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1. Introduction

1.1. Abstract

Amorphous indium oxide is the prime example of strongly disordered super-
conductors showing a quantum phase transition at strong levels of disorder,
where a disorder-driven superconductor-insulator transition (SIT) is found.
While there are studies focusing on the superconducting side, the insulating
side is much less explored because experimental means are lacking. In this
work an experimental approach is presented, employing coplanar microwave
resonators in GHz frequency range and down to mK-temperatures, giving
access to dielectric properties and the finite-frequency conductivity of amor-
phous indium oxide as a function of temperature, frequency and disorder.
It is found that depending on disorder, indium oxide has a large dielectric
constant with a critical value of ε1 ≈ 100, separating samples with and
without localized Cooper-pairs. From scaling, the fractal nature of electronic
eigenstates is inferred. Strong effects of a gap are found, giving direct evidence
for a finite pairing pseudogap even in the insulating phase, perfectly matching
fractal Anderson localization theory.

1.2. Motivation

The quantum breakdown of superconductivity has been of prominent inter-
est in solid state research for several decades already [6–8]. The peculiar
phenomenon is the immediate transition from a superconductor to a non-
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1. Introduction

superconducting state, such as a metal state (SMT) or even a completely
insulating state (SIT). Although experimental access to these transitions
is naturally limited to finite temperatures, the transition between the two
ground states are expected to occur even at T = 0, reminiscent of quantum-
phase-transitions (QPT) [8, 9]. In particular the direct transition to an
insulator, the superconductor-insulator transition (SIT) has attracted large
interest, both experimentally [10, 11] and theoretically [12–14]. SIT has been
found in several materials and compounds, such as e.g. granular materials [15],
but also most prominently in homogeneously disordered amorphous thin-films
such as e.g. indium oxide [10, 11, 16] or TiN [17]. Amorphous materials
pose important and fundamental questions, as by their homogeneous nature,
they do not show any grain boundaries or inherent structure [10, 11, 18–20],
which might otherwise play a role in the suppression of superconductivity
and charge transport.

There are several possibilities known to drive an initially superconducting
system to an insulating state. Most attack an intrinsic material parameter,
such as the charge carrier density, disorder, dimensionality or by the applica-
tion of strong external magnetic field. It has been found that by changing a
thin-film’s thickness [21], applying magnetic field [22–25] or inducing disorder
[10, 11, 26], superconductivity is gradually suppressed until at the QPT
the insulating state is reached. In particular the disorder-driven SIT is a
paramount example of such a transition. While small amounts of disorder
should not disturb superconductivity [27], strong amounts of disorder strongly
suppress Tc [28] and even inhibit superconductivity altogether [10].

There are numerous theories on the fundamental principles governing this
phenomenon, but there are still many unresolved questions and challenges
[8]. While suppression of superconductivity by the means of reduction of
the energy gap (Fermionic mechanism [29, 30]) is given in certain materials
(e.g. in MoGe [7, 29, 31]), in amorphous thin-film samples the underlying
principles have to be of a more complex nature, since a (pseudo-) gap is still
found with finite value at temperatures exceeding Tc [17, 28, 32] in samples
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1.2. Motivation

where superconductivity is already strongly suppressed. Even in insulating
samples fingerprints of a gap can be inferred from resistivity scaling [10, 12,
19, 33]. It has been suggested that superconductivity only survives on a
local scale, with the emergence of spatially separated pockets or “puddles”
of superconductivity [17, 28], with the length-scale of these inhomogeneities
found to be on the nanometer scale.

The remaining energy gap and the structure of the insulating state raises
fundamental questions on the nature of the underlying electronic eigenstates
and the role of Coulomb interactions [8]. It has been established that the
intricate interplay between Cooper-attraction and Anderson-localization,
which plays an important role in the formation of pseudo-gaped insulators [8],
however, it has not been clear yet as to how Coulomb interactions participate
in its formation [8]. Two main questions arise:

• Why is superconductivity not suppressed completely but possibly re-
mains locally (finite pseudogap), even though bare electron-electron
repulsion should be large?

• What is the driving mechanism for localizing Cooper-pairs?

Answering these questions has not been possible to full extend yet [8]. To
answer the first, it is speculated, that while the bare Coulomb repulsion
between electrons in theory is large [29, 30, 33], it might be effectively
screened to negligible size [33]. For this to happen however, the polarization
and the dielectric constant would need to be rather large [33]. Answers to
the second question are quite debated and while some theories exist, hard
evidence is still sparse. Localization similar to the Coulomb blockade in
Josephson-Junction Arrays (JJA) following Berezinsky-Kosterlitz-Thouless-
physics seems possible at first glance due to the emergent superconducting
granularity [14, 34]. For this to be the sole reason, however, the Cooper-pairs
would have to interact repulsively themselves by Coulomb interactions [35,
36]. Additionally the large inter-site distance necessary in JJAs, seems to
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1. Introduction

not be given in the amorphous thin-films [8] as superconducting granularity
is on the nanometer scale [17, 28], making BKT-physics improbable. The
most advanced theory describing the processes in homogeneously disordered,
amorphous thin-film samples, has been derived mostly by M. V. Feigel’man
[12, 33] and relies purely on fractal Anderson localization of charge carriers.
It predicts for the electronic eigenstates to be of fractal nature, meaning
that they occupy less volume than a delocalized eigenstate [37]. With this
mechanism single-electrons are localized on nanometer length-scale, yet they
still are able to interact attractively and form Cooper-pairs within their
given volume [33]. This is suggested, since Cooper-pairs form in k-space,
meaning that only the momenta of the individual electrons and their spins set
the base for singlet-pairing enabled by BCS-type effective phonon-mediated
attraction, but not their confinement to small extensions in real space, as long
as the energy level splitting of the small confinement-droplet does not exceed
phonon energies [12, 33] (for coherent superconductivity this must not exceed
the superconducting gap [27]). This necessitates large polarization and a
large dielectric constant, because the relation between Coulomb interaction
strength and Cooper-attraction has to allow for attractive electron interaction
[33]. Withing this framework, several predictions for the influence of localized
Cooper-pairing and their evoked pseudogap on the dynamical polarization
and the conductivity at finite frequencies have been made [38, 39], however
until now no direct experimental evidence could be presented.

The prime material showing this peculiar SIT is disordered, amorphous
indium oxide. It has been object of many studies over a broad range of
disorders [8, 10, 11, 26, 28, 32, 40–42]. It has repeatedly been found to be
homogeneous in disorder [10, 20] but inhomogeneous in superconductivity
with superconducting granularity [28]. Since it is the most studied material
of SIT-physics, it is also the most important to the scientific community and
will therefore be the prime candidate in this work.

Both of the above burning questions could be answered by investigating
the polarization, the dielectric constant, and the finite-frequency conduc-
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1.2. Motivation

tivity of insulating amorphous thin-film samples [14, 33, 38, 39]. However,
measurements on the insulating side of SIT other than simple transport
measurements [10, 11] are particularly rare, since experimental challenges are
huge. The enormous resistivity of the samples at low temperatures inhibits
any kind of tunneling experiments and the very small thickness impedes
traditional measurements of polarization, e.g. by dielectric resonators. Ad-
ditionally, two crucial requirements for successful investigations into the
dielectric properties and the finite-frequency conductivity emerge, which are
the very small excitation energies and the very low temperatures that are
needed, in order to not break possible localized Cooper-pairs. The gap found
in the single-particle density of state of amorphous indium oxide, suspected
to be the pairing gap of localized Cooper-pairs, has been found to have a size
of about ∆p ∼ 0.5− 1meV as determined by tunneling experiments [26, 28].
These energies translate to frequencies in the range of about 100− 200GHz.
Finite-frequency experiments, which do not break possible localized Cooper-
pairs, would therefore necessarily have to be performed below these upper
limits, making experimental methods in the microwave regime the most suited
candidates. Additionally, very low temperatures are necessary, because on
the one hand, the gap has to be fully developed [28], and on the other hand,
any residual conductivity (via hopping) has to be strongly suppressed such
that emergent granularity is fully established [8] and dissipation does not
hamper measurements via strong losses. In this regime, thermal excitations
are entirely suppressed (zero-phonon regime [43, 44]) making excitations by
phonons the dominating contribution if the condition ℏω > kbT is met, thus
enabling frequency-dependent measurements of the parameters under study.
The latter requirement again poses GHz-frequencies as the optimal means,
because phonon energies exceed thermal energies in the mK-regime within a
well-accessible temperature range.

Fulfilling all of the mentioned requirements (low frequencies, temperatures
and ultra thin samples) with an experimental method studying dielectric
properties, could not be done until now, since traditional methods each fall
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1. Introduction

short on at least one of the requirements. In this work, an experimental
approach is detailed, which overcomes these challenges and is able to measure
very thin films in the nanometer regime at frequencies below corresponding
gap energies at very low temperatures in the mK-regime. For this, highly
sensitive coplanar microwave waveguide resonators are applied, which allow
to determine dielectric properties and the finite-frequency conductivity in
insulating amorphous indium oxide. This is done over a broad frequency
range of up to ∼ 25GHz, corresponding to maximum excitation energies of
0.1meV ≪ ∆p. The dielectric constant is determined with both its absolute
value and its scaling with disorder over a very broad range of disorders on
the insulating side of SIT. Two regimes are found, one where local pairing
is present and one where even local pairing is suppressed. Evidence for the
suppression of Coulomb interactions is found in samples showing local pairing.
Here a critical value of ε1 ≈ 100 is established, separating samples with
and without localized Cooper-pairs. From scaling with disorder, the fractal
nature of the electronic eigenstates is inferred and characteristic effects of
the pairing energy gap are found. The latter are reflected in a suppression
of both finite frequency conductivity and dielectric constant and give direct
evidence for the existence of a finite-size pseudogap evoked by Cooper-pairing
[38, 39], perfectly fitting to the theory of Anderson localization being the
main mechanism driving the samples insulating [12, 33].

This work is structured as follows. In chapters 2 and 3 some theoretical
background is given concerning superconductivity in disordered thin-films
with the theoretical concepts of e.g. Finkel’stein mechanism and fractal
Anderson localization. In chapter 4 a detailed explanation of the developed
experimental method concerning resonator design, optimization and the
analysis procedure is given. The feasibility of this procedure is verified and
demonstrated on known thin-film samples as demonstration experiments in
chapter 5. In chapter 6 disordered thin-film samples of amorphous indium
oxide are investigated and interpreted in the context of fractal Anderson
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1.3. Deutsche Kurzfassung

localization for samples without local pairing (electron glass samples) and for
samples with local pairing (local pairing samples).

1.3. Deutsche Kurzfassung

Diese Arbeit befasst sich mich dünnen Schichten amorphen, ungeordneten
Indium Oxids. Bei amorphem Indium Oxide handelt es sich um eine Dünn-
schichtprobe, welche einen Supraleiter-Isolator Übergang aufweist [8]. Sie
besteht aus einer zufälligen Verteilung von Indium und Sauerstoff in einer
glasartigen, amorphen Struktur [10, 19] mit vielen mikroskopischen Fehl-
stellen [45]. Trotz dessen, dass diese starke Unordnung vorherrscht, sind
Indiumoxidproben komplett homogen [10, 11, 18–20], ohne etwaige Einschlüs-
se von z.B. reinem Indium. Mit zunehmender Unordnung kommt es zu einem
Quantenphasenübergang (Übergang auch bei 0K) von einer makroskopisch
supraleitenden Phase zu einer isolierenden Phase, ohne dabei eine dazwi-
schenliegende beispielsweise metallische Phase zu durchqueren [6, 8]. Beteiligt
an der Unterdrückung der Supraleitung sind Phasenfluktuationen zwischen
Bereichen mit hohem und niedrigem supraleitenden Ordnungsparameter [17,
28]. Hier wurde gefunden, dass die große Unordnung zu einer inhärenten
elektronischen Granularität führt, welche sich in der Entstehung von supra-
leitenden Bereichen getrennt von nicht-supraleitenden Bereichen manifestiert
[17, 28, 46, 47]. Letztere können nicht kohärent miteinander interagieren,
um ein Kondensat zu bilden und Supraleitung auszubilden und trotz dessen,
dass Cooperpaare vorhanden sind, können diese keinen globalen, makroskopi-
schen Zustand einnehmen [32]. Mit zunehmender Unordnung kondensieren
immer weniger Cooperpaare und die kritische Temperatur wird unterdrückt
[28]. Während die supraleitende Phase im Hinblick die inhomogene, nicht
kohärente Supraleitung experimentell vor allem mit Rastertunnelmikroskopie
untersucht ist [26, 28, 32, 48], gibt es auf der isolierenden Seite nur sehr
wenige experimentelle Befunde, die hauptsächlich auf Gleichstrommessungen
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1. Introduction

beruhen [10, 41]. Dennoch wird davon ausgegangen, dass sich hier ebenfalls ein
Regime befindet, bei dem es trotz hoher Unordnung und einem isolierenden
Grundzustand zur Cooperpaarung von Elektronen kommt, welche Paare bil-
den, die sich nicht bewegen können und damit lokalisiert sind [8, 12, 33]. Alle
vermuteten Phasen sind ersichtlich in einem schematischen Phasendiagramm,
dargestellt in Abb. 1.1. Die horizontale Achse bezeichnet die Energieleve-

Mott VRH
ES VRH

Superconducting

Local pairing

E
le

ctro
n

g
la

ss

ΔC

Tc

e
n

e
rg

y
 s

c
a

le
 (

m
e

V
)

ωD

Δp

preform
ed

CP

0.01 0.1 1 10 100 1000

0.1

1

T0

SIT

energy level splitting δ (meV)

Ds

Abbildung 1.1.: Phasendiagramm isolierenden amorphen Indiumoxids als
Funktion von δ, der Energielevelaufspaltung (δ steigt mit grö-
ßerer Unordnung). Supraleitung ist unterdrückt aufgrund der
Reduktion der supraleitenden Steifigkeit Ds. Die Paarungs-
/Pseudolücke ∆p bleibt endlich und existiert ebenfalls auf
der isolierenden Seite, wo lokalisierte Cooperpaare vermutet
werden. Oberhalb der Debyeenergie können diese nicht mehr
existieren und Elektronen werden einzeln lokalisiert.

laufspaltung δ, welche sich direkt aus der Lokalisierung von Ladungsträgern
ergibt mit δ ∝ 1/ξ3 [33] mit ξ dem Radius auf welche ein Ladungsträger
in seiner Ausdehnung beschränkt ist. Mit steigender Unordnung ist eine
Unterdrückung der kritischen Temperatur Tc zu sehen [28, 32], welche durch
die sinkende Kohärenz, die supraleitenden Steifigkeit Ds, beschränkt wird
und im Übergang zum Isolator endet. Die anschließende Phase ist die Lokal-
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1.3. Deutsche Kurzfassung

paarungsphase, bei der Elektronen zwar zu Cooperpaaren binden können [12,
33], diese allerdings kein Kondensat mehr bilden können. Bei noch höherer
Unordnung können selbst Cooperpaare nicht mehr gebildet werden, da δ die
Debyeenergie übersteigt und Phononen keine attraktive Interaktion mehr
vermitteln können [33]. Dieses Regime ist das Elektronenglasregime, in dem
Elektronen vereinzelt lokalisiert werden [49]. Die bisher fortgeschrittenste
Theorie, welche die gefundenen Befunde am besten beschreibt, beruht auf
der fraktalen Andersonlokalisationstheorie mit fraktalen Eigenzuständen der
lokalisierten Elektronen, die größtenteils von M. H. Feigel’man et al. entwi-
ckelt und beschrieben wurde [12, 33, 38, 39, 50]. Da die Elektronen fraktale
Eigenzustände einnehmen sind sie stark in ihrer Ausdehnung eingeschränkt
und lokalisieren. Dennoch können sie aufgrund von paarweiser Wechselwir-
kung im Impulsraum (k-Raum) Cooperpaare ausbilden, trotz dessen, dass
die Cooperpaare im Ortsraum lokalisiert sind. Die Wechselwirkung wird
hierbei von Phononen, analog zur BCS-Theorie [51] vermittelt, woraus sich
der kritische Wert der Debyeenergie ℏωD im Phasendiagramm (Abb. 1.1)
ergibt. Die fraktale Andersonlokalisationstheorie beschreibt erfolgreich das
Vorhandensein einer harten Energielücke in Gleichstrommessungen und einige
Befunde in Tunnelexperimenten (z.B. das Verschwinden von sogenannten
Kohärenzpeaks [28]), allerdings gibt es vor allem in isolierendem Indiumoxid
bisher wenige weiterführende Befunde, die die Theorie unterstützen.

Ladungsträgertransport kann in einem solch ungeordneten System nur
über Hüpf-Vorgänge vermittelt werden, bei dem einzelne Elektronen von
einem Lokalisationsbereich zum anderen springen können [41, 43, 52–54]
(das Hüpfen von Cooper-Paaren kann aufgrund derer erhöhten Masse ver-
nachlässigt werden [55]). Dies wurde in der vorliegenden Arbeit bestätigt,
wobei gefunden wurde, dass alle untersuchten Indium Oxid Proben in ei-
nem bestimmten Temperaturbereich Mott variable range hopping (VRH)
Rs(T ) ∝ exp

[
(T0,Mott/T )

1/4
]

aufweisen, welches teilweise in Efros-Shklovskii

VRH Rs(T ) ∝ exp
[
(T0,ES/T )

1/2
]

[53] übergeht unterhalb einer gewissen
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1. Introduction

Übergangstemperatur. Für Proben in der Lokalpaarungsphase geht der Wi-
derstand bei Unterschreiten von etwa ∼ 4K über in ein aktiviertes, Arrhenius-
Verhalten mit Rs(T ) ∝ exp (T0/T ). Dies deutet auf eine harte Energielücke
hin [12, 33], die als Paarungslücke oder Pseudolücke bezeichnet ∆p wird und
durch das Paaren von Elektronen zu Cooperpaaren entsteht.

Generell gilt, dass Supraleiter zwar einen gewissen Grad an Unordnung
verkraften ohne ihre supraleitenden Eigenschaften zu verlieren [27], bei sehr
hoher Unordnung jedoch wird erwartet, dass die Diffusionsgeschwindigkeit
der Elektronen sehr weit reduziert wird und die abstoßenden Coulombkräfte
zwischen den Elektronen die Überhand gewinnen [33], sodass anziehende
Cooperkräfte übertroffen werden und eine Cooperpaarung nicht mehr möglich
ist. Eine Reduktion der Übergangstemperatur Tc mit steigender Unordnung
wird in diesem Zusammenhang vom Finkel’stein Mechanismus beschrieben [29,
30]. Dass in schwach supraleitenden bzw. isolierendem Indium Oxid dennoch
eine Paarungslücke gefunden wird, spricht vermutlich dafür, dass die Cou-
lombkräfte selbst bei starker Unordnung noch immer sehr stark abgeschirmt
werden [33]. Abschirmung führt dazu, dass die elektromagnetischen Potentiale
der Elektronen von den umliegenden Ladungen reduziert werden und sich
deren effektive Ausdehnung verkleinert [56]. Dadurch kann die attraktive
Cooperanziehung erneut die Oberhand gewinnen und einzelne Elektronen
können zu Cooperpaaren paaren. Eine solche Abschirmung wird primär durch
eine hohe Polarisierbarkeit der Ladungen im System verstärkt [33, 56]. Eine
Größe dafür ist die dielektrische Konstante ε1. Für Indium Oxide Proben
ergibt sich ein kritischer Wert von etwa ε1,c ≈ 100. Ist ε1 > ε1,c, so ist die
Abschirmung groß genug, dass eine Attraktion der Elektronen zueinander
erwartet wird und lokalisierte Cooperpaare gebildet werden könnten.

Um ε1 und die Mikrowellenleitfähigkeit σ1 messen zu können, bedarf es
eines einzigartigen experimentellen Ansatzes. Da es sich bei den Proben um
sehr dünne Filme handelt, welche bei sehr niedrigen Temperaturen und mit
relativ niedrigen Frequenzen gemessen werden müssen, um die Verluste durch
Hüpfprozesse zu minimieren bzw. eventuell vorhandene lokalisierte Cooper-
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1.3. Deutsche Kurzfassung

paare nicht zu zerstören, sind konventionelle Methoden (z.B. Ellipsometrie,
dielektrische Resonatoren) ungeeignet. Der in dieser Arbeit vorgestellte und
eingesetzte Ansatz, verwendet koplanare Mikrowellenresonatoren, welche bei
GHz-Frequenzen arbeiten, bei mK-Temperaturen eingesetzt werden können
und hochsensibel für ε1 und σ1 von Dünnschichten sind [1]. Im Rahmen dieser
Arbeit wurde der Ansatz entwickelt und optimiert und mit verschiedenen
Simulationen, sowie Demonstrationsexperimenten verifiziert. Das Grundprin-
zip besteht auf der Störung der Mikrowelleneigenschaften der Resonatoren
durch die Probe, welche direkt auf den koplanaren Resonator abgeschieden
wird. Die Störung wirkt sich auf die Resonanzfrequenz und die Güte der
Resonanzen aus, welche folglich als Messgrößen dienen und die Bestimmung
von ε1 und σ1 erlauben.
ε1 wurde für sieben isolierende Indiumoxidproben unterschiedlicher Un-

ordnung bestimmt. Die gemessenen Daten sind in Abb. 1.2 dargestellt. Für
jede Probe wurden mehrere Messreihen durchgeführt, bei verschiedenen Un-
ordnungszuständen. Ausgehend von der maximalen Unordnung einer Probe,
verringert sich deren Unordnung mit der Zeit oder durch gezieltes Tempern
hin zu geringerer Unordnung [10, 45]. Dies wurde sich zu nutze gemacht,
um einen sehr breiten Bereich an Unordnungen abzudecken, welcher einige
Größenordnungen der Variation von δ umfasst. Die beiden oben genannten
Regime, das Elektronenglasregime und das Lokalpaarungsregime, wurden
dabei abgedeckt, wobei sich herausstellt, dass sowohl maximale ε1-Werte im
Elektronenglasregime, als auch minimale ε1-Werte im Lokalpaarungsregime
etwa ε1 ∼ ε1,c ≈ 100 betragen und somit der kritische Wert von ε1,c experi-
mentell bestätigt wird. Unterhalb dessen gibt es keine lokalen Cooperpaare,
wohingegen oberhalb dessen die Voraussetzungen für deren Bildung gegeben
sind.

Die Skalierung von ε1(δ) mit der Unordnung zeigt im Elektronenglasregime
eine gute Übereinstimmung zu theoretischen Vorhersagen, die extrem loka-
lisiertes amorphes Indiumoxid als Andersonisolator beschreiben [39], wobei
gilt ε1 ∝ ξ2. Der gefundene Vorfaktor ist dimensionsabhängig, wobei den
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Abbildung 1.2.: Dielektrische Konstante ε1 als Funktion von δ. Das Elek-
tronenglasregime und das Lokalpaarungsregime liegen zu
beiden Seiten der Debyeenergie ℏωD. Ein kritischer Wert
von ε1,c ≈ 100 wird gefunden, welcher die beiden Regimes
voneinander trennt, in guter Übereinstimmung mit theoreti-
schen Vorhersagen. Im Lokalpaarungsregime ist ε1 teilweise
unterdrückt aufgrund der Paarungslücke.

untersuchten Proben ein dreidimensionales Verhalten gefunden wurde [39]. Im
Lokalpaarungsregime zeigt die Skalierung von ε1 und σ1 mit der Unordnung,
dass die zugrundeliegenden Eigenzustände der Elektronen in der Tat fraktal
sind. Dies schlägt sich in der Skalierung von ε1 mit der Aktivierungstempera-
tur T0 des Arrheniusverhaltens nieder, mit ε1 ∝ T

−2/D2

0 , wobei D2 ≈ 1.3 die
fraktale Dimension ist und perfekt mit der Theorie übereinstimmt [33].

In Messungen der Mikrowellenleitfähigkeit wurde als Funktion der Frequenz
σ1(ω) ∝ ω2 ln(const./ω)-Verhalten gefunden, was auf Mott-Resonanzen basie-
rende Mott-Verhalten hindeutet [38, 43, 57]. Die Leitfähigkeit wird durch die
eintreffenden Mikrowellen sehr stark erhöht (thermische Aktivierung spielt
bei mK-Temperaturen keine Rolle mehr) welche mit zunehmender Mikro-
wellenfrequenz weiter steigt. σ1(T ) wurde zusätzlich auch als Funktion der
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1.3. Deutsche Kurzfassung

Temperatur gemessen, wobei ein Austin-Mott-Verhalten mit linearer Tempe-
raturabhängigkeit gefunden wurde [43]. Aus der gefundenen Steigung kann die
Lokalisationslänge bestimmt werden, welche gut mit der Lokalisationslänge
bestimmt aus Gleichstrommessungen übereinstimmt. Es zeigt sich, dass die
Ausdehnung der Ladungsträger auf wenige Nanometer beschränkt ist.

Im Lokalpaarungsregime ist zusätzlich eine Unterdrückung des Absolut-
werts von ε1 zu finden, welche sich in einem mit Faktor 1/aε ∼ 2−4 kleineren
Wert zeigt, wie angedeutet in Abb. 1.2. Quantitativ ist der Unterdrückungs-
Vorfaktor dargestellt in Abb. 1.3. Elektronenglasproben zeigen keine redu-
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Abbildung 1.3.: Vorfaktor (a) aε von ε1(δ) und (b) aσ von σ1(ω). Eine Re-
duktion von sowohl ε1 als auch σ1 wird gefunden für Proben
im Lokalpaarungsregime. Dies ist in sehr guter Übereinstim-
mung mit theoretischen Vorhersagen. Im Elektroglasregime
wird keine (ε1) oder schwächere (σ1) Unterdrückung gefun-
den.

zierten Werte, wohingegen Lokalpaarungsproben unterdrückte Werte zeigen.
Ähnlich verhält es sich bei Betrachtung von σ1(ω), der frequenzabhängigen
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Mikrowellenleitfähigkeit, deren Absolutwerte im Lokalpaarungsregime auf et-
wa aσ ≈ 0.03 des aufgrund von simplen Mott-Argumenten erwarteten Wertes
unterdrückt wird (im Elektronenglasregime gibt es ebenfalls eine, verglichen
mit dem Lokalpaarungsregime schwächere Unterdrückung aufgrund der sehr
starken Unordnung und der Reduktion der Beiträge von Mottresonanzen
[33, 39]). Beide Reduktionen, aε und aσ im Lokalpaarungsregime lassen sich
perfekt mit der Existenz einer Pseudoenergielücke ∆p erklären, wie dies im
Rahmen der fraktalen Andersonlokalisationstheorie möglich ist [38, 39] und
liefern daher Hinweise darauf, dass selbst in komplett isolierenden Indiu-
moxidproben noch eine Paarungslücke vorhanden ist, welche wahrscheinlich
durch lokalisierte Cooperpaare hervorgerufen wird [12, 33].

Zusammenfassend konnten in dieser Arbeit die drei folgenden Hauptergeb-
nisse erzielt werden

• In der Nähe des Supraleiter-Isolator-Übergangs sind Coulombinteraktio-
nen zwischen Elektronen in isolierendem, amorphen Indiumoxid stark
abgeschirmt und damit Unterdrückt. (ε1 > ε1,c ≈ 100)

• Die elektronischen Eigenzustände sind fraktal in der Nähe des SIT.
(Skalierung von ε1(T0) und σ1(T0) mit der fraktalen Dimension D2 ≈
1.3)

• Selbst in komplett isolierendem, amorphen Indiumoxid existiert ei-
ne Pseudoenergielücke, welche auf lokalisierte Cooperpaare hindeutet.
(Unterdrückung von ε1 und σ1)
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2. Theory

2.1. Superconductivity

A microscopic theory of superconductivity has been developed by Bardeen,
Cooper and Schrieffer in 1957 [51], which has been dubbed the BCS-theory.
Its key points are the formation of so-called Cooper-pairs consisting of two
electrons [58] at the Fermi-level which attractively interact via the exchange
of a phonon. This can be understood visually by the deformation of the
lattice by the negative potential of the first electron leading to a positively
charged cloud, which produces an attractive force on a second electron. In
this regard it is important, that electrons move faster than the lattice is able
to relax back to its initial state. This is given in a typical conductor since
the Fermi-energy is typically larger than the Debye energy. The attractive
interaction is characterized by the Cooper-interaction constant λ, leading to
electron-pairs even for arbitrarily low λ [58].

The resulting superconducting state can be characterized by the (simplified)
Hamiltonian [33]

H =
∑
jσ

Ejc
†
jσc

†
jσ +

∑
j,k

Vjkc
†
j↑c

†
j↓c

†
k↑c

†
k↓ , (2.1)

with Ej the energy of a single electron, Vjk the interaction potential and
cjσ, c

†
jσ the annihilation and creation operators of single electrons with spin

state σ. The first term is the kinetic energy of the electrons, while the second
term is the interaction of two electrons. Here, it is assumed that always
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2. Theory

two electrons of opposite spin interact attractively. This is required, since
electrons are Fermions and their total wavefunction has to have antisymmetric
character even in the paired state. Since their spatial wavefunction typically
is symmetrical, their spin functions have to be antisymmetrical, leading to
opposing spins in the pair. This also defines the total spin of a Cooper-pair
in a simple BCS-superconductor to S = 0. This in turn makes Cooper-
pairs Bosons, which can form a macroscopically coherent ground-state ψ of
defined amplitude ∆ and phase ϕ, ψ = ∆ · exp (iϕ) [56]. The superconducting
energy gap ∆ arises due to the energy gain by pairing electrons to pairs and
consequently leads to a suppression of the density of states ν0 at the Fermi
energy EF . The states suppressed at EF shift to EF −∆ and EF +∆, giving
a spectral energy gap of 2∆.

If the temperature is below a certain critical temperature Tc the missing ν0
states at EF evoked by the formation of the macroscopic ground-state lead to
completely suppressed scattering-possibilities, giving a perfect conductor with
zero DC-resistivity. At finite frequencies 0 < ℏω < ∆ and at temperatures
0 < T < Tc, in-gap states, meaning unpaired quasi-particles lead to a finite
frequency-dependent resistivity [56]. At ℏω > ∆ the Cooper-pairs are broken
and normal-conducting behavior is restored at high enough ω. Tc stands in
close relation to the gap ∆ and by deriving the temperature-dependent gap
∆(T ) it can be found [56]

2∆(T = 0)

kBTc
≈ 3.53 . (2.2)

For the theory of simple BCS-superconductivity this ratio is universal and
independent of the material. However, if values are found which are vastly
different from (2.2) it is a strong indicator that more complex mechanisms
are at play such as non-BCS superconductivity [59] or strong influences of
disorder [8].
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2.2. Thomas-Fermi screening

Apart from zero DC-resistivity, superconductivity is also characterized
by perfect diamagnetism [56]. When situated in an external magnetic field,
surface currents are established, which themselves create an antagonistic
magnetic field in the interior of the bulk superconductor, which in turn
cancels the exterior magnetic field. This leads to an exponential decay of the
external magnetic field at the surface of the superconductor. In this area also
the surface currents run. For this decay the characteristic decay depth can
be found with the London equations (cgs-units) [56, 60]

λ =

√
mc2

4πe2Ns
, (2.3)

with m and e the electron mass and charge and Ns the superfluid density. This
is the London penetration depth with its empirical temperature-dependence
found as the Gorter-Casimir equation [61]

λ(T ) =
λ(T = 0)√
1−

(
T
Tc

)4 , (2.4)

with Tc the critical temperature of the superconductor.

2.2. Thomas-Fermi screening

A solid metal consists of a lattice and electrons. Free electrons can rearrange
freely depending on external stimuli (electric/magnetic field, current) and on
the crystal structure. When adding an additional charge −e into a metal, the
conduction electrons rearrange and shield the electronic Coulomb potential
of the additional charge. This process is called screening. In the static
case (ω = 0) this can be described by the Thomas-Fermi screening [56, 62].
In a classical, microscopic model, the screening is caused by repelling the
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conduction electrons. This leads to an effective positive charge density around
the charge directly counteracting the negative charge potential.

To find the characteristic length scale on which the Coulomb potential of
the charge −e is suppressed, the Poisson equation will be used following [56,
63]

∇(ε∇Φ(r)) =− 4πρ = −4π(ρind + ρext) (2.5)

∇2ϕ(r) =− 4π

ε
(δN(r) + ρext) , (2.6)

with ρ = ρind +ρext the sum of the external and the induced charge density, ε
the isotropic dielectric constant and a deviation δN(r) from the homogeneous
charge density N0 as

δN(r) = N(r)−N0 . (2.7)

The potential ϕ adds energy to the kinetic energy of the system as [56]

E(r) = EF − eϕ(r) =
ℏ2

2m

(
3π2N(r)

)2/3
, (2.8)

with EF the Fermi energy. Solving (2.8) for N(r) and expanding it around EF
leads to only a small change as (2.7) becomes δN(r) = − 3N0e

2EF
ϕ(r). Putting

this into (2.6) one finds

∇2ϕ(r) = −α
2
scr

ε
ϕ(r)− 4π

ε
ρext . (2.9)

with αscr the Thomas-Fermi screening length, which can be derived in a
general form as (SI-units) [62]

αscr =
vF
ωP

= vF

√
mε0
N0e2

, (2.10)
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2.2. Thomas-Fermi screening

with ωP =
√
N0e2/ε0m the plasma frequency [56] and vF the Fermi-velocity.

Solving (2.9) in three dimensions for a point charge −e at r = 0 with
ρext = −eδ(r) one finds the Yukawa potential as the solution [63]

ϕ(r) =
e

εr
e−αscrr , (2.11)

where r now is the distance from the additional charge. It can be seen,
that the potential takes on the form of a Coulomb potential ∝ 1/r with an
additional exponential suppression. Schematically the change between the
regular Coulomb potential and the screened Yukawa potential is shown in
Fig. 2.1 (a). For two electrons close to each other the overlap of the potentials

Fig. 2.1.: (a) Schematic potential in the unscreened case (Coulomb potential)
and the screened case (Yukawa potential) for two point-charges
close to each other. Their overlap reduces, meaning less Coulomb
interaction between the charges. (b)Schematic depiction of a two-
dimensional conductor and the surrounding dielectrics.

reduces and Coulomb interactions diminish.
Screening can also be mapped as a function of a wavevector-dependent

dielectric function. By Fourier transforming (2.11) and taking ε as a function
of the charge distribution it is found ε1(q) = 1 + λ2

q2 [56], showing that far
away from the additional charge, where q → 0, ε1 diverges, meaning that here
the charge is perfectly screened and the electron states are not perturbed.
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3. Superconductivity in
disordered thin-films

3.1. Hopping conductivity

In disordered conductors charge carriers can be localized strongly. Typically
charge transport is then mediated by variable range hopping (VRH). Origi-
nally the simplest model for VRH has been proposed by Mott [52], which
focuses on non-interacting electrons. This so-called [56] Fermi-glass shows
thermally assisted DC-conductivity in d dimensions following [41, 56, 64, 65]

σDC(T ) ∝ exp

(
−
(
T0,Mott

T

) 1
d+1

)
, (3.1)

where [41, 52, 56, 65]

T0,Mott ∝
1

kBν0ξd
(3.2)

is the characteristic Mott-temperature with ν0 the density of states (DOS)
at the Fermi-energy and ξ a typical localization length-scale defining the
localization radius. When including long-range electron-electron interactions,

25



3. Superconductivity in disordered thin-films

meaning Coulomb repulsion, it follows the Efros-Shklovskii-type behavior for
all dimensions [53, 54, 56, 65]

σDC(T ) ∝ exp

(
−
(
T0,ES

T

)1/2
)

(3.3)

where [53]

T0,ES ∝ e2

kBε0ε1ξ
, (3.4)

with ε1 the dielectric constant. This behavior emerges due to the opening
of the so-called Coulomb-gap ∆C [53, 56, 66], which suppresses the DOS at
the Fermi-energy due to Coulomb-interactions, leading to the Coulomb-glass
state. For ∆C it holds [54, 67]

∆C ≈ e3ν
1/2
0

(ε0ε1)
3/2

= kB

(
T 3
0,ES

T0,Mott

)1/2

. (3.5)

The soft gap (3.5), however, vanishes for large temperatures, if the temperature-
assisted hopping energy exceeds ∆C . Then the conductivity crosses over from
ES-behavior (3.3) back to Mott-behavior (3.1) [66, 68].

The above formulae were derived for DC-conductivity. To find σ as a
function of frequency the pair approximation is used, which is based on the
probability of photon-assisted single-electron hopping between localized sites
[69]. In this regard two localized states Ψa and Ψb are looked at, which are
spatially separated |xa − xb| > 0 but energetically close Ea − Eb = ℏω, so
that incoming photons with frequency ω can induce the transition from one
state to the other. Schematic wave functions for two such states are shown in
Fig. 3.1 (a) [57]. Ψa and Ψb are localized, meaning that they are not extended
across large distances but are limited to a length scale of the order of the
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r

(a)

(b)

(c)

a b

a b

Fig. 3.1.: (a) Schematic depiction of the wave functions Ψa and Ψb of two
localized single-electrons at locations xa and xb. (b) Hybridization of
the two individual wave functions to a combination. (c) Dynamical
density response function s(ω, x). ξ denotes the localization length,
r the most effective hopping distance. (a) and (b) with modifications
from [57], (c) with modifications from [38].

localization length ξ [57, 70, 71]. Such pairs of states can now be understood
as two states hybridizing to combined states Ψ+ and Ψ− [57], see Fig. 3.1 (b).

An incoming photon can now excite the transition from Ψa to Ψb, which is
why this excitation mechanism is founded on so-called Mott resonances. In
the following only frequencies ω ≪ δ with the energy splitting δ ∝ 1/ξ3 are
taken into account. To find quantitative details about dynamic properties of
such Mott resonances, correlation functions between the two states can be
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3. Superconductivity in disordered thin-films

calculated. In particular the disorder-averaged dynamical density response
function is useful with [57]

s(ω, |xα − xβ |) = 2

〈∑
n,m

δ(Em − En − ℏω)

×Ψ∗
n(xα)Ψn(xβ)Ψ

∗
m(xβ)Ψm(xα)

〉
,

(3.6)

where the sum over all eigenstates m and n with energies Em and En is
taken and averaged over disorder ⟨. . . ⟩ [38]. The factor 2 stems from spin
degeneracy [38]. The general form of s(ω, x) is found as schematically shown
in Fig. 3.1 (c) (where xα = 0 and xβ = r). The region close to 0 is dominated
by the statistics of a single wave function [57], whereas at r there is a negative
hump [38, 57]. r in this case is the most effective distance for hopping between
two wave functions and has been found by Mott to [38, 43, 57, 65, 71]

r = ξ ln

(
2I0
ℏω

)
, (3.7)

with I0 the pre-exponential factor of the overlap-integral between the states
[43].
s(ω, |xα − xβ |) is related to several physical quantities such as the frequency-

dependent conductivity σ1 and the static polarizability χ with [38]

σ1,αβ(ω) = −π
2
ω2

∫
dxxαxβs(ω, |xα − xβ |) (3.8)

χαβ =
2

π

∞∫
0

dω

ω2
σ1,αβ(ω) , (3.9)

where (3.9) is the Kramers-Kronig relation to calculate χ from σ1. From
equation (3.8) the well-known Mott behavior σ1(ω) ∝ ω2 lnd+1(const./ω) [38,
71] is found.
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3.1. Hopping conductivity

In general, quantitatively for interacting electrons including long-range
Coulomb repulsion e2/εr it follows [43, 71]

σ(ω) =
π2

3
e2ξν20ωr

d+1

(
ℏω +

e2

εr

)
. (3.10)

ν0 is the DOS at the Fermi-energy assumed to be constant. In the two
limiting cases, the case where the exciting frequency is larger than the
Coulomb-interaction and the opposite case it follows

σ(ω) =


π2

3
e2ξd+2ν20ℏω2 lnd+1

(
2I0
ℏω

)
ℏω ≫ e2

εr (3.11)

π2

3ε
e4ξd+1ν20ℏω lnd

(
2I0
ℏω

)
ℏω ≪ e2

εr . (3.12)

Equation (3.11) is the typical Mott-behavior of the Fermi-glass [71]. Here,
apart from a logarithmic correction it is σ(ω) ∝ ω2. In the second case,
the Coulomb-glass in equation (3.12) a linear behavior is found σ(ω) ∝ ω

in first approximation. Consequently a crossover from Coulomb-glass at
low frequencies to Fermi-glass at high frequencies can be found [65, 72].
Equation (3.12) has been found assuming constant DOS ν0 at the Fermi-
level. This is given if e2/εr ≫ ∆C , meaning that only states outside the gap
contribute to the conductivity and occupation numbers are not much altered
[43, 65]. However, if states inside the gap ℏω < e2/εr < ∆C contribute, it
follows for the conductivity σ(ω) ∝ ω/ ln

(
2I0
ℏω
)

[43], meaning σ(ω) shows
sub-linear behavior.

In the case of localized Anderson insulators, where an energy splitting
δ ∝ 1/ξ3 with the localization length ξ is found (see later section 3.5.2), the
argument of the logarithm in equations (3.11) and (3.12) can be identified
with ln (δ/ℏω) [33, 38, 39].

Above formulas are only applicable if the system is in the zero-phonon
regime [43, 44]. This is the case if kBT ≪ ℏω, meaning that here the phonon-
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3. Superconductivity in disordered thin-films

assisted conductivity is small compared to the photon-assisted conductivity.
In this case σ(ω) is temperature-independent [56, 65]. It’s possible, that in
this regime the conductivity is many orders of magnitude larger than at zero
frequency [65, 73] even at still relatively low frequencies (e.g. 1× 102 − 1×
103 Hz [73]). If the temperature is larger however, electrons can move in the
system by absorbing and emitting phonons leading to relaxation processes with
their corresponding energy dissipation. The characteristic hopping distance
then changes to the order of r′ = ξ/2 ln (νph/ω) [43], with a frequency νph

on the order of phonon frequencies (typically ∼ 1× 1012 − 1× 1013 Hz) [43].
σ(ω) is found as the Austin-Mott behavior following [43, 74, 75]

σ(ω, T ) =
π4

24
e2ξν20kBTωr

′d+1 =
π4

384
e2ξd+2ν20kBTω ln4

(νph

ω

)
. (3.13)

3.2. Suppression of the superconducting
wavefunction

For disordered materials the superconducting order parameter found in
section 2.1 becomes highly complex, meaning that the order parameter [6, 56]

ψ(r) = ∆(r)eiϕ(r) (3.14)

is strongly dependent on the underlying material properties with spatial
variance both in the amplitude ∆(r) and the phase ϕ(r). Any suppression of
the order parameter can now be driven by either part, ∆(r) and ϕ(r), were
each mechanism is fundamentally different. Usually both mechanisms occur
at the same time [8, 76] although with varying magnitude [77]. The two
pathways are sometimes called the fermionic pathway (attacking ∆(r)) and
the bosonic pathway (attacking ϕ(r)) [8, 77, 78]. The dimensionality of the
systems which exhibit the these mechanisms are usually reduced, meaning
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3.2. Suppression of the superconducting wavefunction

that the mechanisms are prominent in quasi-two-dimensional thin films [6, 8,
29, 30, 36].

A schematic phase diagram of a disordered superconductor is shown in
Fig. 3.2 [8, 36]. The critical temperature as a function of disorder is depicted
with the two pathways in red (bosonic) and blue (fermionic). In the fermionic
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Fig. 3.2.: (a) Phase diagram of a superconductor (SC) with the critical tem-
perature as a function of disorder. At the quantum critical point
(QCP) the transition from SC to insulator happens. TVBKT denotes
a critical temperature at which phase-coherence and superconduct-
ing stiffness are established and macroscopic SC is formed. Tc,0
is the critical temperature from BCS-theory, which is suppressed
by the Finkel’stein mechanism (Tc) shown in (b). Close to QCP
fluctuations give rise to uncertainties in Tc. Modeled after [8] and
[36].

case any effective attractive interaction between the electrons in the system is
suppressed by increased repulsive interaction [29, 30, 79]. In BCS-type super-
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3. Superconductivity in disordered thin-films

conducting materials the repulsive Coulomb interactions between electrons is
effectively screened by Thomas-Fermi-screening [56], see section 2.2, hence
the attractive Cooper-attraction mediated by phonons surpasses the Coulomb
interaction and Cooper-pairs can form [51]. Intuitively, increasing disorder
in the system deceases the ability of electrons to move freely, since now the
scattering rate is enhanced strongly [80, 81]. This in turn leads to less diffu-
sive motion of the electrons and weakens screening [81]. Weakened screening
however, enhances Coulomb repulsion which overcomes Cooper attraction
and leads to destruction of all Cooper-pairs [30], meaning that here ∆(r) = 0.
In Fig. 3.2 the suppression of the critical temperature by this mechanism
is shown in blue. Since the fermionic mechanism applies to the formation
of the Cooper-pairs themselves on a fundamental level, its corresponding
critical temperature, simply called Tc in the figure, might be different from a
global superconducting transition, which only occurs at TVBKT [82, 83], the
critical temperature of the vortex-Berezinskii–Kosterlitz–Thouless transition
(explained below and in section 3.4). The suppression of Tc with disorder has
been described by Finkel’stein [29, 30] and will be explained in further detail
in section 3.3.

The bosonic pathway at first seems less intuitive. Here, the Cooper-pairs
are not destroyed, but still remain in the system [8, 17, 28, 33, 36]. However,
their long-range phase coherence, the superconducting stiffness, is lost, so
they do not form a global phase coherent macroscopic state [36]. While
the amplitude ∆(r) can still be finite, the phase ϕ(r) is not well-defined
anymore and varies in space. This leads to a scenario, where the localization
of electronic states due to disorder, inhibits the formation of macroscopic
superconductivity, but still enables local one [17, 46, 84]. As a function of dis-
order this pathway leads to a reduction of the Berezinskii–Kosterlitz–Thouless
(BKT) transition temperature TVBKT, which is the characteristic quantity
denoting the temperature below which phase-coherent superconducting stiff-
ness is established [82, 83]. In Fig. 3.2 (a) this is shown in red. Note that in
the area TVBKT < T < Tc Cooper-pairs without phase-coherence can exist
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3.2. Suppression of the superconducting wavefunction

[28, 32]. The bosonic pathway is made possible by the reduced dimensional-
ity in thin-film systems. The quasi-2D character enhances fluctuations and
generates topological defects [8]. These defects come in the form of vortices,
which play a major role in the suppression of the superconducting stiffness,
giving rise to the BKT-transition [82, 83].

