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Abstract

The present work deals with the construction, analysis and numerical implementation

of constitutive variational principles for the description of dissipative material behavior

at small and large deformations. Such variational formulations are particularly suitable

for coupled multifield problems and allow to model the interactions of different physical

fields in a mathematically elegant way. In this context, special attention is paid to the

versatility and flexibility of variational principles. A broad class of dissipative processes in

solids are treated which are often due to structural irreversible changes on the microscale.

In this sense, there is a close link to the laws of thermodynamics and the principles of

material theory. After a short introduction to these, a general recipe for constructing

variational principles of simple rheological models is presented. This will already show

essential concepts of the approach. After that, the focus is put on crack propagation in

ductile materials. The phenomenon is treated within the framework of innovative phase

field approaches which are understood as specific gradient-damage theory, but with roots

in fracture mechanics. The coupling is done with a model of gradient-plasticity in order

to scale not only the damage but also the plastic zone. Furthermore, a micromorphic

extension is incorporated which, on the numerical side, makes the capture of spatial

elastic-plastic transitions easier. Next, the phase field method is also used to model crack

growth in anisotropic brittle materials. The basic idea is an anisotropic modification of

the purely geometrically motivated crack surface density based on the theory of tensor

invariants. The resulting structural tensors represent the microstructure of the material.

A modified length scale is obtained, which subsequently leads to an anisotropic Griffith

critical energy release rate. The latter causes crack propagation directions that differ

drastically from those in isotropic materials. This is shown in several numerical examples

that are consistent with experimental findings documented in the literature. Another

part of the thesis discusses a new minimization principle for the coupled problem of fluid

transport in fully saturated poroelastic media. It is based on the identification of the

fluid flow vector as canonical variable which, together with the deformation, determines

the energy and dissipation functionals. Here, particular attention is paid to the advan-

tages of the associated finite element formulation which is not restricted by the discrete

inf-sup stability condition. Formally, various saddle point formulations can be deduced

from this minimization principle, which underlines its canonical nature. The last part

of the thesis will present a general variational framework for gradient-extended continua,

which also takes into account the strong coupling with temperature evolution. A generic

internal variable is introduced which, together with its first gradient and the entropy,

enters the constitutive functions. The flexibility of the formulation is shown by means of

several modeling examples. In particular, nonisothermal processes are considered within

the Cahn-Hilliard diffusion, gradient-damage and gradient-plasticity. The regularizing

effect of such gradient theories is shown by means of plastic shear band evolution. In ad-

dition, a reduced minimization principle of thermo-gradient-plasticity is used to predict

the localization of elasto-plastic fields in a tensile bar.





Zusammenfassung

Die vorliegende Arbeit befasst sich mit der Konstruktion, Analyse und numerischen Im-

plementation von konstitutiven Variationsprinzipien zur Beschreibung dissipativen Mate-

rialverhaltens bei kleinen und großen Deformationen. Solche variationellen Formulierun-

gen eignen sich besonders für gekoppelte Mehrfeldprobleme und bilden die Interaktionen

verschiedener physikalischer Größen in einer mathematisch eleganten Art und Weise ab.

In diesem Rahmen wird ein besonderes Augenmerk auf die Vielseitigkeit und Einsatz-

flexibilität von Variationsprinzipien gelegt. Es wird eine breite Klasse von dissipativen

Vorgängen in Festkörpern behandelt, welche oft auf strukturelle irreversible Änderungen

auf der Mikroskala zurückzuführen sind. In diesem Sinne gibt es eine enge Verknüpfung

mit den Gesetzen der Thermodynamik und den Prinzipien der Materialtheorie. Nach einer

kurzen Einführung in diese, wird ein allgemeines Rezept zur Konstruktion von Variati-

onsprinzipien anhand einfacher rheologischer Modelle dargelegt. Hierdurch werden bereits

wesentliche Konzepte aufgezeigt. Danach wird das Augenmerk auf die Rissausbreitung

in duktilen Werkstoffen gelegt. Die Behandlung geschieht im Rahmen innovativer Pha-

senfeldansätze, welche als spezifische Gradienten-Schädigungstheorie verstanden werden

können, jedoch eng mit Konzepten der Bruchmechanik verbunden sind. Die Kopplung

erfolgt mit einem Modell der Gradienten-Plastizität um neben der Schädigungszone auch

die plastische Zone skalieren zu können. Des Weiteren wird eine mikromorphe Erweite-

rung eingearbeitet, welche auf der numerischen Seite vor allem das Erfassen der elastisch-

plastischen räumlichen Übergänge erleichtert. Ebenso im Rahmen der Phasenfeldmethode

wird als Nächstes ein Modell zur Beschreibung des Risswachstums in anisotropen spröden

Materialien vorgestellt. Die grundlegende Idee ist dabei eine anisotrope Modifikation der

rein geometrisch motivierten Rissflächendichte basierend auf der Theorie der Tensorinva-

rianten. Die sich dabei ergebenden Strukturtensoren bilden die Mikrostruktur des Materi-

als ab. Man erhält eine modifizierte Längenskala, welche in weiterer Folge eine anisotrope

kritische Griffith-Energiefreisetzungsrate bedeutet. Letztere bewirkt Rissausbreitungsrich-

tungen, die sich fundamental von denen in isotropen Materialien unterscheiden. Dies wird

in einigen numerischen Beispielen gezeigt, die im Einklang mit experimentellen Befunden

aus der Literatur sind. Ein weiterer Abschnitt diskutiert ein neues Minimierungsprinzip

für das gekoppelte Problem des Fluidtransports in vollgesättigten poroelastischen Medi-

en. Es basiert auf der Identifikation des Fluidflussvektors als kanonische Variable, welche

zusammen mit der Deformation das Energie- und Dissipationsfunktional bestimmt. Hier

wird insbesondere auf Vorteile der zugehörigen finite Elemente Formulierung eingegangen,

welche nicht durch die diskrete inf-sup Stabilitätsbedingung eingeschränkt ist. Rein formal

lassen sich des Weiteren verschiedene Sattelpunktformulierungen aus dem Minimierungs-

prinzip herleiten, was dessen kanonische Natur unterstreicht. Als Letztes wird eine allge-

meine Variationsstruktur für gradientenerweiterte Kontinua vorgestellt, welche die starke

Kopplung mit der Evolution der Temperatur berücksichtigt. Es wird eine generische in-

terne Variable eingeführt, welche zusammen mit ihrem ersten Gradienten und der Entro-

pie Eingang in konstitutive Funktionen findet. Die Flexibilität der Formulierung wird

anhand von Modellbeispielen gezeigt. Im Speziellen wird auf nicht-isotherme Prozesse in

der Cahn-Hilliard Diffusion, Gradienten-Schädigung und Gradienten-Plastizität eingegan-

gen. Der regularisierende Effekt solcher Gradiententheorien wird anhand der Formation

plastischer Scherbänder gezeigt. Zusätzlich wird ein reduziertes Minimierungsprinzip der

Thermo-Gradienten-Plastizität herangezogen, um die Lokalisation des elasto-plastischen

Feldes in einem Stab unter Zugbelastung vorherzusagen.
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rigen Zeiten und Betreuung dieser Arbeit. Für das Interesse an der Arbeit, die Übernahme
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3

1. Motivation and Overview

The goal of this work is to present rate-type and incremental variational formulations
for smooth as well as nonsmooth dissipative processes in solids that undergo small and
large deformations. Dissipative problems usually have a multifield character which means
that beside the mechanical deformation, also other physical fields arise as primary vari-
ables. Examples for these other physical fields are the temperature, plastic or damage
variables, species concentrations or fluxes and electric polarization or magnetization fields.
The fundamental question is, how different physical quantities interact with each other
or, in other words, which physical coupling effects occur and how they can be modelled
accordingly within a thermodynamically consistent framework. This is where rate-type
or incremental variational principles take a special role. Roughly speaking, these formu-
lations are based on two constitutive functions only, namely an energy function and a
dissipation potential function. These functions are formulated in terms of a set of canon-
ical variables and their rates, respectively, representing the current multifield state of a
material point. Then, the optimization of a rate-type or incremental global variational
potential governs the full dissipative response of the material at current time. At this
point we want to mention the works Simo & Honein [46], Ortiz & Stainier [42],
Carstensen et al. [9] and Miehe [27] among many others. Variational principles
have a strong versatile character and offer a great flexibility. In this sense, special focus
should be put on canonical formulations which represent the most fundamental problem
statements. If such principles are at hand, other physical variables of interest such as
dissipative driving forces can be included via Legendre transformations. Additionally, if
the incremental variational principle has a pure minimization structure and a nonconvex
potential is at hand, an analysis of material and structural instabilities is possible by
elaborating weak convexity conditions stemming from direct methods in the calculus of
variations, see Dacorogna [10]. With these methods, the formation of microstructures
observed in experiments or buckling phenomena can be predicted. Another important
feature of variational principles is their inherent symmetry which directly influences the
numerical solution by the finite element method. Especially, within a typical Newton-
Rapshon iteration step, the finite element stiffness matrix is governed by the Hessian
of the underlying potential density and is therefore symmetric. On the other hand, the
residuum vector is determined by the Jacobian of this potential density.

The thesis consists of four scientific papers. Each article investigates one of the
following coupled dissipative processes by multifield variational principles and includes
the numerical implementation by the finite element method: (A) evolution of fracture in
solids undergoing small elastic and large plastic deformations, (B) evolution of fracture in
anisotropic brittle materials, (C) diffusion in largely deforming poroelastic media and (D)
evolution of macro- and microstructural fields strongly coupled to the evolving thermal
state in gradient-extended solids undergoing small and large deformations.

The formulations elaborated for (A)–(B) fall into the category of recently developed
phase field models for fracture. These models regularize sharp crack discontinuities within
a pure continuum approach. The fundamental basis for these models is the seminal work
of Francfort & Marigo [14] who propose an energetic minimization principle for the
Griffith-type theory of brittle fracture in isotropic solids. Their formulation overcomes
drawbacks of the classical Griffith theory of linear fracture mechanics, such as the ne-
cessities of an initial crack and pre-knowledge of the crack path. The regularized setting
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of Francfort & Marigo’s variational formulation for fracture is considered in Bourdin

et al. [7] and is inspired by the work of Ambrosio & Tortorelli [3]. The regulariza-
tion comes along with the introduction of an auxiliary variable which can be considered
as a phase field that interpolates between an unbroken and a fully broken state. An im-
portant feature of this model is the treatment of the irreversibility in a time incremental
setting by evolving internal Dirichlet-type conditions on the phase field, see also Kuhn

& Müller [21]. Later, Miehe et al. [33, 32] formulated a phase field model for brit-
tle fracture based on rigorous thermodynamic arguments and the principle of maximum
dissipation. In big contrast, this model uses a local inequality constraint on the rate of
the fracture phase field and can hence be seen as a gradient-damage model, however with
roots in fracture mechanics, see also Amor et al. [4] and Pham et al. [43]. In this
thesis, extensions of the approach of Miehe towards (A) fracturing in ductile materials
and (B) fracture propagation in anisotropic brittle materials are considered. Former are
based on a specific gradient damage formulation which is strongly coupled with models
of elasto-plasticity, see also Ambati et al. [2], Alessi et al. [1] and Miehe et al.

[34]. Key aspects are the coupling with a gradient-plasticity model offering a scaling of
the width of damage and plastic zones, the formulation of a work density function that
splits into energetic and dissipative parts and a micromorphic extension in the sense of
Forest [13]. The modeling of fracturing in anisotropic solids is based on a modification
of the crack surface density function by making use of the theory of tensor invariants.
This leads to definitions of characteristic structural tensors of second and fourth order.
As an overall consequence, an anisotropic Griffith’s critical energy release rate is obtained.

The incremental minimization formulation associated with (C) is the most funda-
mental statement for the coupled problem of Darcy-Biot-type fluid transport in porous
media. As suggested in Miehe et al. [35], the key for attaining a minimization struc-
ture is the definition of rate-of-energy and dissipation potential functionals in terms of
the fluid flux. In this thesis, a special focus is put on conforming and nonconforming
minimization-based finite element designs. They show specific advantages over finite el-
ement formulations based on the classical saddle point principle of poroelasticity which
determines the current deformation and fluid pressure. To be more specific, finite element
formulations of saddle point principles are constrained by the discrete inf-sup condition
which, especially for the classical saddle point principle of poroelasticity, is difficult to
handle with while keeping computational efficiency in mind, see Brezzi & Fortin [8].
A violation of the discrete inf-sup condition often results in unphysical oscillations in
primary fields that propagate inside the domain. Stabilized methods are able to remove
spurious modes but depend on a stabilization parameter that is in general not easy to
identify, see Preisig & Prévost [44]. In contrast, minimization-based finite element
formulations are not affected by the discrete inf-sup condition. However, as a disadvan-
tage one has to point out possible locking behavior in the incompressible fluid limit. As
shown, this can be overcome by a selective reduced integration method which is connected
to an extended saddle point principle that relaxes overconstraints.

Finally, for (D) we develop a versatile incremental variational formulation that is ap-
plicable to a wide range of model problems. Especially, this part of the thesis presents an
extension of the general framework of gradient-extended dissipative solids at large strains
by Miehe [30] to nonisothermal processes. Starting point is the identification of the en-
tropy and the entropy rate, respectively, as fundamental thermal variables which enter the
internal energy and canonical dissipation potential functions. Rigorously distinguishing
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between thermodynamic quantities dual to the entropy and entropy rate, a (generalized)
Legendre transformation of the canonical dissipation potential function yields as opti-
mality condition an entropy evolution equation that must render the structure of the
energy equation. This results in a condition for the “thermally dual” dissipation poten-
tial function which is in line with the fundamental findings of Yang et al. [49] who
deal with local thermo-visco-plasticity. In addition, extended variational principles that
include dissipative driving forces as well as threshold mechanisms are constructed in this
part of the thesis. The versatility of the formulation is underlined by modeling examples
such as Cahn-Hilliard diffusion, gradient-damage and gradient-plasticity strongly coupled
with temperature evolution. For latter model problem, the formation of a shear band is
numerically analysed. Finally, for a specific gradient-plasticity model as well as its micro-
morphic extension, an analytical stability analysis of homogeneous elasto-plastic solutions
in a tensile bar undergoing thermal softening is performed.

The introductory part of the thesis is organized as follows: In Chapter 2, the basics of
continuum mechanics and thermodynamics as well as material theory for solid materials
undergoing large deformations are summarized. A strong accent is put on geometrically
exact formulations which are indispensable when, for example, formulating large strain
plasticity theories. In Chapter 3, the basic recipe for setting up rate-type variational
formulations is shown by means of several rheological models that are combinations of
three basic devices. These three devices are the elastic spring, the viscous dashpot and
the friction device. Even though the models considered are quite simple, the essence
of the variational approach, which is the key subject of the thesis, can be shown quite
nicely. The basics of the variational phase field approach to fracture in brittle solids is
shortly presented in Chapter 4. Here, the fundamental differences of existing models
are discussed and illustrated by means of a tension test of a 1D bar. In Chapter 5, the
appended papers are listed and shortly summarized.
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2. Continuum Mechanics and Material Theory

In this chapter, we shortly review and summarize some important aspects of contin-
uum mechanics and material theory. To describe large deformations of solid bodies and
their states of stress, we use concepts from tensor calculus on manifolds. In this sense,
a main aspect is the elaboration of the tensors’ mapping properties. The basis for this
chapter are lecture notes of Miehe [31] who taught a course on geometrical methods of
continuum mechanics. There exists a wide literature on the mechanics and thermodynam-
ics of solids and we refer to the books Truesdell & Noll [48], Malvern [24], Ogden

[41], Marsden & Hughes [25], Holzapfel [19], Haupt [18] and Gurtin et al. [16],
just to name a few. In addition, we want to point out the book Krawietz [20] which
is written in German. Especially in Marsden & Hughes [25] concepts of differential
geometry on manifolds are used – for this topic we for example refer to Lee [22].

2.1. Geometry of Finite Deformations

In this section, we give a summary on kinematics and introduce the four fundamental
mappings, namely the point, tangent, area and volume maps. In addition, we define
convected metric tensors and deformation rates.

2.1.1. Fundamental Mappings. Let B ⊂ R
ω with dimension ω ∈ {2, 3} be the

reference placement of a material body B into the Euclidean space. The motion of the
body within a time interval T = (0, te) ⊂ R+ is described by the vector-valued deformation
map

ϕ :

{
B × T → R

ω

(X, t) 7→ x = ϕ(X, t) ,
(2.1)

which maps at time t ∈ T points X ∈ B from the reference configuration B to points
x ∈ S of the current configuration S = ϕt(B). The deformation map is restricted by
the pointwise condition (2.4) which makes it one-to-one. We consider the reference as
well as the current configuration as Riemannian C∞-manifolds with coordinate systems
{XA}A=1,ω and {xa}a=1,ω. At every point X ∈ B, the associated differential operators
EA = ∂

∂XA with A = 1, ω span a vector space called tangent space TXB. The cor-
responding dual space at X ∈ B is called cotangent space T ∗

XB and is formed by the
differential operators EA = dXA with A = 1, ω. Latter are defined by the duality prod-
uct 〈EA,EB〉 = δAB in terms of the Kronecker symbol. Likewise, at every point x ∈ S the
associated differential operators ea = ∂

∂xa and ea = dxa with a = 1, ω span the tangent
and cotangent spaces TxS and T ∗

xS, respectively. We denote the Euclidean metric ten-
sors associated with the reference and current configurations by G = GABE

A ⊗EB and
g = gabe

a ⊗ eb. Throughout this text, we assume for simplicity Cartesian coordinates on
both manifolds, i.e. the components of the metric tensors are represented by Kronecker
symbols GAB = δAB and gab = δab.

Next, we define the deformation gradient as the tangent to the deformation map

F (X , t) = Dϕ(X, t) or F a
A =

∂ϕa

∂XA
. (2.2)

It is a mixed-variant two-point tensor and maps material tangent vectors T ∈ TXB to
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spatial tangent vectors t ∈ TxS, i.e.

F :

{
TXB → TxS
T 7→ t = F T ,

(2.3)

see Figure 1. In addition, we have the Jacobian

J(X, t) = detF (X, t) > 0 (2.4)

which has to be positive everywhere in order to rule out penetration of matter. Note
carefully, that the term gradient for F is geometrically unprecise. To see this, consider
a transformation of coordinates {XA} → {X̄A} and {xa} → {x̄a} on the reference and
current configurations. We obtain by applying the chain rule

F a
A =

∂ϕa

∂XA
=

∂

∂XA
xa(ϕ̄b(X̄B)) =

∂xa

∂x̄b
∂ϕ̄b

∂X̄B

∂X̄B

∂XA
(2.5)

and identify the components of the deformation gradient in the (possibly curvelinear)
coordinate systems {X̄A} and {x̄a} as F̄ a

A = ∂ϕ̄a/∂X̄A. Hence, in contrast to components
of real gradients in curvelinear coordinate systems, the components of F do not contain
Christoffel symbols of second kind.

As another fundamental mapping, we consider the one which maps material area
elements A ∈ T ∗

XB to spatial area elements a ∈ T ∗
xS. Considering distinct material

tangent vectors T 1, T 2 ∈ TXB, we define A = T 1×T 2 = NA in terms of a material unit
normal vector N ∈ T ∗

XB and likewise a = FT 1 × FT 2 = n a in terms of a spatial unit
normal vector n ∈ T ∗

xS. Note that normal vectors are usually considered as one-forms
and as such live in the cotangent spaces. The relationship between A and a is given by
the cofactor of the deformation gradient

cof F :

{
T ∗
XB → T ∗

xS
A 7→ a = JF−T A

(2.6)

which is known as Nanson’s formula. Accordingly, the linear map F−T : T ∗
XB → T ∗

xS is
denoted as normal map.

Finally, we construct a material volume element V = 〈T 1,T 2×T 3〉 via three disctinct
tangent vectors T 1, T 2, T 3 ∈ TXB and a spatial volume element v = 〈FT 1,FT 2×FT 3〉.
The relationship between both is given by the Jacobian

J :

{
R+ → R+

V 7→ v = J V
(2.7)

and is referred to as volume map. At this point, we want to point out that the determinant
of a second order tensor equals the determinant of its component matrix in any coordinate
system only if the second order tensor is an endomorphism. The deformation gradient F
is a two-point tensor, and hence we have detF 6= det[F a

A] in general. However, since the
underlying geometry is Euclidean, we have TXB ∼= R

ω and TxS ∼= R
ω and we can see F

as endomorphism if we choose coordinate systems such that the metric coefficients are the
same for every pairing (X,ϕ(X, t)), e.g. Cartesian coordinates. Hence, detF = det[F a

A]
if the coordinate systems {XA} and {xa} are Cartesian, but

detF = det[F̄ a
A]

√
det[ḡab]√
det[ḠAB]

(2.8)

for general (possibly curvelinear) coordinate systems {X̄A} and {x̄a}, see Marsden &

Hughes [25].
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replacemen

X x

B S

F = Dϕ(X, t)

ϕ(X, t)
R

ω

T t

Figure 1: Geometry of finite deformations. The deformation map ϕ(X , t) maps at time
t points X ∈ B to points x ∈ S. The tangent F = Dϕ to this map is called deformation
gradient and maps tangent vectors T ∈ TXB to tangent vectors t ∈ TxS.

2.1.2. Stretch and Convected Metric Tensors. Let a material reference direction
M ∈ TXB with ‖M‖G = 1 be given. The stretch vector λM measures the change of the
deformation in direction M via the directional derivative. We get

(λM )a =
d

dǫ

∣∣∣∣
ǫ=0

ϕa(XA + ǫMA) = F a
AM

A or λM = FM . (2.9)

Due to the mapping properties of the deformation gradient, we see that λM ∈ TxS is
an object that lives in the tangent space associated with a point x ∈ S of the current
configuration. The stretch λM associated with the direction M is defined as the norm of
the stretch vector

λM = ‖λM‖g =
√

〈λM , gλM〉 =
√

(λM )a(λM )bδab . (2.10)

Inserting (2.9) yields when using the definition of the transposition of a second order
tensor

λM =
√
〈FM , gFM〉 =

√
〈M ,CM〉 =

√
MAMBCAB = ‖M‖C (2.11)

in terms of the so called right Cauchy-Green tensor

C = F TgF or CAB = F a
AF

b
B δab . (2.12)

This tensor is symmetric and positive definite and relation (2.11) shows that C : TXB →
T ∗
XB plays the role of a metric on the reference configuration. Especially, we say that

the right Cauchy-Green tensor is the convected current metric obtained by a pull-back
operation

C = ϕ∗
t (g) = F TgF , (2.13)

see the commutative diagram in Figure 2a).

Alternative to the spatial definition (2.9) of the stretch, we consider a material one and
start with considering the spatial reference direction m ∈ TxS with ‖m‖g = 1. Based on

λM = FM = λMm (2.14)

we obtain 1/λM M = F−1m and introduce the material stretch vector

Λm = F−1m or (Λm)A = (F−1)Aam
a (2.15)
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TXBTXB TxSTxS

T ∗
XBT ∗

XB T ∗
xST ∗

xS

C g

FF

F−TF−T

G c

a) b)

Figure 2: Convected metric tensors. a) The right Cauchy-Green tensor C = F T gF is the
pull-back of the spatial metric g. b) The Finger tensor c = F−TGF−1 is the push-forward
of the material metric G.

associated with the directionm. Due to the mapping properties of the inverse deformation
gradient, we see that Λm ∈ TXB is an object that lives in the tangent space associated
with a point X ∈ B of the reference configuration. The inverse stretch can now be
expressed by the norm of the material stretch vector

1

λM
= ‖Λm‖G =

√
〈Λm,GΛm〉 =

√
(Λm)A(Λm)BδAB . (2.16)

Inserting (2.15) gives, when using the definition of the transposition of a second order
tensor, the alternative representation

1

λM
=

√
〈F−1m,GF−1m〉 =

√
〈m, cm〉 =

√
mambcab = ‖m‖c (2.17)

in terms of the so called Finger tensor

c = F−TGF−1 or cab = (F−1)Aa(F
−1)Bb δAB . (2.18)

This tensor is again symmetric and positive definite and relation (2.17) shows that
c : TxS → T ∗

xS plays the role of a metric on the current configuration. We say that
the Finger tensor is the convected reference metric obtained by a push-forward operation

c = ϕt∗(G) = F−TGF−1 , (2.19)

see the commutative diagram in Figure 2b).

2.1.3. Velocity Gradient, Rate-of-Deformation and Spin Tensors. We define
the spatial velocity field

v(x, t) = (
∂

∂t
ϕ(X, t)) ◦ ϕ−1(x, t) (2.20)

which gives for every point x ∈ S a velocity vector v ∈ TxS. The spatial velocity gradient
field is then defined as1

l(x, t) = ∇v(x, t) = (
∂

∂t
F (X, t) ◦ ϕ−1(x, t))F−1(x, t) (2.21)

1We denote by ˙(•) = ∂
∂t
(•)(X , t) the material time derivative.
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and gives for every point x ∈ S a velocity gradient

l = Ḟ F−1 or lab = Ḟ a
A(F

−1)Ab . (2.22)

It is a mixed-variant second order tensor with the mapping property l : TxS → TxS.
Especially, the spatial velocity gradient determines the rate of the stretch vector via

λ̇M = l λM or (λ̇M)a = lab(λM)b . (2.23)

To define symmetric as well skewsymmetric parts of the spatial velocity gradient, we lower
the first index by the spatial metric tensor and obtain

gl = l♭ = d+w with d = sym(gl) and w = skew(gl) (2.24)

or in index representation

δacl
c
b = dab + wab with dab =

1

2
[ lab + (l♭T )ab ] and wab =

1

2
[ lab − (l♭T )ab ] . (2.25)

The covariant second order tensors d : TxS → T ∗
xS and w : TxS → T ∗

xS are called rate-of-
deformation and spin tensors, respectively. Former plays an important role in the spatial
formulation of incremental material laws since it is related to the Lie derivative of the
spatial metric tensor

d = 1
2
£vg (2.26)

with £vg = ġ + l♭ + l♭T and ġ = 0 . Hence, in contrast to the spatial velocity gradient l
defined in (2.22), the rate-of-deformation tensor represents an objective deformation rate.
The corresponding commutative diagram is depicted in Figure 3a). To gain some physical
insight, consider a spatial unit vector m ∈ TxS and let the rate-of-deformation tensor d
be given. Then, the rate of the logarithmic stretch associated with the spatial direction
m is given by

˙lnλM = 〈m,dm〉 . (2.27)

To interpret the spin tensor, consider a spatial unit direction m ∈ TxS which now should
be an eigenvector of the mixed-variant rate-of-deformation tensor

g−1dm = ǫmm or δabdbcm
c = ǫmm

a , (2.28)

where the eigenvalue ǫm represents the rate of the logarithmic stretch in the associated
direction m according to (2.27). Then, the mixed-variant spin tensor governs the rate of
this eigenvector

ṁ = g−1wm or ṁa = δabwbcm
c , (2.29)

where clearly 〈ṁ, gm〉 = 0.

2.2. Stress Tensors and Heat Flux Vectors

In this section, we introduce the notion of stress. Especially, different stress tensors
are defined via the concept of conjugate variables and are geometrically related to each
other. In a way similiar to the concept of stress, heat flux vectors are defined on the
current and reference configurations.
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2.2.1. Stress Power Expressions. One starts with assuming the existence of a trac-
tion vector field t(x, t;n) which depends on a spatial unit vector n. The field t(x, t;n)
represents the reaction force per unit area of a cut surface through the deformed contin-
uum. The orientation of the area element is indicated by the outer normal n. Then, the
Cauchy’s second order stress tensor relates at any point x ∈ S a given unit normal vector
n ∈ T ∗

xS to the traction vector t ∈ TxS, i.e. the traction vector field is

t(x, t;n) = σ(x, t)n or ta = σabnb . (2.30)

Hence, the Cauchy stress tensor is considered as a map σ : T ∗
xS → TxS. It should be

noted, that relation (2.30) relies on the balance of linear momenum. We define at time t
the stress power in the overall body as

∫

S

σ : d dv or

∫

S

σabdab dv (2.31)

in terms of the rate-of-deformation tensor. Using the volume map (2.7), we can alterna-
tively express the stress power in the overall body by

∫

S

σ : d dv =

∫

B

τ : d dV with τ = Jσ . (2.32)

The second order tensor τ is called Kirchhoff stress tensor and differs from the Cauchy
stress tensor just by the Jacobian. The expression

P = τ : d = τ : 1
2
£vg or P = τabdab (2.33)

represents the stress power per unit undeformed volume. We say that the metric tensor
g is the quantity that is energetically conjugate to the Kirchhoff stress tensor τ . Like the
Cauchy stress tensor, τ is a contravariant object defined in the current configuration. Its
pull-back defines the second Piola-Kirchhoff stress tensor

S = ϕ∗
t (τ ) = F−1τF−T or SAB = (F−1)Aa(F

−1)Bb τ
ab (2.34)

which is a map S : T ∗
XB → TXB, see Figure 3b). The stress power (2.33) per unit

undeformed volume can be rewritten as

P = S : 1
2
Ċ or P = SAB(1

2
Ċ)AB (2.35)

and we identify the right Cauchy Green tensor C as the quantity that is energetically
conjugate to the second Piola-Kirchhoff stress tensor S. Note that (2.35) relies on the
symmetry of the Cauchy stress tensor which is an outcome of the balance of angular
momentum, see Section 2.3.3. A partial pull-back of the Kirchhoff stress tensor τ , i.e.
a transformation with respect to the second slot of τ (·, ·), defines the contravariant first
Piola-Kirchhoff stress tensor

P = τF−T or P aA = τab(F−1)Ab (2.36)

which is a map P : T ∗
XB → TxS, see Figure 3b). It takes at any point X ∈ B as input a

unit normal vector N ∈ T ∗
XB, indicating an undeformed area element’s orientation, and
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TXBTXB TxSTxS

T ∗
XBT ∗

XB T ∗
xST ∗

xS

1
2
Ċ d

FF

F−TF−T

S τ
P

a) b)

Figure 3: Rates and stress tensors. a) The Lie derivative £vg of the spatial metric g is the
push-forward of the material time derivative Ċ of the convected metric C. b) The Kirchhoff
stress tensor τ is the push-forward of the second Piola-Kirchhoff stress tensor S. The first
Piola-Kirchhoff stress tensor P is obtained by a partial pull-back of the Kirchoff stress.

gives as result the nominal traction vector T ∈ TxS which represents a reaction force per
unit undeformed area, i.e. the nominal traction vector field is

T (X, t;N) = P (X, t)N or T a = P aANA . (2.37)

Like the deformation gradient, the first Piola-Kirchhoff stress is a two-point tensor. Hence,
it is not surprising that the deformation gradient is the quantity that is energetically
conjugate to the mixed-variant first Piola-Kirchhoff stress

P = gP : Ḟ or P = δabP
bAḞ a

A . (2.38)

In total, we have three equivalent representations of the stress power per unit undeformed
volume

P = gP : Ḟ = S : 1
2
Ċ = τ : 1

2
£vg (2.39)

which are referred to as two-point, material and spatial formulations.

2.2.2. Heat Flux Vectors. In formal analogy to before, we assume the existence
of a scalar heat flux field h(x, t;n) that depends on a spatial unit vector n. The field
h(x, t;n) represents the amount of heat which per unit time flows through unit area of a
cut surface through the deformed continuum body. The orientation of the area element is
indicated by the outer normal n. Then, the Cauchy or spatial heat flux vector relates at
any point x ∈ S a given unit normal vector n ∈ T ∗

xS to the heat flux h, i.e. the spatial
heat flux field is

h(x, t;n) = 〈−q(x, t),n〉 or h = −qana . (2.40)

The spatial heat flux vector field gives for every point x ∈ S a Cauchy heat flux vector
q ∈ TxS. The total amount of heat which per unit time enters/leaves a subregion U ⊂ S
of the deformed body is

∫

U

〈−q,n〉 da =

∫

ϕ−1
t

(U)

〈−JF−1q,N〉 dA (2.41)
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where we have used Nanson’s formula (2.6). The second integrand in (2.41) represents
the nominal heat flux, that is the amount of heat transferred per unit time and per unit
undeformed area

H(X, t;N) = 〈−J(F−1 ◦ϕ)(q ◦ϕ),N〉 . (2.42)

This motivates the definition of the material heat flux vector

Q = JF−1q or QA = J(F−1)Aa q
a (2.43)

and we see that Q ∈ TXB. To underline the analogy to the different geometric settings
of the stress, Q is often called the Piola-Kirchhoff heat flux vector. It can formally be
defined by doing a pull-back operation on the Kirchhoff heat flux vector Jq that differs
from the Cauchy heat flux vector just by the Jacobian.

2.3. Physical Balance Laws

We consider an arbitrary subregion U ⊂ S of the current configuration and replace
the action of the surrounding part B \ U on ∂U by flux terms, i.e. tractions, heat and
entropy fluxes. The change of extensive physical quantities such as mass, linear and
angular momenta, energy and entropy are not only caused by fluxes, but also by source
and supply terms. These are body forces, heat sources and the entropy production.

2.3.1. Balance of Mass. The total mass associated with the subbody U of the
deformed continuum is defined as

m(U) =

∫

U

ρ dv (2.44)

in terms of the spatial mass density ρ which represents mass per unit deformed volume.
In its material form, the balance of mass states thatm(U) must be identical with the mass
associated with the corresponding subbody of the reference (undeformed) configuration

m(U) = m0(ϕ
−1
t (U)) with m0(ϕ

−1
t (U)) =

∫

ϕ−1
t

(U)

ρ0 dV (2.45)

in terms of the time independent material mass density ρ0 which represents mass per unit
undeformed volume. We immediately conclude from (2.45) the local statement of the
balance of mass

Jρ = ρ0 . (2.46)

If we do not want to refer to the reference configuration, we can write the balance of mass
in the alternative form

d

dt
m(U) = 0 . (2.47)

Then, Reynold’s transport theorem, which relies on the relationship J̇ = J div v, yields
after localization the balance of mass in its spatial form

ρ̇+ ρ div v = 0 . (2.48)

Here, ρ̇ denotes the material time derivative of the spatial mass density. Note that these
statements are the simplest forms of the balance of mass since no source and flux terms
are assumed.
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2.3.2. Balance of Linear Momentum. We define the linear momentum associated
with the subbody U of the deformed continuum and the resultant force loading this
subbody

I(U) =

∫

U

ρv dv and F r(U) =

∫

U

ρb dv +

∫

∂U

t da . (2.49)

Here, b is a body force per unit mass and t = σn the traction. The balance of linear
momentum valid for an inertial frame states

d

dt
I(U) = F r(U) . (2.50)

Then, Gauss theorem applied to the boundary integral and Reynold’s transport theorem
together with the spatial form (2.48) of the mass balance yield after localization the spatial
form of the balance of linear momentum2

ρv̇ = ρb+ divσ or ρv̇a = ρba + σab
,b . (2.51)

Here, v̇ denotes the material time derivative of the spatial velocity. To obtain a material
local form of the balance of linear momentum, we multiply (2.51) by the Jacobian J ,
reparametrize the velocity and body force fields V = v ◦ ϕ and B = b ◦ ϕ, make use of
Piola’s identity3

J divσ = DivP or Jσab
,b = P aA

,A , (2.52)

see Marsden & Hughes [25], and insert the material form (2.46) of the balance of mass.
We obtain the result

ρ0V̇ = ρ0B +DivP or ρ0V̇
a = ρ0B

a + P aA
,A . (2.53)

We see that Cauchy’s stress σ and the first Piola-Kirchhoff stress P have fundamental
meanings with respect to the balance of linear momentum.

2.3.3. Balance of Angular Momentum. With respect to a point O fixed in an
inertial frame, we define the angular momentum associated with the subbody U and the
resulting couple force loading this subbody

DO(U) =

∫

U

x× ρv dv and MO(U) =

∫

U

x× ρb dv +

∫

∂U

x× t da . (2.54)

Here, x denotes the position vector pointing from the reference point O to the continuum
point x ∈ S. The concept of a position vector is ultimately related to Euclidean geometry.
As before, b denotes a body force per unit mass and t = σn the traction. Then, the
balance of angular momentum states

d

dt
DO(U) = MO(U) . (2.55)

2In an arbitrary (possibly curvelinear) coordinate system, the components of the divergence of the
Cauchy stress tensor field are expressed by the covariant derivative (divσ)a = σab

|b. For the special
case of a Cartesian coordinate system, the Christoffel symbols of second kind vanish and we simply have
(divσ)a = ∂σab/∂xb = σab

,b.
3Likewise, the components of the divergence of the first Piola-Kirchhoff stress tensor field in a general

(possibly curvelinear) coordinate system are governed by the covariant derivate (DivP )a = P aA
|A.
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Its local statement gives the symmetry of the Cauchy stress tensor

σ = σT or σab = σba . (2.56)

Using the geometric relationships for the different stress tensors given in Section 2.2.1, we
obtain for the first and second Piola-Kirchhoff stress tensors the symmetry relations

FP T = PF T and S = ST or F a
AP

bA = P aAF b
A and SAB = SBA . (2.57)

The unsymmetry of the first Piola-Kirchhoff stress tensor is not a surprise. The relation
“P = P T” does not make sense since the tensors P and P T have different mapping
properties.

2.3.4. Balance of Energy. First, we consider the total energy associated with the
subbody U of the deformed continuum. It is the sum of the kinetic and internal energies
defined as

K(U) =

∫

U

1
2
〈ρv, gv〉 dv and E(U) =

∫

U

ρe dv (2.58)

where e is the specific internal energy which represents the internal energy per unit mass.
Second, the total power loading the subbody is the sum of mechanical and thermal con-
tributions

Pm(U) =

∫

U

〈ρb, gv〉 dv +

∫

∂U

〈t, gv〉 da and Pq(U) =

∫

U

ρr dv +

∫

∂U

h da . (2.59)

Here, r models a heat source with dimension power per unit mass and h = 〈−q,n〉 is the
heat flux crossing the boundary of the subbody. Then, the balance of energy or first law
of thermodynamics states

d

dt
[K(U) + E(U) ] = Pm(U) + Pq(U) . (2.60)

Applying Gauss theorem to the boundary integrals in (2.59) and using Reynold’s transport
theorem together with ġ = 0 and the spatial forms (2.48) and (2.51) of the mass and
linear momentum balances yield after localization the spatial form of the energy balance

ρė = σ : gl − div q + ρr or ρė = σabδac l
c
b − qa,a + ρr . (2.61)

Here, ė is the material time derivative of the specific internal energy. Note that σ : gl =
σ : d due to the symmetry of the Cauchy stress tensor. To obtain a material local form
of the balance of energy, we multiply (2.61) by the Jacobian J , reparametrize the specific
internal energy and heat source power fields e0 = e ◦ ϕ and r0 = r ◦ ϕ, recall the stress
power equivalence Jσ : d = gP : Ḟ , make use of Piola’s identity

J div q = DivQ or J qa,a = QA
,A (2.62)

and insert the material form (2.46) of the balance of mass. The result is

ρ0ė0 = gP : Ḟ −DivQ+ ρ0r0 or ρ0ė0 = δabP
bAḞ a

A −QA
,A + ρ0r0 . (2.63)

Note that due to ρ̇0 = 0 we can rewrite this equation such that the material density does
not show up explicitely

˙̃e0 = gP : Ḟ − DivQ+ r̃0 , (2.64)

where ẽ0 and r̃0 denote the internal energy and heat source power per unit undeformed
volume.
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2.3.5. Balance of Entropy. We consider the total entropy associated with the
subbody U of the deformed continuum and the entropy flow as the sum of an entropy flux
across the boundary ∂U , an entropy supply and an entropy source term

S(U) =

∫

U

ρη dv and H(U) =

∫

∂U

h

θ
da+

∫

U

ρr

θ
dv +

∫

U

ργ dv . (2.65)

Here, η is the specific entropy which represents an entropy per unit mass, h = 〈−q,n〉
the heat flux, r the specific heat source power, θ > 0 the absolute temperature and γ
the specific entropy production rate. For simplicity, we assume that the entropy flux
and entropy supply are only related to heat flux and heat source, and not e.g. to mass
transport. Then, the balance of entropy states

d

dt
S(U) = H(U) . (2.66)

Again, applying Reynold’s transport theorem together with the spatial form (2.48) of the
mass balance yields after localization the spatial form of the entropy balance

ργ = ρη̇ −
1

θ
(ρr − div q)−

1

θ2
〈q,∇θ〉 . (2.67)

Here, η̇ is the material time derivative of the specific entropy. In conceptually the same
manner as before, the material local form of the entropy balance is obtained by multiplying
(2.67) by the Jacobian J , reparametrizing the fields η0 = η ◦ ϕ, Θ = θ ◦ ϕ, r0 = r ◦ ϕ,
γ0 = γ ◦ ϕ, using the relationship ∇θ = F −T∇0Θ between the material and spatial
temperature gradients, recalling the definition (2.43) of the material heat flux vector and
using Piola’s identity (2.62). The result is

ρ0γ0 = ρ0η̇0 −
1

Θ
(ρ0r0 −DivQ)−

1

Θ2
〈Q,∇0Θ〉 . (2.68)

Since ρ̇0 = 0, we can rewrite this equation as

γ̃0 = ˙̃η0 −
1

Θ
(r̃0 −DivQ)−

1

Θ2
〈Q,∇0Θ〉 (2.69)

in terms of the entropy rate, heat source power and entropy production rate ˙̃η0, r̃0 and
γ̃0 per unit undeformed volume. Recalling the energy equation (2.64), we can reformulate
the material form (2.69) of the balance of entropy

D = gP : Ḟ +Θ˙̃η0 −
˙̃e0 −

1

Θ
〈Q,∇0Θ〉 (2.70)

in terms of the dissipation D = Θγ̃0 per unit undeformed volume. This equation suggests
a parametrization of the internal energy by the deformation and entropy. However, since
latter variable is difficult to handle practically, one introduces the Helmholtz free-energy
ψ = ẽ0 −Θη̃0 per unit undeformed volume. Then, (2.70) takes the form

D = gP : Ḟ − Θ̇η̃0 − ψ̇ −
1

Θ
〈Q,∇0Θ〉 (2.71)

which suggests a parametrization of the Helmholtz free-energy by the deformation and
temperature.
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2.4. Concepts of Material Theory

The kinematic relations in Section 2.1 are material independent and so are, up to a
certain point4, the balance equations presented in Section 2.3. In the following section,
we repeat basic principles for the setup of material dependent equations which are needed
for the closure of the continuum-thermodynamical framework.

2.4.1. Principle of Equipresence. A quantity that arises as independent variable
in one constitutive law should also be present in all other constitutive equations unless
physical laws or invariance principles forbid it. As independent variables we identify the
deformation and the temperature.

2.4.2. Principle of Determinism. It is assumed that the thermomechanical mate-
rial response at (X, t) ∈ B × T depends in the most general sense on the full history of
deformation and temperature at all points Y ∈ B. For example, the stress

P (X, t) =
t

P
τ=0

(ϕ(Y , τ),Θ(Y , τ), g(y, τ) ◦ϕ−1(Y , τ);X, t) (2.72)

is determined by the constitutive functional P. Note that we include the spatial metric
tensor g as an additional argument5 which we do for geometric consistency, see the Doyle-
Ericksen formula (2.87). Taking a look at the entropy balance (2.71), we need additional
constitutive functionals that determine at (X, t) ∈ B × T the entropy η̃0, the Helmholtz
free-energy ψ and the heat flux vector Q.

2.4.3. Concept of Internal Variables. It is not practical to calculate e.g. a stress
response at point (X, t) ∈ B×T via (2.72) based on the full history of the deformation and
temperature. Alternatively, a possible path dependence of material behavior is accounted
for by an internal variable field q : B × T → R

δ such that

P (X, t) =P∗
(ϕ(Y , t),Θ(Y , t), g(y, t) ◦ϕ−1(Y , t),q(Y , t);X, t) . (2.73)

The array q has in total δ scalar-valued entries and consists of objects of any tensorial rank
which are defined in the reference configuration. Likewise, we replace the dependency on
the full history of deformation and temperature in all the other constitutive functionals by
including this internal variable field. Note that for all members of q we need to formulate
evolution equations which must fulfill the second law of thermodynamics, see below.

2.4.4. Principle of Local Action. The thermomechanical material response at
(X, t) ∈ B×T is assumed to depend on variables only in an open neighborhoodNX ⊂ B of
X ∈ B. We do Taylor expansions of the deformation, temperature and internal variables,
for example

ϕ(Y , t) = ϕ(X, t) +Dϕ(X, t) (Y −X) + o(‖Y −X‖2G) . (2.74)

For a material of grade n with n ≥ 1, we specify the neighborhood NX by truncating
these Taylor series after the n+ 1 terms. Then, in case of a material of grade one n = 1,
the stress at (X, t) ∈ B × T is governed by a stress response function

P (X, t) = P̂ (ϕ,F ,Θ,∇0Θ, g,q,∇0q;X, t) . (2.75)

4For example, the balance of angular momentum changes drastically if we consider additional couple
stresses.

5In our case, the spatial metric g is Euclidean and hence neither a function of space nor time.
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Likewise, we define entropy and heat flux response functions together with the Helmoltz
free-energy function

ψ(X, t) = ψ̂(ϕ,F ,Θ,∇0Θ, g,q,∇0q;X, t) . (2.76)

Latter plays a very important role in material modeling as shown below.

2.4.5. Principle of Objectivity. We consider a rigid body motion superimposed on
the current configuration S yielding a new configuration denoted by S+. The Euclidean
metric tensor defined on this new configuration is denoted by g+ : Tx+S+ → Tx+S+ and
we choose on the new manifold S+ a coordinate system {xα}. The deformation map

ϕ+(X, t, τ) = Ψ(x, τ) ◦ϕ(X, t) with Ψ(x, τ) = c(τ) +R(τ)x (2.77)

maps at time t+ = t + τ , τ > 0 points X ∈ B from the reference configuration to points
x+ ∈ S+ of the new current configuration S+. Here, c denotes a translation vector and
R ∈ SO+(ω) a rotation tensor which is a member of the special orthogonal group

SO+(ω) =
{
R : TxS → Tx+S+ | g+ = R−TgR−1 and detR = 1

}
. (2.78)

Since the reference configuration B is not affected by the rigid body motion (2.77), material
quantities such as the material temperature gradient ∇0Θ ∈ T ∗

XB or the introduced
internal variables q together with their gradient ∇0q are not influenced. In contrast,
two-point tensors such as the deformation gradient transform by their first index slot

F+ = RF or (F+)αA = Rα
a F

a
A . (2.79)

The principle of objectivity now demands, that a scalar valued state of the material such
as energy or entropy must not be changed by the rigid body motion, for example

ψ̂(ϕ+,F+,Θ,∇0Θ, g
+,q,∇0q;X, t+) = ψ̂(ϕ,F ,Θ,∇0Θ, g,q,∇0q;X, t) (2.80)

for all R ∈ SO+(ω) and τ > 0. This condition imposes important restrictions on the
Helmholtz free-energy function, i.e. it rules out the explicit dependence on (i) the de-
formation ϕ and (ii) the time t. The same observation holds for the entropy response
function. For the tensor-valued stress response function (2.75), the principle of objectivity
demands

P̂ (ϕ+,F+,Θ,∇0Θ, g
+,q,∇0q;X, t+) = RP̂ (ϕ,F ,Θ,∇0Θ, g,q,∇0q;X, t) (2.81)

for all R ∈ SO+(ω) and τ > 0, since its image, the first Piola-Kirchhoff stress tensor, is a
two-point tensor that transforms with respect to the first index slot. Finally, the principle
of objectivity stipulates for the heat flux response function

Q̂(ϕ+,F+,Θ,∇0Θ, g
+,q,∇0q;X, t+) = Q̂(ϕ,F ,Θ,∇0Θ, g,q,∇0q;X, t) (2.82)

for all R ∈ SO+(ω) and τ > 0, since its image, the heatflux Q ∈ TXB, is a material
object. Like for the Helmholtz free-energy function, we see from (2.82) that the heat flux
response function cannot explicitely depend on the deformation ϕ and time t.
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2.4.6. Second Law of Thermodynamics. As a further fundamental restriction, we
must ensure that the dissipation (2.70) is always nonnegative D ≥ 0. This is known as the
second law of thermodynamics. It is common to impose an even stronger condition which
demands nonnegativity on the intrinsic and conductive parts of the dissipation seperately

Dint = gP : Ḟ − Θ̇η̃0 − ψ̇ ≥ 0 and Dcon = −
1

Θ
〈Q,∇0Θ〉 ≥ 0 (2.83)

where (2.83)1 is called the Clausius-Planck inequality and (2.83)2 the Fourier inequality.
Taking the time derivative of the Helmholtz free-energy function (2.76) and considering
the result stemming from the principle of objecticity together with ġ = 0 , we can rewrite
the Clausius-Planck inequality in the form

Dint = [ gP − ∂F ψ̂ ] : Ḟ − [ η̃0 + ∂Θψ̂ ]Θ̇− 〈∂∇0Θψ̂,∇0Θ̇〉 − 〈∂qψ̂, q̇〉 − 〈∂∇0qψ̂,∇0q̇〉 ≥ 0 .
(2.84)

From this inequality, the standard Coleman-Noll argument for unconstrained materials
concludes6

gP = ∂F ψ̂ , η̃0 = −∂Θψ̂ and ∂∇0Θψ̂ = 0 . (2.85)

Hence, the stress and entropy response functions are governed by the Helmholtz free-
energy function. In addition, (2.85)3 excludes the dependency of the Helmholtz free-energy
on the temperature gradient and we finally get the reduced representation

ψ(X, t) = ψ̂(F ,Θ, g,q,∇0q;X) . (2.86)

The inclusion of the spatial metric g as an argument allows to express the Kirchhoff stress
via the formula of Doyle-Ericksen

τ = 2∂gψ̂ or τab = 2
∂ψ̂

∂gab

∣∣∣∣∣
gab=δab

(2.87)

which relies on the spatial representation of the stress power per unit undeformed volume
(2.39) and again on the Coleman-Noll argument for unconstrained materials. Observe,
that according to the principle of objectivity the Helmholtz free-energy function must
fulfill the invariance requirement

ψ̂(RF ,Θ,R−TgR,q,∇0q;X) = ψ̂(F ,Θ, g,q,∇0q;X) (2.88)

for all R ∈ SO(ω). This condition is fulfilled a priori by a representation in terms of the
right Cauchy-Green tensor

ψ(X, t) = ψ̃(C,Θ,q,∇0q;X) . (2.89)

Then, taking into account the material representation of the stress power per unit unde-
formed volume (2.39), the second Piola-Kirchhoff stress tensor follows from the standard
Coleman-Noll argument for unconstrained materials as

S = 2∂Cψ̃ . (2.90)

6Examples for internal material constraints are inextensibility and incompressibility, see Ogden [41].
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It remains the reduced Clausius-Planck inequality

Dint = −〈∂qψ̂, q̇〉 − 〈∂∇0qψ̂,∇0q̇〉 ≥ 0 (2.91)

which poses a restriction on evolution laws for the internal variables q. To fulfill this
inequality a priori, one often makes use of so called dissipation potential functions. For
rheological models (point problems) this approach is presented in Chapter 3. For a treat-
ment of the inequality (2.91) including the gradient term, we refer to Miehe [30].

Finally, a heat flux response function is constructed such that Fourier’s inequality
(2.83)2 is fulfilled. For the Kirchhoff heat flux vector Jq, we choose a Fourier-type law

Jgq = −κ∇θ or Jδabq
b = −κ θ,a (2.92)

in terms of the heat conduction coefficient κ > 0. Recalling definition (2.43), the material
heat flux response function reads

Q̂(F , g,∇0Θ) = −κC−1∇0Θ or QA = −κ(C−1)AB Θ,B (2.93)

which conforms with the objectivity demand (2.82). Since the right Cauchy-Green tensor
is positive definite, this material law of heat conduction fulfills Fourier’s inequality (2.83)2.

2.4.7. Principle of Material Symmetry. Materials like crystals possess certain
symmetries due to their microstructures. A symmetry is mathematically described by a
symmetry group G which consists of all rotations that leave the microstructure unchanged.
A list of the generators of these groups can be found in Truesdell & Noll [48] for all
crystal systems and transverse isotropy. In this sense, we consider a rotation superimposed
on an infinitesimal subbodyNX ⊂ B of the reference configuration. Hence, tensors defined
on the current configuration are unaffected. It is important to note, that with such a
local concept, a new rotated reference configuration cannot be introduced. We define the
modified tangent map

F ∗ = FR−1 or (F ∗)aA = F a
B (R−1)BA (2.94)

for any rotation tensor R that is a member of the special orthogonal group

SO(ω) = {R : TXB → TXB |G = RTGR and detR = 1} . (2.95)

Then, for a given symmetry group G ⊆ SO(ω), the principle of material symmetry de-
mands7

ψ̂(F ∗,Θ, g,R ⋆ q,R ⋆∇0q;X) = ψ̂(F ,Θ, g,q,∇0q;X) (2.97)

for all R ∈ G. It means that the energetic state must not change if the material element
is rotated by any member of its symmetry group before deformation. According to the

7Rayleigh product. For example, for a covariant tensor T of rank n ≥ 0, the Rayleigh product with
a mixed-variant second-order tensor R ∈ TXB ⊗ T ∗

X
B is defined as

R ⋆ T = TA1...An
(R−TEA1)⊗ ...⊗ (R−TEAn) . (2.96)
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isotropication theorem, the anisotropic scalar-valued tensor function (2.97) can be made
isotropic by introducing a structural tensor M as additional argument

ψ̂(F ∗,Θ, g,R ⋆ q,R ⋆∇0q;R ⋆M ,X) = ψ̂(F ,Θ, g,q,∇0q;M ,X) (2.98)

for all R ∈ SO(ω), where M models the microstructural symmetry via the invariance
requirement R ⋆M =M for all R ∈ G. A list of invariants forming the basis of isotropic
scalar-valued tensor functions can be found in e.g. Boehler [6].
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3. Variational Principles for Rheological Models

In this chapter, we consider an elementary characterization of mechanical material
responses. We think about a material element that is loaded within a time interval
T = (0, te) by a stress σ(t) and deforms by a strain ε(t). With the help of experiments,
we can basically distinguish four types of material behavior, see for example Haupt [18]:

1. Elasticity describes rate-independent material behavior without hysteresis.

2. Elasto-plasticity describes rate-independent material behavior with hysteresis.

3. Visco-elasticity describes rate-dependent material behavior and the equilibrium curve,
that is reached by a relaxation process, does not show a hystersis.

4. Visco-elasto-plasticity describes rate-dependent material behavior and the equilib-
rium curve shows a hysteresis.

These four types of material behavior may be described by serial and parallel combinations
of three basic material devices. These are the spring characterizing elastic behavior, the
dashpot characterizing viscous behavior and the friction element which models plastic
behavior, see Figure 4. Especially, the material models of the three devices are

• Hooke’s law σe = E εe

• Newton’s law σv = H ε̇v

• St. Venant’s law

{
|σp| ≤ y0 for ε̇p = 0
|σp| = y0 for ε̇p 6= 0 ,

with Young’s modulus E > 0, viscosity H > 0 and yield stress y0 > 0. Each of these
devices is now analyzed in more detail, where a specific focus is put on variational princi-
ples. Once these are set up, more complicated material models based on these three basic
devices can be formulated quite easily. The basis for this chapter are the lecture notes of
Miehe [29].

3.1. Elementary Formulation of Basic Rheological Devices

We now analyze the single spring, dashpot and friction elements. To do so, we consider
within a time interval (0, t) ⊆ T the work done on the material element

W t
0 =

∫ ε(t)

ε(0)

σ dε̄ =

∫ t

0

P dt̄ with P = σε̇ (3.1)

in terms of the stress power P.

3.1.1. Variational Principles for Elastic Device. A material is called (hyper)-
elastic if the process it undergoes is reversible, i.e. if in a closed strain cycle the work
(3.1) is zero. Hence, for any t ∈ T there must exist a potential ψ(t) such that (3.1) is
expressed by the difference

W t
0 = ψ̂(ε(t))− ψ̂(ε(0)) (3.2)
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Figure 4: Three basic material devices. a) Spring characterizing elastic response via
Hooke’s law, b) dashpot modeling viscous response via Newton’s law and c) friction device
characterizing plastic response via St. Venant’s law.

where ψ̂(ε(·)) is called the stored-energy function. Thus, we have for elasticity the balance

P =
d

dt
ψ̂(ε) (3.3)

or by using the chain rule

σ ε̇−
d

dt
ψ̂(ε) = [ σ − ∂εψ̂ ] ε̇ = 0 . (3.4)

Since this equation has to hold for any strain rate ε̇, we can conclude for the stress

σ(t) = ∂εψ̂(ε(t)) . (3.5)

The stored-energy function must fulfill the conditions of (i) normalization ψ̂(0) = 0 and

∂εψ̂(0) = 0 for a stress-free initial state and (ii) strict convexity

ψ̂(aε1 + (1− a)ε2) < aψ̂(ε1) + (1− a)ψ̂(ε2) for all ε1 6= ε2, a ∈ (0, 1) (3.6)

for a stable (one-to-one) elastic material response. An equivalent statement of the strict
convexity condition (3.6) is

ψ̂(ε2) > ψ̂(ε1) + ∂εψ̂(ε1)(ε2 − ε1) for all ε1 6= ε2 . (3.7)

With such a stored-energy function at hand, we define the potential

π̂e(ε; t) = ψ̂(ε)− σext(t)ε (3.8)

associated with a spring device that is loaded by an external stress σext(t). Then, the
strain at time t follows by minimizing this potential

εt = Arg{ inf
ε
π̂e(ε; t) } . (3.9)
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From the strict convexity condition (3.7), it follows that a sufficient condition for the
existence and uniqueness of a global minimizer εt, i.e. π̂e(εt) < π̂e(ε) for all ε 6= εt, is a
vanishing first derivate of the potential evaluated at εt. We have the Euler equation

∂επ̂e(εt; t) ≡ ∂εψ̂(εt)− σext(t) = 0 (3.10)

which is just the stress equilibrium in the spring.8

To derive a principle alternative to the primal formulation (3.9), we consider the
Legendre transformation of the stored-energy function

ψ̂∗(σ) = sup
ε
[ σε− ψ̂(ε) ] or ψ̂(ε) = sup

σ
[ σε− ψ̂∗(σ) ] (3.11)

which can be understood as a change of variable by the energetically conjugate quantity.
ψ̂∗(·) is the dual function of the stored energy ψ̂(·) and is refered to as complementary

energy. Due to the strict convexity of ψ̂(·), the complementary energy is also strictly
convex. The optimality conditions of (3.11) define in an inverse format the strain in
terms of the stress and vice versa

σ = ∂εψ̂(ε) and ε = ∂σψ̂
∗(σ) . (3.12)

As an example, we look at the simple quadratic stored-energy function ψ̂(ε) = 1/2Eε2

with Young’s modulus E > 0 and determine the complementary energy via (3.11)1. The
corresponding optimality condition (3.12)1 results in Hooke’s law σ = Eε and solving for

ε yields, when inserting in σε− ψ̂(ε), the complementary energy ψ̂∗(σ) = 1/(2E)σ2.

Recalling the potential (3.8), the Legendre transformation (3.11)2 now motivates the
definition of the mixed potential

π̂∗
e(ε, σ; t) = σε− ψ̂∗(σ)− σext(t)ε (3.13)

in terms of the complementary energy. Then, the strain and the stress at time t are
governed by the mixed saddle point principle

{ εt, σt } = Arg{ inf
ε

sup
σ

π̂∗
e(ε, σ; t) } . (3.14)

We obtain as sufficient optimality conditions the Euler equations

1. ∂επ̂
∗
e(εt, σt; t) ≡ σt − σext(t) = 0

2. ∂σπ̂
∗
e(εt, σt; t) ≡ εt − ∂σψ̂

∗(σt) = 0
(3.15)

which represent the stress equilibrium and the inverse constitutive definition of the stress.
The mixed saddle point principle (3.14) is generally known as the Hellinger-Reissner
principle of elasticity and falls into the category of primal-dual formulations.

8A vanishing first derivative of the potential is always a necessary condition for local unconstrained
optimality as can be shown by doing a Taylor expansion. If the potential is convex, a vanishing first
derivative is a sufficient condition for the existence of (at least) one minimizer.
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Figure 5: Dissipation potential functions. a) Function satisfying conditions (i)–(iii), b)
function not fulfilling the condition (ii) of nonnegativity and violating the dissipation in-
equality (3.24) in the grey region and c) function violating the convexity condition (iii) but
satisfying the dissipation inequality (3.24) everywhere.

To obtain a principle that is dual to the primal formulation (3.9), we assume the order
of the supremum and infimum in (3.14) to be interchangeable9

inf
ε

sup
σ

π̂∗
e(ε, σ; t) = sup

σ
inf
ε
π̂∗
e(ε, σ; t) = sup

σ=σext(t)

[−ψ̂∗(σ) ] , (3.17)

where in the last equality we took note that infε π̂
∗
e(ε, σ; t) = −∞ unless σ = σext(t). The

constrained maximization formulation in (3.17) is known as Castigliano’s principle. So far,
the elastic material device was driven by an externally applied stress σext(t). Alternatively,
we can load the material element by controlling the strain εext(t) and define the potential

π̃∗
e(σ; t) = ψ̂∗(σ)− σεext(t) (3.18)

in terms of the complementary energy. Then, the stress at time t is determined via the
minimization principle

σt = Arg{ inf
σ
π̃∗
e(σ; t) } . (3.19)

The corresponding Euler equation is

∂σπ̃
∗
e(σt; t) ≡ ∂σψ̂

∗(σt)− εext(t) = 0 (3.20)

which defines the stress in an inverse constitutive format.

3.1.2. Variational Principles for Viscous Device. A viscous material is charac-
terized by a fully dissipative response which is rate-dependent. The (dissipative) stress
σ is in a one-to-one relationship with the strain rate ε̇. We consider the work W t

0 done
on the dashpot device as defined in (3.1) which is fully dissipated, that means converted
into heat. This is expressed by the balance

W t
0 = Dt

0 with Dt
0 =

∫ t

0

D dt̄ (3.21)

9Note carefully, that this assumption is not always true. In general, it just holds that

inf
ε
sup
σ

π̂∗
e (ε, σ; t) ≥ sup

σ

inf
ε
π̂∗
e(ε, σ; t) . (3.16)
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in terms of the dissipation D. Thus, the stress power P is identical to the dissipation

σε̇ = D ≥ 0 (3.22)

which must be nonnegative according to the second law of thermodynamics. Following
Biot [5], Moreau [39] and Halphen & Nguyen [17], we introduce a (viscous) dissi-

pation potential function φ̂(ε̇(·)) that determines the stress in terms of the strain rate

σ(t) = ∂ε̇φ̂(ε̇(t)) . (3.23)

Note, that for viscous material behavior the function φ̂(·) is smooth. The dissipation
inequality (3.22) takes the form

D = ∂ε̇φ̂(ε̇) ε̇ ≥ 0 (3.24)

which is a priori fulfilled for a dissipation potential function that is (i) normalized φ̂(0) = 0,

(ii) nonnegative φ̂(·) ≥ 0 and (iii) convex

φ̂(aε̇1 + (1− a)ε̇2) ≤ aφ̂(ε̇1) + (1− a)φ̂(ε̇2) for all (ε̇1, ε̇2), a ∈ [0, 1] . (3.25)

An equivalent statement of the convexity condition (3.25) is

φ̂(ε̇2) ≥ φ̂(ε̇1) + ∂ε̇φ̂(ε̇1) (ε̇2 − ε̇1) for all (ε̇1, ε̇2) . (3.26)

In addition, we may demand ∂ε̇φ̂(0) = 0 in order to have a stress-free reference state. The
sufficiency of the conditions (i)–(iii) for the fulfillment of the dissipation inequality (3.24)
is seen by setting ε̇2 = 0 in (3.26) yielding

∂ε̇φ̂(ε̇1) ε̇1 ≥ φ̂(ε̇1) ≥ 0 for all ε̇1 . (3.27)

Note that the convexity condition is unnecessarily strong. From the dissipation inequality
(3.24) it just follows that within any connected interval starting from the origin ε̇ = 0,
the dissipation potential function must be monotonic but can be nonconvex, see Figure 5.
In this case, the relation between the stress and strain rate is not one-to-one and globally
as well as locally stable states occur that are global and local minimizers of the potential
(3.28) defined below, see Ericksen [12].

