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Introduction and outline

Correlations in electron systems have long been an intriguing subject in condensed
matter physics. Perhaps one of the most pervasive questions at the beginning of
the last century was not how correlations impact observations, but why in some
cases they appear to play little role. After all, early theories such as the Drude and
the Sommerfeld models, successfully described key properties of charge carriers in
metals while ignoring Coulomb interactions. This was despite the fact that in some
materials such as sodium the average Coulomb energy exceeded the Fermi energy
of the electron system. Signi�cant progress in addressing this question was made
by L. D. Landau in the 1950's through his Fermi liquid theory. The formalism
assumes that low-energy single-particle excitations of an interacting fermion system
can be obtained from corresponding excitations in the non-interacting case. This
premise greatly simpli�ed the daunting task of solving a many-body problem by
reducing the e�ect of interactions to a set of Landau parameters which describe
the behaviour of so-called quasiparticles - elementary excitations of a Fermi liquid.
Within this framework quasiparticles can be treated as independent, albeit described
by renormalized parameters with respect to the non-interacting counterparts. An
in-depth account of the Fermi liquid theory can be found in the textbook by Pines
and Nozières [1].

Landau's phenomenological theory was successful in explaining why electrons
can often be approximated as free particles. Moreover it predicted how interactions
may modify quantities such as speci�c heat, spin susceptibility, electron e�ective
mass and g-factor provided the host material has a nearly spherical Fermi surface.
It turns out, however, that the Fermi liquid approximation works well only when
interactions are relatively weak. Transition metal oxides, for instance, host a series
of perplexing states, among which high-temperature superconductivity, metal-to-
insulator transitions, spin density waves and strange-metal states [2]. These systems
have been broadly coined as strongly-correlated materials and understanding the
complexity of their phase diagram still requires enormous theoretical e�ort.

Another instance of the breakdown of the Fermi liquid theory is the formation of
an electron solid. As predicted by Wigner in 1934 [3], if interactions are su�ciently
strong, electrons arrange in a crystalline structure to minimize Coulomb repulsion.
In contrast to the electron liquid in which single particle excitations at the Fermi
surface aid conductivity, the Wigner crystal would slide as a whole in the presence of
an electric �eld. If a small amount of disorder is present, the electron solid is pinned
at impurity sites, leading to an insulator-like behaviour. The e�ect of disorder on
the electron solid phase is an interesting issue in itself. It is believed that while a
weak disorder potential leads to a glassy phase in which charge order occurs over
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a �nite correlation length, strong �uctuating potentials due to material disorder
results in single-particle localization with no correlated charge order.

A convenient way to gauge the strength of interaction in a many-body system is
through the Wigner-Seitz parameter, rs. While it is usually de�ned as the radius of
a sphere which encompasses on average one electron, it can also be expressed as the
ratio between the average Coulomb energy and the average kinetic energy. Counter-
intuitively, rs decreases with electron density, meaning that charge carriers interact
more strongly when they are further apart. This is partly why electrons in most
metals behave almost like free particles. One way to engineer a strongly-correlated
system is by limiting the dimensionality. While nowadays two- and one-dimensional
systems can be routinely obtained in both research laboratories and commercial
setups, this achievement is due to decades-long experimental e�ort. Nonetheless,
the result is rewarding. Intriguing individualistic and collective e�ects span the
�eld of low-dimensional physics. Perhaps two of the best examples are the integer
and the fractional quantum Hall e�ects (IQHE and FQHE, respectively). While
the former can be explained within a single-particle picture, the latter requires the
addition of correlations. Not only does the FQHE not abide by the Fermi liquid
model, but it also goes beyond the realm of standard quantum statistics. A detailed
description of both quantum Hall e�ects can be found in Ref. [4].

While the e�ects of correlations on charge carriers in two dimensions have been
investigated for decades, the realization of high-quality strongly-interacting systems
has been limited, until recently, only to a few materials. As we have seen, high
quality is a key aspect because disorder can hinder the observation of exotic states
such as the Wigner crystal. The electrons in Si-based metal-oxide-semiconductor
�eld-e�ect transistors (MOSFET) interact strongly, but surface roughness create
potential �uctuations which limit particle mobility. Reduced dimensionality does
not promptly ensure strong correlations. For example, the highly mobile 2DES in
GaAs/AlGaAs quantum wells spans relatively small values of the interaction pa-
rameter due to the small e�ective mass of electrons in this material. The 2D hole
system (2DHS) in GaAs and the 2D electron system (2DES) in AlAs are exam-
ples where both aforementioned conditions are met and have indeed proven to be
excellent platforms for the study of correlation-induced e�ects. The recent physics
observed in twisted-bilayer graphene opens up a whole new realm of possibilities on
the topic. Ever new opportunities are expected from other 2D materials which await
to be studied.

The scope of this thesis is to identify and study the e�ects of correlations
in another high-quality system in which large values of the interaction parameter
can be easily achieved, namely the 2DES hosted by MgZnO/ZnO heterostructures.
The thesis is organized in four chapters. In the �rst chapter we introduce basic
physical concepts relevant to the work. The second chapter concerns the 2DES in
a regime where it can be approximated with a Fermi liquid. Here we present both
transport and microwave techniques for studying its properties. In the third chapter
we investigate the system in the ultra-low density regime where a breakdown of the
Fermi liquid model is expected. We explore the possibility of Wigner crystallization
and a transition to a spin-ordered state. Finally, the fourth chapter presents a
summary of the main �ndings as well as a few future directions of research.
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Chapter 1

Fundamentals

The two-dimensional electron system (2DES) hosted by MgZnO/ZnO heterostruc-
tures lies at the heart of this work. The methods of study are magnetotransport
and microwave response. We therefore dedicate the �rst part of this chapter to in-
troducing the basic properties of a 2DES in the presence of electric and/or magnetic
�elds. Following is an overview of the main models for describing the inter-particle
interactions as well as the role of disorder. Further on we learn how such a system
can be realized in practice, with special attention on the host material investigated
in this thesis. Finally, we discuss the possible responses of the 2DES to microwave
irradiation in the presence of a magnetic �eld.

1.1 Transport properties in two dimensions

1.1.1 Electronic transport in the absence of a magnetic �eld

The e�ect of an in-plane electric �eld E on a 2DES can be understood in a quasi-
classical approach based on the Drude model. Here we present a modi�ed framework
in which the following assumptions are made:

� charge carriers move independently from each other;

� electrons' interaction with their environment is described by the scattering
time τ which is the average time between collisions with defects, impurities
and phonons;

� the scattering rate does not depend on the particle velocity v;

� charge carriers move in straight lines between collisions;

Additionally, we consider that negatively charged particles move inside a ionic back-
ground potential of which the sole e�ect is to change the electronic mass from the
free space value m0 to the band value m. With these assumptions at hand we can
write the equation of motion:

m
dv

dt
= −mv

τ
− eE, (1.1)
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8 CHAPTER 1. FUNDAMENTALS

where e is the elementary charge. In steady state the velocity becomes constant
v = vD and the solution to Eq. 1.1 is given by:

vD = −eτ
m
E = −µE. (1.2)

Here the mobility µ is de�ned as the ratio between the electron drift velocity and
the applied electric �eld and it is a measure of the response of an electron to an
external E-�eld. By substituting the drift velocity into the de�ning expression of
the current density we obtain:

j = −envD =
ne2τ

m
E = σ0E =

1

ρ0
E, (1.3)

where σ0 and ρ0 are the conductivity and the resistivity, respectively, of the system
in the absence of a magnetic �eld, and n is the electron density. The above equation
allows us to deduce the scattering time and the mobility simply by measuring either
σ0 or ρ0. Since the conductivity depends on the charge carrier density, it is generally
more convenient to use the mobility as a measure of system quality.

The mobility of an electron system is limited by deviations from a perfect
crystal. Phonon, impurities, interface roughness, alloy randomness, intrinsic defects
increase the probability of collision and thus limit τ . According to Matthiesen's rule,
if di�erent scattering mechanisms are independent, the total relaxation rate 1/τ can
be written as a sum:

1

τ
=

1

τphonons
+

1

τimpurities
+

1

τdefects
+ ... . (1.4)

Phonon scattering is almost completely eliminated by decreasing the system tem-
perature. As we will see further on, the other scattering mechanisms can be reduced
by improved growth technologies and/or doping schemes. In some cases electron-
electron scattering becomes important and has to be accounted for.

Not all scattering events contribute equally to the transport relaxation rate.
Collisions which result in a large angle change θ of the electron momentum vec-
tor have a greater weight than small angle events. This can be quanti�ed by the
relationship [5]:

1

τ
=

∫ π

0

dθS(θ)(1− cos θ), (1.5)

where S(θ) describes the scattering potential and it is a measure of the probability
to be scattered at an angle θ. In contrast to τ , the quantum relaxation time τq is
a�ected by all scattering events, regardless of the momentum direction change:

1

τq
=

∫ π

0

dθS(θ). (1.6)

This quantity re�ects the lifetime of an electron in a certain state. Due to the higher
probability of such events, generally τ > τq.
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1.1.2 Classical magnetotransport

In the presence of both an electric and a magnetic �eld, the equation of motion 1.1
can be modi�ed to include the Lorentz force, yielding:

m
dv

dt
= −mv

τ
− e(E + v ×B). (1.7)

Without loss of generality we can assume that the magnetic �eld is applied per-
pendicular to the 2DES i.e. along the z-axis, as shown in Fig. 1.1. In steady state
(dv/dt = 0), the electric �eld as a function of current density j = −nevD is:Ex

Ey

 =

 m
ne2τ

B
ne

− B
ne

m
ne2τ

jx
jy

 =

ρxx ρxy

ρyx ρyy

jx
jy

 . (1.8)

The above result shows that the longitudinal resistivity (the resistivity along the
current �ow direction) is equal to the zero-�eld resistivity ρxx = ρyy = ρ0 = m/ne2τ .
From Eq. 1.3 we see that in the absence of a magnetic �eld the resistivity can be
expressed as a diagonal matrix. This is no longer the case when B 6= 0: the magnetic
�eld generates a current transverse to the external electric �eld. If, for example, the
electric �eld is applied in the x-direction, the magnetic �eld will de�ect the current
in the y-direction. Under the steady state condition jy = 0, charges accumulated at
the sample edge create an electric �eld Ey that counteracts the Lorentz force:

Ey = −B
ne
jx. (1.9)

The appearance of an electric �eld transversal to the applied one in the presence of
a magnetic �eld is called the Hall e�ect.

A common setup for measuring the Hall e�ect is illustrated in Fig. 1.1. The
magnetic �eld points along the z-axis. In panel (a) the current is applied between
contacts 1 and 4, while the longitudinal voltage drop between 2 and 3 is recorded.
Panel (b) shows an alternative con�guration which facilitates measurement of the
Hall voltage. Following Eq. 1.8, the Hall resistivity is simply given by:

ρxy =
Vxy
Ix

=
V24
I13

=
B

ne
. (1.10)

Thus by knowing B, the Hall e�ect can be used to determine the charge carrier
species and concentration of a sample.

Often it is di�cult to perfectly align the probes such that there is no mixing
between the transversal and the longitudinal components of the resistivity. More-
over, when point contacts are used, the current does not �ow homogeneously across
the sample. In this case the van der Pauw method can be employed to obtain the
longitudinal resistivity [6]:

ρxx =
π(V23/I14 + V43/I12)f

2 ln2
. (1.11)
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Figure 1.1: Schematic of a Hall measurement setup typical for transport experiments
in this thesis. The magnetic �eld (black arrow) is pointing along z-axis. Measur-
ing (a) Vxx and (b) Vxy allows the determination of longitudinal and transversal
resistivity, respectively.

Here f is a factor which depends on the ratio between V23/I14 and V43/I12 and
is equal to 1 for a square geometry. An accurate measurement of the transversal
resistivity in the van der Pauw geometry can be obtained by measuring the Hall
voltage both with and without magnetic �eld or for both B-�eld polarities:

ρxy =
V13(B)− V13(0)

I24
=
V13(B)− V13(−B)

2 I24
. (1.12)

1.1.3 Quantum magnetotransport

Let us begin this section by posing the following question: what happens to the
energy spectrum of an electron system if it is free to move in two dimensions but
it is tightly con�ned in the third direction (e.g. along the z-axis)? To answer this,
let us assume that the movement of the electrons of isotropic mass m and parabolic
band structure is restricted in the z direction by in�nite potential barriers separated
by a distance L, i.e. V (z) =∞ for z < 0 and z > Lz but V (z) = 0 for 0 < z < Lz.
Because the particles are free to move in the xy-plane, the wave numbers kx, ky can
take on any value and the corresponding kinetic energies are given by:

Ej =
~k2j
2m

, j = x, y. (1.13)

The con�nement along the z direction, however, leads to the quantization of kz in
integer units of π/Lz. Therefore the energy levels Ez are discrete and given by:

Ezi =
~2k2zi
2m

=
~2

2m

i2π2

L2
z

. (1.14)

The ground state energy is no longer zero as in the uncon�ned case, but it is increased
by the value:

∆E =
~2

2m

π2

L2
z

. (1.15)
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Figure 1.2: Schematic diagram of energy subbands (dashed lines) and wave function
solutions (solid lines) in the z-direction for a 1D box with in�nite barriers.

This energy o�set is a consequence of the Heisenberg uncertainty principle: con-
�nement within a distance Lz leads to an uncertainty of the order ~/Lz in kz. The
particle wavefunctions are described by standing waves, as illustrated in Fig. 1.2.
One can see from Eq. 1.14 that the spacing between the energy bands increases as
the con�nement length decreases. If Lz is small enough, all electrons will occupy the
lowest subband and their kinetic energy will depend only on the in-plane wavevec-
tors kx and ky.

Real 2D electron systems have �nite size with Lx, Ly � Lz, which leads to the
allowed wavevectors kj = 2πl/Lj, with j = x, y and l = 0,±1,±2, ... . Every state
occupies an area in the (kx, ky)-space of 4π2/(LxLy). Knowing that all the states of
energy E = ~2~k2/(2m) lie on a circle with radius k, one can write down the number
of states of equal energy:

Z =
πk2

4π2/(LxLy)
gs =

LxLy
4π

2mE

~2
gsnv, (1.16)

where gs = 2 and nv are the spin and valley degeneracies, respectively. The spin
degeneracy is a consequence of the Pauli principle which allows two electrons of
opposite spin s = ±1/2 to occupy the same state.
To obtain the density of states (DOS) per unit area around a certain energy, we
divide the relation above to the total area A = LxLy and take the derivative with
respect to E:

D(E) =
1

A

dZ

dE
=
mnv
π~2

. (1.17)

If the system only occupies the �rst subband, the DOS is constant for all energies for
a material with parabolic dispersion. Therefore the electron density can be obtained
by integrating the DOS over the occupied energy states:

n =

∫ EF

0

D(E)dE =
mnv
π~2

EF. (1.18)

Notice that we set the con�nement energy ∆E to zero without the loss of generality.

In the presence of a magnetic �eld, the Hamiltonian of a spinless electron system
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Figure 1.3: The energy spectrum of a 2DES: (a) at zero magnetic �eld; (b) in the
absence of disorder at strong magnetic �elds; (c) in a disordered sample at strong
magnetic �elds.

can be written as:
H =

1

2m
(p− eA)2, (1.19)

where p is the electron momentum operator and A is the vector potential associated
with the magnetic �eld B = ∇×A. Here we take the magnetic �eld to be perpen-
dicular to the 2DES plane B = Bez and we use the Landau gauge A = −B(y, 0, 0).
Thus we can write the Schrödinger equation corresponding to the Hamiltonian H :

1

2m

(
−i~ ∂

∂x
+ eBy

)2

ψ − ~2

2m

∂2

∂2y
ψ = Eψ. (1.20)

Solving Eq. 1.20 one obtains the enery of the system:

EN =

(
N +

1

2

)
~ωc, N = 0, 1, 2, ... (1.21)

where ωc = eB/m is the cyclotron frequency and represents the rate at which the
electrons perform cyclotron orbits. This result shows that charged particles occupy
discrete energy levels indexed by N = 0, 1, 2, ... known as Landau levels (LL). The
density of states is no longer a constant as found in Eq. 1.17, but a series of delta
peaks as shown in Fig. 1.3(b). Due to their independence on momentum, Landau
levels are highly degenerate, with the total number of states per level at a certain
magnetic �eld given by:

N =
eBLxLy

h
=

A

2πl2B
, (1.22)

where A = LxLy is the area of the sample and lB =
√
~/eB, a characteristic length

scale in a magnetic �eld, is coined the magnetic length. The degeneracy can also be
expressed in terms of the number of magnetic �ux quanta Φ0 = h/e that penetrate
the sample: N = Φ/Φ0. If Ne is the total number of electrons in the system, we can
de�ne the �lling factor as the number of occupied Landau levels:

ν =
Ne

N
=
nh

eB
. (1.23)
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The �lling factor will be an integer number if the chemical potential lies at equal
distance between two adjacent Landau levels. The inverse of the �lling factor ν−1

represents the average number of �ux quanta enclosed by each electron.

So far we have considered the electrons to be spinless. The interaction between
spin-1/2 charge carriers and the applied magnetic �eld gives rise to an additional
term in Eq. 1.21 associated with the Zeeman energy:

EZ = gµBB, (1.24)

where g is the e�ective g-factor and µB = e~/2m0 is the Bohr magneton. We have
denoted the free electron mass as m0. A more detailed account of the Zeeman term
is given in Section 1.6. The total energy can be written:

EN =

(
N +

1

2

)
~ωc − sgµBB,N = 0, 1, 2...; s = ±1/2. (1.25)

By convention we have chosen the spin up state (s = 1/2) to be lower in energy.
Comparing the cyclotron energy Ec = ~ωc with the Zeeman term gµBB, one may
�nd that they should be equal for an electron in vacuum. However, in real materials
the e�ective electron mass and g-factor di�er from the free electron values, such that
frequently ~ωc is larger than EZ.

As seen in Fig. 1.3(b), in an ideal system a magnetic �eld splits the DOS in
a sequence of in�nitely narrow peaks. In a real 2DES disorder such as impurities,
defects, interface roughness etc. are always present. This disorder potential leads to
the broadening of the Landau levels. In the tails of the non-zero width peaks reside
localized states. Electrons which occupy these states are trapped in either the hills or
the valleys of the disorder potential. In contrast, electrons which occupy the states
in the middle of a LL are delocalized (extended) and act as mobile carriers which
can conduct current. The localized and extended states are shown schematically in
Fig. 1.3(c).

The formation of a discrete energy levels in the presence of a magnetic �eld is at
the basis of observing the integer quantum Hall e�ect (IQHE) in transport measure-
ments. Typical IQHE traces for a GaAs-based two-dimensional system are shown
in Fig. 1.4 [7]. A constant current is applied in the x-direction and the longitudinal
Rxx and transversal Rxy resistance are measured against a varying magnetic �eld.
At high �elds (B > 0.8 T) wide plateaus start to appear in the Hall resistance, in
contrast to the expected classical linear dependence. Moreover, the values at the
plateaus are quantized as:

Rxy =
h

νe2
, ν = 1, 2, 3, ... . (1.26)

Correspondingly the longitudinal resistance vanishes around integer values of the
�lling factor and exhibits high peaks otherwise. This behaviour can be intuitively
understood by considering the DOS in Fig. 1.3(c). As explained above, if the chemi-
cal potential lies inside the mobility edge (where the extended states reside) electrons
are free to move inside the sample, the longitudinal resistance is �nite and the Hall
resistance changes abruptly with B. Generally, the longitudinal resistance increases
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Figure 1.4: The integer quantum Hall e�ect in a GaAs-based 2DES. In a quantum
Hall state, the transversal resistance takes on integer values of h/(νe2), while the
longitudinal resistance vanishes. From Ref. [7].

with DOS, which explains the increasing peak amplitude observed in Rxx. If, how-
ever, the Fermi energy enters the region of localized states, electrons are trapped in
the disorder potential, which leads to a vanishing longitudinal conductivity. If σ̂ is
the conductivity tensor, inverting it we obtain:

ρ̂ =
1

σ2
xx + σ2

xy

σxx −σxy
σxy σxx

 . (1.27)

Thus if the conductivity is zero, the resistivity will be zero as well: ρxx = σxx/(σ
2
xx+

σ2
xy) = 0.

To understand the quantization of the Hall resistance it is useful to include into
the discussion the sample edges. In the absence of a magnetic �eld, the bulk value
of the charge density n decreases smoothly to zero towards the edge of a 2DES. In
this regime the DOS is constant. If a perpendicular �eld is applied, the DOS splits
into discrete levels which bend stepwise upwards in the depletion zone. Stripes
with varying and constant charge density form. The regions where the electron
density varies are called compressible stripes. Here the Fermi level lies inside a
Landau level and electrons can therefore screen electrostatic potential variations.
In contrast, inside the regions with constant electron density the Fermi level lies
between Landau levels which bend upwards. Due to the lack of free states at the
chemical potential, electrons cannot rearrange to screen an electric �eld. These
regions are called incompressible.

The bending of the Landau levels in the incompressible stripes means that there
is an electric �eld Ey in the y-direction which translates into a drift current in the
x-direction. All the Landau levels which in the bulk of the sample are occupied
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contribute to the total current density in the x-direction which can be written:

jx = ν
e2

h
Ey. (1.28)

Figure 1.5: Compressible and
incompressible stripes in the
quantum Hall regime. See
text for explanation. Modi-
�ed from Ref. [8].

A diagram of the sample edge is shown in Fig. 1.5.
The black arrows show the direction of dissipation-
less current �owing in the incompressible stripes (un-
shaded areas).
Note however that in the absence of a Hall voltage
the current �owing on one side of the sample is can-
celled by the current �owing on the opposite side,
resulting in a zero net current. A Hall voltage Vxy
increases the current on one edge with respect to the
other, which leads to the net result over the whole
width of the sample:

Ix = ν
e2

h
Vxy. (1.29)

This current �ows dissipationless in the incompress-
ible stripes when the system is in a quantum Hall
state and gives rise to a quantized Hall resistance:

Rxy =
h

νe2
. (1.30)

This simpli�ed explanation of the IQHE only skims
the surface of decades-long studies of this e�ect. A
detailed description is beyond the scope of this thesis
and we therefore direct the reader to a list of publi-
cations [4, 7, 8, 9, 10, 11, 12].

At moderate magnetic �eld, where the QHE is not fully developed (B < 0.6 T
in Fig. 1.4) oscillations periodic in 1/B occur in the longitudinal resistivity due the
oscillatory DOS. They are called Shubnikov-de Haas oscillations (SdHO) and can
be described by the following relation:

ρxx(B)− ρ0
ρ0

= 2 cos

[
2π

(
EF

~ωc
− 1

2

)]
cos

(
2π
gµBB

2~ωc

)
exp

(
− πm

τqeB

)
X

sinhX
,

(1.31)
where

X =
2π2kBT

~ωc
. (1.32)

The �rst cosine expresses the 1/B oscillatory behaviour, while the second cosine
accounts for the spin degeneracy splitting. If the Zeeman energy is much lower than
the cyclotron energy, this term can be dropped. The exponential term describes the
envelope of the oscillations, the amplitude of which increases with �eld. It compares
~ωc with the broadening of the Landau levels Γ. This term allows the extraction of
the quantum scattering time by virtue of the relation Γ = ~/(2τq). The last term
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takes into account the e�ect of �nite temperature on the Fermi distribution. Since
the dampening is described by the ratio between kBT and the cyclotron energy, the
e�ective mass m can be estimated by temperature dependent measurements.

At low temperatures the Shubnikov-de Hass oscillations and the quantum Hall
e�ect appear in all the samples studied in this thesis and are used to determine the
electron density as well as to estimate the system quality. By assuming that the
SdHO become apparent when the cyclotron energy is of the order of the LL width
(Γ ≈ ~ωc), one can use the corresponding value of the magnetic �eld to calculate
the quantum lifetime:

τq =
1

2ωc
. (1.33)

1.2 Electron-electron interactions

So far we have neglected electron-electron interactions in our calculations of electron
transport. However phenomena such as the fractional quantum Hall e�ect, electron
crystallization and hydrodynamic e�ects could not be accounted for in a free-electron
approach. In this section we will brie�y introduce a formalism which sheds some light
on the possible ground states of an interacting electron system. The corresponding
Hamiltonian is given by:

H =
∑
i

p2i
2m

+
1

2

∑
i 6=j

e2

4πε

1

|ri − rj|
, (1.34)

where ε is the dielectric constant of the hosting material. The �rst term represents
the kinetic energy, while the second is the Coulomb energy. If n is the electron
density, then the average distance between two electrons can be expressed as:

〈r〉 =
1√
πn

. (1.35)

The Coulomb term becomes:

EC =
e2

4πε〈r〉
=

e2

4πε

√
πn. (1.36)

If the temperature of the system is much lower than the Fermi energy, then the sys-
tem is said to be degenerate and the average energy per particle can be approximated
as:

EF =
π~2

nvm
n, (1.37)

where nv is the number of occupied valleys. A convenient way to estimate the
strength of interaction is through the Wigner-Seitz (WS) radius rs, which can be
written as the ratio between the Coulomb and the kinetic terms:

rs =
EC

EF
=

nve
2m

4πε~2
√
πn

. (1.38)
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Figure 1.6: Density dependence of the interaction parameter for three di�erent
2DESs, as indicated.

Assuming nv = 1 and using the de�nition of the Bohr radius,

aB =
4πε~2

e2m0

, (1.39)

the interaction parameter can be expressed as the average inter-particle distance in
units of the e�ective Bohr radius: rs = 〈r〉/(4πε~2/e2m). As seen in Eq. 1.38, rs
is proportional to the e�ective mass m and inversely proportional to the dielectric
constant ε. This leads to the interaction strength being host material dependent, as
exempli�ed in Fig. 1.6.

