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Abstract

The concepts of potential energy surface (PES) and molecular geometry, defined within the
Born–Oppenheimer (BO) approximation, are essential for computational chemistry. The PES
is a multi-dimensional function of atomic coordinates and can be obtained by the solution of
the electronic Schrödinger equation (SE). While estimating individual points on the PES by
first-principles methods, such as density functional theory (DFT), for even moderately sized
molecular and material systems is computationally expensive, approximate methods allow for
simulations of large systems over long time scales. Machine-learned interatomic potentials
(MLIPs) have been gaining in importance since, once trained, they hold the promise to be as
accurate as the reference ab-initio electronic structure method while having an efficiency on
par with empirical force fields.

The derivation of a molecular representation is crucial for designing sample-efficient and
accurate MLIPs, irrespective of the employed machine learning (ML) algorithm. Here, a novel
molecular fingerprint referred to as Gaussian moment (GM) representation is developed. The
GM representation is atom-centered, includes both structural and alchemical information of
the local atomic neighborhood, and accounts for all essential invariances (translations, rota-
tions, and permutations of like atoms). It is defined by pairwise atomic distance vectors and its
runtime and memory complexity scale linearly with the number of atoms in the local neighbor-
hood. Combined with atomistic neural networks (NNs), GM results in the Gaussian moment
neural network (GM-NN) approach, which enables the generation of MLIPs with accuracy and
efficiency similar to or better than other established ML models. The GM-NN source code is
available free of charge from gitlab.com/zaverkin_v/gmnn.

Another intriguing aspect of MLIPs is the generation of highly informative training data
sets and consequently, uniformly accurate machine-learned PESs, by applying active learn-
ing (AL) strategies. The fundamental quantity of AL is the query strategy – an algorithmic
criterion for deciding whether a given configuration should be included in the training set or
not. This criterion is defined here by employing the uncertainty estimate derived in the op-
timal experimental design (OED) framework. The proposed AL scheme allows for a more
efficient estimation of the uncertainty of atomistic NNs. Thus, it allows for a more efficient
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generation of transferable and uniformly accurate potentials by selecting the most informative
or extrapolative configurations.

Aside from the conventional MLIPs, which typically aim to predict scalar energies, a
methodology for learning the relationship between a structure and the respective tensorial
property by atom-centered NNs has been proposed. To learn tensorial properties, specifically,
the zero-field splitting (ZFS) tensors, the output of an NN is re-weighted by a tensor that satis-
fies the symmetry of the former. It has been shown that the proposed methodology can achieve
high accuracy and has excellent generalization capability for out-of-sample configurations.
Thus, it has been used to study the structural dependence of the ZFS tensor. Moreover, it has
been demonstrated that complex processes such as spin-phonon relaxation can be investigated
by employing machine-learned surrogate models.

Finally, the developed ML approaches have been used to study various surface processes
in interstellar environments. Specifically, the adsorption and desorption dynamics of N and H2

on different surfaces have been investigated, providing binding energies, sticking coefficients,
and desorption temperatures. The diffusion of a nitrogen atom on the surface of amorphous
solid water (ASW) at low temperatures has drawn particular attention. The study requires
long time scales, short time steps in direct molecular dynamics (MD), and a very accurate
PES. It has been achieved by combining MLIP driven MD simulations, free energy sampling
using well-tempered metadynamics, and kinetic Monte Carlo (kMC) simulations based on
the minima and saddle points on the free-energy surface (FES). The study revealed that N
atoms, as a paradigmatic case for light and weakly bound adsorbates, can hardly diffuse on
bare ASW at 10 K. Surface coverage may change that considerably, increasing the effective
diffusion coefficient over 9–12 orders of magnitude.
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Zusammenfassung

Die Konzepte der Potentialenergiefläche (PES, engl. für Potential Energy Surface) und der Mo-
lekülgeometrie sind in der Born-Oppenheimer-Näherung definiert und bilden eine Grundlage
für die computergestützte Chemie. Die PES ist eine mehrdimensionale Funktion der Atomko-
ordinaten und kann durch die Lösung der elektronischen Schrödingergleichung erhalten wer-
den. Die Berechnung einzelner Punkte auf der PES via First-Principles-Methoden, wie z. B.
die Dichtefunktionaltheorie (DFT), wird bereits für Molekül- und Materialsysteme mittlerer
Größe sehr rechenintensiv. Auf der anderen Seite ermöglichen Näherungsverfahren atomisti-
sche Simulationen großer Systeme über lange Zeitskalen. Mit ihrer, zur entsprechenden ab-
initio Referenzmethode ähnlichen, Präzision gewinnen die maschinell erlernten interatomaren
Potentiale (MLIP, engl. für Machine Learned Interatomic Potential) an Bedeutung. Ein weite-
rer Vorteil ist die Recheneffizienz, vergleichbar zu empirischen Kraftfeldern.

Die Herleitung einer molekularen Repräsentation ist entscheidend für die Entwicklung
von einem dateneffizienten und genauen MLIP und ist unabhängig vom maschinellen Lern-
verfahren. In dieser Arbeit wird eine alternative Methode entwickelt, die im Folgenden als
Gauß Moment (GM) Darstellung bezeichnet wird. Die GM-Darstellung ist auf einem Atom
zentriert, enthält sowohl strukturelle als auch chemische Informationen der lokalen atomaren
Umgebung und berücksichtigt alle wichtigen Invarianzen (Translationen, Rotationen und Per-
mutationen von gleichartigen Atomen). Sie wird ausschließlich durch Abstandsvektoren zwi-
schen benachbarten Atomen definiert. Außerdem skaliert die GM linear mit der Atomanzahl
in der lokalen atomaren Umgebung. Kombiniert mit atomistischen neuronalen Netzen (NNs)
ergibt sich der Ansatz des Gauß Moment Neuronalen Netzwerkes (GM-NN). Dieser ermög-
licht die Erzeugung von maschinell erlernten (ML, engl. für Machine Learning) Potentialen,
die im Vergleich zu etablierten ML-Modellen vergleichbar oder besser in puncto Präzision
und Recheneffizienz sind. Der GM-NN-Quellcode ist unter gitlab.com/zaverkin_v/gmnn frei
verfügbar.

Ein weiterer wichtiger Aspekt von MLIPs ist die Generierung von hochinformativen Trai-
ningsdatensätzen und damit gleichmäßig genauen ML-PESs. Dies kann durch Anwendung von
Methoden des aktiven Lernens (AL) erreicht werden. Der Hauptbestandteil jeder AL-Methode
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ist ein algorithmisches Kriterium für die Entscheidung, ob eine gegebene Konfiguration in den
Trainingsdatensatz aufgenommen wird oder nicht. Ein solches Kriterium wird hier auf Basis
der Unsicherheitsschätzung im Rahmen der optimalen Versuchsplanung (OED, engl. für Opti-
mal Experimental Design) definiert. Der entwickelte AL-Algorithmus ermöglicht eine zeiteffi-
zientere Schätzung der Unsicherheit atomistischer NNs. Durch die Auswahl der informativsten
bzw. extrapolativsten Konfigurationen aus einem Trainingsdatensatz können übertragbare und
gleichmäßig akkurate ML-Potentiale effizient erzeugt werden.

Neben den konventionellen MLIPs, die typischerweise skalare Energien vorhersagen, wur-
de hier eine Methode zum Erlernen der tensoriellen Molekül- und Materialeigenschaften durch
atomzentrierte NNs eingeführt. Um die entsprechenden Eigenschaften, insbesondere den Ten-
sor der Nullfeldaufspaltung (ZFS, engl. für Zero-Field Splitting), zu modellieren, wird die
Ausgabe eines NN durch einen weiteren Tensor neu gewichtet. Dieser erfüllt die Symmetrie
der zu modellierenden Eigenschaft. Die entwickelte Methode bietet eine hohe Genauigkeit
und besitzt außerdem eine ausgezeichnete Generalisierungsfähigkeit auf Konfigurationen, die
während des Trainings nicht benutzt wurden. Konkret wurde die Methode für die Erforschung
der Abhängigkeit des ZFS-Tensors von der Molekülstruktur benutzt. Darüber hinaus konn-
te die Möglichkeit zur Untersuchung komplexer Prozesse, z. B. der Spin-Phonon-Relaxation,
durch den Einsatz von ML-Modellen gezeigt werden.

Schließlich wurde eine Vielzahl von Oberflächenprozessen in interstellarer Umgebung un-
tersucht, um die entwickelten ML-Methoden anwendungsbezogen zu nutzen. Insbesondere
wurde die Adsorptions- und Desorptionsdynamik von N und H2 auf verschiedenen Oberflä-
chen simuliert sowie die Bindungsenergien, Adsorptionskoeffizienten und Desorptionstempe-
raturen berechnet. Ein besonderes Augenmerk wurde auf die Diffusion eines Stickstoffatoms
auf amorphen Eisoberflächen bei niedrigen Temperaturen gelegt. Die entsprechende Studie
erfordert lange Zeitskalen, kurze Zeitschritte in der direkten Moleküldynamik (MD) und eine
hohe Genauigkeit der PES. Dies wurde durch die Kombination von MD-Simulationen auf ei-
nem MLIP, dem Sampling der Freie-Energie-Fläche (FES, engl. für Free-Energy Surface) mit
der Methode der wohltemperierten Metadynamik und kinetischen Monte-Carlo-Simulationen
(kMC) erreicht. Dabei wurden die Minima und Sattelpunkte auf der FES für die entsprechen-
den kMC-Simulationen verwendet. Das Resultat zeigte, dass N-Atome als paradigmatischer
Fall für leichte und schwach gebundene Adsorbate auf den unkontaminierten, amorphen Eis-
oberflächen bei 10 K kaum diffundieren. Darüber hinaus konnte gezeigt werden, dass die Prä-
senz von anderen, inerten Atomen oder Molekülen den effektiven Diffusionskoeffizienten über
neun bis zwölf Größenordnungen beeinflusst.
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Chapter 1 Introduction

1 Introduction

Quantum mechanics, in one of its versions, is based on the so-called Schrödinger equation
(SE) [13] that governs the wave function of a quantum-mechanical system. As Dirac noticed
almost a century ago [14], the SE alone contains all necessary information to describe chemi-
cal phenomena and processes. The exact solution of the time-independent SE is possible only
for the most simple systems. Therefore, to gain insights into complex chemical processes, the
solution of the time-independent SE is simplified by employing the Born–Oppenheimer (BO)
approximation [15]. Here, the motion of the nuclei is decoupled from the electronic move-
ment. The BO approximation is justified by more than three orders of magnitude differences
in masses of electrons and nuclei. Finally, the BO approximation introduces essential con-
cepts including the potential energy surface (PES) and molecular geometry, thereby forming
the basis of computational and theoretical chemistry, which describe chemical phenomena and
processes.

Within the BO approximation, the nuclear coordinates enter the electronic SE paramet-
rically. The resulting PES is a multidimensional real-valued function of atomic coordinates.
Specifically, the PES is a (3Nat − 6)-dimensional1 effective potential energy hypersurface in
which Nat nuclei move. One can use different techniques to estimate the individual points
on the PES, from ab-initio electronic structure theory to empirical fits by force fields. While
the ab-initio techniques provide chemically accurate potential energy hypersurfaces, they scale
poorly with the system size. Therefore, their application in atomistic simulations, which re-
quire energies and forces for many atomic configurations, like molecular dynamics (MD) or
geometry optimization, is limited to relatively small or moderately sized systems. The em-
pirical force fields (FFs), on the contrary, are computationally very efficient and can be used
to compute the PES of large systems. However, they lack accuracy, have limited transferabil-
ity [16], and are generally not able to describe bond-formation and bond-breaking.

The search for methods that allow mapping atomic positions {Ri}Nat
i=1 and nuclear charges

{Zi}Nat
i=1 to the PES, i.e. f : {Zi,Ri} 7→ E, and have the accuracy comparable to first-

principles methods, is part of the current research. Recently, machine-learned interatomic

1Translations and rotations of the whole system are excluded as they do not change the potential energy.
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Chapter 1 Introduction

potentials (MLIPs) [17–27] have risen in popularity due to their ability to learn from ab-initio
data and approach the accuracy as the underlying first-principles reference method. Moreover,
MLIPs have proven to generalize well to unseen configurations, transfer to arbitrary-sized sys-
tems, and describe bond-breaking and bond-formation as opposed to empirical FFs [16]. For
modeling chemical processes, several machine learning (ML) techniques, from linear regres-
sion models to artificial neural networks (NNs), can be used to predict a variety of chemical
and physical properties of molecules and bulk solids. The approximation capabilities of NNs
have promoted their broad application in computational chemistry and materials science [28].
Initially, NNs were applied to represent PESs of small atomistic systems [29, 30]. Their ap-
plication to high-dimensional systems was then extended later [31]. Once trained, the com-
putational cost of MLIPs based on NNs does not scale with the number of data points used
for training as opposed to kernel-based models. Therefore, training sets can be as large as
necessary to achieve the desired accuracy for applications in atomistic simulations such as
MD.

The successful application of ML approaches to atomically resolved systems faces sev-
eral challenges, irrespective of the specific ML algorithm type employed. One of the biggest
challenges in designing MLIPs is deriving a suitable representation of an atomistic sys-
tem [21, 27, 32, 33]. This challenge is manifold since the atomistic system of an arbitrary size
needs to be encoded in a feature vector of fixed dimension. At the same time, the complete in-
formation about the three-dimensional configuration, including the fundamental symmetries,
e.g., the rotational, translational, and permutational invariance of scalar properties, has to be
encoded in this vector.

Additionally, the atomistic representation has to be systematically improvable. This means
that the accuracy of predictions should increase with an increasing dimension of the feature
vector. The molecular fingerprint must be computationally efficient and transferable between
similar systems and their configurations. The mapping from an atomistic structure to the re-
spective feature vector must be unique, i.e., feature vectors corresponding to different atomic
arrangements should have different sets of values. Also, the extension to additional symmetries
and constraints like the periodic boundary conditions in bulk solids must be easily accessible.
Finally, the atomistic representation has to be differentiable with respect to the atomic coordi-
nates to calculate forces and Hessians. This is certainly not the whole list of requirements to
an “ideal” representation but is sufficient to state its relevance.

Another challenge is the generation of appropriate training data because of the dimension-
ality of the chemical and conformational spaces. One should also not neglect the high compu-
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Chapter 1 Introduction

tational cost of ab-initio methods. In general, this problem requires the ML model to detect the
most informative structures sampled in an on-the-fly fashion or contained in a pre-computed
data set, such that the computationally expensive ab-initio calculations are performed only for
them. It is achievable by employing active learning (AL) [34], a particular form of ML whose
aim is to learn general-purpose models with a minimal number of training data. The key ingre-
dient for an AL algorithm is the query strategy – an algorithmic criterion for deciding whether
a given configuration should be included in the training set. While for the Gaussian process
(GP)-based models, it can be defined employing their inherent Bayesian predictive variance,
the NN-based models previously applied in computational chemistry require at least the train-
ing of an ensemble of models, the so-called query by committee (QbC) approach [34]. The
search for alternative AL approaches for atomistic NNs that do not require training of an en-
semble of models is challenging. However, the respective task is even more demanding since
frequent re-training can be considered the computational bottleneck for applying AL to atom-
istic NNs, in general. Thus, the search for NN architectures that would allow fast re-training
is highly desirable.

Many properties of materials and molecules are described by symmetric tensors, typically
of rank two, while, for example, elastic properties of a medium require a fourth-rank tensor.
Especially, magnetic properties of transition metal complexes, mediated by the Zeeman and the
zero-field splitting (ZFS) interactions [35], have drawn particular attention due to the potential
application of such complexes as single-molecule magnets (SMMs), molecular quantum bits,
and spintronic devices [36–39]. Here, the main challenge is that the modeling of tensorial
properties, in general, requires that the model respects the appropriate geometric transforma-
tions, rather than invariance, when, e.g., the reference frame rotates. The ability of modeling
magnetic anisotropies, specifically, can help investigating a manifold of complex chemical and
physical phenomena and processes like spin-phonon relaxation. The application of atomistic
NNs to predicting tensorial properties, often defined for a specific atom rather than for the
whole structure, has not been studied and is an integral part of the current research.

The last but not least challenge that was tackled during this thesis is applying MLIPs
to study real-world chemical processes and phenomena, rather than using the developed ap-
proaches with benchmark systems. This challenge is two-fold, from the ML perspective. The
generation of an accurate MLIP requires carefully sampled training data at the reference level
of theory. Implying that obtained atomic configurations cover the relevant part of configu-
rational and chemical space uniformly, the correct physics is imposed on the respective ML
model. The assessment of the quality of the trained ML model is also challenging since it
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requires to answer whether the obtained model represents correct physics or not. Particu-
larly, the investigation of diffusion processes of adsorbates other than H and D in interstel-
lar environments has drawn much attention and is highly disputed in the literature, see, e.g.,
Refs. [40–42]. However, a detailed study using ab-initio methods is unfeasible since it re-
quires long time scales and short steps in direct MD. MLIPs providing exceptionally accurate
and efficient PESs can be employed to shed some light on this intriguing research question.

The focus of this thesis is, therefore, the development of new approaches based on artificial
NNs to solve the challenges mentioned above, from the derivation of a suitable representation
of an atomistic system [1] to the application of developed ML approaches to the investigation
of chemical phenomena and processes [5]. The main developments of this cumulative the-
sis are presented in Refs. [1–5] and summarized in Chapter 5. An introduction to quantum
chemistry and artificial NNs is given in Chapter 2 and Chapter 3 respectively, while Chap-
ter 4 elaborates on the recently proposed neural tangent kernel (NTK) theory [43]. Concluding
remarks and an outlook are presented in Chapter 6.
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Chapter 2 Key concepts of quantum chemistry

2 Key concepts of quantum chemistry

This chapter presents the basic concepts of quantum chemistry, relevant for modeling chemical
systems by machine learning (ML). Starting with the Born–Oppenheimer (BO) approxima-
tion [15], the most important concept is presented since the ML-based models will be trained
on electronic energies defined in Section 2.1. Moreover, the nearsightedness of electronic
matter is discussed in Section 2.2, following Refs. [44, 45]. This concept will be important
for deriving models whose computational cost scales linearly with the number of atoms in the
atomistic system. Lastly, the basic concepts of the density functional theory (DFT), probably
the most broadly used first-principles method to generate reference data for ML algorithms,
are reviewed in Section 2.3, following Ref. [46].

2.1 The Born–Oppenheimer approximation

Here, the Born–Oppenheimer (BO) approximation [15], essential to solving the time-
independent Schrödinger equation (SE), is reviewed. This approximation allows decoupling
the motion of the nuclei from electronic movement, justified by the differences in masses by a
magnitude of 103. The BO approximation is essential for concepts such as the potential energy
surface (PES) and molecular geometry. It is indispensable for conventional molecular machine
learning (MML), which aims to map the atomic coordinates to the corresponding energy value

{RK , ZK}Nat

K=1 7→ E, (2.1)

where RK are the coordinates of nuclei, ZK are the corresponding atomic numbers, and E is
the electronic energy of the system.
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For a general molecular system, the total (non-relativistic) Hamiltonian operator reads

Ĥtot = −
Nnuc∑
K=1

~2

2MK

∇2
K −

Nel∑
i=1

~2

2me

∇2
i +

e2

4πε0

∑
i>j

1

|ri − rj|

− e2

4πε0

∑
K,i

ZK

|ri −RK |
+

e2

4πε0

∑
K>L

ZKZL

|RK −RL|

= T̂N + T̂e + V̂ee + V̂eN + V̂NN,

(2.2)

where T̂N and T̂e are the kinetic energy operators of nuclei and electrons respectively, V̂NN is
the Coulomb repulsion between nuclei, and V̂ee is the Coulomb repulsion between electrons.
The remaining term is the Coulomb attraction between the nuclei and the electrons V̂eN. The
time-independent SE reads1

Ĥtot |Ψtot
i (R, r)〉 = Etot

i |Ψtot
i (R, r)〉 , (2.3)

with |Ψtot
i (R, r)〉 being the solution of the molecular SE to the energy state Etotal

i , R being
the coordinates of the nuclei and r being the electronic spatial coordinates. In general, the
electronic coordinates have to be extended by the spin coordinate, neglected here for simplicity.

The following derivation of the BO approximation follows Ref. [46], and one writes for
the electronic Hamiltonian operator

Ĥe = T̂e + V̂ee + V̂eN + V̂NN = Ĥtot − T̂N. (2.4)

Here, the so-called mass-polarization term has been neglected. It originates from the fact that
there is no rigorous way to separate the center of mass motion from internal motion. However,
the mass-polarization term leads only to energy contributions less than the electronic energy
by a factor proportional to the ratio of the electronic and nuclear masses (∼ 103).

Now, fixing the coordinates of nuclei R̄ and assuming that the complete set of solutions

1Here, the bra-ket notation for wave functions and multi-dimensional integrals is used

|Ψ〉 ≡ Ψ, 〈Ψ| ≡ Ψ∗,∫
Ψ∗Ψdr ≡ 〈Ψ |Ψ 〉 ,∫
Ψ∗ĤΨdr ≡ 〈Ψ| Ĥ |Ψ〉 ,

where ket |Ψ〉 denotes the wave function, and bra 〈Ψ| denotes its complex conjugate.
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for the electronic SE is available, one may write

Ĥe

(
R̄
)
|Ψn

(
R̄, r

)
〉 = En

(
R̄
)
|Ψn

(
R̄, r

)
〉 , (2.5)

where index n denotes the nth electronic state with energy En

(
R̄
)
. Since the Hamiltonian

operator is hermitian, one can select its solutions to be orthogonal and normalized, such that
the total (exact) wave function for the molecular system can be expanded in the respective
basis as

|Ψtot
i (R, r)〉 =

∞∑
m=1

Φim (R) |Ψm (R, r)〉 , (2.6)

where the expansion coefficients Φim (R) are the functions of the nuclear coordinates and are
solutions to the SE of nuclei.

By applying the Hamiltonian defined in Equation (2.4) to the wave function from Equa-
tion (2.6) and subsequently projecting the result on a specific electronic wave function
〈Ψn (R, r)| one obtains

∞∑
m=1

〈Ψn (R, r)| T̂N |Φim (R)Ψm (R, r)〉+ En (R) Φin (R) = Etot
i Φin (R) , (2.7)

where it is noted that the electronic Hamiltonian operator acts only on the electronic wave
function. The first term in Equation (2.7), which includes the kinetic energy operator of the
nuclei, can be written explicitly by applying the product rule as

∞∑
m=1

[
〈Ψn| T̂N |Ψm〉 −

Nnuc∑
K=1

~2

MK

〈Ψn|∇K |Ψm〉∇K

]
Φim (R) + T̂NΦin (R) , (2.8)

where |Ψn〉 ≡ |Ψn (R, r)〉, for simplicity. The first two terms, the so-called non-adiabatic
coupling elements, contain the electronic wave function and describe the coupling between
different electronic states. In most cases, this interaction can be neglected, and the nuclei
move on a potential energy surface (PES) which is a solution of the electronic SE. The SE for
the nuclei in the BO approximation reads(

T̂N + En (R)
)
Φin (R) = Etot

i Φin (R) . (2.9)

Note that the BO approximation is limited and breaks, e.g., near conical intersections [47].
However, it is sufficient for most quantum chemistry applications, and this concept is broadly
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used to construct a machine-learned interatomic potential (MLIP) trained on electronic ener-
gies En (R). As a final remark, a few properties of En (R) important to encode in MLIPs are
presented. These are:

1. The electronic energy En (R) is invariant to the translations of the molecular structure,
i.e.

En (R) = En (R+ a) ,

where a ∈ R3 is the vector by which the structure is shifted.

2. The electronic energy En (R) is invariant to the rotations and inversions of the molecular
structure, i.e.

En (R) = En (UR) ,

where U ∈ O(3) and O(3) is the orthogonal group in R3.

3. The electronic energy En (R) is invariant to the permutation of like atoms, i.e.

En (R1,R2, . . . ,RNat) = En

(
Rπ1 ,Rπ2 , . . . ,RπNat

)
.

where π ∈ P and P is a set of permutations of (1, . . . , Nat).

2.2 Nearsightedness of electronic matter

Another important concept of quantum and computational chemistry is the locality of atomic
interactions, which is based on a widely applicable physical principle, first introduced qual-
itatively in Ref. [44]. This principle is called the nearsightedness of electrons in many-atom
systems and can, in many cases, be used to explain the success of machine learning (ML) when
applied to chemical problems. The concept of the nearsightedness of electronic matter, which
often is a good approximation for constant-chemical-potential conditions [48], suggests that
for a fixed chemical potential µ, external potential v (r), and an absence of long-range electric
fields, local electronic properties, such as the electron density at r

n (r) = 2

Nel/2∑
i=1

|Ψi (r)|2 , (2.10)
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do not perceive the local perturbations of the external potential ∆v (r′) if r′ is far enough from
r. The relevant length scale has been introduced in Ref. [44] and is

‖r− r′‖2 � λ, (2.11)

where λ is the typical de Broglie wavelength occurring in the electronic ground state of a finite
temperature ensemble. For example, for a finite temperature T , the de Broglie wavelength can
be computed as

λ =
h√

3mekBT
, (2.12)

where h is Planck’s constant, me is the mass of an electron, and kB is Boltzmann’s constant.
For T = 300 K one obtains λ ≈ 6.2 nm.

A more rigorous analysis of the concept of the nearsightedness of electronic matter has
been performed in Ref. [45], using the electron density defined in Equation (2.10). The authors
of the latter have shown that for any perturbation of the external potential ∆v (r′) outside of
the sphere of radius rc, see Figure 2.1 for a 2D example, the following expression is valid

lim
rc→∞

∆n (r0, rc) = 0, (2.13)

for a broad class of systems. Here, ∆n (r0, rc) is the maximum magnitude of the change in the
electron density ∆n (r0) at r0 depending on the radius rc of the sphere in Figure 2.1. Moreover,
for a given r0 and ∆n, one can solve

∆n (r0, rc) = ∆n (2.14)

and obtain the nearsightedness range rc (r0,∆n). For technical details see the original publi-
cation [45].

In the context of quantum and computational chemistry, the principle of the nearsighted-
ness of electronic matter can be exploited to explain the existence of first-principles methods
whose computational cost scales linearly with the number of electrons Nel [44, 49–55], i.e.
O (Nel). However, in this work, the nearsightedness of electronic matter is crucial to jus-
tify the decomposition of the electronic energy E (R) into the respective atomic contributions
Ei (R) [31]

E (R) =
Nat∑
i=1

Ei (R) , (2.15)
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v (r)
r0

rc

∆v (r′)

Figure 2.1: Schematic of the concept of the nearsightedness of electronic matter in 2D. v (r)
is the external potential in which electrons move, ∆v (r′) is the perturbation of the external
potential at r′. The perturbing potential is placed outside the sphere of radius rc centered at
r0. (Reproduced with permission from Ref. [45]. Copyright (2005) National Academy of
Sciences, U.S.A.)

where each atomic energy contains only local interactions within a finite cutoff radius. The
selection of the cutoff radius appears to be crucial to take all relevant interactions into account
since the nearsightedness range rc (r0,∆n) is sensitive to the system type, e.g., metallic vs.
insulating [45].

2.3 Density functional theory

Probably the most frequently employed first-principles method for constructing the reference
data for molecular machine learning (MML) algorithms is the density functional theory (DFT).
This section gives a brief overview of the basics of DFT. The basis for DFT is the proof of
the so-called Hohenberg–Kohn (HK) theorems [56], which state that the electronic ground
state energy is determined entirely by the electron density n. The proof of HK theorems is
straightforward and can be found in most textbooks for computational chemistry, see, e.g.,
Ref. [46].

The importance of the functional relationship between the ground state electronic energy
and the electron density2 is tremendous as it reduces the complexity of the problem from

2The electron density is given by the integral of the square of the wave function Ψ(x1, . . .xNel
) over Nel − 1

electron coordinates x = (r, σ)

n (r1) =

∫
dσ1

∫
dx2 · · · dxNel

|Ψ(x1, . . .xNel
)|2 ,

where σ denotes the spin coordinate. Thus, the electron density depends only on three spatial coordinates. Note
that for each electron, three spatial and one spin coordinates are given.
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dealing with 4Nel degrees of freedom to dealing with only three spatial variables. Formally,
one can split the energy functional E [n] into three parts

E [n] = T [n] + EeN [n] + Eee [n] , (2.16)

with T [n] being the kinetic energy, EeN [n] being the attraction between the nuclei and elec-
trons, and Eee [n] being the electron–electron repulsion. The repulsion between nuclei is
skipped in the above expression since it is constant in the Born–Oppenheimer (BO) approxi-
mation. In this section, atomic units (a.u.) are used to simplify the notation.3 It is valid to split
the electron–electron Eee [n] repulsion into the classical Coulomb and a non-classical part, i.e.,
J [n] and K [n], respectively4

Eee [n] = J [n] +K [n] . (2.17)

Unfortunately, there is no closed-form for the kinetic energy functional T [n] and the non-
classical part of the electron–electron repulsion K [n], although many attempts toward their
definition have been made, e.g., the Thomas–Fermi–Dirac model [57, 58]. The main flaw of
these models is the poor representation of the kinetic energy functional, which, in general, is
of the same order of magnitude as the total electronic energy. A solution has been proposed by
Kohn and Sham [59] and is referred to as the Kohn–Sham (KS) theory. In the KS formalism,
the kinetic energy functional is split into two parts, one which can be computed exactly and a
small correction term.

The exact part of the kinetic energy functional is computed by assuming an auxiliary wave
function ΨKS which yields the same density as the true, physical wave function. More specif-
ically, in the KS framework, it is assumed that the electrons in this auxiliary system are non-
interacting, and the solution to the electronic Schrödinger equation (SE) is given as a single

3All spatial coordinates are given in Bohr (a0 = 0.529 × 10−10 m), while energies are in Hartree (E0 =
2625.5 kJ mol−1).

4The Coulomb term describes the classical average Coulomb potential between two charge distributions and
reads

J [n] =
1

2

∫ ∫
n (r)n (r′)

|r− r′|
drdr′,

while the non-classical part contains the potential correlation and exchange energy.
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Slater determinant.5 Thus, the exact part of the kinetic energy functional reads

TS =

Nel∑
i=1

〈ϕi| −
1

2
∇2 |ϕi〉 , (2.18)

where the superscript S denotes that the kinetic energy has been calculated from the Slater
determinant. The re-introducing of the so-called KS orbitals increases the complexity of the
problem again to 3Nel variables. Nonetheless, KS methods are independent-particle models
and thus, are still far less computationally expensive than many-particle wave function-based
methods [46].

Until now, no approximation has been made since the difference T [n] − TS [n], the so-
called kinetic correlation energy, together with the non-classical part K [n] = Eee [n] − J [n]

can be included in the exchange-correlation functional Exc [n]. The DFT energy reads

EDFT [n] = TS [n] + EeN [n] + J [n] + Exc [n] , (2.19)

which is exact if the exact form of the exchange-correlation functional Exc [n] is known. The
latter has not been found so far and therefore, an approximation to it has to be derived. The
advantage of the KS theory is that the exact part of the kinetic energy functional provides about
∼ 99 % of the total kinetic energy T [n] [46], i.e. the difference T [n] − TS [n] is small. For
example, for a neon atom, the kinetic energy is 128.9 a.u., the exchange energy is −12.1 a.u.,
and the correlation energy is only −0.4 a.u [46]. Therefore, one can immediately see that the
KS theory is less sensitive to the exact form of the functionals as the exchange-correlation
energy is about ten times smaller than the kinetic energy.

In the following, some popular classes of the exchange-correlation functionals, which build
the basis for various DFT methods, are presented. It is common to separate an exchange-
correlation functional into a pure exchange Ex [n] and a correlation Ec [n] contributions

Exc [n] = Ex [n] + Ec [n] . (2.20)

5A Slater determinant is defined as

Ψ(x1,x2, . . . ,xNel
) =

1√
Nel!

∣∣∣∣∣∣∣∣∣
ϕ1 (x1) ϕ2 (x1) · · · ϕNel

(x1)
ϕ1 (x2) ϕ2 (x2) · · · ϕNel

(x2)
...

...
. . .

...
ϕ1 (xNel

) ϕ2 (xNel
) · · · ϕNel

(xNel
)

∣∣∣∣∣∣∣∣∣ ,
where ϕi is a monoelectronic wave function or the so-called (molecular) orbital.
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One of the simplest approximations is the so-called local density approximation (LDA). Here,
the local density is treated as a uniform electronic gas and the exchange-correlation functional
is given by

ELDA
xc [n] = ELDA

x [n] + ELDA
c [n] , (2.21)

with the exchange part given by a simple analytic expression [57, 58]

ELDA
x [n] = −Cx

∫
n4/3 (r) dr, (2.22)

where Cx = 3
4
(3/π)1/3, and ELDA

c [n] is computed typically by employing parameterized
fits to quantum Monte Carlo data for the uniform electron gas. Note that an extension to
LDA exists for the open-shell systems called the local spin density approximation (LSDA).
The LDA and LSDA approximations are especially suitable for extended metallic systems,
and, therefore, they have been used extensively in the physics community. Unfortunately,
these approximations are not well suited for molecular systems, underestimating the exchange
energy by ∼ 10 % [46].

One can achieve an improvement over LDA and LSDA by taking the gradient of the elec-
tron density ∇n (r) into account in the functional form. These methods are referred to as
generalized gradient approximation (GGA) methods which have a general form

EGGA
xc [n] = EGGA

x [n] + EGGA
c [n]

=

∫
fx (n (r) ,∇n (r)) dr+

∫
fc (n (r) ,∇n (r)) dr,

(2.23)

where fx and fc are the functions of n (r) and ∇n (r). Many examples of GGA functionals typ-
ically used in the literature exist, e.g., the B88 [60] and the PBE [61,62] functionals. However,
it is out of this work’s scope to provide the exact analytical form of the exchange-correlation
functionals mentioned above. For more details, the reader is referred to, e.g., Refs. [46, 63].

A possibility to further improve the accuracy of the exchange-correlation functional is to
combine the GGA functionals with the exact Hartree–Fock (HF) exchange.6 Such functionals
are referred to as hybrid functionals. For example, from the PBE functional, one can define its

6The exact HF exchange is defined as

EHF
x [n] = −1

2

∑
i,j

∫ ∫
drdr′ϕ∗

i (r)ϕj (r)
1

|r− r′|
ϕi (r

′)ϕ∗
j (r

′) ,

where ϕi are the KS orbitals.
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hybrid version PBE0 [62, 64] as

EPBE0
xc [n] =

1

4
EHF

x [n] +
3

4
EPBE

x [n] + EPBE
c [n] , (2.24)

such that the exchange part is a linear combination of EHF
x and EPBE

x . Note that more examples
of successful hybrid functionals exist, like B3LYP [65, 66]. However, a detailed overview is
out of the scope of this work, and the reader is referred elsewhere [46, 63].

Finally, the computational efficiency of DFT has promoted its broad applicability in many
areas of chemistry, physics and materials science. Specifically, DFT allows for the evaluation
of energies and their gradients for many configurations and, therefore, allows one to study
the time evolution of an atomistic system. DFT-based molecular dynamics (MD) methods
(Car–Parrinello (CP) [67] and Born–Oppenheimer (BO) MD) are often referred to as ab-initio
molecular dynamics (AIMD) and provide a means for studying chemical processes in an accu-
rate and unbiased way [68–70]. Nevertheless, the length and time scales accessible with DFT
are still rather limited. Machine learning (ML)-based models promise to expand the applica-
bility of first-principle methods, in general, to larger time and length scales [5–7, 71–77].
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Chapter 3 Artificial neural networks

3 Artificial neural networks

Neural network (NN) based machine learning (ML) models have achieved extraordinary
performance across a wide range of tasks [78–83]. Their success has motivated the use
of NNs beyond image recognition and text understanding in, for example, chemistry and
physics [17–27]. Therefore, in this chapter, a bottom-up introduction to NNs is presented.
Starting at the basics of NNs, Section 3.1 explains the general network architecture, the for-
ward pass, the error back-propagation, and gradient descent (GD) for training an NN-based
model. Next, Section 3.2 introduces several heuristics and best practices to improve the train-
ing of NNs and provides a Hessian-based analysis of them. Lastly, Section 3.3 discusses the
generalization ability of NNs and introduces several techniques to improve it. Sections 3.1–3.3
were inspired by Refs. [84–87].

3.1 The basics of neural networks

This section elaborates on artificial feed-forward neural networks (NNs). The starting point
is the general formulation of artificial NNs, the description of their architecture, and the com-
putation of the network’s output in the forward propagation step; see Section 3.1.1. Next,
Section 3.1.2 discusses the calculation of gradients of the predefined loss function with re-
spect to trainable parameters and introduces the backward propagation algorithm. From here,
the basics of the gradient descent (GD) based optimization of NNs is described, and the con-
vergence analysis of the respective algorithm is performed; see Section 3.1.3.

3.1.1 Network architecture and forward propagation

Let us consider a function defined at an abstract level as

f (·;θ) : Rd → R, (3.1)

which takes an input x ∈ Rd and maps it to an output f (x;θ) ∈ R. Note that only a single out-
put is considered for simplicity, but the generalization to multiple outputs is straightforward.
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Wkj

xi

aj ak

f

Hidden Layers
Input
Layer

Output
Layer

Figure 3.1: Schematic representation of a feed-forward neural network (NN) consisting of
four hidden layers. In a feed-forward NN, the information propagates from the inputs through
multiple hidden layers to the output.

The parameters θ are learned from the data such that the mapping in Equation (3.1) fits the
target values y. A real-valued function f (·;θ) is referred to as a neural network (NN) if it is
structured as a composition of many simple neurons organized in layers. Each neuron receives
the output of the neurons from the previous layer as an input.

A simple scheme of a fully-connected feed-forward NN is presented in Figure 3.1. The
final layer provides the output of a feed-forward NN f (x;θ) and is called the output layer; x
is the input to the NN. All other layers are called hidden layers as the training data does not
show the output of these layers. One may compute the output of a neuron k in Figure 3.1 from
inputs aj in two steps  hk =

∑
j Wkjaj + bk,

ak = ϕ (hk) ,
(3.2)

where Wkj and bk are trainable parameters of the NN and are referred to as weights and biases,
respectively. The output of the first step hk represents a weighted sum over all neurons j

that neuron k receives as input. It is often referred to as a pre-activation. The second step
applies an activation function ϕ : R → R to the pre-activation hk yielding a result known
as a post-activation. Common choices of activation functions are described at the end of this
section.
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In the following, let a fully-connected feed-forward NN with L hidden layers of width nl,
for l = 0, . . . , L+ 1 be defined by the recurrence relation

a(0) = x ∈ Rd,

h(l+1) = W(l+1)a(l) + b(l+1) ∈ Rnl+1 ,

a(l+1) = ϕ(h(l+1)) ∈ Rnl+1 ,

(3.3)

where ϕ : R → R is the activation function applied element-wise to an input h(l+1), W(l+1) ∈
Rnl+1×nl and b(l+1) ∈ Rnl+1 are weights and biases. Here, n0 = d and nL+1 = 1 are the input
and output dimensions, respectively. Moreover, the activation for the input neurons is defined
as a(0) = x and the output of the network is given by the linear output unit, i.e. f (x;θ) =

h(L+1) ∈ R, since throughout this work, a regression or interpolation task is considered. In
general, other output units depending on the specific task are possible, see, e.g., Ref. [85].

When using feed-forward NNs, the information propagates from the input x through the
hidden layers to an output f ; see Figure 3.1. It is called the forward propagation step and is an
important part of the NN training as it allows one to compute a scalar loss L (θ); see the fol-
lowing discussion. The gradient is computed in the back-propagation step; see Section 3.1.2.
Let D = {(xi, yi)}Ntrain

i=1 ⊂ Rd ×R denote the training set with inputs xi ∈ X ⊂ Rd and labels
yi ∈ Y ⊂ R. In this work, the task of regression is principally considered, thereby typically
the mean squared error (MSE) loss function

L (θ;D) = Ex,y∈D
[
‖f (x;θ)− y‖22

]
, (3.4)

will be minimized during training to attempt to find optimal trainable parameters

θ∗ = argmin
θ

L (θ;D) , (3.5)

where θ∗ denotes the optimal parameters.
Note that different loss functions give various statistics. Minimizing the MSE loss on

infinitely many samples drawn from the true distribution would result in an NN which predicts
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the mean of y for a given x1

f (x;θ∗) = Ey∈Y [y|x] , (3.6)

while minimizing the mean absolute error (MAE) loss

L (θ;D) = Ex,y∈D [‖f (x;θ)− y‖1] , (3.7)

would yield a function that predicts the median value of y for a given x. One can obtain these
results by employing the calculus of variations; see Ref. [85] for more details.

Another important aspect of a successful NN architecture is the properly chosen activa-
tion function ϕ : R → R, which gives an NN its non-linear capabilities. Here, four differ-
ent popular choices are considered: ReLU [88, 89], softplus [88, 90, 91], sigmoid [92], and
Swish [93–95]. The rectifier, or ReLU, activation function is defined by

ReLU (hj) = max (0, hj) , (3.8)

and is one-sided, i.e. does not enforce a sign symmetry or anti-symmetry [88].2 Softplus is a
smooth version of the rectifying non-linearity and is defined by

softplus (hj) = ln (1 + exp (hj)) , (3.9)

which has the advantage of being smooth around zero.
Another activation function class is the logistic sigmoid and the hyperbolic tangent, which

1One can obtain this result by employing the calculus of variations. For a squared loss function L (x, y) =

(f (x)− y)
2, the average expected loss is given by

E [L] =
∫ ∫

(f (x)− y)
2
p (x, y) dxdy,

where p (x, y) is the joint probability distribution. To find the optimal f∗ (x), the functional derivative with
respect to f (x) is computed and reads

δE [L]
δf (x)

= 2

∫
(f (x)− y) p (x, y) dy = 0.

Using that p (x, y) = p (x) p (y|x) one obtains

f∗ (x) =

∫
yp (y|x) dy = Ey [y|x] .

2For example, the hyperbolic tangent tanh (x) imposes the sign anti-symmetry, while its absolute value [96]
imposes the sign symmetry.
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Figure 3.2: Common choices of activation functions: ReLU [88, 89], softplus [88, 90, 91],
sigmoid [92], and Swish [93–95].

are equivalent to a linear transformation. Therefore, in the following discussion, only the
former is considered. The sigmoid non-linearity has the following analytical form

sigmoid (hj) =
1

1 + exp (−hj)
, (3.10)

and is a monotonically increasing function which asymptotes at some finite value as x → ±∞.
The last activation function studied here is the Swish non-linearity given by

Swish (hj) = hj · sigmoid (hj) , (3.11)

and is equivalent to the ReLU non-linearity as hj → ±∞. Figure 3.2 shows all activation
functions described in this section.

3.1.2 Computing gradients via the backward propagation

During a training step, the parameters of a neural network (NN), θ =(
W(1),b(1), . . . ,W(L+1),b(L+1)

)
, are optimized in order to minimize the loss function

L (θ), e.g. the squared loss defined in Equation (3.4). For the minimization of the latter,
most algorithms require the computation of its gradient with respect to all parameters, i.e.
∂L (θ) /∂θ. Here, an algorithm called error back-propagation [97, 98] is outlined, following
Ref. [86], which allows for the efficient propagation of the error feedback to the multiple
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layers of the NN to compute the gradient with respect to the weights and biases that need to
be adjusted.

An error back-propagation algorithm is essentially the consecutive application of the chain
rule to the loss function L (θ). In the following, the NN is re-written in its equivalent form as

f (x;θ) = W(L+1)ϕ
(
W(L) . . . ϕ

(
W(2)ϕ

(
W(1)x

)))
, (3.12)

where biases b(l) are omitted and θ =
(
W(1), . . . ,W(L+1)

)
, for simplicity. For the simple

squared error loss

L (θ) =
1

2
‖f (x;θ)− y‖22 , (3.13)

where f (x;θ) is the output of the network and y is the corresponding label, one obtains for
the gradient with respect to the weight matrix W(l) the following expression3

∂L (θ)

∂W(l)
=
(
W(L+1)D(L) . . .W(l+1)D(l)

)T
(f (x;θ)− y)

(
a(l−1)

)T
. (3.14)

Here, D(l) = diag
(
ϕ′ (h(l)

))
denotes the diagonal matrix with elements consisting of the

derivatives of the post-activation with respect to h(l).
Given the expression for ∂L (θ) /∂W(l), a sequence of the back-propagated error can be

defined by the recurrence relation

δ(L+1) = (f (x;θ)− y) ,

δ(L) =
(
W(L+1)D(L)

)T
δ(L+1),

· · · ,

δ(l) =
(
W(l+1)D(l)

)T
δ(l+1),

· · · ,

δ(1) =
(
W(2)D(1)

)T
δ(2),

which simplifies the computation of the gradient of the loss function with respect to the weight

3Understanding the error back-propagation algorithm requires considering the application of the chain rule to
obtain derivatives to the neural networks (NNs) graphs. Let f : R → R denote a general real-valued function.
Given the chain of functions x = f(w), y = f(x), and z = f(y) one may write for ∂z/∂w

∂z

∂w
=

∂z

∂y

∂y

∂x

∂x

∂w
= f ′ (y) f ′ (x) f ′ (w) .
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matrix W(l) to
∂L (θ)

∂W(l)
= δ(l)

(
a(l−1)

)T
. (3.15)

An efficient implementation of the back-propagation algorithm stores a(l) during the for-
ward pass. During the backward pass, δ(l) is computed by the left-multiplying of δ(l+1) by the
matrix

(
W(l+1)D(l)

)T . All vectors δ(l) are stored as well. Here, only a single output has been
considered, f (x;θ) ∈ R, but the generalization to multiple outputs is straightforward.

