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Abstract

In this thesis we consider the Schrodinger operator

N

1

Hy=-% Mg+ Y Vij(xi—x)) (0.0.1)
i=1 <M 1<i<j<N

corresponding to a system of one- or two-dimensional quantum particles which in-
teract via non-vanishing short-range potentials V;;. We consider the operator in the
so-called center of mass frame and denote the associated operator by H.

Our goal is to investigate virtual levels of the operator H, by which we mean that
H = —-A+V =0 and the essential spectrum is stable under small perturbations, but
for any € > 0 the perturbed operator —(1—-¢)A+V has a negative eigenvalue. We prove

that in this case there exists a weak solution ¥ of the equation
Hy =0

for which we show that it is an eigenfunction of H if the system consists of N = 3
one-dimensional or N = 4 two-dimensional particles. We also provide estimates for
the rate of decay of the function .

Later, we study multi-particle Schrédinger operators for particles in dimension one
or two with respect to the Efimov effect. This effect is a phenomenon which appears
in systems of three three-dimensional particles, namely the three-body Hamiltonian
has an infinite number of bound states provided the Hamiltonians of the two-body
subsystems have a virtual level. We deal with the question whether an Efimov type
effect can occur in systems of N = 3 one- or two-dimensional particles. We prove
that this is not the case if N = 3 or if N =4 and the particles are one-dimensional or if

N =5 and the particles are two-dimensional.






Zusammenfassung

In dieser Arbeit betrachten wir den Schrédinger-Operator

N
1
Hy=-) —Ay+ ) Vijlxi—x)), 0.0.2)
i=1¢Mi 1<i<j<N

der ein System von ein- oder zwei-dimensionalen Quantenteilchen beschreibt, deren
Wechselwirkung durch Potentiale V;; beschrieben wird. Wir betrachten den Opera-
tor im Schwerpunktsystem und bezeichnen ihn im Folgenden mit H.

Unser Ziel ist es, virtual levels des Operators H zu untersuchen. Darunter verste-
hen wir, dass H = —A + V nicht-negativ ist, dass das wesentliche Spektrum von H
stabil unter kleinen Storungen ist, aber dass fiir jedes € > 0 der gestorte Operator
—(1-¢€)A+V einen negativen Eigenwert besitzt. Wir beweisen, dass in diesem Fall

eine schwache Losung v der Gleichung
Hy =0

existiert und dass sie eine Eigenfunktion von H ist, wenn das System aus N = 3 eindi-
mensionalen oder N = 4 zweidimensionalen Teilchen besteht. Auflerdem geben wir
eine Abschétzung fiir die Abfallrate dieser Losung im Unendlichen an.

AnschlieBend untersuchen wir Mehrteilchen-Schrédingeroperatoren fiir ein- oder
zwei-dimensionale Teilchen im Hinblick auf den Efimov-Effekt. Dieser beschreibt
ein Phdnomen, das in Systemen von drei drei-dimensionalen Teilchen auftritt. Der
Operator, der das Dreiteilchensystem beschreibt, hat unendlich viele Eigenwerte,
falls die Operatoren, die zu den Zweiteilchen-Teilsystemen gehoren, ein virtual level
besitzen. Wir zeigen, dass ein solcher Effekt in Systemen von drei ein- oder zweidi-
mensionalen Teilchen, N = 4 eindimensionalen Teilchen oder N = 5 zweidimension-
alen Teilchen nicht auftritt.
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1. Introduction

1.1. Spectral theory of Schrodinger operators

In this thesis we investigate a multi-particle Schrodinger operator

N
1
Hy=-) Ao+ ), Vijlxi—x)) (1.1.1)
i=12m; 1<i<jsN

which acts on L2(R%N) and corresponds to a system of N = 3 one- or two-dimensional
quantum particles. Here, d € {1,2} is the spatial dimension of the particles, m; > 0 is
the mass of the ith particle, x; describes its position in R?, A x; is the Laplace operator
on R? describing the dynamics of the ith particle and the potentials V; j: RN — Rare
real-valued functions which describe the pair interaction between the particles. Our
goal is to study the discrete spectrum of the associated Schrédinger operator with
removed center of mass of the system. Before we explain the context of our studies
and discuss the main results of this thesis let us introduce some basics.

Spectral theory of Schrodinger operators has become a large field in mathematical
physics and investigates qualitative and quantitative properties of the spectrum of
operators

H=-A+V (1.1.2)

acting on L?(R?). Under broad conditions the operator H is self-adjoint on L?(R%),
see for example the famous work of T. Kato [38].

The spectrum of H consists of two parts, namely the discrete spectrum, which con-
sists of isolated eigenvalues of finite multiplicity, and the essential spectrum. Typi-
cal questions concerning the discrete spectrum of H are whether it is finite or infi-
nite, properties of the eigenvalue counting function or of the eigenfunctions. Con-

cerning the essential spectrum one is interested for example in the spectral type

11



1. Introduction

(densely pure point, singular continuous or absolutely continuous spectrum) and in
the behavior of solutions corresponding to the time-dependent Schrédinger equa-
tion, which is related to scattering theory.

For the Schrodinger operator H = —A + V corresponding to a single particle with a
potential V decaying at infinity, it is well known that the essential spectrum is given
by [0,00). In this case the answer to the question whether the operator has a finite or
an infinite number of negative eigenvalues depends on the sign and the rate of decay
of V. If [V(x)| < C|x|7279 for some constants C, 8 > 0 and large values of |x|, then
H has a finite number of negative eigenvalues. On the other hand, if there exist con-
stants C, § > 0, such that V (x) < —C|x| 2% for large values of | x|, then H has infinitely
many negative eigenvalues. We refer to [40} 58] for a more detailed discussion.

For the case of multi-particle systems the situation is quite different. Even if the
pair potentials are compactly supported, the potential V, which in this case is the
sum of the pair potentials, does not necessarily decay as |x| — oo. This makes the
spectral analysis for multi-particle Schrédinger operators much more complicated.
In general the essential spectrum does not coincide with the semi-axis [0,00) and
its determination is a challenging problem. The famous HVZ theorem, named after
W. Hunziker, C. van Winter and G. Zhislin, determines the bottom of the essential
spectrum of multi-particle Schrédinger operators. The question whether the discrete
spectrum is finite or infinite is in general difficult to answer and non-intuitive effects,
such as the Efimov effect, can appear.

Concerning the quantum mechanical point of view we only want to give a few
terms which seem to be important for this work. The Schrédinger operator H de-
scribes the dynamics of a single particle or of a system of several particles. A function
v E L2(R%) with Iyl 2@ay =1 is called a state of the system and according to Max
Born |y/(x)|? can be interpreted as the probability to find the particle(s) at the posi-

tion x € R%. The total energy of the system is given by the quadratic form

/Ilezdx+/ Vil dx, (1.1.3)
R R4

where the first integral describes the kinetic energy and the second integral the po-
tential energy. Negative eigenvalues of H are interpreted as the possible energy levels

and the corresponding eigenfunctions are bound states of the system.

12



1.2. The Efimov effect

1.2. The Efimov effect

In this work we consider the operator Hy given in (1.1.1) with regard to the Efimov
effect. In this section we describe this effect and give a brief overview over its history.
One of the goals of this thesis is to investigate the occurrence of the Efimov effect for

systems of one- or two-dimensional particles.

1.2.1. Efimov’s prediction

In 1970, V. Efimov predicted a counter-intuitive phenomenon which can be stated as
follows: A system of three quantum particles in dimension three, interacting through
attractive short-range potentials, has an infinite number of bound states if the Hamil-
tonians of the two-body subsystems do not have negative spectrum and at least
two of them are resonant [16]. By a zero energy resonance we mean that there ex-
ists a (weak) solution ¥ of the Schrédinger equation Hy = 0 which is not square-
integrable. A physical interpretation of resonances is that particles are “close to bind”,
i.e., they spend some time together (they resonate), before they separate again.

Heuristically, the Efimov effect can be explained as follows: Although any two par-
ticles interact via a short-range potential (i.e., fast decaying potential), the third par-
ticle leads to an effective long-range potential which decays as & forsome C <0and
thus leads to the infinitude of the discrete spectrum.

One of the special features of the Efimov effect is its universality. This does not
mean that the effect occurs in any system, but any system satisfying the conditions
for the occurance has the same universal features [47]. For example, for the eigen-
values it was predicted that they tend exponentially to the accumulation point zero,

namely
2nn

E, ~exp (——) as n— oo, (1.2.1)
So

where sy > 0 is a universal constant [16]. These universal features depend only on a

few general properties, e.g., the masses of the particles. In particular, the effect does

not depend on the form of two-body forces - it is only their resonant character that we

require]]]

1y, Efimov, [16]
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1. Introduction

1.2.2. Mathematical proofs of the Efimov effect

The first mathematical proof of the effect was given by D.R. Yafaev [78]. He assumed
that the Hamiltonians h corresponding to the two-body subsystems have a virtual
at zero, i.e., h = 0 and any small negative perturbation of the potential leads to a
negative eigenvalue. In this case zero is a resonance of the operator /. Using sym-
metrized Faddeev equations and investigating integral operators he showed that the
three-body Hamiltonian H has infinitely many eigenvalues if for at least two of the
subsystem the corresponding Hamiltonian has a virtual level. He also proved that
the effect does not occur if at most one of the Hamiltonians corresponding to the
subsystems has a virtual level [80].

Later, A.V. Sobolev [69] completed the mathematical proof by deriving the asymp-
totics

lim N = >0, (1.2.2)
z—0-|In(|z|)|
for the counting function N(z) of the eigenvalues below z, where the constant
does not depend on the potentials. This asymptotics is in accordance with the pre-
diction (L.2.1).

In the years after Yafaev’s proof of the Efimov effect this topic attracted many math-
ematicians and different techniques were developed and many results obtained. We
can not discuss all of them, but we want to mention two which seem to be of special
interest.

First, in the papers of Yu.N. Ovchinnikov and I.M. Sigal [55] and of H. Tamura [71]
it is demonstrated how the long-range interaction in the three-body system appears,
which leads to the infiniteness of the discrete spectrum.

Second, it was shown by S.A. Vugalter and G.M. Zhislin that the existence of the
Efimov effect depends on the nature of the virtual levels in the two-body subsystems.
Precisely, it was proved in [74] that if the virtual levels in the two-body subsystems
correspond to eigenvalues, then the Hamiltonian of the three-particle system has
only a finite number of eigenvalues. In particular, their technique shows that the ef-
fect does not occur in systems of three three-dimensional fermions. This, together
with the result of Yafaev [80] underlines the important role of virtual levels, concern-
ing both their existence and their behaviour. The technique developed in [74] plays

an important role in the work at hand.
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1.3. Generalizations of the Efimov effect

1.2.3. Physical experiments and new interest on the effect

For a long time the Efimov effect was regarded by many as a theoretical peculiarity.
Because it is very difficult to create and to control resonant short-range interactions,
it took more than 30 years before in 2006 it was verified in an ultra-cold gas of caesium
atoms by a group of phycisists in Innsbruck [41]. This experiment was a milestone
and opened the way to many further experiments in different systems of ultra-cold
atoms in many laboratories all over the world [19, 29, (9].

In addition, it lead to a resurgence of interest to the Efimov effect and today one no
longer speaks only of the Efimov effect, but even of Efimov physics. In the last years
many scientists have worked in different directions of this subject and generaliza-
tions of the Efimov effect to different systems were investigated. Some of them are
presented in the following. For a more detailed discussion and to underline the rich-
ness of this subject we refer to the review of P. Naidon and S. Endo [47] which contains

400 references.

1.3. Generalizations of the Efimov effect

It is a natural and interesting question to ask whether the Efimov effect can occur if

we vary
* the spatial dimension of the particles,
e the number of particles

or if we restrict the operator to subspaces of certain symmetries, e.g., if we consider
fermionic systems. Investigations of such questions involve several difficulties. The
low-energy behavior of Schrédinger operators, and therefore the behavior of virtual
levels, depends strongly on the dimension. As we have described before, the nature
of virtual levels has a big impact on the existence of the Efimov effect. For systems
consisting of three or more particles the potential V, which is the sum of all pair
interactions, does not decay in all directions of the configuration space. This causes

great difficulties on a technical level and requires new methods.
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1. Introduction

1.3.1. Absence of the Efimov effect in higher dimensions

and for multi-particle systems

It is well known, see for example [5,22], that for dimension d = 5 virtual levels of two-
body Schrodinger operators correspond to eigenvalues, which implies the absence
of the Efimov effect [5]. For dimension d = 4 virtual levels correspond to resonances.
It was shown in [5] that also in this case the Efimov effect is absent. The case of one-

or two-dimensional particles will be explained below.

A few years after Efimov’s discovery of the effect, R.D. Amado and EC. Greenwood
predicted that it does not exist for systems consisting of N = 4 three-dimensional
particles [3]. As already mentioned, such a problem is difficult to solve because the
potential does not decay and Faddeev equations, which were used in the proofs for
the three-particle case, become very complicated in the multi-particle case. The first
mathematical proof was provided by D. Gridnev by the use of generalized Faddeev
equations [25]. Recently, a proof based on variational methods was given in [7] under
less restrictive conditions on the pair potentials. The work [7] also covers the case of
particles in dimension d = 4. A major step in the proof of the absence of the effect
for such systems is to show that virtual levels of the Hamiltonians of the subsystems

consisting of N — 1 particles are eigenvalues.

For fermionic systems of three three-dimensional particles the Efimov effect does
not occur, see for example [74]. However, for two-dimensional fermions a so-called

super Efimov effect appears, which is explained later.

1.3.2. On the Efimov effect for systems of one- or

two-dimensional particles

In recent years quite a lot of attention has been paid to the question whether an Efi-
mov type effect might occur for systems of one- or two-dimensional particles. Before
presenting some of the known results and new predictions, let us point out a fun-
damental difference between systems of particles in dimension one or two and in
dimension d = 3 which makes investigation of systems of one- or two-dimensional

particles interesting and challenging.
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1.3. Generalizations of the Efimov effect

A crucial difference between dimension one and two and higher dimensions

It is well known that for dimension d = 3 Hardy’s inequality holds, namely

IRdIVuIdez (d;2)2 /uqzd :Z:i dx, ueCSo([Rd). (1.3.1)
This means that for sufficiently fast decaying potentials V, e.g., V € Cj° (R4), the po-
tential energy is controlled by the kinetic energy. In other words, sufficiently weak
interactions can not bind a particle. For dimensions one and two this is differ-
ent. Hardy’s inequality does not hold for these dimensions and one can show that
the Laplace operator is critical, i.e., for every potential V € Cgo(Rd) with V # 0 and
fRd V(x)dx < 0 the operator —A + AV has a negative eigenvalue for any A > 0, see for

example [64].

Absence of the Efimov effect in dimension one and two and occurance of

the super Efimov effect

It was shown by S. Vugalter and G. Zhislin by the use of variational methods that for
systems of three one- or two-dimensional particles the Efimov effect does not exist
[73]. This result was proved under very restrictive assumptions on the pair poten-
tials. Later, in [76] these restrictions were relaxed, but unfortunately Lemma 1 in [76]
contains a mistake. This mistake will be corrected in this work.

In 2013 the physicists Y. Nishida, S. Moroz and D.T. Son predicted the existence of a
so-called super Efimov effect for systems of three two-dimensional spinless fermions
[51]. More precisely, they claimed that if the two-body subsystems are resonant, then
the Hamiltonian of the three-body system has infinitely many bound states. The de-
nomination super Efimov effect is motivated by the observation that the eigenvalues
tend to zero much faster than in the three-dimensional case. Namely, it was predicted

in [51] that the eigenvalues E;, asymptotically behave as
3nn
E, ~exp (—Zexp (T +9)) as n—oo (1.3.2)

for a constant 8 depending on the potentials. Thus, for the eigenvalues one has a

double exponential scaling, while for the original Efimov effect it is exponential.
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1. Introduction

The first mathematical proof for the existence of this effect was given by D.K. Grid-

nevin 2014 [26], together with the asymptotics
N(z) 8

zlir(l) m = I (1.3.3)
for the eigenvalue counting function. This asymptotics is in accordance with the pre-
diction given in [51]. The proof of Gridnev is based on methods similar to [69]
and [78], namely on an application of the Birman-Schwinger principle, the use of
symmetrized Faddeev equations and a reduction of the problem to counting eigen-
values of an integral operator.

Besides the difference in the asymptotics of the eigenvalues there is another differ-
ence between dimensions two and three. Namely, the Efimov effect exists for systems
of three three-dimensional particles without symmetry restrictions and is absent for
a system of three fermions. This is exactly the other way round in dimension two.

The question whether there is an Efimov type effect for systems of more than three

one- or two-dimensional particles was open and is an important part of this thesis.

Recent predictions for systems of one- or two-dimensional particles

To underline the richness of the Efimov physics we conclude this overview chapter
by presenting some recent predictions which can be found in the physics literature.

It is predicted that Efimov type effects occur for several systems of NV one- or two-
dimensional particles under the assumption that interaction in subsystems with less
than N —1 particles is absent, there is an effective N — 1 particle short-range interac-
tion and the Hamiltonians corresponding to subsystems consisting of N — 1 particles
have a resonance at zero. For example, it is expected that such an effect exists for
systems of four two-dimensional [52] or five one-dimensional particles [50} 53].

Further investigations deal with the question whether a so-called confinement-
induced Efimov effect can be observed. This means that the particles, or at least
some of them, are confined in certain subspaces of the three-dimensional space, pos-
sibly with different dimensions. There are several systems for which a confinement-
induced Efimov effect is expected, see for example [53] or the review [47] for a list of
possible systems.

To our knowledge, from a mathematical point of view these questions are still open.

18



1.4. Discussion of the main results of this thesis

1.4. Discussion of the main results of this thesis
This thesis is based on the following two articles.

1. S.Barth, A. Bitter and S. Vugalter, On the Efimov effect in systems of one- or two-
dimensional particles, submitted to Journal of Mathematical Physics (2020)

2. S. Barth, A. Bitter and S. Vugalter, Decay properties of zero-energy resonances of
multi-particle Schrodinger operators and why the Efimov effect does not exist for

systems of N = 4 particles, submitted to Reviews in Mathematical Physics (2020)

The main part of the thesis is based on the first of these articles and only a small part
of the second article is a constituent of this thesis. Our main goal is to investigate the
existence and non-existence of the Efimov effect for systems consisting of N = 3 one-

or two-dimensional particles with short-range pair interactions.

1.4.1. Results on virtual levels of Schrédinger operators

As mentioned before, the investigation of the existence of the Efimov effect requires
a detailed study of the virtual levels of the Schrodinger operators corresponding to
the subsystems. We say that a Schrédinger operator H = —A + V has a virtual level at

zero if H = 0 and for any sufficiently small € > 0
Oess(H + €A) = [0,00) and info (H+¢€A) <O. (1.4.1)

As a warm-up we start by the study of virtual levels of one-particle Schrodinger op-
erators in dimension one or two with a short-range potential and prove that there
exists a weak solution ¢ of the equation H¢, = 0 which is not in L?>(R%), i.e., zero is
aresonance of H. We also prove that for d € {1,2} and operators H = 0 the condition

info (H + €A) <0 for any € > 0 is equivalent to
info (H-e(1+x))7?) <0 (1.4.2)
for any € > 0. This equivalence is obvious for dimensions d = 3 but not for d =1 or

d =2 and is important in some of the proofs of the multi-particle results.
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1. Introduction

We extend our studies to the case of multi-particle Schréodinger operators corre-
sponding to a system of N = 3 one- or two-dimensional particles with masses m; > 0.
These operators are considered in the center of mass frame, i.e., acting on L?(X),

where

N
on{x:(xl,...xN)e[R{dN:Zmixizo}. (1.4.3)
i=1

Our main result concerning virtual levels is a sufficient condition in terms of a Hardy
type constant, such that a virtual level of a system of N d-dimensional particles cor-

responds to a simple eigenvalue. Namely, let
M ={yeCyXo\{0D) : w(x)=0forx;=x;,1<i,j<N, i#j} (1.4.4)

and
V|

Cu(Xp)= in )
O osyeu 1x 1y

(1.4.5)

We prove that virtual levels correspond to eigenvalues if Cy(Xo) > 1 and we give esti-
mates for the decay rates of the corresponding eigenfunctions in dependence of the
constant C(Xp).

As an application of this result we show that the condition C(Xp) > 1 is fulfilled
for systems of N = 3 one-dimensional or N = 4 two-dimensional particles and for
systems of NV = 3 one- or two-dimensional fermions. Hence, for such systems virtual
levels are eigenvalues.

It is remarkable that concerning the decay rate of the eigenfunctions correspond-
ing to a virtual level the case of one-dimensional particles is different from that of
higher dimensions. For particles with spatial dimension d = 3 the decay rate depends
on the Hardy constant Cy = %, which coincides with the constant Cy(Xp) if
the dimension of the particles is d = 2. Since for one-dimensional particles the sets
{x € Xo: x; = xj for some i # j} have co-dimension one in X, we have Cy(Xy) > Cy
in this case. This leads to a higher decay rate. We discuss the case of one-dimensional
particles separately.

The case of four two-dimensional particles is a special case which is not covered by
the above given criterion. Here we do not know whether a virtual level corresponds to
an eigenvalue. However, we show that there exists a weak solution ¢ of the equation

Hgo = 0 which is possibly not square integrable.
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1.4. Discussion of the main results of this thesis

1.4.2. Results on the absence of the Efimov effect

The results obtained for virtual levels of Schrédinger operators are applied to prove
the absence of the Efimov effect for systems of N = 4 one-dimensional or N = 5
two-dimensional particles. We also prove that for systems of N = 4 one- or two-
dimensional fermions the Efimov effect does not occur. Finally, we prove the non-
existence of the effect for systems of three one- or two-dimensional particles inter-
acting via short-range potentials. The only case of multi-particle systems with short-
range pair interactions for which the question of existence or non-existence of the
Efimov effect remains open is the case of four two-dimensional particles. With these
results we can add some examples to the list of systems for which the Efimov effect
does not exist, see Table[L.1]

Number and dimension of particles No symmetry restrictions Fermions

d=3, N=3 v 78] X [74]
d=3, N=4 X [25,[7] X 7l
d=4, N=>3 X [5,[7] X [5,[7]

-1 N-3 XBE
d=1 N4 KB K
d=2, N=3 CX[73,8] > v [26]

d=2,N=5 (X 18D X
d=2, N=4 open eIy
Table 1.1.: Existence and non-existence of the Efimov effect for systems of N d-
dimensional particles. The marked cases are considered in this work.

ks

1.4.3. Techniques used for the main results

The main result concerning virtual levels, namely the criterion that virtual levels cor-

respond to eigenvalues, is based on the following two steps:

(i) Ageneralization of the one-particle result to the case of non-decaying, but form

bounded potentials, i.e., potentials V satisfying for any € > 0

(Viy,w) <elVyl*+C@llyl?,  we H' (RY. (1.4.6)
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1. Introduction

Under this condition we show that virtual levels correspond to eigenvalues if
there exist constants yy > 0, @y > 1 such that for any v € H'(R?) supported

away from the origin we have

1 =y IVyll* — aolllx| " wl* = 0. (1.4.7)

(ii) Use of geometric methods to show that condition (1.4.7) is fulfilled. These
methods include an appropriate partition of unity of the configuration space
by which we separate regions where particles are in groups which are moved

apart.

This strategy is similar to the one used in [7], where virtual levels of systems of par-
ticles in spatial dimension d = 3 have been studied. We extend this technique to
dimension 4 € {1,2}. On this way, we have to overcome several differences and diffi-
culties, most of which arise from the lack of Hardy’s inequality in the one- and two-
dimensional space. Some of them are fundamental, others are on a technical level.
Let us give two examples here. First, when studying virtual levels the so-called ho-
mogenous Sobolev space H'(R?) plays an important role. For d = 3 this space can

be defined as the space of all functions ¥ € LL (RY) with [{x e R?: |y/(x)| > u}| < o0

1
forall u>0and Vy € L2([RY), equipped with thog norm ||yl ;n = [[Vy|. However, the
straightforward generalization to dimension d = 1 or d = 2 does notlead to a function
space and one has to find a different appropriate space. A second difficulty which we
want to mention here occurs when we construct the partition of unity to separate the
particles. This method requires an appropriate estimate of the resulting localization
error. For particles in space dimension d = 3 one can use an estimate given in [74].
Due to the lack of Hardy’s inequality in lower dimensions this estimate does not work
in our case and we need to find an improved one.

The key idea for the proof of the absence of the Efimov effect is due to [74]
where the finiteness of the negative spectrum was proved for systems of three
three-dimensional particles if virtual levels in the two-body subsystems correspond
to eigenvalues. This idea was generalized in [7] to multi-particle systems of d-
dimensional particles with d = 3. We extend this strategy to the one- and two-
dimensional case. Again, the absence of Hardy’s inequality causes several difficulties

which have to be overcome.
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1.4. Discussion of the main results of this thesis

1.4.4. Outline of the thesis

This thesis is organized as follows.

In the second chapter we consider Hardy type inequalities. Since such inequali-
ties play an important role in this thesis and there are fundamental differences be-
tween dimension one or two and higher dimensions, we discuss this in detail. We
give counter-examples for the one- and two-dimensional case and present several
inequalities which are important for us. Furthermore, we introduce homogeneous
Sobolev spaces H'(R%) for d = 3 and analogous spaces H'(R%) for dimensions one
and two.

In the third chapter we introduce Schrédinger operators by perturbation methods.
We also introduce the center of mass frame of multi-particle Schrédinger operators
and provide several tools which will be used later.

In the fourth chapter we study virtual levels of Schrodinger operators. We start
by considering one-particle Schrodinger operators with short-range potentials and
extend the investigations to the multi-particle case. We prove that for systems of
N =3 one-dimensional or N = 4 two-dimensional particles virtual levels correspond
to eigenvalues.

In the fifth chapter we prove that the Efimov effect does not occur in systems of
N = 3 one- or two-dimensional, N = 4 one-dimensional or N = 5 two-dimensional

particles.
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2. Hardy type inequalities and

homogeneous Sobolev spaces

In this chapter we collect several integral inequalities of the Hardy type, which are of
great importance in the further course of this work. We start by presenting Hardy’s
inequality for the semi-axis and its extensions to dimension d = 3. We point out the
differences between dimensions d = 3 and lower dimensions. We also present some
inequalities which are similar to Hardy’s inequality being helpful in later sections. At
the end of this chapter we introduce homogeneous Sobolev spaces H'(R?) for di-
mension d > 3 and similar spaces H' (R%) for dimensions d =1 and d = 2.

We point out that all of the following results are known and can be found in the
literature. At the same time, the list is by far incomplete. There are many general-
izations of the Hardy inequality in different directions, e.g., for L” norms, domains,
pseudo-differential operators or Schrodinger operators with magnetic field. We re-
strict the demonstration to the cases which are relevant for this work and refer to
[10, 15} [54] for further generalizations and discussions. We also recommend to the
interested reader the beautiful article [42] which gives an overview over the history of

the development of Hardy’s inequality.

2.1. Hardy type inequalities

2.1.1. Hardy’s inequality for the semi axis

We start by presenting some inequalities for functions on the semi axis R, = (0,00),
one of which is Hardy’s inequality for the semi axis. Later, these inequalities will be

used to derive Hardy’s inequality for higher dimensions.

25



2. Hardy type inequalities and homogeneous Sobolev spaces

Theorem 2.1.1 (Hardy'’s inequality for the semi axis).

(i) Forany function u € H; (R,) we have
o0 o0
/ t—2|u(t)|2dts4/ 1 (9)|*dt. 2.1.1)
0 0

(ii) Let a > —1. Then for any function u€ H' (R,) with u' € L>(R,, t*"2d1)

[e.@] 4 (e.9]
/ Y u()Pde < / (2 |/ (0] d. (2.1.2)
0 (a+1)2 0

Remark 2.1.2. (i) Inequality (2.1.1) is often reffered to as Hardy’s original inequal-
ity on the half line (actually Hardy proved an integral version of this inequality,
see [31]).

(ii) The constants 4 and —%— in inequalities (2.1.1) and (2.1.2) are sharp. There are

(a+1)?
no minimizers of the inequalities, i.e., the inequalities are strict unless © = 0.

(iii) The condition lim;_q u(t) = 0 is necessary for (2.1.1) to hold, see e.g., [12]. In-
deed, for n € N let the function u, : Ry — R be given by

Up(f) = (1— 1) . (2.1.3)
+

n

Then u, € H'(R,) with |u},(£)| = % for t < n and u},(t) = 0 for ¢ > n. Therefore,
we have
o0 1
/ (u,(0)*dt=—=—0 as n— oo. (2.1.4)
0 n

On the other hand, u,(t) — 1 as n — oo, uniformly on every compact set.
Hence, for large n inequality (2.1.1) is violated. This shows that the condition
lim,_¢ u(t) = 0is necessary for (2.1.1) to hold.