Contrary to intuition, interactions are stronger when electrons are further apart
from each other. In the limit of high charge carrier density where rs is small, the
correlations are weak and the system behaves like a non-interacting Fermi gas. The
electron-electron interactions are gradually �switched on� as n decreases and the
Coulomb energy becomes dominant, leading to the so-called Fermi liquid phase. In
the very dilute regime, rs ≥ 35, it is predicted that the ground state of the system is
a Wigner solid - an electron crystal formed due to strong Coulomb repulsion [3, 13].

A comprehensive diagram of the di�erent phases of an interacting electron
system is both a great challenge and an interesting problem in condensed matter
physics. While the Fermi liquid is fairly well justi�ed in practice [14, 15, 16, 17, 18],
the observation of Wigner crystals has proven more challenging [19, 20, 21]. This is in
part due to ubiquitous disorder in such systems which leads to electron localization
before the solid phase sets in [22]. Theory suggests that there cannot be a direct �rst
order transition between a Fermi liquid and aWigner crystal, but rather a continuous
transition through liquid crystalline phases [23]. It is also widely believed that the
system may undergo other symmetry transformations at intermediate values of the
interaction parameter, such as a transition to spin-ordered states [24, 25, 26].

In this thesis we employ transport and microwave resonance measurements to
study the evolution of the ZnO-based 2DES through di�erent phases as the charge
carrier density is varied. The large electron band mass and relatively low dielectric
constant of ZnO give access to the large rs regime where the inter-particle interac-
tions dominate over the kinetic energy.
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1.2.1 The Fermi liquid formalism

Fermi liquid theory was developed by L. D. Landau (1954) to describe the behaviour
of liquid 3He at low temperatures. Later on his formalism was adapted for conduc-
tion electrons in metals. The theory relies on the observation that even in strongly
interacting systems where rs � 1 particles seem to behave independently. In this
regime, a perturbative approach (where one considers the Coulomb energy a small
perturbation) would clearly not work as the interaction term greatly exceeds the
kinetic energy. Landau constructed his formalism around the assumption that the
excited states close to the Fermi surface of the interacting system can be obtained
from the excited states of the free system by slowly turning on the interactions. This
adiabatic switching on ensures a one-to-one correspondence between the states of
the Fermi gas and those of the Fermi liquid. The main success of this phenomeno-
logical theory is that it correctly identi�es how various parameters are renormalized
by interactions and how some of these observables are related to each other.

In this section we will brie�y introduce key notions of the Fermi liquid theory
by closely following calculations in chapter 8 of Ref. [27]. A more complete study
can be found in Ref. [1]. Let us denote by {N~kσ} the set of occupation numbers of
non-interacting single-particle states. Thus a state of momentum ~k and spin σ has
the probability N~kσ to be occupied and 1−N~kσ to be empty. In the ground state at
T = 0, N (0)

~kσ
= Θ(kF − k), where Θ(x) is the Heaviside step function. Landau's �rst

assumption is that the same set of occupation numbers can be used to describe the
Fermi liquid: an excited state with k > kF of the free system evolves into an excited
state with equal momentum of the interacting system. This approximation holds for
low-lying excitations due to the Pauli exclusion principle: an excited electron with
k = kF+δk can only scatter into states lying in a narrow shell of width δk around the
Fermi surface - all the other states allowed by momentum and energy conservation
are already occupied; since the scattering time decreases with the number of available
states, a change in the occupation numbers occurs very slowly. One should note
however that {N~kσ} are not the true occupation numbers of the Fermi liquid excited
states, but can be regarded as such over time intervals shorter than the average
scattering time. The states associated with these occupation numbers describe the
spectrum of electrons dressed by interactions. They are coined quasi-particle states.

Restricting the discussion to low-lying excitations is reasonable in practice as
well. Transport measurements at low temperatures rely on scattering of electrons
into states close to the Fermi surface. Let us de�ne the deviation in occupation from
the ground state value as δN~kσ = N~kσ−N

(0)
~kσ

. For a free electron gas we can expand
the energy to �rst order in δN~kσ:

E = E0 +
∑
~kσ

~2k2

2m
δN~kσ, (1.40)

where E0 is the ground state energy. In the Fermi liquid case, since quasiparticles
are allowed to interact with one another, an expansion to second order is necessary:

E[{N~kσ}] = E0 +
∑
~kσ

ε~kσδN~kσ +
1

2

∑
~kσ,~k′σ′

f~kσ,~k′σ′δN~kσδN~k′σ′ . (1.41)
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Here ε~kσ denotes single quasiparticle energies and f~kσ,~k′σ′ is the Landau interaction
function. The Fermi velocity of the quasiparticles can be written as:

v∗F =
1

~

∣∣∣∣∂ε~kσ
∂~k

∣∣∣∣
k=kF

, (1.42)

which in turn allows the de�nition of the quasiparticle e�ective mass:

m∗ =
~kF
v∗F

. (1.43)

The band e�ective mass di�ers from the quasi-electron e�ective mass. The former
is determined by the curvature of the conduction band bottom, while the latter
depends on the interaction-induced renormalization of the Fermi velocity.

The Landau interaction function f~kσ,~k′σ′ in Eq. 1.41 describes the scattering of

two electrons with momenta ~k and ~k′ and spins σ and σ′. Since our system is isotropic
in momentum and we focus only on quasiparticles close to the Fermi surface, f
depends only on the angle between ~k and ~k′. Thus we can write f~kσ,~k′σ′ ≈ fσ,σ′(k̂ · k̂′).
In the absence of an external �eld, the system is invariant under time-reversal and
re�ection, implying that f depends only on the relative orientation of the spin which
can be either ↑↑ or ↓↑. The interaction function can then be separated into spin
symmetric and spin antisymmetric components:

f s(k̂ · k̂′) =
1

2
[f↑↑(k̂ · k̂′) + f↑↓(k̂ · k̂′)] (1.44)

f a(k̂ · k̂′) =
1

2
[f↑↑(k̂ · k̂′)− f↑↓(k̂ · k̂′)]. (1.45)

Writing down the corresponding Fourier expansion:

f s,a(k̂ · k̂′) =
∞∑
l=0

f s,al cos(lθ), where θ = k̂ · k̂′, (1.46)

we can de�ne the dimensionless Landau parameters:

F s,a
l = AD∗(EF)f s,al . (1.47)

In the equation above A denotes the area of the system and the density of states
at the Fermi level D(EF) is given by Eq. 1.17. The mass entering D∗(EF) is in this
case the renormalized quasiparticle mass. It can be shown [27] that m∗ and the
interaction function f are connected through the Landau parameter F s

1 by:

m∗

m
= 1 +

1

2
F s
1 , (1.48)

where m is the electron mass of the non-interacting system. The simplicity of
this equation re�ects the power of Landau's theory. Despite complex many-body
interactions, one of the key quantities describing the Fermi liquid system can be
reduced to a single parameter equation. In practice, calculating the set F s,a

l typically
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requires appropriate choice of trial functions and a reduced system size (a few tens
of electrons).

In the presence of a magnetic �eld, the isolated quasiparticle energy becomes:

ε~kσ(B) = ε~kσ +
1

2
gµBBσ. (1.49)

As a result electrons with spin up will lower in energy by an amount δε~kσ, while
electrons of opposite spin will gain an equal amount in energy. Associated with
this shift in energy is a change of δkF↑ = −δkF↓ in the Fermi momentum. The net
magnetization per unit area can therefore be written:

M = −1

2
gµB(δn↑ − δn↓) =

1

2
gµBD

∗(EF)δkF↓. (1.50)

It can be shown that at equilibrium the change in momentum expressed in terms of
the Fermi parameters is given by:

δkF↓ =
gµBB

2~v∗F
1

1 + F a
0

. (1.51)

Substituting this into Eq. 1.50 and using the de�nition of susceptibility M = χB,
we �nd:

χ∗ =
(gµB

2

)2 D∗(EF)

1 + F a
0

. (1.52)

We identify χ = (gµB)2D(EF)/4 as the Pauli (non-interacting gas) susceptibility.
Thus Eq. 1.52 becomes:

χ∗

χ
=
m∗

m

1

1 + F a
0

. (1.53)

In a similar vein, one can �nd the expression for the renormalized g-factor:

g∗

g
=

1

1 + F a
0

. (1.54)

Combining Eqs.1.53 and 1.54 we have:

χ∗

χ
=
m∗g∗

mg
. (1.55)

These results highlight the e�ect of interactions on measurable quantities. A Fermi
liquid retains the general behaviour of free particles: it has a well-de�ned Fermi
surface and the transport properties found in the previous section still hold. Param-
eters describing the quasiparticle system are, however, renormalized by interactions.
There are numerous studies dedicated to calculating the many-body e�ective mass,
g-factor and spin susceptibility of 2DESs and to corroborating these results with ex-
perimental �ndings. Most transport measurements agree on the enhancement and
apparent divergence of spin susceptibility in the limit of large rs. A diverging χ
as the carrier density is reduced may indicate that the system approaches a phase
transition. A Stoner instability leading to a fully spin polarized state is supported
both by theory and experiment [24, 26]. Another possible candidate is the Wigner
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crystal, which will be discussed in the following subsection.

1.2.2 Wigner crystals

At su�ciently low carrier densities, the Coulomb energy is much larger than the
kinetic energy of the system. Wigner [3] was the �rst to suggest that in this limit
the kinetic energy can be neglected and electrons arrange in a crystalline lattice due
to the Coulomb repulsion.

The static ground state energy of the two-dimensional Wigner crystal was calcu-
lated by Bonsall and Maradudin [28] by considering a system with constant electron
density embedded in a uniform positive charge background. The total energy is
then obtained by adding up the electrostatic interaction energy between a given
electron with all the other electrons in the crystal and with the neutralizing positive
background of density ρ+:

EI = E
(e)
I + E

(b)
I =

e2

4πε
lim
~x→0

(∑
l

1

|~x− ~x(l1, l2)|
− 1

|~x|

)
− eρ+

4πε

∫
A

∫
A

d2x

|~x|
. (1.56)

In the equation above the integral is carried out over the area of the crystal. The
position of the lattice points in real space is expressed with the help of the primitive
lattice vectors ~a1 and ~a2:

~x = l1~a1 + l2~a2, (1.57)

where l1 and l2 are integer numbers. The energy per particle can be written in terms
of the Misra functions φn(z) (see tabulated values in Ref. [29]):

EI = −2e2
√
n

4πε

[
2−

∑
l1,l2 6=0

φ−1/2

(
π

ac
x2(l1, l2)

)]
, (1.58)

with ac the area of the unit cell. Bonsall and Maradudin have evaluated this ex-
pression for �ve di�erent Bravais Wigner lattices, out of which the hexagonal lattice
yielded the lowest ground state energy:

Ehex
I = −3.921034

2

e2
√
n

4πε
(J) = −2.2122

rs
(Ry), (1.59)

where the Rydberg unit Ry is de�ned as:

Ry =
m∗e4

2~2(4πε)2
. (1.60)

This result takes into account only the classical static energy of the Wigner crystal.
The leading quantum mechanical corrections are due to the zero point motion of the
electrons localized at the lattice points. Tannatar and Cheperley [13] have performed
Quantum Monto Carlo calculations to estimate the total Wigner crystal energy:

EWC = −2.2122

rs
+

1.628

r
3/2
s

+
0.0508

r2s
(Ry), (1.61)
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Figure 1.7: Schematic of a two-dimensional Wigner crystal embedded in a positive
background of homogeneous density ρ+.

where the second and the third terms are due the zero-point energy and anharmonic
contributions, respectively.

With the ground state energy of the unpolarized Wigner crystal at hand one
might pose the following question: what is the value of rs at which a Fermi liquid
crystallizes? To determine the phase diagram of a strongly-interacting system the
energy of the Wigner crystal should be compared with the energy of other possi-
ble states, which includes paramagnetic Fermi liquid, partially- and fully-polarized
Fermi liquid, antiferromagnetic Wigner crystal. The symmetry of these phases has
to be assumed a priori, which means that the true ground state might have been com-
pletely disregarded. Despite decades of e�orts in Quantum Monte Carlo calculations
[13, 24, 25, 30] as well as electrical [19, 20, 26, 31, 32, 33] and optical measurements
[21, 34, 35, 36, 37], there is no consensus on a complete phase diagram. However
both theoretical and experimental studies point to a Wigner crystallization when
rs ≈ 30− 40.

So far observations of Wigner crystals primarily relied on temperature depen-
dent conductivity measurements of high-mobility systems [19, 20, 26]. These studies
often include sub-linear I−V curves, which have been attributed to the interaction-
mediated pinning of the charge carriers. Recently strong experimental evidence has
also been reported in transition-metal dichalcogenide (TMD) structures [21, 36].
Here modi�cations in the exciton band structure pinpoint a transition to a charge
ordered state. Perhaps the most convincing evidence for this fragile state is the
real-space imaging of the electronic lattice reported in WSe2/WS2 heterostructures
[38]. These advances have reignited interest in the topic and encourage further
investigations on the ground state of the interacting 2D many-body system.

1.3 Realization of a 2DES

Improvements in the semiconductor technology has paved the way towards rou-
tinely manufacturing high-quality heterostructures. The invention and development
of ultra-high vacuum molecular-beam epitaxy in the 1960s and 1970s is perhaps
one of the most important steps in the fabrication of state-of-the-art devices. In
combination with improved lithographic and etching methods, these devices can be
scaled down to the nanoscale.

Among the applications of semiconductor structures growth is the con�nement
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of charge carriers in two dimensions. In Fig. 1.8(a-c) three representative exam-
ples are shown. The �rst panel illustrates a schematic of a silicon metal-oxide-
semiconductor �eld-e�ect transistor (Si MOSFET) and the corresponding energy
band diagram. To achieve potential equilibrium, electron transfer from the metallic
gate to the p-doped Si occurs. Due to the formation of an electric �eld across the
junction, the energy bands bend such that close to the oxide-semiconductor interface
the conduction band in Si is lowered. By adjusting the gate voltage, the electron
concentration in the accumulation layer (also commonly know as an inversion layer)
can be tuned [39]. The device can be modi�ed to host a two-dimensional hole system
by using an n-type Si transistor body instead.

The Si MOSFET has a special place in the semiconductor device evolution
not only because of its high-performance and large-scale integration capability, but
also because it was the �rst device that allowed the observation of new physical
phenomena. Among them one can name the Integer Quantum Hall e�ect (IQHE)
[9] and the metal-insulator transition (MIT) [40]. It is also argued that strong
evidence for a Wigner crystal formation was �rst reported in a Si MOSFET [41].
The observation of the latter two is facilitated by inter-particle correlations, owing to
the relatively large e�ective mass m = 0.19m0 [42], a dielectric constant of ε = 7.8ε0
and the existence of two almost degenerate valleys (nv = 2). Using Eq. 1.38, these
parameters lead to typical interaction parameter values of rs ∼ 10− 40.

Gate

Source Drain

p-Si

SiO2

(a) Si MOSFET

z

y

Ec

Ev

EF

p-SiMetal SiO2

2DES
E

z

eVG

(b) AlGaAs/Gas

z

y
Si-doped AlGaAs

 AlGaAs

 AlGaAs

 GaAs

S
i-
d

o
p

e
d

  
A

lG
a

A
s

 A
lG

a
A

s

 A
lG

a
A

s

 G
a

A
s

EF

Ec

(c) MgZnO/ZnO

2DES

MgZnO

ZnO

z

y

E

z

2DES

E

z

MgZnO ZnO

Ec

Ev

EF

P1 P2

(d) Graphene

z y

EF

E
ky

kx

x

2DES

Figure 1.8: Schematic diagrams of four representative 2D systems and their
corresponding energy band structure. (a) Si MOSFET; (b) Modulation-doped
AlGaAs/GaAs heterostructure; (c) MgZnO/ZnO heterostructure (d) Monolayer
graphene.

Since the invention of the transistor there has been a big incentive for the
production of high-mobility devices due to potential end-use technologies. This is in
part due to the close relation between mobility and transistor switching frequency.
In Si MOSFETs mobility is limited by charged states in the oxide layer as well
as roughness at the SiO2/Si interface. To this day the highest value reported is
µ = 3 × 104 cm2 V−1 s−1 [22]. A big leap forward was made when the doping
layer was separated from the heterojunction where the 2DES is formed. Such an
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example is shown for an AlGaAs/GaAs heterostructure in Fig. 1.8(b). In this case,
the mismatch between the band gap of AlGaAs and GaAs ensures the creation of a
quantum well. At low temperature, the bulk of the sample becomes insulating and
charge is transferred from the doping layer to the quantum well until equilibrium is
reached. Further improvement was achieved by designing a short period superlattice
of doped GaAs layers separated by AlAs layers by means of which the e�ect of
charged donors is reduced. State-of-the-art GaAs-based 2DESs present mobilities of
44× 106 cm2 V−1 s−1 .

The high-quality of GaAs-samples made possible the discovery of fragile frac-
tional quantum Hall states [43, 44, 45]. In comparison to the 2DES in Si MOSFETs,
electron-electron interactions in a AlGaAs/GaAs heterostructure are almost an or-
der of magnitude weaker for the same charge carrier density. In other words, values
of n two orders of magnitude lower have to be used to achieve the same rs range as
in Si. Larger interaction parameters are achieved in p-GaAs quantum wells due to
the larger e�ective mass of holes.

A whole class of materials have been used to create heterostructures with var-
ious properties, as listed in Table 1.1. Special attention has been given to AlAs
and SiGe/Si/SiGe QWs due to their valley degree of freedom and anisotropic mass
as well as the large spin-orbit coupling (SOC) in AlAs which add further twists in
interaction-mediated e�ects [26, 46, 47, 48].

Table 1.1: Comparison between parameters determining the cyclotron, Coulomb
and Zeeman energy scales for various 2D system.

Material Charge
species

Peak mobility
(cm2 V−1 s−1 )

E�ective
mass (m0)

Dielectric
cst. (ε0)

g-
factor

Valleys

Si MOSFET e 3× 104 [22] 0.19 [42] 7.8 2 [49] 2

SiGe/Si e 2.4× 106 [50] ∼ ∼ ∼ ∼

AlGaAs/GaAs e 44× 106 [51] 0.067 [52] 12.9 -0.44
[53]

1

h 2× 106 [54] ml = 0.38
mh = 0.6
[55]

∼ 1 ∼

AlAs e 2.4× 106 [56] ml = 1.1
mt = 0.2
[57]

10 2 [57] 2

AlGaN/GaN e 6× 104 [58] 0.22 [59] 8.9 1.95
[60]

1

MgZnO/ZnO e 1.3× 106 [61] 0.3 [62] 8.3 1.95
[63]

1

1The g-factor in GaAs-based 2DHS is highly anisotropic and depends strongly on QW width.
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In Fig. 1.8(c) we present a third design hosting a ZnO-based 2DES. One may
immediately notice the simplicity of the heterostructure which requires the epitaxial
growth of only two layers, namely pure ZnO and Mg-alloyed ZnO. A �nite sponta-
neous polarisation is present in both layers. Due to a di�erence in the polarisation
magnitudes charge carriers from ionized impurities in the substrate will accumulate
at the interface. Since a higher concentration of Mg in the cap layer leads to a larger
polarization mismatch, the electron density can be controlled by adjusting the alloy
content. A more detailed description is given in the following subsection. Another
example of polarisation-induced 2DES is the AlGaN/GaN heterostructure [68].

Last but not least, Fig. 1.8(d) illustrates the lattice structure and the band
structure of graphene - a single layer of carbon atoms arranged in a hexagonal
pattern. We direct the reader towards review papers for more details on graphene's
electronic properties, current challenges and possible applications [69, 70]. Since
the �rst exfoliated graphene sample was reported [71] the interest in atomically-thin
systems has boomed. Making use of the weak inter-layer van der Waals bond, a
few dozens of 2D materials have been successfully isolated to this day. However,
hundreds of new compounds await to be studied [72]. Due to their reduced size,
relatively high mobility at room temperature as well as low cost of production, 2D
materials have potential applications in electronics.

1.3.1 Properties of the ZnO-based 2DES

The material hosting the 2DES studied in this thesis is ZnO and its alloy, MgxZn1−xO.
Crystallized in hexagonal wurtzite, the lattice constants are a = 3.25 Å and c = 5.2
Å. In this structure each Zn atom is surrounded by four oxygen atoms positioned
at the corners of a tetrahedron (see Fig. 1.9). The Zn s electrons hybridise with
the O p electrons to form sp3 covalent bonds. Due to the strong electronegativity
of the oxygen, the bond has substantial ionic character which leads to a certain
degree of polarity in the [0001] crystal direction. This explains why the c/a ratio
of 1.6 in ZnO deviates from the ideal wurtzite structure where c/a = 1.633. At
room temperature, ZnO has a wide direct band gap of Eg = 3.37 eV and an exciton
binding energy of Ex = 60 mV. By using Mg as an alloy, Eg can be increased up
to 3.99 eV for x = 0.35, which renders ZnO attractive for optoelectronic devices
[74, 75]. A further increase in alloy content leads to dramatic structural changes,
as MgO preferably crystallizes in a rock-salt structure. Undoped crystals have a
�nite residual electron concentration due to the predominance of Zn interstitials
and O vacancies as intrinsic defects. While this favours the formation of the 2DES,
it represents a challenge to attaining p-type crystals and therefore no ZnO-based
two-dimensional hole systems (2DHS) have been reported. Various growth methods
and p-doping elements (such as N, P, As, and Sb) were used in an e�ort to obtain
high-quality ZnO crystals, however the results seem to lack reproducibility [76].

The heterostructures studied in this thesis were obtained using a molecular
beam epitaxy apparatus dedicated for ZnO. Details on the growth procedure as well
as in-depth characterization of the samples can be found in Refs. [61, 77]. A 250

For heavy holes, in the out-of-plane direction g⊥ ∼ 0.01 − 0.04, however some reports suggest it
is vanishingly small [64, 65, 66]. The in-plane component was found in the range g‖ ∼ 2 − 2.5
[64, 67]. Further complexity is added by mixing of heavy and light holes.
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Figure 1.9: Crystal structure of wurtzite ZnO with the lattice constants a and c
indicated [73].

nm layer of ZnO followed by 250 nm of MgxZn1−xO were epitaxially deposited on
single-crystal ZnO substrates. As explained above, the ionic character of the Zn-O
bond leads to a �nite spontaneous polarization which is larger in the cap layer than
in the bu�er layer. In addition, strain induces piezoelectric polarization in MgZnO.
The total polarization of the system can be written:

∆Ptot(x) = Pspon(MgxZn1−xO )− Pspon(ZnO)− Ppiezo(MgxZn1−xO ). (1.62)

The polarization discontinuity at the interface facilitates the accumulation of elec-
trons in the quantum well formed due to band o�set. The source of electrons is
still under debate, but they likely originate from the residual bulk charge which is
naturally n-type or from donors at the surface [78].

Figure 1.10 shows the Mg content x dependence of electron density and mobility
for samples similar to the ones presented in this study [79]. With increasing alloying,
the charge concentration increases sub-linearly. This is expected as the polarization
divergence at the interface will increase with higher x. The mobility shows a peak at
approximately n = 1.4× 1011 cm−2 and decreases abruptly at lower densities. This
is likely due to reduced screening of the charged impurities in the vicinity of the
2DES. At higher electron densities, the mobility is suppressed due to the enhanced
interface roughness and alloy scattering.

Photoluminescence and re�ectance measurements show [80] that in the charge
carrier density range presented in Fig. 1.10 electrons occupy a single subband. The
energy spacing between the �rst two subbands as a function of electron density is
plotted in Fig. 1.11(a). Self-consistent calculations suggest that the 2DES wave-
function resides mostly on the ZnO side and has a maximum width of 10 nm, as
presented in Fig. 1.11(b). Recently the occupation of two subbands for x = 0.25
and a total density of n = 4×1012 cm−2 has been observed in magnetotranport and
magneto-optical measurements.

The quality of MgZnO/ZnO heterostructures has improved signi�cantly over
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Figure 1.10: Magnesium content dependence of electron density (circles) and mo-
bility (squares). Interface roughness and alloy scattering limit the mobility at high
n, while at low n charge impurity scattering dominates. From Ref. [79]

(a)

(b)

Figure 1.11: (a) Energy splitting between the lowest and the �rst excited subbands
estimated from photoluminescence measurements as a function of electron density.
(b) 2DES wavefunction full width at half maximum (FWHM) for various values of
n obtained from solving the Schrödinger-Poisson equation self-consistently. Inset:
schematic of the 2DES wavefunction at the MgZnO/ZnO interface. From Ref. [80]
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Figure 1.12: Drude model of cyclotron resonance. Power absorption reaches a max-
imum for ωc = ω. The width of the lineshape is determined by ωτ .

the years and it has reached its peak mobility of just over 106 cm2 V−1 s−1 for an
electron density of n = 8.3 × 1010 cm−2 [61]. This improvement has allowed the
observation of fragile even-denominator fractional quantum Hall states [81], exotic,
charge-density-like physics [82], as well as a possible Wigner crystal ground state in
dilute samples [83]. In this thesis we will explore magnetotransport and microwave-
induced phenomena in MgZnO/ZnO heterostructures similar to the ones studied in
these reports.

1.4 Cyclotron resonance (CR) and

magnetoplasmons (MPs)

In the presence of a perpendicular magnetic �eld electrons perform cyclotron orbits
with the rate Tc = 2π/ωc = 2πm/eB. If electromagnetic radiation of frequency
ω = ωc is applied, the system absorbs energy from the oscillating electric �eld
resonantly. Classically the equation of motion reads:

m

(
dv

dt
+
v

τ

)
= e (E + v ×B) . (1.63)

Assuming thatB points in the z-direction and that the radiation is linearly polarized
E = Ex exp(iωt), we can solve for vx to obtain the dynamic conductivity:

σxx = σ0

[
1 + iωτ

1 + (ω2
c − ω2)τ 2 + 2iωτ

]
. (1.64)

The static conductivity σ0 is given by Eq. 1.3. The real component σR of σxx, which
represents the losses due to absorption, is given by:

σR
σ0

=
1 + (ωcτ)2 + (ωτ)2

[1 + (ωcτ)2 − (ωτ)2]2 + 4(ωτ)2
. (1.65)

From Eq. 1.65 we can infer the following:
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1. In order to observe the resonance, the condition ωcτ > 1 should be met; this
is equivalent to the requirement that electrons perform at least one cyclotron
orbit between two scattering events.