There are two possible mechanisms which could drive the suppression
of superconductivity within the bosonic pathway, depending on whether
Coulomb interactions are considered to be large or negligible [33]. In the first
case it is assumed, that Cooper-pairs interact with each other via Coulomb
interaction, repelling each other [36, 85]. It is assumed that there are areas,
where superconductivity exist locally, which are separated by insulating
tunnel barriers. This is analogous to an array of Josephson-junctions, where
the Coulomb charging energy EC competes with Josephson energies EJ
[14, 33]. Depending on the energy ratio EJ/EC , the ground state is either
superconducting (EJ/EC ≫ 1) or insulating with Mott-Hubbard localization
(EJ/EC ≪ 1) [36, 86]. This will be explained in more detail in section 3.4.

The other possible mechanism in the bosonic pathway neglects Coulomb
interactions between Cooper-pairs completely. In this case, the localization
of single electron states are the main reason for suppression of macroscopic
superconductivity and directly lead to an insulating ground state [33, 87].
It is suggested [33] that this mechanism is a third alternative to fermionic
and bosonic and should be called the “fractal pseudo-spin scenario”, since the
(fractal) superconductivity emerging in this scenario can be described using
Anderson’s reformulation of the BCS-theory with pseudo-spins [33, 88]. The
detailed mechanisms at play will be explained further in section 3.5.

While the first bosonic pathway with the interplay of EJ and EC seems
primarily dominant in granular materials [89–91], where the inhomogeneous
structure of the films already imposes superconducting granularity with island-
like structure that is separated by non-conducting material, the situation is
more complicated in homogeneously disordered amorphous thin-films. Here,
also a suppression of superconductivity is found [8, 17, 28, 33, 46, 47, 92,
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3. Superconductivity in disordered thin-films

93], with emergent superconducting granularity [17], the underlying physics
however, may be more complex [8, 33].

For sufficiently high disorder, at some point a quantum critical point (QCP)
is traversed in a continuous quantum phase transition [9]. In the following
regime, there is no superconducting stiffness and phase-coherence will not
be able to be established even at arbitrarily low temperatures. Typically
this regime can either be metallic or an insulating state [8]. In this work,
the insulating state will be highlighted, since it is the most peculiar state
occurring in some homogeneous amorphous thin-films, in particular in indium
oxide [10–12, 33, 48]. The nature of this state still poses many unresolved
questions, as it shows strong insulating behavior, sometimes exceeding even
simple activated behavior [42, 94], yet Cooper-pair formation still seems
possible. This poses the question, whether in this regime with localized single-
electron states, also the Cooper-pairs are localized. This would possibly be
the case for T < Tc (compare Fig. 3.2), if Tc still remains finite far into the
insulating state, yet TVBKT = 0.

Of course it is not always clear cut whether it is only one pathway or the
other and the pathways are not entirely separable. In real materials there are
often contributions from multiple pathways at the same time [8]. It is also
possible that depending on the amount of disorder first the fermionic pathway
for medium amounts of disorder will occur to some extend, followed by a
bosonic pathway at higher disorder [8]. Current state of the art experiments
for thin-films of indium oxide will be shown in section 6.1.

3.3. Finkel’stein mechanism

In the Finkel’stein mechanism Coulomb interactions play a large role [29, 30].
They are the main driving forces inhibiting the formation of Cooper-pairs
and ultimately preventing superconductivity. It’s possibly applicable to some
homogeneously disordered thin-films without any underlying granularity.
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3.3. Finkel’stein mechanism

While superconductivity is robust when subjected to small amounts of
disorder (Anderson theorem) [27], increasing disorder at some point leads
to a substantial decrease of the diffusive motion of the electrons, decreasing
screening and thus enhancing Coulomb interactions between electrons [81].
To describe superconductivity in such conditions, the BCS-mean field theory
[51] is extended to include disorder reduced Cooper-attraction as [33]

λ(E) = λ0 −
e2

3πh
R□ ln

1

Eτ
, (3.15)

with a small energy transfer E, λ0 the unaltered Cooper-attraction and τ the
mean scattering time. R□ is the normal-state sheet resistance of the thin-film.
Tc is directly related to λ and can be found as [29, 30]

Tc = Tc,0

[
1− 1

12πg
ln3
(

1

Tc,0τ

)]
, (3.16)

with Tc,0 the unaltered critical temperature, assuming zero disorder (g → ∞).
(3.16) is now expressed as a function of g = h

4e2R□
, which is the dimensionless

film conductance [33]. For strong disorder close to complete suppression of
superconductivity it is found with renormalization-group analysis [7, 29, 30]

Tc = Tc,0e
− 1

γ

[
γ − ρ/4 + (ρ/2)1/2

γ − ρ/4− (ρ/2)1/2

]1/√2ρ

with γ =

(
ln
Tc,0τ

ℏ

)−1

, ρ =
e2

2π2ℏ
R□ .

(3.17)

(3.17) now describes the suppression of Tc with increasing sheet resistance of
the thin-film and is shown in Fig. 3.2 (b) as a function of 1/g and in Fig. 3.3
as a function of R□ ∝ 1/g. Fig. 3.3 shows good agreement with Tc-data
from MoGe-films of different disorder [29, 31]. It demonstrates that when
increasing disorder, the resistivity of a material increases, meaning reduction
of g, and Tc is quickly suppressed. At some point the superconductivity is
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3. Superconductivity in disordered thin-films

Fig. 3.3.: Critical temperature Tc of MoGe thin-films as a function of disorder,
with R□ ∝ 1/g as characteristic quantity. The data is well described
by (3.17). From [7] based on [29] with data from [31].

even terminated completely. From (3.17) a critical conductance is found as
gc =

1
2π ln2 1

Tc,0τ
[8].

The Finkel’stein mechanism is a valid pathway to describe suppression
of superconductivity with disorder and focuses on the suppression of ∆(r)

at all locations r in the system. However, the number of systems it can
describe successfully is limited. In most, gc is quite large [8, 29, 33] meaning
that superconductivity is quickly suppressed at low amounts of disorder.
Superconductivity is then terminated by a ’bad metal’ regime showing weak
localization effects.

An interesting effect that occurs very close to the transition at gc is the
formation of mesoscopic fluctuations of the superconducting state in real
space [95–97]. Small spatial variations in the conductance g(r) lead to
strong influence on the Cooper-coupling (3.15) and consequently on the
local critical temperature Tc(r) (3.16). For nearly critical films g ≈ gc the
fluctuations even become as large as Tc itself, ∆Tc/Tc ≥ 1, meaning that
now the superconducting state has become inhomogeneous. Superconducting
islands are separated by poorly metallic barriers [33, 97]. They form weakly
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3.4. Berezinskii-Kosterlitz-Thouless physics

coupled SNS Josephson-junctions, which depending on the competing energies
of EC and EJ can form a non-superconducting state already below gc [97].
In the systems discussed here, the interplay between EJ and EC is highly
complex due to the fluctuating nature of the superconducting state near gc.
Nevertheless it seems closely related to the suppression of superconductivity
with the Coulomb-blockade in Josephson-junction arrays, as will be discussed
in section 3.4.1.

3.4. Berezinskii-Kosterlitz-Thouless physics

Opposed to the amplitude-driven pathway of section 3.3, which mainly sup-
presses ∆ in the wavefunction (3.14), the phase-driven pathway focuses on
(quantum) fluctuations in the phase ϕ(r) that destroy superconductivity [6].
Here, for sufficiently high disorder, ∆(r) can remain finite, forming super-
conducting “puddles”, that are separated by non-superconducting areas [17,
33], while a global macroscopic superconducting state cannot be established.
Depending on whether Coulomb interactions between the charge carriers play
a role within the context of this pathway, different mechanisms can be at play,
on the one hand based on BKT-physics (including Coulomb interactions)
[8, 14, 98], discussed in this section, or on the other hand on localization of
single-electron states (neglecting Coulomb interactions) [33], which will be
discussed in the next section 3.5.

The Berezinskii-Kosterlitz-Thouless (BKT) transition [82, 83] is based
on the topological binding-unbinding phase transition of a pair of vortices
and antivortices in a two-dimensional system. It appears in 2D-materials
or Josephson-junction (JJ) arrays, where superconductivity is confined to
superconducting areas separated by tunneling barriers [99, 100]. For the
vortex-BKT transition the system has to be strong-coupling and the Josephson
energy has to be larger than the Coulomb charging energy EJ > EC , so
the system becomes superconducting at low temperatures [14]. In these
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3. Superconductivity in disordered thin-films

systems vortex-antivortex pairs interact with each other and are able to
bind and unbind depending on temperature and properties of the underlying
material/array. To conserve flux neutrality there are always equal amounts
of vortices and antivortices.

Above the characteristic binding temperature TVBKT, where the system is
resistive, the vortex-antivortex pairs are unbound and the vortices as well
as the antivortices can diffuse freely [14]. Since every vortex carries a phase
of 2π (this can be seen by integration around a vortex, encircling it), their
movement in the system leads to phase fluctuation, directly inhibiting global
phase coherence, suppressing superconductivity. Below TVBKT however, the
vortices and antivortices bind together and form neutral dipoles. These
dipoles each consist of one vortex and one antivortex, giving a total phase
of zero when encircling the dipole. Since the pair carries no phase, diffusion
of the dipole does not cause phase fluctuations and has no influence on the
global superconducting phase. Below TVBKT, therefore superconductivity
sets in.

The defining parameter for the magnitude of TVBKT is whether it is ener-
getically more favorable to bind vortex-antivortex pairs together or to have
them unbound in the system. Two energies play antagonistic roles. The
binding energy of the pair is competing with the energy contribution of the
entropy. The total energy is found as the Helmholtz free energy consisting of
the energy of a vortex-antivortex pair and the product of temperature and
entropy. For one vortex-antivortex pair this gives [14, 83]

F = E − TS

= E0 ln
( r
a

)
− kBT ln

(( r
a

)2)
= (E0 − 2kBT ) ln

( r
a

)
.

(3.18)

Here, E0 is the energy parameter of the pair, r is their distance and a is a
minimum spatial cut-off parameter. In JJ-arrays a is the lattice parameter
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3.4. Berezinskii-Kosterlitz-Thouless physics

with which the number of configurations to place a vortex-antivortex pair at
a distance r is ∝ (r/a)2, giving the above entropy contribution. From (3.18)
it is seen that F can either be positive or negative depending on temperature

F =

> 0 for T < E0

2kB

< 0 for T > E0

2kB
.

(3.19)

Therefore, below the critical temperature TVBKT, defined at F (TVBKT) =

0 ⇒ TVBKT ≈ E/2kB, it is energetically favorable to reduce the distance
r → 0 between the vortex and antivortex in order to minimize F . The
vortex-antivortex pair is consequently bound to a dipole. Above TVBKT, the
system reduces energy by placing the vortex and antivortex far apart due to
the energy gained by the entropy contribution. The vortex and antivortex
are then unbound and free to diffuse.

A crucial requirement for equation (3.18) is the fact that the interaction
energy between the vortex and antivortex grows logarithmically with their
separation ∝ ln(r/a) and not faster, so it combines exactly with the energy
contribution from entropy [83]. This is only given in 2D lattice systems
[14]. Another requirement is for the model system to have relatively large
superconducting puddles connected by tunneling barriers [8]. This fixes a
to be relatively large. This in turn is necessary, since one limiting factor
is the vortex-antivortex confinement. The distance of the pair must not
exceed the London penetration depth λL [14]. The requirement for large
superconducting puddles and large values of a is given in artificial JJ-lattice
systems. However, in the case of homogeneously disordered systems, it is
argued that typical sizes of superconducting puddles might be much smaller
than what is required and the tunnel barriers might be too inhomogeneous
and inconsistent in coupling strength [8].
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3. Superconductivity in disordered thin-films

3.4.1. Coulomb-blockade in Josephson-junction arrays

The deciding factor, whether a lattice system goes superconducting or if it goes
insulating at low temperatures is the competition between Josephson energy
EJ and Coulomb charging energy EC . The latter, the energy needed to add
an additional Cooper-pair to a superconducting grain is EC = (2e)2/2C [33],
C being the capacitance containing contributions from inter-grain coupling
as well as the ground capacitance of the grain [98]. If EC is smaller than
EJ , then superconductivity is possible with the mechanism detailed above.
However, if EC > EJ movement of Cooper-pairs from one grain to the other
is unfavorable and any conduction is suppressed leading to an insulator. The
transition from superconductor to insulator happens at EJ ≈ EC [14, 33]. A
model to describe this transition based on superconducting grains has first
been proposed by M. P. A. Fisher [35, 36, 85] and proposes the following
Hamiltonian

H =
∑
ij

EijC (Ni − qi) (Nj − qj)−
∑
ij

EijJ cos
(
ϕi − ϕj +Aijext

)
. (3.20)

The first sum describes charging energies of the grains i and j, while the second
term describes Josephson-tunneling energies. In addition to the pure charging
energies described by

∑
ij

(2e)2/(2Cij)NiNj , an additional contribution qi

is introduced, giving each grain a small random potential to ascribe for
conditions in real JJ-arrays [101], where it has been found that random
fluctuations occur, although with very slow change. Due to the slow variation,
they can be set constant ascribing them to be quenched to a fixed value [33,
36]. Furthermore the second term, the Josephson term includes an additional
magnetic vector potential Aijext (with Bext = ∇×Aext) to include a possible
contribution from an external magnetic field giving the magnetic-field-driven
transition [22, 24, 36]. For the purely disorder-driven transition it is Aijext ≡ 0.

(3.20) describes hard-core, interacting charge carriers, dubbed “dirty bosons”
[8, 102]. The implications of this model are not fully understood yet [33] and
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3.4. Berezinskii-Kosterlitz-Thouless physics

pose several curious properties, which e. g. show glassy features with Cooper-
pairs forming a Bose-glass [35, 103]. The transition from superconductor to
(possibly) insulator in this mechanism is driven by the competition between
Cooper-pairs and vortices wanting to condense. Similar to Cooper-pairs,
which condense to a macroscopic state at TVBKT, vortices can also condense
to a macroscopic state, since both are bosons. At the critical disorder, where
the transition happens, both want to form macroscopic states, which in turn
leads to them diffusing at the same time. Here it is therefore predicted that
there should exist a universal resistance with the quantum resistance of a
Cooper-pair h/(2e)2 ≈ 6.5 kΩ [85, 102, 104]. This metallic behavior at the
transition and its scaling [36] close to the transition is debated, yet it could be
found in experiments to varying accuracy even in homogeneously disordered
thin-film samples such as indium oxide [22, 105].

Another implication of the model (3.20), in particular in dependence of an
external magnetic field, is the emergence of negative magnetoresistance in the
insulating phase [40, 89, 106, 107]. In the insulating phase, all charge carriers
are formed to Cooper-pairs and localized due to Coulomb interactions and
random potentials, following (3.20). This means, that there are no single
electrons left in the systems, which could contribute to the conductivity
via tunneling. Subsequently the insulating phase has large resistance with
R(T ) ∝ exp (T0/T ). If a large external magnetic field is applied however, the
superconducting gap is suppressed and Cooper-pairs are split up. The single-
electrons have a larger tunneling amplitude and lower Coulomb charging
energy (due to having a charge of e as opposed to a Cooper-pair with
2e), which leads to an increase in conductivity, since now single-electrons
contribute to transport. This intriguing effect has been found in granular
materials [89], as well as in homogeneously disordered thin-films of indium
oxide [40, 107].
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3.4.2. Superconductor-superinsulator duality

At the beginning of section 3.4 it has been shown that Berezinskii, Kosterlitz
and Thouless found a fundamental transition, which is based on the idea
that the superconducting transition is explained by the formation of bound
vortex-antivortex pairs with total phase zero. Fundamental requirement for
this transition is the logarithmic dependence of the binding energy on the
distance so it exactly combines with the energy contribution of the entropy
(equation (3.18)). This mechanism however, is suggested to not be limited to
the superconducting phase alone. Deep in the insulating phase, the attraction
between Cooper-pairs and “anti-Cooper-pairs” gains logarithmic character
leading to a full duality between superconductor and (super-)insulator [36,
85, 108]. In literature suggesting the presented theory, “Anti-Cooper-pairs”
are typically characterized denoted as the “local deficit of a Cooper-pair” [14,
109]. Both Cooper-pairs and anti-Cooper-pairs are suggested to be found
in equal amount in these systems to conserve neutrality [14]. Similar to the
critical temperature TVBKT, the temperature of the vortex-BKT transition
at which vortex-antivortex pairs bind, a critical temperature TCBKT is found
at which the charge-BKT transition happens, where Cooper-pairs and anti-
Cooper-pairs bind.

The implications of this are a superinsulating state at low temperatures,
at which conductivity reaches exactly zero at finite temperatures [34, 42,
94]. Similar to a superconductor where resistivity reaches zero, it is the
conductivity which vanishes in the superinsulating state. A phase diagram
including all these phases has been proposed [14, 100] and is shown in Fig. 3.4
[14]. The exact shape of the phase-diagram, in particular directly at the
QCP at gc, whether TCBKT(gc) = TVBKT(gc) = 0 or maybe TCBKT(gc) =

TVBKT(gc) > 0 is still under debate [14]. g can have two meanings, it can
either be the energy ratio g = EJ/EC with gc = EJ ≈ EC for JJ-arrays [14,
33], or the dimensionless conductance for homogeneously disordered thin-
films. For large g, meaning for disordered thin-films with good conductivity
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Fig. 3.4.: Proposed phase-diagram for the superconductor-superinsulator du-
ality. For high g (high conductivity for disordered films or large
coupling g = EJ/EC in JJ-arrays) below Tc Cooper-pairs form.
Only below TVBKT the vortex-antivortex pairs bind and supercon-
ductivity is reached. At TVBKT < T < Tc the film is still resistive.
For low g this is analogous, below TI the Cooper-pairs form but
can still tunnel from site to site, leading to activated insulating
behavior. Below TCBKT Cooper-pairs anti-Cooper-pair dipoles bind
and true zero is reached in conductivity forming the superinsulator.
Taken from [14].

or JJ-arrays with good inter-grain coupling, the system goes from a metallic
state via a resistive state with Cooper-pairs to the superconducting state.
Below Tc Cooper-pairs form, however no phase coherence is established, which
is due to the diffusion of vortices and antivortices. Conduction is still possible
driven by inter-grain Josephson-tunneling of Cooper-pairs from one grain to
the other [14]. Since the single-electrons pair together, their density decreases
and their contribution to conductivity reduces. This can lead to an increase
in resistivity at temperatures slightly above TVBKT. Below TVBKT vortices
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and anti-vortices bind and macroscopic phase-coherence of the Cooper-pairs
is established.

On the insulating side g < gc, the metallic state is terminated at TI which
marks the critical temperature of the insulating state. At temperatures
TCBKT < T < TI the conductivity has thermally activated behavior [14],
where charges are bound to Cooper-pairs, that can tunnel from grain to grain.
Since charge transport is mediated by this tunneling, this regime might also
be dubbed “Cooper-pair insulator”. Below TCBKT Cooper-pairs and their
local deficits the “anti-Cooper-pairs” [14, 109] attract due to their logarithmic
interaction and Cooper-pair-anti-Cooper-pair dipoles are formed, which do
not carry any charge and are therefore neutral [14, 109]. Naturally, any
charge transport is inhibited, which thus leads to the superinsulator. As a
consequence, the resistivity increases (conductivity decreases) much faster
with T [42] in a double-exponential fashion ρ ∝ exp [exp a (b/T )] (with a and
b some constants) [34].

One fundamental requirement for the superinsulating state is the logarith-
mic dependence of the Coulomb interactions on the distance r between Cooper-
pair and anti-Cooper-Pair, similar to the logarithmic dependence between
vortex and anti-vortex in the vortex BKT-transition. It has been found [110]
that this interaction indeed becomes V (r) ≈ 2e2/(ε1d) {ln [2e/(εs + 1) · d/r]}
with d the film thickness, ε1 its dielectric constant and εs the dielectric
constant of the substrate below the film (with vacuum/air on top). For this
dependence to hold however, the electrostatic screening length ε1d/(εs + 1)

[14, 110] has to be larger than the Cooper-pair anti-Cooper-pair distance
d ≪ r ≪ ε1d/(εs + 1) [34, 94, 110]. For ε1d/(εs + 1) ≪ r the potential
becomes the usual V (r) ∼ 1/r. The fact that the screening length is larger
than the distance, and consequently has to be larger than the total system
size [34], requires the dielectric constant ε1 to be very large (as an order
of magnitude example, for a 10 nm-thick sample with size 10 µm and a sub-
strate with εs = 10, ε1 has to be ε1 ≈ 10 000). In this framework however
this is expected, since close to the transition ε1 should increase strongly.
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The network of grains coupled via Josephson junctions behaves similar to
a percolative system [14, 34, 111], where disorder breaks connections from
one grain to the next. Here, ε1 is expected to diverge at the transition, see
the appendix section A.1. Consequently with large ε1 logarithmic distance
dependence holds and charge BKT-transition can occur. However, when
going very deep into the insulating regime at some point for low enough g

the electrostatic screening length decreases to smaller than the sample size
[14] since ε1 decreases. At this point the Coulomb interaction is no longer of
logarithmic nature and the superinsulator ceases to exist.

Another important consequence is the dependence of the activation energy
in the insulating state on the system size [14, 34, 111–113]. In the insulating
state, the conductivity follows σ ∝ exp (−∆C/kBT ) with the activation
energy ∆C = EC ln (L/a) (for 2D JJ-arrays), with L the linear size of the
array and a the grain size [34, 111]. This size-dependent activation energy
is a consequence of the macroscopic Coulomb-blockade spanning the whole
array. The transport of a cooper-pair along the array therefore not only
depends on the capacitance of a single grain, but the total capacitance of the
whole system, which scales with ln (L/a) and results in the above activation
energy [14, 34, 111]. For this concept to apply however, the system size has
to be smaller than the Coulomb screening length [34], or the screening length
has to be larger than the system size respectively, which seems unlikely in
disordered superconductors [33]. Nevertheless some size-dependence on the
transport has been found in homogeneously disordered indium oxide [112]
and TiN [113], but has not been found in JJ-arrays yet [14].

3.5. Fractal Anderson localization

Up to now all mechanisms of superconductivity suppression and insulation in
disordered thin-films have included (strong) Coulomb interaction between
the charge carriers, being either single electrons (Finkel’stein mechanism,
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section 3.3) or Cooper-pairs (BKT-physics, section 3.4). However, mechanisms
for localization without Coulomb interactions are also possible. Here, Cooper-
attraction as the only form of interaction between electrons is the driving
force for localization.

The following mechanism relies on the simple BCS-mean field theory
[51], with the addition of strong disorder and combines both analytical and
numerical approaches [8, 12, 33]. While weak disorder does not perturb
superconductivity in bulk superconductors [27], strong disorder can lead to
localization of single-electron states, which in turn leads to destruction of
superconductivity. In this context the wavefunctions of the electrons become
(multi-)fractal [12, 33, 114]. The emerging superconductivity can be described
by Anderson’s reformulation of the BCS-theory with pseudo-spin operators,
which is why this mechanism can also be called the “fractal pseudo-spin”
mechanism [33]. The mechanism assumes the samples to be thick enough for
them to be assumed three dimensional [12, 33] as a similar theory for two
dimensional systems is not yet constructed [33].

The main parameter determining whether a system is superconducting or
insulating with this mechanism is the size of the Fermi-energy EF compared
to the Anderson mobility edge Em [12, 33]. The mobility edge is the energy of
the highest localized state, meaning that Em separates the localized from the
extended states. If EF lies beyond Em, the electron states at the Fermi-level
are localized and the material is expected to be an insulator, while if EF lies
outside the mobility edge there are mobile electrons resulting in the system
being conductive. In the localized state of a highly disordered system, the
electrons interacting with each other are electrons of opposite spin (analogous
to singlet BCS-theory).

46



3.5. Fractal Anderson localization

3.5.1. Fractal nature of nearly localized electron
wavefunctions

One key element in this mechanism is the (multi-)fractal nature of the elec-
tronic eigenstates [12, 13, 33, 37, 114]. Close to the Anderson localization
transition the eigenstates of the single-electron wavefunctions become fractal
in spatial dimension, meaning that they only occupy a fraction of the given
volume a delocalized eigenstate would occupy [37, 114]. A visual represen-
tation can be seen in Fig. 3.5 [37]. The implications on the properties of

Fig. 3.5.: 3D representation of the spatial intensity |Ψ|2 of a wavefunction
of a fractal state close to the transition at the Anderson mobility
edge. The inset shows the cut through the blue plane. It is found,
that the wavefunction occupies only a fraction of the space. With
modifications from [8], data from [37].

the model at hand can be derived starting from the BCS-Hamiltonian (2.1)
(section 2.1), since the present theory describes simple BCS-type interaction
between single-particle fermionic electrons. Now, for the interaction potential
a space-local BCS-type interaction via phonons is assumed Vij = gδ(r), with
g the electron-phonon coupling constant. Only pair-wise terms are taken into
account leading to the Hamiltonian [12, 33]

H =
∑
jσ

Ejc†jσc
†
jσ − λ

ν0

∑
j,k

Mjkc
†
j↑c

†
j↓c

†
k↑c

†
k↓ , (3.21)
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with Ej = Ej − EF the energy of the single-particle in relation to the Fermi-
energy. The matrix elements in (3.21) [12],

Mjk =

∫
drΨ2

j (r)Ψ
2
k(r) , (3.22)

play the crucial role, quantifying the interaction between the single-electrons.
Here, in particular the diagonal elements j = k, describing local interaction
of two electrons with opposite spin show anomalous scaling. For j = k

equation (3.22) becomes one-over the inverse participation ratio (IPR) N
[115, 116]. It has been found that for a fractal system this IPR has an unusual
scaling with the localization length following [12, 116]

N =M−1
jj =

(∫
dr |Ψ(r)|4

)−1

∝ ξD2 ,

(3.23)

The IPR gives a quantity for the number of eigenstates a (de-)localized
electron is subjected to. A perfectly delocalized electron extends along all
eigenstates in the system. Consequently for a large system, N → ∞, since
Ψ(r) ∼ 1/

√
N (from normalization) and N the number of eigenstates. If an

electron is perfectly localized however, Ψ ∼ δ(r) and N → 1.
The scaling of the IPR in (3.23) as a function of the localization length is

attributed to the multifractality of the system. Here D2 is the correlation
exponent or the fractal dimension [12, 33, 116, 117]. For a fully delocalized
system D2 = d with d the dimension of the system (in this case d = 3), for a
fully localized system D2 = 0. For a multifractal system 0 < D2 < d, which
means that the multifractal wave is delocalized, but occupies only a fraction
of the given space [116]. D2 can only be found numerically. It has been found
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for model systems in d = 3 with sizes up to several thousands of calculated
states as [116, 117]

D2 ≈ 1.29± 0.1 . (3.24)

3.5.2. Localization mechanism

The main concept of the suppression of superconductivity in this mechanism
is the competition of several energy scales as well as their corresponding
characteristic length scales. On the one hand there are the superconducting
gap ∆ at the Anderson transition point [12] and the Debye-energy ℏωD of
the phonons mediating the Cooper-attraction between the electrons. On the
other hand there is the mean quantum level spacing of the single-electrons δ
[118]. In a standard BCS-type superconductor it is δ ≪ ∆ ≪ ℏωD. However,
when confining the electrons to small localization volumes with the radius ξ,
the localization length, the average energy level spacing becomes

δ =
1

ν0ξ3
, (3.25)

with ν0 the single-particle density of states. If δ ≪ ∆, the level spacing being
smaller than the gap, the BCS-theory holds and conventional superconduc-
tivity is formed. However if δ gets close to ∆, the BCS-theory fails at some
point and localization effects occur. Originally this has been derived for small
grains of superconductivity [118] (ξ in this case being the size of the grain),
but this mechanism can also be generalized to bulk Anderson insulators [12,
33], where fractality plays an additional role.
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3. Superconductivity in disordered thin-films

The main control parameter of this model is the Fermi-energy EF [12, 33]
in comparison to the Anderson mobility edge Em. Both of which determine
the localization length following [12]

ξ = l

(
E0

Em − EF

)ν
with E0 =

1

ν0l3
.

(3.26)

l is the minimal length of the fractal structure [12, 33] similar to a “pixel” [33]
and its corresponding energy scale is E0, which can be smaller than EF [12,
33]. Typically l can be assumed to be of the order of the mean free path [33,
119]. ν0 is the single-particle density of states at EF . ν is the localization
length exponent [33] which can vary from ν ≈ 1.57 (EF close to Em) [120] to
ν ≈ 1.2 (EF slightly further away from Em), determined numerically.

A (pseudogapped) insulator is now formed if ∆ ≪ δ ≪ ℏωD, meaning the
level spacing is larger than the superconducting gap but still smaller than
the Debye energy. The superconductive long-range order will not prevail and
the macroscopic, coherent superconductivity will not form, however since
δ ≪ ℏωD, interaction between electrons can still be mediated by phonons
and local pairing between electrons at the same location with opposing
spins will occur [12]. In this pseudogapped insulator [33, 39], there are still
local areas which are superconducting [13], however, global transport will
show that the system stays insulating even at arbitrarily low temperatures.
The hallmark result of this localization mechanism is therefore that only
the attractive Cooper-interaction between the electrons can already drive
localization without the need of a repulsive force such as e. g. the Coulomb
repulsion in BKT-physics (section 3.4).

In this insulating regime the remaining conductivity in the system is
mediated by unpaired electrons, since conduction mediated by Cooper-pairs
is strongly suppressed [33]. The remaining single electrons however, have
higher energy due to being unpaired. Any local area in the system (e.g. of
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size ξ) carrying an odd number of electrons with a single unpaired electron
has a higher energy than that for the closest even number. This leads to the
emergence of a parity gap ∆p [118]. It can be found by adding a single-particle
excitation transferring an electron from the m-th state to the m+ 1-th state
on an already filled Fermi-sea as [33]

∆p =
3

2
λE0

(
Em − EF

E0

)νD2

=
3

2
λE0

(
l

ξ

)D2

,

(3.27)

with ξ from equation (3.26) and λ the Cooper-attraction constant. Equa-
tion (3.27) is a single-particle formula, however the corresponding energy
scale ∆p is also the defining quantity of macroscopic transport properties.
This is due to the fact that all pairs of electron reduce in energy by the
amount ∆p. Electron-pairs themselves, however, cannot contribute to charge
transport when localized sufficiently deep in the insulating regime [55]. The
transport is then characterized by the breaking of electron pairs, followed
by hopping of individual single electrons. This will further be discussed in
section 3.5.5. Consequently ∆p has to be overcome, meaning that a hard-gap
insulator is formed. The resulting DC-conductivity shows activated behavior
with [12, 33]

σ(T ) ∝ exp

(
− T0
T ln (T0/T )

)
(3.28)

and T0 ∼ 0.25∆p . (3.29)
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As a function of the localization length ξ, the activation energy T0 is hence
found from equations (3.29) and (3.27) as

T0 ≈ 0.5λE0

(
l

ξ

)D2

(3.30)

= 0.5
g

l3

(
l

ξ

)D2

, (3.31)

with λ = gν0 where g is the electron-phonon coupling strength [33, 119]. Any
remaining conductivity due to VRH of single-electrons is strongly suppressed
due to the pairing-induced reduction of the DOS at the Fermi energy. Usually
the slightly altered activated behavior in equation (3.28) cannot be distin-
guished in experiments [33] from a purely activated behavior, hence the latter
(see equation (4.89)) is used throughout this work.

The resulting phase diagram found for the fractal Anderson transition is
shown in Fig. 3.6 [12]. The superconducting state (SC) is terminated by the
hard gap insulator characterized by ∆p. Inducing an external magnetic field to
the system (vertical axis) leads to similar suppression of the superconductivity.
High B destroys Cooper-pairs and consequently the SC-phase, as well as the
hard-gap insulator phase. However, experiments on films very close to the
transition under the influence of B [40, 89, 106, 107] point towards different
phenomenology of the transition [8, 33], meaning that they cannot directly
be compared to the transition driven by disorder alone. This is an unsolved
challenge [8, 33] within the framework of fractal superconductivity on top of
Anderson localization, however it will not be the focus of this work.

Coming back to transport by Cooper-pairs in the insulating regime, it is
thinkable that although a macroscopic superconducting state is suppressed,
very close to the transition transport of charges might still be possible
by Cooper-pairs (by tunneling and hopping from one grain to the next).
However, since pairing shifts all filled levels down in energy, the total density
of states at the Fermi energy is reduced and consequently this tunneling is

52



3.5. Fractal Anderson localization

Fig. 3.6.: Phase-diagram of the transition from superconductor (SC) to insu-
lator as a function of disorder and magnetic field. The competing
energy scales δ, ∆p and ωD drive the transitions. For large dis-
order SC is terminated by a hard-gap insulator characterized by
unpaired-electron conduction with parity gap ∆p. The hard-gap
insulator in turn is terminated by a Mott-law insulator where no
pairing happens at all. Increasing B leads to suppression of both
SC and hard-gap insulator. With modifications from [12].

strongly suppressed [33]. Nevertheless very close to the transition on the
insulating side the small but finite tunneling contribution of the Cooper-pairs
is expected to lead to an activated behavior in the transport conductance
[55]. This contribution to conductance however is very fragile. When going
a little deeper into the insulating regime with higher amounts of disorder,
the characteristic gap energy of the activated behavior increases very fast
until it becomes infinite a short distance away from the transition where no
Cooper-pair transport will prevail [33, 55]. It is therefore safe to neglect the
contribution of the Cooper-pairs to the conductivity in almost all realistic
cases.

Going deeper into the insulating regime, meaning stronger localization of
the charge carriers and a reduction of ξ (equation (3.26)), at some point the
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level spacing δ (equation (3.25)) will exceed the Debye energy, ∆ ≪ ℏωD ≪ δ.
In this case no Cooper-attraction between the electrons can be mediated by
phonons and not even local pairing will occur anymore [12]. No Cooper-pairs
will exist in the system, no parity/hard-gap ∆p will form and consequently
the system stays a rather regular insulator with full many-body localization
[12, 13] giving a Mott law [19] or Efros-Shklovskii type insulation [54, 121].
Fig. 3.6 [12] shows the hard-gap insulator being terminated by a Mott-law
insulator when increasing the disorder strongly.

In the superconducting phase but close to the transition, where δ ≲ ∆,
meaning the level spacing is smaller but in the range of the gap, unusual super-
conductive states are formed, with the formation of preformed Cooper-pairs
(see section 6.1) and an insulating trend above Tc [28, 32]. To find Tc of the su-
perconductor, the interaction matrix element from equation (3.22) is found as
a function of the energy levels j and k as M(ω) = (E0/(Ej − Ek))

1−D2/3 =

(E0/ω)
1−D2/3 [12, 33] with ω = Ej − Ek. With this, solving a modified

self-consistent BCS gap equation leads to [8, 33]

Tc(λ) ∼ EFλ
1/(1−D2/3) . (3.32)

For constant Cooper-attraction parameter λ this means, that the critical
temperature for pairing Tc not only stays constant but even enhances above
the bulk BCS value Tc,0 when approaching the mobility edge [8]. This in
turn can lead to a pseudogap opening even above Tc,0, while the actual
temperature, where the system becomes macroscopically superconducting is
reduced by fluctuations and the reduction of superfluid density [13, 47]. In the
crossover region close to the transition the superconducting pairing amplitude
gets very inhomogeneous [13, 46, 47]. This is due to the fact that the disorder
in the system leads to a local random potential interacting with the single-
electrons, which in turn leads to emergent superconducting granularity [8]. The
resulting inhomogeneous superconducting state can for example be studied
using a negative-U Hubbard model with on-site disorder by the means of an
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additional local random potential. What has been found [46, 47] is that an
initially homogeneously superconducting state splits up into superconducting
islands separated by an insulating sea when increasing the amount of local
disorder. The pairing amplitude ∆(r) of such an island-like state is seen e.g.
in Fig. 3.7 (a) [47]. Here, the dispersion of the superconducting amplitude

(a) (b)

Fig. 3.7.: (a) Gray-scale plot of the spatial distribution of the pairing am-
plitude ∆(r) of a very disordered state. Superconductivity splits
into superconducting islands (dark) embedded in an insulating sea
(white). (b) Phase-diagram of the disorder-driven Anderson local-
ization transition. Opposed to the zero-disorder transition where
the gap goes to zero, the disorder-driven transition suppresses su-
perfluid stiffness and retains finite gap. With modifications from
[47].

is much larger than its mean value [13]. This state is not only found in
the superconducting state close to the transition, where the overlap between
islands is still large enough for a macroscopic superconductivity to emerge, but
it is also able to survive deep into the insulating regime, where no continuous
superconducting path connecting two macroscopically separated points in
the conductor exists anymore [13]. At areas where ∆(r) is large coherence
peaks at the edge of the gap in tunneling spectra are expected [33, 47], but
not in between at locations of the insulating sea. This splintered state is
therefore a direct consequence of the fractal nature of the eigenstates in the
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crossover region [8], since disorder makes the eigenstates fractal, limiting
the boundaries of electrons to small areas. The defining parameter for the
suppression of global superconductivity in this inhomogeneous state is the
superfluid stiffness Ds. A proposed [47] phase-diagram as a function of
disorder and temperature is shown in Fig. 3.7 (b). Upon increasing T for
low disorder, superconductivity is suppressed by the vanishing of the gap,
in line with regular BCS-like behavior. The disorder-driven transition at
T = 0 however, is not driven by the gap but by Ds, which decreases with
increasing homogeneity of the superconducting phase, ultimately terminating
superconductivity at a critical amount of disorder. Here, the gap stays finite
throughout the whole transition and even increases slightly in the insulating
regime due to the strong localization of the single-particle wavefunctions [47],
similar to the enhancement of Tc in equation (3.32).

3.5.3. Scaling of dielectric constant and conductivity in the
insulating regime

The dielectric constant in the insulating regime of an Anderson localized
system consists of multiple contributions. First there is a contribution by
non-mobile electrons, far from the Fermi-energy, which can be of considerable
size for systems with large density of states in the valence band close to the
Fermi-energy [33, 39]. This will give a constant contribution, an “ε1,Host”,
independent of the amount of disorder and the nature of the insulator.
However, in this section the focus lies on the main contribution close to the
transition, which is the polarizability of conduction electrons getting localized
by disorder. Similar to previous results, the scaling of the dielectric constant
close to the Anderson localization transition can be found in a combination
of analytical and numerical methods [39].

56



3.5. Fractal Anderson localization

From perturbation methods using a random potential, including disorder,
and considering only non-interacting single-electrons, the dielectric constant
as a function of localization length ξ in three dimensions is found as [39]

ε1 = α
e2ν0
ε0

ξ2 , (3.33)

with α a numerical coefficient of order unity depending on the dimension, ν0
the full density of states of electrons (spins are included in ν0) and ε0 the
vacuum permittivity. In two and three dimensions α is almost universal with
α ≈ 3 [39]. In one dimension α can be found analytically to about α ≈ 4.8

[39]. When a system of parallel one-dimensional wires or a stack of two-
dimensional layers has to be considered, similar behavior is expected although
with more complex prefactors [39, 122]. Note that initially during derivation
of equation (3.33) the polarizability χ is found, which is a function of location
in the system and can therefore fluctuate substantially depending on the
local disorder distribution [39]. The dielectric constant in equation (3.33)
is in turn found with the mean-field approximation ε1 = ε0 (χ+ 1). ε1 in
equation (3.33) should therefore be taken as a figure of magnitude for the
average of ε1, since these fluctuations can become considerable in particular
in three dimensions [39]. α is a numerical constant and has been found almost
universal independent of disorder and its distribution [39].

To find ε1 as a function of a well accessible experimental quantity, the
activation energy T0 as a function of localization length ξ, equation (3.31),
can be solved for ξ and put into equation (3.33) to arrive at the scaling

ε1 = α
ν0e

2

ε0
l2
(

g

2T0l3

)2/D2

⇒ ε1 ∝ ν0T
−2/D2

0 ≈ ν0T
−1.54
0 .

(3.34)

At the current state of this theory the scaling of the dielectric constant ε1
cannot be separated from the single-particle density of states at the Fermi
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energy ν0 [119]. (3.34) predicts, that upon approaching the transition from
the insulating side, ε1 diverges in a power-law fashion. When going deeper
into the insulating regime ε1 is expected to decrease. There are however still
the constant contributions from ε1,Host (valence electrons far from Fermi-
energy and “host” material), which at some point should define ε1 and lead
to a saturation towards very high amounts of disorder.

The conductivity σ1 of disordered Anderson-localized samples should in
general follow variable range hopping behavior, shown already in section 3.1,
in particular equation (3.11). Any dependence on the amount of disorder
is represented by the localization length ξ, with less disordered samples in
general having larger ξ. With this, σ1 can also be found as a function of T0
by solving equation (3.31) for the localization length ξ and combining it with
(3.11), leading to

σ1(ω) =
π2

3
e2l5

( g

2l3

)5/D2

ν20ℏω2 ln4
(
δ

ℏω

)
T

−5/D2

0 (3.35)

⇒ σ1 ∝ ν20T
−5/D2

0 ≈ ν20T
−3.85
0 , (3.36)

in three dimensions d = 3 and for a fractal dimension of D2 ≈ 1.3 [33].

3.5.4. Frequency-dependent conductivity in very strong
localization

The frequency-dependent conductivity in its Mott form, equation (3.11) and
(3.35), is most exact if the energy of the frequencies used are roughly similar
to or larger than the energy level splitting δ ∼ ℏω. If δ exceeds ℏω by a large
margin however, the prefactor of equation (3.11) (and (3.35)) is expected to
be suppressed to some extent, since then the contributions by Mott resonances
are reduced [33, 39, 123]. This is mainly expected to be prominent for samples
where δ ≫ ℏω by many orders of magnitude, but not so much in the regime
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of δ ≈ ℏω [123]. For δ ≫ ℏω the conductivity in general is expected to follow
Mott-Berezinsky law [39]

σ1(ω) = Σde
2ℏξ2−d

(ω
δ

)2
lnd+1

(
cdδ

ℏω

)
, (3.37)

where Σd and cd are numerical factors dependent on dimensionality. In three
dimensions d = 3, equation (3.37) follows σ1(ω) ∝ ξ5ω2 ln(δ/ℏω), equivalent
to equation (3.11). Using Kramers-Kronig relations, equation (3.9), an
expression for the product Σdcd can be found as [39]

α ≈ (2d+ 1)!

π
Σdcd . (3.38)

For the one-dimensional case d = 1 with α ≈ 4.8 [39] (section 3.5.3) this can
be calculated analytically and it is Σdcd ≈ 3.8, which is accurate up to a
few percent [39]. For the three dimensional case however, with α ≈ 3, the
numerical coefficients are much smaller Σdcd ≈ 0.2, meaning that here σ1(ω)
is expected to be suppressed [123].

This suppression is also seen when calculating the optimal hopping distance
for Mott-hybridized resonance states. This has been performed in the extreme
localization regime by Feigel’man et al. [33] and is shown in Fig. 3.8. It is
found that the optimal hopping distance R is linear in ln(δ/ℏω), meaning that
R(ω) ∝ ln(δ/ℏω) as it is expected, see equation (3.7). This linear behavior is
only found in the regime R > 2ξ, which is the logical lower limit where Mott
resonance mixing applies [33]. Note that consequently for the parameters
assumed in this model of Fig. 3.8 it is not possible to study the region ℏω ∼ δ,
as here the lower limit R > 2ξ is not met. Only extremely strongly localized
systems are studied here.

The linear fit in Fig. 3.8 shows a strong vertical offset, where the fit
parameter B ≈ −8 (for the model values assumed here) [33]. This means
that the optimal hopping distance is strongly suppressed and consequently
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R(ω) = R(ω) A lnδ/ ω + B!

Fig. 3.8.: Optimal hopping distance for Mott resonances of an extremely
localized Anderson insulator calculated for a model system by
Feigel’man et al. [33]. R(ω) is found linear in ln(δ/ℏω), equivalent
to Mott arguments (section 3.1), however a large vertical offset
B < 0 is found, indicating reduced contributions of Mott resonances.
With modifications from [33].

also the contributions by Mott resonances are suppressed [33]. This again
demonstrates that the contributions by Mott resonances are in fact smaller
than expected from simple Mott arguments when being in the extremely
localized regime δ ≫ ℏω. This could in turn possibly lead to reduced measured
values of σ1(ω), being smaller than expected from Mott-behavior.

Unfortunately detailed numerical studies are missing [123] and a quantita-
tive analysis of the suppression of σ1(ω) due to extreme localization cannot
be performed. The analysis concerning σ1(ω) in section 6.4 therefore has to
be limited to a qualitative discussion.
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3.5.5. Effects of pairing on the dielectric constant and
conductivity

Equations (3.33) and (3.36) were derived neglecting any interaction between
electrons. However, as seen in previous sections, interactions can become the
driving factor for the nature of the resulting state and consequently the non-
interacting values of ε1 and σ1 should be modified to include interactions. On
the one hand Coulomb interactions repelling electrons from each other could
be included. However, they are considered to be very small in the systems
investigated [33], with their energy scale being two orders of magnitude
smaller than the energy scale of the localization [39], so that their contribution
can safely be neglected. On the other hand Cooper-attraction, being the
driving factor of the suppression of superconductivity in this framework, is
considerable and leads to a modification of (3.33) and (3.36).

Starting from the procedure shown in section 3.1, where Mott hybridized
resonance states have been investigated, an additional attractive interaction
can be introduced. Hopping then follows the schematic shown in Fig. 3.9 (a)
[38]. Two possible locations for localized single-electrons separated by spatial
distance x with slightly different energy levels E1 − E2 = ℏω are shown,
occupied by two electrons of opposite spin. If now coupling of two single
electrons to a paired state (localized Cooper-pair) leads to an effective gain
in energy in the size of the pseudogap ∆p, then pairing two electrons on a
single energy level is favorable, and the lower two states are energetically
superior. Note that only singlet states are taken into account, as triplet states
(with parallel spins) would have higher energy as unpaired electrons [38].
Transitions from one level to the other can only be done via the intermediate
step shown on top in (a), via the Mott hybridized state. The resulting
Hamilton operator therefore now has contributions by ∆p [38] and modifies
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Fig. 3.9.: (a) Schematic showing the three states participating in Mott-
resonance conduction including the two possible electron locations
separated spatially by x with their corresponding energy levels E1

and E2. The dashed line shows the hybridized state, while blue
arrows show possible transitions. (b) Numerical factor C(ω/∆p). It
starts from 0.446 at ω = 0 and goes up to 1 somewhere at ω > ∆p.
(a) and (b) With modifications from [38].

the dynamical density response function s(ω, x), equation (3.6). Consequently
σ1(ω) is also modified accordingly. For s(ω, x) and σ1(ω) it follows [38]

s(ω ≪ δ, x) = C(ω/∆p) · s
(√

ω(ω +∆p), x

)
nonint

(3.39)

σ1(ω ≪ δ) = C(ω/∆p)
ω

ω +∆p
σ1

(√
ω(ω +∆p)

)
nonint

(3.40)

with δ the energy level splitting due to the localization length ξ and s(ω, x)nonint

and σ1(ω)nonint the non-interacting dynamical density response function and

62



3.5. Fractal Anderson localization

conductivity respectively (equations (3.6) and (3.11)). C(ω/∆p) is a numer-
ical prefactor. It can be calculated and is shown in Fig. 3.9 (b) [38] as a
function of the frequency in orders of the pseudogap ω/∆p. C(ω/∆p) starts
from the value C(ω = 0) = 0.446 and reaches 1 somewhere above ∆p. Note
that Fig. 3.9 (b) shows C(ω/∆p) of a model including only one pair of states
for simplicity. To describe a large system of many localized states as it
would be found in a real disordered conductor, disorder averaging would have
to be applied additionally. The general form of C(ω/∆p) however, would
stay roughly the same and can already be seen in Fig. 3.9 (b) with disorder
averaging leaving the form mostly unchanged [38].

