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Abstract: In a foregoing paper, the author reported evidence that the multi-spin-axis magnetic
structure proposed in 1964 by van Laar is realized in antiferromagnetic CoO. Within the nonadiabatic
Heisenberg model, this tetragonal body-centered structure is generated by atomic-like electrons
in a special magnetic band of CoO, a mechanism that may emerge only because the nonadiabatic
Heisenberg model goes beyond the adiabatic approximation. The present paper compares the band
structures of the transition-metal monoxides NiO, CoO, FeO, and MnO, and shows that only CoO
possesses a magnetic band which may produce the tetragonal magnetic structure proposed by van
Laar. The magnetic bands of the other monoxides, NiO, FeO, and MnO, are clearly related to the
monoclinic base-centered magnetic structure experimentally observed in these materials.

Keywords: magnetic band; magnetic structure; NiO; FeO; MnO; CoO; atomic-like motion; transition-
metal monoxides; Mott insulator; nonadiabatic Heisenberg model

1. Introduction

The transition-metal monoxides NiO, CoO, FeO, and MnO are antiferromagnetic
below the respective Néel temperatures and insulators in both the paramagnetic and
the magnetic state. In the paramagnetic state, all of them have fcc symmetry (with the
space group Fm3m = Γ f

c O5
h). While the magnetic structures of the three oxides NiO, FeO,

and MnO are clearly monoclinic [1–4], the structure of antiferromagnetic CoO cannot easily
be understood [5,6].

However, it is generally accepted that in CoO the transition to the antiferromagnetic
state is accompanied by a marked tetragonal deformation (there is a 1.2% contraction
along the c axis in the magnetically ordered state [3]) together with a small monoclinic
deformation [7] of the crystal. On the basis of this experimental observation, van Laar
proposed in 1964 that CoO possesses a noncollinear multi-spin-axis magnetic structure with
tetragonal symmetry [5]. His model is clearly confirmed by the nonadiabatic Heisenberg
model (NHM) [8] going beyond the adiabatic approximation. Within the NHM, there is
evidence that a magnetic super band related to the magnetic group M110 (in Equation (1))
produces the tetragonal magnetic structure proposed by van Laar [9]. The adjective “super”
shall express that the magnetic band allows the crystal to be a Mott insulator. In a system
invariant under time inversion, the tetragonal magnetic structure is stabilized by the exper-
imentally observed marked tetragonal distortion of the crystal. This distortion produces in
turn the “monoclinic-like” deformation of the array of the oxygen atoms.

In short, in [9] I reported evidence that the tetragonal distortion of antiferromagnetic
CoO can only be understood when the magnetic structure is tetragonal. However, I did
not compare the band structures of NiO, CoO, FeO, and MnO in order to understand why
only CoO, but not the three other monoxides NiO, FeO, and MnO, possess a tetragonal
magnetic structure invariant under the magnetic group M110. The present paper is intended
to change this. First, in Section 2, the paramagnetic band structures of NiO, CoO, FeO,
and MnO are considered as they are given in former papers. Then, in Section 3, the magnetic
bands of these monoxides are determined or transferred from previous papers.
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2. Paramagnetic CoO, NiO, FeO, and MnO

Figure 1 shows the conventional band structure of paramagnetic fcc CoO as it was
determined in [9]. The bold lines highlight the “insulating” band

• being roughly half-filled,
• comprising all the Bloch electrons at the Fermi level, and
• defining Bloch functions which can be unitarily transformed into Wannier func-

tions that

– are adapted to the fcc structure,
– possess the two-dimensional Γ+

3 symmetry,
– are optimally localized, and
– are situated on the Co atoms.

The NHM provides evidence that this insulating band produces the Mott insulation
in paramagnetic CoO [9]. The NHM always starts from “conventional” band structure
calculations, i.e., from pure one-electron band structure calculations not taking into account
any correlation effect. Correlation effects enter into the theory when we leave the adiabatic
approximation as specified by the three postulates of the NHM [8].

