
Institute of Architecture of Application Systems

University of Stuttgart
Universitätsstraße 38

D–70569 Stuttgart

Masterarbeit

Bringing the Concepts of
Virtualization to Gate-based

Quantum Computing

Marvin Bechtold

Course of Study: Informatik

Examiner: Prof. Dr. Dr. h. c. Frank Leymann

Supervisor: Daniel Vietz, M.Sc.

Commenced: November 20, 2020

Completed: May 20, 2021





Abstract

Quantum computing is a promising paradigm to solve certain computational problems that are
intractable for classical computers. Quantum computers manipulate bits of quantum information
called qubits. Their development has gained momentum in recent years. Cloud providers offered
the first quantum computers for commercial use via the cloud and continue to expand their quantum
computing service offerings. Classical computing in the cloud uses virtualization to abstract from
the physical computing resources to virtual resources. It enables resource sharing among multiple
clients and dynamic allocation of resources to clients and applications. To this end, physical
resources can be aggregated and partitioned to create customized virtual resources. In contrast,
the logical execution of a quantum circuit that illustrates the computation is still tightly bound to
the physical quantum device. Cloud users need to select a suitable physical quantum computer for
their computations. If the calculation requires more qubits than the quantum computer has, the
device cannot execute it. Otherwise, the execution of the quantum circuit blocks the entire quantum
machine regardless of the qubit capacity used. This work develops a virtualization concept for
quantum computing to separate the logical quantum computation from the underlying hardware.
Aggregation and partitioning of quantum circuits decouple the one-to-one relationship between the
computation of a quantum circuit and the execution hardware. The goal is to automate the mapping
between the quantum circuits and appropriate physical quantum execution resources, including
their aggregation and partitioning. The concept is implemented in a prototype and evaluated with
modern quantum computers.
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1 Introduction

The conception of the quantum computer is a computing device that operates according to the laws
of quantum mechanics. Over 40 years ago, Benioff [Ben80] described the first quantum mechanical
model of a computer. The theoretical promise of quantum computers is to efficiently solve problems
that are intractable for classical computers [NC10]. In 1982, Feynman [Fey82] conceived the
idea of using a quantum computer to efficiently simulate the evolution of a quantum system that
seems impossible on a classical computer. Nevertheless, there was no physical realization of a
quantum computer, and it was questionable whether there ever would be one. Despite the lack of
a physical machine, researchers developed the first algorithms that exploit the conceptual power
of quantum computing, such as Grover’s algorithm for unstructured search [Gro96] or Shor’s
algorithm for factorizing numbers [Sho99]. Around the turn of the millennium, scientists realized
the first implementation of quantum algorithms on physical quantum hardware [CGK98; KMSW00].
Today’s quantum computers are called Noisy Intermediate-Scale Quantum (NISQ) machines [Pre18].
Their Quantum processing units (QPUs) provide a limited number of noisy and error-prone qubits.

In recent years, the first NISQ computers have been offered for commercial use via the cloud [Cas17].
It was a crucial step in providing access to quantum computers to a wide audience of researchers
and companies and facilitating further development of the technology [MRN+17]. In addition
to physical NISQ devices, cloud providers also offer simulators of QPUs. The term Quantum
execution resource (QER) combines these two ways of executing a quantum program. To perform a
computation on a cloud-based QER, users must first select a resource. The QERs differ in their
characteristics and capabilities. Second, the user sends an executable, a quantum circuit, to the
selected QER. The QER computes the quantum circuit. After execution, the cloud service returns
the result to the user.

Computation time on a QER, especially on a physical QPU, is a scarce resource. To manage
multiple users’ access to the QPUs, the cloud providers use a time-based resource-sharing model.
The model temporarily assigns QPUs to users for their computation. During this time window,
the QPU exclusively processes the user’s quantum circuit. Other users with pending execution
tasks must wait until a QPU is fully available. Thus, one QPU of the cloud provider executes
exactly one quantum circuit at a time. It follows that the number of qubits of the QPU constrains
the size of the quantum circuit and, conversely, the execution of one quantum circuit blocks an
entire QPU regardless of the qubit utilization. The one-to-one coupling between the execution of a
quantum circuit and the underlying QER is a problem because it prevents an efficient allocation of
resources.

Virtualization plays an essential role in classical computing as an enabler for cloud comput-
ing [Zha18]. It separates logical functionality from physical realization [Scr17], providing the ability
to share computing resources and dynamically map virtual resources to clients and applications
as needed [Zha18]. Virtualization is thus able to free hardware resources from the constraints of
resource allocation in the time-based resource-sharing model. It facilitates resource sharing by
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1 Introduction

aggregation and partitioning. For instance, virtualization allows multiple users to share a large
physical server by partitioning it into independent virtual resources and combining multiple disks
into one virtual cloud storage.

The objective of this thesis is to develop a concept of virtualization for quantum computing in order
to separate the logical computation of a quantum circuit from the underlying physical hardware
realization. To this end, an intermediate software layer is introduced to provide a unified interface
for computing logical quantum circuits over existing quantum hardware. The intermediary routine
automatically maps the quantum circuit to the underlying QERs and executes it. Techniques
that allow aggregation and partitioning of the actual quantum resources are of particular interest.
However, the user should overlook the virtualization process and get the execution results as usual.

The remainder of the thesis is organized as follows. Chapter 2 covers the fundamentals of quantum
computation and virtualization. Subsequently, Chapter 3 summarizes the current situation, presents
the problem in detail, and formulates the research objective of this thesis. Chapter 4 gives an
overview of related work and places it in the context of this thesis. In the following, Chapter 5
presents the developed virtualization concept for quantum computing. Chapter 6 presents a prototype
implementation of the concept. Chapter 7 assesses the feasibility of the concept on the basis of
the implementation. Subsequently, Chapter 8 discusses the result and shows the advantages and
limitations of the presented solution. Finally, Chapter 9 concludes this thesis and provides an
outlook.
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2 Fundamentals

This chapter forms the basis for the rest of the thesis. It establishes the mathematical concept of
quantum computing. We then address the physical implementation of quantum computers and
current quantum cloud offerings. Finally, the concept of virtualization from classical computing is
concisely highlighted.

2.1 Quantum Computation

Quantum computation uses the principles of quantum mechanics to perform computations. A device
that performs quantum computations is called a quantum computer. Richard Feynman was one of
the first to come up with the concept of a quantum computer in 1982 to efficiently simulate other
quantum systems [Fey82]. David Deutsch then extended this idea in 1985 by defining the quantum
Turing machine and stating that a quantum computer can provide a computational advantage over
the classical computer [Deu85]. Furthermore, Deutsch introduced the quantum circuit model in
1989 to represent quantum computations [Deu89]. The following section briefly highlights the
necessary mathematical concepts and abstractions of gate-based quantum computation and the state
of physical implementation. Besides the gate-based approach, there are also the one-way [RB01]
and adiabatic [ADK+08] quantum computation approaches. In this work, only the gate-based model
is considered. Unless otherwise referenced, the core of this section is based on the standard work by
Nielsen and Chuang [NC10].

2.1.1 Qubit

In classical computation, a bit is the basic unit of information. It can be in one of two possible
states: either 0 or 1. Analogous to the bit in classical computation, the quantum bit, or qubit, is the
basic unit of quantum information. The corresponding states of a qubit in the Dirac notation are |0〉
and |1〉, and their vector representation in the standard basis is

|0〉 =
(
1
0

)
, |1〉 =

(
0
1

)
. (2.1)

Unlike the classical bit, which has only these two possible states, a qubit has infinitely many. The
state-space of the qubit is a two-dimensional complex vector space with an inner product called a
two-dimensional Hilbert space. The states |0〉 and |1〉 are the computational basis states and form
an orthonormal basis {|0〉 , |1〉} for the state-space H (� C2). The state vector of a qubit is a unit
vector in the state-space H and describes the state completely:

|k〉 = U |0〉 + V |1〉 =
(
U

V

)
(2.2)

17



2 Fundamentals
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Figure 2.1: The state of a qubit on the Bloch sphere

The coefficients U and V are called amplitudes, and U, V ∈ C. Due to | |k〉 | = 1, U and V must be
bounded by the equation

|U |2 + |V |2 = 1. (2.3)

A characteristic phenomenon of a qubit is superposition. It occurs when U and V are nonzero and
the state of the qubit is an overlap of |0〉 and |1〉.

Given Equation (2.3), the following expression gives an alternative representation of the state of the
qubit:

|k〉 = 48W
(
cos

\

2
|0〉 + 48i sin

\

2
|1〉

)
(2.4)

where \ ∈ [0, c] and i ∈ [0, 2c]. Since global phase factors are not measurable and therefore have
no observable effects, ignoring the factor 48W simplifies Equation (2.4) into

|k〉 = cos
\

2
|0〉 + 48i sin

\

2
|1〉 (2.5)

This simplification allows a geometric interpretation of the qubit’s state. The values \ and i
determine a point on a three-dimensional sphere, often called the Bloch sphere. Figure 2.1 shows
the Bloch sphere and how the angles \ and i define the |k〉 state.

In this representation, the computational basis states lie on the z-axis. The state |0〉 lies at the
north pole of the Bloch sphere, the state |1〉 at the south pole. Other important quantum states with
specific labels are the |+〉, |−〉, |8〉, and |−8〉 states. Their representation in the computational basis
is as follows:

|+〉 = 1
√

2
( |0〉 + |1〉) (2.6)

|−〉 = 1
√

2
( |0〉 − |1〉) (2.7)

|8〉 = 1
√

2
( |0〉 + 8 |1〉) (2.8)

|−8〉 = 1
√

2
( |0〉 − 8 |1〉) (2.9)

The |+〉 and |−〉 states lie on the x-axis, and the |8〉 and |−8〉 states lie on the y-axis of the Bloch
sphere. Each of these state pairs forms an orthonormal basis of the qubit’s state-space.
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2.1 Quantum Computation

Multiple qubits

As in classical computing, it is possible to combine several single qubits into one register. The tensor
product of the state-space of the single qubits describes the state-space of the quantum register:

Hreg = H
⊗= = H=−1 ⊗ ... ⊗ H1 ⊗ H0 (2.10)

Each of the one-qubit state-spaces H8 contains two base states. Combining them into a = qubit
register creates a state-space spanned by 2= base states and results in a 2= dimensional vector
space.

Suppose we have two qubits. The two-qubit register has four computational base states:

|00〉 =
©«
1
0
0
0

ª®®®®¬
, |01〉 =

©«
0
1
0
0

ª®®®®¬
, |10〉 =

©«
0
0
1
0

ª®®®®¬
, |11〉 =

©«
0
0
0
1

ª®®®®¬
(2.11)

Like the single qubit, the quantum register can also be in superposition. Therefore, the general state
of a two-qubit register is as follows.

|k〉 = U00 |00〉 + U01 |01〉 + U10 |10〉 + U11 |11〉 =
©«
U00
U01
U10
U11

ª®®®®¬
(2.12)

Entanglement is a quantum phenomenon involving multiple qubit registers. When the state of a
quantum register can be decomposed into the tensor product of the individual qubits, it is called
separable. However, this is not possible for the vast majority of quantum states [RP11]. These
qubit registers cannot be considered as a pure combination of the individual qubits’ states and
are entangled. More formally, a quantum register of size = is entangled if there are no single
qubit states |G0〉 , ..., |G=−1〉 such that the register’s state is representable as |k〉 = |G0〉 ⊗ ... ⊗ |G=−1〉.
Entanglement is a unique property of quantum computing. It is necessary to exploit this property if
the quantum algorithm is to provide an exponential speedup over classical computation [JL03].

The Bell states {Φ+,Φ−,Ψ+,Ψ−} are an example of entangled two-qubit states and form an
orthonormal basis for two-qubit state-space called the Bell basis. None of them can be represented
as the tensor product of two single qubits. Their representation in the computational basis is as
follows:

|Φ+〉 = 1
√

2
( |00〉 + |11〉) (2.13)

|Φ−〉 = 1
√

2
( |00〉 − |11〉) (2.14)

|Ψ+〉 = 1
√

2
( |01〉 + |10〉) (2.15)

|Ψ−〉 = 1
√

2
( |01〉 − |10〉) (2.16)
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2 Fundamentals

2.1.2 Quantum circuits

In the gate-based quantum computing model, quantum circuits are a graphical framework to describe
a quantum computation. Quantum circuits are composed of gates, wires, and measurements. A
gate represents an operation on the qubits of a quantum computer. It takes as input one or more
qubits and outputs the manipulated qubits. The output number of qubits must always be equal to the
input number. A wire represents a qubit. Following a wire past gates from left to right describes the
transformations applied to the associated qubit. Generally, a measurement is placed at the end of
the wire. In the following, an exemplary quantum circuit with two qubits is shown.

G0 : |0〉 � • -

G1 : |0〉 -

(2.17)

Both qubits are initialized to the |0〉 state. Then a series of one- and two-qubit gates modify the
qubits. At the end, the state of the two qubits is measured. Two characteristics of a quantum circuit
are its width and its depth or length. The width is the number of qubits, and the depth is the length
of the longest sequence of operations on a qubit. In the above quantum circuit, the width is two, and
the depth is three. The operations of gates and measurements are described in more detail below.

2.1.3 Operations

Performing computations on a quantum computer means applying unitary transformations to its
qubits. A unitary matrix * is a square matrix and describes the operation. The matrix-vector
product computes the state that results from performing the operation* on the state |k〉:

|k〉 −→ * |k〉 (2.18)

A matrix* is unitary if*†* = �, where*† is the adjoint of*, and � is the identity matrix. The
adjoint of a matrix * is the transpose of the element-wise complex conjugate matrix of *, or
*† = (*)) for short. Unitary transformations preserve the inner product of two vectors. Therefore,
they are length-preserving and keep the resulting quantum state vectors normalized: |* |k〉 | = 1.
Therefore, a unitary matrix * preserves the validity of the quantum state after its application.
Another essential property of the unitary matrix is that *† = *−1. Thus, any unitary matrix is
invertible, and thus any operation on a gate-based quantum computer is reversible. In the following
sections, the single and multiple qubit operations are explained in more detail.

Single qubit gates

Unlike classical computing, where the NOT operation is the only single bit operation, in quantum
computing, there are infinitely many single-qubit operations. Each 2 × 2 unitary matrix describes
a gate manipulating a single qubit. Table 2.1 gives an overview of frequently used single-qubit
transformations. To apply a single-qubit operation*8 to the 8-th qubit of a quantum register of size
=, the following transformation must be applied to the entire quantum register [RP11]:

* = �1 ⊗ ... ⊗ �8−1 ⊗ *8 ⊗ �8+1 ⊗ ... ⊗ �= (2.19)
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2.1 Quantum Computation

Name Symbol Gate Dirac notation Matrix

Identity � � |0〉 〈0| + |1〉 〈1|
(
1 0
0 1

)
Pauli-X - - |1〉 〈0| + |0〉 〈1|

(
0 1
1 0

)
Pauli-Y . . 8 |1〉 〈0| − 8 |0〉 〈1|

(
0 −8
8 0

)
Pauli-Z / / |0〉 〈0| − |1〉 〈1|

(
1 0
0 −1

)
Hadamard � �

1
√

2
( |0〉 〈0| + |1〉 〈0| + |0〉 〈1| + |1〉 〈1|) 1

√
2

(
1 1
1 −1

)
Phase ( ( |0〉 〈0| + 8 |1〉 〈1|

(
1 0
0 8

)
Table 2.1: Single qubit gates. Matrix representations are with respect to the standard basis.

The most commonly used single-qubit transformations are the Pauli transformations �, - , . , and / .
Applying the Pauli matrices to a single qubit |k〉 = U |0〉 + V |1〉 has the following effect:

� ( |k〉) = U |0〉 + V |1〉 = |k〉 (2.20)
- ( |k〉) = V |0〉 + U |1〉 (2.21)
. ( |k〉) = 8V |0〉 − 8U |1〉 (2.22)
/ ( |k〉) = U |0〉 − V |1〉 (2.23)

Pauli-X is negation, Pauli-Z is a relative phase change, and Pauli-Y is a combination of negation
and phase change with . = 8-/ [RP11]. The identity operation is often omitted in the list of Pauli
matrices.