With such a dissipation potential function at hand, we define the rate-type potential

π̂v(ε̇; t) = φ̂(ε̇)− σext(t)ε̇ (3.28)

associated with a dashpot device that is loaded by an external stress σext(t). Then, the
strain rate at time t follows by minimizing this potential

ε̇t ∈ Arg{ inf
ε̇
π̂v(ε̇; t) } . (3.29)

Taking φ̂(·) to be convex, the corresponding Euler equation

∂ε̇π̂v(ε̇t; t) ≡ ∂ε̇φ̂(ε̇t)− σext(t) = 0 (3.30)
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is a sufficient condition for ε̇t to be a global minimizer of the rate-type potential (3.29)
and is just the stress equilibrium in the device. From a formal viewpoint, multiple mini-
mizers may exist which is expressed by the element sign in (3.29). However, for a viscous
material response the dissipation is positive since a nonzero evolution of the strain sets in
immediately at loading (in contrast to plasticity, see below). With regard to the notion of
convexity, this leads to the definition of a strictly convex (viscous) dissipation potential
function and the element sign in (3.29) can be replaced by an equality sign.

To derive a mixed principle of Hellinger-Reissner type, we consider the Legendre trans-
formation of the dissipation potential function

φ̂∗(σ) = sup
ε̇

[ σε̇− φ̂(ε̇) ] or φ̂(ε̇) = sup
σ
[ σε̇− φ̂∗(σ) ] (3.31)

and call φ̂∗(·) the dual dissipation potential function. The corresponding optimality con-
ditions define in an inverse format the strain rate in terms of the stress and vice versa

σ = ∂ε̇φ̂(ε̇) and ε̇ = ∂σφ̂
∗(σ) . (3.32)

As an example, we consider the quadratic dissipation potential function φ̂(ε̇) = H/2 ε̇2

with viscosity H > 0. The optimality condition (3.32)1 results in Newton’s law σ = Hε̇

and solving for ε̇ yields, when inserting into σε̇ − φ̂(ε̇), the dual dissipation potential

function φ̂∗(σ) = 1/(2H) σ2.

Recalling the rate-type potential (3.28), the Legendre transformation (3.31)2 now mo-
tivates the definition of the mixed rate-type potential

π̂∗
v(ε̇, σ; t) = σε̇− φ̂∗(σ)− σext(t)ε̇ (3.33)

in terms of the dual dissipation potential function. Then, the strain rate and the stress
at time t are governed by the mixed saddle point principle

{ ε̇t, σt } = Arg{ inf
ε̇

sup
σ

π̂∗
v(ε̇, σ; t) } . (3.34)

The sufficient optimality conditions are the Euler equations

1. ∂ε̇π̂
∗
v(ε̇t, σt; t) ≡ σt − σext(t) = 0

2. ∂σπ̂
∗
v(ε̇t, σt; t) ≡ ε̇t − ∂σφ̂

∗(σt) = 0
(3.35)

which include the stress equilibrium and the evolution equation for the (viscous) strain.

Like for the elastic device, we have a dual formulation based on the potential

π̃∗
v(σ; t) = φ̂∗(σ)− σε̇ext(t) (3.36)

where we control the strain rate of the viscous device. Then, the stress at time t is
governed by the minimization principle

σt = Arg{ inf
σ
π̃∗
v(σ; t) } . (3.37)

The corresponding Euler equation is

∂σπ̃
∗
v(σt; t) ≡ ∂σφ̂

∗(σt)− ε̇ext(t) = 0 (3.38)

which defines the stress in an inverse constitutive format.
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Figure 6: Plastic device. a) Dissipation potential function (3.41) that is positively homo-
geneous of degree one and nonsmooth at ε̇ = 0. The set of all slopes of lines constructed
at (0, φ̂(0)) that lie under the graph define the subgradient ∂ε̇φ̂(0) which is called elastic
domain E. b) Set-valued stress law.

3.1.3. Variational Principles for Friction Device. A plastic material behavior is
characterized by a fully dissipative response which is rate-independent. The (dissipative)
stress σ is not in a one-to-one relationship with the strain rate ε̇. As before, we have the
balance

σε̇ = D ≥ 0 . (3.39)

The difference to the viscous device is the choice of a nonsmooth dissipation potential
function that is positively homogeneous of degree one, that means

anφ̂(ε̇) = φ̂(aε̇) with n = 1 for all a > 0 . (3.40)

The classical form of a dissipation potential function representing plastic behavior is

φ̂(ε̇) = y0| ε̇ | (3.41)

where y0 > 0 is the yield stress. This function fulfills the conditions (i)–(iii) from Sec-
tion 3.1.2 and is nonsmooth at ε̇ = 0, see Figure 6a). For nonsmooth functions, the
classical definition of derivatives must be generalized. This leads to the introduction of
the subgradient which at a nonsmooth point is not just a value but a set of values, see
Rockafellar [45]. The subgradient of the dissipation potential function φ̂(ε̇) evaluated
at ε̇ = 0 is the set

E = ∂ε̇φ̂(0) = { σ | σε̇ ≤ φ̂(ε̇) for all ε̇ } . (3.42)

It contains the slopes σ of all lines which go through the point (0, φ̂(0)) and lie below the

graph of φ̂(ε̇), see Figure 6a). The set E is called elastic domain and restricts the range
of the stresses, i.e.

E = ∂ε̇φ̂(0) = {σ | − y0 ≤ σ ≤ y0} . (3.43)

In addition, we define the open range

int(E) = {σ | − y0 < σ < y0} (3.44)
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such that E = int(E)∪∂E with ∂E = {−y0, y0}. We get as full derivative of the dissipation
potential function (3.41)

∂ε̇φ̂(ε̇) =





−y0 for ε̇ < 0
E for ε̇ = 0
y0 for ε̇ > 0 .

(3.45)

In contrast to the viscous device discussed in Section 3.1.2 that is characterized by a
smooth evolution of the strain, the stress for a plastic device is defined via a differential
inclusion

σ ∈ ∂ε̇φ̂(ε̇) (3.46)

which is called a set-valued stress law. In particular, we obtain St. Venant’s law

{
σ ∈ E for ε̇ = 0
σ = y0 ε̇/| ε̇ | for ε̇ 6= 0

(3.47)

that is depicted in Figure 6b) and in an inverse form in Figure 7b). Then, the dissipation
in a plastic device results in

D = σε̇ = y0| ε̇ | (3.48)

which is equal to the image of the dissipation potential function. This property does not
hold for the viscous device and is ultimately related to the positive homogeneity of degree
one of the dissipation potential function (3.41). Especially, taking the derivative of (3.40)
with respect to a and evaluating at a = 1 yields10

nφ̂(ε̇) = ∂ε̇φ̂(ε̇) ε̇ with n = 1 . (3.49)

With the dissipation potential function (3.41) at hand, we define like for the viscous device
the rate-type potential

π̂p(ε̇; t) = φ̂(ε̇)− σext(t)ε̇ (3.50)

associated with a friction element that is loaded by an external stress −y0 ≤ σext(t) ≤ y0.
Then, the strain rate at time t is governed by the minimization principle

ε̇t ∈ Arg{ inf
ε̇
π̂p(ε̇; t) } . (3.51)

The sufficient optimality condition is the set-type Euler equation

∂ε̇π̂p(ε̇t; t) ≡ ∂ε̇φ̂(ε̇t)− σext(t) ∋ 0 . (3.52)

The solution ε̇t of the variational principle (3.51) is not unique for |σext(t)| = y0, i.e.
ε̇t ∈ R≥0 for σext(t) = y0 and ε̇t ∈ R≤0 for σext(t) = −y0, respectively. Here, ε̇t = 0
corresponds to unloading from a plastic state. We now want to define rate-independency

10For a viscous device we classically choose a quadratic dissipation potential function, see Section 3.1.2.
Such a function is positively homogeneous of degree two, i.e. set n = 2 in (3.40) and (3.49), and its image
represents half the dissipation.
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in a precise format. Consider a rescaling of time t 7→ γ(t) where γ(·) is a continuous

and strictly increasing function. We write
◦

ε = dε/dγ and have ε̇ =
◦

ε γ̇. Recalling the
positive homogeneity of degree one (3.40) with the property (3.49), we can rewrite the
Euler equation (3.52) in the form

nφ̂(ε̇) = σext(t)ε̇ ⇐⇒ nγ̇n−1φ̂(
◦

ε) = σext(γ)
◦

ε with n = 1 . (3.53)

Hence, rescaling time does not influence the evolution. This property characterizes rate-
independent systems and is achieved by a dissipation potential function that is positively
homogeneous of degree one.11 For an extensive mathematical treatment on general rate-
independent systems we refer to Mielke & Roub́ıcek [38].

The dual dissipation potential function is obtained by the Legendre transformation of
the nonsmooth function (3.41) and reads

φ̂∗(σ) = sup
σ
[ σε̇− φ̂(ε̇) ] =

{
0 for σ ∈ E

+∞ else .
(3.54)

It is the indicator function of the set (3.43) of admissible stresses and is depicted in
Figure 7a). The subgradient of the dual dissipation potential function is the set

∂σφ̂
∗(σ) =





R≤0 for σ = −y0
0 for σ ∈ int(E)
R≥0 for σ = y0
∅ else

(3.55)

and determines the evolution of the strain via the differential inclusion

ε̇ ∈ ∂σφ̂
∗(σ) (3.56)

which can also be viewed as the constitutive definition of the stress in terms of the strain
rate in an inverse format, see Figure 7b).

The Legendre transformation (3.54) motivates the definition of the mixed rate-type
potential

π̂∗
p(ε̇, σ; t) = σε̇− φ̂∗(σ)− σext(t)ε̇ . (3.57)

Then, the strain rate and stress at time t are governed by the mixed saddle point principle

{ ε̇t, σt } ∈ Arg{ inf
ε̇

sup
σ

π̂∗
p(ε̇, σ; t) } . (3.58)

The corresponding Euler equations read

1. ∂ε̇π̂
∗
p(ε̇t, σt; t) ≡ σt − σext(t) = 0

2. ∂σπ̂
∗
p(ε̇t, σt; t) ≡ ε̇t − ∂σφ̂

∗(σt) ∋ 0 .
(3.59)

Like for the elastic and viscous devices, we have a dual formulation based on the potential

π̃∗
p(σ; t) = φ̂∗(σ)− σε̇ext(t) (3.60)

11For a positively homogeneous dissipation potential function of degree n 6= 1, we clearly observe a
change in the evolution by rescaling time.
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where we control the strain rate of the friction element. Then, the stress at time t is
determined by the minimization principle

σt ∈ Arg{ inf
σ
π̃∗
p(σ; t) } . (3.61)

The corresponding Euler equation is

∂σπ̃
∗
p(σt; t) ≡ ∂σφ̂

∗(σt)− ε̇ext(t) ∋ 0 (3.62)

which defines the stress in an inverse format, i.e. σt ∈ int(E) for ε̇ext(t) = 0, σt = y0 for
ε̇ext ≥ 0 and σt = −y0 for ε̇ext ≤ 0.

In plasticity, constitutive modeling is often done by defining yield functions f̂(·) in
stress space which then govern the dissipation potential function. We start with modeling
the elastic domain

E = {σ | f̂(σ) ≤ 0} or E = {σ | χ̂(σ) ≤ y0} (3.63)

where y0 is a threshold value which before was denoted as yield stress. The level set
function χ̂(·) is a gauge, i.e. it is (like the dissipation potential function) (i) normalized,
(ii) nonnegative, (iii) convex and (iv) positively homogeneous of degree one. For our case,
we have

χ̂(σ) = | σ | (3.64)

and the yield function is defined by

f̂(σ) = | σ | − y0 . (3.65)

Then, the dissipation potential function is determined via the principle of maximum
plastic dissipation

φ̂(ε̇) = sup
σ∈E

[ σε̇ ] , (3.66)

which identifies for given strain rate ε̇ the stress σ as the one for which

σε̇ ≥ σ∗ε̇ for all σ∗ ∈ E , (3.67)

see e.g. Lubliner [23]. Cleary, a function φ̂(·) constructed via (3.66) is positively homo-
geneous of degree one. Due to the convexity of χ̂(·), the constrained optimization problem
(3.66) has a unique solution. Using the Lagrange multiplier method, we can rewrite (3.66)
in the form

φ̂(ε̇) = sup
σ

inf
λ≥0

[ σε̇− λ(χ̂(σ)− y0) ] . (3.68)

The optimization with respect to the stress yields the evolution equation

ε̇ = λ ∂σχ̂(σ) (3.69)
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Figure 7: Friction device. a) Dual dissipation potential function (3.54) which is the indi-
cator function of the elastic domain E and its subgradient. b) Inverse St. Venant’s law.

which is generally known as flow rule. Since ∂σχ̂(σ) = σ/|σ|, the Lagrange parameter
λ characterizes the amount of plastic flow. To obtain the optimality conditions associ-
ated with the minimization with respect to the Lagrange multiplier, consider the Taylor
expansion of the function φ̃(σ, λ) = −λ(χ̂(σ)− y0) for fixed σ, i.e.

φ̃(σ, λ+ δλ) = φ̃(σ, λ) + ∂λφ̃(σ, λ) δλ+ o(|δλ|2). (3.70)

Then, λ is a minimizer iff φ̃(σ, λ+δλ)−φ̃(σ, λ) ≥ 0 for all δλ such that λ+δλ ≥ 0. Letting
|δλ| become very small, we obtain the first-order optimality condition for an unilateral
minimum

∂λφ̃(σ, λ) δλ ≥ 0 (3.71)

for all δλ with λ+ δλ ≥ 0. As a result, we get the classical loading/unloading conditions
in Karush-Kuhn-Tucker form

λ ≥ 0 , χ̂(σ)− y0 ≤ 0 and λ[ χ̂(σ)− y0 ] = 0 . (3.72)

(3.72)1 follows from setting δλ = 0. Assuming that λ = 0, we must have δλ ≥ 0 and

inequality (3.72)2 follows from ∂λφ̃(σ, λ) ≥ 0 according to (3.71). Finally, if λ > 0, δλ

can have any sign and we obtain from (3.71) the condition ∂λφ̃(σ, λ) = 0, or in summary
equality (3.72)3. The Lagrange multiplier is an additional parameter that describes the
nonsmoothness of the formulation in a scalar-valued format. In addition, we mention the
plastic consistency condition

for f̂ = 0 : λ ≥ 0 ,
d

dt
f̂ ≤ 0 , λ

d

dt
f̂ = 0 , (3.73)

see e.g. Simo & Hughes [47]. It can be obtained in the following way: consider at time
t a plastic evolution λt > 0 and the first-order optimality condition (3.71) takes the form

of an equality −f̂ |t δλ = 0 for all δλ. Assuming at time t+ τ , τ ≥ 0 a state λt+τ ≥ 0, we

have −f̂ |t+τ δλ ≥ 0 for all λt+τ + δλ ≥ 0. Subtraction and a Taylor expansion12 yield

1

τ

[
d

dt
f̂ |t τ + o(τ 2)

]
δλ ≤ 0 (3.74)

12We consider a smooth temporal evolution of the yield function f̂ .
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for all λt+τ + δλ ≥ 0. Taking the limit τ → 0, we obtain d
dt
f̂ |t = 0 since δλ can have any

sign. On the other hand, for τ small enough we take λt+τ = 0 and we get d
dt
f̂ |t ≤ 0 since

δλ ≥ 0. Collecting the results yields the consistency condition (3.73) which states that
plastic evolution cannot drive the stress state outside of the elastic domain, i.e. σ̇ = 0 for
λ > 0.

Finally, we mention that with the flow rule (3.69), the dissipation follows as

D = σε̇ = λχ̂(σ) ≥ 0 (3.75)

where we made use of the property ∂σχ̂(σ)σ = χ̂(σ) stemming from the positive ho-
mogeneity of degree one of χ̂(·). Refering to (3.75), the image of this function can be
considered as a scalar force that drives the amount λ of plastic flow.

3.2. General Setting for Rheological Models

Rheological models suitable for the description of experimental observations are ob-
tained by a combination of the three basic devices that are discussed in Section 3.1.
Especially, the models are constructed via parallel and serial arrangements of the devices.
The state of the material is described by a minimum number of variables that consist
of the total (external) strain ε and some (strain-like) internal variables {αi}i=1,n. We
summarize these variables in the constitutive state array

c(t) = ( ε(t), α1(t), . . . , αn(t) ) . (3.76)

With this at hand, the strain associated with every single spring, dashpot and friction
device in the rheological model can be found via specific kinematic functions

εi = k̂i(c) for i = 1, . . . , m (3.77)

where m is the number of the devices the model consists of. Next, we define the stored-
energy and dissipation potential functions of the rheological model via the sum of the
single device contributions

ψ̂(c) =
m∑

i=1

ψ̂i(c) and φ̂(ċ) =
m∑

i=1

φ̂i(ċ) , (3.78)

where we assume latter to be a nonsmooth function in all arguments for generality. These
constitutive functions are the basic ingredients for the construction of rate-type variational
principles. We define for a given constitutive state at time t the rate-type potential

π̂(ċ; ct, t) =
d

dt
ψ̂(c) + φ̂(ċ)− σext(t)ε̇ (3.79)

which after applying the chain rule reads

π̂(ċ; ct, t) = ∂cψ̂(ct) · ċ+ φ̂(ċ)− σext(t)ε̇ . (3.80)

Here, the only nonlinearity in ċ occurs due to the dissipation potential function. Then,
the evolution of the constitutive state at time t is governed by the minimization principle

ċt ∈ Arg{ inf
ċ
π̂(ċ; ct, t) } . (3.81)
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The corresponding Euler equations read

1. ∂ε̇π̂(ċt; ct, t) ≡ ∂εψ̂(ct) + ∂ε̇φ̂(ċt)− σext(t) ∋ 0

2. ∂α̇i
π̂(ċt; ct, t) ≡ ∂αi

ψ̂(ct) + ∂α̇i
φ̂(ċt) ∋ 0

(3.82)

which are the stress equilibrium with the energetic and dissipative stresses

σe = ∂εψ̂(c) and σd ∈ ∂ε̇φ̂(ċ) (3.83)

and Biot’s equation that determines the evolutions of the internal variables {αi}i=1,n.

Often, the dissipative effects are modeled via a dual dissipation potential function that
depends on dissipative driving forces

f(t) = ( σd(t), β1(t), . . . , βn(t) ) (3.84)

which are conjugate to the state c defined in (3.76). In order to get a variational frame-
work which includes these forces, we express the dissipation potential by its dual via the
Legendre transformation

φ̂(ċ) = sup
f

[ f · ċ− φ̂∗(f) ] . (3.85)

This motivates the definition of the mixed rate-type potential

π̂∗(ċ, f; ct, t) =
d

dt
ψ̂(c) + f · ċ− φ̂∗(f)− σext(t)ε̇ (3.86)

for given state at time t. Then, the mixed saddle point principle

{ ċt, ft } ∈ Arg{ inf
ċ

sup
f

π̂∗(ċ, f; ct, t) } (3.87)

determines at time t the rate of the constitutive state as well as the dissipative driving
forces. The Euler equations of this principle are

1. ∂ε̇π̂
∗(ċt, ft; ct, t) ≡ ∂εψ̂(ct) + σd

t − σext(t) = 0

2. ∂α̇i
π̂∗(ċt, ft; ct, t) ≡ ∂αi

ψ̂(ct) + (βi)t = 0

3. ∂σd π̂∗(ċt, ft; ct, t) ≡ ε̇t − ∂σd φ̂∗(ft) ∋ 0

4. ∂βi
π̂∗(ċt, ft; ct, t) ≡ (α̇i)t − ∂βi

φ̂∗(ft) ∋ 0 .

(3.88)

The two differential inclusions are evolution equations for the internal variables or can
alternatively be seen as definitions of the dissipative driving forces in an inverse format.

3.3. Modeling Examples

We now apply the variational framework discussed above to four rheological models
that consist of serial and parallel arrangements of the fundamental spring, dashpot and
friction devices.
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Figure 8: Visco-elastic material model. An outer dashpot labeled by 1© is parallely con-
nected to a device that consists of a serial arrangement of an inner dashpot labeled by 2©
and an inner spring labeled by 3©.

3.3.1. Visco-Elasticity. As a first example, we consider the material element de-
picted in Figure 8 which describes a (smooth) visco-elastic behavior. Following the recipe
in Section 3.2, we first identify the constitutive state array as

c = (ε, α) (3.89)

which consists of the external strain and the strain associated with the inner dashpot.
The strains in all three basic devices follow as

ε1 = ε , ε2 = α and ε3 = ε− α . (3.90)

Next, we define the stored-energy function associated with the spring device

ψ̂(c) = ψ̂3(ε3) =
1

2
E(ε− α)2 (3.91)

and the dissipation potential function associated with the two dashpot devices

φ̂(ċ) = φ̂1(ε̇1) + φ̂2(ε̇2) =
1

2
H1ε̇

2 +
1

2
H2α̇

2 . (3.92)

These functions, together with the external power term, govern the rate-type potential
(3.80) taking the specific form

π̂(ċ; ct, t) = ∂εψ̂(ct) ε̇+ ∂αψ̂(ct) α̇+
1

2
H1ε̇

2 +
1

2
H2α̇

2 − σext(t)ε̇ (3.93)

for given state at time t. Then, the rates of the external strain and the strain of the inner
dahspot at time t are obtained from the minimization principle

{ ε̇t, α̇t } = Arg{ inf
ε̇,α̇

π̂(ċ; ct, t) } . (3.94)

We have the corresponding Euler equations

1. ∂ε̇π̂(ċt; ct, t) ≡ E(εt − αt) +H1ε̇t − σext(t) = 0

2. ∂α̇π̂(ċt; ct, t) ≡ −E(εt − αt) +H2α̇t = 0
(3.95)
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Figure 9: Perfect elasto-plastic material model. A spring labeled by 1© is connected in
series to a friction device labeled by 2©. The strain associated with the spring is called
elastic strain and is simply ε1 = ε− α.

which are specific forms of (3.82).

As an alternative to this primal formulation, we consider the dual dissipation potential
function associated with the two dashpot devices

φ̂∗(σd, β) =
1

2H1
(σd)2 +

1

2H2
β2 , (3.96)

where the dissipative driving forces f = (σd, β) are conjugate to the strain variables
c = (ε, α). The mixed rate-type potential (3.86) takes the specific form

π̂∗(ċ, f; ct, t) = ∂εψ̂(ct) ε̇+ ∂αψ̂(ct) α̇ + σdε̇+ βα̇−

[
1

2H1

(σd)2 +
1

2H2

β2

]
− σext(t)ε̇ .

(3.97)

Then, the rates of the external strain and the strain of the inner dashpot as well as the
dissipative driving forces at time t are governed by the mixed saddle point principle

{ ε̇t, α̇t, σ
d
t , βt } = Arg{ inf

ε̇,α̇
sup
σd,β

π̂∗(ċ, f; ct, t) } . (3.98)

The Euler equations are

1. ∂ε̇π̂
∗(ċt, ft; ct, t) ≡ E(εt − αt) + σd

t − σext(t) = 0

2. ∂α̇π̂
∗(ċt, ft; ct, t) ≡ −E(εt − αt) + βt = 0

3. ∂σd π̂∗(ċt, ft; ct, t) ≡ ε̇t −
1
H1
σd
t = 0

4. ∂β π̂
∗(ċt, ft; ct, t) ≡ α̇t −

1
H2
βt = 0

(3.99)

and are specific forms of (3.88). In the first relationship, the externally applied stress is
equilibrated with the stresses in the spring and the outer dashpot. The second equation
identifies the dissipative driving force βt with the stress in the spring. The last two
equations are evolution laws for the external strain as well as the strain associated with
the inner dashpot.

3.3.2. Perfect Elasto-Plasticity. As a second example, we take a look at the stan-
dard model of perfect elasto-plasticity that consists of a serial arrangement of a spring
and friction device, see Figure 9. The material response is nonsmooth. As before, we
specify the constitutive state

c = (ε, α) (3.100)
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which contains the external strain and the strain associated with the friction device.
Latter will also be referred to as plastic strain. Then, the strains in the single devices are

ε1 = ε− α and ε2 = α , (3.101)

where ε1 is called elastic strain. The stored-energy function of the spring device is

ψ̂(c) = ψ̂1(ε1) =
1

2
E(ε− α)2 (3.102)

and the dissipation potential function associated with the friction element takes the form

φ̂(ċ) = φ̂2(ε̇2) = y0|α̇| , (3.103)

see Section 3.1.3. With these two functions at hand, the rate-type potential (3.80) for a
given state at time t is specified to

π̂(ċ; ct, t) = ∂εψ̂(ct) ε̇+ ∂αψ̂(ct) α̇+ y0|α̇| − σext(t)ε̇ . (3.104)

Note that stress equilibrium

σt = σext(t) with σt = ∂εψ̂(ct) = E(εt − αt) (3.105)

is a necessary condition on the given state. Insertion into (3.104) yields the reduced
rate-type potential

π̂red(α̇; ct) = ∂αψ̂(ct) α̇+ y0|α̇| . (3.106)

Then, the rate of the plastic strain at time t follows from the minimization principle

α̇t ∈ Arg{ inf
α̇
π̂red(α̇; ct) } (3.107)

with the corresponding Euler equation

∂α̇π̂red(α̇t; ct) ≡ −E(εt − αt) + y0





−1 for α̇t < 0
[−1, 1] for α̇t = 0
1 for α̇t > 0

∋ 0 . (3.108)

Recalling the constitutive defintion (3.105)2 of the stress, the solution of (3.107) is α̇t = 0
for |σt| < y0, but is not unique for |σt| = y0, i.e. α̇t ∈ R≥0 for σt = y0 and α̇t ∈ R≤0

for σt = −y0, see also Section 3.1.3. The rate of the total strain at time t follows from
the rate form of stress equilibrium (3.105), i.e. ε̇t = σ̇ext(t)/E for α̇t = 0 and ε̇t = α̇t for
α̇t 6= 0 which means that the elastic strain stays constant during plastic evolution.

We now consider the dissipative force array f = (0, β) conjugate to the constitutive
state c = (ε, α). To construct a mixed formulation, we define the dissipation potential
function via the principle of maximum plastic dissipation

φ̂(α̇) = sup
β∈E

[ βα̇ ] (3.109)

in terms of the elastic domain which is defined in the space of dissipative driving forces

E = { β | χ̂(β) ≤ y0 } with χ̂(β) = |β| . (3.110)
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Figure 10: Elasto-plastic material model with kinematic hardening. A spring labeled 1© is
connected in series to a parallel arrangement of a friction device labeled by 2© and another
spring labeled by 3©.

We define for given constitutive state at time t the reduced mixed rate-type potential

π̂∗
λ,red(α̇, β, λ; ct) = ∂αψ̂(ct) α̇ + βα̇− λ (|β| − y0) (3.111)

where the last term should take into account the constraint stemming from the elastic
domain (3.110). Then, the rate of the plastic strain, the dissipative driving force and the
Lagrange multiplier at time t are governed by the mixed saddle point principle

{ α̇t, βt, λt } ∈ Arg{ inf
α̇

sup
β

inf
λ≥0

π̂∗
λ,red(α̇, β, λ; ct) } . (3.112)

The corresponding Euler equations read

1. ∂α̇π̂
∗
λ,red(α̇t, βt, λt; ct) ≡ −E(εt − αt) + βt = 0

2. ∂β π̂
∗
λ,red(α̇t, βt, λt; ct) ≡ α̇t − λt sgn βt = 0

3. ∂λπ̂
∗
λ,red(α̇t, βt, λt; ct) ≡ −|βt|+ y0 ≥ 0, λt ≥ 0, λt(|βt| − y0) = 0

(3.113)

and we identify the dissipative driving force βt associated with the friction device with
the stress (3.105) acting in the spring. In addition, (3.113) contains the evolution law
for the plastic strain together with the classical loading/unloading conditions in Karush-
Kuhn-Tucker form. If |βt| < y0, then λt = 0 and we have no plastic evolution α̇t = 0. On
the other hand, for βt = y0 and βt = −y0 we get the nonunique solutions α̇t = λt ≥ 0 and
α̇t = −λt ≤ 0, respectively. The plastic consistency condition (3.73) specifies to β̇t = 0
at stage of plastic flow and yields a relationship between the Lagrange multiplier and the
total strain rate, i.e. λt = ε̇t sgn σext(t).

3.3.3. Elasto-Plasticity with Kinematic Hardening. As a third example, we
add kinematic hardening to the perfect elasto-plasticity model discussed in Section 3.3.2.
This is achieved by inserting another spring parallel to the friction device, see Figure 10.
The constitutive state c = (ε, α) still contains the external and the plastic strains. We
now have to take into account the strain ε3 of the added spring

ε1 = ε− α , ε2 = α and ε3 = α . (3.114)

The stored-energy function associated with the two springs reads

ψ̂(c) = ψ̂1(ε1) + ψ̂3(ε3) =
1

2
E1(ε− α)2 +

1

2
E3α

2 (3.115)
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and the dissipation potential function associated with the friction device remains un-
changed

φ̂(ċ) = φ̂2(ε̇2) = y0|α̇| . (3.116)

With these two functions at hand, we define like in Section 3.3.2 for a given state at time
t the reduced potential

π̂red(α̇; ct) = ∂αψ̂(ct) α̇+ y0|α̇| (3.117)

where the stress equilibrium

σt = σext(t) with σt = ∂εψ̂(ct) = E1(ε− α) (3.118)

as a necessary condition on the given state was inserted. Then, the plastic strain rate at
time t minimizes this potential

α̇t ∈ Arg{ inf
α̇
π̂red(α̇; ct) } . (3.119)

The corresponding Euler equation of this variational principle is

∂α̇π̂red(α̇t; ct) ≡ −E1(εt − αt) + E3αt + y0





−1 for α̇t < 0
[−1, 1] for α̇t = 0
1 for α̇t > 0

∋ 0 . (3.120)

Here, the second term represents the stress acting in the spring parallel to the friction
device and is called back stress. It is constitutively defined as

qt = ∂αψ̂3(αt) = E3αt . (3.121)

From (3.120) we see that no plastic evolution α̇t = 0 happens for |σt − qt| < y0. On the
other hand, for σt − qt = y0 and σt − qt = −y0 the plastic strain rates that minimize
the potential (3.117) are the sets α̇t ∈ R≥0 and α̇t ∈ R≤0, respectively. A unique α̇t 6= 0
under a given stress load can be found by noting that during plastic flow the stress σt− qt
acting in the friction device cannot exceed the yield stress, which is just the statement
of the plastic consistency condition. Hence, if |σt − qt| = y0 and α̇t 6= 0 we must have
σ̇t − q̇t = 0. Then, taking into account the rate forms of stress equilibrium (3.118) and
the definition of the back stress (3.121) yields the plastic strain rate α̇t = σ̇ext(t)/E3 in
terms of the rate of the externally applied stress.

As in Section 3.3.2, the mixed formulation is based on the principle of maximum plastic
dissipation. It defines the dissipation potential function by the constrained optimization
problem (3.109) with the elastic domain (3.110) defined in the space of the dissipative
driving forces β conjugate to the plastic strains α. Like in Section 3.3.2, we consider the
reduced mixed rate-type potential

π̂∗
λ,red(α̇, β, λ; ct) = ∂αψ̂(ct) α̇ + βα̇− λ (|β| − y0) (3.122)

for given state at time t. Then, the plastic strain rate, the dissipative driving force and
the Lagrange multiplier at time t optimize this potential

{ α̇t, βt, λt } ∈ Arg{ inf
α̇

sup
β

inf
λ≥0

π̂∗
λ,red(α̇, β, λ; ct) } . (3.123)
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Figure 11: Visco-elasto-plastic material model. A spring labeled 1© is connected in series
to a parallel arrangement of a friction device labeled by 2© and a dashpot labeled by 3©.

The corresponding Euler equations are

1. ∂α̇π̂
∗
λ,red(α̇t, βt, λt; ct) ≡ −E1(εt − αt) + E3αt + βt = 0

2. ∂β π̂
∗
λ,red(α̇t, βt, λt; ct) ≡ α̇t − λt sgn βt = 0

3. ∂λπ̂
∗
λ,red(α̇t, βt, λt; ct) ≡ −|βt|+ y0 ≥ 0, λt ≥ 0, λt(|βt| − y0) = 0

(3.124)

and we identify the dissipative driving force βt = σt− qt with the stress acting in the fric-
tion device. Then, we can alternatively write χ̂(βt) = χ̃(σt, qt) = |σt − qt| for the level set
function governing the elastic domain. We see that a given back stress qt stemming from
plastic evolution results in a rigid shift of the elastic domain in stress space. The plastic
consistency condition (3.73) specifies to σ̇t − q̇t = 0 at stage of plastic flow and yields a
relationship between the Lagrange multiplier and the rate of the externally applied stress,
i.e. λt = σ̇ext(t)/E3 sgn βt.

Remark. In contrast to kinematic hardening, isotropic hardening cannot be taken into
account by adding one or more of the three basic devices to the perfect elasto-plasticity
model depicted in Figure 9. Instead, the yield stress associated with the friction device in
the perfect elasto-plastic model has to depend on the plastic strain. For linear isotropic
hardening, we define the dissipation potential function

φ̂(ċ; c) = φ̂2(ε̇2; ε2) = ŷ(α)|α̇| with ŷ(α) = y0 + hα (3.125)

in terms of the hardening modulus h > 0. From a pictorial point of view, the slope of
the disspation potential function increases with increasing plastic strain. Hence, the set
of admissible dissipative driving forces, that is represented by the subdifferential of the
dissipation potential function at α̇ = 0, is expanding in stress space.

3.3.4. Visco-Elasto-Plasticity. As a last model problem, we consider a (rate-
dependent) viscous regularization of the perfect elasto-plasticity model discussed in Sec-
tion 3.3.2. We arrange a dashpot parallel to the friction device as depicted in Figure 11.
Again, the constitutive state c = (ε, α) consists of the external and plastic strains and
the kinematics is given by

ε1 = ε− α , ε2 = α and ε3 = α . (3.126)

The stored energy in the material model stems from the spring device

ψ̂(c) = ψ̂1(ε1) =
1

2
E(ε− α)2 (3.127)
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and the dissipation potential function is the sum of the contributions from the friction
and dashpot devices

φ̂(ċ) = φ̂2(ε̇2) + φ̂3(ε̇3) = y0|α̇|+
1

2
Hα̇2 . (3.128)

With these two constitutive functions at hand, we introduce like in Sections 3.3.2 and 3.3.3
for a given state at time t the reduced potential

π̂red(α̇; ct) = ∂αψ̂(ct) α̇+ y0|α̇|+
1

2
Hα̇2 . (3.129)

Here, the stress equilibrium

σt = σext(t) with σt = ∂εψ̂(ct) = E(εt − αt) (3.130)

was inserted as a necessary condition on the given state. Then, the plastic strain rate at
time t is governed by the minimization principle

α̇t = Arg{ inf
α̇
π̂red(α̇; ct) } . (3.131)

In contrast to the rate-independent plasticity models discussed before, the minimizer of
the underlying potential (3.129) is unique due to the strict convexity of the dissipation
potential function (3.128). The corresponding Euler equation is

∂α̇π̂red(α̇t; ct) ≡ −E(εt − αt) +Hα̇t + y0





−1 for α̇t < 0
[−1, 1] for α̇t = 0
1 for α̇t > 0

∋ 0 . (3.132)

Recalling the constitutive definition (3.130)2 of the stress acting in the spring, we see that
α̇t = 0 for |σt| ≤ y0. A visco-plastic evolution is at hand iff |σt| > y0, i.e. α̇t = (σt−y0)/H
for σt > y0 and α̇t = (σt + y0)/H for σt < −y0. The rate of the external strain at time t
then follows from the rate form of stress equilibrium (3.130).

Alternatively, we have the mixed formulation that is based on the dual dissipation
potential function obtained by a Legendre transformation

φ̂∗(f) = sup
β

[ βα̇− φ̂(α̇) ] =
1

2H
〈 |β| − y0 〉

2
+ (3.133)

with the dissipative driving force array f = (0, β) conjugate to the state c = (ε, α). The
operator 〈x〉+ = (|x|+ x)/2 is called Macaulay bracket. Note carefully, that even though
the dissipation potential function (3.128) is nonsmooth at α̇ = 0, its Legendre transform
(3.133) is smooth everywhere, see Figure 12. The mixed rate-type potential (3.86) takes
the specific form

π̂∗
red(α̇, β; ct) = ∂αψ̂(ct) α̇+ βα̇−

1

2H
〈 |β| − y0 〉

2
+ . (3.134)

Then, the plastic strain rate and the dissipative driving force at time t are determined by
the mixed saddle point principle

{ α̇t, βt } = Arg{ inf
α̇

sup
β

π̂∗
red(α̇, β; ct) } (3.135)
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Figure 12: Visco-elasto-plastic material model. The solid lines depict for different vis-
cosities H > 0 in a), c) the nonsmooth dissipation potential function and corresponding
subdifferential, and in b), d) the smooth dual dissipation potential function and correspond-
ing derivative. The dashed and dotted lines depict the rate-independent limit for H → 0,
see also Figures 6 and 7.

with Euler equations

1. ∂α̇π̂
∗
red(α̇t, βt; ct) ≡ −E(εt − αt) +Hα̇t + βt = 0

2. ∂βπ̂
∗
red(α̇t, βt; ct) ≡ α̇t −

1
H
〈 |βt| − y0 〉+ sgn βt = 0 .

(3.136)

First, we observe that the dissipative driving force equals the stress in the spring. Secondly,
the plastic strain evolves if the absolute value of the dissipative driving force exceeds the
yield stress y0.
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4. Variational Phase Field Approach to Brittle Fracture

In this chapter, that is mostly taken from Miehe et al. [37], we want to give a very
short overview of existing approaches to the phase field modeling of fracturing in brittle
materials. Extension of these towards fracture in anisotropic and ductile materials are
dealt with within this thesis. We consider an incremental setting within a finite time or
loading interval [tn, tn+1] and assume all fields at time tn to be known. For simplicity we
assume the fracturing to be driven by applied boundary deformations only.

4.1. The Fundamental Variational Theory of Brittle Fracture

4.1.1. Fundamental Variational Statement of Brittle Fracture. We consider
as global state variables the current deformation ϕ and sharp crack surface Γ in a brit-
tle elastic solid. For Griffith-type fracture, these variables at current time tn+1 can be
determined by minimizing the energy functional

E1(ϕ,Γ) =

∫

B\Γ

ψ̂(Dϕ) dV + gcH
ω−1(Γ) for Γ ⊇ Γn (4.1)

as proposed in the seminal work of Francfort & Marigo [14]. The functional E1

represents the work needed to create the deformed and cracked state and contains the
stored elastic energy as well as the energy release caused by fracturing of the solid. Here,
gc denotes the critical surface energy release and Hω−1(Γ) the (ω − 1)-dimensional Haus-
dorff measure of the crack topology Γ. The functional E1 has the same structure as the
Mumford-Shah functional of image segmentation, see Mumford & Shah [40]. In case
of fracturing, one additionally has an irreversibility constraint expressed by the statement
that the current crack surface Γ must contain the crack surface Γn from the previous time
step. The minimization principle of brittle fracture overcomes defects of the classical
Griffith theory (of linear fracture mechanics) which is unable to predict crack initiation
as well as crack kinking since the crack path must be known in advance.

4.1.2. Regularized Variational Theory. In order to deal numerically with the
above stated incremental minimization problem of brittle fracture, Bourdin et al.

[7] used the Γ-convergent approximation of the Mumford-Shah functional developed by
Ambrosio & Tortorelli [3]. One minimizes the regularized functional

E2(ϕ, d) =

∫

B

ŵ(Dϕ, d,∇0d) dV for d = 1 on Kd (4.2)

where d ∈ [0, 1] is an auxilary field variable that today is often denoted as crack phase
field. It interpolates between an intact state (d = 0) and a fully broken state (d = 1).
The functional E2 is formulated in terms of the total work density function

ŵ(Dϕ, d,∇0d) = ĝ(d)ψ̂(Dϕ) + gcγ̂ℓ(d,∇0d) (4.3)

which contains the elastic work density degraded by ĝ(d) = (1− d)2 and the crack energy
release rate per unit (undeformed) volume. The function

γ̂ℓ(d,∇0d) =
1

2ℓ
d2 +

ℓ

2
‖∇0d‖

2
G (4.4)
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Figure 13: Evolution of the fracture phase field d in a 1D tension test for different ap-
proaches. a) Regularized variational theory from Section 4.1.2 with evolving Dirichlet-type
conditions. b) Gradient damage formulation without threshold from Section 4.2.1. c) Gra-
dient damage formulation with threshold from Section 4.2.2. Formulations a) and c) yield a
regularization that is convergent to the sharp crack limit for ℓ → 0. — picture retaken form
Miehe et al. [37]
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represents the crack surface density and contains the length-scale parameter ℓ. The ir-
reversibility is taken into account by incrementally evolving Dirichlet-type conditions on
the auxilary field d, where in (4.2)

Kd = {X ∈ B | dn(X) = 1} . (4.5)

It means that once the phase field reaches in a certain load step at a point X ∈ B
the value d = 1, this value is frozen in the subsequent incremental steps. For the 1D
tension test shown in Figure 13a), the phase field d increases homogeneously in the full
domain until an imperfection-driven localization starts in the middle of the bar at X = 0.
After localization happens, the phase field in the outer regions decreases back which is
possible since the evolution of d is not locally constrained by an unilateral condition, see
below. It is also indicated in Figure 13a), that this formulation yields a regularization
of a sharp crack at X = 0 that converges for vanishing length scale ℓ → 0. A (viscous)
Ginzburg-Landau setting of this phase field approach with evolving internal Dirichlet-type
conditions on d is presented in Kuhn & Müller [21].

4.2. Variational Gradient Damage Approaches to Brittle Fracture

4.2.1. Formulation Without Threshold. A locally irreversible phase field evolu-
tion suggested by Amor et al. [4] and Miehe et al. [33] considers the minimization
of the incremental energy functional

E3(ϕ, d) =

∫

B

[ ŵ(Dϕ, d,∇0d) +

∫ tn+1

tn

v̂(ḋ)dt ] dV (4.6)

with the total work density ŵ defined in (4.4) and the dissipation potential function

v̂(ḋ) =
η

2
ḋ2 + Î(ḋ) with Î(ḋ) =

{
0 for ḋ ≥ 0
+∞ otherwise

. (4.7)

Here, Î(ḋ) is the indicator function of positive real numbers that accounts for the local
irreversibility constraint ḋ ≥ 0 in B. In addition, viscous effects of crack propagation
are modelled by the quadratic term in the dissipation potential function. In contrast to
the formulation with evolving internal Dirichlet-type conditions on d presented in Sec-
tion 4.1.2, the irreversibility is taken into account by a contribution in a local constitutive
function. This is a classical approach in (gradient) damage mechanics, see for example
Frémond & Nedjar [15] and Dimitrijevic & Hackl [11]. The model (4.6)–(4.7) can
be recast in terms of a “yield” function defining the set of admissible dissipative driving
forces, see Miehe et al. [33]. This function contains a resistance term that is linear in
d. Hence, for a nonzero dissipative driving force an evolution of damage from the instant
of loading d = 0 is caused. The difference to the regularized formulation of Bourdin

et al. [7] can be observed in Figure 13b) which shows results of a 1D tension test. The
phase field starts to evolve at the beginning of loading and we do not have an explicit
elastic phase. In contrast to Figure 13a), when the imperfection-driven localization of the
phase field in the middle of the bar starts, d does not decrease in the outer region due to
the local inequality constraint. Hence, a certain damage level remains everywhere at the
fully broken state. From this simple example it might be already evident that this spe-
cific gradient damage formulation with roots in fracture mechanics is not a Γ-convergent
regularization, see the numerical study May et al. [26].
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4.2.2. Formulation With Threshold. The problem of missing convergence of the
gradient damage formulation outlined in Section 4.2.1 to the sharp crack limit can be
overcome by defining a resistance in the “yield” function which does not depend on the
phase field d. In gradient damage theories, the definition of such a threshold is a classical
ingredient, see again for example Frémond & Nedjar [15] andDimitrijevic & Hackl

[11], or Miehe [28]. In the context of phase field methods for fracture, such a formulation
is combined with the crack surface density function γ̂ℓ as outlined in Pham et al. [43]
and Miehe et al. [36]. In latter reference, the total work density function is given as

ŵ(Dϕ, d,∇0d) = ĝ(d)ψ̂(Dϕ) + [1− ĝ(d)]wc + (2wcℓ)γ̂ℓ(d,∇0d) , (4.8)

where wc > 0 is a fracture energy threshold. Note that the first two terms model a phase
transition between the elastic work density and the critical fracture energy. The function
(4.8) may be rewritten in the form

ŵ(Dϕ, d,∇0d) = ĝ(d)ψ̂(Dϕ) + 2wc[ d+
ℓ2

2
‖∇0d‖

2
G ] (4.9)

as given in Pham et al. [43] and already findable in Frémond & Nedjar [15]. The
consequence of this modification is demonstrated in Figure 13c) for a 1D tension test. In
contrast to the model presented in Section 4.2.1, the phase field does not begin to grow at
the instant of loading due to the energetic threshold and we have an explicit elastic stage.
The phase field starts to develop and localize in the middle of the bar at X = 0 driven by
an imperfection. We see, because of the threshold, that the evolution of d only happens
in a restricted zone the width of which depends on the length-scale parameter ℓ. From
this simple example it might be evident that this formulation yields a regularization that
converges for ℓ→ 0 to a sharp crack limit.
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5. List and Short Summaries of Appended Papers

5.1. Paper A: Phase-field modelling of ductile fracture: a variational gradient-
extended plasticity-damage theory and its micromorphic regularization

Philosophical Transactions of the Royal Society A, accepted: 21 January 2016

doi: http://dx.doi.org/10.1098/rsta.2015.0170

A phase field model for brittle as well as ductile fracture in elasto-plastically deforming
materials is proposed. Within a variational framework, a specific gradient damage theory
is coupled to a large-strain formulation of gradient plasticity. Hence, not only the damage
but also the plastic zone can be scaled. The key ingredient of the model is the definition
of a total work density which consists of (i) effective elastic and plastic parts, (ii) a specific
degradation function that governs a transition of the elasto-plastic work density towards
an energetic fracture threshold value and (iii) a crack surface part which describes the
geometric regularization of the sharp crack topology. A detailed thermodynamic analysis
of the model is provided. In addition, a micromorphic extension on the side of damage as
well as plasticity is presented. Especially on the side of plasticity, this approach makes it
easier to numerically capture spatial elastic-plastic boundaries.

5.2. Paper B: Phase field modeling of fracture in anisotropic brittle solids

International Journal of Non-Linear Mechanics, accepted: 30 June 2017

doi: https://doi.org/10.1016/j.ijnonlinmec.2017.06.018

A phase field model for fracturing in anisotropic brittle materials is outlined. On the
resistance side, anisotropy is accounted for by an adopted crack surface density function
in terms of second- and fourth-order structural tensors reflecting the microstructure of the
material. These are obtained by first and second derivatives of isotropic tensor functions.
Especially, transverse isotropy, orthotropy and cubic symmetry are considered. Latter
makes the introduction of the second gradient of the crack phase field necessary. As an
overall result, we obtain modified length scale parameters which yield anisotropic critical
Griffith’s critical energy release rates. By means of several numerical examples, the effect
of material anisotropy on the crack propagation path is analysed and typical crack patterns
such as sawtooth fractures are obtained.

5.3. Paper C: Aspects of finite element formulations for the coupled problem
of poroelasticity based on a canonical minimization principle

Computational Mechanics, accepted: 20 January 2019

doi: https://doi.org/10.1007/s00466-019-01677-4

This paper presents and analyses new finite element formulations for the coupled prob-
lem of Darcy-Biot-type fluid transport in porous media at large deformations. The basis
is an incremental two-field minimization principle which governs at current time the de-
formation and fluid mass flux vector fields. An advantage of the this formulation over
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the classical saddle point principle of poroelasticity is, that the discrete inf-sup condition
does not play a role. This condition often makes the construction of stable and compu-
tationally efficient finite element formulations in poroelasticity difficult. Raviart-Thomas
finite elements are used for the conforming approximation of the fluid flux field. In order
to prevent volumetric locking effects in the incrompressible fluid limit, a specific selective
reduced integration is suggested which makes the use of standard node-based approxima-
tions for the fluid flux vector possible. It is shown that this approach is connected to an
extended saddle point principle which relaxes overconstraints. The performance of the
proposed finite element formulations is shown by means of several numerical examples.

5.4. Paper D: A Variational Framework for the Thermomechanics of Gradient-
Extended Dissipative Solids. Formulation, Model Problems and Stability
Analysis

submitted to: Journal of the Mechanics and Physics of Solids

The paper presents a general variational framework for gradient-extended dissipative
solids which undergo nonisothermal processes at large deformations. The essential Euler
equations are the macro- and micro-balances as well as the energy equation. Key is
the identification of the entropy and the entropy rate, respectively, as the fundamental
thermal variables which enter canonical energy and dissipation potential functions. With
regard to variationally consistent integrations, we suggest an update scheme which renders
the exact algorithmic form of the intrinsic dissipation. To highlight the versatility of the
proposed framework, we exemplarily specify it to Cahn-Hilliard diffusion coupled with
temperature evolution and thermomechanics of gradient damage and gradient plasticity.
In a numerical example, we study the regularizing effect on the formation of a plastic shear
band. Finally, we use a reduced minimization principle of gradient and micromorphic
plasticity to analytically study the stability of homogeneous elasto-plastic responses of a
tensile bar that undergoes thermal softening.



References 51

References

[1] Alessi, R.; Marigo, J.-J.; Vidoli, S. [2015]: Gradient damage models coupled
with plasticity: variational formulation and main properties. Mechanics of Materials,
80: 351–367.

[2] Ambati, M.; Gerasimov, T.; De Lorenzis, L. [2015]: Phase-field modeling of
ductile fracture. Computational Mechanics, 55(5): 1017–1040.

[3] Ambrosio, L.; Tortorelli, V. M. [1992]: On the approximation of free discon-
tinuity problems. Bollettino U.M.I., 6-B: 105–123.

[4] Amor, H.; Marigo, J.-J.; Maurini, C. [2009]: Regularized formulation of the
variational brittle fracture with unilateral contact: Numerical experiments. Journal
of the Mechanics and Physics of Solids, 57: 1209–1229.

[5] Biot, M. A. [1965]: Mechanics of Incremental Deformations. John Wiley & Sons,
Inc., New York.

[6] Boehler, J. P. [1977]: On irreducible representations for isotropic scalar functions.
ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift für Angewandte
Mathematik und Mechanik, 57(6): 323–327.

[7] Bourdin, B.; Francfort, G. A.; Marigo, J.-J. [2000]: Numerical experiments
in revisited brittle fracture. Journal of the Mechanics and Physics of Solids, 48:
797–826.

[8] Brezzi, F.; Fortin, M. [2012]: Mixed and hybrid finite element methods, Vol. 15.
Springer Science & Business Media.

[9] Carstensen, C.; Hackl, K.; Mielke, A. [2002]: Non–convex potentials and
microstructures in finite–strain plasticity. Proceedings of the royal society of London.
Series A: mathematical, physical and engineering sciences, 458(2018): 299–317.

[10] Dacorogna, B. [2007]: Direct methods in the calculus of variations, Vol. 78.
Springer Science & Business Media.

[11] Dimitrijevic, B. J.; Hackl, K. [2008]: A method for gradient enhancement of
continuum damage models. Technische Mechanik-European Journal of Engineering
Mechanics, 28(1): 43–52.

[12] Ericksen, J. L. [1991]: Introduction to the Thermodynamics of Solid, Vol. 131 of
Applied Mathematical Sciences. Springer.

[13] Forest, S. [2009]: Micromorphic approach for gradient elasticity, viscoplasticity,
and damage. Journal of Engineering Mechanics, 135(3): 117–131.

[14] Francfort, G. A.; Marigo, J.-J. [1998]: Revisiting brittle fracture as an energy
minimization problem. Journal of the Mechanics and Physics of Solids, 46: 1319–
1342.
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Abstract

This work outlines a novel variational-based theory for the phase field modelling of ductile
fracture in elastic-plastic solids undergoing large strains. The phase-field approach regularizes
sharp crack surfaces within a pure continuum setting by a specific gradient damage modelling.
It is linked to a formulation of gradient plasticity at finite strains. The framework includes
two independent length scales which regularize both the plastic response as well as the crack
discontinuities. This ensures that the damage zones of ductile fracture are inside of plastic
zones, and guarantees on the computational side a mesh objectivity in post-critical ranges.

Keywords: variational principles, ductile fracture, phase-field modelling, strain gradient plas-
ticity, gradient damage mechanics, size effects

1 Introduction

Ductile fracture is a phenomenon that couples at the macroscopic level plastic deforma-

tions with the accumulation of damage and crack propagation. The process of damage that
follows extensive plastic deformations covers the macroscopic effects of degrading stiffness,
strength and ductility up to a critical state where rupture occurs. Damage is caused by
deformation mechanisms at the microscopic level, such as void nucleation, growth and co-
alescence, the formation of micro-shear bands and micro-cracks. The prediction of these
failure mechanisms plays an extremely important role in various engineering applications.
A large number of phenomenological and micro-mechanical approaches exist for the con-
tinuum modeling of ductile fracture; see Lemaitre & Chaboche [15], Besson [4] and
Li et al. [16] for overviews.

However, the demanding tracking of sharp crack surfaces causes substantial difficul-
ties in numerical implementations and is often restricted to simple crack topologies. This
difficulty can be overcome by recently developed phase-field approaches to fracture, which
regularize sharp crack discontinuities within a pure continuum formulation. This diffusive
crack modelling allows the resolution of complex failure patterns, such as crack branching
phenomena in dynamic fracture of brittle solids. In contrast with computational mod-
els which model sharp cracks, the phase-field approach is a spatially smooth continuum
formulation that can be implemented in a straightforward manner by coupled multi-field
finite-element solvers.

Three basic approaches to the regularized modelling of Griffith-type brittle fracture me-
chanics may be distinguished: (i) The phase-field approach by Karma et al. [14] and
Hakim & Karma [13] applies a Ginzburg-Landau-type evolution of an unconstrained
crack phase field, using a non-convex degradation function that separates unbroken and
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broken states. It lacks an explicit definition of irreversibility constraints for the crack
evolution. (ii) The approach of Francfort & Marigo [11] and Bourdin et al. [7]
adopts the variational structure and Γ-convergent regularization of image segmentation
developed by Mumford & Shah [28] and Ambrosio & Tortorelli [3] for the anal-
ysis of finite increments in quasi-static crack evolution. The irreversibility of the fracture
process is modelled by evolving Dirichlet-type boundary conditions, while the scalar aux-
iliary field used for the regularization is not constrained. This needs the implementation
of non-standard code structures in typical finite-element solvers. (iii) The phase-field
approach by Miehe et al. [24] is a gradient damage theory with a local irreversibility

constraint on the crack phase field, but is equipped with constitutive structures rooted in
fracture mechanics. It incorporates regularized crack surface density functions as central
constitutive objects, which are motivated in a descriptive format based on geometric con-
siderations. Such a formulation can easily be implemented by a multi-field finite-element
solver with monolithic or staggered solution of the coupled problem. Recent works on
brittle fracture along this third line are Pham et al. [30], Borden et al. [5] and Ver-

hoosel & de Borst [32]. Extensions to the phase-field modelling of ductile fracture
are exclusively related to the third line, representing conceptually a coupling of gradi-
ent damage mechanics with models of elasto-plasticity. Variational-based approaches to
combined brittle-ductile fracture are outlined in Ulmer et al. [31] and Alessi et al.

[1]. The model suggested in Ambati et al. [2] uses a characteristic degradation function
that couples damage to plasticity in a multiplicative format. However, these settings com-
bine models of local plasticity without inherent lenght scales to the gradient-damage-type
phase-field modelling of fracture. This does not meet the demand of related plastic and
damage length scales, keeping regularized fracture zones inside of plastic zones, and does
not guarantee on the computational side a mesh objectivity in post-critical ranges. This
is achieved in the recent works of Miehe et al. [27, 22] that couples gradient plasticity
to gradient damage.

This paper presents a rigorous variational-based framework for the phase-field mod-
elling of ductile fracture in elastic-plastic solids undergoing large strains. It links a for-
mulation of variational gradient plasticity, as recently outlined in Miehe [20, 21], to a
specific setting of variational gradient damage, rooted in the phase-field approach of frac-
ture suggested in Miehe et al. [24]. The basic ingredients of the formulation proposed
here are as follows:

• a phase-field model for ductile fracture that combines ingredients of gradient plas-
ticity and gradient damage, offering a scaling of plastic to damage length scales;

• a thermodynamic framework that is fully variational in nature, based on a split of a
work density function into energetic and dissipative parts, and a dissipation function with
separate thresholds for plasticity and damage; and

• the micromorphic regularization of the variational principle of gradient-enhanced
plasticity-damage, allowing a convenient and robust numerical implementation.

The approach is embedded in the theory of gradient-extended continuum modelling as
outlined by Maugin [18], and in a more general context by Capriz [8], Mariano [17]
and Frémond [12]. For simplicity of the representation, only two scalar field variables
are considered to describe length scales of the dissipative response: the equivalent plastic

strain and the fracture phase field. These variables are postulated to be ”passive” in the
sense that external driving via boundary conditions is not allowed. Section 3 outlines a
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Figure 1: Finite deformation of a solid with a regularized crack inside of a plastic zone.
The deformation map ϕ maps at time t the reference configuration B0 onto the current
configuration Bt. a) The crack phase field d ∈ [0, 1) defines a regularized crack surface
functional Γl(d) that converges in the limit lf →0 to the sharp crack surface Γ. b) The level
set Γc = {X | d = c} defines for a constant c ≈ 1 the crack faces in the regularized setting.
Parts of the continuum with d > c are considered to be free space and are not displayed.

minimization principle in terms of these global fields, which fully governs the quasi-static
evolution problem of the coupled gradient plastic-damage response. A further important
aspect is the micromorphic regularization of the variational principle that is performed
in Section 4. Following conceptually Forest [10], this is achieved by considering an
extended set of plastic and damage variables linked by penalty terms in a modified work

density function. The advantage of such a formulation lies on the computational side,
in particular, of the side of gradient plasticity. It allows a straightforward finite-element
formulation of gradient plasticty that does not need to account of sharp plastic boundaries.

2 Introduction of Primary Field Variables

2.1 Finite Gradient Plasticity in the Logarithmic Strain Space

2.1.1 Finite Deformations of a Solid

Let ϕ(X, t) with initial condition ϕ(X, t0) = X be the deformation map at time t that
maps material positions X ∈ B0 of the reference configuration B0 ⊂ R3 onto points
x = ϕt(X) ∈ Bt of the current configuration Bt ⊂ R3 as visualized in Figure 1. The
material deformation gradient F := ∇ϕt(X) satisfies det[F ] > 0. The solid is loaded
by prescribed deformations and tractions on the boundary, defined by time-dependent
(”active”) Dirichlet and Neumann conditions

ϕ = ϕ̄(X, t) on ∂Bϕ
0 and Pn0 = t̄0(X , t) on ∂Bt

0 (1)

on the surface ∂B0 = ∂Bϕ
0 ∪ ∂Bt

0 of the undeformed configuration. The first Piola stress
tensor P is the thermodynamic dual to F .
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2.1.2 Definition of an Elastic Strain Measure

Following conceptually Miehe [19], Miehe et al. [23], we focus on a phenomenological
setting of finite plasticity based on an additive decomposition of a Lagrangian Hencky

strain ε. This allows us to define a stress-producing elastic strain measure in the additive
format

εe := ε− εp with ε :=
1

2
lnC and C := F TgF , (2)

where C with coordinates CAB = gabF
a
AF

b
B is the right Cauchy-Green tensor, i.e. the

pull-back of the spatial metric g to the reference configuration. The logarithmic plastic

strain εp(X, t) with coordinates εpAB is a local variable, related by εp = 1
2
lnGp to a plastic

metric Gp ∈ Sym+(3 ). It starts to evolve from the initial condition εp(X, t0) = 0 . The
additive decomposition (2) in the logarithmic strain space allows for a simple extension of
constitutive structures for the geometrically linear setting to the nonlinear case. Finally,
εe is a priori an objective variable due to its Lagrangian nature.

2.1.3 Isotropic Strain Gradient Plasticity

We consider a setting of isotropic finite gradient plasticity at fracture. To this end, a scalar
isotropic hardening variable α(X, t) is introduced, that defines an equivalent plastic strain
in the logarithmic strain space by the evolution equation

α̇ =

√
2

3
||ε̇p|| with α̇ ≥ 0 (3)

consistent with von Mises-type isochoric plasticity. It starts to evolve from the initial
condition α(X, t0) = 0. In the subsequent treatment, we introduce the plastic length

scale lp that accounts for size effects to overcome the non-physical mesh sensitivity in
ductile fracture. To this end, we focus on a first-order setting of gradient plasticity where
the gradient ∇α(X, t) enters the constitutive functions. The generalized internal variable
field α is considered as passive in the sense that an external driving is not allowed. This
is consistent with the time-independent (”passive”) Dirichlet and Neumann conditions

α = 0 on ∂Bα
0 and ∇α · n0 = 0 on ∂B∇α

0 (4)

on the surface ∂B0 = ∂Bα
0 ∪ ∂B∇α

0 of the undeformed configuration, defining ”micro-
clamped” and ”free” constraints for the evolution of the plastic deformation.

2.2 The Phase-Field Approximation of Sharp Cracks

Following the previous treatments Miehe et al. [24], we consider the phase-field ap-
proach to fracture as a specific formulation of gradient damage mechanics. It is based on
a geometric regularization of sharp crack discontinuities that is governed by a crack phase

field

d ∈ [0, 1] with ḋ ≥ 0 (5)

with irreversible gowth. It characterizes locally for the initial condition d(X, t) = 0
the unbroken and for d(X, t) = 1 the fully broken state of the material. In contrast with
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1
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Figure 2: Diffusive crack modelling at x = 0 modeled with the length scale lf ≤ lp. Regular-
ized curves obtained from minimization principle of diffusive crack topoloy

∫
B0

γldV → Min!

with crack surface density function γl. Thick line: γl = d2/2lf+lf |∇d|2/2 with regularization
profile exp[−|x|/lf ] satisfying d(0) = 1, dotted line: γl = d2/2lf + lf |∇d|2/4 + l3f (∆d)2/32
with regularization profile exp[−2|x|/lf ](1 + 2|x|/lf ) satisfying d(0) = 1 and d′(0) = 0.

traditional approaches to gradient damage mechanics, the crack phase field d is considered
to have a geometric meaning. It governs the regularized crack surface

Γl(d) =

∫

B0

γ̂(d,∇d) dV with γ̂(d,∇d) = 1

2lf
d2 +

lf
2
|∇d|2 (6)

that is formulated in terms of an isotropic crack surface density function γ̂ per unit volume
of the solid. The regularization is governed by a fracture length scale

lf ≤ lp , (7)

such that the regularized crack zone lies inside of the plastic zone as sketched in Figure 1.
The function γ̂ in (6) already appears in the approximation by Ambrosio & Tortorelli

[3] of the Mumford & Shah [28] functional of image segmentation. The functional
Γl(d) converges to sharp-crack topology for vanishing fracture length scale lf → 0 as
schematically visualized in Figure 2, which depicts in addition a possible higher-order
approximation suggested by Borden et al. [6]. When assuming a given sharp crack
surface topology by prescribing the Dirichlet condition d = 1 on Γ ⊂ B0, the regularized
crack phase field d in the full domain B0 is obtained by a minimization principle of

diffusive crack topology with the limit limlf→0 {infd Γl(d)} = Γ(t); see Miehe et al. [24]
for more details. The crack phase field d is passive in the sense that an external driving
is not allowed. Only time-independent (”passive”) Dirichlet and Neumann conditions

d = 1 on Γ ⊂ B0 and ∇d · n0 = 0 on ∂B0 (8)

are allowed, defining a sharp ”initial crack” and ”free” evolution of the crack phase field
on the full boundary.