-2

-1

0

1

ΓΓ L U X K W X W L K
∆Μ ΣΜ

Γ
5

+

Γ
3

+

L
3

+

L
3

+

L
1

+

X
5

+

X
1

+

X
3

+

X
4

+

Γ
5

+
Γ

3

+

∆1

∆5

∆3

∆4

Σ3

Σ1

Σ4

Σ1

Σ2

W
1

W
4

W
3

W
5

W
1

W
3

W
4

W
5

L
3

+

L
1

+

L
3

+

X
5

+

X
1

+

X
3

+

X
4

+

Energy (eV)

NiO

CoO
FeO
MnO

Figure 1. Conventional band structure of paramagnetic fcc CoO as determined in [9] serving in this
section as approximation of the band structures of paramagnetic fcc NiO, FeO, and MnO when the
Fermi energies are adjusted. The colored horizontal lines denote the different Fermi energies, and the
insulating band of CoO is highlighted by the bold lines. The symmetry labels are defined in Table A1
of [10].

The band structure in Figure 1 approximates the paramagnetic band structures of
NiO, FeO, and MnO when the Fermi energies are adjusted. In comparison with the other
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transition-metal monoxides NiO, FeO, and MnO, paramagnetic CoO possesses a nearly
ideal insulating band (highlighted in Figure 1 by the bold lines):

• An insulating band defining Wannier functions with the two-dimensional Γ+
3 symme-

try exists neither in paramagnetic FeO nor in MnO because in these materials the Bloch
states with L+

1 , Σ1, X+
5 , and W3 symmetry lie above the Fermi energy. Thus, in FeO and

in MnO more than two branches cross the Fermi level and, consequently, the optimally
localized and symmetry-adapted Wannier functions have a five-dimensional Γ+

3 + Γ+
5

symmetry [11] because we demand that the band comprises all the Bloch electrons at
the Fermi level.

• NiO possesses an insulating band with optimally localized Wannier functions of the
two-dimensional Γ+

3 symmetry [10]. However, the Fermi energy in NiO is moved
upward by roughly 0.5 eV (Figure 1). As a consequence, the highlighted band is in
NiO not so precisely half-filled than in CoO.

This observation leads to the presumption that the nearly ideal insulating band in
the paramagnetic band structure of CoO is responsible for the special magnetic structure
proposed to exist in CoO, namely the noncollinear multi-spin-axis magnetic structure
with tetragonal symmetry. In the following Section 3, we show that this supposition is
corroborated by the NHM.

3. Magnetic Bands

In this section, we consider the magnetic bands of the transition-metal monoxides
CoO, MnO, FeO, and NiO.

3.1. CoO

The magnetic band of CoO was exhaustively examined in [9]. The Bloch functions
of the insulating fcc band of CoO in Figure 1 can be unitarily transformed into Wannier
functions symmetry-adapted to the magnetic group

M110 = I41/cd + {KI| 12
1
2 0}I41/cd, (1)

where K and I denote the time-inversion operator and the inversion, respectively. The uni-
tary subgroup I41/cd of the type III Shubnikov group M110 bears the international number
110. M110 defines a magnetic super band that evidently produces the tetragonal non-
collinear multi-spin-axis magnetic structure, the small monoclinic-like deformation of the
array of the oxygen atoms, and the Mott insulation in antiferromagnetic CoO [9].

Just as in NiO, the Bloch functions of the insulating fcc band of CoO could also
be unitarily transformed into Wannier functions symmetry-adapted to the monoclinic
magnetic group

M9 = Cc + {KC2b|0}Cc (2)

given in Equation (12) of [10], where the unitary subgroup Cc of the type III Shubnikov
group M9 now bears the international number 9. C2b denotes the rotation through π
defined in Figure 1.3 of [12] (and indicated in Figure 2 of [10]). M9 defines a magnetic
super band that would produce the monoclinic base-centered magnetic structure, the small
rhombohedral-like deformation of the array of the oxygen atoms and the Mott insulation
as observed in NiO, FeO, and MnO.

The experimental observation [5–7] of the tetragonal distortion of CoO in the antifer-
romagnetic state together with the small monoclinic-like deformation suggests that the
magnetic super band in CoO is related to M110, but not to M9 [9].

3.2. MnO

In Section 6.2 of [11], we identified a band of six branches in the monoclinic base-
centered Brillouin zone as the magnetic band of MnO related to the magnetic group M9 (2)
and, consequently, producing the monoclinic base-centered antiferromagnetic structure.
This band represents three sets of Wannier functions each containing two symmetry-
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adapted Wannier functions situated either at the two Mn or the two O atoms [11]. Moreover,
this band is a magnetic super band because it involves all the Bloch states at the Fermi level,
and, consequently, allows antiferromagnetic MnO to be a Mott insulator.
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Figure 2. The conventional band structure of paramagnetic MnO in Figure 2 of [11] folded into the
Brillouin zone for the tetragonal body-centered lattice Γv

q as given in Figure 3.10b of [12]. The bands
are calculated by the FHI-aims program [13,14]. The symmetry labels are defined in Table A2 of [9]
and the compatibility relations between the line Λ and its endpoints Γ and Z are given in Table A6b
of [9].

