)(a)), b(a + 2) — ¥(a))
F IV (a+ 2) — b)) (3.236)
+C(—Re(a+2)+5) (o +2) — v(a)B

Ce
+ 2 (51991 + S e(@)B)

Now e can be chosen independently of av € Bs(y); in particular, with such a choice,
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the coefficient of |z|? depends only on «, that is, we may write

€ C.
Coi= ZIVH(@)IB + 903 (327)
for this coefficient. We now divide by |z|*> and pass to the limit as z — 0 to obtain

i o L7000+ 2) = ()P

z—0 |Z’2

<- ! e (Y(@)u(a) + Ma)/(0), /()
(3.2.38h)

1 1 / 2
+ ECE <—R60é + 2) ||77D (Oé)” + Oa.

(3.2.38a)

Since we already know that ¢'(«) € L?(Q2), the right-hand side of the above inequality
is finite. This establishes (3.2.29) and hence completes the proof of the lemma. [

Proof of Theorem 3.2.18 and hence of Theorem 1.2.1(3). We choose ¥(a) € H'(Q)

as a test function in the weak form of the eigenvalue equation for A(«):

/Q(V@D(a))g de + a/m@b(a)Q do(z) — Ma) /Q W(a)?dz = 0. (3.2.39)

The left-hand side clearly depends holomorphically on «. Moreover, since ¢'(«) €

H'(Q) by Lemma 3.2.20, we may calculate its derivative as

zjﬂw'(a)-w(a) d:v—l—/mw(oz)zda(x)
+ 2 /6 _¥(a)p(a) do(z) - N(a) /Q b(a)? de (3.2.40)
—92A(a) /Q W (@)(a) dz = 0.

But the weak form (3.1.4) of the eigenvalue equation for A(«) also implies that

2 /Q Vo' (a) - Vip(a) dz + 20 /6 _W/(@)(a) do(a)

(3.2.41)
= 2() | ¥/()(a) dr,
whence
V() /Q b(a)? dz = /a (a)?do(a). (3.2.42)
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3.3 Basis properties of the eigenfunctions

This yields (3.2.27) in the case that [, (a)? dz # 0. But since we know that X' («)

is holomorphic in Bs(ayg), as are the mappings

Qs /Q ba)fde,  arm [ v(e)dola) (3.2.43)

if the left-hand side of (3.2.42) vanishes at some point, then the right-hand side must
vanish as well, and to the same order. It follows that any singularities of the mapping

(3.2.26) in Bs(ap) are removable. This completes the proof of the theorem. O

3.3 Basis properties of the eigenfunctions

Given the analytic dependence of the eigenfunctions {ug(«)}r>1 of the Robin Lapla-
cian for a € C, cf. Theorem 3.2.11, it is a natural question to ask whether they also
still have reasonable basis properties. The best case, that is, the eigenfunctions can be
chosen to form an orthonormal basis of L*(2), is well known for real a due to the self-
adjointness of the corresponding operator, cf. [36, Section 4.2]. We will show that the
set of eigenfunctions lacks this property as soon as « is no longer real. This negative
result of Theorem 3.3.1 seems devastating, however, there are other (weaker) basis
concepts (such as Riesz, Bari, and Abel bases, see Definitions 3.3.3, 3.3.4, and 3.3.5)
to investigate. In this section we will explore this question and, in particular, prove
parts (4) and (5) of Theorem 1.2.1.

We start with the negative result (5), that the eigenfunctions do not generally

form an orthonormal basis (see [30, Theorem 5.1]).

Theorem 3.3.1. Let Q € R?, d > 1, be a bounded Lipschitz domain and o € C.
Then the eigenfunctions ex(a), k € N, of —=A& can be chosen to form an orthonormal
basis of L*(Q) if and only if a € R.

Proof. For ease of notation, in this section we will write A(a) := —Ag. For « € R
the claim follows from the self-adjointness of A(«).

Let a € C\ R and assume that the eigenfunctions {ex(a)}2, of A(a) do form
an orthonormal basis of L*(Q2). To distinguish the notation from the complex

conjugation z of z € C and

M ={zeC:ze M} (3.3.1)
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Chapter 3 Spectral analysis of the Robin Laplacian

of M C C, let cl(M) be the closure of M. Let
u € D(A(a)*) = D(A(@)) C L*(Q) (3.3.2)
have L?(Q)-norm one. Then there is a unique representation of u,

i (w.en(@)) exla), 1= Julfi = §|<u,ek<a>>|2, (3.33)

which we use to calculate

(u, Al) u) = (A(a)"u, u) (3.3.4a)
Z u, ex()) ((—=A8)"u, ex()) (3.3.4b)

= i (er(@),u) (u, Ap(a)ex(a)) (3.3.4¢)

i (, ex(a))[* Me(a). (3.3.4d)

By definition of the numerical range (2.2.10) and the identity
cl(W(ay)) = cl(W(A(a))), (3.3.5)
cf. Lemma 2.2.7, we obtain
c(W(A(a)")) = cl(W(al)) = cl(W(ay))" = cl(W(A(a)))*. (3.3.6)
Note that due to the normalisation of u we have

i (u,ex(@))]” =1 (3.3.7)

and (3.3.4d) can be interpreted as an infinite convex combination of the complex
conjugated elements A\y(«a) € o0(A(«)). The convex hull of the whole spectrum will
be denoted by

conv (0(A(a))) = conv { () : k € N}, (3.3.8)
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3.3 Basis properties of the eigenfunctions

Due to (3.3.4) and (3.3.6) we obtain
cl(W(A(a)))" = cl(W(A(a)")) = cl (conv (o (A(a)))") (3.3.9)
and by complex conjugation of both sides we arrive at
(W (aa)) = A(W(A(0))) = c (conv(o(A(a)))). (3.3.10)

This equation leads us to a contradiction as follows: since A(«) is sectorial and its

resolvent is compact, for any sufficiently large r > 0 the truncated convex hull
P(a) :=conv{ () : k€N, [ M(a)| <r}CC (3.3.11)

is a polygon which contains at most finitely many eigenvalues of A(«), see Figure 3.3.1.

2Im 2

Ag
A6
\ |
)\1 )\7
r / R

Figure 3.3.1: The truncated convex hull P,(a) containing all eigenvalues A\; = Aj(«) in
B, (0). Here we see two convex hulls for different radii » < R. Note that there are at most
finitely many eigenvalues in each P.(«a), that is, this set is polygon-shaped.

Re 2

We show that P,.(«) is contained in the upper half-plane, or equivalently Im A\ () >
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0 for all £ € N: due to
o(A(a)) C W(as) C {z € C:Imz >0} (3.3.12)

it is clear that Im Ax(a) > 0 for all £ € N. Now assume that there exists an

eigenvalue A € P,(«) NR, that is, we find a corresponding (normalised) eigenfunction
u € D(A(«)) such that

A= (Ala)u,u) = /Q Vul2dz + a/m lu|?do(z) € R. (3.3.13)

This holds if and only if u|gg = 0, that is, u is an eigenfunction of the Dirichlet
Laplacian AP := —AL. Furthermore, u € D(A(«)) yields

0=0u+au=0,u (3.3.14)

on Jf2 and u is additionally a Neumann eigenfunction, a contradiction. In other

words, we have shown that
cl(conv(o(A(a)))) NR = 2. (3.3.15)

Since the principal eigenvalue \; = mino(A”) can be represented by the varia-
tional max-min characterisation, there exists a normalised minimising function (the

associated eigenfunction) u; € HJ(2) such that
A= /Q V|2 da. (3.3.16)
Recall that the domains of the Dirichlet Laplacian and the Robin form satisfy
D(AP) c H}(Q) ¢ HY(Q) = D(aa), (3.3.17)

see Section 2.3. Consequently, A\; € cl(W(a,)), a contradiction to (3.3.10) and
(3.3.15). Hence the eigenfunctions {ex (o)}, of A(a) do not form an orthonormal
basis of L%(12). O

One may show by explicit calculation that, even on the interval 2 = (—a,a),

consistent with Theorem 3.3.1, for given a € C \ R the eigenfunctions of the Robin
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3.3 Basis properties of the eigenfunctions

Laplacian —Ag belonging to different eigenspaces are not in general orthogonal to
each other: this statement is studied in Section 4.1.4, more precisely as the statement
of Lemma 4.1.7. Hence, for our positive result, we necessarily need to introduce
“weaker” notions of basis. Here we will consider three: Bari, Riesz and Abel bases.
The definitions of the first two of these, namely Definitions 3.3.3 and 3.3.4, are taken
from [72, 3.6.16-19]. For what follows we assume (H, ||-||z) to be a separable complex

Hilbert space. We start by defining what we mean by a basis of H.

Definition 3.3.2. A set B = {ex}72, C H is called a basis (or Schauder basis) of

H if for each h € H there exists a unique, convergent series representation

k=1
with coefficients hy, = hy(h) € C.

We denote by ¢£%(C) the space of square summable sequences, namely

o 1/2
(C) = {(xk)k C C: [(zp)kllee(c) = (Z |$k|2> < oo} : (3.3.19)

k=1

Definition 3.3.3. Let B = {e}32, be a basis of H. Then B is called a Riesz basis
if there are constants 0 < m < M such that

mll(he)kllee < [1hlla < MI[(hi )l (3.3.20)
holds for any h = 3272 hyep € H.

Definition 3.3.4. Let B’ = {¢},}72, be an orthonormal basis of H. A set B =
{ex}2, C H is called a Bari basis of H if B is quadratically near 55’, that is,

> ek — € ll7 < oo. (3.3.21)
k=1

An Abel basis, as first introduced in [89] and also defined for example in [115,
Section 1.2.13], is always defined with respect to the eigenvectors and generalised

eigenvectors (for short, generalised eigenvectors) of a densely defined sectorial operator
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A. The intuitive idea is that the formal series expansion
> hew (3.3.22)
k=1

of an element h € H in the generalised eigenvectors ey of A may not converge. The
goal is to force it into convergence by multiplying each coefficient h; by a weight

e Mt (where )y is the eigenvalue corresponding to e;), such that
Z hke*)‘ztek (3323)
k=1

converges for each fixed ¢ > 0, and this series then converges to h as t — 0, then
{erx}2, is an Abel basis of order v > 0. (Note that an Abel basis will not generally
be a basis in the sense of Definition 3.3.2, since the - series expansion is explicitly
not required to converge.) The general idea is based on the Abel summability of
(divergent) series by Abelian means; we refer to [67, Section 4.7] for more details. To

give the definition of Abel bases we copy the one from [115].

Definition 3.3.5. Suppose A : H D D(A) — H to be a densely defined operator
with purely discrete spectrum, such that all but finitely many of its eigenvalues lie

in the sector
T, ={2€C:|argz| < 0} (3.3.24)

for some 0 € (0,7). Then we say that the generalised eigenvectors of A form an
Abel basis of H of order v > 0 if v0 < w/2 and if there exists an enumeration of the
eigenvalues {\;}32; (with {e;}32; the corresponding enumeration of the generalised
eigenvectors) such that for this fixed enumeration, for each h € H, there exists a

sequence of coefficients hy € C for which the series
h(t) =Y hyeiley (3.3.25)
k=1
is convergent for all ¢ > 0, and h(t) — h in H as t — 0%,

For the eigenvalues A which do not lie in T}, the weight e ' in (3.3.25) is to

be interpreted as 1, while if some A is a repeated eigenvalue and {e;,...,e;1¢} is a
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3.3 Basis properties of the eigenfunctions

basis of its eigenspace, then the corresponding terms in the series (3.3.25) are to be

interpreted in terms of the eigenprojection, that is,

J+L
Z hke_wtek (3326)
k=j
is to be replaced by
1 —\7t -1
— —zI)""hd 3.3.27
5 ¢ (A= 2D (3:3.27)

where Iy is any closed path in C separating A from the rest of the spectrum.

The definition can be extended to allow v < 7 in place of 70 < 7/2; we refer,
again, to [115, Section 1.2.13].

Remark 3.3.6. One may derive from the definitions that an orthonormal basis is
always a Bari basis, a Bari basis is always a Riesz basis, and a Riesz basis, if it
consists of the generalised eigenfunctions of a suitable operator, is always an Abel
basis of order zero. The latter, in turn, is an Abel basis of any positive order v > 0,

provided only that the sectoriality estimate v < 7 still holds.

Our goal is to show that the eigenfunctions of A(«) form (at least) an Abel basis
of L?(R2), for any o € C. This is based on a theorem of M. S. Agranovich (the main

theorem of [4]), which we recall here for ease of reference.

Theorem 3.3.7. Suppose H and V are separable complex Hilbert spaces such that

V — H is compact, and suppose that a : V x V — C is a bounded, coercive

sesquilinear form. Denote by
a—+a

b:=Rea = 5

and  c:=ilma=a—b (3.3.28)

the real and imaginary forms, respectively, which add to give a. Denote by A and B

the operators on H associated with a and b, respectively. Suppose that

(i) there exist 0 < q¢ <1 and m > 0 such that
e[, u]| < ml| BYul |5 full > (3.3.29)

for allu eV, and
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(i1) there exists p > 0 such that the sequence of eigenvalues A\i(B), k > 1, of B
(bounded from below by assumption), repeated according to their multiplicities,

has the asymptotic behaviour

. Ae(B)
|
ol

> 0. (3.3.30)

Then A has discrete spectrum, the invariant subspaces of A are all finite dimensional,

and the corresponding eigenfunctions and generalised eigenfunctions of A constitute
(1) a Bari basis of H if p(1 —q) > 1, or
(2) a Riesz basis of H if p(1 —q) =1, or

(3) an Abel basis of H, of order 1/p+ (¢ — 1) +0 for any (sufficiently small) § > 0,
if p(1—q) < 1.

Theorem 3.3.7 was already used for a similar purpose in [71, Section 5] to prove a
corresponding one-dimensional result; more precisely, for the Laplacian on a compact
metric graph, equipped with complex § conditions at one or more of the vertices
(corresponding to a complex Robin condition), one can apply (2) to obtain a Riesz
basis. With this background, we can now state our main positive result, which
corresponds to Theorem 1.2.1(4) and hence to [30, Theorem 5.7].

Theorem 3.3.8. Let Q C R, d > 1, be a bounded Lipschitz domain and o € C.
(1) If d = 1, then there is a Riesz basis of L?(Q) consisting of the eigenfunctions
and generalised eigenfunctions of —Ag;

(2) If d > 2, then there is an Abel basis of L*(Q2) of order (d —1)/2+ & for any
(sufficiently small) 6 > 0, consisting of the eigenfunctions and generalised

eigenfunctions of —Ag.

The conditions on d in the latter theorem are by no means sharp; we leave the

following question as an open problem.

Open Problem 3.3.9. Do the eigenfunctions of —Ag still form a Riesz basis of
L2(Q) if Q C R? is a bounded Lipschitz domain in dimension d > 2, as they do when
d =1 and when Q is rectangular (see Remark 4.2.1)?
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3.3 Basis properties of the eigenfunctions

Furthermore, here we repeat the open problem from Remark 3.2.15 to establish
that the eigennilpotents are always trivial, that is, that all generalised eigenfunctions

are in fact eigenfunctions.

Proof of Theorem 3.3.8. We only need to apply Theorem 3.3.7, as was done in |71,

Section 5] for d = 1, and in fact we refer there for the proof in this case.

So suppose that d > 2. Obviously, we choose H = L*(Q) and V = H*(Q). Given
a € C, which will be fixed throughout, we suppose w > 0 to be such that

g [u, u] + w(u, ) (3.3.31)

is coercive H'(2), which we may always do by the trace inequality, cf. Lemma 3.1.1.
We then choose

afu, v] == as[u, v] + w(u,v), (3.3.32)
so that
b= aRrea +w(-, )2, (3.3.33a)
A=—A% 4wl (3.3.33b)
B = —Afe™ 4wl (3.3.33¢)

and to apply Theorem 3.3.7 we only need to check the conditions (i) and (ii). We will
show that (i) holds for ¢ = 1/2 and (ii) holds for any p < d/2, leading in particular

to the order of the Abel basis claimed in the theorem.

For (i), first note that for any operator B satisfying the assumptions of the theorem,

we have that
(Bl/2u, Bl/2u) = (Bu,u) = b[u, u] (3.3.34)
for all w € D(B), and in particular || B'/2u||y = b[u,u]"/? for all u € V = HY(Q). Up

to a possibly different constant, the form b defines an equivalent norm on H'((Q).

Thus, in our setting, and with ¢ = 1/2, (3.3.29) reduces to the question of the
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existence of a constant m > 0 such that, for all u € H'(Q)
IIm o /Q [uf? do < ml[ul g1 oy l[ul2- (3.3.35)

But this, in turn, follows immediately from the trace inequality (3.4.52) of Re-
mark 3.4.11, to be proved below.

For (ii), note that the constant w has no effect on the asymptotic behaviour of the
eigenvalues; thus we may assume without loss of generality that w = 0. We are thus

interested in the smallest p > 0 such that

: Ae(=AG°7)
1 A S T
AN

> 0. (3.3.36)

However, the Weyl asymptotics for the Robin Laplacian (see, for example, [7,

Section 1] or [73, 112]), valid for any Re «, namely
A(—ARe) = Cy(1Q)EY? 4 o(kY?) (3.3.37)

as k — oo for a constant Cy(|2]) > 0, leads us to p < d/2. O

3.4 On the numerical range

Since —AZ ceases to be self-adjoint for @ € C \ R, techniques commonly used to
obtain estimates for localising the spectrum fail. The idea is to localise the numerical
range W (a,) of the Robin form which (since it contains the whole spectrum of our
operator) particularly provides estimates for the eigenvalues. In particular, we obtain
estimates on Re A for complex (and as a special case for real) « for both Lipschitz
domains and those having C? boundary. Even though both cases are based on
trace-type inequalities, cf. Lemma 3.4.7, we obtain somewhat different results, and
require a different method of proof: the reason why we use C? boundary to describe
the smooth case (compared with the non-smooth Lipschitz boundary) are curvature
estimates used to obtain constants for the eigenvalue inequalities of Lemma 3.4.7. In
the case of general Lipschitz domains the function describing the distance from the
boundary 0f2 does no longer enjoy the same regularity properties and a different,

local argument is needed.
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3.4 On the numerical range

As mentioned before, this section is devoted to give bounds on the numerical range of
aq associated with the operator —A& on a general Lipschitz domain Q C R?, which

we recall is given by

Wi(aa) = {/ |Vul?dz +/ alul? do such that
@ o5 (3.4.1)
w € HY(Q) with [Julls = 1} cc.

The spectrum satisfies
0(=A%) = 0p(=Ag) C W(=A8) € W(aa), (3.4.2)

and in addition to giving an independent proof of the sectoriality of the form and
the operator claimed in Section 3.1 (more precisely, Lemma 3.1.1), these bounds will
more importantly provide us with an estimate on the rate at which any eigenvalues
A(@) can diverge in the regime Re v < 0. Moreover, these bounds allow us to control
the imaginary part of the eigenvalue. In particular, the following theorem contains
Theorem 1.2.3 (see [30, Theorem 6.1]).

Theorem 3.4.1. Suppose Q C R, d > 2, is a bounded Lipschitz domain. Then
there exist constants C7 > 2 and Cy > 0 depending only on €2 such that for « € C

the set W(ay) is contained in
Moo ={t+a-se€C:t>0,5€[0,CrVE+Cal}. (3.4.3)
In particular, we have the estimate
02
Re\ > —Zl|Re al? — Cy|Reql (3.4.4)
for all X € o(—=AZ). If Q has C? boundary, then we may choose Cy = 2.

The regions Aq, for different values of a@ € C are depicted in Figure 3.4.1 for
Rea > 0 and Ima > 0 and in Figure 3.4.2 for Rea < 0 and Ima > 0. The
constants Cp, Cy > 0 from (3.4.3) heavily depend on the geometry of 92, and with
our method of proof it should be possible to give an estimate on them, at least in

principle; see Remark 3.4.13 for a discussion of the meaning of C5 in the case of
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smooth domains, where we obtain an expression for C related to the curvature of
00, cf. (3.4.34).
It does not seem clear whether or not we should expect C; = 2 in Theorem 3.4.1

for domains of class C!, not just C?; cf. Remark 3.4.3.

ahes

Colma

\J o 0

\

tity ChlRea| t3 4

Figure 3.4.1: The set Aq o, which contains the numerical range W (a,), for a representative
choice of Rea > 0 and Im o > 0, corresponding to the region between the curve dAq , and
the real axis. The region is composed of the union of segments of the form {t + o-s € C:
s € [0,C1v/t + O3]}, each of slope Im a/Re o, for different values of ¢ > 0; the dotted lines
show these segments for selected values of t1,...,t4 > 0. Their endpoints form a parabolic
section of OAq o open to the right.

Given the continuing interest in the self-adjoint case and since it is the first time a
bound of the following form valid for all & < 0 and for general C? domains has been

found, we cover this special case in the following proposition.

Proposition 3.4.2. Let Q C R?, d > 2, be a bounded Lipschitz domain. Then, there
exist constants c; > 1 and co > 0 depending only on 2 such that for any o < 0 and

any corresponding eigenvalue X € R we have
A > —cia? + 0 (3.4.5)

If Q has C? boundary, then we may choose c; = 1.
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ahes

t= [Re

i 2 :
—T|Rea\ — Cy|Rea| t=0

Figure 3.4.2: The set A, for Re < 0 and two different choices of Im o > 0 (whose upper
boundaries correspond to the solid and dashed curves, respectively). As Ima — 0, the

2
region collapses to the part of the real axis from —%\Re al? — C3|Rea to +oo.