In the non-interacting limit, meaning either ω ≫ ∆p or ∆p = 0, equa-
tion (3.40) reproduces equation (3.11) [38]. If however ∆p > 0 and ω ≪ ∆p,
the general Mott behavior σ1(ω) ∝ ω2 lnd+1(const./ω) is still preserved, but
now the proportionality coefficient is strongly reduced (note that in this work
it always holds ω ≪ ∆p, since maximum photon energies are in the range
∼ 0.1meV, while ∆p is several times larger). The proportionality factor then
is strongly reduced by the factor of [38]

4 + π

16

(
1

2

)d+1

≈ 0.446

(
1

2

)d+1

≈ 0.03 for d = 3 .

(3.41)

The local pairing of electrons with the corresponding reduction in energy, there-
fore not only leads to the hard gap found in DC-transport, equation (3.28),
but also leads to a strong reduction of the photon-induced conductivity σ1(ω).

Similarly the static polarizability χ is also reduced. This follows from
Kramers-Kronig relations, relating σ1 to χ, equation (3.9). The modification
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of χ can be found as the relative change δχ/χ as a function of the pseudogap
∆p and the energy level splitting δL∗ as [38, 39]

δχ

χ
∝ −∆p

δL

(
ln
δL
∆p

)d+1

, (3.42)

up to a numerical proportionality coefficient of order one. For realistic values
of ∆p/δ ∼ 0.01− 0.1 (insulating regime) this possibly leads to a suppression
of a factor of about 2− 3 compared to (3.33) [119]. χ in equation (3.42) is a
quantity dependent on local disorder, meaning that both its initial value as
well as the predicted suppression possibly vary as a function of location. The
dielectric constant can be estimated from χ with ε1 = ε0(χ + 1) although
this formula is a mean field approximation [39, 56] averaging across disorder
variations and might therefore again seen as a figure of approximation. ε1 is
thus equally suppressed with d ln ε1

d∆p
∼ − 1

δ ln
d+1

(
δ
∆p

)
[39]. Equation (3.42)

also predicts, that upon subjecting the system to an external magnetic field,
reducing ∆p, a linear increase in ε1 might be seen [39, 119]. Experiments
utilizing magnetic field exceed the scope of the present work but might be
relevant in future experiments.

3.6. Summary

In conclusion, several important aspects have been presented in the previous
sections, that could profit greatly from experiments on polarization and
finite-frequency conductivity. Firstly, knowledge about the absolute value
of ε1 would give crucial insight into the role of Coulomb interactions and
their possible suppression in amorphous disordered indium oxide (possibly
rendering the Finkel’stein mechanism obsolete). Therefore directly measuring
the absolute value of ε1 would be highly desirable at low temperatures and

∗In order to not confuse energy level splitting δL to the notation of relative change
δχ/χ, the notation of the energy level splitting here reads δL, whereas in the rest of this
work it will simply be called δ.
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with minimal excitation energies, where possible localized Cooper-pairs are
undisturbed. Large polarization is suggested to be the main driving parameter
for the screening of Coulomb interactions, which upon strong suppression
could be weaker than Cooper-attraction, which would in turn allow for
pairing of electrons. Putting a number to this polarization is critical to the
understanding of these mechanisms. Secondly, in the previous section 3.5
several important predictions in particular for the scaling of ε1 and σ1 with
disorder as well as a possible suppression in value upon the emergence of
a pseudogap were presented. It is thus desired to perform measurements
on both ε1 and σ1 also as a function of varying disorder. On the one hand,
from the change of ε1(T0) and σ1(T0) as a function of T0 (representing
disorder [33]) the scaling predictions from equation (3.34) and (3.36) could
be tested, which could give evidence for the possibility of a (multi-)fractal
nature of the electronic eigenstates [12, 33] due to the characteristic fractal
dimension D2 ≈ 1.3 [33] entering the scaling exponent. On the other hand,
comparing the quantitative experimental values of ε1 and σ1 to the values
of ε1(ξ) and σ1(ω) suggested by simple theoretical considerations including
e.g. the localization length ξ (equations (3.11) and (3.33), ξ estimated from
transport measurements) would directly show a possible suppression of the
type of (3.40) and (3.42) and would therefore allow to infer the presence of a
pseudogap even in entirely insulating indium oxide samples, pointing towards
the existence of localized Cooper-pairs [39].
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4.1. Microwave resonators

Planar (superconducting) resonators are versatile tools with a multitude
of applications [124]. Not only has recent development spiked due to the
development of qubits and corresponding readouts with in-plane coplanar
structures [125–127] as well as other applications such as single-photon
detectors [128] and microwave kinetic-inductance devices (MKID) which allow
for the realization of detectors for astronomy [129] and even particle physics
[130]. But more importantly, planar microwave devices can conveniently
and reliably be applied in solid state research. Here, many applications
exist, including but not limited to the determination of complex material
parameters of bulk materials [2, 131, 132], of thin-films [1, 5], as well as
ESR studies [133, 134]. In most applications the main advantages are the
comparably low frequencies and thus excitation energies [132, 134, 135] with
the simultaneous investigation of many frequencies by using harmonics [136,
137] or by multiplexing [138, 139]. Many different geometries can be used
[140] from stripline [4, 5, 131, 132, 141, 142], microstrip [143], flip-chip [2, 3]
to coplanar [1, 133, 134]. Depending on geometry, the frequencies covered
range from few 100MHz up to several 10GHz [137] and the temperature
range that can be covered is from room temperature in the case of metallic
resonators [144] or several K in the case of superconducting resonators [4, 5]
down to mK [132, 134]. Especially the combination of low frequencies and the
possibility to measure at very low temperatures allows for measurements at
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kBT < ℏω, giving access to the full electrodynamics even for low-Tc materials
[135].

In this work coplanar resonators will be used and their operation will be
detailed in the following sections.

4.2. Coplanar Waveguides

Coplanar lines are transmission lines where all parts of the conductor are
in the same plane. They usually consist of a dielectric substrate with a
thin metallic or superconducting layer on top, which is shaped in a way to
guide currents and electromagnetic waves. The conductor can consist of
single conductor strips, the microstrips, slotlines with a single slot, coplanar
strips with two adjacent strips or coplanar waveguides (CPW) [145–147]. In
the following, coplanar waveguides (CPW) will be discussed, as the main
experimental approach in this work utilizes CPW resonators. They have
first been proposed in 1969 [148] and have since become a major part in
technological advances and progress.

CPW have the great advantage, that they are easy to fabricate, as it only
takes two steps to produce them: first the deposition of the conductor layer
on the substrate and second the shaping of the conductor layer with optical
lithography. The general geometry can be described in analogy to a coaxial
cable, which is sliced in the center, as depicted in Fig. 4.1 (a). The resulting
planar structure is shown in (b) and (c). A center conductor of width S∗ is
separated by gaps with width W from ground planes to either side. Compared
to S and W the ground planes have orders of magnitude larger dimensions
and can be assumed infinite in the following. The conductor has a thickness
of size t. The similarity to coaxial cables allows for the direct connection of

∗The terminology of “S”and “W ” for center Strip width and gap Width is often used
in textbooks [145, 147] and articles. In some occasions the usage of “S”and “W ” is inverted
(center strip Width and Slot width). In this work however, the first is used, since it is
more popular.
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CPWs to standard microwave equipment with an impedance of 50Ω, where
the center conductor is connected to the inner conductor of a coaxial cable
and the ground planes are put to ground potential.

center conductor
ground planes

substrate

gaps

GHz transmission
parallel coupling

open end

closed end

(a) (b)

(d)

(e)

S

W

(c)

t

Fig. 4.1.: (a) Model of a coaxial cable with dielectric (gray) and conductors
(red). (b) Model of a coplanar waveguide (CPW) transmission line.
(c) Crosssection of a CPW with typical magnitudes. (d) Model of a
CPW λ/2-resonator with gaps for capacitive coupling. (e) Model of
a λ/4-resonator with parallel coupling to a CPW transmission line.

In order to match the impedance Z of CPWs to the 50Ω-standard, the
ratio of S and W has to have a fixed value. S/W is the most deciding
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parameter for the impedance of CPWs. Since only this ratio defines Z, CPWs
can easily be scaled to larger or smaller sizes without altering the impedance.
Only the losses might be affected [147]. Z as a function of this S/W for a
CPW with Al2O3-substrate is displayed in Fig. 4.2, details of the calculation
will be shown in section 4.3. The resulting optimal ratio is S/W ≈ 2.2

0 1 2 3 4

40

50

60

70

80

90

Z 
(

)

S/W

S
W

Fig. 4.2.: Impedance Z of a CPW as a function of S/W (compare inset). For
Al2O3-substrate the optimal value is about S/W ≈ 2.2.

with an assumed effective dielectric constant of εeff ≈ 5.5 corresponding to
a typical CPW on Al2O3-substrate. While a ratio of S/W ≈ 2.2 matches
Z = 50Ω, most of the CPW in this work have slightly different S/W ≈ 2.4.
This however, has negligible influence on the results, as the difference in
both ratios only leads to a difference in Z of about 2.5%, which leads to a
mismatch loss of about 0.002 dB. This mismatch is certainly much smaller
than contributions from other sources (e.g. cables, microwave contacts, etc.).

The electromagnetic waves that are guided by such a CPW are TEM waves.
Simulation data of the fields for E and B are shown in Fig. 4.3. The E-field
reaches from the center conductor to the ground planes, while the direction,
whether the E-field lines are pointing inward or outward, is dependent on
the phase and changes with time. The B-field has closed loops of field lines
around the center conductor. This configuration of the conductors leads to a
strong compression of the B-field lines in the gaps, since all field lines have
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εsub

εsub

vacuum

substrate

Nb

vacuum

substrate

Nb

S W

t

S W

t

E-field

B-field

(a)

(b)

Fig. 4.3.: Simulation data for the distribution of the (a) E- and (b) B-field
in a coplanar waveguide. The typical carried wave is TEM-like.

to pass through the opening of width W . This leads to the highest value of
B being concentrated in the gap. The E-field is also mostly concentrated in
the gap, the finite metallization thickness t making it homogeneous in this
area. Further implications of this enhancement due to t will be discussed in
section 4.3.1. Similar to the E- and B-field, the surface currents are most
dominant close to the gap in the surface of the conductor. Here the CPWs are
most vulnerable to imperfections such as unclean edges, surfaces or etching
residuals [144].

The E- and B-field distributions of CPWs, shown in Fig. 4.3 are generally
much less confined than in other configurations such as microstrips or striplines
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[145]. Meaning that in vertical direction the E-field and B-field have much
larger extension, while setups such as microstrips or stripline also have ground
planes above or below, which confines the fields to a fixed volume. While
CPWs can be conductor backed [145, 147, 149, 150] to confine the fields, the
typical distance to the grounded back conductors is typically much larger.
In our experimental setup it is on the order of several 100 µm. The large
extension of the fields makes the CPW much more sensitive to perturbations
by additional (sample) materials above or below the conductor [145]. This is
particularly useful for the application in this work, since high sensitivity to
materials above the conductor plane is desirable when depositing the sample
directly on top of the CPW.

CPWs can be directly used in experimental approaches, e.g. for electron
spin resonance measurements [133]. However, by using just a broadband
transmission line, the fields are usually pretty weak and therefore the sen-
sitivity to perturbations of the microwave properties might be too low to
detect the (often weak) influence of the sample. It is therefore desirable to
enhance the field strength and the sensitivity in the CPW. This can be done
by forming resonators [136, 151].

There are multiple ways to form resonators in CPWs. One of them is to
place gaps in the center conductor of the CPW, as can be seen in Fig. 4.1 (d).
The gaps act as capacitive coupling. The E-field originating from the mi-
crowave lead induces an E-field in the center conductor bridging the gap.
This potential then travels along the center conductor until it is reflected
again by the impedance mismatch of the opposing gap. If the round-trip time
back to the initial gap is equal to the period of the exciting microwave, the
wave is constructively enhanced. The resulting pattern is a standing wave
with its wavelength twice as long as the resonator (λ/2-resonator).

Similarly a resonator can also be coupled parallel to a transmission line.
This is depicted in Fig. 4.1 (e). Here it is chosen that its ending next to the
transmission line is an open end and the opposing ending is a closed end,
where the center conductor is connected to the ground planes. This leads to
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a standing wave with a wavelength that is four times as long as the resonator
(λ/4-resonator). The distribution of the E-field and the B-field is shown with
simulation data in Fig. 4.4. The E-field here has a maximum in the coupling

E-field

high

low

B-field

high

low

(a)

(b)

n = 1

parallel coupling

E-field

B-field

Fig. 4.4.: Contour plot of simulation data of the strength of the (a) E-field
and (b) B-field in a λ/4-resonator with parallel coupling. The
E-field is enhanced manifold in the resonator (compare to very low
values in the feedline).

arm at the transmission line, where the B-field is zero. At the opposing end
the roles reverse and it is E = 0, B = Bmax.

73



4. Experiment

Not only at wavelength of two and four times the resonator length the
resonance condition is met, but also at multiples of λ/2 and λ/4 respectively.
The resonance frequencies therefore are

νn =
n

l̃
vph =

nc

l̃
√
εeff

with l̃ = 2l for λ/2-resonators

and l̃ = 4l for λ/4-resonators

(4.1)

with vph the phase velocity, l the length of the resonator, c the vacuum speed
of light, and εeff the total effective dielectric constant of the resonator, which
will be further discussed in section 4.3. n is the number of the mode with

n = 1, 2, 3, . . . for λ/2-resonators (4.2)

n = 1, 3, 5, . . . for λ/4-resonators , (4.3)

where n = 1 is the fundamental and n > 1 are higher harmonics. Note that
for the λ/4-resonator only odd multiples exist, since the ending opposite of
the coupling arm is closed and here it is always E = 0 and B = Bmax. The
resonance frequency (4.1) is one of the most important parameters of the
resonator under study. Since it is directly dependent on ∝ 1/

√
εeff it will

also give direct access to the dielectric properties of the resonator. Details of
which will be discussed in the following sections.

Fig. 4.1 (e) and Fig. 4.4 show straight resonators with only one bend
between the coupling arm from the majority of the resonator. This geometry
can directly be used in experiments if short resonators are useful, in particular
when dealing with substrates of exceptionally high ε1 such as e.g. SrTiO3

[3]. However when using Al2O3 as a substrate, the length of a typical λ/4-
resonator with a fundamental frequency of about 2GHz exceeds 15mm, which
is not feasible in linear geometry, since the dimensions of the substrate chips
used in this work are usually < 12mm. In order to fit a resonator on the
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substrate-chip anyways, it is possible to form meander structures, an example
of which you can see in Fig 5.3 (section 5.2.1). Here the resonator is bent
multiple times to reduce the amount of space the resonator needs. CPW
resonators here have the advantage, that the distance between to neighboring
lines of the meanders can be spaced much closer than for other types such
as microstrips or striplines since the center conductors are surrounded by
grounded planes, which will also fill the space between two meander lines.
This grounding leads to a much more confined E- and B-field in lateral
direction and in turn reduces cross-talk between the lines [147]. A more
detailed discussion will follow in section 4.2.1.

Apart from the resonance frequency there is another defining parameter of
a microwave resonator, which gives information about how well it oscillates.
This so-called quality factor Q is the ratio of the amount of energy that is
stored in the resonator over the amount that is lost each cycle

Q =
energy stored

energy lost per cycle
. (4.4)

In the case of microwave resonators this can be viewed as how long a photon
in the resonator will survive. If e.g. Q ≈ 10 000, an incoming photon will
be reflected on average 10 000 times until it is lost or absorbed. Q therefore
directly gives a magnitude about the quality of the resonator.

In order to find a mathematical expression for the calculation of Q it is
handy to look at a resonator as an equivalent LRC-model, consisting of an
impedance L, a capacitance C and a resistance R, as shown in Fig. 4.5 (a).
The energy that is stored in the resonator is Wm+We, the sum of the energy
stored in the inductance and the capacitance. At resonance this energy is
equal for both parts Wm = We. The power dissipated Ploss =

1
2 |I|

2R [150]
is the energy lost per cycle, which is dissipated in the resistance R with
the current being I. Note that all loss mechanisms are included in R, not
depending on whether they are truly dissipative in the resistance or if there
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R
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coupling

resonator

feedlineRf
Pmax

0
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0

(a) (b)

P /2max

Fig. 4.5.: (a) Equivalent LRC-model of a resonator with parallel coupling to
a feedline. (b) Delivered power to the resonator with a resonance
frequency ν0. At half-power the bandwidth νB can be accessed.

are other mechanisms at play, such as e.g. radiation losses. It therefore
follows for Q [150]

Q = ω0
Wm +We

Ploss
= ω0

4Wm

|I|2R
= ω0

4We

|I|2R
(4.5)

=
ω0L

R
=

1

ω0RC
(4.6)

with Wm =
1

4
|I|2L and Wm =

1

4
|I|2 1

ω2
0C

, (4.7)

with ω0 = 1√
LC

the frequency at resonance. The total input impedance of
the circuit is

Z = R+ iωL− i
1

ωC
= R+ iωL

(
1− 1

ω2LC

)
(4.8)

= R+ iωL

(
ω2 − ω2

0

ω2

)
. (4.9)
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For small deviations ∆ω of the frequency from ω0 this can be simplified as

Z ≈ R+ i2L∆ω (4.10)

= R+ i
2RQ∆ω

ω0
. (4.11)

If we look at frequencies where only half the power is transmitted to the
resonator, the impedance is

√
2 times the value at resonance frequency

|Z|2 = 2R2 [145]. The frequencies where this happens define the bandwidth
with their distance being ωB, meaning that now ∆ω = ωB/2 and therefore
with (4.11)

|Z|2 =

∣∣∣∣R+ i
RQ0ωB
ω0

∣∣∣∣2 = 2R2 (4.12)

⇒ Q =
ω0

ωB
=
ν0
νB

, (4.13)

with νi = ωi/2π. This is the common definition of the quality factor of
a microwave resonator. It combines two easily accessible quantities, the
resonance frequency ν0 and the bandwidth at half maximum νB, as it is
schematically depicted in Fig. 4.5 (b).

From this it is clear, that Q gives some magnitude of the losses in the
system. A resonator with small losses will have large Q and therefore sharp
resonances with very narrow νB , whereas for resonators with higher losses νB
will be large. The losses which cause Q to shrink can be manifold, but can
be generally separated into three parts, the losses due to radiation αr, due to
losses in the conductor αc and due to losses in the dielectrics αD. α here is
the attenuation constant, which describes how strong a electromagnetic wave
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is reduced over length [147]. With this it follows for Q of a λ/4-resonator
[145, 147, 150]

Q =
π

4lα

α = αr + αc + αD .
(4.14)

4.2.1. Coupling of coplanar waveguides

A free-standing resonator will not oscillate on its own. In order to bring a
resonator into oscillation it will have to be driven by an external source. This
has been shortly mentioned before as Fig. 4.1 (d) and (e) show capacitive
coupling and parallel coupling of CPW resonators, but the influence of the
coupling on the parameters such as Q have to be evaluated further.

The quality factor Q in previous equations has been derived purely for the
free-standing resonator, e.g. equation (4.7) is only dependent on L, R and C
of the resonator. It can therefore be called the internal or unloaded quality
factor Q0. To include effects of the external circuitry, such as a feedline with
its resistance, see Fig. 4.5 (a), a new quality factor, the loaded quality factor
Ql is found as the inverse sum of the internal (Q0) end external quality factor
(Qe) [131, 136, 150, 152]

1

Ql
=

1

Q0
+

1

Qe
. (4.15)

The loaded quality factor Ql describes the quality factor of the resonator
under influence of the external coupling, e.g. a feedline. By measuring the
transmission through the feedline, always Ql will be measured. Solving for
Q0 gives

1

Ql
=

1

Q0

(
1 +

Q0

Qe

)
(4.16)

⇒ Q0 = Ql(1 + g) , (4.17)
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with g the coupling factor, which gives the strength of coupling of the
resonator to the external circuitry. g substantially determines the amplitude
and the quality factor of a resonance. If g is small, the resonator is called
under-coupled. Here, Q0 ≈ Ql, so by measuring the response of the resonator
excited by the feedline, it is directly possible to deduce Q0. However, if g > 1

the resonator is over-coupled and Ql is strongly suppressed, meaning that
the quality factor of the resonator itself Q0 is overshadowed by the influence
of Qe.

The amplitude of the resonance, called the insertion loss IL, on the other
hand behaves inversely. For weak coupling (g < 1) the amplitude A is small,
for strong coupling (g > 1) the amplitude is strong. The relation between A
and g is [150]

A =
g

1 + g
. (4.18)

The general behavior of both Ql and A as a function of the coupling coefficient
is shown in Fig. 4.6 (with an assumed Q0 = 10 000). At exactly g = 1 the
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0
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1.0

Q
l

g

A

Fig. 4.6.: Loaded quality factor Ql and insertion loss A of a resonator as a
function of coupling strength g. Q0 has been assumed Q0 = 10 000.
At critical coupling Ql and A are half.

resonator is critically coupled. Here it holds at the resonance frequency for the
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impedance Z = R (from (4.11)) and for optimal coupling the impedance of
the feedline Zf = R. It follows with (4.7) for both Q0 and Qe, that Q0 = Qe

[150]. At this critical coupling Ql and A are exactly half of their maximum
values.

Apart from the designed, wanted coupling by a feedline, it is also possible
that parts of a resonator unwantedly couple to other parts within the structure
of the same resonator. This is called crosstalk and can occur if parts of the
resonator come too close to other parts, where they run parallel to each other
[153–155]. This can in particular happen, when meandering the resonator.
In order to reduce this issue the lines of the resonator have to have large
enough distance to each other. As a figure of merit the distance of the center
conductors D should be roughly D > 5 · (S/2 +W ) [156] (for a crosstalk less
than 35 dB). This is fulfilled for all the resonators in this work since the line
distance is typically of the order of several 100 µm, whereas S and W are few
10 µm.

4.3. Conformal mapping technique

The conformal mapping technique poses a handy procedure to properly
calculate parameters of a coplanar waveguide, such as impedance or effective
dielectric constant. In general the geometry of a coplanar waveguide is a
complex system with its rigorous solution proving cumbersome, especially if
multiple additional layers of finite thickness (substrate, thin-film sample) are
included. The conformal mapping technique maps this complex system onto a
simpler system, for which solutions readily exist which can straightforwardly
be applied [147].

Generally microwave waveguides are made up of a stack of different layers
containing conducting layers and dielectric layers. E.g. in the case of coplanar
waveguides the layer stack with a sample layer deposited on top looks like
Fig. 4.7 (a). In order to find possible solutions for the electric field E and
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Fig. 4.7.: (a) Schematic crosssection of a coplanar waveguide (CPW) with
thin-film layer on top. Points a-d and their colors correspond to
other subfigures. (b) - (d) Separation of layer-stack from (a) into
sub-layers. (f) - (h) Mapped sub-layers in the w-plane. (e) Layers
in the w-plane weighted by their influence on CCPW. (i) CPW
crosssection with typical dimensions. (j) Crosssection of CPW with
two additional layers on top.

the magnetic field B in the static case, one has to solve the two dimensional
Laplace equation

∆x,yϕ(x, y) =

(
∂2

∂x2
+

∂2

∂y2

)
ϕ(x, y) = 0 , (4.19)

with the electrostatic potential function ϕ(x, y). Here it is assumed that
purely TEM-Modes exist, meaning that there is no longitudinal part of E
and B along the waveguide but only transversal parts. In general solving
(4.19) for waveguides proves cumbersome and cannot be done analytically.
Several possibilities exist ranging from variational approaches [157, 158],
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numerical calculations of the Fourier transform [159], Galerkin’s method
[160], to the determination of an appropriate Green’s function [161, 162].
These approaches however, tend to be numerically challenging and do not
give any closed-form expressions.

A more convenient way to calculate solutions for (4.19) is the conformal
mapping using Schwarz-Christoffel mapping [148, 152, 163]. Here first it
is focused on an infinitesimally thin conductor layer. In the next section
finite metallization thickness will be taken into account. The coordinates of
the geometry in the x, y-system are mapped to new coordinates by going
from the complex variable plane to the complex w-plane z = x+ iy → w =

u(x, y) + iv(x, y) leaving (4.19) invariant under this mapping [152]. When
looking at a CPW with additional layer as in Fig. 4.7 (a) the lateral symmetry
can be utilized and only one half has to be evaluated. The mapping is then
done by

w =

∫ z

z0

dx√
(z − b)(z − c)

, (4.20)

which is of the form of an elliptical integral [145]. This mapping is illustrated
in Fig. 4.7 (b)-(h). Each sub-layer, the conductor layer without dielectrics
(b), with substrate (c) and with thin-film (d) is separately mapped into a
rectangle, where the upper plate and lower plate are the conductor surfaces
and the dielectric fills the space in between. This now has the form of a
simple parallel plate capacitor with its capacitance C = ε0εrA/d, with the
area of the plates A and d their distance. Since the line capacitance of the
CPW is investigated, corresponding values are the distance between points
c and d, cd and distance between b and c, bc. For the line capacitance it
therefore follows

Ci = 2ε0(εr − 1)
cd

bc
= 2ε0(εr − 1)

K(ki)

K(k′i)
, i = s, l, a , (4.21)
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with the factor 2 from the lateral symmetry consideration. Since lay-
ers/substrates of finite thickness are studied, the factor (εr − 1) is introduced
here, giving the relative enhancement of the dielectric constant compared to
the free-space capacitance [145]. K(k) is the complete elliptical integral of
first kind with its modulus k. For the substrate and sample layers (Fig. 4.7 (c)
and (d)) the modulus is [149]

ki =
sinh

(
πS
4hi

)
sinh

(
π(S+2W )

4hi

) , i = s, l , (4.22)

with S and W the inner conductor width and distance to ground planes of
the resonator and hi the thickness of the respective layer, compare Fig. 4.7 (i).
The modulus for the conductor-backed (brass-box of the setup) surrounding
air layer is

ka =
tanh

(
πS
4ha

)
tanh

(
π(S+2W )

4ha

) , (4.23)

with ha a thickness of the air layer, which is set to be rather large (typically
a few mm) and symmetric on both sides. The complementary modulus is
defined as k′ =

√
1− k2.

In order to find the properties of the whole layer stack system, the total
capacitance can now be summed

CCPW = Cs + Cl + Ca (4.24)

= 2ε0(εs − 1)
K(ks)

K(k′s)
+ 2ε0(εl − 1)

K(kl)

K(k′l)
+ 4ε0

K(ka)

K(k′a)
. (4.25)
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The effective dielectric constant εeff of the system is defined as the ratio
between (4.25) and the capacitance of the air layer [145, 147]

εeff =
CCPW

Ca
(4.26)

= 1 + ql(εl − 1) + qs(εs − 1) , (4.27)

with the partial filling factors

qi = 2
K(ki)

K(k′i)

K(k′a)

K(ka)
, i = l, s . (4.28)

It follows that the partial filling factor q is defined as the ratio of the area
filling up the crosssection of the system in w-plane to the total area [164,
165], the latter being equal to the area of the air layer. This can be visualized
as in Fig. 4.7 (e).

Equation (4.27) gives the effective dielectric constant for the typical config-
uration of resonators in this project. However (4.27) can be extended for an
arbitrary number of layers. Here, additional addends are added, each with
their filling factor qi and the relative factor of dielectric constants (εi − εi−1),
where the dielectric constant of the layer εi is reduced by the dielectric
constant εi−1 of the neighboring layer on the outside with respect to the
conductor layer. The last addend being the outermost non-air layer reduced
by the air-layer. This is summed for all layers i above and j below the
conductor layer. The total effective dielectric constant then gives

εeff = 1 +
∑
i

qi(εi − εi−1) +
∑
j

qj(εj − εj−1) . (4.29)
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The dielectric constant of a single layer k ∈ i is then

εk =
1

qk

εeff −
∑
i′

qi′(εi′ − εi′−1)−
∑
j

qj(εj − εj−1)− 1

+ εk−1 ,

(4.30)

with i′ ⊂ i \ {k}. In the case of one single layer below and one single layer
above the conductor layer, as in Fig. 4.7 (a) and equation (4.27), this gives
for the thin-film layer εl (with εa ≈ 1)

εl =
1

ql
(εeff − qs(εs − 1)) + 1 . (4.31)

The impedance of the CPW can be found as [145, 147, 149]

Z =
1

CCPWvph
=

1

cCa
√
εeff

=
30π
√
εeff

K(k′a)

K(ka)
, (4.32)

vph being the phase velocity. Z as a function of S/W has been shown in
Fig. 4.2.

4.3.1. Role of metallization thickness

Above formulae have been derived using an infinitesimally thin conductor
layer. In reality however, the conductor layer has finite size of at least several
100 nm. This leads to an increased concentration of the electric field E in
the space between center conductor and ground planes, where the highest
values of |E| exist. This leads to a decrease both in εeff and Z [145, 166–168],
although significant changes of the line parameters are only expected if the
ratio of metallization thickness to conductor width t/S gets close to unity
[166].

To account for the concentration of the E-field between center conductors
and ground planes, a new effective geometry of the transmission line can be
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defined, after which the above formalism for the infinitesimally thin conductor
layer can be used. Effective values for the geometry of the resonator can be
empirically defined as [145]

Se = S +∆ (4.33)

and We =W −∆ , (4.34)

where the effective change in width is

∆ =
1.25t

π

(
1 + ln

(
4πS

t

))
. (4.35)

The new effective geometry therefore has a wider center conductor S and a
reduced gap W . Schematically this can be seen in Fig. 4.8 (a) and (b).

(a) (b)

S
W

S + Δ

W - Δ

t t = 0

Fig. 4.8.: (a) Schematic crosssection of a CPW with thin-film sample. (b)
Altered effective geometry. Here S and W are changed and the
conductor metallization is assumed zero.

An altered effective dielectric constant is found as [145, 169]

εeff,e = εeff −
0.7(εeff − 1) t

W
K(k)
K(k′) + 0.7 t

W

, (4.36)
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and the effective impedance as [145]

Ze =
30π

√
εeff,e

K(k′a)

K(ka)
(4.37)

with ke =
Se

Se + 2We
. (4.38)

4.4. Calculation of the complex dielectric
constant and the microwave conductivity

In general the permittivity ε̂ is a complex function consisting of a real part
ε1 and an imaginary part ε2 following

ε̂ = ε1 + iε2 . (4.39)

The interaction between materials and electromagnetic waves usually depends
on this complex magnitude via a complex refraction index n̂ = n+ik consisting
of a real part n and an extinction coefficient k [56]. For the real part it holds
[56]

n2 =
1

2

(√
ε21 + ε22 + ε1

)
. (4.40)

This real part of the refractive index is the main quantity determining the
electromagnetic propagation speed c′ since

c′ =
c√
ε̂
=
c

n̂
=

c

n︸︷︷︸
velocity

− i
c

k︸︷︷︸
extinction

. (4.41)

In many dielectrics the imaginary part of the dielectric constant is much
smaller than the corresponding real part ε2 ≪ ε1, giving the typical relation
n̂ ≈ n ≈ √

ε1. In this thesis, however, materials with non-negligible losses,
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meaning finite ε2, will be investigated. In section 4.3, the conformal mapping
technique has been presented, allowing for the calculation of a “dielectric
constant” εl, see equation (4.31). Its derivation was done on the assumption
of a purely real dielectric constant without considering losses (ε̂ = ε1). In
order to now extend this to include contributions by ε2, the derived εl is
identified as the squared refractive index εl = n2l . It can now not only
include contributions by ε1 alone, but also contributions by ε2, following
equation (4.40). This means, that εl = n2l determined from conformal
mapping consists of contributions of both parts ε1 and ε2 of the sample
(although εl = n2l is entirely real). The aim of this section is to separate
ε1 and ε2 and to acquire both quantities individually. For this, a second
measured quantity determined in experiments, the quality factor Q, has to
be included. With both, the resonance frequency ν0 and the quality factor Q,
as well as some knowledge about the sample geometry, individual calculation
of ε1 and ε2 is possible. In the following, the real part n of the refractive
index will primarily be used, in order to point out, that while real, n consists
of a combination of both ε1 and ε2.

The effective real part of the refractive index n2eff,s of the resonator under
influence of the sample can be directly derived from the resonance frequency
of the resonator νm,s with equation (4.1),

neff,s =
mc

4νm,sl
, (4.42)

with l the resonator length. Note that here m is the mode number. Alterna-
tively this can be derived from a relative frequency shift

neff,s =
νm,e
νm,s

neff,e , (4.43)

with νm,e and neff,e the resonance frequency (fundamentals and harmonics)
and the effective real part of the refractive index of the empty resonator.
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Here, neff,s is a quantity which consists of contributions from all layers in the
resonator (substrate and sample).

The losses α in the resonator are the sum of different loss mechanisms in
the system, namely αC the conductor losses, αr radiation losses and αD the
dielectric losses [146]. αD can be further separated into contributions of the
substrate αD,sub and of the sample αD. In total this gives

α = αC + αr + αD,sub + αD . (4.44)

Usually in coplanar waveguides the radiation losses αr are small and can
be neglected. In order to find the losses of a thin-film sample on top of the
resonator, losses in the resonator including a sample are compared relative
to the empty resonator. Since only the sample is evaporated on top of the
resonator, but the conductor is not changed, it is assumed that αC does not
change. Similarly, the substrate is unchanged, so αD,sub of the substrate is
constant. Any difference in α between the resonator with sample (αs) and
without (αe) is therefore purely dependent on the dielectric losses in the
sample

αD =∆α = αs − αe =
π

4l

(
1

Qs
− 1

Qe

)
(4.45)

=
π

c
νm,sneff,s

(
1

Qs
− 1

Qe

)
=
π

c
νm,sneff,s∆Q , (4.46)

with α = π
4lQ from equation (4.14), l = mc

4νm,sneff,s
from equation (4.1) and

∆Q =
1

Qs
− 1

Qe
. (4.47)

For the loss tangent of the sample layer l it holds [146]

tan δ =
ε2,l
ε1,l

= αD
neff,sc

πqn2l νm,s
, (4.48)
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with q the filling factor of the sample (equation (4.28)). nl is the (real)
refractive index of the sample including contributions by ε1,l and ε1,l and is
derived following conformal mapping, equation (4.31), as

n2l =
1

q

(
n2eff,s − 1− qsub(n

2
sub − 1)

)
+ 1 , (4.49)

with qsub ≈ 0.5 and n2sub = εsub ≈ 10 [170, 171] the filling factor and the
dielectric constant of the substrate assumed to be purely real, since for Al2O3

it is ε2 ≪ ε1. Equation (4.49) is similar to equation (4.31), however, nl now
is a combination of ε1 and ε2 following equation (4.40).

Solving equation (4.48) for αD and combining it with (4.46) leads to

n2eff,s∆Q = qn2l
ε2,l
ε1,l

. (4.50)

From equation (4.40) an expression for ε2,l can be derived as

⇒ ε2,l =2nl

√
n2l − ε1,l . (4.51)

Putting equation (4.51) into (4.50) and solving for ε1,l with quadratic formula
(taking the positive solution) gives

ε1,l =
2n6l q

2

n4eff,s∆Q
2

√1 +
n4eff,s∆Q

2

n4l q
2

− 1

 (4.52)

=
2n6l q

2

(1 + qsub(εsub − 1) + q(n2l − 1))
2

(
1

Qs
− 1

Qe

)−2

√1 +
(1 + qsub(εsub − 1) + q(n2l − 1))

2

n4l q
2

(
1

Qs
− 1

Qe

)2

− 1

 .

(4.53)
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After calculating ε1,l with (4.53), ε2,l can directly be calculated using equa-
tion (4.51). In order to calculate ε1,l and ε2,l from measured data ν0 and
Q, first n2l of the sample will be calculated using conformal mapping with
equations (4.43) and (4.49), similar to section 4.3. After that, ε1,l will be
calculated using (4.53) and then ε2,l using (4.51). This procedure will always
be performed in this work.

To give an idea how strong the individual contributions of ε1,l and ε2,l

to the resonance frequency shift and consequently to nl are and in which
parameter regimes the contribution by ε2,l becomes of similar size to that
of ε1,l (in particular for small Q), in the following some estimations are
performed. The general form of ε1,l and ε2,l as a function of quality factor
and measured n2l is shown in Fig. 4.9. Fig. 4.9 (a) shows ε1,l and ε2,l as a
function of Qs. Here, Qe = 10000, which is a typical value of a good empty
resonator and q ≈ 0.001 86, corresponding to a 30 nm thin-film. n2l has been
set exemplary to 50. It is found that over a large range of Qs, n2l consists
mostly of contributions by ε1,l, meaning that n2l ≈ ε1,l and ε2,l is negligible.
In this range it can be assumed, that the shift in resonance frequency when
applying the sample is only evoked by ε1,l and contributions to the resonance
shift by ε2,l can be neglected (although ε2,l can still have strong effect on Qs).
In this range ε1,l could therefore also be derived directly from the frequency
shift calculated via equation (4.1). Fig. 4.9 (b) shows the same data as a
function of 1/Qs, where the low-Qs region is enhanced.

If the measured Qs is small however, contributions from both ε1,l and
ε2,l have to be accounted for. As seen in the figure, below Qs ≈ 400, the
influence of ε2,l on the measured n2l grows and at some point even overtakes
ε1,l. In this regime ε1,l and ε2,l have to be calculated explicitly using the
above formalism. The point at which the influence of ε2,l increases and ε1,l
decreases, does not strongly depend on Qe. From equation (4.47) it is clear,
that since always Qe > Qs, Qe is only a small correction to ∆Q and therefore
in most conditions ∆Q ≈ 1/Qs in the above calculation.
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In Fig. 4.9 (c) and (d) ε1,l and ε2,l are shown as a function of Qs and as a
function of n2l up to 100. It is seen that with increasing n2l the calculated ε1,l
increases linearly at high Qs. When decreasing Qs the contribution of ε2,l to
n2l increases strongly as seen before. Only at low values of n2l in the range
of about 0 − 10 does the crossover between ε1,l and ε2,l happen at higher
values of Qs, as can be seen with the dashed line in Fig. 4.9 (e) (for a 30 nm

thin-film). This means that a simple calculation of ε1,l from the change in
resonance frequency can be done as long as Qs is still sufficiently large. Only
when the calculation of ε2,l is desired or Qs is strongly suppressed the above
formalism will be needed.

Following the calculation of ε1,l and ε2,l, the microwave conductivity
σ̂(ω) = σ1,l(ω) + iσ2,l(ω) can be calculated. This can directly be derived
from the dielectric constant following [56]

σ̂(ω) = iωε0 (1− ε̂(ω)) (4.54)

⇒ σ1,l(ω) = ωε0ε2,l(ω) (4.55)

and σ2,l(ω) = ωε0 (1− ε1,l(ω)) , (4.56)

with ε0 the vacuum permittivity and ω the probing frequency.
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Fig. 4.9.: (a) ε1,l, ε2,l and n2l as a function of the quality factor Qs under
influence of the sample. The contribution of ε2 to the measured
resonance shift (reflected in n2l ) is substantial only at low values of
Qs. (b) Same data as a function of 1/Qs. (c) ε1,l and (d) ε2,l as a
function of Qs and n2l . (e) ε1,l and ε2,l-data from (c) and (d) in the
low-n2l regime. The dashed line denotes the crossover ε1,l = ε2,l.
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4.5. Determination of ε in partially covered
resonators

Up to now only substrates with isotropic ε have been considered. However,
many substrates that are commonly in use for microwave resonators have an
anisotropic ε. Especially sapphire-substrates cut in r-plane, which are used
in this project, have different values for ε in two different directions between
9 and 11 [170, 171]. Usually this can be neglected, since in most experiments
relative resonance frequency changes are used. To consider this more carefully
however, in the following section it is shown how to find resonance frequencies
and E-field distributions even with anisotropic ε.

If a sample film does not cover the resonator over the whole length but
only part of a resonator, the influence of the film is weaker and depends on
its location in relation to the electric field distribution of the standing waves.
Depending on the harmonic of the resonator, the locations with highest
electrical field shifts. This in turn can be used to reduce the influence of the
sample on the resonator properties with the idea to reduce sample-induced
dielectric losses. However, the problem complicates and the analysis has to be
performed in a more rigorous manner. In the following sections a model for
the calculation of the electric field distribution in the resonators is introduced
and it is shown how this can be solved and used in order to calculate ε of a
partially covering sample film.

This procedure has been developed together with Cenk Beydeda, a Bachelor
student supervised by the author. Part of this procedure can also be found
in his Bachelor thesis [172].

4.5.1. Basics of calculation

In order to calculate solutions for the above mentioned problems numerically,
first a model of the resonator has to be assumed and split up into parts
with different parameters. This is schematically depicted in Fig. 4.10. (a)
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and (b) show the top view on a resonator of length l with parts of different
effective εeff in different colors. In (a) the resonator is covered only partially
by a thin film (gray), where in (b) the resonator is located on an anisotropic
substrate. (c) and (d) show linear representations of the resonators. Any
continuous crossovers in εeff are approximated with sharp transitions (e.g.
from blue to green in the figure). The resonators are split into n parts with

their individual lengths li adding up to the total length l =
n∑
i=1

li = sn+1 and

corresponding εeff,i. The absolute value of |E| of the expected solutions of
resonance modes are shown in (e). From this, it is clear that the different
modes react differently to the spatial distribution of εeff, since for each modes
the amplitude distribution varies.

The given resonator geometry dictates boundary conditions. Since the
ending of the resonator near the feedline (left in the figure) is a closed end,
no current is able to run (B = 0) and the electric potential has a maximum
(E = Emax). Analogously at the other end (right in figure) the reverse holds
true (B = Bmax, E = 0), since it is an open end.

To calculate the expected solutions of the E- and B-field distributions, a
solution to the Helmholtz equation has to be found. The Helmholtz equation
describes the distribution of E and B in the stationary resonator under given
boundary conditions [147, 150]. In the following only the E-field will be
evaluated, since for the measurements and analysis in this project it is usually
more convenient to look at E. B can directly be derived from it. Since
TEM-waves are considered in our system, the used Helmholtz equation can
be assumed one-dimensional

∂2Ei(x)

∂x2
+ k2i = 0 , (4.57)
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with Ei(x) the E-field distribution. ki is the wavevector in a given section i
and can be written as (vi being the phase velocity)

ki =
√
εeff,i

ω

c
=

√
εeff,i

π

2l
=

√
εeff,ik0 , (4.58)

with k0 = π
2l the wave vector in vacuum.

The Helmholtz equation (4.57) now has to be solved for each section of
the resonator individually with corresponding boundary conditions. The
boundary conditions for the first (i = 1) and last part (i = n) are given by
the resonator geometry

E1(x = 0) = Emax

En(x = l) = 0 .
(4.59)

The boundaries for all parts have to be consistent with their neighbors in
both the absolute value of Ei as well as the first derivative. This gives

Ei(x = si+1) = Ei+1(x = si+1) (4.60)

∂xEi(x = si+1) = ∂xEi+1(x = si+1) , (4.61)

with si the sum si = l1 + l2 + · · ·+ li−1 of the lengths of all parts left of the
part i. For the solution of the Helmholtz equation (4.57) an ansatz is chosen
as

Ei(x) = Ai sin(ki · (x− si)) +Bi cos(ki · (x− si)) . (4.62)

with coefficients Ai and Bi.
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By looking at the outer boundaries of the entire resonator (equation (4.59)),
it can directly be found that

B1 = Emax (4.63)

Bn = −An tan(knln) . (4.64)

Ai and Bi of parts i = 2 . . . n− 1 are found in an iterative manner with the
boundary condition for the absolute value

Ei+1(si+1)
!
= Ei(si+1) (4.65)

Ai+1 sin(ki+1(si+1 − si+1)) +Bi+1 cos(ki+1(si+1 − si+1))

!
= Ai sin(ki(si+1 − si)) +Bi cos(ki(si+1 − si))

(4.66)

⇒ Bi+1 = Ai sin(kili) +Bi cos(kili) , (4.67)

and the boundary condition for the first derivative

∂xEi+1(si+1)
!
= ∂xEi(si+1) (4.68)

ki+1Ai+1 cos(ki+1(si+1 − si+1))− ki+1Bi+1 sin(ki+1(si+1 − si+1))

!
= kiAi cos(ki(si+1 − si))− kiBi sin(ki(si+1 − si))

(4.69)

⇒ Ai+1 =
ki
ki+1

(Ai cos(kili)−Bi sin(kili)) (4.70)

⇒ Ai+1 =

√
εeff,i
εeff,i+1

(Ai cos(kili)−Bi sin(kili)) .

(4.71)

Since the absolute values of E and B are of no interest, A1 can arbitrarily be
set to A1 = 1.

With this iterative procedure, each coefficient for the individual parts is
found with a common wavelength. By combining all parts, the solution for
the whole resonator follows (compare Fig. 4.10 (e)).
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Fig. 4.10.: (a) Schematic depiction of a resonator covered partially with a
thin-film. (b) Resonator on an anisotropic substrate. Colors
indicated different values of ε. (c) and (d) Linear representation
of the resonators split into subsections with different parameters.
(e) |E|-field distribution of fundamental mode and the first two
harmonics. Varying ε is depicted by colors in the background.
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4.5.2. Implementation into analysis

The above calculation method can now be used to numerically calculate a
solution for a given resonator partially covered with a thin-film. The known
parameters are the nominal length of the resonator and εeff of the empty
parts of the resonator, both of which is given by the geometry. Generally
these parameters should define the frequency of the empty resonator with
νn = n·c

4l
√
εeff

(equation (4.1)). Usually however there is a small mismatch
between nominal resonance frequency (from designed geometry) and measured
resonance frequency in experiment. This can have various reasons, from slight
inaccuracy in production, e.g. due to some scaling of the lithography mask
[173], uncertainties in lateral geometry (errors in S and W of the resonator)
due to inconsistent etching, uncertainties in the thickness of the conductor
layer, or uncertainties in ε of the substrate.