As a final remark of this section, one should mention that in practice, modern NN frame-
works such as, e.g., TensorFlow [99], Pytorch [100], and JAX [101] use automatic differenti-
ation [102], where the backward computations are produced automatically from the forward
pass. Therefore, there is no need to implement the error back-propagation manually.

3.1.3 The basics of gradient descent and convergence analysis

In previous sections, the forward and backward propagation through the network, which pro-
vides pre-activations a and gradients ∂L (θ) /∂θ, have been discussed. Thus, the main focus
now is the problem of training an NN, i.e. the optimization of the trainable parameters from
the data. Let D = {(xi, yi)}Ntrain

i=1 ⊂ Rd × R denote the training set with inputs xi ∈ X ⊂ Rd

and labels yi ∈ Y ⊂ R. A large class of methods for neural network optimization are based
on gradient descent (GD), which, in its basic form, reads

∆θ = −α
∂L (θ)

∂θ
, (3.16)

where L (θ) is the loss function, e.g., the mean squared error (MSE) loss given by

L (θ) =
1

2NTrain

NTrain∑
i=1

‖f (xi;θ)− yi‖22 (3.17)

and α > 0 is the learning rate.
In the following, the shape of the loss function close to the optimal trainable parameter θ∗

is analyzed to assess the convergence of gradient descent, following Refs. [84, 87]. For this
purpose, the loss function is expanded into its Taylor series around θ∗

L (θ) = L (θ∗) +
1

2
(θ − θ∗)T

∂2L (θ)

∂θ2

∣∣∣∣
θ=θ∗

(θ − θ∗) + · · · . (3.18)

Note that in the above expression, there is no first-order term (θ − θ∗)T ∂L (θ) /∂θ|θ=θ∗ , be-
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Figure 3.3: Contour plot of a loss function with θ ∈ R2. The highest eigenvalues correspond
to the direction of the highest curvature. A large ratio λ1/λ2 makes the function ill-conditioned
and harder to optimize with gradient descent.

cause θ∗ is defined to be a minimum, where the gradient vanishes. The eigenvalues of the
Hessian matrix ∂2L (θ) /∂θ2

∣∣
θ=θ∗ , namely λ1 ≥ λ2 ≥ · · ·λ|θ| ≥ 0, provide some information

about the local curvature of the loss function and how well GD may perform. Let |θ| denote
the dimension of the parameter space, i.e. the number of trainable parameters. Assuming
all eigenvalues to be strictly positive, the difficulty to converge to θ∗ is given by the condi-
tion number λ1/λ|θ|. An example of a two-dimensional loss function with θ ∈ R2 and the
respective eigenvalues is presented in Figure 3.3.

In general, the Hessian matrix of an NN can be computed by applying the chain rule for
second derivatives [84]

∂2L (θ)

∂θ2 =
∂O

∂θ

T ∂2L (θ)

∂O2

∂O

∂θ
+

∂L (θ)

∂O

∂2O

∂θ2 , (3.19)

where O = f (X ;θ). While the analysis of the high-dimensional Hessian matrix in Equa-
tion (3.19) is hardly feasible, blocks of it may have a simpler analytical form [103, 104]. Let
〈·〉D denote the mean over the training data, gk = ∂f/∂hk be the sensitivity of the neuron k

to the output, and hk =
∑

j Wkjaj be the output of a simple neuron. Then, the block Hessian
(Hk)ij = ∂2L (θ) /∂Wki∂Wkj focuses on the parameters of neuron k and takes the simple
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form4

(Hk)ij =
〈
aiajg

2
k

〉
D +

〈
ai

∂gk
∂Wkj

(f (x;θ)− y)

〉
D
. (3.20)

As a side remark, it should be mentioned that the Hessian-based analysis presented in this
section will be used in the following to motivate and explain a variety of best practices and
techniques used to improve the training and the generalization ability of artificial NNs.

3.2 Improving the training of neural networks

Here, several heuristics and best practices to improve the training of artificial neural networks
(NNs) are presented. First, two techniques, often used in the literature to normalize the input
features and inputs to hidden and output layers, standardization and batch normalization (BN),
are described; see Section 3.2.1. Then, in Section 3.2.2, the selection of an appropriate acti-
vation function, defining the non-linear capability of NNs, is discussed. Particular attention in
Section 3.2.3 is drawn to the parameterization of artificial NNs, which also affects the selec-
tion of learning rates and the overall performance. Finally, the key concepts of state-of-the-art
optimization algorithms are presented; see Section 3.2.4.

3.2.1 Normalizing the input features

In general, a faster convergence of a neural network (NN) based model can be achieved if
the average of each input variable over the training set is close to zero. To see this simple
relationship, one may refer to the deductive example in Ref. [84], which considers a simple
case where all the inputs are positive. It can be shown that, in this case, all updates of the
trainable parameters of the first layer will have the same sign. Thus, the respective weight
parameters can only all decrease or increase for a given input, and a weight vector can change
its direction, if needed, only by zigzagging, which may lead to slow convergence.

In the above example, only positive inputs have been considered. However, slow conver-
gence can, in general, be caused by any shift of the average input away from zero since it
would bias the updates of the trainable parameters in a particular direction. It holds not only
for the input features but for all layers in an NN. Therefore, the batch normalization (BN)
technique [105, 106] is described at the end of this section, and is particularly important when
using mini-batch training. See Section 3.2.4 for more details on mini-batch training.

4It has been used that ∂f/∂Wkj = aj∂f/∂hk.
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Figure 3.4: Distribution of inputs x ∈ R2 and x̃ ∈ R2 after shifting and scaling the inputs,
respectively. Condition number λ1/λ2 is shown as an inset. A low condition number makes
the optimization easier.

Besides shifting the inputs, they can be scaled such that all of them have the same variance

σ2
i =

1

NTrain

NTrain∑
k=1

(
x
(k)
i

)2
, (3.21)

where NTrain is the number of training points, and σ2
i is the covariance of the ith input variable

and x
(k)
i is the ith component of the kth training sample. Scaling the inputs may lead to a

balanced rate at which all weight parameters learn. It improves the overall convergence of
the gradient descent (GD) algorithm. Additionally, by imposing σi = 1, one may ensure that
reasonable regions of the activation function, see Section 3.2.2, are used, which may improve
GD’s convergence.

As a final remark, the Hessian-based analysis can be used to motivate the scaling and
shifting of inputs. Considering that the inputs xi, xj , and the sensitivity gk are independent, one
may obtain for the Hessian matrix Hk ≈ 〈x⊗ xg2k〉D an upper-bound for the condition number
λ1/λ|θ| =

(
maxiσ

2
i + ‖m‖22

)
/miniσ

2
i with m ∈ Rd being the shift vector [87]. From this

expression, one can see that any significant shift away from zero and a large spread in standard
deviations may increase in the condition number and, thus, impose a slower convergence of
the optimization of an NN-based model.

Standardization technique. In the following, the scaling and shifting of the inputs are com-
bined to the technique often referred to as standardization. The resulting transformation is
given by

x̃i =
xi −mi

σi

, (3.22)
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for all input features i = 1, . . . , d. Note that throughout this section, the input features are
considered, while the same techniques may be applied to hidden layers and, especially, to the
network’s outputs. It also may have a positive impact on the convergence rate. An exam-
ple of the standardization technique is presented in Figure 3.4 for x ∈ R2. It demonstrates
that centring and normalizing the inputs leads to a considerably reduced condition number
(λ1/λ2 = 1.01) compared to the original inputs (λ1/λ2 = 19.17).

Batch normalization technique. Here, a brief introduction to the batch normalization (BN)
technique is given. Note that BN is extensively used in literature to achieve faster training
processes and better resulting models [106]. In practice, BN is implemented as an additional
NN layer. In each iteration of the training process, it normalizes the inputs of the latter using
the mean and the variance of the input batch. It is a beneficial technique for normalizing the
inputs to hidden layers and, e.g., normalizing trainable input features [3].

In a standard BN approach, for a training step, one computes5

anorm =
a− µb√
σ2

b + ε
, (3.23)

where BN is directly applied to the post-activation a. Mean and variance of the mini-batch b

are given by µb and σ2
b , respectively. A small constant ε is added to the variance for numerical

stability. Additionally, in each training step, the running mean and variance, which are used
during the inference step, are updated according to

µ = γµ+ (1− γ)µb,

σ2 = γσ2 + (1− γ)σ2
b ,

(3.24)

and the output of an BN layer at the inference step reads

anorm =
a− µ√
σ2 + ε

. (3.25)

Typically, one must account for the bias introduced by initializing µ and σ2 to zeros. For this
purpose, the respective values can be re-scaled by sb = 1/ (1− tb + ε) with ε being a small
constant, tb = γtb−1, and t0 = 1, i.e. µ → sbµ and σ2 → sbσ

2. Finally, the normalized value

5In Ref. [3], the authors observed that the averaged statistics in Equation (3.24) could also be advantageous
during training for input features. It implies that the corresponding expression must be changed accordingly and
is equivalent to Equation (3.25).
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has to be shifted and scaled to restore the representational power of the network [105]

ã = c ◦ anorm + d, (3.26)

where ◦ denotes the element-wise product, and parameters c and d are optimized during train-
ing.

3.2.2 Choosing the activation function

In the following, the Hessian-based analysis presented in Section 3.1.3 is employed to motivate
the application of the activation functions described in Section 3.1.1. The discussion presented
here follows Ref. [87]. Let h denote the pre-activations and a = ϕ(h) be the vector of post-
activations received by neuron k. The respective Hessian matrix is given by Hk ≈ 〈a⊗ ag2k〉D,
where the second term of the Hessian matrix from Equation (3.20) is neglected. Moreover, the
sensitivity gk is assumed to be unity, for simplicity.

Figure 3.5 shows the distribution of pre-activations h ∈ R2 and post-activations a =

ϕ(h) ∈ R2 obtained from non-linearities in Equations (3.8–3.11) with corresponding condi-
tion number λ1/λ2. The application of the ReLU function results in a relatively low condition
number of 1.91, which explains its broad applicability in the literature [79,80,107]. However,
an important requirement when modeling physicochemical properties is smoothness, clearly
violated by the ReLU function at zero. Therefore, in addition to the ReLU non-linearity, the
softplus, sigmoid, and Swish activation functions are considered. While softplus and sigmoid
tend to produce the post-activations that are not well centered, causing the conditions number
to be high (38.58 and 80.67, respectively), the Swish activation function is well centered. It
produces a condition number close to one (1.08).6 Therefore, the Swish activation should be
prioritized while constructing NNs employed for modeling potential energy surfaces and other
physicochemical properties.

3.2.3 Parameter initialization and learning rates

Careful initialization of trainable parameters is crucial for the efficient training of NNs. They
have to be initialized randomly to break artificial symmetries in the parameter space but in
such a way that the reasonable part of the activation function can still be used. Additionally, it
is preferable that all layers learn equally fast, i.e. all gradients are of the same magnitude. In

6Similar results as for the Swish non-linearity may be obtained for the shifted softplus ln (1 + exp (hj)) −
ln (2).
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Figure 3.5: Distribution of pre-activations h ∈ R2 and activations a ∈ R2 resulting from
the application of different non-linearities. Condition number λ1/λ2 is shown as an inset.
A low condition number makes the optimization easier. (Reproduced with permission from
Ref. [87]. Copyright 2020, The Editor(s) (if applicable) and The Author(s), under exclusive
license to Springer Nature Switzerland AG.)

the following, a network is again defined by a recursion
a(0) = x ∈ Rd,

h(l+1) = W(l+1)a(l) + b(l+1) ∈ Rnl+1 ,

a(l+1) = ϕ
(
h(l+1)

)
∈ Rnl+1 ,

(3.27)

where a(l+1) is called the post-activation and h(l+1) is the pre-activation. The non-linearity
ϕ : R → R is applied entry-wise. The standard parameterization (SP) is achieved by taking
the initial weight and bias elements from W

(l+1)
ij ∼ N (0, 1/nl) and b

(l+1)
j ∼ N (0, 1), where

N (µ, σ2) is a Gaussian distribution with a mean µ and variance σ2. Sometimes biases are ini-
tialized at zeros, i.e. b(l+1)

j = 0. This parameterization is sometimes referred to as LeCun [84]
or Kaiming initialization [108].

Similar to the previous sections, SP can be motivated by the Hessian-based analysis [87].
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Recall from Section 3.1.3 that the Hessian matrix of the network can be approximated by a
block-diagonal form

H ≈ diag (Hj,Hj′ ,Hj′′ , . . . ,Hk,Hk′ ,Hk′′ , . . . ) , (3.28)

and eigenvalues of H are given by the eigenvalues of the respective blocks Hk corresponding
to neurons k. Considering that Hk ≈ 〈a⊗ ag2k〉D, one can impose that for a small condition
number, i.e. an efficient training, all post-activations have to be on the same scale, and all
sensitivities also have to be on the same scale. Both requirements are satisfied for the SP if all
layers have the same number of neurons.

An alternative parameterization of an NN is the neural tangent parameterization (NTP)
proposed recently in Ref. [43]. In NTP, weights and biases are re-scaled as

W(l+1) =
1

√
nl

W̃(l+1) ∈ Rnl+1×nl ,

b(l+1) = βb̃(l+1) ∈ Rnl+1 ,

(3.29)

and the entries of the weight matrix W̃(l+1) are taken from a normal distribution N (0, 1),
while biases b̃(l+1) are initialized at zero. Note that the set of the functions that can be realized
by Equation (3.27) is the same for both parameterizations, SP and NTP. However, for NTP, the
gradients of the loss function with respect to the weight parameters ∂L (θ) /∂W̃

(l)
ij and biases

∂L (θ) /∂b̃
(l)
j are re-scaled by 1/

√
nl and β, respectively.

For NTP, at least in a first-order Taylor approximation, the maximum possible learning
rate for which gradient descent (GD) converges is asymptotically constant in width [109,110].
Relative to SP, the NTP updates in layer l are smaller by a factor of 1/nl since the gradient
in layer l is multiplied by 1/

√
nl, and the gradient update is again multiplied by 1/

√
nl in

the forward pass. Hence, for SP, a learning rate of the order 1/(maxl nl) can be used if a
single learning rate should be used jointly for all layers [110–112]. However, typically the
input dimension is smaller than the hidden layers, n0 � nl for l = 1, . . . , L, and hence the
learning rate in the first layer could be larger, i.e., of the constant order 1/n0. It is, therefore,
possible to use a larger learning rate for the first layer in SP. This agrees with the empirical
findings of Ref. [84], who have observed that the loss surface is often steeper in higher layers,
as illustrated in Figure 3.6. In summary, NTP allows for fast training of the first layer without
the use of layer-wise learning rates.

As a final remark, it should be mentioned that the factors 1/
√
nl are crucial to obtaining a
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Figure 3.6: Schematic representation of the shape of the loss surface (red lines) depending
on the layer. The gradient is often smaller in lower layers than in higher layers (from left to
right), or equivalently, the loss surface in lower layers has smaller curvature than in higher
layers. (Reproduced with permission from Ref. [84]. Copyright 2012, Springer-Verlag Berlin
Heidelberg.)

consistent asymptotic behaviour of NNs as the width of the hidden layers n1, . . . , nL grows to
infinity. The neural tangent kernel (NTK), which governs the training dynamics of infinitely
wide NNs, reads 〈

∂y

∂W̃
,
∂y′

∂W̃

〉
=

1

n

〈
∂y

∂W
,
∂y′

∂W

〉
, (3.30)

where 〈·, ·〉 denotes the scalar product and y is the network’s output. For more details on the
NTK theory, see Chapter 4. A side effect of 1/

√
nl is that the influence of the connection

weights during training is reduced when nl is large. Therefore, the factor β < 1 is introduced
to balance the influence of biases and connection weights. In Ref. [43], a value of 0.1 for β
has been proposed.

3.2.4 Momentum, adaptive learning rates, and mini-batches

Here, other approaches aside from the heuristics and best practices described in previous sec-
tions are presented, leading to an improved convergence of gradient descent (GD). A general
approach to increase the learning along the direction of low curvature of the loss surface while
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damping the learning along directions with high curvature is to apply momentum in GD

gt =
∂L (θ (t))

∂θ
,

mt = γmt−1 + (1− γ)gt,

∆θ (t) = −αmt,

(3.31)

where α is the learning rate, 0 ≤ γ < 1 is the strength of the momentum term and is usually
chosen to be around 0.9 or 0.99.

Another possibility to improve the convergence of the gradient descent is to adapt the
learning rate depending on the historical gradient in some previous iterations. In the most
simple algorithm AdaGrad [113], this is realized by normalizing the gradients with those from
all previous steps

gt =
∂L (θ (t))

∂θ
,

vt =
t∑

j=1

gj ◦ gj,

∆θt = −αv
−1/2
t ◦ gt,

(3.32)

where ◦ denotes the element-wise product.
The main drawback of such an algorithm is that it treats all past gradients equally. Thus,

applying momentum to the adaptive learning rate algorithm is natural, i.e., using exponentially
decaying weights for the past gradients. This modification has led to multiple improved algo-
rithms such as, e.g., AdaDelta [114], but the most successful one is the Adam optimizer [115],
which incorporates the second-order momentum vt

gt =
∂L (θ (t))

∂θ
,

mt = γ1mt−1 + (1− γ1)gt,

vt = γ2vt−1 + (1− γ2)gt ◦ gt,

∆θt = −αv
−1/2
t ◦mt.

(3.33)

Here, the calculation of the bias-corrected momentum mt and normalization vt, necessary
as the respective moving averages are initialized at zero, has been skipped for simplicity.
For more details on the original algorithm, see Ref. [115]. All these algorithms, including
many others, are implemented in modern NN frameworks such as, e.g., TensorFlow [99], Py-
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torch [100], and JAX [101].
As a final remark, it should be mentioned that, in practice, training on the whole train-

ing set at once is not feasible as the evaluation of the loss function and its gradients with
respect to the trainable parameters become very expensive, both computationally and in terms
of memory. Therefore, the so-called mini-batch gradient descent (MBGD) is usually em-
ployed [116], where a group of samples is processed during training. Let NBatch be the number
of mini-batches and assume that NTrain is divisible by NBatch. Then, each mini-batch contains
|I| = NTrain/NBatch training samples. Now, given a random mini-batch I ⊂ {(xi, yi)}NTrain

i=1 of
size |I|, a loss function on I can be defined as

L(I) (θ) =
1

|I|
∑
i∈I

L(i) (θ) , (3.34)

where L(i) (θ) is the loss function for the ith training sample, e.g.

L(i) (θ) =
1

2
(f (xi;θ)− yi)

2 , (3.35)

and the total loss is given by

L (θ) =
1

NBatch

NBatch∑
I=1

L(I) (θ) . (3.36)

Finally, one may write for the MBGD update rule

∆θ (t) = −α
∂L(It) (θ (t))

∂θ
. (3.37)

Typical mini-batch sizes range between 10 and 100 samples in the problem settings considered
in this work. However, different values can be sensible in other settings, as the mini-batch size
is a compromise between statistical accuracy, parallelization, and memory limitations of the
given NN on the provided hardware.

3.3 Improving the generalization of neural networks

One of the central goals of machine learning (ML) is to obtain a model that performs well not
only on the training samples but also on new inputs not seen during training, or in other words,
generalizes well. Here, several techniques are presented to reduce the generalization error and
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improve the transferability of NN-based models to new scenarios. The starting point is a reg-
ularization technique that introduces the L2 parameter norm penalty to the loss function, the
so-called weight decay technique, see Section 3.3.1. From here, in Section 3.3.2, a different
approach to the regularization of an NN, so-called early stopping, is presented. Moreover, it is
shown that early stopping is closely related to the weight decay regularization and advantages
of the former compared to the latter are highlighted. Finally, in Section 3.3.3, the problem
of the introduction of prior knowledge on an example of interatomic NN potentials is intro-
duced, and possible solutions such as the construction of invariant representations and data
augmentation are discussed.

3.3.1 L2 parameter regularization

Let D = {(xi, yi)}Ntrain
i=1 ⊂ Rd ×R denote the training set with inputs xi ∈ X ⊂ Rd and labels

yi ∈ Y ⊂ R. Moreover, let θ be trainable parameters of an ML model, an NN in this specific
case. A common way to regularize an ML model is to add a parameter norm penalty Ω (θ) to
the original loss function L (θ;X ,Y)

L̃ (θ;X ,Y) = L (θ;X ,Y) + βΩ (θ) . (3.38)

Here, β ∈ [0,∞) defines the relative contribution of the norm penalty Ω (θ) relative to the
original loss function L (θ;X ,Y). This technique may be applied to all ML algorithms such
as NNs, linear regression or logistic regression [85]. Here, only the application of parameter
norm penalty to NN-based models is considered.

Independent of the exact form of the penalty Ω (θ), when minimizing the regularized loss
function L̃ (θ;X ,Y) both the original loss function L (θ;X ,Y) and the norm of parameters θ
are reduced. In general, different choices for the parameter norm Ω (θ) are possible. Each of
them results in a different solution being preferred. Note that, typically, only weight parame-
ters of an NN are penalized, i.e. θ = W, while biases are not regularized. This is because the
latter needs fewer data to accurately fit and only shifts the activation function.

While different choices of the parameter norm are possible, see, e.g., Ref. [85], here, only
the L2 norm, often referred to as weight decay, is discussed following Ref. [85]. The L2

parameter regularization forces the weights W closer to zero by adding a regularization term
β/2WTW to the original loss function L (θ;X ,Y)

L̃ (θ;X ,Y) = L (θ;X ,Y) +
β

2
WTW. (3.39)
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Here, W is a vector containing weight matrix elements.
The gradient of the regularized loss function L̃ (θ;X ,Y) with respect to weight parameters

W reads
∂L̃ (W)

∂W
=

∂L (W)

∂W
+ βW, (3.40)

and the update rule for the parameters is given by

Wt+1 = (1− αβ)Wt − α
∂L (Wt)

∂W
, (3.41)

where α is the learning rate of an GD algorithm. The expression in Equation (3.41) shows that
the L2 penalty reduces the weight parameters by a constant factor at each training step before
performing the regular GD update. While it is a result obtained after a single iteration, in the
following, it will be shown what happens over the entire course of training.

Similar to the previous section (see Section 3.2), the Hessian-based analysis may be em-
ployed to explain what happens during training when the L2 parameter regularization term is
added to the loss functions [85]. For this purpose, the original loss function L (W) is expanded
into its Taylor series around the optimal weights W∗

L (W) ≈ L (W∗) +
1

2
(W −W∗)T H (W −W∗) , (3.42)

where H = ∂2L (W) /∂W2|W=W∗ is the Hessian matrix and is positive semi-definite since
W∗ is the location of minimum of the loss function L (W). Thus, the gradient of L (W) may
be written by employing the Hessian matrix as

∂L (W)

∂W
= H (W −W∗) . (3.43)

Now, the L2 regularization can be added to the gradient in Equation (3.43) and the respec-
tive equation is solved such that the minimum of the regularized loss L̃ (W) is found

βW +H (W −W∗) = 0, (3.44)

(H+ βI)W = HW∗, (3.45)

W = (H+ βI)−1HW∗. (3.46)

For small β, W in Equation (3.46) approaches W∗. To see what happens for large β the
Hessian matrix H is decomposed into a diagonal matrix D and the corresponding orthonormal
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basis of eigenvectors U, such that H = UDUT . Applying the aforementioned decompositions
to the expression in Equation (3.46) one obtains

W =
(
UDUT + βI

)−1
UDUTW∗, (3.47)

W =
(
U (D+ βI)UT

)−1
UDUTW∗, (3.48)

W = U (D+ βI)−1DUTW∗. (3.49)

One can see from the Hessian-based analysis that an effect of the L2 regularization is the
re-scaling of W∗ along the axes defined by the eigenvectors of H. The components of W∗,
aligned with the ith eigenvector of H, are re-scaled by λi/ (λi + β). Thus, along the directions
with λi � β, the effect of regularization is relatively small. However, along the directions
with λi � β, the elements of the weight vector will decrease to nearly zero. The weight decay
regularization technique suppresses the weight vector components for directions with a small
gradient, i.e. for the directions along which the parameters do not contribute to the reduction
of the loss function.

3.3.2 Early stopping

As mentioned before, when training an NN model, one usually expects as output a network
with an optimal out-of-sample or generalization performance. Unfortunately, due to the over-
parameterization, all standard NNs are prone to overfitting [117]: While the error on the
training samples seems to get continuously better, the performance on the unseen data may
deteriorate. The schematic evolution of the generalization error during training is shown in
Figure 3.7.

In general, the overfitting may be conquered in two different ways. First, the number
of parameters can be reduced, leading to less expressive models. Second, a regularization
technique may be applied to improve an NN’s generalization ability. Among the suite of
existing regularization techniques [85], the most common approach is the early stopping [118].
Therefore, here, the basic ideas of the early stopping technique are presented, while several
approaches for choosing, e.g., stopping criteria, can be found in the literature [119].

A standard procedure for early stopping and selecting the best set of parameters consists
of the random splitting of the given data set in three parts: training, validation, and test data
set. The training data set is used to adjust the trainable parameters by minimizing the loss
function, e.g. the squared loss in Equation (3.17). The validation data set is used to track the
model’s performance on the unseen data and select the model with the lowest generalization
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Training loss

Validation loss

Loss

Training step

Underfitting Overfitting

Figure 3.7: Schematic representation of the idealized training (solid line) and validation
(dashed line) losses as a function of the training step. The dotted vertical line represents
the best model chosen according to the minimal validation loss, while colors represent an
overfitted (red) and an underfitted (blue) neural network (NN).

error. The test data set is employed to get an unbiased estimate of the model’s out-of-sample
performance. Note that validation data set cannot be used for this purpose since it has been
used to select the final model and, thus, indirectly biased the training procedure.

An essential ingredient of the early stopping technique is the metric employed to evaluate
the model’s performance. Independent of the loss function used during training, the error
metric should reflect what good performance for a specific task is assumed to be. Common
evaluation metrics are the root-mean-square error (RMSE)

RMSE =

√√√√ 1

Ndata

Ndata∑
i=1

(
yi − yrefi

)2
, (3.50)

and the mean absolute error (MAE)

MAE =
1

Ndata

Ndata∑
i=1

∣∣yi − yrefi

∣∣ , (3.51)

where Ndata is the number of samples in, e.g., the validation data set.
The main limitation of this regularization technique is that one assumes that the validation

and test data sets cover a reasonably large part of the target values such that the model’s
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generalization ability can be assessed. This assumption is not valid in many scenarios. For
example, often, one does not know whether the trained model will be exposed to some new
scenarios on which it will extrapolate. To conquer this shortage of NN-based models, AL
strategies [34] can be applied to track the model’s performance by exploring new scenarios
and adding them to the training data or selecting the most representative sample from the
given data set.

Besides the basic ideas of the early stopping technique, one can show its correspondence to
the L2 regularization, see Section 3.3.1. The following will show explicitly that early stopping
is a regularization technique and can be seen to be equivalent to the L2 regularization [85]. The
discussion presented below follows Ref. [85]. Similar to the previous section (Section 3.3.1),
the loss function is expanded around the optimal weight parameters W∗ in its Taylor series as

L (W) ≈ L (W∗) +
1

2
(W −W∗)T H (W −W∗) , (3.52)

where H = ∂2L (W) /∂W2|W=W∗ is the Hessian matrix and is positive semi-definite since
W∗ is the location of the minimum of L (W). The gradient under the Taylor series approxi-
mation becomes

∂L (W)

∂W
= H (W −W∗) . (3.53)

Let the weight vector be initialized at zeros, i.e. W0 = 0. The update of the parameters
via gradient descent (GD) is defined by

Wt = Wt−1 − αH (Wt−1 −W∗) , (3.54)

Wt −W∗ = (I− αH) (Wt−1 −W∗) , (3.55)

where t denotes the training step. Applying the eigenvalue decompositions of the Hessian
matrix H = UDUT , one obtains the following expressions for the parameter update

Wt −W∗ =
(
I− αUDUT

)
(Wt−1 −W∗) , (3.56)

UT (Wt −W∗) = (I− αD)UT (Wt−1 −W∗) . (3.57)

Finally, choosing W(0) = 0 and α sufficiently small one obtains for the training dynamics of
the parameters W

UTWt =
(
I− (I− αD)t

)
UTW∗. (3.58)

Using the expression in Equation (3.49) for the L2 regularization one obtains for UTW
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after re-arranging7

UTW = (D+ βI)−1DUTW∗, (3.59)

UTW =
(
I− (D+ βI)−1 β

)
UTW∗, (3.60)

From Equation (3.58) and Equation (3.60), one can see that the early stopping and L2 regu-
larization can be considered to be equivalent, if for the chosen parameters α, t, and β it holds
that [85]

(I− αD)t = (D+ βI)−1 β. (3.61)

Moreover, by taking the logarithm of the right and the left-hand side of Equation (3.61) and
using the series expansion for log (1 + x) one obtains

t ≈ 1

αβ
, (3.62)

β ≈ 1

tα
. (3.63)

Note that the eigenvalues of the Hessian are assumed to be small enough, i.e. λiα � 1 and
λi/β � 1. Thus, for the quadratic approximation employed in this analysis, the number of
training iterations t is inversely proportional to the L2 regularization parameter β.

Due to the equivalence of the L2 regularization technique and the early stopping approach,
at least within the quadratic approximation, it can be stated for the latter that the parameter
values corresponding to the directions of large curvature of the loss function are regularized
less than directions of less curvature. In the context of early stopping, the parameters corre-
sponding to the directions of larger curvature tend to learn in the early stages of the training
compared to the parameters corresponding to the directions of less curvature.

One of the main results of the Hessian-based analysis is that a trajectory of length t ends at a
point that corresponds to a minimum of the L2-regularized loss. However, early stopping goes
beyond restricting the trajectory length or equivalent to the L2 regularization. Indeed, early
stopping, as has been discussed earlier, involves the evaluation of the model performance em-
ploying the validation data set error to stop the trajectory at an appropriate point in parameter
space. Therefore, early stopping has the advantage over the weight decay technique in that

7The special case of the Woodbury matrix identity

(A+B)
−1

= A−1 −A−1
(
AB−1 + I

)−1
,

has been used to get the final result.
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it automatically determines the correct amount of regularization. Instead, the weight decay
technique requires many training experiments to find the best hyperparameters to achieve the
same goal.

As a final remark, it should be mentioned again that the presented results assume GD
training and a quadratic approximation to the loss function. These assumptions, however, can
be violated in practice, and weight decay still remains a popular regularization technique.

3.3.3 The introduction of prior knowledge

Many specific problems in machine learning (ML) require the encoding of prior knowledge
about the system, e.g. invariances of the electronic energy with respect to rotations, trans-
lation, and the exchange of like atoms. Introducing them is crucial to get a model with a
good generalization ability. There are many possibilities to introduce prior knowledge into an
ML algorithm. However, this section is dedicated mainly to the data augmentation technique
and the construction of a suitable input representation. Since the current work uses NNs to
build interatomic NN potentials, a case where the inputs are atomic coordinates and labels are
electronic energies will be considered.

As mentioned above, one way to introduce prior knowledge to the ML algorithms is data
set augmentation. Here, artificial data is created and added to the training such that the model
learns, e.g., the symmetries of the electronic energy by itself. The new inputs (x, y) are created
by transforming the inputs x but the corresponding labels y remain the same. For example, the
invariance of the electronic energy to rotations can be considered. The respective symmetry
can be induced by defining a set of matrices {Uk}Kk=1 where Uk ∈ O (3) and O (3) is the
orthogonal group in R3 and applying them to the original data to create the augmented data set

D̃ =
⋃

(x,y)∈D

{
(x, y) , {(Ukx, y)}Kk=1

}
. (3.64)

While the data set augmentation can be deemed suitable for the NN-based models, it may
lead to a vast amount of data due to invariances such as the invariance to the permutation of
like atoms. Thus, the data set may grow quickly, requiring larger network sizes, leading to
less efficient models at training and inference. Moreover, the invariances introduced via the
data augmentation technique may lead to poor performance outside the data set compared to
methods with explicitly encoded symmetries.

Another way to include the prior knowledge into an ML algorithm is to define an appro-
priate invariant representation. For the electronic energies, it would be a representation which
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transforms atomic coordinates into an ML input, and imposes the invariance with respect to
the global rotation, the translation, and the reflection of a molecular structure, as well as the
exchange of like atoms, i.e. atoms with the same nuclear charge Z. Probably, the simplest
solution, which satisfies all requirements except for the permutational invariance, can be con-
structed using just the scalar product of distance vectors rij = rj − ri from the position of a
central atom ri to the positions rj of all other atoms, resulting in the Weyl matrix Σi [120]

Σi =


ri1 · ri1 ri1 · ri2 · · ·
ri2 · ri1 ri2 · ri2 · · ·

...
... . . .

 . (3.65)

Training an ML model employing such a representation ensures that the predictions of the
respective model on unseen samples also have the desired invariance.
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4 On the theory of ultra-wide neural net-
works

The outstanding performance of artificial neural networks (NNs) in real-world applications
can, in many cases, be attributed to the over-parameterization of NNs. For example, it is
known that given appropriate hyperparameters, over-parameterized feed-forward NNs trained
by gradient descent (GD) algorithms reach near-zero training errors [121]. Moreover, the over-
parameterization of NNs is often believed to be responsible for their excellent generalization
ability. Nonetheless, the detailed analysis of the convergence of NNs under GD is hindered
by the fact that the training of an NN is a non-convex problem. Over-parameterization also
brings new challenges in the analysis of their generalization capability. In this chapter, the
neural tangent kernel (NTK) theory, first proposed in Ref. [43], is briefly described to shed
light on the training dynamics, the optimization, and the generalization of over-parameterized
feed-forward NNs. Starting with the basic network set-up in Section 4.1, the training dynamics
governed by the NTK kernel is derived for the case of a mean squared error (MSE) loss. Next,
in Section 4.2, the training dynamics of a linearized network is described with a few practical
examples [122]. Lastly, Sections 4.3 and 4.4 explain the optimization and the generalization
of ultra-wide NNs, respectively, by employing the NTK theory. The content of this chapter
follows discussions and derivations in Refs. [43, 122–124].

4.1 The basic network setup and training dynamics

Let D = {(xi, yi)}Ntrain
i=1 ⊂ Rd ×R denote the training set with inputs xi ∈ X ⊂ Rd and labels

yi ∈ Y ⊂ R. For simplicity, only a single output is considered here, and the generalisation
to multiple outputs is straightforward. In the following, a fully-connected feed-forward neural
network (NN)

f (·;θ) : Rd → R, (4.1)
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with L hidden layers of width nl, for l = 1, . . . , L is studied. Here, n0 = d and nL+1 = 1

describe the input and output dimensions, respectively, and the recurrence relation
a(0) = x ∈ Rd,

h(l+1) = σw√
nl
W(l+1)a(l) + σbb

(l+1) ∈ Rnl+1 ,

a(l+1) = ϕ(h(l+1)) ∈ Rnl+1 ,

(4.2)

defines the NN. Here, ϕ : R → R is the activation function applied element-wise to an input
h(l+1), W(l+1) ∈ Rnl+1×nl and b(l+1) ∈ Rnl+1 are weights and biases initialized by picking the
respective entries from, e.g., a standard Gaussian with zero mean and unit variance N (0, 1).
Here, σw and σb are weight and bias scaling factors. This parameterization is referred to as the
neural tangent parameterization (NTP) [43]. While a standard parameterization (SP), i.e., the
Kaiming [108] or LeCun [84] initialization, normalizes only the forward dynamics of NNs,
NTP normalizes their backward dynamics, too; see also Section 3.2.3.

In what follows, a vector containing all parameters is defined as

θ =
(
W(1),b(1), . . . ,W(L+1),b(L+1)

)
∈ R|θ|, (4.3)

with the dimension of the parameter space given by |θ| =
∑

l(nl−1 + 1)nl. Let θt denote the
time-dependence of the parameters, while θ0 represent their initial values. In the following,
the training of NNs by minimizing the squared loss over training data is studied

L (θ;X ,Y) =
1

2

Ntrain∑
i=1

(f (xi;θ)− yi)
2 , (4.4)

but other choices are also possible. The output of an NN is defined as f (x;θt) = h(L+1) (x).
The time evolution of parameters θ under gradient flow, the continuous-time equivalent of
gradient descent (GD), reads

dθt

dt
= −α

∂L (θt;X ,Y)

∂θ

= −α

Ntrain∑
i=1

(f (xi;θt)− yi)
∂f (xi;θt)

∂θ
,

(4.5)

where α > 0 is the learning rate. Compared to SP, here, α is larger by a factor of the
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width [109].1 Therefore, NTP allows the usage of a universal learning rate scale irrespective
of the network width; see also Section 3.2.3.

For the time evolution of the network output, one obtains employing the chain rule

df (xi;θt)

dt
=

〈
∂f (xi;θt)

∂θ
,
dθ

dt

〉
= −α

Ntrain∑
j=1

(f (xj;θt)− yj)

〈
∂f (xi;θt)

∂θ
,
∂f (xj;θt)

∂θ

〉
,

(4.6)

where 〈·, ·〉 denotes the scalar product. The expression in Equation (4.6) can be written in its
vectorized form as

df (X ;θt)

dt
= −αHt (X ,X ) (f (X ;θt)− Y) , (4.7)

where Ht (X ,X ) ∈ RNtrain×Ntrain is a kernel matrix an element of which is defined by

Ht (xi,xj) =

〈
∂f (xi;θt)

∂θ
,
∂f (xj;θt)

∂θ

〉
. (4.8)

In general, one can show that in the limit nl → ∞, for l = 1, . . . , L, the matrix Ht (X ,X )

remains constant during training, i.e., Ht (X ,X ) = H0 (X ,X ). Moreover, under a random
initialization of parameters, the random matrix H0 (X ,X ) converges in probability to a cer-
tain deterministic kernel matrix H∞ (X ,X ) as the width goes to infinity. The respective
kernel is the neural tangent kernel (NTK) evaluated on the training data [43]. It is out of
this work’s scope to prove the statements mentioned above. Therefore, their validity will be
shown empirically in Section 4.2 by studying the linearized networks, shown to be equivalent
to the infinitely wide ones [122]. For the proofs and further information on the NTK, see
Refs. [43, 123, 125, 126].

Taking into account that Ht (X ,X ) → H∞ (X ,X ) for nl → ∞ and l = 1, . . . , L, one
may write

df (X ;θt)

dt
= −αH∞ (X ,X ) (f (X ;θt)− Y) , (4.9)

1Assume a simple layer h = Wx with W = W̃/
√
n. Here, weight elements are initialized as Wij ∼

N (0, 1/n) and W̃ij ∼ N (0, 1), respectively. If GD is performed on W̃, the corresponding update rule is given
by ∆W̃ = −α∂L (W) /∂W̃. Thus, the update for the parameters W reads

∆W =
1√
n
∆W̃ = −α

n

∂L (W)

∂W
.

However, if GD is performed on W one obtains ∆W = −α∂L (W) /∂W, which is larger by a factor of n.
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and the training dynamics is governed by the NTK kernel H∞ (X ,X ). The training dynamics
described by Equation (4.9) is identical to the dynamics of kernel regression under GD. There-
fore, with a small modification of the NN (see Ref. [125]), for an arbitrary test point x, one
can write for t → ∞ the following solution

f (x;θ∞) = H∞ (x,X ) (H∞ (X ,X ))−1 Y . (4.10)

4.2 The closed-form of training dynamics for linearized net-
works

Unlike the previous section, the training dynamics of a linearized neural network is considered
here. The linearized network is obtained from the first-order Taylor expansion around its initial
parameters θ0 and reads [122]

f lin (x;θt) = f (x;θ0) +
∂f (x;θ)

∂θ

∣∣∣∣
θ=θ0

wt, (4.11)

where wt = θt − θ0. The expressions obtained for the time evolution of the parameters and
the network output under GD in Equations 4.5 and 4.6 can be simplified to

dwt

dt
= −α

(
f lin (X ;θt)− Y

) ∂f (X ;θ)

∂θ

∣∣∣∣
θ=θ0

, (4.12)

df lin (X ;θt)

dt
= −αH0 (X ,X )

(
f lin (X ;θt)− Y

)
, (4.13)

where H0 (X ,X ) is the kernel matrix in Equation (4.8) evaluated at time t = 0 which elements
read

H0 (xi,xj) =

〈
∂f (xi;θ)

∂θ

∣∣∣∣
θ=θ0

,
∂f (xj;θ)

∂θ

∣∣∣∣
θ=θ0

〉
. (4.14)

For the ordinary differential equations presented in Equations 4.12 and 4.13, closed-form
solutions can be easily found both for the parameters

wt = − ∂f (X ;θ)

∂θ

T
∣∣∣∣∣
θ=θ0

H−1
0 (X ,X )

(
I− e−αH0(X ,X )t

)
(f (X ;θ0)− Y) , (4.15)
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and the network’s output

f lin (X ;θt) =
(
I− e−αH0(X ,X )t

)
Y + e−αH0(X ,X )tf (X ;θ0) . (4.16)

Therefore, for an arbitrary test point x, the output of the network can be obtained by plugging
the expression for wt in Equation (4.11). It reads

f lin (x;θt) = f (x;θ0)

−H0 (x,X )H−1
0 (X ,X )

(
I− e−αH0(X ,X )t

)
(f (X ;θ0)− Y) ,

(4.17)

such that the time evolution of the linearized neural network model has been obtained without
running GD.

Interestingly, one can show that infinitely wide networks behave as linearized networks;
see Ref. [122]. It leads to the same argument as in Section 4.1: The training dynamics of a
neural network (NN) is described by a kernel H∞ in the limit of nl → ∞ for l = 1, . . . , L. The
main objective of this section is to show this empirically by running simple experiments rather
than prove it analytically. For the empirical study of the training dynamics of the linearized
network, a simple example of training on five points drawn randomly from y = f (x) + ε

is emloyed. Here, f (x) = sin (x) is the sine function and ε ∼ N (0, σ) is Gaussian noise.
The linearized training dynamics has been developed and implemented in Ref. [122] within
Ref. [127] and the example presented here follows the respective interactive Colab notebook.2

Figure 4.1 shows the sine functions and the five selected points the model will be trained
on. Note that different training data sets may result in different models and, thus, different
results. It also holds for the chosen architecture. For the experiments presented here, the
network architecture from the interactive Colab notebook2 has been adapted. Namely, a fully-
connected NN with two hidden layers has been used, while the number of nodes in each layer
is n0 = 1, n1 = 512, n2 = 512, and n3 = 1, respectively. The Gauss error function has been
used as the non-linearity for all hidden layers. All weights and biases have been initialized by
drawing their elements from the standard Gaussian with zero mean and unit variance N (0, 1),
and the scale of weights and biases σw and σb were set to 1.5 and 0.05, respectively.

Figure 4.2 shows the training dynamics and the inference of the infinite (linearized) net-
work, including the prediction variance. The figure also depicts the training dynamics of the
finite network. From the figure, a correspondence between both training dynamics can be seen.

2colab.research.google.com/github/google/neural-tangents/blob/main/
notebooks/neural_tangents_cookbook.ipynb
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Figure 4.1: The underlying sine function with the randomly generated training data points.
(Reproduced from the interactive Colab notebook.2 Copyright 2019, Google LLC.)
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Figure 4.2: Training dynamics of the infinite (linearized) network and the finite one. The
shaded area corresponds to the variance of the infinite network. (Reproduced from the inter-
active Colab notebook.2 Copyright 2019, Google LLC.)

Moreover, the predictions on the test data seem to be consistent. Since the training dynamics
of the linearized model is described by a kernel, it is possible to define the mean and the vari-
ance of the network predictions. The exact form of the respective equations is out of the scope
of this work. For more details, the reader is referred to the original publication [122].

Furthermore, Figure 4.3 shows the training dynamics and the inference of the infinite (lin-
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Figure 4.3: Training dynamics of the infinite (linearized) network and an ensemble of 100
finite neural networks. The shaded area corresponds to the variance of the infinite network.
The dashed lines represent the variance of the ensemble. (Reproduced from the interactive
Colab notebook.2 Copyright 2019, Google LLC.)

earized) network compared to an ensemble of 100 finite networks. From the figure, one can
see that the training dynamics of the linearized network corresponds nicely to one of the en-
sembles of finite networks. Only for the training loss, some deviations can be seen at the end
of training. Moreover, the variance estimated by the ensemble is close to the one calculated by
the NTK kernel.

As a final remark, it should be mentioned that NTK theory cannot be considered universal
for all architectures and, thus, some layers and models may be operating in different regimes,
e.g. feature learning [128]. However, the fact that a kernel may describe the training dynamics
provides the means to study the convergence (trainability) and generalization ability of deep
NNs by studying the properties of the former. It is the subject of the following sections.
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4.3 Explaining the optimization of ultra-wide neural net-
works

In the previous sections, an explicit expression for the training dynamics of neural networks
(NNs) under gradient descent (GD) has been established, and it reads for a general network

df (X ;θt)

dt
= −αH∞ (X ,X ) (f (X ;θt)− Y) , (4.18)

where H∞ (X ,X ), denoted in the following by H∞ to simplify the following expressions,
is the neural tangent kernel (NTK). Given that a kernel governs the training dynamics, one
may explain the optimization and generalization of wide NNs. This section follows mainly
Ref. [123].

