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Deutschsprachige Zusammenfassung

Motivation

Die Verwendung von Polymeren als Bestandteil fluidgesättigter poröser Materialien
hat innerhalb der vergangenen Jahre stark an Bedeutung gewonnen. Polymere, die sich
im Porenraum der Festkörpermatrix befinden, können in Abhängigkeit ihrer spezifi-
schen Eigenschaften mit dem Porenfluid sowie mit dem Festkörper wechselwirken.
Hierdurch kommt es zu Änderungen der makroskopischen Eigenschaften des gesam-
ten porösen Materials, wobei insbesondere Transportprozesse innerhalb des Porenraums
davon betroffen sind.
Eine weitverbreitete Anwendungsmöglichkeit wasserlöslicher Polymere findet sich in-
nerhalb der Erdöltechnik. Beim sogenannten Polymer Flooding (frei übersetzt: Poly-
merflutung) werden Polymerlösungen in Speichergesteine geringer Permeabilität inji-
ziert. Die Polymerlösung breitet sich im Porenraum aus und transportiert das einge-
schlossene Öl in Richtung der Produktionsbohrung. Die Polymerlösung besitzt eine
höhere Viskosität im Vergleich zu Wasser, was eine erhöhte Mobilisierung des einge-
lagerten Öls mit sich bringt. Als Resultat kann eine deutliche Effizienzsteigerung hin-
sichtlich der Ölförderung erreicht werden.
Um den Transport der Lösung sowie die damit einhergehenden Wechselwirkungen mit
der Festkörpermatrix vorherzusagen, ist eine herausfordernde jedoch notwendige Auf-
gabe zur erfolgreichen Umsetzung von Polymer Flooding Projekten auf der Feldska-
la. Während der Infiltration der Polymerlösung in das poröse Gestein lagert sich ein
Teil der fluidisierten Polymerpartikel am Festkörperskelett an, sodass die Polymerkon-
zentration zu einer örtlich sowie zeitlich veränderlichen Größe wird. Darüber hinaus
verursacht die Anlagerung von Polymeren an den Festkörper morphologische Ände-
rungen des Porenraums. Auf der Makroskala resultiert hieraus eine Abnahme der in-
trinsischen Permeabilität. Als Konsequenz ist zu beobachten, dass bei konstanter In-
jektionsrate (Flussrate der Lösung) eine Erhöhung des Injektionsdrucks mit steigender
Anlagerung auftritt. Numerische Simulationen basierend auf einer konsistenten kon-
tinuumsmechanischen Modellierung ermöglichen ein Verständnis der komplexen Zu-
sammenhänge, wodurch der Zugang zur Prozessoptimierung eröffnet wird.
Abseits der Erdöltechnik werden quellfähige Polymere zur Bindung der freien Poren-
flüssigkeit innerhalb poröser Medien verwendet. Aufgrund ihrer Eigenschaften wer-
den diese Polymere auch als Superabsorbierende Polymere (SAP) bezeichnet. Aus che-
mischer Sicht sind SAP vernetzte Polyelektrolyte, die mit der Absorption von wässri-
gen Lösungen zu Hydrogelen anquellen. Seit der Entwicklung von Procter & Gamble
im Jahr 1957 bis heute, werden SAP wegen ihrer schnellen Absorptionsrate und der
hohen Quellungskapazität hauptsächlich für Hygieneprodukte verwendet [160]. Wäh-
rend der vergangenen Jahre wurden erhebliche Fortschritte bezüglich der charakteristi-
schen Polymereigenschaften erzielt. Im Speziellen konnten die Absorptionsraten sowie
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VI Deutschsprachige Zusammenfassung

die Quellungskapazitäten deutlich gesteigert werden. Aus diesem Grund haben SAP in
unterschiedlichen industriellen Sektoren an Bedeutung gewonnen, was vor allem die
Nutzung innerhalb poröser Materialien betrifft.
In jüngerer Vergangenheit konnten innovative Baustoffe entwickelt werden, in denen
SAP zur adaptiven Steuerung der freien Porenflüssigkeit eingesetzt wurden. Vor die-
sem Hintergrund ist die Entwicklung eines Verpressmörtels zu erwähnen, der durch
den Einsatz von SAP einen Großteil des freien Porenwassers durch Hydrogele binden
kann, sodass sich eine schnelle Aushärtung des Mörtels erzielen lässt. Zuverlässige
Modelle zur Erfassung der zeitabhängigen Flüssigkeitsaufnahme innerhalb des Poren-
raums stellen demnach die notwendige Basis zur Entwicklung effektiver Rheologiemo-
delle dar.
Es kann zusammengefasst werden, dass Polymere innerhalb fluidgesättigter poröser
Medien bei unterschiedlichen Anwendungsmöglichkeiten zu einer maßgeblichen Ver-
änderung der makroskopischen Eigenschaften führen können. Die Interaktionen der
Polymere mit der Festkörpermatrix sowie mit dem Porenfluid unterscheiden sich aus
physikalischer Sicht stark, jedoch lassen sich Anlagerungs-/Ablösungsprozesse sowie
Absorptions-/Desorptions-prozesse innerhalb einer kontinuumsmechanischen Model-
lierung allgemein durch den Massenaustausch der beteiligten Phasen beschreiben.

Stand der Forschung, Vorgehensweise und Zielsetzung

Das Ziel der vorliegenden Arbeit ist die makroskopischen Modellierung poröser Mate-
rialien, die eine Sättigung des Porenraums mit einer Porenflüssigkeit sowie einem Poly-
mer aufweisen. Im Fokus der Untersuchung sind die vielfältigen komplexen Prozesse,
die innerhalb des Porenraums stattfinden und durch die Anwesenheit des Polymers in-
duziert werden. Wie bereits zuvor erwähnt, ist es möglich die effektiven Eigenschaften
poröser Materialien durch den Einsatz von Polymeren zu modifizieren. Hierbei werden
die Anforderungen an die Modellierung in drei übergeordnete Kategorien unterteilt:

• Kontrolle der freien Porenflüssigkeit innerhalb des Festkörperskeletts,

• Anlagerung der Polymere an die Festkörpermatrix,

• Fließverhalten von Polymerlösungen durch die poröse Matrix.

Innerhalb der Literatur sind Fortschritte auf allen Bereichen zu verzeichnen. Allerdings
existiert nach Kenntnisstand des Autors kein Mehrphasenmodell zur systematischen
Beschreibung der gekoppelten Prozesse innerhalb des Porenraums. Demnach wird in
der vorliegenden Arbeit ein Mehrphasenmodell entwickelt, welches aus einer porösen
Festkörper-matrix, einer Porenflüssigkeit und einem Porengel besteht.
Aus praktischer Sicht ist die genaue Erfassung aller geometrischen Informationen so-
wie die Beschreibung aller physio-chemischen Prozesse auf der Mikroskala nicht um-
setzbar. Aus diesem Grund wird in der vorliegenden Arbeit eine makroskopische Mo-
dellformulierung auf Basis der Hybrid Mixture Theory (HMT) (frei übersetzt: Hybri-
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de Mischungstheorie) gewählt [20, 21], die eine homogenisierte Beschreibung der Mi-
krostruktur ermöglicht. Die Entwicklung makroskopischer Konstitutivmodelle ist schließ-
lich für die effektive Modellierung der oben genannten Phänomene notwendig. Vor
diesem Hintergrund wird im Folgenden ein Literaturüberblick hinsichtlich der unter-
schiedlichen Modellanforderungen gegeben.
Zunächst wird ein Überblick bezüglich der Literatur gegeben, in der der Flüssigkeitsaus-
tausch von Polymeren betrachtet wird. Polymere, die in der Lage sind Flüssigkeiten zu
absorbieren und zu binden, wurden bereits seit den frühen Arbeiten von Flory [53], Flo-
ry & Rehner [55], Huggins [71] und Flory & Rehner [56] untersucht. Diese Klasse von
Polymeren wird auch als Hydrogel bezeichnet. Durch die Weiterentwicklung dieser Po-
lymere hin zu geladenen Hydrogelen, auch bekannt als Superabsorbierende Polymere
(SAP), sind weitaus höhere Quellungsgrade zu erreichen. In der Literatur finden sich
verschiedene Ansätze zur Modellbeschreibung der Triebkräfte hinter der Absorption.
Demnach entwickelte die Gruppe um Huyghe & Janssen [74, 76] und Wilson et al. [164]
ein Mehrphasenmodell zur Beschreibung geladener poröser Materialien, die aus einer
geladenen Festkörpermatrix bestehen, welche mit einem Porenfluid und mobilen Ionen
gesättigt ist. Die Ladung der mobilen Ionen im Porenraum befindet sich im Gleichge-
wicht mit der geladenen Festkörperphase, sodass das gesamte Material auf makrosko-
pischer Ebene ladungsneutral ist. Da fixierte Ladungen mit der Festkörpermatrix ver-
bunden sind, existiert eine Konzentrationsdifferenz zwischen Ionen innerhalb des Gels
und Ionen in einem Umgebungsfluid. Zur Abschwächung der Konzentrationsdifferenz
wird schließlich Flüssigkeit vom Gel absorbiert. Auf diesem Modellierungsansatz baut
ebenso das Mehrphasenmodell von Acartürk [2] auf, was zur Beschreibung elektroakti-
ver, quellfähiger poröser Materialien entwickelt wurde. In diesem Modellansatz tauscht
das poröse Medium Porenfluid mit dem Umgebungsfluid über die Phasengrenze aus.
D. h., die Quellung des Materials wird über die Randbedingungen des porösen Mate-
rials bestimmt. Es ist zu erwähnen, dass ein solches Mehrphasenmodell zur Modellie-
rung von Quellprozessen in Zusammenhang mit geladenen Hydrogelen, jedoch auch
von biologischem Gewebe herangezogen werden kann, da das Konzept der fixierten
Ladungen ebenso ein weithin anerkannter Modellierungsansatz innerhalb der Biome-
chanik darstellt [164].
Ähnliche kontinuumsbasierte Modelle zur Beschreibung geladener Hydrogele wurden
von English et al. [51] und Yang et al. [165] entwickelt. Im Unterschied zu den oben
genannten Modellen wurde das umgebende Porenfluid explizit in der Modellierung
berücksichtigt. Die Triebkräfte für den Transport von Flüssigkeiten und Ionen wurden
abgeleitet aus zuvor postulierten thermodynamischen Potentialen. Neben der Ionen-
konzentration fand auch der Einfluss des pH-Werts der äußeren Flüssigkeit hinsicht-
lich der Absorptionseigenschaften Berücksichtigung. Es ist zu erwähnen, dass gelade-
ne Hydrogele nicht ausschließlich sensitiv auf die chemische Zusammensetzung des
Umgebungsfluids reagieren, d. h. Ionenkonzentration oder pH-Wert, sondern auch auf
Temperaturänderungen [36] oder elektrische Felder [2]. Durch die reversible Quellung
eignen sich geladene Hydrogele ferner auch als Sensoren für komplexe Anwendungen
[93].
Direkte Modellierungsansätze von Hydrogelen, die als chemische Aktuatoren oder zur
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medizinischen Wirkstoffabgabe genutzt werden, finden sich zahlreich innerhalb der Li-
teratur. Zwar erlangt die Nutzung von SAP als Zusatzstoff in Betonmischungen seit
einigen Jahren an Bedeutung, jedoch gibt es nur wenige kontinuumsbasierte Model-
lierungsansätze zur Beschreibung des Flüssigkeitsaustauschs von Hydrogelen inner-
halb poröser Materialien. In diesem Zusammenhang ist zu erwähnen, dass Viejo et al.
[158] ein mesoskopisches Modell einer mit SAP modifizierten Betonmatrix entwickel-
te. Ferner ist in Hinblick auf aktuelle Forschungsthemen bezüglich SAP modifizierter
Betonmischungen auf den RILEM Forschungsbericht [106] zu verweisen, welcher eine
umfassende Übersicht der Entwicklungen aufzeigt.
Das Hauptziel zur Nutzung von SAP ist die Kontrolle des ungebundenen Porenwas-
sers innerhalb von Betonmischungen [105, 106]. Wasser wird zum einen für die Hydra-
tation der Zementphase benötigt, hat aber auch einen maßgeblichen Einfluss auf die
rheologischen Eigenschaften des Betons. Da einige Anwendungen eine gute Verarbeit-
barkeit der frischen Betonmischung erfordern, ist ein hoher Wasseranteil innerhalb der
Mischung von großer Bedeutung, um beispielsweise eine Pumpfähigkeit im frischen
Zustand zu ermöglichen. Durch Hinzugabe von SAP kann die Menge des freien Po-
renwasser über die Zeit kontrolliert werden [107, 130]. Darüber hinaus wurde der Ein-
fluss von SAP auf die mechanischen Eigenschaften von Beton experimentell untersucht
[28, 106–108, 111, 117].
Da SAP nicht nur die Möglichkeit besitzen Wasser aufzunehmen, sondern auch kontrol-
liert an die Umgebung abzugeben, erlangten SAP bei der Vermeidung von Schrump-
frissen in Betonstrukturen besondere Aufmerksamkeit [79, 80, 104]. In diesem Kontext
werden SAP der Mischung hinzugefügt, um zusätzliches Porenwasser zu speichern,
das über einen längeren Zeitraum an die Zementphase abgegeben wird. Durch die kon-
tinuierliche Hydratation wird die volumetrische Dehnung während der Aushärtung
verringert, was insbesondere bei ultrahochfestem Beton (UHPC) einen entscheidenden
Vorteil bringt [13, 42, 65, 107, 111, 128, 130, 132, 138, 174].
Auf der Mikroskala führt das Aufquellen von SAP Partikeln zu einer Reduzierung
der effektiven Porosität der Festkörpermatrix, sodass sich die intrinsische Permeabili-
tät verringert. Der Fluidtransport wird demnach durch aufgequollene SAP beeinflusst
[159, 160]. Dieser sogenannte Gelblockingeffekt wird ausgenutzt, um Risse innerhalb
der Betonmatrix abzudichten [89, 137, 139]. Es ist anzumerken, dass selbstheilende po-
röse Materialien durch den Einsatz von SAP ebenso in anderen Branchen praktische
Relevanz erreicht haben. Czupryna [43] entwickelte eine innovative, selbstdichtende
Kabelummantelung für Stromkabel. Das Eindringen von Wasser bei Beschädigung der
Kabelummantelung kann auch dann verhindert werden, wenn die äußere Schicht Ris-
se aufweist. Hierzu wird ein trockenes SAP Granulat dem Matrixmaterial der Kabe-
lummantelung beigemischt. Im Falle der Schädigung der äußeren Kabelschicht dringt
Wasser in die Struktur ein und initialisiert eine Quellung der trockenen SAP Partikel
innerhalb der Matrix. Die angequollenen Hydrogele bilden eine Wasserbarriere und
schützen somit den Kern des Kabels vor Wasserkontakt.
Auf der einen Seite finden sich innerhalb der Literatur zahlreichen kontinuumsbasier-
te Modelle zur Beschreibung geladener Hydrogele, auf der anderen Seite existieren
rein experimentelle Untersuchungen zum Flüssigkeitsaustausch zwischen Hydroge-
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len und Porenfluid innerhalb poröser Baustoffe. Aus diesem Anlass wird in der vorlie-
genden Arbeit ein kontinuumsmechanisches Mehrphasenmodell entwickelt, dass die
Polymere innerhalb des Porenraums als Bestandteil eines porösen Materials betrach-
tet. Hieraus resultiert, dass die Flüssigkeitsaufnahme der Hydrogele nicht durch einen
Fluss über die Phasengrenze Hydrogel-Porenfluid bestimmt ist, wie in Modellen von
Acartürk [2], Huyghe & Janssen [76] und Yu et al. [168], sondern über lokale Massenaus-
tauschterme in den entsprechenden Massenbilanzen. Kontinuumsbasierte Mischungs-
modelle unter Berücksichtigung von Massenaustauschtermen wurden zuvor von eini-
gen Wissenschaftlern hinsichtlich unterschiedlicher Anwendungen entwickelt. Alex-
andersson et al. [8], Alexandersson & Ristinmaa [9] und Askfelt et al. [12] entwickel-
ten ein Mehrphasen- und Mehrkomponentenmodell basierend auf der HMT zur Si-
mulation thermo-hydro-mechanischer Kopplungen innerhalb von Kartonage. Ristin-
maa et al. [119] benutzte denselben theoretischen Rahmen zur Beschreibung eines all-
gemeinen thermo-plastischen porösen Materials mit besonderer Berücksichtigung des
Transports und des Massenaustauschs. Kinematik und Massenaustausch sind hierbei
über eine multiplikative Zerlegung des Deformationsgradienten gekoppelt. Loret et al.
[100, 101] und Gajo & Loret [59] entwickelten ein Mehrphasenmodell für quellfähiges
Tongestein. Die Kopplung zwischen Massenaustausch und Deformation repräsentie-
ren hier chemisch-induzierte Volumenänderungen auf der Makroskala. Darüber hin-
aus wurden Wachstumsprozesse in porösen Medien, wie die Remodellierung weichen
Gewebes [118, 143] oder das Tumorwachstum [10, 11, 35], durch Massenaustauschter-
me innerhalb kontinuumsbasierter Mischungstheorien modelliert.
Neben der Steuerung der freien Porenflüssigkeit innerhalb des Porenraums, stellt die
Polymeranlagerung an das Festkörperskelett, bedingt durch die Infiltration einer Po-
lymerlösung, die zweite Modellanforderung dar. Durch die Polymeranlagerung redu-
ziert sich die Polymerkonzentration der Lösung, was bezogen auf eine Anwendung im
Polymer Flooding ein negative Wirkung hätte – die Viskosität der injizierten Lösung
und somit die Mobilisierung der Ölphase nehmen ab. Ferner verlangsamt die Anla-
gerung von Polymeren die Ausbreitungsgeschwindigkeit der Konzentrationsfront im
Porenraum. Aus wirtschaftlicher Sicht verursacht eine hohe Polymeranlagerung erhöh-
te Kosten, da ein Anteil des Polymers im Porenraum verloren geht [172]. Eine genaue
Kenntnis der Polymeranlagerung ist demnach von großer Bedeutung für die erfolgrei-
che Umsetzung von Polymer Flooding Projekten.
Al-Hajri et al. [7], Idahosa et al. [77], Zhang & Seright [173] und Zhang [172] führ-
ten zur quantitativen Charakterisierung von Polymeranlagerungen Laborexperimente
an Bohrkernen durch, sogenannte Core Flooding Experimente (frei übersetzt: Kern-
flutung). Hierbei wird eine Polymerlösung mit konstanter Flussrate in einen porösen
Bohrkern injiziert, wobei die Polymerkonzentration am austretenden Ende des Kerns
gemessen wird. Die hieraus erhaltenen Durchbruchskurven der Polymerkonzentration
werden üblicherweise über das injizierte Porenvolumen aufgetragen. Das angelagerte
Polymervolumen lässt sich schlussendlich anhand dieser Durchbruchskurven bestim-
men. Es ist zu erwähnen, dass eine solche Abschätzung eine gemittelte Aussage über
den Bohrkern beschreibt. Es konnte in unabhängigen experimentellen Studien von Al-
Hajri et al. [7], Idahosa et al. [77], Zhang & Seright [173] und Zhang [172] gezeigt wer-
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den, dass die maximale Polymeranlagerung mit steigender Injektionsrate wächst. Die-
ser Aspekt spielt vor dem Hintergrund der Wirtschaftlichkeit des gesamten Polymer
Flooding Projekts eine entscheidende Rolle und muss demnach berücksichtigt werden.
Es ist innerhalb der Literatur eine weit verbreitete Annahme, dass der Anlagerungs-
prozess durch drei Mechanismen getrieben wird [6, 172]. Chemo-physikalische Kräfte
verursachen die Adsorption von Polymeren auf der Oberfläche des Festkörperskeletts.
Diese Triebkräfte resultieren primär aus van der Waals-Kräften, Wasserstoffbrücken-
bindungen sowie elektrostatischen Wechselwirkungen [113, 131, 141]. Ferner sind die
wirkenden Kräfte bestrebt die Oberflächenenergie durch die Polymeranlagerung zu re-
duzieren [44]. In Abhängigkeit der Morphologie des Porenraums und der Größe der
Polymermoleküle, können fluidisierte Polymere an kleinen Poren aufgehalten werden.
Ein dritter Mechanismus, welcher auch als Hydrodynamic Retention (frei übersetzt:
hydrodynamische Anlagerung) bekannt ist, lässt sich auf die Geschwindigkeitsvertei-
lung im Porenraum zurückführen. Insbesondere bei höheren Injektionsraten verursa-
chen hydrodynamische Kräfte die Anlagerung von Polymeren an das Festkörperskelett
[6]. Mit zunehmender Polymeranlagerung geht eine Morphologieänderung des Poren-
raums einher, was sich durch eine Reduktion der Permeabilität bemerkbar macht. Folg-
lich ist ein Anstieg der Injektionsdruckdifferenz bei kontinuierlicher Injektionsflussrate
zu beobachten.
Zwar konnte in experimentellen Untersuchungen herausgefunden werden, dass sich
die Polymeranlagerung hinsichtlich unterschiedlicher Mechanismen aufspalten lässt,
trotzdem wird innerhalb der Literatur fast ausschließlich die gesamte Polymeranlage-
rung über Adsorptions-Isothermen modelliert [39]. Bereits Dawson & Lantz [45] po-
stulierte, dass die Polymeranlagerung an eine Langmuir-Isotherme angepasst werden
kann, ungeachtet der Tatsache, dass die Isotherme ursprünglich für rein reversible Ad-
sorptionsprozesse hergeleitet wurde [98]. Durch die Modellierung der Anlagerung über
eine Isotherme wird impliziert, dass dieser Prozess instantan erfolgt. Fundamentale
Kritik an der Nutzung der Langmuir-Isothermen wird beispielsweise von Zhang [172]
geäußert. Die Polymeranlagerung an das Festkörperskelett ist zum größten Teil irrever-
sibel, sodass eine Anwendung der Langmuir-Isothermen auf theoretischer Basis prinzi-
piell nicht gerechtfertigt ist. In der vorliegenden Arbeit, wird der Anlagerungsprozess
als dynamischer Massenaustausch zwischen fluidisierten und angelagerten Polymeren
modelliert. Hierbei wird a priori zwischen irreversibler und reversibler Anlagerung un-
terschieden. Ähnliche kontinuumsbasierte Modelle wurden bereits von Tiraferri et al.
[147], Tosco & Sethi [151] und Tosco et al. [149] entwickelt, um Infiltrationsprozesse von
fluidisierten Mikro- und Nanopartikeln in porösen Medien zu simulieren. Basierend
auf diesen Arbeiten wird hier ein vergleichbares dynamisches Modell gewählt, was
schließlich an experimentell ermittelte Durchbruchskurven angepasst wird.
Der Massenaustausch spielt bei der Formulierung des Mehrphasenmodells eine essen-
tielle Rolle. Die zwei zuvor genannten Phänomene, d. h. Absorption/Desorption sowie
Anlagerung/Ablösung, sind Wechselwirkungen zwischen dem Polymer und dem Po-
renfluid bzw. dem Polymer und der Festkörpermatrix. Diese Interaktionen werden im
Mehrphasenmodell effektiv durch Massenaustauschterme innerhalb der zugehörigen
Massenbilanzen beschrieben und sind demnach auf natürliche Weise in die kontinu-
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umsbasierte Mischungstheorie eingebettet.
Um die Ausbreitung der Polymerlösung innerhalb des Porenraums abbilden zu kön-
nen, ist eine makroskopische Modellierung der Polymerlösung hinsichtlich der tatsäch-
lichen Rheologie essentiell. Newtonische Flüssigkeitsströmungen durch poröse Mate-
rialien werden üblicherweise durch das Darcy-Gesetz beschrieben. In diesem Falls ist
die Scherspannung des Fluids proportional zur Scherrate, während die dynamische
Viskosität die Proportionalitätskonstante darstellt. Im Gegensatz dazu kann beobachtet
werden, dass das Verhalten von Polymerlösungen im Allgemeinen nichtnewtonischer
Natur ist, sodass kein linearer Zusammenhang zwischen dem Druckgradienten und
der Flussrate vorliegt. Die in situ Viskosität des Fluids wird hierbei zu einer Funktion
der Scherrate.
Viele Polymerlösungen zeigen in rheologischen Messungen ein scherverdünnendes (struk-
turviskoses) Fließverhalten. In diesem Zusammenhang wurden analytische und empi-
rische Rheologiemodelle entwickelt, die das scherratenabhängige Verhalten abbilden
können. Die Modellierung der Viskosität über ein Potenzgesetz, sowie komplexere Mo-
delle, wie z. B. das Carreau-, Ellis- oder Cross-Modell, finden vielfach Anwendung in-
nerhalb der Literatur [29, 150, 171]. Es konnte jedoch experimentell gezeigt werden,
dass die Rheologie von Polymerlösungen, die durch poröse Medien fließen, maßgeb-
lich von der intrinsischen Rheologie abweicht [170]. Zamani et al. [170] postulierte, dass
der Unterschied durch die komplexe Geometrie des porösen Mediums hervorgerufen
wird. Unter dem Einfluss hoher Injektionsraten konnten Delshad et al. [46] und Najafa-
badi et al. [110] beobachten, dass sich einige Polymerlösungen innerhalb poröser Medi-
en scherverdickend (dilatant) verhalten. Interessanterweise wurden dieselben Polymer-
lösungen in rheologischen Messungen als scherverdünnend (strukturviskos) charakte-
risiert. Dieser Effekt wird mit dem viskoelastischen Charakter von Polymerlösungen in
Verbindung gebracht, der sich durch die geometrischen Restriktionen im Porenraum
bemerkbar macht [142]. Es ist anzumerken, dass dieses Phänomen in Sochi [140] aus-
führlich diskutiert wurde.
Um die in situ Viskosität mit der intrinsischen Viskosität in Verbindung zu bringen,
wurde ein konstitutiver Zusammenhang zwischen der effektiven Scherrate und der lo-
kalen Filtergeschwindigkeit entwickelt. Die effektive Scherrate ist innerhalb der makro-
skopischen Modellierung nicht direkt zugänglich, da sie die Scherrate repräsentiert,
die innerhalb des ortsaufgelösten Porenraums zu erwarten wäre. Für ein regelmäßi-
ges poröses Medium bestehend aus Röhren, konnte diese Beziehung durch Lösen der
Navier-Stokes-Gleichung jedoch analytisch hergeleitet werden. Um diesen Zusammen-
hang zwischen Mikro- und Makroskala auch auf realistische Porenskelette zu übertra-
gen, wurde ein zusätzlicher empirischer Parameter eingefügt, der demnach experimen-
tell bestimmt werden muss. Zamani et al. [170] untersuchte mittels direkter numerischer
Simulationen den konstitutiven Zusammenhang anhand realistischer Mikrostrukturen
aus CT-Daten. Es ist zu erwähnen, dass das konstitutive Konzept der effektiven Scher-
rate von zahlreichen Autoren benutzt wurde, um die scherratenabhängige Rheologie
von Polymerlösungen makroskopisch abbilden zu können [41, 69, 99, 115, 151].
In der vorliegenden Arbeit wird ein Mehrphasenmodell formuliert, dass die Anforde-
rungen der zuvor genannten Anwendungen auf makroskopischer Ebene umsetzt. In
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diesem Zusammenhang spielt die Entwicklung von Massenaustauschtermen eine ent-
scheidende Rolle, um die spezifischen Interaktionen effektiv zu erfassen. Um schließ-
lich die gekoppelten Prozesse numerisch abzubilden, ist es notwendig die Bilanzglei-
chungen des Systems, welche üblicherweise durch gekoppelte partielle Differential-
gleichungen beschrieben sind, zu lösen. Hierfür werden die schwachen Formen örtlich
sowie zeitlich diskretisiert und anschließend mit Hilfe der Finiten Elemente Methode
(FEM) gelöst. Ziel dieser Arbeit ist schlussendlich die Entwicklung eines vielseitigen
Materialmodells zur Berechnung komplexer Interaktionen in gesättigten porösen Me-
dien, die über Massenaustauschterme gesteuert werden.

Gliederung der Arbeit

Die Grundlagen der kontinuumsbasierten Mischungstheorie werden in Kapitel 2 ein-
geführt. Zu Beginn wird eine historische Einordnung der Entwicklung moderner Mi-
schungstheorien gegeben. Nach der Einführung grundlegender Größen und Definitio-
nen wird die Kinematik innerhalb der HMT diskutiert. Demnach wird die Mischung
betrachtet als eine Überlagerung mehrerer Kontinua, was zu der unabhängigen For-
mulierung von Bilanzgleichungen für jedes Kontinuum führt. Hierbei spiegeln geeig-
nete Austauschterme in den Bilanzgleichungen die Interaktionen zwischen Phasen und
Komponenten auf konstitutiver Ebene wider. Der zweite Hauptsatz der Thermodyna-
mik wird schließlich in Form der Entropieungleichung für das isotherme Mehrphasen-
und Mehrkomponenten-Modell formuliert.
Geladene Hydrogele werden in der vorliegenden Arbeit als ein Bestandteil eines Mehr-
phasenmaterials betrachtet. Die Konstitutivmodellierung der reversiblen Flüssigkeits-
aufnahme wird allerdings isoliert in Kapitel 3 diskutiert, um die komplexen chemo-
physikalischen Triebkräfte im Detail erklären zu können. In diesem Kapitel liegt der
Fokus auf der Herleitung der thermodynamischen Grundlagen geladener Hydrogele.
Es werden etablierte Modelle zur Beschreibung der Triebkräfte hinter der Absorption
sowie Desorption von Flüssigkeiten erläutert.
In Kapitel 4 wird das allgemeine Modell bezüglich der Phasen- und Komponentenzu-
sammensetzung spezifiziert. Das Modell besteht demnach aus einem Festkörperskelett,
wobei der Porenraum gleichzeitig mit einer wässrigen Porenflüssigkeit sowie einem
Gel gefüllt ist. Einerseits berücksichtigt das Modell die Anlagerung des Gels an das
Festkörperskelett, wobei anderseits gleichzeitig Absorptions- und Desorptionsprozes-
se als Wechselwirkung zwischen Gel und Porenflüssigkeit berücksichtigt werden. Die-
se komplexen Prozesse innerhalb des Porenraums werden im makroskopischen Konti-
nuumsmodell durch Massenaustauschterme erfasst. Im Folgenden wird die Entropie-
ungleichung an die gewählte Modellkomposition adaptiert und ausgewertet. Bei der
Auswertung werden Resultate bezüglich der thermodynamischen Modellierung von
Hydrogelen genutzt. Das Resultat liefert konstitutive Beziehungen, die im thermody-
namischen Gleichgewicht gelten müssen, sowie zusätzliche Terme, die für die Dissipa-
tion innerhalb des Materials verantwortlich sind. Der dissipative Anteil liefert Nahe des
Gleichgewichts thermodynamisch konsistente Formen für die Sicker- und Diffusions-
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geschwindigkeiten sowie für die Massenaustauschterme. Das komplexe Mehrphasen-
modell stellt ein übergeordnetes sogenanntes Mastermodell dar. Im weiteren Verlauf
der Arbeit wird dieses Modell systematisch reduziert, sodass unterschiedliche Model-
leigenschaften isoliert und unabhängig von einander untersucht werden können.
In Hinblick auf die zuvor erwähnte Modellreduktion, liegt in Kapitel 5 der Fokus auf
der Simulation des Absorptions-/Desorptionsprozesses. Hierbei werden Hydrogele
untersucht, die in Kontakt mit einer Salzlösung stehen. Vor dem Hintergrund expe-
rimenteller Untersuchungen, wird die dynamische Flüssigkeitsaufnahme von Hydro-
gelen bestimmt. Mithilfe der experimentellen Ergebnisse werden die Modellparameter
innerhalb der konstitutiven Modellierung kalibriert. Ferner wird ein Modell zur Be-
schreibung der Dynamik des Massenaustauschs entwickelt, was ebenso an die experi-
mentellen Daten angepasst wird. Durch die Einführung des postulierten Modells, wird
der notwendige Umfang experimenteller Daten zur Modellkalibrierung reduziert. Das
entwickelte Modell kann mit hoher Genauigkeit die in Experimenten beobachtete re-
versible Flüssigkeitsaufnahme abbilden. Es ist hier zu erwähnen, dass die maßgebli-
chen Ergebnisse aus diesem Kapitel bereits in [124] veröffentlicht wurden.
In Kapitel 6 wird das Mastermodell bezüglich einer zweiten Variante reduziert. Hierbei
liegt der Fokus auf dem Transport und der Infiltration von Polymerlösungen innerhalb
poröser Medien. Zur Vereinfachung wird der Massenaustausch zwischen Porenflüssig-
keit und Gel innerhalb des Modells ausgeschlossen, wobei die Anlagerung von Polyme-
ren an das Festkörperskelett berücksichtigt wird. Die Kopplungseffekte zwischen der
Polymeranlagerung, dem nichtnewtonischen Fließverhalten der Polymerlösung sowie
die Entwicklung der Permeabilität infolge von Anlagerungen, werden kontinuumsme-
chanisch modelliert. Das Ziel ist die numerische Untersuchung des Infiltrationsprozes-
ses mit Hilfe der Finiten Elemente Methode. Hierzu werden die notwendigen Bilanz-
gleichungen in schwacher Form dargestellt und das Anfangsrandwertproblem allge-
mein formuliert.
Als nächstes wird ein kleinskaliges Polymer Flooding Experiment simuliert, wobei das
Kontinuumsmodell mit Hilfe von Literaturdaten kalibriert wird. Neben der Polymeran-
lagerung wird die Entwicklung der Permeabilität sowie die nichtnewtonische Rheolo-
gie diskutiert. Das Mehrphasenmodell ist in der Lage die injektionsratenabhängige Po-
lymeranlagerung sowie Viskositätsänderungen abzubilden. Das kalibrierte Materialm-
odell wird schließlich exemplarisch auf ein komplexeres Anfangsrandwertproblem an-
gewandt und die Modelleigenschaften und Kopplungen vor dem Hintergrund hetero-
gener Geschwindigkeitsverteilungen analysiert.
Die Resultate der vorliegenden Arbeit sind in Kapitel 7 zusammengefasst. Des Wei-
teren werden zusätzlicher Modellierungsansätze sowie offene Fragestellungen disku-
tiert.
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Conventions

General conventions
( · ) placeholder for arbitrary quantity
δ( · ) test function of primary unknown
d( · ) or ∂( · ) differential or partial derivative operator

Index and suffix conventions
( ·̇ ) = d( · )/dt total time derivative with respect to the overall mixture ϕ

( · )�α material time derivative following the motion of a phase ϕα

( · )�αj
material time derivative following the motion of a speciesϕαj

∂t( · ) = ∂( · )/∂ t local time derivative
( · )m molar quantity
( · )e electromagnetic quantity
ˆ( · )αj

