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Abstract

Not only in the past decades, material science and other research fields of condensed mat-
ter physics revealed fascinating new phenomena, which had or may have a huge impact
on our daily life. The manifestation of quantum phenomena arising from the interplay
of many particles still results in unexpected effects that have yet to be understood. The
electrical conductivity is one of the fundamental properties of solids and, thus, may lead
to a better understanding of quantum materials that host such phenomena. In order to
describe transport properties in materials theoretically, the concept of bands has proven
to be very powerful. In recent years, there is an increasing interest in transport phenom-
ena that are fundamentally linked to the presence of multiple bands. So-called interband
contributions to the conductivity formulas are, for instance, necessary to capture pure
interband phenomena, which are not describable by a single-band model. They are also
relevant to provide a well understood connection between multiband models and their
measurable consequences.

In this thesis, we develop, discuss, and apply a theory of the electrical conductivity
that includes interband contributions within a microscopic approach. We focus our
study on the conductivity for a general momentum-block-diagonal two-band model as a
minimal model that is able to show interband effects. This model captures a broad variety
of very different physical phenomena. For instance, it describes systems with magnetic
order like Néel antiferromagnetism and spiral spin density waves as well as topological
systems like Chern insulators. We derive formulas for the conductivity tensor c®° and the
Hall conductivity tensor aﬁ'g " which describe the current in the presence of an external
electric field and the Hall current in the presence of both an external electric and an
external magnetic field, respectively. We identify two criteria that allow for a unique
and physically motivated decomposition of the conductivity tensors. On the one hand,
we distinguish intraband and interband contributions that are defined by the involved

quasiparticle spectral functions of one or both bands. On the other hand, we distinguish



Abstract

symmetric and antisymmetric contributions that are defined by the symmetry under the
exchange of the current and the electric field directions. The (symmetric) intraband
contribution generalizes the formula of standard Boltzmann transport theory, whereas
the interband contributions capture effects exclusively linked to the presence of multiple
bands. In order to obtain a non-diverging conductivity, a finite momentum relaxation is
required. We include a phenomenological relaxation rate I' of arbitrary size. This allows
us to generalize previous results and study the relevance of the interband contributions
systematically.

We apply the microscopic theory to models and experiments of recent interest. The
antisymmetric interband contributions of the conductivity tensor o®° describe the so-
called intrinsic anomalous Hall effect, a transverse current without any external magnetic
field that is not caused by (skew) scattering. Its deep connection to the Berry curvature
and, thus, to the Chern number can lead to the quantization of the intrinsic anomalous
Hall conductivity. We study the impact of a nonzero relaxation rate I' on this quan-
tization. The scaling behavior with respect to I' is crucial for disentangling different
extrinsic, that is, based on scattering off impurities, or intrinsic origins of the anomalous
Hall effect. The validity of the conductivity formulas for I' of arbitrary size allows us
to identify parameter regimes with typical scaling behavior and crossover regimes of the
intrinsic anomalous Hall conductivity, which are consistent with experimental results.
Recent experiments on hole-doped cuprates under very high magnetic fields, which are
needed to suppress the superconductivity to sufficiently low temperature, show a drastic
change of the Hall number when entering the pseudogap regime. This indicates a Fermi
surface reconstruction at that doping. The onset of spiral antiferromagnetic order, which
is closely related to Néel antiferromagnetic order with a slightly modified ordering wave
vector, is consistent with the experimental findings. We discuss spiral magnetic order
as an example of an order that can be incommensurate with the underlying lattice but
that is still captured by a two-band model. We clarify the range of validity of simplified
Boltzmann-like formulas for the longitudinal and the Hall conductivity, which do not
include interband contributions. Those were used previously in the original theoretical
proposal to describe the Fermi surface reconstruction. We show that these simplified
formulas are valid for the experiments on cuprates not due to a general argument com-
paring energy scales but due to the small numerical size of the previously neglected

contributions.



Zusammenfassung

Die Forschung in den Materialwissenschaften und weiteren Feldern der Physik der kon-
densierten Materie hat in ihrer Geschichte immer wieder faszinierende Phénomene auf-
gedeckt, die zum Teil mittlerweile einen grofien Einfluss auf unser tdgliches Leben haben.
Besonders Quantenphédnomene, die durch das Zusammenspiel vieler Teilchen entstehen,
fithren weiterhin zu unvorhergesehenen Phédnomenen, die im Fokus aktueller Forschung
stehen. Als eine der fundamentalen Eigenschaften von Festkérpern kann die elektrische
Leitfahigkeit dazu beitragen, Quantenmaterialien, die solche Vielteilchenphdnomene zei-
gen, besser zu verstehen. Bei der theoretischen Beschreibung der Leitféhigkeit hat sich
das Konzept von Béndern als sehr niitzlich erwiesen. Besonders bekannt ist dabei die
Transporttheorie nach Boltzmann, die in einem semiklassischen Ansatz die Impulsablei-
tung der Bander mit der Leitfahigkeit in Verbindung setzt. In den letzten Jahren hat
sich ein wachsendes Interesse an Transportphdnomenen entwickelt, die mafigeblich mit
der Présenz und dem Zusammenspiel mehrerer Bénder verbunden sind. Um nun die
theoretische Vorhersagbarkeit von messbaren Eigenschaften aus Mehrbandmodellen zu
verbessern, aber auch um Phénomene zu verstehen, fiir deren Beschreibung ein einzel-
nes Band beziehungsweise mehrere unabhéngige Bénder nicht mehr ausreichen, wird ein
besseres theoretisches Verstindnis der sogenannten Interbandbeitrige zur Leitfahigkeit
benotigt. Deren theoretische Beschreibung geht iiber die Standardversion der Boltzmann-
schen Transporttheorie hinaus und kann zum Beispiel mithilfe eines mikroskopischen
Zugangs systematisch erforscht werden.

Im Fokus dieser Doktorarbeit steht die Herleitung, Analyse und Anwendung ei-
ner mikroskopische Theorie der elektrischen Leitfahigkeit, die Interbandbeitrage mit-
beriicksichtigt. Wir leiten die Formeln der Leitfdhigkeit fiir ein allgemeines Zweibandmo-
dell her, das blockdiagonal im Impuls ist. Dieses Minimalmodell fiir ein Mehrbandsystem
beschreibt eine grofle Bandbreite verschiedener physikalischer Systeme. Die Bandbreite

reicht von Systemen mit magnetischer Ordnung wie Néel-Antiferromagnetismus und spi-



Zusammenfassung

raler Spindichtewelle bis hin zu topologischen Systemen wie Chern-Isolatoren. Unsere
Herleitung umfasst die longitudinale Leitfdhigkeit, die sogenannte intrinsische anoma-
le Hall-Leitfdhigkeit sowie die gewohnliche Hall-Leitfahigkeit. Der intrinsische anomale
Hall-Effekt beschreibt dabei einen transversalen Strom ohne externes magnetisches Feld,
der jedoch nicht auf einer (extrinsischen) asymmetrischen Streuung an Storstellen ba-
siert. Neben der Herleitung von einfach anzuwendenden Formeln liegt ein Fokus dieser
Arbeit auf der Identifizierung und der Anwendung zweier Kriterien, die es uns erlauben,
die Leitfdhigkeit in eindeutige Beitrdge mit einer sinnvollen physikalischen Interpreta-
tion zu zerlegen. Als erstes Kriterium unterscheiden wir Intra- und Interbandbeitréige,
die dariiber definiert sind, ob die Quasiteilchenspektralfunktionen von einem oder bei-
den Béndern Bestandteil dieses Beitrages sind. Als zweites Kriterium unterscheiden wir
symmetrische und antisymmetrische Beitrage. Diese definieren wir iiber die Symmetrie
unter Vertauschung der Strom- und der elektrischen Feldrichtung. Die (symmetrischen)
Intrabandbeitrage verallgemeinern die Formel der Boltzmannschen Transporttheorie, wo-
hingegen die Interbandbeitrige die Effekte beschreiben, die ausschlieflich auf der Présenz
und dem Zusammenspiel von mehreren Béndern beruhen. Ohne die Verletzung der Im-
pulserhaltung divergiert die Leitfdhigkeit und erméglicht damit keine sinnvolle theore-
tische Beschreibung. Aus diesem Grund fithren wir eine phdnomenologischen Relaxie-
rungsrate [' in unsere Theorie ein. Im Gegensatz zu vorherigen Arbeiten erlauben wir in
unserer Herleitung ein I' von beliebiger Gréfle, was es uns erméglicht, vorherige Formeln
zu verallgemeinern und die Relevanz der Interbandbeitrige systematisch zu analysieren.

Als Beispiel der allgemeinen Eigenschaften der neu hergeleitetenden Formeln sowie
um ein tieferes Verstdndnis zu gewinnen, wenden wir unsere mikroskopische Theorie
auf mehrere konkrete Modelle und Experimente von aktuellem Interesse an. Die an-
tisymmetrischen Interbandbeitrdge der normalen Leitfdhigkeit beschreiben den intrin-
sischen anomalen Hall-Effekt, der durch seine Verbindung zur Berry-Kriimmung und
damit zur Chernzahl quantisiert sein kann. Wir untersuchen den Einfluss der Rela-
xierungssrate I' auf diese Quantisierung. Wir nutzen die Giiltigkeit der neu hergelei-
tetenden Leitfahigkeitsformeln fiir [' von beliebiger Gréfle, um Parameterbereiche mit
typischem Skalierungsverhalten in Bezug auf I' beziehungsweise in Bezug auf die longi-
tudinale Leitfahigkeit zu identifizieren. Wir zeigen, dass das Skalierungsverhalten sowohl
qualitativ als auch quantitativ konsistent mit experimentellen Messungen der anomalen
Hall-Leitfdhigkeit als Funktion der longitudinalen Leitfahigkeit sind.

10



Zusammenfassung

Kuprate zdhlen zu den Hochtemperatursupraleitern, deren Phasendiagramm weiter-
hin im Fokus aktueller Forschung steht. Mit Hilfe starker magnetischer Felder lasst sich
die Supraleitung auch im Bereich der maximalen Sprungtemperatur bei optimaler Loch-
dotierung soweit unterdriicken, dass die Messung der Hall-Leitfadhigkeit des normalleiten-
den Kuprats bei ausreichend niedrigen Temperaturen moglich ist. Aktuelle Experimente
zeigen in den lochdotierten Kupraten unter diesen sehr starken magnetischen Feldern eine
drastische Anderung der Hall-Zahl beim Ubergang in den Bereich des Phasendiagramms,
der als Pseudogap Phase bezeichnet wird. Die Anderung der Hall-Zahl lisst sich mit einer
Restrukturierung der Fermiflichen bei dieser Dotierung erkliren. Eine solche Restruktu-
rierung der Fermiflache kann durch das Einsetzen einer spiral-antiferromagnetische Ord-
nung bei dieser Dotierung hervorgerufen werden und liefert eine Dotierungsabhéngigkeit
der Hall-Zahl, die konsistent mit den experimentellen Beobachtungen ist. Eine besondere
Eigenschaft der spiralmagnetischen Ordnung ist, dass der Ordnungsvektor des Spiralma-
gnetismus nicht kommensurabel mit dem zugrunde liegenden Gitter sein muss, um mithil-
fe eines Zweibandmodells beschreibbar zu sein. Die theoretische Beschreibung der Spiral-
ordnung schliefit dabei Ferromagnetismus und Néel-Antiferromagnetismus als Spezialfille
mit ein. Bei der Formel, die in der urspriinglichen theoretischen Arbeit zur Erkldrung
der Fermiflachenrestrukturierung genutzt wurden, wurden die Interbandbeitrige in An-
wesenheit der spiralmagnetischen Ordnung nicht beriicksichtigt. Unsere Theorie erlaubt
es uns nun, den Giiltigkeitsbereich der vereinfachten Formeln ohne Interbandbeitriage zu
klaren. Wir zeigen explizit durch einen Vergleich der Intra- und Interbandbeitréige, dass
die vereinfachten Formeln fiir diese Experimente mit Kupraten und daher auch die da-
mit verbundenen Schlussfolgerungen giiltig sind. Die Begriindung lésst sich jedoch nicht
auf einen einfachen Vergleich von Energieskalen reduzieren, sondern liegt in der kleinen

numerischen Gréfle der Interbandbeitrige.
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Introduction

The electrical conductivity is one of the fundamental properties of solids. As such,
measurements of the electrical conductivity are used to explore new physical phenomena,
to characterize new materials, and to find evidence for theoretical predictions, which,
finally, might lead to new technologies and impact our daily life. Thus, an improved
understanding of the electrical conductivity itself is of ongoing interest in physics for both
theory and experiment. In recent years, advances in experimental techniques revealed the
need of reconsidering theoretical descriptions of the conductivity in multiband systems.
An improved theoretical description is required in order to expand our knowledge of
those phenomena that are rooted in the presence of multiple bands.

In this thesis, we will derive and study formulas of the electrical conductivity for a
very general two-band model as the simplest example of a multiband system. The model
under consideration captures a broad spectrum of physically very different systems. This
spectrum includes models with Néel antiferromagnetic or spiral magnetic order as well as
models that involve spin-orbit interaction and are known to show topological properties.
The focus of our discussion will lie on a systematic decomposition of the conductivity
formulas into contributions of distinct physical interpretation and properties. We will
generalize different well-known results and clarify different aspects. We will be able to
give physical and analytical insights and strategies, which may provide a better intuitive
understanding of effects that are specific to multiband systems. In a second part, we will
apply the general formalism to various examples. We will discuss how an improved un-
derstanding of the conductivity formulas affects the interpretation of recent experimental
results.

In this introduction, we summarize some basic aspects of the electrical conductivity
in multiband systems. We give a glimpse which type of multiband effects will be captured
by our general formalism and how they are important in two topics of recent interest,

that is, in experiments on cuprates and topologically nontrivial materials. We close by
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Introduction

a short sketch of two criteria for a useful decomposition of the conductivity formulas.
Those criteria will be introduced in Chapter 1 and will guide us in the derivation. We
will come back to the applications in Chapter 2. Large parts of the presented results are

already published in

e J. Mitscherling and W. Metzner,
Longitudinal conductivity and Hall coefficient in two-dimensional metals with spiral

magnetic order,
Phys. Rev. B 98, 195126 (2018).

e P. M. Bonetti*, J. Mitscherling®, D. Vilardi, and W. Metzner,
Charge carrier drop at the onset of pseudogap behavior in the two-dimensional Hub-
bard model,
Phys. Rev. B 101, 165142 (2020).

e J. Mitscherling,
Longitudinal and anomalous Hall conductivity of a general two-band model,
Phys. Rev. B 102, 165151 (2020).

and re-arranged, combined and expanded for a consistent presentation throughout this
thesis [1-4].

Electrical conductivity in multiband systems

Applying external electric and magnetic fields to a material may induce a current. The
current density j¢ in spatial direction o = z, ¥, 2 that is induced by an electric field E®
in f = x,y, z direction and a magnetic field B7 in n = x,y, z direction can be expanded

in the form
§j* = 0PEP 4 oM EPBT 4 . (1)

by which we introduce the conductivity tensors ¢®? and ¢®?". These tensors capture
a broad spectrum of transport phenomena. For instance, the diagonal elements o**,

o% and o** are the longitudinal conductivities. The Hall current in the z-y plane due

*: equal contribution
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to a perpendicular magnetic field in z direction is described by the Hall conductivity
o = —of’*, which is a component of the antisymmetric contribution of ¢*#" with
respect to a <» . A transverse current in the absence of any external magnetic field,
which is known as anomalous Hall current, is captured by the antisymmetric part of o®”.
Thus, a key task is the calculation of the conductivity tensors o®? and ¢®" for a given
model.

Semiclassical approaches like (standard) Boltzmann transport theory [5-7] leads to

the following formula of the conductivity

d'p Oe,, Oe d'p a5
af _ 2 1, %p Y% _ 9 _ P
o T/ (2m)¢ AR op* opf ~ ° T/ (2m)¢ fleo = 1) Op*op® @)

in the relaxation time approximation for one band with dispersion €,. We do not consider

spin for simplicity. The electric charge is denoted by e. We use the convention e > 0
throughout this thesis. A relaxation time 7 is required for momentum relaxation in order
to get a finite, non-diverging conductivity. We introduce the Fermi function f(w) =
(e¥/T 4-1)7! and its derivative f'(w) at temperature T with the Boltzmann constant set
to unity, kg = 1. The chemical potential is denoted by p. The expression is integrated
over momentum in d dimensions. In the second step in (2), we performed a partial
integration in momentum so that the conductivity involves the Fermi function and the
second derivative of the dispersion. Thus for a quadratic dispersion €, = p?/2m with
mass m, we immediately get Drude’s formula 0”@ = % = e’rn/m with the carrier
density n.

We derive the formula of the Hall conductivity o’ as the low-field limit of the semi-
classical result in a uniform magnetic field [5]. We show in Appendix A by an expansion

up to linear order in the magnetic field that the formula for the Hall conductivity reads

oy = —e’r’ /(;lj:))z flep — 1) { To T ( o >2] &

Op=0p* OpYOopY Op*=OpY

Op*Op® Op® OpY Op=dpY
(4)

637'2/ dp Flen — 1) [((?ep)? D?ep N (8ep)2 D%ep 286p dDep  %€p

op/) opvopr  \opy

for w.m < 1, where w, is the cyclotron frequency, which is proportional to the magnetic
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field. In order to obtain the formula in the second line, we once more performed a partial
integration in momentum. For a quadratic dispersion, we obtain oj* = —e*7%n/m? and,
thus, have the useful property of the Hall coefficient Ry = op’* /0™ o to depend only
on the carrier density, Ry = —1/en. This suggests the definition of the Hall number ny
as Ry = 1/eny. The property of the Hall number to be equal to the carrier density,
that is, ng = —n for electron-like contributions, is strictly valid only for a quadratic
dispersion or in the high-field limit in the external magnetic field, that is, w.7 > 1 [5].
The two formulas in (2) and (3) are valid for arbitrary dispersions €, and make them
very useful in a broad range of applications, for instance, for lattice models. However,
a natural question arises. What is the correct generalization if more than one band is
present, that is, if we do not have only one dispersion €, but a multiband system with

several dispersions eg,"),

€p — {eg), 61(02), 37 (5)
It seems a reasonable, simple and useful approximation to assume that the conductivity
of the multiband system is simply the sum of the single-band formulas with the bare
dispersion replaced by the dispersion of the respective band,

Uﬁ‘ﬁ =g [ep — eg)} + o%F [ep — (—:g)} +.= Z o [ep — egﬂ : (6)

nebands
However, the precise condition on the range of validity of this independent-band approz-
imation remains unclear without further considerations. Furthermore, we might miss
phenomena that rely on the interplay between several bands. We will come back to both
aspects in this thesis.

In order to get a better intuitive picture whether or not the approximation in (6)
might be correct, we consider a simple two-dimensional two-band model, which we will
discuss in more detail as an example in Sec. 2.1.1. We sketch the two bands E; as a
function of momentum p = (p*,0) within the Brillouin zone in Fig. 1. The upper band
(blue) and the lower band (orange) have no band crossings, but the two bands are close
at zero momentum. They are far apart at the Brillouin zone boundary. Due to, for
instance, impurities, electron-electron interaction or other phenomena, the bands (or,

more precise, the spectral functions corresponding to the two bands) might be smeared
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(—m,0) (O,I 0) (r,0) (—m,0) (0,‘0) (7,0)

Figure 1: An upper band £} (blue) and a lower band EJ (orange) as a function of
momentum p = (p®,0) over the Brillouin zone. We indicate the characteristic scale of
the band broadening by a constant I' as colored area around the bands with I' of the left
figure to be smaller than the I" of the right figure. For sufficiently large I' (right figure)
the two broadened bands overlap significantly. A certain type of interband contribution
to the conductivities is present in these regions of overlap. Another type is present in the
full area between the two bands (gray). The band structure corresponds to our example
of a Chern insulator, which we will discuss in Sec. 2.1.1 in more detail.

out (or broadened) with a characteristic scale I', which is referred to as (momentum)
relaxation rate with I' = 1/27. Other synonyms for relaxation rate as scattering rate or
decay rate are often used in the literature. The relaxation rate is, in general, frequency,
momentum and band dependent. For simplicity, we assume a constant broadening. In
the left and right panel of Fig. 1, we show the bands with I' of different size. We identify
different regimes: For a broadening much smaller than the direct band gap (left panel),
that is, 2I' < E;; — E for all momenta, we have two bands that do not overlap. In the
limit 21" > E;f — kB for some momenta, the two bands are no longer distinguishable over
this momentum range (right panel). For very large I', the bands are indistinguishable
for all momenta.

On the one hand, it is quite natural to expect the approximation in (6) to hold if I is
chosen to be sufficiently small compared to the direct band gaps. On the other hand, we
expect the interplay between the two bands to be important in regions of large overlap.
As we will see throughout this thesis, this is indeed the case for one type of interband
contributions to the electrical conductivity. Whether or not this type is relevant in a

concrete model, depends on further details like the chemical potential or the size of the
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gap. We will discuss in the next section how the question of interband contributions and
its relevance for the longitudinal conductivity and the Hall number arise in the context
of recent Hall experiments on cuprates.

There is another type of interband contribution that is not restricted to the regions of
overlap of the two bands. This type of interband contribution is, for instance, responsible
for the intrinsic anomalous Hall effect, that is, a transverse current in the absence of any
applied magnetic field that is not caused by (skew) scattering. Under certain conditions,
it is responsible for a quantized current known as the quantum anomalous Hall effect. A
nonzero effect requires a chemical potential in between both bands (gray area in Fig. 1).
We will give an introduction to this type of phenomena after the following section.
There are further phenomena that may be crucial for transport like, for instance, weak
and strong localization, especially, in low dimensions [8]. These phenomena are, however,

beyond the scope of this thesis.

Hall experiments on cuprates

Understanding the ground state in the absence of superconductivity is the key to un-
derstanding the fluctuations that govern the anomalous behavior of cuprate supercon-
ductors above the critical temperature T,, at which the superconductivity sets in [9].
Superconductivity can be suppressed by applying a magnetic field, but very high fields
are required for a complete elimination in those high-temperature superconductors. In
the past years, magnetic fields up to almost 100 Tesla were achieved, such that the
critical temperature of YBay,CuzO, (YBCO) and other cuprate compounds could be
substantially suppressed even at optimal hole doping, at which the critical temperature
is maximal. Charge transport measurements in such high magnetic fields indicate a dras-
tic reduction of the charge-carrier density in a narrow doping range upon entering the
pseudogap regime [10-13], whose origin is still debated. In particular, the Hall number
ny drops from 1+ p to p in a relatively narrow range of hole doping p below the critical
doping p* at the edge of the pseudogap regime.

The observed drop in the charge carrier density below p* indicates a phase transition
associated with a Fermi-surface reconstruction. The Hall number drop is qualitatively
consistent with the formation of a Néel state [14-16], spiral magnetic order [16-18],

charge order [19,20], and nematic order [21]. Alternatively, it may be explained by
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strongly fluctuating states without long-range order such as fluctuating antiferromag-
nets [22-25] and the Yang-Rice-Zhang (YRZ) state [14,16,26], while it appears difficult
to relate the experimental data to incommensurate collinear magnetic order [27]. As long
as no direct spectroscopic measurements are possible in high magnetic fields, it is hard
to confirm or rule out any of these candidates experimentally. Most recently, magnetic
scenarios received considerable support from nuclear magnetic resonance (NMR) and ul-
trasound experiments in high magnetic fields by Frachet et al. [28]. They observed glassy
antiferromagnetic order in Lay_,Sr,CuOy4 (LSCO) at low temperatures up to the critical
doping p* for pseudogap behavior. By contrast, in the superconducting state forming
in the absence of a strong external magnetic field, magnetic order exists only in the
low doping regime [29]. For strongly underdoped cuprates with respect to their optimal
doping, where superconductivity is found to be absent or very weak, neutron scattering
probes show that the Néel state is quickly destroyed upon doping, in agreement with
theoretical findings [30-35]. For underdoped YBCO, incommensurate antiferromagnetic
order has been observed [36-39].

In this thesis, we will have a closer look on the theoretical proposal that the onset
of planar spiral magnetic state may explain the observed drop in the Hall number [17].
The spiral magnetic state is characterized by two parameters, the magnetic gap A and
the ordering wave vector Q. It includes the two special cases of ferromagnetic order with
Q = (0,0) and Néel antiferromagnetic order Q = (m,7) for a two-dimensional system.
In Sec. 2.2, we will give a general introduction of spiral magnetic order, which involves
its proper definition, several fundamental properties, and the appearance of the spiral
magnetic state in the two-dimensional Hubbard model, which seems to well capture the
competition between antiferromagnetism and superconductivity in cuprates [40]. In a
spiral magnet, the electron band is split into only two quasiparticle bands in spite of
an arbitrary ordering wave vector, which might be incommensurate with the underlying
lattice, so that the order is never repeated over the full lattice. In this respect, the
spiral state is as simple as the Néel state despite the broken translation invariance.
By contrast, all other magnetically ordered states entail a fractionalization in many
subbands, actually infinitely many in the case of incommensurate order. Hence, only
the spiral magnet forms a metal with a simple Fermi surface topology for arbitrary
wave vectors with only a small number of electron and hole pockets. For a sufficiently

large magnetic gap A there are only hole pockets in the hole-doped system. The spectral
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weight for single-electron excitations is strongly anisotropic, so that the spectral function
resembles Fermi arcs [17], which are a characteristic feature of the pseudogap phase in
high-T, cuprates [41].

The electromagnetic response of spiral magnetic states has already been analyzed by
Voruganti et al. [42]. They derived formulas for the zero-frequency (DC) longitudinal and
Hall conductivity in the low-field limit w.7 < 1 up to linear order in the magnetic field.
The spiral states were treated in a mean-field approximation. The resulting expressions
have the same form as in Eqns. (2) and (3), with the bare dispersion relation replaced
by the two quasiparticle bands. Assuming a simple phenomenological form of the spiral
order parameter as a function of doping, Eberlein et al. [17] showed that the Hall con-
ductivity computed with the formula derived by Voruganti et al. indeed exhibits a drop
of the Hall number consistent with the recent experiments [10-12] on cuprates in high

magnetic fields. In Fig. 2, we sketch the evolution of the Fermi surface reconstruction

Alp)=D-(p"—p) Q= (7—2m,7) o B0

| L, | .
| | doping p

=009 Tp=0.115 7 p=017__J . ,;:0.21} (
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Figure 2: Assuming a phenomenological form of the spiral magnetic gap A and the order-
ing wave vector Q as a function of hole doping p results in a Fermi surface reconstruction
from a large hole-like Fermi surface (purple) above p* to small hole pockets far below p*.
We have additional electron pockets (green) in the intermediate regime. The observed
drop of the Hall number from 1+ p to p [10-12] is reproduced by this model [17]. We
plot the corresponding local magnetic moments (S;) of the spiral magnetic order on a
square lattice.
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and the corresponding local magnetic moments of the spiral magnetic order. Recently,
an expression for the thermal conductivity in a spiral state has been derived along the
same lines, and a similar drop in the carrier density has been found [18].

The expressions for the electrical and Hall conductivities derived by Voruganti et
al. [42] have been obtained for small relaxation rates I' = 1/27. However, the relaxation
rate in the cuprate samples studied experimentally is sizable. For example, in spite of
the high magnetic fields, the product of cyclotron frequency and relaxation time w.7
extracted from the experiments on Laj g_Ndg4Sr,CuOy (Nd-LSCO) samples is as low
as 0.075 [12], which is clearly in the low-field limit w.7 < 1. Since w, x B, the relaxation
time 7 has to be reduced. Moreover, from the derivation of Voruganti et al., the precise
criterion for a “small” relaxation rate is not clear. The direct band gap E;; — E is of the
order of the magnetic gap A for several momenta. Thus, our general argument, which
we discussed previously and sketched in Fig. 1, suggests that interband contributions
might be crucial at the onset of order at p*, where I' ~ A, and might have an impact on
the previous conclusions. Therefore, it is worth to reconsider the transport properties
of spiral magnetic states for arbitrarily large relaxation rate I' in order to clarify the
discrepancy in the arguments and the impact on the interpretation of the experimental

results using the model of spiral magnetic order.

Anomalous Hall effect

The existence of a transverse current perpendicular to an applied electric field in the
absence of any external magnetic field is known as anomalous Hall effect. In contrast,
the (ordinary) Hall effect, which we have just considered in the context of cuprates,
relies on the presence of an external magnetic field. It is important to distinguish the
extrinsic and the intrinsic anomalous Hall effects [43,44], which differ by their physical
origin. The extrinsic mechanisms are based on the scattering off impurities, which can
be further specified as skew-scattering [45,46] and side-jump [47] mechanisms. The
intrinsic mechanism was first introduced by an additional contribution to the group
velocity known as anomalous velocity in a semiclassical theory [48]. This anomalous
velocity is nowadays understood in terms of the Berry curvature of the underlying band
structure and the corresponding (Bloch) eigenstates [49,50] and is, as such, intrinsic.

In recent years, there is an increasing interest in transport properties of systems with
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topological properties in material science [51-53], including Heusler compounds [54-56],
Weyl semimetals [57-59], and graphene [60,61], and in other physical systems like in
microcavities [62] and cold atoms [63]. The established connection between the intrinsic
anomalous Hall conductivity and the Berry curvature [64—68] combined with ab initio
band structure calculations [69,70] has become a powerful tool for combining theoretical
and experimental results and is state-of-the-art in recent studies [51-63].

The formula in (2) derived in the standard semiclassical transport theory within
a relaxation time approximation does neither capture the intrinsic nor the extrinsic
anomalous Hall effect. A modern semiclassical description of the anomalous Hall effect
can be found in the review of Sinitsyn [71]. Microscopic approaches beyond semiclassical
assumptions provide a systematic framework but are usually physically less transparent
[43]. The combination of both approaches, that is, a systematic microscopic derivation
combined with a Boltzmann-like physical interpretation, in order to find further relevant
mechanisms, is still subject of recent research [72].

In this thesis, we will consider a very general two-band model, which may be topo-
logical and may have a nonzero Berry curvature. Our microscopic approach to calculate
the conductivity of this model should capture the intrinsic anomalous Hall effect if we
are taking interband contributions into account. Indeed, we will see that the anomalous
Hall conductivity arises as one type of interband contribution within our calculation. We
do not assume any restriction on the size of the relaxation rate I', which will allow us
to perform a detailed analysis of the limiting behavior of the conductivities with respect
to I'. We find that the intrinsic anomalous Hall effect is relaxation-rate independent for
sufficiently small I' consistent with previous results [43]. The anomalous Hall conduc-
tivity can be quantized [64-66]. Within a simple model of a Chern insulator, we will
discuss the modification of the quantized anomalous Hall effect due to a finite relaxation
rate I'.. We will consider a ferromagnetic multi-d-orbital model by Kontani et al. [73]
to discuss the scaling behavior of the anomalous Hall conductivity as a function of the
relaxation rate I' as well as the longitudinal conductivity. We will see that the result is
both qualitatively and quantitatively in good agreement with experimental results for
ferromagnets (see Ref. [74] and references therein).

The microscopic derivation of conductivities in multiband systems is a longstanding
question. We have already mentioned above that the longitudinal and the Hall conduc-

tivity of a system with spiral magnetic order were discussed by Voruganti et al. [42],
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but both a complete formula including the interband contributions and a detailed dis-
cussions of their importance were still missing. Common microscopic approaches to the
anomalous Hall conductivity, which already include interband contributions in order to
capture the intrinsic anomalous Hall effect, are based on the work of Bastin et al. and
Stfeda [75-77]. Starting from Kubo’s linear response theory [7] in a Matsubara Green’s
function formalism, Bastin et al. [75] expanded in the frequency w of the external elec-
tric field E(w) after analytic continuation and obtained the DC conductivity o, where
«, B = x,y, z are the directions of the induced current and the electric field, respectively.
Stieda [76] further decomposed this result into so-called Fermi-surface and Fermi-sea
contributions ¢! and o**!! that are defined by involving the derivative of the Fermi
function or the Fermi function itself, respectively. This or similar decompositions are
common starting points for further theoretical investigations [43,72-74, 77-89]. How-
ever, the decomposition by Stfeda and similar ones are usually not unique, which can be
directly seen by a simple partial integration in the internal frequency, and are a prior:

not motivated by stringent mathematical or physical reasons.

Criteria for a useful decomposition

Throughout this thesis, we will motivate, analyze and apply two criteria for a unique
decomposition of the conductivity formulas with, furthermore, clear physical meaning.
Using these criteria will not only provide a deeper physical insight due to unique proper-
ties of the individual contributions but will also help to reduce the technical complexity
of the derivation. Thus, it may also pave the way for future studies of multiband systems
beyond the scope of this thesis. For a first idea, we give a short preliminary definition
of the criteria in the following. We will discuss them in detail in Chapter 1.

The Hamiltonian that we will assume in this thesis is block-diagonal in momentum.
The matrix form of the Hamiltonian, which is a consequence of the two-band structure, is
captured by a momentum-dependent matrix Ap, which is called the Bloch Hamiltonian.
We will show in detail that a key ingredient of the conductivity is this matrix A, since
both the Green’s functions and the electromagnetic vertices involve A, in a particular
form, for instance, its derivative. The final conductivity formulas are eventually obtained
by tracing a particular combination of Green’s function and vertex matrices. Changing

to the eigenbasis of A, at fixed momentum will separate the momentum derivative of A,

23



Introduction

into a diagonal quasivelocity matrix, which consists of the momentum derivative of the
eigenvalues, and an off-diagonal matrix, which involves the derivative of the eigenbasis in

a particular form, that is, the Berry connection. The former one leads to the intraband

. . aﬁ
contribution o,

term. The latter one mixes the quasiparticle spectral functions of both bands and leads

to the interband contribution o

inter*

interplay between the two bands and, thus, the phenomena that are missing in the

that involves only quasiparticle spectral functions of one band in each
It is this interband contribution that captures the

semiclassical approach.

Besides the separation into intra- and interband contributions, we will identify a
second criterion. The conductivity depends on the direction of the current and the
external electric field. We can uniquely decompose the conductivity into a symmetric,
0P = gPos and an antisymmetric, 0®%* = —gP*? contribution. We will see that
the intraband contribution is already symmetric, but the interband contribution consists
of both a symmetric and an antisymmetric part. Thus, we will obtain a decomposed
conductivity tensor of the form

0% = g0 4 gtls o (7)

intra inter inter

The result of Boltzmann transport theory in (2) will arise from the intraband contribution
in the limit of a small relaxation rate I' and is shown to be precisely the result of
independent quasiparticle bands, which we motivated in (6). We will show that the
symmetric interband contribution is a correction only present for a finite relaxation rate I'
and is controlled by the quantum metric. This is the first type of interband contribution,
which we discussed above. We will show that its mayor contributions are from regions of
band overlap sketched in Fig. 1. The antisymmetric interband contribution involves the
Berry curvature and generalizes previous formulas for the anomalous Hall conductivity
[64-68] to a finite relaxation rate I'. This interband contribution can essentially be only
nonzero for a chemical potential in between both bands, which we indicated as a gray
area in Fig. 1 and referred to as the second type of interband contribution. Similar to the
decomposition of the conductivity tensor 0 in (7), we decompose the Hall conductivity
o2 in order to generalize the semiclassical result in (3). We will motivate, discuss and

apply all these aspects in more detail as part of the derivation in the following Chapter 1.
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1 Theory of electrical conductivity

In this chapter, we derive and discuss the electrical conductivity of a general momentum-
block-diagonal two-band model including interband contributions within a microscopic
approach. We start by specifying our model under consideration (Sec. 1.1). We describe
the coupling to the electromagnetic fields, calculate the related currents and identify
the conductivity tensors, which act as the starting point for the subsequent derivations.
Several fundamental concepts that will be useful in the derivation in order to obtain the
conductivity formulas in a transparent and simple form are introduced (Sec. 1.2). We
derive and discuss the longitudinal and the anomalous Hall conductivity of the general
two-band model (Sec. 1.3). The goal of this derivation will be a unique decomposition
for disentangling conductivity contributions of different physical origin and unique prop-
erties. We close this chapter by deriving and discussing the Hall conductivity for the
general two-band model with momentum-independent coupling between the two subsys-
tems of the two-band model (Sec. 1.4).