Furthermore, we wish to discuss how they fit in with known results before we turn
to the proofs. To this end, we start with a discussion of the real case for smooth

domains.

Remark 3.4.3. We recall the well known bound
(o) < —|af? (3.4.6)

on the principal (smallest) Robin eigenvalue A («) of —Ag for any bounded Lipschitz
domain Q C R? and « < 0, which may be obtained by a simple variational argument
(we refer to [63, Theorem 2.3] or [36, Proposition 4.12] for external references and
internally to Section 2.4.1). Together with this bound, Proposition 3.4.2 in the case

of a C? domain gives a new, simpler proof of the asymptotic behaviour
M(a) = —|a]* + O(a) (3.4.7)
as a — —oo. The only other proof of this fact available for C* — actually C! —

domains, which is completely different and involves a blow-up argument, is the
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principal result of the article [90] from 2004. All other proofs (which give more terms
in the expansion) require more boundary regularity: indeed, if 2 is C3, then, as
a — —0o0,

M(a) = —|af> = (d = 1)Rmax|a| + O(a*?), (3.4.8)

where Kpax denotes the maximal mean curvature of OS2, see [36, Section 4.4.2.1] for
a discussion and further references.

It is interesting to note that in the case of smooth €, that is, A\; ~ —a?, the
constant Cy appearing in Theorem 3.4.1 is likewise related to the curvature of 02
(see Remark 3.4.13 for more details); the presence of the curvature suggests that the
“smooth” version of Theorem 3.4.1 does not hold under significantly weaker regularity

assumptions than C?. We leave the following question as an open problem.

Open Problem 3.4.4. Determine whether a better bound than the one in Theo-

rem 3.4.1 is possible for C1 domains.

After studying the case of smooth domains in the previous remark, we now consider

a less regular boundary of €.

Remark 3.4.5. We recall that for domains 2 with piecewise smooth boundary
and a finite number of “model corners”; the asymptotic behaviour of the principal

eigenvalue reads
Ai(a) = =Cla)? + o(a?) (3.4.9)

as a — —oo, for a constant C' > 1 depending on the opening angle(s) of the “most
acute” corner(s) of Q (we refer to [36, pp. 94-95] for details and references); it is
an open problem to show that (3.4.9) also holds on general Lipschitz domains [36,
Open Problem 4.17]. The lower bound of Theorem 3.4.1 in the form of Corollary 1.2.4,
together with (3.4.6), at least implies a two-sided asymptotic bound of this form.

The following remark goes beyond our topic, but for the sake of completeness we

still want to mention it.

Remark 3.4.6. We incidentally note that the bound of Theorem 3.4.1 on the
numerical range of a, and therefore on the spectrum —A§ implies that, for any

Lipschitz domain Q C R? and any o € C, the operator A% generates a cosine
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function, that is, the corresponding wave equation is well posed (see [11, Section 3.14]
for more details on cosine functions of operators). In fact, it is known that an
operator generates a cosine function if and only if its numerical range and spectrum
are contained in a parabolic region (see [11, Theorems 3.17.4 and 3.17.5] or [10,
Theorem 5.3]). Here, we see that —Aq , is contained in the parabolic region described
in that theorem for sufficiently large w > 0. How large w has to be depends on «a, C
and Cs.

The proof of Theorem 3.4.1 is based on the following trace-type inequality.

Lemma 3.4.7. Let Q C R?, d > 2, be a bounded Lipschitz domain. Then there exist
constants Cy > 2 and Cy > 0, both depending only on 2, such that

/(99 w2 do < C1||Vulls + Co (3.4.10)
for allu € HY(Q) with ||u|ls = 1. If Q has C? boundary, then we may choose C; = 2.

The constants C; and C5 will be the same as the ones appearing in the statements
of Theorems 3.4.1 and 1.2.3. The proofs for the cases of C* and Lipschitz boundaries
are completely different. For the smooth case, which we treat first, we need a
technical lemma involving the geometry of € near its boundary, where we will heavily

rely on the assumption that 9€Q is C2. We first introduce some notation:
Definition 3.4.8. For a bounded domain 2 C R¢, we define
(1) the signed distance function to 92, namely dg € C(R% R), by

() o | Bt 09) = infeconle 2| ito €D (3.4.11)
QlT) = re) o
— dist(z, 09) if v € RT\ Q.

(2) Given any € > 0, we also set
Q. = {zx e R : |dg(x)| < e} (3.4.12)

to be the (open) “strip” around (or neighbourhood of) 02 of width 2e, where
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we also write

QF =0.NnQ={reQ:dy(x) <e},

€

Q- =0.NO%a = {l‘ € Qga : —dQ(SL') < 5},

(3.4.13)

cf. Figure 3.4.3.

Figure 3.4.3: Depiction of the neighbourhoods €., -, and QF for an exemplary section of
9.

(3) Finally, we define the level surfaces of dg in ., viz.
Sy = {x € R : dgo(z) =t} (3.4.14)
for t € R to be

Q.= U S (3.4.15)

te(—e,z)

Lemma 3.4.9. Suppose Q C R? is a bounded domain of class C?. Then there exists
e > 0 such that

(1) dalg, € C*(Q);
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(2) for each x € Q. there erists a unique minimiser z, € 02 such that

do(z) = |v — 24]; (3.4.16)
(3) for each x € Q. \ 09,
T =z
= 4.1
Vdg(x) P (3.4.17)

with z, as in (2). In particular, |Vdo(x)| = 1 for all x € Q.;
(4) for each t € [—¢,¢], S; is a compact manifold of class C*; and
(5) for each f € C*(§.) the function
te [ fdo (3.4.18)

is differentiable at every t € (—¢,¢), and its derivative, given by

/ O, f + fAdq do, (3.4.19)
St

is in C([—¢,€]). In particular, for any f € C*(QF) and any &, € [0,¢),

[ fao— [ rdo= [ o+ fAdede (3.4.20)

Proof. (1) Since 99 is assumed to be C?, this statement is contained in [62, Appendix,
Lemma 1], see also [18, Lemma 2.4.2]. (2) follows (possibly for a different ¢) from [56,
Lemma 4.11] where we need that 9 is of class C"'. However, a covering argument
using the fact that 0€2 is compact, that is, we can consider finitely many balls covering
09, is sufficient to apply said Lemma on each such ball (in the language of [56], (2)
means that reach(0€2) > 0). (3) then follows from [56, Theorem 4.8], where we note
that Vdg € C1(Q.) and |Vdg| = 1 in Q. \ 99Q implies that |Vdq| = 1 everywhere in
Q.. (4) follows from (1) using the Implicit Function Theorem and the fact that Vdg

never vanishes on €. by (3), together with a covering argument since S; is clearly
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compact. For (5), fix f € C'(€.) and for brevity write
Ft):= [ fdo. (3.4.21)
St

Firstly, we claim that (3.4.19) is the distributional derivative of F'. Indeed, for any

test function ¢ € C°(—¢,¢), we have

/E F(t)p(t) dt = /_ [ fetydrat = /Q foodods (3.4.22)

—E

by the coarea formula in the form of [50, Section 3.4.3], using the fact that the S;

are the level surfaces of dg and |Vdg| = 1 everywhere by (3). In particular,

/ CF()(t) dt = /Q fo' ododa = /Q FVda - V(g odo)dz (3.4.23q)

_— / o o do div(fVdg) dz (3.4.23b)
Qe
=— [ )| div(fVdg)dzdt, (3.4.23¢)
—& St
where for the second last equality we have used the divergence theorem (integration
by parts) and the compact support of ¢; and the last equality follows from another

application of the coarea formula. The claim now follows from the short calculation
div(fVdg) = Vf - Vdg + fAdg = 0, f + fAdo, (3.4.24)

valid pointwise in €. since dq is C? by (1), and using the fact that Vdg points in
the direction of ¢ by (3). We next note that the integrand in (3.4.19) is in C'(€2.) and
hence a short argument using the compactness of S; and the uniform continuity of
the integrand shows that the integral in (3.4.19) is in fact in C'([—¢, €]); in particular,

it is the pointwise derivative of F' at every point in (—¢,¢).

Finally, for (3.4.20), by what we have just shown we may apply the Fundamental
Theorem of Calculus in the form of [108, Theorem 7.21] to the function F' on the

interval [0, &q] (for any £; < €) to obtain

Fle1) — F(0) = /0 a /S Of + fAdg do. (3.4.25)

A final application of the coarea formula to the integral on the right-hand side,
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together with the definition of F', yields (3.4.20). O

Proof of Lemma 3.4.7. The case of C? boundary. We keep the notation of dg, QF,

and S; from Lemma 3.4.8 and note that it suffices to prove
/m w2 do < C1||Vulls + Co (3.4.26)

for all u € C(Q), by density of the latter set in H'(£2) for bounded 2 of class C?
(cf. [62, Section 7.6]) and the trace theorem. We let € > 0 be as in Lemma 3.4.9
(in particular, by making ¢ a little smaller if necessary we can always assume that
(3.4.20) holds with € in place of €;) and choose a cut-off function ¢ € C1(Q) such
that 0 < p(z) <1 for all x € Q and

o(x) =0 for all z € Q \ Q,

¢|s, = const for all fixed t € [0, ¢], (3.4.27)

ploa = 1.
The existence of such a function is guaranteed by the regularity statements in
Lemma 3.4.9: indeed, if we let ¢ € C*°(]0,00)) be any smooth function satisfying
¥(0) = 1 and ¢(t) = 0 for all t > ¢, then we may take ¢ = ¢ odg. Now fix u € C1(Q)

normalised such that ||uls = 1. Then
f = |ul*p € CY(Q) (3.4.28)

and we apply formula (3.4.20) from Lemma 3.4.9 to obtain the following equation
(3.4.30). Using that ¢ =1 on 992 and ¢ = 0 on S. in (3.4.29), we obtain

—/ |u|2da:/ ]u|2gpd0—/ lu|*p do (3.4.29)
20 S. 20
_ /Q L O(ul*0) + Jul*eAdg da (3.4.30)
= /Q 2¢0Re (@0u) + |ul?Opp + |ul*pAdg dzr. (3.4.31)
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Due to ¢ = 0 on Q \ QF, we may estimate

/m [u]* do < 2]l [ull2[Vullz + [ull2 Vel

, (3.4.32a)
+ [[ullzlllloo - max |Adg(z)]
€N
= 2||Vulz + [Vl s + max |Adg(z)] (3.4.32b)
+

€N

using the normalisation |Ju||; = 1 as well as ||¢||ooc = 1 (where all norms are over §2).

This proves the assertion

/m |2 do < C1||Vulls + Co (3.4.33)
with
Cy = ||V¢|l0o + max |Adg(x)]. (3.4.34)
zeQt
[

If Q is a Lipschitz domain, the proof of Lemma 3.4.7 is based on a very different,
local argument. To this end, we need another auxiliary statement on the normal
vector to 02, which needs some additional notation: fix z € 92 and a neighbourhood
U, of z such that within U,, 0 is given by the graph of a Lipschitz function
¢ : R¥1 — R such that Q, := QN U, lies in the region

{zeR!: za< @)}, (3.4.35)
where we use the notation
= (21,...,24)" = (%, 24)7 € RT~ R x R. (3.4.36)
Such a neighbourhood U, exists by Definition 2.1.2. From now on, we will write
(09), := 00 NU, (3.4.37)

for the part of the boundary of €2 which lies inside the just defined neighbourhood
U, cf. Figure 3.4.4. Then in the coordinate system (3.4.35), the normal vector to
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Figure 3.4.4: Depiction of the neighbourhood U, for some boundary point z € 92 plus the
corresponding sets €2, and (092)., respectively.

0f) given by
v=(v1,...,v9)" : 00 = R, (3.4.38)

which is an L*°-function since 05, is Lipschitz (see [37, Section 1]). We omitted the

proof of the following statement in [30, Proof of Lemma 6.5]; thus, for completeness

Y

sake, we give in this thesis.

Proposition 3.4.10. After the preceding procedure the d-th component v, of the

normal vector v satisfies
essinf{vy(y) : y € (0Q),} > 0. (3.4.39)

Proof. In the neighbourhood U, the boundary 02 is locally given by the graph of
a Lipschitz function ¢ : R¥™* — R (cf. Definitions 2.1.1 and 2.1.2). From now on,
every statement is to be understood locally in this neighbourhood. It is well known
that V(¢ exists a.e. and V¢ € L®(R%!) is bounded, as well; and the same holds for

the (outer) normal vector

v=_(v,...,v9)" 00 = R (3.4.40)
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Since €, lies in the region (3.4.35), that is, Q lies on one side of ¢, we have vy > 0
a.e. Besides, if we denote by T¢(%) the tangential hyperplane to ¢ (at those points &
where it exists), then at z = (&, 74)" € R? the plane T;(¥) is given by

0
1
0 0 :
span . : ' e 0 . (3.4.41)
0 0 1
v v o >
o (@) \gs(@) s (@)

By construction, we have v -7 = 0 for all 7 € T¢(%) (where it exists). We now

rewrite v -7 = 0 in terms of the d — 1 vectors from (3.4.41) and obtain the system of

equations
v (x) + Vd(x)aaxcl(i) =0 (3.4.42a)
V() + ud(:l:)gai(af) =0 (3.4.42b)
Vi—1(z) + vg(x) afdc_l ()=0 (3.4.42c)

which hold a.e. The following argument leads us to vy > 0 a.e.: we already know
that v; > 0 a.e. If we assume vy = 0, then the n-th equation of (3.4.42) implies that
vp,=0forn=1,...,d—1, hence v = 0, a contradiction. Furthermore, since V( is
bounded, there exists C; > 0 such that |0;¢(£)| < Cy for all j =1,...,d — 1 and for

almost every . Consequently, recall that vy # 0, we obtain

vj(z)
Z/d<ZIZ'>

< (Cy & lvi(z)]? < Cslva()]? (3.4.43)

a.e. for a constant C3 = C2 > 0 and for all j = 1,...,d — 1. By the latter inequality
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it follows from the normalisation of v that

L= @)l = X @)l = ) + 3 o) (3.4.44a)
<14 (d— 1)Cs]|vg(z) (3.4.44b)

Together with v; > 0 a.e. we arrive at

va(z) > L >0 (3.4.45)

1+ (d—1)Cs

a.e. in the given neighbourhood U,. O]

We now turn to the remaining part of the proof of Lemma 3.4.7.

Proof of Lemma 3.4.7. The case of Lipschitz boundary. Since in the case of general
Lipschitz domains the corresponding parametrisation of (). does not enjoy the same
regularity properties, we give a different, local argument. We recall the notation
preceding Proposition 3.4.10 and we fix a test function ¢ € C>®(R?) such that
0 < ¢ <1onR?as well as

o(y) =1 forally € (09).,
o(y) =0 forally € 90 with v4(y) <0

(3.4.46)

Since 0f2 is Lipschitz (see Definition 2.1.2), by shrinking the neighbourhood U, if
necessary, we can always guarantee the existence of such a ¢. Then for a given

function u € H'(Q) normalised to |Jul|s = 1, we have

0
infvay) [ ulPdo < [ pluPrado = [ 2 (pluf?)d 3.4.47
essinfray) o Juldo < o elulvade = | o=(pluf) de (3.4.47)
by the divergence theorem applied to the function

F=(0,...,0,pul*) € WH(Q) (3.4.48)

and the Lipschitz domain Q (see [96, Théoréme 3.1.1]). The latter integral may be
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estimated by

0
/7a (elul) dz < [IVllsllullz + 2llellool I Vull2|lull2- (3.4.49)
Q 0Ty

Using the normalisations ||ulls = 1, ||¢||cc = 1, the estimate (3.4.47) may be written

as
fp, 11127 < GVl + G (3.4.50)

for suitable constants C1 ,,C5, > 0 depending on z € 9. Since 0f) is compact,
a simple covering argument now yields the assertion (3.4.10). Note that for every
z € 0F2 we have

2

Clo=——= _>9 (3.4.51)
, -, >
el )
since |v| =1 and C} , < oo by Proposition 3.4.10; hence also C; > 2. ]

Remark 3.4.11. If € is a Lipschitz domain, the above proof also yields the slightly

different trace inequality
[ tuldo < @)l ollul (3.4.52)

for all u € H'(Q2), needed in the proof of Theorem 3.3.8: Recall that (99), = 0QNU,.
Then, by (3.4.49), we have

0
i 2 </7 2 4.
essinfvay) [ fuf*do < [ S (olul) do (3.4.53)
< IVellsollull3 + 2llelloc Vullallull: — (3.4.53)
< (IVlloo + 2l¢lloo) lullm el (3.4.53¢)
leading to

2
do < C, 3.4.54
o, 1700 < Celluli ol (3:4.54)

for all u € H'(Q), for a constant C, > 0 depending only on z € 9f2. A covering
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argument as in the above lemma then yields (3.4.52).

In preparation for the proof of Theorem 3.4.1 we want to give one last lemma.

Proposition 3.4.12. Let « # 0 and C' > 0. Then

[Vull3
Real

02
Cl[Vull2 < = [Rea] + (3.4.55)

Proof. By multiplying the rearranged inequality (3.4.55) by 4|Re «| > 0, we obtain
C*[Real” — 4C|Re || Vulls + 4| Vul3 = (C[Real - 2| Vulls)” > 0. (3.4.56)

[]

Proof of Theorem 3.4.1. Let Cy > 2, Cy > 0 be the constants from Lemma 3.4.7; in

particular, we assume C; = 2 if Q) is of class C?. Fix u € HY(Q) with |lul]; = 1 and

set
A= || Va3 + a/{m lul*do € W(ay). (3.4.57)
Then, for
t:=|Vul3 >0 and si= lu|*do >0 (3.4.58)
we have
ReA=t+Rea-s and ImA=Ima-s. (3.4.59)

Moreover, by Lemma 3.4.7, we obtain that s < C1v/t + Cy; thus A € Aq,.

To see that every A € W(a,), and hence every A € o(—AQ), satisfies the estimate
(3.4.4), we first remark that if Rea > 0, then clearly

Aogo C{z€C:Rez>0}. (3.4.60)

Hence we may assume without loss of generality that Rea < 0. Then by definition
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(cf. (3.4.57)) and both Lemma 3.4.7 and Proposition 3.4.12 we have

Re A = || Vul|3 + Rea/a lu|? do (3.4.61a)
0
= V|2 — |Rea|/89 u|? do (3.4.61D)
> | Vull3 — ]Rea![OlHVu\b#—Cg] (3.4.61c)
ct [Vull3
> ||[Vul|3 — |Rea] [Lf\Re al + |RTCY‘2 + Cy | ; (3.4.61d)

thus, we arrive at

C 2
Re\ > — <2l> IReal* — Cy|Re (3.4.62)

which completes the proof. n

Remark 3.4.13. Suppose that 9 is of class C2. We recall that the constant
Cy = (5(Q) appearing in Theorem 3.4.1 and Lemma 3.4.7, as noted in (3.4.34), may

in this case be taken

Cy = |Vl + max |Adg ()], (3.4.63)
+

e,

where £ > 0 is as in Lemma 3.4.9 and ¢ is chosen to have support in QF. Let us be a
bit more specific. We may take ||V¢||o to be 1/e, corresponding to a linear function
of t € [0,¢] extended by 0 at ¢t = € (which can be approximated arbitrarily well in
the oo-norm by C! functions), while for z € QF, it is known that the Hessian of the
signed distance function is equal to the Weingarten map of the (unique) surface S;

passing through z, at x. In particular,

d—1
Ado(w)| = [ K5 (x)| = (d = 1) [F* () (3.4.64)

j=1
where £7*(-),..., k5 () are the principal curvatures at a given point of S; and &

is its mean curvature [18, Lemma 2.4.2 and Remark 2.4.4]. This means that the

essentially optimal form of the constant Cy coming from our proof — to be compared
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with the coefficient of v in (3.4.8) — is

R ()], (3.4.65)

Cy =1+(d— 1) max max

5 te[0,e] €St

where € > 0 is any constant for which Lemma 3.4.9(2) holds; in the language of [56],

we may take any ¢ € (0, reach(02)]. (Note that we explicitly do not claim that Cy

from (3.4.65) is optimal in the general sense.) As a simple example we consider a
ball B C R

Example 3.4.14. In the case of a ball By C R%, d > 2, of radius R > 0, for each

principal curvature nf’f on S; (cf. Definition 3.4.8) we have

1
for all j = 1,...,d, and thus the same holds for the mean curvature %, where

t = t(z) is chosen such that = € S;. Consequently, for e < R, (3.4.65) becomes

1 1 1 d-1
Cy—= =t (d—1 () _ 2 . 3.4.67
2 €+( )trél[%};] R—t €+R—5 ( )

We may take any ¢ < R and due to the localisation Theorem 3.4.1 and (3.4.66) we

arrive at the optimisation problem

1 d—1
Re )\ > —|Real®* — min l + 1 |Re a. (3.4.68)
) | R—¢€ €

e€(0,R

To solve this, we interpret C5 as a function of ¢,

1 d-1
02(5) = g + R_¢ (3469)

to be minimised for 0 < ¢ < R. Consequently, for a minimising 0 < 9 < R, we

require

d—1 R
&

1
0= Chleo) =~ + il

2t R (3.4.70)
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which, after a short calculation, gives

d+2vVd—-1

02(50) = R

(3.4.71)
(Cy(gp) is indeed a minimum since CY(g) > 0 for all € < R). This value of Cy may
be compared with the known bound and asymptotics for real negative a

d—1
R

d—1

ol > M(=A%) = —af* - “

-—|@‘2——

la| + o) (3.4.72)

where the inequality is valid for all @« < 0 and the asymptotic expansion is for

a — —oo, see [8, Theorem 3 and eq. (1.2)].