The training dynamics of f (X ;θt) are described by a rather simple linear dynamical sys-
tem; see Equation (4.18). Thus, a standard analysis often used for this kind of system can be
applied, where the kernel H∞ is decomposed by its eigenvalues and eigenvectors as

H∞ =

NTrain∑
i=1

λivi ⊗ vi. (4.19)

Here, ⊗ denotes the outer product, v1, . . . ,vNTrain
are the orthonormal eigenvectors of H∞,

and λ1, . . . , λNTrain
are the corresponding eigenvalues. By employing the eigenvalue decom-

position of H∞, the dynamics of f (X ;θt) can be studied on each eigenvector vi separately.
For this purpose, an eigenvector vi is fixed, and the expression in Equation (4.18) is multiplied
by it from both sides

vT
i

df (X ;θt)

dt
= −αvT

i H
∞ (f (X ;θt)− Y)

= −αλiv
T
i (f (X ;θt)− Y) .

(4.20)

From the expression in Equation (4.20), it can be seen that the dynamics of vT
i f (X ;θt)

depends only on vT
i f (X ;θt) and λi. Thus, again a simple closed-form solution can be found

for the respective one-dimensional ordinary differential equations. The latter reads

vT
i (f (X ;θt)− Y) = exp (−αλit)v

T
i (f (X ;θ0)− Y) . (4.21)

In the following, the expression in Equation (4.21) will be used to explain the reason for the
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excellent convergence of GD algorithms applied to NNs. From the respective expression, it can
be seen that the difference between labels and predictions approaches zero (f (X ;θt)− Y) →
0 for t → ∞ as fast as exp (−αλit) → 0. Furthermore, the NN optimizes faster if λi is large.
Note, that here one has to assume that all eigenvalues of the NTK kernel matrix are strictly
positive, i.e. λi > 0 ∀ i ∈ {1, . . . , NTrain} [123]. Fortunately, it can be shown that it holds
under reasonably general conditions [129], for a broad range of activation functions provided
the sufficient depth of the respective NNs [130]. Given the dependence of the convergence rate
on the eigenvalues λi of the NTK kernel H∞ the following intuitive rules can be obtained [123]

• If the labels Y align with a few eigenvectors corresponding to the large eigenvalues λi,
the network optimizes at faster rates under GD.

• Suppose the labels Y are uniformly projected onto the basis of eigenvectors {vi}i or
they align with eigenvectors corresponding to the small eigenvalues λi. In that case, the
network optimizes at slower rates under GD.

For the formal proof of the convergence rate of an over-parameterized two-layer NN and ex-
periments with it performed on the MNIST data set [131], see elsewhere [123].

4.4 Explaining the generalization of ultra-wide neural net-
works

Here, the generalization of ultra-wide neural networks (NNs) is explained by employing the
fact that a neural tangent kernel (NTK) can describe the training dynamics of the former. For
more details on NTK see Sections 4.1 and 4.2. Especially, it can be used that the prediction
of a wide NN can be written as the kernel prediction function in Equation (4.10). Thus, the
generalization theory for kernels can be used to examine the generalization behaviour of ultra-
wide NNs.

Under certain assumptions such as the non-degeneracy and the noiselessness of the training
data, the upper bound for the generalization error of a two-layer ReLU network is [123]√

2YT (H∞)−1 Y
NTrain

, (4.22)

which is computed only from the data D = {xi, yi}NTrain

i=1 and is independent of the network
width. It has been shown in Ref. [123] that this generalization bound can clearly distinguish
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between the random data and the actual labels. Note that different from other approaches the
generalization bound in Equation (4.22) requires neither the existence of a smaller ground truth
network [132] nor the training of the network to get the generalization bound [133–135].

The above analysis assumed the data to be noiseless. However, in a general setting, the
data is not noiseless, and one can write

yi = f ∗ (xi) + εi, (4.23)

where f ∗ (xi) denotes the ground truth for an input xi ∈ Rd, and εi is a random noise drawn
from a standard Gaussian N (0, σ2) with zero mean and finite variance σ2. Given the result of
Section 4.3, a zero loss can be achieved for t → ∞, i.e.,

‖f (x;θ)− y‖22 → 0. (4.24)

For general, noisy data, it can be shown that the L2 error with respect to the ground truth f ∗

‖f (x;θ)− f ∗ (x)‖22, (4.25)

can be bounded away from zero [124]. In other words, it can be shown that overfitting can be
harmful when predicting the ground truth and for the generalization ability of the network.

Nonetheless, provided the L2 regularization, see Section 3.3.1, it can be shown that the
over-parameterized network trained by gradient descent (GD) resembles the solution of kernel
ridge regression3

f (x;θ) = H∞ (x,X ) (H∞ (X ,X ) + βI)−1 Y . (4.26)

For this specific scenario, under certain assumptions, it has been shown recently that GD con-
verges at the rate of N−d/(4d−2)

Train to the ground truth [124], where NTrain is the number of training
samples and d is the dimensionality of the input x ∈ Rd. It also holds for the early stopping
technique, see Section 3.3.2, and shows, in general, the effectiveness of L2 regularization for
noisy data.

3Recall that for an unknown function f∗, the kernel ridge regression minimizes a combination of L2 loss
defined over the data set with a weighted penalty based on the squared Hilbert norm

f := argmin
f∈H

1

2

NTrain∑
i=1

(yi − f (xi;θ))
2
+

β

2
‖f‖2H,

where β defines the strength of the regularization and H is the corresponding reproducing kernel Hilbert space
(RKHS).
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5 Summary of research

Here, a brief summary of the conducted research is presented. Starting with the derivation
of the invariant molecular representation [1], which is essential when constructing accurate
and computationally efficient machine-learned interatomic potentials (MLIPs), a particular
machine learning (ML) method based on artificial neural networks (NNs) has been con-
ceived [1, 3]. The latter is referred to as Gaussian moment neural network (GM-NN) and
is presented in Section 5.1 along with the Gaussian moment (GM) representation. Another
intriguing direction in atomistic modeling of molecules and bulk solids is the estimation of the
uncertainty of the respective model. It can be used in workflows like active learning (AL). This
research question has been motivated by recent applications of GM-NN in Refs. [6, 7], espe-
cially since the uncertainty estimation of atomistic NNs is only poorly developed yet. Here,
the uncertainty of the atomistic NNs is derived in the framework of optimal experimental de-
sign (OED) [2]; see Section 5.2. The limitation of most state-of-the-art MLIPs to predicting
scalar properties and the curiosity in investigating magnetic properties of transition metal com-
plexes have inspired the extension of GM-NN to learning symmetric, traceless tensors [4]. It
allows the study of complex physical and chemical processes like the spin-phonon relaxation
outlined in Section 5.3. Last but not least, Section 5.4 demonstrates the advantage of GM-
NN-based interatomic potentials when sampling free-energy surfaces (FESs). Combined with
kinetic Monte Carlo (kMC) models, it provides a rigorous estimate of the mobility of a heavy
adsorbate, namely nitrogen atoms, on the surface of interstellar dust grains [5].

5.1 Gaussian moments and atomistic neural networks

Here, the formal definition of the Gaussian moment (GM) representation, initially proposed
in Ref. [1], is reviewed. Following the molecular representation, the architecture of atom-
istic neural networks (NNs) based on GMs [1, 3], referred to as Gaussian moment neural net-
works (GM-NNs), is described. Moreover, its performance on widely used benchmark data
sets is presented. The GM-NN source code is available free of charge from gitlab.com/za-
verkin_v/gmnn and doi.org/10.18419/darus-2136. The code is licensed under the MIT license.
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5.1.1 Molecular representation

The derivation of a molecular representation is of immense importance for designing sample-
efficient and accurate machine-learned interatomic potentials (MLIPs), irrespective of the em-
ployed machine learning (ML) algorithm. As has been mentioned in Sections 2.1 and 3.3.3,
a proper molecular representation has to be invariant with respect to (1) global rotations, (2)
translations, and (3) reflections of a molecular structure. Moreover, it has to be invariant with
respect to (4) the exchange of like atoms. In Section 3.3.3, it has been mentioned that a solution
to (1)–(3) would be the so-called Weyl matrix Σi [120]. However, recovering the permutation
invariance (4) can violate the differentiability of the molecular representation [136]. Thus, it
can render the Weyl matrix Σi representation inapplicable to problems that involve the com-
putation of the energy gradients like the molecular dynamics (MD) simulations.

Several invariant molecular representations for atomistic ML models have been pro-
posed [27, 32, 33]. First, most of the state-of-the-art approaches presented in literature split
an atomic configuration, a molecular or a solid bulk system, into local atomic contribu-
tions [31] using hand-crafted atom-centered representations. Some examples of them are
atom-centered symmetry functions [31, 137–143], power spectra or bispectra of spherical
harmonics [136, 144–148], geometric moments [149–152], and permutation-invariant poly-
nomials [153]. Alternatively, a global description of a molecule can be employed, like the
distance or Coulomb matrix of the respective atomic arrangement [154–156] and derivatives
of it [157–159]. A different class of models is referred to as message-passing neural net-
works (NNs), which learn to construct features invariant [160–165] or equivariant [166–168]
with respect to rotations of the atomic configuration in a data-driven manner. Finally,
most of the methods based on hand-crafted descriptors are limited to only a few atomic
species [31, 145, 151, 169, 170], smaller systems [154–156], or fail to approach the accuracy
of 1 kcal/mol with respect to the underlying ab-initio method [171] required for chemical
applications.

Here, a different approach to the construction of molecular representation is reviewed,
the so-called Gaussian moment (GM) representation, recently proposed in Ref. [1]. Similar
works can be found for pattern recognition [172–175] and in atomistic ML [149, 150]. They
have served as motivation and inspiration for the author’s research. The central ingredient for
constructing the GM features of an atom i is the definition of pair distance vectors rij = ri−rj

to all neighbors within the cutoff radius rmax; see Figure 5.1. Moreover, the pair distances are
split into their radial and angular components: rij = ‖rij‖2 and r̂ij = rij/rij . The GMs are
computed similarly for both molecular and periodic systems. However, for a periodic system,
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rij
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Figure 5.1: Two-dimensional schematic illustrating the local environment of an atom.
(Reprinted (adapted) with permission from Ref. [3]. Copyright 2021, American Chemical
Society.)

the image atoms have to be considered along with the atoms within the cell.
Employing the radial and angular components of the distance vectors, a tensorial function

of a local atomic environment can be written as [1]

Ψi,L,s =
∑
j 6=i

RZi,Zj ,s (rij,β) r̂
⊗L
ij , (5.1)

where r̂⊗L
ij = r̂ij ⊗ · · · ⊗ r̂ij is the L-fold outer product of the angular components and

RZi,Zj ,s (rij,β) are nonlinear radial functions. The latter can be defined as a single Gaus-
sian [1] centered equidistantly on the radial axis between rmin = 0.5 and rmax, or a finite
sum of Gaussians as in Ref. [3]. In each case, the radial functions are re-scaled by the cosine
cutoff function [31] and made trainable to encode the alchemical information into the molec-
ular representation by employing the trainable parameters β. The former is essential in order
to make the molecular representation smooth with respect to the number of atoms within the
local neighborhood. At the same time, the latter allows for employing a single NN for all
species. However, the exact expression of the respective radial functions is irrelevant here and
the reader is referred to the original publications [1, 3] for more details, which are part of this
thesis.

As a side remark, it is important to mention that L in Equation (5.1) can be interpreted as
the angular-momentum quantum number similar to spherical harmonics. Here, L = 0 corre-
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sponds to the shape of a spherically symmetric s-orbital, L = 1 corresponds to the shape of a
p-orbital, L = 2 corresponds to that of a d-orbital, and so on. The expression in Equation (5.1)
also satisfies (2) and (4) by definition, while the features invariant to rotations and reflections,
(1) and (3), can be recovered by computing tensor contractions of Ψi,L,s [1], e.g.,

Gi,s1,s2,s3 = (Ψi,1,s1)a (Ψi,1,s2)b (Ψi,2,s3)a,b , (5.2)

where the Einstein notation has been used, i.e. the right-hand sides are summed over spatial
coordinates a, b ∈ {1, 2, 3}. Typically, more tensor contractions are used; see the original
publications [1,3]. Moreover, a variety of tensor contractions can be written down by employ-
ing generating graphs [1]. Recently, the formalism in which invariant features with respect to
rotations are built from equivariant ones gained support from the community. The most recent
examples are equivariant message passing NN models [167, 168].

Before defining the architecture of the specific ML model based on GMs, one can demon-
strate that the respective representation is systematically improvable. That is, the accuracy
of a GM-based ML model improves as the number of GMs increases. Moreover, it can be
shown that the GM representation has linear runtime and memory complexity with respect to
the number of atoms within the local neighborhood Nc, different from the most state-of-the-art
approaches. The former characteristic of the GM representation is shown by varying the num-
ber of invariant scalars obtained in the GM framework, see Figure 5.2, while the latter requires
some further elaborations.

To see which structural assumptions are used to achieve the linear complexity of GMs, let
the f be an arbitrary function of radial rij and angular r̂ij components of the pair-distance vec-
tor rij . A molecular representation, which describes, for example, a four-body arrangement,
can be defined as

Gi =
∑

j1,j2,j3 6=i

f(rij1 , rij2 , rij3 , 〈r̂ij1 , r̂ij2〉, 〈r̂ij2 , r̂ij3〉), (5.3)

where 〈·, ·〉 denotes the scalar product of two vectors. Allowing a simpler form for f , one can
approach a general expression typically employed in the state-of-the-art approaches

Gi =
∑

j1,j2,j3 6=i

f (rij1) f (rij2) f (rij3) 〈r̂ij1 , r̂ij2〉〈r̂ij2 , r̂ij3〉. (5.4)

The computational cost of the expression in Equation (5.4) scales as O (N3
c ), where Nc is
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Figure 5.2: Log–log plot of the power-law decay of the mean absolute error (MAE) in pre-
dicted forces with an increasing number of Gaussian moment (GM) features. All values are
computed for the aspirin molecule from MD17 data set [155, 156, 161]. GM-sNN refers to
a shallow neural network (NN) with two hidden layers consisting of 256 and 128 nodes, ac-
cording to Ref. [1]. (Reprinted (adapted) with permission from Ref. [1]. Copyright 2020,
American Chemical Society.)

the number of atoms in the local neighborhood. An example of a representation built from
expressions reminiscent of Equation (5.4) is the atom-centered symmetry functions proposed
in Ref. [138], where at most three-body arrangements of atoms have been taken into account.

To approach the GM representation, one should add an index s to each function f ,
i.e. fs, write the definition of a scalar product explicitly for 〈r̂ij, r̂ik〉, i.e, 〈r̂ij, r̂ik〉 =∑3

a=1(r̂ij)a(r̂ik)a, and pull out the sum with respect to spatial coordinates. These steps re-
sult in an expression similar to the one from Equation (5.2)

Gi,s1,s2,s3 =
3∑

a,b=1

(∑
j1 6=i

fs1 (rij1) (r̂ij1)a

)(∑
j3 6=i

fs3 (rij3) (r̂ij3)b

)

×

(∑
j2 6=i

fs2 (rij2) (r̂ij2)a(r̂ij2)b

)

=
3∑

a,b=1

(Ψi,1,s1)a(Ψi,1,s3)b(Ψi,2,s2)a,b,

(5.5)
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implying the linear scaling of Equation (5.2) with the number of atoms in the local neigh-
borhood. This property of GMs is somewhat arguable if only a few atoms are in the local
environment of the central atom i but gains increasing importance as the latter starts to be
large, i.e. when employing large cutoff radii.

5.1.2 Gaussian moment neural network

Having reviewed the molecular representation, the particular ML algorithm used to map the
atomic coordinates to a scalar property (specifically, the electronic energy from Section 2.1)
has to be discussed in more detail. Let the respective mapping be defined as f : S 7→ E ∈ R
where S = {ri, Zi}Nat

i=1 with ri ∈ R3 being the spatial coordinates of atom i and Zi ∈ N being
the respective atomic number. Here, atom-centered feed-forward neural networks (NNs) are
used and therefore, for the total energy, one can write [31]

E (S,θ) ≈
Nat∑
i=1

Ei (Gi,θ) , (5.6)

justified by the concept of the nearsightedness of electronic matter discussed in Section 2.2.
Here, Ei (Gi,θ) is the auxiliary atomic energy predicted by the atom-centered feed-forward
NN, and θ denotes the trainable parameters of the latter and, specific for this work, of the
trainable GM representation.

In the following, the architecture of the Gaussian moment neural network (GM-NN) ap-
proach [1, 3], employed to predict electronic energies and atomic forces for molecular and
material systems, is reviewed. The computational scheme of the GM-NN approach is shown
in Figure 5.3. After the local neighborhood of each atom in the structure has been defined and
the feature vector has been built, the latter is passed to the fully-connected feed-forward NN,
which typically, in the GM-NN framework, consists of two hidden layers and is given by

yi = 0.1 · b(3) +
1√
d2

W(3)ϕ

(
0.1 · b(2)+

1√
d1

W(2)ϕ

(
0.1 · b(1) +

1√
d0

W(1)Gi

))
,

(5.7)

where W(l) and b(l) are the weights and biases, respectively, and dl denotes the layer width.
Typically, for GM-NN models, one employs d0 = 360 or d0 = 910 for input neurons, depend-
ing on the number of invariant features, d1 = d2 = 512 for hidden neurons, and d3 = 1 for
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Figure 5.3: Schematic representation of the GM-NN model. (Reprinted (adapted) with per-
mission from Ref. [1]. Copyright 2020, American Chemical Society.)

the single output neuron. Here and in Ref. [3], different from Ref. [1], the so-called neural
tangent parameterization (NTP) has been employed [43]; see Section 3.2.3 for more details
on NTP. The NTP parameterization improves the convergence and accuracy of GM-NN mod-
els. See the original publication attached within this thesis for more details on the network
initialization [3].

Like many other state-of-the-art ML approaches, see, for example, Ref. [146], the output
of GM-NN is scaled and shifted, see Section 3.2.1, by σ and µ, respectively, i.e.,

Ei (Gi,θ) = σyi + µ, (5.8)

to aid the training process. However, different from other ML approaches, the scale and shift
parameters employed in GM-NN depend on the species of the central atom i and are train-
able [1]

Ei (Gi,θ) = σZi
yi + µZi

, (5.9)
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Figure 5.4: Log–log plots of the learning curves for the QM9 data set [176, 177]. The mean
absolute error (MAE) of the atomization energy is plotted against the training set size. Linear
fits are displayed for clarity and shaded areas denote the 95 % confidence intervals for linear
regression. The dashed black line represents the desired accuracy of 1 kcal/mol. (Reprinted
(adapted) with permission from Ref. [3]. Copyright 2021, American Chemical Society.)

where σZi
and µZi

can be initialized as the standard deviation σ and the mean µ of the per-
atom average of the reference energies in the training set [1] or by solving a linear regression
problem [3]. The latter leads to much better initial models and, thus, improves training con-
siderably.

The parameters of the network and the trainable GM representation, as well as the atomic
scale and shifts, are optimized by minimizing the combined loss function

L (θ) =

NTrain∑
k=1

[
λE‖Eref

k − E(Sk,θ)‖22+

λF

3N
(k)
at

N
(k)
at∑

i=1

‖Fref
i,k − Fi (Sk,θ)‖22

]
,

(5.10)

where λE and λF weight the energy and force contributions, respectively. A detailed descrip-
tion of the network training is out of this section’s scope, and the reader is referred to Ref. [3]
for more details.

Finally, GM-NN models’ predictive accuracy and efficiency compared to other state-
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of-the-art methods are presented on the widely used benchmark QM9 data set [176, 177].
In Figure 5.4, the best performing iGM-NN910 model is compared to linear regression
MTM16−28 [149,150] (formally, this approach is linear in trainable parameters only for single-
component systems), kernel-based FCHL18 [178], invariant message-passing SchNet [162]
and PhysNet [165], as well as equivariant message-passing PaiNN [167] models. Here, iGM-
NN stands for the improved network architecture compared to Ref. [1] and 910 denotes the
number of GM features.

From Figure 5.4, one can see that the performance of the GM-NN model is among the
models with the lowest out-of-sample MAE of atomization energy predictions. The best per-
forming models, FCHL18 trained on 20,000 samples and PaiNN trained on 110,426 configura-
tions, predict the atomization energy with an MAE of 0.30 kcal/mol and 0.13 kcal/mol, respec-
tively. The iGM-NN910 model achieves an MAE of 0.38 kcal/mol and 0.20 kcal/mol trained
on 25,000 and 110,426 configurations, respectively. Regarding the training time, the GM-NN
models outperform the kernel FCHL18 model by a factor of > 60 and the message-passing
PhysNet approach by a factor of six. GM-NN models are about five times more efficient than
PaiNN concerning the inference time.

5.2 Uncertainty of atomistic neural networks

In Section 5.1, a machine learning (ML) approach for the construction of high-dimensional
potential energy surfaces (PESs) based on the atomistic neural networks (NNs) and Gaussian
moment (GM) representation has been presented. Among other intriguing directions in the
field of molecular or atomistic ML, which will be discussed in the following sections, one
can distinguish the generation of highly informative training data sets. It is equivalent to
the generation of uniformly accurate machine-learned interatomic potentials (MLIPs). In a
general setting, i.e. without the developments of this section, it requires expensive sampling
of configurational and chemical space at the reference level of theory, typically employing the
density functional theory (DFT), to get a sufficiently comprehensive set of reference energies
and atomic forces. Therefore, for a practical application of MLIPs, the calculation of a vast
amount of reference structures using DFT or similar is computationally limiting.

One can solve this problem by allowing ML models to detect the most informative struc-
tures and perform ab-initio calculations only on them. This can be done in an on-the-fly fash-
ion, where new, non-labelled data points, i.e., data points for which no reference calculations
have been performed, are generated during an atomistic simulation, e.g., molecular dynamics
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(MD) simulations. Alternatively, the most informative data points can be selected offline on
the fixed data set composed of a vast amount of data. Both these possibilities are related to the
so-called active learning (AL) [34]. The key quantity of the latter is the query strategy, i.e.,
an algorithmic criterion for deciding whether a given configuration should be included in the
training set.

In the context of MLIPs, it is natural to derive a query strategy for Gaussian process (GP)
based models using their predictive variance [179, 180]. However, the first approach to active
learning MLIPs has been proposed in Ref. [181], where the model error was evaluated em-
ploying ab-initio calculations. For the models based on atomistic NNs, a query strategy can be
defined using the so-called query by committee (QbC) approach [182–185]. The latter requires
the training of multiple models to get an estimate of the model’s uncertainty. Other methods
for the NN-based models are the Monte Carlo dropout approach [186, 187] and the distances
in feature [185, 188, 189] and latent spaces [187]. Here, a different method for the estimation
of the uncertainty of atomistic NNs, derived in the framework of optimal experimental design
(OED) [190–192], is outlined [2]. It has been applied earlier, in the context of MLIPs, only to
linear-regression-based potentials [149, 150, 193].

In the following, the problem of learning an input-output mapping X → Y from a set
of Ntrain training samples, D = {(xi, yi)}Ntrain

i=1 , with xi ∈ X and yi ∈ Y is considered.
Here, specifically, xi are the atomic coordinates, i.e. X ⊂ RNat×3 with Nat being the number
of atoms, and yi is the respective scalar property, the electronic energy, i.e. Y ⊂ R. Let
P = {xi}

Npool

i=1 denote the unlabelled pool. Here, the pool data contains the atomic coordinates,
but not the reference energy and atomic forces.

A general parameterized learner can be denoted by f (·;θ) with an output f (xi;θ). The
parameters of the learner θ are optimized by minimizing the mean squared loss

L =
1

NTrain

NTrain∑
i=1

(f (xi;θ)− yi)
2 . (5.11)

Then, the model’s output variance can be estimated by employing the parameter covariance
matrix A, the so-called Fisher information matrix, computed from the sensitivity of the net-
work output f (xi;θ) to the last layer weights W

g (xi) =
∂f (xi;θ)

∂W
, (5.12)

where W ⊂ θ. Formally, for the mean squared error (MSE) loss in Equation (5.11), the Fisher
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information matrix can be approximated by

A =
1

L
∂2L
∂W2

≈ 1

L

Ntrain∑
i=1

g(xi)⊗ g(xi), (5.13)

if one assumes that the trained model is already close to the optimal minimum, see Ref. [2].
The estimated output variance of an NN reads [190, 191]

σ2
f (xi) ≈ gT (xi)A

−1g(xi). (5.14)

Now, an analytic expression for the change of the parameter covariance matrix can be de-
rived, after a new training point x∗ has been added to the training data D. In the presented
approach the model does not have to be re-trained and the model’s expected output variance
is estimated based on the respective weights W only. The formal derivation is out of this sec-
tion’s scope. The resulting expression for the change in the expected model’s output variance
after adding a new query point x∗ reads

〈∆σ2
f (x

∗)〉D ∼ gT (x∗)A−1g(x∗)

1 + gT (x∗)A−1g(x∗)

∼ gT (x∗)A−1g(x∗).

(5.15)

Here, 〈·〉D denotes the average over the training set D. Moreover, compared to the original
publication attached within this thesis [2], the pre-factor has been skipped for simplicity. As
a side remark, it should be mentioned that an equivalent expression can be derived by treating
the last layer of an NN as a GP with linear kernel, i.e., one can write f (xi;θ) = φ (xi)

T W.
Here, the feature map is defined as φ (xi) = g (xi).

The query strategy is defined now by

x∗ = argmax
x∗∈P

〈∆σ2
f (x

∗)〉D, (5.16)

i.e., the data points are selected which reduce the model’s expected output variance the most.
In general, one can now apply this query strategy to atomistic NNs to get an uncertainty esti-
mate for electronic energies, atomic forces or a combination of them. For analytic expressions
in each case, see elsewhere [2]. A schematic of the active learning cycle employed in this
section is shown in Figure 5.5. First, an ML model is initialized, i.e. it is trained on the initial,
randomly selected training data set. Next, the expression in Equation (5.16) is employed to
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Figure 5.5: Schematic representation of the active learning cycle. (Reprinted (adapted) from
Ref. [2]. Copyright 2021, IOP Publishing. Reproduced with permission. All rights reserved.)

choose new training data from a given pool of unlabelled structures P . The ab-initio calcu-
lations are performed in the following step to get reference energies and forces. Finally, the
training data set D is updated with the new structures and labels. The model is re-trained. The
AL cycle continues until a convergence criterion, or the maximal size of the training data set,
is reached. For a more detailed discussion on the AL cycle employed here, see the original
publication [2], which is part of this thesis.

In general, the pool data set P can be generated on the fly during, e.g. a molecular dy-
namics (MD) simulation. However, to test the performance of the proposed algorithm and
the respective uncertainty estimate, the pre-computed QM9 data set [176, 177] has been used.
For example, in Figure 5.6, the mean absolute error (MAE, L1), the root-mean-squared error
(RMSE, L2), and the maximal error (MAXE, L∞) in predicted atomization energies obtained
using the models trained on actively and randomly selected structures are depicted. All results
have been obtained by averaging over three independent runs.
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Figure 5.6: Log–log plot of (left) the mean absolute (MAE, L1) and the root-mean-squared
errors (RMSE, L2), and (right) the maximal error (MAXE, L∞) in the predicted energies on
the QM9 data set. Structures are selected randomly or by using the query strategy based on the
energy uncertainty, denoted by QS1 in the original publication [2]. For each learning curve,
a linear fit is plotted in addition. (Reprinted (adapted) from Ref. [2]. Copyright 2021, IOP
Publishing. Reproduced with permission. All rights reserved.)

From Figure 5.6, one can see that for MAE, the results are quite low already when trained
on randomly selected data points, and AL could not improve on that. However, the maximal
error has been reduced by a factor of 2.3 when applying AL compared to the models trained
on randomly selected data (MAXE of about 100 kcal/mol). Here, the results obtained for
25,000 training data has been used. It shows that the proposed algorithm selects molecules that
better represent unusual molecules and reduces the overall maximal error. Moreover, while the
RMSE does not reach the desired accuracy of 1 kcal/mol after training on 25,000 randomly
chosen training data, the model trained by employing the query strategy in Equation (5.16)
reaches the accuracy of 1 kcal/mol using only about 13,000 structures. Finally, in Ref. [1],
one could obtain an RMSE of 0.63 kcal/mol when training on 110, 426 randomly selected
structures. Using the AL approach, it is possible to reach an RMSE value of 0.67 kcal/mol
using less than a quarter of the number of reference geometries used previously [2].
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5.3 Learning symmetric, traceless tensors

Different from selecting the extrapolative configurations in Section 5.2, another intriguing
research question in the field of atomistic machine learning (ML) has been investigated,
namely the learning of tensorial properties by atom-centered neural networks (NNs). Most
state-of-the-art atomistic ML methods are restricted to modeling potential energy surfaces
(PESs) [17–27], predicting scalar electronic energies as defined in Section 2.1. However, one
should mention that some of them aim to learn properties represented by a vector, e.g., dipole
moments [163,165,167,170,183,194,195]. The dipole moments, specifically, can be modeled
by atomic charges qi predicted by, e.g., an atomistic NN and read

µ (S,θ) =
Nat∑
i=1

qi (Gi,θ) ri, (5.17)

where S = {ri, Zi}Nat
i=1 with ri ∈ R3 being the spatial coordinates of atom i and Zi ∈ N the

respective atomic number. Here, Gi is the molecular representation defined in Section 5.1.
Nonetheless, many properties of materials and molecules are described by symmetric tensors,
typically of rank two, while, for example, elastic properties of a medium require a fourth-rank
tensor. The modeling of tensorial properties requires that the model respects the appropri-
ate geometric transformations, rather than invariance, when, e.g., the reference frame rotates.
There are few examples of learning tensorial properties [196–198], and all of them are re-
stricted to kernel-based methods and modeling electric properties.

Learning the magnetic properties of molecules and materials by ML models is rare and
restricted mainly to a few recent examples in Refs. [199–201]. In Ref. [199], an ML model
has been proposed which reproduces both vibrational and magnetic degrees of freedom, while
approaches in Refs. [200, 201] have been developed to model the zero-field splitting (ZFS)
tensor D and the Zeeman-splitting (ZS) tensor g. One of the goals of this work is to extend the
existing schemes of learning the structure-property relationships by atomistic NNs to learning
tensorial properties for general molecular geometries. Another goal is to apply the proposed
formalism to modeling symmetric, traceless magnetic tensors, specifically, the D tensor by
atomistic NNs.

Recently, a particular interest in investigating the magnetic properties of transition metal
complexes has been driven by their potential application as single-molecule magnets (SMMs),
molecular quantum bits, and spintronic devices [36–39]. The magnetic properties of transition
metal complexes are defined by their magnetic anisotropy in the ground spin state [37, 202].
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The latter is cased mainly by two fundamental interactions, the Zeeman and the ZFS interac-
tions [35]. The latter is responsible for the spin multiplets (with spin quantum numbers S ≥ 1)
splitting characteristically even without an external magnetic field. The ZFS effect is usually
described by a phenomenological spin Hamiltonian [203]

ĤZFS = Ŝ ·D · Ŝ, (5.18)

where Ŝ is a (pseudo) spin operator, see Ref. [35], and D – a 3×3 symmetric, traceless tensor,
usually called the ZFS or D tensor. Typically, a large axial magnetic anisotropy, which would
stabilize the magnetic moment against the thermal fluctuation, is searched for, in the case of
transition metal complexes.

Now, the formalism proposed in Ref. [4] for learning symmetric tensors, specifically, the
D tensor, by atomistic NNs is outlined. In general, the machine-learned D tensor has to satisfy
the symmetries and invariances of the reference to allow for efficient learning and excellent
generalization ability. The D tensor is a (1) traceless (2) symmetric tensor, which implies that
TrD =

∑
i Dii = 0 and Dij = Dji, respectively. Additionally, it (3) transforms under rotation

as D̃ = RDRT , where R is an orthogonal matrix, i.e., D is equivariant to rotations similar to
atomic forces, and is (4) invariant to translations of the reference frame.

A tensor that satisfies (1)–(3) can be defined by the outer product of atomic coordinates ri,
similar to the quadrupole moment, employing an atomic quantity mi predicted by an atomistic
NN [4]

D (S,θ) =
Nat∑
i=1

mi (Gi,θ) ·
(
3ri ⊗ ri − ‖ri‖22I3

)
, (5.19)

where ⊗ denotes the outer product, ‖ri‖2 is the length of the respective Cartesian vector, and
I3 is a 3 × 3 identity matrix. The invariance to translations (4) is recovered by shifting ri by
an arbitrary shift-vector, e.g. r̄ = 1/Nat

∑
i ri in Ref. [4]. Moreover, it has been found that

normalizing ri, i.e. ri → ri/‖ri‖2, can further improve the learning of machine-learned D

tensor models as well as their performance on the out-of-sample configurations. As a side
remark, it should be mentioned that any symmetry of a tensorial property P can be modeled
by the formalism proposed in Ref. [4]. For this purpose, P is defined employing the output of
an NN mi as

P =
Nat∑
i=1

mi (Gi,θ)Ai, (5.20)

where Ai is a tensor satisfying the symmetry of P. For D tensors, Ai has been defined by
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Ai = 3ri ⊗ ri − ‖ri‖22I3 to impose (1)–(4). Alternatively, for a property which, for example,
is not traceless, one could use Ai = ri ⊗ ri.

Besides enforcing the equivariance to rotations and other symmetries described above, a
network architecture has been proposed for learning symmetric, traceless tensors. The main
ideas for the network architecture are similar to those presented in Section 5.1, i.e. the fully-
connected feed-forward neural network consisting of two hidden layers from Equation (5.7)
has been used. The main differences to Section 5.1 are the scale σZi

and shift µZi
parameters

as well as the loss function. Here, µZi
and σZi

have been defined as the mean and standard
deviation of D tensor elements with i ≤ j, excluding one diagonal entry, since the reference
tensor is traceless. The corresponding loss function reads1

LD (θ) =

NTrain∑
k=1

‖Dref
k −D(Sk,θ)‖2F, (5.21)

where only elements with i ≤ j have been used during training. A more detailed discussion on
the network architecture and training is out of the scope of this section. The reader is referred
to the original publication attached within this thesis [4].

In the following, some results of the D tensor learning have to be elaborated on. For
a detailed discussion, see the original publication [4]. In general, the proposed approach
achieves a mean absolute error (MAE) of about 0.3 − 0.4 cm−1 for a broad range of sys-
tems: [Co(N2S2O4C8H10)2]2− [204], [Fe(TPA)Ph]− [205, 206], and [Ni(HIM2−py)2NO3]+

complexes [207]. The [Co(N2S2O4C8H10)2]2− unit cell as well as the molecule cut from
it, for which reference and machine-learned D tensors have been computed, are depicted
in Figure 5.7. For the unit cells and respective molecular geometries of [Fe(TPA)Ph]− and
[Ni(HIM2−py)2NO3]+ see elsewhere [4]. For the [Co(N2S2O4C8H10)2]2− complex, specifi-
cally, a root-mean-square error (RMSE) value of 1.5 cm−1 has been achieved when training on
900 reference configurations. For comparison, in Ref. [201], only an RMSE of 2.2 cm−1 could
be achieved, even though the data set employed there can be considered less diverse than the
one employed in Ref. [4].

Here, a tensorial property, the D tensor, from Equation (5.18) has been modeled by the ML

1Here, the Frobenius norm has been used and is defined for an n×m matrix A as

‖A‖2F =

n∑
i=1

m∑
j=1

a2ij ,

where aij are the elements of the respective matrix.
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Figure 5.7: Illustration of (left) the structure of the [Co(N2S2O4C8H10)2]2− unit cell and (right)
the molecular geometry cut out of the periodic cell. The respective magnetic axes, i.e. the
eigenvectors of D =

∑3
i=1 λivi ⊗ vi, are shown as an inset. (Reprinted (adapted) with per-

mission from Ref. [4]. Copyright 2021, American Chemical Society.)

method described previously. Thus, it is important to consider the correlation of each element
of a 3 × 3 symmetric, traceless tensor predicted by the proposed method with the reference
ab-initio values. Figure 5.8 shows the correlation of the reference and machine-learned results
of each Dij element in the D tensor for the [Co(N2S2O4C8H10)2]2− system with i ≥ j. Here,
only those structures have been used that the ML model has not seen during training. From
Figure 5.8, it can be seen that both values, machine-learned and reference ones, are perfectly
correlated in accordance with the low MAE (RMSE) value of 0.30 cm−1 (0.58 cm−1), obtained
by training the model on 2900 reference structures.

As a final remark, it should be mentioned that, probably, the most promising direction
for applying the proposed ML approach, in the specific case of learning magnetic anisotropy
tensors, is the investigation of the dynamic behaviour of magnetic anisotropy tensors. Specif-
ically, ML aided atomistic simulations can provide a unique insight into spin-phonon relax-
ation. Thus, they can help design new molecules with improved magnetic properties, e.g.,
large axial magnetic anisotropy [201]. In Ref. [4], this potential application has been touched
by running long molecular dynamics (MD) simulations and extracting velocity-velocity and
D-D autocorrelation functions used subsequently to compute vibrational power spectra. The
latter revealed that the most important vibrations in the spin-phonon relaxation process are the
low-energy ones [4], predominantly populated under typical experimental conditions.
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Figure 5.8: Correlation of the machine-learned symmetric elements (i ≥ j) of the zero-field
splitting tensor (Dij) with the corresponding reference values (Dref

ij ) for all structures in the
test [Co(N2S2O4C8H10)2]2− data. For all predictions, the model trained on 2900 reference
structures was used. The respective coordinate system of the periodic box and an example
substructure for which the D tensor was computed are shown as an inset. (Reprinted (adapted)
with permission from Ref. [4]. Copyright 2021, American Chemical Society.)
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5.4 Investigating surface processes in interstellar environ-
ments

Given an efficient and accurate potential energy surface (PES), it is possible to study various
surface processes in interstellar environments. Four processes are essential for understanding
surface chemistry in the interstellar medium (ISM): accretion, diffusion, desorption, and reac-
tion. The adsorption and desorption dynamics of N and H2 on amorphous solid water (ASW)
and CO ice surfaces have been studied recently in Refs. [6, 7] employing the Gaussian mo-
ment neural network (GM-NN) approach [1,3]. These studies provide binding energies, stick-
ing coefficients, and desorption temperatures for the abovementioned systems. They show,
specifically, that nitrogen atoms stick efficiently at low temperatures even though the average
binding energy of N on ASW is small (∼ 2.9 kJ mol−1, including the zero-point vibrational
frequency) in accordance with recent computational [42] and experimental [208] results. Mo-
tivated by these results, the mobility of nitrogen atom adsorbed on the ASW surface has been
investigated recently [5]. Here, a brief scope of the main developments in Ref. [5] is pre-
sented. For more details on adsorption and desorption studies, the reader is referred to original
publications [6, 7].

The study of diffusion processes in interstellar environments, i.e. at low temperatures and
molecular abundances, requires long time scales, short time steps in direct molecular dynamics
(MD), and a very accurate PES. This can be achieved by combining MD simulations on top of
a surrogate machine-learned interatomic potential (MLIP), free energy sampling using well-
tempered metadynamics, and kinetic Monte Carlo (kMC) simulations based on the minima
and saddle points on the free-energy surface (FES). Here, the GM-NN approach [1, 3] has
been used to construct an accurate and computationally efficient MLIP. It has been fitted to a
training set consisting of 28,715 structures with 3 to 378 atoms each. The respective energies
and forces were computed at the PBEh-3c/def2-mSVP level [209]. For more details on the
data set employed in this work, see Ref. [6].

Employing the MLIP trained on the heterogeneous training data set, which covers all rele-
vant interactions in the N/ASW system, it was possible to sample the free-energy of a region
spanning 800 Å

2
by running well-tempered metadynamics simulations [210–212]. The collec-

tive variables for the metadynamics were selected to be the x and y components of the nitrogen
atom diffusing on the surface. Figure 5.9 shows (left) the ASW ice surface equilibrated at 50 K
with atoms colored according to their z-coordinate and (right) the respective two-dimensional
FES for the adsorbed nitrogen atom on the ice surface.
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Figure 5.9: (Left) Atomic structure of the amorphous water ice equilibrated at 50 K. All atoms
are colored according to their z-coordinate value (surface normal). (Right) The 2D free-energy
surface (FES) for the adsorbed nitrogen atom on the ice surface. (Reprinted (adapted) with
permission from Ref. [5]. Copyright 2021, Oxford University Press.)

Given the complex topology of the FES, a rather broad distribution of diffusion barriers
with a mean of 2.56 kJ mol−1 and a standard deviation of 1.72 kJ mol−1 has been found,
despite the relatively small model surface. Taking into account the mean separation between
neighboring minima of 4.2 Å, the pre-exponential factor D0 of classical Arrhenius equation

D (T ) = D0 exp

(
−∆F

RT

)
, (5.22)

can be estimated [213] and equals to D0 = 1.57×10−2 cm2s−1, while ∆F is the average diffu-
sion barrier of 2.56 kJ mol−1, T is the surface temperature, and R is the universal gas constant.
In the following, a superscript to the values estimated by the topology of the respective ASW
and FES is added, i.e. one writes Davg

0 and ∆F avg, to compare them with the kMC values.
Because of the broad distribution of activation barriers, distances between neighboring

minima, and the number of neighboring states, the quantities derived above, Davg
0 and ∆F avg,

are suitable for an ideal but not real, rough ice. The broad distribution of diffusion barriers,
especially, results in hopping rate constants with variations over several orders of magnitude
at low temperatures (from 3.8×10−30 to 1.1×1011 s−1 at 10 K). While a diffusion path may
circumvent the higher barriers, the smallest barriers lead to oscillations between neighboring
binding sites rather than to real transport of the adsorbate. Thus, a more rigorous description
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of diffusion processes is needed.
The kMC approach [214, 215] provides the necessary flexibility, taking into account the

connectivity between binding sites and their realistic barriers. A more detailed description of
the employed kMC model is out of the scope of this section, and the reader is referred to the
original publication [5], which is part of this thesis. However, it should be mentioned that each
diffusion path of the kMC simulation has been split into segments to facilitate the convergence
of estimated diffusion coefficients [216–218]. Additionally, a new segment has been started
by reaching a binding site close to or at the border of the ASW surface if a random number
between 0 and 1 was larger than 0.5 to mimic the possible hop out of our boundaries. Note
that the metadynamics simulations required direct MD of 6.5 × 10−9 s, while the kMC runs
covered 1012 s. It resulted in a more efficient sampling of nitrogen atom mobility on ASW.

The kMC model used in this work considers the complex topology of the ASW and FES
surfaces and, thus, their roughness. Other important concepts which may influence the mobil-
ity of the nitrogen atoms adsorbed on ASW are surface coverage and quantum tunneling. The
former has been simulated by removing specific minima for the kMC simulation, assuming
that a non-reactive species, e.g., H2, is already occupying such a state. Therefore, the distribu-
tion of binding sites has not changed by the number of adsorbed atoms. To include quantum
tunneling into the kMC model, the Eckart and Bell corrections to the rate constants have been
introduced. For analytic expressions of the respective tunneling corrections, see Ref. [219].

Figure 5.10 (left) shows the temperature-dependent diffusion coefficients obtained for
the bare surface (no more adsorbates) employing kMC simulations along with the respec-
tive linear fit. The temperature-dependence of the diffusion constant nicely follows an
Arrhenius-like behaviour in Equation (5.22) with D0 = (1.65± 0.32) × 10−2 cm2 s−1 and
∆F = 6.06 ± 0.04 kJ mol−1. While the pre-exponential factor is close to Davg

0 , the effective
diffusion barrier is about 2.4 times larger than the averaged one ∆F avg. It makes the diffusion
at low temperatures less probable (D = (3.5± 1.1)× 10−34 cm2 s−1 at 10 K) compared to the
estimations based on the FES topology only. Additionally, from Figure 5.10 (left), one can see
that the respective diffusion coefficients accounting for tunneling are only marginally larger
compared to the ones without tunneling corrections (a factor of merely 1.3–2.8). This result
can be expected, taking into account the high mass of the nitrogen atom. It is in accordance
with the recent results obtained for a similar atomistic system (O atom adsorbed on ASW) [41]
but is at variance with a previous suggestion for oxygen atoms [40].

By running the kMC simulations, it could be observed that the low mobility, as shown
in Figure 5.10 (left), is mainly caused by the domination of the energetically deepest binding
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Figure 5.10: (Left) Temperature-dependence of diffusion coefficients (D) for N on amor-
phous solid water (ASW) for the bare surface with or without tunneling correction. (Right)
Temperature-dependence of diffusion coefficients (D) for N on ASW for the bare surface and
the surface with the 1–4 deepest sites blocked. Linear fits are displayed for clarity, and the red
dotted line represents Davg. (Reprinted (adapted) with permission from Ref. [5]. Copyright
2021, Oxford University Press.)

sites. This correlation has been observed earlier [220–222] and recently has been studied
specifically on the N/ASW system [5]. It has been shown [5] that if the N adsorbate finds one
of the deep binding sites (see Figure 5.9), it stays there for a long time (93 %–99.99 % of the
whole simulation time, depending on the surface temperature). The employed surface model
in Figure 5.9 is, with about 800 Å2, comparably small and certainly very compact and smooth.
Since in real ASW much deeper pores are expected [223], i.e. even stronger binding sites can
be observed, the diffusion on a realistic surface can be expected to be even slower.

