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Abstract

Modeling environmental systems is typically limited by an incomplete system under-

standing due to scarce and imprecise measurements. This leads to different types of

uncertainties, among which conceptual uncertainty plays a key role, but is difficult to

address. Conceptual uncertainty refers to the problem of finding the most appropriate

model representation of the physical system. This includes the problem of choosing

from several plausible model hypotheses, but also the problem that the true system de-

scription might not even be among this set of hypotheses. In this thesis, I address the

first of these issues, the uncertainty of choosing a model from a finite set. To account

for this uncertainty of model choice, modelers typically use multi-model methods. This

means that they consider not only one but several models and apply statistical methods

to either combine them or select the most appropriate one. For any of these methods, it

is crucial to know how similar the individual models are. But even though multi-model

methods have become increasingly popular, no methods were available that quantify

the similarities between models and visualize them intuitively. This dissertation aims

at closing these gaps. In particular, it tackles the challenges of judging whether sim-

plified models are a suitable replacement for a more detailed model, and of visualizing

model similarities in a way that helps modelers to gain an intuitive understanding of

the model set. I defined three research questions that address these challenges and form

the basis of this thesis.

1. How can we systematically assess how similar conceptually simplified model ver-

sions are compared to an original, more detailed model?

2. How can we extend the similarity analysis so it is suitable for computationally

expensive models?

3. How can we visualize the similarities between probabilistic model predictions?
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With the first contribution, I show that the so-called model confusion matrix can be

used to quantify model similarities and thus identify the best conceptual simplification

of a detailed reference model. This matrix was introduced by Schöniger et al. [2015] to

estimate the data need of competing models. Here, I demonstrate that the matrix can

be used, beyond this original purpose, to analyze model similarities.

With the second contribution, I address the problem of assessing this matrix for com-

putationally expensive models. Since calculating this matrix requires many model runs,

the existing method was not yet suitable for models that have long run times. This

problem is solved by extending the surrogate-based Bayesian model selection [Moham-

madi et al., 2018] so that two models can be compared based on their surrogates while

accounting for approximation errors.

With the third contribution, I demonstrate how the similarity of probabilistic model

predictions can be quantified based on so-called energy statistics. By comparing dif-

ferent visualization techniques, I show how multi-model ensembles can be visualized

intuitively so that modelers can get a better understanding of the model set.

The presented methods are widely applicable and can thus help to bring the importance

of model similarities further into the focus of multi-model developers and users. Thus,

depending on the research problem, the individual models or an appropriate multi-

model method can be selected in a more targeted manner.
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Zusammenfassung

Die Modellierung von Umweltsystemen wird in der Regel durch ein unvollständiges

Systemverständnis aufgrund von wenigen und ungenauen Messdaten erschwert. Dies

führt zu verschiedenen Arten von Unsicherheiten, unter denen die konzeptionelle Un-

sicherheit zwar eine Schlüsselrolle spielt, jedoch schwer zu berücksichtigen ist. Konzep-

tionelle Unsicherheit bezeichnet das Problem, die geeignetste Modellrepräsentation des

physikalischen Systems zu finden. Dies umfasst zum einen die Wahl zwischen mehreren

plausiblen Modellhypothesen und zum anderen das Problem, dass die wahre Systembe-

schreibung möglicherweise nicht unter diesen Hypothesen ist. In dieser Arbeit befasse

ich mich mit dem ersten dieser Probleme, der Unsicherheit bei der Wahl eines Modells

aus einer endlichen Menge. Um dieser Unsicherheit Rechnung zu tragen, werden häufig

Multi-Modell-Methoden verwendet. Das bedeutet, dass man nicht nur ein, sondern

mehrere Modelle berücksichtigt und statistische Methoden anwendet, um diese entwe-

der zu kombinieren oder das geeignetste auszuwählen. Für jede dieser Methoden ist es

entscheidend wie ähnlich die einzelnen Modelle untereinander sind. Trotz der zuneh-

menden Anwendung von Multi-Modell-Methoden gab es bisher jedoch keine Methode,

die die Ähnlichkeiten zwischen den Modellen quantifiziert und intuitiv visualisiert. Die-

se Dissertation hat zum Ziel diese Lücke zu schließen. Sie befasst sich insbesondere mit

den Fragen, ob vereinfachte Modelle ein geeigneter Ersatz für ein detaillierteres Modell

sind, und wie wir Modellähnlichkeiten so visualisieren können, dass Modelliererinnen

und Modellierer ein intuitives Verständnis des verwendeten Modellensembles erlangen.

Ich habe drei Forschungsfragen definiert, die sich mit diesen Herausforderungen befas-

sen und die Grundlage dieser Arbeit bilden:

1. Wie können wir systematisch erfassen, wie ähnlich konzeptionell vereinfachte Mo-

delle im Vergleich zu einem detaillierten Referenzmodell sind?

2. Wie können wir die Modellähnlichkeitsanalyse so erweitern, dass sie für rechen-

zeitintensive Modelle geeignet ist?
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3. Wie können wir die Ähnlichkeiten zwischen probabilistischen Modellvorhersagen

visualisieren?

Mit dem ersten Beitrag zeige ich, dass die sogenannte Modell-Konfusionsmatrix zur

Quantifizierung von Modellähnlichkeiten und damit zur Identifikation der besten Ver-

einfachung eines detaillierten Referenzmodells verwendet werden kann. Diese Matrix

wurde von Schöniger et al. [2015] verwendet, um den Datenbedarf konkurrierender

Modelle abzuschätzen. In der vorliegenden Arbeit zeige ich, dass die Matrix über die-

sen ursprünglichen Zweck hinaus zur Analyse von Modellähnlichkeiten genutzt werden

kann.

Mit dem zweiten Beitrag gehe ich auf das Problem der Berechnung dieser Matrix für re-

chenzeitintensive Modelle ein. Da die Erstellung der Matrix viele Modellläufe erfordert,

war diese Methode für rechenzeitintensive Modelle nicht geeignet. Dieses Problem wird

durch die Erweiterung einer surrogatbasierten Bayes’schen Analyse [Mohammadi et al.,

2018] gelöst, sodass zwei Modelle basierend auf ihren Surrogaten unter Berücksichtigung

von Approximationsfehlern verglichen werden können.

Mit dem dritten Beitrag zeige ich, wie die Ähnlichkeit probabilistischer Modellvorher-

sagen auf Grundlage der sogenannten
”
energy statistics“ quantifiziert werden kann.

Durch den Vergleich verschiedener Visualisierungstechniken stelle ich außerdem dar,

wie Modellensembles intuitiv visualisiert werden können, um ein besseres Verständnis

des gewählten Modellraums zu ermöglichen.

Die vorgestellten Methoden sind vielseitig anwendbar und können so helfen, die Be-

deutung von Modellähnlichkeiten für Multi-Modell-Methoden weiter in den Fokus von

Entwicklerinnen und Anwendern zu bringen. Dadurch können, je nach Problemstellung,

die einzelnen Modelle oder eine geeignete Multi-Modell-Methode gezielter ausgewählt

werden.
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1 Introduction

Modelers in geoscience face two sources of uncertainties: inherent randomness and lack

of knowledge [e.g. Ayyub and Klir, 2006, Rinderknecht et al., 2012].

• Inherent randomness: The system is truly random, i.e. its behavior is not pre-

dictable and the uncertainty cannot be reduced by more observations. This type

of uncertainty is also known as the aleatory component of the total uncertainty

[e.g. Ayyub and Klir, 2006].

• Lack of knowledge: The system is not fully understood because of scarce and

imprecise data that does not sufficiently reflect the heterogeneity in space, vari-

ability in time, and interacting processes that might occur on different scales.

This leads to uncertainty in the time-varying input variables, in the parameters

(time-invariant input variables), and in the model concept. This type of uncer-

tainty is referred to as epistemic or hypothetical uncertainty [e.g. Ayyub and Klir,

2006, Nearing and Gupta, 2018]. Theoretically, it can be overcome by collecting

more (informative) data. However, this might not always be possible in practi-

cal applications due to limited resources or technical means. In geoscience and

engineering, this type of uncertainty is usually the dominant one [Rinderknecht

et al., 2012, Ayyub and Klir, 2006].

In this work, I focus on the uncertainty in choosing the most appropriate representation

of the real system (conceptual uncertainty), while accounting for the effects of limited

and imprecise data. The following section specifies conceptual uncertainty in general

and its scope within this thesis. Subsequently, I introduce typical approaches that deal

with conceptual uncertainty and their associated issues.



2 1 Introduction

1.1 Conceptual Uncertainty

To define conceptual uncertainty, it is helpful to recap the different stages of model

building. The process of model development can be divided into three main stages

according to Gupta et al. [2012]:

1. The conceptual model:

This first stage includes the definition of the system boundaries, the relevant

variables, the time-invariant properties of the system and their spatial variability,

conservation laws, underlying assumptions as well as uncertainties concerning

each of these components [Gupta et al., 2012]. Please refer to Enemark et al.

[2019] for a detailed example of the components of the conceptual model in the

context of hydrogeology.

2. The mathematical model:

The second stage incorporates the equations that describe the dynamics of the

variables and their interactions. It also comprises the representation of spatial

variability [Gupta et al., 2012].

3. The computational model:

In the third stage, the mathematical equations are transferred to a numerical

description. For distributed, dynamic systems, the modeler has to choose a spatial

discretization method, the resolution as well as a method for the time integration

[Gupta et al., 2012].

While input uncertainties and parameter uncertainty can be quantified by propagating

probability density functions (PDFs) through the model to the prediction of the quan-

tities of interest, this is impossible for conceptual uncertainty [Abramowitz, 2010]. In-

stead, multi-model approaches are commonly used to address the uncertainty of model

choice. However, it is important to note that there is no multi-model method that

can quantify conceptual uncertainty on an absolute level [Nearing and Gupta, 2018].

The reasons for this are evident: In practice, there is no way to create and sample

from an exhaustive list of all plausible models that covers the entire range of possi-

ble outcomes [Vehtari and Ojanen, 2012, Ferré, 2017, Nearing and Gupta, 2018, Höge

et al., 2019]. Therefore, Nearing and Gupta [2018] suggest understanding multi-model
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methods rather as sensitivity analyses. From this point of view, we can recognize multi-

model methods as tools that make modelers aware of how much their results may differ

within the discrete, finite set of models under consideration. This follows the line of

thought of Ferré [2017] who introduced the idea of a multi-model ensemble as a “team of

rivals”, which provides competing views of a system. If the competing models agree on

a certain prediction, this increases the decision makers’ confidence, while disagreement

indicates the need for further investigation [Ferré, 2017]. This leads to the challenge

of building such a “team of rivals”, which is a model set that covers a broad range of

plausible system behavior.

Refsgaard et al. [2012] propose to use the so-called “MECE criterion” for selecting a

model set. According to this criterion, models should be mutually exclusive and col-

lectively exhaustive. The first requirement, mutually exclusive, means that the models

should be based on independent hypotheses. This corresponds to the “team of rivals”

idea of Ferré [2017]. As model independence is a key concept for multi-model ensem-

bles, it will be discussed in more detail in Section 1.3. The second requirement, i.e.

being collectively exhaustive, corresponds to a model set that covers the full plausible

range of possible system behavior. This means that such a set would include even the

”unknown unknowns” [Enemark et al., 2019], which are hypotheses describing potential

system behavior that has not yet been observed. For this reason, this criterion cannot

be fulfilled in practice [Refsgaard et al., 2012]. Therefore, the methods described in

this thesis deal with the uncertainty of choosing from a discrete, finite set of models.

Enemark et al. [2019] criticize that studies on multi-model methods often lack a sys-

tematic approach for the development of the individual models. The authors recap

three methods that guide the model development:

1. Varying complexity: all models in the set are based on the same concept

and the complexity is gradually increased or decreased. An appropriate level of

complexity can be found using a so-called model justifiability analysis as presented

in Schöniger et al. [2015].

2. Alternative interpretation: different models are built by different experts

based on the same measurement data. This strategy, however, can result in very

similar or very different models and there is no systematic way to control the

diversity of the models.
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3. Hypothesis testing: the models are built such that the difference between their

conceptualizations is maximized, i.e. a so-called antithetic setup is defined.

Enemark et al. [2019] emphasize that only the hypothesis testing method attempts to

meet the mutually exclusive criterion. However, it is not guaranteed that it is fulfilled,

and for real applications, it can be hard to define models as antithetic hypotheses.

The varying complexity approach does not seek to define models in a way that they are

mutually exclusive. It rather checks whether the models’ complexities are in balance

with a realistic amount of available calibration data. This is necessary because a more

complex model usually needs more (informative) data to constrain its parameters during

its calibration [e.g. Guthke, 2017, Höge et al., 2018]. Therefore, model complexity and

effort for acquiring field data have to be balanced. If the model is too complex for a

given amount of calibration data, it will show a high variance in its predictions, this

effect is known as overfitting [e.g. Babu, 2011, Lever et al., 2016, Höge et al., 2019]. In

the opposite case, a too simple model, which needs less data for calibration, will show

a high bias in its predictions and thus underfits the system [e.g. Babu, 2011, Lever

et al., 2016, Höge et al., 2019]. This issue is well-known as “bias-variance-tradeoff”

[e.g. Geman et al., 1992, Burnham and Anderson, 2002]. Consequently, for a certain

amount of measurement data, there is a level of model complexity that is already

complex enough to capture all relevant processes (if visible in the data) but still simple

enough so that it does not overfit (“principle of parsimony”) [Schöniger et al., 2015].

1.2 Multi-Model Methods

Once the model set is defined, an appropriate multi-model technique has to be chosen.

Höge et al. [2019] highlight the need to clearly specify the objective of the applied multi-

model method because the results may vary considerably between different objectives

and their corresponding methods.

There are numerous multi-model approaches. Each one of them is tailored to a partic-

ular purpose in modeling and is founded on different philosophical perspectives. Höge

et al. [2019] provide guidelines for choosing the right method for a specific multi-model

problem. Here, I briefly recap Bayesian model averaging, Bayesian model selection as

well as Bayesian model combination and their scope of application:
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Bayesian model averaging (BMA) [Hoeting et al., 1999] and Bayesian model selection

(BMS) [Raftery, 1995] are well-known approaches to address the uncertainty of model

choice. Both approaches are based on the same mathematical framework but they

differ in their purpose [Höge et al., 2019]. For both methods, it is assumed that the

“true” (data-generating) model is contained in the model set (the collectively exhaustive

assumption) and model weights are calculated that reflect the probability of each model

to be the true one. In the Bayesian model averaging framework, the model weights are

used to build a weighted average of the individual model predictions [Wöhling et al.,

2015]. It is important to note that building this weighted average is not a model

combination method that aims at finding the combination of several models that fits

the measured data best [Minka, 2002, Monteith et al., 2011, Höge et al., 2019]. BMA

should rather be understood as a method that quantifies the uncertainty of finding

the true model within the set as long as the data set size does not suffice for clear

identification. In the limit of infinite data set size, Bayesian model selection (BMS)

will identify this true model [Höge et al., 2019] by assigning it a weight of one. In

the case of finite measurement data, however, the identification of the true model may

be impossible because two or more models receive similar weights. Therefore, Minka

[2002] calls BMA an “intermediate step on the way to BMS”.

Bayesian model combination (BMC) takes an entirely different perspective: If our

primary goal is to make robust predictions of the system behavior and we do not

assume that our set contains the true model, we should consider combining models. In

contrast to model averaging, which traditionally acts on PDFs, model combination acts

on the level of pointwise forecasts [Monteith et al., 2011]. There are different model

combination methods available and detailed comparisons can be found in Diks and

Vrugt [2010], Arsenault et al. [2015] and Höge et al. [2019].

All of the mentioned techniques have been applied numerously in different fields of

science and engineering. Applications in geoscience include, among others, modeling

climate [Tebaldi and Knutti, 2007, Abramowitz and Bishop, 2015], weather [Krishna-

murti et al., 2000], soil-plant-atmosphere systems [Wöhling et al., 2015, Wallach et al.,

2018], groundwater [Rojas et al., 2008, Schöniger et al., 2015], reactive transport in

groundwater [Lu et al., 2015], vadose zone hydrology [Wöhling and Vrugt, 2008, Diks

and Vrugt, 2010] and streamflow hydrology [Georgakakos et al., 2004, Ajami et al.,

2007, Diks and Vrugt, 2010, Arsenault et al., 2015, Schöniger et al., 2014].
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For each of these methods, it is crucial to know how (dis-)similar the individual models

are. In the following sections, I want to clarify what is meant by model similarity

or dependence (both terms are used in the literature) and why it is important for

multi-model approaches.

1.3 Model Similarity

Types of Model Similarity

Two models can be described as similar in their structure or their predictions.

Structural similarity means that models share parts of their conceptualization because

they are based on similar hypotheses. This type of similarity contradicts the “mutually

exclusive” criterion and undermines the “collectively exhaustive” criterion (see Section

1.1).

Prediction similarity implies that the models produce similar predictions when similar

inputs are used. This can be caused by structural similarity of the models but can also

happen by chance.

In literature, the term “model dependence” is often used synonymously with “model

similarity” [e.g. Abramowitz and Gupta, 2008, Bishop and Abramowitz, 2013, Abramowitz

and Bishop, 2015, Sanderson et al., 2015a, Knutti et al., 2017]. In this context, depen-

dence is not used in a strict mathematical sense but rather means that two models are

considered dependent if they are (partly) based on common hypotheses. In this the-

sis, I subsume “model dependence” under structural similarity to distinguish it from

prediction similarity.

In the following chapters, I present methods to quantify prediction similarity based on

probabilistic model outputs because it allows a direct comparison of different models

and of the models and measurement data.
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The Role of Model Similarity in Model Development

Similarity is important during all stages of the modeling process from the composition

of a model set and the choice of an appropriate multi-model method to the definition

and interpretation of model weights.

In the first step, most multi-model methods require assigning weights to the individual

models. In the framework of Bayesian model selection or averaging, modelers have to

define prior weights that represent their belief in each model’s adequacy. In a second

step, these prior weights are updated to posterior weights based on the model’s ability

to reproduce a calibration data set. In the following, I describe why model similarity

is highly important for the definition of the prior weights and for the interpretation of

the posterior weights.

Choosing Prior Weights for Similar Models

A common choice for prior weights is the uniform distribution, which means that all

models are assumed to be equally plausible. However, this leads to difficulties when

there are models in the set that are very similar: If we imagine the extreme case

of adding a model to the set that is identical to one already contained, giving equal

weights to each model would double the weight for the duplicate models. George

[2010] and Garthwaite and Mubwandarikwa [2010] therefore recommend to use so-

called “dilution priors” that divide the weight between partly redundant models. Both

studies suggest different methods for constructing dilution priors, some of them limited

to linear models. They also mention a method based on distances between models

that is more general and can also be applied to non-linear models. As one possible

approach to calculate the distance between two models, George [2010] proposes to use

the Hellinger distance [Hellinger, 1909] based on the marginal distributions of the data

given a model. However, the author does not provide details about the implementation

and the choice of the metric. With the work presented here, I want to further pursue

the idea of quantifying the similarity between two models by measuring the distance

between them. Hence, in future work, the presented methods can be useful for defining

dilution priors.

Uncovering Similarity from Posterior Weights

Updating the prior weights with observational data yields posterior weights. Modelers
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might run into difficulties when they try to interpret these posterior weights: Two mod-

els might receive similar posterior weights either because their predictions are actually

similar or because one model fits the observations better but has a higher variability

compared to its competitor. The reason for the latter case is that the posterior model

weights reward models for high goodness-of-fit and punish them for high flexibility

[Schöniger et al., 2015]. Each of these situations requires a different multi-model ap-

proach. Therefore, a similarity analysis is helpful to uncover which scenario has led to

similar posterior weights.

Effect of Similarity on the Performance of Multi-Model Ensembles

Aside from the definition of prior weights or the interpretation of posterior weights,

many authors have assessed model similarity in the context of multi-model ensemble

performance. They compared the predictive performance of multi-model ensembles

to the performances of the individual ensemble members. It has been highlighted

that the superiority of the multi-model ensemble depends strongly on the dissimilar-

ity of the individual models [Tebaldi and Knutti, 2007, Abramowitz and Gupta, 2008,

Abramowitz, 2010, Winter and Nychka, 2010, Bishop and Abramowitz, 2013, Sander-

son et al., 2015a, Abramowitz et al., 2018, Enemark et al., 2019]. Other important

factors for the multi-model ensemble performance are the applied combination/aver-

aging methods [Krishnamurti et al., 2000, Doblas-Reyes et al., 2005, Diks and Vrugt,

2010, Arsenault et al., 2015, Höge et al., 2019, 2020], the properties of the individual

models such as prediction spread [Fritsch, 2000, Doblas-Reyes et al., 2005, Weigel et al.,

2008] and the performance measure [Hagedorn et al., 2005, Weigel et al., 2008, Diks

and Vrugt, 2010].

A question one often comes across in the context of multi-model ensembles is whether

the ensemble performs better than its best individual member. However, as Hagedorn

et al. [2005] point out, before asking whether the ensemble outperforms the individual

models, one should ask whether a “best” individual model even exists. Usually, this

is not the case, as each model has its individual strengths and weaknesses and none

of them performs best under all relevant scenarios and considering all quantities of

interest [Hagedorn et al., 2005]. Therefore, the authors conclude that the strength of

a multi-model ensemble is its robustness, i.e. it performs well over a broad range of

output variables and boundary conditions.

Therefore, for making general statements on the performance of single models or multi-
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model ensembles, I suggest evaluating each model’s overall skills considering all relevant

output variables at all important points in the spatial and temporal domain. The

methods presented in this thesis enable modelers to objectively compare the individual

models and the ensemble (possibly generated by different model combination methods)

and to identify the one that is closest to the observed data.

1.4 Structure of This Thesis

This thesis is a cumulative dissertation based on three journal articles/manuscripts.

After the preceding introduction in Chapter 1, I give an overview of the state of the

art in Chapter 2. Objectives and contributions of this thesis are outlined in Chapter 3,

results are summarized in Chapter 4. The conclusions drawn from these results and an

outlook to possible future research are given in Chapter 5. Appendix A contains the

three articles/manuscripts that were prepared in the course of this project.





2 State of the Art

This chapter summarizes the state of the art that served as a starting point for my

contributions. In section 2.1, the mathematical framework of Bayesian model selec-

tion (BMS) and the so-called model justifiability analysis are presented, which form

the basis for subsequent analysis tools. This is followed by an extension of BMS for

computationally expensive models in Section 2.2. Section 2.3 describes methods for

quantifying and visualizing model similarities. This includes a general introduction to

probability metrics, followed by a presentation of specific tools (energy distance and en-

ergy score) and an overview of commonly used visualization tools that will be adapted

for an intuitive representation of model similarities.

2.1 Ranking Models Based on BME

2.1.1 Mathematical Framework of BMS

Bayesian model selection [Hoeting et al., 1999] is a commonly used method to identify

the most appropriate model from a set of competing model alternatives. BMS ranks

models based on weights, which denote the probability of model Mk to have generated

the data y0 [e.g. Raftery, 1995, Wasserman, 2000].

First, each model in the set obtains a prior model weight P (Mk). In Bayesian statistics,

a prior probability reflects the modeler’s belief based on expert knowledge. It is for-

mulated before measurement data y0 are taken into account. In the BMS framework,

a typical choice are uniform prior weights P (Mk) = 1/Nm (with Nm being the number

of alternative models) that treat all models in the set as equally likely. However, this

choice is questionable if two or more models are very similar. In this case, uniform

priors would distort the weights of these models. To address this problem, Garthwaite
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and Mubwandarikwa [2010] and George [2010] suggest to use so-called dilution priors

that account for redundancies in the model set.

The prior weights P (Mk) are updated to posterior weights P (Mk|y0) based on Bayes’

theorem:

P (Mk|y0) =
p (y0|Mk)P (Mk)∑Nm

i=1 p (y0|Mi)P (Mi)
, (2.1)

in which p (y0|Mk) is the so-called Bayesian model evidence (BME). BME is well suited

for ranking models because it implicitly performs a trade-off between goodness-of-fit

and model parsimony [Schöniger et al., 2014]. BME is also known as marginal likelihood

because it can be calculated by averaging (marginalizing) over the model’s parameter

space Uk [Kass and Raftery, 1995, Schöniger et al., 2014]:

p (y0|Mk) =

∫
Uk
p (y0|Mk,uk) p (uk|Mk) duk, (2.2)

where uk ∈ Uk is the parameter vector of model Mk, p (uk|Mk) is the prior parameter

distribution, and p (y0|Mk,uk) is the likelihood, i.e. the probability of the model Mk

with parameter set uk to have generated the data set y0.

BME thus quantifies the model’s likelihood to have generated the data y0 independent

of the parameter choice. A straight-forward way to approximate Equation 2.2 is to

sample the prior distribution of the model parameters uk using brute-force Monte

Carlo and to evaluate the likelihood p (y0|Mk,uk) of the measured data y0 for each

parameter vector uk,i [Schöniger et al., 2014]:

p (y0|Mk) ≈
1

NMC

NMC∑
i=1

p (y0|Mk,uki) . (2.3)
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2.1.2 Bayes Factor

Apart from ranking models based on Bayesian model weights, as it is done in BMS, the

decisiveness of the choice between two competing models can be expressed using so-

called Bayes factors [Jeffreys, 1961, Kass and Raftery, 1995]. The Bayes factor between

two models is defined as the ratio of their respective BME values:

BF (Mi,Mj) =
P (Mi|y0)

P (Mj|y0)

P (Mj)

P (Mi)
=
p (y0|Mi)

p (y0|Mj)
. (2.4)

Jeffreys [1961] introduced categories for interpreting the Bayes factor as evidence against

Mj. I will use the slightly modified scale suggested by Kass and Raftery [1995] as shown

in Table 2.1.

Table 2.1: Interpretation of Bayes factors according to Kass and Raftery [1995].

log10(BF ) Evidence against Mj

0− 0.5 not worth more than a bare mention
0.5− 1 substantial
1− 2 strong
> 2 decisive

Accordingly, negative log10(BF ) values favor Mj over Mi.

2.1.3 Model Justifiability Analysis

Another way to analyze models based on BMS is the so-called model justifiability

analysis (MJA) that was introduced by Schöniger et al. [2015]. The method determines

the maximum level of model complexity that is affordable given a realistic amount of

measurements before these data have been actually measured.

The analysis is based on a so-called “model confusion matrix” (see Figure 2.1). Confu-

sion matrices are often used in machine learning, particularly in the field of statistical

classification [e.g. Alpaydin, 2004]. It is a special type of contingency table, which

compares the actual with predicted classifications. Thus, it is easily visible whether an

object is misclassified (“confused”).
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Figure 2.1: Schematic illustration of the model confusion matrix for two models M1 and M2,
modified after Schäfer Rodrigues Silva et al. [2020]. Blue box: likelihood of a
single realization drawn from M2 given a realization k = 1 drawn from M1.
Red box: BME value (average likelihood) of M2 given a single realization k = 2
of M1. This BME value is normalized by the sum of the BME values of all models
for this data set, which yields a single model weight. Dashed box: Averaging
these weights over all synthetic data sets k = 1, ..., NMC of the data-generating
model M1 yields the model weight P (M2|M1), i.e. the expected weight of M2

given that M1 is true.

The same concept is transferred to the problem of model identification. The core idea

of the justifiability analysis is that the models are tested against each other instead of

testing them against measurements. Each of the models in the set is sequentially treated

as “synthetic truth” and the other models are tested against this “true” one. Then it

can be tested how well a model can be identified as the data-generating process based

on the Bayesian model weights (see Equation (2.1)): If a model receives the highest

weights for its own predictions, it is able to self-identify its data. From a successful

self-identification, we can conclude that the model’s complexity is legitimate given the

current experimental setup. In contrast, if a model’s predictions are “confused” with

those of the other models, its complexity cannot be justified.
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Implementation of the Model Confusion Matrix

In a Monte Carlo loop, each of the i = 1, ..., NM models takes turns to generate

k = 1, ..., NMC data sets y0,ik by drawing samples of their prior parameter distri-

butions p (ui|Mi). These data sets are treated as “synthetic truth”. In this role, I refer

to the models as “data-generating” and list them in the columns of the model confusion

matrix (see Figure 2.1). The same data sets are listed in the rows of the matrix. Here,

however, the models’ roles are different: They are not considered as data-generating

processes but as models to be evaluated against the synthetic truth.

This evaluation is done by calculating the likelihood p (y0,ik|Mj,ujl) of the reference

data set y0,ik (generated by modelMi with the parameter vector uik) given the evaluated

model Mj with the parameter vector ujl (blue box in Figure 2.1).

Averaging these likelihoods over all parameter realizations l = 1, ..., NMC (rows) of the

evaluated model Mj yields a BME value (see Equation 2.3, red box in Figure 2.1):

BMEj,ik = p (y0,ik|Mj).

This BME value is normalized by the sum of the BME values of all models given this

reference data set y0,ik (see Equation 2.1). The normalization yields a single posterior

model weight P
(
Mj|y0,ik

)
.

This weight depends on the reference data set y0,ik (column) sampled from the data-

generating model Mi. Therefore, we also average over k = 1, ..., NMC columns of the

data-generating model Mi to get the mean posterior weight of model Mj given the data

produced by model Mi:

P (Mj|Mi) =
1

NMC

NMC∑
k=1

BMEj,ik∑Nm

j=1 BMEj,ik

. (2.5)

This Bayesian model weight quantifies the probability of the model Mj to be the most

appropriate one from the set if Mi was true. It corresponds to one entry of the final

model confusion matrix (dashed box in Figure 2.1). The matrix is symmetric with size

NM×NM . Its main-diagonal entries are the self-identification weights. The off-diagonal

entries can be interpreted as a measure of similarity between two models. For an infinite

data set size, the respective data-generating model will be identified with a weight of



16 2 State of the Art

100% (unless two models would yield exactly identical predictive distributions). For

finite data sets, we can observe that, for increasing model complexity, more and more

data is needed for a self-identification [Schöniger et al., 2015].

2.2 BMS for Computationally Expensive Models

2.2.1 Surrogate Modeling

The standard evaluation of BME using a brute-force Monte Carlo sampling of the

parameter prior distributions involves a large number of model evaluations. For com-

putationally expensive models, this soon becomes intractable. To address this problem,

so-called surrogate models can be used, which approximate the original model and have

reduced run times. A surrogate model maps the outputs of the original model given

its parameters. It can be seen as a black-box model because it does not involve any

knowledge of the physical system.

There are different types of surrogate models. Amongst the most commonly used

methods are Gaussian process emulators (also known as “Kriging” in the context of

geostatistics) [Krige, 1951, Matheron, 1963, Sacks et al., 1989], polynomial chaos expan-

sion (PCE) [Wiener, 1938, Xiu, 2010], radial basis functions [Buhmann, 2003], support

vector machines [Vapnik, 2000] and neural networks [Bishop, 1995].

In a recent benchmark study, Köppel et al. [2019] compared five data-driven methods

for building surrogate models regarding their use for uncertainty quantification in geo-

sciences, their computational costs to construct and evaluate the surrogate, their accu-

racy for a low or high number of model runs, and their applicability to high-dimensional

problems. Their study revealed that the arbitrary polynomial chaos expansion (aPCE)

method is very commonly used in geoscience, has comparatively low computational

costs for constructing and evaluating the surrogate, and has good accuracy for a low

number of model runs. Therefore, it is well suited for the application in this study.
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2.2.2 aPCE-Based Surrogate Modeling

The data-driven aPCE approximates the model output by its dependence on model

parameters via multivariate polynomials. In classical PCE, polynomial families are

chosen according to the distribution of the parameters (e.g. uniform or Gaussian) [e.g.

Marelli and Sudret, 2021]. However, in real-world applications, it is a commonly known

problem that variables cannot be described by one of these probability distributions or

only limited data is available, so it is impossible to fit a unique parametric probability

distribution [Oladyshkin and Nowak, 2012]. aPCE overcomes these shortcomings as it

requires no approximation of a density function.

As the aPCE-based surrogates used for this study were built using existing code by

Oladyshkin [2020], their construction is not within the scope of this thesis. Therefore,

I will only give a brief overview of the underlying theory in the next section. For

implementation details, I refer to publication P2 [Scheurer et al., 2021] in appendix

A.2.

Based on the original polynomial chaos expansion introduced by Wiener [1938], the

aPCE constructs surrogate models with the help of an orthonormal polynomial basis:

M(x, t; u) ≈ M̃(x, t; u) =
D∑
s=1

cs(x, t) ·Ψs(u), (2.6)

where M̃(x, t; u) is the surrogate that approximates the original model’s outputsM(x, t; u)

and Ψs(u) represents the multivariate polynomial basis. The coefficients cs(x, t) are

the corresponding coordinates, i.e. they quantify how the model response depends on

the parameters u for each point in space and time [Köppel et al., 2019]. In standard

settings, the number of polynomials D depends on the number of model parameters Np

and the chosen maximum polynomial degree d according to D = (Np+ d)!/(Np!d!).

The polynomials are constructed according to the method described by Oladyshkin

and Nowak [2012]. To compute the coefficients cs(x, t), a non-intrusive stochastic

collocation method [Oladyshkin et al., 2012] is used. The non-intrusiveness of this

method implies that the model M can be considered as a black box so that there is no

need of modifying the governing equations of the original model.
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The procedure described so far yields a surrogate based on the prior distribution of

the parameters and does not include information from measurements. Therefore, the

constructed surrogate model M̃ might produce imprecise responses for regions in the

parameter space where the measurement data are relevant (i.e. posterior). Using

a higher expansion degree to improve the surrogate model globally would increase

the computational time excessively. Therefore, an iterative Bayesian updating of the

aPCE representation (BaPCE) is used. It improves the accuracy of the surrogate

by incorporating new collocation points at approximate locations of the maximum

posterior parameter set [Oladyshkin et al., 2013].