In this section, we hypothetically assume that MnO has the same magnetic structure
as CoO. Thus, we assume that antiferromagnetic MnO

• possesses eight Mn atoms and eight O atoms in the unit cell and
• is invariant under the magnetic group M110 in Equation (1).

When folding the Γ+
3 + Γ+

5 band of paramagnetic fcc MnO (in Figure 2 of [11]) into
the Brillouin zone for the body-centered tetragonal Bravais lattice Γv

q of M110, we receive
the band structure depicted in Figure 2. It shows only the bands on the line Λ with its
endpoints Γ and Z (as defined in Figure 3.10b of [12]). It should be noted that the line Λ
and its two endpoints Γ and Z have the same symmetry. This rather unusual circumstance
in the theory of Brillouin zones leads to a strong coupling between the Bloch functions at Γ
and Z.

In the tetragonal Brillouin zone, the fcc Γ+
3 + Γ+

5 band consists of 5 · 8 = 40 branches.
In Figure 2, the symmetry of the Bloch functions is given, first, at the equivalent point in the
fcc Brillouin zone and then, after the colon, in the tetragonal body-centered Brillouin zone.
The equivalence of the symmetry points is specified in Table A5 of [9]. The representations
Γi and Zi of the body-centered tetragonal space group I41/cd are defined in Table A2 of [9].
Each of the eight representations Γ1, Γ2, Γ3, Γ4, Z1, Z2, Z3, and Z4 occurs exactly five times
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and each of the two representations Γ5 and Z5 exactly ten times in the band, as indicated by
the third line in the boxes in Figure 2. Thus, the Bloch functions of this band can be unitarily
transformed into five sets of optimally localized Wannier functions symmetry-adapted to
M110, where each set contains eight Wannier functions, see Table A4 of [9]. These eight
Wannier functions may be constructed in such a way that they are situated either at the
eight Mn or the eight O atoms, as detailed in Section 5.2 of [9].

This band of 40 branches cannot be the magnetic band of MnO because it is significantly
broader than the monoclinic magnetic band of MnO depicted in Figure 3 of [11], unless it
would be possible to construct even within the Brillouin zone for Γv

q a sufficiently narrow
magnetic band consisting only of a part of the 40 branches. We show that this is not the case.

Each Bloch function in the paramagnetic fcc band structure of MnO (given in Figure 2
of [11]) is, on the one hand, equivalent to Bloch functions in the monoclinic band structure
depicted in Figure 3 of [11] and, on the other hand, to Bloch functions in the tetragonal
band structure shown in Figure 2. In this way, a relation is defined: Bloch functions in the
monoclinic Brillouin zone are related to Bloch functions in the tetragonal Brillouin zone
if they are equivalent to the same Bloch functions in the paramagnetic fcc Brillouin zone.
The Bloch functions highlighted in green in Figure 2 are related to the Bloch functions of the
monoclinic magnetic band of MnO given in Figure 3 of [11]; the remaining Bloch functions
are highlighted in red. The relationship is defined by Table A5 of [10] and Table A5 of [9].

The magnetic super band in the monoclinic band structure of MnO (Figure 3 of [11])
consists of six branches. Thus, in the monoclinic system, we need 6 : 2 = 3 sets of Wannier
functions (containing 2 Wannier functions each) to completely represent the Bloch functions
at the Fermi energy. Hence, in the tetragonal system we also need at least three sets of
Wannier functions which now contain eight Wannier functions each. That means that we
need a magnetic band consisting of 3 · 8 = 24 branches at least to represent a Mott insulator.

The Bloch functions highlighted in green do not form three times the magnetic band
in Table A4 of [9] since the Bloch functions with Γ1, Z3, and Z4 symmetry occur only two
times among the green functions, as indicated in the two boxes at the bottom of Figure 2.
Thus, we cannot define in the tetragonal Brillouin zone a magnetic super band as narrow
as the magnetic super band of MnO in the monoclinic Brillouin zone.