2.3 Global Primary Fields and Constitutive State Variables

The above introduced variables characterize a multi-field setting of gradient plasticity at
fracture based on three global primary fields

U := {ϕ, α, d} , (9)

the finite deformation map ϕ, the strain-hardening variable α and the crack phase field
d. In addition, the plastic strain field εp serves as an additional local primary field. The
subsequent approach focuses on the set of constitutive state variables

C := {∇ϕ, εp, α,∇α, d,∇d} , (10)
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reflecting a combination of first-order gradient plasticity with a first-order gradient dam-
age modelling. The state C is automatically objective, due to the dependence on the
deformation gradient ∇ϕ through the Lagrangian Hencky strain ε defined in (2).

3 Variational Phase-Field Approach to Ductile Frac-

ture

This section develops a theory for the coupling of gradient plasticity to a phase-field
modelling of fracture that is fully variational in nature. It is based on the definition of
six constitutive functions with a clear physical meaning, which allow the construction of
a minimization principle for the coupled evolution system.

3.1 Coupling Gradient Plasticity to Gradient Damage Mechan-

ics

Consider the stress power P := σ : ε̇ acting on a local material element that undergoes
elastic-plastic deformation and damage. It is the inner product of stress and rate of
strain, the thermodynamic external variables acting on the material element. We use the
Lagrangian logarithmic Hencky tensor ε defined in (2) and its dual stress tensor σ. Let
W denote the time-accumulated work per unit volume and W its accumulation in space

W :=

∫ T

0

P dt and W :=

∫

B0

W dV , (11)

i.e. the total work needed to deform and crack the solid B0 within the process time [0, T ].
We base the subsequent development on a constitutive representation of this work

W =

∫

B0

[ Ŵ (C) +Dvis ] dV . (12)

It is governed by a constitutive work density function Ŵ that describes the rate-independent
part of the global work W. The a priori dissipative rate-dependent part Dvis due to viscous
resistance forces vanishes in the rate-independent limit. Equation (12) holds for particular
boundary conditions of the ”non-local” generalized internal variable fields α and d. These
must be ”passive” in the sense that an external driving of these fields is not allowed,
which is consistent with (i) constant Dirichlet data and (ii) zero Neumann data of α and
d on the surface ∂B0 of the solid, as defined in (4) and (8) above. The rate-independent

part Ŵ is assumed to depend on the array C of constitutive state variables introduced in
(10). We focus on the particular structure

Ŵ (C) = ĝ(d)ŵep
0 (εe, α,∇α) + (1− ĝ(d))wc + 2

wc

ζ
lf γ̂(d,∇d) (13)

already suggested in Miehe et al. [27], which provides a particular coupling of gradient
plasticity with gradient damage mechanics. The function ŵep

0 splits up into elastic and
plastic contributions according to

ŵep
0 = ŵe

0(ε
e) + ŵp

0(α,∇α) . (14)
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The derivatives of the potential density Ŵ determine the rate-independent parts of
stresses, the driving forces and the thresholds for the evolution of the plastic strains and
the fracture phase field. It is based on four constitutive functions with a clear physical
meaning:

F1. The effective elastic work density function ŵe
0 models the stress response and the

plastic driving force of the undamaged material.

F2. The effective plastic work density function ŵp
0 models the local and strain gradient

plastic hardening response of the undamaged material.

F3. The degradation function ĝ(d) describes the transition of the elastic-plastic work
density ŵep

0 towards the constant crack threshold parameter wc.

F4. The crack surface density function γ̂(d,∇d) provides the geometric regularization
of a sharp crack topology as already introduced in (6).

The work density function Ŵ models for d ∈ [0, 1] by the first two terms a phase
transition of the effective elastic-plastic work density ŵep

0 towards the constant threshold
value wc, and by the third term the accumulated fracture work density. Here, wc > 0 is
a specific critical fracture energy per unit volume, that enters the formulation as the key
material parameter on the side of fracture mechanics. The second material parameter ζ
controls the post-critical range after crack initialization by scaling the work needed for the
generation of the regularized crack surface. Figure 3 gives a visual interpretation of the
parameters wc and ζ for a local homogeneous response, where Dpf := (1 + 1/ζ)wc is the
maximum dissipated work density at fracture d = 1. The constitutive representation for
Ŵ in (13) provides the basis for the coupling of a model of gradient plasticity (governed
by ŵp

0) with a gradient damage formulation (governed by γ̂), realized by the degradation
function ĝ.

3.2 Effective Elastic-Plastic Work and Degradation Functions

3.2.1 Effective Elastic Work Density

The effective elastic work density function ŵe
0 in (14) models the stored elastic energy of

the unbroken material, depending on the elastic strain measure εe. For the subsequent
model problems, the elastic work density is assumed to have the simple quadratic form

ŵe
0 =

κ

2
tr2[εe] + µ tr[dev(εe)2] , (15)

characterizing an isotropic, linear stress response in the logarithmic strain space. κ > 0
and µ > 0 are the elastic bulk and the shear moduli, respectively. The function provides a
structure identical to the geometrical linear theory of elasticity at small strains. Note that
ŵe

0 is convex with respect to εe, however, due to the nonlinear relationship (1), not poly-
convex with respect to F . This restricts the model of elasto-plasticity under consideration
to a range of small elastic strains ||εe|| < ǫ, however, accompanied by large plastic strains.
This is a typical scenario applicable to plasticity of metals and glassy polymers.
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3.2.2 Effective Plastic Work Density

The effective plastic work density function ŵp
0 in (14) models the dissipated plastic work

of the unbroken material per unit volume, in terms of variables that describe the strain
gradient hardening effect. For the modelling of length scale effects in isotropic gradient
plasticity, we focus on the equivalent plastic strain α and its gradient. It is assumed to
have the form

ŵp
0 =

∫ α

0

ŷ(α̃)dα̃ +
l2p
2
|∇α|2 , (16)

where lp ≥ 0 is a plastic length scale related to a strain gradient hardening effect. Here
ŷ(α) is an isotropic local hardening function obtained from homogeneous experiments. A
typical example is the saturation-type function ŷ(α) = (y∞ − y0)( 1− exp[−ηα] ) + hα in
terms of the four material parameters y0 > 0, y∞ ≥ y0, η > 0 and h ≥ 0, where the initial
yield stress y0 determines the threshold of the effective elastic response.

3.2.3 Fracture Degradation Function

The degradation function ĝ(d) in (13) models the degradation of the elastic-plastic work
density due to fracture. It interpolates between the unbroken response for d = 0 and the
fully broken state at d = 1 by satisfying the constraints ĝ(0) = 1, ĝ(1) = 0, ĝ′(d) ≤ 0 and
ĝ′(1) = 0. In particular, the last constraint ensures that the local driving force dual to d
causes an upper bound of the phase field d ∈ [0, 1]. A convex function that satisfies this
constraint is

ĝ = (1− d)2 . (17)

The quadratic nature of this function is an important ingredient for the construction of
a linear equation for the evolution of the phase field d. Note that the total work density
Ŵ introduced in (13) applies the same degradation function ĝ(d) on the effective elastic
and plastic work densities ŵe

0 and ŵ
p
0, respectively. This is an important assumption with

regard to the subsequent construction of a gradient plasticity model related to the effective

quantities of the undamaged material, where the effective plastic work density ŵp
0 serves

as a ductile contribution to the crack driving force.

3.3 Stored Energy, Dissipation and Thermodynamic Consistency

3.3.1 Energetic-Dissipative Split of Work Density

In order to quantify both the energy stored in the material and the dissipation, a further
assumption is needed that postulates a split of the work density function Ŵ into energetic
and dissipative parts. To this end, (13) is decomposed

Ŵ (C) = ψ̂e(εe, d) + D̂pf(α,∇α, d,∇d) (18)

into a stored energy density ψ̂e and the accumulated dissipative part D̂pf due to plasticity
and fracture. This split assumes that the elastic strain energy is the only part of the
total work density that is stored in the material. The constitutive expression for this part
obtained from (13) is

ψ̂e = ĝ(d)ŵe
0(ε

e) (19)
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governed by the degrading function ĝ and the elastic strain energy function ŵe
0 of the

unbroken material. Consequently, the remaining part of the work density function (13)

D̂pf = ĝ(d)ŵp
0(α,∇α) + (1− ĝ(d))wc + 2

wc

ζ
lf γ̂(d,∇d) (20)

models the accumulated dissipation in terms of the plastic work density function ŵp
0 of

the unbroken material and the crack surface density function γ̂.

3.3.2 Plasticity-Fracture Split of Dissipated Work Density

Note that D̂pf provides a coupled constitutive expression for the accumulated dissipation
due to plasticity and fracture. It does not allow one to separate both contributions. In
order to investigate this, define the dissipation locally as the difference of the external
stress power and the evolution of the energy storage, by the standard Clausius-Duhem-
Planck inequality

Dpf := σ : ε̇− d

dt
ψ̂e ≥ 0 (21)

that should hold for any rates involved. Applying a standard argument, a reduced ex-
pression for this dissipation splits up into plastic and fracture parts

Dpf := Dp +Df ≥ 0 with Dp := f p : ε̇p ≥ 0 and Df := f f ḋ ≥ 0 (22)

in terms of the energetic plastic and fracture driving forces

f p := −∂εpψ̂e = −ĝ ∂εpŵe
0 and f f := −∂dψ̂e = −∂dĝ ŵe

0 (23)

obtained from the energy storage function ψ̂e in (19). When introducing the time- and
space-accumulated dissipative work

Dpf :=

∫ T

0

Dpf dt and D
pf :=

∫

B0

Dpf dV , (24)

in analogy to (11), insertion of (22) allows a separate identification of the contributions
due to plasticity and fracture. In particular, we have

Dpf := Dp +Df (25)

with the definitions

Dp :=

∫ εp

0

fp : dε̃p and Df :=

∫ d

0

f fdd̃ . (26)

These expressions can numerically be evaluated and provide for a rate-independent model
with Dvis = 0 in (12) under homogeneous conditions with ∇α = ∇d = 0 the closed form

D̂pf in (20). The split (25) is visualized in Figure 3 for a one-dimensional model problem
of non-hardening ideal plasticity.
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3.4 Driving, Resistance and Thresholds for Plasticity and Frac-

ture

The evolution of the plastic strains and fracture phase field is constructed in a normal-
dissipative format related to threshold functions. These functions are formulated in terms
of energetic driving forces and dissipative resistance forces, related to the split (18) of the

work density function Ŵ into the energetic and dissipative parts ψ̂e and D̂pf .

3.4.1 Threshold Function for Plasticity

The energetic driving force dual to the plastic strain εp and the rate-independent part of
the dissipative resistance dual to the hardening variable α are defined by

f p := −∂εpψ̂e and rp := δαD̂
pf , (27)

where δαD̂
pf := ∂αD̂

pf − Div[∂∇αD̂
pf ] denotes the variational derivative of D̂pf with

respect to α, reflecting characteristics of the gradient-extended plasticity model under
consideration. Clearly, for the kinematic assumption (2), the energetic driving force f p is
the stress tensor σ dual to the Hencky strain in the logarithmic strain space. An elastic

domain associated with the plastic deformation in the space of the plastic driving force is
defined by

Eplas := { (f p, rp) | φ̂p(fp, rp) ≤ 0 } (28)

in terms of the plastic yield function φ̂p. A classic example is the von Mises function

φ̂p(fp, rp) = || dev[fp]|| −
√

2
3
rp (29)

in the logarithmic stress space.

3.4.2 Threshold Function for Fracture

The energetic driving force and the rate-independent part of the dissipative resistance
dual to the fracture phase field d are defined by

f f := −∂dψ̂e and rf := δdD̂
pf . (30)

The variational derivative δdD̂
pf := ∂dD̂

pf − Div[∂∇dD̂
pf ] characterizes the phase-field

model of fracture as a gradient-extended damage formulation. An elastic domain associ-
ated with the crack propagation in the space of the crack driving force is defined by

Efrac := { (f f − rf) | φ̂f(f f − rf) ≤ 0 } (31)

in terms of the crack threshold function φ̂f . We focus on the constitutive representation

φ̂f(f f − rf) = f f − rf , (32)

where the energetic driving force f f is bounded by the crack resistance rf .
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3.5 Evolution Equations for the Generalized Internal Variables

With the above introduced threshold and resistance functions at hand, a dissipation po-

tential function is constructed based on the standard concept of maximum dissipation. A
rate-dependent definition in a non-constrained manner is

V̂ (Ċ) = sup
fp,rp,ff−rf

[ fp : ε̇p − rpα̇ + (f f − rf)ḋ− V̂ ∗(fp, rp, f f − rf) ] , (33)

in terms of the dual dissipation potential function

V̂ ∗(f p, rp, f f − rf) =
3

4ηp

〈
φ̂p(f p, rp)

〉2

+
1

2ηf

〈
φ̂f(f f − rf)

〉2

, (34)

where 〈x〉 := (x + |x|)/2 is the Macaulay bracket, and ηp and ηf are additional material
parameters which characterize viscosity of the plastic deformation and the crack propa-
gation. Note that the dual dissipation potential V̂ ∗ can mathematically be interpreted as
a quadratic penalty term that enforces approximately the threshold conditions (28) and
(31). Hence, the phase-field model of ductile fracture is completed by two functions which
govern the evolution of the internal variables:

F5. The plastic yield function φ̂p(f p, rp) determines the elastic domain in terms of the
plastic driving force f p.

F6. The fracture threshold function φ̂f(f f − rf ) determines the initiation of fracture
in terms of the fracture driving force f f .

The necssary conditions of the local optimization problem (33) yield the plastic flow

rules

ε̇p = λp ∂fp φ̂p and α̇ = −λp ∂rpφ̂p (35)

and the normal-dissipative evolution equation for the crack phase field

ḋ = λf ∂ff−rf φ̂
f , (36)

along with the two loading-unloading conditions

λp :=
3

2ηp

〈
φ̂p
〉
≥ 0 and λf :=

1

ηf

〈
φ̂f

〉
≥ 0 . (37)

Note that the positiveness of the parameters λp and λf imply via (35) and (36) the
monotonic growth

α̇ ≥ 0 and ḋ ≥ 0 (38)

of the equivalent plastic strain and the fracture phase field.

3.6 Proof of Thermodynamic Consistency and its Consequences

The above evolution equations (35) and (36) satisfy the thermodynamic constraints (22).
In particular, we have

Dp = || dev[f p]||λp ≥ 0 and Df = f fλf ≥ 0 . (39)
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This is obvious due to the a priori positive parameters λp and λf and the positive driving
terms, caused by the convexity of the threshold functions φ̂p and φ̂f in (29) and (32),
respectively.

For the case of both plastic as well as fracture loading with φ̂p ≥ 0 and φ̂f ≥ 0,
the driving forces can be expressed in terms of the rate-independent and rate-dependent
resistances

|| dev[fp]|| =
√

2
3
(rp + ηpα̇) and f f = rf + ηf ḋ , (40)

yielding the representation of the dissipation

Dp = rpα̇ + ηpα̇
2 ≥ 0 and Df = rf ḋ+ ηf ḋ

2 ≥ 0 . (41)

Hence, the total dissipation splits into rate-independent and rate-dependent parts

D := Dpf +Dvis ≥ 0 with Dpf = rpα̇ + rf ḋ and Dvis := ηpα̇
2 + ηf ḋ

2 . (42)

The viscous part is positive for positive material parameters ηp > 0 and ηf > 0. Using the
definitions of rp and rf in (27) and (30) in terms of variational derivatives of the function

D̂pf , the integration over the volume of the solid gives

∫

B0

D dV =

∫

B0

[
d

dt
D̂pf +Dvis ] dV −

∫

∂B0

[ ∂∇αD̂
pf · n0α̇ + ∂∇dD̂

pf · n0ḋ ] dA ≥ 0 . (43)

Here, the surface term vanishes as a consequence of the restriction to ”passive” boundary
conditions (4) and (8), representing (i) constant Dirchlet data and (ii) zero Neumann data

of α and d on the surface ∂B0 of the solid. When integrating over the process time [0, T ],
we end up with the representation of the space- and time-accumulated total dissipative

work needed for the generation of plastic deformation and fracture

D :=

∫

B0

[ D̂pf(α,∇α, d,∇d) +Dvis ] dV ≥ 0 (44)

with the definition

Dvis :=

∫ T

0

Dvis dt ≥ 0 . (45)

This identifies the dissipative part of the work density function Ŵ introduced in (13)
with decomposition (18) as the time- and space-accumulated dissipative work done to the
solid.

3.7 Minimization Principle for the Multi-Field Evolution Prob-

lem

With the above introduced functions at hand, the boundary-value problem is fully gov-
erend by a rate-type minimization principle for the quasi-static case, where inertia effects
are neglected. In line with recent treatments on variational principles of gradient-extended
materials outlined in Miehe [20], consider the constitutive rate potential density

π(Ċ) =
d

dt
Ŵ (C) + V̂ (Ċ) (46)
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Figure 3: Stresses and dissipation for brittle and ductile response. Stress σ and dissipated
work D for homogeneous test with a-b) brittle E-F-P response {εc := (2wc/E)1/2} < {εy :=
y0/E} and for c-d) ductile E-P-F response {εc := wc/y0 + y0/2E} > {εy := y0/E}. The
plastic yield parameter y0 bounds the effective stress. The fracture threshold parameter
wc determines the onset of fracture and the parameter ζ the shape of the softening due to
fracture. The dissipated work density D = Dp+Df contains contributions due to plasticity
and fracture and converges to the value wc + wc/ζ at the fully broken state.

in terms of the two basic constitutive functions Ŵ and V̂ defined in (13) and (33), respec-
tively. With this potential density at hand, the evolution of the boundary-valu problem
of gradient plasticity coupled with gradient damage mechanics is governed by the global

rate potential

Π(ϕ̇, α̇, ḋ, ε̇p) =

∫

B0

π(Ċ) dV − Pext(ϕ̇) (47)

where Pext(ϕ̇) :=
∫
B0

γ0 · ϕ̇ dV +
∫
∂B0

t0 · ϕ̇ dA is an external load functional, γ0 is a given

body force per unit volume of the reference configuration and t0 is a given traction field on
the surface of the reference configuration. The evolution of all primary fields introduced
in Section 2 at a given state is determined by the minimization principle

{ϕ̇, α̇, ḋ, ε̇p} = Arg{ inf
ϕ̇,α̇,ḋ,ε̇p

Π(ϕ̇, α̇, ḋ, ε̇p) } , (48)

where the evolutions {ϕ̇, α̇, ḋ} of the global fields are constrained by Dirichlet-type bound-
ary conditions defined in (1), (4) and (8) above. Note that the minimization structure of
this variational principle is governed by the convexity of the dissipation potential function

V̂ in (33), which states the thermodynamical consistency with the second axiom of ther-
modynamics. The combination of the global minimization principle (48) with the local

maximum problem (33) for the definition of the dissipation potential V̂ provides a mixed

variational principle, that defines all equations of the problem of gradient plasticity at
fracture. When introducing the mixed potential density

π∗ =
d

dt
Ŵ + fp : ε̇p − rpα̇ + (f f − rf)ḋ− 3

4ηp

〈
φ̂p
〉2

− 1

2ηf

〈
φ̂f

〉2

, (49)
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the Euler equations of the variational principle (48) appear in the form

1. Stress equilibrium δϕ̇π
∗≡ −Div [ ∂∇ϕŴ ] = γ0

2. Hardening force δα̇π
∗≡ ∂αŴ − Div [ ∂∇αŴ ]− rp = 0

3. Fracture force δḋπ
∗≡ ∂dŴ −Div [ ∂∇dŴ ] + (f f − rf) = 0

4. Plastic force ∂ε̇pπ
∗≡ ∂εpŴ + fp = 0

5. Plastic strains ∂fpπ∗≡ ε̇p − λp∂fpφ̂p = 0

6. Equivalent strain ∂rpπ
∗≡ −α̇− λp∂rpφ̂

p = 0

7. Fracture phase field ∂(ff−rf )π
∗≡ ḋ− λf∂(ff−rf )φ̂

f = 0

(50)

along with Neumann-type boundary conditions of the form defined in (1), (4) and (8)
above. The loading parameters λp and λf are defined in (37). Note that the above Euler
equations are exclusively related to variational derivatives of the potential density π∗

defined in (49).

4 Micromorphic Regularized Minimization Principle

The implementation of the above outlined formulation of coupled gradient plasticity dam-
age by finite-element methods is demanding. In particular, problems arise on the side of
plasticity, where the gradient part is restricted to the plastic zone. Here, the realization
of the sharp plastic boundary in finite-element implementations induces substantial diffi-
culties as demonstrated in Figure 4. It needs additional concepts such as those outlined
in a series of recent papers Miehe [21] and Miehe et al. [26, 25]. An alternative is
provided by the micromorphic approach to gradient-extended models outlined in For-

est [10]. Here, the key concept is the introduction of dual local-global field variables via a
penalty method, where only the global fields are restricted by boundary conditions. Hence,
the above-mentioned problem of restricting the gradient variable to the plastic domain is
relaxed, which makes the formulation very attractive for finite-element implementation.
This section develops a minimization principle for this micromorphic regularization of
(48).

4.1 Micromorphic Modification of Constitutive Functions

4.1.1 Micromorphic Work Density Function

The micromorphic setting, applied here in the generalized sense of Forest [10] to the
scalar hardening and fracture phase-field variables, is based on an extension of the set
(10) of state variables

C := {∇ϕ, εp, ᾱ, d̄, α,∇α, d,∇d} (51)

by the local equivalent plastic strain ᾱ and the local crack phase field variable d̄. The dual
global fields α and d are then denoted as the micromorphic variables. The micromorphic
regularization of the work density function (13) reads

Ŵ (C) = ĝ(d̄)ŵep
0 (εe, ᾱ, α,∇α) + (1− ĝ(d̄))wc + 2

wc

ζ
lf γ̂(d̄,∇d) +

ǫf
2
(d̄− d)2 . (52)
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Figure 4: Conceptual one-dimensional example: canonical versus micromorphic theory.
Standard one-dimensional finite element solutions of gradient plasticity for a) canonical
setting of Section 3 results in unphysical oscillations at the elastic-plastic boundary, which
are relaxed in b) by the micromorphic approach to gradient plasticity of Section 4.

Note first that the local slot d in (13) is replaced by the additional local variable d̄
introduced above. This local variable is then linked to the global micromorphic field
variable d by the quadratic penalty term, where ǫf is an additional material parameter.
Next, the additive split of ŵep

0 according to (14) into elastic and plastic parts now reads

ŵep
0 = ŵe

0(ε
e) + ŵp

0(ᾱ, α,∇α) , (53)

where the plastic work density function (16) is represented in the micromorphic regular-
ization

ŵp
0 =

∫ ᾱ

0

ŷ(˜̄α)d˜̄α+
l2p
2
|∇α|2 + ǫp

2
(ᾱ− α)2 , (54)

where the local slot α in (16) is replaced by the additional local variable ᾱ introduced
above. This variable is then linked to the global micromorphic field variable α by the
quadratic penalty term, where ǫp is an additional material parameter. Note that, for
ǫf → ∞ and ǫp → ∞, the above micromorphic extensions (52) and (54) recover the
original settings (13) and (16) of the gradient-extended theory in Section 3.

4.1.2 Micromorphic Energetic-Dissipative Split

The energetic-dissipative split of the work density function is performed in full analogy
to (18)

Ŵ (C) = ψ̂e(εe, d̄) + D̂pf(ᾱ, d̄, α,∇α, d,∇d) (55)

with the energetic contribution (19) now formulated as

ψ̂e = ĝ(d̄)ŵe
0(ε

e) (56)
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in terms of the local crack phase field d̄. As a consequence, the micromorphic formulation
of the dissipative part (20) reads

D̂pf = ĝ(d̄)ŵp
0(ᾱ, α,∇α) + (1− ĝ(d̄))wc + 2

wc

ζ
lf γ̂(d̄,∇d) +

ǫf
2
(d̄− d)2 . (57)

Recall at this point that D̂pf governs the thresholds against plasticity and fracture. As
a consequence, the global micromorphic fields α and d are considered as passive in the
sense that an external driving is not allowed, i.e. determined by the boundary conditions
(4) and (8).

4.1.3 Plastic and Fracture Driving Forces

As a consequence of the energetic-dissipative split (55), the dissipation is fully local in
nature, where (22) now reads

Dep := Dp +Df ≥ 0 with Dp := fp : ε̇p ≥ 0 and Df := f f ˙̄d ≥ 0 (58)

with plastic and fracture driving forces fp and f f fully determined by the local variables
εp and d̄. On the side of plasticity, the driving force and resistance are determined by the
micromorphic extension of (27)

f p := −∂εpψ̂e , rp := ∂ᾱD̂
pf , δαD̂

pf = 0 . (59)

Note that the plastic resistance rp is formally local in nature, i.e. goverend by the variables
ᾱ and α. However, ᾱ is linked to α by the additional condition (59)3

δαD̂
pf = ǫp(α− ᾱ)− l2p∆α = 0 . (60)

This equation can be recast into the standard form of a modified Helmholtz equation for
the link of the local variable ᾱ to the micromorphic variable α

α− l̄2p∆α = ᾱ with l̄p := lp/
√
ǫp (61)

conceptually similar to Engelen et al. [9], where l̄p is the plastic length scale of the
micromorphic theory. Note carefully that the variable α is now defined in the full domain,
and not restricted to the plastic zone. This provides a substantial simplification with
regard to the finite-element implementation. On the side of regularized fracture, the
driving force and resistance are determined by the micromorphic extension of (30)

f f := −∂d̄ψ̂e , rf := ∂d̄D̂
pf , δdD̂

pf = 0 . (62)

The fracture resistance rf is formally local in nature, i.e. goverend by the variables d̄ and
d. However, d̄ is linked to d by the additional condition (62)3

δdD̂
pf = ǫf(d− d̄)− 2

wc

ζ
l2f∆d = 0 . (63)

This equation can be recast into the standard form of a modified Helmholtz equation for
the link of the local variable d̄ to the micromorphic variable d

d− l̄2f∆d = d̄ with l̄f := lf/
√
ǫfζ/2wc (64)
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conceptually similar to the gradient damage formulation by Peerlings et al. [29],
where l̄f is the fracture length scale of the micromorphic theory. The above two equations
(61) and (64) exclusively govern the gradient extension of a purely local formulation of
plasticity coupled to damage. In particular, the representation (61) on the side of plasticity
provides a substantial simplification with regard to the numerical implementation.

4.1.4 Evolution Equations of Local Variables

The dissipation potential (33) is in the micromorphic theory exclusively formulated in
terms of the additional local variables ᾱ and d̄

V̂ (Ċ) = sup
fp,rp,ff−rf

[ fp : ε̇p − rp ˙̄α + (f f − rf) ˙̄d− V̂ ∗(fp, rp, f f − rf) ] , (65)

where the dual dissipation potential function V̂ ∗ attains the identical constitutive struc-
ture to (34), but now formulated in terms of the local driving forces and resistances
defined in (61) and (64). The necssary conditions of the local optimization problem (65)
give evolution equations for all local variables, i.e. the plastic flow rules

ε̇p = λp ∂fp φ̂p and ˙̄α = −λp ∂rpφ̂p (66)

and the evolution equation for the crack phase field

˙̄d = λf ∂ff−rr φ̂
f . (67)

along with the two loading-unloading conditions (37) which determine λp and λf , respec-
tively.

4.2 Micromorphic Modification of the Minimization Principle

The micromorphic modification of the minimization principle (48) for the evolution prob-
lem associated with the extended set of state variables (51) reads

{ϕ̇, α̇, ḋ, ˙̄α, ˙̄d, ε̇p} = Arg{ inf
ϕ̇,α̇,ḋ, ˙̄α, ˙̄d,ε̇p

Π(ϕ̇, α̇, ḋ, ˙̄α, ˙̄d, ε̇p) } . (68)

It now covers the evolution of the additional local fields ᾱ and d̄ by the modified global

rate potential

Π(ϕ̇, α̇, ḋ, ˙̄α, ˙̄d, ε̇p) =

∫

B0

π(Ċ) dV − Pext(ϕ̇) (69)

in terms of the constitutive potential density function π defined in (46) in terms of the

modified work density function Ŵ (C) in (52) and the dissipation function V̂ (Ċ) in (65).
When introducing the mixed potential density

π∗ =
d

dt
Ŵ + fp : ε̇p − rp ˙̄α + (f f − rf) ˙̄d− 3

4ηp

〈
φ̂p
〉2

− 1

2ηf

〈
φ̂f

〉2

(70)
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Figure 5: Ductile fracture of V-notch bar in tension. Contours of equivalent plastic strain
α and fracture phase field d with different combinations of lf and lp > lf . a) lf = 0.2 mm,
b) lf = 0.3 mm and c) lf = 0.4 mm with lp = 0.6 mm. d) lf = 0.2 mm, e) lf = 0.3 mm and
f) lf = 0.4 mm with lp = 0.8 mm.

in analogy to (49), the Euler equations of the variational principle (68) are as follows:

1. Stress equilibrium δϕ̇π
∗≡ −Div [ ∂∇ϕŴ ] = γ0

2. Micromorphic hardening δα̇π
∗≡ ∂αŴ − Div [ ∂∇αŴ ] = 0

3. Micromorphic fracture δḋπ
∗≡ ∂dŴ − Div [ ∂∇dŴ ] = 0

4. Hardening force ∂ ˙̄απ
∗≡ ∂ᾱŴ − rp = 0

5. Fracture force ∂ ˙̄d
π∗≡ ∂d̄Ŵ + (f f − rf) = 0

6. Plastic force ∂ε̇pπ
∗≡ ∂εpŴ + f p = 0

7. Plastic strains ∂fpπ∗≡ ε̇p − λp∂fp φ̂p = 0

8. Equivalent strain ∂rpπ
∗≡ − ˙̄α− λp∂rp φ̂

p = 0

9. Fracture phase field ∂(ff−rf )π
∗≡ ˙̄d− λf∂(ff−rf )φ̂

f = 0

(71)

along with Neumann-type boundary conditions of the form defined in (1), (4) and (8)
above. The loading parameters λp and λf are defined in (37). Note that above Euler
equations are exclusively related to variational derivatives of the potential density π∗

defined in (70). Figure 5 depicts a typical numerical example that demonstrates the effect
of related plastic and damage length scales lp and lf ≤ lp .

5 Conclusion

A phase-field model of brittle and ductile fracture in elastic-plastic solids at large strains
was proposed. It couples a gradient damage formulation with geometric terms rooted
in fracture mechanics to finite gradient plasticity. The theory includes two independent
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length scales which regularize both the plastic response as well as the crack discontinuities,
and ensures that the damage zones of ductile fracture are inside of plastic zones. The
formulation is conceptually identical to the recent work of Miehe et al. [27]; however, it
is represented here in a rigorous format based on a minimization principle for the evolution
problem. The proposed micromorphic regularization of this framework, in particular, on
the side of gradient plasticity, offers a setting that is highly attractive and robust for
numerical implementation.
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Abstract

A phase field model of fracture that accounts for anisotropic material behavior at small and large
deformations is outlined within this work. Most existing fracture phase field models assume
crack evolution within isotropic solids, which is not a meaningful assumption for many natural
as well as engineered materials that exhibit orientation-dependent behavior. The incorporation
of anisotropy into fracture phase field models is for example necessary to properly describe the
typical sawtooth crack patterns in strongly anisotropic materials. In the present contribution,
anisotropy is incorporated in fracture phase field models in several ways: (i) Within a pure
geometrical approach, the crack surface density function is adopted by a rigorous application of
the theory of tensor invariants leading to the definition of structural tensors of second and fourth
order. In this work we employ structural tensors to describe transverse isotropy, orthotropy
and cubic anisotropy. Latter makes the incorporation of second gradients of the crack phase
field necessary, which is treated within the finite element context by a nonconforming Morley
triangle. Practically, such a geometric approach manifests itself in the definition of anisotropic
effective fracture length scales. (ii) By use of structural tensors, energetic and stress-like failure
criteria are modified to account for inherent anisotropies. These failure criteria influence the
crack driving force, which enters the crack phase field evolution equation and allows to set up a
modular structure. We demonstrate the performance of the proposed anisotropic fracture phase
field model by means of representative numerical examples at small and large deformations.

Keywords: brittle fracture, anisotropic crack propagation, phase field modeling, finite elements

1. Introduction

Fracture is the fragmentation of a solid due to the evolution of one or more cracks.
The development of numerical strategies that predict failure mechanisms due to crack
initiation and propagation is an intriguingly challenging task, and plays an extremely
important role in various engineering applications. From a computational point of view,
the tracking of sharp crack surfaces provides substantial difficulties and is often restricted
to simple crack topologies. This difficulty can be overcome by recently developed phase
field approaches to fracture, which regularize sharp crack discontinuities within a pure
continuum formulation. This geometrically motivated diffuse crack modeling allows the
resolution of complex failure patterns. Phase field modeling of fracture has become a topic
of focused research in recent years to describe crack patterns in various kinds of solid ma-
terials. To this end, three basic approaches to the regularized modeling of Griffith-type
brittle fracture in elastic solids may be distinguished: (i) The phase field approach by
Karma et al. [32] and Hakim & Karma [26] applies a Ginzburg–Landau-type evo-
lution of an unconstrained crack phase field, using a non-convex degradation function
that separates unbroken and broken states. However it does not explicitely account for
an irreversibility constraint on the crack evolution. (ii) The fundamental approach of
Francfort & Marigo [20] and Bourdin et al. [11, 12] adopts the variational struc-
ture and Γ-convergent regularization of image segmentation developed by Mumford &

Shah [48] and Ambrosio & Tortorelli [5] for the analysis of finite increments in
quasi-static crack evolution. The irreversibility of the fracture process is modeled by
evolving Dirichlet-type boundary conditions, while the scalar auxiliary field used for the
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regularization is unconstrained. From the engineering side these ideas were firstly picked
up and modified by Kuhn & Müller [33]. (iii) The phase field approach by Miehe

et al. [42] is a gradient damage theory with a local irreversibility constraint on the crack
phase field, however, equipped with constitutive structures rooted in fracture mechanics.
It incorporates regularized crack surface density functions as central constitutive objects,
which is motivated in a descriptive format based on geometric considerations. Such a for-
mulation can easily be implemented by a multi-field finite element solver with monolithic
or staggered solution of the coupled problem. Recent works on brittle fracture along this
third line are e.g. Pham et al. [53], Borden et al. [9], Verhoosel & de Borst

[67] and Hesch & Weinberg [28]. Extensions of these models to the phase field model-
ing of ductile fracture, representing coupling of gradient damage mechanics with models
of elasto-plasticity, have been proposed in the works of Alessi et al. [1, 2], Ambati

et al. [3, 4] and Miehe et al. [44, 45].

All the above mentioned models assume the evolution of fracture within isotropic

solids. However, many materials have an inherent anisotropic structure. For example,
in the area of biomechanics, there exists a wealth of works on the energetic modeling
of anisotropic biological tissues, see Holzapfel et al. [29] and Balzani et al. [6]
just to name a few. Such kind of models are embedded into the phase field approach
to fracture in the recent works Raina & Miehe [55] and Gültekin et al. [24] by
introducing anisotropic failure criteria applied to soft biological tissues and arterial walls,
respectively. Such approaches are for example motivated by the fact, that diseased ar-
terial walls suffer from a strength degradation, which in the worst case can lead to fatal
fracture when stresses created by hemodynamic forces cannot be carried. Therefore, an
accurate prediction of failure in anisotropic materials is of high importance. Note, that
in order to include anisotropy, classical damage theories, as summarized in Lemaitre &

Desmorat [35], make use of tensorial damage variables, see also Menzel & Steinmann

[39]. Experimental studies on fracture in anisotropic materials not related to the field of
biomechanics are presented in Riedle & Gumbsch [56], and Qiao & Argon [54] for
crystalline materials, in Donath [18], Niandou et al. [51] and Nasseri & Mohanty

[49] for geomaterials and in Takei et al. [63] for polymer sheets. All of these works show
a profound influence of the material’s anisotropy onto crack propagation. Especially the
experimental study of Takei et al. [63] identifies so-called forbidden crack directions in
strongly anisotropic materials, for which energetically preferable sawtooth crack patterns
can occur. This issue is strongly related to anisotropic crystal growth in a matrix phase
governed by an anisotropic interfacial energy depending on the crystallographic orienta-
tion of the interface. The non-convexity of the inverse polar plot of such an interfacial
energy defines a strongly anisotropic system. Analytical criteria for the determination of
missing or forbidden orientations occuring in such systems can be found in Sekerka [59].
General phase field models of strongly anisotropic systems are proposed in Eggleston

et al. [19], Torabi et al. [66], Torabi & Lowengrub [65] and Taylor & Cahn

[64]. The latter authors also provide a link between sharp and diffuse anisotropic motion
laws. Laws of crack motion within a system with anisotropic, but not strongly anisotropic,
surface energy are analytically treated in Hakim & Karma [25, 26]. The experimen-
tal results of Takei et al. [63] motivated Li et al. [36] to formulate a higher order
anisotropic phase field fracture model for brittle materials undergoing small deformations
by including cubic anisotropy in the interfacial free energy, which is set up by a tensorial
Taylor expansion, see Cahn & Hilliard [15]. Their numerical results obtained by a
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meshless method are in good agreement with the experimental observations of sawtooth
crack patterns observed in strongly anisotropic materials, and prove conceptionally the
applicability of the phase field method for anisotropic fracture evolution governed by cu-
bic symmetry. In addition, phase field fracture models for materials with poly-crystalline
microstructure were recently proposed in Clayton & Knap [17], Shanthraj et al.

[60] and Nguyen et al. [50].

Aim of this work is to formulate a general and modular framework for the phase field
modeling of fracture in anisotropic solids undergoing small and large deformations. In
this sense, different ways of including transverse isotropy, orthotropy and cubic symmetry,
will be presented and analyzed. In particular we discuss the embedding of the mentioned
kinds of anisotropy in (i) the crack surface density function via a rigorous application
of the theory of tensor invariants and (ii) the energetic and stress-like fracture criteria,
also taking into account a split into tension and compression modes. Approach (i) is
motivated by pure geometrical considerations which manifests itself in the definition of
effective anisotropic length scales leading to an orientation-dependent Griffith’s critical
energy release rate. Note, that it is not the aim of this work to give new physical insights
into anisotropic fracture itself, but to show extended capacities of the phase field method
in the modeling of anisotropic fracture.

The paper is organized as follows: Section 2 develops anisotropic crack surface den-
sity functions by introducing specific structural tensors of second and fourth order. In
Section 3 we formulate the evolution problem of anisotropic phase field fracture at small
deformations and propose different anisotropic fracture criteria which are either based on
energies or stresses. In Section 4 we extend the presented framework to the geometrically
nonlinear case. Section 5 shows some representative numerical examples, solved by the
finite element method, for different types of anisotropies. Cubic anisotropy demands the
evaluation of second gradients of the crack phase field, which are treated within the finite
element method by an easy-to-implement quadratic Morley triangle. This element for-
mulation has the fewest number of degrees of freedom among all H2-nonconforming finite
elements. Section 6 provides a short summary of the paper.

2. Phase Field Approximation of Anisotropic Crack Topology

2.1. Crack Surface Density Functions for Isotropic Solids

Let B ⊂ Rω be the (undeformed) configuration of a material body with space dimen-
sion ω ∈ {2, 3} and ∂B its boundary. We consider the crack phase field

d :

{
B × T → [0, 1]
(x, t) 7→ d(x, t)

(1)

characterizing for d = 0 the unbroken and for d = 1 the fully broken state of the material
at x ∈ B. The parameter t ∈ R is for rate-dependent problems the time, for rate-
independent problems an incremental loading parameter. The idea of regularizing a sharp
crack topology in isotropic solids by a diffuse crack topology based on the introduction
of a crack phase field d was intuitively motivated in Miehe et al. [42]. Starting from
an assumed regularization profile of a sharp crack at x = 0 by the exponential function
exp[−|x|/l] satisfying d(0) = 1 as indicated in Figure 1a), a regularized isotropic crack
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Figure 1: Sharp and diffuse crack modeling. a) Sharp crack at x = 0. b) Diffuse crack
at x = 0 modeled with the length scale l. Regularized curves obtained from minimization
principle of diffuse crack topology

∫
B
γl dV → Min! with crack surface density function γl.

Thick line: γl = d2/2l+ l|∇d|2/2 with regularization profile exp[−|x|/l] satisfying d(0) = 1,
dotted line: γl = d2/2l+ l|∇d|2/4+ l3(∆d)2/32 with regularization profile exp[−2|x|/l](1+
2|x|/l) satisfying d(0) = 1 and d′(0) = 0.

surface density function of the solid

γl(d,∇d) =
1

2l
d2 +

l

2
∇d · ∇d (2)

was derived, governed by the length scale parameter l. It satisfies the condition of isotropy
γl(d,Q ⋆ ∇d) = γl(d,∇d) for all Q ∈ O(3) and coincides with terms obtained in Γ-
convergent regularizations of free discontinuity problems outlined in Ambrosio & Tor-

torelli [5].1 The recent work Borden et al. [10] considers a higher-order approach by
starting from the assumed regularization profile exp[−2|x|/l](1+2|x|/l) satisfying d(0) = 1
and d′(0) = 0 visualized in Figure 1b. This results in a higher-order crack surface density

function of the solid

γl(d,∇d,∇2d) =
1

2l
d2 +

l

4
∇d · ∇d+ l3

32
∇2d : ∇2d . (4)

that includes the second gradient ∇2d of the phase field. It satisfies the condition of
isotropy γl(d,Q ⋆∇d,Q ⋆∇2d) = γl(d,∇d,∇2d) for all Q ∈ O(3).

2.2. Crack Surface Density Functions for Anisotropic Solids

The above outlined representations (2) and (4) are restricted to isotropic solids. In
what follows, we outline extensions of these functions to a class of anisotropic response.
To this end, we consider anisotropic crack surface density functions up to the second order
satisfying

γl(d,Q ⋆∇d,Q ⋆∇2d) = γl(d,∇d,∇2d) for all Q ∈ G ⊂ O(3) , (5)

1Rayleigh product. For indicating the action of the orthogonal group O(3) on vectors v and tensors
T of rank r > 1, we use in what follows the Rayleigh product

Q ⋆ v := [v]iQei and Q ⋆ T := [T ]i1...irQei1 ⊗ · · · ⊗Qeir . (3)
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where G is a given symmetry group of the anisotropic material. With regard to a
coordinate-free representation of quadratic crack surface density functions, consider generic
second- and fourth-order structural tensors A and A which are symmetric

[A]ji = [A]ij and [A]jikl = [A]ijlk = [A]klij = [A]ijkl . (6)

These tensors characterize the anisotropic microstructure of the material by being invari-
ant with respect to rotations of the symmetry group

Q ⋆A = A and Q ⋆A = A for all Q ∈ G ⊂ O(3) . (7)

This allows the representation of the anisotropic function (5) by the isotropic function

γl(d,Q ⋆∇d,Q ⋆∇2d;Q ⋆A,Q ⋆A) = γl(d,∇d,∇2d;A,A) for all Q ∈ O(3) (8)

that includes the structural tensors as additional arguments. Following the standard
representation theory of isotropic tensor functions outlined for example by Boehler

[7, 8] and Zheng [69], a quadratic function must have the invariant form

γl(d,∇d,∇2d;A,A) = γl(d
2,∇d · ∇d,∇d ·A · ∇d,∇2d : ∇2d,∇2d : A : ∇2d) (9)

depending on quadratic invariants which are symmetric bilinear forms. This representa-
tion provides a basis for an anisotropic extenstion of the isotropic functions (2) and (4).
In particular, a class of first-order anisotropic crack surface density functions is given by

γl(d,∇d;A) =
1

2l
d2 +

l

2
∇d ·A · ∇d . (10)

Note that the choice A = 1 := δijei ⊗ ej of the second-order structural tensor recovers
the isotropic function (2), where δij denotes the Kronecker delta. Similarly, a class of
second-order anisotropic crack surface density functions is provided by

γl(d,∇d,∇2d;A) =
1

2l
d2 +

l

4
∇d · ∇d+ l3

32
∇2d : A : ∇2d , (11)

that degenerates for the choice A = I := 1
2
( δikδjl+ δilδjk )ei⊗ej ⊗ek⊗el to the isotropic

function (4).

2.3. Transversely Isotropic, Orthotropic and Cubic Structural Tensors

In order to be more concrete, we specify the above introduced structural tensors A and
A for transversely isotropic, orthotropic and cubic materials and relate them to effective
anisotropic length scales.

2.3.1. Transverse Isotropy. A transversely isotropic microstructure of a material
is characterized by the symmetry group G generated by the set2

{ R(a, 0 ≤ φ ≤ 2π),S(a),S(k1),S(k2) } , (12)

2By R(a, φ) we denote a rotation around the a-axis by an angle φ, and by S(a) we denote a reflection
of a vector a with respect to a plane perpendicular to a.
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where a is a given structural director with ‖a‖ = 1 and {a,k1,k2} builds an orthonormal
basis of R3. Starting from a linear invariant function of a second-order tensor T given by
f1(T ) = trT + α trTM with the tensor

M := a⊗ a , (13)

that is invariant with respect to G, a second-order structural tensor can be defined by the
derivative

A := ∂T f1(T ) = 1 + αM . (14)

The anisotropy is defined by just one parameter α that weights the material direction a.
Note that this structural tensor can be interpreted as a metric tensor that replaces the
isotropic metric 1 by an anisotropic metric A. In the same line, when starting from a
quadratic invariant function of a tensor f2(T ) = tr[(TA)2]/2, a fourth-order structural
tensor can be defined by

A := ∂2TT f2(T ) = IA :=
1

2
( [A]ik[A]jl + [A]il[A]jk )ei ⊗ ej ⊗ ek ⊗ el . (15)

This fourth-order tensor is generated by the second-order tensor A, i.e. replacing the
isotropic identity I by a structural tensor A, that is based on the second-order metric A

defined in (14) in terms of the material parameter α. However, a fourth-order structural
tensor allows more complex anisotropies, for example by using in definition (15) the
quadratic function f2(T ) = [trT 2 + α1(trTM)2 + α2 trT trTM + 2α3 trT

2M ]/2 in
terms of three anisotropy parameters, yielding3

A = I + sym[α1M ⊗M + α2 1 ⊗M ] + α3M . (17)

The accommodation of these more complex anisotropies can be considered as an argument
for a phase field approach based on the higher-order function (11).

2.3.2. Orthotropy. An orthotropic microstructure of a material is characterized by
the symmetry group G generated by the set

{ S(a1),S(a2),S(a3),1 } , (18)

based on three structural directors {ai}i=1,2,3 which provide an orthonormal basis sat-
isfying ai · aj = δij and ai × aj = ǫijkak, where ǫijk is the Levi-Civita operator.
Starting from a linear invariant function of a second-order tensor T given by f1(T ) =
trT + α1 trTM 1 + α2 trTM 2 with the tensors

M 1 := a1 ⊗ a1 and M 2 := a2 ⊗ a2 (19)

invariant with respect to G, a second-order structural tensor can be defined by the deriva-
tive

A := ∂T f1(T ) = 1 + α1M 1 + α2M 2 . (20)

3For the seek of a compact notation, we define the symmetric fourth-order tensor

M := [ 1
2
( δik[M ]jl + [M ]ikδjl ) +

1

2
( δjk[M ]il + [M ]jkδil )] ei ⊗ ej ⊗ ek ⊗ el . (16)
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in terms of two parameters α1 and α2. This tensor can again be used as the basis for the
definition of a simple fourth-order orthotropic tensor according to (15). A more complex
representation may be based on second derivatives of the isotropic function f2(T ) =
[trT 2 +

∑2
s=1(α

s
1(trTM s)

2 + αs
2 trT trTM s + 2αs

3 trT
2M s) + α7 trTM 1 trTM 2]/2 in

terms of seven anisotropy parameters, yielding

A = I + sym[
2∑

s=1

(αs
1M s ⊗M s + αs

2 1 ⊗M s) + α7M 1 ⊗M 2 ] +
2∑

s=1

αs
3Ms . (21)

2.3.3. Cybic Symmetry. A microstructure built by simple cubic crystals is charac-
terized by the symmetry group G generated by the set

{ R(a1, π/2),R(a2, π/2),R(a3, π/2),−1 } , (22)

based on three directions {ai}i=1,2,3 spanning an orthonormal basis of R3, which is the
cubic unit cell. A fourth-order structural tensor accounting for cubic symmetry can simply
be obtained by setting the material parameters arising in (21) to

α1
1 = α2

1 =: α1

α2
1 = α2

2 =: α2

α1
3 = α2

3 =: α3



 and furthermore α2 = α3 = 0 . (23)

This yields a simple form of the fourth-order structural tensor depending on two material
parameters α := α1 and β := α7 only

A = I + α(M 1 ⊗M 1 +M 2 ⊗M 2) + β sym[M 1 ⊗M 2] . (24)

This fourth-order structural tensor can be written in another way as

A = I +
2∑

i=1

2∑

j=1

[αδij +
β

2
(1− δij)]M i ⊗M j . (25)

2.3.4. Anisotropic Length Scales. The introduction of structural tensors in the
original (isotropic) crack surface density functions (2) and (4) allows an intuitive definition
of anisotropic or effective length scale parameters. For this purpose consider a given sharp
crack Γ ⊂ B which is parameterized by the arclength ξ, i.e. ξ 7→ xΓ(ξ). Every point x ∈ B
can uniquely be identified by the coordinates (ξ, η) via x(ξ, η) = xΓ(ξ) + ηeη(ξ), where
eη(ξ) is the crack’s unit normal vector at point xΓ(ξ). The normal vector eη(ξ) builds
together with the crack’s unit tangent vector eξ(ξ) base vectors of a local coordinate
system at point xΓ(ξ) of the crack, see Figure 8a). For the gradient of the phase field
variable d = d̄(ξ, η), one can write

∇d = ∂ξd̄(ξ, η) eξ(ξ) + ∂ηd̄(ξ, η) eη(ξ) , (26)

where the local base vectors are related to the global cartesian ones via the angle ϕ(ξ) =
∠(ex, eξ) between the horizontal axis and the tangent of the crack at position xΓ(ξ).

In addition consider a fiber represented by the structural director a for transverse
isotropy and a1 for orthotropy, respectively, which is inclined under an angle θ = ∠(ex,a)
and θ = ∠(ex,a1), respectively. Next, we assume the crack Γ to be only slightly curved.
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Figure 2: Polar plot of the orthotropic effective length scale parameter l∗orth(ϕ; θ) defined
in (29) for anisotropy parameters a) α1 = 1, b) α1 = 1/2, c) α1 = 1/5 and d) α1 = −1/3 in
the range −1/3 ≤ α2 ≤ 1/3. The red curves with α2 = 0 indicate the transversely isotropic
length scale distribution l∗tran(ϕ; θ) defined in (30).

To proceed, we require the effective length scale to be small compared to the length |Γ|
of the crack and the dimensions of the domain B. Then, if we consider a point xΓ ∈ Γ
which is sufficiently far away from the crack tip, the gradient of the crack phase field in
tangential direction is much smaller compared to the gradient in normal direction such
that (26) simplifies to

∇d ≈ d̄′(η) eη(ξ) . (27)

For a numerical justification of this approximation under the stated assumptions in case of
a straight crack see Figure 4. Using (27), the class of first-order anisotropic crack surface
density functions (10) can be written as

γl(d̄(η), d̄
′(η), ϕ; θ) =

1

2l
d̄(η)2 +

1

2
l∗(ϕ; θ) d̄′(η)2 , (28)

where at given fiber orientation θ the anisotropic length scale parameter l∗(ϕ; θ) is intro-
duced depending on the orientation ϕ of the crack. For the case of orthotropy described
by the second-order structural tensor (20) one obtains the effective length scale

l∗orth(ϕ; θ) = l[1 + α1 sin2(ϕ− θ) + α2 cos2(ϕ− θ)] (29)
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Figure 3: Polar plot of the cubic effective length scale parameter l∗∗cubic(ϕ; θ) defined in (32)
for anisotropy parameters a) δ = 0.1, b) δ = 0.3, c) δ = 0.55 and d) δ = 0.9.

in terms the material parameters α1 and α2. Note, that for α1 = α2 = 0 the isotropic
case is recovered and for α1 = α2 6= 0 the effective length scale parameter is l∗orth = 2l.
Furthermore, if ϕ = θ, which means that the crack follows the structural director a1,
one obtains l∗orth = l(1 + α2). For ϕ = θ + π/2, which means that the crack follows the
structural director a2, one obtains l

∗
orth = l(1+α1). Finally, for α1 = α 6= 0 and α2 = 0 the

effective length scale for transverse isotropy with fibers lying in a1 direction is obtained

l∗tran(ϕ; θ) = l[1 + α sin2(ϕ− θ)] . (30)

Each polar plot in Figure 2 shows the distribution of the orthotropic length scale parameter
(29) for a specific α1 parameter and for six different α2 parameters. The red curves indicate
the behavior of the transversely isotropic length scale parameter (30) for which α2 = 0.
They take an oblate form for −1 < α < 0 and a prolate one for α > 0.

In order to define an effective length scale parameter for the class of second-order
anisotropic crack surface density functions (11), the sharp crack Γ is assumed to be straight
for simplicity with its angle of slope again denoted by ϕ. As before the orientation of
the structural directors a and a1, respectively, is given by the angle θ. Making use of
the assumptions leading to the representation (27) of the first gradient of the crack phase
field, the class of second-order anisotropic crack surface density functions (11) can be
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written in the form

γl(d̄(η), d̄
′(η), d̄′′(η), ϕ; θ) =

1

2l
d̄(η)2 +

l

4
d̄′(η)2 +

1

32
l∗∗(ϕ; θ)3 d̄′′(η)2 , (31)

where at a given orientation θ of the structural director a and a1, respectively, the
anisotropic length scale parameter l∗∗(ϕ; θ) is introduced depending on the orientation
ϕ of the straight crack. For the case of cubic anisotropy described by the fourth-order
structural tensor (24) one obtains the effective length scale

l∗∗cubic(ϕ; θ) = γ{1 + δ cos[4(ϕ− θ)]}1/3 (32)

in terms of the material parameters γ = lδ
1/3
1 and δ = δ2/δ1 with δ1 = (8 + 6α + β)/8

and δ2 = (2α − β)/8. Note, that in contrast to the orthotropic length scale (29), only
one material parameter is controlling the shape of the polar distribution of the cubic
length scale (32), see Figure 3. The corresponding polar plots show a classical four-fold
symmetry in contrast to the polar plots of transverse isotropy and orthotropy in Figure 2,
where a two-fold symmetry is at hand. Obviously, the isotropic case l∗∗cubic = l is recovered
by setting α = β = 0.

2.4. Minimization Problem for Regularized Crack Topology

With the crack surface density functions (10) and (11) at hand, we define the regular-
ized crack surface functional

Γl(d) =

∫

B
γl(d,∇d;A) dV and Γl(d) =

∫

B
γl(d,∇d,∇2d;A) dV , (33)

respectively, where the crack surface density function is either given by (10) or (11).
Assuming a given sharp crack surface topology Γ(t) ⊂ B inside the solid B at time t, we
obtain the regularized crack phase field d(x, t) in B from the minimization principle of

diffuse crack topology

d(x, t) = Arg

{
inf

d ∈ WΓ(t)

Γl(d)

}
(34)

subject to the Dirichlet-type constraints summarized in the function spaces

WΓ(t) = {d ∈ H1(B) |d = 1 at x ∈ Γ(t)} and

WΓ(t) = {d ∈ H2(B) |d = 1 ,∇d · n = 0 at x ∈ Γ(t)} ,
(35)

respectively. Here n denotes the vector perpendicular to the sharp crack discontinuity
Γ(t). Figure 1 depicts analytical solutions of the variational problem (34) for the 1D
problem with Dirichlet condition d = 1 at x = 0 and d = 1 together with d′ = 0 at x = 0,
respectively. Note that the limit of the principle (34)

lim
l→0

{
inf

d ∈ WΓ(t)

Γl(d)

}
= Γ(t) (36)

gives for a vanishing length scale l → 0 the sharp crack surface Γ. In the subsequent
continuum setting of regularized crack discontinuities, the image of the functional Γl(d)
is considered to be the crack surface itself. For the first-order approach with the surface
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density function (10) formulated in terms of the second-order structural tensor A, the
variational principle (34), (35)1 yields the Euler equations

d− l2 div[A∇d] = 0 in B and [A∇d] · n = 0 on ∂B . (37)

Note that this formulation degenerates forA = 1 to the isotropic case, where div[A∇d] =
∆d is the Laplacian of the phase field. For the second-order approach with the surface
density function (11) formulated in terms of the second-order structural tensor A, we
obtain from the variational principle (34), (35)2 a modified equation

d− l2

2
∆d+

l4

16
div[div[A : ∇2d]] = 0 in B (38)

together with its natural boundary conditions

(∇d− l2

8
div[A : ∇2d]) · n = 0 on ∂B and (A : ∇2d)n = 0 on ∂B . (39)

This formulation degenerates for A = I to the isotropic case, where the expression
div[div[A : ∇2d]] = ∆∆d is the Bi-Laplacian of the phase field. The choice of the addi-
tional anisotropic material parameters arising in the definitions of the structural tensors of
second and fourth order are limited in order to obtain elliptic partial differential equations
and to ensure the underlying variational principles (34) to be well posed. In other words
we have to ensure positive definiteness of the structural tensors. For the second-order
structural tensor (14) describing transverse isotropy this demands the parameter α to lie
in the open range α ∈ (−1,∞) and for the second-order structural tensor (20) describ-
ing orthotropy we have to ensure that the parameter pair (α1, α2) lies in the open range
(α1, α2) ∈ (−1,∞)×(−1,∞). For the fourth-order structural tensor (25) describing cubic
symmetry, one has to ensure the material parameters to fulfill the conditions

α > −1 and |β| < 2|1 + α| . (40)

2.5. Discretized Minimization Problem of Crack Topology

2.5.1. First-Order Approach. Let Th denote a finite element triangulation of the
solid domain B. The index h indicates a typical mesh size based on Eh finite element
domains Bh

e ∈ Th and Nh global nodal points. Associated with Th, we write the finite
element interpolations of the crack phase field and its gradient by

c
h := { d,∇d }h = B(x)d(t) (41)

in terms of the nodal phase field vector d ∈ RNh
. B is a symbolic representation of a

global interpolation matrix, containing the shape functions and its derivatives4. Then the
discretized form of the variational principle (34) for the first-order approach

dh = Arg

{
inf

dh∈Wh
Γ(t)

∫

Bh

γl(c
h;A) dV

}
(43)

4Finite Element Shapes. Associated with a node I of a standard finite element Bh
e , the interpolation

matrix has for two-dimensional problems ω = 2 the form

Be
I =

[
NI NI,1 NI,2

]T
(42)

in terms of the shape function NI and its derivatives.
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a)

b)

c)

l1 = 0.2 l2 = 0.1 l3 = 0.02

a

a

a

Figure 4: Anisotropic regularization of crack discontinuities. Solutions of the minimization
principle (34), (35)1 of diffuse crack topology for a transversely isotropic body B with a pre-
given sharp crack Γ. Crack phase field for different length scales l1 > l2 > l3 and different
orientations of the structural director a) θ = 0◦, b) θ = 45◦ and c) θ = 90◦ with respect to
the horizontal axis. All computations are performed with an anisotropy parameter α = 5.0.

determines for a given sharp crack topology at time t the nodal values of the phase field
for the regularized topology. The associated Euler equation is linear and can be solved in
closed form

d = −
[∫

Bh

BT [∂2
c
h
c
hγl(c

h;A)]B dV

]−1 ∫

Bh

BT [∂
c
hγl(c

h;A)] dV . (44)

2.5.2. Second-Order Approach. We again look at the finite element discretization
of the domain B described above. A conforming approximation of the higher-order phase
field approach characterized by the variational principle (34), (35)2 demands a subspace
of H2 spanned by C1-continuous shape functions. This required continuity is offered
by Hermite-type polynomials which in the multi-dimensional case have a complicated
algebraic structure and suffer from a high number of degrees of freedom. Within the
finite element approach, alternatives are provided by (i) mixed methods, (ii) isogeometric
analysis and (iii) nonconforming methods. Advantage of (i) is the reduction to an H1-
type variational structure which allows the use of standard C0-continuous shape functions,
however under the cost, that for a stable finite element solution the BBL condition has
to be satisfied, see Brezzi & Fortin [13]. In the recent years (ii) has proven to provide
a powerful tool to handle higher gradients within the finite element context, see Hughes

et al. [30] and the originating literature. However, here we will follow approach (iii), i.e.
the quadratic Morley triangle will be used which provides a minimal number of degrees



Phase Field Modeling of Fracture in Anisotropic Brittle Solids 13

of freedom among all H2-nonconforming finite elements. Detailed information on this
element is given in Appendix A. We write the finite element interpolations of the crack
phase field and its first and second gradient by

c
h := { d,∇d,∇2d }h = B(x)d(t) (45)

in terms of the nodal vector d ∈ RNh
containing nodal values of the phase field defined at

the triangles’ corner nodes and nodal values of the normal derivative of the crack phase
field defined on the triangles’ edge nodes. B is a symbolic representation of a global
interpolation matrix, containing the shape functions and its first and second derivatives.
Then the discretized form of the variational principle (34) for the second-order approach

dh = Arg

{
inf

dh∈Wh
Γ(t)

∫

Bh

γl(c
h;A) dV

}
(46)

determines for a given sharp crack topology at time t the nodal values of the phase field
and the normal derivative across the element edges for the regularized crack topology.
The associated Euler equation is linear and can be solved in closed form

d = −
[∫

Bh

BT [∂2
c
h
c
hγl(c

h;A)]B dV

]−1 ∫

Bh

BT [∂
c
hγl(c

h;A)] dV . (47)

2.6. Numerical Model Problems of Regularization of Crack topology

The following numerical example shows the diffuse crack topology within a simple
body B with (i) inherent transverse isotropy characterized by the second-order structural
tensor A defined in (14) and (ii) inherent cubic symmetry characterized by the fourth-
order structural tensor A defined in (24). The computational domain B is a circle with
diameter ∅ = 2 and contains a pre-given horizontal sharp crack Γ at its center with
|Γ| = 1. On the whole boundary ∂B we prescribe homogeneous Neumann boundary
conditions (37)2 and (39), respectively. On the crack surface Γ we set d = 1 for the phase
field and additionally ∇d · n = 0 in the case of cubic symmetry according to (35). For
transverse isotropy, Figure 4 shows the influence of the direction of the structural director
a on the effective length scale defined in (30), see also Figure 2. All computations are
performed with an anisotropy parameter α = 5.0 and three different (isotropic) length
scales l ∈ {0.2, 0.1, 0.02}. According to (36), convergence to the sharp crack topology for
l → 0 is evident. For cubic symmetry one observes a completely different diffuse crack
topology as visualized in Figure 5 for three different orientation angles θ ∈ {0◦, 30◦, 60◦} of
the cubic unit cell. All computations are performed with anisotropy parameters α = 8.5
and β = −18 fulfilling the condition (40), and an (isotropic) length scale l = 0.16. To
better see the diffuse geometry of the cubic system, the diffusivity is chosen consciously
high.