Remark 3.4.15. If we allow variable a € L*(0f2, C), then it is clear that similar
results hold since the key trace estimate, Lemma 3.4.7, does not depend on «,
although the region A, can no longer be described explicitly in general. However,

(3.4.4) has a direct equivalent: if we set
|Re | := esssup [Re a(x)], |Tm @[] oo := ess sup [Im a(z)], (3.4.73)
€0 x€0N
then, mimicking the arguments of the proof of Theorem 3.4.1 we obtain the estimate

(72
Re \ > —ZIHReozHio — Oy)|Re | oo (3.4.74)
for all A € o(—AY), or more generally all A € W (a,), where

C1 > 2, Cy >0 for Lipschitz domains,

(3.4.75)
C, > 2, Cy =2 for domains of class C2.

Even in the case of real-valued «, this may be viewed as a partial generalisation
of [90, Remark 1.1], which establishes the asymptotics for variable « € R of the
form o = tb(z), t — —oo, for a fixed continuous function b € C(9€2). Moreover, we
can still obtain parabolic estimates on the numerical range of the type necessary to
ensure that Ag generates a cosine function (cf. Remark 3.4.6). For simplicity assume
that Rea(x) > 0 almost everywhere (whence also Re A > 0 for any A € W(a,));
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then, with C, Cy as above,

Tm A| = ‘/m Tm  uf? do(2)] < [[Tm afjs(Cy[|Vulls + C3) (3.4.76a)
< |IIm | o (C1VRe X + C5), (3.4.76b)

independently of Rea > 0.

3.5 The Dirichlet-to-Neumann operator

From now on, we will be interested in the asymptotic behaviour of the eigenvalues
M) of —Ag as a — oo in C. To this end, we will exploit the duality between the

Robin eigenvalue problem (1.1.5) and the eigenvalue problem
M(XN)g = ag (3.5.1)

of the Dirichlet-to-Neumann operator M (\) acting on 02. This operator is defined
for X in the resolvent set p(—Af&) of the Dirichlet Laplacian; its formal definition can
be found in (3.5.9), the duality result just mentioned is contained in Theorem 3.5.8.
For more information on this operator, we refer to, e.g., [12, 15, 21, 20, 43, 61, 92]; its
relationship to the Robin Laplacian (at least for real «) is explored in [12, Section 2]
and [15, Section 8], for example, and for complex « see for example [61, Section 3.
In order to define M (), we first need to recall a solubility result for the inhomogeneous
Dirichlet boundary value problem. Here and in what follows we fix a bounded
Lipschitz domain © C R%, d > 2 and write tru = u|gq for the trace of a function
u € H*(Q). However, if there is no ambiguity, we will tend to omit the “tr” notation.

Moreover, recall that every g € HY/2(9Q) is the trace of a function u € H*(Q).

Lemma 3.5.1. Let Q C R?, d > 2, be a bounded Lipschitz domain and let \ €
p(—=Af) C C.

(1) For each g € H'/?(9Q), the Dirichlet boundary value problem

—Au = \u in €,
(3.5.2)
u=gq on 012,
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interpreted in the usual weak sense, has a unique solution uy € H'(Q), that is,

uy solves
/ Vu-Vuds = )\/ uv dx (3.5.3)
0 Q
for allv € H}(Q), and tru = g.
(2) For such X, if
H'(\) :={uec H(Q) : —Au = \u as in (3.5.3)}, (3.5.4)

then we have the direct sum decomposition H'(Q) = H}(Q) @ H'(N).

Proof. For \ € (Rﬂ p(—Af )), this follows immediately from [12, Lemma 2.2],

together with the fact that H'/2(082) = tr H'(Q); for general A € p(—AL) the same

proof works verbatim. [
We denote by P(A) : HY2(9Q) — H'(Q) the Poisson operator given by

P(X) : g uy, (3.5.5)

where uy solves (3.5.2), which is well defined for any A € p(—AR); indeed, one may
show that P()) is a bijection from H'/2(99) onto H'()) as defined in (3.5.4) and in
fact a right inverse of the trace operator. We can now define the Dirichlet-to-Neumann

operator. For A € p(—Af), we first define a sesquilinear form

g - HY2(0Q) x HY?(0Q) — C (3.5.6)

g, h] = /Q YP(\)g- VPN — AP(\)g P(VA dz. (3.5.7)

The (negative) Dirichlet-to-Neumann operator

M()\) : D(M (X)) € L*(09) — L*(09) (3.5.8)
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3.5 The Dirichlet-to-Neumann operator

is then the operator in L?(0Q) associated with —gy, which is given by

D(M(\)) = {g e HY2(09) : ;VP(A)g € LQ(aQ)} ,

M) = P,

(3.5.9)

see [21]. In words, the Dirichlet-to-Neumann operator maps given Dirichlet data
ou

g = tru to the Neumann data —%; of the same solution u = P(\)g of —Au = Au.
Lemma 3.5.2. Let A € p(—AL). The operator —M () is

(1) closed,

(2) densely defined,

(3) m-sectorial,

(4) and has compact resolvent in L*(0S2).

In particular, its spectrum consists of eigenvalues of finite algebraic multiplicity and

is denoted by
o(M(N) ={ar € C: ke N} (3.5.10)

Proof. Everything except the sectoriality follows immediately since H'/2(9€) is
densely and compactly embedded in L2(99), and ¢, is closed on H/2(982) (see e.g.
[101, Theorem 3.8]). For the sectoriality of the operator, it suffices to show that g

is sectorial, that is, that there exist constants w, € R such that

Reqalg, 9] + wllgll7z@a) > pllgl iz o0 (3.5.11)

for all g € HY2(99). To prove (3.5.11), by the fact that the trace map is bounded
from H(Q) to HY/2(09), cf. Theorem 2.1.14, it certainly suffices to show that for
any A € C there exists w > 0 such that the square root of n, given by

— [ (IVul? = Re Aul?) d / 24 3.5.12
1w = [ (|9 ~ReXul?) dr+w [ Juf*do, (3.5.12)

u € H'(Q), defines an equivalent norm on H'(Q). But this, in turn, follows

immediately from Maz’ya’s inequality in the form of [15, eq. (4)]. We conclude that
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Chapter 3 Spectral analysis of the Robin Laplacian

g and M (\) are sectorial. For a slightly different (but equivalent) approach in the
case of real A, we refer to [16, Corollary 2.2 and Section 4.4]. However, the proof can

be carried over verbatim to complex . O]

Remark 3.5.3. It may be shown that the domain of the Dirichlet-to-Neumann
operator is indeed D(M (X)) = HY(09) for any X € p(—Af). However, since we will
not need this, we refer to [94, Theorem 4.25 for s = 1/2] for both the proof and more
details.

Remark 3.5.4. (1) It is also possible to define the Dirichlet-to-Neumann operator
for A € o(—AL), either as a multi-valued operator, or by factoring out the
Dirichlet eigenfunctions corresponding to A from H'(2). We will not need this

here, so we do not go into the details, which may be found in [12].

(2) In dimension d = 1, that is, for a bounded, non-degenerate interval, the
Dirichlet-to-Neumann operator can be represented by the 2 x 2-matrix given
by (4.1.16). Obviously, Lemma 3.5.2 continues to hold in this case. For more

details we refer to Section 4.1.
Lemma 3.5.5. The Dirichlet-to-Neumann operator M (\)

(1) is meromorphic with respect to the spectral parameter A € C and

(2) its singularities are poles of finite order and coincide with the eigenvalues of
the corresponding Dirichlet Laplacian, i.e., the set of singularities of X — M(X)
is o(—AL).

(3) For A € p(—=AL), M()\) is a self-adjoint holomorphic operator family and the
corresponding quadratic forms are holomorphic of type (a) (in the sense of Kato
[74, Section VI.4.2], see Definition 3.2.6).

In the proof of the previous lemma we will use a perturbation formula for M (\)
in terms of the fixed operator M (0); for its proof we refer to [20, Lemma 2.4 for
p = 0]. To give this statement, we note that for A € p(—AL) the Poisson operator
P()) given by (3.5.5) and its adjoint

P*(\) - HyY(Q) — H™V2(00Q) (3.5.13)

are well defined.
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3.5 The Dirichlet-to-Neumann operator

Lemma 3.5.6. If A € p(—Af), then we have
M () = M(0) + AP(0)" (I + A(=A8 = AI)™!) P(0). (3.5.14)

Proof of Lemma 3.5.5. The perturbation formula of Lemma 3.5.6 depends polyno-
mially on A and on the resolvent of the Dirichlet Laplacian which is known to be a
meromorphic function with poles of finite order, as follows from Theorem 2.3.6. This
proves that M(\), A € p(—Af), is a holomorphic operator family. It is self-adjoint
holomorphic, i.e. M (X) = (M(\))*, by (3.5.14) and using that M (0) is self-adjoint
and that p(—AL) is symmetric about the real axis. The corresponding quadratic
forms ¢, are holomorphic of type (a) (see Definition 3.2.5), where the sectoriality

was proved in Lemma 3.5.2. O

Remark 3.5.7. One can show by exactly the same argument as in the proof of
Theorem 3.2.11 that the corresponding eigenprojections can be chosen to depend

holomorphically on A € p(—Afg).

We can now state the following duality result linking the eigenvalues a of the
operator M(\) and A of —Ag. In the case of real a this is standard and well
known (see [12, Theorem 3.1]); however, for completeness’ sake we give a proof in
the complex case. In fact, the duality between elliptic differential operators and
operators of Dirichlet-to-Neumann type, or so-called Titchmarsh—Weyl M -functions,
is also known in the non-selfadjoint case, e.g. see [34, Theorem 4.10], but here we
give a direct proof including a corresponding duality result for the eigenfunctions of
both operators, that is, a function u is an eigenfunction of the Robin Laplacian if

and only if tru is an eigenfunction of the Dirichlet-to-Neumann operator.

Theorem 3.5.8. Let Q C R, d > 2, be a bounded Lipschitz domain. For any o € C
and any X € p(—AL), we have that

(1) X € o(—AQ) if and only if a € a(M(N)) and

(2) u is an eigenfunction of —AQ corresponding to the eigenvalue X\ if and only if

tru is an eigenfunction of M(\) for its eigenvalue c.

Proof. Note first that the spectra of M (A) and —A@ consist only of eigenvalues of
finite multiplicity (see Lemma 3.5.2 and Theorem 3.1.2, respectively). On the one

123



Chapter 3 Spectral analysis of the Robin Laplacian

hand, we have A € o(—Ag) for given a € C with eigenfunction u € H'(Q) if and
only if

/Vu-ﬁdx—)\/ uwvdr = —a/ uvdo (3.5.15)
Q Q o0

for all v € H'(Q), see (3.1.4). On the other hand, by (3.5.7) we have a € o(M()))
for given A € p(—APL) with eigenfunction g € H'/2(99) if and only if

/Q VP(\)g-VP\h—AP(\)gPNhdz = —a | ghdo (3.5.16)

for all h € HY2(9S2). Using the fact that P()\)g satisfies the Dirichlet boundary

condition in the weak sense (3.5.3), which we recall by
/VP(A)g~de - )\/ P(\)gvdz (3.5.17)
0 Q

for all v € H}(Q), together with the direct sum decomposition H(2) = H}(Q2) &
H'()\) of Lemma 3.5.1, it follows that the eigenfunction g of M (\) satisfies

/ (VP(Ng - Vo - AP(N)g) dz = —a / gTrvdo (3.5.18)
0 o)
for all v € H'(Q2). Comparing (3.5.15) and (3.5.18) leads immediately to the
statement A € o(—AQ) if and only if @ € o(M())) (as long as A € p(—AF)), with
g = tru, or, equivalently, u = P()\)g.

[

Remark 3.5.9. A corresponding statement holds for any generalised eigenfunctions,

as shown very recently in [22]. For more details on this topic, see Section 3.7.
Finally, we turn to the proof of the dichotomy result.

Proof of Theorem 1.2.5. By Lemma 3.5.5 the Dirichlet-to-Neumann operator M ()
is a meromorphic operator family whose set of singularities consists of poles of
finite order and coincides with the spectrum o(—AL) of the corresponding Dirichlet
Laplacian. Now let (aj)reny be any complex sequence with o — 0o as k — 0.
Assume that the eigenvalues Ay := A(ay) corresponding to «y on a common analytic

branch (for any fixed choice of slicing) remain bounded as k — oo; without loss of
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3.6 The points of accumulation of the Robin eigenvalues

generality we may suppose that Ay — A\g € C as £ — oo. Then by Theorem 3.5.8,
for each k we may write ap = a(\g) for the Dirichlet-to-Neumann eigenvalues, which
likewise belong to a common analytic branch. For this branch we have o — oo as
At — Ag. By definition, this means that A\g must be a singularity of the operator
family M()). The only possibility is that \g € o(—Ag). O

3.6 The points of accumulation of the Robin

eigenvalues

In this section we study the question of which values A € C can be reached as points
of accumulation of the eigenvalues of —Ag as a — co. However, the answer of this
question depends on how a — oo in C, that is, in which regime the considered
a-path runs to co in C. To this end, we confine ourselves to complex sectors having
their vertex in the origin. We start by dividing the complex plane in the following
fashion; here we assume that the principal argument is always between —7m and
7. Furthermore, throughout this section we suppose 2 C R? d > 2, to be a fixed
bounded Lipschitz domain; and for any set A C C the set of points of accumulation
of A is denoted by acc(A).

Definition 3.6.1. (1) Let 0 < 6 < 7/2 be an (arbitrarily small) angle and define

the two open sectors
Sy ={2€C:fO<argz<m—0} (3.6.1)
and
T, :={2€C : |argz| <6} (3.6.2)
in the upper and right-hand half-planes, respectively. We then define
Sy :=-=Sf and T, =-T, (3.6.3)

to be the corresponding sectors reflected in the real and imaginary axes,

respectively. Consequently, the complex plane is, up to two straight lines
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mutually crossing in z = 0, symmetrically partitioned into four sectors; see

Figure 3.6.1.
(2) If @ = 7/2, both lower and upper sectors S; vanish and T;" are defined as an
extension of (3.6.2); and as before we define T, := —T;/Q.

(3) If 7/2 < 0" < 7, we define T, by (3.6.2), that is, we have a partition of the

complex plane in two asymmetric sectors T and 7.,

Im\ A
Sy Sy
Ty . T Ty
(67 {5 _
T, . ) T; Re )\
S; S;

Figure 3.6.1: The four sectors S3 and T for 0 < 0 < 7/2.

Our principal aim is to prove Theorem 1.2.6. As mentioned in the introduction,
the Dirichlet-to-Neumann operator will be used in the proof, more precisely of part
(2). For (1), we will draw on some ideas similar to the ones of [38] for the case of real
negative a — —oo; in particular, the following lemma, which we will use repeatedly,

recalls [38, Lemma 2.1].

Lemma 3.6.2. Let (ag)ren C C be any divergent sequence in C and for each k € N
select a Robin eigenvalue N\ := N ay) € o(—AY*) (we do not require the Ay to belong

to the same analytic eigenvalue branch). Suppose that
(1) the sequence (A)gen is bounded, and

(2) for each k € N there exists an associated eigenfunction by, normed to |1y r2) =

1, such that the sequence (||| mi())ken of H'(2)-norms is bounded.
Then

acc{\, 1 k € N} C o(—AD). (3.6.4)
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3.6 The points of accumulation of the Robin eigenvalues

Moreover, if up to a subsequence A\, — AP € o(—=AL), then up to a further subse-

quence the 1y, converge weakly in H*(Q) to a Dirichlet eigenfunction associated with
AP,

Proof. Let X be any point of accumulation; without loss of generality we suppose

that klim Ar = A. We first claim that the corresponding eigenfunctions 1, satisfy
—00

/aﬂ )2 do — 0 (3.6.5)

as k — oo: in fact, this follows since an eigenfunction 1y satisfies a,[tx] = Ay, cf.
(3.1.4), viz.

1
[l do = — [y = [ [Vl dal (3.6.6)
0 Qg Q
for ap # 0. The fact that the both A\, and the integrals
/Q Vi |* da (3.6.7)

are bounded by assumption together with 1/ay — 0 as k — oo implies (3.6.5). Next,
since the 1, are bounded in H'(2), up to a subsequence there exists a weak limit
Y € H'(Q) such that

Y — 1 in H(Q) (3.6.8)

as k — oo. By the compactness of the embedding H*(Q2) — L*(Q2), cf. Theo-

rem 2.1.10, we have
U — ¢ in L*(Q). (3.6.9)

Additionally, using the compactness of Theorem 2.1.10 for ¢ = 3/4 < 1 = s,
Theorem 2.1.14 for s = 3/4, and the boundedness of the boundary 0f2, we have that

the map given by the composition
HY(Q) < HY4(Q) %5 HY4(0Q)—L*(09) (3.6.10)

is compact, that is, we have the sequence tr vy converges in L*(9f2). In particular, v
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has zero trace, so ) € H}(Q). Finally, using the eigenvalue equation for Ay and the

weak H'-convergence of the 1y, for all ¢ € H}(Q) (whose traces vanish) we have

/Qw-vToda;:khm /ka-vfpdx (3.6.11a)
— lim Ak/ g ds = )\/ V5 dz. (3.6.11b)
k—o0 QO Q

Since ¥ € H}(Q), this says exactly that ) is an eigenvalue, and 1 a corresponding

eigenfunction, of the Dirichlet Laplacian. [

We can now give the proof of Theorem 1.2.6(1). We will in fact prove the following
slightly more precise version, which also allows us to conclude convergence of the
eigenfunctions not mentioned in Theorem 1.2.6. As before, note that we do not
require our eigenvalues to belong to the same analytic curve and recall that the
sector T, is the sector in the left half-plane with semi-angle 0 < # < 7/2 introduced
in Definition 3.6.1.

Theorem 3.6.3. Let (ag)ken be any divergent sequence in the sector C\ T, for
some 6 > 0 such that o — oo in C, and for each k € N let

Ak = Mayg) € o(—AY) (3.6.12)
be any corresponding eigenvalue. Then
acc{\, 1 k € N} C o(—AD). (3.6.13)

Moreover, if up to a subsequence \y — X € a(—ARL), then there exist eigenfunctions
for A\, which, possibly up to a further subsequence, converge weakly to a Dirichlet

etgenfunction for .

Proof of Theorem 3.6.3 and hence of Theorem 1.2.6(1). The goal is to directly ap-
ply Lemma 3.6.2 in order to obtain the conclusion of the theorem. For this we need
to show that under the stated assumptions if the Ay (or any subsequence thereof) are
bounded, then they always admit corresponding eigenfunctions v, which (under the
normalisation ||1.|l2 = 1) are bounded in H'(Q2). To this end, first assume without

loss of generality that the sequence (\;)gen actually converges to some A € C; we
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distinguish between two possibilities, which together completely cover the sector

C\T,: (i) Reay > 0 for all k € N and (ii)

(i)

(i)

Reay
Im ay,

remains bounded, respectively.

Suppose that, for each Az, 1y is any associated eigenfunction such that ||1||o =

1. We observe that the weak form (3.1.4) of the eigenvalue equation implies
/Q|V1pk|2dx—|—Reozk/aQ|wk|2da:Re)\k ~ Re\ (3.6.14)

as k — oo. Since Re ay, > 0, this is only possible if the first summand, that is,
the sequence (||Vt||3)ken, remains bounded, which in turn means that the 1,

form a bounded sequence in H'(2) and Lemma 3.6.2 is applicable.

Let the ¢ be as before but now we consider the imaginary part of (3.1.4) to

obtain
Imak/ ) do = Im A\ — Im (3.6.15)
o0

by assumption. Now the condition (ii)

R
sup O~ (3.6.16)
ken | Im oy,
implies that
Reozk/ 2 do (3.6.17)
B
and hence also
ozk/ 2 do (3.6.18)
o9

must in particular remain bounded as kK — oo. Since A\, was also assumed

bounded, we conclude that

/Q Va2 de = A — ag /m nl? do (3.6.19)

likewise remains bounded (recall that ||¢x|l2 = 1), meaning that the v, are
bounded in H'().
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]

We next turn to the proof of Theorem 1.2.6(2). This is in fact an immediate

implication of the fact that the Dirichlet-to-Neumann operator is unbounded.

Proof of Theorem 1.2.6(2). First suppose that A € p(—AL) and let M(\) be the
Dirichlet-to-Neumann operator introduced in Section 3.5 (see (3.5.9)). Then by
Lemma 3.5.2, M () admits a sequence of eigenvalues oy, € C such that |ay| — oo.
By Theorem 3.5.8, for each such «; € C, we have that A € o(—Ag").