Since the measurement comparing covered resonator to empty resonator
is a relative measurement, it does not matter where the mismatch actually
comes from. The resulting calculation of ε of the film will still be correct.
However it has to be compensated for the above procedure to work. For this
the length of the empty resonator l going into the numerical calculation has
to be adjusted. This is done by is stretching or compressing each part li
following

li = δ · lnom,i , i = 1, . . . , n with δ =
νnom

νmeas
, (4.72)

with νnom the nominal resonance frequency and νmeas the measured resonance
frequency.

In order to find εeff, cov of the parts covered by the thin-film under study,
the resonator is split into parts covered by the film and empty parts. Since
the resonance frequency is measured, k0 (equation (4.58)) can directly be
calculated, leaving only εeff,i of each part undetermined. For the empty
parts εeff,i is set to the empty resonator geometry (in a simple model with
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an isotropic Al2O3 substrate, not considering metallization thickness this is
εeff = 5.5). For the covered parts εeff, cov is varied, typically in a starting range
4− 7 with about 1000 sample points. For each point of εeff, cov the solutions
are calculated by iteration of Ai and Bi as above. This εeff, cov-sweep leads
to a solution, where the wavelength of the resonance fits to the resonator
length and hence equation (4.64) is Bn = 0, meaning that the E-field has a
minimum exactly at the open end of the resonator. The corresponding εeff, cov

gives the solution. To reduce the error, this entire procedure is iterated many
times, with decreasing starting range of the εeff, cov-sweep, depending on the
previous solution.

To derive ε1 and ε2 from εeff, cov of the sample also the quality factor
Q ∝ 1/α is needed, as shown in the procedure in section 4.4. However, the
measured quality factor of the partially covered resonator Qpc is expected to
be substantially larger than for a resonator that was theoretically covered
completely by the samples, since the only partially covering sample has overall
less impact on the resonator. Analogously αpc is expected to be smaller. The
procedure in section 4.4 however, can only be applied if the contributions to
α are distributed uniformly along the whole resonator. In order to account
for this, the attenuation of the empty resonator α0, without sample, and of
the partially covered resonator αpc are compared and extrapolated to get
Qcov and αcov of the resonator with uniform distribution.

To do this, the E-field is integrated along the covered parts and com-
pared to the integral of the E-field along the total length of the resonator.
Schematically this is shown in Fig. 4.11 (a). The resulting factor f is

f =

lpc∫
0

|E|dl

lcov∫
0

|E|dl
, (4.73)
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Fig. 4.11.: (a) Absolute value of an exemplary |E|-field distribution along
a resonator. Shaded area indicates the integral along the length
covered by the sample. (b) Attenuation α(f) as a function of the
factor f determined from integrals of |E|. The linear dependence
allows for extrapolation to a theoretically completely covered
resonator.

with lpc the length up to which the resonator is covered and lcov the total
length of the resonator. f is the quantity which describes the strength of
influence of the sample on the resonator. It grows linearly with the amount
of E-field that is under the influence of the sample and the attenuation
α(f) is therefore a function of f with linear dependence α(f) ∝ f . Since
the attenuation of the empty resonator α0 is known from Qe of the empty
resonator and αpc is known as well, the attenuation for a theoretical completely
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covered resonator αcov can now be extrapolated following Fig. 4.11 (b). Qcov

is then found as

αcov =
αpc − α0

fpc
+ α0

⇒ Qcov =

[
1
Qpc

− 1
Q0

fpc
+

1

Q0

]−1

.

(4.74)

With Qcov, ε1 and ε2 can be calculated in regular fashion, as shown in
section 4.4.

In general, with the procedures shown in this section other calculations
are also possible, e.g. calculating resonance frequency for given ε and l, or
calculating l for given ε and ν.

4.6. Temperature dependence of resonator
properties

CPW resonators can be used with a superconductor as the conductor material
[1–3, 136]. This gives higher Q since the resistance of superconductors is
low for microwave frequencies [56]. However, it also introduces substantial
temperature dependence. Following the London penetration depth (2.4),

λ(T ) = λ0

[
1−

(
T

Tc

)4
]−1/2

, (4.75)

electromagnetic waves penetrate the surface of the superconductor at finite
temperatures. The depth up to which this happens increases with increasing
temperature. This alters the crosssection of a CPW as shown in Fig. 4.12.
Here Wheeler’s approximation [174] is used, where the effective change
in geometry will be approximated by a penetration depth of λL/2 into
the superconductor. This new effective geometry has direct influence on
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substrate
λ/2

sc

S - 2 /2λ

W + 2 /2λ

t - 2 /2λ

Fig. 4.12.: Schematic crosssection of a CPW with superconducting conductor
at finite temperature. The effective geometry of the conductor is
altered by the penetration depth λ.

the microwave propagation in the system as the impedance of the CPW,
equation (4.32), is altered since S,W and t change. In general this change is
approximated well to first extend by

Z(λ) = Z(0)

[
1 +

λ

2

(
2
∂Z

∂W

∣∣∣∣
W0

− 2
∂Z

∂S

∣∣∣∣
S0

− 2
∂Z

∂t

∣∣∣∣
t0

)]

= Z(0)

[
1 +

λ

2
Γ

]
,

(4.76)

with Z from equation (4.32), S,W, t the characteristic parameters, the partial
derivatives evaluated at their values without penetration S0,W0, t0 and Γ

a geometric factor combining all partial derivatives. Since Z is inversely
proportional to the phase velocity vph, equation (4.32), and in turn the
resonance frequency of the resonator is dependent on vph, equation (4.1), it
directly follows for the resonance frequency in dependence of the temperature

ν(T ) =
ν(0)√

1 + Γ λ(T )
2Z(0)

=
ν(0)√

1 + Γ
2Z(0)

λ(0)

1−( T
Tc
)
4

, (4.77)

with ν(0) the resonance frequency without penetration depth and λ(0) the
penetration depth at T = 0. The empirical Gorter-Casimir equation (4.75) is
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only valid close to Tc [61], however, experience shows that (4.77) can usually
be fitted to temperature-dependent ν(T ) over a large range of temperatures.

4.7. Experimental setup

For the experiments performed in this work, very low temperatures in the
mK-regime are necessary†. For this, a KelvinoxMX400 dilution refrigerator
by Oxford instruments is used, which is a wet dilution refrigerator insert
system operated in a stainless steel liquid helium dewar. A photograph of
the insert without thermal shielding is shown in Fig. 4.13. The resonator box
is placed at the end of the cold finger (shown in more detail in section 5.2.3,
Fig. 5.4), which in turn is thermally well connected to the mixing chamber,
where 3He/4He-phases are mixed and the system is cooled [175]. The box is
connected via coaxial cables, which lead to the top of the insert, where they
are connected to external circuitry. Over a short length the coaxial cables
are made of NbTiN, which becomes superconducting at low temperatures
[176] and therefore inhibits thermal conductance of the coaxial cables and
reduces heat load to the cold finger. The DC-cabling ensures the possibility
to measure DC-resistance of the samples as well as to read out a temperature
sensor, which is mounted directly at the resonator box for a good thermal
coupling. With this setup a temperature range from 4K down to ∼ 25mK

can be accessed (DC-measurements can be accessed starting from room
temperature), in a frequency range from MHz up to 50GHz.

Microwave data is acquired with an Agilent Technologies PNA Network
Analyzer of type E8364C, allowing for a full complex acquisition of microwave
parameters such as S12. DC-measurements are performed with a Stanford
Research SR830 Lock-in amplifier and a Femto Variable Gain Low Noise
Current Amplifier DLPCA-200, see details in section 4.9.

†Note, that samples A and B in section 6.4 have not been measured at mK-temperatures
but at temperatures > 1.5K, for which a VTI and a glass bath cryostat have been used.
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mixing
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Fig. 4.13.: Photograph of the KelvinoxMX400 dilution refrigerator insert.

4.8. Fitting procedure

The equivalent LRC-model of a microwave resonator from section 4.2 predicts
that resonances of the resonator have Lorentzian shape [150]. The power
oscillating in the resonator has been shown earlier, in Fig. 4.5 (b) and shows
that at resonance frequency ν0 a maximum of power is oscillating in the
resonator, while for off-resonant frequencies ν0 +∆ν it quickly diminishes.
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Typically the shape of an ideal resonance should follow Lorentzian shape [56]
as

S21 ∝ AνB

(ν − ν0)
2
+ ν2B

, (4.78)

with S21 being the microwave transmission S-parameter, A the insertion loss
and νB the bandwidth where the power has dropped to half the maximum
value. From ν0, νB and the quality factor Q = ν0/νB, many parameters of
the system can be evaluated, as has been seen in previous sections. It is
therefore of high interest to determine these resonance parameters precisely.

Depending on the type of coupling, a resonator can enhance the transmission
at resonance, i.e. for gapped λ/2-resonators, or reduce the transmission, e.g.
for parallel coupled λ/4-resonators. Since the latter are the primary probes
in this work, the following section will focus on a reduction of transmission.

Due to the experimental setup as well as material parameters, resonances
can deviate quite strongly from the ideal Lorentzian shape in (4.78). On
the one hand this is influenced by the coaxial cables of the system, which
themselves have strong frequency dependence of the transmission due to the
frequency-dependent skin effect [174]. This leads to a suppression of overall
transmission at higher frequencies, as the microwaves are attenuated stronger
the higher the frequency. In the range of 1GHz to 30GHz the suppression is
in the order of about one magnitude. Additionally, through the finite length
of the experimental cabling in the range of several 10 cm to m, standing waves
can be induced [177] in the coaxial cables, which can have negative impact in
the GHz frequency range.

On the other hand another substantial contribution to the deviation from
the ideal Lorentzian shape is the complexity of the resonator design, its
coupling and the housing of the microwave-chip. Since there are many bends
and transitions in the lines of the CPW it is possible that to a certain extent
parasitic resistances, capacitances, inductances and reactances exist [150],
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altering the transmission through the feedline. The housing itself is a brass
box with dimensions in the cm-regime, which in turn can lead to box modes,
similar to microwave cavity modes [150, 178, 179]. These parasitic modes
and effects may overlap with resonances and therefore create some offsets
or slopes in the transmission spectrum. All of these contributions lead to a
nonzero background, which has to be taken into account and corrected.

Another important factor are phase-shifts of the microwave signal, which
can strongly alter the resonance shape. These phase-shifts can occur due to
the complexity of the coupled and meandered resonator, leading to a shift
of the real and imaginary part of the microwave signal in respect to each
other, while in the absolute value of the signal this is primarily detected by
asymmetry of the resonance. Here, unintuitively it is also possible that λ/4-
resonators show resonances which have partially enhanced transmission signal
close to the resonance, where they should only show reduced transmission.
Fitting these kind of resonances with an absolute Lorentzian such as (4.78) is
insufficient and therefore brings the necessity to analyze the complex response
of the resonators. Fortunately the experimental setup with the use of a vector
network analyzer enables acquiring complex data directly.

Fig. 4.14 (a) shows such a transmission spectrum of a resonance of a λ/4-
resonator. It is seen that the resonance has some slight asymmetry and is
altered from the ideal Lorentzian, mainly due to it sitting on a slope. The
absolute value of S21, the real part and the imaginary part are shown. In
order to fit the data, the following complex function is used

S21(ν) = e2πiτν︸ ︷︷ ︸
phase

 v1
ν − v2︸ ︷︷ ︸

Lorentzian

+ v3 + v4 (ν − Re (v2))︸ ︷︷ ︸
background

 . (4.79)
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Fig. 4.14.: (a) Transmission spectrum of a resonance frequency of a λ/4-
resonator. Real part, imaginary part and absolute value are plotted
with the corresponding (complex) fit. The dashed line shows the
first order background approximation. (b) Phase angle ϕ between
real and imaginary part.

τ, v1, v2, v3 and v4 are complex fitting parameters. v1 and v2 are combinations
of resonance properties as

v1 = Â · iνB
2

(4.80)

v2 = ν0 + i
νB
2
, (4.81)

with ν0 and νB being the absolute value of the resonance frequency and the
bandwidth. Â is the complex insertion loss.

Equation (4.79) consists of three parts. The first part is a global phase
that is determined by the phase between real part and imaginary part of S21.
τ is determined as a separate fit before the actual fit to the data. This first fit
to the phase can be exemplary seen in Fig. 4.14 (b). Finding the phase angle
ϕ = arctan

(
Im(S21)
Re(S21)

)
and bringing it from the interval

[
−π

2 ,
π
2

]
to a larger

interval, where all discontinuities are removed, gives a linear regime. The fit
is performed off-resonance but close to the resonance and the resulting value
for τ will be used in subsequent fittings.
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The two parts in brackets of equation (4.79) are expressions for a complex
Lorentzian and a complex background model. The background model is a
linear approximation with an offset v3 and a slope v4, Fig. 4.14 (a) shows the
background approximation for the exemplary resonance. Both the Lorentzian
and the background model are fitted simultaneously. With this the mentioned
resonance parameters can be extracted as

ν0 = Re (v2) (4.82)

νB = 2 · Im (v2) (4.83)

A =
|v1/Im(v2)|

|v3|
. (4.84)

To find the insertion loss A of the resonator the relative amplitude of the
resonance has to be calculated by calibrating the absolute of Â by the offset
v3, as seen in (4.84).

It is crucial for a good fit to find well-enough initial starting parameters.
They are determined from the absolute transmission spectrum S21(ν) by
taking the position of the local minimum as starting parameter for ν0, the
depth of the dip for A and the bandwidth at which A/2 is reached for νB .

4.9. DC-measurements

Apart from microwave data, which characterizes the samples at GHz-frequencies,
the indium oxide samples in this work are also characterized by DC-measurements.
This is especially useful since many properties of these highly disordered
films show their characteristics already in the DC-conductivity such as e.g.
the opening of a hard gap [8, 12, 14, 33], see section 3.5. The hard-gap
activation gap in turn can also be used to determine the distance of the
individual samples to the transition and give good possibility to characterize
their location in the phase diagram.
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There are some major challenges concerning the DC-measurements however,
since excitation currents and voltages have to be very low, in the range of
nA and µV. They have to be as low as possible, since the samples should be
able to completely thermalize at mK-temperatures. High excitation energies
can counteract this, since on the one hand imprinting a high current I to the
sample can lead to a temperature increase of the whole sample including its
surroundings. The heating-power follows

P = R · I2 , (4.85)

with R the sample resistance. On the other hand, the electronic bath of the
charge carriers can have a certain temperature, which can differ from thermal
temperature of the lattice, meaning that electrons and phonons decouple [180,
181]. To minimize any difference between electron and phonon temperature,
the excitation energies have to be as low as possible [181].

The DC-measurement setup overcoming these challenges that was used to
characterize the indium oxide samples is shown schematically in Fig. 4.15.
It includes a Stanford Research SR830 Lock-in amplifier, as well as some
home-made filtering and an external current-voltage amplifier of type Femto
Variable Gain Low Noise Current Amplifier DLPCA-200. The setup is used
in two measuring configurations, one of them being a configuration for 2-point
measurements and one for 4-point measurements. The 4-point measurement
configuration is shown in Fig. 4.15 (c). The Lock-in amplifier creates an
excitation current with the help of a 10MΩ resistance. Following

R =
U

I
⇒ I =

U

R
, (4.86)

this creates an excitation current in the range of several 10 nA for typical Lock-
in excitation voltages in the 100mV-regime. The high resistance of 10MΩ

ensures, that the excitation voltage creates an excitation current dominated by
the external resistance, since the resistance of the sample at room temperature
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is typically less than 100 kΩ when measuring with the 4-point setup. The
excitation current is then sent to the sample through twisted-pair cables,
which ensures a minimum of noise pick-up from the environment of the
experiment. The voltage occurring at the center contacts on the sample is
then detected by the differential input of the Lock-in amplifier.

Naturally it would be desired to perform 4-point measurements in all con-
ditions of the experiment in order to cancel out contact and cable resistances
and have direct access to the resistance of the sample. However, this is not
straightforwardly possible, since in some conditions the resistance of the
sample increases by many magnitudes. Since the Lock-in amplifier has an
input impedance of 10MΩ, 4-point measurements become unreliable when
the resistance of the sample becomes larger than a few MΩ. This is typically
the case when samples get to an insulating regime at low temperatures. Using
the 4-point setup would then lead to the excitation current running through
the Lock-in instead of the sample, resulting in a maximum measurement
range below 10MΩ. The 4-point measurement method can therefore only be
used for relatively low sample-resistances in the 100 kΩ-regime.

To measure large sample-resistances in the MΩ-regime, a 2-point mea-
surement configuration is used, as shown in Fig. 4.15 (a). Here, the output
of the Lock-in is connected to a shielded box containing a voltage divider,
shown in detail in Fig. 4.15 (b). This divider reduces the voltage from the
Lock-in, typically in the 100mV-regime, by a factor of 1 × 103, down to
the 100 µV-regime. This excitation voltage induces a current through the
sample, which is in turn measured again by the Lock-in and is used for
resistance calculation with (4.86). For accessibility and low noise the small
measured current is converted by an external current-voltage amplifier to a
voltage measurable by the Lock-in. Typical amplifications are in the range of
1× 107 − 1× 109. To reduce the noise level further an additional RC-filter is
included with R = 5kΩ and C = 2 µF, giving a cut-off frequency of about
15Hz, while the excitation frequency is in the range of a few Hz.
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With this setup the excitation happens by imprinting a voltage to the
sample and the response is measured by the resulting current. This is
advantageous if samples are expected to have increasing resistance, since
following equation (4.86) with fixed U , the excited current reduces and the
heating-power decreases further as well, following (4.85). This prevents
accidental heating of the sample. As an example, for a sample resistance of
1MΩ and an excitation voltage of 500 µV, the heating-power which has to be
dissipated is about 250 pW. This is much less than the cooling power of the
used dilution fridge in the relevant temperature-range and the sample will
not heat up.
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Fig. 4.15.: (a) Schematic depiction of the 2-point DC-measurement setup. A
Lock-in amplifier, voltage divider, as well as an external amplifier
is used. Cable types are indicated. (b) Voltage divider box detailed
with the included resistances. (c) 4-point setup using the Lock-in
and an additional resistance.
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The depicted Hall-bar structure shown already in Fig. 4.15 on the right is
shown in greater detail in Fig. 4.16 with typical dimensions. The Hall-bar

R

V

I
4-point measurement

2-point measurement

L = 200 µm

W = 100 µm

Fig. 4.16.: Schematic model of the Hall-bar used for DC-measurements. Con-
figurations for 2-point and 4-point measurements are shown, mea-
suring the resistance of the center strip. The large pads to each
side are for easier contacting. Typical dimensions are indicated.

design is a commonly used design to measure DC transport properties of
samples [28, 32], since it has a defined structure and dimension and sample-
specific properties can directly be found. In the Hall-bar used here, the center
strip has a length of 500 µm and a width of 100 µm. There are six pads for
easy contacting of external wires, two of them located at the ends of the strip
and two of them located to each side. The leads leading from the pads on
the side to the center strip have a separation of 200 µm.

The measurement configurations mentioned before are indicated in the
figure. The 2-point measurement is performed along the whole length of the
strip, from one contacting pad to the other. Therefore, contributions from
the contact resistance, the pads and the leads to the center strip are included.
The 4-point measurement is performed using the pads at the ends of the
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strip for imprinting the excitation current. The current is assumed to run
uniformly from one end of the strip to the other, while the resulting voltage
is measured between two pads on one side.

From the geometry of the Hall-bar, the sheet resistance Rs as well as the
resistivity ρ of the sample can be calculated using the 4-point configuration.
For the 4-point resistance R4P along the film is holds

R4P = ρ
L

A
= ρ

L

t ·W
= Rs

L

W
, (4.87)

with L the length of the center strip, A its cross-sectional area and ρ the
resistivity of the sample. Since the film is homogeneous in thickness t and
has defined width W , the area is A =W · t. ρ is related to Rs as

ρ = Rs · t . (4.88)

From the 4-point measurement Rs can therefore be calculated using half
of the measured resistance R4P, since here it is L = 2W , and afterwards
equation (4.88) can be used to calculate the resistivity ρ of the sample.

Usually the samples measured in this work become insulating upon cooling
to low temperatures. This increases the resistance strongly and leads to the
aforementioned challenges. Since 4-point measurements cannot be performed
for high resistance samples, 2-point measurements will be performed and
calibrated by the 4-point measurements performed at room temperature.
Fig. 4.17 (a) shows an exemplary temperature-dependence for Rs which
has already been calibrated. It shows hard-gap activated behavior with an
exponential increase of the form

Rs = R0e
T0
T , (4.89)

that can be fit with an activation temperature T0 and a fit parameter R0.
Plotting the data in an Arrhenius-type form as a function of 1/T gives a

115



4. Experiment

(b)

fit: T0  12.2 K

2-point
calibratedR

s (
M

)

1/T (K -1)

2-point
raw

R
s (

M
)

temperature (K)

Rs (300 K)  13.89 k
fit

(a)

(c)

Fig. 4.17.: (a) Sheet resistance of a sample which gets insulating upon cooling.
An activation law is fitted. (b) Arrhenius-plot of an insulating
sample. The raw data from 2-point measurement is shown as
well as the calibrated sheet resistance with activation fit following
(4.89). (c) Phase of the Lock-in measurement upon cooling.

linear regime, shown in Fig. 4.17 (b), now also including the raw, uncalibrated
data.

To calibrate the measured 2-point resistance R2P, both 2-point and 4-point
measurements are performed before cooldown at room temperature, where
also the 4-point measurement performs well (giving Rs(300K)), since sample
resistance is in the kΩ-regime. The temperature-dependent sheet resistance
Rs(T ) is then found as

Rs(T ) = R2P(T ) ·
Rs(300K)

R2P(300K)
= (2Rs +Rr) e

T0
T · Rse

T0
300K

(2Rs +Rr) e
T0

300K

= Rse
T0
T .

(4.90)

R2P(T ) consists of twice the sheet resistance Rs (due to the geometry L = 2W )
andRr is the resistance of contacts, pads, leads, etc. Rr can have contributions
from temperature-dependent resistances, e.g. from the pads and the leads to
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the strip, but also constant parts from the experimental wiring. The constant
resistance from the experimental wiring is usually much smaller in value
compared to the temperature-dependent parts, which is why it has been
neglected in the above calculation. Naturally temperature-dependence other
than activated behavior is also possible.

In Fig. 4.17 it can be seen that Rs saturates at some point for high values
at low temperatures. This saturation is accompanied by an increase in the
phase of the Lock-in measurement, which is shown in Fig. 4.17 (c). At lowest
temperature the phase is 90°, meaning the measured signal is completely out
of phase. This hints towards some kind of parasitic capacity between the
wires connecting the measurement devices with the sample. Since in this
case sample resistance and capacitance are both parallel, the capacitance
becomes increasingly important when the resistance of the sample increases
and at some point completely dominates the signal. To reduce this influence
as much as possible, a low lock-in frequency is chosen, typically in the range
of a few Hz. The experimental wiring is also chosen to be less susceptible to
parasitic capacities by using twisted-pair cables and coaxial cables with BNC-
connectors. All connections are shielded and the experimental devices, as well
as the cryostat are grounded to the same potential. With this, high absolute
values of resistances can be measured, to above 400MΩ, which is in general
enough to characterize the temperature-dependence of the insulating samples
in this work. The activation behavior of the samples is then analyzed along
the linear regime in the Arrhenius-plot (see Fig. 4.17 (b)), which corresponds
to a lock-in phase change below about 10° (shaded area in Fig. 4.17 (c)).
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feasibility

In this chapter the general idea of the experiment is detailed and its feasibility
and performance are investigated. This is done by simulations using CST
Microwave Studio [182] and by demonstration measurements, in order to
show the applicability of previously shown techniques. First the practical
application of the method will be detailed. Then simulations will be shown
as a proof of concept as well as some demonstration experiments on known
dielectric samples.

Part of the data in the following chapter has been published in the following
publication:
Nikolaj Gabriel Ebensperger, Benedikt Ferdinand, Dieter Koelle, Reinhold
Kleiner, Martin Dressel and Marc Scheffler.
“Characterizing dielectric properties of ultra-thin films using superconducting
coplanar microwave resonators”
Rev. Sci. Instrum., 90, 114701 (2019) [1]

5.1. Idea of the experiment

The goal of this work is to find ε of thin-film samples in the GHz-regime.
Here, many materials show peculiar properties at low temperatures, especially
indium oxide in the mK-regime [8, 28, 33, 39, 42]. In the GHz-regime the
energies of the probing electromagnetic waves are still quite low, i.e. µeV,
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meaning that it can be assumed to still be in the static limit. The GHz-
frequencies also allow to go to ultra low cryogenic temperatures in the
mK-regime, as the energies of the microwaves can be chosen to be lower then
characteristic thermal energies of mK.

The general idea of the experiment is to take a coplanar waveguide resonator
with known resonance characteristics such as frequency ν0 and quality factor
Q. Then, in a second step, a dielectric sample is added into the system with its
material properties acting as perturbation to the resonator characteristics [1,
183]. This leads to a measurable change in ν0 and Q. Since superconducting
resonators made of Nb on a very low-loss substrate such as Al2O3 [170, 171,
184–186] usually have very high Q in the order of 1 × 104 − 1 × 105 [1, 4,
136], their precision in ν0 is exceptionally high and in turn allow for sensitive
measurements of the resonance frequency shift.

The sample is added by deposition directly on top of the CPW resonator.
This allows for simple creation of samples without any intermediate steps,
which might alter sample properties. By adding a patterned photo-resist
layer beforehand, the samples can be shaped at will with lift-off procedures.
This can be utilized to form additional structures of the samples, which will
also be done in this work, e.g. for Hall-bar structures.

Since the samples that can be investigated with this method are very thin,
in the few nm to tens of nm-regime, thickness measurements are usually
performed using microscopic measurement methods, such as profilometer
or atomic force microscopy (AFM). A three dimensional visualization of a
topographical map of an empty CPW and a CPW with deposited sample is
shown in Fig. 5.1. The typical magnitudes are shown schematically in the
figure and include the center conductor width S and its distance to ground
planes W , which have typical sizes in the range of µm to tens of µm. The
metallization thickness is usually in the range of several 100 nm, in this work
it is always about 300 nm.

With the addition of a dielectric sample the effective dielectric constant
of the CPW is changed and additional losses are introduced. This changes
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Fig. 5.1.: (a) Three dimensional visualization of a topography map of an
empty CPW, measured with AFM. Schematically characteristic
quantities in the crosssection are included showing typical geometry.
Vertical dimensions are enhanced for clarity. (b) 3D visualization
of a topography map of a CPW with partially covering thin-film
sample. The sample thickness is much smaller than the metallization
thickness.

the resonance frequency ν0 of our resonator and its quality factor Q. A
demonstration of this is shown in Fig. 5.2. The resonance shifts to lower
frequencies and gets broader.

This procedure can be done for a large variety of dielectric samples in a
wide frequency and temperature range. Since superconducting Nb is used as
conductor for the resonator, temperature ranges from about 8− 9K down to
mK can be accessed. With microwave resonators frequencies up to 50GHz

can possibly be accessed [137], typically in this work the dielectric properties
of the sample materials are investigated up to about 30GHz.

5.2. Probing thin-film samples with
resonator-chips
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Fig. 5.2.: Transmission spectrum of a resonance in the case of an empty
resonator and under the influence of a thin-film sample. The
resonance shifts and broadens.

5.2.1. Resonator-chips

For practical applications, resonator chips have to be designed, which fit the
experimental conditions but also the spatial limitations of the measurement
setups. Usually the wavelengths of resonances at GHz-frequencies and in
resonators with Al2O3 substrate are somewhere in the area of cm. This has to
fit in a spatial area which is in the range of about 1 cm2, which is the typical
accessible space in the cryogenic setups. In order to be able to additionally
fit multiple resonators in this space, they are meandered and coupled to
a common feedline. Fig. 5.3 (a) shows a schematic representation of such
meandered λ/4-resonator with parallel coupling to a feedline. (b) shows an
example of a complete resonator-chip. Its total dimensions are 10× 12mm

and it carries eight different resonators. The common feedline crosses the
total length of the resonator-chip in the center and multiplexes the resonators,
allowing for read out of all resonators with a single frequency sweep.

Since the resonators are independent on each other, they can each have
different lengths and dimensions. In the example of Fig. 5.3 (b) the resonators
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5.2. Probing thin-film samples with resonator-chips

have different values for S and W and varying lengths, giving them fundamen-
tals in the range of 2− 8GHz. On this chip in particular the resonators are
designed in the way that there are always two resonators of about the same
length at either side of the feedline. They are only slightly different in length
(few µm) for them to not have resonances at exactly the same but at slightly
different frequencies to still be differentiable. The advantage of having pairs of
very similar resonators is to have in-situ reference measurements. By covering
only one half of the resonators with the sample, the other resonators are left
empty and ensure the nominal performance of the resonator-chip even after
the additional step of sample deposition. These type of dual resonator-chips
are used frequently in this work, however resonator-chips, where all eight
resonators have different lengths and frequencies are also regularly employed.

The resonators in Fig. 5.3 (b) also have different values of S and W . Since
this resonator-chip is applied as a probe for thin-films, the filling factor
q plays an important role in the sensitivity to the sample properties, see
equation (4.28) and section 5.3.3. For thin-films in the range of few 10 nm

thickness, the filling factors have magnitudes in the range of 1× 10−3. By
varying S and especially W of the resonators for a given thin-film thickness, q
can be varied. This gives a direct handle on the sensitivity of the resonator to
the sample. Sometimes very high sensitivity is wanted, meaning W should be
quite small, but sometimes also less sensitivity is desired, in particular when
the losses in the sample are strong and start to suppress resonator oscillation.
Here a larger W is employed. By having multiple different resonators with
varying S and W on the same chip, the chip is more versatile to a multitude
of samples.
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(b)(a)

(c) (d)

feedline

resonators

Nb Al O2 3

sample Hall baralignment help

closed end

open end

Fig. 5.3.: Mask design for a resonator-chip. (a) Single resonator coupled to a
feedline. Parts have been shortened for clarity. (b) Design of the
whole resonator-chip. The different parts are marked in the figure,
resonators are shown in red, the common feedline in blue. The
total dimensions of the resonator-chip are 10 × 12mm. (c) Mask
for sample deposition. White parts are transparent, this is where
the sample will remain after lift-off. Grey can either be transparent
or opaque, depending on desired sample distribution. (d) Sample
(green) deposited on the resonator-chip.
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5.2. Probing thin-film samples with resonator-chips

5.2.2. Sample design

Sample deposition is preceded by a step which allows for shaping of the sample.
In this step the resonator-chip is covered by photoresist. After performing
optical lithography and developing the photoresist, the photoresist only
exists in locations where the sample is not supposed to be deposited. At
locations where the photoresist is gone, the sample accumulates directly on
the resonator-chip as desired.

In order to deposit the sample only on the resonators and e.g. not on the
areas necessary for microwave contacting at the ends of the feedline, a photo
lithography mask is used. An example is shown in Fig. 5.3 (c). White parts
are transparent. In these areas the sample will be deposited. Depending on
the desired application, the sample can be deposited on both sides of the
resonator-chip, or only on one (gray area in the figure is either completely
transparent or opaque). After sample deposition onto the partially covered
resonator-chip and subsequent lift-off of the photoresist and sample, the
resonator is covered as shown in Fig. 5.3 (d).

In order to cover individual resonators only partially and not along their
whole length, it is also possible to cover the resonators partially before sample
deposition. Here Fixogum [187], a glue-like substance that also lifts off in
the lift-off process, can be applied to the resonator-chip. Areas covered
by this glue then are sample-free. This allows for the further reduction of
the influence of losses in the sample on the resonator performance. Since
only parts of the resonator are covered, the sample has less influence on the
microwave properties as a whole. This however complicates the analysis of
the data, as shown in section 4.5.

5.2.3. Mounting of resonator-chips

After deposition of the sample onto the chip, the resonator-chip is mounted
into a box in order to contact microwave connectors to the feedline. A
schematic model of such a box is featured in Fig. 5.4 (a) and a photo of the
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5. Experimental application and feasibility

mounted box on the cold-finger in (b). The box is made of brass and consists

connector holes

thread for microwave connector

substrate ledge

threads for screws

(a) (b)

DC-contacting

temperature
sensor

cold-finger

coaxial
cables

heater

Fig. 5.4.: (a) Schematic model of a brass box used for mounting. It consists
of a cavity for the resonator-chip and feedthroughs with threadings
for connectors. (b) Photo of a brass box mounted to the cold-
finger of the dilution refrigerator with attached connectors for
DC-measurements and temperature sensing.

of a cavity for the resonator-chip and several threads for microwave connectors
and screws. The chip is placed in the cavity and sits on the substrate ledge.
At the bottom of the chip the brass box is closed and typically the top is
also closed with aluminum tape, meaning that the CPWs can be assumed
conductor-backed.

The microwave connectors are screwed into the threads to either side and
their inner-conductor endings are pushed onto the endings of the feedline. For
better contact these endings have been increased in size, to allow for a large
contacting area (see Fig. 5.3 (b)). The connection of the coaxial connector to
the feedline is then additionally improved with silver-paste.

This assembly is done ex-situ. The whole box with the chip is afterwards
screwed to the cold-finger of the experimental setup and connected to coaxial
cables. Any additional DC-connectors can be glued to the box and short
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wires are used to connect the external circuitry to the sample directly (DC-
contacting in Fig. 5.4 (b)).

5.3. Simulations

Simulations have been regularly employed to optimize resonator geometry as
well as to validate analysis procedures. For this the commercial simulation
software CST Microwave Studio [182] has been used. Here, various models
fitting the investigated problems and challenges have been designed in a
CAD environment, e.g. models shown in Fig. 4.4, and microwave parameters
such as the transmission coefficient S21 have been evaluated. The analysis is
done analogously to experimental measurements, although here an absolute
Lorentzian fit to the absolute value of the transmission is sufficient. From
this Q and the insertion loss can be acquired.

5.3.1. Resonator optimization

In order to optimize resonator performance for the experimental application,
the coupling of the resonator to the feedline has been simulated in dependence
of several geometry parameters. Since the resonators are in-plane with parallel
coupling to the feedline, all parameters are situated in the lateral dimension
of the CPW. Especially the length of the coupling arm lc and the distance
of the coupling arm to the feedline gc are the most important parameters,
see Fig. 5.5 (a). The larger lc, the more of the resonator is parallel to the
feedline and is directly excited. The closer the resonator is to the feedline, i.e.
the smaller gc, the larger is the magnitude of the electromagnetic fields of the
feedline at the coupling arm, compare Fig. 4.3 in section 4.2, and consequently
the coupling is larger. Varying both gc and lc and looking at both Q and
the insertion loss A leads to the dependence shown in Fig. 5.5 (b) and (c).
Here, a resonator with S = 24µm and W = 10µm has been simulated with
a perfect conductor on a lossy Al2O3 substrate (limiting Q) with ε1 ≈ 10
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5. Experimental application and feasibility

Fig. 5.5.: (a) Schematic depiction of a resonator arm coupled to a feedline
with coupling parameters shown. (b,c) Simulation data for (b) Q
and (c) A as a function of lc and gc. Smaller Q/Larger A means
stronger coupling. The black line indicates critical coupling. (b,c)
is also shown in [1].

(εeff ≈ 5.5). Q decreases with stronger coupling (larger lc and smaller gc),
whereas A increases. This matches the theoretical prediction of CPW coupling
from section 4.2.1, especially Fig. 4.6. The black lines in Fig. 5.5 (b) and
(c) show the values of critical coupling [136], where both Q and A are half
their maximum value. For Q values above the black line the resonator is
undercoupled and below the line it is overcoupled (for A this is reversed,
above the line being the overcoupled regime).

It is expected that some samples can induce significant losses to the res-
onators. In this case if A is low, resonator oscillation can quickly be suppressed
completely. For high A however, an oscillation, although weaker, might still
be possible. It is therefore of interest to still stay in the undercoupled regime,
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5.3. Simulations

so Q is predominantly dependent on the intrinsic resonator properties, while
having a large enough coupling for A to be large. From Fig. 5.5 (b) and (c)
reasonable values for gc and lc have been found as lc = 400 µm and gc = 10 µm
for experimental resonator-chips.

5.3.2. Sensitivity to thin-film samples

The samples that should be able to be investigated with the presented method
are thin-films with their thickness ranging in the regime of several nm up to
about 100 nm [10, 11, 28, 32]. It is therefore on the one hand necessary to
establish that the resonators are sensitive enough to detect weak influences
of thin-film samples. On the other hand, it is necessary to show that the
analysis methods using conformal mapping (section 4.3) are applicable. In
order to demonstrate this simulations have been performed, with a CPW
λ/4-resonator with parallel coupling to a feedline and an additional thin-film
layer on top. The metallization thickness of the CPW is non-zero and has
been kept at 300 nm, roughly corresponding to experimental CPWs. For S
and W standard values of S = 24µm and W = 10µm have been used.

The crucial parameters of the thin-film sample are the complex dielectric
constant ε with its real and imaginary values ε1 and ε2 and the film-thickness
d. The resonance frequency ν0 of the simulated resonator model as a function
of both ε1 and d is shown in Fig. 5.6 (a). Here ε1 has been varied between
ε1 = 1 (vacuum) and ε1 = 1000, and d in the range between 5 nm and
300 nm (up to the metallization thickness), which roughly corresponds to the
expected limits in experimental applications. ν0 is expected to decrease with
an increase of both ε1 and d. It is directly related with equation (4.1) to the
effective dielectric constant εeff of the CPW, which in turn is directly affected
by ε1 of the sample via (4.27) from conformal mapping theory (section 4.3).
d has influence on the filling factor q of the sample (equation (4.28)), which
enhances the contribution of the sample to εeff (equation (4.27)).
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5. Experimental application and feasibility

Fig. 5.6 (a) shows that for the experimentally important region of relatively
small values in d and ε1 the simulated data fits the theoretical prediction quite
well. Only for highest values of d and ε1 small deviations from theory arise,
which are less then a few percent. In the crucial regime at d < 50 nm and
values of ε1 in the range of up to hundreds, corresponding to predicted values
of experimental thin-film data, theory is well matched by the simulation
data. In this regime the applicability of conformal mapping technique for
the correlation of resonator parameters to the material parameters of the
thin-film samples is given.

When going to larger film-thicknesses, larger than the metallization thick-
ness, ν0 continues to shift to lower values. This is seen in Fig. 5.6 (b). There
is however a saturation of ν0 towards even larger d. The point at which
saturation sets in roughly corresponds in magnitude to the size of typical
geometry parameters, such as S and W , here in the order of tens of µm. From
this point on, larger thicker films can be considered bulk. When comparing
theory to the simulation data, a good fit is possible only for slightly larger
assumed ε1 of the film compared to the set value in simulation (compare
legends in Fig. 5.6 (b)). This deviation however will be neglected for the
following work, since it occurs only for bulk-like samples, which are not the
focus of the following experiments. Additionally for bulk samples other issues
arise, such as the “air-gap”-issue [1, 2].

The third parameter that is important to investigate for the applicability of
the method is the influence of the imaginary part of the dielectric constant ε2.
ε2 predominantly enhances the losses in the system, as shown in section 4.4.
This goes hand in hand with a reduction of the quality factor Q of the
resonators and even suppresses resonances completely for very large losses.
This can already be seen in the raw spectrum of the simulation in the inset of
Fig. 5.6 (c). The main panel shows the calculated ε2 from simulation data as
a function of set ε2. Note, that set ε2 has not been given directly but rather
tan δ due to software limitations in CST Microwave Studio, but here it is
tan δ = ε2, since ε1 is set to ε1 = 1 (c.f. equation (4.48)). The simulation
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data fits theory reasonably well. This means that also for the calculation of
ε2 conformal mapping and the previously mentioned procedure is applicable.
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Fig. 5.6.: (a) ν0 as a function of d and ε1 for simulation data and theory from
conformal mapping technique. The simulation replicates theory
quite well. (b) Normalized ν0 as a function of d for three different
set values of ε1. At large d, ν0 saturates and the sample can
be considered bulk [1]. (c) Calculated ε2 as a function of set ε2.
Simulation data fits theory reasonably well. The inset shows raw
spectra.

132



5.3. Simulations

5.3.3. Role of sample location

In Fig. 4.3 (a) and 4.8 (a) it can be seen, that the finite metallization thickness
of the conductor layer leads to an enhancement of the E-field between
center conductor and ground planes, where the E-field is homogeneous. The
resonator therefore has the highest field density in this gap and is most
sensitive to properties of a thin-film sample in the space between center
conductor and ground planes.

In order to compare the contributions from ε of the sample in the gap and
on top of the conductor, simulations have been performed. The resulting
resonance shifts are shown in Fig. 5.7. The dimensions of the simulation model
were chosen to be similar to experimental geometry (S = 24 µm, W = 10 µm,
t = 0.3 µm, ds = 50nm). The dielectric constant of the sample in the gap εg
and on the conductor εc have been varied independently of each other.
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 g = 100, c = 1
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Fig. 5.7.: Spectra of a simulated resonator with a thin-film sample. The
real part of ε has been changed individually depending on sample
location, whether it is in the gap between center conductor and
ground planes εg or on top of the conductor εc, see inset.
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Increasing either εc or εg from 1 (vacuum) to 100 shifts the resonance to
lower frequencies (the value of ε1 = 100 here is taken as an order of magnitude
value since it expected to be a typical value for a thin-film sample with high
disorder [33, 188]). This shift however, is much larger when changing εg

compared to changing εc with a shift of about 200MHz compared to about
3MHz. When changing both εg = εc = 100, meaning a fully covered resonator,
both shifts add up.

The shift evoked by the film on top of the conductor is only about 1% of the
shift evoked by the sample in the gap. The properties of the sample on top the
conductor only have minor influence. Upon thin-film deposition it might be
possible that some differences in film-properties arise depending on whether it
is deposited on the substrate or on the conductor. This however, is expected
to only have little influence on the measured microwave data. Since the
sample in the gap has predominant influence on the microwave propagation,
any deviation of the dielectric constant or the film thickness or properties on
top of the conductor compared to the sample on the substrate has negligibly
small influence. Therefore, in the following no particular distinction between
the film in the gaps compared to films on the conductor is performed.

This is of interest in particular because it could be possible that long-
range Coulomb interactions are screened by nearby metallic interfaces [189–
191]. Especially Ovadyahu [191] shows, that the spatial range of long-range
Coulomb interactions in indium oxide can effectively be limited by a metallic
electrode close to the indium oxide film. In this work, since the sample is
deposited not only on the substrate but also on the metallic/superconducting
Nb layer, the sample might also be screened on top of the conductor. The
above simulations show however, that εc of the sample on the conductor only
has marginally weak influence and the resonance properties are primarily
influenced by εg. Therefore only the unscreened sample on the substrate but
not on the conductor is investigated. Any possible screening of Coulomb
interactions due to the metallic layer is only negligibly represented in the
acquired data and can therefore be ignored.

134



5.3. Simulations

5.3.4. Partially covering samples

In order to tune the magnitude of the sample influence on the resonator
properties, e.g. in order to reduce induced losses and maintain resonator
oscillation, samples can also be deposited partly of a single resonator. The
calculation of the derived properties, i.e. ε, is then done by solving the
frequency-dependent Helmholtz equation and finding the fitting resonance
frequency for given ε-distribution, as has been shown in section 4.5. In order
to validate this approach, simulations have been performed.

The simulation model with the sample covering only about half of the
resonator is shown in Fig. 5.8 (a). Simulation parameters have again been
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Fig. 5.8.: (a) Simulation model of a λ/4-resonator with parallel coupling to a
feedline. The resonator is covered by a sample to about one half.
(b) Calculated values ε1,calc following the procedure in section 4.5
as a function of ε1,set set in the simulation.

chosen close to possible experimental values (S = 24 µm, W = 10 µm, t =
0.3 µm and d = 0.1 µm). Upon increasing ε1,set set in the simulation, the
resonances shift accordingly, allowing for the calculation of ε1,calc from the
resulting simulation data. The found values of ε1,calc for a ε1,set-sweep from
1 to 300 are shown in Fig. 5.8 (b). A straight line ∝ ε1,set has been included
representing theory. The calculated values for ε1,calc show that the values
match well to the set values ε1,set. The procedure described in section 4.5
therefore is suitable to find ε of samples covering only part of a resonator.
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This can be extended not only to covering half a resonator but also much less,
e.g. covering only one meander etc. In the following work this will therefore
be used to acquire some of the ε data.

5.4. Sample thickness measurements

Knowing the thickness of the thin-film sample is of pivotal importance when
an exact determination of ε1 is desired. Since the thickness d goes in directly
to the filling factor q, equation (4.28) (with (4.22)), it also goes in to the
calculation of ε1 of the layer directly, equation (4.30). This in turn leads
to stronger influence of thicker samples on the CPW properties, as shown
with simulations in section 5.3.2. It is therefore important to characterize
the sample thickness precisely.

This is performed with atomic force microscopy (AFM), giving nm-resolution
in lateral dimensions and profile. An exemplary AFM characterization mea-
surement is shown in Fig. 5.9. Here, two layers of MgF2 have been deposited
on a resonator-chip, with the image in (a) showing the intersection of two
boundaries of the individual layers on the Al2O3-substrate. They have been
deposited with the second layer being deposited on the first one (the num-
bering “2” and “3” correspond to the films thickness changes in the coming
analysis of ε of these films in section 5.6.1). The sharp boundaries are created
by lift-off of glue or photo-resist after deposition of the thin-films (compare
section 5.2.2 and Fig. 5.3).

From such an AFM-scan the thickness of the individual layers can be
extracted. This can be done in two ways, one of them being the extraction
from topographical profiles. This is done at the film boundaries, shown in (a)
with the white dashed line, giving the profile in Fig. 5.9 (b). From this, the
steps from substrate to layer and from one layer to the next can be seen and
the difference in height can be found with which d is established.
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A second way to determine layer thickness from AFM-scans is to look at
the histograms showing height distribution. This is shown in Fig. 5.9 (c).
Here, several peaks are visible, each corresponding to a different terrace-level,
the peak at 0 nm being the substrate-floor. Each following peak corresponds
to one layer and the last to their combined thickness. From the center peak
location the layer thickness can directly be found.

This is the typical way the thin-film sample-thicknesses are found in this
work. Another possibility is to use a Dektak profilometer, with which profiles
such as in Fig. 5.9 (b) can also directly be measured.
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MgF layer 3 (7 nm)2
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(b)

Fig. 5.9.: (a) Three-dimensional visualization of an AFM-scan of two MgF2-
layers subsequently deposited on Al2O3-substrate. The boundaries
are created by subsequent lift-off. (b) Profile of the AFM-scan at
the dashed line in (a). From the two steps the layer-thicknesses can
be found. (c) Histogram of the height-distribution of the scan in
(a). From the peaks in the distribution the layer-thicknesses can be
found.
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5.4. Sample thickness measurements

5.4.1. Uncertainty in sample thickness as an error source

Since precise determination of the sample thickness is crucial, any uncertain-
ties are major contributions to errors in the determination of ε. Via the filling
factor q, any error in the determination of d directly translates to an error in
ε1.