3. Driving Forces for Brittle Failure and Transition Rules

3.1. Variational Principle for Evolution Problem of Phase Field Fracture

In the small-strain context, the motion of the fracturing solid is described by the
displacement

u :

{
B × T → Rω

(x, t) 7→ u(x, t) .
(48)
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Figure 5: Anisotropic regularization of crack discontinuities. Solutions of the minimization
principle (34), (35)2 of diffuse crack topology for a body B with inherent cubic symmetry and
a pre-given sharp crack Γ. Crack phase field for different orientations of the cubic unit cell
a) θ = 0◦, b) θ = 30◦ and c) θ = 60◦ with respect to the horizontal axis. All computations
are performed with anisotropy parameters α = 8.5 and β = −18, and a length scale l = 0.16.

of a material point x ∈ B at time t ∈ T . The strains are assumed to be small, i.e. the norm
of the displacement gradient ||∇u|| < ǫ is bounded by a small number ǫ. The symmetric
part of this gradient defines the standard strain tensor ε = ∇su := 1

2
[∇u+(∇u)T ] of the

geometrically linear theory. We focus on a theory of fracture in elastic solids and consider
a “total” pseudo-energy functional

W (u, d) =

∫

B
w(∇su, d,∇d,∇2d) dV (49)

that depends on the displacement u and the fracture phase field d. The constitutive
“total” pseudo-energy density function w depends on the first and second gradient of the
phase field, according to the first- and second-order approximation of the crack topology
considered above. Furthermore, consider a dissipation potential functional

V (ḋ) =

∫

B
v(ḋ) dV (50)

that depends on a convex and non-smooth dissipation potential density function v. The
two functionals W and V define the rate potential functional Π(u̇, ḋ) := d

dt
W + V that

governs the variational principle for the evolution problem

{u̇, ḋ} = Arg{ inf
u̇∈Wu̇

inf
ḋ∈Wḋ

[
d

dt
W + V ] } . (51)

The admissible spaces for the rates of displacement and phase field are given by the
Dirichlet conditions

Wu̇ := {u̇ ∈ H1(B)| u̇ = ˙̄u on ∂Bu
D} and Wḋ := {ḋ ∈ H2(B)| ḋ = ˙̄d on ∂Bd

D} , (52)

where the surface of the solid is decomposed according to ∂B = ∂Bu
D ∪∂Bu

N = ∂Bd
D ∪∂Bd

N

into Dirichlet and Neumann parts. The Euler equations of the variational principle (51)
are

δuw = 0 and 0 ∈ δdw + ∂ḋv (53)

in the domain B along with the Neumann-type boundary conditions

∂∇suw · n = 0 on ∂Bu
N , ∂∇dw · n = 0 on ∂Bd

N , ∂∇2dw · n = 0 on ∂Bd
N . (54)
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ḋ ḋ

v(ḋ) ∂ḋv(ḋ)

+
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1
η

a) b)

Figure 6: a) Dissipation potential function v(ḋ) defined in terms of the non-smooth indi-
cator function I(ḋ), and b) its first sub-gradient ∂ḋv(ḋ).

In the above equation (53), δuw and δdw denote the variational derivatives of the function
w, defined by δuw = − div[∂∇suw] and δdw = ∂dw−div[∂∇dw]+div[div[∂∇2dw]]. Further-
more, ∂ḋv denotes the sub-gradient of the non-smooth function v, defined at point x as
the set v(y) ≥ v(x) + ∂xv(x)(y− x) for all y. Clearly, (53)1 is the quasi-static mechanical
equilibrium

div[σ] = 0 with σ := ∂∇suw , (55)

formulated in terms of the stress tensor σ, that determines the displacement field u. The
incorporation of body forces and surface tractions is straightforward. Equation (53)2 can
be considered as an evolution equation that determines the fracture phase field d.

3.2. Specification for Irreversible Evolution of the Fracture Phase Field

The phase field formulation is specified to a setting accounting for the irreversibility of
the fracture phase field. This is achieved by choosing the non-smooth dissipation potential
function

v(ḋ) = I(ḋ) +
η

2
ḋ2 (56)

in terms of the non-smooth indicator function of the set R+ of positive real numbers

I(ḋ) =

{
0 for ḋ ≥ 0
∞ otherwise

with ∂ḋI(ḋ) =

{
0 for ḋ > 0

R− for ḋ = 0
(57)

as visualized in Figure 6. The parameter η in (56) is a mobility parameter for the phase
field evolution, which provides for η → 0 the rate-independent limit. With the specific
form (56), the evolution equation (53)2 attains the form

ḋ = 〈−1

η
δdw 〉+ (58)

where 〈x〉+ := [x+ |x|]/2 is the ramp function of R+ expressed by the Macaulay bracket.
In line with Miehe et al. [42], this equation is interpreted as a generalized Ginzburg–
Landau-type evolution equation for the fracture phase field d. The evolution of the frac-
ture phase field is proportional to the variational derivative of the “total” pseudo-energy
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density function w. The above equation degenerates for the rate-independent limit η → 0
to the evolutionary system

ḋ ≥ 0 , −δdw ≤ 0 , ḋ [−δdw] = 0 . (59)

in Karush–Kuhn–Tucker form. Equations (58) and (59) provide the basis for the phase
field modeling of brittle fracture proposed by Miehe et al. [42]. They represent evolu-
tion equations for rate-dependent and rate-independent gradient damage, with a specific
“total” pseudo-energy density function w rooted in regularized fracture mechanics.

The basic equations (55) and (58) for phase field fracture in elastic solids are governed
by the “total” pseudo-energy density w. In what follows, we consider the split

w(ε, d,∇d,∇2d) = wbulk(ε, d) + wfrac(d,∇d,∇2d) (60)

into a specific elastic bulk energy wbulk and a contribution due to fracture wfrac that
contains the accumulated dissipative work density. Particular choices of these functions
are discussed below, providing characteristic forms of the phase field evolution taking the
modular structure

η̃ḋ︸︷︷︸
crack update

= (1− d)H︸ ︷︷ ︸
driving force

− lδdγl︸︷︷︸
resistance

(61)

by a specific choice of the bulk energy degradation function. Here, H denotes a positive
crack driving force which is expressed as

H(x, t) := max
s∈[0,t]

D̃(state(x, s)) (62)

in terms of a crack driving state function D̃ depending on a state array, which contains
in this work only strain- or stress like quantities. Note, that in (61) the rate-independent
case is recovered for η → 0, where the crack topology is then simply determined by an
equilibrium between the crack driving force and the geometric crack resistance. The above
introduction of competing bulk and surface energy densities is conceptually in line with
treatments of gradient damage theories outlined in Frémond & Nedjar [22], and Pham

et al. [53].

3.3. The Degrading Anisotropic Elastic Bulk Energy

We first focus on the degrading elastic bulk energy wbulk in (60). It is assumed to have
the simple form

wbulk(ε, d) = g(d)ψ̃(ε) , (63)

where ψ̃(ε) is the anisotropic effective energy stored in the undamaged material and

g(d) = (1 − d)2 a degradation function that leads to the properties wbulk(ε, 0) = ψ̃(ε),
wbulk(ε, 1) = 0, ∂dwbulk(ε, d) < 0 and ∂dwbulk(ε, 1) = 0. For a discussion of different choices
of degradation functions see Kuhn et al. [34]. In what follows, we outline extensions of
the elastic bulk energy for a class of anisotropic response.

The effective stored energy function is assumed to be invariant with respect to rotation
of the symmetry group of the material

ψ̃(Q ⋆ ε) = ψ̃(ε) for all Q ∈ G ⊂ O(3) , (64)
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where G is a given symmetry group of the anisotropic material, see Section 2.3. With
regard to a coordinate-free representation of quadratic strain energy function suitable for
linear elastic response, consider the form

ψ̃(ε;E) =
1

2
ε : E : ε (65)

with the fourth-order elasticity tensor E. This tensor represents a fourth-order structural
tensor that is symmetric

[E]jikl = [E]ijlk = [E]klij = [E]ijkl . (66)

It characterizes the anisotropic microstructure of the elastic material response by being
invariant with respect to rotations of the symmetry group

Q ⋆E = E for all Q ∈ G ⊂ O(3) . (67)

This allows the representation of the anisotropic function (64) by the isotropic function

ψ̃(Q ⋆ ε;Q ⋆E) = ψ̃(ε;E) for all Q ∈ O(3) (68)

that includes the elastic structural tensors as an additional argument. Following the stan-
dard representation theory of isotropic tensor functions outlined for example by Boehler

[7, 8] and Zheng [69], a quadratic function must have the invariant form

ψ̃(ε;E) = ψ̃(ε : ε; ε : E : ε) (69)

depending on quadratic invariants which are symmetric bilinear forms. From the definition
of an effective free energy, the effective stress σ̃ := σ/g(d) follows as

σ̃ = ∂εψ̃(ε;E) = E : ε . (70)

3.4. Tension–Compression Split of Anisotropic Elastic Bulk Energy

To distinguish between energetic tensile and compressive parts within an anisotropic
material, for which the principal directions of the stress and strain tensor do not coincide,
consider the decomposition of the effective stress tensor into a positive and negative part

σ̃ = σ̃
+ + σ̃

− with σ̃
± :=

3∑

a=1

〈σ̃a〉±nσ
a ⊗ nσ

a (71)

with the ramp functions 〈x〉+ := (x+ |x|)/2 and 〈x〉− := (x− |x|)/2 for x ∈ R. Insertion
into the dual effective energy

ψ̃∗(σ̃;F) = 1
2
σ̃ : F : σ̃ with F := E−1 (72)

being the compliance tensor, leads to the definition of a positive stress function ψ̃∗+(σ̃;F)

and negative stress function ψ̃∗−(σ̃;F). As an example we consider a typical compliance
tensor of transverse isotropy

F = p11 ⊗ 1 + p2 I + p3 a⊗ a⊗ a⊗ a , (73)
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see Appendix B for the inverse material parameters {pi}i=1,3 according to Lubarda &

Chen [37]. The corresponding dual effective energy in terms of traces takes the form

ψ̃∗(σ̃) =
p1
2
tr2[σ̃] +

p2
2
tr[σ̃σ̃] +

p3
2
tr2[σ̃(a⊗ a)] . (74)

By making use of the relations5 (•)+ : (•)− = 0 and tr2[•] = 〈tr[•]〉2+ + 〈tr[•]〉2−, the
positive and negative stress function follow as

ψ̃∗±(σ̃) =
p1
2
〈tr[σ̃]〉2± +

p2
2
tr[σ̃±

σ̃
±] +

p3
2
〈tr[σ̃(a⊗ a)]〉2± . (75)

3.5. Phase Field Fracture Criteria

3.5.1. Phase Field Evolution without Threshold. An energetic criterion for
brittle fracture without threshold used by Miehe et al. [42] is based on the fracture
contribution to the “total” pseudo-energy density (60)

wfrac(d,∇d,∇2d) = gcγl(d,∇d,∇2d) . (76)

It is directly related to the anisotropic crack surface density function γl defined in (10)
and (11). In contrast to an isotropic representation of (76) via (2) and (3), gc represents
in the anisotropic case a material parameter that does not coincide with Griffith’s critical
energy release rate Gc and that is not physically interpretable. As discussed in Section 3.6,
an anisotropic crack surface density function induces an orientation-dependent fracture
toughness Gc = Gc(ϕ; θ), i.e. it depends on the crack propagation angle relative to a
given structural director. The “total” pseudo-energy density takes the form

w(ε, d,∇d,∇2d) = (1− d)2ψ̃(ε) + gcγl(d,∇d,∇2d) (77)

in terms of the two functions ψ̃ and γl. Then, the rate-independent loading criterion (59)
for the phase field includes the loading function

−δdw = 2(1− d)ψ̃(ε)− gcδdγl(d,∇d,∇2d) , (78)

and can be recast into the form

gcδdγl = 2(1− d) max
s∈[0,t]

ψ̃(ε(x, s)) , (79)

see Miehe et al. [42, 43]. In order to account for crack evolution driven by a positive
stress function only, we make use of identical images in the theory of linear elasticity
ψ̃∗(σ̃) = ψ̃(ε) = 1

2
σ̃ : ε and postulate the governing crack phase field equation

lδdγl = (1− d)H with D̃ =
2ψ̃∗+(σ̃(x, s))

gc/l
, (80)

see (61) and the definition (62) of the crack driving force H in terms of the crack driving

state function D̃. Note that the driving force here depends on the ratio between the locally
stored positive (anisotropic) effective elastic compliance energy ψ̃∗+ and the material
parameter rate gc, that can be considered to be smeared out over the length scale l.

5Here “•” is a placeholder for a tensor of second order.
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3.5.2. Phase Field Evolution with Threshold. The criterion (79) yields a damage-
type degradation already at low stress levels. In order to avoid this effect, an energetic
criterion with threshold can be constructed based on the fracture contribution to the
“total” pseudo-energy density (60)

wfrac(d,∇d,∇2d) = 2ψc [ d+
l2

4
∇d · ∇d+ l3

32
∇2d : A : ∇2d ] , (81)

here written down for the second-order phase field approach. ψc denotes a specific fracture
energy density. Note that, in contrast to the definition (76), the crack phase field d enters
the formulation by a linear term. In gradient damage mechanics, such formulations are
discussed in Frémond & Nedjar [22], Frémond [21] and the recent contributions
Pham et al. [53] and Miehe [40]. After some simple algebraic manipulations, the
“total” pseudo-energy density (60) reads

w(ε, d,∇d,∇2d) = (1− d)2[ ψ̃(ε)− ψc ] + ψc + 2ψclγl(d,∇d,∇2d) (82)

in terms of the crack surface density function γl defined in (10) and (11). Then, the
rate-independent loading criterion (59) for the phase field includes the loading function

−δdw = 2(1− d)[ ψ̃(ε)− ψc ]− 2ψclδdγl(d,∇d,∇2d) , (83)

and can be recast into the form

2ψclδdγl = 2(1− d) max
s∈[0,t]

〈ψ̃(ε(x, s))− ψc〉+ , (84)

see Miehe et al. [43]. Using the same argument as before, a governing crack phase field
equation in terms of a driving force H accounting for a distinction between tension and
compression modes in anisotropic solids reads

lδdγl = (1− d)H with D̃ = 〈 ψ̃
∗+(σ̃(x, s))

ψc
− 1〉+ (85)

in terms of the ramp function 〈x〉+ := (x + |x|)/2 already defined in Section 3.4. Note
that this criterion is independent of the length scale l, because the material parameter ψc

for the specific fracture energy refers to unit volume.

3.5.3. Phase Field Evolution by Stress-type Criterion. Based on the decom-
position (71) of the effective stress, Miehe et al. [43] proposed a simple criterion for
mixed tensile–compression stress modes applicable to nonlinear elasticity, characterized
by the threshold-type crack driving state function

D̃ = ζ

〈
3∑

a=1

(〈σ̃a〉+
σc

)2

− 1

〉

+

. (86)

It models an isotropic failure surface in the principal effective stress space, where σc > 0
denotes a critical tensile fracture stress and ζ > 0 an additional material parameter that
controls the growth of the crack phase field in the postcritical damage range. In order
to define an anisotropic failure surface, the crack driving state function is modified by
Raina & Miehe [55] in the way

D̃ = ζ〈Φ(σ̃+)− 1〉+ (87)
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Figure 7: Failure surfaces for transversely isotropic tensile stress failure criterion of type
(89) with A = IA in principal effective plane stress space for different anisotropy parameters
α̃ and fiber orientations θ. a) Isotropic response for α̃ = 0, b) transversely isotropic failure
response for three different fiber orientations, c) transversely isotropic failure response for
three different anisotropic parameters α̃ and d) the influence of the fracture parameter ζ
on the failure surface. In the expressions for the critical stress, we use the abbreviations
s = sin θ and c = cos θ.

containing a scalar valued tensor function Φ(σ̃+) satisfying

Φ(σ̃+) = Φ(Qσ̃
+
QT ) for all Q ∈ G ⊂ O(3) , (88)

see also Steinmann et al. [62]. For transverse isotropy, orthotropy and cubic symmetry,
which are the anisotropies considered here, the symmetry group G is generated by the
sets (12), (18) and (22), respectively. Hence, we can write the function Φ in the form

Φ(σ̃+) =
1

σ2
c

σ̃
+ : A : σ̃+ , (89)

where the fourth-order metric tensor A represents either the identity tensor (15) induced
by the second-order structural tensor A defined in (14) for transverse isotropy and in
(20) for orthotropy, or a structural tensor defined in (17), (21) and (24) for all classes of
anisotropies considered here. Note, that for A = I the isotropic driving state function
(86) is recovered.
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Figure 8: Geometry of the phase field fracture band. a) Introduction of a natural coordinate
system by the base vectors {eξ, eη} at xΓ(ξ) ∈ Γ. b) Regularized crack profile (92) in a
cross section of the (slightly) curved band obtained by the fracture criterion with threshold
(85).

The anisotropic material parameters chosen for the crack driving state function (87)
are irrespective of the ones arising in the resistance part of the phase field evolution
equation (61) and are hence marked by a “∼” accent. Positive definiteness6 of the fourth-
order metric tensor A entering the quadratic form (89) induces the convexity of the
anisotropic failure surface as exemplarily shown in Figure 7 for the case of transverse
isotropy characterized by the second-order structural tensor A = 1 + α̃M defined in
(14). For a vanishing anisotropy coefficient α̃ = 0 the isotropic failure surface is retrieved,
as visualized in Figure 7a). Let us for now denote by θ the angle between the structural
director a and the positive principal σ̃1-axis. Each of the parameters θ, α and ζ has a
pronounce influence on the crack initiation controlled by the transversely isotropic failure
surface as shown in Figure 7b)–d). Setting θ = 0◦ for simplicity, we observe that an
increasing anisotropy parameter α̃ ∈ (−1,∞) causes a reduction of the material’s fracture
resistance under tensile σ̃1 loading in fiber direction, whereas the fracture stress under
tensile σ̃2 loading perpendicular to the fibers remains unchanged7. A negative anisotropy
parameter α̃ leads to a fracture resistance which is higher than the one from the isotropic
stress-type failure criterion. For an increasing fracture slope parameter ζ in Figure 7d),
a faster failure response under both, tensile σ̃1 and σ̃2 loading is observed.

3.6. Regularized Crack Profile and Critical Energy Release Rate

For the analysis presented in this section we focus on a first-order phase field approach
governed by (10). At this point we are interested in the regularized crack profile in the
supposed localization zone L(ξ) = (−η0(ξ), η0(ξ)) at fully damaged state, see Figure 8,
and the effective fracture toughness Gc. In that sense the results of Pham et al. [53]
and Sicsic & Marigo [61] are extended to anisotropic material behavior characterized
by the effective length scales (29) and (30). The phase field evolution equations (80) and
(85), respectively, are formulated along a cross section normal to the curved sharp crack
Γ. Please refer to Figure 8a) and the description in Section 2.3.4, i.e. the therein stated
assumptions to neglect the derivative of the phase field in tangential crack direction. Ac-
cording to (59) we have −δd̄w = 0 for evolving damage, which also holds if the regularized

6cf. Section 2.4
7A simultaneous change of the fracture resistance along the σ̃2 direction in Figure 7c) is achieved

by adding a second fiber family to the material, i.e. by using the orthotropic structural tensor A =
1 + α̃1M1 + α̃2M 2 defined in (20).
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crack is created. This is due to the fact that at the moment of the crack creation, the crack
phase field gets stationary. As long as we consider a point xΓ(ξ) ∈ Γ which is sufficiently
far away from the crack tip and loaded by moderate strains, the energetic terms stemming
from the degrading elastic bulk energy (63) can be neglected, see Sicsic & Marigo [61]
for a careful asymptotic analysis. Then the crack phase field at fully damaged state is
governed by

{
(gc) : d̄− l l∗d̄′′ = 0
(ψc) : l l∗d̄′′ − 1 = 0

for η ∈ L(ξ) (90)

and d̄ = 0 for η 6∈ L(ξ), together with the boundary conditions

d̄(0) = 1 , d̄′(±η0) = 0 and d̄(±η0) = 0 . (91)

In (90) the governing phase field equations are written down for the fracture criterion
without threshold (gc) discussed in Section 3.5.1 and the fracture criterion with threshold
(ψc) discussed in Section 3.5.2. Solving (90)–(91) yields η0 → ∞ for the fracture criterion
without threshold, whereas for the fracture criterion with threshold we obtain

(ψc) : d̄(η) =
[
1− 1

η0
|η|

]2
with η0 =

√
2 l l∗ , (92)

with the anisotropic length scale l∗ being of the form (30) for transverse isotropy and (29)
for orthotropy. In the isotropic case l∗ = l the result η0 =

√
2l of Pham et al. [53]

and Sicsic & Marigo [61] is obtained. It can be seen from (92) that for the case of
anisotropy the width of the localization zone is not constant along a curved crack, i.e. it
depends on the direction ϕ− θ of the crack relative to the structural director.

By knowledge of the localization zone L(ξ), the accumulated dissipation per unit crack
length due to fracture can be calculated as

D =

∫ +η0

−η0

wfrac(d̄(η), d̄
′(η)) dη (93)

with the fracture contributions to the “total” pseudo-energy density (60)
{

(gc) : wfrac(d̄, d̄
′) = gc

[
1
2l
d̄2 + 1

2
l∗d̄′2

]
,

(ψc) : wfrac(d̄, d̄
′) = 2ψc

[
d̄+ 1

2
l l∗d̄′2

]
.

(94)

Inserting for the first derivatives of the crack phase field the relations (gc): d̄
′ =

√
1/(l l∗)d̄

and (ψc): d̄
′ =

√
2d̄/(l l∗) stemming from the first integrals of (90) and the boundary con-

ditions (91)2 – (91)3, yields for the dissipation (94) after integration over the determined
localization zones





(gc) : D(l∗) = gc

√
l∗

l
,

(ψc) : D(l∗) = 8
√
2

3
ψc

√
l l∗ .

(95)

Then, as long as the effective length scale is small compared to the crack length and
the dimensions of the body, the accumulated dissipation due to fracture plays the role of
Griffith’s critical energy release rate

Gc(ϕ; θ) = D(l∗) , (96)
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see Sicsic & Marigo [61] for more details. Apparently the fracture toughness depends
crucially on the angle of crack propagation relatively to a given structural director. Note,
that in the case of isotropy l∗ = l, we obtain (gc): Gc = gc and (ψc): Gc = 8

√
2/3 lψc,

i.e. the material parameter gc showing up in (76) coincides with Griffith’s critical energy
release rate. Finally, note that the admissible anisotropy parameters α and (α1, α2) given
in Section 2.4 are sufficient and necessary for a positive accumulated dissipation.

3.7. Energetic Anisotropic Crack Propagation

It remains to determine the propagation angle ϕ of the crack under given Griffith’s
critical energy release rate Gc(ϕ; θ). The latter is derived in an asymptotic sense in
Section 3.6 for the first-order phase field approach and has to be calculated numerically
for the second-order phase field approach. According to Griffith [23] a crack starts to
propagate along an a priori known path, if the energy release rate G(ϕ) reaches a critical
value

G(ϕ) = Gc(ϕ; θ) . (97)

Following Chambolle et al. [16] the propagation angle ϕ of the crack under quasi-static
loading can be found as the one, for which

G(ϕ)

Gc(ϕ; θ)
→ max. globally under side condition (97) , (98)

which leads to the Eshelby-type torque balance dG(ϕ)/dϕ = dGc(ϕ; θ)/dϕ, see Hakim &

Karma [25, 26]. Convexity properties of the polar plot of the inverse fracture toughness
G−1

c (ϕ; θ) are crucial for the determination of the crack propagation angle.

A weakly anisotropic material is defined via a convex polar plot of G−1
c (ϕ; θ). For the

first-order phase field model leading to the fracture toughness (95)–(96), the mentioned
polar plot is elliptical for α and (α1, α2) lying in the admissible ranges8 given in Section
2.4. A strongly anisotropicmaterial is on hand if the polar plot of G−1

c (ϕ; θ) is non-convex,
i.e. if cam segments have negative curvature

d2

dϕ2
Gc(ϕ; θ) +Gc(ϕ; θ) < 0 . (99)

This can be created by the fourth-order structural tensor (25) of cubic symmetry when
using suitable material parameters α and β satisfying condition (40). Non-convexity of
the mentioned polar plot results in forbidden crack directions as experimentally studied
by Takei et al. [63], which do not arise in weakly anisotropic materials characterized by
the second-order structural tensors (14) and (20) of transverse isotropy and orthotropy.
For a general discussion about diffuse interface models with strongly anisotropic surface
energies see Taylor & Cahn [64].

4. Extension to Large Deformation Setting

4.1. Primary Fields and Strain Measures

In the large deformation context, the fracturing solid is described by a one-to-one
deformation map, which is assumed to be smooth enough, and the crack phase field d

8For α and (α1, α2) lying outside these ranges, the polar plot of G−1

c (ϕ; θ) takes a non-physical
hyperbolic form.
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Figure 9: Finite deformation of a body with a regularized crack. The deformation map

ϕ maps at time t ∈ T points of the reference configuration B0 ⊂ Rω onto points of the
current configuration Bt ⊂ Rω with ω ∈ {2, 3}. a) The crack phase field d ∈ [0, 1] defines a
regularized crack surface functional Γl(d), see (33). b) The level set Γc = {X | d = c} defines
for a constant c ≈ 1 the crack faces in the regularized setting. Parts of the continuum with
d > c are considered to be free space and are not displayed.

already defined in (1)

ϕ :

{
B0 × T → Bt ⊂ Rω

(X , t) 7→ x = ϕ(X, t)
and d :

{
B0 × T → [0, 1]
(X, t) 7→ d(X, t) .

(100)

As visualized in Figure 9, ϕ maps at time t ∈ T points X ∈ B0 of the reference con-
figuration B0 ⊂ Rω onto points x ∈ Bt of the current configuration Bt ⊂ Rω with
ω ∈ {2, 3}. The deformation gradient F := ∇Xϕ builds together with its cofactor
cof[F ] := det[F ]F −T and its Jacobian J := det[F ] the fundamental mappings of in-
finitesimal line, area and volume elements

dx = F dX , da = cof[F ]dA and dv = JdV . (101)

Beyond the demand on the deformation map to be one-to-one, which is equivalent to a non-
vanishing Jacobian, penetrable deformations have to excluded leading to the necessary
and sufficient condition of a strictly positive Jacobian J > 0. Furthermore, let g, G ∈
Sym+(3) be the standard metrics of the current and reference configuration B0 and Bt.
Then the right and left Cauchy–Green tensor

C := F TgF and c := F−TGF−1 (102)

are convected current and reference metrics build by pull-back and push-forward opera-
tions. A comparison between standard and convected metrics in the reference and current
configuration defines the Green–Lagrange and Almansi strain tensor

E :=
1

2
(C −G) and e :=

1

2
(g − c) . (103)

4.2. Stress Tensors

Consider a part P0 ⊂ B0 cut out of the reference configuration B0 and its spatial
counterpart Pt ⊂ Bt, with boundaries ∂P0 and ∂Pt, respectively. The traction vector t
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acts on the surface element da ⊂ ∂Pt on the deformed configuration. Integrated over
∂Pt this represents the force that the rest of the body Bt \ Pt exerts on Pt through ∂Pt.
Cauchy’s stress theorem defines the traction to depend linearly on the outward surface
normal

t(x, t;n) = σ(x, t)n (104)

through the Cauchy stress tensor σ. The identity t0 dA = t da by scaling the (true)
spatial force tda by the reference area element dA induces the definition of the first Piola-
Kirchhoff or nominal stress tensor P via

P dA = σda with P := (Jσ)F−T , (105)

where the area map (101)2 has been inserted. Finally, we can define via a complete pull
back of the Cauchy stress tensor, the second Piola-Kirchhoff stress tensor

S := JF−1σF−T . (106)

4.3. Variational Principle for Evolution Problem of Phase Field Fracture

As in the small deformation case treated in Section 3, we start from the definition of
a “total” pseudo-energy functional9

W (ϕ, d) =

∫

B0

w(F , d,∇Xd,∇2
Xd) dV (109)

which depends on the deformation map ϕ and the crack phase field d. It is formulated
in terms of a “total” pseudo-energy density, which again is assumed to attain an additive
structure

w(F , d,∇Xd,∇2
Xd) = wbulk(F , d) + wfrac(d,∇Xd,∇2

Xd) . (110)

W and the dissipation potential functional V given in (50) define the rate potential
functional Π(ϕ̇, ḋ) := d

dt
W + V that governs the variational principle for the evolution

problem

{ϕ̇, ḋ} = Arg{ inf
ϕ̇∈Wϕ̇

inf
ḋ∈Wḋ

[
d

dt
W + V ] } . (111)

9In the large deformation context we define the crack surface density function in terms of material

gradients of the crack phase field, e.g.

γl(d,∇Xd,∇2

X
d) =

1

2l
d2 +

l

4
∇Xd ·G−1 ∇Xd+

l3

32
∇2

X
d : A : ∇2

X
d . (107)

Note, that basically also spatial gradients ∇x(•), . . . could be used, which would enter the constitutive
tangent via a pull back operation.
The use of material gradients in the crack surface density function is in line with the definition of

structural tensors on the reference configuration

A = [A]ABEA ⊗EB and A = [A]ABCDEA ⊗EB ⊗EC ⊗ED (108)

in terms of material directors a0 ∈ TXB0 and {a0i}i=1,3 ∈ TXB0, respectively.
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The admissible spaces for the rates of deformation and phase field are given by the Dirich-
let conditions

Wϕ̇ := {ϕ̇ ∈ H1(B0)| ϕ̇ = ˙̄ϕ on ∂Bϕ
0D} and Wḋ := {ḋ ∈ H2(B0)| ḋ = ˙̄d on ∂Bd

0D}
(112)

where the surface ∂B0 of the reference configuration is decomposed according to ∂B0 =
∂Bϕ

0D ∪ ∂Bϕ
0N = ∂Bd

0D ∪ ∂Bd
0N into Dirichlet and Neumann parts. The Euler equations of

the variational principle (111) are

δϕw = 0 and 0 ∈ δdw + ∂ḋv (113)

in the reference domain B0 along with the Neumann-type boundary conditions

∂Fw · n0 = 0 on ∂Bϕ
0N , ∂∇Xdw · n0 = 0 on ∂Bd

0N , ∂∇2
X
dw · n0 = 0 on ∂Bd

0N . (114)

Note, that the occurring variational derivatives with respect to ϕ and d contain the
divergence operator defined on the reference manifold B0, which is in the following denoted
by Div[•]. Clearly, (113)1 is the mechanical stress equilibrium

Div[P ] = 0 with P := ∂Fw , (115)

formulated in terms of the nominal stress tensor P . The incorporation of body forces and
surface tractions is again straightforward. By inserting the specific form of the dissipation
potential function (56), the phase field evolution equation (113)2 can be recast into the
Ginzburg–Landau form

ḋ = 〈−1

η
δdw 〉+ , (116)

already given in (58). In the rate-independent limit η → 0 the phase field evolution system
degenerates to the Karush–Kuhn–Tucker conditions (59). By a specific choice of the bulk
energy degradation function one may reformulate the phase field evolution equation into
the modular format (61) governed by the crack driving force

H(X, t) := max
s∈[0,t]

D̃(state(X , s)) (117)

depending on a crack driving state function D̃.

4.4. The Degrading Anisotropic Bulk Energy

In analogy to (63), the degrading elastic bulk energy wbulk in (110) is assumed to have
the simple form

wbulk(F , d) = g(d)ψ̃(F ) , (118)

where ψ̃ denotes an anisotropic effective energy stored in the undamaged material and
g(d) = (1− d)2 a degradation function, see Section 3.3.
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To automatically satisfy the principle of objectivity, the free energy is rewritten in
terms of the right Cauchy–Green tensor, ψ̃ = ψ̃(C). Defining an anisotropic microstruc-
ture via a symmetry group G0, the effective free energy is assumed to be invariant with
respect to rotations of this symmetry group

ψ̃(Q ⋆C) = ψ̃(C) for all Q ∈ G0 ⊂ O(3) . (119)

In order to realize this condition, one generic structural tensor M is introduced, which is
taken to be invariant with respect to rotations of the symmetry group

Q ⋆M = M for all Q ∈ G0 ⊂ O(3) . (120)

This allows the construction of an (extended) isotropic effective free energy

ψ̃(C;M) = ψ̃(Q ⋆C;Q ⋆M ) for all Q ∈ O(3) , (121)

which can be represented by an irreducible set of invariants. From the definition of an
effective free energy, an effective second Piola-Kirchhoff stress tensor S̃ := S/g(d) follows
from

S̃ := 2 ∂Cψ̃(C;M) , (122)

which is related to an effective Cauchy stress tensor σ̃ := σ/g(d) via the pull back
operation (106).

As an example we focus on a transversely isotropic material which is characterized by
the symmetry group G0 defined in (12) in terms of a structural director a0 with ‖a0‖ = 1,
representing the fiber orientation in the reference configuration B0 of the solid material.
The structural tensor

M := a0 ⊗ a0 (123)

already defined in (13), satisfies the condition (120). Hence, the effective free energy
depends on two second-order tensorial quantities C and M and can be represented by
ten invariants

trC , trC2 , trC3 , trM , trM 2 , trM 3 , trCM , trC2M , trCM 2 , trC2M 2 . (124)

Due to the form of the structural tensor (123) for transverse isotropy, one ends up with
just five independent invariants {Gi}i=1,5 out of the set (124) leading to the representation

ψ̃(C;M) = ψ̃(G1, G2, G3, G4, G5) (125)

with G1 := trC, G2 := trC2, G3 := trC3, G4 := trCM and G5 := trC2M . Note, that
G4 is nothing else than the quadratic stretch in the direction a0 of the fiber

G4 = trCM = ‖a0‖2C = λ2a0 . (126)

In the setting of general finite anisotropic elasticity, basic problems are to obtain a stress-
free ground state, and to define poly-convex anisotropic energies, see Schröder & Neff

[57], Itskov & Aksel [31], Balzani et al. [6], and Schröder et al. [58].
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4.5. Phase Field Fracture Criteria

If one is not considering a split into tension and compression modes, the variationally
motivated energetic criteria in Section 3.5 leading to the evolution equations (79) for a
model without elastic phase and (84) for a model with elastic phase, can be adopted to
the large deformation setting by simply replacing the free energy (65) by an expression
according to (125).

To distinguish between tension and compression parts for a general nonlinear, anisotropic
material10, it is the most canonical way to consider a split of the effective Cauchy stress

tensor in the sense of (71). A fracture criterion accounting for this, is the stress type crite-
rion already discussed in Section 3.5 in the geometrically linear context. It is characterized
by the crack driving state function

D̃ = ζ

〈
σ̃

+ : a♭ : σ̃+

σ2
c

− 1

〉

+

(127)

in terms of a critical tensile fracture Cauchy stress σc > 0 and an additional material
parameter11 ζ . The fourth-order metric tensor a bases on the structural tensors (108) and
includes the normalized push forward of the structural director TxBt ∋ at = ‖Fa0‖−1Fa0.
For transverse isotropy characterized by the second-order structural tensor (14), we have
the representation

a

♭ = Ia♭ with a♭ = g + α̃‖Fa0‖−2m♭ ,

where m := Fa0 ⊗ Fa0, and for cubic anisotropy characterized by the fourth-order
structural tensor (24)

a

♭ = Ig + α̃‖Fa0‖−4(m♭
1 ⊗m♭

1 +m♭
2 ⊗m♭

2) + β̃‖Fa0‖−4 sym[m♭
1 ⊗m♭

2 ] (128)

where mi := Fa0i ⊗Fa0i for i = 1, 2. For vanishing anisotropy parameters the isotropic
crack driving state function (86) is recovered.

5. Representative Numerical Model Problems

The following section presents four numerical model problems for anisotropic fracture
in brittle materials showing basic characteristics provided by the proposed formulation.
The first three examples deal with transverse isotropy and cubic symmetry at small de-
formations, the latter type of anisotropy demands the second gradient of the crack phase
field to be included in the crack surface density function. The fourth and last example
shows a three-dimensional cylindrical tube with a helix-type fiber structure under tension
undergoing large deformations. The coupled problem of phase field fracture is solved via
the finite element method embedded in a staggered solution strategy. Within one loading
step, such an algorithm alternatingly solves minimization principles for the crack phase
field at fixed deformation and vice versa until convergence is obtained. For a detailed anal-
ysis and discussion of this solution strategy applied to phase field fracture see Bourdin

et al. [12] and Miehe et al. [41, 43].
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Figure 10: Geometry of single-edge-notched plate under tension. The material contains
fibers represented by the structural director a inclined under an angle θ = 45◦ with respect to
the x-axis. The transverse isotropy enters the crack surface density function by a structural
tensor of second order as well as the free energy, see (10) and (129).

5.1. Transversely Isotropic Single-Edge-Notched Disk under Tension

We consider as a first boundary value problem a square plate [0, 10]2 mm2 which
contains a notch running from the left edge to the center of the body. The bottom of the
specimen is fixed in vertical direction whereas at the top a linear increasing displacement
ū in vertical direction is applied. The geometric setup is visualized in Figure 10. The
material is transversely isotropic with a fiber direction given by the structural director a
which is inclined under θ = 45◦ with respect to the x-axis of a fixed cartesian coordinate
system. Here, we model the anisotropic crack topology by the second-order structural
tensor A defined in (14). Hence, the crack surface density function is formulated up to
the first gradient of the crack phase field, which allows the use of standard C0-continuous
finite elements. A typical effective free energy for transversely isotropic materials is of the
form

ψ̃(ε) =
1

2
λ tr2[ε] + µ tr[ε2] +

1

2
χ tr2[ε(a⊗ a)] . (129)

The material parameters are chosen as λ = 77.8 kN/mm2, µ = 30.6 kN/mm2 and χ = 1.0
kN/mm2 and refer to PZT-4 piezoelectric ceramics, which show a very brittle behavior,
see Park & Sun [52]. Since this test is free of compression modes, we choose the
crack phase field to be governed by the rate-independent evolution law (79) based on the
energetic fracture criterion without threshold. The material parameter gc is chosen as
gc = 2.0 × 10−5 kN/mm and the fracture length scale parameter is fixed to l = 0.075
mm. Note, that a minimum finite element size12 he is necessary to resolve the regularized
crack surface topology, i.e. if using the phase field regularization up to the first gradient
as depicted in Figure 1a) by a thick line, one has to ensure that he < l/2.

The computations are performed for four different values of the anisotropy parameter
α, namely α = −0.5, α = 1, α = 5 and α = 50. The influence of α on the crack path is
shown in Figure 11, where it can be observed, that the crack follows the fiber direction of
45◦ for a sufficiently high α. To explain this, we rewrite the crack surface density function

10cf. Section 4.4
11cf. Section 3.5
12By element size he we mean the biggest circle within the finite element Be

h.
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Figure 11: Fracture of transversely isotropic single-edge-notched plate under tension. Sim-
ulated phase field crack paths (left column) and approximate crack path prediction via tan-
gent construction at the G−1

c (ϕ; θ) polar plots (right column). The tangency points are
marked in red. The anisotropy parameters are chosen as a) α = −0.5, b) α = 1.0, c) α = 5.0
and d) α = 50.0. For α getting comparatively large, the crack follows the direction of the
fiber due to the anisotropy parameter’s role as a penalty factor, see (130).
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Figure 12: Single-edge-notched plate under tension. a) Crack propagation angle ϕ versus
anisotropy parameter α and b) corresponding sensitivities for four different fiber angles
θ. The curves are obtained by a numerical evaluation of the tangent construction at the
G−1

c (ϕ; θ) polar plots. Apparently, the higher the fiber angle θ is, the slower the crack
propagation angle ϕ tends to θ for increasing α. Note in b) the changed abscissa range.

(10) by inserting the structural tensor (14) as

γl(d,∇d) =
1

2l
d2 +

l

2
∇d · ∇d+ α(∇d · a)2 . (130)

From this expression one can see, that transverse isotropy adds a penalty term to the
isotropic crack surface density function with α being the penalty parameter. Hence, for
α → ∞ one obtains ∇d · a = 0, which means that the crack lies parallel to the fiber
direction. The crack path itself can theoretically be predicted by the variational criterion
(98) using expression (95)1 for Griffith’s critical energy release rate. Following Takei

et al. [63], latter can graphically be translated in the following way: the crack angle is
determined by the point on the G−1

c (ϕ; θ) polar plot which is first tangentially touched
by a vertical line moving continuously from right to left during monotonous loading of
the specimen, see Figure 11, where the mentioned tangency point is marked in red. This
simple geometric approach is closely related to the so-called Wulff construction used to
predict the equilibrium shapes of crystals with anisotropic surface energies, see Herring

[27] and Cabrera [14]. The mentioned leftwards moving vertical line represents the polar
plot of the reciprocal energy release rate G−1(ϕ), what is only an approximation13 in the
present setting. This, and the circumstance, that the sensitivity of the crack propagation
angle ϕ with respect to the anisotropy parameter α is high in the low-α range as depicted in
Figure 12, lead for small α to a deviation of the theoretically predicted crack propagation
angle from the one obtained by the phase field simulation as shown Figure 11. For
higher anisotropy parameters α = 5 and α = 50, the theoretical predictions of ϕ and the
numerical results are in good agreement.

Furthermore, it is observed from the structural response depicted in Figure 13a), that
the larger the anisotropy parameter α is, the later the specimen cracks. This can be
explained by the mentioned tangent construction shown in Figure 13b), where the green
line represents the set of tangency points for varying anisotropy parameter α. The higher
α is, the more the tangency point moves leftwards and is consequently reached by the
vertical G−1(ϕ) line at higher load level. Finally, it is observed from the phase field
simulations in Figure 11, that the effective fracture length scale depends on the anisotropy

13The polar representation of G−1(ϕ) as an exact vertical line assumes a Mode-3 crack with negligible
energetic contributions of elastic stretching and bending.
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Figure 14: Geometry of a layered beam under bending. The beam consists of three layers
made out of two different transversely isotropic materials labeled 1© and 2© with structural
directors a and b, respectively. The transverse isotropy enters the crack surface density
function by a structural tensor of second order as well as the free energy, see (10) and (129).

parameter α and the orientation of the obtained crack relative to the given structural
director, respectively. In line with the polar plots shown in Figure 2, the simulated crack
with negative anisotropy parameter α = −0.5 shows the smallest effective fracture length
scale.

5.2. Bending Test of Layered Beam with Transverse Isotropy

Next, we consider a simply supported beam [0, 100] × [0, 25] mm2 which contains a
notch at its bottom side and is loaded by a linear increasing vertical displacement ū
causing bending. The geometric setup is visualized in Figure 14. The beam consists of
three layers made out of two different transversely isotropic materials 1© and 2© with
structural directors a and b, respectively. Again, the crack surface density function is
formulated up to the first gradient including the second-order structural tensor (14),
and the effective free energy (129) is used. The fracture evolution is determined by
the rate-independent law (80) without threshold, where due to the occurring tension-
compression modes in the beam, a split of the dual effective energy14 has to be considered,
see (75). The inverse material parameters {pi}i=1,3 for λ = 121.15 kN/mm2, µ = 80.77

14The dual effective energy of (129) is already given in (74).
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Figure 15: Fracture of layered beam under bending. The structural directors of the
layers are chosen as a) a = [−1/2,

√
3/2]T , b = [1/2,

√
3/2]T and b) a = [−

√
2/2,

√
2/2]T ,

b = [
√
2/2,

√
2/2]T . c) Crack pattern for fiber direction a), and d) crack pattern for fiber

direction b) with anisotropy parameter α = 130.

kN/mm2 and χ = 1.0 kN/mm2 take the values15 p1 = −0.00145 mm2/kN, p2 = 0.00619
mm2/kN and p3 = −0.000366 mm2/kN. Furthermore the material parameter gc is chosen
as gc = 2.7 × 10−3 kN/mm, and the length scale and anisotropy parameter are fixed to
l = 0.75 mm and α = 130. Figure 15c)–d) shows the crack path in the layered beam for
two different sets of fiber directions {a, b} which are represented by the red line in Figure
15a)–b). The crack follows the fiber direction due to the high penalty parameter α, see
the discussion in Section 5.1. Furthermore it is observed that the crack only develops in
regions under tension.

5.3. Tension Test of Plate with Cubic Symmetry

The following example, which is motivated by Li et al. [36], demonstrates the ca-
pabilities of the developed modeling framework with respect to a material with inherent
cubic symmetry characterized by the fourth-order structural tensor (24). According to
experimental studies of Takei et al. [63], cubic anisotropy can lead to sawtooth frac-
ture patterns, which are related to energetically preferred crack propagation directions.
Note that sawtooth fracture patterns may likewise occur in hexagonal structures, see Ma

et al. [38].

We consider a squared plate B = [0, 50]2 mm2 with two rigid stripes, which are fixed
at the top and the bottom of a rectangular elastic sub-domain [0, 50]× [15, 35] mm2 and
build obstacles for the evolving crack. The solid body is loaded by a linear increasing
vertical displacement ū applied onto the top, bottom and left edge of the specimen. The
geometric setup is visualized in Figure 16. To include the cubic anisotropy into the crack
surface density function, it has to be formulated up to the second gradient of the phase
field. Hence, we discretize the entire solid domain by Morley triangular finite elements16

and ensure the resolution of the fracture length scale parameter l by the condition he < l/4

15cf. Appendix B
16cf. Appendix A
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Figure 16: Geometry of a squared plate with two rigid stripes (shaded in dark gray) at top
and bottom under tension. The elastic sub-domain (shaded in light gray) is characterized
by a crack surface density function with cubic symmetry. The cubic unit cell is inclined
under an angle θ = −5◦.

on the element size. Since this example is characterized by tension modes only, we use
the rate-independent crack phase field evolution law (79) based on the energetic fracture
criterion without threshold. The effective free energy function of the elastic material is
assumed to be isotropic and the material parameters are chosen as λ = 0.577 kN/mm2

and µ = 0.385 kN/mm2. The parameters related to the anisotropic crack surface density
function (11) are fixed to α = 8.5, β = −18.0 fulfilling condition (40) and lead to a strongly
anisotropic17 system. The length scale is chosen as l = 1.2 mm. The structural director
a1 is inclined under θ = −5◦ with respect to the x-axis of a fixed cartesian coordinate
system and the material parameter gc is chosen as gc = 5.0 × 10−5 kN/mm2. The final
sawtooth crack pattern is shown in Figure 17. Initially the crack starts to propagate from
the left edge, where it gets initiated due to the loading conditions and the resulting stress
peak. It is propagating into the energetically preferred direction, the characteristics of
which will be discussed below. As soon as the diffuse crack reaches the rigid stripe at
the top, it cannot keep its direction and kinks, following another energetically preferred
direction leading away from the top obstacle until it kinks again. In total we observe
four kinks within the elastic sub-domain. The upper kinks perfectly take place at the
elastic-rigid interface, while the lower ones happen far away from the bottom elastic-rigid
interface. This behavior has also been observed and discussed by Li et al. [36], who are
using a meshless method.

The energetically preferred direction of the crack is strongly related to the anisotropic
crack surface density function. As already mentioned in Section 3.7, forbidden crack prop-
agation directions exist for strongly anisotropic systems characterized by a non-convex
polar plot of the inverse surface energy G−1

c (ϕ; θ). The range of these forbidden directions
is determined via a double-tangent construction on the G−1

c (ϕ; θ) polar plot (convexifica-
tion) restricting the crack propagation angle ϕ, see the schematic sketches in Figure 18
(dashed lines and bounding gray sectors). The crack propagation angle itself is specified

17cf. Section 3.7
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Figure 17: Sawtooth crack pattern for a squared plate under tension with cubic symmetry
of the crack surface density function. The crack starts under an angle ϕ1 and kinks when
it reaches the rigid obstacle following a new, energetically preferable direction with angle
ϕ2. For an approximate graphical determination of the crack propagation angles see the
schematic Figure 18a).
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Figure 18: Approximate determination of the crack propagation angle from the polar plot
of the non-convex inverse orientation-dependent surface energy G−1

c (ϕ; θ) using a Wulff-
type construction. a) The crack is guided along a forbidden direction, i.e. the horizontal
line (along which the red vertical line representing the polar plot of G−1(ϕ) moves) intersects
the forbidden crack angle range depicted by a gray sector obtained via convexification. Such
a scenario will cause a sawtooth crack pattern if the crack hits an obstacle, i.e. the crack
will change its first propagation angle ϕ1 to ϕ2. Note that ϕ2 lies within the gray sector,
but on a point with positive curvature. b) The crack is guided along an allowed direction,
i.e. the mentioned horizontal line does not lie within a gray sector. This scenario does not
cause sawtooth fracture, but results in a propagation along the elastic-rigid interface if the
crack, originally propagating under an angle ϕ1, hits the obstacle.

via a Wulff-type construction discussed in Section 5.1. As a first scenario, assume that
the cubic microstructure is oriented by the angle θ in such a way that a horizontal line
starting from the polar plot’s origin intersects the forbidden crack angle range. Then
one observes a jump of the crack propagation angle from ϕ = ϕ1 to ϕ = ϕ2, when the
original direction ϕ1 cannot be followed by the crack any more due to an obstacle (which
in our case is a rigid stripe), see the schematic Figure 18a). This gives the character-



36 S. Teichtmeister, D. Kienle, F. Aldakheel & M.-A. Keip

X

Y
Z

10

ū
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Figure 19: Geometry of the three-dimensional tension test of a cylindrical tube. The tube
is made out of a transversely isotropic material with helix-type oriented fibers represented
by the structural directors a0, the orientation of which is given by the helix angle θ. The
transverse isotropy enters the crack surface density function by a structural tensor of second
order as well as the free energy and the stress-type crack driving state function, see (10),
(127) and (131).

istic sawtooth fracture pattern observed here. Note, that the crack propagation angle ϕ2

does not represent a global maximum of the expression G(ϕ)/Gc(ϕ; θ) as demanded by
the fracture criterion (98). This, and further experimental observations, in which cracks
followed other directions than predicted by (98), motivated Takei et al. [63] to sug-
gest a weakened version of (98), namely that fracture propagates in a direction which
locally maximizes the expression G(ϕ)/Gc(ϕ; θ). Such a criterion gives rise to the sugges-
tion, that the sector of forbidden crack directions is not characterized by the mentioned
double-tangent construction, but by segments with negative curvature, see (99). As a
second scenario, suppose now that the microstructure is oriented by the angle θ in such
a way that a horizontal line starting from the origin of the polar plot does not intersect
the forbidden crack range. Then the crack does not kink when it reaches the obstacle,
but propagates along the elastic-rigid interface, see the schematic Figure 18b). Note, that
forbidden crack directions do not exist for a weakly anisotropic system as mentioned in
Section 3.7. That is why sawtooth crack patterns do not arise for such systems, i.e. for the
problem considered here, the crack would by all means follow the elastic-rigid interface
when the obstacle is met. For more information on this whole issue see Takei et al.

[63] and the careful numerical studies of Li et al. [36].

5.4. Three-Dimensional Tension Test of a Cylindrical Tube

The last model problem is concerned with analyzing anisotropic fracture in a cylin-
drical tube B0 under tensile loading. The purpose of this test is to illustrate the effects
of the transversely isotropic material response on the crack initiation and propagation in
cylindrical tubes with a helix-type fiber structure. The cylindrical specimen B0 is loaded
at top and bottom by linearly increasing displacement ū in axial direction. The geometric
setup and loading conditions are visualized in Figure 19. We model the anisotropy by the
second-order structural tensor A defined in (14). Hence, the crack surface density func-
tion is formulated up to the first gradient of the crack phase field, which allows the use
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θ = 0.0◦ θ = 60◦

a) b)

Figure 20: Fracture in a cylindrical tube with helix-type fiber structure under tension.
Crack patterns for helix angles a) θ = 0.0◦ and b) θ = 60◦. A transparency effect was used
to visualize the failure surface for d ≥ c ≈ 1.

of standard C0-continuous finite elements. The effective free energy18 of the transversely
isotropic material is chosen as

ψ̃(F ) =
µ

2
(trC − 3) +

µ

β
(J−β − 1) +

χ

4
(G4 − 1)2 (131)

with the material parameters µ = 5.0 MPa, β = 1.9 and χ = 0.01 MPa. For this
boundary value problem we select the stress-type fracture criterion (127) and assume a
rate-independent crack phase field evolution. The critical fracture Cauchy stress is fixed
to σc = 2.0 MPa along with the parameter ζ = 1, and the fracture length scale is set
to l = 0.3 mm. The computations are performed for four different fiber helix angles
θ = 0◦, θ = 30◦, θ = 45◦ and θ = 60◦, and four different anisotropy parameters α̃ arising
in the stress fracture criterion, namely α̃ = 0.0, α̃ = 1.0, α̃ = 3.0 and α̃ = 5.0. The
anisotropy parameter in the crack surface density function is chosen for all computations
as α = 100.0. The final phase field crack patterns are depicted in Figure 20. For in-
plane anisotropic failure response with zero helix angle θ = 0.0◦, the crack starts to
initiate at a point on the outer surface near the center of the specimen. The crack then
propagates inwards perpendicular to the axial direction, see Figure 20a). For a helix angle
θ = 60.0◦ the crack starts to initiate at the surface near the center of the specimen, then it
propagates inwards in both loading directions following the fiber directions due to the high
anisotropy parameter α till the final rupture showing a helix-type crack, see Figure 20b).
To illustrate the influence of the fiber helix angle θ and the anisotropy parameter α̃ on
the crack initiation and propagation, Figure 21 shows in a) load-displacement curves for
four different values of θ at fixed parameter α̃ = 1.0, and in b) load-displacement curves
for four different values of α̃ at fixed fiber angle θ = 60◦. One observes a faster failure
response by increasing the helix angle θ of the internal fiber as well as a faster failure

18cf. Section 4.4
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Figure 21: Three-dimensional tension test of a cylindrical tube. a) Load-displacement
curves for varying fiber angle θ and b) load-displacement curves for varying anisotropy
parameter α̃ arising in the stress-type fracture criterion (127).

response by increasing the anisotropy parameter α̃. These behaviors are in line with the
considerations in Section 3.5.3, see Figure 7b) and c). Especially an increasing parameter
α̃ reduces the materials fracture resistance. We conclude, that the parameter α̃ controls
the onset of fracture, whereas the parameter α controls the anisotropic crack propagation
direction.

6. Conclusion

We outlined a phase field fracture model for anisotropic brittle material behavior
under small and finite deformations. Anisotropy was incorporated in several ways, like
by including second- and fourth-order structural tensors into the crack surface density
function, resulting in anisotropic effective fracture length scales; or by an anisotropic
extension of energetic and stress-like failure criteria entering the crack phase field evolution
via corresponding crack driving forces. In this context, a split in tension and compression
modes in anisotropic materials was considered. In this work we considered transverse
isotropy, orthotropy and cubic anisotropy, the latter makes the use of a higher-order phase
field theory necessary. Within the finite element method, the occurring second gradients
of the crack phase field were treated by an easy-to-implement quadratic Morley triangle
which offers a minimum number of degrees of freedom among all H2-nonconforming finite
elements. The performance of the proposed phase field formulation was underlined by
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Figure 22: Morley triangular finite element: a) geometry and degrees of freedom {dI}I=1,3

and {θI}I=4,6, and b) determination of the positive edge normal direction by an anticlockwise
run through the global corner node numbers of an element. According to this way of counting
let the actual node number be I and the former one be K as it is the case in the lower right
element. Then for I > K the positive normal direction of the edge KI is per definition given
by the lower right element’s normal which is labeled by a “+” sign. By this construction
the upper left element’s normal to the edge KI is automatically identified as the negative
direction for I > K, where K is now the actual corner node number and I the former one
according to the anticlockwise counting of corner node numbers.

means of conceptual numerical examples showing basic features of fracture in anisotropic
brittle solids, such as the characteristic sawtooth crack pattern in strongly anisotropic
systems, or a complicated helix-type fracture in a cylindrical tube under tension.
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A. Morley Triangle

For the solution of the second-order phase field approach governed by the variational
principle (34), (35)2, an H

2-nonconforming finite element is used. To be specific, we em-
ploy theMorley triangular finite element first proposed by Morley [46, 47] and originally
used for plates. It approximates the primary unknown field (in our case the crack phase
field d) by a complete quadratic expression

deh(x, y) = γ1 + γ2x+ γ3y + γ4x
2 + γ5xy + γ6y

2 (132)

with the coefficients {γi}i=1,6 depending on the nodal values {dI}I=1,3 on the triangle’s
corners and the normal derivatives {θI}I=4,6 := {−∂d/∂n|I}I=4,6 on the midnodes of the
triangle’s edges, see Figure 22a). The normal vectors n are defined to point away from
the element domain. The interpolation within an element Bh

e can be written in the usual
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matrix format as19

deh(x) = N e(x)de . (134)

The geometry of the triangle is described by area coordinates {Li}i=1,3, where

L1 = (a1 + b1x+ c1y)/(2A)
a1 = x2y3 − x3y2
b1 = y2 − y3
c1 = x3 − x2

(135)

with the remaining expressions obtained by cyclic permutation of the subindices. The
area of the triangle is denoted by A and can be calculated e.g. by A = (c2b1 − c1b2)/2.
Finally, we define the edge vectors rIJ := xJ − xI pointing from corner node I to corner
node J , and the corresponding lengths r2IJ = rIJ · rIJ . The shape functions are initially
formulated in terms of area coordinates and take, associated with nodes 4, 5 and 6, the
form20

Ñ4 =
2A
r12

(L3 − L2
3) , Ñ5 =

2A
r23

(L1 − L2
1) and Ñ6 =

2A
r13

(L2 − L2
2) . (136)

These functions are zero at the triangle’s corner nodes 1, 2 and 3 and lead to

−∂d̃
e
h

∂n
(1
2
, 1
2
, 0) = θ4 , −∂d̃

e
h

∂n
(0, 1

2
, 1
2
) = θ5 and − ∂d̃eh

∂n
(1
2
, 0, 1

2
) = θ6 , (137)

under the premise that the normal derivative of the shape functions associated with the
corner nodes 1, 2 and 3 evaluated at the three edge nodes 4, 5 and 6 are zero. From this,
and the conditions

d̃eh(1, 0, 0) = d1 , d̃eh(0, 1, 0) = d2 and d̃eh(0, 0, 1) = d3 (138)

the following shape functions associated with the corner nodes 1, 2 and 3 are obtained

Ñ1 = L1 − (L1 − L2
1)− r32·r13

r213
(L2 − L2

2)− r32·r21
r221

(L3 − L2
3) (139)

with the remaining shape functions Ñ2 and Ñ3 constructed by cyclic permutation of the
subindices. It is seen from (139) that a linear shape function, which already satisfies the
conditions in (138), is corrected by quadratic terms in order to satisfy the conditions in
(137), see Wood [68].

Finally it should be noted, that since normal derivatives occur as degrees of freedom,
one needs to define positive and negative edge normal directions see Figure 22b). This
is done in the following way: one runs through the list of global corner node numbers
{I, J, K} belonging to an element and defines the outward-pointing vector perpendicular
to the element edges IJ , JK and KI, respectively, to point into positive direction if
J > I, K > J and I > K, respectively, and into negative direction otherwise. If the
outward-pointing vector perpendicular to an element edge points into negative direction,
the shape function of this element associated with the middle node on that edge has to be
multiplied by −1. This guarantees matching normal derivatives on edge nodes belonging
to two elements.

19The interpolation matrix Ne and the vector of nodal unknowns de associated with an element Bh
e

have the form

N e =
[
N1 N2 N3 N4 N5 N6

]
and de =

[
d1 d2 d3 θ4 θ5 θ6

]T
. (133)

20The “∼” accent symbolizes functions expressed in terms of the area coordinates {Li}i=1,3.
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B. Inverse Material Parameters of Transversely Isotropic Energy

According to Lubarda & Chen [37], the inverse material parameters {pi}i=1,3 oc-
curring in the effective stress function (74) read

p1 =
1

2

(
c̄1
c̄
− 1

c̄5

)
, p2 =

1

c5
and p3 =

c̄2
c̄
+

1

2

c̄1
c̄
+
√
2
c̄3
c̄
− 3

2

1

c̄5
(140)

in terms of the parameters

c̄1 = λ+ 2µ+ χ , c̄2 = 2(λ+ µ) , c̄3 =
√
2 λ , c̄5 = 2µ and c̄ = c̄1c̄2 − c̄23 , (141)

where λ, µ and χ are the material parameters of the effective transversely isotropic free
energy (129).
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Abstract

This work presents a new finite element treatment of the coupled problem of Darcy-Biot-type
fluid transport in porous media undergoing large deformations, that is free from any stabiliza-
tion techniques. The formulation bases on an incremental two-field minimization principle that
is constrained by the equation of continuity for the fluid mass content and determines at a given
state the deformation and the fluid mass flux vector. The big advantage of the minimization
formulation over classical saddle point principles of poroelasticity is the omission of the inf-sup
condition — a condition that makes the construction of stable and computationally efficient
finite element formulations difficult. Due to the H(Div,B0) variational structure of the min-
imization principle on the fluid side, lowest order Raviart-Thomas elements are used for the
conforming approximation of the fluid mass flux. Furthermore, a standard nodal-based element
using bilinear interpolation for both fields combined with a reduced numerical integration of the
(volumetric) coupling term is analyzed and used for the solution of the minimization principle.
Representative numerical examples demonstrate the performance of the proposed finite element
designs of the minimization principle and clearly underline advantages over finite element for-
mulations of the classical two-field saddle point principle formulated in deformation and fluid
potential.

Keywords: variational principles, coupled problems, porous media, finite elements

1. Introduction

Since the pioneering works of Terzaghi [61] and Biot [10], the process of fluid flow
in a deforming porous medium has attained an immense attention, not only in the fields
of petroleum and geotechnical engineering but also in the fields of medical sciences and
continuum biomechanics. Foundations of the mechanics and thermodynamics of porous
media can be found among others in Bear [7], Detournay & Cheng [28], Coussy

[24, 25], Lewis & Schrefler [39], de Boer [27] and Ehlers [31]. A fundamental
geometrically nonlinear theory of porous solids is outlined in the seminal work Biot [11].
Consistent with his treatment of incremental problems in Biot [9], Biot’s framework of
porous media already has a strong accent towards variational concepts due to the in-
troduction of constitutive energy storage and dissipation functions. Miehe et al. [42]
recently proposed a fully variational framework of poroelasticity linked to phase field mod-
eling of fracture by starting from a canonical incremental two-field minimization principle
formulated in deformation and fluid mass flux. Other works such as Carter et al.

[20], Carter et al. [19], Prévost [51, 52], Borja & Alarcon [14] and Armero [3]
start from a virtual work expression and hence do not account for inherent symmetries.
Although the finite element treatment of the coupled problem of poroelasticity already
started more than forty years ago, see e.g. Sandhu & Wilson [55], Booker & Small

[13] and Christian [23], it is due to numerical difficulties still a challenging and current
topic, i.e. concerning stability and computational efficiency.

From a mathematical viewpoint, coupled problems often attain a saddle point struc-
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ture. The key for ensuring uniqueness of solutions of elliptic saddle point formulations
is the satisfaction of the so called inf-sup condition as it has first been addressed by
Babuška [6] and Brezzi [16]. With regard to a stable finite element solution of saddle
point problems, a considerable difficulty lies in the circumstance, that satisfaction of the
continuous inf-sup condition does in general not imply the satisfaction of the discrete
inf-sup condition. In other words, finite element ansatz spaces have to be “balanced” in
a suitable way in order to fulfill the discrete inf-sup condition. In case of, e.g. the Stokes
equation, Verfürth [65] proved that the Taylor-Hood (Q2-Q1) element, that had been
used by Taylor & Hood [59] to solve the Navier-Stokes equation, fulfills the discrete
inf-sup condition, whereas the maybe more intuitive Q1-P0 element does not and gives
a non-physical checkerboard pattern of the pressure field. For the Stokes equation, the
MINI element proposed by Arnold et al. [4] is an inf-sup stable alternative to the
Taylor-Hood element, the disadvantage of latter is the computationally expensive (bi-
)quadratic interpolation of the velocity field. In the case of poroelasticity, an equal order
interpolation of the solid displacement field and the pressure field leads to instabilities
originating from the violation of the discrete inf-sup condition. It has been early rec-
ognized by Sandhu & Wilson [55] that this type of instabilities can be got rid of by
using the Taylor-Hood element1. Due to its robustness it is still used today, recently also
to simulate deformation-diffusion processes in polymeric hydrogels, see Bouklas et al.