However, in an experimental setup or interstellar clouds, single nitrogen atom diffusion
is highly unlikely as higher surface coverage is expected. One can expect that, under ISM
conditions, deep sites are covered by other species, i.e., H2 (H2 is ∼ 105 more abundant than
N in the gas phase [224,225]). It raises the question of the influence of additional inert species
on the mobility of the adsorbed nitrogen atom, which may block the deeper binding sites.
This question has been addressed by excluding the deepest binding sites, which mimics their
occupation by some inert chemical species. Blocking 1 to 4 of the deepest sites results in
much higher values for D of 8.2 × 10−26 to 9.0 × 10−23 cm2 s−1 at 10 K, respectively. The
temperature dependence of D with the deepest sites blocked is depicted in Figure 5.10 (right).
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Moreover, a decrease of the effective diffusion barrier from ∆F = 6.06 ± 0.04 kJ mol−1 to
∆F = 3.73 ± 0.03 kJ mol−1 has been observed. Hence, the latter is closer to the averaged
diffusion barrier obtained earlier (∆F avg = 2.56± 1.72 kJ mol−1).

Finally, while most studies in the literature consider hopping rates, the work presented
here provides the community with more rigorous estimates of the mobility of the N atom as
a paradigmatic case for light and weakly bound adsorbates. In total, it has been found that
the nitrogen atom is hardly able to diffuse on bare ASW surfaces. Still, surface coverage may
change the mobility of N on ASW surfaces considerably, increasing the effective diffusion
coefficient over 9–12 orders of magnitude.
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6 Conclusion and Outlook

The presented work, in general, addresses machine learning (ML) methods applied in the con-
text of atomistic simulations for describing various chemical and physical phenomena. More
specifically, it aims to advance the recent development of ML-based methods, which typically
provide surrogate potential energy surfaces (PESs), essential for most computational chemistry
applications. During the last decades, machine-learned interatomic potentials (MLIPs) have
risen in popularity since they promise to accurately predict materials and molecular properties
while minimizing the demand on computationally inefficient ab-initio calculations. Here, a
broad range of research questions has been covered, from encoding fundamental symmetries
of an atomistic system into an ML-based model to applying developed methods in real-world
simulations.

ML-based models applied to atomistic systems (MLIPs) can have limited accuracy and
transferability due to missing fundamental symmetries of scalar properties like the electronic
energy. These are the invariance with respect to translations, rotations, and reflections of the
whole system. Additionally, the electronic energy similar to other scalar properties is invariant
with respect to permutations of like atoms. Here, an invariant molecular fingerprint has been
derived and is referred to as Gaussian moment (GM) representation [1]. This fingerprint is
built from the atomic distance vectors different from most approaches in the literature, which
map a 3D structure onto a 2D space, i.e. employ distances and angles between atoms [31].
Primarily, it has been shown that using the directional information leads to a systematically
improvable molecular representation and ML-based methods with accuracy and sample effi-
ciency comparable to or better than other state-of-the-art approaches.

Recently, building invariant features with respect to rotations from equivariant ones has
gained support from the community. This resulted in new methods appearing, which mainly
use message passing neural network (NN) architectures [167,168]. At the same time, the idea
of applying equivariant transformations to the inputs and subsequently building features invari-
ant to rotations form the basis of much earlier works in image analysis [172–175] and more
recent works in the atomistic modeling community in Refs. [149, 150] followed by Ref. [1].

Combining the GM representation with artificial NNs, the Gaussian moment neural net-
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work (GM-NN) has been conceived [1,3]. Here, an architecture for an atomistic NN employing
a variety of recent developments in the NN community, like the neural tangent parameteriza-
tion (NTP) [43], has been proposed. NTP improves the accuracy and efficiency of the respec-
tive model considerably. As the GM representation derived in Ref. [1] depends on atomic
species, GM-NN could be designed such that only a single NN has to be trained, in contrast to
using an individual NN for each species as frequently done in the literature [31]. Additionally,
trainable scale and shift parameters of the atomic energy have been defined and initialized by
solving a linear regression problem to aid the training process. Moreover, one should mention
that the parameters of the GM representation are also trainable, which improves the predic-
tive power of GM-NN-based PESs. Finally, as a final remark on GM-NN-based PES models,
the respective approach leads to overall robust and transferable potentials that facilitate the
application of GM-NN-based models during real-time atomistic simulations.

Atomistic ML is about designing algorithms that solve specific problems by learning from
data. Thus, generating a comprehensive training set that covers the relevant part of the con-
figurational and chemical space is essential for obtaining a uniformly accurate MLIP with
excellent generalization ability. Here, an active learning (AL) algorithm is proposed, which
uses the uncertainty of NNs to detect the most informative or extrapolative configurations from
an unlabeled pool data set [2]. More specifically, it is shown that the uncertainty of an atom-
istic NN can be derived in the optimal experimental design (OED) framework. It is referred
to as the model’s expected output variance. The latter correlates well with the actual error,
providing linear correlation coefficients on par with other well-established approaches as the
query by committee (QbC) method [2]. In Ref. [2] and Section 5.2, it has been shown that
the proposed method leads to a considerable reduction of the training set size and, at the same
time, to a decrease of the generalization error.

Learning scalar properties of an atomistic system, like the electronic energy, is now an
established task in the ML community. However, many important properties of molecules and
materials are tensorial. Thus, the presented work extends the GM-NN approach to modeling
tensorial properties. The approach proposed in Ref. [4] and outlined in Section 5.3 includes en-
coding the symmetries of the respective tensorial property by introducing symmetry-equivalent
re-scaling of the network’s output. It has been proven to provide robust models with excellent
generalization ability and resulted in a mean absolute error (MAE) of 0.3–0.4 cm−1 when the
GM-NN models have been trained on zero-field splitting (ZFS) D tensors. Moreover, it has
been shown that in combination with MLIPs based on the GM representation, the surrogate
ZFS models can be used to investigate complex physical processes relevant for the dynamics
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of magnetic anisotropy tensors, like the spin-phonon relaxation.
Motivated by the efficiency and out-of-sample accuracy of GM-NN-based PESs, surface

processes in the interstellar medium (ISM) have been investigated. In Refs. [6, 7], the ad-
sorption and desorption dynamics of N and H2 on different surfaces have been investigated,
providing binding energies, sticking coefficients, and desorption temperatures. In Ref. [5], the
mobility of a heavy adsorbate, namely nitrogen atoms, on the surface of amorphous solid water
(ASW) has been investigated. The study has been conducted by combining molecular dynam-
ics (MD) simulations on top of a surrogate PES, free energy sampling using well-tempered
metadynamics, and kinetic Monte Carlo (kMC) simulations based on the minima and sad-
dle points on the free-energy surface (FES). The use of realistic diffusion barriers and the
connectivity of binding sites, including their broad distributions, has resulted in the diffusion
coefficient of nitrogen atoms on ASW of D = (3.5± 1.1) × 10−34 cm2s−1 at 10 K. This im-
plies that diffusion of the nitrogen atom, as a paradigmatic case for light and weakly bound
adsorbates, is effectively suppressed on bare ice surfaces at 10 K. However, surface coverage
has a strong effect and modulates the value of the diffusion coefficient over 9–12 orders of
magnitude. Ref. [5] has shown that tunneling has only a marginal impact on nitrogen mobility.

In summary, in this thesis, an ML method based on the GM representation and atomistic
NNs has been developed and applied to modeling scalar and tensorial properties of molecular
and bulk solid matter. Nevertheless, one should notice that, in a global sense, the proposed
approaches only touch the complex field of ML-based modeling of physical and chemical pro-
cesses. The presented research can directly introduce many intriguing questions. An example
is the automated generation of training data set in an on-the-fly fashion, sensitive to the specific
setting or research question. Next, the application of ML approaches to real-world problems
in chemistry and physics has to be taken more seriously since currently, they are typically ap-
plied to benchmark systems only and do not find practical applications, except for relatively
few examples. Finally, directions such as constructing explainable MLIPs are crucial since
they aim to provide a unique insight into what the ML-based models learn the most from.
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ABSTRACT: Machine learning techniques allow a direct mapping
of atomic positions and nuclear charges to the potential energy
surface with almost ab initio accuracy and the computational
efficiency of empirical potentials. In this work, we propose a
machine learning method for constructing high-dimensional
potential energy surfaces based on feed-forward neural networks.
As input to the neural network, we propose an extendable invariant
local molecular descriptor constructed from geometric moments.
Their formulation via pairwise distance vectors and tensor
contractions allows a very efficient implementation on graphical
processing units (GPUs). The atomic species is encoded in the molecular descriptor, which allows the restriction to one neural
network for the training of all atomic species in the data set. We demonstrate that the accuracy of the developed approach in
representing both chemical and configurational spaces is comparable to the one of several established machine learning models. Due
to its high accuracy and efficiency, the proposed machine-learned potentials can be used for any further tasks, for example, the
optimization of molecular geometries, the calculation of rate constants, or molecular dynamics.

1. INTRODUCTION
Most applications in computational chemistry require the use
of potential energy surfaces (PESs). The PES is a multidimen-
sional real-valued function of atomic coordinates. It can be
obtained by the solution of the electronic Schrödinger
equation in the Born−Oppenheimer approximation.1 For the
estimation of individual points on the PES, different
techniques can be used, from ab initio electronic structure
theory to empirical fits by force fields. Specifically, highly
accurate estimates are computationally expensive; thus,
applications that require energies and forces for a large
number of atomic configurations, like molecular dynamics
(MD) or geometry optimization, require significant amounts
of computational time.
MD simulations of big systems, e.g., proteins or other

macromolecules, are currently infeasible at the ab initio level of
theory. In such cases, empirical force fields provide the
necessary computational efficiency at the drawback of limited
transferability2 and their general inability to describe bond
formation and bond breaking. Therefore, a method which
allows a direct mapping of atomic positions and nuclear
charges to the PES, i.e., , with maximal accuracy
is required.
Machine learning (ML) techniques can be applied for an

efficient approximation of the PES, since, once trained, they
hold the promise to combine the accuracy of ab initio
electronic structure methods with the efficiency of empirical
force fields. For chemical applications, several ML techniques
can be used to predict a variety of chemical and physical

properties of molecules and solids. The most frequently used
approach is feed-forward neural networks (NN).
The construction of a reliable machine-learned mapping

from atomic positions to potential energies requires a carefully
chosen representation of the input to the ML algorithm
defined by the atomic coordinates and nuclear charges. This is
because the ML methodology does not exploit any information
about the physics of the problem, in our case neither the
invariance of a chemical system with respect to translation,
reflection, or rotation of the whole molecule nor to
permutation of atoms with the same nuclear charge (atomic
species). Therefore, a transformation to a suitable set of
coordinates, i.e., a suitable descriptor, is required in order to
obtain the desired accuracy in energy and gradient predictions.
Several descriptors for ML models have been proposed.

Some of the approaches split the molecules into atomic
contributions and use hand-crafted descriptors, e.g., atom-
centered symmetry functions (ACSF),3,4 power spectra or
bispectra of spherical harmonics,5−9 or geometric mo-
ments.10,11 Others use the Coulomb matrix of the whole
molecule.12 A different class of models is referred to as
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message-passing high-dimensional NNs, which learn to
construct invariant features in a data-driven manner.13−18

Most of the methods based on hand-crafted descriptors are
limited to only a few atomic species3,4,19,20 or smaller
systems21,22 or fail to approach the accuracy of 1 kcal/mol
with respect to the underlying ab initio method23 required for
chemical applications.
The requirements of a PES fit for successful application in

chemistry are summarized in the following. It has to
approximate the PES sufficiently accurately with an error
below 1 kcal/mol in the energies with respect to the underlying
ab initio method and a comparable error for the forces. The
approximation should be differentiable with respect to the
atomic coordinates to allow for the calculation of forces and
Hessians. It has to fulfill the invariances mentioned above:
translation, rotation, and permutation of like atoms. The fit
should also be systematically improvable; i.e., the accuracy of
predictions should increase with increasing size of the training
data set. Finally, the machine learning model should be
general; i.e., it should be transferable between similar systems
and their configurations.24 Unfortunately, existing models and
respective potential energy surfaces fulfill only a subset of these
requirements.
In this work, we introduce a novel, physically inspired

molecular descriptor, which can be used as input for any ML
algorithm. We refer to it as Gaussian Moments (GM) since it
was inspired by Gaussian-type atomic orbitals and derived
from geometric moments previously used for pattern
recognition.25−28 We have chosen feed-forward NNs as an
ML method for our applications. In addition to the structural
description, we encode the information about the atomic
species in the molecular representation. This allows us to use a
single NN for all atomic species, in contrast to using an
individual NN for each species as frequently necessary
previously.3,7,19,20,29 It is shown that the ML potentials built
with the GM descriptor match or improve upon the state-of-
the-art performance on standard benchmark data sets.
This article has the following structure: first, we formulate

the molecular representation based on GM and explain our
machine learning model describing details on its training.
Then, in Section 3, we apply our machine learning model to
the QM9,30,31 MD17,14,21,22 and ISO1714,15,31 benchmark data
sets and compare it to various models published in the
literature. Additionally, we use it to predict vibrational
frequencies based on a newly generated training set. The
concluding remarks are given in Section 4.

2. METHOD
As mentioned above, a suitable descriptor, which converts
atomic coordinates into ML input, should ensure the same
global invariances as the physical system. These are (1) the
global rotation, (2) the translation, and (3) the reflection of a
molecular structure, as well as (4) the exchange of atoms of the
same atomic species, i.e., with the same nuclear charge Z. One
simple solution, which satisfies requirements 1−3, can be
constructed using just the scalar product of vectors rij from the
position of a central atom i to the positions j of all other atoms,
resulting in the Weyl matrix32 Σi

i

k

jjjjjjjjjj

y

{

zzzzzzzzzz

r r r r
r r r r

i

i i i i

i i i i

1 1 1 2

2 1 2 2Σ =

· ·
· ·

μ

μ

∂ ∂ ∏ (1)

However, any molecular system is invariant with respect to
the exchange of two atoms of the same type. Therefore, a
proper molecular representation has to incorporate this
property as well. Unfortunately, introducing the permutation
invariance into the above representation makes it intractable
whenever one deals with large systems and, moreover, can
violate the differentiability of the molecular representation.6

Therefore, the main focus of this section is to introduce a class
of molecular representations, which satisfies permutation
invariance and is at least a C2 function of the atomic positions;
i.e., it is at least twice differentiable.

2.1. Molecular Descriptor. The methodology of this
study is based on the fact that the PES is the expectation value
of electronic Hamiltonian Ĥ; i.e., it is a solution of the
electronic Schrödinger equation

H Er r r( ) ( ) ( )̂ Ψ = Ψ (2)

Here, Ψ is the electronic wave function which depends on the
atomic position vector r. Thus, the energy of a molecular
system is a functional of the electronic wave function

E = [Ψ] (3)

The electronic wave function can be efficiently expanded into
atom-centered Gaussian-type orbitals, which inspired our
choice of the molecular descriptors. Note that the descriptor
uses exclusively atomic positions rather than electronic
coordinates.
We split the descriptor for the whole chemical system into

functions, which describe the environment of each atom
individually. Those can subsequently be combined to describe
whole molecular or periodic systems. The environment of each
atom is described by a function reminiscent of a Gaussian-type
orbital33 (GTO)

x y z
r

rr( ) ( )s l l l

l l l

L s, , ,x y z

x y z

φ = Φ
(4)

with r = (x, y, z) being an atom’s position relative to a central
atom, r being its absolute value, and L defined as L = lx + ly + lz.
The prefactor xlxylyzlz/rL covers the angular dependence of the
GTO, which we deal with in eq 9. The radial part Φs(r) was
chosen to be a single normalized Gaussian with a radial cutoff
defined as

i

k
jjjjj

y

{
zzzzzr

N
R

e f r( )
2

( )s
N R rGauss

2

max
2

1/4
/ ( )

cut
sGauss

2
max
2 2

π
Φ = γ− −

(5)

The width of each Gaussian depends on the total number
NGauss of functions used and the cutoff radius Rmax. Each
Gaussian is centered at γs, which is chosen evenly spaced
between Rmin and Rmax

R
s

N
R R

1
1

( )s min
Gauss

max minγ = + −
−

−
(6)

with s being an index from 1 to NGauss. As discussed in Section
3, we typically use NGauss = 7 and Rmin = 0.5 Å. Rmax depends on
the specific case. Note that γs is defined for the whole data set.
An example of the radial basis functions Φs(r) is shown in
Figure 1.
Each radial function incorporates a cutoff function fcut(r),

which restricts the descriptor to the local neighborhood of the
atom and decays smoothly to zero at the cutoff radius Rmax. In
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this work, we have chosen the cosine cutoff function,3 see
Figure 1
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Periodic boundary conditions are incorporated by including
the periodic images of atoms in the local neighborhood. The
GM descriptor is constructed from the coordinates of the
image atoms and the atoms within the cell. However, a more
thorough discussion of periodic calculations is beyond the
scope of this work.
In the next step, we form a linear combination of the atomic

“wave” functions φs,lx,ly,lz(r), similar to the linear combination of
atomic orbitals (LCAO), again inspired by quantum chemistry.
The total molecular wave function centered at an atom i reads

r( )i L s
j i

N

Z Z s s l l l ij, , , , , , ,i j x y z

at

∑ β φΨ =
≠ (8)

where Zi and Zj are the nuclear charges of the central atom i
and its atomic neighbors j. The coefficients βZi,Zj,s distinguish
between nuclear charges and radial shells. They are optimized
in the training procedure. For a given i, L, and s, Ψi,L,s is a
tensor of rank L.
Equation 8 preserves invariances 2 and 4 by construction.

Ψi,L,s is invariant with respect to translation 2 owing to its
dependence on the atomic distance vectors rij. The invariance
with respect to permutation of like atoms (4) is ensured by the
sum. However, the prefactor xlxylyzlz/rL still violates the
invariance with respect to rotation and reflection for L > 0.
Consequently, Ψi,L,s cannot be used directly as input to ML
algorithms, and further treatment is necessary.
One can interpret L as an angular momentum similar to

spherical harmonics. For example, L = 0 corresponds to the
shape of a spherically symmetric s-orbital; L = 1 corresponds to
the shape of a p-orbital, L = 2 to that of a d-orbital, and so on.
To construct a rotationally invariant basis, we look deeper into
the mathematical properties of Ψi,L,s. GTO functions in eq 4
can be written as a Cartesian tensor. For L = 0,1,2, we can
write Ψi,L,s, when rewriting the angular dependence in terms of

atomic distance vectors rij rather than in terms of its
components, as
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where ⊗ denotes the tensor product. For an arbitrary angular
momentum L, one can write

r
rr r

1
( )i L s
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N
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L
L s ij, , , ,

times
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at

∑ βΨ = ⊗ ··· ⊗ Φ
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(10)

The tensor rij⊗ ··· ⊗rij has rank L and is, in the following
discussion, referred to as Ti1,i2,···,iL = (rij⊗ ··· ⊗rij)i1,i2,···,iL to

simplify the notation. Since Ti1,i2,···,iL is a Cartesian tensor, it
behaves under rotation according to the rule

T R R R Ti i i i i i, ,..., , , , , ,...,L L L L1 2 1 1 2 2 1 2
̂ = ···α α α α α α (11)

where Rα1,i1 is an arbitrary orthonormal matrix, e.g., a rotation
or reflection. From linear algebra, it is known that any full
contraction of a Cartesian tensor or of a product of Cartesian
tensors is a rotationally invariant scalar. The radial function
does not affect this property due to its inherent invariance with
respect to rotations. The same holds for reflections.
Consequently, an invariant basis, which satisfies all the
requirements, can be constructed by calculating the full
contractions of the molecular wave function.
Note that the concept of constructing rotational invariants

using contractions of Cartesian tensors was initially introduced
by Flusser et al.,25−28 where geometric and Gaussian−Hermite
moments were used to address pattern recognition problems.
Additionally, geometric moments were used to construct
rotationally invariant bases for linear regression in PES
construction.10,11

Inspired by previous work on invariants obtained using
geometric moments,10,11,25−28 we refer to scalars obtained by
contracting Ψi,L,s as Gaussian moments (GM). To simplify the
generation of contractions, we employed graphs.27 Some
examples are shown in Figure 2. However, one can find a direct
correspondence to index-matrices10 and use them instead.
In general for the representation of a molecular structure, at

least a (3Nat − 6)-dimensional descriptor is needed. This can
be fulfilled by using only rather few contractions. It turned out
to be sufficient to restrict the total angular momentum to L ≤
3 and the maximal number of contracted tensors to 3. This

Figure 1. Radial basis functions Φs(r) (black) and the cutoff function
fcut(r) (red, dashed) for Rmax = 6.0 Å and NGauss = 7.

Figure 2. Generating graphs for the tensor contractions 12.2, 12.3,
12.6, and 12.7 of eq 12.
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results in a total of eight contractions, i.e., Gaussian moments,
that we used throughout this work
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Here, Einstein’s notation was used for tensor contractions, i.e.,
the sum is taken over double indices, to simplify the
expressions. All these tensors are symmetric. We use only
upper triangular entries as descriptors.
In total, using NGauss = 7 and all contractions given in eq 12,

we obtained 7 + 28 · 3 + 84 · 4 = 427 rotationally invariant
scalars for each atom. These constitute the molecular
descriptor, which was used as input for the NN in Section 3.
All elements of the molecular descriptor depend on the atomic
species of the central atom and its atomic neighborhood. This
dependence is encoded using the coefficients βZi,Zj,s which are
optimized during training.
Contractions of two wave functions can be related to

electronic densities with an angular momentum L. Electronic
densities were recently used for the construction of a molecular
representation in ML.29 However, the approach presented here
is more general than electronic densities as it allows to contract
more (and less) than two wave functions to construct
rotational invariants. Thus, much more insight in the angular

and radial distribution of the atomic environment can be
incorporated into the machine learning algorithms at the same
computational cost.

2.2. Atomistic Neural Networks. Artificial neural net-
works (NN) have been proven to be capable of approximating
any nonlinear functional relationship.34 Therefore, they are of
particular interest for reproducing high-dimensional potential
energy surfaces (PES). Behler and Parrinello suggested a
construction, which allows the application of NNs to systems
of different sizes.3 In their approach, the total energy Ê of a
molecular system is decomposed into a sum of atomic
contributions Êi

E E xNN ( )
i

N

i
i

N

Z
i

1 1
in
( )

i

at at

∑ ∑̂ = ̂ =
= = (13)

where NNZi
denotes the neural network output, and xin is a

molecular representation. In their approach, an individual
neural network NNZi

is constructed and trained for each
atomic species Zi. In our approach, a similar construction is
used. Since the Gaussian moment representation ρi,s1,s2,···
contains the information about the atomic species via the
coefficients βZi,Zj,s, a single NN is constructed and trained for all
species. This results in the expression for the total energy

E xNN( , , ... )
i

N
i

i s i s s
1

in
( )

, , ,

at

1 1 2
∑ ρ ρ̂ = = { }
= (14)

The approach presented here is atom-centered and, thus,
allows the modeling of molecular systems with a variable
number of atoms.
In this work, a feed-forward neural network is used. In a

feed-forward NN, an input layer is connected to an output
layer via one or multiple hidden layers. The information in the
network passes only in a single direction toward the output
layer. The local molecular descriptor, i.e., xin

(i) = {ρi,s1,ρi,s1,s2, ...},

Figure 3. Schematic representation of the model used in this work for calculating molecular energies and forces.
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provides the values of the neurons in the input layer, while the
output of the NN is the atomic energy, Êi. A linear
transformation is applied to the input data for each layer
followed by a nonlinear activation function, i.e., for two hidden
layers

y x W b W b W b( ( ( ) ) )out out 2 1 in 1 1 2 2 out outϕ ϕ ϕ= + + + (15)

where Wk are the weight matrices, bk are the biases, and ϕk are
activation functions. For the output layer, a linear activation
function is used, whereas for the hidden layers nonlinear
activation functions are applied. In this work, a “rectifier”-like
function, the soft-plus function ϕi(x) = ln(1 + exp(x)), was
chosen as the nonlinear activation function. We found it to
perform better than other standard activation functions for the
data sets used here. In order to maximize the use of the
nonlinear region of the activation functions, the atomic energy
is scaled and shifted as Êi = σZi

yout,i + μZi
. The parameters σZi

and μZi
depend on atomic species and are optimized during the

training procedure. The initialization of σZi
and μZi

is
performed by using the standard deviation and mean of the
per-atom average of the reference energies in the training set to
improve the convergence of the model.
A schematic representation of an atom-centered feed-

forward NN and the computational procedure of the presented
GM model is shown in Figure 3. First, a neighborhood of all
atoms within the cutoff radius Rmax is assigned to each atom i.
Next, given the parameters γs, the radial functions Φs(r) are
evaluated. Using the coefficients βZi,Zj,s, which are initiated
randomly, the tensor-valued function Ψi centered at the atom i
is constructed. Then, the predefined tensor contractions are
applied, and the molecular representation ρ is calculated. It is
used as input to the feed-forward NN which outputs scaled
atomic energies, yout,i. These are transformed back to nonscaled
values, Êi, which are summed to result in the total energy of the
system.
In total, two network architectures, a shallow and a deep

NN, are constructed to test our model on benchmark data sets
as discussed in Section 3. The shallow network has two hidden
layers with [256,128] nodes, respectively. The deep network
consists of five hidden layers with [1024,512,256,128,64]
nodes each. We refer to the shallow model as GM-sNN and to
the deep model as GM-dNN.
2.3. Training. In this work, we are interested in the

prediction of energies and forces and possibly Hessians in the
future. Therefore, prior to describing the training procedure, a
few sentences are dedicated to the importance of the
incorporation of forces into the training. For quantum
chemical training data, obtaining forces for all atoms is about
as computationally expensive as obtaining the energy. Thus,
forces provide additional training data which are comparably
cheap to obtain. Therefore, they are included in the training of
the model.
To optimize weights and biases of each layer of the GM

model, the training loss function is defined as

w E E
w
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F F
3 i

N

k
i k i kE

ref 2 F

at 1 1

3

, ,
ref 2

at

∑ ∑= || ̂ − || + || ̂ − ||
= = (16)

To control the energy and force contribution during the
training, we define the adjustable parameters wE and wF. The
parameters were set to wE = 1 and wF = 100 Å2 for all models.
The higher weight of the force error is motivated by the fact

that forces alone determine the dynamics of a chemical system.
Consequently, the accurate force prediction is most important
for MD simulations. In case the model is trained only on
energies, the parameter wF is set to zero. The parameters, wE
and wF, were chosen according to performance tests of the
GM-NN model. However, optimal values are likely to depend
on the system under study, and the parameters should be
adjusted accordingly. A more thorough investigation of the
dependence of the performance on the parameters is planned
for the future works.
The reference values for the force and energy are denoted by

Eref and Fref, respectively. Atomic forces F̂ are calculated from
the total energy Ê analytically by taking the partial derivative
with respect to atomic positions. For an atom i along the
component k ∈ {x,y,z}, the atomic force is defined as

F Z Z Z
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at at
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All models used in Section 3 were implemented in the
Tensorflow35 framework. Atomic forces were calculated using
automatic differentiation.36 The training loss in eq 16 was
minimized using the AMSGrad optimizer37 with 32 molecules
per mini-batch with an exception of the models trained on the
ISO1714,15,31 data set, where a mini-batch of 128 molecules
was used. The learning rate was set to 10−3 for all models and
kept constant throughout the whole training procedure. Each
optimization took 5000 training epochs with an exception of
the models trained on 1000 MD1714,21,22 samples, where we
optimized for 10,000 epochs. Overfitting was prevented using
the early stopping technique.38 After each epoch, the training
loss was evaluated on a validation set. After training, the model
that performed best on the validation set was selected for
further application on the test sets. So, although the validation
data was not used directly in the training procedure, it
indirectly influenced models chosen at the end.

2.4. Scalability and Computational Cost. To achieve
linear scaling of the computational cost and memory usage, the
GM-NN model uses atom neighbor lists as implemented in
ASE.39 This allows the calculation of the energy and gradient
for a structure with up to 100,000 atoms in less than 230 s on a
single Intel Xeon CPU E5-2670 0. The memory required for
the respective calculations with up to 25,000 atoms is about
9.7 GB. This allows efficient training and inference on typical
GPUs for large systems. Further information on the computa-
tional cost and memory usage, including details on the trained
model, is provided in the Supporting Information.

3. RESULTS
Here, we apply the NN model based on Gaussian moments
(GM-NN) to three well-established quantum chemistry data
sets: QM9,30,31 MD17,14,21,22 and ISO17.14,15,31 These data
sets are designed such that different aspects of chemical space
are covered. For all data sets, we report the mean absolute
error (MAE) and the root-mean-square error (RMSE) in kcal/
mol for the energies and in kcal/mol/Å for the forces.
The deep network model GM-dNN was tested only on large

training sets, i.e., 50,000 training samples from the MD17 data
set and 400,000 training samples from the ISO17 data set. The
reason for this is that for smaller training sets, e.g., 1000
samples from the MD17 data set and the QM9 data set, the
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shallow GM-sNN model is already sufficient to reach an
acceptable accuracy within the given number of training
epochs. The deep architecture is prone to overfitting, especially
for small training sets. The deep architecture is promising for
large and complex training sets, because it is known that the
additional hidden layers enhance the capability of neural
networks to capture complexity and high nonlinearity of
functional dependence.40,41

The input layer for both architectures has 427 neurons as
discussed in Section 2.1. The only remaining adjustable
parameter of the descriptor is the cutoff radius Rmax. It was set
to 3.0 Å for the QM9 data set and to 4.0 Å for the MD17 and
ISO17 data sets. In each experiment, the data set is split into a
training set of size N and a validation set containing 2000
structures used for early stopping. The remaining data was
used for testing the models.
3.1. QM9. QM930,31 is a widely used benchmark for the

prediction of several properties of molecules in equilibrium.
Thus, all forces vanish. They were not included into the
training loss function. Only shallow GM-sNN models were
trained on the QM9 data set.
The QM9 data set consists of 133,885 neutral, closed-shell

organic molecules with up to 9 heavy atoms (C, O, N, F) and a
varying number of hydrogen (H) atoms. The largest structure
in the data set contains 29 atoms in total. Since 3054 molecules
from the original QM9 data set failed a consistency test,31 we
used only the remaining 130,831 structures in the following
experiments.
For QM9, a cutoff radius of Rmax = 3.0 Å was chosen. This is

rather small compared to the 10 Å used in the message-passing
architectures, e.g., SchNet15,16 or PhysNet.13 However, the
sphere defined by the small cutoff radius of 3.0 Å includes
already a maximum of 24 neighbors out of 28 possible
neighboring atoms for the largest structures in the data set.
This holds for central atoms of the respective structures. For
the side atoms, smaller local environments can be found which
can be transferred to the smaller structures in the data set. So,
the smaller cutoff improves the ability of the model to
generalize. Thus, the cutoff radius has to be increased only in
the case some important interactions are neglected, which is
not the case for the QM9 data set.
The learning curves of the model are shown in Figure 4.

They show the dependence of the MAE and the RMSE on the
training set size. For training set sizes of 1000, 5000, and
10,000, the results are obtained by averaging over five
independent choices of the training set. For 25,000, 50,000,
100,000, and 110,426 structures, only three independent
choices of the training set are averaged. The GM-sNN trained
on 110,426 reference energies predicts energies of the
remaining structures with a MAE of 0.27 kcal/mol and a
RMSE of 0.63 kcal/mol. The required accuracy of 1 kcal/mol
in the case of the MAE is reached already when training on
5000 reference structures.
A comparison of the GM-sNN model to the various models

published in the literature can be found in Table 1. It can be
seen that the performance of the GM-sNN model is
comparable to all methods shown. However, one can see
that the MTM16−28 model11 and the model in ref 8 perform
slightly better when training on 1000 and 5000 reference
samples. The MTM16−28 model employs geometric moments
to construct rotationally invariant bases for linear regression.
The model in ref 8 uses NNs as an ML method and the power
spectrum of spherical harmonics as a structural descriptor. In

both methods, atomic species and environment are encoded
simultaneously. With an increasing number of training samples,
the GM-sNN model outperforms the MTM16−28 model and
the model in ref 8. The GM-sNN model reaches an accuracy
comparable to the message-passing models, e.g., SchNet,15,16

HIP-NN,17 and PhysNet.13 The message-passing models learn
to construct invariant features from nuclear charges and
interatomic distances in a data-driven manner. This approach
was first introduced by the DTNN.14

We also investigated how well a model trained on small
molecules transfers to larger systems. For this purpose, the
QM9 data set was divided into two subsets. The first subset
contains molecules with up to 15 atoms and has 24,978
structures in total. The other subset which is used for testing
has molecules with more than 15 atoms and has 105,853
structures in total. We used 22,978 structures of the first subset
for training and another 2000 for validation. The errors on the
test set of all 105,853 structures are averaged over three
independent choices of the training set and are MAE =
1.01 kcal/mol and RMSE = 1.65 kcal/mol. This demonstrates
that the trained models can be transferred from small to large
structures. However, the performance deteriorates compared
with the randomly chosen structures (see Table 1).
All models for the QM9 data set were trained on an

NVIDIA Tesla V100-SXM2-32GB GPU. The training of 5000
epochs took from 1 h (1000 structures) to 3 days (110,426
structures).

3.2. MD17. The MD17 data set14,21,22 is a collection of
structures, energies, and atomic forces of eight small organic
molecules obtained from ab initio molecular dynamics (MD).
For each molecule, a large variety of conformations is covered.
The data set varies in size from 150,000 to almost 1,000,000
conformations. It covers energy differences from 20 to 48 kcal/
mol and force components ranging from 266 to 570 kcal/mol/
Å. The task of this experiment is to predict energies and forces
for these molecules using various models.
We have chosen a cutoff radius of Rmax = 4.0 Å, since already

19 of the 20 possible neighboring atoms of the central atoms of
the aspirin molecule (acetylsalicylic acid), the largest molecule

Figure 4. Mean absolute error (MAE) and root-mean-square error
(RMSE) in kcal/mol of the energy prediction on the QM9 data set
depending on the number of structures in the training set. Results for
all training set sizes are averaged over three and five independent
randomly chosen training data sets, see text. The error bars indicate
the standard deviation.
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of the MD17 data set, lie withing a sphere defined by this
cutoff.
In a first test, we investigated the learning curves of the

shallow GM-sNN model trained on structures from the MD17
data set. For this purpose, we trained the model on 64, 128,
192, 400, 600, 800, and 1000 randomly chosen samples. The
respective learning curves for eight small organic molecules are
presented in Figure 5. From the figure, it is noticeable that
already 64 samples are enough to achieve an accuracy of
1 kcal/mol in energy. For most molecules, at least 192 training
samples are necessary to achieve an accuracy of 1 kcal/mol/Å
of the forces. Aspirin requires 400 samples, but benzene
requires only 64 due to its rigid conformation.
It may be noticed that the force learning curves look

smoother than the energy learning curves. This is because a
large weighting factor of wF = 100 Å2 was used in the loss

function for the forces. Thus, most emphasis was given on the
force training. In a typical example, ≈99.7% of the loss at the
end of the training is caused by the forces. However, in all
cases, training could be continued which would lead to smaller
force errors and to a higher impact of energies on the training.
Further training would make the energy learning curves
smoother.
A comparison of GM-NN models to several models recently

published in the literature can be found in Table 2. The GM-
sNN models were trained on N = 1000 and N = 50,000
samples; the GM-dNN models were trained on N = 50,000
samples. The results of all models are averaged over three
randomly chosen training sets. From Table 2, we see that the
GM-NN models yield an accuracy which is comparable with
those of all well-established methods. The best training result is
written in bold face. The shallow GM-sNN model outperforms

Table 1. MAEs in kcal/mol for Energy Prediction on QM9 Data Set30,31 for Various Models Reported in Literature and
Different Sizes of Training Seta

Training Set Size DTNN14 SchNet15,16 PhysNet13 HIP-NN17 MTM16−28
11 Ref 8 GM-sNN

1000 − − − − 1.8 1.85 2.16
5000 − − − − 0.90c 0.95 0.95
10,000 − 1.28b − − 0.86 0.73 0.71
25,000 1.04 0.80b − − 0.63 0.55 0.47
50,000 0.94 0.59 0.30 0.35 0.41 0.46 0.36
100,000 0.84 0.34 0.19 0.26 − 0.41 0.29
110,426 − 0.31 0.19 0.26 − − 0.27

aResults of the GM-sNN model are averaged over three and five independent randomly chosen training data sets, see text. bAs estimated from the
graphs in ref 16. cAs estimated from the graphs in ref 11.

Figure 5. Mean absolute error (MAE) and root-mean-square error (RMSE) in kcal/mol and kcal/mol/Å of energy (top) and force (bottom)
predictions, respectively, on the MD17 data set depending on the number of structures in the training data set. All results were obtained using the
shallow architecture GM-sNN.
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the message-passing model SchNet when trained on 1000 and
50,000 reference samples. The deep GM-dNN model reaches
the accuracy of the PhysNet model. All mentioned message-
passing models have more complicated mathematical forms
and deeper NN architectures than our GM-NN models.
Therefore, their capability of interpolation can potentially be
better.
The GDML model is more accurate than our GM-sNN for

the smaller molecules, although even there the difference is
small (see Table 2). Note that the GDML21 model was trained
on forces only and, in general, scales badly with the number of
reference structures due to its kernel nature. For small data sets
and complex molecules, like aspirin, our GM-sNN model
outperforms all presented methods in the force prediction. The
force error on the aspirin data set is smaller by 0.3 kcal/mol/Å
than the respective predictions of the GDML and EANN
models and smaller by 0.66 kcal/mol/Å than the SchNet
predictions. The EANN model employs density-like descrip-
tors and NNs as an ML method. The errors of GM-sNN in
energy prediction could be improved training for more epochs
(see the previous discussion).
In addition to the models listed in Table 2, we can compare

to sGDML22 an extension of the GDML model that
incorporates rigid space group symmetries and dynamic
nonrigid symmetries, e.g., methyl group rotations. The
performance is similar. For example, the accuracy of the
sGDML force prediction is 0.68 kcal/mol/Å for the aspirin
data set, while GM-sNN results in 0.69 kcal/mol/Å. The GM-
sNN model needs fewer reference structures, less than 400, to
achieve an accuracy of 1 kcal/mol/Å, compared to the sGDML
model, which needs about 600 reference structures. Note that
in this comparison it was assumed that the chosen training data
is similarly correlated.
We use the MD17 data set to test the dependence of the

performance of the GM-sNN model on the size of our
descriptor, the number of Gaussian moments (#GM). Figure 6
shows that the force error is reduced algebraically with the
increasing size of the descriptor. For aspirin and N = 1000, we
obtain an MAE of the forces of about 4.145 · (#GM)−0.309

kcal/mol/Å. A similar algebraic convergence of the error in the
energy prediction is illustrated in Figure S2 of the Supporting
Information. To compare the performance with typical hand-
crafted descriptors, atom-centered symmetry functions
(ACSF)3,4 were chosen. In ref 18, it was shown that a typical
Behler−Parrinello model with ACSFs as molecular descriptors
is consistently outperformed by the SchNet model. For
example, on the aspirin data set, a MAE of 1.92 kcal/mol/Å
in predicted forces was achieved using 51 ACSF invariant
scalars with 1000 training structures. For comparison, the GM-
sNN model achieves an MAE of 1.43 kcal/mol/Å in predicted
forces using only 35 GM descriptors and an MAE of 1.19 kcal/
mol/Å with 48 GM descriptors (see Figure 6). This shows that
the proposed descriptor outperforms ACSFs and captures all
necessary information about the molecular structure as
efficiently as message-passing architectures. Due to their
particular mathematical form, GM achieve the desired

Table 2. Mean Absolute Errors for Energy and Force Prediction in kcal/mol and kcal/mol/Å, Respectivelya

N = 1000 N = 50,000

GDML21 EANN29 SchNet15 GM-sNN SchNet15 PhysNet13 GM-sNN GM-dNN

Benzene energy 0.07 − 0.08 0.08 (0.008) 0.07 0.07 (0.002) 0.07 (0.003) 0.07 (<0.001)
force 0.23 − 0.31 0.21 (0.021) 0.17 0.15 (0.001) 0.14 (<0.001) 0.14 (0.001)

Toluene energy 0.12 0.11 0.12 0.15 (0.009) 0.09 0.10 (0.004) 0.10 (0.006) 0.09 (0.003)
force 0.24 0.38 0.57 0.34 (0.012) 0.09 0.03 (0.002) 0.10(0.003) 0.06 (<0.001)

Malonaldehyde energy 0.16 0.14 0.13 0.12 (0.012) 0.08 0.07 (<0.001) 0.07 (0.003) 0.07 (<0.001)
force 0.8 0.62 0.66 0.45 (0.014) 0.08 0.04 (0.002) 0.08 (0.006) 0.05 (0.006)

Salicylic acid energy 0.12 0.14 0.20 0.19 (0.020) 0.10 0.11 (0.005) 0.11 (0.002) 0.11 (0.002)
force 0.28 0.51 0.85 0.49 (0.021) 0.19 0.04 (0.001) 0.14 (0.001) 0.08 (0.002)

Aspirin energy 0.27 0.33 0.37 0.38 (0.015) 0.12 0.12 (0.005) 0.19 (0.006) 0.13 (0.004)
force 0.99 0.99 1.35 0.69 (0.025) 0.33 0.06 (0.002) 0.26 (0.009) 0.12 (0.008)

Ethanol energy 0.15 0.10 0.08 0.10 (0.007) 0.05 0.05 (<0.001) 0.05 (<0.001) 0.05 (0.002)
force 0.79 0.47 0.39 0.33 (0.017) 0.05 0.03 (<0.001) 0.06 (0.005) 0.04 (0.001)

Uracil energy 0.11 0.11 0.14 0.12 (0.008) 0.10 0.10 (0.001) 0.10 (<0.001) 0.10 (0.001)
force 0.24 0.35 0.56 0.33 (0.016) 0.11 0.03 (<0.001) 0.07 (0.005) 0.04 (<0.001)

Naphthalene energy 0.12 0.12 0.16 0.17 (0.011) 0.11 0.12 (0.011) 0.13 (0.017) 0.11 (0.004)
force 0.23 0.27 0.58 0.36 (0.023) 0.11 0.04 (0.001) 0.13 (0.012) 0.08 (0.008)

aThe results are obtained by averaging over three independent choices of the training sets; their standard deviation is given in parentheses. The
GM-NN models are trained on 1000 and 50,000 training samples. All models are trained on energies and forces with the exception of the GDML21

model, which is trained on forces only.

Figure 6. Log−log plot of the algebraic decrease of the error in the
predicted forces with an increasing number of Gaussian moments. All
values are given on the test data of the aspirin data set for the GM-
sNN model (N = 1000).
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flexibility and, thus, even GM-sNN outperforms the SchNet
model in several tests (see Table 2).
All GM-NN models for the MD17 data set were trained on

one NVIDIA Tesla V100-SXM2-32GB GPU each. The
training of the GM-sNN model on 1000 structures for
10,000 epochs took 4 h, and the training on 50,000 structures
for 5000 epochs was carried out during 2 days. The GM-dNN
model required at most 2 days and 15 h for the training.
3.3. ISO17. The ISO17 data set14,15,31 contains short MD

trajectories of 127 isomers with the composition C7O2H10,
drawn randomly from the QM9 data set. For all molecules,
energies and atomic forces are provided. Each trajectory
samples 5000 conformations. In total, the data set contains
635,000 structures.
The experiment was arranged as follows. The data set was

split into two subsets. The first subset contained the data of
≈80% of all molecules. From this subset, 400,000 structures
were taken randomly for training, and another 4000 structures
were used for validation. The remaining 101,000 structures
were used for testing the model. This test is referred to as
“known molecules/unknown conformations”. Then, we
applied the trained model to the remaining ≈20% of all
molecules, those which the model had not seen before. This
second test is referred to as “unknown molecules/unknown
conformations”. It allows us to test the generalization capability
of the GM-NN model.
The results of both tests obtained with the GM-sNN and

GM-dNN models are compared to recent literature data in
Table 3. The results of the GM-NN models are obtained by
averaging over three randomly chosen training sets. From the
table, it is noticeable that the GM-sNN model outperforms the
SchNet model in three of the four tests. The shallow model
also outperforms both message-passing models in the energy
prediction for “unknown molecules/unknown conformations”.
The energy error is about 0.43 kcal/mol lower than the SchNet
prediction and 0.97 kcal/mol lower than the PhysNet
prediction. This shows that GM-sNN generalizes better than
the models from the literature.
The deep GM-dNN model outperforms the shallow GM-

sNN model and approaches the accuracy of PhysNet when
applied to the “known molecules/unknown conformations”
test. However, using the deep architecture deteriorates the
performance on the “unknown molecules/unknown conforma-
tions” test. This indicates that the larger, more flexible network
learns more details of the “known molecules/unknown
conformations” test set at the expense of generalization
capabilities, tested on the unknown molecules.42 This example
shows that a thorough choice of the network architecture is of
crucial importance for the specific task for which the model is
to be designed.
All GM-NN models were trained on one NVIDIA Tesla

V100-SXM2-32GB GPU each for 5000 training epochs. The
training of the GM-sNN model took ≈7 days; the training of

the GM-dNN took ≈7 days and 6 h. Note that the results of
the PhysNet model were obtained after training for ≈1
month.13

3.4. MD of Ethanol with Ab Initio Accuracy. The
predictive power of the machine-learned potentials was tested
on a simple organic molecule, namely, ethanol. We calculated
the energy profile for the ethanol rotamers, i.e., for the rotation
of the OH group around the C−O bond and the rotation of
the CH3 group around the C−C bond. A comparison of the
predictions is made based on machine-learned potentials to the
potential energy profile calculated at the PBE-D3(BJ)/6-31G*
level of theory43−46 using Turbomole 7.147 within Chem-
Shell48,49 and is shown in Figure 7.