, ˆ( · )α total production term of species ϕαj (or phase ϕα)
ˆ( · )αj

β , ˆ( · )αβ production of ˆ( · )αj (or ˆ( · )α) due to interaction with phaseϕβ

( · )0 initial value
|( · )| absolute value
( · )T transpose of a quantity
( · )rev reversible part of ( · )
( · )irr irreversible part of ( · )
( · )a attachment quantity
( · )d detachment quantity
¯( · ) specified boundary condition
¯( · )in boundary condition at injection boundary
¯( · )out boundary condition at outlet boundary
( · )PM quantity related to Power Model
( · )CM quantity related to Carreau Model
( · )ECM quantity related to Extended Carreau Model
a( · ), b( · ), c( · ), d( · ) fitting coefficients corresponding to empirical function ( · )

XV
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Symbols

Greek letters
Symbol Unit Description
α phase identifier:

S: solid skeleton,
L: polymer solution,
K: intrinsic solid,
A: attached polymer gel,
G: fluidized polymer gel,
F : liquid,
fA: absorbed solution (attached),
sA: polymer chains (attached),
fG: absorbed solution (free),
sG: polymer chains (free)

αr [ – ] scaling factor (Metropolis-Hastings algo-
rithm)

αpm [ – ] shift factor in constitutive porous media
shear rate

β [ – ] scaling exponent in permeability and den-
sity production function

βrev, βirr [ – ] formation damage coefficient
βECM [ – ] model parameter in Extended Carreau

Model
Γ domain boundary
ΓD Dirichlet boundary
ΓN Neumann boundary
Γj [ mol/(m3 s) ] molar density production function
Γj
0 [ mol/(m3 s) ] molar density production coefficient

γαj [ – ] activity coefficient
γα± [ – ] average activity coefficient of dissolved ions
γ̇pm [ 1/s ] porous media shear rate
γ̇bulk [ 1/s ] bulk (intrinsic) shear rate
γ̇p [ 1/s ] general shear rate in pipe model
γ̇p,eff [ 1/s ] shear rate in pipe model due to power-law

fluid
Δµj,Δµj

ion,Δµw
mix,Δµw

elast [ J/kg ] mass specific chemical potential difference
εαj , εα, ε [ J/kg ] mass specific internal energy
ε̂α, ε̂αj , ε̂

αj
r , ε̂

αj
a [ J/(m3 s) ] energy production

εS [ – ] linearized strain tensor
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ζαj , ζα [ 1/(J m3 s) ] total mass transfer rate
ζαβ , ζ

αj

β [ 1/(J m3 s) ] mass transfer rate from ϕβ to ϕα (or ϕαj )
η̂
αj
r , η̂

αj
a , η̂αr [ J/(Km3 s) ] intra- and inter-phase entropy production

ηαj , ηα [ J/(K kg s) ] mass specific entropy
Θ [ – ] random number between 0 and 1

(Metropolis-Hastings algorithm)
κ [ – ] ratio between fixed charges and cross-

linking density
Λα

r [ J/kg ] Lagrange multiplier
Λ̂αj , Λ̂α, Λ̂ [ J/(Km3 s) ] entropy production
λ [ – ] isotropic stretch
λi [ – ] principal stretch in ei-direction
λeff [ N/m2 ] effective 1. Lamé parameter
λα,λαj [ J/kg ] Lagrange multiplier
λα
e [ J/C ] electric potential (Lagrange multiplier)

λa,k [ 1/m ] filtration coefficient of k-th active site
λCM [ – ] model parameter in Carreau Model
Δµi

e [ J/kg ] mass specific chemical potential difference
due to electro-neutrality

µ̃αj [ J/kg ] relative mass specific chemical potential
µαj [ J/kg ] absolute mass specific chemical potential
µ
αj
m [ J/mol ] absolute molar chemical potential

µαN [ J/kg ] mass specific reference chemical potential
µj
m,0 [ J/mol ] molar chemical potential under reference

conditions
µeff [ N/m2 ] effective 2. Lamé parameter
µαR [ Pa s ] effective dynamic viscosity of phase ϕα

µp,eff [ Pa s ] dynamic viscosity in pipe model due to
power-law fluid

µnewton [ Pa s ] dynamic viscosity of Newtonian fluid
µbulk [ Pa s ] bulk (intrinsic) viscosity
µ0 [ Pa s ] Newtonian plateau viscosity for low shear

rate (Carreau Model)
µ∞ [ Pa s ] Newtonian plateau viscosity for high shear

rate (Carreau Model)
µECM [ Pa s ] model parameter in Extended Carreau

Model
ν [ mol/m3 ] intrinsic cross-linking density
νeff [ – ] effective Poisson ratio
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ξAi
[ – ] indicator function in stair-case function

ρ, ρα [ kg/m3 ] partial (apparent) density
ραj [ kg/m3 ] concentration/density of species
ραR [ kg/m3 ] effective (true) density
ρ
αj
m [ mol/m3 ] molar concentration/density of species

ρ̂α, ρ̂αj , ρ̂
αj
a , ρ̂

αj
r [ kg/(m3s) ] density production

ρ
αj
e , ραe [ C/m3 ] charge density

ρsGfc [ kg/m3 ] intrinsic Fixed Charge Density (FCD)
ρ
sGfc
m [ mol/m3 ] intrinsic molar Fixed Charge Density (FCD)

ρ
Gfc
m [ mol/m3 ] molar Fixed Charge Density (FCD) of the

hydrogel
ρ̃Fs
i [ mol/(m3) ] i-th salt concentration in stair-case function

ση, σ
αj
η , σα

η [ J/(K kg s) ] mass specific external entropy supply
σac vector of standard deviations (Metropolis-

Hastings algorithm)
σ, σi,pro standard deviation (Metropolis-Hastings

algorithm)
σ2 error variance (Metropolis-Hastings algo-

rithm)
τ j [ s ] characteristic swelling time
τw, τwabs, τ

w
des, τ̄wabs, τ̄wdes [ s ] characteristic swelling time for water

τeff [ N/m2 ] effective shear stress
τrz [ N/m2 ] shear stress in pipe model
φ

αj
η ,φα

η [ J/(Km3 s) ] entropy flux
φ [ – ] polymer volume fraction
φf [ – ] solvent volume fraction in gel (lattice

model)
φp [ – ] polymer volume fraction in gel (lattice

model)
ϕα,ϕαj phase and species
χα [ m ] motion function
χ [ – ] Flory-Huggins interaction parameter
Ψ,Ψα,Ψαj [ J/kg ] mass specific Helmholtz free energy
Ψα

ion,Ψ
α
mix,Ψ

α
elast [ J/kg ] mass specific Helmholtz free energy corre-

sponding to physical phenomena
Ψtor [ – ] tortuosity of porous media
ψη,ψ

α
η ,ψ

αj
η [ J/(Km3s) ] entropy efflux

ψw [ – ] cumulated activity coefficient of water
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ψ± [ – ] cumulated activity coefficient of mobile
ions

ψa,k [ – ] attachment function of k-th active site
Ω domain

Latin letters
Symbol Unit Description
Ai i-th time interval in stair-case function
Aeq [m2 ] pipe’s equivalent cross sectional area
Across [m2 ] cross section area of core (core flooding)
aαj [ – ] activity
da [m2 ] current area element
bαj ,bα,b [ m/s2 ] mass specific body force
CKC [ – ] Kozeny-Carman coefficient
CPM [ Pa s ] model parameter in Power Model
cαj [ – ] mass fraction
c̃Fs
i [ – ] i-th salt mass fraction in stair-case function
Dα [ 1/s ] rate of deformation tensor
Dαj [ s ] diffusivity tensor
DG [m2/s ] dispersion coefficient of polymer gel
D̃G [m2/s ] artificial dispersion coefficient
D, D̄,Dλ, D̄eq, D̄dis, D̄ex [ W/m3 ] rate of energy dissipation per unit volume
d model prediction (Metropolis-Hastings al-

gorithm)
dobs averaged observation vector (Metropolis-

Hastings algorithm)
deff [ m ] effective particle diameter
dgrain [ m ] average grain diameter
dsq [ m ] diameter of holes in IBVP
ES [ – ] Green-Lagrange strain tensor
Eeff [ Pa ] effective Young’s modulus
ei [ – ] basis vector of orthonormal coordinate sys-

tem
Fα [ – ] deformation gradient
F [ C/mol ] Faraday constant
g forward operator (Metropolis-Hastings al-

gorithm)
Gα [ J/kg ] mass specific Gibbs free energy
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Gα
m [ J/mol ] molar Gibbs free energy

Gα
m,mix, G

α
m,elast, G

α
m,ion [ J/mol ] molar Gibbs free energy corresponding to

physical origin
ΔGα

m,mix [ J/mol ] change in molar Gibbs free energy due to
mixing

ΔHα
m,mix [ J/mol ] molar mixing enthalpie

hcore, hsq [ m ] geometric dimension in IBVP
h1, h2, h3 [ m ] spatial expansions of a finite element in

three dimensions
i ion identifier:

+: positive ions,
−: negative ions

jαj [ kg/(m2 s) ] diffusive flux of species ϕαj

j species identifier:
m: monomer,
w: water,
i: mobile ions,
fc: fixed charges,
s: salt

KS [ m2 ] intrinsic permeability tensor
Kα, Kαj , K

αj

β [ J/m3 ] kinetic energy contribution
KPM [ – ] model parameter in Power Model
K∗

PM [ – ] calibrated model parameter in Power
Model

k model parameter vector (Metropolis-
Hastings algorithm)

kold previous model parameter vector
(Metropolis-Hastings algorithm)

knew new candidate for model parameter vector
(Metropolis-Hastings algorithm)

k0 model parameter vector of initial guesses
(Metropolis-Hastings algorithm)

Δkj perturbation of j-th parameter (Metropolis-
Hastings algorithm)

ksG [m2 ] isotropic permeability of polymer network
ksG
0 [m2 ] constant in swelling-dependent permeabil-

ity function
kS [ m2 ] isotropic permeability
kS
0 [m2 ] intrinsic permeability of solid skeleton

without any polymer retention
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kd,k [ 1/s ] detachment rate of k-th active site
ka,k [ 1/s ] attachment rate of k-th active site
Lαj

,Lα,L [ 1/s ] spatial velocity gradient
Lp [ m ] pipe length
l [ m ] length
ML [m3 s/kg ] isotropic mobility coefficient
M j

m [ kg/mol ] molar mass of species
mobs [ – ] number of data points (Metropolis-

Hastings algorithm)
m,mα,mαj [ kg ] mass of mixture, phase and species
dm, dmα, dmαj [ kg ] local mass element
N [ – ] abstract number of species in phase
N j

m [ – ] number of molecules (lattice model)
NA [ – ] Avogadro’s number: 6.02214076× 1023

N f
m [ – ] number of solvent molecules (lattice model)

Np
m [ – ] number of polymer molecules (lattice

model)
Ndeb [ – ] Deborah number
n [ – ] normal vector on boundary
nα [ – ] volume fraction
n
αj
m [ mol ] molar amount of substance

n [ – ] number of intervals in stair-case function
nA
k,crit [ – ] critical volume fraction of ϕA at k-th active

site
nA
rev,eq [ – ] equilibrium volume fraction of reversibly

captured particles
nA
rev [ – ] volume fraction of reversible attached poly-

mer gel
nA
irr [ – ] volume fraction of irreversible attached

polymer gel
nPM [ – ] model parameter in Power Model
nCM [ – ] model parameter in Carreau Model
nECM [ – ] model parameter in Extended Carreau

Model
n∗
PM [ – ] calibrated model parameter in Power

Model
nL [ – ] effective porosity
n̂α [ 1/s ] volume production
dnα

m, dn
αj
m [ mol ] local molar mass element
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P [ – ] probability density
PVI [ – ] Pore Volumes Injected (PVI)
PV [m3 ] pore volume
Pe [ – ] Péclet number
P̃ e [ – ] computational Péclet number (mesh-

dependent)
p [ N/m2 ] hydraulic pressure (Lagrange multiplier)
pα, pαj [ N/m2 ] partial pressure
p̂α, p̂αj , p̂

αj
r , p̂

αj
a [ N/m3 ] momentum production

p
αj
e [ N/m2 ] electrostatic pressure
pd [ – ] parameter in Donnan equation
p̄out [ N/m2 ] pressure at outlet boundary (boundary

condition)
p̄in [ N/m2 ] injection pressure (boundary condition)
p̄in,max [ N/m2 ] plateau value in ramp function p̄in (bound-

ary condition)
Δp [ N/m2 ] differential pressure
Δppost [ N/m2 ] differential pressure during water flooding

after polymer injection
Δppre [ N/m2 ] differential pressure during water flooding

prior to polymer injection
Q [m3/s ] volumetric flow rate
Qp [m3/s ] general volumetric flow rate through pipe
Qp,PM [m3/s ] volumetric flow rate through pipe (power-

law fluid model)
Qp,newton [m3/s ] volumetric flow rate through pipe (Newto-

nian fluid model)
Qpolymer [m3/s ] injected flow rate during polymer flooding
Qpre [m3/s ] injected flow rate of water flood prior to

polymer injection
Qpost [m3/s ] injected flow rate of water flood after poly-

mer injection
Qstatic [m3/s ] low injection flow rate (static retention)
dQ

αj
e [ C ] infinitesimal charge of species ϕαj

qstatic [ m/s ] Darcy velocity due to low injection flow rate
qT ,q

α
T ,q

αj

T [ J/(m3 s) ] heat influx vector (convection)
q,qα [ m/s ] Darcy velocity
Δqα [ m/s ] dispersive flux per unit area, α = {F,G}
q [ – ] mass specific degree of swelling
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qv [ – ] volumetric degree of swelling
qd [ – ] parameter in Donnan equation
qfree, qatt [ – ] mass specific degree of swelling of flu-

idized and attached hydrogel
q0 [ – ] initial degree of swelling
q∞ [ – ] Equilibrium Degree of Swelling (EDS)
q̄ [ m/s ] volumetric solution flux per unit area

(boundary condition)
q̄in [ m/s ] injection flux per unit area (boundary con-

dition)
Δq̄G [ m/s ] dispersive flux per unit area (boundary

condition)
Rα [ kg/(m3 s) ] resistance tensor (seepage flow)
Rαj [ kg/(m3 s) ] resistance tensor (diffusive flow)
RαL,RGS [ kg/(m3 s) ] resistance tensor (dispersive flow)
R [ J/(K mol) ] universal gas constant: 8.314 J/(K mol)
Req [ m ] equivalent tube radius
Rj [ J/(K kg) ] specific gas constant of species ϕαj

Rp [ m ] pipe radius
RRF [ – ] Residual Resistance Factor (RRF)
RF [ – ] Resistance Factor (RF)
Re [ – ] Reynolds number
r vector of search radii (Metropolis-Hastings

algorithm)
rαj , rα, r [ J/(kg s) ] mass specific external heat supply (radia-

tion)
rm [ – ] number of monomers per polymer chain

(lattice model)
rp [ m ] radial coordinate in cylinder coordinate

system
SSQ Sum of Squares
ΔSα

m,mix [ J/(K mol) ] molar mixing entropy
s̄Gin,max [ – ] saturation in polymer flood (boundary con-

dition)
s̄Gin [ – ] injected polymer saturation (boundary con-

dition)
sα [ – ] saturation, α = {G,F}
T,Tα,Tαj [ N/m2 ] Cauchy stress tensor
Tα

R [ N/m2 ] Reynolds-like stress tensor
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Tα
E [ N/m2 ] partial effective stress tensor

I [ – ] second order identity tensor
T, T α, T αj [ K ] absolute thermodynamic temperature
t [ N/m2 ] total traction vector
t [ s ] time
t∗ [ s ] threshold time
uS [ m ] solid phase displacement vector
V α [ m3 ] volume of mixture
V [ m3 ] volume of phase
Ṽ

αj
m [ mol/m3 ] partial molar volume

v,vα,vαj
[ m/s ] velocity

vαβ [ m/s ] relative velocity between ϕα and ϕβ

vαS [ m/s ] seepage velocity
vz [ m/s ] velocity in axial direction (pipe model)
dv, dvα [ m3 ] current volume element
dvG0 [m3 ] initial infinitesimal volume of hydrogel
Wα [ 1/s ] spin tensor
wαj

[ m/s ] diffusion velocity
W [ – ] mass specific polymer attachment ratio
wα [ m/s ] relative velocity
Xα [ m ] position vector (reference configuration)
x [ m ] position vector (current configuration)
x
αj
m [ – ] molar fraction

y solution vector (Metropolis-Hastings algo-
rithm)

y0 vector of initial conditions
zp [ m ] axial coordinate in cylinder coordinate sys-

tem
zαj [ – ] charge number of species ϕαj (valence)

Calligraphic letters

Symbol Description
Bt abstract body at time t

N normal distribution
O origin of a coordinate system
P material point
Q set of model parameters
Qred reduced set of model parameters
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U uniform distribution

Acronyms

Symbol Description
CM Carreau Model
DPR Disproportionate Permeability Reduction
ECM Extended Carreau Model
EDS Equilibrium Degree of Swelling
FCD Fixed Charge Density
HMT Hybrid Mixture Theory
KDE Kernel Density Estimation
ODE Ordinary Differential Equation
PM Power Model
RVE Representative Volume Element
RPM Relative Permeability Modifier
RF Resistance Factor
RRF Residual Resistance Factor
SAP Superabsorbent Polymer
TM Theory of Mixtures
VIF Viscosity Increase Factor





Chapter 1:
Introduction and overview

1.1 Motivation

The use of polymers in fluid-saturated porous media has increased in relevance during
the last years. Polymers, which exist in the pore space of a solid skeleton, are able to
interact depending on their specific properties with the pore fluid as well as with the
solid. The interactions cause changes in the macroscopic behavior of the overall porous
medium, especially transport processes within the pore space.
A widely-established application of water-soluble polymers can be find in petroleum
engineering. During polymer flooding a polymer solution is injected into low perme-
able reservoir rocks. The polymer solution propagates through the pore space and
transports the trapped oil towards the production well. Relative to water, the polymer
solution has a much higher viscosity, improving the mobility of oil. An increased effi-
ciency of the oil production is the result.
Predicting the transport of the solution as well as the accompanied interactions with the
solid matrix are a challenging but necessary task for the successful realization of poly-
mer flooding projects on the field scale. During the infiltration of the polymer solution
into the porous media, a part of the fluidized polymer particles are captured by the solid
skeleton, such that the polymer concentration varies in time and space. In addition, the
polymer attachment to the solid skeleton causes a change in pore space morphology.
On the macroscale, the intrinsic permeability decreases. As a consequence, it can be
observed that a constant injection rate (flow rate of solution) results in a rising injection
pressure when the attachment increases. Numerical simulations based on a consistent
thermodynamic modeling support the understanding of the complex phenomena. In
addition, the simulations are viewed as the basis for the process optimization.
Besides petroleum engineering, swellable polymers are used for binding pore liquid
within the porous media. Due to the special characteristics of these polymers, they are
also termed Superabsorbent Polymers (SAP). From a chemical point of view, SAPs are
cross-linked polyelectrolytes, which are able to absorb large amounts of aqueous liq-
uid, while transforming to a hydrogel. Since their development by Procter & Gamble
in 1957 until today, SAPs are used because its high absorption dynamics and the high
swelling capacity mainly for hygienic products [160]. During the recent years, tremen-
dous progress has been obtained with respect to the characteristic polymer properties.
In particular, the absorption rates as well as the swelling capacities have been improved
significantly. Due to this reason, SAPs gained in importance in different industrial sec-
tors, which affects especially the use in porous media.
Most recently, innovative building materials were developed based on SAPs for the
adaptive control of the free pore liquid. Against this background, the development
of a grouting mortar should be mentioned, which is able to bind high amounts of its

1
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free pore water, which ultimately leads to a faster hardening. Reliable models for the
capturing of the time-dependent liquid absorption within the pore space are therefore
the basis for the development of effective rheology models.
It can be concluded that polymers within fluid-saturated porous media can be designed
to have a wide variety of macroscopic properties appropriate for different practical ap-
plications. The interactions between polymer and solid skeleton as well as polymer
and pore liquid, differentiate strongly from a physical point of view. However, attach-
ment/detachment as well as absorption/desorption processes can be implemented in
a continuum mechanical modeling approach through mass exchange terms of the in-
volved phases.

1.2 State of the art, scope and aims

The aim of the thesis is the macroscopic modeling of porous materials, which are si-
multaneously saturated with a pore liquid and a polymer gel. The focus of this study
is to investigate the diverse and complex processes that are induced by the presence
of polymers in the pores. As already mentioned, it is possible to modify the effective
properties of the porous media through the addition of polymers to the pore space.
Here, the requirements towards the modeling are classified into three main categories:

• controlling the free pore liquid within the solid skeleton,

• polymer attachment to the solid matrix,

• rheology of polymer solution flow through porous media.

Progress in all areas is reported in the literature. However, according to the author’s
knowledge, there does not exist a multi-phase model for the systematic description of
all coupled processes in the pore space. To this end, a multi-phase model is developed
in this thesis, which consists of a porous solid matrix, a pore liquid and a pore gel.
From a practical point of view, capturing all geometric information form the microstruc-
ture as well as the description of all chemo-physical processes is not manageable. Due
to this reason, a macroscopic modeling approach based on the Hybrid Mixture Theory
(HMT) is chosen [20, 21], which results in a (statistical) homogenized description of the
microstructure. The development of macroscopic constitutive models is finally neces-
sary for the effective modeling of the previously mentioned phenomena. Against this
background, a literature review with respect to the essential modeling aspects is given
in the following.
An overview of the literature, which deals with liquid exchange by polymers is cov-
ered. Polymers, which are able absorb and bind aqueous solutions, were studied since
the early works of Flory [53], Flory & Rehner [55], Huggins [71] and Flory & Rehner [56].
This special class of polymers is also known as hydrogels. Further development of these
polymers towards charged hydrogels, also called Superabsorbent polymers (SAP), led
to significant higher swelling degrees. Different modeling approaches of the driving
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forces behind liquid absorption can be found in the literature. Therefore, the group
around Huyghe & Janssen [74, 76] and Wilson et al. [164] developed a multi-phase
model to describe charged porous media, which are composed of a charged solid skele-
ton, while the pore space is saturated with a pore liquid and mobile ions. Herein, the
charges of mobile ions in the pore space are in equilibrium with the charged solid skele-
ton, such that the overall material is charge-neutral. Since fixed charges are attached
to the solid skeleton, an ion concentration difference exists between the absorbed and
the surrounding solution. Based on this modeling approach, Acartürk [2] developed a
multi-phase material for the description of electro-active, swellable porous media. In
this modeling approach, the porous medium exchanges pore liquid with the surround-
ing solution over the phase boundary. To put it differently, the swelling of the material
is determined through the boundary conditions of the overall material. It is worth men-
tioning that such a model can be used to model swelling of charged hydrogels, but also
biological tissues, since the concept of fixed charges is also a widely-accepted modeling
approach in biomechanics [164].
Similar continuum-based models for the description of charged hydrogels are devel-
oped by English et al. [51] and Yang et al. [165]. In contrast to the previously mentioned
models, the surrounding pore liquid was integrated in the model. The driving forces
behind liquid and ion transport were derived from previously postulated thermody-
namic potentials. Besides the ion concentration, the influence of the surrounding solu-
tion’s pH-value on the absorption characteristics was considered. It is worth mention-
ing that charged hydrogels does not only react sensitive towards the pore fluid chem-
istry of the surrounding solution, e. g. the chemical composition or the pH-value, but
also on temperature changes [36] or external electrical fields [2]. Through the reversible
swelling, charged hydrogels are suitable for the application as sensors in complex ap-
plications [93].
Direct modeling approaches for hydrogels, which are used for sensors or for drug deliv-
ery applications can be found numerous in the literature. The use of SAPs as chemical
admixture for concrete has recently attained more attention, however, modeling ap-
proaches towards the simulation of liquid exchange of hydrogels in porous media are
rare. In this context, it is worth mentioning that Viejo et al. [158] developed a meso-
scopic model for modified concrete with SAPs. Furthermore, the RILEM report [106]
gives an excellent overview of the developments and current research topics regarding
to SAP modified concrete mixtures.
The main objective of using SAPs is to gain control of free water in concrete mixtures
[105, 106]. On the one hand, water is necessary for the hydration process of the cement
phase, besides this, the amount of free water has a tremendous effect on the rheological
properties of concrete. Some applications require a sufficient workability of fresh mix-
tures, which is realized through a high water content. Through the addition of SAPs it
is possible to control the amount of free pore water over time and, in turn, the rheol-
ogy to a certain extent [107, 130]. In addition, the influence of SAPs on the mechanical
properties of concrete was widely studied through experiments [28, 106–108, 111, 117].
Besides liquid absorption, SAPs are also able to release captured liquid to the surround-
ing. To this end, SAPs also gained attention in connection with the avoiding of auto-



4 1 Introduction and overview

geneous shrinkage [105, 106]. In this context, SAPs are added to the mixture to store
additional pore water, which is released over a long time span to the cement phase.
Through the controlled and continuous hydration, volumetric shrinkage during the
hardening can be reduced, which is especially of great importance in connection with
Ultra High Performance Concrete (UHPC) [13, 42, 65, 107, 111, 128, 130, 132, 138, 174].
On the microscale, swelling of SAPs results in a reduction of the effective porosity of
the solid matrix, such that the intrinsic permeability decreases. As a consequence, fluid
transport through the porous matrix is affected by the swollen SAP particles [159, 160].
This effect is also known as gel blocking and can be exploited for the sealing of cracks in
concrete constructions [89, 137, 139]. It is worth noting that applications of self-healing
porous materials based on the SAPs can also be found in different industrial sectors.
Czupryna [43] developed an innovative, self-sealing cable sheath for power cables. Pen-
etration of water due to damage of the cable sheath can be avoided even when the outer
layer is fractured. For this purpose, a dry SAP granulate is added to the matrix mate-
rial of the cable sheath. In case of damage of the cable sheath, water penetrates into the
structure and initializes swelling of the embedded SAPs within the matrix. The swollen
hydrogels form a water barrier and protect the cable core from water contact.
On the one hand, numerous continuum-based models for the simulation of charged
hydrogels can be found in the literature, while on the other hand, purely experimental
studies of liquid absorption by hydrogels within construction materials are reported in
the literature. Due to this reason, a continuum-based multi-phase model will be devel-
oped in the present thesis, which treats the polymers within the pore space as a part of
a porous material. Following this, the liquid absorption of hydrogels will not be repre-
sented through flow across the phase boundary hydrogel-pore liquid, as in models by
Acartürk [2], Huyghe & Janssen [76] and Yu et al. [168], but through local mass exchange
terms in the corresponding mass balances. Such macroscopic mixture models account-
ing for mass exchange in porous media were derived by many researchers for vari-
ous applications. Alexandersson et al. [8], Alexandersson & Ristinmaa [9] and Askfelt
et al. [12] used a multi-phase and multi-species approach based on the HMT to describe
the thermo-hydro-mechanical coupling in paperboard. Ristinmaa et al. [119] used the
same theoretical framework for developing a general model for a thermo-plastic ma-
terial with a particular focus on transport and mass exchange. Kinematics and mass
exchange are coupled by using a multiplicative split of the deformation gradient in a
mass conserving and non-conserving part. Loret et al. [100, 101] and Gajo & Loret [59]
established a mixture-based model to describe chemically active expansive clays. The
coupling between mass exchange and deformation represents chemical swelling and
shrinking on the macroscale. In addition, growth processes in biomechanics, i. e. re-
modeling of soft tissue and tumor growth, were also modeled through mass exchange
terms within continuum-based mixture theories [10, 11, 35, 118, 143].
Besides controlling the free pore liquid within the pore space, polymer attachment to
the solid skeleton, induced by the infiltration of a polymer solution, denotes the sec-
ond key requirement towards the modeling approach. Polymer attachment causes a
reduction of the solution’s polymer concentration, which has a negative effect in case
of polymer flooding – the viscosity of the injected solution and therefore the mobility of
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the oil phase reduce significantly. Furthermore, the attachment slows down the prop-
agation of the concentration front in the pore space. From an economic point of view,
the polymer attachment leads to higher costs, because a part of the injected polymer
gets lost in the pore space [172]. Precise knowledge of the polymer attachment pro-
cess is therefore of great importance for the successful realization of polymer flooding
projects.
Al-Hajri et al. [7], Idahosa et al. [77], Zhang & Seright [173] and Zhang [172] carried
out small-scale laboratory experiments, so-called core flooding experiments, for the
purpose of characterizing the polymer attachment in a quantitative manner. In these
studies the polymer solution is injected with a constant flow rate into a porous core,
while the polymer concentration at the exiting end of the core is measured. The result-
ing breakthrough curves of the polymer concentration are usually plotted over the in-
jected pore volume, while the attached polymer volume is finally estimated from these
curves. It is worth mentioning that such estimation is an averaged statement with re-
spect to the core volume. It was shown in independent experimental studies of Al-Hajri
et al. [7], Idahosa et al. [77], Zhang & Seright [173] and Zhang [172] that the maximum
amount of polymer attachment rises with increasing injection rate. This aspect plays
also an important role against the background of the economic efficiency of the whole
polymer flooding project and has to be taken into consideration.
It is well-reported throughout the literature that the polymer attachment process is es-
sentially driven by three distinct mechanisms [6, 172]. Chemo-physical forces cause the
adsorption of polymers on the surface of the solid skeleton. This driving force results
primary from van der Waals-forces, hydrogen bonding as well as electrostatic interac-
tion forces [113, 131, 141]. Furthermore, the acting forces strive to reduce the surface
energy through the coverage of the rock surface [44]. With respect to the pore space
morphology and the size of the polymer molecules, fluidized polymers can be trapped
at small pores. The third mechanism, which is also known as hydrodynamic retention,
is related to the velocity field at the pore scale. Especially at high injection flow rates,
hydrodynamic forces cause the attachment of polymer particles to the solid skeleton [6].
Through increasing polymer attachment, the morphology of the pore space is changed,
which in turn results in a reduction of the permeability. As a consequence, an increase
in injection pressure difference at constant injection flow rate can be observed.
Experimental studies discovered that polymer attachment can be decomposed into dif-
ferent mechanisms, however, polymer attachment in the literature was almost always
modeled through adsorption-isotherms [39]. Dawson & Lantz [45] already postulated
that polymer adsorption can be fitted to Langmuir-isotherms irrespective the fact that
the isotherm was originally derived for purely reversible adsorption processes [98].
Through modeling the attachment with an isotherm, it is implicitly assumed that the
attachment process occurs instantaneous. Fundamental criticism of using Langmuir-
isotherms in this context was expressed by Zhang [172]. The polymer attachment to the
solid skeleton is for the most part irreversible, such that an application of the Langmuir-
isotherm is not justified on a theoretical basis. In the present work, the attachment pro-
cess is modeled as a dynamic mass exchange between fluidized and attached polymer.
In this context, it is a priori distinguished between reversible and irreversible attach-
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ment. Similar continuum-based models were derived by Tiraferri et al. [147], Tosco &
Sethi [151] and Tosco et al. [149] in order to simulate infiltration processes of fluidized
micro- and nano-particles into porous media. Based on these works, a dynamic model
is chosen, which will be finally calibrated to experimental breakthrough curves.
The mass exchange plays a fundamental role in the formulation of the multi-phase ma-
terial model. The two previously mentioned phenomena, i. e. absorption/desorption
and attachment/detachment, are interactions between polymer and pore liquid and
polymer and solid skeleton, respectively. These interactions are treated in the multi-
phase model through mass exchange terms in the corresponding mass balances and
are therefore naturally implemented in the continuum-based mixture theory.
In order to simulate the propagation of the polymer solution within the pore space, a
macroscopic rheology model for the polymer solution needs to be derived first. Newto-
nian fluid flow through porous media is usually modeled through Darcy’s law. In this
case, the shear stress of the fluid is proportional to the shear rate, while the dynamic
viscosity is the proportionality constant. In contrast, polymer solutions show generally
non-Newtonian flow behavior, such that the linear relation between pressure gradient
and flow rate is no longer valid. The in situ viscosity of the fluid becomes therefore a
function of the shear rate.
Many polymer solutions show in rheological measurements a shear-thinning (pseudo-
plastic) behavior. In this context, analytical and empirical rheology models were de-
veloped, which can mimic the shear-rate dependent viscosity. Power-law, as well as
more complex models, e. g. the Careau-, Ellis, or Cross-model, are frequently used in
the literature to describe the rheology of polymer solutions [29, 150, 171]. However, ex-
periments revealed that the rheology of polymer solutions, which are flowing through
porous media, significantly deviate from its intrinsic rheology [170]. Zamani et al. [170]
postulated that the difference is caused by the influence of the complex porous me-
dia geometry. By applying high injection rates, Delshad et al. [46] and Najafabadi et al.
[110] were able to show that many polymer solutions exhibit shear-thickening (dila-
tant) behavior in porous media. This is interesting because the same polymer solutions
showed a purely shear-thinning flow behavior in rheological measurements of the bulk
fluids. This effect is associated with the visco-elastic character of most polymer solu-
tions, which becomes noticeable through the geometric restrictions caused by the pore
space [142]. It is worth mentioning, that this phenomena is extensively discussed by
Sochi [140].
To relate the in situ viscosity to the bulk viscosity, a constitutive model between the
effective shear rate and the local filter velocity is developed. The effective shear rate is
not accessible for the macroscopic modeling, since it represents the shear rate, which is
expected in the spatially-resolved pore space. For a regular porous medium consisting
of capillary tubes, this relation was derived analytically by solving the Navier-Stokes
equation. To transfer this connection between micro- and macroscale to realistic porous
media geometries, an empirical parameter is added to the (analytic) constitutive rela-
tion. Therefore, this parameter needs to be determined through experiments. Zamani
et al. [170] investigated the constitutive behavior by using direct numerical simulations
for realistic microstructures obtained from CT-data. The concept of the effective shear
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rate is widely-used throughout the literature to model the shear rate-dependent rheol-
ogy on a macroscopic level [41, 69, 99, 115, 151].
In this thesis, a macroscopic multi-phase model is developed, which implements the re-
quirements stemming from the previously mentioned applications. The development
of mass exchange terms are essential for capturing the specific interactions in an effec-
tive manner. To simulate the coupled processes numerically, it is necessary to solve the
system’s governing equations, which are usually described through partial differential
equations (PDEs). To this end, the weak forms of the PDEs are discretized in space and
time and solved with the Finite Element Method (FEM). The aim of this thesis is finally
the development of a versatile material model for the calculation of complex interac-
tions in fluid-saturated porous media, which are controlled through mass exchange
terms.