[15] and Böger et al. [12]. The mathematical proof whether chosen finite element
spaces fulfill the discrete inf-sup condition is in general difficult and often unfeasible. For
this reason a numerical inf-sup test was suggested in Chapelle & Bathe [21] in or-
der to judge if a certain finite element combination is reasonable to solve the underlying
saddle point problem. A successful application of this test to poroelasticity has recently
been presented by Linder et al. [40] and in Dortdivanlioglu et al. [29]. There it
has additionally been shown that the inf-sup condition of the Stokes system and mixed
elasticity is sufficient to prove inf-sup-stability in poroelasticity. Also very popular for the
treatment of mixed problems is the (non-conforming) enhanced assumed strain element
proposed by Simo & Rifai [57] and Simo & Armero [56] that originally has been used
for pure elasticity/plasticity problems. It is well known that enhanced methods suffer from
so-called hourglass instabilities in high deformation pressure ranges, see Wriggers &

Reese [68] and Pantuso & Bathe [44]. An extension and modification of this element
formulation towards poroelasticity is found in Papastavrou et al. [45], Mira et al.

[43] and Zhou et al. [69]. In the context of deformation-diffusion processes in polymeric
hydrogels Krischok & Linder [38] proposed an enhanced strain element that is able to
get rid of hourglass modes as well as spurious pore pressure oscillations. Another widely
used approach to overcome inf-sup-type instabilities of the numerical solution of saddle
point principles is provided by stabilized finite element methods. There, the basic idea is
to introduce a modified saddle point formulation by adding a stabilization term depend-
ing on a real valued stabilization parameter in order to let originally unstable low-order
elements fulfill the discrete inf-sup condition. Such formulations were firstly developed
in the context of fluid dynamics, see e.g. Hughes & Franca [36] and Douglas &

Wang [30]. For geomaterials these kind of elements where suggested among many others
in Mira et al. [43], Truty & Zimmermann [64], White & Borja [67], Sun et al.

[58], Choo & Borja [22], Rodrigo et al. [54] and Berger et al. [8]. A compari-

1At that time this element was not called like that and Taylor & Hood [59] published their work
four years after Sandhu & Wilson [55].
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son of suggested stabilization methods to solve the coupled system of poroelasticity with
regard to numerical performance and applicability is presented in Preisig & Prévost

[50]. A disadvantage of these methods lies in the circumstance, that optimal values of
the stabilization parameters depend on the boundary value problem and are basically not
identifiable for complex geometries. The estimation of the stabilization parameters bases
on the linearized one-dimensional governing equation of poromechanics. A sufficiently
high stabilization parameter stabilizes the numerical solution in the sense that spurious
pressure modes are eliminated, but leads to non-physical results due to over-diffusion. Up
to this point, the violation of the discrete inf-sup condition is made responsible for spatial
instabilities in primary fields. However, in the case of poroelasticity spurious pressure
oscillations can also occur at early times due to small time step sizes near a draining
boundary at which loads are applied, see Gresho & Lee [34], Vermeer & Verruijt

[66] and Ferronato et al. [32]. Due to this circumstance, finite elements that fulfill
the discrete inf-sup condition might not give oscillation-free results in fluid pressure, see
also Preisig & Prévost [50]. A way to avoid this, is to locally refine the mesh. Fur-
thermore the discrete inf-sup condition also proves not to be sufficient in the case of small
permeabilities, see Phillips & Wheeler [48], Aguilar et al. [2] and Haga et al.

[35]. In summary, unstable numerical solutions due to an inappropriate choice of finite
elements and small time step sizes are a key problem in computational poroelasticity. In
especially, the discrete inf-sup condition that is inherent to saddle point formulations is
difficult to handle with while keeping computational efficiency in mind.

In this work we pick up a recently developed canonical minimization principle of
poroelasticity that has been developed in Miehe et al. [42]. It bases on an incremental
potential formulated in terms of deformation and the material fluid mass flux vector and is
constrained by the equation of continuity for the fluid mass content in the porous medium.
We believe, that this minimization principle is the most fundamental statement for fluid
saturated deforming porous media, where the stress equilibrium and inverse Darcy’s law
appear as Euler equations. The big advantage of the minimization formulation over saddle
point principles is the omission of the inf-sup condition. Hence, inf-sup-type instabilities
are eliminated a priori in minimization-based finite element solutions. On the fluid side,
the minimization principle is formulated in H(Div,B0), the conforming finite element
discretization of which is governed by e.g. Raviart-Thomas ansatz spaces as proposed
in Raviart & Thomas [53]. Alternatively, in combination with a reduced numerical
integration of the (volumetric) coupling term, standard nodal-based finite elements are
used for the material mass flux vector, that are able to avoid (volumetric) locking in
case of a nearly incompressible fluid. Other H(div)-type formulations are the three-
field formulation in deformation, fluid pressure and fluid flux, see Phillips & Wheeler

[46, 47, 48] using continuous as well as discontinuous Galerkin finite elements, Ferronato
et al. [33] utilizing mixed finite elements together with a specific Krylov-subspace method
for symmetric, indefinite systems and Berger et al. [8], and the four-field formulation
in deformation, fluid pressure, fluid flux and solid pressure, see Korsawe & Starke

[37] and Tchonkova et al. [60] using Least-squares finite element methods. In the
subsequent sections, the following aspects of fluid-saturated porous media undergoing
large deformations are outlined in detail:

• incremental minimization and saddle point principles for the evolution problem,

• edge- and nodal-based finite element discretizations of the minimization principle,
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• analysis of stability and computational efficiency of minimization-based finite ele-
ment calculations.

To this end, in Section 2 a summary of the constitutive framework of finite elasticity cou-
pled with fluid transport in a rigorous Lagrangian geometric setting is given. In Section 3
the canonical incremental two-field minimization principle of poroelasticity is stated and
boundedness as well as coercivity of the corresponding bilinear form is proven in the lin-
ear setting. The conforming finite element discretization of the minimization principle by
standard Q1 elements for the deformation and lowest order Raviart-Thomas quadrilater-
als for the fluid mass flux (Q1-RT0) is discussed in Section 4. Furthermore, a nodal-based
finite element design combined with a reduced numerical integration of the (volumetric)
coupling term, that uses a standard Q1 interpolation for the deformation as well as for
the fluid mass flux, is proposed (Q1-Q1-red). In addition, we derive a discrete stabil-
ity condition for early-time solutions near mechanically loaded draining boundaries and
boundaries at which fluid is injected. As known for saddle point formulations relying on
a discretization of the fluid pressure, a specific finite element size is required in order to
obtain an oscillation-free solution. Section 5 and Section 6 deal with alternative saddle
point principles derived from the canonical minimization formulation by means of trans-
formations of constitutive functions. We justify the use of the Q1-Q1-red element for the
solution of the minimization principle by consideration of a Q1-Q1-P0-P0 discretization of
a four-field saddle point principle, i.e. we show the equivalence of the resulting algebraic
minimization principles. The numerical simulations shown in Section 7 demonstrate the
capabilities of the canonical minimization principle and clearly underline advantages over
the classical two-field saddle point principle formulated in deformation and fluid potential.

2. Constitutive Framework of Poroelasticity

The following section summarizes the basic fields of the coupled problem of poroelas-
ticity and is geared to our previous work Miehe et al. [42]. The energy, dissipation
potential and load functionals necessary for the construction of an incremental minimiza-
tion principle formulated in the deformation of the solid and the fluid mass flux are
introduced.

2.1. The Primary Fields and their Gradients

In its canonical form, the boundary value problem of fully saturated elastic solids un-
dergoing large deformations is a coupled two-field problem, characterized by the deforma-
tion field ϕ : B0×T → R3 of the solid and the material fluid mass flux H : B0×T → R3.
The deformation field maps at time t ∈ T points X ∈ B0 of the reference configura-
tion B0 onto points x ∈ Bt of the current configuration Bt. Let G = δABE

A ⊗ EB and
g = δabe

a ⊗ eb be the standard metric tensors (Kronecker symbols) of the reference and
current configuration. The deformation gradient

F := ∇Xϕ(X, t) (1)

is a linear map that transforms material tangent vectors onto spatial tangent vectors
and has to satisfy det[F ] > 0. The cofactor cof[F ] := det[F ]F −T and the Jacobian
J := det[F ] of the deformation gradient characterize the deformation of infinitesimal area
and volume elements. Next, the convected current metric C := F TgF is defined, that
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F−1P n0= t̄
∗

0
H ·n0= h̄0

n0 n0
X ∈ B0 X ∈ B0

ϕ

ϕ= ϕ̄

H

µ= µ̄

deformation field fluid flux field

Figure 1: Canonical boundary value problem of poroelasticity. The boundary ∂B0 of the
solid’s reference configuration B0 is decomposed into Dirichlet and Neumann parts ∂Bϕ

0
∪∂Bt

0

for the deformation field and ∂Bh
0
∪ ∂Bµ

0
for the fluid mass flux field. t̄

∗

0
= F−1t̄0 denotes

the pull-back of the given nominal traction vector t̄0 acting on the Neumann boundary part
∂Bt

t of the current configuration Bt.

is often denoted as the right Cauchy-Green tensor. In addition, we introduce the field of
variation in fluid mass content m : B0×T → R, that is the increase of the fluid mass per
unit reference volume of the porous material. It is connected to the material fluid mass
flux by the equation of continuity

ṁ = −Div[H ] . (2)

Throughout the text ˙(•)(X, t) = ∂
∂t
(•)(X, t) denotes the material time derivative and

Div[•] the divergence operator on the reference manifold B0. The fluid potential µ : B0 ×
T → R drives the evolution ṁ of the variation in fluid mass content. For barotropic fluids
the fluid pore pressure p is related to the fluid potential via µ = p/ρf , where ρf denotes
the density of the fluid.

2.2. Stress Tensors and Fluid Mass Transport Vectors

2.2.1. Total Stress Tensors. Following the classical treatment of Biot [11], only
macroscopic total stresses are considered covering both intergranular as well as fluid ac-
tions. Cauchy’s stress theorem defines the traction vector t to depend linearly on the
outward surface normal

t(x, t;n) := σ(x, t)n (3)

through the total Cauchy stress tensor σ. The identity t0dA = tda by scaling the (true)
spatial force tda by the reference area element dA induces the definition of the nominal
stress tensor P via

P dA = σda with P := (Jσ)F−T . (4)

2.2.2. Fluid Mass Transport Vectors. Consider an outflux h of fluid mass through
the surface element da in the current configuration, that depends linearly on the outward
normal

h(x, t;n) := h(x, t) · n (5)

through the spatial fluid mass flux vector h. Setting h0 by the identity h0dA = hda
induces the definition of a material fluid mass flux vector via

H · dA = h · da with H := F−1(Jh) . (6)

2.3. Stored Energy, Dissipation and Load Functionals

Two functionals are introduced related to energy storage and the dissipative transport
mechanisms, respectively, depending on the primary fields introduced in Section 2.1.
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2.3.1. Canonical Rate of Energy Functional. The stored energy functional de-
pends on the deformation field ϕ and the variation in fluid mass content m

E(ϕ, m) :=

∫

B0

ψ̂(F , m) dV (7)

and characterizes the energy stored in the fluid-solid mixture. It is governed by the energy
storage function ψ̂, which represents an energy per unit undeformed volume. The rate
of energy d

dt
E(ϕ̇, ṁ) can be considered as a functional of the rates ϕ̇ of deformation and

ṁ of variation in fluid mass content at given state {ϕ, m}. Alternatively, it can also be
considered as a functional of the fluid mass flux H , if the rate of variation in fluid mass
content is eliminated by the equation of continuity (2). Thus, we define at given state
{ϕ, m} the canonical rate of energy functional

d

dt
E(ϕ̇,H) :=

∫

B0

{ ∂F ψ̂ : ∇Xϕ̇− ∂mψ̂Div[H ] } dV . (8)

2.3.2. Dissipation Potential Functionals. The canonical dissipation potential
functional depends on the fluid mass flux vector H and is defined at a given deformation
ϕ as

D(H) :=

∫

B0

φ̂(H ;F ) dV (9)

in terms of a dissipation potential function φ̂ accounting for dissipative fluid transport
mechanisms2. Alternatively, consider the dissipation potential φ̂ to be defined by the
Legendre transformation in terms of its dual φ̂∗, that is

φ(H ;F ) = sup
B

[B ·H − φ̂∗(B;F )] , (10)

where the fluid driving force B is dual to the fluid mass flux H . This Legendre trans-
formation yields together with the relationship B = −∇X [µ − ḡ · ϕ], that is the inverse
form of Darcy’s law, after integration by parts and including the balance of fluid mass (2)
a modified dissipation potential functional

D+(ṁ, µ) :=

∫

B0

{ −µṁ− φ̂∗(B;F ) } dV (11)

at given deformation ϕ that now depends on the rate ṁ of variation in fluid mass content
and the fluid potential µ.

2.3.3. External Load Functionals. The external load functional decomposes into
mechanical and fluid contributions due to volume and surface actions

Pext(ϕ̇,H) = P g ,t
ext (ϕ̇) + P g ,µ

ext (H) . (12)

The mechanical power functional has at given variation in fluid mass content m the form

P g ,t
ext (ϕ̇) :=

∫

B0

(m0 +m)ḡ · ϕ̇ dV +

∫

∂Bt
0

t̄0 · ϕ̇ dA (13)

2Note, that since the dissipation potential φ̂ defined in (20) is a homogeneous function of degree two,
the dissipation potential functional D is half the dissipation in the overall body.
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containing prescribed gravitational acceleration ḡ and dead nominal surface tractions
t̄0. m0 is the initial value of fluid mass content per unit reference volume of the porous
material. The external fluid power, that has a contribution due to gravity forces acting
on the fluid and due to fluid mass transport across the surface, takes after a pull-back
operation the form

P g ,µ
ext (H) := −

∫

B0

(ḡ · ϕ) Div[H ] dV +

∫

∂B0

(ḡ · ϕ)H · n0 dA−
∫

∂Bµ
0

µ̄H · n0 dA . (14)

It is considered to be a functional of the material fluid mass flux vector H at given
deformation ϕ. µ̄ is a prescribed fluid potential on the boundary ∂Bµ

0 . Alternatively, we
can define a modified external load functional that decomposes into mechanical and fluid
contributions

P+
ext(ϕ̇, µ) = P g ,t

ext (ϕ̇) + P h
ext(µ) , (15)

where the first part is identical to (13) and the latter has the form

P h
ext(µ) :=

∫

∂Bh
0

µh̄0 dA . (16)

h̄0 is a prescribed fluid flux on the boundary ∂Bh
0 , see Figure 1.

2.4. Constitutive Functions for Poroelasticity

2.4.1. Energy Storage Function. The energy storage function introduced in (7)
depends on the deformation gradient F and the variation in fluid mass content m. It is
assumed to have the additive structure

ψ̂(F , m) = ψ̂eff(F ) + ψ̂fluid(F , m) (17)

with the effective elastic contribution related of the dry bulk and a contribution related to
the pore fluid response. For the dry porous material a compressible Neo-Hookean function

ψ̂eff(F ) :=
γ

2
[ (F : F − 3) +

2

β
(J−β − 1) ] (18)

is used, where γ > 0 is the shear modulus and β > 0 a parameter responsible for the
volumetric compressibility of the material. It can be linked to the classical Poisson number
ν of linear elasticity via β = 2ν/(1− 2ν). The fluid contribution has a simple quadratic
structure

ψ̂fluid(F , m) :=
M

2

[
b(J − 1)− m

ρf
]2
, (19)

where b is Biot’s coefficient and M Biot’s modulus.

2.4.2. Dissipation Potential Function. The canonical dissipation potential intro-
duced in (9) for a Darcy-type fluid transport depends on the material mass flux vector
H . We assume the quadratic form

φ̂(H ;F ) =
1

2
K̂−1 : (H ⊗H) with K̂ = (ρf)2KJC−1 . (20)
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Here, K̂ is the permeability tensor, J the Jacobian of the deformation map and C the
right Cauchy-Green tensor as introduced in Section 2.1. Furthermore, K is the spatial
permeability, which is connected to Darcy’s hydraulic conductivity Kh via the identity
K = Kh/(ρ

f |ḡ |) where ρf is the fluid density. The dual dissipation potential function
introduced in (10) results in

φ̂∗(B;F ) =
1

2
K̂ : (B ⊗B) (21)

which is a convex function as well.

3. Canonical Minimization Principle of Poroelasticity

Consider a discrete time interval [tn, tn+1] with step length τ := tn+1 − tn > 0, and
assume all field variables at time tn to be known (variables with subscript n). The goal then
is to determine the fields at the current discrete time tn+1 (variables without subscript)
based on a minimization principle valid for the time increment under consideration.

3.1. Incremental Energy, Dissipation and Load Functionals

For the subsequent incremental minimization principle, the integration algorithm in
time has to cover the integration of the elimintation equation (2) for the evolution of the
variation in fluid mass content. As a model problem, consider the fully implicit update

m = mn − τ Div[H ] (22)

and define the canonical incremental energy functional

Eτ (ϕ,H) :=

∫

B0

{ ψ̂(F , mn − τ Div[H ])− ψ̂(F n, mn) } dV (23)

that is the algorithmic counterpart of (8). Next, an incremental dissipation potential
functional valid for the time interval under consideration is defined by

Dτ(H) :=

∫

B0

τφ̂(H ;F n) dV (24)

at given deformation ϕn. It is governed by the dissipation potential function (20). Finally,
the work functional of the external loads acting on the fluid-solid mixture during the
considered time interval is introduced

P τ
ext(ϕ,H) = P g ,t τ

ext (ϕ) + τ P g ,µ τ
ext (H) . (25)

Assuming for the rate of deformation the algorithmic expression ϕ̇τ := (ϕ − ϕn)/τ , the
mechanical contribution to the external work functional (25) is defined by

P g ,t τ
ext (ϕ) :=

∫

B0

(m0 +mn)ḡ · (ϕ− ϕn) dV +

∫

∂Bt
0

t̄0 · (ϕ− ϕn) dA (26)

and the contribution due to fluid transport by

P g ,µ τ
ext (H) := −

∫

B0

(ḡ · ϕn) Div[H ] dV +

∫

∂B0

(ḡ · ϕn)H · n0 dA−
∫

∂Bµ
0

µ̄H · n0 dA (27)

at given state {ϕn, mn}. Here, t̄0 and µ̄ are the prescribed nominal surface tractions and
fluid potential at time tn+1.
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3.2. Incremental Two-Field Minimization Principle

The canonical incremental variational principle of poroelasticity is governed by the
potential

Πτ (ϕ,H)︸ ︷︷ ︸
potential

:= Eτ (ϕ,H)︸ ︷︷ ︸
energy

+Dτ(ϕ,H)︸ ︷︷ ︸
∼dissipation

−P τ
ext(ϕ,H)︸ ︷︷ ︸
ext.work

(28)

that is postulated at given state {ϕn, mn}. It bases on the incremental energy functional
(23), the incremental dissipation potential functional (24) and the work functional of
external loads (25). We may reformulate the incremental potential

Πτ (ϕ,H) =

∫

B0

πτ (∇Xϕ,Div[H ],H) dV − P τ
ext(ϕ,H) (29)

and call πτ the incremental potential density. It takes the form

πτ (∇Xϕ,Div[H ],H) := ψ̂(∇Xϕ, mn − τ Div[H ])− ψ̂n + τφ̂(H ;F n) (30)

and contains the energy storage function ψ̂ and the dissipation potential function φ̂ defined
in (17) and (20). Then, the finite-step-sized incremental two-field minimization principle

{ϕ,H} = Arg{ inf
ϕ∈Wϕ

inf
H∈W

H

Πτ (ϕ,H) } (31)

determines the deformation and fluid mass flux vector at the current time tn+1, see also
Miehe et al. [42]. Recall the decomposition of the surface of the porous solid into
Dirichlet and Neumann boundaries as visualized in Figure 1, where ∂Bϕ

0 and ∂Bh
0 are

the Dirichlet boundaries in the above variational principle. The admissible spaces for the
deformation and the fluid mass flux are given by

Wϕ := {ϕ ∈ H1(B0)| ϕ = ϕ̄ on ∂Bϕ
0 } , W

H

:= {H ∈ H(Div,B0)| H ·n0 = h̄0 on ∂Bh
0} .
(32)

Taking the variation of the incremental potential (28) for admissible virtual deformations
δϕ and virtual fluid mass flow δH , satisfying δϕ = 0 on ∂Bϕ

0 and δH · n0 = 0 on ∂Bh
0 ,

one obtains the Euler equations

1. Stress equilibrium −Div[∂F ψ̂]− (m0 +mn)ḡ = 0 in B0

2. Inverse Darcy law ∇X [∂mψ̂ − ḡ · ϕn] + ∂
H

φ̂ = 0 in B0

3. Prescribed tractions (∂F ψ̂) · n0 − t̄0 = 0 on ∂Bt
0

4. Prescribed fluid potential −∂mψ̂ + µ̄ = 0 on ∂Bµ
0

(33)

Recall that the balance of angular momentum is automatically satisfied for an objective
energy storage function ψ̂. It is important to note, that in the above minimization princi-
ple the algorithmic form of the balance of fluid mass (22) is included as a constraint, i.e.
the variation in fluid mass content m at current time tn+1 is determined by the fluid mass
flux H at current time tn+1 obtained from the incremental two-field minimization prin-
ciple (31). For deformation-diffusion processes in hydrogels, an equivalent minimization
principle is discussed in Böger et al. [12].
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The incremental potential density πτ defined in (30) and its first and second derivatives

with respect to the constitutive state array C :=
[
∇Xϕ,Div[H ],H

]T
at current time tn+1

play a central role in the subsequent finite element formulation. The first derivative of πτ

defines a generalized stress array

S := ∂Cπ
τ (C) =




∂F ψ̂

−τ∂mψ̂
τ∂

H

φ̂


 (34)

and the second derivative a symmetric generalized tangent moduli array

C := ∂2
CC
πτ (C) =




∂2FF ψ̂ −τ∂2Fmψ̂ ·
−τ∂2mF ψ̂ τ 2∂2mmψ̂ ·

· · τ∂2
HH

φ̂


 . (35)

These two arrays are the constitutive input for the subsequent discretization by the finite
element method.

3.2.1. Quasi-Static Equation of the Balance of Momentum. With the energy
storage function ψ̂ defined in (17), the Euler equation (33)1 can be written in the form

Div[P ] + (m0 +mn)ḡ = 0 (36)

in terms of the total first Piola stress tensor P of the solid-fluid mixture

P := ∂F ψ̂ = P eff − bpJF−T . (37)

With the specific constitutive functions (18) and (19), the two contributions read

P eff := ∂F ψ̂eff = γ[F − J−βF−T ] and p := ρf∂mψ̂fluid = −M [b(J − 1)− m

ρf
] . (38)

The total stress P is the sum of the effective stress P eff, i.e. the average stresses in the
solid skeleton which cause the deformation of the porous medium, and the hydrostatic
stress −bpJF−T of the fluid filling the pores.

3.2.2. Inverse Darcy’s Law. The Euler equation (33)2 is the inverse form of Darcy’s
law. It can be written as

∇X [µ− ḡ · ϕn] +B = 0 (39)

in terms of the material fluid mass driving force B and the fluid potential µ. These
quantities are constitutively defined as

B := ∂
H

φ̂ = K̂
−1
H and µ := ∂mψ̂ (40)

in terms of the permeability tensor K̂ arising in (20).
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3.3. Uniqueness of Solutions in the Linear Setting

We want to show the uniqueness of solutions of the incremental minimization principle
(31) in the case of linear poroelasticity. To do so, we have to check (i) boundedness and (ii)
coercivity of the corresponding bilinear form (47) defined below. The following notations
are used throughout this section: for the L2 scalar product of two vectors a, b or two
matrices A, B we write

(a, b) :=

∫

B

a(x) · b(x) dV and (A,B) :=

∫

B

A(x) : B(x) dV (41)

that induce the L2 norms ‖a‖0 := (a,a)1/2 and ‖A‖0 := (A,A)1/2. Furthermore we
denote the H1 and H(div) norms of a vector by

‖a‖1 := ( ‖a‖20 + ‖∇a‖20 )1/2 and ‖a‖H(div) := ( ‖a‖20 + ‖ diva‖20 )1/2 . (42)

Finally we express by ∇s[•] the symmetric part of the gradient of a vector field.

3.3.1. Weak Form. We consider a linearization around the reference configuration
B0, that is subsequently denoted by B. The linear strain tensor ε := ∇su is the symmetric
part of the gradient of the displacement field u : B × T → R3. Within the linear setting,
the energy storage function and the dissipation potential function take the form

ψ̂(ε, m) =
1

2
ε : C : ε+

M

2
[b tr ε− m

ρf
]2 and φ̂(h) =

1

2
((ρf )2K)−1

h · h (43)

in terms of the fourth-order elasticity tensor C := κ1 ⊗ 1 + 2γPsym with the symmetric
fourth-order deviatoric projection tensor Psym := I

sym − 1
3
1 ⊗ 1 , and the fluid mass flux

h : B × T → R3. The parameters κ and γ represent the bulk and shear modulus of the
dry porous material, which is assumed to be compressible3. In order not to overload the
notation, we focus on pure Dirichlet problems ∂Bt = ∅, ∂Bµ = ∅ and additionally ḡ = 0

in the external work functional (25). Then, the admissible function spaces in line with
(32) are

Wu := {u ∈ H1(B)| u = ū on ∂B} and W
h

:= {h ∈ H(div,B)| h · n = h̄ on ∂B} .
(44)

Redefining the constitutive state array C :=
[
ε, divh,h

]T
, the variation of the geomet-

rically linear form of the incremental potential (29) gives the necessary condition

δΠτ =

∫

B

S · δC dV = 0 (45)

for all admissible fields δu and δh satisfying δu = 0 and δh · n = 0 on ∂B, expressed
in terms of the geometrically linear version of the generalized stress array defined in (34).
From (45) we extract the symmetric bilinear form

a(u,h; δu, δh) :=

∫

B

δC · C · C dV (46)

3Note, that the solid grains forming the matrix still can be modelled as incompressible by setting
Biot’s coefficient to b = 1.
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in terms of the geometrically linear version of the generalized tangent moduli array defined
in (35). Before proceeding, let us write {v, f } instead of {δu, δh} and the bilinear form
(46) explicitely reads

a(u,h; v, f ) =

∫

B

{∇su : C : ∇sv +Mb2 tr∇su · tr∇sv

+Mb
τ

ρf
[ tr∇su · div f + tr∇sv · divh ]

+M(
τ

ρf
)2 divh · div f +

1

K

τ

(ρf )2
h · f } dV .

(47)

Finally, we define extensions uD ∈ H1(B) and hD ∈ H(div,B) of the Dirichlet boundary
conditions such that from (45) it just remains to find

u0 := u− uD ∈ H1
0(B) and h0 := h− hD ∈ H0(div,B) (48)

with the function spaces

H1
0(B) := {u ∈ H1(B)|u = 0 on ∂B} , H0(div,B) := {h ∈ H(div,B)|h · n = 0 on ∂B}

(49)

containing vanishing Dirichlet boundary conditions. Note, that by the split (48) the
solutions that are looked for and the test functions stem from the same function spaces.

3.3.2. Boundedness of the Bilinear Form. First, we have to show that the bilinear
form (47) is bounded by its corresponding norms, i.e. that there exists a constant cB > 0
such that

|a(u,h; v, f )| ≤ cB(‖u‖21 + ‖h‖2H(div))
1/2 (‖v‖21 + ‖f ‖2H(div))

1/2 (50)

for all u, v ∈ H1(B) and h, f ∈ H(div,B). First, the triangle inequality and the Cauchy-
Schwarz inequality give

|a(u,h; v, f )| ≤ |(∇su,C : ∇sv)|+ 1
K

τ
(ρf )2

|(h, f )|

+M |(b tr∇su+ τ
ρf

divh, b tr∇sv + τ
ρf

div f )|

≤ 6κ ‖∇su‖0 ‖∇sv‖0 + 1
K

τ
(ρf )2

‖h‖0 ‖f ‖0
+M‖b tr∇su+ τ

ρf
divh‖0 ‖b tr∇sv + τ

ρf
div f ‖0 .

(51)

Furthermore, with c1 := max{ 6κ, τ((ρf)2K)−1,M } we obtain

|a(u,h; v, f )| ≤ c1(‖∇su‖20 + ‖b tr∇su+ τ
ρf

divh‖20 + ‖h‖20)1/2

(‖∇sv‖20 + ‖b tr∇sv + τ
ρf

div f ‖20 + ‖f ‖20)1/2 .
(52)

From Minkowski’s inequality it follows that

‖b tr∇sv +
τ

ρf
div f ‖20 ≤ 2b2‖ tr∇sv‖20 + 2(

τ

ρf
)2‖ div f ‖20 . (53)
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Next, one has the estimate

‖ div v‖0 ≤
√
δ ‖∇v‖0 (54)

that results from the norm equivalence on finite dimensional spaces with δ = {2, 3} being
the dimension of the underlying problem. The inequality

‖∇sv‖0 ≤ ‖∇v‖0 (55)

simply follows from the vanishing double contraction of a symmetric with a skew-symmetric
matrix. The boundedness (50) of the bilinear form results now from applying (53), the
identity tr∇sv = div v, (54) and (55) onto (52). The constant cB takes the value cB = c1c2
with c2 := max{ 1 + 2δb2, 2(τ/ρf)2 }.

3.3.3. Coercivity of the Bilinear Form. In a second step, we have to show coer-
civity of the bilinear form (47), i.e. that there exists a constant cE > 0 such that4

a(v, f ; v, f ) ≥ cE(‖v‖21 + ‖f ‖2H(div)) (56)

for all v ∈ H1
0(B) and f ∈ H(div,B). Explicitely, we have

a(v, f ; v, f ) =

∫

B

{∇sv : C : ∇sv +M(b tr∇sv +
τ

ρf
div f )2 +

1

K

τ

(ρf )2
f · f } dV . (57)

First, we estimate the second term

M(b tr∇sv +
τ

ρf
div f )2 ≥ (1− 1

ǫ
)Mb2(tr∇sv)

2 + (1− ǫ)M(
τ

ρf
)2(div f )2 (58)

with 0 < ǫ < 1. Defining c3 := min{ (1− ǫ)M(τ/ρf )2, (1/K)τ/(ρf)2 } we can write

a(v, f ; v, f ) ≥
∫

B

{∇sv : C : ∇sv +Mb2(1− 1
ǫ
)(tr∇sv)

2 } dV + c3‖f ‖2H(div)

=

∫

B

{ κ∗(tr∇sv)
2 + 2γ | dev∇sv|2} dV + c3‖f ‖2H(div)

=

∫

B

∇sv : C∗ : ∇sv dV + c3‖f ‖2H(div)

(59)

where for the first equality a standard volumetric-deviatoric representation of the elastic
term ∇sv : C : ∇sv is used and a modified bulk modulus κ∗ := κ +Mb2(1 − ǫ−1) is
introduced. The modified fourth-order elasticity tensor C∗ is positive definite5 if and

4The restriction v ∈ H1

0(B) is in line with the additive split (48)1 of the displacement field into an
extension uD ∈ H1(B) that fulfills the Dirichlet boundary condition and u0 ∈ H1

0
(B) that is zero on the

Dirichlet boundary.
5A fourth-order tensor A(x) is called positive definite if the inequality B : A : B > 0 is satisfied for

all second-order tensors B 6= 0 at all points x ∈ B. Alternatively, one can define positive definitness in
the following way: there exists a constant A0 > 0 such that the inequality B : A : B ≥ A0B : B holds
for all second-order tensors B 6= 0 at all points x ∈ B. This definition is equivalent to the previous one
if A as well as B are continuous. Note that if A has minor symmetries we have to restrict B to the set
of symmetric second-order tensors B = BT .
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only if the parameters κ∗ and γ are strictly positive. Hence, the scalar factor ǫ has to be
sharpened to the range

Mb2

κ+Mb2
< ǫ < 1 (60)

and we can further estimate

a(v, f ; v, f ) ≥ C0(∇sv,∇sv) + c3‖f ‖2H(div) . (61)

Finally, we apply Korn’s second inequality, which states that for a bounded domain with
piecewise smooth boundary, there exists a domain dependent constant cK = cK(B) > 0
such that

(∇sv,∇sv) ≥ cK‖v‖21 (62)

for all v ∈ H1
0(B), and the coercivity (56) of the bilinear form is shown with the constant

cE = min{C0cK , c3 }. Note, that in the limit M → ∞ the fluid is incompressible and
the variation in fluid mass content is the increase of total volume scaled by the factor
ρfb. In this case the fluid pore pressure p is not constitutively defined via (38)2 but plays
the role of a Lagrange multiplier. By setting Biot’s modulus M to a high value, a nearly
incompressible fluid is modelled. For a (conforming) finite element discretization of the
present minimization formulation this might lead to (volumetric) locking due to a high
value of the ratio cB/cE between the boundedness and coercivity constant, see Sections 7.2
and 7.6. A way to overcome this is the use of a reduced integration approach suggested in
Sections 4.2 and 6.2 by which a modified algebraic minimization principle (127) is solved.

4. Finite Element Discretization of the Minimization Principle

Consider a decomposition of the solid domain into ne finite elements

B0 ≈ Bh
0 =

ne⋃

e=1

Be
0 and Bt ≈ Bh

t =

ne⋃

e=1

Be
t . (63)

We concentrate on a two-dimensional setting and approximate the solid deformation by
a standard nodal-based interpolation associated with a finite element Be

0, i.e. for X ∈ Be
0

we have

ϕh(X) = ϕ̃
he(ξ) =

4∑

I=1

N I(ξ)dϕ
I , ∇Xϕ̃

he =

4∑

I=1

d
ϕ
I ⊗∇XN

I(ξ) (64)

in terms of the bilinear shape functions N I(ξ) = 1
4
(1 + ξ1 ξ

I
1)(1 + ξ2 ξ

I
2) constructed in

the parameter domain A = [−1, 1] × [−1, 1] ∋ ξ and the degrees of freedom d
ϕ
I of solid

deformation associated with node I. For the fluid mass flux the degrees of freedom
can either be related to the element’s edges or the element’s nodes (in analogy to the
solid deformation), see Section 4.1 and Section 4.2 below. We write the interpolations of
the local constitutive variables Ch = B(X)d in terms of the global vector of unknowns
d := [dϕ,dH ]T ∈ Rd, which summarizes the time-space discrete values of the deformation
field and the fluid mass flux. B represents a finite element interpolation matrix. Focusing
on pure Dirichlet problems ∂Bt

0 = ∅, ∂Bµ
0 = ∅ and additionally ḡ = 0 in the external
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work functional (25), the spatial discretization of the incremental two-field functional (29)
takes the form

Πτh(d) =

∫

Bh
0

πτ (Bd) dV . (65)

Then, the algebraic minimization principle

d = Arg{ inf
d∈Rd

Πτh(d) } (66)

provides the finite element discretization of (31) and determines the space-discrete state
vector d of the finite element mesh at the current time tn+1. The necessary condition of
this time-space discrete variational principle reads

R := Πτh
,d =

∫

Bh
0

BT
S
h dV = 0 (67)

in terms of the generalized stress array Sh defined in (34). A standard Newton-type
iteration of this algebraic system updates the state vector by the algorithm

d ⇐ d−K−1R with K := Πτh
,dd =

∫

Bh
0

BT
C

hB dV (68)

in terms of the monolithic stiffness matrix K that is governed by the generalized tangent
moduli array C

h defined in (35). Updates are performed until convergence |R| < tol is
achieved. Note that the finite element residual R and stiffness K of the coupled problem
are simply first and second derivatives of the potential Πτh defined in (65). Thereby, the
symmetry of the stiffness matrixK is a consequence of the variational approach. For linear
poroelasticity positive definiteness of the stiffness matrix follows from the coercivity of the
bilinear form (47) if we are using a conforming finite element ansatz. An advantage of the
minimization principle is the omission of the discrete inf-sup condition. This condition
plays a major role concerning the stability of finite element solutions of saddle point
principles and constrains the choice of the discrete ansatz spaces in a non-trivial way.
However, finite element discretizations of the minimization as well as the classical saddle
point formulation are struggling near draining boundaries at early time if, for a given
element size, the time step size is too small, or (vice-versa) if for a given time step size
the mesh is too coarse. For a further discussion we refer to Section 4.3.

4.1. Edge-based Finite Element Design for the Fluid Flux

On the fluid side, the incremental minimzation principle (31) of poroelasticity is for-
mulated in H(Div,B0). Finite elements that are able to interpolate in this function space
were constructed by Raviart & Thomas [53] (RTk element), Brezzi et al. [18] (BDMk

element) and Arnold et al. [5] (ABFk element). Here, we concentrate on the lowest
order quadrilateral RT0 element, which introduces on each edge Le

K , K = 1, ..., 4, of a
finite element Be

0 normal fluxes

heK :=

∫

Le
K

H

h(X) · n0 dA (69)
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a)

b)

ϕ
H

Figure 2: Finite element pairing for the numerical solution of the incremental minimization
principle (31): a) Conforming Q1-RT0 element for the deformation ϕ and fluid mass flux H
and b) vectorial RT0 shape functions (73) constructed on the reference quadrilateral.

as degrees of freedom, where the normal trace Hh · n0 of the fluid mass flux is constant6

along each element edge. The use of such type of degrees of freedom is motivated by the
circumstance, that H(Div,B0)-conformity can be obtained by piecewise polynomial vector
functions if and only if their normal traces are continuous across element boundaries7, see
Brezzi & Fortin [17]. Note, that since continuity of normal traces is missing at element
vertices, it is necessary to relate those degrees of freedom to inner nodes of the element
edges. The construction of the quadrilateral RT0 element is discussed subsequently.

The fluid mass flux is approximated in the polynomial form

H̃

he(ξ) =

[
a
c

]
+ diag[ξ] ·

[
b
d

]
with a, b, c, d ∈ R , (70)

formulated on the quadrilateral reference element A = [−1, 1] × [−1, 1] ∋ ξ. It is easily

seen from (70), that the normal trace H̃he · ñ0 of the fluid mass flux is constant along the

reference element edges L̃K , K = 1, ..., 4. Introducing the normal flux

h̃K :=

∫

L̃K

H̃

he(ξ) · ñ0 dA , (71)

one can rewrite the approximation (70) of the fluid mass flux on the reference element in
terms of vectorial shape functions NK in the usual format, that is

H̃

he(ξ) =

4∑

K=1

NK(ξ)h̃K , (72)

where we can identify the normal fluxes h̃K as degrees of freedom related to the reference

6The index k ∈ N0 indicates the polynomial degree of the normal component of the fluid flux on the
element edges.

7For H1(B0)-conformity, piecewise polynomial vector functions have to satisfy continuity in every
component across element boundaries, i.e. H1(B0) ⊂ H(Div,B0).
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X̂(ξ)
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0
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ṽ

v

ñ0

n0

Figure 3: Contravariant Piola transformation (74) used to transform the vectorial shape
functions (73) to the physical space. Up to a constant, which is the ratio between the length

L̃K of an edge of the reference element and the length of the corresponding element edge
Le
K in the physical space, the contravariant Piola transformation preserves the length of the

normal trace of a vector, i.e. v · n0 = |L̃K |/|Le
K | ṽ · ñ0. Hence, vectors tangential to edges

are mapped to vectors tangential to edges.

element edges. The vectorial shape functions NK take the specific form

N 1 =

[
0

1
4
(ξ2 + 1)

]
, N 2 =

[
1
4
(ξ1 + 1)

0

]
, N 3 =

[
0

1
4
(ξ2 − 1)

]
, N 4 =

[
1
4
(ξ1 − 1)

0

]
,

(73)

see Figure 2b). Note carefully, that H̃he · ñ0|L̃K
= 1

2
h̃K . When transforming the space

discrete fluid mass flux (72) and the vectorial shape functions (73), respectively, to an

element Be
0 in physical space, the normal flux should be preserved, i.e. h̃K = heK , in order

to define via a reference element A a subspace of H(Div,B0), which, as mentioned before,
needs continuity of normal traces across element edges. Following Brezzi & Fortin

[17], this is achieved by a contravariant Piola transformation P , which maps vector fields
from the reference element into physical space

P [·] := 1

Ĵ(ξ)
Ĵ(ξ)[·](ξ) . (74)

Here, Ĵ := ∂X̂/∂ξ denotes the Jacobian matrix of an invertible geometrical map X̂ : A →
Be
0 from parameter domain to physical space, which in our case stems from a standard

bilinear interpolation, and Ĵ := det[Ĵ ] the Jacobian. Indeed, by using the edge map

|Le
K |n0 = |L̃K| cof[Ĵ ]ñ0 one obtains

H

h · n0 = P [H̃h] · n0 =
|L̃K|
|Le

K|
H̃

he · ñ0 , (75)

and as a result the desired property h̃K = heK . Relation (75) shows that the contravariant
Piola transformation preserves the normal trace of a vector up to a multiplicative constant,
see Figure 3.

Note, that since fluxes across element edges occur as degrees of freedom, one needs
to define positive and negative flux directions and edge normal directions, respectively,
see Figure 4b). This is done in the following way: one runs through the list of global
corner node numbers {A, B, C, D} belonging to an element and defines the outward-
pointing vector perpendicular to the edges AB, BC , CD and DA, respectively, to point
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a) b)

Figure 4: RT0 finite element: a) positive flux directions across element edges and b)
determination of the positive edge normal direction by an anticlockwise run through the
global node numbers of an element. According to this way of counting let the actual node
number be C and the former one be B as it is the case in the lower left element. Then for
C > B the positive normal direction of the edge BC is per definition given by the lower
left element’s normal which is labeled by a “+” sign. By this construction the upper right
element’s normal to the edge BC is automatically identified as the negative direction for
C > B, where B is now the actual node number and C the former one according to the
anticlockwise counting of node numbers.

into positive direction if B > A, C > B, D > C and A > D, respectively, and into
negative direction otherwise, see Figure 4. If the outward-pointing vector perpendicular
to an element edge points into negative direction, the vectorial element shape function
associated with the considered edge has to be multiplied by the factor −1. This ensures
that the mass outflux equals the mass influx across element edges.

4.2. Nodal-based Finite Element Design for the Fluid Flux

Again it is noted, that continuity of the projection Hh ·n0 across element boundaries
is necessary and sufficient for H(Div,B0)-conformity. In this sense, the tangential com-
ponents of vector fields belonging to finite element subspaces of H(Div,B0) are allowed
to be discontinuous across element boundaries, whereas tangential components of vector
fields belonging to finite element subspaces of H1(B) are not, see also Footnote 7. If the
solution of the incremental minimization principle (31) is only in H(Div,B0) and not in
more regular function spaces, then a standard nodal Q1-interpolation of the fluid mass
flux

H

h(X) = H̃

he(ξ) =
4∑

I=1

N I(ξ)dHI , Div[H̃he] =
4∑

I=1

∇XN
I(ξ) · dHI (76)

would fail since the space H(Div,B0) cannot be “exploited” totally. However, performing
a reduced numerical integration of the (volumetric) coupling part characterized by the
energy storage function (19), allows for the solution of (31) the use of interpolation (76)
based on vectorial nodal degrees of freedom of the fluid mass flux. This approach is
justified by a Q1-P0-type discretization of a four-field saddle point principle, which restricts
the admissible function space for the fluid mass flux H to H1(B0) and yields an equivalent
algebraic minimization principle, see Section 6.2 for further discussion. To this end, we
split the incremental potential (29) in the way

Πτ (ϕ,H) =

∫

B0

πτ
full(∇Xϕ,H) dV +

∫

B0

πτ
red(∇Xϕ,Div[H ]) dV (77)
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for pure Dirichlet problems and ḡ = 0 . The two contributions to the incremental potential
density

πτ
full(∇Xϕ,H) := ψ̂eff(∇Xϕ)− (ψ̂eff)n + τφ̂(H ;∇Xϕn, mn) ,

πτ
red(∇Xϕ,Div[H ]) := ψ̂fluid(∇Xϕ, mn − τ Div[H ])− (ψ̂fluid)n

(78)

induce seperate generalized stress arrays

Sfull := ∂Cπ
τ
full =



∂F ψ̂eff

·
τ∂

H

φ̂


 and Sred := ∂Cπ

τ
red =




∂F ψ̂fluid

−τ∂mψ̂fluid

·


 . (79)

A full Gauß quadrature with 2× 2 integration points of the part related to the potential
density (78)1 and a reduced Gauß quadrature with 1 integration point of the part related
to the potential density (78)2 gives for the spatial discretization (65) of the incremental
two-field potential

Πτh(d) =
ne∑

e=1

[
4∑

l=1

πτ
full(∇Xϕ̃

he, H̃he)
∣∣∣
ξl

Ĵ(ξl) + 4 πτ
red(∇Xϕ̃

he,Div[H̃he])
∣∣∣
ξ0

Ĵ(ξ0)

]
, (80)

where ξl and ξ0 = 0 , respectively, are the coordinates of the quadrature points in the
parameter domain A = [−1, 1] × [−1, 1]. Then, the necessary condition of the algebraic
minimization principle (66) gives the nonlinear system8

R = Πτh
,d =

ne

A
e=1

[
4∑

l=1

Be T (ξl)S
h
full(ξl) Ĵ(ξl) + 4Be T (ξ0)S

h
red(ξ0) Ĵ(ξ0)

]
= 0 . (82)

Such a Q1-Q1-red finite element design, which uses Q1-type elements for the deformation
ϕ as well as for the fluid mass flux H combined with a reduced numerical integration
of the (volumetric) coupling part (78)2 provides an easy-to-implement formulation as
only nodal degress of freedom occur, see Figure 5. Note, that the use of such a Q1-Q1-
red element constitutes a non-conforming method to solve the incremental minimization
principle (31).

4.3. One-Dimensional Problems: Restriction of Time Step Size

We set up one-dimensional boundary value problems of linear poroelasticity for which
the initial mass content m0 per unit reference volume is given. (·)′ = d(·)/dx abbreviates
subsequently the derivative with respect to the coordinate x. As reference (zero) pres-
sure we take the hydrostatic pressure with contributions from the gravity force and the
atmospheric pressure.

8Finite Element Shapes. Associated with a node I of a two-dimensional finite element Be
0, the

interpolation matrix has the form

BeT
I =




N I
,1 N I

,2

N I
,2 N I

,1

N I
,1 N I

N I
,2 N I


 (81)

in terms of the shape function N I and its derivatives.
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ϕ
H

Figure 5: Finite element pairing for the numerical solution of the incremental minimization
principle (31). Q1-Q1-red element for the deformation ϕ and fluid mass flux H with a
reduced numerical integration of the fluid coupling part (78)2.

4.3.1. Fluid Driven Problem. In a first scenario fluid is abruptly injected at one
boundary of the specimen B = (0, L) as shown in Figure 6a). The instantaneous response
of the porous body is m(t = 0+) = 0. The profile of the fluid flux h and the variation
in fluid mass content, respectively, at early time is characterized by a high gradient near
the boundary at which fluid is injected. This poses challanges for finite elements in the
sense that unphysical spurious oscillations might occur. To investigate this behavior in
more detail, we derive from the Euler equations (33) the differential equation

αh′′(x) + βh(x) = 0 in B (83)

which, together with the Dirichlet-type boundary conditions h(0) = 0 and h(L) = h̄ with
h̄ < 0, determines the fluid flux for the first time step. The real-valued coefficients in (83)
are

α := −Mτ

ρf
κ+ 4/3 γ

κu + 4/3 γ
< 0 and β :=

1

ρfK
> 0 , (84)

where former is expressed in terms of the undrained bulk modulus κu := κ +Mb2. For
the numerical solution of (83), we regularily discretize the domain by ne finite elements,
the length of which we denote by he, and choose a piecewise linear approximation of the
fluid flux. Then, according to the constitutive definition (38)2, the fluid pore pressure p is
approximated constantly within one finite element (if the strain is elementwise constant).
The corresponding linear system of equations from which the nodal flux values d =
[ h2, . . . , hne

]T ∈ Rne−1 are determined reads

(αK + βM)d = f , (85)

where

K = 1
he




−2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −2



, M = he

6




4 1

1 4 1

. . .
. . .

. . .

1 4 1

1 4



, f =




0

0
...

0

−( α
he

+ β he

6
)h̄



.

(86)

In an heuristic manner, we trace back spurious oscillations to a fluid flux at node I = ne

that points into opposite direction to the boundary influx at node I = ne + 1. Hence, we
claim that a stable, that means oscillation-free, solution is obtained as long as hne

< 0
according to the positive direction depicted in Figure 6a). Since the system matrix in
(85) is positive definite, we obtain

dT (αK + βM)d = dTf = −hne
(
α

he
+
he

6
β)h̄ > 0 (87)
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ū = 0 ū = 0
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h̄

σ̄
µ̄ = 0

a) b)

Figure 6: One-dimensional boundary value problems. a) Fluid driven test and b) mechan-
ically driven consolidation. The domain is discretized by ne finite elements and for the fluid
mass flux h a piecewise linear ansatz is chosen.

which gives a stability condition that relates the time step size to the finite element length

τ >
(he)2

6KM

κu + 4/3 γ

κ+ 4/3 γ
. (88)

This condition determines on the one hand a maximal element length for given time step
size and on the other hand a minimum time step size for a given mesh fineness.

4.3.2. Mechanically Driven Problem. In a second scenario a sudden mechanical
load −σ̄ < 0 is applied on one boundary of the specimen B = (0, L) causing an over-
pressure of the saturating fluid. At the same time the boundary at which the load is
applied remains drained (µ̄ = 0). The setup of the boundary value problem is shown
in Figure 6b). Due to diffusion mechanisms the overpressure vanishes and the load is
carried more and more by the solid skeleton. This process is known as consolidation of a
soil layer, see Terzaghi [62]. At early time, the profile of the flux h and the fluid pore
pressure p, respectively, is characterized by a high gradient near the draining boundary.
This poses challanges for finite elements in the sense that unphysical spurious oscillations
might occur. After one time step, the fluid flux is determined by the differential equation
(83) and the modified boundary conditions

h(0) = 0 and h′(L) =
1

τ

ρfbσ̄

κ + 4/3 γ
. (89)

In an analogous manner, we regularily discretize the domain by ne finite elements with
length he each, and approximate the fluid flux piecewise linearly. The corresponding
stiffness matrix and load vector of the linear system (85) that governs the nodal flux
values d = [ h2, . . . , hne+1 ]

T ∈ Rne read

K = 1
he




−2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −1



, M = he

6




4 1

1 4 1

. . .
. . .

. . .

1 4 1

1 2



, f =




0

0
...

0

−αh′(L)



.

(90)

First, note that the fluid flux at node I = ne + 1 is positive hne+1 > 0 according to the
positive direction depicted in Figure 6b). This follows from the positive definiteness of
the system matrix

dT (αK + βM)d = dTf = −hne+1αh
′(L) > 0 . (91)

In an heuristic manner, we demand for stability a positive nodal flux hne
> 0 at node

I = ne, which corresponds to a fluid that streams in opposition to the direction of the
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mechanical load. Taking a look at the next-to-last equation of the linear algebraic system

(
α

he
+ β

he

6
)(hne+1 + hne−1) + 2(− α

he
+ β

he

3
)hne

= 0 , (92)

and assuming that hne+1+hne−1 ≥ 0, we obtain once more the stability condition (88) that
relates the time step size to the finite element length. Vermeer & Verruijt [66] derived
for the underlying mechanically driven problem the same stability condition. In contrast,
they started from the pressure equation and chose a piecewise linear approximation of the
fluid pore pressure, which in our case is approximated constantly per element.

In summary, these two one-dimensional boundary value problems show that a finite
element solution of the governing fluid flux equation of linear poroelasticity might suffer
from instabilities in an area with high gradients. In especially, there exists a lower bound
for the time step size depending on material parameters and the finite element size. Hence,
a solution of the minimization principle (31) will lead to spurious oscillations at early time
near a mechanically loaded draining boundary or a boundary at which fluid is injected.
It is well known that such a kind of instability is also present when solving the classical
saddle point principle (106) that relies on a discretization of the fluid pore pressure. In
this sense, one may has to distinguish the presently discussed instability phenomenon
from those that are related to a violation of the discrete inf-sup condition or (volumetric)
locking. For numerical tests we refer to Section 7.

5. Alternative Saddle Point Principles

Consider a discrete time interval [tn, tn+1] with step length τ := tn+1 − tn > 0, and
assume all field variables at time tn to be known (variables with subscript n). The goal
then is to determine the fields at the current discrete time tn+1 (variables without sub-
script) based on saddle point principles valid for the time increment under consideration.
All principles are connected to the canonical minimization principle (31) by means of
transformations of constitutive functions.

5.1. Incremental Energy, Dissipation and External Load Functionals

Associated with the chosen time interval, the increment of the energy stored in the
fluid-solid mixture is

Eτ (ϕ, m) =

∫

B0

{ ψ̂(F , m)− ψ̂(F n, mn) } dV , (93)

now expressed in terms of the variation in fluid mass content m. The incremental version
of the modified dissipation potential functional (11) is defined by

D+τ(m,µ) :=

∫

B

{ −µ(m−mn)− τφ̂∗(B;F n) } dV (94)

at given state {ϕn, mn}. It is governed by the dual dissipation potential function (21)
expressed in terms of the fluid driving force B given in (39). Finally, the modified work
functional of external actions acting on the fluid-solid mixture during the considered time
interval is introduced

P+τ
ext (ϕ, µ) := P g ,t

ext (ϕ) + τP h
ext(µ) . (95)
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The mechanical contribution to this modified external work functional is already given in
(26) and the contribution due to fluid transport is defined by

P h
ext(µ) :=

∫

∂Bh
0

µh̄0 dA . (96)

Here, h̄0 is the prescribed fluid flux at time tn+1.

5.2. Incremental Three-Field Saddle Point Principle

A modified incremental variational principle of poroelasticity is based on the potential

Π+τ (ϕ, m, µ)︸ ︷︷ ︸
potential

:= Eτ (ϕ, m)︸ ︷︷ ︸
energy

+D+τ(m,µ)︸ ︷︷ ︸
∼dissipation

−P+τ
ext (ϕ, µ)︸ ︷︷ ︸
ext.work

(97)

that is postulated at given state {ϕn, mn}. It bases on the incremental energy functional
(93), the incremental modified dissipation potential functional (94) and the modified work
functional of external loads (95). We may reformulate the incremental potential

Π+τ (ϕ, m, µ) =

∫

B0

π+τ (∇Xϕ, m, µ,B) dV − P+τ
ext (ϕ, µ) (98)

and call π+τ the modified incremental potential density. It takes the form

π+τ (∇Xϕ, m, µ,B) := ψ̂(∇Xϕ, m)− ψ̂n − µ(m−mn)− τφ̂∗(B;F n) (99)

and contains the energy storage function ψ̂ and the dual dissipation potential function φ̂∗

defined in (17) and (21). Then the finite-step-sized incremental three-field saddle point
principle

{ϕ, m, µ} = Arg{ inf
ϕ∈Wϕ

inf
m∈L2

sup
µ∈Wµ

Π+τ (ϕ, m, µ) } (100)

determines the deformation, variation in fluid mass content and fluid potential at the
current time tn+1. Recall the decomposition of the surface of the porous solid into Dirichlet
and Neumann boundaries as visualized in Figure 1, where ∂Bϕ

0 and ∂Bµ
0 are the Dirichlet

boundaries in the above variational principle. The admissible spaces for the deformation
and the variation in fluid mass content are given by

Wϕ := {ϕ ∈ H1(B0)| ϕ = ϕ̄ on ∂Bϕ
0 } and Wµ := {µ ∈ H1(B0)| µ = µ̄ on ∂Bµ

0 } .
(101)

Note carefully, that compared to the minimization principle (31) the roles of the fluid
potential and the fluid mass flux as Dirichlet and Neumann boundary conditions, re-
spectively, are interchanged. Taking the variation of the incremental potential (97) for
admissible virtual deformations δϕ, virtual variation in fluid mass content δm and virtual
fluid potential δµ, satisfying δϕ = 0 on ∂Bϕ

0 and δµ = 0 on ∂Bµ
0 , one obtains the Euler
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equations

1. Stress equilibrium −Div[∂F ψ̂]− (m0 +mn)ḡ = 0 in B0

2. Fluid potential −µ+ ∂mψ̂ = 0 in B0

3. Balance fluid mass −(m−mn)− τ Div[∂
B

φ̂∗] = 0 in B0

4. Prescribed tractions (∂F ψ̂) · n0 − t̄0 = 0 on ∂Bt
0

5. Prescribed fluid flow (∂
B

φ̂∗) · n0 − h̄0 = 0 on ∂Bh
0

(102)

This covers the algorithmic form of the balance of linear momentum, the constitutive
definition of the fluid potential as well as the algorithmic form of the balance of fluid
mass along with the boundary conditions on the Neumann surfaces ∂Bt

0 and ∂Bh
0 .

5.3. Incremental Two-Field Saddle Point Principle

The incremental three-field saddle point principle (100) can be solved in two steps.
First, the potential Π+τ defined in (100) is optimized for given deformation ϕ and fluid
potential µ

{m} = Arg{ inf
m∈L2

Π+τ (ϕ, m, µ) } . (103)

This variational principle defines a condensed incremental potential density

π+τ
cond(∇Xϕ, µ,B) := inf

m
π+τ (∇Xϕ, m, µ,B) (104)

as a function of the reduced constitutive set C+ := [∇Xϕ, µ, B ]T . With (104) at hand,
the global incremental potential (99) can be reduced to an incremental two-field potential
after local condensation of the variation in fluid mass content

Π+τ
cond(ϕ, µ) :=

∫

B0

π+τ
cond(∇Xϕ, µ,B) dV . (105)

In a second solution step, this global potential is optimized with respect to the deformation
field ϕ and the fluid potential µ, i.e.

{ϕ, µ} = Arg{ inf
ϕ∈Wϕ

sup
µ∈Wµ

Π+τ
cond(ϕ, µ) } . (106)

Note, that the three-field saddle point principle (100) has now turned into the classical
two-field saddle point principle formulated in deformation and fluid potential, which is
standard in the literature, see Carter et al. [19] or Prévost [51] among many others.

The incremental potential density π+τ defined in (99) and its first and second deriva-

tives with respect to the constitutive state array C
+ :=

[
∇Xϕ, µ,B

]T
at current time

tn+1 play a central role in the subsequent finite element formulation. The first derivative
of π+τ defines a generalized stress array

S
+ := ∂C+π+τ (C+, m) =




∂F ψ̂
−(m−mn)

−τ∂
B

φ̂∗


 (107)
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and the second derivative a symmetric generalized tangent moduli array

C
+ := ∂2

C+C+π+τ
cond(C

+) =



∂2FF ψ̂ − ∂2Fmψ̂ k

−1
m ∂2mF ψ̂ ∂2Fmψ̂ k

−1
m ·

k−1
m ∂2mF ψ̂ −k−1

m ·
· · −τ∂2

BB

φ̂∗


 . (108)

The structure of this tangent array is determined by a local Newton update of the Euler
equation (102)2 of the variational principle (103) at time tn+1, i.e.

m⇐ m− k−1
m rm with rm := ∂mψ̂ − µ and km := ∂2mmψ̂ . (109)

5.4. Incremental Four-Field Saddle Point Principle

Consider an extended stored energy function ψ̃fluid related to the pore fluid response
and defined in terms of the deformation gradient F , the variation in fluid mass content
m and the mixed variables p̄ and ē

ψ̃fluid(F , m, p̄, ē) := p̄
([
b(J − 1)− m

ρf
]
− ē

)
+
M

2
ē2 . (110)

This extended stored energy is related to the stored energy ψ̂fluid defined in (19) via the
relation

ψ̂fluid(F , m) = sup
p̄

inf
ē
ψ̃fluid(F , m, p̄, ē) . (111)

By introducing the extended energy storage function

ψ̃(F , m, p̄, ē) = ψ̂eff(F ) + ψ̃fluid(F , m, p̄, ē) (112)

containing the effective elastic and fluid contributions defined in (18) and (110), we obtain
from the definition of the incremental energy functional (23) the extended incremental
energy functional

Ẽτ (ϕ,H , p̄, ē) :=

∫

B0

{ ψ̃(F , mn − τ Div[H ], p̄, ē)− ψ̃(F n, mn, p̄n, ēn) } dV (113)

at given state {ϕn, mn, p̄n, ēn}. It now additionally depends on the mixed variables p̄ and
ē. An extended variational principle of poroelasticity is governed by the potential

Π̃τ (ϕ,H , p̄, ē)︸ ︷︷ ︸
potential

:= Ẽτ (ϕ,H , p̄, ē)︸ ︷︷ ︸
energy

+ Dτ (H)︸ ︷︷ ︸
dissipation

−P τ
ext(ϕ,H)︸ ︷︷ ︸
ext.work

. (114)

It bases on the extended incremental energy functional (113), the incremental dissipa-
tion potential functional (24) and the work functional of external loads (25). We may
reformulate the incremental potential

Π̃τ (ϕ,H , p̄, ē) =

∫

B0

π̃τ (∇Xϕ,Div[H ],H , p̄, ē) dV − P τ
ext(ϕ,H) (115)

and call π̃τ the extended incremental potential density. It takes the form

π̃τ := ψ̃(∇Xϕ, mn − τ Div[H ], p̄, ē)− ψ̃n + τφ̂(H ;F n) (116)
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and contains the extended energy storage function ψ̃ and the dissipation potential function
φ̂. Then the finite-step-sized incremental four-field saddle point principle

{ϕ,H , p̄, ē} = Arg{ inf
ϕ∈Wϕ

inf
H∈W

H

sup
p̄∈L2

inf
ē∈L2

Π̃τ (ϕ,H , p̄, ē) } (117)

determines the deformation, the fluid mass flux and the introduced mixed variables at
the current time tn+1. Recall the decomposition of the surface of the porous solid into
Dirichlet and Neumann boundaries, where ∂Bϕ

0 and ∂Bh
0 are the Dirichlet boundaries in

the above variational principle. The admissible spaces for the deformation and the fluid
mass flux are given by

Wϕ := {ϕ ∈ H1(B0)| ϕ = ϕ̄ on ∂Bϕ
0 } and W

H

:= {H ∈ H1(B0)| H = H̄ on ∂Bh
0} .
(118)

Note, that in this four-field setting, the admissible function space (118)2 for the fluid
mass flux bases on H1(B0). This is in contrast to the admissible function space (32)2 in
the pure minimization principle, that bases on H(Div,B0). Taking the variation of the
incremental potential (114) for admissible virtual deformations δϕ and virtual fluid mass
flow δH together with variations δp̄ and δē of the mixed variables, satisfying δϕ = 0 on
∂Bϕ

0 and δH = 0 on ∂Bh
0 , one obtains the Euler equations summarized in (33) (replace

ψ̂ by ψ̃) together with the optimality conditions

∂p̄ψ̃ = 0 and ∂ēψ̃ = 0 in B0 . (119)

From those we have ē = p̄/M and identify the mixed variable p̄ with the negative fluid pore
pressure p̄ = −p. Note, that for M → ∞ we expect ē→ 0 and enforce an incompressible
fluid. The algorithmic form of the balance of fluid mass (22) is again included as a
constraint, i.e. the variation in fluid mass content m at current time tn+1 is determined
by the fluid mass flux H at current time tn+1 obtained from the incremental four-field
saddle point principle (117).