It is noticeable that the model trained on the MD17 data set
for ethanol, ML@MD17, (we took the GM-sNN model
trained on 50,000 structures, Section 3.2) shows large
deviations in the barrier heights. This is probably caused by
the slightly different levels of theory: MD17 used PBE+vdW-
TS (we were unable to find information on the basis used to
create MD1721). While the functionals are the same, the
different treatment of dispersion and the different basis set in
the reference may lead to the deviation of the energy profiles.
To ensure the reproducibility of the tests, we generated two

different data sets for ethanol on the same level of theory as for

Table 3. Mean Absolute Errors for Energy and Force Prediction on Two Variants of ISO17 Benchmark in kcal/mol and kcal/
mol/Å, Respectivelya

SchNet15 PhysNet13 GM-sNN GM-dNN

known molecules/unknown conformations energy 0.36 0.10 (<0.001) 0.40 (0.020) 0.17 (0.003)
force 1.00 0.12 (0.002) 0.65 (0.019) 0.28 (0.011)

unknown molecules/unknown conformations energy 2.40 2.94 (0.260) 1.97 (0.414) 2.71 (0.640)
force 2.18 1.38 (0.060) 1.66 (0.082) 1.96 (0.189)

aThe results are obtained by averaging over three independent choices of the training sets; their standard deviation is given in parentheses.

Figure 7. Potential energy profile of the dihedral angle describing the
rotation (top) of the OH group around the C−O bond and (bottom)
of the rotation of the CH3 group around the C−C bond. The GM-
sNN model was trained on the MD17 data set, ML@MD17, on the
500 K data set, ML@500K, and on the 1000 K data set, ML@1000K.
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the respective DFT profile. The data sets were taken from ab
initio MDs at 500 and 1000 K. In the following, we describe
the generation of the data sets. First, we performed Born−
Oppenheimer MD at 500 and 1000 K in the NVT ensemble
using the Berendsen thermostat with GFN2-xTB50,51 as the
underlying quantum mechanical method. The time step was
set to 0.5 fs, and the dynamics was run for 50,000 steps
resulting in 25.0 ps of dynamics. Every 10 steps, a geometry
was taken from the dynamics, and the energy, as well as atomic
forces, were recalculated at the PBE-D3(BJ)/6-31G* level of
theory. The MD was performed within ChemShell, and for the
refinement with DFT, we used Turbomole 7.1 within
ChemShell. For each data set, we obtained in total 5000
structures. The additional data set at 1000 K was created
because the barrier for the rotation of the CH3 group around
the C−C bond is way higher than 500 K. Both data sets can be
found in a git repository.52

The GM-sNN model was trained using 4000 reference
structures for 5000 training epochs. Training of the model was
performed on an NVIDIA Tesla V100-SXM2-32GB GPU, and
it took about 4.5 h for each data set. The remaining 1000
structures were used for validation. We refer to the model
trained on the 500 K data set as ML@500K and to the one
trained on the 1000 K data set as ML@1000K. From Figure 7,
it can be seen that the model trained on the generated data sets
fits the DFT profile well, and all deviations are small. All
barriers are given in Table 4.

To test the prediction of frequencies, even though only
energies and forces were used for the training, we calculated
the vibrational power spectrum of ethanol based on the ML@
1000K model using the velocity−velocity autocorrelation
function. In this formalism, the intensity of a transition is
proportional to

I v t v t t i t t( ) ( ) exp( )d0 0

2

∫ ω∝ ⟨ + ⟩ −
(18)

Velocities for the calculation of the power spectrum were
obtained by running MD trajectories on the ML@1000K
model within ASE39 using a Langevin thermostat at the
temperatures of 500 and 100 K. The time step was set to 0.5 fs,
and the dynamics were run for 40 ps. The first 1 ps was
ignored. The final spectra obtained from MDs at 100 and
500 K are shown in Figure 8.
In Figure 8, one can, for example, find bands at 3611 cm−1

(500 K) and 3644 cm−1 (100 K) which correspond to the O−
H stretching of alcohol. This is very similar to the
corresponding harmonic frequency from DFT at the PBE-
D3(BJ)/6-31G* level, 3638 cm−1. The experimental values for
ethanol in the gas phase range from 3649 to 3682 cm−1,53

which are also close to the values predicted using ML
potentials.

4. CONCLUSIONS
In the present work, we proposed Gaussian moments as a
representation for molecular structures that incorporates global
symmetries, i.e., the invariances with respect to rotation and
translation of the entire system and the invariance with respect
to permutation of atoms of the same species. The particular
advantage of constructing GM is that the GM representation
can be written in terms of pairwise distance vectors and tensor
contractions. This allows for an efficient calculation of them on
graphics processing units (GPUs). The representation can
easily be extended by generating further rotationally invariant
scalars from additional generating graphs. Thus, an even larger
basis can be constructed if needed, at almost the same
computational cost.
We have demonstrated that the GM descriptor can be used

as input for machine learning algorithms. In this work, we used
feed-forward NNs as a machine learning method for the
regression. We evaluated the GM-NN models on three
different quantum-chemical benchmark data sets, which
cover both chemical and conformational variability. On the
basis of the performed tests, we can argue that the GM-NN
models show comparable or better accuracy with respect to the
state-of-the-art machine learning models. The performance of
GM with only two hidden layers is similar to that of message-
passing models, such as SchNet15,16 and PhysNet,13 which
have much deeper and mathematically more complicated NN
architectures.
We have shown that a GM model trained on small reference

structures is able to generalize to larger structures. Addition-
ally, it was shown that the respective GM descriptor is able to
capture all necessary information about the molecular structure
so that the machine learns as efficiently as respective models
which include all possible symmetries explicitly.
In addition to the benchmark data sets, machine-learned

potentials based on Gaussian moments were applied to predict
rotamers and the vibrational power spectrum of the ethanol
molecule. We have seen that the GM-NN potentials are
capable of capturing differences between the gauge and trans

Table 4. Energetic Barriers in kcal/mol Predicted by
Machine-Learned Potentials and Calculated at the PBE-
D3(BJ)/6-31G* Level of Theory

OH CH3

t→g− g−→t g−→g+

PBE-D3(BJ)/6-31G* 1.16 1.75 1.56 3.32
ML@MD17 1.00 1.09 1.17 2.98
ML@500K 1.19 1.76 1.58 3.28
ML@1000K 1.07 1.79 1.57 3.23

Figure 8. Vibrational power spectrum of ethanol obtained via
velocity−velocity autocorrelation function and the expression in eq
18. The velocities are obtained from MD at 500 and 100 K using the
GM-sNN model trained on the 1000 K data set, see text for details.
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conformations of ethanol and to capture vibrational
frequencies even though they were trained on energies and
forces only.
In summary, we have presented an approach for

constructing a machine learning model based on tensor
contractions, which fulfills physical constraints and is inspired
by the molecular wave function. This model has been proven
to be generally applicable to molecular systems and, therefore,
can potentially be applied to large scale molecular simulations.
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Abstract
Machine learning has been proven to have the potential to bridge the gap between the accuracy of
ab initiomethods and the efficiency of empirical force fields. Neural networks are one of the most
frequently used approaches to construct high-dimensional potential energy surfaces.
Unfortunately, they lack an inherent uncertainty estimation which is necessary for efficient and
automated sampling through the chemical and conformational space to find extrapolative
configurations. The identification of the latter is needed for the construction of transferable and
uniformly accurate potential energy surfaces. In this paper, we propose an active learning approach
that uses the estimated model’s output variance derived in the framework of the optimal
experimental design. This method has several advantages compared to the established active
learning approaches, e.g. Query-by-Committee, Monte Carlo dropout, feature and latent distances,
in terms of the predictive power and computational efficiency. We have shown that the application
of the proposed active learning scheme leads to transferable and uniformly accurate potential
energy surfaces constructed using only a small fraction of data points. Additionally, it is possible to
define a natural threshold value for the proposed uncertainty metric which offers the possibility to
generate highly informative training data on-the-fly.

1. Introduction

Quantum chemistry (QC) aims to describe the physical and chemical properties of atomistic systems using
quantummechanics. Computational chemistry (CC) uses QC approaches to obtain potential energy surfaces
(PESs). Most other physical and chemical properties can be derived from the latter. Application of QC
methods to even moderately large atomistic systems is computationally very expensive and, therefore, the
development of empirical force fields (FFs) became the cornerstone of the modern CC [1–3]. Empirical FFs
are highly efficient but suffer from limited transferability [4] and are generally not able to describe bond
breaking and bond formation. Thus, there is a great demand for efficient and accurate PES models.

The recent development of machine learning (ML) methods changes the way of modeling molecular and
material systems [5]. Being able to learn efficiently complex and highly non-linear functional relationships
ML methods give the promise to bridge the gap between the computational efficiency of FFs and the
accuracy of QC. In this paper, we use the ML approach recently developed in our group, which is referred to
as Gaussian moment neural networks (GM-NNs) [6].

Employing ML algorithms, it is possible now to parametrize PESs using ab initio data to obtain models
that can predict energies, atomic forces and Hessians with the ab initio accuracy and efficiency of FFs. An
important issue appears; trained on QC data there is no guarantee that the parametrized model will properly
predict properties of configurations far from the training data set. The generation of appropriate training
data appears to be an especially challenging task if one takes into account the dimensionality of the chemical
and conformational spaces [7]. Additionally, data sets built based on human intuition tend to be clustered,

© 2021 The Author(s). Published by IOP Publishing Ltd
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sparse, and incomplete. They contain thousands to millions of data points each of them required the
calculation of ab initio energies and forces. The latter can prohibit the application of ML methods due to the
high computational cost.

This problem can be resolved by allowing the ML models to detect the most informative structures and
perform the ab initio calculations only for them. This can be done on-the-fly, selecting extrapolative
structures when running, e.g. the molecular dynamics (MD) simulation, or offline on the fixed data sets
improving the generalization and the transferability of the potential. Both possibilities are related to active
learning [8], an area of supervised learning whose aim is to learn general-purpose models with a minimal
number of training data. The key quantity needed to perform active learning is the query strategy, i.e. an
algorithmic criterion for deciding whether a given configuration has to be included in the training set.

A general overview of AL approaches can be found in [8]. In the context of interatomic potentials, a very
natural query strategy can be defined for Gaussian process (GP) models using their inherent Bayesian
predictive variance. Recently, this approach was successfully applied to model PESs of single- and
multi-element systems on-the-fly [9] as well as to construct reactive PESs for H3 and two prototypical
reactive systems [10]. The on-the-fly training of machine-learned force fields was first proposed in [11],
while the model error was evaluated employing ab initio calculations due to the poor correlation between the
internal error of their GP model and the true model error [12]. Besides uncertainty-driven AL algorithms,
genetic algorithms were applied for the optimization of training data sets [13] as well as a method based on
selecting small building blocks, AMONs, from a dictionary to generate training instances on-the-fly has been
recently proposed [14].

In this paper, we focus on methods that can be applied to neural networks. Query-by-Committee (QBC)
is one of the most frequently used AL approaches in the literature [15–18]. It estimates the uncertainty of
NNs using an ensemble of NN models. While widely employed in the chemistry community, training an
ensemble of models increases the computational effort to the number of models used. Another approach to
obtain the uncertainty of NNs is the Monte Carlo dropout approach [19, 20]. The cost is reduced to running
the model multiple times rather than of the training of an ensemble. Finally, the uncertainty metric can be
constructed by measuring the distances in the feature [18, 21, 22] and the latent spaces [20]. This can be
prohibited due to the size of the system, the dimension of the feature space, and the size of the NN.

In this work, we propose another AL approach for atomistic NNs which uses the expected change in the
model’s output variance obtained in the framework of optimal experimental design (OED) [23–25]. To the
best of our knowledge, a different OED framework was used previously for the linear regression problems
[26, 27], and no application to atomistic NNs was proposed.

In the proposed AL scheme, the model’s output variance is calculated using the Fisher information
matrix computed using only the weights of the output layer. This can be done since the successive layers act
to filter the redundant information present in the previous layers increasing the informativeness of the
parameters of the last layer. The proposed AL approach can be applied to select new query points according
to the model’s output variance in both energies and forces.

The advantages of this approach are that (a) it introduces no overhead into model training or evaluation,
(b) it can be applied to both simple and complex NN architectures that have been used for chemical property
prediction, (c) it naturally ignores the redundant information present in the input layer and selects new
query points based only on the model parameters, (d) it is possible to define an efficient algorithm which can
query a large amount of data within few minutes.

The paper has the following structure: first, we shortly introduce the GM-NN model, derive the
estimated output variance of NNs, and propose three different query strategies for atomistic NNs. Then, in
section 3, we apply our active learning method to the ethanol [6], the QM9 [28, 29], and the N-ASW [7] data
sets and compare the results to those obtained by the random selection strategy. We show that the expected
change in the estimated output variance is correlated with the generalization error, and discuss the possibility
of applying the proposed approach on-the-fly. The concluding remarks are given in section 4.

2. Method

In this work, we consider the problem of learning an input-output mapping X →Y from a set of Ntrain

training samples,D = {(xi,yi)}Ntrain
i=1 , with xi ∈ X and yi ∈ Y [23]. In the case of molecular machine learning

xi are typically the atomic coordinates, i.e. X ⊂ RNat×3 with Nat being the number of atoms, and yi are
molecular physicochemical properties. Here we consider yi being the scalar total energy of the system, i.e.
Y ⊂ R, or its atomic forces, i.e. Y ⊂ RNat×3.

We denote a general parametrized learner as f(w, ·). Its output can be written as ŷi = f(w,xi). The learner
is trained by adjusting parameters w so that the mean squared loss,
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L=
1

Ntrain

Ntrain∑
i=1

(ŷi − yi)
2
, (1)

is minimized. Converged training procedure results in the best set of parameters, ŵ, used subsequently for
predictions on the test data or during a real-time simulation.

For this work, we use the GM-NN [6] as the parametrized learner with corresponding weight matrices
and bias vectors w= {Wk,bk}. A brief overview of the architecture, molecular descriptor, and training
procedure of the machine learning (ML) model is given in section 2.1. For more details about the employed
model, see elsewhere [6].

The main focus of this work is the setting in which it is allowed to the parametrized learner, f(ŵ, ·), to
select a new training input x∗ from a set of candidate inputs, which we call the pool:

P = {xi}
Npool

i=1 ⊂ RNat×3, (2)

with Npool unlabeled instances. Labeling, here the calculation of ab initio energies and forces, is performed
only on the selected instances since this process is assumed to be computationally expensive.

Given the above conditions, the main issue remains the selection of new training samples without
labeling, which would minimize the generalization error of the model. For this purpose, we propose an active
learning scheme that selects new training instances according to the expected change in the estimated output
variance of the learner. The latter is derived by employing techniques from the field of optimal experimental
design (OED) [25]. This work is based on the applications of OED to feed-forward NNs dated from the end
of the 20th century [23, 24] and can be referred to as variance reduction query strategy [8].

Section 2.2 briefly reviews the derivation of the expected change in the estimated variance of NNs
when adding a new training instance. Section 2.3 presents query strategies used for the active learning of
atomistic NNs.

2.1. GM-NNmodel
As was mentioned before, we have selected the GM-NN approach [6], which uses feed-forward NNs to
represent the high-dimensional potential energy surface (PES), as the parametrized learner. In this approach,
a single potential energy E of a molecular or solid-state structure is written as a sum of ‘atomic’ energy
contributions:

Ê=
∑
i

Êi
(
{Rij,Zi,Zj}j̸=i

)
. (3)

These Êi depend on the local environment of the atom i within a predefined cutoff sphere of the radius Rc. In
the above equation index j runs only over all neighbors within Rc. The choice of Rc depends strongly on the
studied system and, therefore, will be specified separately for each data set in section 3.

The description of the local environment in the GM-NN model is given through a set of novel
symmetry-preserving local atomic descriptors, the Gaussian moments (GM). In addition to the geometric
information, GMs include information about the atomic species of both the central and neighbor atoms.
Therefore, for all ‘atomic’ energy contributions, only a single NN has to be trained, in contrast to using an
individual NN for each species as frequently required in the literature. The computational cost and memory
usage of the GM-NN model scale linearly with the system size because atomic neighbor lists are employed.
Throughout this work, we use a shallow neural network with two hidden layers consisting of 256 and 128
nodes each (abbreviated GM-sNN in [6]).

To train the GM-sNN model the loss function:

L=
1

Ntrain

Ntrain∑
i=1

wE ∥∆Ei∥2 +
wF

3Nat

Nat∑
j=1

∥∥∆Fij∥∥2 , (4)

is minimized. Here, Nat is the number of atoms in the respective structure,∆Ei and∆Fij are the differences
between the GM-sNN prediction and the reference data for energies and forces, respectively. The parameters
wE and wF were set to 1 au and 100 au Å2, respectively. Every GM-sNNmodel was trained using the AMSGrad
optimizer [30] with 32 molecules per mini-batch. The learning rate was set to 10−3 and kept constant
throughout the whole training procedure. All models used in section 3 were implemented in the Tensorflow
framework [31] and were trained for 5000 training epochs on an NVIDIA Tesla V100-SXM2-32GB GPU.
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2.2. Variance estimation for NNs
The purpose of this section is to derive an estimator for the output variance of NNs and the respective
change in the variance when a new data point is added to the training set. The latter can be used to indirectly
minimize the generalization error of NNs. This holds since the learner’s expected future error can be
decomposed into three terms [32]: (a) the noise of the data introduced by, e.g. the ab initiomethod, which is
independent of the model and the training set; (b) the bias of the model, i.e. the error introduced by the
model class itself; (c) the variance of the model. Thus, minimizing the variance of the model is guaranteed to
minimize the future generalization error of the model [8].

Following derivations in references [23, 24] the estimated output variance of the NN at the training point
xi can be written as

σ2
ŷ (xi)≈ L

(
∂ŷi
∂w

)T(
∂2L
∂w2

)−1(
∂ŷi
∂w

)
, (5)

where L is the mean squared loss of the NN given in equation (1) or equation (4), the network sensitivity is
defined by g(xi) = ∂ŷi/∂w, and the Fisher information matrix, A, is defined as

A=
1

L
∂2L
∂w2

. (6)

The inverse of the Fischer information matrix can be referred to as the parameter covariance matrix.
By using the chain rule one can easily obtain the Fisher information matrix element:

Aab =
2

LNtrain

Ntrain∑
i=1

∂ŷi
∂wa

∂ŷi
∂wb

+(ŷi − yi)
∂2ŷi

∂wa∂wb
, (7)

where the prefactor can be seen as the noise level. For the final expression given in equation (14) the noise
parameter results in a multiplicative prefactor and, therefore, does not have any impact on the method
performance. To be consistent with [23] we use the training residual L as a noise estimate. Assuming that the
trained model is already close to the optimal minimum, i.e. the prediction for xi is fairly good, the Fisher
information matrix can be approximated as

A≈ 1

L

Ntrain∑
i=1

g(xi)g
T(xi). (8)

We have mentioned before that the generalization error of the model is correlated with its output
variance. The variance reduction query becomes

x∗ = argmin
x∗∈P

⟨σ2
ŷ (xi,x

∗)⟩xi∈D, (9)

where the expression ⟨σ2
ŷ (xi,x

∗)⟩xi∈D is the estimated mean output variance across the input distribution, i.e.
the learner’s output variance averaged over the training samples after the model has been retrained on the
instance x∗ and its corresponding label. Note that in the following we write instead of ⟨·⟩xi∈D only ⟨·⟩D to
make the notation somewhat shorter.

Different approaches can be used to find an optimal instance x∗ without re-training the model. For
example, in references [26, 27] the so-called D-optimality approach was employed. In this work, we follow
the approach proposed in [23].

After adding a new training instance x∗ the Fisher information matrix can be approximated as

A∗ ≈ A+
1

L
g(x∗)gT(x∗). (10)

Its inverse can be easily calculated by the Woodbury matrix identity:

(A∗)
−1

= A−1 − A−1g(x∗)gT(x∗)A−1

L+ gT(x∗)A−1g(x∗)
. (11)

The output variance of the model, after adding the data point x∗, can be estimated at the reference point
xi without re-training the model as

σ2
ŷ (xi,x

∗) = gT(xi)(A
∗)

−1 g(xi)

= gT(xi)A
−1g(xi)−

[
gT(xi)A−1g(x∗)

]2
L+ gT(x∗)A−1g(x∗)

,
(12)
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Figure 1. Schematic representation of the active learning cycle.

where the first term, gT(xi)A−1g(xi) = σ2
ŷ (xi), is the original output variance of the model. The second term

is the expected change in the model’s output variance after querying a new data point x∗. Since our interest is
the average variance change one has to calculate the average for each instance in the pool. This is inefficient if
the pool contains a large number of data. To make this step computationally efficient one can approximate
the respective expression by

⟨∆σ2
ŷ (x

∗)⟩D ≈ gT(x∗)A−1⟨g(xi)gT(xi)⟩DA−1g(x∗)

L+ gT(x∗)A−1g(x∗)
. (13)

In the above expression, one calculates the average over training samples once when calculating
⟨g(xi)gT(xi)⟩D and can re-use it for all instances in the pool. Given this expression, one solves the problem
defined in equation (9), i.e. one can define an instance x∗ ∈ P which minimizes the model’s output variance
without either labeling the data or re-training the model. We want to remind the reader that labeling,
calculation of ab initio energies and atomic forces, is assumed to be computationally expensive.

The expression in equation (13) can be simplified even further using the definition of the Fisher
information matrix A and of the average ⟨g(xi)gT(xi)⟩D and reads

⟨∆σ2
ŷ (x

∗)⟩D =
L

Ntrain
· gT(x∗)Ã−1g(x∗)

1+ gT(x∗)Ã−1g(x∗)
, (14)

where Ã= LA. Note that we neglect the prefactor L/Ntrain in the following discussion since it is independent
of the new data point x∗ and only rescales the expected change in the model’s output variance.

2.3. Active learning: atomistic neural networks
An active learning scheme has to be able to select the most informative instances from the unlabeled pool of
data. Here, we make use of equation (14) derived in section 2.2 and of the fact that the model’s output
variance is correlated with the generalization error.

The active learning scenario proposed in this work is schematically shown in figure 1. In the first step, the
ML model is initialized, i.e. it is trained on the initial, randomly selected, training data set of size Ntrain. Next,
using the expression in equation (14),m structures are selected from the pool. The respective structures are
selected such that the expected change in the output variance of the model is maximal:
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x∗ = argmax
x∗∈P

⟨∆σ2
ŷ (x

∗)⟩D. (15)

The above expression correlates with equation (9). Larger values of the expected change in the output
variance imply reduction of the output variance itself, see equation (12). Note that due to the possible
correlations of the data in the pool, the active learning algorithm selects a maximum ofm= 0.1 ·Ntrain new
samples per iteration. The size of the training data set increases after each active learning iteration bym
samples, respectively. Finally, after the algorithm has selectedm query instances, the respective labels are
calculated using, e.g. ab initio quantum chemistry (QC) and the training set is updated by these query
samples. In this work, we re-train the GM-NN model on the updated training set using re-initialized weights
and biases to study the performance of the active learning scheme more thoroughly. However, we should
mention that one can start from the pre-trained parameters from the previous iteration which would
speed-up the re-training.

The active learning continues until either the maximal size of the training set is reached or the queried
instances are not sufficiently informative anymore. We use only the first criterion in section 3, but discuss
ways to define the second criterion. Note that the latter is important to perform the so-called learning
on-the-fly, where the active learning algorithm queries structures obtained during the simulation. In this
work, we use only data sets that are already labeled to test the proposed approach in terms of its applicability
to the sampling of configurational and chemical spaces. The maximal size of the training data set depends on
the data set. Therefore, the upper limit is defined separately for each data set in section 3.

Before introducing the possible query strategies for atomistic NNs we want to briefly discuss an issue
caused by the size of the parameter space of NNs. In general, the parameter space of atomistic NNs is large,
which makes the proposed approach, in the first view, intractable on typical computers. For example, for the
shallow GM-sNN model with only two hidden layers and 427 invariant molecular descriptors, one obtains
more than 142 000 weight parameters. Note that we take weights into account for active learning but no
biases because their influence is expected to be negligible. Therefore, one needs to make additional
assumptions to make the presented approach applicable to the atomistic NNs.

To tackle the size problem we assume that the weight parameters of the output layer contribute most to
the estimation of the model’s output variance. One can argue that the preceding layers of the NN contain
some amount of redundant information that is filtered when passing through the network. This makes the
input of the output layer and, thus, the respective weights more sensitive to the relevant changes in the
queried structures. A similar assumption was made for the latent distances in [20]. The performed
experiments prove the above premise, see section 3. Using only the weight parameters of the output layer, the
Fisher information matrix is only 128× 128-dimensional and can be easily inverted.

Now we want to focus on particular query strategies that can be used to select the most informative
structures for atomistic NNs. In the following, three different possibilities are presented, based on the energy,
force, and the total squared loss.

2.3.1. Query strategy QS1: energy squared loss
The first query strategy, labeled as QS1, uses only the energy squared loss:

LÊ =
1

Ntrain

Ntrain∑
i=1

∥∥Ei − Êi
∥∥2. (16)

Given the energy loss, one can easily define the network sensitivity, gÊ (xi) = ∂Êi/∂w, and the corresponding
Fisher information matrix reads

AÊ =
1

LÊ

Ntrain∑
i=1

gÊ (xi)gÊ (xi)
T
. (17)

Configurations are selected from the pool of unlabeled structures using equations (14) and (15) with the
respective network sensitivity, Fisher information matrix, and squared loss.

2.3.2. Query strategy QS2: force squared loss
The second query strategy, labeled as QS2, uses only the force squared loss:

LF̂ =
1

Ntrain

Ntrain∑
i=1

1

3Nat

Nat∑
j=1

3∑
k=1

∥∥Fijk − F̂ijk
∥∥2. (18)
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In this case, the network sensitivity is calculated as the gradient of the atomic force element with respect to
the model parameters:

gF̂jk (xi) =
∂F̂ijk
∂w

. (19)

This implies that one obtains a tensor of rank 3 for the whole molecular structure instead of a vector as in
QS1. This makes the query strategy QS2 less efficient. However, it can be advantageous if the most
informative local atomic environments have to be found.

Using the corresponding network sensitivity and the force squared loss one can write an expression for
the Fisher information matrix:

AF̂ =
1

LF̂

Ntrain∑
i=1

Nat∑
j=1

3∑
k=1

gF̂jk (xi)gF̂jk (xi)
T
. (20)

Similar to QS1, configurations are selected from the pool of unlabeled structures using equations (14) and
(15) with the respective network sensitivity, Fisher information matrix, and squared loss.

In contrary to QS1 one obtains a matrix, (⟨∆σ2
ŷ (x

∗)⟩D)ij, of size Nat × 3 for each structure x∗ in the pool.
We propose to use the mean of that matrix as the final value employed to select the most informative
structures, i.e.

⟨∆σ̄2
ŷ (x

∗)⟩D =
1

3Nat

Nat∑
i=1

3∑
j=1

(⟨∆σ2
ŷ (x

∗)⟩D)ij. (21)

Alternatively, one could use the maximal value of the matrix, (⟨∆σ2
ŷ (x

∗)⟩D)ij, selecting structures according
to the most informative local environments. For the data sets used in section 3, we have found that using the
mean gives the best correlation between the calculated metric, ⟨∆σ̄2

ŷ (x
∗)⟩D, and the actual absolute error in

predicted force. Therefore, we employed only this approach in section 3.

2.3.3. Query strategy QS3: total squared loss
It is also possible to calculate the expected change in the estimated output variance of the model using the
total loss function presented in equation (4). The uncertainty of the model evaluated for an instance x∗ ∈ P
can be written as a weighted sum of results obtained in sections 2.3.1 and 2.3.2:

⟨∆σ2
ŷ (x

∗)⟩totalD = ⟨∆σ2
ŷ (x

∗)⟩energyD +β⟨∆σ̄2
ŷ (x

∗)⟩forceD , (22)

where ⟨∆σ2
ŷ (x

∗)⟩energyD is the expected change in the model’s output variance obtained using the energy loss

and ⟨∆σ̄2
ŷ (x

∗)⟩forceD is the uncertainty obtained from the force loss. The force contribution is scaled by a
factor β, similar to equation (4). Note that in section 3.1 and section 3.3 we have found that this approach is
of no practical use for the respective systems. This is due to the high correlation between QS1 and QS2
metric, high computational cost of the latter, and only minor improvement in terms of the correlation with
the actual error.

3. Results

In this section, we test the proposed active learning (AL) scheme on three different molecular data sets. In
section 3.1, we confirm the applicability of our approach to atomistic NNs in practice using the ethanol
molecular dynamics (MD) data set [6], which samples the configurational space. In section 3.2, we simulate
the chemical space sampling employing the well-established QM9 data set [28, 29]. Lastly, in section 3.3, the
OED uncertainty metric is used to construct a transferable and uniformly accurate NN potential using
the N-ASW data set [7]. Additionally, we discuss the possibility of using the proposed approach
on-the-fly.

All experiments described in this section were run using the GM-NN approach [6], which uses
feed-forward NN with two hidden layers containing [256, 128] nodes each. For representing molecular
structures the selected approach uses 427 rotationally invariant scalars referred to as GMs. The only
hyper-parameter needed to be defined is the cutoff radius. It is set up for each experiment separately.
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3.1. Ethanol: molecular dynamics data
We start by applying the proposed AL approach to the ethanol data set [6] to confirm its general applicability
to molecular systems. The ethanol data set contains Cartesian coordinates, total energies, and atomic forces
of 5000 conformations obtained from an ab initioMD at 1000 K. Energies and atomic forces were calculated
at the PBE-D3(BJ)/6-31G∗ [33–36] level of theory. In this section, we set the cutoff radius to 4 Å, i.e. the
whole molecule is within the cutoff sphere.

Before discussing the obtained results we want to define all hyper-parameters of AL scheme used in this
section. Each AL cycle is initialized drawing randomly 100 and 200 structures from the data set. The
GM-sNN is trained on 100 structures, the other 200 structures were used for early stopping [37]. Then, the
parameters of the trained model are used to calculate the OED metric defined in equation (14) for all
conformations in the pool. Note that the pool comprises the structures remaining after the selection of the
training samples and includes structures used for validation. 0.1 ·Ntrain structures with the maximal OED
metric are selected and added to the training set. Finally, 200 new conformations are drawn randomly from
the pool for validation and the model is re-trained. In total, we performed 32 active learning iterations
including the initialization, which results in a maximal training set size of 1863. All structures which were not
employed during training (e.g. for the last AL iteration 2937 structures) were used to test the performance of
the model.

It must be emphasized that the gains predicted in the OED framework are expected gains and depend on
several approximations discussed in section 2.2. Therefore, we want to confirm that the OED uncertainty
metric correlates with the absolute error in energies and atomic forces. Figure 2 shows the correlation of the
QS1 (top left) and QS2 (top right) metric with the actual force errors. Each dot in figure 2 corresponds to one
structure in the pool. Note that forces alone determine the dynamics of a chemical system. Therefore, we
want to confirm that the AL approach can select those structures which would improve force prediction on
extrapolative conformations. All metrics presented in figure 2 are calculated according to equation (14), if
not stated otherwise, and normalized to [0,1] for comparison.

From figure 2 one can notice that the correlation between the actual error and the estimated uncertainty
of the model is not ideal. The imperfect correlation between uncertainties and actual errors can originate
from inductive biases of the model and from the fact that a large uncertainty does not necessarily imply a
large error. To estimate the influence of the latter contribution, we compute the correlation between the
uncertainty and random errors sampled from the posterior predictive distribution as

∆F=
1

3Nat

Nat∑
i=1

3∑
j=1

∣∣Fij − F̂ij
∣∣ , (23)

with Fi ∼N
(
F̂i,⟨∆σ2

ŷ (x
∗)⟩D

)
. Using this method, we find a correlation of 0.86 for QS2 if the posterior

predictive distribution was accurate. The fact that the real correlation is lower can be attributed to the
inductive biases of the ML method.

Figure 2 shows a slightly better correlation of the QS2 metric with the actual error in the forces. The
correlation coefficients obtained for QS1 and QS2 are 0.53 and 0.60, respectively. Note that for the QS1
uncertainty we used only the numerator of equation (14) for the plot since we have found that the whole
expression shows a non-linear relationship with the actual error. This can be done as long as the expression
in equation (14) and its numerator are monotonically increasing functions, which is the case for the current
study. Regarding the computational cost, the QS2 metric needs 80 times more CPU time (6 s for the QS1
metric on a single Intel Xeon CPU E5-2640 4) and 20 times more memory (140 MB for the QS1 metric) to be
evaluated for all structures in the pool. Both, the CPU time and the memory usage, depend only slightly on
the active learning iteration.

Additionally, we have studied the correlation between QS1 and QS2 uncertainties. In figure 2 (bottom
left) one can see that the uncertainty metrics are strongly correlated with a correlation coefficient of 0.75.
The combination of QS1 and QS2 uncertainties comprising the QS3 query strategy, see section 2.3.3, have not
shown any considerable improvement. We could reach only a correlation coefficient of 0.61 with β= 1.5, see
figure 2 (bottom right). For that reason, in the following, we consider only two other query strategies
described in section 2.3.1 and section 2.3.2.

Considering the efficiency of the QS1 metric and the sufficient correlation with the actual force error
it seems superior over the QS2 and QS3 metric. The QS2 metric can directly provide information on the
most informative local atomic environment. However, because the total energy is decomposed into
‘atomic’ energies, it is also possible to identify the most informative local environment by using the
QS1 metric.
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Figure 2. Correlation of the (top left) QS1 and (top right) QS2 metric with the absolute force error
∆F= 1

3Nat

∑Nat
i=1

∑3
j=1

∣∣Fij − F̂ij
∣∣ on the ethanol data set. For both query strategies, the correlation coefficient is shown as an

inset along with the best fit line. (Bottom left) Correlation between QS1 and QS2 uncertainty metric. The correlation coefficient is
shown as an inset along with the best fit line. (Bottom right) The dependence of the correlation coefficient obtained for the QS3
metric and the absolute force error on the force weight β in equation (22).

The success of the AL algorithms can be measured by comparing to randomly chosen training sets.
Figure 3 shows three different error measures obtained for the force predictions of the GM-sNN model
trained on actively and randomly selected data. The respective error measures are the mean absolute error
(MAE), L1, the root-mean-squared error (RMSE), L2, and the maximal error (MAXE), L∞. All results are
averaged over three independent runs. While the MAE and RMSE of the model trained on the structures
selected by the AL algorithm are improved only by factors of 1.15 to 1.23, the MAXE is reduced by factors
larger than 2.0, compared to the results obtained with randomly selected training data. Strong improvement
of the MAXE, i.e. the identification of extrapolative or unusual configurations, shows that our AL scheme
leads to the generation of uniformly accurate machine-learned potentials. Note that only about 1150
structures were needed for a maximal error of around 1 kcal mol−1 Å−1, the accuracy required for molecular
simulations.

All models for the ethanol data set were trained on an NVIDIA Tesla V100-SXM2-32GB GPU. The
training of 5000 epochs took from 13 min (100 structures) to about 2 h (1863 structures).

3.2. QM9
In this section, we use the QM9 data set [28, 29] to assess the performance of our AL scheme when sampling
the chemical space. QM9 is a widely used benchmark for the prediction of several properties of molecules in
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Figure 3. Log–log plot of (top left) the mean absolute, (top right) the root-mean-squared, and (bottom) the maximal error of the
predicted forces on the ethanol data set depending on the size of the training set. Structures are selected randomly or using query
strategies QS1 and QS2. For each learning curve a linear fit is plotted in addition.

equilibrium. Thus, all forces vanish and the model is trained using only the energy squared loss. For AL we
use only the query strategy QS1.

The QM9 data set consists of 133 885 neutral, closed-shell organic molecules with up to 9 heavy atoms
(C, O, N, F) and a varying number of hydrogen (H) atoms. The largest structure in the data set contains 29
atoms in total. Since 3054 molecules from the original QM9 data set failed a consistency test [29], we used
only the remaining 130 831 structures in the following experiments. Similar to the previous work we used a
cutoff radius of 3.0 Å [6].

For initializing AL cycles we selected randomly 5000 samples to train the model and another 2000
structures to validate its performance during the training procedure. The parameters of the converged model
were employed to select new training samples from the pool comprising 125 831 structures using
equation (14). Note that the structures used for early stopping (validation set) are also added to the pool. In
every iteration the AL algorithm selects 0.1 ·Ntrain new structures and adds them to the training set. The AL
cycle was stopped when the training set size reached a value of 25 261, i.e. after 18 iterations including the
initialization.

We want to make an additional remark on the computational cost of the QS1 strategy. To select 500
samples out of 125 831 structures in the pool we needed about 135 s on the single Intel Xeon CPU E5-2640 4.
The memory used is about 850 MB. Both values are almost independent of the AL step.

Similar to the previous section, figure 4 (top left) shows the correlation of the OED metric with the
absolute energy error. We have found a correlation coefficient of 0.44 for the QS1 uncertainty metric. Note
that in the figure we used the square root of the expression in equation (14) to be consistent with the results
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Figure 4. Correlation of (top left) the QS1 metric and (top right) the ensemble variance with the absolute energy error,
∆E=

∣∣E− Ê
∣∣, for QM9 test data. (Bottom) Correlation between the variance estimated by the ensemble and the QS1 uncertainty

metric. The correlation coefficients are shown as insets along with the best fit lines.

obtained below for ensembling. Structures predicted with higher energy error obtain a higher uncertainty
by the OED approach. To demonstrate that the performance of the OED approach is comparable to
well-established AL techniques we trained the committee of three models. The uncertainty in the
Query-by-Committee (QbC) approach can be measured as

σens (x
∗) =

√√√√ 1

Nens

Nens∑
i=1

(
ŷi (x∗)− ˆ̄y(x∗)

)2
, (24)

where Nens is the number of models in the committee, i.e. Nens = 3. ˆ̄y(x∗) = 1/Nens
∑Nens

i=1 ŷi (x
∗) is the mean

of the energy prediction over the committee.
Figure 4 (top right) shows that the correlation of the absolute energy error with the uncertainty metric

obtained employing a committee is comparable to the correlation obtained using our method. The
correlation coefficient has a value of 0.61. The difference is negligible when one takes into account that the
OED approach does not need to train multiple models. In general, the proposed approach isNens-times more
efficient than the QbC method.

For the sake of completeness, we studied the correlation between uncertainty estimates. Figure 4
(bottom) shows a strong correlation between them with a correlation coefficient of 0.55. For the comparison
of the QbC approach with a few other approaches, e.g. Monte Carlo dropout [19, 20], feature space distances
[18, 21, 22] and latent space distances [20], see elsewhere [20].
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Figure 5. (Left) Correlation of the OED uncertainty metrics calculated using parameters of two independently initialized and
trained GM-NN models. Both models have been trained to the same degree. (Right) Correlation of the OED uncertainty metrics
calculated using the same model but trained to different degrees. The first model has been trained for 5000 epochs. The second
model has been trained for 112 epochs.

Figure 6. Log–log plot of (left) the mean absolute (L1) and the root-mean-squared errors (L2), and (right) the maximal error
(L∞) in the predicted energies on the QM9 data set. Structures are selected randomly or using query strategy QS1. For each
learning curve a linear fit is plotted in addition.

Besides the correlation of the OED uncertainty with the actual error, the correlation between
uncertainties obtained for different local minima of the model has been studied. For that purpose, on the one
hand, two models were trained using the same training data but independent randomly initialized NN
parameters. Figure 5 (left) shows the correlation between uncertainties of two converged, i.e. trained to the
same degree, models with a linear correlation coefficient of 0.76. On the other hand, the correlation between
uncertainties of the same model but trained to a different degree is shown in figure 5 (right). In this case, we
have found that the uncertainty obtained after training for 112 epochs correlates strongly with the
uncertainty estimated for the converged model with a correlation coefficient of 0.86. These findings show
that different local minima produce similar results. In particular, these results show that it is enough to train
the model only shortly to obtain the desired uncertainty estimate, which improves the computational
efficiency of the proposed approach considerably. Equivalent results can be obtained for other training data
sets and, for the sake of brevity, will be left out in other sections. Given the deviation between the estimated
NN uncertainties, an interesting question arises about the ensembling of them as well as about a
combination with the QbC variance to achieve an even better correlation with the actual error.
Unfortunately, this is out of the scope of this paper and will be studied in our future works.
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Figure 7. The mean number of atoms in molecules selected from the QM9 data set using the QS1 metric. Error bars represent the
standard deviation. The dashed gray line represents the mean number of atoms obtained using the random selection.

Figure 6 compares the mean absolute error (MAE, L1), the root-mean-squared error (RMSE, L2), and the
maximal error (MAXE, L∞) in predicted energies obtained using the models trained on actively and
randomly selected structures. All results are obtained averaging over three independent runs. The GM-NN
model results is quite low values for MAE already when trained on randomly selected data points. AL can not
improve on that. However, the RMSE does not reach the desired accuracy of 1 kcal mol−1 for randomly
chosen training data even after training on 25 000 structures. The MAXE can have values of about
100 kcal mol−1 which makes the model too inaccurate for the energy prediction of these unusual or even
extrapolative structures.

Applying the AL scheme we were able to reduce the maximal error by a factor of 2.3, measured for the
models trained on 25 000 structures. This confirms that the AL algorithm selects molecules that better
represent unusual molecules and, therefore, reduces the overall maximal error. The RMSE is reduced by a
factor of about 1.7, again for the models trained on 25 000 structures. We were able to reach the accuracy of
1 kcal mol−1 using only about 13 000 structures. In reference [6], we had obtained an RMSE of 0.63 kcal
mol−1 when training on 110 426 randomly selected structures. Using our AL approach it was now possible to
reach an RMSE value of 0.67 using less than a quarter of the number of structures used previously.

To further test the proposed AL approach we have built a training data set containing 105 508 structures.
The uncertainty of the GM-NN model at each AL iteration was estimated after training for 250 epochs. In
total, 32 AL iteration were performed. Training the NN on the final training data for 5000 epochs we
obtained an RMSE value of 0.28 kcal mol−1 and an MAE value of 0.21 kcal mol−1. Compared to the results
obtained in reference [6] for 110 426 randomly selected structures there is an improvement of a factor 2.25
and 1.29, respectively. Additionally, using the QS1 strategy we could reduce the maximal error from
62.06 kcal mol−1 to a value of 2.24 kcal mol−1 and lower the number of structures with absolute error larger
than 1 kcal mol−1 by a factor of 6 (about 90 structures for AL). With that we can conclude that the presented
AL approach allows us to construct transferable and uniformly accurate machine-learned potentials, which
used to be impossible using random selection.

Finally, we investigated the sizes of the molecules selected by the active learning approach at each
iteration. Figure 7 shows that the QS1 approach selects on the average smaller structures than the ones drawn
randomly. This implies that the smaller structures in the QM9 data set contain local environments relevant
to the larger structures. Note that a similar trend was obtained in [26]. For example, authors in [26] obtained
the mean number of atoms of around 16 for the training data size of 6000 which is similar to our result.
However, in contrast to their results we see that the model tries to select larger structures with increasing
iteration step. This difference most probably comes from the different sizes of the training sets.

All GM-sNN models were trained on one NVIDIA Tesla V100-SXM2-32GB GPU each for 5000 training
epochs. The training took from about 3 h (5000 structures) to 14 h (25 261 structures).

3.3. N-ASW:molecular dynamics data
As a final test, we apply our AL approach to the data set recently used to study the adsorption and desorption
dynamics of nitrogen atoms on top of amorphous solid water (ASW), which is relevant in astrochemical
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processes [7]. The N-ASW data set is available directly from reference [38]. The goal of this section is to show
to which extent the AL algorithm can be useful for real-time chemical simulations.

The purpose of the N-ASW data set was to describe the interaction of a nitrogen atom with an ASW
surface. The model used in reference [7] contained 1498 atoms. To train a NN for this system highly
heterogeneous data was needed. Therefore, the N-ASW data set contains structures with 3 to 378 atoms
which result in 28 715 structures in total. Energies and atomic forces are calculated at the
PBEh-3c/def2-mSVP [39] level of theory.

In this work, we split the data into five classes. The first class, C1, contains structures with 3⩽ Nat ⩽ 9.
The second class, C2, contains structures with Nat = 22 atoms and is the largest one with 18 735 structures in
total. Other classes, C3, C4, and C5, contain structures with Nat = 37, Nat = {90,91}, and Nat ⩾ 100,
respectively. For this data set, a cutoff radius of 5.5 Å was used to include the long-range interactions of the
nitrogen with the water ice surface.

Each AL cycle was initialized by randomly drawing 1000 structures for training and another 1000 for
validation. Using the parameters of the trained models the uncertainty metric given in equation (14) was
calculated and new structures were selected from the pool. Similar to the previous sections the pool
contained the structures used for validation. In each iteration the model was allowed to select 0.1 ·Ntrain new
structures and add them to the training set until the latter reached the size of 6105. This took 20 AL iterations
in total, including the initialization.

The computational cost of the active learning algorithms was almost independent of the active learning
iteration. The selection ofm new training samples using the query strategy QS1 required about 9 min on a
single Intel Xeon CPU E5-2640 4. The query strategy QS2 was about 80 times slower.