2.2.3 aPCE-Based BMS

Mohammadi et al. [2018] first used aPCE-based surrogate models to enable BMS for

computationally expensive models. To account for the approximation error that is

introduced when the original model is replaced by a surrogate model, Mohammadi

et al. [2018] introduced the corrected BME:

p(y0|Mk) = p(y0|M̃k) ·
∫
Uk
p(Mk|M̃k,u) p(u|M̃k,y0) du. (2.7)

Equation (2.7) shows how the BME value of the original model (BMEOM) can be

calculated from the BME value of the surrogate model (BMESM) and a correction

factor:

BMEOM = BMESM ·WeightSM, (2.8)

with
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BMEOM = p(y0|Mk),

BMESM = p(y0|M̃k) and

WeightSM =

∫
Uk
p(Mk|M̃k,u) p(u|M̃k,y0) du, (2.9)

where the BMESM value can be computed as described in Section 2.1, using the sur-

rogate model M̃k instead of the original model Mk. The correction factor WeightSM

requires an integration over the posterior parameter space Uk. As the original models

are usually computationally too expensive for using Monte Carlo integration, the cor-

rection factor can be estimated at P collocation points u∗ that were used to construct

the surrogate model [Mohammadi et al., 2018]:

WeightSM ≈
P∑
i=1

p(Mk|M̃k,u
∗
i ) p(u

∗
i |M̃k,y0). (2.10)

2.3 Quantifying and Visualizing Model Distances

As outlined in Section 1.3, model similarity plays a crucial role for multi-model methods.

Though it has been widely discussed (see Section 1.3 and references therein), only a

few publications suggested methods to quantify and visualize model similarities. In this

section, I will give an overview of existing approaches, followed by the mathematical

basics of the method I present in publication P3 (see appendix A.3).

2.3.1 Definitions of Model Spaces

In the context of model similarities, one often comes across the term “model space” [e.g.

Abramowitz and Gupta, 2008, Abramowitz, 2010, Knutti et al., 2010, George, 2010,
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Vehtari and Ojanen, 2012, Höge, 2019]. However, there is no comprehensive definition

[Höge, 2019] and hence, it is not used in a consistent way.

Many times, “model space” is used synonymously with model setM, i.e. a finite set of

models that build a multi-model ensemble. In other studies, it refers to the set of mod-

els and combinations thereof (“interpolating” between the individual models). What

remains unclear, however, is how dimensions of such a space could be defined. Höge

[2019] suggested considering model properties such as “number of model parameters,

degree of non-linearity of functional relations in the model”. An attempt to construct

such a model space has been presented in Getz et al. [2018], where models are located in

a “structure-/process-/utility-complexity space”. However, this is a qualitative ranking

of the models along the three axes.

In some cases, what is called “model space” might be better described by the term

“prediction space”, i.e. the space containing the model predictions with the number of

quantities of interest being the number of dimensions and the units being the ones of

each quantity of interest. When model predictions and measurements are compared,

also the term “quantity of interest (QoI) space” can be appropriate as it indicates that

this space includes model predictions and observed data. In this space, we can assess

how models relate to observations and gain a better understanding of the three “per-

spectives on model comparison” defined by Bernardo et al. [1999]. These categories

classify how the model setM relates to the observations: M-closed (one of the models

in the set is the data-generating process),M-completed (the data-generating process is

not in the model set, but can be approximated), andM-open (the data-generating pro-

cess is not in the model set and cannot even be described given the current background

information).

This thesis will analyze model sets through their predictive distributions, similarities

and distances in application-specific QoI spaces, as inherent in the Bayesian approach.

More details will be provided in Section 2.3.3.

2.3.2 Existing Model Similarity Measures

In the following section, I will briefly outline four studies that introduced “model inde-

pendence metrics” or “model space distances”. However, none of these studies verified
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that the suggested measures fulfill metric properties (see Section 2.3.3) [Abramowitz

et al., 2018].

Abramowitz [2010] suggested examining the model space by using “projections” of

it onto various performance measures. As model performance measures act on the

model predictions, I assign their definition rather to the “quantity of interest” category

than to an actual “model space”. They provided an example of such a projection by

introducing the so-called “conditional bias space”, in which distances between models

can be defined. In their method, the dimensionality of the problem was reduced by

clustering the model input and thus defining nine typical conditions. For all time steps

that belong to these input clusters, selected output variables were considered. For these

output variables, univariate PDFs were fitted and the intersections of these PDFs for

pairs of models were calculated, yielding a distance measure. Based on the occurrence

of the respective cluster, these distances were weighted and used as a proxy for model

similarities.

Sanderson et al. [2015a] used an empirical orthogonal function analysis to reduce the

dimensionality of their quantities of interest. This method generates a relatively small

number of statistically independent variables from the original high-dimensional model

predictions. In the resulting multivariate empirical orthogonal function basis, Euclidean

distances between models and observations were calculated and multi-dimensional scal-

ing (MDS) was used to project these distances onto two dimensions. In the resulting

low-dimensional representation, it is possible to interpolate between models accounting

for model similarity and accuracy [Sanderson et al., 2015a]. MDS [Kruskal, 1964] is

commonly used to address dimensionality reduction problems. This method finds a

low (often two) dimensional configuration of the objects that matches their original,

high-dimensional configuration as well as possible. However, the true distances cannot

be perfectly preserved and, consequently, the low-dimensional representation can be

misleading.

Knutti et al. [2017] and Lorenz et al. [2018] calculated the root-mean-square error

(RMSE) between predicted variables to quantify model similarity and goodness-of-fit

to observations. These similarity measures were, however, not used for visualizing the

model space, but for defining model weights for a multi-model ensemble.

Unlike the existing methods described so far, Bennett et al. [2019] compared models

not asking how much their predictions differ, but why. Using transfer entropy, which is
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an information-theoretic measure, the authors were able to quantify how much infor-

mation is transferred from one variable to another through the model structure. This

method can account for non-linear processes and system feedbacks [Bennett et al.,

2019]. The results are visualized using chord diagrams that illustrate the information

“flow” between variables and, hence, intuitively show structural differences between

models.

This is the only method I know that addresses structural similarity. However, testing

this method with the data I have used in study P3 (see appendix A.3) revealed that

it requires very long time series. Consequently, it seems to be only applicable when

extensive data sets are available.

2.3.3 Comparing Probabilistic Model Predictions

In publication P3 (see appendix A.3), I have compared models based on their predictive

distributions using probability metrics. The reasons for choosing the methods are the

following: (1) Compared to the information theory-based structural comparison of

models as introduced by Bennett et al. [2019], fewer data are required to achieve reliable

results. (2) Comparing models based on their predictions allows a direct assessment

of the goodness-of-fit to observations in the same “quantity of interest space”. (3) By

using probability metrics, one can account for the predictive uncertainty of the models

and measurement errors.

In the following section, I describe how the similarity between two models or between

a model and observed data can be quantified and visualized based on samples of the

models’ predictive distributions. I start with a general introduction to probability

metrics, followed by details on the so-called energy distance and energy score, which I

have used for comparing models.
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Probability Metrics

A function d : X ×X → R is called a metric on X if, for all x, y, z ∈ X, it holds:

1. d (x, y) ≥ 0 (non-negativity)

2. d (x, y) = 0 if and only if x = y (identity of indiscernibles)

3. d (x, y) = d (y, x) (symmetry)

4. d (x, y) ≤ d (x, z) + d (z, y) (triangle inequality)

(2.11)

[e.g. Deza and Deza, 2016].

These axioms can be relaxed in various ways, leading to different generalizations. The

definitions of these generalizations are not unique and might differ between different

sources. I use the definitions by Deza and Deza [2016]:

A function d : X × X → R is called a quasi-metric on X if d is non-negative and

d (x, x) = 0 for all x ∈ X. This means that d (x, y) = 0 can be fulfilled for some values

x 6= y. Symmetry as well as the triangle inequality do not need to be fulfilled. In

statistics, a quasi-metric is called divergence [e.g. Deza and Deza, 2016].

Distance measures like the Euclidean or Manhattan distance (LP -metrics) are based on

the coordinates of points in the Euclidean space. These distances do not take the density

of distributions into account. In contrast, statistical distances (also known as probabil-

ity metrics) include information about probability densities. Probability metrics mea-

sure the distance between two statistical objects such as random variables, probability

distributions, or data samples [Martos Venturini, 2015, Deza and Deza, 2016]. The

measures that are most commonly used in statistics are the Bhattacharya-, Hellinger-,

Kolmogorov-Smirnov (KS) - distance, Kullback-Leibler (KL)- , Jeffrey- (symmetric KL)

and χ2- divergence [Deza and Deza, 2016]. Typical applications of distances in statistics

and data analysis are hypothesis tests, goodness-of-fit tests, clustering, classification,

or regression.

For publication P3 (see appendix A.3), I have used the Energy distance introduced by

Rizzo and Székely [2016]. I have chosen this measure because it can be interpreted
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intuitively for model comparison, it has good convergence properties and no density

estimation is needed.

Energy Distance

Energy distance is a metric that measures the distance between two (possibly multi-

variate) probability distributions. It is called “energy distance” because of the analogy

to the potential energy between objects [Rizzo and Székely, 2016]. It satisfies all axioms

of a metric. The squared distance between the distributions F (X) and G(Y ) is defined

as

d2(F,G) = 2E||X − Y ||2 − E||X −X ′||2 − E||Y − Y ′||2 ≥ 0, (2.12)

with E being the expected value, || · ||2 being the Euclidean norm, X and X ′ being

independent and identically distributed (iid) variables, the same applies to Y and Y ′.

The expected values can be implemented in a Monte Carlo framework as follows:

E||X − Y ||2 =
1

N2
MC

NMC∑
k=1

NMC∑
l=1

√
(xk − yl )2, (2.13)

where xk ∼ F , yl ∼ G and NMC being the number of Monte-Carlo samples.

It can be interpreted intuitively as between-model variation (E||X − Y ||2) and within-

model variation (E||X −X ′||2, E||Y − Y ′||2).

Energy Score

In many real-world applications, the probability distribution cannot be estimated rea-

sonably well based on limited measurement data. For such cases, probability metrics

such as the Energy distance cannot be applied. However, so-called scoring rules address

the issue of rating probabilistic models given deterministic measurements [Gneiting and
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Raftery, 2007, Yao et al., 2018]. One such score is the so-called energy score, which is

the counterpart of the energy distance [Ziel and Berk, 2019]. The energy score for the

model predictive distribution G and observations ymeas writes as:

ES(G,ymeas) =
1

2
E||Y − Y ′||β2 − E||Y − ymeas||β2 , (2.14)

with β ∈ (0, 2). In publication P3 (see appendix A.3), β = 1 was chosen as this is a

standard choice for distributions that are not heavily tailed [Ziel and Berk, 2019].

Both quantities, the energy distance and the energy score, act on the same scale and

can therefore be directly compared.

2.3.4 Visualizing Model Similarity

Based on energy distance and energy score, similarities between pairs of models and

models and observations can be quantified. However, in the case of many models and

many quantities of interest, an appropriate visualization technique is needed so that

modelers can gain an intuitive understanding of the quantity of interest space.

Representing the similarities between N objects (models and observed data) leads to

ncomb = N · (N − 1)/2 combinations. For each combination a distance is calculated,

resulting in a symmetric N × N distance matrix. As the number of models to be

compared can become high in extensive multi-model ensembles, visualization of the

distances in two dimensions is not a straightforward task. Here, one has to handle the

typical problem in dimensionality reduction methods: Balancing the interpretability

with the preservation of the original structure [Liu et al., 2017]. I have tested various

techniques and will present three of them that have proven to be suitable and have been

used in publication P3 (see appendix A.3). Each method belongs to a different category

of visualization methods: matrix-, axis- or hierarchy-based. Consequently, each visual-

ization method has its particular strengths and weaknesses regarding a certain question

we ask about the model set. Therefore, interpreting the different visualizations jointly

gives a comprehensive understanding of the model set. The following overview is taken

from [Schäfer Rodrigues Silva et al., 2022]:
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1. Heatmaps: In a symmetric matrix, the distances between all pairs of objects are

visualized through varying colors or intensity [e.g. Nandi and Sharma, 2020].

2. Radar charts: The axes are arranged radially starting from a common center.

Each distance between two objects is plotted as a point on one axis. The result-

ing points are connected to a polygon, representing one object [e.g. Nandi and

Sharma, 2020].

3. Dendrograms: These tree-like diagrams are typically used for visualizing hierar-

chical structures. A dendrogram consists of branches that connect objects de-

pending on their similarity. The height at which two objects are joined together

represents the distance between these objects [e.g. Nandi and Sharma, 2020].

While the first two methods are straightforward to implement, creating dendrograms

requires several steps: In study P3 (see appendix A.3), the dendrograms have been

created using an agglomerative hierarchical clustering approach [Xu and Wunsch, 2008]

to assess the similarity of the model predictions.

In general, there are two types of clustering methods: partitional and hierarchical

clustering. The first method groups data into a predefined number of clusters on

a single level, so that each data point belongs to exactly one cluster. In contrast,

hierarchical clustering groups data points into a nested, multi-level structure, so each

data point belongs to a sub-cluster and associated higher-level clusters [e.g. Xu and

Wunsch, 2008].

There are two ways of creating a hierarchical cluster: agglomerative (bottom-up) and di-

visive (top-down). The agglomerative method that I have used [Schäfer Rodrigues Silva

et al., 2022] starts with N clusters, each containing one data point. Based on the dis-

tance matrix of these points, the algorithm identifies the pairs of clusters that have

minimum distance and merges them. This merging procedure is repeated until all data

points are finally in one overarching group [e.g. Xu and Wunsch, 2008]. The merging

depends on the chosen linkage method, i.e. the definition of the distance between two

clusters. Typical choices are single-linkage (or nearest-neighbor) that uses the smallest

distance between data points in two clusters, complete-linkage (farthest-neighbor) that

uses the largest distance between data points in two clusters, average-, median-, or

centroid-linkage [Everitt et al., 2011].
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The goal of this thesis is to demonstrate how a systematic assessment of model similarity

can enhance multi-model methods. I consider the following steps to be part of such a

systematic assessment:

1. Thorough selection of ensemble members considering structural similarities be-

tween the models.

2. Quantification of similarities between model predictions.

3. Intuitive visualization of similarities in a model set.

Available literature provides guidance about the first step, i.e the definition of a model

set [e.g. Neuman, 2003, Refsgaard et al., 2012, Ferré, 2017, Enemark et al., 2019]. A

commonly used method for defining a model set is the “varying complexity” approach

[Enemark et al., 2019], i.e. starting from a detailed reference model, different model sim-

plifications are defined (see Section 1.1). However, a systematic way to assess whether

these simplified models are appropriate replacements for the reference model was lack-

ing. From this gap in current research, I have derived the first research question of this

thesis:

RQ1: How can we systematically assess how similar conceptually simplified model

versions are compared to an original, more detailed model?

This research question has been addressed in the publication P1 “Strategies for Sim-

plifying Reactive Transport Models: A Bayesian Model Comparison” [Schäfer Ro-

drigues Silva et al., 2020] (see appendix A.1).

The method presented in P1 is based on the model justifiability analysis (see Section

2.1.3). This analysis involves many model evaluations and, thus, it becomes intractable

for computationally expensive models. This leads directly to the next research question:
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RQ2: How can we extend the similarity analysis so it is suitable for computationally

expensive models?

The necessary extension for computationally expensive models has been published in

study P2 “Surrogate-based Bayesian Comparison of Computationally Expensive Mod-

els: Application to Microbially Induced Calcite Precipitation” [Scheurer et al., 2021]

(see appendix A.2).

The research questions presented so far address step 1 of the suggested multi-model

strategy. What remains open are steps 2 and 3 concerning the quantification and

visualization of model similarities:

Model similarity has received considerable attention, especially in the field of climate

modeling [e.g. Abramowitz, 2010, Knutti et al., 2010, Evans et al., 2013, Sander-

son et al., 2015a,b, Abramowitz and Bishop, 2015, Knutti et al., 2017, Christiansen,

2018, Abramowitz et al., 2018]. Fewer studies suggested methods for its quantification

[Abramowitz and Gupta, 2008, Sanderson et al., 2015a,b, Knutti et al., 2017] and vi-

sualization [Sanderson et al., 2015a,b]. However, none of these studies used a metric,

i.e. a distance measure that fulfills certain properties (see Section 2.3.3) [Abramowitz

and Gupta, 2008].

Against this background, the following research gaps exist:

RQ3: How can we visualize the similarities between probabilistic model predictions?

This question has been addressed in publication P3 “Diagnosing Similarities in Proba-

bilistic Multi-Model Ensembles - an Application to Soil-Plant-Growth-Modeling” [Schäfer

Rodrigues Silva et al., 2022] (see appendix A.3).

The case studies vary across a wide range of areas in environmental system modeling

to demonstrate the broad applicability of the developed methods and findings.
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4.1 Strategies for Simplifying Models - a Bayesian

Model Comparison

RQ1: How can we systematically assess how similar conceptually simplified model

versions are compared to an original, more detailed model?

A commonly used strategy modelers pursue to address model choice uncertainty is the

“varying complexity” approach. This means all models in the set are based on the

same concept, and the complexity is gradually increased or decreased. Though this

strategy does not fulfill the MECE criterion (see Section 1.1), it is still helpful when

it is not clear which level of detail is needed to model certain quantities of interest.

Examples for studies that apply this strategy in environmental modeling are Schöniger

et al. [2015], Hommel et al. [2016], Loschko et al. [2016], Brunetti et al. [2020].

Often, modelers wish to simplify a detailed model that has high computational costs

and/or high parametric uncertainties due to a high number of processes it considers.

To overcome these issues, modelers try to find simpler models that are still able to

calculate the quantities of interest sufficiently well and hence can replace the original

model. To define such simplified versions, processes or interactions are neglected or

described by lower-order functions. This leads to the following questions:

“Are the simplified models sufficiently unbiased and flexible enough to re-

produce the computationally expensive reference model? Can we select a

simplified model that represents the reference model best or discard a model

that performs unsatisfyingly?”

[Schäfer Rodrigues Silva et al., 2020]
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Figure 4.1: Schematic comparison of the model justifiability analysis and the model similarity
analysis. Left: Model confusion matrices. The marked entries are the focus of the
respective analysis. Right top: Average weights for the data-generating models
over increasing data set size. Right bottom: cumulative distributions functions
of the logarithmic Bayes factor for simplified models tested against a reference
model (modified after Schäfer Rodrigues Silva et al. [2020]).

Quantifying Model Similarities Based on the Model Confusion Matrix

To address these questions, I have added a new way of interpreting the model confusion

matrix introduced by Schöniger et al. [2015]. The original purpose of the method was

to identify the justifiable level of model complexity given a specific amount and type of

data. For my research question, however, this analysis has been interpreted from a new

perspective, focusing on model similarity. To this end, the model confusion matrix has

been used to quantify how similar the predictions of simplified models are compared to

a reference model.

Figure 4.1 illustrates the different ways of analyzing a model confusion matrix: focusing

on the main-diagonal entries to assess the model justifiability [Schöniger et al., 2015]

or focusing on off-diagonal entries to assess model similarities [Schäfer Rodrigues Silva

et al., 2020].



4.1 Strategies for Simplifying Models - a Bayesian Model Comparison 31

In the model justifiability analysis [Schöniger et al., 2015], each of the models in the set

is sequentially treated as “synthetic truth” and the other models are tested against this

“true” one. This yields a ranking of the models based on Bayesian model weights (see

Section 2.1). These weights quantify the probability of the respective model to be the

most appropriate one from the set. The main diagonal entries of the model confusion

matrix are the self-identification weights, i.e. the weight each model receives when it

generated the reference data itself. In the original analysis of Schöniger et al. [2015],

these entries were used to assess whether a model’s level of detail is justifiable given a

certain amount of data. The off-diagonal entries are the weights each model receives

when the reference data was generated by another model and can be interpreted as a

measure of model similarity. These entries can be used for finding the best simplification

to replace the original model.

In the novel model similarity analysis, the most detailed model is considered as “true”,

and the simplifications are tested against it. In study P1 (see appendix A.1), these

off-diagonal weights have been used to check how simplified models score through the

eyes of BMS when the reference model generated the data. In addition to the analysis

of the model weights, the decisiveness of the model choice has been assessed based on

Bayes Factors (see Section 2.1).

Application to Reactive Transport Models

The method has been demonstrated using a set of five models that simulate aerobic

respiration and denitrification in a heterogeneous aquifer at quasi-steady-state. The

considered models are based on different conceptualizations and partly differ consider-

ably in their computational costs.

1. The most complex reference model (M1) [Sanz-Prat et al., 2015] is a spatially

explicit advection-dispersion reaction model with biomass growth and decay of

a facultative anaerobic organism and transport of dissolved oxygen, nitrate, and

dissolved organic carbon (DOC). The DOC is released from the aquifer matrix.

2. M2 neglects mixing due to dispersion. There are two sub-versions of this model:

(a) uses the same parameters as M1.
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(b) uses adapted parameters to compensate for effects caused by neglecting dis-

persion.

3. M3 neglects biomass growth and decay [Sanz-Prat et al., 2015].

4. M4 replaces the advection-(dispersion)-reaction equation in Cartesian coordinates

by the concept of cumulative relative reactivity solved along trajectories [Loschko

et al., 2016].

5. M5 is also based on the cumulative relative reactivity approach and uses lower-

order reaction kinetics: Aerobic respiration is described by zeroth-order decay

and denitrification is modeled by first-order decay, instead of standard Monod

kinetics as in M4.

The quantity of interest for assessing model similarities was flux-weighted nitrate con-

centrations in quasi-steady-state at different cross-sections. Clearly, the choice of the

quantity of interest can influence the result of the similarity analysis. Therefore, the

conclusions drawn from the analysis of the flux-weighted nitrate concentrations might

change for other variables.

Key Findings and Implications

The analysis of the cumulative distributions functions (CDF) of the Bayes Factors in

Figure 4.2 reveals that M2b, M4, and M5 are suitable candidates for replacing the refer-

ence model, while M3 is not a robust choice. M2a is virtually a duplicate of the original

model in the chosen QoI space and, therefore, it might not be seen as a real simplifi-

cation (for predicting this particular quantity of interest). Overall, the most simplified

model M5 turned out to be the best replacement of the computationally expensive

reference model as it scores well in the similarity analysis and tremendously reduces

runtimes compared to the spatially explicit models (M1-M3) [Schäfer Rodrigues Silva

et al., 2020].

The study has proven that the extended justifiability analysis [Schöniger et al., 2015]

is a suitable tool for selecting the most appropriate simplification of a reference model.

Apart from answering the first research question, the study also carries another in-

teresting implication: When certain processes are neglected to find a simplified model

description, it is often harder to define reasonable parameter prior distributions. This
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Figure 4.2: Cumulative distributions functions of the logarithmic Bayes Factor for M2–M5
tested against the reference model. Modified after Schäfer Rodrigues Silva et al.
[2020].

is because, in the more detailed process description, the parameters can be interpreted

physically and a plausible parameter distribution can be assigned accordingly. In the

simplified process description, however, often effective parameters are used that com-

pensate for the missing process description. Defining a reasonable distribution for

effective parameters is often more difficult than for physical parameters [Schäfer Ro-

drigues Silva et al., 2020]. This finding has implications for the controversial definition

of model complexity that has recently been discussed, e.g. by Höge et al. [2018] and

Baartman et al. [2020]: Apart from considering the number of incorporated processes

and interactions of a model or the prior/posterior shrinkage (Occam factor) [MacKay,

1992], it should also be considered how difficult it can be for modelers to a priori

constrain effective parameters [Schäfer Rodrigues Silva et al., 2020].
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4.2 Surrogate-Based Bayesian Comparison of

Computationally Expensive Models

RQ2: How can we extend the similarity analysis so it is suitable for computationally

expensive models?

BME-based analyses such as BMS [Raftery, 1995] or the model justifiability analysis

[Schöniger et al., 2015] typically involve many model runs in a Monte Carlo frame-

work (see Section 2.1.3). For computationally expensive models, this soon becomes

intractable. In such cases, surrogate models with negligible run times are commonly

used to replace the original model (see Section 2.2).

Mohammadi et al. [2018] introduced a method that uses aPCE-based surrogate mod-

els for a BMS analysis, i.e. ranking models based on Bayesian model weights given

observed data (see Equations 2.7 - 2.9). To account for the approximation error that

is introduced when the surrogate is used instead of the original model, they intro-

duced a correction factor. In the justifiability analysis, however, models are compared

against each other instead of testing them against measurements. Consequently, the

approximation of both models has to be considered. This has been achieved in my

second publication “Surrogate-based Bayesian Comparison of Computationally Expen-

sive Models: Application to Microbially Induced Calcite Precipitation” (Scheurer et al.

[2021], see appendix A.2). The new method extends the method by Mohammadi et al.

[2018] and enables the calculation of a model confusion matrix that represents the

original models, but is calculated using their surrogates.

Two-stage Bayesian Model Analysis Based on aPCE Surrogates

In publication P2 (see appendix A.2), a two-stage Bayesian analysis has been carried

out based on aPCE surrogates. In the first step, the classical BMS analysis has been

used to rank the models based on experimental data [Mohammadi et al., 2018]. In a

second step, the model justifiability analysis [Schöniger et al., 2015] has been used to

gain insights into the data demand of the models. Combining both analyses allows a

more sophisticated examination of the model set than the sole use of the classical BMS

would give: It does not only identify the most appropriate model given the currently
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available amount of measurements but also answers the question of whether this choice

might change when more informative data became available in future [Schöniger et al.,

2015].

After these two BME-based steps, which rank models based on a tradeoff between

goodness-of-fit and simplicity, the model accuracy has been evaluated using the coef-

ficient of determination R2 between measured and predicted values. As this analysis

only rates the model’s accuracy independent of their complexity, it helps to interpret

the BME-based results.

Application to Reactive Transport Models

The method has been demonstrated using a set of three models that simulate micro-

bially induced calcite precipitation (MICP) and experimental data. MICP is used in

engineering applications to alter the permeability of porous media [e.g. Hommel et al.,

2015]. As described in Scheurer et al. [2021], MICP is a reactive transport process

consisting of three main parts:

1. adhesion of biomass on surfaces, detachment of the biomass from the

biofilm as well as growth and decay of the biomass,

2. urea hydrolysis that alters the geochemistry and

3. precipitation and dissolution of calcite.

Detailed descriptions of the models can be found in Hommel et al. [2015, 2016] and the

experiment in Hommel et al. [2015] (see experiment “D1”). The conceptual differences

between the models are listed in Table 4.1.

The analysis has been based on model predictions and measurements of calcium and

calcite at different points in space and time. For each quantity of interest (calcite and

calcium), a d = 2 order aPCE surrogate model has been built (as described in Section

2.2).
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Table 4.1: Key differences of the investigated models. Adopted from Scheurer et al. [2021].

model full complexity initial biofilm simple chemistry

simplifying assumption - pre-existing precipitation determined
biofilm by ureolysis

simulated time 3 203 460 s 3 109 860 s 3 203 460 s
biomass transport, attachment yes no yes

sophisticated geochemistry yes yes no
kinetic precipitation rate yes yes no

number of primary variables 12 11 11
neglected component - suspended biomass ammonia/ammonium

Key Findings and Implications

Figure 4.3 shows the model confusion matrices that have been calculated for the cal-

cite content (top) and the calcium concentration (bottom) for increasing data set sizes.

Recall that the main-diagonal entries of the model confusion matrices are the “self-

identification weights”, which represent the models’ ability to identify their own pre-

dictions. A low self-identification weight indicates that the data set size is not sufficient

for the model to identify its own predictions, or in other words, the model’s level of

detail is not legitimate given the respective data set. The self-identification weights

clearly reflect the reduced data need of the simple chemistry model compared to its

competitors.

The off-diagonal entries reflect the similarities between the models. They show that,

even with the largest data set, the confusion between the initial biofilm model MIB and

the full complexity model MFC remains strong, i.e. the models are similar regarding

these quantities of interest.

The weights in the first column represent the models’ appropriateness given the mea-

surements. Except for the smallest calcite data set, these weights are smaller by orders

of magnitude compared to the values between the models. This indicates that there is

at least one relevant process missing in all models as presumed by Hommel et al. [2015].

Considering that the “true” model is not even assumed to be part of the model set and

the missing process is unknown, the current problem can be assigned to the so-called

“M-open” view of model settings [Vehtari and Ojanen, 2012]. In contrast to this, the

“M-closed” view [Bernardo and Smith, 2009] represents a scenario in which the data-

generating process is assumed to be in the model set, and “M-completed” means that
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Figure 4.3: Model confusion matrices for the calcite content (top) and the calcium concentra-
tion (bottom) for increasing data set sizes. Adopted from Scheurer et al. [2021].

the data-generating process is not in the model set but can be approximated.

Technically speaking, applying BMS to an “M-open” problem violates the assumption of

the method that one of the models in the set is the true one [Höge et al., 2019]. However,

in real-world applications, this assumption is often relaxed to the task of identifying the

most appropriate model in the set [Höge et al., 2019]. From this perspective, the results

of the BMS analysis (Figure 4.4) reveal which model is the most appropriate given the

current set, but a weight of 100% does not mean that the true data-generating process

is identified.

In the last step, the coefficient of determination R2 has been used to evaluate whether

a model ranks well in the BMS analysis because of its simplicity or its goodness-of-fit,

or a combination of both. For both quantities of interest, the simple chemistry model

MSC has the highest goodness-of-fit. As it has shown the smallest data demand in

the justifiability analysis, it can be concluded that its good BMS ranking results from

both simplicity and goodness-of-fit. Contrarily, the initial biofilm model MIB, scores

worst in the BMS analysis because of its high level of complexity (see model confusion

matrices in Figure 4.3) and a worse fit to the measurement data. Even though this

model is more similar to the full complexity model than the simplified chemistry model,
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Figure 4.4: Average model weights over increasing data set size. Left: calcite content, right:
calcium concentration. Adopted from Scheurer et al. [2021].

the latter turns out to be the better replacement.

Overall, the analysis has shown that the simplified chemistry model is the best choice

for the given quantities of interest, however, it is only the best among an imperfect

model set. On the methodological level, the new surrogate-based two-stage Bayesian

analysis (BMS and justifiability analysis) has proven to be a suitable tool for assessing

computationally expensive model sets regarding their data demand and goodness-of-

fit.

4.3 Quantifying and Visualizing Similarities in

Probabilistic Multi-Model Ensembles

RQ3: How can we visualize the similarities between probabilistic model predictions?

Though it had been widely recognized that the similarities between the individual

models play a crucial role for an effective use of multi-model ensembles, no method

existed that intuitively visualizes these similarities and thus guides the choice of the

ensemble members.
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Table 4.2: Overview of the methods used for comparing models and observations in publica-
tion P3.

Comparison of probabilistic probabilistic predictions - probabilistic predictions -
predictions noisy measurements deterministic measurements

Method Energy distance Energy distance Energy score

Quantifying Model Similarities Based on Energy Statistics

I have addressed this gap in publication P3 (see appendix A.3) by showing how an

existing statistical method (so-called energy statistics) can be used to quantify the sim-

ilarity between models and how these similarities can be visualized in a way that gives

modelers an intuitive understanding of the model set. The models have been compared

based on their predictions. This approach has the advantage that the goodness-of-fit

to observations can be assessed with the same method and modelers can compare the

similarities between two models and between models and measurements on the same

scale (see Section 2.3.3). Table 4.2 gives an overview of the methods used for comparing

models and observations.

As previous studies pointed out, it can be misleading to compare calibrated models

because often non-physical parameters are used, which compensate for structural defi-

ciencies of the model [e.g. Vogel and Sankarasubramanian, 2003, Wallach et al., 2020,

Wallach, 2011]. As a consequence, a model might have a good fit to measurements of a

certain variable, but a poor one for variables it has not been calibrated on. Therefore,

I have followed the recommendation of Vogel and Sankarasubramanian [2003] and have

analyzed the models based on their prior predictive distributions.

Based on these distributions, I have used the energy distance and the energy score to

construct distance matrices. To ease the interpretation of the results, three different

visualization techniques (heatmaps, radar charts, and dendrograms, see Section 2.3.4)

have been used. Each method highlights a particular aspect of the model set and,

therefore, a combined interpretation facilitates the further model development process

[Schäfer Rodrigues Silva et al., 2022].
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Application to Soil-Vegetation-Atmosphere Models

The method has been demonstrated using a set of three models that simulate the

soil-vegetation-atmosphere continuum. The models are CERES [Ritchie et al., 1988],

SUCROS [van Laar et al., 1997], and SPASS [Wang and Engel, 2000, Gayler et al., 2002],

which are part of the multi-model library Expert-N [Priesack, 2006]. The quantities of

interest are two in-season variables, phenology (BBCH) and leaf area index (LAI), and

the end-of-season variable grain yield.

Key Findings and Implications Regarding the Visualization Methods

Figure 4.5: Radar chart showing the energy distance between all models and the observations
based on yield. Each colored line represents the distance of one model to the
observations. Each edge of the net represents one site-year, i.e. a different instance
of the QoI space. Segment colors resemble the annual weather conditions: hot and
dry (red), average (yellow) to cold and wet (blue).

Before discussing what the results imply for the Expert-N model set, I first want to

focus solely on the different visualization methods: In Figure 4.5, a radar chart is

equipped with a color-coded background that shows warm and dry years in red, cold

and wet years in blue and average years in yellow. This representation facilitates the
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Figure 4.6: Heatmaps reflecting the similarities between models and observations based on
yield predictions for site 1-3. The color-coding represents the values of the indi-
vidual components of the energy distance: E||X − Y ||2 (off-diagonal entries) and
E||X −X ′||2 (main diagonal entries).

interpretation of the models’ behavior under specific conditions. The chart is centered

on the observations and, hence, the distances from the center can be interpreted as the

goodness of fit to measurements. With this visualization, the data can be represented

densely for all site-years. However, to show all the distances between N objects (models

and data), N−1 radar charts are needed. Therefore, this method is well suited to check

whether the similarities between one specific object (e.g. measurement data or a certain

reference model) change under varying conditions.

In contrast to the other visualization methods, the heat maps in Figure 4.6 are not

based on the energy distance, but on its components E||X − X ′||2 (main diagonal

entries) and E||X − Y ||2 (off-diagonal entries). Thereby, the heat maps do not only

show the similarities between pairs of models or models and measurements, but also
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Figure 4.7: Dendrograms based on the energy distance between models and observations
(yield predictions) for sites 1-3.

the within-model or within-measurement variation. Heat maps allow the visualization

of many objects at once. Here, for each site-year one heat map is used. However, one

could also think about merging the maps for all site-years into a single one, representing

each model for each site-year as one row and column. Also, the color-coding of weather

conditions as done in the radar charts could be done here: One can use different

colors in the heat maps for coding different conditions and varying intensity for coding

similarities. However, test results (not shown here) have shown that both extensions

make the plot overloaded and the information becomes hard to capture.

Figure 4.7 shows dendrograms that visualize the model set and the measurements in

hierarchical structures. Similar objects are joined together in an overarching group.

The height at which two objects are joined represents the distance between them.