The incremental potential density π̃τ defined in (116) and its first and second deriva-

tives with respect to the constitutive state array C :=
[
∇Xϕ,Div[H ],H

]T
at time tn+1,

already defined in Section 3.2, play a central role in the subsequent finite element treat-
ment. The first derivative of π̃τ defines a generalized stress array

S̃ := ∂Cπ̃
τ (C, p̄, ē) =




∂F ψ̃

−τ∂mψ̃
τ∂

H

φ̂


 (120)

and the second derivative a symmetric generalized tangent moduli array

C̃ := ∂2
CC
π̃τ (C, p̄, ē) =




∂2FF ψ̃ −τ∂2Fmψ̃ ·
−τ∂2mF ψ̃ τ 2∂2mmψ̃ ·

· · τ∂2
HH

φ̂


 . (121)

These two arrays are the constitutive input for the subsequent discretization by the finite
element method. Note, that they differ from the ones given in (34) and (35) for the pure

minimization principle by the constitutive function ψ̃ defined in (112).
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6. Finite Element Discretization of Saddle Point Principles

In this section we concentrate on a Q1-Q1-P0-P0 finite element formulation of the incre-
mental four-field saddle point principle (117) proposed in Section 5.4. In especially we will
show its connection to a nodal-based Q1-Q1 finite element discretization of the incremen-
tal minimization principle (31) combined with a reduced integration of the (volumetric)
coupling term as discussed in Section 4.2. The treatment of the classical two-field sad-
dle point principle (105) by, e.g. Taylor-Hood (T-H), Mini or Enhanced-Assumed-Strain
(EAS) elements has extensively been treated in the literature and will not be repeated
here.

6.1. Q1-P0-type Finite Element Discretization

We consider a decomposition (63) of the solid domain into ne finite elements and con-
centrate on a two-dimensional setting. For the spatial discretization of the incremental
four-field saddle point principle (117) by a conforming finite element approach we use
nodal-based bilinear approximations for the primary fields {ϕ,H} and elementwise con-
stant approximations for the introduced mixed variables {p̄, ē}. Hence, for X ∈ Be

0 we
write

[
ϕh(X)

H

h(X)

]
=

[
ϕ̃

he(ξ)

H̃

he(ξ)

]
=

4∑

I=1

[
N I(ξ)dϕ

I

N I(ξ)dHI

]
and {p̄, ē}he = {p̄e, ēe} (122)

in terms of the bilinear shape functions N I(ξ) = 1
4
(1 + ξ1 ξ

I
1)(1 + ξ2 ξ

I
2) constructed in

the parameter domain A = [−1, 1] × [−1, 1] ∋ ξ and the vector of degrees of freedom
dI = [dϕ

I , d
H

I ]T ∈ R4 of solid deformation and fluid mass flux associated with node I.
We write the interpolations of the local constitutive variables C

h = B(X)d in terms of
the global vector of unknowns d := [dϕ,dH ]T ∈ Rd, where B represents a finite element
interpolation matrix given by (81). The spatial discretization of the incremental four-field
functional (115) takes the form

Π̃τh(d, p̄h, ēh) =

∫

Bh
0

π̃τ (Bd, p̄h, ēh) dV (123)

for pure Dirichlet problems and additionally ḡ = 0 in the external work functional (25).
π̃τ is the extended incremental potential density defined in (116). Then, the algebraic
saddle point principle

{d, p̄h, ēh} = Arg{ inf
d∈Rd

sup
p̄h

inf
ēh

Π̃τ (d, p̄h, ēh) } (124)

determines the nodal state vector d along with the globally discontinuous functions
{p̄h, ēh}. Since the mixed variables p̄h and ēh are determined by discrete values asso-
ciated with the finite elements Be

0, e = 1, ..., ne, we construct as a first solution step a
condensed potential on element level

Π̃τhe
cond(d

e) := sup
p̄e

inf
ēe

Π̃τhe(de, p̄e, ēe) . (125)
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The necessary optimality conditions of this variational problem yield the discrete element
values of the mixed variables

ēe =
1

|Be
0|

∫

Be
0

{ b(Jh − 1)−mh
n/ρ

f + τ Div[Hh] } dV and p̄e =Mēe . (126)

In a second solution step we solve the condensed algebraic minimization principle

d = Arg{ inf
d∈Rd

Π̃τh
cond(d) } (127)

where we define the global condensed potential Π̃τh
cond :=

∑ne

e=1 Π̃
τhe
cond. The necessary

condition of this time-space discrete variational problem reads

R̃ := Π̃τh
cond,d =

ne

A
e=1

[∫

Be
0

Be T
S̃
h dV

]
= 0 (128)

in terms of the generalized stress array S̃h defined in (120). A standard Newton-type
iteration of this nonlinear algebraic system updates the state vector by the algorithm

d ⇐ d− K̃
−1
R̃ until |R̃| < tol . (129)

Here, the condensed stiffness matrix takes the form

K̃ :=
ne

A
e=1

[∫

Be
0

Be T
C̃

hBe dV +M |Be
0|B

e ⊗B
e

]
(130)

in terms of the generalized tangent moduli array C̃h defined in (121) and the averaged
element shape functions

B
e
:=

1

|Be
0|

∫

Be
0

Be T∂p̄hS̃
h dV . (131)

6.2. Connection to Reduced Integration Approach of Minimization Principle

We want to show the connection between the Q1-Q1-P0-P0 finite element discretization
of the incremental four-field saddle point principle (117) described in Section 6.1 and the
Q1-Q1 finite element discretization of the incremental two-field minimization principle
(31) combined with a reduced integration of the (volumetric) coupling part as described
in Section 4.2. To do so, we show that the element residuum (128) stemming from the
mixed approach coincides with the element residuum (82) of the reduced integration
approach. Here, we focus on the linear setting of poroelasticity set up in Section 3.3.
The main result however also holds for the nonlinear case although the calculations are
more cumbersome and not given here. We obtain for the corresponding generalized stress
arrays (120) and (79)

S̃ =



C : ε+ p̄b1

τ p̄/ρf

τ((ρf )2K)−1
h


 , Sfull =




C : ε
·

τ((ρf )2K)−1
h


 , Sred =



M(b tr ε−m/ρf )b1
τM/ρf (b tr ε−m/ρf )

·




(132)
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in terms of the linear strain tensor ε = ∇su and the the fourth-order elasticity tensor C .
For x ∈ Be the volumetric part of solid deformation and the divergence of the fluid mass
flux vector take the form

tr[εh] =

4∑

I=1

∇xN
I(ξ) · du

I and div[hh] =

4∑

I=1

∇xN
I(ξ) · dhI . (133)

Then, on element level the mixed variables ēe and p̄e are obtained by the linearized version
of (126)

ēe =
4∑

I=1

[
b∇xN

I · du
I + τ ∇xN

I · dhI
]
− 1

|Be|

∫

Be

mh
n/ρ

f dV and p̄e =Mēe (134)

in terms of the averaged element shape functions

∇xN
I :=

1

|Be|

∫

Be

∇xN
I(ξ) dV . (135)

Crucial for the link between the Q1-Q1-P0-P0 finite element discretization of the incremen-
tal four-field saddle point principle (117) and the Q1-Q1-red finite element design of the
incremental two-field minimization principle (31) is a relationship between the averaged
element shape functions (135) and the shape functions ∇xN

I(ξ0) evaluated at the center
ξ0 = 0 of the reference square element A = [−1, 1]× [−1, 1]. There, the middle node of
the Q1-P0 element as well as the quadrature point for the reduced integration are located.
Using the identity |Be| = 4 Ĵ(ξ0) one finds the simple relationship

∇xN
I = ∇xN

I(ξ0) . (136)

In the element residuum (128) of the Q1-Q1-P0-P0 approach, the term of interest is

Ĩ :=

∫

Be

∇xN
I τ p̄/ρf dV = τ p̄/ρf |Be| ∇xN

I (137)

which should be equal to the term stemming from the reduced integration part of the
residual (82)

I := 4∇xN
I(ξ0) τM/ρf

(
b tr[εh]−mh/ρf

)∣∣
ξ0
Ĵ(ξ0) . (138)

Indeed, inserting the fully implicit update (22) of the variation in fluid mass content into
(138), and using the interpolations (133) together with the representation (134) of the
introduced mixed variables gives

I = Ĩ . (139)

Hence, the solution of the algebraic minimization principle (66) relying on the potential
(80) coincides with the solution of the algebraic minimization principle (127). This shows
a partly analogy9 between the Q1-Q1-P0-P0 finite element discretization of the incremen-
tal four-field saddle point principle (117) and the Q1-Q1-red finite element design of the

9Note, that the mixed variables (126) do not arise in the presented reduced integration formulation.
Latter is fully governed by the algebraic minimization principle (66) in terms of the potential (80). Hence,
the reduced integration approach is not constrained by the discrete inf-sup condition which is algebraic
in nature.
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Table 1: Parameters of Model Problems.

No. Parameter Name Eq. Value Unit
1 γ shear modulus (18) 98.0 [MN/m2]
2 ν Poisson’s ratio (18) 0.3 [-]
3 ρf fluid density (38) 1000.0 [kg/m3]
4 M Biot’s modulus (19) {100.0, 20000.0} [MN/m2]
5 b Biot’s coefficient (19) 1.0 [-]
6 K spatial permeability (20) 2.11 · 10−13 [m3s/kg]
7 m0 init. fluid mass per unit ref. vol. (33) 700.0 [kg/m3]

minimization principle (31) in the linear setting of poroelasticity. In this sense the use
of a (standard) nodal-based bilinear interpolation of the fluid mass flux combined with a
reduced integration of the (volumetric) coupling part characterized by the energy storage
function (19) is proposed for the solution of the incremental minimization principle (31)
and constitutes a non-conforming alternative to the conforming discretization based on
edge-type finite elements for the fluid mass flux, see Section 4.1. However, it is important
to note that the mathematical basis for such a reduced integration approach, i.e. unique-
ness of solutions in the linear setting, is not governed or rather ensured by the estimates
in Section 3.3. This aspect stays open and has to be explored in future.

7. Numerical Model Simulations

The following numerical model simulations show results obtained by different finite
element formulations of the proposed incremental minimization principle (31) formulated
in deformation of the solid ϕ and the material fluid mass flux vector H and the classical
incremental saddle point principle (106) formulated in deformation of the solid ϕ and
fluid potential µ. Latter has extensively been treated in the literature. The ultimate aim
is to demonstrate the beneficial applicability of the minimization principle, the numerical
solution of which by the finite element method is not constrained by the discrete inf-
sup condition. This is a big advantage compared to the classical {ϕ, µ} saddle point
formulation of poroelasticity. In the comparative investigations made in this section the
following finite element formulations are used:

• Minimization principle in {ϕ,H}: The conforming Q1-RT0 element treated in Sec-
tion 4.1 and a Q1-Q1-red element with nodal-based bilinear interpolation for both
fields combined with a reduced integration treated in Section 4.2. In addition a Q1-
RT0-red element is realized with the same reduced integration procedure as for the
Q1-Q1-red element.

• Saddle point principle in {ϕ, µ}: An unstable Q1-Q1 element and Taylor-Hood (T-
H), Mini and Enhanced-Assumed-Strain10 (Q1E4-Q1) elements.

The considered model problems discuss stability aspects of the incremental minimization
principle. We observe, that the minimization structure has a positive influence on the con-
vergence of iterative solvers. For the saddle point problem, stability as well as numerical

10We use an Enhanced-Assumed-Strain element with a strain enhancement of the standard Q1 element
with two vectorial parameters αe

I ∈ R2, I = 1, 2, per element, see Simo & Armero [56].
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Figure 7: One-dimensional problems. Setup of a) Terzaghi’s mechanically driven consol-
idation problem and b) fluid driven problem. In the first scenario a constant uniformly
distributed mechanical load t̄ is applied and in the second case fluid is constantly injected
via h̄. In both cases the bottom and side surfaces are impervious (h̄ = 0) and mechanically
fixed in vertical and horizontal direction, respectively.

efficiency of the finite element solutions is a non-trivial task due to the constraint stem-
ming from the discrete inf-sup condition. The material parameters used in all simulations
are listed in Table 1. With the definition of the bulk modulus κ := 2γ(1 + ν)/(3(1− 2ν))
the diffusivity coefficient reads

cv := KM
κ+ 4/3 γ

κu + 4/3 γ
, (140)

in terms of the undrained bulk modulus κu := κ + Mb2, see Coussy [25]. Except
for the one-dimensional problems discussed in Section 7.1 and the two-dimensional me-
chanically driven consolidation problems discussed in Section 7.5, a Biot’s modulus of
M = 100 MN/m2 is chosen for the numerical examples. In all subsequent boundary value
problems, gravitational effects are neglected, i.e. ḡ = 0 and the atmospheric pressure is
taken as the reference (zero) pressure. ForM = 100 MN/m2 the fluid diffusivity coefficient
takes the value cv = 1.64·10−5 m2/s, and forM = 20000 MN/m2 it is cv = 7.12·10−5 m2/s.
Note, that for all subsequent boundary value problems we choose Biot’s coefficient b = 1
which corresponds to incompressible solid grains.

7.1. One-Dimensional Problems

First we consider a rectangular specimen B = (0, a)×(0, c) with a = 1 m and c = 10 m
which is mechanically fixed in y-direction at the bottom surface and in x-direction at
the side surfaces. The bottom as well the side surfaces of the body are assumed to be
impermeable. We are looking at two different loading scenarios as depicted in Figure 7:
(i) The fully drained top surface (µ̄ = 0) is suddenly loaded by a constant uniformly
distributed mechanical load t̄ = 0.1 MN/m2. It causes an instantaneous rise in the
pore pressure p = ρfµ, which decreases in time. This is a standard one-dimensional
consolidation test which was analytically treated by Terzaghi [62] and is considered as a
benchmark in computational poroelasticity. In the second loading scenario, (ii) a constant
fluid flux |h̄| = 0.1·10−3 kg/(m2s) is continuously injected at the top surface. In both cases
we consider a geometrically linear setting and assume the fluid to be nearly incompressible.
Latter is realized by setting Biot’s modulus to a high number M = 20000 MN/m2. Next,
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Figure 8: One-dimensional problems. Terzaghi’s test: fluid pressure p over height y of
the body at times a) T = 7.12 · 10−6 for different numbers of finite elements and b) T =
1.068·10−1. Fluid driven test: fluid flux h over height y of the body at times c) T = 7.12·10−6

for different numbers of finite elements and d) T = 1.068 · 10−1. The results in a) and c) are
obtained by the minimization formulation.

let us define a non-dimensional time T = cvt/c
2. We are especially interested in the

performance of of the minimization formulation at early time. At this stage, the profile of
the fluid pressure and the fluid flux, respectively, is characterized by a high gradient near
the loaded boundaries. For the early-time numerical simulations in Figure 8 we perform
one time step with step size ∆T = 7.12 · 10−6 and for the late-time simulations shown in
Figure 8 we perform 1500 time steps with step size ∆T = 7.12 · 10−5. Since the boundary
value problem is one-dimensional, the domain is regularily discretized by a single row of
quadrilateral finite elements. For the solution of the minimization principle we choose Q1-
Q1 finite elements and for the solution of the saddle point formulation we use the (inf-sup
stable) Taylor-Hood (T-H) element. Former choice is possible since in the present setting
the divergence of the fluid mass flux vector reduces to a single derivative in y-direction.
Recalling the stability condition (88) which is derived for a piecewise linear approximation
of the fluid flux and which is valid for both loading scenarions, we expect a stable early-
time solution for a discretization with 154 finite elements and more. Figure 8a) shows
the fluid pressure distribution at early-time for loading case (i) and Figure 8b) depicts
the fluid flux distribution for loading case (ii). Both results confirm the predicted mesh
fineness required for a stable, that means oscillation-free, solution. Note, that for the
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minimization formulation the fluid potential µ is not a primary variable and is projected
from the Gauß points to the nodes of the finite element mesh in a post processing step.
This explains the non-vanishing pressure at the upper boundary in Figure 8a). In the
early-time case the performance of the Taylor-Hood (T-H) element applied to the saddle
point formulation is not explicitely shown since it implies the same stability condition
(88). Nevertheless, one should keep in mind that the the Taylor-Hood (T-H) element
for the solution of the saddle point formulation has 22 degrees of freedom per element
whereas the Q1-Q1 element for the minimization formulation has 16. The use of a simple
Q1-Q1 ansatz for the saddle point principle would lead to oscillations that propagate
inside the domain, see Sections 7.2 and 7.5. At late time, the chosen discretizations for
the minimization as well as the saddle point formulation with 50 finite elements yield
the same stable results as shown in Figure 8b) and d). Thus, we can exclude for the
chosen finite element formulation of the minimization principle a (volumetric) locking
effect despite the high Biot’s modulus M .

In addition we study the influence of large time step sizes onto the quality of the
solution provided by both formulations. For time step sizes τ ≫M(ρf )2K we may expect
the ratio between boundedness and coercivity constants that are derived in Section 3.3
for the minimization formulation to behave like cB/cE ∼ (τ/ρf )2. According to Cea’s
lemma reported in Section 7.5, this might cause errors that are high compared to the best
approximation error. Figure 9a) shows for the fluid driven scenario the performance of the
Q1-Q1 finite element formulation of the minimization principle at time t = 2·105 s for time
step sizes τ1 = 2 · 105 s, τ2 = 105 s and τ3 = 103 s. For time step sizes τ1 and τ2 we clearly
observe a deviation from the reference solution that is obtained by a choosing a small
time step size τ = 10 s. However, for τ3 other terms in the boundedness and coercivity
constant, respectively, become dominant and the obtained solution coincides with the
reference one. For the purpose of comparison, Figure 9b) depicts results obtained by
using Taylor-Hood (T-H) finite elements for the solution of the saddle point formulation.
We observe the same behavior as for the minimization formulation.

7.2. Quasi One-Dimensional Fluid Driven Problem

Consider once more a fluid flux driven boundary value problem of a specimen with
dimensions B0 = (0, a) × (0, a) with a = 1 m, where the bottom and the side surfaces
are impermeable. Mechanically the specimen is fixed in Y -direction at the bottom. We
load the specimen with a constant fluid flux at the top surface |h̄0| = 0.01 kg/(m2s) that
is continuously injected. In addition we denote by T = cvt/a

2 a non-dimensional time.
The geometry of the boundary value problem is shown in Figure 10. The specimen B0 is
regularily discretized by 20 × 20 square finite elements. For the numerical simulation we
choose a time step size of ∆T = 1.6 ·10−7. The results obtained by different finite element
formulations of the minimization and saddle point principle are shown in Figure 11, where
the fluid pore pressure p = ρfµ is depicted over the height of the specimen in a cross-
section at X = 0.5a and at time T = 8.0 · 10−7. As the tiny time indicates, we are
especially interested in the behavior of the minimization formulation in the undrained
limit state. Figure 11a) shows the performance of the minimization formulation for the
Q1-RT0 element design, as well as for the Q1-Q1 finite element. We observe that both
element formulations produce stable results without spurious oscillations except near the
boundary at which fluid is injected. As pointed out and analyzed in Sections 4.3 and
7.1 this can be overcome by a refinement of the mesh. Figure 11b) compares different
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Figure 9: One-dimensional problems. Fluid driven test: fluid flux h and vertical displace-
ment uy over height y of the body at time t = 2 ·105 s. Results obtained by a) minimization
principle and b) saddle point principle for time step sizes τ1 = 2 · 105 s, τ2 = 105 s and
τ3 = 103 s and a discretization by 50 finite elements. For the reference solutions a time step
size of τ = 10 s is chosen.
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Figure 10: Fluid mass flux through specimen. Boundary value problem: Square plate, in
which fluid is injected from the top surface. The bottom is fixed in Y -direction. The bottom
and side edges are impervious (h̄0 = 0).

finite element formulations of the saddle point principle. As generally known, a Q1-Q1

interpolation of the fields {ϕ, µ} is not stable and produces high spurious oscillations in
the fluid pore pressure p which propagate inside the domain. In contrast, the Taylor-Hood
(T-H) element, the Mini element and the Enhanced-Assumed-Strain element (Q1E4-Q1)
yield stable results without spurious oscillations. However those formulations are unable
as well to perfectly handle the situation near the boundary at which fluid is injected. In
the context of deformation-diffusion processes in polymeric hydrogels reduced enhanced
strain formulations have been presented in Krischok & Linder [38] that are free from
hourglassing effects.

7.3. Problem with Low-Permeable Layer

As a next boundary value problem, consider the benchmark problem proposed by
Haga et al. [35], which has also recently been studied in Rodrigo et al. [54]. It
investigates the influence of a low-permeable region onto the stability of finite element
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computations. It is well known, that the presence of such a region may cause spurious
oscillations in the discrete fluid pore pressure field, see Phillips & Wheeler [48] and
Aguilar et al. [2]. A square specimen with dimensions B0 = (0, a)×(0, a) with a = 1 m
is loaded with a constant uniformly distributed mechanical load t̄0 = 30 MN/m2. The
specimen consists of three different layers in Y -direction with equal height. The middle
layer of soil material is assumed to be low-permeable, that is realized by setting the
spatial permeability to K̃ = K · 10−8. At the impermeable side surfaces, a deformation
in X-direction is suppressed, at the impermeable bottom surface the deformation in Y -
direction is restrained. The top surface of the specimen is drained (µ̄ = 0). The geometry
of the boundary value problem is depicted in Figure 12. For the simulation, the specimen
B0 is regularily discretized by 60 × 60 square finite elements, and a time step size of
∆T = 1.63 · 10−1 is chosen. Here, T = cvt/a

2 is again the non-dimensional time. Like
before, we compare results of the two-field minimization with those of the two-field saddle
point formulation. Figure 13 depicts diagrams for the fluid pore pressure p = ρfµ over
the height of the specimen, as well as a contour plot of the fluid pore pressure p at time
T = 1.63. We see, that the solution of the saddle point principle by Q1-Q1 elements
results in strong spurious oscillations in the low-permeable region. The Taylor-Hood (T-
H) element instead yields a far better result, however is unable to completely eliminate
oscillations at the layer interface as reported in Haga et al. [35] and Rodrigo et al.

[54]. The minimization formuation gives a stable, that means oscillation-free, distribution
of the fluid pore pressure. Note, that due to the one-dimensional nature of the boundary
value problem, simple Q1-Q1 elements can be used for the solution of the minimization
principle.

7.4. Two-Dimensional Fluid Point Source Problem

The next boundary value problem demonstrates the applicability of the minimization
formulation for two-dimensional problems. Consider a domain B0 = (0, a) × (0, a) with
a = 1 m with the fluid mass flux being constraint on the whole boundary ∂B0. In the
middle of the domain we prescribe a fluid mass source term ˙̄m = const., which models a
pump that is continuously injecting fluid into the body. The setup of the boundary value
problem is depicted in Figure 14. The minimization principle is solved by three different
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Figure 11: Fluid mass flux through specimen. Fluid pressure p over height Y of the body at
time T = 8.0 · 10−7. Comparison of results obtained by different finite element formulations
for a) minimization principle and b) saddle point principle.
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Figure 12: Specimen with low-permeable layer. Boundary value problem: Square plate
with uniformly distributed mechanical loading t̄0 at the drained top surface with µ̄ = 0.
All other surfaces are impermeable, i.e. h̄0 = 0. This is a benchmark problem to show
oscillatory behavior of the fluid pore pressure in low permeable porous media.

finite element formulations: (i) a conforming Q1-RT0 ansatz, (ii) a standard Q1-Q1 ansatz
and (iii) a Q1-Q1-red ansatz which combines approach (ii) with a reduced numerical
integration of the (volumetric) coupling term. The resulting contour plot of the variation
in fluid mass content m obtained by formulations (i)–(iii) is shown in Figure 15. The
conforming Q1-RT0 finite element formulation yields an isotropic spreading of the fluid,
as expected. However, the standard Q1-Q1 finite element is not able to reproduce this
behavior, see Figure 15b). This is due theH(Div,B0)-regularity of the solution for the fluid
mass flux vector, i.e. an interpolation via standard Lagrange finite elements, which span
a subspace of H1(B0), is not possible, see also Section 4.2. Finally, we observe that the
Q1-Q1-red approach yields a reasonable result, see Figure 15c). Latter is due to the fact,
that such a finite element formulation yields the same algebraic minimization principle
as a Q1-Q1-P0-P0 discretization of the incremental four-field saddle point principle (117),
see Section 6.2.

7.5. Two-Dimensional Mechanically Driven Consolidation Problem

The next boundary value problem is a two-dimensional problem that is mechanically
driven. Consider a rectangular specimen B0 = (0, a) × (0, a/2) with a = 1 m, which
is fixed mechanically at the bottom surface and where the displacement in X-direction
at the side surface is suppressed. The bottom, as well as the side surfaces of the body
are assumed to be impermeable. The specimen B0 is regularily discretized by square
finite elements with side length he. We are looking at two different loading scenarios: (i)
An impermeable, rigid plate with length c = 0.28 m in the middle of the drained top
surface is mechanically loaded by a force F̄ = 25 MN. This is a standard consolidation
test and considered as a benchmark in poroelasticity. In the second loading scenario,
(ii) a fully drained top surface is loaded by a uniformly distributed mechanical load
t̄0 = 89.29 MN/m2 in an area of length c = 0.28 m. This boundary value problem is
considered as a benchmark in Preisig & Prévost [50]. The setup for the two cases is
shown in Figure 16. For the simulation, a time step size of ∆T = 6.52 · 10−9 is chosen.
Here, T = cvt/(a/2)

2 is the non-dimensional time. For this boundary value problem we
assume the fluid to be nearly incompressible, which is realized numerically by choosing a
high Biot modulus of M = 20000 MPa. First, consider loading case (i) in Figure 16 a).



S. Teichtmeister, S. Mauthe & C. Miehe 37

a)

b) p [MPa]

p [MPa]

Y
[m

]
Y

[m
]

Q1-Q1

Q1-RT0

Q1-Q1

T-H

0

0

10

10

20

20

30

30

40

40

50

50

60

60

0

0

0.2

0.2

0.4

0.4

0.6

0.6

0.8

0.8

1.0

1.0

Figure 13: Specimen with low-permeable layer. Contour plot of fluid pressure p and
distribution of p over the height Y of the body. Results obtained by different finite element
formulations for a) minimization principle and b) saddle point principle. The contour plot
in b) corresponds to an unstable Q1-Q1 finite element ansatz.
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Figure 14: Point Source. Boundary value problem: Square plate, in which fluid is contin-
uously injected via a source term ˙̄m. All sides of the body are impervious (h̄0 = 0).

The load is linearly increased in the first 20 time steps up to the final value F̄ and then
held constant. We are interested in the evolution of the vertical displacement uY of
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a) b) c)

Figure 15: Point Source. Contour plot of the variation in fluid mass content m for a) the
conforming Q1-RT0 finite element, b) the Q1-Q1 element and c) the Q1-Q1-red element with
reduced integration of the (volumetric) coupling part.
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Figure 16: Consolidation problem. Mechanically driven boundary value problem of a
square plate with impermeable bottom and side surfaces for two different loading scenarios:
a) An impermeable, rigid plate, loaded by a mechanical force F̄ and b) a fully drained top
surface with uniformly distributed mechanical load t̄0 in the middle.

the plate in non-dimensional time. Numerical results are shown in Figure 17a) for the
minimization formulation realized with the conforming Q1-RT0 finite element and for the
saddle point formulation realized with the Taylor-Hood (T-H) element. We observe a
comparatively weak convergence behavior of the final deformation for the minimization
formulation by uniform refinement of the finite element mesh of the undeformed body.
Due to the near incompressibility realized by the chosen parameter M = 20000 MPa, we
understand this to be a (volumetric) locking phenomenon as can be roughly explained
by considering Cea’s lemma. For the case of linear poroelasticity set up in Section 3.3 it
states:

Let (u0,h0) ∈ H1
0 (B)×H0(div,B) be the solution of the variational problem (45) and

let (uh
0 ,h

h
0) ∈ X h × Yh be the finite element solution constructed in conforming ansatz

spaces. Then, the error is bounded by the best approximation error, i.e.

‖u0 − uh
0‖21 + ‖h0 − h

h
0‖2H(div) ≤

√
cB

cE
inf

(vh,f h)∈Xh×Yh
(‖u0 − vh‖21 + ‖h0 − f

h‖2H(div)) (141)

in terms of the boundedness and coercivity constants cB and cE.

Due to a high Biot’s modulus M we can expect the ratio cB/cE to be very large, see
Section 3.3, and may end up with errors that are high compared to the best approximation
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Figure 17: Consolidation problem. Vertical displacement uY of the plate versus non-
dimensional time T for different mesh sizes. Performance of different finite element for-
mulations for the minimization principle. a) Q1-RT0 element, b) Q1-RT0-red element with
reduced integration of the (volumetric) coupling term, c) Q1-Q1 element and d) Q1-Q1-red
element with reduced integration of the (volumetric) coupling term. As a reference solution
the result of the saddle point formulation obtained by Taylor-Hood (T-H) finite elements is
used.

error. To overcome this (volumetric) locking phenomenon, we perform for the Q1-RT0

element a reduced numerical integration of the (volumetric) coupling term11. The resulting
displacement of the plate for this Q1-RT0-red finite element is shown in Figure 17b).
We observe a good performance, even for the coarse mesh. Furthermore, we apply for
the solution of the minimization formulation a standard Q1-Q1 finite element as well
as the Q1-Q1-red finite element with reduced integration of the (volumetric) coupling
term. Former is an inadmissible element since it gives a wrong approximation of the
fluid mass flux vector and accordingly of the variation in fluid mass content, see Section
7.4. However, to compare the convergence behavior of the final deformation, it is realized
together with the permissible Q1-Q1-red element, which shows a good performance as
observed from Figure 17d). Figure 18 shows contour plots of the fluid pore pressure

11Another possibility to overcome locking could be the increase of the polynomial degree of the finite
element shape functions (Q1-RT1, Q2-RT1,...). Due to the higher computational costs this approach is
not further investigated.
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a)

b)

c)

d)

Figure 18: Consolidation problem. Contour plots of the fluid pore pressure p in the body
obtained by solution of the saddle point principle via a) unstable Q1-Q1 element and b)
Taylor-Hood (T-H) element, and by solution of the minimization principle via c) Q1-RT0

element and d) Q1-RT0-red element. The Q1-Q1-red element yields as good results as in d).
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Figure 19: Consolidation problem. Fluid pore pressure p over height Y of the body at
cross section X = a/2. Comparison of performance of different finite element formulations
for minimization and saddle-point principle at two different non-dimensional times, a) T =
1.3 · 10−7 and b) T = 1.47 · 10−5.

p = ρfµ obtained by different finite element approaches of both, the saddle point as well
as the minimization formulation. For solution of former, the unstable Q1-Q1 finite element
and the Taylor-Hood (T-H) element are used. In case of the Q1-Q1 ansatz, we observe
characteristic spurious oscillations, whereas the Taylor-Hood (T-H) element yields stable
results. Qualitatively the same observations were made in the context of deformation-
diffusion processes in hydrogels in Krischok & Linder [38], Bouklas et al. [15] and
Böger et al. [12]. The minimization formulation is solved by the conforming Q1-RT0

element, for which we observe a behavior which is in line with a locking phenomenon,
see Figure 18c). In especially a characteristic property of locking is the appearance of
non-physical values and oscillations of local fields, which in case of the minimization
formulation is the fluid pore pressure p. Alternatively we apply for the solution of the
minimization principle the Q1-RT0-red finite element for which a good result is obtained,
see Figure 18d). Note, that the Q1-Q1-red element yields a stable result as well which is as
good as the one obtained by the Q1-RT0-red element and is hence not explicitely shown.
In summary, this boundary value problem shows that for the finite element solution of
the minimization formulation a reduced integration is a simple and accurate way to avoid
locking phenomena.

Next, we consider loading case (ii) depicted in Figure 16b). Again, the load is linearly
increased in the first 20 time steps up to the final value q̄ and then held constant. This
boundary value problem is considered as benchmark in Preisig & Prévost [50]. In
Figure 19 the fluid pore pressure p is shown at a vertical cross section at X = a/2.
Solving the saddle point formulation at an early time T = 1.3 · 10−7 via Q1-Q1 finite
elements results in strong spurious oscillations that propagate inside the domain. Again,
the Taylor-Hood (T-H) element applied to the saddle point formulation as well as the
Q1-RT0-red element and Q1-Q1-red element (not explicitely shown because it performs
like the Q1-RT0-red element), respectively, applied to the minimization formulation, yield
far better results with problems occuring near the draining boundary, see Section 7.1. At
later time during the process, T = 1.47 · 10−5, all tested finite element formulations yield
the same fluid pore pressure p, see Figure 19b).
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Figure 20: Mandel’s problem. Boundary value problem: A rectangular plate is loaded by
mechanical forces 2F̄ through rigid plates at the impermeable top and bottom surfaces. The
side surfaces of the specimen are assumed to be fluid potential-free.
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Figure 21: Mandel’s problem. Comparison of the numerical solution for fluid pressure p
with analytical solution at different non-dimensional times for a) minimization formulation
solved by Q1-RT0 elements and b) saddle point formulation solved by Q1-Q1 elements.

7.6. Mandel’s Problem

As last boundary value problem consider so-called Mandel’s problem, which has been
investigated analytically by Mandel [41] and Abousleiman et al. [1] among many
others. A rectangular plate B0 = (−a, a)×(−b, b) with a = 100 m and b = 30 m is subject
to a constant vertical force 2F̄ = 40 MN through rigid and frictionless plates. The bottom
and top of the specimen are assumed to be impermeable. The two sides of the specimen
are permeable and fluid potential-free, i.e. µ̄ = 0. The load 2F̄ is applied instantaneously
at time t = 0 and held constant during the simulation. The setup of the boundary value
problem is shown in Figure 20. Due to symmetry, only one fourth of the specimen is
discretized. The undeformed mesh is regular and consists of square finite elements Be

0

with side length he. We use Q1-RT0 finite elements for the minimization and Q1-Q1 finite
elements for the saddle point formulation. Figure 21 shows the distribution of the fluid
pore pressure p = ρfµ obtained by the two formulations at different non-dimensional
times T = cvt/a

2 and compares the numerical solutions with the analytical ones, see
also Coussy [25]. The result obtained by the saddle point principle shows one small
oscillation at the fluid potential-free boundary at the smallest time T = 3.26 · 10−5. At
the beginning of time, the fluid pore pressure is nearly constant, except at the draining
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Figure 22: Mandel’s problem. Computation time tc plotted against element size he. a)
Performance of direct sparse solver in a serial computation and b) performance of iterative
CG/BiCGStab solver with ILU preconditioning in a parallel computation on 2 processors.

boundary. With proceeding time fluid is squeezed out of the domain across the right
boundary and the fluid pore pressure decreases. The load is carried more and more by
the solid skeleton. Note, that the fluid pore pressure in the region near the center X = 0
of the body is higher at time T = 3.26 · 10−2 than at time T = 3.26 · 10−5. This is the so
called Mandel-Cryer effect, see Mandel [41] and Cryer [26].

A further objective of this boundary value problem is to compare the computational ef-
ficiency of the minimization and the saddle point formulation. Simulations are performed
on one processor using a direct solver and on two processors using iterative solvers. Fig-
ure 22 plots the computation times tc for the minimization, the (symmetric) saddle point
and the non-symmetric formulation over increasing element size he. Latter formulation
is obtained from the (symmetric) saddle point formulation by multiplying the residuum
entries related to the fluid potential degrees of freedom by the factor −1/τ and is often
found in literature, see e.g. Preisig & Prévost [50]. In Figure 22a) the computation
time tc for all three formulations when using a serial computation with a direct sparse
solver is shown. It can be seen clearly, that the computation by using the minimiza-
tion formulation is a factor 6 to 7 faster than the one by using the (symmetric) saddle
point and non-symmetric formulation. Figure 22b) compares the computation time tc for
all three formulations when using a parallel computation on 2 processors with iterative
solvers. For the solution of the algebraic system resulting from the minimization formula-
tion the CG method in combination with an incomplete LU-factorization preconditioner
is used. To the algebraic systems stemming from the (symmetric) saddle point and the
non-symmetric formulation, the BiCGSTAB method combined with an incomplete LU-
factorization preconditioner is applied. The implementations of the preconditioners and
the parallel iterative solvers are taken from the PETSc library. The solvers and precon-
ditioners are chosen such that the best performance is attained. The first observation
is, that the computation by using the non-symmetric formulation is faster than that by
using the (symmetric) saddle point formulation. However note, that the inherent symme-
try of latter is not accounted for by the BiCGSTAB solver. A study of iterative solvers
for the (symmetric) saddle point and the non-symmetric formulation is presented in Toh

& Phoon [63]. The more interesting observation however is, that the computation by
using the minimization formulation is up to a factor 4 faster compared to the compu-
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Table 2: Mandel’s problem. Number of iterations and computation time of
parallel solver for different time step sizes ∆T and for element size he = 1 m.

∆T = 3.6 · 10−8 ∆T = 3.6 · 10−7 ∆T = 3.6 · 10−6

Time (Iterations) Time (Iterations) Time (Iterations)
Min 0.36 (11) 0.51 (11) 0.58 (11)
Saddle fail fail 7.49 (929)
Non-symmetric fail fail 6.88 (1170)

∆T = 3.6 · 10−5 ∆T = 3.6 · 10−4 ∆T = 3.6 · 10−3

Time (Iterations) Time (Iterations) Time (Iterations)
Min 0.61 (12) 0.42 (11) 0.56 (13)
Saddle 4.52 (118) 4.18 (133) 4.93 (205)
Non-symmetric 3.52 (119) 4.22 (140) 6.14 (152)

tations by using the (symmetric) saddle point and non-symmetric formulation. For a
one-dimensional scenario, a comparison of computation times of all three formulations
is presented in Miehe et al. [42], that is in line with the observations made here. In
summary, the minimization formulation provides a substantial reduction of computation
time.

Finally, in Table 2 the computation time and the number of iterations of the iterative
solver is shown for different time step sizes ∆T and an element size he = 1 m. We observe,
that for small time step sizes the number of needed iterations of the solver applied to the
algebraic system stemming from the (symmetric) saddle point as well as from the non-
symmetric formulation drastically increases. For even smaller time step sizes the iterative
solver fails to converge. This behavior is in line with the observations made by Phoon

et al. [49] and Toh & Phoon [63]. In contrast, the number of needed iterations of
the solver applied to the algebraic system stemming from the minimization formulation
is practically constant for all time step sizes. In especially convergence is achieved even
for very small time step sizes.

8. Conclusion

We presented new finite element formulations for the coupled problem of Darcy-Biot-
type fluid transport in porous media at large strains. The basis was a recently developed
incremental two-field minimization principle of poroelasticity formulated in deformation
and fluid mass flux, that includes the balance of fluid mass as a constraint and gives
the stress equilibrium and the inverse Darcy’s law as Euler equations. The omission of
the inf-sup condition is an advantage of the minimization principle over classical saddle
point formulations of poromechanics. On the theoretical side, we proved in the linear
setting uniqueness of solutions of the incremental minimization principle. Furthermore,
we derived a discrete stability condition for early-time solutions near mechanically loaded
draining boundaries and boundaries at which fluid is injected. Due to the H(Div,B0)
variational structure of the minimization principle on the fluid side, lowest order Raviart-
Thomas quadrilateral finite elements were used for the conforming approximation of the
fluid mass flux. In addition, an easy-to-implement nodal-based Q1-Q1-red finite element
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with a reduced numerical integration of the (volumetric) coupling term was used for
solving the minimization principle. Such an approach was justified by a Q1-Q1-P0-P0

discretization of an extended incremental four-field saddle point principle, that yields the
same algebraic minimization principle as the Q1-Q1-red discretization of the incremental
two-field minimization principle. Furthermore this finite element formulation has shown to
be locking-free in case of a two-dimensional consolidation problem with nearly incompress-
ible fluid. Several representative numerical examples demonstrated a good performance of
the proposed finite element designs of the minimization principle and clearly underlined
advantages over finite element formulations of the classical two-field saddle point principle
formulated in deformation and fluid potential. In especially, minimization-based finite el-
ement formulations proved to be beneficial concerning computation time and convergence
behavior of linear algebraic solvers.
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Abstract

The paper presents a versatile framework for solids which undergo nonisothermal processes
with irreversibly changing microstructure at large strains. It outlines rate-type and incremen-
tal variational principles for the full thermomechanical coupling in gradient-extended dissipative
materials. It is shown that these principles yield as Euler equations essentially the macro- and
micro-balances as well as the energy equation. Starting point is the incorporation of the entropy
and entropy rate as additional arguments into constitutive energy and dissipation functions
which depend on the gradient-extended mechanical state and its rate, respectively. By means
of (generalized) Legendre transformations, extended variational principles with thermal as well
as mechanical driving forces can be constructed. On the thermal side, a rigorous distinction
between the quantity conjugate to the entropy and the quantity conjugate to the entropy rate
is essential here. Formulations with mechanical driving forces are especially suitable when con-
sidering possibly temperature-dependent threshold mechanisms. With regard to variationally
consistent incrementations, we suggest an update scheme which renders the exact form of the
intrinsic dissipation and is highly suitable when considering adiabatic processes. To underline
the broad applicability of the proposed framework, we exemplarily set up three model problems:
Cahn-Hilliard diffusion coupled with temperature evolution, where we propose a new variational
principle in terms of the species flux vector, as well as thermomechanics of gradient damage
and gradient plasticity. In a numerical example we study the formation of a cross shear band.
Finally, we use a Castigliano-type principle to study the stability of homogeneous elasto-plastic
responses of a one-dimensional bar under tensile loading undergoing thermal softening. Here,
we especially compare results obtained from a classical gradient plasticity theory and the more
sophisticated micromorphic approach.

Keywords: variational principles, gradient theories, multifield problems, nonisothermal pro-
cesses

1. Introduction

In order to model dissipative size effects in solid materials that are, for example re-
lated to the width of shear bands or the grain size in polycrystals, nonstandard continuum
theories have to be elaborated that are based on characteristic length scale parameters.
The idea is to incorporate at least first-order spatial gradients of microstructural variables
that describe (possibly in a homogenized sense) the irreversibly evolving microstructure.
It is of great importance here to account for thermomechanical coupling effects such as
thermal softening and temperature increase due to intrinsic dissipation. Practical appli-
cations include technological processes like sheet-metal forming or extrusion of metals.
Within this work we present a unified framework for the fully coupled thermomechanics
of gradient-extended dissipative solids that is applicable to a wide range of model prob-
lems such as diffusion, (crystal) plasticity and damage. The formulation is embedded into
the concept of standard dissipative solids that is characterized by energy and dissipation
functions, see Biot [9], Ziegler [88] and Halphen & Nguyen [35]. In particular,
the strongly coupled multifield problem will exhibit an incremental variational structure
which is an extension of the framework of gradient-extended dissipative solids presented
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in Miehe [50, 51] towards nonisothermal processes.

Historically, the consideration of long-range effects via length scales can be traced
back to the work of the brothers Cosserat & Cosserat [15]. They investigated a
microstructure with rigid particles by introducing an additional microrotation governed
by three additional degrees of freedom. Since then, a lot of research has been done on
so called micropolar, micromorphic and microstrain continua, i.e. by Eringen [20], see
also Leismann & Mahnken [39] for a comparative study. The book of Capriz [13]
provides a general setting for materials with microstructure where order parameters are
considered as components of elements of an abstract manifold. Here, we also refer to the
work of Mariano [46]. In Maugin [47] the standard thermodynamic theory of local
internal variables is extended by an additional dependency of the energy function of the
first-order spatial gradient of a (not necessarily scalar) internal variable, see also Maugin

& Muschik [48] and Frémond [27]. An important ingredient of such theories is a
proper energetic treatment of the microstructural processes yielding additional balance-
type equations that are coupled with the standard macroscopic balance equations (mass,
linear/angular momentum and energy). For an embedding into the theory of micro-forces
we refer to Gurtin [29].

Typical applications of above mentioned nonlocal theories including additional balance
equations are theories of phase transformation, gradient plasticity and gradient damage.
Theories of gradient plasticity are dealt with on a phenomenological level in Aifantis [1],
Fleck & Hutchinson [21], Gurtin [29], Forest & Sievert [25], Gurtin & Anand

[30] just to name a few. Gradient damage theories that are basically in the same spirit
are considered in Peerlings et al. [70], Dimitrijevic & Hackl [19], Pham et al.

[73], Frémond [27] among many others.

An important role in the modeling of dissipative processes in solids is played by in-

cremental variational principles. They offer an elegant way to couple different physical
fields, possess inherent symmetry and require only Jacobian and Hessian matrices of the
underlying potential density for an implementation into typical finite element codes. In
addition, if a minimization structure is at hand, structural and material stability analysis
is possible, i.e. the formation of complex microstructures can be described. For contribu-
tions on the variational theory of local plasticity we refer to Hill [36], Simo & Honein

[78], Hackl [31], Ortiz & Stainier [69], Ortiz & Repetto [68], Carstensen et al.

[14]and Mosler & Bruhns [60]. The works of Miehe [49], Petryk [72] and Hackl &

Fischer [32] deal with general inelastic behavior. Extensions towards incorporation of (at
least) the first gradient of the internal variable into constitutive functions can be found in
Mühlhaus & Aifantis [61], Fleck & Willis [22], Mainik & Mielke [45], Nguyen

[65], Miehe [51] and Lancioni et al. [38] for gradient plasticity and in Lorentz &

Andrieux [42], Mielke & Roub́ıček [58], Dimitrijevic & Hackl [19] and Pham

et al. [73] for gradient damage. In addition, we mention the general formulations of
gradient-extended dissipative solids by Svendsen [82], Francfort & Mielke [26] and
Miehe [50]. A gradient-plasticity theory that incorporates a fractional derivative of the
plastic strain is presented in Dahlberg & Ortiz [16]. Note, that all works cited so
far in this paragraph deal with dissipative processes under isothermal conditions except
Hackl [31] in the last section. In the latter work, an original idea of Simo & Miehe

[79] is taken up, namely to introduce a plastic configurational entropy as an additional
internal variable that as part of the total entropy leaves the internal energy unchanged.
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From the viewpoint of variational principles however, the main difficulty of fully coupled
thermomechanics is to account for the internal dissipation in the energy equation. The
construction of a single unified potential from which all coupled thermomechanical field
equations follow is outlined in the seminal work of Yang et al. [87]. They introduce a
specific integrating factor that makes the linearized integral expressions showing up in the
fully coupled weak form symmetric. This factor is based on distinguishing the equilibrium
temperature from a so-called external temperature. Both temperatures coincide only at
equilibrium. With this variational principle at hand, the fully coupled thermomechanical
boundary value problem can be solved monolithically by a sequence of symmetric alge-
braic systems. Alternatively, staggered algorithms were mainly used before that lead to
symmetric finite element stiffness matrices for each subproblem, see Simo & Miehe [79]
and Simo & Armero [77]. In the recent years the work of Yang et al. [87] has been
the basis for further model developments in thermoplasticity, see Stainier & Ortiz

[80], Canadija & Mosler [12], Su et al. [81], Bartels et al. [7], Mielke [57] and
Fohrmeister et al. [23]. In the latter, a specific phenomenological model of gradient
plasticity together with a micromorphic extension in the sense of Forest [24] is consid-
ered. Beside incorporating the first gradient of a generic internal variable into the energy
function, Mielke [57] also discusses in detail the gradient structure of thermoplastic-
ity. In Bartels et al. [7] special focus is put on the thermodynamic (in)consistency
of the Taylor-Quinney factor. This factor, usually introduced in an ad-hoc way, takes
into account that only a certain amount of the plastic power is transformed into heat as
observed in the experiments of Taylor & Quinney [83], see also Rosakis et al. [75]
and Oliferuk & Raniecki [67].

According to the authors’ knowledge, a universal variational framework for the ther-
momechanics of solids with energetic as well as dissipative gradient extensions is still
missing in literature. The present work outlines a generalization of the versatile frame-
work of Miehe [50, 51] for gradient-extended dissipative solids towards nonisothermal

processes. Point of departure is the definition of two constitutive functions, namely (i)
the internal energy function that depends on the (gradient-extended) mechanical state
and the entropy and (ii) a dissipation potential function that depends on the rates of the
(gradient extended) mechanical state and the entropy. Then, at current time the rates
of the macro- and micro-motion and the entropy rate are governed by a canonical saddle
point principle in case of an adiabatic process and a canonical minimization principle
in case of a process including heat conduction. However, since specific forms of both
constitutive functions are difficult to access, (generalized) Legendre transformations of
those functions are considered. Here, the concept of dual variables is rigorously pursued,
i.e. the quantity conjugate to the entropy (the temperature) is distinguished from the
quantity conjugate to the entropy rate (the thermal driving force). Then, the necessary
condition of the (generalized) Legendre transformation of the dissipation potential func-
tion must render the structure of the energy equation in form of an entropy evolution
equation. The obtained rate-type variational principle is in line with Yang et al. [87]
but derived in an alternative way and extended by an additional long-range micro-motion
that accounts for effects related to length scales. In addition, extended rate-type vari-
ational principles are constructed that incorporate dissipative mechanical driving forces
and a temperature-dependent scalar threshold function via a Lagrange multiplier. By
construction of consistent time integration algorithms, variational principles valid for the
time increment under consideration are obtained. Here, we especially point out an al-
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ternative algorithm that in contrast to a fully implicit scheme evaluates the incremental
integration factor of Yang et al. [87] to one and hence gives the algorithmically correct

form of the intrinsic dissipation. Another key aspect of the present work is an analytical
stability analysis of homogeneous solutions in a bar under uniaxial tension undergoing
thermal softening with a gradient plasticity model under adiabatic condition. The anal-
ysis is based on a Castigliano-type principle that can be derived from the variational
setting mentioned above and treats the temperature as an external variable. In addition,
the (in)stability region of homogeneous solutions obtained by the micromorphic approach
will be derived partly and compared with the (in)stability region of homogeneous material
responses obtained by the classical gradient plasticity theory.

The paper is organized as follows: In Section 2 we consider a very simple adiabatic
thermomechanical material element and derive rate-type as well as incremental variational
principles. Latter govern the time-discrete evolution of the thermomechanical state. In
Section 3 we set up general forms of governing equations for the thermomechanics of
gradient-extended dissipative solids in a three-dimensional large-strain continuum setting.
Section 4 shows that this fully coupled system is related to a variational statement. In
addition, we construct extended rate-type and incremental variational principles that
incorporate dissipative mechanical driving forces and threshold mechanisms that depend
on the thermal state. The formulations outlined in Section 4 are general and can be applied
to a wide spectrum of problems. Exemplarily, we specify in Section 5 the developed setting
to Cahn-Hilliard diffusion, gradient damage and (additive) gradient plasticity with strong
coupling to temperature evolution. Former is given a new variational structure in terms
of the species flux vector. We also show a numerical example that is concerned with shear
band localization in softening plasticity. Finally, in Section 6 we present the stability
analysis of homogeneous elasto-plastic responses of a bar under uniaxial tensile loading
undergoing thermal softening. There, we discuss the behaviors of the classical gradient
plasticity model and the micromorphic approach.

2. Variational Principles for Nonisothermal Rheology

2.1. An Adiabatic Thermomechanical Material Element

2.1.1. Constitutive Functions. We consider a very simple rheological material ele-
ment depicted in Figure 1 describing a smooth linear thermo-visco-elastic behavior. The
material element is understood to be embedded in a thermal environment characterized by
the absolute temperature θ > 0. The spring describes thermoelastic behavior by Hooke’s
law coupled with thermal expansion. The dashpot device characterizes viscous response
via Newton’s law. In addition, the material element is able to store heat. We have the
fundamental constitutive relationships

• Hooke’s law σe = E [ εe − αT (θ − θ0) ]
• Newton’s law σd = Hε̇d

• Heat storage eθ = C(θ − θ0)

Here, σ denotes as usual a stress, ε a strain and e an internal energy. The four involved
material parameters are Young’s modulus E, the thermal expansion coefficient αT , the
viscosity H and the heat capacity C at constant internal and external deformation. With-
out loss of generality these material parameters are assumed to be constant, i.e. they do
not dependent on the temperature. Finally, θ0 stands for a reference temperature. Such
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Figure 1: Rheological material element with internal thermoelastic and dissipative (vis-
cous) mechanisms, loaded by an external stress σext(t). The time-discrete evolution of the
material’s state (ε, q, η) is described by a series of incremental variational principles.

a simple model is able to describe classical thermomechanical coupling effects, such as
the Gough-Joule effect or thermal expansion, as well as heating due to dissipation in the
dashpot. The mechanical state of the rheological device is described by the total strain ε
and the internal variable q characterizing the strain of the inner dashpot. We summarize
these two quantities in the

mechanical state array: c = ( ε, q ) . (1)

Identifying the strain in the spring device by the simple kinematic relationship εe = ε−q,
we define the well known thermoelastic free energy function

ψ̂(c, θ) =
1

2
E(ε− q)2

︸ ︷︷ ︸
=:ψ̂e(c)

+EαT (q− ε)(θ − θ0)
︸ ︷︷ ︸

=:ψ̂e−θ(c,θ)

+C[(θ − θ0)− θ ln
θ

θ0
]

︸ ︷︷ ︸
=:ψ̂θ(θ)

(2)

that is concave in θ and penalizes nonpositive temperatures by ψ̂θ → +∞. In addition,
we define the dissipation potential function associated with the two dashpot devices

φ̂(ċ) =
1

2
H1ε̇

2 +
1

2
H2q̇

2 . (3)

2.1.2. Governing System of Equations. The thermomechanical response of the
material element within a time interval T = (0, te) ⊂ R+ is fully governed by the two
constitutive functions (2) and (3) and characterized by four equations (4)–(7). First, on
the mechanical side, the equilibrium equation

∂εψ̂ + ∂ε̇φ̂ = σext in T (4)

is a relationship between internal and external stresses. Second, the evolving internal
strain state is governed by Biot’s equation

∂qψ̂ + ∂q̇φ̂ = 0 in T (5)

and characterizes an internal dissipative mechanism. Third, on the thermal side, the state
equation

η = −∂θψ̂ in T (6)
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determines the current entropy η or in an inverse manner the current temperature θ.
Finally, the evolution of the entropy is governed by a nonnegative dissipation

η̇ =
1

θ
D in T with D = ∂ċφ̂ · ċ ≥ 0 . (7)

Equation (7)1 together with the constitutive definition of the dissipation D is a form
of the first law of thermodynamics, i.e. the balance of energy for an adiabatic process
under consideration. The inequality (7)2 is the second law of thermodynamics that is

ensured a priori by a dissipation potential function φ̂(·) that is (i) nonnegative, (ii) zero
in the origin φ̂(0 ) = 0 and (iii) convex. In case of a dissipation potential function that

is positively homogeneous of degree ℓ, i.e. φ̂(γċ) = γℓφ̂(ċ) for all γ > 0, the dissipation

can be written alternatively as1 D = ℓφ̂(ċ). Aim of the subsequent treatment is the
construction of variational principles that account for the governing equations (4)–(7) of
the thermomechanical device.

2.2. Variational Principle with Entropy Variable

The central difficulty in the formulation of rate-type variational principles in thermo-
mechanics is to account for the full update of the thermal state via (7). For the nonisother-
mal case, we start by modeling the internal energy e, the corresponding function of which
naturally depends on the entropy η. Hence, we start our investigation of thermomechanics
in generalized standard materials by assuming the constitutive functions

e(t) = ê(c, η) and v(t) = v̂(ċ, η̇; c, η) . (8)

The internal energy function ê determines the current internal energy stored in the mate-
rial element. The dissipation potential function v̂ is assumed to be a function of the rates
(ċ, η̇) and might additionally depend on the current thermomechanical state (c, η). Alter-
natively, instead of the current entropy η the dissipation potential function v̂ can depend
on the current temperature θ by making use of the constitutive relationship (6). Com-

paring v̂ with the dissipation potential function φ̂ defined in (3), we observe an additional
thermal slot with the dependence on η̇. This assumed dependency is the key ingredient
of the subsequent construction of variational principles in dissipative thermomechanics.
Based on the two constitutive functions (8), we construct the rate-type potential

p̂(ċ, η̇; c, η) =
d

dt
ê(c, η) + v̂(ċ, η̇; c, η) (9)

at given thermomechanical state (c, η), that accounts for energetic as well as dissipative
mechanisms. Next, we define an external load function

p̂ext(ε̇; t) = σext(t)ε̇ (10)

depending on the given external stress σext, that loads the material element, see Figure 1.
Then, the rate of the thermomechanical state at current time t under adiabatic conditions
is determined by the canonical saddle point principle

{ċ, η̇} = Arg{ inf
ċ

sup
η̇

[ p̂(ċ, η̇; c, η)− p̂ext(ε̇; t) ] } . (11)

1In case of viscous dissipation we have ℓ = 2, see (3).
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Note, that the saddle point structure of this variational principle is governed by an as-

sumed concavity of the dissipation potential function v̂ with respect to η̇, see Section 2.3.2.
Taking the first derivative of the potential (9) yields as necessary conditions of the varia-
tional principle (11) three Euler equations for the rate of the thermomechanical state of
the material element at current time t, namely

1. Evolving external state ∂ε̇p̂ ≡ ∂εê+ ∂ε̇v̂ = σext

2. Evolving internal state ∂q̇p̂ ≡ ∂qê + ∂q̇v̂ = 0

3. Evolving thermal state ∂η̇ p̂ ≡ ∂ηê+ ∂η̇ v̂ = 0 .

(12)

The first equation determines the rate ε̇ of the external strain state and is a form of
the stress equilibrium (4) without inertia terms. The second equation governs the rate
q̇ of the internal variable and is identical to (5). Finally, the third equation is a form of
the balance of energy, i.e. the first law of thermodynamics (7) combined with an inverse
representation of (6), which determines the rate η̇ of the entropy. However, this is a quite
unusual representation. The main difficulty in this canonical setting is the formulation
of the two constitutive functions ê and v̂ in terms of the entropy η and entropy rate η̇,
respectively2. Hence, a formulation in terms of the temperature is developed subsequently.

2.3. Mixed Variational Principle with Temperature Variable

2.3.1. Variable dual to Entropy. First, we define the internal energy function
occuring in the rate-type potential (9) by a partial Legendre transformation

ê(c, η) = sup
θ
[ ψ̂(c, θ) + θη ] , (14)

where ψ̂ is the free energy function depending on the thermal variable θ. The necessary
optimality condition of this Legendre transformation defines the entropy

η = −∂θψ̂(c, θ) (15)

in terms of the thermal variable θ. Latter is the dual quantity to the entropy η, i.e. the
temperature of the material element.

2.3.2. Variable dual to Entropy Rate. In a second step, we define the dissipa-
tion potential function v̂ occuring in the rate-type potential (9) by a partial Legendre
transformation

v̂(ċ, η̇; c, η) = inf
T
[ φ̃(ċ, T ; c, θ)− T η̇ ] (16)

in terms of the dissipation potential function φ̃, that depends on the thermal variable T
and, by making use of (15), is defined at current state (c, θ). The necessary condition of
this Legendre transformation defines the evolution of the entropy

η̇ = ∂T φ̃(ċ, T ; c, θ) (17)

2For a single linear viscous dashpot with current temperature θ and entropy η, respectively, and rates
(ε̇, η̇) the internal energy function ê and the dissipation potential function v̂ take the nonintuitive forms

ê(η) = Cθ0(e
η/C − 1) and v̂(ε̇, η̇; θ) = − θ2

2H

(
η̇

ε̇

)2

. (13)
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in terms of the thermal variable T . We identify T as the quantity dual to the entropy rate η̇
and call it the thermal driving force that, up to this point, is rigorously distinguished from
the temperature θ of the material element. For the adiabatic case under consideration,
(17) must have the form of the balance of energy (7) and we identify

∂T φ̃
!
=

1

θ
∂ċφ̂ · ċ . (18)

This relationship restricts the form of the functional dependence of the dissipation poten-
tial function φ̃ and is fulfilled if a multiplicative dependence on the thermal driving force
T is assumed

φ̃(ċ, T ; c, θ) = φ̂(
T

θ
ċ; c, θ) . (19)

To arrive at (18), we use the result that at equilibrium the thermal driving force T can be
identified with the temperature θ, which is an outcome of the mixed variational principle
(22) below. The scaling factor T/θ first arised as integrating factor in the seminal work

of Yang et al. [87]. Note that φ̂ occuring in (19) is just the standard mechanical
dissipation potential function as for example given in (3) for the model problem under
consideration.

2.3.3. Mixed Variational Principle. Starting from the rate-type potential (9),
the two partial Legendre transformations (14) and (16) motivate the definition of a mixed
rate-type potential3

π̂(ċ, η̇, θ̇, T ) :=
d

dt
ψ̂(c, θ) + (θ − T )η̇ + ηθ̇ + φ̂(

T

θ
ċ) (20)

at given thermomechanical state (c, η, θ) in terms of the two constitutive functions ψ̂ and

φ̂. Inserting the necessary condition (15) on the given thermomechanical state yields the
reduced mixed rate-type potential

π̂red(ċ, η̇, T ) = ∂cψ̂ · ċ+ (θ − T )η̇ + φ̂(
T

θ
ċ) (21)

at given thermomechanical state (c, η, θ). Based on this definition, we obtain the mixed
saddle point principle

{ċ, η̇, T} = Arg{ inf
ċ

sup
η̇

inf
T

[ π̂red(ċ, η̇, T )− p̂ext(ε̇; t) ] } (22)

that determines at current time t the rates of the external strain, internal variable and
entropy as well as the thermal driving force. The Euler equations of this saddle point
principle are

1. Evolving external state ∂ε̇π̂red ≡ ∂εψ̂ + ∂ε̇φ̂ = σext

2. Evolving internal state ∂q̇π̂red ≡ ∂qψ̂ + ∂q̇φ̂ = 0

3. Thermal driving force ∂η̇π̂red ≡ T − θ = 0

4. Evolving thermal state ∂T π̂red ≡ −η̇ + ∂T φ̂ = 0 .

(23)

3To keep notation short, we subsequently do not write explicitly the dependence of functions on given
states.
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Again, the first equation represents the stress equilibrium and the second one Biot’s
equation. The third relationship identifies the thermal driving force with the given tem-
perature as reported in Yang et al. [87]. The last equation represents the first law of
thermodynamics in the form of an evolution equation for the entropy. Clearly, within
this mixed setting the entropy rate η̇ plays the role of a Lagrange multiplier. With known
rates (ċ, η̇) of mechanical state and entropy, the temperature rate at current time t can
be computed by taking the time derivative of (6) yielding

θ̇ = −[ ∂2θθψ̂ ]−1(η̇ + ∂2θcψ̂ · ċ) . (24)

A constrained minimization formulation dual to the variational principle (11) is obtained
by commuting the order of the infimum and the supremum in (22) (which we assume to
be possible) such that

inf
ċ

sup
η̇

inf
T

[ π̂red(ċ, η̇, T )− p̂ext(ε̇; t) ] = inf
ċ

inf
T∈(23)3

[ ∂cψ̂ · ċ+ φ̂(
T

θ
ċ)− p̂ext(ε̇; t) ] . (25)

The incremental form of this rate-type minimization principle is the basis for the stabil-
ity analysis of homogeneous elasto-plastic states in a one-dimensional bar presented in
Section 6.

2.3.4. Model Problem. For the model problem depicted in Figure 1 with the con-
stitutive functions defined in (2) and (3), the Euler equations (23) of the mixed variational
principle (22) read

1. Evolving external state E[ε− q− α(θ − θ0)] + (T/θ)2H1ε̇ = σext

2. Evolving internal state −E[ε− q− α(θ − θ0)] + (T/θ)2H2q̇ = 0

3. Thermal driving force T − θ = 0

4. Evolving thermal state −η̇ + T/θ2 (H1ε̇
2 +H2q̇

2) = 0 .

(26)

Paying attention to (26)3 we observe that specific forms of equations (4), (5) and (7) with
the (viscous) dissipation D = H1ε̇

2 + H2q̇
2 are recovered. Note, that (6) is a necessary

condition on the given thermomechanical state and was inserted into the mixed rate-type
potential π̂ defined in (20). Finally, the temperature rate reads according to (24)

θ̇ =
θ

C
[ η̇ −EαT (ε̇− q̇) ] (27)

which by (26)3−4 can be recast into the classical form of the temperature evolution equa-
tion Cθ̇ = D −H in terms of the dissipation D and the latent heat H = EαT θ(ε̇− q̇).