Figure 8 shows the correlation of the QS1 metric (top left) and the QS2 metric (top right) with the
absolute force error,∆F= 1

3Nat

∑Nat

i=1

∑3
j=1

∣∣Fij − F̂ij
∣∣. From the figure one can see that both OED metrics are

strongly correlated with the absolute force error. We obtained correlation coefficients of 0.88 and 0.79 for the
QS1 and QS2 metrics, respectively. Here we have found that the QS1 metric correlates better with the force
error than QS2. This appears to be caused mainly by the class C1 of the training data. Removing it from the
data set results in correlation coefficients of 0.94 for QS2 and 0.92 for QS1. This can be explained as follows.
The AL algorithm recognizes that the smallest structures are underrepresented in the data set since the model
can barely transfer the knowledge obtained from the bigger structures using a cutoff of 5.5 Å. Therefore, it
labels them with larger values of the uncertainty metric, but the force error is rather small for these simple
structures. Interestingly, the QS1 metric is less sensitive to it and can recognize the minor importance of these
structures. Figure 8 shows that both AL algorithms recognize correctly that the last two data classes, C4 and
C5, are the most relevant ones for a better generalization of the model. The most abundant data class, C2, is
already well represented using the initial 1000 training points. Both algorithms assign small uncertainty
metric values to C2 structures.

Similar to section 3.1 we calculated the correlation between both uncertainty metrics, QS1 and QS2. It
should be mentioned that we have found a good correlation for all data classes except for C1 which contains
structures with 3⩽ Nat ⩽ 9. Therefore, it was left out in the correlation plot, see figure 8 (bottom left), as
well as in figure 8 (bottom right). We have obtained a correlation coefficient of 0.94 between QS1 and QS2
metric. Any considerable improvement could not be found when using combined uncertainty estimation
QS3. The linear correlation coefficient reached only a value of 0.95 for β= 4.6.

Figure 9 compares the root-mean-squared error (RMSE) and the maximal error (MAXE) in predicted
force and energy errors depending on the training set size. The structures used for the training of the
respective models are selected randomly, or employing the QS1 and QS2 approaches. All results are obtained
averaging over three independent runs. It can be seen that employing AL algorithms improves both the
RMSE and MAXE in predicted energies and forces.

The RMSE in predicted forces is reduced by a factor of 1.2 for the training set size of 6105 when using the
QS1 metric. The MAXE is reduced by a factor of 2.4 for the training set size of 6105, and the desired accuracy
of 1 kcal mol−1 Å−1 is reached already after training on about 2500 structures. Using random selection even
after training on 6105 structures the maximal error is about 1.29 kcal mol−1 Å−1 and around 22 structures
have an error in predicted forces larger than 1 kcal mol−1 Å−1. After training on 3000 randomly selected
structures we obtained around 120 structures that had force errors larger than 1 kcal mol−1 Å−1. The MAXE
obtained using around 3000 actively selected structures is 0.70 kcal mol−1 Å−1. These values were obtained
with the QS1 metric, the results for QS2 are similar.

In figure 9 one can see an even stronger improvement in RMSE and MAXE for the total energies when
employing the AL scheme. The RMSE is lower by a factor of 1.8 than the one obtained using the model
trained on randomly selected data points and equals 0.25 kcal mol−1 (6105 training points). The MAXE is
reduced from 8.34 to 1.14 kcal mol−1. Only around 9 structures show an energy error larger than 1 kcal
mol−1 employing the model which was trained on 6105 actively selected samples (1000 of them were drawn
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Figure 8. Correlation of the (top left) QS1 metric and the (top right) QS2 metric with the absolute force error
∆F= 1

3Nat

∑Nat
i=1

∑3
j=1

∣∣Fij − F̂ij
∣∣ on the N-ASW data set. For both graphs, the correlation coefficient is shown as an inset along

with the best fit line. (Bottom left) Correlation between QS1 and QS2 uncertainty metric. The correlation coefficient is shown as
an inset along with the best fit line. (Bottom right) The dependence of the correlation coefficient obtained for the QS3 metric and
the absolute force error on the force weight β in equation (22). For both graphs, the first data class C1 was left out, see text.

randomly from the data set in the initialization step), while for 6105 randomly selected samples around 570
show an energy error larger than 1 kcal mol−1. Similar to the discussion of the force errors all values were
obtained with the QS1 metric. The QS2 approach leads to a similar outcome for the RMSE in predicted
energies. However, the performance in MAXE is deteriorated by a factor of 2.4 compared to the QS1
approach. This shows that the QS1 is superior to QS2 since it leads to a comparable improvement in force
errors but much better performance in predicting total energies.

The above observations concerning the RMSE and MAXE in predicted forces and energies let us draw the
following conclusion. Employing the proposed AL scheme allows us to create a uniformly accurate and
transferable potential trained on 6105 structures, which can describe the nitrogen adsorption and desorption
with the desired accuracy. To generate an equally accurate potential using the randomly selected structures
would require much more data. Note that the potential obtained using only around 2500 data points can
already be used for MD simulations. However, reference [7] aimed at binding energies, which required a high
accuracy in the energies as well.

Finally, we want to study different approaches to define the threshold value of the OED uncertainty
metric which is important for the application of the AL algorithm on-the-fly. We propose two approaches:
(1) one can define the threshold value as the mean of the model’s uncertainty over the training data,

σ
(1)
th = 1/Ntrain

∑Ntrain

i=1 ⟨∆σ2
ŷ (xi)⟩D; (2) one can define the threshold value as the median of the model’s

uncertainty over the training data, σ(2)
th =median

xi∈D
⟨∆σ2

ŷ (xi)⟩D. As a measure of informativeness of the
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Figure 9. Log–log plot of the root-mean-squared error in predicted (top left) atomic forces and (top right) total energies on the
N-ASW data set depending on the training set size. Log–log plot of the maximal error in predicted (bottom left) atomic forces
and (bottom right) total energies depending on the training set size. Structures are selected randomly or using query strategies
QS1 and QS2. For each learning curve a liner fit is plotted in addition.

selected structures we define the fraction I= ⟨∆σ2
ŷ (x

∗)⟩D/σth. Structures with I> 1 are considered to be
informative.

Figure 10 (left) shows the relative number of structures with I> 1 selected by both query strategies.
Figure 10 (right) shows the ratio of the averaged informativeness of all structures selected in one AL
iteration, i.e.

Ī(1) =
1

#x∗

∑
x∗

⟨∆σ2
ŷ (x

∗)⟩D/σ(1)
th

or

Ī(2) =median
x∗∈P

⟨∆σ2
ŷ (x

∗)⟩D/σ(2)
th .

From figure 10 one can see that strongest improvement is achieved at around Ntrain = 3000, in
accordance with the MAXE shown in figure 9. The relative number of informative structures decreases

strongly for all query strategies except for σ(2)
th (QS2). Additionally, σ

(2)
th (QS1) shows an increase in figure 10

(top left) after reaching Ntrain = 4500. This can be explained as follows. Many of the selected structures have I
close to 1, in case of QS2, or slightly less than 1, in case of QS1. Therefore, we see only a small averaged
informativeness in figure 10 (top right). However, some amount of the selected structures are nevertheless
able to reduce the model’s output variance significantly and, thus, have high values of OED uncertainty. Note
that one would include only the most informative structures when learning on-the-fly and, therefore, reduce
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Figure 10. Comparison of different threshold values σ
(1)
th and σ

(2)
th . (Left) The relative number of informative structures and

(right) the log plot of the averaged informativeness of all structures selected in each AL iteration.

the number of structures necessary for the desired performance even further. In this work, we included
0.1 ·Ntrain new structures at each AL iteration which is less efficient, however allows us to test the
performance of the AL algorithm and define the threshold values, σ(1)

th and σ
(2)
th .

Taking a more thorough look at the structures in the training data we have found that some of them were
still underrepresented. These structures built the minority of the training data and have high values of the

QS1 and QS2 metric. Therefore, they bias the threshold σ
(1)
th to higher values. Taking this into account one

can argue that σ(2)
th is superior to the latter giving the possibility to include the structures underrepresented

but already included in the training set. This relationship can be easily seen comparing figure 9 and figure 10.
All GM-NN models for the N-ASW data set were trained on one NVIDIA Tesla V100-SXM2-32GB GPU

each. The training of the model on 1000 structures for 5000 epochs took less than 4 h, and the training on
6105 structures for 5000 epochs was carried out during 17 h.

4. Conclusion

Machine learned potentials have been proven to have the potential to bridge the accuracy of ab initiomethods
and efficiency of empirical potentials. To construct potentials that are transferable and uniformly accurate
for the chemical and conformational spaces of interest the model has to be able to define and select the
extrapolative and most unusual structures for which, subsequently, the ab initio atomic forces and energies
are calculated. Unfortunately, neural networks, the most frequently used machine learning approach in
computational chemistry, have no inherent uncertainty estimators, as, for example, Gaussian processes have.
For this reason it is not a priori clear, which data has to be included in the training set. The data sets employed
are usually way larger than required or miss important regions of the configurational and chemical space.

In this paper, we proposed a novel active learning scheme for atomistic neural network potentials defined
in the framework of the optimal experimental design. This approach uses the expected change in the
estimated model’s output variance to select structures that can be expected to reduce the generalization error
of the model. The output variance is derived using the squared loss. Therefore, we were able to define three
different query strategies based on the energy, the force, and the total losses.

To test the active learning approach we employed three different data sets. First, query strategies based on
the energy and force squared losses were applied to an MD data set sampling the conformational space. Here,
we have confirmed that the estimated gains are strongly correlated with the actual errors in predicted forces.
We have seen that the active learning approach leads to a considerable reduction of the maximal error
indicating that the most extrapolative and unusual structures are selected by the algorithm.

Next, the query strategy based on the energy squared loss was applied to a chemically diverse data set, the
QM9 set [28, 29]. We have seen that employing the active learning scheme leads to a more accurate potential
over the whole data set. We could achieve an RMSE close to the one obtained previously in reference [6] after
training on randomly selected 110 426 structures, using only a fraction of the data set.
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Finally, the AL approach was tested on the data set recently used to study the adsorption and desorption
dynamics of nitrogen atoms on top of amorphous solid water. As a result, we obtained a model which
predicts atomic forces with a maximal error of 0.54 kcal mol−1 Å−1 (0 structures with force error
⩾1 kcal mol−1 Å−1) and total energies with a maximal error of 1.14 kcal mol−1 (around 9 structures with
energy error of⩾1 kcal mol−1). The model was trained on only 6105 structures. This is a great improvement
over the model trained on 6105 randomly selected structures, which resulted in a maximal error of the
predicted total energies of about 8.34 kcal mol−1 and failed to predict the total energies with the desired
accuracy of 1 kcal mol−1 for around 570 structures. The maximal error in predicted forces is around
1.29 kcal mol−1 Å−1.

We also studied the possible threshold values for the OED uncertainty metrics which is necessary to
perform learning on-the-fly. We have found that the median of the expected change in the estimated output
variance over the training set is the better choice compared to the mean. This is due to the fact that the mean
value is more sensitive to the structures already present but underrepresented in the training set. In general,
we observed a good correlation of the estimated informativeness of selected structures with the maximal
error reduction. This indicates that the threshold value can be defined naturally using both the mean and the
median over the data used for training. Therefore, it is possible to use the proposed algorithm on-the-fly.

In summary, we presented an efficient approach for the active selection of the most informative
structures from molecular data sets. We have shown that it leads to a considerable reduction of the training
set sizes and at the same time to a reduction of the generalization error. Additionally, we have shown that it is
possible to naturally define a threshold value for the OED uncertainty metric. This allows the application of
the proposed method to the generation of transferable and uniformly accurate potentials on-the-fly.
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ABSTRACT: Artificial neural networks (NNs) are one of the most
frequently used machine learning approaches to construct intera-
tomic potentials and enable efficient large-scale atomistic simulations
with almost ab initio accuracy. However, the simultaneous training of
NNs on energies and forces, which are a prerequisite for, e.g.,
molecular dynamics simulations, can be demanding. In this work, we
present an improved NN architecture based on the previous GM-NN
model [Zaverkin V.; Kas̈tner, J. J. Chem. Theory Comput. 2020, 16,
5410−5421], which shows an improved prediction accuracy and
considerably reduced training times. Moreover, we extend the
applicability of Gaussian moment-based interatomic potentials to
periodic systems and demonstrate the overall excellent transferability
and robustness of the respective models. The fast training by the
improved methodology is a prerequisite for training-heavy workflows such as active learning or learning-on-the-fly.

1. INTRODUCTION

Approximate methods, such as empirical force fields (FFs),1−3

are an integral part of modern computational chemistry and
materials science. While the application of first-principles
methods, such as density functional theory (DFT), to even
moderately sized molecular and material systems is computa-
tionally very expensive, approximate methods allow for
simulations of large systems over long time scales. During
the last decades, machine-learned potentials (MLPs)4−33 have
risen in popularity due to their ability to be as accurate as the
respective first-principles reference methods, the transferability
to arbitrary-sized systems, and the capability of describing
bond breaking and bond formation as opposed to empirical
FFs.34

Interpolating abilities of neural networks (NNs)35 promoted
their broad application in computational chemistry and
materials science. NNs were initially applied to represent
potential energy surfaces (PESs) of small atomistic systems36,37

and were later extended to high-dimensional systems.21 Once
trained, the computational cost of MLPs based on NNs does
not scale with the number of data points used for training as
opposed to kernel-based models.5−8 Therefore, training sets
can be as large as necessary to achieve the desired interpolation
accuracy for applications in atomistic simulations, such as
Monte Carlo (MC) sampling or molecular dynamics (MD).
A central ingredient for the construction of robust and

accurate MLPs is a carefully chosen molecular representation.
A wide variety of such representations have been proposed in
the literature.4−20 In our previous work,19 we have shown that

geometric moments can be successfully used for this purpose.
Combined with radial basis functions and used with neural
networks, we arrived at Gaussian moment neural networks
(GM-NNs).19 We have proposed an NN architecture that
allowed us to use a single NN for all atomic species, in contrast
to using an individual NN for each species as frequently
necessary previously.12,21,23 This improved the times needed
for an individual evaluation of energies and atomic forces.
In this work, we present an improved GM-NN (iGM-NN)

architecture for molecular and materials systems, which allows
for very fast training, 10−20 times faster compared to the
previous version, and shows improved prediction accuracy as
well as excellent transferability to configurations not seen
during training. Besides the improved NN architecture,
including more flexible radial functions used for the
construction of the Gaussian-moment representation, we
extend the latter to the application on periodic systems.
While our improved NN allows for convenient training on a

given data set, it is especially useful when building the training
data set on-the-fly, e.g., during a molecular dynamics (MD)
simulation, or offline, drawing new training structures from an
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unlabeled data set. These workflows are referred to as learning-
on-the-fly or active learning,27,38−46 respectively. They reduce
the number of required ab initio calculations but require
frequent retraining of the model from updated training sets.
The application of state-of-the-art machine learning models
based on artificial NNs in such training-heavy workflows is
somewhat hindered by their training time, which often ranges
from several hours to several days.19,30,47 We expect that our
short training times will render active learning and learning-on-
the-fly approaches much more attractive. Moreover, without
access to GPUs, one can still train iGM-NN quickly on a CPU-
only system.
To assess the quality of MLPs based on the improved

methodology, we thoroughly benchmark the predictive
accuracy as well as inference and training times on established
molecular data sets from the literature, QM948,49 and
MD17.24−26 Finally, we studied two solid-state systems,
TiO2

23 and Li8Mo2Ni7Ti7O32,
31 to investigate the applicability

of iGM-NN potentials to periodic systems as well as to assess
their robustness and transferability during real-time atomistic
simulations.

2. THEORY
This section first introduces the representation used to
describe the local atomic environments of atoms in molecular
and solid-state systems throughout this work and the changes
compared to our previous work.19 Second, we describe the
architecture of the feed-forward neural network used to learn
the nonlinear map between physicochemical properties and the
representation as well as its training.
2.1. Representation. In this work, we denote an atomic

structure as S(k) = {ri, Zi}i=1
Nat

(k)

, where ri
3∈ are the Cartesian

coordinates of atom i, and Zi ∈ encodes its species (e.g., Zi =
1 for an H atom). A potential energy surface (PES) is a
function that maps an atomic structure to a scalar energy, i.e.,

f S E: k( ) → ∈ . The purpose of molecular machine learning
(ML) approaches is to learn this mapping without solving the
electronic Schrödinger equation.
A machine-learned PES has to satisfy several symmetries.

These are the invariance with respect to global rotations,
translations, and reflections of a molecular structure, as well as
with respect to the exchange of atoms of the same atomic
species. Additionally, it should allow the generalization to
larger structures. The latter requirement is satisfied by
decomposing the total energy of a system into a sum of
“auxiliary” atomic energies21

E S E G( , ) ( , )k

i

N

i i
( )

1

at

∑θ θ̂ ≈ ̂
= (1)

where the invariances are encoded in the local representation
Gi, and θ are the trainable parameters of the ML model.
Making the representation dependent on the atomic species,
i.e., Gi = Gi(ri,Zi,{rj,Zj}j=1

Nc ) where Nc is the number of atoms in
the cutoff sphere, it is possible to train a single neural network
(NN) for all species in the training set,19 different than, e.g., ref
21. Note that in our approach the local representation is
trainable, too.
One of the main challenges is to find an appropriate

molecular representation that introduces all required symme-
tries into the ML model. Among the suite of existing invariant
molecular representations, we build upon the trainable

Gaussian moments (GM) that we introduced recently.19 In
this approach, the atomic distance vectors rij = ri − rj are split
into their radial and angular components, i.e., rij = ∥rij∥2 and rîj
= rij/rij, respectively. Note that for a periodic system one has to
include the distance vectors to periodic images of atoms in the

local neighborhood, see Figure 1. A tensor-valued function of
the local atomic environment can then be written as

R r r( , )i L s
j i

Z Z s ij ij
L

, , , ,i j
∑ βΨ = ̂

≠

⊗

(2)

where rîj
⊗L = rîj⊗···⊗rîj is the L-fold tensor product of the

angular components, and RZi,Zj,s(rij, β) are nonlinear radial
functions with trainable parameters β. Note that in difference
to ref 19, we extend the trainable parameter by an index s from
1 to NBasis, i.e., βZi,Zj,s,s′ with s′ being index from 1 to NGauss. The
radial function has, similar to the one presented in ref 27, the
form

R r
N

r( , )
1

( )Z Z s ij
s

N

Z Z s s s ij, ,
Gauss 1

, , ,i j i j

Gauss

∑β β= Φ
′=

′ ′
(3)

where NGauss is the number of Gaussian functions Φs′(rij)
placed along the radial coordinate, and the factor N1/ Gauss
influences the effective learning rate during optimization
inspired by the NTK parametrization.50 The radial function

i
k
jjjjj

y
{
zzzzzr

N
r

e f r( )
2

( )s ij
N r r

ij
Gauss

max
2

1/4
( ) /

cut
ij sGauss

2 2
max
2

π
Φ = γ

′
− − ′

(4)

is centered at r r r( )s
s

Nmin
1

1 max min
Gauss

γ = + −′
′ −

− and rescaled by

the cosine cutoff function21 fcut(r) with a cutoff radius rmax >
rmin = 0.5 Å.
We initialize the trainable coefficients βZi,Zj,s,s′ independently

uniformly on the interval [−1, 1], similar to ref 19. However,
we have found that on the QM9 data set,48,49 better accuracy
can be achieved by initializing βZi,Zj,s,s′ = δs,s′. We assume that
the reason for this is that the distance rij between atoms already
contains some information on the species Zi and Zj if the
respective data set contains only structures in equilibrium, like
the QM9 data set.

Figure 1. Two-dimensional schematic illustrating the local environ-
ment of an atom.
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The tensors Ψi,L,s are invariant with respect to translations
and to permutations of atoms of the same atomic species. A
rotationally invariant representation is obtained by performing
full contractions

G
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G

G

G

G

G

G

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )
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=
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=

= (5)

where we use Einstein notation, i.e., the right-hand sides are
summed over a, b, c, d ∈ {1, 2, 3}.
By construction, the tensors G(k) in eq 5 have certain

symmetries. In order to avoid including duplicate elements
into the descriptor, in ref 19, we used upper triangular
elements, i.e., those with indices satisfying s1 ≤ s2 ≤ s3.
However, tensors G(5) and G(8) possess symmetry only with
respect to permutation of indices s1 and s2, whereas G

(7) does
not show any symmetry to index permutation. Therefore, using
upper triangular elements may lead to the results which
depend on the specific order of contractions presented in eq 5.
To deal with this shortage, we now use all elements of G(7) and
only elements with s1 ≤ s2 for G

(5) and G(8). For NBasis = 7, this
yields NFeature = 910 invariant descriptors instead of NFeature =
427 used in ref 19 at almost no computational overhead since
in a practical implementation whole tensors G(k) are computed.
Additionally, this allows us to reduce the number of basis
functions to, e.g., NBasis = 5 corresponding to NFeature = 360
invariant features, which reduces the overall computational
cost.
2.2. Machine Learning. 2.2.1. Normalization of Input

Features. The normalization of feature vectors prior to training
a neural network is known to improve the performance of the
latter and, therefore, is usually applied to neural networks. For
an architecture that uses trainable representation based on
Gaussian moments (GM), we have found it to be redundant19

except for data sets such as QM9,48,49 a quantum chemistry
data set that covers a wide range of chemical space. For the
latter, we have found that normalizing the input features leads
to a considerable improvement of the predictive accuracy. This
is likely due to the specific initialization of βZi,Zj,s,s′ for QM9, see

Section 2.1, which results in non-negative radial functions
RZi,Zj,s(rij, β) at initialization. Therefore, we describe here a way

to center and standardize the trainable local representation
inspired by the Batch Normalization technique.51 First, during
training, the mean and the standard deviations over the current
minibatch b containing NStruct structures are calculated as
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The running statistics are computed as an exponentially
moving average over the previous batches, i.e., as
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where μ̅0 and σ̅0 are initialized to zeros. The final values for the
scale and shift of feature vector are rescaled by a factor sb = 1/
(1 − tb + ϵ) with ϵ = 10−8 being a small number used to avoid
division by zero and tb = γ·tb−1 with t0 = 1. The factor 1/(1 −
tb) is used to correct for the bias introduced by initializing μ̅0
and σ̅0 to zeros. We obtained good results by setting the
momentum as γ = 0.51/NBatch, where NBatch is the number of
batches per epoch, such that the information from one epoch
ago is decayed by a factor of 0.5. The normalized feature vector
reads
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where b is the index of the last training batch. Different from
standard Batch Normalization, we use the averaged statistics
also during training and compute the variance over all feature
vectors in the batch instead of normalizing all features
individually. The former reduces the noisy nature of single-
batch statistics, while the latter preserves the relative
importance of the features. No trainable scale and shift
parameters for the normalized feature vector are used since the
normalization layer is followed by a fully connected layer,
which can already learn to scale and shift the features. Instead
of that, the normalized feature vector is rescaled by a constant
cScale = 0.4, the benefits of which might be explained by the
detrimental effects of a large initial neural network
function.52−54

2.2.2. Network Architecture. Artificial neural networks
(NNs) have been proven to be capable of approximating any
nonlinear function relationship.35 Therefore, they are a perfect
candidate for learning the map between the structure and the
respective physicochemical property. In this work, we use a
fully connected feed-forward neural network consisting of two
hidden layers of the following functional form
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where W(l) and b(l) are weights and biases of the respective
layer l. The parameters 0.1 and d1/ l correspond to the so-
called NTK parametrization,50 which is a theoretically
motivated parametrization for fully connected layers. We
initialize weights of the fully connected part by picking the
respective entries from a normal distribution with zero mean

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.1c00527
J. Chem. Theory Comput. 2021, 17, 6658−6670

6660



and unit variance. The trainable bias vectors are initialized to
zero.
Our network parametrization and initialization are moti-

vated by two goals. First, the variance of the neurons should be
on the order of one in all network layers, and it should be
approximately independent of the layer width dl. This ensures
that reasonable regions of the activation function are used and
that the initialization does not have to be modified when
changing the layer widths. Second, the amount that a trainable
parameter needs to change during training should be on the
order of one. This ensures that the updates performed by the
Adam optimizer, which essentially uses scaled normalized
gradients, roughly train all parameters equally fast. In contrast
to the Kaiming initialization,55 which has been motivated by
the first goal, the NTK parametrization additionally satisfies
our second goal since the weights are initialized with unit
variance.
As an activation function, we use the Swish/SiLU activation

function56−58 ϕ(x) = αx/(1 + exp(−x)) multiplied by a scalar
α, instead of the softplus function used in ref 19. We choose α
≈ 1.6765 such that  x( ) 1x (0,1)

2ϕ =∼ , i.e., the activation
function preserves the second moment if the input is standard
Gaussian.59−61

Throughout this work we used two different sizes of the
feature vector with d0 = 910 and d0 = 360, obtained using NBasis
= 7 and NBasis = 5, respectively. The computed local molecular
representation Gi passes through two hidden layers with d1 =
d2 = 512 hidden neurons. The output layer has a single d3 = 1
output neuron since we predict a scalar energy.
2.2.3. Scaling and Shifting the Atomic Energy. In order to

aid the training process, the output of the neural network can
be scaled and shifted by the standard deviation σ and the mean
μ of the per-atom average of the reference energies in the
training set. In ref 19, we have shown that the convergence of
the model can be improved by making these parameters
trainable as well as dependent on the atomic species, i.e., σZi

and μZi
. Here, we improve on this idea by a proper initialization

of atomic shifts μZi
and scaling parameters σZi

.
We have found that on data sets with different elemental

compositions of structures, a better species-dependent
initialization for the shifts μZi

can be obtained using linear
regression. Specifically, we solve the linear regression problem
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where E̅(Sk) = Nat
(k)μ is the structure’s mean energy, NZ is the

number of species, λ = 1 is a regularization parameter, and δ
are the learned species-dependent differences to the mean
atomic energy. Here, only the difference is regularized, which
makes this method invariant to shifts in the total energy. This
linear regression problem can be solved in a matter of seconds
and scales linearly with the training set size.
Using the output ŷi of the fully connected layers, we

compute the predicted atomic energy as

E c yG( , ) ( )i i Z i Zi i
θ σ μ̂ = · ̂ + (11)

where σZi
and μZi

are trainable parameters, initialized to 1 and

to (μ + δ̂Zi
)/c, respectively. We set the constant c to be the

root-mean-squared error (RMSE) per atom of the mean
atomic energy, i.e.
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where Ntotal = ∑k=1
NTrainNat

(k) is the total number of atoms in the
training set. The introduction of the constant parameter c is
motivated, like our use of the NTK parametrization, to achieve
uniform learning speed across layers and data sets.

2.2.4. Loss Function and Training. In this work, we are
interested in predicting total energies as well as atomic forces.
Therefore, we minimize the following combined loss function
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to optimize the respective parameters of the trainable
representation, fully connected neural network part as well as
the parameters which scale and shift the output of the neural
network. The reference values for the energy and atomic force
are denoted by Ek

ref and Fi,k
ref, respectively. The atomic force for

an atom i is calculated by taking the partial derivative of the
total energy with respect to the respective atomic position, i.e.,
F̂i(Sk, θ) = −∇riÊ(Sk,θ).
Atomic forces containing 3Nat scalars provide much more

information about a molecular structure compared to total
energies. Moreover, atomic forces alone determine the
dynamics of a chemical system and, therefore, play a crucial
role during atomistic simulations such as molecular dynamics
simulations. For this purpose, it is usual to weight the force
error by a larger factor λF > λE compared to total energies. In
ref 19, we have found empirically parameters λE = 1 au and λF
= 100 au Å2 which already lead to improved predictive
accuracy. In this work, we could improve on that by making
the force weight dependent on Nat, i.e., λF = 12Nat au Å2. For
data sets that contain only total energies, like QM9, we use
only the energy loss, i.e., λF = 0 au Å2.
To minimize the loss function in eq 13, the Adam

optimizer62 with hyperparameters β1 = 0.9, β2 = 0.999, and ϵ
= 10−7 and a minibatch of 32 structures is employed.
Moreover, we allow for layer-wise learning rates which decay
linearly to zero by multiplying them with (1 − r) where r =
step/max_step. For all data sets except QM9, we use an initial
learning rate of 0.03 for the parameters of the fully connected
layers, 0.02 for the parameters of the trainable GM
representation, and 0.05 and 0.001 for the shift and scale
parameters of atomic energies, respectively. To prevent
overfitting on the QM9 data set, we use lower learning rates
of 0.005, 0.0025, 0.05, and 0.001, respectively. This might be
explained by noisier stochastic gradients due to the lack of
force labels.
The model is trained for 500 epochs for the QM9 data set

containing only total energies as reference values and for 1000
epochs for all other data sets used in Section 4. Overfitting was
prevented using the early stopping technique.63 After each
epoch, the mean absolute errors (MAEs) of energies and forces
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were evaluated on the validation set. After training, the model
with the minimal sum of energy and force MAEs on the
validation set was selected for further application on the test
sets. While these hyperparameters worked reasonably well on
the selected benchmarks for us, we want to emphasize that
other trade-offs between training speed and accuracy can be
achieved by increasing/decreasing the number of epochs and
simultaneously decreasing/increasing initial learning rates.

3. DATA SETS

This section contains a brief description of the data sets used
to benchmark the iGM-NN models in Section 4 on molecular
and materials systems.
3.1. QM9. The QM9 data set48,49 is a widely used

benchmark for the prediction of several properties of molecules
in equilibrium. Thus, all forces vanish, and only energies are
used to train the model. The QM9 data set consists of 133,885
neutral, closed-shell organic molecules with up to 9 heavy
atoms (C, O, N, F) and a varying number of hydrogen (H)
atoms. However, since 3054 molecules from the original QM9
data set failed a consistency test,49 we used only the remaining
130,831 structures in the experiments presented in Section 4.1.
For this data set, a cutoff radius of rmax = 3.0 Å was chosen,
similar to ref 19.
3.2. MD17. The MD17 data set24−26 is a collection of

structures, energies, and atomic forces of eight small organic
molecules obtained from ab initio molecular dynamics
(AIMD). For each molecule, a large variety of conformations
is covered. The data set size varies from 150,000 to almost
1,000,000 conformations. It covers energy differences from 20
to 48 kcal/mol. Force components range from 266 to 570
kcal/mol/Å. We have chosen a cutoff radius of rmax = 4.0 Å for
the MD17 data set, similar to ref 19. Note that we excluded the
data set for the benzene molecule from experiments since in ref
18 the respective energies were found to be noisy.
3.3. Bulk TiO2. The TiO2 bulk data set23 contains

structures, energies, and atomic forces obtained from density
functional theory (DFT) calculations using the PBE exchange-
correlation functional64 as implemented in PWSCF of the
Quantum ESPRESSO package.65 The data set contains
distorted rutile, anatase, and brookite structures as well as
the configurations sampled from short molecular dynamics
simulations. In addition, supercell structures with oxygen
vacancies are included. In total, the TiO2 data set contains
7815 structures ranging in the size from 6 to 95 atoms. We
used a cutoff of rmax = 6.5 Å for training the iGM-NN model in
Section 4.3.
3.4. Quaternary Metal Oxide. To test the applicability of

the iGM-NN approach to materials with a more complex
chemical composition, we used the Li−Mo−Ni−Ti oxide
(LMNTO) data set presented in ref 31. The reference energies
and atomic forces are extracted from a 50 ps long AIMD
simulation at 400 K. The AIMD simulations of the LMNTO
system employed the strongly constrained and appropriately
normed (SCAN) semilocal density functional.66 The LMNTO
data set contains 2616 periodic structures with 56 atoms each
(Li8Mo2Ni7Ti7O32). The data set is available free-of-charge
from ref 67. We employed a cutoff radius of rmax = 6.5 Å for
training the iGM-NN model in Section 4.4.

4. RESULTS
In this section, we apply the improved Gaussian moment
neural network (iGM-NN) architecture to the molecular and
materials data sets presented in Section 3.

4.1. Results for QM9. In Figure 2, we compare the
predictive accuracy of a number of well-established models for

the atomization energy of molecules in the QM9 data set.
SchNet11,24 and PhysNet30 are message-passing neural net-
works (MPNNs) with distance-based interactions. PaiNN20 is
a recently proposed rotationally equivariant message-passing
neural network architecture. Besides neural network-based
approaches, we compare with the kernel-based model
FCHL1813 and its faster successor FCHL1918 as well as with
the linear model MTM.27 Note that we compare mainly with
FCHL19 and PaiNN since these have state-of-the-art accuracy
and are also considered to be relatively fast. Finally, we
compare the improved Gaussian moment neural network
(iGM-NN) model with the previous Gaussian moment neural
network (GM-NN) architecture.19

For the QM9 data set, we find the performance of the iGM-
NN model to be among the models with the lowest out-of-
sample MAE of atomization energy predictions. Compared to
the GM-NN model, the MAE at 25000 training samples is
0.38, 0.42, and 0.47 kcal/mol for iGM-NN910, iGM-NN360, and
GM-NN, respectively. The best performing model, FCHL18,
predicts the atomization energy with an MAE of 0.30 kcal/mol,
and the FCHL19 model predicts the atomization energy with
an MAE of 0.47 kcal/mol, both trained on 20000 samples.
Beyond that, the iGM-NN model shows a considerable
improvement over GM-NN in the predictive accuracy when
trained on 1000 samples and shows a comparable accuracy to
the relatively slow FCHL18 method. We obtained an MAE of
1.56, 1.70, and 2.19 kcal/mol for iGM-NN910, iGM-NN360, and
GM-NN, respectively. Compared to the best message-passing
architecture, PaiNN, the MAE at 110,426 training samples is
0.13 and 0.20 kcal/mol for PaiNN and iGM-NN910,
respectively. As seen from Figure 2, the predictive accuracy
of the iGM-NN model is equivalent to that of the PhysNet

Figure 2. Learning curves for the QM9 data set. The mean absolute
error (MAE) of atomization energy is plotted against the training set
size. Linear fits are displayed for clarity, and shaded areas denote the
95% confidence intervals for linear regression. The dashed black line
represents the desired accuracy of 1 kcal/mol.
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architecture and is better than the accuracy of the SchNet
architecture.
In the following, we compare training and inference times of

the iGM-NN model with the respective values for the GM-NN
model, for the PaiNN architecture, and for the kernel-based
FCHL18 and FCHL19 models. The respective values for GM-
NN and iGM-NN are presented in Figure 3. The training and
inference times for the respective literature methods are taken
from refs 13, 18, and 20.
Compared to the GM-NN model, iGM-NN360 and iGM-

NN910 need factors of 1.8−2.2 less time for a single training
epoch at a single NVIDIA Tesla V100-SXM-32GB GPU. This
speedup can be explained by the parallel data loading
implemented in the iGM-NN model. On a 20-core node
equipped with two Intel Xeon CPU E5-2640 v4 @ 2.40 GHz
CPUs, we observed a slightly degraded efficiency of the model.

This can be explained by the inclusion of batch normalization
and an overall larger model compared to GM-NN. However,
the improved convergence of the iGM-NN model results in a
significantly reduced number of training epochs (500 instead
of 5000) and therefore leads to a much shorter overall training
time compared to the previous GM-NN model.
With the training times ranging from 4.0 h (GPU) to 11 h

(CPU), obtained for 110,426 samples, iGM-NN is about 3−8
times faster than the kernel-based FCHL19 model. The latter
needs 27 h to calculate the kernel matrix for all structures in
the QM9 data set on a 24-core node equipped with two Intel
Xeon E5-2680v3 @ 2.50 GHz CPUs.18 Note that FCHL19 is
about 20 times faster than FCHL18.18 The reported times to
train a PhysNet model are in the range of 1−2 days.30

The inference times of iGM-NN and GM-NN are similar,
although for the iGM-NN model a larger neural network was

Figure 3. Training (left) and inference (right) times on the QM9 data set against the training set and test batch sizes, respectively. Linear fits are
displayed for clarity, and shaded areas denote the 95% confidence intervals for linear regression.

Figure 4. Learning curves for seven molecules from the MD17 data set. The mean absolute errors (MAEs) of total energies and atomic forces are
plotted against the training set size. Linear fits are displayed for clarity, and shaded areas denote the 95% confidence intervals for linear regression.
The respective values are given from left to right for: ethanol, salicylic acid, aspirin, malonaldehyde, toluene, naphthalene, and uracil.
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employed. Evaluating the iGM-NN model on a random
minibatch of 2000 structures, we obtained inference time in
the range of 62−74 ms, while for the GM-NN model, we
acquired 69 ms. Additionally, for a random minibatch of 50
molecules from QM9, the inference time of iGM-NN models
is 2.5−2.6 ms, while for the PaiNN model, 13 ms were
reported.20

In total, we observed that the iGM-NN model performs on
par with the best kernel-based methods, which have been
deemed to be more data-efficient than neural networks, and
with the message-passing architectures. Moreover, we find that
the proposed method is about 5 times faster per inference step
than PaiNN.20

4.2. Results for MD17. We evaluate the ability to predict
combined energies and forces on the MD17 benchmark.
Figure 4 reports the MAE of force and energy predictions as a
function of the number of training samples taken for seven
molecules from the data set. Note that we excluded benzene
from the experiments due to noisy energies. To demonstrate
the data efficiency of iGM-NN, we use the more challenging
training set sizes with up to 1000 structures. We compare the
iGM-NN model to the kernel-based FCHL19/GPR and
FCHL19/OQML approaches,18 which are state-of-the-art
kernel-based methods. The first approach incorporates
derivatives in the training set within the framework of
Gaussian process regression. The second one, operator
quantum machine learning (OQML), allows for simultaneous
training on the energies and forces. In addition, we compare to
the recently proposed equivariant message-passing architec-
ture, PaiNN.20

In general, we note that the improved GM-NN (iGM-NN)
architecture leads to models that have similar or improved
accuracy compared to the prediction errors reported for the
GM-NN architecture in our previous paper.19 For all
molecules in the MD17 data set, the iGM-NN models learn
somewhat faster compared to GM-NN for both energy and
force training. As a general trend, the iGM-NN910 model needs
about 20−40% fewer data to get the same accuracy as the GM-
NN model. The iGM-NN360 model requires the same amount
or about 10−20% fewer data to reach the same predictive

accuracy as the GM-NN model, while using fewer invariant
descriptors. For example, for aspirin, an MAE force error of
about 0.7 kcal/mol/Å is obtained at roughly 600, 800, and
1000 samples for iGM-NN910, iGM-NN360, and GM-NN,
respectively. Learning curves for all these models are presented
in Figure 4.
As seen in Figure 4, iGM-NN provides a predictive accuracy

similar to the kernel-based methods FCHL19/GPR and
FCHL19/OQML. This implies, similar to the previous section,
that the proposed architecture has a sample efficiency
comparable to kernel-based approaches. Note that our
approach is outperformed only by the FCHL19/GPR
approach, which has an unfavorable trade-off for the time-to-
train compared with the iGM-NN and FCHL19/OQML
approaches. The equivariant message passing architecture
PaiNN trained on 950 samples shows predictive accuracy on
par with or better than the FCHL19/GPR approach; however,
it is less efficient at inference compared to the iGM-NN
approach, see below.
In the following, we report timings for the training and

validation of the iGM-NN models for a training set of 1000
molecules and a validation batch of 2000 molecules taken from
the MD17 data set. The respective values are presented in
Figure 5. Compared to the GM-NN models, the speedup for a
single training epoch is about a factor of 2−3 on an NVIDIA
Tesla V100-SXM-32GB GPU and a 20-core node equipped
with two Intel Xeon CPU E5-2640 v4 @ 2.40 GHz CPUs.
Additionally, a 10-fold speedup is observed due to the reduced
number of training epochs (from 10,000 to 1000).
For the FCHL19/OQML model, training times vary

between 51 s (malonaldehyde) and 527 s (aspirin).18 The
iGM-NN360 model, with 573 s for malonaldehyde and 873 s for
aspirin on a GPU, is clearly slower for smaller molecules
compared to the FCHL19/OQML but comparably fast on
larger ones. Additionally, the iGM-NN timing scales more
favorably with the system size and the number of training
samples. Compared to the FCHL19/GPR model (training
time ranges from 1926 s to 101,451 s), the training of iGM-
NN360 even on a 20-core CPU node is about 2−47 times
faster. The timings for kernel evaluation in the case of the

Figure 5. Training (left) and inference (right) times on the MD17 data set against the training set and test batch sizes, respectively. Linear fits are
displayed for clarity, and shaded areas denote the 95% confidence intervals for linear regression. All values are given for a training set size of 1000
structures and test batch size of 2000 structures.
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FCHL19/OQML and FCHL19/GPR models were performed
on a 24-core node equipped with two Intel Xeon CPU E5-
2680 v3 @ 2.50 GHz CPUs.18

The inference time of the iGM-NN360 model is 4.7 ms for a
single ethanol and aspirin structure on a single GPU. The
respective values correspond to a single energy and force
evaluation times ranging from 0.5 ms/atom for ethanol to 0.2
ms/atom for aspirin, while PaiNN architecture required for a
single reference calculation 14 ms (1.5 ms/atom) for ethanol
and 15 ms (0.6 ms/atom) for aspirin. The inference times of
the iGM-NN360 model, evaluated on a single GPU for a
minibatch of 2000 structures, range from 57 ms for the
smallest molecules, ethanol and malonaldehyde, to 208 ms for
aspirin and are similar to those obtained for the GM-NN
model, see Figure 5. These values correspond to a single
energy and force evaluation times of 3−5 μs/atom, indicating a
favorable scaling of inference times with the system size.
On a 20-core CPU node, we obtained, evaluating the iGM-

NN360 model on single ethanol and aspirin structure, inference
times ranging from 0.3 ms/atom to 0.1 ms/atom, respectively.
Evaluating the respective model on a minibatch of 2000
structures, we acquired inference times ranging from 12 μs/
atom for ethanol to 17 μs/atom for aspirin. The respective
force prediction times for the FCHL19/OQML model are in
the range of 5.7−23.5 ms/atom.18

Overall, we see that the iGM-NN, as well as GM-NN
models, are at least one order of magnitude more efficient at
inference compared to other state-of-the-art models. There-
fore, the proposed models are favorable for atomistic
simulations which require large system sizes and long time
scales, e.g., molecular dynamics, while still showing comparable
predictive accuracy.
4.3. Results for Bulk TiO2. To determine the performance

of the iGM-NN approach for a material system, we
investigated titanium dioxide (TiO2). The application of
TiO2 in the industry is versatile and ranges from the use as a
pigment in paints68 to the use as a photocatalyst for energy-
related applications, e.g., photocatalytic water splitting.69,70

TiO2 occurs naturally in three polymorphs: rutile, anatase, and
brookite. These phases build the training set used in this
section, see Section 3.3. We should note at this point that

density functional theory (DFT) without semiempirical
corrections,71,72 as used to generate our training data,23

incorrectly predicts anatase to be more stable than rutile at
standard conditions.73,74 Machine learning approaches cannot
improve on that. Finally, to test the transferability of the iGM-
NN approach, we predict properties of two high-pressure TiO2
phases, columbite and baddeleyite, which were not part of the
training data.
Figure 6 shows learning curves for the iGM-NN predictions

of the total energy and atomic forces based on 360 and 910
local invariant molecular descriptors. As seen from the figure,
the desired accuracy of 1 kcal/mol for total energies is reached
for a training set size of around 4000 and 5000 reference
structures, using 910 and 360 invariant features, respectively.
The desired accuracy of 1 kcal/mol/Å for atomic forces is
reached after training on 5000 and 7000 reference structures.
In general, we see that iGM-NN910 models show only slightly
lower MAE values compared to iGM-NN360 at the cost of
higher training and inference times (see previous sections).
Therefore, for the following experiments, we use only machine-
learned potentials (MLPs) based on 360 invariant atomic
features.
The MAEs of total energies and atomic forces, discussed

above, are abstract quality measures of MLPs. In practice, the
robustness and reliability of the potential in real-time
applications provide a more rigorous assessment. Therefore,
we assess the robustness and smoothness of the iGM-NN
potential by applying it to a 3 × 3 × 3 rutile TiO2 supercell
containing 54 TiO2 formula units (162 atoms) to run a
molecular dynamics (MD) simulation. Note that for an MD
simulation a smooth, continuous energy surface is required to
facilitate the numerical integration of the equation of motion.
Figure 7 shows the total energy during MD simulation in the
microcanonical (NVE) statistical ensemble, carried out within
the ASE simulation package75 over 1.0 ns using a time step of
1.0 fs. The atomic velocities were initialized with a Maxwell−
Boltzmann distribution for a temperature of 1000 K.
As seen in Figure 7, the total energy of the system is well

conserved with fluctuations below 0.5 × 10−3 kcal/mol/atom.
Since the raw data of the total energy fluctuates relatively
strongly (blue line in Figure 7), we computed the running

Figure 6. Learning curves for the TiO2 data set. The mean absolute errors (MAEs) of total energies and atomic forces are plotted against the
training set size. Linear fits are displayed for clarity, and shaded areas denote the 95% confidence intervals for linear regression. The dashed black
lines represent the desired accuracies of 1 kcal/mol and 1 kcal/mol/Å, respectively.
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averages of the total energy to see whether the observable
displays a time-drift. The running average for an observable Oi
can be computed as

O
M

O
1

1i
j i M

i M

j
/2

/2

∑̂ =
+ = −

+

(14)

where M is the window size of the running average. From
Figure 7, it can be observed that the total energy shows only a
slight energy drift of (−2.0 ± 0.4)× 10−5 kcal/mol/atom/ns,
which is another indication for the numerical stability of the
machine-learned potential.
Along with the aforementioned energy conservation, we

investigate whether the iGM-NN models correctly reproduce
the relative phase stability. As can be seen from Figure 8, the
iGM-NN potential smoothly reproduces the energy as a
function of the lattice volume of rutile, anatase, and brookite.
Moreover, we observe a smooth energy dependence on the
lattice volume for the columbite and baddeleyite high-pressure
phases which were not included in the training set. While the
former exhibits similarities to anatase and rutile polymorphs,
the latter is denser, and each titanium is 7-fold coordinated by
oxygen, as opposed to the octahedral coordination in other
phases. Therefore, we clearly see that the iGM-NN approach
results in smooth potentials even when extrapolating to
configurations and crystal structures that have not been seen
before.
To study the relative phase stability more rigorously, we

computed the relative phase energies, unit cell volumes, and
bulk moduli by a fit of the stabilized jellium equation of state
(SJEOS),76 as implemented in ASE, to the iGM-NN potential
energy curves. The reference DFT values are taken from ref 23,
where they were computed by a fit of the Birch−Murnaghan
equation of state77 to the DFT potential energy curves. Table 1

shows the respective values for the relative phase energies, unit
cell volumes, and bulk moduli obtained using DFT and MLPs.