Let us give the simple

Proof of Theorem Assume that u € Cé (R4+). Then we can write

o |y u?| = o Tu © au'
/ udt: - — +2Re/ —dt:ZRe/ —dz. (2.1.5)
o £2 | 1=0 o I o !
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2.1. Hardy type inequalities

Hence, by the Cauchy-Bunjakowski-Schwarz inequality we get

1 1
[ee} 2 [ee} 2 2 00 5
/%drsz(/ %dt) (/ |u’|2dt)2. (2.1.6)
0 0 0

This proves statement (i) for Cé (R,)-functions. Now assume that u € H& (R4) and let
(un) nen be a sequence of functions in Cé (R,) which converges to u in H'(R,). Then,
due to

Oolun_uml2 OO 2
/ Tdt54/ IV(u, —uy)|“dt, n,meN, (2.1.7)
0 0

the sequence (u,) ,en is @ Cauchy-sequence in [? (R+, t‘zdt) and thus converges to
a function v € L?(Ry, t"2d¢). On the other hand, we have u, — u in H'[R,) and
therefore u(t) = v(¢) for almost every ¢ € R.. This completes the proof of assertion
(i). The proof of statement (ii) is a simple modification.

O

2.1.2. Hardy’s inequality in higher dimensions

In this section we present how Hardy’s inequality for dimension d = 3 can be derived
from the scalar inequalities given in Theorem We also give an example which
shows why Hardy’s inequality does not hold for dimension d = 2 and give the proof
of a Hardy type inequality under additional assumptions in this dimension. We start
with a short parenthesis on spherical harmonics which is useful to extend Hardy
type inequalities to higher dimensions and which we will come back to from time to

time later in this thesis.

Spherical harmonics

We recall some basics about spherical harmonics, which can be found for example

the book [66] of B. Simon. For d = 2 we denote by —Agq-1 the Laplace-Beltrami op-

erator on L%(S971). If we use polar coordinates r = |x| and w = % we will also write
—Ay := —Aga-1. The Laplace operator —A on L%(R%) can be represented in polar co-
ordinates as
-Au=- 0,u+—6ru+—2Awu (2.1.8)
r r
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2. Hardy type inequalities and homogeneous Sobolev spaces

and we have )
IVul? =18, ul® + = Vo ul. (2.1.9)
r

The operator —Agqs-1 is non-negative, self-adjoint and has compact resolvent. Its

eigenvalues are given by u; = (I + d — 2), | € Ny with multiplicity vy = 1 and

2 ifd=2,
vi= @l+d-2)(1+d-3) . (2.1.10)

—adom ifd=3
for I = 1. Eigenfunctions Y; of —Aga-1 corresponding to the eigenvalue y; are called
spherical harmonics of degree [. We find an orthonormal basis {Y;,, : l =0, m =
1,...,v;} of 2(S%1) consisting of spherical harmonics Y7 ,,, of degree I. Let u € L?(R%)
andletr =|x|andw = |—§| be polar coordinates. Then u(r-) € L2(S$971) for almost every

r > 0 and we have

u(x):Zul,m(r)Yl,m(w), where ul,m(r)::/ u(rw)Y, m(w)dow. (2.1.11)
§d71

I,m

Since the functions Y; ,, are orthonormal in L?(S%1), we get
/ lur)Pdo =Y lugm (). 2.1.12)
gd-1 Lm

Moreover, if u € H' (RY), then u(r-) € H (S9! for almost every r > 0 and by (2.1.9)
and the definition of Y; ;,, we have

/ IVu(rw)Izdw:Z(‘u;m(r)‘2+W|ul,m(r)|2. (2.1.13)
gd-1 !

I,m
A different way to define spherical harmonics is via harmonic homogeneous poly-
nomials. A function u : R? — R is said to be harmonic if Au = 0 and homogeneous
if there exists A > 0, such that u(px) = p*u(x) for any p > 0 and x € R%. Let p be a
harmonic homogeneous polynomial of degree I > 0. Then its restriction to S9! is a

spherical harmonic of degree .
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2.1. Hardy type inequalities

Hardy’s inequality for dimension d =3

Now we use Theorem and the facts about spherical harmonics to derive the

following result, which is often referred to as the classical Hardy inequality.

Theorem 2.1.3 (Hardy’s inequality for d = 3). Letd €N, d =3 and u€ H'(R?). Then
we have

lxI 72 ul?dx < IVul?dx. (2.1.14)

R4 (d —2)2 R4

We sketch the proof.

Proof. For the proofwe use spherical coordinates r = |x| and w = ﬁ Then, for almost
every w € S%! the function r — u(rw) is weakly differentiable and the derivative is
in L2(R,, r%'dr). By 2.1.9) we get

IVuIdez/ / rd_lldru(rw)lzdrdw. (2.1.15)
R4 sd-1.Jo
Applying Theoremfor fixed w € 47! and with a = d — 3 we get

* a1 2 d=2)% [® 43 2
re 0, u(rw)|*dr ET r“?lu(rw)|” dw. (2.1.16)
0 0

Integration over S~! completes the proof. O

Hardy's inequality for dimension two

Note that for dimension d = 2 the constant on the right hand side of (2.1.14) is in-
finite and therefore the inequality is meaningless in this case. There exists no finite

constant C > 0, such that

x| ?|ulPdx<C | |Vul*dx (2.1.17)
R2 R2

holds for all functions u € H'(R?). This can be seen in the following example which

can be found in [12].
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2. Hardy type inequalities and homogeneous Sobolev spaces

Example 2.1.4. For n €N, n > 2 let the function u, : R> — R be given by

1 if|x| <1,
Uy (x) = (2.1.18)
{ (In(n)'(n(n) —In(|x))); else.

Then we have u,, € H' (R?) and

0 if x| <1,
IVuul =< (nn) Yxl™t ifl<|x|<n, (2.1.19)
0 if | x| > n.

Therefore, fRz |IVu,|>dx — 0 for n — co. At the same time, we have u,(x) — 1 for
n — oo, uniformly on every compact set. This example shows that there exists no
C >0, such that inequality (2.1.17) holds for all functions u € H L(R2).

By adding an additional, logarithmic so-called Hardy weight one gets the following
Hardy type inequality for dimension two. It can be found in a more general form in
[70].

Theorem 2.1.5 (Hardy type inequality for d = 2). Let u € H'(R?) be represented in

polar coordinates r = | x| and w = |—jc‘| as

00 ilw
u(x) = up(r) . (2.1.20)
l;oo V2
Ifup(l) = fgl u(w)dw = 0, then the following inequality holds.
1 2 2
Vul?dx > —/ S L P (2.1.21)
R? 4 Jrz |x|?In”(|x]) Rz x|

Remark 2.1.6. (i) Note that 1 is a radial function. We have seen that for such
functions the logarithmic term in Hardy’s inequality is necessary. Theorem
shows that for functions which are orthogonal to radial functions the log-
arithmic term can be omitted. These are exactly those functions which satisfy
Js1 u(Rw)dw =0 for all R > 0.
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2.1. Hardy type inequalities

(ii)

(iii)

For the radial part u in the expansion of u the condition u(1) = 0 is necessary.
This can be seen by the following example which can be found in [70]. Let
¢ € C}(R) be a function satisfying 0 < ¢(f) < 1 and

p(t)=1for —1<t<1 and ¢(¢)=0for|t|>2. (2.1.22)

Furthermore, for n € N let

In(|xI)
Un(x)=¢ . . (2.1.23)
Then we have
2 e} 2
t
/ 4! ——dx= n/ Lz)zdt. (2.1.24)
R |x[2 (1+1n°(|x))) —oo 1+ 18
On the other hand,
2 1 * / 2
Vu,l*dx== [ |¢'(0]| dz. (2.1.25)
R2 nJ oo

By sending 7 to infinity we see that (2.1.21) does not hold for all of the func-
tions u,. Therefore, we find that the condition u(1) = 0 is necessary for radial

functions.

Let u be given as in Theorem Then, as an immediate consequence of
Theorem[2.1.5/lwe have

5 1 lul?
[Vul“dx = - 5 dx. (2.1.26)
4/ |x2(1+1In"(|x])

The proof of Theorem is based on the following integral inequality for func-

tions u:R, — C.

Proposition 2.1.7. For any function u€ H'(R,) with u' € L>(R,, tdt) and u(1) =0

/t_l(ln(t))_zlu(t)lzdt§4/ tld ()% dr. (2.1.27)
0 0
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2. Hardy type inequalities and homogeneous Sobolev spaces

Proof. Let u be as in the proposition and v(t) = u(e?), t€ R;. Then v € H& (R.) with

V' (t) = u'(eh)el. Therefore,

/Iv’(t)lzdt:/ Iu’(et)lzetht:/ [u/(5)|? sds. (2.1.28)
0 0 1

Hence, by the one-dimensional Hardy inequality (2.1.1) we get

/Iu'(s)lzsds:/ PAGIT:
1 0

2—/ Iv(t)lzz‘_zdt:—/ lu(s)®s (ns)"2ds.
4 /o 4/,
If we define v(r) = u(e™), t € R, we get analogously
1 1 !
/ |/ (5)|? sds = Z/ lu(s)®s tns) % ds. (2.1.30)
0 0
This completes the proof. O

Now we turn to the

Proof of Theorem[2.1.5 Due to uy(1) = 0, Proposition can be applied to the
function uy and yields

o0 1 o0
/ |lug ()l rdr = Z/ r () 2 lu(r) P dr. (2.1.31)
0 0
Therefore, by the use of (2.1.12) and (2.1.13) we get

(< SIINGY) lZ
/szmzdx: 0 Y (Iu;(r)|2+ﬁ|ul(r)|2) rdr

l=—00

1 [ “5 1
zz/ 2 (1n(r))‘2|uo(r)|2rdr+/ Y SlwuFrdr (2.1.32)
0 0

107
1 uo|? u— upl?
:—/ L 02| dx + I = uol” 20| dx.
4 Jre |xI?In”(|x]) CRY
This completes the proof of Theorem|2.1.5 O
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2.1. Hardy type inequalities

2.1.3. Further Hardy type inequalities

In the following we collect some further inequalities which will be used later in this

thesis.

Hardy type inequality for functions being orthogonal to radial functions

The following inequality can be found for example in [17].

Lemma 2.1.8. Let d = 2. Then for all functions u € H'(R?) satisfying the condition

Jsa-1 u(rw)dw =0 for all r = 0 we have

|u|2 4 2
—dx=<— Vu dx. 2.1.33

Proof. Let ue H'(R?). By substituting u = | x| %% vand using polar coordinates we get

d-— 22 2
/ (|Vu|2 (d—-2)" |ul )d —/ Vol lx2 % dx
Rd 4 | |2
6v
dwrdr (2.1.34)
gd 1
2/ / r 1 vyvi?dodr.
0 Jsd-1

By assumption, for almost every r > 0 the function v(r-) is orthogonal to the eigen-

IVwVI2
72

function corresponding to the first eigenvalue of the Laplace-Beltrami operator on

$9-1, Since the second eigenvalue is given by d — 1, we have

/d llvwv(rw)lzdwdrz d-1) ) llv(rw)lzdw (2.1.35)
S Sa-

and therefore

/ / r_llvwv(rw)lzdwdr >(d- 1)/ le_dlvlzdx
0 gd-1 R4

=d-1 [ |xI7?|u?dx.
Rd

(2.1.36)

This, together with (2.1.34) and % +d-1= %2 completes the proof. O
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2. Hardy type inequalities and homogeneous Sobolev spaces

Hardy’s inequality for sectors
The following Hardy type inequality can be found in [48, Proposition 4.1].

Lemma 2.1.9. Letd =2 and let Q < R? be a cone with vertex at the origin, i.e.,
Q={rw):r=0, weZ}, (2.1.37)

where = c S1 is a Lipschitz domain. Then for any function u € H(} Q)

_ 2
/|w|2dxz((—d 2) +)LO(Z))/|x|_2|u|2dx, (2.1.38)
Q 2 Q

where Ay (Z) is the first eigenvalue of the Dirichlet problem for the Laplace-Beltrami
operator on X. Moreover, the constant in (2.1.38) is sharp.

Proof. We use spherical coordinates r = |x| and w = % and expand the function u as

ux) =) up(neiw), (2.1.39)
k=1

where {¢; : k € N} is an orthonormal basis of L?(X) consisting of eigenfunctions of

the Laplace-Beltrami operator on Z. Then, similar to (2.1.13) we have

o0 o0 Z
/ VulPde= | 3 (|u§c(r)|2+ Ak(z )Iuk(r)lz) rd-ldr
Q 0 k=1

(2.1.40)
o0 00 A
Z( ul.(r + ”| ug(r )|) ri=dr,
k=1

where 14 (2) is the k-th eigenvalue of the Dirichlet Laplacian on X. For d = 3 we apply
Theorem (ii) with @ = d — 3 to the function uy. This yields

d- 22
/|Vu|2dx> Z(( ) up(n)? + 0( )Iuk( )|) a-1qr. (2.1.41)
Q k=1
Using
o0 oo
Zr‘zluk(r)lzrd_ldr:/ || 72 u(x)|? dx (2.1.42)
0 k=1 Q
completes the proof. O
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2.1. Hardy type inequalities

Hardy's inequality for exterior domains

Now we give a Hardy type inequality for integrals over sets {x : |x| = v} for some v > 0.
Lemma 2.1.10. The following assertions hold.

(i) Letd =2 and u € H (R?) with supp (1) < {x:|x| < 1} orsupp (u) c {x: |x| > 1}.

Then, for any constantv > 0 we have

2
/ - dxs4/ Vul?dx, (2.1.43)
Ixi=vy 112 (1 +1In"(|xD) {Ix1=v}

(ii) Letd =3. Then for any function u € H'(R%) andv = 0 we have

2
u 4
/ | '2 dx < > IVul*dx. (2.1.44)
{Ixizv} |1 (d=2)7 Jyx=v)

Proof of Lemmal[2.1.10, Since the function v(x) = |x|7*(1+ (In (|x|))2)_1 is radial, it
suffices to show that the inequality holds for radial functions. Let u € H! (R?) be radial

with supp (#) < {x: |x| < 1}. Then the function i, given by

ulx) iflx|=v,
ii(x) = (2.1.45)
{ ulv) iflx|<wv,

is also an element of H' (R?). Applying the two-dimensional Hardy inequality (2.1.26)
to the function #, using that i is constant for |x| < v and that & and u coincide for

|x| = v completes the proof of statement (i). The proof of statement (ii) is similar. [

Poincaré-Friedrichs's inequality

The following inequality can be found for example in [1, Theorem 6.30].

Theorem 2.1.11 (Poincaré-Friedrichs’s inequality). LetQ < R? be a bounded domain

with diameter D > 0. Then for any function u € H(} (Q) we have

2
2 2
/ [Vu|*dx = —2/ |u|*dx. (2.1.46)
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2. Hardy type inequalities and homogeneous Sobolev spaces

Proof. Without loss of generality we assume that Q lies between the lines x; = 0 and

x4 = D. Then, we have

Xd d
u(x):/ —u(x', 0 dt, (2.1.47)
o dr
where x = (X', x;) with x" = (x1,..., x4). Therefore, by the use of Holder’s inequality
we get
D
/ Iulzdx:/ dx'/ lu(x, xg)1>dxy
Q R4 0
D D
s/ dx'/ xddxd/ IVu(x', 0> dr (2.1.48)
R4 0 0
D2 D D2
<— dx’/ IVu(x, t)lzdt:—/ IVul®dx.
2 Jpd 0 2 Ja
This completes the proof. O

2.2. Homogeneous Sobolev spaces

Now we introduce function spaces which come into play when we deal with virtual
levels of Schrodinger operators. We refer to [20] for the proofs of the statements and
a more detailed discussion.

For dimensions d > 3 the homogeneous Sobolev space H'(R%) is defined as the
space of all functions u : R — C satisfying the conditions u € LIIOC(Rd), Vu e L2([R%)

and meas({7 : |u(x)| > 1}) < oo for all 7 > 0, equipped with the norm

1
lull g = (/d |Vu|2dx)2. (2.2.1)
R

One can show that for functions in H'(R%), d = 3, Hardy’s inequality holds.
This can be used to prove that H'(R?) is a Hilbert space and that Cgo(Rd) is dense in
H'(R%). Note that functions u € H' (R?) do not have to be elements of L?(R%).

If we try to extend the definition of H'(R%) to dimensions d = 1 and d = 2, we face
problems which are caused by the lack of Hardy’s inequality in these dimensions. To
point this out, we note that for d = 3 it follows immediately from Hardy’s inequal-

ity that a sequence (1) nen Of Cgo([RZd) functions with Vu,, — 0 in L2(R%) as n — oo
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2.2. Homogeneous Sobolev spaces

converges to zero in L2[RY,|x|"2dx) and in particular in leoc([R{d). However, for di-

mensions one and two we have seen examples of sequences (u,,) ,en With

Vu,—0in I’(R%Y and u,— 1inI% [RY), (2.2.2)

loc

see Remark and Example This shows that the form [y, |Vul*dx degener-
ates on constant functions and that the completion of C3° (R%) with respect to this
form does not lead to a function space. To get rid of this degeneration we add a local

L% norm to f[Rd [Vul?dx. Precisely, we define

1
2
lullgn = (/ IVuIde+/ |u|2dx) (2.2.3)
R4 {lx|<1}

and the space H'(R?) as
A'®Y ={ue L, RY, Vue 2R} (2.2.4)

equipped with the norm (2.2.3). Then H'(R%) is a function space. Moreover, the
one- and two-dimensional Hardy inequalities (2.1.1) and (2.1.21) can be extended to

functions in A" (R%). This can be used to prove the following inequalities.

Proposition 2.2.1. Let d € {1,2}. There exists a constant C > 0 such that for all func-
tions u € H' (RY)

00 2
/ 1'1")62 dx<Clull, ifd=1, (2.2.5)
0
/ de<€||ullz~ ifd=2 (2.2.6)
Rz 1+|x2In?(x) H ' o

This can be used to show the following important result.

Proposition 2.2.2. Let (i) neny be a sequence of functions in H' (R?) which converges
weakly in H'(R%) to a function u € H (R%). Then for any bounded measurable set
AcR? we have y au, — yau in L2(RY).

Another important consequence of Proposition is the following

Proposition 2.2.3. H'(RY) is a Hilbert space and C°(R?) is dense in H' (RY).
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3. Multi-particle Schrodinger

operators

3.1. Schrodinger operators
In this section we introduce the Schrodinger operator
H=-A+V (3.1.1)

as a self-adjoint operator on L?(R%), where d € N, by the use of perturbation meth-
ods. Here, A is the Laplace operator and V is the operator of multiplication with a
real-valued potential, also denoted by V. Perturbation theory for Schrédinger oper-
ators has been intensively studied and two common ways to define the Schrodinger
operator with such methods have emerged: The definition as a sum of operators or
as the sum of closed quadratic forms. Later we will mainly use the quadratic form

approach, but we present them both.

3.1.1. Schrodinger operators defined as the sum of operators

This way goes back to the famous work of T. Kato [38] using the Kato-Rellich theorem.
We sketch this method here.

Definition 3.1.1 (Relative operator boundedness, see [67], p.528). Let A, B be densely
defined operators on a Hilbert space .#. We say that B is A-bounded if

(i) D(A) <D(B),
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3. Multi-particle Schrédinger operators

(i) there exist constants a, b > 0, such that for any u € D(A) we have

IBull < allAull + bllu]|. (3.1.2)

For an operator B which is A-bounded we call the infimum over all a for which there
exists a b > 0 such that condition (3.1.2) holds, the A-bound for B. If this is zero, we
say B is infinitesimally A-bounded.

Theorem 3.1.2 (Kato-Rellich-Theorem, cf. Theorem 7.1.14 in [67]). Let A be a self-
adjoint operator and suppose that B is a symmetric operator which is relatively A-
bounded with A-bound a < 1. Then the operator A+ B defined on D(A) is self-adjoint.
If A is bounded below, so is A+ B.

For the concrete case of Schrodinger operators, in which we are interested here, we

give the following

Example 3.1.3 (-A-bounded potentials). Let A = —A on L?(R%). We collect some
conditions for a potential V' to be —A-bounded with relative bound less than one.
In these cases the Kato-Rellich Theorem applies and H = —A + V is self-adjoint on
L*RY).

(i) Assume that V € LP(R%) + L®(R%) with

p=2 ifd=1,2,3,

p>2 ifd=4, (3.1.3)
d

sz ifd=5

Then V is —A-bounded with relative bound zero, see for example [67, Theorem
7.1.18.]

(ii) In terms of I, (R?) requirements the conditions B.1.3) are necessary. Other

conditions have been formulated in terms of convolutions, e.g., the so-called

Stummel conditions, see [67] or [68] for details.
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3.1. Schrodinger operators

3.1.2. Schrédinger operators introduced via quadratic forms

From the physical definition of observables it is sufficient to define the sum C =
—A+V in an expectation value sense, i.e., (u, Cu) = (u,—Au) + (u, Vu). The follow-
ing approach was developed by B. Simon [63], defining the Schrodinger operator via
quadratic forms by the use of the KLMN theorem. It turns out that the sum of the
quadratic form is associated with a self-adjoint operator for a larger class of poten-
tials than given by (3.1.2). For variational techniques used in this work the approach
via quadratic forms is the more natural one.

Let us brievly repeat some basic facts of quadratic forms and the connection with
self-adjoint operators. It is well known that there is a one-to-one correspondence
between closed semi-bounded forms and self-adjoint semi-bounded operators. Fol-

lowing [11], we repeat some fundamental facts.

Definition 3.1.4 (Quadratic forms associated with self-adjoint operators). Let .# be
a Hilbert space. We say that a closed form Q : d[Q] x d[Q] — R is associated with an

operator A if

(i) D(A) <dlQ],

(ii) (Au,v)=0Qlu,v] ueD(A), vedlQ].
Theorem 3.1.5. Let € be a Hilbert space.

(i) Assume that A= A* is a self-adjoint bounded below operator. Then there exists

a unique closed, bounded below quadratic form Q which is associated with A.

(ii) Let Q be a closed and bounded below quadratic form. Then there exists a unique
self-adjoint bounded below operator A = A*, such that Q is associated with A.

Its domain is given by

D(A)={xed[Q] : Jhe A Qlu,v] = (h,v) forall ve d[Q]}. (3.1.4)

Now we introduce the concept of relative form-boundedness.

Definition 3.1.6 (Relative form boundedness, cf. [67], p. 578). Let Q: d[Q] x d[Q] —
R be a quadratic form and P a sesquilinear form on d[Q]. We say that P is form
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3. Multi-particle Schrédinger operators

bounded with respect to Q if there exist constants a, b > 0 with
|Plu,ull < aQlul + blul®>,  ued[Q). (3.1.5)

Given a form P which is form bounded with respect to Q, we call the infimum over
all a > 0 for which there is a b > 0 such that holds, the relative form bound.

The following theorem is known as the KLMN theorem (named after Kato [39], Li-
ons [44], Lax-Milgram [43] and Nelson [49]).

Theorem 3.1.7 (KLMN theorem, see [63], Theorem 2). Let A =0 be a self-adjoint op-
erator associated with a quadratic form Q and assume that P is a symmetric bilinear
form which is form bounded with respect to Q with relative form bound a < 1. Then the
quadratic form u— (u, Auy+ Plul], u € d[Q], is associated with a self-adjoint bounded

below operator C.

This theorem can be used to introduce Schrodinger operators via quadratic forms.
Let the quadratic form Q, given by

dlQ] = H'R%, Q[u]:/ \Vul?dx, ue d(Q], (3.1.6)
Rd

be associated with the Laplacian on L?(R%). Assume that V is a real-valued potential,
such that the form

Plp,v] = /d Voydx 3.1.7)
R

is form bounded with respect to Q with bound less than one. In this case we some-
times simply say that V is form bounded with respect to —A. Then, by Theorem|3.1.7,
there exists a self-adjoint operator H associated with the form u— Q[u] + Plu, u]. Its

domain is given by
D(H) ={ue H'RY) : —Au+ Vue I2R%)} (3.1.8)

and for u € D(H) we have
Hu=-Au+Vu (3.1.9)

in the distributional sense [63]. In the following we denote by H = —A + V the op-
erator given by (3.1.9), where we note that this is not necessarily the sum of opera-
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3.1. Schrodinger operators

tors and therefore an abuse of notation. If not stated otherwise, we will consider the

Schrédinger operator in the sense of quadratic forms.

Remark 3.1.8. (i) The operator —A + V defined as quadratic form is an extension
of the operator defined in the sense of an operator sum. Its domain may be

larger than that of the operator sum.

(ii) Obviously, —Au+Vue L2(R%) is fulfilled if both summands are in L?(R%), but

also if there are cancellations.

(iii) Fordimensionsd € {1,2,3} the KLMN theorem, compared with the Kato-Rellich
theorem, allows stronger local singularities on the potential V, cf. [32]. While
the Kato-Rellich theorem requires essentially V € Lfoc (R%), a potential V is form
bounded with respect to —A with bound less than one if V € Ll’z)c(Rd) + [°(RY)
for all p with

3
p=lifd=1, p>1lifd=2, and pziifd:S, (3.1.10)

see for example [13].

We complete this abstract part with a remark which can be found in a similar
form in 35} Theorem 2.2] and which will be useful for introducing multi-particle

Schrédinger operators later.

Remark 3.1.9. (i) The set of potentials V which are relatively —A-bounded on R4
in the sense of Definition (respectively Definition [3.1.6) is a real vector

space.

(ii) Let RY = X1 X, be an orthogonal decomposition of R4 with corresponding
coordinates x = x; + xo. Assume that V : R — R depends only on x;. Then
V is relatively —A-bounded on R¢ in the sense of Deﬁnition (respectively
Definition[3.1.6) if and only if it is relatively —A-bounded on X; in the sense of
Definition (respectively Definition .
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3. Multi-particle Schrédinger operators

3.1.3. Eigenvalues and resonances

Later we will deal with the question whether there is an eigenvalue at the edge of the

spectrum. The following abstract theorem gives a criterion for this.

Theorem 3.1.10 (Minimizers are eigenfunctions, see Theorem 10.2.2 in [11]]). Assume
that A is a self-adjoint, bounded below operator, associated with the quadratic form

Q. If there exists a minimizer of Q, i.e., a function uy € d[Q] with |ul = 1 and

- inf , .11
Qlup] ued[(lgl]l,"u”:lQ[u] 3 )

then uy is an eigenfunction of A corresponding to the ground state eigenvalue.

Now let H = —A + V be associated with the quadratic form Q with form domain
H'RY),
Qlul = |Vu|2dx+/ Viul®dx. (3.1.12)
R4 R

If the infimum of Q[u] over all u € H'(R?) is attained, then by Theorem it is
the ground state eigenvalue of the operator H. If the infimum is not attained by a
function in H! (R%), but the potential V is chosen in such a way that the form Q can
be defined for functions in H' (R%), respectively H'(R?), and there exists a minimizer

of Q[u] in this space, then we say that H has a ground state resonance.

Another Hardy type inequality

Now we give an estimate for potentials which are relatively form bounded and decay
at infinity. This estimate is a simple application of the Hardy type inequality given in
Proposition and will play an important role later in this thesis.

Lemma 3.1.11. Assume thatV is relatively form bounded and satisfies
IV(x) < CA+x)727Y, |x|=A (3.1.13)

forsomev, A,C > 0. Then there exists a constant C >0, such that forallu e H' (RY) we
have

) V) llu)?dx < Cllul%,. (3.1.14)
R
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3.2. Multi-particle Schrédinger operators

3.2. Multi-particle Schrodinger operators

Now we consider a system of N = 2 one- or two-dimensional quantum particles with
masses m; > 0 and position vectors x; € R4 i=1,...,Nwithde {1,2}. Such a system

is described by the Hamiltonian

N
1
Hy=-3), Ag+ ), Vij), 3.2.1)
i-12m; 1<i<j<N
acting on L?(RN). Here, the operator
N1
Hoy=— Ay, 3.2.2
0 lzzl zmi Xi ( )

describes the kinetic part and the potentials V;; describe the pair interactions be-
tween the particles indicated by i and j. We assume that the potentials V;; are not

identically zero and that they can be represented by functions v;; : RY - Ras
Vij(x) = Ul']'(xl']') with Xij =Xj—Xj. (3.2.3)

We will always assume that the functions v; j are relatively form bounded with relative
bound zero, i.e., for any € > 0 there exists a constant C(¢) > 0, such that for every
YE H'(R%) we have

(vijlw,p) < el Vyl® + C@llwl®. (3.2.4)

Moreover, we assume that there exist constants A, C,v > 0, such that

v (I CA+I1xN2Y,  xeR? |xI= A (3.2.5)

3.2.1. Separation of the center of mass of the system

The center of mass of the system is a constant of motion, i.e., it moves with constant
velocity. It is common practice to fix the center of mass at the origin and to consider
instead of the operator Hy an operator which describes the dynamics of the system

relative to the center of mass. In the following we separate the center of mass of the
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3. Multi-particle Schrédinger operators

system, following [21}62]. We introduce on RN the scalar product (-, ) ;, given by

N
GYm=2 milx, y), %2, =x0m  xyeRN (3.2.6)
i=1
Here, we denote by (:,-) the standard scalar product on R4. The index m in the defi-
nition of the scalar product (), is chosen in order to emphasize that it is weighted
with the masses of the particles. Let X be the space RN equipped with the scalar
product (:,-),, and let

N
on{x:(xl,...,xN)eX: Zmix,-:O} 3.2.7)
i=1

be the space of relative positions of the particles and let X, = X & X, be the space of
the center of mass position of the system. We denote by Py and P, the orthogonal
projections from X on Xj and X, respectively. Furthermore, we introduce A, Ag and

A, as the Laplace-Beltrami operators on L2(X), [*(Xo) and L?(X,), respectively.