2.4. Incremental Variational Principles

We consider a finite time interval [tn, tn+1] ⊂ T with step length τ := tn+1 − tn > 0
and assume all thermomechanical state quantities at time tn to be known. The goal is
then to determine all state quantities at time tn+1 based on variational principles valid
for the time increment under consideration. Subsequently all variables without subscript
are understood to be evaluated at time tn+1.
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2.4.1. Mixed Variational Principle. A mixed variational principle associated with
the finite time interval [tn, tn+1] is based on the incremental potential

π̂τ (c, η, θ, T ) = Algo{
∫ tn+1

tn

π̂(ċ, η̇, θ̇, T ) dt } (28)

in terms of the continuous rate-type potential π̂ defined in (20). Here, Algo stands for an
integration algorithm in time within the interval [tn, tn+1]. The incremental potential π̂τ

is understood to be defined at given thermomechanical state (cn, ηn, θn) at time tn. Then,
the finite-step sized incremental mixed variational principle

{c, η, θ, T} = Arg{ inf
c

sup
η,θ

inf
T

[ π̂τ (c, η, θ, T )− σext(tn+1)ε ] } (29)

determines the mechanical state, the entropy, the temperature and the thermal driving
force at current time tn+1. The Algo operator is constructed such that the incremental
variational principle (29) yields as Euler equations consistent algorithmic counterparts of
the Euler equations (23) stemming from the rate-type variational principle (22). In what
follows, two different forms of the Algo operator are discussed.

2.4.2. Implicit Variational Update. As a first approach, we construct an algo-
rithm that performs an exact incrementation of the internal energy

∫ tn+1

tn

d

dt
[ ψ̂(c, θ) + θη ] dt = ψ̂(c, θ) + θη − ψ̂(cn, θn)− θnηn (30)

and an incrementation of the dissipative term according to a backward Euler scheme

∫ tn+1

tn

[−T η̇ + φ̂(
T

θ
ċ) ] dt ≈ −T (η − ηn) + τφ̂(

T

θn
ċτ ) . (31)

Here, ċτ = (c − cn)/τ denotes an algorithmic expression of the rate of the mechanical
state. The incremental potential (28) takes the form

π̂τ (c, η, θ, T ) = ψ̂(c, θ)− ψ̂(cn, θn) + θη − θnηn − T (η − ηn) + τφ̂(
T

θn
ċτ ) . (32)

Then, the incremental saddle point principle (29) gives the Euler equations

1. Update external state ∂επ̂
τ ≡ ∂εψ̂ + τ∂εφ̂ = σext

2. Update internal state ∂qπ̂
τ ≡ ∂qψ̂ + τ∂qφ̂ = 0

3. Thermal driving force ∂ηπ̂
τ ≡ T − θ = 0

4. Current thermal state ∂θπ̂
τ ≡ ∂θψ̂ + η = 0

5. Update entropy ∂T π̂
τ ≡ −(η − ηn) + τ∂T φ̂ = 0 .

(33)

The fifth equation represents a time-discrete form of the energy equation and governs the
update of the entropy η. On the thermal side, the key equations are (33)4 and (33)5

η = −∂θψ̂(c, θ) , η = ηn +
τ

θn
ℓφ̂(

θ

θn
ċτ ) (34)
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where T has been eliminated by (33)3 and a positively homogeneous dissipation potential

function φ̂ of degree ℓ is assumed. By inserting (34)1 into (34)2 an update equation for
the temperature θ is obtained that includes contributions from thermoelastic heating and
heating due to dissipation. The last term in (34)2 contains the algorithmic counterpart

of the dissipation (7)2. However, the argument of the dissipation potential function φ̂ in
(34)2 is scaled by a factor θ/θn which is a consequence of the implicit variational update,
see Yang et al. [87]. The same scaling factor arises in the dissipative terms of the Euler
equations (33)1 and (33)2. Finally, note that the incremental updates of the mechanical
and thermal variables are fully coupled.

2.4.3. Semi-Explicit Variational Update. For the construction of a variational
update alternative to the implicit approach, we consider an approximate incrementation

of the internal energy

∫ tn+1

tn

d

dt
[ ψ̂(c, θ) + θη ] dt ≈ ψ̂(c, θ)− ψ̂(cn, θn) + (θ − θn)ηn + (η − ηn)θn (35)

based on an explicit integration of the second thermal term in the integrand. By (35) and
the incrementation (31) of the dissipative term, the incremental potential (28) takes the
form

π̂τ (c, η, θ, T ) = ψ̂(c, θ)− ψ̂(cn, θn) + (θ − θn)ηn + (θn − T )(η − ηn) + τφ̂(
T

θn
ċτ ) . (36)

Then, the incremental saddle point principle (29) gives the Euler equations

1. Update external state ∂επ̂
τ ≡ ∂εψ̂ + τ∂εφ̂ = σext

2. Update internal state ∂qπ̂
τ ≡ ∂qψ̂ + τ∂qφ̂ = 0

3. Thermal driving force ∂ηπ̂
τ ≡ T − θn = 0

4. Current thermal state ∂θπ̂
τ ≡ ∂θψ̂ + ηn = 0

5. Update entropy ∂T π̂
τ ≡ −(η − ηn) + τ∂T φ̂ = 0 .

(37)

Comparing this set of equations with (33), we observe essential modifications in (37)3
and (37)4. These equations identify the current thermal driving force T with the given

temperature θn at time tn and define the current temperature θ in terms of the current
mechanical state c and the given entropy ηn at time tn. The key equations (37)4 and (37)5
on the thermal side can be recast into

∂θψ̂(c, θ) = −ηn , η = ηn +
τ

θn
ℓφ̂(ċτ ) (38)

where T has been eliminated by (37)3 and again a positively homogeneous dissipation

potential function φ̂ of degree ℓ is assumed. One observes, that in sharp contrast to
the governing equation (34)2 stemming from the implicit variational approach, equation
(37)2 does not contain the scaling factor. Hence, by the explicit variational update the

algorithmically correct form ℓφ̂(ċτ ) of the dissipation (7)2 is obtained. Furthermore, also
the dissipative terms in the stress equilibrium (37)1 and Biot’s equation (37)2 do not have
the scaling factor. Finally, note that as a consequence of the temperature update (38)1
for given entropy ηn a decoupled incremental formulation is at hand.
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2.4.4. Operator Split. The two update equations (38) characterize a variational-
based staggered algorithmic treatment of dissipative thermomechanics based on the po-
tential π̂τ defined in (36): (i) update the mechanical state c as well as the temperature θ
at frozen entropy ηn and given (predicted) thermal driving force T = θn, and (ii) update
the entropy η as well as the thermal driving force T which turns out to be identical to the
predicted one. Hence, the explicit variational update in the time interval [tn, tn+1] can be
seen as a composition of two fractional steps

Algo = Algoη,T ◦ Algoc,θ (39)

which are both variational. This algorithm falls under the category of incrementally

isentropic operator splits, a specific form of which is considered in Armero & Simo [5].
Within the isentropic predictor step we first solve the variational sub-problem

(Algoc,θ) : {c∗, θ∗} = Arg{ inf
c

sup
θ

[ π̂τ (c, ηn, θ, θn)− σext(tn+1)ε ] } (40)

that gives the mechanical state and the temperature at time tn+1. The resulting opti-
mality conditions are the equations (37)1−2 and (37)4. Within a second step, the entropy

corrector, the entropy as well as the thermal driving force at time tn+1 are obtained via
the variational sub-problem

(Algoη,T ) : {η∗, T ∗} = Arg{ sup
η

inf
T

π̂τ (c∗, η, θ∗, T ) } (41)

for given mechanical state c∗ and temperature θ∗ stemming from the isentropic predictor
(40). The resulting optimality conditions are the equations (37)3 and (37)5.

3. Thermomechanics of Gradient-Extended Dissipative Solids

We generalize the above outlined variational framework towards the thermomechani-
cal coupling in gradient-extended dissipative continua. Let B ⊂ R

d with d ∈ {2, 3} be the
reference placement (d-manifold) of a material body B into Euclidean space with smooth
boundary ∂B. We study the thermomechanical behavior of the body under mechanical
as well as thermal loadings in a time interval T = (0, te) ⊂ R. To this end, we focus on
a multiscale viewpoint in the sense that we relate dissipative effects at (X, t) ∈ B × T to
changes in the microstructure (besides the dissipative effect stemming from heat conduc-
tion). In the phenomenological context, we account for these microstructural mechanisms
by micro-motion fields that generalize the classical concept of internal variables governed
by ODEs to global fields governed by PDEs. Without loss of generality we assume within
our treatment homogeneous solids only, i.e. material properties do not depend on the po-
sition X ∈ B. In what follows we denote by ˙(·) = ∂

∂t
(·)(X, t) the material time derivative

and by ∇(·)(X, t) the gradient on the reference manifold B. In addition, to keep notation
short, we understand the operation a · b either as duality product between a vector and
a one-form a · b = ac bc or as inner product between two vectors a · b = ac bd δcd and
two one-forms a · b = ac bd δ

cd, respectively. The Kronecker deltas δab and δ
ab represent

the coefficients of the metric and inverse metric tensor in a Cartesian coordinate system,
respectively.
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3.1. Basic Fields of a Solid with Microstructural Changes

3.1.1. Macro-Motion of a Body. Within the geometrically nonlinear theory, the
macroscopic motion of the body is described by the macro-motion field

ϕ :

{
B × T → R

d

(X, t) 7→ x = ϕ(X, t) ,
(42)

which maps at time t ∈ T points X ∈ B of the reference configuration B to points x ∈
ϕt(B) of the current configuration ϕt(B). Let G = δABE

A⊗EB and g = δabe
a⊗eb denote

the Euclidean metric tensors associated with the reference and current configuration,
where the Kronecker symbols refer to Cartesian coordinate systems on both manifolds.
The deformation gradient

F = Dϕ(X, t) , F a
A =

∂ϕa

∂XA
(43)

is defined as the tangent corresponding to the macro-motion (42). Next, the convected
current metric

C = F TgF , CAB = F a
AF

b
Bδab (44)

is introduced, that is often denoted as the right Cauchy-Green tensor. The macro-motion
(42) is constrained by a positive Jacobian

J =
√
detC > 0 , J =

√
det[δABCBD] > 0 (45)

that rules out penetration of matter. With respect to mechanical loading of the solid,
the boundary of the reference configuration is decomposed into nonoverlapping parts ∂Bϕ

and ∂Bt such that ∂B = ∂Bϕ ∪ ∂Bt. We prescribe the macro-motion (Dirichlet boundary
condition)

ϕ(X, t) = ϕ̄(X , t) on ∂Bϕ × T (46)

and the macro-tractions (Neumann boundary condition) on ∂Bt × T as specified in Sec-
tion 3.2 below.

3.1.2. Micro-Motion of a Body. Microstructural dissipative changes of the body
are described by additional fields related to the concept of internal variables. These
variables are assembled in the micro-motion field of the solid

q :

{
B × T → R

δ

(X, t) 7→ q(X , t) .
(47)

The array q with in total δ scalar valued entries may contain internal variables of any
tensorial rank that describe in a homogenized sense the micro-motion of the material due
to structural changes on lower scales. Classical examples for members of q are damage
variables, plastic strains or phase fractions. In addition, we assume all tensorial elements
of q to be Lagrangian objects, i.e. they are not affected by rigid body macro-motions
superimposed onto the current configuration ϕt(B). We distinguish between long-range

variables ql (order parameters) that are governed by PDEs in form of additional bal-
ance equations and connected to given length scale parameters, and short-range variables
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P̃ n0= t̄ q ·n0= q̄H l n0=0

n0n0 n0

X ∈ BX ∈ B X ∈ B

ϕ

ϕ= ϕ̄

q T

ql=0 T = T̄

macro-motion field micro-motion field thermal driving force

Figure 2: Primary fields in thermomechanics of gradient-extended dissipative solids. At
time t, the macro-motion field ϕ(X, t) is constrained by Dirichlet and Neumann boundary

conditions ϕ = ϕ̄ on ∂Bϕ and P̃ n0 = t̄ on ∂Bt. The long-range micro-motion field ql(X , t)

is at time t restricted by the homogeneous conditions ql = 0 on ∂Bq and H l n0 = 0 on
∂BH . Finally, for a heat conducting solid the thermal driving force field T (X, t) is at time
t constrained by the conditions T = T̄ on ∂BT and q · n0 = q̄ on ∂Bq.

qs that are determined by ODEs and represent the standard concept of local internal
variables. We summarize both, long- as well as short-range variables in the array

q = (qs,ql) . (48)

For the treatment of each long-range micro-motion field, we decompose the boundary
of the reference configuration into nonoverlapping parts ∂Bq and ∂BH such that ∂B =
∂Bq ∪ ∂BH . We prescribe the (clamped) micro-motion (Dirichlet boundary condition)

ql(X, t) = 0 on ∂Bq × T (49)

and the micro-tractions (Neumann boundary condition) on ∂BH × T as specified in Sec-
tion 3.3.3 below.

3.1.3. Thermal Driving Force. As a third primary field in the thermomechanics
of dissipative materials, we introduce the (macroscopic) thermal driving force field

T :

{
B × T → R+

(X, t) 7→ T (X, t) .
(50)

As outlined in the motivating Section 2.3.2, the thermal driving force appears as the
dual quantity to the entropy rate and is identified as the temperature. It is governed by
the generalized Legendre transformation (82) introduced below. With respect to thermal
loading of a heat conducting solid, we decompose the boundary of the reference configu-
ration into nonoverlapping parts ∂BT and ∂Bq such that ∂B = ∂BT ∪ ∂Bq . We prescribe
the thermal driving force (Dirichlet boundary condition)

T (X, t) = T̄ (X, t) on ∂BT × T (51)

and the heat flux (Neumann boundary condition) on ∂Bq × T as specified in Section 3.2
below. The primary fields, namely the macro-motion, the long-range micro-motion and,
in case of heat conduction, the thermal driving force are depicted in Figure 2.
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c f

η θ

X ∈ BX ∈ B

X ∈ BX ∈ B

dual

dual

mechanical state mechanical force

entropy temperature

Figure 3: State variables in thermomechanics of gradient-extended dissipative spolids. The
mechanical constitutive state c = (C,q,∇q) containing Lagrangian variables at (X, t) ∈ B×
T is determined by the macro- and micro-motion fields ϕ(X, t) and q(X , t). The mechanical
forces f = (m,d,g) are dual to the state c and the intrinsic dissipation is Dint = f · ċ. The
thermal state at (X , t) ∈ B × T is described by the entropy η. Its dual quantity is the
temperature θ = T that can be identified with the thermal driving force field T (X, t).

3.2. The Thermomechanical Balance Equations

The key global equations in thermomechanics are the local forms of (i) the balance of

linear momentum

−DivP̃ = γ̄ in B × T with P̃ n0 = t̄ on ∂Bt × T (52)

in terms of the (contra-variant) first Piola-Kirchhoff stress tensor P̃ , (ii) the balance of

angular momentum

P̃ F T = F P̃
T

in B × T (53)

and (iii) the first law of thermodynamics, e.g. in the form of a local balance of internal
energy

ė = P : Ḟ − Divq + r̄ in B × T with q · n0 = q̄ on ∂Bq × T . (54)

Here, P = gP̃ is the (mixed-variant) first Piola-Kirchhoff stress tensor and q the material
heat flux vector. The coupled thermomechanical process is driven by given external
loadings. On the mechanical side, we prescribe a body force field γ̄(X, t) and nominal
surface tractions t̄(X, t). On the thermal side, we prescribe a heat source field r̄(X, t)
and material surface heat fluxes q̄(X, t).

3.3. Constitutive Framework to Thermomechanics of Gradient-Extended Solids

3.3.1. Constitutive Inequalities. The constitutive modeling must be consistent
with the second law of thermodynamics that demands nonnegative entropy production
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γ ≥ 0 for all admissible processes. γ arises in the balance of entropy, which reads in its
local form

η̇ = −Div[q/θ] + r̄/θ + γ in B × T . (55)

Inserting the balance of energy (54)1 and resolving for the dissipation D = θγ gives the
classical Clausius-Duhem inequality

D = P : Ḟ + θη̇ − ė− q · ∇θ/θ ≥ 0 . (56)

Claiming the intrinsic part and the heat conduction part of the dissipation to be nonneg-
ative separately, we end up with the Clausius-Planck inequality and the Fourier inequality

Dint = P : Ḟ − ηθ̇ − ψ̇ ≥ 0 and Dcon = −q · ∇θ/θ ≥ 0 , (57)

where the Legendre transformation e = ψ + θη was inserted.

3.3.2. Free Energy Function. The free energy storage in continua is governed by
a free energy function. We specify it by focusing on simple materials of grade one, i.e. we
include as arguments the first gradients of the micro- and macro-motions4

ψ(X, t) = ψ̂(c, θ) with c = (C,q,∇q) (58)

defining the mechanical constitutive state. This function is invariant under any rigid body
macro-motion ϕ+(x, t) = Q(t)x+ c(t) superimposed on the current configuration ϕt(B)
with proper orthogonal (rotation) tensors Q ∈ SO(d) and (translation) vectors c, i.e.
c+ = c. With a free energy function (58) at hand, we define the state variables

P e = ∂F ψ̂ and η = −∂θψ̂ (59)

and the Clausius-Planck inequality reduces to the form

Dint = P d : Ḟ − ∂qψ̂ · q̇− ∂∇qψ̂ · ∇q̇ ≥ 0 . (60)

Here, P d = P −P e denotes the dissipative contribution to the first Piola-Kirchhoff stress
tensor. Note, that for a given stress response function P̂ e(F ,q,∇q, θ) a corresponding

potential ψ̂ exists only if the integrability condition

∂(P̂ e)aA
∂F b

B

=
∂(P̂ e)bB
∂F a

A

(61)

pointing out major symmetry is fulfilled. Integrating the intrinsic dissipation (60) over
the reference domain and doing integration by parts yields5

∫

B

Dint dV =

∫

B

{P d : Ḟ − δqψ̂ · q̇ } dV −
∫

∂BH

[ ∂∇qψ̂ · n0 ] · q̇ dA (63)

where we made use of the boundary condition q̇ = 0 on ∂Bq × T in line with (49).

4For the seek of a compact notation, we assume from now on the presence of long-range variables q = ql

only. In case of short-range variables qs, the corresponding gradients vanish and no micro-mechanical
boundary conditions are prescribed.

5Variational Derivative. Throughout this text, we use the notation of variational derivatives

δqψ̂(q,∇q) = ∂qψ̂(q,∇q) −Div[ ∂∇qψ̂(q,∇q) ] . (62)
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3.3.3. Dissipation Potential Functions. Dissipative mechanisms are described by
dissipation potential functions. First, we take mechanical effects into account via an
objective intrinsic dissipation potential function

φint(X, t) = φ̂int(ċ; c, θ) (64)

at given thermomechanical state (c, θ). With such a function at hand, we define the
dissipative stress

P d = ∂Ḟ φ̂int (65)

that arises in the reduced Clausius-Planck inequality (60). In analogy to (61), a potential

φ̂int corresponding to a given stress response function P̂ d(Ḟ , q̇,∇q̇;F ,q,∇q, θ) exists
only if the integrability condition

∂(P̂ d)aA

∂Ḟ b
B

=
∂(P̂ d)bB

∂Ḟ a
A

(66)

pointing out major symmetry holds. Assuming evolution equations for the micro-motion
field together with Neumann boundary conditions

δqψ̂ + δq̇φ̂int ∋ 0 in B × T with [ ∂∇qψ̂ + ∂∇q̇φ̂int ]n0 ∋ 0 on ∂BH × T , (67)

as suggested in Miehe [50, 51], we can rewrite (63) in the form
∫

B

Dint dV =

∫

B

{P d : Ḟ + δq̇φ̂int · q̇ } dV +

∫

∂BH

[ ∂∇q̇φ̂int · n0 ] · q̇ dA . (68)

Note that the micro-force balance (67) is an outcome of the variational principle (98)
set up below. From (68) we see that the intrinsic dissipation Dint can alternatively be
represented in terms of the intrinsic dissipation potential and we conclude for the Clausius-
Planck inequality

Dint = ∂ċφ̂int · ċ ≥ 0 . (69)

Here, we made use of the identity for the dissipative stress power per unit undeformed
volume

P d : Ḟ = Sd : 1
2
Ċ with Sd = 2∂Ċ φ̂int (70)

denoting the dissipative part of the second Piola-Kirchhoff stress tensor. As a second
contribution to entropy production, we take into account heat conduction via an objective
dissipation potential

φcon(X, t) = φ̂con(g ; c, θ) with g = −∇θ/θ (71)

at given thermomechanical state (c, θ). With such a function at hand, we define the
material heat flux vector

q = ∂
g

φ̂con (72)

that arises in the Fourier inequality (57)2. Latter can now be recast into the form

Dcon = ∂
g

φ̂con · g ≥ 0 . (73)

The inequalities (69) and (73) serve as fundamental physically-based constraints on the

dissipation potential functions φ̂int and φ̂con. These two conditions are satisfied a priori

for dissipation potential functions that are (i) nonnegative φ̂(· ; c, θ) ≥ 0, (ii) zero in the

origin φ̂(0 ; c, θ) = 0 and (iii) convex in ċ and g , respectively. For a proof of that statement
see e.g. Frémond [27].
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3.4. Governing Equations for Thermomechanics of Gradient-Extended Solids

Aim is now the combination of the material-independent balance equations set up in
Section 3.2 with the constitutive framework introduced in Section 3.3. Inserting (59)1
and (65) into (52) gives the balance of linear momentum in the form

δϕψ̂ + δϕ̇φ̂int ∋ gγ̄ in B × T with [ ∂F ψ̂ + ∂Ḟ φ̂int ]n0 ∋ gt̄ on ∂Bt × T (74)

which governs the evolving macro-motion. Note that this PDE generalizes the ODE (4)
for the rheological device in Figure 1 to the large-strain continuum setting. The balance of
angular momentum (53) is a priori satisfied by the objectivities of the free energy function
(58) and the dissipation potential function (64). The evolving micro-motion is governed
by the micro-force balance equation (67)

δqψ̂ + δq̇φ̂int ∋ 0 in B × T with [ ∂∇qψ̂ + ∂∇q̇φ̂int ]n0 ∋ 0 on ∂BH × T (75)

that generalizes the ODE (5) for the rheological device to the large-strain continuum
setting. We write (74) and (75) in forms of differential inclusions to account for a possibly
nonsmoothness of the intrinsic dissipation potential function with respect to ċ. On the
thermal side, the entropy is defined by the local state equation (59)2

η = −∂θψ̂ in B × T (76)

in terms of mechanical variables and the temperature. This local equation is identical to
that for the rheological device (6). It can also be understood as an inverse definition of
the temperature, if the entropy as well as the mechanical variables are known. Finally, the
entropy balance equation (55) governs the evolving thermal state and can be rewritten as

−η̇ + 1

θ
∂ċφ̂int · ċ− δθφ̂con = − r̄

θ
in B × T with

1

θ
∂
g

φ̂con · n0 =
q̄

θ
on ∂Bq × T (77)

when inserting the constitutive law (72) for the material heat flux vector and substituting
the representations (69) and (73) into the entropy production γ = (Dint + Dcon)/θ. Note
that this PDE extends the ODE (7) for the rheological device to the large-strain continuum
setting and includes intrinsic gradient-type dissipative effects as well as heat conduction.
The above four equations provide the modeling framework for the thermomechanics of
gradient-extended dissipative solids and are related to a variational statement as shown
subsequently.

4. Variational Principles for Thermomechanics of Gradient-

Extended Solids

The variational framework for thermomechanics of gradient-extended dissipative solids
is ultimately based on the definition of energy and dissipation potential functionals in
terms of the constitutive functions introduced in Section 3. The evolutions of the me-
chanical and thermal states are determined by rate-type variational principles.

4.1. Canonical Energy and Dissipation Potential Functionals

We generalize the variational framework for the rheological model presented in Sec-
tion 2 to the large-strain continuum setting of gradient-extended dissipative solids. To
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this end, based on the internal energy and dissipation potential functions

e(X, t) = ê(c, η) and v(X, t) = v̂(ċ, η̇; c, η,X, t) , (78)

we introduce the energy and dissipation potential functionals

E(ϕ,q, η) =

∫

B

ê(c, η) dV and V (ϕ̇, q̇, η̇;ϕ,q, η, t) =

∫

B

v̂(ċ, η̇; c, η,X, t) dV . (79)

E represents the internal energy stored in the entire body B due to coupled micro-macro
deformations and thermal effects. V is related to intrinsic dissipative mechanisms and
entropy production due to heat conduction. In analogy to (8), the entropy η as well as
the entropy rate η̇ are used as canonical thermal variables. On the mechanical side, the
constitutive functions (78) are assumed to depend on the constitutive state array c defined
in (58)2 that makes those functions a priori objective. Note that the dissipation potential
function v̂ in general depends on the current state (c, η) as well as explicitly on position
and time (X, t) ∈ B × T stemming from a possible inhomogeneous and time-dependent
thermal loading, see below.

4.2. Energy and Dissipation Functionals in terms of Temperature

For practical modeling, we transform the above energy and dissipation potential func-
tionals into functionals that depend additionally on the temperature.

4.2.1. Variable dual to Entropy. First, we define the internal energy functional
(79)1 by the Legendre transformation

E(ϕ,q, η) = sup
θ
E+(ϕ,q, η, θ) (80)

in terms of the mixed internal energy functional

E+(ϕ,q, η, θ) =

∫

B

ê+(c, η, θ) dV with ê+ = ψ̂(c, θ) + θη . (81)

The necessary optimality condition of (80) is the statement (76) which identifies the
thermal state variable θ as the dual quantity to the entropy η, i.e. as the temperature.

4.2.2. Variable dual to Entropy Rate. In a second step, we define at time t the
dissipation potential functional by a generalized Legendre transformation6

V (ϕ̇, q̇, η̇;ϕ,q, η, t) = sup
T
[V +(ϕ̇, q̇, η̇, T ;ϕ,q, θ)− P T

ext(T ; θ, t) ] (82)

in terms of the mixed dissipation potential functional

V +(ϕ̇, q̇, η̇, T ;ϕ,q, θ) =

∫

B

v̂+(ċ, η̇, T,∇T ; c, θ) dV with v̂+ = φ̃(ċ, T,∇T ; c, θ)− T η̇

(83)

governed by a dissipation potential function φ̃ and the thermal load functional

P T
ext(T ; θ, t) =

∫

B

b̂T (T ; θ,X, t) dV +

∫

∂Bq

ŝT (T ; θ,X, t) dA . (84)

6The generalized Legendre transformation is conceptually in line with Miehe et al. [54].
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Note that by use of the local state equation (76), the mixed dissipation potential functional
V + depends on the current temperature. The maximization in (82) at time t is performed
under the constraint T = T̄ on ∂BT and defines as necessary condition the evolution of
the entropy along with a thermal boundary condition

η̇ = δT φ̃− ∂T b̂T in B and ∂∇T φ̃ · n0 = ∂T ŝT on ∂Bq . (85)

As in Section 2.3.2, we call T the thermal driving force that is dual to the entropy rate η̇.
The entropy evolution (85)1 must have the form (77)1 and we identify

δT φ̃
!
=

1

θ
∂ċφ̂int · ċ− δθφ̂con and ∂T b̂T

!
= − r̄

θ
. (86)

The first of these conditions is fulfilled for T = θ in B if the dissipation potential function
φ̃ is specified to

φ̃(ċ, T,∇T ; c, θ) = φ̂int(
T

θ
ċ; c, θ)− φ̂con(−

1

T
∇T ; c, θ) , (87)

which is in line with Yang et al. [87]. The second condition (86)2 is satisfied for a
volumetric thermal loading function

b̂T (T ; θ,X, t) = −T
θ
r̄(X, t) . (88)

It remains to find an expression for the thermal surface load function ŝT . Note that
−∂∇T φ̂con = 1/θ ∂

g

φ̂con for T = θ in B and we identify from (77)2

∂T ŝT
!
=
q̄

θ
, (89)

which is fulfilled for a thermal surface load function

ŝT (T ; θ,X, t) =
T

θ
q̄(X, t) . (90)

4.2.3. Load Functionals. Beside the mixed energy and dissipation potential func-
tionals (81) and (83), we have an external thermomechanical load functional

Pext(ϕ̇, T ; θ, t) = Pϕ
ext(ϕ̇; t) + P T

ext(T ; θ, t) (91)

with decoupled mechanical and thermal contributions. On the mechanical side, we define
the load functional

Pϕ
ext(ϕ̇; t) =

∫

B

γ̄(X, t) · ϕ̇ dV +

∫

∂Bt

t̄(X, t) · ϕ̇ dA (92)

in terms of a given body force field γ̄ and nominal surface traction field t̄. The thermal
load functional (84) attains with the identifications (88) and (90) the form

P T
ext(T ; θ, t) = −

∫

B

T

θ
r̄(X, t) dV +

∫

∂Bq

T

θ
q̄(X, t) dA (93)

in terms of a given heat source field r̄ and material surface heat flux q̄.
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4.3. Fundamental Mixed Variational Principle for Thermomechanics

4.3.1. Rate-type Formulation. Based on the internal energy and dissipation po-
tential functionals E+ and V + and the thermomechanical load functional Pext, we define
at current time t the rate-type potential7

Π+(ϕ̇, q̇, η̇, θ̇, T ) =
d

dt
E+(ϕ,q, η, θ) + V +(ϕ̇, q̇, η̇, T )− Pext(ϕ̇, T ) (94)

with given state (ϕ,q, η, θ). We write this potential with its internal and external contri-
butions

Π+(ϕ̇, q̇, η̇, θ̇, T ) =

∫

B

π̂+(ċ, η̇, θ̇, T,∇T ) dV − Pext(ϕ̇, T ) (95)

in terms of the internal potential density

π̂+(ċ, η̇, θ̇, T,∇T ) = d

dt
ê+(c, η, θ) + v̂+(ċ, η̇, T,∇T ) . (96)

Recalling the mixed functions (81)2 and (83)2 together with (87) and inserting the neces-
sary condition (76) on the given thermomechanical state yields a reduced internal potential
density of the form

π̂+
red(ċ, η̇, T,∇T ) = ∂cψ̂ · ċ + (θ − T )η̇ + φ̂int(

T

θ
ċ)− φ̂con(−

1

T
∇T ) . (97)

Then, the rates of the macro- and the micro-motion as well as the rate of the entropy and
the thermal driving force at current time t are governed by the variational principle

{ϕ̇, q̇, η̇, T} = Arg{ inf
ϕ̇,q̇,η̇

sup
T

[

∫

B

π̂+
red(ċ, η̇, T,∇T ) dV − Pext(ϕ̇, T ) ] } . (98)

Here, one has to account for the rate forms of the Dirichlet boundary conditions (46) and
(49) for the macro- and micro-motions, i.e.

ϕ̇ = ˙̄ϕ on ∂Bϕ and q̇ = 0 on ∂Bq (99)

as well as for the Dirichlet boundary condition (51) for the thermal driving force. By the
first variation of the functional (95), we have the necessary optimality conditions

δϕ̇Π
+ + δq̇Π

+ + δη̇Π
+ ≥ 0 , δTΠ

+ ≤ 0 (100)

for all admissible test functions δη̇ and (δϕ̇, δq̇, δT ) fulfilling homogeneous forms of the
Dirichlet boundary conditions. We get the Euler equations

1. Evolving macro-motion δϕ̇π̂
+
red ≡ δϕψ̂ + δϕ̇φ̂int ∋ gγ̄

2. Evolving micro-motion δq̇π̂
+
red ≡ δqψ̂ + δq̇φ̂int ∋ 0

3. Thermal driving force ∂η̇π̂
+
red ≡ T − θ = 0

4. Evolving thermal state δT π̂
+
red ≡ −η̇ + ∂T φ̂int − δT φ̂con = −r̄/θ

(101)

7To keep notation short, we subsequently do not write explicitly the dependence of functions and
corresponding functionals on given quantities.
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in B along with the Neumann boundary conditions

[ ∂F ψ̂ + T
θ
∂T

θ
Ḟ φ̂int ]n0 ∋ gt̄ , [ ∂∇qψ̂ + T

θ
∂T

θ
∇q̇φ̂int ]n0 ∋ 0 , −∂∇T φ̂con · n0 = q̄/θ

(102)

on ∂Bt, ∂BH and ∂Bq, respectively. In contrast to (23), the equations are now exclusively
governed by variational derivatives of the reduced potential density π̂+

red defined in (97).
The central three field equations are the quasi-static mechanical equilibrium

δϕ̇π̂
+
red

∣∣
T=θ

≡ −Div[ ∂F ψ̂ + ∂Ḟ φ̂int(ċ)] ∋ gγ̄ (103)

that governs the rate ϕ̇ of the macro-motion, the micro-force balance

δq̇π̂
+
red

∣∣
T=θ

≡ [ ∂qψ̂ + ∂q̇φ̂int(ċ) ]−Div[∂∇qψ̂ + ∂∇q̇φ̂int(ċ)] ∋ 0 (104)

determining the rate q̇ of the micro-motion and the energy equation

δT π̂
+
red

∣∣
T=θ

≡ −η̇ + 1

θ
∂ċφ̂int(ċ) · ċ−

1

θ
Div[∂

g

φ̂con(g)] = − r̄
θ

(105)

for the evolution η̇ of the entropy.

4.3.2. Incremental Formulation. Consider a finite time interval [tn, tn+1] ⊂ T with
step length τ = tn+1 − tn > 0 and assume all thermomechanical field variables at time tn
to be known. The goal is then to determine all fields at time tn+1 based on variational
principles valid for the time increment under consideration. Subsequently all variables
without subscript are understood to be evaluated at time tn+1. We may formulate the
incremental potential

Π+τ (ϕ,q, η, θ, T ) = E+τ (ϕ,q, η, θ) + V +τ (ϕ,q, η, T )− P τ
ext(ϕ, T ) (106)

where E+τ , V +τ and P τ
ext are incremental energy, dissipation and load functionals as-

sociated with the time interval [tn, tn+1]. These functionals are defined at given state
(ϕn,qn, ηn, θn) at time tn. In analogy to the rate-type formulation (95), we rewrite the
incremental potential

Π+τ (ϕ,q, η, θ, T ) =

∫

B

π̂+τ (c, η, θ, T,∇T ) dV − P τ
ext(ϕ, T ) (107)

in terms of an incremental internal potential density π̂+τ which is defined at given state
(cn, ηn, θn). Such a function is obtained by an integration algorithm

π̂+τ(c, η, θ, T,∇T ) = Algo{
∫ tn+1

tn

π̂+(ċ, η̇, θ̇, T,∇T ) dt} (108)

that has to be constructed in such a way that the subsequent incremental variational
principle gives consistent algorithmic counterparts of the Euler equations (101). In what
follows, we construct an implicit as well as a semi-explicit integration algorithm, compare
Section 2.4. As a typical example we consider an integration using the approximations of
the rates of state quantities

ċτ = (c− cn)/τ , η̇τ = (η − ηn)/τ , θ̇τ = (θ − θn)/τ (109)
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and the incremental internal potential density

π̂+τ = ψ̂(c, θ) + τ [ (θk − T )η̇τ + ηnθ̇
τ + φ̂int(

T

θn
ċτ ; cn, θn)− φ̂con(−

1

T
∇T ; cn, θn) ] (110)

with k = n + 1 for an implicit integration algorithm according to (30) and k = n for a
semi-explicit integration algorithm according to (35). In (110) we dropped terms that are
associated with previous time tn. Then, defining the incremental load functional

P τ
ext(ϕ, T ;ϕn, θn, tn+1) = Pϕ

ext(ϕ−ϕn; tn+1) + τP T
ext(T ; θn, tn+1) (111)

the incremental variational principle

{ϕ,q, η, θ, T} = Arg{ inf
ϕ,q,η

sup
θ,T

Π+τ (ϕ,q, η, θ, T ) } (112)

determines all thermomechanical fields at time tn+1. Note, that the optimization has to
be done considering the Dirichlet boundary conditions (46), (49) and (51) at time tn+1.
The corresponding Euler equations read

1. Update macro-motion δϕπ̂
+τ ≡ δϕψ̂ + τδϕφ̂int ∋ gγ̄

2. Update micro-motion δqπ̂
+τ ≡ δqψ̂ + τδqφ̂int ∋ 0

3. Thermal driving force ∂ηπ̂
+τ ≡ T − θk = 0

4. Current temperature ∂θπ̂
+τ ≡ ∂θψ̂ + ηk = 0

5. Update entropy δT π̂
+τ ≡ −(η − ηn) + τ∂T φ̂int − τδT φ̂con = −τ r̄/θn

(113)

in B along with the Neumann boundary conditions

[ ∂F ψ̂ + T
θn
∂ T

θn
Ḟ

τ φ̂int ]n0 ∋ gt̄ , [ ∂∇qψ̂ + T
θn
∂ T

θn
∇q̇τ φ̂int ]n0 ∋ 0 , −∂∇T φ̂con · n0 = q̄/θn

(114)

on ∂Bt, ∂BH and ∂Bq, respectively. These equations are the time-discrete forms of (76)
and (101)–(102). As a fundamental difference to the fully implicit algorithm, a semi-
explicit update identifies the thermal driving force with the given temperature at time tn.
Hence, the scaling factor results in T/θn = 1 in B such that the algorithmically correct
form of the intrinsic dissipation defined in (60) and reformulated in (69) is obtained.
Especially, the incremental energy equation reads

η = ηn +
τ

θn
∂ċτ φ̂int(ċ

τ ) · ċτ + τ

θn
(r̄ −Div[∂− 1

T
∇T φ̂con]

∣∣
T=θn

) . (115)

Additionally, also the dissipative terms in the quasi-static equilibrium (113)1, micro-force
balance (113)2 and the boundary conditions (114)1−2 do not contain the scaling factor.
However, there are two issues that arise when using the semi-explicit update for a heat

conduction process: (i) on the thermal side it might be restricted to homogeneous Neu-
mann boundary conditions (114)3 on the whole boundary, i.e. q̄ = 0 on ∂B and (ii) the
time step size τ is restricted by a CFL condition. Note, that the semi-explicit update can
be seen as an incrementally isentropic operator split that consists of two fractional steps

Algo = Algoη,T ◦ Algoϕ,q,θ . (116)
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First, in the isentropic predictor step we optimize the incremental potential (107) with
respect to the macro- and micro-motions ϕ and q as well as the temperature θ, i.e.

(Algoϕ,q,θ) : {ϕ∗,q∗, θ∗} = Arg{ stat
ϕ,q,θ

Π+τ (ϕ,q, ηn, θ, θn) } , (117)

where the entropy is frozen. Then, the entropy η and the thermal driving force T are
updated via the entropy corrector step

(Algoη,T ) : {η∗, T ∗} = Arg{ stat
η,T

Π+τ (ϕ∗,q∗, η, θ∗, T ) } . (118)

4.4. Mixed Variational Principle with Mechanical Driving Forces

We consider the equivalent representation of the intrinsic dissipation (69)

Dint = ∂ċφ̂int(ċ; c, θ) · ċ ⇐⇒ Dint = f · ∂fφ̂∗
int(f; c, θ) (119)

by the dual intrinsic dissipation potential function φ̂∗
int depending on the mechanical

driving forces

f = (m,d,g) conjugate to c = (C,q,∇q) . (120)

The Legendre transformation

φ̂int(ċ; c, θ) = sup
f

[ f · ċ− φ̂∗
int(f; c, θ) ] (121)

motivates the definition of an extended mixed dissipation potential functional

V ∗(ϕ̇, q̇, η̇, T, f;ϕ,q, θ) =

∫

B

v̂∗(ċ, η̇, T,∇T, f; c, θ) dV (122)

in terms of the mixed dissipation potential function

v̂∗ =
T

θ
f · ċ− T η̇ − φ̂∗

int(f; c, θ)− φ̂con(−
1

T
∇T ; c, θ) (123)

which governs the subsequent extended mixed variational principle. The necessary opti-
mality condition of (121)

ċ ∈ ∂fφ̂
∗
int(f; c, θ) (124)

can be understood as an inverse definition of the driving forces f in terms of the rate ċ of
the constitutive state.8

8Perzyna-type dual dissipation potential function. An important example of a smooth intrinsic
dual dissipation potential function is

φ̂∗int(f; c, θ) =
1

2ηf
〈 f̂(f; c, θ) 〉2+ (125)

in terms of a function f̂ that differs from a gauge just by a constant and serves as a threshold function
in the (adiabatically) rate-independent setting considered in Section 4.5 below. ηf > 0 is a material

parameter and 〈·〉+ : R → R+, x 7→ 1

2
(|x| + x) the ramp function. φ̂∗int(· ; c, θ) defined in (125) is a

homogeneous function of degree two and accordingly the dissipation potential function φ̂int(· ; c, θ) as
well. Hence, (125) is related to (rate-dependent) viscous behavior, see Perzyna [71] on the treatment of
visco-plasticity. For the particular choice (125), the evolution equations (124) take the specific form

ċ = λ∂ff̂ with λ =
1

ηf
〈 f̂ 〉+ (126)

which regularizes the rate-independent structure (145)–(146) to be discussed later in Section 4.5.
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4.4.1. Rate-type Formulation. Based on the internal energy and dissipation po-
tential functionals E+ in (81) and V ∗ in (122), we are in the position to formulate a
mixed rate-type variational principle that accounts for the mechanical driving forces f.
We define at current time t the rate-type potential9

Π∗(ϕ̇, q̇, η̇, θ̇, T, f) =
d

dt
E+(ϕ,q, η, θ) + V ∗(ϕ̇, q̇, η̇, T, f)− Pext(ϕ̇, T ) (127)

with given state (ϕ,q, η, θ). We write this potential with its internal and external contri-
butions

Π∗(ϕ̇, q̇, η̇, θ̇, T, f) =

∫

B

π̂∗(ċ, η̇, θ̇, T,∇T, f) dV − Pext(ϕ̇, T ) (128)

in terms of the extended internal potential density

π̂∗(ċ, η̇, θ̇, T,∇T, f) = d

dt
ê+(c, η, θ) + v̂∗(ċ, η̇, T,∇T, f) . (129)

Recalling the mixed functions (81)2 and (123) and inserting the necessary condition (76)
on the given thermomechanical state yields a reduced internal potential density of the
form

π̂∗
red(ċ, η̇, T,∇T, f) = ∂cψ̂ · ċ + (θ − T )η̇ +

T

θ
f · ċ− φ̂∗

int(f)− φ̂con(−
1

T
∇T ) . (130)

Then, the rates of the macro- and micro-motion as well as the rate of the entropy and the
thermal and mechanical driving forces at current time t are governed by the variational
principle

{ϕ̇, q̇, η̇, T, f} = Arg{ inf
ϕ̇,q̇,η̇

sup
T,f

[

∫

B

π̂∗
red(ċ, η̇, T,∇T, f) dV − Pext(ϕ̇, T ) ] } . (131)

Like in (97) one has to account for the Dirichlet boundary conditions (99) and (51). By
the first variation of the functional (128), we have the necessary optimality conditions

δϕ̇Π
∗ + δq̇Π

∗ + δη̇Π
∗ ≥ 0 , δTΠ

∗ + δfΠ
∗ ≤ 0 (132)

for all admissible test functions (δη̇, δf) and (δϕ̇, δq̇, δT ) fulfilling homogeneous forms of
the Dirichlet boundary conditions. We obtain the Euler equations

1. Evolving macro-motion δϕ̇π̂
∗
red ≡ δϕψ̂ + δϕ̇(

T
θ
f · ċ) = gγ̄

2. Evolving micro-motion δq̇π̂
∗
red ≡ δqψ̂ + δq̇(

T
θ
f · ċ) = 0

3. Thermal driving force ∂η̇π̂
∗
red ≡ T − θ = 0

4. Evolving thermal state δT π̂
∗
red ≡ −η̇ + ∂T (

T
θ
f · ċ)− δT φ̂con = −r̄/θ

5. Mechanical driving forces ∂fπ̂
∗
red ≡ T

θ
ċ− ∂fφ̂

∗
int ∋ 0

(133)

9To keep notation short, we subsequently do not write explicitly the dependence of functions and
corresponding functionals on given states.
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in B along with the Neumann boundary conditions

[ ∂F ψ̂ + 2gF T
θ
m ]n0 = gt̄ , [ ∂∇qψ̂ + T

θ
g ]n0 = 0 , −∂∇T φ̂con · n0 = q̄/θ (134)

on ∂Bt, ∂BH and ∂Bq, respectively. The central three field equations are the quasi-static
equilibrium

δϕ̇π̂
∗
red

∣∣
T=θ

≡ −Div[ ∂F ψ̂ + 2gFm ] = gγ̄ , (135)

the micro-force balance

δq̇π̂
∗
red

∣∣
T=θ

≡ [ ∂qψ̂ + d ]−Div[ ∂∇qψ̂ + g ] = 0 (136)

and the energy equation

δT π̂
∗
red

∣∣
T=θ

≡ −η̇ + 1

θ
f · ċ− 1

θ
Div[ ∂

g

φ̂con(g) ] = −r̄/θ . (137)

They are complemented by the inverse definitions (133)5 of the mechanical driving forces
which split into three evolution equations

Ċ ∈ ∂mφ̂
∗
int , q̇ ∈ ∂dφ̂

∗
int , ∇q̇ ∈ ∂gφ̂

∗
int , (138)

where the identity T = θ in B from (133)3 has been used.

4.4.2. Incremental Formulation. Within a time interval [tn, tn+1] ⊂ T a varia-
tional principle can be constructed by the same avenue as outlined in Section 4.3.2. Using
the algorithmic approximations (109) of rates of state quantities, we get the incremental
internal potential density

π̂∗τ = ψ̂(c, θ) + τ [ (θk − T )η̇τ + ηnθ̇
τ +

T

θn
f · ċτ − φ̂∗

int(f; cn, θn)− φ̂con(−
1

T
∇T ; cn, θn) ]

(139)

where again k = n+1 corresponds to a fully implicit and k = n to a semi-explicit update.
In addition, we dropped terms that are associated with previous time tn. Then, with the
use of the incremental load functional (111) the incremental variational principle

{ϕ,q, η, θ, T, f} = Arg{ inf
ϕ,q,η

sup
θ,T,f

[

∫

B

π̂∗τ (c, η, θ, T,∇T, f) dV − P τ
ext(ϕ, T ) ] } (140)

determines all thermomechanical fields at time tn+1. The corresponding Euler equations
in B are time-discrete forms of (133) together with (113)4 stemming from the variation
with respect to the temperature θ. As before, the semi-explicit integration of the rate of
the internal energy yields for the scaling factor T/θn = 1 in B and one obtains the algo-
rithmically correct form of the intrinsic dissipation, i.e. the incremental energy equation
reads

η = ηn +
τ

θn
f · ċτ + τ

θn
(r̄ −Div[∂− 1

T
∇T φ̂con]|T=θn) . (141)

In addition, the dissipative terms in the time-discrete forms of the quasi-static equilibrium
(133)1, the micro-force balance (133)2 and the boundary conditions (134)1−2 as well as
the dissipative terms in the time discrete forms of the evolution equations (133)5 do not
contain the scaling factor. The isentropic operator split is modified by an additional
optimization in the isentropic predictor step with respect to the driving forces f.
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4.5. Mixed Variational Principle with Threshold Function

Intrinsic dissipation potential functions are often modelled by the principle of maxi-

mum dissipation. For the classical local theories of plasticity, this principle can be traced
back among others to the work of Hill [36], see also Moreau [59], Simo [76] and
Lubliner [44]. For a general discussion of this principle and its connection to evolution
laws governed by dissipation potentials we refer to Hackl & Fischer [32] and Hackl

et al. [33, 34]. The intrinsic dissipation potential function is defined by the constrained
maximum principle

φ̂int(ċ; c, θ) = sup
f∈E(c,θ)

f · ċ (142)

that includes at given thermomechanical state (c, θ) a set of admissible mechanical driving
forces

E(c, θ) = { f | f̂(f; c, θ) ≤ 0 } . (143)

Clearly, the function φ̂int(· ; c, θ) defined in (142) is positively homogeneous of degree one.

The set (143) is governed by a threshold function f̂(f; c, θ) = ŵ(f; c, θ) − ĉ(c, θ) where
ĉ(c, θ) > 0 is a positive threshold constant that might depend on the given thermome-
chanical state and ŵ a level set function that is a gauge, i.e. (i) nonnegative ŵ(· ; c, θ) ≥ 0,
(ii) zero in the origin ŵ(0 ; c, θ) = 0, (iii) convex in f and (iv) positively homogeneous of
degree one in f. As a result of (iii), the constrained optimization problem (142) has a
unique solution. By the use of the Lagrange multiplier method, we can put (142) into the
form

φ̂int(ċ; c, θ) = sup
f

inf
λ≥0

[ f · ċ− λf̂(f; c, θ) ] , (144)

the necessary optimality condition of which defines the evolution of the constitutive state

ċ = λ ∂ff̂ , (145)

where the Lagrange multiplier λ satisfies classical loading-unloading conditions in Kuhn-
Tucker form

λ ≥ 0 , f̂(f; c, θ) ≤ 0 , λ f̂(f; c, θ) = 0 . (146)

This is the typical structure of flow rules associated with rate-independent material be-
havior. The optimization problem (144) now motivates the definition of a modified mixed

dissipation potential functional

V ∗
λ (ϕ̇, q̇, η̇, T, f, λ;ϕ,q, θ) =

∫

B

v̂∗λ(ċ, η̇, T,∇T, f, λ; c, θ) dV (147)

in terms of the mixed dissipation potential function

v̂∗λ =
T

θ
f · ċ− T η̇ − λf̂(f; c, θ)− φ̂con(−

1

T
∇T ; c, θ) (148)

that governs the subsequent modified mixed variational principle.

It should be mentioned that unlike for local theories, the Lagrange multiplier λ for
f̂ = 0 cannot be determined at current time by a local consistency condition in terms of

rates of the external quantities deformation and temperature. Hence, as e.g. mentioned in
De Borst & Mühlhaus [17] a nonlocal version has to be elaborated, see Section 4.5.1.
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4.5.1. Rate-type Formulation. Based on the internal energy and dissipation po-
tential functionals E+ in (81) and V ∗

λ in (147), we are in the position to formulate a
mixed rate-type variational principle that accounts for dissipative threshold mechanisms.
We define at current time t the rate-type potential

Π∗
λ(ϕ̇, q̇, η̇, θ̇, T, f, λ) =

d

dt
E+(ϕ,q, η, θ) + V ∗

λ (ϕ̇, q̇, η̇, T, f, λ)− Pext(ϕ̇, T ) (149)

with given state (ϕ,q, η, θ). We write this potential with its internal and external contri-
butions

Π∗
λ(ϕ̇, q̇, η̇, θ̇, T, f, λ) =

∫

B

π̂∗
λ(ċ, η̇, θ̇, T,∇T, f, λ) dV − Pext(ϕ̇, T ) (150)

in terms of the extended internal potential density

π̂∗
λ(ċ, η̇, θ̇, T,∇T, f, λ) =

d

dt
ê+(c, η, θ) + v̂∗λ(ċ, η̇, T,∇T, f, λ) . (151)

Recalling the mixed functions (81)2 and (148) and inserting the necessary condition (76)
on the given thermomechanical state yields a reduced internal potential density of the
form

π̂∗
λ,red(ċ, η̇, T,∇T, f, λ) = ∂cψ̂ · ċ + (θ − T )η̇ +

T

θ
f · ċ− λf̂(f)− φ̂con(−

1

T
∇T ) . (152)

Then, the rates of the macro- and micro-motion as well as the rate of the entropy, the
thermal and mechanical driving forces and the Lagrange multiplier at current time t are
governed by the variational principle

{ϕ̇, q̇, η̇, T, f, λ} = Arg{ inf
ϕ̇,q̇,η̇

sup
T,f

inf
λ≥0

[

∫

B

π̂∗
λ,red(ċ, η̇, T,∇T, f, λ) dV − Pext(ϕ̇, T ) ] } .

(153)

Like in (98) one has to account for the Dirichlet boundary conditions (99) and (51). By
the first variation of the functional (150), we have the necessary optimality conditions

δϕ̇Π
∗
λ + δq̇Π

∗
λ + δη̇Π

∗
λ ≥ 0 , δTΠ

∗
λ + δfΠ

∗
λ ≤ 0 , δλΠ

∗
λ ≥ 0 (154)

for all admissible test functions (δη̇, δf, δλ) with λ+δλ ≥ 0 in B and (δϕ̇, δq̇, δT ) fulfilling
homogeneous forms of Dirichlet boundary conditions. We obtain the Euler equations

1. Evolving macro-motion δϕ̇π̂
∗
λ,red ≡ δϕψ̂ + δϕ̇(

T
θ
f · ċ) = gγ̄

2. Evolving micro-motion δq̇π̂
∗
λ,red ≡ δqψ̂ + δq̇(

T
θ
f · ċ) = 0

3. Thermal driving force ∂η̇π̂
∗
λ,red ≡ T − θ = 0

4. Evolving thermal state δT π̂
∗
λ,red ≡ −η̇ + ∂T (

T
θ
f · ċ)− δT φ̂con = −r̄/θ

5. Mechanical driving forces ∂fπ̂
∗
λ,red ≡ T

θ
ċ− λ ∂ff̂ = 0

6. Loading Conditions ∂λπ̂
∗
λ,red ≡ −f̂ ≥ 0 , λ ≥ 0 , λf̂ = 0

(155)
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in B along with the Neumann boundary conditions (134). Note, that the condition f̂ ≤ 0
in (155)6 follows from (154)3 if we set λ = 0, which necessarily demands δλ ≥ 0. On the
other hand, by choosing λ > 0 the test function δλ can have any sign and we obtain from
(154)3 the equality f̂ = 0, or in summary λf̂ = 0 as given in (155)6. The central three
field equations are identical to (135)–(137) and are complemented by the set of evolution
equations (155)5 which read

Ċ = λ ∂mf̂ , q̇ = λ ∂df̂ , ∇q̇ = λ ∂gf̂ , (156)

where the identity T = θ in B from (155)3 has been used. In addition, we have for f̂ = 0
the nonlocal consistency conditions

λ ≥ 0 ,
d

dt
f̂(f; c, θ) ≤ 0 , λ

d

dt
f̂(f; c, θ) = 0 in B (157)

which at current time t are supplemented by rate forms of the equations (76) and (155)1−2,
the evolution equations (155)5 and the rate forms of the Neumann boundary conditions
(134) related to the macro- and micro-motion, respectively. To see conditions (157),
consider at current time t a nonzero evolution of the mechanical constitutive state, i.e.
λt > 0. Then, the first variation of the dissipation potential functional (147) with respect
to the Lagrange mulitplier vanishes

δλV
∗
λ |t =

∫

B

−δλ f̂ |t dV = 0 (158)

for all δλ. Next, at time t + τ , τ ≥ 0 we consider a state with λt+τ ≥ 0 and the
first variation of the dissipation potential functional (147) with respect to the Lagrange
multiplier is nonnegative

δλV
∗
λ |t+τ =

∫

B

−δλ f̂ |t+τ dV ≥ 0 (159)

for all λt+τ + δλ ≥ 0. Subtracting (158) from (159) and dividing by τ yields

1

τ
[ δλV

∗
λ |t+τ − δλV

∗
λ |t ] =

∫

B

[−δλ ( d
dt
f̂ +

O(τ 2)

τ
) ] dV ≥ 0 (160)

for all λt+τ + δλ ≥ 0. For τ → 0 we have λt+τ → λt > 0, O(τ 2)/τ → 0 and get d
dt
f̂ = 0

since δλ can have any sign. For τ small enough, we assume λt+τ = 0 and δλ must be
nonnegative yielding d

dt
f̂ ≤ 0. When summarizing, we arrive at the nonlocal consistency

conditions (157). From this condition the Lagrange multiplier field can be determined in
terms of the rates (ϕ̇, θ̇) of the external fields deformation and temperature.

4.5.2. Incremental Formulation. Within a time interval [tn, tn+1] ⊂ T a varia-
tional principle can be constructed by the same avenue as outlined in Section 4.3.2. Using
the algorithmic approximations (109) of rates of state quantities, we get the incremental
internal potential density

π̂∗τ
λ = ψ̂(c, θ) + τ [ (θk − T )η̇τ + ηnθ̇

τ +
T

θn
f · ċτ − λf̂(f; cn, θn)− φ̂con(−

1

T
∇T ; cn, θn) ]

(161)
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where like before k = n + 1 corresponds to a fully implicit and k = n to a semi-explicit
update. Again, terms that are associated with previous time tn are dropped. Then, with
the use of the incremental load functional (111) the incremental variational principle

{ϕ,q, η, θ, T, f, λ} = Arg{ inf
ϕ,q,η

sup
θ,T,f

inf
λ≥0

[

∫

B

π̂∗τ
λ (c, η, θ, T,∇T, f, λ) dV − P τ

ext(ϕ, T ) ] }

(162)

determines all fields at time tn+1. The corresponding Euler equations in B are time-
discrete forms of (155) together with (113)4 stemming from the variation with respect to
the temperature θ. Considering the semi-explicit integration, the incrementally isentropic
operator split is modified by an additional optimization in the isentropic predictor step
with respect to the Lagrange multiplier λ ≥ 0.

5. Representative Model Problems

5.1. Cahn-Hilliard Diffusion coupled with Temperature Evolution

We consider as a first model problem the Cahn-Hilliard theory of diffusive phase separa-
tion in a rigid solid coupled with temperature evolution. In the following c : B×T → [0, 1]
denotes a dimensionless concentration field, the evolution of which is governed by the local
form of conservation of species content

ċ = −DivH (163)

where H : B × T → R
d is the species flux vector field. To give the concentration field the

character of an order parameter ql = (c), we impose homogeneous boundary conditions

ċ = 0 on ∂Bq and ∂∇cψ̂ ·n0 = 0 on ∂BH , see Figure 2. Hence, the dynamic process is only
driven by an initial inhomogeneous distribution c0(X) of the concentration field in the
domain B. In the following, we neglect the phenomenon of thermal diffusion (Soret effect)
that is species flow caused by a temperature gradient, see De Groot & Mazur [18]
and the recent contribution Nateghi & Keip [62]. The free energy function decomposes
into a local, nonlocal and purely thermal contribution

ψ̂(c, θ) = ψ̂l(c) + ψ̂∇(∇c) + ψ̂θ(θ) , (164)

where the last term is given in (2). As considered in Cahn & Hilliard [11] we choose

ψ̂l(c) = A[c ln c+ (1− c) ln(1− c)] +Bc(1− c) and ψ̂∇(∇c) =
L

2
|∇c|2 (165)

in terms of the threshold and mixing energy parameters A and B as well as the diffuse
interface parameter L. Note the nonconvexity of ψ̂l for B > 2A which is related to
phase seperation. The evolution of the concentration is driven by the chemical potential
µ defined as

µ = δcψ̂ = A ln
c

1− c
+B(1− 2c)− L∆c . (166)

It can be understood as a constitutive representation of a micro-force balance in the sense
of Gurtin [28].
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5.1.1. Rate-type Minimization Principles in Isothermal Case. Point of de-
parture is the definition of the energy and the dissipation functionals

E(c) =

∫

B

ψ̂(c) dV and D(ċ; c) =

∫

B

φ̂(ċ; c) dV , (167)

where φ̂ is the dissipation potential function accounting for diffusion mechanisms. A
minimization of the corresponding rate-type potential with respect to ċ then yields as
Euler equation the mass balance in the form

δcψ̂ + ∂ċφ̂ = 0 in B . (168)

Alternative to this setting, we now propose a new minimization formulation in terms of
the species flux vector. In line with Miehe et al. [56], we reformulate the rate of the
energy functional (167)1 at current concentration

d

dt
E(c) = E(H ; c) = −

∫

B

δcψ̂DivH dV −
∫

∂B

(∂∇cψ̂ · n0) DivH dA , (169)

where we inserted the balance equation (163). The dissipation functional is defined as

X(H ; c) =

∫

B

χ̂(H ; c) dV (170)

in terms of the disspation potential function χ̂ which has the simple quadratic form

χ̂(H ; c) =
1

2

1

Mc(1− c)
H ·H . (171)

Here, M > 0 is a so-called mobility parameter. Note that χ̂(· ; c) is a positively homoge-
neous function of degree two and its image coincides with half the dissipation in a material
element, see below. With the functionals (169) and (170) at hand, we define the potential

Π(H ; c) = E(H ; c) +X(H ; c) (172)

with given concentration c. Its minimization with regard to homogeneous Dirichlet-type
boundary conditions H · n0 = 0 and −DivH = 0 on ∂Bq determines the current species
flux field. We obtain the Euler equations

1. Species flux ∇δcψ̂ + ∂
H

χ̂ = 0 in B
2. Vanishing chemical potential −δcψ̂ = 0 on ∂BH
3. Vanishing micro-force ∂∇cψ̂ · n0 = 0 on ∂BH .

(173)

They contain necessary compatibility conditions for the given concentration field. As
a post-processing step, the current rate ċ of the concentration is determined via (163).
Starting from (60), we now calculate the dissipation, the solely source of which is diffusion

∫

B

D dV =

∫

B

B ·H dV with B = −∇δcψ̂ , (174)

where we performed integration by parts two times and inserted the balance (163) as well
as the homogeneous boundary conditions. Using (173)1, we can express the dual to the
species flux vector by the dissipation potential χ̂ and obtain with (171) for the dissipation
associated with a volume element D = 2χ̂(H ; c) ≥ 0.
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5.1.2. Incremental Formulation with Temperature Evolution. In addition to
(171), we consider the conductive dissipation potential function

φ̂con(g ; θ) = k θ(g · g)/2 (175)

which is convex in g = −∇θ/θ with k > 0 being the thermal conductivity. For the
incremental setting, we consider the implicit update of the species concentration

c = cn − τ DivH (176)

and specify the incremental internal potential density (110) to

π̂+τ = ψ̂(cn − τ DivH ,∇cn − τ ∇[ DivH ], θ)

+ τ [ (θk − T )η̇τ + ηnθ̇
τ + χ̂(

T

θn
H ; cn, θn)− φ̂con(−

1

T
∇T ; θn) ] .

(177)

Here, χ̂ is the dissipation potential function (171) related to diffusion mechanisms, where

an additional temperature dependence M = M̂(θ) of the mobility parameter is taken into
account. We obtain the Euler equations

δ
H

π̂+τ ≡ ∇µ+ [ M̂(θn)cn(1− cn) ]
−1( T

θn
)2H = 0

∂ηπ̂
+τ ≡ θk − T = 0

∂θπ̂
+τ ≡ −C ln θ

θ0
+ ηk = 0

δT π̂
+τ ≡ −(η − ηn) +

τ
θn
[ T
θn

1

M̂(θn)cn(1−cn)
|H |2 ] + τ

T
Div[ k θn

1
T
∇T ] = −τ r̄/θn

(178)

in B, where we recall the definition of the chemical potential (166) together with (176).

5.2. Thermomechanics of Gradient Damage

We consider as a second application the thermomechanics of a gradient damage model
with an elastic stage. The scalar micro-motion field d : B×T → [0, 1] referred to as damage
variable measures at a macroscopic point X ∈ B the ratio between an arbitrary oriented
area of microcracks and a representative reference surface in which the mentioned crack
surfaces are embedded, see e.g. Lemaitre [40]. In this sense, a value d = 0 characterizes
an unbroken state, whereas d = 1 represents a fully broken state. The irreversibility
of micro-cracking is usually expressed by the inequality constraint ḋ(X, t) ≥ 0 on the
evolution of the damage variable. The mechanical constitutive state is specified to

c = (C, d,∇d) (179)

and contains the right Cauchy-Green tensor C, the damage variable as well as its first
gradient. In addition, we introduce the elastic right Cauchy-Green tensor Ce = F eTgF e

that is based on the definition of an elastic, stress producing part F e = J
−1/3
θ F of the

deformation gradient in terms of a volumetric thermal expansion Jθ = exp[3αT (θ − θ0)],

see Lu & Pister [43]. One can then write Ce by means of C as Ce = J
−2/3
θ C. A

simple model of thermo-gradient-damage at large deformations may then be based on the
objective free energy function

ψ̂(c, θ) = ĝ(d)ψ̂e(C
e) + ψ̂θ(θ) with ψ̂e =

µ

2
(trCe − 3) +

µ

δ
[ (detCe)−

δ
2 − 1 ] (180)
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where ĝ(d) = (1 − d)2 is a degradation function and ψ̂θ the purely thermal contribution
as given in (2). The gradient of damage does not arise in this constitutive function but
will exclusively enter the dissipation potential function, see below. µ > 0 is the shear
modulus and the second parameter δ > 0 models a weak compressibility. Note that only
the full elastic energy storage is degraded. From (180) we obtain the tensor functions

P e = ∂F ψ̂ = ĝ(d)J
− 2

3

θ gF [µG−1 − µ(detCe)−
δ
2Ce−1 ]

βe = ∂dψ̂ = −2(1− d)[ µ
2
(trCe − 3) + µ

δ
((detCe)−

δ
2 − 1) ]

η̃ = ∂θψ̂ = −ĝ(d)αT [µ trCe − µ(detCe)−
δ
2Ce : Ce−1 ]− C ln θ

θ0

(181)

that represent constitutive relationships for driving forces.