1.3 Outline of the thesis

The fundamentals of a continuum-based mixture theory are introduced in chapter 2. It
starts with a brief historical classification and the development of modern mixture the-
ories. After introducing fundamental quantities and definitions, the kinematics within
the HMT are discussed. Viewing the mixture as a composition of superimposed con-
tinua, leads to the independent formulation of balance equations, while proper ex-
change terms represent the multi-phase and multi-species interactions in a constitu-
tive manner. The second law of thermodynamics is finally expressed as the entropy
inequality for the isothermal multi-phase and multi-species model.
Charged hydrogels are treated in this manuscript as a phase in a multi-phase mate-
rial. For reasons of clarity, the complex phenomena connected to charged hydrogels
are discussed in chapter 3 in the absence of any porous material. In this chapter, the fo-
cus is on the derivation of the thermodynamic foundations of charged hydrogels. The
aim of this chapter is the derivation of the driving forces for charged hydrogels with
respect to the microstructure. Thermodynamic models from the literature are briefly
summarized and three different contributions to the driving force of hydrogel swelling
are identified.
In chapter 4 the general model composition into phases and species is specified. The
model consists of a solid skeleton, while the pore space is simultaneously filled with an
aqueous pore liquid and a polymer gel. On the one hand, the model accounts for poly-
mer attachment to the solid skeleton, while on the other hand, absorption and desorp-
tion of pore liquid by the polymer gel is incorporated. These complex processes within
the pore space are expressed in the macroscopic continuum-based model through mass
exchange terms. In the following, the entropy inequality is adapted to the chosen model
decomposition and will be evaluated. By exploiting the entropy inequality, results with
respect to the thermodynamic modeling of charged hydrogels are used. The result
yields constitutive relations, which are valid in equilibrium as well as additional ex-
pressions, which are responsible for the dissipation within the material. The dissipa-
tive contribution provides for near-equilibrium conditions thermodynamic-consistent
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forms for the seepage and diffusion velocities as well as for the mass exchange terms.
The complex multi-phase model is treated as a master model. In the further course of
the work, this model is systematically reduced, such that different model capabilities
can be investigated isolated and independent from each other.
With respect to the previously mentioned model reduction, the focus in chapter 5 is
on simulating absorption/desorption processes. In this context, hydrogels are inves-
tigated, which are in contact with saline solutions. Against the background of exper-
imental investigations, the dynamic liquid exchange is investigated. With the aid of
the experimental results, the model parameters within the constitutive models are cal-
ibrated. Furthermore, a constitutive model for the description of the absorption/des-
orption dynamics is developed and is also calibrated to the experimental data. Through
the introduction of the postulated model, the necessary amount of experimental data
for model calibration is reduced significantly. The developed model can mimic the re-
versible liquid absorption with high precision. It is worth mentioning that the results
presented in this chapter were already published in [124].
In chapter 6 the master model will be reduced to obtain a second model variant. Here,
the focus is on the transport and infiltration of polymer solutions through porous me-
dia. For simplicity, the polymer gel does not exchange mass with the pore liquid, while
on the other hand, polymer attachment of the fluidized polymer to the solid skeleton
is taken into consideration. The coupling effects between polymer attachment, non-
Newtonian suspension rheology and the evolution of the permeability due to the at-
tachment processes, are modeled. The aim of the model is the numerical investigation
of the infiltration process by using the FEM. For this purpose, the necessary balance
equations are derived in weak form and an initial boundary value problem is formu-
lated in a general manner. In the following, a small-scale polymer flooding experiment
is simulated, while the continuum-model is calibrated with data from the literature.
Besides the polymer attachment, the development of the permeability as well as the
non-Newtonian rheology are discussed. The multi-phase model is able to portray the
injection rate-dependent polymer attachment and the effective polymer solution vis-
cosity. The calibrated material model is subsequently applied to a more complex initial
boundary value problem. The model capabilities are analyzed against the background
of the induced heterogeneous seepage velocity distribution.
The results obtained in the manuscript are summarized in chapter 7. In addition, fur-
ther modeling approaches as well as open questions are discussed.



Chapter 2:
Theoretical fundamentals of mixture theory

In a microscopic description of a multi-phase material, phases can be distinguished,
such that each material point can be uniquely assigned to a specific phase. However,
capturing all geometric information from the micro-structure is a tremendous task and
from a practical point of view not manageable for engineering applications. Against this
background, the Hybrid Mixture Theory (HMT) is used as a macroscopic continuum-
based approach for materials with complex microstructure. The fundamentals of the
HMT are introduced in a general fashion within this chapter. The chapter starts with the
definition of basic quantities, which are accounting for the composition of the mixture.
Next, the kinematic relations of multi-phase and multi-species materials are briefly in-
troduced. Subsequently, balance equations for mass, linear momentum, energy and
entropy are presented in local form. In the last part of the chapter, the entropy inequal-
ity is derived in a general manner. The exploitation of the entropy inequality, which
enables one to formulate thermodynamic-consistent constitutive models, will be car-
ried out in chapter 4 after specifying the model composition and its expected material
behavior.

2.1 Preliminaries

The classical Theory of Mixtures (TM) was established by Bowen [32], Truesdell &
Toupin [152] and provides a macroscopic description of miscible mixtures. The mix-
ture is viewed as a single phase composed of miscible species. To this end, the TM does
not include any geometrical information from the microstructure. For the purpose of
modeling immiscible mixtures, for instance solid-fluid mixtures, Hassanizadeh & Gray
[66, 67] combined the classical TM with the concept of volume fractions. This approach
is later referred to as Hybrid Mixture Theory (HMT) [20, 21]. According to the HMT,
the overall material is treated as a mixture of immiscible phases, while each phase is
still treated as a miscible mixture of species. In contrast to a microscopic approach, the
HMT leads to a continuous description of the material by applying a superposition of
the different phases and species at the material point. A similar mixture theory, which
incorporates volume fractions in the classical TM, was developed by de Boer [30, 31]
and Ehlers & Bluhm [49] and is termed the Theory of Porous Media (TPM). In contrast
to the HMT, phases and species are not distinguished a priori, such that all components
are treated immiscible and are therefore associated with its individual (constituent) vol-
ume. However, this approach does not lead to a straightforward introduction of mis-
cible components, such as dissolved ions, since its intrinsic volume is by definition not
accessible.
Throughout this manuscript, the HMT is used for modeling multi-phase and multi-
species materials, while the chemical composition of phases is accounted for by using a

9
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multi-species framework. Following the idea proposed by Singh et al. [134, 135], a gen-
eral and flexible description of multi-species phases can be obtained by assuming that
each phase contains the same set of N species, where some may be at zero concentra-
tion. According to the HMT framework, the overall mixture ϕ is composed of K phases
ϕα, while each phase is composed of N miscible species ϕαj . Finally, the composition
of the mixture is represented through

ϕ =
�

α

ϕα and ϕα =
�

j

ϕαj . (2.1)

Following that, the infinitesimal volume element which ϕα occupies, is denoted by dvα,
such that the phase volume is obtained by integration over the body B to

V α =

�

B

dvα . (2.2)

For a mixture of immiscible phases, the mixture’s volume is given by a summation over
the phases

V =

�

B

dv =
�

α

V α , (2.3)

where dv denotes the infinitesimal volume element of the mixture.
Therefore, volume fractions for each phase are defined, while the saturation condition
imposes an algebraic constraint [14, 49]

nα =
dvα

dv
;

�

α

nα = 1 . (2.4)

In order to account for the composition of the phases, the mass of the species is related
to the volume of its corresponding phase, whereas summing over the species yields to
the effective (true) phase density

ραj =
dmαj

dvα
; ραR =

dmα

dvα
=
�

j

ραj . (2.5)

ραj is the mass concentration of a component in a mixture and can also be denoted
as the density of a component in a multi-species phase. Note that the partial density
ρα = dmα/dv relates the mass of a phase to the volume of the overall mixture and
can be expressed through ρα = nαραR. Finally, the density of the mixture calculates to
ρ =
�

α ρ
α. Mass fractions relating the mass of a species ϕαj to the mass of the phase

ϕα are consequently given by

cαj =
dmαj

dmα
=

ραj

ραR
;

�

j

cαj = 1 , (2.6)

where the constraint reflects an interdependence of this quantity. Note in passing that
throughout this contribution cαj is for convenience expressed as mass percentage [m%].



2.2 Kinematic relations 11

In order to describe chemical reactions, it is more useful to switch from mass-based ραj

to molar concentrations ραj
m by

ραj
m =

dn
αj
m

dvα
; ραRm =

dnα
m

dvα
=
�

j

ραj
m , (2.7)

where nαj
m denotes the number of moles of species ϕαj and ραRm is the effective (true) mo-

lar phase density. Note that quantities expressing a molar measure in this manuscript
are denoted by ( · )m. By introducing the molar mass of a species throughM j

m = dmj/dnj
m,

molar concentrations are linked to its mass-based counterpart through

ραj
m =

ραj

M j
m

, (2.8)

while the molar mass is a constant species’ property.
The partial molar volume measures the change in volume of a multi-species phase ϕα

due to a change in amount of substance of ϕαj and is consequently defined through

Ṽ αj
m =

∂V α

∂n
αj
m

. (2.9)

Following this idea, the volume of a multi-species phase reads

V α =
�

j

nαj
m Ṽ αj

m . (2.10)

For the sake of completeness, molar fractions are defined through

xαj
m =

dn
αj
m

dnα
m

=
ρ
αj
m

ραRm
;

�

j

xαj
m = 1 . (2.11)

In this particular framework, species are able to carry a charge, therefore, the charge
density ρ

αj
e will be defined as

ραj
e =

dQ
αj
e

dvα
, (2.12)

where Q
αj
e portrays the absolute charge of the species ϕαj . Note that ( · )e denotes an

electrical quantity in this manuscript. The charge and mass density are related through

ραj
e =

zαjF

M j
m

ραj = zαjFραj
m , (2.13)

herein, zαj denotes the charge number of a species (valence), while F is the Faraday
constant.
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Figure 2.1: Kinematics in the Hybrid Mixture Theory.

2.2 Kinematic relations

A body Bt is defined as a collection of particles at the current time t (Figure 2.1). The
position vector x points at a material pointP(x, t)within the body, whereas each partic-
ular material point simultaneously posses contributions from each phase. In addition,
it is assumed that each phase exhibits its own motion function χα

x = χα(Xα, t) . (2.14)

Thus, any material point in the current configuration t = t1 has an unique reference
position Xα at time t0. Therefore, the inverse motion function is uniquely defined by

Xα = (χα)
−1(x, t) . (2.15)

A material filament dXα in the reference configuration is transformed to dx in the cur-
rent configuration by

dx = Fα · dXα , (2.16)
where Fα denotes the deformation gradient of phase ϕα and can be calculated similar
to single-phase continuum mechanics by

Fα =
∂χα

∂Xα

= Gradα χα . (2.17)

Herein, Gradα denotes the gradient with respect to the reference configuration of phase
ϕα. Fα carries an infinitesimal undeformed material fiber dXα of ϕα into dx in the
deformed configuration.
The mixture’s velocity is defined as the barycentric velocity of the weighted phase ve-
locities according to

v =
1

ρ

�

α

nαραRvα . (2.18)

Phase velocities vα relative to the mixture defining the relative velocity wα

wα = vα − v , (2.19)
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where the constraint �

α

nαραRwα = 0 (2.20)

arises as a natural consequence. In analogy, the phase velocity can be expressed through
the species velocity vαj

by

vα =
1

ρα

�

j

nαραjvα =
�

j

cαjvαj
. (2.21)

Furthermore, diffusion velocities of species wαj
are denoted by

wαj
= vαj

− vα , (2.22)

where the constraint �

j

ραjwαj
= 0 (2.23)

represents the counterpart to (2.20). In addition, relative velocities between two phases
are given by

vαβ = vα − vβ (2.24)

and termed seepage velocities in this work when ϕβ denotes the solid phase, i. e. β = S.
Note that the solid phase displacement is given with respect to the reference configu-
ration by uS = x −XS and therefore in a Lagrangian setting. In contrast, seepage ve-
locities are measured relative to the solid skeleton, while diffusion velocities are given
with respect to the corresponding (moving) phase. Hence, seepage and diffusive flows
are described in a so-called modified Eulerian framework.
The spatial velocity gradient for ϕα is defined by

Lα =
∂vα

∂x
= gradvα (2.25)

and can be additively splitted into its symmetric and skew-symmetric part by

Lα = Dα +Wα , (2.26)

where standard tensor calculus are used to write

Dα =
1

2
(Lα + LT

α) and Wα =
1

2
(Lα − LT

α) . (2.27)

In analogy to (2.25), the spatial velocity gradient for species ϕαj is defined by

Lαj
=

∂vαj

∂x
= gradvαj

. (2.28)

The spatial velocity gradient of the mixture is defined through

L =
∂v

∂x
= gradv . (2.29)



14 2 Theoretical fundamentals of mixture theory

In the following, ( · )�αj
, ( · )�α and ˙( · ) respectively denote the material time derivative

of a field variable ( · ) with respect to the motion of a species, a phase and the overall
mixture, namely

( · )�αj
=

∂( · )
∂t

+grad ( · ) ·vαj
; ( · )�α =

∂( · )
∂t

+grad ( · ) ·vα ; ( ·̇ ) = ∂( · )
∂t

+grad ( · ) ·v .

(2.30)

2.3 Balance equations

Next, the governing equations for the multi-phase and multi-species system are postu-
lated in local form. Species are able to interact with each other within a phase, which
will be captured by considering intra-phase exchange terms. As a restriction, the total
intra-phase production terms have to vanish when summed over all species within a
phase. Besides interactions among species within a phase, interactions across the phase
boundaries are accounted for by inter-phase exchange terms. The total production terms
on the phase level have to vanish when summed over the phases.
Note that the production terms in the balance equations of mixture theory represent
interactions on the constituent but also on the species level. In the literature, different
representations of the production terms are presented, where different treatments trace
back to the intention if one focuses on describing the causes or effects of the interactions.
In terms of the mass exchange, [8, 9, 12, 24, 119] chose a notation which indicates the
origin of the mass gain. Therefore, the density production to a specific species is on the
one hand split into intra- and inter-phase mass exchange, while on the other hand the
notation distinguishes explicitly between the phases which have a contribution in the
mass exchange. On the contrary, a particular production term can also be viewed as
an effective quantity (cf. [49, 118, 143]), which reflects the total gain or loss due to the
interaction with all other phases.
In this manuscript, a notation is chosen which distinguishes between intra- and inter-
phase exchange terms, while in addition, the inter-phase exchange terms are resolved to
account explicitly for the individual phase interactions. Following this idea, intra-phase
exchange terms are expressed through ( ·̂ )αj

a , while the inter-phase exchange terms on
the species and phase level read

( ·̂ )αj
r =

�

β �=α

( ·̂ )αj

β and ( ·̂ )αr = ( ·̂ )α =
�

β �=α

( ·̂ )αβ . (2.31)

Herein, ( ·̂ )αj

β and ( ·̂ )αβ denote the production of ( · )αj and ( · )α due to the interaction
with phase ϕβ , respectively.

Conservation of mass The conservation of mass is formulated on the species and
phase level by

(nαραj)�αj
+ nαραjdiv (vαj

) = ρ̂αj
a + ρ̂αj

r , (2.32)
(nαραR)�α + nαραRdiv (vα) = ρ̂α , (2.33)
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herein, ρ̂αj
a and ρ̂

αj
r represent the density production of ϕαj due to chemical reactions

among the species and inter-phase mass transfer, respectively, whereas ρ̂α is the total
density production of the phase. The restrictions for intra and inter-phase mass ex-
change are respectively given by

�

j

ρ̂αj
a = 0 ;

�

α

ρ̂α = 0 . (2.34)

Furthermore, summing over the species yields the relation between species and their
corresponding phase

ρ̂α =
�

j

ρ̂αj
r . (2.35)

Summing over the phases leads finally to the well-known mass balance equation in
classical continuum mechanics

ρ̇+ ρdivv = 0 . (2.36)

Linear momentum balance It is here a priori assumed that the partial Cauchy stress
tensors for species Tαj and phases Tα are symmetric, i. e. Tαj = (Tαj)T and Tα =
(Tα)T . The linear momentum balances for phases and species are than given by

nαραj(vαj
)�αj

− divTαj − nαραjbαj = p̂αj
a + p̂αj

r , (2.37)
nαραR(vα)

�
α − divTα − nαραRbα = p̂α . (2.38)

On the species level, momentum interactions among species in the same phase p̂
αj
a and

inter-phase momentum exchange p̂
αj
r are accounted for. The volumetric forces on the

phase level are linked to the species level through ραbα =
�

j n
αραjbαj . Restrictions for

the total intra- and inter-phase momentum exchange terms read
�

j

(p̂αj
a + ρ̂αj

a vαj
) = 0 ;

�

α

(p̂α + ρ̂αvα) = 0 . (2.39)

Herein, the second contribution in both equations accounts for the momentum ex-
change due to mass transfer. Again, relations between species and their bulk counter-
parts can be derived by summing (2.37) over the species, which leads to expressions for
the partial Cauchy stresses Tα and the direct momentum production p̂α of an arbitrary
phase ϕα to

Tα =
�

j

(Tαj − nαραjwαj
⊗wαj

) , (2.40)

p̂α =
�

j

(p̂αj
r + ρ̂αj

r wαj
) . (2.41)

Summing (2.38) over the phases leads to the classical form of the local momentum bal-
ance for single-phase continua

ρ v̇ − divT− ρb = 0 , (2.42)
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from which the total stress tensor as well as the body force vector compute to

T =
�

α

(Tα − nαραRwα ⊗wα) , (2.43)

ρb =
�

α

ραbα . (2.44)

Conservation of charges In the absence of any external electrical field, the charges
are balanced on the species and on the phase level through

(nαραj
e )�αj

+ nαραj
e divvαj

= ρ̂αj
e , (2.45)

(nαραe )
�
α + nαραevα = ρ̂αe , (2.46)

where ρ̂
αj
e denotes the total charge production, which can be written as [2]

ρ̂αj
e =

zαjF

M j
m

(ρ̂αj
a + ρ̂αj

r ) , (2.47)

while direct charge production, i. e. the charge production which does not stem from
mass exchange, has been neglected a priori. Summing (2.45) over the charged species
corresponding to the phase ϕα leads to

ρ̂αe =
�

j

ρ̂αj
e . (2.48)

In the framework presented in this manuscript, the charge balance equations are the
only governing equation stemming from electrostatics since it is assumed that there is
neither an external electric nor a magnetic field.

Conservation of energy The conservation of energy represents the first law of thermo-
dynamics and balances the internal energy [16]. The internal energy for a species εαj

and for a phase εα are respectively governed by

nαραj(εαj)�αj
−Tαj : Lαj

− div (q
αj

T )− nαραjrαj = ε̂αj
a + ε̂αj

r , (2.49)
nαρα(εα)�α −Tα : Lα − div (qα

T )− nαραrα = ε̂α . (2.50)

Herein, ε̂αj
a and ε̂

αj
r represent the direct energy gain of ϕαj due to species within the

same phase and due to inter-phase energy gain from different phases. In addition, ε̂α
is the total energy production of the phase. The restrictions for intra- and inter-phase
energy gain are respectively given by

�

j

�
ε̂αj
a + p̂αj

a · vαj
+ ρ̂αj

a

�
εαj +

1

2
vαj

· vαj

��
= 0 , (2.51)

�

α

�
ε̂αj
r + p̂αj

r · vαj
+ ρ̂αj

r

�
εαj +

1

2
vαj

· vαj

��
= 0 . (2.52)



2.3 Balance equations 17

The species heat flux q
αj

T and the external heat supply rαj are related to the phase level
through

qα
T =
�

j

�
q
αj

T − nαραjεαjwαj

�
and ραrα =

�

j

nαραjrαj . (2.53)

Furthermore, summing over the species yields the relation between species and their
corresponding phase

ε̂α =
�

j

�
ε̂αj
r + p̂αj

r · vαj
+ ρ̂αj

r

�
εαj +

1

2
vαj

· vαj

��
, (2.54)

ραεα =
�

j

nαραj

�
εαj +

1

2
vαj

· vαj

�
. (2.55)

The local energy balance of the mixture is obtained by summing (2.62) over the phases
to

ρ ε̇−T : L− divqT − ρ r = 0 , (2.56)
where the following relations are recovered between the mixture and its phases

ρ ε =
�

α

ρα
�
εα +

1

2
vα · vα

�
, (2.57)

qT =
�

α

(qα
T − ραεαwα) , (2.58)

ρ r =
�

α

ραrα . (2.59)

Entropy balance The second law of thermodynamics dictates that the net production of
entropy of the overall mixture is always non-negative. To represent the time rate of the
entropy in an equality, the direct entropy production on the species level is introduced
through Λ̂αj and linked to the phase and mixture levels by

Λ̂ =
�

α

Λ̂α =
�

α

�

j

Λ̂αj ≥ 0 . (2.60)

Note that the direct entropy production denotes the portion of the entropy production
which does not originate from intra- or inter-phase exchange. The entropy balance is
given on the species and phase level by

nαραj(ηαj)�αj
− div (φαj

η )− nαραjσαj
η = η̂αj

a + η̂αj
r + Λ̂αj , (2.61)

nαρα(ηα)�α − div (φα
η )− nαραRσα

η = η̂α + Λ̂α , (2.62)

where η̂
αj
a and η̂

αj
r represent the entropy production due to intra-phase and inter-phase

exchange, respectively, and η̂α is the total entropy production due to inter-phase ex-
change on the phase-level. The entropy flux φ

αj
η and the entropy supply σ

αj
η on the

species-level are linked to the phase level through

φα
η =
�

j

�
φαj

η − nαραjηαjwαj

�
and nαραRσα

η =
�

j

nαραjσαj
η . (2.63)
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Since the direct entropy production has been introduced through (2.60), the restrictions
for the inter-phase entropy exchange terms are derived to

�

j

(η̂αj
a + ρ̂αj

a ηαj) = 0 , (2.64)

�

α

(η̂αj
r + ρ̂αj

r ηαj) = 0 . (2.65)

Next, the entropy flux φ
αj
η and the entropy supply σ

αj
η are substituted by the well-

established constitutive assumptions [143]

σαj
η =

rαj

T
and φαj =

q
αj

T

T
, (2.66)

where furthermore thermal-equilibrium, i. e. T αj = T α = T , between the species is
postulated.
Substituting the energy balance (2.49) in the entropy balance (2.61) and summing over
species and phases leads finally to an expression for the entropy production of the over-
all medium Λ̂. When thermal effects are neglected one obtains the Clausius-Duhem
inequality for a multi-phase and multi-species material by

Λ̂T =
�

α

�

j

Λ̂αjT =
�

α

�

j

�
− nαραj(Ψαj)�αj

+Tαj : Lαj
− (p̂αj

a + p̂αj
r ) · vαj

− (ρ̂αj
a + ρ̂αj

r )
1

2
vαj

· vαj
− (ρ̂αj

a + ρ̂αj
r )Ψαj

�
≥ 0 .

(2.67)

Herein, the Legendre transformation of the Helmholtz free energy Ψαj = εαj − Tηαj

has been exploited.

Dissipation inequality The mass-based Helmholtz free energy of the mixture Ψ is
respectively linked to the Helmholtz free energy on the phase and species level through

ρΨ =
�

α

ραΨα =
�

α

�

j

nαραjΨαj . (2.68)

Finally, the entropy inequality for the multi-phase and multi-species system under isother-
mal conditions reads

D =
�

α

�
− nαρα(Ψα)�α

+
�
Tα +

�

j

nαραjwαj
⊗wαj

�
: Lα +

�

j

�
Tαj − nαραjΨαjI

�
: gradwαj

−
�

j

�
grad (nαραjΨαj) + p̂αj

r + p̂αj
a

�
·wαj

−
�

j

�
ρ̂αj
r + ρ̂αj

a

�1
2
wαj

·wαj
− p̂α ·wα − ρ̂α

�1
2
wα ·wα +Ψα

��
≥ 0 . (2.69)
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Here I denotes the second order identity tensor. A detailed derivation and discussion
were carried out in the literature [22, 23].





Chapter 3:
Thermodynamic theory of charged hydrogels

In the previous chapter, the fundamentals of multiphasic material modeling were in-
troduced in a general fashion. The HMT will be adapted to a chemical active porous
material in the next chapter. Since charged hydrogels are an essential component of
the overall material under consideration, the thermodynamic fundamentals of charged
hydrogels are discussed in this chapter. Here, the attention is focused on a special type
of charged hydrogel, namely a Superabsorbent Polymer (SAP). SAPs are cross-linked
polyelectrolytes, which are able to absorb high amounts of aqueous solution by forming
a hydrogel. The aim of this chapter is the derivation of the driving forces for charged
hydrogels with respect to the microstructure. Thermodynamic models are briefly sum-
marized and three different contributions to the driving force of hydrogel swelling are
identified.

3.1 Microstructure of charged hydrogels

The ability of a charged hydrogel to absorb large amounts of aqueous solution is driven
by the microstructure of the gel. A micromodel of a charged hydrogel in contact with
an electrolyte is shown in Figure 3.1. The bi-phasic model is displayed for two points in

Figure 3.1: Evolution of the microscopic hydrogel model due to mass exchange. The ambient pore fluid
chemistry, i. e. the ion concentration, is chosen such that mass absorption by the hydrogel occurs from
t0 to t1. The hydrogel is a mixture of absorbed solution and polymer chains, while fixed charges are
attached to the polymer network. Counter-ions are trapped by electro-static forces in the gel to maintain
electro-neutrality. In addition, mobile ions are present in both the pore fluid and in the absorbed solution.

21
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time (t0 and t1) to emphasize the fact that mass transfer has been occurred in this time
span. The total volume, i. e. the sum of the hydrogel and fluid volume, is assumed to
be constant with respect to time, such that the inter-phase mass exchange is isochoric.
According to the previously derived HMT framework, the system ϕ is treated as an
immiscible mixture composed of the hydrogel ϕG and the surrounding electrolyte ϕF .
More precisely, the hydrogel phase is a porous material, which is itself composed of
two phases, namely a hydrophilic polymer network ϕsG and an absorbed solution ϕfG,
i. e. ϕG = ϕsG ∪ ϕfG. In the case of charged hydrogels, the multi-species framework of
the HMT accounts here for the immiscible phase compositions.
Following this idea, the polymer network is composed of monomer ϕsGm and fixed
charges ϕsGfc attached to the polymer chains, which can not leave the gel. Further-
more, the surrounding and the absorbed solution are mixtures of water ϕαw and mo-
bile charged ions ϕαi , where α ∈ {F, fG}. Note that ϕαi is a placeholder which refers
to a positive ion ϕα+ or a negative one denoted as ϕα− . In addition,

�
( · )αi is used as

abbreviation for ( · )α+ + ( · )α− in this contribution, where ( · )αi refers to an arbitrary
quantity related to a mobile ion in ϕα. To maintain electro-neutrality of the gel, i. e.
ρGe = nfG(ρfG+

e + ρfG−
e ) + nsGρsGfc = 0, a sufficient amount of counter-ions are trapped

in the gel structure by electro-static forces. This results in an ion concentration differ-
ence between the absorbed and the surrounding solution. Since the polymer network
is not able to release the fixed charges, the hydrogel has the tendency to absorb water to
dilute the ion concentration difference. The cross-linked polymer network prevents the
gel from dissolving in the surrounding fluid and therefore counteracts the volumetric
expansion.

Mass- and volume-based degree of swelling On the macroscale, the current state of
swelling can be quantified by a volume- or mass-based degree of swelling respectively
given by

qv =
dvG

dvsG
=

dvfG + dvsG

dvsG
and q =

dmG

dmsG
=

dmfG + dmsG

dmsG
. (3.1)

However, the polymer volume fraction φ is frequently used in the constitutive modeling
of hydrogels and is therefore introduced here as

φ =
dvsG

dvG
= q−1

v . (3.2)

By using the intrinsic polymer and absorbed solution densities, the mass-based degree
of swelling can be expressed in terms of the polymer volume fraction to

q = 1 +
ρfGR

ρsGR

1− φ

φ
. (3.3)
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Figure 3.2: A simple two phase model.

3.2 Gibbs free energy and chemical potentials

The molar-based Gibbs free energy for an ideal phase ϕα is sufficiently described by the
phase temperature T α, partial pressure pα and its composition n

αj
m through

Gα
m = Gα

m(T
α, pα, nα1

m , · · · , nαN
m ) , (3.4)

where it has been assumed that the phase is an immiscible mixture of N species. In
classical thermodynamics, the extensive state variable n

αj
m is used in favor of the molar

concentration ρ
αj
m , an intensive state variable. It is worth mentioning that the values

of nαj
m are independent for all N species, which is in contrast to the definition of the

intensive measure ρ
αj
m . In general, the Gibbs free energy accounts for the thermal, me-

chanical and chemical energy of a phase. Total equilibrium of the phase is therefore
mathematically expressed through the vanishing total derivative of the Gibbs free en-
ergy, i. e.

dGα
m =

∂Gα
m

∂T α

���
pα,nαj

dT α +
∂Gα

m

∂pα

���
Tα,nαj

dpα +
�

j

∂Gα
m

∂n
αj
m

���
Tα,pα,n

αk �=j
dnαj

m = 0 . (3.5)

Here, the molar-based chemical potential of ϕαj is introduced through

µαj
m =

∂Gα
m

∂n
αj
m

���
Tα,pα,n

αk �=j
m

, (3.6)

which denotes the change in free Gibbs energy by adding one mole of substance n
αj
m

to ϕα, while the pressure, temperature and remaining phase composition are held con-
stant.
The chemical potential and the relation to mass transfer is observed in the following
in an exemplary fashion. A simple material consisting of two phases ϕA and ϕB is
assumed, while a speciesϕαs exists in both phases, cf. Figure 3.2. Under the assumption
of thermal and mechanical equilibrium, the change in Gibbs free energy of the system
reads

dGm = dGA
m + dGB

m = (µAs
m − µBs

m )dnAs
m , (3.7)
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where the relation dnBs
m = −dnAs

m holds for a closed system. The following three possi-
ble cases are distinguished with respect to the chemical potentials

µBs
m > µAs

m , transfer from:B → A , (3.8)
µBs
m < µAs

m , transfer from:A → B , (3.9)
µBs
m = µAs

m , equilibrium . (3.10)

Therefore, the chemical potential difference characterizes the direction of the mass trans-
fer process. However, it is important to emphasize that it does not contain any infor-
mation about the kinetics of the mass exchange.

3.3 Driving forces for hydrogel swelling

The Gibbs free energy of the hydrogel GG
m is assumed as a superposition of three con-

tributions [160]
GG

m = GG
m,mix +GG

m,elast +GG
m,ion , (3.11)

while the corresponding processes on the microscale are identified to:

• the mixing of polymer chains and absorbed solvent GG
m,mix ,

• the entropy elasticity of the network caused by volumetric expansion GG
m,elast ,

• and the ionic contribution due to fixed charges GG
m,ion .

Similar studies of competing phenomena were performed by English et al. [51] and
Horkay et al. [70]. In equilibrium, the chemical potential differences for both water and
mobile ions vanish, namely

Δµw
m = µGw

m − µFw
m = 0 , (3.12)

Δµi
m = µGi

m − µFi
m = 0 ∀i ∈ {+,−} . (3.13)

In the following, chemical potential differences are deduced from the additive split
(3.11), while appropriate constitutive models on the basis of microstructural consider-
ations and results obtained in polymer physics needs to be derived first.

3.3.1 Ionic contribution

The enormous water uptake of charged hydrogels is mainly related to the ion concen-
tration difference between the surrounding and the absorbed solution. This effect is
known as Donnan osmosis and can be explained with the aid of a membrane model,
cf. Figure 3.3. The absorbed solution ϕfG is in contact with the surrounding solution
ϕF , separated by a semi-permeable membrane. The membrane is permeable for water
ϕαw and mobile ions ϕαi but impermeable for fixed charges. To this end, the membrane
in the model description accounts for the fact that the fixed charges are attached to the
polymer chains.
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mobile ions fixed-charge counter-ion

Figure 3.3: Donnan osmosis of electrolytic solutions with fixed charges (cf. [75]).

The individual electro-neutrality condition of the surrounding solution ϕF and the hy-
drogel ϕG, yields to restrictions towards the concentrations, namely

�
ρFi
e = ρF+

m zF+ + ρF−
m zF− = 0 , (3.14)

�
ρGi
e + ρ

Gfc
e = (1− φ)(ρfG+

m zfG+ + ρfG−
m zfG−) + φρ

sGfc
m zfc = 0 . (3.15)

Based on the mathematical form of mixtures of ideal gases, the chemical potential of a
solved species in solution is given by

µ
αj

m,ion = µj
m,0 +RT ln(aαj) , (3.16)

where µj
m,0 is the chemical potential of the pure substance under reference conditions,

i. e. standard pressure and standard temperature, while aαj in the second term denotes
the activity of species ϕαj . According to thermodynamics [16], the activities are usually
multiplicatively splitted in an activity coefficient γαj and a molar fraction x

αj
m to

aαj = γαj xαj
m = γαj

ρ
αj
m

ραRm
. (3.17)

Note in passing that the activity as well as the activity coefficient are dimensionless
quantities. In the theory of ideal mixtures, the activity of a solved species coincides with
its corresponding molar fraction. In contrast, the activity coefficient introduced for real
solutions accounts for deviations from the ideal behavior of infinite dilute solutions.
Against this background, it is reasonable to call the activities effective concentrations. The
chemical potential differences for all species which are able to pass the membrane has
to vanish in equilibrium, such that

µfGw

m,ion = µFw
m,ion , (3.18a)

µ
fG+

m,ion = µ
F+

m,ion , (3.18b)
µ
fG−
m,ion = µ

F−
m,ion . (3.18c)
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Driving force for water transfer The ionic contribution of the chemical potential of
water is identified with the chemical potential difference across the membrane

Δµw
m,ion = µfGw

m − µFw
m = RT ln

�
ψw ρfGw

m

ρFw
m

�
with ψw =

γfGw

γFw
, (3.19)

while ρfGR
m = ρFR

m has been assumed in the derivation. Herein, ψw accounts for both
the non-ideal behavior of absorbed as well as free water and will therefore be called cu-
mulated activity coefficient. By using the charge neutrality conditions for the hydrogel
(3.15) and the surrounding solution (3.14), respectively, together with (2.7) enables one
to express the molar concentrations of water through

ρfGw
m = ρfGR

m − ρfG−
m

�
1 +

��zfG−
��

zfG+

�
− φ

1− φ
ρ
sGfc
m

��zfc
��

zfG+
, (3.20)

ρFw
m = ρFR

m − ρF−
m

�
1 +

��zF−
��

zF+

�
. (3.21)

Note that Δµw
m,ion refers to the driving force for swelling of a soluble (not cross-linked)

charged polymer network. In case of deionized water in the surrounding liquid (ρF−
m =

ρF+
m = 0), infinite swelling of the polymer network is expected from a theoretical point

of view, i. e. the polymer network dissolves in the solution. On the contrary, in a cross-
linked network, the polymer is prevented from dissolving.
The chemical potential difference Δµw

m,ion can be linearized for dilute electrolytic solu-
tions to

Δµw
m,ion = µfGw

m,ion − µFw
m,ion = −RTṼ w

m

�

i

�
ρfGi
m − ρFi

m

�
+RT lnψw , (3.22)

where the logarithmic term has been approximated by ln(1 − x) ≈ −x and the molar
phase densities are related by ρfGR

m = ρFR
m ≈ (Ṽ w

m )−1.