For A € o(—ARL) the argument is the same except that M (\) becomes a multivalued
operator; see Remark 3.5.4 (2). O

Remark 3.6.4. We draw explicit attention to the marked contrast between parts (1)
and (2) of Theorem 1.2.6: on the one hand, for « diverging away from the negative
real semiaxis (more precisely outside the sector T, for arbitrarily small § > 0), all
eigenvalues either diverge absolutely or converge to points in the Dirichlet spectrum.
This is not just true of the individual analytic branches of eigenvalues but for any
arbitrary sequence of eigenvalues in this region. On the other hand, for any A € C
we can find an infinite sequence of parameters ay, which must end up “close” to the
negative real semi-axis, for which X is a Robin eigenvalue (this is where the sufficiently
large eigenvalues of the Dirichlet-to-Neumann operator M (A) are to be found, for
any A). Thus the whole of C can be obtained as points of accumulation if we place
no restriction on a. The reason why this is not inconsistent with Theorem 1.2.5 is
that there we are interested in the behaviour of the analytic curves of eigenvalues

(rather than sequences of «y, which may be drawn from different analytic curves).

3.7 Jordan chains

The following results are due to [21, Sections 2, and 3], where characterisations
of Jordan chains of m-sectorial second-order elliptic partial differential operators
with measurable coefficients and (local or non-local) Robin boundary conditions are
studied. We, however, focus on the application of this theory on the Robin Laplacian,

c.f. [21, Section 4]. Throughout this section we denote by

A:D(A) CB—B (3.7.1)
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a linear operator in a Banach space B. Furthermore, let By, B> be Banach spaces,
let ¥ C C be an open complex set and for all A\ € F' let M(\) € L(By, By) be
holomorphic on F. We denote by M!()\) the lth derivative of M()) for | € Nj,.

Definition 3.7.1. Let k € Ny, f_1 =0 and )\ € C.

(1) The set of vectors Jay :={fo,..., fx} C B (for fy # 0) is called Jordan chain
for A at g if Ja4, C D(A) and

(A=X)fj = fi (3.7.2)
for all 0 < 5 < k. The vector f is called eigenvector of A at the eigenvalue A\g;
the other vectors fi,..., fx are called generalised eigenvectors (or root vectors)
of A at ).

(2) The set of vectors Jasx)k := {0, - - -, @r} (for ¢o # 0) is called Jordan chain
for M() at \g € F'if JM()\O),k C Bj and

71
> ﬁM(l)(Ao)%‘—l =0 (3.7.3)
=0 ""

for all 0 < j < k. The vector ¢y is called eigenvector of M( -) at the eigenvalue
Ao; the other vectors ¢1, ..., ¢, are called generalised eigenvectors (or root
vectors) of M(-) at .

Jordan chains for holomorphic operator functions originated in [75], however, for
more details we refer to [91, Section I1.11]. The following theorem (that is, [21,
Theorem 4.1] adapted to our needs) characterises Jordan chains for Robin Laplacians

by those of the corresponding Dirichlet-to-Neumann operator, and vice versa.
Theorem 3.7.2. Let \g € p(—AL) and f_1 = 0. Consider the holomorphic function

A= Ma](N) =M\ —« (3.7.4)
from p(—AL) into L(HY?(0Q), H-Y/2(0)). Then the following holds.

(1) Let J_pan = {fo,-.., fu} be a Jordan chain for —Ag at N\o. For all m €
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{0,...,k} define
Om = 1T frn. (3.7.5)

Then, Jua)(ro)e = 1905 - - @r} s a Jordan chain for M[a](-) at Ao.

(2) Let {¢o,...,pr} be a Jordan chain for M[a](-) at Xo. For allm € {0,...,k}
let f, € HY(Q) be the unique solution of the boundary value problem

(_A - >\0)fm - fm—l; tr fm = $¥m- (376)

Then { fo,..., fx} is a Jordan chain for —Ag at Ao.
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CHAPTER 4

Examples: Intervals, Cuboids, and Balls
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As already mentioned in the paragraph How to read this thesis, this chapter can
fulfil two different purposes: on the one hand as a preparation for the whole subject
of complex Robin Laplacians, that is, to gain insight into what to expect in general,
or, on the other hand, to apply the theory introduced and developed in the previous
chapters, especially in Chapter 3. Here, we start by studying the case of simple
geometries, where everything can be computed explicitly. In the first section we will
consider the Robin Laplacian on the symmetric interval Q = (—a,a) for a > 0 to
explicitly construct the Dirichlet-to-Neumann matrix M (A) and compute its two
eigenvalues a for any spectral parameter A € p(—Af). We further examine the

spectral and asymptotical properties of M (\) to exploit the duality between Robin

133



Chapter 4 Examples

eigenvalues A(«) and the eigenvalues () of the Dirichlet-to-Neumann operator; and
by this we obtain the asymptotical behaviour of the Robin eigenvalues as o — oo
in C. In Section 4.2, we use these ideas obtained for intervals to conclude results
for higher-dimensional cuboids in order to generalise the one-dimensional results.
In Section 4.3 we consider d-dimensional balls as another canonical example: we
separate the radial part of the Laplacian from the spherical Laplace-Beltrami operator
to conclude a somewhat closed representation of the Dirichlet-to-Neumann matrix.
Its entries consist of scaled Bessel functions whose asymptotical behaviour is used to
obtain the asymptotics of its eigenvalues a(A). As before, we exploit the duality of
A(@) and «(A) to finally obtain the spectral asymptotics of the Robin eigenvalues as

o — OQ.

4.1 The interval

We start by fixing a > 0 and consider the interval 2 = (—a,a) C R of length 2aq;

here the Robin boundary value problem for any given o € C reads

—Au=—-u"=Xu  on (—a,a), (4.1.1a)
—u'(—a) + au(—a) = 0, (4.1.1b)
+u'(+a) + au(+a) = 0. (4.1.1c¢)

Note that the sign of u/(+a) corresponds to the outer normal derivative at £a. We
wish to find an explicit matrix representation of the Dirichlet-to-Neumann operator
introduced in Section 3.5. To this end, we start with the inhomogeneous Dirichlet

eigenvalue problem on Q = (—a, a), namely

—u" =X on (—a,a), (4.1.2a)
u(—a) = g1, (4.1.2b)
u(+a) = g, (4.1.2¢)

for given Dirichlet data g := (g1, ¢g2)7 € C?, which allows us to study the Robin
problem (4.1.1) with the same methods described in Section 3.5: any A € C solving
the Dirichlet problem (4.1.2) for given g € C? is an eigenvalue of the Laplacian with
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complex Robin boundary conditions (4.1.1) if and only if there is a solution u of
(4.1.2) such that

u'(—a) = ag and —u'(a) = ags. (4.1.3)
Let us write M () for the function which maps
(91,92)" = (u'(=a), —v/(a))", (4.1.4)

that is, M(\) € C**% is the Dirichlet-to-Neumann operator. In the case of 2 =
(—a,a), the operator in its representation as a 2 X 2-matrix maps given Dirichlet
data (g1,92)" to the associated Neumann data. Dirichlet-to-Neumann operators in
general are considered in Section 3.5. Thus a Robin eigenvalue A of —Af_, ) for

given « corresponds to an eigenvalue « of the eigenvalue equation
g1
M(Ng=ag=a ( ) (4.1.5)
g2

for given A. In anticipation of our later strategy, to study the behaviour of the Robin
eigenvalues, we will in fact study the eigenvalues a of the matrix M (X). To this end,

we start with the general solution u of (4.1.2) given by
u(z) = Cy cos(VAz) + C_sin(VAz). (4.1.6)

The coefficients C'; and C_ depend on the (half) interval length a, the square root of
the spectral parameter v/\, and the Dirichlet data ¢: adding and subtracting both

equations

u(—a) = C¢ cos(Via) — C_sin(v/Aa) = ¢, (4.1.7a)
and  u(+a) = Cy cos(VAa) + C_sin(VAa) = g, (4.1.7b)

respectively, immediately implies

= 219 and C =2 (4.1.8)

2 cos(v/Aa) 2sin(v/Aa)’
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where C; = 0 if u is odd and C_ = 0 if u is even. Using these constants, the (outer)

normal derivatives of u read
—u'(—a) =V (—gQ—;gl tan vV Aa — % cot \/Xa> : (4.1.9)
and similarly

U (+a) = VA (_92‘591 tan v Aa + % cot \/Xa) : (4.1.10)

Consequently, for A such that

A ¢ S, :={z € C:sin(yza)cos(y/za) = 0} (4.1.11)

we map

(gl) N (—u/(_a)) _ A (92;791 tan v Aa + 229 cot \/Xa) (41.12)

o u'(+a) —QQ;‘“ tan v a — 220 cot Va

and the corresponding matrix representation of this linear map, namely the Dirichlet-

to-Neumann matrix,

\/X (tan \/Xa — cot \/Xa tan \/Xa + cot \/Xa)

M) = —
) 2 \tanvXa + cot vVAa tan vAa — cot vVha

(4.1.13)

is well defined (for A ¢ S,). Then, by construction, we have that u is an eigenvector

for the eigenvalue « if and only if
—0yu(£a) = M(Nu(£a) = au(+a), (4.1.14)
that is, exactly the Robin boundary condition (4.1.1). By the two identities

tan z — cot z = —2cot 2z and tan z + cot z = 2 csc 2z (4.1.15)
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for z € C with sin z # 0 we arrive at

—cot2vV a  csc2v\a
M(X\) =V ( 5093 ——Cot2\/Xa> . (4.1.16)

To calculate the eigenvalues o, and a_ of (4.1.16) we apply the identity csc? z —
cot?z =1 to
det(M(X\) — ady) = o + 20V A cot(2v/ Xa)

+ Acot?(2vAa) — Aesc?(2v/ha) (4.1.17)

to obtain
a: =V (:I: csc(2aV ) — cot(2a\/X)) (4.1.18)
except at the singularities of cot and csc, that is, except at z € C such that
sin (2a+/z) = 0; these singularities, however, correspond exactly to the numbers
252

]
N =
4a2’

jez, (4.1.19)

i.e., the eigenvalues of the Dirichlet Laplacian —A{i a,a)- From this representation
we can also deduce that the eigenvalues A(a) of (4.1.5) depend analytically on
A\ # 7252 /(4a?), or, equivalently, away from possible crossing points A(a) can be
considered as analytic curves. This is proved formally, and in a more general setting,
in Section 3.2. Moreover, to establish what types of behaviour of \(«) are possible
as a — 00, we may equally ask what conditions on A guarantee that the eigenvalues
« of the matrix M (\) diverge. It occurs that there are three different situations in

which this can happen. We classify them as follows:

(1) VA approaches a pole of cot or csc, that is, zeros of sin, which represent
the Dirichlet eigenvalues. In this case the Robin eigenvalue A converges to a

Dirichlet eigenvalue as a@ — oo;

(2) A diverges to co in C away from the positive real axis, where the poles of cot and
csc are located. In this case, as we shall see, both eigenvalues of M () diverge

as +iv/\, corresponding to two divergent Robin eigenvalues A = —a? + o(a?);
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(3) A diverges to oo but remains within a finite distance of the real axis, say some
strip parallel to Im A = 0. While it is clear that the eigenvalues of M () must
also diverge in this case, the relationship between o and A appears to be more

complicated owing to the proximity of v/ to the poles of M()).

Let us examine each situation a little more closely, that is, the next three sections
are dedicated to the three cases (1)—(3).

4.1.1 Convergence to the Dirichlet spectrum

For the real case a € R it is known from Theorem 2.4.8 (for the original article, see
[57, Theorem 2|) that on any bounded domain of class C? the jth Robin eigenvalue
Aj(a) € R (numbered ascendingly) converges to the associated Dirichlet eigenvalue

/\JD , that is, there exists some constant C' > 0 such that

(AD)?
Ja

as o — 400, where C' does not depend on j. Again the proofs make heavily use of

— °J

(4.1.20)

the self-adjointness of the problem. For the interval one finds a similar behaviour as
Re a — +o0 as shown in the next theorem.

Consider the behaviour of the eigenvalues a(\) of M(\) as v/ approaches a
singularity of cot or csc, that is, A approaches an eigenvalue of the Dirichlet Laplacian:
this is the only case in which o may diverge while A\ remains bounded. Inverting this
statement by writing A as a function of « leads to the following theorem (see [30,
Theorem 2.1]).

Theorem 4.1.1. Suppose the analytic eigencurve A\ = A(«) remains bounded as
a — oo in C. Then it converges to some eigenvalue of the Dirichlet Laplacian, that

is, there exists some j € Z such that

(4.1.21)

as o — OQ.

Proof. The poles of cot and csc are of order one, and thus so are the poles of the

meromorphic Dirichlet-to-Neumann operator M () given by (4.1.16). If A\(«) remains
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4.1 The interval

bounded as o — oo in C, the only possibility for this behaviour is that v/ approaches
one of said poles, namely VA — 7j/(2a) for any j € Z, that is, A — 72j2/(4a?) as
o — 00. [

Remark 4.1.2. In principle, one could derive additional terms in the asymptotic
expansion of A\(a) as a — 00, in powers of a~'; let us sketch briefly how one might
get further information. The fact that the poles of M (\) coincide with the Dirichlet

eigenvalues )\f allows us to obtain a partial fraction decomposition

1
M\ = —————— + G,;(V)) (4.1.22)
VAA; — /AP
for a matrix-valued function G; which is holomorphic (thus bounded) in a neighbour-
hood of /AP, and matrices A;. Calculating the residues £mj/(2a*) of the on- and
off-diagonal components of M ()), we can write down A; explicitly, which, together

with the bounded G terms, may yield a more detailed statement.

4.1.2 Divergent eigenvalues away from the positive real axis

Suppose now that A — oo in C in such a way that its distance to the positive
real axis diverges. For simplicity, we will actually suppose that \ diverges in a
non-trivial sector C \ T," away from the positive real axis (recall Definition 3.6.1 and

Figure 3.6.1). We then make the following assumption.

Assumption 4.1.3. We suppose that A diverges in the sector
C\T, ={z€C:20 <argz <21 — 20} (4.1.23)
for some small 6 € (0,7/2).

This assumption clearly ensures that A does not approach any eigenvalue )\f €
o(—AL) C R of the Dirichlet Laplacian. However, as we shall see, it is not necessary
for the asymptotical behaviour A = —a? + o(a?). Moreover, the assumption is
equivalent to v\ diverging to co in one of the sectors S;t. But this implies in
particular that Im v/ — %00, and for such v/A we can determine the asymptotic

behaviour of the Dirichlet-to-Neumann matrix (4.1.16), based on the asymptotics of
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its entries

cotz =i (1 + ) = Fi+ O (eFm) (4.1.24)

eQiz _ 1
and

2i
=" = (eFHm= 4.1.25
CSC Z elZ _ e—lz (e ) ( )

as Im z — +oo, independently of Re z. Indeed, Assumption 4.1.3 allows us to choose
z = av/\, which leads to

M) =iV (jzl L) +0 (VaeF2mvA), (4.1.26)

Considering the leading coefficients to be il, and —il,, respectively, and recalling
the eigenvalue problem for M()) (4.1.5), in each of the cases Im+v/A — 400 and
Im v/ A — —oo we obtain the respective existence of exactly one diverging eigenvalue

behaving like o = a(\), whose square satisfies the behaviour
0? = =X+ O (AeF2m V) (4.1.27)

as Im v/A — #oo. Inverting the equation from a()\) to A(«) and noting that these
eigenvalues always correspond to Re aw — —oo (more precisely, we want o — oo in
the left half-plane away from the imaginary axis, in order to guarantee that —a?
remains away from the positive real axis), we arrive at the following result (see [30,

Theorem 2.4]).

Theorem 4.1.4. For the interval Q2 = (—a,a), if &« — oo in a sector of the form
T, for any ¢ € (0,7/2) (see Definition 3.6.1), then for any 0 € (0,7 — 2¢p) there
are exactly two divergent eigenvalues of the Robin Laplacian in the sector C \ T, ;

these satisfy the asymptotics
Aa) = —a” 4 O (a%e"e?) (4.1.28)

as a — oo in T . If & = 00 in such a way that Re a remains bounded from below,

then the Robin Laplacian has no divergent eigenvalues in C\ T, , for any 6 > 0.
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4.1 The interval

A special case and immediate implication (see [30, Corollary 2.5]) of the latter
theorem is « diverging on any ray (half-line) in the sector 7T, for some given

v € (0,7/2): we suppose a may be written as a function
a:(0,00) 3t te” € C (4.1.29)

for some fixed 7/2 < < 37/2, which in particular means that a(t) € T for all
t > 0.

Corollary 4.1.5. For the interval Q = (—a,a), if a(t) = te'’ — oo for any fized
/2 <9 < 31/2, then for any 0 € (0,7 — 29), for sufficiently large t > 0 there are
exactly two eigenvalues \ of the Robin Laplacian in the sector C\ T, , and these both

satisfy the asymptotics
Ma(t) = =% 4 O (2>t (4.1.30)

ast — oo.

The eigenvalue behaviour described in Theorems 4.1.1 and 4.1.4, and our approach
taken here, might be compared with the corresponding case of real o discussed in

Section 2.3.1 or, for even more details, with [36, Section 4.3.1].

The proof of Theorem 4.1.4 and hence of Corollary 4.1.5

We recall from Section 4.1 that as Tm v/X — £o0o the matrix M(\) has two divergent

eigenvalues a whose squares both behave like
0? = = A+ Oy (heFHImV2) (4.1.31)

This equation implies the anticipated asymptotic behaviour A ~ —a?, however, we

are also interested in the asymptotic remainder term, that is, a function f such that
A=—a’+0O(f(a)) (4.1.32)

as a — oo in T;. Consequently, our next goal is to invert the asymptotic equation
(4.1.31) from «a(A) to obtain the asymptotic equation for A(a) and thus prove

Theorem 4.1.4. We first sketch the idea behind our inversion, namely an application of
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Rouché’s theorem, because we will also use this again in Section 4.3 when considering
d-dimensional balls. Let 7 > 0 and let A : C — C be a continuous function such that
h(z) = 0 as Im z — +o00. Suppose that a = (), as a holomorphic function of A,

satisfies the asymptotics

a(\) = iVA+ 7+ g(V) (4.1.33)

as Im v/\ — +oo for a certain error term g(v/A) which is O(h(v/)); for the choice of

h see the corresponding asymptotics for the Dirichlet-to-Neumann operator, that is,
the remainder term g of (4.1.26) for the interval and (4.3.37) for the ball, respectively.

For given A and hence av = «(\), we define a new holomorphic function f, by
fal2) =iz+7—q, (4.1.34)
whose only zero is given by z, :=i(7 — «). Then (4.1.33) becomes

fa(2) +9(2) =0

if and only if z = y/A(a). Let B* := B, _(z,) be a ball with centre z, and some given
radius r, > 0, cf. Figure 4.1.1. Then, by Rouché’s theorem, if « is sufficiently large

>
ar g

-

0B

Figure 4.1.1: Sequence of balls B® as Rea — —oo. For each z € 9B* we have |fq(2)] = 74
which is used to compare the moduli of ¢ and f, on dB*.
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and

19(2)] < |fa(2)] (4.1.35)

for all z € 9B%, both f, and f, + g have exactly one zero in B®. This technique
proves not only the existence of an eigenvalue of the Robin Laplacian that satisfies
said asymptotics, but gives an error term in the asymptotic expansion of A\(«) as
follows. By construction, for each z € 9B we have |f,(z)| = .. Moreover, g = O(h)

as Im z — 400 implies the existence of some constant ¢ > 0, such that
|9(2)| < 0]h(2)] (4.1.36)

on dB for all sufficiently large . For all such a we want r,, to satisfy
d|h(2)| <re, z€ 0B (4.1.37)

To ensure this inequality, the decay of h is crucial: if it is too slow, then the method

fails. This will be clarified in the following proof.

