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Abstract

We establish a framework for systematically analyzing and designing
output-feedback controllers for linear impulsive and related hybrid systems
that might even be affected by various types of uncertainties. In particular,
the framework encompasses uncertain switched and sampled-data systems
as well as networked systems with switching communication topologies.

The framework is based on recently developed convex criteria involving
a so-called clock for analyzing impulsive systems under dwell-time con-
straints. We elaborate on the extension of those criteria for dynamic output-
feedback controller synthesis by means of convex optimization and gener-
alize the so-called dual iteration to impulsive systems. The latter originally
and still constitutes a promising heuristic procedure for the challenging and
non-convex design of static output-feedback controllers for standard linear
time-invariant systems. Moreover, for uncertain impulsive systems as mod-
eled in terms of linear fractional representations, we generalize the nominal
analysis criteria by providing novel robust analysis conditions based on a
novel time-domain and clock-dependent formulation of integral quadratic
constraints. Finally, by combining the insights on nominal synthesis and
robust analysis, we are able to tackle challenging output-feedback designs
of practical relevance, such as the design of gain-scheduled, robust or robust

gain-scheduled controllers for impulsive systems.



Most of the obtained analysis and synthesis conditions involve infinite-
dimensional (differential) linear matrix inequalities which can be numer-
ically solved by using relaxation methods based on, e.g., linear splines,

B-splines or matrix sum-of-squares that we discuss as well.
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Matrix Inequalities



Zusammenfassung

Ziel dieser Arbeit ist die Entwicklung von Werkzeugen zur systemati-
schen Analyse von impulsiven linearen Systemen und dem Entwurf von
Ausgangsriickfiihrungsreglern fiir solche Systeme und verwandte Hybrid-
systeme selbst, wenn deren Modelle diverse Arten von Unsicherheiten auf-
weisen. Zu den verwandten Hybridsystemen gehoren beispielsweise geschal-
tete Systeme, Systeme mit Datenabtastung und Netzwerksysteme mit ge-
schalteten Kommunikationsstrukturen.

Die Basis unserer Uberlegungen bilden die vor Kurzem entwickelten kon-
vexen Analysekriterien fiir impulsive Systeme mit Verweilzeit, die eine Art
von Taktgeber beinhalten. Wir diskutieren die Erweiterung dieser Kriteri-
en zum Entwurf von dynamischen Ausgangsriickfithrungsreglern mit Hil-
fe von Techniken aus der konvexen Optimierung und verallgemeinern die
sogenannte Dual-Iteration so, dass diese auf impulsive Systeme angewen-
det werden kann. Die Dual-Iteration ist ein vielversprechendes heuristi-
sches Verfahren fiir den Entwurf von statischen Ausgangsriickfithrungs-
reglern fiir lineare zeitinvariante Systeme, der ein schwieriges und nicht-
konvexes Problem darstellt. Auflerdem etablieren wir neue Kriterien fiir
die Robustheitsanalyse von impulsiven Systemen, die mit gebrochen line-
ar eingehenden Unsicherheiten behaftet sind, basierend auf einer neuarti-

gen Zeitbereichsformulierung von sogenannten quadratintegrablen Neben-



bedingungen. Schliefllich kombinieren wir die gewonnenen Einsichten aus
dem nominalen Reglerentwurf und der Robustheitsanalyse, um einige her-
ausfordernde und praktisch hochst relevante Reglerentwurfsprobleme fiir
impulsive Systeme zu 16sen. Dazu gehoren beispielsweise der Entwurf von
robusten, gain-scheduled! oder robusten gain-scheduled Reglern.

Beinahe alle erarbeiteten Analyse- und Entwurfskriterien bestehen aus
unendlichdimensionalen linearen Matrix(differential)ungleichungen, zu de-
ren numerischen Losung wir verschiedene Relaxationen verwenden. Kon-
kret diskutieren wir Verfahren, die auf linearen Splines, B-Splines oder

Matrixquadratsummen basieren.

IDieser Begriff is nicht verniinftig iibersetzbar. Er beschreibt eine spezielle Art der
Adaptivitat.
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Introduction

1.1 Motivation

Hybrid and Linear Impulsive Systems

Hybrid systems are dynamical systems that evolve continuously but also

undergo instantaneous changes at certain events. They, hence, admit a

combination of continuous-time and discrete-time dynamics which makes

their study interesting and challenging. One of the most intuitive and

classical examples of a hybrid system is given
by a bouncing ball as depicted on the right and
which can be modeled as follows. While the ball
is in the air, it behaves continuously as described

by the differential equations
0(t)=—g and @(t) = v(¢)

where g = 9.81m/s? denotes the acceleration

[

il

Figure 1.1: A bouncing
ball.
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Figure 1.2: (Left) position « and (right) velocity v of the bouncing ball.

due to gravity, z(t) is the ball’s distance from the ground (in m) and v(t)
is the ball’s velocity (in m/s) at time ¢. The hybrid nature of this example
becomes apparent when modeling the collision of the ball with the ground.
If one assumes a partially elastic collision with the ground, then the veloc-
ity before and after the collision (denoted by v~ and v™, respectively) can
be related by

vt = —cv”

where ¢ = 0.7 is the ball’s coefficient of restitution that is related to its
deformation. Hence, the ball’s velocity experiences a jump (or an impulse)
whenever the ground is hit, i.e., whenever z(¢) = 0 for some time instance
t. This is confirmed in a simulation of the bouncing ball as shown in Fig. 1.2
where it is thrown up with a velocity of v(0) = 10m/s from a height of
z(0) = 10 m.

Hybrid systems are practically highly relevant since they are encountered
in numerous real-world applications related, e.g., to the fields of embedded
control, fault tolerant control, traffic flow optimization, power electron-
ics, robotics and system biology. Consequentially, considerable attention
has been devoted to their investigation in the past years [63, 64, 88, 103].
Particularly in embedded control, one deals with interconnections of to-
be-controlled systems and controllers modeled in continuous-time by dif-

ferential equations with components for logical decision making that are
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Controller 1 Controller 2

uy otherwise Y

{ul if an object is grasped
u =
u

Figure 1.3: An embedded control system involving a manipulator.

intrinsically discrete. An example of such an interconnection involving a

manipulator is schematically displayed in Fig. 1.3.

(Linear) impulsive systems constitute a rich subclass of hybrid systems
which is considered on its own, e.g., in [76, 173, 68, 172]. We focus on this
class because it even encompasses switched, sample-data and networked
systems as shown for example in [22], [154] and [114]. Currently, networked
systems composed of a great number of individual subsystems that share
information enjoy increased attention due to, e.g., the recent interest in
social and other digital networks as well as the developments on so-called
smart cities. In such communication networks impulses and switches occur
naturally, e.g., as a result of link failures or creations during operation of
the system. An example of a switching network with three possible config-

urations or modes is illustrated on the cover of this thesis.

Systems and Control Theory

Systems and control theory is a field with a long history and big impact
on society due to its applications in various branches in science and engi-
neering. Some of them are summarized in the survey [130]. In a nutshell,

systems and control theory is essentially about

o the analysis of a given dynamic system’s response to external exci-
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tations and

e the design of controllers that provide commands for actuatable sys-
tems based on measurements of the underlying system such that

some desired objective is achieved.

In this thesis we conceptually follow the paradigm propagated in the mono-
graphs [149, 141, 179, 178] since it permits an efficient analysis and design
even if the underlying system is affected by uncertainties or subcomponents
that are difficult to grasp. This is highly relevant in practice since any em-
ployed mathematical model deviates from the underlying real system (e.g.,

caused by unknown system parameters or by neglected dynamics).

1.2 Main Goals

Despite the availability of many approaches to deal with impulsive and
hybrid systems, there is still a lack of a common and flexible framework
that permits a systematic analysis and design for such systems, particu-
larly if they are affected by uncertainties. This is in contrast to standard
linear time-invariant (LTT) systems where such a framework is available
and elaborated on, e.g., in [160, 71, 78]. Its key ingredients are linear frac-
tional representations (LFRs) for modeling uncertain or complex systems
in a flexible fashion and integral quadratic constraints (IQCs) that allow
for systematically analyzing such systems. These ingredients are accompa-
nied by dedicated optimization tools based on linear matrix inequalities
(LMIs) for the numerically efficient design of controllers. This motivates

the following:

The general theme of this thesis is the establishment of a systematic
analysis and design framework for linear impulsive systems based on

LFRs, IQCs and LMIs.
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To this end, we have to achieve several (partly technical) subgoals that
each constitute individual scientific contributions and which are discussed

in the remaining chapters.

1.3 Outline and Contributions

In the remainder of this section, we briefly summarize the contents and
individual contributions of the next four chapters that form the main part
of this thesis. We also point the reader towards the already published con-
tributions by the author that resulted from this work.

In Chapter 2 we elaborate in detail on analysis techniques for linear
impulsive systems unaffected by uncertainties and with impulses satisfy-
ing dwell-time constraints based on the methodology introduced in [18]

characterizing stability. In particular, we

o show that the proposed stability criteria generalize naturally to con-

ditions for assuring dissipation based performance objectives and

e provide alternative analysis criteria in terms of so-called slack vari-
ables that permit the derivation of synthesis criteria with reduced

conservatism.

In Chapter 3 we consider the systematic design of controllers for impul-
sive systems in the case that the full state is unavailable for control. We il-
lustrate several variations and show that the provided approach seamlessly

applies to switched and sampled-data systems. In particular, we provide

o several new LMI based criteria for designing dynamic output-feedback

controllers for impulsive, sampled-data and switched systems and

e an extension of the so-called dual iteration for synthesizing static
output-feedback controllers for impulsive systems by iteratively solv-
ing LMIs.
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In Chapter 4 we provide tools for analyzing uncertain impulsive systems
and demonstrate that these also permit the analysis of networked systems
in a scalable fashion and even if the underlying communication topology is

switching. Technically, this relies on

o a generalization of the IQC framework that applies to linear impul-

sive systems based on a novel notion of time-domain IQCs.

In Chapter 5 we combine the results from the previous chapters in order
to tackle the problems of synthesizing so-called gain-scheduled and robust
output-feedback controllers for linear impulsive systems. The contributions

of this chapter are

¢ a gain-scheduled design approach for impulsive systems affected by

piecewise constant parameters based on dynamic IQCs and

e an extension of the dual iteration for synthesizing robust output-
feedback controllers for uncertain impulsive systems in an iterative

fashion.

In Chapter 6 we provide several general concluding remarks as well as
an outlook on potential future research. The appendix comprises an expla-
nation of utilized symbols and abbreviations in Appendix A and Appendix
B, respectively. Appendix C contains several auxiliary results on LMIs and
tools for dealing with them. Most of these results are extracted from [149]
and repeated here in order to turn this thesis self-contained. Thus, ba-
sic linear algebra and calculus should be sufficient for reading this work.
Appendix D elaborates on three relaxations for turning differential LMIs,
that frequently appear in this work, into standard semidefinite programs.
These relaxations are based on sum-of-squares matrices, linear splines and

B-splines. The B-spline relaxation is not standard and we

o demonstrate how to employ this relaxation for analyzing impulsive
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systems and for synthesizing impulsive output-feedback controllers

and

o show for the first time that this relaxation is asymptotically exact.

A dependency graph including the main chapters and the relevant ones

from the appendix is depicted in Fig. 1.4.

Finally, we stress that this work resulted in the peer-reviewed publica-
tions [79, 80, 81, 82, 83, 84, 85] and that, albeit most of the material has
been streamlined and enhanced over the time, some portions of the text
still overlap. In particular, there is some overlap between Chapter 2 and
the reference [84], Chapter 3 and [84, 85], Chapter 4 and [80, 83], as well
as Chapter 5 and [81, 83, 85]. We will more precisely link the presented
results in these chapters with the publications by the author.
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Figure 1.4: Dependency graph of covered topics.



Nominal Analysis

A key task in control engineering is the investigation of the internal be-
havior of a dynamical system and the detailed analysis of its output in
response to external excitations. Thereby, a fundamental and highly rel-
evant property is stability which usually translates into a safe operation
of the underlying system. Consequently, this property is of tremendous
importance in numerous commercial and industrial applications involving,
e.g., cars, trains, planes, rockets, power plants and robot manipulators.
Next to assuring stability, control engineers are also often asked to ver-
ify whether or not some desired performance objective is achieved. For
example, airplanes and cars should be designed such that the passengers
experience a comfortable flight or ride while being fuel efficient. Similarly, a
solar power plant should generate as much electrical energy as possible and
a robot manipulator could be tasked to grasp an object and to accurately

place it at a specified target location.

In this chapter we focus on nominal stability and performance analysis

for impulsive and related hybrid dynamical systems. This means that we
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provide tools and criteria for assuring stability and certain performance
specifications for such dynamical systems in the case that they are unaf-
fected by uncertainties. Of course, this is not very realistic because there
are always discrepancies between the faced real system, which might be ex-
tremely complex in practice, and the employed mathematical model, which
is limited, e.g., by the available computational resources and the knowledge
about the real system. The theory of robust control [179, 141, 66] was pre-
cisely developed in order to provide means to deal with uncertainties as
induced by the latter discrepancies. In Chapter 4 we will extend some of
the most important analysis tools of robust control to uncertain intercon-
nections involving impulsive systems. However, since the underlying tech-
niques are based on those for nominal analysis, the latter are discussed

here in detail.

2.1 Stability

2.1.1 Stability Analysis of Impulsive Systems

For matrices A, A; € R"*™, some initial condition z(0) € R™ and a se-
quence of impulse instants 0 = t5 < t; < t3 < ..., let us consider an

autonomous linear impulsive system with the description’

x(t) = Ax(t), (2.1a)
x(ty) = Aja(ty) (2.1b)
for t > 0 and k € N. Under the additional assumption that the monotone

sequence (tr)gen, does not admit an accumulation point, there exists a

unique piecewise continuously differentiable and right continuous function

1For a normed vector space X, a function f : [0,00) — X and time ¢t > 0 we let
f(t™) :=limg »; f(s) denote the limit from below once it is well defined; for nota-
tional simplicity we set f(07) := f(0).
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z 1 [0,00) — R™ satisfying (2.1a) and (2.1b). This function? is referred to
as state or state trajectory of the system (2.1). The components (2.1a) and
(2.1b) of the system (2.1) are usually called flow and jump component,
respectively. If we assume that the jump component is absent or that it
is rendered trivial by choosing A; = I, then (2.1) describes again a stan-
dard linear time-invariant (LTI) dynamical system in continuous-time as
modeled by a single ordinary differential equation.

As for such standard LTI systems, we intend to analyze the asymptotic
behavior of the state trajectory of (2.1) for ¢ — co. The most important

concept related to safe operation of the underlying system is the following.

Definition 2.1 (Stability) The system (2.1) is said to be (globally) (ex-
ponentially) stable if there exist constants M,~v > 0 such that ||x(t)|| <
Me=7|z(0)| holds for all t > 0 and all initial conditions x(0) € R™.

For an impulsive system (2.1), stability is not only determined by prop-
erties of the describing matrices A and A, but also greatly influenced
by the sequence of impulse instants or, more precisely, by the differences
tr — tr_1 for all k. These so-called dwell-times equal the duration of how
long the flow component is active until a jump occurs and also determine
the number of impulses within a given time period. Thus stability results
are usually formulated under concrete assumptions on the dwell-times. The

most typical and relevant ones are the following.

2The state of the system (2.1) is explicitly given by (2.1b) as well as z(t) = eA(t*—t0) z(0)
for all ¢ € [to, 1) and

a(t) = eAl 1) A jeAtnri—te) ... A jeA(t—t0) 5(0)

for all t € [tg41,tk+2) and all k € No.
If (2.1b) is absent, the state is simply given by z(t) = e4?z(0) for all ¢ > 0.
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Definition 2.2 (Dwell-Time Conditions) The strictly increasing sequence

(ti)ken, with to =0 is said to satisfy

e an exact dwell-time condition if there exists some T' > 0 such that

ty —txk—1 =T forall keN (EDT)

e a minimum dwell-time condition if there exists some Ty > 0 such
that
tgy — tk—1 € [Tmin,00) forall keN (MDT)

e a range dwell-time condition if there exist 0 < Tpin < Tmax Such
that
te — th—1 € [Tmins Tmax] for all keN. (RDT)

There are various more ways to constrain the dwell-times such as re-
stricting the average number of jumps in given time intervals (average
dwell-time) and it is also possible to constrain them not at all which is
referred to as arbitrary dwell-time [74, 98, 97]. One could also allow the
impulse instants t; to depend on the value of (parts of) the current state
x at time ¢t which leads to the field of event-triggered control [70, 153], but
this is not pursued here. In the sequel, we focus on an analysis based on
a range dwell-time condition and will comment on some of the alternative

criteria stated in Definition 2.2.

Our first stability result is essentially taken from [18] and forms the basis
of all upcoming results. It involves Lyapunov arguments [11] and also relies
on the incorporation of a so-called clock. This clock is the function defined
by

O(t):=t—t, forall t€[ty,trpr) and keNg (2.2)

which depends on the sequence of impulse instants (f)ken, and which is

illustrated in Fig. 2.1. This clock allows us, by its very nature, to define
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Tmax

Tmin

Figure 2.1: The clock (2.2) for a sequence (tx)ren, satisfying (RDT).

piecewise continuous Lyapunov functions capable of adequately dealing
with the flow and jump component of the system (2.1) simultaneously.
We emphasize that, in contrast to, e.g., lifting or looped-functional based
approaches [171, 45, 24], the resulting conditions are particularly well suited
for deriving controller design criteria as the system matrices A and A ; enter

in a convex and very convenient fashion.

Theorem 2.3 (Clock-Based Stability Analysis Criteria) The system (2.1) is
stable for all sequences (tr)ken, satisfying (RDT) if there exists a function
X € CY([0, Tiax],S™) satisfying the (differential) linear matriz inequalities
(LMs)?

X(1t) >0 (2.3a)

3 A brief introduction to standard LMIs and some useful tools are given in Appendix C;
the employed (mostly standard) notation is recalled in Appendix A. How to numer-
ically deal with non-standard LMIs as in (2.3) is discussed in Appendix D.
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for all T € [0, Trax] as well as

-
(A X0) o0 Ay
AT X(0)A; — X(7) = ( ./ ) ( 0 _X(T)> ( / ) <0 (2.3c)

for all 7 € [Tiin; Tmax)-

Proof. By continuity of X and X, compactness of [0, Timax), and strictness
of the inequalities in (2.3a) and (2.3b), we infer the existence of positive

constants «, 3,y satisfying
ol < X(1) < BI and X(1)+ATX(r)+ X(1)A+~4X(1) <0

for all 7 € [0, Tmax]- Let (0) € R™ and (tx)ken, satisfying (RDT) be
arbitrary and let x be the corresponding state trajectory of the system
(2.1). Then we define the function

Nt x(t)TX(G(t)):r(t)

with 6 being the clock as given in (2.2). From the previous inequalities we
infer
allz@®)* < n(t) < Bllz@)l*  forall >0

and also

() +yn(t) =2(t) T [X + ATX + XA +9X](0()z(t) <0

for all t € (tg,tr+1) and all k € Ny. By continuity of n on (¢, tr+1) and
right continuity at ¢, this yields

n(t) < e*"’(t*t’“)n(tk) for all € [tg,tg+1) and k€ Np.
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Moreover, by (2.3c) we have, for all k € N,

n(te) = 2(tx) T X (0)2(ty) = z(t;) T A; X (0)As(ty;)
<a(ty) X (O0)=(t,) = n(ty)-

A combination with the previous inequality leads to
n(t) <e n(0) forall t>0

and thus

1 1
eI < Tn(t) < ~e "n(0) < Do @) forall £ 0

This yields the claim. ®

Intuitively, the piecewise continuous function 7 plays a similar role as a
Lyapunov function. In particular, (2.3b) ensures that 1 is monotonically
decreasing on each of the intervals [tx, t+1), while (2.3¢) assures a decrease
from one of these intervals to the next; the condition (2.3a) allows us to
link the values of n with the norm of the state trajectory and, hence, to
conclude an asymptotic decrease as desired.

Structurally, (2.3a) and (2.3b) constitute exactly the most commonly
employed nominal stability analysis criteria for the continuous-time sys-
tem #(t) = Ax(t) on the finite time horizon [0, Tinax], and (2.3c) is closely
related to the LMI based nominal analysis criteria for the discrete-time
system x(k + 1) = Ayx(k). We will show that this is essentially the same
for most of the results developed in this thesis, but with “nominal stability
analysis” replaced by “nominal performance analysis”, “nominal synthe-
sis”, “robust stability analysis”, etc. and with the systems @(t) = Axz(t)
and x(k + 1) = Ajz(k) replaced by systems with inputs and outputs cor-

responding to the considered problem.
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Remark 2.4 (a) We recover stability criteria for the system (2.1) in-

volving sequences of impulse instants with arbitrary dwell-time by
restricting the map X to be constant. Moreover, in the case that
the jump component is absent, i.e., (2.1) constitutes a standard
continuous-time LTT system, we recover the well-known Lyapunov

based stability criteria
X>=0 and ATX+XA<0

by additionally omitting (2.3c). Feasibility of these LMIs is equiv-
alent to the matrix A being Hurwitz, i.e., all its eigenvalues are

contained in the open left half-plane.

Analogous stability conditions for sequences of impulse instants sat-
isfying (EDT) are obtained by choosing Tyax := Tmin := T in The-
orem 2.3. In this case, it is shown in [18] that (2.3) is equivalent to

the existence of some matrix X satisfying
X >0 and A—JreATTXeATAJ - X =<0,

which is the same as saying that all eigenvalues of eA” A ; are located

in the complex unit disk*.

Stability conditions for sequences (t)ren, satisfying (MDT) can be
obtained by formally taking the limit T},,x — 0o. However, it is often
more convenient to work with alternative ones obtained by choosing

Tomax := Tmin and by additionally enforcing X (Timin) = 0. Their proof

4Note that if the sequence (¢x)en, satisfies (EDT), then the state trajectory z of (2.1)
satisfies

and

z(ty )= eATAJx(t,:) for all ke N

o)l < max [[eAT Ayl - [lz(t;)]| for all ¢ € [ty tryr)-
T€[0,T]
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Tmin

Figure 2.2: Modified clock (2.2) for a sequence (tx)ren, with (MDT).

relies on a modification of the clock (2.2) as depicted in Fig. 2.2 and
as given by 0(t) =t — ¢, for t € [tx, tx, + Tmin] and 6(t) = T for
te [tk + Tminatk+1) for all £ € Nj.

(d) Note that Theorem 2.3 can also be viewed as a robust analysis result
since the conditions (2.3) guarantee stability for all sequences of

impulse instants (tx)ren, satisfying (RDT).

(e) Similarly as other approaches based on introducing a clock [4, 19, 21],
Theorem 2.3 only yields sufficient conditions for stability. Necessary
and sufficient stability criteria for hybrid systems are rather seldom
and typically involve conditions that are numerically delicate; for ex-
ample the approaches in [29, 169] are based on homogeneous polyno-
mial Lyapunov functions and the resulting LMIs are very expensive
to solve. However, in the case of exact dwell-time, it is shown in [18]

that the above conditions are indeed necessary and sufficient.

(f) An inspection of the proof reveals that feasibility of the LMIs (2.3)
also implies that, for any state trajectory of the system (2.1), the

following inequality is satisfied

z(t) " X(0(t)z(t) < z(0)T X(0)z(0) forall t>0.
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This inequality yields the following invariance property

z)e |J {zeR":2TX(r)z <(0)TX(0)x(0)} for all t >0
TE€[0,Tmax]

involving the union of an infinite family of ellipsoids. Similarly as,
e.g., in [12; 51], such inequalities and /or properties pave the way for
a refined local stability analysis, but we will mostly stick to a global

analysis in the sequel.

The condition X (7) > 0 for all 7 € [0, Tinax) can be replaced without
loss of generality by X (0) > 0, which usually results in a smaller
computational burden; a similar complexity reduction is possible for
some of our design results as well. Indeed, by denoting the left hand
side of (2.3b) by W(7), we can express X (7) as

X(r)=e 7 (X(O) + /OT eATSW(s)eASds> o—AT

since both functions solve the same initial value problem and by the

uniqueness of this problem’s solution. Then we infer

Tmax
X(7) 3= AT (X(O) Jr/o GATSW(5)6A5d5> e AT
— eAT(Tmax—T)X(Tmax)eA(Tmax_T)
= e (Tnax=7) AT X (0) A yet Tmax=7) 1 0

for all 7 € [0, Tynax)- Here, the three inequalities are consequences of
(2.3b), (2.3¢) and X (0) = 0, respectively.

Note that finding a function X satisfying (2.3) constitutes an infi-
nite dimensional problem that cannot be solved directly in general.

However, numerically tractable sufficient conditions can be obtained
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via each of the approaches discussed in Appendix D. They result
in finite dimensional semidefinite programs that can be solved via
semidefinite programming solvers such as SeDuMi [155], Mosek [113]
or LMIlab [55].

Example

As an illustration, let us consider a concrete linear impulsive system (2.1)

described by the matrices

-1 0.1 1.2
A= 0 and Ay := 0 , (2.4)
0 1.2 0 0.5

which is also considered in [18]. Based on Theorem 2.3 and a simple bisec-
tion, we can, for example, determine the largest Tiax such that this im-
pulsive system is assured to be stable for all sequences of impulse instants
(ti)ken, satisfying (RDT) for Ty := 0.19. In order to turn the analysis
conditions (2.3) into a standard semidefinite program that can be solved
numerically (e.g., with LMIlab [55]), we employ the B-spline relaxation as
discussed in detail in Section D.3.

We obtain that stability is guaranteed for all (¢ )ren, satisfying (RDT)
as long as Tiax < 0.5776 holds, which is the same upper bound as obtained
in [18]. Note that this bound is essentially tight because the matrix e4” A ;
has an eigenvalue A with [A| > 1 if 7" > 0.5777. In particular, the system
(2.1) with the (periodic) impulse instants ¢, = Tk is unstable for any
T > 0.5777.

Three state trajectories x = (7!) of the impulsive system (2.1) with
describing matrices (2.4) and initial condition xz(0) = (?) are illustrated
in Fig. 2.3; the corresponding sequence of impulse instants (t)ren, are
given by (0.5k)ken,, (0.57k)ken, and (0.58k)xen,. The first two trajectories

converge to zero as time goes to infinity and the last trajectory admits
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I

Figure 2.3: State trajectories of the system (2.1) with (2.4) and (tx)ken,
given by (0.5k)ken,, (0.57k)ken, and (0.58k)ken,, respectively.

unstable characteristics which is in accordance with our analysis results.

2.1.2 Stability Analysis of Switched Systems

The most popular class of hybrid systems consists of so-called switched
systems as studied, e.g., in [4, 98, 97]. For a sequence of impulse instants
0 =1ty < t1 <ty < ..., matrices Aq,..., Ay € R™" and some initial

condition z(0) € R™, a switched linear system admits the description
i(t) = Agya(t) (2.5)

for ¢ > 0; here, the switching function o : [0,00) — {1,..., N} is constant
on each of the intervals [t;_1,%;). The switching function o determines
which mode of the system (2.5) is currently active and a change of the value
of o induces the transition from one mode to another. These transitions are
instantaneous and, thus, introduce discrete-time behavior to the otherwise

continuous dynamics. Hence, (2.5) constitutes indeed a hybrid system.
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A benefit of studying impulsive systems is that numerous results can
easily be converted to corresponding results for switched systems. In par-
ticular, we obtain the following criteria guaranteeing stability by a minor
modification of the proof of Theorem 2.3; here, stability of the system (2.5)
is analogously defined as in Definition 2.1. These criteria involve conditions
of the form (2.3a) and (2.3b) for each of the modes of the system (2.5) as
well as a jump condition of the form (2.3¢) with A; = I for each pair of

modes.

Corollary 2.5 (Clock-Based Stability Analysis Criteria for Switched Systems)

The system (2.5) is stable for all switching functions o defined by sequences
(tr)ken, satisfying (RDT) if there exist X1,...,Xn € CH([0, Tiax],S"™)
satisfying

T
Ak 0 Xk(T) Ak
Xi(t) =0 and ( I ) (Xk(T) Xk(7)> ( s > <0  (2.6a,b)

for all 7 € [0, Tinin] and k € {1,...,N} as well as

X,(0) — Xp(r) = G) <X10(0) _);;(ﬂ) (ﬁ) < 0. (2.6¢)

for all T € [Tinin, Tmax) and k,1 € {1,...,N}.

Remark 2.6 (a) For switched systems one has even more possibilities to
define constraints on the dwell-times by formulations that depend
on the currently active mode and/or several past ones. This is for

example done in [20].

(b) The above description allows the transition from each mode to each
mode (including the current mode). In practice, it might be mean-
ingful to consider or allow only some of those transitions. Formally,

this can be achieved by introducing a directed (unweighted) graph
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G = (V,E) with vertices V = {1,...,N} and edges E C V? and
constraining the switching function o to satisfy (o(tk—1),0(tx)) € E
for all £ € N. For example, let us consider the system (2.5) with
N = 3 modes and a switching function constrained by the graph
G with edges F = {(1,2),(2,3),(3,1),(3,3)}. Then the system can
only switch from mode 1 to mode 2, from mode 2 to mode 3, from
mode 3 to mode 1 and it can stay in mode 3. The corresponding
criteria for stability are identical to the ones in Corollary 2.5, but
(2.6¢) must be satisfied only for all (k,l) € E. It is also possible to
constrain the values of ¢ by utilizing other objects from computer

science such as finite-state machines as done, e.g., in [92, 165].
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Figure 2.4: Block diagram corresponding to the impulsive system (2.7).

2.2 Performance

Next to analyzing stability of a dynamical system, it is important to in-
vestigate its behavior or performance with respect to exogenous inputs.
To this end, for real matrices A, B,C,D, Ay, By,Cj,D; of appropriate
dimensions, some initial condition x(0) € R™ and a sequence of impulse
instants 0 = tg < t; < t3 < ..., let us consider now a linear impulsive

system with the description
(t A B t
O w0\ -
e(t) C D d(t)
t A; B t,
1'( k) — J J JI( k) (27b)
eJ(k) C; Dy dJ(k‘)
for ¢ > 0 and k € N. This system is also depicted in Fig. 2.4, where G and
G, stand for its flow and the jump component, respectively. The input

signals d € Ly and dj € {5 are generalized disturbances® and we wish to

analyze the effect of those inputs on the (performance) output signals e, e ;

5The terminology generalized disturbance stems from the fact that this signal can
comprise actual disturbances like wind hitting a truck on the highway and, e.g., for
a controlled mechanical system, a reference signal provided by some user that the
system is supposed to follow.
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in some metric; in most situations the latter two signals are error indicators
and the goal is to minimize their norm. There are various possible and
interesting metrics to choose depending on the concrete application. For
standard LTT systems, as obtained by omitting the impulsive component
(2.7b), a summary is given, e.g., in [149, Section 3.3] and one can extend

most of them to hybrid systems such as (2.7).

2.2.1 Quadratic Performance

We will mostly focus on so-called quadratic performance criteria that are
defined as follows and involve two symmetric matrices P and Pj; that are
usually partitioned accordingly to the stacked signals () and ( < ), respec-
tively; we also make use of a notion of stability for (2.7) which is almost
identical to the one in Definition 2.1. For reasons of space, we will in the se-
quel indicate objects that can be inferred by symmetry or are not relevant

by the symbol “e”.

Definition 2.7 (Stability and Quadratic Performance)

o The system (2.7) is said to be stable if there exist constants M,y >0
such that ||z(t)|| < Me=7||x(0)|| holds for all t > 0 and all initial

conditions x(0) € R™ and for vanishing disturbances d =0, dj = 0.

o The system (2.7) is said to achieve quadratic performance with index
(P, Py) if there exists some € > 0 such that

© (el —, T [€r(k)
/O (o) P(d(t)) dt+;(‘) Py (dJ(k)> < —elldll7, —ellds |7,

holds for the initial condition x(0) = 0 and for all (d,dy) € La x {5.

Note that Definition 2.7 is formulated only in terms of the state tra-

jectory as well as the input and output signals. In particular, it allows
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for more general descriptions than (2.7) that involve, e.g., time-dependent
describing matrices or nonlinear components.

For standard LTI systems, an important quantity with ample motiva-
tions found in the robust control literature (e.g., in [179, 66, 43]) is the

energy gain which equals

lell .,
dero\{0} IdllL,

and is identical to the Ho,-norm of the system if its transfer matrix is
stable. An analogous quantity for the impulsive system (2.7), which we

also refer to as energy gain, is given by

V0ellz, +llesl,
sup )
2 2
(d,dy)e(Lax£2)\{0} , / ||d||L2 + ||d(]||[2

It is not difficult to see that this gain is bounded by some v > 0 if the system
(2.7) achieves quadratic performance with index ((é 7321> , (é 7321)>,
and that this gain equals the infimal v > 0 such that (2.7) achieves
quadratic performance with index ((é _,?zl) , (é _321>).

Let us provide our first performance analysis result which extends The-

orem 2.3 and allows for more general performance indices than those cor-

responding to the energy gain.

Theorem 2.8 (Quadratic Performance Analysis) Let the symmetric matrices

P = (SQT S), P; = (?T’ SJ) with Q = 0 and Qy = 0 be given. Then
R J RJ

the system (2.7) is stable and achieves quadratic performance with index

(P, Py) for all (tr)ken, satisfying (RDT) if there exists a function X €

CL([0, Tiax],S™) satisfying the LMIs

X(r) =0 (2.8a)
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0 X(r)\ [AB C D
()" (X(T) X(T)) (I 0) +(e)'P (0 I) =<0 (2.8b)

for all T € [0, Tiax] as well as

()7 (Xéo) ) )?(T)> </§" BOJ> TP (C(;J %’) <0 (280)

fOT all T € [Tminy T’Inax]-

and

Proof. Stability: The left upper blocks of (2.8b) and (2.8¢c) read as
X+ ATX(1)+X(1A+CTQC <0

and
AJX(0)Ay — X(1)+C;Q;Cy <0,

respectively. By Q = 0, Q; = 0 and (2.8a), we can then infer that the
LMIs (2.3) hold and conclude stability from Theorem 2.3.

Performance: By continuity of X and X, compactness of [0, Tinax) and
[Tnin, Tmax), and strictness of the inequalities in (2.8b) and (2.8¢), we infer
the existence of some positive constant € such that (2.8b) and (2.8c) hold
for R and Rj replaced by R+ eI and R; + €I, respectively.

Let now d € Ly, dy € {5 and (t)ken, satisfying (RDT) be arbitrary
and let = be the state trajectory of the system (2.7) corresponding to these
inputs and sequence of impulse instants as well as to the initial condition
x(0) = 0. With 6 being the clock as given in (2.2), we then define the
function

n:te x(t) X (0(t)z(t)

as in the proof of Theorem 2.3 which is nonnegative due to (2.8a). From
the e-modification of (2.8b), we infer, for all ¢t € (¢x,tr+1) and all k € Ny,
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that
0 X(0(t

¥ <>>> ( ) (x(t))
X(0(t)) X(0(t)) d(t)
(t)
7P (0 1> ( dm) - I
— (e e(t) B
=P ( d(t)> cllate)I?
holds. Similarly, the e-modification of (2.8¢c) leads to
-\ — (e X(O) 0 AJ BJ $(t_)
PR f( O o)) ()

Cy x(t 9
( . > ( ) ~ellds ()]
- TPJ< k)—sndJ )2

dy(k

IN

for all k € N. Moreover, continuity of 7 on the intervals [tg, tx+1) yields
k
n(t) = n(0) = n(t) — n(tx) + > _ (n(t) — n(ti1))

k
=n(t) —n(te) + Y (nt;) —n(ti-1)) + > (n( t))

=1 =1

t k ty
= [ias+y [ deyds + 3 (nlt) —
1=1/t-1 =1

123

for all t € [tg,tr+1) and all k& € Ny. Combining the latter identity and



28 Chapter 2 Nominal Analysis

inequalities results in

¢ e(s) & es(l)
0 -0+ [ (°)TP<d<s>> RS (dJa))
t k
< _E/O ld(s)| ds—eglldJ(l)ll

for all t € [tg,tg+1) and all k& € Ny. Due to the nonnegativity of n and
n(0) = 2(0) " X (0)z(0) = 0, this yields

/0(.)Tp (ZEji)derZ Tﬂ(”i) —5/ l1d(s)|| ds— sZ||dJ )2

for all ¢ € [tg,tr+1) and all k& € Ny. The proof is finished by taking the
limit ¢ — oo. L

Remark 2.9 (Dissipativity) An inspection of the proof of Theorem 2.8 re-
veals that, even without positivity constraints on the matrices @ and @,
we can also conclude from the LMIs (2.8) the existence of some £ > 0 such
that

w(ty) " X (0(t))x(ts) — 2(ta) " X (0(ta))z(ta)
v () S arp, [0
= _/t (°) P(d(s)> dS‘lZ (o) Pr (dJ(z)>

@ =j+1

‘6/t (s \Ps—eZHdJ Ol

=541

holds for all t, € [tj,tj41), ty € [tk,thy1) With t, < ¢, and j < k and
all admissible system trajectories. This is essentially a (strict) dissipation
inequality similarly as introduced in [167, 168] by Jan Willems, but for the
impulsive system (2.7). Dissipation inequalities play a fundamental role

in control and are strongly intertwined with quadratic performance. In
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the language of dissipation theory, the above inequality involves a (clock-

dependent) storage function
ViR X [Toin, Tax) = R, V(z,7) =2 X(1)z

as well as two supply rates s : R x R" — R and sj : R x R"s — R
defined, respectively, by

s(e,d) :==—(0)"P(3) and sy(esdy)=—() Py ()

Remark 2.10 (a) As for stability analysis in Theorem 2.3, we obtain
corresponding performance analysis conditions for standard LTT sys-
tems in continuous-time by omitting (2.8c) and by constraining X
to be constant. Moreover, corresponding performance criteria for se-
quences of impulse instants satisfying (EDT) or (MDT) are obtained

with the same modifications as mentioned in Remark 2.4.

(b) Note that, in contrast to the standard LTI case, the quadratic per-
formance criteria in Theorem 2.8 are not necessary because the ones
from the underlying stability result Theorem 2.3 are only sufficient
in general. In particular, it is typically not possible to determine the
energy gain of the system (2.7) exactly based on Theorem 2.8, but
we can numerically determine good upper bounds on this value by
computing the infimal v > 0 such that there exists a function X
satisfying (2.8) for (P, Py) = <<é _321) , (é _321>).

(¢) Also note that the conditions (2.8) are related to the performance
analysis criteria in [66, 156, 26] for (time-varying) linear systems
that are defined on a finite time-horizon [0, T]. This is not surprising
because one can view the impulsive system (2.7) as a family of linear
systems (2.7a) defined on the finite time-horizons [tg,tr + 1), k € N
with responses that are glued together according to (2.7b).
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Example

Let us consider an impulsive system (2.7) with describing matrices

12 0|0
0 05(1]. (29
1 0|0

Since A and A coincide with the matrices (2.4) from the previous example,
we already know that this system is stable for all (¢5) satisfying (RDT) with
0.19 = Tiin < Thax < 0.5776. Theorem 2.8 now permits us to analyze this
systems input-output behavior in more detail by determining upper bounds
on its energy gain for various values of Tijax.

Two of these upper bounds are given by the full lines in Fig. 2.5. These
curves are obtained by employing linear splines (Section D.2.1) and the
B-spline relaxation (Section D.3), respectively. The parameters in both ap-
proaches are chosen such that the latter always admits smaller running
times than the former. Since, in addition, uniformly smaller upper bounds
are obtained, we conclude that the B-spline approach is superior than the
one relying on linear splines; note that the sum-of-squares approach (Sec-
tion D.1) yields the same upper bounds as B-splines, but tends to require
larger computation times.

One observes that both curves are constant for 0.19 < Ty,.« < 0.44 and
grow dramatically as Ti,,x moves towards 0.5776. The latter is expected
since the system becomes unstable for Ti,.x > 0.5777 and the former can
be partly explained by considering the upper bounds on the energy gain for
sequences (tx)ken, satisfying (EDT) with T = Tinax (dashed lines). Since
these upper bounds are relatively large for 7' = 0.19 and because (Tk)xen,
satisfies (RDT) for Tyin = T and any T,ax, the upper bounds obtained
for sequences (t;)ren, satistying (RDT) are bounded from below by those
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N
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Energy gain bound
Ny
o

o

Figure 2.5: Upper bounds on the energy gain of the system (2.7) with
(2.9) and sequences (ty)ken, satisfying (RDT) / (EDT) result-
ing from applying the linear spline (LS) and the B-spline (BS)
approach.

values, respectively.

2.2.2 Energy-to-Peak Performance

Next to the energy gain, another interesting quantity related to the perfor-
mance of a given system is the so-called energy-to-peak gain, which is also
referred to as generalized Ho-norm. A definition and discussion of this gain
for standard LTI systems is found, e.g., in [127]. For an impulsive system
(2.7), this gain can, e.g., be analogously defined as

Sup;>o [le(t)]]
sup .
(dds)€(Laxe)\{0} \ [||d||7, + [|ds]|7,

Similarly as before, we can compute good upper bounds on this value based

on another extension of our stability result Theorem 2.3.
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Theorem 2.11 (Energy-to-Peak Analysis) Let Y be a positive definite matriz
and suppose that D = 0. Then the system (2.7) is stable and its output e

satisfies

t k
()Y e(t) < / ld(s)|? ds + 5" s )]
=1

for all t € [tg,trt1), all k € Ny and all disturbances d,dy all (t;)ken,
satisfying (RDT) and for the initial condition x(0) = 0 if there exists a
function X € C([0, Timax),S™) satisfying the LMIs®

vy o =0
cTXx ’

0X AB X(0) 0 Ay By

(o7 | X X I0|[=<0 and (87| 0 —-X I 0 |=<0
1) \or -1/ \o I

(2.10)

on [0, Trmax), [0, Tmax) and [Timin, Tmax], Tespectively.

Note that the energy-to-peak gain of (2.7) is smaller than v > 0 if the
LMIs (2.10) are feasible for Y := 42I. Theorem 2.11 is formulated for a
general matrix Y because viewing this matrix as a decision variable and
minimizing its trace subject to feasibility of (2.10) allows for determining

a “smallest” ellipsoid with the invariance property
e(t) € {z | 'Y 'z <1}

for all ¢ > 0 and all (d,dy) with [|d||2, + [|ds]|2 < 1.

SFor a matrix-valued function F' with domain X, we will from now on frequently write
F>0on X instead of F(z) >0 forall z € X.

We proceed analogously for “3=”, “=", “<x” and “<".
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Example

For the impulsive system (2.7) with (2.9) and for sequences (tx)ken, With
(RDT) and [Tiin, Tmax] = [0.19,0.5], we obtain the gray ellipsoid depicted
in Fig. 2.6 by utilizing the B-spline relaxation. Restricting the sequence
(ti)ken, to satisfy (EDT) with T"= 0.5 yields the black ellipsoid. The lat-
ter is tight as supported by two trajectories, which result from (worst-case)
disturbances (d, d ;) satisfying ||d||7, +[/ds||7, < 1, hitting the boundary of
the black ellipsoid at different points. The blue trajectory from Fig. 2.6 and
its corresponding disturbances (d,d ;) are also illustrated in Fig. 2.7. Note
that the systematic construction of worst-case disturbances (especially in
the case of impulse sequences satisfying (RDT)) is an open problem; the
ones depicted in Fig. 2.7 are generated by a rather brute-force approach.
In a nutshell, we did express d = d(«) and d; = d;j(ay) as a linear com-
bination of few basis functions of Ly and ¢5 with coefficients o and a,

respectively. Then we applied a nonlinear program solver to the problem

max sup le(t)|| subject to (2.7) and ||d(c)||7, + ||ds(es)||7, <1
a,x tZO

for several feasible initial values of o and «;.
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Figure 2.6: Invariant ellipsoids for the system (2.7) with (2.9) and se-
quences (tx)ken, satisfying (RDT) (gray) and (EDT) (black)
as well as two worst-case trajectories.
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Figure 2.7: (Left) both components of the blue trajectory from Fig. 2.6 and
(right) the corresponding input disturbances (d, d ).

2.2.3 Alternative Analysis Criteria with Slack-Variables

In order to render several interesting controller design approaches convex
and thus numerically tractable, it is often mandatory to add constraints on
some of the decision variables in the underlying performance analysis result
which can introduce (severe) conservatism. The whole book [46] elaborates
in detail on the idea to utilize equivalent alternative performance criteria
involving so-called slack variables and to enforce the constraints required
for the design on these new artificial variables instead of on the original
ones. This procedure is usually referred to as S-variable approach, originates

from [39] and is by now known to be beneficial in a multitude of situations.
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Technically, the S-variable approach relies on the projection lemma C.12
as recalled in the appendix or variations thereof as, e.g., given in [38].
Our next result demonstrates how to appropriately add slack variables to
the quadratic performance criteria from Theorem 2.8 by utilizing a non-
standard variation of the projection lemma as stated in Lemma C.13. This
variation is required for ensuring that the constructed slack variables are

continuous functions.

Theorem 2.12 (Quadratic Performance Analysis with Slack Variables) Let X
be a fired matriz-valued continuously differentiable map. Then the inequal-
ities (2.8) are satisfied if and only if there exist some scalar p > 0 and

continuous maps G, G satisfying

0 AB
0 pGT GT
. - I00
Xw0 and (o7 |P€ TPETCE) X-C 071 0]=<0
G X -G X
0C D
P
00 I
(2.11a,b)
on [0, Thax] as well as
0 A; B
0 G 0 S
G X(00)-G;—-G} 0 o0
(" |/ T 0 1 0 |=<0 (2110
0 0 -X R
PJ J J
00 I

on [Tmin7 Tmax] .