1.1 General two-band model

The model that we consider in this thesis is a general momentum-block-diagonal two-
band model, a minimal model for a multiband system. It captures a broad spectrum
of physically very different systems including models with Néel antiferromagnetic order
and spiral spin density waves as well as models that involve spin-orbit interaction and
are known to show topological properties. In this section, we define and introduce the
model (Sec. 1.1.1) and present the coupling to an external electric and magnetic field
(Sec. 1.1.2). We present the induced currents and give the general expressions of the
conductivities (Sec. 1.1.3), which will be the starting point for the subsequent sections.

More details of the derivations can be found in the Appendices B, C and D.
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1.1.1 Definition of the model

We assume the quadratic momentum-block-diagonal tight-binding Hamiltonian
H=> W\T_ (1.1)
P

where )\, is a hermitian 2 x 2 matrix, ¥, is a fermionic spinor and \IJL is its hermitian

conjugate. Without loss of generality, we parameterize A\, as

= : (1.2)
A €p,B

where ¢, are two arbitrary (real) bands of the subsystems v = A, B. The complex
function A describes the coupling between A and B. The spinor ¥, consists of the

annihilation operator ¢y, of the subsystems,

Cp+Qa,A

v, <Q> , (13)
where Q, are arbitrary but fixed offsets of the momentum. The subsystems A and B
can be further specified by a set of spatial and/or non-spatial quantum numbers like spin
or two atoms in one unit cell. We label the positions of the unit cells via the Bravais
lattice vector R;. If needed, we denote the spatial position of subsystem v within a unit
cell as p,. The Fourier transformation of the annihilation operator from momentum to
real space and vice versa are given by

ip(R;+p,) 7 (1_4)

1
Cjp = —F= Z Cpu €
VL4
1 )
Cpy = Z Cijv€ P ) (15)
where L is the number of unit cells. By choosing a unit of length so that a single unit cell

has volume 1, L is the volume of the system. Note that we included the precise position

R; + p, of the subsystem v in the Fourier transformation [90,91].

26



Theory of electrical conductivity

The considered momentum-block-diagonal Hamiltonian (1.1) is not necessarily (lat-
tice) translational invariant due to the Q, in (1.3). The translational invariance is
present only for Q4 = Qp, that is, if there is no relative momentum difference between
the spinor components. In the case Q4 # Qp, the Hamiltonian is invariant under com-
bined translation and rotation in spinor space. This difference can be explicitly seen in
the real space hoppings presented in Appendix B. Using the corresponding symmetry
operator one can map a spatially motivated model to (1.1) and, thus, obtain a physical

interpretation of the parameters [92].

1.1.2 Coupling to electric and magnetic fields

We couple the Hamiltonian (1.1) to external electric and magnetic fields E(r,¢) and
B(r,t) via the Peierls substitution, that is, a phase factor gained by spatial motion, and
neglect further couplings. The derivation in this and the following subsection generalizes
the derivation performed in the context of spiral spin density waves [42]. We Fourier

transform the Hamiltonian (1.1) via (1.4) defining
Z \I}L/\qup - Z \Ij;)‘jj’\llj’ ’ (1'6)
p 33’

where the indices j and j’ indicate the unit cell coordinates R; and R/, respectively.

We modify the entries of the real space hopping matrix \;;» = (¢;/,,,/) by

. Ritp
] v
—ie ij’*”u’ A(r,t)-dr

tjj/7VV/ % t (1.7)

jj' o €

A(r,t) is the vector potential. We have set the speed of light ¢ = 1 and the reduced
Planck’s constant & = 1 to unity. We have chosen the coupling charge to be the electron
charge ¢ = —e with our convention e > (. Note that we have included hopping inside the
unit cell by using the precise position R; + p, of the subsystems v [90,91]. Neglecting
p,, would lead to unphysical results [3,90,91]. The coupling (1.7) does not include local
processes induced by the vector potential, for instance, via cj-, AC; p if the two subsystems
are at the same position within the unit cell, p, = pg. Using the (incomplete) Weyl
gauge such that the scalar potential is chosen to vanish, the electric and magnetic fields
are entirely described by the vector potential via E(r,t) = —0;A(r,t) and B(r,t) =
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0

V x A(r,t), where 9, = 2 is the time derivative and V = (&, 35 £) is the spacial

ot
derivative.

We are interested in the long-wavelength regime of the external fields and, in par-
ticular, in the zero-frequency (DC) conductivity. Assuming that the vector potential
A(r,t) varies only slowly over the hopping ranges defined by nonzero ¢;; .,/ allows us to
approximate the integral inside the exponential in (1.7). As shown in Appendix B, we

get
Z\pu U+ Y Wiy (1.8)

The first term is the unperturbed Hamiltonian (1.1). The second term involves the
electromagnetic vertex 75, that captures the effect of the vector potential and vanishes
for zero potential, that is, #pp/[A = 0] = 0. The Hamiltonian is no longer block-diagonal
in momentum p due to the spatial modulation of the vector potential. The vertex is

given by
ﬂypp,_z Z N AGH(E) - AGH (1) 05, qpp (1.9)

The n-th order of the vertex is proportional to the product of n modes Aq4(t) of the

vector potential given by
= Ag(t)e . (1.10)
q

Ag denotes the a = x,y,2 component of the mode. The Dirac delta function assures
momentum conservation. Each order of the vertex is weighted by the n-th derivative of
the bare Bloch Hamiltonian in (1.2), that is,

Ap 7 = Oy Oay A (1.11)

Qn"'p

at momentum (p +p’)/2, where 0, = =% is the derivative of momentum p = (p*, p¥, p*)
in o direction. As can be seen in the derlvatlon in Appendix B, both the use of the

precise position of the subsystems in the Fourier transformation [90,91] as well as the
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momentum-block-diagonal Hamiltonian are crucial for this result. Note that Ajt~*" is

symmetric in the indices oy to ay,.

1.1.3 Current and conductivity

We derive the current of Hamiltonian (1.8) induced by the vector potential within an
imaginary-time path-integral formalism in order to assure consistency and establish no-
tation. The matrices, which are present due to the two subsystems, do not commute in
general and, thus, the order of the Green’s function and the vertex matrices are crucial.
We sketch the steps in the following. Details of the derivation are given in Appendix C.
We have set kg =1 and A = 1.

We rotate the vector potential modes Aq(t) in the vertex (1.9) to imaginary time

7 =it and Fourier transform A(7) via
Ag(r) =) Age ™, (1.12)
q0

where gy = 2nn’l" are bosonic Matsubara frequencies for n € Z and temperature 7. We
combine these frequencies ¢y and the momenta q in four-vectors for shorter notation,
q = (i90,q). The real frequency result will be recovered by analytic continuation, igy —
w+10", at the end of the calculations. After the steps above, the electromagnetic vertex
Yy involving Matsubara frequencies is of the same form as (1.9) with the momenta
replaced by the four-vector p and p’. The Dirac delta function assures both frequency

and momentum conservation. The (euclidean) action of (1.8) reads
S, U ==Y wgv, + > U, T, (1.13)
p p.p’

where W), and W are (complex) Grassmann fields. The inverse (bare) Green’s function

is given by
G =ipo+ p— Ap + I sign(po) - (1.14)

We include the chemical potential p. py = (2n + 1)7T are fermionic Matsubara fre-

quencies for n € Z and temperature 7. We assume the simplest possible momentum-
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relaxation rate I' > 0 as a constant imaginary part proportional to the identity matrix.
sign(pg) = £1 is the sign function for positive and negative py, respectively.

The assumed phenomenological relaxation rate I' is momentum and frequency inde-
pendent as well as diagonal and equal for both subsystems v = A, B. Such approxi-
mations on [' are common in the literature of multiband systems [16, 17,73,82,89]. A
microscopically derived relaxation rate I', for instance, due to interaction or impurity
scattering depends on details of the models, which we do not further specify in our gen-
eral two-band system. A microscopic derivation can, for instance, be performed within a
Born approximation [6], which then can be used to concretize the range of validity. We
are aware that each generalization of [' may effect parts of the following derivations and
conclusions. We do not assume that I" is small and derive the current for I' of arbitrary
size.

The current density j¢' in @ = z,y, z direction that is induced by the external electric
and magnetic fields is given by the functional derivative of the grand canonical potential
Q[A] with respect to the vector potential [93],

. 18Q[A]
Jo =TT A0,

(1.15)

The explicit form of Q[A] is given in Appendix C.1. We are interested in the current up

to second order in the vector potential. We define

Je=gg = TAPAL NN I AL AT+ O(AY). (1.16)
B By ¢
In Appendix C.2, we present the derivation of the current and the expansion up to second
order, so that we can identify the zeroth-, first- and second-order contributions jg, Hg‘ﬁ
and Hg‘gfy explicitly. An explicit formula of the current j§, that is, a current without any
external fields, is given in Appendix C.3. It vanishes for all cases that we will discuss.
Thus, we will omit it in the following. The expansion of the current in (1.16) describes a
broad variety of different physical transport phenomena. We specify two different cases
in the following.
The current j¢(w) induced by only a uniform electric field £°(w) and no magnetic
B
(

field can be described by a conductivity tensor oz (w). The current j2,(w) induced
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by a uniform electric field £°(w) and a static magnetic field B” can be described by a
conductivity tensor Ug}f"(w). The indices «, 8, n = x,y, z indicate the component of the

respective spatial direction. We have

jew) =) ot (w)E(w), (1.17)
B

Jon(w) = ool (w)EP (w)B" (1.18)
B

We perform the calculations at finite frequency, but we will mainly focus on the zero
frequency (DC) limit. Note that the order of momentum and frequency limit is crucial
in order to obtain the correct DC conductivities. First, we perform the limit q — 0 for
uniform external fields, and secondly, we perform the limit w — 0 for static external
fields. The reversed order would describe properties of the system at equilibrium instead
of transport properties [93]. For a transparent notation, we will label the component
index of the current as «, the component index of the electric field as § and the component
index of the magnetic field as 7.

We identify the relation between the conductivity tensors in (1.17) and (1.18) and the
corresponding components of the polarization tensors I1*# and Hg‘f;f’ in (1.16) by using the
identities £%(w, q) = iwA®(w,q) and B"(w,q) = (igx A(w,q))" = 0D s P AV (w, q),
where €7 is the Levi-Civita symbol. We get

1 1
W) = ——T1%(w) =—— 1127 1.19
Og (W) iw E (W) iw E,iqo iqo—>w+i0+’ ( )
1 1
§ _ap _ afvys _ afvyo
26777 O'EBn(w) __;1_[]5:]3’y (W) :—; HEB:Zqo i0 — wri0+ ) (120)

n

where igg — w + 0" indicates the analytic continuation from Matsubara to real fre-

quencies. It is intuitive to specify several components. For instance, we have ogza (w) =

I (w) fw and 057 (w) =~ (w) /.
. . aﬁ . . .
We present the derivation of IT;; ~in Appendix C.4. We obtain
a T o
Hquo = €QZ Z tr [gip0+itm,p )‘16) gipmp >\P - (ZQO = O)] . (121>
ipo,p
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The polarization tensor involves a product of Green’s function and (first-order) vertex
matrices defined in (1.14) and (1.11), which may not commute. It vanishes at zero ex-
ternal Matsubara frequency since the igy = 0 contribution of the first term is subtracted.
The final result is obtained by a trace over the matrix, the Matsubara frequency and
the momentum summation. We present the derivation of Hgg;’-go in Appendix C.5. We

obtain

By aB~yé  (tri) B \ (rec)

HEB:\Z(QO - (HEBZ%) + (HEB;’QO) ) (1‘22)
We separated the contribution that involve three vertices and four vertices into a trian-
gular and a rectangular contribution, respectively, following the terminology introduced

by Nourafkan and Tremblay [91]. The triangular contribution with three vertices reads

apys (i) 1 B 5 a B 5 a
(HEB,iqo) - ZlTrEB [‘(gipoJriqo,p)‘pgipo,p)‘pgipo,p)‘pV - gipoﬂ‘qo,p)‘pwgipo,p)‘pgipo,p)‘p
«a é B «a 0 B
+gipo—iqo,p)‘pgipo,p)‘pgipo,p)‘pv - gipo—iqo,p/\pvgipo,p)‘p%ipo,p)‘p} :
(1.23)

We introduced the compact notation Treg[-]=e*TL™' Y tr[- — (igy = 0) — (v <> )],
where the dot - indicates the argument over which the trace is performed. The com-
pact notation includes the prefactors, both summations over Matsubara frequencies and
momenta, the matrix trace as well as the subtraction of the zero Matsubara frequency
contribution of the argument and the subtraction of the previous terms with v <> § ex-
changed. Thus when writing all terms explicitly, each product in (1.23) gives four terms.
The rectangular contribution with four vertices reads

(Haﬁ,yg )(rec) _ lTrEB [g /\ﬂg /\5% N\ & A

EB,iqo0 2 ipo+igo,p” P~ ipo,p” P ipo,P” P ipo,P” P
b
+gipo—iqo,p)‘ggipoypApgipo,pAggipo,p)‘g} : (1'24)
We see that both contributions involve different combinations of Green’s function and
vertex matrices. All contributions involve the first-order vertex. The second-order vertex
is also present in the triangular contribution. Note that the decomposition of the form in
(1.23) and (1.24) is not unique due to the possibility of partial integration in momentum.

The presented form turns out to be a convenient decomposition for further calculations.
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Haﬁ'yé

emigo 11 (1.22) are antisymmetric

Both contributions and, thus, the polarization tensor
with respect to v <> § as required by the relation (1.20) and vanishes at zero igy. Note
that the Green’s function matrices and the vertex matrices do not commute in general.

We respected this issue in the derivation.

1.2 Fundamental concepts

Our goal is to derive conductivity formulas, which decompose into contributions with
unique properties and involve quantities of clear physical interpretation. For given Bloch
Hamiltonian Ay, chemical potential y, temperature 7" and relaxation rate I', the polariza-
tion tensors in (1.21) and (1.22) can be evaluated directly by performing the Matsubara
summation explicitly. However, we are interested in an analytic result and are faced with
two key steps in the following derivation: performing the trace over the two subsystems
and the analytic continuation from Matsubara frequency to real frequency. Both steps
are tedious and not physically transparent without any further strategy. Before perform-
ing the actual derivation in the next Sec. 1.3 and 1.4, we present different fundamental
concepts that will eventually guide us to a deeper understanding of the underlying struc-
ture and, thus, not only to a transparent calculation but also to a physically motivated
decomposition of the conductivities.

We structure this section as follows: We introduce a different representation of the
Bloch Hamiltonian Ap in (1.2). The Bloch Hamiltonian ), is the crucial quantity for
both the Green’s function and the vertex matrices. The eigenvalues and eigenbasis of A\,
are particular simple in this different representation (Sec. 1.2.1). We express the Green’s
function and the vertex matrices in the eigenbasis of A\,. Interband contributions for the
first-order vertex, that is, for the momentum derivative of the Bloch Hamiltonian d,Ap,
after the basis change are found and analyzed (Sec. 1.2.2). We have a more general view
on interband contributions for more than two bands and draw connection to concepts
of quantum geometry, in particular, to the quantum metric and the Berry curvature
(Sec. 1.2.3). Those concepts are then applied and specified for our two-band model
(Sec. 1.2.4). We close this section by performing similar steps to the second derivative
of the Bloch Hamiltonian 0,03\, in a general multiband system and for our two-band
model (Sec. 1.2.5).
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1.2.1 Spherical representation

The crucial quantity to evaluate (1.21) and (1.22) is the Bloch Hamiltonian matrix A,
which is present in the Green’s function ¥, , and the first- and second-order vertices
Ap and /\35 . The basic property of the 2 x 2 matrix Ap is its hermiticity, which allows

us to expand it in the identity matrix 1 and the three Pauli matrices

0 1 0 —1 1 0
Ty = Ty =| , Ty = , (1.25)
1 0 7 0 0 —1

which we combine to the Pauli vector 7 = (7, 7,,7,). The indexing z,y, 2 must not be

confused with the spatial directions. We get the compact notation
A =g 1+dp-T (1.26)

with a function g, and a vector-valued function dp [62,94-97]. It is very useful to
represent the vector dp via its length r, and the two angles 6, and ¢, in spherical
coordinates [62,96,97], that is,

COS pp sin by,
dp, =71p | singp siné, | - (1.27)

cos Op

The Bloch Hamiltonian matrix A, in spherical coordinates reads

g, + 1, cosf o sin O, e P
D . (1.28)
Tp Sin Oy, e’ g, — Tp cos by

The momentum derivative of Ay, in particular, the first- and second-order vertices Ay
and )\gﬁ , can be expressed in the derivatives of these functions g, rp, 0, and ¢p. In a
two-dimensional system, we can visualize g, as a surface on top of which we indicate the
vector dp, by its length and direction. We give an example in Fig. 1.1.

Both (1.2) and (1.28) are equivalent and impose no restriction on the Hamiltonian
other than hermiticity. In the following, we exclusively use Ap in spherical coordinates.

For given €, 4, €p 5 and Ap in (1.2) the construction of (1.28) is straightforward. We
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Figure 1.1: We can represent the Bloch Hamiltonian A, by a function g, and a vector-
valued function dp. For a two-dimensional system, we can visualize g, as a surface on
top of which we indicate the vector dp by its length r, (color from purple to red) and
direction given by the angles 8, and ¢,. The conductivity is given by the modulation of
these functions. Here, we show A, of the example in Sec. 2.1.2.

give the relations explicitly since they may provide a better intuitive understanding of

the involved quantities. We have

1

gp = §(Ep,A + 6p,B) ; (129)
1
hy = Q(EP’A — €p.B) (1.30)

rp = /g + |Ap), (1.31)

where we defined the function h,. The radius rp involves h, and the absolute value of
Ap. The angle 8, describes the ratio between hy, and |Ap|. The angle ¢}, is equal to the
negative phase of A,. They are given by

h A
cos b, = r_p sinf, = |'r’p| : (1.32)
P P
A A
oS Pp = Re|Ap| sin pp = —Imﬁ : (1.33)
P p
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where the real and imaginary part are denoted by Re and Im, respectively. The advantage
of the spherical form (1.28) is its simplicity of the eigenvalues and eigenvectors. We

denote the eigensystem at momentum p as . The eigenenergies are
+ _
Ey=g,*1, (1.34)
with corresponding eigenvectors

1
' cos 50p
SR I (1.35)
e'?® sin 50,

- [ —e7r sinlg
|—p) = €i%® 1 P (1.36)
cos 50,

These eigenvectors are normalized and orthogonal, that is, (4+p|+p) = (—p|—p) = 1 and
(+p/—p) = (—pl+p) = 0. The two phases ¢ reflect the freedom to choose a phase of the
normalized eigenvectors when diagonalizing at fixed momentum p, that is, a “local” U(1)
gauge symmetry in momentum space. We include it explicitly for an easier comparison
with other gauge choices and to make gauge-dependent quantities more obvious in the

following calculations.

1.2.2 First-order vertex

The polarization tensors in (1.21) and (1.22) are the trace of the product of Green’s
function matrices and vertex matrices. A trace is invariant under unitary transformations
(or, in general, similarity transformations) due to its cyclic property. We transform all

matrices by the 2 x 2 unitary transformation U, = (|—|—p) )), whose columns are

=p
composed of the eigenvectors |£,). The matrix U, diagonalizes the Bloch Hamiltonian

matrix

0 E-

P

Ef 0
& =UINU, = : (1.37)
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where we defined the quasiparticle band matrix £,. We transform the Green’s function
matrix in (1.14) and get the diagonal Green’s function

Girop = Ulig' Up = [ipo +p—E + 1l Sign(po)} - (1.38)

po,p- P

Note that the assumptions of I to be proportional to the identity matrix is crucial to
obtain a diagonal Green’s function matrix by this transformation.

In general, the vertex matrices A and /\gﬁ will not be diagonal after unitary trans-
formation with Uy, since they involve the momentum derivative A\j = 9,A, and )\gﬁ =
0,057, The derivatives do not commute with the momentum-dependent Up,. In a first
step, we focus on Aj. Expressing A, in terms of &, we get

T — st . T
Up AU, = U, [8a)\p} U, =U} [aa(Upé'pUp)]Up. (1.39)
The derivative of &, leads to the eigenvelocities £5 = 0,&,. The two other terms from
the derivative contain the momentum derivative of Up. Using the identity (8C¥UIT,)Up =
—UIT, (GaUp) of unitary matrices we end up with

Ul U, = &5+ (1.40)

P P P

where we defined 7 = i[é'p, Ag} with
A% =iUl(0,U,) . (1.41)

Since F; involves the commutator with the diagonal matrix &, it is an off-diagonal
matrix. Thus, we see already at this stage that F causes the mixing of the two quasi-
particle bands and, thus, captures the interband effects induced by the vertex Aj. We
refer to 7 as “(first-order) interband matrix”.

Let us have a closer look at Aj defined in (1.41). The matrix Uy, consists of the
eigenvectors |£p). Its complex conjugation Ug, consists of the corresponding (+,|. Thus,
we can identify the diagonal elements of A7 as the Berry connection of the eigenstates
|£p), that is A%* = i(+,|0,%p), where |OaEp) = Oa|%p) is the momentum derivative
of the eigenstate [49,50]. Ajg is hermitian due to the unitarity of Up. This allows us to
express it in terms of the identity and the Pauli matrices, Ay = Z7 + X5 + Vg + Z7,
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where
« 1 +
1
Xy = —3 [gp sin 6, cos pp + 0 sin @p) To (1.43)
1 . -
Vo = —3 [gp sin 0, sin pp, — 05 cos gop] Ty, (1.44)
a 1 ] «
Zp §|:¢+7 ¢p: +90p(1 _Cosep)} T, (145)

and @p = ¢p + ¢, — ¢,. We calculated the prefactors by using (1.35) and (1.36) and
used the short notation 65 = 9,0, and ¢ = Jupp for the momentum derivative in o
direction. FEach component of A is gauge dependent by involving ¢, or ¢§’a = 8a¢§.
The interband matrix ]-"g involves only the off-diagonal matrices Xg and yg since the
diagonal contributions Z,, and Z, vanish by the commutator with the diagonal matrix

&p. We see that the interband matrix 7 is gauge dependent due to pp.

1.2.3 Quantum geometric tensor

The identification of a matrix A5 in (1.40), which involves the Berry connection, suggests
a deeper and more general connection to concepts of quantum geometry. Expressing the
momentum derivative 6a5\p of a general multiband (and not necessarily two-band) Bloch
Hamiltonian 5\p in its orthonormal and complete eigenbasis |np) with eigenvalues E7

naturally leads to intraband and interband contributions via
(np| (Dadp)|Mp) = S B +i( B — B AS™™ (1.46)

after treating the momentum derivative and the momentum dependence of the eigenba-
sis carefully. The first term on the right-hand side involves the quasiparticle velocities
E3® = 0, E}p and is only present for n = m. The second term involves the Berry connec-
tion AS"™" = i(np|0amp), where |9,myp) is the momentum derivative of the eigenstate
|mp) [49,50], and is only present for n # m.

The Berry connection AZ™™ is not invariant under the “local® U(1) gauge transfor-
mation |n,) — €®p|ny,) in momentum space and, thus, should not show up in physical

quantities like the conductivity. In other words, not the Hilbert space but the projective
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Hilbert space is physically relevant [98-101]. In general, the transformation of the Berry

connection with respect to the gauge transformation above reads
Ao —y Ao Op0) 5, gl (1.47)
with ¢p* = 0,¢p only present for n = m. Obviously, the combination

ToBn — Z Ag,nmArﬂ;mn (1.48)

P
m#n

is gauge independent. The quantity 7;°‘ﬂ’" is a momentum-dependent tensor for each

band n with components v and 3. The tensor of band n involves the summation over all

other bands. We rewrite (1.48) by using the orthogonality and the completeness of the

eigenbasis, (np|Gamp) = —(0anp|mp) and >, . |mp)(mp| =1 — |np)(np|, and obtain

Torn = (Oanp|Osnp) — (Oanp|np)(np|0snp) - (1.49)

p

We have recovered the quantum geometric tensor, which is the Fubini-Study metric of
the projective Hilbert space [97-101].

It turns out to be convenient to decompose the quantum geometric tensor 7;0"3’”
into its symmetric and antisymmetric part with respect to a <+ . This decomposition
is unique. Using the property of the Berry connection under complex conjugation in
(1.48), we see that the symmetric part is the real part and the antisymmetric part is the

imaginary part of 7;,0‘57", respectively. We define

Taﬁ,n —

1

(Copm —iQaon) (1.50)

N | —

with the symmetric real-valued function CS‘B’” = C{fo"" and the antisymmetric real-valued
function Qgﬁ’” = —an’”.
Both C;‘,‘B ™ and Qgﬁ ™ have a clear physical interpretation. By the latter one, we have

recovered the Berry curvature

QP = 2 ImTePm = 9, APn — 9, AS™ (1.51)
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The Berry curvature is the curl of the Berry connection. Using (1.48), one can show that
>on Qgﬂ’” = 0, that is, the Berry curvature summed over all bands vanishes. In order to
understand the meaning of the symmetric part C’gﬁ’” we consider the squared distance

function

D(Inp), Ing))* =1 — [{np|ny)?, (1.52)

where |np) and |ngy) are two normalized eigenstates of the same band EJ at different
momenta [97-101]. The distance function is invariant under the gauge transformations
Inp) — €“p|ny). It is maximal, if the two states are orthogonal, and zero, if they
differ only by a phase. We can understand the function in (1.52) as the distance of the
projective Hilbert space in the same manner as ||np) — |1y )| is the natural distance in the
Hilbert space, which is, in contrast, not invariant under the upper gauge transformation
[98]. If we expand the distance between the two eigenstates |np) and |npiap), whose
momenta differ only by an infinitesimal momentum dp, up to second order, we find a
metric tensor ggﬁ’” that is given by the real part of the quantum geometric tensor. We
see that

afn __ afn __ af,n
Cp7" =2g,7" = 2ReT 7" (1.53)

We summarize that the momentum derivative of the Bloch Hamiltonian, or first-order
vertex, expressed in the eigenbasis of the Bloch Hamiltonian in (1.46) naturally leads to a
quasiparticle velocity and a Berry-connection term. A gauge-independent combination of
the latter one defines the quantum geometric tensor, which decomposes into the quantum

metric and the Berry curvature of the corresponding band.

1.2.4 Quantum metric factor and Berry curvature of the

two-band model

After the general considerations in the previous section, we apply those concepts explic-
itly to our two-band model. In the decomposition of the first-order vertex in (1.46), the
first term corresponds to £ in (1.37), the second term to F5 in (1.40) and the Ag™™
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are the elements of the matrix Ay in (1.41) with indices n, m for both bands =+, that is

AT ASTT
Ap = iUL0U, = . (1.54)
AS™T A
We used the short notation A" = A3 and A5~ = A5~ for the diagonal elements.

The diagonal elements A5* and A~ correspond to Z5 + Z5 in (1.42) and (1.45). The
off-diagonal elements A% ¥~ and A%~ correspond to Xg + Y5 in (1.43) and (1.44). We
consider the gauge dependence of A5™™ in (1.47) by allowing the phases gz% in (1.35)
and (1.36) explicitly. The quasiparticle velocity &5 is gauge independent, whereas the
interband matrix F9 is gauge dependent. In analogy to (1.48), the product FyFPl is

gauge independent, which can be see by

FoFS o (X8 +Y3) (X5 +V5) o . e o ) 1, (1.55)
where we dropped gauge-independent quantities in each step. The (diagonal) elements
of the product Fgfg are proportional to the quantum geometric tensor 7;“**.

The product ]-"g]-"g is neither symmetric nor antisymmetric with respect to o <> 5.

Up to a prefactor, its symmetric and antisymmetric parts read
a 5 58 T a B a Bl _ pafB
prp +Fp‘7p X {Xp’Xp}+{yp7yp} _Cp 3 (156)
o T3 B T a B8 a Bl _ . ap
FoFo — FpFp o< [A7, Yl + [V, Ap] = =i, (1.57)

which defines the symmetric function Cgﬁ and antisymmetric function Qgﬁ , which are

both real-valued diagonal matrices. Using (1.43) and (1.44) we get

(0% 1 (0% (0% :

CPB =5 (Qpﬁg + gopcpg sin” 6,) 1, (1.58)
« 1 (0% (6% :

Qpﬁ =3 (gopﬁg — gofﬁp) sinf, 7, . (1.59)

We see explicitly that cgﬂ and Qgﬂ are gauge independent. Note that Cgﬂ involves
equal contributions for both quasiparticle bands, whereas Qgﬁ involves contributions of

opposite sign for the two quasiparticle bands. We have Qgﬁ = 8a25 — 0pZ; since Qgﬁ is
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the Berry curvature of the eigenbasis |4,). The two definitions (1.58) and (1.59) are the
matrix versions of the general expressions in (1.51) and (1.53). The matrix C3” involves
the quantum metric of the two quasiparticle bands, which are equal in this case. Thus,
we refer to Cgﬁ as "quantum metric factor“ in the following, which is more precise than
the previous used ”coherence factor” [42]. Note that both Cgﬁ and Qgﬁ only involve the

angles 0, and ¢p,.

1.2.5 Second-order vertex

Whereas the considerations above are sufficient to study the polarization tensors °° in

E,iq0
gszgo in (1.22) does also involve the second derivative of

the Bloch Hamiltonian )\gﬁ = 0,05, the second-order vertex. In order to identify the

(1.21), the polarization tensor IT

interband contributions due to )\gﬁ , we can perform similar steps as for the first-order

vertex in (1.39) by calculating

UINSPU, = Ul 0,050 | U, = U/ [0,0,5(U,E,UL) U, - (1.60)
We see that we obtain nine contributions after evaluating the derivatives: The second
derivative of 535 = 0,054&, gives the inverse quasiparticle effective mass. We have four
contributions involving the quasiparticle velocity &5 = 9, and the Berry connection
matrix Ay = z'Ug (8VUp) with v = a, 8. We have two contributions involving the prod-
uct of A7 and Ag. The remaining two contributions are involving UIT, (aaﬁﬁUp) and
(ﬁaaﬁUg)Up. The final result is symmetric in a < (.

The derivation above is straightforward and gives an idea about the contributions
that are present. However, the final result is not transparent with respect to the gauge
transformation |n,) = €'®p|n,,) of the eigenbasis and, thus, is not sufficient for the iden-
tification of different terms that are physical individually. Thus, before deriving our
final result of )\gﬁ in our two-band model, we consider again a general (not necessarily
two-band) Bloch Hamiltonian \, with orthonormal eigenbasis |np) in a first step and
specify the result for our two-band model in a second step.

We express 8a85;\p in the eigenbasis. After carefully taking the momentum depen-
dence of the eigenbasis into account, we can express the final result in only the eigenen-

ergies E7, the Berry connection A5™™ and their derivatives. We present the derivation
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in Appendix D. The diagonal elements read

(1p] (0205 Ap) Inp) = B2 + Z ) (AQTABI 1 ABn Ain) (1.61)

with the inverse quasiparticle effective mass Eg’aﬁ = 0,05E,. We sum over all bands
in the second term on the right-hand side, which we indicate by the summation over [.
This term vanishes in a one-band system and is, thus, a pure interband contribution.
Note that the second term is close to the combination 7;0“5’” + 7;;30"" of the quantum
geometric tensor in (1.48) but not equal due to the prefactor Ef. Both terms in (1.61)

are gauge invariant. The off-diagonal elements for n # m read

(np| (a0 Ap) Imp) = i (B — EI®) ASmm (1.62)
5 (B — B 0 —i(Agn — Agm] Azt (163
+ > [BL - % E} + E7)]ASM AZm (1.64)
+ l(;:: B). (1.65)

The third term (1.64) is only present for more than two bands and captures the interband
effects due to all other bands than the considered n and m. The first term (1.62) has
a form very similar to the off-diagonal component of the first-order vertex in (1.46) but
involves the quasiparticle velocities instead of the eigenenergies. The second term (1.63)
involves the derivative of the Berry connection in a gauge covariant form, 0, — z'(Ag’” —
Ag,m)_ We find that each line transforms individually with a phase factor e *(#»—%%")
under the "local“ gauge transformation |n,) — €*p|n,) in momentum space.

We return to our two-band model in the following. By considering the diagonal and
off-diagonal components in (1.61) and (1.62), respectively, for the two eigenstates |+p)
and |—p), we identify a diagonal and an off-diagonal part of UIA2U,,, which we label as

o o —1\apB o
UINSU, = (MYl + P (1.66)

We use the upper notation to indicate the interpretation of (./\/l_l)gf8 as ’inverse gen-

eralized effective mass® and to symbolize the analogy of the ”(second-order) interband
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matrix “ ]-"35 with respect to the first-order interband matrix F5 in (1.40). The inverse
generalized effective mass (M‘l)gﬁ reads

(M™HeP = 535 — 2rpT, Cgﬁ, (1.67)

1

where 835 = 0,04&) 1s the inverse quasiparticle effective mass, that is, the second deriva-
tive of the quasiparticle dispersion. The second term on the right-hand side involves the
quantum metric factor Cg‘ﬁ with different sign for the upper and the lower band due to
the Pauli matrix 7, [102].

We calculate the second-order interband matrix .7-"35 for our two-band model in the
following. We combine the four contributions in (1.62) that involve £; and AY to two
commutators and expand Aj in the identity and the Pauli matrices. Due to the com-
mutator, only A} and )y contribute, which are given in (1.43) and (1.44), respectively.
We calculate the second factor in (1.63) explicitly in a first step and decompose it into
two terms proportional to 7, and 7, in a second step. We obtain the off-diagonal matrix

entries with n # m
[0 — i(AL™ — AD™)JADM™ = (X037 4 Yor)™ (1.68)
of the matrices
1
Xg‘ﬁ =-3 [(9035 sin 0, + (Qggog + 90395) cos Gp) COS Pp
+ (9;5 - goﬁgof, cos O sin 0 ) sin @p| 7, (1.69)
1
ygﬁ =—3 [(wgﬂ sin 6, + (Qggof, + gogeg) cos Gp) sin @p,
— (93’3 — gpggpg cos 0, sin 9p) cos gbp} Ty - (1.70)

We defined the short notation for the first derivative ¢y = 0,¢,, the second derivative
gogﬁ = 0,05, and equivalently for 6,. Note that Xgﬁ and ygﬁ are symmetric in a <> 5.

Combining all results, the second-order interband matrix Fgﬁ reads

Fol =iley, ] +ilef, A7) + il Ap7] +ilen, V] + il Vgl +i[€, W
(1.71)
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It is symmetric in a < [ as expected. Note that FS'B is gauge dependent due to
Op =+ ¢;§ — ¢p in XY,V XI__‘,"B and ygﬁ . Thus, .7:35 is not a good physical quantity
by itself. The combination fgfg” is gauge independent for arbitrary indices «, § and
~, which can be seen in analogy to (1.55). We can identify a particular combination as

derivative of the quantum metric factor and the Berry curvature

S X7 1 V) + (0 B)] = 1(0,€7), (1.72)
SV + VX0 — (a0 B)] = (0, 9%°) (179

Note that the results, which we derived above for the general Bloch Hamiltonian in (1.28),
drastically simplify for a constant angle ¢, = ¢, that is, for a momentum-independent

phase of the coupling between the two subsystems of the two-band model Ay,

1.3 Longitudinal and anomalous Hall conductivity

After the introduction of our general two-band model, the conductivity formulas in
imaginary-time formalism and several fundamental concepts in the last two sections, we
continue by deriving the longitudinal and the anomalous Hall conductivity. Therefore,
we assume only a uniform electric field and no magnetic field in the following. An electric
field with frequency w in direction 8 = x,y, z induces a current in direction o = z, v, 2.
The proportionality is described by the conductivity tensor o®?(w) = 02 (w) in (1.19),
where we omit the lower index for shorter notation in the following. The tensor describes
two conceptional different phenomena: the longitudinal conductivity and the anomalous
Hall conductivity. In a simplified picture, the difference between those conductivities
is whether the current is induced parallel or transverse to the applied electric field. A
more precise definition is given in the derivation. In the following presentation, we have
a special focus on a unique and physically meaningful decomposition of the conductivity
formulas.