Another important single-qubit gate is the Hadamard transformation. The Hadamard gate transforms
the computational basis to the Hadamard basis.

� |0〉 = |+〉 (2.24)
� |1〉 = |−〉 (2.25)

Applying the Hadamard transformation to one of the computational basis states yields an even
superposition of |0〉 and |1〉 with |U |2 = |V |2.

Multiple qubit gates

Multiple-qubit gates are operations that require at least two qubits as input. Multi-qubit transforma-
tions generated by the tensor product of single-qubit operations are not interesting since they are
equivalent to performing the single-qubit transformation on each of the qubits individually in some
order [RP11].

A typical gate that single-qubit gates cannot replace is the controlled-NOT or CNOT gate. It works
with two qubits. One qubit acts as the control qubit, the other as the target qubit. The input of
the control qubit determines whether the input of the target qubit is negated. The control qubit
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2 Fundamentals

remains unchanged. The CNOT operation is shown on the left as a gate in a quantum circuit, and
the corresponding unitary matrix is shown on the right. Since the CNOT is a two-qubit operation,
the matrix is of size 4 × 4.

|�〉 • |�〉
|�〉 |� ⊕ �〉

(2.26) *�# =

©«
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

ª®®®®¬
(2.27)

2.1.4 Measurement

The amplitudes U and V define a qubit’s state in the computational basis. However, a measurement
of the qubit does not provide the amplitudes. Instead, the measurement is a random experiment
that yields either a 0 with probability |U |2 or a 1 with probability |V |2. Moreover, the measurement
process changes the state, and the qubit’s superposition of |0〉 and |1〉 collapses to the specific state,
consistent with the measurement result.

More generally, a measurement operator describes the measurement of a quantum system. It is
a Hermitian operator acting on the quantum system to be measured. A matrix � is Hermitian if
and only if � = �†. The matrix �† is the adjoint of �, which is the transpose of the element-wise
complex conjugated matrix of �, or �† = (�)) for short. All eigenvalues of a Hermitian operator
are real. In the special case of projective measurement, which is sufficient for our purposes, the
measurement is described by an observable $, which is a Hermitian operator that has a spectral
decomposition,

$ =
∑
<

<%< (2.28)

where %< is the projector onto the eigenspace of $ with eigenvalue <. Assuming any quantum
state |k〉, then the probability of obtaining < by measuring with $ is

?(<) = 〈k | %< |k〉 (2.29)

where 〈k | is the transpose of |k〉. Given that the measurements yields <, the new state |k ′〉 of the
quantum system is

|k ′〉 = %< |k〉√
?(<)

. (2.30)

The expected value of the measurement of the state |k〉 with observable $ is

�k ($) =
∑
<

<?(<) = 〈k |$ |k〉 = 〈$〉k (2.31)

The above example of the computational basis measurement can be achieved by choosing Pauli-Z as
the observable. The eigenvectors of Pauli-Z are |0〉 and |1〉 with corresponding eigenvalues 1 and
-1. Thus, measuring a qubit |k〉 = U |0〉 + V |1〉 yields the measurement < = 1 with probability

?(1) = 〈k | |0〉 〈0| |k〉 = | 〈0| |k〉 |2 = |U |2 (2.32)

and the measurement < = −1 with probability

?(−1) = 〈k | |1〉 〈1| |k〉 = | 〈1| |k〉 |2 = |V |2. (2.33)
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2.1 Quantum Computation

2.1.5 Density operator

So far, we have used the state vector formulation for quantum computation. A mathematically
equivalent formulation is the density operator or density matrix. The quantum state encoded as
|k〉 in the state vector formulation is represented in the density operator language as the following
matrix:

|k〉 〈k | (2.34)

This is a pure quantum state. One advantage of the density operator is that it provides a much more
convenient language for describing mixed quantum states. A mixed quantum state {?8 , |k8〉} is a
statistical ensemble of pure quantum states. This means that the quantum system is in the pure state
|k8〉 with probability ?8 , where ?8 > 0 and

∑
8 ?8 = 1. Note that a mixed quantum state is different

from a quantum superposition. Each of the pure quantum states can itself be in superposition. The
density operator d, which describes the mixed state of the quantum system, is defined as follows.

d =
∑
8

?8 |k8〉 〈k8 | . (2.35)

The density operator is convenient for mixed states because any state, pure or mixed, can be
characterized by a single density matrix. Suppose we apply a unitary operator* to the mixed state.
If the system was initially in state |k8〉 with probability ?8 , it is now in state* |k8〉 with probability
?8 . The equation describes the transformation by the unitary operator*

d =
∑
8

?8 |k8〉 〈k8 |
*−→

∑
8

?8* |k8〉 〈k8 |*† = *d*†. (2.36)

In the density operator formulation, the measurements are also described by an observable
$ =

∑
< <%<. If the system is in state |k8〉, then the probability of the measurement < is

?(< |8) = 〈k8 | %< |k8〉 = Tr(%< |k8〉 〈k8 |) (2.37)

where Tr is the trace operator. Thus, measuring the state of the density operator d yields the
measurement < with the following probability:

?(<) =
∑
8

?(< |8)?8 = Tr(%<d) (2.38)

This results in the following expected value for the measurement of state d with observable $:

�d ($) =
∑
<

<?(<) = Tr ($d) (2.39)

2.1.6 Quantum computers

So far, we have introduced the mathematical concept of quantum computation. But without
a physical realization, quantum computation is just an idle curiosity that creates no value in
applications. In order for a quantum device to be useful for performing calculations, DiVincenzo
[DiV00] established the following five necessary requirements for a quantum computer:

1. A scalable physical system with well-characterized qubits
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2. The possibility to initialize the state of the qubits to a simple fiducial state

3. Long relevant decoherence times, much longer than the gate operation time

4. A “universal” set of quantum gates

5. A qubit-specific measurement capability

However, current quantum computers have shortcomings and do not satisfactorily meet all five
requirements. Today, quantum computers exist only with a limited number of up to several tens of
qubits. Additionally, qubit connectivity, which allows operations between qubits, is limited in these
systems. The number of qubits and their connectivity cannot be scaled up to build larger QPUs,
which limits the first requirement.

Moreover, the quality of the qubits is limited. Noise that combines errors from different sources
affects the qubits, and their state decays over time [LB20]. Errors occur when performing operations
or measurements. Furthermore, qubits decohere due to unwanted interactions between them and
their environment. These errors accumulate and interfere with the calculation. The noise of modern
QPUs limits their operation time and conflicts with the third requirement. Preskill [Pre18] coined
the term Noisy Intermediate-Scale Quantum (NISQ) devices for these quantum computers and
expects that, despite the shortcomings, NISQ devices may in the near future be able to perform
tasks that exceed the capabilities of current classical digital computers.

The term crosstalk addresses a subset of these NISQ errors. It describes the effect that a subsystem
of a quantum machine - a qubit, measurement device, etc. - unintentionally has on another
subsystem [SPR+20]. Crosstalk effects on QPUs cause crosstalk errors, which were reported
by Sarovar et al. [SPR+20] as undesired dynamics that violate at least one of the following two
principles:

• Locality of operations requires that the physical implementation of a quantum circuit does
not create an unintended correlation between any qubits unless that circuit contains multi-qubit
operations that intentionally couple them.

• Independence of local operations requires that an operation in a quantum circuit, such as a
gate or a measurement, does not depend on what other operations (acting on disjoint qubits)
occur in the circuit at the same time.

A QPU is free of crosstalk if its behavior in the execution of arbitrary quantum circuits satisfies the
principle of locality and independence [SPR+20].

2.1.7 Cloud offerings

First cloud providers included NISQ devices in quantum computing services [Cas17]. Some of them
have developed their hardware for this purpose. Well-known representatives are IBM or Rigetti.
Others rely on third-party hardware, like Amazon or Microsoft. To run a quantum application on a
cloud-hosted quantum computer, four steps are required [LBF+20]:

1. The respective platform must be installed on a classical computer

2. The quantum circuit must be realized with the installed platform

3. The quantum execution resource must be selected
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4. The quantum circuit must be executed

Quantum Computing as a Service (QCaaS) describes the current service model where a QER,
a quantum computer or simulator, is hosted in the cloud for quantum circuit execution (Item 4).
Items 1 to 3 of the quantum application are integrated with classical applications and not in the
cloud [LBF+20]. Cloud users need to take care of these issues themselves.

IBM has implemented a simple queue-based approach to accessing their public QERs in the
cloud. Users create jobs in the queues, which are then processed one after the other by the
corresponding QER. This approach is efficient for providing access to QERs. However, it has
poor runtime efficiency due to the additional overhead of network connections and the use of a
shared queue [KTP+20]. Rigetti seeks to improve runtime efficiency by accessing the exclusively
reserved quantum computer via a virtual machine running on a classical computer cluster that
resides on-premise. In both cases, time-based resource sharing allows multiple users to access
scarce QPU resources. Each QPU is exclusively assigned to one customer for a finite period of
time.

2.2 Virtualization

Virtualization does not refer to a single technology or methodology; instead, a large variety of tools
and technologies are grouped under the term virtualization [Scr17]. There are server virtualization,
memory virtualization, data virtualization, storage virtualization, network virtualization, and
application virtualization, among others [Scr17]. Although these application areas of virtualization
differ in their underlying tools and methods, they share similar concepts. The general concept
common to all virtualization technologies is the separation of the logical from the physical [Scr17].
Virtualization introduces an abstracting software layer on top of existing physical computing
resources, encapsulating their lower-level functionalities and enabling portability of higher-level
functions based on them [SML10].

To achieve the abstracting separation, virtualization essentially consists of a mapping and emulating
process [Zha18]: It maps the virtual resource to native hardware resource and then uses the latter
for computation. This allows the virtual resources to be decoupled from the hardware. A virtual
resource is not necessarily bound to a single existing hardware resource. Instead, the virtualization
layer abstraction allows the aggregation or partitioning of the underlying physical computing
resources into one or many resources in the virtual environment, including through the use of
hardware and software partitioning or aggregation techniques [CN05].

The concept of resource aggregation is found in many virtualization technologies, such as in data
or network virtualization. Data virtualization aggregates different underlying data resources and
abstracts from their properties, including format or physical location [Scr17]. It provides other
applications with a unified view of the entire dataset [Scr17]. Network virtualization can be used to
aggregate multiple physical network infrastructures of heterogeneous architectures into a virtual
network and provide end-to-end services in the aggregated virtual network across the different
underlying physical networks [CB10].

Network virtualization not only enables the concept of resource aggregation but also the concept of
resource partitioning. Virtual networks can divide an extensive physical network infrastructure
into logically separated networks [CB10]. Furthermore, resource partitioning can also be found, in
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server virtualization, among other applications. The essential components of server virtualization
are a hypervisor and virtual machines [Dan09]. The hypervisor forms an abstraction layer on top
of the underlying physical server hardware. Virtual machines are efficient, isolated duplicates of
real machines [PG74]. The hypervisor provides the management functionality to run multiple,
logically separated virtual machines while sharing the server’s hardware resources [Dan09]. Server
virtualization thus enables the partitioning of a physical server into several logical instances, the
virtual machines.

Virtualization technologies are a crucial component for classical cloud computing [Zha18]. They
provide the capability to share server clusters as a resource pool and the ability to dynamically
allocate virtual resources to customers and applications [Zha18]. It allows the cloud provider to
share extensive hardware resources among multiple users through resource partitioning. Despite
the simultaneous use of the hardware resource, users are isolated in their virtual environment.
Furthermore, cloud providers can aggregate multiple hardware resources into large virtual resources
for resource-intensive users. In this way, virtualization enables efficient hardware utilization
with simultaneous flexibility. In addition, the virtualization layer creates independence from the
underlying hardware. The customer is therefore independent of the underlying physical hardware
used by the cloud provider to implement its services. However, these benefits of virtualization in
cloud computing come with the overhead cost for virtualization.
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This chapter first describes the problem of this thesis and then formulates the research objective.
The problem description is divided into a brief outline and a recapitulation of the current situation
and the resulting challenges.

3.1 Current Situation

Today, NISQ devices are available in quantum cloud offerings [Cas17]. Manufacturers such as
IBM1 and Rigetti2 offer access to their QPUs through their cloud platform. Alternatively, third-party
cloud services such as Amazon Braket3 make QPUs available to the public. The term QCaaS
describes the new service offered by cloud providers to run a quantum circuit on a QPU hosted in
the cloud [LBF+20]. In addition to QPUs, cloud offerings often include classical simulators of
QPUs. Both QPUs and simulators can execute quantum circuits, and the term QERs summarizes
them. The customer has to select a QER by himself in order to execute a quantum circuit. This
decision is not just about choosing between a QPU and a simulator, but often cloud providers offer
several QPUs that differ in the number of qubits and their quality, among other things. Thus, the
selection influences the execution and its results. Suppose the customer has chosen a QPU. In this
case, there are generally two different ways to access the selected QPU: Either the customer reserves
an exclusive time slot on a QPU or uses a shared job queue for a public QPU [KTP+20]. In both
cases, the quantum cloud provider uses time-based resource sharing to manage access to its QPUs.
The only difference is how long a QPU is exclusively assigned to a customer. In the first case, the
QPU is made available to the customer exclusively for the entire duration of the reserved time slot;
in the second case, only for the execution time of the single quantum circuit.

3.2 Challenges

The way current QCaaS offerings allocate QPUs to a customer and how they divide them between
multiple clients leads to shortcomings. The following describes the limitations and identifies three
challenges.

Due to the exclusive allocation of the QPU in time-based resource sharing, the utilization of the
QPU depends on the utilization of the individual customer. Even a shared job queue does not
guarantee high utilization of the QPU’s qubits because the execution of a quantum circuit always

1https://quantum-computing.ibm.com/
2https://www.rigetti.com/
3https://aws.amazon.com/braket/
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blocks the entire QPU. Qubits of the QPU that are not needed for the execution of the quantum
circuit are unused for the entire execution time [DL20; DTNQ19]. These qubits are inactive and
cannot be used for other purposes. The first challenge formulates this shortcoming.

Challenge 1
In time-based resource sharing, a QPU is assigned exclusively to one customer. The execution
of the customer’s quantum circuit blocks the entire QPU and results in unused qubits when
executing smaller quantum circuits.

Moreover, the available physical QPUs have a limited number of qubits, which limits the width
of quantum circuits that can be executed. The QPU’s qubits are an upper bound on the quantum
circuit’s qubits. Therefore, QPUs that have fewer qubits than the quantum circuit cannot execute it.
In QCaaS offerings, the computation of a quantum circuit is realized by running it on a QPU. The
time-based resource-sharing model assigns each computational task exclusively to a single QER
that performs it. Thus, the capability of a QPU to execute the quantum circuit limits the ability
to compute a result since the implementation of the QCaaS model does not allow small QPUs to
contribute in any way to the computation of large quantum circuits [PHOW20]. It only allows the
computation of quantum circuits that fit into one execution on a single QPU. The second challenge
establishes this impairment.

Challenge 2
A QPU can only execute quantum circuits that require at most the QPU’s number of qubits.
In current QCaaS offerings, small QPUs cannot contribute in any way to the computation of
larger quantum circuits.

In addition, the design decision to require customers to manually select the specific physical QPU for
their execution has implications for the user and the cloud provider. It is beneficial for researchers
who want to have complete control over the selection of physical resources. However, in order to
integrate the computation of a quantum circuit, software developers have to deal with resource
selection and cannot focus on the pure computation of quantum circuits and their results. They need
to identify the QPUs and check their availability. Moreover, developers have to acquire in-depth
knowledge about the different QPUs and their physical peculiarities and limitations. It puts the
burden of optimal resource selection and its complexity on the customer, even if they do not care
about the specific underlying execution hardware.

Furthermore, the fact that customers directly select physical QPUs also has disadvantages for the
cloud providers. They have limited control over the usage and utilization of their QPUs. They are
dependent on the customer’s decision, which may be arbitrary. Even if the users do not care about
the specific QPUs, the resource selection depends on them, and thus the resource optimization of
the cloud provider depends on the customer. This dependency may prevent the cloud provider from
achieving its goal of optimizing resource utilization.
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Challenge 3
Customers of QCaaS offerings must manually select the physical QPU. This has implications
for both sides:

1. The customer needs knowledge about the characteristics and availability of the QPUs.

2. The QCaaS provider has limited ability to influence the customer’s QPU selection and
therefore has limited ability to optimize the utilization of physical resources.