2. Maximum absorption occurs at ω = ωc; for linearly polarized light and ωτ � 1,
the real part of the dynamic conductivity is half of the static conductivity:
σR/σ0 = 1/2.

3. The lineshape of the resonance is a Lorentzian with a half-width determined
by ∆ω = 1/τ .

Figure 1.65 illustrates the real component of the conductivity as a function of the
cyclotron frequency in units of ω. Two di�erent values of ωτ are used for comparison.
In typical cyclotron resonance (CR) experiments, the radiation frequency is �xed,
while the transmission through the sample is measured as a function of the applied
magnetic �eld. The transmission signal T (B) displays a minimum at resonance, as
σR/σ0 ∝ 1−T (B)/T (0) [84]. Another convenient way to detect CR is by measuring
the conductivity change of the system as the electron temperature increases due
to resonant energy absorption. The photoconductivity signal can be expressed as
(∂σ/∂T )∆T and thus depends strongly on the sensitivity of σ on temperature.

At high magnetic �elds the classical description of the cyclotron resonance from
Eq. 1.65 is no longer valid. This is due to the fact that in the Drude model the B-
dependence of the density of states is not taken into account. The problem of the CR
line shape is discussed by Ando in Ref. [85]. The results depend on the nature of the
scatterers [86]. In the case of short-range disorder, the width of the resonance line
varies with the Landau level width. Thus it directly re�ects the quantum lifetime
τq. For long-range scatterers, the line shape depends on the di�erence between the
width of adjacent LLs.

The quantum mechanical approach to the cyclotron resonance is centred around
single-particle excitations from a �lled LL to a neighbouring LL with empty states.
The transition occurs when an electron absorbs a photon of energy Ec, where Ec =
~ωc is the LL spacing. Since a photon carries an angular momentum of mJ = 1, the
transition is allowed only when the initial and the �nal states are in adjacent LLs
and if the spin of the electron is conserved. Spin-�ip excitations within the same
LL have energies equal to the Zeeman splitting and will be discussed later in this
chapter.

In the absence of an external magnetic �eld, the radiation induces oscillations
of the 2DES system as a whole [87]. The dispersion relation of the so-called plasmon
resonance is given by [88]:

ω2
p =

ne2

2εm
q, (1.66)

where q is the plasmon wave vector and ε is the dielectric constant. In a �nite-size
sample plasmons do not freely propagate, but are con�ned by the boundaries of
the system. The smallest q-vector corresponding to a sample of length L is q =
π/L. At �nite magnetic �eld the cyclotron resonance can hybridize with the plasma
oscillations to form magnetoplasmons (MPs). The dispersion relation becomes:

ω2 = ω2
p + ω2

c . (1.67)
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Figure 1.13: Schematic of the displacement mechanism. Left panel: the shift of the
cyclotron guiding centre due to scattering. Right panel: absorption of a photon of
frequency ω = ωc(δω − 2) assisted by the scattering event. A positive (negative)
detuning δω leads to an increase (decrease) in the longitudinal resistance. Modi�ed
from Ref. [90]

According to the above equation, in a system of �nite size the MP spectrum is
gapped: a minimum energy of ωp is required to excite plasmons. In the limit
L → ∞, this energy tends to zero. At high magnetic �eld, the MP dispersion line
approaches the cyclotron frequency.

CR is a convenient tool to determine the e�ective mass of charge carriers by
virtue of the resonance condition. According to Kohn's theorem [89], in an isotropic
system with parabolic energy dispersion, excitations under uniform radiation are
not modi�ed by inter-particle interactions. Therefore the e�ective mass obtained in
CR experiments corresponds to the band mass of the system. Since the carrier mass
of most heterostructures under study have m > 0.06 (see Table 1.1), the cyclotron
frequency falls in the microwave and infrared range for magnetic �eld strengths
routinely achieved in experimental setups (B ≈ 0− 10 T).

1.5 Microwave-induced resistance oscillations

(MIRO)

In the previous section we have seen that CR is the typical response of a 2DES
subject to a magnetic �eld and radiation of frequency ω = ωc. However an addi-
tional phenomenon was found in high-mobility samples, namely the appearance of
resistance oscillations upon illumination. As in the case of CR, the relevant energy
scale is ~ωc, which leads to the name microwave/THz-induced resistance oscilla-
tions (MIRO or TIRO, depending on the frequency range used). Its observation has
triggered intense theoretical e�orts to explain the driving mechanisms. A compre-
hensive review in a uni�ed theoretical framework can be found in Ref. [90]. Here we
restrict the discussion to a qualitative description of the e�ect.

Unlike in the case of cyclotron resonance where a single absorption peak is ex-
pected at ω = ωc, MIRO displays oscillations in the longitudinal resistance with a
period given by the ratio ε = ω/ωc. Generally the oscillations extrema are symmet-
rically shifted from the CR harmonics. The maxima (minima) are o�set to higher
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(lower) B-�elds with respect to integer ε by a quarter of a cycle [91]. The amplitude
is exponentially damped at low magnetic �eld. As a function of magnetic �eld, the
change in the longitudinal resistance δRxx follows the equation:

δRxx ∝ −Aω sin(2πε) exp(−2π/ωcτ
MIRO
q ), (1.68)

where τMIRO
q denotes a quantum scattering time characteristic to MIRO and is of the

order of the quantum lifetime. The amplitude Aω is a function of microwave power
and, depending on the dominant scattering mechanism, can vary with temperature.

Most characteristics of MIRO can been explained through a combination of
two mechanisms: the displacement mechanism and the inelastic mechanism. The
former, which relies on radiation-assisted scattering o� disorder [92, 93], is depicted
in Fig. 1.13. The sketch on the left represents the shift of the cyclotron orbit
guiding centre ∆R12 following an elastic scattering event. The external electric
and magnetic �led are pointing in the x- and z-direction, respectively. The net
e�ect of the E-�eld is to tilt the energy spectrum, as shown in the right panel of
Fig. 1.13. If the electron scatters and concomitantly absorbs a photon of energy
~ω, it can be promoted to a higher Landau level. Since this is a non-resonant
process, the change in the Landau level index ∆N can be higher than one. If the
detuning between the cyclotron energy and the photon energy δω = ω/ωc − ∆N
is positive, scattering events which correspond to a displacement ∆X in the same
direction as the electric �eld dominate. This leads to a diminished DC current Ix
which in turn corresponds to an increase in resistance. The reverse applies in the
case of a negative detuning: displacements against the electric �eld prevail which
enhance the DC current and reduce the longitudinal resistance. For �xed microwave
frequency and a monotonically increasing magnetic �eld, the resistance oscillates as
the detuning changes sign periodically. In the regime of overlapping Landau levels,
where the density of states can be approximated as periodic, D(E) = D(E+N~ωc),
MIRO is well described by Eq. 1.68 with the amplitude independent of temperature.
Theoretical work [94, 95, 96] suggests that the displacement mechanism dominates
when a su�cient amount of short-range scatterers is present, or at high microwave
power and temperatures.

In some high-mobility samples where elastic impurity scattering is less frequent,
the displacement mechanism contributes little to the observation of MIRO. Instead
the e�ect is present due to the so-called inelastic mechanism [97, 98]. In this case the
MIRO occurs due to a non-equilibrium distribution function f(E) upon illumination,
which in turn is related to the oscillating density of states. A schematic of the
inelastic mechanism is shown in Fig. 1.14. The distinctive characteristic of this
mechanism is that the corresponding change in DC conductivity is proportional to
the inelastic relaxation time τin. This is associated with a temperature dependent
amplitude Aω. Since most inelastic scattering processes occur with phonons, this
mechanism dominates at low temperatures where τin � τq.

Although the presented models describe well most features of MIRO, they do
not explain its insensitivity to radiation polarization handedness [99]. Moreover,
the current formalism cannot account for the e�ect of electron-electron interactions,
which, in accordance with the Fermi liquid theory, leads to mass renormalization
[100, 101]. In an e�ort to approach these inconsistencies, a few other models have
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Figure 1.14: Schematic of the inelastic mechanism. The distribution function f(E)
gains an oscillatory component due to the oscillating density of states in a magnetic
�eld and to microwave illumination. This leads to a correction to the resistance
which is periodic in ω/ωc. From Ref. [90]

emerged, some of which are also based on a bulk e�ect [94, 102, 103, 104], while
others suggest that MIRO emerges from either the edges [105] or from the metallic
contacts or pads on the sample [106, 107]. Measurements performed on Corbino
disks have rebutted MIRO as an edge e�ect [108]. Moreover its observation on
contactless samples shows that a contribution from metallic structures can also be
neglected [109, 110].

1.6 Electron spin resonance (ESR)

An electron possesses spin angular momentum S which is associated with a magnetic
moment:

µS = −gµB
S

~
, (1.69)

where we denoted the spin g-factor as g which in free space is approximately equal to
2. Since the spin of an electron is 1/2, the projection of the spin angular momentum
along any given axis can take on two values: +~/2 or −~/2. These two components
are generally referred to as spin up (−1/2) and spin down (+1/2). From Eq. 1.69 we
notice that the magnetic moment is antiparallel to the angular momentum. This is
due to the negative charge of electrons. When an external magnetic �eld is applied,
the degeneracy between the two spin states is lifted. The energy splitting, called
the Zeeman energy, is given by:

EZ = −2µS ·B = gµBB. (1.70)

Electron spin resonance is the measurement in which one probes the Zeeman energy.
For a free electron, EZ ≈ 0.12 meV for B = 1 T, which falls in the microwave
range. In a crystal, the g-factor can vary from the free-space value due to spin-
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orbit coupling, crystal �eld or hyper�ne interaction. Careful examination of the
paramagnetic resonance provides information on how these phenomena a�ect the
energy spectrum. The resonance signal is typically measured using sensitive ESR
spectrometers, which require positioning the sample inside a resonance cavity and
detecting the radiation which passes through this cavity. A detailed description of
these techniques can be found in Ref. [111].

To perform an ESR measurement, it is necessary that the system of study
contains unpaired (paramagnetic) spins. An external magnetic �eldB = Bz creates
a torque µS ×B, which causes the direction of µS to precess around B. The rate
of precession is given by the Larmor frequency ωL = gµBB/~. Applying a radiation
�eld with a frequency equal to ωL and an oscillating B-�eld in the xy-plane causes
the spins to tip and eventually �ip signs. This process is schematically depicted in
Fig. 1.15 and can work both ways: a spin up can be �ipped to a down-state and the
other way around.

In a two-level system picture (see Fig. 1.16), the paramagnetic resonance can
be understood as a transition between states of opposite spins upon absorption or
emission of photons with energy EZ. To excite electrons from the lower to the higher
energy branch, a spin population di�erence is required, which at �nite temperature
T is given by the Boltzmann probability expression:

N+

N−
= exp (−~ωL/kBT ), (1.71)

where N+ and N− are the number of electrons with spin-up and spin-down, respec-
tively. To improve the ESR signal, it is thus necessary to have ~ωL � kBT . All
experiments presented in this thesis were performed in this regime.

If spins were completely isolated excitations would have an in�nite lifetime and
the population di�erence would tend to zero. In real systems, however, �uctuations
in local e�ective magnetic �eld, often caused by spin-orbit interaction (SOI) lead
to a �nite spin lifetime. Among the most common relaxation mechanisms one can
name Elliott-Yafet [112], Dyakonov-Perel [113], and the relaxation via hyper�ne
interaction with nuclear spins. In experiments, one can distinguish between the
relaxation time of the spin component parallel to the direction of the static B-�eld
from the one perpendicular to it. Correspondingly, the two quantities are named
the longitudinal relaxation time (T1) and the transversal relaxation time (T2). In
practice, while T1 can be in some cases extracted from the width of the ESR line,
one would have to employ the pulse electron spin resonance technique to measure
T2.

As seen in Section 1.2, the g-factor of a system can be renormalized by cor-
relations. According to Yafet [114], for a parabolic 2DES in an isotropic RF �eld
the position of the ESR line is not a�ected by inter-particle interactions. Thus in
a paramagnetic resonance experiment, one would obtain the bare e�ective g-factor.
Exceptions from this theory are expected to occur in systems where the SOC is
present [115].
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Figure 1.15: The spin magnetic moment precesses around B with the Larmor fre-
quency ωL. Resonant absorption of the B-�eld component of the radiation �eld
causes the magnetic moment to �ip.

Figure 1.16: A static magnetic �eld leads to the Zeeman splitting between opposite
spin levels. Photons with frequency equal to the Larmor precession frequency can
excite electrons between the two states.



Chapter 2

The two-dimensional electron liquid

The 2DES in MgZnO/ZnO heterostructures o�ers a fruitful platform for the explo-
ration of inter-particle correlations, due to the dominance of the average Coulomb
energy over the kinetic energy of particles at the Fermi surface, while disorder plays
a marginal role. One manifestation of many-body interactions is the renormaliza-
tion of the electron e�ective mass and g-factor, quantities which enter the cyclotron
and the Zeeman energy, respectively. In this chapter we explore the accessibility of
these parameters through transport measurements and by analysing the microwave-
induced e�ects. A close-up of the microwave response in the form of cyclotron reso-
nance, microwave-induced resistance oscillations and electron spin resonance further
the understanding of the 2DES under study.

2.1 Methods

This chapter focuses on the transport properties and the microwave response of var-
ious MgZnO/ZnO heterostructures. For studying the response to microwaves we
have employed two measurement techniques, namely resistive detection and trans-
mission. The details of each method can be found in Section 2.3.1 of this chapter.

We measured a set of 17 samples with di�erent charge carrier concentrations
in the range 2 × 1011 cm−2≤ n ≤ 20 × 1011 cm−2. The electron density was
determined by the Mg content in the cap layer. Based on Fig. 1.10 we approximate
that the corresponding alloy content spanned the interval 0.01 ≤ x ≤ 0.15. The
lateral size varied from sample to sample, but all chips were approximately square
and had at least four contacts such that four-point measurements in the Van der
Pauw con�guration were possible. Soldered indium in the chip corners constituted
the contacts.

The experimental setup is shown in Fig. 2.1. A small hole approximately 5 mm
in diameter was drilled through the middle of the chip carrier. The top side was
then covered with a transparent mylar �lm to which the ZnO sample was glued.
Additionally we used metallized mylar around the perimeter of the sample to en-
sure that radiation only passes through the chip. On the backside of the carrier
we placed a 4 × 3 mm2 carbon-covered kapton �lm with silver paste contacts. It
served as a resistor Rt exhibiting a strong temperature dependence. Its bolomet-
ric response provided a measure of the microwave power transmitted through the
sample containing the 2DES.

35
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Figure 2.1: Sketch for the experimental setup used to perform simultaneous trans-
mission and photoresistive measurements.

The measurements were carried out in a single shot 3He cryostat, capable of
reaching a base temperature of T ≈ 300 mK. The cryostat was equipped with a 15 T
superconducting coil. An Agilent 83650B signal generator produced monochromatic
radiation with frequencies fMW ≤ 50 GHz. Virginia Diode frequency multipliers
were used to access higher frequencies in the range fMW = 75 − 170 GHz. The
microwaves were carried to the device through a �exible coaxial cable connected to
a rectangular rigid waveguide which stretched from the top of the sample holder to
the sample space. The output power varied with frequency and was no higher than
10 mW at the input of the rigid waveguide.

The resistance Rxx of the 2DES was measured in a four-point con�guration
using a Stanford Research Systems SR830 lock-in ampli�er. The bias AC current
IAC = 500 nA oscillated at a frequency of fAC ≈ 13 Hz. To improve detection of
the microwave response, we employed the dual modulation technique. The output
radiation was amplitude modulated at a frequency of fmod = 1 kΩ. The dual function
of a SR860 lock-in ampli�er was then used to directly measure the photoinduced
resistance component δRxx which is modulated both at fAC and at fmod. This
method ensured that minute changes in the resistance due to microwave absorption
could be detected. The same technique was used to measure the microwave response
δRt of the carbon resistor. All samples presented in this chapter were characterized
through photoresistive measurements. Transmission experiments have been carried
out on a set of four samples with di�erent carrier concentrations such that they
covered the entire range of interest.



2.2. TRANSPORT CHARACTERIZATION 37

Figure 2.2: Mobility as a function of density in a number of ZnO-based 2DESs. The
dotted and dashed lines are guides for the µ ∼ n and µ ∼ n−3/2 laws corresponding
to charged impurity and interface roughness scattering, respectively. Adapted from
Ref. [79].

2.2 Transport characterization

2.2.1 Carrier mobility

The state-of-the-art ZnO-based 2DESs studied in this thesis owe their high quality
to the advances made along the years in identi�cation and control of defects upon
crystal growth [61]. This progress has allowed the observation of various phenomena
which otherwise would have been obscured by strong disorder [81, 82, 83]. One mea-
sure of sample quality is the carrier mobility, µ, which in practice can be estimated
using the 2DES resistivity ρ and carrier density n:

µ =
1

neρ
. (2.1)

Figure 2.2 summarizes the mobility as a function of carrier density for samples with
similar properties as the ones characterized in this chapter [79]. The measurements
were performed at T = 0.5 K. Hence phonon scattering is negligible. On the high
density end, the mobility follows an approximate n−3/2 law (dashed lines). This
dependence has been attributed to alloy scattering and interface roughness [116],
which is stronger at high n due to the wave function penetrating further into the
barrier. As the carrier concentration is reduced below n ≈ 1.5 × 1011 cm−2, the
screening of disorder becomes less e�cient, thus leading to a linear decrease of the
mobility with n [117]. The focus of this chapter are systems with an electron density
in the range of 2 × 1011 cm−2≤ n ≤ 20 × 1011 cm−2. The corresponding mobilities
in this density range vary between 104 < µ < 7× 105 cm2 V−1 s−1 .

2.2.2 Magnetotransport and electron liquid parameters

Standard lock-in ampli�er measurements have been employed for magnetotrans-
port characterization of all samples studied in this chapter. In particular, we have
extracted the carrier density from the period of SdHO at low temperatures. Occa-
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Figure 2.3: Magnetotransport traces for a 2DES with n = 5.3 × 1011 cm−2 recorded
at T ≈ 0.3 T. Inset: low-�eld SdHO. The arrow marks the onset of the oscillations.

sionally the Hall resistance was monitored for the same purpose. The onset of the
SdHO provided an estimate for the quantum lifetime τq, by virtue of Eq 1.33. Typ-
ical longitudinal (red line) and transversal (black line) resistance traces are shown
in Fig. 2.3 recorded for a sample with n = 5.3× 1011 cm−2 at T = 0.3 K. The main
plot shows Rxx and Rxy for magnetic �elds up to B = 12 T. Pronounced QH states
up to ν = 7 are marked. Some signatures of an incipient fractional quantum Hall
state at ν = 8/3 can also be identi�ed. In the inset the low �eld resistance oscilla-
tions in Rxx are displayed. The arrow marks the onset of the SdHO at B ≈ 0.4 T,
which corresponds to τq = 2 ps. Only minima corresponding to odd �lling factors
are visible at such low B-values, re�ecting that the Zeeman splitting is comparable
in magnitude with the cyclotron energy.

Due to the nature of the excitations responsible for conduction which typically
involve electron-hole pairs with wave-vectors ~k →∞, the e�ects of electron-electron
interaction are directly visible in transport measurements. One such example is the
fractional quantum Hall e�ect (FQHE) where electrons and magnetic �ux quanta
assemble into new quasi-particles in order to screen the Coulomb repulsion [4]. The
FQHE can be understood in terms of the composite fermion theory. Strong cor-
relations are present in transport also through the renormalization of measurable
quantities such as the carrier e�ective mass, m∗, the g-factor, g∗, and the spin sus-
ceptibility χ∗ ∼ g∗m∗/m0. Interaction-induced parameter renormalization can be
phenomenologically explained by the Fermi liquid theory (see Section 1.2.1 for de-
tails). In practice, the renormalized mass m∗ can be obtained by analysing the
temperature dependence of the SdHO [118]. Several works have reported the value
of m∗ in ZnO-based systems [119, 120, 121]. In Fig. 2.4 we replot m∗ from Ref. [121]
as a function of carrier concentration and interaction parameter. The horizontal
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Figure 2.4: Electron liquid mass m∗ obtained from the temperature dependence of
SdHO as a function of charge carrier density n and interaction parameter rs. Dashed
line marks the band e�ective mass in bulk ZnO. Adapted from [121].

dashed line marks the bare mass in ZnO, m = 0.3m0 [62]. At high density (n > 12×
1011 cm−2), the quasi-particle transport mass is approximately equal to the band
mass. As the density is reduced and interactions grow stronger, m∗ �rst falls below
the bare value and then increases systematically down to the lowest accessible n.
Both the reduction and the increase in m∗ have been reported in other materials
[15, 118, 122] and can be qualitatively explained as a manifestation of many-body
e�ects within the Fermi liquid paradigm [14, 17].

In transport measurements the dimensionless quasi-particle spin susceptibility,
g∗m∗/m0, can be estimated by employing the coincidence method [123] or from
the parallel magnetic �eld required to polarize the 2DES [124, 125]. Using the
independently measured m∗, one can calculate the renormalized g-factor. It turns
out that in ZnO g∗ varies only little with electron density and it is approximately
twice as large as the band value, g ≈ 2 [121]. A similar behaviour was observed in
Si-based 2DESs [122].

2.3 Cyclotron resonance and magnetoplasmons

Cyclotron resonance (CR) is a tool which is routinely used for determining electronic
properties of charge carrier systems in the presence of an external static magnetic
�eld and an alternating electric �eld [126]. Among the most common quantities
which can be studied with CR are the carrier type and concentration, cyclotron
mass and scattering time. By studying the cyclotron mass one can obtain details
on the non-parabolicity of the band structure and polaron coupling [84, 127].

According to Kohn's theorem [89], in a translationally invariant system uni-
form radiation can only couple with the centre-of-mass coordinate such that the
cyclotron resonance is una�ected by inter-particle correlations. Due to the small
momentum of incident photons, CR excitations are characterized by electron-hole
pairs with vanishing wave vectors ~k → 0. The theorem is violated in systems
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with non-parabolic band structure where translational invariance is broken [128]
and where, consequently, carrier-carrier interactions modify the cyclotron resonance
spectrum [129]. Disorder and �nite sample size are known to have a similar ef-
fect [130, 131]. Translational symmetry breaking can also be achieved arti�cially,
by modulating the charge carrier density through the excitation of surface acoustic
waves (SAWs). This method has been successfully employed to study the mass of
composite fermions which originates entirely from Coulomb interactions [132]. An-
other way to bypass Kohn's theorem is by modulating the incident radiation �eld
with the help of metallic grating patterned on the surface of the device [133]. Both
SAWs and the grating coupler allow a systematic study of CR dispersion as a func-
tion of the wave vector ~k, where |~k| is determined by the periodicity of the grating
or the wavelength of the SAW.

Previously CR was observed in ZnO-based 2DESs by recording the photolu-
minescence spectra with and without microwaves [134, 135]. By analysing the dis-
persion relation fMW(Bres) the authors have extracted the electron e�ective mass
which showed an increase with increasing density. The rise was attributed to non-
parabolicity e�ects in conjunction with strong Coulomb interactions. In this section
we revisit the density-dependent CR experiments in ZnO heterostructures and anal-
yse the �nite-size e�ects which lead to the hybridization of the Kohn mode with
magnetoplasma oscillations.

2.3.1 Detection scheme

CR experiments were performed using two detection methods. The �rst was trans-
mission which was achieved by monitoring the resistance of a carbon resistor placed
underneath the ZnO sample, as illustrated in Fig. 2.1. Its resistance Rt increased
signi�cantly as the temperature was reduced below 4 K. At base T , upon irradiation
with microwaves Rt dropped, indicating a strong negative bolometric response:

δRt(B) = −CTs(B)Pext. (2.2)

In the equation above C is a parameter characterising the sensitivity of the resistor
to the microwave power Pext and Ts(B) is the transmission coe�cient. Both C and
Pext are B-independent. Therefore in a magnetic �eld, the variations of δRt(B)
directly re�ect the B-dependence of the transmission coe�cient.

Figure 2.5 shows the representative microwave response of the carbon resistor
in a magnetic �eld for a sample with n = 7.2 × 1011 cm−2. The bath temperature
was T = 1.4 K. In the absence of microwave radiation the resistor displays a weak
negative magnetoresistance. Upon illumination with monochromatic microwaves of
frequency fMW = 95 GHz, the whole Rt(B) trace shifts to lower values due to heat-
ing induced by absorption of radiation which passed through the ZnO sample. At
magnetic �eld values where the cyclotron resonance condition ωc = ±2πfMW is sat-
is�ed the 2DES absorbs and/or re�ects most of the radiation, leading to the cooling
of the carbon resistor. This results in two evident peaks positioned symmetrically
with respect to B = 0.

While the example shown in Fig. 2.5 demonstrates that the resonance �eld can
be extracted directly from Rt(B) traces, in most cases the CR signal is too weak to be
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Figure 2.5: Demonstration of the transmission measurement technique using a car-
bon resistor for a 2DES with n = 7.2 × 1011 cm−2. The microwave frequency was
�xed to fMW = 95 GHz and the temperature was T = 1.4 K. The bolometer magne-
toresistance curve Rt(B) shifted to lower values when the microwaves were switched
on. Additionally two peaks appear, their positions corresponding to the CR condi-
tion. The strong bolometric response δRt was detected using the dual-modulation
technique. Its negation re�ects the B-dependence of the transmission.

clearly identi�ed. The signal strength depends on the radiation power that reaches
the sample, which in turn varies signi�cantly with radiation wavelength. This is
due to the output power determined by the device construction as well as standing
waves forming along the waveguide. To improve the signal to noise ratio, we use
the dual-modulation technique and recorded the change δRt(B) due to microwaves
directly. The measured transmittance Ts(B) = −δRt(B) is plotted in Fig. 2.5 with
dotted line.