This section is structured as follows: In the first three subsections, we present the
derivation of the conductivity formulas, which we analyze in the last four subsections. We
use the matrix structure and properties of the matrix trace to decompose the polariza-

tion tensor (Sec. 1.3.1). After having performed the Matsubara summation (Sec. 1.3.2),
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we identify the distinct form of the different contributions, which results in our main for-
mulas for the DC conductivity (Sec. 1.3.3). We relate our result to the commonly used
approach by Bastin and Streda (Sec. 1.3.4), which can be seen as a different derivation.
We discuss the reduction of the computational effort due to the used decomposition
(Sec. 1.3.5) and, in detail, the limits of small and large relaxation rate, and the low
temperature limit (Sec. 1.3.6). Finally, we relate our result to the anomalous Hall ef-
fect, discuss the possibility of anisotropic longitudinal conductivity and quantization
(Sec. 1.3.7).

1.3.1 Decomposition

With the general concepts that we derived in the previous Sec. 1.2, we evaluate the

polarization tensor Hf‘qﬁ = 1%°

kg given in (1.21), where we omit the lower index for

shorter notation. Using the invariance under unitary transformations of the matrix trace
as well as the Green’s function (1.38) and first-order vertex matrices (1.40) expressed in
the eigenbasis, we obtain

H%ﬁ =Tr [gipoJriqo,p (Eg + fg)gipo,p (83 + ]:S)] ) (1'74)
We have introduced the compact notation Tr[-] = e*T'L~" 3 tr[- —(igo = 0)], where the
dot - indicates the argument over which the trace is performed. The compact notation
involves the prefactors, the summation over Matsubara frequencies and momenta, the
matrix trace as well as the subtraction of the argument at 1qy = 0. The Green’s function
matrices (1.38) are diagonal, whereas the vertices (1.40) contain the diagonal matrix &3
and the off-diagonal matrix F3. The matrix trace only gives a nonzero contribution if
the product of the four matrices involves an even number of off-diagonal matrices, that
is, zero or two in this case. Thus, the mixed terms involving both & and Fg vanish.
This leads to the decomposition of Hio;ﬁ into an intraband and an interband contribution:

Haﬁ — HQB

190 iqo,intra

| (1.75)

iqo,inter °

In the intraband contribution, the two eigensystems =+, are not mixed, whereas they
mix in the interband contribution due to the interband matrix Fg5. The individual

contributions in (1.75) are gauge independent due to (1.55).
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The matrix trace is invariant under transposition of the matrix, of which the trace is
performed. For the product of several symmetric and antisymmetric (or skew-symmetric)
matrices A, B, C, D this leads to tr(ABCD) = tr(DTCTBTAT) = (-1)"tr(DCBA)
with AT being the transposed matrix of A, and so on, and n the number of antisymmetric

matrices involved. We call the procedure
tr [Man] — tr [Man] (1.76)

with arbitrary square matrices M; “trace transposition” or “reversing the matrix order
under the trace” in the following [1]. We call the trace that remains equal with a
positive overall sign after trace transposition symmetric and a trace that remains equal
up to a negative overall sign after trace transposition antisymmetric. Every trace of
arbitrary square matrices can be uniquely decomposed in this way. We analyze the
intra- and interband contribution in (1.75) with respect to their behavior under trace
transposition. The intraband contribution involves the quasiparticle velocities &5 and

the Green’s functions, that is
B _
Hiojloaintra =Tr [gipo-qu,pgggipo,pgg] : (1'77)

All matrices are diagonal and, thus, symmetric. We see that the intraband contribution
is symmetric under trace transposition. The interband contribution involves diagonal
Green’s functions and F7, which is neither symmetric nor antisymmetric. We decompose

it into its symmetric and antisymmetric part

Fot = S (Fa+ (FOT) =i[&, V5], (1.78)

DO =D =

Fot =5 (F = (F)7) = il&e, A5 (1.79)

By this, the interband contribution decomposes into a symmetric and antisymmetric

contribution under trace transposition,

mes =P 1P (1.80)

1qo, inter iqo, inter iqo, inter ?
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where

af,s - o o
Hiqminter =Tr [4rr2)gipo+iqo,prgipo,p)(p] +Tr [4rr2)gipo+iqo,py§gipo,pyp} ) (1'81>

afa _ 2 o 2 a
Hiqo,inter =Tr [4rpgipo+iqo,lefgipo7pyp} + Tr [4rpgipo+iqo7pyggipo,pxp} : <1'82)

We used &, = g, + rp7. and performed the commutator explicitly. Interestingly, the
symmetry under trace transposition, which is due to the multiband character, is con-
nected to the symmetry of the polarization tensor or, equivalently, of the conductivity
tensor o = (o) itself: Trace transposition of (1.77), (1.81) and (1.82) is equal to the

exchange of a <> 3, the directions of the current and the external electric field.

1.3.2 Matsubara summation

We continue by performing the Matsubara summations and the analytic continuation.
The sum over the (fermionic) Matsubara frequency po in (1.77), (1.81) and (1.82) is of

the form

Ly =T tr[(Gig — G)MGM,] (1.83)
po

with two matrices M; and M, that are symmetric and/or antisymmetric. 7' is the
temperature. We omit the momentum dependence for simplicity in this subsection. We
further shorten the notation of the Green’s functions G = G;p,, and Giiqy = Gipgtigo- 1f
I;4, is symmetric under trace transposition, that is, for the intraband and the symmetric
interband contribution, we split (1.83) into two equal parts. In the second part, we reverse
the matrix order under the trace and shift the Matsubara summation ipy — 1py — iqp.
We get

= S (G =)+ G~ )] (184)

If I;,, is antisymmetric, that is, for the antisymmetric interband contribution, we obtain

T
==

iqo0 2 Ztr[(gi% - g—iqo)MlgMQ} (185)
po
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after the same steps. We perform the Matsubara summation and analytic continuation
igo — w 4 10" of the external frequency leading to I3 and I2. We are interested in the
zero-frequency (DC) limit. The detailed Matsubara summation and the zero frequency

limit are performed in Appendix F. We end up with

N S
}}i’%ﬁ = E/defe’ tr[A M, A, My + A My A, M, ], (1.86)
ggﬂi:—ﬁﬁkﬁuU{M@QA@—}{M@QAM, (1.87)

where f. = (e/T 4+ 1)7! is the Fermi function and f’ its derivative. Furthermore, it
involves the spectral function matrix A, = —(GF — GA)/2mi and the derivative of the
principle-value function matrix P! = 9.(GF 4 G)/2, where GF and G are the retarded
and advanced Green’s function matrices, respectively.

In (1.86) and (1.87), we exclusively used the spectral function A, and the principle-
value function P., which are both real-valued functions, and avoided the complex-valued
retarded or advanced Green’s functions. As we have a real-valued DC conductivity, the
combination of M; and Ms has to be purely real in (1.86) and purely complex in (1.87).
The symmetric part (1.86) involves the derivative of the Fermi function f!, whereas
the antisymmetric part (1.87) involves the Fermi function f.. This suggests to call the
latter one the Fermi-surface contribution and the former one the Fermi-sea contribution.
However, this distinction is not unique, since we can perform partial integration in the
internal frequency €. For instance, the decomposition proposed by Stieda [76] is different.

Using the explicit form of the Green’s function in (1.38), the spectral function matrix

a - (A0 1.88
“\o A (188)

€

reads

with the spectral functions of the two quasiparticle bands

L/m

AF = .
© (etp—EE)P+T7?

(1.89)

For our specific choice of I', the spectral function is a Lorentzian function, which peaks
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at E;E — p for small I'. Using (1.89), the derivative of the principle-value function P! can

be rewritten in terms of the spectral function as
P =2n%A% - %Ae. (1.90)

When inserting this into (1.87) the second, linear term drops out. We see that (1.86) and
(1.87) can be completely expressed by combinations of quasiparticle spectral functions.
Note that (1.90) is valid only for a relaxation rate I' that is frequency-independent as
well as proportional to the identity matrix.

We apply the result of the Matsubara summation (1.86) and (1.87) to the symmetric
and antisymmetric interband contributions (1.81) and (1.82). Since M; and M, are off-
diagonal matrices in both cases, the commutation with the diagonal spectral function
matrix A, simply flips its diagonal entries, that is M;A. = A.M; where A, is given
by (1.88) with AT «+» A~ exchanged. We collect the product of involved matrices and
identify

A (XX + x°X° + Yy + YY) A= ACP A, (1.91)

AZ(XOY> —yoxP 4 YPxe — xoYP) A =i AZQP A, (1.92)

where C27 and Q7 were defined in (1.58) and (1.59).

1.3.3 Formulas of the conductivity tensor

As the final step of the derivation, we combine all our results. The conductivity and the
polarization tensor are related via (1.19). We write out the trace over the two quasipar-
ticle bands explicitly. The zero-frequency (DC) conductivity o®® = ¢2° decomposes into
five different contributions:

af __ _af
g - Uintra,+

+ O+ Timier + Oy + T (1.93)

intra,— inter inter,—

These contributions are distinct by three categories: (a) intra- and interband, (b) sym-
metric and antisymmetric with respect to a <» 8 (or, equivalently, with respect to trace

transposition) and (c) quasiparticle band £. As the symmetric interband contribution
af,s

Ointer

is shown to be symmetric in + <> — for our two-band model, we dropped the band
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index for simplicity. Each contribution consists of three essential parts: i) the Fermi
function f(e) or its derivative f’(e), ii) a spectral weighting factor involving a specific
combination of the quasiparticle spectral functions A} (e€) of quasiparticle bands n = =,
that is,

Wi ira(€) = 7 (AD(€))” (1.94)
W e (€) = ATr2 AL () Ap (), (1.95)
Wporer(€) = 8777 (A3(€)) A" (€), (1.96)

with —n denoting the opposite band, and iii) a momentum-dependent weighting factor
involving the quasiparticle velocities Eg’o‘, the quantum metric factor C’S‘B or the Berry

curvatures Qgﬁ’i given as

By =gh s, (1.97)
co? %(9“95 popl sin® ) | (1.98)
Qo = %ngeg — @hf2) sin by, , (1.99)
where g8 = a8y, Ty = OaTp, Op = Jubp and ¢ = Jupp With the momentum derivative
in « direction 0, = 8%. The conductivity is expressed in units of the conductance

quantum 270y = €?/h by writing I explicitly, which is set to unity in the rest of this
thesis. We perform the thermodynamic limit by replacing L~ z — f (Qﬂ d, where d is
the dimension of the system. We end up with

af 62 dd n,a ;.5
Uintra,n: _ﬁ/(Zﬂ') /de( ) pmtra( )Ep’ Ep’7 (1100)

a.aﬁ’s = — dd € B
inter h/(Q )/d f( ) 1nter< )Cp ) (1101>

ada ¢ [dp d roﬁ
Ointer,;n = _E/(Qﬂ.) / € f( ) plnter( ) : (1'102)
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If we restore SI units, the conductivity has units 1/Q2m?2 for dimension d. Note that
we have 0’ oc €?/h in a two-dimensional system and 0% o e%/ha in a stacked quasi-
two-dimensional system, where a is the interlayer distance. For given Ap, p, 7' and I'
the evaluation of (1.100), (1.101) and (1.102) is straightforward. The mapping of A, to
spherical coordinates is given in (1.29)-(1.33). The spectral function AZ(e) is defined in
(1.89).

1.3.4 Relation to the Bastin and the Streda formula

Microscopic approaches to the anomalous Hall conductivity are frequently based on the
formulas of Bastin et al. [75] and Stfeda [76]. A modern derivation is given by Crépieux
et al. [77]. We present a different derivation that follows the steps of Bastin et al. [75] in
our notation and discuss the relation to our results. We omit the momentum dependence
for a simpler notation in this section.

We start with the polarization tensor Hiaqﬁ in (1.21) before analytic continuation.
In contrast to our discussion above, we perform the Matsubara sum and the analytic

continuation in (1.19) immediately and get

1
0 = — Ty [ (AN N+ S

w e+w

N AN — d N PN — PN )] . (1.103)

We combined the prefactors, the summation over momenta and the frequency integration
as well as the matrix trace in the short notation Tr.,[ - | = 2L~ dp [ detr] -], where
the dot - indicates the argument. The first two and the last two terms are obtained
by the argument explicitly given in (1.21) and its (igy = 0) contribution, respectively.
Details of the Matsubara summation and the analytic continuation are given in Appendix
F. 9% and 44 are the retarded and advanced Green’s function of (1.14), respectively.
A, = —(9F — 44) /27 is the spectral function matrix and &2, = (4F + 94)/2 is the
principle-value function matrix. f. is the Fermi function.

We derive the zero-frequency (DC) limit by expanding ¢ in the frequency w of the
external electric field E(w). The diverging term o 1/w vanishes, which can be checked
by using 4 = P, —ind, and 94 = P, + ind.. The constant term is

oo iin = 1 Trep[fo (— DN (GAYN + (G N A )], (1.104)

astin
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which was derived by Bastin et al. [75]. The derivative with respect to the inter-
nal frequency e of the retarded and advanced Green’s function matrices is denoted by
(%R/ A), = 0.9%/ A, respectively. The expression in (1.104) is written in the subsystem
basis, in which we expressed the Bloch Hamiltonian A, in (1.2). Due to the matrix trace,
we can change to the diagonal basis via (1.38) and (1.40).

In Sec. 1.3.1, we identified the symmetry under exchange of a <+ 3 as a good criterion

for a decomposition. The Bastin formula is neither symmetric nor antisymmetric in
B

astin 10tO its symmetric and antisymmetric part, we can

a > . When we decompose op

easily identify our result (1.93), that is,

1 af Ba af af af,s

5 (UBastin + UBastin) = Uintra,+ + O-intra,f + Uinter ) (1105)
1 af Ba afB,a afB,a

5 (UBastin - UBastin) = Ointer,—‘r + Uinter,— . (1106)

This identification is expected as the decomposition into the symmetric and antisym-
metric part is unique. We note that this separation naturally leads to a Fermi-surface
(1.105) and a Fermi-sea contribution (1.106) of the same form that we defined in Sec. 1.3.
Based on our derivation, we argue that we should see the symmetry under «a <+ § as the
fundamental difference between (1.105) and (1.106) instead of the property involving f,
or fl.

The Bastin formula (1.104) is the starting point for the derivation of the Stfeda
formula [76,77]. We split agﬁsﬁn into two equal parts and perform partial integration in

the internal frequency € on the latter one. We obtain

Ot = 5 e fo (= SN (GLYX + (YN 7) | (1.107)
—%Tre,p [f1 (= NG+ GIEN a 2)] (1.108)
—%Tre,p [ fe (= NGAN + GEN 7! \)]. (1.109)

We replace the spectral function by its definition o, = —(4% — %4)/2ri and sort by f.
and f!. By doing so, the Stfeda formula decomposes into two contributions, historically
labeled as

af __ap,d afB, 1
OStreda — 9Streda + OStreda (1110)
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with the “Fermi-surface contribution”

1
O-gt[igda = ETFE,P[fG/ ( - (geR - geA))\ﬁgeA/\a + GfAB(geR - %A)AQ)] ) (1111>

and the “Fermi-sea contribution”
1
OGtreda = — 3= Trew [ e (FAN(F2YXT = (4 NG AN
H(GEYNGENY — GEN (4R A)]. (1.112)

The decomposition (1.110) explicitly shows the ambiguity in the definition of Fermi-
sea and Fermi-surface contributions due to the possibility of partial integration in the
internal frequency e. Following our distinction by the symmetry with respect to a <
S, we notice that the second contribution (1.112) is antisymmetric, whereas the first
contribution (1.111) is neither symmetric nor antisymmetric. If we decompose (1.111)
into its symmetric and antisymmetric part and combine the latter one with (1.112), we

recover our findings

L, apr Bl o of o,
5 (UStreda + UStreda) - Ointra,+ + o-intra,f + Ointer (1113)
1 af, I Ba, T afB,IT af,a af,a
5 (UStréeda - O-Str;ada) + O-Str7eda = Uintér,—i— + O-intér,— ) (1114>

as expected by the uniqueness of this decomposition. We see that the antisymmetric
interband contribution, which will be shown to be responsible for the anomalous Hall
effect, is given by parts of Stfeda’s Fermi-surface and Fermi-sea contributions combined
[88]. In the literature different parts of (1.111) and (1.112) are identified to be relevant
when treating disorder effects via quasiparticle lifetime broadening or beyond [43,72-74,
77-89]. Due to the mathematical uniqueness and the clear physical interpretation we
propose (1.106) or, equivalently, (1.114) as a good starting point for further studies on

the anomalous Hall conductivity.

1.3.5 Basis choice and subsystem basis

The polarization tensor Hf‘qﬁ in (1.21) is the trace of a matrix and is, thus, invariant under

unitary (or, more general, similarity) transformations of this matrix. In other words, the
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conductivities can be expressed within a different basis, for instance, the eigenbasis, which
we used for the final formulas in (1.100)-(1.102) in Sec. 1.3.3. The obvious advantage of
the eigenbasis is that we can easily identify terms with clear physical interpretation like
the quasiparticle spectral functions Ag(e), the quasiparticle velocities Elf’“, the quantum
metric factor Cgﬁ , and the Berry curvature Qgﬁ’i.

In general, we can use any invertible matrix U, and perform similar steps as we
did in our derivation: In analogy to (1.37) and (1.38), we obtain a transformed Bloch
Hamiltonian matrix 5\p =U, 1)\pUp and a corresponding Green’s function matrix. Re-
considering the steps in (1.39), we obtain a new decomposition (1.40) of the velocity
matrix with an analogue of the Berry-connection-like matrix in (1.41). We see that the
following steps of decomposing the Berry-connection-like matrix, separating the involved
matrices of the polarization tensor into their diagonal and off-diagonal parts and split-
ting the off-diagonal matrices into their symmetric and antisymmetric components under
transposition are possible but lengthy:.

A special case is U, = 1, by which we express the conductivity in the subsystem
basis, in which we defined the Bloch Hamiltonian A, in (1.2). Following the derivation
in Sec. 1.3.4, we obtain (1.104), which we further decompose into the symmetric and

antisymmetric part with respect to a <+ 3, 0 = 0%%% + g% We obtain

0P = —r Trep [ fl A N A N] (1.115)

0% = 21 T p [ fe (SN AN — AN 2 X)) (1.116)

We replaced 2! by using (1.90). These expressions still involve the matrix trace. Ob-
viously, an immediate evaluation of this trace without any further simplifications would
produce very lengthy expressions.

A major reduction of the effort to perform the matrix trace is the decomposition into
symmetric and antisymmetric parts with respect to the trace transposition, which was
defined in (1.76). We expand <7, A* and \? into their diagonal and off-diagonal compo-
nents, which we further decompose into parts proportional to 7, and 7,. For instance in
(1.115), we obtain 81 combinations, where several combinations vanish by tracing an off-
diagonal matrix. We get symmetric as well as antisymmetric contributions under trace

transposition. However, the latter ones will eventually vanish due to the antisymmetry
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in a < . Similarly, the symmetric contributions under trace transposition will drop
out in (1.116).

1.3.6 Small and large relaxation rate I' and low temperature

In our derivation in Sec. 1.3.1 to Sec. 1.3.3, we did not assume any restrictions on the size
of the relaxation rate I'. Thus, the formulas (1.100)-(1.102) are valid for a relaxation
rate [' of arbitrary size. In the following, we discuss both the clean limit (small T")
and the dirty limit (large I') analytically. We are not only interested in the limiting
behavior of the full conductivity o®” in (1.93), but also in the behavior of the individual
contributions (1.100)-(1.102). The dependence on I is completely captured by the three

n

s a,n 3 o 3
pintray W and w which involve a specific

different spectral weighting factors w b inter b inter:

product of quasiparticle spectral functions and are defined in (1.94)-(1.96).

n

B intra i1 (1.94) involves

The spectral weighting factor of the intraband conductivities w
the square of the spectral function of the same band, (Ag(e))2, and, thus, peaks at the
corresponding quasiparticle Fermi surface, which is defined by Ej — = 0, for small I,
If T is so small that the quasiparticle velocities Erjf"" are almost constant in a momentum

range in which the variation of Erjf is of order I', we can approximate

n 1 n —1
wp,intra(e) ~ ﬁé(‘g + = Ep) ~ O(F ) . (1117)
Thus, the intraband conductivities O’ﬁlfra’ 4 diverge as 1/I', consistent with Boltzmann

transport theory [7].

s
p,inter

(1.95) is the product of the spectral functions of the two bands, A (¢) Ay (¢). For small I,

The spectral weighting factor of the symmetric interband conductivity w in

W, inter PE2KS equally at the Fermi surface of both bands. For increasing T', the gap starts
to fill up until the peaks merge and form one broad peak at (EJ +E;)/2—p = g, —pu. It
decreases further for even larger I'. Since each spectral function Aj(e) has half width of
I" at half the maximum value, the relevant scale for the crossover is 2I' = Ef — E = 2r,.
We sketch w? in Fig. 1.2 for several choices of I'. If the quantum metric factor C’gﬂ

p,inter

is almost constant in a momentum range in which the variation of El-'f is of order I" and,
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a,+
inter

Figure 1.2: The spectral weighting factors w? (top) and w7, (bottom, solid), and

p.inter p,inter

its primitive W2 (bottom, dashed) for different choices of I,

p,inter
furthermore, if I' < 7, we can approximate

W iuer(€) R T Y 0(e+p— Ep) ~ O(TY) . (1.118)

n==

af,s

o Scales linearly in I' and is sup-

We see that the symmetric interband conductivity o

pressed by a factor I'? in the clean limit compared to the intraband conductivities.

a,n

The spectral weighting factor of the antisymmetric interband conductivities w5 e,

in (1.96) is the square of the spectral function of one band multiplied by the spectral
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function of the other band, (Ag(e))zA;”(e). In the clean limit, it is dominated by a
peak at £ — p. For increasing I', the peak becomes asymmetric due to the contribution
of the spectral function of the other band at E;" — u and develops a shoulder. For

2I' > Ef — E, = 2ry, it eventually becomes one broad peak close to (Ef +E_)/2—pu =

a,+
inter

g, — . We sketch w in Fig. 1.2 for several choices of I'. If the Berry curvature Qgﬁ’”
is almost constant in a momentum range in which the variation of EJ is of order I' and,
furthermore, if I' < 7, we can approximate

Wyt (€) = (e + p— EL) ~ O(I7). (1.119)

p,inter

af,a
inter

Thus, the antisymmetric interband conductivities oy, become I' independent, or “dis-
sipationless” [43]. The symmetric interband conductivity is suppressed by a factor I'
compared to the antisymmetric interband conductivities. The antisymmetric interband
conductivities are suppressed by a factor I' compared to the intraband conductivities.
However, note that the leading order might vanish, for instance, when integrating over
momenta or due to zero Berry curvature.

Using (1.117), (1.118) and (1.119) we see that the intraband conductivities and the
symmetric interband conductivity are proportional to — f’ (Epi — p) whereas the anti-
symmetric interband conductivities involve the Fermi function f(EF — p) in the clean
limit. Thus, the former ones are restricted to the vicinity of the Fermi surface at low
temperature kgT' < 1. In contrast, all occupied states contribute to the antisymmetric
interband conductivities. The consistency with the Landau Fermi liquid picture was
discussed by Haldane [103].

The Fermi function f(€) and its derivative f’(¢) capture the temperature broadening
effect in the different contributions (1.100)-(1.102) of the conductivity. In the following,
we have a closer look at the low temperature limit. Since f'(e) — —d(¢) for kT < 1 the
spectral weighting factors of the intraband and the symmetric interband conductivity
read —wp ;.. (0) and —ws ;... (0), respectively, after the frequency integration over e.
The antisymmetric interband conductivities involve the Fermi function, which results in
the Heaviside step function for kg7 < 1, that is f(e) — O(—¢). Thus, the frequency
integration has still to be performed from —oco to 0. In order to circumvent this com-
plication, we define the primitive (W .. (€))" = wy e (€) with the boundary condition

W inter(—00) = 0. The zero temperature limit is then performed after partial integration
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in € by

e (@ gt = = [der (@ Wyheald) = Wyhol0). (1120

In Fig. 1.2, we sketch Wi, . (€) for ' = 0.3 . At finite I, it is a crossover from zero to
approximately one, which eventually approaches a step function at EJ —p for small T". At
low temperature kg7 < 1, the occupied states with EJ — i < 0 contribute significantly
to the antisymmetric interband conductivities as expected. Note that [dew] (.. (€) =
r2(r3430%)/(ri +1?)? = 1417 /12, so that a step function of height 1 is only approached
in the limit I' — 0.
In the following, we discuss the limiting cases of the spectral weighting factors
W ira(0), W3 e, (0), and WL (0), that is, in the low or zero temperature limit. We
start with the case of a band insulator in the clean limit and assume a chemical po-
tential below, above or in between the two quasiparticle bands as well as a relaxation
rate much smaller than the gap, I' < B — p|. Within this limit, we find very distinct
behavior of the spectral weighting factors of the intraband conductivities and of the
symmetric interband conductivity on the one hand and the spectral weighting factor of

the antisymmetric interband conductivities on the other hand. The former ones scale as

F2
n. N~y —— ~O(T? 1.121
wp,lntra( ) 7T(,u . Eg)4 ( )7 ( )
47212
W inter (0) & . ~O(I?). (1.122)

m(p = E5)*(n — Ep)?

We see that the intraband and the symmetric interband conductivity for filled or empty
bands are only present due to a finite relaxation rate. The spectral weighting factor of
the antisymmetric interband conductivities has a different behavior whether the bands
are all empty, all filled or the chemical potential is in between both bands. By expanding
wre (0) we get

p,inter

[1+sign(p — E)] + [2+ Z sign(p — B3)] — F2 +0(I?).  (1.123)

Wi o (0) = 2 e

p.inter

l\:>|>—l

Note that a direct expansion of w7 ..(€) followed by the integration over e from —oo
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to 0 is not capable to capture the case of fully occupied bands, which shows that the
regularization by a finite I' is crucial to avoid divergent integrals in the low temperature
limit. For completely filled bands p > El, ES we have W2 . (0) =~ 1+ TI?/r2 in

p,inter

agreement with the discussion above. For completely empty bands u < E, E we have
W ihier (0) o< . If the chemical potential lies in between both bands E; < p < E} we

p,inter
have Wi (0) = 1+ T%/2r2 and Wt

p,inter

conductivities involve the Berry curvature, which is equal for both bands up to a different

(0) = I'*/2r2. The antisymmetric interband

sign, QP+ = —Q*%~_ Thus, the antisymmetric interband conductivity summed over

both bands involves

Wp+1’nter<0) Wp,lﬁter (O)
1 167313

=58l — Ey) —si —E;)| - - O(T>). 1.124
5 [sien(p — E7) — sign(n — By))] S ) (i B +O(I) (1.124)

We see that a scattering-independent or “dissipationless” term is only present for a
chemical potential in between the two bands. The next order in I' is at least cubic. Note
that different orders can vanish in the conductivities after the integration over momenta.

Our formulas (1.100)-(1.102) are valid for an arbitrarily large relaxation rate I'. We
study the dirty limit (large I') in the following. In contrast to the clean limit, it is crucial
to distinct the two following cases: fixed chemical potential and fixed particle number
(per unit cell) py = N/L. We use the notation py here to avoid confusion with the band
index, but we will use the standard notation n = py elsewhere throughout this thesis.
The condition of fixed particle number density leads to a scattering-dependent chemical
potential x(I"), which modifies the scaling of the spectral weighting factors. To see this,

we calculate the total particle number per unit cell at small temperature and get

Z/de/% _ A% (e) f(e) (1.125)
—Z / ;P_M (1.126)

arct an

c—p

(1.127)

~ 1 — — arctan
T
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In the last step, we assumed that T" is much larger than the band width, that is, (£}

max

E_.)/2 =W <« T, where Ef, is the maximum of the upper band and E_, is the

max n

minimum of the lower band. We denote the center of the bands as ¢ = (Ef  + E_. )/2.

max

Solving for the chemical potential gives the linear dependence on I', u(I") = ¢ + ool
with

(1= pn)m _

; (1.128)

Uoo = — tan

Note that at half filling, py = 1, the chemical potential becomes scattering independent,
oo = 0. At py = 0,2 we have p,, = Foo. We assume a relaxation rate much larger
than the bandwidth W < T in the following.

In a first step, we consider the case of fixed particle number density. We discuss the
0) and W, (0) by

limiting cases of the spectral weighting factors w?. . . (0), w b inter

pinter (
p.intra p,inter

expanding up to several orders in 1/I". If needed, the expansion to even higher orders
is straightforward. The expansion of the spectral weighting factor of the intraband

conductivities w ;,.(0) in (1.94) reads

n (0) 1 1 + 4:“00 Eg —¢ 2(1 B 5:u<2>o> (ES B C)2
w ~ — .
L+ a2 al? (T2 a0 (1)t bl

intra

(1.129)

The prefactors involve p, at each order and an additional momentum-dependent pref-
actor at cubic and quartic order. The expansion of the spectral weighting factor of the
(0) in (1.95) reads

. . s
symmetric interband conductivity wy ;e

4 16100 Tp(8p —C)

s 0) ~
Vel Tt e A

inter

(T p2)t alt (T4 pd)talt] |

(0) and
(0) the cubic order vanishes at half filling by p1, = 0. The expansion of the spectral

Note that all orders involve a momentum-dependent prefactor. In both wj, .

s
inter

w
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weighting factor of the antisymmetric interband conductivities W', (0) in (1.96) reads

3 (5+3u2)] 72 8 3ro(gp — ) £}
”fa,:t ~ Hoo Hoo P p\op P
wien (0) 2 Sarctan fio (1+p2)?2 | a2 3(1+p2)3 '3 '

(1.131)

a,t

Note that the expansion of w, .,

(e) with subsequent frequency integration from —oo to 0
leads to divergences and predicts a wrong lowest order behavior. Due to the property of
the Berry curvature, Qgﬁ + = —Qgﬁ '~ the quadratic order drops out of the antisymmetric
interband conductivity summed over the two bands, leading to

16 r 320 Th(8p —©)

a,+ a,— ~
VVintcr(O) - VVintcr(O) ~ _3(1 + Iugo);g 3 - (1 + Hgo)4 T4

161 — 72, Tp(8p — )" | 16(3 —5p) T
(1+p2) o 5(1+ p2,)> wl®

. (1.132)

The antisymmetric interband conductivity summed over the two bands is at least cubic
in 1/I" in contrast to the intraband and the symmetric interband conductivity, which
are at least quadratic. The integration over momenta in the conductivities can cause
the cancellation of some orders or can reduce the numerical prefactor drastically, so
that the crossover to lower orders take place far beyond the scale that is numerically or
physically approachable. By giving the exact prefactors above, this can be checked not
only qualitatively but also quantitatively for a given model.

The dirty limit for fixed chemical potential does not involve orders due to the scat-
tering dependence of p(T'), however modifies the prefactor due to a constant p. The
corresponding expansion of the different spectral weighting factors can be obtained sim-
ply by setting poo = 0 and ¢ = p in (1.129) - (1.132).

The scaling behavior 0 ~ I'"2 of the longitudinal conductivity and ¢ ~ '3 of
the anomalous Hall conductivity (for zero oj,, . ) is consistent with Kontani et al. [73]
and Tanaka et. al. [82]. We emphasize, however, that a scattering dependence of p and
the integration over momenta may modify the upper scalings. Thus, the scaling relation
o™ o (o™*)” useful in the analysis of experimental results (see, for instance, Ref. [74]) is

not necessarily v = 1.5 in the limit W < I" [82]. We will give an example in Sec. 2.1.2.
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1.3.7 Anomalous Hall effect, anisotropic longitudinal

conductivity and quantization

The Berry curvature tensor Qgﬁ’" is antisymmetric in « <> [ and, thus, has three in-
dependent components in a 3-dimensional system, which can be mapped to a Berry
curvature vector Q2 = (Q%Z’”, o ng’”). In order to use the same notation in
a 2-dimensional system we set the corresponding elements in €27 to zero, for instance,
U=t = Qp=" = 0 for a system in the x-y plane. By using the definition of the conduc-
tivity and our result (1.102) of the antisymmetric interband contribution we can write
the current density vector jj of band n = + induced by 2} as
2 d

it == [ e 1l B x (1.133)
The Berry curvature vector §27 acts like an effective magnetic field [43,44] in analogy to
the Hall effect induced by an external magnetic field B. We see that the antisymmet-
ric interband contribution of the conductivity in (1.102) is responsible for the intrinsic
anomalous Hall effect, that is, a Hall current without an external magnetic field that is
not caused by (skew) scattering.

In a d-dimensional system, the conductivity tensor is a dx d matrix o = (0*). Besides
its antisymmetric part, which describes the anomalous Hall effect, it does also involve
a symmetric part og,y, due to the intraband and the symmetric interband contributions
(1.100) and (1.101). We can diagonalize the, in general, non-diagonal matrix gy, by a
rotation R of the coordinate system, which we fixed to an orthogonal basis e,, e,, e,
when labeling o and 8 in (1.16). If the rotation R is chosen such that R” o, R is
diagonal, the antisymmetric part in the rotated basis is described by the the rotated Berry
curvature vector RTQZ. We see that a rotation within the plane of a two-dimensional
system does not affect €2}, which highlights the expected isotropy of the anomalous Hall
effect consistent with the interpretation of €2 as an effective magnetic field perpendicular
to the plane. The possibility to diagonalize the symmetric part og, shows that the
diagonal and off-diagonal intraband and symmetric interband contributions in (1.100)
and (1.101) are part of the (anisotropic) longitudinal conductivity in a rotated coordinate
system.

Finally, we discuss the possibility of quantization of the anomalous Hall conductivity.
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Let us assume a two-dimensional system that is lying in the x-y plane without loss of
generality. The Chern number of band n is calculated by the momentum integral of the
Berry curvature over the full Brillouin zone (BZ), that is,
1 n
C,=—— Qp-dS:—27T/

21 Jpy,

d*p
(2m)?

Qzvn (1.134)

and is quantized to integer numbers [43,44,64]. We can define a generalized Chern
number dependent on the temperature, the relaxation rate and the chemical potential

as

2

d°p a,n zy,n
Cn(Ta F7 l’[’) = _277-/W/7d€ f(E) wp:inter(e) pr7 ) (1135)

which is weighted by the Fermi function as well as by the spectral weighting factor

a,n
p,inter

w (€) defined in (1.96). Thus, we include the effect of band occupation, tempera-
ture and finite relaxation rate. The antisymmetric interband conductivity, that is the

anomalous Hall conductivity, then reads

2

ot — %Cn(T, T, p). (1.136)
In the clean limit I' < 1, we recover the broadly used result of Onoda et al. [67] and
Jungwirth et al. [68]. If we further assume zero temperature kg7’ < 1 and a completely
filled band n, we recover the famous Thouless-Kohmoto-Nightingale-Nijs (TKNN) for-
mula for the quantized anomalous Hall effect [64], where the anomalous Hall conductivity
is quantized to %C’n due to the quantized integer Chern number C),,. Note that finite
temperature, finite relaxation rate I' and partially filled bands break the quantization.
Furthermore, we may be able to relate the antisymmetric interband conductivity to
topological charges and, by this, obtain a quantized anomalous Hall conductivity. The
Berry curvature €27 is the curl of the Berry connection A7 = (Af;", Abm, Ag"),
see (1.51). Via Stokes’ theorem, the integral over a two-dimensional surface within the

Brillouin zone can be related to a closed line integral. This line integral may define a

af,a

quantized topological charge, which leads to a quantized value of oy,

integrated over
this surface. For instance, this causes a quantized radial component of the current in a

PT-symmetric Dirac nodal-line semimetal [104].
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1.4 Hall conductivity

After having derived and analyzed the formulas for the longitudinal and the anomalous
Hall conductivity in the last section, we continue with the derivation of the formulas for
the (ordinary) Hall conductivity. In the following, we consider the presence of both an
electric and a magnetic field. The conductivity tensor oen”(w) in (1.20), which describes
the induced current in «a direction due to an electric field in 8 and a magnetic field in n
direction, does not only capture the Hall conductivity. For instance, 02%*(w) describes the
modification of the longitudinal conductivity ¢** due to a perpendicular magnetic field,
that is, the effect of (linear) magnetoresistance. In this thesis, we are mainly interested
in the antisymmetric contribution of ooBn (w) with respect to a <» (3, which describes
the Hall conductivity. Later on, we will denote this contribution as Hall conductivity

tensor 027" (w), which involves the particular component 0¥ (w) = —o¥"

(w) of interest
for a two-dimensional system in the z-y plane with an perpendicular magnetic field in
z direction. However, the majority of the derivations are performed for general indices,
which may, thus, serve as a starting point for generalizations. In this section, we continue
the evaluation of 625" (w) in (1.20) by simplifying the polarization tensor Hgg;ge in (1.22)
with a subsequent analytic continuation from Matsubara to real frequencies. The two
additional indices v and ¢ are present since we have expressed the magnetic field as the
curl of the corresponding vector potential.