We could try to solve this problem by adding, for instance, the four red Bloch functions
with W5: Z1 + Z2 + Z3 + Z4 symmetry, or, at least, the two Bloch functions with Z3 + Z4
symmetry, to the green functions. However, this would considerably broaden the magnetic
band because the Bloch function with Z3 symmetry is connected via the Λ1 states on the
line Λ with one of the Γ1 states of the energetically lowest states labeled by X+

4 : 2Γ1 + Γ4
(see Table A6b of [9]).

In conclusion, any magnetic super band of MnO adapted to the tetragonal symmetry
of M110 would be markedly broader than the magnetic super band of MnO related to the
monoclinic base-centered group M9 in Equation (2). Consequently, the antiferromagnetic
structure in MnO is not tetragonal but monoclinic.

3.3. FeO

Just as in MnO, the Wannier functions in fcc paramagnetic FeO also have a five-
dimensional Γ+

3 + Γ+
5 symmetry (Section 2). Hence, in FeO the antiferromagnetic structure

is also not tetragonal but monoclinic.

3.4. NiO

Figure 3 shows the conventional band structure of fcc paramagnetic NiO. Two bands
are highlighted:

Band red: Defined by the bold lines in black and in red.

Band green: Defined by the bold lines in black and in green.

Band green is the active band of CoO and already considered in Section 3.1. In the
band structure of NiO, band green is no longer half-filled and, thus, band red becomes
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the roughly half-filled active band in NiO. In the monoclinic base-centered system, band
red forms a magnetic super band related to M9 (2) that is evidently responsible for the
monoclinic base-centered magnetic structure and the Mott insulation in NiO [10].
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Figure 3. Conventional band structure of paramagnetic fcc NiO as determined in [10] showing “band
red” and “band green” defined in the text. As in Figure 1, the symmetry labels are defined in Table A1
of [10].

When band red is folded into the Brillouin zone for Γv
q , the tetragonal body-centered

Bravais lattice, it does not form a closed band that is a precondition for the existence of
optimally localized and symmetry-adapted Wannier functions [15]. For instance, a part
of the Bloch functions on the line ∆ in the fcc system lies on the line Λ in the tetragonal
system and keeps its symmetry of the point group C4v (while the line ∆ completely loses its
symmetry in the monoclinic system). Thus, the ∆5 Bloch functions (Figure 3) are even in the
tetragonal subgroup not connected with the Γ+

3 state but with the Γ+
5 state. Consequently,

band red is not closed and, hence, does not form a magnetic band producing the tetragonal
magnetic structure in NiO.

4. Discussion

The paper applies the nonadiabatic Heisenberg model (NHM) to the conventional band
structures of the transition-metal monoxides NiO, CoO, FeO, and MnO. All these materials
possess a narrow, roughly half-filled magnetic super band related to the monoclinic base-
centered magnetic group M9 in Equation (2). In addition, CoO (and only CoO) possesses a
narrow, roughly half-filled magnetic super band related to the tetragonal magnetic group
M110 in Equation (1). Indeed, the other transition-metal monoxides also have such a band
related to M110 in their band structures, but these bands are either too broad (FeO and
MnO) or not as exactly half-filled as in CoO (NiO).

Consequently, the magnetic super bands in NiO, FeO, and MnO are clearly related to
M9 and produce the monoclinic base-centered magnetic structure experimentally observed
in these monoxides, together with the Mott insulation and the (small) rhombohedral-like
deformation of the array of the oxygen atoms. On the other hand, the magnetic super band
in CoO is related to M110 and produces the tetragonal noncollinear multi-spin-axis magnetic
structure as predicted by van Laar [5] together with the Mott insulation, the experimentally
proven tetragonal deformation of the crystal, and the small monoclinic-like distortion of the
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array of the oxygen atoms [9]. These experimental findings demonstrate that the electronic
system in CoO prefers the magnetic structure with the higher symmetry, i.e., the tetragonal
magnetic structure is energetically (a little) more favorable than the monoclinic.

The results on magnetism presented by the NHM do not contradict the generally
accepted concept of exchange or super exchange interactions responsible for any magnetic
order. In a magnetic band related to a magnetic group M, the electron system activates
an exchange mechanism producing a magnetic structure invariant under M in order to
gain the nonadiabatic condensation energy ∆E defined in Equation (2.20) of [8]. Such an
activation of a specific exchange mechanism is achieved by a modification of the localized
orbitals in the nonadiabatic system, where atomic-like electrons no longer move on rigid
localized orbitals, see the detailed discussion in [16].
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