The determination of the proportionality between errors in d and errors in
ε1 is not trivial to do analytically. Especially when taking into account further
corrections such as the correction for metallization thickness of the CPW
(section 4.3.1), the derivative ∂ε1

∂d gets very complex. However, numerically
this can be done conveniently and evaluated at parameters corresponding to
experimental geometry (S = 24 µm, W = 10 µm, t = 0.3 µm and ν0 ≈ 2GHz).
This is shown in Fig. 5.10 (a) for a number of values of d. For a relative
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Fig. 5.10.: (a) Relative error in ε1 as a function of the relative error in film-
thickness d according conformal mapping technique (section 4.3).
The slope of the linear dependence is shown in (b). For very thick
films the influence of ∆d on the calculation of ε1 decreases slightly.

error in d ranging from ∆d = 0 (absolute precision) to ∆d = 1 (error in the
range of d), the relative error in ε1 increases linearly. For very thin films

139



5. Experimental application and feasibility

the slope of the proportionality reaches ≈ 1. For larger film-thicknesses this
decreases to an extent due to less concentration of the E-field in the thin-film,
meaning that here ∆d has less of an impact on the error in ε1. The slope of
the proportionality between ∆d and ∆ε1 is shown in Fig. 5.10 (b). Usually
the thin-film samples in this work have thickness values in to order of several
10 nm. In this regime it is therefore ∆ε1 ∝ ∆d, and knowledge about d is
particularly important.

5.5. Properties of empty resonators

As detailed in section 5.1, measurements on thin-films are performed by
comparing a resonator under the influence of the sample to the very same
resonator without the sample. This necessitates comprehensive knowledge
of the microwave properties of the empty resonator without sample (before
deposition). On the one hand, the resonances of each individual resonator
within the resonator-chip, with its fundamental and their harmonics, have to
be measured precisely. Here resonance frequency ν0 as well as the respective
quality factors Q are the main quantities. On the other hand, it is also
important to know how these quantities behave in varying temperature,
since temperature-dependent determination of sample parameters such as
ε(T ) are desired and therefore good reference data are needed. However,
already the CPW resonator itself with its superconducting Nb-layer shows
strong temperature-dependence, stemming from the temperature-dependent
penetration depth (equation (4.75)), detailed in section 4.6.

A typical resonator-chip, as detailed in section 5.2.1 (Fig. 5.3), typically
shows a spectrum as exemplary depicted in Fig. 5.11. (a) displays the
transmission with the microwave parameter S21 up to 20GHz at about 2K.
Many resonances are seen, belonging to different resonators on the same
resonator-chip. Each color corresponds to an individual resonator with its
fundamental at a few GHz and its harmonics at odd multiples. The enveloping
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Fig. 5.11.: (a) Spectrum of a resonator-chip with its transmission parameter
S21 up to 20GHz measured at 2K. Resonances of four different
resonators are found (marked with colored arrows). (b) Fundamen-
tal resonance of a resonator at about 1.88GHz for temperatures up
to 8.5K. The resonance shifts stem from λL(T ). (c) Fundamentals
of two resonators. Both have similar geometry and frequency.

downtrend of S21 with increasing frequency originates from the attenuation
in the cables of the experimental setup, since both skin depth and therefore
resistance in the microwave regime increase [56]. Some of the resonances of
the resonators in Fig. 5.11 (a) each form a pair with another resonator at
roughly the same resonance frequency, leading to double-dips in the spectrum
(e.g. resonators 3 & 4).

Fig. 5.11 (b) and (c) detail resonances for various temperatures up to
8.5K. The resonances shift to lower frequency and their quality factor Q
decreases continuously, which is due to the impedance of the CPW increasing
with λL(T ), as detailed in section 4.6. Above Tc, here about 8.2 − 8.3K,
superconductivity in Nb is lost, resonances vanish and the transmission
decreases (red data in (b) and (c)). By fitting the resonances, following
the procedure in section 4.8, Q(T ) and ν0(T ) can be extracted. Fig. 5.12
displays Q(T ) and ν0(T ) for several different resonators. In (a), Q(T ) is seen
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in a temperature-range of 2 − 6K. Along the whole temperature range Q
decreases with higher T , indicating increasing losses in the resonator with
larger temperature. The exact shape of Q(T ) is strongly dependent on the
quality of the Nb in the resonator. Even small amounts of impurities in
the conducting Nb layer can have major impact on the performance of the
resonator concerning superconducting transition temperature Tc as well as
the maximum Q and its suppression [136].

At 2K Q(T ) has values mostly above 1× 104 for low frequencies, whereas
for higher frequencies Q decreases. This can be seen in detail when looking
at Q(T = 2K) shown in Fig. 5.12 (e). With higher frequencies Q(ν) de-
creases, which is the typical behavior where Q ∝ 1/ν [136] is expected due
to the increase of losses stemming from the frequency-dependent microwave
conductivity increasing with frequency [56, 192, 193].

Going to mK-temperatures reveals that Q(T ) saturates quickly below 2K,
as seen in Fig. 5.12 (c). Here, two resonances from a resonator shown already
in (a) are shown and additional resonances from a resonator of a different
resonator-chip. Below about 1K a maximum saturated value is reached,
which is determined by the Nb quality and the quality of resonator structure.
For the latter, the quality of the meander edges of the resonator structure can
be a major loss contributor [144]. The conductor losses are represented by the
attenuation constant αc of equation (4.14). Additional losses by the substrate
contribute to αD, although they are very small for empty resonators, since
tan δ ≪ 1 × 10−6 for crystalline Al2O3-substrate [170, 171, 184–186]. The
sum of all losses then limits the maximum Q, which here is on the order of
1×104, similar to comparable microwave resonators at low temperatures [136].
Since loss contributions limit Q, the 1/ν-behavior also does not have to apply
when comparing individual resonators to each other. However, resonances
within an individual resonators (fundamental and harmonics) typically follow
this behavior.

Looking at the resonance frequency ν0(T ) of the resonances, a shift to
lower frequencies with the increase in λL(T ) is seen, see Fig. 5.12 (b). Equa-
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tion (4.77) can be fitted to the data at temperatures close to Tc, giving the
zero-temperature λL(T = 0) and Tc of the Nb-layer. Typical values of the
fits in (b) are in the range λL(T = 0) ≈ 450− 550 nm and Tc = 7.8− 8.6K.
λL(T = 0) seems high compared to the literature value of λL of Nb at about
39 nm [176], however the latter value is for bulk-material, whereas here thin-
films with thicknesses of t ≈ 300 nm are used. Additionally, impurities in the
Nb-layer quickly increase λL even at low concentrations [194]. The values
for λL(T = 0) and Tc are in range of what has been found before [2]. Below
about 2K, ν0(T ) does not change significantly (change below 1× 10−4), see
Fig. 5.12 (d), with an even more constant ν0(T ) below 1K (below 1× 10−7).

5.6. Demonstration measurements

The resonators designed in this work should be able to work as probes for
the dielectric properties of thin-film samples. To demonstrate their proper
operability and their application to thin-film samples, several measurement
on thin-film samples with known properties have been performed.

143



5. Experimental application and feasibility

2 3 4 5 6
0

5000

10000

15000

20000

25000

2 3 4 5

0.996

0.997

0.998

0.999

1.000

1 2 3
1000

10000

100000

1 2 3

0.9997

0.9998

0.9999

1.0000

0 5 10 15
0

10

20 (e)

Resonator 1
 1.20 GHz
 6.01 GHz

Resonator 2
 1.88 GHz
 5.64 GHz
 9.40 GHz
 13.17 GHz
 16.94 GHz

Resonator 3
 2.54 GHz
 7.64 GHz

Resonator 4
 2.55 GHz

Q

temperature (K)

(a) (b)

no
rm

. 
0

temperature (K)

         data
         fits

L  450 - 550 nm

Tc  7.8 - 8.6 K

(c)

Q

temperature (K)

Resonator 2
 1.88 GHz
 5.64 GHz

Resonator-Chip 2
Resonator 1

 2.26 GHz
 6.82 GHz
 7.78 GHz

(d)

no
rm

. 
0

temperature (K)

Q
 (1

03 )

frequency (GHz)

 1/

Fig. 5.12.: (a) Quality factor Q(T ) as a function of temperature for several
resonators with fundamentals and harmonics. Decreasing Q comes
from increasing losses with T . (b) Resonance frequency ν0(T ) as
a function of temperature. Increasing λL(T ) shifts ν0(T ) to lower
values. (c) Q(T ) in a temperature range down to 30mK. Q(T )
saturates below 1K. (d) ν0(T ) down to 30mK. Below 1 − 2K
ν0(T ) is mostly constant. (e) Q(T = 1.95K) for all resonances in
(a). A 1/ν-behavior is roughly seen.

144



5.6. Demonstration measurements

5.6.1. Fully covered resonators

The typical application procedure is to cover the whole resonator with a
thin-film sample and to compare resonance characteristics (ν0, Q) to the
ones of the resonance before sample-deposition. In order to demonstrate
this procedure and the subsequent analysis, several thin-film samples have
been deposited on resonator-chips, covering the resonators completely. The
samples used are MgF2 and SiO2. Both form amorphous glasses, when
depositing thin-films [195–199]. The respective ε1 for MgF2 and SiO2 in
the crystalline, bulk form are in the range of 4.9 − 5.5 for MgF2 [196–198,
200–203] and about 3.9 for SiO2 [195, 199]. For MgF2 the range between 4.9

and 5.5 depends on orientation [202, 203], for thin-films typically values of
about 5 are found [196–198]. The films are deposited by thermal evaporation
(e-beam evaporation in the case of SiO2) in a single evaporation process and
their thickness is afterwards characterized, as shown in section 5.4.

Several spectra of resonances of the empty resonators and of resonances
under the influence of the 50 nm-thick SiO2 sample are shown in Fig. 5.13 (a)
- (d), with fits following section 4.8 for resonance characterization shown in
yellow. The resonances under the influence of the sample always shift to lower
frequencies when compared to the empty resonators. The quality factor Q
also decreases, due to the losses induced by the sample, although not by much,
since the losses in SiO2 are relatively small with tan δ ≈ 1× 10−3 − 1× 10−4

[199, 204]. Since this is of similar order as the reciprocal value of Q of the
empty resonator with about Q ≈ 1× 104, such small losses can generally not
be detected. For this to be possible any contribution 1/Qlosses have to be
larger than 1/Qempty of the empty resonator (compare equation (4.15)). It is
therefore not possible to calculate ε2 for these demonstration experiments.

Similarly also a resonator with deposited MgF2-layers has been investigated.
Here, the resonator has been covered by a first layer, followed by a second
and a third layer, each of which was deposited on top of the preceding layers,
adding approximately 13 nm, 15 nm and 7 nm respectively. The latter two
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5. Experimental application and feasibility

layers (“layer 2” and “layer 3”) are shown in the AFM-scan in Fig. 5.9. The
corresponding spectra are displayed in Fig. 5.13 (e), the labels corresponding
to the sum of the total deposited layer thickness. Again it is seen that the
resonance shifts to lower frequencies, yet Q stays mostly constant.

From the resonance-shifts and the Q-factors ε1 can be calculated, following
the procedure in section 4.4. The resulting values are shown in Fig. 5.13 (f)
as a function of resonance-frequency up to about 27GHz (16GHz for MgF2).
For MgF2 here only the thinnest sample is shown. No frequency-dependence
is seen, which is expected, since compared to excitations and transitions giving
rise to frequency-dependent effects in ε1(ω) [56], the probing GHz-frequencies
of the resonators used here are small and ε1 can be considered static resulting
in the same ε1 for all used frequencies.

In Fig. 5.13 (g) the data is displayed as a function of film-thickness d.
Additionally to the data plotted in (f), all three film-thicknesses of the
measurement on MgF2 are shown. The literature value of about 4.9− 5.5 for
MgF2 and 3.9 for SiO2 are in the range of the error bars. They are estimated
slightly than literature values, which however is due to uncertainty in the
thickness of the layers. Since the layers are rather thin, down to about 13 nm

in the case of the thinnest MgF2-sample, the uncertainties weigh rather strong
towards the error bars in ε1, which in turn are linearly proportional to errors
in d, as seen in section 5.4.1. An error of about 3 nm in the measurement of
the film-thickness per layer is assumed here.

The errors in film thickness are the dominating error source in the calcu-
lation of ε1, as can be seen in Fig. 5.13 (h), where the contributions to the
error bars is detailed for a resonance probing MgF2 at thickest configuration.
Additionally to the errors in thickness ∆d, also errors stemming from uncer-
tainties in ν0 determination, ∆ν0 are expected. Their magnitude is in the
order of the inverse of Q, which here is Q ≈ 1× 104. Compared to ∆d the
contribution of ∆ν0 is small, which guarantees the high sensitivity that is
needed to probe the thin-films.
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5.6. Demonstration measurements

The measurements on thin-films of MgF2 and SiO2 show, that the measure-
ment method presented in this work has the desired sensitivity to measure
ε1 of films with thicknesses in the nm and ε1 in the single-digit regime. It
should therefore be possible to investigate the dielectric properties of highly
disordered thin-films near SIT.
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5.6.2. Partially covered resonators

To test the possibility to find ε1 of samples covering only parts of the
resonators, a test sample has been investigated. Covering only parts of
the resonators can have the advantage, that the sample has less influence
on the resonator properties and can allow for resonator operation even if
the losses are very high. Covering only parts of the individual resonators
however, increases the complexity of the problem concerning the analysis
and necessitates additional steps detailed in section 4.5. Here the Helmholtz
equation for the resonator is solved, giving different E-field distributions for
different harmonics.

In Fig. 5.14 (a) the resonator-chip is shown where the resonators have
been covered partially by a MgF2 sample. The partial covering has been
achieved by covering the resonators with Fixogum-glue before deposition of
the sample. Afterwards this glue was completely removed, leaving only the
sample covering the resonators to some extend, which can be seen in (a). Most
of the resonators are covered only partially, two of them almost completely
and one has been left empty as a reference. The boundary where the sample
ends typically has been chosen to be located in a bend of the meander
structure, as is shown in Fig. 5.14 (b). Locating this boundary precisely is
important since it defines the spatial extend of the sample. Typically this
can be done down to a few µm.

Finding the solution of the Helmholtz equation is performed using a linear
model of the resonators, as schematically depicted in Fig. 5.14 (c). This is done
by comparing the resonator and the sample distribution to the lithography
mask from which the resonator-chip has been produced. Here, the dimensions
are known exactly and the model can be constructed. The different harmonics
of the resonator are affected differently by the sample, since their E-field
maxima are located at varying locations.

The resulting calculated ε1 of the sample film is shown in Fig. 5.14 (d).
Two different films with similar spatial distributions have been investigated,
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5. Experimental application and feasibility

one of them being 120 nm in thickness, the other 300 nm. The symbol
shapes correspond to the individual resonators shown in (a) and show the
fundamental and harmonics. Most of the measured values of ε1 fit well to
the literature value of about 5 [196–198] (dashed line). The deviations of
some of the resonances are similar to the errors detailed in section 5.6.1
comprised of errors in thickness determination of the sample ∆d, which is
assumed to be about 10 nm here, uncertainty in resonance frequency ∆ν0,
as well as an additional contribution, the uncertainty in locating the sample
boundary (shown in Fig. 5.14 (b)). Since some boundaries are located at
some point along long linear parts of the resonators (see e. g. resonators ■

or ◀), locating the boundary is difficult and has to be approximated to some
extend. Here the error is in the order of a few 10 µm. To reduce this error,
when possible the boundary is chosen to be located in a bend of the meander
for better locatability.

With these measurements it has been shown, that calculation of ε1 is
possible, if the resonators are only partially covered by the sample, following
the procedure in section 4.5.
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6. Indium Oxide

6.1. State of the art and open questions

The material of interest in this work is strongly disordered amorphous indium
oxide as thin-film samples. Disordered indium oxide consists of a random
distribution of the elements indium and oxygen in a glass-like amorphous
structure [10, 19]. Of particular importance is, that although they are very
disordered and amorphous, the samples are completely homogeneous and do
not show any granules or inclusions of e.g. free indium or crystalline In2O3

[10]. This has been shown in various diffraction experiments [10, 11, 18–20].
The fundamental phenomena, such as superconductivity or insulation, which
will be discussed in the following, are most probably of different origin than
for granular materials [15, 106] such as found e.g. in granular aluminum [90,
205]. The low-temperature properties of indium oxide are strongly disorder
dependent. For very low disorder, indium oxide behaves like a regular
BCS-superconductor [26, 33] with Tc ∼ 3.3K [10, 26] (see later Fig. 6.3 (b)).
However, when increasing disorder, Tc is suppressed and at some point reaches
zero. At this point a prototypical quantum phase transition (QPT) occurs
with a transition from a superconductor directly to an insulator without any
intermediate metallic phase [8, 33]. While such QPT have also been observed
in other materials and compounds [17, 206–210], the peculiar observation in
indium oxide is, that global superconductivity is suppressed (Tc → 0), while
still the energy gap remains of finite size [8, 28, 32]. Apart from experiments
probing the amorphous structure and the composition of amorphous indium
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oxide mentioned above, there are only two general types of experimental
methods, charge transport measurements and tunneling, that have been
applied to disordered indium oxide and only charge transport measurements
explicitly in the insulating state [8]. Probing the latter has been a challenging
endeavour, as only resistance measurements are possible to certain extent.
Here many studies exist probing the resistivity or the sheet resistance as a
function of disorder, temperature or magnetic field, which will further be
presented later in this section. Other methods, such as investigation of a
possible (space-resolved [211]) Meissner-effect in the insulating but potentially
local superconducting state or the investigations of possible effects of pairing
on the magnetization via SQUID magnetometry have not been conducted for
amorphous indium oxide thin-films. In this regard amorphous indium oxide
still poses great potential for future experiments.

In highly disordered but still superconducting indium oxide samples, tun-
neling spectroscopy, in particular spatially resolved STM measurements [28]
was performed, giving showing a finite gap (Cooper-pairing in k-space) with
real-space localization in absence of global phase coherence. This gap is
particularly prominent in tunneling spectra probing the single-particle den-
sity of states of weakly superconducting samples [28, 32]. Some seminal
work published by Benjamin Sacépé [28] is shown in Fig. 6.1 (a) - (c), where
tunneling spectra as a function of voltage and temperature are shown. In
particular it can be seen that for two different samples with (a) low disorder
and (b) high disorder, the spectra look different, as so-called coherence peaks
are lost for highly disordered samples below Tc. As a function of location,
shown in (c), this is even more pronounced, as both the coherence peaks and
to lesser extend the energy gap vary with location. This shows that, while
superconducting pairing happens in k-space, with electrons of opposite spin
and momenta pairing to Cooper-pairs, in real-space superconductivity can
vary and fluctuate, and can be confined to small areas of superconducting
puddles [17].
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The tunneling spectra show the normalized differential conductance (called
G in Fig. 6.1), meaning dI/dU . Since a normal conducting tip is used [28],
the differential conductance reflects the single-particle density of states (DOS)
of the unpaired single electrons as a function of tunneling voltage. This
means, that for a perfect superconductor a gap in the spectrum is expected,
where G = 0 up to energies ∆ where Cooper-pairs are broken and single-
electrons again contribute to transport. The missing states in the regime
< ∆ reappear at the location of ∆ leading to strong enhancement of G and
the conservation of weight. This leads to peaks at the edge of the gap, which
are so-called coherence peaks. They appear as a direct consequence of a
coherent superconducting state, reflecting the diverging DOS at the edge of
the energy gap in a globally coherent superconductor. Since measurements
are performed at finite temperature and there is already disorder present
in the measurements of Fig. 6.1 (a), there are some inter-gap states where
G > 0 and the coherence peaks are finite in height. Nevertheless, the spectra
found for low disorder are reminiscent of a typical BCS-superconductor with
coherent phase.

For high disorder the spectra change significantly. Most strikingly, the
so-called coherence peaks vanish completely, as can be seen in Fig. 6.1 (b).
In direct consequence this means that the single-particle DOS is modified
in a way that a pile-up of states at the edges of the gap (as given for
the BCS-DOS) is gone, meaning that global phase-coherence is lost and a
macroscopic superconducting state is suppressed [8, 28, 33, 46, 47]. This
stresses the difference between the BCS-gap evoked by many-body correlations
leading to a coherent state and the local pairing gap due to simple binding
of two electrons even in the strongly disordered state [33]. For the latter,
all paired electrons shift down in energy and are basically removed from
participating in transport or tunneling (since the resulting Cooper-pairs are
localized), leading to a (local pairing) gap in the DOS close to the Fermi-
energy. This reduction of DOS, without reintroducing coherent Cooper-pairs
to the system, effectively leads to a reduction of the total number states near
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the Fermi-energy. Therefore, the spectral weight is not conserved and the
so-called coherence peaks vanish [28, 33]. This happens on a local scale and
is highly inhomogeneous, as can be seen spatially resolved as a function of
location in Fig. 6.1 (c), forming what is sometimes dubbed “superconducting
granularity” [8]. Similar superconducting granularity has been found in few
other homogeneously disordered materials, e.g. in TiN [17] or NbN [92].

The gap found in tunneling experiments even exists to far above the critical
temperature, up to 6 · Tc [32] (Tc being defined as the temperature where
the total system goes globally superconducting) and the ratio of Tc to the
gap deviates strongly from the BCS-value for strong disorder [28]. Recent
experiments by Dubouchet, Sacépé et al. [32] using Andreev-spectroscopy,
directly show the formation of superconductivity only below Tc, while above
Tc no global superconductivity but still a gap is observable, see Fig. 6.1 (d).
This gap points towards the existence of Cooper-pairs, which are unable to
condense into a macroscopic superconducting state above Tc. They form
below characteristic temperatures of about 3− 4K, which are typical onset
temperatures for pairing [28]. Such pairs are often called “preformed” Cooper-
pairs [8, 28, 32].
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Fig. 6.1.: (a,b) Tunneling spectra as a function of excitation voltage and
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Fig. 6.2 (a) [32] schematically shows a R(T ) resistance curve of an indium
oxide film with preformed Cooper-pairs. R(T ) increases close to Tc, with the
slope typically being found to be disorder-dependent, see Fig. 6.2 (b) [28]. In
this range, R(T ) follows activated behavior [10, 40], which indicates that a
hard-gap is found in the conductivity [12, 33] (see section 3.5). In this regime
the single-electrons are assumed to pair already to preformed Cooper-pairs
leading to a reduction of single-electrons contributing to charge transport [8,
28, 32, 33, 55]. It is also regularly found that maximum resistance values in
the shoulder in R(T ) close to Tc increase up to a quantum resistance ℏ/(2e)2

shortly before condensation [28, 32].
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Activated behavior is not only found for weakly superconducting samples
but in particular for completely insulating samples [10, 19, 25, 40], meaning
that although the system does not get superconducting globally, the charge
transport is equally affected by the existence of an energy gap. While in this
regime tunneling experiments have not been conducted, defining character-
istics of activated behavior are regularly found in transport [10, 11]. As an
example, the slope of the resistivity in the Arrhenius-plot shown in Fig. 6.3 (a)
depends on disorder, with more disorder leading to stronger increase. A char-
acteristic parameter for this insulation strength is the activation energy T0,
which is directly related to kF l in a linear fashion [10, 11], the latter being
a common indicator of the disorder in homogeneously disordered samples
[10, 11, 33, 49, 212]. For strongly disordered indium oxide, kF l is found very
small kF l < 0.3 and reaches even lower values where T0 increases [10, 11].
Maximum values for T0 have been found in the range of T0 ∼ 15K [8, 33, 40].
Upon increasing disorder even further and/or increasing temperature, Mott
variable range hopping is found [49, 54, 67], see e.g. Fig. 6.3 (c) [49], which
can also transition to Efros-Shklovskii VRH [19, 54, 67], when a Coulomb
gap opens at low temperatures.

Peculiar behavior is also found when studying disordered indium oxide in
large magnetic field. Upon increasing magnetic field, first superconductivity is
suppressed and the resistivity isotherms show a crossing point at the quantum
resistance h/(2e)2 ≈ 6.5 kΩ [25, 213], seen exemplary in Fig. 6.3 (c) [25],
indicating a magnetic-field driven SIT. Beyond this crossing point, at large
magnetic fields the films are insulating, showing that magnetic field can also
drive weakly superconducting films across the transition. There is a giant
magnetoresistance peak found [25, 107, 213] at magnetic fields of several
tesla, see Fig. 6.3 (d) [25], although the mechanisms behind this phenomenon
are not well understood yet [8]. At finite magnetic fields also the concept
of a superinsulator/finite-temperature insulator has been suggested [14] and
indications for that have been found [42]. In this regard it is suggested that
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the conductivity drops to exactly zero already at finite temperatures [14, 34,
42].

From a theoretical standpoint, these findings obtained experimentally in
disordered indium oxide have attracted considerable interest [12, 13, 46, 47,
84, 214–216] describing the experimental evidence to varying extend. Most
of the theories, however, themselves pose several major unsolved questions,
which are under heavy debate [8]. The Finkel’stein mechanism [29, 30],
with the general suppression of Cooper-pairing due to enhanced Coulomb
interaction caused by slow electron diffusion [81], counterintuitively seems
to not be active at all. The reason why this is the case however, could only
be speculated before and there has not been any hard evidence as to why
Coulomb interactions are effectively suppressed [8, 33]. The existence of local
Cooper-pairs in turn points towards a phase-driven mechanism, however it
is not settled which mechanism is at play [8, 14]. On the one hand, it has
been spectulated in particular by V. Vinokur [34] and T. Baturina [14], that
the nature of insulating indium oxide might be explained by BKT-physics
with the structure of a Josephson-Junction-array network (see section 3.4),
similar to granular materials. The importance of the quantum resistance
h/(2e)2 in various experiments and the possibility of a finite-T insulator
lend support to the theory proposed by M. P. A. Fisher [35, 36, 85], where
Cooper-pairs and anti-Cooper-pairs condense into a dipole state following
BKT-physics. On the other hand however, it has been able to show, that
Anderson localization by itself can be the main driving factor for emergent
granularity [46, 47] and the vanishing of coherence peaks [46, 47, 215]. The
problem with these studies is, however, that most methods are limited to
strong coupling, whereas superconductivity is expected to be essentially
a weak effect with weak coupling [8, 33]. In this regard the theory by
Feigel’man et al. [12, 33] (section 3.5) delivers the most advanced theoretical
approach. Feigel’man et al. propose in several works [12, 33], that indium
oxide is an Anderson insulator, which shows fractal electronic eigenstates.
On top of the fractal localization, the electrons can still form Cooper-pairs
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via space-local weak-coupling attraction, which itself has various influences
on conductivity and also on polarization [38, 39]. With this mechanism the
variations of superconductivity on a microscopic scale of a few 10 nm, as well
as the temperature-dependent conductivity found in both disorder-driven
and magnetic field-driven insulating thin-film samples and the results from
tunneling experiments can be explained, however direct evidence is lacking,
that would support definitive predictions [38, 39] concerning in particular the
dynamical properties of conductivity and polarization.

The question whether a BKT-driven or a purely Anderson localization-
driven mechanism is more plausible in indium oxide, is mainly defined by
the role of Coulomb interactions [8, 14, 33]. It is established, that there is
an intricate interplay [8] between Coulomb interactions, Cooper-pairing and
Anderson localization, where the strength of electron-electron interactions
plays an important role, however it has not been clear yet as to how Coulomb
interactions participate in the formation of pseudo-gapped insulating states
[8]. Firstly, knowing the strength of polarization in indium oxide could
give insight on electronic screening and therefore may explain why it is
even possible to have active Cooper-pairing despite the possibility of the
Finkel’stein mechanism looming (this will be detailed further in the next
section 6.1.1). Secondly, knowing the polarization and also its scaling with
disorder could give decisive insight [33, 38, 39] into the nature of electronic
eigenstates in indium oxide, their possibly fractal structure and whether
charge localization purely by Anderson localization itself can produce a
pseudo-gapped insulator in disordered amorphous indium oxide.
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Fig. 6.3.: (a) Resistivity as a function of 1/T (Arrhenius-plot) for three
indium oxide samples of different disorder showing the transition
from insulator to superconductor. The activated behavior stems
from a hard gap. (b) T0 and Tc as a function of kF l, a common
parameter describing disorder, where for larger disorder kF l is
smaller. T0 increases with increasing disorder. (c) Conductivity as
a function of Mott VRH 1/T 1/4-behavior. High-disorder indium
oxide samples show linear behavior. (a) and (b) with modifications
from [10], (c) with modifications from [49].
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6.1.1. Role of Coulomb interactions

The role of Coulomb interactions in insulating indium oxide is largely not well
understood yet [8]. Many of the phenomena found in experiments detailed in
the previous section 6.1, suggest that Cooper-pairing is possible in a wide
range of disordered states in indium oxide, even in the insulating phase. This
is highly unusual, as typically it is expected that the superconducting gap
vanishes entirely when increasing disorder above a critical amount, following
the Finkel’stein mechanism [29, 30] detailed in section 3.3. Generally it is
expected that disorder decreases the diffusive motion of electrons substantially
[81], decreasing their possibility to screen their Coulomb interaction potentials.
This in turn leads to stronger electron-electron repulsion, which at some point
is stronger than phonon-mediated Cooper-attraction and inhibits Cooper-
pairing. Since in insulating indium oxide Cooper-pairs are expected to prevail
without global superconductivity, the effective repulsive Coulomb interaction
has to somehow be sufficiently suppressed even though disorder levels are
very high [33].

It is suspected that the polarizability and the dielectric constant in indium
oxide are still large even though disorder is large [33]. It has to be differentiated
mainly between two contributions to the dielectric constant ε1 quantifying this
polarization. On the one hand, the contribution by immobile charges far from
the Fermi-energy and the regular host lattice contribute a constant dielectric
constant, called here ε1,Host [54]. This part is thought to be quite sizable in
indium oxide due to the low density of charge carriers n ∼ 1× 1021 cm−3 [10,
33] and the large density of states distant from the Fermi-energy [33]. On
the other hand, the localized electrons also contribute to the polarization of
the total system. This contribution is expected to be disorder-dependent [39,
54], as the localization radii ξ, in which the electrons are localized, depend
on the amount of disorder.

In insulating, but potentially pseudo-gapped indium oxide, the two parts,
the one from electrons far away from the Fermi-energy and the one from
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conduction electrons, both contribute to electronic screening [54]. The first
part is independent of the conduction properties and equally contributes to
screening, independent of the electrons being paired or unpaired. However,
in the premise of existent localized Cooper-pairs, it might be argued that
the second part stemming from the conduction electrons is sensitive to
pairing, as coupling electrons to pairs might change relevant length scales
and consequently alter the polarization. Cooper-pairing is indeed expected to
have a certain effect on the polarization [38, 39], see section 3.5.5, however, it
is not expected that the polarization is altered too strongly for Cooper-pairing
to be inhibited. The reason for this is, that in insulating indium oxide the
localization length ξ, defining the radius in which electrons are enclosed, is
much smaller than the superconducting coherence length ξsc ≫ ξ [123]. The
latter relationship in turn is in close correlation to possible localized Cooper-
pairs and implies their existence. It also means, that superconductivity in
the context of localization is essentially a weak effect with weak coupling,
which basically sits on top of the localization of electrons [8], meaning that it
occurs in the spatially separate “puddles” of size ξ.

Since Cooper-pairing is expected to prevail in insulating indium oxide, the
screening must be sufficiently strong to reduce the bare Coulomb repulsion
of the electrons, although a self-consistent theory about the suppression of
Coulomb repulsion and net-attraction by phonons is not yet constructed [123].
To quantify the strength of the Coulomb interaction and its screening, a
dimensionless characterization parameter can be introduced as [33]

ξ2sc
α2

scrε1
. (6.1)

It relates the coherence length of the superconductor ξsc to the Thomas-Fermi
screening length αscr and the dielectric constant ε1. If ξ2sc/α2

scrε1 ≫ 1 the
effective screening is weak and the Coulomb interactions are strong [33]. This
happens if both αscr and ε1 are small, meaning that the potential of the
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Yukawa potential ϕ(r) = e/(ε1r) exp(−αscrr), equation (2.11), is only weakly
suppressed since both the screening length αscr and the polarization ε1 are
low, compare section 2.2. Then the effective Coulomb interaction is strong
and the Finkel’stein mechanism is in process (section 3.3), where the effective
Cooper-attraction, equation (3.15), is essentially negative and Cooper-pairs
may not form [29, 30]. If however ξ2sc/α2

scrε1 ≪ 1, screening is expected to be
large, such that Coulomb interaction is weakened, leading to an effectively
net-positive Cooper-attraction and the pairing of electrons to Cooper-pairs.

To make a quantitative estimation for this dimensionless Coulomb pa-
rameter for indium oxide samples, equation (6.1) will have to be related to
well accessible characteristic material parameters. In order to accomplish
this, formulas will be used in the following to relate ξsc and αscr to quan-
tities determined from sample deposition or subsequent experiments. All
formulas will be assumed in their three dimensional form, as although the
amorphous indium oxide films used in this work are indeed of relatively thin
thickness d, they still are assumed to exhibit three dimensional properties.
This can be inferred from looking at the maximum typical hopping distances
rhop ≈ 3

8ξMott

[
(T0,Mott/T )

1/4
]
< d [49, 54], which will be calculated for

some samples in the following sections, finding that rhop is smaller than d

in the relevant temperature ranges, implying three dimensional properties.
This is also a main requirement, as the theory presented in section 3.5 is
restricted to three dimensional systems. The details of a crossover to the two
dimensional limit is beyond the developed theory [33]. ξsc can be expressed
as the localization length in a dirty superconductor with [217]

ξsc =

√
ℏD

2πkBTc
=

√
ℏvF l

6πkBTc
, (6.2)

where D = vF l/d is the diffusion constant [218, 219] with vF the Fermi-
velocity, l the mean free path and the dimension d = 3. Tc is the critical
temperature unaltered by disorder (equation (3.16)). αscr can be expressed
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as αscr = vF /ωp = vF
√
mε0/Ne2 with m the charge mass and N the particle

density, see equation (2.10) in section 2.2. With this, equation (6.1) becomes

ξ2sc
α2

scrε1
=

ℏvF l
2πkBTc

· Ne2

mv2F ε0ε1
(6.3)

=
ℏ

2πkBTcε0ε1
· e

2kF
3π2ℏ

kF l (6.4)

=
ℏσ

2πkBTcε0ε1
, (6.5)

with kF = mvF /ℏ the Fermi-vector and [56]

kF = (3π2N)1/3 (6.6)

→ N = k3F /3π
2 . (6.7)

σ is the residual conductivity [33], which is derived from the Drude DC-
conductivity with [56, 220]

σ =
Ne2τ

m
=
Ne2

ℏkF
l =

e2kF
3π2ℏ

kF l , (6.8)

with τ = l/vF the scattering time.
From equations (6.1) and (6.5) it is clear that ε1 is the crucial factor for the

magnitude of the Coulomb interaction and decides whether Cooper-attraction
exists or is inhibited. To give an estimate about the size of a critical value ε1,c
above which Cooper-attraction is positive, the Coulomb interaction parameter
can be calculated with ℏσ/2πkBTcε0ε1,c ≈ 1 ⇒ ε1,c ≈ ℏσ/2πkBTcε0. If ε1
is smaller that this critical value, Cooper-attraction is inhibited, if it is
larger, Cooper-attraction is possible. For the samples investigated in this
work the Fermi-vector kF can be calculated assuming a particle density
N ≈ 1× 1021 cm−3 [10, 33] with equation (6.6) to about kF ≈ 3× 107 cm−1

and kF l can be estimated as kF l ≈ 0.3 [10], compare Fig. 6.3 (b). With the
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unaltered critical temperature Tc ≈ 3.3K [10, 26] (compare Fig. 6.3 (b) at
large kF l) the critical ε1,c can then be calculated via equation (6.4) to∗

ε1,c ≈ 100 . (6.9)

One main goal of this work is therefore to measure the absolute value of ε1
and determine whether the criteria of ε1 > ε1,c is met and the prerequisites
for Cooper-pairing are fulfilled.

Note, that the above calculations with the assumptions N = 1× 1021 cm−3

and kF l ≈ 0.3 can be upper estimates depending on the disorder in indium
oxide. For very disordered indium oxide samples, e.g. in the electron glass
regime, it is possible that both N as well as kF l (compare Fig. 6.3 (b) [10])
can be smaller to some extend. This however does not change much in the
general argumentation above and ε1,c ≈ 100 is still a good estimation.

6.2. Sample preparation and annealing

Thin-film indium oxide samples have been grown in collaboration with Ben-
jamin Sacépé and co-workers at the Institut Néel, CNRS Grenoble, France.
The samples were deposited by evaporating high-purity (99.999%) In2O3 with
electron beam evaporation on liquid nitrogen cooled substrates, while keeping
a constant oxygen partial pressure PO2 in the deposition chamber, resulting in
amorphously disordered but homogeneously thick indium oxide films [10, 11,
28]. The sample thickness d was determined in-situ during deposition using
a quartz-crystal thickness monitor. The deposition parameters d and PO2

of all samples investigated in this work are detailed in Tab. 6.1. The actual
sample thickness might by slightly off from the set value shown, however, the
actual sample thicknesses are determined afterwards ex-situ with AFM, as
described in section 5.4 and shown exemplary for sample E in Fig. 6.4. Only

∗Note that in Ref. [33] by Feigel’man et al. there was a calculation error [123], leading
to their estimation of ε1,c ∼ 10 being too small by a factor of ten.
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small differences (few percent) to the set thickness are found (see measured
thicknesses in Tab. 6.2). The RMS roughness of the samples has been found
in the regime of about 1 nm, which is expected [28].

Tab. 6.1.: Deposition parameters, thickness d and oxygen partial pressure
PO2, of all samples investigated in this work.

Sample d PO2

[nm] [1× 10−4 mbar]

A 18 3
B 20 2
C 20 2
D 25 0.7
E 25 0.7
F 28 0.8
G 42 0.9
H 30 0.5
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Fig. 6.4.: (a) AFM image of sample E on the substrate. (b) Profile across
the step shown in (a). The thickness is determined by polynomial
terrace fits. The RMS roughness of the indium oxide samples is
typically found in the region ∼ 1 nm.

170



6.2. Sample preparation and annealing

With the above mentioned deposition procedure thin-films of amorphous
indium oxide are created, which are much less dense than their crystalline
counterpart In2O3 [45]. Their structure is amorphous and sponge-like with
many microvoids and compositional variations [10, 11, 45]. Evaporating
In2O3 by e-beam leads to a hot gaseous phase, which quench-condenses on
the cooled substrate to form a spongy thin-film where long-range ordering
is absent. As a result this structure includes many small cavities, meaning
structural inhomogeneities and defects on the microscopic scale, which on the
macroscopic scale are evenly distributed. This makes thin-films of amorphous
indium oxide disordered but in a homogeneous fashion. These microvoids
reduce the interatomic overlap [45] and lead to charge carrier density variations
[10, 11]. Both of which lead to increased interatomic potential barriers for
single electrons, which impede simple electron transport and promote hopping
(section 3.1). This sponge-like amorphous structure is quite similar to rapidly
chilled glasses [45, 221] and defines the “disorder” as it has been mentioned
in this work. It is basis of the main properties and the peculiar phenomena
found in amorphous indium oxide and is a driving parameter for SIT [8, 10,
28].

Disordered indium oxide thin-films are sensitive to thermal aging [45].
In general, the conductivity increases when the sample is exposed to room
temperature or above. It is expected that an initially very insulating sample
becomes less insulating with time [10, 45]. A sample that has been measured
once will therefore have changed until the next measurement, if the sample
is kept at room temperature between measurements. This will be utilized
in the following procedures, as measurements are performed with temporal
separation and the change in sample properties is used to sweep through
the insulating phase. In some occasions however, the sample is driven faster
through the phase diagram. To accomplish this, the sample is heated to
about 50 °C. With this heat-treatment, its disorder decreases more rapidly,
reducing resistivity substantially [222], meaning that the localization length ξ
increases, while preserving the amorphous structure and chemical composition
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[45]. The setup used for heating of the samples in-situ is shown schematically
in Fig. 6.5 (b), where a heater is mounted in the cold-finger just below the
resonator box carrying resonators and sample. Rs as a function of time
during a typical annealing procedure is shown for sample E in (c). Starting
from room temperature where the resistance has an initial value Rs,i, the
sample is heated to 50 °C, where it is kept for the duration of 25min. During
this time the resistance gradually decreases. After set time of heating, the
heater is turned off and the sample returns back to room temperature, where
it is found that the ending room temperature resistance Rs,e is less than the
initial resistance Rs,i.

The mechanism behind the reduction of resistivity upon heat treatment
and the temperature-dependence of Rs(T ) with its negative temperature
coefficient, seen in Fig. 6.5 (c) upon initial temperature increase, is based on
the fact that the spongy structure of the indium oxide films shrinks in volume
[45, 223]. This densification of the sample is reminiscent of other amorphous
systems exposed to increased pressure [221]. When exhibiting pressure their
volume reduces considerably, mainly by interatomic densification, reducing
microvoids. Analogous to this mechanical densification, the heat treatment
of indium oxide is suggested to follow similar densification with increasing
temperature [45, 223]. It has been found that film thicknesses change in the
range of up to ≲ 20% [45, 223] (note, that this is found during extensive
heating of the sample over very long durations (> 10 000 s), where resistivity
changes over several orders of magnitudes, while in the experiments of the
present work only less extensive treatments are performed, which makes
repeated thickness-measurements of the sample unnecessary within given
error bars). During an increase of temperature, this densification occurs
rapidly, leading to a rapid decrease in resistivity, which is seen also for the
exemplary heat treatment cycle in Fig. 6.5 (c). Z. Ovadyahu explains the
mechanisms behind these phenomena and its partially permanent character
heuristically with the simple model shown in Fig. 6.5 (a) [45]. It describes
two states, one called the spongy state “S” and one called the dense state “D”.
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Two potential wells are shown as a function of interatomic distance r. For
the spongy state the potential S(2) is lower in energy than S(1), meaning
that the system tends to prefer a larger interatomic distance, while for the
dense state D(1) is lower than D(2) and a smaller distance is preferred. The
total system of the macroscopic film consist of many of such systems, each for
neighboring atoms. The overall strength of disorder in the whole system then
depends on the compositional ratio between states of type S and D. If more
states of type S are present, as it is the case for freshly deposited indium
oxide samples [45, 223], then the system has larger disorder (more distance
between most atoms, weaker interatomic overlap between neighbors). While
if more states of type D are present the sample has less disorder (atoms closer
together), it is more dense and the disorder has reduced in comparison to
the initial state. It is now argued that with time many S-type states convert
to D-type states [45, 223], thus disorder decreases with time.

When increasing temperature above a certain threshold (found to be roughly
≳ 10K above room temperature [223]), thermally excited electrons in state S
follow Boltzmann statistics and can traverse the potential barrier 3 to go from
potential well S(2) to S(1), meaning that the atoms move closer together and
densify. This is the reason for the rapid decrease of Rs(T ) with the initial
increase of temperature 23 °C → 50 °C seen in Fig. 6.5 (c). This process is
partially reversible, leading to the increase of Rs(T ) again after heating (the
potential barrier is traversed back from S(1) to S(2)). In part, however, this
densification is also irreversible and permanent, which is utilized in the present
work for the permanent change of the samples by annealing. The permanent
contribution of the annealing process is suggested [223] to originate from
the induced dense state S(1), where possibly reconstruction processes occur,
rearranging many surrounding atoms permanently. This reconstruction then
possibly leads potential S(2) increasing in energy, making the S-type state
a D-type state, again in turn changing compositional ratio between states
of type S and D, making the system less disordered. This can be repeated
to anneal an initially less dense, freshly deposited indium oxide sample to
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become more dense and less disordered. Such heat treatment protocols have
been used extensively in previous studies on amorphous indium oxide [10, 11,
28, 45, 223] and will also be used in this work.
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Fig. 6.5.: (a) Simple model heuristically describing the two densification
states in amorphous indium oxide. Two potential wells are shown
as a function of interatomic distance r with the spongy state “S”
preferring large r and the dense state “D” preferring smaller r.
Their ratio defines the amount of disorder in amorphous indium
oxide. (b) Schematic depiction of the annealing setup, where a
heater in the cold-finger heats the resonator box with sample. (c)
Rs as a function of time for a typical annealing procedure. After
annealing Rs,e is smaller than initial resistance Rs,i. Panel (a) with
modifications from [45].
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6.3. Samples investigated in this work and their
regime of insulation

In this work a total of eight different indium oxide samples of varying amount
of disorder have been investigated to cover a wide range in the insulating
regime. The samples have been deposited with varying thickness, ranging
from 16 nm for the most insulating samples up to 42 nm for the sample closest
to transition and in oxygen atmosphere of varying pressure. The thickness
has been recorded during deposition using a quartz crystal (as described
in section 6.2) and afterwards confirmed or corrected using AFM (shown
in section 5.4). Sample characterization has been performed during each
cooldown using DC-measurements, as shown in section 4.9. For all samples
one exemplary sheet-resistance Rs measurement is shown in Fig. 6.6.

There are three different regimes, indium oxide samples can be in, de-
pending on the amount of disorder. For very high disorder the samples are
in the electron glass regime (samples A to C). Here it is expected that the
electrons are extremely localized, such that not even local pairing can occur.
For moderately disordered samples local pairing but no condensation to a
superconducting state will occur (samples D to G). For even less disorder
(sample H), at first resistive behavior is found followed by superconductivity
at very low temperatures.

From the Arrhenius-plot in Fig. 6.6 it is obvious that only samples in
the local pairing regime show distinct simple activated behavior. This is
expected since activated behavior requires the existence of a hard gap. This
is given in the local pairing regime with the formation of local Cooper-
pairs and the resulting suppression of both Cooper-pair hopping and single-
particle transport (see section 3.5.2). The required localization of the single-
electrons still has to be sufficiently large, so that Cooper-pairs do not form
a coherent superconducting state, but not too large as to inhibit Cooper-
pair formation itself. This is met if the energy splitting, equation (3.25),
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Fig. 6.6.: Sheet-resistance Rs of all samples measured in this work. There are
three regimes, the electron glass regime without local pairing, the
local pairing regime and the superconducting regime. The latter is
not investigated further in this work.