We structure this section as follows: We use the symmetry under trace transposition
to decompose the polarization tensor. Like for the longitudinal and the anomalous
Hall conductivity, we will show that this symmetry is equivalent to the symmetry of
the conductivities in the current and electric field directions. By this, we are able to
disentangle the contributions that describe the effect of linear magnetoresistance and the
(ordinary) Hall effect (Sec. 1.4.1). We assume a Bloch Hamiltonian with momentum-
independent coupling between the two subsystems, which is, for instance, sufficient for
the planar spiral magnetic state, and show that this drastically simplifies the involved
quantities (Sec. 1.4.2). These simplifications eventually lead to a compact form of the
polarization tensor (Sec. 1.4.3), for which we can perform the Matsubara summation and
the analytic continuation analytically (Sec. 1.4.4). We summarize our final results for
the Hall conductivity (Sec. 1.4.5), specify the components for a two-dimensional system,

and discuss the limit of a small relaxation rate (Sec. 1.4.6).
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1.4.1 Symmetry in current and electric field directions

In Sec. 1.3 in the context of the longitudinal and the anomalous Hall conductivity, we
found the equivalence between the symmetry in trace transposition, which was defined
n (1.76), and the symmetry in the indices o <+ (3, that is, the current and electric field
directions. We can decompose any product of n square matrices M; into its symmetric

and antisymmetric part under trace transposition by
1 1

Note that the involved matrices may not commute in general, so that the precise order
is crucial. Let us consider the triangular and rectangular part of Hg]fjjo in (1.23) and
(1.24). We apply (1.137) to the triangular contribution and define

(Haﬂjé )(tri) _ (Hﬂéﬂﬁ,s)(tri) + (Haﬁ"(é’a)(tri) (1.138)

EB,2q0 EB,2q0 EB,2q0

with the symmetric and antisymmetric parts

afys,sy (tri) 1 «a
(HEBZQO ) - gTrEB (gipo-ﬁ-iqo,p - gipo—ifm p) )\Bglpo P pglpo I))\ID’y
+(gipo+iqop - %PO*iQO )Aawgﬁpo P Pgﬁpo P)\g} <a AR B) ) (1'139)
afvé,a (tri) _ 1 ) o
(HEB,Z'qo ) - §TrEB [ <gipo+iqo,p + Yipo—iao, p)ﬁglm p 0.0 p
- (gipoﬂ'qo P + glpo 190, p))\a'y%po P Pgﬁpo P)\g] (a A 5) : (1'140)

Equivalently, we decompose the rectangular contribution into

(Haﬁ,y(; )(rec) (Haﬁ'yti s)(rec) + (Ha5757a)(rec) (1141)

EB,2q0 EB,2q0 EB,2q0

with the symmetric and antisymmetric parts

aBvo,s (rec)_ 1 B
(HEB,Wiqo ) - gTrEB[ ( ipo+iqo,p gipo—iqo,p)A gzpo p pg@po p)‘ggzpo p p
a ) B
+(gzpo+zqo,p gipo—iqo ))‘ gzpo p)‘ggmo p)‘pgmo p)‘p} <O‘ AN ﬁ) J

(1.142)
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afvé,a (rec)_ 1 ) o
(Meni) = gTrEB[ (Gino 00,0+ Gino—iao.0) Mo Gins 02 6Zi0 0 6 Gip0 05
@ é
o (gipoﬂqo,p + gipriqo,p))‘pgipo,p)‘ggipo,p)‘p%po,p)‘g] +laep).
(1.143)
We recapitulate the short notation Trgs[-] = €*TL™" Y7 tr[- — (igo = 0) — (v ¢ 9],

which was introduced below (1.23). We used the sign change due to the antisymmetry
in v <+ ¢ in order to bring all expressions in a similar, comparable structure for further
analysis. The obtained structure of the formulas in (1.139), (1.140), (1.142) and (1.143)
emphasizes several aspects: We see that the symmetric part under trace transposition is
antisymmetric in the indices o <+ 5. The antisymmetric part under trace transposition
is symmetric in « <> . Thus, the contributions that describe the Hall effect and the
effect of linear magnetoresistance are clearly separated by their symmetry under trace
transposition. For instance, we find the (symmetric) tensor component o%%*(w), which
describes the linear magnetoresistance in x direction due to a magnetic field in z direction,
to be antisymmetric under trace transposition, whereas the antisymmetric part in z < y
of the tensor component o4 (w) is symmetric under trace transposition and captures
the (ordinary) Hall effect. Note that tensor element ogs (w) may, in general, involve
a symmetric contribution in x <> y as part of the antisymmetric contribution under
trace transposition. Such a term leads to an anisotropy of the longitudinal conductivity
as described in Sec. 1.3.7. A nonzero symmetric or antisymmetric contribution under
trace transposition is clearly connected to the symmetry of the involved matrices under
transposition, which we will use in the following. We find a characteristic dependence
on the external Matsubara frequency iqy. The zeroth component with igy = 0 vanishes
for (1.139) and (1.142), whereas it is, in general, nonzero for (1.140) and (1.143).

1.4.2 Simplifications for a momentum-independent gap

In analogy to the derivation of the formulas for the longitudinal and the anomalous
Hall conductivity in Sec. 1.3.1, we will use the invariance of the trace under unitary
transformations of the involved matrices. We express all Green’s functions and vertices
in (1.139), (1.140), (1.142) and (1.143) in the eigenbasis |£,) of the Bloch Hamiltonian
Ap- The Green’s function matrices are diagonal in this basis and are given in (1.38).

By decomposing the vertices into diagonal and off-diagonal parts, which are given in
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(1.40) and (1.66) for the first-order and second-order vertex, respectively, we will be
able to separate intra- and interband contributions. In a second step, we will use the
symmetry under transposition of the individual matrices in order to take advantage of
our decomposition with respect to the symmetry under trace transposition. Whereas the
Green’s function matrices are diagonal and, thus, symmetric under transposition, the off-
diagonal matrices F; and FJ# have to be decomposed into their parts proportional to the
Pauli matrices 7, and 7, which are symmetric and antisymmetric under transposition,
respectively.

In this thesis, we will not perform this procedure for the general Hamiltonian in (1.2)
but for a special case, which is, for instance, sufficient to capture the model of planar
spiral magnetic order, which we will discuss in the context of recent Hall experiments
in cuprates in Chapter 2. We assume a constant and real coupling between the two
subsystems A and B of the two-band system A, = —A so that the simplified Bloch

Hamiltonian is given by
Ap = ) (1.144)

We will refer to A as gap in the following. The angle ¢, which was shown to capture

the negative phase of the gap A, is thus constant and given by
Yp = —T. (1.145)

Eventually, the decomposition into diagonal and off-diagonal components does only lead
to gauge-independent quantities under the “local” U(1) gauge transformation in momen-
tum space, |tp) — ei‘i’?’t\ip). For simplicity, we fix the gauge to ¢ = ¢, = 0 in the
following. Note that the choice of the interband coupling to be real (and positive) is with-
out loss of generality for the following reason: All gauge-dependent quantities involve
the modified phase ¢ = ¢ + gb;; — ¢, , where ¢ is the negative phase of A. Thus, we can
always choose an adequate momentum-independent gauge for a momentum-independent
A. For a complex gap A = |Ale™, we can choose qb;: = —p and ¢, = 0. The constant

angle ¢, = — drastically simplifies the different contributions of the interband matrices
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Fo and F5% in (1.43), (1.44), (1.69) and (1.70). We have

1

X =0, Vo =50, (1.146)
1

X =0, Vol = —iegﬁ Ty (1.147)

Thus, the quantum metric factor and the Berry curvature are

1
o’ = 50501, Q2 =0. (1.148)

We see that a non-vanishing Berry curvature is connected to a momentum-dependent

angle ¢p. The eigenenergies read

Ey =g, +\/h3 + A2 (1.149)

with g, = (€p.a + €p,5)/2 and hy, = (€p4 — €p,5)/2. We can express the derivative of
the angle 0, by the derivatives of the function hy via
Ahg A hgﬁ 2h_hehP

0 = ———P 02F = — + L2 PP (1.150)
P h2 + A? P h2 + A2 (h%JFAz)?

Using this and the derivative of rp = /b2 + A% = (E;,r — E;)/2, we end up with the

simplified form of the interband contributions of the first- and second-order vertices

§ § 20 18
'Fp :—TPQPT$:ﬁT$, (1151)
p p
28 ngP
f-‘pﬁ = —(Tpeg + 7"591, + Tpepﬁ)Tw = FPE_ Tx - (1'152)
P p

For the last step in (1.152) note that the second term of %% in (1.150) multiplied with
rp is canceled by rgﬁg +7‘€03. In order to summarize, we see that the interband matrices
(1.151) and (1.152) have a very similar structure. They involve the first or second
momentum derivative of h, and the ratio between the interband coupling A and the
direct gap £ — E_. They are proportional to 7, due to the specific gauge choice that

we have chosen. For the following calculations, we define the momentum-dependent
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prefactors Fy' = 2Ah%/(E} — Ey) and F3P = 2AnSP /(ES — EJ) via Fg = F3 7, and
Fob = FoP1,, respectively.

As a consequence of the momentum-independent gap and an appropriate gauge
choice, both the Green’s function and the vertex matrices in the eigenbasis are symmet-

ric under transposition. Thus, the antisymmetric contributions in (1.140) and (1.143)
Haﬂ'y‘s’“)(m) — (Haﬁw’“)(rec) = 0. The polarization tensors (Haﬂ 70 )(m) and

vanish, ( BB igy EB.igy EB,iqo

(Hgg}go)(rec) in (1.138) and (1.141) are entirely given by the remaining symmetric con-

tributions in (1.139) and (1.142) and, thus, antisymmetric in « <+ §. Using the trace

transposition, we obtain

H,aB~6\ (tri) _ 58,5\ (tri) 1 a 5

(Hiqoa ! ) = (Hngqo) - ZTIH [gipoJriqo,p )‘p gipo,p /\Z) %L’po,p )‘g ] ’ (1'153)
H,aBy8\ (rec) __ rrrapByd,s) (rec) 1 a )

(Hiqo ! ) = (HEBZ'qo ) - ZTIH [gipo—kiqo,p P gipmp )‘g gipo,p )‘p %po,p AI/B)] : (1'154)

We redefined the notation of the polarization tensor in order to shorten the notation
and to highlight the connection to the Hall conductivity. We introduced the compact
notation Try[-] = *TL™" Y7, tr[- — (igp — —igo) — (v > §) — (a <> B)], where the
dot - denotes the argument of the trace. The compact notation captures the prefactors,
the summation over frequency and momentum as well as the antisymmetry in v <> 0
and a < 3. We used the fact that the igy = 0 contribution vanishes and introduced
the notation (igy — —iqp) for the argument with replaced external Matsubara frequency.
The subtraction of the corresponding contributions with replaced Matsubara frequency
and exchanged indices apply to all previous terms, such that (1.153) and (1.154) consist
of eight terms each when writing them explicitly. Note that we changed simultaneously

both indices o <> 8 and v <> 9, which does not change the overall sign.

1.4.3 Decomposition and recombination

We further simplify the triangular and rectangular contributions in (1.153) and (1.154),
so that we will eventually be able to perform the Matsubara summation and the analytic
continuation to real frequency analytically. In the following, we extensively use the sim-
plifications for a momentum-independent gap, which we derived in the previous section.

The detailed calculation is presented in Appendix E. We summarize the different steps
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and required identities for the calculation in the following.

We start by expressing both contributions in (1.153) and (1.154) in the eigenbasis
ivop = Ug%po’pUp are diagonal. We apply the
transformation of the first- and second-order vertices UIA2U, = E3+Fg and U \SPU, =
(M™1)af + Fof - which were defined in (1.40) and (1.66), respectively. We split the

expressions by using these decompositions into diagonal and off-diagonal components.

|£p). The Green’s function matrices G

All terms that involve an odd number of off-diagonal matrices vanish by the matrix trace.
We show that several terms vanish by the antisymmetry in the indices v <> ¢ when using
the simplified form of F o< 7, explicitly. The antisymmetry in the indices a «<» (3 allow
for further recombinations.

The rectangular contribution involves four Green’s function matrices, whereas the
triangular contribution only involves three Green’s function matrices. In order to provide
a path for combining the rectangular and the triangular contribution, we reduce the
number of Green’s function matrices in the rectangular contribution by using the identity

el

gipo,p p “ipo,p

5 5
- fp g,L'p(hp Sp +Sp gip()’pfp- (1155)
The identity can be verified by purely algebraic steps using the explicit form of the
Green’s function in (1.14) and F) o« 7,. We defined the short notation S, = 1/(EJ —
EZ) 7.. A second useful identity is based on the explicit form of F in (1.151). We have
Erv — Egv = 2rp = %TPF;)’ and, thus, the identity

F(ES? — E;%) = F(EH’ — E°). (1.156)
Note that both identities (1.155) and (1.156) rely on the simplifications that were derived
by considering a momentum-independent gap.

Using those two identities and the explicit expressions provided in the previous section
as well as performing partial integration in momentum, we can combine all terms of the
rectangular contribution with the terms of the triangular contribution. The result of this
decomposition and recombination reads

HH,aB’y& _ HH,Oéﬁ’Y‘S 4 HH:O‘B'Y‘; (1157)

iq0 iqo,intra iqo,inter 7
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where we defined the intraband and interband contributions

1 - _
H7aﬁ 0 I « ) 6
Wigpamira =~ ZTIH _gipoJriqo,p b Yivop b Yinop € K (1.158)
1 r -
H7a6 0 I (6 ) 6
Hiqo,iI;tyer - ZTIH L gipoJriqo,p P gipo,p gp gz’po,p ‘Fp’y | (1-159)
1 [ « § ]
B §TrH L gipo-l—iqo,l) p gipovp ‘FP gipoap 557 I (1'160)

When performing the matrix trace explicitly, the three Green’s functions are of the same
band in each term in the intraband contribution. In the interband contribution, the
three Green’s functions of the two bands mix. Note that the final result does involve the
inverse quasiparticle effective mass 6’5“’ instead of the inverse generalized effective mass
(M~1)57. Be aware that the steps from (1.153) and (1.154) to (1.157) crucially rely on

the assumption of a momentum-independent gap.

1.4.4 Matsubara summation

In the following, we perform the Matsubara summation and the analytic continuation
of the intra- and interband contributions in (1.158), (1.159) and (1.160). We omit the
momentum dependence and introduce the reduced notation G = G,y and G449 = Gipytigo
for simplicity in this section. The involved Matsubara summation over the (fermionic)

Matsubara frequency pq is of the form

Igo = TZtr[(gqu - gfiqo) Ml g M2 g M3 (1161)
po

with three different particular choices of the matrices M;. T is the temperature. After
performing the Matsubara summation and the analytic continuation of the external

Matsubara frequency igy — w + 10" as shown in Appendix F, we obtain the general

result
lim % = 2/de fetr[+m* A My AL My A, My + 7° A, My A, My AL M, (1.162)
+ P/ M, P.MyA My + P.M; A M, P, M, (1.163)
— A M, P.M,P.My; — A M, P.M,P! M, . (1.164)

72



Theory of electrical conductivity

for the zero frequency limit. The six terms involve the Fermi function f. = (e” +1)7",
the spectral function matrix A, = —(G® — G#)/2mri and the principle-value function
matrix P. = (G'4+G4) /2. We denote the derivative with respect to the internal frequency
€ as Al = 0.A. and P! = 0.P.. Note that the involved matrices may not commute so
that the order is crucial. Using the explicit form of the retarded and advanced Green’s
function, G4 = [e — £ +iI']"!, we have the identity P/ = 27242 — 1 A /T, which have
already been used in the derivation of the formula for the anomalous Hall conductivity.
Plugging this into (1.163) and (1.164), the second term, which is linear in A., drops. We
get

IH
lim — = 27r2/d6 fetr[+ A M, AL My A, My + A, My A, M, Al M, (1.165)
w— w
+2A2 M, P. M, A_ M, +2A* M, A_ M, P. M, (1.166)
— 2A M, A2 My P, My — 2A, M, P. M, A? M,] . (1.167)

In order to perform further simplifications, we consider the three terms in (1.158), (1.159)
and (1.160) explicitly. We use that ¥, EY* o« 1 and F¥, F** « 7, for all combinations
of indices v, u = «a, 8,7,0. Thus, £ and £* do commute with the diagonal matrices
A, Al and P.. The off-diagonal matrices F” and F"* flip the diagonal elements of the
diagonal matrices A_, A’ and P. under commutation, for instance A, F” = F”A, with A,
being the (diagonal) matrix with diagonal elements A} <> A_ exchanged. The intraband
contribution in (1.158) involves M; = €% M, = £° and M3 = £%. The two lines in
(1.166) and (1.167) cancel. We have

472

= 4x? /de fotr[E¥EOEPT A2 AL] = —— |de fler[EE°0 EPT AF], (1.168)
where we used the chain rule and performed partial integration in the internal frequency
e. The first term of the interband contribution in (1.159) involves M; = F®, M, = £°
and My = F?7. We have

inter,1 —

I = 4r? /de fotr[FOEO FP (A, ALA +2AP A — 24, A2P)]. (1.169)
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Note that A’ A, = A” A_, and for P. A_and A2 P, accordingly, since the involved matrices
are diagonal. Using the explicit form of the spectral function, A, = T'/7 [(e— &)*+T?] 71,
we can write its derivative as the product of the principle-value function P, = (e —&)[(e —
E)?+ T and the spectral function itself, that is, A’ = —2P,A.. Using this, we obtain

[.H

inter,1 =

4n /de fetr[FYEO FP (2A2P. A, —4A, A2 P))]. (1.170)

We can relate the second term to the frequency derivative of A_EAE by using the identity
—4AA2P. = (A_er)/ + 2A,A2P.. This identity can be checked by using the explicit
form of the spectral function. Thus, we obtain

IH

inter,1

_ 47T2/d€ fou|Fog P ((A2A) 424 A, (A P+ AR))|. (7))

In a final step, we can use the identity A.P.+A.P. = A.S+A.SwithS = 1/(Et—E7) 7,
in order to express the full result only in combinations of the spectral function or its

derivative. We obtain

o =—4n? /de fltr[FoE FPTAZA,] (1.172)

inter,1 —

L8 /de fote[Fe €0 P (A2AS 1 A, A%S)], (1.173)

where we performed partial integration in the internal frequency € in the first term. We
have, thus, obtained one contribution proportional to the derivative of the Fermi function
and one contribution proportional to the Fermi function itself. The second term of the
interband contribution in (1.160) involves M; = F%, My = F° and M3 = £%7. We have

Tters = 27 /de [ FO P EN (A AT A+ A A A 122 AP, —24 A2P)]. (L174)

Expressing the derivative of the spectral function as A, = —2P,. A, and using the identity
AP.+AP. =A.S+ A S, we get

Ttens = — 47 /de foe[Fe P e (A2 S + A, ATS)]. (1.175)
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Note that (1.175) involves the same combination of spectral functions as (1.173). The
polarization tensor lim,_,oIT"*%7° /i is obtained by combing (1.168) with (1.158),

igo—w—+i0T

(1.172) and (1.173) with (1.159), and (1.175) with (1.160).

1.4.5 Formulas for the Hall conductivity tensor

As the final step of the derivation, we combine all our results for the Hall conductiv-
ity under the assumption of a momentum-independent gap. We have shown that the
tensor 022" is purely antisymmetric in o <> 8. Thus, we can identify it with the Hall
conductivity tensor o2’ = —gb®. The (Hall) conductivity tensor is related to the
polarization tensor via (1.20). We write out the trace over the two bands explicitly.
The zero-frequency (DC) Hall conductivity tensor o’ decomposes into four different
contributions:

afn _ _afn afn afn afn
Op = UH,intra,+ + O-H,intra,— + O-H,inter,—‘,— + O-H,inter,— : (1176)

Each contribution consists of three essential parts: i) the Fermi function f(€) or its
derivative f'(e), ii) a spectral weighting factor involving a specific combination of the

quasiparticle spectral functions Aj(€) of band n = =, that is,

n 2772 n 3

wh e (€) = - (Ap(e)”, (1.177)
n — n P, _ _.an

w]f,inter(‘E) - QWZ(E; B EP >2(AP(€)> Ap (E) = wpvinter(e) ’ (1178)

with —n denoting the opposite band, and iii) a momentum-dependent weighting factor
involving the momentum derivatives of g, = (ep.a + €p,3)/2 and hp = (ep.a — €p,5)/2.
Note that the spectral weighting factor of the interband contribution in (1.178) is equal
t0 Wy e 10 (1.96). For consistency of notation in this section, we replaced rp, = (E —

E;)/2. The spectral weighting factor of the intraband contribution in (1.177) is very

n

bintra 10 (1.94), but involves the quasiparticle spectral function to the power

similar to w
of three instead to the power of two. The diagonal elements of the eigenenergy &, the

quasiparticle velocity £5 and the inverse quasiparticle effective mass 535 in terms of the

5
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simplified Bloch Hamiltonian in (1.144) are given as

Ey =g,/ hi+ A%, (1.179)

2h,he
Efe —go4 PP 1.180
T (1.150)
2h,hP h? 2hS RS
EEoeB _ gﬂﬂ + ( Pr_ [1 — p } P P ) (1.181)
P P Ef — E5 A2+ n2 | ES — By
The off-diagonal elements of F and .Fgﬁ read
2AhS 2ARYP
I Fyf = —2—. (1.182)
Ef — B Ef — B

We write gy = 0,8, , g/ = 0,0,8, and similar for hy, with the momentum derivative in
v = x,y, z direction 9, = 9/0p”. We express the Hall conductivity in units of ¢3/h? by
restoring h, which is set to unity throughout this thesis. We perform the thermodynamic

limit by replacing L~' 3" — f d, where d is the dimension of the system. We have

nv(s 3 dd
O?I/?Ztran:_z ;2 (2 )/d f() pmtra()[EnaEnﬂ’YEné (QHB)}, (1.183)

) g 0
il FeFSEn

3 dd "

h2 (2 ) /d f( ) plnter(e) [m_(aH/@)}
e [dp Ha o

#2  figa e O3l = )

Fo FB1 End — o gy b
x[ PP (EI)+—EE)3P p—(oz(—>5)]. (1.184)
p 1Y

afn _ § :
Oy Jnter,n

If we restore SI units, the conductivity has units [2m? 2 T]~! for dimension d. For a
given Bloch Hamiltonian A, of the form (1.144), chemical potential p, temperature 7'
and relaxation rate I', the evaluation of (1.183) and (1.184) is straightforward.
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1.4.6 Hall coefficient and Hall number

The Hall conductivity JIO_‘I’B "is a tensor with indices «, 8 and 7, where the first index
a = z,y, 2 is the direction of the induced Hall current density jjj, the second index
B = z,y,z is the direction of the external electric field E® and the third index n =
x,1, z is the direction of the external magnetic field B". The Hall conductivity tensor is
antisymmetric in the indices a0 <+ 8 and, thus, has nine independent elements. Therefore,

we can write the induced current density in a vector form as

with the vectors jg = (j&), E = (E?) and B = (B"). The matrix oy is defined as

Yzx yzy yzz
Oy Oy Oy

oy = | —off* —oy? —oif* |, (1.186)
YT Yy Yz
Oy Oy Oy

involving the nine independent elements of aﬁﬁ . We consider a two-dimensional system,
which is assumed to lie in the z-y plane without loss of generality. Then, the dispersion is
independent of the z direction, so that 0,ep, 4 = 0,5 5 = 0. By writing the components
in (1.183) and (1.184) explicitly, we find that only the component o is nonzero as

expected. This drastically simplifies (1.186). The only nonzero components read j§j =

o EYB* and ji = —of"E*B*. This is a transverse current with strength |ju| =
oy *B*|E|.

The Hall conductivity tensor o2 for the simplified Bloch Hamiltonian in (1.144)
decomposes into four components in (1.176). These components were given in (1.183)

and (1.184) for arbitrary indices. In the following, we give the Hall conductivity

Yz _ _TYZz TYZz TYz TYz
oy = UH,intra,—i— + 0H7intra,— + UH,inter,—i- + OH,inter,— (1187)

explicitly for a two-dimensional system in the z-y plane with a perpendicular external

magnetic field in z direction. The intraband contributions for the quasiparticle bands

7
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n = =+ read
TYZ 1 63 d2 n,T n n,T Imn n,x
UHylntran = 5 ﬁ (2 ) /dEf ( ) p1ntra( ) (E ) Ep7yy - Ep’ Ep7y Ep’ Y + (l‘ « y)] :

(1.188)

We write h explicitly here and in the rest of this section. We indicated the additions
of the previous terms with exchanged x and y indices via (x <> y). The interband

contribution reads

d2 F* Fyz Ery . By Fac iy
TYZ _ PP P PP P
OH Jinter,n — 2 h2 /( ) /d f ( ) plnter(G) (E;_ . E;)2 + (I < y):|

Py 'p € Bt (6) —w (e
+ h2 ( )/d f( )( plnter( ) p,mter( ))

. [Fs By By — Ry Fy" ByY — Fy Byv Fy + Ry Ep™ Fy ooy
(Bf —E5)? '
(1.189)

Note that the exchange of z and y in (1.188) and (1.189) is not equivalent with the

symmetry in a <> 3 of the tensor ao"g " itself and, thus, not in contradiction with its anti-
symmetry, " = —ot; ~. The Hall conductivity oy~ and the longitudinal conductivities
determine the Hall coe[ﬁczent
Yz
_ _%u
Ry = e (1.190)

where 0™ and % are the longitudinal conductivities given in (1.93). We assumed that
o™ = g% = (. Unlike the longitudinal and the Hall conductivities, the Hall coefficient is
finite in the limit of small relaxation rate I'. In order to see this, note that the formulas
in (1.188) and (1.189) hold for a relaxation rate I' of arbitrary size. The dependence
on I is captured by the spectral weighting factors wg mra(€) and w Tn  (€), which were
defined in (1.177) and (1.178), respectively. We can perform the limit of small relaxation

rate for these spectral weighting factors and obtain

1

Whinea(©) % ppdle = ) ~ O, (1.191)
Wi (€) ~ 36+ p— Eg) ~ O(TY). (1.192)
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The limit applies under the same conditions as for the ordinary conductivity, which
we discussed in detail in Sec. 1.3.6: The momentum-dependent functions EI;—L’C“, Fy,
and so on, must be almost constant in the momentum range in which the variation of
E; is of order I', and I' must be much smaller than the direct band gap E;; - E;.
Here, for the Hall conductivity, the interband contributions are suppressed by a factor
I'? compared to the intraband contributions. Such a suppression was also found for the
interband contribution compared to the longitudinal conductivity. Since the longitudinal
conductivity scales as 0% ~ 0% ~ ['"! and the Hall conductivity scales as o/* ~ I'™2
in the clean limit, we see that the Hall coefficient in (1.190) is independent of I' in the
clean limit.

After having performed the limit of a small relaxation rate, we can integrate over the

internal frequency e and obtain

Yz 1 637'2 d2p / n n,T\2 Yy N, MY TN,TY
OH,intra,n - 5? (27T)2f (Ep) [(Ep ) Ep - Ep Ep Ep + (17 — y) , (1193)
where we replaced the relaxation rate by the relaxation time 7 = 1/2I". Using f’ (Eg) By =

Oaf(E}), and performing a partial integration in momentum, this can also be written as

3.2 d2
O san = — / P p(Eny| B pr — EgvxyEng] . (1.194)

h? (2m)?
These results in (1.193) and (1.194) agree with the corresponding expressions derived by
Voruganti et al. [42] and are equivalent to the result obtained in Boltzmann transport
theory in (3) when replacing the bare dispersion with the dispersion of the quasiparticle
band.

There are special cases where the Hall coefficient is determined by the charge density
pe via the simple relation Ry = p_!. For free electrons with a parabolic dispersion, this
relation holds for any magnetic field, with p. = —en,.. Note that we use the convention
e > 0. For band electrons, it still holds in the high-field limit w.7 > 1, if the semiclassical
electron orbits of all occupied (or all unoccupied) states are closed [5]. For Fermi surfaces
enclosing unoccupied states, the relevant charge density is then p. = +en;, where ny, is
the density of holes. If both electron and hole-like Fermi surfaces are present, one has

pe = e(np —n.) [5]. Results for the Hall conductivity are, thus, frequently represented
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in terms of the so-called Hall number ny, defined via the relation

1
Ry = —. (1.195)

€Ny

We use the convention that electron-like contributions are counted negatively and hole-
like contributions are counted positively in the Hall number ny . However, nyg is given
by the electron and hole densities only in the special cases described above. We will see
an example in Sec. 2.2.

We finally emphasize that our derivation is valid under the assumption of a momentum-
independent gap A, = —A and a momentum-independent relaxation rate I'. A general-
ization to a momentum-dependent gap is not straightforward, since numerous additional

terms appear and the simplifications in Sec. 1.4.2 are not valid anymore.

80



2 Applications

The general two-band model that we introduced in Chapter 1 captures a broad variety
of very different physical systems. We discussed the longitudinal conductivity as well as
the anomalous and ordinary Hall conductivity in this general context and derived several
formulas including interband contributions, which we analyzed in detail. In this chapter,
we now apply our general theory to different physically motivated models in order to
exemplify the general conclusions and to gain further insight into physical problems that
were not possible to obtain before without formulas that include interband contributions.

We split this chapter into two parts. In Sec. 2.1, we focus on the conductivity in
the context of material with topological properties. The anomalous transport behavior
is intrinsically linked to the interplay between the two bands. The generalization to
a relaxation rate of arbitrary size as well as the unique decomposition allows us to
clarify several aspects that remained unclear in earlier treatments. We go beyond the
“dissipationless” limit of the quantum anomalous Hall effect and discuss the scaling
behavior of the anomalous Hall conductivity with respect to the relaxation rate and
with respect to the longitudinal conductivity in application to experimental results on
ferromagnets. In Sec. 2.2, we analyze the phenomenology and the transport properties
of a two-dimensional tight-binding model with onsite spiral magnetic order. This model
breaks translational symmetry but has combined lattice translation and spin rotation
symmetry and has, thus, several unconventional properties. We relate this model to
recent experiments on cuprates and discuss the relevance of interband contributions
in the analysis of the Hall number, which was studied experimentally in very strong

magnetic fields.
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2.1 Anomalous Hall effect

In recent years, there is an increasing interest in the transport properties of systems with
topological properties [51-63]. The established connection between the intrinsic anoma-
lous Hall effect and the Berry curvature [64-68] has become a powerful tool for combining
theoretical predictions and experimental results. In the following two sections, we ap-
ply our general theory to two examples, a Chern insulator and a quasi-two-dimensional
ferromagnetic multi-d-orbital model, which both involve a nonzero Berry curvature and,
thus, show the anomalous Hall effect.

In Sec. 2.1.1, we discuss the quantum anomalous Hall effect, the quantized version
of the anomalous Hall effect, in a Chern insulator. The Berry curvature integrated
over a full band is quantized to integer values [64], where a zero or a nonzero integer
is the defining character of a topologically trivial or non-trivial band, respectively. A
Chern insulator may involve such topological non-trivial bands for certain parameter
ranges. Due to the direct link between the Berry curvature and the intrinsic anomalous
Hall effect, the anomalous Hall conductivity can, thus, be quantized in this range. We
motivate a model of a Chern insulator via a tight-binding model presented by Nagaosa et
al. [43] and discuss its transport properties. We identify a regime of quantized anomalous
Hall conductivity, study the impact of the relaxation rate I' on the quantization, and
discuss the different contributions to the conductivities.

The formulas that we derived in our general theory are valid for a relaxation rate
I' of arbitrary size. This allows us to study the scaling behavior of the conductivities
with respect to the relaxation rate for both small and large I'. As a consequence, we can
apply those results in order to understand the scaling of the anomalous Hall conductivity
with respect to the longitudinal conductivity, c*¥ o (¢"*)”, which is often used in the
analysis of experimental results (see, for instance, Ref. [74]). In Sec. 2.1.2, we re-discuss
the scaling behavior of a quasi-two-dimensional ferromagnetic multi-d-orbital model with
spin-orbit coupling proposed by Kontani et al. [73] and show that a formerly proposed
non-integer scaling behavior can be understood as a crossover regime in good agreement

with experimental results.
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2.1.1 Quantum anomalous Hall effect in a Chern insulator

We discuss the Wilson fermion model, a two-dimensional lattice model of a Chern insu-
lator [105]. The main focus lies on the quantized anomalous Hall effect due to a finite
Chern number of the fully occupied band in order to illustrate our discussion in Sec. 1.3.7.
The Wilson fermion model is motivated via a tight-binding model presented by Nagaosa
et al. [43], which we recapitulate in the following. We assume a two-dimensional square
lattice with three orbitals s, p,, p,, and spin. The three orbitals are located at the
same lattice site. We include the hopping between these sites and a simplified spin-orbit
interaction between the z component of the spin and the orbital moment. Furthermore,
we assume to be in the ferromagnetic state with spin 1T only. Due to the spin-orbit
interaction, the p-orbitals are split into p, £ ip,. We identify that the effective two-
band low-energy model has an Hamiltonian of the form in (1.1) with the two subsystems
A= (s,1) and B = (p, — ipy,T) and with p, = pg =0 and Q4 = Qp = 0. The Bloch

Hamiltonian reads

es — 2ts(cosp® + cosp¥) V2t (isinp” + sinpY)
Ao = , 2.1)
\/it;‘p(—i sin p* + Sinpy) €p + tp( cosp* + COSpy)

where €, and €, are the energy levels of the two orbitals. The real numbers ¢, and
t, describe the hopping within one orbital and the complex number t,, describes the
hopping between the two orbitals. We refer for a more detailed motivation to Nagaosa et
al. [43]. In the following, we further reduce the number of parameters by setting ¢, = t,
t,/t =2, ty,/t = 1/3/2 and €,/t = —¢,/t = m. We recover the two-dimensional Wilson
fermion model [105] with only one free dimensionless parameter, which we labeled as m,
and energy scale t. We discuss the conductivity of this model as a function of m and the
chemical potential p.

We give some basic properties of the model. The quasiparticle dispersions are

E; [t = :I:\/(m —2cosp® — 2cosp¥)? + sin® p* + sin® pv . (2.2)

The gap closes in form of a Dirac point at (p*,p¥) = (£m, £7) for m = —4, at (0, £7)
and (£, 0) for m = 0, and at (0,0) for m = 4. For instance, the linearized Hamiltonian

for m = 4 near the gap reads \p/t = pYr, — p®1,. The Chern number of the lower
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band calculated by its formula in (1.134) is C_ = —1 for -4 < m < 0, C_ = 1 for
0 <m < 4,and C_ =0 for |m| > 4. As expected for the Chern number of the upper
band, C, = —C_. The bandwidth is W/t = 4 + |m)|.

We calculate the diagonal conductivity ¢®* and the off-diagonal conductivity ¢*¥ by
using (1.100)-(1.102) in the zero temperature limit. The intraband and the symmetric
interband contribution to the off-diagonal conductivity vanish after integrating over mo-
menta, so that 0™ = ¢% is the longitudinal conductivity and o™ is the (antisymmetric)
anomalous Hall conductivity. In Fig. 2.1, we plot 0™ = o{% . | 4+ of%., _ + opes (upper
figure) and o™ = o {7 | + 0y (lower figure) as a function of the parameter m at half
filling, © = 0. For a small relaxation rate I' = 0.1¢, we find peaks of high longitudinal
conductivity (blue) only when the gap closes at m = £4 and m = 0, indicated by the
vertical lines. For an increased relaxation rate I' = 0.5¢ (orange), the peaks are broaden
and the conductivity inside the gap is nonzero. For an even higher relaxation rate I' = 1¢
(green), the peak structure eventually disappears and a broad range of finite conductivity
is present. The anomalous Hall conductivity ¢® is quantized to €?/h due to a nonzero
Chern number of the fully occupied lower band for low relaxation rate I' = 0.1¢ (blue).
At higher relaxation rates I' = 0.5¢ (orange) and I' = 1¢ (green), the quantization is no
longer present most prominent for m = £4 and m = 0, where the gap closes.