The second method which we employed for CR detection relies on the bolo-
metric e�ect of the 2DES itself [136]. In this approach, the system absorbs energy
from the microwave �eld which leads to an increase in electron temperature. The
microwave induced heating can be expressed as (δRxx/δT )∆T and therefore re�ects
the sensitivity of the sample resistance to temperature.

We measured the microwave response δRxx of the 2DES utilizing the dual-
modulation technique illustrated in Fig. 2.1. In Fig. 2.6 we plot example traces at
di�erent radiation frequencies for a sample with n = 2.05 × 1011 cm−2 (dashed
lines). A strong peak is observed in each curve which is aligned with the minimum
measured concomitantly using the transmission scheme (solid lines). We can there-
fore associate the peaks in δRxx with resonant absorption of microwaves and heating
of the 2DES at CR.

Although the resistive detection of CR is convenient as it simpli�es the ex-
perimental setup, the method cannot be applied in samples with n ≥ 4.7 × 1011

cm−2 where no resonant features in δRxx were observed. In contrast, we were able
to measure CR in the transmission signal over the whole range of charge carrier
concentrations of interest. The disappearance of CR in δRxx is accompanied by the
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Figure 2.6: Magnetotransmission data −δRt(B) (solid lines) and photoresistance
δRxx(B) for three di�erent microwave frequencies (as marked) measured at T = 1.4
K on a sample with n = 2.05 × 1011 cm−2. Curves are shifted vertically for clarity.

emergence of another radiation-related e�ect, namely microwave-induced resistance
oscillations (MIRO). A detailed analysis of this phenomenon will be given in the
next section.

As discussed above, the strength of the 2DES bolometric response depends on
the temperature sensitivity δRxx/δT of its resistance. It is therefore tempting to
attribute the distinct microwave response in low- and high- density samples with the
di�erent R(T ) pro�les in the two charge carrier concentration regimes. In Fig. 2.7
we compare the R(T ) traces for two samples with densities n = 2.3× 1011 cm−2 and
n = 7.5× 1011 cm−2 in the absence of microwaves and magnetic �eld. Both systems
display a metal-like behaviour with dR/dT > 0. The resistance of the high density
system bottoms out below T ≈ 1 K, while in the low density sample R continues
to decrease as T is reduced down to base temperature Tbase ≈ 300 mK. Since our
CR measurements are performed at T ≤ 1 K, we would indeed expect a greater
photoresponse in the lower density samples.

2.3.2 Frequency dependence

In Fig. 2.8 we present the positions of the cyclotron resonance for a set of microwave
frequencies in a sample with n = 2.3 × 1011 cm−2. The resonance �eld was obtained
from the maximum of the photoresistive response δRxx. Taking the average between
the CR positions at negative and positive �elds we eliminate the zero-�eld o�set due
to trapped �ux in the superconducting coil. Additional errors stem from the width
and the asymmetry of the CR signal. The broadening of the line shape is likely to
originate from so-called radioactive decay while the asymmetry may be attributed
to interference e�ects within the sample [137, 138]. Assuming a linear dispersion
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Figure 2.7: Temperature dependence of the resistance at B = 0 for two samples
with n = 2.3 × 1011 cm−2 (blue line) and n = 7.5× 1011 cm−2 (red line). CR and
MIRO were dominated the photoresponse of the low- and the high-density sample,
respectively.

Figure 2.8: Positions of the cyclotron resonance maxima measured in δRxx for a
sample with n = 2.3× 1011 cm−2. The solid line represents a �t of the high frequency
fMW ≥ 75 data to Eq. 2.3. From the slope we obtain m∗CR = (0.32± 0.01)m0.
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following the resonance condition

fMW = fc ≡
eB

2πm∗CR
, (2.3)

we perform a linear regression with m∗CR as a �tting parameter. The result is shown
in Fig. 2.8 as a solid line. In this analysis we exclude data points with fMW < 75 GHz
where deviations from the linear dispersion owing to magnetoplasma oscillations
occur. The obtained value of the cyclotron mass is m∗CR = (0.32 ± 0.01)m0, which
is close to the band mass mb ≈ 0.3m0 of carriers in bulk ZnO [62].

Let us now shift our attention to the low frequency regime fMW < 50 GHz. Here
we �nd a systematic deviation from the linear dependence fMW(B). We attribute
this behaviour to the hybridization of the CR with the lowest-order magnetoplasmon
mode. To show that this is indeed the case, we consider the model of a clean 2DES
where retardation e�ects can be neglected [138]. Its spectrum in a magnetic �eld is
described by [139]:

f 2
mp = f 2

p + f 2
c , (2.4)

where f 2
p is the zero-�eld plasma frequency and is given by:

f 2
p =

ne2

8π2m∗ε̄
q. (2.5)

In a square-shaped sample such as ours the fundamental magnetoplasmon mode
corresponds to the wave vector q = π/L. Since the thickness of the sample w ≈ 0.3
mm is much smaller than the lateral size L, we can express the e�ective dielectric
constant ε̄ in terms of the ZnO dielectric constant ε = 8.5ε0 as [140]:

ε̄ =
ε0
2

+
ε

2
· ε tanh(qw) + ε0
ε+ ε0 tanh(qw)

≈ 2.23ε0. (2.6)

In Fig. 2.9 we plot the square of the resonance positions from Fig. 2.8 against
the square of the corresponding radiation frequencies. The dashed line in the main
plot represents the high frequency fMW ≥ 75 GHz linear �t with zero intercept which
yielded the cyclotron massm∗CR = (0.32±0.01)m0. Plotted in this manner, we notice
that even at lower frequencies the deviation due to magnetoplasma oscillations is
barely visible. We can attribute this to the smallness of the plasma frequency,
because of the large sample size. It is therefore reasonable to neglect this e�ect in
the high frequency range.

In the inset of Fig. 2.9 a narrower range with fMW < 50 GHz of the same data
set is shown. A small positive vertical o�set becomes visible, corresponding to f 2

p .
Using Eqs. 2.4 and �xing the e�ective mass to m∗ = 0.32, we �t this portion of the
data and obtain fp = 11.8 GHz. Comparing this value with the one calculated using
Eq. 2.5 we �nd the same value. Exact agreement between the theoretical model and
experiment might also be coincidental, given the loose approximations. Despite the
simplicity of the model, it appears that the spectrum can be qualitatively explained
in terms of the hybridization between CR and magnetoplasma oscillations [141].
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Figure 2.9: CR spectrum plotted with quadratic scales (f 2
MW, B

2). The main panel
presents data for the entire frequency set, while the inset only includes data for
fMW < 30 GHz. The solid line in the main plot is the linear �t from Fig. 2.8. The
dashed line in the inset is a linear �t to Eq. 2.4 which yields fp = 11.8 GHz.

2.3.3 Density dependence

The cyclotron mass analysis described in the previous section has been performed
on a set of samples of various charge carrier densities. The results obtained from
both transmission (diamonds) and photoresistance (triangles) measurements are dis-
played in Fig. 2.10. Due to the absence of a resonant photoresponse in high-density
samples, we were able to estimate the mass through transmission measurements
alone for n > 4× 1011 cm−2. The error bars represent the standard deviation of
the linear regression performed on each fMW(B) data set. Using only the high-
frequency range of the spectrum (fMW ≥ 75 GHz), we neglected the corrections due
to magnetoplasma oscillations.

Across the range of n of interest the cyclotron mass appears to be independent
of electron density. The average value of m∗CR = 0.3±0.01m0, shown as a horizontal
dashed line, coincides with the band mass reported in bulk ZnO [62]. We therefore
conclude that indeed the measured cyclotron mass is independent of many-body
e�ects, as predicted by Kohn's theorem.

The above result contrasts with the �ndings in Ref. [135] where a systematic
increase of the cyclotron mass with n is found. The authors attempted to explain
this behaviour by taking into account non-parabolicity e�ects. Using the ~k ·~p model
including three bands [127], the energy dependence of the e�ective mass is given by:

1

m∗(E)
=

1

m∗0

(
1 +

2K2

Eg
E

)
, (2.7)

where m∗0 is the band-edge e�ective mass and Eg is the band gap. The size of the
non-parabolicity at electron energy E is gauged by the coe�cient K2. Analysing
the density dependence using the above equation, the parameter K2 is estimated at
−15.2, well above the bulk ZnO value of Kbulk

2 = −1.2. This discrepancy has lead
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Figure 2.10: Cyclotron e�ective mass obtained from transmission (diamonds) and
photoresistance (triangles) measurements. The horizontal dashed line marks the
average value over the whole electron density range under study.

the authors to conclude that due to �nite non-parabolicity of the system Kohn's
theorem is invalid, thus allowing Coulomb interactions to shift the energy of the
cyclotron resonance. Whether that is indeed the case still remains to be clari�ed.
The drastically di�erent behaviour of the cyclotron mass in this thesis compared to
the one in Ref. [135] also remains a subject of debate.

2.4 Microwave-induced resistance oscillations

Upon irradiation with microwaves the photoresponse of a 2DES in a magnetic �eld
is conventionally dominated by the heating-induced resonant absorption at CR.
However in high-mobility systems a distinct e�ect can emerge, namely microwave-
induced resistance oscillations (MIRO). Unlike CR, MIRO relies on non-resonant
absorption of microwaves which allows transitions to available states in distant LLs.

From the period of MIRO, which is determined by the ratio 2πfMW/ωc, one
can extract the electron e�ective mass. The fact that the mass thus obtained is
di�erent from the band mass was �rst reported in a GaAs-based 2DES by Hatke et
al. in Ref. [100]. This result has triggered a series of charge carrier density dependent
studies which suggest that MIRO probes the interaction-renormalized e�ective mass
[101, 142]. Experimental studies of MIRO in ZnO 2DESs yield similar �ndings
[143, 144, 145]. In this section we revisit the topic of MIRO mass and present
concomitant transmission and photoresponse measurements. This allows a direct
comparison between the bare CR mass and the correlations-sensitive MIRO mass.
Additionally, we investigate the regime where both MIRO and CR are present in
the 2DES photoresponse.

2.4.1 Detection

In most reports MIROs are measured as a response in the longitudinal magnetore-
sistance of the sample. Some signatures of MIRO in the transversal resistance have
been observed [146], in qualitative accordance to theory [92]. Higher harmonics of
CR in di�erential absorption [147] and in transmittance have also been resolved
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Figure 2.11: The photoresponse of a sample with n = 7.5× 1011 cm−2 when the
microwave frequency equals 84 GHz and T = 1.4 K. Prominent MIRO periodic
in 1/B appear. At high �eld, B > 1 T, they overlap weaker oscillations which
correspond to the heating-induced modulation of the SdHO.

[148], providing evidence for MIRO-like quantum corrections to the dissipative part
of the dynamic conductivity.

MIRO is also present in a set of 2DESs studied in this thesis. In some sam-
ples the modulation due to microwave radiation was su�ciently pronounced to be
observed in Rxx(B). In most cases, however, the dual-modulation technique illus-
trated in Fig. 2.1 was necessary to resolve the oscillations. Figure 2.11 displays a
typical di�erential magnetoresistance trace for a sample with n = 7.5 × 1011 cm−2

at T = 1.4 K. The sample was illuminated with microwave radiation of frequency
fMW = 84 GHz. Pronounced oscillations the amplitude of which increases with B
appear at magnetic �elds as low as B = 0.1 T. At high �eld (B & 0.8 T), MIRO
overlaps with another set of oscillations, which we identify as the Shubnikov-de Haas
oscillations. Their appearance in δRxx is due to the heating-induced modulation.

2.4.2 Determination of MIRO e�ective mass

In this study MIROs are well reproduced by the expression [90]:

δRxx ∝ − sin(2πε) exp(−2π/ωcτ
MIRO
q ), (2.8)

with the period determined by the ratio ε = 2πfMW/ωc. The presence of the e�ective
mass in ωc allows us to determine its value from the position of the MIRO extrema.
We denote the mass thus extracted asm∗MIRO to di�erentiate it from the one obtained
from temperature dependent SdHO measurements m∗SdHO and from CR experiments
m∗CR.

Figure 2.12 illustrates the procedure for determining m∗MIRO from the trace
presented in Fig. 2.11. In panel (a) we plot the inverse values of the extrema positions
1/Be against ε (open circles). We assumed a ∓1/4 o�set of the maxima (minima)
with respect to the nodes of at integer values ε = N and omitted the extrema around
N = 1 where a more complex phase behaviour is expected [90]. Using the relation

ε = 2πfMWm
∗
MIRO/eB, (2.9)

we perform a linear �t with zero intercept (solid line) which yieldsm∗MIRO = (0.335±
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Figure 2.12: Demonstration of e�ective mass analysis from MIRO for the trace in
Fig. 2.11. The electron density of the system was n = 7.5× 1011 cm−2. Panel (a):
the inverse of the extrema positions are plotted against ε. The solid line represents
a linear �t to Eq. 2.9. It yields m∗MIRO = 0.335m0. Panel (b): δRxx as a function
of ε. The photoresponse is multiplied by a factor exp(0.4/B) for better visibility of
the low-�eld oscillations.

0.006)m0. To illustrate the accuracy of this analysis we plot in Fig. 2.12(b) the
resistive response against ε which was calculated by assuming the value m∗MIRO =
0.335m0. We multiplied δRxx by exp(0.4/B) to improve the visibility of the low-
�eld oscillations. Represented in this manner, all maxima (minima) fall precisely at
ε = N ∓ 1/4 for N > 1.

The low �t error in the presented method for extracting m∗MIRO is due to the
visibility of many extrema on the same trace. This is however not the case for all
samples. In particular at low densities where MIRO becomes weak, only oscillations
with ε < 4 are apparent. In this case we employed a di�erent method for estimating
m∗MIRO with high accuracy. First we measured MIRO traces at di�erent microwave
frequencies. The position of each maximum (minimum) is extracted and plotted
against fMW. Assuming an o�set of 1/4, the fMW-dependence of the Nth maximum
(minimum) is then �tted to the expression

fMW = (N ∓ 1/4)eB/2πm∗MIRO. (2.10)

From the slope of each �t we obtain m∗MIRO. The average of all values yields the �nal
result, with the standard deviation as the estimated error. The analysis of several
selected extrema is presented in Fig. 2.13. The numbers marked on the graph
correspond to N ∓ 1/4. The resulting e�ective mass is m∗MIRO = (0.335± 0.006)m0.

2.4.3 Competition with CR

Pronounced MIROs were detected in samples with n & 4.7 × 1011 cm−2, while in
low-density systems (n . 3.8 × 1011 cm−2) the photoresponse was dominated by the
bolometric response due to cyclotron resonance. In the narrow density interval 3.8
× 1011 cm−2. n . 4.7 × 1011 cm−2 features from both types of response could be
seen. Such an example is shown in Fig. 2.14(a), where MIRO and CR coexist on the
same di�erential magnetoresistance trace recorded on a sample with n = 4.3× 1011
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Figure 2.13: E�ective mass extraction method based on microwave frequency de-
pendence. (a) MIRO trace recorded at fMW = 96 GHz. (b) The positions of the
extrema identi�ed in panel (a) are plotted against radiation frequency. The solid
lines represent linear �ts to Eq. 2.10. Each slope gives a value of m∗MIRO which
average to (0.335± 0.006)m0.

cm−2. The plot shows the evolution of the photoresponse as we decrease the output
power Pout of microwaves with fMW = 95 GHz. The bath temperature was T = 1.2
K. At the highest output power, Pout = 6.3 mW, a strong CR response appears at
the position corresponding to the bare mass m∗CR (blue line). Additional features
are present which, by reducing the microwave power su�ciently (Pout = 0.78 mW,
red trace), can be identi�ed as MIRO. The near disappearance of the CR signal at
low power suggests its much faster decay with Pout than MIRO.

The independently measured magnetotransmission is presented in Fig. 2.14(b).
Here a strong CR response is detected, the position of which matches that of the
bolometric signal in δRxx. This justi�es the interpretation of the δRxx peak as
resonant absorption-induced heating of the 2DES.

Having isolated MIRO from the CR signal by reducing the radiation power, we
can now estimate the e�ective mass using the frequency-dependent method described
in the previous section. To improve the signal further, we have cooled the bath
temperature to T = 600 mK and maintained an output power of Pout = 0.78 mW.
The analysis yieldsm∗MIRO = (0.375±0.008)m0, which is 25% higher than the average
bare cyclotron mass m∗CR ≈ 0.3m0. This di�erence can be seen directly in Fig. 2.15
where we plot the di�erential magnetoresistance traces at high and low power against
ε. The values of ε were calculated using the m∗MIRO = 0.375m0. In the low-power
trace (red line) we see that the extrema of MIRO fall at the positions ε = N ± 1/4
(N = 1, 2, 3), as expected for a quarter phase. If the cyclotron mass were equal to
the MIRO mass, the CR peak should have emerged at ε = 1. Instead, it coincides
to the �rst minimum of MIRO, corresponding to ε = 1.25. We were therefore able
to demonstrate through power-dependent photoresistance measurements that the
MIRO mass is indeed renormalized with respect to the bare cyclotron mass.

MIRO could not be resolved in samples with carrier densities below 3.5× 1011

cm−2. Both microwave power and temperature dependent measurements were car-
ried out on lower n systems in an e�ort to detect it. One experiment was performed
at dilution refrigerator temperatures (T ≈ 20 mK), accessing a regime where the
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Figure 2.14: Photoresistance (a) and transmission (b) measured in a sample with
n = 4.3 × 1011 cm−2. Panel (a): Power dependent measurement of δRxx. At high
power, both CR and MIRO are visible in the same trace. At Pout = 0.78 mW
only MIRO persist. Panel (b): The independently measured transmission features
a strong CR signal. It coincides with the bolometric peak in δRxx.

Figure 2.15: The photoresponse in Fig. 2.14 is replotted against ε, which is calculated
using m∗MIRO = 0.375m0. The di�erence between the cyclotron and MIRO mass
becomes evident.
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resistance becomes independent of T . Neither CR nor MIRO features were found in
δRxx.

While the disappearance of CR as a photoresponse in high-density systems may
be attributed to the weak temperature dependence of the resistance at low T , the
vanishing of MIRO as the electron density is reduced below n ≈ 3.5 × 1011 cm−2

is more enigmatic. The low-T measurements show that the disappearance cannot
be attributed to the overpowering CR signal. The oscillations have diminished
amplitude at intermediate values of n, compared to the ones measured in systems
with n > 6 × 1011 cm−2. This gradual damping may be connected to the decreasing
transport scattering rate 1/τ as n is reduced. A low 1/τ would in turn lead to
less e�ective scattering-assisted excitations to higher LLs, which is a prerequisite
for the displacement mechanism of MIRO. Indeed, in high-density ZnO 2DESs, τ
is limited by impurities and interface roughness. The latter is more pronounced
at high Mg content [149, 150] and thus at higher n. A study of Hall �eld-induced
resistance oscillations (HIRO) in a high-density ZnO 2DES recon�rms that large-
angle scattering o� impurities close to the 2DES and/or interface roughness are the
main source of scattering [151]. This assumption is supported by theory, which
predicts a heavy reliance of the displacement mechanism on short-range scattering
[96]. However, the presented explanation is not su�cient to understand why other
mechanisms, such as the inelastic mechanism, would not play a role. All in all, it is
highly probable that the resistance contribution of the displacement mechanism is
diminished at low n. The relative contribution of di�erent MIRO mechanisms may
constitute the focus of future work.

2.4.4 Power dependence of the microwave response

To better understand the power-dependent photoresponse in Fig. 2.14(a) we have
investigated the MIRO and CR amplitudes as a function of Pout. The measurements
were carried out on two separate samples, one with high density which displayed
MIRO (n = 7.5 × 1011 cm−2) and the other with low density (n = 2.3 × 1011

cm−2) in which δRxx showed a strong CR response. The result is illustrated in
Fig. 2.16 for fMW = 95 GHz and T = 1.2 K. The amplitude of MIRO is found
to increase linearly with power for Pout < 1.5 mW. At higher values, the Pout-
dependence is sub-linear and can be approximated as square-root. Above radiation
powers of 4 mW, the oscillations saturate in amplitude and eventually start to decay
for Pout & 5 mW. We observe no shift from the conventional 1/4 phase of the
minima and maxima associated with the power dependence. Moreover no additional
oscillations are observed which may indicate multi-photon processes. Therefore the
saturation and decay of MIRO cannot be attributed to intrinsic non-linear e�ects
[152, 153]. Instead, we associate the power dependence at high Pout to heating. The
CR amplitude, on the other hand, displays a sub-linear growth over the entire range
of power under study.

2.4.5 Discussion: e�ective mass

Using the methods described in section 2.4.2., we have extracted the e�ective mass
in a set of ten samples that displayed MIRO. Based on the sample availability
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Figure 2.16: Microwave power dependence of (a) MIRO and (b) CR amplitude.
Both experiments were performed under the conditions fMW and T = 1.2 K.

and/or the presence of MIRO, we have studied systems with electron densities in
the range 3.5 < n < 20 × 1011 cm−2, which spans the interaction parameter values
2.6 ≤ rs ≤ 6.3. The results are shown in Fig. 2.17 (squares). For comparison
we have also plotted the bare cyclotron mass obtained from both photoresistance
(triangles) and transmission measurements (diamonds), as well as the interaction
renormalized mass extracted from temperature dependent SdHO [81, 121]. At high
n the MIRO mass falls below the average cyclotron mass of m∗CR = 0.3m0. As the
electron density is lowered, m∗MIRO appears to increase monotonically and a 33%
enhancement with respect to m∗CR is observed at the lowest density where MIRO
could still be detected. Unfortunately, a relatively large interval (11 . n . 20× 1011

cm−2) is left unexplored, and therefore we cannot be certain that a non-monotonic
dependence does not occur.

Both the e�ective mass reduction at high density and the sharp enhancement
as n decreases are also present in SdHO measurements which are known to probe
the interactions-renormalized quasiparticle mass [15, 154]. Although there is a dis-
crepancy between the m∗MIRO and m∗SdHO, the two quantities display approximately
the same trend. Theoretical studies of excitations and energy bands of interacting
2DESs [14, 17, 155] qualitatively reproduce this behaviour. However neither the
quantum Monte Carlo method [14, 155] nor the many-body local �elds approach
[17] describe the mass renormalization in ZnO quantitatively. In particular, most
theoretical calculations either predict a much weaker or a stronger enhancement as
the interaction parameter increases. Limitations may come from the assumption of
a perfectly 2D system as well as the absence of a �nite magnetic �eld in the models.

The �ndings presented in Fig. 2.17 recon�rm the premise that the MIRO mass
is sensitive to electron-electron correlations. As revealed in Section 2.3, the cyclotron
resonance probes the non-interacting electron mass due to the nature of CR excita-
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Figure 2.17: Summary of e�ective mass values obtained from MIRO (squares), CR in
photoresistance (triangles) and transmission (diamonds), as well as SdHO (circles).
The dashed line represents the average cyclotron mass, m∗CR = 0.3m0. The solid
curves are guides for the eye.

tions: upon the absorption of a photon, an electron-hole pair with wave vector ~k → 0
forms; in view of momentum conservation and Kohn's theorem [89], the energy at
which resonant absorption occurs remains una�ected by interactions. By contrast,
MIRO involves scattering-assisted excitations which, in a magnetic �eld, can have
large spatial electron-hole separation l. This separation translates to a large k wave
number, by virtue of the relation:

k =
l

lB
. (2.11)

Therefore the MIRO mass is expected to be renormalized by correlations in a similar
way as the SdHO mass.

MIRO poses a big advantage over the conventional SdHO analysis for extracting
the interacting-electrons e�ective mass, since it does not require time-consuming
temperature dependent measurements. Moreover, if su�cient oscillations are visible,
the e�ective mass can be extracted with much higher precision, as is obvious from
Fig. 2.17.

2.5 Electron spin resonance

The coupling of an external static magnetic �eld with the spin of a conduction
electron results in the lifting of the spin degeneracy. The splitting between the spin
subbands is given by the Zeeman energy, EZ = gµBB. Electron spin resonance
(ESR) experiments can probe the size of this splitting if an external radiation �eld
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of frequency commensurate to the Larmor frequency gµBB/~ is applied.
In various 2D materials, ESR has been extensively studied to obtain the g-

factor value and anisotropy, as well as the spin relaxation times [156, 157, 158, 159,
160, 161, 162, 163]. The former aids in assessing the strength of spin-orbit coupling
(SOC), while the latter o�ers an indication of the abundance of magnetic impurities
and nuclear spins. The utility of ESR is not restricted to these quantities however.
Careful analysis of the Overhauser shift of the ESR line can yield information on the
hyper�ne coupling [164, 165]. Recently, evidence for an intrinsic spin-orbit bulk gap
has been found in monolayer graphene by investigating the paramagnetic resonance
spectrum. Studies of ESR as a function of �lling factor have yielded interesting
results in an AlAs 2DES: two spectral lines were observed in the vicinity of even ν
[166], which were associated with excitations occurring within two LLs of di�erent
index.

According to Larmor's theorem [167], the position of ESR is insensitive to
electron-electron interactions in the long wavelength limit, provided that the system
is spin-rotational invariant. Therefore the g-factor obtained from the paramag-
netic resonance condition re�ects the single-particle band g-factor, rather than the
renormalized value expected in a Fermi liquid system. To circumvent this theorem,
surface acoustic waves have been generated to investigate ESR at large wave-vectors
in the quantum Hall regime [168]. Strong enhancement of g∗ was observed around
odd �lling factors, where exchange energy contributions to the spin wave energy is
expected to peak [169]. Although breaking of Larmor's theorem is also expected in
systems with strong spin-orbit coupling [115], so far no strong evidence of this e�ect
has been reported.