Dendrograms are well suited for comparing a large number of objects and identifying

clusters. In the context of multi-model ensembles, such clusters can identify settings as

“all models cluster together far-off from measurements” and help modelers to judge into

which category defined by Bernardo et al. [1999] the modeling problem falls: M-open,

M-completed, or M-closed (see Section 2.3.1).
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Table 4.3: Comparison of the visualization methods. The checkmark means that the method
is well suited, the checkmark in parentheses means that the method can be used for
the task in certain cases, but the visualization might become overloaded. Adopted
from Schäfer Rodrigues Silva et al. [2022]

Visualization Method Radar Charts Heat Maps Dendrograms

Type axis based matrix based hierarchy based
Comparison of many objects 7 X X

Comparison of many conditions X (X) 7

Easy identification of Clusters 7 (X) X
Color-coding possible X (X) (X)

Variation within and between objects 7 X 7

Table 4.3 summarizes the features of the visualization methods and how well they

are suited for certain use cases. As highlighted by Liu et al. [2017], visualizing high-

dimensional data sets usually requires the joint use of multiple techniques to explore

all relevant aspects.

Key Findings and Implications Regarding the Expert-N Model Set

The radar chart in Figure 4.5 shows that SUCROS is closest to the measurements for

most site-years. The color-coded background (red: warm and dry, yellow: average,

blue: cold and wet) of the radar chart does not reveal any dependency of the models’

performances on the weather conditions. The same holds for model similarities (figure

not shown here, please refer to Figure 4 in P3, appendix A.3).

Figure 4.8 shows time series of the within-model spread (top), the energy distance be-

tween pairs of models (middle), and the energy score between models and observations

(bottom). Subfigure (a) is based on phenology (BBCH) data and subfigure (b) is based

on leaf area index (LAI) data. In the analysis of all site-years, SPASS shows the best

goodness-of-fit regarding in-season variables LAI and BBCH (see P3, appendix A.3).

However, its yield predictions have very high variance and, hence, it scores worse in

this ranking.

This result confirms previous studies, which emphasized that it is often not the same

model that performs best in predicting different quantities of interest [Hagedorn et al.,

2005, Palosuo et al., 2011, Martre et al., 2015].



44 4 Results and Discussion

Figure 4.8: Top: Within model spread (square root of the mean Euclidean distance between
the samples within each model

√
Eii). Middle: Energy distance between pairs of

models. Bottom: Energy score between models and observations. (a) phenology,
(b) leaf area index.

Also, the similarities between models (see middle in Figure 4.8) depend on which vari-

able is analyzed: While the LAI predictions of CERES and SPASS are the most similar

ones and the predictions of SUCROS and SPASS are the most dissimilar ones, the

opposite is true considering the yield predictions.

The analysis has revealed that each model has its strengths and weaknesses and simi-

larities between models also differ depending on the considered variable. Therefore, a

combined ensemble prediction might give more robust results.
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As stated in the introduction, model choice uncertainty is a major source of uncertainty

in modeling environmental systems. In many fields of science and engineering, multi-

model methods are used to address this type of uncertainty. These methods can be

beneficial in many ways:

1. They can raise awareness of how much simulation results differ depending on the

conceptual model.

2. They can yield more robust predictions.

3. They can help to find a level of model complexity that is appropriate given the

amount of available calibration data.

In this project, my overall goal was to enhance multi-model methods by accounting for

model similarities. I have broken down this goal into three research questions. In the

following, I will take up and answer these questions.

RQ1: How can we systematically assess how similar conceptually simplified

model versions are compared to an original, more detailed model?

In many applications, it is not clear which level of detail is needed to model a certain

process. A common strategy to address this issue is to define simplifications of a ref-

erence model. Depending on the quantity of interest and the modeling objective, the

simplifications might have more or less influence on the results. So how can we de-

cide whether a simplified model replaces the more detailed reference appropriately? In

study P1 [Schäfer Rodrigues Silva et al., 2020], I have shown that the model confusion

matrix [Schöniger et al., 2015] can be used beyond its original purpose to answer this
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question. To this end, Bayesian model weights are calculated based on the prior pre-

dictive distributions of the competing models. Considering the predictions of the most

detailed model as a reference, the Bayesian model weights quantify the probability that

the simplified models have generated these reference data. In this way, the Bayesian

model weights can be seen as a probabilistic measure of model similarity and hence as

a tool for finding the best simplification of a reference model.

RQ2: How can we extend the similarity analysis so it is suitable for

computationally expensive models?

The method that I used to answer RQ1 involves many model evaluations in a Monte

Carlo framework (see Equation 2.3). Therefore, it is infeasible for computationally

expensive models. This drawback directly led to RQ2, which was answered in P2

[Scheurer et al., 2021]: Surrogate models approximate the original, computational ex-

pensive models and have negligible runtimes. Based on such surrogate models, the

Bayesian model weights can be calculated. However, as we want to quantify the simi-

larity between the original models, the errors introduced by the approximation of these

models with the surrogates must be considered. This has been achieved by a newly

introduced correction factor, which enables us to quantify similarities of the original

models based on their surrogates. By this extension, it is now possible to calculate the

model confusion matrix for computationally expensive models.

RQ3: How can we visualize the similarities between probabilistic model

predictions?

Though it has been widely recognized that model similarities are important for multi-

model methods, no technique existed that could provide modelers an intuitive visual-

ization of their model set. I have addressed this issue and used the so-called energy

distance for comparing probabilistic predictions of two models. With the same method,

the models’ goodness-of-fit to noisy measurements can be quantified and, with the re-

lated energy score, it is possible to quantify the similarity between probabilistic and

deterministic data sets. Hence, energy statistics are widely applicable. Moreover, this

method is easy to implement and has good convergence properties, so fewer samples
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are needed compared to the Bayesian analysis that was applied in P1 and P2. For visu-

alizing the resulting model distances, I have used different visualization techniques that

were axis-, matrix- or hierarchy-based. It has been demonstrated that which method is

best suited depends on the size of the model set and whether this set is to be analyzed

under many different conditions. As each visualization method highlights a particular

aspect of the model set, a combination of different methods should be used to gain a

comprehensive picture.

The methods that I have developed in the course of this thesis can enhance multi-model

methods, as they...

1. allow modelers to assess whether simplified models are a good replacement for a

more detailed reference;

2. are widely applicable, even for computationally expensive models;

3. give modelers an intuitive understanding of the model set, and hence, help to find

a multi-model strategy that best suits the QoI space setting at hand.

Ideas for Future Work

During this project, I came across many interesting studies from a wide variety of

research fields. Even though it is tempting to delve into all these topics, I had to

narrow down the scope of this project. Of course, many of these promising approaches

remained in the back of my mind, and so I would like to mention them here and thus

provide possible starting points for future work.

Uncertainty visualization has been considered a “top scientific visualization research

problem” [Johnson, 2004]. Conceptual uncertainty is one of the key sources of uncer-

tainty in geoscience and yet it is often underrepresented in the visualization and thus in

the communication of uncertainties. Therefore, future work should further investigate

visualization tools that might be helpful to address this issue in environmental mod-

eling. Examples of promising tools are: (1) data context maps [Cheng and Mueller,

2016]: In a single “map”, distances between samples and between variables are shown.

This allows modelers to explore the relationship between samples and variables simulta-

neously, which was not possible in classical ways of visualizing data matrices. However,

when interpreting these maps, it is important to keep in mind the projection-induced
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distortion. (2) Uncertainty aware PCA [Görtler et al., 2019] offers a way to reduce the

dimensionality of a data set accounting for uncertainties of the input variables.

Besides the question of how to visualize conceptual uncertainty, also the analysis of

multivariate model predictions and measurements could be approached from a different

perspective: A non-parametric way of comparing high-dimensional data sets is the so-

called “depth statistics”. This is based on the proposal of Tukey [1975] to generalize

the median to the “deepest point” in a high-dimensional point cloud [Mosler, 2013,

Singh and Bárdossy, 2012]. Depth-based statistics could be used for assumption-free

quantification of similarities between multivariate data sets. Another emerging field

that infers information about point clouds based on their shape is topological data

analysis (TDA) [Carlsson, 2009, Chazal and Michel, 2017].

In this work, I have quantified similarities between models based on their predictions.

The advantage thereof is that we can embed both, models and observations, in a com-

mon “quantity-of-interest (QoI) space” and use suitable visualization techniques to get

a better understanding of the model set at hand. The proposed visualizations could be

useful for judging in which of the settings defined by Bernardo et al. [1999] the modeling

problem can be allocated in: M-open, M-completed, or M-closed (see Section 2.3.1).

Future research might explore how visualizing the QoI space can then guide the choice

of an appropriate multi-model method and the development of alternative models.

To be able to judge whether the model set is an actual “team of rivals” [Ferré, 2017],

assessing the structural similarity seems to be necessary. The information theory-based

method presented by Bennett et al. [2019] could be a suitable tool. However, test results

that have not been shown here indicate that very large data sets are needed for a

successful application of this technique. Therefore, future work could tackle this issue

and compare models based on both, their structure and their predictions. I expect

a joint interpretation of both types of similarities to be highly valuable for further

improving multi-model approaches.
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Abstract For simulating reactive transport on aquifer scale, various modeling approaches have been
proposed. They vary considerably in their computational demands and in the amount of data needed for
their calibration. Typically, the more complex a model is, the more data are required to sufficiently
constrain its parameters. In this study, we assess a set of five models that simulate aerobic respiration and
denitrification in a heterogeneous aquifer at quasi steady state. In a probabilistic framework, we test
whether simplified approaches can be used as alternatives to the most detailed model. The simplifications
are achieved by neglecting processes such as dispersion or biomass dynamics, or by replacing spatial
discretization with travel-time-based coordinates. We use the model justifiability analysis proposed by
Schöniger, Illman, et al. (2015, https://doi.org/10.1016/j.jhydrol.2015.07.047) to determine how similar the
simplified models are to the reference model. This analysis rests on the principles of Bayesian model
selection and performs a tradeoff between goodness-of-fit to reference data and model complexity, which is
important for the reliability of predictions. Results show that, in principle, the simplified models are able to
reproduce the predictions of the reference model in the considered scenario. Yet, it became evident that it
can be challenging to define appropriate ranges for effective parameters of simplified models. This issue
can lead to overly wide predictive distributions, which counteract the apparent simplicity of the models.
We found that performing the justifiability analysis on the case of model simplification is an objective and
comprehensive approach to assess the suitability of candidate models with different levels of detail.

Plain Language Summary In groundwater, chemical substances like nitrate are transported
and undergo chemical reactions. Understanding such reactive transport processes plays a key role in
securing our water resources and drinking water. We use computer models for understanding such
reactive transport processes and for simulating their future behavior. In such models, we make many
scientific decisions on which processes should be included and in what degree of detail. Here, we face a
trade-off: Usually, a complex model with many mathematical terms resolves many details of the process.
Yet, such complex models require lots of data for calibration and lots of time for the computer simulation.
In contrast, a simple model with fewer details comes with less effort in both respects. However, it might
neglect important parts of the process. For the example of nitrate decay, we use a probabilistic approach to
find the best simplification for a comparatively detailed reference model. Our results show that, in certain
cases, it is justified to employ a simpler model instead of a complex alternative without deteriorating
modeling results. Alongside, we explain how difficult it can be to define realistic parameter ranges for
simplified models.

1. Introduction
Our system understanding in environmental science will always remain incomplete, because we can neither
fully resolve the spatial and temporal variability of all system properties, nor can we know all processes and
their interactions to achieve a description of the true system behavior. This lack of system understanding
leads to so-called conceptual uncertainty, which is the uncertainty in choosing the most adequate repre-
sentation of the real system. Acknowledging that we can only approximate the natural system, we can,
however, formulate different models with different degrees or types of simplifications and treat these mod-
els as hypotheses about the true system. Though it is impossible to quantify the total conceptual uncertainty
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(Höge et al., 2019; Nearing & Gupta, 2018), considering different hypotheses can, at least, help us to estimate
how the modeling results may differ depending on our model choice (Ferré, 2017).

Conceptual uncertainty has received increasing attention as it has been identified as a main source of uncer-
tainty in modeling (Burnham & Anderson, 2002; Enemark et al., 2019; Gupta et al., 2012; Neuman, 2003;
Refsgaard et al., 2012; Rojas et al., 2008, 2010; Schöniger, Wöhling, et al., 2015; Troldborg et al., 2007).
Examples for conceptual uncertainty in reactive transport models are whether mechanisms such as trans-
verse mixing or the growth and decay of biomass are controlling the process on the relevant spatial and
temporal scale or whether they can be neglected (Loschko et al., 2016; Sanz-Prat, Lu, Finkel, et al., 2016).
Another example for conceptual uncertainty in reactive transport simulation is the choice of a model for
the reaction kinetics. This is investigated in a recent study of Brunetti et al. (2020) who compared models
for ammonification and nitrification on different levels of complexity.

Apart from the uncertainty about which processes should be included in the conceptual model, data scarcity
also restricts computational models in the level of complexity that should be used to describe these processes
(e.g., Guthke et al., 2017). Here, it is important to note that the term “model complexity” is not uniquely
defined and we refer to Höge et al. (2018) for a detailed discussion of this issue. In a recent study, Baartman
et al. (2020) investigated the geoscientific community's understanding of model complexity. Their survey
shows that there is “no general consensus on how model complexity is perceived or should be defined.”
However, 78% of the participants consider the “number of processes explicitly included” as an adequate
characterization of model complexity, followed by the “number of interactions/feedback incorporated.”

Generally, models with many parameters and nonlinear interactions require more (informative) data to con-
strain their parameters during calibration. Therefore, model complexity and the number and quality of field
data have to be balanced. Typically, if the model is too complex for the given number of calibration data,
it will show a good fit during calibration, but a high variance and errors in the predictions beyond calibra-
tion conditions. This effect is known as overfitting (Babu, 2011; Lever et al., 2016). Contrarily, a model that
is too simple needs less data for calibration but shows a high systematic bias between its predictions and
measured data and thus “underfits” the system (Babu, 2011; Lever et al., 2016). This issue is well-known
as “bias-variance-tradeoff” (Burnham & Anderson, 2002; Geman et al., 1992). Consequently, for a realistic
number of measurements, there is a certain level of model complexity which is just complex enough to cap-
ture the variability in the data but not too complex so the model does not overfit (“principle of parsimony”)
(e.g., Jefferys & Berger, 1992).

Bayesian model selection (BMS) (e.g., Raftery, 1995; Wasserman, 2000) is a statistical method known to yield
a model ranking that implicitly reflects an optimal trade-off between model performance and parsimony.
This analysis ranks the considered models based on Bayesian Model Evidence (BME), which is an integral
measure of how well a model fits a given data set over its entire parameter space (Schöniger et al., 2014).

Here, we use an analysis based on this method to test whether simplified approaches can be used as alterna-
tives to the most detailed model. If we picked a certain set of parameters to run the reference model and used
the corresponding predictions as reference data set, we could use BMS to identify the simplified model that
achieves the best tradeoff between goodness-of-fit and complexity. But if we slightly changed the reference
model's parameter values, our conclusions might change significantly. Given that parameter uncertainty can
take up a significant portion of the overall uncertainty in modeling, we need a method that selects the best
replacement model in view of the full predictive distribution of the reference model. This can be achieved
within the framework of the so-called model justifiability analysis (Schöniger, Illman, et al., 2015).

The core idea of the justifiability analysis is that the models are tested against each other, asking the fol-
lowing: “How would the models be ranked if one of the models actually generated the data?” The original
purpose of the method is to identify the justifiable level of complexity given a specific amount and type of
data (Schöniger, Illman, et al., 2015). In this study, however, we are interested in how similar the predic-
tions of simplified models are compared to the reference model. For this purpose, we use the justifiability
analysis to answer how the simplified models score through the eyes of BMS if the data are generated by the
reference model. To represent each model's parameter and prediction space, the method is established in a
Monte Carlo framework using random sampling of the parameter prior distributions. We analyze the deci-
siveness of the resulting model ranking with the so-called Bayes factor (Jeffreys, 1961; Kass & Raftery, 1995).
This factor shows whether there is significant evidence for selecting or discarding a model from the set.
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Note that our analysis does not test how well models fit real measurements. It should be rather seen as one
of two complementary parts of model testing: In the analysis presented here, plausible model alternatives
are tested against each other in a synthetic setup to check how different modeling hypotheses affect the
prediction of the quantities of interest and which amount and type of data is needed to distinguish between
the different models. With this analysis, we aim to eliminate model candidates that are overly complex or
simple. For a comprehensive model testing, this analysis can be complemented with a test against measured
data. The agreement with actually observed data can be tested with BMS.

While statistical model selection techniques have received growing interest in many disciplines (Cremers,
2002; Hooten & Hobbs, 2015; Raftery, 1995; Schöniger et al., 2014), only Brunetti et al. (2020) have used
BMS to identify an appropriate level of complexity for biogeochemical models. Based on transient laboratory
measurements, the authors compared five models that differed in the description of the reaction kinetics.
To build a model set of varying complexity, they used different combinations of first-order decay laws and
Monod kinetics for ammonification and nitrification. They found that Monod kinetics are the best suited
choice for modeling this lab-scale experiment. However, they emphasize that the model choice depends on
the temporal stage of the experiment: While bacterial growth was a dominating process at the beginning of
the experiment (supporting the model with Monod kinetics), it was negligible after a while, thus the process
could be described by simpler models with first-order kinetics.

The present study considers reactive transport models of different complexity and assesses in a probabilistic
framework how well the different simplified models can mimic the system behavior of a computationally
expensive reference model. We investigate a set of five models that simulate aerobic respiration and denitri-
fication in a heterogeneous aquifer at quasi steady state, that is, in a regime for which Brunetti et al. (2020)
considered first-order kinetics justifiable. However, in contrast to the latter authors we consider spatial
distributions and the interaction between reactive turnover and physical transport.

We use the model justifiability analysis proposed by Schöniger, Illman, et al. (2015) to assess the following
research questions: Are the simplified models sufficiently unbiased and flexible enough to reproduce the
entire predictive distribution of the computationally expensive reference model? Can we select a simplified
model that represents the reference model best or discard a model that performs unsatisfyingly?

With this analysis, we address the specific problem of choosing a model from a fixed set in the presence of
parameter uncertainty. We are not concerned with a full uncertainty assessment, considering, for example,
the uncertainty in the underlying flow field due to uncertain hydraulic parameters. We also emphasize that
the goal is not to quantify conceptual uncertainty, since this is logically impossible for a finite set of model
alternatives (e.g., Höge et al., 2019; Nearing & Gupta, 2018).

In summary, our proposed method ranks pre-selected simplified models considering their complete dis-
tribution of possible parameter values by identifying the optimal Bayesian tradeoff between performance
(agreement with reference data) and parsimony. This systematic assessment of model versions is a novel
extension of the justifiability analysis in the context of model simplification. The paper is structured as fol-
lows: We present the methods in section 2, starting with the introduction of BMS in subsection 2.1 as the basis
for the model justifiability analysis in section 2.2. The different reactive transport models and their under-
lying assumptions are explained in section 3, followed by details on setup and implementation in section 4.
Results are presented and discussed in section 5. We summarize our findings and provide conclusions in
section 6.

2. Methods
2.1. BMS
BMS (e.g., Raftery, 1995; Wasserman, 2000) is a well-known approach to address conceptual uncertainty.
For this method, it is assumed that the data generating process is contained in the model set (Bernardo et al.,
1999; Vehtari & Ojanen, 2012). This assumption is appropriate in our study, as we compare a set of models
against a predefined “true” reference model.

In the BMS framework, model weights are calculated that reflect the probability of each model to be the true
one. In the limit of infinite data set size, BMS will identify this true model by assigning it a weight of 100%
(Höge et al., 2019). In the case of finite data, however, the identification of the true model may be impossible
because two or more models receive similar weights (Schöniger, Illman, et al., 2015).
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Figure 1. Schematic illustration of the model confusion matrix for two
models, i and j. Blue box: likelihood of a single realization drawn from
Model j given a realization drawn from Model i. Red box: BME value
(average likelihood) of Model j given a single realization k of Model i. This
BME value is normalized by the sum of the BME values of all models for
this data set k, which yields a single model weight wjk. Dashed box:
Averaging these weights over all synthetic data sets of the generating
Model i yields the model weight wj, that is, the expected weight of Model j
given that Model i is true.

As a starting point, prior weights P
(

Mi
)

are formulated. In Bayesian
statistics, a prior probability reflects the modeler's belief based on expert
knowledge. It is formulated before measurements (or synthetic reference
data) y0 is taken into account. In the BMS framework, a typical choice
are uniform prior weights P

(
Mi

)
= 1

Nm
that treat all models in the set as

equally likely.

After formulating prior weights P
(

Mi
)
, they are updated to posterior

weights P
(

Mi|y0
)
based on Bayes' theorem:

P
(

Mi|y0
)
=

p
(
y0|Mi

)
P
(

Mi
)

∑Nm
𝑗=1 p

(
y0|M𝑗

)
P
(

M𝑗
) , (1)

in which p
(
y0|Mi

)
is the so-called BME. BME is also known as marginal

likelihood because it can be calculated by averaging (marginalizing) over
the model's parameter space ui (Kass & Raftery, 1995; Schöniger et al.,
2014):

p
(
y0|Mi

)
= ∫ui

p
(
y0|Mi,ui

)
p
(
ui|Mi

)
dui. (2)

BME thus quantifies the model's average likelihood to have generated the
data y0 independent of the parameter choice. Equation 2 can be evalu-
ated by sampling the prior distribution of the model parameters p

(
ui|Mi

)
using NMC Monte Carlo samples and evaluating the likelihood of the ref-
erence data y0 given the predictions based on the parameter vector ui of
the model Mi (Schöniger et al., 2014):

p
(
y0|Mi

)
≈ 1

NMC

NMC∑
k=1

p
(
y0|Mi,uik

)
, (3)

where k = 1, … , NMC enumerates the Monte Carlo realizations, so that uik is parameter realization
k for model Mi. This integral over the model's parameter space ensures an optimal tradeoff between
goodness-of-fit and parsimony. A narrow, bias-free predictive distribution will obtain a high BME value,
while both a very wide distribution and a heavily biased (but narrow) distribution will be punished with a
lower value.

2.2. Model Justifiability Analysis
In the model justifiability analysis introduced by Schöniger, Illman, et al. (2015), a set of models are mutually
tested against each other by building the so-called “model confusion matrix” (cf. Figure 1). Confusion matri-
ces are often used in machine learning, particularly in the field of statistical classification (e.g., Alpaydin,
2004). It is a special type of contingency table, which compares the actual with the predicted classification.
Thus, it is easily visible whether an object is misclassified (“confused”).

This concept has been transferred to the problem of model identification: we let the models take turns in
generating the data set y0, which serves as “synthetic truth,” and then evaluate how well each data gener-
ating model can be identified through the eyes of BMS. If one of the non–data generating models receives a
nonnegligible Bayesian model weight (Equation 1), this can be seen as “confusion.”

Implementation-wise, we let each of the NM models generate NMC data sets y0 by drawing random samples
from their prior parameter distributions p

(
ui|Mi

)
. Running the models with these parameters yields pre-

dictive distributions. These predictions are treated as synthetic truth y0. In this role, we refer to the models
as “data generating” and list them in the column labels of the model confusion matrix (Figure 1).

Then, all predictions y of each model (including the one that generated the synthetic truth) are compared
to the reference data set y0. We refer to these models as “evaluating” and list them in the row labels of
the matrix. To compare a single data set pair of the “generating” and the “evaluating” model (blue box in
Figure 1), we calculate the likelihood p

(
y0,ik|M𝑗 ,u𝑗l

)
of the reference data set y0, ik generated by Model Mi

with the parameter vector uik given the evaluating Model Mj with the parameter vector ujl.
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Table 1
Interpretation of Bayes Factors According to Kass and Raftery (1995)

log10(BF) Evidence against Mj

0–0.5 not worth more than a bare mention
0.5–1 substantial
1–2 strong
>2 decisive

Averaging the likelihoods over all parameter realizations of the eval-
uating model (i.e., averaging over NMC rows) yields a BME value (see
Equation 2 and red box in Figure 1). Based on the BME values of all mod-
els, we calculate their model weights P

(
M𝑗 |y0,ik

)
for a single realization

k of the data generating model Mi according to Equation 1. These model
weights depend on the reference data set y0, ik chosen from the data gen-
erating model (column). Therefore, we also average over all NMC columns
of the data generating model to obtain the average weight of Model j given
the data produced by Model i (dashed box in Figure 1).

The resulting confusion matrix has the size NM ×NM . Its main-diagonal elements are the so-called
self-identification weights and can be used for assessing the justifiability of the models' complexity (see
Schöniger, Illman, et al., 2015). The off-diagonal elements can be interpreted as a measure of similarity
between two models. For an infinite data set size, the true model will be identified with a weight of 100%
and all other models will receive a weight of 0 (Schöniger, Illman, et al., 2015). For finite data sets, we can
observe that the models “confuse” their own predictions with the ones of the competing models. In this
study, we are interested in the similarity of the simplified models to the complex reference model. Therefore,
we focus on the model weights in the first column of the model confusion matrix. We repeat the calculation
of model weights over growing data sets. Please note that, in this analysis, the data are not based on field or
lab experiments. Thus, the number of data points is only limited by the grid resolution and not by the effort
of acquiring field or lab measurements.

2.3. Bayes Factor
Another possibility to analyze BME values is as Bayes Factors (Jeffreys, 1961; Kass & Raftery, 1995), which
reflects the decisiveness of model choice. The Bayes factor quantifies the evidence of one model Mi (in
our analysis the reference model, denoted as M1) compared to an alternative Mj (in our analysis the four
simplified models, denoted as M2–M5).

The Bayes Factor between two models is defined as the ratio of their respective BME values. It can be
obtained from posterior odds, that is, the ratio of posterior model weights according to Equation 1, multiplied
with the models' prior odds:

BF
(

Mi,M𝑗
)
=

P
(

Mi|y0
)

P
(

M𝑗 |y0
) P

(
M𝑗

)

P
(

Mi
) =

P
(
y0|Mi

)

P
(
y0|M𝑗

) . (4)

Jeffreys (1961) introduced categories for interpreting the Bayes Factor as evidence against Mj (here: evidence
against the simplified models). We will use the slightly modified scale suggested by Kass and Raftery (1995)
as shown in Table 1.

Accordingly, negative log10(BF) values favor Mj over Mi (here: the simplified over the reference model).

We calculate Bayes factors for each data set realization generated by the reference model and evaluate the
resulting cumulative distribution functions of Bayes factors.

3. Description of the Models
We use the model justifiability analysis to test whether four simplified models are suitable alternatives to
the most detailed reference model for simulating aerobic respiration and denitrification in a heterogeneous
aquifer. Table 2 gives an overview of the models and in the sections 3.1 to 3.5, we describe the details of each
model's conceptualization and their underlying assumptions. Further details of the models can be found in
Sanz-Prat et al. (2015), Sanz-Prat, Lu, Amos, et al. (2016), and Loschko et al. (2016).

The considered models are based on different conceptualizations and partly differ considerably in their
computational costs. The most complex reference model (M1) is a spatially explicit advection-dispersion-
reaction model with biomass growth and decay of a facultative anaerobic organism and transport of dis-
solved oxygen, nitrate, and dissolved organic carbon (DOC). The DOC is released from the aquifer matrix.
From a biogeochemical perspective this is already a highly simplified model as it neglects the reactive
intermediates nitrite, nitric oxide, and nitrous oxide, as well as the presence and interactions of different
organisms.
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Table 2
Overview of the Model Set

Model Spatial conceptualization Considered processes Number of parameters Run time (s)
M1 spatially explicit dispersion, dynamic biomass 10 38.7
M2 spatially explicit dynamic biomass (Monod) 10 33.3
M3 spatially explicit dispersion 10 31.3
M4 streamline based cum. rel. reactivity (Monod) 5 0.1
M5 streamline based cum. rel. reactivity (zeroth-,first-order decay) 2 0.1

Note. Runtimes are averaged over 10,000 runs on a standard computer with IntelCore i7 CPU @ 3.60 GHz, 32GB RAM.

In contrast to our reference model, many aquifer- or catchment-scale models on nitrate transport neglect
almost all details of the reactive system and describe denitrification as a simple first-order decay process
that may depend on the organic carbon content of the soil (e.g., Almasri & Kaluarachchi, 2007; Liu et al.,
2018; Zhang et al., 2020), even abandoning inhibition of denitrification by dissolved oxygen. The notion of
these models is that mechanistic details of the reactions are averaged out in large-scale applications and an
effective first-order rate law emerges.

We will test simplified reaction models that stand somewhere between the reference model and first-order
laws. As a first approach of simplification, we neglect mixing due to dispersion (M2) and assume that
the mixing of electron donors (DOC) and acceptors (dissolved oxygen and nitrate) is mainly caused by
mass transfer between the immobile matrix and mobile groundwater. We thereby follow the paradigm of
stochastic-convective transport (e.g., Atchley et al., 2013; Dagan & Nguyen, 1989).

We take a second approach to simplification by neglecting biomass growth and decay (M3): as demonstrated
by Sanz-Prat et al. (2015), Sanz-Prat, Lu, Amos, et al. ( 2016) and Loschko et al. (2016b), dynamic biomass
growth may not be needed in reactive transport models of dissolved oxygen and nitrate if longer times of
nitrate loading are considered. In essence, bacteria grow so fast that abiotic controls, namely, the kinetics
of electron donor release from the aquifer matrix, take over. The inhibition by dissolved oxygen, however,
suppresses denitrification in young groundwater and should not be neglected.

Under the assumptions discussed for Model M2, self-organization of reactive zones according to advective
travel times or times of exposure to reactive aquifer material have been claimed (e.g., Sanz-Prat, Lu, Amos,
et al., 2016). This means that, even though biomass, reactive turnover and solute concentrations depend on
each other and on physical transport in a seemingly complex way, spatial patterns naturally evolve that are
associated with travel or exposure times. Exploiting these conditions leads to our model simplifications M4
and M5: These models are not spatially explicit but are based on the so-called cumulative relative reactivity
approach of Loschko et al. (2016). This method replaces the time in the reaction equation with the travel time
of a water parcel through the aquifer and accounts for varying reactivity along the travel path. This simpli-
fication is only valid if certain assumptions, like a diffusive source of the considered substance, are fulfilled
(Loschko et al., 2016). In M4, the aerobic respiration and denitrification are described by standard Monod
kinetics with noncompetitive inhibition of denitrification while oxygen is present. M5 uses simplified reac-
tion kinetics compared to M4: Aerobic respiration is described by zeroth-order decay and denitrification is
modeled by first-order decay.

In the following section, we describe the details of each model's conceptualization and the assumptions
that underlie their simplifications. The values we chose for the fixed parameters are listed in Table A1, the
distributions that are used for sampling the parameters that are considered uncertain are given in Table A4
for M1–M3 and in Table A5 for M4 and M5.

3.1. Model M1: Reference Model
Model M1 solves the classical advection-dispersion-reaction equation of the dissolved species i (e.g., Loschko
et al., 2016; Steefel & Lichtner, 1998):

𝜕ci
𝜕t + v ⋅ ∇ci − ∇ ⋅

(
D∇ci

)
= ri (c (x, t) , x, t) , (5)

in which ci (mol/L) is the concentration of the dissolved species i, which depends on both the spatial coor-
dinates x (m) and time t (s); v (m/s) denotes the linear average velocity; D (m2/s) is the dispersion tensor,
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and ri (mol/[ls]) is the reaction rate of component i, which potentially depends on all concentrations, the
spatial position and time.

For each immobile component j, the concentration change is given by
𝜕c∗𝑗
𝜕t = r∗ (c (x, t) , c∗ (x, t)) . (6)

In this study, the dissolved species are oxygen (O2), nitrate (NO−
3 ) and DOC. The concentrations of these

mobile species are denoted ci (x, t) (mol/L) whereas the concentration of the immobile species in the soil
matrix are given in moles of carbon per volume of water c∗𝑗 (x, t) (molC/L). The immobile species are the
biomass of facultative anaerobic microbes and the natural organic matter (NOM), which serves as sole
electron donor.

The reaction rates in Equation 7 to Equation 14 are adapted from Sanz-Prat et al. (2015) and Loschko et al.
(2018). The degradation rates r (mol/[ls]) of oxygen and nitrate (Equations 7 and 9) are modeled by standard
dual-Monod kinetics (Equations 8 and 10) (Sanz-Prat et al., 2015). Denitrification is inhibited by dissolved
oxygen, which is modeled by the noncompetitive inhibition term in Equation 10.

rO2
= −

𝜇O2

YO2

(7)

𝜇O2
= 𝜇max

O2
⋅

cO2

cO2
+ KO2

⋅
cDOC

cDOC + KDOC
⋅ c∗bac (8)

rNO−
3
= −

𝜇NO−
3

YNO−
3

(9)

𝜇NO−
3
= 𝜇max

NO−
3
⋅

cNO−
3

cNO−
3
+ KNO−

3

⋅
cDOC

cDOC + KDOC
⋅

Kinh
O2

cO2
+ Kinh

O2

⋅ c∗bac. (10)

Here,𝜇i (1/s) is the specific growth rate of component i and Y i (molC/moli) is the yield coefficient. Ki (mol/L)
is the Monod constant of the species i and Kinh

O2
(mol/L) is the inhibition constant of oxygen in denitrification.

The reaction rate of DOC, rDOC (molC/[ls]), and the rate of its release from the soil matrix, rrel
DOC(x, t)

(molC/[ls]), are given in Equations 11 and 12, respectively. To model the release of DOC from natural organic
matter (NOM) of the aquifer matrix, we choose a linear driving-force-expression. We assume an infinite sup-
ply of NOM; that is, the long-term depletion of NOM is neglected because this process usually takes decades
(Loschko et al., 2018; 2019).

rDOC = rrel
DOC −

(
𝜇O2

YO2

+ 5
4
𝜇NO−

3

YNO−
3

)
(11)

rrel
DOC = krel

DOC ⋅
(

csat
DOC − cDOC

)
. (12)

The parameter krel
DOC (1/s) is the maximal release rate of DOC from NOM. The reaction rate rbac of the immo-

bile biomass is described in Equation 13 with a decay term rdec given in Equation 14. In Equation 13, cmax
bio

(molC/L) is the maximum biomass concentration that accounts for a limited carrying capacity. Biomass
decay is modeled using first-order decay with rate coefficient kdec (1/s). It is assumed that the biomass
concentration does not fall below a minimum concentration cmin

bac (molC/s).

rbac =
(
𝜇ox𝑦 + 𝜇nit

)
⋅
(

1 −
c∗bac
cmax

bac

)
− rdec (13)

rdec = kdec ⋅
(

cbac − cmin
bac

)
. (14)
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Solute transport (Equation 5) and reactions (Equations 6–14) are solved together by a fully implicit coupling
scheme using Newton-Raphson iteration with adaptive time stepping. This yields the concentrations of all
compounds dependent on location x and time t.