Donnan equilibrium Ion equilibrium between absorbed and surrounding solution,
which is also known as Donnan equilibrium [164], is frequently assumed in the model-
ing of charged hydrated media. Herein, electro-chemical equilibrium for mobile ions,
which are able to pass the membrane, is instantaneously reached, such that chemi-
cal potential differences for positive and negative ions are identified with (3.18b) and
(3.18c), respectively.
By using the constitutive forms of the chemical potentials for real solutions (3.16) and
the multiplicative split of the activity (3.17), yields the following expressions for the ion



3.3 Driving forces for hydrogel swelling 27

concentrations within the gel

ρfG−
m = −pd

2
+

��pd
2

�2
+ qd , (3.23)

ρfG+
m =

pd
2

+

��pd
2

�2
+ qd , (3.24)

with pd =
φ

1− φ
ρ
sGfc
m

zfc

zfG−
, qd =

�
ρFs
m

ψ±

�2
zF−

zF+

zfG+

zfG−
,

ψ± =
γfG±

γF±
=

�
γfG+γfG−

γF+γF−

�1/2

. (3.25)

For reasons of convenience, the average activity coefficient γα± has been introduced,
whereas ψ± is defined in analogy to ψw (3.19) and accounts here for the activity of mo-
bile ions in both phases, i. e. it is the cumulated activity coefficient of ions.

Remark on salt concentration: The salt concentration is generally defined through

ραs = ρα+ + ρα− , (3.26)

while in the absence of fixed charges, the charge-neutrality imposes the restriction

zα−ρα−
m + zα+ρα+

m = 0 . (3.27)

A conversion to molar concentrations yields finally to the molar salt concentration for
an arbitrary salt

ραs
m =

M−
m + |zα− |

zα+ M+
m

M s
m

ρα−
m , (3.28)

where the molar mass of salt is given by M s
m = M−

m +M+
m.

3.3.2 Mixing contribution

In the early 1940s, Flory [53] and Huggins [71] developed independently mathematical
models based on statistical thermodynamics to derive the free energy due to mixing in
polymer gels. The theory is later termed the Flory-Huggins theory and is widely used
in polymer chemistry. The Gibbs free energy of mixing polymer chains and absorbed
solution is formally given by

ΔGG
m,mix = GG

m −GsG
m −GfG

m . (3.29)

Starting point of the derivation is then the reformulation of the free mixing energy to

ΔGG
m,mix = ΔHG

m,mix − TΔSG
m,mix , (3.30)

by using the Legendre transformation. Herein, ΔHG
m,mix and ΔSG

m,mix are the change
in enthalpie and entropy of the hydrogel due to mixing, respectively. Based on a lat-
tice model, which describes the mixing of polymer chains and solvent molecules (cf.
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Figure 3.4: Schematic sketch of the lattice model based on the Flory-Huggins theory. In the hydrogel the
absorbed solution and the polymer chains are mixed.

Figure 3.4), expressions for ΔHG
m,mix and ΔSG

m,mix are derived. Each lattice site is either
occupied by a monomer molecule or a solvent one, such that the total number of lattice
sites reads N f

m + rmN
p
m. N f

m denotes the number of solvent molecules, while Np
m is the

number of polymer molecules and rm is the number of monomers per polymer chain.
According to the lattice model, the volume fractions for the solvent φf and the polymer
φp are introduced through

φf =
nf
m

nf
m + rm np

m

and φp =
rm np

m

nf
m + rm np

m

, (3.31)

where nf
m, np

m denote the amount of substance in moles for the solvent and polymer,
respectively.1 Furthermore, the Avogadro constant NA is used to convert the number of
molecules to the amount of substance by nj

m = N j
m/NA.

Without given further details concerning the derivation, the free energy of mixing is
derived by applying concepts of statistical thermodynamics finally to

ΔGG
m,mix = RT (nf

m ln(φf ) + np
m ln(φp) + nf

mφ
pχ) . (3.32)

Herein, χ is termed the Flory-Huggins interaction parameter [53, 55, 56, 71]. Note that
Safronov et al. [121] studied the Flory-Huggins interaction parameter for weakly cross-
linked hydrogels with respect to the degree of ionization of the polymer network. By
assuming dilute aqueous solutions, the amount of substance of absorbed solution is
approximated through nf

m ≈ nGw
m , such that chemical potential of absorbed water be-

comes

ΔµGw
m,mix =

∂ΔGG
m,mix

∂nGw
m

���
np
m

= RT (ln(1− φ) + φ+ χφ2) . (3.33)

1Note that the volume fractions of solution φf and polymer φp are here derived from the lattice model
and not from a continuum model. The results obtained in polymer chemistry, i. e. the chemical potential
differences, will be later carefully correlated to the continuum scale.
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Figure 3.5: Isotropic hydrogel expansion.

In the derivation, high degrees of polymerization (rm → ∞) have been assumed [159].
Furthermore, the polymer volume fraction φp derived from the lattice model has been
substituted by φ, the continuum-based definition (3.2).

3.3.3 Elastic contribution

From Figure 3.1 can be deduced that due to the expansion of the network, the polymer
chains are forced to orientate in a rather parallel fashion, which in turn reduces the
configuration entropy. Since the polymer network tends to maximize its entropy, elastic
reset forces are induced by the volumetric expansion. In the pioneering works by Flory
& Rehner [55, 56], the structural entropy elasticity was derived from an elementary
tetrahedral cell of a three-dimensional cross-linked network. Note that in the derivation
of the entropy elasticity, the notation from the lattice model will be used.
In case of unrestricted, isotropic swelling (cf. Figure 3.5), the principal stretches of the
hydrogel λi are equal in each direction, such that

λ1 = λ2 = λ3 =
�dvG
dvG0

�1/3
, (3.34)

where dvG0 is the initial, dry volume of the hydrogel, i. e. dvG/dvG0 = (φp)−1. The elas-
tic part of the Gibbs free energy due to isotropic volumetric expansion is given in its
simplest form by

ΔGG
m,elast =

3

2
RTnp

m

�
(φp)−2/3 − 1

�
. (3.35)

In the derivation, affine network deformations have been assumed [160]. Note that Cai
& Suo [36] used a more sophisticated elastic energy function based on Flory [54] to
model anisotropic deformation during swelling. Exploiting again the approximation
for dilute aqueous solutions, i. e. nf

m ≈ nGw
m , the chemical potential difference due to

entropy elasticity is formally derived by

ΔµGw
m,elast =

∂ΔGG
m,elast

∂nGw
m

=
∂ΔGG

m,elast

∂φp

∂φp

∂nGw
m

with ∂φp

∂nGw
m

≈ −(φp)2Ṽ w
m

dvG0
. (3.36)
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Finally, the continuum-based chemical potential is obtained through

ΔµGw
elast = RTṼ w

m ν φ1/3 . (3.37)

Herein, the polymer volume fraction φp has been again substituted by φ and the intrinsic
cross-linking density of the hydrogel network ν has been introduced.



Chapter 4:
Constitutive setting of multi-phase materials
subjected to internal mass exchange

The decomposition of the mixture model into phases and species is a crucial step, which
depends on the microstructure of the material but also on the processes under consid-
eration. To discuss a decomposition against the background of the HMT, a meaningful
separation into phases and species is necessary. In this modeling approach, a generic
porous material is presented, while the pore space is simultaneously filled with a hy-
drogel and an aqueous pore liquid. In the previous chapter, the relevant processes
occurring in charged hydrated polymers have been discussed and will also be taken
into account in the following.

4.1 Adaption of the general Hybrid Mixture Theory

4.1.1 Composition of the mixture

Before the specific decomposition is described in detail, it should mentioned that the
decomposition into phases is performed across three (phase) levels. By increasing the
phase level, the complexity of the model rises, which is in turn necessary to describe
more sophisticated processes, for instance inter-phase mass exchange. In Figure 4.1 a
possible decomposition of the overall mixture is presented. The processes in the mate-
rial, which are taken into consideration are summarized as follows:

• flow of a polymer solution ϕL through a porous skeleton ϕS (phase level I),

• polymer solution composed of fluidized polymer gelϕG and pore liquidϕF (phase
level II),

• solid skeleton represented as conjunction of an intrinsic granular solid ϕK and
attached polymer gel ϕA (phase level II),

• attached and fluidized polymer gel both treated as hydrogel, which are therefore
composed of polymer chains (attached ϕsA, free ϕsG) and absorbed solution (at-
tached ϕfA, free ϕfG) (phase level III),

• polymer chains, absorbed solution and pore liquid are (miscible) multi-species
phases of charged and non-charged species ϕαj (species level).

The overall mixture can be viewed as a bi-phasic material on phase level I consisting of
a solid skeleton ϕS and a polymer solution ϕL. A continuum model on this scale is able
to model hydrodynamic fluid flow through non-reactive porous media. On phase level

31
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Figure 4.1: Decomposition of the chemical active porous media model.

II, it is on the one hand assumed that the polymer solution consists of polymer gel ϕG

and pore liquidϕF , while on the other hand, polymer attachment to the solid skeleton is
incorporated. To this end, the solid skeleton is no longer a chemical inert phase, it rather
consists of a granular solid ϕK and attached polymer gel ϕA. The continuum model
based on phase level II is able to describe complex reversible and irreversible polymer
attachment processes in porous media. Finally, phase level III is invented to account for
the structure of hydrogels. The polymer gel, attached to the solid skeleton or as a part
of the polymer solution, is individually decomposed into polymer chains and absorbed
solution. The definition of three phase levels has been performed with respect to the
expected material behavior and allows a clear representation of the complex material.
Further model simplifications will be performed in a systematic way throughout this
manuscript in order to focus on specific constitutive implications of the model.

4.1.2 Specific kinematic relations

One of the most fundamental concepts of the continuum mixture theory is that each
phase exhibits its own motion function χα, cf. chapter 2.2. However, according to the
expected material behavior, it is assumed that the solid skeleton ϕS , the polymer gel ϕG

and the pore liquid ϕF are the only kinematically independent phases and are termed
primary phases. In contrast, the subordinated phases exhibit respectively the motion func-
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tion of its primary phase. Following this idea, the colored rectangles in Figure 4.1 are
grouping phases with the same motion function. For reasons of convenience, the model
decomposition into phases is given by:

• mixture: ϕ = ϕS ∪ ϕL

• polymer solution: ϕL = ϕF ∪ ϕG

• solid skeleton: ϕS = ϕK ∪ ϕA

• polymer gel (free): ϕG = ϕfG ∪ ϕsG

• polymer gel (attached): ϕA = ϕfA ∪ ϕsA

The model composition in terms of volume fractions is visualized in Figure 4.2. The
inner circle represents phase level I, while II and III are represented by the circular rings,
respectively. With the aid of the graphical representation, the saturation condition for
the mixture can be easily written to

�

α

nα = nS + nL = nK + nA + nG + nF

= nK + nfA + nsA + nfG + nsG + nF = 1 .

(4.1)

nS

nL

nF

nG

nK

nA

nfG

nsG

nfA

nsA

Figure 4.2: Volume fractions of the mixture model.

In addition, the multi-species decomposition follows from the previously introduced
microstructure of charged hydrogels (cf. chapter 3.1) to:

• pore liquid: ϕF = ϕFw ∪ ϕF+ ∪ ϕF−

• polymer chains (free): ϕsG = ϕsGfc ∪ ϕsGm
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• absorbed solution (free): ϕfG = ϕfGw ∪ ϕfG+ ∪ ϕfG−

• polymer chains (attached): ϕsA = ϕsAfc ∪ ϕsAm

• absorbed solution (attached): ϕfA = ϕfAw ∪ ϕfA+ ∪ ϕfA−

4.1.3 Inter-phase mass exchange

Chemical reactions among species within the same phase are a priori neglected from
the model, such that intra-phase mass exchange vanishes, i. e. ρ̂αj

a = 0. For the material
under consideration, inter-phase mass exchange occurs among the solid skeleton ϕS ,
the polymer gel ϕG and the pore liquid ϕF . On the species level, mass is by assumption
exchanged exclusively between the same species. Herein, ρ̂αj

β denotes the mass gain of
ϕαj due to the transfer from ϕβ . As a consequence, the same amount of mass is lost
from ϕβj due to the exchange with ϕα. To this end, the inter-phase mass exchange is
restricted through ρ̂

αj

β = −ρ̂
βj
α . In addition, mass exchange terms on the species level

can be further subdivided into

ρ̂Sj = ρ̂
Sj

G + ρ̂
Sj

F , ρ̂Gj = ρ̂
Gj

F − ρ̂
Sj

G , ρ̂Fj = −ρ̂
Gj

F − ρ̂
Sj

F , (4.2)

where (2.31) has been used in the derivation. From a physical point of view, three pro-
cesses with respect to the inter-phase mass exchange terms are distinguished:

1. absorption and desorption of pore liquid by the free hydrogel:

ρ̂GF = ρ̂fGF , (4.3)

2. absorption and desorption of pore liquid by the attached hydrogel:

ρ̂SF = ρ̂AF = ρ̂fAF , (4.4)

3. attachment and detachment of fluidized hydrogel to the solid skeleton:

ρ̂SG = ρ̂sAsG + ρ̂fAfG = ρ̂AG . (4.5)

The internal mass exchange is finally governed by ρ̂
fGj

F , ρ̂fAj

F and ρ̂AG, while from a phys-
ical point of view, the nature of the density production ρ̂fAF is similar to ρ̂fGF .

4.1.4 Suitable quantities expressing mass exchange

For the purpose of the constitutive modeling of polymer capture mechanisms in porous
media, the amount of attached polymer is defined with regard to the intrinsic skeleton
as

W =
dmA

dmK
=

ρA

ρK
. (4.6)
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The time derivative with respect to the solid calculates formally to

(W )�S =
(ρA)�Sρ

K − ρA(ρK)�S
(ρK)2

=
ρ̂A

ρK
, (4.7)

where the mass balance equation (2.33) has been used in the derivation. The total
attachment rate (4.7) will be later used for the exploitation of the entropy inequality.
Herein, ρ̂A denotes the net density production to the solid skeleton and can be there-
fore divided into ρ̂A = ρ̂AG + ρ̂AF .
By assuming that the polymer gel is treated as a hydrogel, the (mass-based) degree
of swelling measures the current state of the hydrogel, cf. (3.1). Following this idea,
the degree of swelling can be independently introduced here for the free and attached
hydrogel respectively through

qfree =
dmG

dmsG
=

ρG

ρsG
and qatt =

dmA

dmsA
=

ρA

ρsA
. (4.8)

The time derivatives are expressed by

(qfree)
�
G =

(ρG)�Gρ
sG − ρG(ρsG)�G
(ρsG)2

=
ρ̂fGF
ρsG

, (4.9a)

(qatt)
�
S =

(ρA)�Sρ
sA − ρA(ρsA)�S
(ρsA)2

=
ρ̂fAF
ρsA

, (4.9b)

where use has been made of

ρ̂fAG = −ρ̂fGS and ρ̂sAG = −ρ̂sGS . (4.10)

The time rate of the degrees of swelling (4.9a) and (4.9b) exclusively changes due to
liquid absorption/desorption as expected.
The attached and fluidized hydrogels are in contact with the same pore liquid, such
that the degree of swelling is assumed to be equal, i. e. qatt = qfree. As a consequence,
the mass supply rates in (4.9a) and (4.9b) are than related through

ρ̂fAF =
ρsA

ρsG
ρ̂fGF . (4.11)

Furthermore assuming ρ̂fGF ≈ ρ̂fGw

F , leads to

(qfree)
�
G =

ρ̂fGw

F

ρsGR
and (qatt)

�
S =

ρ̂fAw

F

ρsAR
. (4.12)

4.1.5 Helmholtz free energy dependencies

Based on the expected material behavior, dependencies of the Helmholtz free energies
are in mixture theories usually postulated for each phase. According to the proposed
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model decomposition, an admissible split of the mixture’s Helmholtz free energy is
given by

ρΨ = ρSΨS + ρGΨG + ρFΨF , (4.13)
where the free energies ΨS , ΨG and ΨF correspond to the kinematically independent
phases. In addition, the free energies can be further decomposed to

ρSΨS = ρsAΨsA + ρfAΨfA

� �� �
=ρAΨA

+ρKΨK , (4.14)

ρGΨG = ρsGΨsG + ρfGΨfG

� �� �
=ρGΨG

. (4.15)

In the derivation of the Helmholtz free energies, material incompressibility of each
phase is assumed, such that the intrinsic phase density is constant, i. e. (ραR)�α = 0.
The Helmholtz free energy of the liquid solution ϕF depends on its chemical composi-
tion through

ΨF = ΨF (cF1 , . . . , cFN−1) . (4.16)
Note in passing that the composition is fully described by N − 1 mass fractions.
From a chemical point of view, the absorbed solution ϕfG is similar to the pore liquid
ϕF , such that its free Helmholtz energy dependencies are given by

ΨfG = ΨfG(cfG1 , . . . , cfGN−1) . (4.17)

In addition, the influence of the cross-linked polymer network is captured separately
in

ΨsG = ΨsG(qfree) , (4.18)
while qfree accounts for the current state of swelling, i. e. the amount of absorbed solu-
tion. Finally, the Helmholtz free energy of the gel is given by

ΨG = ΨG(cfG1 , . . . , cfGN−1 , qfree) . (4.19)

In the absence of any attached polymer gel, the free energy of the elastic granular solid
matrix depends exclusively on the solid deformation and reads

ΨK
(1) = ΨK

(1)(ES) , (4.20)

where the Green-Lagrange strain tensor ES = 1/2(FT
S · FS − I) has been chosen as an

appropriate strain measure. However, in the case of polymer capture onto the granular
solid surface, the additional free energy term

ΨK
(2) = ΨK

(2)(W ) (4.21)

is proposed, which leads to ΨK = ΨK
(1) + ΨK

(2). By finally assuming that the attached
polymer gel is a charged hydrogel, the Helmholtz free energy of the attached polymer
gel is composed of ΨfA and ΨsA in analogy to (4.17) and (4.18) through

ΨfA = ΨfA(cfA1 , . . . , cfAN−1) and ΨsA = ΨsA(qatt) . (4.22)
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The attached polymer exhibits the same motion as the intrinsic solid skeleton, however,
it is a priori assumed that the induced partial stress tensor TA has an insignificant con-
tribution to the mixture’s total stress state. This assumption is justified by expecting
thin polymer adsorption films on the solid skeleton.
Taking all contributions into consideration, the dependencies of the Helmholtz free
energy ΨS can be written as

ΨS = ΨS(ES,W, cfA1 , . . . , cfAN−1 , qatt) . (4.23)

Next, total differentials of the Helmholtz free energies are necessary for the investiga-
tion of the entropy inequality and are given in the following:

ρS(ΨS)�S = ρK(ΨK)�S + ρfA(ΨfA)�S + ρsA(ΨsA)�S

= ρK
�
FS · ∂Ψ

K

∂ES

· (FS)
T : DS +

∂ΨK

∂W

ρ̂A

ρK

�

+ ρfA
�∂ΨfA

∂cfA1
(cfA1)�S + . . .+

∂ΨfA

∂cfAN−1
(cfAN−1)�S

�

+ ρsA
�∂ΨsA

∂qatt

ρ̂fAF
ρsA

�
,

(4.24)

ρF (ΨF )�F = ρF
�∂ΨF

∂cF1
(cF1)�F + . . .+

∂ΨF

∂cFN−1
(cFN−1)�F

�
, (4.25)

ρG(ΨG)�G = ρfG(ΨfG)�G + ρsG(ΨsG)�G

= ρfG
�∂ΨfG

∂cfG1
(cfG1)�G + . . .+

∂ΨfG

∂cfGN−1
(cfGN−1)�G

�

+ ρsG
� ∂ΨsG

∂qfree

ρ̂fGF
ρsG

�
.

(4.26)

In the derivation of (4.24), the derivative related to the Green-Lagrange strain tensor
ES has been reformulated to

ρK
∂ΨK

∂ES

: (ES)
�
S = ρSFS · ∂Ψ

K

∂ES

· (FS)
T : DS .

In addition, use has been made of (4.7), (4.9b) and (4.9a) to rewrite the time derivatives
of W , qatt and qfree in a more suitable way for the exploitation of the entropy inequality.
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4.2 Specific entropy inequality

The dissipation inequality of the specific multi-phase and multi-species model is de-
duced from the general dissipation inequality (2.69) and is given by

D =
�

α

�
− ρα(Ψα)�α

+Dα :
�
Tα +

�

j

nαραjwαj
⊗wαj

�

+
�

j

gradwαj
:
�
Tαj − nαραjΨαjI

�

−
�

j

wαj
·
�
grad (nαραjΨαj) + p̂αj

�

− vαS · p̂α

−
�

j

ρ̂αj

�
(Ψα +

1

2
(vαS · vαS +wαj

·wαj
))− (ΨS +

1

2
wSj

·wSj
)
��

≥ 0 ,

(4.27)

where the (direct) momentum exchange terms have been merged according to

p̂αj = p̂αj
a + p̂αj

r ; p̂α = p̂αj
r . (4.28)

The time rate of the algebraic saturation condition (2.4) is given by
�

α

(nα)�S = 0 = (nG)�G + (nS)�S + (nF )�F − gradnG · vGS − gradnF · vFS (4.29)

and will be added in connection with the Lagrange multiplier p to the entropy inequal-
ity. In analogy, the time rate of the charge-neutrality condition for each phase (2.48) is
expressed through

�

j

(nαραj
e )�S = 0 = −div

��

j

nαραj
e wαj

�
+
�

j

ρ̂αj
e (4.30)

and imposes an additional restriction on the system. Finally, the charge balances for
each individual phase will also be added to the entropy inequality through the La-
grange multiplier λα

e . Note that the charge neutrality of the overall medium could be
additionally used to restrict the entropy inequality, which is not done here since the
overall charge neutrality is just a combination of the charge neutrality of the individual
phases. Thus, adding a redundant restriction does not lead to more physical insights
towards the model. The Lagrange multipliers p and λα

e cannot be identified by the ex-
ploitation of the entropy inequality but can be calculated from the boundary conditions.
The extended entropy inequality is divided into

D̄ = D +Dλ , (4.31)
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where the second part Dλ contains the added restrictions and corresponding Lagrange
multipliers:

Dλ =
�

α

�
λα
�
ραR (nα)�α + nα ραRdiv (vα)− ρ̂α

�

+
�

j

λαj

�
nα ραR(cαj)�α + div (nαραjwαj

)− ρ̂αj + cαj ρ̂α
�

+
�

j

Λα
r :
�
grad (nαραj wαj

)
�

− p
�
(nα)�α − gradnα · vαS

�

+
�

j

λα
e

zαjF

M j
m

�
div
�
nαραjwαj

�
− ρ̂αj

��
.

(4.32)

The first and second row in (4.32) accounting for the mass balances of the (incompress-
ible) phases and for the concentration balances, respectively. Since the mass fractions
are coupled by the constraint (2.6), N − 1 concentration balances per phase can be for-
mulated independently. In addition, the divergence of the constraint related to the dif-
fusive velocities (2.23) is used in the following row. Finally, the material time derivative
of the saturation condition (2.4) and the individual charge-neutrality of each phase are
weakly enforced. It is anticipated that the Lagrange multipliers λα

e and p can not be
identified by exploiting the entropy inequality, cf. [2, 76, 90]. In this work, the specific
dissipation inequality will be evaluated according to the Liu-Müller method [94, 95].

4.3 Evaluation of the entropy inequality

The entropy inequality D̄ can be divided into a non-dissipative D̄eq and a dissipative
contribution D̄dis, whereas the first one has to vanish in equilibrium and will be used
to identify the Lagrange multipliers and equilibrium variables. The equilibrium con-
tributions are summarized to

D̄eq =
�

α

�
(nα)�α[−p+ ραRλα]

+Dα :
�
Tα +

�

j

nαραjwαj
⊗wαj

+ nαραRλαI− nαραRFα · ∂Ψ
α

∂Eα

· FT
α

�

+
�

j

(cαj)�α

�
nαραRλαj − nαραR

∂Ψα

∂cαj

�

+
�

j

gradwαj
:
�
Tαj − nαραjIΨαj + λαjI+Λα

r + λα
e

zαjF

M j
m

I
��

= 0 .

(4.33)
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4.3.1 Equilibrium contribution

The exploitation of the entropy inequality according to the Liu-Müller method [94, 95]
leads to constitutive restrictions, which are derived here for equilibrium as well as near
equilibrium conditions. Starting with the equilibrium conditions, (4.33) is evaluated
according to the following structure

�

α

�
(nα)�α [. . .]����

=0

+Dα : [. . .]����
=0

+
�

j

(cαj)�α [. . .]����
=0

+
�

j

gradwαj
: [. . .]����

=0

�
= 0 . (4.34)

The derivative of the Helmholtz free energies with respect to the mass fraction of a
species is defined as relative chemical potential and given by

λαj = µ̃αj :=
∂Ψα

∂cαj
. (4.35)

Bennethum et al. [24] emphasized that mass fractions in mixture theory are intensive
state variables and therefore coupled through the constraint (2.6). As the name sug-
gests, relative chemical potentials in a mixture refer to a reference chemical potential
µαN . Thus, the following relation holds

µ̃αj = µαj − µαN , (4.36)

where µαj denotes the absolute chemical potential of ϕαj . Note that the chemical poten-
tial of the N -th species is arbitrary set as the reference chemical potential.
Here, in a fully incompressible mixture, the Lagrange multiplier p appears as an ad-
ditional unknown, which needs to be calculated from the boundary conditions [49].
Therefore, the Lagrange multipliers λα are identified to

λα =
p

ραR
. (4.37)

Furthermore, the partial stress tensors compute to

Tα = −nαpαI −Tα
R +Tα

E , (4.38)

where the effective partial stress tensor Tα
E , the Reynolds stress tensor Tα

R and partial
pressure pα are respectively given by

Tα
E =

�
ρSFS · ∂ΨS

∂ES
· (FS)

T ifα = S

0 ifα �= S
, (4.39)

Tα
R =
�

j

nαραjwαj
⊗wαj

, (4.40)

pα = λαραR = p . (4.41)

In fluid mechanics, a similar expression to Tα
R occurs under the investigation of tur-

bulent flow in single-phase media; the diffusion velocities wαj
are comparable to the
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deviation from the mean velocity of the (turbulent) flow [49, 119]. Since the diffusion
velocities are relatively small in many engineering applications, the contribution Tα

R to
the partial stress is usually negligible. Due to the assumed constitutive dependencies
in the Helmholtz energies (4.16) and (4.19), the effective stress tensors for the liquid and
the fluidized polymer phase vanish, i. e. TF

E = TG
E = 0.

The last term in the entropy inequality leads to the identification of the partial stress
tensors in terms of the species by

Tαj = nαραjI
�
Ψαj − λαj − λα

e

zαjF

M j
m

�
− nαραjΛα

r . (4.42)

The tensor-valued Lagrange multiplier Λα
r can be identified by summing (4.42) over the

species, such that the following relationship occurs:

Λα
r =
�
Ψα −

�

j

cαjλαj

�
I− 1

nαραR
Tα (4.43)

=
�
Ψα +

pα

ραR
−
�

j

cαjλαj

�
I− 1

nαραR
Tα

E , (4.44)

where the partial stress tensor Tα has been substituted. Next, the (mass-based) Gibbs
free energy Gα is introduced as the weighted sum of the absolute chemical potentials
[21]

Gα :=
�

j

cαjµαj = Ψα +
pα

ραR
. (4.45)

Substituting (4.45) in (4.44) and using the relation between absolute and relative chem-
ical potentials (4.36), leads to the general form of the Lagrange multiplier

Λα
r =

�
µSN I− 1

ρS
TS

E, forα = S

µαN I, forα �= S
. (4.46)

In case of vanishing effective stress, i. e. Tα
E = 0, Λα

r reduces to the (scalar-valued) rela-
tive chemical potential µαN . Note that the partial pressures and the chemical potentials
are related through the definition of the Gibbs free energy µαj = Ψαj + pαj

ραj . In general,
the species stress tensor reads

Tαj = −nα(pαj + ραjλα
e

zαjF

M j
m� �� �

:=p
αj
e

) + cαjTα
E , (4.47)

where p
αj
e denotes the electrostatic pressure acting on a charged species. In the deriva-

tion, the additional split of the partial pressures pα =
�

j p
αj has been exploited. Note

in passing that this split resembles Dalton’s law, which was initially defined for a mix-
ture of non-reacting gases [16], but can now be deduced from the entropy inequality.
On the phase level, the sum of electrostatic pressures, i. e.

�
j p

αj
e = 0, vanishes, which

is a consequence of the electro-neutrality assumption postulated on the phase level.
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Remark on material compressible phases: It is worth noting that in case of a material
compressible phase, its thermodynamic partial pressure pα can be deduced from the
entropy inequality, such that the following expression occurs in the exploitation:

(ραR)�α(n
αλα − nαραR

∂Ψα

∂ραR� �� �
=0

) = 0 . (4.48)

Finally the thermodynamic pressure derived from the Helmholtz free energy becomes

λα = ραR
∂Ψα

∂ραR
→ pα = (ραR)2

∂Ψα

∂ραR
, (4.49)

where the definition (4.41) have been used.

4.3.2 Dissipative contribution

The dissipative contribution of the entropy inequality D̄dis represents the total dissipa-
tion in the material and is therefore restricted to be non-negative:

D̄dis =
�

α

�
− vαS · [p̂α − p gradnα]

−
�

j

wαj
·
�
grad (nαραjΨαj) + p̂αj − grad (nαραj)

�
λαj + λα

e

zαjF

M j
m

�

−Λα
r · grad (nαραj)

�

−
�

j

ρ̂αj

�
Ψα +

1

2
(vαS · vαS +wαj

·wαj
) + λα

+ λαj(1− cαj) + λα
e

zαjF

M j
m

��
− D̄ex ≥ 0

(4.50)

with D̄ex =
∂ΨK

∂W
(ρ̂AG + ρ̂AF ) +

∂ΨsA

∂qatt
ρ̂fAF +

ΨsG

∂qfree
ρ̂fGF . (4.51)

To simplify the evaluation of the entropy inequality, it is assumed that each contribution
in (4.50) related to {wαj

,vαS
, ρ̂

αj

β } has to be non-negative independently. This additional
restriction is not derived on a theoretical basis. However, it enables one to evaluate
(4.50) by using the following structure:

D̄dis =
�

α

�
(vαS · [. . .]� �� �

≥ 0

+
�

j

wαj
· [. . .]� �� �

≥ 0

+
�

j

�

β �=α

ρ̂
αj

β [. . .]
� �� �

≥ 0

)
�
≥ 0 . (4.52)

Diffusion in multi-species phases The dissipation in the material due to the diffusion
of species ϕαj is represented by

−wαj
·
�
grad (nαραjΨαj)+ p̂αj −grad (nαραj)

�
λαj +λα

e

zαjF

M j
m

�
−Λα

r ·grad (nαραj)
�
≥ 0 ,

(4.53)
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while the momentum interaction on the species level is derived from the momentum
equation (2.38) to

p̂αj = nαραj(vαj
)�αj� �� �

≈0

−divTαj − nαραjbαj . (4.54)

Substituting (4.54), the identified Lagrange multipliers (4.35), (4.37), (4.46) and the species
stress tensor (4.47) in (4.53) yields to

−wαj
·
�
nαραjdiv

�
µαjI+ λα

e

zαjF

M j
m

I− 1

nαραR
Tα

E

�
− nαραjbαj

�
≥ 0 . (4.55)

Note that inertia forces has been neglected in the linear momentum interaction (4.54).

Seepage relative to solid skeleton The dissipation in the material caused by the seep-
age velocity vαS is given through

− vαS · [p̂α − p gradnα] ≥ 0 , (4.56)

where the momentum interaction on the phase level is again derived by the correspond-
ing momentum balance to

p̂α = nαραR(vα)
�
α� �� �

≈0

−divTα − nαραRbα . (4.57)

Substituting the momentum exchange term (4.57) into (4.56) and using the definition
of the partial stress tensor (4.38) yields

− vαS · (nαgrad p− divTα
E − nαραRbα) ≥ 0 . (4.58)

Note that inertia and Reynolds-like forces are neglected in (4.57).

Inter-phase mass transfer Collecting the dissipative parts of the entropy inequality
corresponding exclusively to mass exchange gives

�

α

�

j

�
− ρ̂αj

�
µαj + λα

e

zαjF

M j
m

+Kαj

��
− D̄ex ≥ 0 , (4.59)

while the Gibbs free energy (4.45), the identified Lagrange multipliers (4.35), (4.37),
(4.46) and the relation between absolute and relative chemical potentials (4.36) have
been used. In addition, the second order velocity terms are lumped into

Kαj =
1

2
(vαS · vαS +wαj

·wαj
) . (4.60)
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Next, the dissipation due to mass exchange (4.51) is substituted. Assuming again that
each contribution is non-zero, leads to

−ρ̂
fAj

fG

�∂ΨK

∂W
+Δµ

fAj

fG +ΔK
fAj

fG +
F

M j
m

(λA
e zAj − λG

e zGj)
�
≥ 0 , (4.61a)

−ρ̂
sAj

sG

�∂ΨK

∂W
+Δµ

sAj

sG +ΔK
sAj

sG +
F

M j
m

(λA
e zAj − λG

e zGj)
�
≥ 0 , (4.61b)

−ρ̂
fAj

F

�∂ΨK

∂W
+

∂ΨsA

∂qatt
+Δµ

fAj

F +ΔK
fAj

F +
F

M j
m

(λA
e zAj − λF

e zFj)
�
≥ 0 , (4.61c)

−ρ̂
fGj

F

� ∂ΨsG

∂qfree
+Δµ

fGj

F +ΔK
fGj

F +
F

M j
m

(λG
e zGj − λF

e zFj)
�
≥ 0 , (4.61d)

where Δ( · )αj

β = ( · )αj − ( · )βj is used for convenience in the derivation.

4.3.3 Near-equilibrium results

The dissipative contributions in the entropy inequality are approximated by a linear
Taylor series expansion for near-equilibrium conditions, cf. [25].

Fick’s law Linearizing (4.55) near-equilibrium provides a possible form for the diffu-
sion velocity

wαj
= −(Rαj)−1 ·

�
nαραjdiv

�
µαjI+ λα

e

zαjF

M j
m

I− 1

nαραR
Tα

E

�
− nαραjbαj

�
, (4.62)

herein, Rαj represents the resistance tensor with respect to diffusion and must be a
positive-definite, second order tensor to satisfy the entropy inequality. The diffusion ve-
locity is driven by four contributions. The gradient of absolute chemical potential rep-
resents here a classical concentration-dependent influence, while in case of a charged
species, the gradient of the electrical potential acts additionally on the the species. By
assuming external body forces, i. e. gravitation forces in most cases, a third contribution
to the diffusion velocity is added naturally. Finally, the influence of the partial effective
stress can be neglected for α �= S according to (4.39). A Fick’s type diffusion flux is
obtained by

jαj = −nαραjwαj
= −Dαj ·

�
grad

�
µαj + λα

e

zαjF

M j
m

�
− bαj

�
, (4.63)

where Dαj denotes the diffusion tensor.