3.3 Research Objective

This section briefly summarizes the challenges presented earlier and formulates the research
objective. The QCaaS model combined with time-based resource sharing creates a tight coupling
between the computation of a quantum circuit to a particular physical QPU. There is a one-to-one
relationship between the computation of a quantum circuit and its execution on a particular QPU.
The execution of the quantum circuit blocks the entire resources of the QPU (cf. Challenge 1)
and, vice versa, a QPU must perform all the execution of the quantum circuit (cf. Challenge 2).
Furthermore, the customer is responsible for the selection of a suitable QPU (cf. Challenge 3). The
selection task adds complexity for the customer and makes it difficult for the cloud provider to
optimize the QPU selection. Challenge 1 and Challenge 2 refer to a single QPU, while Challenge 3
refers to a pool of QPUs.

The main objective of this thesis is to decouple the computation of quantum circuits from the
underlying execution hardware. Therefore, the feasibility and effectiveness of techniques for a layer
that abstracts from actual quantum resources to a virtual execution environment are investigated.
Of particular interest are techniques that enable partitioning (cf. Challenge 1) and aggregation
(cf. Challenge 2) of resources. It also explores how a virtual execution environment can manage
and automate the entire execution process, including resource selection, and thus help to reduce
the complexity of the execution process and optimize the QER usage of the cloud provider (cf.
Challenge 3).
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No current work addresses all Challenges 1 to 3 presented in the previous chapter. However, there
are several existing approaches that address each of the challenges. This chapter presents the related
work for each challenge.

4.1 Challenge One

Advances in a technique called multiprogramming for quantum computing addresses Challenge 1.
The basic idea is to partition a QPU to execute several smaller quantum circuits simultaneously.
Tannu and Qureshi [TQ19] performed a case study for a scenario where a quantum circuit requires
half or fewer qubits than what is physically available. They investigated whether it is useful to
run two copies of this quantum circuit in parallel on a NISQ device to allow more shots per
unit time. They observed some scenarios where running two copies in parallel is advantageous.
Subsequently, Das et al. [DTNQ19] took this idea of partitioning a QPU and extended it to run
two different quantum circuits of the same or different sizes simultaneously on one NISQ machine.
They coined the term multiprogramming quantum computing and demonstrated an improvement
in the throughput and utilization of the QPU with their approach. Dou and Liu [DL20] published
an improved multiprogramming method that outperforms the previous method in terms of result
quality and compilation overhead. They have implemented it in a system called QuCloud, which
incorporates a new qubit mapping approach and a compilation task scheduler for multiprogramming
quantum computers in the cloud [LD21]. Niu and Todri-Sanial [NT21] address the QPU partitioning
problem with a hardware-aware multiprogramming compiler that takes into account the hardware
topology, calibration data, and crosstalk effect to reliably assign partitions to different quantum
circuits. While these works have considered the problem from the perspective of the QPU and its
partitioning, in the following, this thesis focuses on quantum circuits and how to aggregate multiple
circuits to run on one QPU. These are two different sides of the same problem.

4.2 Challenge Two

Recent work in the area of quantum circuit partitioning addresses Challenge 2. The basic idea is
to decompose large quantum circuits into smaller subcircuits, which are then either executed on a
QPU or a classical simulator. The method then reconstructs the result of the initial quantum circuit
from the measurement results of the subcircuits. In 2018, Suchara et al. [SAC+] introduced this
concept of quantum circuit partitioning in a hybrid quantum-classical architecture. While their
work gives an overview of what an architecture based on quantum circuit partitioning might look
like, it lacks the technical details of how circuit partitioning and recombination are performed. The
following papers present techniques for circuit partitioning.
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Peng et al. [PHOW20] developed a systematic approach to partitioning quantum circuits. Their
method is based on cutting an identity gate. There are two types of resulting subcircuits. The first
type measures the qubit in the Pauli base at the identity gate position, the second initializes the
qubit at the cut again. Their work includes a protocol that reconstructs the actual result from the
results of the subcircuits. This approach generates an overhead in time of about 2$ ( ) for  qubits
of inter-subcircuit quantum communication compared to the execution of the initial quantum circuit.
Mitarai and Fujii [MF19] call the cutting method of Peng et al. [PHOW20] a “time-like” partition
since this approach cuts a quantum circuit’s wire. In contrast, they call their cutting technique
“space-like” because it decomposes controlled gates into a sequence of single-qubit operations that
decompose a quantum circuit into subcircuits.

In addition to the theoretical cutting frameworks, Ayral et al. [ALS+20] and Perlin et al. [PTP+19]
published the first implementations and demonstrated the feasibility of the cutting methods. They
show that it is possible to perform computations for quantum circuit sizes exceeding the size of the
QPU and to obtain better success probabilities for smaller circuit sizes. In the following, Tang et al.
[TTS+21] developed CutQC, a more sophisticated cutting tool. It is the first tool that automates the
identification of cuts. This automation is implemented by a mixed-integer programming cut-searcher
that finds optimal cuts given any quantum circuit as input. Quantum devices then evaluate different
variants of the small subcircuits that result from the cuts. In a final step, the reconstructor reproduces
the probability distributions of the original circuit.

4.3 Challenge Three

Currently, there is no work that addresses all aspects of Challenge 3 in quantum computing. It
involves automated and optimized mapping of quantum circuit computation to executions of physical
resources, including aggregation and partitioning of quantum circuits. However, initial steps have
been taken to automate the hardware selection process. Suchara et al. [SKF+13] introduced the
Quantum Resource Estimator, which estimates quantities such as the number of physical qubits, the
execution time, and the success probability of computing a quantum algorithm on a QPU. This
assessment can help with the QPU selection. Salm et al. [SBB+20] developed the concept of a
NISQ analyzer that automates the analysis and selection of implementations of quantum algorithms
and suitable quantum computers that can run the selected implementation with a certain input
data. Although these works are crucial steps toward automating hardware selection, they work with
abstract algorithms as input rather than a concrete implementation of an algorithm as a quantum
circuit. Furthermore, no work addresses the systematic combination of quantum circuit aggregation
and partitioning in a single system.

Nevertheless, in classical cloud computing, the discovery, selection, allocation, and mapping of
physical resources are solved. Cloud providers are responsible for mapping user workloads to
physical resources based on quality-of-service requirements. It is called resource management and
includes resource provisioning, resource scheduling, and resource monitoring [SC16]. Resource
management refers to predicting the number of resources that are best suited for each workload
and enables cloud providers to consolidate workloads while meeting service level agreements and
quality-of-service requirements [WBW15]. It has two main purposes: enable the execution of tasks
and optimize infrastructural efficiency based on a set of specified objectives [GCM17].
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In this chapter, the concept of the thesis is presented to solve the problem introduced in Chapter 3.
The proposed solution adapts concepts from the field of virtualization to quantum computing. It
separates the logical computation of a quantum circuit from the underlying executing QERs. An
intermediate software layer abstracts from the physical QERs and combines them into a unified and
hardware-independent execution interface, the virtual execution environment. Figure 5.1 shows
the virtual execution environment as an intermediary between the logical computation request of a
quantum circuit and the executing QERs.

The virtual execution environment receives a quantum circuit as input and outputs the execution
result. To produce the results, it utilizes the underlying QERs. It encapsulates the physical
constraints and idiosyncrasies of the single QERs. Moreover, the virtual execution environment
maps the workload of quantum circuit computations to QERs without user interaction. In this
process, there is no one-to-one relationship between the computation of a quantum circuit and a
single QER. It uses quantum circuit aggregation and partitioning to break this relationship.

Quantum circuit aggregation combines the computation of multiple quantum circuits into one circuit
instance. Thus, a QER running the aggregate executes all initial quantum circuits simultaneously.
It partitions the resource with respect to its qubits between the aggregated quantum circuits.
Aggregating quantum circuits that require fewer qubits than the QER provides allows for more
efficient qubit usage and higher throughput on the QERs. This is a solution for Challenge 1.

Quantum circuit partitioning allows the workload of computing a large quantum circuit to be divided
into the execution of smaller subcircuits. Thus, QERs with fewer qubits can participate in the
computation of large circuit instances. The subcircuit execution can be distributed among several
different QERs, or one QER can execute all subcircuits in sequence. In both cases, quantum circuit
partitioning pools resources to compute the quantum circuit: either the resources of multiple QERs
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Figure 5.1: A client executes a quantum circuit in the virtual execution environment. The virtual
execution environment uses one or multiple of the underlying quantum execution
resources to execute the quantum circuit.
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Figure 5.2: Conceptual virtualization process flow chart. Rectangles with rounded corners represent
processing steps, diamonds represent decisions, and rectangles with a wavy side
represent data.

or the capacity of one QER over time. Thus, it enables the aggregation of resources and deals with
Challenge 2. In the remainder of the thesis, the terms aggregation and partitioning always refer to
the aggregation and partitioning of quantum circuits instead of hardware resources.

The virtual execution environment overcomes Challenge 3 by automating the mapping between the
computation of a quantum circuit to appropriate QERs. The mapping process can follow different
optimization strategies that govern the aggregation and partitioning of quantum circuits. The
remainder of the chapter explains how the virtual execution environment works conceptually. The
virtualization process that a computation request goes through is presented, and the critical parts of
the system are described in detail.

5.1 Virtualization Process

The virtualization process describes how the system maps the logical computation of a quantum
circuit to the physical execution of QERs and how it produces the corresponding execution result.
The process is divided into three major parts: classical preprocessing, execution on QERs, and
classical postprocessing. The input of the process is a quantum circuit. The quantum circuit goes
through the preprocessing step that maps the computation workload to QERs. The next step is to
execute the preprocessing outcome on the QERs. A classical postprocessing routine is then applied
to the execution results. The output of the virtualization process is the corresponding logical result
to the input quantum circuit. Figure 5.2 shows an overview of the conceptual process in the virtual
execution environment.

Classical preprocessing begins with quantum resource mapping. Therefore, it analyzes the quantum
circuit and checks the available QERs. Then, the system must make two landmark decisions to
map the workload of computing the quantum circuit to executions on QERs. It must select QERs
and an execution mode for further processing of the quantum circuit. The execution mode is
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either aggregating the quantum circuit with another circuit, partitioning the quantum circuit into
subcircuits, or leaving the quantum circuit as it is, which is called raw execution. The decisions are
based on the properties of the QERs and the quantum circuit. Depending on the execution mode
selected, the system applies further processing to the quantum circuit. In the case of aggregated or
partitioned execution, the appropriate processing steps are applied. The output of the preprocessing
is quantum circuits suitable for the execution on the specific QERs.

The next step is execution. The virtualization process passes the quantum circuits resulting from
the preprocessing to the specified QERs. It handles the interaction with the QERs and retrieves the
results when they are available.

Finally, the postprocessing takes place. The process decides whether additional postprocessing
is required and applies it to the aggregated and partitioned quantum circuits. Aggregation
postprocessing extracts the results of the combined circuits. Partition postprocessing collects the
results until all necessary information is available and then calculates the overall result. The output
of the postprocessing is the result of the original input quantum circuit.

The described virtualization process supports the simultaneous execution of subcircuits of a
partitioned quantum circuit on multiple QERs. However, to simplify the quantum resource mapping
and the following processing steps, this case is not considered in the detailed elaboration of the
concept. The following concept description focuses on the successive execution of the subcircuits
on one QER when partitioning a quantum circuit.

5.2 Quantum Resource Mapping

Quantum resource mapping is the first step of classical preprocessing. It is crucial for all the
following steps. The mapping determines the execution mode of the quantum circuit and the
executing QER. There is no straightforward solution to these two decisions. Instead, there are
different strategies for selecting QER and execution mode. The suitability of a strategy depends on
the optimization goal. Possible optimization goals are, for example, the quality of the execution
results, the utilization of the QERs, or the waiting time for an execution result.

Depending on the optimization goal, different properties of the quantum circuit and the QER are
relevant. Important properties of quantum circuits can be the width, depth, gates used, and the
connectivity between qubits. Substantial properties of the QER may be its availability, the number
of qubits, current workload, whether it is a QPU or a simulator, supported base gates, and error
rates.

The execution mode and the QER must match since the resulting quantum circuits of the selected
execution mode must be executed on the selected QER. So the choice of one affects the other.
However, the correct selection sequence is not generally obvious and depends on the given
optimization goal. The system can first select the QER and then, depending on the selection, the
execution mode or vice versa. It first selects the best execution mode for a quantum circuit and then
the specific QER.
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For example, suppose the primary goal is a low response time under the secondary goal of efficient
qubit usage. In this case, the system can first select the QER with the lowest current waiting time
and then choose the execution mode based on the number of qubits of the QER and the width of the
quantum circuit. There are the following three cases:

1. The number of qubits of the quantum circuit is equal to or slightly smaller than the available
QER size. In this case, the quantum circuit does not need to be processed further in order to
be executed.

2. The quantum circuit requires more qubits than are available. In this scenario, the quantum
circuits must be partitioned into smaller subcircuits.

3. The quantum circuit requires significantly fewer qubits than are available. Multiple quantum
circuits from this category can be aggregated into one larger quantum circuit.

5.3 Aggregation

This section covers the basic concept of the aggregation of quantum circuits and how to retrieve the
results from the aggregated quantum circuit result. The aggregation procedure is divided into a pre-
and postprocessing part, which must be carried out before and after the execution. The concept of
the aggregation method is described for the aggregation of two quantum circuits. Nevertheless, this
procedure can be extended to more than two circuits by iteratively applying the procedure to two
quantum circuits. The concepts are described below.

5.3.1 Preprocessing

The first step in aggregation preprocessing is to delay quantum circuits until two quantum circuits
are available for aggregation. These two quantum circuits are then passed as input to the aggregation
method. The output is a quantum circuit containing the qubits and the operation of both quantum
circuits. In addition to the aggregated circuit, the method also generates a mapping between the
input circuit qubits and the aggregated circuit qubits to reconstruct the results from the aggregated
result.

Formally, the aggregation works as follows. The two input quantum circuits are described by
�1 = *1 |k〉 and �2 = *2 |q〉, respectively, where |k〉 is the state of an = qubit register and |q〉 is
the state of an < qubit register. The aggregate circuit is then defined by (*1 ⊗ *2) ( |k〉 ⊗ |q〉). It
has = + < qubits. Figure 5.3 shows the initial circuits and the resulting aggregated circuit.

Circuit 1:
|k〉 /= *1

Circuit 2:
|q〉 /< *2

Aggregated Circuit:
|k〉 /= *1

|q〉 /< *2

Figure 5.3: Aggregation of two quantum circuits
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The generated qubit mapping is a function that maps the qubits for each input quantum circuit to the
qubits of the aggregated circuit. Assume that the = qubit register of quantum circuit�1 has the qubits
&1 = {@1

0, . . . , @
1
=−1}, the < qubit register of quantum circuit �2 has qubits &2 = {@2

0, . . . , @
2
<−1},

and the aggregated quantum circuit register uses qubits &agg = {@0, . . . , @=+<−1}. A qubit mapping
5 is a bĳective function between the following sets of qubits:

5 : &1 ∪&2 ↦→ &agg (5.1)

5.3.2 Postprocessing

The postprocessing of the aggregation receives as input the execution result of the aggregated circuit
and the qubit mapping. It produces two separate results for the two initial quantum circuits. The
result of one shot of the aggregated circuit is a bit sequence G of length = + <:

G = G@=+<−1 . . . G@1G@0 0 ≤ 8 < < + = : G@8 ∈ {0, 1} (5.2)

This shot accounts for one shot in each of the results of the initial circuits �1 and �2. Their
corresponding result states are obtained by decomposing G into substrings according to the qubit
mapping 5 . The result state for the circuit �1 is

G1 = G 5 (@1
=−1)

. . . G 5 (@1
0 )
G 5 (@1

0 )
(5.3)

and the result state for circuit �2 is

G2 = G 5 (@2
<−1)

. . . G 5 (@2
1 )
G 5 (@2

0 )
. (5.4)

Applying this to all the shots in the aggregated result gives the overall results for the two initial
circuits.