Remark 3.2.1. The choice of the scalar product (), is natural and appropriate in
the sense that the Hamiltonian H, defined in (3.2.2), is (minus) the Laplace-Beltrami
operator on RN with respect to (-,-),,. Put differently, if we choose an orthogonal
basis {e1, ..., eqn} of X = (RN, (,-,,) and corresponding coordinates y1,... yan, then

we have X
0
Hy=-) — =-A. 3.2.8
0 Ejay? (3.2.8)

Corresponding to the decomposition [2(X) = L*(Xy) ® L*(X,) we find
—A=—-Ag®Id+Id® (—A,). (3.2.9)
Moreover, since for every x € X we have
(Pox); — (Pox)j = xj — X}, (3.2.10)
the potential V' (x) = X.1<;<j<n Vij(xi;) satisfies

Vi(x) = V(Pyx). (3.2.11)
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3.2. Multi-particle Schrédinger operators

Therefore, Hy is unitarily equivalent to the operator
Held+1d® (—A), (3.2.12)
where the operator H, acting on L?(Xp) is given by
H=-A¢g+V. (3.2.13)

In view of (3.2.12) the center of mass of the system moves like a free particle and the
operator H corresponds to the relative motion of the system. The operator H is the

main subject of the following studies.

Remark 3.2.2. (i) Under the above assumptions on the potentials the operator H
is self-adjoint on L%(Xy), which follows from the KLMN theorem and Remark
3.1.9

(ii) Separating the center of mass reduces the problem of an N-particle system to
a problem of a system consisting of NV —1 particles. In particular, the two-body
Schrédinger operator in the center of mass frame can be considered as a one-

particle operator.

3.2.2. Clusters and Cluster Hamiltonians

Now we introduce the concept of so-called cluster Hamiltonians, c.f. for example
[59]. A cluster C of the system is defined as a non-empty subset of {1,..., N} and we
denote by |C| the number of particles contained in C. To decouple a cluster C from

the whole system we define

Xo[C)={xeXp:x; =0if i ¢ C}. (3.2.14)
Note that for x € Xy[C]
Y mix; =0, (3.2.15)
ieC
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3. Multi-particle Schrédinger operators

i.e., Xo[C] is the space of the relative positions of the particles in the cluster C. Let
A¢[C] be the Laplace-Beltrami operator on L?(X[C]) and

VICl= ), Vj (3.2.16)
i,jeC, i<j

the potential of the pair interactions between the particles in the cluster C. Then for
1 < |C| < N the cluster Hamiltonian with reduced center of mass, acting on L2(X,[CD),
is given by

HI[C] =—-A¢[C]+ VI[C] (3.2.17)

and describes the internal dynamics of the cluster C. For C = {1,..., N} we have
Xo[C] = Xo, so we set H[C] = H. For |C| =1 we have X[C] = {0} and we set H[C] = 0.

Clusters C with 1 < |C| < N are called non-trivial clusters.

3.2.3. Partitions of the system

For p = 2 we say that Z = {Cy,...,Cp} is a cluster decomposition or partition of the
system of order | Z| = p if the C; € Z are non-empty, disjoint clusters whose union is

the whole system. Let

Xo(Z2)= P XolCkl,  Xc(2)=XoXo(2). (3.2.18)
CreZ

This gives rise to the decomposition

L2(X%0(2) = ® LX(Xo[CkD. (3.2.19)
CreZ

By abuse of notation we denote the operators
[de---®ld® (-Ap[Cr]) ®Id®---®1d (3.2.20)
and

Ido---9ld® H[Ci]®Id®---®1d, (3.2.21)
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3.2. Multi-particle Schrédinger operators

acting on L*(Xo(2), by —A¢[Ck] and H[Cy], respectively. Let Ay(Z) be the Laplace-
Beltrami operator on [%(Xy(2)), then

—No(Z)= ) —AolCyl. (3.2.22)
CreZ

The cluster decomposition Hamiltonian of the partition Z is defined by

H(Z)= ) HIC (3.2.23)
CkEZ

and describes the joint internal dynamics of the clusters in Z. We denote the poten-

tial of the inter-cluster interaction by

I(Z)=V =) VIC. (3.2.24)
CreZ

Then, corresponding to the decomposition [?(Xo) = [*(Xo(2)) ® L*(X,(Z)), the

Hamiltonian of the whole system can be written as
H=H(Z)®ld+Id® (-A.(2))+1(2), (3.2.25)

where A.(Z) is the Laplace-Beltrami operator on L?(X.(2)).

3.2.4. Systems of fermions and bosons

Now we consider a system of N identical one- or two-dimensional particles, i.e., m; =

mjforall 1 <1i,j< N and the potentials satisfy
vij(0) = vij(=x),  vij(0) = v, xeR? (3.2.26)

fori#j, k#L.

In quantum physics identical particles are considered to be indistinguishable,
which means that if we interchange two particles, the new wave function should de-
scribe the same physical state. Two unit vectors in the quantum Hilbert space de-

scribe the same physical state if and only if they differ by a constant of absolute value
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3. Multi-particle Schrédinger operators

1. Hence, for identical particles we have
U(X1y ey Xiyeoy Xjyorny XN) = AU(XT, ooy Xy vy Xy eny XN) (3.2.27)

for some A with |[A] = 1. Two values of A are of special interest, namely A = +1. We say
that a system is fermionicif A = —1 and bosonicif A = +1. In other words, for fermions
the operator Hy is restricted to the space of functions which are anti-symmetric with
respect to exchange of particles, i.e., Hy acts on Lfls(IRdN ) which is the space of all

functions y € L?(RN) satisfying
1//(x1, e XN) = sgn(n)l//(xﬂ(l), ey xn(N)) (3.2.28)

for all permutations 7 of the set {1,..., N}. Here, sgn(n) is the signature of 7. For a
system of bosons the operator Hy is restricted to the space of functions which are
symmetric with respect to permutation of particles, i.e., it acts on Lgym(RdN ), i.e., the
space of all functions in L?([R%") which are symmetric with respect to permutations
of particles.

Itis worth mentioning that any two fermions can not have the same quantum state,
which is known as the Pauli exclusion principle. Bosons and fermions differ in their
internal angular momentum (spin). Fermions have a half-integer spin, while bosons
obey an integer spin. For our considerations the spin does not play a role and we
shall not discuss it further. We refer to [30] for more details.

Similarly as in the case of Hamiltonians without symmetry restrictions we can in-
troduce the Hamiltonians H,s and Hgy,m which are the Hamiltonians of a fermionic,
repectively bosonic system in the center of mass frame, acting on L2,(Xp) and
Lgym (Xo), respectively. Analogously we can define the cluster Hamiltonians Hys[C]

and Hgym[C] for clusters of fermions and bosons, respectively.

3.2.5. Relative coordinates g and ¢ and separation of

clusters

For a cluster C we denote by Py[C] the projection from X on Xy[C] and for x € X, we
denote
qlC] = Py[C]x. (3.2.29)
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We notice that g[C] = (q;,...,gnN) is a vector in RN and the component g; € R4 is

zeroif i ¢ C and

gi=xi—xc if ieC, (3.2.30)
where 1
Xc=— mix; (3.2.31)
C MIC] ]EZC AT

is the center of mass position of the cluster C. Here, M[C] = ) m; is the total mass
ieC
of the system. In other words, if i € C, then g; describes the position of the particle i

relative to the center of mass of C, cf. Figure[3.1]

Figure 3.1.: If the particle i is in the cluster C, then g; describes its position relative to
the center of mass of the cluster C. If i ¢ C, then g; = 0.

Now let Z = {C;,...,Cp} be a partition of the system. We introduce the projections
Py(Z) and P.(Z) from X, to X((Z) and X (Z), respectively. For x € Xj let

q(Z)=Py(Z)x,  {(Z)=P(2)x. (3.2.32)

Note that the ith components of ¢(Z) and £(Z) are vectors g; € R? and ¢; € R? given
by
qi=Xi—Xc,,  §i=Xg (3.2.33)

where C; is the cluster which contains the particle i. It is obvious that

q(2)= ). qlCxl. (3.2.34)
CreZ
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Now we introduce several subsets of Xy which will be important later.

Definition 3.2.3. For x >’ >0, R > 0 and partitions Z with 1 < |Z| < N we define the

regions

B(R)={x€e Xy : |x|;m =R},
K(Z,x)={x€ Xo : 19(2)|m <K& (Z) |m}
Kr(Z,x)={x€ Xo : 19(Z) |m <K& (Z)|m, |x|;m = R}
Kr(Z,x',x) = Kr(Z,x) \ Kr(Z,x")

(3.2.35)

Using these sets we can separate regions in X, where the particles are divided into
several groups which are moved apart. Since these objects play an important role
later, let us brievly discuss the coordinates g(Z) and ¢(Z) and the regions K(Z,x).
For further discussions see for example [4, [75]. By and the definition of the

scalar product (-, ) ,, we find

p
g5, =25 milxi — xc,|%, (3.2.36)
I=1ieC

i.e., |q(Z2)|, is a weighted average of the distance of the particles from the center of
mass of the cluster to which they belong. It follows immediately from (3.2.36) that if
the particle i belongs to the cluster C;, then

_1
lx; — xc,| < 2mg) 2 1q(Z) | m, (3.2.37)
where mg =min{m;:[=1,..., N}. Now assume that | Z| =2, i.e., Z = {C1, C>}. Then

8215, =2 milxc P +2 Y. mjlxc,|?
o jeCe (3.2.38)
=2MICyllxc, I* + 2M[Cal|xc, I*

Since the center of mass of the whole system is fixed at the origin, it follows

_ 2MICIIMIG)]
M[C1]+ M(C]

E(2)15, 1xc, — Xc, I, (3.2.39)

ie., |&E(2) |§n is a weighted distance between the centers of mass of the two clusters.
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We keep the assumption |Z| = 2 and describe the region K(Z,x). Let x € K(Z,x)
and i, j € Cy, k € Cy. Then, by (3.2.37) and the definition of K(Z, k) we have

Ixi — Xc, | < 2mo) 21G(2) | m < 2me) " ZKIE(Z) | m (3.2.40)

and analogously
| Xk — X, | = 2mg) " 2KIE(2) I m (3.2.41)

Hence, for k¥ > 0 small enough we get by the use of (3.2.39)
|xi - xkl = |xi - xC1 + xC1 - sz + ng - x]l 2 C(m’K)lé(Z”WZ) (3242)

where the constant c(m, ) is given by

1
2

M1+M2

1
-2k (2my) 2. 3.2.43
oM, M, (2my) ( )

c(m,x) = (

and depends on the masses of the particles and k. On the other hand, we have
1
lx; — x| <2k (2mg) 2 [S(2)|m. (3.2.44)

This shows that for small ¥ > 0 and any x € K(Z,«) the distance between any two
particles in the same cluster is small compared to the distance between particles from
different clusters. This means that x € K(Z,«) corresponds to the situation that the

two clusters in the partition Z are separated.

lglm =x1¢Im

1$1m

Figure 3.2.: x € K(Z,x), | Z| = 2, describes two separated clusters.
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From the above observations we get the following

Lemma 3.2.4. There exists a constant xy > 0, such that for all 0 < x < x¢ and any pair
of partitions Z # Z' with |Z| = |Z'| = 2 we have

K(Z,x)NnK(Z',x) = {0}. (3.2.45)

This result can be generalized to partitions consisting of more than two clusters,

namely

Theorem 3.2.5. For any system of N = 3 particles there exist constantsx (2),...,kx(N—1)
and«'(2),...,x'(N—=1) withx(l) > «'(l) for1 <1< N, such that forany1 <1 < N and
any pair of partitions Z # Z' with |Z| =|Z'| = | we have

K(ZxM)nK(Z'xD)e U K(Z,x'UzD). (3.2.46)
Z:1Z|<1

This theorem was proved in an appendix of M. Antonets, G. Zhislin, and I. Shere-
shevskijto [4] to the book of K. Jérgens and J. Weidmann [37]. The appendix exists in

Russian only, an English version can be found in [7].

3.2.6. Further important tools

To study the spectrum of multi-particle Schrodinger operators we will make use of

geometric methods. In this section we collect some tools which will be useful later.

The IMS localization formula

An important tool for these methods is the use of a partition of unity and the IMS

localization formula.

Definition 3.2.6 (Partition of Unity). A partition of unity of a space X is a finite family

of functions J, : X — [0, 1] with bounded distributional derivatives and ¥, J4 = 1.

Remark 3.2.7. (i) Note that sometimes for a partition of unity {/,} one demands
Y o« Ja = 1 (without the squares). We require that the sum of squares of the func-

tions J, equals one because this is more convenient for our purpose.
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(ii)

In the literature often it is required that a partition of unity consists of smooth
functions J, see for example [14]. Since we consider the operators in the sense
of quadratic forms, the requirements of the above given definition are suffi-
cient, cf. for example [65]. Later, our concretely chosen partitions of unity con-

sist of non-smooth functions.

Theorem 3.2.8 (IMS Localization Formula, cf. [14], Theorem 3.2, [65]). Let{J,} be a
partition of unity and let H = Hy + V for a potential V satisfying (3.2.4). Then

H=Y JoHla=) IV]al*. (3.2.47)

Remark 3.2.9. (i) The localization formula was first derived by R. Ismagilov [36],

(ii)

(iii)

rediscovered by J. Morgan [45] and used in J. Morgan and B. Simon [46]. Later,
its importance was discovered by I. M. Sigal [61]. This explains why it is known

as the IMS formula.
For apparent reasons the term )_ |V ], |2 is called localization error.
a

Later we will choose an appropriate partition of unity which separates regions
in the configuration space where particles are in several groups that are moved
apart. Then the IMS formula allows us to estimate the Schrodinger operator
of the whole system by studying the cluster Hamiltonians and estimating the
localization error. A crucial part of the work will be to find an appropriate esti-

mate for the localization error. Such an estimate can be found in Section

The HVZ theorem

Recall that for a one-body Schrodinger operator 7 = —A + V with a potential V de-

caying at infinity the essential spectrum coincides with the semi-axis [0,00). In the

case of multi-particle systems the localization of the essential spectrum is a challeng-

ing problem. The famous HVZ theorem, named after W. Hunziker [34], C. van Winter

[72] and G.M. Zhislin [81] gives an answer to this question. We formulate the theorem

with the conditions for the pair potentials V;; for which we will apply it later.

Theorem 3.2.10 (HVZ Theorem, cf. [58], Theorem XIII.17, and [18]). Let H be the

Hamiltonian of a system of N = 3 particles in the center of mass frame, where the po-
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tentials V;; satisfy (3.2.4) and (3.2.5). For a partition Z let 2(Z) = infa(H(Z)) and
2= quziflzz(z ). Then the essential spectrum of H is given by

Oess(H) = [Z,00). (3.2.48)

Remark 3.2.11. (i) Let Z = {C,...,Cp} be a partition of the system with p > 1.

Then )
o(H(Z)) = kz o (H[Cy)). (3.2.49)

=1

(ii) Assume that infoess(H) < 0, then by and the HVZ theorem there exists
a cluster, such that the corresponding cluster Hamiltonian has negative spec-
trum. On the other hand, if there exists a cluster C with |C| < N — 1, such that
info (H[C]) <0, then infoess(H) < 0. Indeed, let Z be the partition which con-
sists of the cluster C and such that the remaining clusters in Z contain only one
particle each. Then o(H(Z)) = o(H[C]) and therefore by and the HVZ

theorem infoess(H) < 0. This observation will be used later in the thesis.

3.2.7. Notation and Convention

We conclude this chapter by briefly explaining some notations which will be used in
the further course of this thesis.

Given a partition Z = {C;,...,Cp} with coordinates g = g(Z) and ¢ = {(Z) we will
write —A, instead of —A¢(Z) and —A¢ instead of —A.(Z). Corresponding to a decom-
position Xy = X; @ X> and [%(Xp) = L*(X;) ® L?(X,) we can consider operators A; on

L?(X;) as operators on L*(Xy), namely as
A®ld and Ide A,, (3.2.50)

respectively. In this sense we will sometimes consider the cluster Hamiltonians H[C]
and the cluster decomposition Hamiltonian H(Z) as operators on L?(X,) without
changing the notation. From time to time we will also consider the operators as oper-
ators acting on L2(R%), where k € N is the dimension of the corresponding subspace
of Xj.
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4. Virtual levels of Schrodinger

operators

4.1. Introduction

The behavior of Schrédinger operators at the bottom of the essential spectrum has
attracted many mathematicians. In particular, the solvability of the Schrodinger
equation

(—A+V)y=0 (4.1.1)

and properties of such solutions are of interest for Schréodinger operators H = -A+V
which are critical in the sense that o.ss(H) = [0,00) and the negative spectrum of the
operator is empty, but any negative perturbation creates a negative eigenvalue. Such
problems have been studied for example in [24} 56} 57, [79].

Concerning the behaviour at infinity of solutions of the equation for a crit-
ical operator H = —A + V several scenarios are possible. While it is well known that
eigenfunctions corresponding to eigenvalues below the essential spectrum decay ex-
ponentially at infinity [2], the situation at the threshold of the essential spectrum is
quite different. It is not even ensured that in this case the solution of the Schrodinger
equation Hy = 0 is an eigenfunction, it can also be a resonant state, as for example
in the case of a one-particle Schrédinger operator in dimension three [79]. In some
cases the decay of solutions of is sub-exponential [7, 33] or only polynomial,
see [7].

In the context of the Efimov effect, which we are interested in, it is important to
understand the behavior of the Schrodinger operator near the bottom of its essential
spectrum. In particular, the question whether so-called virtual levels correspond to

eigenvalues or to threshold resonances is important.
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4. Virtual levels of Schrédinger operators

By a virtual level of a Schrédinger operator H = —A + V we mean that
* H=0,
e info(H+¢€A) <0foranye >0,
¢ infoess(H + €A) = 0 for any sufficiently small € > 0,

i.e., any small negative perturbation of the operator leads to a negative eigenvalue
while the essential spectrum is stable under small perturbations. Recently, virtual
levels of Hamiltonians corresponding to systems of NV = 3 particles with space di-
mension d = 3 have been studied in [7] and [24]. There, it has been proved that in the
presence of a virtual level the solution of is an eigenfunction corresponding to
the eigenvalue zero. This observation was the key to show the absence of the Efimov
effect for systems of N =4 particles in dimension d = 3.

The main goal of this chapter is to study virtual levels of Schrodinger operators
corresponding to systems of one- or two-dimensional particles and in particular to
answer the question whether they correspond to eigenvalues or to resonances. In
doing so we have to bear in mind the following difference concerning criticality of
Schrodinger operators between dimensions d =3 and d = 1 or d = 2. In the first
case, Hardy’s inequality implies that for any bounded and sufficiently fast decaying
potential V we have

h(A)=-A+AV =0 (4.1.2)

for all sufficiently small A > 0. However, for dimension d = 1 or d = 2 the Laplace

operator is critical, namely the following result holds.

Theorem 4.1.1 (The Laplacian is critical for dimensions one and two, see, e.g., [64]).
Let V #0. Ford =1 assume that [ (1+ x*)|V (x)|dx < oo and for d = 2 assume that for
0 > 0 small enough we have

/|V(x)|1+5dx<oo and /(1+|x|2)1+5|V(x)|dx<oo. (4.1.3)

Then the operator h(A) = —A + AV has a negative eigenvalue for any A > 0 if and only
if [V(x)dx<0.
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4.2. Virtual levels of one-particle Schrédinger operators

Remark 4.1.2. (i) Besides the critical behavior of the Laplacian, in [64] also the
behavior of the eigenvalues in case of [ V(x)dx < 0 has been studied. The ob-
servation that the Laplacian is critical will be important in our following stud-

ies.

(ii) As mentioned above, for dimension d = 3 the Laplace operator is not critical

due to Hardy’s inequality. If we subtract a Hardy term i.e., consider the operator

(d-2)*

" |x|~2, (4.1.4)

H=-A-

we get a critical operator. In [77] a necessary and sufficient condition is given
2
for potentials V, such that H(A) = -A — (‘Z_TZ)IJCI_2 + AV has a negative eigen-

value for any A > 0.

Let us give a short outline of this chapter. We start in Section with the case
of one-particle Schrédinger operators, which is rather for the sake of completeness.
Some of the results of this section are ingredients in the proofs of the multi-particle
results, but might be of independent interest. In Sectionwe extend the studies to
multi-particle systems. Our main result is Theorem |4.3.3, where we present a crite-
rion that virtual levels correspond to a zero eigenvalue. We also show that this cri-
terion is fulfilled for systems of N = 3 one-dimensional or N = 4 two-dimensional

particles.

4.2. Virtual levels of one-particle Schrodinger

operators

4.2.1. Introduction

In this section, which is based on [8], we consider the Schrédinger operator
h=-A+V (4.2.1)
acting on L2(R%) with d € {1,2}. We assume that the potential V is not identically zero

and that for any € > 0 there exists a constant C(¢) > 0, such that for every y € H' (R%)

59



4. Virtual levels of Schrédinger operators

we have
AVIy,w) < ellVyll* + Cle) lypll. 4.2.2)

Moreover, we assume that the potential is short-range, i.e.,
V)| <CA+1xD727Y, xeR? |x|=A (4.2.3)

for some constants A, C,v > 0. We use the small letter & for the Schrodinger operator

to emphasize that we deal with a one-particle operator. For € € (0, 1) we write
he=h+eA=—-(1-¢)A+ V. (4.2.4)

Definition 4.2.1. Assume that the potential V satisfies (4.2.2) and (4.2.3). We say that
the operator h, defined in (4.2.1), has a virtual level at zero if # = 0 and for any € € (0, 1)

info (he) <0 (4.2.5)

For d = 3 itis an immediate consequence of Hardy’s inequality that for short-range
potentials the operator h has a virtual level at zero if and only if # = 0 and for any
€ > 0 the operator h=-A+V—-e(+]|x*~! has a discrete eigenvalue below zero. For
dimension one or two, where Hardy’s inequality does not hold, this equivalence is not
evident. On the other hand, since the Laplace operator is critical in these dimensions,
see Theorem the condition & = 0 implies [°°_ V(x)dx > 0. This observation is a
crucial ingredient in the proof of the following theorem.

Theorem 4.2.2 (Necessary and sufficient condition for a virtual level). Letd =1 or
d =2. We assume that V # 0 satisfies (4.2.2) and (4.2.3) and that h = 0. Furthermore,
let% be a bounded, strictly negative potential satisfying for|x| = A the condition

|%(x)| < Clx|? ifd=1 and |%(x)|<Clx|"*In"?(|x]) ifd =2 (4.2.6)

forsome C >0, A> 1. Then h has a virtual level at zero if and only if for any € > 0 and
for any functionw € H'(R%) we have

info (h+¢€%) <0. (4.2.7)
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4.2. Virtual levels of one-particle Schrédinger operators

Before we turn to the proof of Theorem4.2.2} let us collect some consequences that

will be useful later in this thesis for the multi-particle case.

Corollary 4.2.3. Assume that V # 0 satisfies (4.2.2) and (4.2.3), h = -A+V =0 and

that h does not have a virtual level at zero. Then for small €y > 0 the operator hg, = 0

also does not have a virtual level. Fixing such an €, > 0 and applying Theorem[4.2.3to
the operator hg, we find for % given by (4.2.6) an €1 > 0, such that

(L= VY I* + Vi, ) +er(%y, w) 2 0 (4.2.8)
for any functionw € H'(R%).

Corollary 4.2.4. Assume that h = 0 does not have a virtual level and that the potential

V # 0 satisfies (4.2.2) and (d.2.3). Then by choosing% according to Theorem[4.2.3with
U (x) = —1 for |x| < 1 we obtain from [@&.2.8) that for anyy € H' (R%)
+¢€

1+ — 1
“TETE0 9y + — (Vi ). (4.2.9)
2 €1

2
Iy, <
1

Proof of Theorem[4.2.2. Here we only prove that the absence of a virtual level of h
implies that does not hold. The other direction follows from Theorem [4.2.6)
which we will prove later, and the variational principle.

Let d = 1. Without loss of generality we can assume that % (x) = —(1 + |x|) 2. For
v € HY(R) we write

Yo (x) =y (x) —w(0). (4.2.10)
Then we have
|y (x)[? ) /°° 1 /°° lwo(x)|*
. 4.2.11
/_oo T2 dx < 2|y (0)] _Ool+x2dx+2 I dx ( )

Computing the first integral and applying the Hardy inequality for the semi axis for
the second integral, which is possible because 1((0) = 0, we get

0o 2
/ |1//j_x))cl <2n|w(0)|2 +8||1VI||2’ (4.2.12)

oo 1+X%

where we used that ¢’ = y,. Let us estimate |(0)|, which is done in the following
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4. Virtual levels of Schrédinger operators

Lemma 4.2.5. Assume that the conditions of Theorem are fulfilled. Then there
exist constants Cy, C; >0 which are independent of w € H'(R?), such that

WO = Co ' (Vy, y) + Crliy'II%. (4.2.13)

Proof of Lemmal[4.2.5. From the identity

(V) = / V(x)|w(0)*dx + / V(X0 |lwo(x)]*dx

0 . (4.2.14)
+2Re / V(0w (0)yo(x)dx
we get
(Vy,p) = / V(@) (0)*dx+ / V() o) dx
o0 o (4.2.15)
-2 / IV (01l (0)yo(x)| dx.
Note that for any 6 >0
21y (O o) = Sly )+ o (x)%, (4.2.16)

which together with implies
(V) = [y (0)? / (V(x) - 6|V (x)]) dx
+ / lwo () (V(x) -8 1V (x)]) dx
T (4.2.17)

> |y(0)* / (V(x) =8|V (x)])dx

~1+67hH / |V () [|wo ()] dax.
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4.2. Virtual levels of one-particle Schrédinger operators

Using Lemma3.1.11]to estimate the last term on the r.h.s of we get
o0
Vy,p) =y ) / (V(x) =61V dx—CA+6 Hllwoll%, (4.2.18)

for some C > 0. Due to 1((0) = 0 we have ||y II%I1 < C'||1V6||2 for some C’ > 0. This,
together with (4.2.18) yields

(Vy, ) =y () / (V(x) -8V (x)]) dx — C(8) / [y (0% dx. (4.2.19)

Since | _020 V(x)dx > 0, we can choose the constant 6 > 0 sufficiently small, such that

/ (V(x)-6lV(x))dx = %/ V(x)dx =:Cyp>0. (4.2.20)

(e.9]

This, together with and ¥’ (x) = y(x) implies
W OF < G (Vy,w) + C@ Iy I (4.2.21)

for some constant C;(6) > 0 which depends on V and 6 only. This completes the

proof of Lemmal4.2.5 O

Combining (4.2.12) with (4.2.13) yields

o 2
/ 0] dx < 272Gy (Vy, ) + GO IY'IP), (4.2.22)

oo 1+ x2

where C,(6) = C;(5) +8. Nowlet 0 # ¢ € H' (R?) be fixed. We distinguish between two

cases:

() If22C; N (Vy, ) < Co(8) Iy 1%, then yields

[ P
€1 / 11””2 dx < 261G, (6) [y 11%. (4.2.23)
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4. Virtual levels of Schrédinger operators

Now since h does not have a virtual level, for € > 0 small enough we find

(hy,w)—elly'|?> =0, (4.2.24)

where € can be chosen independently of 1. Hence, in view of (4.2.23) we can choose
€1 > 0 sufficiently small to conclude that

© |y (x)[?
1+ x2

(hy,yv) — & / dx=0. (4.2.25)

—00

(ii) If 27‘[C0_1 (Vy, ) = Cr(0) ||1//’||2, we have in particular (Vy,y) > 0 and by

[ P )
€1 / Tt 2 dx < 4e1nC, L vy, y). (4.2.26)
By choosing 0 < €7 < (4m)~1C, we obtain

2
[y (x)] dx
1+ x2

<hU/)w> —€1 /

(4.2.27)

[y (x)]? )
T dx=|ly/|*=0.

= ||w’||2+<vw,w>—sl/

This implies (4.2.25) in both cases and therefore, because €, can be chosen indepen-
dently of v, the statement of Theorem for the case d = 1.