In ZnO-based 2DESs ESR measurements have revealed extremely sharp reso-
nance lines (∆B ≈ 0.5 mT) [134], which correspond to a spin-spin relaxation time
T2 as large as 27 ns, comparable to the values reported in Si/SiGe heterostructures
[170]. The long coherence time owes to the low natural abundance of Zn or O iso-
topes with unpaired nuclear spins. The only such species is the 67Zn isotope which
has a nuclear spin of 5/2. A small deviation from the linear resonance relation was
attributed to the Rashba SOC, the strength of which, characterized by the Rashba
parameter, is 7× 10−14 eVm. In a study performed by Shchepetilnikov et al. [166]
on a ZnO 2DES, the �lling factor dependence of the ESR amplitude revealed an
interesting alternation between peaks around odd ν and dips in the vicinity of even
ν. The mere existence of a �nite ESR signal at even �lling factors is puzzling, as
spin-�ip excitations within a fully occupied LL are not possible. The interpretation
of the ESR line shape is also worthy of discussion. Here we revisit these �ndings
and attempt to explain the phenomenon.

2.5.1 Detection

The conventional way of detecting ESR is by using a dedicated spectrometer [171].
Microresonators may be patterned on the samples to improve the signal-to-noise
ratio [172]. Nonetheless, direct measurement of ESR signals in 2D systems is chal-
lenging due to the reduced number of paramagnetic spins. Electrical detection is
preferred in this case, as the signal amplitude does not scale with the size of the
system [159]. The underlying mechanism relies on the change in the resistance upon
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Figure 2.18: Paramagnetic resonance in a sample with n = 5.3 × 1011 cm−2. Main
plot: a straight line describes the microwave frequency dependence of the resonance
�eld. Its slope yields the g-factor value of 1.98. Insets: ESR signals at fMW = 121
GHz and 110 GHz, as marked. The solid lines represent Lorentzian �ts.

resonant absorption of microwaves, when the radiation frequency matches the Lar-
mor frequency. The sensitivity to microwave absorption is generally attributed to
an increase in the 2DES temperature, but other factors such as a change in spin
polarization may come into play.

In this section we present electrically detected ESR measurements around inte-
ger �lling factors. While in most cases an ESR response could be detected directly in
the sample resistance, Rxx, concomitant measurements of the di�erential resistance
δRxx have been performed, as illustrated in Fig. 2.1.

2.5.2 ESR spectrum

ESR measurements were performed on a sample with n = 5.3 × 1011 cm−2 in a per-
pendicular magnetic �eld. A single ESR line was observed. The insets of Fig. 2.18
show two representative di�erential magnetoresistance traces in the vicinity of the
paramagnetic resonance at fMW = 121 GHz and fMW = 110 GHz. A Lorentzian
function was used to �t the curves (dashed lines) and obtain the resonance B-�eld.
In some cases the ESR line was asymmetric, yielding a larger standard deviation
when approximated with a Lorentzian function. Nevertheless, the error did not ex-
ceed the full width at half maximum of the ESR line. The main plot displays the
positions of the ESR as a function of radiation frequency. A linear dependence with
zero intercept is found. Using the resonance condition hfMW = gµBB, we obtain
the g-factor value g = 1.98 ± 0.0003, where the error represents the standard de-
viation from the linear �t. This value is fairly close to the reported band value in
bulk MgxZn1−xO, gb = 1.96 [173] (we assumed a Mg concentration of x = 0.05). A
comparison with the interaction-renormalized value obtained from transport mea-
surement, g∗ ≈ 4, suggests that ESR probes the single-particle Zeeman splitting,
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aligning with Larmor's theory [167].
A small rise (∼ 1%) of the g-factor was observed with increasing microwave

frequency when the value of g was directly calculated from the resonance equation.
However, this estimate should be taken with caution. Precise measurements require
careful monitoring of the magnetic �eld which in practice can be done with the use
of a Hall sensor. In the absence of such a device, we refrain from interpreting small
changes in the value of the g-factor, which may occur due to �eld dependent trapped
�ux in the superconducting coil.

2.5.3 Filling factor dependence

Monitoring the evolution of the ESR line shape with B-�eld reveals that the signal
alternates between a peak and a dip depending on the parity of the �lling factor.
A summary of the line shape character as a function of ν and T is illustrated in
Fig. 2.19. The main plot shows the longitudinal magnetoresistance curves at three
di�erent temperatures. In the panels above it representative ESR lines correspond-
ing to ν = 4, 5, ..., 8 are shown. At T = 1.2 K ESR can be detected around all �lling
factors under study, with the line shape alternating systematically between a dip
around even ν and a peak at odd ν. As the temperature is reduced, the width and
shape of the resonance at ν = 5 and ν = 7 remains approximately the same. At
ν = 6 and ν = 8, however, the ESR lines broaden and change from a simple dip to
a derivative-like signal. Finally, at ν = 4 no ESR could be detected at T ≤ 0.6 K. A
more complete evolution with microwave frequency can be found in Fig. 2.20 where
both the δRxx and Rxx are shown in the vicinity of four selected �lling factors. The
bath temperature was T = 1.2 K.

To understand the origin and shape of the ESR signal, it is helpful to consider
the e�ect of resonant absorption and �nite temperature on the LL occupation. The
longitudinal resistance Rxx displays thermally activated behaviour around integer
�lling, which can be described by the relation [174]:

Rxx ≈ R0 exp{−(EN,↓ − µ↓)/kBTe}+R1 exp{−(µ↑ − EN,↑)/kBTe}, (2.12)

where EN,↓ and EN,↑ denote theNth spin-down and spin-up LLs, respectively, and µ↓
(µ↑) is the chemical potential of spin-down (spin-up) electrons. From this equation
it becomes clear that at resonance, the electron temperature Te may increase due to
radiation absorption, which leads to a rise of the longitudinal resistance. Electron
heating is therefore often used to explain the ESR peaks around integer �lling.

A second mechanism for a resistance change at resonance stems from the non-
equilibrium chemical potential corresponding to spin-up and spin-down populations.
We exemplify this schematically in Fig. 2.21 for ν = 4 and ν = 5. O� resonance,
a few thermally activated electrons may populate the LL right above the chemical
potential. This is de�nitely the case for ν = 4 and ν = 5 at T = 1.2 K, where the
longitudinal resistance is �nite (see Fig. 2.19). At resonance and ν = 5, the chemical
potential of the spin-up (spin-down) electrons moves closer to the E2,↑ (E2,↓) LL.
By virtue of Eq. 2.12, this leads to an increase in Rxx. It is therefore possible that
both electron heating and the upward (downward) shift of µ↓ (µ↑) contribute to the
ESR signal at odd �lling factors. In the case ν = 4, however, the opposite happens:
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Figure 2.19: Study of ESR line shape as a function of �lling factor and temperature.
The main plot shows traces of the longitudinal magnetoresistance in the absence of
illumination at a set of three temperatures, as indicated. The occupation of LLs at
ν = 5 and ν = 4 is illustrated for T = 0. Top panels: ESR signals detected in δRxx

in the vicinity of integer ν. The x-axis is the magnetic �eld in a range of ≈ 50 mT.
The �rst row of graphs were measured at T = 0.3 K or T = 0.6 K, as marked. The
second row corresponds to T = 1.2 K.
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resonant absorption leads to a shift of µ↓ (µ↑) further away from the closest LL,
namely E1,↓ (E2,↑), resulting in a decrease in Rxx. Note that a �nite ESR signal at
even �lling factors should not be present at all in the absence of thermally activated
carriers, as spin-�ip excitations can only occur within the same LL. The fact that
around ν = 4 ESR diminishes and eventually disappears as T is lowered is most
likely a consequence of the (2, ↑) LL becoming depleted of electrons.

The above explanation is only valid if the longitudinal spin relaxation time
T1 is much longer than the electron-lattice relaxation time [174] such that a non-
equilibrium shift of the spin-up and spin-down electrons can occur. This implies
that photoexcited electrons will more likely relax to a same-spin LL rather than to
the same-index LL of opposite spin. This is a reasonable assumption in our samples,
as T1 can be as long as 100 ms in bulk ZnO [175], while the transport relaxation
time is of the order of 10 ps.

The above results corroborate fairly well with the �ndings presented in Ref. [176]
and later republished in Ref. [177]. In this study the amplitude of ESR is monitored
as the system is driven through a ferromagnetic-to-paramagnetic transition at �lling
factor ν = 2. This is achieved in a sample of density n = 1.8× 1011 cm−2, where
the condition EZ/Ec = 1 is met due to the interaction-renormalized g-factor and
e�ective mass. The LL coincidence is marked by a resistance peak in the ν = 2
minimum (see Fig. 2.22). On the low �eld side of this peak (ν & 2), strong ESR
could be detected, while on the high B side (ν . 2) the resonance disappears.
We associated this abrupt change in the ESR amplitude with a spontaneous spin
depolarization due to the rearrangement of the LLs. The presence of strong ESR
peaks on the ferromagnetic side of the transition agrees well with both the electron
heating and chemical potential shift model presented above. Due to the inverted
order of (0, ↓) and (1, ↑) LLs, the non-equilibrium shift of µ↓ and µ↑ lead to a positive
change in resistance. On the paramagnetic side, however, one would expect a �nite,
though perhaps weaker, ESR signal of opposite sign. Instead, no resonance could
be detected. It is possible that, given the relatively low bath temperature of the
experiment, T = 500mK, only few thermally activated electrons populate the (1, ↑)
LL, leading to a undetectably small resistance change.

An alternative roadmap has been used to justify the existence of ESR at even
�lling factors in ZnO in an unpublished manuscript by Shchepetilnikov et al. [178].
Here, the authors argue that thermal excitations are insu�cient to account for the
comparably large amplitude at even ν and odd ν. Instead the e�ect of strong
electron-electron interactions is brought into view. At even �lling factors, the lowest
energy excitation involves a spin �ip and a change ∆N = 1 in the LL index. Such
an excitation is often referred to as a cyclotron spin �ip mode (CSFM). Its energy
at zero wave-number can be written as [167]:

ECSFM = ~ωc + gµBB∆Sz + ∆, (2.13)

where ∆Sz = 1, 0− 1 is the change in the projection of the electron spin; ∆ stands
for an interaction-mediated shift and is approximated as ∆ ≈ −~ωcκ = −m∗e4/εh2
[179]. Here κ denotes the interaction parameter in a magnetic �eld and is de�ned
as the ratio between the Coulomb energy EC(B) ≈ e2/4πεlB and the cyclotron
energy. If κ is su�ciently large such that ∆ is comparable or exceeds ~ωc, then
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Figure 2.20: Evolution with frequency of ESR line shape around four selected �lling
factors. The left and right panels correspond to the response in δRxx and Rxx,
respectively. The bath temperature was T = 1.2 K.
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Figure 2.21: Sketch of the LL occupation at ν = 4 and ν = 5, in equilibrium and at
resonance. Thermally excited carriers (red symbols) aid spin-�ip excitations around
ν = 4.

Figure 2.22: ESR study of the transition from a fully spin polarized to an unpolarized
state around ν = 2. The sample electron density was 1.8 × 1011 cm−2 and T = 500
mK. (a) In the absence of illumination, the longitudinal magnetoresistance features
a strong resistance peak in the ν = 2 minimum, which is associated to scattering
o� domain wall boundaries. Inset: hysteretic behaviour is observed upon sweeping
the magnetic �eld in opposite directions. (b) Longitudinal resistance and photore-
sistance in the vicinity of the ferromagnetic-to-paramagnetic transition. At ν & 2,
strong ESR signals were found, re�ecting the large spin polarization illustrated in
the box on the left. For magnetic �elds above the coincidence resistance peak, the
ESR signal vanishes. This is consistent with the LL arrangement in the right box,
where the N = 0 LL is fully occupied, thus forbidding any spin-�ip excitations.
From [176], adapted for [177].
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a large number of CSFM excitations would occur, populating the adjacent higher-
energy LL. The authors suspect that this is the cause of �nite spin polarization
at even �lling factors which allows the observation of ESR. Interestingly, ∆ turns
out to greatly exceed ~ωc: for B = 5.5, κ ≈ 7, leading to values of ∆ an order of
magnitude larger than the cyclotron resonance. This calls into question the validity
of the expression for ∆, which was obtained under the assumption that κ is small
[179]. According to this interpretation, a �nite spin polarization at even �lling should
still exist even at zero temperature. We would therefore expect an equally robust
ESR signal when T is reduced, as it is observed for example at ν = 5. We will
discuss this matter in more detail in the next section. Although we cannot refute
that level mixing due to strong interactions do play a role, we �nd it more likely
that thermal excitations are dominant mechanism for spin polarization at even ν.

2.5.4 Temperature dependence

The interpretation of the ESR line shape dependence on �lling factor based on the
e�ect of a non-equilibrium change of µ↓ and µ↑ cannot give a plausible explanation
why the ESR signal is comparable in strength at even and odd �lling factors. More-
over, it does not include the e�ect of heating of the 2DES, which should lead to an
increase in Rxx at integer �lling. While the disappearance of ESR at ν = 4 as T
decreases does agree well with the reduced number of thermally activated carriers
in the (2, ↓) LL, it can also be the result of approaching zero longitudinal resistance.
In that case a further decrease in Rxx would no longer be possible. The e�ect of
photo-induced heating may also not be visible if the increase in electron temperature
is not su�ciently large. In both cases the resistance becomes insensitive to resonant
absorption. Driven by this dilemma, in this section we explore the temperature
dependence of the ESR line shape at ν = 6 and ν = 7.

Let us �rst investigate the evolution of the ESR line shape around an odd �lling
factor. Figure 2.23(a) presents the di�erential magnetoresistance for the fMW = 86.5
GHz paramagnetic resonance as the sample is cooled down from 1.2 K to 0.35
K. The output power was �xed at Pout = 0.35 mW. The position of ESR at this
radiation frequency corresponds to ν ≈ 7. The line shape can be approximated to
a Lorentzian at all temperatures. In the inset we plot the extracted amplitude as a
function of T . It increases abruptly as T is reduced to ≈ 0.6 K, but it appears that
saturation begins at even lower temperature. This could be related to the resistance
sensitivity on the electron temperature. Far from zero, Rxx decreases rapidly with
Te. As Te = 0 is approached, the resistance bottoms out. Within the model of the
chemical potential shift, an increase in photosensitivity at low T may be related to
a larger population di�erence between spin-up and spin-down electrons, which in
turn increases the probability of photoexcited carriers.

In Fig. 2.23(b) and (c) the width and position of the ESR line are plotted against
temperature. We notice that the width varies little when the sample is cooled down.
A small but systematic shift of the resonance peak is observed, which corresponds
to a decrease of less than 0.01% in the g-factor value. Given the accuracy of the
experiment, this shift can be neglected.

Shifting our attention to the ESR line around ν = 6, we �nd a considerably
di�erent behaviour. We display the temperature dependence of the spin resonance
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Figure 2.23: Analysis of the ESR line dependence with temperature in the vicinity
of ν = 7. (a) Evolution of ESR for fMW = 86.5 GHz as T is reduced from 1.2 K to
0.35 K. Inset: T -dependence of ESR amplitude. (b) Width, (c) position and g-factor
of the resonance traces in panel (a). Solid lines in (c) are guides for the eye.

Figure 2.24: Analysis of the ESR line dependence with temperature in the vicinity
of ν = 6. (a) Evolution of ESR for fMW = 101.5 GHz as T is reduced from 1.2
K to 0.37 K. Inset: T -dependence of ESR amplitude. (b) Width, (c) position and
g-factor of the resonance traces in panel (a). Solid lines in (b) and (c) are guides for
the eye.
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at fMW = 101.5 GHz and Pout = 0.5 mK in Fig. 2.24(a). Firstly, the line shape
changes gradually from a Lorentzian at T = 1.2 K to a derivative-like signal at
T . 0.55 mK. We speculate that at lower T , the e�ect of heating becomes more
prominent, leading to an additional contribution to the photo-induced change in
Rxx.

To approximate the amplitude at low T , we attempted to �t the ESR line with
a Dysonian function [180] but the result was not satisfactory. Instead, we estimate
it as the peak-to-peak di�erential resistance change, assuming a background value
equal to δRxx at the low B-side of the trace. The inset of Fig. 2.24(a) shows the
result. The amplitude rises three fold in the available temperature range. This is
in contrast to the behaviour of ESR at ν = 4 where it vanishes as T is reduced.
This is rather puzzling and does not agree with the model of �nite polarization due
to thermally activated carriers. The increase in amplitude is also di�cult to be
reconciled with the interaction-mediated excitations, as temperature does not enter
the expression of ∆.

The width and position, alongside the corresponding g-factor of the ESR signal
at ν = 6 are plotted in Fig. 2.24(b) and (c), respectively. The g-factor displays
a non-monotonic dependence on T , with an overall reduction of ≈ 0.04%. As for
the width, the resonance line becomes signi�cantly broader at low T , in contrast
to the ν = 7 case. In Si-based 2DESs, the increase of the line with decreasing T
has been associated with motional narrowing [157]. However to our knowledge, no
theoretical model accounting for �lling factor dependence of the ESR line width has
been reported.
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Chapter 3

The 2DES in the ultra-low density

regime

When the average Coulomb interaction greatly exceeds the kinetic energy, and other
factors such as thermal �uctuations and disorder are reduced to a minimum, the
2DES is expected to transition to a charge- or spin-ordered state. Here we explore
the possibility of such transitions in a very dilute ZnO 2DES through DC transport.
In addition we perform EDESR measurements, which reveal a double spectral line.

3.1 Methods

The results presented in this chapter have been measured on two MBE-grown
MgZnO/ZnO samples originating from the same wafer. We refer to them as S6481
and S6482. While their growth process was the same, one of the samples (S6482)
presented higher mobility. Moreover in S6482 the SdHO were visible down to lower
magnetic �eld values, which, by virtue of Eq. 1.33, corresponds to a longer quantum
lifetime. For this reason, all transport measurements shown in this chapter were
taken on S6482.

The chips were cleaved into rectangles with an approximate area of A =
4×2mm2. Ti/Au contacts were thermally evaporated on the MgZnO surface. Since
the 2DES populates the triangular quantum well that forms self-consistently at the
heterostructure interface, it is buried below the MgZnO cap layer. To improve the
contacts to the two-dimensional conducting layer, indium leads were soldered on
top and at the edge of the chips. Figure 3.1 shows top-view SEM images of sample
S6481. In the image on the right one can see a smaller portion of the surface with
circular defects with a diameter of about 2µm. Generally these pits have a larger
size and density in heterostructures grown under high ozone �ux [77]. The samples
were glued on a gold-plated chip carrier using conducting Sigma-Aldrich silver paste.
A metallic layer evaporated on the back side of the chips constitutes the backgate.
Gold wires are used to connect the leads and the backgate to the chip carrier pins.

Observation of exotic phenomena such as the metal-insulator transition (MIT),
Wigner crystallization and spin-ordering would not be possible unless thermal energy
is reduced well below the characteristic interaction energy. For instance, according

65
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Figure 3.1: SEM images of the MgZnO/ZnO sample S6481. (a) Top view of the
chip with Ti/Au and indium contacts. (b) Close-up of the MgZnO surface.

Figure 3.2: Segment of the dilution refrigerator sample probe. The ZnO chip is
mounted on a stage capable of 90◦ rotation. In the present con�guration the mag-
netic �eld would point in the plane of the 2DES. A coaxial cable terminating in an
antenna guides monochromatic radiation from an Agilent 83650B microwave source
(f ≤ 50 GHz).
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Figure 3.3: Four terminal DC measurement setup. The sample is biased using a
Yokogawa voltage source. The current and the potential drop are ampli�ed using
Ithaco preampli�ers. The two signals are then separately output to Agilent digital
multimeters.

to Ref. [20] the Wigner crystal melting point can be as low as 30 mK. To access
such low temperatures we make use of a dilution refrigerator. Most measurements
shown in this chapter were taken in an Oxford Instruments cryostat with top-loading
capability. The temperature at the mixing chamber (MC) was monitored with the
help of a calibrated ruthenium oxide resistor. Its resistance was recorded continu-
ously during measurements. Due to the sample location in the mixing chamber, a
base-temperature of ≈ 15 mK can be reached. The cryostat is equipped with a 15
T superconducting magnet. The lower section of the sample probe used for the top-
loading cryostat is presented in Fig. 3.2. The chip carrier holding the ZnO sample
was mounted on a rotating stage which can be controlled remotely. The stage is
turned with the help of stainless steel strings attached to a motor at the top of the
probe. In the con�guration shown in Fig. 3.2, the external magnetic �eld points in
the plane of the 2DES. A 90◦ rotation of the stage brings the sample surface perpen-
dicular to the magnetic �eld direction. The angle θ between the normal to the 2DES
and the B-�eld can be obtained from quantum Hall features. Shubnikov-de Haas
oscillations are visible down to approximately 0.1 T, which allows the determination
of θ with a precision of approximately 1◦.

The sample probe is additionally equipped with a semi-rigid coaxial line which
runs from the top of the probe down to the sample space. At the bottom, the inner
conductor of the cable extends a few millimetres below the outer conductor, acting
as an antenna. The top termination is connected through an adaptor to a �exible
coaxial cable which is used to guide monochromatic microwave radiation up to 50
GHz generated by an Agilent 83650 B source.

For the experiments presented in the previous chapter an AC measurement
setup was employed to reduce the signal-to-noise ratio. In the very dilute regime,
however, where the 2DES displays insulating behaviour, the use of lock-in ampli-
�ers is not advantageous. One reason is that the input impedance of most lock-in
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Figure 3.4: Charge carrier density as a function of backgate voltage. n has been
obtained from SdHO. The line represents a linear �t which yields a modulation ratio
of 1.7× 108 cm−2V−1.

ampli�ers is limited to 10 MΩ, setting a relatively low maximum resistance which
can be reliably measured. A second reason is that at such low densities capacitive
coupling can occur at the sample leads. Both of these problems can be circumvented
in the 4-point DC setup presented in Fig. 3.3. A Yokogawa 7651 source applies a DC
voltage to the sample, which is connected in series with a 10 MΩ resistor. The role
of the resistor is to limit the current through the sample. An Ithaco 1211 pream-
pli�er collects the current at the drain, ampli�es it and converts it to a voltage. Its
output is measured with an Agilent 34401A digital multimeter. The potential drop
along the sample is fed to an Ithaco 1201 voltage preampli�er. The ampli�ed signal
is read with the help of a second digital multimeter. The input impedance of the
preampli�er is 1 GΩ, two orders of magnitude larger than that of a lock-in ampli�er.
Bias to the backgate is provided by two Yokogawa 7651 sources connected in series
(not shown in Fig. 3.3).

The 2D electron density represents an important parameter in the study of
metal-insulator transitions and Wigner crystals as the strength of electron-electron
interaction is directly correlated to it. In situ control of the electron concentration is
achieved here with the aid of a backgate. The device can be understood as a parallel
plate capacitor, where one of the plates is the 2DES and the other the metallic layer
on the back side of the sample. The capacitor dielectric is represented by the ZnO
substrate. Demonstration of the gating e�ect is shown in Fig. 3.4, where n was
obtained from the Shubnikov-de Haas at base temperature. The modulation ratio
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dn/dVG = 1.7 · 108 cm−2V−1 allows us to estimate the device capacitance:

CZnO = eA
dn

dVG
= 2.18 pF. (3.1)

Taking ε = 8.3 ε0 as the dielectric constant, we obtain the value of 270µm for
the ZnO layer thickness. With 500µm the total thickness of the sample we can
conclude that the 2DES is buried approximately 220µm below the surface. These
results agree well with the thickness values obtained in the growth process.

Some of the data presented here were taken in a Leiden Cryogenics refrigerator
equipped with a home-built 3He cell. The full set of experiments and the description
of the setup have been published in Ref. [83].

3.2 Transport characterization

3.2.1 Temperature dependent study

According to the scaling theory of localization developed by Abrahams et al. in
Ref. [181], in the absence of an external magnetic �eld there is no true metallic
behaviour in two dimensional systems (σT=0 6= 0). The argument is based on An-
derson's theory of localization, which predicts that as long as disorder is present,
particles can be scattered back to their starting point. Constructive interference
between the forward and the backward propagating wave leads to the trapping of
carriers within a certain localization length. Experiments on early realizations of
2D devices where interactions between charge carriers and disorder dominate have
indeed supported this theory. Fabrication of high-mobility two-dimensional systems
has revealed a much more nuanced picture. In the low disorder limit the localization
length exceeds the size of the system. In this regime the resistivity decreases with
temperature, and the 2DES is considered to be metal-like. A common localization
mechanism in relatively clean systems where the phase coherence length is longer
than the transport scattering time is due to closed loops along possible percolation
paths. This process, known as weak localization, brings a logarithmic contribution
to resistance [182]. According to this model, as T approaches 0 K, weak localization
would eventually lead to a vanishing conductivity [183].

Further insight was brought when a transition from insulator to metal (MIT)
in the high-mobility regime was observed in 1987 in a Si MOSFET [184] and re-
produced later in the same material [40]. A sharp decrease in resistivity as the
temperature was reduced suggested a true metallic state. Moreover, using a sin-
gle scaling parameter, resistivity traces could be collapsed onto the same curve on
both sides of the transition [185]. The subject gained momentum and the MIT
was reported in various other 2D systems, among which p-type GaAs [183, 186],
n-type AlAs [187], p-type SiGe [188], and p-type Si/SiGe quantum wells [189]. In
contrast to the early devices where scattering by impurities was dominant, in these
systems the inter-particle correlations are strong enough such that their e�ect can-
not be neglected. As a matter of fact, the MIT could only be observed in samples
where the interaction parameter rs & 5. This has lead to the possibility that both
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the metallic and the insulating phases are aided by Coulomb repulsion. On the
metallic side, correlations may suppress the quantum interference leading to weak
localization [190]. On the insulating side, conduction could be reduced due to the
formation of a Coulomb gap: a reduction in the single-particle DOS at the Fermi
energy due to interactions. This manifests in an activated temperature dependence
of the resistivity owing to variable range hopping (VRH) [191]. The Coulomb gap
VRH should be distinguished from the Mott-like VRH, where interactions do not
play a role [192].