The key assumptions of the reference model are as follows:

1. The NOM concentration is considered constant in time, neglecting the potential decrease of the soil's
reaction potential. This assumption seems to be justifiable if the considered processes act on short time
scales compared to the depletion of the reaction partners in the soil matrix. According to Loschko et al.
(2018), this depletion was observed in aquifers after several years of ongoing denitrification.

2. Biomass is considered immobile. This means that transport of bacteria, including attachment, detach-
ment, straining, and motility, is neglected.

3. The entire biomass participating in the reactions of the dissolved compounds is summarized into a single
species.

4. Reaction intermediates are not considered.
5. DOC is treated like a defined species with constant properties.
6. The hydraulic conductivity field is known.

Based on the reference Model M1, we follow two different branches for simplification: neglecting dispersion
(M2) and neglecting biomass growth and decay (M3).

3.2. Model M2: Neglecting Dispersion
Model M2 has the same conceptual basis as the reference Model M1. However, in contrast to Model M1,
dispersion is neglected. Thus, Equation 5 simplifies to

𝜕ci
𝜕t + v ⋅ ∇ci = ri (c (x, t) , x, t) . (15)

For substances that are introduced diffusively and react with the soil matrix, it is often assumed that dis-
persive mixing has a minor influence, especially if we are interested in an integral quantity such as the
concentration in a groundwater well (e.g., Loschko et al., 2016; 2018). This is typically the case for nitrate
of agricultural origin, which is distributed over a relatively large surface area. In contrast, neglected disper-
sion would be inappropriate for point-like sources such as a contamination plume from a leakage, or when
considering the dynamics of an invasion front (e.g., Cirpka et al., 2012).

In our later analyses and discussions, we consider two versions of Model M2 to reflect potential differences
in the way that different modelers approach model simplification: In case of Model M2a, we use the same
parameter distributions as for Model M1. However, a modeler might decide to modify these parameters to
compensate for the effects caused by neglecting dispersion. Therefore, in the second scenario M2b, we shift
the prior distribution of the maximum specific growth rates toward higher values and use a log-uniform
distribution.

3.3. Model M3: Neglecting Biomass Growth and Decay
Model M3 is based on the same spatially explicit description as the Models M1 and M2, but it neglects the
growth and decay of biomass. This means that the biomass concentration remains at its initial value and that
Equation 13 simplifies to rbac = 0. As a consequence, the solute concentrations and the release of DOC from
the soil matrix are the only variables that affect the reaction rates of nitrate, oxygen, and DOC (Equations
7–11). As constant biomass concentration we choose the maximum biomass concentration from Models M1
and M2 as an upper limit and sample the parameter from a uniform distribution between 70% and 100% of
the value used in the Models M1 and M2.

The underlying assumption of this simplified model is that typical time scales for the establishment of
the microbial community are much smaller than the time scales over which nitrate is introduced into
groundwater.

3.4. Model M4: Cumulative Relative Reactivity With Monod Kinetics
Models M4 and M5 follow a completely different approach compared to the aforementioned ones. These
models are based on the concept of advective travel times and cumulative relative reactivity. The main idea
is to follow the path of a water parcel through the aquifer. Along its trajectory, the water parcel is exposed to
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geological zones of varying reactivity. The method assumes that the variability in reactivity can be expressed
as a fixed ratio of the rate of a chemical reaction for given concentrations to a reference reaction rate at the
same concentrations. This relative reactivity is integrated over the travel time of the water parcel, yielding
the cumulative relative reactivity. This quantity replaces time in the ordinary differential equations (ODEs)
describing the reaction rates of the solutes. In the final step, the concentrations at each location and time can
be determined by mapping from cumulative relative reactivity to space. In the following section, the concept
is briefly outlined and we refer the reader to Loschko et al. (2016) for a detailed derivation and testing of
the concept.

Within the concept of cumulative relative reactivity, the reaction rates in Equation 5 are split up into two
parts:

r (c (x, t) , x, t) = 𝑓 (x) r0 (c (x, t)) , (16)

where r0(c(x, t)) (mol/[ls]) is the concentration-dependent reference reaction rate and f (x) (-) is the relative
reactivity, which is a concentration-independent, spatially variable scalar multiplier (Loschko et al., 2016).
In the given application, the dimensionless relative reactivity 𝑓 (x) accounts for the existence and strength
of an electron donor in the soil matrix and specifies the intensity of the considered reaction compared to
the reference reaction rate r0 (c (x, t)). Thus, 𝑓 (x) is directly related to the concentration of NOM, which
is assumed to remain at quasi steady state. Loschko et al. (2016) give an example for the interpretation of
the relative reactivity and the reference reaction rate: There are three factors influencing the reaction rate
of oxygen at a given location in space and time, (1) the oxygen concentration, (2) the nitrate concentration,
and (3) the availability of a reaction partner in the matrix. The reference reaction rate r0 (c (x, t)) includes
the first two, whereas the third belongs to the relative reactivity 𝑓 (x).

In the Lagrangian perspective, a water parcel is traced through the domain. Under steady state flow con-
ditions, the position x of such a parcel depends on its starting location x0, its velocity v(x, t) and its travel
time 𝜏. Thus,

x
(
𝜏|x0

)
= x0 + ∫

𝜏

0
v
(
x
(
𝜏∗|x0

))
d𝜏∗. (17)

Analogously, the cumulative relative reactivity F (T) can be defined as the integral of the relative reactivity
𝑓 (x) along the travel time and therefore as a measure of how long this parcel has been exposed to regions
of strong reactivity:

F (x) = F
(
𝜏 (x) |x0 (x)

)
= ∫

𝜏

0
𝑓
(
x
(
𝜏∗|x0

))
d𝜏∗. (18)

Combining Equations 15, 16, and 18 yields

dc
dF = r0 (c)

c
(

t0
)
= c

(
x0, t0

)
.

(19)

The concentrations of the solutes can be obtained by solving the system of ODEs in Equation 19 and mapping
it to the spatial domain. The mapping is defined by the origin, travel time, and cumulative relative reactivity
of a water parcel:

c (x, t) = cODE
(

F (x, t) , c0
(
x0 (x, t) , t − 𝜏 (x, t)

))
. (20)

This approach reduces computation times tremendously compared to the spatially explicit models
(cf. Table 2).

In Model M4, the aerobic respiration and denitrification are described by standard Monod kinetics with
noncompetitive inhibition of denitrification by dissolved oxygen:

r0,O2
=

dcO2

dF = −
cO2

cO2
+ KO2

⋅ rO2
max (21)
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(c) flow net of the example problem(a) Conductivity field (b) NOM field

Figure 2. (a) Conductivity field, (b) NOM field, and (c) flow net of the example problem.

r0,NO−
3
=

dcNO−
3

dF = −
cNO−

3

cNO−
3
+ KNO−

3

⋅
Kinh

O2

cO2
+ Kinh

O2

⋅ rNO−
3

max , (22)

in which ri
max (mol/[ls]) is the maximum reaction rate of the dissolved species i for a relative reactivity of

𝑓 (x) = 1.

3.5. Model M5: Cumulative Relative Reactivity With Simplified Kinetics
Model M5 has the same conceptual basis as Model M4, but it uses simplified reaction kinetics. Typically,
the Monod coefficients KO2

and Kinh
O2

are relatively small, whereas KNO−
3

is comparatively large (Loschko et
al., 2016). These assumptions simplify the Monod terms in Equations 21 and 22 to zeroth-order decay for
aerobic respiration and first-order decay for denitrification:

r0,O2
=

{
−rO2

max if cO2
> 0

0 else
(23)

r0,NO−
3
=

{
0 if cO2

> 0
−kNO−

3
⋅ cNO−

3
else, (24)

in which kNO−
3

(1/s) is the first-order decay coefficient of nitrate. While in Model M4 denitrification is only
inhibited when oxygen is available, it is completely prohibited in Model M5. Note that the ODE system of
Equation 19 with the rate laws of Equations 23 and 24 has a simple analytical solution.

4. Setup and Implementation
The scenario considered in this study consists of a two-dimensional rectangular domain of size 50 m × 25 m
with a numerical grid spacing of 0.2 m in each direction. For the flow field, we generate a multi-Gaussian
random field with an exponential covariance function and correlation lengths of 4 m× 1 m using the spectral
method of Dietrich and Newsam (1997). The geometric mean of the conductivity is set to Kg = 10−3 m/s and
the variance of the log-hydraulic conductivity is 𝜎2

lnK = 1. The flow field is obtained by solving the ground-
water flow equation with fixed-head boundary conditions at the left and right boundaries and no-flow
conditions at the top and bottom boundaries on this parameter field. For the relative reactivity field, we
assume anticorrelation of NOM content and hydraulic conductivity on a larger scale, because areas with
low hydraulic conductivity tend to have a high NOM content (Loschko et al., 2016), while the respective
small-scale deviations are uncorrelated. Figure 2 shows (a) the spatial distribution of the log-hydraulic
conductivity, (b) the NOM field, and (c) the streamline-oriented grid. All geometrical, geostatistical,
hydraulic, and transport parameters are listed in Table A1.

Water with dissolved oxygen (cin𝑓
O2

= 2.5 ⋅ 10−4 mol/L) and nitrate (cin𝑓
NO−

3
= 10−4 mol/L) infiltrates the system

from the left. The inflow concentrations are constant over time. No-flow boundary conditions are assigned
to the top and the bottom boundaries, at the left and the right boundary the hydraulic head is fixed. The head
difference of 0.2 m leads to a moderate average velocity of 0.4 m/day. Initially, nitrate and oxygen are absent
in the domain. For the spatially explicit models (M1, M2, and M3), the initial concentrations of DOC and
biomass are set to the saturation concentration of DOC (cini

DOC = 3 ⋅ 10−4 mol/L) and the maximal biomass
concentration (cini

bac = 83 μmol/L). The initial and boundary conditions are summarized in Table A2.
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For the Bayesian model analysis, we sample the parameters from their prior distributions, which are given
in Table A4 for the spatially explicit models and in Table A5for the cumulative relative reactivity models.
We define the likelihood function p

(
y0|Mi,uik

)
as a Gaussian distribution with mean 𝜇 = 0. For the mea-

surement error, we assume a standard deviation of 𝜎meas = 10−5 mol/L for each individual measurement
(concentration in one streamtube). As we consider the normalized concentration c= c/cinflow, we also nor-
malize the standard deviation 𝜎 = 𝜎meas∕cin𝑓 low = 0.1 mol/L. Our quantity of interest is the normalized
concentration averaged over all nst streamtubes at a certain cross section. Because the concentrations in adja-
cent streamtubes are correlated, we have to account for the correlation of the measurement error variances:
We assume equal variance 𝜎2(c) = 0.01 mol2/L2 for the concentration in each streamtube and calculate the
correlation 𝜌 between the concentrations in each streamtube at a certain cross section. The variance of the
mean can be calculated as 𝜎2 (c̄) = 𝜎2(c)

nst
+ nst−1

nst
𝜌𝜎2(c). This results in a slightly decreased variance related to

the measurement error of the mean concentration 𝜎2 (c̄) = 0.0092 mol2/L2.

We choose uniform prior model weights P
(

Mi
)
= 1∕Nm, which means all models are considered as equally

likely before seeing any reference data set.

4.1. Numerical Methods
4.1.1. Reactive Transport Models
Heads and stream function are solved by the Finite Element Method with bilinear elements. In the next
step, a streamline-oriented grid (Cirpka et al., 1999a) is generated with nst = 125 streamtubes and nsec = 250
streamtube sections. Figure 2c shows the resulting flow net. We compute the mean groundwater age
(Goode, 1996) and cumulative relative reactivity (Equations 17 and 18) along the streamtubes. In Mod-
els M1 to M3, advective-dispersive-reactive transport is solved by cell-centered Finite Volumes on the
streamline-oriented grid (Cirpka et al., 1999b). Reactions and transport are coupled with a fully implicit
scheme using Newton-Raphson iteration with adaptive time stepping, as already done by Loschko et al.
(2016).
4.1.2. Bayesian Model Justifiability Analysis
We calculate the BME values by averaging the likelihood values obtained from NMC = 104 Monte Carlo
samples drawn from the parameter priors (Equation 3). The convergence of the BME values is checked by
observing that the values reach a steady state over increasing sample size and by determining the effective
sample size (ESS) (Liu, 2004). The ESS indicates how many realizations contribute significantly to the BME
estimate (Schöniger, Illman, et al., 2015). The ESS values range from 458 for M1 to 2866 for M3 and are
hence comfortably high to ensure stable results.

The quantity of interest used for the justifiability analysis is the normalized nitrate concentration, aver-
aged over 125 streamtubes at Ncs cross sections. The number of cross sections considered is varied between
one and 150 cross sections. Remember that we can afford arbitrarily large data sets, because we work in a
synthetic setting and data set size is only limited by grid resolution. The very high resolution data sets do
not serve to mimic realistic field conditions but to test and compare the models against each other on a
detailed grid.

5. Results and Discussion
The normalized concentrations c/c0 of nitrate at different cross sections predicted by the six models are
shown in Figure 3. The values are averaged over all streamlines of the respective cross section. Based on
this figure, we want to analyze (1) how similar the models are independent of the parameter choice, that
is, before they are calibrated, and (2) how well the simplified Models M2–M5 can reproduce a specific ref-
erence data set that was generated by the reference Model M1. This reference data set is based on a single
realization using parameters that are a typical expert choice (cf. Table A3) and is shown as a black line in
Figure 3. All shaded areas illustrate the 90% credible intervals of the model predictions in three different
states: The light gray intervals show the prior predictions, that is, the models' behavior over the range of
parameters that was considered plausible before they are conditioned on data. The prior means are shown
as gray lines. The red intervals show the posterior predictions after the models have been calibrated on the
flux-weighted nitrate concentration in a single cross section at the outflow boundary. The red lines repre-
sent the corresponding posterior means. The dark gray intervals illustrate the posterior predictions after the
models have been calibrated on the reference values at 150 equidistant cross sections. The corresponding
posterior ensemble means are shown as green lines.
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Figure 3. Ninety percent credible intervals for prior state (light gray), posterior after calibrating on one data point at
the outflow (red), and posterior after calibrating on 150 equidistant data points (dark gray). Prior means (light gray
line), posterior means after calibrating on one data point at the outflow (red line), and posterior means after calibrating
on 150 equidistant data points (green line). The reference data (black line) is an arbitrarily chosen realization of M1.

5.1. Prior Predictive Distributions
The analysis of the prior intervals shows that the two scenarios considered for Model M2 differ substantially.
While the interval predicted by M2a is remarkably similar to the one predicted by the reference Model M1,
M2b has a much higher variance than all other models. This is caused by the attempt to compensate for a
neglected process by changing the parameter prior distributions in Scenario 2b. From the predictions made
by Model M2a, we can conclude that dispersion is not a dominating process for the considered quantity of
interest in the tested setup and therefore it can be neglected without any compensation.

From the prior predictions of M3, it can be seen that the model predicts rather low nitrate concentrations
(i.e., high nitrate depletion) and cannot reproduce the cases with very little or even no nitrate depletion
in M1. Again, this is an issue related to compensation mechanisms in simplified models: When biomass
dynamics are neglected, the biomass concentration is fixed at its initial value. In our setup, this value is sam-
pled from a uniform distribution ranging between 70% and 100% of the maximum biomass concentration in
the reference model. However, this choice tends to cause higher nitrate depletion than the reference model.
A closer analysis of the reference Model M1 reveals that the realizations with very little nitrate reduction are
characterized by high decay coefficients of bacteria (kdec) and low values of the maximum specific growth
rates (𝜇O2

max, 𝜇NO−
3

max ). These cases cannot be reproduced by Model M3.

The most simplified Model M5 has a similar prior predictive range as the reference Model M1, while the
predictions of M4 show a higher variance than Model M1, though it has only 2 parameters while M1 has 10.
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If we think about model complexity only in terms of parametric complexity or “number of parameters
included,” this result might be surprising. However, the more we simplify a model, the more “effective” (as
opposed to mechanistic) its process description becomes. This in turn makes it more difficult to define rea-
sonable prior ranges of the effective parameters, as they lose their physical meaning. This effect becomes
clearly visible in the prior predictions of the Models M2b, M3, and M4.

The prior mean of predictions by M1 yields relatively high nitrate concentrations (more than 90% of the
initial nitrate concentration reaches the outflow boundary). This is because the predictive distribution of M1
is strongly skewed toward high nitrate concentrations. The same holds for the prior mean of Model M2a. The
prior means of M2b to M4 range between 65% and 75% of the inflow concentration at the outflow boundary,
while M5 also predicts slightly higher concentrations on average (80% of the initial nitrate concentration
reaches the outflow boundary).

5.2. Posterior Predictive Distributions
The posterior credible intervals for the case when only the concentration at the outflow boundary was
used for conditioning the models (red intervals) are relatively similar for M2b–M5. The reference Model
M1 still covers the range of little nitrate depletion (remember that also M1 was calibrated on its own ref-
erence data set), with the highly similar Model M2a showing the same behavior. The posterior means (red
line) of M2b–M5 reproduce the reference data quite accurately. Interestingly, the data generating Model M1
performs worse than the simplified Models M2b–M5. The reason for this is the very high exceedance prob-
ability of the reference data set (black line) in the predictive distribution of M1. This might be surprising
as the parameters that were chosen for the reference data set are mostly located centrally in the prescribed
range (cf. Tables A3 and A4). However, the nonlinearity of the simulated processes leads to a highly skewed
predictive distribution.

Using 150 cross sections as calibration data leads to a considerable shrinkage of the posterior intervals (dark
gray) for all models. In this case, the posterior mean (green line) of all models reproduces the reference data
set accurately.

In summary, Figure 3 implies that the Models M2a, M4, and M5 are suitable simplifications of the reference
model if quasi steady state concentrations are considered. However, the analysis so far did not take the
models' complexity into account. This will be done by the model justifiability analysis, presented in the
next section. The prior credible intervals of M2b show that a modeler's uncertainty about compensation
mechanisms might lead to overly wide prior choices. For M3, a similar issue became evident: the assumption
about the biomass concentration led to higher nitrate depletion than in the reference model. Of course, the
cumulative relative reactivity models (M4 and M5) also involve effective parameters. Yet, these models have
less parameters than M2 and M3, which makes their predictive distributions less prone to difficulties in the
prior formulation.

5.3. Model Justifiability Analysis
All conclusions drawn from the interpretation of the posterior distributions in Figure 3 are conditional on
the realization of M1 that was chosen as reference data. To gain a more comprehensive understanding of
how suitable Models M2 to M5 are as simplifications of the reference Model M1, we have to consider the
overall prediction space of the reference Model M1 instead of picking just a single, somewhat arbitrary real-
ization as reference data set. The model justifiability analysis as described in section 2.2 with M1 as the
data generating model fulfills exactly this task. The resulting model weights allow statements about the
overall suitability of the simplified models, integrated over the range of data sets that are plausible accord-
ing to the reference Model M1. Here, suitability means how well the models score in a trade-off between
goodness-of-fit to reference data and parsimony.

Figure 4a shows the weights each model receives when the reference Model M1 has generated the data.
Starting from equal prior weights of P

(
Mi

)
= 0.2, the weights of Models M1 and M2a are very similar and

increase monotonically. This confirms the conclusion drawn from Figure 3 that M2a is highly similar to M1.
Beyond that, the high weights for Model M2a show that, even for the smallest data set, it scores well inde-
pendent of the parameter choice and in terms of the tradeoff between model complexity and goodness-of-fit.
With increasing data set size, the weights for M3 decrease monotonically. This means that with more data,
the dissimilarity between M1 and M3 becomes more evident. The weights for M4 and M5 decrease only at
a very slow rate. This shows that, even with the largest data set, there is “confusion” among these models.
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Figure 4. Average model weights over increasing data set size, when M1 generates the data. (a) Using the same
parameter distributions for M1 and M2. (b) Testing parameter distributions that compensate for the missing dispersion
in M2.

Figure 4b also shows the weights each model receives, when the reference Model M1 has generated the
data, but this time replacing Model M2a with its changed-prior variant M2b. As in Scenario A, Model M3
scores worst. Model M2b receives much smaller weights than M2a, because the wide prior is now penalized
as overly complex through the eyes of BMS. The weight of M2b is similar to those of M4 and M5. For this
modeling scenario, the analyst would now have to decide whether all three models are similarly good can-
didates to replace M1. To this end, we investigate the similarity between these three candidate models by
constructing a 3 × 3 model confusion matrix. We expect that Models M4 and M5 are actually very similar, as
they are based on the same modeling concept. From conceptual considerations and the output distributions
in Figure 3, we know that Model M2b differs significantly from M4 and M5. The similarity analysis based
on the model confusion matrix will now reveal whether the differences are large enough for model discrim-
ination via BMS. Further, we can learn from this analysis whether M2b scores a similar tradeoff between
performance and parsimony as M4 and M5. If it did, we would see similar weights for all three models in
the off-diagonal entries of the model confusion matrices; here, however, we expect to see a punishment of
the complexity (wide prior distribution) of M2b instead, leading to clearly lower weights for M2b if M4 or
M5 generate the data.

Figure 5 shows model confusion matrices for increasing data set sizes. The highest weight for each data
generating model (column) is printed in bold. For Figure 5a, only the flux-weighted concentration at the
outflow boundary was used for the analysis, while Figures 5b and 5c are based on a data set of 25 and 150
cross sections, respectively. The weights on the main-diagonal reflect the ability of each model to identify its
own predictions (self-identification weights). The off-diagonal elements are the weights each model receives
when the reference data was generated by another model and can be interpreted as a measure of model
similarity.

Figure 5. Model confusion matrices for M2b, M4, M5 based on concentrations in (a) a single cross section and (b) 25
and (c) 150 cross sections. Columns refer to the models that generate the data, rows to the models that we calculate the
weights for. The highest weight for each data generating model (column) is printed in bold.
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Figure 6. Average model weights when M1 generates the data over
increasing data set size for the reduced model set.

When the size of the data set is increased, the self-identification weights
of all models increase (see Figures 5a–5c). This agrees with the theoretical
expectation that, in the BMS framework, the true model can be identi-
fied in the limit of infinite data set size (Schöniger, Illman, et al., 2015).
However, in the setting we analyze here, the self-identification weights
increase only slowly. This is probably due to correlations between the con-
centrations in the individual cross sections, so that more data only add
limited information with respect to model choice.

In the last two columns (when M4 and M5 generated the data), the
“confusion” among the models remains strong: Even with the largest
data set size, there is not yet a clear picture of model identification. The
off-diagonal elements reveal that M4 and M5 are actually similar. M2,
however, does not show such a strong confusion with other models. This
confirms our attempt to explain the similar weights of M2b, M4, and M5
when the reference Model M1 generated the data: The confusion matrices
imply that M4 and M5 are almost redundant for the purpose of predict-
ing nitrate concentration. M2b instead is different in its predictions but
scores a similar tradeoff between goodness-of-fit and parsimony.

5.4. Justifiability Analysis for a Reduced Model Set
From the analysis so far, we can conclude that the predictions of the
two cumulative relative reactivity models (M4, M5) are very similar and,

consequently, that the models are quasi-redundant for the purpose of predicting nitrate concentration.
Therefore, we decide to exclude one of these two models to avoid misinterpretations due to redundancy in
the model set. Considering that M5 is slightly preferred over M4 for data sets generated by the reference
Model M1 (cf. Figure 4) and that M5 is the most parsimonious model in the set, we decide to keep it and dis-
card M4. Also, the analysis revealed clearly that M2a is a better choice than M2b. Therefore, we omit M2b
from the following analysis. With this reduced model set, we want to test how M5 scores compared to the
other simplified models, now that it does not have to compete with a very similar model.

Figure 6 shows the weights the models receive when the reference Model M1 has generated the data.
Comparison with Figure 4 shows that excluding M4 leads to a redistribution of model weights due to the
constraint that they sum up to 1. The strongest relative increase is in fact in M1 and not in M5. Note that,
for individual data sets, the relative increase in model weights is the same for all four models, and it can be
calculated as ∑5

i=1 BMEi∕
∑4

i=1 BMEi. However, due to averaging over many data sets representing the pre-
dictive distribution of M1 and the large variations in BME values per data set, this constant factor translates
into individual reweighting factors per model. The more decisive the model weighting, the more nonlinear
the behavior.

5.5. Decisiveness of Model Choice Measured by Bayes Factors
We want to further investigate the decisiveness of model choice by using Bayes Factors. To this end, we use
the BME values to determine pairwise Bayes factors between the reference model and the simplified models
for a data set of 150 cross sections. We ask “how much stronger is the evidence in favor of the reference
model M1” and therefore calculate

BF =
BME1
BMEi

,with i = 2 − 5. (25)

Figure 7 shows the cumulative distributions functions (CDFs) of log10(BF) for each of the simplified mod-
els. The dashed lines mark the thresholds according to Jeffreys (1961) (cf. section 2.3). The light gray
line (log10(BF) = 0) indicates equal support for both models. The black line at log10(BF) = 2 indicates
“decisive” evidence against the simplified model as an alternative to M1. Vice versa, log10(BF) = −2 indicates
“decisive” evidence in favor of the simplified model, so in these cases the simplified model should be pre-
ferred through the eyes of BMS, even though the underlying data set has in fact been generated by the
reference M1. Such cases occur because of the complexity of M1: if the simplified model is able to fit the
data well and shows less variability than M1, it will be preferred by BMS (see section 1).
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Figure 7. CDFs of the logarithmic Bayes Factor for M2–M5 tested against the reference Model M1.

The CDF of Model M2a exemplifies the distribution for a model that is almost identical to the reference
model, as for nearly all realizations log10(BF) = 0. The median log10 Bayes factors of the other simplified
models are all slightly negative (−0.49 for M2b, −0.70 for M3, −0.54 for M4, and −0.28 M5) and thus show
a small preference of the simplified models over the reference model. The Bayes Factor CDFs of M2b, M4,
and M5 are relatively similar and show that less than about 15% of their realizations lead to a rejection with
decisive evidence.

In contrast, M3 shows a high variability in its performance: 30% of its realizations are rejected with “decisive”
evidence. At the same time, 26% of its realizations are preferred over the reference model with “decisive”
evidence. The reason why the CDF of M3 considerably deviates from the other curves is that, in contrast to
all other models, M3 cannot reproduce very high nitrate concentrations. Thus, for realizations of M1 with
very little nitrate depletion, M3 has extremely small BME values and consequently, is rejected clearly against
the reference Model M1. However, if M3 is able to reproduce the realizations of M1 (i.e., for normalized
concentrations less than approximately 0.9), BMS rewards that the predictive distribution of M3 has a higher
probability mass concentrated at these values, while the distribution of M1 is strongly skewed toward high
nitrate concentrations.

Overall, we find that the CDFs for the Bayes factors against M2b, M4, and M5 support our general conclusion
from the average model weights (Figure 4) that all three models are suitable but not perfect candidates to
replace the reference Model M1, while M3 is not a robust choice. Model M2a is able to perfectly mimic the
reference data. However, through the eyes of BMS, it does not improve in terms of model parsimony; that
is, it is still rather complex.

6. Conclusions
In this study, we have a applied the Bayesian model justifiability analysis (Schöniger, Illman, et al., 2015)
to compare five models that simulate aerobic respiration and denitrification in a heterogeneous aquifer
coupled to solute transport. The model that includes the most detailed description of the underlying pro-
cesses has served as a reference, whereas the other models were either direct simplifications of the reference
model by dropping specific processes, or replaced the advection-(dispersion)-reaction equation in Cartesian
coordinates by the concept of cumulative relative reactivity solved along trajectories (Loschko et al., 2016).

The results of the model justifiability analysis show that all simplified models are suitable replacements for
the computationally expensive reference model, but the models differ significantly in the number of pro-
cesses/parameters involved, and in the ease of constructing meaningful prior distributions. In the model
justifiability analysis, models are tested against each other based on their prior predictive distributions.

SCHÄFER RODRIGUES SILVA ET AL. 16 of 21



Water Resources Research 10.1029/2020WR028100

These distributions are generated by sampling from the models' parameter spaces and running the mod-
els with the respective parameter realizations in a Monte Carlo framework. By taking the entire predictive
distributions into account, the results of the justifiability analysis allow statements about the overall suit-
ability of the simplified models, independent of a specific parameter choice. The analysis is based on
the principles of BMS and thus implicitly performs a tradeoff between goodness-of-fit to reference data
and model complexity. We highly recommend applying this framework when judging the exchangeabil-
ity of competing models. However, the process-based reasoning leading to the competing models should
never be discarded.

As criterion for model similarity we considered flux-weighted nitrate concentrations in quasi steady state at
different cross sections. This choice has direct consequences for the suitability of the model simplifications.
Model M2a, which neglects local dispersion and keeps the priors of all other parameters, was practically
indistinguishable from the full model. Similar observations have been made by Sanz-Prat et al. (2015), yet
without a full stochastic analysis. Local dispersion would have been much more important if we had consid-
ered an invading front and a reaction between purely dissolved compounds, or dynamic electron-acceptor
loads. Also, biomass dynamics are important predominantly under conditions when the biomass still has
to grow, for example, when an aquifer is loaded with a reactant for the very first time. Such conditions
have not been considered in the current analysis, as they are rather unlikely for nitrate contamination in
aquifers. Because we considered the nitrate concentration after establishment of a stable microbial com-
munity, the models without dynamic biomass (i.e., Models M3–M5) had a chance of meeting the reference
model. That the spatially explicit model without dynamic biomass scored poorly is mostly due to the dif-
ficulty of defining a reasonable prior distribution of the constant biomass concentration and might have
been avoided by choosing a broader prior. For the given type of data, the simplest Model M5 using the
cumulative-relative-reactivity concept with simplified kinetics turned out to be the best simplification of
the computationally expensive reference model. It scores well in the justifiability analysis and reduces run
times tremendously compared to the spatially explicit models. This computational efficiency enables a
high number of models runs and thus quantification of parametric uncertainty was feasible, which can be
impractical with spatially explicit models. As M5 has only two parameters, it is less prone to the problem of
overly wide prior ranges. Please note that this recommendation is conditional on the purpose of the model
(prediction), the considered scenario (diffusively introduced nitrate reacting with the soil matrix) and the
quantity of interest (quasi steady state nitrate concentration as an integral quantity flux-averaged over a
cross section).

The present study underpins the currently evolving perception and acknowledgment of complexity in mod-
eling: When we discuss complexity of numerical models, we have to take more into account than the plain
number of incorporated processes, interactions and feedbacks. The simplification of physical descriptions
often comes at the cost of a more complicated definition of the parameter priors. When we neglect a certain
process, the parameters may not represent a physically meaningful value anymore but rather be an effective
parameter that compensates for the missing process. Consequently, modelers might encounter difficulties
when trying to define realistic prior distributions for effective parameters. The more effective parameters a
model has, the stronger this effect can be. Therefore, we emphasize to also consider the constrainability of
the parameters as an aspect of model complexity. This means, to take into account how easy or difficult it is
to a priori constrain the parameters based on expert knowledge.

We found that performing the justifiability analysis on the case of model simplification is an objective and
comprehensive approach to assess the suitability of candidate models with different levels of detail. The
method has three major advantages:

• Models are compared independent of calibration data, which might not be available or, as pointed out by
Vogel and Sankarasubramanian (2003), even “cloud our ability” to accept or reject a model concept.

• Considering the models' entire parameter and predictive distributions provides a comprehensive model
evaluation rather than a comparison based on specific parameter sets.
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• Working on the intermodel level, the method allows to filter a set of models with respect to their (prior)
predictive power such that, on a second level, a subset of similarly capable models can be rated on
additional performance criteria like run time or goodness-of-fit with actual measurement data.

Future research should target model comparison also on the level of structural similarity (Bennett et al.,
2019) to complement the analysis of the model predictions. This might help detect structural redundancy
in the model set and can further advance directed model (set) development.

Appendix A: Parameters and Initial Conditions
The following tables provide implementation details such as the geometrical, geostatistical, hydraulic and
transport parameters (Table A1), initial and boundary conditions (Table A2), parameters of the reference
solution (Table A3) and prior distributions chosen for the uncertain parameters (Table A4 and Table A5).