In Fig. 2.2, we show the different contributions to the longitudinal and the anomalous
Hall conductivity as a function of the chemical potential p for m =2 and I' = 0.5¢. The
lower and upper band end at p/t = £6, respectively, and we have a gap of size 2 ¢ between
u/t = £1, both indicated by vertical lines. In the upper figure, we show the longitudinal
conductivity ¢ (blue) and its three contributions, the intraband conductivity of the
lower band 0%~ (green), the intraband conductivity of the upper band oi’% . (orange)

intra,— intra,+
and the symmetric interband conductivity o> (red). We see that for —6 < u/t < —1
the conductivity is dominated by the lower band, whereas it is dominated by the upper
band for 1 < u/t < 6. Inside the gap —1 < p/t < 1 the main contribution is due to
the symmetric interband conductivity. We further see smearing effects at p/t = £6 and
p/t = 1. In the lower figure, we show the anomalous Hall conductivity o*¥ (blue) as well
as their two contributions, the antisymmetric interband conductivity of the lower band

4% (green) and the upper band o  (orange). Both contributions are essentially

Uinter,— inter,+

zero for p/t < —1. The nonzero tail is caused by the finite relaxation rate I' and is

suppressed for smaller values of T". Inside the gap —1 < p/t < 1, only the contribution
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Figure 2.1: The longitudinal conductivity ¢** and the anomalous Hall conductivity o®¥
for different I'/t = 0.1, 0.5, 1 at © = 0 and 7' = 0. The vertical lines indicate the gap
closings at m = £4 and m = 0.

of the lower band rises to approximately e?/h, whereas the contribution of the upper
band remains close to zero. Thus, we obtain a nonzero anomalous Hall conductivity.
Above u/t Z 1, the contribution of the upper band compensates the contribution of the
lower band. The finite relaxation rate I' leads to a crossover regime with incomplete
compensation. A large anomalous Hall effect is only present for a chemical potential
inside the band gap. We see that a finite relaxation rate I' leads to a maximal value

of the anomalous Hall conductivity of the two individual bands that is larger than e2/h
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Figure 2.2: The different contributions to ¢** and ¢*¥ as a function of the chemical
potential p for m = 2, I' = 0.5¢ and T" = 0. The vertical lines indicate the upper and
the lower end of the bands at 1/t = £6, and the gap between p/t = +1.

as shown in Sec. 1.3.6. Inside the gap the total anomalous Hall conductivity is reduced
due to the nonzero contribution of the upper band. Around p/t = £1, we see smearing

effects due to finite I', which we have described above for the individual contributions.

2.1.2 Scaling behavior in Ferromagnets

We discuss a quasi-two-dimensional ferromagnetic multi-d-orbital model with spin-orbit

coupling based on the work of Kontani et al. [73]. Similar to the previous example
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this model involves a nonzero Berry curvature and we expect a nonzero anomalous Hall
conductivity, which is, by contrast, not quantized. We mainly focus on the scaling
dependence with respect to the relaxation rate I' of the different contributions using our
results of Sec. 1.3.6. We comment on the consequences when analyzing experimental
results in the dirty limit by determining the scaling behavior 0¥ o (®*)¥.

Following Kontani et al. [73], we consider a square lattice tight-binding model with
onsite d,, and d,. orbitals. We assume nearest-neighbor hopping ¢ between the d,.
orbitals in x direction and between the d,. orbitals in y direction. Next-nearest-neighbor
hopping ' couples both types of orbitals. We assume a ferromagnetic material with
magnetic moments in z direction that is, completely spin-polarized in the spin | direction.
The Hamiltonian is of the form (1.1), when we identify the two subsystems with quantum
numbers A = (d,., ) and B = (dy.,}). We have p, = pgp =0 and Q4 = Qp = 0. The

Bloch Hamiltonian reads

(2.3)

\ —2t cos p* 4t sin p® sin p?¥ + 1A
P 4t sin p® sin p¥ — i\ —2t cos p? '

We included spin-orbit coupling A\. Further details and physical motivations can be
found in Kontani et al. [73]. We take the same set of parameters setting ¢/t = 0.1 and
A/t = 0.2 as in Ref. [73]. We fix the particle number per unit cell to n = 0.4 and adapt
the chemical potential adequately. We consider temperature zero.

The chemical potential ;1 becomes a function of the relaxation rate for fixed particle
number (per unit cell) n = py according to (1.127). Whereas it is constant in the clean
limit, the linear dependence on I' in the dirty limit is crucial and has to be taken into
account carefully via a nonzero po, = —tan(l —n)r/2 ~ —1.376 for n = 0.4. The
center of the two bands ¢ = (£, + E_. )/2 = 0 drops out in (1.127). In Fig. 2.3, we
plot the (negative) chemical potential i/t as a function of the relaxation rate I' /t, which
was obtained by inverting n(u, ') = 0.4 numerically for fixed I'. We find the expected
limiting behavior in the clean and the dirty limit indicated by dashed lines. The vertical
lines are at those I'/t, where I'/t is equal to the spin-orbit coupling A/t = 0.2, which is the
minimal gap between the lower and the upper band Erjf, and the band width W/t = 2.2.
Both scales give a rough estimate for the crossover region between the constant and the

linear regime of the chemical potential.
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Figure 2.3: The (negative) chemical potential 1 as a function of the relaxation rate I" for
t'/t = 0.1 and \/t = 0.2 at n = 0.4. The chemical potential x is I" independent below
'/t < 0.2 and scales linearly p = poI' above I'/t > 2.2 with u. = —1.376 (dashed
lines).

We discuss the diagonal conductivity o = g% and the off-diagonal conductivity o*¥

as a function of the relaxation rate I'/t. The off-diagonal symmetric contributions o3

zyY,s

and Ointer

vanish by integration over momenta. We calculate the longitudinal conductivity

Tx

0" = Ofta s t Oftra_ T Ol and the (antisymmetric) anomalous Hall conductivity

intra intra,— inter

0™ = Oite 1+ T Tinter, by using (1.100)-(1.102) at zero temperature. In a stacked quasi-

two-dimensional system, the conductivities are proportional to €?/ha, where a is the
interlayer distance. When choosing a ~ 4 A [73,74], we have €?/ha ~ 10°Q 'cm~'. In
this chapter, we express the conductivities in SI units 1/{2cm for a simple comparison
with experimental results on ferromagnets (see Ref. [74] and references therein).

In Fig. 2.4, we plot the longitudinal (top) and the anomalous Hall (bottom) conduc-
tivity (blue lines) and their nonzero contributions as a function of the relaxation rate I'/t.
In the clean limit, I'/t < 0.2, we obtain the expected scaling (1.117)-(1.119) indicated by
dashed lines. The intraband contributions (orange and green lines in the upper figure)
scale as 1/I", whereas the symmetric intraband contribution (red line) scales as I'. The
anomalous Hall conductivity becomes “dissipationless” [43] with T'? in the clean limit. In

absolute scales both the longitudinal and anomalous Hall conductivity are dominated by
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Figure 2.4: The longitudinal (top) and anomalous Hall (bottom) conductivity and their
nonzero contributions as a function of the relaxation rate I'/t for '/t = 0.1 and A/t = 0.2
at n = 0.4. For I'/t < 0.2, we find the scaling of the clean limit given by (1.117)-(1.119)
(dashed lines). For I'/t > 2.2, we find the scaling of the dirty limit given by (1.129)-
(1.132) with vanishing lowest order for o*¥ (dashed lines). For 0.2 < I'/t < 2.2, we have

o [1/Q cm]

o™[1/9Q cm]

a crossover regime.

the lower band E_ (green lines), consistent with a filling of n = 0.4. In the dirty limit,
['/t > 2.2, the intraband and the symmetric interband contributions of the longitudinal
conductivity scale as I'"2, which is the lowest order in the expansions in (1.129) and

in (1.130). The anomalous Hall conductivities oj}7 , scale as I'™® in agreement with
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Figure 2.5: The anomalous Hall conductivity ¢* as a function of the longitudinal con-
ductivity ¢®® for t'/t = 0.1 and A/t = 0.2 at n = 0.4. The two vertical and the two
horizontal lines indicate the values of ¢** and o™ at I'/t = 0.2 and I'/t = 2.2, re-
spectively. In the clean and the dirty limit, we find 0*¥ < (0**)° and o oc (0%%)?,
respectively, in agreement with the individual scaling in I' (gray dashed lines). The
crossover regime can be approximated by a scaling o oc (¢°%)'% (red dashed line).

(1.131). The lowest order I'"% in (1.131) vanishes after integration over momenta. We

Ty,a _ Ty,a

inter,+ —  7i

e, that leads to a I'"*-dependence of the anomalous Hall conduc-

have o
tivity summed over both bands, which is different than expected previously [73,82]. The
dashed lines in the dirty limit are explicitly calculated via our results in Sec. 1.3.6. In
the intermediate range 0.2 < I' < 2.2, we find a crossover between the different scalings.
We could only reproduce results consistent with those of Kontani et al. [73] by assuming
a constant chemical potential that is fixed to its value in the clean limit, that is, if we
neglect the I' dependence of the chemical potential in (1.127) for fixed particle number
n = 0.4 within our calculation.

In Fig. 2.5, we plot the anomalous Hall conductivity as a function of the longitudi-
nal conductivity. The representation is useful for comparison with experimental results,
where the dependence on the relaxation rate is not known explicitly. The result is both
qualitatively and quantitatively in good agreement with experimental results for fer-
romagnets (see Ref. [74] and references therein). We find three regimes: In the clean

regime, we get o o< (0°%)? since the anomalous Hall conductivity becomes I' indepen-
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Figure 2.6: The logarithmic derivative of the anomalous Hall conductivity o™ as a
function of the longitudinal conductivity ¢** for different particle numbers n, next-

nearest neighbor hoppings #'/t, and spin-orbit couplings A/¢. In between o™ = 10 — 3 x

10 (2 cm) ™! (red lines), we have a crossover regime between the scaling 0™ « (¢%%)? in

the clean limit and o o (¢®*)? in the dirty limit (gray lines). The range is insensitive
to parameters over a broad range.

dent. In the dirty regime, we have 0™ o (%)%, which can be easily understood by the
scaling behavior that shown in Fig. 2.4. The black dashed lines are calculated explicitly
via (1.129)-(1.132). We indicated the regime boundaries by gray lines that correspond
to the conductivities at '/t = 0.2 and I'/t = 2.2. In the intermediate regime that
corresponds to the crossover between the different scalings in Fig. 2.4, we get a good
agreement with a scaling o® o (0%*)1® (red dashed line).

The scaling behavior 0™ o (0%*)!% is observed experimentally and discussed theo-
retically in various publications in the recent years (see [74,79,83,106-110] and refer-
ences therein). Within our theory, we clearly identify the intermediate regime, o** =
100 — 5000 (Qcm) ™!, as a crossover regime not related to a (proper) scaling behavior.
This is most prominent when showing the logarithmic derivative of the anomalous Hall
conductivity as a function of the longitudinal conductivity in Fig. 2.6 for different particle
numbers n = 0.2, 0.4, 0.6, next-nearest neighbor hoppings ¢'/t = 0.1,0.2, and spin-orbit
couplings A/t = 0.1,0.2. We see a clear crossover from o™ o< (6%*)° to o™ o (0%%)?

in a range of o = 10 — 30000 (Q2cm)~! (red vertical lines), which is even larger than
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estimated by the scales I' = A = 0.2¢ and ' = W = 2.2¢ indicated by the gray lines in
Fig. 2.5. This crossover regime is insensitive to parameters over a broad range. Interest-
ingly, various experimental results are found within the range 10 — 30000 (2cm) ™! (see
Fig. 12 in Ref. [74] for a summary). We have checked that a smooth crossover similar
to the presented curve in Fig. 2.5 qualitatively agrees with these experimental results
within their uncertainty.

Following the seminal work of Onoda et al. [74,79], which treated intrinsic and ex-
trinsic contributions on equal footing, the experimental and the theoretical investigation
of the scaling that includes, for instance, vertex correction, electron localization and
quantum corrections from Coulomb interaction is still ongoing research [83,107-110] and

is beyond the scope of this thesis.

2.2 Spiral magnetic order

Recent experimental results in very high magnetic fields [10-12] shed new light on the
non-superconducting ground state of the cuprate high-temperature superconductors,
whose phase diagram is not yet fully understood [29]. A drop of the Hall number as
a function of hole doping was found at a critical doping p* at the edge of the pseu-
dogap regime, which indicates a Fermi surface reconstruction at p*. Assuming spiral
magnetic order for hole dopings below p* within a phenomenological model, Eberlein et
al. [17] showed that this order can cause a drop of the Hall number consistent with the
experimental results. There are various other theoretical proposals that lead to similar
conclusions [14-16,18-26], which have already been discussed in the introduction of this
thesis. However, it is hard to confirm or rule out any of these candidates experimentally
since not many tools can be applied in the very high magnetic fields. In this thesis, we
focus on the proposal of spiral magnetic order by Eberlein et al. [17]. They calculated the
Hall number by using the expressions of Voruganti et al. [42], which suggest to replace
the bare dispersion by the dispersion after Fermi surface reconstruction in the semiclas-
sical transport formulas in (2) and (3). However, the validity of those formulas, which
do not include interband contributions, remained unclear. Although the experiments are
performed at very high magnetic field, it was shown that the low-field limit w.7 < 1

is still valid [12]. Thus, a sizable relaxation rate I' = 1/27 might cause that interband
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contributions are not negligible and relevant at the onset of the spiral magnetic order,
where the magnetic gap and the relaxation rate are of similar size. After having derived
a generalization for both the formulas of the longitudinal and the Hall conductivity in-
cluding interband contributions within Chapter 1, we are now able to provide an answer,
whether or not interband contributions are relevant in the application of spiral magnetic
order to cuprates and how this might affect the previous conclusions.

This section is structured as follows: We give the definition and fundamental proper-
ties of the spiral magnetic order (Sec. 2.2.1). The broken lattice-translational invariance
of the model leads to a spectral function of single-particle excitations with Fermi-arc
characteristics resembling those found in the pseudogap phase of cuprates (Sec. 2.2.2).
We discuss spiral magnetic order in the two-dimensional Hubbard model and present
results found by a Hartree-Fock approximation and by dynamical mean-field theory
(Sec. 2.2.3). In the subsequent chapters, we focus on transport properties. The spiral
magnetic order reduces the lattice symmetry and, thus, may lead to an asymmetry of
the longitudinal conductivities in x and y direction (Sec. 2.2.4). We discuss the impact
of interband contributions on the longitudinal conductivity and the Hall number within
a simplified phenomenological model for the doping dependence of the spiral magnetic
order as well as using ab initio results of the Hubbard model obtained via dynamical

mean-field theory. We relate them to the experimental results for cuprates (Sec. 2.2.5).

2.2.1 Definition of spiral magnetic order

We assume a two-dimensional tight-binding model with spin. Using our notation in
Sec. 1.1, the two subsystems are the spins A = 1 and B = | located at the lattice sites
R; with p, = p; = 0. Furthermore, we set Q; = Q and Q; = 0 and assume a Bloch

Hamiltonian
p+Q —A
Ao = , (2.4)
—A €p
where the dispersion reads
€p = —2t(cos p” + cosp?) — 4t' cos p® cos p? — 2t"(cos 2p” + cos 2pY) , (2.5)
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which includes nearest-, next-nearest-, and next-next-nearest neighbor hopping ¢, ¢, and
t”, respectively, on a two-dimensional square lattice with lattice constant a = 1. Different
choices of Qt and Q, are equivalent by redefining the momentum summation in the
Hamiltonian in (1.1) as long as Q — Q; = £Q. We choose t as our unit of energy. To
make connection to experiments, hopping amplitudes in cuprates have been determined
by downfolding ab initio band structures on effective single-band Hamiltonians [111,112].
We assume a real, positive, and momentum- and frequency-independent onsite coupling
A between the states |p+ Q, 1) and |p, ). A finite momentum difference Q = Q; — Q,
between the two subsystems in the spinor (1.3) breaks the lattice-translation invariance
of the Hamiltonian (1.1). However, the Hamiltonian is still invariant under a combined
translation in real space and rotation in spin space [92].

The coupling A leads to a nonzero onsite magnetic moment of the form

<SZ> =35 Z <CZ’L,1/ T Ci,z/> =mn; (26)

Vv'/l:Tvi

with direction n; and magnetization amplitude m. CZU and ¢, , are the fermionic creation
and annihilation operators for site ¢ and spin v, respectively. The vector T = (7, 7, 72)
is composed of the three Pauli matrices. The direction vector n; lies in the z-y-plane

and is given by

cos(Q - Ry)
n;, = — sin(Q . Rl) . (27)
0

The direction n; between neighboring sites ¢ and j differs by an angle Q - (R; — R;).
The global phase, which rotates all n; by the same angle, is captured by the complex
phase of the onsite coupling and is, thus, fixed by choosing A to be real and positive.

The magnetization amplitude m is uniform and controlled by the coupling via

A Af(e) — Ap(e)
m:—fg/def(e) B =B, (2.8)

where E are the two quasiparticle bands and A;(e) are the quasiparticle spectral func-
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Figure 2.7: The magnetization patterns (S;) o n; for different ordering vectors (a)

(r/2,7/2) and (d) Q

Q= (ﬂ-aﬂ-)7 (

b) Q = (0.957,7), (c) Q

x

(7/v/2,7//2) on

a square lattice. We have Néel antiferromagnetic and spiral order in (a) and (b)-(d),
respectively. The spiral order shown in (d) is incommensurate with the underlying lattice.

tions.

The magnetic moment of the form (S;) = mmn,; is the defining character of a spiral
spin density wave in contrast to collinear spin density waves with magnetic moments of
the form (S;) = m; n, where the direction remains constant but the length is modulated.
Collinear spin density waves are not invariant under combined translation and spin-
rotation. In Fig. 2.7, we show magnetization patterns (S;) o n; of spiral spin density
waves for different wave vectors Q on a square lattice. The two special cases Q =

(0,0) and Q = (m,m) correspond to ferromagnetic and Néel-antiferromagnetic order,
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respectively. We show Néel-antiferromagnetic order in Fig. 2.7 (a). We refer to an order
different than these two special cases as (purely) spiral. For instance, Q = (7/2,7/2)
describes a 90° rotation per lattice site in both  and y direction as shown in Fig. 2.7
(c). Due to the invariance under combined translational and spin-rotation, this case
can be described via (2.4) without considering a four-times larger unit cell. The 2 x 2
structure of the Hamiltonian also captures order wave vectors Q that are incommensurate
with the underlying lattice, when enlarging the unit cell to any size does not restore
translation symmetry [92]. In Fig. 2.7 (d), we show such an incommensurate order with
Q = (7/v2,7/v/2). Spiral order of the form Q = (7 — 271, 7) or symmetry related
with n > 0, where 7 is the so-called incommensurability, is found in the two-dimensional
t — J model [30-33] and in the two-dimensional Hubbard model [2,113-121] by various
theoretical methods. We will discuss this in more detail in Sec. 2.2.3. A visualization of

the magnetization pattern for n = 0.025 is shown in Fig. 2.7 (b).

2.2.2 Quasiparticle and single-electron spectral functions

As we have just seen, the nonzero difference Q = Q4 — Q, is essential and the defining
property of the spiral magnetic state. The following analysis is even valid beyond the
specific case of spiral magnetic order, so that we will use again v = A, B for arbitrary
subsystems in this section. A key difference between a zero and a nonzero momentum
difference Q = Q4 — Qp in the spinor (1.3) is the distinction between the spectral
function for quasiparticles and the spectral function for single-electron excitations. This
distinction is relevant, for instance, for spectroscopic measurements like angle-resolved
photoemission spectroscopy (ARPES) but also in the context of our discussion later
in this chapter when we will discuss the change of the Fermi surface topology due to
the onset of spiral magnetic order and when we interpret the contribution of different
momenta to the conductivities.

The spectral functions of single-electron excitations Ay, (¢) with v = A, B involve
the respective creation and annihilation operators in the form ¢, ¢, ,. In contrast, the
quasiparticle spectral functions involve a mixture of the particle operators CL +QurCpiQu
of both subsystems, whose momenta are furthermore shifted by Q,. We can relate
both types of spectral functions by taking the diagonal elements of U, A (¢) U;L and
shift the momenta of those diagonal elements by Q, [17]. The diagonal matrix A (e)
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consists of the quasiparticle spectral functions AZ(e) in (1.89). The transformation
matrix U, = (|+p) |—p)) contains the eigenstates |+p) in (1.35) and (1.36). We get the

spectral functions of single-electron excitations

Op— o Op

Apale) = Al g, (€) cos® pTQA + A, _q,(€) sin® pTQA , (2.9)
Op— O

App(e) = A o, (€) sin? pTQB + A, q,(€) cos® pTQB . (2.10)

We see that the quasiparticle spectral function are summed up with momentum-dependent
weighting factors, which are controlled by the angle 6, defined in (1.32). If Q4 — Qp =
Q =0, that is, in a lattice-translational-invariant system, the weighting factors drop out
in the total spectral function Ay 4(€) + Ap p(€) and the momentum shift Q4 = Qp is
a simple shift of the full Brillouin zone, which is physically irrelevant. Thus, the sum
of the quasiparticle spectral functions is equal to the sum of the spectral functions of
single-electron excitations. However, for a system that is no longer translational invari-
ant, but has an invariance under combined translation in real space and rotation in the
subsystem space, that is, Q4 # Qg or Q # 0, this is no longer the case. The two types
of spectral functions are different even after summation.

In Fig. 2.8, we plot the sum of the quasiparticle spectral functions A;j + Ay (left
column) and the sum of the single-electron spectral functions A, ++ Ap | (right column)
at zero frequency for two different sets of parameters (upper and lower row). In the upper
row, we show the spectral functions for an ordering wave vector Q = (7/2,7/2), whose
magnetization pattern is shown in Fig. 2.7 (¢). At particle number n = 0.2 only the lower
band contributes to the quasiparticle spectral function. We see explicitly that the spiral
magnetic order lowers the symmetry. The single-electron spectral function consists of two
copies of the quasiparticle spectral function of the lower band with one of them shifted by
momentum Q. The momentum-dependent weighting factors in (2.9) and (2.10) cause a
reduction of the spectral weights at specific parts of the quasiparticle Fermi surfaces. This
reduction must not be confused with the reduction due to a momentum- or frequency
dependent relaxation rate I'(e, p). Furthermore, the inversion symmetry is restored for
Ap al€) + Ap p(e) for inversion-symmetric dispersion relations (e, = €_p), as for the
dispersion in (2.5): The Fermi surface corresponding to peaks in A,(e) = Ap+(€)+Ap ()

at € = 0 is given by the points in momentum space obeying E;E —p=0or EpifQ —pu=0.
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Figure 2.8: The spectral function AY 4 AZ of the quasiparticles (left column) and the
spectral function Ap+ + Ap | for single-electron excitations (right column) at zero fre-
quency for t'/t = 0.1, t"/t = 0, A/t =1, Q = (7/2,7/2), n = 0.2 (upper row) and
t'/t =—0.17,¢"/t =0.05, A/t = 0.5, Q = (7 — 27, 7) with n = 0.1 and n = 0.9 (lower
row) with I'/t = 0.05.

The latter equation is equivalent to Efp — p = 0 for inversion symmetric e,. We have

Ap1(€) = A_p i (€). Thus, the quasiparticle dispersions EZ and the quasiparticle Fermi

surfaces are not inversion symmetric, while the total single-electron spectral function
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Ap+(e) +Ap i (€) is. The spectral weight is maximal for momenta close to the bare Fermi
surface, where e, — = 0.

In the lower row of Fig. 2.8, we show the total quasiparticle spectral function A;; +A,
and the total single-electron spectral function Ap4+ + Ap | at zero frequency for band
parameters that are commonly used for the cuprate compound Lay_Sr,CuO,4 (LSCO).
At small hole doping p =1 —n = 0.1 and Q = (7 — 27n) with = p the Fermi surface
consists only of two hole pockets. The inversion symmetry is restored in the spectral
function of single-electron excitations. Since the spectral weights are maximal close to
the bare Fermi surface e, — it = 0, only the inside half of the four pockets has significant
spectral weight, whereas the weight at the backside is strongly suppressed. The result
resembles the Fermi arcs observed in underdoped cuprates in the pseudogap phase [41].
It is consistent with theoretical calculations of the ARPES spectral functions for the
hole pockets in the Néel antiferromagnetic state of YBayCusOy (YBCO) close to half
filling [122]. A shadow of the upper band can be seen in the lower left figure. For larger

hole doping, electron-like pockets will eventually appear at those regions.

2.2.3 Spiral magnetic order in the Hubbard model

The competition between antiferromagnetism and superconductivity in cuprates seems
to be well captured by the two-dimensional Hubbard model [40]. The Hamiltonian of
the Hubbard model reads

H= Z Z epc;l,cp’l, + Z Unisn, (2.11)

v="l P

where n; , = c;l,civl, is the particle number operator for lattice site ¢ and spin v =71,. U
is the (repulsive) on-site interaction for doubly-occupied lattice sites. The dispersion €,
for a square lattice including nearest-, next-nearest- and next-next-nearest-neighbor hop-
pings is given in (2.5). For the two-dimensional Hubbard model, antiferromagnetic order
with wave vectors Q away from the Néel point (7, 7) was found in numerous mean-field
calculations [113-118], and also by expansions for small hole density, where fluctuations
are taken into account [119,120]. At weak coupling (small U), magnetic order with
Q # (m,m) was confirmed by functional renormalization group calculations [121, 123],

and at strong coupling (large U) by state-of-the-art numerical techniques [124]. Recent
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dynamical mean-field calculations with vertex corrections suggest that the Fermi-surface
geometry determines the (generally incommensurate) ordering wave vector not only at
weak coupling, but also at strong coupling [125]. For the two-dimensional ¢-J model,
which is the strong-coupling limit of the Hubbard model, expansions for small hole den-
sity indicate that the Néel state is stable only at half filling, and is replaced by a spiral
antiferromagnet upon doping [30-35]. Long-range magnetic order is forbidden at fi-
nite temperature 7" # 0 in a two-dimensional system according to the Mermin-Wagner
theorem [126, 127]. Nevertheless, it was shown for the t-J model that also dynamic
antiferromagnetic fluctuations can cause a Fermi surface reconstruction [128]. In the
Hubbard model, the correlation length of the magnetic order can become sufficiently
large at low temperature, so that the electrons experience a local environment of antifer-
romagnetic order, which has an impact on the low-lying states, for instance, by opening
a pseudogap [129].

There is a whole zoo of distinct magnetic states. The most favorable, or at least the
most popular, are planar spiral states and collinear states, combined with charge order to
form spin-charge stripes. Stripe order has been observed in Lanthanum-based cuprates
[130]. Theoretically, commensurate stripe order was shown to minimize the ground-state
energy of the strongly interacting Hubbard model with pure nearest-neighbor hopping
at doping 1/8 [124]. However, this is a very special choice of parameters, and stripe
order is not ubiquitous in cuprates. Recently, it was shown that it is difficult to explain
the recent high-field transport experiments in cuprates by collinear magnetic order [27].
Generally, the energy difference between different magnetic states seems to be rather
small.

We recapitulate how planar spiral antiferromagnetic order arises in a Hartree-Fock
approximation of the Hubbard model. The Green’s function of the noninteracting Hamil-

tonian with U = (0 reads

1
g0 [PoTH T 0 . (2.12)
ino-p 0 Do+ 11— €p

In order to prepare for the following calculation, we separated the parts of spin 1 and |
and used the momentum summation to shift the momentum of the spin-1 component by

an arbitrary vector Q, which will eventually be the ordering vector of the spiral state,
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which we discussed previously. We added a chemical potential p. We assume a full

Green’s function of the form

-1
gz‘po,p - ot H P . ) (2'13)
A ipo + 1 — &

where the bands eg and eﬁ as well as the (real and constant) gap A has to be determined.

Thus on the one hand, the self-energy takes the form

T — —
Sinop = (Dipo.p )71 - (%mp)q = (61) ‘Pra 8 ) : (2.14)

On the other hand, we determine the self-energy by a diagrammatic expansion that
includes the Hartree and the Fock contribution. The diagonal components of the self-

energy are

(Ezqo P L Z ipo, p = Uny (2.15)

ipo,P

with v =1, |, where 7 indicates the opposite spin. ny and n| are the occupation number

of the respective spin. The off-diagonal components of the self-energy are

(Elqo P =-U—+ Z ipo, P =U— Z n - (2.16)
Ef —E
lpo P
We introduced the Fermi function fF = f(EF — p) with f(w) = (1 + e“’/T)_1 of the
quasiparticle bands EX = g, &+ \/h2 + A? with g, = 3(e + ¢}) and hp, = J(el — €}),
which are obtained by diagonalizing the full Green’s function matrix in (2.13). The
Hartree term (2.15) combined with (2.14) leads to the condition €}, — €., o = Un, and

ef) — €, = Uny, so that we can read off

1 Un

8p = §(€p+Q +€p) + 5 (2.17)
1

hp = §(EP+Q —€ep) —Um,, (2.18)

where we defined the total particle number n = ny +n| and the relative particle number
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m, = (ny —ny)/2, which corresponds to the out-of-plane magnetization. We expect that
m, = 0 since the Hubbard Hamiltonian is symmetric in spin. A Zeeman term in the
Hamiltonian would lead to a nonzero m,. The Fock term (2.16) combined with (2.14)
leads to the gap equation
1 1 s — fo
= —i fpi ' (2.19)
U L - Ef - E]
Comparing with (2.8) we can read of the magnetization amplitude m = A/U for the

onsite magnetic moment (S;) = mn;. The grand canonical potential is given by
Q=3 —-Tr(XG) - Trin(-G™1), (2.20)

where Tr is understood as the trace over the Green’s function and self-energy matrices
G and ¥ involving all degrees of freedoms [131]. ® is the Luttinger-Ward functional, of

which we only consider the Hartree and the Fock contribution,

¢ = (DHartree + (DFock + ... (221)

The Hartree contribution reads

2
PHartree = UTMTQ = U(nz - mz) ) (222)
where we expressed the occupation number of the individual spins by the total and the

relative particle number n and m,. The Fock contribution reads

A>2 _ A (2.23)

A s —fe )
Ppoa = ~U( =Y 2P ) = U= =
ock (L - E;;—Ep) (U U’

where we used the gap equation (2.19) in the second step. After performing the trace over
the spin and using (2.13) and (2.14), the second term of the grand canonical potential
in (2.20) reduces to

2

A
Tr (EG) =2 (U mng — 7) =2 ((I)Hartree + (I)Fock) . (224)
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Performing the Matsubara summation of the last term in (2.20) leads to the grand

canonical potential within the Hartree-Fock approximation

U
Q:—Tn-i-Um +——Z Zln (1+ e Fpmm/Ty (2.25)

A similar result can be obtained by a Hubbard-Stratonovich transformation of the
fermionic interaction in the Hubbard model into bosonic fields with a subsequent saddle-
point approximation [42]. However, the decoupling is not unique, which is called Fierz
ambiguity, and, thus, leads to different results under approximations [132].

The grand canonical potential is a function of the chemical potential y. In our
application, we will treat the hole doping p = 1 — n as the fixed variable. Thus, it is
convenient to perform the Legendre transformation to the free energy F' = Q + un by

inverting the total particle number

n) =7 (5 + 5y) (2.26)

p

numerically and using the thermodynamic identity 02/0u = —n. Besides the depen-
dence on the model parameters ¢, t', t” and U, the free energy F(n,m,, A, Q,T) is a
function of the total particle number n, the relative particle number m,, the three pa-
rameters A and Q = (Q,, Q) of the spiral magnetic order as well as the temperature 7.
We determine m,, A and Q by minimizing the free energy numerically. The stationary

condition for m, reads

0 of hp
F_ ZO@mzzizﬂ—(ﬁ ), (2.27)

dm, Om,

which has to be determined self-consistently, since all quantities on the right-hand side
also involve m,. We see that m, = 0 is a solution to (2.27) due to the inversion symmetry
of the bare band e, = €_p, in (2.5). We find that minimizing the free energy always leads
to m, = 0 in agreement with Ref. [117] and as expected by the symmetry in spin of the
Hubbard model. We recover the vanishing z component of the direction n; of the onsite
magnetic magnetic moment in (2.7). We set m, = 0 in the following. The stationary
condition for the gap, 0F/0A = 0Q2/0A = 0, reproduces the gap equation in (2.19).
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Figure 2.9: The free energy after minimizing A and Q for ¢/t = t"/t = 0 and U/t = 4
at T/t = 0.1 as a function of hole doping p = 1 — n. We compare the free energy F for
different wave vectors with respect to the free energy Fp of the non-ordered state (top).
We find three different regions (vertical lines), where the energy gain for one type of Q
is the largest. The energy difference between these types is small (bottom). We indicate
a region of phase separation by a shaded blue area.

In Fig. 2.9, we show the free energy after minimizing A and Q for ¢/t ="/t =0
and U/t = 4 at T/t = 0.1 as a function of hole doping p = 1 — n. In the upper figure,
we show the free energy I relative to the bare free energy Fj that is obtained by setting
A = 0. We compare three different types of spiral magnetic order that are known to be

relevant for this parameter range [42,117]: Néel antiferromagnetic order with ordering
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Figure 2.10: The free energy after minimizing A and Q for the same parameters as in
Fig. 2.9 but different dispersion ¢/t = —0.17 and "/t = 0.05 as a function of hole doping

= 1 —n. We see that an ordering wave vector Q = (@, ) causes the largest energy
gain over almost the entire doping range. There is no region of phase separation.

wave vector Q = (m,m) as blue curve and spiral magnetic order with Q = (Q, ) as
orange and Q = (@, Q) as green curve. The value @ is obtained by the minimization of
the free energy. We see that magnetic order reduces the free energy for a large doping
range from p = 0 up to p ~ 0.39. For large hole doping beyond p =~ 0.11, the largest
energy gain is obtained for Q = (@, 7). For small hole doping up to p ~ 0.04, we find
Néel antiferromagnetism. In the intermediate range, magnetic order with Q = (@, @) is

favored as can be seen by comparing the difference between the free energies of ordering
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vector (@, ) and (@, Q) in the lower figure. Overall, we see explicitly that the energy
difference between the different magnetic states are very small. The finite region of
Néel antiferromagnetism at low doping is a finite temperature effect [42]. The chemical
potential as a function of doping, which is obtained by inverting Eq. (2.26), violates the
thermodynamic stability criterion Ou/0n = —0u/dp > 0 over some doping range, which
indicates a region of phase separation. We obtain the region of phase separation by a
Maxwell construction [117]. The region (blue shaded area) ranges form p ~ 0.02 up
to p =~ 0.18. The range is already slightly reduced due to finite temperature. We see
that spiral magnetic order with Q = (@, @) is completely covered by the area of phase
separation and is, thus, not physical. Our result and conclusions are consistent with
the zero temperature results of Igoshev et al. [117] and the finite temperature results of
Voruganti et al. [42].

In Fig. 2.10, we show the energy gain for a different dispersion with ¢/t = —0.17 and
t"/t = 0.05, which is commonly used to describe the cuprate LSCO [16]. The ordering
wave vector Q = (@, 7) has the lowest energy over the full doping range from p ~ 0.025 to
p ~ 0.55 except of very close to half filling. The finite region of Néel antiferromagnetism
close to half filling is again a finite temperature effect. Next-nearest- and next-next-
nearest hopping ¢ and " generally reduces the region of phase separation [117]. For our
set of parameter we do not find any phase separation.