5.4 Partitioning

In this section, we introduce the concept of partitioning a quantum circuit into smaller subcircuits.
First, the theoretical background is briefly reviewed. Then, the concept of the pre- and postprocessing
from the virtualization process is explained.

5.4.1 Background

The technique behind partitioning a quantum circuit is circuit cutting. In the following, the technique
of Peng et al. [PHOW20] is described. Their method partitions a quantum circuit by cutting qubit
wires representing time from left to right. Therefore, these cuts are called time-wise cuts [TTS+21].
A wire with no operation is equal to a wire on which an identity operation is performed. The key
idea is that the identity gate’s expected output can be reproduced with a series of measurements and
subsequent qubit initializations that separate the gate into two parts.
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The mathematical background and proof can be found in the work of Peng et al. [PHOW20].
The following provides a basic understanding of this technique. Since the normalized Pauli
matrices {�, -,. , /} /

√
2 form an orthonormal matrix basis [PHOW20], any 2 × 2 matrix � can be

decomposed by projection onto the Pauli basis as

� =
Tr(��)� + Tr(�-)- + Tr(�. ). + Tr(�/)/

2
(5.5)

Given that the Pauli matrices are unitary, they can be decomposed into their eigenbasis:

� = |0〉 〈0| + |1〉 〈1| (5.6)
- = |+〉 〈+| − |−〉 〈−| (5.7)
. = |8〉 〈8 | − |−8〉 〈−8 | (5.8)
/ = |0〉 〈0| − |1〉 〈1| (5.9)

By applying the eigenbasis decomposition, rearranging the terms and factorizing, we obtain the
following equation [TTS+21]:

� =
�1 + �2 + �3 + �4

2
(5.10)

where

�1 = [Tr(��) + Tr(�/)/] |0〉 〈0| (5.11)
�2 = [Tr(��) − Tr(�/)/] |1〉 〈1| (5.12)
�3 = Tr(�-) [|+〉 〈+| − |−〉 〈−|]
= Tr(�-) [2 |+〉 〈+| − |0〉 〈0| − |1〉 〈1|] (5.13)

�4 = Tr(�. ) [|8〉 〈8 | − |−8〉 〈−8 |]
= Tr(�. ) [2 |8〉 〈8 | − |0〉 〈0| − |1〉 〈1|] (5.14)

In �3 and �4, the following equations are used to get rid of |−〉 〈−| and |−8〉 〈−8 |, respectively, and
replace them with terms already in use.

|−〉 〈−| = − |+〉 〈+| + |0〉 〈0| + |1〉 〈1| (5.15)
|−8〉 〈−8 | = − |8〉 〈8 | + |0〉 〈0| + |1〉 〈1| (5.16)

In the context of the density operator formulations (cf. Section 2.1.5), the trace operator represents
the measurement’s expected value in one of the Pauli bases. Repeated measurements converge to
the expected value. Thus, a trace operator physically corresponds to the measurement of the qubit.
Each of the density matrices physically corresponds to the initialization of the qubit in one of the
eigenstates [TTS+21]. Since measuring a qubit in either the � or / basis physically yields the same
results, we need to evaluate seven different subcircuits: three for the measurements in the Pauli
bases �, - , and . , and four subcircuits with the qubit initialization for each of the eigenstates |0〉,
|1〉, |+〉, and |8〉. Figure 5.4 shows the subcircuits and how the original output of the circuit can be
reconstructed by summing over the tensor products of the different subcircuits.
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Figure 5.4: Method of cutting one qubit wire. On the left side is the identity gate between D and E in
a quantum circuit. The right side shows the resulting subcircuits and the reconstruction
process involved in cutting the identity gate. Adapted from Peng et al. [PHOW20].

5.4.2 Preprocessing

Partition preprocessing receives one quantum circuit as input and generates multiple quantum
circuits as output. To determine where to cut the quantum circuit, Tang et al. [TTS+21] present a
mixed-integer program that automatically identifies cuts that require the least amount of classical
postprocessing. For a given cut position, the preprocessing procedure generates the subcircuits with
the required measurements and qubit initializations for each cut. The number of subcircuits created
depends on the number of cuts required to divide the input circuit into separate subcircuits. Figure 5.5
shows an example cut of an (= + < + 1)-qubit circuit where only one cut is needed for separation.
The output at the cut of Subcircuit 1 must be measured in the Pauli basis, that is " ∈ {�, -,. }. The
input at the cut of Subcircuit 2 must be initialized with all values& ∈ {|0〉 , |1〉 , |+〉 , |8〉}. Therefore,
three different versions of Subcircuit 1 and four versions of Subcircuit 2 must be executed. If
multiple cuts are required to partition the quantum circuit, the cutting procedure must be applied
iteratively to the resulting subcircuits. In addition to the subcircuits, the preprocessing generates an
index with all subcircuits, which is used for the subsequent reconstruction of the results.

Circuit:
|k〉 /=

*1
|q〉

*2
|\〉 /<

Subcircuit 1:
|k〉 /=

*1
|q〉 M

Subcircuit 2:
Q

*2
|\〉 /<

Figure 5.5: Example of cutting an (= + < + 1)-qubit circuit into two smaller subcircuits of = + 1
and < + 1 qubits. & ∈ {|0〉 , |1〉 , |+〉 , |8〉} and " ∈ {�, -,. }. Adapted from Tang et al.
[TTS+21].
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5.4.3 Postprocessing

The postprocessing procedure collects the results of the subcircuits. Using the previously generated
subcircuit index, it checks the availability of all results. When the subcircuit results are complete, it
reconstructs the expected result of the original circuit. The postprocessing procedure applies the
reconstruction method to each cut as described in Figure 5.4. For this purpose, the subcircuit index
codes how the individual results are to be combined.
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In the previous chapter, the concept of the virtual execution environment was introduced. This
chapter describes a prototypical Python implementation of it. The main task is to implement the
virtualization process, but also an interface to communicate with and integrate the virtual execution
environment must be implemented.

The implemented system accesses QPUs via a Quantum Computing Service Platform (QCSP). To
this end, the implementation uses IBM’s QCSP, called IBM Quantum Experience (IBM QX). IBM
QX is a cloud platform that provides access to IBM’s QERs. It offers QPUs in a QCaaS model with
up to 15 qubits and a simulator with 32 qubits in the free version. The implementation uses the
open-source software development kit Qiskit by Abraham et al. [AAA+19] to work with quantum
computers and develop quantum applications. Qiskit provides OpenQASM as a quantum assembly
language. QpenQASM is human-readable and has elements of C and assembly languages [CBSG17].
It allows a programmatic description of quantum circuits. Furthermore, the implementation uses
parts of the functionality of the framework CutQC [TTS+20]. Tang et al. [TTS+21] developed
the CutQC framework to evaluate large quantum circuits with small quantum devices. Therefore,
CutQC uses a partitioning of the large quantum circuits into smaller subcircuits.

This chapter is structured as follows. First, the architecture of the system is presented. This is
followed by a detailed description of the implementation of the virtualization processes. Finally, the
API interface is described.

6.1 Architecture

A pipes-and-filter architecture realizes the implementation of the virtual execution environment.
A filter is a processing step and has at least one data input and one data output. Pipes describe
the data flow and connect filters. In the preprocessing of the virtual execution environment, filters
transform quantum circuits, and in postprocessing, filters reconstruct the results. For quantum
circuit execution, the virtual execution environment uses IBM QX to access QERs. The virtual
execution environment is integrated with the virtualization service, making the virtual execution
environment remotely accessible via a REST API. The virtualization service allows interaction
with multiple clients and can serve them simultaneously.

Figure 6.1 shows the entire system, including the clients, the virtualization service that consists
of the virtual execution environment and the API, and the QCSP. It shows their components and
how they relate to each other. A client sends a request to the virtualization layer via an HTTP
request to the REST API. The generated request contains the quantum circuits for execution and
optional configuration data. The API processes the request, creates a task, and stores the task in a
database. The client can query the task and its status from the database and initiate the execution.
After that, the virtualization process starts as described in Chapter 5. The Quantum Execution
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Figure 6.1: Architecture as FMC block diagram

Mapper has to decide how to further process the quantum circuit. The decision consists of two parts:
which QER should be used and whether the quantum circuit should be executed as aggregated,
partitioned, or raw. Therefore, the Quantum Execution Mapper incorporates data about the available
QERs, which it obtains by making a request to the QCSP. Based on the decision by the Quantum
Execution Mapper, the quantum circuits are forwarded to the Aggregator, Partitioner, or directly to
the Execution Handler. When processing the circuits, the Aggregator and the Partitioner store data
to reconstruct the actual results later.

After the preprocessing is complete, the quantum circuits are passed to the Execution Handler. The
Execution Handler manages the communication with the QCSP, executes the quantum circuits on
the selected QER, and returns the results. Then the postprocessing of the retrieved results begins.
The first step is for the Result Analyzer to decide whether postprocessing is required, and if so, what
type of postprocessing is required, and to forward the results. Aggregation Result Processing and
the Partition Result Processing reconstruct the original result. Therefore, they use the information
previously stored by the Aggregator and Partitioner. The final results of the initial request to the
virtual execution environment are now available. The Result Fetcher collects the results and matches
them with the initial request. The client can now retrieve the result via a request to the API.

In Figure 6.1 the error-handling has been omitted in favor of the readability of the graphic. However,
there is an error queue that receives all errors that occur in the system. Each component can place
jobs affected by an error in the error queue. The Result Fetcher reads not only the successful results
but also the error queue and updates failed tasks.
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6.2 Virtual Execution Environment

The virtual execution environment is the core component of the system. It implements the
virtualization process described in Chapter 5. The virtual execution environment receives as input a
quantum circuit with optional configuration wrapped in a Quantum Execution Job. It processes the
Quantum Execution Job and outputs the execution results as an associated probability distribution.
The virtualization service allows the virtual execution environment to be used as a service through
its REST API. However, a developer can also import the virtual execution environment locally in
Python and use it in combination with Qiskit.

6.2.1 Quantum Execution Job

A Quantum Execution Job is the internal data structure used for communication between the various
components. Each Quantum Execution Job has at least the following data fields:

• a unique ID to identify the job

• a quantum circuit for the execution

• the number of shots

• an execution type

• a job-related configuration

• a result

The execution type indicates whether the circuit went through the aggregation or partitioning routine.
At the beginning, the execution type is always raw. When the Quantum Resource Mapping changes
the execution type to aggregation or partitioning, the Quantum Execution Job itself and all jobs
that emerge from it through aggregation and partitioning retain the respective execution type. The
default configuration is empty. If it contains a key-value pair, it overrides the system’s default
configuration value for the specified key for that particular Quantum Execution Job. After the
execution of the quantum circuit, the Quantum Execution Job is extended with the corresponding
probability distribution of the result. As long as there is no result, the result data field is empty.

6.2.2 Quantum Resource Mapper

The Quantum Resource Mapper is a core component of the virtual execution environment. It
receives as input a Quantum Execution Job and determines the mapping of the computation of its
quantum circuit to a QER. Therefore, it has to choose the QER for the execution and the execution
mode of the quantum circuit.

To choose the QER, the Quantum Resource Mapper discovers accessible QERs of the QCSP and
retrieves their properties, such as the number of qubits and whether it is a simulator or a QPU. It
periodically queries the availability and utilization of the QERs and maintains an internal knowledge
base that is used for the resource mapping. To approximate the utilization of a QER, the Quantum
Resource Mapper uses the number of jobs in the IBM QX public queues.
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Moreover, the Quantum Resource Mapper’s behavior can be customized via a configuration file
and the optional configuration included with the Quantum Execution Job. The accessible QERs
can be restricted by a white or black list. Furthermore, it allows restricting the use of QERs via
requirements for their properties. Currently implemented constraints are minimum and maximum
values for the number of qubits and the quantum volume of a QER and whether simulators are
allowed. In addition, it is possible to allow only certain execution types. However, in the default
configuration, the Quantum Resource Mapper can choose from all three execution types: aggregated,
partitioned, and raw.

Based on the Quantum Execution Job, the cached information about the QERs, and the configuration,
the Quantum Resource Mapper outputs an execution type and a QER. Two exemplary strategies are
implemented for this purpose, which can be selected via the configuration.

Strategy: High throughput

The goal of this strategy is to maximize throughput. Therefore, it prefers aggregation execution
mode over raw, and raw over partitioning execution mode because aggregation executes multiple
quantum circuits in one run, raw executes only one, and partitioning requires multiple runs on a
QER for one quantum circuit. To select the QER, the Quantum Resource Mapper first searches
for available QERs that can execute the quantum circuit in aggregate mode. These are QERs that
have at least twice the number of qubits required by the quantum circuit. If no available QER
provides this number of qubits, the Quantum Resource Mapper tries raw execution mode and then
the partitioned mode. If multiple QERs are possible, the Quantum Resource Mapper uses the QER’s
utilization as a tie-breaker and selects the one that is less utilized.

Strategy: Low waiting time

This strategy aims to reduce the waiting time until the execution is completed. It first selects the
QER. Therefore, it chooses the least busy operational QER with enough qubits. The least busy
QER is the one with the fewest waiting jobs. If no QER with enough qubits is available, the strategy
chooses the least busy QER with the most qubits. Now the Quantum Resource Mapper can select
the execution type of the quantum circuit. Thus, it takes into account the number of qubits of the
selected QER and quantum circuit. If the number of qubits of the quantum circuit exceeds the
QER qubits, the circuit must be partitioned. If the number of qubits of the quantum circuit is not
more than half of the quantum resource qubits, the circuit can be aggregated with another circuit.
Otherwise, no further processing is required, and the Quantum Resource Mapper can pass the
quantum circuit directly to the Execution Handler.

The low-waiting-time strategy favors QERs that are able to execute the quantum circuit without
partitioning since partitioning itself is a computationally intensive and time-consuming task.
Moreover, one quantum circuit leads to the execution of multiple subcircuits, which increases the
waiting time.
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Figure 6.2: Execution Handler as FMC block diagram

6.2.3 Execution Handler

The Execution Handler takes care of the execution of a quantum circuit on a QER. It receives as
input a Quantum Execution Job containing the quantum circuit, the QER’s name on which the
quantum circuit is to be executed, and the number of shots. It does not matter how many shots
the QER physically supports in one round of execution since the Execution Handler can split a
logical execution with many shots into several physical execution rounds. Ultimately, the Execution
Handler outputs the quantum circuit’s execution result for the specified QER and shots.

The Execution Handler aims to enable the execution of quantum circuits as efficiently as possible
and with the highest possible throughput. The limiting factor for the system’s execution capacity is
the limited number of execution jobs on IBM QX. IBM QX allows only five pending execution
jobs per QER. The number of quantum circuits that can be included in one job varies between
the different QERs. However, most of the QERs have a maximum batch size of 75 quantum
circuits per job. Thus, the execution must exploit the maximum quantum circuit limit per job to
achieve high throughput and low waiting time. To realize this, the Execution Handler consists of
five subcomponents: the Transpiler, the Batcher, the Submitter, the Retriever, and the Processor.
Figure 6.2 shows the subcomponents and their communication via data.

Transpiler

The Transpiler consists of two subroutines. The first maintains a list per QER of quantum circuits
that need to be transpiled. It receives the quantum circuit and places it in the appropriate list. If the
list size exceeds the maximum batch size for the QER or a timeout occurs, the quantum circuits are
marked for transpilation. The next subroutine of the Transpiler is the actual transpiling process. The
Transpiler fetches the lists of marked quantum circuits and transpiles the quantum circuits one by
one for the specified QER. It processes the quantum circuit in each list in parallel and uses multiple
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CPU cores, if available. The Transpiler is placed at the first position in the Execution Handler in
order to use the waiting time of the Batcher during batch creation in the next step for transpiling the
quantum circuits.