Proof of Theorem 4.1.4. The eigenvalues a4 of the Dirichlet-to-Neumann matrix
(4.1.16) read
ax =V (:I: csc(2aV/ ) — cot(2a\/X)) : (4.1.38)

As a — oo in C we have either |v/A\| = oo or v/X is forced to approach a zero of
sin(2a - ), which corresponds to a Dirichlet eigenvalue. The second case, in particular,
requires A to remain bounded and thus is covered by Theorem 4.1.1 (alternatively,
one could adapt the proof of Theorem 1.2.6 to dimension d = 1). We divide the
proof into four steps:

Step 1: We assume that for some given 6 € (0, ) some Robin eigenvalue A diverges
to oo away from the real axis, inside the sector S; which, in particular, yields
ImvA — 400. In Section 4.1.2 we saw that for this behaviour of v/A we obtain

o = HVX+ 0 (Vae 2mVA) (4.1.39)
as Im v/A — oo; for more details see (4.1.24)-(4.1.27). (The other case Im v/ A — —oc

will be discussed in Step 3.)
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Step 2: It remains to invert this asymptotical behaviour by means of the Rouché
inversion technique sketched above. This will prove (based on the assumed asymptotic
behaviour of «) the existence of exactly two (see Step 3 and 4) divergent eigenvalues
A which obey (4.1.39) away from the real axis. Here we deal with the inversion; as
mentioned before, we will only consider the case Im v/ A — 400 in detail. So let

—2alm z

7 =0, that is fo(24) = 0 for z, = —ic. Here we take h(z) := ze , which satisfies

h(z) — 0 as Im z — +o00. By construction, every point z € 9B is represented by
2 = 2o + 1o€'? = —iav 4 e (4.1.40)

for some ¢ € [0,27). Our goal is to estimate h as in (4.1.37): a short calculation

using (4.1.40) gives

[h(2)] = |ze~2mm= (4.1.41a)
= ‘(—ioz + raei“") exp [—2a1m (—ia + Taei“")} ‘ (4.1.41Db)
< (Joo| + 7o) exp [—2aRe (—a) — 2alm (Taei‘p)] (4.1.41c¢)
= (|la| 4+ ra) exp [2aRe a — 2ar, sin @] (4.1.41d)
< (la| + ry) e*reealee (4.1.41e)

We now choose 7, > 0 to ensure (4.1.37) on 0B*. To this end, it suffices to find r,
such that
§ (|af +ry) e®Be® < p o200 (4.1.42)

for sufficiently large «; we make the ansatz
o = Claje?Ree (4.1.43)

for a suitable constant C' > 0 (in fact we may take any C' > §). Then, for such an
To, (4.1.42) is equivalent to

4] (|a| + C’|a|eQaRe°‘> e Ree < Olale®™ e exp [—2a0|a|ezaReo‘} (4.1.44)
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and after rearrangement we obtain

J (1 + CezaReO‘) < Cexp [—2@0]04]62"}{6“} , (4.1.45)
that is,
5 (14 CePeliear) 2Calele®™® ¢ (4.1.46)
Since
Ce®Ree 50 and  e?Celel®™ g (4.1.47)

as Rea — —oo, the left-hand side of (4.1.46) converges to ¢ and hence (4.1.42) is
satisfied whenever Re « is sufficiently large negative, how large depending only on a,
d and C. In particular, for the ansatz (4.1.43), the inequality (4.1.42) is then valid.

We arrive at
V(@) = —ia + O (ae*Fe?) (4.1.48)
as Rea — —oo, and thus

Ma)=—-a*+0O (a2e2aRea) . (4.1.49)

Step 3: We want to sketch how to adapt the proof to the assumption Im VA — —oo:
one chooses f,(z) = —iz — a which vanishes only for z, = +ic. Similar calculations

as above lead to
Ma) = +ia + O (ae®Fe?) (4.1.50)

as Rea — —oo.

Step 4 — Conclusion: We obtain that in both cases Im v/A — %00 the real part
Re « is always negative and divergent, that is, each divergent y/\ within a sector of
the form S or S, (note that vA € Sy if and only if —v/A € S;) corresponds to

VA =ia + 40 (ae*") (4.1.51)
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and
VA = —ia+ O (ae?fee) | (4.1.52)

respectively. We conclude that, under the assumption that o diverges in a sector T,
with ¢ € (0,7/2), there are exactly two divergent eigenvalues A € C \ T5;, and both
of them satisfy (4.1.49) as Reaw — —oo. Moreover, this implies that if Re o remains
bounded from below, then there are no divergent eigenvalues A — oo in C \ T}, for
any 0 < 6 < /2. O

4.1.3 Divergent eigenvalues near the positive real axis

While the previous Section 4.1.3 we studied the divergence of the eigenvalues away
from the real axis, we will now consider the other case of A — oo such that, in
particular, there is no > 0 such that A diverges in C \ T,". The calculations
of Section 4.1.2 show that the language of sectors is not necessary to obtain the
asymptotical form (4.1.26) of the Dirichlet-to-Neumann matrix M ()), indeed, it
is sufficient to assume that Im v/A — oo and Im v/ A — —oo, respectively. To this
end, we assume that Im A # 0 (and hence v/)) remains bounded. In this case the
asymptotics of M(\) is less obvious: we have already seen that each of its entries
is meromorphic with poles of order one on the real axis. While the off-diagonal
entries vanish as Im v/ — £o0, this is not the case if Im v/A remains bounded and
the analysis becomes more difficult. Note that the poles of M(\) correspond to
Dirichlet and Neumann eigenvalues, respectively, and each of them is a discrete point
located on the non-negative real half-axis. If A diverges in some strip (of fixed width)
parallel to the real axis, the chosen path will pass arbitrarily closely to every single
one of them. The question arises which associated paths of « in the complex plane
correspond to such A paths.

It would appear that any such A path requires Re o to be unbounded from below,
cf. Figure 4.1.2. The explicit form of M ()), which we recall by

— cot 2\/Xa csc 2\/Xa )

M) = 2 ( cse2vha — cot 2V \a (4.1.53)

allows us to calculate its two eigenvalues ay explicitly, that is, for z := 2v/Aa,
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ImX A . . AA

A1 2 A2

Figure 4.1.2: On the left a path in the A-plane from one pole A; of the Dirichlet-to-Neumann
operator to the next one A2 while passing a zero (the second Neumann eigenvalue pz). On
the right-hand side the real curve A(a) € R increasing from A; to A2 as a € R tends from
—00 to 400, cf. Figure 2.3.1 or [36, Section 4.3].

s = VA (—cot z & csc 2) (4.1.54a)
eQiz + 1 2eiz eiz - 1

= —ivVA - - = +ivVA —— 4.1.54b

1 <e21z_1:F621z_1> 1\/_ elzil’ ( 5 )

see (4.1.18). From this equation it follows that o ~ 4iv/A as Im v/A — oo in C, cf.
(4.1.26). However, let us consider v/ = v/A(7) following some (continuous) path
described by

VA = z(r) +iy(r). (4.1.55)
Here, the functions x and y possess the properties that

(1) «:]0,1) — R is unbounded with z(7) — co as 7 — 1;

(2) y:1]0,1) = R is bounded.

Then we observe the following: firstly, since the imaginary part y of v/A remains
bounded, for each such path and each sector T} there exists some 75 € [0,1) such
that

VIeTy forallmy <6< 1; (4.1.56)
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up to a possibly different 6 > 0 so too does A. Secondly, the boundedness of Im A

implies
AN=22+2izy —y* = 2ay|=|Im)| <c (4.1.57)

for a constant ¢ > 0, that is, y = O(1/z). Without loss of generality, we consider

ay; from

esz _ e2ay

L = (lx — y)m (4158)
by a somewhat tedious calculation we arrive at
1 y (1 — elw) x sin(2ax)
R = — — : 4.1.59
Cd T cosh(2ay) — cos(2ax)  cosh(2ay) — cos(2ax) ( )

Both denominators are bounded (and since cosh > 1 and cosht = 1 if and only if
t = 0 they can only vanish if y = 0) and so is the numerator of the first quotient by
assertion. The second numerator, however, diverges (indefinitely) as 2 = Re v/A — oo.

This proves Proposition 4.1.6.

Proposition 4.1.6. Suppose \ diverges along a path within a strip of fized width
around the positive real axis. Then the corresponding eigenvalues a(\) of M(\)

satisfy |Im a(N)| — oo and Re a() oscillates and diverges indefinitely.

Among other things, this intimates, when combined with the proof of Theorem
4.1.4, that the Robin Laplacian can only have divergent eigenvalues in the regime
Rea — —oo: indeed, if Re o remains bounded from below, then the conjecture rules
out divergent eigenvalues A such that Im v/ remains bounded; while by Theorem 4.1.4
and its proof there can be no divergent eigenvalues A such that Im vA — 4o0.

4.1.4 On the orthogonality of the eigenfunctions

In this section we continue with the analysis of the one dimensional Robin problem.
It is a natural question to ask whether for a fixed parameter a € C the set of
eigenfunctions can — just like in the real case — still be chosen to form an orthonormal
basis of L?(—a,a). In contrast to the tools used to obtain the general results of

Section 3.3 here we rely on explicit calculations. So, for j € {1,2} let A\; € C be two
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different eigenvalues of the Robin Laplacian —A@ on the interval Q = (—a,a) for
some fixed a > 0. Even though we used the representation of eigenfunctions being
sums of sin and cos functions, here we will consider the eigenfunctions u; : 2 — C

(corresponding to A\; = kf) represented by
uj(z) = Aje™* + Bje M, (4.1.60)

Without loss of generality we choose each k; such that Imk; > 0. Since both

functions u; satisfy the Robin boundary condition

—Au=-u"=X u  on (—a,a), (4.1.61a)
—u'(—a) + au(—a) =0, (4.1.61Db)
+u'(4a) + au(+a) = 0. (4.1.61c)

we obtain

Aje %o —ik;) + B (o +ik;) = 0 (4.1.62a)
A% (o +ik;) + Bje (o — ik;) = 0 (4.1.62b)

for constants A;, B; € C\ {0}. Rearrangement of both equations in (4.1.62) yields

Gikge _ Biikj— o Ajik; — o (4.1.63)
Aj lkj+Oé Bj lkj‘i‘Oé

Hence, we need to consider the two cases (i) A; = B; and (ii) A; = —B;. In case (i)

we have ) T
Qik:ja — 11{-77_& <:> e2ik7ja —= 1@ _ S ’ (4164)

ik; + « ik; +a

case (ii) similarly implies

e2ik‘ja — _1k] —a — QQiEa f—t —IE _ a (4165)

ikj"i‘@ 1/{3] +a
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Consequently, this dichotomy corresponds to only having even and odd eigenfunctions,

respectively, and any eigenfunction of —A§ can be written as

C cos (x\/X) for (+),

4.1.66
C_sin (a:\/X) for (—) ( )

ui(x) =C (ei:cﬁ + e—izﬁ) —

for constants Cy. = C(\) € C\ {0}. This allows us to prove the following lemma.

?_ava)

Lemma 4.1.7. The eigenfunctions of —A are L?-orthogonal if and only if

o € R.

Proof. We have already seen that each eigenfunction u of —A§ is either even, that
is u = uy in the sense of (4.1.66), or odd. The Robin boundary problem on the
interval (—a,a) is symmetric (note again that its definition is with respect to the
outer normal derivative), the operator itself is invariant under reflection, and the
subspaces of even and odd eigenfunctions are mutually orthogonal. Thus, it suffices
to prove that (uy,uz) = 0 if and only if a € R for u; and uy being simultaneously
even or odd. So, for j € {1,2}, let k; = \/)TJ # 0 be the roots (with Imk; > 0) of
two different eigenvalues corresponding to even eigenfunctions u; # us (scaled such
that A; = B; =1 for j = 1,2), that is,

(u1,ug) = / (eixkl + e_i‘”’“) (e_i"’”E + ei’”E) dz (4.1.67a)

—a

_ /a (eix(kl—kg) +€ix(kl+g) +e—ix(k1+E) +e—im(k1—l€2)) dx (4167b)

__ 2 (ot =) _ iatia o))

i(k1 — k

i(ky = ho) ) B B (4.1.67¢)

+ _ (eia(k‘l-‘rk‘g) . e—ia(k‘1+k‘2)>
i(ky + ko)
ia(ky—Fk2 _

_ 20 7) (1 _ eﬁia(/ﬁ%))

i(ky — k

(k1 = ko) (4.1.67d)

2eia(k1 +k72)

+ m (1 . e—21a(k1+172)) '
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By (4.1.64) and some rearrangements we see that (u1,us) = 0 if and only if

— iako
1 _ (1 _ efQia(k17k2)> 1 e’ c
kl - k2 kl + k2

— ik + « ik:—a
0= (ki +&) (1~ L=
< (st 2>< ik — a ik2+a>

—\ [iky —@ ik +a ik + @
ki —k — 1— e .
+( ! 2) (1/€2+O&)< ikl—Oé i]{]g-()é)

By an elementary but somewhat tedious calculation we arrive at

0

(1—eZatbtk))  (4.1.68a)

(4.1.68D)

0 = 2k1ky (@ — ) = ik koIm

or in other words Ima = 0. In the case of both w; being odd, by using (4.1.65)
instead of (4.1.64), in (4.1.68b) the changed signs cancel each other out and we arrive

at the exact same result. O

4.2 Cuboids

Based on our understanding of the interval we can easily obtain results for d-
dimensional cuboids (sometimes called hyperrectangles): fix the dimension d > 2 and

choose d intervals (—a;, a;) for a;,...,as > 0. We denote by
Q= (—ay,a1) X -+ X (—aq,aq)
the d-dimensional cuboid of edge lengths 2ay, ..., 2a, with its centre in 0 € R?. Let
Ai(a) == —A7, (4.2.1)

j =1,...,d, be the one-dimensional Robin Laplacian on the edge e; ~ (—a;, a;).

Then there exists a sequence of eigenvalues

A(a), Aa(a), ... € o(=Ag) CC (4.2.2)
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of the Robin Laplacian —Ag on () such that each of these eigenvalues Ai(a), k €N,

is given by a sum of eigenvalues of the constituent operators A;(c), that is,

Ae(@) = 3" A (), (4.2.3)

7j=1
where AY) € o(A;(a)).

Remark 4.2.1. By Theorem 3.3.8 (1) we know that in d = 1 dimension and for each
a € C there exists a Riesz basis of L?((—a,a)) consisting of the eigenfunctions of
_A?—a,a)’ Now let d > 2; for the d-dimensional hyperrectangle Q C R? it follows by
separation of variables that there exists at least a Riesz basis of L?(Q) consisting of
products of the one-dimensional eigenfunctions of the operators A;(a) for j = 1,...,d,

which correspond to the eigenvalues of the form (4.2.3).

Theorems 4.1.1 and 4.1.4 state that, if & — oo in a sector of the form T for
some 0 < ¢ < 7/2, i.e., a sector completely contained in the left half-plane, on
each e; there are two eigenvalues of A;, call them Agj ), )\gj ), both of which diverge
like —a? as o — oco. Consequently, if we start with j = 1, since a single diverging
eigenvalue of A; can be added to d — 1 non-divergent eigenvalues on the remaining
edges es, ..., eq4, and for each divergent one we have infinitely many choices, there
are infinitely many divergent eigenvalues of —Ag which behave asymptotically like
—a?. In the next step we choose two divergent eigenvalues A(V) of A; and \? of A,
and d — 2 non-divergent eigenvalues of As, ..., A;. Adding everything up we obtain
infinitely many eigenvalues of —Ag behaving like —2a?. We proceed successively up
to step (d — 1) to obtain infinitely many eigenvalues that behave like —(d — 1)a?.
However, the final step is different: since there are two divergent eigenvalues for each
A;, j=1,...,d, we obtain not infinitely many but 2¢ possibilities for an eigenvalue
of —Ag to satisfy the asymptotics —da?. This results in the following theorem which
is due to [30, Theorem 9.3].

Theorem 4.2.2. Let Q C R?, d > 2, be a hyperrectangle and suppose that o — 0o
in a sector of the form T for some ¢ € (0,7/2) (see Definition 3.6.1). Then for each
j=1,...,d—1 there are infinitely many divergent eigenvalues \(a) of —Ag such
that the leading term asymptotics reads M a) ~ —ja? and (at least) 2¢ eigenvalues

which behave like M(a) ~ —da?.
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Remark 4.2.3. As already mentioned in Chapter 1 there are several results on
the eigenvalue asymptotics for domains with less regularity and real parameter a.
However, there are no results for general Lipschitz domains but only for those having
a finite number of “model corners”. Just like in the case of real « [36] we expect that
the asymptotics is mainly driven by the “most acute” corner(s) of the domain — the

sharper the corner(s), the larger the (negative) leading coefficient of the asymptotics.

4.3 d-dimensional balls

We next consider the model case of higher dimensional balls
Q=B :=By(0) c R? (4.3.1)

in dimension d > 2. We will use the notation B = S%! interchangeably. The idea
to study Laplacians on spherical domains is standard: we separate the radial and
spherical parts 0, and A, from the Laplacian A. The spherical part A, called
Laplace—Beltrami operator, is introduced in Section 4.3.2 and has a multitude of well
known (spectral) properties, which allow us to write functions in L?(B) in their series
representations with respect to the eigenfunctions of the Laplace-Beltrami operator.
We start by introducing basic notation for spherical harmonics, i.e, as we will later

see, eigenfunctions of A,,.

4.3.1 On spherical harmonics

Laplace’s spherical harmonics are special functions on S¥~! in R? and a basic tool for
studying partial differential equations satisfying a given spherical symmetry in higher
dimensions. The set of Laplace’s spherical harmonics is complete and all functions
within are pairwise orthogonal: they form an orthonormal basis of L?(S?°!), i.e., each
function defined on a sphere S¢~! can be written as a sum of spherical harmonics.
This can be interpreted as a generalisation of the fact that each periodic function
defined on a circle can be written as a sum of sines and cosines, or in other words in
its Fourier series representation. We briefly recall a few properties of the eigenvalues
and eigenfunctions of the Laplace-Beltrami operator on S?!, which will be useful in

the sequel. For more details and further explanations we refer to [48, Section 2.2]
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which is also the literature both this and the next Section 4.3.1 are based on.

Definition 4.3.1. For | € Ny let PF(d) denote the space of all homogeneous
polynomials of degree [ in d variables with complex coefficients and define

(1) PE(SIY) i= {Plgar : P € PE(d)},

(2) Hf(d) = {P € PF(d): AP =0},

(3) HE(SY) := {Plgar : P € HE(d)}.
Theorem 4.3.2. Let E;, | € Ny, denote the complex eigenspaces of the Laplace-

Beltrami operator A,, on S¥=1. Then we have E; = HE(S41). Furthermore, they are

of dimension

d+1—-1 d+1—
M :=dimEz=dimH;C<S“>=( o )—( N 13), (13.2)

and we have

LE(S™Y) = é E;. (4.3.3)

The E) are eigenspaces of the Laplace-Beltrami operator and one can calculate

that the corresponding eigenvalues p? of the corresponding eigenvalue problem
~ALYiy = Yy (4.3.4)
are given by
i =1(d+1-2), (4.3.5)

where we denote by Y ; the eigenfunctions for j = 0,..., M for fixed | € Ny, viz.

the spherical harmonics.
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4.3.2 The Dirichlet Laplacian and Dirichlet-to-Neumann

operator on balls

Let u solve the Dirichlet eigenvalue problem

—Au = \u on B, (4.3.6a)
u=g on 0B, (4.3.6b)

for given g € L*(9B). Then we can write u € L*(B) and g € L*(0B) in their unique

series representations
o Mld

ur,w) =3 3w (r)Yi;(w) (4.3.7)

1=0 j=0

and

d
oo M

gw)=>> g,V w), (4.3.8)

1=0 j=0
respectively. Here, we denote by w € S%! and r > 0 the angle and the radius
of a point z € B, and Y;; € HF(S?!) is the jth spherical harmonic in the /th
eigenspace of the Laplace-Beltrami operator. Note that the continuity condition
requires u;;(1) = g5

The Laplace operator in polar coordinates reads

-1 1
A =0+ d—ar + <A, (4.3.9)
T r

and with this (and the eigenvalues (4.3.5)) in mind we say that a function u is a
solution of the Dirichlet problem (4.3.6) if and only if there exists a bounded sequence

(uo,;)j>0 in C such that

d—1 l(d+1—-2
/\2u17j = —u;:j(r) - TUE,J'(T) + ()\Q)UZJ’(T), (4.3.10a)
(1) = 915, (4.3.10D)
Ul,j(O) = 501U07j (4.3.10C)

hold for all j = 0,..., M and for each | € Ny. Here dy; € {0,1} is the Kronecker
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delta. If we fix [ and 7, this differential equation is equivalent to

l(d+1-2)

20" + (d — 1)rv’ — \? [ v

- 7“21 v = 0. (4.3.11)
This is called Bessel’s differential equation and since we require v, ;(1) = g;; one can
show that the ansatz

uy(r) =+ L P () (4.3.12)

solves the boundary value problem (4.3.10). However, this calculation is tedious but
standard and we omit it. Here and from now on .J,, is the Bessel function of the
first kind of order m € R: applying the Frobenius method on Bessel’s differential

equation implies

(%)
Z\™ >0 1
In(2) == , 4.3.13
==(3) 2 T (m + k1) (43.13)
see [1, 9.1.10, p. 360]; however, we will not need this series representation. Using the
identity

Tn(VR) = ZIa(VA) = Tt (V). (4.3.14)

also called (second) recurrence relation, for all m € C, see [113, Chap. XVII, 17.21
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(B)], we take the normal derivative 0,,

O, (Tl_% Jg+l—1 (/\T)>
J%HA(/\)

r=1

(4.3.15a)

(4.3.15b)

Jg-s-l()‘)

=A\—=—— 1, 4.3.15¢
Jg+z_1(A) ( )

to obtain that for any given | € Ny the Dirichlet-to-Neumann operator M ®()) (with
respect to the I-th subspace H{) maps the Dirichlet data g;; onto (4.3.15¢c). We
conclude that this part M®()) of Dirichlet-to-Neumann operator on 9B in the
subspace HF, identified in the canonical way with CM!' via the eigenfunctions of
Aw|H‘E7 is representable by an M x M diagonal matrix each of whose diagonal

entries is equal to

MO(N) = \/XM —1. (4.3.16)
J %_H_l(\/X)
The Dirichlet-to-Neumann operator M () is then obtained by summing over all
subspaces H{, that is, it may be represented as a diagonal matrix. In particular,
for each [, there are exactly M{ eigenvalues « of the Dirichlet-to-Neumann operator
M()) equal to M®()), and for our purposes it suffices to consider the M®())
individually.