So far, we have focused on the energy gain due to spiral magnetic order but not on the
precise doping dependence of the magnetic gap and the ordering wave vector. In Fig. 2.11,
we show the gap A(p) (blue) and the incommensurability n(p) (orange) with Q = m—2mn
as a function of hole doping p for the two sets of band parameters that we discussed
so far. The gap A(p) decreases from its largest value at half filling and eventually
vanishes at a critical doping p*. It is nearly linear at low and intermediate doping.
Close to the (second-order) phase transition at p*, it takes the form A(p) o« /p* —p
as expected for a mean-field-like calculation. The incommensurability n(p) is zero in
the Néel antiferromagnetic state at low doping and increases within the spiral magnetic
state. It is nearly linear for large p and vanishes continuously at the second-order phase
transition into the Néel state. For t'/t = ¢”/t = 0 in the upper figure, we have a first-
order transition between Q = (@, Q) and (Q, 7), which is hidden beneath the region of
phase separation and, thus, unphysical [117].

The Hartree-Fock result generally overestimates order since fluctuations of the order
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Figure 2.11: The gap A (blue) and the incommensurability n (orange) with @ = 7= — 277
as a function of hole doping p. We used the two sets of parameters in Fig. 2.9 and Fig. 2.10
for the upper and lower figure, respectively. We find a nearly linear dependence over a
large doping range. A second-order phase transition is present between the paramagnetic
and the spiral magnetic state and the spiral magnetic and Néel antiferromagnetic state.
There is a first-order transition between the states with Q = (Q,Q) and Q = (Q, 7),
which is hidden beneath the region of phase separation (blue shaded area).

parameter are neglected within this approach. In Bonetti et al. [2,4], the Hubbard
model (2.11) was studied by using the dynamical mean-field theory (DMFT) [133,134]
in the strong-coupling regime. Spiral magnetic order in a DMFT solution of the Hubbard
model has been analyzed previously for the square lattice by Fleck et al. [135] and for the
triangular lattice by Goto et al. [136]. Similar to the Hartree-Fock approach, the non-

superconducting ground state is stable within DMFT even without an external magnetic
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field since there is no pairing instability for U > 0 within DMFT. In the experiments on
cuprates, high magnetic fields are required in order to suppress superconductivity. We
expect a reduction of the spiral magnetic gap due to the inclusion of local fluctuations.
Nonlocal fluctuation of the magnetic order parameter orientation are not included, so
that the presence of magnetic long-range order is expected also at low finite temperature
irrespective of the low dimensionality of the system. We study the order parameter for
two sets of parameters relevant for the cuprates LSCO and YBCO. In the following and
when we study the conductivities based on the following DMFT results, we assume a
dispersion with ¢/t = —0.17 and ¢/t = 0.05 and an onsite repulsion U/t = 8 for LSCO.
We assume a dispersion with ¢/t = —0.3, "/t = 0.15 and an onsite repulsion U/t = 10
for YBCO. We incorporate the bilayer structure of YBCO, which is known to be crucial
for this cuprate compound [35], by modifying the dispersion via

€pps = €p — tﬁ cos p* (2.28)
with two value 0 and 7 for p®, which correspond to the bonding and antibonding band,
respectively. The interband hopping té = tJ‘(COSp‘T — c:ospy)2 is set to t1/t = 0.15. We
express all results in units of t. For comparison, t = 0.35eV. The DMFT calculations are
performed at 7'/t = 0.027 and 7'/t = 0.04 for LSCO and 7'/t = 0.04 for YBCO. We do
not find any phase separation. The gap A is obtained by a zero-frequency extrapolation
of the off-diagonal self-energy, which is in general frequency dependent in DMFT. The
incommensurability 7 is determined by minimizing the DMFT free energy. A more
detailed description of the methodology can be found in Bonetti et al. [2].

In Fig. 2.12, we show the gap A obtained by the DMFT calculation as a function
of hole doping for LSCO (top) and YBCO (bottom). The results are qualitatively very
similar to those that were obtained within the Hartree-Fock approach, which is shown
in Fig. 2.11. The onset of order is drastically reduced to lower doping as expected by
including order parameter fluctuations. The onset of order for LSCO is at p* ~ 0.18 at
T/t = 0.04 and p* ~ 0.19 at T'/t = 0.027, whereas it is smaller for YBCO at p* =~ 0.13
at T/t = 0.04 due to larger in-plane hoppings. The inter-plane hopping of the bilayer
YBCO slightly increases the onset. In the vicinity of p*, both electron and hole pockets
are present (vertical lines for T'/t = 0.04). For smaller doping, there are only hole-like

pockets. We will discuss the evolution of the Fermi surface topology in more detail in
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Figure 2.12: The gap A as a function of hole doping p obtained by the DMFT calculation
for LSCO (top) and YBCO (bottom). The vertical line indicates the presence of electron
pockets beyond that doping for T/t = 0.04. A linear extrapolation yields an estimate
for a gap at T'= 0 (gray dashed lines).

Sec. 2.2.5. We see that a lower temperature only slightly modifies the linear regime but

increases p*. We can give an estimate of the gap in the zero temperature limit by a linear

approximation

A(p)=D-(p" —p) (2.29)

for p < p* with a prefactor D to be determined. We obtain p* = 0.21 with D/t = 8.2 for
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Figure 2.13: The incommensurability 1 as a function of hole doping p obtained by the
DMEFT calculation of LSCO (orange) and YBCO (blue). We show 7 = p for comparison.

LSCO and p* = 0.15 with D/t = 18.7 for YBCO. The onset of order for LSCO parameters
is remarkably close to the critical value that was found in recent experiments [28].
Comparing different ordering wave vectors within the DMFT calculation showed that
spiral magnetic order with Q = (@, 7) is favored. In Fig. 2.13, we show the incommensu-
rability n with ) = 7 — 27 as a function of doping obtained by minimizing the DMFT
free energy. The incommensurability increases linear for both materials. For LSCO,
we find two linear regimes. At higher doping, the slope of the second linear regime is
reduced. We show 7(p) = p for comparison. Experimentally, a linear doping dependence
n(p) = p is approximately valid for LSCO in the doping range 0.06 < p < 0.12. It
saturates at a value n &~ 1/8 beyond that doping range [36]. In YBCO, the incommen-
surability 7(p) is found to be significantly smaller than p [39]. The precise value of 7 is
not only doping but also strongly temperature dependent. The free energy depends only
very weakly on n so that an optimal choice of 1 crucially depends on details. We will
clarify in the following discussions on the conductivities that the Hall coefficient only
slightly depends on 7, whereas it plays an important role for the anisotropy in the x and

y direction of the conductivities.
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2.2.4 Symmetric off-diagonal conductivity

After the discussion on the theoretical evidence of spiral magnetic order in the Hubbard
model, we continue with the transport properties of a spiral magnetic state. The real
and constant coupling A in the Hamiltonian (2.4) leads to the angle ¢, = — in the
spherical representation (1.28), which we considered within our general theory in Sec. 1.
This angle, which describes the negative phase of the interband coupling, is momentum
independent for a spiral magnetic state. As a consequence, the Berry curvature (1.99)
and, thus, the antisymmetric interband contributions (1.102) are identically zero. We
express the diagonal and the (symmetric) off-diagonal conductivity

af __ _ap
o - Uintra,+

+ o284 gPs (2.30)

intra,— inter

with «, 8 = z,y in an orthogonal basis e, and e, aligned with the underlying square
lattice (see Fig. 2.7). We calculate the different contributions via (1.100) and (1.101) at
zero temperature.

We have three independent quantities that are described by ¢®? for the spiral mag-
netic state in the two-dimensional plane: the two diagonal conductivities ¢** and o%¥
and the off-diagonal conductivity ¢*¥ = ¢¥%*. We have a closer look at the condition,
under which the off-diagonal conductivity ¢*¥ vanishes. The off-diagonal intraband con-
ductivities ojf .,

locities ES>"EXY in  and y direction. Besides the trivial case of a constant quasi-

. of the two bands + involve the product of the two quasiparticle ve-

particle band, we expect a nonzero product for almost all momenta. Thus, in general,

Yy
intra,+

Q = (Q,0) and Q = (Q,m), where we fixed the y component to 0 or 7. The x com-

ponent is arbitrary. The following arguments also holds for fixed x and arbitrary y

o only vanishes by integration over momenta. Let us consider the special cases

component. Those two special cases include ferromagnetic (0, 0), Néel antiferromagnetic
(m,7) and the order (m — 27n, 7) found in the Hubbard model. For those Q, the two
quasiparticle bands Erjf = E*(p) are symmetric under reflection on the x axis, that is,
E*(p®, —p¥) = E=(p*, p¥). Thus, the momentum components of the off-diagonal conduc-
tivity are antisymmetric, o™ (p®, —p¥) = —a™¥(p®, p¥), which leads to a zero off-diagonal
conductivity when integrating over momenta.

As discussed in Sec. 1.3.7, a non-diagonal symmetric conductivity matrix o = (0%%)
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Figure 2.14: The relative angle between the principle axis and the ordering vector Q
(cosOq,sinOq) as a function of Oq for ¢/t = 0.1, "/t = 0, A/t = 1, '/t = 0.05,
n = 0.2 and different lengths |Q|. Both axes are aligned for 0°, £90° and +180° since
o™ vanishes as well as for £45° and £135° since 0™ = o¥%¥ are equal (vertical lines).

due to nonzero off-diagonal conductivities o™¥ = ¢¥%* can be diagonalized by a rotation
of the coordinate system. So far, we have expressed all quantities in the basis vectors
e, and e, that are aligned with the underlying square lattice (see Fig. 2.7). In our
two-dimensional case, we can describe the rotation of the basis by a single angle ©.
In Fig. 2.14, we plot the difference between the rotation angle ©,, that diagonalizes
the conductivity matrix o = (¢*%) and the direction of the ordering wave vector Q o
(cos ©q,sinOq) as a function of Oq for t'/t = 0.1, t"/t =0, A/t =1, '/t = 0.05 and
n = 0.2 at different lengths |Q|. The chemical potential is adapted adequately. We
see that both angles are close to each other but not necessarily equal with a maximal
deviation of a few degrees. The angles ©q = 0°, £90°, £180° corresponds to the case of
vanishing ™ that we have discussed above, so that the rotated basis axes are parallel
to the original e, and e, axes. At the angles ©q = £45° £135°, the ordering vector
Q is of the form (@, Q). Thus, the z and y direction are equivalent, which results in
equal diagonal conductivities 0*® = o%. A 2 x 2 conductivity matrix o = (¢*) with
equal diagonal elements is diagonalized by rotations with angles ©,,s = +45°, £135°
independent of the precise value of the entries and, thus, independent on the length of

Q. These angles are indicated by vertical lines.
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Figure 2.15: The off-diagonal conductivity ¢®¥ as a function of Q = (@, Q) for the same
parameters as in Fig. 2.14 at different particle numbers n = 0.1, 0.2, 0.3.

In the following, we focus on the special case of an ordering vector Q = (@, Q).
The conductivity matrix is diagonal within the basis (e, & e,)/v/2, which corresponds
to both diagonal directions in Fig. 2.7. The longitudinal conductivities are ¢** £ o™
with ¢ = ¢¥%. Thus, the presence of spiral magnetic order results in an anisotropy
(or "nematicity “) of the longitudinal conductivity. The ”strength“ of the anisotropy is
given by 20™ for Q = (Q, Q). In Fig 2.15, we show ¢ as a function of Q = (Q, Q)
for the same parameters as in Fig. 2.14 at different particle numbers n = 0.1, 0.2, 0.3.
The chemical potential is adapted adequately. The values |(7/v/2,7/v/2)| = 7 and
|(7/2,7/2)| = 7/v/2 correspond to the cases presented in Fig. 2.14. We see that the
anisotropy vanishes for ferromagnetic (0,0) and Néel-antiferromagnetic (7, ) order as
expected. The largest anisotropy for the presented set of parameters is close to (7/2,7/2).
In Fig. 2.7 (a), (c) and (d), we show the corresponding magnetization patterns.

In Fig. 2.16, we show the off-diagonal conductivity, that is, the anisotropy, and its
three different contributions as a function of the chemical potential p/t for t'/t = 0.1,
t"/t =0, AJt =2, Q= (1/v/2,7/+/2) and I'/t = 1. The value of the conductivity is
reduced compared to the previous examples by approximately one order of magnitude as
expected by the scaling 0¥ o 1/T". As we vary the chemical potential, we get nonzero

conductivity within the bandwidth given by approximately —4.9¢ to 4.2¢. Both the
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Figure 2.16: The off-diagonal conductivity *¥ and its nonzero contributions as a function
of the chemical potential u/t for #'/t = 0.1, "/t = 0, A/t =2, Q = (7/v/2,7/+/2) and
['/t = 1. The vertical lines indicate the bandwidth and the band gap.

off-diagonal conductivity and its different contributions given in (2.30) take positive and
negative values in contrast to the diagonal conductivities 0™ and ¢%¥, which are always
positive. For A/t = 2, we have a band gap between —0.3¢ and 0.1t with nonzero
conductivities due to the large value of I'. We see that for negative and positive chemical

Y

potential outside the gap, 0 is mainly given by the contribution of the lower band o7,

Ty

intra, 1+ espectively. Inside the gap, we have both contributions of

or the upper band o

zyY,s

the two bands due to smearing effects and the symmetric interband contribution o, ,

which are all comparable in size.

In Fig. 2.17, we show the diagonal (blue) and off-diagonal (orange) conductivity as a
function of the relaxation rate I'/t for t//t = 0.1, t"/t =0, A/t =1 and Q = (7/2,7/2)
at n = 0.2. We fixed the particle number by calculating the chemical potential at
each I'. In the clean limit (low I'), both ¢** and o™ scale as 1/T" as expected for the
limiting behavior of the intraband contributions in (1.117) (dashed lines). In Sec. 1.3.6,
we showed that, in the dirty limit (large T'), both the diagonal and the off-diagonal
conductivities scale as I'"2 in first order due to their intraband character. However for
the considered parameters, the diagonal conductivity %* scales as I'"2, whereas the off-
diagonal conductivity o®¥ scales as I'"*. The dashed lines are calculated via (1.129) for

the respective order. The off-diagonal conductivity eventually scales as I'"2 for I" far
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Figure 2.17: The diagonal (blue) and off-diagonal (orange) conductivity as a function of
'/t for '/t = 0.1, t"/t =0, A/t =1 and Q = (7/2,7/2) at n = 0.2. The calculated
limiting behaviors in the clean and the dirty limit are indicated by dashed lines.

beyond the numerically accessible range due to very small prefactors in the expansion.
We see explicitly that the analysis of the individual prefactors of the expansion in the
dirty limit as discussed in Sec. 1.3.6 is useful in order to understand this or similar

unexpected scaling behaviors.

2.2.5 Longitudinal conductivity and Hall number in cuprates

We continue with the transport properties of a spiral magnetic state. The onset of spiral
magnetic order can explain the drop in the longitudinal conductivity and the Hall number
[17] seen first experimentally by Badoux et al. [10]. However, the range of validity of the
used formulas that relate the model of spiral magnetic order with its transport properties
remained unclear. As we have already discussed in the introduction of this thesis and
recapitulated at the beginning of Sec. 2.2, a general argument suggests that interband
contributions, which were neglected in the previous formulas, may be important at the
onset of order. After having provided our general theory of the longitudinal and the Hall
conductivity including interband contributions in Chapter 1, we are now able to discuss
the recent charge transport experiments in cuprates in more detail.

In Sec. 2.2.3, we have obtained the doping-dependence of the magnetic gap A(p)

and the incommensurability n(p), which describes the ordering wave vector of the form
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Q = (7—2mn, 7), for the spiral magnetic order via a DMFT calculation. We will use these
results to calculate the corresponding conductivities and the Hall number as a function
of doping for LSCO and YBCO. Furthermore, we will calculate the conductivities by
using a simplified phenomenological model for the doping dependences. In particular,
we will use this simplified ansatz to study the importance of interband contributions

systematically.

Phenomenological model of the spiral magnetic order in cuprates

We give a more detailed description of the phenomenological model that we will use in
the following. Some details have already been mentioned throughout this thesis when
discussing the model that was used by Eberlein et al. [17]. The phenomenological model
is in close analogy to previous theoretical studies [14,17,18]. Theoretical results for spiral
states in the two-dimensional ¢-J model [31] suggest a linear dependence of the magnetic

gap on the hole doping p of the form

A(p) =D (" —p)OK" —p), (2.31)

where D is a prefactor and p* is the critical doping, at which the magnetic order vanishes.
©(z) is the Heaviside step function, so that the gap is zero for p > p*. We have seen
explicitly in Sec. 2.2.3 that such a form is reasonable for an approximation of the magnetic
gap A(p) that was obtained for the Hubbard model by a Hartree-Fock approximation and
via DMFT. Both D and p* are material-dependent parameters of the phenomenological
model and, thus, need to be fitted to experimental data. For comparison, we have
obtained p* = 0.21 with D/t = 8.2 for LSCO and p* = 0.15 with D/t = 18.7 for YBCO
in the DMFT calculation. A linear doping dependence of the gap for p < p* is also
found in resonating valence bond mean-field theory for the t-J model [26]. In Ref. [17],
a phenomenological quadratic doping dependence of A(p) was considered, too.

The wave vector of the incommensurate magnetic states obtained in the theoretical
literature [30-35,113-121,123-125] has the form Q = (7 — 27, 7) or a form that is
symmetry related to Q, that is, (= + 27, ), (7,7 — 27n), and (7, —7 + 27n). The
incommensurability 7 > 0 measures the deviation from the Néel wave vector (m,).
Peaks in the magnetic structure factors seen in neutron-scattering experiments are also

situated at such wave vectors [36-39]. The incommensurability 1 is a monotonically
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increasing function of doping. In Ref. [17], the doping dependence of n was determined
by minimizing the mean-field free energy, resulting in n =~ p, which is roughly consistent
with experimental observations in LSCO [36]. A linear doping dependence of n was also
found in the ¢-J model in the underdoped regime close to half filling [34,35]. In YBCO,
n values below p are observed [39], and functional renormalization group calculations
for the Hubbard model also yield n < p [121]. Some further aspects of the doping
dependence of n for the Hubbard model have already been discussed in Sec. 2.2.3. Our
results supported the approximately linear doping dependence of 7. In the following, we
choose 1 = p in the phenomenological model for simplicity and discuss consequence of a
different doping dependence if required. We have already sketched the reconstruction of
the Fermi surface and the corresponding magnetization pattern of the phenomenological
model in Fig. 2 in the introduction of this thesis. We will discuss the change in the Fermi

surface topology throughout this section in detail.

Relaxation rate for cuprates

Due to the specific form of the interband coupling A, there are no interband contributions
to the conductivity based on the Berry curvature. Thus for small relaxation rates I'; the
interband contributions of the longitudinal and the Hall conductivity in the spiral state
are suppressed by a factor I'? compared to the intraband contributions (see Sec. 1.3.6
and 1.4.6). Nevertheless, it has still to be clarified whether interband contributions are
relevant for certain parameter choices. To get a feeling for the typical size of I" in the
recent high-field experiments, we estimate I' from the experimental result w.r = 0.075
reported for La; g4 Ndg 4Sr,CuO4 (Nd-LSCO) samples at zero temperature by Collignon
et al. [12]. The cyclotron frequency can be written as w. = ¢|B|/m,, which defines the
cyclotron mass m.. For free electrons, m, is just the bare electron mass m.. Inserting the
applied magnetic field of 37.5 Tesla and assuming m,. = m,, one obtains I' = (27)7! ~
0.03eV. With the typical value t = 0.3eV for the nearest-neighbor hopping amplitude
in cuprates, one thus gets I'/t ~ 0.1. The cyclotron mass in cuprates is actually larger
than the bare electron mass. Mass ratios m./m. equal to 3 or even larger have been
observed [137]. Hence, I'/t = 0.1 is just an upper bound; the actual value can be

expected to be even smaller. Indeed, an estimate from the observed residual resistivity

in Nd-LSCO vyields I' ~ 0.008 eV [138].
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The relaxation rates in cuprate superconductors are actually momentum dependent.
However, we do not expect the momentum dependence to affect the order of magnitude
of interband contributions. Concerning the doping dependence of ', we are using ex-
perimental input. Magnetoresistance data suggest that the electron mobility does not
change significantly in the doping range where the Hall number drop is observed [12].
Since the mobility is directly proportional to the inverse relaxation rate, it is a reasonable

assumption to consider a relaxation rate I' that is independent of doping.

Interband contributions for the longitudinal conductivity in cuprates

We have raised the question of the relevance of interband contributions to the conduc-
tivities, which were often neglected in earlier calculations for Néel and spiral magnetic
states. In our theory, the interband effects are captured by the symmetric interband
contribution of the longitudinal conductivities o} and o4 in (1.101) and the inter-
band contributions of the Hall conductivity oy, + in (1.189). In order to discuss its
relevance in the context of recent transport measurements [10-12], we have a closer look
at the size of those interband contributions using the phenomenological model in (2.31).
We first discuss the interband contributions for the longitudinal conductivity and come
back to the interband contributions to the Hall number later on. Interband contributions
have been taken into account in a calculation of the optical conductivity in a d-density
wave state [139], and in a very recent evaluation of the longitudinal DC conductivity in
the spiral state [18].

In Fig. 2.18, we show results for the longitudinal conductivity ¢** of the phenomeno-
logical model in (2.31) with parameters D/t = 12, p* = 0.19, and = p. The conduc-
tivity is obtained from Eq. (2.30) at zero temperature for two values of the relaxation
rate I'. We chose hopping parameters that are used for YBCO in the literature (see, for
instance, [16]). We neglected the double-layer structure of YBCO for simplicity. The
critical doping p* = 0.19 is the onset doping for the Hall number drop observed in the
experiments on YBCO by Badoux et al. [10]. The total conductivity o™, which is cal-

rxr

culated via (2.30), is compared to the intraband contribution off,, = ofit,. , + oft.

intra intra,+
where the interband contribution is not taken into account. Note that A = 1, so that
0% /€2 is dimensionless. The conductivities can be written in units of the conductance

quantum e?/h simply by multiplying with 2. Here, we rescaled the longitudinal con-
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Figure 2.18: Longitudinal conductivity ¢** at zero temperature as a function of doping
p for a doping-dependent magnetic order parameter A(p) = 12t(p* — p)O(p* — p) with
p* = 0.19. The intraband contribution o . is also shown for comparison. We use
the hopping parameters ¢'/t = —0.3 and "/t = 0.2 and the relaxation rates I'/t = 0.1
(top) and I'/t = 0.3 (bottom). The vertical lines indicate changes of the Fermi-surface
topology at the three doping values p?, p;, and p* (from left to right).

ductivity by the leading order in I' so that the plots for different I" are easier to compare.

One can see a pronounced drop of the conductivity for p < p*, as expected from the drop

of charge-carrier density in the spiral state. For I'/t = 0.1, the interband contributions
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are practically negligible, while they are already sizable for I'/t = 0.3. In particular, the
interband contributions shift the drop of ¢** induced by the spiral order towards smaller
values of p, and they smooth the sharp kink exhibited by ¢®* at p* for I' — 0. We
see that the interband contributions are of particular importance at the onset of order,
where the gap and the relaxation rate are comparable in size, in agreement with the
general argument that we gave in the introduction. In other words, there is no general
theoretical argument that holds so that those interband contributions are negligible for
all dopings. However, the interband contributions are indeed also negligible close to the
onset of order due to their small numerical value for relaxation rates I'/t < 0.1, which
is a reasonable estimate of the size of the relaxation rate for the recent experiments on
cuprates.

Chatterjee et al. [18] have derived expressions for the electrical and the heat conduc-
tivities in the spiral state, for a momentum-independent relaxation rate, and showed that
the two quantities are related by the Wiedemann-Franz law. While their formulas for
the conductivities have a different form than ours, we have checked that the numerical

results are consistent.

Fermi surface topology

The presence and the doping dependence of the spiral magnetic order has a big impact
on the Fermi surface topology. The change from a large Fermi surface with volume of
size 1 + p to (several) pockets with total volume of size p led to the naive explanation
of the observed drop in the Hall number. Although this explanation may not be correct
in general for the regime w.7 < 1, which is relevant for those experiments, but only
for w.7 > 1 or the particular case of parabolic dispersions, the evolution of the Fermi
surface still gives useful insights to understand the different regimes of the longitudinal
conductivity, which we indicated by vertical lines in Fig. 2.18, and of the Hall number,
which we will discuss later on.

In Fig. 2.19, we plot the Fermi surfaces of the phenomenological model for different
dopings p = 0.09, 0.115, 0.17. We use the the same parameters as in Fig. 2.18. We
identify different doping regimes with different Fermi surface topologies. For p < p,
the quasiparticle Fermi surface consists exclusively of hole pockets (orange), while for

p: < p < p* also electron pockets (blue) are present. Note that p! depends (slightly)
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Figure 2.19: Quasiparticle Fermi surfaces for p = 0.09 (top), p = 0.115 (bottom left), and
p = 0.17 (bottom right). Fermi-surface sheets surrounding hole (orange) and electron
(blue) pockets correspond to zeros of ES — p and E;r — p, respectively. The green
“nesting line” indicates momenta p satisfying the condition €, = €,1q. The band and
gap parameters are the same as in Fig. 2.18, with I'/t = 0.1.

on the relaxation rate I' since the relation between the chemical potential p and the
hole doping depends on I'. For p < pjy, there are only two hole pockets, while a second
(smaller) pair of hole pockets appears for p; < p < p*. The dopings in Fig. 2.19 are
chosen to give an example for those three regimes with p < p* (top), pi < p < p}, (bottom
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left), and p; < p < p* (bottom right). At p = p*, electron and hole pockets merge, and,
for p > p*, there is only a single large Fermi-surface sheet, which is closed around
the unoccupied (hole) states. In Fig. 2.18, the doping dependence of the conductivity
changes its slope at p’, while there is no pronounced feature at p;. However, choosing
a smaller relaxation rate I'/t < 0.1, a change of the slope of ¢** is visible also at p},
while no pronounced feature in o¥% is visible. The sequence of Fermi-surface topologies
as a function of doping depends on the doping dependence of the incommensurability 7.
The above results were obtained for n = p. Choosing, for example, a smaller n(p), one
may have four (not just two) hole pockets at low doping. The green lines in Fig. 2.19
indicate momenta p that satisfy the condition €, = €,1q. At those momenta, the band
gap Ef — E; = 2A is minimal. For Néel antiferromagnetic order with Q = (7, 7), this
line corresponds to the antiferromagnetic Brillouin zone boundary independent of the
band parameters.

Note that the spiral order with ordering vector component ), = m— 27 and nonzero
7 breaks the mirror symmetry in x direction, which is reflected by the asymmetry in the
Fermi surfaces in Fig. 2.19. Inversion symmetry is restored in the spectral function
of single-electron excitations as discussed in Sec. 2.2.2. In the lower row of Fig. 2.8,
we plotted the spectral function of the quasiparticle and the single-electron excitations
for the regime, where only two hole-pockets are present. The shown spectral functions
corresponds to a Fermi surface similar to the one shown in Fig. 2.19 (top). Besides the
Fermi surface, which is clearly visible in the spectral functions in Fig. 2.8, there are also
precursors of the electron pockets due to the finite relaxation rate, which will eventually

appear at higher doping and are shown in Fig. 2.19 (bottom left).

Momentum-resolved longitudinal conductivity

It is instructive to see which quasiparticle states yield the dominant contributions to the
conductivity. In two dimensions, the conductivity formulas in (1.100) and (1.101) are
given by a momentum integral of the form ¢* = [ (‘12271))2 o*?(p). The Fermi function
derivative f’(e€) restricts the energies € up to values of order T'. For a temperature T = 0,
one has f’(e) = —d(¢). For a small relaxation rate I', the quasiparticle spectral functions
A;(e) are peaked at the quasiparticle energies. Hence, for low T" and small or moderate

I', the dominant contributions to the conductivity come from momenta where either
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Figure 2.20: Top: Color plot of the momentum resolved intraband contribution to the
longitudinal conductivity &%, (p) for p = 0.09 (left) and p = 0.17 (right). Bottom:

intra

Interband contribution o (p) for the same choices of p. The band and gap parameters

inter

are the same as in Fig. 2.18, and the relaxation rate is I'/t = 0.3. The Fermi surfaces
and the nesting line (cf. Fig. 2.19) are plotted as thin black lines.

|Ef — | or |ES — p| is small, that is, in particular from momenta near the quasiparticle
Fermi surfaces.

In Fig. 2.20, we show color plots of ¢f . (p) and ¢%% .(p) in the Brillouin zone. Al-
though a sizable I'/t = 0.3 has been chosen, the intraband contributions are clearly
restricted to the vicinity of the quasiparticle Fermi surface. Variations of the size of
intraband contributions along the Fermi surfaces are due to the momentum dependence
of the quasiparticle velocities E'rjf’”” = QEPi /O0p®. The interband contributions are par-

ticularly large near the “nesting line” defined by ep1q = €p, where the direct band
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gap between the quasiparticle energies E;{ and E_ assumes the minimal value 2A. For
p = 0.09, the largest interband contributions come from regions on the nesting line
remote from the Fermi surfaces. Note, however, that they are much smaller than the in-
traband contributions, and |E; — u has a local minimum in these regions. For p = 0.17,
the interband contributions are generally larger, and they are concentrated in regions

between neighboring electron and hole pockets.

Longitudinal conductivity obtained by using the DMFT results

So far, we have discussed the longitudinal conductivity for the phenomenological model.
In Sec. 2.2.3, we have presented results for the Hubbard model within a dynamical
mean-field theory (DMFT) approach. In principle, one could compute charge transport
properties from linear response theory within the DMFT approximation [140]. However,
this involves a rather delicate analytic continuation from Matsubara to real frequencies.
Moreover, the relaxation rates obtained from the DMFT cannot be expected to provide
a good approximation in two dimensions. Hence, we compute only the magnetic gap,
the incommensurability, and the so-called Z-factor from the DMFT, while we take the
relaxation rates from estimates obtained from experiments. By this approach, the doping
dependence of the quantities as well as their size are no longer parameters that have to
be adjusted but that have been obtained ab initio from the Hubbard model itself.

In Bonetti et al. [2,4], the gap A was extracted via the zero-frequency limit of the
off-diagonal term of the self-energy. The Z-factor captures one of the main effects of the
normal (diagonal) term X (ipy) of the self-energy at low energies and low temperature
besides the renormalization of the quasiparticle energies, which can be incorporated into
a modified chemical potential. The self-energy is momentum independent within DMFT
but, in general, frequency dependent, where ipg is the fermionic Matsubara frequency.

It reduces the quasiparticle weight by a factor

7 —
Opo

1 ] _ . (2.32)

At finite temperatures, the differential quotient may be approximated by the quotient
ImY(inT)/(nT), where T is the lowest positive Matsubara frequency. The Z-factor re-

duces the bare single-particle excitation energy and the gap to Zep and ZA, respectively,
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Figure 2.21: Z-factor as a function of doping p for LSCO and YBCO at T/t = 0.04
obtained by the DMFT calculation (cf. Sec. 2.2.3). The Z-factor obtained from the
unstable (below p*) paramagnetic solution is also shown for comparison (dashed lines).
We also show the Gutzwiller factor 2p/(1 + p) [26] for comparison (gray line).

and, thus, also the quasi-particle energies to Z Elﬂf. In other words, it narrows the overall
bandwidth by rescaling the unit of energy t. Moreover, it reduces the quasi-particle
contributions in the spectral functions in Eqgs. (2.9) and (2.10) by a global factor Z. The
missing spectral weight is shifted to incoherent contributions at higher energies.

In Fig. 2.21, we show the Z-factor as obtained from the DMFT calculation [2,4], which
was presented in Sec. 2.2.3, as a function of hole doping p. For p < p*, we also show
the Z-factor that is found in the unstable paramagnetic solution. One can see that the
magnetic order enhances Z compared to the paramagnetic phase. The Z-factor exhibits
only a moderate doping dependence and assumes material-dependent values between 0.2
and 0.4. The strongest renormalization is found for YBCO. Note that the paramagnetic
Z-factors do not vanish for p — 0, because the paramagnetic DMFT solution at half-
filling is still on the metallic side of the Mott transition for the choice of parameters
in the DMFT calculation. The overall scale is similar to the one that is obtained by
a Gutzwiller factor, which captures phenomenologically the loss of metallicity in the
doped Mott insulator. Such a factor is used in the Yang-Rice-Zhang (YRZ) ansatz for
the pseudogap phase [26].

To take the renormalization of the quasi-particle energies into account, we replace
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Figure 2.22: Longitudinal conductivity as a function of doping for LSCO at 7'/t = 0.027
(squares) and T/t = 0.04 (circles) and for YBCO at 7'/t = 0.04 (circles), together with
an extrapolation to zero temperature (dashed lines). The conductivity in the unstable
paramagnetic phase is also shown for comparison at 7'/t = 0.04 (gray lines). The param-
eters A(p), n(p) and Z(p) were extracted from the DMFT calculation (cf. Sec. 2.2.3).

the dispersion and the gap by Ze, and ZA, respectively, in the conductivity formulas
in (1.100) and (1.101). Note that the reduction of the spectral weight of single-particle
excitations by the Z-factor does not apply to the conductivities. The reduction of the
quasi-particle contribution to the Green’s functions by Z is canceled by vertex corrections
to the conductivities [141]. For the bilayer compound YBCO, we modify the momentum

integration to %Zkzzo,w i (SQTI)‘Q. We assume the doping independent value I'/t = 0.025
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for the relaxation rate, which corresponds to the estimate for Laj g_Ndg4Sr,CuQOy4 (Nd-
LSCO) at low temperatures, which we discussed above. We re-calculate the chemical
potential with the new parameters for a consistent description at fixed doping. The
magnetic gap in the zero temperature results is based on a linear extrapolation of A(p)
as shown in Fig. 2.12. The zero temperature limit of 7(p) and Z(p) was obtained by
a linear temperature extrapolation at each doping, and a subsequent linear fit in p up
to the zero temperature extrapolation of p*. The linear extrapolation in temperature is
based on data for 7'/t = 0.027 and T'/t = 0.04 for LSCO, and data for 7'/t = 0.04 and
T/t =0.05 for YBCO.

In Fig. 2.22, we show the longitudinal conductivity ¢** as a function of doping for
LSCO parameters at T = 0.027t and T' = 0.04¢, and for YBCO parameters at T' = 0.04¢,
together with an extrapolation to zero temperature. The conductivities were calculated
for the respective set of parameters and the corresponding temperature. We used the
complete conductivity formulas including the interband contribution in (2.30). Note that
0™ /e? is a dimensionless quantity since we use natural units where i = 1. Our results
for the two-dimensional conductivity correspond to three-dimensional resistivities of the
order 100 uf2cm, in agreement with experimental values. In order to see this, note that
h/e? is the von Klitzing constant Ry = 25813Q. The two-dimensional conductivity
of a CuO-layer in SI units is, thus, obtained by multiplying our dimensionless result
by 27/Rk. To obtain the conductivity of the three-dimensional sample, one has to
divide by the average distance between the layers. The expected drop below p* is clearly
visible. It is particularly steep at T" > 0, which is due to the square root type onset
of the order parameter at finite temperature, see Fig. 2.12. Since the relaxation rate
is fixed in our calculations, the drop of ¢** is exclusively due to a drop of the charge
carrier concentration related to the Fermi surface reconstruction by the magnetic gap.
The results are consistent with the results that were obtained by the phenomenological
model and are shown in Fig. 2.18. Note the rescaling by the leading order in I' when

comparing the overall scale.