Proof. We begin with some preparations. Note that the left hand side of
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(2.11b) equals

I O N N
N A I G(fA 5)|

=Q =U

X(0), 0 I
R e G
0 | -X 0 +(O)TPJ CJ DJ +He 0 G](—I AJ BJ)
'\ 0 0 0 I 0 T
! =V
=0 =0

Basis matrices of the kernels of U, V, U, V are given by

-1ro0 00 Ay By
U= 1 o, vie=|T1T 0|, U.:=|10]|, Vi:=| T o0 [,
0 I 01 01 0 I

respectively. Next, observe that we have the following identities

VIV = (o) (f( §> (j‘ f) H@TP (i f)
vlQU. = (X R 3) H@)TP (i f) ,

St ar oyt (X0 0\ (A BS\ C; Dy
N A | G I G
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10 = (5 e () < van - o (a,m)

After these preparations, the proof is as follows.

“If”: This statement follows from pointwise applying the standard pro-
jection lemma C.12, from the above identities as well as recalling that the
inequalities V,'QV) < 0and V' QV, < 0 are identical to (2.8b) and (2.8c),
respectively.

“Only if”: By assumption and the above computations, we have the
inequalities V' QV, < 0 on [0, Thnay] and V' QVL < 0 on [Thin, Tmax)-
Due to X > 0 on [0, Tiax], we can further conclude that

1QUL = VIQVL —(&)TX(0) (s By) <0 on  [Tuim. Lo

holds. Finally, by (¢) TP (?) < 0 on [0, Tiayx], continuity of X and X, and
compactness of [0, Tynax], the Schur complement C.6 allows us to infer the
existence of some small p such that UIQU 1 < 0on [0,Thax]- In total we

have
VIQv. <0, U/QUL <0, V/QV. <0 and U[QU, <0

on [0, Trax], [0, Tmax)s [Tmins Tmax] and [Timin, Tmax], respectively. Since U,
V, U and V are constant, the latter inequalities permit us to apply the
projection lemma C.13 in order to construct continuous functions G and
G satisfying (2.11). o

In the following chapters we will provide examples and comment on the

benefits of including slack variables in various situations.
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2.3 Summary

In this chapter we elaborate in detail on the clock dependent stability
analysis criteria established in [18] for linear impulsive systems character-
ized by sequences of impulse instances satisfying dwell-time constraints. In
particular, these criteria are formulated in Theorem 2.3 and in terms of
differential LMIs that can be numerically solved based on, e.g., any of the
relaxation schemes discussed in Appendix D. We show in Corollary 2.5 how
to modify these criteria for analyzing switched systems, and demonstrate
in Theorem 2.8 that they generalize naturally to tractable conditions for
assuring dissipation based performance objectives for impulsive systems
with inputs and outputs in their flow and jump component.

Moreover, we provide in Theorem 2.12 novel alternative analysis crite-
ria involving slack variables. The benefit of introducing such variables in
various concrete situations is illustrated, e.g., in the book [46]. We have
published these criteria in [84] along with corresponding convex conditions
for designing output-feedback controllers as discussed in the next chapter.
In particular, we will employ these criteria for designing clock independent

controllers for impulsive systems.
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Next to analyzing the behavior of a dynamical system, another key task
in control engineering is to govern a system such that its operation is
safe and some desired performance objective is achieved. This is usually
accomplished by employing sensors that measure parts of the system’s
state (such as positions, velocities, angles, forces, temperatures, pressures,
etc.), by processing the observed data, and by accordingly commanding the
system’s actuators (such as motors, heaters, pumps, etc.). It is instrumental
to view the conversion from measurements to actuator commands again as
a dynamical system that is interconnected to the original one and which is
referred to as controller. Unfortunately, appropriately designing controllers
is in general a challenging task that often requires a lot of tuning and

physical insights on the underlying system.

In the first part of this chapter, we systematically design dynamic con-
trollers for impulsive systems unaffected by uncertainties and where the
full state is unavailable for control. In particular, we show that the synthe-

sis of such a controller can be turned into a convex optimization problem
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that is efficiently solvable by means of standard algorithms. Alternative
results have been proposed, e.g., in [7, 108, 95, 174]. These are based on
separation principles and/or on suitable generalizations of geometric tech-
niques. Moreover, apart from [95], all of the above mentioned papers rely
on a specific structure of the underlying system. In contrast, our design
results allow for general linear impulsive systems and the flexible nature of
our approach permits us to illustrate several interesting variations such as
designing controllers for switched and sampled-data systems.

In the second part, we provide a generalization of the so-called dual
iteration to impulsive systems. The latter originally and still constitutes
a promising heuristic procedure for the challenging and non-convex de-
sign of static output-feedback controllers for linear time-invariant systems.
In contrast to dynamic ones, static controllers are more comfortable to
implement, but much more difficult to construct due to the intrinsic non-
convexity of the involved optimization problem. We will reconsider the dual
iteration in Chapter 5 for the purpose of designing controllers for uncertain

impulsive systems.

3.1 Dynamic Output-Feedback Controller
Design

3.1.1 Controller Design for Impulsive Systems

For real matrices of appropriate dimensions, an initial condition x(0) € R,
generalized disturbances d € Lo, dj € ¢5 and a sequence of impulse instants

(ti)ken, satisfying (RDT), we consider now the impulsive open-loop plant
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with the generic description

() A B B\ [«0t)

ety|=1c D pul|lde ], (3.1a)
y(t) Cy Doy O u(t)

x(ty) Ay By By x(t;)

e | =1, by Dol lam (3.1b)
ys(k) Cj2 Dja1 0 ug(k)

for t > 0 and k£ € N. In addition to the signals in (2.7), the system (3.1)
involves measurement outputs y, ¥y and control inputs u, u;. For given

symmetric matrices P and Py, we aim in this section to design a dynamic
output-feedback controller

b)) _ (A00) BOO) [+ 520
u(t) Ce(0(t)) D(O(t) y(t)
re(t)) _ (450000 B5OG) (D)) o
ws(t)) ~ s 5o ) \ vk
for t > 0 and k € N such that the closed-loop interconnection of (3.1)
and (3.2) is stable and achieves quadratic performance with index (P, Py).
Here, 0 denotes the clock as defined in (2.2) and A¢, B¢, C°, D¢, A, BS,
C5, DS are to-be-designed continuous matrix-valued maps'. The latter
interconnection is illustrated in Fig. 3.1, where G, K, G; and K ; denote

the flow and jump components of the system (3.1) and the controller (3.2),

respectively.

n order to underline some of the progress made in this chapter, we highlight the
describing maps of any controller in blue to emphasize that these enter the closed-
loop analysis conditions as variables in a non-convex fashion. In contrast, our design
results only involve variables that enter in a convex fashion and which we highlight
in light blue.
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Figure 3.1: Block diagram of the closed-loop interconnection (3.3) of the
system (3.1) with the controller (3.2).

Observe that this interconnection admits the equivalent description

(m(ﬂ) _ (Aw(t)) Bw(t))) (w(t)) (3.30)
e(t) co() DO)) \ dit) )’

(mk)) ) <AJ(e<t;>> BJ<9(t;))> (w(t;)) (3.3b)
es(k) Cr(0(t7)) DsO(t;))) \ ds(k)

(for ¢ > 0 and k € N) with state z; := (4, ), initial condition x.;(0) and

A B B
<,4 B) 0 0 B (AC BC><O I
=10 0|0 |+1|I O
C|D

ce D) \Ce 0
C 0|D 0 D

0
2
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as well as analogously defined maps Ay, B;,Cy,D;. Note that the closed-
loop interconnection (3.3) is structurally of the same form as the impulsive
system (2.7), but with the describing matrices replaced by clock-dependent
ones. An inspection of the proof of Theorem 2.8 reveals that this analysis
result also applies to systems with description (3.3). To this end, we proceed

in this chapter under the following assumption on the performance index.

. . . _( Qs _( Qs Ss
Assumption 3.1 The symmetric matrices P= (ST R) and Py= (s} RJ)
are partitioned accordingly to the stacked signals (§) and (2‘? ), respectively.
Moreover, the left upper blocks of P and Py are positive semidefinite, i.e.,
there exist matrices T, Ty, U, Uy satisfyingU =0, Uy =0, Q =TU'TT

and Q; =T;U;'TT.
In particular, we have the following.

Corollary 3.2 (Closed-Loop Analysis) The closed-loop ystem (3.3) is stable
and achieves quadratic performance with index (P, Py) for all (ty)ken, sat-
isfying (RDT) if there exists a function X € C([0, Tax), S*") satisfying

the inequalities

X>=0 and (o) (O X) (A B) +(o)TP (C D) <0 (3.5a,b)
X X I 0 0 I

on [0, Trmax] as well as

() ) (0 T) e e

on [Tmina Tmax] .

One might wonder why we consider the design of controllers (3.2) with
clock-dependent describing matrices instead of constant ones. As revealed
by our next theorem, it is actually natural to search for controllers of the

former type because we can provide necessary and sufficient LMI condi-
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tions for their existence. Of course, this dependence on the clock is also due
to the employed closed-loop analysis criteria in Corollary 3.2. In a similar
fashion, clock-dependent controllers have been designed, e.g., in [18] un-
der the strong assumption that the full state x is available for control. In
particular, note that an implementation of the controller (3.2) requires the
knowledge of the clock-value 6(t) and its left-limit 6(¢~) at time ¢, which
is the same as knowing the last impulse instant t; with ¢, < t. We com-
ment on the design of controllers (3.2) with constant describing matrices
in Remark 3.5. Finally, note that it is also possible to design controllers
with impulses occurring asynchronously to the ones of the underlying open-
loop system (3.1) based on the ideas from [170], but this is not elaborated
on here. They are closely related to the ones on so-called inexact gain-
scheduled controller design as considered, e.g., in [133].

In order to find a suitable controller (3.2) for the system (3.1) based
on Corollary 3.2, we are required to simultaneously search for some X
and A°, B°, C°, D°, A5, BS, C, D5 satisfying (3.5). At the outset, this
appears to be a difficult non-convex problem. A possibility to circumvent
this issue is the application of a convexifying parameter transformation
that is by now well-known in the LMI literature and has been proposed in
[107, 137]. In our case, an extra issue results from the need to apply this
transformation on the flow (3.3a) and jump component (3.3b) of the system
(3.3) simultaneously. This leads to the following result which has also been
published by the author in [84]. Similar conditions also appeared in [6]
in the context of finite time stabilization, but they did consider neither a
performance nor a control channel in the system’s jump component and

only block diagonal matrices P.
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Theorem 3.3 (Controller Design via Confexifying Parameter Transformation)
There exists a controller (3.2) for the system (3.1) such that the LMIs (3.5)
are feasible if and only if there exist continuously differentiable X,Y and

continuous I, L, M, N, K, L, M,;, N; satisfying

X>~0 and (e)" (? ;) (? ?) +(e)'P (S I;) <0 (3.6a,b)
on [0, Trmax] as well as
()7 (X(?_l _0X> (AI" B()") +(0)TP; (C" D;) <0 (3.6¢)

on [Timin, Tmax)- Here, the matriz-valued maps (88, (éj gj) X and Z

o

are defined as

AY A B 0 By .
. K L\(1 oo
0 XA/ XB|+|1I 0 ) )
. M N 0 Cs| Do
cy C ‘ D 0 D2
A;Y A B 0 B
J ) J . 7 2 /\',/ /‘,/ I 0 0
0 X(0)As; | XOB, |+ |1 o0 i ;
. My Ny J \O Cya|Djya
Ch Cy ‘ Dy 0 Dji2
VoI -V 0
and ..
respectively.

Note that the inequalities (3.6) can be turned into LMIs by our As-
sumption 3.1 on the quadratic performance index and by the linearization

lemma C.8, i.e., by utilizing the Schur complement C.6. In particular, we
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can express the inequalities in (3.6b) and (3.6¢) as

Z+A+AT B+CTS c'r
B"+S'™C D'S+STD+R D'T

TTC T'D -U
Lo AB\[(IO0O 200
=|0 8T +@"+]0 R 0 | <0 (37a)
~J\cbjloro
07T 00 -U
on [0, Tyax] and
~X CJS; A] C)Ty
S;CJ D:]rSJ +S;DJ + Ry B:]r D}TJ
Ay B, -X(0) 0
T;CJ T;DJ 0 _UJ
0 0 X 0 0 0
05] | (A; B 1000 0—-R; 0 0
7 T +(o)7 — J <0
I 0 C,D;/\07100 0 0 X(0) 0
07T} 0 0 0 Uy
(3.7b)

on [Timin, Tmax), respectively. Observe that all decision variables X, V|
K, L, M, N, K;, L;, Mj;, N; enter those inequalities and the cou-
pling condition (3.6a) in an affine fashion which permits us to solve them
by employing, e.g., any of the methods suggested in Appendix D. For
(P,Py) = ((é _321) , (é _321)), the performance index corresponding
to the energy gain, we can even simultaneously minimize the upper bound
on the energy gain v since v? also enters in an affine fashion. Finally note
that an explicit formula for constructing the describing matrices A¢, B¢,

C¢, D¢, AS, BS, C5, DS of the controller (3.2) is given in the proof below.
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Proof. We only prove sufficiency as necessity is essentially obtained by
reversing the arguments. Whenever we take an inverse of a matrix valued
map in the sequel, this is meant pointwise, i.e., for a map F' the function
F~1 satisfies F~1(7)F(7) = I for all 7 in its domain.

Step 1: Construction of X: Due to (3.6a), we can infer the existence
of differentiable and pointwise nonsingular functions U and V satisfying
UVT =1 — XV; a possible choice is U := X and V := X~! — V. By
(3.6a), we can then additionally infer that X := Y=72Z = Y=TXY~1 = 0

holds for
y I I 0
Y= and Z:= .
(VT 0) (X U)

Step 2: Transformation of Parameters: Let us define the continuous maps

-1 . . -1
A® B\ (U XBs K=XAY =Xy -=UvT L\ (VT 0
cepe)\o I M N)\Cov I

and

AG BG\  (U(0) X(0)By2 B Ky=X(0)AsY L, Voo
csp5) oI y Ny ) \CrV I)

The bijective mapping from A¢, B¢,C¢, D¢, A5, BS,C5, DS to /X, L, M, N,
Ky, Ly, My, N, is referred to as convexifying parameter transformation.

Its definition is motivated by the following observations. Note at first that
yU’c Y equals

. —Y VX -vUT 0 (o)T
Zy-y'zl =|. ) . =7+ . .
Y=Y (X Y 4+UVT X ) (\ Y4+UVT 0

since Z = YTX and Z = yU’c + jﬂx. Moreover, we infer by routine
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X TXB
computations that <y AV Y equals

cy D

Ao|B\ (0B ;..
Z0 Acp\ (o1 o)|(yo
oofo|+[7 0
01 cep°)\Co0|Do ) J\0 1
co[p) \oDpy
0 By
= YA|XB |+ 0

(U XB2 (A B vt o N NXAY 0\\ (I 0] 0
0 I Cc D J\CyV T 0 0))\0Cz|Dgy )
This equals by the convexifying parameter transformation
A A1 B 0 B K I Cy+ovTo\\ (T ol o
0 vAlxB|+|1 0 S I
- M N 0 0 0 C5| Doy
¢y C|D 0 Do

AB _ 0 0
= — diag o ,0].
CD XY 4+UVTO

In particular, a combination with the identity for YT XY results in

V(X +ATX+XA)Y YV'XB\ (Z+AT+A B
cy D ) C D)’

Finally, we compute in a similar fashion, for any 7 € [Tiin, Tmax)s

Y(0)"X(0)A;(T) V() Y(0)"X(0)B,(7) _ (As(r) By(7)
Cs(T)YV(7) Dy(r) C,(r) Dy(r))

Step 3: Transformation of LMIs: Due to the identities from the previous
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step, the LMI (3.6a) and (3.6b) read, after congruence transformation with
Y1 and diag(Y 1, 1), as (3.5a) and (3.5b), respectively. Similarly, a con-
gruence transformation with diag(yY 1, I) leads from (3.6c) to (3.5¢c). @

Remark 3.4 (a) The corresponding controller design result for an im-
pulsive system (3.1) involving a sequence of impulse instants with
(MDT) is obtained by choosing Tinax := Tmin and adding the con-
straints ¥ (Trin) = ).'(Tmin) = 0. Indeed, this permits us to choose
U and V such that they additionally satisfy U(Tmin)V(Tmin)T =0;
a possible choice is still U := ¥ and V := X! — V. This yields
X (Tmin) = 0 as required by the modification of Corollary 3.2 for

sequence of impulse instants with (MDT).

(b) For systems (3.1) involving impulse instants with (EDT), the do-
main of the maps in the jump component of the controller (3.2) is
the singleton {T'} and, hence, they can be viewed as constant matri-
ces. Moreover, note that in this case the impulses occur periodically
which permits the use of lifting techniques as in [45, 28] in order to

obtain alternative design criteria.

Remark 3.5 (Design of Controllers with Constant Describing Matrices) In
order to simplify the implementation of the impulsive controller (3.2), one
might aim for controllers with constant describing matrices; note that their
implementation still requires knowledge of the impulse instants (tx)ren,
due to the nature of the jump component. An inspection of the proof of
Theorem 3.3 reveals that we can synthesize such controllers by enforcing all
the matrices X,Y, K, L, M, N, K ;,L;, My, N; to be constant. However,
doing so renders the resulting synthesis inequalities (3.6) very conservative
and, thus, rarely feasible. As a remedy, we can also design such controllers
based on the alternative analysis criteria in Theorem 2.12 involving slack

variables by carefully adapting the parameter transformation from [40].
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This approach still requires to enforce several variables to be constant, but
turns out to be much less conservative. The derivation of the resulting
design criteria is similar to the one of the conditions in Theorem 3.11 and,
thus, omitted here. These criteria are explicitly shown in [84] where we also

provide a comparison to the ones in Theorem 3.3.

Remark 3.6 (Static State-Feedback) As for standard LTI systems, dynamic
output-feedback controller synthesis is conceptually more difficult than de-
signing a static state-feedback controller based on the same analysis result.

Such a static state-feedback controller admits the natural description
u(t) = D(O())z(t), ws(k) = D3(0(t;))x(t;)

and relies on availability of measurements of the full state trajectory of the
system (3.1), i.e., y(t) = x(t) and ys(k) = x(t;) as well as (Cy, Da1) =
(1,0) and (Cj2, Dj21) = (I,0). Similarly as in [18], the corresponding syn-
thesis LMIs are the same as in (3.6), but with simpler bold-face matrix-

valued maps given by X =V, Z = -V,
<A B) B <AY+BQX B) . (AJ BJ> B <AJ3~'+BJQA\'_/ BJ>
CD CY+Di3N D C; Dy C;Y4+DjyioN; Dy

Remark 3.7 (Possible Spectrum of Performance Index) Let D € R™*™d
and Dy € R™s*™ and suppose that the analysis inequalities (3.5) are
satisfied for some controller (3.2) and a performance index (P, P;) satis-
fying Assumption 3.1. Then we have (o) P (Ige ) > 0 and infer from the
right lower block of (3.5b) that ()T P (iﬂ?) =< 0 holds as well. By the
strictness of the inequalities (3.5), by continuity and by compactness of
[0, Tmax], we can perturb P such that it is nonsingular and the inequalities

are still satisfied. This permits us to apply Lemma C.10 in order to infer

that this matrix P must have exactly ng negative and n. positive eigenval-
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ues. Analogously, we obtain that P; must have exactly ng, negative and
ne, positive eigenvalues. In the next results we will explicitly incorporate
a variant of these necessary design conditions while taking Assumption 3.1

into account.

As an alternative to the convexifying parameter transformation, we can
utilize in various situations the elimination lemma C.11 as recalled in the
appendix. This lemma can either be applied directly to the closed-loop
analysis LMIs (3.5) or to the inequalities in Theorem 3.3 in order to elim-
inate almost all of the appearing variables. The technical difficulty is to

assure continuity when reconstructing the eliminated variables.

Theorem 3.8 (Controller Design via Elimination) Let D € R**™e and D; €
R**"4; and suppose that P and P; are nonsingular with exactly ngy and
ng, negative eigenvalues, respectively. Moreover, let U, V, Uy and V;
be basis matrices of ker((By , D{,)), ker((Cz, Da1)), ker((BJy, D Jy5)) and
ker((Cya, Djo1)), respectively. Then there exists a controller (3.2) for the
system (3.1) such that the LMIs (3.5) are feasible if and only if there exist

continuously differentiable XY satisfying

yoI
(I \) =0, (3.8a)

AB . 1 0
Y'Y
10 1.
— |V <0 and (o) |V O U~=0
CD
01
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on [0, Tinax] as well as

Ay By
I 0
V<0 (3.8d)
C;Dy
0 I
and
I 0
—AT —CT
o' —2 Ty, -0 3.8¢
(o) i 7 J (3.8¢)
—-Bj —Dj

on [Tmin7 Tmax] .

Proof. Only if: Observe at first that we can express (3.5b) as

00X 00\ [AB X0X 0 10
y T
0> (o) XX 00 10 . 0OROS 01
00QS||co X00 0 AB
00STR/ \o1 050 Q CD
N—————

_p
- I
—(o)TPp | _ T2ndna
*) W+UTZV

on [0, Tiax] with Z := (é: g:) and matrices W, U, V that can be read

off from (3.4). Next, note that, for any 7 € [0, Tinax), the matrix P(7) is

nonsingular with exactly 2n + ng4 negative eigenvalues by its structure, the
&
elimination lemma C.11 pointwise for each 7 € [0, Tinax] and leads after
few computations to the LMIs (3.8b) and (3.8c) with maps X and V" that

are coupled as (3.8a) by (3.5a). Analogously, we can infer from (3.5¢) that

assumptions on P = ( }S%) and by (3.5a). This permits us to apply the
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the LMIs (3.8d) and (3.8e) are satisfied which yields the claim.

Note that we did apply the elimination lemma pointwise on the closed-
loop analysis inequalities (3.5) in order to infer feasibility of the LMIs (3.8).
One can come to the same conclusion by pointwise applying elimination
on the synthesis LMIs (3.6) in Theorem 3.3.

If: For the converse we can also apply the elimination lemma C.11 point-
wise in order to construct maps /<, L, M, N, K ;, L, M, N, satisfying the
transformed synthesis LMIs (3.6). However, these maps might then be dis-
continuous. By combining the elimination lemma C.11 with the continuous
selection theorem of [110] or the findings from [14], the existence of con-
tinuous maps satisfying the LMIs (3.6) is ensured. However, the latter
two results do not provide means to construct these continuous maps and,
hence, we need some extra work for their construction.

To this end let us now suppose that we have discontinuous maps /1,
L, M, N, Ky, Ly, My, N, satisfying (3.6). By a Schur complement, we
then infer that the LMI (3.7) is satisfied. The major benefit of considering
these LMIs is that we can apply a variant of the projection lemma C.13
to remove the discontinuous maps and then apply it once more in order to
construct continuous ones. Once the latter continuous maps are obtained,
it remains to apply the parameter transformation in the proof of Theorem
3.3 in order to construct the describing maps A¢, B¢, C¢, D¢, A, BS, C5,
DS of the controller (3.2). ®

For practical implementations, it usually seems to be sufficient to take
sufficiently fine grids of the intervals [0, Tiyin] and [Tiin, Tmax), to build X
as in the proof of Theorem 3.3, to apply the elimination lemma C.11 on the
LMIs (3.5b) and (3.5¢) for each of the knots in the grids, and to perform

an interpolation of the resulting matrices.
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Remark 3.9 Due to the much smaller number of decision variables, it is
typically preferable to work with Theorem 3.8 instead of Theorem 3.3. In
general, it is, however, more difficult to generalize the former to structured

design problems than the latter.

Remark 3.10 (Numerical Reconstruction of Controller Matrices) Similarly
as for standard H.-controller design, the construction of the describing
matrices of the controller (3.2), once a feasible solution of the synthesis
criteria in Theorem 3.3 or 3.8 is available, can suffer from a number of
numerical issues. As a remedy, one can try one or multiple of the following

suggestions.

o Additionally enforce bounds on (all or some of) the decision variables
and on (all or some of) their derivatives. For example by introducing
the constraints (/’\Y{F fl) > 0 and/or X < B on [0, Tyax for some

Yy

v, 8 > 0.

¢ Include ([;I B\I) = 0 on [0,Tiax] for some B > 1. This aims at

1

pushing the eigenvalues of X — Y 7% away from zero and, hence,

improves the quality of X.

e Some SDP solvers have trouble to deal properly with strict inequal-
ities. It can then be beneficial to replace “> 0” and “< 0” by “> eI”

and “< —el”, respectively, for some small € > 0.

e If one aims, for example, to determine a controller that achieves a
small energy gain for the closed-loop by choosing the performance
index as (((I) 7,?2[) , (é 732[)> in Theorem 3.3 or 3.8 and by mini-
mizing v, one should not try to construct a controller corresponding
to the optimal gain v,p¢. Instead, it is recommended to construct
a close-to-optimal controller corresponding to 7 := (1 + €)vops for

some small € > 0.
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Note that for (P, Py) = ((é 7,?2[> , ((I) 7321)), the performance index

corresponding to the energy gain, and if the orthogonality conditions
T T
D1y(C, D12) = (0,1), (DB;l)Dm:(?)a

D—JrlQ(CJ’DJlQ) = (071)7 (D]i;l ) D}—21 = (?)

as well as D = 0 and Dy = 0 hold, then the inequalities (3.8b)-(3.8¢e) can

be turned into
N4+ AT+ XA4+4"2XBBT X +CTC —~%C) Cy <0,

YV —AY = VAT —vCTCY =4 2BB" + BB, >0,
AT X(0)A; — X — (A] X (0)B)(B] X(0)By —+21) ' (o)"
+C]C; —~*C,Cye <0

and
V(0)— AV AT — (A CH)(I=CyvCF)  (0) =7 2ByBJ + BBy =0,

respectively. Orthogonality conditions of this type are frequently employed
in Ho-control for non-hybrid systems (see, e.g., [178, Section 14.2]) and
shown in [129] to be not restrictive in this context. The latter inequalities
essentially admit the form of continuous- and discrete-time Riccati inequal-
ities which also have a long history in control, but we will not work with

them. Let us just note that the reformulation of (3.8b) relies on choosing

I 0
V.= with D1, being a basis matrix of ker(Ds1),
<_D2T]CQ D2u>
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observing that BT = D,y W holds for some matrix W, and on an applica-
tion of the Schur complement C.6. The remaining inequalities (3.8¢)-(3.8¢)

are modified analogously.

Example

As an illustration let us consider a sim- »

ple model for a flexible satellite which 0o

. . 9,

is explained in [53] and modeled as fol- S, Iustrmen

lows with state 2 = 001(92,92,91791)
and with constants J; = 1, J, = 0.1,
k =0.091 and b = 0.0036:

0o 1 0 0 loio
k b k b ‘ ~
O R R
o) = o 0 o 1 loo]]|dy (3.9)
v
5 7 =7 7005 | \ul)
1 0 0 0 |00

The standard H.,-design procedure allows us, for example, to synthesize
a (non-impulsive) dynamic output-feedback controller K such that the
closed-loop interconnection with (3.9) is stable, the output v nicely fol-
lows a given piecewise constant reference signal r despite the presence of a
disturbance d, and such that the control input u is not too large.

To this end, we consider a standard weighted reference tracking config-

uration depicted in Fig. 3.2 with weights

0.5s + 0.433
W,=1, Wg=02 W,=01 and We(s)= sfgm

and where G denotes the system (3.9); note that the dynamic weight We,.,
can be equivalently expressed as a standard LTI system with state &y, via

the inverse Laplace transformation. Disconnecting the controller K from
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Figure 3.2: A standard weighted tracking configuration.

this configuration results in a weighted open-loop system which fits into

the generic description (3.1a) with the signals

x::( v >, e::(), y::<v>, d:z(i) as well as  u
W, r d

and for easily computed describing matrices A, B, By, C, D, D15, Co, Do;.

>

>

In particular, the latter description permits us to apply the specialization
of Theorem 3.8 to non-impulsive systems, which is standard in the LMI
literature and implemented in hinfsyn from Matlab. This results in a close-
to-optimal controller K which achieves a closed-loop energy gain of 0.877.
A simulation of the interconnection of this controller and the system (3.9)
for some reference r and some small random disturbance d is shown at
the top of Fig. 3.3. In particular, we observe that the controller K indeed
admits the desired properties.

Let us now assume that, due to limited communication, the output v of
the system (3.9) can only be measured at times tg, t1, ... with (¢x)gen, sat-
isfying (RDT) with [Tinin, Tmax] = [0.4,0.5]. Naively driving the obtained
controller K without any modifications with the reference r and with the

piecewise constant signal

o(t) :=w(ty) for t€[tg,trr1) and ke Ny
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results in the closed-loop response depicted on the middle of Fig. 3.3. We
clearly observe that the tracking quality deteriorates and that the control
input uw grows dramatically in size which is usually unacceptable.

As a remedy, we can explicitly take into account in the model of our
(weighted) open-loop system that r is available at all times and that we
have access to v only at time instances ;. To this end, recall from (3.1a)

that we have
#(t) = Ax(t) + Bd(t) + Bou(t) and e(t) = Cx(t) + Dd(t) + Digu(t).

Since the reference r is available at all times we define the measured output
as
y(t) :=r(t)=(10)d(t) for ¢>0.

Since v is only available at the time instances tj, we define the additional

measured output

r(tk)

ys(k) = (v(tk)) = Cox(ty) + Do1d(ty) for Kk € Np,

where we incorporated the reference for simplifying the exposition. By
defining the input disturbance dj(k) := d(tx) and by recalling that the
open-loop state x is continuous in our configuration, i.e., z(tx) = (¢, )
holds for all £ € N, this leads to the generic description of an impulsive
system (3.1)

z(t) A B B x(t) x(tr) I 0 0\ [z(t;)
et) | ={C D Dy ||d®t)], |esB) =0 0 0f]dsk)]|,
y(t) 0 (10) O u(t) ys (k) Cy Doy 0/ \uy(k)

where we incorporated the redundant signals e; and u; for the sake of com-
patibility. An application of Theorem 3.8 yields an impulsive controller

(3.2) which achieves a closed-loop energy gain that is guaranteed to be
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Figure 3.3: Some reference r and closed-loop responses of the system (3.9)
with controllers that have access to r as well as to the output
v at all times (top) and only at fixed time instances tg, ¢y, ...
(middle and bottom). The one in the middle is naively designed
and the one at the bottom based on Theorem 3.8.

smaller than 0.936. The response of the interconnection of this controller
and (3.9) is shown at the bottom of Fig. 3.3. We observe a clear improve-
ment in terms of the size of the control input v and of the tracking behavior
which is of almost identical quality as initially obtained by the controller

K when measuring the output v at all times.

Clock-Independent Controller Design

We have mentioned that the ideas from [170] permit the design of impul-
sive controllers with impulses occurring asynchronously to the ones of the
underlying open-loop system (3.1). In a similar vein, one might raise the

question whether it is possible by means of convex optimization to design
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a controller that is independent of the clock and which does not rely on
knowledge of the impulse instants. Let us show that this is answered in the
affirmative under some structural assumptions on the system (3.1) and by

introducing slack variables similarly as in Theorem 2.12.

Theorem 3.11 Let (52 ) = (%), (572) =0 and (Cy2, Dy21) = 0. Then

there exists a controller

<a;~c<t>> _ (AC BC) <xc<t>>
u(t) ] \ce Do)\ y@)

for the system (3.1) such that the LMIs (3.5) are feasible for the corre-
sponding closed-loop interconnection if there exist some p > 0, a continu-
ously differentiable X, continuous G, H,S with S — GG being constant, and

matrices I\, L, M, N satisfying

0AB
0 ol I
I —p(G+GT) X-GT oo
X>0 and (o) |7 77 . 07 0f=<o0
I X-G X
0CD
P
00 I

on [0, Trmax] as well as

T (X(©0) 0\ (A, B, 15 (Cs Dy
(¢) <0 _X><I 0>+(o) PJ<0 I><0 (3.10c)

on [Tiin, Tmax). Here, the matriz-valued maps (& B), (‘éj gj) and G are

defined as
HAHA|IB 00N /N /T ol
cacAlcB |+ |10 s ,
S M N Cy Co| Doy

¢ C|D 0-I
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H H
S G’

The structural constraints on the describing matrices of (3.1) are such

and

respectively.

that the control channel in the jump component vanishes and such that
the flow component corresponds to the open-loop plant for an estimator
synthesis problem. A block diagram of the corresponding closed-loop in-
terconnection is depicted in Fig. 3.4 where K denotes the to-be-designed

estimator, G stands for the flow-component of the to-be-estimated system

(1) A B
W | =|c b (Zg)
y(t) C2 Dy

and G is the underlying system’s jump component. The estimation of
non-measurable signals constitutes one of the most important problems
in systems and control theory and is, hence, frequently considered in the
literature and for various classes of dynamical systems [59, 60, 131]. In par-
ticular, the goal is to determine a controller (or estimator or filter) which
takes the measured signal y as input and generates an optimal approxima-
tion u of the signal v := e + u; by choosing P = ((I) 72;7) and neglecting
the jump component, the estimation quality is measured in terms of the
energy gain from the disturbance input d to the estimation error e.

An explicit formula for constructing the controller matrices A¢, B¢, C°,
D¢ is given in the proof below which is inspired by [60]. They employ a
convexifying parameter transformation in order to design robust estima-
tors for uncertain systems based on an analysis result involving parameter
dependent Lyapunov functions and slack variables. In contrast to [60], we

merely require the difference S — & to be constant instead of all the maps
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Figure 3.4: Block diagram corresponding to closed-loop interconnection in
Theorem 3.11.

H, S, GG. This leads to less conservatism. Note that deriving convex design
criteria without constraining some of the maps /7, 5, ¢ and the describing
matrices in the flow component (3.1a) seems not to be possible since those

matrices appear in the parameter transformation.

Proof. Step 1: Construction of Certificate X and Slack Variable G: Since
S — (' is constant and by the left upper block of (3.10b), we infer the
existence of pointwise nonsingular functions U and V satisfying S/ ! =
UVT 4+ ¢/H~1 and such that U as well as V' T /] are constant; a possible
choiceis U := 5 —Gand V:i= H~ 1 Notethat G:=Y TZ2=Y"TGY~!

holds for
I 0
= a d Z = .
Y (VTH 0) . ((; U>

Moreover, we have X := Y~ XY ! = 0and X = Y~ XY ! by (3.10a)
and since ) = 0.

Step 2: Transformation of Parameters: Let us now define the matrices

—1 —1
A BN (U 0 K L VTH 0
ce pe) \o T M N o 1)
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Observe that A¢, B¢, C¢, D¢ are indeed independent of 7 because U and

VT as well as i, L, M, N are constant matrices. These choices are mo-
V'GAY Y'GB
equals
cy D

A0|B 00 )
Z0 A¢ B¢ 0 I]0 Yo
oojo|+|[ro0 o
017 Ccc D¢ Cg 0 D21 01
C 0D 01
HA HAHB 00
B U0\ [(A°B\(VTHO\\ (T 0|0
GAGAIGB |+]|I 0
— 07 Ccc D¢ 0 I Cg CQ D21
Cc C|D 0-1

HA HA|HB 00 o
. K L\{I oo A B
GB|+|I 0 = .
Doy CD

=|GA GA i
M N Cy Oy
For the jump component, we infer via elementary computations

tivated by the fact that (

c c|D 0—1

(yTXm)AJy yUcBJ> _ (X(O)y-lAJy X<0>y-1BJ>

C;Yy Dy C;y Dy
~ (X(0)A; X(0)B,
B C, D, |’

due to the particular choice of the transformation matrix ).

Step 3: Transformation of LMIs: Due to the identities from the previ-
ous step and after congruence transformation with Y)=! and diag(Y !, I),
the inequalities (3.10a) and (3.10c) read as (3.5a) and (3.5¢), respectively.
Finally, a congruence transformation of (3.10b) with diag(Y~!, =1, 1) fol-
lowed by an application of the projection lemma C.12, in order to eliminate
the slack variable G, yields (3.5b). ®
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20 —state x —state x
I”III/,,’ —estimatze u —estimatze u
0 . \”’M ]
\"h\\ v A
ol W E—— y
0 10 20 30 40 0 10 20 30 40

time time

Figure 3.5: Second state of the system (3.1) with (3.11) and its estimate ob-
tained by an impulsive controller (3.2) and by a non-impulsive
LTT controller, respectively.

Example

As an illustration let us consider the system (3.1) with matrices describing

the flow and jump component given by

-1 0.1/0| 0 1.2 00 |0
0 1.2|1| 0 0 0.5]0.1/0
and , (3.11)
0 1]|0|-1 0 0 0
1 0100 0 0 0

respectively, and for a sequence of impulse instants (tx)gen, satisfying
(RDT) with [Timin, Tmax] = [0.45,0.5]. In particular, this open-loop config-
uration is chosen with the intention to design an estimator which measures
the first state x1 and generates a good approximation u of the second state
o despite the presence of the disturbances d and d.

By employing Theorem 3.8 and choosing (P, Py) corresponding to the
energy gain, we can design an impulsive (and in particular clock-dependent)
estimator of the form (3.2). Depicted on the left of Fig. 3.5 is the state x4

and the resulting estimate u in response to a random disturbance d; and

a step function d(t) := —4x(0,10) (t) + 4X[10,20) (t) — 2X[20,50) (t)- Here, X[a p)
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is a so-called indicator function which equals 1 on the interval [a,b) and
vanishes elsewhere. We essentially achieve a perfect estimation as both
curves are on top of each other. This behavior is expected since Theorem
3.8 yields a very small upper bound of 0.05 on the closed-loop energy gain
from disturbance to estimation error.

Naturally, the design of an estimator which does not rely on knowledge
of the clock and the impulse instants (¢;)ren, is conceptually much more
challenging, but still possible based on Theorem 3.11. Indeed, the estimate
u obtained from such an estimator is shown on the right of Fig. 3.5. The
estimation error is of course larger if compared to the one obtained before,
but we stress that the estimator resulting from Theorem 3.11 is merely a
standard LTT system.

3.1.2 Controller Design for Sampled-Data Systems

Sampled-data systems constitute a highly relevant class of hybrid systems
because in practice essentially any continuous-time open-loop plant is con-
trolled with a digital device. Output-feedback design approaches for such
systems are typically based on lifting techniques [45, 28] or on their inter-
pretation as a delay system as, e.g., in [122]. In contrast, we follow [61] and
rely on a representation as an impulsive system. This permits us to employ
Theorem 3.3 or 3.8 for systematic output-feedback design with unprece-
dented ease.

Formally, for real matrices of appropriate dimensions, some initial condi-
tion z(0) € R™, generalized disturbances d € Lo, d; € {5 and a sequence of

impulse instants (tx)ken,, we consider an open-loop sampled-data system
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L Sample
operator

Figure 3.6: Standard sampled-data closed-loop interconnection involving
a continuous-time system G, a discrete-controller K a sample
operator and a hold operator.

of the form

s\_(a8 5 \[00) (es®)_(cr D1 D[
e(t) C D Dy ult) " \ys(k) Cy2 Dj21 Oexn, !

for t > 0 and k € N where the control input u is piecewise constant, i.e.,
u(t) = u(ty) for all t € [tg,trs1) and k € Np. (3.12b)

In particular, only output samples are available for control and the con-
trol input is the result of a so-called zero-order-hold operation. The stan-
dard sampled-data closed-loop interconnection is illustrated in Fig. 3.6
and corresponds to choosing (Cy, Dy, Dj12) = 0 as well as d; = d(t;),
y(t) = Cyox(t) + Dyo1d(t) and y; = y(t, ) in the description (3.12).

In order to reformulate (3.12) as an impulsive system with description

(3.1), the property (3.12b) is handled by viewing u as an additional state.
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This leads to the description

i(t) 2@\ [ 2(t) I 0] 0 0)\/[/z)
alt) | ut) | | ule) | | 0 0 | 0 | ut)
et | d(t) [ [ eath) || Co Doz Dy 0 || dy(k)
y(t) a(t) v (k) Cr2 0 |Dy21'0) \us(k)
(3.13)

fort > 0 and k € N, which is indeed a special case of (3.1). As a consequence

of Theorem 3.8, we obtain the first statement of the following result.

Theorem 3.12 Let D € R**™ and D; € R**™4s and suppose that P and
P are nonsingular with ezactly nq and ng, negative eigenvalues, respec-
tively. Then there exists a controller (3.2) for the system (3.12) such that
the corresponding closed-loop analysis LMIs (3.5) are feasible if and only
if the synthesis LMIs (3.8) are feasible for the system (3.13). Moreover,
the latter synthesis LMIs are feasible if and only if there exist continuously

differentiable X1 and YV = ('} ¢) satisfying

Y ON
((In Oanu> 4\'1> >0, (3.14a)

A B I 0
10 —AT -CT
_ =0
C D 0 I
0 I —-BT -DT
(3.14b,c)
on [0, Trmax] as well as
I
X1(0) 0
" 0o —x ! V<0 (3.14d)
1 c, D, J .

0 I
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and
I 0
v1(0) 0 AT e
'] 0o - —L I [0 (3.14e)
\P—l 0 I
J 0 -DJ

on [Tmins Tmax) - Here A = (‘8 %"‘), B = (B), C = (C, D12), Ay = (1,0),

C; = (Cy,Dj12) and Vy is a basis matriz of ker(Cyo, D jo1).

Note that compared to the generic synthesis LMIs (3.8) for (3.13), the
LMIs (3.14) are less expensive to solve since fewer decision variables are
involved. Indeed, X in (3.8) for (3.13) takes values in S"*"« while X in
(3.14) takes values in S™.

Sketch of Proof. We only have to show the second statement since the first
one is a direct consequence of Theorem 3.8.
Only if: This follows from noting that, due to the particular structure of

(3.13), the annihilators appearing in Theorem 3.8 can be chosen as

I0 Vi o0
U=I1, V=I U;=|00 and Vy;=1|0 I]|,
01 Vo 0

where (%) is a basis matrix of ker(Cjq, Dj21). This leads immediately
from (3.8c) and (3.8¢) to (3.14c) and (3.14e), respectively. The remaining
inequalities are obtained from (3.8a), (3.8b) and (3.8d) by canceling the
block rows and columns corresponding to the right lower n, x n, block of
X.

If: This follows from augmenting the given matrix-valued map X, as
X(r) = diag(X1(7), 7571n,) for all 7 € [0, Tinax] and for some large
enough o > 0. Let us exemplary consider the inequality (3.8b) for the
system (3.13) and denote its left hand side by I'. This 7-dependent matrix



3.1 Dynamic Output-Feedback Controller Design 69

can naturally be partitioned into a 3 x 3 block matrix with its (2,2) block
being

Paelr) =) X (1) <10 )H-)TP <D0”> L @TP (DO”)

By continuity of the involved functions, by compactness of [0, Tiax], since
all other blocks of I' do not depend on «, and since (;;1 11:;2) is exactly the
left hand side of (3.14b), a Schur complement argument permits us indeed
to conclude that (3.8b) holds for all sufficiently large o > 0. Based on
similar arguments we can find some « > 0 such that the inequalities (3.8a)
and (3.8d) also hold. The remaining LMIs (3.8¢c) and (3.8e) are directly

obtained from (3.14c) and (3.14e). o

Apparently, it does not seem to be possible to further reduce the compu-
tational burden by removing blocks of V" without introducing conservatism.
However, due to the particular block triangular structure of the closed-loop
maps A and Ay, further simplifications along the lines of the ones sug-
gested in [18] for static-state feedback design are possible, but these are
not discussed here.

Observe that if (tx)ken, is a sequence satisfying (EDT), i.e., ty11—tp =T
for all k, then the impulsive controller resulting from the corresponding
modification of Theorem 3.12 can also be expressed as a discrete-time LTI
controller of order n + n, due to the particular structure of (3.12). This
follows from defining the state Z.(k) := x.(t;/) and the latter controller

admits the form

Te(k+1)\ _ (UM)AG UT)BTY [Tc(k)
for k € N and where U(t) is the so-called fundamental solution matrix
that satisfies U(7) = A°(7)U(7) on [0,T] with initial condition U(0) = I.
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Performing an analogous reformulation in the presence of more general
sequences (tx)ren, satisfying (RDT) yields a time-varying discrete-time
controller instead.

Finally, we emphasize that the conditions (3.14) easily permit a seamless
extension, e.g., to gain-scheduling controller synthesis or to the design of

consensus protocols as discussed in Chapter 5.

Example

As an illustration let us consider the LTI system

0 1110

a(t) a(t —2 0.1]0, 1 (t)

e(t) | = dey|=11 ool o [[dw) | (315

y(t) u(t) 0001015 | \u(t)
1000

for t > 0 which is taken from [18] and augmented with a performance
channel. The design goals are to render the fist state small despite the
presence of a disturbance affecting this state and to bound the control input
u which acts on the second state. Synthesizing a standard H.-controller
for this system via hinfsyn in Matlab leads to an output of the closed-loop
interconnection as depicted in the top row of Fig. 3.7; this output is the
response to the input disturbance d(t) := xjo,10y(f) = X[10,20) (t) and for zero
initial conditions.

Next, we suppose that the measurements y are only available at times ty,
where the sequence (tx)ren, satisfies (RDT) with [Timin, Tmax) = [0.4,0.5].
Similarly as done earlier, we can still design a controller that achieves a
small energy gain by viewing the resulting open-loop system as an impulsive
system and by employing Theorem 3.8. Doing so results in a closed-loop

response as depicted in the middle row of Fig. 3.7. As expected, we can
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Figure 3.7: Some disturbance d and closed-loop responses involving vari-
ations of the system (3.15) and correspondingly designed con-
trollers.

observe that the disturbance rejection properties degrade and that more
control effort is required because less information is available.

Finally, we can additionally require that the control input u is piecewise
constant on the intervals [tx, txt1), & € Ny which leads to a sampled-data
system as described by (3.12) with Cjs := Cy and vanishing matrices C,
Dy, Dji2, Djo1. A suitable controller is now readily obtained by applying
Theorem 3.12 and yields the closed-loop response as shown in the bottom
row of Fig. 3.7. Here, we note that the disturbance is rejected almost as
before, but the control signal u is not as aggressive.