Remark 4.3.3. Since, for orders m € {£3,£3,...}, the Bessel functions J,, can
be expressed through trigonometric functions multiplied by rational and square root
functions — here if and only if d is odd, in particular for d = 3 — the radial parts
u;; appear as these spherical Bessel functions. Note that, e.g. for d = 3, the Bessel
functions .J;, 1 in the ansatz (4.3.12) are multiplied by 1/4/r which makes them

smooth in r — 0.
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Remark 4.3.4. Since each M®()) is diagonal and the Jordan chains of the Robin
Laplacian and the corresponding Dirichlet-to-Neumann operator are of the same
length, see Section 3.7, root vectors and eigenfunctions coincide and the eigennilpo-

tents are always zero.

Observe that the zeros of the denominator in (4.3.16) are simple and so are the
poles of the whole operator. The numerator does not cancel any of the poles, which

follows from (4.3.14). If we assume that

Ty A0) = 0= Jry1(y/Ao) (4.3.17)

for some m € C and some Ay € C\{0} (we only need m € 3Ny), then this implies
J! (vXo) = 0 and J,, has a zero of order 2, a contradiction. It follows that M® is a
meromorphic function having only simple, real poles and an essential singularity in
+o00. We have that

—1

J
MOY(N)g = ag = la| = ‘\/X < 00 (4.3.18)

implies that for |« — oo the right-hand side is forced to diverge as well. Using
(4.3.16), we are led via an explicit formula to the same dichotomy we saw in the
general case in Theorem 1.2.6. Namely, there are two possibilities: either A converges
to the Dirichlet spectrum or diverges absolutely. In the latter case, as with the
interval, we may further distinguish between eigenvalues A diverging away from the

positive real axis or in the vicinity of it. This leads to the following three cases.

(1) VX approaches a pole of M ()), i.e. a zero of J%Jrl_l, meaning the eigenvalue

A converges to some element of the Dirichlet spectrum;

(2) A — oo in a sector of the form C\ T3 for some small § > 0 (see Definition 3.6.1),
that is, Assumption 4.1.3 holds. In this case, v/\ remains in S;t and the quotient

of the Bessel functions in the expression for M) remains bounded, see (4.3.30c);

(3) the more complicated case of divergence, where A — oo in a sector Ty

We analyse the three cases separately.
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4.3.3 The convergent eigenvalues

We start with the convergent eigenvalues; we are interested in establishing the rate
of convergence. As we intimated for the interval, we may consider the residues of
the Dirichlet-to-Neumann operator, which also in the case of balls can be reduced
to a scalar problem. For m € R and p € Ny, we denote the pth zero of the Bessel
function J,,, of order m by j.,, € R. The main result for the converging eigenvalues

on d-dimensional balls is the following theorem (see [30, Theorem 9.8]).

Theorem 4.3.5. Fizl,p € Ny. The eigenvalues A = A(«) converging to the Dirichlet

spectrum satisfy
2ji_
Aa) = 43 ate

5 _
§—l+17p o

+0 (1) (4.3.19)

2
as |a] = oo.
Proof. The statement is proved by calculation of the residues of M®. Indeed, setting

my = ;i —I+1 (4.3.20)

and using (4.3.14), for the pth pole we calculate
| | Tt (V)
Res; M®) = lim [ VA — m (\/Xm’+1 — l)] 4.3.21a
]ml,P ( ) \/Xﬁjml’p ( j lvp) Jml(\/X) ( )

_ : \/X _ jmz,P
A VAl (V) TN = T <jml,p>] (43:210)

= jml7mel+1 (jmm?)

x  lim
VA= jmy

(Jmlwx) — T, uml,p))‘l (4.3.21c)
\/X - jmz,p

= jmhp']mz+1 (jmz ,P)

b (4.3.21d)
X (J;nl(.]mzm))
= jml,mez+1 (jmz,P)
1 (4.3.21¢)
my . .
X <j=]mz (]ml,p) - szJrl(jmz,p))
my,p
= (4.3.21f)
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Since a is an eigenvalue of M (\) we obtain

(\/X - jml,p)a = Resjml,p (M(l)) + O(\/X - jml,p) (4322&)
= _jml,p + O(\/X - jml,p) (4322b)

as VA = jum, p, it follows that

] 1
M) = jogp — 282 4+ O () (4.3.23)

o o?

and hence for the eigenvalue A
2 Jn 1
o ml?p
Ma) = Jryp — 2 Lt O (oﬂ) (4.3.24)

as a — 00. ]

4.3.4 Divergence away from the positive real axis

We next study those divergent eigenvalues A which remain away from the positive
real axis, that is, we now apply Assumption 4.1.3. It will turn out that (unlike for
the interval) the assumption of divergence in a sector, that is, that Im VA grows
sufficiently rapidly compared with Re /), is important. However, the approach
to determine the asymptotics of « as functions of A is similar: we first need an
asymptotic expansion of M® for large A, which in turn requires knowledge of the
asymptotics of the Bessel functions appearing in (4.3.16). To this end, let H() H?
be the Hankel functions of the first and second kind, that is,

2Tn(VA) = HO (V) + HO(VN), (4.3.25)
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and set
PR+ — Sy T (m+2+3) 139
(m, )-—;(_ ) (2l)!F<m—2l+%) (2\/X)2l ( 0. a)
_ (@m? =1)(dm® - 9)
B 21(8v/X)?
N (4m? — 1)(4m? — 9)(4m? — 25)(4m? — 49) B (4:3.26b)
41(8V/ )
as well as
0 Jr e 2y T (m+2+1)+1) s
(m, V) == Zﬁ(‘ ) (2 + 1)IT (m = (21 + 1) + 1) (2V/A)2+! 43:27)
4m?* —1  (4m?* — 1)(4m?* — 9)(4m? — 25)
- TV Yo (43.27h)
It is known that (see [1, 9.2, p. 364])
HD(VN) = 7r\2/X (P(m, VX) +iQ(m, VX)) VAT m+) (4.3.28)
for —m < arg v\ < 27 and
HP(VN) = m?ﬁ (P(m, VX) = iQ(m, VX)) eV T mt) (4.3.29)

for —2m < arg VA < 7. Let P(m,v/)) and Q;(m,v/\) be the sums (4.3.26a) and
(4.3.27a), respectively, up to the /th summand. To obtain the order 1/v/A, we only
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have to consider the first terms in the expansions of P and () to obtain

Tn(V2) = ; (HOWR) + BO(VN) (4.3.300)

1 2 [ : iVA—1T (2m+1)
~ === (Py(m, VX) +iQo(m, VX)) eVA~ 7 Cm+

2V VA ( ) (4.3.30b)

+ (Po(m, V) —iQo(m, \/X)> eiﬁ+lz(2m+1)]
1 4m2 -1 WA ir
— - 14+i— = iVA—T(2m+1)
2V A [ ( : 8V ) ¢
(4.3.30c)

i (1 _ i4m2 - 1) e IVAHT @mt1) |
8VA

The non-(fractional-order)polynomial terms ¢'V* and V> of H (v/A) and H® (v/X)
vield exponential decrease and increase in S and S, , respectively. In a neighbour-
hood of the real axis, however, the remainder terms of the increasing expansion
dominate the leading terms of the decreasing expansion on the other side of the real

axis. This is why we want to add up both terms to obtain [1, 9.2.1, p. 364], viz.

1 im
Tl 3) = (e (VA= Tlm 1) (4331
+ VAo (Iﬁrl))

as VA — oo outside T, (in particular in T,). This expansion outside T} (in

particular in 7)) is obtained by point reflection of J,,(v/)\) in zero.

Considering the two cases where v\ — oo in S, and S;, separately, we arrive at

2 - s i
Jmn(VA) = L (1 _ydm 1) e VAT L 0 <1> (4.3.32)
2mvV A 8VA A

as VA — oo in S, and

2 i . im
Jm(VA) = 1 (1 4 idm 1) et VAT +2m) | 0 (1) (4.3.33)
2’/T\/X 8\/X A

as VA — oo in S, respectively. Using (4.3.32) and (4.3.33) and recalling the relation
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m = % + [ — 1, we calculate

(m+1)2-1

i1 (VA) (1= i) exp (2 [1 4 2(m + 1)) Lo <1>

/D) (L1 exp (2 (1 2] IV
D ol ) o) s
- (1 i i?;im++1;22m - 1)) i+ (i) (4.3.34c)
_ (1 _ 12%1 - ;(Qm - 1)) i+0 (i) (4.3.34d)
iy Qm\/;l e (i) (4.3.340)
_i C;_\/Xl N \/ZX Lo G) , (4.3.34f)

The calculations for the second case v/A — oo in Sj works similarly and results in

TualVD) _ A=l o
TN =—i+ 2\/X+\/X+O()\) (4.3.35)

and we arrive at

Inn(VA) _ o d=1 0(1) (4.3.36)

in Sy. Recalling (4.3.16), this means that for each [ € Ny we obtain an a = a())

with the behaviour

. d—1 1
o =TFivVi+ ——+0 (ﬁ) (4.3.37)

as VA — 0o in S;t, respectively. This leads us to the following statement, which is
due to [30, Theorem 9.9].

Theorem 4.3.6. Let Q = B1(0) C RY, d > 2, and let a — oo in a sector of the
form T for any 0 < ¢ < /2. Then there are infinitely many Robin eigenvalues
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Ma) such that
Ma) = —a® +a(d—1)+0O(1) (4.3.38)

asoz—>ooinT<p_.

Proof. We invert (4.3.37) to obtain (4.3.38) using Rouché’s theorem, as explained in
Section 4.1.2. First, let

T=— (4.3.39)

and let a € C be large in some non-trivial sector T for any large 0 < ¢ < /2.
Following the approach of the aforementioned Section 4.1.2 and restricting ourselves

to the positive case of Im v\ — +00, we have

fa(2) = d; +iz — « (4.3.40)

and
9(VA) = O (h(vV'N)) (4.3.41)
for the error term

h(VA) = \/1X -0 (4.3.42)

as Im v\ — +o0o. Then the unique zero z, of f, reads

2o =i (Cl; - a> . (4.3.43)

Let ro > 0 be the radius of the Ball B* = B,_(z,). Then for z € B® and sufficiently

large o we can estimate

c c c

= < PR
2o + €9 il —jq 4eie 2| af
@ la 2 laf

[h(2)] < (4.3.44)
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for some constants ¢, > 0. We make the ansatz
fa(2)| =10 = 7= (4.3.45)

for a suitable constant C' > 0. Consequently, since (4.1.36) holds for some § > 0 for

sufficiently large «, a similar calculation as in the proof of Theorem 4.1.4 yields
lg(2)| < |falz)| on GB%(za). (4.3.46)

We end up with the existence of exactly one eigenvalue A which behaves like

d—1 1
Ma) = —ia+ 22 40 () , 4,347
(@)= —ia+ "= +0(- (43.47)
that is, together with the case Im v\ — —o0, there are exactly two eigenvalues

which behave like
Ma) = —a® + (d—1)a+ 0O(1) (4.3.48)

as Rea — —o0. O

Remark 4.3.7. For any divergent eigenvalue curve A(«) on the ball, there is a
complete asymptotic expansion in powers of a, and the above method might be
used to obtain arbitrarily many terms of it. Indeed, the asymptotics of the Bessel
functions (or more precisely the Hankel functions) provides us with everything needed
to determine the asymptotics of the Dirichlet-to-Neumann operators M ()), and
thus of o as Tm /A — #o0: taking more terms in (4.3.30a) results in more terms in
(4.3.32) and (4.3.33), and so too in (4.3.37), which can then again be inverted.

4.3.5 Divergence near the positive real axis

We reconsider the asymptotics in (4.3.31) and observe the oscillating nature of the
cosine part as Re v/\ increases — the summand %[2771 + 1] appearing in the argument
is simply a phase shift. Suppose that Im v/A remains bounded as VA — oo in T,
i.e., we explicitly do not apply Assumption 4.1.3. Then it appears that .J,,(v/)) is
dominated by \'/4 COS(\/X). However, the cosine having zeros on the real axis might

be, in a neighbourhood of said zeros, dominated by the O(|v/A|~!) remainder term:
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thus this asymptotic expansion cannot be used. Furthermore, a calculation of the

asymptotics as in (4.3.36) then leads to more complicated behaviour.
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Quantum Graph Laplacians

Contents
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5.1 The Robin problem on compact quantum

graphs

This last chapter follows the article On the eigenvalues of quantum graph Laplacians
with large complex § couplings [76] by James B. Kennedy and myself - not always
in structure but in content. In similar ways to the previous chapters on the Robin
Laplacian on bounded domains we exploit the duality of the Dirichlet-to-Neumann
operator M(A) and the Robin Laplacian —Ag in order to give asymptotic formulas
for the eigenvalues, see Sections 5.2 and 5.3 for the construction of the Dirichlet-to-
Neumann operator and its asymptotics, respectively. In Section 5.4 we analyse the
numerical range of —Ag to obtain (similarly to the localisation theorem 3.4.1) that
the numerical range and hence the eigenvalues are localised in a parabolic region.
This allows us to control both the real and imaginary parts of the Robin eigenvalues

in terms of the real and imaginary party of a.
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Chapter 5 Quantum Graph Laplacians

5.1.1 On quantum graphs

We first need to introduce some basic terminology; we refer to the monographs
[27, 95] or the elementary introduction [23] for more details. The theory of quantum
graphs considers differential operators on so called metric graphs, that is, a set of
points (vertices) connected by segments (edges). For the differential operator the
edges are no different from one-dimensional intervals: the Laplacian, for example,
acts as the second derivative along each edge; the vertices can be interpreted as the
boundary of the graph which in our case gets equipped with the Robin condition,

that is, ¢ couplings in some (or all) of the vertices.

Figure 5.1.1: A (connected) compact graph with 11 vertices and 12 edges.

Definition 5.1.1. A compact metric graph G = (V,E) consists of

(1) a finite vertex set V = {vy,...,v,}

(2) and a finite edge set £ = {e1,...,en},

where each edge e is identified with a compact interval [0, /.] C R of length ¢, > 0,
denoted by

e~ [0,0.]. (5.1.1)

The endpoints 0 and ¢, correspond to the vertices which are incident with the edge e

and we write v ~ e (or interchangeably e ~ v), if a vertex v is incident with e.

While the notation with respect to the endpoints 0 and ¢, implicitly presupposes

an orientation on e, we will see that since the sesquilinear forms are invariant under
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the transformation
0,0 22— L, —x, (5.1.2)

the associated differential operators we will be considering do not depend on this

choice of orientation.

Definition 5.1.2. (1) The degree of a vertex v € V, denoted by degwv > 1, is the

number of edges with which v is incident, that is,
degv:=#{ec & :e~uv} (5.1.3)

for v € V.

(2) We explicitly allow our graphs to have loops (edges both of whose endpoints
correspond to the same vertex; in this case the edge is counted twice when
computing the degree of the vertex) and we allow multiple edges between any

given pair of vertices, cf. Figure 5.1.2.

G1 Go

€1

V

€6

Figure 5.1.2: The graph G, is called loop and Gy is a pumpkin graph with parallel edges
€1,...,€6-

Equipped with the usual metric corresponding to the shortest Euclidean path
between two points, G is a compact metric space. The graph is connected if and
only if it is connected as a metric space. We will always assume G to be such a
connected compact metric graph. On G, as customary, we can define the space L?(G)
of square integrable functions, the space C(G) < L*(G) of continuous functions, and
the Sobolev space H'(G) < C(G), respectively:
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Definition 5.1.3. We define

(1) the following function spaces

LX(G) = P L2(e) ~ @ L*((0,4.)), (5.1.4a)

eel ec&

CG)={f:G—-C : fleeC(e) forallee &
and f is continuous at each v € V},

HY(G)={feC(G) : fl.€ H'(e) for all e € £}; (5.1.4¢)

(5.1.4b)

(2) the integral of a function f over G by

[ fdwi=3 [ fl.do (5.15)

ecE’®

(3) the expression £ f|.(v) as the derivative of f along the edge e at v, pointing
into v (which may be thought of as the outer normal derivative to the edge e
at v); this exists if f], € C(e).

5.1.2 The Robin Laplacian: complex J couplings

To define our operator, we first need to identify a distinguished set of vertices, which

will be equipped with our Robin-type condition: we fix an arbitrary set
VR:{Ul,‘..,Uk} cV (516)

with cardinality & < n :=|V| and call Vg the set of Robin vertices, consistent with

the nomenclature in [27, Section 1.4.1]. We further fix a vector

a=(ay,...,aq)" €C* (5.1.7)
with o; = a(v;) for j =1,...,k, that is, the vector of Robin parameters where each
vy, ..., 0 gets equipped with its corresponding parameter aq, . .., ag.
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5.1 The Robin problem on compact quantum graphs

Definition 5.1.4. We define a sesquilinear form a,, : H'(G) x H'(G) — C by
k ——
ailfgl = [ -5 de+ Y f(0)g(v) (5.0.8)
=1

for f,g € H'(G) in the sense of (5.1.5).

G=G(Vr, Vn,€)

€6
Vs @

U1 V2@ %

€7
Figure 5.1.3: A connected graph G(Vg,Vn, &) with six Robin vertices vy, ..., v, five
Neumann—Kirchhoff vertices vr,...,v12, and 12 edges e, ...,e19: the red edges e1,...,eq

are intervals of the type R—R (cf. Section 4.1), e7, ..., e1p are of type R—N and ey, e of
type N—N.

Integration by parts (each occurring integral is simply 1—dimensional) shows that
the operator on L?(G) associated with a, is the Laplacian, i.e., —% on each edge,

whose domain consists of those functions f € H'(G) such that

(1) fle € H*(e) = C'(e) for all e € &,
(2) f is continuous at every vertex v € V,

(3) f satisfies the following vertex conditions:
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(3.1) if v; € Vg, then

S 2 flufw) + 0y (wy) = 0 (519

evvj

(3.2) if v; € V\ Vg = {v41,...,0,}, then

> ;ﬂe(vj) = 0. (5.1.10)

eV

By way of analogy with its counterparts on domains and manifolds, we will call the
unbounded operator on L?*(G) associated with the form a, from (5.1.8) the Robin
Laplacian and denote it by —Af; . Note that as mentioned in the introduction this
Robin condition is most commonly known as a ¢ condition (or ¢ coupling) in the
literature. We call and note that condition (5.1.10) on non-Robin vertices is the
condition usually known as Kirchhoff, which corresponds to the Robin condition
(5.1.9) with « = 0. The Kirchhoff condition together with continuity in each

v E VN SIV\VR:{Uk+1,...,Un} (5.1.11)

is then known variously in the literature as natural, standard, or even sometimes
just Neumann or Neumann—Kirchhoff; it is for this reason that we will use the letter
“N” as an index for the corresponding vertex set Viy =V \ Vg. For the construction

of the Dirichlet-to-Neumann matrix, we will need the Dirichlet Laplacian on G.

Definition 5.1.5. We will say that there is a Dirichlet condition at a vertex v; € V
if all functions in the domain of the form or operator are simply equal to zero at v;;
no further conditions on the functions are imposed at v;. We will denote by —Aeo

the Laplacian satisfying

(1) Dirichlet conditions at every vertex in a subset Vy C V,

(2) continuity plus Kirchhoff conditions at all vertices of Vi =V \ V.

At the level of sesquilinear forms, the form associated with this operator is given by

aof, 9] = /gf"g’ dz (5.1.12)
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5.1 The Robin problem on compact quantum graphs

for f, g in its form domain D(ag) which coincides with
Hy (G, Vo) :=={f € H'(G) : f(v;) = 0 for all v; € Vy}. (5.1.13)

We will correspondingly write —AZL for the Laplacian on L?*(G) satisfying Dirichlet
conditions at every vertex of V. In this case G decouples to a disjoint union of

m = |€| intervals, each equipped with Dirichlet conditions at both endpoints.

We refer in particular to [27, Section 1.4] for more details on these operators and

vertex conditions.
o —————0 o —————0
\[_: \
o —0
Figure 5.1.4: Dirichlet conditions at a vertex v imply that the graph decouples to a disjoint

union of degwv subgraphs. If every vertex is a Dirichlet vertex, then we arrive at ||
subgraphs, each of which being an interval.

All the operators —Af; | —A{:}R are seen to have compact resolvent (since the
embedding of H'(G) into L?*(G) is compact), and hence discrete spectrum, for any
a € C*. For real a or Dirichlet conditions, this is contained in [27, Theorem 3.1.1].
For complex «, this may be deduced from [26, Section 3| or [71, Sections 3.5 and 5],
or proved directly using the compactness of the embedding H'(G) — L?*(G) and the
fact that —AS  must have non-empty resolvent set, e.g., by Theorem 5.4.1. For each

eigenvalue A € o(—A$; ), there exists an eigenfunction ¢ € H'(G) which satisfies

k [
/g¢'-¢’dx+j§:laj¢(vj)¢(vj) - A/g¢¢dx (5.1.14)

for all p € H*(G). Throughout, we will assume the connected, compact graph G(V, £)
and set Vg C V of Robin vertices to be fixed. Before continuing, we first note the
following basic property of the dependence of the eigenvalues of —A$ on «a € C*
(see [76, Lemma 2.1]).
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(o7

Lemma 5.1.6. The operator family A(a) = —A;, a € C, is self-adjoint holomor-
phic; in particular, A(a)* = A(@) for all o € C, and up to possible crossing points,

each eigenvcurve A(«) depends holomorphically on «.

The proof is similar as the one for Theorem 3.2.11, that is, [74, Theorems VII.4.2
and VII.1.8, Remark VII.4.7]. Analyticity results can also be found in [26, Section 3.4].