Anisotropy or “nematicity” of the conductivity in cuprates

The breaking of the tetragonal symmetry of the square lattice by a spiral order with n > 0

naturally leads to an anisotropy (or “nematicity”) in the longitudinal conductivity, as we
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Figure 2.23: Anisotropy ratio of the longitudinal conductivity o%¥/o** at zero tempera-
ture as a function of doping p for three choices of D. The band parameters are the same
as in Fig. 2.18, and the relaxation rate is I'/t = 0.1.

have already discussed in Sec. 2.2.4. In Fig. 2.23, we show the ratio ¢%¥ /o** as a function
of doping for the phenomenological model with the same band parameters as in Fig. 2.18.
We plot the anisotropy for several choices of D, which is the slope of the linear doping
dependence of the gap, at I'/t = 0.1. For an ordering wave vector Q = (7 — 27, 7) with
an incommensurability in the x direction, the conductivity in the y direction is larger
than in the x direction. The anisotropy increases smoothly upon lowering the doping
from the critical point p*, and it decreases upon approaching half filling, where n vanishes
such that the square lattice symmetry is restored. In Fig. 2.24, we show the ratio o%¥/c**
as a function of doping for LSCO and YBCO at T' = 0.04¢ using our DMFT results. We
clearly see the same general behavior. Note that a smaller anisotropy is expected since the
gap A(p) is reduced by the Z-factor. A pronounced temperature and doping-dependent
in-plane anisotropy of the longitudinal conductivities with conductivity ratios up to 2.5
has been observed in YBCO by Ando et al. [142]. The observed anisotropy is, thus,
much larger than those obtained in our calculation. There is no further contribution to
the anisotropy due to a rotation of the coordinate system within our model since the
off-diagonal contribution ¢*¥ = ¢¥* vanishes for spiral states with a wave vector of the

form Q = (7 — 27n, m) as discussed in Sec. 2.2.4.
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Figure 2.24: Ratio o%¥/o™® as a function of doping for LSCO (orange) and YBCO (blue)
at T/t = 0.04. The parameters A(p), n(p) and Z(p) were extracted from the DMFT
calculation (cf. Sec. 2.2.3).

Interband contributions for the Hall number in cuprates

So far, we have focused on the longitudinal conductivity. We continue by calculating
and discussing both the Hall number both for the phenomenological model and the Hall
number that we calculate by using our DMFT results in Sec. 2.2.3. In both approaches,
we again use parameters that are common for cuprates in order to make connection to
the recent transport measurements [10-12]. We calculate the Hall conductivity

On" = Ofiintra+ + Ofintra,— T Ofiinter + T OHinter,— (2.33)
via the formulas presented in (1.188) and (1.189). The Hall number is obtained by the
ratio between the product of the longitudinal conductivities and the Hall conductivity via
(1.195). We use the convention that hole-like contributions count positively to the Hall
number, whereas electron-like contributions count negatively. In Fig. 2.25, we show the
Hall number ny for the phenomenological model in (2.31) with D/t = 12 and p* = 0.19 at
zero temperature. It is calculated by including all contributions of the Hall conductivity
in (2.33) and all contributions of the longitudinal conductivity in (2.30). Again, we used
n = p. The used gap parameters as well as the hopping parameters are the same as in

Fig. 2.18. We plot the Hall number n jntra that is calculated by neglecting all interband
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Figure 2.25: Hall number ny as a function of doping p for a doping dependent magnetic
order parameter A(p) = 12t(p* —p)O(p* —p) with p* = 0.19. The intraband contribution
NHintra 1S also shown for comparison. The straight dashed lines correspond to the naive
expectation for large and reconstructed Fermi surfaces, ng = 1 4+ p and nyg = p, respec-
tively. We use the hopping parameters '/t = —0.3 and ¢"/t = 0.2 and the relaxation
rates I'/t = 0.1 (top) and I'/t = 0.3 (bottom). The vertical lines indicate the three
special doping values pZ, p;, and p* (from left to right).

contributions of the conductivities in (2.30) and (2.33) for comparison.

For p > p*, where A = 0, the Hall number is slightly above the value 1 + p corre-

sponding to the density of holes enclosed by the (large) Fermi surface. This is also seen
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in experiment in YBCO [10] and Nd-LSCO [12]. Note that ny is not expected to be
equal to 1 4 p for w.7 < 1, since the dispersion €, is not parabolic. For p < p* the Hall
number drops drastically. For I'/t = 0.1, the interband contributions are again quite
small, as already observed for the longitudinal conductivity in Fig. 2.18, and the Hall
number gradually approaches the value p upon lowering p. Hence, the naive expectation
that the Hall number is given by the density of holes in the hole pockets turns out to be
correct for sufficiently small p. Visible deviations from ny = p set in for p > p?, where
the electron pockets emerge. For I'/t = 0.3, interband contributions are sizable. They
shift the onset of the drop of ny to smaller doping. We can make the same conclusion
on the relevance of interband contributions to the Hall number that we have obtained
for the longitudinal conductivity: Whereas a general argument for negligible interband
contributions does not hold for dopings sufficiently close to the onset of the order, the
interband contributions are practically negligible due to their small numerical value for

a relaxation rate I'/t < 0.1, which is relevant for the recent experiments.

Momentum-resolved Hall conductivity

We have already identified the momenta that contribute to the longitudinal conduc-
tivity in Fig. 2.20 and continue by the same analysis for the Hall conductivity. The
Hall conductivity in (1.188) and (1.189) is given by a momentum integral of the form

o = [ (;ff)g ot (p). To see which momenta, that is, which quasiparticle states, con-

tribute most significantly to the Hall conductivity, we show color plots of o3/, (P) and
O inter(P) for two choices of hole doping p, which represent a different Fermi surface
topology, in Fig. 2.26. The Fermi surface only consists of hole pockets at p = 0.09,
whereas a second set of hole pockets and electron pockets are present at p = 0.17. The
intraband contributions are concentrated near the quasiparticle Fermi surfaces, due to
the peaks in f’(¢) and in the spectral functions, as for the longitudinal conductivity.
Contributions from hole pockets count positively, and those from electron pockets neg-
atively, as expected. The intraband contributions are particularly large near crossing
points of the Fermi surfaces with the nesting line defined as €, = €p4q, where the Fermi
surfaces have a large curvature. The interband contributions lie mostly near the nesting
line, not necessarily close to Fermi surfaces. For p = 0.17, they are concentrated in small

regions between electron and hole pockets.
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Figure 2.26: Top: Color plot of the momentum resolved intraband contribution to the
Hall conductivity oyi..(p) for p = 0.09 (left) and p = 0.17 (right). Bottom: Interband

contribution o’y .. (p) for the same choices of p. The band and gap parameters are the

same as in Fig. 2.25, and the relaxation rate is I'/t = 0.3. The Fermi surfaces and the
nesting line (cf. Fig. 2.19) are plotted as thin black lines.

Hall number obtained by using the DMFT results

After having discussed the Hall number within the phenomenological approach, we con-
tinue by calculating the Hall number by using our results obtained by the DMFT cal-
culations. We do this in the same fashion as we did previously for the longitudinal
conductivity. We consider all contributions of the longitudinal and the Hall conduc-
tivity in (2.30) and (2.33) including the interband contributions. The calculation was
performed at the corresponding finite temperature. The Hall numbers as a function of
doping are shown in Fig. 2.27, again for LSCO at 7'/t = 0.027 and 7'/t = 0.04, and for
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Figure 2.27: Hall number as a function of doping for LSCO at 7'/t = 0.027 (square) and
T/t = 0.04 (circle) and for YBCO at T/t = 0.04 (circle), together with an extrapolation
to zero temperature (dashed lines). The Hall number in the unstable paramagnetic
phase is also shown for comparison at 7'/t = 0.04 (gray lines). The black dashed lines
correspond to the naive expectations ng = p for hole pockets and ng = 1 + p for a large
hole-like Fermi surface. The parameters A(p), n(p) and Z(p) were extracted from the
DMFT calculation (cf. Sec. 2.2.3).

YBCO parameters at T/t = 0.04, together with an extrapolation to zero temperature.
The extrapolation was obtained in the same way as discussed for the longitudinal con-
ductivity. A pronounced drop is seen for doping values below p*, indicating once again
a drop of the charge carrier concentration. In the high-field limit w.7 > 1, the Hall

number would be exactly equal to the charge carrier density enclosed by the Fermi lines,
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that is, 1 4+ p in the paramagnetic phase and p in the magnetically ordered phase, even
in the presence of electron pockets [5]. However, the experiments, which motivated our
analysis are in the low-field limit w.7 < 1, since 7 is rather small, and our expression
for the Hall conductivity has been derived in this limit. In the low field limit, the Hall
number is equal to the carrier density only for a parabolic dispersion. For low doping,
the Hall number nyg(p) shown in Fig. 2.27 indeed approaches the value p, which indicates
a near-parabolic dispersion of the holes in the hole pockets for small p. For large doping,
in the paramagnetic phase, the Hall number is only slightly above the naively expected
value 1+p in YBCO, while it shoots up to significantly higher values in LSCO, indicating
that the dispersion of charge carriers near the Fermi surface cannot be approximated by
a parabolic form. The increase of ny(p) way above 1 + p is a precursor of a divergence
at the doping p = 0.33, well above the van Hove point at p = 0.23, which is due to a
cancellation of positive (hole-like) and negative (electron-like) contributions to the Hall

coefficient Ry.

Fitting of the phenomenological model to the experimental results

The phenomenological model of the gap A(p) in (2.31) with its free parameters D and
p* allows us to make closer connection to the experimental results of Badoux et al.
[10]. To get a better estimate for the required set of parameters, we have fitted the
parameters p* and D such that we obtain quantitative agreement with the observed data
points for YBCO. For the phenomenological model, we used so far the onset p* = 0.19
extracted from the experimental data by Badoux et al. [10] and D/t = 12, which was
used previously by Verret et al. [16]. The Hall number in Fig. 2.25 was calculated with
those parameters.

The fit, obtained for a fixed n = p and T'/t = 0.05, and shown in Fig. 2.28, is
optimal for p* = 0.21 and D/t = 16.5. Here we also compare to results obtained with
the same values of p* and D, but with a different choice of the incommensurability
n(p), namely n = p/2 and n = p — 0.03. These alternative functions are closer to the
incommensurabilities observed for YBCO [39]. While the doping dependence of the
Fermi-surface topologies depends on the choice of n(p), one can see that the doping

dependence of the Hall number is only weakly affected for hopping parameters that are
relevant for YBCO.
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Figure 2.28: Fit of the Hall number as a function of doping to the experimental data (red)
from Badoux et al. [10]. For the relaxation rate chosen as I'/t = 0.05, best agreement
for n = p is obtained for p* = 0.21 and D/t = 16.5. Also shown are results obtained
with the same parameters but n(p) = p/2 and n(p) = p — 0.03.

The value of D is unreasonably large. For a hopping amplitude ¢t ~ 0.3eV, the
magnetic gap A(p) = D(p* — p) would rise to a value A ~ 0.5eV at p = 0.1. Large
values for D were also assumed in previous studies of the Hall effect in Néel and spiral
antiferromagnetic states, to obtain a sufficiently steep decrease of the Hall number [14,
16,17]. The required size of D can be substantially reduced, if the bare hopping ¢ is
replaced by a smaller effective hopping

2p

tef = o t, (2.34)
where the doping-dependent prefactor of ¢, the Gutzwiller factor, on the right-hand side
captures phenomenologically the loss of metallicity in the doped Mott insulator. Such
a factor is used in the Yang-Rice-Zhang (YRZ) ansatz for the pseudogap phase [26].
Replacing t by t.gr with t = 0.3eV, a prefactor D = 1.5eV of the gap A is sufficient
to obtain the best fit for ny, leading to A ~ 0.15eV at p = 0.1. This value is similar
to the magnetic energy scale J in cuprates. The value of D obtained by fitting to

the experimental result is comparable to the one that was obtained within the DMFT
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calculation in the zero temperature limit, namely D/t = 18.7, although the onset of order
is strongly reduced for the DMFT result. The effect of the effectively reduced hopping
due to the Gutzwiller factor is consistent with the renormalization of the dispersion and
the gap by the Z-factor. The Gutzwiller factor and the Z-factor are shown in Fig. 2.21
for comparison.

All our results of the phenomenological model including the fitting has been computed
by evaluating the conductivity formulas with a Fermi function at zero temperature. We
have checked that the temperature dependence from the Fermi function is negligible at
the temperatures at which the recent transport experiments in cuprates [10-12] have
been carried out. The temperature effects are however important in the evaluation
of the conductivity formulas for the temperatures, at which the DMFT calculations
were performed. Thus, we performed the calculations for the DMFT results at the

corresponding finite temperature and provided the zero temperature limit for comparison.

Comparison of the transport properties of the spiral magnetic state to the

experiments in cuprates

We have already discussed several aspects of our theory in comparison with the experi-
mental results. We now summarize the most important conclusions. Qualitatively, the
pronounced drop of the longitudinal conductivity and the Hall number observed in ex-
periment is captured by our theory, both by the phenomenological ansatz proposed by
Eberlein et al. [17] and by the ab initio results obtained by DMFT calculations by Bonetti
et al. [2,4]. In the DMFT calculation, the onset of the drop at p* = 0.21 in the zero
temperature extrapolation for LSCO (see Fig. 2.12) is slightly above the experimental
value 0.18 for LSCO [11], but below the value 0.23 observed for Nd-LSCO [12]. Why
the observed p* differs so much between LSCO and Nd-LSCO is unclear. For YBCO,
we obtain p* = 0.15 (see Fig. 2.12), while the charge carrier drop seen in experiment
starts at p* = 0.19 [10]. Cluster extensions of the DMFT [143], which go beyond the
assumption of a momentum-independent self-energy, yield critical doping strengths for
the onset of pseudogap behavior, which are also below the experimental value [144,145].
Hence, for a better quantitative agreement one probably needs to go beyond the single-
band Hubbard model. The effect of interband contributions to both the longitudinal

and the Hall conductivity are most prominent at the onset of order. They smooth the
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kink that was seen in the conductivities, when interband contributions were neglected,
and they shift the onset of the drop to lower doping than the onset of the order itself.
For an estimated relaxation rate I' < 0.1 for cuprates, the interband contributions are
small in numerical size and, thus, do not have any consequence on previous conclusions
of Eberlein et al. [17], which neglected interband contributions completely.

The relatively narrow doping range of a few percents, in which the steep charge
carrier drop occurs, also agrees between theory and experiment. The analysis of the
phenomenological model shows that the doping range of the drop is mainly controlled by
the prefactor D of the phenomenological model. In order to get a good agreement with
the experimental results, an unreasonably large prefactor D is needed, which could be
suppressed to reasonable values by introducing a Gutzwiller factor. The DMFT results
for YBCO yield a gap of similar size, where the Z-factor plays the role of the Gutzwiller
factor. A square-root onset further narrows the range, which is shown by comparing the
finite and zero temperature results of the DMFT calculations. The Hall number obtained
from our calculations reaches the value ny(p) = p only at much lower dopings than in the
experiments. The convergence is particularly slow for LSCO (see Fig. 2.27) and can be
attributed to the non-parabolic dispersion of the charge carriers in the hole-pockets. In
the experiments, the behavior ng ~ p is observed over an extended doping range only at
low doping far below p*, too. At larger doping, a few percent below p*, the Hall number
becomes equal to p only at a single doping value. Upon further reducing the doping,
it drops below p and even becomes negative, presumably due to charge density wave
order [146]. To obtain the steep drop of the Hall number down to ng = p and below in a
theoretical description, one therefore needs to take the charge order into account. Charge
order on top of spiral order was discussed by Eberlein et al. [17], but the corresponding
transport properties were not yet computed.

For dopings p > p*, the Hall number for YBCO is close to 1 + p as naively expected.
More precisely, it is slightly larger in agreement with the experimental observations [10].
By contrast, for LSCO parameters ny is much larger than 1 4 p for p > p* with an in-
creasing deviation for larger doping. From a theoretical point of view this behavior is not
surprising, since there is no reason why ny should be close to the charge carrier density
for the strongly non-parabolic dispersion near the van Hove filling. In the experiments,
p* practically coincides with the van Hove filling in Nd-LSCO, and ny is nevertheless
only slightly above 1 + p for p near p* [12].
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A drop by a factor p/(1 + p) in a narrow doping range below p* has also been
observed for the longitudinal conductivity in Nd-LSCO [12]. This drop corresponds to
the expectation based on a Drude formula for the conductivity only if the relaxation rate
and the effective electron mass remain constant, while the charge carrier concentration
drops from 1+ p to p. The drop of o** below p* obtained from our calculation for LSCO
parameters is less pronounced (see Fig. 2.22). Since we assumed a doping-independent
relaxation rate, this reduction of the drop compared to the carrier concentration ratio
must be due to an increase of the average Fermi velocities below p*, that is, a decrease
of the effective electron mass meg in a Drude picture. A priori, there is no reason why
these quantities should remain constant when the Fermi surface gets fractionalized into
pockets. Of course, it can be reconciled with the theory by assuming a suitable doping-
dependent enhancement of the relaxation rate below p* [15, 18], so that the mobility

i < 1/T'meg remains constant as seen in experiment [12].
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The electrical conductivity is one of the fundamental properties of solids and, as such, of
ongoing interest in physics for both experiment and theory. Recent experimental results
revealed the need of reconsidering the electrical conductivity in systems with more than
one valence band [13,51,59]. In this thesis, we developed and analyzed a theory of the
longitudinal conductivity, the intrinsic anomalous Hall conductivity and the ordinary
Hall conductivity, which we used to explore several electrical transport phenomena that
are directly linked to the presence of multiple bands. In the following, we summarize
and conclude the main results that were presented throughout this thesis. We combine
it with a short outlook on potential expansions beyond the scope of this thesis.

External electric and magnetic fields can induce a current in a solid. The induced
current density up to first order in the electric and the magnetic field is captured by
the electrical conductivity tensors c®® and ¢®?", where the indices «, 3, and 7 indicate
the directions of the current, the electric field, and the magnetic field, respectively.
From a theoretical point of view, the derivation of formulas for these two conductivity
tensors is a crucial step in order to gain better insights in the physical mechanisms
behind the related transport phenomena. The very successful band theory for solids
is a key concept for a theoretical description of the conductivity, which is apparent,
for instance, in the well-known semiclassical Boltzmann transport theory, where the
conductivity is related to the momentum derivatives of the band dispersion [7]. However,
the original approach of Boltzmann does not incorporate the effects that might arise due
to the presence and interplay of several valence bands and, thus, a different approach
is required. Microscopic approaches beyond the semiclassical approximations are indeed
able to provide a systematic handling of interband effects [42,43], so that it is possible to
go beyond a one-band model or the simple summation of independent band contributions
in a multiband model.

In Chapter 1, we presented a microscopic derivation of the conductivity formulas at
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finite temperature for a general momentum-block-diagonal two-band model combined
with detailed discussions of several aspects that arose during the derivation. In Chap-
ter 2, we applied those formulas and results to models of recent interest. Our two-band
model, which we specified in Sec. 1.1.1, acts as a minimal model that involves more
than one band and, thus, potentially hosts interband effects. We were able to describe a
broad variety of physically very different systems by the considered model ranging from
systems with magnetic order like Néel antiferromagnetism and spiral spin density waves
to systems that involve topological properties like non-zero Chern numbers. Despite the
simplicity of our model, we could, thus, gain a broader and more general insight inde-
pendent of details that might be particular for a more specific model. We derived the
formulas for the longitudinal, the ordinary Hall and the intrinsic anomalous Hall conduc-
tivity. The longitudinal conductivity captures the induced (parallel) current due to an
external electric field. The ordinary Hall conductivity describes a transverse current in
the presence of a transverse external magnetic field. The intrinsic anomalous Hall con-
ductivity describes a transverse current that is present without any external magnetic
field and that is not caused by (skew) scattering but by the properties of the eigenstate
manifold itself. Our main formulas of the longitudinal and the anomalous Hall conduc-
tivity are summarized in Sec. 1.3.3. The formulas of the ordinary Hall conductivity are
summarized in Sec. 1.4.5. We will go through several key results of this thesis in the

following.

Criteria for a unique and physically motivated decomposition

On the one hand, microscopic approaches may have a tendency not to be very trans-
parent and easy to interpret physically, which is seen as a disadvantage in comparison
to semiclassical approaches, but, on the other hand, they can provide a more systematic
treatment, which can be useful for identifying further relevant phenomena [43]. In Chap-
ter 1, we combined the derivation of the conductivity formulas with a systematic analysis
of the underlying structure of the involved quantities, which led to the identification of
two fundamental criteria for a unique and physically motivated decomposition of those
formulas. Intraband and interband contributions are defined by the involved quasiparti-
cle spectral functions of one or both bands, respectively. Symmetric and antisymmetric

contributions are defined by the symmetry under the exchange of the current and the
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electric field directions.

We identified the symmetry under the exchange of the current and the electric field
directions as a powerful criterion for disentangling conductivity contributions of differ-
ent physical origin. We found that this symmetry is strongly intertwined with a second
symmetry that is fundamentally based on the presence of multiple bands. The two-band
structure of our considered model is manifested by 2 x 2 Green’s function and vertex ma-
trices that capture the occupation and the coupling of the external fields and the current
to the conductivity, respectively. The trace over the product of those matrices eventually
provides the conductivity formulas. The matrix structure that arises in contrast to an
one-band system and its property to be, in general, non-abelian is crucial. We identified
an one-to-one correspondence between the symmetry of these matrix quantities under
transposition and the symmetry under the exchange of the current and the electric field
directions.

The intraband contribution of the conductivity tensor o*?, where o and /3 are the
direction of the current and the external electric field, respectively, is purely symmetric
in o <> B. The interband contribution of ¢®® decomposes into a symmetric and an
antisymmetric part. The symmetric interband contribution is shown to be caused by
the quantum metric. The antisymmetric interband contribution is related to the Berry
curvature and describes the intrinsic anomalous Hall effect. The conductivity tensor o7,
where «, [ and 7n are the directions of the current, the external electric and magnetic
fields, respectively, describe both the ordinary Hall effect and linear magnetoresistance.
The former one is captured by the antisymmetric part of o®*" with respect to a < 3,
which we denoted as Jﬁﬂ . whereas the latter one is described by the symmetric part. In

this thesis, we focused on the ordinary Hall conductivity and its interband contribution.

Momentum-relaxation rate of arbitrary size

In order to obtain a non-diverging conductivity, a momentum relaxation process is re-
quired. We incorporated this in our theory by considering a simplified phenomenological
momentum-relaxation rate I'. It is assumed to be constant in frequency and momentum
and both diagonal and equal for the two bands. We did not assume any restriction on
the size of I', which allowed us to study the scaling behavior of the conductivity contri-
butions in the clean (small I') and the dirty (large I') limit. We showed that so-called
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spectral weighting factors, which involve the product of quasiparticle spectral functions
of one or both bands only, entirely capture the dependence on the relaxation rate I'.

In the clean limit, we obtained the expected 1/I" scaling of the longitudinal conduc-
tivity [7] and the constant (or ”dissipationless® [43]) limit of the intrinsic anomalous
Hall conductivity. The widely used formula of the anomalous Hall effect by Onoda et
al. [79] and Jungwirth et al. [68] are obtained by our formula of the intrinsic anomalous
Hall effect in the clean limit. We have, thus, generalized those formulas to finite I
The symmetric interband contribution of o*? scales as I' in the clean limit and is, thus,
suppressed. We derived the ordinary Hall conductivity for a momentum-independent
coupling between the two subsystems of the two-band model. We found that the inter-
band contribution to the Hall conductivity tensor UIO{"B " obeys the expected 1/T'? scaling
in the clean limit [42]. The interband contributions are suppressed by a factor of the
order I'?. The relevant energy scale for comparison with I" is the direct band gap be-
tween the lower and upper band. Therefore, interband contributions are of particular
importance for small gaps, for instance, at the onset of order.

The validity of the derived formulas for a relaxation rate of arbitrary size allowed us
to perform a systematic scaling analysis of the different contributions in the dirty (large
[') limit. We provided the precise prefactors of the expansion in powers of 1/I', which

were shown to be helpful in our applications that we will specify below.

Relation to quantum geometry

The coupling of the current to the external electromagnetic fields are described by the
vertex matrices. We showed that those vertex matrices, which are essentially given
by the momentum derivative of the Bloch Hamiltonian, split into a diagonal and an
off-diagonal part when expressing them in the eigenbasis of the Hamiltonian. The off-
diagonal parts eventually led to the interband contributions. Since the eigenbasis is, in
general, momentum dependent, the change of the basis results in terms that involve the
momentum derivatives of the eigenbasis, that is, the Berry connection. This suggested a
deeper connection to concepts of quantum geometry. Indeed, we found that the interband
contributions of the conductivity tensor ¢®® are controlled by the quantum geometric
tensor 7;"‘5’” of the underlying eigenbasis manifold of the lower and upper bands n = +.

Its real (symmetric) part is the quantum metric and its imaginary (antisymmetric) part is
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the Berry curvature. The symmetry in o <+ § shows again its usefulness in disentangling
contributions of different physical origin. We saw that the intraband contribution of the

A involves the quasiparticle effective mass since the quantum

Hall conductivity tensor oy
metric correction was shown to drop out. This was already recognized by Voruganti et

al. [42] without noticing the connection to quantum geometry.

Intrinsic anomalous Hall effect

We identified the antisymmetric interband contribution of o*? to describe the intrinsic
anomalous Hall effect, which is caused by the Berry curvature and not by (skew) scat-
tering. Our formulas of ¢®? are closely related to the formulas derived by Bastin et
al. [75,77] and Stieda [76,77]. We gave a new derivation following Bastin et al. [75] in
our notation and discussed the precise relation to our formulas.

In Sec. 1.3.4, we proposed a different definition of the so-called Fermi-sea and Fermi-
surface contributions of the conductivity than previously proposed by Streda [76]. His-
torically, the definition is based on the involved Fermi function or its derivative so that
the relevant energy states are restricted to the Fermi sea or the Fermi surface, respec-
tively. However, this definition is not unique due to the possibility of partial integration
in the integration over the internal frequency. In contrast, we have based our definition
on the symmetry under exchange of the current and the electric field directions. We
found that the symmetric contributions and the antisymmetric contribution of the con-
ductivity tensor o involve the derivative of the Fermi function and the Fermi function,
respectively, when we expressed the contributions entirely in terms of quasiparticle spec-
tral functions. The same decomposition naturally arises when decomposing the Bastin
formula [75] into its symmetric and antisymmetric part. Therefore, we argued that the
symmetry in « <+ (3 is the fundamental property to split contributions of different physi-
cal origin, whereas the distinction in Fermi-sea and Fermi-surface contributions is merely
a change of view.

In Chapter 2, we applied our general theory to different models of recent interest. By
this, we exemplified the broad and easy applicability, and highlighted different aspects
of the general insights. In the first part of the applications in Sec. 2.1, we focused
on the anomalous Hall effect. The anomalous Hall conductivity is connected to the

(integer) Chern number, which is a topological invariant, via their dependence on the
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Berry curvature. This can lead to a quantized anomalous Hall conductivity under certain
conditions, which we discussed in our general theory in Sec. 1.3.7. Our result is consistent
with previous work [64-68], which we have obtained in the clean (low I') limit of our
formulas. In the first example in Sec. 2.1.1, we discussed the quantized anomalous Hall
conductivity for a Chern insulator at finite I'. We saw that the quantization is violated
for larger I' in the parameter range, where the band gap closes and the Chern number
changes its value. We understood this effect by a partial occupation of the former
unoccupied (upper) band due to finite I'. This reduces the conductivity since the Berry
curvature of the upper band is equal to the Berry curvature of the lower band except of
the overall sign.

In a second example in Sec. 2.1.2, we used our conductivity formulas for a relaxation
rate [' of arbitrary size and their scaling behavior for small and large I', which we derived
and summarized in Sec. 1.3.6. We analyzed the scaling behavior of the anomalous Hall
conductivity with respect to the longitudinal conductivity for a ferromagnetic multi-d-
orbital model, which was proposed by Kontani et al. [73]. Our results are qualitatively
and quantitatively in good agreement with experimental findings (see Ref. [74] for an
overview). Whereas there is a proper scaling of the anomalous Hall conductivity with
o™ o (0%®)" and 0™ o (0**)? in the clean and dirty limit, respectively, we identified
a crossover regime without any proper scaling behavior for intermediate conductivities
o™ =10 — 30000 (Q cm)~!. The conductivity of various ferromagnets were found in this
range [74]. The treatment of intrinsic and extrinsic contributions on equal footing as
well as the experimental and theoretical investigation of the scaling behavior for systems
and models that involve, for instance, vertex corrections, electron localization effects and
quantum corrections from Coulomb interaction is still ongoing research [74,79,83,107—
110] and beyond the scope of this thesis.

Spiral antiferromagnetic order in cuprates

We allowed for a relative momentum shift Q in the spinor of our two-band system. The
system is no longer lattice-translational invariant for a nonzero Q, but has a combined
symmetry in lattice-translation and rotation inside the spinor space, for instance, in
spin space [92]. In Sec. 2.2, we discussed spiral spin density waves as an example of

such systems. A key property of spiral spin density waves, which are described by two
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parameters, the magnetic gap A and the ordering wave vector Q, is that the order needs
not to be commensurate with the underlying lattice to be describable by the two-band
model. The ordering wave vector Q is precisely the relative momentum shift in the
spinor. The magnetic gap A in the spiral magnetic state is momentum independent
and, thus, consistent with our assumption that we used in the calculation of the Hall
conductivity.

We were interested to relate spiral magnetic order with recent Hall conductivity
measurements on cuprates in very strong magnetic fields, so that the superconducting
state is substantially suppressed even at low temperature [10-13]. Following the proposal
by Eberlein et al. [17], the observed drop in the Hall number, which is naively related to
the volume of the Fermi surface, can be explained by a Fermi surface reconstruction due
to the onset of spiral magnetic order at a critical doping p*. This critical doping p* was
experimentally found close to the onset of the pseudogap regime of cuprates, whose origin
is still debated. The longitudinal and Hall conductivity for a spiral magnetic state was
already derived by Voruganti et al. [42]. However, interband contributions were neglected
so far. In this thesis, we provided the conductivity formulas for the spiral magnetic state
including interband contributions as a special case of our results in Sec. 1.4.6.

In Sec. 2.2.3, we discussed spiral magnetic order in the two-dimensional repulsive
Hubbard model, which is known to describe the valence electrons in the CuO,-planes of
the cuprate high-temperature superconductors [40]. Spiral magnetic order was already
found in previous theoretical studies [113-121]. We computed the magnetic gap A(p)
and the ordering wave vector Q(p) as a function of doping p for cuprate band parameters
in a Hartree-Fock approach and by dynamical mean-field theory (DMFT) [4]. Whereas
order parameter fluctuations are neglected in the Hartree-Fock approach, local fluctu-
ations are included in DMFT. The wave vector has the form Q = (7 — 27, 7), where
the incommensurability 7 increases with doping. The magnetic gap A decreases mono-
tonically as a function of doping and vanishes at a critical doping p*. An extrapolation
of the DMFT results (obtained at low finite T') to zero temperature yields an approxi-
mately linear doping dependence A(p) o« p* — p in a broad doping range below p*. The
magnetic order leads to a Fermi surface reconstruction with electron and hole pockets.
Electron pockets exist only in a restricted doping range near p*. The spectral function
for single-particle excitations, which can, for instance, be seen in angular resolved pho-

toemission spectroscopy (ARPES), seems to exhibit Fermi arcs instead of hole-pockets
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due to a strong momentum dependence of the spectral weight along the reconstructed
Fermi surface [17]. This is a consequence of the broken translational invariance of the
spiral magnetic state as pointed out in Sec. 2.2.2.

Whereas the onset of order in the Hartree-Fock approach is far off the experimentally
observed p*, the zero temperature extrapolation of our DMFT results for A(p) yields
p* = 0.21 for Lay_Sr,CuO4 (LSCO) and p* = 0.15 for bilayer YBay;Cu3Oy (YBCO)
parameters. These values are close to those found experimentally [10,12], but we are ob-
viously not in a position to provide accurate predictions for the experimentally observed
critical doping p*. For a better agreement one probably needs a material dependent
modeling beyond the single-band Hubbard model.

In Sec. 2.2.5, we calculated the longitudinal and the Hall conductivity for the phe-
nomenological model proposed by Eberlein et al. [17] and for the ab initio results obtained
by DMFT. We used the phenomenological model in order to study the importance of
interband contributions. A general comparison of energy scales suggests that interband
contributions are of particular importance at the onset of order, where the magnetic gap
A is of the order of a (doping-independent) relaxation rate I'. A numerical evaluation
of the conductivities for band parameters as in YBCO and various choices of the relax-
ation rate I' showed that interband contributions start playing a significant role only for
['/t > 0.1, where t is the nearest-neighbor hopping amplitude. Relaxation rates observed
in recent high-field transport experiments for cuprates are smaller [12,138], so that we
concluded that the interband contributions are not important not due to a general ar-
gument comparing energy scales but due to the small numerical value at the relevant
parameters for YBCO. The application of the formulas derived by Voruganti et al. [42]
in previous studies was, thus, justified.

Using our DMFT results, the longitudinal and Hall conductivities were computed by
inserting the magnetic gap, the magnetic wave vector, and the quasi-particle renormal-
ization Z as obtained from the DMFT into transport equations for spin-density wave
states with a phenomenological scattering rate. A pronounced drop of the longitudinal
conductivity and the Hall number in a narrow doping range of few percent below p*
is obtained in agreement with the corresponding high-field experiments. Note that our
expansion of the current up to first order in the magnetic field is still sufficient for those
high-field experiments since w.7 < 1 still holds despite the high magnetic field [12].

w, is the cyclotron frequency and 7 = 1/2I" the relaxation time. The doping range in
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which electron pockets exist matches approximately with the range of the steepest Hall
number drop, but there is no simple theoretical relation between these two features. For
p > p* the calculated Hall number ny(p) is close to the naively expected value 1+ p for
YBCO parameters, but significantly higher for LSCO. From a theoretical point of view,
this is not surprising since the band structure near the Fermi surface of LSCO cannot
be approximated by a parabolic band in a broad doping range around p*. For p < p*
the Hall number approaches the value p from above, but converges to this limiting value
only for dopings well below the point where the electron pockets disappear. ny(p) ~ p is
obtained only in a regime where the hole pockets are sufficiently small so that the quasi-
particle dispersion in the pockets is approximately parabolic. In the cuprates, ng(p)
does not converge to p but rather crosses the line ny(p) = p at a doping value a few
percent below p*, and becomes negative at lower doping, presumably due to electron
pockets associated with charge density wave order [146]. Computing charge transport
properties in the presence of charge density wave order on top of magnetic order could
thus be an interesting extension of this work.
To conclude, spiral magnetic order is consistent with transport experiments in cuprates,

where superconductivity is suppressed by high magnetic fields. We finally note that fluc-
tuating instead of static magnetic order should yield similar transport properties, as long

as pronounced magnetic correlations are present.

Outlook and closing remarks

Both the theoretical study in Chapter 1 and the applications in Chapter 2 provided
insights that raise further questions beyond the scope of this thesis. In the following, we
shortly present several paths for extensions.

The conductivity tensor ®?" does not only capture the Hall conductivity but also
the effect of linear magnetoresistance. We could relate the formula of the linear magne-
toresistance to the symmetric contribution of o®?" with respect to the exchange of the
current and electric field directions, that is, the exchange of o <+ 3. The further deriva-
tion of a real-frequency formula for the linear magnetoresistance was not the focus of this
thesis. Nevertheless, the provided general formulas in Sec. 1.4.1 may act as a starting
point for this derivation. We see already at this stage that linear magnetoresistance is a

pure interband effect since the intraband contribution of the symmetric contribution of
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o vanishes identically.

In this thesis, we considered a general two-band model as a minimal model for a
system with multiple bands. A treatment of a model with more than two bands is both
interesting in order to broaden the range of applicability and to potentially gain deeper
structural insights. Some of our derivations in Chapter 1 were already performed for an
arbitrary number of bands, which gave evidence that our developed concepts might be
applicable even for more than two bands and that further phenomena might arise. An
obvious key difference for a n-band system is the presence of n x n matrices instead of the
2 X 2 matrices in this thesis. During our derivation, the conductivity involved the matrix
trace over the two subsystems of the two-band model. In general, the evaluation of this
matrix trace may lead to numerous terms and, thus, may make an analytical treatment
tedious or even impossible for multiple bands. We presented the analysis of the involved
matrices with respect to their behavior under transposition as a useful strategy to reduce
this computational effort. This strategy may also be useful for an analytical treatment of
multiband systems. Furthermore, it could be used for higher order expansions in electric
and magnetic fields.