Table A1
Geometrical, Geostatistical, Hydraulic, and Transport Parameters

Symbol Meaning Value Units
L Length of the 2-D domain 50 (m)
W Width of the 2-D domain 25 (m)
nx Number of cells in x direction 250 (-)
ny Number of cells in y direction 125 (-)
Δx Cell size in x direction 0.2 (m)
Δy Cell size in y direction 0.2 (m)
nst Number of streamtubes 125 (-)
nsec Number of streamtube sections 250 (-)

Geostatistical parameters of the K-field
lx Correlation length in x direction 4 (m)
ly Correlation length in y direction 1 (m)
𝜎2

lnK Variance of log-hydraulic conductivity 1 (-)
Kg Geometric mean of hydraulic conductivity 1 ⋅ 10−3 (m/s)

Parameters of the flow field
Keff Effective hydraulic conductivity 1.2 ⋅ 10−3 (m/s)
q̄x Mean specific discharge 0.4 (m/day)
J Mean hydraulic gradient 4 ⋅ 10−3 (-)

Transport parameters
𝜃 Porosity 0.3 (-)
𝛼l Longitudinal dispersivity 1 ⋅ 10−2 (m)
𝛼t Transverse dispersivity 1 ⋅ 10−3 (m)
Dp Molecular diffusion coefficient 1 ⋅ 10−9 (m2/s)

Table A2
Initial and Boundary Conditions

Symbol Meaning Initial conc. Inflow conc.
cO2

mob Dissolved oxygen (mobile phase) 0 mol/L 2.5 ⋅ 10−4 mol/L

c
NO−

3
mob Nitrate (mobile phase) 0 mol/L 1 ⋅ 10−4 mol/L

cCH2O
mob Dissolved organic carbon (mobile phase) 3 ⋅ 10−4 mol/L 0 mol/L

cbac
immob Bacteria (immobile phase) 80 μmol/L n.a.
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Table A3
Parameters of the Reference Solution (M1)

Symbol Meaning Value
𝜇O2

max Maximum specific growth rate based on oxygen 0.1 (1/day)

𝜇
NO−

3
max Maximum specific growth rate based on nitrate 0.1 (1/day)

KO2
Monod coeff. of oxygen 11.4 (μmol/L)

KNO−
3

Monod coeff. of nitrate 70 (μmmol/L)

KDOC Monod coeff. of DOC 20 (μmol/L)
KO2

inh Inhibition coeff. of oxygen in denitrification 10 (μmol/L)
YO2

Yield coeff. of oxygen 0.25 (molbac
O2

/molC)

YNO−
3

Yield coeff. of nitrate 0.25 (molbac
NO−

3
/molC)

kdec Decay coeff. of bacteria 0.05 (1/day)
krel,max

DOC Maximum rate constant of DOC release 0.2 (1/day)
cbac

max Maximum biomass concentration 83.3 (μmolC/L)

Table A4
The datasets generated and analyzed during the current study are available in the FDAT repository of the University of
Tübingen, https://fdat.escience.uni-tuebingen.de/portal/

Symbol Meaning Distribution Units
Parameters of Models M1 and M2a
𝜇O2

max Maximum specific growth rate unif . (a, b) a = 1.5 ⋅ 10−3, (1/day)
based on oxygen b = 0.12

𝜇
NO−

3
max Maximum specific growth rate unif . (a, b) a = 1.5 ⋅ 10−3, (1/day)

based on nitrate b = 0.12
KO2

Monod coefficient of oxygen unif . (a, b) a = 5, b = 15 (μmol/L)
kNO−

3
Monod coefficient of nitrate unif . (a, b) a = 60, b = 80 (μmol/L)

KDOC Monod coefficient of DOC unif . (a, b) a = 10, b = 30 (μmol/L)
KO2

inh Inhibition coefficient of unif . (a, b) a = 5, b = 15 (μmol/L)
oxygen in denitrification

YO2
Yield coefficient of oxygen unif . (a, b) a = 0.2, b = 0.3 (molbac

O2
/molC)

YNO−
3

Yield coefficient of nitrate unif . (a, b) a = 0.2, b = 0.3 (molbac
NO−

3
/molC)

kdec Decay coefficient of bacteria unif . (a, b) a = 0.025, b = 0.075 (1/day)
krel,max

DOC Maximum rate constant of DOC release unif . (a, b) a = 0.1, b = 0.5 (1/day)
Parameters of Model M2b that differ from Model M1 and M2a
𝜇O2

max Maximum specific growth rate log−unif . (a, b) a = 0.05, b = 0.2 (1/day)
based on oxygen

𝜇
NO−

3
max Maximum specific growth rate log−unif . (a, b) a = 0.05, b = 0.2 (1/day)

based on nitrate
Parameters of Model M3 that differ from Models M1 and M2

cmax
bio Maximum biomass concentration unif . (a, b) a = 58.3, b = 83.3 (molC/L)

Note. The parameters specified for Model M1 are also applied for Models M2a, M2b, and M3. Exceptions are mentioned
separately.
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Table A5
Prior Distributions Chosen for the Uncertain Parameters of the Models M4 and M5

Parameters of Model M4
rO2

max Maximum reaction rate of oxygen unif . (a, b) a = 2 ⋅ 10−3, (μmol/[L day])
under reference conditions b = 100

r
NO−

3
max Maximum reaction rate of nitrate unif . (a, b) a = 2 ⋅ 10−3, (μmol/[L day])

under reference conditions b = 5
KO2

Monod constant for oxygen unif . (a, b) a = 5, b = 15 (μmol/L)
kNO−

3
Monod constant for nitrate unif . (a, b) a = 60, b = 80 (μmol/L)

Kinh
O2

Inhibition coefficient of unif . (a, b) a = 5, b = 15 (μmol/L)

oxygen in denitrification
Parameters of Model M5

rO2
max Maximum reaction rate of oxygen unif . (a, b) a = 2 ⋅ 10−3, (μmol/[L day])

under reference conditions b = 100
r

NO−
3

max Maximum reaction rate of nitrate unif . (a, b) a = 50, (μmol/[L day])
under reference conditions b = 25 ⋅ 103

Data Availability Statement
Data are currently being archived in the repository of the University of Tübingen (https://fdat.escience.uni-
tuebingen.de/) and will be made available upon acceptance. For review purposes, data can be downloaded
using the following link (https://bwsyncandshare.kit.edu/s/iRZzriE9kS6B8bX).
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Abstract
Geochemical processes in subsurface reservoirs affected by microbial activity change the material properties of porous
media. This is a complex biogeochemical process in subsurface reservoirs that currently contains strong conceptual
uncertainty. This means, several modeling approaches describing the biogeochemical process are plausible and modelers
face the uncertainty of choosing the most appropriate one. The considered models differ in the underlying hypotheses about
the process structure. Once observation data become available, a rigorous Bayesian model selection accompanied by a
Bayesian model justifiability analysis could be employed to choose the most appropriate model, i.e. the one that describes the
underlying physical processes best in the light of the available data. However, biogeochemical modeling is computationally
very demanding because it conceptualizes different phases, biomass dynamics, geochemistry, precipitation and dissolution
in porous media. Therefore, the Bayesian framework cannot be based directly on the full computational models as this would
require too many expensive model evaluations. To circumvent this problem, we suggest to perform both Bayesian model
selection and justifiability analysis after constructing surrogates for the competing biogeochemical models. Here, we will
use the arbitrary polynomial chaos expansion. Considering that surrogate representations are only approximations of the
analyzed original models, we account for the approximation error in the Bayesian analysis by introducing novel correction
factors for the resulting model weights. Thereby, we extend the Bayesian model justifiability analysis and assess model
similarities for computationally expensive models. We demonstrate the method on a representative scenario for microbially
induced calcite precipitation in a porous medium. Our extension of the justifiability analysis provides a suitable approach
for the comparison of computationally demanding models and gives an insight on the necessary amount of data for a reliable
model performance.

Keywords Microbially induced calcite precipitation · Bayesian model selection · Bayesian model justifiability analysis ·
Arbitrary polynomial chaos expansion · Surrogate-based model selection and comparison · Surrogate-based Bayesian
model justifiability analysis

1 Introduction

1.1 Biogeochemical processes in subsurface porous
media

Biogeochemical processes in porous media are geochemi-
cal processes affected by the activity of microbes [37]. They
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Extended author information available on the last page of the article.

profoundly impact ecosystems as they occur ubiquitously
in the subsurface. This makes them interesting for appli-
cations in engineering. Some examples of biogeochemical
processes that engineers tried to manipulate are: enhanced
recovery of resources as in microbially enhanced oil recov-
ery (e.g. [4, 29, 39]), blocking of preferential flow paths by
the accumulation of biomass or minerals precipitated as a
result of the microbial metabolism (e.g. [8, 73]), bioreme-
diation of aquifers or soils by microbial decomposition of
organic pollutants (e.g. [20, 40, 45]) or in situ sequestra-
tion of inorganic contaminants (metals, radionuclides) by
biotically managed precipitation [19].



Comput Geosci

However, it is challenging to describe these biogeochem-
ical processes in full detail, because many subprocesses
interact in a complex manner [70]. Accordingly, it is not
easy to control them as desired. A good understanding of
these processes is necessary when aiming to control them in
order to predict or even regulate the outcome. Thus, model-
ing is a crucial tool to predict the response of systems under
certain conditions [30]. Corresponding models are an essen-
tial tool in investigating the coupled transport of fluids and
reactive substances through porous media and the resulting
chemical reactions in the pores [38, 71, 86].

Several transport models dealing with the biogeochem-
ical process of microbially induced calcite precipitation
(MICP) have been discussed in works by e.g. [5, 15, 25, 26,
46, 83]. This induced calcite precipitation provides a practi-
cal technical application. By accumulating the precipitated
calcite, the porosity and permeability of a porous medium
can be reduced (e.g. [13, 14, 42, 58, 72]). Additionally,
MICP can be used to reduce erosion or increase soil stabil-
ity (e.g. [17, 56, 80, 87]). MICP has been proven to reduce
permeability and enhance mechanical strength even at large,
field-relevant scales (e.g. [33, 41, 46, 56, 59]). There are
several reviews about the understanding of bio-improved
soils (e.g. [44, 74, 76]).

Biogeochemical models are useful, for example, to
design, monitor, and evaluate such applications, e.g. to
mitigate leakages from a geological gas reservoir into
above aquifers in advance (e.g. [12, 13, 35, 41, 46]). Our
limited knowledge about the interaction of the processes
that govern biogeochemical systems leads to several
modeling approaches that differ, e.g., in their level of
detail. The uncertainty of choosing between these modeling
alternatives is considered here as conceptual uncertainty.

1.2 Conceptual uncertainty

When modeling an environmental process, we have to
make assumptions and simplifications because, usually,
the real process is too complex to be represented in full
detail. Consequently, one has to deal with various types
of uncertainty. Besides input and parameter uncertainty,
conceptual uncertainty (uncertainty of model choice) has
to be taken into account. If we chose a single model and
did not consider possible alternatives, we might strongly
underestimate the overall prediction uncertainty because
the space of potential models is not sufficiently covered
[16, 61, 63].

Many studies have identified conceptual uncertainty as a
key source of uncertainty in modeling (e.g [10, 16, 18, 22,
48, 61–64, 69, 75]). These studies suggest to treat modeling
concepts with different levels of detail and different
assumptions as competing hypotheses. By using statistical
techniques such as Bayesian model selection (BMS), we can

evaluate which model is the most appropriate representation
of the system [60, 79].

However, two challenges persist. First, it is important
to note that there is no existing method which allows
to quantify conceptual uncertainty on an absolute level
[24, 47]. Second, biogeochemical modeling, discussed
briefly in Section 1.1, is computationally very demanding
since it conceptualizes different processes in subsurface
porous media. Thus, a direct application of the rigorous
probabilistic machinery is not feasible due to a necessity of a
high number of model evaluations. In this study, we address
the second challenge.

1.3 Surrogate representation of the underlying
physical models

In order to assure feasibility of the probabilistic BMS
framework, we will construct computationally cheaper
surrogate models for each version of the biogeochemical
model. The purpose of a surrogate model is to replicate
the behavior of the underlying physical model from a
limited set of runs. For constructing a surrogate the
original model should be evaluated by using those sets
of modeling parameters out of various possibilities that
cover the parametric space as well as possible. Considering
very high computational cost of biogeochemical models,
whereby one model evaluation requires days, we need to
select an approach that will capture the main features of
the underlying physical models after a very small number
of model evaluations. Following a recent benchmark
comparison study by [34], we construct the surrogate model
using the arbitrary polynomial chaos expansion technique
(aPC) introduced in [52], which is suitable for our purpose.

In short, the data-driven aPC approach can be seen
as a machine learning tool that approximates the model
output by its dependence on model parameters via
multivariate polynomials. The data-driven feature of aPC
offers complete flexibility in the choice and representation
of probability distributions. It requires no approximation
of a density function, which usually caused additional
uncertainties [51]. Based on the original polynomial chaos
expansion introduced by [82], the aPC constructs surrogate
models with the help of an orthonormal polynomial basis.
Such a reduction of a full biogeochemical model into
a surrogate model offers the path to perform a rigorous
stochastic analysis at strongly reduced computational cost.

1.4 Two-stage Bayesianmodel selection procedure

Bayesian model selection (BMS) (e.g. [60, 79]) has been
used in many fields of research to support the choice
between competing models (e.g. [9, 11, 28, 43, 57, 68,
81]). It ranks models based on their suitability to represent
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the available measurement data. To be more specific, BMS
employs the Bayesian model evidence (BME) as the score
indicating the quality of the model against the available data.

The BME-based ranking follows the principle of
parsimony [67] or rather “Occam’s razor”, which tells us to
“choose the simplest one between competing hypotheses”
[31], i.e. the simplest model that can still fit the data. This
results in finding the optimal trade-off between goodness-
of-fit and simplicity. The work by [68] uses BME to find
a justifiable level of complexity (i.e. variability of the
model) for modeling a certain quantity of interest. Please
note that the term “model complexity” is not uniquely
defined [2, 23]. In the current study, we use complexity
in the sense of “number of processes explicitly included”,
which is the most commonly accepted in the geoscientific
community [2].

Following the framework introduced by [68], we will
adopt a two-stage approach for model testing. In the first
stage, the classical BMS procedure is used, in which models
are tested against measurement data. This procedure is
complemented by the second stage, the so-called Bayesian
model justifiability analysis. Here, competing models are
tested against each other based on a “synthetic truth”
instead of measurement data. Based on this analysis, one
can diagnose similarities between competing models and
identify a suitable model that is “affordable” when only a
realistic amount of measurement data is available. A joint
interpretation of both stages provides insights that help
find the most appropriate model, representing the observed
system best under acceptable computational cost.

In the current study, we consider several models
describing biogeochemical processes in subsurface porous
media. They contain various assumptions helping to
simplify the modeling procedure. As these models are
computationally expensive, we cannot directly apply the
two-stage Bayesian model selection as introduced by [68].
Instead, we base this analysis on surrogate models.

1.5 Goals and structure

The overall aim of this study is to set up a rigorous rank-
ing of biogeochemical computationally expensive models
introducing the surrogate-based two-stage Bayesian model
selection procedure. We extend the Bayesian model justi-
fiability analysis introduced by [68]. Our novel correction
factor allows the use of surrogate models, making this
analysis suitable for computationally demanding models.

Section 2 introduces necessary details on Bayesian
updating of the aPC expansion and extends the Bayesian
model selection of computationally demanding models to
the Bayesian model justifiability analysis introducing novel
correction factors. Section 3 introduces the biogeochemical

process of microbially induced calcite precipitation (MICP)
and the corresponding model set. Section 4 performs
Bayesian model selection among MICP models and
assesses their similarity using the novel surrogate-based
justifiability analysis. Section 5 summarizes the results and
gives an outlook for further investigation.

2 Bayesian assessment of computationally
demandingmodels

2.1 Arbitrary polynomial chaos expansion

We will consider computationally demanding models, for
which a straightforward application of the Bayesian model
selection procedure is infeasible. Therefore, we will con-
struct so-called surrogate models with negligible computa-
tional cost to replicate the behavior of the original physical
models via the polynomial chaos expansion (PCE). The goal
of PCE techniques is to construct a so-called response sur-
face, where the modeling parameters are mapped to the
model output, capturing the main features of the underlying
physical model. This response surface is constructed with
the help of an orthonormal polynomial basis, which is cre-
ated by the Gram-Schmidt orthogonalization process [66].
Originally, it was only possible to employ this method for
models with normally distributed model parameters [85].
With a generalized form, called generalized polynomial
chaos (gPC) [84], the number of possible distributions for
the model parameters was increased, but still limited [52].
The problem with some models is that for many model
parameters the exact distribution is not known or no unique
form of the distributions can be determined. Therefore, the
gPC for arbitrary distributions was generalized to arbitrary
polynomial chaos expansion (aPC), covering a wider range
of distributions in [52]. The distributions can be discrete,
continuous or discretized, they do not have to follow a
certain form and can be available analytically as density
function or simply as a set of samples. In this study, we use
aPC to keep the proposed framework general so that it can
be used for different parameter distributions. In what fol-
lows, we present the core idea for the construction of these
aPC-based surrogate models.

Let ω = (ω1, ..., ωNp) represent the Np-dimensional
vector of model parameters with corresponding parameter
space Ω = Ω1 × ... × ΩNp . All parameters in ω are
assumed to be independent in their prior distribution [52].
Let the model responses be given in the form of M =
f (x, t; ω), where f can be some differential equation, a
coupled system of differential equations or just a simple
function. Moreover, the model parameters can depend on
a certain point in space x = (x1, x2, x3) and time t . The
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model response M can be approximated with a spectral
projection of responses onto orthogonal polynomial bases
as follows:

M(x, t; ω) ≈ M̃(x, t; ω) =
D∑

s=1

cs(x, t) · Ψs(ω), (1)

with the corresponding surrogate model M̃(x, t; ω) and
polynomials Ψs(ω) of the multivariate orthogonal polyno-
mial basis. These polynomials are constructed according to
[51]. There are D polynomials needed for the expansion,
whereby D is the number of expansion coefficients depen-
dent on the number of model parameters Np and the chosen
maximum polynomial degree d: D = (Np + d)!/(Np!d!).
The coefficients cs(x, t) depend on space and time since the
original model output depends on space and time.

To compute the coefficients cs(x, t) of the polynomial
chaos expansion in Eq. 1, we employ a non-intrusive
stochastic collocation method [52]. The non-intrusiveness
of this method implies that the model M can be considered
as a black box, so that there is no need of modifying
the governing equations of the original model at hand.
Alternatively, an intrusive method such as the stochastic
Galerkin method could also be used. However, as it is an
intrusive method, it is necessary to modify the governing
equations in the model, which can be complex [51]. Using
the stochastic collocation method, a finite number of model
evaluations D is sufficient to determine the coefficients.
The coefficients can be computed using D evaluations of
the original model M on D so-called collocation points{
ω

(i)
1 , ..., ω(i)

Np

}
, i = 1, ..., D. We solve the resulting system

of equations with the help of the pseudoinverse:
⎡

⎣
Ψ1

(
ω(1)

)
... ΨD

(
ω(1)

)

... ... ...
Ψ1

(
ω(D)

)
... ΨD

(
ω(D)

)

⎤

⎦ ·
[

c1(x, t)
...

cD(x, t)

]
=

⎡

⎣
M

(
x, t; ω(1)

)

...
M

(
x, t; ω(D)

)

⎤

⎦ (2)

or

Ψ (ω) · c(x, t) = M(x, t; ω). (3)

The D × D matrix Ψ contains the basis polynomials,
evaluated on different collocation points. The vector c of
size D × 1 contains the expansion coefficients. The outputs
of the model M on the different collocation points are
represented by vector M of size D × 1. If one aims to
compute the surrogate model of M for different points
in time, it is sufficient to compute the matrix Ψ once
for a fixed amount of parameters and collocation points
and an expansion degree d , since the matrix is space and
time independent, unlike both of the vectors c and M .
Accordingly, the coefficients are computed based on the
model output using the collocation points for different
points in space and time separately (Matlab code available
in [49]).

The solution of the system of Eq. 3 is obviously depen-

dent on the choice of the collocation points
{
ω

(i)
1 , ..., ω(i)

Np

}
,

i = 1, ..., D. According to [77] the optimal collocation
points are the roots of the univariate polynomials used for
the construction of the multivariate polynomial basis of
degree d + 1 [52].

Hence, the resulting surrogate model represents the orig-
inal model at the collocation points exactly while some
“polynomial interpolation” is applied between them or
rather an extrapolation outside of the range of the colloca-
tion points [43].

2.2 Bayesian updating of the aPC-based surrogate
representation

The procedure described in Section 2.1 can be seen as
an initial step, whereby the surrogate representation of the
original model makes use of the prior distribution of the
modeling parameters and omits the available measurement
data. Therefore, the constructed surrogate model M̃ could
be imprecise and may not necessarily cover well the region
of the parameter space where the measurement data are
relevant (i.e. posterior). Using a higher expansion degree to
improve the surrogate model globally would increase the
computational time excessively.

Therefore, to overcome this issue, we employ an itera-
tive Bayesian updating process of the aPC representation
(BaPC) that improves the accuracy of the surrogate by incor-
porating new collocation points at approximate locations of
the maximum a posteriori parameter set [53]. The idea is
to evaluate the surrogate model M̃ on a high number of
parameter realizations, obtained from their prior distribu-
tion, to weigh the points by their posterior probability. As
the parameter realization with the highest posterior proba-
bility is assumed to be in the parameter region of interest,
the surrogate model should be refined there. According
to the BaPC strategy, we will evaluate the original model
M(x, t; ω) on the suggested new collocation point ω cor-
responding to the maximum a posteriori parameter set and
recalculate the expansion coefficients c(x, t) by solving
Eq. 3. The increasing number of collocation points leads to
an overdetermined system of equations for the determina-
tion of the coefficients which can be solved as described in
Appendix A. In this way, we iteratively update the aPC rep-
resentation in Eq. 1 by incorporating the points where the
probability to capture the measurement data is higher. This
process is repeated until the surrogate model captures the
measurement data sufficiently well, although the number of
iterations should be limited to keep the computational cost
manageable (Matlab code available in [50]).

The suggested BaPC framework has shown promis-
ing results for computationally demanding models (e.g.
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[6, 43, 54]) and further details are shown in [53]. Alterna-
tively, other Bayesian strategies can be found in [55].

2.3 Approximation quality of aPC-based surrogate
models

To assess the quality of a constructed surrogate model dur-
ing the iterative Bayesian updating of an aPC expansion, we
will estimate the approximation error in equation (1). Since
the stochastic collocation belongs to the family of regression
methods, only calculating the error at the collocation points
would lead to biased results. Yet, computing the validation
error via so-called testing parameter sets to assess the accu-
racy of the model, trained on the training collocation points,
is computationally infeasible.

To remedy this problem, one can use the leave-one-out
cross validation (LOOCV) as described in [7] instead. The
collocation points are divided P times into two subsets,
assuming that the set of collocation points is of size
P ≥ D + 1: for the calculation of the coefficients the
collocation points are omitted one after the other. After
the coefficients have been determined with the help of the
remaining collocation points, the resulting surrogate model
is evaluated on the omitted collocation point. Then, the
difference to M , evaluated on this point, is computed [7].
This is done for all collocation points and finally the mean
value over all quadratic errors is taken:

errLOOCV = 1

P
·

P∑

i=1

(
M

(
ω(i)

)
− M̃\ω(i)

(
ω(i)

))2
, (4)

where P is the current number of collocation points,
M

(
ω(i)

)
is the model evaluated on the omitted collocation

point ω(i) and M̃\ω(i)

(
ω(i)

)
is the surrogate model

constructed without the collocation point ω(i) evaluated on
the collocation point ω(i).

2.4 Bayesianmodel selection

Bayesian Model Selection allows to rank Nm different
models Mk (k = 1, ..., Nm) with corresponding parameter
spaces Ωk , based on their probability to be the data-
generating process (e.g. [24, 60, 79]). For this ranking,
prior model weights P (Mk) are updated to posterior model
weights P(Mk|y0) using Bayes’ theorem:

P(Mk|y0) = p(y0|Mk)P (Mk)
∑Nm

i=1 p(y0|Mi)P (Mi)
, (5)

with y0 being the vector of measurements and the models’
prior probability P(Mk). The prior probability P(Mk) is
a subjective estimation of the investigator or the modeler
about which model is an exact representation of the data-
generating process, without actually knowing the data

yet [60]. Uniformly distributed priors P(Mk) = 1
Nm

with Nm competing models are a common choice. The
term p(y0|Mk) is the so-called Bayesian Model Evidence
(BME). The BME value is also known as marginal
likelihood, because it can be calculated by averaging
(marginalizing) over the parameter space Ωk of each model
[32, 67]. The marginalization makes BME independent of
the parameter choice and hence it is a characteristic of only
the model Mk . Accordingly, BME is defined as

p(y0|Mk) =
∫

Ωk

p(y0|Mk, ω) p(ω|Mk) dω, (6)

where p(ω|Mk) is the model-specific prior distribution of
the model parameter vector ω ∈ Ωk = Ω1 × ... × ΩNp .
The likelihood function p(y0|Mk, ω) quantifies how well
the predictions yk of model Mk fit the measurement data y0
and includes assumptions on the measurement error [60].
Here, we will choose a Gaussian likelihood function with
zero mean:

p(y0|Mk, ω) = (2π)−Ns/2|R|−1/2

· exp

(
−1

2
(y0 − yk(ω))T R−1(y0 − yk(ω))

)
, (7)

where R is the covariance matrix of the measurement error
ε of size Ns × Ns (with data set size Ns), and yk(ω) is the
prediction made by model Mk with the model parameter
vector ω.

For most applications, there is no analytical solution
of Eq. 6 and the corresponding integral can be estimated
using a brute-force Monte Carlo approach, which yields
an unbiased approximation. To perform the Monte Carlo
integration, we create a sample set of NMC realizations
of the modeling parameter vector ω based on its prior
distribution p(ω|Mk). With the corresponding likelihood
functions Eq. 7, we will obtain the following numerical
approximation of the BME value:

p(y0|Mk) ≈ 1

NMC

NMC∑

i=1

p(y0|Mk, ωi ), (8)

where ωi is the i-th parameter realization for model Mk .

2.5 aPC-based Bayesianmodel selection

Remarking that the surrogate representation M̃k is only
an approximation of the original model Mk , we expect
that surrogate-based BME values could be misleading
for the Bayesian model selection procedure. Therefore,
conclusions drawn from BME values based on surrogates
are only valid to the degree of the approximation quality of
the surrogate model. Such falsified values can be avoided
by adapting the calculation of the BME value, as proposed
in [43]. We will consider that the prediction of the surrogate
model M̃k contains an approximation error Ek . We consider
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it to be independent of the measurement error ε (because Ek

and ε have no interaction), so that Mk = M̃k+Ek . Therefore
p(y0|M̃k + Ek, ω) = p(y0|M̃k, ω) · p(Mk|M̃k, ω) and the
BME value in Eq. 6 can be rewritten as:

p(y0|Mk)=
∫

Ωk

p(y0|M̃k, ω) p(Mk|M̃k, ω) p(ω|Mk) dω,

(9)

where p(Mk|M̃k, ω) is the likelihood function that indicates
how well the original model prediction based on the
model parameter realization ω matches the corresponding
surrogate model prediction:

p(Mk |M̃k, ω) = (2π)−Ns/2|S|−1/2 (10)

· exp

(
−1

2
(yk(ω)−ỹk(ω))T S−1(yk(ω)−ỹk(ω))

)
,

with the predictions yk of the original model Mk and ỹk

of the surrogate model M̃k and the covariance matrix S of
approximation errors.

Following the derivation in [43], we obtain the corrected
BME value for the original model, computed on the basis of
the reduced model:

p(y0|Mk)=p(y0|M̃k)·
∫

Ωk

p(Mk|M̃k, ω) p(ω|M̃k, y0) dω.

(11)

Equation 11 shows clearly how the BME value of the
original model (BMEOM) can be calculated from the BME
value of the surrogate model (BMESM):

BMEOM = BMESM · WeightSM, (12)

with

BMEOM = p(y0|Mk),

BMESM = p(y0|M̃k) and

WeightSM =
∫

Ωk

p(Mk|M̃k, ω) p(ω|M̃k, y0) dω, (13)

where the BMESM value can be computed as described in
the previous section, using the surrogate model M̃k instead
of the original model Mk .

The correction factor WeightSM requires an integration
over the whole parameter space Ωk and its computation
via Monte Carlo Integration is not feasible due to the high
computational cost of the original model. Therefore, the
correction factor can be estimated at those collocation points
ω∗ that were used to construct the surrogate model:

WeightSM ≈
P∑

i=1

p(Mk|M̃k, ω
∗
i ) p(ω∗

i |M̃k, y0), (14)

where P is the number of collocation points. Using only
the collocation points to calculate the correction factor leads
to the fact that BMESM · WeightSM is not equivalent to

BMEOM, but is merely an approximation. However, the
corrected BMESM is a better approximation of BMEOM than
BMESM without correction [43].

2.6 Bayesianmodel justifiability analysis

In order to complement the comparison of the models
against the measurement data, [68] suggested a so-called
Bayesian model justifiability analysis, in which the com-
peting models are tested against each other in a synthetic
setup omitting the measurement data. The justifiability
analysis can help to decide whether the apparently most
appropriate model from the conventional BMS analysis is
really the best model in the set or whether this model is only
optimal given the limited amount of available measurement
data [68]. Additionally, the justifiability analysis provides
insights about similarities among the tested models.

To perform the justifiability analysis, we will generate the
so-called model confusion matrix [68]. Confusion matrices
are typically used in the field of statistical classification (e.g.
[1]) to compare the actual and the predicted classification,
visualizing whether an object is misclassified (“confused”).
In that way, we can recognize whether a model is able to
distinguish its own predictions from the ones of its competi-
tors. To do so, we calculate the Bayesian model weights for
all models adopting (5).

However, instead of using the measurement data y0, each
of the competing models generates a finite series of prior
predictions that serve as realizations of the “synthetic truth”.
Thus, we generate NMC synthetic data sets of each model
based on samples of its prior parameter distributions. Then,
each synthetic data set is compared to the competing models
by first computing the likelihood function as described in
Eq. 7, for example of the single realization i of model
Mk based on the data set j of model Ml . The BME value
can be obtained by calculating the mean of all likelihoods
p(Ml,j |Mk) of model Mk given this single realization j of
model Ml . The resulting model confusion matrix has the
size Nm × Nm, for Nm competing models.

To execute both steps of model testing ((1) BMS testing
against measurements and (2) justifiability analysis testing
models against each other) simultaneously, we add the
measurement data to our model set, i.e. we add it as a new
row and column to the confusion matrix.

A schematic illustration of its construction is given in
Fig. 1, whereby the model confusion matrix is extended by
the standard BMS procedure (i.e. including measurements).

The blue box in Fig. 1 represents a standard BMS
procedure where the model Mk has been tested against
the measurement data. This entry can be obtained from
Eq. 6, using Monte Carlo Integration for p(y0|Mk) as in
Eq. 8. The green box in Fig. 1 reflects the likelihood of
a single realization of model Mk given a single realization
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Fig. 1 Schematic illustration of constructing the model confusion
matrix

of the reference model Ml , which currently serves as
synthetic truth. The orange box in Fig. 1 shows the average
likelihood (BME) of model Mk given a single realization
of the reference model Ml . This BME value is normalized
by the sum of the BME values of all models given a
single realization of the synthetic truth (red box), yielding
a posterior model weight p(Ml |Mk,j ) with the reference
model Mk . The bold boxes in Fig. 1 illustrate these averaged
posterior weights over all synthetic data sets of the reference
model Mk . The bold boxes of one column contain the
expected posterior weights (PW ) of all models given that
model Mk is true. One entry can be computed as follows:

PWlk = 1

NMC

NMC∑

j=1

p(Ml |Mk,j ) (15)

= 1

N2
MC

NMC∑

j=1

NMC∑

i=1

p(Ml,i |Mk,j ), (16)

whereby the averaged BME value

(
NMC∑
i=1

p(Ml,i |Mk,j )

)
in

Eq. 16 is not normalized for the sake of readability.
The resulting extended model confusion matrix consists

only of these entries, i.e. the bold boxes and therefore has
the size (Nm +1)× (Nm +1) for Nm competing models and
the measurement data.

The main diagonal entries reflect how good each model
identifies itself as the data-generating process, given a
certain data set size. The values of the diagonal entries

should be equal to 1.00 with an infinite data set size.
However, for finite data sets, models might “confuse”
their own predictions (misclassification) with the ones of
competing models due the two following reasons. (1) Two
models are actually highly similar. (2) One model has a
high goodness-of-fit to the reference data, but also a high
variability in its predictions. The BMS framework punishes
this high variability with a lower model weight. Thus, a
scenario of a less variable model, which fits the reference
data worse than the more variable one, might lead to similar
model weights. When more synthetic data is used, the more
variable model will receive a higher weight, as its variability
becomes more justifiable, while the weight of the less
variable model will decrease [23, 24].

The off-diagonal entries of the model confusion matrix
reflect the similarity between pairs of models. This can
be useful when comparing possible simplifications to a
detailed reference model [65]. With the aid of the model
confusion matrix it is possible to identify the model that
yields the most similar results to the reference model at
reduced computational cost.

2.7 aPC-based Bayesianmodel justifiability analysis

We will combine the methodologies from Sections 2.5 and
2.6 towards an aPC-based Bayesian model justifiability
analysis, where models are mutually tested against each
other. To do so, we will consider two models, model Mk

and model Ml . The comparison of two models implies that
one model, Ml in this case, is assumed to be the data-
generating process. Instead of computing the BME value
for the original models p(Ml |Mk), we have to calculate the
BME value p(M̃l |M̃k) of the surrogate models. Similar to
Section 2.5, we assume that each surrogate representation
of each analyzed model contains an approximation error:
Mk = M̃k + Ek and Ml = M̃l + El . Therefore, Eq. 11 can
be rewritten as:

p(Ml |Mk) = p(Ml |M̃k)

·
∫

Ωk

p(Mk|M̃k, ω) p(ω|M̃k, Ml) dω. (17)

In the next step, we focus on the term p(Ml |M̃k), consid-
ering Ml = M̃l + El leads us to

p(Ml |M̃k)=
∫

Ωk

p(M̃l |M̃k, ω) p(Ml |M̃l, ωk) p(ω|M̃k) dω.

(18)

Multiplying and dividing the right-hand side of Eq. 18 by
p(M̃l |M̃k) and applying Bayes’ theorem yields

p(Ml |M̃k) = p(M̃l |M̃k)

·
∫

Ωk

p(Ml |M̃l, ω) p(ω|M̃k, M̃l) dω. (19)
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When inserting Eq. 19 into Eq. 17, we obtain

p(Ml |Mk) = p(M̃l |M̃k)

·
∫

Ωk

p(Ml |M̃l, ω)p(ω|M̃k, M̃l) dω

·
∫

Ωk

p(Mk|M̃k, ω) p(ω|M̃k, Ml) dω, (20)

or

BMEOMOM = BMESMSM · WeightSM1 · WeightSM2, (21)

with

BMEOMOM = p(Ml |Mk)

BMESMSM = p(M̃l |M̃k)

WeightSM1 =
∫

Ωk

p(Ml |M̃l, ω) p(ω|M̃k, M̃l) dω

WeightSM2 =
∫

Ωk

p(Mk|M̃k, ω) p(ω|M̃k, Ml) dω, (22)

whereby BMEOMOM corresponds to the BME value when
comparing two original models and BMESMSM to the BME
value when comparing two surrogate models. The value of
BMESMSM can be computed in the same way as proposed
in Eq. 6 via Monte Carlo integration in Eq. 8 with the
likelihood function defined in Eq. 7, using the prediction
of model Ml evaluated on a certain model parameter vector
ω instead of the measurement data y0. The collocation
points ω∗ can be employed again similarly to Section 2.5 to
compute the correction factors for both models:

WeightSM1 ≈
P∑

i=1

p(Ml |M̃l, ω
∗
i ) p(ω∗

i |M̃k, M̃l)

WeightSM2 ≈
P∑

i=1

p(Mk|M̃k, ω
∗
i ) p(ω∗

i |M̃k, Ml). (23)

Moreover, since the model confusion matrix in the
Bayesian model justifiability framework compares the
original models as well, we have to account for the
approximation of these models with the surrogates. As the
weights WeightSM1 and WeightSM2 are not dependent on a
single parameter realization, the overall posterior weights
of the model confusion matrix can be corrected in the same
way as the BME values. To this end, the posterior values
(PW ) of the model confusion matrix from Eq. 16 need to
be multiplied by the two correction factors WeightSM1 and
WeightSM2 from Eq. 23:

PWlk = 1

NMC

NMC∑

j=1

p(Ml |Mk,j ) (24)

= 1

NMC

NMC∑

j=1

p(M̃l |M̃k,j ) · WeightSM1 · WeightSM2,

where SM1 = M̃l and SM2 = M̃k .