5.2 The Dirichlet-to-Neumann operator

We now turn to the proof of Theorem 1.2.8. It is based on the Dirichlet-to-Neumann
operator M (), cf. Section 3.5, and its asymptotical behaviour as its spectral
parameter A tends to infinity in C. To construct the Dirichlet-to-Neumann matrix on
quantum graphs we follow a similar approach as in Section 4.1, that is, we consider
the inhomogeneous Dirichlet problem where a vertex v is equipped with the Dirichlet
condition if and only if v € Vg; every other vertex satisfies the Neumann—Kirchhoff
condition. We start with the Dirichlet-to-Neumann matrix M, ()\) on a single edge
e;; € € connecting two distinct vertices v; and v;, and extend it by zero to all the
vertices in Vy to obtain an n X n matrix ]\7[3”- (A). Then, by summing over all these
matrices we obtain My (), that is, the operator acting on all of G. If we remove all
phantom entries, namely each entry A;; of My,(\) such that there is no edge joining
v; and vj, a representation of M in block form allows us to give a formula for the
Dirichlet-to-Neumann matrix M () acting on the correct vertex set V. We want to

perform these steps in detail: given a vector (Dirichlet data)
9="(g1,--,9)" €C" = Vg (5.2.1)

and A ¢ o(—AJ ), there exists a unique weak solution f € H'(G) of the Dirichlet

problem

—f"=X\f edgewise, (5.2.2a)
flve =9, (5.2.2b)
0
> %ﬂe(?}j) =0  forall v; € Vy. (5.2.2¢)

€V
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5.2 The Dirichlet-to-Neumann operator

The Dirichlet-to-Neumann operator M () maps given Dirichlet data g = f|y, to
the corresponding Neumann data —8% fle(v;) of the same solution f of the problem
(5.2.2), that is, a map from Vj to itself. If we fix the order vy, ..., vy of the vertices
in Vg, then M()) is canonically identifiable with a matrix in C***. In future we
shall make this identification without further comment. We now wish to analyse this
operator in more detail: we first note that we may assume without loss of generality
that G does not have any loops nor multiple parallel edges (i.e., between any two
distinct vertices there is at most one edge); indeed, if this is not the case, then we
may insert a new, artificial vertex of degree two in the middle of each affected edge as
it is depicted in Figure 5.2.1. When these vertices are equipped with continuity and
Kirchhoff conditions, the Laplacian on the resulting graph is unitarily equivalent to
the one on the unaltered graph (see [24, Section 3]), and so the Dirichlet-to-Neumann

operator on the unaffected set Vy of Robin vertices is equally unaffected.

Figure 5.2.1: To avoid loops and parallel edges, that is, edges e; and ey and vertices
v and vy with v ~ ej ~ vy for j = 1,2 (e.g. as Gz depicted in Figure 5.1.2, artificial
Neumann—Kirchhoff vertices of degree 2 are inserted; they do not have any effect on the
spectral properties of our differential operators. Note that the loop requires not one but
two artificial vertices to avoid parallel edges.

Now let v;,v; € V be any two distinct vertices and suppose they are joined by a
(unique) edge e;; having length ¢;; > 0. It is known, and a short calculation shows,
that the Dirichlet-to-Neumann operator associated with the graph consisting just of

this edge (that is, an interval of length ¢;;) and the parameter

Ae@\{W:neN} (5.2.3)

2
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may be represented by the matrix

(A) = VA (— cot \/Xfij csc \/Xfij ) |

M,
csc \/Xfij — cot \/Xﬁij

€ij

(5.2.4)

For more details and a derivation of this representation, we refer to Section 4.1.
Fix A € C, to be specified precisely later. We denote by ]\76”. e C™" the matrix
corresponding to the operator (5.2.4) extended by zero to the n — k other vertices in

Vy. That is, for fixed 1 <1i,7 < n, the (i,7)- and (j, j)-entries of Meij are given by
the (7, 7)- and (j,)-entries of Meij are given by

\/XBij = \/XCSC \/X&] (526)

All other entries are zero, that is,

0 0
A 0 Bj
M..,(\) = VA 0 0 c crm, (5.2.7)
B; 0 A °
0 0

Note that there are always (|i—j| —1) zeroes between the 4 non-zero entries of ]\71% (A),

that is, Meij (A) does always (and only) consist of the quadratic and symmetric block

0 0 | e cli=il+Dx(i=jl+1) (5.2.8)

embedded in C"*™: here, A;; are always diagonal entries of ]\76”.(/\). We may then

write the Dirichlet-to-Neumann operator My,(\) acting on all n vertices V, that is,
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5.2 The Dirichlet-to-Neumann operator

My(X) € C™™ by summing over all the localised matrices (5.2.7),

My(\) =" M.(\) € C™m, (5.2.9)

ecf
which is well defined as long as X is not in o(—A%), i.e., not in the Dirichlet spectrum
of any of the decoupled edges considered as a collection of disjoint intervals. Note
that not each pair (v;,v;) is connected by some e;;: if we set A;; = B;; = 0 whenever
there is no edge joining v; and v;, then each diagonal entry of My (\) consists of

exactly n addends (some of them being 0) and we may explicitly write the (i, j)-entry
of My()\) as

(My(N);; = VAL =1 ’ (5.2.10)
Bij if i # j.

By this representation it is immediate that My (\) depends analytically on A, with
isolated singularities at the discrete set o(—AL), that is, the spectrum of the
Laplacian on G where each vertex v € V is equipped with the Dirichlet condition.
Importantly, the Dirichlet-to-Neumann matrix My () acting on Vg can be written
in a natural way in terms of My()\). We recall that V consists of the (ordered)
vertices vy, ..., v,, such that the first k entries Vg = {vy,..., v} are equipped with

the Robin boundary condition. With this ordering, we write My () in block form as

My(\) = (g C;) : (5.2.11)

where
(1) R € C*** represents the restriction of My to the Robin vertices v, ..., vy,

(2) K € C(=R)x("=F) i5 the restriction to the remaining n — k& Neumann-Kirchhoff

vertices Vgi1, ..., Un,

(3) and C' € C®>F and its transpose CT give the interaction (“coupling”)

between these two groups of vertices.

The following representation (see [76, Lemma 3.1]) is adapted from [44], although

we expect it is known elsewhere.
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Lemma 5.2.1. With the representation (5.2.11), the matriz K is invertible if and
only if \ & o(=Ay_). Whenever K is invertible, the operator M () is well defined

and may be represented in matrixz form by

M\ =R-C'K™'C. (5.2.12)

Proof. Let
o= (21,...,0)" =g C"~ Vg (5.2.13)

be the Dirichlet data from (5.2.2b). We write
ok g "
() () e "

2V = (s, oy 2a) = fluy € CF e y, (5.2.15)

for the components

N

of values of f in the non-Robin vertices. Then 2" is well defined and thus uniquely

determined by the first & entries %t since \ ¢ J(—A{?R). By construction we have

T x 2 v N
MVW:@ i{ )(;)Z(zw%ﬂe( >):(M<3> ) (52.16)

M\ = Ra® + CTa", (5.2.17)
where
Ca® 4 K2V = 0. (5.2.18)

Since z" is uniquely determined by xft € CF arbitrary, we must have that K is
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5.3 Asymptotics of the Dirichlet-to-Neumann operator

invertible. This implies
N = K102, (5.2.19)

and thus (5.2.12) follows if A € o(—AJ ). If on the other hand A € o(—AJ} ), then
since ¥ is no longer uniquely determined by z® in general (if ¢ is an eigenfunction

of —AJ | then ™ + 1]y, is also a solution), K cannot be invertible. O

We can now state the central duality result linking the eigenvalues of M (\) and
—AY;.. Here we will still suppose that the vector a = (ay,...,ap)T € CF is given
and assume that the (ordered) vertices v; € Vg = {v1,..., v} are equipped with the

corresponding Robin parameter «;; for brevity we will then write
I = diag{ay, ..., o} € CPF, (5.2.20)

The next statement is well known in the case of real a € R (see [27, Theorem 3.5.2]);

the proof in the complex vector case o € CF is identical, and we omit it.

Theorem 5.2.2. Let A € p(—A} ). Then X € o(=A$; ) if and only if

det(M(\) — L) = 0. (5.2.21)

5.3 Asymptotics of the Dirichlet-to-Neumann

operator

We now investigate what happens to M () when A — oo. We first note the following

trivial but useful implication of Lemma 5.2.1, see [76, Lemma 4.1].

Lemma 5.3.1. The Dirichlet-to-Neumann matriz M () is a meromorphic function
of \. It is well defined for all A € p(—A{}R), and each \ € a(—A{?R) is a pole of finite
order of M(\).

For a vector z = (21, ..., 2;,) € CF we denote by m(z) the smallest of the moduli
of its components z;, j =1,...,k, ie.
m(z) = min |z (5.3.1)
j=1,....k
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Using the duality between the eigenvalues A € o(—Ag;_) of the Robin Laplacian and
the eigenvalues a € o(M ())) of the Dirichlet-to-Neumann matrix (see Theorem 5.2.2),

we obtain the following statement, see [76, Theorem 4.2].

Theorem 5.3.2. For any compact graph G and any bounded set 2 C C such that
dist(Q, o(—=A} ) > 0 (5.3.2)
there exists a number & > 0 depending only on Q, G, and Vg such that
o(=AY, )N =2 (5.3.3)
for all a = (ay,...,ax) € C* such that m(a) > a.

In other words, if we fix any bounded set Q (strictly) away from the Dirichlet
spectrum, as m(a) grows and exceeds a certain threshold, each single eigenvalue
curve will have left 2. Since 2 can be chosen to be arbitrarily close to any of the
discrete points of o(—Aj) ) the latter theorem immediately implies the following

dichotomy.

Corollary 5.3.3. Suppose m(a) — oo and A = A «) is an analytic branch of
eigenvalues of —AY; . Then either A — oo in C or A converges to a point in 0(—A€R)

as m(a) — 00.

Proof of Theorem 5.3.2 and hence of Corollary 5.3.3. For m(«) > 0 we consider the
invertibility of
M) =1, =1, M\ = 1), (5.3.4)

where I,1 := diag{ai',...,a;'} is well defined (since m(a) > 0) and satisfies
I, = I by definition. Now the matrix M()\) € C*** is a meromorphic function of
A with singularities at o(—AJ) ) (see Lemma 5.3.1), and hence its norm is uniformly
bounded on 2 CC p(—A{?R). Hence for each such (2 there exists a constant cq > 0
independent of o € C* such that

sup || Lo—1 M ()|l yor < sup [[La=1 [l yor [M (M) cren (5.3.5)
AEQ AEQ

= Cq HIa*1|’(ck_>([jk — 0 (5.3.6)
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5.3 Asymptotics of the Dirichlet-to-Neumann operator

as m(a) — oo. This convergence implies that (I,-1M(\) — I) is invertible (as a
Neumann series) and the right-hand side of (5.3.4) is, too. That is, there exists a

constant & > 0 such that
m(a) >& = M(X\) — I, is invertible. (5.3.7)

In particular, the kernel of M(\) — 1, is trivial for m(a) > &, and thus there exist

no eigenvalues of the Robin Laplacian in €2 by Theorem 5.2.2. [

It remains to analyse what divergent behaviour is possible, and under what
circumstances. To this end, we use the representations (5.2.10), (5.2.11), and (5.2.12)
together with ideas drawn from Section 4.1 for the interval. We first note that since
the coefficients A;; and B;; given by (5.2.5) and (5.2.6), respectively, only consist of
sine and cosine functions of v/A. Thus they are periodic in Re v/ and we only need

to consider the case Im v/A — 00, in which case we have the asymptotics
cot z =1 (1 + 22> =Fi+0 (ejFA‘ImZ) (5.3.8)
er — 1
and
2i

cscz=—-—=0 (ejF?Imz) (5.3.9)

elz — efiz

as Im z — 400, independently of Re z. For
z= 3¢X (5.3.10)

this gives the following asymptotic expansion of M()\) € C***. In what follows, for

brevity we will set
D := diag{degvy, ..., degv;} € NF*k (5.3.11)
as well as
D := diag{deg vjp11, . ..,degv,} € N=k)x(n=h), (5.3.12)

The following lemma corresponds to [76, Lemma 4.4].
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Lemma 5.3.4. Suppose A — oo in C in such a way that Im v/A — +o0, and recall
the definition {g := min{l, : e € £} > 0. Then M(X) has the asymptotic expansion

M(X) = £HVAD + O (VeFem V) (5.3.13)

as A — 0.

Proof of Lemma 5.3.4. Recall the matrices R, C' and K introduced in (5.2.11). Then

the expression

S Ay ifi=j,
(My(\),; = VAot (5.3.14)
By if i # j.

for the coefficients of these matrices, cf. (5.2.10), plus the asymptotics
Ay = #i+ 0 (ePWmYA) and By = 0 (¥ (5.3.15)
respectively, as Im v/A — 400, which follow from (5.3.8) and (5.3.9), imply that
R =+iVAD + O (VaeTeimVA) (5.3.16)
Note that D is the coefficient matrix since A;; = 0 if and only if there is no edge
joining v; and v;. To be more precise, if there are degv; edges joining the Robin
vertex v;, then there are exactly degv; non-zero addends in the sum (5.3.14), each
of which behaves like iV A + O (\/XejF%ijIm ﬁ) Similarly, we obtain
C, C" = O (VaeFtem V) (5.3.17)
and

K = +iVAD + O (VaeTeimvVA) (5.3.18)

From the latter, we obtain (the rough but sufficient estimate) that K~ = O(1/v/))
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and hence also
CTK™C = O (VeFHeimVA) (5.3.19)
Combined with the asymptotic expansion for R and the representation
M(\)=R-CT'K'C (5.3.20)
(cf. (5.2.12)) of M(A), this immediately yields the assertion (5.3.13). O

Our next step is to use the asymptotics of M()\) to analyse the asymptotical
behaviour of its eigenvalues. To this end, we use the Gershgorin circle theorem, see

[60], which is particularly useful for diagonally dominant matrices.

Theorem 5.3.5. Let A = (a;;) € C*** and define the radii

ri= > lagl, i=1,...k (5.3.21)
=1
ot

(1) The spectrum of A = (a;;) € CF** satisfies

ag(A) C LkJ B, (ai;) =: G 4. (5.3.22)

(2) Moreover, every connected component of G4 contains exactly as many eigen-

values as diagonal elements of A.

Corollary 5.3.6. For the Dirichlet-to-Neumann matriz M(\) on a compact graph

with Robin vertices vy, ..., v, we have that its eigenvalues 5, j =1,...,k, satisfy
B; =iV degu; + O (Vae feimv?) (5.3.23)

as Im V) — +00.

Proof. By the statement

M(A) =iVAD + O (Ve folm V) (5.3.24)
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of Theorem 5.3.4 it is immediate that
ri(d) = O (Ve feimv3) (5.3.25)

as Im v/A = 4o00. Thus, the Gershgorin disks (at this point it is irrelevant if they

are open or closed)
By, (Mi(N) = By, (VA degi + O (Ve ) (5.3.26)

i = 1,...,k, get exponentially smaller as Im v\ — +oco. Additionally, if X is

sufficiently large, then the connected components of Gy () are exactly

K :=|{deguvy,...,degvp}| < k (5.3.27)
disjoint disks and their union contains all the eigenvalues 31, ..., ;. The statement
of the corollary is immediate after a possible rearrangement of their order. O

To prove Theorem 1.2.8, it remains to “invert” these asymptotics, that is, express
these curves as functions of a. For this part of the argument, we may essentially
appeal to the proof given in [30, Section 9.1.3] for the corresponding statement on

the interval.

Proof of Theorem 1.2.8.
Firstly, we sketch the general idea: assume that a = (ay,...,a;) — oo in C* and
recall the following two cases that for some m = 0,1,...,k the vector o can be

reordered such that

(1) ap:= a1 =+ =y, — o0 in a sector fully contained in the open left half-plane;
(2) @m+1,..., 04 — 00 such that Rec; remains bounded from below, for all
m+1<j5<k.

Note that the first case is allowed to be empty, which is the case if and only if m = 0.
Here and throughout the proof we understand “eigenvalue” to mean “analytic curve

of eigenvalues”. We wish to show that for each vy, ..., v, (each of which is equipped
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with ap) there exists a corresponding eigenvalue \; which behaves like

2
N 2 lgRea
Aj = {dog ;) +0 (aoe g 0) (5.3.28)
as ag — 00, and that these m eigenvalues Ay, ..., \,, are the only ones which diverge

away from the positive real semi-axis.

Step 1: There are at least m such eigenvalues. Suppose first that A\ is such
an eigenvalue diverging away from the positive real semi-axis; then necessarily
Im VA — £0o0. We obtain k eigenvalues of M()), namely f3y, ..., B, each of which
behaves like (5.3.23). Now fix j = 1,...,m. By the same inversion argument based
on Rouché’s theorem that was used in Section 4.1, there exists an eigenvalue A of
—Af;, which satisfies

2
!
A= -+ O(f(aw)) (5.3.29)
(degv,)?
with the asymptotical error term
flap) = adefeleno (5.3.30)

as oy — oo. We arrive at m divergent eigenvalues, each of which satisfies (5.3.28).

Step 2: There are at most m such eigenvalues. Suppose now that there is an
additional, (m + 1)st divergent eigenvalue A = A\(a) which satisfies Im vA — oo.
Then, again, the matrix M () has k eigenvalues satisfying (5.3.23). By assumption,
A is not an eigenvalue of —Af; corresponding to the m curves Ay,..., A, found
above, that is, it does not correspond to the parameters «y. Hence, applying the same
inversion procedure, there must be some g € {m + 1, ..., k} such that A corresponds
to the eigenvalue «, <> A described asymptotically by (5.3.23). But now Step 4 of
the proof of Theorem 4.1.4 shows that the condition Im v\ — 400 together with
the relation (5.3.23) implies that necessarily Rea, — —oo as A(«a,) — oo. This
contradicts assumption (2), and we conclude that no such divergent eigenvalue A can
exist which is not already among the m found above. Finally, we already know from
Corollary 5.3.3 that each eigenvalue of —Af; which does not diverge to oo converges
to some eigenvalue of the Dirichlet Laplacian —A{?R as a — 0o0. This completes the

proof. n
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Remark 5.3.7. It is already mentioned in the introduction that we always assume
the standard (continuity-Kirchhoff) conditions to hold on the set Vy =V \ Vg of
non-Robin vertices. The fact that we use these vertex conditions plays a major
role in two places: (1) the block matrix representation M(\) = R — CTK~1C of
the Dirichlet-to-Neumann operator from Lemma 5.2.1, and (2), in the subsequent

asymptotics thereof in Lemma 5.3.4, more precisely in (5.3.19).

(1) Let us suppose for a moment that the functions in the domain of —A§; = satisfy
other (local) vertex conditions for all vertices in Vy. In general, this would result
in a different matrix K in both equations (5.2.11) and (5.2.16). Consequently,
the last n— k components Cz®+ K2V of (5.2.16) may no longer vanish and the
argument that z? is easily expressible as a function of 2% fails. Moreover, if the
vertex condition assumed to hold on Vy implies that Cz® 4+ Kz~ depends on f
(in our setting, the canonical example is any Robin condition), then ¥ may no
longer be uniquely determined by xf, that is, K is no longer invertible. Thus

for our proof, we require the boundary condition to satisfy Cz + KzN =0.

(2) The asymptotic behaviour (5.3.13) of the Dirichlet-to-Neumann matrix does
indeed depend on the asymptotics of K , however, we only require that CTK-C
does not influence the leading term. In other words, we only need that K does

not decrease too rapidly as Im v/ — +oo.

However, since this consideration is negligible for our main subject, will omit the

question of other vertex conditions for which our proof would still work.

5.4 Estimates on the numerical range and the

eigenvalues
In this section we want to give estimates on the location of the eigenvalues to comple-
ment the asymptotic results of the divergent eigenvalues described by Theorem 1.2.8.

To this end, we study the numerical range W (a,) of the Robin form a, with (re-

spect to the set Vg = {vy,..., v} C V of Robin vertices and the vector of Robin
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parameters a = (aq, ..., ;)T € CF), namely

W(aa) = {aalf, ]+ [ fll2 =1} (5.4.1a)
k
I{/g\fl dr+;0¢j!f(vj)! : /g|f\ dx:l}cc, (5.4.1b)

noting that every eigenvalue of —A§; is an element of W (a,). For every fixed a € C*
we will present three sets of results which, while perhaps not surprising, give a fairly
complete picture of the location spectrum: our first results, namely Theorem 5.4.1,

give an estimate on the location of the set W(a,) in the complex plane,
o(~Ag) = 0,(~Ag) € W(=AF) € W), (542

analogous to those of Section 3.4 for the complex Robin Laplacian on a domain
Q2 in R?. This leads to bounds on the real part of the eigenvalues which are, in
particular, sharp up to the first term of the asymptotics as a — oo in C*. In addition
to these bounds, we also consider more precise estimates on the imaginary part of
the eigenvalues afterwards. For the numerical range, we consider the case of o € C*

and the case of vertex-independent

a=a;=...=a €C (5.4.3)
separately. Notationally, for the fixed set Vg = {v1, ..., v} of Robin vertices we will
always write

D := min deguv;. (5.4.4)
J=1,0k

We also recall that £g = min{/, : e € £} is the length of the shortest edge in G. The

following statement is due to [76, Theorem 5.1].