Batcher

The next step in the Execution Handler is the Batcher. Its job is to bundle the quantum circuits into
batches per QER most efficiently for the batch size limit of one job on the QER. Therefore, the
Batcher delays further processing of transpiled quantum circuits until the batch size limit is reached
or a timeout occurs. Moreover, the Batcher abstracts from the shot limit of the QER. The QERs
of IBM QX have a shot limit of 8192 shots per execution of a quantum circuit. However, assume
that the specified number of shots in the Quantum Execution Job exceeds the maximum number of
shots for the QER. In this case, the batcher creates multiple instances of the quantum circuit such
that the sum of the shots of the instances is equal to the specified number of shots. Until now, the
Quantum Execution Job has been included in every step. Now the Batcher separates the Quantum
Execution Job from its quantum circuits in the batch and stores a mapping between them in the
Quantum Execution Job Table.

Submitter

The Submitter’s task is to start the execution of the previously created batches. Therefore, it takes
the batches and sends executables to the QERs of the QCSP. If there is a limit of active submitted
jobs on a QER waiting to be executed, the Submitter will postpone the execution of jobs until it is
possible to do so. The Submitter passes a handler of the submitted job to the Retriever.

Retriever

The Retriever receives the submitted jobs and periodically checks their condition. When a job is in
a final state, the raw result of the job is retrieved. The correct order of the executed jobs is essential
in the Execution Handler to reconstruct the results of quantum circuits that have been split into
multiple instances distributed over multiple batches. In rare cases, IBM QX perturbs the order of
jobs. If multiple jobs are added to a QER in rapid succession, the validation of a subsequent job can
be completed sooner. Then the execution of the jobs gets out of sequence. However, the Retriever
guarantees that it passes the results to the Processor in the same order in which the batches were
created for the QER.

Processor

The last step in the Execution Handler is the Processor. The Processor reconstructs the results of
the original Quantum Execution Job. Therefore, it matches the corresponding quantum circuit
executions with the Quantum Execution Job using the information in the Quantum Execution Job
Table. When all executions of a Quantum Execution Job are complete, it starts their processing.
The main task of the Processor is to combine the results of multiple quantum circuits generated
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by the Batcher to bypass the shot limit into a single result. For this purpose, the Processor sums
the shots of these circuits’ results. It attaches the single end result to the Quantum Execution Job,
which is then output.

6.2.4 Aggregator

The Aggregator implements the aggregation routine described in Section 5.3. It aggregates the
circuits of two consecutive Quantum Execution Jobs for the same QER. So when the first Quantum
Execution Job arrives for a QER, it stores it and starts a timer. The Aggregator waits until a second
Quantum Execution Job is available for the same QER or a timeout occurs. In the event of a timeout,
the pending Quantum Execution Job is passed to the Execution Handler for raw execution without
aggregation. If a second Quantum Execution Job is available, the Aggregator takes those jobs and
starts the aggregation routine. The routine creates a new empty quantum circuit. The qubits of the
new circuit are the sum of the qubits of the input quantum circuits. The same applies to the new
circuit’s classic bits for measurement. Then the aggregation routine adds all the operations of the
two quantum circuits to the aggregated quantum circuit. At the end, a new Quantum Execution Job
is created containing the aggregated quantum circuit. The Aggregator passes the new Quantum
Execution Job representing the aggregation to the Execution Handler. It also stores two mappings.
The first mapping is between the aggregated Quantum Execution Job and the two initial Quantum
Execution Jobs to remember their relationship. The second mapping is from the initial circuits’
qubits to the aggregated circuit’s qubits to extract the results of the initial quantum jobs from the
aggregated result.

6.2.5 Aggregation Result Processing

Aggregation Result Processing receives the aggregated result of the Quantum Execution Job. To
reconstruct the two results of the initial quantum circuits, it retrieves the stored qubit mapping
generated by the Aggregator. Then it starts the postprocessing routine as described in Section 5.3.
For each state in the aggregated result, postprocessing identifies the corresponding result states of
the initial quantum circuits and adds the measured count values. When finished, the method loads
the original Quantum Execution Jobs and appends their results.

6.2.6 Partitioner

The Partitioner implements the circuit cutting procedure described in Section 5.4. It receives as
input a target QER for execution and a Quantum Execution Job. The Partitioner outputs several
subcircuits that are executable on the given QER. To accomplish this, the Partitioner executes two
subroutines from the CutQC [TTS+20] framework. The first is the optimal cut search. It is coded as
a Mixed-Integer Program and solved with the Gurobi1 solver. Tang et al. [TTS+21] give a detailed
description of the Mixed-Integer Program for cut search in their work. The cut searcher offers the
possibility to set the maximum number of cuts, the maximum number of resulting parts, and the
maximum width of the subcircuits via parameters. The maximum number of cuts and resulting parts

1https://www.gurobi.com/
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are specified in the configuration file and can be overridden for a particular Quantum Execution Job
via its own attached configuration. By default, the maximum width of the generated subcircuits is
limited by the number of qubits of the QER. However, it is also possible to set a maximum subcircuit
size in the Quantum Execution Job configuration. Then, the minimum of the two values for the
maximum subcircuit width is used to ensure that they are executable on the QER. Nevertheless,
there may be no feasible solution to cut the given quantum circuit for the chosen QER with the given
parameters. In this case, the Partitioner passes the quantum circuit to error handling. Otherwise, in
the next step, the Partitioner generates all the subcircuits for the various measurements and qubit
initializations using the previously calculated cut solution. The Partitioner creates a new Quantum
Execution Job for each subcircuit and submits these jobs to the Execution Handler. It also stores the
cut solution and other information about the generated subcircuits to reconstruct the result later as
well as a mapping between the initial and the partitioned Quantum Execution Jobs.

6.2.7 Partition Result Processing

The Partition Result Processing implements the circuit-cutting reconstruction procedure as described
in Section 5.4. It receives as input the subcircuit’s results and recreates as output the original
circuit’s result using the previously stored information about the cut. The Partition Result Processing
consists of two parts. The first component receives the subcircuits results and writes them to files.
It matches the subcircuits to the initial Quantum Execution Job. As soon as all subcircuit results are
available, it notifies the second component to start postprocessing the results. The Partition Result
Processing invokes the postprocessing step of the CutQC framework [TTS+20]. The procedure,
implemented in C, reads in all previously stored files and reconstructs the original quantum circuit’s
probability distribution. For this purpose, it uses the Intel oneAPI Math Kernel Library2. When the
procedure is complete, the result is appended to the original Quantum Execution Job and any files
created for postprocessing are deleted.

6.3 Virtualization API

The virtualization API manages the interaction between the clients and the virtual execution
environment. It offers a REST API for clients to send quantum circuits, execute them through
the virtual execution environment, and retrieve their results. The API is implemented with the
Python module Flask3. Flask is a lightweight framework for developing web applications. As a
database for managing and storing the API data, the system uses a MongoDB4 database in the
background. Since the execution of a quantum circuit can take time, the API is implemented in such
a way that long-running tasks can be executed asynchronously. The design of the API is inspired
by the Asynchronous Request-Reply pattern5. A client does not have to wait synchronously until
the execution of the quantum circuit is complete. Instead, the client uses multiple synchronous
requests. The first request passes the quantum circuit to the virtualization service and creates a

2https://software.intel.com/content/www/us/en/develop/tools/oneapi/components/onemkl.html
3https://github.com/pallets/flask
4https://www.mongodb.com/
5https://docs.microsoft.com/en-us/azure/architecture/patterns/async-request-reply
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Figure 6.3: REST API of the virtualization service modeled as adjusted UML class diagram.

Listing 6.1 The minimal JSON body of a request to the Virtualization API

1 {

2 "qasm": "OPENQASM 2.0; ... "

3 }

task in the database. With a second request, the client can trigger the execution of the task. The
API immediately sends a response confirming the start of execution. The client can query the
status of the task and retrieve the results once the task is complete. A core component of the
virtualization API is the Result Fetcher. The Result Fetcher receives the results of the virtual
execution environment and stores them in the database. In addition to successful results, it is also
notified of errors in the virtual execution environment and marks afflicted tasks in the database as
failed. The remainder of this section describes the methods of the REST API. Figure 6.3 provides
an overview of the API’s resources, paths, and HTTP methods.

6.3.1 Resource: Tasks

A task for the virtualized execution of a quantum circuit can be created with the Tasks resource.
The Tasks resource is located under the /tasks path. A new Task can be created with an HTTP
POST request. It must contain a JSON object in the body that describes the quantum circuit as an
OpenQASM string. Listing 6.1 shows the minimal JSON body of a valid request. The method
returns an ID to identify and access the Task. In addition, the same method can be used to send a
list of quantum circuits. Each of the list items must be a valid JSON description of a task. In this
case, the method returns a list of IDs.

Furthermore, configuration data can be transmitted in addition to the pure description of the quantum
circuit. The configuration changes the system’s default configuration for the single request. Other
requests are not affected. This way it is possible to adjust the number of shots and the configuration
for the Quantum Execution Mapper and the Partitioner. For everything that is not defined in the
request, the default values are used. Listing 6.2 shows a request with additional configuration. It
prohibits the use of the QPU ibmq_belem and does not allow simulators to run this quantum circuit.
It also restricts the QERs allowed to execute by a maximum qubit count and a minimum quantum
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Listing 6.2 The JSON body of a request to the virtualization API with configurations

1 {

2 "qasm": "OPENQASM 2.0; ... ",

3 "shots": 8192,

4 "config": {

5 "quantum_resource_mapper": {

6 "backend_chooser": {

7 "backend_black_list": [

8 "ibmq_belem"

9 ],

10 "allow_simulator": false,

11 "number_of_qubits": {

12 "max": 5

13 },

14 "quantum_volume": {

15 "min": 16,

16 }

17 },

18 "execution_types": {

19 "raw": true,

20 "aggregation": false,

21 "partition": true

22 }

23 },

24 "partitioner": {

25 "subcircuit_max_qubits": 2,

26 "max_separate_circuits": 3,

27 "max_cuts": 5

28 }

29 }

30 }

volume. The configuration disables the aggregated execution for this request. If the system chooses
the partitioned execution, it is instructed to cut the quantum circuit into at most three pieces with at
most five cuts. Each subcircuit may have a maximum of two qubits.

6.3.2 Resource: Task

The Task resource represents a single quantum circuit created using the Tasks resource method
presented earlier. It is located under the path /tasks/{task_id}, where the task_id is a placeholder for
the actual ID of the Task. Task resources provide three methods: an HTTP GET method to retrieve
the Task, an HTTP PUT method to starts execution, and an HTTP DELETE method to remove the
Task. The HTTP GET method returns all available information about the specified Task. Listing 6.3
shows a sample response of a completed Task with the result. The result is added once the Task is
executed. However, the client can access the status and the result of the Task separately through the
Task_Status and Task_Result resource. It is not necessary to query the entire Task.
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Listing 6.3 The JSON response with the result of the virtualization API for a completed task

1 {

2 "id": "60894efc0e6e9389ce977f8d",

3 "qasm": "OPENQASM 2.0; ... ",

4 "config": {...},

5 "shots": 8192,

6 "status": "done",

7 "result" : {

8 "0x8" : 0.1341552734375,

9 "0xc" : 0.120849609375,

10 "0x10" : 0.397216796875,

11 "0x14" : 0.3477783203125

12 }

13 }

An HTTP PUT request to the Task resource creates a Quantum Execution Job from the Task and
forwards it to the virtual execution environment. Therefore, it starts the execution. The status of the
Task is now running.

6.3.3 Resource: Task_Status

Task_Status resource represents the state of a Task. It is located under the /tasks/{task_id}/status
path for a particular Task. Each Task is in one of four states. Possible states are created, running,
done, and failed. The states done and failed are final states. Once a task is in a final state, its
processing is complete, and it will not receive any further updates. The HTTP GET method allows
one to query the state of a Task. A client can poll this method periodically to check whether the
Task is in a final state.

6.3.4 Resource: Task_Result

Task_Result resource corresponds to the result of a Task and is located under the path
/tasks/{task_id}/result. An HTTP GET request to this resource allows a client to get the re-
sult. The result is only available if the Task is in the done state. The result is encoded as a JSON
object. Any result state that has a non-zero outcome probability is listed in the JSON object. The
key is the result state encoded in hex, and the value is the probability of the state. The coding of the
result is the same as in Listing 6.3.
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This chapter evaluates the implementation of the virtualization concept. The focus is on evaluating
the aggregation and partitioning process of the implementation. The goal is to determine how the
execution of unmodified quantum circuits differs from their aggregated and partitioned execution
and what causes this. For this purpose, various analysis procedures are used in the evaluation.
One of these is randomized benchmarking, which is first introduced and later used to evaluate the
aggregation. Then, first for aggregation and then for partitioning, the exact evaluation methods are
described, and the results are presented.

The evaluation uses five-qubit NISQ devices from IBM QX. Table 7.1 shows the details of the
QPUs including the quantum volume of the machines. Quantum volume is a single number used
to measure the performance of a quantum computer. It considers the number of qubits and the
number of operations before the qubits decohere. A higher quantum volume means that a quantum
computer can solve more complex problems.

A key metric used in the evaluation is the fidelity of two quantum states. Quantum fidelity measures
the proximity between two quantum states [NC10]. The fidelity value is bound between zero and
one. The closer the value is to one, the more similar the quantum states are. Two equal quantum
states have a fidelity value of one.

Name Qubits Quantum volume Processor type Version
ibmq_santiago 5 32 Falcon r4 1.3.19
ibmq_athens 5 32 Falcon r4 1.3.16
ibmq_belem 5 16 Falcon r4 1.0.8
ibmq_quito 5 16 Falcon r4 1.0.11
ibmq_lima 5 8 Falcon r4 1.0.8

Table 7.1: Overview of the IBMQ systems in use

7.1 Randomized Benchmarking

Randomized benchmarking (RB) is a technique for measuring an average error rate of a
QPU [MGE11; MGE12]. RB applies sequences of random gates of different lengths, which
sum to an identity operation, to an initial state. This means that after applying the entire gate
sequence, the input state should theoretically be unchanged. However, due to the characteristics
of today’s NISQ machines, the computation is disturbed by noise, and errors accumulate. The
comparison between the noisy result and the expected result, which is the input state, allows
conclusions to be drawn about the QPU’s average error rate.

The RB protocol consists of the following steps [MGE12]:
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1. Choose a fixed initial =-qubit state |k〉.

2. Choose < < " − 1, where " is the maximum circuit depth.

3. Generate  < gate sequences consisting of < + 1 operations. The sequence consists of <
random operations and the inverse operation of the first < operations. The random sequence
is chosen uniformly at random from the Clifford group Clif

=
on =-qubits. This can be done

by choosing each of the < operations uniformly at random from the set of generators Clif gen
=

Clif gen
=
= {�8 , (8 ,CNOT8, 9 |8, 9 ∈ [0, = − 1], 8 ≠ 9} (7.1)

where 8 and 9 are the qubits’ indices on which the gates act and all other qubits are
unaffected by the gates. Up to a global phase, any element of the Clifford group can be
generated with a sequence of the elements of Clif gen

=
[HDE+06]. Thus, the first < gates are

�0, ..., �<−1 ∈ Clif gen
=

The last gate in the sequence �< = (�0...�<−1)−1 is the computed
reversal element that should return the qubits to the initial state. The following quantum
circuit shows the resulting gate sequence.

|0〉
�0 �<−1 �<

...
... ...

|0〉

(7.2)

4. Execute the gate sequences on a QPU.

5. Estimate the fidelity of each gate sequence by counting how many shots return the initial
state as a result. Then average over the  < random sequences of length < + 1 to compute the
averaged sequence fidelity �seq(<, k).

6. Repeat Steps 2 to 5 for different values of <

7. Fit the results to an exponential decay function:

� (<, k) = �U< + � (7.3)

In this model, the � and � states account for the state preparation error, the measurement
error, and the effect from the error on the final gate [MGE11]. The decay rate U determines
the average error rate A, also called Error per Clifford (EPC) gate, in the following way
[MGE11]:

A = 1 − U − 1 − U
2=

=
2= − 1

2=
(1 − U) (7.4)

For the evaluation performed, the Qiskit implementation1 was used.