δ = 1/
(
ν0ξ

3
)
, with ν0 the single-particle density of states at the Fermi-energy,

is ∆p ≪ δ ≪ ℏωD, being larger than the superconducting gap ∆p but smaller
than the energy ℏωD. In this case, phonons can still mediate attractive
Cooper-interaction between electrons and consequently Cooper-pairs can
form locally, yet they cannot form a condensate. If however, ∆p ≪ ℏωD ≪ δ

the energy splitting exceeds the phonon-energy and Cooper-attraction cannot
be mediated, resulting in a state of localized single-electrons, the electron
glass regime. This results in three distinct regimes, that can be visualized in a
proposed phase diagram, as depicted in Fig. 6.7, showing typical energy scales
as a function of disorder represented by energy level splitting δ. All important
phases are shown with corresponding typical magnitudes of the relevant energy
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Fig. 6.7.: Proposed phase diagram for amorphous insulating indium oxide
thin-films. Typical energy scales are given as a function of the
energy level splitting δ, representing disorder (kB and ℏ have been
omitted).

scales. The superconducting state is suppressed upon inducing disorder due
to the decreasing superconducting stiffness Ds, forming preformed CP at
Tc < T < ∆p/kB . At the SIT the local pairing regime is reached, where both
∆p and T0 increase to some extent (equation (3.29)). At even higher disorder
with δ > ℏωD, the system traverses to the electron glass regime. A Coulomb
gap ∆C separates Mott variable range hopping (VRH) from Efros-Shklovskii
(ES) variable range hopping.

In Fig. 6.6 the sheet-resistance Rs is shown. The resistivity ρ of the
samples can also be calculated by factoring in the sample thickness t, following
equation (4.88) (section 4.9) with ρ = Rst. An overview of the resistivity of
all samples measured is shown in Fig. 6.8. Typical values of ρ match well
to what has previously been found in insulating indium oxide samples [10,
224]. As the temperature-dependence of ρ(1/T ) and Rs(1/T ) are equal and
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Fig. 6.8.: Resistivity ρ(1/T ) as a function of 1/T (Arrhenius plot) for all
samples measured in this work. It is obvious that the temperature-
dependence of ρ(1/T ) and Rs(1/T ) (Fig. 6.6) are equal.

derived parameters can equally be extracted from either magnitude, ρ and Rs
are entirely interchangeable for the determination of temperature-dependent
scaling parameter. The following analysis therefore focuses on Rs, since here
typically more phenomena can be seen, such as e.g. the quantum critical
value of h/(2e)2 [8, 32] shortly above the onset of superconductivity (e.g.
section 6.3.1).

To find the magnitude of the localization length ξ and the energy splitting
δ, the DC-data can be plotted as a function of 1/T 1/4, corresponding to a
Mott-type variable-range-hopping (VRH) behavior in three dimensions with
its temperature-dependence following equation (3.1). This is shown in Fig. 6.9.
At high enough temperatures all of the samples show Mott VRH seen as linear
behavior in the figure. This is expected, since at some point the temperature
exceeds all relevant energy scales, which could modify hopping conductivity.
Apart from the hard gap (pseudo gap) due to local pairing ∆p, which forms
below temperatures in the range of a few K [26, 28], the formation of a
Coulomb-gap ∆C [54, 67] is also possible due to electron-electron interaction
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Fig. 6.9.: Rs as a function of 1/T 1/4. All samples show Mott VRH at high
enough temperature which can be fitted (blue) to extract T0,Mott.

leading to a Coulomb-glass state with Efros-Shklovskii-type VRH. As shown
later in section 6.3.1, this crosses over to Mott-type VRH at temperatures
of several 10K. Since the high-temperature data shown in Fig. 6.9 for all
samples corresponds well to the Mott VRH with d = 3 but not to d = 2,
all samples in this work can be seen as three-dimensional. Fits to the data
(blue) then give the characteristic Mott-temperature T0,Mott. For all samples
measured in this work typical values of T0,Mott are given in Tab. 6.2.
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Tab. 6.2.: Overview of all indium oxide samples S of thickness d measured
in this work with corresponding characteristic Mott-temperature
T0,Mott, localization length ξMott, the resulting energy splitting δ
and the resistivity ρ(4K) at 4K. Samples in the electron glass
regime where no local pairing is expected are denoted with *. For
the latter ρ(4K) exceeded experimental capabilities.

S d T0,Mott ξMott δ ρ(300K) ρ(4 K)

[nm] [1 × 103 K] [nm] [eV] [Ω cm] [Ω cm]

A* 16 948 1.07 5.11 0.56 -
B* 18 181 − 65.9 1.86 − 2.64 0.97 − 0.34 0.12 − 0.061 -
C* 20 84.9 − 45.5 2.39 − 2.94 0.46 − 0.24 0.083 − 0.045 -
D 25 5.37 − 3.50 6.00 − 6.92 0.029 − 0.019 0.036 − 0.033 7.8 − 2.9
E 24 2.29 − 1.81 7.97 − 8.61 0.012 − 0.010 0.036 − 0.034 2.6 − 1.4
F 28 3.31 − 2.03 7.05 − 8.30 0.018 − 0.011 0.019 − 0.018 0.68 − 0.56
G 42 0.600 − 0.531 12.5 − 13.0 0.0032 − 0.0029 0.029 − 0.028 0.38 − 0.25
H 30 0.058 27.1 0.000 31 0.0028 0.015

Using T0,Mott, the localization length can be calculated following equa-
tion (3.2),

T0,Mott =
16

kBν0ξ3
⇒ ξ = 3

√
16

ν0kBT0,Mott
. (6.10)

The factor 16 stems from the dimensionality [52, 54, 212] but leaves room
for uncertainty. For the density of states at the Fermi energy an order of
magnitude of about ν0 ≈ 1 × 1045 J−1 m−3 [54, 212, 225] with an electron
density of about 1×1019−1×1020 cm−3 [49, 225, 226] is assumed. Note that
ν0 is taken constant in the analysis for all samples [49, 54, 212, 225]. This
however might induce additional uncertainties since ν0 is expected to change
for different amounts of disorder in indium oxide [226] with less disordered
samples having larger ν0 than more insulating samples. However, giving
quantitative magnitudes on the variation of ν0 in insulating indium oxide is
difficult as studies are lacking. This is why most studies on insulating indium
oxide simply assume a constant value of ν0 [49, 54, 212, 225] typically in the
range of ν0 ≈ 1× 1045 J−1 m−3 [54, 212, 225]. With this, the values found for
δ shown in Tab. 6.2 correspond well to transport studies on insulating indium

181



6. Indium Oxide

oxide with respect to the absolute values [49, 225]. The value of sample
A with ξMott ≈ 1.07 nm even is in good agreement to what is expected for
the full localization of the single-particle states, as this value comes close to
the Bohr radius of indium oxide (∼ 1 nm) [10, 49], while it is expected that
the electrons localize within the area of the Bohr radius upon very strong
localization [49].

In particular when looking at the scaling behavior of ε1(ξ) or σ1(ω) as a
function of ξ presented later in this chapter, the density of states ν0 usually
enters formulas as a certain factor, see e.g. equations (3.11) and (3.33)
(typically ∝ ν20). However, its real influence is masked, as it does not only
enter directly, but also indirectly via the localization length ξ, which is factored
in simultaneously. ξ itself is a function of ξ ∝ ν

1/3
0 , see equation (6.10). In

combination, the scaling behaviors of ε1(ξ) and σ1(ω) finally relate to ν0

with ε1(T0,Mott) ∝ ν
1/3
0 and σ1(ω) ∝ ν

1/3
0 (see e.g. later equations (6.15) and

(6.25)). These scaling relations therefore have a strongly reduced dependence
on variations in ν0. It is suspected that the magnitude of the factor by
which ν0 might change from completely localized samples to superconducting
samples is in the order of maybe 2− 3 [123, 226]. This would translate into
an uncertainty of less than 20%. In reality when investigating the scaling of
each sample individually or comparing neighboring samples (in disorder), the
error is certainly much less than this upper estimate. This is why due to lack
of better knowledge on disorder-dependent ν0, in the following analysis ν0
will have to be kept constant across all samples.

Other characteristic parameters are either measured directly such as T0,Mott

and ρ(4K), the resistance at 4K, or are immediately derived from measured
properties such as the energy level splitting δ = 1

ν0ξ3Mott
∝ kBT0,Mott (equa-

tions (3.25) and (3.2)). They will therefore not be affected by uncertainties
in ν0.

For most samples there are ranges given for each parameter in Tab. 6.2,
since most samples have been measured multiple times at different states
of disorder and insulation strength. This is utilized to cover a wider range
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6.3. Samples investigated in this work and their regime of insulation

in disorder states and to have many measurements in between. It has been
accomplished on the one hand by letting the sample rest at room temperature
(in vacuum) between individual measurements (separated by days to months),
leading to glassy aging processes reducing disorder [10, 40, 45]. On the other
hand, in some cases the samples have additionally been annealed in-situ in
vacuum at ∼ 50 °C, where the sample decreases in insulation strength on
a shorter time-scale on the order of minutes [11, 45, 223] (see section 6.2).
It has been found that either case preserves the amorphous structure of
the indium oxide thin-films [40, 45] and does not lead to crystallization if
too high temperatures are avoided (T < 60− 100 °C [45]). It has also been
found in literature [40] and during the experimental work of this project,
that room-temperature storage and annealing both have equal effects on the
composition of the samples and its insulation properties. In both cases the
resistivity typically reduces with time, when stored or annealed in vacuum
[40] and contact with air is reduced to a minimum. Since the characterizing
parameters (e.g. T0,Mott) of each sample are measured during each cooldown
simultaneously to the desired observables (i.e. ε1 and σ1) tightly linking them,
the actual means of the change of disorder between individual measurements
are irrelevant. The ranges given in Tab. 6.2 therefore include both changes in
disorder due to time in room temperature storage and by purposeful annealing.
Equally, in the following chapters it will not be distinguished between either
way.
T0,Mott ranges from several 10K in the superconducting regime via several

100K in the local pairing regime up to almost 1× 106 K for the most disor-
dered/most localized sample, covering more then three orders of magnitude in
localization strength. The absolute values of T0,Mott are in good agreement to
values found in previous studies of strongly insulating indium oxide samples
[49, 54, 67, 212]. The energy level splitting shown in Tab. 6.2, calculated with
equation (3.25) from ξMott, ranges from µeV for the superconducting sample
via a few meV in the local pairing regime up to the range of several hundred
meV to even above 1 eV in the electron glass regime. The superconducting
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energy gap in indium oxide is expected to be about 0.5meV− 1meV [26, 28]
(see also the tunneling-gaps in Fig. 6.1), meaning that for all samples except
sample H it holds ∆p ≪ δ. All samples except for sample H therefore will
not become globally superconducting even at arbitrarily low temperatures
since condensation of the Cooper-pairs to a macroscopic condensate is not
possible. The energy level splitting of sample H, however, with about 0.3meV

is slightly lower than ∆p, which in turn means that it is superconducting but
very close to the transition. This is confirmed in DC-measurements since
sample H goes superconducting below 0.5K (shown in section 6.3.1).

For the upper limit of the local pairing regime the condition δ ≪ ℏωD holds.
Naturally, finding a well defined Debye energy in amorphous indium oxide
is not possible due to its disordered and amorphous nature [227]. However,
typical Debye-energies have been reported and are expected to be in the
range of about ωD ≈ 420 − 800K [12, 33, 227, 228]. For lack of better
knowledge about the Debye energy of the specific samples in this work, in the
following analysis a typical value of roughly ωD ≈ 500 [12, 33] is therefore
assumed, corresponding to phonon-frequencies in the range of ∼ 1× 1013 Hz.
For the above condition it then follows δ ≲ 50meV. Note that this is only a
rough estimate and should be taken as an order of magnitude comparison.
δ ≲ 50meV is met for samples D-H, however for samples A-C it is clearly
δ > 50meV, meaning that for the latter not even local Cooper-pairing can
be established. This is also confirmed by DC-data, since for samples A-C
no simple activated behavior is found in the accessible measurement range.
Samples A-C therefore show electron glass [49] behavior.

It is found both in literature [54, 67] and in this work, that characterizing
disorder and the insulating strength of insulating indium oxide samples
can be done conveniently and reliably by T0,Mott and parameters derived
from it, such as the energy level splitting δ ∝ T0,Mott and the localization
length ξ ∝ 1/T

1/3
0,Mott. This works for all samples independent of whether

Cooper-pairing is present or not, as T0,Mott is extracted at temperatures
above relevant values for Cooper-pairing. It will therefore be the main
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characterization parameter for all electron glass samples and when comparing
all samples to each other including both electron glass samples and local
pairing samples. For local pairing samples a second quantity comes in handy,
the activation energy T0. It is linearly related to kF l. The latter is a common
parameter for disorder [10, 11] (see Fig. 6.3) but is inconvenient to determine
in this work, which is why T0 is the most convenient and reliable parameter
for the low-temperature characterization of disorder in local pairing samples.
Additionally, several predictions in theory concerning the fractal nature of
electronic eigenstates are expressed as a function of T0 (see section 3.5, e.g.
equation (3.34)) and it is therefore desirable to find T0-dependent data.

In the following, microwave measurements are performed at low temper-
atures. At mK-temperatures the power used for the microwave frequency
typically has to be tightly controlled as to not heat up the sample due to
power-dissipation in the resonator. For this a power-sweep is performed at
base temperature and investigated for each resonance individually. Typically
it is found that at powers > −50 dBm the power-dissipation has detrimental
impact on the resonator performance, decreasing Q. This is due to the res-
onator heating locally, enhancing losses. At the lower end of the power-range
< −70 dBm however, the signal-to-noise ratio decreases strongly. Therefore
typically powers in the range of roughly ∼ −60 dBm are used which give
good compromise of low noise but still negligible heating. The exact power is
determined individually for each resonance, so that each resonance operates at
its optimum. Any other power-dependence stemming from sample properties
or from the interaction with the amorphous indium oxide samples is not
found.

Sections 6.4 and 6.5 discuss the electron glass regime and the local pairing
regime independently. Due to the different conduction/hopping mechanisms
and energy scales, comparing electron glass samples to local pairing samples
will first be done separately, and afterwards a direct comparison of all samples
will be done in section 6.6.2. Where in the local pairing regime very low
temperatures in the mK-region are necessary to reduce losses induced by
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the sample, in the electron glass regime typically temperatures accessible
with 4He-systems are sufficient. Sample H will not be discussed in terms of
dielectric constant measurements, since it is not possible to acquire microwave
data of a superconducting sample with the current measurement method as
it shortcuts the microwave resonators when directly deposited on top of the
resonator-chip and eliminates their operation.

6.3.1. Crossover of hopping mechanisms in
DC-measurements

In Fig. 6.6 and 6.9 it could already be seen that samples of different disorder
show different resistive behavior. Depending on their disorder they can show
activated behavior at low temperatures and hopping conduction at higher
temperatures. Diffusive behavior will typically not be found. This is due to
the localization length with characteristic energy δ being smaller then the
diffusion length with energy kBT . For most samples investigated here the
typical temperature where δ ≈ kBT is ≫ 300K. For samples close to the
transition it can get in the range of 100K to several 10K, however here also the
investigated temperature range is lower. The remaining hopping conductivity,
as shown in section 3.1 can vary depending on whether long-range Coulomb
interaction between electrons lead to an opening of a Coulomb gap ∆C [54,
67] or not. With finite ∆C consequently the hopping is of Efros-Shklovskii
(ES)-type VRH (“Coulomb-glass”) [53, 54], without ∆C it is Mott-type VRH
[52, 56, 65] without electron-electron interactions (“Fermi-glass”). The finite
size of ∆C leads to a crossover in hopping conductivity from ES-type to
Mott-type when raising the temperature, since if the temperature-assisted
hopping energy exceeds ∆C mostly states outside the Coulomb-gap contribute
to transport and ∆C does not play a role for the participating electrons. The
characteristic temperature where this crossover occurs is called Tco.

∆C is the characteristic quantity of the ES VRH. For low-enough tempera-
ture, when only states within the gap contribute to the hopping transport,
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σ(T ) acquires σ(T ) ∝ exp
(
−1/T 1/2

)
-behavior (equation (3.3)). This can ex-

emplary be seen in Fig. 6.10 (a) for a temperature-dependent sheet resistance
Rs measurement of sample B as a function of 1/T 1/2. Two regimes are visible
with ES VRH below a cross-over temperature of about Tco ≈ 80K and Mott
VRH above Tco ≈ 80K. From the latter, T0,Mott can be acquired as has been
done before in section 6.3. At temperatures below Tco, T0,ES can be acquired.
Values for both T0,Mott and T0,ES of all samples (except for sample H) are
displayed in Tab. 6.3.

Tab. 6.3.: Characteristic temperatures for Mott VRH T0,Mott and ES VRH
T0,ES of all samples, determined as in Fig. 6.10 (a) at different
temperature ranges. For each sample the crossover-temperature
Tco and the size of the Coulomb gap ∆C have been calculated.

S T0,Mott T0,ES Tco ∆C ∆C

[1× 103 K] [K] [K] [K] [meV]

A 948 1832 57 81 6.9
B 181 - 65.9 616 - 543 92 - 26 60 - 30 5.1 - 2.6
C 84.9 - 45.4 390 - 386 52 - 29 36 - 26 3.1 - 2.3
D 11.5 - 5.29 186 - 90 48 - 25 24 - 12 2.0 - 1.0
E 2.29 - 1.82 65 - 56 29 - 28 11 - 9.8 0.94 - 0.85
F 2.98 - 2.02 33 - 27 5.9 - 5.7 3.5 - 3.1 0.30 - 0.27
G 0.600 - 0.531 29 - 26 22 - 20 6.3 - 5.6 0.54 - 0.48

Tco directly follows from values of T0,Mott and T0,ES when the mean hopping
energy difference between sites is equal for both Mott and ES VRH [54].
From this it can be found [54, 67]

Tco = 16

(
T 2
0,ES

T0,Mott

)
. (6.11)

Calculated values of Tco for all samples are also shown in Tab. 6.3 and
correspond well to values found in insulating samples by Rosenbaum [54] and
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Kim et al. [67]. The calculated values found with (6.11) also correspond well
to the behavior found when looking directly at the temperature-dependence
of Rs (Fig. 6.10 (a)). The value of Tco ≈ 80K for sample B in the particular
disordered state shown in the figure has been calculated with (6.11) and with
the values for T0,Mott and T0,ES given in the figure. Around the temperature
T ≈ Tco, Rs clearly shows a transition from a curved behavior corresponding
to Mott VRH (is 1/T 1/2-dependence) to a linear behavior indicating ES
VRH.

Values of T0,Mott and T0,ES also give the possibility to estimate the expected
Coulomb gap evoked by long-range electron-electron interaction. It can be
calculated following equation (3.5), ∆C = kB

(
T 3
0,ES/T0,Mott

)1/2 [67]. The
resulting values are displayed in Tab. 6.3 (in meV as well as in K with
∆C/kB). Resulting values in the range of several 10K down to a few K

are in good correspondence to values found by Rosenbaum [54] and Kim
et al. [67] for insulating indium oxide samples. It is found, that for almost
all samples ∆C is much larger than the expected pseudogap due to local
pairing, which should be in the range of about ∼ 0.5meV (see e.g. Fig. 6.1
in section 6.1). This shows that the effects of a gap found in later section 6.5
can only be evoked by the pseudogap, since the energy scale of the Coulomb
gap is much larger [33]. Only very close to SIT (sample F) ∆C is of similar
size to the pseudogap, however it is expected that it only has weak effects
(σ(T ) ∝ exp(−1/T 1/2) vs. activated behavior).

All samples shown in Tab. 6.3 show both Mott and ES VRH. Sample H
however, which is the sample going superconducting at low temperatures,
does not show ES VRH. It only shows Mott VRH crossing over directly
to activated behavior. This is expected, since Tco decreases continuously
towards smaller disorder and it is expected to be at one point smaller than
the onset-temperature where local pairing begins and Cooper-pairs preform.
Rs then transitions directly from Mott VRH to activated behavior. Rs as a
function of T and as a function of 1/T (Arrhenius) is shown in Fig. 6.10 (b)
and (c) respectively. For indium oxide it is found that the preformation of
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Cooper-pairs typically starts at around 3.5− 4K [28, 32], which is confirmed
by the data shown in Fig. 6.10 (b), where Rs goes from Mott VRH to activated
at roughly ∼ 4K. For T < 4K Cooper-pairs start to form, the pseudogap
opens and Rs increases stronger. Below about 1.5K condensation starts to
occur, where the Cooper-pairs start to form a macroscopic phase-coherent
superconducting state. The transition is relatively broad and Tc can be
derived by the linear Rs → 0 extrapolation [32] to about Tc ≈ 0.46K, which
is comparably small [28, 32], meaning that the sample is still very close to
the transition. This also means that the pseudogap where Cooper-pairs start
to preform is much larger than the condensation energy corresponding to the
superconducting state, which is found to be on the order of Tc [32]. With the
rough estimate of Tc from above, the pseudogap ranges up to about 7Tc−8Tc

in this sample, estimated a little larger compared to known results [28, 32].
The curve of Rs(T ) of sample H is relatively smooth without any shoulders,

kinks or any kind of reentrance behavior. This indicates that the sample is
relatively homogeneous in disorder distribution and there are no macroscopic
inhomogeneities [10]. It is also found that Rs rises up to roughly the quantum
resistance of h/(2e)2 ≈ 6.5 kΩ close to the onset of condensation. This is also
expected [28, 32] and shows that Cooper-pairs are main contributors to the
properties of critical indium oxide (2e in the quantum resistance).
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Fig. 6.10.: (a) Sheet resistance Rs of one particular disorder-state of sample
B as a function of ES-type 1/T 1/2 temperature-dependence. A
transition from Mott VRH to ES VRH at Tco is seen upon lowering
T . (b,c) Rs of sample H as a function of (b) T and (c) 1/T
(Arrhenius). Three regimes, Mott VRH, Cooper-pair preformation
and condensation are found.
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6.4. The electron glass regime

In the electron glass regime it is expected that no local pairing occurs, since
the single-electrons are strongly localized with the resulting energy level
splitting exceeding Debye energies δ ≫ ℏωD, meaning that phonons cannot
mediate any Cooper-attraction. As a consequence, in this regime the single-
particle electrons are localized and no signs of Cooper-pairing are expected,
whatsoever. Conductivity takes place by variable range hopping (VRH) of
Mott-type or Efros-Shklovskii-type (compare section 3.1 and 6.3.1), depending
on disorder and temperature.

It has been found [41, 49, 181] that strongly disordered indium oxide samples
in the electron glass regime can show excess conductance upon excitation
with very long relaxation times (several ∼ 1000 s [181]) corresponding to
glassy properties of the samples. This excess conductance is due to the
electron-temperature being essentially warmer than the lattice temperature.
Such relaxation processes however, will not be excited with the experimental
setup in this work and will not have interfering influence on the acquired data.
Typical excitation energies where this excess conductivity can be observed,
e.g. during the “stress protocol” of Ovadayhu [181], are orders of magnitudes
larger than typical excitation voltages used in this work. Excitations with
microwaves are expected to result in very weak excess conductivity (< 10%

[181]). In the following measurements, no time-dependence of ε1 or σ1 has
been found following initial cooldown or during a single measurement run,
which could last up to several days during which the sample is kept at low
temperatures. Also no difference in DC-properties comparing cool-down to
warm-up has been found which could also be separated by up to several
days. This means that the relaxation processes found in extremely insulating
indium oxide upon strong excitation do not play a role in this work.

The samples have been deposited directly onto the resonator-chips. As
an example, a top-view of sample B deposited directly on its resonator-chip
is shown in Fig. 6.11. As detailed in section 5.2.2, especially Fig. 5.3, the
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feedline

indium oxide
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Hall-bar

Fig. 6.11.: Top-view of sample B deposited on its resonator-chip. One half
of the resonators is covered, the other half of equal lengths is left
empty as reference. One Hall-bar is connected to external circuitry
allowing for DC-measurements.

sample covers half of the resonators, leaving the other half of the eight
resonators as reference. In this particular case the reference and the probing
resonators have pair-wise equal length and are therefore expected to show
similar resonance frequencies. In two corners Hall-bars are deposited directly
on the Al2O3-substrate, one of which is connected to external circuitry, as
detailed in section 4.9 and Fig. 4.15.

In the following section, samples A-C will be investigated. First the
transport properties will be studied in more detail and afterwards the dielectric
properties and microwave conductivity will be investigated. The dielectric
properties will be discussed first as a function of DC localization length
ξMott. This will give the possibility to infer the nature of polarization in
the electron glass regime of small localization length. As a function of
temperature, Austin-Mott behavior is found. From fits to this behavior,
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the localization length measured with DC-measurements can be confirmed
by microwave measurements. The frequency-dependent conductivity can
be described by Mott behavior, although smaller amplitude is found. This
is expected however, due to the extreme localization of the charge carriers
leading to reduced contributions of Mott resonances.

Data of sample B has been measured by Paul Kugler in his Bachelor’s
project [229].

6.4.1. Transport

The temperature-dependent sheet resistance Rs(T ) has been measured per-
forming DC-measurements on the indium oxide Hall-bar. All three electron
glass samples A-C show very strong insulating behavior. This is shown in
Fig. 6.12 as a function of (a) 1/T (Arrhenius-plot), (b) 1/T 1/2 (ES VRH)
and (c) 1/T 1/4 (Mott VRH). (f) shows the resistivity ρ in Mott VRH, where
equal scaling to (c) is found. None of the samples show activated behavior,
which is expected since δ ≫ ℏωD meaning that no local pairing occurs [12,
33]. It is found however, that the samples show clear hopping behavior,
where samples B and C show Mott VRH at higher temperatures and ES
VRH at lower temperatures. The corresponding crossover temperature Tco

has been calculated in the previous section 6.3.1 corresponding well to the
temperatures at which the curvature of Rs(T ) in Fig. 6.12 (b) and (c) changes.
Tco of sample A with about Tco ≈ 57K (see Tab. 6.3) also explains why for
this sample ES VRH is never found in the given experimental circumstances.
At about 50K, Rs(T ) of sample A is already too large (> 100MΩ) to be
measured by the current experimental setup.

Samples B and C have been measured multiple times with time in between
individual measurements. Typical timescales of this resting time were in
the range of several days. During this time the samples where kept at room
temperature, which resulted in glassy aging processes reducing the disorder
gradually. Consequently their insulating strength reduces. This is exemplary
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shown for sample B in Fig. 6.12 (d) and (e). The legend shows the accumulated
resting time t starting from the first cool-down. It is found that Rs(T ) overall
decreases in value. However more strikingly, the slope of Rs(1/T 1/2) and
Rs(1/T

1/4) reduces as well. This indicates that with accumulating resting
time at room temperature, the hopping conductivity continuously enhances
with the hopping distance lengthening more and more. From linear fits to
Rs(1/T

1/2) and Rs(1/T 1/4) the characteristic temperatures T0,ES and T0,Mott

can be extracted. For sample B this is shown in Fig. 6.13 (a) as a function of
t. Starting from values T0,ES(0) ≈ 1000K and T0,Mott(0) ≈ 190× 103 K they
reduce to approximately half in value for ES and a third for Mott respectively
over the duration of the total measurement time. It is found that T0,ES(t)

decreases roughly linearly, while T0,Mott(t) is found to decrease very roughly
with T0,Mott ∼ 1/t3 plus an offset c. From T0,Mott(t) the localization length
ξMott can be found with equation (6.10). ξMott(t) as a function of t is depicted
in Fig. 6.13 (b). It is found that ξMott(t) increases linearly with t. This means
that the sample changes at a fixed rate roughly linear with the resting time.
In turn this gives the possibility to cover a wide range on the insulating side
of the transition.
T0,Mott as well as derived parameters ξ ∝ 1/T

1/3
0,Mott and the energy level

splitting δ ∝ T0,Mott will be regularly and interchangeably be used to char-
acterize the disorder and insulation strength of the electron glass samples.
These parameters have been found to be good indicators for the level of
disorder [54, 67] allowing to compare samples to each other quite well. This
is done for comparison of all electron glass samples with each other but
additionally also for comparison of the electron glass samples to the local
pairing samples which will be done in a later section 6.6.2.
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Both T0,ES and T0,Mott are directly dependent on the localization length ξ.
T0,ES however, is additionally dependent on the dielectric constant ε, with
[53]

T0,ES =
3e2

ε0ε1,ESkBξ
(6.12)

⇒ ε1,ES =
3e2

ε0kBT0,ESξ
, (6.13)

see equation (3.4), with kB the Boltzmann constant and ε0 the vacuum
permittivity. The prefactor is on the order of 3 [54, 65, 67]. Using (6.13) and
ξMott(t) determined from T0,Mott(t), ε1,ES(t), which is the dielectric constant
estimated by ES VRH can be calculated, as performed for sample B in
Fig. 6.13 as a function of (c) t and (d) ξMott. The values in the range of about
ε1,ES ≈ 300 − 450 are large but correspond well to estimations of ε1,ES by
Rosenbaum [54] on insulating indium oxide samples. ε1,ES(t) increases roughly
monotonously with t and as a function of ξMott. To compare to the expected
ε1,ES(ξ) = α e

2ν0
ε0
ξ2 behavior [39] (equation (3.33), with ν0 ≈ 1×1045 J−1 m−3

[49, 54, 212]) a guide to the eye is plotted in the figure. ε1,ES(ξMott) seems
to somewhat follow ξ2Mott for larger values of ξMott.

Although absolute values of ε1,ES are consistent to what has been found
before [54], they are much larger than what is found by direct measurements,
see section 6.4.2. Values found by ES VRH are about a factor of 10 larger.
This is also reflected in the slope of ε ∝ ξ2 in Fig. 6.13 (d), where the
numerical coefficient α has been set to about α ≈ 24 roughly an order of
magnitude larger than what is expected for the three dimensional case with
α ≈ 3 [39]. The method to estimate ε1,ES from hopping characteristics is
therefore not sufficient to estimate dielectric properties of insulating indium
oxide, yet it has been one crude way to estimate ε1 up to now. The direct
measurements of ε1 shown in the coming sections however, offer more insight
into the actual dielectric properties and the conductivity at low temperatures.
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Fig. 6.12.: (a-c) Sheet resistance Rs of electron glass samples A-C as a function
of (a) 1/T (Arrhenius-plot), (b) 1/T 1/2 (ES VRH) and (c) 1/T 1/4

(Mott VRH). None of the samples show activated behavior, since
no local pairing occurs, but VRH is prominent. (d,e) Rs(1/T 1/x)
((d) x = 2, (e) x = 4) of several measurements with intermediate
resting time at room temperature between each measurement as
detailed in the main text. Both (d) ES VRH and (e) Mott VRH
is found, indicated by linear fits which can be used to acquire
characteristic parameters T0,ES and T0,Mott. (f) Resistivity ρ as a
function of Mott VRH. Scaling of ρ(1/T 1/4) with 1/T 1/4 is equal
to (c).
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Fig. 6.13.: (a) T0,Mott(t) and T0,ES(t) fitted from Fig. 6.12 (d) and (e) as a
function of resting time t. Both T0,Mott(t) and T0,ES(t) decrease,
although with different t-dependence. (b) Localization length
ξMott(t) calculated from T0,Mott(t). ξMott(t) increases linearly with
t. (c,d) ε1,ES determined from T0,ES with equation (6.13) as a
function of (c) t and (d) ξMott. ε1,ES ∝ ξ2 is shown as guide to
the eye.
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6. Indium Oxide

6.4.2. Dielectric constant as a function of static
localization length

From the perturbative interaction of the sample with the resonator, the
dielectric constant as well as the conductivity (section 6.4.3) of the thin-film
electron glass indium oxide samples could be measured. For this, spectra
of resonances have been measured as a reference beforehand, without the
sample and after deposition of the sample. Some representative spectra for
sample B and C are shown in Fig. 6.14 (a,b) and (e,f) respectively. Spectra
of the resonances under the influence of the sample are shown for all stages
of the glassy aging process. The spectra of sample B have been measured in
a VTI cryostat at the base temperature of about 1.9K, the spectra of sample
C in the dilution refrigerator at about 25mK (compare section 4.7). Since
with decreasing disorder the conductivity increases (resistance decreases, see
Fig. 6.12), losses will increase for less insulating samples. Due to the close
spatial vicinity of the sample to the resonators, this will at some point lead
to strong suppression of the resonances making it hard or even impossible to
acquire resonance parameters. For sample B, however, already at T < 5K the
losses are low enough for resonances to be distinctly measurable since here
the resistance is already very large, making it possible to acquire microwave
data already at VTI-temperatures. For sample C this is not given. Here
losses decrease only at smaller T making the use of the dilution refrigerator
preferable.

From the spectra in Fig. 6.14 it is already seen, that the reference resonance
initially sits at higher resonance frequency with high Q. Upon applying the
sample to the resonator, the resonance shifts to lower frequencies and Q

decreases. This is a direct consequence of the additional sample-layer with
ε1 > 1 and σ1. (b) shows a harmonic resonance of the fundamental shown
in (a). The shift for the harmonic, although higher in absolute values is
equal to the shift of the fundamental in relative terms, which implies that the
influence of the sample has equal influence on all resonances of this particular
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6.4. The electron glass regime

resonator. This can also be seen for sample C in (e) and (f) respectively. The
resonances in the spectrum can be fitted with a complex Lorentzian model
as detailed in section 4.8 and as exemplary demonstrated by the green fits in
Fig. 6.14 (a) and (e) each for the largest and smallest resonance shift. For
sample B the resonance frequency and Q of the fundamental shown in (a) are
shown in (c) as a function of T0,Mott and in (d) as a function of ξMott from
DC-measurements. For sample C the same quantities of the harmonic shown
in (e) are shown in (g) and (h).
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Fig. 6.14.: (a,b) Spectra of a resonance of a resonator with (a) its fundamental
and (b) a harmonic under the influence of sample B of all aging
stages and for an empty reference. The resonances shift to lower
frequencies and Q is reduced. Exemplary complex Lorentzian fits
to the data are shown in green. (c,d) Resonance frequencies and
Q of the resonance shown in (a) as a function of (c) T0,Mott and
(d) ξMott from DC-measurements. Both quantities are found to
decrease with increasing T0,Mott and ξMott. (e,f) Similar spectra
for sample C. (g,h) derived quantities for the harmonic shown in
(f).
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6.4. The electron glass regime

It is found that with decreasing T0,Mott, meaning with decreasing insulation
strength and increasing localization length ξMott, the resonance frequency
decreases mostly monotonically. This is in turn a direct consequence from
ε1 of the sample, being the main contribution to the shift in frequency (c.f.
section 4.4). From the resonance frequency shift and the change in Q, the
dielectric constant ε1 can be calculated following the procedure described in
section 4.4. Resulting values for ε1(T0,Mott) of all three samples in the electron
glass regime as a function of T0,Mott from DC-measurements are shown in
Fig. 6.15 (a) and as a function of ξMott in (b). Values are in the range between
about 10 for sample A up to slightly above 100 for sample C. Values for sample
A have quite large uncertainty, which is due to additional steps which had
to be undertaken in the analysis in the data, including reattaining reference
data by removing the already deposited sample. The whole procedure is
explained in appendix A.2. Consequently values of ε1 range in the area of
about 10− 30 with large uncertainty, rendering this measurement more an
order of magnitude estimate. Values of ε1 ≈ 10 would fit well to ε1-values for
crystalline indium oxide, which could on the one hand be derived from indirect
high-frequency measurements [230] to about ε1 ≈ 10.55. On the other hand
they could also be measured in preliminary low-temperature measurements
on In2O3-samples in the low-frequency regime with THz frequency-domain
and time-domain spectroscopy to about ε1 ≈ 9.5 − 10.5 [231]. This shows
that ε1 possibly approaches the values of the crystalline form upon complete
localization, although from the presented data this is not unambiguously
determined and might be expected to be higher [123]. Complete localization
is mostly given since for sample A, ξMott with ξMott ≈ 1.07 nm is quite similar
to the expected Bohr radius of very strongly localized indium oxide in the
range of ∼ 1 nm [10, 49].

Values for each individual measurement at fixed T0,Mott (or fixed ξMott)
seem to vary from one resonance to the other, reaching differences in measured
ε1 of up to about 15%. This can be explained by spatial variances in
sample properties depending on location. Since each resonator probes a

201



6. Indium Oxide

different location of the macroscopic sample, as can be seen e.g. in Fig. 6.11,
the properties an individual resonator probes can differ from the others,
since properties of the indium oxide can vary macroscopically from one
resonator to the next. This is confirmed by looking at all resonances from
one individual resonator, meaning fundamental mode as well as its harmonics.
This is depicted in Fig. 6.15 (c) for a measurement of one cool-down of
sample C with fixed T0,Mott or ξMott (marked by the dashed rectangle in
(b)). Here, ε1 determined from all resonances of each resonator are plotted
as a function of the mode number n (compare equation (4.1)). ε1-values of
individual resonators clearly separate from each other, but ε1-values measured
by resonances of the same resonator roughly fit together. This shows that
each resonator is influenced as a whole by the properties of the indium
oxide sample, which is expected to vary from one resonator to the next
on the macroscopic scale of a few millimeter by which the resonators are
separated [11]. Differences in ε1-values measured by resonances of the very
same resonator are in turn stemming from the fact that each harmonic also
itself probes different locations along the resonator, as can be seen e.g. in the
E-field distribution along the resonator in Fig. 4.10 (e) (section 4.5). This
again shows that variations in disorder along the indium oxide sample on
the size of few mm reflect in varying ε1. Similar variations as found in ε1

both from one resonator to the next as well as within one resonator, are also
expected to be found in Q and σ1 respectively.

It has been expected that the dielectric constant of indium oxide is quite
large [33, 39, 54] (at least above ε1 > 30 [33]), although direct measurements
of ε1 so far were not possible [14, 33]. With the data of direct measurements
of ε1 acquired in this work it can now be confirmed that ε1 is indeed quite
large even at the very strong localization limit, the electron glass regime.

In section 6.1.1 a critical value for the dielectric constant ε1,c ≈ 100 has
been determined. ε1,c decides whether the Coulomb interactions in indium
oxide are expected to be larger or smaller then attractive Cooper-interactions
mediated by phonons [33]. If ε1 > ε1,c then Coulomb interactions are
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6.4. The electron glass regime

expected to be sufficiently screened so Cooper-pairs can form. However, if
ε1 < ε1,c, as it is the case for almost all samples and disorders in the samples
measured in this section, then Coulomb interactions cannot be assumed
negligibly small. This means that the absolute values found for ε1 in the
electron glass regime presented in this section give evidence that Coulomb
interactions indeed exceed Cooper-attraction and Cooper-pairs cannot form,
following the Fermi-mechanism detailed in section 3.3. This also corresponds
to δ > ℏωD. For very strongly insulating indium oxide samples with very high
disorder it is therefore found that electron interaction inhibits the formation
of Cooper-pairs and local pairing is not possible.

It has to be kept in mind, that the density of states at the Fermi-energy ν0
is kept constant across all samples with ν0 ≈ 1× 1045 J−1 m−3 as suggested
by Ovadyahu [54, 212, 225] corresponding to an electron density of about
1× 1019 − 1× 1020 cm−3 [49, 225, 226]. For the data shown in Fig. 6.15 (a)
this does not play a role, as all quantities shown (ε1 and T0,Mott) are directly
measured in the experiment. For (b) however, the values on the horizontal
axis are themselves dependent on ν0 with ξMott ∝ ν

−1/3
0 , meaning that here

uncertainties in the value of ν0 are reflected directly in the data, although
uncertainties are mitigated to some extend due to the small exponent of −1/3.
Comparing the relative relation of ε1(T0,Mott) and ε1(ξMott) of the different
samples towards each other in (a) and (b) also shows that uncertainties in ν0
probably are rather small, since the horizontal separation of the individual
samples stays relatively constant.

Looking at the overall trend of ε1-values including all electron glass samples
shown in Fig. 6.15 (a) and (b), it is found that ε1(T0,Mott) increases with
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6. Indium Oxide

decreasing T0,Mott and increases with ξMott. This is expected, with the
behavior following section 3.5.3, equation (3.34) [39]

ε1 = a · αe
2ν0
ε0

ξ2 + ε1,Host (6.14)

and ε1 = a · αe
2

ε0
ν
1/3
0

(
16

kB

)2/3

T
−2/3
0,Mott , (6.15)

with ε1,Host an additional offset value stemming from constant contributions
of the “host”-material, meaning the positive ions of the background and the
immobile valence electrons far from the Fermi energy, which could have sizable
magnitude [33, 39, 54]. Note that equation (6.15) only depends on ν1/30 , while
(6.14) depends on ν0 and ξ2Mott ∝ ν

−2/3
0 . Uncertainties in ν0 might again be

more pronounced in the latter dependence while they are strongly mitigated
in the first. Yet, since there seems to be no large difference between the data
shown in Fig. 6.15 (a) and (b) both cases will be discussed interchangeably.
Equations (6.15) and (6.14) are plotted in Fig. 6.15 (a) and (b) respectively.
The dimension-dependent prefactor α is set here to α ≈ 3 corresponding to a
three-dimensional system [39]. Additionally a constant offset of εHost ≈ 10

is introduced, which is of reasonable size being similar to the possible ε1 of
crystalline In2O3 [230, 231]. a denotes an additional prefactor to account for
a possible suppression of ε1.

The data is expected to follow three-dimensional dependence as the elec-
tronic properties of the samples are assumed to be three-dimensional. This is
given since the hopping distance is smaller than the sample thickness with
rhop ≈ 3

8ξMott

[
(T0,Mott/T )

1/4
]
< d [49, 54] at least down to temperatures of

several 100mK (calculated with values from Tab. 6.2). At least below 1K,
ε1(T ) is found constant (shown in later section 6.4.3), making the assumption
of a three-dimensional system reasonable, since there is no distinct feature
found in ε1(T ) which would hint towards a change in dimensionality. The
3D behavior shown in Fig. 6.15 (a) and (b) fits well to the high-T0,Mott/low-
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6.4. The electron glass regime

ξMott-values of sample B, however values of sample C show slight vertical
offset (better correspondence is found when extracting ξ directly from mi-
crowave data, detailed later in section 6.4.3). To explain the discrepancy, it
has to be kept in mind that the horizontal axes are determined purely from
DC-measurements. In this case it is assumed that the sample is uniform both
at the location of the resonator as well as the Hall-bar. This however, might
not be given to full extend, as already in ε1 between resonators differences
have been found (Fig. 6.15 (c)) and differences between transport properties
at the location of the Hall-bar and the resonators cannot be excluded. It will
be shown in section 6.4.3, that this can be circumvented with pure microwave
measurements. Nevertheless it is confirmed that strongly localized indium
oxide in the electron glass regime in general follows ε1 ∝ ξ2 behavior expected
for Anderson insulators [39, 232, 233], corresponding to the polarization of
non-interacting electrons. Since no clear deviation from ε1 ∝ ξ2 is found it
is also possible to argue that the electrons in the samples interact neither
by Coulomb repulsion nor by Cooper-attraction since e.g. for the latter this
would inevitably lead to suppression of ε1 [39] expected to a factor of about
2 − 3 [119], compare section 3.5.3. While this suppression is not found in
the electron glass samples, it is found in the local pairing samples, shown in
section 6.5.2.

To catch this offset, an additional ε1 ∝ ξ2Mott has been fitted to the data
of sample C, as shown in Fig. 6.15 (b) (dashed blue line), but with the
additional scaling prefactor a > 1. It is found that the data is best described,
when a ≈ 1.3. This prefactor will be important in the later section 6.6.2,
especially when compared to the local pairing samples, where smaller a is
expected. For sample B, a is found to match the red dashed line for its
highest disorder values, setting the prefactor to be a ≈ 1. Here only the
highest disorder values measured for sample B can be considered, as further
data behaves unexpectedly, when evolving with decreasing disorder. With
decreasing disorder (decreasing T0,Mott, increasing ξMott), ε1 of sample B
does not match ε1 ∝ ξ2Mott with the expected scaling prefactors (a = 1,
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α ≈ 3, ν0 ≈ 1 × 1045 J−1 m−3). A slight increase is seen, but it is much
weaker than expected (compare to red dashed line). An explanation for
this might be, that the polarization is predominantly governed by ε1,Host of
the sample. It might be possible that the host polarization ε1,Host is fixed
during initial deposition of the sample, the further evolution of ε1(ξMott)

however, is then mostly dominated by the localized electrons close to the
Fermi-energy. Additionally to this increase of localization length with the
corresponding ε1 ∝ ξ2Mott however, there might be another process going
on, as ε1(ξMott) does not increase as strongly as expected but about half
as quickly as expected for a three dimensional system. It is possible that
ε1(ξMott) is rather rigid even when ξMott increases strongly. The reason for
this is unclear as of yet, with the hope for clarification in future studies both
experimentally and theoretical. The possibility that the reason for ε1 staying
relatively constant might be a variation of ν0 is unrealistic, as ν0 would have
to decrease with aging, meaning it would have to decrease with less disorder
and weaker insulation. While this is already unrealistic since it is expected to
actually increase in this situation [226], this would have to be a very strong
effect (on the order of ∆ν0 ∝ ∆T 2

0,Mott).
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Fig. 6.15.: (a) ε1(T0,Mott) of samples A-C as a function of the char-
acteristic temperature T0,Mott extracted from Mott VRH
in DC-measurements. The dependence ε1(T0,Mott) =

α e
2

ε0

(
16
kB

)2/3
ν
1/3
0 T

−2/3
0,Mott + ε1,Host is shown in three dimensions

(red, α ≈ 3), describing the data reasonably well. (b) ε1(ξMott) as
a function of the localization length ξMott. The same fit is shown.
Additionally, blue shows ε1(ξMott) = a · α e

2ν0
ε0
ξ2Mott + ε1,Host for

sample C (a ≈ 1.3). (c) ε1(n) as a function of mode number n for
the measurement indicated in (b). ε1 measured with resonance of
the same resonator fit to each other, different resonators differ due
to local sample differences.
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6.4.3. Temperature-dependent conductivity

From the extracted values of resonance frequency and quality factor Q shown
in Fig. 6.14 not only ε1 can be calculated, but also the conductivity σ1 ∝ ωε2,
which is directly connected to the imaginary part of the complex dielectric
constant ε2, equation (4.55). This can be done as a function of temperature
using temperature-dependent resonance frequency and Q(T ). An example
of each is shown in Fig. 6.16 (a) and (b) respectively for the fundamental
frequency of a resonator probing sample B. Upon initial deposition of the
sample the resonance shifts to lower frequency as already seen before in
the raw spectra of Fig. 6.14 (a). For higher temperatures, the resonance
frequency under the influence of the sample follows the resonance frequency
of the empty resonator very analogously. The form of which can be traced
back to the increase of the penetration depth λL(T ) (equation (4.75)) and
consequently the impedance Z with the resulting temperature dependence
following equation (4.77) (a fit with corresponding parameters is shown with
blue color in the figure).
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Quality factor Q(T ). Q(T ) is suppressed under the influence of the
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Q(T ) (Fig. 6.16 (b)), shows more prominent differences between empty
resonator and the resonator under influence of the sample. Where Qe(T ) of
the empty resonator decreases roughly linearly, Qs(T ) under sample-influence
decreases stronger than linear, which is a direct consequence of finite ε2(T )
and conductivity σ1(T ). From section 4.4 it is clear, that while the resonance
frequency is largely affected by ε1, Qs is predominantly affected by ε2 (for
large Qe, which is given here). From both the resonance frequency, as well
as Qe(T ) and Qs(T ), the conductivity σ1(T ) can therefore be calculated
following the procedure detailed in section 4.4 with equations (4.53), (4.51)
and (4.55). This is done for each temperature individually by comparing the
resonator under the influence of the sample to the empty resonator. σ1(T )
determined from values shown in (a) and (b) is shown in Fig. 6.16 (c). In
Fig. 6.16 (d), σ1(T ) for a resonance of another resonator on the same resonator-
chip probing sample B is shown. In the temperature range above 2K, σ1(T )
is perfectly linear up to temperatures where the measurement precision gets
too weak (due to diminishing Q of the Nb-conductor). This linearity in σ1(T )
can perfectly be described with Austin-Mott behavior, equation (3.13), with
σ(ω, T ) = π4

384e
2ξd+2

GHzν
2
0kBTω ln4

(νph
ω

)
[43, 74, 75]. Here, the system is again

assumed to be three dimensional d = 3, the full single-particle density of
states is taken as ν0 ≈ 1 × 1045 J−1 m−3 [54, 212, 225] and typical phonon
frequencies are taken as νph ≈ 1× 1013 Hz (ωD ≈ 500K [12, 33, 227, 228]).
For given frequencies ω of the resonances this leaves ξGHz, the localization
length, as the only fit parameter. Fig. 6.16 (c) and (d) show that Austin-Mott
behavior describes the data very well. The fitted ξGHz are in the range
ξGHz ≈ 1.86 nm − 2.56 nm in very close range to ξMott determined by DC-
measurements showing very good agreement between microwave conductivity
and DC-conductivity. ξGHz of each resonance will be shown as values on the
horizontal axis in Fig. 6.18.