The computed upper bounds on the energy gain in the three design

scenarios are 0.410, 0.764 and 0.847, respectively.
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3.1.3 Controller Design for Switched Systems

Next, we demonstrate that the arguments underlying our synthesis results
Theorem 3.3 and 3.8 even permit us to systematically design not one but
several types of output-feedback controllers for switched systems. To this
end, we consider, for real matrices of appropriate dimensions, some initial
condition z(0) € R™ and a sequence of impulse instants (¢x)ken,, an open-

loop switched system with the description

o(t) Asty Bowy Baog) x(t)
et) | = | Coty Doty Dizogr) | | d(®) (3.16)
y(t) Coo(ty D21o(t) 0 u(t)

for ¢ > 0 and for a switching function o : [0,00) — {1,..., N} which is

constant on each of the intervals [t;_1,t;). The first controller we aim to

design is of the form

(acc(t)) _ (Az;m(e(t)) Bﬁ(t)w(t))) <xc<t>>
u(t) ) \Co0)) Dy 0®)) \w®) )" 3a7)
ze(ty) = Aia(t;)g(tk)(e(tl;))%(tl;)

for t > 0 and k € N; recall that 6 denotes the clock as defined in (2.2).
Note that the latter controller is itself a switched system since it is defined
by (time-varying) matrices that depend on the switching function o, i.e.,
on the currently active mode. Its jump component additionally depends on

the previous mode. Interconnecting (3.16) and (3.17) yields the closed-loop

(:bcl(t)> _ (Aam B,,m) (m(t))
e(t Coy Doy) \ d(t) ) (3.18)

tr) = AJU(t;)U(tk)(a(t;))xd(t;)

switched system
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with state zo = (., ) and jump map Ay (7) := diag(I, AG,,(7)); the re-
maining calligraphic maps are analogously defined as the ones in (3.3a). By
generalizing the stability criteria for switched systems in Corollary 2.5 to
also account for quadratic performance with an index P satisfying Assump-

tion 3.1 and to systems with description (3.18), we obtain the following.

Lemma 3.13 (Closed-Loop Analysis for Switched Systems) The system (3.18)
is stable and achieves quadratic performance with index P for all (t;)ren,
satisfying (RDT) if there exists functions X, ..., Xn € C1([0, Tiax), S*™)

satisfying the inequalities

Xo=0 and (o)7 (;() ji’“) (“‘;’“ i’“) +(o)TP (%’“ ?) <0
k k
(3.19a,b)

on [0, Tax] for all k € {1,...,N} as well as
AT (0)Agp — X < 0 (3.19¢)

on [Tinin, Tmax] for all k,1 € {1,...,N}.

Due to the intended similarities with the closed-loop analysis conditions
for impulsive systems provided in Corollary 3.2, we can adjust the synthesis
criteria in Theorem 3.3 or 3.8 in order to characterize the existence of a
controller (3.17) by means of convex optimization. In particular, we have

the following constructive result.

Corollary 3.14 Let D; € R**™ and suppose that P is nonsingular with
exactly ng negative eigenvalues. Moreover, let Uy, and Vi be basis matri-
ces of ker((Bg,, D5.)) and ker((Cax, Da1y)), respectively. Then there exists
a controller (3.17) for the system (3.16) such that the analysis LMIs (3.19)

are feastble if and only if there exist continuously differentiable X+,..., X n,
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Yi,..., Y N satisfying

Ve I
b ) =0, (3.20a)
I X
Ay By, ooy I 0
kK
I 0 A —CyY
(o)" V<0, (&7 Vv5 0 k—k U, -0
Cr Dy, 0 I
0 I —B-DJ
(3.20b,¢)
on [0, Tyax] for allk € {1,...,N} as well as
Xy 0) = Xy <0 and Y, (0)—Vip=0 (3.20d,¢)

on [Tinin, Tmax] for all k,1 € {1,... ,N}.

Since the conditions in Corollary 3.14 are necessary and sufficient, it is
in a sense natural to consider the design of switched controllers (3.17) ad-
mitting a jump component. However, in the literature on switched systems
the goal is almost always to design switched controllers without a jump
component, i.e., with a trivial one. We can also design such controllers by

employing suitable modifications of the proof of Theorem 3.3.

Theorem 3.15 (Synthesizing Controllers without Jump Component) There
exists a controller (3.17) with AS,, (1) = I for all k,1, T such that the closed-
loop system (3.18) is stable and achieves quadratic performance with index
P for all (ti)ken, satisfying (RDT) if there exist continuously differentiable
Xi,yeo oy XN, V1,00, Y N satisfying (3.20a)-(3.20d) and Y(0) = Vi(7) for
all 7 € [Tiin, Tmax] and all k,1 € {1,...,N}.

Proof. Recall that (3.20a) permits us to find differentiable and pointwise
nonsingular functions Uy and Vj, satisfying UkaT =1 — XY We can
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then define suitable certificates X = 0 by X} := y,;Tzk. with

Vil I 0 Ve I\ .4
= and Z = = .
Tk (VJ 0) g (\k Uk> ( I \k> i

It is now crucial to choose V}, := Y and U := )',;1 — X because this
allows us to conclude that Y;(0) = Yi(7) holds for all 7 € [Tin, Tmax)
and all k,1 € {1,..., N}. In particular, for any 7 € [Tinin, Tmax| and k,1 €
{1,..., N}, we then infer by (3.20d)

Vi(0) T (X(0) = Xk (7)) Vu(0) = D1(0) " X (0)V1(0) — Vi (7) X (7) Vi (7)

0 0
= <0.
(0 \71(0) - Yk(7)>

It remains then to recall that (3.20a)-(3.20c) imply the existence of maps
Af, By, Cf, Dy, such that (3.19b) is satisfied and that quadratic perfor-

mance is still assured even if the inequality in (3.19¢) is non-strict. ®

Remark 3.16 Note that the maps Vq,...,Y ny can vary on (0, Tinin) and
restricting them to be identical and constant on [0, Tinax] is not required.
Our proposed additional constraint on Y1, ..., Y n can still introduce some
conservatism which can again be reduced by introducing slack variables as

done in Theorem 2.12 if desired.

Even if the jump component of the controller (3.17) is rendered trivial,
the control input w is in general discontinuous and can involve large jumps
due to the switching nature of the controller (3.17). Such large jumps in
the control input might be not acceptable in a number of practical situa-
tions. Instead, one aims in such cases to design a controller such that the
signal u is as smooth as possible which is the so-called bumpless trans-

fer controller design problem [58, 33] that was at first considered in the
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context of LTI systems, e.g., in [69]. In order to tackle this problem, the
authors in [33] consider the design of switched controllers with vanishing
direct feedthrough matrices D{,..., D% in order avoid the jumps from the
measured output y. Moreover, they argue that bumps in the control input
can be reduced by including a simple constraint which is, our situation, of

the form

sup ||(C';€(7') — C?(O))B;;(T)HQ <p% forall ke {1,...,N}
Te[Tmin7TmaX]
(3.21)

for some parameter 8 > 0. In order to provide convex criteria for designing
a controller satisfying (3.21) next to achieving quadratic performance, we
can no longer rely on the elimination lemma C.11 since multiple objectives
are involved. Instead, we have to employ the convexifying parameter trans-
formation as done in Theorem 3.3 which leads to the following synthesis
criteria. Note that they could again be rendered less conservative but more

expensive to solve by introducing slack variables.

Theorem 3.17 (Synthesizing Controllers with Bump Limitation) There exists
a controller (3.17) satisfying (3.21), D§, = 0 and A5, =1 for all k,l such
that the closed-loop system (3.18) is stable and achieves quadratic perfor-
mance with index P for all (ti)ren, satisfying (RDT) if there exist contin-
uwously differentiable X1,..., XN,V 1,...,Y N and continuous 1,..., K n,

Ly,..., Ly, My, ..., My satisfying

I\ (A, B C. D
X, =0 and (o)" (?_ . ) (I’“ ok> +(o)TP ( ok I’“) <0
k
(3.22a,b)

on [0, Tyax] for allk € {1,...,N} as well as

X(0) = Xp <0, V(0) =Yy (3.22¢,d)
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and
I 0 0 0 | My(r) My(0)
0 [32.[ Lk(T)T llk(T)T 0 0
0  Li(r) Xg(r) 0 I 0
0 L) o0 x| o -1 |70 G2
Mp(m)T 0 I 0 | Yi(r) 0
M (O0)T 0 0 ~1 0 Y0

on [Tmin, Tmax] for all k1 € {1,...,N}. Here, the maps (é: gi ), Xy and
Z;, are defined as
0
Do)’

ALY A B 0 B
kY k 7 k - k 2k Ky Ly 70
0 XNpAp|XwBp|+1I 0

. Mg 0 0 Cop
CpYyr Ok ‘ Dy, 0 Do

Vi T Vi 0
and . ,
I X 0 X

The argument that the inequality (3.22e) implies the bump limitation

respectively.

(3.21) is essentially from [33] and repeated here for convenience.

Proof. Due to (3.22a)-(3.22d), we can construct A¢, B, Cf similarly as
in the proof of Theorem 3.3 in such a fashion that the inequalities (3.19)
are satisfied with Df = 0 and A,, = I for all k,l € {1,...,N}. As in the
proof of Theorem 3.15, the latter identity requires to choose Vi, := V'; and
Uy = Y,:l — X in the construction of the certificate X. In particular, for

this choice we have more precisely

C=U Ly = (V- X)) oy and Cf = MRV = MYt
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Let now 7 € [Tinin, Tmax] and k,1 € {1,..., N} be arbitrary. Then applying
the Schur complement C.6 on the inequality (3.22¢) yields

I+ 0 —C5(7) Ce(0)
0 B2I Li(m)T Li(m)T 0
= Cp(n)T Li(r) | Xi(r) = Vi(r)~ 0
Cy0)" Li(r) 0 Xi(r) = V()™
with Q) = —(&) TV (7)) "M (1) — (8)TY(0)~117;(0) < 0; here we did

also make use of (3.22d). Another application of the Schur complement

results in
I+Qy (C7(0) = Cy(r)) By (1) <0
ON B2I + Q3

for some Q9,3 < 0. Hence, we conclude

( 1 (C;:<o>_c;;<7>)3;;<7)> o
()7 B2

which yields the desired constraint (3.21) by a final application of the Schur
complement and since 7 € [Tiin, Tmax] as well as k,l € {1,..., N} were

arbitrary. (]

Remark 3.18 (Alternative Designs for Switched Systems) We stress that the
multitude of possibilities to constrain the switching function ¢ in (3.16)
leads to various design approaches that each result in (structurally) differ-
ent analysis criteria. Unfortunately, this makes it rather difficult to find
appropriate literature on the concrete case one is working on and we,
hence, only mention few alternatives. Probably one of the most well-cited
paper dealing with dynamic output-feedback in the context of arbitrary
dwell-time is [75] which relies on the Youla parametrization. For switching

functions with (minimum) dwell-time constraints, even recent publications
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as, e.g., [4, 20, 89], that employ dedicated analysis results, merely con-
sider state-feedback which is in contrast to our last three results. Output-
feedback design for parametrically varying systems with a hysteresis switch-
ing function is considered in [102]; here, the switching function does depend
on the time-varying parameter entering the underlying system.

Another relevant synthesis problem is referred to as co-design and deals
with the issue of simultaneously finding a feedback controller and a switch-
ing function for the underlying system such some closed-loop objective
is achieved [41, 99]; we stress that in this case the switching function
is a degree of freedom. Output-feedback co-design is performed, e.g., in
[41], and usually relies on so-called Riccati-Metzler inequalities and min-
type piecewise quadratic Lyapunov functions for the underlying analysis;
the considered switching functions are typically of the form o(y(t)) =
argmin y(t) " X;y(t) where y is the system’s measured output. In [23] a
sampled-data co-design problem is considered involving clock-dependent
LMIs, but assumes that the full state is available for control. It is expected
the approach illustrated in this chapter permits removing the latter limi-

tation.

Example

As an example, let us consider a switched system (3.16) with

()= (") ) )= (s

1)

O )
(3.

as well as

23a)
B — 0 Cr Dy Do)
2k — ) -
1 Cor Do, O

1

0)’ (42 32) = G ?

for ke {1,2,3}

(3.23b)
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Figure 3.8: A graph G = (V,E) with vertices V' = {1,2,3} and edges
E={(1,1),(1,2),(2,3),(3,2),3,1)}.

and a sequence of impulse instants (tx)ken, satisfying (EDT) with T' = 2.

Moreover, let us assume that the switching function o is constrained as
(o(t, ),o(ty)) € £ forall keNg (3.23¢)

where E denotes the edge set of the unweighted graph G depicted in
Fig. 3.8. Recall that designing an output-feedback controller for this system
is possible based on small modifications of Corollary 3.14, Theorem 3.15 or
of Theorem 3.17 along the lines of the ones mentioned in Remark 2.6. In
the sequel, we choose the performance index P accordingly to the energy
gain and utilize the sum-of-squares approach D.1 with ¢ = 0.01, ansatz
polynomials of degree d, = 4 and multiplier polynomials of degree d,,, = 2
in order to turn the involved differential LMIs into standard SDPs.

Note at first that an application of Corollary 3.14 for (3.23) yields an
optimal upper bound of 3.698 on the achievable closed-loop energy gain. In
contrast, omitting the constraint (3.23c), i.e., allowing for arbitrary switch-
ing, yields an upper bound of 4.143 which is partly because the system
might stay longer in mode 2 which amplifies the input disturbance by a
lot. The response of the switched system (3.23) interconnection with a

close-to-optimal controller (3.17) obtained from Corollary 3.14 to the dis-
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YTl e 2T eomoly
0 0 «A' v
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Figure 3.9: Second state and control input of the system (3.16) with (3.23)
interconnected with a controller with jump component obtained
from Corollary 3.14 (dark blue) and one with bump limitation
from Theorem 3.17 (light blue) for some switching function o.

turbance d(t) = —4x[o,5)(t) + 4X5,10)(t) — X[10,18)(t) is depicted in Fig. 3.9
together with the switching function o in dark blue; recall that x(, 3 is the
characteristic function of the interval [a,b) and note that the performance
output of the system (3.16) with (3.23) is given by e = ('3, )-

For this particular example, employing Theorem 3.17 instead of Corol-
lary 3.14 in order to design a controller (3.17) with trivial jump component,
yields visually not much of a difference in the closed-loop response and we
merely observe a minor increase in the determined optimal upper bound
which equals 3.758. We emphasize at this point that enforcing the jump
component of the controller (3.17) to be trivial can actually lead to larger
jumps in the control signal v which might be counter intuitive. However,
for several examples we observe that the controller’s jump component plays
a vital role in reducing the jumps induced by the switching of modes in the
flow component of the controller.

Finally, let us employ Theorem 3.17 in order to design a controller sat-
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isfying the bump limitation constraint (3.21) with 8 = v/10. The resulting
closed-loop response illustrated in Fig. 3.9 in light blue shows that the con-
trol input v indeed admits fewer jumps as desired. The price we have to
pay for this improved behavior is that the disturbance attenuation prop-
erties of the controller degrade as reflected by the larger amplitude of the

corresponding state response xs.

Summary

This concludes the first part of this chapter on the design of dynamic
output-feedback controllers for impulsive and related hybrid systems. A
summary of the presented results is given in Section 3.3. Next, we move on

to the design of static output-feedback controllers for such systems.
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3.2 Static Output-Feedback Controller Design

Even for standard LTI systems, the design of static output-feedback con-
trollers constitutes a conceptually simple and yet theoretically very chal-
lenging problem. Such a design is also a popular approach of practical
interest due to its straightforward implementation and the fact that, typi-
cally, only some (and not all) states of the underlying dynamical system are
available for control. However, in contrast to, e.g., the design of static state-
feedback or dynamic full-order controllers, the synthesis of static output-
feedback controllers is intrinsically a challenging bilinear matrix inequality
feasibility problem. Such problems are in general non-convex, non-smooth
and NP-hard to solve [159]. These troublesome properties have led to the
development of a multitude of (heuristic) design approaches, which only
yield sufficient conditions for the existence of such static controllers. Next to
providing only sufficient conditions, another downside of these approaches
is that they might get stuck in a local minimum of the underlying optimiza-
tion problem that can be far away from the global minimum of interest.
Nevertheless, such approaches are employed and reported to work nicely on
various practical examples. Two detailed surveys on static output-feedback
design for standard LTT systems elaborating on several of such approaches
are provided in [158, 128].

Static output-feedback controller design for hybrid systems, as studied
for example in [37, 1], is even more difficult and is less frequently consid-
ered in the literature. This is partly due to vast amount of possibilities
to describe hybrid systems and due to the typically more involved analysis
conditions if compared to those for standard LTI systems. A consequence of
the increased complexity is that not all of the approaches discussed in the
surveys [158, 128] generalize nicely to hybrid systems such as the algorithm
hinfstruct from [9] or hifoo from [27]. This is in contrast to approaches

based on solving LMIs such as the classical D-K iteration as suggested,
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e.g., in [15, 47] or methods involving S-variables as, e.g., in Chapter 6.3 of
[46]. These approaches are typically much more amenable for generaliza-
tions, but tend to be slower due to underlying complexity of solving LMI
problems.

Throughout this section we restrict our attention to static controller
synthesis for linear impulsive systems, but we emphasize that the provided
results can be adapted without much effort to other interesting hybrid
systems similarly as demonstrated in the previous section. We begin by

concretely specifying the considered static design problem.

3.2.1 Problem Description

We consider again the open-loop impulsive system with generic description
(3.1) and our main goal is the design of a static output-feedback controller

for this system of the form

u(t) = K(0)y(t), us(k) =K, (0, ))ys(k) (3.24)

for t > 0 and k € N such that the corresponding closed-loop energy gain is
as small as possible. In contrast to the dynamic controller (3.2) considered
in the previous section, the controller (3.24) does not involve an internal
state variable which is particularly convenient for its implementation since
its output (u(t), u;(k)) for fixed (¢, k) is then readily obtained by two simple
matrix-vector multiplications.

The interconnection of the system (3.1) and the controller (3.24) is given
by
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for ¢ > 0 and k € N as well as with describing matrix-valued maps
A A+BsKCy B+By;KD AB B
_ 24802 2 21 ) _ " 2 K(Cg D21>.
C D C+D12KCQ D+D12KD21 C D D12
and analogously defined A, B;,Cy,D;. Since this closed-loop intercon-
nection is of the same form as the impulsive system (2.7), we can easily

determine (optimal) upper bounds on its energy gain based on our anal-

ysis result Theorem 2.8. The resulting LMI criteria are repeated here for
convenience where (Py, Pyy) := ((é 7321) , (é 732])).
Corollary 3.19 (Closed-Loop Analysis) The system (3.25) is stable and its

energy gain is bounded by v for all (ty)ren, satisfying (RDT) if there exists
a continuously differentiable function X satisfying the LMIs

X =0 and (o)7 (0 X) (A B) + (o) P, <C D) <0 on [0, Timax]
x x)\I1 o 01

(3.26a,b)
as well as
x(0) 0\ (A B ¢; D
(3.26¢)

We denote by Yopt the infimal~y > 0 such that there exists a static controller
(3.24) that renders the closed-loop analysis LMIs (3.26) feasible.

Note that vyop¢ is not the optimal energy gain achievable by controllers
with description (3.24), but both values are often close to each other. The
possible gap between both values is due to the conservatism in the employed
analysis criteria in Theorem 2.8. Recall that we accept this gap since we
require the structure of the latter criteria for applying controller design
tools such as the convexifying parameter transformation or the elimination

lemma.



86 Chapter 3 Nominal Synthesis

As in the previous section, trouble arises through the simultaneous search
for some certificate X and for the maps K, K ; describing the controller
(3.24), which constitutes a challenging non-convex problem. In contrast to
the synthesis of dynamic controllers (3.2) and even if we would restrict our
attention to standard LTI systems, this lack of convexity is not resolved
by employing a convexifying parameter transformation similarly to the
one suggested in [107, 137], by utilizing the elimination lemma C.11 or by
relying on any other presently known technique. Exemplary, by directly
using the elimination lemma on the closed-loop analysis LMIs, we obtain

the following.

Theorem 3.20 (Static Output-Feedback Controller Synthesis) Let U, V, U
and Vy be basis matrices of the subspaces ker((By , D{y)), ker((Cy, Da1)),
ker((BJ,, DJ}15)) and ker((Cy2, Dja1)), respectively. Then there exists a
static controller (3.24) for the system (3.1) such that the closed-loop anal-
ysis LMIs (3.26) are feasible if and only if there exists a continuously dif-
ferentiable X satisfying

X0, (3.27a)
AB
10 .
— |V <0 and (o)T X X ——— |U>0
CD
017
(3.27b,c)
Ay By
I 0
V; <0 (3.27d)
Cjy Dy

0 I
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and
-1 I 0
-A; -Cj
—|U;>0 3.27e
i 7 7 ( )
-Bj -Dj

on [Twin, Tmax]. Moreover, vopt is equal to the infimal v > 0 such that the

above inequalities are feasible.

The elimination lemma permits us to remove the describing maps K
and K ; of the controller (3.24) from the closed-loop analysis LMIs (3.26).
However, the variable X now enters the above inequalities in a non-convex
fashion. Therefore, determining ~,pt or computing a suitable static con-
troller (3.24) remain difficult.

Since non-convexity seems to be an intrinsic feature of the static con-
troller synthesis problem, heuristic approaches are usually employed and
upper bounds on the optimal v, are computed. In the sequel, we present
a generalization to impulsive systems of the dual iteration originating from
[90, 91] which is a heuristic procedure based on iteratively solving convex
semidefinite programs. In [85] we elaborate on this procedure in detail for
standard LTT systems and argue that it is especially useful if compared to

alternative approaches for two reasons:

e It provides good upper bounds on the optimal achievable energy gain.

o It seamlessly generalizes, e.g., to robust and multi-objective design.

Its essential features are discussed next.

3.2.2 Dual lteration
Initialization of the lteration

In order to initialize the dual iteration, we propose a starting point that

allows the computation of a lower bound on 7,y as a valuable indicator of
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how conservative any later computed upper bound on 7,p¢ is. This lower
bound is obtained by the following observation. If there exists a static
controller (3.24) for the system (3.1) achieving a closed-loop energy gain
of 7, then there also exists a dynamic controller (3.2) which achieves (at

least) the same closed-loop energy gain. Indeed, by simply choosing

Ac B¢ -1, 0 AS BS Opxn O
= and = )
ce D¢ 0 K c5 DS 0 Ky

we observe that the energy gain of (3.25) is identical to the one of the
interconnection of the system (3.1) and the dynamic controller (3.2). Recall
that n denotes the number of columns of the matrix A in (3.1).

We have already shown in Theorem 3.3 and 3.8 that finding such a
dynamic controller (3.2) for the system (3.1) is possible by means of convex

optimization. In particular, recall that we have the following.

Corollary 3.21 (Dynamic Output-Feedback Controller Synthesis) Let U, V,
Uy and Vj be as in Theorem 3.20. Then there exists a controller (3.2) for
the system (3.1) such that the corresponding closed-loop analysis LMIs (3.5)
are feasible for (P, Py) = (P, Py,) if and only if there exist continuously
differentiable X ,Y satisfying

(3.28a)
AB
I0
— |V <0 and U=0
CD
07
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on [0, Tinax] as well as

Ay By

I 0
Vy <0 (3.28d)

Cr Dy

0 I

and
I 0

-A; -0y
— | U; =0 3.28e
i 7 J ( )

-Bj —Dj

on [Tin, Tmax)- In particular, we have Yaor < Yopt fOT Ydor being the infimal
v > 0 such that the above LMIs are feasible.

Note that by using the Schur complement C.6 on the inequalities (3.28¢)
and (3.28d), it is possible to solve the above synthesis LMIs (3.28) while
simultaneously minimizing over « in order to compute v4or. In particular,
since the latter is a lower bound on 7,pt, it is not possible to find a static
output-feedback controller by relying on Corollary 3.19 that is guaranteed

to achieve an energy gain smaller than ~qo¢

As an intermediate step, let us consider the design of a static full-
information controller for the system (3.1). This is a controller with de-
scription

u(t) = FO®)y(t), (k)= Fi0(t;))g(k)

for t > 0 and k € N. Here, the gains F' = (Fy, F3) and F; = (Fj1, F2)
are continuous matrix-valued maps, while the input signals are given by
g := (%) and g,(k) := (Z‘(]t(%), respectively. Hence, this controller relies
on access to the full state and the full input disturbances of the system

(3.1). By replacing the measurements y, y; in (3.1) with the virtual mea-
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surements ¢, s, we can interconnect this controller with the system (3.1)
which results in a closed-loop interconnection of the form (3.25), but with
(£45)and (“éj’ g’]) replaced by

Ar B A+ ByFy B+ ByF: A B B
PR} (AT DR + 2 ) F (3.200)
Cr Dp C + Dy9F1 D+ DiyFy C D D1s
and

Ajp Byp\ _ (As+Bj2Fp Byj+BjaFya Ay By N By \
— = J7
Cyr Dyr Cy+Dj12F1 Dyj+D j12F 2 Cy Dy D12
(3.29b)
respectively. Consequently, we can characterize the existence of a suit-

able full-information controller for example by employing the elimination

lemma C.11 in order to obtain the following.

Lemma 3.22 (Full-Information Controller Synthesis) There exist some full-
information gains F and Fy such that the closed-loop analysis LMIs (3.26)
with (¢ 8) and (é}f gf,) replaced by (3.29) are feasible if and only if there
exists a continuously differentiable Y satisfying Y > 0 on [0, Tmax|, (3.28¢)
and (3.28e).

Main Loop

We are now in the position to discuss the core of the dual iteration. The
first key result provides LMI conditions that are sufficient for static output-
feedback design based on the assumption that full-information gains F =
(F1, Fy) and Fy = (Fj1, Fj2) are available.
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Theorem 3.23 (Primal Design Result) Let V' and Vy be as in Theorem 3.20.
Then there exists a static controller (3.24) for the system (3.1) such that the

closed-loop analysis LMIs (3.26) are feasible if there exists a continuously

differentiable X satisfying

¥ >0, (3.30a)
Ar Bp
I 0
T
Cr Dp
0 I
(3.30b,¢)
(3.30d)
and
Ajr Byp
I 0
| <o (3.30¢)
Cir Dyr
0 I

on [Twin; Tmax]- Moreover, we have Yaor < Yopt < Yr for yp being the
infimal vy > 0 such that the LMIs (3.30) are feasible.

Proof. Applying the elimination lemma C.11 in order to remove the full-
information controller gain F' from (3.30c) yields exactly the inequality
(3.27¢). Analogously, we obtain (3.27e) from (3.30e). Since the remaining
inequalities are satisfied by assumption, we can construct the desired static

controller via Theorem 3.20. o
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Note that we even have vopt = vp if we view the gains F' and Fj; as
decision variables in (3.30). However, this would render the computation
of vr as troublesome as that of y,p itself.

Intuitively, Theorem 3.23 links the difficult static output-feedback and
the manageable full-information design problem with a common quantity
(here, the Lyapunov matrix X'). This underlying idea is also employed in
order to deal with many other non-convex and/or difficult problems such
as the ones considered in [46, 10, 73].

While Theorem 3.23 is interesting on its own, the key idea of the dual
iteration is that improved upper bounds on ~y,pt are obtained by also con-
sidering a problem that is dual to full-information synthesis. This consists
of finding full-actuation gains E and E; such that the closed-loop analysis
LMIs (3.26) are feasible if we replace (4 5) and (AJ BJ) by

Cy Dy
Ap Bp AB
= +FE(Cy D 3.31
<CE DE) (C D) ( 2 21) ( a)
and
Aje Bk Ay By
— +E;(Cyy Dy ), 3.31b
(CJE Dw) (a, DJ) 1 (Cr2 Do) (3:31b)

respectively. Determining such gains is again a convex problem and a so-

lution is obtained for example by utilizing the elimination lemma C.11.

Lemma 3.24 (Full-Actuation Controller Synthesis) There exists some full-
actuation gains E and Ej such that the closed-loop analysis LMIs (3.26)
with (¢ 8) and (’éJ’ g’}) replaced by (3.31) are feasible if and only if there
exists a continuously differentiable X satisfying X = 0 on [0, Tmax], (3.28b)
and (3.28d)

Given some full-actuation gains £ and E; we can formulate another set
of LMI conditions that are sufficient for static output-feedback design. The

proof is analogous to the one of Theorem 3.23 and is hence omitted.
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Theorem 3.25 (Dual Design Result) Let U and Uy be as in Theorem 3.20.
Then there exists a static controller (3.24) for the system (3.1) such that the
closed-loop analysis LMIs (3.26) are feasible if there exists a continuously

differentiable Y satisfying

(3.32a)
1 0 1 0
—AT —CT Al —CL
0 0 I
BT DT ~ Bl D],
(3.32b,c)
on [0, Tinax] as well as
I 0
—AT —CT
—L L y;»~0 (3.32d)
0 I
-Bj -Dj
and
I 0
—Al. —C]T
—JE__TIE (3.32¢)
0 I

~Bjp —Djp
on [Twin; Tmax]- Moreover, we have Yaor < Yopt < YE for vg being the
infimal vy > 0 such that the LMIs (3.32) are feasible.

In the sequel, we refer to the LMIs (3.30) and (3.32) as primal and dual
synthesis LMIs, respectively. Accordingly, we address Theorems 3.23 and
3.25 as primal and dual design results, respectively. Observe that the latter

are nicely intertwined as follows.
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Theorem 3.26 The following two statements hold.

o If the primal synthesis LMIs (3.30) are satisfied for some v, some
matriz X and some full-information gains F and Fj, then there
exists some full-actuation gains E and Ej such that the dual syn-
thesis LMIs (3.32) are satisfied for the same v and for Y = X~1. In

particular, we have vg < 7.

o If the dual synthesis LMIs (3.32) are satisfied for some vy, some ma-
triz Y and some full-actuation gains E and Ej, then there exists
some full-information gains F and Fj such that the primal synthe-
sis LMIs (3.30) are satisfied for the same v and for X = Y 1. In

particular, we have yp < 7.

Proof. We only show the first statement as the second one follows with
analogous arguments. If the primal synthesis LMIs (3.30) are feasible, we
have in particular X > 0 on [0, Tinax], (3.28b) and (3.28d). This permits
us to apply Lemma 3.24 and we can thus conclude the existence of full-

actuation gains F and E; satisfying

AE BE AJE BJE
I I 0
<0 and (e)" — [ <0
Cg Dg Cie DE
0 I 0 I

on [0, Trnax] and [Tmin, Tmax), respectively. An application of the dualization
lemma C.9 as given in the appendix allows us to infer that (3.32¢) and
(3.32e) are satisfied for V' = X ~! = 0. Finally, by using the elimination
lemma C.11 on the LMIs (3.30c) and (3.30¢e) to remove the full-information
gains F' and Fy, we conclude that (3.32b) and (3.32d) are satisfied as well.
This finishes the proof. ®

The dual iteration now essentially amounts to alternately applying the
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Figure 3.10: Schematic description of the main loop of the dual iteration.

two statements in Theorem 3.26 and is conceptually stated as follows. An

illustration of its main loop is provided in Fig. 3.10.

Algorithm 3.27 (Dual Iteration for Static Output-Feedback Design)

(a)

Initialization: Compute the lower bound v4.¢ based on solving the
dynamic synthesis LMIs (3.28) and set 7° := 400 as well as k = 1.

Design initial full-information gains F' and F); from Lemma 3.22.

Primal step: Compute yr by solving the primal synthesis LMTs (3.30)
for the given gains F' and F; and choose some small ¢, > 0 such
that 7% = yp(1 + ex) < Y¥71. For v = +*, determine some X
satisfying the LMIs (3.30) and apply the elimination lemma C.11 on
(3.30b) and (3.30d) in order to construct full-actuation gains E and
E; satisfying the dual synthesis LMIs (3.32) for V' = X1

Dual step: Compute vg by solving the dual synthesis LMIs (3.32)
for the given gains E and E; and choose some small €541 > 0 such

k+1 determine a matrix

that 4%+ := yp(1 + exy1) < 7% For v =y
Y satisfying the LMIs (3.32) and apply the elimination lemma C.11
on (3.32b) and (3.32d) in order to construct full-information gains

F and F; satisfying the primal synthesis LMIs (3.30) for X = V=1,
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(d)

Termination: If k is too large or v* does not decrease any more, then
stop and construct a static output-feedback controller according to
Theorem 3.25.

Otherwise set k = k + 2 and go to the primal step.

Remark 3.28 (a) Theorem 3.26 ensures that Algorithm 3.27 is recur-

sively feasible, i.e., it will not get stuck due to infeasibility of some
LMTI, if the primal synthesis LMIs (3.30) are feasible when performing
the primal step for the first time. Additionally, the proof of Theo-
rem 3.26 demonstrates that we can even warm start the feasibility
problems in the primal and dual steps by providing a feasible ini-
tial guess for the involved variables. This reduces the computational

burden remarkably.

The small numbers €5 > 0 are introduced since, in general, it is
not possible to determine optimal controllers or gains because these
might not even exist; this is the reason for working with close-to-

optimal solutions instead.

We have Yaor < Yopt < Y¥ < -+ <42 < 4! for all k € N and thus the
sequence (Y¥)ren converges to some value v* > vop. As for other
approaches, there is no guarantee that v* = ~,,¢. Nevertheless, the
number of required iterations to obtain acceptable bounds on the

optimal energy gain is rather low as will be demonstrated.

As for any heuristic design, it can be beneficial to perform an a pos-
teriori closed-loop analysis via Corollary 3.19. The resulting closed-
loop energy gain is guaranteed to be not larger than the correspond-

ing computed upper bound ~*.
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Remark 3.29 (Initialization)  (a) If static controller gains K and K ; are

available that achieve a closed-loop energy gain bounded by -, then
the dual iteration can be initialized with F = (KCq, KDs;) and
Fy = (K Cj2, KD j21). In particular, the primal synthesis LMIs
(3.30) are then feasible and we have yp < 7.

The selection of suitable gains F' and F; during the initialization of
Algorithm 3.27 can be crucial, since feasibility of the primal synthesis
LMIs (3.30) is not guaranteed from the feasibility of dynamic syn-
thesis LMIs (3.28) and depends on the concrete choice of the gains F'
and F; . Similarly as in [91], we propose to compute the lower bound
~Ydof and then to reconsider the LMIs (3.28) for v = (1 + €)7yqof and
some fixed & > 0 while minimizing trace(X +17). Due to (3.28a), this
is a common heuristic that aims to push X towards ¥ ~! and which
promotes feasibility of the non-convex design matrix inequalities in
Theorem 3.20. Constructing gains F' and F; based on Lemma 3.22
and these modified LMIs promotes feasibility of the primal synthesis
LMIs (3.30) as well.

Remark 3.30 (Control Theoretic Interpretation) The dual iteration as ex-

plained above solely relies on algebraic manipulations by heavily exploit-

ing the elimination lemma C.11. This turns the derivation of the algorithm

rather simple, but not that insightful. In [85] we additionally provide a con-

trol theoretic interpretation of the individual steps and argue that these

can be related to the well-known separation principle?. More precisely, it

is shown that the primal synthesis LMIs correspond to solving a partic-

ular robust design problem that structurally resembles robust estimation

and which depends on a previously designed full-information controller.

2The classical separation principle for LTI systems states that one can synthesize a
stabilizing dynamic output-feedback controller by combining a state observer with
a state-feedback controller, which can be designed completely independently from
each other.



98 Chapter 3 Nominal Synthesis

We omit the details here for brevity since they are fully provided in [85].
Instead, we emphasize that the latter robust design problem is convex with
a solution that is obtainable by a convexifying parameter transformation.
As shown in [85], this permits the extension of the algorithm to much more

challenging design problems such as those involving multiple objectives.

While the dual iteration, as illustrated above, theoretically extends nicely
from standard LTT systems to impulsive ones due to the underlying analysis
criteria in Corollary 3.19, there are also some issues that we have swept

under the carpet so far.

Compatibility Issues with DLMI Relaxations

Recall that all LMI problems appearing in Algorithm 3.27 are in fact infi-
nite dimensional differential LMI problems which we can numerically solve
only by relying on relaxations such as the ones discussed in Appendix D.
Let us exemplary suppose that we intend to employ the sum-of-squares
relaxation which relies on restricting all appearing decision variables to
be polynomials and which is capable to deal with inequalities of the form
P(r) < 0 for all 7 € [a,b] if P is a polynomial (see Section D.1 for more
details). Next, note that any full-information gains F' and F; as obtained
from Lemma 3.22, i.e., by employing the elimination lemma C.11, will in
general not be polynomials. Consequently, in order to apply the SOS relax-
ation for solving the primal synthesis LMIs (3.30), we have to interpolate
the functions F and F; with polynomials. Moreover, we note that once
the latter LMIs are feasible for some polynomial certificate X, the dual
synthesis LMIs (3.32) are still guaranteed to be feasible for V' = X1 if
the generated gains F and E; are approximated sufficiently well, but X !
is a rational function in general and not a polynomial. All of this leads to

the following.
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Remark 3.31 e The dual iteration as explained in Algorithm 3.27 and
by solving the underlying DLMIs via the SOS relaxation can be
implemented if we incorporate suitable polynomial approximations
of the full-information and full-actuation gains (and, if warm starts

are desired, of the inverse certificates X~ and ¥ ~1).

« In general, the generated sequence of upper bounds (7*); will only
be monotonically decreasing if large polynomial degrees are used in
the interpolation and in the decision variables of the SOS relax-
ation. However, utilizing large polynomial degrees becomes quickly

prohibitive from a numerical point of view.

¢ Analogously, the dual iteration as explained in Algorithm 3.27 and
by solving the underlying DLMIs via the piecewise linear polyno-
mial relaxation (see Section D.2.1) can be implemented if we incor-
porate suitable piecewise linear polynomial approximations of the
full-information and full-actuation gains. Note that in this case the
left hand sides of the inequalities (3.30c) and (3.32¢) will in gen-
eral be a piecewise quadratic polynomial and that these inequali-
ties have to be relaxed accordingly. One can for example use that
f(t) = at®> + bt + ¢ > 0 holds on [z,y] if f(x) > 0, f(y) > 0 and
AF(ZE2) — f(@) — f(y) = F(@) + f(y) — ale — y)* > 0 hold which is
a consequence of expressing f(t) as

(t —x)° (t—x)(y—t) (t—y)?
(y —x)? (y —x)? (y — )2

Admittedly, the interpolation of the full-information and full-actuation

[4f (55 = f (@)= F ()] +

fly)+ f(x).

gains and the loss of monotonicity in the sequence of upper bounds is
quite unfavorable from a numerical point of view. At this point we leave it
for future research to investigate possibilities to circumvent the discussed

compatibility issues with DLMI relaxations. We expect such further investi-
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gations to be highly fruitful due to the effectiveness of the iteration for LTI
systems as demonstrated in [85]. Moreover, we show in the next example
that even the present status of the dual iteration is capable to outperform,
e.g., the D-K iteration which was recently employed in [26] for the related
design problem of synthesizing static controllers for time-varying systems

on a finite-horizon.

Example

As an illustration let us consider some modified examples from the col-
lection in COMPLeib [96] which consists of numerous continuous-time LTI

systems with description

i(t) A B, B\ [z(t)
€(t) = Cl D11 D12 d(t) (333)
y(t) C Dan 0 u(t)

for t > 0. The dual iterations permits us, e.g., to systematically design
static sampled-data controllers for these systems. To this end, recall from
Subsection 3.1.2 that we have to consider corresponding impulsive systems

of the form

i(t) a(t 2(tr) 10/ 00\ [x(t;)
a(t) ult u(ty) 00 0,7 |u)
et) |~ an | les) | o 0+ 00| [dstk)
y(t) a(t) ys (k) C0[D21'0/ \uy(k)

involving some redundant signals for the sake of compatibility with (3.1).
Here, we suppose that the involved impulse sequence (tx)ken, satisfies
(EDT) with T = 0.5. Note that considering such sampled-data systems
conveniently removes almost all of the compatibility issues mentioned ear-

lier.
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In order to design a static sampled-data controller for (3.33), we can
alternatively apply a D-K iteration scheme (also termed V-K iteration, e.g.,
in [15, 48] and similarly as recently employed in [26]). Here, this scheme
relies on minimizing -y subject to the closed-loop analysis inequalities (3.26)
and with decision variables (v, K, K ;, X') while alternately fixing (K, K ;)
and X. We emphasize that this approach requires an initialization with a
static controller for which the inequalities (3.26) are satisfied and employ
the static controller as obtained from computing v' to this end. We denote
the resulting upper bounds on yopt as 'nga where the superscript k indicates
that the algorithm was stopped after k iterations.

All computations are carried out with Matlab on a general purpose desk-
top computer (Intel Core i7, 4.0 GHz, 8 GB of ram) and we use LMIlab
[55] for solving the LMIs resulting from relaxing all involved DLMIs via the
linear spline relaxation D.2.1 with a grid of the interval [0, T] consisting of
21 knots.

The numerically obtained results are illustrated in Table 3.1 and show
that the dual iteration outperforms the D-K iteration in terms of the com-
puted upper bounds which is analogous to observations in [85] for LTI sys-
tems. The dual iteration is slightly slower if compared to the D-K iteration
in terms of required running time per iteration, but the latter converges
very slowly. Note that the most time-consuming part of the dual iteration
is its initialization since it involves twice as many variables; the actual
iteration is relatively fast in comparison. The initialization is also numeri-
cally more delicate than the iteration which explains the phenomenon that
the computed lower bounds are actually larger than the obtained upper
bounds for few of the examples; this phenomenon is also promoted by the
hard bounds on the entries of the decision variables introduced by the
solver LMIlab.

For an additional comparison, we also show in Table 3.1 the computed

optimal (upper bounds on the) energy gains achieved by dynamic and static
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Table 3.1: Numerically determined lower and several upper bounds on 7yopt
resulting from the dual iteration and a D-K iteration for a
sampled-data design together with corresponding bounds for a
standard LTT design. All values are rounded to two decimals.

Sample-Data Design LTT Design

Dual Iteration D-K Iteration  hinfsyn hinfstruct
Name Ydof 7! 7° 7’ Yk Vi Ydof his
AC3 5.42 6.54 5.45 5.42 6.30 6.22 1.61 3.64
AC6 478 583 5.58 557 5.89 5.88 2.36 4.11
HE2 3.43 6.13 5.01 5.00 5.39 5.39 2.44 4.25
REA1 388 427 393 3.75 4.12 4.11 1.78 0.87
DIS1 472 540 4.38 4.27 540 5.40 4.20 4.19
DIS3 2.41 241 207 2.07 2.41 2.41 1.05 1.09
DIS4 3.48 295 288 2.68 2.94 2.93 0.17 0.74
PSM 1.86 1.94 191 191 1.94 1.93 0.84 0.92
NN2 2.06 245 2.03 2.03 2.26 2.25 1.78 2.22
NN4 1.72 3.47 220 2.19 2.76 2.75 16.61 1.36
NN15 0.15 0.24 0.21 0.21 0.22 0.22 0.10 0.10

output-feedback controllers for the system (3.33) as obtained via hinfsyn
and hinfstruct [9], respectively.

Finally, note that based on the underlying closed-loop analysis result
Corollary 3.19, one could also generalize other LMI-based static controller
design approaches from LTI systems to impulsive ones such as the one
suggested in Chapter 6.3 of [46] involving S-variables. This is in contrast
to more specialized (and fast) algorithms such as hinfstruct [9] or hifoo

[27] that are much less amenable for generalizations.
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3.3 Summary

In the first part of this chapter, we show how to employ the convexify-
ing parameter transformation introduced in [107, 137] and the elimination
lemma C.11 from [72] for designing impulsive dynamic output-feedback
controllers for impulsive open-loop systems. The corresponding convex de-
sign criteria are given in Theorem 3.3 and Theorem 3.8, respectively, and
have been published by the author in [84]. Note that there are few alter-
native dynamic output-feedback design results for impulsive systems, e.g.,
in [6, 7, 174], but these often consider particularly structured underlying
systems. More importantly, none of them provides design criteria based
on elimination even though these are numerically much more favorable if
compared to those relying on a convexifying parameter transformation.
Moreover, we demonstrate that the flexibility of our approach along with
the richness of the class of impulsive systems permits us to provide new

dynamic output-feedback synthesis criteria for designing
o LTI estimators for impulsive systems in Theorem 3.11;
o aperiodic sampled-data controllers in Theorem 3.12;

o two structurally different controllers for switched systems in Corol-
lary 3.14 and Theorem 3.15, as well as a controller with bump limi-

tation in Theorem 3.17.

Similar design criteria for sampled-data controllers have been obtained
n [61], but only based on a convexifying parameter transformation. For
switched systems there are output-feedback approaches, e.g., if considering
switching functions with arbitrary dwell-time [75] or performing co-design
[41, 99]. However, for switching functions with dwell-time constraints, even
recent publications as, e.g., [4, 20, 89], that employ dedicated analysis re-
sults, rely on measurements of the full state which is in contrast to our

results.
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In the second part of this chapter, we consider the challenging design of
static output-feedback controllers for impulsive systems. To this end and
based on the developed design approach for designing dynamic controllers,
we propose an extension to impulsive systems of the dual iteration that
was established in [90, 91] for designing static stabilizing controllers for
standard LTI systems. In [85] we revisit the dual iteration in the context
of LTT systems, provide a novel control theoretic interpretation of its indi-
vidual steps, extend it to multi-objective design problems, and generalize

it to robust output-feedback design.



Robust Analysis

Engineers are typically faced with discrepancies between the real system,
which might be extremely complex in practice, and some employed math-
ematical model, which is limited, e.g., by the available computational re-
sources and the knowledge about the real system. In the field of robust
control [179, 141, 66] such discrepancies are called uncertainties. One of
the most common sources of such uncertainties is the presence of several
unknown parameters in the employed model that might even change over
time. As an example, just think of the total mass of a car which varies
by the weight of all passengers and their luggage. Such uncertainties are
referred to as parametric uncertainties. Another common source is the ap-
proximation or the deliberate neglect of (difficult) dynamics in order to
simplify the considered model of the real system which leads to so-called
dynamic uncertainties.

In order to systematically analyze the real system despite the presence of
numerous of such uncertainties, the essential strategy established in robust

control is
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e to identify (rough) descriptions of the uncertainties present in the

real system,

e to directly include these descriptions into the considered mathemat-

ical model, and

e to verify stability and performance for all possible objects corre-

sponding to the identified descriptions.