Darcy’s law The seepage velocities relative to the solid skeleton can be respectively
obtained by linearizing (4.58) to

vαS = −(Rα)−1 ·
�
nαgrad p− nαραRbα

�
, (4.64)
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where Rα denotes the resistance tensor with respect to seepage flow and must be again
a positive-definite, second order tensor. With respect to the small characteristic length
in porous media, the friction force divTα

E has an insignificant impact in comparison to
the flow-induced (viscous) momentum production p̂α and is therefore neglected from
(4.64) [49, 125].
Darcy’s law is recovered by specifying Rα in (4.64), such that

qα = nαvαS = −KS

µαR
· (grad p− ραRbα) (4.65)

is obtained. The Darcy velocity qα is driven by the pressure gradient and body forces
stemming for instance from gravitation, while KS and µαR denote the intrinsic perme-
ability tensor of the solid skeleton and the effective dynamic viscosity.

Mass transfer Following the same procedure, the density production terms are ob-
tained from (4.61a)–(4.61d) to

ρ̂
fAj

fG = −ζ
fAj

fGj

�∂ΨK

∂W
+Δµ

fAj

fG +ΔK
fAj

fG +
F

M j
m

(λA
e zAj − λG

e zGj)
�
, (4.66)

ρ̂
sAj

sG = −ζ
sAj

sG

�∂ΨK

∂W
+Δµ

sAj

sG +ΔK
sAj

sG +
F

M j
m

(λA
e zAj − λG

e zGj)
�
, (4.67)

ρ̂
fAj

F = −ζ
fAj

F

�∂ΨK

∂W
+

∂ΨsA

∂qatt
+Δµ

fAj

F +ΔK
Sj

F +
F

M j
m

(λA
e zAj − λF

e zFj)
�
, (4.68)

ρ̂
fGj

F = −ζ
fGj

F

� ∂ΨsG

∂qfree
+Δµ

fGj

F +ΔK
fGj

F +
F

M j
m

(λG
e zGj − λF

e zFj)
�
. (4.69)

The entropy inequality requires that ζαj

β is a positive scalar. It should also be pointed
out that the coefficients stemming from the linearizing procedure do not have to be
constant neither in time nor in space; they can also be isotropic functions of the set of
all equilibrium process variables. The polymer attachment of fluidized gel to the solid
skeleton is consequently given by the sum

ρ̂AG =
�

j

(ρ̂
fAj

fG + ρ̂
sAj

sG ) . (4.70)

Modeling the polymer gel ϕG as a single-phase consisting of no miscible species, (4.70)
reduces to

ρ̂AG = −ζAG

�∂ΨK

∂W
− 1

2
vGS · vGS

�
. (4.71)





Chapter 5:
Hydrogel swelling in electrolytic solutions

5.1 Three-phase model with reversible mass transfer

Modeling of absorption and desorption processes of hydrogel particles embedded within
the pore space of a porous skeleton are the subject of the current chapter. To this end,
attachment processes of polymer gel to the surface of the granular matrix are neglected
from the general mixture model represented in Figure 4.1. The reduced model is rep-
resented through the decomposition in Figure 5.1.
The systematically reduced mixture model consists of a (granular) solid skeleton ϕS ,
an aqueous pore fluid ϕF and hydrated SAP particles ϕG (cf. Figure 5.2a). Note that
the hydrogel phase ϕG is further subdivided into polymer chains ϕsG and absorbed
solution ϕfG. A similar idea concerning an enriched phase composition was followed
by Pierce et al. [116] for modeling cartilage. The multi-phase model is concluded by the

-Monomer 
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Figure 5.1: Decomposition of the chemical active porous media model: Modeling absorption and desorp-
tion processes in porous media.
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Figure 5.2: Volume fractions of the three-phase model.

following representation of phases and species

ϕ = {ϕS ∪ ϕF ∪ ϕG} ⇒
�
ϕS ∪ {ϕFw ,ϕFi} ∪ {ϕfGw ,ϕfGi ,ϕsGm ,ϕsGfc}

�
.

Since ϕG = ϕfG ∪ ϕsG is assumed, the additive split nG = nfG + nsG is used here.
The microstructure of the mixture model is smeared out to a continuum representation,
cf. Figure 5.2. Volume fractions for each phase are introduced through (2.4), while the
specific saturation condition becomes

�

α

nα = nS + nF + nsG + nfG

� �� �
nG

= 1 . (5.1)

The polymer saturation sG, which denotes the volume of ϕG with respect to the pore
volume, reads

sG =
nG

nG + nF
; sG + sF = 1 , (5.2)

while sF is consequently the fluid saturation. The proposed framework allows the def-
inition of the (solid) polymer volume fraction φ with respect to the current hydrogel
volume, cf. (3.2).
The molar Fixed Charge Density (FCD) ρ

Gfc
m = φsρ

sGfc
m is introduced to account for

the charges attached to the hydrogel. Here, ρsGfc
m is the intrinsic FCD of the polymer

network. It is a priori assumed that the charge-neutrality condition holds individually
for the fluid as well as for the hydrogel phase, i. e.

�

j

ραj
e = 0 , α ∈ {F,G} . (5.3)
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However, Wilson et al. [164] realized that deviations from the charge-neutrality con-
dition result in very strong electrical forces, which tend to equilibrate the system in
approximately one nano-second.

5.1.1 Governing equations

In this chapter, the focus is on the constitutive modeling and calibration of the time-
dependent inter-phase mass exchange between the polymer and the pore fluid. The
mass exchange is locally governed through the density production terms in the corre-
sponding mass balance equations (cf. (2.32) and (2.33)). On the microscale, polymer
particles are able to absorb aqueous pore fluid and expand within the pore space of the
porous media. In addition, it is a priori assumed in the present modeling approach, that
the geometrical constrictions dictated by the pore space morphology are not influenc-
ing the local volumetric polymer expansion. This assumption is physically-motivated
by expecting a low gel saturation sG within the pore space. As a consequence, the solid
skeleton does not counteract the volumetric expansion of the polymer. In essence, the
local mass exchange has no influence on the current total stress state. The total stress in
the mixture stems exclusively from externally applied loads, which are not interacting
with the internal mass transfer by assumption. Note in passing that Alexandersson et al.
[8] introduced a generic interaction pressure in order to account for the mechanical in-
teraction between an expanding phase embedded in a porous structure. In this context,
a constitutive model for the interaction pressure has to be developed in accordance to
experimental observations. An evolving interaction pressure during mass transfer in-
duces solid deformations on the macroscale, which can be measured in an appropriate
experimental setting. Note that an interaction pressure is not taken into consideration
in this study but can be added without major changes to the modeling framework.
In the following course of this chapter, experimental investigations towards the time-
dependent absorption and desorption behavior are carried out with respect to the pore
fluid chemistry, i. e. the salt concentration. The experimentally observed absorption/des-
orption dynamics resemble the local inter-phase mass exchange at the material point
in the continuum model. To this end, the results will be used in the further course to
determine the local inter-phase mass transfer terms in the mixture model. Therefore,
the spatially-resolved mass and charge balance equations are reduced to local evolu-
tion equations defined at the material point in order to mimic the experimental setting.
It is of great importance to emphasize that the presented multi-phase material is gen-
erally affected by non-local transport processes, such as the seepage flow of the fluid
relative to the solid skeleton or the diffusion of salt relative to the pore fluid. More-
over, the solid skeleton is able to deform due to externally applied loads. However,
setting homogeneous initial conditions as well as homogeneous boundary conditions
to the governing equations, results in vanishing gradients in terms of hydraulic pres-
sure, concentration, volume fraction and displacement across the mixture, such that
the governing equations degenerate to a local problem formulation, which matches the
investigated experimental setup. In this context, the momentum balance of the mixture
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is a priori fulfilled, while the overall mixture is in a stress-free state.1 Through the pre-
cise choice of boundary conditions, the problem formulation reduces to an initial value
problem, such that the spatially-resolved equations degenerate to a set of Ordinary Dif-
ferential Equations (ODEs) in time.
Next, balance equations are formulated for the volume fractions, the concentration of
the species and the FCD based on the summarized set of model assumptions give by:

• material incompressible phases: ∂t(ραR) = 0 ,

• no seepage flows relative to solid skeleton: vαS = 0 ,

• rigid solid skeleton, i. e. no solid displacement: uS = 0 ,

• no diffusion of species: wαj
= 0 ,

• molar charges of mobile ions are given by zα+ = z+ = 1 and zα− = z− = −1 ,

• instantaneous charge-neutrality for hydrogel and pore fluid, cf. (5.3) .

Finally, the multi-phase model is governed through the following set of evolution equa-
tions:

∂t (n
G) =

ρ̂fG

ρGR
− nG

ρGR
∂t(ρ

GR) , (5.4)

∂t (ρ
GR) = (ρsGR − ρfGR) ∂t(φ) , (5.5)

∂t (φ) = − ρ̂fGφ2

nsGρfGR
, (5.6)

∂t (ρ
Fi
m ) = − 1

nF

�
ρ̂fGi
m − ρFi

m

ρ̂fG

ρFR

�
∀ i ∈ {+,−} , (5.7)

∂t (ρ
fGi
m ) =

1

nfG

�
ρ̂fGi
m − ρfGi

m

ρ̂fG

ρfGR

�
∀ i ∈ {+,−} . (5.8)

Herein, ρ̂fG denotes the density production of the absorbed fluid, which is equal to the
density production of the overall hydrogel phase ρ̂G. In addition, the density produc-
tion is formally given by the additive split ρ̂fG = ρ̂fGw+

�
ρ̂fGi . Its molar-based counter-

part, which is more intuitive for the transfer of ions, calculates to ρ̂
fGj
m = ρ̂fGj/M j

m. Note
in passing that the density production terms for the pore fluid are defined in analogy.
The ODE system is closed by providing the initial conditionsy0 = [nG

0 , ρ
GR
0 ,φ0, ρ

F+

m,0, ρ
F−
m,0, ρ

fG+

m,0 , ρ
fG−
m,0 ]

T

as well as the constitutive functions for ρ̂fGw , ρ̂fG+ and ρ̂fG− . Since mass transfer occurs
exclusively between species which are present in both the absorbed solution and the
pore fluid, the following restriction arises ρ̂Fj = −ρ̂fGj . To this end, it is a priori assumed

1 Note that the results from the evaluation of the entropy inequality for multi-phase systems have
been used [123]. To this end, the seepage and diffusion velocity are expressed through Darcy- and Fick-
type laws, respectively. Choosing boundary conditions such that pressure and concentration gradients
are vanishing throughout the mixture, leads to vanishing seepage and diffusion velocities in turn.
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that chemical reactions among species within a phase, i. e. intra-phase exchange, are
excluded.
Due to the assumed incompressibility of the mixture, i. e. ραR = ραR0 = const. ∀α ∈
{S, F, sG, fG}, the mass balance equation for the hydrogel phase reduces to the vol-
ume balance (5.4). However, an evolution equation for the intrinsic hydrogel density is
still given by (5.5), in order to account for density changes caused by inter-phase mass
transfer. It is worth mentioning that (5.5) is not a constitutive assumption, it is rather
a compatibility condition which has to be satisfied for incompressible phases. Further-
more, (5.6) balances the relative polymer volume fraction, while the concentration of
ions in the absorbed fluid and in the pore fluid are governed by (5.7) and (5.8), respec-
tively.
Since the solid phase is not involved in the phase transition, the solid volume fraction
does not evolve in time. Furthermore, the remaining volume fraction of the pore fluid
can be derived from the saturation condition (5.1) to

nF = 1− nG − nS . (5.9)

Besides the governing equations (5.4) - (5.8), the charged species are subjected to the
charge-neutrality condition (5.3). Assuming monovalent ions in the pore fluid (e. g.
NaCl → Na+Cl−; KCl → K+Cl−) and negatively fixed charges attached to the polymer
chains, lead finally to the following restrictions

�
ρFi
e = ρF+

m − ρF−
m = 0 , (5.10)

�
ρGi
e + ρ

Gfc
e = (1− φ)(ρfG+

m − ρfG−
m )− φρ

sGfc
m = 0 . (5.11)

The valence of the fixed charges zfc is set to a value of −1 in order to mimic the polarity,
while the strength of the fixed charges is given explicitly by its molar concentration
ρ
sGfc
m . The charge-neutrality condition on the phase level places a restriction on the

molar concentrations of ions in the hydrogel and in the pore fluid according to

∂t(ρ
Fs
m ) = − 1

nF

��
ρ̂Gi
m

2
− ρ̂fG

ρFR
ρFs
m

�
, (5.12)

∂t(ρ
fGs
m ) =

1

nfG

��
ρ̂
fGi
m

2
− ρ̂fG

ρfGR
ρfGs
m

�
. (5.13)

Herein, ραs
m is defined as the molar salt concentration. In the absence of fixed charges,

ρFs
m = ρFi

m holds, while within the charged hydrogel phase, the molar concentrations of
mobile ions are unevenly distributed. To this end, ρfG+

m is subdivided into counter- and
mobile ions, cf. Figure 3.1. The salt concentration within the absorbed fluid is further
given by ρfGs

m = ρfG−
m . Finally, the ODE system reduces by substituting (5.7) and (5.8)

with the evolution equations (5.12) and (5.13), whereas the salt concentrations ρfGs

m,0 and
ρFs
m,0 are used as initial conditions.
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5.1.2 Constitutive modeling of mass transfer

Inter-phase mass exchange between the same species, namely water and mobile ions,
is incorporated in the modeling approach. However, the enormous mass uptake of the
hydrogel per unit time is mainly given due to the transfer of water. To this end, the
following simplification ρ̂fG ≈ ρ̂fGw has been made, since ρ̂fGi � ρ̂fGw is reasonably
assumed. A thermodynamic-consistent form of the the density production ρ̂fGj has
been derived by exploiting the entropy inequality. Next, the result presented by (4.69)
is compared to well-established constitutive models in polymer chemistry.

Driving force: Chemical potential difference The chemical potential differenceΔµw,
i. e. the driving force for mass transfer of water, is derived from the Helmholtz free
energies of the subsystem hydrogel-pore-fluid [51, 159]. According to the literature on
ionic gels [50], the driving force is usually viewed as a superposition of three distinct
chemo-physical phenomena:

• the mixing and interaction of polymer chains and absorbed solvent Δµw
m,mix,

• the entropy elasticity of the network caused by volumetric expansion Δµw
m,elast,

• and the ionic contribution due to the ion concentration difference between ab-
sorbed solution and pore fluid Δµw

m,ion.

The first two contributions are governed by the theory of ideal elastomeric gels intro-
duced by Flory & Rehner [55, 56], while the latter one refers to the Donnan theory
[164], which was initially derived for electrolytic solutions rather than ionic gels. Note
that a brief overview of the thermodynamic fundamentals of charged hydrogels can be
found in chapter 3. Finally, the total molar-based chemical potential difference of water
is given by

Δµw
m = RT (ln(1− φ) + φ+ χφ2)� �� �

Δµw
m,mix

+RTṼ w
m ν (φ)1/3� �� �

Δµw
m,elast

+RT ln
�afGw

aFw

�

� �� �
Δµw

m,ion

. (5.14)

In case of charged hydrogels, the ionic contribution is typically responsible for the enor-
mous water uptake, while in contrast, the elastic expansion (entropy elasticity) coun-
teracts further solvent absorption. In addition, the mixing contribution shows only a
significant impact to the total chemical potential difference for little swelling. The equi-
librium state is reached when the sum of all contributions vanishes.
In the chosen model representation, mobile ions are solved in both the pore fluid and
the absorbed solution of the hydrogel, cf. Figure 3.1. By assuming that the ionic solu-
tions are sufficiently dilute, the driving force for ion transfer can be represented through

Δµi
m = RT ln

�afGi

aFi

�
. (5.15)
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By using the charge neutrality conditions for the hydrogel (3.15) and the pore fluid
(3.14), together with (2.7), enables one to express the molar concentrations of water
through

ρfGw
m = ρfGR

m − 2 ρfGs
m − φ

1− φ
ρ
sGfc
m , (5.16)

ρFw
m = ρFR

m − 2 ρFs
m . (5.17)

Next, the transfer of ions is analyzed in more detail. To maintain charge-neutrality of
the multi-species phases, the transfer of positively and negatively charged ions occurs
always together. To this end, (5.15) has been substituted in (5.20) and summed over i,
which leads to

�
ρ̂Gi
m = −ζ iRT ln


aG+aG−

aF+aF−


 . (5.18)

Herein, the (molar) transfer rates of ions are chosen according to ζ+ = ζ− = ζ i. Inserting
the ion activity coefficients (3.17) leads finally to

�
ρ̂fGi
m = −ζ iRT ln

�
(ψ±)2

ρfGs
m (ρfGs

m + φ
1−φ

ρ
sGfc
m )

(ρFs
m )2

�

with ψ± =
γfG±

γF±
=

�
γfG+γfG−

γF+γF−

�1/2

,

(5.19)

where the charge-neutrality conditions (5.10) and (5.11) have been used. For reasons
of convenience, the average activity coefficient γα± has been introduced, whereas ψ± is
defined in analogy to ψw (3.19) and accounts here for the activity of mobile ions in both
phases.
It is worth mentioning that the driving force for mass exchange (5.14) represents the
case of unconstrained swelling, which is valid for low degrees of polymer saturation as
mentioned previously. To this end, it has been a priori assumed that the local change
in polymer volume does not alter the total stress state. As a consequence, the chemi-
cal potential difference does not incorporate a mechanical interaction between polymer
and solid skeleton. On the contrary, it should be mentioned for the sake of complete-
ness, that mechanically-dependent mass exchange is accounted for growth theories fre-
quently used in the field of biomechanics, cf. [11, 72] for further details.
A comparison between the chemo-physically motivated driving forces for water and ion
transfer with the general result obtained from the evaluation of the entropy inequality
(4.69) leads to

ρ̂fGw = −ζfGw

F (Δµw
mix +Δµw

elast +Δµw
ion� �� �

=Δµw

) , (5.20)

ρ̂fGi = −ζfGi

F

�
Δµi

ion� �� �
=Δµi

+
F

M i
m

(λG
e zGi − λF

e zFi
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=Δµi

e

)
�
, (5.21)
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where Δµi
e represents the driving force imposed by the charge neutrality condition

and acts therefore only on charged species. The second order velocity terms in ΔK
fGj

F

have been neglected according to the previously mentioned assumptions. Note that
the molar-based chemical potentials are related to its mass-based counterpart through
µ
αj
m = µαj/M j

m. Finally, the driving forces are correlated to the partial derivatives of the
Helmholtz free energy densities through:

Δµw
mix +Δµw

elast =
∂ΨsG

∂q
, (5.22)

Δµw
ion = µfGw − µFw =

∂ΨfG
ion

∂cfGw
− ∂ΨF

ion

∂cFw
, (5.23)

Δµi
ion = µfGi − µFi =

∂ΨfG
ion

∂cfGi
− ∂ΨF

ion

∂cFi
. (5.24)

Negative values for the total chemical potential difference Δµj+Δµj
e lead to absorption

of species j by the hydrogel, while positive chemical potential differences invert the
process. Thus, the chemical potentials are related to the direction of mass transfer by

Δµj +Δµj
e ≤ 0 → ρ̂fGj ≥ 0 (gain) ; Δµj +Δµj

e ≥ 0 → ρ̂fGj ≤ 0 (loss) . (5.25)

Due to the fact that the driving force for the phase transition is expressed through a
(chemical) potential, reversibility of the phase transition process is implicitly provided
in the model. In the further course of this work, it will also be shown experimentally
that reversibility holds for the studied hydrogel material.

Dynamics of inter-phase mass exchange In the past, the swelling equilibrium of
charged hydrogels was extensively studied under different environmental conditions,
however, the rate of swelling and shrinking is still a topic of ongoing research. Bertrand
et al. [27] observed that the dynamics of hydrogel swelling depends in extension to en-
vironmental stimuli, for instance temperature and ion concentration, also on the shape
and size of the specimen. By assuming that swelling is an exclusively diffusion-driven
process on the molecular level, Tanaka & Fillmore [144] calculated the diffusion coef-
ficient of a spherical gel network. According to their study, the diffusion coefficient is
defined as the ratio between the longitudinal bulk modulus of the network and the fric-
tion coefficient between the network and the absorbed solution. They observed that a
characteristic swelling time is proportional to the square of the final radius. Li & Tanaka
[92] gained more insights in the swelling dynamics by additionally investigating non-
spherical hydrogels. They showed experimentally and theoretically that solvent uptake
by a hydrogel is in general driven by a non-Fickian type of diffusion. This is due to the
fact that diffusion naturally induces a volumetric deformation, however, in case of non-
zero shear modulus, solvent uptake by an arbitrary shaped hydrogel causes deviatoric
deformations. Furthermore, their theory is able to explain that the shear modulus of
the network, which minimizes the deviatoric deformation, reduces the diffusion of sol-
vent by coupling deformation and diffusion. Note that the non-Fickian diffusion phe-
nomenon in hydrogels was later investigated by various researchers [17, 82]. However,
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the results made by Tanaka & Fillmore [144] are still valid due to the fact that the devi-
atoric strain energy is minimized automatically by solvent uptake in case of spherical
hydrogels.
In a spatially-resolved hydrogel model, solvent crosses the phase boundary water-gel
and is subsequently transported through the polymer network. According to various
experimental studies, it was found that the fluid flow relative to the cross-linked poly-
mer network is governed by a Darcy-type law [27, 50, 63]. Herein, the permeability of
the hydrogel is related to the friction coefficient between solvent and polymer chains.
It is furthermore reported by Grattoni et al. [63] and Tokita & Tanaka [148], that the fric-
tion coefficient depends on the polymer volume fraction φ through a power-law rela-
tion. Following Bertrand et al. [27] and Engelsberg & Barros [50], a swelling-dependent
permeability function for the polymer network is typically adopted

ksG(φ) = ksG
0

1− φ

φ β
, (5.26)

where β and ksG
0 are characteristic model parameters. According to the literature, val-

ues for β ranging between 1.5 and 1.85 depending on the gel type and environmental
stimuli, are suggested [27, 50, 63, 148]. The swelling-dependent permeability function
states basically that the polymer network is more permeable at higher fluid saturations.
However, in the upscaled model discussed in this contribution, the geometry of the hy-
drogel particles are no longer spatially-resolved, thus, the dynamics of the microscopic
transport process are merged into the macroscopic transfer coefficient

ζj =
Γj

RT
with Γj(φ) = Γj

0

1− φ

φ β
. (5.27)

Herein, a density production function for Γj in analogy to (5.26) has been postulated.
The swelling-dependent part is triggered through the scaling exponent β, while the
density production coefficient Γj

0 is assumed to be independent of the hydrogel’s fluid
saturation. The postulated expression for Γj reflects that the resistance to mass ex-
change decreases with increasing fluid saturation within the hydrogel.
Incorporating the polymer volume fraction φ in the transfer dynamics is an approach of
enriching a macroscopic process (inter-phase mass transfer) by a microscopic-motivated
constitutive law. In this study, β is chosen to 1.9, which leads to a good agreement with
the experimental results, while a more detailed analysis is carried out in section 5.4.

5.2 Experimental setup

The absorption and desorption characteristics of a SAP granulate have been captured
through experimental investigations. The basis of the tested SAP granulate used in
this study (product name: C 4080 G, manufacturer: Evonik) is a cross-linked sodium
polyacrylate (cf. Figure 5.3). It is a an anionic polyelectrolyte with negatively charged
carboxylic groups. According to the particle size distribution (PSD) provided by the
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(a) Dry SAP granulate (b) Swollen SAP particles

Figure 5.3: The tested SAP material is a dry granulate in the initial state (a). The particles absorbing
water and transform to a hydrogel, while the swollen particles agglomerate and are weakly connected
through van-der-Waals forces (b).

manufacturer, a minimum of 90% of the dry granulate is in the range between 100 −
500µm, while maximum 5% are beyond the intervals on each side.
In the following, three different experimental tests are described for examining both
the equilibrium state of swelling and the rate of mass exchange. Throughout the ex-
perimental investigations, the current state of swelling is quantified by the mass-based
degree of swelling q.

5.2.1 Absorption tests

The experimental procedure starts by weighting a small amount of the dry SAP gran-
ulate (approx. 0.1 g) and equally distributing it on a laboratory test sieve with a mesh
width of 100µm. The mesh width has been chosen sufficiently small such that the dry
SAP granulate is not able to pass the sieve. Note that the number of tested SAP particles
is high enough to represent the PSD of the granulate. Next, the sieve loaded with the
SAP particles is inserted in a test fluid to induce the water absorption. The experimental
setup is schematically illustrated in Figure 5.4.
In contrast to standardized absorption tests in soil mechanics [48], the approach intro-
duced in this contribution takes into account that the tested material is fully immersed
within the aqueous fluid. In this study, demineralized water with NaCl concentrations
in the range between 0.0 g/l and 10.0 g/l have been used as test fluids, which are equiv-
alent to mass fractions ranging from 0.0m% to 1.0m%. At discrete points in time, the
sieve is extracted from the test fluid and the current weight of the loaded sieve is mea-
sured. Note in passing that a reproducible drying procedure of the sieve has been used
to guarantee a precise measurement of the degree of swelling. After measuring the cur-
rent weight, the sieve is reinserted in the test fluid for the next time span. The degree of
swelling is measured within the first 1080 s at 9 points in time for each absorption test.
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laboratory sievehydrogel particle reservoirtest fluid

solvent transfer

Figure 5.4: Schematic view of the experimental setup for measuring the degree of swelling. A laboratory
test sieve loaded with SAP particles is immersed in a test fluid with defined salt concentration. The weight
of the hydrogel particles is measured over time to calculate the degree of swelling.

5.2.2 Desorption tests

In contrast to the absorption tests, starting point for the desorption experiments is a
granulate of maximum swollen SAP particles, i. e. swollen SAPs in demineralized water
to the highest possible degree of swelling. In analogy to the absorption tests, the SAPs
are inserted in NaCl solutions, while mass desorption in terms of the degree of swelling
is again recorded at the same predefined points in time. For statistical purposes, the
absorption as well as desorption tests have been repeated at least three times for each
concentration.

5.2.3 Semi-cyclic tests

A semi-cyclic test is a sequence of multiple absorption and desorption regimes. This
idea is realized by measuring the degree of swelling over time, while the ion concen-
tration in the pore fluid follows a stair-case function. Therein, the ion concentration is
held constant for a given time interval. Depending on the current concentration, the
SAP particles are subjected to absorption or desorption. More specific, step functions
for the concentration profiles are applied, which can be analytically expressed through

ρFs(t) =
n�

i=1

ρ̃Fs
i ξAi

(t). (5.28)

Herein, Ai denotes the i-th time interval corresponding to the i-th concentration ρ̃Fs
i ,

while n is the number of defined intervals. The indicator function ξAi
(t) is given with

respect to the interval Ai as

ξAi
(t) =

�
1 t ∈ Ai

0 t /∈ Ai

. (5.29)

Figure 5.5 illustrates the stair-case profile in an exemplary fashion for three intervals in
terms of the salt mass fraction cFs .
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Figure 5.5: Stair-case mass fraction profile according to (5.28).

5.3 Experimental results

5.3.1 Absorption and desorption tests

The results for the absorption and desorption experiments are illustrated in Figure 5.6
for various NaCl concentrations. In order to visualize the high mass exchange rates, a
logarithmic time scale has been chosen for both plots. The absorption and desorption
curves indicate that the degree of swelling reaches an equilibrium value towards the
end of the investigated time interval. To this end, the Equilibrium Degree of Swelling
(EDS) q∞ has been pragmatically defined as q∞ = q(t = 1080 s), which seems to be a
reasonable approximation according to the experimental findings. It should be high-
lighted that in the left plot of Figure 5.6 the water absorption behavior for an initially
dry SAP granulate is recorded. Due to this fact, water absorption for all tested ion con-
centrations starts from a non-equilibrium condition. On the other hand, the results
from the water desorption tests according to the testing setup described in chapter 5.2
are illustrated in the right plot in Figure 5.6. The water desorption occurs immediately
after the swollen SAP particles come into contact with the saline bath solution. In con-
trast to the absorption experiments, the initial degree of swelling at t = 0 s corresponds
to the EDS for cFs = 0.0m%. However, the experimental desorption results for all tested
concentrations are starting from the same initial condition.
It will be later shown in connection with the semi-cyclic tests that the dynamics of mass
exchange is influenced by the initial conditions. To this end, the absorption and des-
orption experiments are used to investigate the EDS with respect to the external ion
concentration. In case of demineralized water (cFs = 0.0m%), the EDS reaches a value
of approximately q = 270. This value states the maximum degree of swelling for the
tested SAP. It can be seen that the degree of swelling reduces dramatically by increasing
the NaCl concentration in the external bath. To this end, the lowest NaCl mass fraction
which has been tested, cFs = 0.05m%, reduces the EDS by 50% to q = 135. In gen-
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eral, the results are highly sensitive with respect to deviations of the NaCl fractions in
the range between 0.0 m% and 0.5 m%. On the contrary, the EDS shows only a slight
reduction between 0.5 m% - 1.0 m%, which indicates a weak sensitivity in this regime.
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Figure 5.6: The degree of swelling is measured over time for different NaCl concentrations to record the
dynamics of mass exchange. Each marker indicates the mean value of at least three repeated measure-
ments, while the shaded bands surrounding the bold lines represent the estimated confidence intervals
with respect to the measured data points. The absorption experiments for each concentration are carried
out for an initially dry SAP granulate, i. e. q = 1 (left). On the contrary, the desorption dynamics are
investigated for initially swollen SAP particles (right). Note in passing that the initial degrees of swelling
at t = 0 can not be illustrated due to the logarithmic time scale.

In addition, to evaluate the reversibility of the mass exchange, the EDS values have
been extracted from both test setups and have been plotted over the NaCl concentra-
tion (cf. Figure 5.7). It can be deduced that for the same ion concentrations in the test
fluid, the EDS for absorption and desorption are identical in consideration of statistical
deviations. To this end, the reversibility assumption is ensured for the tested hydrogel
material. Since the EDS values have been experimentally recorded for a large number
of ion concentrations, the experimental data can be fitted easily to an empirical func-
tion (cf. Figure 5.7). Here, the data is well represented through the rational algebraic
function

q∞(cFs) =
aq∞ cFs + bq∞

(cFs)2 + cq∞ cFs + dq∞
with aq∞ = 9.552 · 10−1; (5.30)

bq∞ = 1.385 · 10−3; cq∞ = 1.689 · 10−2; dq∞ = 5.144 · 10−6 .

In the following course of this contribution, (5.30) is used to predict the EDS in or-
der to compare it to the simulated results. Note that the absorption dynamics of SAPs
with respect to the surrounding fluid chemistry were previously investigated for in-
stance by Schröfl et al. [128]. However, a study with respect to the reversible absorption-
desorption behavior was beyond the scope of their experimental investigation.
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Figure 5.7: Comparison between absorption and desorption EDS for different external NaCl concentra-
tions. The bold line represents the empirical function (5.30).

5.3.2 Semi-cyclic tests

It has been previously discussed that the initial conditions used in the absorption as
well as desorption experiments can be viewed as very specific, i. e. absorption starts al-
ways from the dry state, while desorption is exclusively investigated for an equilibrium
swollen SAP granulate in demineralized water. However, to gain insights in the dy-
namics of mass exchange, absorption and desorption cycles need to be performed for
various initial conditions. Semi-cyclic absorption-desorption experiments are carried
out to fulfill this demand.
The results corresponding to the semi-cyclic experiments are examined for three dis-
tinct concentration profiles and have been respectively illustrated in Figure 5.8. Each
of the three experiments starts with an equilibrium initial condition. In order to en-
sure this requirement, the tested SAP granulate was immersed in a solution of fixed
ion concentration for 1080 s, before the actual semi-cyclic experiment starts. For con-
venience, the dashed red lines in Figure 5.8 show the EDS with respect to the tested
ion concentrations calculated by equation (5.30). It is worth mentioning in this con-
text, that the measured equilibrium values are in good agreement to their calculated
counterparts.
Next, the recorded data from the semi-cyclic experiments are prepared for analyzing
the rate of mass exchange. Therefore, the data points represented by Figure 5.8 are
subdivided into time intervals with constant external salt concentrations. For the sake
of clarity, the data points corresponding to a particular time interval are illustrated by
the same markers. According to the semi-cyclic experiments, each of the subdivided
data sets starts more or less from an EDS (initial condition) corresponding to the pre-
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vious constant salt concentration. To this end, these sequences can be viewed as indi-
vidual absorption and desorption experiments, depending on their initial conditions.
For the purpose of investigating the influence of the initial conditions on the rate of
mass exchange, the subdivided data sets referring to the same ion concentration are
plotted together. The results are consequently illustrated in Figure 5.9a, 5.10a, 5.11a
and 5.12a. In Figure 5.9a the SAPs are immersed into demineralized water, while the
markers are used to distinguish between the different initial conditions. More specific,
the blue (circles) markers illustrate the absorption of SAP particles in demineralized
water, which are previously swollen to equilibrium in a solution of cFs = 0.1m%. In
analogy, the red (squares) and yellow (triangles) markers belong to initially swollen
SAP particles in saline solutions of cFs = 0.5m% and cFs = 1.0m%, respectively. In-
dependently of the initial conditions, i. e. the EDS corresponding to the ion concen-
tration in the previous time period, the tested SAPs are converging approximately to
the same degree of swelling. The experimental results given in 5.10a, 5.11a and 5.12a
can be interpreted in analogy, while the time-dependent absorption and desorption in
cFs = 0.1m%, cFs = 0.5m% and cFs = 1.0m% is respectively investigated. Note that ab-
sorption is observed when the ion concentration in the previous time span was higher
than the current ion concentration, while desorption takes place in the opposite case.
It can deduced that the mass desorption rate is generally faster in comparison to its
absorption counterpart. This tendency will be later explained against the background
of microstructural processes during mass exchange.
Furthermore, it should be pointed out that in case of demineralized water (Figure 5.9a),
the initial degrees of swelling are far away from their equilibrium value of q∞ = 270,
especially for q0(c

Fs = 1.0m%). The measured degree of swelling in this case reveals
that q at t = 1000 s is slightly below the expected EDS of q∞ = 270. Therefore, this most
likely indicates that the tested time interval is too short to perfectly capture the EDS for
relatively low initial degrees of swelling.
In summary, the presented subdivided data sets contain information about the equi-
librium swelling state as well as for the dynamics of mass exchange for different initial
conditions. In the following, the model parameters will be adapted to the subdivided
data in order to mimic absorption and desorption processes in a reliable fashion.
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Figure 5.8: A comparison of the simulated and experimental degree of swelling q for three different
concentration profiles ρFs(t) are shown. The concentration profiles are represented by the general analytic
expression of a step function (5.28). Therein, the time intervals Ai for the indicator functions ξAi are
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the three absorption-desorption profiles is characterized with a specific vector of mass fraction amplitudes
c̃Fs = ρ̃Fs/ρFR. The initial conditions in the semi-cyclic experiments corresponding to equilibrium
swollen SAP particles in saline solutions with fixed concentration.
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Figure 5.10: Experimental and numerical results for a constant salt mass fraction of cFs = 0.1m%.
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Figure 5.11: Experimental and numerical results for a constant salt mass fraction of cFs = 0.5m%.
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5.4 Parameter identification

5.4.1 Model assumptions with respect to the experimental data

Based on the experimental findings in the previous chapter, the reliability of the numer-
ical model needs to be validated. In this context, the model parameters are calibrated to
the experimental data from the semi-cyclic tests. Since the reversible inter-phase mass
transfer is in the focus of the experimental study, the inert solid phase ϕS is dropped
from the mixture model. By doing so, it is further assumed that the volume changes of
the hydrogel due to mass transfer are not restricted by the pore space geometry. To this
end, free swelling and de-swelling of the hydrogel are described here. Furthermore,
according to the experimental setup, the volume of the water reservoir is significantly
larger in comparison to the volume of the hydrogel phase. As a consequence, the ab-
sorption of aqueous solution by the SAP particles does not result in a significant change
of nF , such that the external NaCl concentration stays approximately constant. As a
consequence, the evolution equation (5.12) can be dropped from the ODE system.
Without giving further details, a sensitivity analysis revealed that the degree of swelling
is insensitive to changes in the transfer rate coefficient of mobile ionsΓ±

0 . Note in passing
that details regarding the sensitivity analysis are summarized in appendix A. Since the
degree of swelling is the only experimentally observed quantity here, the dynamics of
inter-phase ion exchange cannot be determined. To this end, the macroscopic hydrogel
model is simplified by assuming instantaneous (Γ±

0 → ∞) ion equilibrium between
absorbed solution and pore fluid, which is also known as Donnan equilibrium [164].
As a consequence, the evolution equation in terms of absorbed salt (5.13) vanishes, such
that the concentrations of positive and negative ions respectively calculate to

ρfG−
m = −pd

2
+

��pd
2

�2
+ qd , (5.31)

ρG+
m =

pd
2

+

��pd
2

�2
+ qd , (5.32)

with pd =
φ

1− φ
ρ
sGfc
m , qd =

�
ρFs
m

ψ±

�2

.