Good correspondence between microwave conductivity and DC-conductivity
is also seen when looking at σ1(T ) of sample C. This is shown in Fig. 6.17.
(a) shows a temperature-range from 40K down to 40mK. It is expected
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6.4. The electron glass regime

that σ1(T ) decreases with decreasing temperature. At some point however
the energy induced to the sample by the probing microwaves is larger than
the thermal energy ℏω > kBT . When entering this regime, σ1(T ) levels off,
with the saturation value being frequency-dependent [65, 73]. In the regime
ℏω ≫ kBT the transport in the sample is mainly consisting of photon-assisted
hopping, whereas phonon-assisted hopping is negligibly small. This is the
so-called zero-phonon regime [43, 44], where σ1 is found to be temperature-
independent. When comparing the guide to the eye of the DC-conductivity
from Fig. 6.17 (a) to σ1(T ) of the microwave measurements it is also apparent,
that σ1 measured at finite frequency is many orders of magnitudes larger than
σ1 measured by DC (suggested by extrapolation). This is expected [65, 73]
since σ1 at GHz-frequencies is completely dominated by photon contributions.
The frequency dependence will be discussed later in section 6.4.6.

Fig. 6.17 (b) shows σ1(T ) measured by microwaves for some selected
resonances of (a) with (c) showing a magnified version of the low-frequency
resonances. It is found, similar to sample B in Fig. 6.16, that above a certain
temperature, where ℏω ≪ kBT , σ1(T ) again enters Austin-Mott behavior
with linear dependence σ1(T ) ∝ T as expected (indicated by the green fits in
the figure). This again can be used to extract ξGHz with equation (3.13).
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Fig. 6.17.: (a) σ1(T ) measured by microwave resonances at several different
frequencies as well as σ1(T ) determined from DC-measurements.
σ1(T ) measured at GHz frequencies approaches σ1(T ) measured
by DC when going to larger temperatures, where ℏω ≪ kBT ,
following Austin-Mott behavior. At ℏω ≫ kBT the zero-phonon
regime with temperature-independent σ1 is found. (b,c) Data of
selected resonances from (a) with linear Austin-Mott fits.
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6.4. The electron glass regime

6.4.4. Dielectric constant as a function of dynamic
localization length

With the extracted ξGHz from σ1(T ) from samples B and C in section 6.4.3, the
localization length-dependent dielectric constant ε1(ξGHz) can be replotted, as
shown in Fig. 6.18. Data from Fig. 6.15, as a function of ξMott is plotted again

 ε
1
(ξ

Mott
)

ε 1

ξ
GHz

 (nm)

∝ ξ2
 + 10 (3D)

T = 30 mK

Fig. 6.18.: Dielectric constant ε1(ξGHz) as a function of localization length
ξGHz determined from σ1(T ). ε1(ξMott)-data with ξMott from DC-
measurements are shown in gray. ε1(ξGHz) of low ξGHz-values are
well described by ε1 ∝ ξ2GHz + εHost-behavior.

in gray for comparison. It is found that for sample B, ξGHz ≈ ξMott, meaning
that both microwave data and DC-data align well concerning the localization
length. For sample C, ξGHz has been found larger than ξMott to some extent,
for most resonances. This shifts ε1(ξGHz) data to larger localization length,
which makes ε1(ξGHz) align better with the three dimensional ε1 ∝ αξ2 +

ε1,Host behavior, as it has been given before already, with α ≈ 3. Considering
values of ε1(ξGHz) each for the lowest values of ξGHz, the data is well described
by 3D scaling behavior of the dielectric constant, taking into account an
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6. Indium Oxide

offset of about εHost ≈ 10. With this method it was therefore possible to
acquire complete ε1(ξGHz)-dependence entirely from microwave measurements.
Direct comparison of ε1-data to the localization length extracted directly
at the resonator is possible giving the possibility to omit DC-measurements
measured at spatial distance to the resonators. The measurement of ξGHz is
performed directly at the region of the sample, where ε1 is measured as well,
reducing the influence of location dependent disorder variations on the data.
This variation seems to be particularly prominent in the data of sample C,
where the strongest change in localization length was found. Additionally it
was found that during the aging the sample evolved differently at the location
of the resonators compared to the location of the Hall-bars, since with ξGHz

extracted from σ1(T ) the data follows the trend ε1 ∝ ξ2GHz better, see e.g.
resonances of resonator 3 and 4 following the red line, while for ε1(ξMott) this
was less clear.

However, it is again found that the variation between resonances and for
different aging-stages can be quite large for some individual resonances. This
again leads to large horizontal spread in the figure. This is particularly promi-
nent for resonances with high frequencies (> 10GHz). For these frequencies
the zero-phonon regime ranges to higher temperatures, compare Fig. 6.17 (a),
where the onset of the increase in σ1(T ) for larger frequencies shifts to higher
temperatures since σ1(T ) saturates at larger value. This effectively limits
the accessible temperature-range at which σ1(T ) can successfully be fitted
with Austin-Mott behavior. It is therefore found that the determination of
ξGHz is more prone to errors at larger frequencies where establishing a clear
linear dependence for Austin-Mott behavior is more difficult. This probably
explains the spread of ξGHz for sample C where the temperature-range is
additionally limited by losses increasing at temperatures only merely larger
than the onset of the Austin-Mott-regime. For data of sample B this is found
as well. Resonances in the single-digit GHz-regime correspond very well to
each other and to the expected ε1(ξGHz) ∝ ξ2GHz behavior. For resonances
> 10GHz however an increase of ξGHz is found exceeding expected values,

214



6.4. The electron glass regime

whereas ε1 stays roughly constant. Compared to ξMott, it is found that reso-
nances below 10GHz shift less while resonances above 10GHz shift stronger.
Another interpretation of this could again be that ε1,Host is fixed upon de-
position. While the localization length increases upon aging, ε1 stays rigid,
being mostly defined by the background positive ions and valence electrons,
which are not influenced by the localization length. However, at this point
this is merely of speculative nature, since it is only found in one particular
sample. To further investigate this on a systematic level, additional samples
in similar disorder regimes could be investigated in the future.

6.4.5. Temperature-dependent dielectric constant

The dielectric constant ε1(T ) can also be determined as a function of tem-
perature. For this the resonance frequencies as well as the quality factors of
both the resonator under influence of the sample, see e.g. Fig. 6.16 (a) and
(b), as well as the empty resonator are again compared for each temperature
individually, following the procedure shown in section 4.4. For samples B
and C the resulting values of ε1(T ) are shown for multiple resonances in
Fig. 6.19 (a) and (b) and for different aging-stages in (c) and (d) respectively.
Error-bars as shown in Fig. 6.15 are omitted here for clarity. It is found that
for sample C, ε1(T ) varies only little over the temperature range of mK up
to 2K. (b) and (c) show that ε1(T ) is roughly constant and only increases
above 2K. The vertical offset in (b) corresponds to the difference between
ε1-values for different resonances shown in Fig. 6.15 and 6.18, which mainly
stems from the difference in sample properties at the different resonator
locations. This separation between ε1-values of individual resonances remains
about constant over the total temperature range. ε1(T ) for one resonance at
different stages of aging, shown in (d) shows that the temperature-dependence
of ε1(T ) changes with increasing localization length. Towards larger ξ the
onset of the slight increase of ε1(T ) shift to lower temperatures. For sample
B (Fig. 6.19 (a) and (c)) the temperature range 2 − 5K is covered. It is
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Fig. 6.19.: (a,c) ε1(T ) of sample B for (a) several different resonances of two
separate resonators and for (c) different stages of aging of the
sample. An increase in ε1(T ) is found. (b,d) ε1(T ) of sample C
respectively. In the mK-regime ε1(T ) is mostly constant with a
slight increase above 1.5K.

found that ε1(T ) increases towards higher temperatures with a first moderate
increase of about 20% up to 4 − 4.5K followed by a more steep increase
above, similar to what is found in sample C. The temperature-dependence is
quite rigid with the shape of ε1(T ) staying about the same for all stages of
aging.

The increasing ε1(T ) towards larger temperatures might be explained by
increasing relaxation processes due to phonons [65]. Another striking feature,
however, is ε1(T ) of sample C forming a minimum in the temperature range
of about 1K. It is only found for electron glass samples at low temperatures
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6.4. The electron glass regime

< 2K, but not for local pairing samples, where such a minimum is absent
with ε1(T ) being mostly constant below 1K (see later section 6.5.4). Similar
features have been seen before [65, 234] in a Fermi-glass/electron glass system
although in a different compound, namely in (bulk) Phosphorous-doped Si
[65, 234]. It might be an inherent property of electron glass systems at low
temperatures, although an explanation is missing. Hering et al. [65] find
the location of the minimum to be localization-dependent, shifting to larger
temperatures for stronger disorder. This is apparent also in the data shown
in Fig. 6.19 (d), where with larger disorder also the minimum shifts to larger
temperature. Sample B might show the minimum just at the edge but outside
the temperature-range for the low-ξMott states. So the minimum found in the
temperature-dependent dielectric constant ε1(T ) might be inherent to electron
glass samples, however, no explanation of the origin of this phenomenon is
currently known [65], yet further study in this direction might be worthwhile.

6.4.6. Frequency-dependent conductivity

In Fig. 6.17 (a) it could already be seen, that the conductivity σ1 increases
for higher frequencies at fixed temperature. At the base temperature of
25mK however, sample C is in the zero-phonon regime [43, 44] (where σ1(T )
is constant [65, 73]), meaning that here thermally excited phonons do not
contribute to the conductivity but only photon-assisted hopping processes
enhance σ1. Lowest temperatures for sample B are about 2K. Here the zero-
phonon might not entirely be established, which makes the following analysis
for sample B more of an upper estimate calculation. At base temperature
the frequency-dependent conductivity σ1(ν) is extracted for each resonance.
Resulting values are displayed in Fig. 6.20 (a). σ1(ν) increases strongly with
ν, which is expected from hopping mechanisms enhanced by hybridized Mott
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resonances, see section 3.1. The general trend follows σ1(ω) ∝ ω2 ln4 (δ/ω)

very well. This is shown by the dashed lines, which are fits of the form

σ1(ω) = a · π
2

3
e2ξ5ν20ℏω2 ln4

(
δ

ℏω

)
(6.16)

⇒ σ1(ω) = a · π
2

3
e2
(

16

kBT0,Mott

)5/3

ν
1/3
0 ℏω2 ln4

(
kBT0,Mott

16ℏω

)
. (6.17)

following Mott-behavior, equation (3.11). The localization length ξ has been
expressed with the directly measured value of T0,Mott

via ξ = [16/ (ν0kBT0,Mott)]
1/3 (equation (3.2)) and the energy level splitting

by δ = kBT0,Mott/16 (via equation (3.25)).
For the samples in the electron glass regime it holds, that the energy level

splitting δ is in the range of several 100meV. Compared to the maximum
frequencies used here, which are in the range of about 25GHz, corresponding
to an energy of about 0.1meV, this is much greater by more than three orders
of magnitude. In this strong δ ≫ ℏω-regime it is expected, that contributions
to hopping by Mott resonances are additionally suppressed compared to
simple Mott arguments [33, 39]. This has been derived and motivated in
section 3.5.4, where numerical studies [33] show that contributions to σ1(ω)
are found smaller if δ ≫ ℏω by many orders of magnitude. To account
for this, equation (6.17) has been extended by an additional prefactor a.
This prefactor will be the only fit parameter left, as T0,Mott is taken from
DC-measurements and ν0 ≈ 1× 1045 J−1 m−3 [54, 212, 225] is taken constant.

The sample-dependent factor a is displayed in Fig. 6.20 (a) for samples B
and C. In the case of sample C, a has been found similar for all stages of
disorder and a mean value is displayed. For sample B a mean value of the first
several stages of aging is taken, as the sample develops slightly unexpected
for later stages of disorder (discussed below). The fitted prefactor amounts
to about aC ≈ 0.33 (sample C) and aB ≈ 0.2 (sample B) and shows that
σ1(ω) is indeed reduced compared to the values expected by simple Mott
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6.4. The electron glass regime

behavior. It is therefore confirmed that the conductivity follows regular Mott
behavior with σ1(ω) ∝ ω2 ln4(δ/ℏω) although with reduced contributions
by the hybridized Mott resonances. Since aB < aC it can be assumed that
this effect enhances with larger ratios of δ/ℏω, meaning that for stronger
localization also the suppression increases. This holds even when assuming
the value of aB ≈ 0.2 to be an upper estimate.

Unfortunately there are no exact numerical studies on the magnitude
and the predicted values for this suppression as of yet [123]. Theoretical
predictions are limited to qualitative descriptions of this suppression [33, 39].
The experiments shown here may therefore give food for further quantitative
numerical studies.

As a function of disorder, σ1 is shown in Fig. 6.20 (c). The vertical spread for
each state of disorder here is the strong frequency-dependence discussed above.
The data is expected to follow σ1(T0,Mott) ∝ T

−5/3
0,Mott ln

4(T0,Mott/const.), from
equation (6.17). This might be found to weak extent in the data when
comparing similar frequencies across the two samples as done in (b) for selected
resonances in the range 2.1− 4GHz (sample B deviates for lower disorders,
so only larger disorders can be considered). However, the dependence on
the disorder is only very weak with small exponent T−5/3

0,Mott (plus logarithmic
contributions) and is therefore hard to clearly establish in the given data.
Additionally the factor a cannot be accounted for quantitatively. It is also
seen that sample B does not show an increase of σ1(T0,Mott) with decreasing
disorder, which is unexpected, with the reasons being currently unknown.
The sample not being completely in the zero-phonon regime is not a valid
reason for this phenomenon, as Austin-Mott behavior (equation (3.13)) is
dependent both on temperature and disorder and a decrease in disorder
therefore affects σ1 at all temperatures equally (this is shown for local pairing
samples in a later section 6.5.4). Sample B is the only sample that shows this
less-then-expected dependence on disorder and the current understanding is
lacking. It may be worth to study a similar sample in future experiments to
gain insight into this issue.
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Fig. 6.20.: (a) Conductivity σ1(ν) as a function of frequency ν for many
resonances probing electron glass samples B and C at different
stages of disorder. σ1(ν) shows good correspondence to Mott-
behavior σ1(ω) ∝ ω2 ln4 (δ/ℏω) although with reduced prefactor,
indicating hopping of non-interaction single-electrons with smaller
contribution of the hybridized Mott resonances. Fits are shown as
dashed lines, with the suppression factor a given in the plot. (b)
σ1(T0,Mott) as a function Mott activation temperature T0,Mott for
selected resonances in the range 2.1− 4GHz. Only weak depen-
dence is expected σ1(T0,Mott) ∝ T

−5/3
0,Mott ln

4(T0,Mott/const.) which
might be seen across samples (sample B deviates strongly). (c)
σ1(T0,Mott) for all resonances and a guide to the eye for resonances
at ∼ 10GHz.
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6.4.7. Summary

In this section 6.4, the electron glass regime has been of prime interest. For
these samples, the charge carriers are confined to very small areas of < 3 nm,
resulting in very high energy level splitting exceeding any possible pairing
gap. Three different samples have been investigated as a function of disorder,
temperature and frequency. The main result is that these highly disordered
indium oxide samples can perfectly be described as Fermi-glass with their
behavior mostly predicted by (simple) Mott arguments. Mott variable range
hopping is found in charge transport measurements, which crosses over to
Efros-Shklovskii variable range hopping upon cooling, indicating the opening
of a Coulomb soft-gap. This hopping behavior continues down to lowest
accessible temperatures with no sign of a crossover to potential activated
behavior evoked by a hard gap.

The dielectric constant as a function of disorder is reminiscent of typical
electron glass behavior with the expected ε1 ∝ ξ2 dependence. The prefactor
is found to fit three dimensional systems with no suppression, pointing
towards the lack of electronic pairing (which would otherwise lead to reduced
values of ε1) and the localization of individual single-electrons. The low-
temperature microwave conductivity σ1(ω) shows typical Mott behavior where
Mott resonances are the main contributors to photon-induced conductivity.
Due to very strong localization, the contributions by these resonances are
somewhat reduced, however. As a function of temperature, Austin-Mott
behavior is found confirming simple hopping, successfully bridging the gap
between microwave conductivity and DC-transport.

Concluding, samples A-C are electron glass samples with very strong
localization, which behave like typical Mott Fermi-glass systems. No sign of
a pairing gap is found whatsoever.
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6.5. Local pairing regime

In this section, samples of the local pairing regime will be discussed. This
includes samples D-G, see section 6.3. All of these samples show simple
activated behavior at low temperatures in DC. The derived energy level
splitting for these samples is smaller than the Debye-energy δ ≪ ℏωD with
δ being calculated from the localization length ξMott determined by DC-
measurements (section 6.3). The activated behavior found and the size of
the energy level splitting point towards the possibility that in these samples
local pairing occurs. This means that the electrons pair together forming
immobile Cooper-pairs localized in space [12, 33]. At first the DC-transport
will be discussed in the next section after which the dielectric properties and
the conductivity are discussed in the following sections.

6.5.1. Transport

For all local pairing samples, DC-measurements were performed using the
procedure detailed in section 4.9. Compared to the electron glass samples,
the local pairing samples D-G reach high resistance values only at lower
temperatures, which is expected since their amount of disorder is smaller
compared to the electron glass samples. Typical temperature ranges for
the following evaluation of transport properties are 1K < T < 40K. At
temperatures of about > 15K variable range hopping (VRH) behavior is found
as Mott VRH with T 1/4-dependence. This is seen in Fig. 6.21 (a), where for all
local pairing samples (at one fixed aging state) the sheet resistance Rs(1/T 1/4)

as a function of Mott VRH 1/T 1/4-behavior is shown with linear fits performed
in the hopping regime. From the fits, characteristic temperatures T0,Mott can
be extracted. The localization length ξMott can be found using equation (3.2)

with ξMott =
(

16
ν0kBT0,Mott

)1/3
. Typical values have been shown in section 6.3

in Tab. 6.2, where it is seen that for the local pairing samples D-G, T0,Mott

is in the range of thousands down to hundreds of K and consequently ξMott

222



6.5. Local pairing regime

is in the range up to above 10 nm. However, here again it has to be kept in
mind, that ξMott in Tab. 6.2 is calculated using constant density of states at
Fermi-energy ν0 = 1× 1045 J−1 m−3 [49, 225, 226]. For samples close to the
transition, ν0 is expected to increase [226]. For the calculation of ξMott these
effects will not be considered however, as the specific development of ν0 of
the samples investigated is unknown. Nevertheless the acquired magnitudes
of ξMott seem reasonable, when comparing the samples to each other.

At temperatures of a few K, VRH transitions over to simple activated
behavior, as depicted in an Arrhenius-plot in Fig. 6.21 (b). This activated
behavior found in all local pairing samples is evoked by the emergence of
the pseudogap ∆p, leading to a hard-gap insulator (c.f. section 3.5.2) and
might therefore be a first indication for single-electrons pairing to immobile,
localized Cooper-pairs. Typical temperatures at which the VRH transitions
to activated behavior are found to be about 4K. This corresponds well
to typical onset-temperatures at which Cooper-pair formation begins, as
seen e.g. with the preformation of Cooper-pairs shortly before the onset of
global superconductivity in tunneling experiments (section 6.1, Fig. 6.1 [28,
32]). Opposed to the samples studied in tunneling experiments however, the
samples shown in this chapter will not transition to a globally superconducting
state since ∆p < δ, yet the fingerprints of Cooper-pairing are still seen in
Rs(1/T ).

The temperature-dependence found for Rs already gives clear indication
that although the single-electrons in the disordered amorphous thin-film
sample are further and further restricted in their conduction and transport
the lower the temperature goes, they can still form localized Cooper-pairs
without global coherence [8, 33]. These Cooper-pairs are spatially confined
to certain areas or “puddles” [28, 47] with their size being on the order of
the localization length ξ. This ξ is the same length scale, which is also
responsible for Mott VRH found at higher temperatures (T > 15K). The
reason for this length scale being universal both for VRH but also for the
confinement of Cooper-pairs is the fact that superconductivity in indium
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oxide (either local (high disorder) or global (low disorder)) is mediated by
relatively weak BCS coupling [8, 12, 33]. This makes it a relatively weak
effect [8] without modifying the spatial dependence strongly. This would be
different if the coupling is assumed to be strong, where ξ might be different
depending on whether the system is in the VRH regime (high-T ) or in the
(local) superconducting regime (low-T ).

Fig. 6.21 (c) shows the resistivity ρ(1/T ) for all samples at fixed stages
of aging as a function of 1/T (Arrhenius-plot). From this, the resistivity
ρ(4K) at fixed temperature of 4K can be extracted as shown in the figure.
It is found that ρ(4K) is strongly sample and aging dependent and can be
used well as a parameter to characterize the disorder state. Typical values
have been given in Tab. 6.2 and are in agreement with previous studies [10,
224]. From Fig. 6.21 (c) it is also obvious that the temperature-dependence
of ρ(1/T ) behaves equal to that of the sheet resistance Rs(1/T ) (since they
are connected only by the sample thickness, equation (4.88)) giving equal
slope of the linear fit.

Fig. 6.21 (a)-(c) only show one particular state of aging of each local
pairing sample measured. However, similar to the sample in the electron
glass regime, the disorder in the local pairing samples also changes between
individual measurements. On the one hand, they age with storage time
at room temperature, where repeated measurements with resting time in
between typically give continuous decrease of disorder and insulation strength.
On the other hand, they age when being annealed at 50 °C, with the procedure
detailed in section 6.2. Both methods, leaving the samples to rest at room
temperature in between measurements and purposely annealing them at
higher temperatures have been employed for the samples shown here. With
this, the samples typically became less insulating with time and a wide range
in different amounts of disorders, localization length and insulation strengths
could be covered. An example for such a decrease in insulation strength is
shown in Fig. 6.21 (d), where Rs(1/T ) is shown for sample E at different
stages of aging. Fitted values of T0 are given in the legend and show the
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Tab. 6.4.: Activation energy T0 of all local pairing samples S. Ranges are
given, since each sample has been measured multiple times at
different stages of aging.

S T0
[K]

D 15.3 - 12.2
E 17.3 - 10.0
F 9.6 - 8.2
G 6.5 - 5.8

sample continuously getting more conductive. This is mainly due to the
localization length ξ increasing, see equation (3.31) (section 3.5.2).

In total, including all samples, T0 reaches from about about 17K (sample
E) down to about 6K (sample G), as detailed in Tab. 6.4, meaning that
it covers a very large range of insulation strength on the insulating side
of the SIT. The largest values of T0 ∼ 15 − 17K are at the very edge of
the local pairing regime shortly before entering the electron glass regime.
In previous studies maximum values in the range of T0 ≈ 15K have been
found [8, 19, 40]. For even higher disorder the energy level splitting would
be larger than the Debye energy δ > ℏωD and even local pairing would
not be possible anymore (Tab. 6.2 shows already that for some stages of
sample D, δ ≲ ℏωD ∼ 50meV). On the lower end, T0 ≈ 6K is already quite
close to the transition, although it is not clear how low T0 could go before
the samples become globally superconducting. As a comparison, sample
H was already globally superconducting with Tc ≈ 0.5K and an onset of
coherent superconductivity around 2K, see Fig. 6.10 in section 6.3.1. Shortly
above the global superconducting transition sample H still showed activated
behavior with T0 ≈ 2.3K. This has also been shown in earlier works [10],
where samples with T0 ∼ 2K still go superconducting when the temperature
is low enough, as shown e.g. in Fig. 6.3 (b). The extrapolated curve in

225



6. Indium Oxide

Fig. 6.3 (b) also suggest that samples with activation energies up to T0 ≈ 4K

might still become superconducting at mK-temperatures. The extend of the
extrapolated curve estimating these T0-values is probably not entirely correct
(especially since it is usually applicable only for larger values of kF l [10]),
however, combined with the data of sample H it means that the SIT does not
necessarily have to be at T0 ≈ 0K as one might initially assume, but at finite
T0 somewhere T0 > 2.3K. Sample G therefore might not be too far from the
transition to the (global) superconductor regime.

From the data shown in Fig. 6.21 (a) and (b) it is clear, that both T0,Mott

and T0 are a good characterization parameters for the amount of disorder in
the sample and its insulation strength. In the following, both will therefore
be used to characterize and compare the samples to each other and to find
relevant scaling predictions.
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Fig. 6.21.: (a,b) Sheet resistance Rs as a function of (a) 1/T 1/4 (Mott VRH)
and (b) 1/T (Arrhenius plot). Mott VRH is found for temperatures
T > 15K, whereas simple activated behavior is found below 4K.
Characteristic parameters can be extracted from linear fits. (c)
Resistivity ρ(1/T ) as a function of 1/T . ρ(1/T ) shows activated
behavior as well. ρ(4K) can be extracted at 4K (dashed line)
as a characterizing parameter of the sample. (d) Rs(1/T ) of
sample E for several different stages of aging. T0 is found as the
characterizing parameter.
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6. Indium Oxide

6.5.2. The insulator with (multi-)fractal local
superconductivity

The goal of this section is to investigate the dielectric constant and the
conductivity of amorphous indium oxide samples in the local pairing regime
with the aim to find indications of multifractality of the localized electronic
eigenstates. As shown from a theoretical standpoint in sections 3.5 and from
the experimental side in section 6.1, indium oxide is expected to have local
pairing of the electrons to localized Cooper-pairs, for which the electronic
eigenstates have to be (multi-)fractal (section 3.5.1). As a consequence, the
resulting electronic state should have strong inhomogeneity (section 3.5.2)
although the structural form of the underlying indium oxide (the “host
lattice”) is homogeneous. While tunneling experiments on conducting samples
(section 6.1, Fig. 6.1) indeed show granular electronic structure [28], with the
possibility to infer that this might be evoked by multifractality, although this
is not unambiguously settled [8, 14, 34]. Further evidence for the fractality
of the electronic eigenstates could be obtained by looking at the influence
of fractality via its fractal dimension D2 on the scaling of some physical
observables such as ε1 and σ1. This will be shown in the following.

Another long standing question in insulating indium oxide is the role
of Coulomb interactions [8], see section 6.1.1. While for other materials
not only the global superconductivity but also the superconducting gap
itself are continuously suppressed on increasing the disorder (Finkelstein
mechanism [29, 30], section 3.3), which is due to the Coulomb interactions
between electrons increasing with increasing disorder, in indium oxide only
the global superconductivity is suppressed while Cooper-pairing remains
active. Whether Coulomb interactions are effectively weakened enough so
the Cooper-attraction still remains dominant depends predominantly on the
strength of the screening and consequently on the magnitude of the dielectric
constant. Absolute values of ε1 therefore will also give valuable insight into
the mechanisms at play in indium oxide.
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6.5. Local pairing regime

To measure ε1 and σ1 indium oxide samples have again been deposited on
top of coplanar waveguide resonators. From the resulting resonance shift and
the decrease in Q, ε1 and σ1 of the samples can be evaluated, as detailed
in section 4. Spectra of two of such resonators are detailed in Fig. 6.22. (a)
and (b) show resonances of a total of four resonators from two twin pairs of
different geometry (different S and W , given in the figure), where each one
resonator probes sample D. The inset of Fig. 6.22 (b) shows a top-view of the
resonator-chip with the sample marked in blue covering half of the resonators
leaving the other half uncovered. This is reflected in the spectra in (a) and
(b), where black shows the spectra before deposition of the sample. Both
resonances of the two twin resonators each have roughly similar frequency and
quality factor Q. Slight differences are due to small imperfections remaining
from the lithography process or the etching of the Nb conductor layer. Upon
applying the sample, the resonance of the resonator covered by the sample
shifts to lower frequencies and loses Q, while the uncovered twin resonator
remains constant throughout the total life cycle of the sample. This ensures,
that the reference data stays valid even if the sample ages with time. The
resonator in (a) here shows larger relative shift than the one in (b). This is
due to the difference in geometry, where the first has smaller geometry than
the latter, resulting in larger sensitivity to the sample properties.

As a function of T0 determined by DC-measurements, the resonance fre-
quency and Q are plotted in Fig. 6.22 (c). It is found that for lower T0,
meaning a more conductive sample, the resonance frequency as well as Q
tend to decrease. At some point Q even decreases below 1 × 103. In this
regime the resonances get very broad and the fits with a complex Lorentzian
(c.f. section 4.8) get unreliable. This is why for most samples at some point
measurements on the very same but aged sample stop to work, as resonances
vanish, as can be seen in particular in Fig. 6.22 (a), where for T0 = 12.2K no
resonance is seen anymore. This can be mitigated to some extend by making
resonators with larger dimensions (S and W ), since then effectively the losses
of the sample on the resonators are reduced. However, with larger dimensions
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6. Indium Oxide

also the sensitivity to the sample properties strongly reduces due to the filling
factor of the sample getting smaller (c.f. section 4.3, equation (4.28)). It is
therefore necessary to balance both effects. This is also one reason why it is
technically not possible to measure properties of a single indium oxide sample
that starts very strongly disordered and moves towards the SIT until it gets
superconducting, but rather multiple samples have to be measured.

Fig. 6.22 (d) shows example spectra of two resonators on a different
resonator-chip probing sample G. Since sample G is expected (due to the
deposition parameters) to be quite close to the SIT, where σ1 might be large,
losses have to be strongly reduced. This is achieved by taking resonators with
very large dimensions (W = 50 µm) and covering it only partially with the
sample. The covered part being at the tail end of the resonator, where the
electric field is low (c.f. section 4.5.2, Fig. 4.10). This again reduces sensitivity,
which is also reflected in (d), where the resonator which is completely covered
by the sample shifts much further than the sample which is covered only
partially. (f) shows the resonance frequency and Q for both resonators. It
is again seen that with decreasing T0 both resonance frequency and Q in
general tend to lower values. For the resonator at 2.48GHz there are also
the directly measured quality factors Qpc of the partially covered resonator
shown and Qcov the hypothetical quality factor if the sample would cover the
total resonator (c.f. section 4.5), which is necessary for further calculations.
Naturally, Qcov is much smaller than Qpc.
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Fig. 6.22.: (a,b) Spectra each of one resonator under the influence of sample D
and a twin reference resonator. The influence of the sample shifts
the resonances and reduces Q. The inset in (b) shows a top-view on
the resonator-chip. (c) Resonance frequency and Q of the resonator
shown in (b). Both tend to decrease with a more conductive sample
(smaller T0). (d) Spectra of two resonators covered by sample G.
One is covered completely, one partially, compare to (e). (f)
Resonance frequency and Q of the two resonators shown in (e)
as a function of T0. Again both decrease with a more conductive
sample.
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6. Indium Oxide

From the shift in resonance frequency and the change in quality factor Q,
both ε1 and σ1 can be calculated, as shown in section 4.4. This has been
done for all local pairing samples at the different stages of aging and with
multiple resonators. The results are shown in Fig. 6.23. The values of ε1
cover a wide range from about 100 to about 600 and increase towards smaller
T0. Each set of data points at a fixed value of T0 is an individual cool-down
of the sample, where all shown resonances have been measured. The data
shown has been acquired at base temperature of about 30mK. (c) shows the
very same data but with a range down to T0 = 2K and an extrapolation of
the fit that will be discussed in the following. Since it is possible that almost
critical indium oxide might go globally superconducting only at values of T0
in the range slightly above T0 ∼ 2K (see section 6.3.1 and Fig. 6.3 (b)) it
might be possible that T0 ≳ 2K are lowest possible disorder values where ε1
could be extracted, although this is beyond the experimental range in this
work. In order to give an idea as to how large ε1 might possibly grow, the
data from Fig. 6.23 (a) is replotted in (c), if it would continue following the
scaling behavior that has been found. It shows that it might possibly grow
up to ε1 ∼ 2000. This will further become important in the discussion on the
possibility of a Josephson-junction-array superinsulator in section 6.6.1.

The vertical spread of the measured ε1 data in (a) again stems from spatial
variance of the sample properties across the macroscopic dimensions of the
resonator-chip. Since the sample has quite large lateral dimension and each
resonator is spatially separated from neighboring resonators by up to a few
mm, see e.g. Fig. 6.22 (e), the sample properties each resonator is subjected to
can vary from resonator to resonator. This is supported by the fact that each
resonator roughly measures similar values ε1 with both its fundamental and
its higher harmonic, as shown in Fig. 6.23 (b) where values of ε1 measured by
the three different resonators probing sample G separate in bundles from each
other. Differences between the different harmonics in turn can be explained by
the varying field distribution of the standing waves in the resonator depending
on the mode number n, see e.g. Fig.4.10 (e). These different distributions in
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6.5. Local pairing regime

turn probe different areas along the resonator to varying extend, leading to
varying influence of the sample on each resonance accordingly. Furthermore,
the spatial separation of the Hall-bar measuring DC-conductivity from which
T0 is acquired, also leads to additional uncertainties in particular in values
of T0. The aforementioned uncertainties in ε1 and T0 however, are hard to
quantize. The uncertainties are not only sample-dependent but also resonator
and even harmonic-dependent, leading to a random error without quantitative
systematic properties. This is why error-bars are omitted in Fig. 6.23.

The vertical spread seen in σ1(T0), Fig. 6.23 (e), directly stems from a
strong frequency-dependence of σ1(ω) ∝ ω2 ln4(const./ω), as will be discussed
in further detail in section 6.5.3. In the plot shown here, this leads to σ1-
values measured by resonances of higher frequency to be much larger than
for resonances at lower frequencies. Only σ1(T0)-values at roughly the same
frequency can be compared to one another, such as e.g. values measured by
resonances at about 2.4− 4GHz as detailed in Fig. 6.23 (d).

Since the dielectric constant shown in Fig. 6.23 (a) covers a wide range
from about 100 to about 600, depending on the insulation strength, it is
obvious that for all ε1-data measured in the local pairing regime it holds
ε1 > ε1,c, meaning that the absolute value of the dielectric constant is larger
than the critical value ε1,c ≈ 100 determined in section 6.1.1. ε1,c has
been estimated to be a lower boundary for the dielectric constant at which
Coulomb interactions are sufficiently screened, such that Cooper-attraction
can overcome the electron-electron repulsion and localized Cooper-pairs can
form. For all local pairing samples investigated here, it is therefore found
that the requirements for strong screening of the Coulomb interactions are
strongly fulfilled. The absolute values of ε1 with ε1 > ε1,c suggest that
the effective Coulomb interaction strength is suppressed to smaller values
than possible Cooper-attraction, making potential phonon-mediated Cooper-
pairing localized in space possible.

That the lower ε1-values measured for the local pairing samples with
large T0 ∼ 15− 17K are in the range of a roughly ε1 ∼ 100 is certainly no

233



6. Indium Oxide

coincidence. The formation of Cooper-pairs leading to the emergence of a
pseudogap ∆p (with the activated behavior in DC as a consequence) is tightly
linked to ε1 > ε1,c. For samples with even stronger disorder where smaller
ε1-values are expected, the critical value is not met and the samples will not
form a pseudogap, see the electron glass regime in section 6.4. This means
that the local pairing regime is limited by ε1,c ≈ 100 which is found here
to correspond to T0-values in the region of T0 ∼ 15 − 17K, which in turn
corresponds to typical values found for T0 of samples at the most insulating
end of the local pairing regime [8, 40]. In this regime it also holds δ ∼ ℏωD,
the energy level splitting being only slightly smaller than the Debye energy.

Together with the electron glass samples the critical value of ε1,c ≈ 100

is well confirmed as the value determining whether bosonic or fermionic
localization mechanisms are present in disordered amorphous indium oxide.
The experiments shown here estimate the critical value to be well in the
region of ε1,c ≈ 100 as suggested by theory (section 6.1.1).
ε1(T0) and σ1(T0) are predicted to increase when the samples get less

insulating, meaning that they will increase with decreasing T0. This is given
due to the localization length ξ increasing. This consequently leads to an
increase in polarization, see equation (3.33) in section 3.5.3, where ε1 ∝ ξ2

[39]. Similarly the conductivity is found to scale with ξ as σ1 ∝ ξ5 [38, 43,
71] (Mott-behavior) in three dimensions, see equation (3.11) in section 3.1.
As a function of T0 the dielectric constant and the conductivity are expected
to scale with equation (3.34) and (3.36) as [33]

ε1 ∝ ν0T
−2/D2

0 ≈ ν0T
−1.54
0 (6.18)

σ1 ∝ ν20T
−5/D2

0 ≈ ν20T
−3.85
0 , (6.19)

since ξ ∝ T
−1/D2

0 , equation (3.31) [33], and D2 ≈ 1.3 [33, 116, 117]. D2 is
the fractal dimension giving a quantity on the magnitude of the fractality of
the electronic wavefunctions, see section 3.5.1. Equations (6.18) and (6.19)
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are shown as guides to the eye in Fig. 6.23 (a), (c) and (d), with an additional
ε1,Host ≈ 10 estimated from the electron glass samples in section 6.4.2 (ν0 is
again kept constant with ν0 = 1× 1045 J−1 m−3 [54, 212, 225]). ε1(T0) in (a)
follows the predicted scaling behavior reasonably well. This is given not only
comparing individual samples to each other but also ε1(T0)-data within one
sample measured by a single resonance upon aging of the sample. Note, that
in the case of σ1(T0) again only values measured by resonances at similar
frequencies can directly be compared to each other. This is done here by
the dashed line in Fig. 6.23 (d) for resonances at about 2.4 − 4GHz. The
scaling of σ1(T0) is well described by (6.19), again both for the individual
development of each sample, as well as comparing the samples.

The scaling behavior found in ε1(T0) and σ1(T0) hint towards fractal
eigenstates governing the polarization and the microwave conductivity. This
further support to the theory developed by Feigel’man et al. [12, 33, 39],
section 3.5, where the electronic wave functions are assumed strongly localized
in space, occupying only a fraction of the typical volume of a delocalized state
[37, 114]. In this conglomerate of localized electronic states, Cooper-pairs
can form within a space-local state with two single electrons of opposite
spin making one pair. Indications for a pseudogap that probably stems
from electrons indeed pairing together to form localized Cooper-pairs, is seen
already in its influence on the DC-conductivity as shown in section 6.5.1.
The absolute value of both ε1 and σ1 give further indications that will be
investigated in section 6.5.3. Nevertheless the scaling behavior found for
ε1(T0) and σ1(T0) as a function of the activation energy T0 and the large
size of the absolute value of ε1, lend strong support to the suggestion that
there indeed exist localized Cooper-pairs in insulating indium oxide, which
are situated in fractal localized eigenstates.
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Fig. 6.23.: (a) Dielectric constant ε1(T0) of all local pairing samples measured
by several resonances each as a function of activation energy T0.
The predicted ε1 ∝ T−1.54

0 behavior indicating fractal eigenstates
is shown as guide to the eye. (b) ε1(n) data as a function of mode
number n for sample G at a fixed T0 (indicated by the dashed
rectangle in (a)). (c) data from (a) with range down to T0 = 2K.
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resonances. Some resonances are missing due to the inability of
proper resonance fitting.
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6.5.3. Suppression of dielectric constant and conductivity
by the pseudogap

While the focus of the previous section was set on the absolute values in
terms of the Coulomb interaction and the scaling stemming from fractal
eigenstates, in this section the focus lies on the absolute values of both ε1 and
σ1 in comparison to theoretical predictions when pairing of single electrons to
localized Cooper-pairs and the emergence of a pseudogap ∆p comes into play.
Main predictions are that both ε1 and σ1 are suppressed [38, 39] to some
extent (section 3.5.5), so they show smaller values than they would without
pairing. One key requirement for the possibility to measure the influence of
the pseudogap ∆p on dielectric and conductive properties, is for the probing
energies to be lower than the gap ∆p itself, so possible localized Cooper-pairs
are not broken up. This requirement is fulfilled for all frequencies used in this
work, since maximum frequencies used here are ν < 25GHz. Corresponding
maximum energy of the microwaves then is ℏω ≈ 0.1meV ≪ ∆p ≈ 0.5meV.
So for all resonances used in this work the energies are always smaller than
the pseudogap energies and possible Cooper-pairs will stay intact. The key
theory has mostly been derived by M. V. Feigel’man and D. A. Ivanov [33,
38] and was presented in sections 3.1 and 3.5.5.

Suppression of the dielectric constant

As a first quantity, ε1 is shown in Fig. 6.24 (a) for all local pairing samples
each probed by multiple resonances as a function of T0,Mott and in (b) as a
function of ξMott for all stages of disorder. T0,Mott is the activation energy
determined from DC-measurements at high temperatures T > 15K, see
section 6.5.1 Fig. 6.21 (a) and gives direct access to the localization length
ξMott with [41, 52, 54, 56, 65]

ξMott =

(
16

kBν0T0,Mott

)1/3

(6.20)
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from equation (6.10) [52, 54, 65]. As discussed already in section 6.4.2
the density of states at the Fermi-energy is kept constant with ν0 ≈ 1 ×
1045 J−1 m−3 [54, 212, 225] although it might change between samples, where
a change of about a factor of 2− 3 might be expectable [123]. By calculating
ξMott with equation (6.20) there are already assumptions taken about ν0
being constant, which in turn might reflect in errors on the horizontal axis
of Fig. 6.24 (b). However, the general shape of the data, especially the
relation between different samples is very consistent between Fig. 6.24 (a) and
(b), which indicates that ν0 must not change by a massive amount between
samples.
ε1(T0,Mott) increases with decreasing T0,Mott and increasing ξMott respec-

tively. This is reminiscent of ε1(T0) from Fig. 6.23 (a) and means that the
polarization grows with decreasing disorder. This can be explained by the po-
larization increasing with the size of the localized states to which the localized
Cooper-pairs are confined. The predicted dependence follows equation (3.33)
[39]

ε1 = a · αe
2ν0
ε0

ξ2 (6.21)

ε1 = a · αe
2

ε0
ν
1/3
0

(
16

kB

)2/3

T
−2/3
0,Mott . (6.22)

Note that again in equation (6.22) possible variation of ν0 is strongly sup-
pressed due to the small exponent ν1/30 and variations in ν0 therefore are
neglected. In addition to the dimension-dependent prefactor α ≈ 3 (in d = 3)
[39] a second prefactor a has been introduced. This second prefactor is used
to account for a possible reduction of ε1 by ∆p. Equation (6.22) has been
fitted to the ε1(T0,Mott)-data individually for each resonance as shown in
Fig. 6.24 (a) with dashed lines. It is seen that data measured by each reso-
nance fall on a line ε1 ∝ T

−2/3
0,Mott (or ε1 ∝ ξ2 respectively), following Anderson

localization-like behavior [39].
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From the fits in Fig. 6.24 (a) the suppression factor a is found and displayed
in Fig. 6.24 (c). Theory predicts, section 3.5.5, that the polarization χ is
suppressed by a relative factor δχ/χ, equation (3.42) [38, 39]

δχ

χ
∝ −∆p

δ
ln4
(
δ

∆p

)
=

1

a
, (6.23)

which is the inverse value of the factor a given in Fig. 6.24 (c). From
ε1 = ε0(χ+ 1) equal suppression is also expected for the dielectric constant
ε1 (see also section 3.5.5). It depends on the energy level splitting δ and the
pseudogap ∆p. For ∆p values are expected to be roughly about ∆p ≈ 0.5meV

[28, 32], see e.g. tunneling-spectra in Fig. 6.1, while δ is in the range of
about a few meV to several 10meV, as given for all samples in Tab. 6.2 in
section 6.3. Resulting values of δχ/χ therefore are in the range of about
δχ/χ ≈ 2− 4.5 depending on the sample and its disorder state. The values
of a = (δχ/χ)

−1 calculated from δ and ∆p are additionally plotted as empty
symbols in Fig. 6.24 (c) as comparison to measured data. Note that for
the calculation of the theoretical value of δχ/χ = 1/a, a mean value of δ
across all stages of disorder of each individual sample is taken. This has
to be done in order to reach a comparison with values of a determined
from the fits in Fig. 6.24 (a), since the latter are themselves acquired as a
mean value across all stages of disorder. The experimental values found in
Fig. 6.24 (c) are of the same magnitude as predicted values and are therefore
in good agreement with the theory. However, for samples D-F values of a are
determined larger (smaller suppression) than predicted values and for sample
G they are smaller. This deviation from theory is not surprising, since on
the one hand equation (6.23) is only determined up to a numerical factor of
order unity [38, 39] and on the other hand spatial separation between the
resonators probing ε1 and the Hall-bar probing T0,Mott can again lead to local
variations in sample properties, so deviations such as they are found here can
be expected.
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The experimental ε1-data shown here directly show that there is a finite
pseudogap in insulating amorphous indium oxide close to SIT. ε1(T0,Mott) is
suppressed by a certain factor, well in agreement with predictions by theory
[38, 39]. This suppression has not been found for highly disordered samples in
the electron glass regime and therefore points towards a mechanism that opens
a gap ∆p only close to the SIT. Given the vicinity to the superconducting
state, where a gap in the single-particle DOS emerges due to Cooper-pairing
and existing tunneling experiments show that this gap is rather rigid on
strong disorder increase [28, 32] (see Fig. 6.1), as well as absolute values
ε1 > ε1,c suggesting diminishing Coulomb interactions, it is likely that the
gap found in the experiments of this work is the superconducting pseudogap
surviving deep into the insulating regime.
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Fig. 6.24.: (a) Dielectric constant ε1(T0,Mott) as a function of Mott activation
energy T0,Mott determined from DC-measurements. The data
is fitted with ε1 ∝ a · T−2/3

0,Mott, equation (6.22), from which the
prefactor a is determined. ε1-data is suppressed in amplitude by
the pseudogap ∆p. The red dashed line shows ε1 ∝ a · T−2/3

0,Mott
across all samples with a factor of 1/a = 2.5 (blue shows a = 1). (b)
ε1(ξMott) as a function of localization length ξMott. (c) Suppression
factor a for all resonances. ε1(ξMott) is suppressed by a factor of
about 1/a ≈ 2− 4.5, in agreement to theory.
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Suppression of the frequency-dependent conductivity

Additional to the dielectric constant ε1, the conductivity σ1 is also expected
to show prominent effects of the pseudogap ∆p with a general, sample-
independent suppression in value [38]. This results from the energy reduction
of the paired states compared to that of the unpaired single-electron states by
the amount ∆p, which in turn leads to a strong reduction of hopping between
individual localized states [33, 38], as described in section 3.5.5. Hopping is
strongly suppressed since transitions from one localized state to the other can
occur only via single-electron states hybridizing to Mott-resonances [33, 38]
(Fig. 3.9 (a)), which in turn are higher in energy due to the electrons being
unpaired. This energetically unfavorable transition results in a massively
reduced number of hopping events. The theoretical details are discussed in
section 3.1 and 3.5.5.