5.2.1. Rate-type Formulation based on Indicator Function. We consider the
intrinsic dissipation potential function

φ̂int(ḋ,∇ḋ;∇d, θ) = φ̂l(ḋ; θ) + φ̂∇(∇ḋ;∇d) (182)

as the sum of local and nonlocal parts

φ̂l(ḋ; θ) = ĉ(θ)ḋ+ I+(ḋ) and φ̂∇(∇ḋ;∇d) = µl2∇d · ∇ḋ . (183)

Here, irreversibility of damage is ensured by the indicator function I+(ḋ) of the set of
positive real numbers defined as

I+(ḋ) =

{
0 for ḋ ≥ 0
+∞ otherwise

and ∂I+(ḋ) =





0 for ḋ > 0

R− for ḋ = 0
∅ otherwise

(184)

with ∂ denoting the subdifferential. The parameter ĉ(θ) > 0 is a temperature-dependent
force-like threshold value for the onset of damage with d

dθ
ĉ < 0 and l a length scale

parameter. Note that (182) is a positively homogeneous function of degree one in (ḋ,∇ḋ)
and hence models for an adiabatic process a rate-independent evolution of damage. In
addition, we have the conductive dissipation potential function

φ̂con(g ;C, d, θ) = k̂(d)θC−1 : (g ⊗ g)/2 , (185)

where the thermal conductivity is a function of the damage variable and may take the
simple form k̂(d) = ĝ(d)kb in terms of the heat conduction coefficient kb > 0 of the
undamaged bulk. With the functions (180), (182) and (185) at hand, we specify the
internal potential density (97) to

π̂+
red = ∂Cψ̂ : Ċ + βeḋ+ (θ − T )η̇ +

T

θ
[ ĉ(θ)ḋ+ µl2∇d · ∇ḋ+ I+(ḋ) ]− φ̂con(−

1

T
∇T ) .

(186)

Then, the variational principle (98) determines at current time t the rates of deformation,
damage and entropy as well as the thermal driving force and gives the Euler equations

δϕ̇π̂
+
red ≡ −DivP e = gγ̄

δḋπ̂
+
red ≡ βe + T

θ
ĉ(θ)− µl2∆(T

θ
d) + ∂I+(ḋ) ∋ 0

∂η̇π̂
+
red ≡ θ − T = 0

δT π̂
+
red ≡ −η̇ + 1

θ
φ̂int(ḋ,∇ḋ) + 1

T
Div[ k̂(d)θC−1 1

T
∇T ] = −r̄/θ

(187)
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in B. Observe, that the evolution of the entropy is driven by the rates of damage and
gradient of damage. For the determination of the rates of deformation and damage,
we conclude from the differential inclusion (187)2 and the relation (187)3 the nonlocal
consistency conditions10

ḋ ≥ 0 , −β̇e − d
dθ
ĉ(θ) θ̇ + µl2∆ḋ ≤ 0 , ḋ [−β̇e − d

dθ
ĉ(θ) θ̇ + µl2∆ḋ ] = 0 in B , (189)

where β̇e = ∂2dCψ̂ : Ċ + ∂2ddψ̂ ḋ + ∂2dθψ̂ θ̇ and θ̇ follows from taking the time derivative of
the state equation (76). In addition, the rate form

Div[ ∂FP
e : Ḟ + ∂dP

e ḋ+ ∂θP
e θ̇ ] = g ˙̄γ (190)

of mechanical equilibrium (187)1 has to be considered together with the boundary condi-
tions

[ ∂FP
e : Ḟ + ∂dP

e ḋ+ ∂θP
e θ̇ ]n0 = ˙̄t and ∇ḋ · n0 = 0 (191)

on ∂Bt and ∂BH , respectively. (191) are rate forms of the Neumann boundary conditions
P e n0 = t̄ on ∂Bt and ∇d ·n0 = 0 on ∂BH which are outcomes of the variational principle.

The intrinsic dissipation is found to be
∫

B

Dint dV = −
∫

B

βeḋ dV ≥ 0 (192)

where we used integration by parts and the homogeneous boundary conditions. Hence,
thermodynamic consistency is shown.

5.2.2. Incremental Formulation based on Threshold Function. We specify the
array (120) of dissipative driving forces to

f = (0 , β,0 ) (193)

where β is the quantity conjugate to d. The Legendre transform of the local part (183)1
of the intrinsic dissipation potential function reads

φ̂∗
l (β; θ) = sup

ḋ

[ (β − ĉ)ḋ− I+(ḋ) ] = sup
ḋ≥0

[ (β − ĉ)ḋ ] =

{
0 for β − ĉ ≤ 0
+∞ for β − ĉ > 0

(194)

and enters the incremental internal potential density (139). Note that φ̂∗
l is the indicator

function of the set (143) of admissible driving forces governed by the threshold function11

f̂(β; θ) = β − ĉ(θ) . (197)

10These also follow from (157) by using the threshold function defined in (197) and the identifications

λ = ḋ and β = −βe +Div(∂
∇ḋφ̂∇) (188)

for the Lagrange multiplier and the nonlocal driving force considered below.
11An alternative intrinsic local dissipation potential function may be given by

φ̂l(ḋ; d, θ) = ĉ(θ)dḋ + I+(ḋ) (195)

that in contrast to (183)1 depends explicitly on the given damage state d. We obtain the threshold
function

f̂(β; d, θ) = β − ĉ(θ)d (196)

which due to occurence of the damage variable in the resistance term corresponds to a model without an
elastic stage, i.e. the damage starts to evolve from d = 0 at the instant of loading.
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Latter defines the local intrinsic dissipation potential function by the constrained opti-
mization problem

φ̂l(ḋ; θ) = sup
β

inf
λ≥0

[ βḋ− λf̂(β; θ) ] . (198)

Then, with the exact time integration of the nonlocal term (183)2 of the intrinsic dissipa-
tion potential function

φ̂τ∇(∇d;∇dn) =
∫ tn+1

tn

µl2∇d · ∇ḋ dt = 1

2
µl2(|∇d|2 − |∇dn|2) (199)

the incremental internal potential density (161) takes the form

π̂∗τ
λ = ψ̂(c, θ) + τ [ (θk − T )η̇τ + ηnθ̇

τ +
T

θn
(βḋτ +

1

τ
φ̂τ∇)− λf̂(β; θn)− φ̂con(g ;Cn, dn, θn) ] .

(200)

As a result, the incremental variational principle (162) gives the Euler equations

δϕπ̂
+τ
λ ≡ −DivP e = gγ̄

δdπ̂
+τ
λ ≡ βe + T

θn
β − µl2∆( T

θn
d) = 0

∂ηπ̂
+τ
λ ≡ θk − T = 0

∂θπ̂
+τ
λ ≡ η̃ + ηk = 0

δT π̂
+τ
λ ≡ −(η − ηn) +

1
θn
[ β(d− dn) + φ̂τ∇ ] + τ

T
Div[ θnk̂(dn)C

−1
n

1
T
∇T ] = −τ r̄/θn

∂βπ̂
+τ
λ ≡ T

θn
(d− dn)− τλ = 0

∂λπ̂
+τ
λ ≡ −τ [ β − ĉ(θn) ] ≥ 0 , λ ≥ 0 , τλ[ β − ĉ(θn) ] = 0

(201)

in B, which represent time-discrete forms of the general equations (76) and (155). We
can reduce this set of equations by expressing for k = n the dissipative driving force
β = −βe + µl2∆d via (201)2 and the Lagrange multiplier τλ = d− dn via (201)6 yielding
the explicit nonlocal form of the Karush-Kuhn-Tucker conditions

d ≥ dn , µl2∆d− βe − ĉ(θn) ≤ 0 , (d− dn)[µl
2∆d− βe − ĉ(θn) ] = 0 , (202)

where we recall the definition of the driving force (181)2.

As an alternative to this setting, which is fully rate-independent in the adiabatic case,
we may consider a (regularized) viscous over-force formulation based on the smooth dual
local intrinsic dissipation potential function, see Footnote 8,

φ̂η∗l (β; θ) =
1

2ηf
〈 f̂(β; θ) 〉2+ (203)

that approaches (194) for the vanishing viscosity limit ηf → 0. Then, with (199) the
incremental internal potential density (161) takes the form

π̂∗τ = ψ̂ + τ [ (θk − T )η̇τ + ηnθ̇
τ+

T

θn
(βḋτ +

1

τ
φ̂τ∇)

− 1

2ηf
〈f̂(β; θn)〉2+ − φ̂con(−

1

T
∇T ;Cn, dn, θn) ]

(204)
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Figure 4: Geometry of additive plasticity. a) Definition of the total Hencky strain tensor
ε = 1

2
lnC in terms of the pull-back C of the standard current metric g. b) Definition of the

plastic metric tensor Gp on the reference configuration governing the plastic Hencky strain
εp = 1

2
lnGp, the evolution of which is given by a local flow rule. Then, εe = ε− εp is the

elastic strain measure entering the free energy function.

and the incremental variational principle (140) yields (201)1–(201)5 together with

∂β π̂
∗τ ≡ T

θn
(d− dn)−

τ

ηf
〈β − ĉ(θn)〉+ = 0 (205)

as Euler equations in B. We can reduce this set of equations by expressing the dissipative
driving force β from (201)2 yielding for k = n the nonlocal (regularized) update equation

d = dn +
τ

ηf
〈µl2∆d− βe − ĉ(θn)〉+ (206)

for the damage variable.

5.3. Thermomechanics of Additive Gradient Plasticity

As third model problem, we consider a thermomechanically coupled formulation of
additive gradient plasticity. Beside the standard metrics G and g we introduce on the
reference configuration the (covariant) plastic metric tensor Gp ∈ Sym+(3) that evolves
in time starting from the initial state Gp(X, t0) = G. Following Miehe et al. [53] and
as visualized in Figure 4, a Lagrangian elastic strain variable may be based on an explicit
dependence on the right Cauchy-Green tensor C, that is the current metric pulled back
to the reference configuration, and the plastic metric Gp in an additive format

εe = ε− εp (207)

where the total and plastic Hencky strain tensors

ε =
1

2
lnC and εp =

1

2
lnGp (208)

are introduced. Hence, instead of Gp we consider in what follows the logarithmic plastic
strain εp as the local internal variable the evolution of which from εp(X, t0) = 0 is
governed by a standard flow rule. Note that within this framework the condition of
plastic incompressibility detGp = 1 is equivalent to a standard statement of vanishing
trace tr εp = 0. We specify the mechanical constitutive state

c = (ε, εp, α,∇α) (209)



S. Teichtmeister & M.-A. Keip 37

which contains a scalar hardening variable α as well as its first gradient. In the following,
we focus on metal plasticity characterized by small elastic but large plastic deformations
and consider the free energy function

ψ̂(c, θ) = ψ̂e(ε, ε
p) + ψ̂p(α, θ) +

1

2
µl2|∇α|2 + ψ̂e−θ(ε, θ) + ψ̂θ(θ) . (210)

Here, ψ̂e is the purely elastic contribution that is assumed to have the quadratic form

ψ̂e(ε, ε
p) =

κ

2
(tr ε)2 + µ|Devεe |2 (211)

where κ > 0 and µ > 0 are the bulk and shear modulus, respectively. ψ̂p is an isotropic
hardening function that also takes into account thermally induced softening. The gradient
extension related to a length scale parameter l is assumed to affect the scalar hardening
variable only. The coupled thermoelastic response is modelled by the constitutive function

ψ̂e−θ(ε, θ) = −καT (tr ε)(θ − θ0) (212)

in line with (2), where also the pure thermal contribution ψ̂θ is specified. Note that the
function (211) known as Hencky energy is not polyconvex12 with respect to the deformation
gradient F = Dϕ in the sense of Ball [6], but rank-one convex for a moderately high
elastic deformation range, see Bruhns et al. [10]. Hence, it is applicable to the typical
scenario of metal plasticity. With the free energy function (210) at hand we can derive
the tensor functions

σe = ∂εψ̂ = κ[ tr ε− αT (θ − θ0) ]G
−1 + 2µDev[G−1εeG−1]

βe = ∂εpψ̂ = −2µDev[G−1εeG−1]

βe = δαψ̂ = ∂αψ̂p − µl2∆α

η̃ = ∂θψ̂ = ∂θψ̂p − καT tr ε− C ln θ
θ0

(213)

that represent constitutive relationships for driving forces.

5.3.1. Incremental Formulation based on Threshold Function. We specify the
array (120) of dissipative driving forces to

f = (0 , s, β,0 ) (214)

where (s, β) are the quantities conjugate to (εp, α). For von Mises-type gradient plasticity
we define the yield function

f̂(s, β; θ) = | s | −
√

2

3
[ ŷ(θ)− β ] (215)

that restricts the set of admissible driving forces according to (143). ŷ(θ) is a temperature
dependent yield stress function with d

dθ
ŷ < 0. The corresponding intrinsic dissipation

potential function is defined by the constrained optimization problem

φ̂int(ε̇
p, α̇; θ) = sup

s,β
inf
λ≥0

[ s : ε̇p + βα̇− λf̂(s, β; θ) ] . (216)

12Neff et al. [63] introduced an exponentiated Hencky energy which is polyconvex in the two-
dimensional case.
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The intrinsic dissipation follows as

Dint = −(βe : ε̇p + βeα̇) = λ(s : ∂sf̂ + β∂β f̂) =

√
2

3
λŷ(θ) ≥ 0 (217)

where we used the evolution laws for the plastic strain and hardening variable stemming
from (216) and the identities s = −βe and β = −βe which are outcomes of the rate-type
variational principle (153). Note, that the last equality in (217) follows from ŵ(s, β) =
| s | +

√
2/3β being a gauge, i.e. ŵ is a positively homogeneous function of degree one

with the resulting property s : ∂sŵ + β ∂βŵ = ŵ. With (216) the incremental internal
potential density (161) is specified to

π̂∗τ
λ = ψ̂(c, θ) + τ [ (θk − T )η̇τ + ηnθ̇

τ +
T

θn
(s : ε̇pτ + βα̇τ)

− λf̂(s, β; θn)− φ̂con(−
1

T
∇T ;Cn, θn) ]

(218)

where φ̂con is the conductive dissipation potential function defined in (185) however with
a constant heat conduction coefficient. Then, the incremental variational principle (162)
gives the Euler equations

δϕπ̂
+τ
λ ≡ −Div[σe : ∂Fε ] = gγ̄

∂εpπ̂
+τ
λ ≡ βe + T

θn
s = 0

δαπ̂
+τ
λ ≡ βe + T

θn
β = 0

∂ηπ̂
+τ
λ ≡ θk − T = 0

∂θπ̂
+τ
λ ≡ η̃ + ηk = 0

δT π̂
+τ
λ ≡ −(η − ηn) +

τ
θn
[ s : ε̇pτ + βα̇τ ] + τ

T
Div[ θnkC

−1
n

1
T
∇T ] = −τ r̄/θn

∂sπ̂
+τ
λ ≡ T

θn
(εp − εpn)− τλGsG/| s | = 0

∂β π̂
+τ
λ ≡ T

θn
(α− αn)− τλ

√
2/3 = 0

∂λπ̂
+τ
λ ≡ −τ f̂(s, β; θn) ≥ 0 , λ ≥ 0 , τλf̂(s, β; θn) = 0

(219)

in B which represent time-discrete forms of the general equations (76) and (155). Algo-
rithms for the computation of the derivative ∂F ε can be found in Miehe & Lambrecht

[52]. We can reduce the set of equations (219) by expressing for k = n the dissipa-
tive driving forces s = −βe and β = −βe via (219)2 and (219)3, respectively, and the
Lagrange multiplier τλ =

√
3/2 (α − αn) via (219)8 yielding the nonlocal form of the

Karush-Kuhn-Tucker conditions in strain space

α ≥ αn , |βe | −
√
2/3 (ŷ(θn) + βe) ≤ 0 , (α− αn)[ |βe | −

√
2/3 (ŷ(θn) + βe) ] = 0

(220)

where we recall the definitions of the driving forces (213)2−3. Note the occurrence of the
Laplacian term µl2∆α in the yield resistance that is in line with the approach of Aifantis,
see e.g. Aifantis [1].

As an alternative to this setting, which is fully rate-independent in the adiabatic case,
we may consider a (regularized) viscous over-force formulation based on the smooth dual
intrinsic dissipation potential function

φ̂η∗int(s, β; θ) =
1

2ηf
〈f̂(s, β; θ)〉2+ (221)
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Table 1: Parameters of representative numerical example.

No. Parameter Name Value Unit
1 κ bulk modulus 164.2 kN/mm2

2 µ shear modulus 80.2 kN/mm2

3 l plastic length scale {0.05, 0.1, 0.2} mm
4 αT thermal expansion coefficient 10−5 1/K
5 C heat capacity 3.588 · 10−3 kN/(mm2K)
6 k heat conduction coefficient 0.0 kN/(sK)
7 θ0 reference temperature 293.0 K
8 h0 initial hardening parameter −0.13 kN/mm2

9 y0 initial yield stress 0.45 kN/mm2

10 wh thermal softening coefficient 0.0 1/K
11 w0 thermal softening coefficient 0.002 1/K
12 ηf viscosity parameter 10−6 kNs/mm2

in terms of the threshold function defined in (215). Then, the incremental internal po-
tential density (161) takes the form

π̂∗τ = ψ̂ + τ [ (θk − T )η̇τ + ηnθ̇
τ +

T

θn
(s : ε̇pτ + βα̇τ)

− 1

2ηf
〈f̂(s, β; θn)〉2+ − φ̂con(−

1

T
∇T ;Cn, θn) ]

(222)

and the incremental variational principle (140) yields (219)1−6 together with

∂sπ̂
∗τ ≡ T

θn
(εp − εpn)− (τ/ηf ) 〈f̂(s, β; θn)〉+ GsG/|s| = 0

∂βπ̂
∗τ ≡ T

θn
(α− αn)− (τ/ηf) 〈f̂(s, β; θn)〉+

√
2/3 = 0

(223)

as Euler equations in B. This set of equations can again be reduced by expressing the
dissipative driving forces s and β from (219)2 and (219)3 yielding for k = n the nonlocal
(regularized) update equations

εp = εpn − (τ/ηf) 〈 |βe | −
√
2/3 (ŷ(θn) + βe) 〉+GβeG/|βe|

α = αn + (τ/ηf) 〈 |βe | −
√
2/3 (ŷ(θn) + βe) 〉+

√
2/3

(224)

for the plastic Hencky strain as well as the hardening variable. A local finite strain
thermoplasticity model that uses the same additive strain kinematics together with the
plastic configurational entropy in the sense of Simo & Miehe [79] is proposed by Ulz

[84]. For a comparison of rate-independent and rate-dependent formulations in isothermal
gradient-plasticity of Fleck-Willis-type we refer to Nielsen & Niordson [66].

5.3.2. Numerical Example: Cross Shear Localization. For softening visco-
plasticity of von-Mises-type, we analyze the development of shear bands in a rectangular
plate B = (0, L)× (0, 2L) with L = 50 mm subject to tensile loading under the condition
of plane strain. The geometric setup is depicted in Figure 5. We use the viscous over-force
formulation of the mixed large deformation setting from Section 5.2.2 above and specify
the isotropic hardening function in (211) to

ψ̂p(α, θ) =
1

2
ĥ(θ)α2 . (225)
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Figure 5: Cross Shear Localization. Geometry and mechanical loading. The process of
heat conduction is neglected. Due to the symmetry of the boundary value problem, only
the top right quarter of the domain is discretized by finite elements. To trigger plasticity in
the center, the initial yield stress y0 is reduced by 3% in the dark grey element.

Here, ĥ is a temperature dependent hardening function which together with the temper-
ature dependent yield stress function is specified to

ĥ(θ) = h0[ 1− wh(θ − θ0) ] and ŷ(θ) = y0[ 1− w0(θ − θ0) ] , (226)

see Simo & Miehe [79]. The used material parameters are summarized in Table 1. To
trigger plasticity in the center, the initial yield stress is reduced by 3% in the element
shaded in dark grey in Figure 5. For simplicity, we neglect the effect of heat conduction
which is a reasonable assumption in case of a fast formation of the shear band gener-
ated by a high loading rate. We stretch the specimen with a constant displacement rate
˙̄u = 5 mm/s within the time interval T = (0, 1) s that is divided into 1000 equidis-
tant increments13. We use the semi-explicit variational update with index k = n in
the incremental internal potential density (222). Due to the variational structure, the
resulting stiffness matrix within a typical Newton-Raphson iteration step is symmetric.
As (global) primary fields we take the macroscopic deformation ϕ, the scalar harden-
ing/softening variable α and its dual driving force β. The temperature θ is calculated
via the implicit local equation (219)5. Due to symmetry, only one quarter of the domain
is discretized by 15 × 30, 20 × 40 and 25 × 50 quadrilateral finite elements. We use a
Q1E4-Q1-Q1 element pairing which bases on a (local) enhancement of the macroscopic
displacement gradient according to Simo & Armero [77]. Figure 6 shows contour plots
of the equivalent plastic strain α and the temperature θ at final displacement ū = 5 mm
for three different plastic length scale parameters l ∈ {0.05, 0.1, 0.2} mm. Clearly, the
specimen experiences a rise in the temperature in the region of plastic dissipation. When

13Since the process of heat conduction is neglected and the viscosity is chosen very low in order to have
a formulation that is close to the nonsmooth setting, the overall thermomechanical material behavior is de
facto rate-independent. Hence, the specific loading rate applied on the specimen is practically irrelevant.
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Figure 6: Cross Shear Localization. Contour plots of equivalent plastic strain α and
temperature θ at final displacement ū = 5 mm for a discretization of one quarter of the
specimen by 20× 40 finite elements. The chosen plastic length scale parameters are a), d)
l = 0.05 mm; b), e) l = 0.1 mm and c), f) l = 0.2 mm.

increasing the plastic length scale, the equivalent plastic strain α as well as the tempera-
ture θ spread over more elements. At the same time, one observes decreasing maximum
values of α and θ, see also Aldakheel & Miehe [2] and the references cited therein,
i.e. Voyiadjis & Faghihi [85]. As widely known, in case of a local theory l = 0 mm
the plastic deformation localizes within one element width. This mesh dependency also
manifests itself in the load-displacement curve of the structure as shown in Figure 7a).
In contrast, the regularization provided by the gradient theory yields mesh independent
results and the structural response is objective, see Figure 7b). There, one also observes
the additional softening effect in the nonisothermal case due to locally decreasing yield
stresses according to (226)2. At this point, we want to note that Wcis lo & Pamin [86]
incorporate a gradient-enhanced relative temperature field in their formulation in order
to regularize adiabatic thermal softening behavior.

For the used mixed setting of gradient plasticity, alternative finite element formulations
are presented in Miehe et al. [55]. Note, that in this context the construction of inf-
sup stable finite element pairings is a difficult task which in detail has recently been
investigated by Krischok & Linder [37]. Especially, our chosen element pairing results
in a nonphysical oscillatory behavior of the driving force field β. However, this instability
seems to have no visible influence on the macroscopic deformation field ϕ, the scalar
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Figure 7: Cross Shear Localization. Load-deflection curves. a) Mesh dependent structural
response for local theory with l = 0 mm and b) mesh objective response for gradient theory
with l = 0.1 mm. The dashed linie in b) shows the behavior of the specimen under isothermal
condition and one observes the influence of thermal softening on the yield stress according to
(226)2. Note, that in b) the final displacement is ū = 5 mm, whereas in a) it is ū = 2.5 mm.

plastic strain field α and the temperature field θ.

6. Stability of Homogeneous States in Softening Plasticity

We subsequently analyze the stability of homogeneous elasto-plastic equlibrium states
in a bar undergoing thermally induced softening behavior at small deformations. The
evolution of plasticity is nonsmooth and governed by a unilateral constraint. Thereby, a
state is called stable if it is an unilateral local minimum of an underlying potential, see
Nguyen [64]. In detail, the issue of stability is ultimately related to studying the sign
of directional derivatives. Within this chapter, we closely follow Benallal & Marigo

[8], Pham et al. [74], Alessi & Bernardini [3] and Alessi & Pham [4].

6.1. Probelm Setup, Variational Formulation and Definition of Stability

We consider in what follows a one-dimensional bar B = (−L, L) under uniaxial ten-
sion that undergoes small elasto-plastic deformation with thermally induced (isotropic)
softening behavior. At both ends of the bar we apply a linearly increasing displacement
u(−L) = −ūt and u(L) = ūt with ūt = tL in terms of a load parameter t ∈ [0, te], that
subsequently is also denoted as time even though it is just a pseudo-time due to rate-
independency. Concerning kinematics, the formulation is as usual based on an additive
split of the total strain ε = u′ into elastic and plastic parts14. On the thermal side we
consider two scenarios:

1. the bar is immersed in a heat bath with spatially constant temperature that does
not change in time (external thermal loading),

2. the temperature of the bar changes according to the energy equation (251) for given
elasto-plastic strain rates.

Let us start with general considerations for scenario 1. We consider the bar as a thermo-
dynamic system that undergoes a process due to mechanical loading and placement into

14Since we only consider a (monotonic) tension test the plastic strain εp coincides with the accumulated
plastic strain α = |εp| ≥ 0.
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a heat bath with temperature θ∗. The first law states
∫

B

(ė + φ) dx = Q + P e
ext (227)

where Q is the amount of heat exchanged per unit time between the bar and the heat
bath and P e

ext the mechanical “elastic” power. φ is the dissipation (per unit length) due to

plasticity that is governed by the dissipation potential function φ̂(α̇; θ) = ŷ(θ)α̇ defined at
given temperature θ of the bar. Here, ŷ(θ) > 0 with d

dθ
ŷ < 0 is a temperature dependent

yield stress function that is specified in (234) below. The second law states

∫

B

η̇ dx ≥ Q

θ∗
(228)

and a combination of (227) and (228) yields

∫

B

(ė− θ∗η̇ + φ) dx− P e
ext ≤ 0 . (229)

Considering that the bar is monotonically stretched only, i.e. εp = α ≥ 0, we define the
incremental potential

Π̃τ (u, α, η) =

∫

B

[ ê(ε, α, α′, η)− θ∗η + ŷ(θ)α ] dx , (230)

where constant terms are dropped. A minimization of this functional with respect to
the entropy yields as necessary condition ∂η ê = θ∗ which identifies at thermodynamic
equilibrium the temperature of the bar with the temperature of the heat bath θ = θ∗.
Hence, we can construct the reduced incremental potential

Πτ (u, α) =

∫

B

[ ψ̂(ε, α, α′; θ∗) + ŷ(θ∗)α ]dx (231)

in terms of the free energy function

ψ̂(ε, α, α′; θ∗) = inf
η
[ ê(ε, α, α′, η)− θ∗η ] (232)

that is easier to handle than the internal energy function. We specify former to

ψ̂(ε, α, α′; θ) =
1

2
E(ε− α)2 − 1

2
ŝ(θ)α2 − EαT (ε− α)(θ − θ0) + ψ̂θ(θ)

︸ ︷︷ ︸
=ψ̂l(ε,α;θ)

+
1

2
El2α′2

︸ ︷︷ ︸
=ψ̂∇(α′)

(233)

where E denotes Young’s modulus, l a plastic length scale parameter and ŝ(θ) > 0 with
d
dθ
ŝ > 0 a temperature dependent softening function. For the latter and the yield stress

function we choose the specific forms

ŝ(θ) = s0[wh(θ − θ0)− 1] and ŷ(θ) = y0[1− w0(θ − θ0)] , (234)

see Simo & Miehe [79]. We must have θ∗ − θ0 < 1/w0 for the existence of an elastic
phase and on the other hand θ∗ − θ0 > 1/wh for softening material behavior. Note, that
in accordance with scenario 2 we can also view the temperature θ∗ in the functional (231)
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as the one obtained from the incremental energy equation for known elasto-plastic strain
state, see (253). Introducing the linear space and convex set

Wu = {v ∈ H1(B)| − v(−L) = v(L) = ūtn+1
} , Wα = {β ∈ H1(B)| β ≥ αn in B} (235)

the minimization of the quadratic functional (231) over Wu ×Wα gives as necessary con-
ditions beside mechanical equilibrium

−σ′ = 0 in B with σ = E(ε− α)− EαT (θ
∗ − θ0) (236)

the nonlocal Karush-Kuhn-Tucker conditions

α ≥ αn , σ − ŷ(θ∗) + ŝ(θ∗)α + l2Eα′′ ≤ 0 , (α− αn)[σ − ŷ(θ∗) + ŝ(θ∗)α + l2Eα′′] = 0
(237)

in B together with the boundary conditions α′(−L) = 0 and α′(L) = 0. Note, that
this variational formulation is in line with the incremental form of the Castigliano-type

principle (25). By (236)1 the stress is constant along the bar and we obtain by taking
into account the displacement boundary conditions

σ = E(tn+1 + αT θ0)−
E

2L

∫

B

(α + αT θ
∗) dx . (238)

Thereby, the condition σ ≥ 0 determines the limit load parameter.

Next, we want to construct a symmetric nonhomogeneous solution of (237). To do
so, we assume the plasticity criterion (237)2 to be an equality in the localization zone
L = (−D,D) ⊂ B yielding

−α− l2mα
′′ = αr(σ) in L with l2m =

El2

ŝ(θ∗)
, αr(σ) =

σ − ŷ(θ∗)

ŝ(θ∗)
(239)

together with the homogeneous conditions α′(±D) = 0. Considering α = 0 on the
remaining part B \ L of the bar, we additionally have the conditions α(±D) = 0 due to
continuity. Then, for θ∗ = const. along the bar, the plastic strain at stress level σ is given
by

α(x, σ) =

{
1
2
αmax(1 + cos x

lm
) for −D ≤ x ≤ D

0 else
(240)

with αmax = −2αr(σ) and D = πlm governing the width of the localization zone. Note,
that due to the requirement α ≥ 0 steming from (237)1 we must have αr(σ) ≤ 0 resulting
in a bound for the stress σ ≤ ŷ(θ∗).

From the necessary conditions (236) and (237) we can find elasto-plastic states that are
theoretically possible. However, such states are considered stable and hence observable if
and only if they correspond to unilateral local minima of the incremental potential (231).
Hence, stability is defined as:
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An elasto-plastic equilibrium state (u0, α0) associated with time tn+1 is stable if

and only if there exists an interval [0, h̄], h̄ > 0 such that for every h ∈ [0, h̄] and
all possible virtual directions (δu, δα) ∈ H1

0 (B)×W 0
α the inequality

Πτ (u0, α0) ≤ Πτ (u0 + h δu, α0 + h δα) (241)

holds. Here, the set of admissible “plastic directions” is the convex set

W 0
α = { β ∈ H1(B)| β ≥ 0 in B } (242)

which is line with the unilateral constraint on the plastic strain.

We are now making use of this definition in order to check when homogeneous elasto-
plastic equilibrium states lose their stability and localization occurs.

6.2. Homogeneous Solutions and their Stability

In what follows, we consider at time tn+1 the given temperature θ∗ spatially constant
and homogeneous strain states along the bar, i.e. u(x) = tn+1x. The strain εc at which
one has an onset of plasticity follows from (237)2 becoming an equality

εc = αT (θc − θ0) +
ŷ(θc)

E
, (243)

where θc is either the given temperature of the heat bath (scenario 1) or the temperature
of the bar that fits to the critical strain εc according to (252) steming from the energy
equation (scenario 2). The stress response of the bar is

σ =

{
E[ tn+1 − αT (θ

∗ − θ0) ] for tn+1 < εc
E ŝ(θ∗)
ŝ(θ∗)−E

[ tn+1 − αT (θ
∗ − θ0)− ŷ(θ∗)

ŝ(θ∗)
] for tn+1 ≥ εc

(244)

where latter follows from (238) when inserting α = −αr(σ) for the plastic strain according
to (239). Note, that by choosing E > ŝ(θ∗) snapback is ruled out.

6.2.1. Stability of Elastic Phase (tn+1 < εc). We consider the elastic equilibrium
state (u0, α0) = (tn+1x, 0). In order to check the stability criterion (241) we take a look
at the first directional derivative of the potential (231) at the elastic equilibrium state in
the directions (δu, δα) ∈ H1

0 (B)×W 0
α, i.e.

δΠτ (u0, α0) =

∫

B

[−Etn+1 + EαT (θ
∗ − θ0) + ŷ(θ∗) ]δα dx = [−σ + ŷ(θ∗) ]

∫

B

δα dx . (245)

If its value is positive/negative for all δα ∈ W 0
α, then the solution (u0, α0) is stable/unstable.

Since σ < ŷ(θ∗) we obtain δΠτ (u0, α0) > 0 for any admissible δα > 0. For δα = 0 we
get δΠτ (u0, α0) = 0 and we have to consider the next higher-order-term, i.e. the second
directional derivative at the elastic equilibrium state

δ2Πτ (u0, α0) =

∫

B

[ (
√
E δu′ −

√
E δα)2 + El2 (δα′)2 − ŝ(θ∗)(δα)2 ] dx (246)

with admissible directions (δu, δα) ∈ H1
0 (B)×W 0

α. Note, that its value is independent of
the load parameter. For δα = 0 we simply get

δ2Πτ (u0, α0) = E

∫

B

(δu′)2 dx (247)
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which is positive for any 0 6= δu ∈ H1
0 (B). Hence, the homogeneous elastic material

response is stable.

6.2.2. (In)Stability of Plastic Phase (tn+1 ≥ εc). We consider an elasto-plastic
equilibrium state (u0, α0) = (tn+1x,−αr(σ)) and compute again the first directional
derivative at this state. Its value is zero in all admissible directions due to equilibrium
(236) and the plasticity criterion (237)2 which is an equality in the whole domain B.
Hence, we cannot make a statement concering the stability of the homogeneous elasto-
plastic state by the first directional derivative and have to consider the next higher-order-
term, i.e. the second directional derivative. It takes (independent of the equilibrium
state) the form (246). Clearly, in the presence of hardening we get δ2Πτ (u0, α0) > 0 for
all (0, 0) 6= (δu, δα) ∈ H1

0 (B) ×W 0
α and the homogeneous elasto-plastic state (u0, α0) is

stable. For softening material behavior, stability is at hand if the sum of the first and
second quadratic term in (246) is greater than the third positive term. One should take
note, that the underlying functional (231) is quadratic which implies that in case of a
vanishing second variation an indifferent configuration is at hand. We can equivalently
write the sufficient condition for stability, namely the positivity of the second directional
derivative15, in the form of a Rayleigh minimization problem

R = min
(δu,δα)∈H1

0
×W 0

α

∫
B
E(δu′ − δα)2 dx+

∫
B
El2(δα′)2 dx∫

B
ŝ(θ∗) (δα)2 dx

> 1 (248)

where (δu, δα) = (0, 0) is excluded. Referring to Pham et al. [74] its solution is

R =

{
E/ŝ(θ∗) for L/l ≤ π/2

E/ŝ(θ∗)[(πl)/(2L)]2/3 for L/l > π/2 .
(249)

Hence, one can conclude that in case of a

• short “gradient bar” L/l ≤ π/2 the homogeneous elasto-plastic state (u0, α0) is
stable (R > 1) for E > ŝ(θ∗),

• long “gradient bar” L/l > π/2 the homogeneous elasto-plastic state (u0, α0) is stable
(R > 1) for L/l < π/2 [E/ŝ(θ∗)]3/2.

If R < 1 the homogeneous equilibrium state is unstable and a nonhomogeneous elasto-
plastic solution occurs. In case R = 1 the state is indifferent. The resulting stability
diagram is depicted in Figure 8a). Inserting the constitutive law (234)1 for the tempera-
ture dependent softening parameter yields for a stable homogeneous state the temperature
range

θ∗ − θ0 <

{
1
wh

(1 + E
s0
) for L/l ≤ π/2

1
wh

[1 + E
s0
( πl
2L
)2/3] for L/l > π/2 .

(250)

For scenario 2 the temperature θ∗ along the bar changes from time step to time step
according to the incremental energy equation for given elasto-plastic strain state. The
latter reads in its rate form

Cθ̇ = D −H (251)

15Due to the quadratic form of the functional (231) and the vanishing first variation it is also a necessary
condition for stability.
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Figure 8: (In)Stability of homogeneous elasto-plastic equilibrium states. a) The white
region corresponds to unstable homogeneous states and localized solutions occur. For sce-
nario 2 the bar heats up during the plastic phase according to the (external) energy equation
(253) and the softening coefficient increases. b) Within the stability region of homogeneous
states, there exists a domain (dark grey area) where a bifurcation from the homogeneous to
a nonhomogeneous branch is possible.

where D = φ̂(α̇; θ) is the (plastic) dissipation and H = −(∂2εθψ̂ ε̇ + ∂2αθψ̂ α̇ + ∂2α′θψ̂ α̇
′)θ

the latent heat which characterizes nondissipative elastic and plastic structural changes.
Integrating (251) in the elastic range with D = 0 and H = EαT ε̇θ yields the temperature
at the onset of plasticity

θc = θ0 exp[−
EαT
C

εc] (252)

in terms of the associated strain εc given in (243) above. During the plastic phase, the
temperature is updated for given strain state (ε, α) via the implicit incremental form of
(251), i.e.

C(θ − θn) = ŷ(θ)(α− αn)−EαT θ[(ε− α)− (εn − αn)] . (253)

Note, that by taking into account the specific form (234) of the yield stress function the
update equation (253) becomes linear.

6.3. Bifurcation from Stable Homogeneous States

Hereinafter, we consider scenario 1 only, i.e. the homogeneous external temperature
θ∗ does not change in time. One may rise the question if it is possible to bifurcate from a
stable homogeneous elasto-plastic equilibrium state associated with plastic strain ᾱ (say)
that occurs at stress and strain levels

σ̄ = ŷ(θ∗)− ᾱŝ(θ∗) and t̄ = ε̄ = εc +
E − ŝ(θ∗)

E
ᾱ , (254)

respectively, to a stable nonhomogeneous elasto-plastic equlibrium state. This is motivated
from the following: assume that the plastic strain grows only in the zone L = (−D,D) ⊂ B
and remains constant at value ᾱ in the rest of the bar. Here, D = πlm as before. Then,
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it is found that for σ ≤ σ̄ and ε ≥ ε̄, respectively, the symmetric nonhomogeneous plastic
strain field

α(x, σ) = ᾱ+ α̃(x, σ) with α̃(x.σ) =

{
1
2
α̃max(1 + cos x

lm
) for −D ≤ x ≤ D

0 else
(255)

is a solution of (237) where α̃max = −2(αr(σ) + ᾱ).

We are now going to set up the bifurcation problem from the stable homogeneous
equlibrium state (u(t̄), α(t̄)) = (ε̄x, ᾱ) at which we have δΠτ (u(t̄), α(t̄)) = 0 as pointed
out in Section 6.2.2. For t = t̄ + τ , τ > 0 we assume a nonhomogeneous solution e.g. of
the form (255) and the first directional derivative at this state reads

δΠτ (u(t̄+ τ), α(t̄+ τ)) =

∫

B

{E[ ε(t̄+ τ)− α(t̄+ τ)− αT (θ
∗ − θ0) ](δu

′ − δα)

− ŝ(θ∗)α(t̄+ τ)δα + l2Eα′(t̄ + τ)δα′ + ŷ(θ∗)δα } dx ≥ 0

(256)

for all admissible directions (δu, δα) ∈ H1
0 (B)× V 0

α (α(t̄+ τ)), where

V 0
α (α) = { β ∈ H1(B)|α + β ≥ 0 in B }. (257)

Then, by doing Taylor expansions

ε(t̄+ τ) = ε̄+ ε̇(t̄) τ + ... and α(t̄+ τ) = ᾱ + α̇(t̄) τ + ... (258)

where ˙(·) is understood as right derivative due to the irreversibility condition α(t̄+τ) ≥ ᾱ,
we get that the rates (u̇, α̇) with α̇ ≥ 0 at time t̄ must satisfy

lim
τ→0+

1

τ
[ δΠτ (u(t̄+ τ), α(t̄+ τ))− δΠτ (ε̄x, ᾱ) ]

=

∫

B

{E(ε̇− α̇)(δu′ − δα)− ŝ(θ∗)α̇ δα + l2Eα̇′ δα′ } dx ≥ 0
(259)

for all (δu, δα) ∈ H1
0 (B) × V 0

α (α̇). To eliminate the strain rate ε̇ consider the rate form
of mechanical equlibrium −σ̇′ = 0 which yields u̇′ − α̇ = A where A is an integration
constant. A second integration from −L to x ∈ B gives together with the boundary
condition u̇(−L) = −L the displacement rate

u̇(x) =

∫ x

−L

α̇ dx̃+ A(x+ L)− L . (260)

The value of the integration constant A follows from taking into account the boundary
condition u̇(L) = L and we get A = 1− 〈α̇〉 where 〈·〉 = 1/|B|

∫
B
(·) dx denotes the mean

value operator. Then, from (260) the strain rate follows as ε̇ = α̇+1−〈α̇〉. Insertion into
(259) yields by considering the rate form of mechanical equilibrium that the rate α̇ ∈ W 0

α

at time t̄ must satisfy
∫

B

{−E(1− 〈α̇〉)δα− ŝ(θ∗)α̇ δα + l2Eα̇′ δα′ } dx ≥ 0 (261)

for all δα ∈ V 0
α (α̇). Note, that for α̇ > 0 the test function δα can have any sign and the

inequality (261) becomes an equality. Hence, we have that α̇ ∈ W 0
α must satisfy

∫

B

{−E(1− 〈α̇〉)α̇− ŝ(θ∗)α̇2 + l2E(α̇′)2 } dx = 0 , (262)
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see also Section 4.5.1. By (262) the variational inequality (261) can be reformulated in
the following way: find α̇ ∈ W 0

α, i.e. the rate of the plastic strain at time t̄ associated
with the stable homogeneous plastic strain state ᾱ, such that

∫

B

{ [E〈α̇〉 − ŝ(θ∗)α̇ ](δα− α̇) + l2Eα̇′(δα′ − α̇′) } dx
︸ ︷︷ ︸

a(α̇,δα−α̇)

≥
∫

B

E(δα− α̇) dx

︸ ︷︷ ︸
f(α̇,δα−α̇)

(263)

for all δα ∈ W 0
α. From (261) and (263), respectively, we deduce the nonlocal Karush-

Kuhn-Tucker conditions for the rate of the plastic strain

α̇ ≥ 0 , El2α̇′′ + E(1− 〈α̇〉) + ŝ(θ∗)α̇ ≤ 0 , α̇[El2α̇′′ + E(1− 〈α̇〉) + ŝ(θ∗)α̇ ] = 0
(264)

in B together with the boundary conditions α̇′(±L) = 0. For a closed and convex set W 0
α

the problem (263) has a unique solution α̇ if the bilinear form a(δα, δα) is H1-elliptic, i.e.
if there exists a constant cE > 0 such that

a(δα, δα) ≥ cE‖δα‖2H1 for all δα ∈ H1(B) , (265)

see Lions & Stampacchia [41]. The condition of H1-ellipticity (265) is equivalent to
the Rayleigh minimization problem

R = min
δα∈H1

E/(2L)(
∫
B
δα dx)2 +

∫
B
El2(δα′)2 dx∫

B
ŝ(θ∗)(δα)2 dx

> 1 (266)

where δα = 0 is excluded. The solution of this Rayleigh minimization problem is

R =

{
E/ŝ(θ∗) for L/l ≤ π/2

E/ŝ(θ∗)[(πl)/(2L)]2 for L/l > π/2 .
(267)

Hence, we can conclude that

• for a short “gradient bar” L/l ≤ π/2 the evolution from a stable homogeneous
state ᾱ is unique (R > 1), i.e. α̇ = E/(E − ŝ(θ∗)) in [−L, L] and we stay on the
homogeneous branch.

• for a long “gradient bar” L/l > π/2 the evolution from a stable homogeneous state
ᾱ is unique (R > 1) if L/l < (π/2)[E/ŝ(θ∗)]1/2, i.e. α̇ = E/(E − ŝ(θ∗)) in [−L, L]
and we stay on the homogeneous branch. However, for (π/2)[E/ŝ(θ∗)]3/2 < L/l ≤
(π/2)[E/ŝ(θ∗)]1/2 the solution α̇ might not be unique any more (R ≤ 1) and we
could have a bifurcation from a homogeneous to a nonhomogeneous branch.

Note, that H1-ellipticity (265) of the bilinear form is a sufficient but not a necessary con-
dition for uniqueness. Therefore, R ≤ 1 just indicates that a solution α̇ other than the
homogeneous one could exist. However, for the whole parameter range of possible bifur-
cations from a stable homogeneous state, a nonhomogeneous plastic strain rate fulfilling
(264) can be found, see again Pham et al. [74]. There, the authors also show that states
which are sufficiently close to stable homogeneous ones and belong to bifurcated branches
are stable as well.
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6.3.1. Example of a Bifurcation Mode. To find a symmetric nonhomogeneous
solution of the nonlocal conditions (264) we assume α̇ > 0 in the zone L = (−D,D) ⊂ B
and α̇ = 0 in the remaining part of the bar B \ L. Hence, we have

E(1− 〈α̇〉) + ŝ(θ∗)α̇ + El2α̇′′ = 0 in L (268)

together with the conditions α̇(±D) = α̇′(±D) = 0 due to continuity. Note, that (264)
or (268) is nothing else than a nonlocal consistency condition

α̇ > 0 in L ⇒ d

dt
[ σ − (ŷ(θ∗)− ŝ(θ∗)α− l2Eα′′) ] = 0 in L (269)

where σ̇ = E(ε̇− α̇) with ε̇ = α̇ + 1− 〈α̇〉 as derived above. We obtain

α̇(x) =
E

ŝ(θ∗)
(〈α̇〉 − 1)(cos

x

lm
+ 1) in [−D,D] (270)

with D = πlm in terms of the yet unknown averaged plastic strain rate 〈α̇〉 and the length
scale lm defined in (239). Integrating (270) from −D to D yields the averaged plastic
strain rate 〈α̇〉 = ED/[ED − ŝ(θ∗)L ]. Since α̇ > 0 in L, we must have 〈α̇〉 > 1 or
equivalentelly L/l < π[E/ŝ(θ∗)]3/2. On the other hand, since it is assumed that L ⊂ B
we need L/l > π[E/ŝ(θ∗)]1/2. We finally obtain the plastic strain rate field

α̇(x) =

{
E

ED/L−ŝ(θ∗)
(cos x

lm
+ 1) for −D ≤ x ≤ D

0 else
(271)

that can occur for π[E/ŝ(θ∗)]1/2 < L/l < π[E/ŝ(θ∗)]3/2 and is independent of the stress
state. Note, that we necessarily have E > ŝ(θ∗) since we study bifurcation from stable

homogeneous states.

6.4. Remark on Micromorphic Theory

As an alternative to the above (more or less classical) formulation of gradient plastic-
ity we consider the micromorphic approach in the sense of Forest [24]. The idea is a
replacement of the nonlocal microstructural variable, α in our case, by local and micro-
morphic variables α̃ and ᾱ, respectively (not to be mistaken with the plastic strains from
Section 6.3), where latter is related to gradient effects. These variables are then linked
via a penalty term such that the free energy reads

ψ̃(ε, α̃, ᾱ, ᾱ′; θ) = ψ̂l(ε, α̃; θ) + ψ̂∇(ᾱ
′) +

1

2
ǫ(α̃− ᾱ)2 (272)

where the functions ψ̂l and ψ̂∇ are defined in (233) and ǫ > 0.16 Then, the minimization
of the incremental potential

Πτ (u, α̃, ᾱ) =

∫

B

[ ψ̃(ε, α̃, ᾱ, ᾱ′; θ∗) + ŷ(θ∗)α̃ ] dx (273)

over the set Wu ×Wα̃ ×H1(B) with

Wα̃ = { β ∈ L2(B)| β ≥ α̃n } (274)

16More precisely, we must have ǫ > ŝ(θ∗) as explained in Appendix A.
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gives as Euler equations beside the mechanical equilibrium

−σ′ = 0 in B with σ = E(ε− α̃)− EαT (θ
∗ − θ0) (275)

the local Karush-Kuhn-Tucker conditions

α̃ ≥ α̃n , σ − ŷ(θ∗) + ŝ(θ∗)α̃− ǫ(α̃− ᾱ) ≤ 0 ,

(α̃− α̃n)[σ − ŷ(θ∗) + ŝ(θ∗)α̃− ǫ(α̃− ᾱ)] = 0
(276)

in B and a modified Helmholtz equation which relates the local to the micromorphic
variable

ᾱ− l̄2mᾱ
′′ = α̃ in B with l̄2m =

El2

ǫ
(277)

together with the homogeneous Neumann boundary conditions ᾱ′(±L) = 0. Note, that
in contrast to the classical gradient formulation in Section 6.1 the nonlocality does not

directly enter the Karush-Kuhn-Tucker conditions (276) but the additional equation (277).
The construction of a symmetric nonhomogeneous elasto-plastic solution can be found in
Appendix A. In addition, one might be interested in the stability of homogeneous solutions
provided by the necessary conditions (275)–(277) of the micromorphic approach. In the
elastic phase (tn+1 < εc) with εc defined in (243) the homogeneous equilibrium state
(u0, α̃0, ᾱ0) = (tn+1x, 0, 0) is stable, see Section 6.2.1. In the plastic phase (tn+1 ≥ εc) the
homogeneous equilibrium state (u0, α̃0, ᾱ0) = (tn+1x,−αr(σ),−αr(σ)) with αr(σ) defined
in (239) in terms of the stress (244) is stable if (and due to the quadratic form of the
underlying functional (273) only if) the second directional derivative has positive sign

δ2Πτ (u0, α̃0, ᾱ0) =

∫

B

[ (
√
E δu′ −

√
E δα̃)2 + (

√
ǫ δα̃−

√
ǫ δᾱ)2 + El2(δᾱ′)2

− ŝ(θ∗)(δα̃)2 ] dx > 0

(278)

for all (δu, δα̃, δᾱ) ∈ H1
0 (B) ×W 0

α̃ × H1(B). This can equivalently be written in form a
Rayleigh minimization problem

R = min
(δu,δᾱ,δα̃)∈H1

0
×H1×W 0

α̃

∫
B
E(δu′ − δα̃)2 dx+

∫
B
ǫ(δα̃− δᾱ)2 dx+

∫
B
El2(δᾱ′)2 dx∫

B
ŝ(θ∗)(δα̃)2 dx

> 1

(279)

where the penalty parameter ǫ is assumed to be finite. The solution of (279) is not
known to the authors. Compared to (248) it has the additional difficulty of a nonlocal
pre-minimization. Without going into details we can only give the estimate

R ≤ min{ E

ŝ(θ∗)
,

ǫ

ŝ(θ∗)

π2 l̄2m
4L2 + π2l̄2m

} (280)

which allows us to track at least a part of the instability region. We conclude that

• for a short “micromorphic bar” L/l ≤ π/2 [(ǫ − E)/ǫ]1/2 the homogeneous micro-
morphic elasto-plastic state (u0, α̃0, ᾱ0) is unstable for ŝ(θ∗)/E > 1.

• for a long “micromorphic bar” L/l > π/2 [(ǫ−E)/ǫ]1/2 the homogeneous micromor-
phic elasto-plastic state (u0, α̃0, ᾱ0) is unstable for L/l > π/2 [(E/s)(ǫ− s)/ǫ]1/2.
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6.4.1. Comparison with Classical Gradient Approach. Even though we are
not able to capture the whole instability region of homogeneous elasto-plastic solutions
of the micromorphic approach (hsm) some statements with regard to a comparison with
the instability region of homogeneous elasto-plastic solutions of the classical gradient
formulation (hsg) (which is known from Section 6.2.2) can be made. We distinguish the
cases

1. short “gradient bar” vs. short “micromorphic bar”: For given ratio L/l < π/2 and
parameter ǫ we choose E ≤ ǫ− [2L/(πl)]2ǫ. Then, (hsm) are unstable for ŝ(θ∗) > E
which is also the case for (hsg), see Figure 9a). For ŝ(θ∗) < E (hsg) are stable,
whereas for (hsm) no statement can be made by the authors.

2. short “gradient bar” vs. long “micromorphic bar”: For given ratio L/l ≤ π/2 and
parameter ǫ we choose ǫ − [2L/(πl)]2ǫ < E < ǫ. Then, (hsm) are unstable for
ŝ(θ∗) > (π2Eǫ)/(4ǫL/l + π2E). Within the choosen E range the stability region
of (hsm) (which is not fully known) is smaller than the stability region of (hsg)
governed by ŝ(θ∗) < E, see Figure 9a).

3. long “gradient bar” vs. long “micromorphic bar”: For given ratio L/l > π/2 and
parameter ǫ we choose E < ǫ. Then, (hsm) are unstable for ŝ(θ∗) > (π2Eǫ)/(4ǫL/l+
π2E). Within the chosen E range the stability region of (hsm) (which is not
fully known) is smaller than the stability region of (hsg) governed by ŝ(θ∗) <
E[πl/(2L)]2/3, see Figure 9b).

Consequently we can make the following statement:

For E < ǫ the set of parameters for which (hsg) are unstable is a subset of the (most
probably not fully captured) parameter region which corresponds to unstable (hsm). In
other words, for E < ǫ the stability region of (hsm) is smaller than (or in case 1 maybe
equals) the stability region of (hsg).

Note, that for scenario 2 the temperature θ∗ of the bar changes every time increment
according to the energy equation for known elasto-plastic strain state.

7. Conclusion

We presented a unified framework for the fully coupled thermomechanics of gradient-
extended dissipative solids which undergo large deformations. The key of the formulation
is the consideration of the entropy and the entropy rate as canonical variables which enter
beside the gradient-extended mechanical state and the rate of this state, respectively, the
internal energy and dissipation functions. Here, the rate-type formulation of local ther-
moplasticity outlined in Yang et al. [87] is recovered by the concept of dual variables.
Especially, the quantity conjugate to the entropy is rigorously distinguished from the
quantity conjugate to the entropy rate. The coupled macro- and micro-balances as well
as the energy equation are outcomes of the stated saddle point principle. Within this set-
ting, the entropy is also driven by additional gradient-type dissipative effects. Emphasis
was also put on extended variational formulations which incorporate dissipative mechan-
ical driving forces and temperature dependent threshold mechanisms. In addition, we
discussed variationally consistent time incrementations and suggested an algorithm that
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Figure 9: Stability of micromorphic versus gradient plasticity for E < ǫ. The light grey
areas show (most probably just parts of) the instability region of (hsm) for penalty parameter
ǫ3 that is enlarged by the mid grey areas for ǫ2 < ǫ3 which again is enlarged by the dark grey
areas for ǫ1 < ǫ2. Areas above/below the dashed lines are the instability/stability region of
(hsg). a) Comparisons of short “micromorphic bar” and short “gradient bar” with E ≤ Ej

where Ej = ǫj − [2L/(πl)]2ǫj , j = 1, 2, 3, and long “micromorphic bar” and short “gradient
bar” with E > Ej . b) Comparison of long “micromorphic bar” and long “gradient bar”.

renders the algorithmically exact form of the intrinsic dissipation. Three model problems,
i.e. Cahn-Hilliard diffusion, gradient damage and (additive) gradient plasticity strongly
coupled with temperature evolution, showed the capability of the proposed formulation.
In a numerical example we studied the formation of a cross shear band under adiabatic
condition. Finally, we used a Castigliano-type variational principle to study the stability
of homogeneous elasto-plastic responses of a bar under uniaxial tensile loading undergo-
ing thermal softening. Here, we used a standard gradient plasticity model and the more
sophisticated micromorphic approach.

Acknowledgement. Support for this research was provided by the German Research
Foundation (DFG) under Grant MI 295/20–1.

A. Localized Symmetric Profile of Micromorphic Plasticity

As in Section 6 we consider a one-dimensional bar B = (−L, L) under uniaxial ten-
sion undergoing small elasto-plastic deformation. In accordance with scenario 1 (see
Section 6.1) we assume a constant temperature θ∗ = const. along the bar. We are now
interested in the construction of localized symmetric plastic profiles based on the microm-
rophic approach set up in Section 6.4. For that assume for the micromorphic variable ᾱ
the localization zone L = (−D,D) ⊂ B the thickness D of which has to be determined.
Furthermore, we assume ᾱ to be zero on the remaining part B \L of the bar and that the
plasticity criterion (276)2 is an equality in L. Then, with (277) we obtain the determining
equation for the micromorphic variable

−ᾱ − ǫ− ŝ(θ∗)

ŝ(θ∗)
l̄2mᾱ

′′ = αr(σ) in L (281)
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together with the conditions

ᾱ(±D) = ᾱ′(±D) = 0 (282)

due to continuity. The modified length scale parameter l̄m is defined in (277) and the
right-hand-side αr(σ) is given in (239) in terms of the stress σ which depends on the
given boundary displacement via (238) (replace the nonlocal hardening variable α by the
local hardening variable α̃). Due to the requirement α̃ ≥ 0 from (276)1 we can conclude
from (277) and the boundary conditions ᾱ′(±L) = 0 that ᾱ ≥ 0 everywhere in B. This
follows from the corresponding representation formula

ᾱ(x, σ) =

∫ 1

0

G(x∗, ξ) α̃(2Lξ − L, σ) dξ for x∗ ∈ (0, 1) (283)

in terms of x∗ = 1/2(x/L+ 1) and the Green’s function

G(x∗, ξ) =

{
1
a
cosh(ξ/a)
sinh(1/a)

cosh( 1
a
(1− x∗)) for 0 < ξ < x∗

1
a
cosh(x∗/a)
sinh(1/a)

cosh( 1
a
(1− ξ)) for x∗ < ξ < 1

(284)

where a = l̄m/(2L). From ᾱ ≥ 0 we immediately find that −αr(σ) ≥ 0 which means that
the stress is bounded σ ≤ ŷ(θ∗). For ǫ > ŝ(θ∗) the micromorphic variable at stress level
σ follows from (281)–(282) as

ᾱ(x, σ) =

{
1
2
ᾱmax[ 1 + cos(l̄−1

m

√
ŝ
ǫ−ŝ

x) ] for −D ≤ x ≤ D

0 else
(285)

where ᾱmax = −2αr(σ) and the thickness of the localization zone is governed by

D = πl̄m

√
ǫ− ŝ(θ∗)

ŝ(θ∗)
. (286)

The case ǫ < ŝ(θ∗) has to be excluded. To see this, consider the first integral of (281)
which combined with the conditions (282) gives

ᾱ′2 = −l̄−2
m

ŝ(θ∗)

ǫ− ŝ(θ∗)
(2αr(σ) + ᾱ)ᾱ in L . (287)

From there and due to ᾱ ≥ 0 we must have ᾱ ≥ −2αr(σ) in L for ǫ < ŝ(θ∗). However, this
is impossible because of the condition ᾱ(±D) = 0, except for σ = ŷ(θ∗) which just results
in ᾱ = 0 everywhere in B. Knowing the micromorphic variable ᾱ the local hardening
variable α̃ follows from (276)2 as

α̃(x, σ) =
ŝ(θ∗)

ǫ− ŝ(θ∗)
αr(σ) +

ǫ

ǫ− ŝ(θ∗)
ᾱ(x, σ) in L . (288)

Again, considering the requirement α̃ ≥ 0 from (276)1 we see that the solution (288) may

not be valid in whole L, but in a region L̃ = (−D̃, D̃) that is the localization zone of the
local hardening variable. Insertion of (285) gives

α̃(x, σ) =

{
αr(σ)
ǫ−ŝ

[ ŝ− ǫ(1 + cos(l̄−1
m

√
ŝ
ǫ−ŝ

x)) ] for − D̃ ≤ x ≤ D̃

0 else
(289)
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Figure 10: Nonhomogeneous plastic profile over the bar at stress level σ. The localization
zone of the local hardening variable α̃ is a subset of the localization zone of the micromorphic
variable ᾱ. Both fields attain the same value at ±Dr = ±D/2.

where

D̃ = l̄m

√
ǫ− ŝ(θ∗)

ŝ(θ∗)
arccos

(
ŝ(θ∗)− ǫ

ǫ

)
(290)

follows from the condition α̃(±D̃) = 0 due to continuity. We observe that D̃ ≤ D and

the localization zone L̃ of the local hardening variable lies within (in the limit equals)
the localization zone L of the micromorphic variable. Additionally, the width of the
localization zones does not depend on the stress level σ. At x = 0 the local hardening
variable attains its maximum α̃max and we have α̃max ≥ ᾱmax. The plasticity profile, i.e.
the micromorphic as well as the local hardening variable is depicted in Figure 10. For the
limit ǫ → ∞ the micromorphic and local hardening variable coincide and the symmetric
nonhomogeneous profile (240) from the classical gradient theory is obtained.

Finally, we want to deduce the stored thermo-elasto-plastic energy in the bar at stress
level σ. We have

Eǫ(σ) =

∫ L

0

[
1

E
σ2 − ŝ(θ∗)α̃2 − Eα2

T (θ
∗ − θ0)

2 + 2ψ̂θ(θ
∗) + El2ᾱ′2 + ǫ(α̃− ᾱ)2 ] dx (291)

due to symmetry and get when considering the derived plastic profile

Eǫ(σ) =
L

E
σ2 − πlα2

r(σ)ŝ(θ
∗)

√
E

ǫ

ǫ− ŝ(θ∗)

ŝ(θ∗)
+ Cθ(θ

∗) , (292)

where Cθ(θ
∗) is the contribution stemming from integrating the third and fourth terms

in (291) with spatially constant temperature. The time-accumulated plastic dissipation
in the whole specimen which is

Dǫ(σ) =

∫ t

0

∫ L

−L

φ̂( ˙̃α; θ∗) dx dt̄ = 2

∫ L

0

ŷ(θ∗)α̃ dx (293)

due to symmetry. Considering the derived plastic profile we get

Dǫ(σ) = −2πlαr(σ)ŷ(θ
∗)

√
E

ǫ

ǫ− ŝ(θ∗)

ŝ(θ∗)
≥ 0 (294)
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which is a linearly decreasing function in σ. Note, that limǫ→∞Dǫ(σ) ≥ Dǫ(σ), i.e. the
time accumulated dissipation in the bar at stress level σ obtained by the classical gradient
theory is larger than the one obtained by the micromorphic approach for finite penalty
parameter ǫ.
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In many engineering applications, solid materials undergo pro-
cesses that cause an irreversible change in their microstructure.
Such dissipative phenomena usually have a multifield character
which means that, besides the macro-deformation, also other
physical fields such as temperature, species concentration or
plastic and damage variables are involved. Practical applica-
tions include, for example, hot sheet metal forming, diffusion
processes or brittle as well as ductile fracturing.
The focus of this work is to develop a general and versatile mod-
eling framework for dissipative multifield processes in solids un-
dergoing large deformations. This framework is provided by
incremental variational principles which fully describe the evo-
lution of the system under consideration. Special attention is
paid to the coupling of the involved physical fields in accordance
with the fundamental laws of thermodynamics. The major con-
tribution of this work is the development of new models and
formulations for brittle and ductile fracturing in isotropic and
anisotropic materials, diffusion in solids and the thermomechan-
ics of gradient-extended continua including aspects of stability.
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