Further details with respect to the Donnan equilibrium have been previously discussed
in chapter 3.3.1.
The time derivative of the degree of swelling q is obtained by (4.9a) and leads to

∂t(q) =
1− φ

(φ)β
Δµw

m

RT τw
with τw =

nsGρsGR

Γw
0

, (5.33)

where τw is the characteristic transfer time for water. Note that τw was previously in-
troduced by Gajo & Loret [59] for modeling the water exchange of expansive clays.
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5.4.2 Model parameters

The complete list of undetermined model parameters is given through

Q = {χ, ρsGfc
m , ν,Γw

0 , β,ψ
w,ψ±} , (5.34)

where a part of these parameters cannot be uniquely identified by using the experi-
mentally measured degree of swelling. In the following, this set will be reduced by
applying reasonable assumptions.
A preliminary study showed that the mixing contribution Δµw

mix plays only a subor-
dinate role in the chemical potential difference Δµw of charged hydrogels (cf. Figure
5.13). Therefore, the Flory-Huggins interaction parameter χ is here neglected from the
list of model parameters.
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Figure 5.13: Mixing contribution of the chemical potential difference over the degree of swelling for
different values of the interaction parameterχ. The contribution has only a significant impact in the region
of low swelling degrees. In contrast, high degrees of swelling are mainly driven by the ionic contribution
Δµw

ion.

In case of demineralized water, the EDS q∞ depends on the parameters in the chemical
potential of water, namely the cross-linking density ν and the intrinsic FCD ρ

sGfc
m . Mo-

tivated by the fact that the influence of the intrinsic FCD and the cross-linking density
on the EDS are opposed, the dimensionless number

κ =
ρ
sGfc
m

ν
(5.35)

is introduced. The amount of absorbed solution increases with increasing intrinsic
FCD, while increasing the cross-linking density decreases the EDS. The dimension-
less number κ is analytically calculated from the stationary condition of the chemical
potential difference of water

Δµw(κ, ν,ψw = 1, q = q∞) = 0 , (5.36)
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where use has been made of the assumption that in case of demineralized water, ψw is
calibrated equal to 1. Therefore, κ is a function of ν and q∞(cFs = 0.0m%), while the EDS
from the experimental results, i. e. q∞ = 270, is used to determine the corresponding
value of κ. Note in passing that the parameter ν cannot be identified exclusively with
the mass exchange data and stays therefore undetermined. In this context, Wack [159]
estimated an effective cross-linking density through mechanical testing of hydrogels.
However, this topic is beyond the scope of the current analysis. For reasons of simplicity,
ψ± is set to 1 such that ψw accounts exclusively for the resulting non-ideal behavior of
water in the presence of mobile ions. Finally, the set of model parameters (5.34) reduces
to

Qred = {ψw,Γw
0 , β} . (5.37)

5.4.3 Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm [68], a non-deterministic random walk algorithm
based on a Monte-Carlo scheme, is presented in order to identify the model parame-
ters. In this section, the procedure is first presented in a general fashion and will be
subsequently applied to the specific model. Therefore, it is assumed that the model is
governed by a system of ODEs, while the solution is fitted to the experimental data.
The unknown model parameters are captured in the vector k and the corresponding
solution vector of the ODE system is represented by y(t,k). The experimental data is
given at discrete times, while each experiment has been repeated for statistical pur-
poses. Finally, the measured data points are represented in the observation vector dobs.
More specific, dobs captures the degree of swelling at discrete points in time. The corre-
sponding model prediction, i. e. the calculated degree of swelling, is denoted by d. In
general, d is related to the solution of the model y through

d = g(y) , (5.38)

where g is called the forward operator [145]. A post processing step after solving the
ODE system is usually necessary in order to relate the solution of the forward problem
to the observed data points. In this particular case, observations in the experimental
setting is limited to q, therefore, d is explicitly given by d = q. Next, a cost function has
to be established in order to quantify the goodness of the corresponding set of model
parameters. Therefore, the L2 error norm (SSQ = Sum of Squares) has been chosen in
order to minimize the error between the target vector dobs and the estimated prediction
d, namely

SSQ = ||d− dobs||22 . (5.39)
Further it is assumed that the SSQ is Gaussian distributed by the probability density

P (dobs,q) =
1�

(2π)mobsσ2
exp

�
− ||d(k)− dobs)||22

2σ2

�
, (5.40)

where σ2 and mobs represent the mean error variance in the experimental data and the
number of data points, respectively. In order to minimize (5.39), the following non-
deterministic, iterative approach is followed:
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1. The algorithm is initialized by choosing an initial guess for the set of parameters
kold = k0. Next, the SSQ is calculated (5.39) by solving the forward problem and
the probability density (5.40) is evaluated.

2. A new candidate for the set of model parameters is then proposed through a ran-
dom variation, namelyknew = kold+Δk, where the i-th component of the variation
is drawn from the uniform distribution Δki ∼ U(−ri, ri). Herein, ri denotes the
search radius corresponding to the i-th parameter. In this approach, ri is chosen in
an adaptive manner in order to obtain an efficient algorithm, cf. appendix B. The
SSQ (5.39) is calculated for the new candidate knew and inserted in the probability
density function (5.40). Note in passing that an alternative approach would be to
draw the i-th parameter variation from a normal distribution Δki ∼ N (0, σi,pro),
where σi,pro is known as the standard deviation of the proposal distribution.

3. The probability ratio corresponding to the proposed and the old parameter vector
is introduced upon the new candidate is accepted or rejected (Metropolis rule).
To this end, the parameter set knew is accepted if the following condition holds

Θ ≤ min

�
1,

P (dobs,d(qnew))

P (dobs,d(qold))

�
, Θ ∼ U(0, 1) , (5.41)

where Θ is a random number between 0 and 1.

4. If the proposed parameter vector knew leads to a lower error in comparison to kold,
the probability ratio becomes larger than 1, which always results in acceptance.
Note that probability ratios less then 1 are accepted upon statistics. To this end,
probability ratios which are slightly lower than 1 are more likely accepted then
probability ratios far away from 1. In case of acceptance, the parameter set is
updated according to kold = knew and the algorithm continues with step 2.

5. The algorithm stops after a predefined number of runs. A discussion about stop-
ping criteria and chain length is carried out by Sinharay [136].

In contrast to deterministic acceptance rules, the Metropolis rule probably accepts pa-
rameter sets in some iterations, which does not improve the SSQ with respect to the
previous step. Finally, the Metropolis-Hastings algorithm proposed in this section has
the advantage that it does not converge to local extrema like many gradient-based op-
timization algorithms. In addition, the Metropolis-Hastings algorithm will not only be
used to identify the set of best-fitting parameters, moreover, it is used to estimate prob-
ability distributions for the model parameters depending on the accuracy (standard
deviation) of the experimental data.

5.4.4 Estimated model parameters

In the following, the undetermined set of model parameters (5.37) is fitted to the semi-
cyclic data (cf. Figure 5.8) by using the previously described Metropolis-Hastings al-
gorithm. More precisely, the subdivided time sequences of constant ion concentrations
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are used as observational data. Finally, an individual parameter optimization for both
equilibrium and dynamic parameters has been performed with respect to each recorded
time sequence. The best-fit parameters have been respectively chosen for the simu-
lated results illustrated in Figure 5.9a, 5.10a, 5.11a and 5.12a. A discussion concern-
ing the optimized model parameters (5.37) is carried out in the following. Since the
Metropolis-Hastings algorithm is used for the parameter reconstruction, distributions
for the model parameters are obtained rather than only the best-fitting parameter set.

Equilibrium parameters: Chemical potential function The chemical potential dif-
ference Δµw depends on ψw and the previously calculated value of κ through (5.36).
Note that ψw accounts for the non-ideal water activity for free and absorbed water in
the presence of mobile ions in the pore fluid. Figure 5.10b, 5.11b and 5.12b respectively
show the estimated probability distributions for ψw. Note that the shaded areas repre-
sent the Kernel Density Estimations (KDEs), while the dashed lines correspond to fitted
normal distributions. Both representations are obtained from the discrete results of the
Metropolis-Hastings algorithm. All distributions in the same Figure are related to a
particular ion concentration in the pore fluid, but starting from different initial values
for q. More detailed explanations have been presented in chapter 5.3. Furthermore, it
can be easily seen that the KDEs for ψw are represented with high accuracy through the
normal distributions for each reconstruction. Since ψw determines the EDS, the esti-
mated means are correlated for the same tested ion concentration. Deviations between
the mean values are consequently caused by variations in the experimental data. Recall
that in case of demineralized water, ψw is set to 1 by definition, such that ψw accounts
for the non-ideal behavior in the presence of mobile ions in the pore fluid. The ex-
pected values from the reconstructed distributions of ψw are averaged for each fixed
ion concentration and fitted to an empirical function. Therefore, the following rational
algebraic function is postulated

ψw(cFs) =
aψwcFs + bψw

cFs + cψw

with aψw = 1.023; (5.42)

bψw = 0.190; cψw = 0.190,

while the result is illustrated in Figure 5.14. Since ν cannot be determined from the
experiments, the estimated data as well as the fit is shown for two distinct values of ν in
order to illustrate its impact. The continuous function (5.42) will be further used in the
following to predict the equilibrium state with respect to cFs in the range from 0.0m%
- 1.0m%.

Non-equilibrium parameters: dynamics of water transfer It has been postulated that
the dynamics of mass exchange is governed by the swelling-dependent transfer law
(5.27) with the previously discussed model parameters Γw

0 and β. The shape of the
swelling-dependent part is determined by the exponent β. Here it is assumed that β
is a constant intrinsic material property. Thus, it is set to β = 1.9 in the following
analysis, which is in agreement to proposed values in the literature (cf. chapter 5.1). As
a consequence, exclusively the linear scaling factor Γw

0 in the dynamic law is optimized.
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Figure 5.14: Estimated parameter ψw fitted to a continuous function. Herein, a weighted least square
method has been used.

Not in passing that for convenience the results are expressed through the previously
introduced characteristic swelling time τw, while τw is linked to Γw

0 through (5.33).
Similar to the results corresponding toψw, the probability distributions for τw are repre-
sented by Figure 5.9b, 5.10c, 5.11c and 5.12c. Again, the KDEs and fitted normal distri-
butions in each figure correspond to the same external ion concentration. First, it can be
deduced from the peaks of the estimated distributions, that the characteristic swelling
times are generally shorter for desorption in comparison to absorption. For instance,
this fact can be observed clearly in Figure 5.11c, where the estimated values for the
desorption time are approximately 1 s, while in contrast the estimated absorption time
is approximately 2 s. This behavior is also reflected through the corresponding model
predictions. From a physical point of view, the dynamics become more comprehensi-
ble by looking again to the coupled microstructural phenomena within the hydrogel.
In case of swelling, the elastic forces in the polymer network counteract the volume ex-
pansion, which is accompanied with the influx of water. In contrast, the relaxation of
the reset forces within the polymer network tend to accelerate the desorption process.
To this end, water will be squeezed out by the polymer network [27] and higher transfer
rates, especially for high degrees of swelling, are observed on the macroscale.
Second, it is important to highlight that the individually estimated distributions for τw
exhibit some remarkable similarities. To emphasize this fact, the estimated character-
istic swelling times obtained from the normal distributions are plotted in Figure 5.15a
over the number of calibration experiments. The markers are used to classify the es-
timated values into absorption and desorption dynamics, which are in the following
denoted by τwabs and τwdes. The parameter identification revealed a fundamental result
towards the rate of mass exchange. Therefore, τwabs and τwdes respectively deviate around
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Figure 5.15: The characteristic swelling time has been individually estimated for each experimental time
sequence. Therefore, the model dynamics has been fitted to 6 absorption and 6 desorption experiments,
while colored markers are used for distinction. The dashed lines show the mean values with respect to the
estimated results.

their mean values, which are represented by the dashed lines in Figure 5.15a. Note that
the deviations for τwabs are higher in comparison to τwdes. However, the results emphasize
that τw is a constant rather than a function of the ion concentration.
Following this idea implies that the dynamics can be described by a swelling- and not
a ion concentration-dependent part in (5.27). To this end, the individually estimated
values for τw are substituted by their means either for absorption τ̄wabs or desorption
τ̄wdes, while the external ion concentrations are not taken into account. Moreover, the
constant values are assigned dynamically in the modeling approach based on

τw =

�
τ̄wabs , for Δµw ≤ 0

τ̄wdes , for Δµw > 0
. (5.43)

The proposed dynamic law (5.27) in combination with the postulated constant charac-
teristic swelling times yields to a simplified parameter reconstruction. Following this,
the characteristic swelling times for absorption and desorption can be fitted to one ex-
periment in each case, instead of examining the dynamics for different ion concentra-
tions.
Finally, it is worth mentioning that the choice of β is crucial in this context. Choosing
β arbitrary, for instance β = 1, results in a not sufficient description of the swelling-
dependent part in (5.27). As a consequence, the estimated characteristic swelling times
τw are scattered, such that the individual values deviate strongly from their mean val-
ues of absorption and desorption, respectively (cf. Figure 5.15b). A reliable prediction
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of the mass exchange dynamics for neither absorption nor desorption is clearly fulfilled
when the calculated mean values are used in such case.

5.4.5 Model evaluation

In the following, the derived model is evaluated in a two-step procedure. In Figure
5.8 the model prediction together with the experimental data, which are used for pa-
rameter optimization, are illustrated. In contrast to the results showed in Figure 5.9a
- 5.12a, the model parameter ψw follows from the empirical law (5.42) and the char-
acteristic swelling time τw is set to (5.43). The parameters used for the simulation are
represented in Table 5.1. It is remarkable to see, that the EDS can be reproduced by the
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Figure 5.16: Comparative study between model prediction and unknown experimental data. Initial
condition: q∞(cFs = 0.2m%); Concentration profile: c̃Fs = [0.05, 0.3, 0.05, 0.2]m%, cf. Figure 5.8.

model with very high accuracy. This behavior can be observed for both absorption and
desorption across the whole range of tested ion concentrations. In case of absorption,
the predicted rate of mass exchange coincides with the experimental data. However,
the de-swelling rate of mass exchange appears to be overestimated, while this behavior
becomes clearly visible for high initial degrees of swelling, namely for desorption from
the maximum swollen state. In this approach, absorption and desorption dynamics are
modeled by the same swelling-dependent transfer law with constant scaling exponent
β. It should be pointed out that a more sophisticated approach would probably lead
to a better fit for the de-swelling dynamics, however, relating an even more complex
physical-motivated transfer law to the microscopic diffusion process is challenging.
Besides evaluating the model to experimental data previously used for calibration, Fig-
ure 5.16 shows the model prediction with respect to a new semi-cyclic experiment. Note



5.4 Parameter identification 75

Parameter Value Unit
Mw

m 18.015 g/mol
M+

m 22.99 g/mol
M−

m 35.45 g/mol
z+ 1 -
z− -1 -
zfc -1 -
ρFR 1000 kg/m3

ρsGR 1000 kg/m3

ρfGR 1000 kg/m3

F 96 485.332 C/mol
R 8.314 J/(mol K)
T 293.15 K
ν 30 mol/m3

nsG
0 1× 10−3 -

nS
0 0 -

ψ± 1 -
β 1.9 -
κ 1.355× 103 -
Ṽ w
m 1.8015× 10−5 m3/mol

τ̄wabs 1.7864 s
τ̄wdes 1.0684 s

Table 5.1: Material parameters and constants used for the simulation.

that the red dashed lines are used again for convenience and indicate the expected EDS
based on (5.30). Against the background that ψw(cFs) has only fitted to the values avail-
able in Figure 5.14, the predicted EDS shows a good performance throughout the ex-
periment. In addition, the absorption dynamics is able to mimic the experimental data,
however, the predicted desorption dynamics deviate again more significantly from the
experimental results. More precisely, the desorption rate is overestimated in compar-
ison to the experimental data, such that equilibrium is reached earlier. However, this
result is not surprising when the previously calibrated desorption dynamics are taken
into consideration, cf. Figure 5.8.





Chapter 6:
Transport and infiltration of polymer solutions
in porous media

6.1 Introduction

Transport of non-Newtonian fluids through porous media has various technical appli-
cations in different fields such as chemical, groundwater and petroleum engineering
[109, 150]. The specific applications ranging from modeling blood flow through the
kidney in biomechanics [103] to air filtration processes [78] and deep filtration in granu-
lar porous media [97]. Besides the previous mentioned applications, polymer solutions
are frequently used for polymer flooding to enhance the efficiency of oil production in
low permeable reservoirs [4, 52, 77, 112, 133, 146, 161]. Herein, polymer solutions are
injected into the reservoir rock to mobilize and transport the oil towards the produc-
tion well, cf. Figure 6.1. Lenormand et al. [91] studied the principal mechanisms behind
immiscible fluid displacement in porous media. In this context, viscous fingering, cap-
illary fingering and stable displacement were correlated to the capillary number and
the viscosity ratio of the two immiscible pore fluids. For negligible capillary effects, a
stable displacement front can be ensured for a high viscosity contrast in favor of the in-
jected fluid. On the contrary, viscous fingering is observed when the viscosity contrast
between injected and displaced fluid is smaller than a specific threshold value. Since

viscous fingering

producer

polymer flood

stable front

producer

oil

injector

oil

injector

water flood

Figure 6.1: Schematic comparison between sweep efficiency during water and polymer flooding [112].
The displacement of immiscible fluids in porous media is dominated by capillary and viscous forces. In
case of negligible capillary effects, viscous fingering or stable displacement is observed with respect to the
viscosity ratio of the fluids. Note that the polymer solution causes in general a higher viscosity contrast,
such that a stable displacement front can be achieved in polymer flooding. For further details regarding
the physical mechanisms, the interested reader is referred to the pioneering work by Lenormand et al. [91].
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a) no solid interaction b) polymer retention
fluidized polymer

absorbed polymer

mechanically
entrapped polymer
hydrodynamically
trapped polymer

Figure 6.2: Schematically illustrations of polymer solutions in the pore space of a porous media.

the used polymer solutions are more viscous than pure water, a better sweep efficiency
of the reservoir can be obtained by polymer flooding in comparison to conventional
techniques [60].
Predicting the flow of polymer solutions through porous media, together with the ac-
companied interactions with the solid skeleton, is in the focus of this chapter. Figure 6.2
illustrates the interaction between the polymer gel and the solid skeleton. From a phys-
ical point of view, the fluidized polymer particles are captured through three distinct
mechanisms to the solid skeleton: physio-chemical adsorption, mechanical entrapment
and hydrodynamical retention. Note that further details are presented in chapter 1.
In this chapter, the transport and infiltration processes of polymer solutions through
porous media are modeled. The chosen continuum mixture model is deduced from
the general multi-phase mixture model, cf. Figure 4.1. The transport of the polymer
solution is accounted through a generalized Darcy’s law, which accounts for the non-
Newtonian in situ viscosity and also for the permeability reduction due to the capture of
polymer particles to the solid skeleton. The particle capture is modeled through kinetic
laws in the mass balance equations. Laboratory core flooding experiments are further
discussed to introduce well-established experimental settings and methods. Based on
the experimental procedure, the model parameters in the proposed constitutive rela-
tions are estimated from experimental results. The ultimate goal is to obtain a cali-
brated model based on simple core flooding experiments, which is able to predict the
very challenging task of polymer flooding on the field scale.

6.2 Multi-phase model for polymer solution flow through
porous media

A continuum mixture approach for modeling polymer solution flow through a linear
elastic solid skeleton ϕS is represented through the model decomposition in Figure 6.3.
The polymer solution is a mixture of an aqueous pore liquid ϕF and a polymer gel
ϕG. Here, ϕF is treated as the carrier fluid for the fluidized polymer particles ϕG. The
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Figure 6.3: Decomposition of the reduced transport and infiltration model.

solution is consequently defined by

ϕL = ϕF ∪ ϕG . (6.1)

In addition, taking the attachment of polymer gel to the solid skeleton ϕS into account
yields to

ϕS = ϕK ∪ ϕA , (6.2)

where ϕK denotes the intrinsic, clean solid skeleton without any accumulation, while
ϕA refers to the captured particles. The captured polymer gel ϕA is subdivided into
reversibly ϕA

rev and irreversibly ϕA
irr attached polymer, such that

ϕA = ϕA
rev ∪ ϕA

irr . (6.3)

The multi-phase model is concluded by the following representation of phases

ϕ = {ϕS ∪ ϕL} ⇒
�
ϕA
rev ∪ ϕA

irr ∪ ϕK ∪ ϕF ∪ ϕG
�
,

while the saturation condition (2.4) yields to
�

α

nα = nK + nA
rev + nA

rev� �� �
:=nA� �� �

:=nS

+nF + nG

� �� �
:=nL

= 1 . (6.4)

The polymer gel saturation of the solution, which denotes the volume ofϕG with respect
to the volume of the solution ϕL, reads

sG =
nG

nL
; sG + sF = 1 . (6.5)

In Figure 6.4, the volumetric composition of a porous media model without particle
capture is compared to a model which incorporates both reversible and irreversible
capture mechanisms.
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Figure 6.4: Volume fractions of porous media models with and without polymer capture.

6.2.1 Governing equations

Volume balance equations Each phase is treated as material incompressible, such
that the material time derivative of the intrinsic phase density vanishes in (2.33), namely
(ραR)�S = 0. Furthermore, the mass balance equation (2.33) simplifies to a volume bal-
ance

(nα)�S + div (qα) + nαdivvS = n̂α , (6.6)

where the Darcy velocity of ϕα reads qα = nαvαS . Note that the density production
ρ̂α in (2.33) has been multiplicatively split into a volume production term n̂α times the
corresponding intrinsic phase density ραR. More precisely, particle capture is modeled
through inter-phase volume transfer between the fluidized polymer gel and the solid
skeleton. Since particle capture is a priori classified into a reversible and an irreversible
contribution, the total volume production due to polymer capture reads n̂A = n̂A

rev+n̂A
irr.

Here, the solid skeleton exclusively exchanges volume with the fluidized polymer, such
that the volume production of ϕG consequently calculates to n̂G = −n̂A. As the name
suggests, reversibly captured polymer gel is in general able to detach from the solid
skeleton and become part of the fluidized polymer gel again. It is assumed that the
intrinsic density of captured and fluidized polymer is the same, i. e. ρAR = ρGR.

Linear momentum balance The linear momentum balance of the overall mixture is
obtained by summing over the phases, which leads to

grad p− div (TS
E) = n̂AρGRvGS, (6.7)

where
�

α p̂
α = ρ̂AvG − ρ̂AvS and T = −pI+TS

E have been used in the derivation.
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Kinematic restrictions The captured particles by the solid skeleton exhibit by defini-
tion the same motion as the intrinsic solid, such that the following restriction holds for
the phase velocities

vK = vA,rev = vA,irr = vS . (6.8)

Specific volume balance equations Against the background of the previously intro-
duced assumptions, the volume balances for ϕK , ϕA

rev and ϕA
irr reduce to the following

set of evolution equations

(nK)�S = −nKdivvS , (6.9)
(nA

rev)
�
S = n̂A

rev − nA
revdivvS , (6.10)

(nA
irr)

�
S = n̂A

irr − nA
irrdivvS . (6.11)

An evolution equation for the porosity is obtained by summing (6.9) - (6.11) , which
yields to

(nL)�S = −n̂A − nAdivvS . (6.12)

The first contribution in (6.12) illustrates the porosity decrease with the ongoing par-
ticle capture, while the second terms accounts for a deformation-dependent porosity
change. Next, the volume balance of the material incompressible mixture is obtained
by summing (6.6) over all phases

div (q+ vS) = 0 , (6.13)

where the sum of volumetric fluxes has been substituted by the polymer solution flux
q given by

q = nLvLS = qG + qF . (6.14)

By exploiting the kinematic identity vαS = vLS + vαL, the filter velocities can be ex-
pressed through

qα = sαq+Δqα ∀α ∈ {F,G} , (6.15)

while Δqα = nαvαL is the relative flux of ϕα with respect to the polymer solution. It is
worth mentioning that the filter velocity of both pore liquid and polymer gel are driven
by a convective part, sαq, and a diffusive part, Δqα. In various applications, the latter
one is governed by the dispersion phenomena [58]. Note that the sum of dispersion
fluxes places a restriction according to

�

α

nαvαL = 0 → ΔqG = −ΔqF . (6.16)

In the present contribution, constitutive models for the Darcy velocity of the solution
q and the dispersion flux of the polymer gel ΔqG are developed. To this end, (6.15) is
inserted in the volume balance equation of the hydrogel (6.6), which finally leads to

(sG)�S n
L + grad sG · q+ divΔqG = n̂G(1− sG) . (6.17)
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Remark on solid velocity: The balance equations are derived for arbitrary solid ve-
locities, however, quasi-static deformations vS ≈ 0 are assumed in the following course
of this work. As a consequence, the material time derivative reduces to ( · )�S = ∂( · )/∂t,
where the convective contribution grad ( · ) · vS has been neglected.

6.3 Constitutive modeling

6.3.1 Linear elastic solid

In case of a linear elastic solid skeleton, the effective stress tensor is given by the Hookean
model

TS
E = λeff tr (εS)I+ 2µeffεS , (6.18)

where λeff and µeff are the effective Lamé parameters of the solid skeleton and εS is
the linearized version of the Green-Lagrange strain tensor ES , which computes to

εS =
1

2

�
(graduS) + (graduS)

T
�
. (6.19)

The effective Young’s modulus Eeff and the Poisson ratio νeff are calculated from the
Lamé parameters to

Eeff =
µeff (3λeff + 2µeff )

λeff + µeff

and νeff =
λeff

2(λeff + µeff )
. (6.20)

Note that the previously introduced elastic material parameters denote effective quan-
tities of the solid skeleton, which deviate in general from the intrinsic solid material
with vanishing pore space.

6.3.2 Kinetic polymer capture

Particle attachment processes can be classified into equilibrium and kinetic capture.
Equilibrium capture is usually modeled through isotherms, from which the amount of
captured substance is linked to the thermodynamic state of the system. Since the the-
oretical development of the Langmuir-isotherm [87], numerous isotherms were devel-
oped to describe the uptake of substrate. Note that besides the Langmuir-isotherm, the
more general Freundlich-isotherm is also a widely used candidate [83, 98, 127]. By ap-
plying any type of isotherm, it is a priori assumed that the system reaches equilibrium
instantaneously. The interested reader is referred to an excellent review on adsorption-
isotherms published by Foo & Hameed [57].
In contrast, kinetic or non-equilibrium particle capture is a time-dependent process.
The rate of particle capture is usually expressed through the superposition of attach-
ment and detachment rates. An equilibrium state for the amount of captured particles
is reached when the competitive phenomena yield a steady-state. Note in passing that
equilibrium and non-equilibrium adsorption phenomena can also occur superimposed
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within a specific material. For instance, Schijven & Hassanizadeh [127] modeled the at-
tachment of viruses to soil and accounted for both adsorption-isotherms and kinetic
adsorption in their model.

General capture model The volume production terms are modeled through a multi-
site kinetic model, which was proposed by Tosco & Sethi [151] in a similar way to model
straining and physico-chemical attachment/detachment of iron particles in porous me-
dia. After representing the model in a general fashion, the active sites are identified as
reversible and irreversible attachment.
The model can be viewed as a generalization of the classical filtration theory used by
[126, 129, 153, 154] to model kinetic adsorption phenomena in porous media. The
generic attachment/detachment model for the k-th active site reads

n̂A
k = nL ka,k ψa,k s

G − kd,kn
A
k , with ψa,k = 1 + ak(n

A
k )

bk . (6.21)

Herein, ka,k denotes the deposition or attachment rate, while ak and bk are model param-
eters in the k-th attachment function ψa,k. The latter traces back to works by Bradford
et al. [33, 34] and are used to account for blocking and ripening phenomena induced by
particle capture [3, 81]. The first term in (6.21) states that the attachment rate increases
linearly with increasing polymer saturation sG. In the limiting case, when the satura-
tion vanishes, no further particle capture is possible, which is a meaningful result from
a physical point of view. The superimposed detachment is modeled through a linear
relation in terms of the volume fraction of already captured particles, while kd,k denotes
the detachment rate. Therefore, it is ensured that particle detachment vanishes when
nA
k = 0. Note that irreversible capture is obtained by setting kd,k = 0, cf. [125, 155].

Bradford et al. [33], Schijven & Hassanizadeh [127], Tiraferri et al. [147] and Yao et al.
[166] suggested a linear relation for the attachment rate ka,k in terms of the Darcy ve-
locity through

ka,k ∝ |q| =⇒ ka,k = λa,k |q| , (6.22)

where λa,k denotes the filtration coefficient, which measures the particle capture prob-
ability per unit length of the particle trajectory [167]. Note that (6.22) was originally
proposed in the classical filtration theory. Furthermore, a Langmuir-type attachment
function

ψa,k = 1−
�

nA
k

nA
k,crit

�bk

(6.23)

is applied, where nA
k,crit denotes the critical volume fraction of captured particles corre-

sponding to the k-th active site. Non-linear particle capture mechanisms are obtained
by choosing bk �= 1, cf. Figure 6.5.

Specific attachment model A two-site capture model is used in this contribution to ac-
count individually for reversible as well as irreversible particle capture, i. e. k ∈ {rev, irr}.
Following the general attachment and detachment model (6.21), the volume production
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Figure 6.5: Investigation of particle attachment function. A linear relation is obtained for bk = 1.

terms are respectively specified to

n̂A
rev = nLka,revψa,revs

G − kd,rev n
A
rev with ψa,rev = 1−

�
nA
rev

nA
rev,crit

�
, (6.24)

n̂A
irr = nLka,irrψa,irrs

G with ψa,irr = 1−
�

nA
irr

nA
irr,crit

�
. (6.25)

Note that the vanishing detachment rate in (6.25) results in irreversible particle cap-
ture. Moreover, in the reversible case, the equilibrium amount nA

rev,eq is less than the
critical volume fraction nA

rev,crit due to the influence of the detachment rate. The equi-
librium volume fraction of reversibly captured polymer particles nA

rev,eq is connected to
the critical value nA

rev,crit through

nA
rev,eq = nA

rev,crit

�
1 +

nA
rev,critkd,rev

nLsGka,rev

�−1

, (6.26)

which has been derived based on the equilibrium condition n̂A
rev = 0 in (6.24). Note that

nA
irr,eq = nA

irr,crit holds in the irreversible case.

Remark on inter-phase mass exchange due to polymer attachment: The evaluation
of the entropy inequality dictates a thermodynamic-consistent expression for the mass
transfer ρ̂A given by (4.71), which reduces to

ρ̂A ∝ −∂ΨK

∂W
, (6.27)
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pore-scale flow field macro-scale

Figure 6.6: On the pore-scale, the polymer solution shows a shear rate-dependent viscosity. The shear
rate is exclusively a pore-scale quantity, which is related to the actual flow field. The upscaled effective
viscosity on the macroscale is formulated in terms of the Darcy velocity, cf. [26]. Linking the effective to
the bulk viscosity is a crucial step in the multi-phase modeling approach.

under the assumption of negligible second order velocity terms. Since the linear rela-
tion W ∝ nA =

�
k n

A
k results from the incompressibility condition, the above equation

can be finally rewritten to

n̂A
k ∝ −∂ΨK

∂nA
k

∀k ∈ {rev, irr} . (6.28)

The specific kinetic particle capture rates (6.24) and (6.25) are phenomenologically-
motivated. However, the proposed kinetic laws satisfy the entropy inequality expressed
through (6.28).