1https://qiskit.org/documentation/apidoc/verification.html#randomized-benchmarking
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7.2 Aggregation

7.2 Aggregation

The evaluation of the aggregation is divided into two parts. The first part analyzes the performance
of aggregation with RB to measure the average error rates of QPUs. In this context, the general
feasibility of the aggregation method, the influence of different QPUs, and the effects of the
aggregated quantum circuits on each other are investigated. In the second part, the aggregation is
evaluated in terms of the quality of the result of different quantum circuits. It analyzes the fidelity
of aggregated execution of different quantum circuits.

7.2.1 Evaluation with randomized benchmarking

RB is a technique for measuring the average error rates of QPUs and can therefore be used to
compare the average error rate on a QPU between aggregate and raw execution modes. In this
section, we investigate whether aggregation of quantum circuits gives correct results on simulators.
Then, we analyze how susceptible the implemented aggregation process is to the noise and crosstalk
on the NISQ devices. Nevertheless, the next step first describes the exact procedure for generating
the RB evaluation data.

Evaluation procedure

All data for the RB evaluation in this section were obtained under the following circumstances.
The evaluation analyzes quantum circuits of depths 1, 10, 20, 50, 75, 100, 125, 150, 175, and
200. A Python script generated the same number of random two-qubit quantum circuits for
each depth as described in Section 7.1. The evaluation is performed using IBM QX’s five qubit
systems from Table 7.1. In addition to the QPUs, the same evaluation was also performed once
with the ibmq_qasm_simulator. The use of two-qubit quantum circuits allows unconstrained
aggregation of the quantum circuits on each of the five-qubit QPUs. The evaluation executes each
quantum circuit at least twice on each device: first without aggregation and then the same quantum
circuits in aggregated pairs of two. Every execution contained 8192 shots. Unless otherwise
described, quantum circuits of equal length were always combined in the aggregation procedure.
The non-aggregated execution serves as a reference baseline. The evaluation assumes that the
difference between the raw and the aggregated execution is the aggregation effect.

Feasibility of the aggregation procedure

In order to test whether the implemented aggregation procedure works in the absence of quantum
noise, an RB evaluation was performed using a simulator. As anticipated, no errors occur in the
non-aggregated execution on the simulator. Each run in the RB successfully outputs the initial
state. The aggregated evaluation of the identical circuits on the simulator leads to the same result.
The results of the aggregated execution are consistent with the non-aggregated execution. Thus,
the implemented aggregation method perfectly reconstructs the quantum circuit results. The
implementation is feasible and works correctly in the absence of quantum noise. The remainder of
the aggregation evaluation examines how the aggregation procedure performs in the presence of
noise.
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Figure 7.1: Deviation of RB performance between QPUs from the 31.03.2021
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QPU comparison

The evaluation in this section uses the RB technique described earlier to compare the aggregation on
the five QPUs. Each QPU executes the same randomly generated quantum circuits, both aggregated
and non-aggregated, to eliminate differences in results between QPUs due to different quantum
circuits. The evaluated data consists of 30 quantum circuits per Clifford length and ten different
Clifford lengths as defined above. Thus, each QPU had to perform 450 executions: 300 runs for the
reference data and 150 runs for the 300 aggregated quantum circuits.

Figure 7.1 shows the RB evaluation result data for the different QPUs. Each diagram contains the
following information. On the horizontal axis is the length of Clifford circuits, and on the vertical
axis is the fidelity. The blue data is the reference data of the non-aggregated execution, and the red
data represents the aggregated execution. Each diagram shows the data distribution of each length.
The left side of the distribution shows the distribution of aggregated data, and the right side shows
the distribution of non-aggregated data. The data distributions are critical to see the range of values
and the spread in the range. The plotted lines connect the mean values of the data for each circuit
length.

In general, all RB evaluations, whether in the aggregated or raw execution mode, show the following
pattern. The fidelity starts between 0.9 and 1.0, follows an exponential decay and approaches 0.25
as the quantum circuit length increases. The average fidelity of a two-qubit circuit cannot fall below
0.25 due to noise. A fidelity of 0.25 means that each of the four possible measurement results of
the two-qubit quantum circuit has the same probability. So the state of the qubit is completely
decomposed and just random noise. As circuit length increases, data distributions generally become
narrower.

Although all QPUs follow this general pattern, there are differences in their RB performance and
especially in the RB performance of the aggregated evaluation. This is shown in Figure 7.1. As
expected, the average fidelity of aggregated execution on most QPUs decreases faster than the
average fidelity of raw execution. The rate at which the average fidelity of aggregation decreases
relative to the reference data varies across QPUs. Contrary to expectations, for ibmq_belem the
average fidelity of the aggregated execution decreases more slowly than the reference fidelity. In
general, however, there is a correlation between the quantum volume and the aggregation method’s
performance. The data show that QPUs with a high quantum volume such as ibmq_athens or
ibmq_santiago tend to perform better than QPUs with a low quantum volume such as ibmq_lima.
However, the aggregation’s performance cannot be predicted by the quantum volume of a QPU
alone. The QPU ibmq_belem has a quantum volume of 16 but performs best relative to the reference
data. Although, for example, ibmq_athens and ibmq_santiago both have a quantum volume of 32,
the average performance on ibmq_santiago tends to be better.

Figure 7.2 visualizes the deviation of the aggregated execution from the raw execution of the RB. A
positive value means that the aggregated execution performs worse than the raw execution. Each
line represents the average difference in fidelity between the non-aggregated and the aggregated
executions. The larger the value, the larger the gap between the average fidelity of the aggregated
execution and the raw execution. A negative value indicates that the aggregated execution performs
better than the raw execution. In most cases, the difference in performance between the aggregated
and non-aggregated execution is greatest between a circuit length of 20 and 50. Shallower quantum
circuits are generally less sensitive to noise, and therefore crosstalk effects are smaller. Nevertheless,
the aggregated quantum circuits become more sensitive to crosstalk effects with increasing circuit

57



7 Evaluation

0 25 50 75 100 125 150 175 200
Clifford Length (Circuit Depth)

0.0

0.1

0.2

0.3

0.4

0.5

M
ea

n 
fid

el
ity

 d
iff

er
en

ce

Fidelity gap between aggregated and non-aggregated 
execution

ibmq_qasm_simulator
ibmq_quito
ibmq_belem
ibmq_lima
ibmq_athens
ibmq_santiago

Figure 7.2: RB performance difference

Name EPC aggregation EPC raw EPC difference
ibmq_santiago 0.0125 0.0118 0.0007
ibmq_athens 0.0200 0.0165 0.0035
ibmq_belem 0.0231 0.0256 -0.0025
ibmq_quito 0.0225 0.0135 0.0090
ibmq_lima 0.1022 0.0087 0.0935
ibmq_qasm_simulator 0 0 0

Table 7.2: RB EPC rates of the different QPUs and the simulator

depth. Quantum circuits deeper than 50 operations are so susceptible to noise that the additional
effects of aggregation are of little consequence. Therefore, the performance difference becomes
smaller again. Figure 7.2 also shows the performance difference of the ibmq_qasm_simulator.
Since the simulator is not affected by crosstalk or other noise, the performance of the aggregated
execution is equal to that of the circuits’ raw execution. Consequently, the performance difference
of the simulator is zero.

Table 7.2 summarizes the results of the comparison between the different QPUs. It shows the EPC
rates for the aggregated and non-aggregated executions on the QPUs. The EPC indicates the average
error per operation on the QPU. The EPC rates confirm what can be seen in Figure 7.1. The error
rate of the aggregated execution mode on the QPUs is higher than the raw execution mode error rate,
except for the ibmq_belem QPU. As Figure 7.1b shows, the EPC rate ibmq_belem is lower in the
aggregated mode. Interestingly, a low EPC rate of raw execution does not predict a low EPC rate
for the aggregated execution. For example, the QPU ibmq_lima has the lowest EPC rate in the raw
execution but the highest EPC for the aggregated execution. The difference between the two EPC
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Figure 7.3: Variation in RB performance on one QPU at different points in time

rates indicates how much the aggregated execution differs from the non-aggregated execution. It
correlates with the gap between the aggregation and raw execution curves in the graphs of Figure 7.1
as well as with the performance difference plot in Figure 7.2.

Time dependency

The data presented in the previous Section 7.2.1 were all collected at the same time. The time
interval between executions on a QPU was kept as short as possible. Nevertheless, the evaluation
script ran periodically during the work and performed the same evaluation several times. The
resulting data show that the same QPUs perform differently at different times during the RB
evaluations. Evaluations that are close in time usually lead to the same results. In contrast, results
tend to diverge when there is more time between the executions. One possible reason for this could
be the regular calibration of the NISQ computers. The average error rate measured with RB could
depend on the calibration of the device and how long ago it was calibrated.
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Interestingly, the differences in the evaluation due to different execution times did not always have
the same effect on aggregated and non-aggregated execution. The relative performance of the two
execution modes to each other was different. Again, a greater time interval between evaluations
increases the likelihood of relative changes in the results. Figure 7.3 shows three executions on
the ibmq_santiago QPU at three different time points. Their resulting graphs show three different
behaviors. In Figure 7.3a, the aggregation performs worse compared to the reference data, in
Figure 7.3b it performs better, and in Figure 7.3c, the performance is almost the same. It is
interesting to note that in the cases where the aggregated performance deviates more widely from
the reference performance, the data distribution has a higher variance. All QPUs tested exhibit the
phenomenon that the quality of the aggregated results varies over time relative to the reference data.
Nevertheless, the repeated evaluation confirms that the aggregated execution achieves lower average
fidelity in most cases. However, it is found that the QPUs are not consistently affected by the same
amount of crosstalk, which reduces the aggregated performance.

Order of aggregation

To investigate how the aggregated quantum circuits affect each other’s execution result quality, the
same RB quantum circuits were aggregated in different combinations. Three RB evaluations were
performed using the same data. The first RB evaluation consists of unaggregated quantum circuits,
which in turn serve as reference data. The other two RB evaluations consist of the same quantum
circuits, but aggregated. The first aggregated RB evaluation contains aggregated quantum circuits,
where circuits of the same length have been grouped together. This method has also been used
in all previous evaluations. The second aggregated RB evaluation combined quantum circuits of
different lengths. In this case, the quantum circuits of length 1 were aggregated with the circuits of
length 10, the circuits of length 20 with the circuits of length 50, and so on. To avoid differences
in the data due to temporal influences, we performed all RB evaluations in one run consecutively.
For each Clifford length, we executed ten random quantum circuits. This then gives a total of 100
quantum circuits per RB evaluation and 200 executions on each QPU: 100 for each unaggregated
circuit and twice 50 executions for the aggregated RB evaluations.

Figure 7.4 shows the comparison between the aggregation performance of circuits of the same
length and circuits of different lengths for the different QPUs. The diagrams are similar in structure
to the previous RB diagrams but contain different data. The dashed blue line shows the reference
data of the raw aggregation. The red data is the same as before. It represents the aggregation of
circuits of equal length. Additionally, the green-colored elements were added. They visualize the
aggregation data of quantum circuits of different lengths.

The data in Figure 7.4 shows that the aggregation of different circuit lengths roughly follows the data
path of the same length aggregation. Nevertheless, while the data of the same length aggregation
give a smooth curve, the data of the different length aggregation show a zigzag pattern. Generally
speaking, the greater the distance between the aggregation curves and the reference curve, the more
the two different aggregation curves appear to diverge from one another. An initial thought was that
the reason for the zigzag pattern is that the aggregation of a shorter and a longer quantum circuit is
detrimental to the shorter one because all measurements are made at the end. Then the qubits of the
shorter circuit can decohere until the measurement. Das et al. [DTNQ19] used this reasoning to
motivate their Delayed Instruction Scheduling for executing multiple quantum circuits of different
lengths on one QPU. The pattern that the shorter quantum circuit performs worse for the same
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Figure 7.4: Comparison between aggregation of circuits of the same and different lengths.
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Circuit name Depth 1-Qubit Gates CNOTs Result Distribution
HWEA 7 6 1 [0, 0.5, 0.5, 0]
BV 7 12 1 [0, 0, 0, 1]
QFT 9 7 2 [0.25, 0.25, 0.25, 0.25]
Supremacy Linear 9 13 1 [0.375, 0.125, 0.125, 0.375]
UCCSD 14 18 4 [0, 0, 0, 1]
Grover 20 26 2 [0, 1, 0, 0]

Table 7.3: Two-qubit quantum circuits, properties of their transpiled versions for the IBMQ QPUs,
and their theoretically expected result distribution.

length can be found in the data from ibmq_athens (Figure 7.4a) and ibmq_santiago (Figure 7.4e).
However, an inspection of the data from the other QPUs revealed a different pattern. The zigzag
pattern on these QPUs is inverted for deeper Clifford lengths. This can bee seen in the data from
ibmq_belem (Figure 7.4b), ibmq_lima (Figure 7.4c), and ibmq_quito (Figure 7.4d). Given this
observation, it appears that on these QPUs, the shorter quantum circuit of the two aggregated
circuits performs better. Nevertheless, it is critical to note that the data from QPUs ibmq_belem and
ibmq_lima show a high variance in the average fidelity of the shorter aggregated quantum circuits.
These findings must therefore be interpreted with caution. However, it can be observed that the
aggregation of circuits of different lengths mutually affects the result. The zigzag pattern is an
indication that aggregated circuits of different lengths influence each other.

7.2.2 Fidelity-based evaluation of quantum circuits

In this part, we analyze how well aggregation works with different quantum circuits. First, we
present the quantum circuits for the evaluation. Then we introduce the evaluation procedure. Finally,
we present the results.

Evaluated quantum circuits

We evaluated with the following two-qubit quantum circuits:

• Bernstein-Vazirani (BV) algorithm with secret 1 as input, as introduced by Bernstein and
Vazirani [BV97]

• A Hardware efficient ansatz (HWEA) for the quantum approximate optimization algorithm
implemented like Moll et al. [MBB+18] with circuit depth five

• A linear version of the quantum supremacy algorithm presented by Boixo et al. [BIS+18]
with height 1 and depth 8

• A Quantum Fourier Transformation (QFT) circuit as described by Nielsen and Chuang
[NC10]

• A circuit that performs one iteration of the Grover operator of the algorithm from Grover
[Gro96]. The implemented oracle is a phase flip oracle and amplifies state 01. After one
iteration, the probability for the state is already one.
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• A Unitary Coupled Cluster with Singles and Doubles (UCCSD) ansatz, as described by
Whitfield et al. [WBA11]

All quantum circuits except the Grover circuit were generated using the quantum-circuit-generator2

with the described parameters. The Grover operator was created with Qiskit3. The Grover circuit
contains Qiskit barriers to prevent transpiler optimizations of the oracle. Table 7.3 gives a brief
overview of the quantum circuits and details of their transpiled versions.

Evaluation procedure

For each quantum circuit, we performed three different types of executions:

1. One execution on a state vector simulator

2. Unaggregated executions on a QPU

3. Aggregated executions on a QPU

The simulator’s execution is needed to obtain the theoretical result state and to determine the exact
probability distribution of the result. This is done once. Then the same circuit is run 100 times
without aggregation on a QPU. This result is used as reference data. Finally, the quantum circuit
was evaluated 100 times in aggregation mode. Therefore, the QPU must perform 50 executions.
This results in 150 executions per evaluated quantum circuit and thus 900 executions for all six
quantum circuits on the QPU. Each execution on the QPU contains 8192 shots. All executions of
the quantum circuit were performed sequentially in one run to minimize temporal differences.

When all results are available, the data are further processed by calculating the standard classical
fidelity for each result from aggregated and unaggregated executions. The classical fidelity metric is
equal to the quantum state fidelity for diagonal density matrices4. The standard classical fidelity is
obtained from the result distribution of the QPU execution ? and the exact probability distribution
@ of the simulator for = qubits as follows:

� (?, @) =
(2=−1∑
8=0

√
?8@8

)2

(7.5)

Figure 7.5 shows the resulting data for ibmq_athens and gives an overview of the results for each
quantum circuit separately. A histogram shows the fidelity values of aggregated and non-aggregated
execution side by side for each quantum circuit and QPU. Results with a similar fidelity are combined
and displayed as bars. The number of combined results defines the height of the bar for the given
fidelity range. In the graphs, the horizontal axis represents the fidelity, and the vertical axis shows
the number of executions with the given fidelity. As before, the blue-colored bars illustrate the
non-aggregated execution, and the red-colored bars illustrate the aggregated execution.