In particular, these steps guarantee stability and performance for the true
dynamical system. Note that the identification in the first step is motivated
by the fact that determining some bounds on an uncertain parameter is
usually much easier compared to obtaining its true value. Think again
of the mass of a car with some passengers which is surely bounded by its
tare weight and by its admissible total weight, if it is loaded in a reasonable
way. The last step might sound challenging since stability and performance
have to be guaranteed for a whole family of models, but over the past
years numerous techniques have been developed for exactly this purpose
and for various classes of uncertainty descriptions. Still, even today it is of
interest to refine those techniques and to expand their scope. To this end,
we consider in this chapter robust analysis for linear impulsive and related

hybrid systems.

4.1 Robust Analysis for Impulsive Systems

Let us at first confine the discussion to linear impulsive systems affected
by arbitrarily time-varying parametric uncertainties. To this end, we rely
on the framework of linear fractional representations (LFRs) and on so-
called separation techniques which are summarized and briefly discussed
in Section C.6 for the reader’s convenience in the context of standard LTI
systems. The LFR framework is discussed in detail, e.g., in [149, 44, 178§]
for LTT systems and is known to be a highly flexible modeling tool that
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Figure 4.1: Block diagram of the uncertain impulsive system (4.1).

permits for effectively capturing structural dependencies of models on un-
certain scalar parameters or on matrix sub-blocks. As we will see, another
big advantage of this framework is the perfect fit to all our preparations

provided in Chapter 2.

4.1.1 Arbitrarily Time-Varying Parametric Uncertainties

For real matrices of appropriate dimensions, an initial condition z(0) € R™,
generalized disturbances d € Ly and d; € {5, a sequence of impulse instants
0=ty <t; <ty <...aswell as two sets A C R?*P and A; C R/ *PJ,

let us consider an uncertain linear impulsive system with the description

x(t) A B By x(t) x(tx) Ay By By x(ty)

Z(t) = C D D12 w(t) 5 ZJ(k) CJ DJ DJ]Q wJ(k‘)

e(t) Ca D21 Doz ) \ d(t) es(k) Cy2 Djo1 Dyaz) \dj(k)
(

w(t)=A(t)z(t), wy(k)=A;(k)zs (k)
(4.1)
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for t > 0 and k£ € N and as schematically displayed in Fig. 4.1. Here, w,
wy, z and z; are interconnection variables and the uncertainties A and Ay

are piecewise continuous maps that are merely known to satisfy
A(t)e A forall t>0 and Ayk)e Ay forall keN.  (4.2)

In particular, note that we do not make any assumptions on the rate of
variation of the uncertainties. Moreover, recall that the sets A and Ay are

typically of the form
{dlag(éll, .. .,(Sm,y_],Ah .. .,Amf) ’ |(Sl| S 1 and ||Az|| S 1}

with (repeated) diagonal and full unstructured blocks on the diagonal,
all bounded in norm by one. The purpose of these sets is to encode a
priori available (crude) guesses on the ranges of all the involved uncertain
parameters and to specify the structural dependencies of the underlying
system on these uncertain parameters. Robust stability and performance

of the uncertain system (4.1) are defined as follows.

Definition 4.1 (Robust Stability and Robust Quadratic Performance)

o The system (4.1) is said to be well-posed if I — DA and I — DjA,
are nonsingular for all A € A and all Ay € Ay.

o The system (4.1) is said to be robustly stable if it is well-posed and
there exist constants M,y > 0 such that ||z(t)|] < Me="||z(0)| holds
for all t > 0, all initial conditions x(0) € R™ and all uncertainties
A, A with (4.2) and for vanishing disturbances d =0 and dj = 0.

o It achieves robust quadratic performance with index (P,, Py,) if
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there exists some € > 0 such that

T T
= (e(t) e(t) o~ (e (k) e (k)
/0 (d(t)) E (d(t)) i+ ; <d1(k)> For <dJ(k)>
< —el|d|f2, —ellds|2,

holds for the initial condition x(0) = 0, for all d € Lo, all dj € {5
and for all uncertainties A, Ay satisfying (4.2).

As in the previous chapter, we assume throughout this section that the
performance index (P,, Py,) satisfies Assumption 3.1, i.e., that these ma-
trices are partitioned accordingly to the signals (g) and (Zj) and have
positive semidefinite left upper blocks.

Note that well-posedness allows us to remove the interconnection vari-
ables z, zy,w,ws and to equivalently express (4.1) as an impulsive system
of the form (2.7) with time-varying describing matrices in the flow and

jump component given by

A B B B
<02 D222> - (1721) A()(I = DA(1) ™ (C Du)

and

Ar By By —1
+ Aj(k)I —DyA;(k C; D )
(Cn Dm) <Dm> s = Dy2(6) 7 (C Dina)

respectively. Note that these matrices depend rationally on the uncertain-
ties; in particular, the description (4.1) involves an LFR for the systems’
flow and for its jump component. As a consequence of this alternative rep-
resentation, we can combine the arguments of the proofs of our nominal
analysis result Theorem 2.8 and of Lemma C.22, which is an application

of the so-called full block S-procedure, in order to obtain the following.
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Theorem 4.2 (Robust Analysis Criteria for Arbitrarily Time-Varying Uncer-
tainties) The system (4.1) is robustly stable and achieves robust quadratic
performance with index (P, Py,) for all (ty)ken, satisfying (RDT) if there
exist functions X € C'([0,Thax],S™), P € C([0, Tiax),SP*?) and P; €
C([Tmin, Trax), SP?T47) satisfying the LMIs

I
<0 and (.)TP< );0
A

(4.3a,b,c)
on [0, Tmax] for all A € A as well as
Aj; By B
X0 o I 0 0
0o -x| | C; Dy D I
(o) } T TR 20 and (0)TPy =0
Py 0 I 0 Ay
,,,,, L _ e -
'Pip) | Co2 D21 D2
0 0 I
(4.3d,e)

on [Tinin, Tmax] for all Ay € Ay.

Analogously as discussed in Section C.6 or, e.g., in [149, 160], the func-
tions P and Pj; are usually referred to as multipliers and confined to take
values in so-called multiplier sets as defined in Definition C.18 and cor-
responding to A and A, respectively. The latter restriction is imposed
in order to ensure in a numerically tractable fashion that the inequalities
(4.3c) and (4.3e) are satisfied.
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Example

As an illustration let us consider an active sus-
pension system of one wheel of a transport vehicle
as schematically depicted on the right and as also
considered, e.g., in [13, 149]. This system is mod-
eled by the differential equations

0=maG2+b2(G2—q1)+k2(g2—q1)— f
0=m1g1+b2(¢1 —g2)+b1(¢1—qo) +k2(q1 —¢2)
+ ki(qr —qo) + f.

(4.4)
Here, the force f is a control input acting on the chassis mass ms and the

axle mass my. Moreover, go — ¢ is the distance between chassis and axle
(and also called suspension deflection), ¢» denotes the acceleration of the
chassis mass and ¢y denotes the road profile. The remaining parameters b;,
k1 and ko are damping, tire and air spring coefficients, respectively. In the
sequel we assume that k; and msy can vary over time and are only known

within 10% of their nominal values k7" and m%. This means that

with uncertainties d;(t), d2(t) € [—1, 1]. The nominal values and remaining

constants are assumed to be given by

by =5.0-10" Ns/m, by =1.45-10% Ns/m, kP =3.1-10° N/m,
ky =3.0-10* N/m,  m; =5.0-10" kg, m3 = 4.0-10% kg.

Let us say that we intend to design a controller that keeps ¢o constant
and close to zero which is related to passenger comfort and such that the

suspension deflection gs — ¢; is bounded to avoid damage to the mechani-

q2

cal system by measuring the signal y := ((12_(11

). Of course, the controller
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should achieve those objectives for all admissible uncertainties 61, d2. By
introducing the state x := col (ql,qg, G — 7%qo, QQ), we arrive at the un-

certain unweighted open-loop plant P: (1) — ()

e(t) = d(t)

Yy t) Dgl ng u(t)
0 0 1 0 b 0
o o0 0o 1 0 0
kit+ks ko bitbs by | ki _ by bitbe! 1
mi mi mi 1 mi my mp | mi T t)
ko _ ko by by by by b1 N

_ mo mo mo mo mi mo : mo d(t)
0 1 0 0 0 . 0 - ,t,
11 0 0 0 T [ )
0 1 0 0 0 : 0
-1 1 0 0 0 10
with signals e := y, d := qp and u := f and where we omit the time-

dependence of the uncertain coefficients.

In order to design a controller that satisfies the desired specifications by
means of H..-techniques, one usually augments the plant P with weights to
P, = W,PW,; and designs an H.,-controller for the latter weighted plant.

Here, we choose the weights (defined in the frequency domain) as

.01
Wi(s):diag<00 1> and Wo(s):diag<200,0.6-

0.125s5+10
0.45+1’

0.055+0.4" "’

Such weights are typically chosen such that the specifications are as desired
if the energy gain of the weighted closed-loop interconnection is bounded by
one. Appropriately designing weights is essentially an art in itself, requires
a lot of tuning or expertise and is not discussed here. The above choices

are just picked for the purpose of illustration.
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Figure 4.2: An input disturbance d and closed-loop response for the nomi-
nal system (dark blue) and for the uncertain system for several
samples of §; (light blue).

Now note that designing robust controllers is difficult in general and,
thus, we design here a controller for the nominal weighted plant, i.e., for
vanishing uncertainties d1, d2, and afterwards perform a robustness analysis
of the uncertain closed-loop interconnection in order to decide whether this
controller also does its job for the uncertain system.

Finally, we design here a sampled-data controller

(@C(ml)) B (Ac BC> (:ic(k)>
(k) ) \C° D°) \y(ts)

with a sampling time of t; 1 —t; = 0.15 seconds which can, e.g., be done in
Matlab with the command sdhinfsyn. Note that the latter requires all D-

matrices in the weighted open-loop interconnection to be zero which limits

<3}

its applicability and is in contrast to our synthesis approach presented in
Subsection 3.1.2. Anyhow, via sdhinfsyn we obtain a sampled-data con-
troller for which the weighted nominal closed-loop’s energy gain is guaran-
teed to be smaller than 0.455 < 1. The corresponding (unweighted) closed-
loop response to some disturbance d for the nominal system and for the un-
certain system for several samples of constant d1, 05 is depicted in Fig. 4.2.

As expected, we observe that the closed-loop performance (slightly) dete-
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riorates in the presence of uncertainties if compared to the response of the
nominal closed-loop interconnection. Note that the response can be worse
for uncertainties that are actually time-varying.

Let us now be more concrete by determining upper bounds on the robust
energy gain achieved by the computed controller by means of our robust
analysis result Theorem 4.2. To this end, we have to express the (weighted)
closed-loop interconnection as impulsive system (4.1). This is achieved by
pulling out the uncertainties as described, e.g., in Chapter 4.4 of [141]. To
this end, observe that, by introducing the signals

21 =q1—qo, wi:=0121, =2:=¢ and wy:= 2,

and by recalling that the state is = col (ql, q2,G1 — :Tllqo, (jg), the equa-
tions (4.4) read as

0 = mado + ba(de — 41) + k22 —q1) — f

=m5Ga + m50.1wa + ba(do — ¢1) + ka2(g2 —q1) — f

b
= mgdm + mgo.lwg + b2($4 — 1'3) + kg(l‘g — 1‘1) —u— bgmfld
1

and
0=myg1 + b2(¢1 — G2) + b1(d1 — do) + ka(q1 — q2) + k1(qr —q0) + f
=miGi+ba(d1 — g2) + b1(¢1 — do) + k2(q1 — q2) + kT (q1 — qo)
= myd3—boxy + (b2 + b1)$3 — koo + (kg + k?)$1 + k?o.lwl

b
+ ((b2 + bl)m—l1 —k)d + u.

This leads to the following linear fractional representation of the uncertain
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open-loop system

0o 0 1 01]0 0 b 10
0o 0 0 1[0 0 0 0
kathy  kp  bptbi by |OART g (AP by bathy ) =L
mi mi mi mi my mi my Mma miy
#0)\ |k —wk ok —ak| 0 01 gy ar | (fa)
| | 1 0 o o]0 o0 -1 L0 || w)
y(t) 0o 1 0 0|0 0 0 L0 \u()
B N L
0o 1L 0 0|0 0 0 0
1 1 0 0/]0 0 0 0
A|B| By B3\ [=(t)
C|D|Dy2 Dy | | w(t) 51(t)
T clol oo | |aw | w(t):< 52(t)> )
csjof o0 ) \ult) <

We stress that these representations are highly non-unique and that there
are tools for their automatic generation available, e.g., in Matlab. By inter-
connecting the sampled-data controller we arrive at an impulsive closed-

loop system with description

O\ (A B; 0|Bi B\ [z(t)
(t) 0 0 00,0 ||u® 2(ty) I 00/ =(t)

io(t)[=[ 0 0 000, 0 [[zct)| | ultx) |=|DCsoCe|| ulty) |.
z(t) C Dqs OVDJDJ? w(t) zc(tr) B¢C30 A°) \w.(t,)
e(t)) \C2 0 oforo /\d()

x
U

which is a special case of the generic description (4.1). Note that the
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weighted closed-loop can be expressed in a similar form, which is not shown
here for reasons of space. Hence, we can apply Theorem 4.2 for its robust-
ness analysis. Doing so with a multiplier set corresponding to D-G-scalings
(see Remark C.19) and with the B-Spline relaxation (Section D.3) yields
for example 1.176 as a guaranteed upper bound on the robust energy gain;
note that this bound can be improved to some extend by adjusting the
parameters in the relaxation and at the expense of a higher computational

burden.

Remark 4.3 (Lower Bounds and Worst-Case Uncertainties) Theorem (4.2)
with quadratic performance index (P,, Py,) = ((é 7321) , (é 7321» per-
mits us to systematically generate upper bounds on the robust energy gain.
Unfortunately, determining good lower bounds on this number or finding
worst-case uncertainties is much more challenging and not discussed here.
Note that even for standard LTI systems, these are rather difficult tasks
and there are only few methods for systematically coping with them. One
of them is the p-analysis framework [44, 178] which, however, is limited in

the variety of uncertainty classes that can be considered.

Let us finally demonstrate that restricting the multipliers P and P; in
Theorem 4.2 to be constant functions is conservative in general. Indeed,
for our example, with this restriction and with exactly the same relaxation
parameters, we merely obtain 1.569 as an upper bound on the robust energy

gain

4.1.2 Integral Quadratic Constraints

In this subsection, we allow for vastly more general types of uncertainties
compared to the previously considered parametric ones. We still rely on
linear fractional representations, but, this time, adapt the framework of
integral quadratic constraints (IQCs) to appropriately apply for impulsive
systems. The latter robust analysis framework for standard LTI systems
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has been proposed in [109]. Since then it was established as a powerful
and highly flexible tool, e.g., in aerospace applications precisely because it
allows for a systematic robustness analysis for systems affected by various
types of (challenging) uncertainties. We refer the reader to the recent theses
[160] and [50] that provide a comprehensive in-depth discussion of system
analysis via IQCs.

We consider, for real matrices of appropriate dimensions, some initial
condition z(0) € R™, generalized disturbances d € Ly and d; € ¢2 and a

sequence of impulse instants 0 = ¢y < t; < t3 < ..., an uncertain linear

impulsive system with the description

i(t) A B By [ux(t)

20) | = C D D w(t) |, w(t) = A(z)(t) (4.5a)
e(t) Cz D1 Dyp) \d(t)

x(ty) A; By By x(ty,)

zj(k) | = | C; Djy Dy wy(k) |, wy(k) = As(z5)(k)
ey(k) Cy2 Dj21 Dy22) \dj(k)

(4.5b)

for t > 0 and k € N. The uncertainties A : LY, — L1 and Ay : 657 — (3’
are potentially nonlinear functions that are merely known to be contained
in given sets A and A, respectively. Here, L3, and ¢35, denote the spaces
of locally square integrable functions and summable sequences with values
in R® and their corresponding standard norms, respectively.

In order to simplify the exposition, we assume that the uncertainty sets
A and A are such that the description (4.5) is well-posed for any con-
tained uncertainties; here well-posedness means that, for any d € Ly and
dj € {3, there exists a unique piecewise continuous and right continuous
state trajectory z satisfying (4.5). We also have to slightly weaken the def-
inition of robust stability since an exponential decay rate of the state can
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usually no longer be assured for general non-parametric uncertainties.

Definition 4.4 (Robust Stability and Robust Quadratic Performance)

o The system (4.5) is said to be robustly stable if there exist a constant
M > 0 such that

lim z(t) =0 and |z(t)|| < M|z(0)| for allt >0

t—o0

hold for all (z(0),A,Ay) € R" x A x A and for vanishing distur-
bances d =0 and dj = 0.

e It is said to achieve robust quadratic performance with index (P, Py)

if there exists some € > 0 such that

o0 e(t) > es(k) 2 2
/O ()P (d(t)> dt+Y (o)'P; (dJ(k)> < —elld||z, —elldslIZ,

k=1
holds for x(0) = 0 and for all (d,dj, A, Ay) € Ly x lo X A X Aj.

Similarly as is the previous subsection, instead of directly considering

the uncertain system (4.5) as a whole, the key idea behind IQCs is

e to identify constraints on interconnection variables w, z,wy, z; that

are enforced by the uncertainties A and Ay, and afterwards

e to analyze the auxiliary system given by (4.5) with the uncertainties
being removed, but with the identified constraints on the intercon-

nection variables w, z,wys, 2.

Naturally, if we find that the latter auxiliary system is stable, then stability
of the original system is guaranteed as well since the uncertain system is a
particular instance of the auxiliary one. Note that the involved constraints
are typically formulated in the frequency-domain such as in [109]. However,

since we deal with impulsive systems with potentially aperiodic impulses,
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Figure 4.3: Graphical illustration of an integral quadratic constraint.

we cannot rely on frequency-domain techniques and will, instead, formulate
constraints in the time-domain. Here, the definition of these constraints

relies on an a priori chosen linear impulsive filter

(g‘(t)>: (A@ By B\m) ig (5(tk)>: (A% By, Bm> z%i
’U(t) C\y D\p Dq;g ’ U](k) Cq;J D\pJ D\PJ2
w(t) w, (k)
(4.6)
for t > 0 and k¥ € N with initial condition £(0) = 0 which captures the
input-output behavior of the uncertainties A and Aj; a graphical inter-
pretation is shown in Fig. 4.3 where ¥ and ¥ ; stand for the flow and
jump component of (4.6), respectively. Precisely, we introduce the follow-
ing notion that involves again the clock 0 as defined in (2.2). In order to
XNy

specify dimensions, we suppose that C'y and Cy, are elements of R

and R™vs *™¥ respectively.

Definition 4.5 (Finite-Horizon IQC with Terminal, Jump and Flow Cost) The
pair (A, Ay) satisfies a finite-horizon IQC with terminal, jump and flow

cost with respect to the impulsive filter (4.6) and the maps Zr,Z;,Zp €
01([0’ Tmax], anj); Me C([O; Tmax]a S"v) and MJ S C([ mins Tmax]a Snv]) Zf
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the inequality

/0 v(s) TM(6( ds+Zv1 t7)vs(l)

k

+MT@»—1;mﬂﬁds—Ejuua»—uﬂqv)zo

1=1
forall t € [tgy,tg+1) and all k € Ny

holds for any trajectory of the impulsive filter (4.6) driven by (Afz)) and
(AJZ(JZJ ) with any (z,zy) € Ly, x 57 and any sequence of impulse instants
(tk)ken, satisfying (RDT); here, we make use of the abbreviations pie(t) :=
)T Zo(0(1)E(t) for @ € {T,J,F}. We denote the set of all such pairs
(A, Ay) by 1QC(Zr, Zy, Zp, M, My).

Admittedly, this definition appears rather technical. However, for van-
ishing Z; and Zp, it essentially states that the impulsive interconnection
depicted in Fig. 4.3 satisfies a non-strict dissipation inequality similarly to
the one that appeared in Remark 2.9. Recall that for deriving such dissipa-

tion inequalities for impulsive systems, we rely on expressing the function

M as

—~

ur(t) = pr(t) — ur (0)

M=

= pr(t) — prte) + ) (pr(t) — pr(tiz1))

1

M- -

k
= pr() —pr(t)+ Y (nr(ty) = pr(tio)) +) ) (pr(t) = pr(t))
=1

=1
k

¢
:/ ds+z pr(t) — pr(t)))
0 1=1

for all t € [tg,tx+1) and all k € Ny, as well as on estimates for both the
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integral and the latter sum. The jump and flow costs, as characterized
by the maps Z; and Zp, are introduced to account for the situation that
merely one of these estimates is available.

Note that the notion in Definition 4.5 generalizes the one proposed in
[148] for standard LTT systems to impulsive ones. Indeed, we recover the

dissipation inequality
t
/ v(s) " Mu(s)ds +£(t)T Z&(t) >0 forall t>0
0

considered in [148] by dropping the jump component in Fig. 4.3 as well as
the corresponding signals and maps, and by restricting the maps Z and M
to be constant. Another related notion of IQCs was recently proposed in
[26], where uncertain systems on a finite time horizon [0, T] are considered.

Their notion relies on an inequality of the form
t
/ v(s) ' M(s)v(s)ds >0 for t=T,
0

i.e., they do not consider a terminal cost and their inequality is not required
to hold for all ¢ € [0, T]. Since we consider impulsive systems on the horizon
[0, 00), the corresponding analogue is obtained by formally taking the limit

T — oo and accounting for the jumps:

t k
/0 v(s) "M (6(s))v(s) ds —|—Z vy (1) "My(0(t; ))vs(1) >0 for t =k = oo.
=1

This constitutes a so-called soft infinite-horizon IQC. It remains to be ex-
plored whether the arguments given in [148] generalize to impulsive systems
and allow for linking the analysis criteria based on Definition 4.5 with those
based on soft infinite-horizon IQCs.

Before giving several examples, we formulate the main result of this chap-

ter, a genuine generalization of the IQC based analysis criteria in Theorem 4
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.
-----------------------------------------

Figure 4.4: Block diagram of the augmented system (4.7) involving the
system (4.5) and the filter (4.6).

from [148] to uncertain impulsive systems. To this end, we introduce the

following augmented impulsive system

{(t) A B B\ (<) C(tk) Ay By By \ [<(t)
v(t) [=] C D D ||w®t)|, |vsk)|=|Cs Dy Dyi2 || ws(k
e(t) C2 D21 Doz / \ d(2) ey (k) Cr2Dy21 D2/ \ds(k)

(4.7)
for t > 0 and k € N with state ¢ := (§) as well as describing matrices

Ay ByC | ByD + Byy BgDig
Al B Bs

0 A B B
C| D D

Cy DyC|DyD + Dgs DgDia
Co | Da1 Do

Cy O Doy Doy

for the flow component; the matrices describing the jump component are
given analogously. As illustrated in Fig. 4.4 in terms of a corresponding
block diagram, this system results from the uncertain system (4.5) by re-

moving the uncertainties and by an augmentation with the filter (4.6).
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Theorem 4.6 (IQC based Robust Analysis Criteria) Let P = ( 9 S) and

ST R
P; = (gf Z’}) be symmetric matrices with @ > 0 and Qy > 0. Then

the system (4.1) is robustly stable and achieves robust quadratic perfor-
mance with index (P, Py) for all (tx)ken, satisfying (RDT) if there ex-
ist functions X € CY([0, Tmax), S™*"), Z7,Z;, Zr € CH[0, Tmax],S™?),
M € C([0, Tmax], S™) and My € C([Tmin, Tmax], S™7) satisfying

Xr =0 and <0 (4.8a,b)
on [OaTmaxL
! Ay By By
X;(0 0
"0 ©) v l I 0 0
()" o C; Dy Dpa| <0 (480
T AL
********* 2= -] Cs2 Dja1 Do
Py
‘ 0 0 I
on [Twin, Tmax) and
A XAy CIQC(ZT7ZJ,ZF,M,MJ) (48(1)

where Xo := X — diag(Z,,0) for e € {T,J, F}.

The full proof of Theorem 4.6 is given Subsection 4.1.3. Conceptually,
it follows the lines of the one of Theorem 2.8 for nominal performance
analysis, involves separation techniques similarly as in Lemma C.22, and
relies on Lyapunov arguments involving a clock in order to capture the

impulsive nature of the underlying augmented system (4.7). However, the



124 Chapter 4 Robust Analysis

individual steps are much more intricate due to the involved filter (4.6)

that is itself an impulsive system.

In order make use of the IQC analysis conditions from Theorem 4.6, it is
mandatory to employ numerically tractable criteria which imply the inclu-
sion (4.8d). Analogously as discussed in Section C.6, these criteria should
be not too conservative, not too costly to implement and, in particular,
always be tailored to the concrete instance of the uncertainty sets A and
A ;. Next, we provide several of such choices as an illustration and be-
gin by reconsidering arbitrarily time-varying parametric uncertainties as

discussed in the previous subsection.

Lemma 4.7 (Arbitrarily Time-Varying Parametric Uncertainties) Suppose that
A C R”P gnd Aj; € RY*P7 are given value sets and let the uncertainty
sets are given by
- A
A=< A(2)(t):=A()z() A

is piecewise continuous and
(t) € A forallt >0 ’

Ayi={As(zs)(k):=As(k)zs(k) | As(k) € Ay for all k € N}.
Moreover, suppose that the filter (4.6) is static, i.e., ny = 0, and satisfies
(Dy,Dy2) = I, (Dw,,Dy,2) = I. Then the inclusion (4.8d) holds for

Zp = Zj = Zr = 0 and all functions M € C([0, Tmax],SPT9), M; €
C([Tmin7 Tmax]a SpJ+QJ) SlltZSfyan

I - I - -
(o)TM<A> =0 for all A€ A and (.)TMJ (A )#O forall Aje Ay
J

on [0, Trax] and on [Tmin, Tmax], respectively.

Proof. The proof is a consequence of Definition 4.5 and the particular

choice of the filter since its outputs are given by v = (&) = ( é) z and
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vy = (Ai‘;’) = (AIJ) 27, respectively. Indeed, we have

t k
/0 o(s) TM(0(s))o(s) s+ v ()M (07 ) (1)
=1

t I r _ I
= /0 (.)TM(Q(S)) (A(s)) z(s)ds + ;(.)TMJ(G(tl ) (AJ(Z)) z;(1)>0

for all t € [tg,tx+1) and all k € Ny and any trajectory of the filter (4.6)
and any sequence of impulse instants (t)ren, satisfying (RDT). o

Note that the specific choice of the filter (4.6) in Lemma 4.7 renders the
augmented system (4.7) identical to the known part of the original one
(4.5). Thus, we recover the analysis criteria in Theorem 4.2 for impulsive
systems affected by arbitrarily time-varying uncertainties by combining the
IQC analysis criteria in Theorem 4.6 with Lemma 4.7. In particular, we
have, e.g., the following result for a concrete choice of the value sets A and

A which involves the abbreviation

N\ T _
Py(S) == P3P(S) = (_bil Il> (g S()) (_bil II> (4.9)

for any square matrix-valued map or square matrix S; many more robust
analysis results for various instances of the value sets can be generated on
the basis of Remark C.19.

Corollary 4.8 (Arbitrarily Time-Varying Parametric Uncertainties for Con-
crete Value Sets) Let the uncertainty sets A, Ay and the filter (4.6) be
as in Lemma 4.7 with value sets Ay := {AJ e R*P7 | |Ay] < 1} and
A = {SI |6 e [a,b]}. Then the inclusion (4.8d) holds Zy = Z; :=

Zp =0, M := Py(N) and My := (% _%;) and for any maps N €

—al
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C([0, Tmax), R7%?) and o € C([Timins Tmax]; R) satisfying
N+NT =0 on [0, Thax] and a>0 on [Tmin, Tmax)-

Proof. This follows from Lemma 4.7 and from that

and

hold for all A =67 € A and all A; € Ay, respectively. ®

Note that Lemma 4.7 and Corollary 4.8 rely on rendering the filter (4.6)
trivial and only take information on the involved value sets into account;
since the considered parametric uncertainties are assumed to be arbitrarily
time-varying, there is also essentially nothing more we can do. However,
in practice there frequently is additional information on the variation of
the parametric uncertainties available or, e.g., it is known that they do
not vary at all. One of the major benefits of Theorem 4.6 if compared
to Theorem 4.2 is the possibility to readily incorporate such additional
information via nontrivial filters (4.6) and on the basis of suitable IQCs.
As an illustration, let us consider another class of parametric uncertainties

that is relevant, e.g., in the context of switched systems.

Lemma 4.9 (Piecewise Constant Parametric Uncertainty in Flow Component
Only) Suppose that the uncertainty channel in (4.5b) is absent, i.e., pj =

qy = 0, and that the uncertainty sets are given by Ay =0 and

d is constant on each interval [tg, tr+1) }

A= {A(z)(t) =0(t)z2(t)

with values in [a, b]
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Moreover, let P, be as in (4.9) and, for some matrices Ay, By, Cy, Dy,
let the describing matrices of the filter (4.6) be structured as

Ay 0 |Byi 0
Ay | By B 0 Ay| 0 B
v|bwiBe2) P :d} and Ay, =0.
Cy | Dy ' Dy» Cy 0 |Dy' 0

0 Cy| 0 1Dy

Then the inclusion (4.8d) holds for Zp = Z; := %Pp R), Zr :== 0 and
M = P,(N) with any functions N € C([0,Tmax),R2 *2) and R €
CL([0, Trax], SHT‘P) satisfying

(.)T <; g) (‘A;P B0w> + (.)T(N—FNT) (O,l/) D¢) =0 on [O,T’max]~
(4.10)

Note that by choosing the filter in Lemma 4.9 to be static, i.e., for ny =0,
we essentially treat the uncertainties in the same fashion as arbitrarily
time-varying ones as in Corollary 4.8. Such a choice is by now well-known
in the robust control literature to simplify the resulting analysis conditions
and to reduce their computational burden at the prize of potentially being
overly conservative. This is also natural from an optimization point of view,
just because much less degrees of freedom are involved. Corresponding
demonstrations are found, e.g., in [120] for standard LTT systems.

The detailed dissipation based proof of Lemma 4.9 is given in Subsec-

tion 4.1.3. Its key element is the state resetting property of the filter (4.6)
ﬁ(tk) =0 forall keNj

as induced by Ay, = 0. This property and the filter’s block diagonal struc-
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ture assure that the filter’s output admits the commutation property

o)+ G -

for the output vy of the (sub-)filter

&)\ (Ay By & (t) -
(”1(t)> B <C’¢ D¢> <z(t)) . &ty) =0

and for all admissible inputs and uncertainties; here, we denote by ¥ the
input-output map () — v corresponding to (4.6). The remaining ingre-

dients for generating the desired estimates are the inequality

t t
/ n(s)ds > —/ v1(s) T (N(6(s)) + N(0(s)) "vi(s)ds forall ¢>0
0 0

for the map 7 : t — & () T R(0(t))&1(t) which is assured by (4.10), and the
identity

o1 D —
>0

(o) T Bp(N) <I> =@ —a)(b-8)(N+NT)

which holds for any § € [a,b] and any square matrix N.

By combining Lemma 4.9 with Theorem 4.6, we can employ IQCs with
dynamic filters for the robustness analysis of systems affected by piece-
wise constant uncertainties for the first time. We have published the novel
robust analysis criteria resulting from this combination in [83], where we
additionally provide a detailed discussion of this particular result with sev-
eral interesting applications, e.g., to consensus problems. In order to render
the paper [83] self-contained, this paper provides an alternative motivation

of these analysis criteria resulting in a more direct, but less modular proof.

If the underlying system (4.5) admits a trivial jump component, then
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we can recover a robust analysis result from [83] for standard LTI systems
by combining Theorem 4.6 with the following lemma and by choosing all
involved decision variables to be constant matrices. Its proof is similar to

and simpler than the one of Lemma 4.9 and thus omitted.

Lemma 4.10 (Constant Parametric Uncertainties in Flow Component Only)
Suppose that the uncertainty channel in (4.5b) is absent, i.e., p;j =q; =0

and that the uncertainty sets are given by Ay =0 and
A ={A(z)(t):=6z(t) | § € [a,b]}.

Moreover, let the map P, and the filter (4.6) be as in Lemma 4.9, but
with Ay, =1. Then the inclusion (4.8d) holds for Zy = Z; := 1 P,(R),
Zp =0, and M := P,(N) with any maps N € C([0, Tmax), RZ *3") and
R € CY([0, Timax],S2") satisfying (4.10).

In particular, note that the employed filter in Lemma 4.10 is a standard
LTT system since its jump component is trivial. It is not difficult to see
that this filter also admits the essential commutation property (4.11) for
the constant parametric uncertainties considered in Lemma 4.10.

In fact, for all of the so far considered (parametric) uncertainties, it is
essential to choose filters (4.6) that are compatible with the encountered
uncertainties in the sense that property (4.11) is assured. Some possible

combinations are illustrated in Table 4.1 where

Ac = {A(2)(t):=062(t) | 6 € [a,b]},

with values in [a, b]

Apye = {A(z)(t) :=0(t)z(t)

0 is constant on intervals [tg, tx+1) }

with values in [a, b]

Ay = {A(Z)(t) =0(t)z(t)

¢ is piecewise continuous }

and where
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Table 4.1: Illustration of the compatibility of filter types with classes of
single repeated parametric uncertainties.

VU with resets

WAl v X

Static ¥

v/ means that (4.11) is guaranteed for the particular combination of
A, and U;
(V) means that (4.11) is guaranteed, but the resulting analysis criteria
can be overly conservative for the particular instance of A,;
X means that (4.11) is not assured.

The plots on the top and on the left in Table 4.1 display the corresponding

functions

t—

IAHOL o 1(ab )01
t

REG. DI

respectively, for some pointwise nonzero function z and illustrate that com-
patibility is related to the interplay of these functions over time (and on
the intervals of interest). Based on such considerations it is, e.g., possi-

ble to develop novel filters that are compatible with and precisely capture
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piecewise constant and periodic parametric uncertainties, but this is not
further elaborated on here.
Instead, let us formulate the jump component analogue of Lemma 4.10.

Lemma 4.11 (Constant Parametric Uncertainties in Jump Component Only)
Suppose that the uncertainty channel in (4.5a) is absent, i.e., p = q =0,
and that the uncertainty sets are given by A =) and

Ay :={A;(zs)(k):=0;25(k) | 65 € [a,b]}.

Moreover, let P, be as in (4.9) and, for some matrices Ay,, By,, Cy,,
Dy, let the describing matrices of the filter (4.6) be structured as

Ay, 0 |By,1 0
' \
Ag =0 and Av, ‘ Bu, : Bu,, = 0 Ay,| O : By,
Cu, | Dy, ‘D‘I’J2 Cy, 0 | Dy, | 0
0 Cy,| O 1 Dy,

Then the inclusion (4.8d) holds for Zr = Zp = %PP(R), Z; =0 and
My = P,(Ny) with any maps Ny € C([Twmin, Tmax], R XY and R €
Cl ([07 Tmax}, S"T\P) Satisfying

(.)T <R(O) 0 ) <A¢U Bwj>+(.)T(NJ+N}r) (C'/JJ D@Z’J) =0 (412)

0 —-R 1 0

on [Tmin’ Tmax] .

The proof of this novel result is also found in Subsection 4.1.3. We stress
that such analogous results are not too difficult to obtain due to the flexi-
bility and generality of Theorem 4.6 and the underlying notion of IQCs in
Definition 4.5.

Note that all of the given examples so far involve parametric uncertain-
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ties. Naturally, IQCs as established in Definition 4.5 permit us to capture
the input-output behavior of much more general uncertainties and Theo-
rem 4.6 gives us dedicated robust analysis criteria for them. We give here
two more examples involving nonparametric uncertainties and refer the
reader to [109, 160, 50] for a multitude of further examples. In those publi-
cations they are formulated for standard LTI systems, but their extension

to impulsive ones is not difficult based on the illustrations given next.

Lemma 4.12 (Dynamic Repeated Uncertainty in Flow Component Only) Sup-
pose that the uncertainty channel in (4.5b) is absent, i.e., pj = q; = 0,

and that the uncertainty sets are given by Ay =0 and

t
A= {A(z)(t) ;:/ Cse (=% Bs2(s) ds + Ds2(t) ‘
0
5(5)::05(517A5)7IB(5+D5 satisfies 5€RH(1X>;1 and ||5|OO§1} .

Moreover, let the filter (4.6) be structured as in Lemma 4.10. Then the
inclusion (4.8d) holds for Zp = Z; = (§ %)), Zp := 0 and M :=
(%7 f}v) with any matrices R € S%" and N € S satisfying

()7 (; ?) (AIw lj)*") +(0)TN (Cw Dw> - 0. (4.13)

The proof is given in Subsection 4.1.3. Similarly as before, it revolves
around the commutation property (4.11) which can be shown to be valid
on the basis of Fubini’s theorem.

Note that one of the arguments in the proof of Lemma 4.12 breaks down,

if we replace the inequality (4.13) with

R R —



4.1 Robust Analysis for Impulsive Systems 133

ny

for nonconstant maps R € C([0, Tipax), S ) and N € C([0, Tiax], S7).
This issue seems to be related to the fact that

N(t)A(z)(t) = A(Nz)(t) forall AeA

holds only for constant functions N. Nevertheless, one can show that the
statement in Lemma 4.12 is true, if we replace (4.13) with (4.14) and a

particular monotonicity criterion

ol (2 §> (Afb Ef)w> +OTN(Cs Dy) <0 on [0, Tiuw

for R € C2([0, Tax), S ) and N € C*([0, Tmax), S ). How these alterna-

tive criteria compare to the ones in Lemma 4.12 remains to be explored.

Finally, let us consider a class of nonlinear uncertainties and provide a
suitable IQC for them that is essentially taken from [50]. The proof is found
in Section 4.1.3.

Lemma 4.13 (Slope-Restricted Nonlinear Repeated Uncertainty in Jump Com-
ponent Only) Suppose that the uncertainty channel in (4.5a) is absent, i.e.,
p=q =0, and that the uncertainty sets are given by A =0 and

Ay i={ A5 H) = @En k). o(zra(k)T

¢ : R — R satisfies p(0) =0 andOSWforallm#y}.

Moreover, let the filter (4.6) be structured as

Ay, ‘ By, ;qun
C‘I’J D‘I’J ‘D\Pn

0
Cl, ® IpJ €r+1 ® Ip', | 0

) Juy ® IPJ ‘ ey @ Ip.} ;
[
0 0 ',

Ay =0 and <
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01><1/

for some length v € Ny; here, C,, := ( L ), e; denotes the jth standard
unit vector of appropriate dimension and J, € R**Y is a single Jordan
block with ones in the entries located directly above the main diagonal and
zeros elsewhere. Then the inclusion (4.8d) holds for Zyp .= Zj := Zp :=0
and Mj = <(A17“_(3Ay+1) 0:;1;) with any matriz A :== (Ay,...,A,41) €
Rryx+DPs satisfying componentwise

v+1 v+1
D A0, D 1A 20, M0, . A0, efAiaei O for i,
j=1 j=1

(4.15)

where 1 denotes the all-one vector.

Note that all of the provided examples merely deal with a single or two
uncertainties affecting the underlying impulsive system (4.1) or only one
of its components. In view of the modularity of the IQC approach, this is
more than sufficient because it is a simple exercise to combine Theorem 4.6
with, e.g., Lemmas 4.7, 4.12 and 4.13, in order to generate “novel” robust
analysis criteria for an impulsive system affected by an arbitrarily time-
varying parametric and a dynamic uncertainty in its flow component and a
slope-restricted nonlinear uncertainty in its jump component. Completely
analogous as illustrated, e.g., in Remark C.19 or in [160, 50], this is achieved
by diagonally stacking the involved maps and the describing matrices of
the filter (4.6). This modularity is one of most beautiful properties of the
IQC framework and is also highly relevant for practical purposes when

encountering a variety of different sources of uncertainties.

Remark 4.14 (Generalizations of Definition 4.5 and Theorem 4.6)

(a) In principle we can replace the decoupled uncertainties in the system
description (4.5) by a single more general one of the form A : (5, ) —
(w5, ). Such coupled uncertainties could emerge, e.g., from neglected

or unknown impulsive dynamics in the underlying model or appear
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in descriptions of uncertain sampled-data systems. However, it seems
that appropriately dealing with such uncertainties requires to merge
the robustness analysis inequalities for the flow and jump component,
(4.8b) and (4.8c¢), into a single, larger and more intricate inequality
similarly as we did in [80] in a different context. There we considered
systems affected by piecewise constant uncertainties with bounds on

the involved jump heights.

(b) Analogously as for our initial nominal analysis result Theorem 2.3,
the describing matrices of the uncertain system (4.1) can be allowed
to depend continuously on the clock 6 which is relevant, e.g., for
closed-loop analysis involving controllers as designed in the next
chapter. The describing matrices of the filter (4.6) are allowed to
vary in the same fashion as long as this is compatible with the con-
sidered uncertainty set. While such filters are potentially superior to
those with constant describing matrices, it is not yet clear how to

systematically benefit from the additionally freedom that is involved.

Remark 4.15 (Switched and Sampled-Data Systems) By recalling the previ-
ous chapters it is not much of a surprise that all our robust analysis results
for linear impulsive systems also apply, e.g., to switched and sampled-data

systems after minor modifications only.

Example

Recall that we obtained via Theorem 4.2 the upper bound 1.176 on the ro-
bust energy gain in our previous example on page 111 involving an active
suspension system affected by two scalar arbitrarily time-varying paramet-
ric uncertainties that take values in the interval [—1,1].

Let us now suppose that the latter uncertainties are known to be constant
instead. This additional information permits us to generate better upper

bounds based on combining Theorem 4.6 with a minor modification of
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Lemma 4.10. To this end note that the matrices (Ay, By, Cy, Dy) in the

original version of Lemma 4.10 are typically chosen as

oo ... 2a —V 2« 0O ... 0 1
Dol : 0 ...vV2« 1
- ) ' C ®Ipa ' ®Ipa . . . ®Ip7 . ®Ip
0... a2« —V 2« O : :
0... 0 « —V 2« V2a... V2« 1
(4.16a)
or
—a 0 0
1 0 010
® Ip, ® I, (IX>®IP7®< >®Ip
O v vxl1
0 1 —a 0
(4.16Db)

for some fixed o > 0 and some length v € Ny. These choices correspond to

the stable transfer matrices

IP IP
sl |
(2—7—2)1/‘[13 (s—i]:a)VIP

respectively, which are known to admit nice approximation properties [147,
119]. In order to analyze the concretely given system, we employ a diago-
nally stacked version of the first choice with & = 5 and v = 2. This results
in an upper bound of 0.708 on the robust energy gain which is much smaller
than the previous one 1.176 (that is recovered by choosing v = 0). Note
that this bound can be improved to some extend by increasing v and/or
by adjusting the underlying relaxation parameters at the prize of a higher

computational burden. Of course, we can also reduce the computational
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burden, e.g., by restricting the functions in Lemma 4.10 to be constant,
but this results in 0.993 as an upper bound which is close to the one ob-

tained for arbitrarily time-varying uncertainties.

4.1.3 Technical Proofs and Auxiliary Results
Main IQC Based Robust Analysis Criteria

Proof of Theorem 4.6. We prove the result in four steps.
Step 1: Preparations: By continuity of the involved functions, compact-
ness of [0, Tiax] and [Tmin, Tmax], and by strictness of the inequalities

(4.8a)-(4.8¢), we infer the existence of positive constants «, 5, with
ol < X1 < I, (*1)

such that the inequality (4.8b) also holds if eI is added to its left hand side
and such that (4.8c) hold for R; replaced by R; + 1.

Now let (d,dj, A, Ay) € Lyxlyx Ax Ay be arbitrary and let (t)ken, be
an arbitrary sequence of impulse instants satisfying (RDT). By our stand-
ing well-posedness assumption on A and A j, there exists a corresponding
state trajectory = of the system (4.5) and the remaining signals are also
well-defined. Next, we let £ be the state of the filter (4.6) and infer that
¢ := (§) satisfies (4.7). With all those signals and the clock 6 as given in
(2.2), we define the functions

vt COTXOW)CE), patt o €0 ZaO@)ER) and nei=v— pia

for @ € {T, J, F'}. In particular, we have o < np(t) < § for all ¢ > 0 due to

(x1).
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Step 2: Individual Estimates: From the e-modification of (4.8b), we infer
¢(t)
0 Xk (A B By
=) (wa(t)) XF<e<t>>> (1 o o) (“’f))
w 767 77)7 77)7127 ¢(t) ¢(t)
< ()7 <M (6(1) P) (c2 Dy 022) w(t)) ( )
‘ 0o o 1) \dw d(t
¢(t)
w(t)
d(t)
for all t € (tg,trx4+1) and k € Ny. Thus, continuity of nr on the intervals
[tk,tr+1) implies
¢(s)
w(s)
d(s)

‘ ! T T (e(s)
/T]F(S) dsg—/ (o) M(O(s))v(s) +(e) P J +e
0 0
for all ¢ > 0. Similarly, the e-modification of (4.8¢) yields, for all k € N,

2

ds

ns(tk) —ns(ty)

dy(k)
_ Cr Dy Dnz\ (<)
< - (M) (cn Dy Dm) (mm) el )1
7 \o o 1 dy (k)
)
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Step 3: Combined Estimates: Recall that the state & of the filter (4.6) is
initialized in zero. Then the particular piecewise continuity of v and the
definition ne = v — e for e € {T, J, F'} yield

nr(t) — nr(0) + pr(t)

=v(t) —v(0) = / s)ds + Z (t1) —v(t)))
t ¢ k

:/ﬁF(S) ds+/ﬂF(5) derZ(??J(tl)*??J(tf))+Z(M(tz)*w(tf))
0 0 =1 =1

for all t € [tg, tx+1) and all k € Ng. By the inclusion (4.8d), i.e., (A, Ay) €
1QC(Zr, Z;,Zp, M, Mj), we then obtain

t k
nr(t) —nr(0) < / nr(s)ds + Z (ns(t) —ns ()
0 =1

+/0(.)TM<9( ) ds—l—z o) M (6(t))vs (1)

=1

for all ¢ € [tg,tr11) and all k& € Np. Finally, we can conclude by the in-

equalities from the previous step that

K els k e
s [ (2)a-S1e()

t k
e [ || 5=l ¢2)
0 =1

holds for all ¢ € [tg, tk+1) and all k € N.
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Step 4: Robust Stability: Let us now suppose that the input disturbances
vanish, i.e., that d = 0 and d; = 0 hold. Then (x2) yields, in particular,

nr(t)+e /0 <§)((SS))>

for t > 0 because @ = 0 and @ > 0 hold by assumption. As a consequence
of (x1) and £(0) = 0, we get

k
ds < nr(0) / *) 'Qe(s) Z 'Ques(1) < nr(0)

()1 < ICOI < Znr(t) < () < DcOI < e P

for all t > 0, i.e., uniform boundedness. Moreover, we can conclude { =
(§) € Ly*™ and w € L3 which yields, in particular, z € L} and 4 € L.
Due to a variant of Barbalat’s lemma [49], this finally yields z(t) — 0 as
t — oo.