For three TiO2 phases that were included in the training set
(rutile, anatase, and brookite), we found an excellent
agreement with the reference DFT values. The relative phase
energies, unit cell volumes, and bulk moduli deviate by at most
0.02 kcal/mol/atom (corresponds to max. 5.4%), 0.03 Å3/
atom (0.3%), and 5 GPa (2.2%). For the high-pressure TiO2
phases columbite and baddeleyite, which are not included in
the training set, we have found the relative phase energies to
deviate by 0.07 kcal/mol/atom and 0.49 kcal/mol/atom. In ref
23, somewhat larger deviations of about 0.83 kcal/mol/atom
and 1.20 kcal/mol/atom were observed for columbite and
baddeleyite, respectively. The unit cell volumes and bulk
moduli predicted by the iGM-NN potential are in excellent
agreement with DFT and deviate from the reference values
only by at most 0.3% and 4.8%, respectively.
In total, the obtained results demonstrate the applicability of

the iGM-NN potentials to material systems. While being
accurate and sample-efficient, the iGM-NN approach shows an
improved transferability to polymorphs not seen during

Figure 7. Fluctuation of the total energy during MD simulations of a
3 × 3 × 3 rutile TiO2 supercell containing 162 atoms over 1 ns using a
time step of 1 fs in the microcanonical (NVE) ensemble employing
the iGM-NN360 interatomic potential trained on 5000 reference
structures. The atomic velocities were initialized with a Maxwell−
Boltzmann distribution for a temperature of 1000 K. M is the window
size for the running average in eq 14.

Figure 8. Relative energy per atom as a function of the cell volume for
the five TiO2 crystal structures: anatase, rutile, brookite, columbite,
and baddeleyite. Symbols correspond to the iGM-NN360 potential
energies, and lines represent the fit of the stabilized jellium equation
of state (SJEOS).76 All energies are obtained employing the iGM-
NN360 model trained on 5000 reference structures.

Table 1. Relative Energies (E0) in kcal/mol/atom, Unit Cell
Volumes (V0) in Å3/atom, and Bulk Moduli (B0) in GPa of
Five Different TiO2 Phases Obtained Employing the
Machine-Learned Interatomic Potential (iGM-NN360) and
Respective Reference Values as Computed Using Density
Functional Theory (DFT)

DFT iGM-NN360

phase E0 V0 B0 E0 V0 B0

anatase (I41/amd) 0.00 11.71 211 0.00 11.68 208
rutile (P42/mnm) 0.76 10.68 235 0.74 10.65 234
brookite (Pbca) 0.37 11.01 225 0.35 11.01 220
columbite (Pbcn) 0.67 10.50 230 0.60 10.48 241
baddeleyite (P21/c) 1.52 9.96 240 2.01 9.99 243
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training, compared to other machine learning approaches
described in the literature. This makes it feasible to study, for
example in this specific case, other TiO2 phases without
directly including them in the training set and, thus, facilitating
the study and discovery of new materials.
4.4. Results for Quaternary Metal Oxide. To assess the

applicability of machine-learned potentials (MLPs) based on
the iGM-NN approach to a material with a more complex
chemical composition, we finally studied Li−Mo−Ni−Ti oxide
(LMNTO, Li8Mo2Ni7Ti7O32). The respective data set is
described in Section 3.4 and in ref 31. Note that LMNTO is
a potential high-capacity positive electrode material for
lithium-ion batteries and, therefore, is of high technological
relevance.78

Figure 9 depicts learning curves of the total energy and
atomic forces for the iGM-NN360 and iGM-NN910 models. For
this system, we can compare our iGM-NN approach directly to
the ænet code. The MAE for total energies at 700 training
samples is 0.01 kcal/mol/atom, 0.01 kcal/mol/atom, and 0.11
kcal/mol/atom for iGM-NN360, iGM-NN910, and ænet,12,23,31

respectively. For the MAE of atomic forces, we obtained a
value of 1.35 kcal/mol/Å and 1.22 kcal/mol/Å with iGM-
NN360 and iGM-NN910, respectively, trained on 700 reference
structures, while ænet results in an MAE of 15.22 kcal/mol/Å.
Note that the ænet potential was trained using the recently
proposed Taylor-expansion data enhancement approach,31

which is more data-efficient, i.e., it uses less than 50% of the
information contained in the data set.
As can be seen from Figure 9, both iGM-NN360 and iGM-

NN910 reach the desired accuracy in predicted total energies
already after training on 400 and 200 reference structures,
respectively. The MAE target in predicted atomic forces of 1
kcal/mol/Å is reached after training on 2000 and 1400
reference structures for iGM-NN360 and iGM-NN910, respec-
tively. However, because of the similar performance of iGM-
NN360 and iGM-NN910, in the following experiments we use
only iGM-NN360, similar to Section 4.3.
As discussed in Section 4.3, the robustness and reliability of

the MLP in a real-time simulation are a better assessment of its
quality than abstract measures such as MAE values for
predictions. Figure 10 shows the total energy during an MD

simulation in the microcanonical (NVE) statistical ensemble,
carried out within the ASE simulation package75 over 1.0 ns
using a time step of 1.0 fs. The total energy of the system is
well-conserved, and fluctuations remain below 0.1 × 10−3 kcal/
mol/atom. Another indication for the numerical stability of the
MLP based on the iGM-NN approach is the very low energy
drift of merely (5.9 ± 0.1)× 10−5 kcal/mol/atom/ns.
Overall, from the above experiments, we have seen that the

iGM-NN approach is able to produce reliable and robust
machine-learned potentials for multicomponent periodic
systems. Additionally, we can argue that the proposed
approach shows an excellent transferability since it allowed
to run a stable MD simulation for 1 ns after training on only
2000 reference structures. Note that usually it is stated that

Figure 9. Learning curves for the LMNTO data set. The mean absolute errors (MAEs) of total energies (left) and atomic forces (right) are plotted
against the training set size. Linear fits are displayed for clarity, and shaded areas denote the 95% confidence intervals for linear regression. The
dashed black lines represent the desired accuracies of 1 kcal/mol and 1 kcal/mol/Å, respectively.

Figure 10. Fluctuation of the total energy during MD simulations of a
2 × 2 × 1 LMNTO supercell containing 224 atoms over 1 ns using a
time step of 1 fs in the microcanonical (NVE) ensemble employing
the iGM-NN360 interatomic potential trained on 2000 reference
structures. The atomic velocities were initialized with a Maxwell−
Boltzmann distribution for a temperature of 300 K. M is the window
size for the running average in eq 14.
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training sets with tens of thousands of reference structures are
required to construct accurate MLPs.31

5. CONCLUSIONS

We have presented an improved version of the Gaussian
moment neural network19 which enables the generation of
machine-learned potentials with an accuracy comparable to the
established machine learning models. The presented mod-
ifications to the neural network architecture, the training
process, and the implementation allow for much faster model
training compared to the previous version in ref 19 and extend
the applicability of Gaussian Moments to periodic structures.
Fast training is a prerequisite of workflows with frequent
retraining, such as active learning or learning-on-the-fly, which,
in turn, reduce the number of required ab initio calculations.
Machine-learned potentials evaluated on two standard

benchmark data sets, QM9 and MD17, have shown prediction
accuracy comparable to state-of-the-art machine learning
models. For models trained on atomization energies only,
such as QM9, the accuracy is close to 0.2 kcal/mol and, thus,
approaches the accuracy of message-passing models, such as
PhysNet. The training time was reduced by factors of 10−20
compared to GM-NN.
Testing the proposed approach on the MD17 data set, which

contains total energies and atomic forces, we have observed
only a slight improvement in the prediction accuracy but a
considerable reduction (factors of 10−20) of training times
compared to the previous GM-NN. Note that GM-NN already
could achieve an accuracy comparable to the state-of-the-art
machine learning models. We should emphasize that the iGM-
NN models outperform current state-of-the-art literature ML
methods at inference time in terms of time required for single
energy and force calculation.
We have shown that the iGM-NN approach can be used to

generate accurate and robust machine-learned potentials for
periodic systems, such as titanium dioxide (TiO2) and
LMNTO (Li8Mo2Ni7Ti7O32). For both systems, the proposed
approach could achieve the desired accuracy of 1 kcal/mol and
1 kcal/mol/Å in predicted total energies and atomic forces,
respectively. Additionally, we assessed the quality of the
machine-learned potentials by inspecting the energy con-
servation during a microcanonical molecular dynamics
simulation. Along with energy fluctuations of the order of
10−4 kcal/mol/atom, we observed negligible time-drift, which
demonstrates the smoothness and robustness of the iGM-NN
potentials.
Testing the relative stability of TiO2 polymorphs, we have

observed an excellent transferability of the iGM-NN potentials.
Specifically, we could obtain an accurate prediction for relative
energies, unit cell volumes, and bulk moduli on high-pressure
TiO2 phases columbite and baddeleyite, which were not given
in the training set.
In summary, the developments of this work aim to improve

the applicability of machine-learned potentials to run various
simulations for molecules and materials. Future work will also
deal with long-range interactions important for, e.g., ionic
liquids.
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ABSTRACT: We propose a machine learning method to model
molecular tensorial quantities, namely, the magnetic anisotropy
tensor, based on the Gaussian moment neural network approach.
We demonstrate that the proposed methodology can achieve an
accuracy of 0.3−0.4 cm−1 and has excellent generalization
capability for out-of-sample configurations. Moreover, in combi-
nation with machine-learned interatomic potential energies based
on Gaussian moments, our approach can be applied to study the
dynamic behavior of magnetic anisotropy tensors and provide a
unique insight into spin−phonon relaxation.

1. INTRODUCTION

There is an ongoing interest in the investigation of magnetic
properties of transition metal complexes and their possible
applications as single-molecule magnets (SMMs), molecular
quantum bits, and spintronic devices.1−4 One of the most
important factors influencing the magnetic properties is the
magnetic anisotropy in the ground spin state.2,5 Tailoring
promising complexes in a way to achieve a large barrier for
magnetic relaxation and minimizing other decay pathways6−9

requires a detailed understanding of the underlying principles
that determine the structure−property relationships.
While sampling based on first-principles methods can

provide some insight, it is usually limited by its high
computational cost. Approximate methods allow for simu-
lations even taking into account the large size of conforma-
tional and chemical space of interest. Machine learning
approaches with their ability to learn any complex nonlinear
relationship between a structure and its related property and
with their generalization capability are perfect candidates for
the specific task of modeling magnetic anisotropy. During the
last decades, machine learning methods have been gaining
importance in several fields in computational chemistry
allowing for, e.g., the construction of machine-learned force
fields and prediction of vibrational spectra.10−30 The ability of
neural networks (NNs) to interpolate any nonlinear functional
relationship31 promoted their broad application in computa-
tional chemistry and materials science. NNs were initially
applied to represent potential energy surfaces (PESs) of small
atomistic systems10,11 and were later extended to high-
dimensional systems.13 Once trained, the computational cost
of machine-learned potentials (MLPs) based on NNs is
independent of the number of data points used for training.

Case studies of the application of machine learning
algorithms to study the magnetic properties of molecules and
materials are somewhat rare. Recently, an approach for the
construction of machine-learned interatomic potentials that are
capable of reproducing both vibrational and magnetic degrees
of freedom was proposed32 and applied to bcc iron. Closer to
the present work are the investigations presented in refs 33 and
34, where tensorial properties such as the zero-field splitting
(ZFS) tensor D and the Zeeman-splitting (ZS) tensor g were
modeled by machine learning approaches.
In this work, we build upon the methodology developed in

our group for constructing efficient and accurate interatomic
potentials, referred to as Gaussian moment neural network
(GM-NN).24,30 The GM-NN uses neural networks (NNs) to
map novel symmetry-preserving local atomic descriptors,
Gaussian moments (GMs), to auxiliary atomic quantities and
includes both the geometric and alchemical information about
the atomic species of both the central and neighbor atoms. For
all atomic contributions, only a single NN has to be trained, in
contrast to using an individual NN for each species as
frequently done in the literature.13,15 To allow for efficient
training on properties such as D tensors, we introduce a novel
approach for the encoding of relevant invariances into the
output of the respective machine learning model. Moreover,
we propose a neural network architecture for the task of
modeling the magnetic anisotropy of SMMs.
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To assess the quality of the surrogate models obtained
employing the proposed approach, we thoroughly benchmark
the predictive accuracy on three promising SMMs: [Co-
(N2S2O4C8H10)2]

2−,6 [Fe(tpa)Ph]−,7,35 and [Ni(HIM2−
py)2NO3]

+ complexes.8 Finally, we use the [Co-
(N2S2O4C8H10)2]

2− complex as a case study to investigate
the applicability of the proposed approach to the dynamics of
the D tensor and examine its ability to model spin−phonon
coupling effects.
In this work, we employ the open-source package Gaussian

moment neural network (GM-NN) for constructing MLPs and
applying them in atomistic simulations. The GM-NN source
code is available free of charge from https://gitlab.com/
zaverkin_v/gmnn.

2. MACHINE LEARNING MODELS

This section first introduces the representation of an atomistic
system used to encode molecular and solid-state structures
suitable for machine learning (ML) models. Second, we
describe the approach to machine learning modeling the
magnetic anisotropy tensors including the neural network
architecture and its training, based on our previous work on
Gaussian moments.24,30 Finally, we outline the construction of
the machine-learned interatomic potential energy used in
Section 4.2 for molecular dynamics (MD) simulations of
[Co(N2S2O4C8H10)2]

2−.
2.1. Molecular Representation. A molecular or solid-

state system is defined by its Cartesian coordinates ∈ ri
3 and

its atomic numbers Zi which, in the following discussion, are

combined to = { } =Zr ,i i i
N

1
at for simplicity. In the community

of neural network (NN) model chemistry, it is usual to
approximate properties by a sum of their atomic contributions.
For example, the total energy of a system can be
approximated13 by a sum of atomic energies i

∑θ θ=
=

G( , ) ( , )
i

N

i i
1

at

(1)

Total charge and the dipole moments can be defined via the
atomic point charges qi

∑

∑

θ θ

μ θ θ

=

=

=

=

Q q

q

G

G r

( , ) ( , )

( , ) ( , )

i

N

i i

i

N

i i i

tot
1

1

at

at

(2)

where each i and qi are given as the output of an artificial NN,
and all relevant invariances are encoded in the local
representation βG ( , )i with β being trainable parameters.
Thus, the main purpose of machine learning is to find such
parameters θ that the mapping μ→ { }f E Q: , , ,...tot is as
close as possible to the reference values, {Eref, Qtot

ref, μref, ...}.
The most challenging aspect of a machine learning model

applied to a physicochemical problem is the definition of an
appropriate representation of an atomistic system. In this work,
we employ Gaussian moment representation, which defines the
local atomic environment as24,30

∑ βΨ = ̂
≠

⊗R r r( , )i L s
j i

Z Z s ij ij
L

, , , ,i j
(3)

where we use the radial and angular components of the atomic
distance vector rij = ri − rj, i.e., rij = ∥rij∥2 and rîj = rij/rij, as
inputs to nonlinear radial functions RZi,Zj,s (rij, β) with trainable
parameters β and the L-fold tensor product rîj

⊗L = rîj ⊗ ···⊗ rîj,
respectively. Zi and Zj correspond to the nuclear charges of the
central atom i and its atomic neighbors j. As nonlinear radial
functions, we employ a weighted sum of Gaussian functions,
rescaled by the cosine cutoff function;13 see refs 24 and 30.
The parameters β are optimized during training similar to
other parameters of an atomistic NN by minimization of a loss
function. A rotationally invariant representation is obtained by
computing full tensor contractions as described in refs 24 and
30.
As a final remark on the representation of an atomistic

system, we want to discuss the possibility of learning different
physicochemical properties by a single ML model. In general, it
should be possible, given that the corresponding properties are
available for the same atomistic system. Unfortunately, in this
work, the energy and atomic forces are calculated for the full
periodic system while the magnetic anisotropy tensors are
computed for isolated molecules cut from them; see Figure 1.
That implies that both atomistic systems provide different sets
of input features and, therefore, cannot directly be combined.
For this reason, in the following sections, we describe the

Figure 1. Illustration of the structure of (left) the [Co(N2S2O4C8H10)2]
2− unit cell, (middle) the [Fe(tpa)Ph]− unit cell, and (right) the

[Ni(HIM2−py)2NO3]
+ unit cell. The color code is: Co, green; Fe, orange; Ni, turquoise; Na, brown; S, yellow; C, gray; O, red; N, blue; and H,

white.
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construction of two separate ML models for learning D tensors
and potential energy surfaces.
2.2. D Tensor. Mediated by spin−orbit coupling, the

components of spin multiplets (with spin quantum numbers
S ≥ 1) split characteristically even in the absence of an external
magnetic field (zero-field splitting, ZFS). This effect is usually
described by a phenomenological spin Hamiltonian36

= ̂· · ̂H S D SZFS (4)

where Ŝ is a (pseudo) spin operator and D is a 3 × 3
symmetric, traceless tensor, usually called a ZFS tensor or a D
tensor. The anisotropy parameters D and E (often simply
referred to as D and E values, respectively) can be then
obtained from the eigenvalues of D (X, Y, and Z) as

=

= −

D Z

E X Y

3
2
1
2

( )
(5)

where Z corresponds to the eigenvalue of D with the largest
absolute value. The normalized eigenvectors of D are the
anisotropy axes of the system.
2.2.1. Incorporation of Symmetries into the ML Frame-

work. The aim of this work is to predict D tensors using
artificial neural networks (NNs). The D tensor is a (1)
traceless (2) symmetric tensor, which implies that TrD =
∑iDii = 0 and Dij = Dji. Additionally, it (3) transforms under
rotation as D̃ = RDRT, where R is an orthogonal matrix, but is
(4) invariant to translations. These properties have to be
encoded into the respective machine learning model to allow
for efficient training. Moreover, unlike the energy, the D tensor
cannot be reduced to a natural scalar atomic property which
makes its prediction more difficult using the atomistic neural
networks.
To the best of our knowledge, there are only two studies in

the literature of modeling tensorial properties such as g and D
tensors.33,34 In ref 33, where ridge regression was used to fit D
tensors, the rotational equivariance was imposed by requiring
the regression coefficients to transform as spherical tensors, i.e.,
employing the sum over the Wigner matrices corresponding to
rigid rotations. In ref 34, where artificial neural networks were
used to fit g tensors, a rotation operator Λ was defined by, e.g.,
the Kabsh algorithm to impose the desired symmetries. In this
work, we present a more rigorous and efficient way of encoding
the symmetries (1)−(4) into machine learning algorithms.
We approach the modeling of zero-field splitting tensors by

introducing a fictitious atomic quantity mi assigned to each
atom i. A tensor which satisfies (1)−(3) can be defined using
the tensor product of Cartesian vectors, similar to the
quadrupole moment, employing the aforementioned atomic
quantity mi

∑θ θ= · ⊗ −
=

mD G r r r( , ) ( , ) (3 )
i

N

i i i i i
1

2
2

3

at

(6)

where ⊗ is the tensor product, ∥ri∥2 is the length of the
respective Cartesian vector, and 3 is a 3 × 3 identity matrix.
Unfortunately, the above expression violates translational

invariance (4) of the respective tensorial property. This issue
can be resolved by shifting the coordinate system by, e.g.,
r ̅ = 1/Nat∑iri, which is system-dependent. Note that the shift
can be defined by any other procedure since its aim is only to

impose the translational invariance (4). However, we should
emphasize that we have found that using the pairwise distances
rij = ri − rj, where i can be selected to be the metal atom, could
be disadvantageous in terms of predictive accuracy due to
missing contributions from the central atom.
Using the respective shift vector r ̅ results in a new position

vector ri → ri − r.̅ Additionally, we have found that it is
advantageous to use the normalized vectors rî = ri/∥ri∥2. In
total, the resulting expression reads

∑θ θ= · ̂ ⊗ ̂ −
=

mD G r r( , ) ( , ) (3 )
i

N

i i i i
1

3

at

(7)

where mi is predicted by an atomistic NN.
As a final remark, we want to point out that any symmetry of

a tensorial property P can be modeled by the procedure
proposed above if one defines P = ∑imiAi, where Ai is a tensor
satisfying the symmetry of P and mi is a machine-learned scalar
value. In our example, we define = ̂ ⊗ ̂ − A r r3i i i 3 to impose
(1)−(4), but if the respective property is, e.g, not traceless one
could use Ai = rî ⊗ rî.

2.2.2. Network Architecture and Training. We use a fully
connected feed-forward neural network consisting of two
hidden layers of the following functional form, similar to our
previous work30

θ ϕ

ϕ

= · + · +

· +

i

k
jjjjjj

i

k
jjjjjj

y

{
zzzzzz
y

{

zzzzzzz

y
d

d d

G b W b

W b W G

( , ) 0.1
1

0.1

1
0.1

1

i i

i

(3)

2

(3) (2)

1

(2) (1)

0

(1)

(8)

where W(l) and b(l) are weights and biases of the respective
layer l, respectively. As an input to the neural network, Gi, we
use the recently proposed trainable local invariant representa-
tion based on Gaussian moments.24,30 The parameters 0.1 and

d1/ l correspond to the so-called NTK parameterization.37

We initialize weights of the fully connected part by drawing the
respective entries from a normal distribution with zero mean
and unit variance. The trainable bias vectors are initialized to
zero. As an activation function, we use the Swish/SiLU
activation function38−40 ϕ(x) = αx/(1 + exp(−x)) multiplied
by a scalar α. We choose α ≈ 1.6765 such that

ϕ =∼ x( ) 1x (0,1)
2 , i.e., the activation function preserves the

second moment if the input is standard Gaussian.41−43

To aid the training process, the output of the neural network
can be scaled and shifted by the standard deviation σ and the
mean μ of the reference Dref tensor values, similar to the
scaling and shifting the atomic energy output.24,30 Note that
we used for the computation of σ and μ only those elements of
Dij, which satisfy i ≥ j to avoid double counting and excluded
one diagonal element since the respective tensor is traceless.
The convergence of the model can be improved even further
by making these parameters trainable as well as dependent on
the atomic species, i.e., σZi

and μZi
. The final output of the

network reads

θ θ σ μ= +m yG G( , ) ( , )i i i i Z Zi i (9)

To train the neural network on reference values for Dref

tensors, we minimize the following loss function
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∑θ θ= ∥ − ∥
=

D D( ) ( , )
k

N

k kD
1

ref
2
2

Train

(10)

to optimize the respective parameters of the trainable
representation, fully connected neural network part as well as
the parameters, which scale and shift the output of the neural
network. Note that we train only on those elements of (D)ij
tensor that satisfy i ≥ j and we define Dref and D as

=

= − +

D D D D D D

D D D D D D D

D

D

( , , , , , )

( , , , , , ( ))

ref
11
ref

12
ref

13
ref

22
ref

23
ref

33
ref T

11 12 13 22 23 11 22
T

(11)

To minimize the loss function in eq 10, the Adam
optimizer44 with hyperparameters β1 = 0.9, β2 = 0.999, ϵ =
10−7, and a mini-batch of 32 structures is employed. Moreover,
we allow for layer-wise learning rates, which decay linearly to
zero by multiplying them with (1 − r), where
r = step/max_step. Overall, we use an initial learning rate of
0.02 for the parameters of the fully connected layers, 0.02 for
the parameters of the trainable GM representation, 0.025 and
0.025 for the shift and scale parameters.
Throughout this work, we used an architecture with an input

dimension of d0 = 360, two hidden layers with d1 = d2 = 512
hidden neurons, and an output layer that has a single d3 = 1
output neuron. Each model in Section 4 is trained for 1000
epochs. Overfitting was prevented using the early stopping
technique.45 After each epoch, the mean absolute errors
(MAE) of the D tensor were evaluated on the validation set.
After training, the model with the minimal MAE on the
validation set was selected for further applications. While the
selected hyperparameters worked reasonably well on the
selected systems for us, we want to emphasize that other
trade-offs between the number of training epochs and the
initial learning rates can be achieved.
Note that to compute machine-learned D tensors during an

MD simulation we interfaced our approach with the ASE
package (v3.21.0).46 For tracking the accuracy, we employed
the query-by-committee (QbC) approach47 during MD
simulations. For this purpose, we trained a committee of
three models on the same split of the data set but using
randomly initialized parameters and reported the obtained
uncertainty

∑σ = − ̅
=N

y y( )
1

( ( ) ( ))
i

N

iens
ens 1

2
ens

(12)

where Nens is the number of models in the committee, i.e., Nens

= 3. ̅ = ∑ =y N y( ) 1/ ( )i
N

iens 1
ens is the mean of the property

prediction (energy, atomic force element, or D tensor element,
respectively) over the committee. All models were trained
within the Tensorflow framework48 on an NVIDIA Tesla
V100-SXM-32GB GPU. The training of an ensemble of three
models for 1000 epochs took from 4 min (100 [Co-
(N2S2O4C8H10)2]

2− structures) to 3 h (2900 [Ni(HIM2−
py)2NO3]

+ structures).
2.3. Potential Energy. Thermal averaging of magnetic

anisotropy tensors requires an interatomic potential that fulfills
two main premises. The underlying model has to produce
sufficiently accurate atomic forces for molecular dynamics
(MD) simulations, i.e., comparable to the level of theory
employed for the generation of the training data, and allow for
efficient computations, i.e., comparable to empirical force

fields. Machine learning algorithms have found a broad
application in computational chemistry since they satisfy
both conditions provided a suitable molecular descriptor that
encodes structural and alchemical information.
As for the D tensors, we employed the Gaussian moment

neural network (GM-NN) approach24,30 to construct the PES.
Again, we use a neural network with an input dimension of d0
= 360, two hidden layers with d1 = d2 = 512 hidden neurons,
and an output layer, which has a single d3 = 1 output neuron.
To train the GM-NN model the combined loss function

∑

∑
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(13)

is minimized. Here, Nat
(k) is the number of atoms in the

respective structure. The reference values for the energy and
atomic force are denoted by k

ref and Fi,k
ref, respectively. The

parameters λ and λF were set to 1 au and 12Nat
(k) au Å2,

respectively. The network was trained using the Adam
optimizer44 with 32 molecules per mini-batch. The layer-wise
learning rate was set to 0.03 for the parameters of the fully
connected layers, 0.02 for the trainable representation, 0.05
and 0.001 for the shift and scale parameters of atomic energies,
respectively. We allowed all learning rates to decay linearly to
zero. For more information, see ref 30.
To run MD simulations with the machine-learned potentials

(MLPs), we interfaced the GM-NN approach with the ASE
package (v3.21.0).46 For tracking the accuracy of MLPs, we
employed the query-by-committee (QbC) approach47 during
MD simulations. For this purpose, we trained a committee of
three models on the same split of the data set but using
randomly initialized parameters and reported on the attained
uncertainty; see eq 12. All models were trained within the
Tensorflow framework48 on an NVIDIA Tesla V100-SXM-
32GB GPU. The training of an ensemble of three models for
1000 epochs took about 40 h (3100 [Co(N2S2O4C8H10)2]

2−

periodic structures).

3. TEST SYSTEMS AND COMPUTATIONAL DETAILS
In this section, we describe the generation of the data used to
construct machine-learned interatomic potentials as well as
machine learning models for D anisotropy tensors and an
overview of selected test systems.

3.1. Test System Description. We selected the following
three promising candidates for SMMs (in fact even single-ion
magnets, SIMs): [Co(N2S2O4C8H10)2]

2−,6 [Fe(tpa)Ph]−,7,35

and [Ni(HIM2−py)2NO3]
+.8 Figure 1 illustrates the unit cells

of the systems and the corresponding complexes used in the
cluster models.

3.1.1. [Co(N2S2O4C8H10)2]
2−. One of the most promising

high-anisotropy SIMs has been reported by Rechkemmer et
al.6 It has a single cobalt ion center that is bound to two doubly
deprotonated 1,2-bis(methanesulfonamido)benzene ligands,
resulting in a distorted tetrahedral coordination sphere. In
the crystal, the charge is compensated by two NHEt3

+ cations.
The zero-field splitting parameter Dexp = −115 ± 20 cm−1 has
been experimentally determined by fitting to AC and DC
susceptibility and magnetic hysteresis measurements.6
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3.1.2. [Fe(tpa)Ph]−. This is one example out of a big family of
similar complexes which all feature an iron center ion in
trigonal-pyramidal surrounding of a pyrrolide ligand tpaR.7 The
complex studied here has phenyl attached to the main
pyrrolide ligand (R = Ph). The counterion in the crystal is
Na+(H3COC2H4OCH3)3. Experimentally the magnetic param-
eters have been determined to be Dexp = −26 ± 2 cm−1 and
Eexp = 5 cm−1 by AC and DC magnetic susceptibility
measurements and fitting procedures.7 This family of
complexes was also theoretically studied by Atanasov et al.
on the level of complete active space self-consistent field
(CASSCF) wave functions in conjunction with N-electron
valence perturbation theory (NEVPT2) and quasi-degenerate
perturbation theory (QDPT).35

3.1.3. [Ni(HIM2−py)2NO3]
+. One example of a nickel

complex with a high magnetic anisotropy has been synthesized
by Rogez et al.8 The nickel ion is influenced by a highly
distorted octahedral coordination sphere consisting of two
bidentate ligands HIM2−py as well as an O,O′-chelating
nitrate ligand. In the crystal, the positive charge is
compensated by a second NO3

− ion without direct contact
with the nickel ion. Measurements of the magnetization versus
field, HF-HFEPR, and FDMRS resulted in fitted magnetic
p a r ame t e r s D e x p = − 10 . 1 ± 0 . 1 cm− 1 and
Eexp = 0.202 ± 0.01 cm−1.8

3.2. Data Generated via Ab Initio Molecular Dynam-
ics (AIMD). For all training data sets, an ab initio molecular
dynamics (AIMD) calculation has been carried out using the
projector augmented wave (PAW) method49,50 with the
Perdew−Burke−Ernzerhof (PBE) functional,51 as imple-
mented in the VASP program package.52−54 A Hubbard U
correction term has been used with the simplified (rotationally
invariant) approach introduced by Dudarev et al.55 The used
values of U are 3.3 eV for Co, 4.0 eV for Fe, and 6.4 eV for
Ni.56 Dispersion corrections were applied by the zero damping
DFT-D3 method.57

As a starting point, the crystal structure was first optimized
using an energy cutoff for the plane-wave basis of 600 eV and
the “accurate precision” settings in VASP, the projection
operators were evaluated in real space. The Brillouin zone was
sampled by a Monkhorst−Pack grid (Co system: 2 × 2 × 2; Fe
system: 3 × 3 × 2; Ni system: 4 × 4 × 2). The stress tensor

was calculated, and all degrees of freedom were allowed to
change in relaxation.
After that, we performed an AIMD simulation with VASP,

using the same settings as before but with a cutoff energy of
400 eV and the “normal precision” settings. Only the Γ point
was considered. For each system shown in Figure 1, we
calculated 5000 time steps of 1 fs for the temperatures 100,
300, 400, 450, and 500 K each using a Nose−́Hoover
thermostat as implemented in VASP.
We chose more structures from the MD runs at higher

temperatures, i.e., 200, 600, 800, 900, and 1000 sample
structures randomly chosen from the MD runs at 100, 300,
400, 450, and 500 K, respectively. This was done because more
diverse conformations are visited at higher temperatures and
therefore the dynamics performed at a higher temperature
contains more information necessary for the construction of
reliable interatomic potentials.

3.3. D Tensor Data. To generate reference values for the D
tensor on which models were subsequently trained, we cut the
corresponding molecules from the periodic structures of the
AIMD simulation, as illustrated in Figure 1. Effects of the
neighboring molecules and the crystal field on the D tensor
have thus been neglected for the present study. In total, we
obtained 3500 configurations for each test system, for which
magnetic properties were calculated using the Molpro program
package.58 The orbitals were optimized by the configuration-
averaged Hartree−Fock (CAHF) procedure59−62 using the
Karlsruhe def2-SVP basis sets.63 The active space consisted of
the five d orbitals in each of the systems (see below). Based on
these orbitals, a complete active space configuration interaction
(CASCI) calculation was performed to obtain the spin-free
states. These were afterward used in a spin−orbit configuration
interaction (SO-CI) calculation, using a mean-field spin−orbit
operator,64−66 based on the CAHF average density for the
mean field.
The following setup is used for each of the test systems: For

[Co(N2S2O4C8H10)2]
2−, we chose a CAS(7,5) and the SO-CI

calculation was carried out using 40 doublet and 10 quartet
CASCI states; for [Fe(tpa)Ph]−, we chose a CAS(6,5) and the
SO-CI calculation was based on 50 singlet, 45 triplet, and 5
quintet CASCI states; and for [Ni(HIM2−py)2NO3]

+, we
finally chose a CAS(8,5) and the SO-CI calculation used 15
singlet and 10 triplet CASCI states.

Figure 2. Learning curves for the [Co(N2S2O4C8H10)2]
2−, [Fe(tpa)Ph]−, and [Ni(HIM2−py)2NO3]

+ data sets. The root-mean-squared errors
(RMSE) and the mean absolute errors (MAE) of the D tensor components are plotted against the training set size. Linear fits are displayed for
clarity, and shaded areas denote the 95% confidence intervals for linear regression.
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From the SO-CI calculations, the D tensor was extracted
using the pseudo-spin procedure described by Chibotaru and
Ungur.67

4. RESULTS AND DISCUSSION

Here, we apply the proposed approach for machine learning
symmetric traceless tensors, namely, D tensors, to systems
described in Section 3. For the example of [Co-
(N2S2O4C8H10)2]

2−, we demonstrate the applicability of our
approach to studying relevant magnetic properties of SMMs.
4.1. Machine Learning of the D Tensor. To study the

performance of the proposed approach for machine learning
magnetic anisotropy tensors, or specifically D tensors, we
trained our model on [Co(N2S2O4C8H10)2]

2−, [Fe(tpa)Ph]−,
and [Ni(HIM2−py)2NO3]

+ data. Each data set contained
structures and D tensor elements of 3500 configurations. In
Figure 2, we report the mean absolute error (MAE) and the
root-mean-square error (RMSE) in cm−1. The cutoff radius
employed in the definition of invariant atomic representation
was set to 8.0 Å. All other hyperparameters are described in
Section 2.2.2.
Figure 2 reports the MAE and RMSE of D tensor

predictions as a function of the number of training samples.
For all training set sizes, we have randomly drawn 300
additional structures as validation data to track overfitting
during training. Since the validation data indirectly influence
the selected set of trainable parameters, all values presented in
Figure 2 are obtained for the test data that have not been seen
during training. For example, for 2900 training data, we have
used the remaining 300 structures to test the model, while for

1500 training data, 1700 structures were used for the same
purpose.
In general, we notice that the proposed approach leads to

models that learn quite efficiently on the reference data. For
example, the RMSE for the [Co(N2S2O4C8H10)2]

2− data set is
reduced by a factor of 2 when doubling the training data set
size. It can be observed that the RMSE for [Ni(HIM2−
py)2NO3]

+ is slightly higher compared to other systems, while
[Fe(tpa)Ph]− shows lower RMSE values for smaller training
data set sizes. The former observation can be explained by the
higher flexibility of [Ni(HIM2−py)2NO3]

+. This leads to a
larger conformational space sampled during ab initio molecular
dynamics (AIMD) in Section 3.2 and, as a result, to a broader
range of D tensor elements; see Figure S2. For [Fe(tpa)Ph]−,
the situation is different since structural differences lead only to
a slight variation in D tensor elements; see Figure S1,
compared to other systems, Figures 3 and S2.
A direct comparison to previous models dealing with

machine learning magnetic anisotropy tensors, e.g., refs 33
and 34, is impossible since no standard benchmark is available
in the literature, in contrast to, e.g., QM968,69 and MD1770−72

data sets for testing machine-learned interatomic potentials.
Therefore, we use the presented data sets, available free-of-
charge from ref 73, to benchmark the models developed for
predicting D tensors.
In previous work,33 for [Co(N2S2O4C8H10)2]

2−, an RMSE
value of 2.2 cm−1 was obtained when training on 900
structures, while we obtain 1.5 cm−1. In ref 33, the training
data set was generated starting from an optimized structure in
a vacuum and then displacing atoms by a maximum of ±0.05 Å
(500 structures), ±0.1 Å (500 structures), and ±0.2 Å (500
structures), while we extracted the conformations from an

Figure 3. Correlation of the machine-learned symmetric elements (i ≥ j) of the zero-field splitting tensor (Dij) with the corresponding reference
values (Dij

ref) for all structures in the test [Co(N2S2O4C8H10)2]
2− data. For all predictions, the model trained on 2900 reference structures was used.

The respective coordinate system of the periodic box as well as an example substructure for which D tensor was computed are shown as an inset.
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AIMD simulation. Thus, we expect that our data sets cover a
broader conformational space, making the training more
difficult (which would lead to higher MAE/RMSE values)
but facilitating the prediction of properties for out-of-sample
configurations.
In Figure 3, we show the correlation of the reference and

machine-learned results of each Dij element in the D tensor for
the [Co(N2S2O4C8H10)2]

2− system. We again use only those
structures the machine learning model has not seen during
training. From Figure 3, we clearly see a perfect correlation
between both values in accordance with the low MAE (RMSE)
value of 0.30 cm−1 (0.58 cm−1), obtained by training the model
on 2900 reference structures. Similar results were obtained for
[Fe(tpa)Ph]− and [Ni(HIM2−py)2NO3]

+; see Figures S1 and
S2. In total, taking into account the broadly sampled
conformational space and an excellent out-of-sample predictive
accuracy, our approach should be applicable to large-scale
molecular dynamics simulations.
4.2. Dynamics of the D Tensor. We assess the quality of

machine-learned D tensors by applying the machine learning
methodology to the [Co(N2S2O4C8H10)2]

2− system to study
its magnetic/physicochemical properties. While a detailed
analysis is out of the scope of this paper, we provide merely a
qualitative overview to demonstrate the broad applicability of
our approach.
To analyze the properties of [Co(N2S2O4C8H10)2]

2−, we ran
molecular dynamics (MD) simulations in the canonical (NVT)
statistical ensemble, carried out within the ASE simulation
package46 using a Langevin thermostat at the temperatures of
25, 50, 75, and 100 K. All MD runs were performed over 2.5 ns
using a time step of 0.5 fs. The atomic velocities were
initialized with a Maxwell−Boltzmann distribution for the
temperatures of 25, 50, 75, and 100 K, respectively.
Forces for molecular dynamics were generated by an

ensemble of three machine-learned interatomic potentials;
see Section 2.3. To train the machine-learned interatomic
potentials, a cutoff radius of 6.5 Å was employed. The
ensembling technique provides us with an error estimate of the
potential during simulation. We have found the machine-
learned potential to be very accurate with the uncertainty
between models ranging from 0.10 ± 0 .06 to

0.15 ± 0.10 kcal/(mol Å); see Figure S3. For D tensor
predictions, we also use an ensemble of three models with an
uncertainty ranging from 0.11 ± 0.06 to 0.20 ± 0.11 cm−1; see
Figure S3. These values allow us to claim that our machine-
learned models are suitable for the following analysis.

4.2.1. Dependence of the D Tensor on the Structure. To
study the structural dependence of the D tensor, we evaluated
the average Co−N distance dCoN and the tetrahedral order
parameter ̂qNCoN as74
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where di and θij are the distance and angle formed by the metal
center and its neighboring nitrogen atoms, respectively. Note
that in the literature usually the average angle between
nitrogen atoms belonging to the same ligand is used as an
order parameter,33 or its deviation from a perfect tetrahedral
angle Td = 109.5° is discussed.75 We have employed the
tetrahedral order parameter ̂qNCoN often used when studying
the structure of liquid water.76 This parameter contains the
information about angular distribution but is rescaled in such a
way that its value varies between 0 (if the arrangement of all
atoms is random) and 1 (in a perfect tetrahedral network).
Moreover, it has a value of 0.5 for a perfect quadratic planar
configuration, which allows us to look into both possible
configurations of the first coordination sphere of [Co-
(N2S2O4C8H10)2]

2−, tetrahedral and quadratic planar.
Figure 4 shows the correlation of the magnetic axial

anisotropy D = 3/2Z, where Z is the eigenvalue of the D
tensor with the largest absolute value, with the order
parameters presented above. Data obtained from MD at
100 K are shown since they provide the broadest range of
conformations and the broadest range of D values. From
Figure 4, we see that the average Co−N distance dCoN
correlates only marginally with the magnetic axial anisotropy
D for which we obtained a linear correlation coefficient of

Figure 4. Correlation of the magnetic axial anisotropy D = 3/2Z, where Z is the largest eigenvalue of the D tensor, with (left) the average Co−N
distance dCoN and (right) tetrahedral order parameter ̂qNCoN. The latter yields a value of 1 for the perfect tetrahedral structure, 0.5 for a perfect
quadratic planar structure, and 0 for a random mutual arrangement of central and neighboring atoms. The tetrahedral order parameter ̂qNCoN yields
a linear correlation coefficient of 0.88, while the average Co−N distance does not correlate with D and yields a linear correlation coefficient of
−0.22.
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−0.22. This is in agreement with the results found in ref 33
taking into consideration that a minimal average Co−N
distance of about 1.98 Å could be sampled at 100 K. Note that
in ref 33, a stronger correlation was found for distances less
than 2.0 Å. However, from our MD simulations, we see that
such configurations are too rare at 100 K to be taken into
account.
Figure 4 clearly shows a strong dependence of the magnetic

axial anisotropy D on the tetrahedral order parameter ̂qNCoN
for which we obtained a linear correlation coefficient of 0.88.
When changing the structure from tetrahedral coordination to
a quadratic planar one, a strong increase of the magnetic
anisotropy is observed. Our results are in perfect agreement

with recent results that suggest that the ̂NCoN angle
represents the main path for improving Co2+ single-ion
magnets.6,33,77−80

4.2.2. Thermal Distribution of the D Tensor. Besides the
correlation of the magnetic axial anisotropy D with structural
order parameters dCoN and ̂dNCoN, we study the variation in
magnitude and orientation due to thermal fluctuations in the D
anisotropy tensor. Figure 5 (left) shows the distribution of the
individual Dij components of the D tensor sampled over 2.5 ns.
It can be seen that all elements Dij are approximately normally
distributed with broader distributions for higher temperatures.
The elements are symmetric with Dij = Dji; hence, only Dij for
i ≥ j are shown. It should be noted that we have found that the

Figure 5. (Left) Thermal broadening of the elements Dij with i ≥ j of the zero-field splitting tensor D obtained from sampling configurations over
2.5 ns long molecular dynamics. All values were computed employing the machine learning model described in Section 2.2. For all predictions, the
model trained on 2900 reference structures was used. (Right) Temperature dependence of D = 3/2Z and E = |X − Y|/2, where X, Y, and Z are the
eigenvalues of the D tensor, with Z being its largest absolute eigenvalue.

Figure 6. (Left) Velocity and D tensor autocorrelation functions, Cvv(t) and CDD(t), respectively, obtained by averaging over five independent MD
trajectories at 50 K of a length of 500 ps. (Right) Power spectral density function Sω of the velocity and D tensor autocorrelation functions. The
gray vertical lines at the bottom of the graph correspond to harmonic frequencies.
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mean of the distribution of each element Dij remains almost
unchanged and the maximal deviation equals 0.1 cm−1.
However, the distribution of each element Dij is broadened
by approximately a factor of 2 when increasing the temperature
from 25 to 100 K.
To relate the dynamics of the magnetic axial anisotropy

D = 3/2Z to the structural dynamics of the [Co-
(N2S2O4C8H10)2]

2− complex, we display the respective
distribution in Figure 5 (right) along with the distribution
for E = |X − Y|/2. Note that X, Y, and Z are the eigenvalues of
D, with Z being the one with the largest absolute value. We
have found the values for D to range from −105.7 ± 3.1 to
−106.0 ± 6.2 cm−1, i.e., the mean is almost temperature-
independent while the standard deviation is doubled when
increasing the temperature by a factor of 4 in accordance with
results for Dij. Note that our values estimated from MD
simulations with machine learning are very close to the
experimental one of −115 ± 20 cm−1.6 The values for E range
from 1.2 ± 0.2 to 1.3 ± 0.5 cm−1.
4.2.3. Time Correlation Functions and Spin−Phonon

Coupling. Finally, and mainly as an outlook to future
applications of our approach, we study the coupling of the D
tensor of the [Co(N2S2O4C8H10)2]

2− complex to the dynamics
of the periodic atomic structure (velocity vectors v = ẋ). For
this purpose, we define time-dependent D tensor and velocity
autocorrelation functions (ACFs) as
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respectively. Using these ACFs, it is possible to compute the
corresponding spectra by performing a Fourier transform or by
employing the maximum-entropy approach.81−83 In this work,
we compute the power spectral density function Sω of interest
employing the memspectrum package.84

Figure 6 shows the velocity and D tensor ACFs (left) as well
as the respective power spectral density functions Sω[Cvv(t)]
and Sω[CDD(t)] (right). From the latter, in principle, the spin−
phonon coupling coefficients ∂D/∂qα beyond the harmonic
approximation can be calculated, which provide the interaction
strength between the spin and the atomic movements.85 The
present study is restricted to the demonstration of the
capability of the proposed approach, a detailed analysis will
be presented in future work. For now, we computed the
spectra for the Γ-point only, while the inclusion of the full
Brillouin zone (k-dependence) may be important to estimate
the spin lifetime. Even with our preliminary spectra, we are
able to deduce similar conclusions as previous work85 found
for [Fe(tpa)Ph]− in that the most important vibrations in the
spin−phonon relaxation process are the low-energy ones. They
are predominantly populated under typical experimental
conditions.