When interactions are very strong (rs ≈ 38), the 2D system is expected to
become a Wigner solid. In the presence of disorder, the electron solid is pinned
at impurity sites, preventing crystal sliding and causing insulating behaviour. It is
likely that the insulating phase occurs before the high rs regime is reached, making
the crystalline phase di�cult to distinguish from a Mott insulator or a correlation-
induced glass state. Here we attempt to investigate di�erent localization models
and their validity in the ZnO-based 2DES.

Figure 3.5: Apparent metal to insulator transition (MIT) as the density is tuned
from n = 2.18 × 1010 cm−2 to n = 1.01 × 1010 cm−2. The corresponding interaction
parameter is marked in the legend. At the critical density nc ≈ 1.7 × 1010 cm−2

the resistance is of the order of 2h/e2. In the metallic phase R(T ) displays a local
maximum at a Tmax which varies with n. On the insulating side the resistance spans
over four orders of magnitude, showing no sign of saturation down to base T .
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In Fig. 3.5 we present a metal to insulator transition in the dilute sample S4682
at B = 0 T. The curves correspond to di�erent charge carrier densities between
1.01− 2.18 × 1010 cm−2, spanning the interaction strength range rs = 25.7− 37.7.
The temperature was tuned from ≈ 550 mK down to base T ≈ 15 mK. Each data
point was extracted from individual I−V curves in the low current limit (I < 1 nA).
This is necessary due to the high degree of I − V non-linearity at low density, but
it is also a means to reduce Joule heating of the sample. At high density (n > 1.70
× 1010 cm−2) the system behaves like a metal with the resistance decreasing as the
temperature is reduced. At low density (n < 1.70 × 1010 cm−2), the system exhibits
insulating behaviour - the resistance increases as the sample is cooled down. The
density at which the transition occurs is approximately nc = 1.70 × 1010 cm−2. Here
the resistivity stays almost constant below T ≈ 40 mK and it is approximately equal
to h/e2 at base temperature.1 This is in accordance to the Io�e-Regel criterion for
the metal-insulator transition, in which the Drude mean-free path is equal to the
Fermi wavelength (kFl ≈ 1).

The critical density corresponds to an interaction parameter of rs ≈ 29, which
is comparable to the recently reported critical value in AlAs, where rs ≈ 27. While
in most studies the critical value of rs is larger than 5, the interaction strength varies
widely across materials. As a rule of thumb the transition occurs at lower n (higher
rs) for samples of higher mobility. This may suggest that indeed disorder plays an
important role in carrier localization.

Turning our attention to the metallic side of the transition, one may notice that
R(T ) is non-monotonic over the temperature range of interest. At low T , dR/dT > 0
as expected from a metal. However, at a certain Tmax(n) the resistance displays a
reduction with increasing temperature. Eventually, at higher T (> 600 mK, not
shown here) dR/dT changes sign again, indicating that conductivity is limited by
phonon scattering. We note that the peak in R occurs well below the onset of the
Bloch-Grüneisen (BG) regime given by the temperature:

TBG = 2~kFvs/kB = 2.2...2.5K, (3.2)

where we have used the average between the longitudinal and the shear velocity
vs = 4400 m/s [193]. As seen in the previous chapter, the resistance of the Fermi
liquid system saturated below the BG regime: as the phonons modes freeze out,
scattering o� impurities is the only mechanism limiting mobility. Here however we
observe the resistance dropping by a factor of 2−5 from Tmax down to base T . This
may be an indication of temperature-dependent screening of charged impurities at
low n [194]. The local maximum in R(T ) can then be attributed to the quantum
to classical crossover where the renormalized Fermi energy approaches the carrier
thermal energy. The two parameters are indeed comparable, as seen in Fig. 3.6 for
a selected number of carrier density values.2

While the temperature dependence below Tmax for n > 1.70 × 1010 cm−2 is

1Throughout this chapter we present the results in terms of the resistance. This is due to the
fact that calculating the resistivity using the van der Pauw method has proven challenging. The
estimation ρ ≈ h/e2 at the MIT should be taken with caution.

2T ∗
F
is calculated using the renormalized e�ective mass m∗ extracted from magnetic �eld de-

pendent measurements. See Section 3.1.5 for details.



72 CHAPTER 3. THE 2DES IN THE ULTRA-LOW DENSITY REGIME

Figure 3.6: Comparison between the temperature Tmax where the local maximum in
R(T ) occurs and the renormalized Fermi temperature T ∗F.

suggestive of a metallic phase, there is no practical way to test whether the con-
dition σ(T = 0) 6= 0 for a true metal is met. To our knowledge there is also no
theoretical model for disordered and strongly correlated systems which predicts a
�nite conductivity at zero temperature. For the sake of simplicity we shall refer to
the regime where n > 1.70 × 1010 cm−2 as the metallic phase.

Shifting our focus on the low density regime, we notice that dR/dT < 0 for
the entire range of temperature. As in the case of the metallic phase, the derivative
changes sign at high T where phonon scattering becomes important. The resistance
increases dramatically as the temperature is lowered, reaching the upper limit of our
experimental capabilities (≈ 1GΩ). For the lowest density ,n = 1.01 × 1010 cm−2,
R rises over four orders of magnitude. It is therefore very tempting to associate this
behaviour with an insulating phase. However we cannot completely exclude that
accessing lower temperatures may reveal a change in derivative sign. Again, for all
practical purposes, we will refer to this regime as the insulating phase.

To identify the carrier localization mechanism, it is useful to characterize the
temperature dependence of individual curves. Generally, the resistance in an insu-
lating state can be described by:

R(T ) ∝ R0 exp

[(
T0
T

)β]
, (3.3)

where the prefactor R0 can have a weaker than exponential T -dependence and T0 is
some characteristic temperature. The exponent β dominates the behaviour of R and
varies with the transport mechanism. Mott predicted [196] that in a disordered sys-
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Figure 3.7: Zabrodskii-Zinov'eva method [195] for analysing the temperature de-
pendence in the insulating phase. Each panel corresponds to a di�erent carrier
density, as marked. The high-T range can be approximated to the exponential law
in Eq. 3.3 where β = 0.86, 0.8, 0.8, 0.53 for n = 1.01, 1.32, 1.49 and 1.62(×1010cm−2),
respectively.
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tem with a constant density of states at the Fermi level, conduction occurs through
hopping between sites which are located within variable distance (giving it the name
variable range hopping). The exponent corresponding to this transport mechanism
is β = 1/3. Efros and Shklovskii have shown [197] that, if correlations are su�ciently
strong (rs � 1), a gap in the density of states can open at the chemical potential.
Coined the Coulomb gap, this depletion of states due to inter-particle repulsion
leads to an exponential law with β = 1/2. A simple Arrhenius-type activation with
β = 1 can also occur. This law does not pin-point a certain transport mechanism.
Among the contenders which are described by an Arrhenius activation law is the
formation of a �hard gap� in the DOS, as suggested for example in Ref. [198]. Unlike
the Coulomb gap where the DOS vanishes only at E = EF, the �hard gap� has a
�nite width. Excitations over the gap leads to an Arrhenius temperature depen-
dence. This behaviour however is by no means universal. More recent studies of
high-quality systems point to non-activated behaviour in the strongly-interacting
regime [199, 200]. A more plausible explanation for the ln(R) ∝ T−β law is thermal
activation of localized carriers in Anderson insulators [191, 201].

To facilitate the temperature-dependent analysis we employ the Zabrodskii-
Zinov'eva method [195]. Using Eq. 3.3, we de�ne the local activation energy:

W = −d lnR

d lnT
= β

(
T0
T

)β
+ α, (3.4)

where we considered R0 ∝ T−α. Assuming the �rst term on the right-hand side
much larger than the second term (which is true for exponential dependence), we
can write:

ln(W ) ≈ ln(βT β0 )− β ln(T ). (3.5)

Plotting ln(W ) against ln(T ), we can obtain β from the slope. This is demonstrated
in Fig. 3.7 for the �rst four curves in Fig. 3.5 corresponding to electron densities
n = 1.01−1.62 (× 1010 cm−2). At high temperatures (T & 100 mK) we can identify
a linear dependence in ln(W )(ln(T )). The exponent β varies from 0.86 at the lowest
density to 0.53 at the highest. A transition to a di�erent regime is apparent at lower
T where the data deviates from a simple linear function. Given the high degree of
scatter, it is di�cult to draw conclusions on the exponential law. A similar analysis
performed on the same sample in Ref. [83] suggests a crossover between an activated
behaviour at large T and a Coulomb gap law with β = 1/2 as T is reduced.

The temperature dependence curves can also be analysed using an approach
similar to one used in Ref. [199], namely by �tting Eq. 3.3 with T0 and β as pa-
rameters to be determined. Following this method however leads to an unphysically
large T0.

Finally, inspired by the results in Ref. [83], a third approach was tested: as-
suming β = 1/2, we plot ln(R) against T−1/2, as shown in Fig. 3.8. A linear �t is
then performed in the low T regime. From the slope one obtains T0 = 0.016 K for
n = 1.62 × 1010 cm−2 and T0 = 8.24 K for n = 1.01 × 1010 cm−2. In the Coulomb
gap model, the characteristic temperature is connected to the correlation length ξ
by [191]:

T0 =
6.2e2

4πεkBξ
. (3.6)
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Figure 3.8: Temperature scaling analysis assuming an Efros�Shklovskii exponential
law (β = 1/2). The traces correspond to four di�erent charge carrier densities below
nc. The characteristic temperature T0 is obtained from linear �ts in the low-T regime
(T . 100 mK).

Figure 3.9: Temperature scaling analysis assuming a Mott-like exponential law (β =
1/3).
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Using the above equation, one obtains ξ ≈ 20µm at the lowest charge carrier den-
sity. The correlation length increases up to 2.5 mm for n = 1.62 × 1010 cm−2.
The steep rise of ξ close to the critical density is consistent with the divergence
of the correlation length at the MIT. While this method provides accurate linear
�tting (R2 & 0.9) and a qualitative agreement with theory, inconsistency with the
Zabrodskii-Zinov'eva analysis may indicate an incomplete picture. A �rst obvious
drawback of this approach is that it assumes a temperature independent prefac-
tor. The Zabrodskii-Zinov'eva method circumvents this issue, as a dependency of
the type R0 ∝ T−α does not contribute to the slope of ln(W )(ln(T )). A second
drawback is related to the narrow temperature range available for analysis. An ex-
ponential law with β = 1/3 can �t the data with comparable accuracy. Comparing
Figs. 3.8 and 3.9 we conclude that this method alone is insu�cient to determine the
localization mechanism.

3.2.2 Electron pinning in an electric �eld

Transport in the insulating regime is often accompanied by non-linear current -
voltage (I − V ) characteristics. The origin of the non-linearity has been associ-
ated both with impurity-driven localization and interaction-related phenomena. By
comparing the insulating phase (σxx → 0) in quantum Hall regime with the low-
density insulating phase in Si-MOSFETs, Shashkin et al. have concluded [202] that
transport in the two cases occurs in a similar fashion: by applying a su�ciently
large electric �eld, carriers localized by disorder gain enough energy to percolate
through the sample. This mechanism can be explained in the single-particle pic-
ture for a regime where the disorder potential e〈Vdis〉 dominates over the Coulomb
energy. A combination of �nite disorder and strong interactions may also lead to
non-linear I − V characteristics. In the theory of Efros and Shklovskii (ES), trans-
port is mediated by variable range hopping of carriers in the presence of a Coulomb
gap. The �eld e�ect (FE) model of ES-VRH predicts that at electric �elds satisfying
kBT/eLFE < EFE < kBT/el0, the conduction is described by the equation [203]:

σ(T,EFE) = σ(T, 0) exp

(
eEFELFE

kBT

)
. (3.7)

Here l0 is the average distance between impurities and LFE is a characteristic length
scale which depends on temperature. A second model describing conduction in the
Coulomb gap regime is the so-called hot-carrier (HE) model: the electric energy is
transferred to the charge carriers which are unable to thermalize with the lattice
due to weak electron-phonon coupling. This leads to a higher e�ective carrier tem-
perature Te� than the bath T . The conductivity then only depends on the e�ective
temperature [203]:

σ(T,EHE) = σ(T, 0) ∝ exp [−(T0/Te�)]. (3.8)

Strong non-linear behaviour has also been used as evidence for the formation
of a Wigner solid pinned at impurity sites [20, 31, 32, 41]. This crystalline order
is de�ned by a characteristic domain size or correlation length. A �nite threshold
voltage corresponds to the energy required for depinning, leading to the Wigner
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Figure 3.10: I − V characteristics recorded in a four terminal con�guration for the
di�erent charge carrier densities marked next to each trace. A strong non-linearity
develops below 1.6 × 1010 cm−2. Inset: view of V (I) at n = 1.01 × 1010 cm−2 in a
narrower current range.

crystal to move as a whole.
At su�ciently low temperatures and charge carrier densities strong non-linear

current - voltage characteristics are also present in our ZnO-based 2DES. Figure 3.10
displays the evolution of I −V curves with decreasing electron density, measured at
base temperature. At high carrier concentration (n & 1.83 × 1010 cm−2), the traces
are linear. As n is reduced, the I−V curves become gradually rounded in the vicinity
of zero current. In the interval 1.65 . n . 1.83 (× 1010 cm−2) the characteristics
contain a region of �excess conductivity�: dV/dI presents a minimum at low current
and seems to saturate at high I. Representative traces of this regime are shown in
Fig. 3.11. Similar behaviour in the vicinity of the MIT has been reported elsewhere
[19, 204]. Its origin is currently unclear and we cannot exclude it is an e�ect of Joule
heating.

As the electron density is reduced below n ≈ 1.6 × 1010 cm−2, the minimum
in dV/dI converts into a peak around I = 0. For n ≤ 1.6 × 1010 cm−2 the I − V
traces develop a sharp threshold voltage VT below which I tends to zero. Above
VT, the current is �switched on�, leading to a reduced and almost constant dV/dI.
Figure 3.12 displays the I−V characteristic at base T deep in the insulating regime
(n = 1.01 × 1010 cm−2). The high-current di�erential resistance rises at least two
orders of magnitude below the threshold voltage.

The non-linearity becomes ever more pronounced at lower n. By taking 0.5
mm as the distance between the voltage electrodes we can estimate the threshold
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Figure 3.11: I − V curves at intermediate densities 1.65 ≤ n ≤ 1.83 (× 1010 cm−2).
A region of reduced resistivity can be identi�ed in each trace at low current. Inset:
dV/dI for n = 1.72 × 1010 cm−2.

electric �eld: ET = VT/0.5.3 The resulting values are plotted in Fig. 3.13 as a
function of charge carrier density. The dependency is well described by a �t of the
form ET = C(nT − n)k, with k = 2.5 ± 0.1 and nT = 1.6 × 1010 cm−2. A similar
analysis performed in Ref. [41] led to k = 1.7 − 1.8. We note that the density at
which the threshold voltage vanishes, nT, is close to the MIT critical density nc ≈ 1.7
× 1010 cm−2.

In a single-particle (SP) picture of localization, conduction in the insulating
regime occurs through charge carriers whose mean free path λ is larger than their
de Broglie wavelength. An electric �eld can increase the mean free path such that,
at su�ciently large �elds, carriers are no longer pinned to impurities. Lee et al.
have obtained the following expression for the threshold electric �eld necessary for
delocalizing electrons [205]:

ESP,T =
mvSP,T
eτ

, (3.9)

where the limiting drift velocity vSP,T is given by:

v2SP,T ∼ v2F exp

[
−
(

4π

3
kFλ+ γ

)]
. (3.10)

Here γ is the Euler constant. Taking λ = 6× 10−6 m and τ = 6× 10−11 s, we obtain
ESP,T = 0.15 V/m for n = 1.01 × 1010 cm−2. This value is signi�cantly lower than
the measured E-�eld of ≈ 3.3 V/m at which the current switches on, suggesting
that localization due to disorder alone cannot explain the large threshold voltage.
Calculating the single particle energy eET〈r〉 corresponding to the threshold �eld

3We de�ne VT as the voltage where 5 pA �ows through the sample.
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Figure 3.12: I − V characteristic deep in the insulating regime (n = 1.01 × 1010

cm−2) at base T . The di�erential resistance decreases sharply above the threshold
voltage.

ET, we obtain a value of 2mK < base T ≈ 15 mK. The smallness of the SP energy
compared to the bath temperature has been routinely used as an argument against
single-particle localization models [20, 32]. This condition, however, is also met in
systems where I − V non-linearity is attributed to Anderson localization [202].

An attempt to address the I − V non-linearity in the �eld e�ect ES-VRH
model is illustrated in Fig. 3.14 for n = 1.17, 23 and 32 (× 1010 cm−2), where we
plot the di�erential resistance (panel (a)) and the logarithm of conductivity (panel
(b)) against the electric �eld. Equation 3.7 can be applied when EFE < kBT/el0 is
satis�ed. Taking l0 = 2× 10−5 m as the average distance between impurities in our
ZnO samples [149] and T = 15 mK, we obtain an upper limit of 0.065 V/m. Turning
our attention to Fig. 3.14(a) we observe that this value is well below the threshold
E-�eld of ∼ 1.3 V/m. The resistance stays approximately constant up to this value.
According to Eq. 3.7, however, the resistance should decrease exponentially with the
�eld strength. Figure 3.14(b) reinforces the statement that no linear regime is seen
in ln(σ/σ0) at low E-�elds. We therefore �nd it improbable that the low current
and dilute regime is described by the �eld e�ect ES-VRH model.

Investigating whether the hot-electron model explains the non-linearity in I−V
requires careful temperature dependent measurements of the Joule power P = IV .
A comparison between the change in resistance due to Joule and mixing chamber
heating can yield a relation between power, electron temperature and bath temper-
ature, as performed for example in Ref. [206] on n-type GaAs 2DES. Some studies
suggest that the hot electron model applies to systems where the localization length
is large, i.e. the ES temperature T0 is small (T0/T < 135), while the �eld e�ect
model is more appropriate for T0/T > 135 [206, 207, 208]. Using the ES analysis
in Fig. 3.8 in the dilute regime we �nd T0 = 8.2 K and T0/T ≈ 547, suggesting the
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Figure 3.13: Threshold electric �eld ET = VT/0.5 as a function of electron density.
Using nT = 1.6 × 1010 cm−2 as the carrier concentration at which the I − V non-
linearity vanishes, we �nd ET ∼ (nT − n)2.5.

Figure 3.14: Examination of di�erential resistance dV/dI and logarithm of conduc-
tivity ln(σ/σ0) as a function of electric �eld for n = 1.17, 1.23 and 1.32 (× 1010

cm−2) at base temperature. Below the threshold electric �eld both quantities are
approximately constant. A comparison between ET and the upper limit electric
�eld for the EF-induced VRH EEF,T = 0.065 V/m indicates that the EF model is
inappropriate in this regime.
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Figure 3.15: Estimation of the electron solid domain size LD (main plot) and number
of particles per domain ND (inset) based on the weak pinning model in CDW.
Following ET ∼ (nT − n)2.5, we obtain LD ∼ (nT − n)−1.25.

small localization length limit. However this argument alone is insu�cient to rule
out hot-electron e�ects. Detailed measurements on carrier heating can be performed
in our setup and may present the subject of future research.

The strong non-linearity in I −V along with large electron-electron interaction
energy in our samples (24 . rs . 38) may indicate the existence of a pinned Wigner
solid, as commonly suggested for other systems with similar properties [19, 20, 32,
209]. Disorder determines the size LD of the crystalline domains which contain on
average ND = nL2

D electrons. Using the model for weak pinning in charge density
waves (CDW) [20, 32, 41], the force required to move a domain can be approximated
to [210]:

FD = κ〈r〉, (3.11)

where 〈r〉 = 1/
√
πn and the shear modulus κ is given by [28]:

κ = 0.245
e2n3/2

4πε
. (3.12)

Conduction can then occur only when the electric force per domain exceeds the
pinning force:

NDeEWS,T ≥ κ〈r〉. (3.13)

Identifying EWS,T with the threshold electric �eld ET in our I−V characteristics, we
plot in Fig. 3.15 the correlation length and the number of electrons per domain as a
function of nT− n and n, respectively. Having ET ∝ L2

D and ET ∝ (nT− n)2.5 from
Fig. 3.13, we �nd that LD ∝ (nT − n)−1.25, assuming the crystalline state survives
up to the MIT. The drop in correlation length as n decreases has been associated to
a transition to single particle localization in the extremely dilute regime where the
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Figure 3.16: Temperature analysis of I − V non-linearity for n = 1.01 × 1010 cm−2.
(a) I−V curves at various temperatures, as marked. Linear I−V pro�le is restored
above T = 85 mK. (b) Threshold electric �eld extracted from (a) as a function of
temperature. The threshold disappears around T = 40 mK.

LD approaches 〈r〉 [41]. An electron density of n = 1.01 × 1010 cm−2 corresponds
to 〈r〉 = 5.6×10−8 which is two orders of magnitude smaller than the corresponding
correlation length LD = 2.7µm.

As the temperature is increased the I−V non-linearity becomes less pronounced
and eventually disappears. Figure 3.16(a) displays the I−V characteristic at several
temperatures and a constant electron density of n = 1.01 × 1010 cm−2. At approx-
imately 85 mK ohmic conduction is recovered. However a well-de�ned threshold
voltage disappears much earlier, around 40 mK. Up to this temperature, ET varies
linearly with T , as shown in Fig. 3.16(b). In the Wigner crystal scenario, T = 40
mK can be associated with the melting of the electron solid.

3.2.3 Magnetoresistance in a perpendicular magnetic �eld

Applying an external magnetic �eld B⊥ perpendicular to the plane of the 2DES leads
to Landau quantization of the energy spectrum described by Eq. 1.25. In Fig. 3.17 we
plot the longitudinal resistance as a function of B⊥ for a set of di�erent charge carrier
densities. The traces are taken at base temperature. A constant voltage Vbias = 20
mV is used to bias the sample. In the very dilute regime, the magnetoresistance
greatly exceeds the upper limit imposed by our experimental setup, which leads to
a distorted signal. We therefore not present traces for n < 1.17 × 1010 cm−2. In the
interest of clarity, the traces were shifted vertically and, where needed, multiplied
with a number, as marked.

Shubnikov-de Haas oscillations (SdHO) become visible at approximately 0.12
T. Using this onset value and Eq. 1.33, we obtain the quantum lifetime τq = 7 ps.
This value is comparable to the τq of higher density ZnO-based 2DESs [150]. Both
ν = 1 and ν = 2 states (with the �lling factor ν given by Eq. 1.23) are visible down
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Figure 3.17: Resistance traces in perpendicular magnetic �eld for several charge
carrier densities. Symbols mark the visible SdHO.

to n = 1.17 × 1010 cm−2, which allows us to extract the carrier concentration with
fairly good precision. At lower densities signatures of the ν = 1 state are still visible,
despite the high-impedance induced signal distortion.

A positive low-�eld magnetoresistance is present in each trace and it becomes
ever stronger at low densities. This has been associated with a transition to a fully
spin-polarized state, as discussed at large in the following section. The strength of
the current �owing through the sample has a pronounced e�ect on both the low-�eld
magnetoresistance as well as on the SdHO minima, as exempli�ed in Fig. 3.18 for
n = 1.8 × 1010 cm−2. In panel (a) the di�erential resistance at base temperature in
the (B⊥, I) plane is plotted. Panel (b) shows two line cuts corresponding to I = 5nA
(green trance) and I → 0 nA (purple trace). The U-shaped magnetoresistance
around zero �eld which is very prominent when I → 0 nearly vanishes as the current
is increased. Additionally the amplitude of the SdHO is overall reduced.

3.2.4 Magnetoresistance in a parallel magnetic �eld

An external magnetic �eld B‖ applied parallel to the plane of the 2DES couples
only to the electron spin when the e�ective well width is small compared to the
magnetic length lB. In our dilute samples the 2DES thickness is approximately 10
nm [80], which is su�ciently small compared to the minimum value of lB = 20 nm
(for B = 1 T) in these experiments. This thickness estimate should however be
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Figure 3.18: E�ect of current intensity on the sample di�erential resistance. (a)
Colour plot of dV/dI as a function of B and I. (b) Comparison between resistance
traces at I → 0 (purple) and I = 5 nA (green). (c) dV/dI versus current for B = 0
T (blue) and B = 0.375 T (red, corresponding to ν = 2). (d) Power dissipation
P = IV as a function of current for B = 0 T (blue) and B = 0.375 T (red). From
[83].

taken with caution as it is a mere extrapolation from higher density data.4 The net
e�ect of B‖ is to shift the energy of the spin-up electrons with respect to the spin-
down electrons as depicted in Fig. 3.19. The energy splitting between the two spin
subbands is termed Zeeman energy EZ and is given by Eq. 1.70. At su�ciently large
B-�elds where EZ = 2EF, the system becomes fully spin polarized, as illustrated in
Fig. 3.19(c). The critical value of the magnetic �eld Bc where this occurs can then
be written:

Bc =
2π~2

µB

n

g∗m∗
=

2π~2

µB

n

χ∗
, (3.14)

where χ∗ is the spin susceptibility in Eq. 1.55. We have assumed that the g-factor
and the e�ective mass entering the Zeeman and the Fermi energy, respectively, are
the Fermi liquid renormalized parameters g∗ andm∗. As we will see, this assumption
holds true for the experimental technique used in this section for identifying the fully
spin polarization state.

Due to the relatively few magnetic moments in the system, the magnetizationM
of a 2DES has been challenging to determine. Measurements using SQUID (super-
conducting quantum interference device) magnetometers [211] or micromechanical
cantilevers [212, 213] are rare as they often involve home-built devices for improving
sensitivity. A more practical method involves applying a modulated B-�eld in ad-
dition to the static �eld and measuring the out-of-phase component of the current

4Due to the small concentration of Mg in the cap layer, the QW barrier is expected to be low.
Therefore the wave function may have a larger width than expected from the photoluminescence
data at high n.
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Figure 3.19: Schematic energy band diagram in k-space. The band is �lled up to
the Fermi energy EF. (a) In the absence of a magnetic �eld the two spin subbands
are degenerate. (b) If a magnetic �eld B is applied, the splitting between the spin
subbands is given by the Zeeman energy EZ. (c) At su�ciently large B-�elds, the
spin-down subband is completely depopulated and the system becomes fully spin
polarized.