Step 5: Robust Performance: Let us now suppose that x(0) = 0 holds
which results in 77 (0) = 0 since £(0) = 0 holds as well. Together with the

nonnegativity of 7, this allows to conclude from (%2) that

Lo (e(s) )T es(l) 2 2
/0<->P<d(s)>ds+z PJ< l) [ 14| s—aanJ )

holds for all t € [tg,tr4+1) and all k € Ny. The proof is finished by taking
the limit t — oo. ®

Assuring the IQC for Piecewise Constant Repeated Parametric
Uncertainties in the Flow Component

Proof of Lemma 4.9. Let (t;)ken, with (RDT), A € A and z € L%, be
arbitrary. Then there exists a particularly piecewise constant function o
with w := A(z) = dz. Let us partition the state £ = (5;) and the output

U1

v = (34) of the filter (4.6) driven by (a(:)) accordingly to the partition
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of Ay and Cy, respectively. In order to proceed, it is crucial to note that
€(0) =0 and Ay, = 0 imply £(¢tx) = 0 for all k € Ny. These resets of the
filter’s state lead to the following important commutation property which
is due to the variation of constants formula and the piecewise constant

nature of d:

t
Eo(t) = e ITEy (1) + / e (=9 Bw(s) ds

ty

= 5(t) / A B (s) ds = 506 (1)

ty

for all t € [tg,tr+1) and all k € Ny. Similarly we have va(t) = 0(t)vy (¢) for
all £ > 0. Next, observe that

1 0ST bI -1 1
() F(S) (ﬂ) e=©) (s 0 ) (—a[ I ) <rl> )
— ()7 05T (b—nr)I
B S0 (r—a)l ’
=b-r)(r—a)z (S+S)z=20b-7)(r—a)z' Sz
holds for any scalar r, vector  and matrix S.
Let us now define the function pz : ¢t +— £(t)T Zp(6(t))E(t) and observe
that the preparations, Zr = +P,(R) and £(t) = (5(5)1) &1(t) imply
pr(t) = %(’)Tpp(RW(t)))E(t) = (b= 0(t))(3(t) — a) - (&) "R(O(t))&1(2)
for all ¢ > 0. Utilizing (4.10) and a < 6 < b yields then
fr(t) = (b = 50)(3(1) — a) - (&) (N(O®) + (0)7) (s Dy) (;éf;)
=~ (b= 00)(E(t) — a) - (&) (NO®) + (9)T )un(t)
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for all t € [tg,tr+1), k € Np. Similarly as before, the last expression can be

written as
—(o) "B, (N(6(t))) ( ! I) vi(t) = —(o) T M(O(t))o(t).

Consequently, we have

pr(t) — pr(0) = / ds+z pr(t) — pr(t;))

> [ (oo d8+Zuth — it

for all t € [tg,tx+1) and k € Ny. This yields the claim by pur(0) = 0 as well
as by defining py := p7r and up := 0. o

Assuring the 1QC for Constant Repeated Parametric Uncertainties in

the Jump Component

Proof of Lemma 4.11. Let (tg)ken, with (RDT), Ay € Ay and 2z € (57
be arbitrary. Then there exists some 7 € [a,b] with wy := Ay(z5) = d52;.
Let us partition the state £ = (5;) and the output vy = (7%) of the filter
(4.6) driven by (AJ JZJ)) accordingly to the partition of Ay, and Cy,,
respectively. In order to proceed, it is crucial to note that Ay = 0 implies
&i(t) = &(tg) for all t € [tg, tr41) and all k € Ny. Consequently, we obtain
§(te) = (5%7) & (te) and vy (k) = (5%;) v1(k) for all k by the discrete-time
variation of constants formula.

Let us now define the function pz : ¢t +— £(t)T Zp(6(t))£(t) and observe

that we have, similarly as in the proof of Lemma 4.9,

pr(t) = %(’)TPP(R(G(t)))f(tk) = (b—0,)(0 —a) - (o) R(O(t))& (1)
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for all t € [tg,trs+1) and all k € Ny. Utilizing (4.12) and a < §; < b yields
then

pr (k) — pr(ty)

(=826 —a)- (&) (N0t ) + ()7 ) (Cu, D) <5jfk))>
~(b=8)(0s = a) - (&) (N(0(t) + (&) v (k)
1

= () BN, (0017))) ( ot

) var(k) = ()" Ms(0(t;)vs (k)

for all £ € N and consequently

ur () — pr(0) = / ds+Z () = (1)

k

> | () ds — 3 ()T M08 e ()

=1

for all t € [tg,tx+1) and k € Ng. This yields the claim by ur(0) = 0 as well
as by defining pp := pur and py := 0. o

Assuring the IQC for Dynamic Repeated Uncertainties in the Flow
Component
In order to show Lemma 4.12, we require the following auxiliary result.

Lemma 4.16 Let g: L, — L, and H : L5, — L, be linear maps of the

form

g(w)(t) := /0 Cyes=*) B w(s) ds + Dyw(t)

and
H(w)(t) ::/ CeAt=%) Buw(s) ds + Dw(t),
0
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respectively. Then we have
Ho(gly) = (9h) o H,

where gl : LY, — L5, w = col(wy, ..., W) — col(g(wi), ..., g(wm)).

Proof. Let us introduce the abbreviations §(s) := Cyets*B, and H(s) :=

Ce*B. Since § is scalar-valued, note that we have
Hj=gH, §gD=Dj, HD,=DyH and DD, = D,D. (*1)

Let now w € L5, and t > 0 be arbitrary. Then we have via integration by

substitution

/Otff(t—s) </Osg(s—r)w(r)dr> ds
= tﬁ(s) t_sg(t—s—r)w(r) dr ) ds
fao (] )
= tﬁ(s) t_}(r)w(t—s—r) dr | ds
Lo () )
-/ t ( / A0l — 5~ xpes dr) ds

here x[4<p) := 1 if @ < b and x[,<p) := 0 otherwise. By using H§ = §H and

Fubini’s theorem, the last term equals

/0 t ( /0 tﬁ(r)ﬁ(s)w(t S — )Xt dr) s
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Again via integration by substitution this is now the same as

/Ot i(r) < OH Ayt —s — 1) ds) dr
_ /Otg(r)( Otrﬁ(trs)w(s) ds> dr

_ /Otg(t—r) (/OTH(T — s)u(s) ds> dr

which yields the statement for D = 0 and D, = 0. The general case is
obtained by using linearity and (x1). o

Proof of Lemma 4.12. Let (t)ren, with (RDT), A € A and z € L, be
arbitrary. Then there exists some § € RHL*! with [|6]|oo < 1 characterizing
the map A. Without loss of generality, we can assume that (Ag, Bs, Cs, Ds)
is a minimal realization of § and recall that As is then Hurwitz

Next, let € > 0 be arbitrary and set P. := (135 _01). From the KYP
lemma [123] and ||d]|cc < 1, we can then infer the existence of a symmetric

matrix Y satisfying

0 Y\ [As Bs 0 I
(o)7 <Y 0> <I 0) + (o) P, <06 D5> > 0. (x1)

Since As is Hurwitz and by negativity of the (2,2) entry of P., we even
conclude Y >0.

Let now K € S°® denote the whole left hand side of (4.13) and observe
that we can incorporate this positive definite matrix into the LMI (1) in

order to obtain

0 KQY\[I,®As I.®B 0 I
(o)" © A Le@B0) L oTp g K ~0.
K®Y 0 1 0 IQ®C6 IQ®D5

(x2)
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Next, we define (Cy, Dy) := (1), (9)) and the auxiliary signals
0y = P(2) = Cp&y + Dyz  and g := P(A(2)) := Cyéa + DyA(2)

involving the state & = (g;) of the filter (4.6) driven by (A(Zw)) with a
partition induced by the one of the describing matrices of the filter. Let us

finally introduce the system

pt I.®A5 IQ®B5 pt

y(t) I.®Cs I,®Ds) \ 01 (t)
as well as the function 7 : t — p(t) T (K ® Y)p(t). Note that the latter is
nonpositive by K > 0 and Y < 0 and that (x2) implies

| o1\ (e __, )
i) 2 (o) (P 0 K) (mcé I,@D(;) <171(t)) = —iRex) <y(t)>

for all ¢ > 0. By integration, 7(0) = 0 and nonpositivtiy of  we obtain

0= /O (o) (P-® K) <51((5))> ds +1(t) —1(0) < /0 ()7 (P-® K) (ﬂl((s))) ds

y\s Yis

for t > 0. Next, observe that Lemma 4.16 yields
y= (1)) = (61.) 0 D) (=) = (Do (81,)) (=) = $(A(2)) = ba.

It remains to untangle the matrix K, i.e., to observe that we have after
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few elementary computations

t . T 171(5) s
OS/O( ) (PE@K) (ﬁg(S)) d
- / ()T (P ® N)u(t) + di (€(s)" (P @ R)&(5)) ds
:/0 ()T (P ® N)u(s)ds + £(t) T (P ® R)E(1)

for all ¢ > 0. Finally, taking the limit ¢ — 0 and defining pp := 0 as well
as pp = pg : t— E) T ZpE(t) for Zp = (§ ) vields the claim. o

Assuring the IQC for Nonlinear Repeated Uncertainties in the Jump
Component
We employ the following auxiliary result from [50].

Lemma 4.17 Suppose that ¢ : R — R satisfies $(0) =0 and 0 < %ﬁ(y)
for all x # vy and let L = (L;;) € RF¥** be a matriz satisfying

Ly <0fori#j, L1>0 and 1'L>0.
Then the repeated map (pI;) : RF — R¥ 2+ (¢p(z1),...,0(x1)) " satisfies
(pIx)(x) ' Lx >0  forall xzcRF

Proof of Lemma 4.13. Let (t)ken, with (RDT), Ay € Ayand z; € €57 be
arbitrary. Then there exists some slope-restricted function ¢ with w;(k) :=
Aj(z1)(k) = (¢1p, (25 (K)))-

Observe at first that Ay = 0 implies £(t) = &(tx) for all ¢ € [tg, tgr1)
and k € Ny and, thus, £(tx) = &(t,,,) for all k € Np. By induction and the
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particular choice of the filter, we infer
vy(k) =col(zy(k —v), ..., zg(k),w;(k)) forall keN,

where we set z;(I) := 0 for [ < 0. This allows us to conclude

k k v+1
D (@) M) =2 w7 Azl —v+j+1)
=1 =1 =1
-
zy(1) zy(1)
=2 | (¢Lp,e) | ¢ L |
2y (k) 2y (k)

for all k € N, where Lj is a block Toeplitz matrix in RP/*¥*P7k wwith its
(1,1) block given by A,yo—; if I < min{r + 1,k} and 0p,«,, otherwise.
From (4.15) we infer that Ly is as required by Lemma 4.17 and can, hence,

conclude that

k
Z TMjvs(1) >0 holds for all ke N.
=1

This yields the claim by defining pup := pr = py :=0. o
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4.2 Analysis of Networked Systems

In this section we demonstrate the application of our robust analysis ap-
proach for analyzing (potentially large-scale) networked systems composed
of M € N homogeneous subsystems of possibly high order in a scalable!

fashion. These subsystems are of the form

€; (t) CQ D21 D22 dl(t)

fort > 0,7 € {1,..., M} and with initial conditions z1(0), ...,z (0) € R®
as well as generalized disturbances di,...,dys € Lo. The interconnection
structure of these subsystems is specified by constraining the interconnec-

tion variables z; and w; according to the coupling condition

M

wil) = g (1) (4.17b)

j=1

which involves coupling weights a;j; € [0,00) and a switching function
o : [0,00) = {1,...,N} corresponding to a given sequence of impulse
instants (tx)ken,. This concrete coupling condition allows for modeling a
possibly non-periodically switching communication topology with N con-
figurations similarly as also considered, e.g., in [100, 105, 57]. Such switch-
ing topologies occur in practice, e.g., as a result of link failures or creations
during operation of the networked systems. Similarly, as we have already
seen when considering constrained switching functions, the communica-
tion topology as defined by the coupling conditions (4.17b) is usually visu-
alized by means of a weighted time-varying graph G(t) = (V, E(t),d(t))
with vertices V. = {1,..., M}, edges E(t) C V? and weight function

1Here, scalability is meant in the sense that one aims for analysis criteria with a
resulting computational burden that grows slowly as M increases.
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4

5

Figure 4.5: Two constant graphs corresponding to the adjacency matri-

010 9899 . .
ces (0 0 2) (left) and { 3929 | (right), respectively.
430 4000

d(t) : E(t) — R. The latter graph is conveniently characterized by its

time-varying adjacency matriz

A11o(t) --- A1Mo(t)
fo{o-(t) = c RMX]\/[

AM1o(t) --+ OMMo(t)

through E(t) := {(i,7) € V? | a0 # 0} and d(t) : (i, §) = a;jo() for all
times t > 0. Two constant weighted graphs with corresponding adjacency

matrices are illustrated in Fig. 4.5 and its caption.

In order to obtain scalable analysis criteria for the networked system
(4.17), we assume in the sequel that the adjacency matrix corresponding
to (4.17b) is symmetric, i.e., the underlying graph is undirected and infor-
mation is shared bilaterally for all time instances, and that bounds on the
location of the spectra of &7, ..., oy are available. Precisely, we assume
that

o €SM and eig(e) C [a, b)) forall 1€ {l,...,N} (4.18)
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for some a priori given a; < b;. Such bounds are typically not difficult
to obtain; for example one can take b; = |2 for all I € {1,...,N}.
Note that our analysis results will not require precise knowledge of the
communication topology, but are robust in sense that they ensure stability
and performance for all &7, ..., &y satisfying (4.18).

Next, note that the homogeneity of the subsystems in (4.17) permits us to
express their interconnection by using the Kronecker product equivalently

and more compactly as

x(t) I®A I®B I®DB; x(t)
2t) | =1 I®C I®D I®Dis||w(t)]|, wt)=(Zu @I)z(t)
e(t) I®Cy I®Dy; I® Dy d(t)
(4.19)
for all t > 0 and with stacked signals x := col(x1,...,xp), etc. Similarly

as for example in [100, 105, 57], the assumed symmetry of the matrices
..., 9N permits us to find orthogonal matrices T7,...,Txy and scalars

A1y .- s AM1,- -, AN Such that

Ay 0
Ty T, = holds for all 1€ {1,...,N}.
O )\Ml

Based on the latter representation and the rules of the Kronecker product,

we can rewrite (4.19) equivalently as an impulsive system with description

z(t) I®A I®B I®B;\/[i(t)
2(t) |=| I®C I®D I®D:s ||0()], :?:(tk):(Tg(mT;t;)@I)i:(t;)
é(t) I&Cy I® Doy I® Doy ) \d(t)
(t) = diag( Mo, -, Aow!)2(t)
(4.20)

for all t > 0, k € N and with the transformed signals & := (T, ® I)z, etc.
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We emphasize that this transformation leads from (4.19) to a system with
decoupled flow component in the following sense: If we partition all signals
as induced by the involved matrix blocks, then we can express the flow

component of (4.20) as M individual systems of the form

(1) A B By\ [t
21‘ (t) - C D D12 Uf)7 (t) B ﬁ)z (t) = Aia(t) 21 (t)
éi(t) Cy Doy Doy d;(t)

affected by a single repeated parametric uncertainty \;,(;) satisfying Ay €
[ar, by] for all [ by our assumption (4.18). However, the transformation rein-
troduces a coupling of the individual states &; through the impulsive com-
ponent of (4.20).

As a consequence of all these considerations, we are now in position to
apply a modification of Theorem 4.6 and Lemma 4.9 in order to obtain the

following novel analysis result for networked systems (4.17).

Theorem 4.18 Let P = (SQT ;) be a symmetric matriz with Q = 0, let
P, be as in (4.9) and let Ay, By, Cy, Dy be matrices with Cy, € R™>"v.
Then the interconnection (4.19) is stable and achieves quadratic perfor-
mance with index (Ilgg ;g;) forall e, ..., 9N satisfying (4.18) and all
(tr)ren, with (RDT) if there exist Xi,..., Xy € CH([0, Tiax], S *"),
Ri,...,Ry € C([0, Tmax],S™) and Ni,...,Ny € C([0, Tinax], R™*")

satisfying

' A B B
0 X ‘ I 0 02
. X X | -
X =0, (o) C D Dip| <0 (421ab)
P;l’bL(Nl): ,,,,,,,
i P Ca D21 Do
‘ 0 0 I
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and

S [y RO RS

on [0, Tyax] for alll € {1,...,N} as well as
()" Xi(0)A; — X; <0 (4.21d)

on [Tmin, Tmax) for all k,1 € {1,...,N}; here, we employ the abbreviations
X, =X, - diag(%Pz‘}“bl (Ry),0) as well as

Ay 0 ByC|ByDiByDiy
|

0 Ay 0 | By, 0

A B B 00 Al|B' B 000

C D Dy |:= : and A;:=100 0
Cy 0 DyC|DyD'DyDy
Ca D1 Doy ! 001,
0Cy, 0 |Dy' 0
4

0 0 C2 | Da ' Dy

Note that this result substantially generalizes the findings of, e.g., [100,
57], since they only consider constant Lyapunov matrices and because they
merely employ static filters with n, = 0.

We also emphasize that the size of the LMI problems corresponding to
the conditions (4.21) is completely independent of the total number of
subsystems M and, thus, Theorem 4.18 is easily applicable even for large
scale networks. This scalability is achieved by relying on a particularly
structured Lyapunov matrix which is well-known to introduce some con-
servatism. However, this conservatism is typically accepted since scalability

is considered to be more important in the context of networked systems.

Proof. For notational convenience, we drop the performance channel and

we only consider the case of a static filter with n, = 0 and Dy, = I. The
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general case is shown with essentially the same arguments.
In order to apply a corresponding modification of Theorem 4.6 and
Lemma 4.9 on the transformed system (4.20), it then suffices to show that

the particularly structured maps

~

X;:=I®X, and N :=I®N, for le{l,...,N}

satisfy the inequalities

. I®AI®B
0 X & ®
y o 1 0 T
X =0, (o) | X; X ————— | <0 and N;+N, >0
P ) [®CI®D
po W 0 I
(x1a)
on [0, Tiax) for all I € {1,..., N} as well as
(&) "X (0)(TTy ® 1) — Xk <0 (+1b)

on [Tiin, Tmax] for all k1 € {1,..., N}. Due to the structure of X, and N,

and by some Kronecker algebra, we observe that (x1a) is equivalent to

A B
0 X,
. ) I 0 +
X; >0, (o X X — | <0 and N;+N; >=0.
C D :
ar,b
B )\

(+2)
By making use of the orthogonality of T}, (x1b) can be expressed as

~ ~ ~

0~ (T TT ) © X1(0) — Xp, = I @ X;(0) — Xi = X;(0) — X,

which is equivalent to
X;(0) — X <0.
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It remains to note that the latter inequality and (*2) correspond exactly

to the inequalities (4.21) for the considered specialization. o

Note that Theorem 4.18 allows for arbitrary switches between the com-
munication topologies described by the adjacency matrices &, ..., oy.
Analogously as we have seen for switched systems, we can adjust Theo-
rem 4.18 to incorporate additional knowledge on the switching sequence o
with ease if such information is available.

Moreover, note that if the network (4.17) involves numerous individual
communication topologies, i.e., if N is large, then it can make sense to
enforce several of the decision variables in Theorem 4.18 to be identical
and to coordinate these restrictions with the available bounds in (4.18). We
recover our analysis result for networked systems from [83] by considering

the extreme case that all intervals in (4.18) are identical.

Corollary 4.19 Suppose that [a1,b1] = -+ = [an,bn] =: [a,b]. Then the
interconnection (4.19) is stable and achieves quadratic performance with
index <;§SQT fg;) for all o, ..., 9N satisfying (4.18) and all (t;)ken,
with (RDT) if there exist X € C1([0, Tinax), S*™* "), R € C([0, Tinax), S™)

and N € C([0, Tinax], R™*™) satisfying

| A B B
0 X | 2
X X X ‘ L 0o 0
X - 0, (.)T Pa,b(N) : 7C7 ,Il), 71212, <0
[ p Nl
p Co Dj1 Do
: 0 O I

and
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on [0, Tinax] as well as
()T X(0)A; —X <0
on [Toin, Tmax)» where X := X — diag(3Pg*(R),0).

Remark 4.20 (Consensus) Theorem 4.18 and Corollary 4.19 can also be
modified to yield criteria which guarantee that the subsystems in (4.17)
asymptotically achieve consensus, i.e., they agree on a common value of

their states asymptotically. Precisely, this means that

tlggo lep(t) — ()| =0 forall k,le{l,...,M}
for any initial conditions x1(0),...,2(0) € R™. In this context the adja-
cency matrices @4 = (a;;;) are usually replaced by the Laplacian matrices
of the graphs % := 9, — o) where 9, := Z,I/\/Izl diag(aipi,- .-, anwi). One
can show that in order to guarantee consensus, one has merely to replace
the numbers q; in (4.18) by lower bounds on the algebraic connectivity,
i.e., the second smallest eigenvalue, of the Laplacian matrices % for all
€ {1,...,N}. Some lower bounds on this number can for example be
found in [35]. For a general and detailed introduction to consensus prob-

lems see for example [124] or [166].

Remark 4.21 (Including Uncertainties) Due to the modularity of the IQC
approach, it is not difficult to derive scalable stability analysis criteria for
networks (4.17) involving various types of uncertainties. In particular, by
viewing a heterogeneous network as a homogeneous one subject to uncer-
tainties, we even have means to treat such more general networks in a

scalable fashion.
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Figure 4.6: Two constant graphs with Laplacian matrices .2} and .%.

Example

As an illustration let us perform a consensus analysis for a networked sys-

tem composed of M = 8 subsystems and given by

i(t)) (I®A I®B) [z(t) B
( >_ <I®C I®D> <w(t)>’ w(t) = (Lo @ 1)2(t) (4.23a)

with describing matrices

A:(O _12> B:(?), C:(—Z o) and ng (4.23b)

7

involving some parameter 8 € (0,2) and with Laplacian matrices .4 and
% corresponding to the graphs depicted in Fig. 4.6. Further, we assume
that the switching sequence o : [0, 00) — {1,2} is constant on the intervals
defined by the sequence of impulse instants (tx)gen, with tx—1 — ¢ = 0.5
for all £ € N and that the switches are constrained by

(o(te_1),o(ts)) € {(1,2),(2,1)} forall ke N.
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In other words, the communication topology switches periodically between
the two configurations depicted in Fig. 4.6.

We stress that we can allow for much more complex subsystem dynamics
which is in contrast to, e.g., the underlying analysis result of [134] which
requires that all eigenvalues of the matrix A are located in the closed left
half-plane. Moreover, note that only the first graph in Fig. 4.6 is connected?
since the node 4 cannot be reached from the node 2 in the second graph.
Naturally, connectedness is a crucial property in consensus problems and,
for time-varying graphs, there are various notions thereof; several of them
can be found, e.g., in [166]. The analysis criteria from [100, 57] or the one in
Corollary 4.19 require (implicitly) that the underlying graph is connected
for all time instances or that the matrix A is Hurwitz. This means that
none of them can be applied here since one of the eigenvalues of A is larger

than zero.

In order to apply the corresponding modification of Theorem 4.18 for

consensus analysis, we observe that we can employ
« the lower bounds (a1, az) = (2.5858,0) on the algebraic connectivity
o the upper bounds (b1, b2) = (6,4) on the maximal eigenvalue

of the Laplacian matrices £ and %, respectively. Moreover, we choose
(Ay, By, Cy,Dy) as in (4.16a) with o = 5 and length v € {0,1,2,3}.
Combining Theorem 4.18 with a bisection permits us now for example
to determine for each of the latter lengths v the maximal value of the
parameter § for which consensus is guaranteed; we denote these maximal
values by (,. By employing the B-spline relaxation (with a fixed set of
parameters) we obtain 8; = 1.011, 8y = 1.013, 83 = 1.013 and that no

2A graph G = (V, E) is called connected, if any node can be reached from any other
node by moving along the edges of the graph. Formally, this means that for any pair
(to,ty) € V x V with tg # ty there exists some N € N and ¢1,...,¢tx € V such that
(to,t1),...,(tn—1,tN), (tN,tf) € E. As shown, e.g., in [62], a graph G is connected
if and only if its algebraic connectivity nonzero.
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10 15
time time

Figure 4.7: First (left) and second (right) component of the state trajec-
tories of the subsystems of the network (4.23) for § =1 (top)
and for § = 1.065 (bottom).

such § exists for v = 0. These findings demonstrate the benefit of utilizing
dynamic filters as in (4.16a) with length v > 0 over static ones with v =
0 and show that even small values of v can yield good results. Indeed,
the bottom of Fig. 4.7 depicts the subsystem’s state trajectories for g =
1.065, which is close to 3, and illustrates that for this parameter value
consensus is no longer achieved. Interestingly, we still observe some kind of
agreement since the eight individual states follow four distinct trajectories.
This behavior is termed cluster consensus which is studied in few papers
only; one of them is [67].

Finally, note that there is a gap between the maximal 5 € (0, 2) for which
consensus is achieved and our computed values (;; the size of this gap is
difficult to estimate in general. In this example this gap is mostly due to
desired scalability in the employed analysis criteria and the fact that we

did not take into account the periodicity of £ ) in the utilized filters.
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4.3 Summary

In this chapter’s first part, we develop tools for analyzing uncertain impul-
sive system modeled in terms of LFRs. We begin by considering systems
affected by arbitrarily time-varying parametric uncertainties and derive
corresponding robust analysis criteria based on the full block S-procedure
and multiplier separation techniques in Theorem 4.2.

Afterwards, we substantially generalize this result in Theorem 4.6 by re-
lying on the dissipation based notion of finite-horizon IQCs with terminal,
jump and flow cost as established in Definition 4.5. Theorem 4.6 consti-
tutes a genuine generalization of Theorem 4 in [148] from non-impulsive
systems to impulsive ones. Moreover, we provide several numerically ver-
ifiable criteria for assuring that IQCs with terminal, jump and flow costs
are satisfied. These criteria are given in Lemmas 4.7 - 4.13 and tailored
to concrete classes of uncertainties affecting the underlying system, with
some of the involved dissipation inequalities appearing for the first time.

In particular, the novel robust analysis criteria resulting from combining
Theorem 4.6 with Lemma 4.9 have been published by the author in [83]
along with a detailed discussion and applications, e.g., to consensus prob-
lems for networked systems. This happened before we were able to derive
Theorem 4.6 in its full generality and relies on a more direct, but much

less modular proof.

In this chapter’s second part, we demonstrate how our analysis results
can be employed for analyzing networked systems in a scalable fashion
and even if the underlying communication topology is switching. Our main
result Theorem 4.18 is new and generalizes the findings of, e.g., [100, 57],
since these authors only consider constant Lyapunov matrices and rely on
the use of IQCs with static filters. Moreover, we illustrate that our criteria
not only allow for guaranteeing stability and quadratic performance, but

also permit us to assure that the considered network achieves consensus.



Gain-Scheduled and Robust
Synthesis

In Chapter 3, we elaborated on the design of feedback controllers for impul-
sive systems unaffected by uncertainties, and in Chapter 4, we developed
new tools for systematically analyzing uncertain impulsive systems. In this
chapter we benefit from the modularity of our employed approach which
permits us to almost seamlessly combine those insights in order to syn-
thesize output-feedback controllers for uncertain impulsive systems. Recall
that the design of such robust controllers is of tremendous practical rele-
vance since any designed controller is required to appropriately deal with
the mismatch between the employed model and the real dynamical system
to be controlled.

As an intermediate step, we consider the synthesis of so-called gain-
scheduled controllers which can be viewed as a special case of the design
of robust ones and which is also of independent interest. Roughly speaking

and in contrast to a robust controller, a gain-scheduled controller aims to
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exploit that the parameters (or other objects such as delays) emerging in
the encountered underlying system are only unknown at the outset but, in
fact, measurable on-line. As an example think of the mass of a commercial
airplane which is not known at the outset due to the unknown weight of
the passengers and time-varying due to the consumption of fuel. However,
by incorporating suitable sensors one can measure the weight on-line and
should then incorporate those measurements in a controller design.
Usually one faces a mixture of genuine uncertainties and parameters
that can be measured (or well approximated) on-line which leads to the
challenging design of robust gain-scheduled controllers as elaborated on,
e.g., in [160]. We will only briefly comment on this design for impulsive
systems since it relies on another seamless combination of the approaches

for robust and gain-scheduled synthesis.

5.1 Gain-Scheduled Synthesis

Recall that we adopt the framework of linear fractional representations
(LFRs) [178] for robust analysis in Chapter 4 because it poses a well-
established and flexible modeling tool in robust control [179]. In partic-
ular, this framework nicely permits us to separate known from unknown
(or difficult) components. It is hence not surprising that the design of gain-
scheduled controllers for non-impulsive systems modeled by LFRs has been
considered in a number of works such as [116, 71, 140, 151, 147, 145]. In
particular, the synthesis of gain-scheduled controllers for such system is by
now well-established in various situations and successfully employed, e.g.,
in aerospace applications. Due to all of our preparations, we can essen-
tially follow the conceptual design procedure even if the underlying open-
loop system is impulsive and with few mandatory technical modifications
only. In the sequel, we will briefly describe the conceptual procedure and

highlight the required modifications.
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Note that gain-scheduled controller synthesis is also possible without
employing LFRs as for example done in [8, 132] for non-impulsive sys-
tems and in [19] for impulsive ones by relying on measurements of the
full state. Without much difficulty, we could also design output-feedback
gain-scheduled controllers based on these alternative approaches, but this
is omitted here.

For brevity and in order to simplify the notation, we consider only the
design of controllers assuring closed-loop stability. In view of the related
works, e.g., [116, 71, 140, 145], this is no limitation as our synthesis results
can be extended to the design of controllers achieving a desired quadratic
performance criterion in a straightforward fashion. As in Chapter 4 we

begin by considering arbitrarily time-varying parameters.

5.1.1 Arbitrarily Time-Varying Parameters

For real matrices of appropriate dimensions, an initial condition z(0) € R™,
a sequence of impulse instants (f;)ren, satisfying (RDT) and two sets
A C R?*P and A; C R¥*P7 we consider now an impulsive open-loop

plant with the description

x(t) A B B x(t)

2) | =1 C D D w(t) |, wt)=A(t)z(t), (5.1a)
y(t) Cy Dy O u(t)

x(tx) A; By By z(ty)

zj(k) | = | C; Dy Djo wyk) |, wik)=As0k)z;(k)
ys (k) Cr2 Dy 0 uy (k)

(5.1b)

fort > 0 and k € N. Here, y, y; denote measured outputs, u, u; are control
inputs and w, wy, z, z; are interconnection variables. The involved time-

varying parameters A and A ; are assumed to be piecewise continuous maps
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that can be measured on-line, i.e., they are available for control. However,

at the outset, these parameters are merely known to satisfy
A(t)e A forall t>0 and Ayk)e Ay forall keN.  (5.2)

In this subsection our goal is the design of a dynamic gain-scheduled con-
troller which ensures that the resulting closed-loop interconnection is ro-
bustly stable, i.e., stable for all admissible parameters A and A ;. Con-

cretely, we aim for controllers that admit the description

et Ac(O(t)) Be(6(t)) Bs(0() \ [zc(t)

ze(t) | = [ €(0(t) De(6(t)) D5 (0(t) | | welt) | »

u(t C5(0(t)) D51(60(t)) D52(60(2))) \ y(t)

we(t) = S(0(t), A(t))z(t)
ze(tn) A5(0(t,))  B3(0(t,))  Boa(0(ty)) \ [zety)
zre(k) | = | C500(t))  D3(0(t;)) D3ia(0(ty,)) | | waelk) |
uy(k C99(0(ty)) DGy (0(t;)) D3aa(0(t)) vy (k)

W je k) = S](e(t];

(5.3)

for ¢ > 0 and k£ € N with initial condition z.(0) € R™ and with to-
be-designed continuous describing matrices A€, B¢, etc. and continuous

scheduling functions
S [0, Tnax] X A = R™° as well as S : [Tyin, Tmax) X Ay — R77X57,

Due to these scheduling functions, the controller (5.3) is able to adjust its
describing matrices according to the concrete instances of A and A and,
thus, has the opportunity to benefit from their measurements. Also recall
that 6 denotes the clock (2.2) which appears naturally in (5.3) as discussed
in the beginning of Chapter 3.
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The closed-loop interconnection (5.1) and (5.3) reads as

q(t)  [A(0)) 2 (t) - )
<ch (t)> B (C(a(t ) )( ) wer(t) = Ac(t)za(t) (5.4a)

wer (1)

)
(:Jf’é;;) = (A"(o(t’;)))) Bs0(5,) ><ij(f(’i))> wrer(k) = A e (k) 2yt ()

(5.4b)

with stacked signals x.; := col(z, x.), we := col(w, w,), etc., parameters

A= (BB 0 and A (k)= [ 2P 0
N0 s, Ar) Tt 0 Ss(0(t;), Ask))

as well as
AlB ooloo]| [r.0 o : o
= + ¢¢ D¢ Df, 0 010 I
C|\D Co0DO0 0 0 D12 e De. D Cy 01Dy 0
0000 0L 0 2 21 Voo 2 21

and analogously defined maps Ay, B;,Cy,D;s. Two equivalent block dia-
grams of this closed-loop interconnection are depicted in Fig. 5.1 where G,
Gy K and K stand for the flow and jump component of (5.4) and the ones
of (5.3), respectively. G, and G . denote the flow and jump component of

an augmented system whose flow component is

(1) A1 B oio Bs 2(t)
clD 0,0 Dy

?Cl,(t), =l ol o O:Is 0 ?Ufl(,t), :

Sl I N IR AT | o

u(t) Cao|Da 000 0 ) N D

its jump component is structured in the same fashion.
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Figure 5.1: Two equivalent block diagrams of the closed-loop interconnec-
tion (5.4) of the system (5.1) with the controller (5.3).

Due to the particular structure of the closed-loop interconnection (5.4)
and by the nature of the involved parameters, we can make use of a varia-
tion of Theorem 4.2 for its robust stability analysis. To this end, recall that

a formal definition of robust stability was already given in Definition 4.1.

Corollary 5.1 (Closed-Loop Robust Stability Analysis) The interconnection
(5.4) is robustly stable for all (tx)ren, satisfying (RDT) if there exist
functions X € CY([0, Tmax), "), P € C([0, Timax), SPT) @+ and
Py € C([Tmin, Tmax]), S®7 T3040 satisfying, for all A € A and all
Ay € Ay, the inequalities

0 X\ (AB CD
X=0, (o (X X) (I 0> +(o)'P (0 1) <0, (5.5a,b)
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D)

I, 0 I, 0
0 I 0 I
(o)TP | R0 ond ()T P, ,A,,,,Og,, =0
J
0 S(-,A) 0 Ss(-Ay)

(5.5d,e)
on [07 Tmax]; [07 Tmax]; [Tmin> Tmax]; [07 Tmax] and [Tmina Tmax]7 TGSPGCtively

Similarly as for nominal controller synthesis as discussed in Chapter 3,
attempting to solve the inequalities (5.5) and simultaneously searching a
controller (5.3) (together with its corresponding scheduling functions) is
numerically prohibitive due to the non-convex dependencies on all decision
variables. However, we can render this simultaneous search convex if we

add the (inertia) constraints

P and P; are constant maps, (5.6a)

()P <é> =0 on [0,Tmax] and (e) Py (é) =0 on [Tiin, Tmax]

(5.6b)
as well as

(O)TP (2) <0 on [0,Tmax] and (’)TPJ (?) <0 on [Tinin, Tinax]
(5.6¢)

to the closed-loop analysis criteria (5.5). With those additional constraints
and due to the particular structure of the describing matrices in (5.4), we
can employ the elimination lemma C.11 similarly is in Theorem 3.8 for
nominal synthesis. This leads to the following theorem which is essentially

an extension of the main result from [139] to impulsive systems.
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Theorem 5.2 (Gain-Scheduled Controller Design via Elimination) Let U, V,
Uy and V; be basis matrices of the sets ker((By, D{,)), ker((Ca, Day)),
ker((BJ,, D],5)) and ker((Cy2, Dy21)), respectively. Moreover, suppose that
0 € A and 0 € Aj. Then there exist scheduling functions S, Sy and a
controller (5.3) for the system (5.1) such that the LMIs (5.5) and (5.6) are
feasible if and only if there exist continuously differentiable maps X,Y and
matrices P, P, Py, Py satisfying

Y I
< ) = 0, (5.7a)
I X
0 X AL VY d 0
. ) I0 - -AT —C7
T[x X —|v=<o0, @T|Y o0 ——|u~o,
P C D 7 0 I
0 I —BT —DT
(5.7b,¢)
A; B
X(0) 0 77 ) 0
- 10 CJ
(o 0 -Xx V<0, =il Uy =0
CryDy
Py
0 7
57d,e)
on [Ovﬂnax]; [OaTmax}; [O;Tmax]7 [T’min,TmaxL [TminaTmax]y T’espectwely, as
well as
I (1 _[—AT
@) <0, @ (") =0 @B(')-0 P <0
I A 0 I
(5.7f)
0 I - (1 . [=AT
)'P <0, (o)'P =0, (o)'P -0, (o)'P T1<0
()J(I> ()JAJ ()JO (o) Py ;
(5.7g)

forall (A,A7) € A XAy,
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Sketch of Proof. Only if: This is the simple part and follows from pointwise
applying the elimination lemma C.11 on each of the LMIs (5.5b), (5.5d),
(5.5¢) and (5.5¢), as well as from defining X, Y, P, P, P; and P; by

corresponding sub-blocks of X, X1, P, P~1 etc. For example, one chooses

B I = (o)t X! I an = (o)"Pdia, I I
mirn((). vmeee (1) s e (1).(1))

If: By continuity of X, X,Y,Y on the compact interval [0, Tinay] and
strictness of all inequalities aside from the four in (5.7g) and (5.7f), we
can perturb P, P, Py and Py as P+ (£ 9), P — (9 9), Py + (5 Q) and
Py — (9 9), respectively, such that all inequalities in (5.7) are strict. Then
Corollary C.10 allows us to infer from (5.7g) and (5.7f) that the perturbed
P, P, P; and P; are nonsingular. Note that via another perturbation we
can even ensure that P — P~1 and P; — 15]1 are nonsingular.

Due to (5.7g) and (5.7f) as wellas 0 € A and 0 € A ;, we can then apply
Lemma C.16 in order to construct matrices P and P; as well as continuous
scheduling functions S and S; such that (5.5d), (5.5¢) and (5.6) are satis-
fied. Since P and Py satisfy (5.6a) and (5.6b), we can follow the proof of
Theorem 3.8 for nominal output-feedback design via elimination in order to

construct describing maps of the controller (5.3) that are continuous. @

As for the underlying analysis criteria in Corollary 5.1 or Theorem 4.2,
in order to turn the gain-scheduled synthesis inequalities (5.7) into stan-
dard LMIs, we can apply one of the DLMI relaxations from Appendix D
and confine the multipliers P, Py, P and P; to suitable choices of (dual)
multiplier sets P(A), P(Ay), P(A) and P(A ), respectively, similarly
as explained in Section C.6 or, e.g., in [149, 160]. Here, the set P(A) is
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required to admit a characterization in terms of LMIs and to satisfy

I
(o)TP (A) =0 forall AeA andal PeP(A)

the remaining sets are taken with analogous properties.
Recall that we summarized some strategies to improve the controller
reconstruction in Remark 3.10 in Chapter 3 on nominal synthesis. These

strategies can be applied here analogously.

Note that dropping (5.6a) and correspondingly searching for continuous
functions P, P, Py and P instead of constant matrices means that we have
to construct continuous P and Py in the proof of Theorem 5.2. Unfortu-
nately, this is not easily possible based on Lemma C.16. One of the reasons
is that the number of positive/negative eigenvalues of P — P~ and/or
Py — P}l might not be constant which breaks the whole construction. An-
other technical issue is that systematically constructing a continuous map
T that is pointwise nonsingular and satisfies T(7) " M (7)T(7) < 0 for all
7 for some given continuous map M with a constant number of negative
eigenvalues is only easy if its eigenvalues are distinct for all 7.

Further, note that we require (5.6b) in order to follow the proof of Theo-
rem 3.8 for nominal output-feedback design via elimination and, in partic-
ular, to guarantee continuity of the reconstructed describing maps of the
controller (5.3).

Finally, note that we employ (5.6¢) for applying Lemma C.16. Similarly
as shown in [140] for standard LTI systems, one might be able to drop this
inequality along with the corresponding ones in (5.5¢) and (5.5¢). How-
ever, this will then lead to gain-scheduling controllers with a more general

description than the one shown in (5.3).
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Remark 5.3 (Convexifying Parameter Transformation) In contrast to nom-
inal synthesis, there seems to be no direct way to render the closed-loop
analysis inequalities (5.5) convex by means of a convexifying parameter
transformation. However, it is possible to perform such a transformation
by relying on lifting techniques as an intermediate step. These techniques
have been employed, e.g., in [126] for designing gain-scheduled controllers
that (if desired) are particularly structured and in [163] for robust analysis

via IQCs.

Remark 5.4 (Simple Scheduling Functions) For some multiplier sets such
as those based on D or D-G scalings (see Remark C.19), it is possible to

choose the scheduling functions without loss of generality as
S(r,A):=A and S;(r,Ay):=Ay

which simplifies implementations. This is partly due to availability of suit-
able results on matrix extensions as addressed in Section C.5. These ded-
icated results on matrix extensions even permit us to drop the constraint
that all multipliers are constants maps which can be highly beneficial as

illustrated in the examples of the last chapter.

5.1.2 Piecewise Constant Parameters

Next we consider the situation that more information on the involved pa-
rameters is available which permits us to employ Theorem 4.6 for a more
dedicated underlying closed-loop analysis by means of IQCs with dynamic
filters. Recall that utilizing static filters essentially corresponds to the cri-
teria provided in Corollary 5.1 that capture only few properties of the
involved parameters.

Unfortunately and even for standard LTI systems, it is still unknown

how to perform gain-scheduled controller design based on IQCs with gen-
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eral dynamic multipliers and by means of convex optimization. One of the
major technical stumbling stones is the lack of suitable dynamic version of
Lemma C.16 on matrix extensions. So far, convex solutions to the gain-
scheduled design problem have been found only for dynamic multipliers
composed of D scalings and of D-G scalings [147, 145]. In [81, 83], we were
able to extend the latter two approaches to impulsive systems and piece-
wise constant parameters based on special cases of our main analysis result

Theorem 4.6. Here, we briefly repeat our main design result from [83].

For real matrices of appropriate dimensions, a sequence of impulse in-
stants (tx)ren, and an initial condition z(0) € R™ with (RDT), we consider

now an impulsive open-loop plant with the description

z A 2 T
zg) c i 512 w((tt)> (“”“’”);(AJ BJ) (w(t;))
y(®) Cy Doy 0 ) \u(t) - \wh) Cs 0 ) \us(k))’
5(t)=(t),

~—

g
—~
~+
~—
I

(5.8)
for t > 0 and k € N. Here, we assume that the parameter § is measurable,

piecewise constant and known to take values in a given interval, i.e.,
0(t) = 6(ty) € [a,b] holds for all t € [ty,tr1+1) and all k € Ng.  (5.9)
Our goal is the synthesis of a gain-scheduled controller of the form

X0 AC(O(t
o
(

B5(0(t)) \ [ we(t)
we(t) [ we(t) = 6(t)ze(t),

NG

Il

s R Q
—~ A~~~ N
> D
~—~ o~ o~ —~
~

N

<

VAR
NS
k‘s‘\
= 5
N~ ~—
~—
I
7 N
Q =
A o

(5.10)
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for t > 0, k € N and with continuous describing matrices such that the re-
sulting closed-loop interconnection is stable for all parameters § satisfying
(5.9) and all (tx)ken, with (RDT). Instead of simply applying a variant
of Theorem 5.2, which would be possible in principle, we seek to provide
another design approach based on the IQC analysis results in Theorem 4.6
and Lemma 4.9. We have already argued and shown in a numerical exam-
ple that the combination of the latter results often permits a much more
accurate analysis than the criteria that underlie the corresponding variant
of Theorem 5.2. Recall that this stems from the possibility to employ dy-
namic filters (4.6) in Theorem 4.6 and Lemma 4.9 which are more flexible
than static ones as implicitly used in Theorem 5.2. Hence, we intend to
achieve analogous benefits for controller design.

The closed-loop interconnection of the system (5.8) and the controller
(5.10) is essentially of the same form as the one in (5.4) and not repeated
here. We stress that this interconnection’s description is again structured in
a way such that we can apply Theorem 4.6 together with Lemma 4.9 for its
analysis. Recall that for this combination and in the present situation where
the performance channel is absent, the analysis criteria in Theorem 4.6 are

formulated in terms of an augmented system (4.7) with describing matrices
Ay 0 ByC|ByD

0 A, 0 | By
A B
=10 0 A B and Ay :=
C D

Cy 0 DuC|DyD
0 Cy 0 | Dy

o o o
o o o
S o o

for some matrices Ay, By, Cy and Dy with Cy € R™v %™ Next to these
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describing matrices, we employ their dual® version

—A;[ 0 0 Cg
T TRT TNT
1B 0 —-A] -C;BT|-C/D ) 00 0
- = 0 0 —AT —-CT and A;:=100 0
CD T T T
-B] 0 0 D, 00-1,
T TnRT TPnT
0 -B) -D/BT|-D/D

for some matrices Ay, By, Cy and Dy with By, € R™*™¢ in order to state

our design criteria. Finally, we introduce the abbreviation

.
1 (1 1\ (o S\(1 I
i) =gy <aI bI) (sT o) <a1 bI)

for any square valued map or square matrix S which is also related to
P,(S) as defined in (4.9) by duality. This permits us to formulate our gain-
scheduled controller synthesis result based on combining Theorem 4.6 with

Lemma 4.9 for the underlying closed-loop analysis.