2https://github.com/teaguetomesh/quantum_circuit_generator
3https://qiskit.org/documentation/stubs/qiskit.circuit.library.GroverOperator.html
4https://qiskit.org/documentation/stubs/qiskit.quantum_info.hellinger_fidelity.html
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Figure 7.5: Fidelity histograms for the aggregated evaluation of different quantum circuits on
ibmq_athens
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The second visualization aims at making the results of the different quantum circuits more
comparable. So the QPU’s chart contains the data for all quantum circuits. The plot shows the
aggregated and non-aggregated fidelity distributions for each quantum circuit. A kernel density
estimate approximates the underlying fidelity distribution from the actual data points. Figure 7.6
shows the visualization for the QPUs ibmq_athens and ibmq_quito. The horizontal axis lists the
quantum circuits in the diagrams, and the vertical axis plots the fidelity. For each quantum circuit,
the red and blue areas have the same size. However, for reasons of visibility, the areas between the
different quantum circuits are scaled independently so that the maximum is always the same.

Results from ibmq_athens

This section presents the results for the evaluation with the different circuits using the data from
ibmq_athens. The results from each quantum circuit are depicted separately in Figure 7.5 shown
earlier. Figure 7.6a relates the results of the different tests to each other. All evaluated quantum
circuits achieved at least a fidelity of 0.84 in the aggregated execution and 0.87 in the non-aggregated
execution. In both aggregated and non-aggregated executions, the fidelity distributions differ
between quantum circuits. However, the shape of the aggregated fidelity distribution of a quantum
circuit is not the same as the non-aggregated executions of the same quantum circuit. The fidelity
distributions of the non-aggregated executions are more concentrated and less dispersed.

The aggregated execution of the QFT and Supremacy linear circuit performs almost as well as its
non-aggregated execution. The shape of the aggregated and non-aggregated fidelity distributions
are almost the same in both cases (cf. Figure 7.5d and Figure 7.5e). The fidelity distributions
differ only in that the version of the aggregated circuits is somewhat flatter and slightly shifted
to the left, indicating a slightly worse performance of the aggregation procedure. Nevertheless,
the two quantum circuits achieved a fidelity of more than 0.995 in both execution modes. All
distributions – aggregated and non-aggregated – are very dense for the two quantum circuits and
have a small range of values compared to the other quantum circuits evaluated. Interestingly, the
QFT and Supremacy linear circuit are the only quantum circuits evaluated where all results states
have a nonzero probability (cf. Table 7.3). The expected result of the QFT circuit is the uniform
distribution of result states. These circuits perform better than the others in both the aggregated and
non-aggregated execution. A reasonable explanation for this phenomenon is mutually canceling
error effects. If all possible states occur in the measurement result and all are equally affected by
decoherence, then the collapse of one state into another can be compensated. On the other hand, if
the result distribution contains only one possible state, all decoherence defects appear as errors
in the result probability. Therefore, it is more challenging to achieve higher fidelity values with
quantum circuits whose output contains only one measurable state. The lower achieved fidelity
values of the BV, UCCSD, Grover, and HWEA circuits confirm this.

Moreover, the deviation between the aggregated and non-aggregated fidelity distributions is also
more significant for these quantum circuits. The fidelity distribution of the aggregated evaluation
shows two clusters, whereas the non-aggregated fidelity distribution only has one accumulation.
In the BV, UCCSD, and Grover circuits, the first fidelity value accumulation of the aggregated
evaluation roughly coincides with the clustering of the non-aggregated fidelity values. Their second
cluster of aggregated executions has a lower fidelity. In contrast, for the two fidelity clusters of the
HWEA circuit, the lower fidelity cluster matches the non-aggregated fidelity distribution.

65



7 Evaluation

bv grover hwea qft supremacy_linear uccsd
Quantum Circuit

0.825

0.850

0.875

0.900

0.925

0.950

0.975

1.000
Fi

de
lit

y
Fidelity Distributions for ibmq_athens

aggregation
no aggregation

(a) ibmq_athens

bv grover hwea qft supremacy_linear uccsd
Quantum Circuit

0.800

0.825

0.850

0.875

0.900

0.925

0.950

0.975

1.000

Fi
de

lit
y

Fidelity Distributions for ibmq_quito
aggregation
no aggregation

(b) ibmq_quito

Figure 7.6: Fidelity distributions for the aggregated and non-aggregated evaluation on ibmq_athens
and ibmq_quito
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Results from ibmq_quito

Figure 7.6b shows the fidelity distributions for the evaluation with equal quantum circuits for
ibmq_quito. Their behavior on ibmq_quito is similar to that of ibmq_athens. The fidelity distributions
of the non-aggregated executions are also more concentrated and less dispersed. Compared to
the aggregated fidelity distributions of ibmq_athens, the fidelity variance of the aggregation on
ibmq_quito is lower, but also the maximum achieved fidelity values of the different quantum circuits
are lower on ibmq_quito.

As for ibmq_athens, the QFT and Supremacy linear circuits achieve the best fidelity in the aggregated
and non-aggregated execution. All aggregated and non-aggregated executions of these circuits
achieved a fidelity greater than 0.99. On ibmq_quito, the fidelity distributions of these circuits are
also very dense and have a small range of values. The fidelity values of the other quantum circuits
were between 0.8 and 0.93. The two-cluster pattern in the fidelity distributions is also evident in the
fidelity data from ibmq_quito. Affected by this pattern are the quantum circuits BV, Groover, QFT,
and Supremacy linear.

Results from the other QPUs

In general, the data patterns of the quantum circuits on the other evaluated QPUs are very similar.
The aggregated fidelity distributions often show two clusters. One possible explanation for the two
clusters is that one of the two aggregated quantum circuits performs better than the other. However,
differences between the two aggregated quantum circuits cannot be the reason since we always
combined the same two quantum circuits. Therefore, one explanation could be that the QPUs’
qubits vary in their susceptibility to errors. Hence, it is possible that one circuit was executed on
more error-prone qubits, resulting in lower fidelity compared to the other circuit executed on the
less error-prone qubits.

In general, across all QPUs, there is a correlation between the fidelity of non-aggregated and
aggregated execution of a quantum circuit. A quantum circuit that achieves high fidelity with low
variance in the non-aggregated execution also tends to have higher fidelity with lower variance in
the aggregated execution. Examples from our evaluation of this are the QFT and Supremacy linear
circuit. These two circuits have in common that all result states are possible. If, on the other hand,
lower fidelity with higher variance characterizes the non-aggregated execution of a quantum circuit,
the same also applies to the aggregated execution. Our analysis shows that this is often the case for
quantum circuits that have only one possible result state, such as BV, UCCSD, and Grover. HWEA
has only two possible result states. Its performance is between the two extremes. The aggregated
execution of a quantum circuit appears to amplify effects that lower fidelity and produce higher
variance in the results.

7.2.3 Summary

The two evaluations show that aggregation of quantum circuits is feasible and efficient in the
absence of noise. However, aggregated execution of quantum circuits generally performs worse
than non-aggregated execution in the presence of quantum noise. The quality of the results for an
aggregated execution of a quantum circuit depends on the QPU, the quantum circuit itself, and
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the other quantum circuit used for aggregation. QPUs with a higher quantum volume tend to be
more suitable for aggregation. Nevertheless, the quality of the aggregated execution results for the
same QPU and quantum circuit may vary over time. The data show that the performance of the
non-aggregated execution predicts how well a quantum circuit performs in the aggregated execution.
Quantum circuits that achieve high fidelity without aggregation also tend to maintain higher fidelity
with aggregation. Furthermore, the evaluation shows that the aggregated quantum circuits influence
each other’s results.

7.3 Partitioning

In this section, we evaluate the implemented partitioning method of the system. It was not possible
to perform an RB evaluation because the partitioning procedure could not cut all randomly generated
quantum circuits. Therefore, this evaluation focuses on a fidelity-based approach as in the second
part of the aggregation evaluation (cf. Section 7.2.2). This section is divided into two parts. The
first part focuses on the impact of QPUs and quantum circuits on the result quality of partitioning.
The second section analyzes different cuts of the same quantum circuit on the same QPU.

7.3.1 QPUs and quantum circuits

All evaluations in this section were performed using the IBM QX’s five-qubit QPUs listed in
Table 7.1 and the ibmq_qasm_simulator.

Evaluated quantum circuits

The evaluation includes the following three five-qubit quantum circuits:

• BV algorithm with secret 1111 as input, as introduced by Bernstein and Vazirani [BV97]

• A linear version of the Quantum Supremacy Algorithm presented by Boixo et al. [BIS+18]
with height 1 and depth 8

• A two-bit adder circuit that adds 00 and 01. The adder is implemented like the ripple-carry
addition circuit of Cuccaro et al. [CDKP04]. However, since six qubits are required for the
two-bit carry ripple adder, the qubit representing the high bit for the overflow was omitted.
The implemented version uses only five qubits: four qubits for the input and one for the carry.

Table 7.4 gives a brief overview of the quantum circuits, the details of their transpiled versions,
and their cuts. The theoretical result of the BV and the adder circuit is a state with probability one.
In contrast, the Supremacy linear circuit produces a result distribution in which all states have a
non-zero probability. In this part of the evaluation, the five-qubit quantum circuits have been cut
into subcircuits with a maximum of four qubits.

The other types of quantum circuits previously used for aggregation evaluation were not suitable
because the partition of their five-qubit versions was unmanageable due to partitioning overhead.
For example, to cut a five-qubit version of the QFT circuit into four-qubit subcircuits, at least
five cuts were needed to decompose the quantum circuit into three pieces. With the various
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Circuit name Depth 1-qubit gates CNOTs Cuts Parts Subcircuits
BV 23 30 25 1 2 7
Supremacy linear 19 46 4 1 2 7
Adder 86 48 64 2 2 24

Table 7.4: Five-qubit quantum circuits, properties of their transpiled versions for the IBMQ QPUs,
and details of their partitioning into four qubits.

qubit initializations and measurements required for reconstruction, the system had to execute 349
subcircuits. The partitions of the other quantum circuits have even a higher number of subcircuits.
It is not feasible with the freely available IBM QX resources to evaluate a larger number of quantum
circuit instances with such a high number of subcircuits per partitioned circuit instance.

Evaluation procedure

As with the aggregation evaluation, we again performed three different types of executions:

1. One execution on a state vector simulator

2. Non-partitioned executions on a QPU

3. Partitioned executions on a QPU

The purpose of the different types of executions is analogous to the aggregation evaluation above.
However, since partitioning, unlike aggregation, creates more quantum circuits from one circuit,
the number of executions on the QPU is much higher in the partitioned mode. To counteract
this, we reduced the number of evaluations per quantum circuit on each QPU to 50. However, 50
evaluations of a quantum circuit in non-partitioned and partitioned modes on one QPU result in 50
non-partitioned executions plus the number of subcircuits times 50 executions for the partitioned
evaluation. For the three quantum circuits, this means that we analyze 2050 executions for each QPU:
150 non-partitioned executions and 1900 executions of subcircuits. Each execution contained 8192
shots, and all executions for all quantum circuits and QPUs were performed in one run to minimize
temporal differences. When all results are available, we compute the standard classical fidelity
for each result from partitioned and non-partitioned evaluations as described in Equation (7.5) on
page 63.

Feasibility of the partitioning procedure

In an attempt to test whether the implemented partitioning procedure is feasible, IBM QX’s
cloud-based simulator ibmq_qasm_simulator was used in the evaluation to execute the quantum
circuits without noise and errors. Figure 7.7 visualizes the results for the three quantum circuits
as histograms. As expected, the simulator achieved a fidelity close to 1 for all non-partitioned
executions. All evaluations of partitioned quantum circuits show a significantly higher fidelity
than a random result. The average fidelity of a random result for a five-qubit quantum circuit
is 2−5 = 0.03125. The adder and the BV circuit both have an average fidelity of about 1, but
the variance of the BV circuits is higher. Nevertheless, both circuits reproduce the correct result
with a very high probability in the partitioned execution. In contrast, while the average fidelity
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Figure 7.7: Fidelity histograms for different quantum circuits on ibmq_qasm_simulator

of the partitioned execution of the Supremacy linear circuit is still significantly higher than the
random result, it is significantly lower than the non-partitioned fidelity. The average fidelity of the
partitioned Supremacy linear circuit is about 0.75. In contrast, the non-partitioned circuit achieved
an average fidelity of about 0.98.

One possible reason for the significantly lower average fidelity of the Supremacy linear circuit
is a limitation in the implemented classical postprocessing of the partitioning process. The
postprocessing includes a method called Dynamic Definition Query that helps in reconstructing
the probability distribution [TTS+21]. Postprocessing recursively applies this method to the data.
Each recursion step gives a more accurate result. However, the published version of the integrated
CutQC Framework [TTS+20] allows only one recursion step. This is detrimental to the results of
quantum circuits such as the Supremacy linear circuit, which have more than one solution state. In
general, they require more recursion steps.

Furthermore, the adder and BV data indicate that the execution on the simulator has reached fidelity
values above one. However, this contradicts the definition of fidelity, which only allows values
between 0 and 1. The probable cause is the imperfect probability distributions that result from
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postprocessing partitioning. They do not always sum to 1 and can contain probability values slightly
below 0 and above 1. To apply the square root in Equation (7.5) on page 63 for classical fidelity, the
evaluation rounds all negative values to 0. This distorts the result minimally so that fidelity values
above one can occur.

Nevertheless, the high fidelity values confirm the feasibility of the implemented partitioning method
in the absence of quantum noise and errors. However, it turns out that the average fidelity of results
obtained with the partitioning method depends on the quantum circuit chosen. Our result suggests
that the partitioning method works better with quantum circuits with only one expected result state
instead of a result distribution where multiple outcomes are possible. Given the feasibility of the
partition procedure without noise, the remainder of this section analyzes the effectiveness of the
method in the presence of quantum noise on NISQ devices.

QPUs

We used the evaluation procedure described previously to evaluate the same three quantum circuits
on each of the QPUs. Figure 7.8 shows the fidelity distributions of the evaluation for all QPUs for
the three quantum circuits studied. Unlike previous visualizations, all red and blue areas of the
distributions are the same size across all QPUs to make the data more comparable. They only vary
between the quantum circuits. From the figures, it can be seen that the fidelity distributions of the
partitioned executions differ between the QPUs. For example, the evaluation of the adder circuit on
ibmq_santiago achieved a higher fidelity score than the same adder circuit on ibmq_quito. However,
the distribution generated by ibmq_santiago also has a higher variance (cf. Figure 7.8). However,
the fidelity distributions of the non-partitioned executions also vary between QPUs. Putting the
partitioned fidelity data in relation to the non-partitioned reference data, there were no significant
differences between the different QPUs that occurred across all quantum circuits. Thus, the data did
not show that one QPU is better for partitioning than another.
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Figure 7.8: Fidelity distributions of the three analyzed quantum circuits on all five-qubit QPUs for partitioned and non-partitioned execution

72



7.3 Partitioning

adder bv supremacy_linear
Quantum Circuit

0.0

0.2

0.4

0.6

0.8

1.0

Av
er

ag
e 

Fi
de

lit
y

0.288

0.490

0.946
1.000 1.000 0.999

averaged QPUs
ibmq_qasm_simulator

(a) Comparison of the non-partitioned execution be-
tween the ibmq_qasm_simulator and the average
over all evaluated QPUs

adder bv supremacy_linear
Quantum Circuit

0.0

0.2

0.4

0.6

0.8

1.0

Av
er

ag
e 

Fi
de

lit
y

0.269

0.635

0.793

0.288

0.490

0.946

partitioning
no partitioning

(b) Comparison between the partitioned and non-
partitioned execution, averaged over all evaluated
QPUs
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Quantum circuits

In this section, we consider the averaged fidelity values of the executions of a quantum circuit across
all QPUs to minimize the effect from the specific QPU and focus on the influence of the quantum
circuit. Compared to the evaluation on the simulator, the average fidelity of the non-partitioned
circuits for the adder and BV circuit decreased significantly, as shown in Figure 7.9a. Both had an
average fidelity value of 1 on the simulator. Their non-partitioned fidelity value averaged over all
evaluated QPUs is 0.29 for the adder and 0.49 for the BV circuit. In contrast, the average fidelity of
the non-partitioned Supremacy linear circuits does not decrease much. The average fidelity value is
0.95.