6.3.3 Convective and diffusive transport

Seepage flow Under the assumption of laminar flow, the friction force divTL
E in the

linear momentum balance of the polymer solution (2.38) has an insignificant impact
in comparison to the viscous momentum production p̂L and is therefore neglected. A
thermodynamic-consistent expression for the seepage velocity vLS under quasi-static
conditions is finally obtained by (4.64).
Seepage flow of Newtonian fluids through porous media are on the macroscale usu-
ally modeled by Darcy’s law, which presents a linear relationship between the flux
and the applied pressure gradient. However, many polymer solutions exhibit a non-
Newtonian rheology, i. e. the fluid shows an intrinsic shear rate-dependent viscos-
ity. The functional dependency of the bulk viscosity µbulk = µbulk(γ̇bulk) is usually
modeled through analytic expressions in terms of the shear rate γ̇bulk. For instance,
shear-thickening and shear-thinning behavior can be respectively modeled through the
power-law fluid model (Ostwald-de-Waele model), while more complex behavior can
be described through the Carreau or Cross model. Furthermore, the inherent model
parameters are usually estimated through rheometer experiments. In this context, the
interested reader is referred to a comprehensive review regarding non-Newtonian fluid
models published by Sochi [140].
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Against the background of non-Newtonian fluids, a generalized Darcy’s law, which is
consistent with the mathematical representation of the classical expression, is postu-
lated by

q = nLvLS = −ML grad p with ML =
kS

µLR
, (6.29)

where an isotropic mobility ML has been assumed in the derivation. Note that inertia
as well as body forces have been neglected throughout the derivation. Herein, kS and
µLR represent the intrinsic permeability and the effective polymer solution viscosity
on the Darcy-scale, respectively. In the classical case of Newtonian fluids, the effec-
tive viscosity matches the constant bulk viscosity, i. e. µLR = µbulk. However, for non-
Newtonian fluids, the shear rate-dependent viscosity can not be directly formulated on
the macroscale since the shear rate is a pore-scale quantity, cf. Figure 6.6. Therefore, the
effective viscosity is formulated as a function of the Darcy velocity, i. e. µLR = µLR(|q|)
[26]. In order to carry out simulations on the macroscale, a crucial step is to find an
appropriate relation between the bulk and the effective viscosity.
Here, it is assumed that the effective and the bulk viscosity are governed by the same
functional constitutive model, while the effective viscosity is reformulated to µLR =
µLR(γ̇pm(|q|)). Moreover, γ̇pm denotes the porous media shear rate, i. e. the effective
shear rate expected within the pore space [150, 151, 171]. The porous media shear rate
can be correlated to the Darcy velocity through a semi-analytic approach based on cap-
illary bundle models, cf. [40]. According to this approach, Cannella et al. [37] derived
a constitutive relation between the effective porous media shear rate and the Darcy
velocity. In the derivation, a power-law model was used for the rheology of the bulk
viscosity. Note that details concerning the derivation are explained in the appendix C.
The following linear simplification proposed by Zamani et al. [170] is used in the further
course of this work

γ̇pm = αpm
|q|√
kSnL

, (6.30)

where αpm denotes an empirical parameter, often referred to as shift factor. This pa-
rameter accounts for the deviation between the bulk viscosity observed in rheometer
experiments and the in situ viscosity for polymer solutions flowing through porous
media [99, 170]. Note that αpm is a complex parameter depending on both the porous
media geometry and the solution rheology.

Dispersive transport In addition, the relative transport of polymer gel ΔqG in (6.17)
is modeled through a Fickian-type model

ΔqG = −DGgrad sG , (6.31)

where DG denotes the isotropic dispersion coefficient of the polymer gel. In polymer
flooding, the transport of polymer gel is typically convection-dominated, while a dis-
cussion is carried out in section 6.5.
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Remark on the dissipative contribution due to convective and dispersive transport:
Note that (6.31) is postulated from a phenomenological point of view, however, it can be
shown that the Fickian-type dispersion model satisfies the dissipation inequality. Start-
ing point of the derivation is the dissipation in the material induced by the independent
seepage velocities

− vFS ·
�
p̂F − p gradnF

�
− vGS ·

�
p̂G − p gradnG

�
≥ 0 , (6.32)

which can be reformulated to

− vLS ·
�
p̂L − p gradnL

�
− vFL ·

�
p̂F − p gradnF

�
− vGL ·

�
p̂G − p gradnG

�
≥ 0 , (6.33)

where p̂L = p̂F + p̂G has been used in the derivation. Next, the inter-phase momentum
interaction terms are postulated by

p̂F = p gradnF −RF · vLS −RFL · vFL , (6.34)
p̂G = p gradnG −RG · vLS −RGL · vGL , (6.35)

while Rα and RαL denote positive-definite, second-order resistance tensors for seepage
and dispersive flow, respectively. Furthermore, the following thermodynamic admis-
sible coupling between the resistance tensors is applied

Rα = sαRL and RαL = sαRGS ∀α ∈ {F,G} . (6.36)

Herein, RL andRGS are again second-order tensors. As a consequence, the momentum
interaction of the polymer solution reduces to

p̂L = p gradnL −RL · vLS , (6.37)

while the kinematic restriction (6.16) has been exploited in the derivation. Finally, the
dissipation inequality (6.33) can be subdivided in a seepage and a dispersion contribu-
tion through

−vLS ·
�
−RL · vLS

�
≥ 0 , (6.38)

−vFL ·
�
−RFL · vFL

�
− vGL ·

�
−RGL · vGL

�
≥ 0 , (6.39)

while (6.38) satisfies the entropy inequality. In addition, substituting the Fickian-type
approach for the dispersion velocities

vFL = −(RFL)−1 · grad sF , (6.40)
vGL = −(RGL)−1 · grad sG (6.41)

in (6.39) satisfies the kinematic restriction (6.16) as well as the dissipation inequality.
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6.3.4 Permeability damage

In addition to the non-Newtonian viscosity model, another non-linearity arises in (6.29)
due to the permeability evolution. Therefore, the permeability of the solid skeleton
kS(nA

rev, n
A
irr) is affected through particle attachment and detachment. The decrease of

kS is in the literature known as permeability damage [18, 19, 167]. An empirical function
in terms of the volume fractions of captured polymer, previously used by Bedrikovetsky
et al. [18], is applied here

kS(nA
rev, n

A
irr) =

kS
0

1 + βrevnA
rev + βirrnA

irr

. (6.42)

Herein, βrev and βirr are the formation damage coefficients due to the reversible and
irreversible capture mechanism, respectively, while kS

0 is the intrinsic permeability of
the solid skeleton without any captured particles.

Remark on difference between permeability damage function and Kozeny-Carman
equation: The semi-empirical Kozeny-Carman equation is widely used for estimating
the permeability of granular materials, cf. [38]. To this end, the permeability can be
expressed through the porosity by

kS = kS
0

�
(nL)3

(1− nL)2

� �
(1− nL

0 )
2

(nL
0 )

3

�
, with kS

0 =
d2eff
CKC

(nL
0 )

3

(1− nL
0 )

2
, (6.43)

where CKC denotes the Kozeny-Carman constant and deff is the effective particle di-
ameter of the granular solid matrix. Herein, CKC is usually assumed to be 5 in case
of spherical solid particles. Figure 6.7 shows a comparison between the permeability
evolution according to the Kozeny-Carman model (6.43) and the permeability damage
function (6.42), while both permeabilities are normalized by kS

0 . Note in passing that
the effective particle diameter does not have an influence on the normalized permeabil-
ity.

6.3.5 Effective dynamic viscosity

Modeling the in situ rheology of polymer viscosities in porous media is a very chal-
lenging task since the characteristic behavior depends generally on the effective shear
rate behavior as well as on the polymer concentration. In the following, a few promi-
nent viscosity models are presented, which are frequently used to model the effective
viscosity of non-Newtonian polymer solutions. Note that the choice is limited here to
generalized Newtonian fluid models (time-independent), which can be mathematically
represented through

τeff = µLR(γ̇pm)γ̇pm , (6.44)
where τeff denotes the effective shear stress.
A simple generalization of the Newtonian fluid model is obtained by the Power Model
(PM)

µLR
PM(γ̇pm) = KPMµFR(γ̇pm)

nPM−1 . (6.45)
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Figure 6.7: Permeability evolution with respect to the effective porosity nL. The Kozeny-Carman model
is compared to the permeability damage function (6.42), while the permeability has been normalized by
kS0 . Note that kS0 corresponds to the initial permeability at nL

0 = 0.3.

Herein, KPM and nPM are model parameters and µFR has been additionally introduced
to relate the solution viscosity to the carrier fluid ϕF . The model represents shear-
thickening for nPM > 1 and shear-thinning for nPM < 1, while nPM = 1 denotes the
Newtonian case. The effective viscosity is plotted over the shear rate in Figure 6.8 (left).

However, it is well-known that most polymer solutions exhibit Newtonian behavior
within low and high shear rate regimes, while at moderate shear rates the same fluids
show a shear-thinning (pseudoplastic) behavior [5, 122, 169]. From a microscopic point
of view, this behavior can be explained by the fact that with increasing shear rate, weak
bonds within the polymer solution are destroyed [41, 96]. At high shear rates, many di-
lute polymer solution converge again to a Newtonian viscosity [96]. This more complex
solution rheology can be for instance represented through the Carreau Model (CM)

µLR
CM(γ̇pm) = µ∞ +

µ0 − µ∞
[1 + (λCM γ̇pm)2](1−nCM )/2

, (6.46)

where µ0 and µ∞ denote respectively the plateau viscosities for the Newtonian regimes
at low and high shear rates, while λCM and nCM are additional model parameters,
which are influencing the shape of the viscosity function with increasing shear rate.
It was experimentally observed that the rheology of polymer solutions in porous me-
dia deviate from the expected shear-thinning behavior determined in rheometer experi-
ments [5, 110, 169]. In contrast to the expected rheology for purely shear-thinning fluids,
the viscosity of the polymer solution flowing through a porous matrix increases at high
shear rates. This behavior is frequently explained by the fact that at high shear rates the
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Figure 6.9: The effective shear stress τeff = µLR(γ̇pm)γ̇pm is plotted over the porous media shear rate
for the viscosity models illustrated in Figure 6.8.

extension becomes more dominant than the shear rate [140]. The Carreau Model (6.46)
as well as the Power Model (6.45) cannot sufficiently represent the effective rheology
over a large shear rate regime in closed form. To overcome this drawback, an extension
to the Carreau Model was proposed by Delshad et al. [46] and most recently by Azad
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& Trivedi [15]. According to [46], the Extended Carreau Model (ECM) reads

µLR
ECM(γ̇pm) = µ∞ +

µ0 − µ∞
[1 + (λCM γ̇pm)2](1−nCM )/2

+ µECM [1− exp(−βECMNdeb)]
nECM−1 ,

(6.47)
where µECM , nECM and βECM denote the extensional parameters, while Ndeb is the Deb-
orah number. Since Ndeb increases with shear rate, the second term models the shear-
thickening behavior at high shear rates. A comparison between the Carreau Model and
the Extended Carreau Model is illustrated in the right plot in Figure 6.8.

Remark on generalized Darcy-type law: Note that the generalized Darcy-type law
(6.29) was initially derived for laminar flow conditions. However, modeling shear-
thickening at high shear rates, which is equivalent to high Darcy velocities (cf. (6.30)),
probably requires one to account for inertia terms in (6.29). In this context, the in-
terested reader is referred to the work by Tosco et al. [150], in which a generalized
Darcy-Forchheimer equation was systematically derived for non-Newtonian fluid flow
through porous media. The effective shear-thickening behavior observed on the macroscale
at high flow rates was correlated to non-linear inertia terms.

Remark on concentration-dependent viscosity models: The mobility of fluidized poly-
mer particles become more restricted at higher polymer concentrations, such that the
inter-particle forces result in an increased flow resistance of polymer solutions on the
macroscale [41]. In this context, Delshad et al. [47] proposed an empirical concentration-
dependent viscosity model at zero shear rate, i. e. a constitutive law for µ0. They cali-
brated a polynomial expression in terms of the concentration to rheometer experiments.
Note that Tosco & Sethi [151] used a similar approach to estimate the effective zero shear
viscosity of iron particle suspensions in porous media. In order to fully characterize
the shear rate- and concentration-dependent behavior of a specific polymer solution
requires experimental investigations of a large range of shear rates and concentrations.

6.4 Initial Boundary Value Problem (IBVP)

Weak forms of the governing equations are derived for the purpose of implementation
in a finite element code. To this end, the strong forms for the

• linear momentum balance of the mixture (6.7),

• volume balance of the mixture (6.13),

• and the volume balance of the mobile hydrogel phase (6.17)
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are multiplied by test functions and integrated over the domain Ω, thus
�

Ω

�
div (TS

E − pI) · grad δuS − n̂AρGRvGS δuS

�
dv =

�

Γus

t̄ · n δuS da (6.48)

�

Ω

[q · grad δp − divvS δp] dv =

�

Γp

q̄ δp da , (6.49)

�

Ω

��
−(sG)�S n

L − (1− sG)n̂A − grad sG · q
�
δsG +ΔqG · grad δsG

�
dv

=

�

Γ
sG

Δq̄GδsGda .
(6.50)

Herein, δuS , δp and δsG respectively denote the test functions corresponding to the
primary variables, i. e. the solid displacement uS , the hydraulic pressure p and the
gel saturation sG. Closure of the problem requires boundary and initial conditions.
Therefore, the following initial conditions are prescribed for the primary variables

uS = uS,0 , p = p0 , sG = sG0 , ∀x ∈ Ω0 × t0 . (6.51)

The boundary of the domain Γ is given as union of the Dirichlet boundary ΓD and
Neumann boundaryΓN , i. e. Γ = ΓD∪ΓN . Furthermore, Dirichlet boundary conditions,
or boundary conditions of first type, prescribe the values of the primary variables, while
Neumann boundary conditions, or boundary conditions of second type, prescribe the
derivatives of the primary variables. More specific, Γus , Γp and ΓsG correspond to the
Neumann boundaries of the displacement, pressure and saturation field, respectively.
According to this, the following set of boundary conditions are applied to the Dirichlet
and Neumann boundaries

p = p̄, sG = s̄G, uS = ūS, ∀x ∈ ΓD × t, (6.52)
q̄ = q · n Δq̄G = ΔqG · n, t̄ = T · n, ∀x ∈ ΓN × t . (6.53)

Herein, q̄, Δq̄G and t̄ are the polymer solution volume flux, the dispersive volume flux
of the gel and the total traction vector of the mixture, respectively, while n denotes
the outward oriented normal vector. For adapting the balance equations in the finite
element code, the weak formulations are discretized in space by using the Galerkin
method (weighted residual) and in time by means of a fully implicit scheme. A suitable
time integration algorithm is adapted to solve the global system iteratively.
Moreover, under the assumption of quasi-static solid deformations, the balance equa-
tions (6.9)-(6.11) reduce to the local ODE system

∂t(n
K) = 0 → nK = nK

0 , (6.54)
∂t(n

A
rev) = n̂A

rev , (6.55)
∂t(n

A
irr) = n̂A

irr , (6.56)
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which has to be solved at each time step in every integration point. Note that (6.54)
does not evolve in time and is therefore initially fulfilled. The initial conditions for the
reversibly nA

rev and irreversibly nA
irr captured particles are set to

nA
rev = nA

rev,0 and nA
irr = nA

irr,0 ∀x ∈ Ω0 × t0 . (6.57)

Finally, the primary variables corresponding to the system’s governing equations are
summarized by

uS, p, s
G, nA

rev, n
A
irr . (6.58)

6.5 Application to core flooding

6.5.1 Laboratory flooding experiments

Laboratory core flooding experiments need to be carried out as a first step towards the
successful design of flooding applications at the field scale. In this context, the rate of
polymer propagation through a well-defined porous media is observed in a small-scale
laboratory setup, while the results are usually directly upscaled to field experiments.
It was frequently addressed in the literature that the transport of a polymer solution
depends highly on the interaction with the porous skeleton. More precisely, the reten-
tion behavior is coupled to an evolution in hydraulic permeability as well as the flow
rate-dependent polymer solution rheology have a tremendous influence on the trans-
port [1, 4, 6, 46, 47, 52, 62, 77, 88, 112, 161–163]. In the following, results of laboratory
core flooding experiments carried out by Al-Hajri et al. [7] will be used to calibrate the
postulated constitutive models in the continuum-based modeling approach.
A key point of the experimental investigation is the quantitative characterization of the
hydrodynamic retention phenomena. To this end, the polymer retention with respect
to different injection flow rates are tested. Note in passing that experimental studies
investigating the influence of flow rate on retention are rather rare, however, some ad-
ditional laboratory results are published by Zhang & Seright [173] and Idahosa et al.
[77]. In the following, the experimental setup and procedure described in Al-Hajri et al.
[7] is summarized for convenience, while the interested reader is referred to their paper
for further details.

Polymer and brine A brine solution mixed with low molecular weight sulfonated
polyacrylamide polymers (AN 113 VLM) is used for the polymer flooding experiments.
The brine has a concentration of 5000 ppm of sodium chloride (NaCl), while the poly-
mer concentration in the solution is 1000 ppm. Brine mixed with polymer (polymer
solution) as well as pure brine are used for the experimental procedure. The composi-
tion of brine and polymer solution are the same for each experiment.

Porous media The polymer solution flows through a cylindrical Bentheimer sand-
stone core, while its physical properties are summarized in Table 6.1. The porosity of
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Figure 6.10: Schematic view of experimental setup used to determine the polymer retention [7].

the core is 19.5% and the permeability is 1991 mD (milli Darcy1). The same core is used
for all experiments. Note that the apparent density of the core as well as the intrinsic
density of the solid are calculated from the remaining properties.

Parameter Value Unit
length 7.6 cm
weight 169 g
porosity 0.195 -
permeability 1991 mD
pore volume 17.2 cm3

cross section 11.6 cm2

intrinsic density of solid 2381 kg/m3

apparent density of core 1917 kg/m3

Table 6.1: Physical properties of the sandstone core used in the experimental retention tests carried out
by Al-Hajri et al. [7].

Experimental setup The experimental setup used by Al-Hajri et al. [7] to determine
the polymer retention is given in Figure 6.10. The core flooding experiments are flow
rate controlled, while the volumetric flow rate Q, which measures the injected fluid vol-
ume per unit time, is held constant. Therefore, the number of injected pore volumes
(Pore Volumes Injected (PVI)) to the core is defined by PVI = Qt/PV , where PV is

11 Darcy = 9.869233× 10−13 m2
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the pore volume of the sample (PV = 17.2 cm3) and t is the injection time. In most
core flooding experiments PVI is used instead of the time for a better interpretation
of the results, especially when the results of different flow rates are compared. Here,
the transport and infiltration of the polymer solution corresponding to four volumetric
flow rates are investigated, namely 1.0, 3.0, 5.0 and 8.0 ml/min. The polymer concen-
tration is controlled at the inlet and follows the double-polymer bank method, which
is explained in detail within the next section. Moreover, the differential pressure be-
tween inlet and outlet is logged during the experiment and the polymer saturation at
the outlet is measured through ultraviolet-visible spectroscopy [73, 162].

6.5.2 Double-polymer bank method

Dynamic adsorption The double-polymer bank method, proposed by Lotsch et al.
[102], is an experimental core flooding procedure in which a defined volume of a poly-
mer solution is injected in two consecutive steps. After the first polymer injection, the
core is flooded with a brine solution.
The double-polymer bank methods is a widely applied measuring technique to esti-
mate the polymer retention in porous media, while the amount of reversible and ir-
reversible retention can be distinguished. Figure 6.11 illustrates the method in an ex-
emplary fashion by showing the polymer concentration at the inlet and outlet over the
injected pore volume. Note that the polymer saturation has been normalized by the
concentration of the injected polymer solution, i. e. s̄Gin,max. The concentration at the
outlet denotes the breakthrough curve and reveals information towards the retention
behavior.
The experiment starts with the injection of pure brine until the core is fully saturated.
Next, a predefined number of pore volumes of the polymer solution is injected. After
the first polymer bank, the core is again flushed with brine in order to clear the core from
any not adsorbed polymer particles. The polymer molecules, which are still attached
or trapped after flushing are consequently irreversibly captured. In analogy to the first
bank, a predefined volume of the polymer solution is injected, followed by flushing the
core from the reversible polymer.

Reversible and irreversible polymer capture Two breakthrough curves for the same
injection flow rate corresponding to the double-polymer bank method are illustrated in
Figure 6.12. Since the core is flushed with brine between the breakthrough curves, all
reversible polymer is removed from the pore space. Therefore, the area between the first
(A) and second breakthrough curve (B) is a measure of the amount of irreversibly re-
tained polymer. The breakthrough curves in Figure 6.12 indicate that a certain amount
of polymer is irreversibly retained during the first injection, such that less polymer
is captured by the porous media during the second injection. As a consequence, the
amount of injected pore volumes to reach the inlet concentration is decreased, which
is represented by the shift between the breakthrough curves. To put it in other words,
polymer retention slows down the propagation of the concentration front during in-
jection. In case of purely reversible retention, the breakthrough curves A and B are
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Figure 6.11: Inlet and outlet polymer concentration in the dynamic double-polymer bank method plotted
over the amount of injected pore volumes. The concentrations are normalized by the polymer concentra-
tion in the polymer solution, i. e. s̄Gin,max = 10−3. The polymer concentration at the inlet is controlled
during the experiment, while the concentration at the outlet is measured, cf. Figure 6.10.

identical.
In the following, the amount of hydrodynamic retained polymer corresponding to a
specific (high) flow rate is related to the amount of retained polymers under static con-
ditions. According to the literature [7, 77, 173], it is assumed that static retention con-
ditions also apply for low injection flow rates. In the presented study, Al-Hajri et al. [7]
assumed static conditions up to Qstatic = 1.0ml/min.
Figure 6.13 illustrates the method proposed by Zhang & Seright [173] to determine
hydrodynamic retention, i. e. the flow rate-depended retention. In the beginning, the
double-polymer bank method is carried out at a sufficient low injection flow rate Qstatic.
Subsequently, the double-polymer bank method is applied to the same core, but now
with a higher injection rate, i. e. Q > Qstatic.
The area between the breakthrough curves A and B corresponding to the high injection
flow rate denotes the amount of irreversible hydrodynamic retention, cf. Figure 6.13.
A measure for reversible hydrodynamic retention is given by the area between B and
C. To this end, hydrodynamic retention is measured relative to static retention. In case
of flow rate-independent attachment, the breakthrough curves recorded at high flow
rates (A and B) are matching the static breakthrough curve (C).

Experimental procedure In the experimental study carried out by Al-Hajri et al. [7],
static retention is investigated by applying the double-polymer bank method at 1.0
ml/min. It is a priori assumed that hydrodynamic retention has no significant impact
at such low flow rate.
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Figure 6.12: Determine the amount of irreversible retention from the breakthrough curves corresponding
to the dynamic double-polymer bank method.
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Figure 6.13: Determine the amount of flow rate-dependent retention, i. e. hydrodynamic retention, by
using the method proposed by Zhang & Seright [173].

The experimental determination of the flow rate-dependent polymer retention is deter-
mined for the same sandstone core, which has been previously investigated for static
retention. In this context, the double-polymer bank method is applied subsequently
with flow rates of 3.0, 5.0 and 8.0 ml/min, while the breakthrough curves are recorded
in each test run.
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Figure 6.14: The geometry and boundary conditions for the IBVP corresponding to the 1D core flooding
experiment. Fixed displacements normal to the outer boundaries are applied. The injection flow rate is
controlled at the top boundary, while the pressure is set at the bottom (p̄out = 0). Additionally, the gel
saturation is controlled at the inlet to match the experimental setting.

Numerical realization The 1D polymer transport through the sandstone core is sim-
ulated by the IBVP specified in Figure 6.14. Dirichlet boundary conditions for the dis-
placement field are prescribed on all boundaries. More precisely, normal displacements
are set to zero in order to simulate the core holder in the experimental setting. In ad-
dition, undrained boundary conditions, i. e. homogeneous Neumann boundary con-
ditions, for the pressure field, are set to all domain boundaries except for the injection
and outflow boundaries at top and bottom (dashed lines), respectively. The injection
flow rate q̄in and polymer saturation s̄Gin are controlled at the injection boundary, while
at the outflow boundary only the pressure p̄out = 0 is controlled. Following the double-
polymer bank method, the injection flow rate q̄in is analytically described through the
step-function (cf. Figure 6.11)

s̄Gin =





0, for PVI ≤ PVI 1

s̄Gin,max, for PVI 1 < PVI ≤ PVI 2

0, for PVI 2 < PVI ≤ PVI 3

s̄Gin,max, for PVI 3 < PVI ≤ PVI 4

0, for PVI > PVI 4

. (6.59)

Moreover, the injection flow rate is given by

q̄in =
Q

Across

, (6.60)
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while Across denotes the cross section area of the core, cf. Table 6.1. Furthermore, the
following set of initial conditions is applied to the primary variables

uS,0 = 0 , sG0 = 0 , p0 = 0 , nA
rev,0 = 0 , ∀x ∈ Ω0 × t0 . (6.61)

Note that the initial amount of irreversibly attached polymer nA
irr,0 depends on the case

of retention test, i. e. static or dynamic. Therefore, nA
irr,0 vanishes in case of the static re-

tention at low injection flow rate (double-polymer bank method for polymer-free core).
However, the hydrodynamic retention tests are obtained at the same core after the static
retention has been determined. To this end, the initial amount of irreversible adsorbed
polymer starts at nA

irr,0 = n̄A
irr,0, which corresponds to the amount after the static reten-

tion test.
The material properties and parameters for the simulation are summarized in Table 6.2,
while the elastic parameters for the sandstone Eeff and νeff as well as the dispersion
coefficient DG of the polymer gel in an aqueous carrier fluid are estimated from the
literature, cf. Lake [86] and Sorbie [141].
The polymer solution mobility in Darcy’s law is given by ML = kS

0 /µ
LR, while its spe-

cific value does not influence the polymer solution velocity for flux controlled boundary
conditions. In the further course of this work, the effective viscosity and permeability
are fitted to the experimental data.
The generalized Darcy’s law applied in this modeling approach is derived under the
assumption of laminar flow. Therefore, the Reynolds number Re is introduced through

Re =
ρLRdgrainQ

µLRAcross

(6.62)

to justify the laminar flow-assumption in the following. Herein, dgrain denotes the
medium grain size diameter of the porous skeleton and is here used as the specific
length scale. Typical values for dgrain ranging from 0.2–0.33 mm for Bentheimer sand-
stones, cf. Peksa et al. [114]. For all tested injection rates Q, Re � 1 holds, such that
the laminar flow assumption is valid. More precisely, the Reynolds number is in the
regime 0.287×10−2–2.30×10−2, where dgrain = 0.2mm and µLR = 1.0mPa s have been
assumed in the derivation.
Moreover, a second dimensionless number is introduced to analyze the mass transport
through the porous matrix. The Péclet number Pe relates the convective to the diffusive
transport through

Pe =
dgrainQ

DGAcross

. (6.63)

Herein, the specific length scale has been again chosen to the medium grain size di-
ameter, while the diffusive process is identified with the dispersion coefficient of the
polymer gel. According to Sorbie [141], very low values for the dispersion coefficient
are reported, i. e. DG = 5 × 10−12 m2/s. To this end, the Péclet number is in the range
between 575–4598, which indicates that the polymer transport is strongly convection-
dominated.
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Description Symbol Value Unit
intrinsic solid density ρSR 2381 kg/m3

intrinsic fluid density ρFR 1000 kg/m3

intrinsic polymer gel density ρGR 1000 kg/m3

effective dispersion viscosity µLR 1.0 mPa s
intrinsic permeability kS

0 1991 mD
dispersion coefficient of polymer gel DG 5×10−12 m2/s
initial porosity nL

0 0.195 -
Young’s modulus Eeff 20 GPa
Poisson ratio νeff 0.3 -
length of domain hcore 7.6 cm
start 1. polymer bank PVI 1 3 -
end 1. polymer bank PVI 2 6 -
start 2. polymer bank PVI 3 18 -
end 2. polymer bank PVI 4 21 -

Table 6.2: Material properties used in the core flooding simulation.

Note that a streamline upwind scheme has been applied to the convection-diffusion-
reaction equation (6.50) for numerical stabilization. Following this approach, addi-
tional diffusion in the direction of the convection velocity q has been introduced. More
precisely, the following integral expression

�

Ω

− D̃G

|q|2
(q · grad δsG)(q · grad sG)dv (6.64)

is added to the l.h.s of (6.50). Herein, D̃G denotes the artificial isotropic dispersion
coefficient. In analogy to the analytic solution of a 1D convection-diffusion problem,
the artificial diffusion D̃G is expressed through the computational Péclet number P̃ e
through

D̃G = min{1, P̃ e

3
}P̃ eDG with P̃ e =

max{q1h1, q2h2, q3h3}
2DG

. (6.65)

Note that {q1, q2, q3} and {h1, h2, h3} are the components of the Darcy velocity q and
the local finite element dimensions, respectively. To this end, P̃ e is a mesh-dependent
quantity, which is not directly correlated to the physical-motivated Péclet number Pe.
Further details regarding the implementation of stabilization methods in the finite el-
ement method are well documented by Koch [84], while a comprehensive description
of the mathematical background was intensively discussed by Kuzmin [85].

6.6 Parameter identification to laboratory results

In the following, the continuum-based attachment model is fitted to the results of the
laboratory study carried out by Al-Hajri et al. [7]. The objective is twofold. On the one
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hand, the applicability of the proposed modeling approach is tested, while on the other
hand, functional dependencies of the model parameters with respect to the flow rate
are investigated. The latter one is necessary for generalization of the results, i. e. to
predict the adsorption behavior for various flow rates.
The undetermined model parameters are fitted to the experimental results by using
the Nelder-Mead algorithm. The optimization workflow is illustrated in Figure 6.15.
The workflow starts by initializing the boundary and initial conditions as well as the
fitting parameters. Based on the current parameter set, a core flooding simulation is
carried out and the numerical breakthrough curves are extracted from the simulation
results. Next, a cost function is formulated, which measures the mean squared error
between the simulated and the experimentally obtained breakthrough curves. The goal
of the algorithm is to find the parameter set, which minimizes the cost function. Here,
the Nelder-Mead algorithm [61] is used for the optimization. Note in passing that the
Nelder-Mead algorithm is implemented in the open-source library SciPy, a Python li-
brary for scientific computing, cf. [157].

6.6.1 Irreversible retention for low flow rate injection

The breakthrough curves corresponding to Qstatic are given in Figure 6.16. Before the
first polymer front is injected, the core is fully saturated with brine solution and no
polymer is attached to the solid skeleton. It can be deduced from the area between
the breakthrough curves that a small amount of injected polymer is irreversibly at-
tached, such that the injection concentration is reached earlier for the second bank. The
breakthrough curves are fitted with the previously described two-site capture model
(cf. (6.24) and (6.25)), while model parameters therein are optimized to

nA
irr,eq = 1.73× 10−5 , ka,irr = 1.30× 10−4 s−1 ,

nA
rev,eq = 1.75× 10−5 , ka,rev = 1.46× 10−2 s−1 .

Since the output concentration is exclusively measured during the injection of polymer,
no information of the dynamics of the detachment is accessible from the experimental
results. As a consequence, the detachment coefficient kd,rev is left undetermined. How-
ever, the double-polymer bank method requires that all reversibly captured polymers
are flushed from the core before the second polymer front will be injected. To this end,
the detachment coefficient has been chosen to kd,rev = 1 × 10−2 s−1, which satisfies the
requirement according to the experiment.

6.6.2 Flow rate-dependent retention

The double-polymer bank method is carried out for four different injection rates in or-
der to investigate the flow rate-dependent retention. The breakthrough curves corre-
sponding to 3.0, 5.0 and 8.0 ml/min are respectively given by Figure 6.17a, 6.17b and
6.17c. The amount of reversibly captured polymer increases with increasing flow rate,
such that hydrodynamic retention has been proven experimentally for the tested setup.
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Experimental
breakthrough curves

Update
parameters

Start

Initialize: boundary conditions,
initial conditions, fit parameters

Forward simulation (FEM)

Postprocessing:
calculate breakthrough curves
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calculate least squares error

Save optimized parameters

Error criteria
satisfied?

No

Yes

Minimization algorithm

Figure 6.15: Flowchart for parameter optimization workflow. The model parameters, which are mini-
mizing the cost function, are searched. Here, the cost function is minimized by using the Nelder-Mead
algorithm, cf. [61].

Note that before investigating the hydrodynamic retention for the higher flow rates (3.0,
5.0 and 8.0 ml/min), the same core was subjected to the double-polymer bank method
at Qstatic. Therefore, it is assumed that the adsorption process was terminated before
the hydrodynamic retention tests are carried out.
As expected from a previous study by Zhang & Seright [173], hydrodynamic retention
turns out to be reversible, such that the first and second breakthrough curves of the
same flow rate are identical. To this end, the breakthrough curves corresponding to
the second high flow rate injections are not explicitly illustrated in Figure 6.17a, 6.17b
and 6.17c. In case of modeling the flow rate-dependent retention, use has been made of
the fact that the amount of irreversibly captured polymer during the low flow rate test
is constant for the subsequent hydrodynamic retention tests. Consequently, only the
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Figure 6.16: Breakthrough curves corresponding to dynamic retention for low flow rate (Qstatic =
1.0ml/min). The markers indicate the experimental breakthrough curves, while the lines denote the sim-
ulated results from the continuum model. The volumetric injection flow rate q̄in = 1.44 × 10−5 m/s is
used as boundary condition.

Q [ml/min] ka,rev[s
−1] kd,rev [s−1] nA

rev,eq [-] ka,irr [s−1] nA
irr,eq [-]1

1.0 1.46× 10−2 1.0× 10−2 1.75× 10−5 1.30× 10−4 1.73× 10−5

3.0 2.01× 10−2 1.0× 10−2 3.60× 10−5 1.30× 10−4 1.73× 10−5

5.0 6.70× 10−3 1.0× 10−2 4.27× 10−5 1.30× 10−4 1.73× 10−5

8.0 6.67× 10−3 1.0× 10−2 7.15× 10−5 1.30× 10−4 1.73× 10−5

Table 6.3: Best fit parameters in continuum-based capture model. The irreversibly captured polymer is
a priori assumed to be flow rate-independent.

model parameters nA
rev,crit and ka,rev, which are associated with the reversible polymer

capture, need to be identified for the polymer injection at 3.0, 5.0 and 8.0 ml/min. Note
that the reversible detachment rate is again set to kd,rev = 1 × 10−2 s−1. The optimized
parameters for each individual injection rate are summarized in Table 6.3.
A linear relation between the volume fraction of reversible attached polymers nA

rev,eq

and the injection flow rate can be deduced from the optimized parameters, cf. Figure
6.18a. In addition, a more sophisticated correlation for the reversible attachment rate is
shown in Figure 6.18b. Here, the values for ka,rev are normalized by the absolute Darcy
velocity |q| and fitted to an exponential function. Hydrodynamic polymer attachment
is a velocity-dependent capture mechanisms which is active at higher velocities. To this
end, a threshold velocity |qstatic| = 1.47× 10−5 m/s is defined at which the equilibrium
amount of reversible attached polymer becomes a function of the Darcy velocity. Note
that |qstatic| corresponds through (6.60) to Qstatic = 1.0ml/min. Therefore, the follow-
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10−5 m/s (boundary condition in simulation)
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Figure 6.17: Breakthrough curves corresponding to hydrodynamic retention for various flow rates. The
amount of reversibly captured polymer can be estimated from the area between the curves. The dashed
curve is obtained from the low flow rate injection and is here given as reference. Note that the amount of
captured polymer increases with flow rate. Experimental results in Al-Hajri et al. [7] revealed that the
hydrodynamic retention is completely reversible.

ing split-wise functions are fitted to the experimental results:

nA
rev,eq =

�
anA

rev,eq
+ bnA

rev,eq
|qstatic| , for |q| ≤ |qstatic|

anA
rev,eq

+ bnA
rev,eq

|q| , for |q| > |qstatic|
(6.66)

with anA
rev,eq

= 1.04× 10−5; bnA
rev,eq

= 5.04× 10−1 ,

ka,rev =

�
aka,rev |qstatic| exp(bka,rev |qstatic|), for |q| ≤ |qstatic|
aka,rev |q| exp(bka,rev |q|), for |q| > |qstatic|

(6.67)

with aka,rev = 1578.43; bka,rev = −30923.41 .
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Figure 6.18: Parameters corresponding to reversible attachment plotted over the Darcy velocity.