Now we assume that d = 2. For ¢ € H' (R?) we write ((x) = w(x) — ag, where

agp ¥ (w) dw. (4.2.28)

a 27 sl

Then f§1 Yo(w)dw = 0 and thus we can apply the two-dimensional Hardy inequality
(2.1.26) to the function y(. Proceeding as in the proof of the one-dimensional case
yields the statement for d = 2 and therefore completes the proof of Theorem O

64



4.2. Virtual levels of one-particle Schrédinger operators

4.2.2. Solutions of the Schrodinger equation in the presence
of a virtual level
For the case d = 3 it was shown by D. Yafaev that the one-particle Schrédinger op-
erator h with h = 0 and a short-range potential V has a virtual level at zero if and
only if the equation hy = 0 has a solution in H' (R3). This solution does not belong
to L? (R®) and decays as |x| ™! for |x| — oo and therefore virtual levels of one-particle
Schrodinger operators in dimension three correspond to resonances, see [79]. For
dimension d = 4 virtual levels also correspond to resonances [5], while for d = 5 they
correspond to eigenvalues, see for example [22]. We investigate the analogue prob-

lem for the cases d = 1 and d = 2. We prove the following

Theorem 4.2.6. Assume that d € {1,2} and that V # 0 satisfies the conditions (4.2.2)
and [@.2.3). If h has a virtual level at zero, then the following assertions hold:

(i) There exists a solution gy € H (R?), ¢y # 0, of the equation —Apy+ Vg =0, i.e.,
forally € H (R
Vo, V) + (V o, ) = 0. (4.2.29)

(ii) Ifd =1, then for the functions @q satisfying (4.2.29) we have

(L+]-)"2Fpoe [2®)  foranye>0. (4.2.30)

(iii) Letd = 2. Then for the functions ¢, satisfying (4.2.29) we have

A+1-D A+ D)2 o e 2R foranye > 0. (4.2.31)

(iv) Ifin addition the potential V is relatively —A-bounded in the sense of operators

i.e., there exists a constant C > 0, such that
IVyl? < C (Al + llyl?) (4.2.32)

holds for all functions w € H2(R%), then there exists a constant 8y > 0, such that
for any functionw € H'(R?) satisfying (Vy, Vo) =0

(hy, ) = 8lIVy 2. (4.2.33)
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4. Virtual levels of Schrédinger operators

Remark 4.2.7. (i) Note that the left-hand side of is well-defined due to
conditions and and inequalities (2.2.5) and (2.2.6).

(i) In Theorem [4.2.6)we give a lower bound on the decay rate of solutions of the
Schrédinger equation corresponding to virtual levels. It is easy to see that if
the potentials are compactly supported and V(x) = V(|x|) for d = 2, then the
estimates and are almost sharp. It is also easy to see that in this
case the solution ¢ is constant outside of the support of V and therefore it can

not be an eigenfunction - zero is a resonance of h.

(iii) Theorem provides the owing direction in the proof of Theorem

namely that the existence of a virtual level implies
info(h+e%) <0 (4.2.34)

for any function % which satisfies (4.2.6) and any € > 0.

Proof of Theorem 4.2.6!

Since for any € > 0 we have infogis.(he) < 0, we find a sequence of eigenfunctions
v, € H' (R%) corresponding to a sequence of eigenvalues E,, < 0 of the operator 1,1,
i.e.,

—(1-n"Y Ay, +Vy, = E,w,. (4.2.35)

We normalize the functions vy, by the condition ||y, |l ;n = 1. Then there exists a sub-
sequence, also denoted by (1) ,en, Which converges weakly in A (R%) to a function
@o € H' (R?). We show that this function fulfills the properties stated in the theorem.

We break down the proof into several steps. At first, we show that ¢ satisfies
IVoll® + Vo, o) = 0. (4.2.36)

This is done in Lemma Then, in Lemma we show that the sequence
(W) nen satisfies an estimate for a weighted L2(R?%) norm which is uniform in n € N.
From this we conclude the estimates (4.2.30) and (4.2.31) for ¢, see Corollary
Finally, in Lemma[4.2.12)lwe prove uniqueness of the solution.
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4.2. Virtual levels of one-particle Schrédinger operators

Lemma 4.2.8. Assume that h has a virtual level at zero and that V satisfies (4.2.2) and
[@.2.3). Then the function ¢, defined above is not zero and for anyy € H'(R%)

(Yo, Vi) + (Vo ) = 0. (4.2.37)

Proof ofLemma At first, we show that (Vy,,v,) converges to (V¢y, @) for
n — oo, which is the difficult part of the proof. To do this we consider the behavior of
Vy, for small and large values of | x| separately. For small |x| we use that y;,, — ¢¢ in
LIZOC(Rd) and for large |x| we use the fast decay of the potential V at infinity. Let R >0
be fixed and

Vy, v)pw :/ Viyl*dx, we H'RY, (4.2.38)
B(R)

where B(R) = {x € R% : | x| < R}. We write

VY ) Br) — (VPo, o) BR) =V Wn—90), Wn)BR) + VP, Vn—@o)pr) (4.2.39)

and show that both summands on the r.h.s. tend to zero as n — oco. Let y : R — [0,1]

be a differentiable function, such that
Vyisbounded, y(x)=1ifxeB(R), y(x)=0ifx¢ B(R+1). (4.2.40)
Then we get by monotony and by the Cauchy-Bunjakowski-Schwarz inequality

VI = @0l lWal By < AVIZ W0 — ol IVIZ Wnlx)
(4.2.41)

NI—

< (V1w R =@olx 1¥n = @ol 1)) 2 (IVIWnx, warx))?

We estimate the two factors on the r.h.s. of (4.2.41) separately. By assumption (4.2.2)
we get

AV —@olx [wn—@olx) < elV (Iwn—@olx) I° + CEOIWn— o)y, (4.2.42)

where € > 0 can be chosen arbitrarily small, independently of n € N. Because of
IVy,ll <1, [V@oll < 1, the boundedness of y and Vy and because y is compactly
supported, the first term on the r.h.s. of (4.2.42) gets arbitrarily small, uniformly in

n e N, if € > 0 is small enough. The second term tends to zero as n — oo because y
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4. Virtual levels of Schrédinger operators

2

(R%). Hence, we obtain
loc

has compact support and ¥, — ¢ in L

(AVIlyn—@olx,1¥n—@olx) — 0 (n — o0). (4.2.43)

Similarly, we can show that {|V|y, x, ¥, ) is uniformly bounded for n € N and there-
fore in view of we conclude that (|VI||ly, — @ol, |w,l)pr) tends to zero for
n — oo. Analogously we get (V@o, v, — @o)pr) — 0 as n — co. We conclude that
for any fixed R >0

/ VX) |y, (x)>dx — V(xX)lpo(x)]*dx as n— oo. (4.2.44)
{lx|=R} {lx|<R}

Now we consider the behavior of [, .o V()Y (x)* dx for sufficiently large R > 0.
By taking R > A, condition together with the Hardy type inequality for
d =1 and (2.2.6) for d = 2, respectively, implies

W ()12
V@)Y n () dx < c/ — e —dx
Ax|>R} txi>ry (L+1x)2* (4.2.45)

<CR Z|ly,l%, =CR 2,

where the constant C does not depend on n € N. Due to the semi-continuity of the
norm we have |yl 71 < 1, and therefore we get similarly to (4.2.45)

/ |V (0)|lg@o(x)>dx < CR™Z. (4.2.46)
{lx|>R}

We see by and that by taking R > 0 large enough both integral tails
f{|x|>R} [V (X)||y,(x)[2dx and f{|x|>R} |V (x)|lgo(x)|*>dx can be done arbitrarily small,

uniformly in n € N. This, together with (4.2.44) implies

VY yn) — (Vepo,po)  asn—oo. (4.2.47)
Now we prove that ¢ # 0 and that ¢ satisfies the equation

IVoll2 + (Vgo, o) = 0. (4.2.48)
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4.2. Virtual levels of one-particle Schrédinger operators

By definition of the functions v, and due to the convergence of ¥, to ¢q in LIZOC([R{d)

we have
Vv < —(1-n"1) IV,

- - 1—n_1 (1—/ |u/ Izdx)
( ) {lxI=1} " (4.2.49)

— —1+/ I(polzdx
{lx|=1}

as n — oo. Due to (4.2.47) this yields

(Vgo, oy < =1+ / lpol® dx = =1—Vpoll® + llpoll;, (4.2.50)
{lx|=1}

and therefore

IVgoll +(Vepo, pod < =1+ llpoll - (4.2.51)

This inequality together with k = 0 implies [[@oll ;n = 1. On the other hand, we have
lpoll g < iminflly,ll g = 1. (4.2.52)

Therefore, we conclude ol 71 =1 and

IV@oll® + (Veo, o) = 0. (4.2.53)
Standard arguments show that ¢ satisfies (4.2.29). O

By Lemma we have proved statement (i) of Theorem Let us continue
and prove the estimates (4.2.30) and (@.2.31) for the weighted L?(R%) norm of ¢.

First, we prove an estimate for the functions v ,, namely the following lemma.

Lemma 4.2.9. Assume thatV satisfies (4.2.2) and (4.2.3) and that h has a virtual level
at zero. Let (W) nen be a sequence of eigenfunctions corresponding to negative eigen-
values E,, < 0 of the operator h,-1, normalized as |yl ;n = 1. Then the following

assertions hold:

(i) Ifd =1, then forany0 < a < % there exists a C > 0, such that forallneN

IV(-1%pn)ll=C and 11Q+]-D* 'yl <C. (4.2.54)
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(ii) Ifd =2, then forany0 < a < % there exists a C > 0, such that forallneN
IV (IIn(-DI%p,) Il <C (4.2.55)

and
IA+1-D7 A+ Ind-Dh* ty,ll < C. (4.2.56)

Remark 4.2.10. The idea of the proof stems from [2], where exponential decay has
been proved for eigenfunctions corresponding to eigenvalues below the essential
spectrum. The estimates for the decay rate depend on the distance of the eigenvalue
to the essential spectrum. We learned the idea from [27,28]. In our case each of the
eigenfunctions v, corresponds to an eigenvalue below the essential spectrum, which
implies that each of the v, decays exponentially. However, the sequence of eigenval-
ues E;, tends to zero as n — oo, which is the threshold of the essential spectrum of 5.
This is the reason why we do not have exponential decay with a uniform exponential
decay constant for all . In [7] a similar statement of the lemma was proved for the
case d = 3. The proof for d € {1,2} is based on the same ideas. However, due to the
lack of Hardy’s inequality in these dimensions, the proof differs in some places and

we have to work more carefully. Therefore, we give the complete proof.

Proof of Lemmal[4.2.9 Let G be a differentiable, bounded, real-valued function with

bounded derivative. Then, the eigenvalue equation
~A-n"YHAy,+Vy,=Ep, (4.2.57)
yields
(1= 1Y) (Y, V(GPya)) + Vg, G*yrn) = Enl Gy ll* <0, (4.2.58)
Note that

(Vo V(G*n)) + (V (GHn) , V) = 21V (Gyp) IIP = =2(yp, IVGPPwy),  (4.2.59)
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which is the basis for the IMS formula. Since
(V(G*yn), Vi n) + (Vy, V (G*w,)) = 2Re(V,, V (G*wr ), (4.2.60)
we get
Re(VYn, V (G*yn)) = (V(GY ), V(GYR) = —(wn, IVG ). (4.2.61)
On the other hand, by we see that (Vy,,,V (Gzt//n)) is real and therefore
(Vyn, VG Y ) = IV (G ) I? =y, VG2, (4.2.62)
Substituting this identity into implies
(1-n"Y) (IV(Gy )12 = 1w uVGI?) + (VG Gy ) <O0. (4.2.63)

Proof of statement (i). Letd =1and0<a < % be fixed. For € > 0 and R > 1 we define

a

G(X) = Gg,r(x) = P ARr(X), (4.2.64)
1+¢€|x|®

where yr is a smooth function with

0, |x|<R,
XRrR(X) = (4.2.65)
1, |x|=2R.

Then by definition, the function G, r vanishes in the region {x € R : |x| < R}. For

|x| > 2R we can estimate the gradient of G, g as

|oc—l

alx alx| ™1

VG = = Gerl<alxI™'|G 4.2.66
|VGe,r(x)| rel@P = Treme Oerl < @27 Gerl ( )
and for R < |x| < 2R we have
|VGer(%)] = ™ ()| +|Ge,r(X) VY (x)] = C(R) (4.2.67)
&R = (1+£|x|a)2XR €,R X = ) L
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for some C(R) depending on R only, and not on €. By we get

/ IVGe,rl*lyal* dx < Co / lynl® dx, (4.2.68)
{R<|x|<2R} {R<|x|<2R}

for some Cy > 0 which depends on R only. Now we use inequality (2.2.5) to estimate
the r.h.s. of (4.2.68). We get

2
/ lwal®dx < (1+4R%) W”Ide
{R<|x|<2R} {R|x|<2r} 1 +X (4.2.69)
< Cy(+4R) |y, 1%,

where Cp is a Hardy type constant in (2.2.5). This, together with (4.2.68) and the
normalization ||y, |l ;n = 1 implies

/ IVGe rl*lwnl® < C (4.2.70)
{R<|x|<2R}

for some C; > 0 which is independent of n € N and € > 0. Substituting (4.2.66) and
(4.2.70) into (4.2.63) we obtain

(1= IVGe gy ) I? + (VGe g n, Ge R 1)

G 2 (4.2.71)
—az/ —l E’Ruzlnl dx <G,
Qxi>2ry |l

where C, > 0 does not depend on n € N or € > 0. The function G¢ gy, is supported
outside the ball with radius R. Therefore, choosing R > A we can use (4.2.3) and apply
Hardy’s inequality for the semi axis, which yields

A =YV (Ge, R ) I? + {VGe rWn, Ge R ) — @I X1 Ge R, Ge pWp) 20 (4.2.72)

for all @ with a? < 1 and all yo < (1 —4a?). For n > 2y;! the estimates (.2.71) and
(4.2.72) imply
%IIV(G&RU/MIIZ <G (4.2.73)

Taking the limit € — 0 yields
IV(I-1%p,)ll<C (4.2.74)
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4.2. Virtual levels of one-particle Schrédinger operators

for some C > 0. Applying Hardy’s inequality for the semi axis to the function G, ry,,
using (4.2.74) and taking the limit € — 0 implies

1A+]-D tyull <C. (4.2.75)

This completes the proof of Lemma ford=1.
Proof of statement (ii). Letd =2 and 0 < a < % be fixed. Forany € >0 and R > 1 we

define the function
IIn(|x)|*

G =
eR0) = T D@

XRr(X), (4.2.76)

where yr :R% — R is a smooth function with

0, |x|<R,
AR(X) = (4.2.77)
1, |x|=2R.

Similarly to (4.2.66), for |VGe r| we have

aln®1(|x)) __ Ger

VG, gl = <a )
NV Gerl = AT eme )2 = el In(lx)

|x| > 2R, (4.2.78)

while for R < |x| < 2R the gradient VGE, r is bounded by a constant which depends on
R only. Now the proof goes along the same line as the proof of statement (i). For the

sake of completeness we present it in detail. By the use of inequality (2.2.6) we have

2
/ lynl?dx < (1+4R*In*(4R)) I'(//—nlz o
{R<|x|<2R) (R=lxi=2ry 1+ x| In"(|x]) (4.2.79)
< C(1+ 4RI (4R) lyall%,,

where Cp is a Hardy type constant in (2.2.6). Due to the boundedness of IVGE, gl in
the region R < |x| < 2R we find

/ IVGe rl*lwnl® < C (4.2.80)
{R<|x|<2R}

for some C; > 0 depending on R only. Substituting (4.2.78) and (4.2.80) into (4.2.63)
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4. Virtual levels of Schrédinger operators

we obtain

(1= Y IV Ge I* +(VGe,rWn, Ge, R )

G 2 (4.2.81)
_ az/ | £,R12//n| dx <
(1x>2Ry %1% 1In”(|x])

where C, > 0 does not depend on n € N or £ > 0. Since the function Gz, is sup-
ported outside the ball with radius R, by choosing R > A, using (4.2.3) and the two-

dimensional Hardy inequality we get

A =Y IV(Ge W) I? + (VGe rWn, Ge. R 1)

G 2 (4.2.82)
_ az/ | S,RIZ,Unl dx >0
(x>2Ry %1% 1In”(|x|)

forall a® < ; and yo < (1-4a?). For n > 2y, the estimates and imply
Yo = 2
> IV(Ge,ry ) 7 < Co. (4.2.83)
Taking the limit € — 0 yields
IV (IIn(-DI%w,) I <C (4.2.84)

Applying the two-dimensional Hardy inequality and taking the limit € — 0 completes

the proof as in the one-dimensional case. O

Now we use Lemma to derive the claimed estimates (4.2.30) and (4.2.31) of
the weighted L?(R?) norm of the function ¢.

Corollary 4.2.11. The weak limit ¢ of the sequence (Y ,) nen has the following prop-

erties.

(i) Ifd =1, then
1
A+]-D¥poe *®R)  foranya< > (4.2.85)

(ii) Ifd =2, then

A+1-D7 A+In(- ) e I2®RD)  foranya < % (4.2.86)
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4.2. Virtual levels of one-particle Schrédinger operators

Proof of Corollary|4.2.11} Letd =1andleta < % be fixed. We show that v, converges
to ¢o in L* (R?, (1 +|x)*@V dx). For R> 0 and a € (@, 1) we have

/ A +1xD* Py, > dx
(xl=FR) (4.2.87)
5(1+Rfm_%{/ 1+ 1xD? @™V |y, dx.
{lx|=R}
Since by Lemmawe have ||(1+]-))* !y, | < C uniformly for n € N and due to
a—ap <0, ther.h.s. tends to zero as R — co. Since ¥, converges to ¢g in L2 (R%), this

loc

yields the proof of part (i) of the Corollary. The case d = 2 follows analogously. O

By Corollary 4.2.11| we have proved assertions (ii) and (iii) of Theorem and
move on to the proof of assertion (iv). We prove it in the following Lemma.

Lemma 4.2.12. Assume that h has a virtual level at zero and that the potential V
satisfies and @2.3). Then, there exists a 8y > 0, such that for any v € H'(R%)
with (Vy, Vo) =0

(hy,w) = 8l V2. (4.2.88)

Proof of Lemmal[4.2.12 The proof is a straightforward modification of the proof of
Lemma 2.10 in [7]. Assume for a contradiction that does not hold i.e., there
exists a sequence of functions v, € HY(RY) with 1Pl gn =1, (V§,, Vo) = 0 and
(1—=n"Y) V@12 + (Vi ,, ¥,) < 0. Repeating the arguments of Lemmas
we see that there exists a function ¢; € H*(RY) n L2 (R?, (1 +|x|) "2 dx) with ||V, ||? +
(V1,¢1) =0, such that /. — ¢7 in L (Rd, (1+|x)">dx). Since o and ¢, both satisfy
(4.2.29), any linear combination of ¢y and ¢, is also a minimizer of the quadratic
form of h. Due to the orthogonality (Vi/, Vo) = 0 and the convergence of ¢/ to ¢,
the functions ¢y and ¢, are linearly independent. Therefore, the subspace of linear
combinations of ¢y and ¢, contains two non-trivial functions which are orthogonal
in the sense of the weighted L? scalar product with weight (1+]x|) 2. This implies that
there exists a minimizer of the quadratic form of /& which has non-trivial positive and
non-trivial negative part and each of them is also a minimizer of the quadratic form
of h. This contradicts the unique continuation theorem [60, Theorem 2.1] and the

Lemma is proved. 0

This completes the proof of Theorem4.2.6
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4. Virtual levels of Schrédinger operators

4.3. Virtual levels of multi-particle Schrodinger

operators

4.3.1. Introduction

Now we turn to the multi-particle case. We consider the Hamiltonian H correspond-
ingto asystem of N = 2 one- or two-dimensional particles in the center of mass frame
as it was introduced in Section We assume that the potentials V;; describing the

pair interactions between the particles are given by
— — dN _
Vij(x) =v;j(xij), x=(x1,...,xn) ER™T, x5 =x; — X (4.3.1)

with v;; satisfying v;; # 0 and and (4.2.3). In the following we shall not distin-
guish between V;; and v;; and sometimes we write V;;(x;;) instead of V;;(x). Recall
that after reduction of the center of mass the case N = 2 coincides with the one-
particle case considered in Section[4.2] Hence, we will only consider the case N = 3.

Let us extend the definition of virtual levels to multi-particle Schrédinger operators.

Definition 4.3.1. Assume that the potentials V;; satisfy (4.2.2) and (4.2.3). For a clus-
ter C < {1,..., N} we say that the cluster Hamiltonian H[C] has a virtual level at zero
if H[C] = 0 and

(i) there exists a constant £ > 0, such that

infoess (H[C]+€9Ap[C]) =0, (4.3.2)

(ii) foranyee€ (0,1)
info (H[C] +eAy[C]) <O0. (4.3.3)

Remark 4.3.2. Assume H[C] = 0 for a cluster C. Then condition is fulfilled if
and only if for no subcluster C < C with 1 < |C| < |C| the cluster Hamiltonian H|[C]
has a virtual level at zero. Indeed, if there exists such a cluster C, for which the corre-
sponding Hamiltonian has a virtual level, then we have info (H[C] + £A[C]) < 0 for
any € € (0,1) and according to the HVZ theorem condition can not be fulfilled
for H[C].
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4.3. Virtual levels of multi-particle Schrédinger operators

On the other hand, assume that (4.3.2) does not hold for some cluster C and any
€ € (0,1). We show that there exists a cluster Cy, such that H[Cy] has a virtual level at
zero. By the HVZ theorem there exists a subcluster C of C with C # C, such that

info (H[C]+¢eA0[C1) <0 (4.3.4)

holds for any € >€ (0, 1). Among these clusters we choose one with the smallest num-
ber of particles and denote it by Cy. If |Cy| = 2, the Hamiltonian H[Cy] can be con-
sidered as a one-particle operator with short-range potential, and therefore we have
infoess (H[Cyl + €Ag[Col) = 0 for any € € (0,1). Hence, H[Cy] has a virtual level at zero.
If |Cy| = 3, then, because C is the smallest cluster for which holds for any
€ € (0,1), for any subcluster C' C Cy with |C’| > 1 inequality does not hold for
all e € (0,1) i.e., we have

info (H[C'] +€A[C']) =0 (4.3.5)

for some € > 0. Since C has only a finite number of particles, we can choose this € > 0,
such that holds for any subcluster of Cy. Thus, by the HVZ theorem we have
for some g9 >0

infoess (H[Cpl + €9Ag[Col) =0 (4.3.6)

Since in addition info (H[Cp] + £Ay[Copl) < 0 for any € > 0, H[Cp] has a virtual level.

It was shown in [24] that for systems of N = 3 particles in dimension three virtual
levels correspond to eigenvalues. In [7] this result was extended to space dimension

d = 3 and for the corresponding eigenfunction ¢, the following estimate was given,

Vo(l-1%p0) € L*(Xo) and (1+]-|m)* ‘o € L*(Xp) (4.3.7)

d(N-1)-2
forany0<a < 5.

Our goal is to generalize these results to systems of one- and two-dimensional par-
ticles. In the next paragraph we give a criterion in terms of a Hardy type constant en-
suring that virtual levels correspond to eigenvalues. This criterion, which is the main
result of this chapter, applies for systems of N = 3 one-dimensional or N = 4 two-
dimensional particles. Later, in Sections |4.3.4 we discuss some special cases

and prove some further results. If not stated otherwise, the results are from [8].

77



4. Virtual levels of Schrédinger operators

4.3.2. The main result: A sufficient condition that virtual

levels correspond to eigenvalues

Let
M={yeCy(Xo\{OD) : w(x)=0forx;=x;,1<i,j< N, i#j} (4.3.8)

and
IVowll

Cu(Xo)= i .
ozyed ||| x|yl

(4.3.9)

The main theorem of this chapter is the following

Theorem 4.3.3. Let H be the Hamiltonian of a system of N = 3 d-dimensional par-
ticles with d = 1, where the potentials V;; # 0 satisfy (4.2.2) and (4.2.3). Assume that

H has a virtual level at zero and for the constant Cr;(Xy) defined in @.3.9) we have
Cy(Xo) > 1. Then

(i) zero is a simple eigenvalue of H and for the corresponding eigenfunction o we
have

Vo (I-1%p0) € L2(Xo) and (1+]-1,m)% ‘o € L*(Xo) (4.3.10)

forany0 < a < Cy(Xy).

(ii) There exists a constant &q > 0, such that for any function v € H'(X,) satisfying
(Vowo, Vo) =0 we have

(1=60)IVowl® + (Vy,y) = 0. (4.3.11)

This theorem has the following immediate consequences for systems of one- or

two-dimensional particles.

Corollary 4.3.4 (Virtual levels for systems of N = 4 two-dimensional particles). If
d =2 and N = 4, then Cy(Xy) coincides with the Hardy constant for the 2(N — 1) di-
mensional space Xy i.e., Cy;(Xo) = N —2 > 1. Therefore, Theorem can be applied.
In particular, it shows that in this case the solution ¢, of the Schrédinger equation

corresponding to the virtual level is a non-degenerate eigenfunction satisfying

(1+|-|m)“_1(p0 eLZ(Xo) foranya < N -2. (4.3.12)
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Corollary 4.3.5 (Virtual levels for systems of N = 4 one-dimensional particles). If
d =1 and N = 4, each of the hyperplanes {x; = x;} divides the space Xy into two half-
spaces. Taking one of these hyperplanes and using that the Hardy constant for the half-
space is given by %, see for example [48, Proposition 4.1], we get Cy(Xy) = % > 1.
Hence, Theorem[4.3.3 can be applied. This implies that zero is a simple eigenvalue of
H and the corresponding eigenfunction ¢ satisfies

N
A+1- 1w oo e [*(Xg)  foranya < (4.3.13)

Remark 4.3.6. (i) The case of three particles is not covered by Corollary[4.3.4/and
Corollary [4.3.5] For systems of three one-dimensional particles virtual levels
correspond to eigenvalues as we will see in Section[4.3.4] For the case of three
two-dimensional particles the condition given in Theorem [4.3.3|is not fulfilled.
We will discuss this case in Section[4.3.5]

(ii) Note thatin Theorem[4.3.3]and Corollaries[4.3.4/and[4.3.5we give estimates for
the decay rates of the solution ¢y. It was shown in [6] that for systems of parti-
cles in dimension d = 3 the solution ¢, decays with the same rate as the funda-
mental solution of the Laplace operator in L?(R¥) with k = d(N —1). There, the
estimate for the decay rate given in was combined with the representa-
tion of the solution ¢ as convolution with the Green function. This method
can not directly be extended to the one- or two-dimensional case due to the
different behavior of the Green function, and it seems to be more difficult to
obtain the exact decay rate. In fact, there are not only technical differences, but
also a different decay behavior occurs for one-dimensional particles as we will

see later (see Section4.3.4).

4.3.3. Proof of Theorem [4.33

The proof consists of several steps. Recall that for multi-particle systems the poten-
tial V does not decay in all directions even if the pair potentials V;; are compactly
supported. In the first step we generalize Theorem where we studied virtual
levels of Schrodinger operators with short-range potentials, to potentials which do

not decay in all directions. Later, we will show that the Hamiltonian H of the system,
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considered as an operator on L2(RIWN-1D) satisfies the conditions of this theorem. To
do this we use geometric methods which include a partition of unity of the config-
uration space. Since the estimates for the localization error which can be found in
the literature are not appropriate in dimensions one and two, we will need improved

estimates.

Virtual levels of one-particle Schrédinger operators with

non-decaying potentials

Theorem 4.3.7. Consider the operator h = —A+V acting on L*>(R¥), k € N, where the
potential V satisfies (4.2.2). Suppose that h has a virtual level at zero and that there
exist constants ag > 1, b >0 and y, € (0,1), such that for any functiony € H" (R¥) with
supp (@) c {x e R? : |x| = b} we have

(hy, ) — Yol Vi lI* = (aglx| %y, y) = 0. (4.3.14)
Then zero is a simple eigenvalue of h. The eigenfunction ¢ satisfies
V(I-1%¢,) € L*®RY) (4.3.15)
and for any a < ay

A+-N* Lo € L2(RF) ifk#2,

(4.3.16)
and (1+[-D* 1 +In(-D) " poe L2 RY  ifk=2.

Moreover, there exists a constant 8y > 0, such that for any function w € H'(R*) with
<V1;U! V(p0> =0
(hy,w)y = 8ol V|2 (4.3.17)

Remark 4.3.8. (i) For dimensions k > 3 the statement of Theorem [4.3.7]has been
proved in [7, Theorem 2.1]. Here, we generalize it to dimensions k = 1 and k = 2.
Since the proof is very similar to the one of Theorem 2.1 in [7], supplemented
by arguments of the proof of Theorem [4.2.6} we skip it here. We give the proof
of Theorem[4.3.7|for dimensions k =1 and k = 2 in Appendix[A.1]
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(ii) Later, we will apply this theorem with dimension k = d(IN — 1) for the multi-
particle Schrodinger operator corresponding to a system of N d-dimensional

particles.