Theorem 5.5 Let U,V, U; and Vj be basis matrices of ker(Csq, Day),
ker(By , DJ,), ker(Cy) and ker(B]), respectively. Moreover, define

Uj:= IQ"“’P V= 12%9 U = IM“’E) V= 12%(3 .
0o U;)’ 0o Vvy) 0o U/’ 0V

Then there exists a controller (5.10) for the system (5.8) such that their
closed-loop is stable for all (tx)ren, with (RDT) and all § with (5.9) if
there exist maps X € CY([0, Trmax), S*™* ™), Y € CY([0, Trax], S*™¢ "),

(SRT g) € CH[0, Timax], S™74), M € C([0, Tuax], R™*™) as well as

A motivation of this notion is provided in [145, 147]. Essentially, the matrices A, B,C
and D emerge after applying a variant of the dualization lemma C.9 on the underlying
IQC based analysis criteria.
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N € C([0, Tinax), R™¢ *™¢) satisfying

(;; f{) - 0, (5.11a)
0 X A B Y'Y I0
(o' X X I0fv<o, T[y 0 AB|U=0,
|P,(M)) \C D [Py(N)) \C D
(5.11b,c)
0R Ay By QQ I 0
(o) |RR I 0 |=0 (@"[Q0 —A) C] |>0
M+MT/\Cy Dy IN+NT)\-B] D]
(5.11d,e)

on [0, Trax] as well as

()7 (X(O) OA> (A"> U; <0 and (e)7 (y(o) OA> < ! )VJ =0
0 —X/)\1 0 -v)\A;
(5.11f,g)

on [Tiin, Tmax| where S = diag(S, S, I), X =X- diag (%PP(R),O) and
V=Y — diag (1 P4(Q),0).

The constructive proof is admittedly, somewhat technical and not shown
here. It is given in full detail in [83] together with several elaborating and
technical comments. Further remarks can be extracted from the related
results in [147, 145] for standard LTT systems.

At this point we only emphasize that for static filters (corresponding
to ny = ng = 0 and Dy, = Dy = I) the inequalities (5.11) simplify
drastically and we recover a special case of Theorem 5.2 with multiplier
sets corresponding to D-G-scalings. Moreover, the constructive proof of
Theorem 5.5 leads usually to a controller (5.10) that has at most degree
n+2n, in the flow component and ¢ = p+2n,, repetitions in the scheduling
block.
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Finally, next to the suggestions in Remark 3.10 for improving the nu-
merical reconstruction of the controller matrices, it can be beneficial to
enforce S = I when solving the LMIs (5.11) in order to avoid the coor-
dinate transformation in the proof and to reduce the number of required

algebraic manipulations.

5.1.3 Distributed Control for Networked Systems

Recall that we have seen in Section 4.2 that our robust analysis tools can be
employed for analyzing networked systems in a scalable fashion. Next, we
show how to utilize those insights for designing controllers for such systems
in the same vein.

To this end, we consider an homogeneous open-loop networked system

composed of M subsystems and with the description

&;(¢) A B B z(t) u
zi(t) | =1 C D Dis wi(t) |, wi(t)= Zaij(t)zj(t) (5.12)
yi(t) Cy Dy O u; (t) j=1

fort > 0,7 € {1,..., M} and with initial conditions x;(0), ..., 2 (0) € R™.
In order to simplify the formulation of our design criteria, we suppose that
the time-varying communication topology of the network (5.12) is undi-
rected and piecewise constant. Precisely, we assume that the corresponding

adjacency matrix o/ = (a;;) satisfies

A (t) = o (tp) € SM and eig(e(t)) C [a,b] for all t € [tg,trr1), k € Ng

(5.13)
for some sequence (tx)ien, satisfying (RDT). We have seen in Section 4.2
how to incorporate additional knowledge on the communication topology
and could apply those modifications here as well.

In the vast amount of literature on control for networked systems it
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Figure 5.2: An undirected cyclic interconnected system with a centralized
controller (left) and a distributed controller (right).

is generally suggested to design so-called distributed controllers (see, e.g.,
[100, 105, 57, 166, 34]). These are highly structured controllers that con-
stitute themselves networked systems with a communication topology that
is similar (or often even identical) to the one of the underlying open-loop
network. The reason for synthesizing distributed controllers is that, for
large networks, the design of a single controller which takes care of the full
network becomes computationally prohibitive, e.g., due to the large num-
ber of required internal states; controllers of the latter type are referred
to as centralized controllers in this context. Fig. 5.2 illustrates a closed-
loop network involving a centralized and a distributed controller where the
underlying open-loop network is characterized through a constant cyclic
interconnection.

Hence, we follow this approach and consider the design of a distributed

controller that admits, in our situation, the description

Eei (1) Ac(0(t)) B(0(t))  Bs(0(1) \ [weilt)
zei(t) | = | C°(0(8)) D(0(t)) Dip(0(t)) | | weilt) |
ui(t) C3(6(t)) D51(0(t)) D32(6(4))/) \ wilt) (5.14)

M
wei(t) = Zaij(t)zcj(t)a zei(ti) = AG(0(t;,))zei(ty,)
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fort >0,k € Nand ¢ € {1,...,M}. The key for developing scalable
design criteria is to recall the transformation employed in Section 4.2 in
order to diagonalize the adjacency matrix, as well as the resulting equiva-
lent representations of the system (5.12) and the controller (5.14). In fact,
this permits us to view the problem of constructing a distributed controller
(5.14) as a gain-scheduled controller synthesis problem. This has the par-
ticularly nice benefit that we immediately obtain suitable design criteria

from Theorem 5.5 as stated earlier.

Corollary 5.6 There exists a distributed controller (5.14) for the network
(5.12) such that their closed-loop is stable for all (tx)ren, with (RDT)
and all switching communication topologies defined by </ with (5.13) if
there exist maps X € CY([0, Tmax],S*™*T™), Y € C([0, Tinax], S*¢ ™),
(SRT g) € CY([0, Tinax), S™*%), M € C([0, Tax), R™*™) as well as
N € C([0, Tax], R™¢*™¢) satisfying (5.5) with Uy =Vy =1.

Let us stress that these design criteria do not depend on the number of
subsystems in the network. Moreover, they involve for the first time (apart
from [83]) IQCs with dynamic multipliers and a switching communication
topology which generalizes, e.g., the findings of [100, 166, 57] that rely on

static multipliers.

Example

In view of our insights obtained in Subsection 3.1.2 on the synthesis of
sampled-data controllers and due to the modularity of our approach, it
is natural that our methodology also permits us to synthesize distributed
sampled-data controllers in a scalable fashion. As an illustration, we con-

sider a network of M = 10 simple subsystems with dynamics

i1 (t) = in(t),  Zio(t) = —zi (t) +ug(t) forall ie{l,...,M}
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where the control inputs are restricted to be piecewise constant, i.e.,
Ui(t) = ui(tk) for all t e [tk,tk+1), ke Ny and all i € {1, .. .,M}

for some sequence (ty)kren, satisfying (RDT). Moreover, we assume that
only the relative distances of the first states of neighbors at the time in-

stances tg,t1,t2,... are measurable, i.e., the outputs
M
yri(k) = aij(zj(te) — za(te)) for diefl,...,M}
j=1

are available for control. Here, we suppose that the coupling weights a;;
are constant and describe an undirected cyclic communication graph as

depicted in Fig. 5.2, i.e., they are given by
a;;j:=1if|i—jl=1or|i—j|=M—-1 and a;; :=0 otherwise.

Our goal is now to find a distributed sampled-data controller such that

consensus is asymptotically achieved. Recall that this means that
lim ||zg(t) —2;(¢)]| =0 holds for all  k,l € {1,..., M}
t— o0

and all initial conditions. To this end, we express the given network as

o) 1.0 0[0r0 ()

(gci(t)) 010 <xi<t>> wt) | 0o | )
Y c101 , =1000[01 ,

i () 0 0o) \u®) |zt Tooloo || @itk

yoilte) bfofowfjd wri(k)
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for t >0, k € Nand i € {1,...,M}. Thus, we target at controllers with

description

Bei(t) = A°(O(t))2ei(t),

Tei(tr) A5(0(t,))  B3(0@t,))  Boa(0(t,)) \ [weilty)
zgei(k) | = | C5(0(t, )  D5(6(t;)) Dgi(0(t)) | | woei(k)
ugi(k) Ch2(0(ty ) D91 (0(ty ) D9p(6(t;,))) \ yi(k)

that are coupled through

M
wyei(k) = aij(27¢(k) — 2sei (k).
Jj=1

For analogous reasons as stated above, we can design such a distributed
controller, e.g., by employing a variant of Theorem 5.2 with multiplier sets
corresponding to the set of D-G-scalings.

Fig. 5.3 displays the second states z;2 of the closed-loop in response
to random initial conditions for impulse sequences (tx)ren, with (RDT)
and Tiin = 0.1 and Tax € {0.5,1,2} and correspondingly designed dis-
tributed controllers. As comparison, the analogous closed-loop response for
a standard distributed controller that relies on permanently available mea-
surements and unconstrained control inputs is shown as well. We observe
that, in all cases, consensus is achieved even if information is only rarely
exchanged. However, we note that reaching consensus takes longer in the

latter cases which is expected intuitively.
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Figure 5.3: Second states z;2 (dark blue) of the closed-loop interconnec-
tion involving a standard distributed controller (top left) and a
sampled-data distributed controller obtained from Theorem 5.2
for Tiyin = 0.1 as well as Tipax = 0.5 (top right), Tiax = 1 (bot-
tom left) and Tynax = 2 (bottom right). The light blue markers
denote the time instances at which measurements are taken.
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5.2 Robust Synthesis

It is by now well-known in the literature on LMIs that the robust controller
synthesis problem is amenable to techniques from convex optimization only
for particular classes of uncertain dynamical systems. For example, if con-
sidering non-impulsive systems modeled by LFRs and employing multiplier
theory or IQCs for robustness analysis of the closed-loop, the following

classes have been identified.

¢ Systems for which the full-state is available for control if static mul-

tipliers are employed for the robustness analysis.

¢ Systems affected by a single unstructured uncertainty if using small-

gain arguments.

o Systems emerging in estimation (or filter design) problems [157, 161]
and feedforward control [152]. More generally, one can deal with
systems having a control channel that is unaffected by uncertainties
[143].

o Systems for which certain matrix pencils are left (or right) invertible
[94].

For uncertain impulsive systems we essentially face the same challenges
when tackling the general robust output-feedback design problem and are,
hence, forced to employ heuristic procedures similarly as we did in Sec-
tion 3.2 for (nominal) static output-feedback synthesis. In fact, the problem
of finding such a static controller is closely related to the robust output-
feedback problem in terms of reason for non-convexity, which can often be
exploited.

In this section, we generalize the dual iteration to uncertain impulsive
systems modeled by LFRs which is an extension of our results in Section 3.2

of tremendous practical relevance. Due to our particular (robust) analysis
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results and the flexibility of the LFR framework which is accompanied by
corresponding design tools (such as the elimination lemma C.11 and the
nonstandard variation thereof Lemma C.13), we can reuse several of the
arguments already provided in Section 3.2 for static design and only require
few additional ones. Isn’t that nice?

Let us finally stress that, next to the dual iteration and based on our
robust analysis criteria in Chapter 4, one could also extend several other
static design approaches, e.g., of the ones suggested in [128], to uncertain
impulsive systems. However, we focus on the dual iteration because it is,
in our opinion, efficient with a high flexibility; due to the LFR framework
it can deal with systems simultaneously affected by several uncertainties
of different types. Unfortunately, so far we rely on IQCs with static filters
for the underlying analysis which might be resolved in the future.

5.2.1 Problem Description

For real matrices of appropriate dimensions, a sequence of impulse instants
(tk)ken, satisfying (RDT), some initial condition x(0) € R™ and two un-
certainty (value) sets A C R?*? and Ay C R%*P7 that both contain the

origin, we now consider an uncertain open-loop plant with the description

(1) Al B By B3\ [x(t)

Zt)| _[C| D Dz Dis| |w(®) L w(t) = A()z(D), (5.15a)
e(t) C2| D21 Doz Do | | d(t)

y(t) Cs| D31 D32 0 u(t)

x(tx) Ay | By Bj2 Bys z(ty)

zy(k) _ C;| Dy D2 Dyis w, (k) wy(k) = Ay(k)zs (k)
ey (k) Cy2|Dja1r Dyaz Dyag | | ds(k)

y (k) Crs|Dy31 Dyz2 0 ug(k)
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for t > 0 and k € N. As earlier in (5.1), the signals y, y; denote measured
outputs, u, uy are control inputs and w, wy, z, z are interconnection vari-
ables; moreover, we include again a performance channel with generalized
disturbances d, dy and error signals e, e.

The involved (arbitrarily) time-varying uncertainties A and Aj; are as-

sumed to be piecewise continuous maps satisfying
A(t)e A forall t>0 and Ay(k)e Ay forall keN.

In this section we aim to design a robust output-feedback controller for
the system (5.15) such that the corresponding closed-loop energy gain is
as small as possible for all admissible uncertainties; we refer to the worst

of these gains as robust energy gain. We target at controllers of the form
(@(t)) ( “(6(1)) BC(%))) ( ot >>
u(t) ce((t)) DB(1)) \y(t) )
<xc<tk>> ( 5(0(t,)) Bs(eu,:))) (xc(tk >)
u.y (k) C5(0(t)) D3(0(t;)) (k) )
for ¢t > 0 and & € N with initial condition z.(0) € R™ and with to-be-

designed continuous describing matrices A€, B¢, etc. The interconnection
of the uncertain system (5.15) with the controller (5.16) is of the form

(5.16)

e (t) AB(t)) B(O(t) BO() \ [zalt)

2(t) | = | CO() D) Dra(0(t)) | | wlt) |

e(t) C2(0(t)) D1 (0(2)) Da2(0(¢)) ) \ dlt)

et () As(0(t;)) Bi(0(t,)) Bia(0(t)) \ fzalty))  (517)
zj(k) | = Cs(0(t)) Ds(0(t;)) DJ12(6(tk))) wy(k) |

ey (k) Cr2(0(t;)) D21 (0(t;,)) Dya2(6(t;)) /) \ dr(k)
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Figure 5.4: Block diagram of the closed-loop interconnection (5.17) of the
uncertain system (5.15) with the robust controller (5.16).

with state . := col(z, x.),

A0 B B, 0 Bs
o000 o | oo (e (oL o o
| co D Dy 0 D3 |\CeDe¢)\C3 0 |D3; D3y

Ca| D21 D22
C20/Da1 Doy 0 Dy3

and analogously defined maps A, By, etc. A block diagram of this closed-
loop interconnection is depicted in Fig. 5.4 where G, G; K and K ; refer to
the flow and jump component of (5.15) and the ones of (5.16), respectively.

The particular structure of the closed-loop interconnection (5.17) permits

us to apply Theorem 4.2 for its robustness analysis. Because we intend to
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measure performance in terms of the system’s robust energy gain, recall
that this gain is bounded by v > 0 if the closed-loop system achieves robust
quadratic performance with index (Py, Py,) := ((é _321) , ((I) _,?zI)) as
introduced in Definition 4.1.

In the sequel, all of our analysis and design criteria require only one
of the relaxations in Appendix D to render them finite dimensional and
thus numerically tractable. To this end, we suppose that we are given
suitable multiplier sets P(A) and P(A ;) as explained in Definition C.18
and corresponding to A and A ;. This leads to the following result.

Corollary 5.7 (Closed-Loop Robust Analysis) The interconnection (5.17)
is robustly stable and achieves robust quadratic performance with index
(Py, Py for all (tx)ken, with (RDT) if there exist X € C([0, Tnax], S*™),
P € C(]0, Tmax), P(A)) and Py € C([Twmin, Tmax], P(AJ)) satisfying the

inequalities

X -0, (5.182)
A B B
I 0 0
D D
2l <o (5.18b)
0 I 0
Co Dy Do
0 O I
and
A; B; Bp
X(0) 0 | I 0 0
|
0 -X C D D
ON | e BN (5.18¢)
PJJ‘ 0 I 0
'Py) | Cs2 Dy21 Dya2

0 0 I
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on [0, Tmax), [0, Tmax] and [Timin, Tmax], respectively. We denote by vops the
infimal v > 0 such that there exists a robust controller (5.16) that renders

the closed-loop analysis inequalities (5.18) feasible.

Note that, as a consequence of the underlying conservatism in our anal-
ysis result, vop¢ is in general not the optimal robust energy gain achievable
by robust controllers with description (5.16), but it often constitutes a good

upper bound.

In order to slightly simplify the exposition, we proceed under the follow-
ing assumption.
Assumption 5.8 (Additional Properties of Multiplier Sets) We assume that
any multiplier P € P(A) is nonsingular and satisfies (¢)" P (9) < 0 as
well as that the dual multiplier set P(A) := {P : P~' € P(A)} admits
an LMI representation. Moreover, we suppose that the multiplier set P(A )

has analogous properties.

Note that these assumptions are satisfied, e.g., for the concrete examples
of multiplier sets given in Remark C.19. Moreover, note that the dual

multiplier set of

:
bl -1 HT bl -1

P(A) = 0 HiH »0
—al 1 H 0 —al 1

for A :={6I : § € [a,b]} is given by

-
N 1 I I 0 H\ (I I
PA) = — H+H" >0
(4) (b—a)? (a] bI) (HT O) (a[ bI)

Since the origin is contained in A and A ; and by Assumption 5.8, we can
apply the elimination lemma C.11 in all of the upcoming design scenar-

ios. Otherwise, we would have to employ suitable perturbations ensuring
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nonsingularity and to explicitly enforce in some spots that the multipliers
(in a pointwise fashion) have the correct amount of positive and negative
eigenvalues. Note that the latter property is assured automatically at the
most relevant spots.

In particular, we obtain the following intermediate non-convex design
result by applying the elimination lemma C.11 on the analysis inequalities
(5.18). The proof follows the lines of the one of Theorem 3.8 for nominal de-
sign via elimination even if the involved multipliers P and P; not restricted
to be constant matrices. Indeed, by 0 € A and 0 € A, we can still apply
the involved Schur complement argument and employ Lemma C.13 in or-
der to construct describing maps of the controller (5.16) that are assured

to be continuous.

Theorem 5.9 (Robust Output-Feedback Controller Synthesis) Let U, V,
Uy and Vj be basis matrices of ker((B3, D{5, DJ3)), ker((Cs, D31, D32)),
ker((B s, D}13, D}y3)) and ker((Cys, D31, Dysz2)), respectively. Then there
exists a controller (5.16) for the system (5.15) such that the analysis in-
equalities (5.18) are feasible if and only if there exist functions X,Y €
CH([0, T ™), PEC((0, Tals P(A)) and Py € O[T, Ton], P(A))

satisfying the inequalities

(5.19a)

V=<0, (5.19b)
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Us0 (5.19¢)

V; <0,  (5.19d)

I 0 0
Y(0) 0 -4, =C; =Ch
0 -Y 0o I 0

|
|
} - U0 (5.19)
|
|

on [Tmin, Tmax] where
P:=pP' and P;:=P;" (5.19f)

Moreover, vopt s equal to the infimal v > 0 such that the above inequalities

are feasible.

In contrast to static output-feedback design as considered in Section 3.2,

non-convexity emerges here through the multipliers P, Py, P, P; and the
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coupling (5.19f) instead of the Lyapunov certificate X and its inverse. Due
to this non-convexity, computing ,pt or a corresponding controller is dif-
ficult in general. Subsequently, we modify the dual iteration in order to
compute upper bounds on 7., and, in particular, solve the robust output-

feedback design problem for uncertain impulsive systems.

5.2.2 Dual lteration
Initialization of the lteration

In order to initialize the dual iteration, we aim again to compute a meaning-
ful lower bound on v4p¢. Such a bound can be obtained by considering the
design of a gain-scheduled controller as in Section 5.1. Indeed, if there ex-
ists a robust controller for the system (5.15) achieving a robust energy gain
of 7, then there also exists a gain-scheduled controller (5.3) which achieves
(at least) the same robust energy gain. This just follows from the obser-
vation that the robust controller (5.16) can be viewed as a gain-scheduled
controller (5.3) with trivial scheduling functions S =0 and S; = 0.
Recall that the problem of finding a gain-scheduling controller (5.3) for
the system (5.1) can be rendered convex with design criteria as given in

Theorem 5.2. For our purposes we only need the following.

Corollary 5.10 (Gain-Scheduled Design Criteria) Suppose there exists a ro-
bust controller (5.16) such that the analysis inequalities (5.18) are fea-
sible, then there exist continuously differentiable X, Y as well as P €
C([0, Timax), P(A)), Py € C([Tinins Tmax): P(A)), P € C([0, Tax], P(A))
and Py € C([Tmin, Tmax), P(A)) satisfying the synthesis LMIs (5.19a) -
(5.19¢). Moreover, we have Ygs < Yopt With Ygs being the infimal v > 0 such
that the latter LMIs are feasible.

Such lower bounds can be good indicators for measuring the conservatism

of algorithms that generate upper bounds on some value of interest.
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As for the static design in Section 3.2, the dual iteration is initialized by
the design of a suitable full-information controller. For robust synthesis,

such a controller admits the description

u(t) = FO®)g(t), us(k) = Fs(0(t;))7s(k)

for t > 0, k € N. Here, the gains F' = (F1, F», F5) and Fy = (Fy1, Fja, Fy3)
are continuous matrix-valued maps and the input signals are given by § :=
col(z,w,d) and §;(k) := col(x(t, ),ws(k),ds(k)). Thus, these controllers
are even able to measure both uncertain signals w = Az and wy = Ajz; in
addition to the state x and the generalized disturbances d, d ;. By replacing
the measurements y,y; in (5.15) with the virtual measurements g, 7, we
can interconnect this controller with the system (5.15). This results in a

closed-loop interconnection of the form (5.17), but with the maps

A B B Ay By By
g = C D D12 and gJ = CJ DJ DJ12
Co Da1 Do Cj2 Dja1 Do

in the flow and jump component replaced by

Ap Br Bp A B B By
Grp:=|Cr Dp Dpi2|=|C D Dy|+|Dis|F
Cr2 Dra1 Drao Cy Da1 Do Dy3
—_—
=:G
and
Ajr Byjr B2 Ay By By Bys
Gir=|Cyr Dyr Dypi2|:=|Csy Dy Dpna|+|Dns|Fr,
Cirr2 Dyra1 Dyraz Cyr2 Djo1 D2 D jo3

=Gy
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respectively; the abbreviations G, G;, etc. are introduced here to save a
lot of space in the upcoming results. By Assumption 5.8, the elimination
lemma C.11 yields the following design criteria for full-information con-

trollers as described above.

Lemma 5.11 (Full-Information Controller Synthesis) There exist some full-
information gains F and Fj such that the closed-loop analysis LMIs (5.18)
with the (G,Gy) replaced by (Gr,G F) are feasible if and only if there
ezist functions Y € C([0, Trnax),S"), P € C([0, Tinax), P(A)) and P; €

C([Twin, Tmax], P(AJ)) satisfying Y >= 0 on [0, Tiax|, (5.19¢) and (5.19¢).

Main Loop

Once we have synthesized suitable initial full-information gains F', F'; via
Lemma 5.11, we can advance to the main loop of the dual iteration that

begins with the following.

Theorem 5.12 (Primal Design Result) There exists a controller (5.16) for
the system (5.15) such that the analysis LMIs (5.18) are feasible for the
corresponding closed-loop system if there exist X, Y € C*([0, Timax),S™) as
well as P € C([0, Tmax), P(A)), Py € C([Twmin, Tmax), P(Ay)) satisfying

XY
<Y Y) =0, (5.19b) and (5.19b) with (X,G, V) replaced by (Y,Gp,I)

(5.20a,b,c)

on [0, Trax] as well as

(5.19d) and (5.19d) with (X,G;,Vy) replaced by (Y,G p,I)
(5.20d,e)
on [Twin; Tmax]. Moreover, we have Ygs < Yopt < vr foryr being the infimal
v > 0 such that the above LMIs are feasible.

Proof. By strictness of the LMIs (5.20), continuity of X, X, P and Pj,
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and compactness of the intervals [0, Tihax] and [Tinin, Tmax), we can infer
that the LMIs (5.20) remain satisfied if we replace (P, Py) by (P-, Py.) :=
(P—i—s (16) 8) ,P;+¢ (I%J 8)) for some small £ > 0. Note that we then
have the strict inequality

(o) P. (I> =(o)'P <I> +el =0 forall AcA
A A
and similarly ()T Py, (AIJ) = 0 for all A; € Aj. In particular, we
still have P. € C([0,Tmax), P(A)) and Pj. € C([Twmin, Tmax), P(A)).
Next observe that the (2,2) blocks of (5.20c) and (5.20e) then imply
()P (7)< 0 on [0, Thnae] and ()T Py (7)< 0 0n [T, Tona:
respectively. By Corollary C.10, we can then conclude that P. has point-
wise exactly p positive and ¢ negative eigenvalues; we obtain analogously
that Pj. has pointwise exactly pj positive and ¢; negative eigenvalues.
This permits us to eliminate the full-information gains F' and F)y from the
LMIs (5.20c) and (5.20e) which leads to (5.19¢) and (5.19¢) for (Y, P, Py)
replaced by (Y‘l,PE_HP];). Finally, performing a congruence transfor-
mation of (5.20a) with diag(I,Y 1) yields (5.19a) for Y replaced by Y 1.
Since we still have (5.19b), (5.19d), P. € C([0, Tmax], P(A)) and Py, €
C([Tiin; Tmax), P(A)), we can apply Theorem 5.9 in order to construct
the desired robust controller (5.16). ®

The employed dual versions of Lemma 5.11 and Theorem 5.9 are given
next. They involve full-actuation gains E = (E{,Eq ,EJ)" and E; =
(E],,E]y, E]5) " as well as the maps

AE BE BE2 A B B2
Gpg:=|Cg Dgp Dpi2|:=|C D Di2|+E <C3 1263} D31>
Cg2 Dg21 Dgao Cy D21 Dao
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and
Aje Bje Bige Ay By Bj

Gieg=| Cjg Dse Djpi2 |:==| C; Dy Dji2 |+ E; (CJ3D]31 DJBQ)'
Cirg2 Dyjg21 D g2 Cr2 Dja1 D2

The elimination lemma C.11 yields the following two results.

Lemma 5.13 (Full-Actuation Controller Synthesis) There exists some full-
actuation gains E and Ej such that the closed-loop analysis LMIs (5.18)
with (G,Gy) replaced by (Gg,Gyg) are feasible if and only if there ex-
ist maps X € CY([0, Tmax],S™), Py € C([Tmin; Tmax), P(Ay)) and P €
C([0, Timax), P(A)) satisfying X = 0 on [0, Timax], (5.19b) and (5.19d).

Theorem 5.14 (Dual Design Result) There exists a controller (5.16) for
the system (5.15) such that the analysis LMIs (5.18) are feasible for the
corresponding closed-loop system if there exist X, Y € C*([0, Tinax),S™) as
well as P € C([0, Tax), P(A)), Py € C([Tinin, Tmax), P(A)) satisfying
XX .
<X Y) =0, (5.19¢) and (5.19¢c) with (Y,G,U) replaced by (X,Gg,I)
(5.21a,b,c)

on [0, Tinax] as well as

(5.19¢) and (5.19e) with (Y,G;,Uy) replaced by (X,G g, I)
(5.21d,e)
on [Tinin, Tmax)- Moreover, we have Yes < Yopt < VE for g being the infimal
v > 0 such that the above LMIs are feasible.

Theorems 5.12 and 5.14 are again nicely intertwined, in analogy of what
has been stated in Theorem 3.26 and illustrated in Fig. 3.10 in Section 3.2.
In particular, the following conceptual algorithm generates a monotoni-

cally decreasing sequence (Y¥)ren of upper bounds on Yopt and we can
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essentially make the same statements as in Remark 3.28. As pointed out
at the end of Section 3.2, we face again some compatibility issues with the
employed DLMI relaxation for numerically solving the involved synthesis
inequalities; we already proposed several initial suggestions, but leave a

dedicated investigation for future research.

Algorithm 5.15 (Dual lteration for Robust Output-Feedback Design.)

(a) Initialization: Compute the lower bound ~,s based on solving the
gain-scheduling synthesis LMIs in Theorem 5.10 and set 4% := +o00
as well as k = 1. Design initial full-information gains F' and F; from

Lemma 5.11.

(b) Primal step: Compute v based on solving the primal synthesis LMIs
(5.20) for the given gains F' and F; and choose some small g > 0
such that 4% := yp(1 +¢;) < v*~L. For v = 4*, determine X,Y and
P, P; satisfying the LMIs (5.20) and apply Lemma 5.13 in order to
design gains E and E; satisfying the dual synthesis LMIs (5.21) for
(X,Y,P,P;) = (X1, Yy~ Pt Pt

(¢) Dual step: Compute vg based on solving the dual synthesis LMIs
(5.21) for the given gains E and E; and choose some small 41 > 0
such that v**1 := yg(14+¢ery1) < 7. For v = 4**1, determine X,Y
and P, P; satisfying the LMIs (5.21) and apply Lemma 5.11 in order
to design gains F' and F; satisfying the primal synthesis LMIs (5.20)
for (X,Y,P,Py) = (X~L, YL, P~L P/ ).

(d) Termination: If k is too large or v* does not decrease any more, then
stop and construct a robust output-feedback controller (5.16) for the
system (5.15) according to Theorem 5.14.

Otherwise set k = k + 2 and go to the primal step.
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Remark 5.16 (Robust Gain-Scheduled Output-Feedback Design) It is not
difficult to extend Algorithm 5.15 to the more general and practically rel-
evant design of robust gain-scheduling controllers as considered, e.g., in
[162, 71]. For this problem, the uncertainties A and A in the description
(5.15) are replaced by diag(A,, As) and diag(A s, Ajs), respectively, with
Ay, Ajy being unknown, while Ay, A j¢ are measurable on-line and taken
into account by the to-be-designed controller. As for robust design, this
synthesis problem is known to be convex only in very specific situations;
for example if the control channel is unaffected by uncertainties [162].

An interesting special case of the general robust gain-scheduling design
is sometimes referred to as inexact scheduling [133]. As for standard gain-
scheduling it is assumed that a parameter dependent system (5.15) is given,
but that the to-be-designed controller only receives noisy on-line measure-
ments of the parameter instead of exact ones.

We emphasize that such modifications are all straightforward to handle,
due to the flexibility of the design framework based on linear fractional
representations and the employed multiplier separation techniques under-
lying Corollary 5.7. In a nutshell, these modifications amount to adding
a scheduling channel to both of the components of the underlying system
(5.15) and diagonally augmenting all synthesis LMIs with multipliers corre-
sponding to the scheduling component. The augmentation is essentially the

same as when moving from nominal controller design to robust synthesis.

Dual Iteration: An Alternative Initialization

It can happen that the LMIs appearing in the primal step of algorithm 5.15
are infeasible for the initially designed full-information gains. In order to
promote the feasibility of these LMIs, we propose an alternative initializa-

tion that relies on the following result.
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Lemma 5.17 Suppose that the gain-scheduling synthesis LMIs in Theo-
rem 5.10 are feasible and that some full-actuation gains E and Ej are de-
signed from Lemma 5.13. Then there exist some a > 0, continuously differ-
entiable X, Y as well as P € C([0, Tmax), P(A)), P € C([0, Tmax], P(A)),
Py € C([Tmin: Tmax), P(A 1)) and Py € C([Tinin, Tmax], P(A ) satisfying
the LMIs (5.21) with P in (5.21b) replaced by P, with Py in (5.21d) re-
placed by Py,

I P-P I P,-P
“ =0 and “COT ) s 0 (5.22)
P-P I P;—P; I

Note that, with a Schur complement argument, (5.22) is equivalent to
|P — P||> < @ and ||Py — P;||> < . Thus by minimizing o > 0 subject
to the above LMIs, we push the multipliers (P, Py) and (P, Py) as close
together as possible. Due to the continuity of the map M + M !, this
means that their inverses are close to each other as well. We can then design
corresponding full-information gains F' and F; based on Lemma 5.11 for
which the LMIs (5.20) are very likely to be feasible for P~* ~ P~! and
PJ_1 = ]5;1.

Remark 5.18 (a) In the case that the above procedure does not yield
gains F' and F); for which the LMIs (5.20) are feasible, one can, e.g.,
iteratively double v and retry until a suitable gain is found. This

practical approach works typically well in various situations.

(b) It would be nicer to directly employ additional constraints for the
gain-scheduling synthesis LMIs in Theorem 5.10 which promote P =
P~' and Py =~ P;' and, thus, the feasibility of the primal synthe-
sis LMIs (5.20) similarly as it was possible for static design in Re-
mark 3.29. However, as far as we are aware of, this is only possible

for specific multipliers and corresponding value sets.
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5.2.3 Example

As an illustration let us consider a »
slight modification of the flexible satel- 0
lite as considered in Chapter 3 which ﬁl ;. Instrament

originates from [53]. Recall that we em-

ployed the following model with state

T = 001(92,92, 91,91) and with exactly
known constants J; = 1, J, = 0.1,
k =0.091 and b = 0.0036:

0 1 0 0 (010
k b k b ! ~
50) T nonmon (L0 0
So) =0 0o 1 oo fd (5.23)
v k b k b
77—~ |0 g | \u()
1 0 0 0 01 0

This time, we assume instead that the constants J; and b are merely known
to be contained in the intervals [0.8,1.2] and [0.0018,0.0072], respectively.
The goal now is to design a dynamic output-feedback controller K such
that, for any possible value of J; and b, the closed-loop interconnection
with (5.23) is stable, the output v nicely follows a given piecewise constant
reference signal r despite the presence of a disturbance d, and such that
the control input v is not too large.

To this end, we consider essentially the same reference tracking configu-
ration as before and as shown again in Fig. 5.5 for convenience. It involves

the weights

0.5s + 0.433

We=1, Wa=02, Wu=01 and Wen(s)= oo
S .

and G(A) denotes the uncertain system (5.23). By disconnecting the con-

troller K from this configuration and by pulling out the uncertainties as for
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Figure 5.5: A standard weighted tracking configuration.

example explained in Section 9.2 of [178], we obtain a weighted open-loop

system that fits into the description (5.15a) with the stacked signals

() e () e () e (),

where &y, denotes the state corresponding to the weight W, with the

err

static uncertainty

A= S0 €A = 01 0 € R?x2
0b 0 d9

and for some describing matrices A, B, etc. involving a vanishing matrix

01 € 10.8,1.2] and
dy € [0.0018,0.0072] [’

D3;. In Chapter 3 we have seen that once the system’s output v can only
be measured at times tg,t1,... a standard (robust) H., design can easily
lead to undesired closed-loop behavior. Here, we suppose that the sequence
(tk)ken, satisfying (EDT) with 7' = 0.4 and instead design a corresponding

impulsive controller. To this end we express the uncertain open-loop system
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as an impulsive one of the form

x(t) A B By B3 \[z(t) x(ty) I00 0\[fz(t,)
2(t)| | € D D2 Dz ||w(t) zy(k) | [ 00 0 O] ws(k)
e(t)| | C2 Doy Doy Dos || dt) | |esk)| [ 00 0 0| dy(k) |
y(t) 0 0 (10) 0 J\u(t) ys(k) C30D3,0/\ uy(k)

w(t) =Az(t) and w;=0-2z;.

This description involves several redundant signals to emphasize that it
constitutes a special case of the generic one in (5.15). In particular, we
can apply the dual iteration as summarized in Algorithm 5.15 in order to
determine an impulsive controller with the desired properties.

Before doing so let us demonstrate that neglecting the uncertainty A
and designing a controller for the much simpler nominal system, i.e., for
the unknown A replaced by (3, 36 ), can lead to poor performance if the
true parameters deviate from their guessed nominal values. In this case
we can design a controller by applying Theorem 3.8 and, in particular, by
means of solving a single convex optimization problem. Several simulations
of the interconnection of this controller and the uncertain system (5.23)
for some reference r, some small random disturbance d and for several
values of A € A are shown at the top of Fig. 5.6; here the signals with
subscript 'nom’ denote the response of the nominal system. As expected, we
observe that the tracking capabilities are fine for the nominal system, but
deteriorate in the presence of uncertainties. In fact, if we were to increase
the size of A a bit, then there are uncertainties A € A for which the
closed-loop is not even stable anymore.

The same simulation is shown in the middle of Fig. 5.6, but, this time,
the controller is designed via the dual iteration and explicitly takes the
presence of uncertainties into account. We observe a much better tracking

behavior and also a less aggressive control input for all of the samples A.
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Figure 5.6: Some reference r and closed-loop responses of the uncertain
system (5.23) for several instances of A € A with a controller
designed for the nominal system (top) and two robust controller
as obtained from the dual iteration (middle and bottom). The
controller at the bottom has its output constrained to be piece-
wise constant.

Let us finally note that it is by now straightforward to include the ad-
ditional constraint on the controller that its output is piecewise constant.
Applying the dual iteration for this situation yields another robust impul-
sive controller and a simulation of the closed-loop response as depicted on
the bottom of Fig. 5.6.
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5.3 Summary

In the first part of this chapter, we consider the problem of convexifying the
design of gain-scheduled output-feedback controllers for impulsive systems
modeled in terms of LFRs and affected by on-line measurable parameters.
We begin by considering arbitrarily time-varying parameters and derive
Theorem 5.2, which constitutes an extension of the criteria in [139] from
non-impulsive systems to impulsive ones. Afterwards, we consider piecewise
constant parameters and establish Theorem 5.5 which relies on combining
Theorem 4.6 and Lemma 4.9 for the underlying closed-loop robust anal-
ysis. In particular, it evolves around dynamic IQCs with impulsive filters
admitting a state resetting property and D-G scalings along with a dedi-
cated extension of those scalings. Theorem 5.5 has been published by the
author in [83] and a related preliminary version involving D scalings is
given in [81]. Related results that merely apply to non-impulsive systems
are found in [145], but rely on an extension that is numerically much more

intricate and susceptible to numerical errors.

In the second part of this chapter, we show how to employ the dual
iteration for synthesizing robust output-feedback controllers for uncertain
impulsive systems. This can be viewed as a generalization of the results in
Section 3.2 on nominal static output-feedback design and relies on the use
of static filters for the underlying closed-loop robustness analysis. We pub-
lished the corresponding algorithm for non-impulsive uncertain systems in
[85] since even this specialization is of tremendous practical relevance. Re-
lated (heuristic) approaches for uncertain impulsive systems usually rely
on variations of the D-K iteration as, e.g., in [26], even though this method
is known to be not very efficient. For non-impulsive systems there are effi-
cient alternatives that completely avoid solving LMIs such as hinfstruct
[9] or hifoo [27], but these merely apply to few classes of uncertainties and

they are not amenable for generalizations to impulsive systems.
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We also stress that the proposed variant of the dual iteration general-
izes in a straightforward fashion to the interesting problem of synthesizing
robust gain-scheduled output-feedback controllers. For non-impulsive sys-
tems, several specializations of this general problem that admit a convex

solution are found, e.g., in [160].






Conclusions

In this thesis we provide the essentials for a systematic analysis and design
framework for linear impulsive and related hybrid systems with dwell-time
constraints. Conveniently, this framework is in various ways analogous to
the one for non-impulsive systems based on integral quadratic constraints
(IQCs). The latter is capable to accurately handle such systems even in the
presence of numerous and diverse uncertainties in an efficient fashion, and,
therefore, is acknowledged by practitioners particularly from the aerospace
industry. The most important ingredients of the proposed framework can

be summarized as follows:

« Specifically tailored nominal analysis criteria as developed in [18] and
as elaborated on in Chapter 2 which rely on Lyapunov arguments
and the introduction of a clock to capture the impulse instants char-
acterizing the considered hybrid systems. As illustrated in Chapter 3,
the particular structure of these criteria permits us to design impul-
sive output-feedback controllers for impulsive open-loop systems in

terms of convex optimization. This is achieved by carefully adjusting
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available design tools for non-impulsive systems and by employing
suitable DLMI relaxations.

e A genuine generalization of the notion of finite-horizon IQCs with
terminal cost as proposed in [148] for systematically analyzing uncer-
tain non-impulsive systems which we introduce and discuss in Chap-
ter 4. In particular, our time-domain formulation paves the way for
extending various robust analysis results from the rich body of the

IQC literature to uncertain impulsive systems.

e A convex solution to the gain-scheduled controller design problem for
impulsive systems and an extension of the dual iteration for designing
robust output-feedback controllers for uncertain impulsive systems in
an iterative fashion as provided in Chapter 5. The former is expected
to facilitate convexifying several of the related synthesis problems
considered in [160] in the context of hybrid systems such as the

design of robust gain-scheduled estimators.

We illustrate the flexibility of the proposed framework by demonstrating
how to apply it, e.g., for switched, sampled-data and networked systems,

and support most of the presented results by numerical examples.

Despite the title of this work, which is admittedly somewhat provocative
since there is always room for improvements, there are several (technical)
issues and challenges that are recommendable for future research. We high-
light the ones that are expected to enhance the proposed framework the

most.

¢ Most IQC based analysis and design criteria rely on numerically solv-
ing LMIs which is expensive or even prohibitive for large systems and
if employing standard semidefinite programming solvers; this is the
case for non-impulsive systems and is naturally even more delicate for

impulsive ones since we are required to solve inherently larger LMIs
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resulting from DLMI relaxations. Hence, there is a strong need for
numerically stable and fast LMI solvers that can be parallelized and
which exploit the particular structure of optimization problems faced
in control; currently, there are only few algorithms with the latter
trait and most of them only apply to analysis problems. Moreover,
there is a lack of suitable preconditioning techniques which can also

help for dealing with large systems.

As an alternative to the underlying clock based nominal analysis cri-
teria, it could be interesting to analyze the feedback interconnection
of linear systems with an impulsive component by means of suitable

I1QCs.

As mentioned at the end of Section 3.2, we face some compatibility
issues of the dual iteration with the employed DLMI relaxations.
We have proposed several initial measures to produce relief, but we

believe that a dedicated investigation would be fruitful.

So far robust output-feedback design with the dual iteration relies on
the use of static multipliers in the underlying IQC analysis criteria. It
is well-known that dynamic multipliers can be much less conservative
than static ones. Hence, incorporating those into the dual iteration

is expected to be very beneficial.






Appendix






Explanation of Symbols

Basics and Matrices

Nonnegative integers are usually denoted by i, j, k,l,m,n,p,q and N.

Sometimes e is some unspecified but fixed nonnegative integer.

Z7 Na NO

R, C
K

Re(z), Im(z), z
C,, C¥

Rn, cn

nxm nxm
R*xm, C

Set of integers, of positive integers and of
nonnegative integers.

Set of real and complex numbers.

Stands for either R or C. Its meaning does not
change within theorems and other statements.

Real part, imaginary part and complex conjugate of
zeC.

{z € C|Re(z) 00}, CoU{oo} for o € {<, <, =,>,>}.
Vector space of real, complex n-tuples with
standard Euclidian inner product (-, ), norm | - ||
and standard unit vectors eq,...,e,.

Vector space of real, complex n X m matrices with

induced norm || Al| := sup, =1 [|Az].
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Appendix A Explanation of Symbols

S, H”

Set of real symmetric and complex Hermitian n x n

matrices.

Let Ae C"*™ B e CP*Y and M,N € C™**".

I

AT, A*

M1

ker(A), im(A)
trace(M), det(M)
eig(M)

M~ N

M <N

M =N

M<N

A®B
diag(Al,. .. ,AN)

col(Ay,...,AN)
He(M)

Function Spaces
Ly,

mn
2e

Identity matrix.

Transpose and conjugate transpose of the matrix A.
Inverse of the square and nonsingular matrix M.
Kernel and image of the matrix A.

Trace and determinant of the matrix M.

Set of eigenvalues of the matrix M.

M =M* N=N*and M — N is positive definite.
M =M* N =N*and M — N is negative definite.
M=M* N=N*and M — N is positive
semidefinite.

M = M* N=N*and M — N is negative
semidefinite.

Kronecker product of A and B [see 87, P. 239 -287].
Block diagonal matrix with matrices A;,..., Ay on
its diagonal.

= (A],...,A§)T for matrices Ay, ..., Ay with the
same number of columns.

=M + M*.

Set of locally square integrable functions from
[0,00) to R™.

Set of locally square summable sequences with
elements in R”.

= {m: [0,00) — R™

| = ([2°(t) Ta(t) dt)? < ).
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& = {@oken | ol = (T3, 20 Ta(0) * < oo}

RH", RLL" Set of real rational proper m x n matrices without
poles in the extended closed right half-plane
(imaginary axis) equipped with the maximum norm
G loe = max,semooy Gl

C(X,Y), CH(X,Y) Set of continous, continously differentiable functions
from X to Y with normed spaces X and Y. In this
work X is usually a closed interval and we consider

one-sided derivatives at its boundaries.

Miscellaneous

e For a normed space Y, a function f : [0,00) — Y and ¢t > 0 we
let f(t7) := lim, ~ f(s) denote the limit from below once it is well
defined. For notational simplicity we further set f(07) := f(0).

¢ Objects, that can be inferred by symmetry or are not relevant, are
indicated by the symbol “e”. For example, we frequently abbreviate

the expressions

ATMA and A B as (¢)'MA and A B ,
BT D ()7 D

respectively.