3 Biogeochemical processes in porousmedia

3.1 Microbially induced calcite precipitation

Microbially induced calcite precipitation (MICP) is a typ-
ical biogeochemical process. When conceptualizing MICP
in porous media, various phases are involved: there are at
least three solid phases (biofilm, calcite and unreactive solid
material), water and possibly another fluid phase, e.g. gas.
Additionally, at least calcium, inorganic carbon, and urea
are considered as dissolved components in the water phase,
the complete list of components can be found in [25].

MICP is a reactive transport process consisting of three
main parts: (1) adhesion of biomass on surfaces, detachment
of the biomass from the biofilm as well as growth and decay
of the biomass, (2) urea hydrolysis that alters the geo-
chemistry and (3) precipitation and dissolution of calcite. A
visualization of the MICP process is shown in Fig. 2.

S. pasteurii are bacteria that are able to produce the
enzyme urease and to decompose urea into carbonic acid
and ammonia with the aid of urease. In aqueous solution,
the ammonia reacts with the contained H+ ions. As a result,
the pH value increases so that the carbonic acid decomposes
into H+ ions and carbonate ions, while the concentration of
dissolved carbonate increases. If calcium ions are provided,
it comes to a reaction with the carbonate ions and calcite
precipitates.

Shortly, all together this leads to the following MICP
reaction equation [25]:

CO(NH2)2 + 2H2O + Ca2+ Urease
��
2NH+

4 + CaCO3 ↓ . (R1)

3.2 Experimental setup

The analyzed MICP experiment is described in detail in
[25] (there, see experiment “D1”). It describes a sand-filled
column that is 61 cm high with a diameter of 2.54 cm.
In the beginning of the experiment, bacteria are injected at
the bottom of the column. Bacteria are allowed to attach

Fig. 2 Schematic view of relevant processes and phases during MICP
after [25]
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during an over-night no-flow period establishing a biofilm
throughout the column. Then, biofilm growth is promoted
by a 24 hour substrate injection. From there, two pore
volumes of 0.33 mol/l calcium and urea solution are injected
at 10 ml/min repeatedly every 24 hours. The no-flow period
after the injection allows the mineralization reactions to
take place. That period is followed by another injection
of substrate to revive the biofilm [25], before the next
injections of calcium and urea start over until a total number
of 30 cycles was reached. A schematic experiment setup is
shown in Fig. 3.

For this analysis, out of various predicted quantities we
pick only the model predictions of calcium and calcite
over space and time. The predictions of different models
are compared to measurement data as well as among each
other. In order to receive comparable results, only spatial
and temporal points where measurement data are avail-
able are used when comparing models among each other.
These data points differ for calcium and calcite. For the
calcite content, measurement data are only available at the
end of the experiment, which is after 3203460 seconds
(about 890 hours or 37 days). The calcium concentration

Fig. 3 Column experiment setup by [25] with measurement locations
for calcite content and calcium concentration with analyzed column D1

is measured at 35 different data points in time. Therefore,
calcium concentrations are measured after 6 “main points”
in time, the so-called pulses, namely after 151.35, 218.85,
290.85, 626.85, 698.85 and 866.85 hours. At these points,
the concentration is measured and additionally after half an
hour, one, two, three and four hours, except for pulse 22,
where no measurement is available after 3 hours, which
results in 35 temporal points. The exact times of measure-
ment after the first injection can be taken from Table 1.

There are eight measurement locations for the calcite
concentration, located at 3.81, 11.43, 19.05, 26.67, 34.29,
41.91, 49.53 and 57.15 cm distance from the bottom.
For the calcium concentration, there are only five spatial
measurement points located at 10.16, 20.32, 30.48, 39.37
and 49.53cm distance from the bottom. The measurement
locations in the models are evenly distributed at a respective
distance of half an inch (1.27 cm).

3.3 Conceptual models and related uncertainty

We analyze three models for MICP that describe biogeo-
chemical processes in porous media provided by [25, 26].
For detailed explanation of their equations and the used
numerical schemes, we refer to that original publication.
All models account for changes in porosity and permeabil-
ity and use the same discretization and solution strategy:
a fully implicit Euler scheme in time and fully-coupled-
vertex-centered finite volume (box) scheme [21] in space;
the system of equations is solved using the BiCGStab solver
[78] after linearization using the Newton–Raphson method.

An <Intel(R) Xeon(R) CPU E5-2680 v2 @2.80 GHz,
40 Cores> machine was used for the model evaluations.
The computational effort for the most detailed MICP model,
referred to as full complexity model, is extremely high with
a run time between 16 and 42 hours, depending on the
respective model parameter set. The exact cost is dependent
on the model parameter set chosen for the evaluation, since
the time stepping varies adaptively. Therefore, [25] suggest
two simplifications of the full complexity model MFC using
the following physical assumptions.

– initial biofilm model (MIB): The suspended biomass
is neglected and the biofilm is assumed to be already
established at the beginning of the experiment.

– simple chemistry model (MSC): The ureolysis rate is the
rate limiting reaction and precipitation of calcite occurs
immediately whenever urea is hydrolyzed as described
in the overall reaction (R1) [26].

As described in Section 3.2, the experiment starts with a
biomass injection and a growth period until the biofilm is
established. The initial biofilm model MIB omits this part
of the simulation under the assumption that a uniformly
distributed biofilm is already established in the beginning
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Table 1 Times in hours for
measurement of the calcium
concentration after pulse

pulse number
5 7 10 22 24 30

0 hours 151.35 218.85 290.85 626.85 698.85 866.85

0.5 hours 151.85 219.35 291.35 627.35 699.35 867.35

1 hour 152.35 219.85 291.85 627.85 699.85 867.85

2 hours 153.35 220.85 292.85 628.85 700.85 868.85

3 hours 154.35 221.85 293.85 - 701.85 869.85

4 hours 155.35 222.85 294.85 630.85 702.85 870.85

of the experiment and assuming further no reattachment of
biomass detached from the biofilm. As growth, decay and
detachment of biofilm are still considered, leading to non-
uniform biofilm along the flow path, the initial distribution
of biofilm has very limited impact on the simulation
results for the used injection strategy [27]. Additionally, the
number of necessary primary variables is reduced by one, as
suspended biomass does not need to be considered [26]. The
simple chemistry model MSC simplifies the precipitation
rate equation to be equal to the ureolysis rate equation.
The model makes the assumption that whenever urea put
into the system hydrolyzes, calcite immediately precipitates,
treating calcite precipitation as an equilibrium reaction and
ignoring the saturation state. Therefore, there is no need
for computing the precipitation rate and the associated
expensive-to-calculate saturation state and carbonate and
calcium activities. As the activities do not need to be
calculated, also the ammonia/ammonium produced during
ureolysis do not have any effects on the precipitation rate
and thus, the results. Consequently, the primary variable
accounting for ammonia/ammonium is removed, reducing
the number of primary variables by one [26]. The key
differences that are important for the model simplifications
are summarized in Table 2.

The computational time of the initial biofilm model MIB

still remains high and is only slightly lower than for the
full complexity model on the same computational cluster.
The strong assumptions in the simple chemistry model MSC

allow to obtain results of one model run after 40 minutes
using the same computational cluster. Apart from decreas-
ing the computational cost, model simplification reduces
parametric uncertainty. A too detailed (too complex) model
with many parameters and without enough calibration data
and therefore parametric uncertainty results in a high pre-
dictive variance (i.e. uncertainty) of the model.

Models should generally be “as simple as possible, as
complex as necessary” (principle of parsimony) [23] to
prevent overfitting (e.g. [3, 36]). The considered parameters
in the following were previously identified as sensitive
parameters of the MICP models and already used for
calibration in [25]:

– the coefficient for preferential attachment to biomass
ca,1,

[
s−1

]

– the coefficient for attachment to arbitrary surfaces ca,2,[
s−1

]

– the dry mass density of biofilm ρf,
[
kg/m3]

– the enzyme content of biomass kub,
[
kg/kg

]
.

As the initial biofilm model MIB assumes that there are
no attachment periods, it is only dependent on the model
parameters ρf and kub. The full complexity model MFC and
simple chemistry model MSC are both dependent on all four
model parameters. Following the physically possible range
of the considered uncertain parameters, we assume that all
of the model parameters are uniformly distributed in the
intervals shown in Table 3.

Table 2 Key differences of the investigated models

model full complexity MFC initial biofilm MIB simple chemistry MSC

simplifying assumption – pre-existing biofilm precipitation determined by ureolysis

simulated time 3203460 s 3109860 s 3203460 s

biomass transport and attachment yes no yes

sophisticated geochemistry yes yes no

kinetic precipitation rate yes yes no

number of primary variables 12 11 11

neglected component – suspended biomass ammonia/ammonium
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Table 3 Intervals for the model parameters

model parameter interval

ca,1
[
1 · 1010s−1, 1 · 10−7s−1

]

ca,2
[
1 · 1010s−1, 1 · 10−6s−1

]

ρf
[
1 kg/m3, 15 kg/m3]

kub
[
1 · 10−5 kg/kg, 5 · 10−4 kg/kg

]

3.4 Implementation details of the surrogatemodels

We construct two surrogate models (one for calcite, one
for calcium) for each of the three competing MICP models
described in Section 3.3 (resulting in a total of six different
surrogate models) using a d = 2 order aPC expansion
according to the prior distributions presented in Table 3.
For this purpose, the three original models will be evaluated
D = (Np + d)!/(Np!d!) times according to Section 2.1.
Since the D evaluations for the construction of the surrogate
models are independent, these model runs were parallelized.
Further, we refine each of the three surrogates using iterative
Bayesian updating of the aPC representation according to
Section 2.2. Here, we restrict the number of Bayesian
updates to ten due to the high computational demand and
previous experience (see e.g. [6]), so that Pend = D +
10 = (Np + d)!/(Np!d!) + 10. This results in Pend =
15 + 10 = 25 model evaluations for the simple chemistry
model MSC and the full complexity model MFC and Pend =
6 + 10 = 16 for the initial biofilm model MIB. During the
Bayesian updating, we consider the standard deviation of
measurement errors ε at each point in space (and time) equal
to 20% of the associated measurement value for both the
calcite content and the calcium concentration.

4 Bayesianmodel justifiability analysis
of Biogeochemical models in porousmedia

4.1 aPC-based representation of MICPmodels

Equation 4 provides errors of the surrogate models for every
point in space and time due to the structure of Eq. 1. As
every point in space and time has its own surrogate model,
there are 5 · 35 · 10 = 1750 LOOCV errors (5 spatial
and 35 temporal points that are used for the comparison,
10 updating steps) computed for calcium and 8 · 10 for
calcite (8 spatial points that are used for the comparison, 10
updating steps) in the analyzed set up. The LOOCV error
is computed after the primal construction of the surrogate
models and during the iterative Bayesian updating. In order
to visualize the errors, we will average the respective values
over space (and time) after every updating step. In order
to compare the LOOCV error of the surrogate models for

calcium and calcite, the relative errors must be considered,
since the two quantities of interest (calcite content [%] and
calcium concentration [mol/m3]) are in different orders of
magnitude. For this purpose, they were normalized to the
mean output value, as shown in Fig. 4.

The relative mean LOOCV errors before the first update
are not considered in this figure to get a better visualization,
since this error is significantly higher than the ones after
the updates. First of all, the figure shows that the error for
calcite decreases more strongly than the error for calcium.
It is also remarkable that for all models the error for calcite
is in a similar order of magnitude. This means that all
surrogate models are of a comparable quality for the calcite
content. For calcium, the error of the simple chemistry
model MSC is significantly larger than the one for the other
two surrogate models. This can occur if one uses Bayesian
updating and wants to improve the models only in the
region of the measurement data. This means the surrogate
model is similar to the original one in the region of the
measurement data, but it deviates a lot from the original
model in other regions (not part of the measurement points).
This results in a higher overall LOOCV error. The larger
error of the surrogate model is compensated later by the
newly introduced correction factor in Section 2.5.

Furthermore, the relative mean LOOCV errors for calcite
are in a range of [2 · 10−5, 6 · 10−5] after the last update
and those for calcium are in a range of [4 · 10−3, 4 · 10−1].
Accordingly, the worst surrogate response for calcite is still
better than the best one for calcium. This indicates that the
surrogate models for the calcite content as a whole are better
with respect to the LOOCV error than those for the calcium
concentration.

4.2 aPC-based Bayesianmodel justifiability analysis
for MICPmodels

We will perform the aPC-based Bayesian model selection
incorporating the measurement data and aPC-based Bayesian
model justifiability analysis according to Sections 2.5 and
2.7 using the obtained surrogate representations of the
three analyzed MICP models from Section 4.1. Following
the justifiability analysis, we compute the model weights
as stated in Section 2.6 and adjust them with the novel
correction factors from Sections 2.5 and 2.7 in a second
stage. BME convergence was ensured by checking the
evolution of the averaged likelihood over an increasing
data set size. In order to justify the underlying physical
assumptions behind the MICP models, we will assess the
impact of the data set size onto BME values appearing in
the Bayesian model justifiability analysis. To do so, we
start with only one spatial data point, then we use half of
the available data set size and finally we include all of the
spatial data points for calcium and calcite. This results in the
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Fig. 4 Relative mean LOOCV
errors for calcite content and
calcium concentration with
increasing number of updates
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following data set sizes ND,spatial ∈ {1, 3, 5} for calcium
and ND,spatial ∈ {1, 4, 8} for calcite.

4.2.1 aPC-based BMS and Bayesian model justifiability
analysis

In a first stage, the conventional BMS analysis for measure-
ment data is performed with results illustrated in Fig. 5.

One can observe that the simple chemistry model MSC

obtains the highest model weight (normalized BME value)
for all data set sizes. A model wins the competition either
because of its low complexity or because of its goodness-
of-fit to the measurement data (or both) [68]. These two
aspects will be further investigated in a second stage, the
justifiability analysis.

Figure 6 shows the corresponding model confusion
matrices for both the calcite content and the calcium con-
centration predictions. Each entry corresponds to the weight
of one model, which is the probability that model Mk (rows)
is the data-generating process of the predictions made by
model Ml (columns) according to Bayes’ theorem.

The main-diagonal entries of the model confusion matri-
ces in Fig. 6 represent the models’ ability to identify their
own predictions. The higher the value of the main diagonal
entry in Fig. 6, the higher is the probability of the model to
identify itself as the data-generating process. The diagonal
values increase when a bigger data set size is used, agree-
ing well with the theory of the Bayesian model justifiability
analysis discussed in [68]. The diagonal weight of the sim-
plest model, the simple chemistry model MSC, is always the
highest, independent of the data set size, which shows that
the analysis identifies this model as data-generating, even if
the data set is large and the model makes strong assump-
tions. For both the calcium and the calcite, the diagonal
entries achieve the “absolute majority” of more than 0.50
in favor of justifiability (except for the initial biofilm model
MIB for calcite) when taking the full data set into account.
This means that the data set size is sufficient to justify the
modeling concepts behind the considered models.

But even for the full data set, the full complexity model
MFC obtains a high weight when the initial biofilm model
MIB generates the data and vice versa. It follows that the

Fig. 5 Model weights for the
prediction of calcite content and
calcium concentration over
increasing amount of used
spatial data points ND,spatial
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Fig. 6 Model confusion matrices for calcite content [%] and calcium concentration [mol/m3] of the three models and the measurement data (MD)
over increasing amount of used spatial data points ND,spatial

initial biofilm model MIB and the full complexity model MFC

confuse their predictions and are not confident in identifying
their own predictions (the initial biofilm model MIB for calcite
is not even able to identify itself). However, only for the
simple chemistry model MSC the weight is 1.00 and there-
fore its “level of detail” is perfectly supported with the full
data set. The measurement data (MD) obtain a model weight
of 1.00 for the full data set too, since it is clearly able to
identify itself with the full data set. The weights for the
models with the measurement data as the data-generating
process are strikingly low. In statistical terms, this means
that all models are clearly rejected by the full data set.
This fits with the conclusions drawn in [25], that there is at
least one relevant process not yet implemented in “sufficient
detail”, which is necessary for better results.

4.2.2 Howmuch data do we need?

The matrices on the left in Fig. 6 show that considering only
one spatial data point is not sufficient, since the diagonal
entries for calcite and calcium are all less than 0.50 except
for the measurement data for the calcium concentration.
This means that there is no “absolute majority” in favor of
justifiability for any model and even the measurement data
of the calcite content are not able to identify itself (which

is obvious since there is clearly a variance between the
measurements at different spatial data points). The matrices
also show that the simplest model MSC obtains the highest
weight of all three models when the data set size is small
(principle of parsimony).

When using half of the data set, the simplest model MSC

and the most complex model MFC for calcium receive an
absolute majority with model weights of 0.63 and 0.52,
while the data set size does not suffice for self-identification
of the initial biofilm model MIB. The weight of MIB on the
diagonal entry increases with an increasing data set size,
but it never gains a weight greater than 0.5. In contrast,
the weight for MIB for the calcium concentration reaches
the absolute majority, which means that the data set size
is sufficient for self-identification and the physical model
assumptions leading to simplifications are justifiable.

Let us now have a closer look on the main-diagonal
entries of the model confusion matrix (“self-identification
weights”) over an increasing data set size in Fig. 7.

It shows, that for the simplest model MSC and clearly for
the measurement data, perfect justification (model weight of
1.00) is achieved very quickly. For the initial biofilm model
MIB and the full complexity model MFC, a larger data set
size is required to justify their complexity. Since the weights
for the more complex models do not stagnate at some point,
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Fig. 7 Average model weights
for the data-generating process
of the two quantities of interest
(calcite content and calcium
concentration) of the three
models and the measurement
data (MD) over increasing
amount of used spatial data
points ND,spatial
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we do not expect that a much larger data set is required to
justify their complexity.

When comparing both quantities of interest for the
same data set size, the data-generating process for the
calcite content is always identified with less confidence (i.e.
obtains a lower weight) than for calcium.

4.2.3 How similar are the models?

Now we will assess the similarities between the different
models looking on the off-diagonal entries in Fig. 6. For
a single data point, we can clearly see that the models
“confuse” their predictions, as the off-diagonal weights are
relatively high. When the initial biofilm model MIB or the
full complexity model MFC are the data-generating process
for the calcite content, the weights for the other models
are even larger than the main-diagonal entry. For increasing
data set size, the dissimilarities between the models become
more significant, but only for the calcium concentration.
In contrast, the model confusion remains for the calcium
predictions, i.e. the current data set size does not yield a
clearer distinction between the models. However, using the
full data set, the model confusion decreases significantly,
only the similarity between the initial biofilm model MIB

and the full complexity model MFC remains clearly visible.
For both calcite and calcium, MIB and MFC are similar,
since they both have a relatively high weight, when the other
one generated the data. Having a look only at the calcite
content shows that even when the initial biofilm model MIB

is the data-generating process, the full complexity model
MFC obtains a higher weight, which means that the model
cannot be justified with this data set size [68].

4.2.4 Howwell do the models fit the data?

In a last step, we will analyze the goodness-of-fit of
the models to the measurement data. Figure 8 shows the

determination coefficient (R2) between the different model
outputs and the measurement data, averaged over all model
outputs evaluated on P different collocation points:

R2 = 1

P

P∑

i=1

⎛

⎜⎜⎜⎜⎝

Ns∑
j=1

(
y0,j − y0

)2

Ns∑
j=1

(
Mk,j

(
ω(i)

) − y0
)2

⎞

⎟⎟⎟⎟⎠
, (25)

with y0,j being the vector of measurements at position j

of total length Ns, its mean y0 and Mk,j

(
ω(i)

)
the model

output of model Mk at position j evaluated at collocation
point ω(i). The R2 values for different predictions of the
same model (different evaluations on different collocation
points) were averaged to obtain one representative value per
model. For both, calcite content and calcium concentration
predictions, the mean R2 is highest for the simple chemistry
model MSC. With regard to the BMS analysis it shows that
the small BMS weights of the initial biofilm model MIB and
the full complexity model MFC stem from a lower goodness-
of-fit and a higher complexity than the simple chemistry
model MSC. Remember that a more complex model needs a
significantly better goodness-of-fit to justify its complexity
[68] (and to achieve a similar weight as a simpler model).
Furthermore, it is interesting that the weight of the initial
biofilm model MIB is smaller than the one for the full
complexity model MFC for the same data set size, although
the full complexity model MFC is slightly more complex
while their goodness-of-fit is similar. Therefore, the high
computational effort of the initial biofilm model MIB is not
justified.

4.2.5 Results

Combining the insights from the Bayesian model justifia-
bility analysis and the goodness-of-fit analysis, we draw the
following conclusions about the initial biofilm model MIB
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Fig. 8 Mean R2 between the
different model outputs and the
measurement data
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and simple chemistry model MSC as simplifications of the
full complexity model MFC: The initial biofilm model MIB

achieves moderate BME values in the BMS analysis and
does not use its full potential according to the Bayesian
model justifiability analysis. Additionally, MIB provides
unsatisfactory goodness-of-fit to the measurement data and
cannot capture the underlying physical process reasonably
well. The simple chemistry model MSC for calcite and cal-
cium obtains the same weight of 1.00 in the BMS analysis
(Fig. 7) and Bayesian model justifiability for (Fig. 6) with
the full data set. Therefore, the simple chemistry model MSC

uses its full potential to represent the data and it captures the
response of the underlying physical system appropriately.

5 Summary and conclusions

Bayesian model selection (BMS) cannot only be used for
ranking models based on their goodness-of-fit to measure-
ment data and parsimony, but also to quantify similarities
among models. This work introduces the surrogate-based
Bayesian model justifiability analysis for analyzing micro-
bially induced calcite precipitation models in porous media.
The suggested framework offers a rigorous pathway to
address so-called conceptual uncertainty, i.e. which model
is best suited for describing the underlying physical system.
The justifiability analysis compares the models among each
other and the available measurement data.

Applying the justifiability analysis in addition to the
BMS analysis yields a better insight on why a model wins
the BMS ranking: either because it fits the measurement
data best or only because the data set size is too small to
identify a more complex model, that actually fits better. In
the latter case, the apparently best model is only best given
a too small data set size [68].

The BMS and justifiability analysis were performed
using surrogate models, which were built via an arbi-
trary polynomial chaos expansion (aPC) in order to assure
feasibility of the analyses for computationally demanding
biogeochemical models. The aPC accelerates the analysis,
which requires a large number of model evaluations, by
reducing the required number of evaluations of the orig-
inal model. We apply Bayesian iterative updating of the
surrogate models improving their accuracy while incorpo-
rating measurement data. In order to account for the error
that arises by comparing the surrogates instead of the orig-
inal models, correction factors for the calculated weights
were introduced. The correction factor proposed by [43],
correcting the comparison of a model and measurements,
was extended to a novel correction factor for a compar-
ison between two computationally demanding models. It
helps to perform a reliable surrogate-based Bayesian model
justifiability analysis.

Applying the introduced Bayesian model justifiability
analysis to three different models (simple chemistry model
MSC,initial biofilm model MIB and full complexity model
MFC), we compare the models to measurement data
and among each other. The comparison is based on the
predictions of calcite content and calcium concentration at
different data points in space and time. The justifiability
analysis has shown that the simple chemistry model MSC

and the full complexity model MFC for calcite and calcium
and the initial biofilm model MIB only for calcium
identify themselves best, compared to the other models,
when a certain data set size is used. The simple chemistry
model MSC even achieves perfect justification with a
weight of 1.00.

The analysis has also revealed that the data set size is
too small for justification of the initial biofilm model MIB

in terms of the calcium concentration, since its diagonal



Comput Geosci

entries of the model confusion matrix are always smaller
than 0.5. Further, it shows that the initial biofilm model
MIB and the full complexity model MFC are similar in terms
of both quantities of interest (calcite content and calcium
concentration). Additionally, performing the conventional
BMS analysis reveals the simple chemistry model MSC as
the best model in the model set, because of its best trade-
off between goodness-of-fit to the measurement data and its
sufficiently small degree of complexity.

The proposed analysis provides an extension of the
very general justifiability analysis by [68] that makes it
applicable for computationally expensive models. It can be
concluded that the results for surrogate models followed the
intuitively assumed preference for the simplest model when
only limited amount of data is available. This makes the
method ideal for application cases where the same situation,
limited amount of measurement data and computationally
expensive models, appears. Although this method poses
an effective way of comparing computationally expensive
models their computational cost must not be disregarded.
With increasing computational cost the number of model
evaluations decreases for a given period of time, which
leads to a more imprecise surrogate model and therefore less
reliable results in the justifiability analysis.

Appendix A: Computational details
for the overdetermined system
of equations

The solution of the overdetermined system needs to be
approximated by minimizing the Euclidian norm (L2-norm)
of the residual:

min
c(x,t)

‖Ψ (ω) · c(x, t) − M(x, t; ω)‖2.

via a linear regression:

Ψ T (ω) · Ψ (ω) · c(x, t) = Ψ T (ω) · M(x, t; ω).

The new system is determined again and can be solved
with the help of the pseudoinverse:

c(x, t) =
(
Ψ T (ω) · Ψ (ω)

)−1 · Ψ T (ω) · M(x, t; ω)

c(x, t) = Ψ +(ω) · Ψ T (ω) · M(x, t; ω),

where Ψ +(ω) denotes the pseudoinverse.
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Abstract
There has been an increasing interest in using multi-model ensembles over the past decade. While it has been shown that 
ensembles often outperform individual models, there is still a lack of methods that guide the choice of the ensemble mem-
bers. Previous studies found that model similarity is crucial for this choice. Therefore, we introduce a method that quantifies 
similarities between models based on so-called energy statistics. This method can also be used to assess the goodness-of-fit 
to noisy or deterministic measurements. To guide the interpretation of the results, we combine different visualization tech-
niques, which reveal different insights and thereby support the model development. We demonstrate the proposed workflow 
on a case study of soil–plant-growth modeling, comparing three models from the Expert-N library. Results show that model 
similarity and goodness-of-fit vary depending on the quantity of interest. This confirms previous studies that found that “there 
is no single best model” and hence, combining several models into an ensemble can yield more robust results.

Keywords Multi-model ensembles · Energy statistics · Model set visualization · Crop modeling

Introduction

Multi‑model approaches

Multi-model ensembles have received increasing interest in 
crop-modeling over the last decade (Palosuo et al. 2011; 
Asseng et al. 2013, 2015; Martre et al. 2015; Wöhling et al. 
2015; Yun et al. 2017; Makowski 2017; Wallach et al. 2018). 
While multi-model approaches can serve different purposes 

(Höge et al. 2019; Minka 2002), the main focus in the crop-
modeling community has been to improve the accuracy of 
predictions (Asseng et al. 2015; Martre et al. 2015) or to 
estimate the uncertainty due to model choice, often referred 
to as conceptual uncertainty (Asseng et al. 2013). Please 
note that no multi-model method can quantify the conceptual 
uncertainty on an absolute level (Nearing and Gupta 2018). 
The reason for this is evident: In practice, there is no way 
to create and sample from an exhaustive list of all plausible 
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models that cover the entire range of possible outcomes 
(Nearing and Gupta 2018; Vehtari and Ojanen 2012; Höge 
et al. 2019; Ferré 2017).

Therefore, Nearing and Gupta (2018) suggest understand-
ing multi-model methods rather as sensitivity analyses. From 
this point of view, multi-model methods are tools that make 
modelers aware of how much predictions may differ within 
the model set depending on the choice for a certain concep-
tual model. This follows the line of thought of Ferré (2017) 
who introduced the idea of a multi-model ensemble as a 
“team of rivals”, which provides competing views of a sys-
tem. If the competing models agree on a certain prediction, 
this increases the decision makers’ confidence, while disa-
greement indicates the need for further investigation (Ferré 
2017).

When different models are merged to improve predic-
tions, modelers hope for two effects that make the ensem-
ble more skillful than its individual members: (1) the errors 
of the individual models cancel one another. This requires 
the individual models to be independent, i.e. different in 
their assumptions and conceptualizations (e.g. Abramow-
itz and Gupta 2008; Abramowitz 2010; Evans et al. 2013; 
Sanderson et al. 2015a, b; Abramowitz et al. 2018; Ene-
mark et al. 2019). However, this assumption is often not met 
(Abramowitz and Gupta 2008; Abramowitz 2010; Bishop 
and Abramowitz 2013; Evans et al. 2013; Sanderson et al. 
2015a, b; Knutti et al. 2017; Abramowitz et al. 2018). (2) 
The ensemble covers a broad spectrum of possible system 
behavior (Enemark et al. 2019) and thus compensates for 
over-confident individual models (e.g. Fritsch 2000; Doblas-
Reyes et al. 2005; Weigel et al. 2008).

Various studies have compared the predictive perfor-
mance of multi-model ensembles to the ones of the indi-
vidual ensemble members (e.g. Krishnamurti et al. 2000; 
Georgakakos et al. 2004; Doblas-Reyes et al. 2005; Hage-
dorn et al. 2005; Weigel et al. 2008; Diks and Vrugt 2010; 
Arsenault et al. 2015; Yun et al. 2017; Christiansen 2018). 
They found the following aspects to be crucial for the per-
formance of ensemble predictions: 

1. the applied combination/averaging/weighting method 
(Krishnamurti et al. 2000; Doblas-Reyes et al. 2005; 
Diks and Vrugt 2010; Arsenault et al. 2015; Höge et al. 
2019, 2020),

2. the performance measure used for assessing the predic-
tive skills (Hagedorn et al. 2005; Weigel et al. 2008; 
Diks and Vrugt 2010),

3. the spread (variability) of the individual models (Fritsch 
2000; Doblas-Reyes et al. 2005; Weigel et al. 2008), and

4. the similarity of the individual models regarding their 
structure and their predictions (Tebaldi and Knutti 2007; 
Abramowitz and Gupta 2008; Abramowitz 2010; Winter 
and Nychka 2010; Bishop and Abramowitz 2013; Evans 

et al. 2013; Sanderson et al. 2015a, b; Abramowitz et al. 
2018; Enemark et al. 2019).

In the present study, we focus on the last two of these 
aspects: the similarity and the spread of the individual mod-
els. We show how the similarities of (or distances between) 
the models can be quantified while accounting for the spread 
in their predictions.

Referring to the often claimed superiority of ensemble 
predictions, Hagedorn et al. (2005) argue that the question 
of whether the ensemble has higher predictive skill than the 
best individual model is posed wrongly because there is 
often no “best” individual model. They show that it is usu-
ally not the same model that performs best considering all 
quantities of interest or under all conditions. Rather, what is 
typically identified as the “best” model looking at a particu-
lar aspect of the simulated system might be a weak model 
considering another aspect. Therefore, Hagedorn et  al. 
(2005) conclude that the ensemble is superior to single mod-
els because its predictions are more robust, i.e. better over a 
broad range of predicted variables and modeling periods. We 
set up the present analysis accordingly, such that it enables a 
model comparison considering various quantities of interest.

Ensemble predictions in crop modeling

In crop modeling, a systematic assessment of multi-model 
ensembles was initiated within the Agricultural Model Inter-
comparison and Improvement Project (AgMIP; Rosenzweig 
et al. 2013). In the wheat pilot study of that project, Asseng 
et al. (2013) compared 27 wheat models by analyzing the 
predicted grain yield under climate change conditions. They 
found that predictions vary significantly between different 
models. Thus, there is considerable uncertainty concerning 
model choice when predicting yields under climate change 
conditions. In an earlier comparison of yield predictions 
from eight crop models, Palosuo et al. (2011) also found 
great differences between the individual models. This study 
showed that none of the models was able to outperform its 
competitors across different environmental conditions and 
for different variables. In addition, the comparison of four 
crop models by Wöhling et al. (2015) had similar findings 
that support the argument of Hagedorn et al. (2005) that 
there is no “single best model”.

While Asseng et al. (2013) focused on the “end-of-sea-
son variable” grain yield, Martre et al. (2015) compared the 
same 27 models also regarding grain protein concentration 
and “in-season variables” (leaf area index, plant-available 
soil water, total aboveground biomass, total above-ground 
nitrogen, and nitrogen nutrition index), with all models being 
calibrated on phenology data. The authors found that the 
ensemble predictions are more reliable and attributed this 
improvement to the different process descriptions providing 
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a wide range of plausible system behavior. The study also 
reports that some models had rather small errors for the end-
of-season variables yield and grain protein concentration 
while showing large errors for in-season variables. There-
fore, Martre et al. (2015) emphasize that for comparing the 
performance of different models, it is important to consider 
several variables as a model might perform well regarding a 
certain variable, but poorly regarding others.

Another suggestion of Martre et  al. (2015) is to fur-
ther investigate how to choose the individual models for 
an ensemble and how to weigh them. Many studies in the 
climate modeling community found that the dissimilarity 
of the individual models is crucial for the success of an 
ensemble (e.g. Tebaldi and Knutti 2007; Abramowitz and 
Gupta 2008; Abramowitz 2010; Sanderson et al. 2015a, b; 
Abramowitz et al. 2018). If two models in the ensemble 
are highly similar, this leads to difficulties in the weighting 
scheme as these models should not receive the same weight 
as if they were independent. George (2010) and Garthwaite 
and Mubwandarikwa (2010) therefore recommend using 
so-called “dilution priors” that divide the weight between 
partly redundant models. We hypothesize that quantifying 
the similarity between the models can help to choose the 
individual ensemble members and weigh them in a way that 
accounts for possible redundancies.

Another ubiquitous issue when comparing models is 
calibration. In a recent study, Wallach et al. (2020) dis-
cuss the “chaos in calibrating crop models”, i.e. the lack 
of a unified calibration procedure in the crop modeling 
community. In an earlier study, Wallach (2011) stated 
that in the calibration of crop models, often model struc-
tural errors are compensated by specifying non-physical 
parameter values. As a result, a model might perform well 
for the quantity of interest it has been calibrated on, but 
poorly for others. This effect is more severe, the more 
parameters a model has (e.g. Jefferys and Berger 1992; 
Lever et al. 2016). Therefore, Vogel and Sankarasubra-
manian (2003) recommend checking model adequacy in 
an uncalibrated state. We follow that recommendation 
and implement our analysis in a Monte Carlo framework, 
sampling prior parameter distributions. This allows us to 
evaluate the model performance independent of a specific 
parameter choice and we avoid to cloud model errors by 
assigning parameter values that compensate for structural 
deficiencies. As in any Bayesian framework, a subjective 
choice of prior distributions based on expert knowledge is 
needed. In fact, in the Bayesian setting, plausible ranges 
and assumed distributions are part of the model, just as a 
fixed parameter assumption (or the decision that a param-
eter is free for calibration) would be part of a model in 
deterministic modelling. Different choices among these 
options makeup different models.