5. CONCLUSIONS
In this work, we have presented a machine learning approach
based on Gaussian moments24,30 for tensorial properties on the
example of the zero-field splitting (D) tensor. It enables an
efficient prediction and modeling of magnetic properties of
single-molecule magnets. The presented approach was

extensively tested on three systems [Co(N2S2O4C8H10)2]
2−,

[Fe(tpa)Ph]−, and [Ni(HIM2−py)2NO3]
+ in terms of its

predictive accuracy and its reliability during real-time
simulations.
Training the proposed model on the respective reference D

values for the [Co(N2S2O4C8H10)2]
2−, we have observed an

improved accuracy compared to previous studies,33 especially
taking into account the larger sampled configurational space. In
total, for all systems tested in this work, we could achieve an
MAE of 0.3−0.4 cm−1 and an RMSE of 0.6−0.7 cm−1 for the
models trained on 2900 reference structures. Moreover, we
have shown that the proposed approach, once trained on a
sufficiently large configurational space, is able to predict D
tensor values for millions of conformations not seen before
with a negligibly small uncertainty of 0.11−0.20 cm−1 obtained
by employing the query-by-committee approach. This
demonstrates the excellent generalization capability of our
approach.
In combination with machine-learned interatomic potentials,

we were able to run 2.5 ns long molecular dynamics
simulations at temperatures of 25, 50, 75, and 100 K. Using
the respective trajectories, we could analyze several properties
of the [Co(N2S2O4C8H10)2]

2− complex taken as an example.
Analyzing the dependence of the magnetic axial anisotropy on
average Co−N distance and an ̂NCoN angle-dependent order
parameter ̂qNCoN, we have found that the ̂NCoN angle

represents the main path for improving Co2+ single-ion
magnets, in accordance with recent results.6,33,77−80 Moreover,
we could estimate the thermal average of D and E values. For
the former, a very good agreement with the experiment has
been found, while for the latter, no experimental data are
available.
Besides the structure, we investigated the dynamic behavior

of the D tensor of the [Co(N2S2O4C8H10)2]
2− complex. Even

in such preliminary work, we observed the expected behavior
that the low-energy vibrations are important for the spin−
phonon relaxation process.
In summary, our developments aim to provide an alternative

way for the efficient modeling of magnetic properties of single
molecular magnets via machine learning. While the current
setup is based on a relatively simple complete active space
configuration interaction treatment of the molecular proper-
ties, our approach can be easily extended to more elaborate
methods, e.g., using transfer learning. Future work will
furthermore deal with an application of the proposed
methodology to allow for a detailed analysis of spin−phonon
relaxation processes.
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(70) Schütt, K. T.; Arbabzadah, F.; Chmiela, S.; Müller, K. R.;
Tkatchenko, A. Quantum-chemical insights from deep tensor neural
networks. Nat. Commun. 2017, 8, No. 13890.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.1c00853
J. Chem. Theory Comput. 2022, 18, 1−12

11



(71) Chmiela, S.; Tkatchenko, A.; Sauceda, H. E.; Poltavsky, I.;
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A B S T R A C T 

The diffusion of atoms and radicals on interstellar dust grains is a fundamental ingredient for predicting accurate molecular abun- 
dances in astronomical environments. Quantitative values of diffusivity and diffusion barriers usually rely heavily on empirical 
rules. In this paper, we compute the diffusion coefficients of adsorbed nitrogen atoms by combining machine learned interatomic 
potentials, metadynamics, and kinetic Monte Carlo simulations. With this approach, we obtain a dif fusion coef ficient of nitrogen 

atoms on the surface of amorphous solid water of merely (3 . 5 ± 1 . 1) × 10 

−34 cm 

2 s −1 at 10 K for a bare ice surface. Thus, we find 

that nitrogen, as a paradigmatic case for light and weakly bound adsorbates, is unable to diffuse on bare amorphous solid water at 
10 K. Surface co v erage has a strong effect on the diffusion coefficient by modulating its value o v er 9–12 orders of magnitude at 
10 K and enables diffusion for specific conditions. In addition, we have found that atom tunnelling has a negligible effect. Average 
diffusion barriers of the potential energy surface (2.56 kJ mol −1 ) differ strongly from the ef fecti ve dif fusion barrier obtained 

from the diffusion coefficient for a bare surface (6.06 kJ mol −1 ) and are, thus, inappropriate for diffusion modelling. Our findings 
suggest that the thermal diffusion of N on water ice is a process that is highly dependent on the physical conditions of the ice. 

Key words: astrochemistry – molecular data – methods: numerical – ISM: molecules. 

1  I N T RO D U C T I O N  

The mobility of atoms and molecules on the surface of interstellar 
dust grains is crucial for surface processes like the formation of 
complex organic molecules (COMs). Observed abundances can be 
explained only by a combination of gas-phase reactions and surface 
chemistry (Herbst & van Dishoeck 2009 ). It is believed that dif fusi ve 
processes, lik e the Langmuir–Hinshel w ood mechanism, pre v ail in 
surface chemistry at low temperatures (Herbst & van Dishoeck 2009 ; 
Ruaud et al. 2015 ), although the Eley–Rideal and ‘hot-atom’ mecha- 
nisms may have significant importance (He, Emtiaz & Vidali 2017 ). 

The rate-limiting step of dif fusi ve mechanisms is the mobility of 
adsorbates on the surface. At the average temperature of molecular 
clouds of 10–20 K (Snow & McCall 2006 ), diffusion by thermal 
hopping is limited. The mass and binding energy are the main factors 
determining if an adsorbate diffuses or not. There is evidence from 

experiment (Tsong 2001 ; Hama et al. 2012 ; Kuwahata et al. 2015 ) and 
simulation ( ́Asgeirsson, J ́onsson & Wikfeldt 2017 ; Senevirathne et al. 
2017 ) for efficient diffusion of H, D, H 2 , and He on ice surfaces at 
temperatures as low as 10 K. Especially, the diffusion of H may be fa- 
cilitated by tunnelling (Kuwahata et al. 2015 ) on polycrystalline wa- 
ter ice. On amorphous solid water (ASW), the influence of tunnelling 
greatly depends on the adsorption site under consideration (Hama 
et al. 2012 ; Ásgeirsson et al. 2017 ; Senevirathne et al. 2017 ) 

A different situation arises for the next set of light particles with 
rele v ance in astrochemistry, namely the first-row atoms C, N, and O, 
for which rich chemistry is expected. The interaction of these atoms 
with ASW has been theoretically studied recently (Shimonishi et al. 

� E-mail: kaestner@theochem.uni-stuttgart.de 

2018 ), finding that C forms a tightly bound complex and is unable to 
diffuse, while O and especially N are much weaker bound. Quantum 

tunnelling was claimed by indirect evidence to be responsible for O 

diffusion (Minissale et al. 2013 ), a finding disputed later (Pezzella, 
Unke & Meuwly 2018 ). Here, we report on the dif fusi vity of nitrogen 
atoms on ASW surfaces. 

Recently, we investigated the adsorption dynamics of the N atom 

on ASW (Molpeceres, Zaverkin & K ̈astner 2020b ) using ab-initio 
molecular dynamics employing a neural-network potential [machine 
learned potential (MLP), Zaverkin & K ̈astner 2020 ], finding sticking 
to be extremely ef fecti ve at low temperatures and desorption to occur 
in a window in between 23–28 K, in agreement with previous ex- 
periments (Minissale, Congiu & Dulieu 2016 ). The average binding 
energy of N on ASW was found to be very small ( ∼2.9 kJ mol −1 , 
including zero-point vibrational energies), also in agreement with the 
average value provided in recent simulations (Shimonishi et al. 2018 ). 
Our reported distribution of binding energies is also in accordance 
with the experimental values of the literature (Minissale et al. 2016 ), 
with a lower average value (by a factor of 2) but a significant amount 
of binding sites in their provided range ( ∼5.8 kJ mol −1 ; see fig. 2 of 
Molpeceres et al. 2020b ). 

The small binding energy, in combination with the small mass of N 

and the possibility of simulating long time scales thanks to the MLP, 
has moti v ated us to explicitly study the dif fusion of an adsorbate 
other than H and D with rele v ance to interstellar surface chemistry. 
Using a combination of accelerated sampling techniques (Laio & 

Parrinello 2002 ; Barducci, Bussi & Parrinello 2008 ) to construct a 
2D free-energy surface (FES) experienced by the N atoms and kinetic 
Monte Carlo (kMC) simulations, we have estimated the diffusion 
coefficient of N as a function of the temperature, as well as other 
diffusion-related properties. 

© 2021 The Author(s) 
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Figure 1. (Left-hand panel) Atomic structure of the amorphous water ice equilibrated at 50 K. All atoms are coloured according to their z-coordinate value 
(surface normal) with red atoms sticking out of the surface and blue atoms denoting cavities. (Right-hand panel) The 2D FES for the adsorbed nitrogen atom 

on the ice surface. 

This paper has the following structure: First, we briefly introduce 
the rele v ant computational details in Section 2, and describe the 
obtained results in Section 3. The justification of our finding is 
presented in Section 4, while a rationalization of previous results 
in the light of our recent simulations is discussed in the last section 
(Section 5). The results presented here have important implications 
for the chemistry of dense, interstellar clouds. 

2  C O M P U T  AT I O NA L  D E T  AILS  

The study of diffusion requires long time scales, short time steps 
in direct molecular dynamics, and a very accurate potential energy 
surface. We hav e achiev ed this by combining ab-initio molecular 
dynamics with a neural-network potential (MLP) (Zaverkin & 

K ̈astner 2020 ; Molpeceres et al. 2020b ), free-energy sampling using 
metadynamics, and kMC based on the minima and saddle points on 
the FES. 

2.1 Machine learned potential 

To create an accurate interatomic potential, we employed the 
Gaussian moment neural-network (GM-NN) approach (Zaverkin & 

K ̈astner 2020 ) recently developed in our group. Our MLP was fitted 
to a training set of energies and gradients at the PBEh-3c/def2-mSVP 

(Grimme et al. 2015 ) level of 28 715 structures with 3 to 378 atoms 
each. For more details on the data set employed in this work see 
elsewhere (Molpeceres et al. 2020b ). The training set structures are 
accessible free of charge (Molpeceres, Zaverkin & K ̈astner 2020a ). 
For details on the construction of the respective MLP and on the 
analysis of its accuracy during molecular dynamics simulations, see 
Supplementary Information. 

2.2 Free-energy sampling 

The free-energy sampling of a region spanning 800 Å2 was performed 
using well-tempered metadynamics simulations (Huber, Torda & van 
Gunsteren 1994 ; Laio & Parrinello 2002 ; Barducci et al. 2008 ). For 
that, we interfaced our neural-network potential with the Atomic 

Simulation Environment (ASE) (Hjorth Larsen et al. 2017 ) and the 
PLUMED package (Bonomi et al. 2009 ; Tribello et al. 2014 ; The 
PLUMED consortium et al. 2019 ). The internal modes of water 
were flexible. The collective variables for the metadynamics were 
selected to be the x and y components of the nitrogen atom diffusing 
on the surface. The parameters of the Gaussian bias potential in 
the metadynamics were a rate of deposition of 125 fs, a Gaussian 
height of 0.025 kJ mol −1 , a Gaussian width of 0.25 Å for each of the 
collecti ve v ariables, and a bias factor of 6. These parameters were 
obtained after e xtensiv e testing to produce a smooth FES. In addition, 
we included an arbitrarily high wall potential (spherical) to a v oid ni- 
trogen escaping via the borders of the ice. The complete sampling of 
such a big region is impossible, even with metadynamics simulations. 
Thus, we have divided the complete surface into nine different sub- 
regions of reduced size running metadynamics simulations in each 
one of them. Jumps between the different sub-regions were a v oided 
by a harmonic potential wall. The FES was then reconstructed by 
o v erlapping each sub-re gion using a weighting function to ensure a 
smooth potential. For more details, see Supplementary Information. 
Each sub-region was sampled at a temperature of 50 K for a total 
time of 6.5 ns each. The FES was reconstructed from the ne gativ e of 
the history-dependent bias potential (Laio & Parrinello 2002 ). Our 
structural model of the ice and the reconstructed 2D FES for the 
mo v ement of the nitrogen atom in x and y directions are shown in 
Fig. 1 . 

2.3 Minima and transition state optimization 

Using the analytic FES and its deri v ati ves, we optimized the min- 
ima and transition states using the optimization library DL-FIND 

(K ̈astner et al. 2009 ). We obtained 139 minima and coarse-grained 
them to 60 by combining close-lying minima separated by negligible 
barriers. We calculated the transition states that can be reduced to 
a single elementary step using the Nudged Elastic Band (NEB) 
method (J ́onsson, Mills & Jacobsen 1998 ; Henkelman & J ́onsson 
2000 ; Henkelman, Uberuaga & J ́onsson 2000 ). We ended up with 60 
minima interconnected by 107 transition states. All rele v ant data are 

MNRAS 510, 3063–3070 (2022) 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/510/2/3063/6460516 by U
niversitaet Stuttgart user on 10 January 2022



Nitro g en on ASW – II. Diffusion 3065 

given in Supplementary Information, to ensure the reproducibility 
of this work. Rate constants for each possible transition (direct 
and reverse) were obtained in the context of transition state theory 
by applying Eyring’s equation. Explicit consideration of tunnelling 
for each transition was incorporated using Eckart and Bell-type 
tunnelling corrections for each rate constant. 

2.4 Modelling of diffusion 

We constructed a kMC model (Bortz, Kalos & Lebowitz 1975 ; 
Gillespie 1976 ) explicitly considering all the acti v ation barriers and 
minima on our FES. We ran 10 8 kMC steps at each temperature (10 9 

steps at 17 K). After that, the probability of finding the N adatom 

at each binding site in kMC resembled its Boltzmann probability. 
This was achie v able do wn to 17 K. To reach lo wer temperatures, we 
had to extrapolate, see Fig. 3 . To take our model’s boundaries into 
account appropriately, we divided the diffusion paths into segments 
(Kirchheim 1987 , 1988 ; Ramasubramaniam et al. 2008 ) that end once 
the N atom reaches the confining potential wall. A new segment 
is started if a random number between 0 and 1 is larger than 0.5 
to mimic the possible hop out of our boundaries. Additionally, we 
started a new kMC segment if, during 10 5 iterations, no border was 
reached to obtain better statistics on estimated diffusion coefficients. 
The dif fusion coef ficient was calculated from the mean squared 
displacement (MSD) of the nitrogen atom by time-averaging over 
the segments i : 

D = 

∑ 

i 

D i � t i 

t 
, (1) 

where � t i = t i − t i − 1 is the time length of the segment i , t is the total 
time of the kMC simulation, and the respective diffusion coefficient 
D i is calculated as 

D i = 

( r ( t i ) − r ( t i−1 ) ) 
T ( r ( t i ) − r ( t i−1 ) ) 

2 d� t i 
, (2) 

where d = 2 for a two-dimensional system. We carefully validated all 
simulation parameters, also the non-periodic model, by comparison 
between easy-to-sample periodic and non-periodic auxiliary models, 
see Supplementary Information. Finally, the simulation of different 
degrees of surface coverage was done by removing specific minima 
for the kMC simulation, assuming a non-reactive species is already 
occupying such state, therefore the distribution of binding sites do 
not change by the number of adsorbed atoms. 

The metadynamics simulations required direct molecular dynam- 
ics of 6.5 ns, while the kMC runs co v ered 10 12 s. This protocol 
resulted in temperature-dependent diffusion coefficients as time 
averages of our kMC trajectories. 

3  C O M P U TAT I O NA L  RESULTS  

3.1 Free-energy surface 

Fig. 1 (left-hand panel) shows the ASW ice surface equilibrated 
at 50 K with atoms coloured according to their z-coordinate. 
Fig. 1 (right-hand panel) represents the respective 2D FES for the 
adsorbed nitrogen atom on the ice surface. From these figures, the 
complexity of the ASW and FES surface topologies can be deduced. 
Moreo v er, the presence of small pores is expected to be crucial 
when computing the dif fusion coef ficients. Note that we assume that 
differences between FESs obtained for temperatures equal to or lower 
than 50 K are small since the variation of the entropy of the system 

should be minute. Therefore, it is sufficient to sample the FES at 

50 K only and use the obtained diffusion barriers within the kMC 

framework for other temperatures. 
Fig. 2 (left-hand panel) shows the distribution of activation barriers 

for diffusion obtained for the coarse-grained FES. It can be seen that 
the respective distribution is relatively broad with a mean value of 
2.56 kJ mol −1 and a standard deviation value of 1.72 kJ mol −1 . 
Taking into account the broad distribution of acti v ation energies, one 
could claim that the assumption about the relation of the ef fecti ve 
diffusion barrier to the mean binding energy, i.e. E diff ∼ 0.55 E bin 

found in the literature (Minissale et al. 2016 ), depends on the physical 
conditions under consideration since it does not directly compare 
with our value of 0.76 (computed from our distribution of binding 
energies excluding zero-point vibrational energies, see Molpeceres 
et al. 2020b ). 

In addition, one may estimate the pre-exponential factor, D 0 , of 
the classical Arrhenius expression 

D = D 0 exp 

(
−�F 

RT 

)
, (3) 

directly from FES. For this purpose, one may write for D 0 , similar 
to Du, Rogal & Drautz ( 2012 ), 

D 0 = �a 2 0 ν0 , (4) 

to which we add a superscript, i.e. we write D 

avg 
0 , to simplify 

the comparison of the obtained result to the corresponding values 
presented in Section 3.2. In the expression in equation (3), we 
set the ef fecti ve dif fusion barrier � F to � F 

avg = 2.56 kJ mol −1 

and, in equation (4), a 0 is the mean jump distance, ν0 is the 
attempt frequency, and � is the geometric pre-factor related to the 
connectivity of each site to its neighbouring sites. 

The attempt frequency ν0 can be estimated as the vibrational 
frequency of the adatom averaged over all sites. We obtained a value 
of ν0 = 8.9 · 10 12 s −1 . The respective harmonic frequencies are 
calculated from the Hessian matrix computed for the binding sites 
on the coarse-grained FES. 

The jump distance can be estimated from the distance distribution 
between neighbouring minima, shown in Fig. 2 (right-hand panel). 
Thus, we obtain a mean jump distance value of a 0 = 4.20 Å. For the 
estimation of geometric pre-factor �, we assume isotropic diffusion, 
which results in the following expression (Allnatt & Lidiard 1993 ): 

� = 

n 

2 d 
, (5) 

where n is the number of neighbouring states and d is the dimen- 
sionality of the system. The former can be determined as the mean 
of the connectivity of all sites and equals to 4. Thus, we obtained the 
pre-exponential factor of D 

avg 
0 = 1 . 57 × 10 −2 cm 

2 s −1 , setting d = 

2. The respective Arrhenius plot is depicted in Fig. 3 . 
Note that due to the broad distribution of acti v ation barriers, 

distances between neighbouring minima, and the number of neigh- 
bouring states the quantities derived in this section, D 

avg 
0 and � F 

avg , 
may deviate from the ground truth. Thus, a more rigorous description 
of diffusion processes is needed. The kMC approach, employed in 
Section 3.2, provides us with the necessary flexibility taking into 
account the connectivity between binding sites with their realistic 
barriers. 

3.2 Kinetic Monte Carlo 

In Section 3.1, we have seen that the 2D FES for the adsorbed nitrogen 
atom has a broad distribution of diffusion barriers, distances between 
neighbouring sites, and the number of neighbours. Therefore, to 
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Figure 2. (Left-hand panel) Distribution of diffusion barriers with a mean of 2.56 kJ mol −1 and a standard deviation of 1.72 kJ mol −1 . (Right-hand panel) 
Distribution of distances between neighbouring sites on the FES with a mean of 4.20 Å and a standard deviation of 1.63 Å. 

Figure 3. Temperature dependence of dif fusion coef ficients ( D ) for N on 
ASW for the bare surface with or without tunnelling correction. Linear fits 
are displayed for clarity, and the red dotted line represents D 

avg estimated in 
Section 3.1. 

a v oid hopping between two states separated by a low activation 
barrier and, thus, impro v e the efficienc y of kMC simulations, we 
employ the coarse-grained FES, the generation of which is briefly 
discussed in Section 2.3. 

3.2.1 Single adsorbed nitro g en 

To study the mobility of the nitrogen atom on the water surface, we 
performed kMC simulations at six different substrate temperatures 
T = { 17, 20, 25, 30, 40, and 50 } K. Each simulation was started 
from a randomly selected site and was performed for 10 8 –10 9 steps 
resulting in total times ranging from seconds (50 K) to several 
thousands of years (17 K). For each temperature value, we performed 
25 independent kMC runs with the exception of T = 17 K for with 
10 independent kMC runs were performed. The reason for that is 
the increased computational cost compared to other temperature 

values due to the increased number of steps (10 9 ). Converging kMC 

simulations at 10 K was impossible in a reasonable time. 
To make sure that the sampling was performed long enough, we 

compared kMC probability to find the nitrogen atom at a certain 
binding site to its Boltzmann equi v alent. The kMC probability can 
be calculated as p i ∝ t i / t total , where t i is the time spend in the 
corresponding binding site i and t total is the total time co v ered by 
the simulation. 

Fig. 3 shows the temperature-dependent dif fusion coef ficients 
obtained for the bare surf ace emplo ying kMC simulations along 
with the respective linear fit. Fitting the respective values by the 
Arrhenius expression presented in equation (3), we obtained the pre- 
exponential factor value of D 0 = (1 . 65 ± 0 . 32) × 10 −2 cm 

2 s −1 and 
the ef fecti ve dif fusion barrier v alue of � F = (6.06 ± 0.04) kJ mol −1 . 
It should be noted that diffusion coefficients predicted employing 
kMC simulations are different from D 

avg , obtained using the averaged 
diffusion barrier in Section 3.1, by several orders of magnitude. 
While the pre-exponential factor is close to the one obtained in 
Section 3.1 ( D 

avg 
0 = 1 . 57 × 10 −2 cm 

2 s −1 ), the average diffusion 
barrier ( � F 

avg = 2.56 kJ mol −1 ) is about 2.4 times smaller compared 
to the respective value obtained by kMC simulations. This makes 
the diffusion at low temperatures less probable compared to the 
estimations based on the FES only. 

Using the data from the linear fit in Fig. 3 , we estimated the dif- 
fusion coefficient at 10 K and obtained D ( 10 K ) = (3 . 47 ± 1 . 07) ×
10 −34 cm 

2 s −1 . This is much lower than the estimate obtained using 
parameters from Section 3.1 [ D 

avg ( 10 K ) = 6 . 67 × 10 −16 cm 

2 s −1 ]. 
All numerical values of diffusion coefficients are presented in Table 1 . 

Note that it is advisable to perform companion molecular dynamics 
simulations to ensure that kMC simulations lead to correct state-to- 
state evolution of the studied system (Voter 2007 ). Ho we v er, man y 
theoretical studies have been performed on similar systems (Karsse- 
meijer & Cuppen 2014 ; Karssemeijer et al. 2014 ; Ásgeirsson et al. 
2017 ; Senevirathne et al. 2017 ) like the molecular dynamics study 
of Pezzella et al. ( 2018 ), which we use as a reference in this work. 

From fig. 2A of Pezzella et al. ( 2018 ), one finds an MSD of 
133.64 Å2 for the adsorbed oxygen atom sampled o v er 500 ns at 50 K. 
This results in a diffusion coefficient of 6.68 ×10 −9 cm 

2 s −1 similar 
to the one obtained by us for the nitrogen atom (9.16 ×10 −9 cm 

2 

s −1 ). Similar values for the diffusion coefficients might be expected 
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Table 1. Diffusion coefficients in cm 

2 s −1 obtained for the bare surface, including tunnelling, and with the one to four deepest sites blocked by running kMC 

simulations. 

T (K) Bare surface Tunnelling (Eckart) Tunnelling (Bell) One site blocked Two sites blocked Three sites blocked Four sites blocked 

10 3.47 ×10 −34 (1.07) 9.82 ×10 −34 (2.79) 4.67 ×10 −34 (1.98) 8.20 ×10 −26 (3.30) 2.87 ×10 −25 (0.33) 9.71 ×10 −24 (2.26) 9.04 ×10 −23 (1.86) 
17 6.87 ×10 −21 (2.22) 1.17 ×10 −20 (0.26) 1.21 ×10 −20 (0.33) 5.06 ×10 −16 (1.93) 5.47 ×10 −16 (0.76) 4.56 ×10 −15 (1.30) 1.47 ×10 −14 (0.35) 
20 2.57 ×10 −18 (0.58) 3.52 ×10 −18 (0.98) 3.22 ×10 −18 (1.55) 1.96 ×10 −14 (0.67) 2.98 ×10 −14 (0.12) 1.59 ×10 −13 (0.13) 4.69 ×10 −13 (0.49) 
25 2.14 ×10 −15 (0.11) 2.75 ×10 −15 (0.19) 2.77 ×10 −15 (0.18) 1.97 ×10 −12 (0.15) 3.61 ×10 −12 (0.04) 1.27 ×10 −11 (0.02) 2.96 ×10 −11 (0.07) 
30 2.75 ×10 −13 (0.11) 3.20 ×10 −13 (0.09) 3.20 ×10 −13 (0.12) 6.77 ×10 −11 (0.58) 1.12 ×10 −10 (0.02) 2.95 ×10 −10 (0.06) 5.88 ×10 −10 (0.15) 
40 1.67 ×10 −10 (0.02) 1.84 ×10 −10 (0.02) 1.82 ×10 −10 (0.02) 7.17 ×10 −9 (0.13) 1.11 ×10 −8 (0.03) 2.08 ×10 −8 (0.06) 3.32 ×10 −8 (0.09) 
50 9.16 ×10 −9 (0.04) 9.74 ×10 −9 (0.05) 9.71 ×10 −9 (0.06) 1.35 ×10 −7 (0.03) 1.94 ×10 −7 (0.03) 3.02 ×10 −7 (0.04) 4.26 ×10 −7 (0.06) 

D 0 1.65 ×10 −2 (0.32) 1.27 ×10 −2 (0.23) 2.16 ×10 −2 (0.57) 4.88 ×10 −3 (1.23) 3.69 ×10 −3 (0.27) 3.02 ×10 −3 (0.44) 2.63 ×10 −3 (0.34) 
� F 6.06 (0.04) 5.96 (0.04) 6.06 (0.06) 4.36 (0.05) 4.23 (0.02) 3.92 (0.03) 3.73 (0.03) 

Standard deviation is given in parentheses. Values for 10 K are estimated from the linear fit. 

because the estimated average diffusion barriers are close for both 
systems and are 2.29 kJ mol −1 (Pezzella et al. 2018 ) for the oxygen 
atom and 2.56 kJ mol −1 for the nitrogen atom. 

Additionally, we analysed direct molecular dynamics simulations 
of the nitrogen atom adsorbed on top of the ASW surface performed 
o v er 4 and 2 ns at 10 and 50 K, respectively. The analysis revealed 
the good correspondence of the diffusion coefficients obtained by 
the direct molecular dynamics and by our kMC simulations. For 
details, see Supplementary Information. Based on these results, we 
may argue that the kMC dynamics produces correct time evolution 
of the system and, thus, is statistically indistinguishable from a long 
molecular dynamics simulation. 

Quantum tunnelling may potentially influence the mobility of 
nitrogen atoms. We use the Eckart and Bell corrections to the rate 
constants of the kMC simulations. For analytic expressions of the 
respective tunnelling corrections, see McConnell & K ̈astner ( 2017 ). 
The dif fusion coef ficients obtained using the corresponding corrected 
rate constants are shown in Fig. 3 . The corresponding numerical 
values, as well as D 0 and � F , can be found in Table 1 . 

From Fig. 3 , we see that the diffusion coefficients accounting 
for tunnelling are only marginally larger compared to the ones 
without tunnelling corrections. This result can be expected, taking 
into account the high mass of the nitrogen atom. 

Another concept that has to be accounted for is the roughness of 
the underlying potential at the atomic length-scales as introduced by 
Pezzella et al. ( 2018 ). Following the work of Zwanzig ( 1988 ), we 
may write for the ef fecti ve dif fusion coef ficient 

D 

∗ = D exp 

(
−
( ε

RT 

)2 
)

, (6) 

where we use the Arrhenius expression for D from equation (3) and 
ε resembles the variations of the potential on atomic length-scales. 
Note that in contrast to Pezzella et al. ( 2018 ), we obtain a modified 
expression 

D 

∗ = D 0 exp 

(
−�F 

RT 
−

( ε

RT 

)2 
)

, (7) 

which is more suitable for fitting properties that vary on several 
orders of magnitude like the diffusion coefficient. 

Fitting the expression in equation (7) to the kMC data results in a 
negligibly small roughness parameter ε and an increase of diffusion 
coefficient at 10 K of a factor of 2. Therefore, we skip the respective 
analysis in the subsequent sections. 

3.2.2 Blocking surface sites 

In general, the studied water surface has regions containing smaller 
pores on different parts of the ice surface that are characterized by 
high binding energy and a high number of neighbours. Note that in 
real ASW, much deeper pores are expected (Bossa et al. 2015 ). While 
performing kMC simulations on the bare surface, see Section 3.2.1, 
we observed that the nitrogen atom is able to diffuse quickly into 
one of these sites. Once the nitrogen atom was trapped by one of 
these sites, it stays there for most of the time. We have found that the 
nitrogen atom spends about 93 per cent of the simulation time in the 
site associated with the deepest free energy at 50 K, found at around 
( x , y ) = ( − 6.3, −11.6) Å for the respective FES shown in Fig. 1 . 
For lower temperatures, the nitrogen atom stays in the corresponding 
site up to 99.99 per cent of the total simulation time. The smallest 
barrier to get out of the respective minimum is � F = 5.90 kJ mol −1 . 

Moreo v er, in an experimental setup or interstellar clouds, single 
nitrogen atom diffusion is highly unlikely due to the high atomic 
fluxes employed in the former and the relative molecular abundances, 
e.g. with respect to H 2 (Ruaud, Wakelam & Hersant 2016 ), in the 
latter. Higher surface co v erage is e xpected in both cases. This raises 
the question of the influence of the presence of additional inert 
species on the mobility of the adsorbed nitrogen atom. To address 
this question, we exclude the deepest binding sites (one to four), 
which mimics their occupation by some inert chemical species. Note 
that in this section, we neglect tunnelling, since we have found that 
it has only a marginal impact on the mobility of the nitrogen atom 

on the water ice surface. 
Similar to Section 3.2.1, we performed kMC simulations at 

different substrate temperatures ranging from 17 to 50 K. All kMC 

simulations were performed for 10 6 –10 8 steps since the Boltzmann 
distribution could be achieved faster when excluding the deeper sites. 
For all temperatures, 25 independent kMC runs were performed. 
Simulations at 10 K were impossible in a reasonable time due to 
computational cost even after excluding four deeper binding sites. 

Fig. 4 shows the temperature-dependent diffusion coefficients of 
the nitrogen atom along with the corresponding linear fits for the 
bare surface and the surface with one to four binding sites excluded 
from the simulation. From the figure, one can see that the mobility 
of the nitrogen atom on the water ice surface increases strongly with 
the increasing number of blocked sites. The strongest effect was 
observed by excluding the first deepest site. While the difference 
of dif fusion coef ficients for the bare surface and the surface with 
multiple occupied binding sites is smaller for temperatures abo v e 
30 K, the effect on the mobility of the nitrogen is greater at lower 
temperatures. We have found that the dif fusion coef ficient for the 
adsorbed nitrogen atom at 10 K is 9–12 orders of magnitude larger 
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Figure 4. Temperature dependence of dif fusion coef ficients ( D ) for N on 
ASW for the bare surface and the surface with the one to four deepest sites 
blocked. Linear fits are displayed for clarity, and the red dotted line represents 
D 

avg . 

Figure 5. Pre-exponential factor, D 0 , and ef fecti ve dif fusion barrier, � F , 
depending on the number of blocked sites. The blue line shows the effective 
diffusion barrier, while the red one represents the pre-exponential factor. 

for the surface with the blocked deeper binding sites compared to 
the bare surface. All numerical values of diffusion coefficients at 
different substrate temperatures can be found in Table 1 . 

Fig. 5 shows the dependence of the pre-exponential factor D 0 

and the ef fecti ve barrier � F , obtained by fitting kMC values of 
dif fusion coef ficients by the Arrhenius equation from equation (3), 
on the number of occupied binding sites. The respective numerical 
values can be found in Table 1 . From the figure, we see that the 
strongest decrease in both values was achieved already by excluding 
the deepest minimum in agreement with the observed increase of 
dif fusion coef ficients discussed abo v e. The ef fecti ve dif fusion barrier 
decreases from 6.06 to 4.36 kJ mol −1 , which is now closer to the 
averaged one obtained in Section 3.1 ( � F 

avg = 2.56 ± 1.72 kJ mol −1 ), 
especially taking into account its large standard deviation. The pre- 
exponential factor decreases by one order of magnitude and remains 
almost unchanged after excluding the first binding site. 

Figure 6. Diffusion times of the nitrogen atom adsorbed on top of the ASW 

surface until it is trapped by the deepest binding site (one site) or by one of 
the four deepest binding sites (four sites). 

3.2.3 Diffusion times 

Besides dif fusion coef ficients, we measured times the nitrogen could 
freely diffuse on the bare surface before being trapped by the deepest 
binding site or by one of the four deepest binding sites. Fig. 6 shows 
the temperature dependence of the diffusion time for both scenarios. 
We have found that the nitrogen atom is trapped by the deepest 
binding site already after 1 . 10 × 10 −6 s at 50 K and after about 8 d 
at 17 K. The diffusion time depends exponentially on the inverse 
temperature, i.e. we may write 

t = A exp 

(
B 

T 

)
, (8) 

and obtain parameters A and B by fitting the respective expression to 
measured data. The corresponding linear fits are presented in Fig. 6 . 
For the nitrogen being trapped by the deepest binding site, we ob- 
tained A = (7 . 61 ± 3 . 05) × 10 −13 s and B = (696.01 ± 9.95) K. For 
the nitrogen being trapped by one of four deepest binding sites, we 
obtained A = (7 . 65 ± 3 . 53) × 10 −13 s and B = (514.79 ± 11.47) K. 

Using the parameters A and B , we can compute the time the 
nitrogen atom will be able to freely diffuse until it reaches the 
deepest or one of four deepest binding sites. The respective values are 
1 . 28 × 10 18 and 1 . 74 × 10 10 s (age of the Universe is 4 × 10 17 s). 
This is equi v alent to ef fecti v e distances co v ered by the nitrogen atom 

(4 Dt = r 2 ) of 4.22 and 5 × 10 −4 Å, respectively. While the times 
are large, these distances are negligibly small compared to the size 
of typical dust grain of 1 μm. 

4  DI SCU SSI ON  

Running the kMC simulations at T = 50 K, we obtain a diffusion 
coefficient of a nitrogen atom on ASW of 9 . 2 × 10 −9 cm 

2 s −1 , 
which is already low, but still even higher than the experimental 
results (Mat ́e et al. 2020 ) obtained for CH 4 , a molecule with very 
similar weight and affinity with the ASW to N, of 10 −12 cm 

2 s −1 . The 
influence of the temperature is severe, at T = 17 K we obtain D = 

(6 . 9 ± 2 . 2) × 10 −21 cm 

2 s −1 , which is in much better agreement with 
estimates by He et al. (He, Emtiaz & Vidali 2018 ) of 10 −20 cm 

2 s −1 

for CH 4 on ASW. Extrapolating to T = 10 K, the typical temperature 
in a molecular cloud, we arrive at D = (3 . 5 ± 1 . 1) × 10 −34 cm 

2 s −1 , 
a very lo w v alue. Since the MSD covered by diffusion in two 
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dimensions is 〈 r 2 〉 = 4 Dt , the average time for such a particle 
to scan a 1 μm dust grain is approx 10 25 s, which is orders of 
magnitude longer than the age of the Universe (4 × 10 17 s). Thus, a 
Langmuir–Hinshel w ood mechanism of nitrogen atoms diffusing to 
meet reaction partners is found to be unlikely. 

The temperature dependence of the diffusion constant nicely fol- 
lows an Arrhenius-like behaviour of D ( T ) = D 0 exp ( − � F / RT ) with 
D 0 = ( 1 . 65 ± 0 . 32 ) × 10 −2 cm 

2 s −1 and � F = 6.06 ± 0.04 kJ mol −1 

(see Fig. 3 ). 
A closer analysis of our data reveals that the low diffusivity 

is caused by the domination of the strongest binding sites, as 
has been e xtensiv ely discussed in Karssemeijer & Cuppen ( 2014 ), 
Senevirathne et al. ( 2017 ), and Ásgeirsson et al. ( 2017 ). Whenever 
the N adsorbate finds one of the deep binding sites, it stays there for a 
long time. Our surface model is, with about 800 Å2 , comparably small 
and certainly very compact and smooth. In real ASW, much deeper 
pores are expected, which should lead to even stronger binding. 
Thus, on a more realistic surface, the diffusion can be expected 
to be e ven slo wer. Ho we ver, deep sites may be blocked by other 
adsorbates. That can be easily simulated with our model. Blocking 
one to four of the deepest sites results in much higher values for 
D of 8 . 2 × 10 −26 to 9 . 0 × 10 −23 cm 

2 s −1 at 10 K, respectively. 
The temperature dependence of D with the deepest sites blocked 
is illustrated in Fig. 4 . We expect that, under interstellar medium 

conditions, deep sites will be co v ered by other species, i.e. H 2 , with 
a consequent increment in D . 

Diffusion on the surface may be accelerated by quantum mechani- 
cal tunnelling of the adsorbate. We took that into account in the kMC 

simulations by correcting the rate constants with the transmission 
coefficients of Eckart and Bell barriers fitted to the free-energy 
barriers. The effect by atom tunnelling is marginal, even at 10 K: The 
diffusion constant is increased by a factor of merely 1.3–2.8. Thus, 
we find tunnelling not to be rele v ant for nitrogen atom diffusion at 
10 K, which can be expected from the high mass of N, which agrees 
with previous results (Pezzella et al. 2018 ) but is at variance with a 
previous suggestion for oxygen atoms (Minissale et al. 2013 ). 

Is it justifiable to consider diffusion to be fast under a homogeneous 
regime, as considered by some theoretical models? A common 
attempt is to describe diffusion via hopping rates from one minimum 

to a neighbouring one. This may be a justified model if all barriers and 
all binding sites were similar, like on a crystalline surface. Ho we ver, 
even on our comparably small surface model, the barriers of the 
individual hopping events vary from 0.05 to 7.8 kJ mol −1 with an 
average of 2.56 kJ mol −1 , which result in hopping rate constants 
with a huge variation from 3.8 ×10 −30 to 1.1 ×10 11 s −1 at 10 K. 
Depending on the surface morphology, some of the higher barriers 
may be circumvented by the dif fusion path. Ho we ver, the smallest 
barriers usually merely lead to oscillations between neighbouring 
binding sites rather than to real transport of the adsorbate. Overall, 
a model that takes the connectivity between binding sites with their 
realistic barriers into account, like our kMC model, is required to 
estimate the dif fusi vity accurately. Ef fecti ve dif fusion barriers ( � F ) 
should be estimated from such models. 

Most of these arguments have been previously used in the 
theoretical study of H atoms diffusion on ASW versus polycrystalline 
ice (Kuwahata et al. 2015 ; Ásgeirsson et al. 2017 ; Senevirathne et al. 
2017 ) and hold here. In the picture presented in Hama et al. ( 2012 ), 
H atoms block the deep binding sites and recombination of H 2 is 
possible from another incoming H atom. In the case of nitrogen, 
ho we ver, this mechanism is less likely. Given the similar abundances 
of H and N in molecular clouds, in the event of complete co v erage 

of binding sites, H atoms diffusion will surpass N atoms diffusion. 
Ho we ver, a smaller fraction of N chemistry due to diffusion cannot 
be discarded under the high-co v erage re gime. 

In the limit of low co v erage of ices, we conclude that reactions 
via the Langmuir–Hinshel w ood mechanism with N are extremely 
unlikely at 10 K. A closer look at other dif fusi ve mechanisms is 
warranted in this context. Recently, we have shown that hot-atom 

diffusion just after exothermic adsorption is a very short-ranged 
process, with the adsorbate molecules moving only for about 1–
2 ps before they become thermalized (Molpeceres et al. 2020b ). 
The y thermalize an ywhere on the surface, not necessarily in deep 
sites. Ho we ver, deep binding sites are abundant enough to block 
any significant spatial movement of the adsorbate ef fecti vely. As 
mentioned before, a real surface will be even rougher than our model, 
so more deep binding sites are expected. After trapping, the adsorbate 
is ef fecti v ely remo v ed from the reaction, waiting for an additional 
reaction partner. 

In the limit of high co v erage, on the other hand, diffusion of N 

could, in principle, proceed. Our diffusion constants at 25 K for high 
co v erage are comparable with those of H at 25 K at low co v erage 
( ́Asgeirsson et al. 2017 ), indicating the extreme importance of the 
number of adsorbates pre-adsorbed on the surface. In experiments, 
even under the sub-monolayer regime, deep-binding sites are readily 
occupied. Hence the diffusion of reactive species (such as O or N) 
is measured as an upper limit of the range of possible diffusion 
coefficients. 

Abo v e which temperature can we expect diffusion to become 
rele v ant for thermal diffusion of N on a pristine ASW surface? 
While it is difficult to assign an absolute number to D sufficient 
for surface reactivity, we can use the hydrogen atom on ASW as an 
estimate. D H = 1 . 09 × 10 −5 cm 

2 s −1 was obtained at 10 K on ASW 

(Al-Halabi & Van Dishoeck 2007 ), a value later claimed (Hama et al. 
2012 ) to be somewhat high and recently corrected by the values of 
Ásgeirsson et al. ( 2017 ) to D H = 5 . 80 × 10 −11 cm 

2 s −1 at 25 K in the 
limit of low co v erage of the surface and D H = 3 . 30 × 10 −7 cm 

2 s −1 

at the same temperature when the deepest adsorption sites are 
occupied. To match the results at 10 K of Al-Halabi & Van Dishoeck 
( 2007 ), a temperature of about 100 K is necessary, while to match 
the results of Ásgeirsson et al. ( 2017 ) at 25 K for a bare surface, a 
temperature close to 40 K would be necessary. 

We finally want to raise awareness of issues arising from the 
use of average diffusion barriers as fractions of the average binding 
energy, which is common practice in astrochemical models. From 

our calculations of the diffusion barrier, we arrived at an average 
value of 2.56 kJ mol −1 , which is 0.76 times the average binding 
energy. The values that we obtained from the Arrhenius fit in Table 1 , 
ho we ver, sho w that the ef fecti ve barrier for diffusion varies between 
3.73–6.06 kJ mol −1 (a ratio of 1.1–1.8, using binding energies 
without zero-point vibrational energies) due to the pre v alence of deep 
binding sites. Such value can decrease below 1.0 for higher surface 
co v erage, as discussed abo v e, meaning that the use of � F 

avg should 
be only justified in this context. It is worth mentioning, ho we ver, that 
previous modelling studies equivalent to the study presented here 
found diffusion/binding energy ratios below 1.0 (Karssemeijer & 

Cuppen 2014 ; Ásgeirsson et al. 2017 ), so further investigation is 
highly desirable. 

5  C O N C L U S I O N  

In light of our simulations and in accordance with Pezzella et al. 
( 2018 ), we conclude that diffusion of nitrogen atoms and implicitly 
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of reactive species heavier and tighter bound by water ice (which, 
to the best of our knowledge, includes most reactive species) is 
hindered for a wide range of conditions, and hydrogen diffusion must 
dominate surface chemistry in these environments. When the surface 
of the ice is sufficiently populated by other adsorbates, the diffusion 
of N may be enabled. Alternati vely, non-thermal dif fusion after 
hydrogenation can be invoked to explain the formation of molecules 
such as CO 2 (Ioppolo et al. 2011 ), organic alcohols (Qasim et al. 
2019b ), formaldehyde (Qasim et al. 2019a ), or, very recently, glycine 
(Ioppolo et al. 2021 ). We also emphasize here that the importance of 
non-dif fusi v e mechanisms (Ele y–Rideal) should also be re-e v aluated 
in the context of the formation of COMs (Herbst & van Dishoeck 
2009 ; He et al. 2017 ). 
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