(iii) For dimension k=1 or k =2 Theorem|4.3.7|considers the case which is in some
sense complementary to the one studied in Theorem In Theorem [4.2.6
we assumed that the potential V decays fast at infinity. In Theorem [4.3.7] we
do not have decay of the potential at infinity. Instead of this we use inequality
for functions ¥ which are supported far away from the origin. This con-
dition can not be fulfilled for k = 1 and k = 2 if V decays fast at infinity, because
the term —(le_zw, ¥) can not be controlled by the kinetic energy. Moreover,
under the conditions of Theorem 4.3.7|virtual levels correspond to eigenvalues
of h. In contrast to that, under the conditions of Theorem[4.2.6|they correspond

to resonances.

Estimate of the localization error

As already mentioned, to prove Theorem [4.3.3we apply Theorem [4.3.7]to the multi-
particle operator H. To show that the conditions of this theorem are fulfilled we use
geometric methods which are similar as in [7]. A central element of these methods
is a separation of clusters of the particles in the system. This is done by a partition
of unity of the configuration space which separates regions K(Z,«) corresponding
to different partitions Z. An important step is to find an appropriate estimate of the
resulting localization error.

If the dimension of the particles is d = 3, one can use an estimate given in [74)}
Lemma 5.1]. This estimate shows that when we separate a cone K(Z,«), then the
localization error can be estimated as slq(Z)I;f with an arbitrarily small € > 0. For
particles in dimension d = 3 one can then use Hardy’s inequality to control this term
by a small part of the kinetic energy. However, in our case, where the particles are
one- or two-dimensional, the estimate given in [74] cannot be used, because Hardy’s
inequality for dimension two needs a different Hardy weight. Therefore, we need a
significant improvement of the estimate of the localization error. This is given in the

following theorem.
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Theorem 4.3.9. Givene >0 and0 < x < 1, for each partition Z with |Z| = 2 one can
find a constant0 < k' < x and piece-wise differentiable functions uz, vz : Xo — R, such
that
1 ifxeK(Z,x'),
uz+vs=1, uz(x)= f (2:x) (4.3.18)
0 ifx¢K(Zx)
and
IVouzl® +Vovzl* < [luzPIxl,” + luz*1q1,7 7% (1q1mlél;,))] (4.3.19)

forxe K(Z,x',x). Here, q = q(Z) and & = &(Z).

|Gl m
7 1qlm =xI¢Im
Uy =
O<uz<l
-> |(]|m = K/|St|m
uy=1
11 m

Figure 4.1.: The function u,

To prove Theorem we will use an auxiliary result for scalar functions, namely

the following

Lemma 4.3.10. Foranye >0 and any0 < 3 < 1 one can find a constant0 < a < * and
a non-increasing function u € H'(a, ) n C([a, B]) which is piece-wise continuously
differentiable, such that u(a) =1, u(f) =0 and

(W) <et?In"?(1), ast<§p. (4.3.20)

Proof of Lemmal[4.3.10 Let € > 0 and B € (0,1) be fixed. Forany0 <y <1l and a €
(0, 8%) let g,y : [a, Bl — R be given by

i@ ™H[ " Inp™hH]” ifa<t=<p?

= (4.3.21)
In(@p™)| |mp|" " Inp™h)| iffE<r<p.

ua))/
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It is evident that u is continuous and piecewise continuously differentiable and sat-
isfies uq (@) =1 and uq,y(B) = 0. We will show that for appropriately chosen a,y >0
the function uy, , satisfies the estimate claimed in the lemma. At first, we show that
the claimed estimate holds on the interval («, ,82), uniformly for 0 < a < ,62 ify>0is
small enough. Afterwards, we fix such y > 0 and choose a > 0 sufficiently small, such

that we get the claimed estimate on the interval (2, §) as well. For a < t < > we have
2 ) L 20-D
4y @) =¥ int@p ™)™ Inep™H " 2 (4.3.22)

Note that dueto aff! <1land tf7! <1for a < ¢ < % we have |In(af™)| = [In(zg™H)]|.
This yields
2 _
(U @) =P InB™H 62 a<r<p (4.3.23)

Since for £, =0
t<p = Vi<sp = tpl=<Vt (4.3.24)

and because of f < 1, we have |ln(t,6_1)| > |ln \/f| = % [In ¢]. This implies
2
Uy @) =aPIne 262, a<e<p? (4.3.25)

Choosing y such that 0 <y < g we get

2
Uy @) =ellne?e?, a<i<p? (4.3.26)

/e

Now we fix0 <y < 78 and estimate (ugm,(t))2 for /32 < t < f. In this case we have
2 _ _
(4 @) = [In@p™)] ™ I p27" 2, (4.3.27)
Since B < 1, we have |In 2| = |[Int| for % < t < f and therefore

(u’wm)z < [In(@p™H| ™ In 27 1In 221 1|2 172

» , (4.3.28)
=4|In(@p™)| " |InB[7 IIntl 2t 2 < elln¢ %12
if a is chosen small enough. This completes the proof of Lemma}4.3.10 O
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Now we turn to the

Proof of Theorem[4.3.9 Let Z be a partition of the system with |Z| = 2 and let € > 0
and 0 < x < 1 be fixed. We construct functions uz, vz which satisfy the conditions of
Theorem[4.3.9] This is done in several steps. For the sake of convenience we write g
and ¢ instead of g(Z) and ¢(Z), respectively.

Step 1: Definition of the functions u#; and v; in the vicinity of | g|,,;, = «|{] .
Let v; € H'(R,) be a function satisfying

* p; isnon-decreasing on R,
e yi(H)=1fort=xand 0 < vy(¥) <1for t <x,
e V(DA -v3()) 2 —0ast—K_.

Forxe Xy, x=qg+¢, let

vz(x) =1 (llz%)’ uz(x) =1/1-v%(x). (4.3.29)

Then for x € K(Z,«) we have

-1
IVouzl®* +Vovzl* = [Vovzl* (1-15)

) (4.3.30)
= W02 (1-v30) ' (1 +1q12,1€1,2) 11,2,

where t = |glml€l;,). For x € K(Z,x) we have [¢[;,? < (1+x?)|x],? and ll?% < x. This

implies
-1 _
IVouzl* +Vovzl* < () (0)* (1-v(0) " A +x2)2|xl,2. (4.3.31)

Since v} (£)(1 - vf(t))_% —0ast /«,wecanfind 0 < x” <« so close to k that
W 021-20)  a+x®=evdn), «'st<x. (4.3.32)
This implies

IVouzl* +Vovz* <evilxl,?,  xeK(Z,x)\K(Z,x"). (4.3.33)
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Step 2: Definition of v for x € K(Z,«").

Now we define vz for x € K(Z,x"). By Lemma[4.3.10} for given & > 0 we find a con-

stant 0 < ¥’ < k" and a non-decreasing function v,, such that
s 1(x") =",
e 1,(x)=0

. (vé(t))zséltl_zln'zt for x'<r<x«”.

We choose v, in such a way that v; is strictly increasing on (x’,x"). For x € K(Z,x")

with x = g +¢, let
vy (x) =1, (llngZ)’ uz(x) =1/1-v%(x).
Then, similar to we have
(IVouzl? +1Vovz ) uz? = Wh(0)* (1= v3(0) ™ uz?- (1+ 2) 1,2,
where t = |gl ¢, Since v, is increasing and uz = /1 - v2, we have
Wy (21 - 2O uf < (B0 (1- BN 2, =«
Substituting this estimate into and using t < " we get

(IVouzl* +VovzI*) u* < (05 (£)* (1 - Uz(k")z)_z (1+ &) IEl,2

(4.3.34)

(4.3.35)

(4.3.36)

(4.3.37)

Recall that v,(x"") is possibly close to one, but strictly less then one. Because of

(vé(t))2 < &t|7%In"? t we get

(IVouzl? +VovzI?) uz? < &12In~2 £ (1 - v (k")%) 2 (1 + ™) IE12.

(4.3.38)

Choosing & > 0 so small that & (1 - vg(k”)z)_2 (1+x"?) < € and using t = |q|m¢]};}

completes the proof of Theorem4.3.9

O
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Proof of Theorem [4.3.3

Now we turn to the proof of Theorem It is an application of Theorem
and we use geometric methods to prove that all conditions of the latter theorem
are fulfilled. Since the pair potentials V;; are relatively form bounded, so is V =
2 1<i<j<N Vij(xij). Hence, we only need to show that condition is fulfilled

forany0<a < C(Xo). This is done in the following

Lemma 4.3.11. Letd € {1,2} and N = 3. Assume that the potentials V;; satisfy
and [4.2.3). Furthermore, suppose that H has a virtual level at zero. Then for any
0 < a < Cy(Xy) there exist constants yo, R > 0, such that for any function ¢ € H'(X,)
with supp (p) c {x € Xo: |x|;n = R} we have

Llpl := 1 =70 IVogll* + (V) = &®ll|x]7,, pll* = 0. (4.3.39)
To explain the strategy we give the proof for the case N = 3 first.

Proof of Lemmal4.3.11) for N = 3. In the proof we use the idea of the proof of Theo-
rem 4.4 in [7], where an analogue statement was proved for d = 3. We take x > 0 so
small that cones K(Z,«) and K(Z',«) do not overlap for different partitions Z # Z' of
the system into two clusters. This is possible because of Lemma For given
€ > 0 we choose functions u, according to Theorem Recall that in
we only consider functions ¢ which are supported outside the ball B(R) with ra-
dius R > 0. Since the cones K(Z,«x) do not overlap, the functions u; with |Z| = 2
and 7 = \/1 - Y 7171=2 uZZ, restricted to Xy \ B(R), are a partition of unity of X, \ B(R).
Therefore, we get by Theorem[4.3.9]

Lipl= Y Llpuzl+ L[Vl (4.3.40)
Z:|Z|=2

where the functionals L,, L’2 : H'(X,) — R are given by

Lo[wl = (1= y) IVowll® + (Vy, w) — a?|l|x],, |
—ellg( )1 I (1g(DImlE D) W 20 a0 (4.3.41)
Lyl = A=y IVow|? + (Vy,w) — (@® + &)l xI,, .
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4.3. Virtual levels of multi-particle Schrédinger operators

We recall that by Theorem the constants € > 0 and x > 0 in (4.3.41) can be
chosen arbitrarily small if ¥’ > 0 is sufficiently small. Note also that the terms
£|||x|;11w||2 and EIIICI(Z)|;11 In~t (|‘7(Z)|m|‘t(z)|r_nl)w”?@(Z,K',K) come from the estimate
of the localization error given in Theorem We estimate the functional L by
estimating Ly [¢puz] and L, [7 ¢] separately.

Estimate of the functional L [puz].

Let Z = {Cy, C,} be an arbitrary partition of the system into two clusters. Our goal is to
prove that Ly[@u,] = 0 holds for any function ¢ € H' (Xy) with supp (¢) < {|x|;» = R},
whenever R > 0 is large enough and the constants ¢,k > 0 in the definition of L, are
sufficiently small. Since we consider a fixed breaking Z, we can omit the index Z in
the following computations. We write g and ¢ instead of g(Z) and ¢(Z), respectively

and denote ¥ = puz. We rewrite

Loly] =(H 2w, ) = yolVwl? + (1= yo) | Ve ||” + I (2w, w)

211 oi=1.0 112 1.1 2 (4.3.42)
= [[1xl v )" = € 191 07 (1g1mIE15) W | k2 -

First, we estimate the inter-cluster potential I(Z). We assume that |C;| = 2 and de-
note the particles in the cluster C; by i, j and the particle in C, by k. Then by
forxe K(Z,x)

|xi = Xkl = clélm and  [xj— xk| = clSlm (4.3.43)

for some ¢ > 0 depending on the masses of the particles and the constant x only.
Since for x € Kg(Z,x) we have ||, = (1 +1<2)_% ||, we can choose R > 0 so large
that c|él,; = A holds for all x € Kg(Z,«), where A is the constant in the condition
(4.2.3). Therefore, we can estimate

II(Z) ()] < Vi ()| + Vi ()] < CIELT < €lél;,7, (4.3.44)

where € > 0 can be chosen arbitrarily small if R > 0 is large enough. Furthermore, on

the support of ¢ we have |q|,, < «[¢|,, and therefore the Poincaré-Friedrichs inequal-

ity (Theorem[2.1.11) yields

YolVwl? = %III«EI;H/IIZ. (4.3.45)
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4. Virtual levels of Schrédinger operators

By choosing x > 0 small enough this together with (4.3.44) implies

YollVawll? + 12w, w) - o ||Ixl; w|* = 0 (4.3.46)

and therefore

Loyl 2 (H2w,v) =270l Vgwl? — e |1l n ™ (1g1mlE ) ¥y - 43:47)

To estimate the r.h.s. of (4.3.47) we distinguish between the case of one-dimensional
and the case of two-dimensional particles.

(i) If the particles are one-dimensional, we have dim(Xy(Z)) =1 and due to |Cy| =1

(HZ)y,y) =(HIC]ly,y) and [Vgyl=IVgcywl, (4.3.48)

where here we consider the operators H(Z) and H[C;] as operators on L?(X,). We
will use the letters g for g(Z) and q[C,;] and ¢ for ¢(Z) and ¢[C,] simultaneously. We
estimate the last term on the r.h.s. of by

— — — 2 —
e1q15 ™ (1q1mIE15) ¥ |y zarmo < ENA+1G1m) T W, 0 (4.3.49)

which is true for x > 0 small enough and R > 0 sufficiently large. This yields

Lylyl = (HICw, v) = 20V qw 11> = ell A+ 1q1m) " W, 00 (4.3.50)

Since C; consists of two particles and H[C1] is the operator with the center of mass of
C; removed, we can consider H[C;] as one-particle Schrodinger operator on [2(R).
Moreover, by Remark[4.3.2 the operator H[C;] does not have a virtual level. There-
fore, we can use Corollary to conclude that Ly[y] = 0 for € > 0 and y( > 0 small
enough and R > 0 sufficiently large.

(ii) If the particles are two-dimensional, we have dim(Xy(Z)) = 2. In this case we use

that since H[C;] does not have a virtual level, we have

(HIC1 1y, ) 2 3y0llVgic, w11 (4.3.51)
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4.3. Virtual levels of multi-particle Schrédinger operators

for yp > 0 small enough. This, together with (4.3.47) and (4.3.48) implies

Loyl 2 ol Vqwl? — e | 1g15 7 (1qlmlé5) W]k 200 (4.3.52)

To estimate the r.h.s. of (4.3.52) we introduce the new variable y = %. Then we get

Yol Vawl? = [1gl 0 (11l ;) vl e

= IVol? = elgl,? In"2 (191110 | lwl?) dgdé
//{Kwamsmlmsma,n} (Yo d qm| (qm ’")| v ) 9 (4.3.53)

1 7/ - - ~
:/W/{ <ty }(Vo'vy‘”(y’f)lz—elylmzlln 2 (1) |19 (3, ©)12) dy €,
m K’Sym51<

where (y,&) = w(yI¢lm,¢). Note that ¥(y,¢) = 0 for |y|,, = x. By choosing x < 1 we
have (In|y|,,) 2 < C(1+(n|y|,)?) ! for some C > 0 and |y|,, < x. Therefore, applying
the two-dimensional Hardy type inequality, given in Lemma to the function
W (y,¢€) for fixed ¢ shows that the r.h.s. of is non-negative for sufficiently small
€>0. This proves Ly [y] = 0.

Estimate of L, [V y].

Note that 7 ¢ is supported in the region where all particles are separated. More
precisely, supp (¥ ¢) < Xo \ K(Z,«x') for all partitions Z with |Z| = 2. Let i, j, k be
pairwise distinct and Z® = {{i, j}, {k}}. Then for x € Xy \ K(Z®, k") we have

mynmy

(1+&)72) xR, (4.3.54)
+ mo

i — xj[2 = %m(zm)ﬁn >
Hence, for x € supp (¥ ¢) we have |x; — x;| = Aif R > 0 is large enough and thus
Vi ()] < clxl; 27" < elxl,2. (4.3.55)
Inserting this estimate in the definition of L'[¥ ¢] we get

Ly[V ol = (1 =y IVo (¥ ) II* — (a® +4)l|x],} V 2. (4.3.56)
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4. Virtual levels of Schrédinger operators

Since 7 ¢ can be approximated (in the norm of H L(Xo) by functions in .4, we get
VoV )12 = (Crr(Xo))* Il xl51 ¥ 1. (4.3.57)

Due to 0 < a < Cy(X,) we obtain L’2 [V @l = 0 for yo > 0 and € > 0 small enough. This
completes the proof of Lemma4.3.11|for the case N = 3. O

Remark 4.3.12. Note that for particles with space dimension d = 3 one can directly
use the absence of virtual levels for the cluster Hamiltonians and Hardy’s inequality
to estimate the r.h.s of (4.3.47). For the case of two-dimensional particles we used the
two-dimensional Hardy type inequality, which required an improved estimate of the
localization error and the substitution (4.3.53). For the one-dimensional case Hardy’s
inequality can not be used because the function ¢(:,¢) does not vanish for g = 0. In

this case we used f[R V(x)dx > 0 to compensate for the localization error.

Now we extend the proof of Lemmal4.3.11|to systems of more than three particles.

Proof of Lemmal[4.3.11 for N = 4. The proof is a generalization of the one for the
three-particle case. We estimate the functional L in cones K(Z,«) corresponding to
partitions Z with increasing order |Z|. Let k2 > 0 be so small that cones K(Z,x>)
and K(Z',x») do not overlap for different partitions Z # Z' with |Z| = | Z'| = 2. Then

analogously to the three-particle case we get

Lipl= Y Lilpuzl+ L7 @], (4.3.58)
Z:|Z|=2

where 7® = \/1 —Y 771=2 U4 for |x|,, = R and the functionals L, L, : H'(X) — R
are defined analogously to (4.3.41). By estimating the inter-cluster potential I(Z) as

in the case N = 3 we arrive at

Lolw] = (HZ)y, w) = 2yollV gl € 1915 7 (1g1ml ) ¥y s - 4-3.59)
Since the Hamiltonians H[C] with |C| > 1 do not have virtual levels, we have

(H(Z)y,y) =2 3y0Vqy|? (4.3.60)
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4.3. Virtual levels of multi-particle Schrédinger operators

for sufficiently small y( > 0 and therefore, by (4.3.59),

Lol 2 yolVowl? — e ]|lgi 07 (191mlEnd) ] e,z (4.3.61)

if yo > 0 is small enough. If d =1 and N = 4, we have dim(Xy(Z)) = 2 and we can
proceed as in the case of three two-dimensional particles. In all other cases we have

dim(Xy(2)) = 3 and we estimate

_ —_ _ 2 _
e 1l ™ (191ml€ 1 ) ¥ ko zarao < ENA+1G1m) T W% (2000 (4.3.62)

and use the Hardy type inequality to derive Ly [y] = 0 for small € > 0.

To estimate L) [¥® ¢] we make a partition of unity of the set

y:XO\(B(R) U K(Z,K’z)), (4.3.63)
Z:|Z|=2

which contains the support of ¥ @¢. Let k3 € (0,1) be so small that K(Z,«k3) and
K(Z,x3) for partitions Z # Z with |Z| = | Z| = 3 do not overlap on the set . given in
(4-3:63). Such a constant k3 exists due to Theorem By applying Theorem[4.3.9]
we get

Liv@el= Y LiivPouzl + Lyl (4.3.64)
Z:|Z|=3

where 7® = 7@ \/1 =Y 7121=3 uZZ on . and the functionals Lg,Lé : H'(Xy) — R are
given by

La[y] = A =y IVowI* + (Vy,w) — (a® + &) |1 xI, wII*
—ellqg(D I~ (19D mlE D)0 ) Y70 sy (43.65)

Lylw] = (1= yo) IVowll® + (Vy, ) — (@ + )ll|x];, wiI®

for some € > 0 which can be chosen arbitrarily small. By the same arguments as for
partitions Z with | Z| = 2 we can prove L3[¥ @ ¢u_ ] = 0 for all partitions Z into three
clusters. If N = 5, we continue this process for all partitions Z with [Z] < N -1 and

finally arrive at the point where it remains to estimate the functional

L' = A =y) IVowlI? + Vi, ) — (@® + &)l |x,, 112 = 0 (4.3.66)
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for functions ¥ := ¥ ™~V supported in the region where all particles are separated
from each other, namely there exists a constant ¢ > 0, such that we have |x; ;| = c|x],

for x € supp (¥ W=D¢). Therefore, we can estimate
V()< CA+xlm) 2 <e +|xlm) 2 (4.3.67)
if R > 0 is large enough. This implies
LN Vgl = A -ylIVo (VN V)2 - @ +20)llxl, VN Vol?. 4.3.68)
Similarly to we have
V6 (PN Vo) ||” = (Cr(Xo))? || 115 7 N (4.3.69)

Since 0 < a < Cy(Xp), we can choose Yo > 0 and ¢ > 0 sufficiently small to obtain
L'V V=D ] > 0. This completes the proof of Lemmal4.3.11|and therefore the proof of
Theorem[4.3.3 O

4.3.4. The special case of one-dimensional particles

Recall that in Theorem we proved a condition, such that virtual levels corre-
spond to eigenvalues. Concerning the decay behavior of the corresponding eigen-
function ¢ the case of one-dimensional particles is special. Recall that if the dimen-
sion of the particles is d = 3, then ¢, decays with the same rate as the fundamental
solution of the Laplacian in R with k = d(N — 1), see [6]. By the estimate
given in Corollary [4.3.5| we see that for one-dimensional particles ¢, decays faster
than the fundamental solution in RV~1. This can be explained by the fact that for
one-dimensional particles the sets {x; = x;} are hyperplanes in Xy, which implies that
the constant Cy(Xp) is larger than the Hardy constant Cy(X) for the whole space.

For the estimate given in Corollary[4.3.5|we used that functions in .# are zero on
the hyperplanes {x; = x;} and applied the Hardy inequality for the half space. In
fact, we only used that these functions vanish on one of the hyperplanes {x; = x;}.
By taking into account that they vanish on all of them we can improve the estimate
given in Corollary[4.3.5 We demonstrate this exemplarily for two cases.
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4.3. Virtual levels of multi-particle Schrédinger operators

Theorem 4.3.13. (i) For a system of three one-dimensional particles with masses

my, my, ms > 0 and pairwise distinct i, j, k € {1,2,3} let

m;myg
0; = arccos ! . (4.3.70)
\/mi +mj\/mi+mk
Then
~ T .
Cy(Xp) = R where 0y =max{0;, i =1,2,3}. (4.3.71)
0

In particular, for systems of three one-dimensional particles virtual levels of the

operator H correspond to simple eigenvalues.

(ii) For a system of four identical one-dimensional particles we have Cy(Xy) = %

Remark 4.3.14. (i) Itiseasy to see that % <0< % Therefore, in case of three one-

(ii)

dimensional particles the constant Cy(Xo) takes its maximal value C(Xp) = 3
for 0y = %, which corresponds to the case m; = my = ms. On the other hand,
if one of the masses m; tends to infinity while the other masses are bounded,
then 6y — 7 and therefore Cu(Xo) — 2.

Note that by Theorem [4.3.13| (ii) we get a significantly improved estimate for
the decay rate compared to the one given in Corollary|4.3.5, where Cp(X,) was

estimated by ;—’

Proof of Theorem [4.3.13| (i)

The proof consist of two steps: First, we prove some geometric properties of the

space X,y which is planar in case of three one-dimensional particles. Later, we will
use the Hardy type inequality for sectors, given in Theorem [2.1.9} to derive the value
of Cr(Xo).

Lemma 4.3.15. Letd =1 and N = 3. Then the lines x1 = x», X1 = X3 and x» = x3 divide

the space X into six sectors S1,Sa, ..., Se¢ with angles 0, = 04, 0, = 05 and 03 = 0 where

0;,i=1,2,3 is given by

m;myg
! (4.3.72)

0; = arccos

\/m,-+mj\/mi+mk '

93



4. Virtual levels of Schrédinger operators

Proof of Lemmal4.3.15. At first, we describe the halflines x; = x, =0, x; = x3 <0 and

X2 = x3 = 0. Itis clear that they are spanned by the vectors

my + my T mi +msg T
U2 = 1,1,—— ’ uis=\— ;—,_1 ’
3 e (4.3.73)
mo + msg

-
and Ltzgz(— ,1,1) , respectively.

m
For a better understanding of the following steps we illustrate the halflines in a coor-

dinate system. To this end we choose an orthogonal basis {v;, v»} of X, with

(mp+mp) T T
vy = (1,1,—#) = (—mz,ml,O) (4.3.74)

ms3

and denote by (a, ) the coordinates corresponding to this basis. In this coordinate

system the vectors u;; have the following coordinates (a;, f;):

msg m1+m2+m3)
)

(@12, $12) =(1,0), (a13,P13) = (

m;+mo ’ mo(my + my)

(4.3.75)
ms my+ my+ ms
(@23, Bo3) = (— , )
my+my my(my +mp)
Hence, we can illustrate the half lines x; = x, = 0, x; = x3 < 0 and x; = x3 = 0 in the
following picture:
V2
A
Xo=x3=0 X1=x3<0
X1=Xx2=0

Figure 4.2.: The halflines x; =x, =20, xy =x3<0and x, = x3 =0

Let S; be the sector between the half lines x; = x, = 0 and x; = x3 <0, S, the sector
between the half lines x; = x, <0 and x, = x3 = 0 and S3 the sector between the half
lines x» = x3 = 0 and x; = x3 < 0, where we always choose the one sector with angle
0<6; <m, cf. Figure[4.3]
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4.3. Virtual levels of multi-particle Schrédinger operators

Figure 4.3.: The sectors S1, Sz, S3

For i € {4,5,6} we define the sector S; = —§;_3 i.e., S; is the sector which we get by
reflecting the sector S;_3 at the origin. It is obvious that for the angle 8; of the sector
S;, i €{4,5,6}, we have 0; = 0;_3.

%]
Xo=x3=0 X1=x3=<0
S3
S GN S1
1 — >0
@1 X1 = X2
Sa N o \.S5

Figure 4.4.: Definition of the sectors S;

Now we compute the angles 0; of the sectors S;, i = 1,2,3. They are given by the

formula < y
u. ., u.k . X X
cos(0;) = — " iZjk, j#k. (4.3.76)
|tijlmlUjkIm
For i =1 we get
mi; +msg m;+mo
(U2, U13Ym =—M1 + My ——————— + Mg —————— = My + My + ms. (4.3.77)
ms ms
Moreover, we have
(m1 + m2)2 my+mop\/my+ my+ msg
[ui2lm = \/m1+m2+m3- 5 = v v (4.3.78)
mg Vv ms3
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and analogously

B VM + mzy/my +my+ms

lurglm = N (4.3.79)
This yields
mpnig
cos(8;) = (4.3.80)

\/m1+m2\/m1 +m3'
Therefore, the angle 0, satisfies (4.3.72). The other angles can be computed analo-
gously. O

Lemma 4.3.16. Let S; be one of the sectors given by Lemma with angle 0; and
assume thaty € H& (S;). Then we have

T _
IVoy| = 5|||x|m11//||. (4.3.81)
l

and the constant - is sharp.

Proof of Lemmal[4.3.16. According to Theorem |2.1.9} functions v € H' (R?) supported
in a sector S c R? satisfy
1o
IVull = (AG)2 x| vll, (4.3.82)

were A(G) is the first eigenvalue of the Dirichlet problem for the Laplace-Beltrami
operator in G = SNS!. The Laplace-Beltrami operator on G can be identified with the
Laplacian on the interval (0,8) where 0 is the angle of S. The Dirichlet eigenvalues of
the Laplacian on an interval of length [ > 0 are given by A = (k—l”)z, k € N. Therefore,
we have A(G) = (%)2, which implies that for any function v € H!(R?) supported in S
we have

Vol = S 1 ol (4.3.83)

The sharpness of the constant Bli follows from the sharpness of the Hardy type con-
stant in Theorem This completes the proof of Lemma4.3.15 O

The proof of Theorem [4.3.13| (i) is a direct combination of Lemma [4.3.15| and
Lemmal4.3.16
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Proof of Theorem [4.3.13| (i)

The idea is to find a homogeneous harmonic polynomial p which vanishes on the
sets x; = x;. Recall that we have dim(Xp) = 3 for systems of four one-dimensional

particles. We choose the following orthonormal basis {v;, v», v3} of Xy, given by

1 1 1
—(1,-1,0,0)", v=—(1,1,-2,00", v3=——=(1,1,1,-3)".