�owing between the gate and the 2DES. This quantity is proportional to ∂M/∂n,
which allows the determination of M by integrating the induced current over the
carrier density. Employing this method in the vicinity of the MIT, Shashkin et al.
[214] have shown that the spin susceptibility increases signi�cantly with respect to
the non-interacting value close to the critical density nc.

A convenient method to determine the critical B-�eld necessary to polarize
a 2DES relies on magnetotransport measurements. In a parallel magnetic �eld,
the resistance increases sharply with B‖ and then stays approximately constant
for B‖ > Bc [215]. The e�ect is due to less e�cient screening of disorder as the
density of states is reduced by a factor of two [125, 216]. A comparison between
thermodynamic magnetization data and magnetotransport measurements con�rms
that the 2DES is fully spin polarized at Bc [214].

In Fig. 3.20 we plot the voltage drop as a function of parallel magnetic �eld
for several charge carrier densities. The measurement con�guration employed is the
same as described in Fig. 3.3. A constant bias voltage of Vbias = 20 mV was applied
to the sample. In each trace a strong increase in the voltage is visible at low �eld,
followed by a region of almost constant V . We associate the value of the magnetic
�eld above which V saturates as the critical �eld Bc necessary to spin polarize the
2DES. The dashed lines demonstrate how we extract the critical �eld: the intersec-
tion point between an extrapolated low-�eld linear �t and the line corresponding to
saturated V determines Bc. A small di�erence between Bc at negative �eld and at
positive �eld arises due to trapped �ux in the superconducting coil, resulting in an
incorrect position of the data points on the horizontal B‖ axis. To eliminate this
error, we take the average between the two values. The resulting dependence of
Bc on charge carrier density is shown in Fig. 3.21 as black squares. Additionally
we plot the resistance in the (B‖ − n) plane. A dashed horizontal line marks the
critical density nc where the MIT occurs. Over the presented range of charge carrier
concentration Bc is non-monotonic. Above nc the critical �eld decreases steadily as
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Figure 3.20: Voltage traces as a function of parallel magnetic �eld for several elec-
tron densities. The critical �eld Bc is extracted from the intersection point between
the extrapolated lines corresponding to low-�eld linear increase and high-�eld satu-
ration.

Figure 3.21: Mapping of the resistance in the (B‖ − n) plane at base temperature.
The MIT critical density nc is indicated with a dash line. Solid squares mark the
critical �eld at several densities.
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Figure 3.22: Dimensionless susceptibility χ∗ (open squares) and critical magnetic
�eld Bc (solid squares) as a function of electron density and rs at base temperature.
The critical charge carrier concentration is marked as a vertical grey box.

the density is reduced. An in�ection point occurs at approximately n = 1.6− 1.7 ×
1010 cm−2 followed by a rise in the interval n = 1.6− 1.2 × 1010 cm−2. Below this
density Bc decreases steadily with n once again. Below n ≈ 1.01 × 1010 cm−2 the
sample impedance becomes too large and signal distortion ensues.

Evaluating Eq. 3.14 we notice that the critical �eld should increase propor-
tionally with carrier density. With the exception of spin susceptibility, the other
parameters entering the equation are constants. This leads us to conclude that the
product g∗m∗ is indeed renormalized by interactions, as it is expected in the Fermi
liquid model. Applying Landau's theory of interacting systems for such large val-
ues of rs should however be done with caution, as it may be inappropriate in the
vicinity of a phase transition. In the absence of a better theory, we will continue to
mark the g-factor and the e�ective mass in the similar fashion as the Fermi liquid
renormalized parameters. The dimensionless spin susceptibility g∗m∗/m0 obtained
from Eq. 3.14 is plotted against electron density (lower axis) and rs (upper axis)
in Fig. 3.22. Alongside we present the critical �eld. The non-monotonic behaviour
of Bc and spin susceptibility with density is in contrast to several previous reports
where both quantities varied monotonically with n [26, 124, 215, 217]. The critical
increase of χ∗ as the density is reduced has lead to the hypothesis that a Stoner
transition to a ferromagnetic state at zero �eld may occur at some �nite carrier
concentration. Most reports have arrived to this conclusion by extrapolating Bc(n)
to lower n [124, 215, 217]. In a recent study [26] the critical �eld decreases steadily
with n until the magnetoresistance completely vanishes below a certain density cor-
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Figure 3.23: Electron density dependence of the renormalized e�ective mass (solid
circles) and Fermi temperature (open circles). For these estimates a value of g∗ = 4
was assumed.

responding to rs = 34.5. This behaviour has been associated with spontaneous spin
polarization of the 2DES.

Melnikov et al. have reported similar magnetoresistance experiments in Ref. [46]
for a Si-MOSFET 2DES where rs ≤ 12. Here the authors distinguish between meth-
ods which probe the system as a whole (e.g. measurements of magnetization, the
critical B-�eld or the thermodynamic density of states) and those which analyse the
properties of carriers at the Fermi level (such as the temperature dependent mea-
surements of SdHO). Examining the density dependence of the critical �eld they
�nd that the product g∗m∗ rises and then saturates at low n, while temperature
dependent analysis of the SdHO yields an e�ective mass which increases steadily
as n is reduced. Assuming that the g-factor remains constant, the authors have
concluded that the e�ective mass extracted from the SdHO data re�ects the spec-
trum �attening at the Fermi level due to fermionic condensation, while the values
obtained from parallel-�eld measurements are only weakly a�ected by this �atten-
ing. This explanation does not seem to �t our dataset. While a local saturation
occurs for values of n around the critical density, the susceptibility displays a more
complicated dependence as n is lowered further.

Saturation of the critical �eld in the vicinity of the MIT has also been reported
by Noh et al. in Ref. [218]. Making use of Eq. 1.54 which relates the Fermi liquid
interaction parameter F a

0 to the g-factor g∗, the authors extract F a
0 as a function of

density. This dataset is then compared to the values of F a
0 obtained by analysing the

linear temperature dependence of the conductivity in the metallic regime (n > nc)
according to the theory of Zala et al. [219]. Both results display a non-monotonic
dependence of the Fermi liquid parameter F a

0 with density in the vicinity of the MIT.
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The renormalized g-factor g∗ �rst increases with decreasing n and then exhibits a
reduction down to n < nc. The renormalized e�ective mass is shown to decrease
and then saturate at lowest n. An overall reduction in the spin susceptibility g∗m∗

follows as the MIT is approached. This result suggests that the two parameters, g∗

and m∗, can contribute di�erently to the behaviour of χ∗.
So far measurements of χ∗ and m∗ in ZnO-based 2DESs suggest that the di-

vergent behaviour of the susceptibility is due to a steep rise in the e�ective mass,
while the g-factor remains almost constant (albeit twice as large as the band value)
[121]. A similar trend was observed in Si-MOSFETs [22]. Assuming the renormal-
ized g-factor remains constant g∗ = 4, we can extract the values of m∗. In Fig. 3.23
we plot the result, alongside the values of the Fermi energy. This indirect way of
obtaining the Fermi temperature was also employed in Fig. 3.6 where it is com-
pared to the cross-over temperature Tmax. The renormalized e�ective mass is overall
strongly enhanced with respect to the band mass: taking m = 0.3m0, the enhance-
ment ratio m∗/m varies non-monotonically from 8.6 at n = 2.18 × 1010 cm−2 to
10.9 at n = 1.01 × 1010 cm−2. Unlike in the low and intermediate density regimes
presented in Chapter 2 where m∗ increases monotonically with decreasing n, here
in the ultra dilute system we observe a more complex behaviour which may be a
consequence of instability in the vicinity of a phase transition. To our knowledge,
there is currently no theoretical model based on the Fermi liquid paradigm which
can account for these observations.

3.2.5 Temperature analysis of the resistance in a parallel B-

�eld

In Section 3.1.2 we have seen that applying a parallel magnetic �eld strongly sup-
presses the conductivity as the 2DES is polarized. Fixing the charge carrier density
to a value above n = 1.6 × 1010 cm−2 and varying the temperature we �nd that
the resistance decreases with increasing T above a certain value of the magnetic
�eld B∗. This apparent metal-to-insulator transition [220] at �nite B‖ is presented
in Fig. 3.24(a)-(c) for three distinct electron concentrations. Open circles mark the
values of B∗, which are then plotted against n in Fig. 3.24(d). A linear dependence
on electron density is found which extrapolated to zero �eld yields n = 1.6 × 1010

cm−2, which is close to the critical value nc.5 Below this carrier concentration, the
system displays an insulating behaviour (increasing resistance as T is reduced) for
all values of the magnetic �eld. Temperature dependent measurements (see section
7 in Ref. [83]) in the regime B > B∗ and n > nc reveal that the conductivity varies
linearly with T . According to Zala et al. [219], a linear dependence on temperature
can be attributed to corrections due to electron-electron interaction in a spin polar-
ized Fermi liquid. This result supports the assumption that the Fermi model can be

5The data in Fig. 3.24 and Fig. 3.27 have been gathered in a Leiden dilution refrigerator by J.
Falson prior to the other measurements presented in this chapter. Due to repeated cooldowns it
is expected that some qualitative results change slightly, such as the exact density at which the
2DES becomes insulating. This may explain why in Ref. [83] the carrier concentration at which
B∗ vanishes exactly matches the critical density nc = 1.6 × 1010 cm−2, but it is only comparable
to the critical density nc ≈ 1.7 × 1010 cm−2 estimated in this thesis.
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Figure 3.24: Apparent metal-insulator transition induced by a parallel magnetic
�eld at (a) n = 2.4, (b) n = 2.0 and (c) n = 1.85 × 1010 cm−2. Open circles mark
the values B∗ where MIT occurs. (d) Electron density dependence of B∗. A linear
regression (red line) extrapolates at zero �eld to nc.
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applied at least down to the critical density nc.

3.2.6 Transition to a spin-ordered state

The possibility of a ferromagnetic (Stoner) instability in a strongly interacting itin-
erant liquid has been a topic of intense debate. Theoretical calculations using Monte
Carlo simulations [24] predict that a fully spin polarized phase occurs above a value
of 26 of the interaction parameter rs. Recent magnetotransport measurements per-
formed on an AlAs-based 2DES [26] support the theoretical claims in Ref. [24].
Extracting the magnetic �eld required to polarize the 2DES in a similar fashion as
presented in Section 3.1.5, the authors �nd that below a certain value of the carrier
density corresponding to rs = 34.5 the resistance becomes independent of the in-
plane �eld. The strong magnetoresistance below rs = 34.5 followed by its vanishing
as rs is increased above 34.5 is interpreted as a transition from a paramagnetic to a
ferromagnetic state: for a spin-less (fully spin polarized) system where orbital e�ects
can be neglected the resistance is independent of B‖. While the results in Ref. [26]
are in accordance with the expected behaviour around a ferromagnetic transition, it
is important to point out that the experiments were carried out at a relatively high
temperature, namely at T = 300 mK. Depending to which degree the renormalized
parameters, g∗ and m∗, individually contribute to the susceptibility enhancement,
the Fermi energy can be larger or comparable to the thermal energy. The latter case
is undesirable as it may diminish magnetoresistive features, leading to false conclu-
sions.6 It would therefore be helpful to aid the study with direct measurements of
the quasi-particle mass in the proximity of the ferromagnetic transition to obtain a
relevant comparison between di�erent energy scales. While a spin-polarized state
agrees fairly well with the theoretical calculations in Ref. [24], it is not supported by
more recent simulations reported in Ref. [25] where a paramagnetic-to-ferromagnetic
Fermi liquid transition is ruled out from the phase diagram.

In Section 3.1.5 we investigated how the presence of a parallel magnetic �eld can
fully spin polarize the 2DES. While the critical B-�eld displays an overall decrease
as the density is reduced (from Bc ≈ 180 mT at n = 2.18 × 1010 cm−2 to Bc ≈ 60
mT at n = 1.01 × 1010 cm−2), we observe no sign of spontaneous polarization at
zero �eld. The spin susceptibility varies non-monotonically with n (thus excluding
a divergent behaviour near a spin-ordered transition) and a �nite magnetoresistance
is present down to the lowest accessible carrier concentrations. Other similar exper-
imental works on Si-MOSFETs [222, 223] also report the absence of clear evidence
for ferromagnetism in the strongly-interacting regime.

The aforementioned observations are qualitatively consistent with the Quantum
Monte Carlo (QMC) calculations in Ref. [25]. An adapted version of its main result
is illustrated in Fig. 3.25, where the energy at T = 0 of di�erent competing states

6Reference [26] only reports the renormalized susceptibility χ∗, which is insu�cient to calculate
the interaction-modi�ed Zeeman energy and the Fermi energy, which depend on the g-factor g∗

and the e�ective mass m∗, respectively. Calculating EF at the ferromagnetic transition (n = 2
× 1010 cm−2) using the band mass m = 0.46me yields 1.2 K, which is well above the bath
temperature. However, according to a study performed on a similar AlAs-based 2DES [221], the
e�ective mass is greatly enhanced as n is reduced. An increase in the e�ective mass may bring the
Fermi temperature on equal footing with the bath temperature.
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Figure 3.25: Energy per electron against rs for four di�erent states: spin polarized
Wigner crystal (SPWC, circles), antiferromagnetic Wigner crystal (AFMWC, trian-
gles), spin polarized Fermi liquid (SPFL, diamonds) and paramagnetic Fermi liquid
(Para. FL, squares). Adapted from Ref. [25].

Figure 3.26: Energy di�erence between the spin polarized Wigner crystal and the
antiferromagnetic Wigner crystal as a function of rs in ZnO using the Quantum
Monte Carlo results in Ref. [25].
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is plotted against the interaction parameter. Included in the calculations are the
unpolarized paramagnetic Fermi liquid (Para. FL), the spin polarized Fermi liquid
(SPFL), the unpolarized antiferromagnetic (AFM) Wigner crystal (AFM WC) and
the spin polarized Wigner crystal (SPWC). At low rs the paramagnetic FL state is
preferred. As the interactions become stronger (rs > 30), the lowest energy state
is replaced by the antiferromagnetically aligned WC and then by the spin polarized
WC. For all values of the interaction parameter the spin polarized Fermi liquid is
excluded as the ground state.

Although a spin polarized WC is expected at large rs, its energy is close to the
one of antiferromagnetically aligned WC. Therefore a �nite experimental tempera-
ture may blur a transition between the two states. To verify this, we compute the
di�erence EAFM−EFM between the ground state energies of the twoWC spin-ordered
states using the appropriate parameters for ZnO (m = 0.3me and ε = 8.5 ε0). In
Fig. 3.26 we plot the result in units of temperature against rs. The maximum energy
di�erence occurs at rs = 31 where it is equal to 10 mK. Compared to our exper-
imental base temperature (≈ 15 mK), it is likely that spin order (either AFM or
FM) is destroyed by thermal �uctuations.

In Ref. [83] we have attempted to complete the QMC energy diagram in Ref. [25]
by including the e�ect of a parallel magnetic �eld. Using parameters relevant to
our ZnO 2DES, the resulting diagram was then compared to magnetotransport
measurements taken on sample S6482. The outcome is shown in Fig. 3.27. Panel
(a) displays a colour map of the resistivity at zero bias normalized by the resistivity
at I = 2.5 nA in the (B‖, rs) plane. This type of representations emphasises the
degree of non-linearity of I − V characteristics across this parameter space: green,
yellow and red regions correspond to linear, rounded and strongly non-linear I −
V s, respectively. Panel (b) illustrates the extended QMC diagram, where no free
parameters were used.7 The diagram reinforces the assumption that above nc the
system can be described as a paramagnetic Fermi liquid which, in the presence of
a su�ciently strong parallel magnetic �eld becomes a spin polarized Fermi liquid.
Based on the diagram, the �eld required to polarize the 2DES can either be the
critical �eld Bc (dashed line) or the �eld B∗ associated with the suppression of
the conductive phase (dotted line). Below nc, the QMC diagram predicts that
the 2DES crystallizes into a Wigner solid. The strong non-linearity of the I − V
curves characterized by a large pinning potential supports this view. The nature of
the spin texture in the WC state is more challenging to assess. According to the
diagram, at zero �eld the spins are aligned with respect to each other antiparallel
for 30 < rs < 35 and parallel for rs > 35. However, as argued above, the smallness
of the energy di�erence EAFM −EFM with respect to the experimental temperature
makes it improbable that a spin ordered state sets in. The existence of a �nite
magnetoresistance for all values of n supports this view.

7For more details on how the energy diagram was obtained and a comparison between di�erent
scenarios, see the Supplementary information of Ref. [83].
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Figure 3.27: Comparison between (a) magnetoresistance data in the (B‖− n) plane
and (b) an extended QMC energy diagram. From Ref. [83]

3.3 ESR in the dilute regime

The transport measurements presented in the previous sections are supplemented
by electron spin resonance (ESR) experiments for further characterization of the
ultra-dilute 2DES. Due to the high sensitivity of the resistance to minute changes
in temperature, the electrical detection of ESR (EDESR) is extremely facile despite
the low number of spins in the system. Here we employ this method by applying
continuous radiation of �xed frequency while the DC magnetic �eld is swept slowly
(typical sweeping rates are in the range 0.5−5 mT/min); the resonance signal is then
detected as a change in the DC voltage and the DC current. To avoid overheating
the sample, low radiation power was used. The output power was adjusted for each
value of the frequency individually and varied between 1µW and 10 mW.

Figure 3.28 shows an EDESR trace for n = 1.49 × 1010 cm−2. The magnetic
�eld pointed in the plane of the 2DES and the frequency was fMW = 12.2 GHz. Two
resonances could be resolved: a sharp peak at B‖ ≈ 0.445 mT with a full width at
half maximum (FWHM) of 0.2 mT and a weaker, broader one at B‖ ≈ 0.435, with
FWHM = 2 mT. The line shape of the sharp peak is best described by a Lorentzian,
while the broad peak can be �tted well with a Gaussian.

In the inset of Fig. 3.28 we plot the resonance �eld of the two peaks at a
set of frequencies. Triangles and circles correspond to the sharp and the broad
peak, respectively. To eliminate the error stemming from a zero-�eld o�set due to
remnant �ux in the superconducting coil we measured the resonance �eld both in
negative and positive �eld. Unfortunately, this method does not remove errors due to
anomalous hysteretic behaviour, the size of which varies with magnetic �eld. From
the hysteresis observed in SdHO in the same measurement conditions we estimate
that this error does not exceed 18 mT for magnetic �elds larger than 0.14 T. Fitting
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Figure 3.28: EDESR trace for fMW = 12.2 GHz. the charge density was n = 1.49
× 1010 cm−2and T ≈ 20 mK. The green and the red lines represent Gaussian and
Lorentzian �ts, respectively. Inset: resonance �eld against microwave frequency for
the two resonance peaks. Using a linear regression with zero intercept for each data
set, we obtain gbroad = 2.015 and gsharp = 1.965.
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Figure 3.29: EDESR traces for a set of di�erent frequencies, as marked. The electron
density was n = 1.49 × 1010 cm−2 and T ≈ 20 mK. The line shape of the sharp
peak evolves gradually with in-plane �eld.

the two data sets in the inset of Fig. 3.28 using the equation gµBB = hfMW we
obtain gbroad = 2.015± 0.001 and gsharp = 1.965± 0.0004.

Judging by its g-value and intensity we can con�dently associate the sharp
ESR signal to conduction band electrons in pristine ZnO. Since the 2DES resides at
the interface between ZnO and MgxZn1−xO , it is important to consider the e�ect
of Mg in the cap layer. According to Ref. [173], increasing the alloy content from
x = 0 to x = 0.05 corresponds to an increase in the g-factor from 1.9556 to 1.9593.
In our dilute samples the alloy content is less than 1% and therefore we expect a
negligible e�ect on the measured g-factor. Upon rotating the sample from parallel-
to perpendicular-�eld con�guration, the position of the sharp resonance changes less
than its line width, suggesting very small anisotropy of the g-factor. The origin of
the second broader peak is more enigmatic. To our knowledge, this is the �rst report
of a double peak ESR signal in ZnO-based 2DES. Although we have not come to a
conclusion on its origin, we explore a few possible explanations.

� Let us assume that this second peak is characteristic only to the ultra-low den-
sity 2DES. Two main features stand out in this system: strong inter-electron
correlations and the reduced Mg content in the cap layer, which leads to an
increased width of the 2DES wavelength. We know that the g-factor extracted
from ESR is not sensitive to interactions [169], therefore we do not expect a
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renormalized value of g from these measurements. As we have already argued
above, the small content of Mg in the cap layer may have only a negligible
e�ect on the g-factor value. Thus even if the system were pressed into the
cap layer, the change in the g-factor would be much smaller than the observed
change of 2.5%. The assumption that the second peak is present only in low
density samples should therefore be reassessed.

� A �nite number of nuclear spins are present due to a 4% natural abundance of
67Zn isotopes with spin 5/2. If nuclear spins are polarized (through dynamic
nuclear spin polarization), the local e�ective �eld experienced by electrons
would be larger. This would lead to a shift of the resonance line to lower
�eld, an e�ect known as the Overhauser shift. The absence of a noticeable
hysteresis upon changing sweep direction as well as the insensitivity of the
resonance �eld with temperature makes it unlikely that the broad peak is an
e�ect of dynamic nuclear polarization.

� ESR measurements are highly sensitive to the crystal environment of the para-
magnetic spins, thus allowing di�erent types of defects and impurities to be
identi�ed in a material. The two most frequent defects in ZnO are the Zn in-
terstitials corresponding to gZni ≈ 1.96 and oxygen vacancies with gOv ≈ 1.996
[224]. The latter is close to the measured gbroad. The g-factor of the broad
resonance signal may therefore correspond to electrons in the 2D layer which
are in the vicinity of oxygen vacancies. Due to the small di�erence between the
zinc interstitials g-factor and the conduction electrons g-factor, it is possible
that the two ESR signals cannot be resolved.

The sharp ESR signal displays a systematic line shape change in a parallel
magnetic �eld. Figure 3.29 displays representative traces for di�erent frequencies in
the range fMW = 2.2 − 22.6 GHz. The charge carrier density was set to n = 1.49
× 1010 cm−2 and the temperature was approximately 20 mK. At low frequencies
(fMW < 11.8 GHz) the ESR signal displays a derivative-like line shape, with a peak
followed by a dip. As the frequency is increased, the amplitude of the dip diminishes
until, for fMW = 12.2 − 13.4 the ESR line can be approximated with a Lorentzian
function. At even higher frequencies, the signal evolves again into a derivative-like
shape, however now the dip precedes the peak. The Lorentzian line shape occurs
only in a narrow magnetic �eld range (B‖ = 0.41 − 0.48). The transition in the
ESR line cannot be attributed to full spin polarization since the critical �eld is
much lower (for n = 1.49 × 1010 cm−2, Bc = 0.12 T). Moreover the charge carrier
density is below nc = 1.7 × 1010 cm−2, which excludes e�ects due to magnetic-�eld
induced MIT. Overall the line shape cannot be explained by heating of the 2DES
upon resonant absorption, which would have implied a single dip in the measured
DC voltage due to the insulating character at this electron concentration.

The change in line shape from Fig. 3.29 is not present in perpendicular �eld,
where the resonance is characterized by a peak followed by a dip for all frequencies
(see Fig. 3.30). This result is surprising as, so far, a strong dependence of the
ESR amplitude and line shape on the �lling factor has been observed [166, 225].
An essential di�erence here is that the 2DES becomes fully spin polarized above a
relatively small B-�eld, such that all the spin-down Landau levels are completely
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Figure 3.30: EDESR traces measured in a perpendicular �eld. Each panel corre-
sponds to a di�erent frequency, as marked.

depopulated above Bc. In this regime all the electrons below the Fermi level can
contribute to the ESR signal. We were able to detect the sharp ESR peak down to
B⊥ ≈ 65 mT, well below Bc. Here the line shape is similar to the ones presented
in Fig. 3.30, thus providing no further insight. With the present measurements it
di�cult to pinpoint the mechanism which leads to the observed behaviour in the
ESR line shape.



Chapter 4

Summary and outlook

The 2DES hosted in high-quality MgZnO/ZnO heterostructures has proven to be
a convenient platform for the study of inter-particle correlations. The strength of
electron-electron interactions, gauged by the Wigner-Seitz parameter, rs, is in excess
of 3 at all carrier densities n under study. In other words, the Coulomb energy
dominates over the kinetic energy of the system, leading to an array of phenomena,
the exploration of which presents the scope of this thesis. The experimental results
are divided into two parts, constituting the contents of chapters 2 and 3. Here we
summarise the main �ndings and o�er a few comments on future directions.

The �rst part of the thesis concerns 2DESs with a broad electron density range,
2 × 1011 cm−2≤ n ≤ 20 × 1011 cm−2, which span an interaction parameter interval
of 2.6 ≤ rs ≤ 8. The variation of the carrier density was achieved in the growth
process by tuning the Mg content in the cap layer. The excellent quality of the
structures ensured electron mobilities as high as µ = 7 × 105 cm2 V−1 s−1 and
quantum scattering times peaking at τq ∼ 20 ps.

The behaviour of the 2DESs studied in this chapter can be understood within
the Fermi-liquid framework. Developed by Landau in 1954, the formalism is based
on the premise that the low-lying excited states of an interacting system can be
constructed from the excited states close to the Fermi surface of the free system. This
approach explains why, on one hand, some of the properties of the non-interacting
system, such as a well-de�ned Fermi surface, stay the same when correlations are
switched on. On the other hand, the theory correctly predicts that so-called quasi-
particles of the interacting system display a series of modi�ed properties. Two such
examples are the quasi-electron e�ective mass and g-factor, whose values can vary
greatly from those of the bare electron.