We could relate the different interband contributions to concepts of quantum geom-
etry. A nonzero quantum metric and Berry curvature are responsible for the symmetric
and antisymmetric interband contribution of 0®?, respectively. It might be an interesting
question how those or other concepts of quantum geometry can be connected to transport
phenomena beyond the scope of this thesis. Our microscopic derivation suggests that
the precise way in which those concepts have to be included in other transport quantities
is nontrivial. We presented the gauge invariance with respect to the U(1) gauge in mo-
mentum space as a potential guide for identifying further physical (gauge-independent)
quantities beyond the quantum metric and the Berry curvature.

We considered a phenomenological relaxation rate I' that is constant in momentum
and frequency as well as diagonal and equal for both bands. Abandoning any of those
assumptions needs a re-analysis of the presented derivation. We expect that several
concepts, which we found throughout this thesis under those assumptions on I', will
still be useful for these generalizations. A microscopically derived relaxation rate I,
for instance, due to interaction or impurity scattering depends on details of the models,
which we did not further specify in our general two-band model. A microscopic derivation

can, for instance, be performed within a Born approximation [6], which then can be used
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to concretize the range of validity. For example in the context of the anomalous Hall
effect, such a microscopically derived I is important to treat intrinsic and extrinsic effects
on equal footing as we have already pointed out above.

To conclude, we presented a theory of conductivity that includes interband contribu-
tions. In our analysis of the conductivity for a very general two-band model, we could
identify several concepts that helped us to gain deeper insights, which were not only
useful for the analysis and applications in this thesis but may also be useful for further
research beyond the presented scope. The application to recent experiments showed that
the consideration of interband phenomena is not only important to gain a solid assess-
ment of the applicability of formulas but also for a better understanding of fascinating

phenomena that are intrinsically linked to the presence and interplay of multiple bands.
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A Conductivity in the low-field limit

For a given dispersion €, the conductivity tensor c*?[B] that includes the effect of the

external magnetic field B(r, ) is shown to be

(0°*)iB) = ~r | (;l;)’d F(ep = 1) V. (A1)

where V, = V(p) is the average velocity over the history of the electron orbit [5]. For
simplicity, we assumed the lifetime 7 to be constant. The weighted average of the velocity

is given by

0
dt
Vp = / — et/T Vp(t) » (AQ)

oo T

where vy is the solution of the semiclassical equation of motion in a uniform magnetic
field,

at I‘(t) = Vp(t) = vp€p|p:p(t) s (AB)
8tp(t) = —€Vp@p) X B, (A4)
with initial condition p = p(t = 0) and momentum derivative V, = (e, Opy, Op=).

Solving (A.4) up to linear order in B, we obtain the velocity
Vo) X Vp_evyxBt ~ Vp — e./\/l;1 (Vp X B) t, (A.5)

where we introduced the effective mass tensor

s _ D%ep
OpOph

(M) = (V,08)

1 PP
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After performing the remaining integration over time ¢, we obtain the weighted average

of the velocity up to linear order

vV, =V, +er M (v, xB). (A7)
For a quadratic dispersion €, = p?/2m, we have er|B|M™ = w,r1 with cyclotron
frequency w. = e|B|/m. The first term in (A.7) gives (2). The y component of (A.7) for

a magnetic field in z direction B = Be, reads

(A.8)

D¢, Oep e, Oep
Op=Opy OpY ~ OpvOpY Op® )

Ei’, = Ug +erB ( —
By inserting this result in ¢*¥[B]/B in (A.1) and performing partial integration in mo-

mentum by using the chain rule f’(ep — p) Oep/Op™ = Of (€p — p1)/Op®, we obtain off” in

(3).
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B Peierls substitution

B.1 Hopping in real space

The Peierls substitution adds a phase factor to the hoppings in real space. Thus in order
to apply (1.7), we Fourier transform the diagonal elements €, , of the two subsystems
v = A, B and the coupling between these two systems A, of Hamiltonian (1.1) to real
space. The Fourier transformation of the creation operator c;, and ¢, were defined in
(1.4) and (1.5). The intraband hopping t;;7, = t;; ., of one subsystem, which is defined
by

{
Z “p+QuvfprCp+Qu v Z Civ j]’ vCitw s (Bl)
p
is given by
1 ir.p ir,.-Q
b= (L3 cpuemn) v )
P

We see that the intraband hopping is only a function of the difference between the unit
cells, r;;; = R; —Rj.. The fixed offset Q, leads to a phase shift. The interband hopping

t;;7 ap between the two subsystems, which is defined by

1 — f
Z Cp1Qa.ALpCp+QpB = Z Cjaljj aBCj B 5 (B.3)

p Js3’

is given by

tjjAB _< ZA Pt tPas PB)) eii(QatQa)/2

< o jj,-(QA—QB) ci(PaQa—ppQp) (B.4)
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We see that it is both a function of r;;; and the mean position between the unit cells
R, = (R; + Rj)/2, which breaks translational invariance and is linked to nonequal
Q4 # Qp. Similar to (B.2), we have different phase shifts due to p, and Q,. Those

phases are necessary to obtain a consistent result in the following derivations.

B.2 Derivation of the electromagnetic vertex 7,

We derive the Hamiltonian H[A] given in (1.8) after Peierls substitution. We omit the
time dependence of the vector potential A[r] = A(r,t) for a shorter notation in this
section. The Peierls substitution in (1.7) of the diagonal and off-diagonal elements of
Ajjo defined in (1.6) and calculated in (B.2) and (B.4) in the long-wavelength regime read
tjj’,u — t?j’,l/ = tjj’,u e_ieA[RJ'j'—FpV]'rjj’ , (B5)

. +
tjj’,AB N t?j',AB = tjj’,AB e—zeA[Rjj/+PAQPBf]‘(I‘jj/-'rPA_pB) ) (B.G)

In a first step, we consider the diagonal elements. We expand the exponential of the
A

Ji'wv
of the vector potentials (A[R;; + p,] - rjj/)n via (1.10). We get

hopping ¢ after Peierls substitution given in (B.5) and Fourier transform the product

(_/Le)n 7 m* ol -
th, =D nl D gt Rt [Ty Ag,, (B.7)
n q1---dn m

After insertion of the hopping (B.2), we Fourier transform tfj,,l, back to momentum space

A

defining €., , via

TLA _ T A
Z i i Ciry = Cpt Qo Epp’ v Cp/+Qu - (B.8)
Ji’ pp’

The summation over R;; leads to momentum conservation. The phase factor propor-
tional to the position p, inside the unit cell cancels. During the calculation, we can
identify

A0 (B.9)

q
P=Po

. ' e,
_ %ZZEP,V elr]-]-/-(P*PO) (rjj/ . Aq) — Z 66%

P r;y a=z,y,z
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as the derivative of the band €y, at po = (p + p’)/2. We continue with the off-diagonal
element. The derivation of the interband coupling after Peierls substitution, which we
label as Asp,, is analogue to the derivation above. The phase factors in (B.4) assure that
we can identify the derivative of the interband coupling A, via

i i(r. ./ — (p— aA o
=72 At a0 (s py — pp) Mg = ) apf Ag-
P rj a=x,y,z P=Po
(B.10)

As in the diagonal case, the summation over R;; leads to momentum conservation and
additional phase factors drop. Finally, we write the result in matrix form and separate
the zeroth element of the exponential expansion. We end up with the Hamiltonian of

the form (1.8) and the electromagnetic vertex #pp given in (1.9).
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C Current

C.1 Grand canonical potential

Since the action S|V, ¥*] in (1.13) is quadratic in the Grassmann fields U and U*, the
Gaussian path integral leads to the partition function Z = det (g_l 4 ), where the
Green’s function ¢ and the electromagnetic vertex ¥ are understood as matrices of both
Matsubara frequencies and momenta. The grand canonical potential €2 is related to the
partition function via Q = —T'In Z with temperature T" and kg = 1. We factor out the
part that is independent of the vector potential, that is Qy = —T TrIn %!, and expand
the logarithm In(1 —z) = — )" 2"/n of the remaining part. We obtain

Q[A] = QO+Ti%Tr(%"I/)”. (1)

Using the definition of the Green’s function and the vertex in (1.9) and (1.14), one can

check explicitly that Q[A] is real at every order in n.

C.2 Expansion of the current in the vector potential

The current density j¢ in direction o = z,y, 2 and Matsubara frequency and momentum
q = (iqo, q) is given as functional derivative of the grand canonical potential with respect
to the vector potential, j& = —1/L0Q[A]/0A%,. The Green’s function ¢ in (1.14) has
no dependence on the vector potential. We denote the derivative of the electromagnetic
vertex, the current vertex, as 7/;“ = —1/L§V /A%, and expand Q[A] in (C.1) up to
third order. We obtain

q

Je=TTe(9V)+TTe(GVGY)+TT(GVGVGY ) + ..., (C.2)
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where we used the invariance of the trace under cyclic permutation to recombine the
terms of the same order. Both the electromagnetic vertex #” and the current vertex ”/7(10‘
are a series of the vector potential. In the following, we expand the current up to second
order in the vector potential. The expansion of the electromagnetic vertex 7 is given in

(1.9). The expansion of the current vertex reads

q,pp - LZ nl Z )‘iler o Aal' Aan 52 qm,p—p'+q - (C-3)

q1---gn
a1...0n

Note that the current vertex ”//qc;)p has a zeroth order, which is independent of the vector

potential, whereas the electromagnetic vertex 7, is at least linear.

We expand the three terms in (C.2) in the following. The first term in (C.2) involves

Tr(97,) = —e— Ztr ZANE (C.4)

—ezz Ztr )\O"B (C.5)
——Z Zt GNP AT AT (C.6)

+O(AY. (C.7)

The first term (C.4) corresponds to a current without any external fields. The second
term (C.5) is known as diamagnetic contribution of the linear conductivity. We expand

the second term in (C.2) up to second order in the vector potential and obtain

T (97, °97) =—e Z Ztr G Nyi1 Gy a] Ay (C.8)
- —Z Ztr G001 % M| AR AT, (C.9)
_§ZEZt g)\av ngrq’)‘ﬁ }ABA’Y ! <C'10)
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ap B
- Z Ztr ) V] +q%p+q,A +%,+%}Aq,A;’_q, (C.11)
+ O(A3)- (C.12)

The first term (C.8) is known as paramagnetic contribution of the linear conductivity.
The two contributions (C.10) and (C.11) are equal by shifting and renaming the sum-

mations. The third term in (C.2) up to second order in the vector potential involves

Tr(gﬂ//'ag”//w/)
=—z Z Ztr [ G0 3G qu+q,A5 }Aﬁ Al (C.13)
a B B
_ - Z Ztr (SN AL SRRV A JALAY (C.14)
+0O(4%). (C.15)

The two terms (C.13) and (C.14) are equal by shifting and renaming the summations.
By collecting the zeroth-, first- and second-order contributions we can identify j, Hgﬁ
and HZE,“’ defined in (1.16), respectively. Note that the involved Green’s function and
vertex matrices in the expressions above do not commute in general. Our derivation

above respects this issue.

C.3 Current without any external fields

The current without any external fields, that is the first term of (1.16), is independent

of the vector potential and is given by

= —e— Ztr (9, )]0 (C.16)
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We perform the Matsubara summation and diagonalize the Bloch Hamiltonian A,. The

current without any external fields reads
io=-7 Z/de f(e) Z Al (e) By, (C.17)
P n==+

involving the Fermi function f(¢), the quasiparticle velocities £ = 0,E7 of the two

quasiparticle bands EX = J(epa + ep5) £ \/TIL(EP,A —ep.)? +|Apl? and the spectral
functions A¥(e) = I'/w[(e — EE)? 4 7] ~'. In general, the contributions at momentum
p are nonzero. If the quasiparticle bands fulfill E*(p) = E*(—p — p¥) for a fixed
momentum p*, we have E5%(p) = —E®%(—p — pT). Thus, the current j¢ vanishes by

integrating over momenta [42].

C.4 Linear electrical conductivity

We combine the linear terms (C.5) and (C.8) in order to identify the polarization tensor
Hg‘ﬁ in (1.16). We write the Matsubara frequencies and the momenta explicitly, shift the

momentum summation and obtain

T
a2 « B af
Hiqo,q =€ E Z tr [gipoyp*Q/Q )‘p gipo+iqo,p+q/2 )‘p + Cjizoo,p >‘p ] : (C'18>

ipo,P

Note that the second term is the ((z’qo, q) = 0) contribution of the first term: We use
the definition A%° = §,A2 in (1.11) and perform partial integration in the momentum
integration over p®. The derivative of the Green’s function is 9,9, , = 9, b Ap Gipo.p>
which follows by (1.14).

We assume a uniform electric field E(¢), which is entirely described by a uniform
vector potential AF(t). Thus, the corresponding vector potential after Wick rotation
and Fourier transformation yields Ag = Aif 0q0- We drop the momentum dependence

of the current and set g = 0 in (C.18). After using the invariance of the matrix trace

under cyclic permutation, we obtain (1.21).
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C.5 Hall conductivity

We assume a uniform electric field E(¢) and a static magnetic field B(r), which can be
described by the sum of a uniform and a static part of the vector potential A(t,r) =

AE(t) + AB(r). After Wick rotation and Fourier transformation, we have A’fqo q =

AZO’B dgq0 + Ag’ﬁfxqmo. The product of two spectral functions with this form yields
Ap Ay = A AL Oq oBiagian + A Aigeia a0 Ot + (C.19)

where we do not consider the terms that will be eventually quadratic in the electric
and in the magnetic field. We combine the six second-order terms (C.6), (C.9), (C.10),
(C.11), (C.13) and (C.14) to HZ‘Z?Y. We use (C.19), which defines the polarization tensor
of the Hall conductivity via jg, , = — >4, HgngngqB” with ¢ = (igo,q). We obtain

after shifting the momentum integration

I = Z ] Gy A (C.20)
iz tGiop A Diporiaon Mo (C.21)

+Yop-2 3 Goprs M (C.22)

T Dipop-2 2 Gipotigoptd A (C.23)

+ i, p—3 Ao Gipotiqo, p+d Ao Dipotiao, p-3 )\’B _q (C.24)

+Gipo, p-9 Ao Diposio, p+d /\p+qgip07p+% Ap ] (C.25)

By partial integration in momentum p?, we find that (C.20) and (C.21) are equal up to
a negative sign to (C.22) and to (C.23)-(C.25) at zero q, respectively. We will indicate
this subtraction by the notation (q = 0) in the following. We get

5 =% Ztr wop-3 N Dpoprs A (C.26)
i tGiop-2 o Giporiaop+2 Ay (C.27)

+ i, p—3 Ap gipo—&-iqmp-i-% )‘f,Jrg gipo,p—i—% Ap (C.28)

+ Yo, p—2 A gipo—‘—iqo,p-l-% Ay Giporico, p-d )\ﬂ _a (C.29)

—(q=0)]. (C.30)
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After partial integration in momentum p°, we see that (C.26) is equal up to a negative
sign to the three other contributions at zero igy. We denote this subtraction by (igy = 0)

in the following and get

I = Z 0] Grigopr s X D3 Mo (C.31)
e + Gipo-tigop+3 )‘p+q Divop+2 b Dipop—9 b (C.32)

D i3 Gipaprs A Gop-a Ay (C.33)

— (@ =0) = (igo = 0)] . (C.34)

We continue by an expansion in q. The constant zeroth order drops. The linear order

Hglf’:jo =0/0¢° Hggmq:o with ¢ = (igo,q) and ¢° the § component of q reads
a 9
Engo - Z tr Zpo-qu,p /\ga gipo,p A gzpo,p p (0-35)
Zp()yp Oé K} ﬁ
+Yio—icow *» Fipor 2o Zipop (C.36)
B 5
T Gipotiaon o Tiron 2 Yivow p Dipop Mo (C.37)
A d
+Dipo—iaow *» Tipop Ao Zipop b gzpop P (C.38)
é B
+ gpo-ﬁ-zqo p /\p gzpoﬂqo P /\p Eq%po P Ag gﬁpo o} p (0-39)
— (igo = 0) — (v > 0)], (C.40)

where we indicated the subtraction of the same terms with exchanged indices by (v < ).

We perform partial integration in momentum p° of the term (C.35) and obtain

gg?go - Z tl" ZPO'H(IO P )\g glpo PP g%Po P )\37 (C'41)
B R %popxi, Do N (C.42)

+ gPO‘“QO P AP glpo PP gqlpo P X]Z’ %Po P P (0‘43)

+ %PO iq0,Pp 'P glpo 1 )\i) glpo P )\’FY’ glpo p p <C'44>

— (igo = 0) — (7 > 5)] . (C.45)

In a last step we split (C.41) and (C.42) into two equal contributions and perform partial
integration in p”. We separate the four contributions that involve three vertices and the

two contributions that involve four vertices and end up with (1.23) and (1.24).
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D Second-order vertex of a multi-

band system

We calculate the second-order vertex 5\35 = 8a855\p of a general multiband (and not
necessarily two-band) Bloch Hamiltonian ;\p in its orthonormal and complete eigenbasis
|np) with eigenvalues E7. By considering the momentum dependence of the eigenbasis

and the product rule, we get

(1) @053, Iy = 50,05 ((ny gl (D.1)
_ %((@aaﬁnp|xp|mp> + (g Ap|0u85m,) (D.2)
= (0 AZlmy) + (ny XalD5m,)) (D.3)
— (Bany Mg Oy (D.4)
+ (). (D.5)

The expression is symmetric in a <> . We indicate the addition of all previous terms
with exchanged indices as (o <> ). We use 5\p|np> = Eplnp) and (np|Ap = ES(np|
in the terms (D.1), (D.2) and (D.4). The first term (D.1) is the inverse quasiparticle
effective mass Epef = 9,05 E}. In order to calculate the first terms in (D.2), we use the
identity
(OaOsnp|mp) = [aa(<aﬂnp|mp>> — (Osnp|Oanp) + 85<<3anp|mp>> — {Oanp|Onp) | ,
(D.6)

N —

which can be checked by performing the derivatives on the right-hand side, explicitly.
We immediately identify the definition of AS™™ = i(ny|0amp) in the first and third term
and after inserting the identity 1 = ), |lp)(lp| in the second and the forth term. After
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similar steps for the second term in (D.2), we obtain

) 1

2
(0a0nplmy) = 5 (0, A5 4+ 9y AL™™) — 3 D (AprAghm 4 AGAR™) (D)
l
i 1
(np|005my) ==5 (0, AR™" + 0pAF™™) — 5 3 (AMAR!™ + AG™AZ™) . (D.8)

l

In order to further simplify (D.3), we insert the identity 1 = ), |I) (lp| and use (lp|5\§|mp)
Oy EZP + i (EL — ET) ABI™ which is given in (1.46). We get

Im —p

3 - fa,nm pm, l m\ go,nl 4B8,lm
(OunplAplmy) = iAZ™ETS N " (Bl — EF) Agm AR (D.9)
l
I -, fB,nm l n\ Aa,nl AB,lm
(ng|A&|0gmy) =—iEpeAZm™ — " (EL — Ep) Aam AR (D.10)

l

We re-express the last term (D.4) by inserting the identity 1 = ), |l)(lp| and using
that Ap|lp) = Ej|l,). We obtain (0,n,|A,|05m,) = >, ELAS™AS™ . After combining
all terms, we end up with the generalized effective mass in the orthonormal eigenbasis
of the Bloch Hamiltonian

(np] (aaaﬂj‘p) mp) (D.11)
1
= 5 0um By (D.12)
+i(Bp® — B ) AP (D.13)
/ 1
5 (Bp — B) (AR + Y [Bh — 5 (Ep + B Agm A (D.14)
l
+ (<> f). (D.15)

Note that the expression only involves the eigenenergies or its derivatives as well as the
Berry connection or its derivative. The full expression is symmetric in « <+ 3. Perform-
ing the gauge transformation Ag5"" — Ag’”me_iwg_%ﬂ) — Oy, @™ 10 the result above
explicitly shows that each line individually transforms with a phase factor e “#—%").
The momentum derivatives of ¢ and ¢ drop. The diagonal component for n = m is

explicitly given in (1.61). The off-diagonal component for n # m reads (1.62)-(1.65).
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E Simplifying the triangular and the

rectangular contributions

We present the detailed derivation from Egs. (1.153) and (1.154) to Eq. (1.157). We start
by expressing all involved matrices of the triangular and the rectangular contributions in
the eigenbasis of the Bloch Hamiltonian A\,. We decompose the first-order and second-
order vertices in their diagonal and off-diagonal components via Ug)\gUp = &y + Fp
and UIASPU = (M1)ef + Fof | which were defined in (1.40) and (1.66), respectively.
Using that only an even number of off-diagonal matrices give a nonzero matrix trace, the

triangular contribution in (1.153) decomposes into four contributions, which we label as

(tri, T) = iTrH Gintians &6 G €3 Ginnp (MO (E.1)
(tri, 1) = %TrH :gipoﬂqo,p FLGiin&d Givop fﬁ‘s] : (E.2)
(tri, III) = iTrH :gipo viaop € G o F G o Fﬁ‘s] : (E.3)
(tri, TV) = iTrH :gipwqo,p F3 Ginon Fo Givop (/\/l‘l)f,5] : (E.4)

We use our results in (1.149), (1.151) and (1.152) for the considered special case of a
momentum-independent gap. The inverse generalized effective mass is given by (M‘l)gﬁ =
535 — ZSp}'gfg , where we defined S, =1/ (E;; —E; )Tz. The part of the fourth contri-
bution involving QSp]-"gfg vanishes by the antisymmetry in § <> -, so that

|
(tri, IV) = S Tr, [g oG Frg. &P

ipo+iqo,p pgz‘po,p p “ipo,p P }

(E.5)

Performing the same decomposition and dropping zero contributions due to the matrix

trace, the rectangular contribution in (1.154) decomposes into eight contributions, which
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we label as

(106, 1) = 350 [ &5 i & G5 Gonp i |+ (EO)
(rec, II) = iTrH :gz’po+iqo,p b Yo €p Gipop ]:g Gipo.p }—5: ’ (E.7)
(vec, TH0) = ST (G i &6 Gino 73 Ginon €6 Gim 75 |+ (E9)
(106, V) = 100 G100 65 Gin 73 Ginw Fo O €6 |+ (B9)
(106, V) = 304G 75 i & Gin €3 G Fa | (E-10)
(106, VI) = {00 (G100 75 Gin &3 Gimnp FoOinp €6 |+ (ELD)
(rec, VII) = %TrH :gipwqo,p Fo Givor T Yivop 52 Gipo.p 55 ; (E.12)
(rec, VIII) = iTrH :Qipﬁiqmp F Givoo o Givow Fo Givop «7:5: : (E.13)

The four contributions
(rec,I) = (rec, IV) = (rec, V) = (rec, VIII) =0 (E.14)

vanish due to their antisymmetric counterpart in (y <+ 4), which follows from £1G,, €5 =
Sggmpgg and ]—“ggipojp}“g = ]—“ggimpfg. Note that (E.14) is only valid under the as-
sumptions and resulting simplifications of the momentum-independent gap and the spe-
cific gauge choice, such that F} oc 7,. Furthermore, we have (rec, II) = (rec, VII) and
(rec, III) = (rec, VI). In order to see this, note that all terms are symmetric under
matrix transposition and do not change sign under simultaneous change of both indices
a <> § and v <> 0. We continue by applying the identity (1.155) to the remaining two

contributions. We get

1
(rec, H) + (rec, VH) =+ §TrH [gipoJriqo,p 53 gipmp Sg ]:g gipo,p Sp ]:g] (E'15)
1 o 5
+ §TrH [gipoﬂqo,p gp gipo,p 5; Sp gipo,p ‘Fp ]:5] ) (E'16)
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1 o 0
(vec, V1) + (vee, 111) =+ 5Tt | Go viay0 P Gipo &3 i G So €1 | (E.17)
L FS &S FEs E.18
T 5t Givo+iao.p Fo Givo.p €p Sp Gipop Fp p | - (E.18)
Let us first combine the two lines (E.15) and (E.17). Similar to (1.155), we have the
algebraic relation Gf, Gy = (G -G, )/ (Ef — Ey) with G, = [ipo— Ex +
il'sign(p)]~*. Thus, it immediately follows that
T Z GopGivo (Ciotiaon = Gpino—iao) (E.19)
=T Z Gopop G, p Gipo-iqo.p G;,ipo—iqo) . (E.20)

Thus, summing up the two lines (E.15) and (E.17) and performing the matrix trace,
explicitly, leads to
1 FEFy i +8 _ -8
(E.15) + (B17) = — > oy (ES7 + BB — ESP) — (a4 B)— (043 7)

2L & S P

+
xT Z GZPO P~ ipo, p ZPO‘HQO p GP 1po— Zqo) : (E21)

It involves the eigenenergies E;f, their derivatives as well as the off-diagonal component
FY of the first-order vertex F. After using the identity (1.156), the bracket [---] in
(E.21) vanishes by antisymmetry in the indices o <+ 3, so that

(E.15) + (E.17) = 0. (E.22)

We continue with the term in line (E.16). We commute the two diagonal matrices S
and Gy, p. We identify 28, FSF) = E5° — (M~1)52. Thus, we get

(tri, II) + (E.16) = iTrH G ES Ginon Ea Ginop EL°] (E.23)

ipo+iqo,p “P Jipo,p VP Tipo,p “P

We consider the remaining term in (E.18). We split it into two equal parts. In the

first part, we reintroduce the derivative with respect to p? of the Green’s function after
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commuting the diagonal matrices Sp and Gjp, p:

1
X (B18) = 7T |G iz o (02G00) So o &5 (E.24)

P PP

DO | —

In the second part, we first shift the Matsubara summation ipy, — —ipy and change
the overall sign via its corresponding contribution in (ipy — —ipy). After reversing
the matrix order under the trace, commuting S, with Gy 1iq p, and reintroducing a

derivative with respect to p” of a Green’s function, we get

1 1 X
5 % (B18) = = Tru | (9, Do) Fs G € i S| - (E.25)

We use the identity Elf ]-"SSP = Sp}"gé'g + nggSp — Sp}"gé'g, which immediately follows
from (1.156). Only the last term is nonzero. The first two terms vanish by the antisym-
metry in « > 5. We sum up (E.24) and (E.25) and perform a partial integration in p?
in (E.24). The term with a derivative acting on the Green’s function cancels (E.25), and

we obtain four remaining contributions:

(E.18) = — ;LTrH :gipo-&-iqo,p (0,F2) Gipop So Fo gg: (F.26)
B %ITYH Ginsinon 75 Gino (0:,) Fh &L (B.27)
- éllTrH :gip0+iq0,P T Gipop Sp (0, 73) 55: (E.28)
TG0 T G S, 7 0.50)]. (w29

We go through the four terms: (1) The derivative in (E.29) is by definition 0,5 = £57.
(2) The term in (E.27) containing 0,S, cancels by the corresponding part in (y >

) 2
J), since (8781)).7-"3 = 87(F1E;)Fg T Ty = —mprgFg T.7T., where we used the

explicit form of F7 in (1.151). (3) In order to see the cancellation of (E.28) containing

0, F) we use Fy = F) 7, = E;_AE; hd 7, given in (1.151). The derivatives of 1/(E] — Ey)
5 : : - o

and hy, cancel by the corresponding part in (v <> ). (4) For (E.26) containing 0, ', we

use the explicit form of 7 in (1.151). Whereas the derivative of 1/(E£ —E,) cancels due

to the corresponding part in (7 < d), the derivative of A5 now produces the off-diagonal

matrix of the second-order vertex F37 = E;{AE; hgY 7, given in (1.152). Thus, the four
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terms finally reduce to

1 o 5
(E.18) = — Ty (G0 T S Gipo P 1| (E.30)
1 o 5
- ZTrH [gipoﬂ'qmp ‘Fp Sp gipo,p ‘Fp 557] ‘ (E'31)

We commuted S, and G, . We reinstall three Green’s functions in both terms by using
the identity S,G; Fl =g, _F°G — }"f,g S, The terms containing S, cancel

ipo,p” P ipo,p” P7ipo,p ipo,p= P’
by the corresponding term in (igy <> —iqo) when shifting the Matsubara summation and
commuting the matrices. We end up with identifying

(E.18) = —(tri, ITT) + (tri, IV). (E.32)

Combining all contributions leads to the final result in (1.157).
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F Matsubara summation

We perform the summation over the internal Matsubara frequency ipy and the subsequent
analytic continuation of the external Matsubara frequency iqy — w + 0" of the three
relevant quantities I3, , 17 and Il in (1.84), (1.85) and (1.161), respectively. In this

section, we omit the momentum dependence for shorter notation. We can represent any

Matsubara Green’s function matrix Gy, in the spectral representation as
Ale
Gipo = /dﬁ . ( ) (Fl)

1Pg — €

with corresponding spectral function matrix A(e) = A.. The retarded and the advanced

Green’s function matrices are

A(€)
R __ /
6t = fae =37 (F-2)

G4 = /de' _ A (F.3)

€ —¢e —i0t "

We define the principle-value matrix P(e) = P, via

Ple) = PV. / ge A (F.4)

)
€—¢

where P.V. denotes the principle value of the integral. Using the integral identity

e_e'iim = P-V-E_IE/ Famw 5(6 - 6/), we have
A== 2ImGl =~ (GF - G (F.5)
T S ” A :
1
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Note that A, and P, are hermitian matrices. The functions to be continued analytically

have the following structure
I:;(;n =T Z tr |:(Gip0+iqo M1 R, Gip0+iq0 Mm) (Gipo N1 R, Gipo Nn) s (F7>
Po

where My, ..., M,, and Ny,..., N, are frequency-independent 2 x 2 matrices. The first
m Green’s function matrices involve the bosonic external Matsubara frequency qo. The
last n Green’s function only involve the internal fermionic Matsubara frequency py,. We
grouped the corresponding matrices by brackets. We insert the spectral representation
(F.1) for each Green’s function and perform the Matsubara frequency sum over the
resulting product of energy denominators. Using Res;,,[f(€)] = —T, where f(e) =
(e/T 4 1) is the Fermi function and kg = 1, we apply the residue theorem to replace
the Matsubara frequency sum by a contour integral encircling the fermionic Matsubara
frequencies counterclockwise. We then change the contour such that only the poles from

the energy denominators are encircled. Applying the residue theorem again yields

1 1 1 1
T () ()
0 1Po + 140 — €1 tPo + G0 — €m WPo — €& Po — €,
1 1 1 1
_ﬂel)(el—eg“'el—em)(—iqo—i-el—e’l'“—’iqo—i-él—e’n)+
1 1 1 1
(YL )
€Em — €1 €Em — Em—1 —1qo + €m — €] —1q0 + €m — €,

, 1 1 1 1
+ f(ey) | - - - - - + ...
1q0 + €] — €1 190 + €] — €m €, — €y € — €,

1 1 1 1
/ 9 F8
+f(€”) (iq0+€;1_61 iqo—i-e’n—6m) (62—6/1 6%_5%—1) ( )

where we grouped the product of m and n energy denominators for a more transparent

representation. This expression can be analytically continued to real frequencies, easily,

by replacing igy with w—+140". Performing the integrals over €, ..., €, and €], ..., €, then
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yields
Igl’":/defetrKAeMlPGMQ . PMy 4+ P M, ... PEMm,lAEMm>
xGA N, ...GA N,
+ / def. tr [Gﬁw M, ...GE M,

X (AeNlPeNQ PN, +---4+ PN, ... PeNn_lAgNnﬂ,

(F.9)

where we identified the retarded Green’s function matrix G, in (F.2) at frequency

€ + w, the advanced Green’s function matrix G4

€E—w

in (F.3) at frequency € —w and the
principle-value matrix P. in (F.4). We can understand the sum in the brackets as all
combinations to place one spectral function A, at all positions before the matrices M;
and ;. Note that the involved matrices do not commute in general. The special case of

no external Matsubara frequency iqq reads

13;”:/d.sf;u«[AeNlP€N2 ...P.N, 4+ PN, ... PN\ 1 AN,| . (F.10)
Evaluating 1",

results in (F.9) with exchanged GE  + G4 .

that is (F.7) with bosonic Matsubara frequencies at opposite sign,

F.1 Matsubara summation of lfqo and Ifgo

We continue by performing the Matsubara summation and the analytic continuation
of I and If in (1.84) and (1.85), respectively. They consist of three distinct cases.
We use our general result in (F.9). The first case involves the Green’s function matrix

Gipy+iqo leading to

T t2[Gipgriag Mi G Mo |

po

iqo—>w—+i0T

- / de f.tr[A MG M, + GE M AM,) .

(F.11)
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The second case involves the Green’s function matrix G;p,—_iq, leading to

T " t0[Gipgmigy M1 Gipy Mo P / de fotr[AM,GE M, + G M AM,) .
po

(F.12)

The third case involves no bosonic Matsubara frequency igq and is given by

Ty (G MiGipg M|, ov = / de fetr[AcMyP.My + P.MADM,) . (F.13)

Po

We can rewrite these three cases by using

GE =P —irA, (F.14)
G4 = P. +inA., (F.15)

which follows by (F.5) and (F.6), in order to express all results only by the hermitian
matrices A, and P.. The Matsubara summation of (1.84) after analytic continuation

reads
I = %/de ftr [AeMl ((PM —P)+ (P — Pe))MQ
+ ((PM —P)+ (P — P6)> M, A M,
—iTAM, ((Aw A — (A — A6)> M,
- m((Aw A~ (A — AE))MlAGMQ] . (F.16)

We divide by iw and perform the zero frequency limit leading to the frequency derivatives
limg, 0( Pty — P.)/w = £P/ and lim,,_,0(Acxw — Ae)/w = £ AL, which we denote by (-)".
The first and the second line of the sum vanish. We get

lim _w = —T /dE f6 tr [AeMlALMZ + AéMlAGMQ] . (Fl?)
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We can apply the product rule and partial integration in € and end up with (1.86). The

Matsubara summation of (1.85) after analytic continuation is

5=y [desite] =AM ((Prw = P) = (P = P) M,

+ ((PM —P)— (P — PE)) M, A M,
FirAM, ((AM —A) + (Aeey — A€)>M2
- m((AM — A+ (Aey — A€)> MlAEMg] . (F.18)

We divide by iw and perform the zero frequency limit. The two last lines of the summa-
tion drop. We end up with (1.87).

F.2 Matsubara summation of Igo

We continue by performing the Matsubara summation and analytic continuation of Igo
in (1.161). We use our general result in (F.9). We have

T Z tr [Gipo-‘riqo Ml Gipo MZGipO M3} ‘

Po

= / de fotr[A MG M,GE My + GE M AM,P M, + GE M, P.M,A M|

iqo—w—+i0t

(F.19)

and subtract

T Z tr [Gipo—iqo M,y Gipo M2Gip0 M3} }

Ppo

= / de f tr[AM,GE  M,GE My + GE M AM,P.M, + G2 M, P.M,AM,] .

iqo—w—+i0t

(F.20)
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Appendix F

We use Gf = P —imA. and G? = P.+imA, in order to express Igo only by the hermitian
matrices A, and P.. We obtain the lengthy expression
= /de fotr| =AM ((PeswMoPey= PMP.) = (P M Pe= P P.) ) My
A M, ((AE+wM2A6+w—A€M2A€) - (Ae_wMzAg_w—AEMQAED M,
+ ((Peyw=P) = (Peu=P) ) My P-My A My
+ (Pesw—P) = (Pe= P) ) My AM, P My
i AM, ((P€+wM2AE+w—P€M2A6) n (PE_WMQAG_W—PgMQAg)) M,
+inAM, ((AHMMQPEJM—AGMQPG) + (AE,WMQPE,W—AEJ\@PE)) M,
- iw((A€+w—Ae) + (Ae,w—Ae)) My P My A M
- m((AW—AE) n (Ae_w—Ae))MlAEMQPEMg . (F.21)
We divide by w and perform the zero frequency limit leading to the frequency derivatives
limg, o(Pegy— P.)/w = £ P’ and limy,_,o(P.wwMoP.iep, — P.M5P,) /Jw = (P, M5 P.) as well

as the respective combinations with one or two P, replaced by A.. The last four lines

drop. We get

H
lim 2 — 2 / de f. tr[ — AM; (P.MoP.) My + 72 AM, (A Mo Al) M

w—0 W

4 P'M,P.MyAM; + PngAGMQPEMg} . (F.22)

We perform the product rule and end up with (1.162)-(1.164).
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