V2 V6 V12

with coordinates A1, A2, A3. Then the hyperplanes {x; = x;} can be represented as

V1 =

follows:
X1 =X — A1 =0,
X1 = X3 <~ \/5/11 + 312 =0,
X1 =X — \/6/11 + \/EAZ + 4/13 =0,
(4.3.84)
X2 = X3 p— —\/5/11+312=0,
Xo = Xy <~ —\/6/11+\/§A2+4/13 =0,
X3 =X4 — —Zﬁﬂg +4A3=0.
Let the polynomial p : R® — R be given by
P, A2, A3) = A (VBAL +3A2) (VBAL + V222 +423) (V311 +315)
(4.3.85)

(VB + V20 + 425 (-2V200 + 424

Then p is a homogeneous harmonic polynomial of degree six which by van-
ishes if and only if x; = x; for some i # j. Hence, its restriction to S?is a spheri-
cal harmonic of degree six and therefore, by the discussion of spherical harmonics
in Chapter an eigenfunction of the Laplace-Beltrami operator on $? correspond-
ing to the eigenvalue 6-7 = 42. Moreover, p does not change sign inside the sectors
S;. Hence, its restriction to S; N S? is an eigenfunction to the first eigenvalue of the

Laplace-Beltrami on S; N S?, equipped with Dirichlet boundary conditions. By The-

orem[2.1.9|we get

C (X)—(1+168)%— (4.3.86)
H 0) — 4 4 — l} .

which completes the proof of Theorem (ii).
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4.3.5. The case of three two-dimensional particles

Note that for systems of three two-dimensional particles we have Cy(Xp) = 1 and
therefore Theorem does not apply in this case. We can not say whether virtual

levels correspond to eigenvalues or to resonances, but we prove the following

Theorem 4.3.17. Let H be the Hamiltonian of a system of three two-dimensional par-
ticles. Assume that the potentials V;; # 0 satisfy (4.2.2) and (4.2.3) and that H has a

virtual level at zero. Then there exists a function @y € H'(Xy), @o # 0, satisfying

IVo@oll® + (V o, o) =0 (4.3.87)

and
(+1-1m) %poe L?(Xy)  foranya>0. (4.3.88)

Proof of Theorem [4.3.17]

To prove Theorem 4.3.17|we take a sequence (¥ ,) ,en Of eigenfunctions correspond-

ing to eigenvalues E,, < 0 of the operator H+n 1A, i.e.,
—(1-n"Y) Aoy + Vy, = Eqw,,. (4.3.89)

We normalize the functions v, by [[Voy || = 1. Note that due to dim(X,) = 4 the space
H' (X)) is a Hilbert space. Therefore, there exists a subsequence of () ,en, also de-
noted by (¥ ,,) nen, which converges weakly in H'(X,) to a function Po € H'(Xp). Due

to the Rellich-Kondrachov thereon we have convergence of ¥, to ¢ in Ly (Xp). We

2
loc
split the proof into several steps.

Step 1: ¢ # 0 and it satisfies the decay property (4.3.88).
Due to Lemmal4.3.11|there exist constants yo > 0 and R > 0, such that for every func-
tiony € H'(Xy), supported in the region {|x|,, = R}, we have

1=y IVowl? + (Vy,w) = 0. (4.3.90)

Applying Lemma 2.3 in [7] we see that the weak limit ¢ € H'(Xy) of the sequence

(W 1) nen of eigenfunctions normalized by || Voy || = 1 is not zero.
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In the next step we show that ¢ satisfies the estimate (4.3.88) on the decay rate. To

do this we first give the following estimate for a weighted L? norm of the functions
Yn.

Lemma 4.3.18. Let H be the Hamiltonian of a system of three two-dimensional parti-
cles. Assume that the potentials V;; satisfy (4.2.2) and (4.2.3) and that H has a virtual
level at zero. Then, for any 0 < a < 1 there exists a constant C > 0, such that for all

n eN we have
IIVo(I-I“mU/n) I=C and [ (1+|'|m)a_11//n|| <C. (4.3.91)

Proof. The proofis an easy modification of the proof of LemmalA.1.1]in the Appendix,
together with the observation that Cy(Xo) =1. O

By Lemmal4.3.18|we get convergence of (¢ ,) en to g in L%(Xo, (14 |x],,,)~%dx) for
any a > 0. This shows that the function ¢ satisfies (4.3.88).

Step 2: (V o, @o) is well-defined.

Note that in contrast to Theorem4.2.6|and Theorem 4.3.7|we neither have fast decay
of V nor do we know whether ¢ is in L?(X;), which makes this part difficult. We
prove that (V;;@o, @o) is well-defined for each pair of particles = (i, j). Since each
V;; satisfies (4.2.2) and (4.2.3), by Lemmawe have

/lVij(q/j)l'|(Po(6]ﬁ,<fﬁ)|2dq;3 < C”‘pO(';fﬁ)”i}l(Xo[C])) a.e. g, (4.3.92)

where here and in the following for a pair of particles = (i, j) we denote by gg,¢p
the variables ¢g[C], {[C] with C = {i, j}. In view of (4.3.92), to prove well-definedness
of (Vi jpo, o) it suffices to show

/ / lpol*dgpdé g < co. (4.3.93)
{lgplm=1}

In other words, it is enough to prove that the restriction of the function ¢ to cylin-

drical regions {(qg,¢p) : 1g5lm = 1}, B € {(1,2),(1,3), (2,3)}, is square-integrable.
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4. Virtual levels of Schrédinger operators

Let y; : R, — [0,1] be a function with y; € C'(R,) and (1 - 7(%)% € C1(R,), satisfying
1) =0,0=str=1, Y1) =1,t=2. (4.3.94)

For b > 0 and x € Xj let y(x) = x1 (%) The first step to prove that (V;;@g, @o) is

well-defined is the following

Lemma 4.3.19. Lety, and y be defined as above. Then, for any e >0 we can find b > 0
and ng € N, such that for all n > ny we have

) IVo(xw.)l<e, i) VijxWn x¥n)<e, i,j€{1,2,3} (4.3.95)
Proof of Lemmal[4.3.19. For y € H'(Xo) let
LIyl = IVoy I” + <V, ). (4.3.96)
Then, by the IMS localization formula we get

Liynl = LIA - y)2wn] + LIyl

(4.3.97)
- / (IVox!? + V(1= y3)% )yl dx.
Xo

Since y is supported in the region {|x|,, = b}, by Lemma with @ = 0 we get
Lixynl = Yol Vo (xwn) I? (4.3.98)

for some yy > 0 if b > 0 is large enough and therefore by

YollVo (xwn) I2 < LIyl — LIA - x2) 2]

(4.3.99)
+ / (IVox12 + IVo(1 = ¥3)2 )yl dx.
Xo

We estimate the terms on the r.h.s of (4.3.99) separately. By definition of the functions
¥, the first term can be estimated as

L[ ]<lIIV I|2—l (4.3.100)
Wn—n oVn —n- .
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4.3. Virtual levels of multi-particle Schrédinger operators

Due to H = 0 the second term on the r.h.s. of (4.3.99) is non-positive. Now we esti-
1

mate the last term on the r.h.s. of (:3.99). Note that Voy and Vo (1 - x?)? are sup-

ported in the region {b < | x| < 2b} and satisfy

1 C
IVoxl?+1Vo(1- %) P < — (4.3.101)
for some C > 0 which does not depend on b. This, together with the estimate (4.3.91)
on the decay rate of v, yields, uniformly in n e N,

2
/(|V0X|2+|v0(1—7(2)%|2)|wn|2dxs4c/ Wl gy <eyty 3.0
Xo

(Ixlm=bt X

for some ¢;(b) with £;(b) — 0 as b — oo. Combining this with (4.3.99) and (4.3.100)

we obtain

1
YollVo (xwa) I* < —+ei(b). (4.3.103)

Therefore, for fixed € > 0 we can choose ny € N and b > 0 large enough, such that
Vo ()(1//”) I? < € holds uniformly for n = ng. This completes the proof of statement
(i) of the Lemma.

Now we turn to the proof of assertion (ii). We fix a pair of particles (i, jo) and note
that

<Viojo)(‘//n»7(1ﬂn> =L[ywul—1Vo (XU/n) ||2 - Z <Vij)(1//n,)(1l/n>, (4.3.104)
(i, ) # (o, jo)

i.e., (Viyjo X¥n, X¥n) can be estimated by estimating the r.h.s. of (4.3.104). For the first
term we get by (4.3.97) and (4.3.102)

|2

Lixwnl < Lly,] + c/ Wnl” 4 (4.3.105)

2
{xlm=b} XI5

Now, by using L[y ] < % and the estimate (4.3.91) for the functions v, we obtain

Lixywnl = % +&2(b), (4.3.106)
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4. Virtual levels of Schrédinger operators

where €2 (b) — 0 as b — oo. Substituting this in (4.3.104) we get

1
<‘/i0jox1l/nyxl,’/n> =—+ 82(19) - Z <V1]X1//n;)(u/n> (4.3.107)
n (i, ) #o, jo)

Let us estimate the last term on the r.h.s. of (4.3.107). Since the Hamiltonians of the
clusters consisting of two particles do not have negative spectrum, we have

VijxWn xwn) = =1V (xwa) I? (4.3.108)
and therefore by statement (i) of the Lemma
VijxWn X9 = =IVo (xwn) 17 = —¢, (4.3.109)

where the constant € > 0 can be chosen arbitrarily small if b > 0 and n € N are suffi-
ciently large. Inserting this in (4.3.107) we get

1
Vigjo X¥m X¥n) < — +e2(b) +2¢, (4.3.110)
which completes the proof of Lemma O

Now we use Lemmal4.3.19|to prove the well-definedness of (V; j¢o, ¢o). Recall that

for this purpose we want to show that

// lpol*dgpdé s < co. (4.3.111)
{lgglm=<1}

Since V;; # 0 and the cluster Hamiltonians for non-trivial clusters do not have virtual
levels, by Corollary we get

/ / xwnl*dgpdép < CLIV g w12+ CoCVij xWn, X W n) (4.3.112)
{qplm=1}
for some C;, C, > 0 and any pair of particles § = (i, j). Now by Lemma we see

that the r.h.s. of (4.3.112) can be done arbitrarily small if the constant b > 0 in the

definition of the function y and n € N are sufficiently large. Hence, for any € > 0 we
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4.3. Virtual levels of multi-particle Schrédinger operators

can estimate

// lxwnl*dgpdéps <e. (4.3.113)
{lgplm=1}

Recall that for ||, > 2b we have y(x) = 1. Therefore, (4.3.113) yields

/ / Iwn(x)lzdx:/ / |)(1//n(x)|2dxss (4.3.114)
{1€plm=2b} J {1qglm=1} {1€plm=2b} {1 gplm=1}

for b > 0 and n € N large enough. Furthermore, we have v, — ¢ in leoc(XO)' Hence,

/ / lwul*dgpdéps — / |<po|2dqﬁd§ﬁ. (4.3.115)
1€plm=2bt J{lgplm=1} {1€plm=2bt J{lgplm=1}

This, together with (4.3.114) shows that the integral

// lpol® dgpdép (4.3.116)
{|Qﬁ|m51}

is bounded and thus (V; j@o, ¢o) is well-defined.

Step 3: (V;jyy, ¥p) converges to (V; o, o).
At first, we consider the integral

/ /lvij||1//n|2dqﬁ dép (4.3.117)
(€1 m=2b}

and prove that it can be done arbitrarily small if » > 0 and 7 € N are large enough. By
Lemma we have

/ /|wj||wn|2dqﬁdéﬁ
{1l m=2b}

<C / ( / Vg ¥nl” dgp + / |wn|2dqﬁ) dép.
{lfﬁlmEZb} {lqﬁlmfl}

Note that by Lemma4.3.19|we get for arbitrary € > 0

/ /|Vqﬁu/n|2dqﬁd§ﬁ:/ /lvqﬁ(xu/n)lquﬁdéﬁss (4.3.119)
{1l m=2b} 1€ plm=2b}

(4.3.118)
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4. Virtual levels of Schrédinger operators

if b > 0 and n € N are large enough. Substituting this inequality and (4.3.114) in
(4.3.118) yields

/ /I\/ijllt//nlquﬁd(fﬁ <2¢. (4.3.120)
{1€lm=2b}

Due to
/IW;II(polzdc/ﬁdéﬁ < 00, (4.3.121)

which is true as we have seen in the previous steps of the proof, we also obtain

/ /IVijllfpolzd%d'fﬁSE (4.3.122)
(1Eplm>2b}

for b > 0 large enough. Now we consider the region {|{glm < 2b}. Due to the decay
property of the potentials V;; and the estimates (4.3.91) and (4.3.88) for v,

and ¢ we get
/ / \Vijllwnl*dgpdéps <e (4.3.123)
{I$glm=2b} J{lgplm=b1}

and

/ / |Vijllpol* dgpdép <, (4.3.124)
11 glm=2b} /1l qglm=b1}

where € > 0 can be chosen arbitrarily small if b; > 0 is large enough and estimate
holds uniformly for n € N.

Estimates and (4.3.122) - (4.3.124) show us that to prove the convergence
Vijwn, Wn) — (Vijpo, o) it suffices to show that (V; jy,, ¥ n)a — (Vijpo, po)q for the
compact set

Q:={xeXo:x=qp+Sp llqplm < b1, ISplm <2b}. (4.3.125)

We write

Vijwn¥na—Vijeo,9oya = VijWn—@o), W a+{Vijgo, Wn—poda. (4.3.126)

Since v, converges to ¢ in leoc(XO)’ “Vqﬁ"«//n” <1, ||Vqﬁ(,00|| <1 and the potential V;;
satisfies (4.2.2)), both summands on the r.h.s. of tend to zero as n — oo. This,
together with the estimates (4.3.120) - (4.3.124) yields (V;jw,, ¥ ) — (Vij@o, o) for
every pair (i, j) of particles and therefore (Vv ,,, v ,,) — (Vo, @o) as n — oo.
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4.3. Virtual levels of multi-particle Schrédinger operators

Step 4: @ satisfies || Vool + (V@g, o) = 0.

Since by definition of the functions v,
Vynwy<—-(1-n1 (4.3.127)
and (Vy,, v ,) — (Vo, @o), we get (V g, o) < —1. Moreover, we have
ool g Slirllllg}fllwnllgl =1 (4.3.128)
On the other hand, H = 0 and therefore
IVooll* + (Vepo, o) =0, (4.3.129)

which completes the proof of Theorem|4.3.17

4.3.6. Virtual levels of fermionic systems

Now we consider a system of N = 3 one- or two-dimensional identical fermions with
corresponding Hamiltonian H,s. Our goal is to prove that virtual levels correspond
to eigenvalues for systems of N = 3 one-or two-dimensional particles. This section is

based on [[7].

Definition 4.3.20. Assume that the potentials V;; satisfy (3.2.26), (4.2.2) and (4.2.3).
Let C < {1,..., N} be a cluster of the system. We say that the cluster Hamiltonian
H,5[C] has a virtual level at zero if H,s[C] =0 and

(i) there exists a constant £y > 0, such that

infoegs (—(1—€9)Ag[Cl+ V[C]) =0, (4.3.130)

(ii) for any € >0 we have
info (H[C] +eAy[C]) <O0. (4.3.131)

Here, the operators in (4.3.130) and (4.3.131) are considered as operators restricted

to the subspace of functions which are anti-symmetric with respect to permutations

of particles in the cluster C.
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4. Virtual levels of Schrédinger operators

A crucial role in the proof of Theorem[4.3.3|is played by Hardy’s inequality. Since by
definition the wave-function for a system of fermions is anti-symmetric with respect
to permutation of particles and therefore orthogonal to constant functions, we can
use the Hardy type inequality for fermionic systems and prove the following

Theorem 4.3.21. Let Hys be the Hamiltonian corresponding to a system of N = 3 one-
or two-dimensional identical fermions. Assume that the potentials V;j satisfy the con-
ditions (3.2.26), and and that Hyg has a virtual level at zero. Then zero is
an eigenvalue of Has and the corresponding eigenspace W is finite-dimensional. For

any ¢o € #o
Vo(l-1%¢p0) € L*(Xo) and (1+]-1m)* ‘o€ L*(Xo) (4.3.132)
forany0 < a < ay, where

3 ifd=1, N=3,
= dN-1) (4.3.133)
= else.

There exists a constant 5o > 0, such that for anyw € H'(Xy) satisfying (VNo@o, Vow) =0
forall py € Wy
(1=8)IVoylI* + (Vy, ) 2 0. (4.3.134)

Remark 4.3.22. (i) Note that in contrast to Theorem [4.3.3] where the operator H
was considered without symmetry restrictions, in the fermionic case zero is not

a simple eigenvalue. However, its multiplicity is still finite.

(ii) Comparing the estimates of the decay rate with the ones without symmetry
restrictions we see that for fermions we get better ones. This is not surprising
because the Hardy type constant for anti-symmetric functions is larger than for

functions without symmetry restrictions.

Proof of Theorem [4.3.21]

The proof is based on the following abstract Theorem [4.3.23| which is a straightfor-
ward modification of Theorem to Schrodinger operators with symmetry restric-

tions.
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4.3. Virtual levels of multi-particle Schrédinger operators

Theorem 4.3.23. Let k € N and let hos = —A+V be the Schrodinger operator acting on
the subset of L?(R*) which consists of functions which are orthogonal (w.r.t. the L*(R¥)
scalar product) to all functions which depend on |x| only. Suppose that V satisfies
(4.2.2). Furthermore, assume that

has =0 and info (has +€A) <0 (4.3.135)

for any € > 0. If there exist constants ag > 1, b > 0 and yy > 0, such that for any y in

the form domain of h,s with supp(y) c {x € R¥: |x| = b} we have

(hasW, W) — Yol Vi l1? — a3 (x| 2w, y) = 0, (4.3.136)

then zero is an eigenvalue of h,s with finite multiplicity. Let #y be the corresponding

eigenspace. Then for any ¢, € #y we have
V(I-1%¢p) € 2R and 1+ g€ L*(RF) (4.3.137)

forany a < ay. Moreover, there exists a constant dy > 0, such that for any functiony in
the form domain of has with (Nvy,V@g) =0 for all ¢, € #y we have

(hasw, ) = 8oV |12 (4.3.138)

We shall not prove this theorem, but turn to the

Proof of Theorem[4.3.2], We show that the conditions of Theorem are fulfilled
forany a < ay with a given by (4.3.133). To do this we use similar geometric methods
as in the proof of Theorem to show that for any 0 < a < a( we find constants
Yo, R > 0, such that for any function ¢ € H.(}S (Xo) with supp () c {x € Xy : |x|;n = R} we
have

Lig] := (1 - y0) IVogl* + (Vep, @) — a®ll|x];,, ¢lI* = 0. (4.3.139)

Then the statement of Theorem follows from Theorem[4.3.23] Let k¥ > 0 be so
small that cones K(Z,x) and K(Z',x) do not overlap for different partitions Z # Z’ of

the system into two clusters and for given € > 0 we choose functions uz according to

107



4. Virtual levels of Schrédinger operators

Theorem[4.3.9] Then we have

Lipl= ). Lolouzl+Ly[Vel, (4.3.140)
Z:|Z|=2

where the functionals Ly, L), : Hy(Xo) — R are defined as in (#.3.41). Note that for ¢ €
H;S(Xo) the functions ¢pu; and 7 ¢ are also elements of Hals(Xo). To show Ly [puz] =0
we note that since @ u  is anti-symmetric with respect to permutations of particles, it
is orthogonal to functions depending on |q(Z)|,, only, and so is ¢u . Therefore, we
can apply the Hardy type inequality to the function @uy (-, &) for fixed ¢ in the
d(N —2)-dimensional space L?(X,(Z)), which yields

(d(N —2))?
>

IV (puz) = — lla) puzl”. (4.3.141)

The rest of the proof of Ly[¢uz] = 0 is a straightforward modification of the proof of
Lemmal4.3.11]

To prove that L} [¥ ¢] = 0 we distinguish between several cases. If d =1 and N = 3,
we have dim(Xp) = 2 and since the particles are identical, the lines x; = x; cut the
space Xy into six congruent sectors, each of angle % Therefore, as in the proof of
Theorem[4.3.13|we have

IVo (V) 11> = 9lllxI3,; (Vo) I%. (4.3.142)

Repeating the same arguments as in the proof of Lemmayields L, [V o] for the
case d =1 and N = 3. For d =2 and N = 3 we use the observation that the func-
tion 7 ¢ is orthogonal (with respect to the L?(X,) scalar product) to all functions de-
pending on |x|,, only. Therefore, we can apply the Hardy type inequality for
dimension four, which yields

IVo (V) I = 4lllx], ¥ ll>. (4.3.143)

Now L, [¥ ] = 0 follows in the same way as in the proof of Lemma/4.3.11| If the system
consists of more than three particles, we continue to estimate the functional L’2 [V ]

in cones corresponding to partitions Z with | Z| = 3,..., N — 1. Finally, we arrive at the
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4.3. Virtual levels of multi-particle Schrédinger operators

point where it remains to estimate the functional
L' := A=y IVo@ I + (V%) = (@® + &) ll1x], #1112 0 (4.3.144)

for functions ¥ := ¥ ~"Y¢ € HL (X,) supported in the region where all particles are
separated from each other. Since ¥ is orthogonal to all functions which depend on
| x|, only, we can use the Hardy type inequality (2.1.33) to estimate

(d(N —1))?

_ 2
Vo ¥ g =

xl 7 pl?. (4.3.145)

Now we complete the proof of Theorem [4.3.21|in the same way as in the proof of
Lemmal4.3.111
O

4.3.7. A sufficient and necessary condition for virtual levels

of multi-particle Schrédinger operators

In this paragraph we extend the equivalent definition of virtual levels for one-particle
Schrodinger operators with short-range potentials, given in Theorem [4.2.2} to the

multi-particle case.

Theorem 4.3.24. Let H be the Hamiltonian corresponding to a system of N = 3 one- or
two-dimensional particles, where the potentials V;; # 0 satisfy (4.2.2) and (4.2.3) and
assume that H = 0. Then H has a virtual level at zero if and only if the following two

assertions hold.

(i) There exists an €y > 0, such that for any cluster C with 1 <|C| < N we have

HIC] - g0 (1+1g1C112,An(g[C]1,m)%) " = 0. (4.3.146)

(ii) For any € >0 we have

info (H— ¢ (1 +1xf3, In?(1x1) '] <0. (4.3.147)

109



4. Virtual levels of Schrédinger operators

Proof of Theorem The proof consists of four steps.
Step 1: If H has a virtual level at zero, then condition (i) of Theorem4.3.24]holds, i.e.,
there exists an €y > 0, such that for any cluster C with 1 < |C| < N we have

HICl—¢go(1+ Ic][C]I,zﬂ(ln(Iq[C]lm))z)_l =) (4.3.148)

We prove this by induction over the number of particles N = 2 in the whole system.
The base case N = 2 was considered in Theorem Assuming that the statement
is true for systems consisting of N particles, we show that it also holds for systems of
N +1 particles. Assume for a contradiction that the Hamiltonian of a system of N + 1
particles has a virtual level at zero and that there exists a cluster Cwith 1 < |C| < N+1,
such that for all £y > 0 inequality does not hold. Among such clusters we
choose one with the smallest number of particles and denote it by Cy. If Cy consists
of only two particles, then by Theorem[4.2.2]the condition

info (HICol - £ (1+1q1Col 3, (n(q(Collm)?) ') <0 (4.3.149)

for any € € (0,1) implies that Cy has a virtual level at zero. This is a contradiction
to Remark Hamiltonians, because the Hamiltonian of the whole system has a
virtual level at zero. Therefore, Cyp must consist of at least three particles. Thus, by
definition C, satisfies for any € > 0 and for each cluster C C Cy with |C| > 1

HICl - o (1+1gIC11%,(n(q(Cl1m)?) " 20 (4.3.150)

for an €y > 0. Hence, by induction assumption H[Cy] has a virtual level at zero. Again,
this is a contradiction to the assumption that H has a virtual level at zero. We con-
clude that if H has a virtual level at zero, then condition (i) of Theorem [4.3.24]holds.
Step 2: If H has a virtual level at zero, then condition (ii) of Theorem[4.3.24]holds, i.e.,
forany e >0

infor (H— e (1+1xf3, In2(x1,m) ") <0, (4.3.151)

Recall that in case of d =1, N =3 or d = 2, N = 4 zero is an eigenvalue of H. Tak-
ing the corresponding eigenfunction as a trial function shows that (4.3.151) is ful-
filled for any € > 0. For d = 2, N = 3 we do not know whether zero is an eigen-
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value. However, by Theoremwe know that there is a function ¢ € H' (X)) with
IVo@oll? + (Vo, po) = 0 and therefore we get in this case as well. Hence, if
H has a virtual level at zero, then condition (ii) of Theorem [4.3.24]is also true.

Step 3: If conditions (i) and (ii) of Theorem are fulfilled, then condition (i) of
Definition[4.3.1holds, i.e., there exists a constant &( > 0, such that

Recall that according to Remark it is sufficient to prove the absence of virtual
levels for H[C] for all clusters C with 1 < |C| < N + 1. Assume for a contradiction that
there exists a cluster C; with 1 < |Cy| < N + 1, such that H[C;] has a virtual level at

zero. Then, as we proved in Step 2, we have
. 2 21
info (H[Cl] —-£ (1 +1g1Cl5, An(g[Cillm)) ) ) <0. (4.3.153)

This is a contradiction to condition (ii) of Theorem Hence, condition (i) of
Definition[4.3.1lis fulfilled.
Step 4: If conditions (i) and (ii) of Theorem[4.3.24]are fulfilled, then condition (ii) of
Definition[4.3.1]holds, i.e.,

info (H+¢eAp) <0 (4.3.154)

for any € > 0. Assume that is fulfilled for any € > 0. If dim(Xj) = 3, we can
use Hardy’s inequality to conclude that holds. If dim(Xj) < 3, i.e., the system
consists of three one-dimensional particles, we take a sequence of eigenfunctions v,
corresponding to negative eigenvalues of the operator H— n1 (1 + lefn (In(]x| m))z)—l ,
normalized by [y, || ;n = 1. Applying the same arguments as in the proof of Theorem
we see that , converges in L?(Xy) to a function 1 which is an eigenfunction

of the operator H corresponding to the eigenvalue zero. For this function we have
(1= &)IVowoll® + Vo, wo) = ~ell Voyoll* <0 (4.3.155)

for any € > 0. This proves that condition (ii) of Definition is fulfilled and com-
pletes the proof of Theorem4.3.24
O

111






5. Absence of the Efimov effect
for systems of one- or

two-dimensional particles

5.1. Introduction and results

In this chapter we prove the absence of the Efimov effect for systems of N = 3 one- or
two-dimensional particles and for systems of NV = 4 one-dimensional or N = 5 two-
dimensional particles. We also prove that it does not occur in systems of N = 4 one-
or two-dimensional fermions.

For systems consisting of more than three particles the absense of the effect will be
proved by adapting the technique of [74] and [7]. The main ingredient in this proofis
the fact that virtual levels of the cluster Hamiltonians correspond to eigenvalues as it
was shown in the previous chapter.

For systems of three one- or two-dimensional particles the absence of the effect
was proved in [73] under very restrictive assumptions on the potentials, namely they
had to be short-range and negative at infinity or compactly supported. Later, in [76]
the restrictions on the potentials were relaxed. There, the proof was given for the
case of two-dimensional fermions only. Unfortunately, it contains a mistake. In fact,
for three two-dimensional particles the super Efimov effect exists, see [26]. Below we
use the strategy of [76], correct the mistake and give the complete proof for the case
of one-dimensional as well as for two-dimensional particles.

The main part of this chapter is based on [8]. Theorem which shows the
absence of the Efimov effect for fermionic systems, is based on [7]. Our main result

of this chapter is the following
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Theorem 5.1.1 (Absence of the Efimov effect for multi-particle systems). Letd =1
and N =4 ord =2 and N = 5. Suppose that every pair potential V;; # 0 satisfies (4.2.3)
and is operator bounded with respect to —A with relative bound zero, i.e., for any € >0

there exists a constant C(g) > 0, such that
IV jwl? < elAyl® + C@lyl®,  we HXR?). (5.1.1)

Moreover, assume that H[C] = 0 for all clusters C with |C| = N — 1 and that there exists
€€ (0,1), such that
Oess (—(1 —€)Ap[C] + V[C]) = [0,00). (5.1.2)

Then the discrete spectrum of H is finite.

Remark 5.1.2. (i) Note that in Theorem the cluster Hamiltonian H[C] with
|C| = N — 1 may have a virtual level at zero. For clusters C' with 1 < |C'| < N -1
however, the Hamiltonian H[C'] is not allowed to have a virtual level, which is
a consequence of and the HVZ theorem.

(ii) The question whether the Efimov effect can appear in systems of four two-
dimensional particles remains open. This is related to the question whether
virtual levels in systems of three two-dimensional particles correspond to
eigenvalues or to resonances. If they correspond to eigenvalues, it is a signal
for the absence of the effect. However, even if they correspond to resonances
it might be that the effect is absent, as it is for example the case for systems of
three four-dimensional particles [5].

We also prove the absence of the Efimov effect for systems of N = 4 one- or two-

dimensional fermions, namely the following

Theorem 5.1.3 (Absence of the effect for fermionic systems). Let Hyg be the Hamilto-
nian corresponding to a system of N = 4 one- or two-dimensional particles, where the

potentials satisfy (3.2.26), (4.2.3) and (5.1.1). Furthermore, assume that Hys[C] = 0 for

all clusters with |C| = N — 1 and there exists an € € (0, 1), such that
Oess (Has[Cl + €Ap[C]) = [0,00). (5.1.3)

Then the discrete spectrum of Hys is finite.
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5.2. Proofs of the results

For systems of three one- or two-dimensional particles we prove the following re-

sults.