Goal and approach of this study

The main goal of this study is to quantify similarities between 
probabilistic model predictions and visualize them intuitively. 
The proposed methods help modelers to gain deeper insights 
into the model set and to choose a suitable multi-model strat-
egy accordingly. Our approach is to use a statistical metric, 
the so-called energy distance (Rizzo and Székely 2016) to 
quantify the (dis-)similarity between probabilistic model pre-
dictions and noisy measurements. Metrics, in general, are 
distance measures. Statistical metrics measure how close sta-
tistical objects such as probability distributions are, i.e. they 
take probability densities into account. We use the energy 
distance as a metric to compare predictive distributions that 
are generated by sampling from the prior parameter distri-
butions of each model in a Monte Carlo framework. This 
enables us to take parametric uncertainty into account and 
to compare the models independent of a specific parameter 
choice. Thus, for comparing the models, we calculate the 
energy distance between their predictive distributions.

With the same method, we can also assess model perfor-
mance by calculating the energy distance between model 
predictions and noisy observations. For this, we fit a prob-
ability density function to replicate measurements. From this 
distribution, we draw samples to calculate the energy dis-
tance in a Monte Carlo framework. If no distribution for the 
measurement errors can be defined (e.g. because no replicate 
measurements are available and no assumptions about meas-
urement noise seem defendable), we can use the determinis-
tic counterpart of the energy distance: The so-called energy 
score (Gneiting and Raftery 2007) compares probabilistic 
distributions to deterministic values and is directly related 
to the energy distance. This makes the concept of energy 
statistics widely applicable for rating probabilistic models.

The proposed method fulfills the following properties: 

1. It can act on multivariate model predictions and thus 
reflect “overall” model characteristics.

2. It quantifies the similarity between pairs of models in 
the same way as the similarity between models and 
observations. Thus, it can assess the similarity between 
model predictions as well as model performance given 
observed data.

3. It can be used for comparing probabilistic model predic-
tions to both noisy observations (by using the energy 
distance) and to deterministic observations (by using the 
energy score).

4. It acts on prior predictive distributions and thus accounts 
for parametric uncertainty in each model.

For guiding the multi-model process, we need an intui-
tive way to visualize the quantified similarities among the 
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models and measurements. Therefore, we suggest different 
methods for visualizing similarities among models, which 
highlight different aspects of similarity and, when combined, 
provide a detailed overview for interpreting the model set.

The paper is structured as follows: First, we present the 
mathematical methods, i.e. the “Energy distance” and the 
“Energy score”, and visualization techniques in the sec-
tion “Visualizing predictive similarity”. Experimental data 
are presented in “Field experiments” and we introduce 
the model set in “Model description”. This is followed 
by “Results and discussion”. We summarize our findings 
and provide conclusions in the section  “Summary and 
conclusions”.

Methods

Energy distance

In this section, we describe how the (dis-)similarity between 
two probabilistic models or between a probabilistic model 
and noisy measurements can be quantified and visualized 
based on Monte Carlo samples of the models’ predictive 
distributions.

Well-known distance measures like the Euclidean or 
Manhattan distance ( LP-metrics) are based on the coordi-
nates of points in the Euclidean space. These distances do 
not take the density of probability distributions into account. 
In contrast, statistical distances (also known as probability 
metrics) measure the distance between two statistical objects 
such as random variables, probability distributions, or data 
samples (e.g. Deza and Deza 2016) and include information 
about probability densities.

Rizzo and Székely (2016) introduced the energy distance 
as a metric that measures the distance between two random 
vectors X, Y in ℝD . It is called energy distance because of 
the analogy to the potential energy between objects (Rizzo 
and Székely 2016). It satisfies all axioms of a distance metric 
(non-negativity, identity of indiscernibles, triangle inequal-
ity) (e.g. Deza and Deza 2016). The squared energy distance 
D2 between the distributions F(X) and G(Y) is defined as

with � being the expected value, || ⋅ ||2 being the Euclid-
ean norm, X and X′ being independent and identically dis-
tributed (iid) variables, the same applies for Y  and Y ′ . In 
this study, we analyze data based on the energy distance 
d(F,G) =

√
D2(F,G).

The expected values in Eq. 1 can be implemented in a 
Monte Carlo framework as follows:

(1)
D

2(F,G) = 2�||X − Y||2 − �||X − X
�||2 − �||Y − Y

�||2 ≥ 0,

where x ∼ F , y ∼ G , and NMC being the number of Monte 
Carlo samples.

Figure 1 shows four 1D examples that illustrate how 
the energy distance between two univariate probability 
density functions (pdf) changes depending on the mean 
Euclidean distance between these pdfs �||X − Y||2 and 
the mean Euclidean distance within each pdf �||X − X�||2 . 
Analogously, the energy distance can quantify the distance 
between D-dimensional random vectors.

Comparing Fig. 1a, d as well as (b) and (e) shows that 
keeping the same mean and increasing the variance of dis-
tribution G decreases the energy distance d(F, G) between 
both distributions. Subfigure (c) shows that for two identi-
cal distributions, the energy distance becomes zero, while 
the expected value of the Euclidean norm �||X − Y||2 is 
not equal to 0. Subfigure (f) illustrates the energy distance 
between two distributions with the same mean but different 
variances.

Energy score

When working with real and error-prone data, we do not 
have access to the full distribution of the data (i.e. a “true” 
value and a distribution function of errors) but only to the 
measured instances thereof, i.e. our observations. In some 
cases, these measurements suffice for estimating the underly-
ing distribution reasonably well. If this is not the case (e.g. 
if there are only a few measurements available), we need an 
alternative for rating probabilistic predictions given deter-
ministic measurements.

In deterministic modeling, the performance of a model is 
usually evaluated by an error measure between the model’s 
best estimate �̂k and the observations �meas . Different models 
are then rated based on the achieved best estimate error, 
e.g. a root mean square error (RMSE) or the mean absolute 
error (MAE).

In probabilistic modeling, model rating is based on so-
called scoring rules (Gneiting and Raftery 2007). These 
scores account for the entire predictive distribution of the 
model instead of only the best estimate. Many different 
scores exist (Gneiting and Raftery 2007; Yao et al. 2018). 
Among these, the energy score is directly related to the 
above-introduced energy distance (Székely and Rizzo 2013), 
i.e. it resembles the one-sided version of the energy distance 
(Ziel and Berk 2019). The energy score ES for the model 
predictive distribution G and observations �meas writes as:

(2)�||X − Y||2 =
1

N2
MC

NMC∑

k=1

NMC∑

l=1

√
(
�k − �l

)2
,

(3)ES(G, �meas) =
1

2
�||Y − Y �||�

2
− �||Y − �meas||�2 ,
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with � ∈ (0, 2) . We choose � = 1 as it is a standard choice for 
distributions that are not heavily tailed (Ziel and Berk 2019). 
For � = 2 , the energy score is equal to the negative squared 
error (Gneiting and Raftery 2007).

In cases we cannot assume a reasonable distribution 
based on replicate measurements, we will use the energy 
score instead of energy distance. We want both quantities 
to act on the same scale, so they are directly comparable. 
Therefore, we use d(F,G) =

√
D2(F,G) and 

√
ES for the 

analysis.

Visualizing predictive similarity

We want to visualize the (dis-)similarity of the model pre-
dictions to get an intuitive understanding of the diversity 
in the considered model set. At the same time, we want to 
visualize how well the predictions match the measurements. 
Therefore, we treat both the models and the measurements as 
objects in a common model predictions-observations space, 
which we call “quantity of interest space”. Representing the 
similarities of N objects (models and observed data) leads to 
ncomb = N ⋅ (N − 1)∕2 combinations. While in our applica-
tion, this number (three models and one measurement data 
set, hence, six combinations) is comparatively small, visu-
alization of model similarity in two dimensions is already 
not a straightforward task. Clearly, the number of models to 
be compared can become much higher in extensive multi-
model ensembles. Therefore, the methods we propose for 
visualization are also suitable for larger model sets.

Each of these objects (models and observed data) consists 
of nqoi variables (quantities of interest). In the case of proba-
bilistic modeling, each variable is assigned a probability dis-
tribution. Therefore, we have to deal with high-dimensional 
data, and regarding its two-dimensional visualization, we 
have to balance the interpretability and the preservation of 
the original structure in the applied projection (Liu et al. 
2017), which is a typical problem in the visualization of 
high-dimensional data.

We make use of different techniques for visualizing the 
similarity of two objects (model-model, model-data) under 
different conditions. Each visualization method highlights a 
different aspect, so which method is the most insightful one 
depends on the specific question we ask about the model set: 

1. Heatmaps: In a matrix, the distances between all pairs of 
objects are visualized through varying colors or intensity 
(e.g. Nandi and Sharma 2020).

2. Radar charts: Several axes are arranged radially starting 
from a common center. Each axis represents a certain 
quantity of interest, i.e. a different variable or the same 
variable under different boundary conditions. Each value 
(here, the distance between two objects) is plotted along 
one axis. This is repeated for all axes. Finally, all values 
are connected to a polygon, representing one object (e.g. 
Nandi and Sharma 2020).

3. Dendrograms: Dendrograms are tree-like diagrams that 
are typically used for visualizing hierarchical structures. 
A dendrogram consists of branches that connect objects 

Fig. 1  Illustrative 1D example of the energy distance d(F, G) between 
two probability density functions F and G. It is calculated based on 
the mean Euclidean distance between these functions �||X − Y||2 and 

the mean Euclidean distance within each function �||X − X
�||2 and 

�||Y − Y
�||2 , respectively
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depending on their similarity. The height at which 
two objects are joined together represents the distance 
between these objects (e.g. Nandi and Sharma 2020). 
For creating such a diagram, we use an agglomerative 
hierarchical clustering approach (Xu and Wunsch 2008): 
An algorithm identifies pairs of clusters with minimal 
distance in-between and merges them. This merging pro-
cedure is repeated until all data points are finally in one 
overarching group (Xu and Wunsch 2008). The merging 
depends on the chosen linkage method, i.e. the definition 
of the distance between two clusters. For the present 
study, we chose a linkage that uses the average distance 
between data points in two clusters.

Case study description

Central to our study is the simulation of wheat growth, 
energy and water fluxes in six agricultural fields in two 
regions during several years (2010–2015). These fields fea-
ture slightly contrasting meteorological conditions at two 
different sets of sites (1–3 and 4–6), with soils being only 
similar in sites 1–3. The study is based on an extensive data 
set enabling coupled soil–plant-growth modeling and com-
paring simulation results to high-quality measurements. The 
field data is summarized in “Field experiments” and the par-
ticipating models of the ensemble in “Model description”.

Field experiments

The data set used in this study is a subset of a multi-site, 
multi-year, and multi-crop data set that contains extensive 
characterization of soil properties and states, plant growth 
and yield, management, and soil–atmosphere fluxes of 
energy, water and carbon dioxide. It was obtained from 
measurement campaigns in intensively managed agricultural 
fields of local farmers. We will limit the description of the 
data set to a minimum since it was published alongside a 
manuscript with full methodological details (Weber et al. 
2021).

The data were collected between May 2009 and Sep-
tember 2018. In this study, we use a subset that covers the 
sites and years in which winter wheat was cultivated from 
2010–2015 (year of harvest). The combination of a site at 
which and a year during which winter wheat was cultivated 
are reported as site-years. For example, winter wheat grown 
at site 1 from November 2014 to July 2015 is denoted as 
site 1, year 2015. In total, we analyze data of 14 site-years. 
Details of the two regions can be found in Weber et al. 
(2021), and their soil properties are summarized in Table 1.

All required meteorological forcings were measured at 
half-hourly time intervals and data gaps were filled. In the 
data set, grain yield was reported both by the farmer as a 
field average and by extrapolation of the plot sampling to 
the field. Phenology and leaf area index were measured at 
least biweekly during the main vegetation season (April to 
mid July).

Table 1  Properties of the soil 
horizons at sites 1–6, and the 
soil hydraulic property model 
parameters �

s
 and �

r
 , which are 

the fixed saturated and residual 
water content, respectively

Site Depth No. of simu-
lation layers

Organic matter Clay Silt Sand Bulk den-
sity

�
r

�
s

(–) (cm) (–) (gg−1 ⋅ 100) (g cm−3) (cm3 cm−3 ⋅ 100)

1 0–30 6 1.75 18.2 79.4 2.5 1.37 7.5 46.0
30–45 3 0.61 18.8 79.2 2.0 1.51 7.2 42.9
45–165 24 0.42 18.7 80.4 0.9 1.48 7.3 43.9

2 0–30 6 1.53 17.9 79.5 2.6 1.33 7.6 47.0
30–45 3 0.52 20.1 77.0 2.9 1.46 7.5 43.9
45–165 24 0.34 18.7 79.7 1.6 1.53 7.1 42.5

3 0–30 6 1.64 17.1 81.1 1.8 1.37 7.4 46.2
30–45 3 0.83 18.7 80.4 1.0 1.50 7.3 43.4
45–165 24 0.63 16.1 83.0 0.8 1.51 6.9 43.2

4 0–20 4 4.35 37.8 56.0 6.2 1.31 9.5 49.2
20–30 2 2.13 38.6 52.5 8.9 1.34 9.4 48.2
30–50 4 1.63 48.4 43.3 8.4 1.32 10.0 50.0

5 0–20 4 3.64 28.9 68.3 2.8 1.37 8.6 46.8
20–60 8 1.44 33.6 64.3 2.1 1.40 8.9 46.7
60–165 21 0.71 34.2 64.0 1.8 1.51 8.7 44.0

6 0–30 6 5.50 45.6 51.2 3.2 1.04 10.7 59.0
30–45 3 3.88 47.6 48.3 4.1 1.29 10.1 51.3
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Model description

The relevant processes for crop development and growth, 
unsaturated water flow, nitrogen and carbon turnover in 
the soil, evapotranspiration, and drainage water quantity 
and quality were simulated with the multi-model library 
Expert-N (Priesack 2006). Expert-N is a model system that 
facilitates a high degree of flexibility in selecting compet-
ing model formulations for the relevant processes in the 
soil-vegetation-atmosphere continuum. An example of a 
48 member multi-model ensemble using Expert-N is the 
study about climate change impact on wheat and maize 
yield development in Ethiopia by Rettie et al. (2022). That 
study uses a model ensemble consisting of 48 unique model 
members set up in Expert-N. For the presented study we 
selected three different plant growth models within Expert-
N: CERES (Ritchie et al. 1988), SUCROS (van Laar et al. 
1997), and SPASS (Wang and Engel 2000; Gayler et al. 
2002), which are coupled to the soil carbon and nitrogen 
turnover and transport models SOILN (Johnsson et al. 1987) 
and LEACHN (Hutson and Wagenet 1995), and the Richard-
son–Richards equation for variably saturated water flow as 
implemented in HYDRUS-1D (Šmunek et al. 1998). Fluxes 
of heat and dissolved nitrogen in the soil were described by 
LEACHN and potential evapotranspiration as calculated by 
the Penman–Monteith equation (Allen 1998) modulated by 
crop coefficients. These models are described in “Pheno-
logical development”– “Soil nitrogen”. The model initial 
and boundary conditions, including a description of the 
uniformly distributed and bounded model parameter priors 
for sampling the prior predictive distribution, are given in 
“Process models”. In the following, SUCROS, CERES, and 
SPASS are described and refer to the versions implemented 
in Expert-N v.3.1. Model parameters and priors are listed in 
Tables 5, 6, and 7.

Phenological development

In Expert-N, the phenological development (BBCH) is 
modeled as a parametric function of thermal time, ver-
nalization, photoperiod effect, and temperature sensitiv-
ity. While CERES is differentiated into nine development 
phases, SPASS and SUCROS are differentiated into three. 
All three adopted models distinguish the vegetative growth 
phase (BBCH ≤ 60) from the generative phase (BBCH > 60 ) 
and one for emergence. CERES (Ritchie and Godwin 1989; 
Jones 1986) and SUCROS (Spitters et al. 1989; Van Laar 
et al. 1992) are widely established models and SPASS is a 
combination and development out of the other two (Wang 
1997; Gayler et al. 2002). Internally, phenological develop-
ment is first simulated as a development stage on a scale 
from − 0.5 to 2.0, and is subsequently converted to an exter-
nally reported BBCH variable using fixed lookup tables with 

10 support points (11 in the case for SPASS). The support 
points in the lookup tables were considered as fixed. The 
simulated phenology acts as a boundary condition for the 
remaining part of the dynamic plant growth model, by set-
ting the precondition after which certain other parts of the 
model are active (i.e. triggering submodules for, e.g. leaf 
area index or grain filling after anthesis at BBCH = 60). 
An important difference between the models is that winter 
wheat requires vernalization, which is the induction of flow-
ering after a cold period. In contrast to CERES and SPASS, 
which contain routines for vernalization. Since SUCROS 
does not include vernalization, it is strictly speaking, a 
spring wheat model.

Root growth, root water uptake, and transpiration

Dynamic root growth in all plant models is simulated by 
roots growing downward up to a maximum root extension 
depth. The maximum growth rate is reached under optimum 
conditions. This is modulated by impacts of unfavorable 
environmental factors (temperature, soil moisture) in the 
layer of the currently greatest root extension. Specifically, 
these impedances are functions of temperature and low soil 
moisture (SPASS, SUCROS), or of low soil moisture and 
low mineral nitrogen contents (CERES). In each simula-
tion layer, the active roots are the balance between root 
growth and senescence at each time step (Gayler et  al. 
2013). To calculate root water uptake, a root length density 
is required. CERES and SPASS use an identical approach: 
the root length growth rate is linearly related to the root 
biomass growth rate, and the vertical distribution is related 
to water and nitrogen availability in the respective soil lay-
ers. In SUCROS, the root length growth rate is derived for 
each simulation layer based on a crop-specific root depth 
distribution function, the root biomass, and a specific root 
length. The upper limit of root water uptake is limited to the 
potential transpiration as calculated by the Penman–Mon-
teith equation (Allen 1998). In the case of SPASS and 
CERES, a maximum root water uptake rate per root length 
is additionally defined. All three models use a macroscopic 
approach in which root water extraction is distributed to 
the individual simulation layers proportionally to the rela-
tive root length in the layers, as long as the water supply is 
optimum. Impedance factors such as oxygen deficiency in 
(near-)saturated soils, soil compaction and structure, disease 
and pests, adverse chemical conditions (e.g. salts) are not 
considered in the models. To account for crop effects on 
potential evapotranspiration, all three models use crop coef-
ficients, which we modeled as a piece-wise phenology-state 
dependent function with three parameters kcini (−) , kcmid (−) , 
and kcend (−) , which are the crop coefficient for the initial, 
mid and end of the vegetation period, respectively. These 
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parameters were considered uncertain with the uniform dis-
tribution in the ranges given in the Appendix, Table 4.

CO
2
 assimilation, biomass growth and leaf area 

development

CERES adopts a robust “big leaf” approach to calculate car-
bon assimilation, using empirical adjustments to account for 
the depth-dependence of photosynthetic capacity and light 
response, with the interception of photosynthetically active 
radiation dependent on leaf area index. Biomass develop-
ment depends on the partitioning of assimilates to different 
plant organs (roots, leaves, stem, and fruit). It is achieved 
through potential growth rates and a priority scheme for the 
allocation of assimilates to each organ (differentiated into 
five developmental stadia). In the juvenile phase, i.e. in the 
stadium between the emergence and, the development of 
the first apical spikelet, the leaf area index develops expo-
nentially, and after the juvenile phase, leaf area develops 
proportionally to the leaf biomass development, depending 
on temperature, and water and nitrogen stress. In SUCROS 
and SPASS, the calculation of carbon assimilation is based 
on a multi-layer approach, which is more comprehensive 
compared to CERES. The aim of this approach is to dif-
ferentiate between sunlit and shaded leaves and to account 
for the attenuation of direct and diffuse radiation. The two 
models differ in vertical resolution as SUCROS uses a 
three-layer approach, and SPASS uses five layers, but the 
calculation of leaf internal CO2 concentration and net pho-
tosynthesis is similar, with small differences in the calcu-
lation of water stress and nitrogen response functions. In 
contrast to CERES, in SPASS and SUCROS carbohydrate 
allocation and hence organ growth follows an assimilate-
partitioning scheme, which is fixed at optimum water supply 
and is determined solely by the development stage of the 
plant. However, in the case of water deficiency, root growth 
is favored in both models to counteract the cause of stress. 
In SUCROS, the leaf area growth is directly coupled to leaf 
biomass growth rate, whereas in SPASS, leaf area growth 
rate does account for water and nitrogen deficiency. More 
detailed presentations can be found in Priesack (2006), Prie-
sack and Gayler (2009), Biernath et al. (2011), Wöhling 
et al. (2013) and references therein.

Soil hydrology

In Expert-N, the standard process model for simulating 
variably saturated moisture fluxes in soils is the Richard-
son–Richards equation (RRE) (Richardson 1922; Richards 
1931). The solution of the RRE requires parameter functions 
to describe the soil hydraulic properties. Since we simulated 
root water uptake using a macroscopic approach (van Dam 
et al. 2008), it is sufficient to parameterize the RRE using 

the van Genuchten Mualem model (van Genuchten 1980). 
There would be physically more comprehensive soil hydrau-
lic property models that account for water storage and con-
ductivity in medium to dry soils (Weber et al. 2019; Streck 
and Weber 2020; Weber et al. 2020). These would influence 
the simulation of actual transpiration under water-stressed 
conditions only when using microscopic (not macroscopic) 
root water uptake models (van Dam et al. 2008), providing 
hydraulic uplift does not influence the simulation.

For each site, a top-soil/sub-soil differentiation was made, 
each with a different parameterization. The varied param-
eters per soil layer are � ( cm−1 ) and n (–), which are the 
van Genuchten shape parameters, the saturated hydraulic 
conductivity Ks ( cm d−1 ), and the tortuosity parameter � (–), 
and we fixed m = 1 − 1∕n . Instead of varying the saturated 
and residual water contents, �r(−) and �s , respectively, we 
vary the soil water content profile set as an initial condi-
tion. The soil model is discretized into simulation layers of 
5 cm depth (see Appendix, Table 1). Here, in contrast to the 
observed soil profiles, we reduce the number of simulated 
soil horizons for the soil hydrological part to two by merging 
the second and third horizon at sites 1–5. The differentia-
tion into more horizons is pedologically founded, but for 
the modeling purpose of this study not parsimonious, i.e. 
we group horizons with very similar hydraulic properties.

Soil nitrogen

Mineralization, nitrification, and denitrification are modeled 
following the SOILN approach, while urea hydrolysis, vola-
tilization and dissolved nitrogen transport are modeled using 
the LEACHN approach.

The model concept of SOILN differentiates three pools 
of organic nitrogen representing the three different pools of 
organic carbon, available to the soil microbes. These pools 
are termed ‘litter’, ‘humus’, and ‘manure’. The ‘litter’ pool, 
a pool with fast turnover rates, represents fresh organic mat-
ter and microbial biomass. The ‘humus’ pool with a slow 
turnover of soil organic carbon, and the ‘manure’ pool, 
which represents the organic fertilizer. There are two essen-
tial assumptions of this model concept; (i) the N demand 
for the internal carbon cycle is governed by a constant C/N 
ratio of 10:1 in the microbial biomass and in the humus 
pool, and (ii) mineral nitrogen that is released or assimilated 
by the microbial biomass, follows this ratio. We varied the 
rate constants kminer,man (d−1) , kminer,lit (d−1) , kminer,hum (d−1) , 
which govern the rate of mineralization of the manure, lit-
ter, and humus pools. We also varied the rate coefficients for 
the nitrification knit (d−1) and denitrification kminer,lit (d−1) , 
where, analogously to the treatment of the soil hydraulic 
properties, we model the two horizons with different sets of 
kinetic rate constant parameters, except for kminer,man , which 
we set to 0 for the sub-soil. The rate constant for the urea 
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hydrolysis kurea,hy is a constant 0.36 (d−1) . The effectivity of 
decomposition fe (–) describes the fraction of carbon that 
is re-immobilised after decomposition and set to a constant 
0.45. The humus development constant fh (–) describes the 
fraction of decomposed litter that is added to the humus pool 
and was set to 0.2.

Model setup and implementation

Process models

As an upper boundary, we generally use in situ measured 
daily aggregated atmospheric temperatures (minimum, 
mean, and maximum), global radiation, wind speed, and 
precipitation. Potential evapotranspiration fluxes were calcu-
lated based on the Penman–Monteith approach. For the sol-
utes, we use flux boundary conditions prescribing constant 
atmospheric NH4 deposition, and the timing, frequency, 
type, and amount of fertilizers. At the lower boundary, we 
used free drainage for the water flow module and a zero gra-
dient for the solute and heat flux modules. Field management 
in terms of nitrogen input by fertilizers, and sowing and 
harvest dates were set to the farmer-reported data.

The selection of which parameters are considered as 
uncertain priors, and their respective ranges and distribu-
tional assumptions was guided by both model system and 
expert knowledge. Details are listed in Tables 4, 5, 6 and 7). 
We ran simulations based on nMC = 10,000 parameter vec-
tor realizations generated by Latin Hypercube sampling per 
site-year and model. The gained forward simulation results 
resemble approximations to the prior predictive distributions 
for each of the 14 site-years and each of the plant models. 
This resulted in a total of 420, 000 individual simulations 
performed on the High-performance Cluster bwFOR of the 
Federal State of Baden-Württemberg. The varied model 
parameters are listed in the Appendix in Tables 4, 5, 6 and 7.

Similarity analysis

We analyze the similarity of probabilistic predictions of 
CERES, SUCROS, and SPASS (Priesack 2006) via the 
energy distance between the predictive distributions of the 
models for different variables. The analyzed variables are 
yield, phenology, and leaf area index. For comparing model 
predictions and measurements, we use either the energy dis-
tance or the energy score as discussed in “Energy distance” 
and “Energy score”: 

1. Fitting a distribution to the observations and using the 
energy distance: In the case of yield predictions, we can 
reasonably assume a Gaussian measurement error and, 
hence, define a distribution for the observations. There-
fore, we can use the energy distance not only for the 

pairwise comparison of the models’ distributions among 
each other but also for the comparison with the distribu-
tion fitted to the observations.

2. Using the median of the observations and the energy 
score: In the case of the other two variables, leaf area 
index and phenology, making assumptions about meas-
urement error and fitting a distribution to the obser-
vations is not as straightforward. Instead, we take the 
median of the measurements and use the energy score 
to compare the models and the observations. For the 
comparison of the models among each other, however, 
we still use the energy distance because the predictive 
distributions are available.

Please remember that similarities quantified by the energy 
score and the energy distance are on the same scale, and 
hence directly comparable.

We analyze data from six sites and up to three years per 
site to check how model performance and similarity vary 
under different conditions.

Results and discussion

First, we compare the models’ similarity (among each other) 
and their performance (i.e. similarity to observations) based 
on the end-of-season variable yield. Later, we analyze in-
season variables to gain more insight into the processes that 
may have led to differences in the final yield predictions.

Analysis of the end‑of‑season variable yield

For yield, we assume a Gaussian measurement error, 
describing the distributions based on the replicates’ mean 
and variance. The resulting distributions are shown in 
Figs. 2 and 3. Based on Monte Carlo samples of these dis-
tributions, we calculate the energy distance between models 
and observations.

Predictive distributions

Figures 2 and 3 depict the distributions for yield predicted 
by the three models and the measurements for the sites 1–3 
and 4–6, respectively. The probability density functions 
represent the prior model predictions, i.e. the models have 
not been calibrated and represent the full range of plausible 
parameters as defined in Tables 5, 6 and 7.

The mean observed values for yield range from 7.0 t∕ha 
(site 2, 2013) to 9.2 t∕ha (site 4, 2014), the corresponding 
standard deviations range from 0.39 t∕ha ≈ 5% (site 2, year 
2011) to 2.1 t∕ha ≈ 23% (site 6, year 2014).

The probability density functions show that the predic-
tions made by SPASS (yellow) have the highest variance for 
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Fig. 2  Probability density functions of the yield predicted by the three models and observed (gray), sites 1–3. For better visualization, y-axis 
scales are not the same across all sub-plots

Fig. 3  Probability density functions of the yield predicted by the three models and observed (gray), sites 4–6. For better visualization, y-axis 
scales are not the same across all sub-plots
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all sites and years and it predicts ranges of very low yield 
with a higher probability than CERES (blue) and SUCROS 
(red) do. For most cases, SUCROS shows the smallest vari-
ance in the yield predictions and, from the visual impression, 
the best goodness-of-fit to the measurements (gray).

Energy distance‑based similarity analysis

To get a more aggregated and objective comparison of the 
predictive distributions of all models and the data, we quan-
tify their similarity according to their prior predictive distri-
butions using the energy distance (Eq. 1). In the following, 
we discuss corresponding visualizations with radar charts, 
dendrograms, and heat maps.

Visualizing model similarities using radar charts
Figure 4 shows four radar diagrams that represent the simi-
larity of the models and the observations, each centered on 
one of the models, or the observations, respectively. In each 
chart, each model is represented by points that are connected 
across all radial axes. Each axis represents one site-year. The 
closer a point to the center, the lower the energy distance 
between the respective distributions, i.e. the more similar 
the distributions.

The background color of each segment is color-coded 
according to the weather conditions of the respective site-
year. For this color-coding, we calculated the ratio of mean 
precipitation and mean temperature from April to June p/T 
and represent low values as red and high values as blue. This 
color-code is useful to investigate if there is any obvious 
relationship between weather conditions and model perfor-
mance or similarity.

From Fig. 4a we can see that SUCROS is closest to 
the observed data for most site-years. In parts, this can be 
explained by SUCROS showing the lowest variance in the 
yield predictions, while being reasonably centered on the 
observations (see Figs. 2, 3).

Comparing model performances for sites 1 and 2 in 2013, 
we notice that CERES and SPASS are much closer to the 
data for site 1 than they are for site 2. Considering that the 
conditions at both sites are very similar, it may be surprising 
that the models perform so differently. The model predic-
tions for both sites are indeed highly similar. However, the 
observations’ variances differ considerably between both 
sites (see Fig. 2). Please recall the property of the energy 
distance that decreasing the variance of a distribution 
while keeping the same mean increases the energy distance 
between two distributions (see Fig. 1). This effect is clearly 
visible in the case of model performances for site 1 and 2 
in 2013.

Focusing on the weather conditions during the growing 
season, we see that all models perform relatively poorly 
for site 5, 2010, which was a rather wet year at this site. Here, 

SPASS is slightly closer to the measurements than the other two 
models. This is due to the high variance of its predictions (see 
Fig. 2), which leads to a larger overlap of the predictive distribu-
tion with the measurement distribution, even though the modes 
of all three predictive model distributions are relatively similar, 
all overestimating the yield. For the other wet year 2013, we can-
not observe a similarly poor performance of all models. Only the 
CERES predictions of site 2, 2013 show a rather high distance 
to the observations again overestimating the measured yield (see 
Fig. 2). However, for the relatively dry conditions at site 3 in 
2010, CERES shows a similar distance as it again overestimates 
yield (see Fig. 2). Hence, in the current data set, the poor per-
formance of the models cannot be clearly explained by specific 
weather conditions.

Next, we check whether any of the models perform above 
its average during certain weather conditions: CERES per-
forms well for site 6 in 2014, which was a rather dry year. 
SUCROS shows equally good performance under both dry 
and wet years. SPASS performs comparatively well for site 
4 in 2011, which was the second driest year in our data set. 
However, this is not true for other dry years in this data set.

In summary, we cannot observe a specific pattern of good 
or poor model performance under certain weather conditions. 
This result indicates that the data do not provide evidence for 
identifying systematic mispredictions based on climate or site. 
An exception is site 5, which, however, only has one replicate 
year, so that no general statement can be made.

In Fig. 4b–d, we focus on the similarity between the mod-
els. When CERES is in the center of the radar chart (subfig-
ure (b)), we can see the high discrepancy between CERES 
and SPASS for site 3, 2014, site 1 and 2, 2015, site 3, 2010 
(rather dry years). The highest distance between CERES and 
SUCROS occurs for site 1 and 2, 2013 (wet years). When 
SUCROS is centered (subfigure (c)), it is apparent that 
SPASS is closer, i.e. more similar for most site-years. Sub-
figure (d), with SPASS being centered does not contain new 
information that has not yet been shown in figures (a)–(c) 
and is only shown for the sake of completeness.

Visualizing model similarities using dendrograms
In Fig. 5, an alternative visualization of model similarities 
based on dendrograms is presented. Here, the data of sites 
1–3 are shown, the corresponding Figure for sites 4–6 can be 
found in the appendix (Fig. 11). Please note that the order of 
the models is not necessarily the same for all dendrograms. 
Rather, this so-called leaf order was optimized such that the 
sum of the similarities between adjacent leaves is maximized 
(Novoselova et al. 2015).

From the way models and observations are merged into 
clusters and from the height at which two objects are joined 
together in the dendrograms, we can intuitively see their 
similarity.
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As can be seen from Figs. 5 and 11, different clusters are 
formed for different site-years. This shows that both, model 
similarity and goodness-of-fit, vary depending on the site-years.

Visualizing model similarities using heatmaps
In the heatmaps shown in Figs. 6 and 12, small values are 
represented by light colors and large values by dark colors. 

To dissect the individual components that the energy dis-
tance consists of, we plot its constituent parts �||X − Y||2 
and �||X − X�||2 separately. The main diagonal entries repre-
sent the spread within the predictive distribution of a single 
model �||X − X�||2 , while the off-diagonal entries represent 
the similarity of two objects �||X − Y||2.

Fig. 4  Radar charts showing the energy distance between all models 
and observations based on yield predictions. In each subplot, one of 
the models or the observations are centered. Each colored line rep-
resents the distance of one model or the observations to the data set 

in the center. Each axis represents one site-year (abbreviated as, e.g. 
“s1–11” for site 1, year 2011). Segment colors resemble the annual 
weather conditions: hot and dry (red), average (yellow) to cold and 
wet (blue)
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From the color-coding, we can intuitively see that the 
highest dissimilarity among the models occurs for site 3 in 
2010 and 2014, as well as for sites 1 and 2 in 2015, as these 
heatmaps are overall darker than the others. In the same 
manner, it is immediately obvious that SPASS clearly differs 
from the other models and the measurements. This is neither 
visible in Fig. 4 (radar charts), nor in Fig. 5 (dendrograms). 
The last columns/rows show the goodness-of-fit to the obser-
vations. Here, it is clearly visible that SUCROS performs 
best and SPASS performs worst for most site-years.