Figure 7.9b shows the averaged fidelity of the partitioned and non-partitioned execution of the
three quantum circuits analyzed. The data show that the decrease in the fidelity values of the
non-partitioned circuits compared to the simulator is also associated with a decrease in the fidelity
of the partitioned circuits. However, the partitioned fidelity values of the different quantum circuits
behave differently compared to the reference fidelity of the non-partitioned circuits.

The partitioned execution of the adder circuit achieves only a low average fidelity of 0.27 on the
QPUs but performs about as well as the non-partitioned execution. Figure 7.8 shows that the
adder circuit’s fidelity distribution from the partitioned execution for the QPUs looks similar to
the non-partitioned execution, except that the partitioned fidelity distributions of ibmq_athens and
ibmq_santiago have higher variance than their non-partitioned reference distributions.

The evaluated data for the BV circuit show a different pattern. The partitioning method achieved
significantly higher fidelity than the non-partitioned execution. This applies to each QPU evaluated.
The average of partitioned fidelity is 0.64, and the average of non-partitioned fidelity is 0.49.
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Quantum circuit Max qubits subcircuits Cuts Parts Subcircuits
BV 4 1 2 7
BV 3 1 2 7
BV 2 3 4 31

Table 7.5: Properties of different cuts of the five-qubit BV quantum circuit

Unlike the BV circuit, the data of the Supremacy linear circuit has in partitioned execution lower
fidelity than in the non-partitioned execution. This applies to all QPUs evaluated. The average of
partitioned fidelity is 0.79, and the average of non-partitioned fidelity is 0.95. However, it is still
the quantum circuit with the highest average fidelity for both the partitioned and non-partitioned
execution.

To conclude, the quality of the partitioning procedure depends on the quantum circuits. The BV
circuit performs better in partitioned mode across all QPUs, while in contrast, the Supremacy linear
circuit achieves higher fidelity values without partitioning.

7.3.2 Cuts

This section is the second part of the partitioning evaluation and analyzes how different quantum
circuit cuts perform. The implemented partitioning procedure allows limiting the maximum number
of qubits of the resulting subcircuits. The evaluation performed includes three different cuts for
the five-qubit BV circuit: a cut with subcircuits of maximum width four, three, and two qubits.
Table 7.5 shows the details of the cuts. It is possible to partition the BV circuit into two parts with
a maximum size of four qubits with one cut. This cut generates seven subcircuits containing all
measurements and qubit initializations to reconstruct the result of the original circuit. The same
applies to the cut with a maximum subcircuit width of three. In contrast, a partition of the BV
circuit, which has only subcircuits with two qubits, requires three cuts that separate the circuit into
four parts. This results in 31 subcircuits. Each of the three cuts analyzed contained a subcircuit
with the maximum qubit number.

Evaluation procedure

The evaluation setup is similar to the previous one. It contains one execution on a state vector
simulator, 50 non-partitioned executions on a QPU, and 50 partitioned executions on a QPU for
each of the cuts. This results in 2300 executions for each of the QPUs. Each execution contained
8192 shots, and all executions for all quantum circuits and QPUs were performed in one run to
minimize temporal differences. When all results are available, the following evaluation step is to
calculate the fidelity as described in Equation (7.5) on page 63. Figure 7.10 shows the resulting
fidelity data for the ibmq_qasm_simulator and the five-qubit QPUs. Each visualization shows the
fidelity distribution for each cut as a violin plot. The horizontal axis represents the different cutting
variants, and the vertical axis the fidelity. The black line is in each violin plot marks the average
fidelity.
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Figure 7.10: Fidelity distributions for the different cutting variants of the BV Quantum circuit on
the simulator and the QPUs
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Results

Executing the three different cuts of the BV circuit on the ibmq_qasm_simulator revealed that
in the absence of noise, all variants achieved an average fidelity of about one (cf. Figure 7.10a).
Consequently, the partitioning procedure works for all cuts in the absence of quantum noise, and
there is no difference in performance. However, the partition procedure produced different fidelity
distributions on the noisy QPUs. The blue fidelity distribution results from the execution without
partitioning and again serves as reference data. The data show that all cut variants with one exception
for ibmq_santiago (cf. Figure 7.10f) achieved on average a higher fidelity than the reference data
without partitioning.

Nevertheless, there are differences between the cuts. The resulting fidelity distributions for two-qubit
cuts tend to have lower variance than the fidelity distributions for four-qubit and three-qubit cuts.
The data from ibmq_athens and ibmq_quito show a different pattern: The fewer qubits the resulting
subcircuits have, the higher the average fidelity. The data from the other QPUs do not show this
pattern. However, for all QPUs, the average fidelity of the two-qubit cut is higher than the average
fidelity of the four-qubit cut. The relative performance of the three-qubit cut varies between the
QPUs.

7.3.3 Summary

The performed evaluation of the partition procedure showed that the partitioning of quantum
circuits is possible. The evaluation did not identify any QPUs that are better suited for partitioned
execution than others. The executed quantum circuit and the chosen cut determine much more the
performance of the partitioned execution. Executions of quantum circuits that obtain higher fidelity
in non-partitioned execution also tend to perform better in the partitioned mode. Nevertheless,
depending on the quantum circuit, the fidelity of the partitioned execution may differ from the
fidelity of the non-partitioned execution. Furthermore, the data show that, in general, cuts that
produce smaller subcircuits are more favorable than cuts with larger subcircuits. However, it is
not a clear-cut pattern. It seems that the quality of a cut depends on the QPU used to execute the
subcircuits.
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8 Discussion

In the previous chapter, the evaluation results for the quantum circuit aggregation and partitioning
were presented. This chapter discusses the individual results and their relation to the overall work.
In addition, the system as a whole is discussed. To this end, the feasibility of the concept is first
dealt with, and only simulators are considered as the underlying execution hardware. It also looks
at how the developed virtualization system behaves in conjunction with NISQ computers. Finally,
this chapter discusses the general limitations of the thesis.

8.1 Concept and Implementation

The developed concept allows to abstract from the underlying quantum hardware. The drafted
virtualization process decouples the logical computation of a quantum circuit from its physical
execution. It uses quantum circuit aggregation and partitioning to dynamically assign the computation
or parts of it to QERs. The implementation shows the feasibility of the virtual execution environment
concept and proves its potential. It is shown that aggregation and partitioning of quantum circuits
can be used in a system that automates their application.

The execution of the aggregated quantum circuits works flawlessly on the simulator, thus solving
Challenge 1. The implemented system is able to execute two quantum circuits simultaneously as
one aggregated quantum circuit and reconstruct the individual results. The aggregated results of the
simulator are not inferior to the non-aggregated results. The aggregation of quantum circuits allows
the system to increase the qubit utilization and throughput of the QPUs.

The evaluation of the partitioning method with simulators shows the feasibility of partitioning
quantum circuits in the system. It enables computations of quantum circuits to be carried out
that would otherwise be infeasible. Therefore, quantum circuit partitioning can solve Challenge 2.
However, one threat to the solution is that partitioning quantum circuits introduces significant
overhead. The number of subcircuits increases exponentially with the number of cuts made to
partition the quantum circuit. This became clear in the evaluation carried out. Despite the use of
relatively small quantum circuits, it was not possible to evaluate all the quantum circuits considered
because the partitioning generated too many subcircuits for the freely available execution capacity of
IBM QX. For example, partitioning the five-qubit QFT quantum circuit generates 349 subcircuits. In
addition to subcircuit execution, classical postprocessing becomes more computationally intensive
due to the exponential number of subcircuits.

The implemented resource mapping process employs aggregation and partitioning and automatically
maps the execution of a quantum circuit to QERs. This mapping procedure frees the quantum circuit
execution from the physically available quantum hardware constraints and frees the user from the
necessary hardware selection. In addition, automation in the resource mapping component of the
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virtual execution environment allows the QER provider to better control and optimize resource usage.
Therefore, the resource mapping method process solves Challenge 3 and ensures the automatic use
of aggregation and partitioning for Challenge 1 and Challenge 2.

8.2 Limitations for NISQ Devices

As anticipated, errors and noise occur when using NISQ devices as the underlying execution
hardware, unlike the simulators. Like normal execution, aggregated and partitioned quantum circuit
execution is also susceptible to noise. However, the results of aggregated and partitioned quantum
circuits differ from the unmodified execution results of a NISQ device. In general, the results from
NISQ computers show that aggregated quantum circuits achieve lower fidelity than non-aggregated
ones. One problem is noise, which interferes with aggregated computation more quickly and
thus perturbs shallower quantum circuits than without aggregation. Furthermore, the data show
that QPUs behave differently when running aggregated quantum circuits. The additional noise
introduced by the aggregation varies between QPUs. Moreover, the data suggest that the aggregated
quantum circuits mutually influence the quality of their output. This mutual interference shows that
aggregation on NISQ devices does not allow independent and isolated execution due to crosstalk
effects.

Similarly, noise from current QPUs can affect partitioning performance. Nevertheless, the data
show that the result quality of a partitioned quantum circuit depends less on the choice of QPU
than the aggregation of the quantum circuit. In contrast, the quantum circuit and the chosen
cut seem to significantly influence the result. However, depending on the quantum circuit, the
partitioned execution can achieve higher fidelity than the non-partitioned execution of a quantum
circuit. Therefore, partitioning quantum circuits can improve the capabilities of NISQ devices.

Concluding, the obtained data show that the developed virtualization approach and its presented
implementation are not fully applicable to modern NISQ computers. The executed quantum
circuit and its mode of execution significantly influence the result. The influence of the QER and
execution type used on the execution result is too substantial to equate all combinations. Especially
in aggregation, the differences between the evaluated devices are too large to abstract from the
execution hardware. Therefore, it is impossible to guarantee consistent quality of results and
decouple the execution of quantum circuits from the underlying NISQ hardware by aggregating
and partitioning quantum circuits. However, the evaluation reveals specific scenarios in which the
targeted use of quantum circuit aggregation and partitioning can be helpful.

8.3 Limitations of the Implementation

The implementation represents only a prototypical system to enable the separation between logical
quantum computation and its physical execution. The main focus was on the feasibility of the basic
combination of different technologies to apply aggregation and partitioning of quantum circuits in
an automated manner. The focus was not on optimizing individual technologies to achieve the best
possible results. Therefore, their implementations lead to limitations in the system, especially in
combination with NISQ devices.
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A limitation of the implementation arose in the postprocessing of the quantum circuit partitioning.
For some quantum circuits, it is not possible to reconstruct the exact result even on the simulator. This
contradicts Tang et al. [TTS+21]. They claim to have achieved a perfect result of their partitioning
method for quantum circuits with up to 100 qubits on a simulator. Lack of postprocessing capabilities
in the implemented system is the probable cause of the contradiction. The integrated implementation
[TTS+20] of Tang et al. [TTS+21] supports only a single Dynamic Definition recursion step in
postprocessing. Several steps are meant to improve the quality of results for which a perfect result
has not yet been achieved.

Moreover, the presented version of the partitioning implementation supports only successive
execution of subcircuits. A single QER must execute all subcircuits resulting from a quantum
circuit partition. The possibility of distributing the execution of the subcircuit to several QERs
allows a more flexible and efficient computation. In addition, it enables techniques where different
QERs can be deliberately used for specific parts of quantum circuits to improve the result. However,
further research is needed in this area.

The implemented aggregation procedure combines the quantum circuits only rudimentarily. It
does not take into account how well the quantum circuits fit together to aggregate them. Instead, it
aggregates quantum circuits that are entered sequentially. Moreover, the aggregation procedure does
not take into account the hardware of the executing QPU and its topology. Niu and Todri-Sanial
[NT21] and Liu and Dou [LD21] present more sophisticated approaches to establish hardware-aware
scheduling of aggregated quantum circuits. Implementing these methods in the virtualization
system improves the result quality of quantum circuit aggregation on NISQ devices and thus the
overall capability to abstract from the NISQ hardware.

Another limitation of the implementation is the initially simple resource mapping. The implemented
quantum resource mapping considers only a few properties of the quantum circuit and the QER.
The only considered metric of a quantum circuit is its width. Relevant QER characteristic for the
implemented system are only its number of qubits and the approximated waiting time. Nevertheless,
the quantum resource mapping can be extended to take into account other properties of the quantum
circuits and the QERs. This would allow a more nuanced decision on the use of aggregation or
partitioning in combination with the available QERs for execution. However, there are no studies
on this yet.

Finally, a major limitation of the work is that virtualization is not performed directly by the
cloud provider. Instead, the virtualization layer is implemented as an intermediary service that
conveys quantum circuit executions and their results between the user and the cloud offering. The
implementation must use the cloud interface to access the QERs. It is only possible to use the
functionality of the public API over HTTP, which allows only limited access and control of the
QERs. For example, there is no publicly available function to approximate the execution wait time
on a QER. The implementation approximates the wait time of a QER by the job queue length, but
de facto, the queue length is only a limited predictor of wait time because queue lengths are not
comparable between the QERs offered by IBM QX. Moreover, exclusive access to the QERs allows
for better scheduling of quantum circuit executions, as there is no need to consider executions
from other customers. Furthermore, when virtualization is implemented directly by the provider,
execution is not limited by a user’s credits and execution limits.
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This thesis presents a virtualization approach for quantum computing to separate the logical
computation of a quantum circuit from the executions on the quantum hardware. To this end, the
work focuses on breaking their one-to-one relationship through the use of quantum circuit aggregation
and partitioning. Quantum circuit aggregation allows one QPU to execute multiple quantum circuits
simultaneously. In contrast, quantum circuit partitioning distributes the computation of one quantum
circuit across multiple QPU executions. An essential component of the proposed concept is also the
automation of the entire process. The resulting virtualization process automatically maps between
logical computations and physical executions on hardware by systematically selecting hardware and
applying quantum circuit aggregation and partitioning. Internal aggregation of quantum circuits
can increase the qubit utilization and throughput of QPUs. The partitioning of quantum circuits
in the process enables quantum computations that would otherwise be infeasible. Finally, the
implementation of the virtualization process creates a virtual execution environment for quantum
circuits. It provides a unified and hardware-independent interface for quantum computation that
combines the capabilities of the underlying QERs. The virtual execution environment therefore
allows focusing on the logical quantum computation and its results, while ignoring its specific
physical execution.

The following evaluation of the implemented virtual execution environment proves the basic
feasibility of the developed concept. It shows its potential in the absence of quantum noise.
Nevertheless, the exponential computing effort associated with partitioning quantum circuits is
a limitation. The processing overhead makes the partitioning method impractical for quantum
circuits that require many cuts. Furthermore, the use of contemporary NISQ hardware shows that
it is inadmissible to abstract from the specific execution process and at the same time guarantee
a consistent result quality. The quality of the execution results differs significantly depending on
the resource mapping. The QPUs analyzed have peculiarities that affect the results and make it
necessary to distinguish between them. Besides the QER itself, the aggregation and partitioning of
the quantum circuits also affect the results. In general, aggregate execution of quantum circuits
reduces the quality of the results due to crosstalk effects on the QPU. The magnitude of the effects
depends on the QPU and the aggregated quantum circuits. Quantum circuit partitioning seems to
be less influenced by the choice of QPU than by the quantum circuit itself and the chosen cut. In
certain scenarios, the partitioned execution provides even better results than the normal execution.

Outlook

A major limitation of the presented approach is the noise and related characteristics of current QPUs.
Nevertheless, with the advancement of quantum technology, NISQ machines scale to larger sizes,
are less error-prone and have fewer and fewer crosstalk effects. These improvements will enable
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better implementation of virtualization concepts in quantum computing in the future. Moreover,
further advances in quantum circuit partitioning and aggregation will lead to better results on current
NISQ devices.

As quantum computers become mainstream, cloud providers offering quantum services will have
larger pools of QERs. It is then necessary to efficiently and sophisticatedly manage the increasing
number of cloud-based quantum resources. An important step would be a technology that abstracts
from the physical quantum hardware and separates it from the logical quantum computation. This
requires virtualization concepts for quantum computing.
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