Finally, the analytic functions for nA
rev,eq and ka,rev allow one to predict the hydrody-

namic retention behavior for flow rates, which differs from the ones used in the labo-
ratory study.

6.6.3 Permeability reduction

The attachment of polymer results in a decrease in permeability. In this context, the
Residual Resistance Factor (RRF) is typically used as a measure of the effective perme-
ability damage due to polymer injection. Therefore, the RRF relates the brine mobility
before polymer injection to the brine mobility after the core has been flooded by a poly-
mer solution. To this end, the RRF is defined through

RRF =
Δppost/Qpost

Δppre/Qpre

, (6.68)

whereΔppre andQpre are the differential pressure and the corresponding flow rate mea-
sured during brine injection before polymer flooding, while in analogy, Δppost and Qpost

denote the differential pressure and induced flow rate for brine injection after polymer
flooding. In this study, the flow rate is constant, while the pressure drop is measured.
According to the laboratory study by Al-Hajri et al. [7], RRF = 1.05 was obtained. This
means that the irreversible retention results also in an irreversible permeability reduc-
tion. Using the previously introduced empirical permeability damage function (6.42)
leads to

RRF =
kS
0

kS
= 1 + βirrn

A
irr,eq → βirr =

RRF − 1

nA
irr,eq

, (6.69)
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such that the permeability damage coefficient evaluates to βirr = 2887. Not that the
permeability reduction does not change with flow rate since hydrodynamic retention
is completely reversible.

6.6.4 In situ rheology of polymer solution in porous media

The Resistance Factor (RF) is used to investigate the influence of the polymer solution’s
in situ rheology on the flow behavior. The RF is defined as the mobility of brine before
polymer injection divided by the mobility of injected polymer solution [172], namely

RF =
Δppolymer/Qpolymer

Δppre/Qpre

=
Δppolymer

Δppre
, (6.70)

whereΔppolymer andQpolymer are respectively the pressure drop and corresponding flow
rate during the injection of polymer. The RF can be rewritten by using the generalized
Darcy’s law to

RF =
kS
0

kS

µLR

µFR
→ µLR =

kS

kS
0

µFRRF =
µFR

1 + βrevnA
rev + βirrnA

irr

RF , (6.71)

where the in situ viscosity µLR becomes finally a function of RF . The permeability
evolution during polymer injection in (6.71) is again modeled through the permeability
damage function (6.42). The influence of irreversible and reversible captured polymer
on the permeability is assumed to be equal, such that the formation damage coefficients
evaluate to the previous identified value βrev = βirr = 2887. Next, RF is calculated from
the measured pressure drops corresponding to the injected flow rates. The results are
summarized in Table 6.5. The increase of RF with increasing flow rate indicates an
effective shear-thickening behavior of the polymer solution (cf. (6.71)). Note that RF is
obtained for quasi-static flow conditions.
A modified Carreau model (6.47) is usually applied to describe the effective non-Newtonian
rheology of polymer solutions in porous media. However, the measured RF indicates a
purely shear-thickening behavior (in situ) of the complex fluid in the range of the tested
injection flow rates. To this end, the fluid is effectively modeled through the Power
Model (6.45), where the fitting parameters evaluate to K∗

PM = 1.433 and n∗
PM = 1.232.

The constitutive relation between the porous media shear rate and the Darcy velocity
(6.30) are applied. The Viscosity Increase Factor (VIF) is obtained by normalizing the
polymer solution viscosity µLR by the brine viscosity µFR, i. e. the viscosity of the car-
rier fluid. In Figure 6.19, the VIF is plotted over the porous media shear rate. The model
is in good agreement to the measured RF from the recorded pressure drops.
The constitutive models for permeability and solution viscosity have been successfully
fitted to the RRF and the RF. The core flooding experiments were exclusively carried
out with a single polymer concentration, such that a concentration-dependent rheol-
ogy model can not be calibrated here. However, it is a priori known that the poly-
mer solution viscosity reduces to the carrier fluid’s viscosity for sG = 0 and reaches
the calibrated results for sG/s̄Gin,max = 1. Based on this admissible conditions, a linear
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Description Symbol Value Unit
reversible damage coefficient βrev 2887.16 -
irreversible damage coefficient βirr 2887.16 -
1. viscosity parameter K∗

PM 1.43 -
2. viscosity parameter n∗

PM 1.23 -
shift factor αpm 1 -
irreversible attachment rate ka,irr 1.73× 10−5 s−1

irreversible detachment rate kd,irr 0 s−1

irreversible volume fraction (eq.) nA
irr,eq 1.3× 10−4 -

reversible detachment rate kd,rev 10−2 s−1

Table 6.4: Constant parameters in effective viscosity model µLR
PM , permeability damage function kS and

polymer attachment model n̂A.

Q [ml/min] |q| [m/s] γ̇pm [1/s]2 RF [-]
1.0 1.47×10−5 24.91 3.26
3.0 4.41×10−5 76.52 4.56
5.0 7.35×10−5 128.60 5.37
8.0 1.18×10−4 212.93 6.12

Table 6.5: Experimentally obtained resistance factor (RF) by Al-Hajri et al. [7].

concentration-dependent model in terms of the power-law parameters is postulated by

KPM = (K∗
PM − 1)

sG

s̄Gin,max

+ 1 and nPM = (n∗
PM − 1)

sG

s̄Gin,max

+ 1 , (6.72)

where K∗
PM and n∗

PM are the calibrated parameters. The concentration- and shear rate-
dependent VIF is finally shown in Figure 6.20, while the different curves indicate the
inter- and extrapolation between the calibrated viscosity model and the Newtonian car-
rier model. For reasons of clarity, the estimated parameters of the viscosity model and
the permeability damage function are summarized in Table 6.4.
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Figure 6.19: VIF obtained from the RF corresponding to different injection flow rates. The bold line
corresponds to the fitted Power Model.
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6.7 Numerical example of calibrated model

In the previous section, the developed continuum model was successfully used to simu-
late the experimental results obtained from core flooding tests. In this context, the con-
stitutive models accounting for polymer retention, permeability damage and effective
polymer solution viscosity were calibrated. Moreover, the estimated model parameters
were carefully investigated, such that further constitutive formulations were deduced.
The 1D core flooding IBVP (cf. Figure 6.14) was sufficient for calibration purposes,
however, the geometry together with the applied boundary conditions induced a ho-
mogeneous velocity distribution, such that the model capabilities with respect to the
expected non-Newtonian rheology could not be properly investigated.
In contrast to the 1D simulations, a more sophisticated polymer injection simulation is
carried out in this section. Therefore, the geometry, boundary conditions and the ap-
plied mesh for the 2D IBVP studied in this section are shown in Figure 6.21. The simu-
lation domain represents a squared plate with uniformly distributed circular holes.
Again, the multi-phase model is governed by the weak forms (6.48)-(6.50) and the lo-
cal volume balance equations (6.10) and (6.11). To this end, the coupled set of balance
equations needs to be solved for the primary variables (6.58). Finally, the problem for-
mulation is closed by applying the constitutive relations from the previous section:

• linear elastic solid stress tensor TS
E (6.18),

• filter velocity q modeled through the generalized Darcy’s law (6.29),

• Power Model for effective polymer solution viscosity (6.45),

• saturation-dependent viscosity parameters (6.72),

• porous media shear rate (6.30),

• permeability damage function (6.42),

• reversible and irreversible particle attachment rates (6.24) and (6.25),

• velocity-dependent reversible attachment (hydrodynamic retention) through func-
tional dependencies (6.66) and (6.67) in (6.24),

• streamline upwind stabilization approach (6.64) in (6.50).

Note that the remaining material and model parameters are chosen in accordance to
Table 6.6, which mainly correspond to the core flooding simulations from the previous
section.
Furthermore, the following set of initial conditions is applied to the primary variables

uS,0 = 0 , sG0 = 0 , p0 = 0 , nA
rev,0 = 0 , nA

irr,0 = 0 , ∀x ∈ Ω0 × t0 . (6.73)
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Dirichlet boundary conditions for the displacement field are prescribed on the outer
domain boundaries. More precisely, normal displacements are set to zero. In addi-
tion, undrained boundary conditions, i. e. homogeneous Neumann boundary condi-
tions for the pressure field, are set to all domain boundaries, except for the injection
and outflow boundaries at top and bottom (dashed lines), respectively. The pressure
and polymer saturation are controlled at the injection boundary (Dirichlet boundary
conditions), while at the outflow boundary only the pressure is controlled. Since the
outflow pressure is set to p̄out = 0 , the pressure difference is in the following equal to
the injection pressure p̄in. The injection pressure increases linearly through the ramp
function

p̄in =

�
p̄in,max t

t∗ , for t ≤ t∗

p̄in,max, for t > t∗
(6.74)

until the plateau value p̄in,max is reached at the threshold time t∗, while the polymer
saturation at the injection boundary follows the step-function

s̄Gin =

�
0, for t ≤ t∗

s̄Gin,max, for t > t∗
. (6.75)

Note in passing that the ramp function for the injection pressure is used for numeri-
cal stabilization. In the further course of this section, the results at times t ≥ t∗ are
exclusively discussed.
The asymmetric boundary conditions as well as the regularly distorted domain induce
an inhomogeneous flow field, which in turn interacts with the velocity-dependent non-
Newtonian polymer solution rheology.
The transport and infiltration of polymer solutions are simulated for injection pressures
p̄in,max ranging between 50 to 200 kPa, while the simulation time is set to 5×104 s for each
individual simulation. Note that for t ≤ t∗ no polymer is injected due to the procedure
mentioned above.
Next, the results corresponding to the finite element solution are illustrated and dis-
cussed. For convenience, the time t has been shifted by −t∗ in the further course of the
analysis, while only results corresponding to constant injection pressures are analyzed.
A comparison between snapshots of the saturation distribution over the domain are
shown in Figure 6.22 for various injection pressures at different times. The injection
pressure increases from left to right, while the time increases from top to bottom. On a
qualitative level, the saturation front’s velocity increases with increasing injection pres-
sure as expected from fluid flow governed by Darcy’s law. However, the transport of
the polymer solution is here modeled through a modified Darcy’s law, which shows
an implicit relation through the velocity-dependent effective viscosity. Therefore, the
propagation of the saturation front depends on both, the pressure gradient and the
effective viscosity.
The velocity- as well as the saturation-dependent solution viscosity distributions are
illustrated in Figure 6.23. Note that the snapshots are arranged in accordance to the
snapshots in Figure 6.22. It can be deduced in a qualitative sense, that the viscosity
increases locally simultaneously to the propagation of the polymer front. Besides this,
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Figure 6.21: The geometry and boundary conditions for the problem under consideration are illustrated
on the left. Fixed displacements normal to the outer boundaries are applied. Pressure boundary conditions
at the top and bottom are prescribed, while the gel saturation is additionally controlled at the top (only at
dashed line). The time-dependent evolution of the saturation and pressure will be later analyzed for two
spatial positions, which are indicated by the points A and B. On the right, the spatially discretized finite
element mesh is shown.

higher viscosities occur at spatial positions at which the flow field is geometrically dis-
torted, i. e. when the flow is channeled through narrow areas.
Due to the asymmetric boundary conditions and the distorted geometry, the absolute
polymer solution velocity varies throughout the domain. To emphasize this point, the
velocity field is illustrated in Figure 6.24 for a constant injection pressure of p̄in =
150 kPa, while snapshots at 0.1h, 1.5h, 2.9h and 7.1h are presented to show the de-
crease in velocity with increasing injected polymer. Note that a quasi-static distribution
is reached when the polymer saturation front is fully propagated through the domain,
cf. Figure 6.22. By plotting the saturation and viscosity over time at fixed points on the
domain, the coupling effects of the model can be analyzed in a more quantitative way.
The spatial positions of the pointsA and B under consideration are illustrated in Figure
6.21. It is expected with respect to Figure 6.24, that the velocity evolution at the differ-
ent points distinguishes significantly from each other. The temporal evolution of the
polymer saturation and the VIF are plotted in Figure 6.25 for injection pressures rang-
ing between 50 to 200 kPa. Shear-thickening is observed simultaneously to the arrival
of the polymer saturation front. As expected, the saturation front is faster for higher
injection pressures. However, the saturation curves are not shifted proportional to the
injection pressures, which is caused by the non-Newtonian rheology. More precisely,
the applied Power Model (cf. (6.45)) dictates a purely shear-thickening behavior for
increasing shear rates, such that the shift of the breakthrough curves becomes smaller
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Description Symbol Value Unit
injection saturation s̄Gin,max 10−3 -
vector of injection pressures p̄in,max [50,100,150,200]T kPa
outlet pressure p̄out 0 Pa
threshold time t∗ 5.0× 103 s
simulation time tmax 5.0× 104 s
domain geometry hsq 1.0 m
domain geometry dsq 0.22 m
distance to point B yB 0.23 m
initial intrinsic permeability kS

0 1991 mD
initial porosity nL

0 0.195 -
intrinsic solid density ρSR 2381 kg/m3

intrinsic fluid density ρFR 1000 kg/m3

intrinsic polymer gel density ρGR 1000 kg/m3

effective carrier fluid viscosity µFR 1.0 mPa s
dispersion coefficient of polymer gel DG 5×10−12 m2/s
Young’s modulus Eeff 20 GPa
Poisson ratio νeff 0.3 -
reversible damage coefficient βrev 2887.16 -
irreversible damage coefficient βirr 2887.16 -
1. viscosity parameter K∗

PM 1.43 -
2. viscosity parameter n∗

PM 1.23 -
shift factor αpm 1 -
irreversible attachment rate ka,irr 1.73× 10−5 s−1

irreversible detachment rate kd,irr 0 s−1

irreversible volume fraction (eq.) nA
irr,eq 1.3× 10−4 -

reversible detachment rate kd,rev 10−2 s−1

Table 6.6: Material parameters and constants used for the simulation.

at higher applied injection pressures. As a practical consequence, in order to double
the saturation front’s velocity, requires more than twice as much of the injection pres-
sure. A closer look at Figure 6.25 reveals that the viscosity evolution can be divided
into three distinct regimes, which are caused by the superposition of the saturation-
and velocity-dependent effects:

1. The viscosity increases due to an increase in polymer saturation, while at the same
time the polymer solution velocity slows down as a consequence of increasing
flow resistance.

2. When the local polymer saturation reaches the injected saturation, the viscosity
starts to decrease due to the decreasing local velocity.

3. The viscosity reaches a constant plateau, when the velocity field equilibrates to
a steady-state. From this point onwards, the polymer saturation throughout the
domain is constant in time, such that the flow resistance does not change anymore.
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Figure 6.22: Snapshots of the gel saturation for different points in time and various injection pressures.

Note in passing, that the permeability evolution to the flow resistance has here only a
negligible influence on the flow resistance.
The temporal evolution of the saturation and the viscosity are qualitatively the same in
point A and B. Due to the spatial locations of the specific points, the saturation front
reaches the points at different times. In addition, the VIFs are shifted for point B to
higher values in comparison to the results at A, which is in accordance to the velocity
distribution at these specific points.
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Figure 6.23: Snapshots of the VIF for different points in time and various injection pressures. The value
pairs of the injection pressure and the injection time correspond to the ones used in Figure 6.22.
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Figure 6.24: The temporal evolution of the velocity distribution is illustrated through four different snap-
shots, while the injection pressure is constant. The color map shows the absolute Darcy velocity, while
the flow field is additionally visualized with the aid of the velocity vectors. Note that the arrows are scaled
by the magnitude of the velocity vectors.
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Figure 6.25: The local evolution of the gel saturation and the pressure at the pointsA andB are compared,
cf. 6.21.



Chapter 7:
Summary and outlook

7.1 Summary

In this manuscript, a multi-phase model for a porous media saturated with a pore liq-
uid and a polymer gel was developed. The polymer gel within the pore space was able
to interact through two distinct mechanisms with the pore liquid and solid skeleton.
In particular, the polymer gel within the pore space was able to attach and detach to
the solid skeleton. Furthermore, absorption and desorption of pore liquid by the poly-
mer gel was additionally incorporated in the model description. The aim of the thesis
was to formulate a general model, which accounts for both mass exchange processes
simultaneously. However, depending on the specific application under consideration,
the superimposed interactions can also be investigated independently from each other.
In this manuscript, the multi-phase material was formulated through a continuum-
based mixture theory – the Hybrid Mixture Theory (HMT). The HMT presented an
excellent framework for modeling both types of mass interactions through appropriate
exchange terms in the corresponding macroscopic mass balance equations. Therefore,
the developed model incorporated the model capabilities in a superimposed fashion.
On the one hand, absorption/desorption of pore liquid by polymers was motivated
by the use of Superabsorbent Polymers (SAPs) as chemical admixture in concrete con-
structions. SAPs are charged hydrogels, which can reversibly absorb large amounts of
aqueous pore fluid and are used to control the free pore water content in the mixture.
On the other hand, attachment/detachment of polymers to the solid skeleton occurs in
polymer flooding, a well-established Enhanced Oil Recovery (EOR) technique. Herein,
a polymer solution composed of polymer gel and pore liquid is injected into a reservoir
rock. During the infiltration, the polymer gel partially attaches to the solid skeleton. In
order to combine both interactions of the polymer gel in a generalized model descrip-
tion, the polymer gel was modeled as a charged hydrogel, which additionally formed
a polymer solution with the pore liquid.
The modeling of absorption and desorption of charged hydrogels required an exten-
sion of the classical continuum mechanical balance equations by the conservation of
electrical charges. For reasons of clarity, the thermodynamic fundamentals of charged
hydrogels were introduced in a separate chapter, cf. chapter 3. In this course, the hydro-
gel was modeled as a two-phase material composed of a charged polymer network and
an absorbed electrolyte. Fixed charges are attached to the polymer chains, while mobile
ions are distributed in the absorbed solution. It was assumed that the charges of the
overall polymer gel are neutralized. Absorption/desorption of pore liquid by the poly-
mer gel was identified with the chemical potential difference. The driving force was
decomposed into a mixing, elastic and an ionic contribution. The first two stemmed
from the theory of elastic gels, while the letter one is given by the Donnan theory for

117



118 7 Summary and outlook

electrolytic solutions. Chemical potential differences with respect to liquid exchange
were derived from the proposed two-phase material, which was identified as the driv-
ing force for absorption/desorption.
In chapter 4, the general HMT model was adapted to the model requirements. Since the
developed model incorporates all requirements in a superimposed fashion, the model
was termed master model. First, the porous media model was decomposed into phases
and species according to the microstructure and the expected material behavior. More
precisely, phases were defined across specific modeling layers (phase levels) to gain a
systematic model description. The model’s complexity was increased by each addi-
tional layer. On phase level I, the mixture was viewed as a porous skeleton filled with
a polymer solution. On the next level, the polymer solution was further resolved into a
polymer gel and a pore liquid, while the solid skeleton was composed of a granular ma-
trix and an attached polymer gel. On phase level III, the attached and fluidized polymer
gel were respectively decomposed into polymer chains and absorbed solution. Species
were further introduced in the mixture model according to the charged hydrogel model
presented in chapter 3.
Constitutive dependencies with respect to the expected material behavior were postu-
lated and the entropy inequality of the overall material was evaluated. Besides con-
stitutive equations for the partial stress tensors and the chemical potential differences,
near-equilibrium results for the seepage and diffusion velocities as well as for the den-
sity production terms were obtained. The seepage and diffusion velocities were simi-
lar to Darcy’s law of fluid flow through porous media and Fick’s law of diffusion, re-
spectively. The driving forces for the density production terms were given by electro-
chemical potential differences. In addition, the driving forces for mass exchange were
superimposed by the change in Helmholtz free energy with respect to the amount of
absorbed and attached mass.
In chapter 5 and 6, two model variants were derived from the master model to investi-
gate absorption/desorption and attachment/detachment processes isolated from each
other. In this context, the postulated constitutive functions were calibrated to experi-
mental findings.
Therefore, a constitutive model predicting reversible pore liquid absorption was inves-
tigated in chapter 5. The effect of a salt concentration on the mass exchange behavior
was incorporated in the constitutive model. In accordance to the results obtained from
the evaluation of the entropy inequality, mass exchange terms between pore liquid and
polymer gel were specified. Following this, the driving force for mass exchange was
expressed through a consistent formulation, which implicitly assumed the reversibility
of the absorption process. Experimental results revealed that this modeling assump-
tion was valid for the tested SAPs. In addition to the driving force for mass exchange,
a constitutive model for the transfer dynamics was developed based on microstruc-
tural processes within the hydrogel. As a consequence, the rate of mass exchange was
linked to a widely accepted swelling-dependent permeability function for hydrogels.
The dynamics of mass transfer depends therefore on the current state of swelling. A
Monte-Carlo method was used to identify the set of unknown model parameters with
respect to experimental data. On the one hand, the equilibrium degree of swelling is
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exclusively governed by the cumulative water activity coefficient, which turned out to
be a function of the salt concentration in the pore fluid. On the other hand, the mass ex-
change rate respectively depends on constant characteristic absorption and desorption
times, which are not influenced by the presence of salt in the pore fluid. Finally, the de-
rived constitutive model was able to mimic the experimental data very well. It is worth
mentioning that through the detailed investigation of microstructural processes, the
dynamics of water transfer was modeled in a reliable fashion with a minimum amount
of fitting parameters.
In chapter 6, the transport and infiltration of a polymer solution through a porous ma-
terial was investigated on the continuum scale. Again, the multi-phase model repre-
sented a systematical reduction of the master model. Inter-phase mass exchange terms
were incorporated in the mass balance equations to account for polymer capture by
the solid matrix. Special attention was paid to the modeling of the kinetic particle cap-
ture process, while the capture mechanisms were derived and finally classified into
reversible as well as irreversible polymer capture. Furthermore, the non-Newtonian in
situ rheology of the polymer solution was addressed by using adequate effective vis-
cosity models (generalized Newtonian models). In addition, an effective permeability
function was incorporated, which relates a permeability damage to the amount of cap-
tured polymer. The parameters in the proposed constitutive models were calibrated
by experimental results from core flooding experiments reported in the literature. The
breakthrough curves and the measured pressure drops showed that the model was in
accordance to the experimental results. The calibrated material model was finally ap-
plied to a more complex boundary value problem to study the coupled constitutive
models against the background of heterogeneous seepage velocity distributions.

7.2 Outlook

Up to now, the developed master model accounts for absorption/desorption and at-
tachment/detachment processes within the pore space of a porous media. These pro-
cesses were effectively modeled through mass exchange terms on the macroscale. The
two types of mass exchange were developed independently and were superimposed in
the modeling framework. However, experimental investigations of simultaneous ab-
sorption and attachment processes in porous media are not yet carried out to the au-
thor’s knowledge. Model improvements and extensions are in the following related to
the two model variants discussed in chapter 5 and 6.
In case of SAP enhanced concrete mixtures, the evolution of the cement phase over
time is essential for predicting the hardening process of the mixture. In the modeling
approach presented in this thesis, the desorption of pore liquid by the hydrogel phase
was modeled, however, the model did not account explicitly for a cement phase and
the potential coupling with the embedded SAPs. To this end, the hydration of a cement
phase needs to be accounted for, while appropriate mass exchange terms between the
pore liquid and the cement phase have to be developed in accordance to experimental
findings.
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The mechanical behavior of SAP modified concrete constructions needs to be addressed
properly for the development of real constructions. Furthermore, experimental studies
showed that the desorption of pore fluid by SAPs leads to air-filled voids in the pore
space. The developed model was fully-saturated, such that the model needs to be ex-
tended by a gaseous phase. In the model derivation was assumed that mass exchange
terms were not coupled to the solid deformation of the porous skeleton. However, for a
high polymer saturation in the pore space, the free swelling hypothesis of SAPs would
be no longer valid. In this case, the mass exchange needs to be coupled to the kinemat-
ics of the solid skeleton. Similar approaches were derived by Ristinmaa et al. [119] for
a multi-phase material based on the HMT. Herein, the deformation gradient was de-
composed into a purely mechanical and a growth part, while only the first contribution
represents a mass-conserving deformation.
In addition, the model variant presented in chapter 6, which was used for simulating
polymer flooding, can be also extended in various manners. Linking the in situ viscos-
ity of the non-Newtonian polymer solution to the bulk viscosity is a very challenging
but crucial task. In the present manuscript, constitutive models for the generalized
Newtonian viscosity and permeability were calibrated to experimental results. How-
ever, the macroscopic behavior of the viscosity with respect to changes in permeability
and polymer concentration were not evident. To this end, an extensive experimental
characterization of the in situ rheology with respect to both porous media and solution
properties are of great interest from a modeling point of view.



Appendix A:
Sensitivity analysis

A sensitivity analysis is a powerful tool to quantify how strong parameter variations in-
fluence the system’s output, here, the cost function. Therefore, a sensitivity analysis is
often used to identify the driving forces which are mainly responsible for the system’s
behavior. As a result, the identified phenomena, which has a non-significant effect to
the model’s output are then neglected to simplify complex models [64]. The sensitivity
coefficient sij measures the change in the system’s output yi(t) due to variations in the
model parameter kj . Large values for the sensitivity imply a large change of the output
due to a small variation of the parameter, while low sensitivities indicate a weak depen-
dency between the (chosen) output and the parameter under consideration. Finally, the
first-order sensitivity coefficient defined by Varma et al. [156] reads

sij =
∂

∂kj

� t

t0

yi(t) dt , (A.1)

where yi(t) is here the i-th continuous solution to a ODE system. The sensitivity defi-
nition given above measures changes in the solution vector integrated over time. More
specific, the sensitivity of the degree of swelling due to variations in the model param-
eters (5.37) is in the focus of this analysis. To this end, the sensitivity definition used in
this contribution reads

sj =
∂

∂kj

� t

t0

q(t) dt . (A.2)

A numerical approximation of (A.2) has been obtained by applying the centered differ-
ence approximation according to

sj =
kj

2Δkj

� t

t0

q(t, kj −Δkj)− q(t, kj +Δkj)

q(t, kj)
dt . (A.3)

where Δkj denotes the perturbation of the parameter kj . Note in passing that the above
equation has been normalized, such that the sensitivity is a dimensionless quantity.
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Appendix B:
Adaptive Metropolis-Hastings algorithm

The vector of search radii r in the proposal step of the Metropolis-Hastings algorithm
influences the acceptance ratio significantly and therefore the efficiency of the algo-
rithm. Large acceptance ratios (too small r) indicate a slow movement in the parameter
space, while in contrast a low acceptance ratio (too large r) results in a stagnation of
the Metropolis-Hastings algorithm. To this end, an optimal step size guarantees an ef-
ficient exploration of the parameter space by accepting a sufficient number of proposed
moves. According to Tarantola [145], an acceptance ratio of 30–50% is desired to obtain
the previous requirements. To meet this requirement, the acceptance ratio is adapted
during the run of the Metropolis-Hastings algorithm, while the following steps are im-
plemented in addition to the proposed scheme in chapter 5.4.3:

1. Start with an arbitrary choice for r and run a fixed number of loops, while record-
ing the accepted parameters.

2. Calculate the standard deviations σac from the vector of accepted parameters.

3. Determine the current acceptance ratio of the previous interval, which relates ba-
sically the accepted loops to the number of loops within the interval.

4. Next, the search radius is substituted by r = αr σac. Furthermore, αr scales the
vector-valued step size in an adaptive fashion, such that the desired acceptance
ratio is reached throughout the algorithm runs. Initially αr is set to 1.

5. The step size is adapted by updating αr, when the acceptance ratio is not in the
desired regime.

6. Run again a fixed number of loops and continue with step 3.

The basic idea of the proposed adaptive scheme is to introduce a proper scaling be-
tween the variations of the model parameters. This scaling should reflect somehow the
sensitivity of the parameters with respect to the cost function. It turns out that the vec-
tor of standard deviations calculated with respect to a sufficient number of accepted
loops tunes the parameter variation vector Δk pretty well.
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Appendix C:
From pipe flow to Darcy-scale

zp

rp

Lp

vz(rp)

p1 p0

2Rp

Qp

Figure C.1: Fluid flow driven by a constant pressure gradient Δp/Lp through a cylindrical pipe with
radius Rp and length Lp. The pressure difference Δp is given by p0 − p1, while p1 > p0 is here assumed.
Note that a cylindrical coordinate system (rp, zp) is used for the mathematical description.

In the following derivation, an analytic approach for modeling non-Newtonian fluid
flow through porous media is presented. Starting point is the analytical derivation of
the volumetric flow rate Qp through a single pipe. Next, the results are upscaled to a
porous media by using the effective media theory. Finally, a porous media shear rate
γ̇pm can be expressed in terms of the Darcy velocity. The first part of the derivation is
mainly taken from the textbook by Rütten [120], while the second part, the upscaling
to the Darcy-scale, was already published by Cannella et al. [37].

Pipe flow Fluid flow through a straight, cylindrical pipe with radius Rp and length
Lp is driven through a constant pressure gradient Δp/Lp, cf. Figure C.1. It is further
assumed that the flow is laminar, stationary and fully developed. According to the
assumptions, the velocity field reduces to one component, namely vz(rp), which denotes
the velocity in axial direction. The balance of linear momentum in axial direction yields
to a relation for the shear stress τrz through

2

rp
τrz(rp) =

∂p(zp)

∂zp
, (C.1)

where the pressure gradient reduces to

∂p(zp)

∂zp
=

Δp

Lp

. (C.2)

To this end, the shear stress is directly linked to the pressure gradient by

τrz =
Δp rp
2Lp

. (C.3)
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The volumetric flow rate for an arbitrary fluid rheology calculates to

Qp = 2 π

Rp�

0

rpvz(rp)drp , (C.4)

which can be rewritten in terms of the shear rate γ̇p to

Qp = −π

Rp�

0

r2pγ̇pdrp . (C.5)

Note that the shear rate is related to the velocity field through

γ̇p =
dvz(rp)

drp
. (C.6)

In the derivation of (C.5), the identity
Rp�

0

rpvz(rp)drp =

�
1

2
r2pvz(rp)

�Rp

0

−
Rp�

0

1

2
r2p
dvz(rp)

drp
drp (C.7)

has been exploited, which stems from the partial integration
d

drp

�
1

2
r2pvz(rp)

�
= rpvz(rp) +

1

2
r2p
dvz(rp)

drp
. (C.8)

The first term on the r.h.s of (C.7) vanishes due to the no-slip boundary condition at the
wall, i. e. vz(rp = Rp) = 0.
Substituting the power-law fluid model τrz = CPM γ̇nPM

p in (C.3) and insert the result in
(C.5) yields after integration over the radius to the flow rate

Qp,PM =
πnPM

3nPM + 1

�
Δp

2CPM Lp

�1/nPM

R(3nPM+1)/nPM . (C.9)

Herein, nPM andCPM are model parameters of the power-law fluid model. For nPM = 1
and CPM = µnewton, the well-known Hagen-Poiseuille equation is obtained by

Qp,newton =
πR4

p

8µnewton

Δp

Lp

. (C.10)

Herein, µnewton denotes the constant viscosity of a Newtonian fluid. An effective viscos-
ity is calculated by comparing the Newtonian (C.10) to the non-Newtonian case (C.9)
and assuming the same volumetric flow, i. e. Qp,PM = Qp,newton. To this end, the effec-
tive viscosity becomes

µp,eff = CPM
3nPM + 1

4nPM

�
RpΔp

2LpCPM

�(nPM−1)/nPM

. (C.11)

Since the effective viscosity has to satisfy µp,eff = CPM γ̇nPM−1
p,eff , the effective shear rate

computes to

γ̇p,eff =

�
3nPM + 1

4nPM

�1/(n−1)�
ΔpRp

2LpCPM

�1/n

. (C.12)
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Darcy-scale The results based on the pipe flow are now upscaled to the Darcy-scale
by using the effective media theory, cf. [37]. In this approach, the porous media model
is treated as a set of parallel capillary tubes, such that an equivalent tube radius Req can
be defined. In general, Req is a function of the macroscopic properties of the porous
media: the effective porosity nL, intrinsic permeability kS and the tortuosity Ψtor. The
(absolute) Darcy velocity of the tube model |q|, i. e. the surface specific discharge, is
obtained from the volumetric flow rate through

|q| = Qp

Aeq

nL with Aeq = πR2
eq . (C.13)

Herein, Aeq denotes the pipe’s equivalent cross sectional area. Inserting the volumetric
flow rate of the power-law fluid (C.9) in (C.13) and substituting the tube radius by the
equivalent tube radius of the porous media results in the following relation for the
Darcy velocity

|q| = nPMnL

3nPM + 1

�
Δp

2CPMLp

�1/nPM

R(nPM+1)/nPM
eq . (C.14)

In case of a Newtonian fluid (nPM = 1, CPM = µnewton), |q| has to reduce to the classical
Darcy’s law. Therefore, Req =

�
8kS/nL yields to the well-known relationship. Follow-

ing Cannella et al. [37], the equivalent tube radius is in the following defined through

Req =

�
8kSΨtor

nL
. (C.15)

Finally, the Darcy velocity for non-Newtonian fluid flow becomes

|q| = nPMnL

3nPM + 1

�
8kSΨtor

nL

�(nPM+1)/2�
Δp

2CPMLp

�1/nPM

. (C.16)

Substituting the equivalent radius (C.15) and the Darcy velocity (C.16) in (C.12) yields
to the porous media shear rate

γ̇pm =
4√
8Ψtor

�
3nPM + 1

4nPM

�nPM/(nPM−1) |q|√
kSnL

(C.17)

Zamani et al. [170] simplified the relationship between Darcy velocity and porous media
shear rate to a linear expression

γ̇pm = αpm
|q|√
kSnL

. (C.18)

Herein, αpm is in general an empirical parameter, while the above equation is equivalent
to the analytical solution by choosing

αpm =

�
2

Ψtor

�
3nPM + 1

4nPM

�nPM/(nPM−1)

. (C.19)
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The use of polymers in fluid-saturated porous media has in-

creased in relevance during the last years. Polymers, which ex-

ist in the pore space of a solid skeleton, are able to interact with

the pore fluid as well as with the solid. The interactions cause

changes in the macroscopic behavior, while especially transport

and transfer processes within the pore space are affected. The

precise knowledge of these processes over time is a key factor

for developing innovative applications in petroleum engineering

but also for innovative building materials.

Therefore, the aim of this thesis is to develop a multi-phase

model for simulating the coupled processes in such kind of ma-

terial. With such model, the physical behavior of water-soluble

polymers in petroleum engineering and the swelling behavior of

hydrogels in polymer-enhanced building materials can be pre-

dicted over time. The coupled processes are simulated by solving

the system’s governing equations in a finite element framework

and are validated through experimental results.
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