In Fig. 6.25, σ1(ν) is plotted as a function of frequency ν for all local
pairing samples and all stages of disorder. (a) shows a compilation of all data,
where it is seen that the general trend exhibits an increase of σ1(ν) with
increasing ν. As a guide to the eye, typical Mott-behavior, equation (3.11),
σ1(ω) ∝ ω2 lnd+1(δ/ω) [38, 43, 70, 71] is plotted. The slope of the data follows
Mott-behavior well with an exponent of the logarithm of d+ 1 = 4 and its
argument being defined by the energy level splitting δ. It is therefore found
that Mott resonances play the dominating role in the hopping conductivity
between localized states [33, 38]. Photon-induced hopping transport thus
consists of the hopping of charges between localized states separated by a
distance larger than their localization length r > ξ, with the difference in
energy levels between the states being equal to the energy of the incoming
photon ℏω [33, 38].

Now this hopping however is strongly reduced in magnitude compared to
simple Mott arguments. This is due to the pairing of electrons to localized
pairs [38]. To quantify this suppression of the amplitude and the scaling of
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6.5. Local pairing regime

the data with frequency, Mott-behavior has been fitted to the data following
equation (3.11) [38, 43, 70, 71]

σ1(ω) = a · π
2

3
e2ξ5ν20ℏω2 ln4

(
δ

ℏω

)
(6.24)

⇒ σ1(ω) = a · π
2

3
e2
(

16

kBT0,Mott

)5/3

ν
1/3
0 ℏω2 ln4

(
kBT0,Mott

16ℏω

)
. (6.25)

Here, the localization length ξ and energy splitting δ are extracted from DC-
hopping conductivity following equation (6.20) as ξ = [16/(kBν0T0,Mott)]

1/3

[41, 52, 54, 56, 65] and equation (3.25) [33], δ = kBT0,Mott/16. The additional
prefactor a is again included, through which the suppression of σ1(ω) is
quantified. T0,Mott is taken from DC-measurements of each individual cool-
down of the samples at each individual disorder state, and the density of
states at the Fermi-energy is taken constant as ν0 ≈ 1 × 1045 J−1 m−3 [54,
212, 225]. This leaves a as the only fit parameter. The resulting fits of (6.25)
to the data are shown as lines in Fig. 6.25 (b), (c) and (d) for each of the local
pairing samples†. σ1(ω) is indeed found smaller than it would be expected
from simple single-electron Mott-resonances hopping. This is true for all
fits performed. This leads to a quite small factor a across all samples and
disorder states, which is shown in Fig. 6.25 (e) for each of the disorder states
of each sample.

The theoretically predicted conductivity with active electron coupling
interaction is found as σ1(ω ≪ δ) = C(ω/∆p)

ω
ω+∆p

σ1

(√
ω(ω +∆p)

)
nonint

(equation (3.40) in section 3.5.5) from which the theoretically predicted value
for a can be calculated [38]. The prefactor C(ω/∆p) is found numerically as
a function of the frequency ω in units of the pseudogap ∆p, see Fig. 3.9 (b)
[38]. In the limit of small frequencies, as it is given here, a is then found as
a = 0.446(1/2)d+1 ≈ 0.028, equation (3.41) (for d = 3) [38]. Note that this

†Note, that for sample D not all disorder states could be fitted as for some measurements
the high temperature data was erroneous, so T0,Mott could not be extracted.
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6. Indium Oxide

theoretical value is a numerical constant independent on any sample properties
as long as local pairing is expected. The only condition being that the energy
of the incoming photons is small compared to the size of the pseudogap
ℏω ≪ ∆p so Cooper-pairs will not break and the limit of low frequencies
for C(ω/∆p) in Fig. 3.9 (b) is given [38]. ℏω ≪ ∆p again is given even for
highest frequencies used here (∼ 25GHz), ℏω ≈ 0.1meV ≪ ∆p ≈ 0.5meV.
The theoretically predicted value of a ≈ 0.028 is additionally plotted in
Fig. 6.25 (e) as a dashed line across all samples.

The fitted values of a from the experiments match the theoretically pre-
dicted value perfectly. This is given across all disorder states of all local
pairing samples. Deviations from the theoretically predicted value are only
marginal‡. There is no sample or disorder dependence found, in agreement to
the predicted sample-independent suppression of σ1(ω). Compared to σ1(ω)
of electron glass samples in section 6.4.6, where a suppression of σ1(ω) has
not been found to this extend, the data in Fig. 6.25 (e) give strong evidence
for the existence of a pseudogap ∆p in insulating indium oxide close to the
SIT, where the electrons form localized Cooper-pairs that do not contribute
to a macroscopic superconductivity.

‡Note, that for sample F the deviation is larger, yet σ1(ω) is still strongly suppressed.
The deviation probably stems from slight uncertainties in ξ or T0,Mott respectively due to
the spatial distance of Hall-bar and resonators.
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6. Indium Oxide

6.5.4. Temperature-dependent conductivity and dielectric
constant

The measurements performed on the dielectric and conductive properties
of indium oxide samples in this work are not limited to measurements at
base temperature, but are also performed as a function of temperature. For
this, spectra are continuously recorded during cool-down of the sample from
liquid He temperatures (∼ 4K) down to mK-temperatures. This is done
in addition to the DC-measurements that are also performed continuously
during sample cool-down. Examples of two resonances under influence of
indium oxide samples are shown in Fig. 6.26 (a) and (b), the one in (b)
being a higher harmonic probing sample E and the one in (a) being a
fundamental probing sample G. For the latter a top-view of the resonator-
chip has already been shown in Fig. 6.22 (e). Apart from the resonance
originating from the resonator under influence of the sample, Fig. 6.26 (a)
also shows the resonance of an empty reference resonator at similar frequency.
With increasing temperature the resonances decrease in amplitude and shift to
lower frequencies, which is a direct consequence of the microwave conductivity
σ1,GHz changing with temperature. By fitting the raw spectra in Fig. 6.26 (a)
and (b) with complex Lorentzian fits (see procedure in section 4.8), the
temperature-dependent resonance frequency and Q(T ) can be extracted, as
shown in (c) and (e) for the resonance in (a) and in (d) and (f) for the
resonance in (b) respectively. Additionally the resonance frequency and Q(T )

of the reference resonances are shown in red with equal relative axis-ranges.
From both the spectra as well as the derived quantities it is found that

the resonances decrease in amplitude and even vanish when approaching
1K. This is due to the large losses introduced by σ1,GHz of the samples
with its temperature-dependence, where σ1,GHz is expected to increase with
temperature. In contrast to the resonances under influence of the samples,
the reference resonances are only very marginally affected within the given
temperature-range up to 4K and even less so in the relevant temperature
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6.5. Local pairing regime

range up to 1K. It shows typical behavior of an empty Nb resonator on Al2O3-
substrate, see section 5.5. Their resonance frequencies as well as the quality
factor are both effectively constant. This simplifies the following analysis,
as the resonance frequency and Q(T ) of the resonance under influence of
the sample can be compared to constant values of the reference resonator
instead of having to be compared for each temperature individually. In
case of resonators which are only partially covered by the sample, Qpc(T ) is
measured directly and Qcov(T ) is derived from the mode-dependent electric
field distribution of the standing wave in the resonator, see section 4.5.2.
Qcov(T ) is the quality factor of a hypothetically completely covered resonator
and is necessary for further calculation. This is done for each temperature
individually and resulting values for Qcov(T ) are also shown in Fig. 6.26 (e)
and (f).
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With both the temperature-dependent resonance frequency and Qcov(T )

the temperature-dependent conductivity σ1(T ) can be calculated, following
the procedure detailed in section 4.4. The resulting values are shown in
Fig. 6.27 (a) for one individual state of each local pairing sample, each probed
with several different resonances and in (b) for sample E at several different
stages of aging. σ1,DC(T ) measured by DC-measurements is additionally
shown, calculated from the resistivity ρ(T ) (e.g. from Fig. 6.21 (c)). Both
σ1,GHz as well as σ1,DC connect well to each other. It is expected that upon
increasing the temperature σ1,GHz approaches σ1,DC and at some point goes
over into σ1,DC [65]. This is seen well in the data, although for most resonances
the amplitude vanishes before a complete transition from σ1,GHz to σ1,DC is
finished. σ1,DC(T ) decreases strongly with decreasing temperature giving the
typical activated behavior, which is additionally extrapolated towards lower
temperatures with dashed lines as guide to the eye. σ1(T ) determined from
microwave resonance measurements however, does not decrease indefinitely
but saturates at certain values towards low temperatures. Here the samples
enter the zero-phonon regime where kBT ≪ ℏω [43, 44]. In this regime no
thermal excitation of hopping transport remains but only photon assisted
hopping and σ1 becomes independent of temperature [43, 71]. Here, incoming
photons aid in the transition of electrons from one localized state to the other
[38, 57], but absorption and emission of phonons by the electrons is strongly
suppressed, see section 3.1. As expected and seen already in section 6.5.3,
σ1 shows strong frequency-dependence, which reflects in the vertical offsets
of the saturation of σ1(T ) towards base temperature. This means that with
larger photon energy also the hopping conductivity is enhanced as expected.

Fig. 6.27 (b) shows σ1(T ) of sample E measured by three different reso-
nances (colored background) for several different stages of aging. It is found
that overall values of σ1(T ) increase with decreasing T0, i.e. with decreas-
ing disorder and insulation strength of the sample. This already been seen
before at base temperature in Fig. 6.23 (b) where it has been found that
σ1(T0) ∝ T−3.85

0 . Now it is found that this behavior also holds across all
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6. Indium Oxide

temperatures up to 1K, as the relative distance between the curves of σ1(T )
in Fig. 6.27 (b) stays mostly constant for different T0. This is expected, as the
Mott hopping, equation (3.11), responsible for the temperature-independent
σ1 at low temperatures and the Austin-Mott behavior, equation (3.13), re-
sponsible for the increase of σ1,GHz(T ) towards larger temperatures both
depend on the localization length ξ following σ1 ∝ ξ5 (aside from logarithmic
corrections) [43]. With decreasing disorder, ξ increases (T0 decreases with
T0 ∝ ξ−D2) and consequently σ1(T ) increases across the whole temperature-
range.

That photon-assisted microwave conductivity σ1,GHz dominates completely
at mK-temperatures can be shown by comparing σ1,GHz to expected values of
σ1,DC(T ) at low temperatures. The latter is many orders of magnitude smaller
than σ1,GHz [65, 73], which can be seen when following the extrapolation of
σ1,DC(T ) down to low temperatures (dashed lines). At temperatures of about
T ≈ 30mK, values in the range of σ1,DC ∼ 1× 10−9 − 1× 10−13 Ω−1 cm−1

would be expected from the extrapolation (depending on the sample). This is
vastly smaller than σ1,GHz(30mK) determined by microwave resonances and
it can safely be assumed that photon-assisted hopping is the main contributor
to σ1(30mK) at base temperature for the frequencies used here. When
now extrapolating the frequency-dependence of σ1(ν) shown in section 6.5.3,
Fig. 6.25, down to values that match σ1,DC ∼ 1× 10−9− 1× 10−13 Ω−1 cm−1,
then frequencies in the range of 5−500 kHz are expected where σ1,GHz ≈ σ1,DC.
Only below these frequencies the conductivity would again be dominated
purely by the DC-part and the frequency-dependent σ1(ν) would therefore
saturate in this regime. Conversely this means, that the DC-conductivity
σ1,DC which is measured at finite frequency of a few Hz in this work (see
section. 4.9), is far from the photon-assisted region, measured at much lower
frequencies by at least three orders of magnitude. This means that the used
DC-measurements indeed only probe σ1,DC but no photon-assisted hopping.
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As mentioned before, above a certain temperature where kBT > ℏω the con-
ductivity enters the Austin-Mott regime with linear temperature-dependence
[43, 74, 75]. This is detailed in Fig. 6.28 for some exemplary resonances,
where σ1(T ) is plotted linearly. In the Austin-Mott regime the hopping con-
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Fig. 6.28.: Linear plot of σ1(T ) as a function of temperature. The samples
enter the Austin-Mott regime at kBT > ℏω, where phonon-induced
hopping contributes as well. From linear fits (shown in red) a lo-
calization length ξGHz can be extracted, following equation (6.26).

ductivity is again driven by the absorption and emission of phonons, where
the conductivity follows equation (3.13) [43, 74, 75]

σ1(T ) = a · π
4

384
e2ξ5GHzν

2
0kBTω ln4

(νph

ω

)
, (6.26)

with typical phonon frequencies νph ≈∼ 1 × 1013 Hz (from typical Debye
energy ωD ≈ 500K [12, 33, 227, 228]), the density of states at the Fermi
energy ν0 ≈ 1× 1045 J−1 m−3 [54, 212, 225] and in three dimensions d = 3.
Additionally the suppression a of σ1 due to the emergence of the pseudogap
∆p has to be taken into account, with values for a taken from section 6.5.3,
Fig. 6.25 (e). Equation (6.26) can be fitted to the data as shown in Fig. 6.28
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6.5. Local pairing regime

as red lines. The only fit parameter left is the localization length ξGHz with
the resulting values given in the figure. They compare well to the localization
length ξMott given in Tab. 6.2 derived from Mott VRH determined at T > 15K

(Fig. 6.21 (a)). In contrast to samples in the electron glass regime however,
with σ1(T ) shown in section 6.4.3, where fits could be performed to the
data in order to extract the localization length ξGHz quantitatively as a
characterization parameter for most resonances, using ξGHz as a resonance-
dependent characterization parameter cannot be done for the local pairing
samples. This is on the one hand due to the suppression of σ1 by the
pseudogap ∆p. As seen in Fig. 6.25 (e) this suppression is mostly constant,
however slight differences in the suppression a of the prefactor of σ1 are found
which themselves introduce uncertainties, which magnify since σ1 ∝ ξ5GHz.
On the other hand, for many resonances probing the local pairing samples,
fitting the Austin-Mott dependence is not feasible, since due to increasing
losses they do not enter the Austin-Mott regime clearly in a large enough
temperature-range for linear fits to correctly describe the data. Features
like kinks or steps, which would hint towards the breaking of Cooper-pairs
or suppression of pairing are absent within the given temperature-range,
pointing towards the robustness of the Cooper-pairs up to temperatures,
where the conductivity is already too high and the resonator operation ceases.

From the fits in Fig. 6.28 it is shown that ξGHz ≈ ξMott. This means,
that the characteristic localization length defining properties such as hopping
transport, dielectric properties and conductivity is consistent across the
whole temperature range from very large temperatures kBT ≫ ∆p (T >

15K), where the electrons are unpaired, down to mK-temperatures where
mostly localized Cooper-pairs are present. This shows that Cooper-pairing
in disordered indium oxide is only a weak effect [8, 33], which is basically
sitting on top of the localization of electrons and does not alter characteristic
length scales.

Apart from the temperature-dependent microwave conductivity σ1(T ) also
the temperature-dependent dielectric constant ε1(T ) is calculated. This is
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shown for some exemplary resonances in Fig. 6.29 (a) and in Fig. 6.29 (b) for
one resonance probing sample E at different stages of disorder. It is found
that ε1(T ) does not show any significant temperature-dependence and stays
mostly constant over the temperature-range accessible here. The vertical
offsets stem from the sample and resonator-dependent properties, as has been
shown in section 6.5.2, Fig. 6.23 (a). Only very close to the vanishing of the
resonances at about 1K do the values of ε1(T ) change, though this shift is
inconsistent across the resonances and relatively small (typically only a few
percent). It is probably caused by slight uncertainties in the fitting procedure
of the resonances close to their vanishing point, where their amplitude gets
very small and the signal-to-noise ratio is weak. A pronounced minimum at
low temperatures is not found, as it has been for the electron glass samples
around 1K, see section 6.4.5, which further supports the possibility that this
minimum might be an intrinsic property to electron glasses.

In Fig. 6.30 (a) the low-temperature dielectric constant ε1(30mK) and in
(b) the low-temperature conductivity σ1(30mK) are displayed as a function
of the conductivity at 4K, σ1(4K). It is phenomenologically found that ε1
follows σ1(4K) with ε1 ∝ σ1(4K)1/3 and σ1(30mK) ∝ σ1(4K) linearly. The
origin of the scaling of the first is unknown as of yet, the latter shows that
the conductivity linearly decreases with temperature (up to the saturation
where ℏω > kBT ), confirming Austin-Mott behavior, equation (6.26), with
constant ξ.
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by several resonances. (b) ε1(T ) probed by one resonance for
multiple stages of aging. In both cases no particular temperature-
dependence is visible, ε1(T ) is found to be constant.
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Fig. 6.30.: (a) Low-temperature ε1(30mK) as a function of 4K-conductivity
σ1(4K). The proportionality ε1 ∝ σ1(4K)1/3 is found. (b) Low-
temperature σ1(30mK) as a function of σ1(4K). Linear propor-
tionality is found, corresponding to Austin-Mott behavior.
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6.6. Comparing all samples and concluding
discussions

6.6.1. On the possibility of a JJA-superinsulator in indium
oxide

In section 3.4 the possibility of a Josephson-junction-array network (JJA)
consisting of superconducting islands separated by insulating barriers has
been presented, which either goes superconducting or insulating depending
on the ratio between Coulomb charging energy EC and Josephson energy EJ ,
where for EC < EJ the system goes superconducting and for EC > EJ it goes
insulating [14]. In section 3.4.2 it was speculated that this could even lead to
an exotic state, the “superinsulator”, with full duality to a superconductor
[14, 36, 85], meaning that even at finite temperature σ(0 < T < TCBKT) ≡ 0

[34, 42, 94]. In the following, the main requirements for insulation based
on JJA-networks are detailed and compared to the acquired data, in order
to find decisive arguments on the nature of insulation in disordered indium
oxide.

Some results found are indeed ambiguous and could also be explained by
JJAs. Such as the emergence of a universal quantum resistance ℏ/(2e)2 ≈
6.5 kΩ close to the transition [22, 85, 102, 104, 105], which is said to occur due
to the competition of Cooper-pairs and vortices, which each tend to condense
into a macroscopic state. This quantum resistance has also been found for
the superconducting sample H in this work, where Rs(T ) roughly increased
to a maximum shoulder of similar value shortly before going superconducting,
see section 6.3.1 and Fig. 6.10 (b) and (c). Also the emergence of activated
behavior in the conductivity of the samples σ1(T ) ∝ exp(−T0/T ) is predicted
[14, 34], which has been found in this work as well, see section 6.5.1. So
some of the DC-data acquired could be explained by disordered indium oxide
consisting of a JJA network.
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One requirement for insulators made up of JJA networks however, is the
fact that the superconducting lattice sites have to be large and separated
by more or less homogeneous tunneling barriers [8, 14]. While the results
presented in this work do not give answers to the questions whether the
superconducting puddles found in disordered indium oxide [28] are indeed
smaller than what is required for a typical JJAs and whether the tunneling
barriers are too inhomogeneous in coupling strength [8], the direct measure-
ment in particular of ε1, which has been desired already previous to this
work [14], gives strong indications about the nature of the insulating state.
For the superinsulator to emerge, Cooper-pairs and “anti-Cooper-pairs” bind
together to form neutral dipoles, which then do not form a superconducting
state. A crucial requirement for this is that the interaction potential between
Cooper-pair and anti-Cooper-pair becomes logarithmic in distance r [14, 110]
so it exactly matches the energy contribution by entropy in the Helmholtz
free energy [14, 83] (equation (3.18) for the vortex BKT-transition, which
is dual to the charge BKT-transition). This however, is only given if the
electrostatic screening length is larger than r and therefore larger then the
total system size [34]. This results in the requirement ε1d/(ε1,s + 1) ≫ r [14,
110], with d the sample thickness and ε1,s the substrate dielectric constant. A
lower estimate can be calculated for the minimum ε1 that would be required
for a typical sample in this work to be considered a JJA network. For this
estimate it is assumed that the distance between center conductor and the
ground plane W of a typical resonator defines the system size and is here
roughly r = W ∼ 10 µm. The maximum thickness is assumed d ∼ 40 nm.
This gives a lower limit of ε1 ∼ 3000 (ε1,s ≈ 10). Such high values are
certainly not reached, compare Fig. 6.23 (a). Even when considering a pos-
sible extrapolation down to T0 = 2K, possibly the lowest possible disorder
before superconductivity sets in, see the inset Fig. 6.23 (c), ε1 ∼ 2500, still
below the limit. Realistically the dimensions are even more restrictive, e.g.
for the resonator probing sample G, W ≈ 50 µm, meaning the limit of ε1
is even larger by a factor of five. It is therefore safe to assume that one

258



6.6. Comparing all samples and concluding discussions

fundamental requirement [14, 110] for the argument of amorphous disordered
indium oxide thin-films consisting of a JJA network going superinsulating at
low temperatures, is certainly not given.

Another phenomenon that has been found in other experiments, is the
dependence of certain parameters on the system-size [14, 34, 111–113]. In
these experiments e.g. the activation energy T0 found in DC-conductivity
is strongly size-dependent, with T0 increasing with the array length [111].
However, in the results presented in the present work, no size-dependence of
the microwave conductivity or the polarization is found whatsoever. This does
not exclude possible size-dependence in DC-conductivity, as the Hall-bars
used in this work all had equal dimensions, however there is no indication
of any size-dependence when comparing GHz-properties between differently
sized resonator structures. Various sizes of resonators from W ∼ 10 µm up
to W ≈ 50 µm have been used, but the resulting values have all been found
consistent with Anderson insulation.

Concluding, the results found in this work give major indications, that the
nature of the insulator of disordered indium oxide at low temperatures is
indeed not made up of a Josephson-Junction-array network, but is rather a
fractal Anderson insulator with additional, space-local Cooper-pairing.

6.6.2. Main results

In this section all samples studied in this work will be compared. Two regimes
have been found, the electron glass regime without Cooper-pairing and the
local pairing regime with localized Cooper-pairs. Levels of disorder cover
several orders of magnitude in energy level splitting δ, giving insight into
a wide range of different insulation strengths. The main results concerning
the dielectric constant and its scaling are summarized in Fig. 6.31. The two
regimes are indicated to either side of the Debye energy ℏωD, which is the
parameter deciding whether phonons can mediate a possible Cooper-attraction
between electrons or not [12, 33]. For ℏωD a quite broad range is indicated,

259



6. Indium Oxide

1 10 100 1000

10

100

1000

ω
DF

ε 1

energy level splitting δ (meV)

A
B

C

D

E
G

∆
p
 suppression

electron glass

local pairing

∝ δ
-2/3

 + 10

ε
1,c

Fig. 6.31.: Real part of the dielectric constant ε1 as a function of energy level
splitting δ for all samples measured in this work. Two regimes
are found, the electron glass regime and the local pairing regime.
ε1,c ≈ 100 is confirmed as a critical value, determining whether
electron-electron interaction is attractive (Cooper-attraction) or
repulsive (Coulomb repulsion). Upon local pairing, ε1 is suppressed
by the pseudogap ∆p.

as exact values of ωD in the samples investigated are unknown but can be
considered in the range ωD ≈ 420 − 800K [12, 33, 227, 228]. For electron
glass samples the energy level splitting is much larger than typical phonon
energies δ > ℏωD [33], inhibiting Cooper-attraction by phonon exchange. For
lower energy level splitting δ < ℏωD however, local pairing with a pseudogap
∆p is expected.

A boundary of ε1,c ≈ 100 is found, separating ε1-values of electron glass
and local pairing samples. While for electron glass samples ε1 ≈ 100 are
maximum values reached at the least disordered end of the electron glass
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regime, ε1 ≈ 100 is found as the lower minimum value found for local pairing
samples at the most disordered end of the local pairing regime. This perfectly
confirms theoretical assumptions of a critical ε1,c-value, which determines
whether Coulomb interactions suppress pairing or are themselves screened
enough for Cooper-attraction to dominate. In disordered indium oxide thin-
films, the theoretical prediction of ε1,c is estimated to about ε1,c ≈ 100

(section 6.1.1) perfectly in line with experimental data.
The scaling of ε1(δ) ∝ δ−2/3 + ε1,Host as a function of disorder [39] addi-

tionally confirms the existence of the two regimes and gives clear evidence for
the existence of a pseudogap when pairing is present. The scaling shown in
Fig. 6.31 follows the data very well (with a constant contribution ε1,Host ≈ 10).
For electron glass samples the full, non-suppressed dependence is shown, which
describes the data as a three dimensional Anderson insulating material of
single, non-interacting electrons [39]. In the local pairing regime however,
ε1(δ) is suppressed across all samples. This suppression amounts to a factor
of about 2− 4, well in agreement with theoretical predictions [38, 39]. It is
therefore found that the opening of a pseudogap ∆p due to Cooper-pairing
directly affects ε1, suppressing it by quite some extent. This leads to a
transition region between electron glass and local pairing regime around ℏωD,
where it might be speculated that ε1 ≈ 100. This region might be of further
interest for future experiments.

Fig. 6.32 details the suppression evoked by ∆p for both the dielectric
constant ε1 and the conductivity σ1. aε and aσ are the prefactors found
in front of the scaling behavior of ε1(δ) and σ1(ω) respectively. In ε1 no
suppression is found for electron glass samples (aε ≈ 1). For local pairing
samples however, the suppression is about aε ≈ 0.25 − 0.5, fitting well
to the theoretical prediction. The suppression of σ1 is constant across all
local pairing samples and perfectly fits to the theoretically predicted value
of about aσ ≈ 0.028 [38]. For the electron glass samples there is also a
suppression found, however, it is weaker (larger aσ) and enhances for stronger
disorder. This suppression is in agreement to the qualitative prediction by
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theory, which expects that for very strong localization, contributions to the
hopping conductivity by Mott resonances decrease [33, 39]. The suppression
of both ε1 and σ1 in both regimes perfectly fit to theoretical predictions and
demonstrate that a pseudogap ∆p opens in insulating indium oxide when
electrons attractively interact and form localized Cooper-pairs [38, 39].

Indium oxide has been found to be a disordered, amorphous, insulating thin-
film material, in which electrons are localized to small localization volumina.
Cooper-attraction does not lead to superconductivity, but has the opposite
effect, as it drives the material to an even stronger insulating state by opening
a pseudogap, which in turn shows various fingerprints in polarization and
conductivity. The main results of this work are

• Coulomb interactions between electrons are strongly suppressed for
insulating indium oxide films close to the superconductor to insulator
transition. (ε1 > ε1,c ≈ 100)

• The nature of the electronic states is found fractal close to SIT. (Scaling
of ε1(T0) and σ1(T0) with fractal dimension D2 ≈ 1.3)

• Evidence for the opening of a pseudogap ∆p is found close to, but on
the insulating side of SIT. (Suppression of ε1 and σ1)
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Fig. 6.32.: Suppression factors aε and aσ extracted from the scaling behavior
of (a) ε1(δ) and (b) σ1(ω). aε in (a) shows no suppression for elec-
tron glass samples (aε ≈ 1). However, in the local pairing regime
values of ε1(δ) are suppressed by the emergence of a pseudogap ∆p.
This suppression is also found in (b) σ1(ω), where ∆p leads to a
suppression down to the theoretically expected value of aσ ≈ 0.028.
For electron glass samples a weaker suppression in σ1(ω) is found,
which even enhances with stronger localization. This suppression
stems from reduced Mott resonance contributions.
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7. Main conclusions from this
work

In this work amorphous indium oxide thin-films samples with various amounts
of disorder have been investigated. For this an experimental approach has
been detailed [1], optimized and demonstrated, which allows for the inves-
tigation of the complex dielectric constant, including ε1 and the microwave
conductivity σ1. It is based on coplanar waveguide (CPW) resonators and
can be applied to ultra-thin film samples in the nm thickness regime, which
act as perturbative element by being deposited on top of the resonators. It
can be applied at temperatures below 8K down to mK-temperatures. This
allows for temperature-dependent measurements of ε1(T ) and σ1(T ), as well
as frequency-dependent measurements from few GHz up to ∼ 25GHz.

With this, a wide range of disordered amorphous indium oxide samples on
the insulating side of the superconductor-insulator-transition (SIT) has been
investigated, ranging from samples close to the transition up to extremely
localized samples very far away. Two regimes have been found. One being
the electron glass regime far away from the transition, where single electrons
are localized individually. Here, strong, only weakly screened Coulomb
interactions act between the electrons, repelling them from each other, so
that no attractive interaction prevails and single electrons are localized [29, 30].
Closer to SIT however, a second regime, the local pairing regime, exists, where
Coulomb interactions are effectively screened such that Cooper-attraction
surpasses Coulomb interactions and the localized electrons form localized
Cooper-pairs [12, 33]. These localized Cooper-pairs are themselves confined
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within their given localization volume and do not generate superconductivity.
This state is then an insulating state, although Cooper-pairs prevail in the
system. The magnitude of localization is characterized by the energy level
splitting evoked by confinement of electrons to small areas [33]. This energy
level splitting in turn categorizes the samples into the two above mentioned
regimes, depending on its size in comparison to the Debye energy [12]. When
the energy level splitting is smaller than the Debye energy, phonons will
mediate Cooper-attraction, while if it is larger, Cooper-attraction cannot be
mediated.

In the electron glass regime, good correspondence of the dielectric constant
ε1 to the localization length ξ is found as a function of disorder. This fits
theoretical predictions well [39], which predict extremely localized amorphous
indium oxide to be a three dimensional Anderson insulator, where ε1 ∝ ξ2.
As a function of temperature, Austin-Mott behavior is found, showing linear
temperature dependence. Below a certain temperature, the conductivity is
entirely dominated by photon-assisted Mott resonance hopping. At these low
temperatures the frequency dependence confirms Mott behavior based on
Mott resonances with the prefactor being found to be reduced due to the
extreme localization, as predicted qualitatively by theory [33, 39].

At the transition from electron glass regime to local pairing regime a critical
value of the dielectric constant of about ε1 ≈ 100 has been found, which
perfectly matches quantitative theoretical predictions [33], assigning this value
to be the critical value upon which electronic screening reduces Coulomb
interactions to equal size of Cooper-attraction. In the electron glass regime it
is ε1 < 100 and Cooper-pairs cannot form. Closer to the transition, ε1 > 100

is found and Cooper-attraction surpasses Coulomb repulsion. Here, localized
Cooper-pairs are formed and the local pairing regime is established. This
directly leads to a pseudogap ∆p. Effects of ∆p have directly been found in the
frequency-dependent microwave conductivity σ1(ω) and in disorder-dependent
ε1(ξ), which show large suppressions in amplitude. The factor of suppression
found, again perfectly matches quantitative theoretical predictions [38, 39]
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and therefore gives direct evidence for the existence of a pseudogap even in
entirely insulating amorphous indium oxide samples.

Scaling of ε1(T0) with the activation temperature T0 found from DC-
measurements at low temperatures, where local pairing and therefore a pseu-
dogap is found, shows ε1(T0) ∝ T

−2/D2

0 ≈ T−1.54
0 and σ1(T0) ∝ T

−5/D2

0 ≈
T−3.85
0 . This confirms the scaling predicted by theory [33] with D2 ≈ 1.3

being the fractal dimension and shows that the electronic eigenstates close to
the SIT are indeed (multi-)fractal, meaning that they occupy a fraction of
the volume of a delocalized state.

Within this work, the dielectric constant ε1 as well as the microwave
conductivity σ1 of insulating disordered amorphous indium oxide could be
measured directly for the first time. It has been found that measured values of
ε1 are not in agreement with theories of indium oxide becoming insulating due
to Coulomb blockade in analogy to a Josephson-junction array [14]. All of the
above findings directly give very strong evidence, that insulating disordered
amorphous indium oxide close to the transition is perfectly described as a
fractal Anderson insulator with localized Cooper-pairs, as predicted by M.
V. Feigel’man et al. [12, 33]. Within this work, crucial experiments could
be performed and pivotal results have been gathered, giving an important
contribution to the understanding of superconductivity in disordered thin-
films.

Outlook To further establish the existence of a pseudogap ∆p in insu-
lating amorphous disordered indium oxide even better, the magnetic-field-
dependence of ε1 and σ1 in strong magnetic field could be investigated in
future experiments, since the suppression a of ε1 and σ1 is expected to also be
magnetic field dependent due to the magnetic field affecting ∆p [39]. For this,
resonators would have to be designed, which are capable of operating even
in very strong magnetic fields of several Tesla. With the current Nb-based
resonators this is not possible due to the strong magnetic-field dependence of
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Nb itself. However, e.g. with the help of high-Tc superconducting layers this
might be possible in future experiments.

TiN forms amorphous thin-film layers, comparable to indium oxide [14, 17,
34], which may be of further interest to look for similar phenomena as found
in this work for indium oxide. In TiN a high dielectric constant is expected
as well [14], yet here also direct measurements have not been performed.
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A. Appendix

A.1. Percolation theory

Percolation theory describes phenomena that occur if a larger system has
randomly distributed small (compared to the total system) sub-structures
(e.g. sites of a lattice) that interact with their nearest neighbors [235]. Each
site has their own probability to be either of two states, e.g. conducting of
non-conducting [236]. Then clusters can be formed consisting of multiple
neighboring sites with the same state. These clusters are separated by areas
with the opposing state. Within a cluster long-range interaction is possible
from one end of the cluster to the other [235]. A system percolates, if a
cluster gets as large as the system itself, meaning that a continuous path
exists from one end of the system to the other, without having to hop between
clusters. The driving property, which determines the size of the clusters is the
probability distribution to be either state [235, 237]. In the conductive/non-
conductive example, if the probability to be conductive is higher than to be
non-conductive, large clusters will form. When one cluster spans the whole
system it becomes macroscopically conductive. Percolation theory, however,
is not limited to problems in solid state physics and can for example also
describe the propagation of forest fires or the exploitation of oil fields [235],
but due to obvious reasons the focus in this section will be placed on networks
of conductive/less-conductive structures.

In a system with randomly distributed sites of well-conducting and less/non-
conducting areas, a system will form as schematically shown in Fig. A.1 (a)
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and (b) [14]. The white parts show conducting clusters separated by colored
barriers. In this example (a) there are already two very large clusters that
each connect to one electrode to either side. A possible path upon breaking
one more insulating barrier (circled) is shown (dashed line), that would
connect both electrodes and lead to macroscopic transport. Two smaller
clusters separating the bigger clusters are shown in gray. Going closer to the
percolation transition in (b), barriers separating the smaller clusters from the
bigger ones break, incorporating the smaller ones to the latter. The system
is now one step before percolation. This model shows, that by approaching
the percolation transition the length of the barrier separating the two critical
clusters (shown in green in (a) and (b)) increases further and further. This in
turn leads to a characteristic critical scaling behavior of the system properties
close to the transition [14, 236, 237].

In particular the dielectric constant ε shows critical behavior when ap-
proaching the transition [236, 237], leading to a divergence sometimes called
the “polarization catastrophe” [238, 239]. The reasons for this divergence of ε
get apparent when looking at the capacitance C of the clusters in Fig. A.1 (a)
and (b). C is directly proportional to the length of the barrier b separating the
clusters (shown in green), such as C ∝ b1+ψ [14, 235], with ψ being a critical
exponent > 0 (here ψ is only an exponent to show that C increases with b

faster than linear). The dielectric constant in turn is directly proportional
to the capacitance with ε ∝ C/b (equal to a simple plate capacitor), leading
to ε ∝ bψ [14, 235]. Since the length of the barrier between clusters diverges
upon approaching percolation, ε also diverges [236, 237, 240].

To find quantitative behavior of experimentally accessible quantities as
a function of the distance to the percolation the general quantity ξ can be
introduced as [235]

ξ ∝ |p− pc|−ν . (A.1)
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ξ is the correlation length of the system, defined as the average distance of
two sites belonging to the same cluster. ν is the critical exponent depending
only on the dimensionality of the system (universality hypothesis), but not its
type (metallic/superconducting clusters, insulators etc.). p is the probability
with which a site is one state (e.g. conductive), while (1−p) is the probability
of it being the other state (less-conductive). pc is its critical value, where
the system is percolating at p > pc [235]. With this, the scaling of the
conductivity σ and of ε can be found as [237]

σ(p) =

 σ0 (p− pc)
t

p > pc

σd (pc − p)
−q

p < pc
(A.2)

ε(p) = εd (p− pc)
−q

. (A.3)

σ0 is the conductivity of the system where all sites are conducting (p = 1)
and σd the (residual) conductivity where all states are less-conductive (p = 0).
If the less-conductive state is in fact insulating then σd = 0 and σ(p) = 0 for
p < pc. εd is the dielectric constant of the insulating parts. Note that ε(p)
(A.3) only applies at p < pc (system not percolating). Both σ(p) and ε(p)

diverge when approaching the percolation respectively from the conducting
side and the insulating side. If σd > 0, σ(p) diminishes at the percolation
transition. In reality there is a smooth crossover of σ(p) from p < pc to
p > pc [237].

The critical exponents ν, t and q introduced above only depend on the
dimension d of the system but not on the type of percolation [235, 237].
They can in part be derived analytically but mostly have to be found in
numerical fashion [235, 241, 242], simulating e.g. resistor-capacitor networks
[236] as shown exemplary in Fig. A.1 (c). The following values therefore have
a certain uncertainty and can vary depending on the underlying analysis,
especially in three dimensions [235]. Typically ν, the critical exponent for
the correlation length is found as ν ≈ 4/3 ≈ 1.33 (d = 2) and ν ≲ 0.9 (d = 3)
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[235, 241]. For t it follows t = (d− 1)ν [241]. The other exponents can then
be derived following q = t (1/s− 1) [237], with s being a critical exponent
s = 1/2 (d = 2) and s ≈ 0.62 (d = 3). With this it is found for d = 2,
t = q = ν ≈ 1.3 [237] and in d = 3, t ≈ 1.6− 2 [237, 241], q ≈ 1 [237].

In reality the divergence of the dielectric constant may be somewhat limited.
This is dependent on the frequency ω of the electromagnetic waves probing

ε(p, ω) and leads to a maximum value of ε(pc, ω) = εd

(
4πσ0

ωεd

)1−s
(cgs units)

[188, 237]. Equation (A.3) can also be expressed as a function of thickness of
percolating thin-films, with similar exponential behavior [188].

In solid state physics systems showing percolative behavior are manifold.
Prime examples are granular thin-films, such as Au [188], Pb [243], Sn [5,
244] or Al [245, 246]. Also the previously discussed (section 3.4) Josephson-
junction arrays, in most instances being the fundamental system of granular
thin-films, can be described by percolative behavior [14, 247–250]. But also
composite polymers can show percolative behavior [251, 252] and percolation
can also lead to phase coexistence e.g. at the first order Mott transition
[253–255].
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(b)

(c)

(a)

Fig. A.1.: (a,b) System consisting of metallic clusters (white), separated by
insulating barriers (colored) connected to electrodes to both sides.
(a) Shows a non-percolating structure, with two large clusters to
the left and right and some smaller clusters (gray) in between.
Green barriers denote the barrier between the two largest clusters.
(b) Same system one step before percolation. Upon breaking the
encircled barrier a path connecting the electrodes (red) is possible.
(c) Network consisting of resistors ( ) and capacitors ( ) for
numerical studies. Connections at resistors are randomly broken,
leading to three big clusters (colors). Figure (a) and (b) with
modifications from [14].
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A.2. Calculation of the dielectric constant in
electron glass sample A

Unfortunately, for sample A no proper reference data (before deposition of
the sample to the resonator-chip) has been obtained. This means, that a
direct comparison of reference resonance to resonance under the influence of
the sample has not been possible. Due to these circumstances, the resonators
have been measured once with applied sample, after which the sample has
been removed by acetone from one of the resonators, as shown in Fig. A.2 (a).
This lead to the resonance shift, as shown in (b). The shape of the resonance
changes quite significantly as well. This however, can be expected, since the
removal of the sample necessitates a cleaning procedure included disassembling
of the resonator-chip from the mounting box and the subsequent refitting
following successfully removal of the sample. The contacting of the feedline to
the external circuitry therefore had to be redone and transmission properties
could slightly change. This repeated contacting however, does not have any
influence on either Q nor the resonance frequency, as can be exemplary seen
for an untreated resonator in Fig. A.2 (c), where both Q and the resonance
frequency are constant. The treatment of the resonator in (b) however, leads
to a resonance shift compared to the background and might change shape of
the resonance. From the resonance shift and the change in Q of the treated
resonator, ε1 can be calculated directly. For the other resonators however,
the reference data has to be extrapolated from the frequency shift shown in
(b). This is exemplary shown in (c), where a neighboring resonator shows no
effective change in the two spectra before and after treatment (solid lines).
The dashed line however, shows the resonance extrapolated from the shift
in (b), which has been acquired by scaling the frequency shift to the whole
spectral range. From this, ε1 can be estimated for the other resonators.
Naturally however, this leads to some substantial uncertainties, since the true
reference value is unknown (estimated as error bars in section 6.4.2).
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Fig. A.2.: (a) Sample A covering its resonator-chip. The sample has been
removed from one resonator, after the initial measurement. (b)
Spectra of the treated resonator with sample and with removed
sample. Reference data is recovered. (c) Spectra of an untreated
resonator. The dashed line shows a spectrum extrapolated from
the shift in (b).

A.3. Error-bars of electron glass sample B

During the repeated measurements of sample B an unexpected shift in
resonance frequency has been found, which is not stemming from the sample.
This can be seen when comparing spectra of a resonator under the influence
of the sample, shown in Fig. A.3 (a) and an empty resonator shown in (b).
The empty resonator is expected to stay constant across all stages of aging.
However it is seen, that there is a slight shift at some point during the
repeated measurements over few months. The origin of this shift is unknown,
but it probably stems from slight changes in the Nb conductor layer. It
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Fig. A.3.: (a) Spectra of a resonance under the influence of sample A. An
unexpected additional shift is seen at some point during the re-
peated measurements. This unexpected shift is also seen for an
empty resonator, shown in (b).

has never been observed for other resonator-chips probing the other samples.
However, compared to the shift evoked by ε1 of the sample, shown in (a),
this unexpected shift is small (< 15%), meaning that it only leads to small
uncertainty. While it has not been included in the calculation of ε1, since
the exact magnitude of the underlying shift for each individual resonator is
unknown, it has been respected by estimated error bars in section 6.4.2.

A.4. Original sample names and annealing steps

In Tab. A.1 the original sample names are given connected to the sample
names used in this work. In Tab. A.2 the characteristic activation energies
are given for all measurement steps as well as an indication whether this step
was reached by annealing.
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A.4. Original sample names and annealing steps

Tab. A.1.: Sample names used in this work and original names during mea-
surements.

Sample name Original sample name

A NE012
B NE011
C NE007
D NE003
E NE010
F NE002
G NE013
H NE006
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Tab. A.2.: Characteristic activation temperatures of all measurement steps.
S T0,Mott T0,ES T0 Annealing

[K] [K] [K]

A 9.97E+05 1.84E+03 - -
B 1.49E+05 9.70E+02 - +

1.93E+05 1.00E+03 - +
1.22E+05 9.19E+02 - +
1.04E+05 8.31E+02 - +
1.17E+05 8.35E+02 - +
1.03E+05 7.85E+02 - +
8.75E+04 7.82E+02 - +
8.35E+04 6.89E+02 - +
1.20E+05 6.66E+02 - +
9.23E+04 6.56E+02 - +
6.87E+04 6.20E+02 - +
7.09E+04 5.73E+02 - +
7.02E+04 5.77E+02 - +
6.59E+04 6.16E+02 - +
6.31E+04 5.43E+02 - +

C 4.54E+04 3.86E+02 - -
8.49E+04 3.90E+02 - -
7.29E+04 4.33E+02 - -
6.03E+04 3.36E+02 - +
6.04E+04 4.02E+02 - +

D 5.37E+03 - 15.33 -
- - 14.06 -
3.50E+03 - 12.84 -
- - 13.16 -
- - 12.69 -
- - 12.23 -

E 2.34E+03 - 12.39 +
- - 12.45 +
2.43E+03 - 13.30 +
3.84E+03 - 17.30 +
3.99E+03 - 12.59 +
2.31E+03 - 11.77 +
2.14E+03 - 11.96 +
1.78E+03 - 10.69 -
- - 10.02 -
1.69E+03 - 10.75 -

F - - 9.58 -
- - 9.32 -
6.57E+03 - 9.23 -
- - 8.34 -
3.31E+03 - 8.16 -
1.19E+03 - - -
6.89E+02 - 7.82 -
- - 7.63 -
- - 7.55 -

G 6.20E+02 3.18E+01 6.54 -
5.83E+02 2.97E+01 6.31 -
5.56E+02 3.04E+01 6.30 -
4.54E+02 2.58E+01 6.09 -
6.47E+02 2.36E+01 5.76 -
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