Theorem 5.1.4 (Absence of the effect for three one-dimensional particles). Let H be
the Hamiltonian corresponding to a system of N = 3 one-dimensional particles. Sup-
pose that H[C] = 0 for any two-particle cluster C and that each pair potential V; j satis-
fies and (4.2.3). Then the discrete spectrum of H is finite. The same is true for the

operator Hys corresponding to a system of three identical one-dimensional fermions.

Theorem 5.1.5 (Absence of the effect for three two-dimensional particles). Let H be
the Hamiltonian corresponding to a system of N = 3 two-dimensional particles. As-
sume that H[C] = 0 for any two-particle cluster C and that the pair potentials V;; sat-
isfy and and that they are radially symmetric, i.e., V;j(x;;) = V;;j(|x;}]).
Then the discrete spectrum of H is finite.

Remark 5.1.6. Recall that for three two-dimensional fermions the so-called super
Efimov effect appears. This, together with Theorem 5.1.5/shows that systems of two-
dimensional particles behave very different than systems of three-dimensional par-
ticles. While for system of three three-dimensional particles without symmetry re-
strictions the Efimov effect occurs and is absent for systems of fermions, for two-

dimensional particles it is just the other way round.

5.2. Proofs of the results

5.2.1. A criterion for the finiteness of the discrete spectrum

To prove the finiteness of the discrete spectrum of the operator H we show that for

some constants € >0 and >0
(Hy,y) —elllxl, w2 =0 (5.2.1)

holds for all functions ¢ € H'(X,) which are supported far away from the origin. This
criterion is due to G. Zhislin who used it in a slightly different form in [82]. A precise

formulation of this criterion is given in the following
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5. Absence of the Efimov effect for systems of one- or two-dimensional particles

Lemma 5.2.1 (Criterion for the finiteness of the discrete spectrum). Leth=-A+V
in L2R%), ke N, whereV satisfies (4.2.2). Assume there exist constants 3,€, b > 0, such
that

(hy,w) —elllx Pyl? =0 (5.2.2)

for anyy € H'(R¥) with suppy c {x € R, |x| = b}. Then the following assertions hold.
(i) infoess(h) = 0.
(ii) The operator h has at most a finite number of negative eigenvalues.

(iii) Zero is not an infinitely degenerate eigenvalue of h.

Remark 5.2.2. (i) Again, we use the small letter / for the Hamiltonian in this ab-

stract case. The capital letter H is reserved for the multi-particle operator.

(ii) In [82] condition was formulated and used with § = 1. In our proofs of
the absence of the Efimov effect the parameter = 1 is not sufficient because at
some point we use Hardy’s inequality to compensate for the term —¢|| legf w2
For the case of two-dimensional particles this is not possible if § = 1 because
the two-dimensional Hardy inequality requires an additional logarithmic fac-
tor, see Section[2.1.2] We will show that the operator H, considered as an oper-
ator on L2(R¥) with k = d(IN — 1) satisfies condition for some > 1.

To prove Lemma we use the following

Lemma 5.2.3. Assume thatV satisfies (4.2.2) and leth = -A+V, actingon L2[RY). Let
p>0,e>0and b>b>0. Then there exist a function y; € Cl(RF), 0< 11 =<1, with

1, |x|<b,
X1(x) = . (5.2.3)
0, |x|=b

and a constant C > 0, such that for ally € H' (R*) we have

(hy,w) = (hyy, vy — Cly I

(5.2.4)
_ -B 2
+ (hyy2, wx2) —€lllx| 1//7(2||{b5|x|5l3}»

where 2 =1/1-x7.
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Proof ofLemma Let B,e >0 and b, b > 0 with b > b be fixed. Furthermore, let
u:R, — [0,1] be a C'-function, such that u(t) = 1 for t < b and u(¢) = 0 for ¢ = b.
We assume that u is strictly monotonically decreasing on (b, b). Let v = V1 — u2. We
choose u in such a way that v'(¢)(1 — vz(t))_% —0as t— b_. For x € R¥ let

x1(x) = u(lx)), x2(x) = v(x|). (5.2.5)

Then we have
Vet (W 1xD)?

Vyil? +|Vyol? = = ) 5.2.6
IVXil® + 1Vl -2 1- 20D (5.2.6)

Since v'(|x])(1 — vz(lxl))_% — 0as |x| — b_ and v(|x]) is close to one for | x| close to b,

we can choose b < b’ < b so close to b that

(' (|x1))?

Tz SEV 0D, b= <D, (5.2.7)

This, together with implies
V2 + Vol <ex)lxI™?, b <|x|<b. (5.2.8)

Now we estimate |Vy;|? +|Vy2|? for b < |x| < b'. Recall that for b < t < b’ we have

u(t) > u(b) >0and 0 < v(r) < v(b') < 1. Hence, we get

l 2
(U (lxl)) < Cu2(|X|)|x|_2ﬁ) b < |x| < b/ (529)

VyiP+|Vyolf = —————— <
IVxil”+1Vyal 1= 2(x])

for some C > 0. Due to the IMS formula we have
(hy, ) = Chy xn, wxnd + Ry xe, ) — / IVl +1Vy2l?) lgl®dx.  (5.2.10)
This, together with and completes the proof of Lemmal5.2.3 O
Now we turn to the

Proof of Lemmal5.2.1. We construct a finite-dimensional subspace M < L2(R¥), such
that (hy,w) > 0 holds for any v € H'(R¥) with 1 # 0 which is orthogonal to M. Let
€,B,b > 0, such that is fulfilled and let y; and y» be functions according to
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5. Absence of the Efimov effect for systems of one- or two-dimensional particles

Lemma Then by condition (5.2.2) for any function v € H LRk

Gy, ) = By y ) = Clyn P + e we) —elix Pypel?, o
= (hy ) - Cly |,

because supp (y2) < {x € R¥ : |x| = b}. Thus, to prove statements (i)- (iii) it suffices to
show that

(hyynL, vy —Cllyyil* =0 (5.2.11)

holds for any function v € H' (R¥) with v L M (with respect to the L?(R*) scalar prod-
uct) for some finite-dimensional space M c H' (R). By condition we get

(hyy,wy) —Cllyyl? = A=)V (wyi) I7 = C'llyy 2 (5.2.12)

for some C’ > 0. For l € N let

M;:={p1x1,...,91x1}, (5.2.13)

where {1, ..., @} is an orthonormal set of eigenfunctions corresponding to the / low-
est eigenvalues of the Laplacian, acting on L? ({| x| < 13}) with Dirichlet boundary con-

ditions. For v L M; we have yy; L ¢1,...¢;, which for sufficiently large / implies
IV r)I? = 1 —e)~ Clly . (5.2.14)

Therefore, we conclude L[y y;] > 0. This proves statements (i)-(iii) of Lemma
O

5.2.2. Proof of Theorem 5.1.1

The idea of the proof stems from [74], where it was proved that the Hamiltonian of
a system consisting of three three-dimensional particles has a finite number of neg-
ative eigenvalues provided virtual levels for the two-body Hamiltonians correspond
to eigenvalues. In [7] this strategy was extended to prove the absence of the Efimov
effect for systems consisting of N = 4 particles in dimension d = 3. We generalize this

to the case of one-or two-dimensional particles.
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For € > 0 we define the functional L: H'(X;,) — R as
Lig):= (Hop,p) —el|x|,7¢l* (5.2.15)

and prove that L[] = 0 for any function ¢ € H'(X,) with supp () c{|x|, = R}if R>0
is large enough and € > 0 is small enough. Then the finiteness of the discrete spec-
trum of H follows from Lemmal5.2.1} We notice that the choice of f = 2 as exponent
in || IxI;f (pll2 is somewhat random and the proof works for any > 1.

In what follows we always assume x > 0 to be so small that Kz(Z,x) N Kr(Z',x) = @
for all partitions Z # Z' with | Z| = |Z'| = 2 and any R > 0. By applying Theorem[4.3.9)]

we get

Lipl= Y Llpuzl+LyeV], (5.2.16)
Z:|Z|=2

where we recall that supp (@) € Xo\B(R), ¥ = \/1 =X 7121=2 LLZZ on Xp \ B(R) and the
functionals L, and L), are defined by

Loly] := (Hy, ) —ell|x|, 2|
&1 [lg@ LG DIl E DD W - (5.2.17)
Ly[w] == (Hy,w) — (e + el x|, 2w )12

We recall that the constants x > 0 and &; > 0 can be chosen arbitrarily small and
k' € (0,x) depends on x and &; only. At first, we prove Ly[puz] = 0. We distinguish
between the following two types of partitions Z = {C, C»}:

(i) Neither H[C;] nor H[C>] has a virtual level at zero,
(i) H[C;] or H[C,] has a virtual level at zero.

In the first case there exists a constant pg > 0, such that

(HZy,v) = wol Ve yl? (5.2.18)

holds for any function y € H!(X;). Repeating the arguments which were used in the
proof of Lemma(4.3.11|we get Lo[¢uz] = 0.
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5. Absence of the Efimov effect for systems of one- or two-dimensional particles

We turn to case (ii) and assume that H[C;] has a virtual level. Then by the as-
sumption of the theorem we have |C;| = N —1 and |C,| = 1. Recall that H[C,] is the
Hamiltonian of a cluster which is decoupled from the system and can therefore be
considered as the Hamiltonian of a system of N — 1 particles with removed center of
mass. Therefore, according to the results of Chapter 4] zero is a simple eigenvalue
of H[C;]. Let ¢y € H'(X,[C1]) be the corresponding eigenfunction normalized by

ool z2(x,(c,)) = 1- Note that because of |C,| = 1 we have

(HZ)y,y) = (HIClw,w) and IV wl? = IVacawl? (5.2.19)

where we consider the operators H(Z) and H[C;] as operators on L?(X,). We will use
the letters g for q(Z) and ¢q[C,], and ¢ for ¢{(Z) and ¢[C,;] simultaneously. Similar to
[74] we define

f():= ”vq(l’ou_Z(Vq ((PuZ(',Cf)),Vq(P0>L2(XO(Z)) (5.2.20)
and
8(q,8):=puz(q,) —po(q) f(S). (5.2.21)
Then we have
puz = Q00f+g and (ng(';f); Vq(ro0>L2(Xo(Z)) =0 (5.2.22)

for almost every . We write

Lalpuz] = (H[C1]1g,8) + (HICil@of,pof) +2Re(g, H[Ci]lgpo f)
+ Ve (puz) 17 + (2 puz, puz) —elllxl, puzl? (5.2.23)

-1 -1y,-1 2
—e1llg 1In(glmlELD T Pzl 4 oy

where we recall that 1(Z) is the inter-cluster potential describing the interaction be-
tween particles from different clusters in the partition Z. Due to H[C;]@o = 0 the
second term and the third term on the r.h.s. of (5.2.23) are zero. We estimate the term
I(Z)puz,puz). Recall that uy is supported in the cone K(Z,«) and ¢ is supported
in the region {x € Xy : |x|,, = R}. Therefore,

R

I€|m2(1+1<2)‘%|x|m25, X € supp (Quyz) (5.2.24)
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5.2. Proofs of the results

if x > 0 is small enough. This, together with the assumption that the pair potentials
Vi satisfy (4.2.3), implies that for fixed £, > 0 we have

11(Z)(x)| < CIE],Z Y < ‘1—2|ln(|€|m)|‘2|é|;3 (5.2.25)

for x € Kr(Z,x) if R > 0 is large enough. Since by (5.2.24) puz(q,¢) = 0 for ||, < g,
we can apply the one- or two-dimensional Hardy type inequality in the ¢-variable
(without loss of generality we can assume that R > 2, so the conditions for the one-

or two-dimensional Hardy inequality are fulfilled) to obtain
€2 -1, 7-1 2 2
KI(Z)puz,puz)| < 2 (&)1 €], puzll® < el Velpuz)|©. (5.2.26)
This, together with implies

Lolouz] =(H[C11g,8) + (1 —ex)lIVe (puz) 12 —elllx|,2puz|?
2lpuz 18,8 2 6(<P z) mPUz (5.2.27)

— 1l qlmlElD g1, uzliz 00

Since
|1x2puz | < ||1€an €l puz | (5.2.28)

for |x|,, > 1 and we have |¢[,,, = £ on the support of pu, we get by the one- or two-

dimensional Hardy inequality
4€||Ve (puz) 17 —elll x|, 2 puzl* = 0. (5.2.29)

Note that here is the place where we need the assumption f > 1 in Lemma [5.2.1
Substituting this inequality into (5.2.27) yields

Lalpuzl = (HIC11g, g + (1 —€3)[IVe (puz) I?

I , (5.2.30)
— e l1InAqlmlE )17 1g15 QuzI s
where €3 = €5 + 4. Now we estimate the term
(HIC11g & —ellln(qlmlElm) ™ gl 0uzlii, 7 - (5.2.31)
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5. Absence of the Efimov effect for systems of one- or two-dimensional particles

This is done in the following

Lemma 5.2.4. Let1 < a < Cy(Xo), where the constant Cy(Xy) is given by @.3.9), and
let Cy be a cluster with |C1| = N — 1. Furthermore, let the functions f and g be defined
by (5.2.20) and (5.2.21). Then for €, > 0 small enough and R > 0 sufficiently large we

have

(HIC11g, &) - erllIn(glmlE01 gl ouzly,

(5.2.32)
> / 1,29 £ ()7 dé.
1€1m=51

Proof of Lemma(5.2.4 Due to Theorem the orthogonality in (5.2.22) implies
(HIC11g, 8) = 80lV 4817 (5.2.33)
for some 6y > 0. Therefore, we have

(HIC1lg, & — e llinqlmlElD 1 ql @uzlz, 7o 0

, I , (5.2.34)
=60lVggll” —erlllIndglmlSl) ™ 1ql, @uzly, 2z x4
Since puz = @ f + g, we also have
IValpuz)? =1Vg(pof + 8 <21V g0 fI° +2|V gl (5.2.35)
which yields
V.8l > Ly 2 \Y 2
” qg”KR(ZyK/,K) = E” q((PuZ)”KR(Z,K/,K) - ” q(POf”KR(Z)K/yK)- (5.2.36)

If d =1and N = 4, we have dim(Xy(Z)) = 2. In this case we use that ¢puz = 0 for

|qlm = x|¢l, and apply the two-dimensional Hardy type inequality, similarly as in
the proof of Lemmal4.3.11} to get

8o 1y
5 IVa@u 2,000 = E1IIMAGIRIE L) TG PUZI 2,009 20 (5:2.37)

if €1 > 0 is small enough. In all other cases we have dim(Xy(Z)) = 3 and we can apply
Hardy’s inequality to get (5.2.37). Combining (5.2.37) with the inequalities (5.2.36)
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and yields

(HIC11g, &) - elllIn(glmlE01 gl ouzliy, o

(5.2.38)
= =601V 490 f 1%, 7400
Now we estimate the term ||V ;¢0 f IIiR( 25" Recall that by Theoremwe have
V4 (191590)| € L*(X0(2)) and (1 +1q1m)* ™ po € L*(Xo(2)) (5.2.39)
for any 0 < a < Cy/(Xp). This implies
1915, |V g 00| € L*(Xo(2)). (5.2.40)

Due to f(¢) = 0 for [¢],, < £ we have

/ |Vq(,00f|2dx:/ |f(€)|2 IVq(Polqudf
Kr(Z,x'x)

1¢lm=51 1€l m =11 m=K|&| m}

= / 1f &) 191,24 q15% 1V gpol* dgdé  (5.2.41)
1€1m=51 K1l m =1l m=K|&|m}

< (x')72@ / ; €12 £ (O 1g17¢1V gpol* dq d¢,
{I€lm=31}

KISl m=Iqlm=K|¢Im}

where in the last inequality we used | q|,,, = «'|&|, for x € Kr(Z,«’, k). Since by (5.2.40)
Iql‘,ﬁllvq(pol € [%(Xy(2)), we can choose R > 0 so large that

/{ 1l <Ilm=xI€] }lql%xlvq%lqus(",)m‘sal (5.2.42)
K'|Elm=Iqlm=xI&lm
for [, = &. This yields
_50||Vq(.00f||§< ) 2T |€|;12a|f(5)|2df, (5.2.43)
R(Z,x' %) R

1€lm=2)

which completes the proof of Lemmal5.2.4 O
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Remark 5.2.5. Note that for particles in dimension d = 3 one can apply Hardy’s in-

equality to the function g to get

S0llV4gl? = el glmlE D1 gl @uzl, 70

e (5.2.44)
> 21 |1n(1g1mlE0 g 00 fIZ -

Then, the term on the r.h.s. of can be estimated by the use of the decay rate
of ¢ given in Theorem This was the strategy in [7]. However, if dim(Xp(2)) = 2,
which is the case if d = 1 and N = 4, Hardy’s inequality can not be applied to the
function g because the condition g(q,-) =0 for |g|,, = 1 is not fulfilled. Therefore, we
estimated the term (H[C;]g, g) differently. We created the zero condition artificially
by adding the function ¢ f, applied the two-dimensional Hardy inequality to the

function ¢u and estimated the resulting error |V g0 f 1.

We continue to estimate the functional Ly[¢@uz]. Combining (5.2.30) and (5.2.32)
yields

Lolpuz] = (1-3) | Ve(puz)l* — € / 1,21 £ (&) > dE. (5.2.45)

1¢1m=2

In the next step we estimate the term [[V¢(@puz) |2. This is done in the following

lemma which is based on [74, Lemma 5.3].

Lemma5.2.6. Letd > 0. There exists a constant w > 0 which depends on | @oll, IV 4ol
and ||Agpoll only, such that

19 (1uz) 17 = o (11 2o 1P + 111500 g12). (5.2.46)

Proof of Lemmal5.2.6 Since puz(q,¢) =0for ¢, < g, we can apply the one- or two-
dimensional Hardy inequality in the space X.(Z) to ¢uz(q,-) for fixed g. This implies

1 1 1 1
et 5(PMZ||2=Z|||f|m1 Spof +1E1,1 0 gll?

(1161 2o 12 + 115 2 €12 (5.2.47)

IVe (uz) I” =

=

A==

1
—5|<|6|;,}‘5<pof,|6|;n1‘5g>|
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for any 6 > 0. Since (chpO,ng(-,cf))Lz(Xo(Z)) = 0 for almost every ¢, we have
Vgl 0o f, Vgléli 2g) = 0. (5.2.48)

Moreover, the condition on the potentials implies that the domain of the operator
HI[C] is given by H?(X[C1]). Using this together with the orthogonality (5.2.48), we
can use Lemma 5.3 in [74] and find a constant w > 0 depending on [[@oll, [V 4ol and

IA4¢oll only, such that

1
18T 90 1€l 0 8)| = 5 (1= 4) (ST, 9o I +11E1, gI7).  (5.2.49)

Substituting this inequality in (5.2.47) yields

IVe (puz) I 2 (€5 o f I+ 111, gl?) (5.2.50)
which completes the proof of Lemmal5.2.6] O

By combining (5.2.45) with (5.2.46) and using ||@o| = 1 we get

Lolpuz] = (1-e3)w / LTI
{lélmzf}

(5.2.51)
—£; / €24 F 1P dé.
1¢lm=51

Choosing 6 < @ — 1 and &, €3 > 0 small enough yields Ly[¢puz] = 0.

To complete the proof of Theorem it remains to show L’2 [pV] = 0 for every
peH 1(X,) with supp (@) c {x € Xp : |x|,» = R}, where L’2 is the functional defined in
(5.2.17). Note that for all partitions Z = {Cy,...,C,} with p = 3,4,..., N — 1 the Hamil-
tonians H|[C;] do not have a virtual level if |C;| > 1. Hence, we can estimate the func-
tional L’2 [7 @] = 0in cones corresponding to partitions Z with | Z| = 3 in the same way
as in the proof of Lemmaf4.3.11] In the region which remains after separation of the
cones corresponding to all partitions Z with |Z] < N -1 we have |V;;(x;;)| < |x|%2‘v
for all i # j. Using Hardy’s inequality in the space Xj yields L[w] = 0 and applying

Lemmal(5.2.1|completes the proof of Theorem|5.1.1
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5.2.3. Proof of Theorem

The proof of Theorem goes along the same line as that of Theorem The
only difference is that for clusters C with |C| = N — 1 virtual levels correspond to

eigenvalues which are not simple, but of finite multiplicity. Therefore, we find a

decomposition which is similar to (5.2.20) — (5.2.22) with a function g which is or-

thogonal to the corresponding eigenspace # of the operator H**[C] corresponding
to the eigenvalue zero. Namely, let ¢;, i = 1,...,dim#; be eigenfunctions satisfying

(Vq@i,Vqp;)=0fori# j. Furthermore, for k = 1,...,dim(#p) let

[ie© = 1Vq@ill (Vg (puz(,0), Vapi) 120x,(2) (5.2.52)

and
8,8 =puz(q,8) =) fil®pr(@. (5.2.53)
k

Then we have (V;g,V,¢i) = 0 for all k. Using the Hardy type inequality for
functions which are orthogonal to all functions depending on | x|, only and repeating
the arguments of the proof of Theorem|5.1.1|proves Theorem|[5.1.3

5.2.4. Proof of Theorem 5.1.4

Recall that in the proof of Theorem[5.1.1|we used that virtual levels of cluster Hamil-
tonians H[C] with |C| = N —1 correspond to eigenvalues. This is not the case if the
system consists of three particles and we need a different strategy. We start by prov-
ing several lemmas for one-dimensional Schrodinger operators. The first one gives

an estimate of the corresponding quadratic form, restricted to an interval (—b, b).

Lemma 5.2.7. Consider the Schrodinger operator h=—-A+V on L2(R), such thath =0

and the potential V satisfies (4.2.2) and (4.2.3). Then there exists a constant C > 0, such

that for any by > A and any functiony € H'(R)

bo
Jlw, bol : = / (W' @+ V©Olw0*) dt
-by (5.2.54)
> —Chy '™ (Iw(bo)|* + 1w (=bo) ?).

Here, v and A are constants given by (4.2.3).
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Proof of Lemmal[5.2.7. Lety € H'(R) and by > A. For n = 2 we define the function v,

as

w (1) if —bg<t<by,
0 if t <—nbg or t > nby,
U=y e ) (5.2.55)
w(—byp) bo(n=1) if —nbg < t<-—by,
W(bo)% if by < t < nby.

Yn(D)

1 J T

i T T T

—I’lbo —bo b() I’lb() t

Figure 5.1.: Function v,

Since v and vy, coincide for —by < t < by, we have

bo

(hyp, ) < / (' P+ V@) lw@)?) dt
—bo

—bo
- / (1w, (D2 + V(D) lwa(0)1?) de (5.2.56)

I’lb(]

I’lb()
+/ (lwh, (O + IV (Ollw,(D1?) dt.
b

0

Let us estimate the two last integrals of the r.h.s of (5.2.56). Since

Fop = YD) b —
I/Jn(t) = bon—1) for te€(—nbg,—by), (5.2.57)
we get
/_bow’ (t)lzdtzw<s (5.2.58)
—nby " bO(n_ 1) ’ o

where € > 0 is a constant which can be chosen arbitrarily small if n € N is large
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enough. Due to 0 < b’g’f’gff) < 1for t € (—nby, —by) we get
_bo —b()

/ V@) Ilyn(0Pde < [y (-bo)? / |V(0)lde
—nbg —nbg

Analogously, we find
nby b 2
/ |'(///n(t)|2dt:M<E
b

0 bo(n—1)
and
I’lb() nbO
/|V(r)||wn(t)|2dts|w(bo)|2/|V(r)|dt.
b() bO

Substituting these estimates in (5.2.56) yields

—by
(h ) < JIw, bol + [w(—bo)|? / [V (8)|dt

—I’lbo

I’lbo

+ |y (bo)? / |V (5)|dt+ 2.
by

Forany 0 <6 <v we have —1—-v+0 < —1. Since by = A, we get by (4.2.3)
I’lb() (o ¢]
/ |V(5)ldt < cbgl‘5/ 710 dr < o by 0
bo A
for some constants c, ¢; > 0. Analogously we have

—by
/ \V(B)ldt < c by 0.

nb()

Due to i = 0 we conclude from (5.2.62), (5.2.63) and (5.2.64) that

Jly, bol = —cby "™ (Iy (bo)* + Iy (~ bo) [*) - 2.

Since € > 0 can be chosen arbitrarily small, this completes the proof.
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The next lemma is an easy application of the Hardy inequality for the semi-axis.

Lemma 5.2.8. Let Cy > 0. Then for any sufficiently large b > 0 and for any v € H' (R)
we have -~

(W' ()17 = Cot >V |w(D1?) dt = —2Cob™ Y |w (D). (5.2.65)
b

Proof of Lemmal5.2.8. Letb>0,w € H'(R) and ¥/(1) = y() —w(b). Then ¢/ (1) = ¢' ()

and we have

/ (I (01 - Cot >y ()I?) de
b - (5.2.66)
> / (19’ (01> —2Cot > |19 (1))*) i —2Cy / 2V y(b)* d.
b b

Since (b) = 0, we can use the one-dimensional Hardy inequality, which for suffi-
ciently large b > 0 yields

/ (%' (012 =2Cot™> 1§ (1)1?) dt = 0. (5.2.67)
b

This, together with (5.2.66) implies

/ (W' (D12 = Cot > Vw(n)*) dt = —2C0|1,u(b)|2/ t27Vde. (5.2.68)
b b
Computing the integral on the r.h.s. of (5.2.68) completes the proof. O

The following lemma is the one-dimensional analogue of Lemma 2 in [76].

Lemma 5.2.9. Let by > by. Then for anyw € H'(R) and i = 1,2 we have
bz b2
y(b)I* <2(b — b)) ™! / lw@Pde+2b-b) [ [y (0P dr. (5.2.69)
b] bl

Proof of Lemmal5.2.9 For t € (b1, by) we write

t
w(t) = / ' (s)ds+w(by). (5.2.70)
by
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Therefore, we have

by 2
Iw(b1)|2S2|1//(t)I2+2(/ Iw'(S)IdS) , LE (b1, by). (56.2.71)
b

1

Applying the Cauchy-Bunjakovsky-Schwarz inequality to the integral on the r.h.s. of
yields

b
Wb <20y @ +22-b) [ W' ($)Pds, e by, by). (5.2.72)
by
Integrating both sides of over (b1, bz) and dividing by (b, — b;) implies
bg b2
(b)) <2(by = b))~ / lw@PPde+2b,—by) | Iy (0 dr, (5.2.73)
bl bl
which yields for i = 1. To prove the statement for b, we can use the identity
by

w(t) =— ' (s) ds+ vy (bo) (5.2.74)

t

and proceed as in the proof for b;. This completes the proof of Lemma|5.2.9 O

Now we turn to the
Proof of Theorem[5.1.4. As in the proof of Theorem we show that
._ 2 2 —4, 12
Lig] ._/(|v0<p| + Vil —elxl, %) dx = 0 (5.2.75)

holds for all functions ¢ € H 1(X,) with supp (¢) < {|x|,, = R} if € > 0 is small enough
and R > 0 is sufficiently large. Then the statement of the theorem follows from the
criterion given in Lemmal5.2.1] In the following we assume that x > 0 is so small that
the cones K(Z,«x) and K(Z’,x) corresponding to different partitions do not overlap.
Let Z = {C;, C,} be a partition of the system into two clusters, where we assume that
|Cy] = 2. At first, we estimate the part of the quadratic form L corresponding to the
cone K(Z,x), i.e., in the region where two particles are close to another and the third

particle is separated from them. We denote the particles in the cluster C; by i and j
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and the third particle by k.

Figure 5.2.: Partition Z = {C7, Cy}

Because we will need subtle geometric arguments in the following, we introduce a
basis of Xy and work with the corresponding coordinates. Recall that dim(Xy(Z)) =1
and dim(X.(Z)) = 1. Choosing a vector u; € Xy(Z) and a vector u, € X.(Z), both
normalized with respect to the norm |u;|,, = 1, we get an orthonormal basis of Xj.
Denote by § and ¢ the coordinates corresponding to the basis {11, u»}. Then we have

1glm =14, 1&lm = |€| and we can represent Kr(Z,«) as
Kr(Z,1) ={(§,9) eR* : 3] =«xI¢], 11* +1¢* = R*} (5.2.76)
and ¢ = (g, &) as a function of § and . We estimate the integral
/ (IVol? + Vipl? - elx|; pl?) dx (5.2.77)
Kr(Z,K)
in several steps. First, we estimate it by an integral over the edge of Kr(Z, k).

Step 1: Estimate of (5.2.77) by an integral over 0K (Z, x)
We write

/K(Z )(|V0<P|2+V|(P|2—€|x|;14|<p|2) dx
RrRL,K
:/K ” )(l051<P|2+Vij|<P|2) dx (5.2.78)
R4, K

+/ (10501 + (Vi + Vil — elxl, o) dx
Kr(Z,x)
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and estimate the two integrals on the r.h.s of separately. Let x* = (§,&) be
a point of intersection of the ball B(R) with the set {|g| = x|€]}. Then we have |€ | =

(1 +1<2)_% R=:yand
x=(§,H)eKp(Z,x) = &=y, |4 <«lé|.