Theorem 5.4.1. (1) Let « € C*. Then the numerical range W(a,), and in
particular every eigenvalue of —AS;_, is contained in the set
j=1

k
Agaiz t+za]’8]’€CZt20, Sje O,z\/Fj—i-i s (545)
: D Dlg
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where the numbers 0 < 7; < t satisfy Z;?:l T; < t.

(2) If « == a1 = ... = ap € C is independent of j = 1,...,k, then W(a,) is
contained in

Ago:=3t+aseC:t>0,s€ Oz\/g—i—L (5.4.6)

G, - — L= U, ,@ ©€g . 4.

Remark 5.4.2. (1) By the definition of the numerical range (5.4.1) (or more
fundamentally, by Definition 5.1.4) we have that if Rea; = Rea(v;) > 0 for
all v; € Vg, then Re A > 0 automatically as well, whereas if the components of

Re a are all negative or of indefinite sign, then Re A may be negative.

(2) The set Ag, is depicted in Figure 5.4.1 in the simple case that a € C with
Re a, Im a > 0; one might compare this depiction with Figures 3.4.1 and 3.4.2

for the complex Robin Laplacian on a domain in R?.

N

2 1
wra(Fvitog)

Dig

/7

\

t ty ts

Figure 5.4.1: The set Ag, from Theorem 5.4.1(2), which contains the numerical range
W (aq), for a representative choice of Rea > 0 and Im a > 0, corresponding to the region
between the curve OAg , and the real axis. The region is composed of the union of segments
of the form {t + a-s € C: s € [0,2vt/D + 1/D¥g]}, each of slope Im a/Re a, for different
values of t > 0; the parallel lines show these segments for selected values of ¢, ts,t3 > 0.
Their endpoints form a parabolic section of Ag , open to the right.

The statement of Theorem 5.4.1 will follow from a kind of “trace-type” inequality

which allows us to control precisely the value that an arbitrary H!'-function takes at
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a given vertex in terms of certain subgraphs (star shaped graphs having the given
vertex as their centre) around it. This might be compared with [30, Lemma 6.5]. To

this end, we first require some notation regarding these subgraphs.

Definition 5.4.3. (1) Let £ : £ — (0,1] be an edge-dependent length scaling

factor. Given any vertex v; € V, we denote by

S5 = &le)e (5.4.7)

evv;

the star subgraph of G whose central vertex is v; and whose pendant edges are
the edges e incident with v;, scaled by the factor £(e) € (0, 1].

(2) If £ =1 on &, that is, none of the edges is shortened and Sf is exactly the
subgraph which is formed by deleting each single edge e % v;, then we write

S; instead of Sjl and call it the spanning star at v;.

We will always make the identification that Sf is a subgraph of G (denoted by
Sf C G); in particular, we will treat the scaled edge £(e)e C Sf as a subset of the
edge e C G.

Definition 5.4.4. Let G = G(V, ) be a compact metric graph and let Vy C V be
an arbitrary collection of its vertices. We denote by Gy the subgraph of G consisting

of the union of all spanning stars of all vertices v € V.

Example 5.4.5. Assume that G is already a star with vertex set V = {vg,v1,...,0,}

centred in vg. We further call the edges e; ~ v, for j =1,...,n.

(1) If Vo = {vo} consists only of the central vertex wvg, then the corresponding

spanning star G, is the whole of G.

(2) If Vo = {v;} for any j = 1,...,n, then Gy is just the single edge e;. The
spanning star corresponding to any vertex set Vy C V such that vy ¢ V,, then

Gy is, again, a star missing all edges e; with v; ¢ V.

Definition 5.4.6. For any subgraph G’ = (V',&’) of G we define

lg = min/l, (5.4.8)

ec&’!
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V2
U3 U1 (%1
Vo

Uy Ve

Us

Figure 5.4.2: Left: star graph G as in Example 5.4.5 for n = 6 and /e, = £, for all i # j; this
graph is also Gy for Vo = {vg}. Centre: S§ for &(e;) =1, j = 1,2,3,5,6, and £(eq) = 0.5.
Right: spanning star Gy for Vo = {v1 }.

to be the length of the shortest edge e of G'. As usual, we set || f||g: := || f|lg'2 to be
the L?(G’)-norm of f.

The following lemma (see [76, Lemma 6.1]) is key to prove Theorem 5.4.1.

Lemma 5.4.7. Let £ : £ — (0,1] and v; € V be arbitrary and denote by Sf the
scaled star at v; as described in Definition 5.4.4. Then

1
deg ;] f(v;)]* < 20 fllsell Nl 6 + lefllig (5.4.9)
S; J

for all f € HY(G). Moreover, if Vo CV is an arbitrary set of vertices of G and Gy
is the subgraph union of spanning stars for Vy as described above, then we have the

estimate

, 1
> deguyl f(vy)* < 2l fllgoll £ o + gllf\léo- (5.4.10)

v;€Vo

For the proof of Lemma 5.4.7, we will use the following cut-off functions ¢; € C(G),
which are supported in a certain neighbourhood of v; as depicted in Figure 5.4.3: for

each v; we define p; € H'(G) with support in Sf by setting

1 — Bt i e ge)e €SS
805(35) — &(e)le . J
0 otherwise.

(5.4.11)
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Then clearly 0 < <p§ < 1; moreover, since we are assuming that G does not have any
loops, if £(e) = 1 for all e then the collection ((pﬁ);‘:l is a partition of unity. Note

that, if the scaling factor £ = 1 is trivial, we write ¢; instead of gpjl-.
Lemma 5.4.8. The cut-off function g0§ fulfils the following properties.

- nas norm oo = ana 1t 1S wea frerentiaole wi norm
1) o5 h 5 1 and it i kly di tiable with

1
1@5) lloo = 5 (5.4.12)
s
(2) If ¢ =1 and v; ~ e ~ v;, we have
0 =1—; and @y = —¢j. (5.4.13)

Proof. (1) The first statement is clear by construction and the weak differentia-
bility follows from the fact that the function is one-dimensional and Lipschitz
continuous on G. Note that the steepest decent of g0§ occurs on the shortest
edge of Sf; and since the function is linear on each edge &(e)e, we have

1 1 1

- — <
€@ece  E(e)le lee  Uge

[

(5.4.14)

for all e ~ v;, and equality if and only if {(e)e is the shortest edge of Sf.

(2) Let £ = 1 be constant and let e ~ [0, /] be the edge incident with v; and

v;, where 0 corresponds to v;; here the functions ¢; and ¢; have the explicit

representations
1 1
pi(z) = |1- Wm X[o,g(e)ze](x) =1- Z (5.4.15)
and
(x) = PN ()—l (5.4.16)
Pi\r) = 5(6) f(e)éex X[le(1—£(€)), L]\ L) = EeI 4.

respectively, that is, p; = 1 — ¢;. The last statement follows by differentiation

of this equation. This completes the proof.
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&
J

(here, £ < 1 on eq, €9, e3); in particular, we have ¢§(m) = 0 on the rest of G.

Figure 5.4.3: Exemplary excerpt of a quantum graph. The function ¢ is supported on Sf»

The last tool needed to prove Lemma 5.4.7 is the following auxiliary statement.

Lemma 5.4.9. Let (a,b) C R be a non-degenerate interval. If u,v are (weakly)
differentiable on (a,b), then we have (weakly)

(\u|21))/ = 20Re (') + |ul*v'. (5.4.17)

Proof. Due to |u|*> = wu it suffices to prove (vz)’ = 2Re (vw). To this end, we

introduce real functions a, b, ¢, d such that
u=a+ib and W' =c+id. (5.4.18)

Elementary calculations give

(vu)" = vt + u(m) = 2(ac + bd), (5.4.19)

which, together with
Re (ac + iad — ibc + bd) = Re ((a — ib)(c + id)) = Re (un’), (5.4.20)
proves the assertion. [
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Proof of Lemma 5.4.7. Step 1: Proof of (5.4.9). We start by fixing any arbitrary
v; € V. Let the spanning star Sf and the cut-off function g0§ be as described above,
and let f € HY(G) be arbitrary. Each of the edges £(e)e of Sf is identified with the
interval [0, £.], where the right boundary point ¢, corresponds to the centre vertex
vj, and 0 is the first zero of g0§ on each edge to reach, that is, g0§(0) = 0 on each
&(e)e. This fact plus the fundamental theorem of calculus (note the differentiability

statement of Lemma 5.4.8) on that interval applied to the function |f |2g0§ gives

(e)te
el = [Py o2
_/ e 205Re (f f) + | £1(5) da, (5.4.21b)

where we used Lemma 5.4.9. Summing over all degv; edges {(e)e ~ v; yields

deg sl (o) = [ 26Re (7 1) +1IP(e5) do (5.4.222)

< 2065t ool Fll 11155 + II(wﬁ)'llggmllfllif_. (5.4.22b)

Using Lemma 5.4.8 implies
1
degv;| f(v)|* < 2/ fllsellf'llse + Z’lf”?gga (5.4.23)
J J SJ J

that is, (5.4.9).

Step 2: Proof of (5.4.10). We argue similarly but distinguish edges which are
incident with two vertices of V. More precisely, if v;, v; € V, are two distinct vertices

and v; ~ e ~ v;, then we obtain the estimate

F@IP + 170 = [ 26Re (F 1) + 1P,
+20Re (f f') + |f°¢) da

(5.4.24)

But since ¢; = 1 — ¢; and ¢; = —¢’; by statement (2) of Lemma 5.4.8, this reduces
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to

[f @)+ 1 (W) < 20l f e (5.4.25)

We now sum over all edges

ecG= U S (5.4.26)

JeEN:v; €V

both of whose endpoints are in V. To these we also sum the estimates

1
[F )P < 20 llell e + 12 (5.4.27)

as obtained above, over all edges e in & which have only one incident vertex v; in
Vp. Since each edge in the union Gy of the spanning stars of 1 is counted only once,
this yields

, 1
> degoslf(v)l* < 201 llgo ./ lgo + @Hflléo, (5.4.28)

UjEV()

that is, (5.4.10). O

We can now give the proofs of Theorems 5.4.1 and 5.4.15.

Proof of Theorem 5.4.1. Proof of (1). Let

k
A=F1G + D2 aslf ()l (5.4.29)

j=1

f € HY(G) normed to ||f|lg = 1, be any point in W (a,). We set
t=|fIg and ;= [f(vy) (5.4.30)
for each Robin vertex v; € Vi and we consider Sf for £(e) = 1/2 for each e ~ vj.

Then the stars Sf are all pairwise disjoint for 7 = 1,..., k. By (5.4.30) X has the
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form
k
A=t+> ajs;, (5.4.31)
j=1

and by the first statement of Lemma 5.4.7; that is, the trace estimate for a single

spanning star, we obtain

2
SJ = d 1/2||f||31/2 WH.}C” 1/2 (5432&)
< fo’HS;/szHg + @Hf“g (5.4.32b)
2 (5.4.32c)
=V 4.32¢
Z)\/_] Dlg
for each j = 1,...,k, where we want to make two notes: in (5.4.32b) we used that

every edge of every star Sjl/2 has length at least /g/2 and in (5.4.32c) the 7; = ||f||‘291/2
are as in the statement of the theorem. ’
Proof of (2). Here we set t := || f'||Z as before, but now

s;=2]f@ﬂﬁ (5.4.33)

Thus A has the form A = ¢+ as, and the estimate (5.4.10) from Lemma 5.4.7 together

with the same procedure as in the previous step implies that
< ”f [ENiFal 1©||f||2 < 2\/¥ @1 (5.4.34)
s + , 4.
go gO 0 g() — @ gg

which completes the proof. O

We now turn to the estimates on the real part of the eigenvalues announced
above, that is, an estimate on Re A by an a-dependent term (for Rea < 0) from
above. They also demonstrate the asymptotic optimality of the bounds on Ag,
(see Remark 5.4.11). For simplicity, in what follows, we will assume that o € C
is independent of the vertices; a similar statement holds in the general case. The

following statement is due to [76, Corollary 5.2].
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Corollary 5.4.10. Let Rea < 0. Then any eigenvalue X € o(—AS;) satisfies

(Rea)? Rea

A>
Red=——5v—* %4,

(5.4.35)

Proof of Corollary 5.4.10. This follows directly from Theorem 5.4.1(2); indeed, for

any eigenvalue A

2Vi 1). (5.4.36)

Re/\:t+Rea‘52t+Rea<@+%

To minimise the right-hand side of the latter term for all possible ¢t > 0 we set

0

d(t 2Re o/t Rea> Rea

- —1 5.4.37
dt 5 D T ovi ( )

which is, as a elementary calculation shows, true for

Rea (Re a)?
_ _ e 4,
Vi > = 57 >0 (5.4.38)

Indeed, this is a minimiser of (5.4.36) since the right-hand side of (5.4.37) is strictly
monotonically increasing in ¢, that is, a change of sign from minus to plus. If we use
this minimiser ¢ in (5.4.36), we immediately obtain (5.4.35). O

Remark 5.4.11. (1) If m > 1, that is, at least one a; — oo in a sector fully
contained in the open left half-plane, then Theorem 1.2.8 implies the existence
of an eigenvalue behaving like —a?/®? as Rea — —o00, meaning that the first

term of the estimate of Corollary 5.4.10 is correct in this regime.

(2) Actually, in the case of real negative « a test function argument can be used

to give a complementary upper bound on the smallest (real) eigenvalue
Ar(a) := mino(—AJ ). (5.4.39)

To be more precise we have the following lemma.

Lemma 5.4.12. Let G be a compact metric graph of total length |G| and with k € N
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Robin vertices. For real o < 0 we have that the first Robin eigenvalue satisfies

« 2a 1 a 1 2 . D
ka

il for all o < 0.

The proof of this lemma will rely on the variational (min-max) characterisation
of the eigenvalues, valid for all real a (see Theorem 2.2.13), as well as the following

eigenvalue estimate for stars, see [76, Lemma 6.2].

Lemma 5.4.13. Let S be a star with a Robin parameter of strength o at its central
vertex of degree ® and Dirichlet conditions at all other vertices. Then its first

eigenvalue \P(«, S) satisfies

AP (a $)<—(O‘+1>2<0 (5.4.41)
1 ) = @ és =
if a < —%, where as before s denotes the length of the shortest edge of S.

Proof. We observe that the secular equation for —\P(a, 8) > 0 reads

VX coth(V M) = —%, (5.4.42)

that is, —AP(a, S) is the smallest solution A > 0 of this equation. This follows from
the fact that the vertex conditions and the symmetry property that the eigenfunction
must be invariant under permutations of the © equal edges of S (cf., e.g., [25,

Section 5]). Now the elementary inequality
1
coth(z) < — 41, x>0, (5.4.43)
x
applied to the left-hand side of (5.4.42) gives
1 o)
—+VA> ——. 5.4.44
LTV 2o (5.4.44)

This is nontrivial if and only if & < —®/ls. In this case, rearranging gives (5.4.41).
0

We now turn to the proof of the upper bound in Lemma 5.4.12.
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Proof Lemma 5.4.12. The universal bound

M(a,G) < — (5.4.45)

4
valid for all a < 0 follows immediately from taking f = 1, that is, the (Neumann)
eigenfunction corresponding to a = 0, as a test function in the variational charac-
terisation. The other estimate will follow immediately from Lemma 5.4.13 and the

inequality
M(a,G) < AP(a,S), (5.4.46)

where § = S} is the star subgraph of G with central vertex v;, which we recall has
degree
degvy =9 = .Hllinkdeg vj, (5.4.47)
J=L.
as introduced above. To obtain inequality (5.4.46) we argue as follows: consider
the first Dirichlet eigenvalue A\P(a,S) on the star S and extend its associated
eigenfunction v by zero to the rest of G, that is, the extension of ¢ may be canonically

identified with a function ¢ € H 1(G). Using ¥ as a test function in the Rayleigh
quotient R[a,] (see Definition 2.2.12) is exactly equal to AP (a, S), viz.

T2 k AoTr(ny N2
R[Cla](@) _ fg ' dx "7|§:Hj;1 O‘JW(UJM

= \P(a,8); (5.4.48)

equivalently, we may appeal directly to [25, Theorem 3.10(1)]. O

While only the first term of the asymptotics has been considered in Remark 5.4.11
and Lemma 5.4.12, we can observe the following behaviour regarding the second
term.

Remark 5.4.14. We observe that as « — —o0, we have
? N
M) = o2 +o(a™) (5.4.49)

for all N € N; while as v — 0, since N[ (0) = 1/|G| (see [27, Proposition 3.1.6] and

use that the eigenfunctions for the principal Neumann eigenvalue A\;(0) = 0 are
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constant),

Mla) = E+o< o?) (5.4.50)

as o — 0. Hence there can be no “correct” coefficient ¢ € R of « in any (upper or
lower) bound of the form —a?/®? + ca which is valid for all & < 0 and asymptotically
sharp for « — 0 and o — —o0.

We finish with a more precise statement (which is due to [76, Theorem 5.4]) about

the imaginary parts of the eigenvalues.
Theorem 5.4.15. Let a € CF.

(1) If Rea; >0 forall j =1,...,k, then any eigenvalue \ of —AS;  satisfies
|Im | — 1
j= .

(2) If Rea; <0 for at least one j =1,...,k, then for every 0 < e < 1 there exists
a constant C' = C(g) > 0 depending on G and each Re a; < 0 such that

|Im |
I < L— — 4.52
Im \| < max deg v, 2(1 —e)VReA+C + ®€g (5.4.52)

Proof. (1) We simply note that, if f € H*(G) is an eigenfunction corresponding to A,
normalised so that ||f||g = 1, then by the second statement of Lemma 5.4.7 applied

to the union Gy of the stars S}, j=1,...,k, whose total length we estimate from
below by /g,
| Tm oy
Tm )| = Z J degvj|f(vj)| (5.4.53a)
|Im |Im oy 1
<
< e 2| g + (5.4.53b)
Im o 1
< max 1 o men g L (5.4.53¢)
j=1,...k degv; Dilg

where the last inequality follows from taking the real part of the quadratic form

(5.1.8) for A € C since Re o was assumed non-negative.
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(2) We use the following weighted trace inequality: fix & € {1,...,k} such that
(after relabelling the vy, ..., vy if necessary) Re; < 0 if and only if j < &’. Then for

every 0 > 0 there exists a constant
=C(G,Reay,...,Reay, ) (5.4.54)

such that
%
Z (—Reay)|f(v)]> < 8l f'1Ig + CIIFIE (5.4.55)

for all f € H'(G), which can be obtained from the usual trace inequality by a
standard e-C. argument (as in (3.2.32)). Since for the eigenfunction f, normalised
so that [|fllg = 1.

k
Re X = [|f'I5 + > Reaylf(v;)> > |1 /'IE = ol flIg — C (5.4.56)
j=1
it follows that

vVRe N+ C
NE=T

If we now substitute the factor 1/y/1 — ¢ by 1 — ¢, then the same argument as in
(1), viz.

1l < (5.4.57)

I 1
Im )| = < max '“;O‘” [ 1 llg + ] (5.4.58)

k
> Imay|f(v;)?
j=1

leads to (5.4.52). O
We finish with the proof of Theorem 1.2.9.

Proof of Theorem 1.2.9. The existence of k eigenvalues with the claimed asymptotics,
and the fact that non-divergent eigenvalues converge to points in a(—A@R) follow
immediately from Theorem 1.2.8. We next show that there are no more than k
divergent eigenvalues. This follows from a standard interlacing statement: denoting

the kth eigenvalue of —AJ (counted with multiplicities) by A7, since the forms
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associated with —A¢ and —AJ  coincide on the form domain Hj(G, Vg) of the

latter, and the quotient space
H'(G)/H,(G, Vr) (5.4.59)
has dimension k, it follows from the min-max characterisation of the eigenvalues that

A < Nj(a) < AP (5.4.60)

— ]

for all « € R and all 7 > k + 1 (see also, e.g., [27, Section 3.1.6] or [25, Sections 3.1
and 4.1]). Hence \;(a) remains bounded whenever j > k+1, and so by Corollary 5.3.3

converges to an eigenvalue of the Dirichlet Laplacian. It remains to prove that for

a < —2 max {deg Uj} (5.4.61)
j=1,...k €j
the Robin Laplacian has exactly k negative eigenvalues: by the above reasoning,
it suffices to find one fixed o for which it has at least k such negative eigenvalues.
To this end, for each j = 1,...,k, we consider each star S;/Q subgraph of G with
Robin condition at its central vertex v;; denote by 1; the test function equal to the
eigenfunction for the Dirichlet eigenvalue AP («, S} / %) on S} /2 extended by zero to a
function in H'(G), and whose Rayleigh quotient equals AP («, Sjl / %). Then, since the
supports of ¢; are pairwise disjoint (which is due to the scaling factor £ = 1/2), we

can define the k-dimensional space

Hy, = éwj C H'Y(G) (5.4.62)

=1

as a space of test functions for A\y(a, G). If we choose any

deg v
a < —2 ‘maxk{ °8 Y } : (5.4.63)

then by Lemma 5.4.13 each function 1;, and thus every function in H, has a negative
Rayleigh quotient (where one should not forget the scaling factor 26}% 2 = ls;). It

follows from the min-max characterisation that Ag(c, G) < 0 for such a. O
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