Abbreviations

ARE
ARI
DLMI
EDT
FDI
IQC
KYP
LFT
LFR
LMI
LPV
LTI
MDT
RDT
SOS

Algebraic Riccati Equation
Algebraic Riccati Inequality
Differential Linear Matrix Inequality
Exact Dwell-Time

Frequency Domain Inequality
Integral Quadratic Constraint
Kalman Yakubovich Popov
Linear Fractional Transformation
Linear Fractional Representation
Linear Matrix Inequality

Linear Parameter Varying

Linear Time Invariant

Minimum Dwell-Time

Range Dwell-Time

(Matrix) Sum-of-Squares






Manipulation of Linear

Matrix Inequalities

It is by now well-known in the control community that a multitude of diffi-
cult engineering optimization problems can be translated into or effectively
approximated by linear matrix inequality (LMI) problems [16, 149]. How-
ever, such a transition, i.e., the required manipulation of the underlying
problem, can be intricate and not obvious. In this chapter, we summarize
several highly useful tools for (algebraically) manipulating matrix inequal-

ities and, in particular, for generating LMIs problems.

C.1 Linear Matrix Inequality Problems and

Basics

Let us begin by providing the canonical description of LMIs and of the
corresponding LMI problems as also given, e.g., in [16, 149]. To this end,
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we employ mostly standard notation from linear algebra! as recalled in
Appendix A.

Definition C.1 Let F : R® — S™ be an affine map and ¢ : R™ — R be a

linear function.
o An LMI is an expression of the form F(x) < 0.

o An LMI feasibility problem amounts to testing whether there exists
some (decision) variable z € R™ such that F(z) < 0 holds. The LMI
F(z) < 0 is said to be feasible if the result of the latter test is in the

affirmative.

e An LMI optimization problem constitutes the minimization of the
cost function c(z) over all decision variables x € R™ that satisfy
F(z) 5 0.

LMI optimization and feasibility problems are special cases of convex
semidefinite programs (SDPs), which can be viewed as generalizations of
linear programs (LPs); both, SDPs and LPs are extensively discusses in
[17]. Thereby convexity plays a crucial role as it allows us for example
to conclude that locally optimal solutions are also globally optimal. In
particular, LMI problems can efficiently be solved if the problem size, as
determined by the dimensions n and m, is not too large [17, 16]. Some
of the commonly used numerical solvers are LMIlab [55], SeDuMi [155]
and Mosek [113], but nowadays there are many more available. As for any
other optimization problem, it is recommended to pick a solver that takes
as much properties of the underlying problem into account as possible.

In most control applications, one faces strict LMIs F(z) < 0 with partic-

ularly structured maps F such as in the following well-known basic result.

IWorking with LMIs requires some basic background in linear algebra. The books
(86, 87] are particularly interesting in this context and provide much content beyond
what is mandatory.
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Lemma C.2 The matriz A € R™ ™ is Hurwitz, i.e., all its eigenvalues

are located in the open left half-plane, if and only if there exists a matriz
X € S" satisfying X = 0 and ATX + XA <0.

This result involves an LMI described by the map F : S" — §27, X
<_OX AT XO+ ¥ A). We recover the canonical LMI description by choosing a
basis (E4,..., E,.) of S™ and expressing any X € S™ as linear combination

of the basis elements. Indeed, for X = 25:1 x;E;, this yields

F(X)=F ix]—Ej = F(0) + iij(Ej) =: F(x).
J=1 J=1

Naturally, it is not very efficient to utilize the canonical LMI description
for such situations and most solvers try to exploit the available structured
descriptions.

Note that even when facing non-strict LMIs F(x) < 0, it is recommended
for numerical reasons to render these inequalities strict by introducing some
small € > 0 and to consider the LMI F,(z) := F(x) + eI < 0 instead. This
stems from the observation that a numerically determined optimizer z*
of some cost subject to F(z) < 0 might, due to numerical errors, merely
satisfy F'(z*) < €I for some small £ > 0 depending on the employed solver’s
accuracy. Exactly the same might happen if we replace F' by F¢, but in the
latter case we have F'(z*) = F.(x*) — el < €I — eI which is fine if € > £.

Finally, we will in some situations deal with complex matrix inequalities,
but these can equivalently be expressed as inequalities involving only real

matrices based on the following immediate result.

Lemma C.3 Suppose that A = X +1iY € C**™ with X and Y € R"*™,
Then A < 0 if and only if (); _g) < 0. Analogous statements hold for
((>; 7)’ ((_< »” and ((} 77'
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Proof. We only show necessity as sufficiency follows from reversing the
arguments. Since A is Hermitian, we have X +iY = (X +iV)* = X " —iY "
and hence X = X as well as Y = —Y 7. This yields

L) =03

and thus 2" ( ¥y ¥ ) 2 = 0 for all z € R?". Then we conclude

() {)() () (60
( ) i) (e (1 i) () — () Al i) 0

for all u,v € R", i.e., negative definiteness of (); _XY). L

In order to directly cover the real and complex case, we denote by the
set K either R or C.

C.2 Schur Complement

The Schur complement is an elementary and very powerful tool in many
practical and theoretical fields with a surprisingly large number of inter-
esting applications [175, 17].

Definition C.4 (Schur Complement) Let M = (4 B) € K(ntm)x(ntm) ff
A is nonsingular then D — CA™'B is the Schur complement of A in M,

and if D is nonsingular then A — BD~'C is the Schur complement of D
in M.
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Both Schur complements appear as a result from performing a single

block Gaussian elimination. Indeed, we have

I 0\(A B\ (A B
—ca''1)\c p)] \o D-cA-'B
I -BD™'\ (A B\ (A-BD™'C 0
0 I c D] C D

if A and D are nonsingular, respectively. Many interesting results can be

inferred from this identity, but we only need and state two of them. The

and

first is easily obtained by taking the inverses.

Lemma C.5 (Block Inversion) Let M = (4 B) € K(ntm)x(n+m)  Then the
following statements hold.
(a) If A is nonsingular, then M is nonsingular if and only if D—CA~'B

s nonsingular.

(b) If A and Sy := D — CA~'B are nonsingular, then we have

[y A"t —AT'BS,! I 0
0 Syt ~CA™' T

_ [AT'+ATIBSTCATY —ATIBS)!
a —StcA? Syt '

(c) If D is nonsingular, then M is nonsingular if and only if A—BD~1C

s nonsingular.
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(d) If D and Sp := A — BD~1C are nonsingular, then we have

[y S5t 0 \(I -BD!
\-D7'cspt pY)\o T

B Syt ~S;'BD!
- \-D'cspt D'4D'CS;'BD)

In the case that the matrix M = ( é“* g) is Hermitian and either A or
D is nonsingular, then M can even be rendered block diagonal based on a

congruence transformation?. This leads to the following result.

Lemma C.6 Let M = (g‘* g) € Kntm)x(n+m) po Hermitian. Then the

following statements are equivalent.

(a) M = 0.
(b) A=0and D— B*A™'B ~ 0.

(¢c) D=0 and A— BD™'B* - 0.
Analogous statements hold for “>~" replaced by “<”.

The proof of Lemma C.6 is an immediate consequence of the following

result that is, e.g., found in [86] and also highly useful for our purposes.

Lemma C.7 Let A be a Hermitian matrix and T be nonsingular. Then the
matrices A and T* AT have exactly the same number of negative, zero and

positive eigenvalues.

A more general version of Lemma C.6 involving nonstrict inequalities
and potentially singular matrices A and D can be found in [17, Appendix
A], but the above version is sufficient for our purposes. An important conse-
quence is the following lemma which is for example exploited in the design

of H,.-controllers.

2@iven a Hermitian matrix A and some nonsingular matrix 7', then the map A — T* AT
is called a congruence transformation.
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Lemma C.8 (Linearization Lemma) Let V, S, T be real matrices of appro-
priate dimensions and let Q, U, W be affine real matriz-valued functions.

Then testing the existence of some x such that

.
14 Q(x) S v
Ulz) =0 and (W@)) (ST TU(x)—lTT> (W@:)) <0

is an LMI feasibility problem.

Proof. The second inequality reads as
VIQ@)V +VISW(x)+W(z)' STV +W(z) " TU(z)*TTW(z) < 0.

By Lemma C.6, the first and second inequality are equivalent to

VIQ@)V+VTISW(z)+W(x)'STV W(z)'T <0
TTW(z) ~U(z) '

It remains to observe that the term on the left hand side is affine in . @

C.3 Dualization Lemma

The so-called dualization lemma plays a key role in many controller design

approaches.

Lemma C.9 (Dualization Lemma) Let A € KPT9x4 B c KPtoxr p =
P* e KPtax®+9) gnd suppose that (A, B) and P are nonsingular. Further,
let U and V' be basis matrices of ker(A*) and ker(B*), respectively. Then
the inequalities A*PA < 0 and B*PB = 0 are equivalent to U*P~'U > 0
and V*P~1V < 0.

A proof of a more general version is provided, e.g, in [149]. The proof

relies on a corollary of the so-called min-max theorem of Courant and
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Fischer as found, e.g., in [86, Theorem 4.2.11]. Since this corollary is very

useful for our purposes, it is repeated here.

Corollary C.10 Let P be a Hermitian matriz and let U be a subspace of

dimension k satisfying
z*Pr >0 forall xeU\{0}.

Then P has at least k positive eigenvalues. Analogous statements hold for

the inequalities “>7, “<” and “<”.

The dualization lemma is most typically applied in the case that A =
(IP) and B = (I(l) for some matrix W € K?%P. Then Lemma C.9 states

w
<1p>p<fp><o and (0>p<0)¢0 e
W W I, I,

are equivalent to

W p (W =0 and L) p-i(Ir
I, I, 0 0

for any nonsingular Hermitian matrix P. Note that if both inequalities in

0

A

(C.1) are strict, Corollary C.10 allows us to conclude that P has exactly p
positive and g negative eigenvalues, which implies that P is nonsingular.
There are some variants of the dualization lemma that we do not need.
We just mention the so-called partial dualization which is used, e.g., in
[143] to show that robust controller synthesis is convex for systems without

control channel uncertainties.
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C.4 Elimination Lemma

Very often one wishes to reduce the number of decision variables appearing
in LMI problems or aims to eliminate variables that enter the appearing
matrix inequalities in a non-convex fashion. This is possible based on the
following elimination lemma which is a very powerful tool to turn several
apparently non-convex controller design problems into convex LMI feasi-

bility problems.
Lemma C.11 (Elimination Lemma) Let U € K™, V € K**P, W € K9*P,

P e Ketaxwt+ad) gnd suppose that P is nonsingular and Hermitian with
eractly p negative eigenvalues. Further, let U, and V| be basis matrices
of ker(U) and ker(V), respectively. Then there exists a matriz Z € K**

satisfying
I I
r P b =<0 (C.2)
U*zv +w Uuzv+w

if and only if

L\ (I ) —W
Vvil?) P[P|VL.<0 and U} P! Uy >~ 0.

w w I, I,
(C.3a,b)

Note that we make use of the standard convention that U, is an empty
matrix if ker(U) = {0}. In this case there exists a matrix Z satisfying (C.2)
if and only if (C.3a) holds. The case that ker(V) = {0} holds is treated
analogously.

We give here a full proof of the elimination lemma since it provides a
scheme for constructing a solution Z € K"** if it exists. The original proof
is found in [72].

Proof. “Only if”: Multiplying (C.2) with V| from the right and its con-
jugate transpose from the left leads immediately to (C.3a). By (C.2) and
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since P is nonsingular with exactly p negative eigenvalues, we also find a
matrix B such that (A4, B) is nonsingular for A := (U*ZI{,’JFW) and such
that B*PB = 0. Applying the dualization lemma C.9 yields then

(—(U*ZIV + W)*>* et (—(U*Z}/ + W)*) o

and hence (C.3b) by multiplying U, from the right and its conjugate trans-
pose from the left.
“If”: By the singular value decomposition, we can find unitary matrices

W, W, and nonsingular matrices T,,, T,, such that

I, O I 0
U=T,| " Wy and V=T,(" W
0 Oo><q2 0 O'sz
N——— N———

=U =V

With this decomposition we can express U; and V| more concretely as
W ( 122 ) X, and W, ( 122 ) X, respectively, for some nonsingular matrices
X, and X,,. Let us now transform the remaining matrices accordingly as
P := (&)* Pdiag(W,, W,)), W = WWW, and Z := T*ZT, with a to-be-

determined matrix Z. Further, we define the matrices

0px X
IL\(I P I —W*
R=|l 2l ™| I, , S=[(7 0 and T:= w 0
WJ\ 0 W I\ 1, 1, Iy,
OQ2 Xq1

that are elements from K@ToOx®i+a) KE+a)xp2 apd KP+)xa regpec-

tively. Then we have by elementary computations

I L\, X L\ . (1
P = (RS for Zyo="") Z[ ™),
U2V + W Zn) 0 0
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and (C.3) is equivalent to
S*PS <0 and T*P7'T 0.

Moreover, (C.2) holds if and only if

ot () - () @
U2V + W SPR(ZM) S*PS

By S*PS < 0 and the Schur complement, this inequality is equivalent to

L.\ /.- L N
% (R*PR - R*PS(S*PS)*S*PR) ) <00 (+1)
Z11 Z11

Let P now be the inner matrix in (1) and let in_ (M) denote the number
of negative eigenvalues of any Hermitian matrix M?.

Next we show that in_ (P) = p;. If this holds, there exists (2 ) e KexP
with ()*P(7!) < 0. We can for example choose (7!) = (vi,...,vx,)
with vy1,...,v,, being orthonormal eigenvectors corresponding to the p;
negative eigenvalues of P. Via a small perturbation of Z; if necessary, we
can ensure that Z; is nonsingular and that ()*P (2) =< 0 remains valid.
Then (1) holds for Zy; = ZoZ; ! and Z := T, * (Zu ) T, ! is a solution
of (C.2) for any choice of the e matrices.

Indeed, applying the Schur complement yields, for @ := (R, S),

, .a\ . (RPR RPS\ - .
in_ (Q PQ) =in_ (S*PR S*pS> =in_(P)+in_(S*PS).

3For a Hermitian matrix M, the ordered triple in(M) := (iny (M), ing(M),in_(M))
where iny (M), ing(M) and in_ (M) denote the number of positive, zero and negative
eigenvalues counting multiplicity, respectively, is referred to as inertia of M [86, page
221]. We need the following two properties:
If M is Hermitian and T is nonsingular, then in_ (T*MT) = in_ (M).
If M is Hermitian and nonsingular, then in_ (M) = in_ (M ~1).
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By S*PS < 0 and S*PS € KP2*P2 we get
in_(P)=in_ (Q*ﬁ’Q) — pa.

Next, one can show, e.g., via a permutation and a block Gaussian elimina-

tion, that the matrix (T, Q) is nonsingular. By Gram-Schmidt, we can then

find an unitary matrix (7,Q) with im(7) = im(7) and im(Q) = im(Q).

Let us define (4 B) := (¢)*P~1(T,Q) and note that A = T*P~'T is

positive definite by the choice of 7" and by T*P~T = 0. Then the Schur
complement and the properties of in_(-) imply

in_(P~')=in_(A) +in_(D — B*AB) =in_((D — B*AB)™").

Next, we can apply the block-inversion formula as A is nonsingular:

A B\ o (4 0 B
= (e .
B* D 0 D—B*A-'B] \-B*A~' T

Since (1", Q) is unitary, this leads to

Q'PQ = ()P (T Q) (?) — (o) ( . ﬁ) ) @ — (D - B*AB)™!
and, thus,
in_(P)=in_(P~')=in_((D - B*AB)™!) = in_(Q*PQ) = in_(Q"PQ)
by the choice of Q. Finally, we can conclude

in_(P)=in_(Q°PQ) —ps=in_(P)—pr=in_(P) —p2=p—pa =1

as claimed. L
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Unfortunately, it is in general not possible to enforce structural con-
straints on the matrix Z in (C.2). This prevents the application of the
elimination lemma, e.g., in multi-objective control problems. There are few
exceptions such as the one in [144] involving a variant with a block trian-
gular matrix Z.

By considering the special case P = (? é) and W = 0 for some Her-
mitian matrix ), we recover a more common version of the elimination
lemma which we refer to as projection lemma in order to distinguish both

results. Another constructive proof of this result can also be found in [54].

Lemma C.12 (Projection Lemma) Let Q@ = Q* € K91, U € K"*? and
V € K**? be given. Further, let Uy and V| be basis matrices of ker(U)
and ker(V'), respectively. Then there exists a matriz Z € K"** satisfying

Q+UZV +V*Z*'U <0

if and only if
UIQUJ_ <0 and VJ_*QVJ_ < 0.

The elimination and projection lemmas can not only be used to remove
variables, but also to artificially add new variables. Such an application can
be beneficial if one has to constrain some of the variables, e.g., in order to
ensure convexity. Indeed, it is typically possible and much less conservative
to constrain the artificially added variables instead of the original ones. The
whole book [46] illustrates and elaborates on this idea.

Note that for V' = I, the projection lemma can be shown to be equivalent
to a variant of the so-called Finslers lemma [52]; the proof involves another
Schur complement argument. Moreover, note that there are some robust
versions of the projection lemma provided in [38] involving parameter de-
pendent matrices @, U and/or V and a parameter independent matrix Z.

Unfortunately, they are not very practical for our purposes.

Instead, we will make use of the following nonstandard variant that in-
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volves continuous matrix-valued functions instead of matrices.

Lemma C.13 (Projection Lemma) Let Q€ C([a,b],S?), U e C([a,b],R"*9),
V € C(la,b],R**?) and suppose that there exists a pointwise nonsingular

continuous map S = (S1, Sa, S, Sy) with the property that, for all T € [a,b],

S3(7), (S1(7),S3(7)) and (Sa2(7), S3(7)) are basis matrices of
ker(U(7)) Nker(V (7)), ker(U(r)) and ker(V(r)), (C.4)

respectively. Then there exists a function Z € C([a,b],R"*®) satisfying
Q+UTZVv4+VTZTU<0 on |[a,b] (C.5)
if and only if
U'QU, <0 and V/QV. <0 holdon [a,b]; (C.6)

here, U, = (51,53) and V| = (Sa,53).

Admittedly, the technical condition (C.4) is difficult to verify for gen-
eral maps U and V, but it is exactly what we need for the construction
of a continuous function Z satisfying (C.5). Fortunately, in most of our
applications we are able to construct a map S satisfying (C.4) due to the
particular structure of the emerging maps U and V. In particular, note
that if U and V' are constant functions, then it is a standard linear algebra
problem to construct a suitable matrix S.

In order to prove Lemma C.13, we carefully modify the one of the stan-

dard projection lemma C.12 as given in [54].

Proof. We only have to show “if” since “only if” follows immediately. Note
at first that by employing the standard projection lemma C.12 in a point-
wise fashion and without additional care, we can construct a function Z

satisfying (C.5), but this functions might be discontinuous. An application
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of the standard projection lemma C.12 together with the continuous se-
lection theorem from [110] or with the findings from [14] guarantees the
existence of a continuous map Z satisfying (C.5), but the latter do not
provide means to construct this map. Hence, we need some extra work for
its construction.

To this end, observe that a pointwise congruence transformation of (C.5)
with S leads to the equivalent LMI

STQS+(US) ' z(VS)+(VS) ZzT(US) <0 on [a,b]. (x1)

Here, US and V'S have the structure (0, Uz, 0,Uy) and (V1,0,0, V4), respec-
tively, where (U, Uy) as well as (V1, Vy) have pointwise full column rank.

In particular, we have

0 0 00 O
Uy X901 00 Xoy

UHT'zwvs)y=1 2 z(v,oov,) =

ws) z(vs)= |21 z(vioowi)= |7 7
U/ X141 00 Xyq

.
for X = (32 %2) = (U2 Us) Z(Vi Va). With P i= STQS parti-

tioned accordingly, (1) reads then as

Pry Py + X5, Pi3 P+ X/,
Py + Xo1 Psy Pa3 Poy + Xoy4

Py Psy P33 P3y
Py + Xa1 Pi+ X3, P43‘P44+X44+X4T4

<0 on [a,b]. (x2)

Next, note that the hypothesis (C.6) read in terms of P as

P P Py P
) 20 and 20220 on [ab).
P31 P33 P33 P33
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Thus we infer
P33 <0, Py — P3Py P3y <0 and Pay — Py3Py' Pso <0 on [a,b]
by the Schur complement C.6. Let us now choose the continuous function
Xo1 : 7+ Pao(7) " Pas(7) " P31 (1) — Pay(7)

and observe that this choice renders the marked 3 x 3 block in (*2) negative

definite. Indeed, by the Schur complement this is equivalent to

Py o) Py3 _
- ) - P! (P31 P32)
Po1 4+ X1 Pao Pos
_ <P11 — Pi3Pg' Py 0 )

0 Pyy — Pa3 P! Psy

on [a,b] which is true by assumption. Next, we note that (x2) is satisfied

for the constant matrices
X41 = 0, X24 =0 and X44 = —al

if we choose a > 0 sufficiently large. Indeed, this is a consequence of the
Schur complement, continuity of all involved functions and compactness
of [a,b]. It remains to recover a continuous map Z from the constructed
continuous map X. This is achieved by recalling that the (7-dependent)
matrix equation (U2 U4)TZ <V1 IQ) = X can be expressed with the

vectorization of matrices and the Kronecker product as

((Vl ‘/4)T ® (Ug U4>T) vec(Z) =vec(X) on [a,b].

Let us denote the matrix-valued map on the left hand side by A and recall
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that A(7) has full row rank for all 7 € [a, b] by construction. This permits us
to construct the desired continuous matrix-valued function Z by collecting

its entries from the continuous function
vee(Z) (1) := A(T)T(A(T)A(T)T)_IVQC(X(T)) for 1€ [a,b]

and finishes the proof. ®

C.5 Matrix Extensions

After an application of the elimination lemma to remove decision variables,
we often observe that several sub-blocks of the matrices P and P~! in
(C.3) are canceled. Since one usually aims to reconstruct the eliminated
variables later on, it is required to extend these sub-blocks of P and P~!
to the original matrix P that satisfies (C.2).

The most well-known result on matrix extensions in the control literature
is the following because it plays an important role, e.g., in the design of
dynamic output-feedback H.-controllers. It is also not difficult to proof

by applying the Schur complement as well as the block inversion formula.

Lemma C.14 Let X and Y be matrices satisfying (5 L) > 0 and choose
nonsingular matrices U and V satisfying I = Y X + VU*. Note that a
possible choice is V =Y and U =Y~ — X. Then the matriz

P X U
U -v-yu

satisfies X = 0, X = (X ) and X~1 = (¥ 2).

In a similar fashion one obtains the following result.
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Lemma C.15 Let X and Y be matrices with X +X* =0 and Y +Y* = 0.

Then the nonsingular matrix

P X X-Y!
CT\X+Yr X4y
satisfies X + X* =0, X = (X ¢) and X1 = (Y 2).

More challenging is the follow result that is employed, e.g., for the design
of gain-scheduling controllers and when working with so-called full-block

multipliers.

Lemma C.16 Let P = (3 ;) and P = (SQ i) be matrices in HPT with

<D> P<D><O and (IP>P<IP>>0 (C.7)
I, I, -D* -D*

for some matriz D € KP*9 and such that P as well as P — P~ are non-

singular. Moreover, let A be a subset of K9P such that additionally

L\ (1 A\ L —a
Pl PP =0 and P <0 hold for all A € A.
A A I, I,
(C.8)
Then there exist pa, q2 € N with ps + g2 = p+q, a nonsingular matriz P €

HP+r2)+(a+a2) with ezactly g + go negative eigenvalues and a continuous

function A, : A — K92%P2 gych that

Q oS e Q oS e I, 0
| |
p=|t%" -t conte and (e)*P O >0
S* .:R. S* .:R. A 0
e oo e o oo e 0 A(A)

holds for all A € A.
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This result is an extension of the one found in [139] since we neither
require 0 € A nor that (C.7) is satisfied for D = 0. The result from [140]
is even more general since it does not require (C.7) at all, but the obtained

inequality in (C.9) is structurally different in this case.

Proof. For some fixed Ay € A, we define Z := (g), 7= (i’;) as well as

N:=(P-P Y'Y, M:=N—-Z(Z*PZ)"'Z* and M:=N—-Z(Z*PZ)"'Z*.

Moreover, let po = in_ (V) and g2 = iny () denote the number of negative
and positive eigenvalues of N, respectively. Since N is nonsingular with
P+ q columns, these numbers indeed sum up to p+ ¢q. Next, one can pick a
nonsingular matrix T' = (T}, Ty) € KP+a)x(P2442) sych that the inequalities
TyMTy < 0 and Ty MT; = 0 hold. Indeed, we have

N A

in_.(M)+in_(Z*PZ) =in_
zZ* Z*PZ

> =in_(N)+in_(Z*P~'2)

by the definition of N and by the Schur complement C.6. By (C.7) and
the dualization lemma C.9 we have in_(Z*PZ) = in_(Z*P~'Z) and thus
in_ (M) = in_(NN) = p2 which implies the existence of a matrix T» with
the claimed properties. Analogously, we find a suitable matrix 77 and can
ensure nonsingularity of T' = (77, T») with a small perturbation if necessary.

Then we define the matrix

. P T
P =
<T* T*N T)
which satisfies

75—1:<P .>, (o)T75<Z 0)<0 and (o)T75<Z 9>>0
o o 0 Zs 0 Z



236 Appendix C Manipulation of Linear Matrix Inequalities

for Zy = (132 ) and Z = (1162 ) by another Schur complement, (C.7), (C.8),
Ty MTs < 0 and by Ty MT; > 0. Finally, a permutation of P results in a
matrix P with the desired properties.

Since P satisfies the requirements for pointwise applying the elimina-
tion lemma C.11, we can find a function A, : A — K%*P2 gatisfying the
inequality in (C.9) for all A € A. However, this function might be not
continuous. Instead, we construct a continuous function A, as follows. Let

A € A be fixed. By construction and by the elimination lemma we have

(o)*P (?) <0 and (e)*P (AI > =0

for D = diag(D,0) and A, = diag(A, A,) for some A, € K®2*P2. Let us
now partition the transformed matrix P := (¢)*P (;P) =: (£5) and
observe that we have R < 0 as well as

o (TN _aen (T P\ (1) _ oyp (I DA
(e ) L) ()

Since I — DA, = diag(I — DA, I) is nonsingular, the latter inequality is

equivalent to

of I O AV
0 < ()P <Ae(I—DAe)‘1> = (o)*P (A) = Q+8A,+(0)* +AIRA,

with A, := diag(A, A,) and A := A(J — DA)~L. Tt remains to note that

the latter inequality is equivalent to

Q-SR-S R-1s* + A, o
(o) -R™!
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by the Schur complement. By introducing the partitions

Un U \ZE0% Wi W-
11 V12 Z:Q—SR_ls*, 11 V12 Z:—R_17 11 12 ::R_lS*,
Uay Uaa Va1 Voo Wa1 Was
a permutation as well as another Schur complement, we infer that the latter

inequality is satisfied for

—1
X Ui (o) Uiz W3

AL(A) = AL i= —Wos + Wy VA - .
(&) 2+ (War Van) (WM i) lwe v

It remains to note that the function A, obtained in this fashion is contin-

uous and even smooth on A. o

C.6 Separation, LFRs and S-Procedure

A fundamental algebraic problem in robust control that is related to the
well-posedness of feedback interconnections of systems with uncertain ob-

jects is to decide whether
I — DA is nonsingular ~ for all A € A.

Here, D is a matrix in KP*? and A is a subset of K?*P that is usually
referred to as uncertainty set. For the above problem it is typically rather
difficult to come to a decision by numeric means and essentially impossible
if A is a more general object than a matrix; e.g., we might then have to
decide whether the map x — x — DA(x) is bijective for all A in a set of

functions A.



238 Appendix C Manipulation of Linear Matrix Inequalities

@ image(?)
o UAeAimage(i)

O {z : z*Pxz >0}

O Az : 2*Pz <0}

Figure C.1: Separation in terms of the positive and strictly negative cone
of a Hermitian matrix P.

A key observation that leads to implementable criteria and nicely gen-

eralizes to more difficult settings is that, for any fixed A € A, we have
. . . e D\ . 1
I—DA is nonsingular  if and only if image / Nimage A = {0}.

For nonsingularity of I — DA, we hence need to make sure that the graph
of A and the inverse graph of D are separated, i.e., they only intersect
at the origin. Geometrically, we can guarantee such a separation if these
graphs are located in the positive cone {z € KPt? : z*Pz > 0} and
strictly negative cone {x € KPT?: z*Px < 0} of some Hermitian matrix
P, respectively. This is illustrated in Fig. C.1. The involved matrix P is
usually referred to as multiplier and this observation leads to the following

simple, but instrumental result.



C.6 Separation, LFRs and S-Procedure 239

Lemma C.17 Let D € KP*? and A C K?*P. Suppose that there exists a
matriz P € HPTY with

b p D <0 and I P I =0 forall A€A.
I 1 A A

(C.10)
Then I — DA is nonsingular for all A € A. The converse holds if A is

compact.

Proof. Sufficiency is obtained with elementary computations. For the con-
verse one can choose A1, A2 > 0 such that (I — DA)*(I — DA) = M I and
A*A < Ao hold for all A € A by compactness and continuity. Then a
suitable multiplier is given by P := (8 —M%QI) + (7113* ) (1-D). o

Note that the condition (C.10) is still numerically problematic as it in-
volves infinitely many LMIs. In order to obtain numerical tractable criteria,

one can employ so called multiplier sets.

Definition C.18 (Multiplier Set) The set P(A) C HP™ is called multiplier
set for the set A if it admits an LMI representation, i.e., there exist affine
functions F and G such that P(A) = {F(v) | v € R* and G(v) > 0},
and if

r\ (1
(A) P (A) =0 holds forall Ae€A andall PeP(A).
(C.11)

Given a fixed multiplier set P(A), we can immediately conclude that

I — DA is nonsingular for all A € A
if there exists some P € P(A) satisfying ()" P(2) < 0.

Due to the LMI representation of P(A), finding a suitable multiplier P
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constitutes a numerically tractable problem as desired. The price to pay
for this tractability is that the resulting criterion is in general no longer
necessary. To counteract the introduced conservatism while maintaining
computational efficiency, one should aim for multiplier sets that describe
the set A as good as and as simple as possible in terms of quadratic inequal-
ities. As a negative example consider the set P(A) := {P € HP™? : P > 0}
which always satisfies (C.11), but we will never find some P € P(A) sat-
isfying (2)" P (D) < 0.

Next we give some examples of concrete sets A and common choices
for corresponding multiplier sets as well as some helpful insights for the
construction of multiplier sets. Some additional examples can be found,
e.g., in [149] and a detailed summary in the context of integral quadratic

constraints [109] is available in [160].

Remark C.19 (Examples and Properties of Multiplier Sets)

o Suppose that A = {A € K?*? : ||A]2 < r} for some r > 0.

Then the following set, that involves so-called D-scalings, is a suitable
multiplier set for A:

P(A) = {(T?I —?U) d> 0}.

Indeed, due to |Allz < r & A*A < r?I, we can conclude that
(o)*d (731 9,) (L) = d(r*I — A*A) 3= 0 holds for all A € A and all
d > 0. Analogously, the set

v {7 1) ool

is a suitable multiplier set for A = {§I : |J| < r}.

e Suppose that A is the convex hull of some generators Aq,..., Ay €
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K9*P je., A = co{Ay,...,Ax}. Then

P(A) := {P = p

(0)*P(9) <0 and (¢)*P (A )>0
forall i=1,...,N

is a suitable multiplier set for A. Indeed, (9)* P (9) < 0 implies
that the mapping M : A — (i )* P (i) is concave. Then convexity
of A and its concrete description in terms of the generators allows
us to conclude that M(A) > 0 holds for all A € A if and only if
M(A;)=0foralli=1,...,N.

e Suppose that A = {6I : 0 € [a,b]} for some a < b. Then it is
possible to employ the above multiplier set for A as well or the

commonly used alternative involving the so-called D-G scalings

—abD bta T
P(A):={<b+aa 2 +G>‘D>O and G—f—GT:O}
=D+ G -D

-
I -1 HT I -1
b 0 b H+H" =0
—al 1 H 0 —al 1

Indeed, observe that (8)*P (4 ) =6(G+G")+ (b—6)(6 —a)D =0
holds for any § € [a,b] and any P € P(A).

e Suppose that P;1(A) and P2(A) are two multiplier sets correspond-
ing to A. Then

P(A) = { M Py + AP
(&) {11 272 and Py € Py(A)

AL >0, Ay >0, P € Py(A) }

is another and even larger set of suitable multipliers for A.

e Suppose that A := {diag(A1,As) : A; € Ay, Ay € Ay} and that
P(A;) and P(As) are multiplier sets corresponding to Ay and Ay,
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02

Figure C.2: Some uncertainty set A C R? in blue and in gray the (ba-
sic) supersets {(d1,02) | 0% + 05 < 3} (left), {(61,02) | 61 €
[—3,2.2] and 02 € [—2.1,2]} (middle) and co{A1, Ag, Ag, Ay}
(right).

respectively. Then

St Ry

Ql 0 \Sl 0 (Ql Sl) EP(A1) and

cP(A
08510 Ry S;R2> (A2)

is a suitable multiplier set for A. However, note that this set does
not take any interaction between the components A; and As into

account.

e Suppose that A; C Ay and that P(Ay) is a multiplier set corre-
sponding to Ay. Then P(A,) is also a multiplier set corresponding
to A1. In particular, even complex uncertainty sets can be captured
by multiplier sets corresponding to rather basic uncertainty sets as
long as the latter are supersets. This is also illustrated in Fig. C.2.

However, such supersets are not always easy to detect in practice.

Next we introduce the so-called linear fractional representation frame-
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Figure C.3: Block diagram of the feedback interconnection (C.14).

work which is a powerful tool to systematically represent various types of
uncertainties in dynamical systems and which permits a dedicated robust-

ness analysis of the resulting models.

Definition C.20 (Linear Fractional Representation (LFR)) The map F : 6 C
R"™ — R™*™ qdmits a linear fractional representation if there exist matrices
A, B,C,D and a linear function A : § — RI*P such that

e I — DA(Y) is nonsingular for all 6 € § and
o F(0)=A+ BA(S)(I—DA(S)™'C =: (A B)*A(d) for all 5 €46.

The operation x is often called lower linear fractional transformation or

star-product.

A detailed discussion on the application of LFRs in the field of control
can be found, e.g., in [149, 44, 178]. It is shown there, for example, that
the sum, the product and the inverse of functions that admit an LFR does

also admit an LFR. Moreover, we have the following result.

Theorem C.21 Let F : 6§ C R" — R™*™ be rational without a pole at zero.
Then F admits a linear fractional representation and we can construct
matrices A, B,C, D such that the corresponding linear function is given by
A:d — R §— diag(dily,,...,0:1,,).

Let us at first demonstrate that LFRs fit perfectly well to the ideas of

separation presented so far. To this end, let us consider, for some initial
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condition z(0) € R™, the autonomous system
x(t) = F(0(¢t))x(t) (C.12)

where § is an unknown piecewise continuous function with values in some
compact set § C R”. It is not difficult to show that the system (C.12) is
robustly stable, i.e., lim; o () = 0 holds for all § : [0,00) — & and all

initial conditions x(0) € R™, if there exists some matrix X > 0 satisfying

-
FOO)'X + XF(6) = (Ff&)) ()0( )o(> <Ff§)> <0 forall dcé.
(C.13)

Searching a suitable matrix X does not constitute a practical robust sta-
bility test as infinitely many LMIs are involved and since F' is a rational
function. However, if the function F' does admit an LFR, then we can

express the system (C.12) equivalently as

i(t)\ _ (A BY (z() B
<z(t)> B (C D) (w(t)) o w(t) = A0(1)z(t) (C.14a,b)

by introducing two additional interconnection signals w and z. In particu-
lar, by utilizing the LFR of F', we are able to express the uncertain system
(C.12) as feedback interconnection of a known linear system (C.14a) and
an unknown block (C.14b). This is illustrated in Fig. C.3 in terms of a
block diagram where we identify the linear system (C.14a) with its trans-
fer function G(s) := C(sI — A)™'B + D. In this sense LFRs permit the
separation of the unknown system components from the known ones and
both components are only coupled through the interconnection signals w
and z. This leads to the following instrumental result which is taken from
[140] and involves an application of the so-called full block S-procedure
[138].
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Lemma C.22 (Concrete Full Block S-Procedure) The LFR of F is well-
posed, i.e., the matriz I — DA(S) is nonsingular for all 6 € §, and the
robust analysis LMI (C.13) holds if and only if there exists a symmetric

matriz P satisfying

+(0 X 10 + (CD T I
(o) (X 0) (A B>+(0) P(O I><0 and (e) P(A(5)>k0

(C.15)
forall§ €9.

Similarly as before the LMI condition (C.15) is still numerically prob-
lematic, but one obtains tractable criteria by employing suitable multiplier

sets as defined earlier and corresponding to the set {A(d) : ¢ € 8}.

Proof. Necessity: See [138] or [140].
Sufficiency: The right lower block of the first LMI in (C.15) implies the
inequality (117)—r P () < 0. By Lemma C.17 we can then conclude well-
posedness of the LFR.

Next, we fix some & € § and abbreviate H := (I — DA(6))~'C. Then we

observe that

(o) )= s) = ) G)= ()

hold. Consequently, we infer from (C.15)

o)) () G o)
X 0)\F(6) X 0/\A B)\H
< —(o)'P (g ?) (é) =—(o) P <A§5)> H <0.

This yields the claim since § € § was arbitrary. o
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A major benefit of the formulation in (C.14) as depicted in Fig. C.3 over
the one in (C.12) is that the former allows us to replace the uncertain
time-varying matrix in (C.14b) with essentially any uncertain operator
or (troublesome) object. In particular, in structured singular value theory
[44, 178, 141] one studies the properties of feedback interconnections of
linear systems as in (C.14a) with w = Az and for an uncertain A with a

block diagonal structure
A(s) = diag(rlf, coestn, L 01(s)I, o 00 I, Ar(s), .. Anf(s));

here, the identity matrices can vary in size and r; € R, §; € RHL?I as well
as A; € RH2®; here, RHL*" denotes the set of real rational proper m x n
matrices without poles in the extended closed right half-plane. It is shown
that the resulting interconnections allow for efficiently modeling various
types of uncertainties in dynamical systems such as parametric uncertain-
ties, neglected dynamics and mixtures thereof. This high flexibility comes
in tandem with dedicated extensions of Lemma C.22 and implementable
derivations. Integral quadratic constraint theory [109] provides even more
general separation based results and allows for additionally dealing, e.g.,

with uncertain time-delays and nonlinearities.



Differential Linear Matrix

Inequalities

Most of the analysis and design criteria presented in this thesis are formu-
lated in terms of so-called differential linear matrix inequalities (DLMISs).
These appeared for the first time in the context of linear quadratic con-
trol for linear systems on a finite horizon where they are tightly linked to
the Riccati differential equation and inequality. See, e.g., [25, 93, 111] for
some of the early publications on this topic. They still emerge frequently
when dealing with systems admitting finite horizon characteristics such as
the hybrid systems considered in this work. Inequalities of this type also
appear in analysis and design criteria for systems affected by constant or
rate bounded uncertainties as, e.g., in [56, 5].

We base our discussion on the following canonical description of a DLMI

and the corresponding DLMI problems.
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Definition D.1 Let F : R®" x R" x R" x R" — S™ be an affine map and
c:R™ — R be linear. Further, let Q be some set and suppose that o € 2.

e A DLMI is an expression of the form F(x, f(1), f(7), f(70)) < 0 for
all T € Q.

e A DLMI feasibility problem amounts to testing whether there exist
some x € R™ and some differentiable function f : Q — R" such

that F(x, f(1), f(7), f(70)) = 0 holds for all 7 € Q. The DLMI

F(x, f(1), f(7), f(70)) < 0 is said to be feasible if the result of the

latter test is in the affirmative.

¢ A DLMI optimization problem constitutes the minimization of the
cost c(x) over all vectors x € R™ and all differentiable functions

f:Q = R" that satisfy the DLMI F(x, f (1), f(7), f(70)) < 0 for all
T e Q.

Note that this canonical description of a DLMI does not fit perfectly to
the inequalities considered in this work, for example, since we sometimes
face functions F' depending on multiple evaluations of f (and f) at fixed
points 71,...,7n € €). Nevertheless, this description covers the essential
features.

Observe that DLMI feasibility and optimization problems are infinite
dimensional which means that they cannot be numerically solved directly.
A general recipe in order to reduce these problems to finite dimensional

ones is to restrict the search to functions of the form
N
F@) = fubi(7)
k=1

with scalar-valued differentiable basis functions by, ..., by, that span some
finite dimensional space S, and free decision variables fi1,...,fx € R".

The most common choices for S are the space of polynomials of some fixed
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degree and finite dimensional subspaces of the space of piecewise polyno-
mials; spaces containing rational or more involved function are rarely used.

This approach allows us to express the DLMI F(x, f(7), f(7), f(70)) < 0

for all 7 € Q equivalently as
F(&,7)=F(z, f1,...,fx,7) <0 forall 7€Q (D.1)

for some function F that is affine for any fixed 7 and whose coefficients
are affine combinations of by (7) and by (7). An inequality of this form is
usually referred to as parameter dependent LMI. Note that finding some
decision variable & = (z, f1,..., fn) satisfying the latter inequality still
constitutes a numerically intractable problem since this amounts to solv-
ing infinitely many LMIs. Moreover, we stress that introducing a discretiza-
tion 7o, ..., 7a of £ and simply replacing (D.1) with the finite number of
inequalities

F(#,7,) <0 forall ke{0,...,M} (D.2)

leads to a problem than can be handled numerically, but there is in general
no guarantee that some & with (D.2) also satisfies (D.1). Instead, one typi-
cally employs so-called inner approximations that assure (D.1) and usually
rely on rather simple basis functions by, ...,by.

Next we illustrate some possibilities to (inner) approximate DLMI prob-
lems via finite dimensional SDPs and start by briefly recalling the matrix
sum-of-squares (SOS) approach from [118, 146] that is also discussed, e.g.,
in [42, Chapter 2] and [142]. The latter two publications also elaborate
on several alternative approaches such as those based on the KYP lemma
[123] or on separation techniques similarly as briefly demonstrated in Sec-
tion C.6. Further approximation strategies can be found, e.g., in [65]. As a
demonstration, we will apply such approximations to the nominal stability
result Theorem 2.3 and recapitulate here a variation thereof for conve-

nience.
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Theorem D.2 (Clock-Based Stability Analysis) The system (2.1) is stable for
all (tx)ken, satisfying (RDT) if there exists a function X € C°([0, Tiax], S™)
that is piecewise continuously differentiable with finitely many pieces which

satisfies the inequalities

X(r) =0 and X(1)+ATX(1)+X(1)A <0 forall 7€ [0, T
(D.3a)

as well as

AJX(0)A; = X(7) <0 forall 7 € [Tmin, Timax)- (D.3b)

D.1 Sum-of-Squares Relaxation

Sum-of-squares polynomials constitute a topic with a rather long history in
mathematics and a survey thereof is provided in [125]. Applications in the
field of optimization and control appeared, e.g., in [118], and the extension

to matrix valued polynomials! is due to [146].

Definition D.3 (Sum-of-Squares Matrices) P € R[z]P*P is said to be a sum-

of-squares (SOS) matrix if there exists Q € R[x]?*P with ¢ € N such that

P(z) = Q(z)"Q(z). If p=1, then P is said to be an SOS polynomial.
If p =1, then Q(z) = col(Q1(x),...,Qq(x)) is a polynomial vector and

we can express P as
q
P(z) =) Qi(z)*
k=1

which motivates the terminology. The interest in SOS matrices in the con-

trol literature stems from the fact that SOS matrices constitute a nice

'In the sequel, R[z]7*P denotes the set of polynomials in the variable = (x1,. ..,
with coefficients in R7*P. Any P € R[z]?*P can be expressed as P(x)
Pox® with coefficients P, by recalling the multi-index notation |«] :

N>

Tn

€N, |a|<d
ai+ -+ ap and 2 =27t ..oz If Py # 0 for some o € N} with |a| = d, then
d is the degree of P.
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numerically tractable approximation to globally positive semidefinite poly-

nomial matrices. Indeed, it is rather immediate that we have
P(z) =0 for all z € R® if P is an SOS matrix.

Moreover, we have the following result which states that testing the SOS

property amounts to solving an LMI feasibility problem.

Theorem D.4 (Characterization of the SOS Property) Let P € R[z]?*P have
degree 2d and let us abbreviate ug(z) :== (1,21,...,Tn, 2%, 2129,...,23) 7.

Then P is an SOS matriz if and only if there exists a symmetric matriz X

satisfying
P(z) = (ug(x) @ I,) " X (ug(x) ® I,) and X 0.

Instead of global positivity properties one is typically much more in-
terested in positivity on prescribed subsets of R™. In the context of SOS
matrices, one usually employs subsets with the following general descrip-

tion.

Definition D.5 (Semi-Algebraic Sets) A set G C R™ is called a (basic)
semi-algebraic set if there exist polynomials ¢1,...,9, € Rlz] such that

g:{.’L‘ERn | gl<37) 207""gq(m) 20}

One of the possibilities to guarantee positivity of some P € R[z]P*P on
a semi-algebraic set G is motivated by introducing multipliers analogously
as in Lagrange duality theory (see, e.g., [17, Section 5.2] and [115, Section
12.9]). More precisely, P(z) » 0 holds for all z € G if there exist positive

semidefinite matrices Ay, ..., A, such that

q
P(z) — ZAkgk(x) %0 holds for all =z € R"™.
k=1
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In general, the latter test is improved by considering polynomial matrices
Ay, ..., A4 and can be rendered computational by replacing global positive
semidefiniteness with the SOS property. This gives the following.

Lemma D.6 Let P € R[z]P*P be given. Then P(x) = 0 holds for allx € G
if there exist SOS matrices Ay, ..., Aq € R[z]P*P such that P— 7 _, Agg

is an SOS matrizx.

This observation permits us to define a hierarchy of relaxations for a
number of optimization problems involving infinitely many LMIs such as
in (D.1) with a basis consisting of polynomials. The following theorem from
[146] states that this hierarchy consists of improving relaxations and is even
asymptotically exact. It relies on an extension of a famous result from [121]

to matrix valued polynomials.