In the �rst part of chapter 2 we aimed to explore the many-body e�ects on the
electron e�ective mass by studying the 2DES response to microwaves with frequen-
cies fMW ≤ 170 GHz in the presence of a perpendicular static magnetic �eld [226].
Transmission measurements were carried out using home-made bolometers for four
heterostructures of di�erent n, covering the entire range of electron densities under
study. The transmission signal presented a single spectral line which we identi�ed as
the cyclotron resonance. From the resonant B-�eld at high microwave frequencies
we extracted the e�ective mass, whose value was close to the band mass in bulk ZnO
[62], m ≈ 0.3m0, and varied little with charge carrier density. This result showed
that Kohn's theorem [89], which predicts the insensitivity of the CR energy to inter-
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actions, applies to the 2DESs in our heterostructures. At low microwave frequencies
where the half-wavelength becomes comparable to the size of the sample, fMW(Bres)
presented deviations from the linear resonance law. Using a simple model based on
the hybridization of the CR with plasma oscillations, we were able to describe the
deviation with precision.

The CRmass obtained from transmission was used as reference for the interaction-
renormalized mass. We aimed to obtain the latter by analysing the period of
microwave-induced resistance oscillations (MIRO). This method was inspired by
recent evidence that MIRO probes the many-body mass in GaAs-based 2DESs
[100, 101, 142]. Preliminary results in ZnO heterostructures supported this premise
[144]. MIRO was successfully detected in 10 samples with electron densities n ≥ 3.5
× 1011 cm−2. At n > 14 × 1011 cm−2 a reduction in the MIRO mass with respect to
the bare mass was found. A systematic increase in m∗MIRO followed at lower n. Both
the reduction and the increase qualitatively mirror the renormalized mass obtained
from temperature dependent measurements of SdHO, reported elsewhere [121]. Es-
timating the many-body mass from MIRO poses some advantages over temperature
dependent transport measurements: if su�cient oscillations are visible, m∗MIRO can
be obtained from a single photoresistance trace with excellent accuracy.

Current theories of MIRO do not accommodate the role on correlations explic-
itly. Nonetheless, the renormalized mass obtained from MIRO can be intuitively
understood as follows: unlike the CR which concerns electron-hole pairs with wave
numbers k → 0, MIRO involves the scattering of quasi-particles at the Fermi surface.
This allows a large separation between the electron and the hole, which corresponds
to the opposite limit of k → ∞. Therefore the excitations involved are similar
in nature with those contributing to transport. It would indeed be interesting to
formulate a theory of MIRO which gauges the e�ect of interactions on its period.

MIRO was not observed in all samples under study. At low electron densities,
n < 3.5 × 1011 cm−2, the photoresistance was dominated by a di�erent response,
namely the bolometric e�ect of the 2DES at the CR. Concomitant transmission
measurements support this interpretation. We attempted to explain the radically
di�erent response in low and high density samples by considering the sensitivity of R
to a change in temperature in each regime. While this may account for the absence
of the bolometric e�ect at high n, it does not clarify why no MIRO features could
be seen at low n. We speculate that it is due to a reduced contribution from the
displacement mechanism of MIRO. To determine whether that is indeed the case
require further temperature dependent measurements of the amplitude of MIRO.

In view of the results obtained in Ref. [227] for a strongly interacting AlAs-based
2DES, we propose similar experiments in ZnO. The authors report polarization-
dependent measurements of the e�ective mass. By controlling the angle between
B and the plane de�ned by the 2DES, the authors selectively increase the ratio
between the Zeeman and the cyclotron energy. At su�ciently large angles, the
system is driven into a ferromagnetic state, where only spin-up states are occupied.
The e�ective mass is obtained from the temperature-dependent analysis of SdHO
and compared to the value extracted in the paramagnetic state. This provided an
interesting result: the e�ective mass in the fully spin polarized state was close to the
bare mass of the system; in the paramagnetic state the mass was greatly enhanced.
Such polarization dependent measurements employed in ZnO may shed light on the
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absence of a fully spin polarized state at ultra-low densities [83].
The second part of chapter 2 concerns electron spin resonance (ESR) measure-

ments in a sample with n = 5.3 × 1011 cm−2. Similar to the results in ZnO and AlAs
from Ref. [166] we report an interesting alternation between peaks and dips around
odd and even �lling factors, respectively. Conventionally, electrically detected ESR
is associated with an increase in the electron temperature, which would result in a
positive contribution to Rxx in a quantum Hall minimum. Therefore a reduction in
Rxx at the paramagnetic resonance in the vicinity of even �lling challenges that as-
sumption. The mere existence of an ESR signal at even ν is intriguing: no spin-�ip
excitations are possible in a fully occupied LL. Previously, the �nite polarization at
even �lling was described as an interaction-induced e�ect [178]. Although correla-
tions have no impact on the energy probed by ESR, they can modify the Zeeman
and cyclotron gap through the renormalized parameters g∗ and m∗, as observed in
numerous transport experiments [228]. This can have an e�ect on the amplitude of
ESR, as demonstrated in [176]. Similarly, interactions may also modify the energy
of the cyclotron spin-�ip excitations required to polarize the 2DES at even �lling, as
indicated in Ref. [179]. While we cannot exclude the e�ect of level mixing, we argue
that it is more likely originating from thermally activated carriers. We attempt to
address the ESR amplitude sign by considering a non-equilibrium shift of the spin-
up and spin-down chemical potential. The contribution to longitudinal resistance
due to such a shift agrees well with the experimental observations. However the
model does not account for the heating of the 2DES, which always has a positive
contribution to Rxx at integer �lling. Rotation-dependent measurements as the ones
described above may hold the key to a deeper understanding of the ESR amplitude.

The third chapter of this thesis presents the results of a collaborative project
on a ZnO heterostructure with ultra-low electron density. The device had a back
gate, which allowed the in-situ variation of the charge carrier density in the range
1 ≤ n ≤ 2.2 (× 1010 cm−2). Thus we were able to access interaction parameter
values as high as rs ≈ 40.

Temperature and charge carrier density dependent measurements revealed a
breakdown of the metallic regime: below a critical density of n ≈ 1.7 × 1010 cm−2

(corresponding to rs ≈ 30), the resistance increased with decreasing temperature.
This apparent metal-to-insulator transition has been a topic of intense debate, as
its exact origin is unclear. While in low-quality samples it is most likely a result of
charge carrier localization due to disorder, in clean and strongly-interacting systems
it may be a signature of pinning of a Wigner crystal at impurity sites. To determine
the localization mechanism, we have analysed the T dependence of the resistance
at several electron densities in the insulating regime. At high temperatures, T &
100 mK, a ln(R) ∝ T−β law is found, where β varied between 0.53 and 0.86. A
dependency of the type ∝ exp{T−1} is typically seen in systems where the metal-to-
insulator transition is disorder-induced. A cross-over to a di�erent regime is visible
at lower T . Both Mott-like and Efros-Shklovskii (ES) exponential laws �t this regime
with comparable accuracy.

Another distinct feature at low electron densities is the strong non-linearity of
I−V characteristics. Deep in the insulating regime, threshold electric �elds as large
as ≈ 3 V/m were required to switch on the current. A model based on single particle
localization required much lower values of the electric �eld to depin the electrons.
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An attempt to address the non-linearity in terms of ES variable range hopping also
presented inconsistencies. Finally we turn to the assumption that the �nite voltage
threshold arises from the pinning of a Wigner crystal. Using the model for weak
pinning in charge density waves, a correlation length of the order of 3 µm was found.

In a parallel magnetic �eld the resistance increased sharply and then stayed
approximately constant above a certain critical value Bc. This behaviour is due to
the less e�cient screening of disorder as the density of states is reduced when the
system becomes fully spin polarized [125]. Identifying the critical �eld enabled us to
estimate the spin susceptibility χ∗ = g∗m∗/m0, which was overall greatly enhanced
with respect to the bare value gm/m0. We observed a non-monotonic dependence
of χ∗ on electron density, unlike the expected divergent behaviour associated with
a Stoner instability. Moreover, the critical �eld remains �nite down to the lowest
accessible n, thus excluding a spontaneous transition to a fully spin polarized state.

The initial roadmap was to supplement the transport measurements published
in Ref. [83] with a microwave response study. The conventional bolometric e�ect
due to enhanced absorption at the cyclotron resonance was absent from the pho-
toresponse and so was MIRO. However, we were able to detect strong ESR signals,
which consisted of two spectral lines of remarkably di�erent amplitudes. We specu-
late that the weaker peak is due to electrons in the 2DES in the vicinity of oxygen
vacancies. Rotation-dependent measurements in which the direction of the B-�eld
is varied from perpendicular to parallel orientation with respect to the 2DES plane
reveal no signi�cant anisotropy of the g-factor.



Zusammenfassung und Ausblick

Das zweidimensionale Elektronensystem (2DES) in hoch-qualitativen MgZnO/ZnO
Heterostrukturen hat sich als gut geeignete Plattform für die Untersuchung von Kor-
relationen zwischen mehreren Teilchen erwiesen. Die Stärke der Elektron-Elektron-
Wechselwirkung wird durch den Wigner-Seitz Parameter, rs, bestimmt. Dessen Wert
beträgt über 3 für alle Ladungsträgerdichten, die in dieser Arbeit untersucht werden.
Mit anderen Worten, die Coulomb Energie ist stets deutlich gröÿer als die kinetische
Energie des Systems, was zu einer Reihe von Phänomenen führt, deren Erforschung
den Rahmen dieser Arbeit bildet. Die experimentellen Ergebnisse sind in zwei Teile
gegliedert, welche in Kapitel 2 und 3 behandelt werden. Im Folgenden fassen wir die
wichtigsten Ergebnisse zusammen und diskutieren mögliche zukünftige Entwicklun-
gen.

Der erste Teil der Arbeit befasst sich mit 2DES mit einem breiten Elektronen-
dichtebereich von 2 × 1011 cm−2≤ n ≤ 20 × 1011 cm−2, was einem Wigner-Seitz Pa-
rameterbereich von 2, 6 ≤ rs ≤ 8 entspricht. Die Variation der Ladungsträgerdichte
wurde dabei durch Veränderung des Mg-Gehalts in der oberen Deckschicht während
des Wachstumsprozesses erzielt. Durch die hervorragende Qualität der Strukturen
konnten Elektronenmobilitäten von bis zu µ = 7 × 105 cm2 V−1 s−1 und Quanten-
streuungszeiten mit Spitzenwerten von bis zu τq ∼ 20 ps erreicht werden.

Das Verhalten des in diesem ersten Kapitel untersuchten 2DES kann im theore-
tischen Rahmenmodell der Fermi-Flüssigkeit verstanden werden. Das im Jahr 1954
von Landau entwickelte Modell basiert auf der Annahme, dass die unteren ange-
regten Zustände eines wechselwirkenden Systems aus den angeregten Zuständen
nahe der Fermi-Fläche des freien Systems konstruiert werden können. Dieser An-
satz erklärt einerseits, warum einige der Eigenschaften des nicht wechselwirkenden
Systems, wie z.B. eine wohlde�nierte Fermi-Fläche, gleich bleiben, wenn Korrelatio-
nen berücksichtigt werden. Andererseits sagt das Modell korrekt voraus, dass die so
genannten Quasiteilchen des wechselwirkenden Systems eine Reihe von veränderten
Eigenschaften aufweisen. Zwei solcher Beispiele sind die e�ektive Masse des Quasi-
Elektrons und der g-Faktor, deren Werte stark von denen des einzelnen Elektrons
ohne Korrelationen abweichen können.

Im ersten Teil von Kapitel 2 untersuchten wir die Vielteilchene�ekte auf die
e�ektive Elektronenmasse, indem wir die Reaktion des 2DES auf Mikrowellen mit
Frequenzen fMW ≤ 170 GHz in Gegenwart eines senkrechten statischen Magnetfel-
des untersuchten [226]. Diese Transmissionsmessungen wurden mit selbstgebauten
Bolometern für vier Heterostrukturen mit unterschiedlichen Ladungsträgerdichten,
n, durchgeführt, welche den gesamten, weiter oben beschriebenen Elektronendichte-
bereich abdecken. Das Transmissionssignal zeigte eine einzige Spektrallinie, die wir
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als Zyklotronresonanz identi�zierten. Aus dem resonanten Magnetfeld, B, bei hohen
Mikrowellenfrequenzen extrahierten wir die e�ektive Masse, deren Wert nahezu der
e�ektiven Masse von ZnO, m ≈ 0, 3m0 [62], entsprach und nur in geringem Umfang
mit der Ladungsträgerdichte variierte. Dieses Ergebnis zeigt, dass das Kohnsche
Theorem [89], welches die Unemp�ndlichkeit der Zyklotronresonanz-Energie gegen-
über Wechselwirkungen vorhersagt, auch für das 2DES in unseren Heterostrukturen
gilt. Bei niedrigen Mikrowellenfrequenzen, bei denen die Halbwellenlänge mit der
Gröÿe der Probe vergleichbar ist, zeigt fMW(Bres) Abweichungen vom linearen Re-
sonanzgesetz. Mithilfe eines einfachen Modells, das auf der Hybridisierung der Zyklo-
tronresonanz (CR) mit Plasmaschwingungen beruht, konnten wir diese Abweichung
mit hoher Genauigkeit beschreiben.

Die mittels der Transmissionsmessung bestimmte CR Masse wurde als Refe-
renzwert für die durch Wechselwirkung renormierte Masse genutzt. Unser Ziel war,
diese renormierte Masse durch Analyse der Periode der von Mikrowellen induzierten
Widerstandsoszillationen (MIRO) zu bestimmen. Diese Methode wurde durch jüngs-
te Erkenntnisse inspiriert, dass sich durch MIRO die Vielteilchenmasse von 2DES
in GaAs bestimmen lässt [100, 101, 142]. Erste Ergebnisse in ZnO-Heterostrukturen
unterstützen diese Annahme [144]. Von Mikrowellen induzierte Widerstandsoszilla-
tionen (MIRO) wurden erfolgreich in 10 Proben mit Elektronendichten von n ≥ 3, 5
× 1011 cm−2 nachgewiesen. Bei Elektronendichten von n > 14 × 1011 cm−2 wurde
eine Abnahme der MIRO-Masse im Vergleich zur ursprünglichen Referenz-Masse
festgestellt. Eine systematische Zunahme der MIRO-Masse, m∗MIRO, ergab sich dann
bei niedrigeren Dichten n. Sowohl die Abnahme als auch die Zunahme spiegeln
qualitativ die renormierte Masse wider, welche durch temperaturabhängige Messun-
gen von SdHO bestimmt wurde, über die an anderer Stelle berichtet wurde [121].
Die Abschätzung der Vielteilchenmasse aus MIRO bietet allerdings einige Vorteile
gegenüber derartigen temperaturabhängigen Transportmessungen: Wenn genügend
Oszillationen sichtbar sind, kann m∗MIRO aus einer einzigen Fotowiderstandsmessung
mit sehr hoher Genauigkeit ermittelt werden.

Die derzeitigen Theorien über MIRO berücksichtigen die Rolle der Korrelatio-
nen nicht explizit. Nichtsdestotrotz kann die aus MIRO Messungen erhaltene re-
normierte Masse intuitiv wie folgt verstanden werden: Im Gegensatz zur CR, die
Elektron-Loch-Paare mit Wellenzahlen k → 0 betri�t, geht es bei MIRO um die
Streuung von Quasiteilchen an der Fermi-Fläche. Dies ermöglicht einen groÿen Ab-
stand zwischen dem Elektron und dem Loch, was dem entgegengesetzten Fall von
k →∞ entspricht. Daher sind die beteiligten Anregungen von ähnlicher Natur wie
diejenigen, die zum elektronischen Transport beitragen. Es wäre in der Tat inter-
essant, eine Theorie über MIRO zu formulieren, die die Auswirkungen der Wechsel-
wirkungen auf die MIRO Periode quantitativ genau erfasst.

MIRO wurden nicht in allen untersuchten Proben beobachtet. Bei geringen
Elektronendichten, n < 3, 5 × 1011 cm−2, wurde der Fotowiderstand von einem
anderen E�ekt dominiert, nämlich dem bolometrischen E�ekt des 2DES bei der
Zyklotronresonanz. Die gleichzeitig durchgeführten Transmissionsmessungen unter-
stützen diese Interpretation. Wir haben versucht, die fundamental unterschiedli-
che Reaktion in Proben mit geringer und hoher Dichte zu erklären, indem wir die
Emp�ndlichkeit des Widerstands, R, gegenüber einer Temperaturänderung in je-
dem Grenzfall betrachteten. Dies kann zwar das Fehlen des bolometrischen E�ekts
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bei hohen Dichten n erklären, aber es erklärt nicht, warum bei geringen Dichten n
keine MIRO-Merkmale zu sehen sind. Wir vermuten, dass dies auf einen geringeren
Beitrag des Verschiebungsmechanismus von MIRO zurückzuführen ist. Zur Bestä-
tigung dieser Vermutung sind weitere temperaturabhängige Messungen der MIRO
Amplitude erforderlich.

In Anbetracht der Ergebnisse für stark wechselwirkende AlAs-basierte 2DES
[227] erwarten wir ähnliche Experimente in ZnO. Die Autoren berichten von spin-
polarisations-abhängigen Messungen der e�ektiven Masse. Durch die Kontrolle des
Winkels zwischen B und der Ebene, welche durch das 2DES de�niert wird, erhö-
hen die Autoren gezielt das Verhältnis zwischen der Zeeman- und der Zyklotron-
Energie. Bei ausreichend groÿen Winkeln wird das System in einen ferromagneti-
schen Zustand überführt, wodurch nur Zustände mit Spin nach oben besetzt sind.
Die e�ektive Masse wird durch die temperatur-abhängige Analyse der SdHO ermit-
telt und mit dem Wert verglichen, welcher im paramagnetischen Zustand extrahiert
wurde. Dies führt zu einem interessanten Ergebnis: Die e�ektive Masse im vollstän-
dig Spin-polarisierten Zustand war nahe an der gewöhnlichen Masse des Systems;
im paramagnetischen Zustand war die Masse deutlich gröÿer. Solche polarisations-
abhängigen Messungen in ZnO kann Licht auf die Abwesenheit eines vollständig
spin-polarisierten Zustands bei einer sehr geringen Dichte werfen [83].

Der zweite Teil von Kapitel 2 befasst sich mit Elektronen-Spin-Resonanz (ESR)
Messungen in einer Probe mit n = 5, 3 × 1011 cm−2. Ähnlich zu den Ergebnis-
se in ZnO und AlAs aus Ref. [166] berichten wir von einer interessanten Abfol-
ge von Hochpunkten und Tiefpunkten in der Nähe von ungeraden und geraden
Füllfaktoren. Normalerweise wird elektrisch detektierte ESR mit einer Erwärmung
der Elektronen-Temperatur assoziiert, was zu einem positiven Beitrag zu Rxx am
Quanten-Hall Minimum führen würde. Deshalb stellt eine Reduzierung von Rxx

bei der paramagnetischen Resonanz in der Umgebung der geraden Füllung diese
Annahme in Frage. Die bloÿe Existenz eines ESR Signals bei geraden ν ist ver-
blü�end: Keine Spin-Wechsel Anregungen sind in einem vollständig gefüllten LL
möglich. In der Vergangenheit wurde die endliche Polarisierung bei gerader Füllung
als Wechselwirkungs-induzierter E�ekt beschrieben [178]. Auch wenn Korrelationen
keinen Ein�uss auf die Energie haben, welche durch ESR ermittelt wird, können
diese die Zeeman und Zyklotron Lücke durch die renormalisierten Parameter g∗ und
m∗ modi�zieren bei q 6= 0, was in mehreren Transport Experimenten gezeigt wurde
[228]. Dies kann wiederum, wie in [176] gezeigt, einen E�ekt auf die Amplitude der
ESR haben. Ähnlich dazu können Wechselwirkungen, wie gezeigt in Ref. [179], auch
die Energie der Zyklotron Spin-Wechsel Anregungen beein�ussen, welche zur Pola-
risierung des 2DES bei gerader Füllung benötigt wird. Auch wenn wir den E�ekt
des Niveau-Mischens nicht ausschlieÿen können, gehen wir davon aus, dass es von
thermisch aktivierten Ladungsträgern kommt. Wir haben versucht, das Vorzeichen
der ESR Amplitude zu untersuchen, indem wir einen Ungleichgewichts-Wechsel der
chemischen Potentiale für die beide entgegengesetzt Spinrichtungen betrachten ha-
ben. Der Beitrag zu dem longitudinalen Widerstand aufgrund solch eines Wechsels
stimmt gut mit experimentellen Beobachtungen überein. Auf der anderen Seite be-
rücksichtigt das Modell das Aufheizen des 2DES nicht, welches immer einen positiven
Ein�uss auf Rxx bei ganzzahligen Füllfaktoren hat. Rotations-abhängige Messungen
wie die oben beschriebenen können eine Schlüsselrolle einnehmen für ein tieferes
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Verständnis der ESR Amplitude.
Das dritte Kapitel dieser Dissertation beschäftigt sich mit den Ergebnissen eines

gemeinsamen Projekts an einer ZnO Heterostruktur mit ultra-niedriger Ladungsträ-
gerdichte. Die Probe besaÿ ein Rückseitengatter, durch welches die Ladungsträger-
dichte in-situ im Bereich 1 ≤ n ≤ 2, 2 (× 1010 cm−2) verändert werden konnte.
Somit war es uns möglich, Interaktions-Parameter bis zu einem Wert von rs ≈ 40
zu erreichen. Von der Temperatur und Ladungsträgerdichte abhängige Messungen
zeigten einen Zusammenbruch des metallischen Regimes: Unterhalb der kritischen
Dichte n ≈ 1, 7 × 1010 cm−2 (entspricht rs ≈ 30) erhöht sich der Widerstand mit
abnehmender Temperatur. Dieser scheinbare Metall-Isolator-Übergang ist ein stark
diskutiertes Thema, da sein Ursprung unklar ist. Während es in Proben mit niedri-
ger Qualität höchstwahrscheinlich ein Ergebnis der Ladungsträger-Lokalisierung auf-
grund von Unordnung ist, kann es in sauberen und stark wechselwirkenden Systemen
auf ein Pinning eines Wigner Kristalls an Verunreinigungsstellen hindeuten. Um den
Lokalisierungsmechanismus bestimmen zu können, haben wir die Temperaturabhän-
gigkeit des Widerstands bei verschiedenen Ladungsträgerdichten im Isolator-Regime
analysiert. Bei hohen Temperaturen, T & 100 mK, wurde ein ln(R) ∝ T−β Gesetz
gefunden, bei welchem β zwischen 0, 53 und 0, 86 variierte. Eine Abhängigkeit vom
Typ ∝ exp{T−1} kann typischerweise in Systemen beobachtet werden, bei welchen
der Metall-Isolator-Übergang unordnungs-induziert ist. Ein Übergang zu einem an-
deren Regime kann bei niedrigeren Temperaturen gesehen werden. Sowohl Mott-
ähnliche wie auch Efros-Shklovskii exponentielle Gesetze können dieses Regime mit
vergleichbarer Genauigkeit abbilden.

Ein weiteres deutliches Merkmal bei niedrigen Elektronendichten ist die starke
Nicht-Linearität der I − V Charakteristik. Tief im Isolator-Regime wurden dreimal
stärkere elektrische Felder bis zu einer Stärke von ≈ 3 V/m benötigt, um die Strom-
leitung zu ermöglichen. Ein Modell basierend auf Einzel-Partikel-Lokalisierung wür-
de deutlich niedrigere Werte der elektrischen Feldstärke benötigen, um die Elektro-
nen zu lösen. Der Versuch, die Nichtlinearität auch in Bezug auf das Efros-Shklovskii
Variablen Range-Hopping zu untersuchen, präsentierte Ungereimtheiten. Schlus-
sendlich kommen wir zu der Annahme, dass der endliche Spannungs-Schwellwert
durch das Pinning eines Wigner Kristalls kommt. Mithilfe des Modells für schwaches
Pinning in Ladungsdichte-Wellen wurde eine Korrelationslänge von 3 µm gefunden.

In Anwesenheit eines parallelen magnetischen Felds steigt der Widerstand scharf
an und bleibt dann ungefähr konstant oberhalb eines bestimmten kritischen Wer-
tes Bc. Dieses Verhalten stammt von dem weniger e�zienten Abschirmen von Un-
ordnungse�ekten während der Reduzierung der Zustandsdichte, wenn das System
vollständig Spin-polarisiert wird [125]. Die Identi�zierung der kritischen Feldstärke
erö�net uns die Möglichkeit, die Spin-Suszeptibilität χ∗ = g∗m∗/m0 zu bestimmen,
welche generell deutlich verstärkt war im Vergleich zu dem regulären Wert gm/m0.
Wir haben eine nicht-monotone Abhängigkeit zwischen χ und der Elektronendichte
festgestellt, welche im Gegensatz zu dem erwarteten divergenten Verhalten steht,
welches mit einer Stoner Instabilität einhergeht. Darüber hinaus bleibt die kritische
Feldstärke endlich bis hinab zu der niedrigsten möglichen Dichte n, wodurch ein
spontaner Übergang zu einem vollständig spin-polarisierten Zustand ausgeschlossen
werden kann.

Ursprünglich haben wir geplant, die Transportmessungen, welche in Ref. [83]
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publiziert wurden, mit einer Mikrowellenreaktionsstudie zu ergänzen. Der herkömm-
liche bolometrische E�ekt aufgrund verstärkter Absorption bei der Zyklotronreso-
nanz sowie MIRO fehlten in der Fotoantwort. Wir konnten jedoch starke ESR Si-
gnale nachweisen, welche aus zwei Spektrallinien mit bemerkenswert unterschiedli-
chen Amplituden bestanden. Wir nehmen an, dass der schwächere Hochpunkt auf
Elektronen im 2DES in der Nähe von Sauersto�eerstellen zurückzuführen ist. Ro-
tationsabhängige Messungen, bei denen die Richtung des B-Feldes von senkrecht
bis parallel zur 2DES-Ebene variiert wird, zeigen keine signi�kante Anisotropie des
g-Faktors.
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