1
At the same time we have for x* that || = (1+x %) 2 R=:n and

- . 1 = o
x=(G,8) e Kr(Z,x) < |€|Z{K 1ql if|gl=n

VRE-1g1* iflgl=n,
cf. Figure[5.3]

Figure 5.3.: The set Kr(Z,«)

Since ¢(x) =0 for | x|, < R, by (5.2.79) we have

/ (10591% + Vijlepl?) dx
Kr(Z,x)

:/~ / (10591 + Vijlepl?) dgdé.
{IE1=zy} J{lgl=xI&l}
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By applying Lemma to the function ¢(-, &) for fixed £ we get

/ ) / (10591 + Vijlpl?) dgdé
{IE1=y} J {1 gl=xIEl

i i 3 (5.2.82)
- —C / T (o DI + I (—xE D) dé
{I€1=y}

for some C > 0.

q
~ ~ > 67 = Kg;
P, ¢
B(R) 2
(p(_Kg’ ~a = z
4 =—x¢

Figure 5.4.: Estimate of the integral over the set {4 : ~—1<§ < § < «¢&} for fixed ¢ by the
value of ¢ at the points (—«¢,¢) and (x¢,¢).

Now we estimate the second integral on the right hand side of (5.2.78). Since the
particle k is separated from the particles i and j and the potentials satisfy (4.2.3), we
can estimate

| Vik G|+ Vi e < elgl 7 (5.2.83)

for some ¢ > 0 if R > 0 is large enough. This, together with |x|,} < |&|~! implies
/ (18601 + (Vi + Vilpl? = IxI, ) dx
Kr(Z,x)

> / (10501 = CIEI*1pl?) dx
Kr(Z,x)

for some C > 0, where without loss of generality we assumed that v < 2. To estimate
the integral on the r.h.s. of (5.2.84) we first integrate over the variable ¢ for fixed §. In

(5.2.84)
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view of (5.2.80) we have

/ (1001 = clE gl dx
Kr(Zx)

0zpl? = clE ™ Ipl?) ddg (5.2.85)

) /{|t7|<n} /{|5|z\/R2—|67|2}(
' / /  (10g0 - cléI* 1) dé dg.
1= J (&= 141}

Recall that ¢(x) = 0 for |x| < R and thus ¢(§,&) = 0 if |§| < n and || < \/RZ—§|2.
Hence, we can apply the one-dimensional Hardy inequality for fixed ¢, which implies

105012 = clEl 2V Ipl?) dédg = 0 (5.2.86)

A&n«;} /{|E|z\/32_—|5,|2}(

if R > 0 is large enough. To estimate the second integral on the r.h.s of (5.2.85) we
apply Lemma with b = x~1|§| and with the analogue statement for b = —x 1|,
which yields

/ / ) (16501 = clEI > lp(x) ) dE dg
{1glzn} J {IElzx 1141}

(5.2.87)
> —c/ 1177 (oG, MG 1* + 1@, —xtghI*) dg
{Igl=n}

for some C > 0.

q

S

z

\*(/7:77«’

Figure 5.5.: Estimate of the integral over the set {¢ : £ = x~14} for fixed § by the value
of ¢ at the point (§,x ')
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By combining (5.2.82) and (5.2.87) with (5.2.78) we get

/ (IVopl® + Vgl —elxl,, 19I%) dx
Kr(Zx)
>-C / LT (lo €L P + (=€ E)IP) dE (5.2.88)
{I¢1=y}
—C/ G177 (l9(G,x 1GNP +1e(g, —x'1ghI?) dg.
{1g1=n}

Note that the integrals on the r.h.s of (5.2.88) are in fact integrals of the function ¢

over the edges of the cone K(Z,«). In the following we estimate these integrals.

Step 2: Estimate of the boundary integrals over 0Kg(Z, k)
We estimate the integrals on the r.h.s. of (5.2.88) over the edges of Kr(Z,x) by an

integral over the set Kz(Z,x,«’) with some x’ > k. At first, we consider the integral
/{ ) }|€|‘1‘”(|<p(1<|€|,€)|2+|<p(—1<|€|,€)|2) dé, (5.2.89)
I€l=y

which is comprised of the integrals over the four edges of Kr(Z,x) given by

{g=+x& &=y}, {G=+x& E<—y}. (5.2.90)

We introduce polar coordinates (p,w) in the two-dimensional space X, and denote
wo = arctan(x) € (0, Z). Then the integral over the straight line {§ =«¢, & = y} can be

represented as
/~ g_l_vlw(K&sz)lzd5=Cos(wo)/ p~ Vg (p,wo)I* dp. (5.2.91)
= R

We choose k' > « such that K(Z,«x") and K(Z',x’) do not overlap for any pair of two-

y/)

,%). By applying Lemma
5.2.9]to the function ¢(p, ) for fixed p and with b; = wy and b, = w; we find

cluster partitions Z # Z' and denote w; = arctan(x’) € (0

w1

lp(p, wo)* < Clwy, w1) / (lp(o, ) [* + 10,0, ®)|?) dw (5.2.92)

wo
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for some C(wyp,w1) > 0. Substituting inequality (5.2.92) into (5.2.91) we get

/ P Vp(p,wp) 1> dp
R
<C(wo,w1)/ / Y (lp(p, ) +10,9(p, w)*) dwdp (5.2.93)
wo

—C(wo,wl)/ / V(1p (0, w)* + 10, (p, w)]?) dp dw.
wo

Applying inequality for fixed w € (wo, w1) yields

Clwo,w1) [ p ' Vgpp,w)*dp = 6/ 10p0(p,®))*pdp (5.2.94)
R R

where € > 0 can be chosen arbitrarily small if R > 0 is large enough. Substituting this
inequality into (5.2.93) and using

0 dp |?
a(:)) ? £ < |Vopl? (5.2.95)
we obtain -
/ p_l_v|(p(p,a)0)|2dp58/ IVoopl|* dx (5.2.96)
R Kr(Z,x,x")

for sufficiently large R > 0. Inserting this inequality in (5.2.91) yields

/~ S_I_VIQD(KE,E)IdeSE/ IVool® dx. (5.2.97)
&=y}

Kr(Z,x,x")

The other integrals on the r.h.s. of (5.2.88) can be estimated in the same way. There-
fore, we obtain

/ (IVol? + Vigl? - elx|; 1pl?) dx = —8¢C / IVopl?dx.  (5.2.98)
KRr(Z,x) Kr(Z,x,x")

Since in (5.2.88) C is a fixed constant and € > 0 can be chosen arbitrarily, we will
assume C =1 in the following. Summing inequality (5.2.98) over all partitions Z with
|Z| = 2, inserting the resulting inequality into the definition of L and using that the
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cones K(Z,«x") and K(Z',x") do not overlap, we get
Llop] 2/ ((1-88)|Voopl? + Vgl — el x|, pl?) dx, (5.2.99)
K5 ()

where K§ (k) = Xo \ (B(R) UUz; z1=2 K(Z,x)). Note that K§(x) is a region in Xo, where
all particles are far away from each other and we can estimate |V (x)| < Cl|x|,,>™".

Moreover, we can assume v < 2 and thus legl4 < le;lz_v. Hence, we get

Lip] = / ((1-88)Vogl* = (C +&)|x],,2 " |epl*) dx. (5.2.100)
K§(x)
Using polar coordinates (p,w) and |Vog| = ‘g—(g‘ we find

L[(p]Z/ / ((1—88)|6p(p|2—(C+£)p_2_vl(p|2)pdpdw, (5.2.101)
wel JR

where I < [0,27] is the set of angles corresponding to the region K (k). Now since
@(p,w) =0 for p < R, we can apply inequality to the function u(p) = ¢(p,w)
for fixed w € I. Choosing R sufficiently large yields L[¢] = 0 and thus the finiteness of
the discrete spectrum of H. All arguments used above can be applied to the operator

Hj,s, which completes the proof of Theorem|5.1.4 O

5.2.5. Proof of Theorem 5.1.5

In the proof of this theorem we follow the same strategy as in the proof of Theo-
rem First, we give some auxiliary Lemmas which are the two-dimensional ana-
logues to Lemma and Lemmal(5.2.8

Lemma 5.2.10. Let d = 2 and consider the operator h = —A +V acting on L*(R?),
where we assume that h = 0 and V (x) = V(| x|) satisfies (4.2.2) and (4.2.3). Then there

exists a constant ¢ > 0, such that for any by > A and for any functiony € H'(R?)

Jly, byl == / (IVy (01 + V(0 lw (x)[%) dx
{IxI=bo} (5.2.102)

27
z—cbgv/ [y (bo, w)|* dw.
0
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Remark 5.2.11. Lemma [5.2.10| does not hold if we restrict the operator & to anti-
symmetric functions. This is the reason why our proof of Theorem does not

work for a fermionic system, where the super Efimov effect is known to exist.

Proof of Lemmal5.2.10. Let w € H'(R?) and by > A. We introduce polar coordinates
o0 .
x=(p,w)and write w(x) = Y Y,(x) withy,(x)=R,(p)e"”. ForkeN, k=2, let
n=-o00

RE(p):=1 R, (by)In (kbop™") (k)™ if by < p < kb, (5.2.103)
0 if o > kb

We set w’,ﬁ ‘R - C, wﬁ(x) = R,’i(lxl)ei”‘”. Then we have ][w],g,bo] = J[yn, bpl and

therefore
o0

Jlw,bol= Y. Jlyk byl forany k=>2. (5.2.104)

n=—00

Now we estimate ][w’,ﬁ, by] for fixed k, n € N with k= 2. Due to

ow 1 oy oy
V= |+ S| == > = |—|? 2.1
IVl Iapl+p2|6w|>lapl (5.2.105)
and V(x) = V(Jx]) we can estimate
by
Jiw, bol = 27 / (|apR,’;(p)|2 + V(p)|R’,§(p)|2) pdp. (5.2.106)

0

Using (hlp’,;, 1/7@) > 0 for the radial function &’,g(x) = R',j(lxl) and (5.2.106) yields

o0

Jyk, bol = -2 / (lapR,’;(p)F + V(p)|R’,;(p)|2) pdp. (5.2.107)
bo

Easy computation shows that

—Ry(bo) (In(k) 1 p~! if by < p < kby,
dRE(py={ P OSPsER (5.2.108)
0 1fp>kb0

138



5.2. Proofs of the results

This implies

® kbo

/ 10,RE(0)1 pdp < | Ry (bo)* (In(k)) 2 / p~'dp = [Ry(bo)(n(k) ™.  (5.2.109)
b
bo

0

Since |V (p)|<C(1+ p)_z_v for p > by, we get

I kb
/ IV(0)IIRE(0)I? pdp = CIR(bo)*(In(k)) ™2 / (1+0) "2 (In(kbop™)” pdp
b() bO
kbo
< C|R,,(bo)|? /(1 +p) %" pdp, (5.2.110)
bo

where for the last inequality we used that (In(k)) 2 (In(kbop™1))* < 1 for p € (by, kbo).

By inserting
kby

/(1 +p) % Vpdp < /p_l_v dp = by" (5.2.111)
b() bO

in inequality (5.2.110) we find

/ IV(0)IIRE(0)I? pdp = CIRn(bo) by (5.2.112)
bo

Combining with and we obtain
][Ufﬁ, bol = —27C| Ry, (bo)[* by — 27| Ry ()| (In(k)) . (5.2.113)

Recall that the left hand side of coincides with J[w,, by] and in particular
does not depend on k. Therefore, sending k to infinity and using

00 2n
21 Z IRy, (bo)|* = / lw (bo, w)|* dw (5.2.114)
n=- 0
completes the proof of Lemma O
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The following lemma is analogous to Lemma

Lemma 5.2.12. Let Cy > 0. Then for any sufficiently large b > 0 and for anyw € H' (R?)
2n
/ (IVy (0)1? = Colx|™* V| (x)*) dx = —2cob—V/ lw(b,w)*dw.  (5.2.115)
{lxl=b} 0

Proof of Lemmal[5.2.12. Let w € H'(R?). We write w = ¢ + v with yq = 2™ %y and
v = 2=y where 22™ is the projection onto the space of functions with angular

Cw' —_ (’pw aa)w = 2 1’[/ oL

and therefore

(IVyr1 (01 = ColxI 2y (0)1?) dx = 0 (5.2.117)
{lx|=b}

if b > 0 is sufficiently large. Hence, it suffices to prove (5.2.115) for the radial function
Wo. For the sake of convenience we shall not distinguish between v (x) and (| x|).
For |x| = b let ¥(x) = o (x) —yo(b). Then ¥ is also radial and ¥ (b) = 0. We extend ¥

with zero to the region {|x| < b}. Similarly to the one-dimensional case we obtain

/ (IVyo (0% = ColxI >V yo(0)[*) dx

{lx|=b}
> / (IV@ () |* = 2Colx > V1§ (0)]%) dx (5.2.118)
{lx|=b}

- / 2ColxI* Yy (b)* dx.
{lx|=b}

Since (x) = 0 for |x| < b, we can apply the two-dimensional Hardy inequality to
the function ¥, which implies that the first integral on the r.h.s of (5.2.118) is non-

negative. Hence, we arrive at

/ (IVo(x)* = ColxI 2™V lwo(x)?) dx = —2Cy / 1x1 7> Vo (b)*dx. (5.2.119)
{Ix|=b} {Ix|=b}

Computing the integral on the r.h.s. of (5.2.119) completes the proof of Lemmal5.2.12
O
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Proof of Theorem[5.1.5 Let
Ll] := / (IVogl* + Vgl —elxl, pl?) dx. (5.2.120)

We show that L[¢p] = 0 for all functions ¢ € H!(X,) with supp (¢) < {|x|,, = R} if e > 0
is small enough and R > 0 is sufficiently large. First, we estimate the part of L[¢] cor-
responding to the cone K(Z,«) for an arbitrary partition Z into two clusters. Assume
that Z = {C}, C»} with C; = {i, j} and C, = {k}. Note that the spaces Xy(Z) and X.(2)
are both two-dimensional. We choose orthonormal bases of Xy(Z) and X.(Z) and de-
note by g1, G, 51, 52 the corresponding coordinates. We write g = (g1, G»), 5: (51,52)
and ¢ = ¢(§,&). Similarly to we write

/ (IVol? + Vipl® — elx]; pl?) dx = / (IV401* + Vijlgl?) dx
KR (ZyK) KR (ZrK)

+/ (|vg<p|2+(1/ik+ij)|<p|2—g|x|;f|<p|2) dx. (5.2.121)
Kgr(Z,x)

To estimate the integrals on the r.h.s of we introduce the polar coordinates
g = (p1,P1) and g = (p2, B2) in the planar spaces Xy (Z) and X (Z). For the first integral
ontherh.s. of we use Lemma|5.2.10|for fixed & with by = k|€|. Then similarly
to we get

/ (IV41* + Vijlpl?) dx:/~ / ~ (IVg9l* + Vijlgl?) dx
Kr(Z,x) {I§1zy} JHlgl=xI<l}

o (5.2.122)
> -c/~ |€|—V/ lpxIEl, B1, )17 dB1 dE
{Ig1=7} 0

_1
for some C > 0, where y = (1+%?) "2 R is analogous to the proof of Theorem|5.1.4 For
the second integral on the r.h.s. of (5.2.121) we use Lemma|5.2.12|for fixed g and with
b =x"1|g|, which similarly to (5.2.87) yields

/ (IVeol? + (Vi + Vil — el xl, o) dx
Kr(Z,x)
(5.2.123)

27
> —C/ |c7|‘V/ lo(G,x 114l B2)1*dB2dg
{Igl=n} 0
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for some C > 0, where p = (1+ K_z)_l R is analogous to the proof of Theorem m
Combining (5.2.122) and (5.2.123) with (5.2.121) implies

/ (IVogl? + Vigl* — el x|, 1pl?) dx
Kg(Z,x)
~ 27-[ ~ ~ ~
Z—C/~ Iél‘v/ lp(x|E], B1,E)I*dBy d& (5.2.124)
{I<1=y} 0

27
—C/ |c7|‘V/ lo(G,x 141, B2)*dB2dg.
{Igl=m 0

In the set {(|4], 1&D) € R, x R,} we introduce the polar coordinates (p,w), where p? =
1G1% +1&1? = |x|2, and w = arctan(%) € [0,Z). Then for p; = |G| and p, = || we have
p1 = psin(w) and p, = pcos(w). Furthermore, we represent the function ¢(x) as a
function ¢(p,w, B1, B2). Note that the integrals on the r.h.s of are integrals
of the function I(p(x)l2 over the set where |G| = x|€], i.e., where w = wg = arctan(x).

Hence, for the first integral on the r.h.s of (5.2.124) we get

27
/~ |€|—V/ lp(x|El, B, O)1*dBy dE
{I¢1=y} 0
o0 27 27
- / / / 03" 10(kp2 1, P2, B2) - A1 B2 p2dlps (5.2.125)
Y 0 0

s} 27 27
= C/ / / p~"1¢(p, wo, B1, B2) I dB1 dB2 pdp,
R 0 0

where ¢ > 0 is a constant which comes from the transformation of variables if we
represent the function p, — @(xp2, B1, p2, B2) as function p — @(p,wy, P1, B2), where
wo = arctan(x). In the first equality in we used that dim (X.(Z)) = 2, which
implies that the Jacobian of the transformation to polar coordinates in X.(Z) gives a
factor p». In the last equality of we used that the function ¢ is zero for p < R.
Similarly we get

27
/ |c7|‘V/ lo(G,x 141, B2)I*dB2dG
{IGl=n} 0

’ (5.2.126)

S T 21

B C,/ / / p_vl('b(p’wo’ﬁl’ﬂZ)lzd,Bl dﬂzpdp
R 0 0
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for some ¢’ > 0. By combining (5.2:125) and (5.2.126) with (5.2.124) we obtain
/ (IVool® + Vigl* — elxl lgl) dx
Kr(Zx)

o om o (5.2.127)
= _C/ / / 0" V190, w0, B1, B2) > dB1 dB2dp
R 0 0

for some C > 0. Now as in the proof of Theorem we estimate the integral on
the r.h.s. of inequality (5.2.127), which is an integral over the edge of Kz(Z,«) given
by {IG| = «|€|, |x|,» = R}, by an integral over the set K(Z,x,x") for some x’ which is
slightly larger than k. For this purpose let ¥’ > x be so small that the cones Kz(Z, )
and Kg(Z',x") do not overlap for partitions Z # Z' with |Z| = |Z'| = 2 and denote
w1 = arctan(x’). We apply Lemma5.2.9]to the function ¢(p,-, f1, B2) for fixed p, f1, B2
and with b; = wy, by = w,. Then we get

0 27 27
/ / / 01160, w0, 1, B2)12 dBr A dp
R 0 0

oo f2m 2 roq
SC((X)O,(Hl)/ / / / Pl_v|(p(P;w;,61,,32)|2d(Udﬁldﬁzdp (52128)
R Jo Jo Jw
oo r2m L2m Loy
+C(a)o,w1)/ / / / p'10,@(p, 0, B1, B2)I* dwdB1 dB2 dp,
R 0 0 wo

where C(wg,w;) depends on wy and w; only. Applying the Hardy type inequality
to the function u(p) = ¢(p,w, B1, B2) with @ = 1 — v (where without loss of gen-

erality we assume v < 2, so @ > —1), we obtain

/ p' V1@(p,w,P1,p2) 1P dp = C / p>7V10,3(p, 0, B1, B2)I* dp (5.2.129)
R R

for some C > 0. Therefore, we get

/ p' ™ (1¢(p, w, b1, B2)* +100@ (0, w, B1, B2)I%) dp
R

10,90, w, B1, B2)I? dp.

(5.2.130)
(e.0]
<R /R p’ (|ap¢(p,w, B, B2)I* + s
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5. Absence of the Efimov effect for systems of one- or two-dimensional particles

Recall that (p, w) are the polar coordinates corresponding to (||, If ), which implies

|aw(p(p»w; ﬁl)ﬂZ)lz
2

10, (0,0, B1, B2) > + = 1015191 +10,5 0 < [Vopl”.  (5.2.131)

This yields
oo r2m r2m @1 |6w(p(P,w;,61,ﬁ2)|2

R / / / / p3(|ap<p(p,w,ﬁ1,ﬁz)|2+ > dwdp dfzdp
R Jo Jo Juw Y

<e / IVoo|? dx, (5.2.132)
Kgr(Z,x,x")

where € > 0 can be chosen arbitrarily small if R > 0 is sufficiently large. Here we used
that the Jacobian of the transformation from the coordinates x = (g1, g2, &1,&5) to the

variables (p,w, 1, B2) is given by p3 sin(w) cos(w) and that we can estimate
0 < sin(wg) cos(wg) < sin(w) cos(w) (5.2.133)

for any w € (wg, 1) if 0 < k¥ <x’ < 1. Combining (5.2.132) with (5.2.130), (5.2.128) and
(5.2.127) we get

/ (IVol? + Vipl? —elx|; pl?) dx = —¢ / IVoe|? dx. (5.2.134)
Kr(Z,x) Kr(Z,x,x")

This inequality is analogous to inequality in the proof of Theorem(5.1.4] Now
we can complete the proof of Theorem by repeating the same steps as in the
proof of Theorem if we replace the scalar form of the two-dimensional Hardy
inequality by the scalar form of the four-dimensional one, i.e., witha=1. O
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A.1. Proof of Theorem

The proof of Theorem 4.3.7|is a modification of the proof of Theorem 2.1 in [7]. As in
the proof of Theoremwe take a sequence of eigenfunctions v, € H 1(R*) which
correspond to eigenvalues E, < 0 of the operator h,-1, normalized by |y, ;1 = 1.
Then we find a function ¢( which is the weak limit of a subsequence of (¥ ,) ,en and
which will turn out to be the eigenfunction stated in the theorem.

Let us briefly explain how the strategy of the proof of Theorem differs from
that of Theorem[4.2.6] In the latter we used the fast decay of the potential to show that
(Vy,,wy) converges (V o, po) and concluded that ¢y is a minimizer of the quadratic
form of h. Here we will use the assumption to derive a uniform estimate
for a weighted L?(R¥) norm of the functions ,, which guarantees L?(R¥) conver-
gence of the sequence (¥ ;) nen, from which we conclude convergence of (Vy,,, v )

to (Vo, po). We start by providing the following uniform estimate of the decay rate
of y,.

Lemma A.1.1. Assume that h has a virtual level at zero, where V satisfies (4.2.2) and
suppose that (4.3.14) holds for some ay > 1. Then there exists a constant C > 0, such
that for any eigenfunction vy, € H' (R*) corresponding to a negative eigenvalue of the

operator h,-1, normalized by ||y |l ;m = 1, we have
V(- 1%yl <C (A.1.1)

and

IA+]-D*ty,ll<C ifk=1

(A.1.2)
and |A+[-D®A+In(-Dh Tyl C ifk=2.
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Proof of LemmalA.1.1 The proof is a straightforward modification of the proof of
Lemmal4.2.9 Let k =1 and

Gen) = —1" 1 r (A.1.3)
£,R - 1+€|x|aOXR ) 1.

with a smooth cutoff function yr satisfying

0, |x|<R,
Xr(X) = (A.1.4)
1, |x|=2R.

By repeating the same computations as in the proof of Lemma we arrive at

(1= n" Y IV nGe R I* + (VGe R n, Ge, RY 1)

G 2 (A.1.5)
0 |x|2
{lx|>2R}

where the constant C, > 0 does not depend on 7n € N or € > 0. The function G gy, is
supported outside the ball with radius R. Therefore by assumption (4.3.14) we have

(=Y IV(Ge, s 12 + (VGe g, Ge g n) — @2(1X1 %G, pWn, GepWn) 20 (A.1.6)
for some @y >1and yo > 0. For n > 2y, ! the estimates and imply
% IV(Ge,rn)I* < C. (A.1.7)

Taking the limit ¢ — 0 yields [V (|-|*y,) |l < C for some C > 0. Applying Hardy'’s

inequality for the half-line to the function G, ry, and taking the limit ¢ — 0 implies
IA+1-D* gyl <C. (A.1.8)

This completes the proof of Lemmaf4.2.9/for k = 1. The proof for k = 2 goes along the

same line.

O

Since () nen converges weakly in A'(RX) to ¢o, we have strong convergence
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A.1. Proofof Theorem|4.3.7

Wn— @oin LIZOC(Rk). This, together with the uniform estimate (A.1.2) for some ag > 1

implies strong convergence in L?(R¥) and that ¢y satisfies
(L+1-D* g € L*®Y) (A.1.9)

forany a < ay. It remains to prove that ¢ is an eigenfunction. Note that (Vy ,,, v ;) —
(Vpo, o) as n — oo, which follows from assumption ([@.2.2), the L?(R*) convergence
of ¥, to o and due to the boundedness of ||V, || and [|[V¢yll. Now as in the proof of
Lemma we get

IVoll® + Vo, po) =0 (A.1.10)

and |lgoll 1 = 1. In conclusion, we have v, — ¢o in H'[®RY), v, — ¢¢ in L?([RF) and
lwall 1 — ll@oll z1. This implies v, — ¢o in H'(R¥). Hence, by and Theorem
(o is an eigenfunction corresponding to the eigenvalue zero. Repeating the
arguments of the proof of Lemmafor the function ¢y shows V (I . I“O(po) € L2(RK).

To complete the proof of Theorem [4.3.7]it remains to prove (4.3.17). We prove the
assertion in the following lemmas which are analogouos to Lemmas 2.6-2.8 in [7]. We

adapt them to the case of k =1, 2.

Lemma A.1.2. Assume that V satisfies (4.2.2), that h has a virtual level at zero and
that holds for some ay > 1. Let a(n) — 0 be a sequence of real numbers with
a(n) #0 for all n € N and (Y ,,) nen a sequence of real-valued eigenfunctions of the
operator hgyy corresponding to some negative eigenvalues, normalized as |y || gn = 1.
Then () nen converges in H'(Xy) to the function ¢q defined above. In other words:

All such sequences of eigenfunctions converge to the same limit.

Proof of LemmalA.1.2 Assume for a contradiction that (y,),en does not converge
to ¢o. Then, there exists a constant y > 0 and a subsequence (¥, )ken, such that
lWn, —@oll g = p. Due to lly,, | jn = 1 there exists a subsequence of () ken, also
denoted by (,,) ken, Which converges weakly to a function ¢; € A'(R¥). Repeat-
ing the arguments above, we see that ¢, is an eigenfunction of i corresponding to
the eigenvalue zero with [[¢1] ;n = 1 and we have convergence of (¥, ) ren tO ¢ in
H'(R¥). Since an eigenvalue of a Schrodinger operator coinciding with the bottom of
the spectrum cannot be degenerate [23], we have ¢, = ¢y. This is a contradiction to

the choice of (¥, ) ken- O
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Lemma A.1.3. For any sufficiently small € > 0 the operator h, has only one negative

eigenvalue and this is non-degenerate.

Proof of LemmalA.1.3 Suppose for a contradiction that there exists a sequence of
real numbers a(n) € (0,1) with a(n) — 0 as n — oo, such that for any n € N the op-
erator h,p;) = —(1—a(n))A+ V has at least two eigenvalues. Recall that the lowest
eigenvalue of h,(,) is non-degenerate. We consider two sequences of eigenfunctions

w(nl) and 1//512) of hy ), normalized by IIWE}) g = ||1//E12) | ;1 = 1, where wi}) corresponds

to the lowest eigenvalue and % corresponds to the second eigenvalue. Then ')’
and y'?) are orthogonal in L?(R¥). On the other hand, by Lemma y and y?

both converge in L2([R") to (o, which is a contradiction. O

Lemma A.1.4. There exists a constant 5y > 0, such that for every function v € H' (R¥)
with (Vy, Vo) =0
(1 =8 IV lI? + (Vy, ) = 0. (A.1.11)

Proof. We prove the Lemma by contradiction. Assume that there is no such constant

00 > 0. Then there exists a sequence of functions g, € H L(R*y with
(Vgn, Vo) =0 and (h,-18n,8n) <O. (A.1.12)
Note that for cj, ¢, € C we have

(h,-1(c18n + C2p0), (C18n + C2p0))

) ) _ (A.1.13)
= c7(hp-18n, 8n) + 5 {100, 0) + 2Re ¢1C2 (M1 80, P0)-
Furthermore, it is easy to see that
Re(h,-18n, o) = Re(gn, hpo) — n~ Re(Vg,, Vo) =0 (A.1.14)
and
(190, 0} = (hepo, o) =~ IVepo > = —n ™! (A.1.15)

for every n € N. Hence, we conclude that for any linear combination c; g, + c2¢ with
c1, ¢ #0we have

(h,-1(c18n+ C2000), (C18n + C2¢0)) <O. (A.1.16)
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A.1. Proofof Theorem|4.3.7

Since by (A.1.12) the functions ¢y and g, are linearly independent, for any n € N
we can find a linear combination f;, of ¢ and g, such that f;, is orthogonal to the
ground state of /1,-1. According to Lemma [A.1.3|for sufficiently large n € N the op-

erator /1,-1 has only one negative eigenvalue, which yields {h,-1 f,, f») = 0. This is a

contradiction to (A.1.16). O

LemmalA.1.3|completes the proof of Theorem[4.3.7}
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