Theorem D.7 (Asymptotically Exact SOS Relaxation Hierarchy) Let ¢ € R™
and the polynomial matriz P(x,y) = ZaeNg},\algda L. (y)x® with degree
d, € Ny and affine functions Ly : R™ — SP for a € Nj with |a| < d, be

given. Moreover, define
Yopt := inf {cTy ‘ P(z,y) =0 forall x € g}
and, for any d € Ny,

There exist SOS matrices Ay, ..., A, € R[z]P*?
vg :=inf ¢ ¢y of degree d and some € > 0 such that
P(,y) —el = > {_, Akgk is an SOS matriz

Then the following statements hold.
(a) 7va can be computed by solving a standard linear SDP.

(b) The sequence (vq)den, s monotonically decreasing and bounded from

below by Yopt-
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(c) The sequence (Vq)den, converges to Yopy for d — oo if one of the
polynomials gy, characterizing the set G equals r* — ||z||*> for some
fized radius r > 0.

Applying the matrix SOS relaxation to the DLMI stability criteria in
Theorem D.2 yields the following set of conditions that also appeared in
[18] and which can be turned into a standard SDP via Theorem D.4.

Corollary D.8 (Stability Analysis via Sum-of-Squares) The system (2.1) is
stable for all (ty)ren, satisfying (RDT) if there exist a polynomial matriz
X € R[7]™™™ of degree d,, SOS matrices A1, Ay, Ay € R[7]™*™ of degree
dpm and some € > 0 such that

X —el—MAyg, —[X+ATX+XA]—el—Nag

and
—[AJX(0)A; — X] —el — Aygs

are SOS matrices. Here, the polynomials g and g5 are given by g(7) :=
(Tmax — 7)7 and g;5(7) := (Tmax — 7)(T — Tmin), respectively.

Remark D.9 (a) By now several software packages are available that
allow for introducing polynomial variables, their manipulation and
for turning SOS constraints into SDP constraints which can dealt
with by various SDP solvers such as LMIlab [55], SeDuMi [155] and
Mosek [113]. One of these packages is SOSTOOLS [117] and the very
versatile parser Yalmip [101] also supports optimization problems

involving SOS matrices.

(b) SDPs resulting from SOS constraints are often costly to solve for
reasonably large underlying systems. There are several techniques
for improving the computational efficiency of such SDPs by relying

on sparsity. For example one can exploit the inherent sparsity of
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the SDPs resulting from SOS constraints or make use of structure
in the underlying system [3]; both approaches are implemented in
the Matlab packages SOSADMM [176] and CDCS [177]. Another
possibility to reduce the computational burden for solving DLMIs
such as (D.3) is the application of the diagonally-dominant SOS or
scaled-diagonally-dominant SOS approaches from [3, 2] instead of the
SOS relaxation. While this typically leads to less accurate results,
severe speed-ups can be observed as these approaches are based on

solving linear and second order cone programs, respectively.

D.2 Piecewise Convex/Concave Polynomial

Relaxation

In contrast to the previous section, we now consider an approach that relies
on searching a map f satisfying the DLMI F(z, f(7), (1), f(70)) < 0 for all
T € ) := [a, b] in the space of piecewise polynomial functions defined on the
grid a = A\; < --- < Apr41 = b. It is then natural to consider the inequality
F(x, f(7), f(7), f(10)) < 0 individually on each of the smaller intervals
[Ak, Ak+1]- Note that, as explicitly required in Theorem D.2, we usually have
to ensure continuity of the function f, but enforcing f to be continuously
differentiable everywhere is not necessary. Moreover, because the restriction
of F(x, f(7), f(1), f(10)) on the interval [\, Ap41] depends polynomially
on 7, one could apply an SOS approach for each of these intervals. However
the resulting SDP would then be rather costly to solve even for small values
M > 2. Instead, the approach presented in this sections relies on convexity

and concavity and, more precisely, on the following result.
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Lemma D.10 Let G : [Ag, M\es1] — S™, G(7) := F(x, f(1), f(1), f(10)).
Then the following two statements hold.
(a) Suppose that G is convex®. Then G(1) < 0 holds for all T € [\, A\+1]
if and only if G(Ag) < 0 and G(Ag+1) < 0 hold.

(b) Suppose that G is two times continuously differentiable on (Mg, Agt1)-
Then G is convez if and only if G(7) = 0 holds for all T € (Mg, Aet1)-

Of course, applying Lemma D.10 makes only sense if the inequality

G(7) = 0 for all 7 € (A, A\ey1) is very easy to guarantee.

D.2.1 Piecewise Linear Polynomials

The idea to employ piecewise linear polynomials for solving DLMIs ap-
peared, e.g., in [4] in the context of switched systems and in [106] for
solving general parameter dependent LMIs involving functions on more
general domains. Linear polynomials are particularly convenient because
they and their derivatives are automatically convex and concave. Hence,
no additional constraints are required to enforce convexity.

Concretely, by applying this approach to the DLMI conditions in Theo-

rem D.2, we obtain the following result involving only standard LMIs.

Corollary D.11 (Stability Analysis via Piecewise Linear Polynomials) Suppose
that we are given, for some M, N € N, a grid defined by

0=X1 <X <- <Apg1 = Tnin < A2 < - < AnanN+1 = Thnaz-

Then the system (2.1) is stable for all (t)ken, sotisfying (RDT) if there

exist symmetric matrices Xq,..., Xpan+1 € R satisfying

Xp>=0 forall ke{l,...,M+N+1},

2A function G : Q — S™ is called conver if G((1 — t)x + ty) < (1 — )G (x) + tG(y) for
all t € [0,1] and all z,y € Q. The function G is called concave if —G is convex.
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O Xy + ATXk + XA <0 and O X + ATX]H_l + Xk11A <0

forallk e {1,....M + N} as well as
AJX1A;— X, <0

forallk € {M +1,...,M + N + 1}. Here, we employ the abbreviation
X = é(X]H_l 7Xk) for all k € {1,...,M+N},

Ak+1— Ak
If the above LMIs are feasible, we recover a function X € C°([0, Tinax], S™)
that is piecewise continuously differentiable satisfying (D.3) by defining
)\k )\k+1 - T

X(7) = X2k 4 Xy

Akl — Mk Ak+1 — Ak

for all 7 € [Ag, Ak+1] and all k. Indeed, this defines a continuous function
which satisfies X (\y) = X, for all k and X (1) = 8, X for all 7 € (A, Aps1)
and all k.

Remark D.12 Employing piecewise linear polynomials usually requires
rather fine grids in order to achieve comparable results to those obtained via
an SOS approach. This is illustrated in our numerical experiments in Sec-
tion D.4 and similar observations have been made, e.g., in [22] in the context
of stability and stabilization of impulsive and switched positive systems.
Intuitively, the reason for this issue is that we essentially simultaneously
approximate a function f and its derivative f . While f is approximated
with piecewise linear polynomials, its derivative is merely approximated
with piecewise constant ones that are known to admit very limited approx-
imation properties. Since such fine grids lead to a large number of decision
variables that can be difficult to handle, the piecewise linear polynomial

approach is generally considered inferior if compared to the SOS approach.
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D.2.2 Piecewise Quadratic Polynomials

Due to the downsides of piecewise linear polynomials, it is natural to con-
sider piecewise quadratic ones in a next step. In general, these have better
approximation properties and their second derivative is a piecewise con-
stant function which is very convenient for ensuring convexity or concav-
ity on sub-intervals. Unfortunately, we will argue that, for our purposes,
it is still numerically challenging to enforce convexity or concavity in a
suitable fashion. To this end, observe that employing piecewise quadratic
polynomials and utilizing Lemma D.10 leads to the following extension of
Corollary D.11.

Corollary D.13 (Stability Analysis via Piecewise Quadratic Polynomials) Let
M, N € N and suppose that we are given a grid defined by

0=A1 < A2 < - < Apg1 = Tin < Apr42 < - < Ayenv+1 = Tmaz-

Then the system (2.1) is stable for all (t)ken, satisfying (RDT) if there
exist symmetric matrices Xi, ..., Xp+nN+1, Xl, . ,XM+N € R™*" satis-

Jying
ATX]C—FX]CA#O, Xk>;0,

5ka+ATXk + XA <0, OpXii1 +ATXk+1 +Xp1A <0 and X >0

forallke{1,.... M+ N} and Xprin+1 = 0 as well as
X, —A;Xk;AJ <0

for allk € {M +1,...,M + N + 1}. Here, we employ, for any k, the

abbreviations O, X, 1= m(Xk+1*Xk)+(>\k+1*>\k)Xk and Op Xg41 :=
s (Xt = X)) = (e = M) X

If the above LMIs are feasible, we recover a function X € C°([0, Tinax], S™)
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that is piecewise continuously differentiable satisfying (D.3) by defining

)\k+1_7' T—)\k

X(1) = XpMegr — 7)(7 = M) + Xie Xpt1

)\k+1 — )\k >\k+1 - )\k

for all 7 € [Ag, Ar+1] and all k. Indeed, this defines a continuous function
which satisfies X (7) = —2X}, for all 7 € (Mg, Aet1), X (M) = Xy as well as

1

lim X(7) = —(Mes1 — M) Xp + ———— (Xp1 — Xi) = X
o (1) = = (M1 — ) Xie >\k+1*/\k( k1 — Xk) = O Xk41
and
. ~ 1
lim X(7) = (A M) X+ ——— (X — X)) =0, X
N (1) = (Akt1 — M) X >\k+1*>\k( k1 — Xk) = Op X

for all k. Moreover, note that we recover the conditions in Corollary D.11
by setting Xj, = 0 for all k.

Remark D.14 While the inequalities in Corollary D.13 are all standard
LMIs, the inequalities AT X, + XpA < 0 and X, = 0 constitute numer-
ically troublesome ones in general. This issue stems from the fact that,
for impulsive systems as described by (2.1), the matrix A is usually not
Hurwitz stable and, consequently, the latter two LMIs can not be strictly
satisfied. Typically, this is poison to any solver for semidefinite programs.
In order to circumvent this issue, one should perform some preprocessing by
factorizing the matrices X = T'7 8 5?;) T according to the eigenspaces
of the matrix A similarly as done, e.g., in [135, 136], but we do not further

pursue this approach here.

Considering piecewise polynomials of a higher degree is possible, but en-
forcing piecewise convexity/concavity suffers from the same deficiencies as
mentioned in Remark D.14 for our applications. For our purposes, merely
the piecewise linear polynomials work “well” in this regard because con-

vexity /concavity is guaranteed at the outset.
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D.3 B-Spline Relaxation

In this section we consider another relaxation hierarchy which, this time,
relies on different representations of splines that are composed of so-called
B-splines. In particular, as in the previous section, we deal with piecewise
polynomial functions, but we enjoy much more flexibility. This relaxation
hierarchy is also very briefly discussed in [77] and included in the Linear
Control Toolbox [164] in Matlab. Here, we will elaborate on it in full detail
and, in particular, prove that this hierarchy is asymptotically exact which
has, to the best of our knowledge, not been done yet. Thereby, we focus our
attention on univariate splines and B-splines because multivariate splines
and B-splines inherit most of their properties from univariate ones.
Finally, most of the following results from spline theory are taken from
the textbooks [104] and [36]. At this point, my thanks also go to Jorg
Hoérner and Benjamin Ziegler for stimulating discussions and sharing some

of their knowledge on splines.

D.3.1 Definition and Basic Properties of B-Splines

We start by presenting the basic definition of B-splines and splines as well
as some basic properties of them. B-splines are piecewise polynomials and
their definition relies on knot sequences which induce a partition of their

domain.
Definition D.15 (Knot Sequence) Let a,b € R, k € Ng, n € N.

e The finite sequence X = (\;) € [a,b]*+t"*1 is called a knot sequence
if

a=A < < Apyny1 = b

o The knot t € [a,b] is said to have multiplicity m € Ny in A if ¢
appears exactly m times in the knot sequence \. In particular, if t

does not appear in A, then it has multiplicity 0.
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o The knot sequence X is called k + 1 regular if the knots a and b have
multiplicity k+1 and no other knot has multiplicity larger than k+1.

o The k+ 1-regular knot sequence X is called simple if all knots A\; with
Ai & {a,b} have multiplicity 1.
The basic definition of B-splines is now as follows.

Definition D.16 (B-Splines) Let a,b € R, k € Ng, n € N and let A €
[a,b]*"+1 be a knot sequence. Then, for j € {1,...,n}, the jth B-spline
of degree k corresponding to the knot sequence X\ is defined by

Bj kA () = wj k() Bjr—1.A(%) + (1 — wjr112(7)) Bjt1k-1,1(7)

where Bjox = X[z, ,x,4.) 05 the indicator function of the interval [Aj, \j11)

and where

=X oy '
wikA(@) 1= VTN if Aj # Ajrks

0 otherwise
for all x € [a,b). If X is k + 1 regular, we set By () := 1.

As an illustration, let us consider the k+1 regular knot sequences defined
by

k=1, n=5 A=(-1,-1, -1, 0, 1, 1, 1), (D.6a)
k=2 n=6, A=(-1,-1, -1, =4, 0, 3, 1, 1, 1), (D.6b)
k=2 mn=8 A=(-1,-1, -1, -2, 0,0, %, 1 1,1, 1). (D.6c)

The corresponding B-splines By i x, ..., Bn i, are depicted in Fig. D.1.
Note that the knot sequences in (D.6a) and (D.6b) are simple, but the one

in (D.6¢) is not simple, because the inner knot 0 has multiplicity 2.

Equipped with the definition of B-splines, we now state some of their

basic and highly useful properties. These are all consequences of the re-
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Figure D.1: The B-splines By x, ..., Bnk,x corresponding to the knot se-
quences defined in (D.6a) (top left), (D.6b) (top right) and
(D.6¢) (bottom).

cursion formula in Definition D.16, which is also referred to as recurrence

relation, and can for example be found in [36, 150].
Lemma D.17 (Basic Properties) Let k € Ng, n € N and let \ € [a, b]F+"+1
be a knot sequence. Then the B-splines admit the following properties.

(a) Positivity: Bjra(x) >0 for all x € [a,b].

(b) Partition of unity: 3> Bjxa(z) =1 for all x € [a, ).
(¢) Local support: Bjpa(z) =0 for all x & [Xj, \j1rt1]-

The space of scalar-valued splines of degree k corresponding to a knot
sequence A is now naturally defined as the linear span of all B-splines of
degree k corresponding to the knot sequence A. However, for our purposes,

we consider matrix-valued splines.
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Definition D.18 (Space of Splines) Let k € Ny, n € N and \ € [a,b]*+"+!
be a knot sequence. The space of (univariate polynomial matrix-valued)

splines of degree k corresponding to the knot sequence A is defined as

SNt = ZCJBJ”C’)‘ C; e RP*Y forall je{l,...,n}
j=1

If the dimensions are not relevant we write Sy x instead of Six/\q.

As an example let us consider again the knot sequences (D.6b) and (D.6c¢)
and the scalar-valued splines S and S defined by their (stacked) coefficients

’ ]-a ]-a _%a 13 23 _]-a Q)Tv
(D.7a,b)
respectively. The splines S and S are depicted in Fig. D.2 together with

=41, 1, -1 1,2)" and &= (4

their corresponding weighted B-splines ¢1 By i, 2, - - -, CnBn i, x and €181 gz,
..., By ,x, Tespectively. Note that both splines are continuous and ob-
serve that S is not continuously differentiable at the point 0. The latter
stems from 0 being a knot with multiplicity 2 in the knot sequence (D.6c).
Indeed, this is a consequence from a more general statement which is in-

cluded in the following remark.

Remark D.19 o The B-splines By ;- .., Bn i, are linearly indepen-
dent and form a basis of the space of scalar-valued splines S,i’x)\l if
the knot sequence A is k + 1 regular. Hence, the space S,’;i\q has

dimension npq in this case.

e One can show that any S € Sﬁx}\q is a matrix-valued piecewise poly-

nomial of degree k, which constitutes an alternative definition of the

space of spline.

o A spline of degree k corresponding to a k + 1 regular knot sequence
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Figure D.2: (Left) the spline S defined by the coefficients (D.7a) and the

knot sequence (D.6b) as well as (right) the spline S defined
by the coefficients (D.7b) and the knot sequence (D.6c). The
corresponding scaled B-splines are illustrated as well.

is d < k — 1 times continuously differentiable at an inner knot A; €
(a,b) if A; has multiplicity k — d. In particular, if X is a simple knot
sequence, then Si \ C C*~1([a,b]).

We are now in position to state an important intermediate idea under-
lying the B-spline relaxation for solving parameter dependent LMIs. It is
a consequence of the positivity of the B-spline functions and since they do

not vanish all at the same time.

Lemma D.20 Let k € Ng, n € N, X € [a,b]*t"*! be a knot sequence and
suppose that S = Z?Zl CjBjix € S’Z;\p is given. Then S(x) > 0 holds for
all x € [a,b] if C; > 0 holds for all j € {1,...,n}.

Note that, obviously, testing whether C; > 0 holds for all j € {1,...,n}
is a standard LMI and hence amounts to a numerically tractable test. The
converse of Lemma D.20 is not true in general as illustrated by the spline
S on the left of Fig. D.2. Indeed, this spline is positive on its domain, but
one of its defining coefficients in (D.7a) is negative.

The B-spline relaxation hierarchy relies on finer representation of a given

spline as we precisely discuss next.
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D.3.2 Spline Representations

In this subsection we present the main ingredients for the B-spline relax-
ation hierarchy. The key observation is that a spline .S in some spline space
Sk, is also contained in a certain ordered sequence of higher dimensional

spline spaces (S, a, )ven, i-€.,

n
S=> CiBjkx €8kxC Skyn CSkory Coo

j=1

Thus, instead of considering the original coefficients C1,...,C,, we can
also consider the coefficients of the same spline in the space Si, », and
apply Lemma D.20 there. In the sequel, we illustrate that this procedure
is indeed beneficial.

The main operations for generating dedicated higher dimensional spline

spaces are knot insertion and degree elevation which we both discuss next.

Knot Insertion

Inserting knots into a given knot sequence will yield a refinement of this

sequence. Refinements are naturally defined as follows.

Definition D.21 (Refinements) Let A € [a,b]™ be a knot sequence. A knot
sequence X € [a,b]™ is said to be a refinement of \ and we write A C X
if the multiplicity of any knot t in the sequence A is mot larger than the

multiplicity of t in the sequence .

Note that the knot sequence (D.6c¢) is a refinement of (D.6b) and that the
latter is a refinement of (D.6a). The following instrumental result involving

refined knot sequences is from [31].
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Lemma D.22 (Knot Insertion) For k € Ny and n,m € N let A € [a, b]¥T7+1
be a knot sequence with refinement \ € [a,b]k+™m+L Then the following

statements hold.

(a) SP3" C ST

(b) S =31 CiBjyx =31 CB, 5 with Cy = Y1 ol C; for all
le{l,...,m}. The numbers alf are recursively given as

(k) (k— -1

3 1 Y k
aft) = wiraipr)aly Y + (1= wienenCoan))al )

and al(;)) = Bj’O,A(S\l) with wj kA given in Definition D.16.

(k)

(¢) The numbers a;;° are sometimes called discrete B-splines and admit

the following properties.

o If N <) or Npk > Njygy then al(;?) —0.

e o >0 forallle{l,...,m} and all j € {1,...,n}.

> i1 al(f) =1 forallle{l,...,m}.

In particular, the knot insertion matrix M. zl:)\ ) (

N/‘\
>/v

) Rmxn

is a sparse row stochastic matriz’.

Recall that we were unable to guarantee positivity of the scalar-valued
spline S depicted on the left hand side of Fig. D.2 corresponding knot
sequence (D.6b) and with stacked coefficients ¢ = (1,1,1,—1,1,2)7 by
employing the test in Lemma D.20. Moreover, as stated before, the knot
sequence (D.6¢) is a refinement of (D.6b). By applying the above result,
we can hence alternatively express S as sum of B-splines corresponding to
(D.6¢) and with the new stacked coefficients

~._ (1 3 1 1 T
C.—(i, 1, 1, 8 16’ 16° 17 2) .

3A matrix A = (a1;)i; € R™*™ is said to be row stochastic if its entries are nonnegative
and the entries of each row sum up to one.
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Figure D.3: (Left) the spline S defined by the coefficients ¢ in (D.7) and the
knot sequence (D.6b) as well as (right) the same spline repre-
sented as sum of B-splines corresponding to the knot sequence
(D.6c). The corresponding scaled B-splines are illustrated as
well.

Both representations are illustrated in Fig. D.3. For the new representation
of S, the test in Lemma D.20 is in the affirmative and, hence, we have
shown that S(z) > 0 holds for all z € [—1,1]. In total, this demonstrates
the benefit utilizing knot refinements in tandem with Lemma D.20.

Let us stress that statement (b) implies, in particular, that the new co-
efficients are easily obtained by a linear combination of the original ones.
This is of tremendous importance for our applications since the original co-
efficients will depend in an affine fashion on decision variables and because
handling our optimization problems requires expressions that are affine in
all decision variables! For later, note that we can also express statement (b)
as follows. Suppose that S € Sﬁ;\q has the coefficients C1,...,C, and let
us abbreviate C' := col(Cy,...,C,). Then the coefficients of the refined
representation of the spline S in Szgq are given by the p x ¢ blocks of the
matrix

C= (M, ©L,)C, ie, Cj=(e;@ L) (M, ®L)C

for je{1,...,m}. Here, €1, ..., €, denote the standard unit vectors in R™.
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Moreover and as a consequence of statement (c), we have the following
result that will ensure monotonicity of the B-spline hierarchy based on knot

insertion.

Corollary D.23 (Monotonicity of the Hierarchy) Let k € Ny, n,m € N, let
A € [a, 0" be a knot sequence with refinement X € [a,b]*t" ! and
suppose that S = 37 CjBjpx € SN is gwen. Then Cj = 0 for all
j€{1,...,n} implies that 377_, al(;-c)Cj >~ 0 holds for all j € {1,...,m}.

In other words, once the coefficients of a spline are positive definite, all
alternative representations resulting from inserting additional knots also
admit positive definite coefficients. Note that consecutive refinement via
knot insertion are related as follows if the final knot sequence is k + 1

regular and, hence, the corresponding B-splines are linearly independent.

Lemma D.24 (Consecutive Refinements) For k € Ny let A € [a,b]F+ "1,
X € [a, b]F Tt and e [a, b]* 7+ be k+1 regular knot sequences satisfying
XD XD A Then the corresponding knot insertion matrices are related as

ki _ sk ki
Mk,)\,,\ - Mk,Z\,Z\Mk,,\,X

Remark D.25 If the refined knot sequence A results from A by inserting a
single knot, then the knot insertion matrix is easily computed without a
recursion and admits a particular triangular and band structure [36, page
136]. In particular, due to Lemma D.24, we can write any knot insertion
matrix as the product of very specific rectangular matrices. However, we

do not exploit this further.

Next we consider alternative spline representations resulting from degree

elevation.

Degree Elevation

It is clear that each spline of degree k can be written as a spline of degree

k + 1 since any polynomial of degree k can be viewed as a polynomial of
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degree k+1. The following result from [32] suggests a suitable correspond-
ing knot sequence and yields a practical formula for the construction of
the new coefficients. In particular, these new coefficients are again a linear

combination of the original ones.

Lemma D.26 (Degree Elevation) For k € Ny and n € N let X € [a,b]*+"+!
be a k + 1 regular knot sequence composed of knots & < --- < &, with
multiplicities my, ..., m,. Further, let X be the knot sequence composed
of the same knots, but with multiplicities my + 1,...,m, + 1. Then the

following statements hold.

(a) S5 C 5P

E+1,2°
n n A . = n k
(b) S= Zj:l CiBjkx = Zj:l Cij,k+1,5\ with Cy = %ﬂ Zj:l Al(j)cj
forallle{l,...,n} and with i :=n+v — 1. The numbers Al(f) are

recursively given as

(k—1)

Lj+1 T a')

k Y k—1 Y
AL = wikaCrnr )AL ™Y + (1= w1k Brinsn)A 1A

and Al(?) = al(?) with wj.a as in Definition D.16 and al(f) as in
Lemma D.22.

(¢) The numbers Afj admit the following properties.
. Al(f) >0 forallle{1,...,n} and all j € {1,...,n}.
o YA =k+1 foralllef1,... 7).

In particular, the degree elevation matrix M,ie/\ = %H(Al(f))lj is a

row stochastic matriz.
Let us again consider the scalar-valued spline S depicted on the left of
Fig. D.2 corresponding knot sequence (D.6b) and with stacked coefficients
c= (%, 1,1, —i 1,2)T. By applying the above result, we can equivalently

express S as sum of B-splines of degree kK + 1 = 3 corresponding to a
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Figure D.4: (Left) the spline S defined by the coefficients (D.7a) and the
knot sequence (D.6b) as well as (right) the same spline rep-
resented as sum of B-splines of degree k + 1 = 3. The corre-
sponding scaled B-splines are illustrated as well.

modified knot sequence and with the new stacked coefficients

e=(5 5 L L3 —dn 3 5. 5.2

Both representations are illustrated in Fig. D.4. For the new representation
the test in Lemma D.20 is still not in the affirmative, but the magnitude
of the coefficients with negative sign is much smaller than before. For this
example, after two further degree elevations the criteria in Lemma D.20
are satisfied which demonstrates the benefit utilizing degree elevation in
tandem with Lemma D.20.

Due to the last statement of Lemma D.26, the complete analogue of
Corollary D.23 holds and reads as follows.

Corollary D.27 (Monotony of the Hierarchy) Let k € Ng, n € N, let A\ €
[a,b]* "+ be a k + 1 regular knot sequence and suppose that the spline
S =371 CiBjra € S{N is given. Then C; = 0 for all j € {1,...,n}

implies that 7 327 Al(f)Cj > 0 holds for all j € {1,...,n}.
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Differentiation of Splines

Because we consider mainly differential LMIs in this work, it is natural
that we need access to the derivative of a given spline or, more precisely,
to its coefficients in a suitable representation. Moreover, these coeflicients
should be again a linear combination of the ones from the original spline.
Fortunately, there is again such an explicit expression for the coefficients
that can be found, e.g., in [36] and is repeated here. To this end, recall that
we have already mentioned that splines in S; » are d times continuously
differentiable where d < k — 1 depends on the multiplicity of the inner
knots in the knot sequence A.

Lemma D.28 (Derivative of a Spline) Let k,n € N and let \ € [a,b]*+"+!
be a knot sequence such that Sy x C C'([a,b]). Further, suppose that S =
Z?:l Cij’k’)\. Then
n—1
S = Cij,kaS\
1

.
I

with

Cj :Oéj+1,k’)\(0j+1 —Cj) fO’l“ all J € {1,...,71— 1}.

Here, the knot sequence X is obtained by discarding the first and last knot

: R BTSN , R ;
in X and o ) = NN if itk # Aj and o k. x = 0 otherwise.

For reasons of compatibility, we define the derivative matriz M,‘i N =
(alj)lj c R(n—1)xn by

—jp1en i l=7,
arj 2= § Q41,2 ifl=y5-1,

0 otherwise

in order to infer that C; = Y7, a;;C; holds for all I € {1,...,n —1}.
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Note that we usually face conditions that simultaneously involve a vari-
able X and its derivative X such as in the inequality X + AT X + XA <0
on some interval [a,b] and for some matrix A € R™*™. In order to apply
Lemma D.20, it is mandatory to represent both X and X as functions
in a common spline space. This can be achieved as follows. Suppose that
X = 2?21 X;Bj i with coefficients Xi,...,X,, € R"*" and for some
given degree k and knot sequence A. Then, by Lemma D.28, the derivative
of X is given by

n—1
X=> X;B;, 5 with Xj:=(e] Mj,®IL,)col(Xy,...,X,)
1

.
I

and with X\ being the knot sequence obtained by discarding the first and
last knot in A. In order to achieve a common representation, the idea is
to apply a degree elevation to S;_, 5 C S5 § with yields another knot
sequence . By its construction, \ is a refinement of A and a knot insertion

yields Si » C S, 5. In particular, we obtain
AN

X =Y X;B, 5 €5" with X;:=(ef] M ®I,)col(Xy,...,X,)
j=1 ’

and

X1

>

. - . v . (T asd d
X = Xij,k,S\ S SZE” with Xj = (6]- Mkil,S\Mkv/\ 02y In)
1 Xn

J

i.e., a common representation as desired. Thus, by applying Lemma D.20,
we can ensure that the inequality X + ATX + XA < 0 holds on [a, b] if
X;+ATX; + X;A <0 holds for all j € {1,...,7n}.

There are many more results on spline representations. We just mention

two additional ones of them that can be useful for our purposes.
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Remark D.29 (a) Representation of Polynomials: Let p be a polynomial
of degree < k and let A be a k + 1 regular knot sequence. Then the
so-called Marsden’s identity states that the polynomial p can be rep-
resented as linear combination of B-splines of degree k corresponding
to the knot sequence A and also provides an efficient way to compute
the coefficients of the linear combination. The precise result can for

example be found in [104].

(b) Representation of Spline Products: Intuitively, it is rather obvious
that the product of two splines is again a spline. However, formulat-
ing and deriving the concrete representation as provided in [112] is
tedious. In particular, the number of knots required for the represen-
tation is rather large in general which is partly due to the continuity

requirements.

D.3.3 Asymptotic Exactness

In this subsection, we precisely define the B-spline relaxation hierarchy and
show that this hierarchy has the beautiful property of being asymptotically
exact. The latter property is a consequence of characteristics of the so-called

control polygon which is defined as follows.

Definition D.30 (Control Polygon) Let k,n € N, let A € [a,b]*T™*! be a
knot sequence and suppose that S = Z;’:l CjBj k. € Sk,a. Then the con-
trol polygon corresponding to S € Sy x is the piecewise linear interpolant
to the points (A1, C1), ..., (A, Cn), where X := (Nji1,..., Aj)/k is the
jth knot average.

Let us once more consider the spline S defined by (D.6b) and (D.7a).
This spline and its control polygon are depicted on the left of Fig. D.5. The
control polygon corresponding to the spline S after a knot insertion and a
degree elevation is illustrated in the middle and on the right of Fig. D.5,

respectively. In both of the latter two cases, we observe that the control
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-1 -0.5 0 0.5 1

Figure D.5: (Top left) the spline S defined by (D.6b) and (D.7a) as well
as its control polygon. (Top right) the control polygon of S
after adding the knots 0 and 1 to (D.6b). (Bottom) the control
polygon of S after performing a degree elevation.

polygon approaches the spline it is corresponding to. This observation is a
provable fact that holds for splines and relies on the following two results

from [104, Lemma 9.17] and [30], respectively.

Lemma D.31 Let k,n € N, let A € [a,b]*"*! be a knot sequence and
suppose that S = E?Zl C;iBjix € Sgx. Then

[Cf = SADI < M(Njx — Njr1)?  holds for all j€{1,...,n}

where M is a constant that only depends on S and k.
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Lemma D.32 Let k,n € N, let A € [a,b)*™ L be a k + 1 reqular knot
sequence and suppose that S = Z?:l CiBjkx € Skx. Moreover, let T,
denote the control polygon corresponding to S after performing v degree

elevations. Then there exists a constant M such that

nax, |S(z) =T, (x)]| < M% holds for all v € N.

A consequence of Lemma D.31 is that, loosely speaking, the control poly-
gon obtained via suitable successive knot insertions converges quadratically
to the spline it is corresponding to. This is in stark contrast to the linear
convergence obtained via degree elevation in Lemma D.32. In the sequel we,
thus, focus on the B-spline hierarchy based on knot insertions for brevity.

Combining Lemmas D.20 and D.31 yields the following instrumental

result.

Lemma D.33 Let k,n € N, let A € [a,b]* "t be a k + 1 regular knot
sequence and suppose that S := Z?:l C;Bjkx. Moreover, let () en
be a sequence of refinements of X\ with \V € [a,b]F*™F1 satisfying X C
A C A c... and lim,_ e max;e(1, .. .n,} |)‘JV'+1<: — A1 = 0. Finally, let
CY,...,C, denote the coefficients of S with respect to the knot sequence
A, Then S(x) = 0 holds for all x € [a,b] if and only if there exists some
v € N such that C7 = 0 holds for all j € {1,...,n,}.

Proof. Sufficiency is a consequence of Lemma D.20. Necessity is obtained
as follows. Due to the continuity of S and compactness of [a, b], we infer the
existence of some € > 0 such that S(x)—eI > 0 holds for all « € [a, b]. Let us
define )\j”-’* = (N o+ N ) ke and by i= maxjeqn, o,y [N g — AT
for all v and j. From Lemma D.31 we infer the existence of some constant
M such that

ICY — SNY)| < M(NYy e — XYy q)? < MA2
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holds for all j € {1,...,n,} and all v € N. In particular, we have
Cy =07 - S()\J”»’*) + S(A;’*) =Y — S()\J”f*) +el

for all j € {1,...,n,} and all v € N. Since ||C¥ — S(\J"")|| converges to 0
uniformly in j and by continuity, we conclude the existence of some 1y € N
such that CJ° — S(A*") + el = 0 for all j € {1,...,n,,}. This yields
C/ = 0forall j €{1,... 0y} o

We are now in position to precisely introduce the B-spline relaxation
hierarchy based on knot insertion and refinements and state its properties.

The latter are consequences of combining Lemma D.33 and Corollary D.23.

Theorem D.34 (Asymptotically Exact B-Spline Relaxation Hierarchy via Knot
Insertion) Let ¢ € R™, k,n € N and let A € [a,b]* " *! be a k + 1 reqular
knot sequence. Further, suppose that C4,...,C, : R™ — SP are affine

functions and define
Yopt :=inf { ¢y ZCj(y)Bj7k7>\(x) =0 forall x € [a,b]
j=1

Moreover, let (\),en be a sequence of knot sequences NV € [a,b]FTm+1
satisfying A C \' C A% C... and lim, o MaXje(1,  n,} Y — A = 0.
Finally, define

7, := inf {cTy

(] My, 5 ® Ip)eol(Ci(y), ..., Cu(y)) = 0
forall je{l,...,n,} .

Then the following statements hold.
(a) v can be computed by solving a standard linear SDP.

(b) (Vv)ven, is monotonically decreasing and bounded from below by Yopt -

(C) limy, 00 v = Yopt -
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Remark D.35 (a) A concrete strategy for constructing a suitable refine-

ment is to insert the knots &; = 3(&; 4 &41) if the current knot se-
quence is composed of the knots £, < - -+ < &, i.e., to insert knots at
the midpoints of the intervals defined by the current knot sequence.
An adaptive alternative strategy could be as follows. Suppose that ,
is computed and pick some feasible § € R™ such that ¢ is close to
. Next, consider the corresponding spline S = Z?Zl Ci(9)Bj ke,
and insert knots at locations where S(z) has eigenvalues close to
zero or at places that are interesting for other reasons in order to

construct a suitable refined knot sequence.

We stress that the relaxation hierarchy based on degree elevation is
defined analogously and admits the same properties. Moreover, note
that there can be situations where a combination of knot insertions

and degree elevations is profitable.

As a final illustration, let us apply the B-spline relaxation to the DLMI

stability criteria in Theorem D.2 which yields the following set of standard

LMIs.

Corollary D.36 Let k,n € N and let X € [0, Toax* T be a k + 1 regular
knot sequence which contains the knot \,, = Twin exactly once. Further,
let

M\ be the knot sequence obtained by discarding the first and last knot

n A,

M\ the sequence obtained by increasing the multiplicity of each knot

in A% by one,

M be the sequence obtained by k times inserting the knot Ty, into
the sequence A such that discarding the knots A1, ..., Am—1 yields a
k + 1 regular knot sequence A"** € [Tinin, Tmax) "7t with npes =
n+k—m+1.
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Moreover, let AP € [O,Tmax]k"‘”D‘|r1 CAF e [O,Zl’m,(m]k“‘”F+1 and M €
[Tmin,Tmax]k+"J+1 be refinements of X, A% and \"¢*, respectively. Then
the system (2.1) is stable for all (tx)ken, satisfying (RDT) if there exist
Xi,..., X, €S" satisfying

D . D
X7 =0 forall je{l,...,n"},

XE+ ATXF+XFA<0  forall je{1,...n"}

and
AjXJA; —X] <0 forall je{1,...,n7}.

Here, the matrices with indices are given by Xg = > =1 X;Bjk,A(0) as

well as
XJD = (GIM}C{;\D’)\ & In)Xa
X[ = (e Mithr yae M) \a My ® 1) X,
X7 = (e Miyr \ ® In) X
and

Xi = (ef Mo yree (Onreb‘x(mq) Inm) My ® In) X

where X := col(Xq,...,X,).

In particular, if the above LMIs are feasible, then X = 2?21 X;Bj i is
a continuous function satisfying the DLMIs (D.3).

Note that the knot sequence A*? is introduced because it guarantees that
the B-splines By j aki, ..., Bpy_1 g awi and By, g akiy ..., By g awi are sup-
ported only on the compact interval [0, Tyin] and [Tmin, Timax], respectively.
This is important since otherwise one might enforce negative definiteness
of ATX(0)A; — X on a larger interval than [Tinin, Timax] which can lead to

conservatism.
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D.4 A Numerical Comparison

In order to provide a brief comparison of the presented relaxations for
numerically dealing with differential LMIs, we consider the stability criteria
in Theorem D.2 and compare Corollaries D.8, D.11 and D.36 on a variety
of examples that are generated as follows. We take several continuous-time
LTT systems with description

(1) A B B\ [«0t)
e(t) | =|C1 Du D2 | | d(?) (D.8)
y(t) C Dan 0 u(t)

for t > 0 from the COMPI,ib [96] collection and design, for each of these
open-loop systems, a static output-feedback H,.-controller Kp via the
Matlab command hinfstruct [9]. Additionally, we convert the continuous-
time model (D.8) into a discrete-time model by applying a zero-order-hold
approach with T' = 0.5 time units via the command c2d and design another
static output-feedback H..-controller K ; for the resulting model. Finally,
we interconnect both static controllers to the original system by defining

the control input signal u as the convex combination

u(t) = %’U,F(t) + gUJ(t)

with
up(t) == Kpy(t) and  uy(t) = u;(te) == Kyy(tx)

for all t € [tg,tr4+1) and all k € Ny; here (tx)ren, i some given sequence
of impulse instants. Note that u; is a piecewise constant function with
values determined by the controller K; and samples of the signal y at
the time instants t;. If we now drop the performance channel d — e in

the description (D.8), we can equivalently express the resulting closed-loop
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interconnection as a linear impulsive system of the form

<¢(t)> _ <A+§BKFC B)(x(t)) <:v(tk)> _ < I o)( x(t7) )
ug(t) 0 0 N\us(®))" \usltr) S3K;C 0)\uy(ty)
(D.9)

for t > 0 and k£ € N, which we can analyze via Theorem D.2. We are then
able, for example, to numerically determine the largest number T},,x such
that the interconnection (D.9) is stable for all sequences of impulse instants
(tr)ken, satisfying a range dwell-time condition (RDT) on the interval
[0.1, Tinax| by employing Corollary D.8, D.11 or D.36 as well as a bisection.
Note that it is impossible to simplify the analysis criteria in Theorem D.2
by restricting X to be a constant matrix because the describing matrices
of the flow and jump component of (D.9) are not Hurwitz and not Schur
stable, respectively.

Table D.1 displays the obtained results, where we denote by Tg“dgm,

ng’N and Tg{g’N’T the numerically determined largest number T.x €
[0.1,40] such that the inequalities in Corollary D.8; D.11 and D.36 are
feasible, respectively. The superscripts in the numbers nggm and T%JN
denote the parameters appearing in Corollary D.8 and D.11, respectively.
For the application of Corollary D.36, we employ B-splines of degree k = 3
and use a k + 1 regular knot sequence corresponding to the partition used
in Corollary D.11 which is defined by the numbers M and N. We refine the
emerging knot sequences as mentioned in the beginning of Remark D.35
(a) r times. All computations are carried out with Matlab on a general
purpose desktop computer (Intel Core i7, 4.0 GHz, 8 GB of ram) and we
use Yalmip [101] together with Mosek [113]. Note that we render all in-
equalities strict by adding or subtracting eI with e = 1072; reducing the
size of ¢ often yields better results, but also promotes the occurrence of
numerical issues.

Moreover, we denote the average running times within twenty runs in sec-
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onds for applying Corollary D.8, D.11 and D.36 with T},,x = 1 analogously
as Adetn - AMN and ANV These numbers are depicted in Table D.2
where ng,, stands for the number of columns in (4, B).

We observe that the linear spline approach often requires rather fine grids
to get results compatible with the other two approaches. This leads to a
large number of decision variables which might trouble some solvers. Mosek
[113] is one of the solvers that seems to be good in exploiting the resulting
underlying problem structure and can handle such fine grids. Moreover,
note that the computation of ng g seems to be problematic for several of
the considered examples. The numerically determined values are actually
smaller than the ones for Tg%gs and, hence, only a poor approximation of
ng g+ Nevertheless, the SOS approach is usually superior if compared to
the one using linear splines as demonstrated, e.g., in [22, 82]. For most of
the examples, the B-spline approach is the least conservative one, while, at
same time, being faster than the SOS or the linear spline approach. Next to
the nice approximation properties of splines, another reason for this might
be that relatively few decision variables but many constraints are involved

in the B-spline approach.
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Table D.1: Some instances of the values

o o,
TSOS ’

M,N
Trg

and T54

M,N,r

for sev-

eral examples from [96]. All values are rounded to two decimals.

Sum-of-Squares Linear Splines B-Splines
Name TESS Té’és ngs Ti%w ng,a!o ngﬂo Tg,g,o ng,l Tgéo,o ngo,l
AC2 2.66 3.58 3.46 2.66  3.21 3.42 2.84 315 3.54 3.69
AC6 311 3.60 3.07 3.25 3.60 3.68 342 356 3.73 3.79
AC8 2.35 245 241 1.92 2.21 2.31 2.06 2.19 2.39 2.45
HE2 217 319 292 2.29 2.84 3.03 2.39 2.76 3.17 3.32
HE5 1.47  1.84 0.32 2.55 0.95 0.85 227 253 3.21 3.34
DIS2 2.82  9.89 12.66 7.55 2279  40.00 447  6.68 19.63  40.00
MFP 1.22 1.84 1.86 1.49 1.71 1.79 1.55 1.69 1.82 1.90
EB1 1.96 2.66 2.45 2.60  2.90 3.15 2.66  2.80 597  19.07
PSM 8.90 13.98 35.00 4.61 14.31 28.53 3.25 4.84 14.12  40.00
NN2 1.88 217 217 1.80 2.00 2.08 1.94 2.04 2.14 2.16
NN13 1.80 3.54 3.23 2.41 6.97 13.65 2.06 2.78 8.55  25.51
CSE1 233 233 233 1.79 2.08 2.19 1.96 2.14 2.29 2.33
IH 1.10  1.38 1.38 1.12 1.28 1.32 1.22  1.30 1.38 1.38
dg  dm

Table D.2: Average running times in seconds A

SOS »

A%N, A]géN’r and
Mg, the number of columns of (A, B), for examples from [96].

Sum-of-Squares

Linear Splines

B-Splines

Name e Afhs Athe Ay AN° AR AN AR AR AY Ayt
AC2 8 0.65 0.80 1.42 0.31 0.88 1.66 0.19 0.24 0.39 1.53
AC6 9 0.77 0.98 1.90 0.37 1.02 2.00 0.22 0.29 0.46 1.78
ACS8 10 0.89 1.23 2.37 0.42 1.18 2.32 0.25 0.33 0.52 1.96
HE2 6 1.75 2.93 3.90 0.53 1.42 2.49 0.27 0.32 0.53 1.69
HE5 12 1.29 2.15 4.10 0.74 2.38 4.42 0.41 0.63 0.90 3.74
DIS2 5 0.39 0.40 0.54 0.17 0.41 0.73 0.11 0.14 0.24 1.09
MFP 7 0.84 1.36 1.99 0.33 0.91 1.67 0.19 0.24 0.40 1.47
EB1 11 1.06 1.61 3.17 0.53 1.55 2.96 0.32 0.45 0.68 2.53
PSM 9 0.75 0.98 1.85 0.34 0.94 1.77 0.21 0.27 0.43 1.59
NN2 3 0.28 0.26 0.32 0.13 0.31 0.53 0.09 0.11 0.20 0.93
NN13 8 0.66 1.04 1.88 0.35 1.00 1.86 0.21 0.28 0.44 1.70
CSE1 22 5.46 11.03  26.07 3.09 9.25 16.84 1.44 2.52 3.49  20.59
TH 32 17.86 45.15 123.36 12.83  42.35 71.42 6.35 12.95 14.55  80.55
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Abstract

We establish a framework for systematically analyzing and designing
output-feedback controllers for linear impulsive and related hybrid
systems that might even be affected by various types of uncertainties.
In particular, the framework encompasses uncertain switched and
sampled-data systems as well as networked systems with switching
communication topologies.

The framework is based on recently developed convex criteria in-
volving a so-called clock for analyzing impulsive systems under
dwell-time constraints. We elaborate on the extension of those
criteria for dynamic output-feedback controller synthesis by means
of convex optimization and generalize the so-called dual iteration to
impulsive systems. The latter originally and still constitutes a promis-
ing heuristic procedure for the challenging and non-convex design of
static output-feedback controllers for standard linear time-invariant
systems. Moreover, for uncertain impulsive systems as modeled in
terms of linear fractional representations, we generalize the nominal
analysis criteria by providing novel robust analysis conditions based
on a novel time-domain and clock-dependent formulation of integral
quadratic constraints. Finally, by combining the insights on nominal
synthesis and robust analysis, we are able to tackle challenging
output-feedback designs of practical relevance, such as the design
of gain-scheduled, robust or robust gain-scheduled controllers for
impulsive systems.

Most of the obtained analysis and synthesis conditions involve infinite-
dimensional (differential) linear matrix inequalities which can be
numerically solved by using relaxation methods based on, e.g., linear
splines, B-splines or matrix sum-of-squares that we discuss as well.

Keywords

Impulsive Systems, Output-Feedback Synthesis, Robust Analysis,
Integral Quadratic Constraints, Robust Synthesis, Gain-Scheduling
Control, Linear Matrix Inequalities
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