Comparison of the visualization methods
Table 2 summarizes the properties of the three visualization 
methods and their applicability for different use cases.

With heatmaps and dendrograms, all objects (here: mod-
els) can be compared at one glance, however, only for one 
condition (here: site-year). Therefore, for comparing many 
models under specific conditions (e.g. per site-year), heat 
maps and dendrograms are suitable. In contrast, radar charts 
are useful for comparing one object (e.g. measurement data) 
to a small number of other objects (e.g. models) under many 
different conditions (e.g. site-years).

Dendrograms make it easy to identify clusters. Such clus-
ters can, for example, indicate settings in which all models 
are similar, but are far from measurements. Such a case may 
point to the fact that an important process was not considered 
in any of the models. Examples for such a setting are the yield 

predictions for site 5, year 2010 and site 4, year 2014 (see 
Appendix B1). Of course, we can also see from the density 
functions in Fig. 3 or the radar chart centered on the observa-
tions (Fig. 4) that none of the models fits the measurements 
for this site-year well. However, the analysis based on density 
functions is only trivial in 1D cases such as the exemplary yield 
predictions used here. Imagine if we wanted to compare higher 
dimensional predictions. In such cases, this task would be much 
easier using dendrograms based on probability metrics. Also 
the analysis based on radar charts would be less convenient for 
identifying clusters: we can tell from the radar chart centered on 
the observations that all models are far off. However, we cannot 
tell based on the same radar chart whether the models are close 
to each other. To get this insight, we would have to analyze 
several radar charts with different models being centered.

Summary regarding the Expert-N model set
Summarizing the comparison of the Expert-N model set, 
SUCROS performs best in predicting yield based on the simi-
larity of its prior predictive distribution and the distribution of 
the observations. The highest similarity among the models is 
between SPASS and SUCROS, while the biggest differences 
appear for SPASS and CERES. Our analysis confirms that 
yield predictions vary significantly between different models 
as Asseng et al. (2013) and Palosuo et al. (2011) found in 
earlier studies.

Fig. 5  Dendrograms showing the energy distance between models and observations based on yield predictions, sites 1-3
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Using the energy distance to aggregate the information and 
visualizing it with radar charts, dendrograms, and heat maps 
have been found insightful when inspecting influencing factors 
such as different sites or different weather conditions.

Analysis of the in‑season variable phenology

After analyzing the end-of-season variable yield, we now 
focus on time series of the in-season variables phenologi-
cal development stage (BBCH) and leaf area index (LAI, 

“Analysis of the in-season variable leaf area index”). Exem-
plary plots of the BBCH time series for site 1, year 2011 are 
shown in Fig. 7. The corresponding plots for all site-years 
are provided in the Appendix (Fig. 25).

We start with a qualitative analysis of the time series in 
“Predictive distributions”. Next, we quantify how similar 
or different the models behave at each daily time step by 
calculating the energy distance between the predictive distri-
butions in “Energy distance-based similarity analysis”. We 
compare this between-model distance to the spread within 

Fig. 6  Heatmaps reflecting the similarities between models and observations based on yield predictions, for sites 1–3. The color-coding repre-
sents the values of the individual components of the energy distance: �||X − Y||2 (off-diagonal entries) and �||X − X

�||2 (main diagonal entries)

Table 2  Comparison of the 
visualization methods

The checkmark means that the method is well suited, the checkmark in parentheses means that the method 
can be used for the task in certain cases, but the visualization might become overloaded

Visualization method Radar charts Heat maps Dendrograms

Type Axis-based Matrix-based Hierarchy-based
Comparison of many objects × ✓ ✓
Comparison of many conditions ✓ (✓) ×

Easy identification of clusters × (✓) ✓
Color-coding possible ✓ (✓) (✓)
Variation within and between objects × ✓ ×



Modeling Earth Systems and Environment 

1 3

each model. This spread is calculated as the square root of 
the mean Euclidean distance between all samples of the pre-
dictive distribution (see Eq. 1).

In contrast to the analysis of the yield predictions, we do not 
assume a distribution for the measurement errors for BBCH or 
LAI. Therefore, we use the median of the replicates and calcu-
late the energy score, i.e. the counterpart of the energy distance 
for comparing distributions to a single observation.

Predictive distributions

From Fig. 7 we can see that the prior predictive distribu-
tions for the development stage generated by SPASS show 
a very small variance until January, whereas the predictions 
of CERES and SUCROS initially have little variance, but the 
spread increases already in November. This can be observed 
for all site-years (see Fig. 25).

Comparing the predictions to the measurements shows 
that early BBCH stages are usually overestimated by all 
three models. Starting approximately in March, when the 
development stage reaches values of 20, the predictions 
become more accurate.

The mean predictions of SPASS are closest to the meas-
urements for most site-years, while particularly CERES, 
and to a lesser extent SUCROS, overestimate earlier phe-
nological development. The discernible steps in the SPASS 
simulations are a direct result of and consistent with the 
model structure: in contrast to the two other models, which 
represent the secondary growth stages as fractions of the 
temperature sums required for each principal growth stage 
(BBCH = 10–20, 20–30, 30–40, … ), SPASS simulates the 
secondary growth stages during the early development 
(BBCH = 10–40) based on the number of emerged main 
stem leaves (BBCH = 11, 12, … ), tillers (BBCH = 21, 22, 

… ), and main stem nodes (BBCH = 31, 32, … ) Wang and 
Engel (1998). Therefore, in this model simulated BBCH may 
not be a continuous function of time. For example, if only 
five main stem leaves have unfolded by the day on which 
the principal growth stage “tillering” (BBCH = 20) has 
been reached, a discontinuity from BBCH = 15 to BBCH = 
20 would be simulated. The model behaves similarly with 
respect to the number of tillers on day of principal growth 
stage “stem elongation” (BBCH = 30) and the number of 
nodes at principal growth stage “booting” (BBCH = 40).

We note that the better predictions of BBCH by SPASS 
are in contrast to the worst performance in yield. We can 
put these results into perspective with the yield predic-
tions. While our belief about plausible parameter ranges 
of SUCROS and CERES led to an early onset of BBCH 
development, on average, the grain filling period from anthe-
sis (BBCH = 60) until maturity (BBCH = 90) is longest. 
The price of this is a worse match in BBCH, in contrast 
to SPASS. While SPASS reaches maturity approximately 
similarly as SUCROS, it is the shorter grain filling duration 
in SPASS that results in a tendency for lower yields, shown 
by the heavy tails on the left of the predictive distribution 
functions (see Figs. 2, 3).

For the stated reasons, this delayed BBCH development 
(i.e., not-achieved maturity, leading to lower grain yields) 
does not occur in CERES. From this insight, we can update 
our formulation of plausible parameter ranges by ensuring 
that the grain filling rate in the SPASS model parameters is 
increased. Similar updates are possible for SUCROS and 
CERES, where a delayed BBCH would have been matched 
with an increased grain filling rate. Since, in practice, fertili-
zation dates are co-informed by BBCH, this result is of great 
significance to enhance the prior predictive capabilities of 
the models for these types of environments.

Fig. 7  Time series of phenology 
predictions for site 1, year 2011. 
The shaded intervals represent 
the 90% credible intervals. The 
points represent the median of 
the replicate measurements
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Energy distance‑based similarity analysis

Figure 8 (a) shows time series of the spread of each model, 
(b) the energy distance between pairs of models and (c) the 
energy score between models and observations. The corre-
sponding figures for all other site-years are provided in the 
Appendix (Figs. 19, 20, 21, 22, 23 and 24).

From Fig. 8 we can see phenomena that can be observed 
in most site-years: Within-model spreads of phenology pre-
dictions (Fig. 8a) show an increasing trend until June and 
decrease steadily thereafter. This is to be expected since all 
models aim at reaching fill plant maturity by the time of 
harvest. While the curves for CERES (blue) and SUCROS 
(red) are similar, the one representing SPASS (yellow) is 
often shifted towards a later maximum in July and there-
fore shows the highest spread in its predictions at harvest 
date. From this, we can identify that the largest predictive 
uncertainty occurs around BBCH = 60, although it is one 
of the most important predicted stages. Within all models, 
the anthesis date at BBCH=60 is very important, as it marks 
the point at which grain filling starts. In principle, a very late 
start and short grain filling period (visible as steep slopes in 
the curves after BBCH=60 in Fig. 7) can be compensated 
with implausibly high grain filling rate parameters, such that 
reasonable yields can nevertheless be simulated. This can be 
achieved in all of the models.

In Fig. 8b, we can analyze the distance, i.e. dissimilar-
ity between pairs of models. The distance between CERES 
and SPASS (green curve) is the highest during most phases 
for all site-years. After reaching the maximum distance in 
May, it decreases again. The distance between SUCROS 
and SPASS (orange curve) shows a similar development, 
however, the distance between these models is smaller most 
of the time. The distance between CERES and SUCROS 
(purple curve) does not show this characteristic maximum 
in May, rather it increases more or less steadily over the sea-
son and thus, the difference between CERES and SUCROS 
becomes the highest at the harvest date.

The curves in Fig. 8c can be interpreted as the models’ 
goodness-of-fit to measurements. A low energy score means 
a low distance to the observations and hence a good model 
performance. The time series of CERES and SUCROS show 
similar behavior with a maximum energy score in May to June, 
followed by a decline. For most site-years, CERES has the 
highest energy score. Although in some cases SPASS starts 
with the highest energy score, for most site-years, it is closest 
to the observations during most phases. Hence, from a model 
selection perspective, SPASS would be considered best overall. 
Nonetheless, the analysis with the energy score clearly shows 
that, especially in certain time windows, employing additional 
alternative models increases reliable predictive coverage.

Fig. 8  a Within-model spread 
(square root of the mean 
Euclidean distance between the 
samples within each model) √
E
ii
 , b energy distance d 

between pairs of models, and c 
root energy score 

√
ES between 

models and observations based 
on phenology predictions, site 
1, year 2011. The dashed lines 
indicate the date when the mean 
predictions reach BBCH = 60
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Analysis of the in‑season variable leaf area index

Predictive distributions

After the analysis of BBCH, we now study the in-season 
variable LAI. Exemplary plots of the time series for site 1, 
year 2011 are shown in Fig. 9. The corresponding plots for 
all site-years are provided in the Appendix (Fig. 26).

The adopted measurement technique (Weber et al. 2021) 
for field observations of LAI does not differentiate between 
green leaf (i.e. photosynthetically active) and dead leaves. 
After the onset of leaf senescence, which dominates the 
LAI evolution after maximum LAI, we can consider that 
the measured LAI values contain an unknown amount of 
green leaf as well as dead leaves. However, the modeled 
LAI is green leaf LAI. For LAI, we can see clear differences 
between the predictions of the three models: CERES and 
SUCROS overestimate the LAI in the initial phase, however, 
the predictions of CERES do not drop as significantly as 
the ones of SUCROS. As for the phenological development, 
SPASS can describe the measured data most accurately.

In all cases, the peak of the median simulated LAI is 
much earlier than the peak in the measurements, sometimes 
by far. Since green leaf LAI of winter wheat is 0 at harvest, 
we see that, out of the three models, only a few individual 
simulation runs of SUCROS achieve this. Recall that the 
SUCROS wheat model does not simulate the vernalization 
of winter wheat. In other words, it is a summer wheat model, 
providing a feasible explanation of the, comparatively, very 
early development of LAI. This overestimation leads to a 
premature maximum and underestimates the measurements 
in the decreasing phase during senescence.

Figure 9 indicates that the prior predictive of SUCROS at 
harvest is close to zero, however with both an early and large 
peak in simulated LAI. Both CERES and SPASS are closer 
to the data but do not reach a green leaf of 0 at harvest. For 
SPASS this could relate to the fact that the simulated phenol-
ogy had not fully reached maturity by the time of the harvest. 
In other words, if in the model the harvest date had been set 
to full maturity, and not to the farmer-reported harvest date, 
we would surely observe a further decrease in LAI. While 
the development stage of SPASS is “too slow”, we can learn 
that the senescence of CERES is not fast enough.

Energy distance‑based similarity analysis

Similar to BBCH, the within-model spread of the LAI pre-
dictions in Fig. 10a increases slowly until June, followed by 
a decrease until harvest. The curves representing CERES 
and SPASS are relatively similar. SUCROS shows the larg-
est spread for most of the simulation time until it declines 
starting in June. At the harvest date, it is mostly SPASS that 
has the highest spread in its predictions.

In Fig. 10b, the energy distance between the models 
shows that, during most of the seasons, the predictions of 
CERES and SPASS are the most similar ones. The time 
series of the energy distance between SUCROS and CERES 
and between SUCROS and SPASS are similar, with the ones 
of SUCROS and CERES being usually lower (i.e. the mod-
els are more similar) and showing a minimum in June–July, 
followed by a rising phase until harvest.

Figure 10c shows that SPASS has the lowest distance to 
the observations for most months, which means it performs 
best. The curve representing CERES’ energy score ranges in 
the middle, and SUCROS performs worst, having the highest 
distance. The case of SUCROS highlights one of the major 
benefits of analyzing model predictive distributions using 
energy distance and energy score: While SUCROS shows 
the worst predictions according to Fig. 10c, it provides these 
with the highest confidence in the time from July to August. 
Energy statistics support this insight in a straightforward 
way on an easily-interpretable scale.

Compared to the energy-statistics-based analysis of 
BBCH (Fig. 8), the within-model spreads of the LAI predic-
tions (Fig. 10) are smaller and increase less during the grow-
ing season. From the energy distance between the models, 
we can observe that CERES and SPASS are the most dis-
similar models with regard to BBCH predictions, while they 
are the most similar ones considering LAI predictions. Here, 
the biggest differences are between the LAI predictions of 
SUCROS and SPASS. The smallest energy score and, hence, 
the best goodness-of-fit during most phases was calculated, 
for both quantities of interest, by SPASS. The worst per-
forming model regarding LAI predictions is SUCROS, while 
considering BBCH predictions, it is CERES.

Fig. 9  Time series of LAI predictions for site 1, year 2011. The 
shaded intervals represent the 90% credible intervals
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Our analysis of the prior predictive distributions revealed 
that a model that performs well during season might still 
end with an imprecise yield prediction: During the sea-
son, SPASS is best in predicting LAI and BBCH, whereas 
CERES and SUCROS clearly deviate from the observations, 
especially in the case of LAI. In predicting yield, however, 
SUCROS performs best, while SPASS is worst due to its 
very broad prior predictive distribution that covers even very 
low values with a relatively high probability. This confirms 
what was observed in the study by Martre et al. (2015). They 
compared the goodness-of-fit for calibrated models: a model 
that cannot reproduce in-season measurements well might 
do a better job in predicting end-of-season variables. Given 
our analysis, one could add to this statement that also the 
reverse can be true, i.e. a model that performs well during 
the season might still fail to predict yield reasonably.

In addition, the similarity among the models was not con-
sistent across different variables: while the LAI predictions 
of CERES and SPASS are the most similar ones and the ones 
of SUCROS and SPASS are the most dissimilar ones, the 
opposite is true considering the yield predictions.

Summary and conclusions

We analyzed the similarity of predictions by the three 
plant growth models CERES, SPASS and SUCROS and 
their goodness-of-fit to observed data in a probabilistic 

framework. The goal of this study was to find methods for 
gaining deeper insights into the model set. An intuitive 
understanding of similarities between the models and the 
measurements can help model developers to improve both 
the individual models and the multi-model methods. The 
presented method can be used to identify different model set-
tings, e.g. situations in which all models form a cluster while 
being distant from the measured data. This may indicate that 
all models are highly similar and that a relevant process is 
not considered in any of the models. An intuitive visualiza-
tion of model similarities can guide the multi-model process, 
e.g. when it comes to assigning model weights for averag-
ing. Therefore, we propose to combine specific visualization 
methods that make modelers aware of the (dis)similarities 
in the predictions of the considered model set. Each method 
highlights another piece of information and adds to a com-
prehensive overview of the considered model set.

The analysis is based on so-called energy statistics intro-
duced by Rizzo and Székely (2016). The energy distance 
between the probabilistic predictions is used to quantify 
model similarities. With the same method, we can also 
assess model performance by calculating the energy distance 
between model predictions and noisy measurements. For 
comparing probabilistic model predictions to deterministic 
observations, the so-called energy score is used. It acts on 
the same scale as the energy distance making both intuitively 
comparable. Therefore, energy statistics proved to be widely 
applicable, as energy distance and energy score can be used 

Fig. 10  a Within-model spread 
(square root of the mean Euclid-
ean distance between the sam-
ples within each model) 

√
E
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energy distance d between pairs 
of models, and c root energy 
score 

√
ES between models and 

observations based on LAI, site 
1, year 2011
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jointly to compare two probability distributions as well as a 
probability distribution and a deterministic reference.

Our results confirmed that “there is no single best model” 
(Hagedorn et al. 2005; Palosuo et al. 2011; Martre et al. 
2015): none of the investigated models performed consist-
ently better or worse than the others when considering dif-
ferent variables. While SPASS showed the best goodness-of-
fit regarding in-season variables LAI and BBCH, its overly 
wide yield predictions lead to poor performance for this end-
of-season variable. Therefore, combining the models in an 
ensemble might indeed give more robust predictions as a 
broader range of possible predictions is covered.

Generally, we suggest analyzing model similarities when 
using multi-model ensembles, as redundancies in the model 
set lead to an overly high weight of certain predictions and 
therefore, model weights should be diluted (George 2010; 
Garthwaite and Mubwandarikwa 2010). Similar to the 
results regarding goodness-of-fit, we also found that model 
similarities vary for different variables: two models that gave 
similar predictions for one variable showed clear differences 
in predicting another one. Therefore, no general dilution pri-
ors can be defined for this model set. Rather, they need to 
be chosen depending on model similarities for each quantity 
of interest.

We also investigated whether model similarities or per-
formance are dependent on the weather conditions during 
the growing season. To this end, we used radar charts to 
visualize the similarities and color-coded them according to 
the wetness or dryness of the respective site-year. Although 
there was no apparent effect of the weather conditions on 
the model predictions visible, we suggest this approach of 
visualization to be studied further. We assume that, for other 
scenarios and model sets, this might be a straightforward 

tool to display the influence of different boundary condi-
tions on the prediction accuracy and similarity of models. 
By assessing the within-model spread, the distance between 
the models, and the goodness-of-fit on the same scale, we 
can gain a better understanding of the model set.

Our study was based on prior predictions, i.e. the models 
have not been calibrated. There are two main reasons for 
this: (1) (not only) in the crop modeling community, dif-
ferent groups use different calibration approaches (Wallach 
et al. 2020) and hence, there is a lack of consistency. (2) 
Model structural errors are often compensated by choos-
ing non-physical parameters (e.g. Wallach 2011). This leads 
to good model performance for the variable the model has 
been calibrated on, but poor performance for others. There-
fore, we support the suggestion of Vogel and Sankarasu-
bramanian (2003) to validate the model structure prior to 
calibration. As in any Bayesian framework, a subjective 
choice of prior distributions based on expert knowledge is 
needed. Future research should assess the sensitivity of the 
analysis regarding the priors. Another promising way to go 
is the assessment of structural model similarity, e.g. based 
on information-theoretic methods as done by Bennett et al. 
(2019). As our analysis suggests that a combination of the 
individual models into an ensemble prediction might yield 
more robust results, our introduced model evaluation work-
flow might also inform different model combination methods 
and weighting schemes of future applications.

Appendix 1: Model description

See Tables 3, 4, 6, 5, 7.

Table 3  Characteristics of the three models, adapted from Asseng et al. (2013), supplementary material (Table S2)

CERES SPASS SUCROS

Leaf area/light interception Simple Detailed Detailed
Light utilization Radiation use efficiency approach Gross photosynthesis-respiration Gross photosynthesis-respiration
Yield formation Tot. (above-ground) biomass, num-

ber of grains
Number of grains, partitioning dur-

ing reproductive stages
Partitioning during reproductive 

stages
Phenology Temperature, photoperiod (day 

length), vernalization
Temperature, photoperiod (day 

length), vernalization
Temperature

Root distribution over depth Exponential Exponential Exponential
Environmental constraints Water limitation, N limitation Water limitation, N limitation Water limitation, N limitation
Type of water stress Actual to potential evapotranspira-

tion ratio, soil available water in 
root zone

Actual to potential evapotranspira-
tion ratio, soil available water in 
root zone

Actual to potential evapotranspiration 
ratio, soil available water in root 
zone

Water dynamics Richards approach Richards approach Richards approach
Evapotranspiration Penman–Monteith Penman–Monteith Penman–Monteith
Soil CN-model CN model, 3 organic matter pools, 

microbial biomass pool
CN model, 3 organic matter pools, 

microbial biomass pool
CN model, 3 organic matter pools, 

microbial biomass pool
No. of cultivar parameters 7 5 2
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Table 4  Description of model parameters varied and parameter bounds of the uniform prior where a = lower bound and b = upper bound, sub-
script 1 denotes the top-soil and 2 the sub-soil as defined in Table 1

Module Parameter Unit a b Description

Soil water �1 , �2 cm−1 0.002 0.03 van Genuchten �
n1, n2 – 1.2 2.2 van Genuchten n
K
s,1,Ks,2 cm d−1 10 500 saturated hydraulic conductivity

�1, �1 – − 1 8 Tortuousity parameter
ET

a
kcini – 0.2 1 Crop coefficient for the initial vegetation period (dev stage 0)
kcmid – 0.5 1.8 Crop coefficient for the mid vegetation period (dev stage 0.75–1.5)
kcend – 0.2 1 Crop coefficient for the end of the vegetation period (dev stage 2.0)

Nitrogen Nit1 d−1 0.1 1 Nitrification rate
Nit2 d−1 0.05 0.6
DeNit1 d−1 0.1 1 Denitrification rate
DeNit2 d−1 0.0 0.01
MiLit1 d−1 0.01 0.1 Mineralization rate constant of the litter pool
MiLit2 d−1 0.01 0.1
MiHum1 d−1 1e−5 1e−4 Mineralization rate constant of the humus pool
MiHum2 d−1 1e−6 1e−5

MiMa d−1 0.01 0.1 Mineralization rate constant of the manure pool
Initial condition �

ini,1 vol% 10 40 Initial soil profile water content
�
ini,2 vol% 15 45
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Table 5  Description of SPASS model parameters and parameter bounds of the prior

Parameter Unit a b Description

PMAX kgCO2
ha−1

leaf
h
−1 38 45 Gross photosynthesis rate at light saturation and CO2 340 ppm

LUE g J−1 0.55 0.7 Light use efficiency
TMINPS ◦C 0 5 Minimum temperature for photosynthesis
TOPTPS ◦C 20 25 Optimum temperature for photosynthesis
TMAXPS ◦C 32 40 Maximum temperature for photosynthesis
PDD1 d 32 48 Duration from emergence to anthesis
PDD2 d 20 36 Duration from anthesis to emergence
VERN d 24 46 Minimum value of vernalization days
PDL – 0.01 0.25 Photoperiod sensitivity factor
DLOPT h 18 20 Optimal photoperiod length
TMINDEV ◦C 0 2 Minimum temperature of vegetative development
TOPTDEV ◦C 22 26 Optimum temperature of vegetative development
TMAXDEV ◦C 32 38 Maximum temperature of vegetative development
TMINDEV2 ◦C 2 6 Minimum temperature of reprod. development
TOPTDEV2 ◦C 26 30 Optimum temperature of reprod. development
TMAXDEV2 ◦C 38 45 Maximum temperature of reprod. development
G1 #g−1 24 35 Number of grains per stem weight at anthesis
SPCLW kgDW ha−1

leaf
350 500 Specific leaf weight

RESR – 0.36 0.45 Fraction of stem weight as reserves
G2 mg grain−1 d−1 2.4 3.6 Maximum grain filling rate
NACCR mgN grain−1 d−1 0.02 0.06 Nitrogen accumulation rate
REXT cm d−1 1.5 3.0 Maximum root extension rate
SPCRL cm g−1 8000 12000 Specific root length
RWUR cm3 cm−1 d−1 0.024 0.036 Maximum water uptake rate per root length
RNUR kgN cm−1 d−1 0.006 0.01 Maximum nitrogen uptake rate per root length
RDMAX cm 100 200 Maximum rooting depth
DVSSEN – 1 1.3 Development stage at which senescence begins
RDRL – 0.015 0.025 Relative death rate of leaves
RDRR – 0.015 0.025 Relative death rate of roots

Table 6  Description of 
CERES model parameters and 
parameter bounds of the prior

Parameter Unit a b Description

P1D – 0.001 0.008 Daylength coefficient
P1V h 25 60 Inverse of optimum vernalization rate
PHINT – 70 150 Phyllochrone interval
P1 ◦C d 170 400 Thermal Time from emergence-to terminal spikelet
P4 ◦C d 120 200 Thermal Time from end of pre-anthesis ear 

growth-begin of grain filling
P5 ◦C d 400 700 Thermal Time for grain filling (phase 5)
G1 #g−1 20 40 Number of grains per stem weight at anthesis
G2 mggrain−1 d−1 1 4 Maximum grain filling rate
RWUR cm3 cm−1 d−1 0.01 0.1 Maximum water uptake rate per root length
RNUR kg ha−1 0.003 0.027 Maximum nitrogen uptake rate per root length
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Appendix B: Figures

See Figs. 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 
24, 25 and 26.

Table 7  Description of 
SUCROS model parameters and 
parameter bounds of the prior

Parameter Unit a b Description

PMAX kgCO2
ha−1

leaf
h
−1 38 45 Gross photosynthesis rate at light saturation and 

CO2 340 ppm
LUE g J−1 0.55 0.7 Light use efficiency
TBASE1 ◦C 0 2 Base temperature for phen. dev. vegetative phase
TSUM1 ◦C d 700 1500 Temperature sum of vegetative growth phase
TBASE2 ◦C 2 5 Base temperature for phen. dev. generative phase
TSUM2 ◦C d 600 1400 Temperature sum of generative growth phase
LA0 m2 plant−1 ∗ 10,000 0.45 0.7 Initial leaf area
RGRL ◦C−1 d−1 0.005 0.01 Relative growth rate of leaf area
G1 #g−1 24 35 Number of grains per stem weight at anthesis
SPCLW kgDW ha−1

leaf
350 500 Specific leaf weight

REXT cm d−1 1.5 3.0 Maximum root extension rate
SPCRL m kg−1 8000 12,000 Specific root length
RDMAX cm 100 200 Maximum rooting depth

Fig. 11  Dendrograms based on the energy distance between models and observations (yield predictions)
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Fig. 12  Heatmap reflecting the similarities between models and observations based on yield predictions for site 4–6. The color-coding represents 
the values of the individual components of the energy distance: �||X − Y||2 (main diagonal entries) and �||X − X

�||2 (off-diagonal entries)

Fig. 13  a Within-model spread (square root of the mean Euclidean distance between the samples within each model) 
√
E
ii
 , b energy distance d 

between pairs of models, and c root energy score 
√
ES between models and observations based on LAI for site 1
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Fig. 14  a Within-model spread (square root of the mean Euclidean distance between the samples within each model) 
√
E
ii
 , b energy distance d 

between pairs of models, and c root energy score 
√
ES between models and observations based on LAI for site 2

Fig. 15  a Within-model spread (square root of the mean Euclidean distance between the samples within each model) 
√
E
ii
 , b energy distance d 

between pairs of models, and c root energy score 
√
ES between models and observations based on LAI for site 3
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Fig. 16  a Within-model spread 
(square root of the mean 
Euclidean distance between the 
samples within each model) √
E
ii
 , b energy distance d 

between pairs of models, and c 
root energy score 

√
ES between 

models and observations based 
on LAI for site 4

Fig. 17  a Within-model spread (square root of the mean Euclidean 
distance between the samples within each model) 

√
E
ii
 , b energy 

distance d between pairs of models, and c root energy score 
√
ES 

between models and observations based on LAI for site 5
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Fig. 18  a Within-model spread 
(square root of the mean 
Euclidean distance between the 
samples within each model) √
E
ii
 , b energy distance d 

between pairs of models, and c 
root energy score 

√
ES between 

models and observations based 
on LAI for site 6

Fig. 19  a Within-model spread (square root of the mean Euclidean 
distance between the samples within each model) 

√
E
ii
 , b energy 

distance d between pairs of models, and c root energy score 
√
ES 

between models and observations based on phenology for site 1. 
The dashed lines indicate the date when the mean predictions reach 
BBCH = 60
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Fig. 20  a Within-model spread (square root of the mean Euclidean 
distance between the samples within each model) 

√
E
ii
 , b energy 

distance d between pairs of models, and c root energy score 
√
ES 

between models and observations based on phenology for site 2. 
The dashed lines indicate the date when the mean predictions reach 
BBCH = 60

Fig. 21  a Within-model spread (square root of the mean Euclidean 
distance between the samples within each model) 

√
E
ii
 , b energy 

distance d between pairs of models, and c root energy score 
√
ES 

between models and observations based on phenology for site 3. 
The dashed lines indicate the date when the mean predictions reach 
BBCH = 60
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Fig. 22  a Within-model spread 
(square root of the mean Euclid-
ean distance between the sam-
ples within each model) 

√
E
ii
 , b 

energy distance d between pairs 
of models, and c root energy 
score 

√
ES between models and 

observations based on phenol-
ogy for site 4. The dashed lines 
indicate the date when the mean 
predictions reach BBCH = 60

Fig. 23  a Within-model spread (square root of the mean Euclidean 
distance between the samples within each model) 

√
E
ii
 , b energy 

distance d between pairs of models, and c root energy score 
√
ES 

between models and observations based on phenology for site 5. 
The dashed lines indicate the date when the mean predictions reach 
BBCH = 60
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Fig. 24  a Within-model spread 
(square root of the mean Euclid-
ean distance between the sam-
ples within each model) 

√
E
ii
 , b 

energy distance d between pairs 
of models, and c root energy 
score 

√
ES between models and 

observations based on phenol-
ogy for site 6. The dashed lines 
indicate the date when the mean 
predictions reach BBCH = 60

Fig. 25  Time series of phenology predictions for all site-years. The shaded intervals represent the 90% credible intervals (blue: CERES, red: 
SUCROS, yellow: SPASS), the dashed lines represent the model means and the black points represent the medians of the measurements
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R. Knutti, J. Sedláček, B. M. Sanderson, R. Lorenz, E. M. Fischer, and V. Eyring. A

climate model projection weighting scheme accounting for performance and interde-

pendence: Model Projection Weighting Scheme. Geophysical Research Letters, 2017.

ISSN 00948276. doi: 10.1002/2016GL072012.

D. G. Krige. A statistical approach to some basic mine valuation problems on the

Witwatersrand. Journal of the Southern African Institute of Mining and Metallurgy,

52(6):119–139, 1951. Publisher: Sabinet.

T. N. Krishnamurti, C. M. Kishtawal, Z. Zhang, T. LaRow, D. Bachiochi, E. Williford,

S. Gadgil, and S. Surendran. Multimodel Ensemble Forecasts for Weather and Sea-

sonal Climate. Journal of Climate, 13(23):4196–4216, Dec. 2000. ISSN 0894-8755,

1520-0442. doi: 10.1175/1520-0442(2000)013〈4196:MEFFWA〉2.0.CO;2.

J. B. Kruskal. Multidimensional scaling by optimizing goodness of fit to a non-

metric hypothesis. Psychometrika, 29(1):1–27, 1964. ISSN 1860-0980. doi:

10.1007/BF02289565.
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S. K. Singh and A. Bárdossy. Calibration of hydrological models on hydrologically

unusual events. Advances in Water Resources, 38:81–91, Mar. 2012. ISSN 03091708.

doi: 10.1016/j.advwatres.2011.12.006.

C. Tebaldi and R. Knutti. The use of the multi-model ensemble in probabilistic climate

projections. Philosophical Transactions of the Royal Society A: Mathematical, Phys-

ical and Engineering Sciences, 365(1857):2053–2075, Aug. 2007. ISSN 1364-503X,

1471-2962. doi: 10.1098/rsta.2007.2076.

J. Tukey. Mathematics and picturing data. In Canadian Math. Congress. MR0426989,

1975.

H. H. van Laar, J. Goudriaan, and H. Keulen. Sucros97: Simulation of crop growth

for potential and water-limited situations. Service Agricultural Sciences (DLO), Wa-

geningen, The Netherlands, 1997. Backup Publisher: Res. Inst. for Agrobiol. and

Soil-Fertility and The C.T. de Wit Graduate Schl. for Prod. Ecol.

V. N. Vapnik. The Nature of Statistical Learning Theory. Springer New York,

New York, NY, 2000. ISBN 978-1-4419-3160-3 978-1-4757-3264-1. doi: 10.1007/

978-1-4757-3264-1.

https://link.springer.com/10.1007/s40808-022-01427-1


136 Bibliography

A. Vehtari and J. Ojanen. A survey of Bayesian predictive methods for model as-

sessment, selection and comparison. Statistics Surveys, 6(0):142–228, 2012. ISSN

1935-7516. doi: 10.1214/12-SS102.

R. M. Vogel and A. Sankarasubramanian. Validation of a watershed model without

calibration. Water Resources Research, 39(10), Oct. 2003. ISSN 00431397. doi:

10.1029/2002WR001940.

D. Wallach. Crop Model Calibration: A Statistical Perspective. Agronomy Journal,

103(4):1144–1151, July 2011. ISSN 00021962. doi: 10.2134/agronj2010.0432.

D. Wallach, P. Martre, B. Liu, S. Asseng, F. Ewert, P. J. Thorburn, M. van Ittersum,

P. K. Aggarwal, M. Ahmed, B. Basso, C. Biernath, D. Cammarano, A. J. Challinor,

G. De Sanctis, B. Dumont, E. Eyshi Rezaei, E. Fereres, G. J. Fitzgerald, Y. Gao,

M. Garcia-Vila, S. Gayler, C. Girousse, G. Hoogenboom, H. Horan, R. C. Izaurralde,

C. D. Jones, B. T. Kassie, K. C. Kersebaum, C. Klein, A. K. Koehler, A. Maio-

rano, S. Minoli, C. Müller, S. Naresh Kumar, C. Nendel, G. J. O’Leary, T. Palosuo,

E. Priesack, D. Ripoche, R. P. Rötter, M. A. Semenov, C. Stöckle, P. Stratonovitch,
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