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SUMMARY

The open quantum system presented by atomic spins on surfaces is a unique plat-
form to investigate the interplay between stochastic and deterministic behavior.
This work investigates this interplay at the transition from classical to quantum be-
havior in tailored magnetic nanostructures. The structures are assembled with Fe
atoms on a Cu2N surface grown on Cu(100) by using atom manipulation with a
cryogenic-temperature scanning tunneling microscope. The spin state of the struc-
tures can be resolved with a spin-polarized tip, allowing their dynamic response to
be measured. The stochastic evolution of the spin states is brought into a reso-
nant regime by means of either a modulated exchange field or a modulated voltage
applied with the tip. Undergoing this stochastic resonance yields insight into how
these structures interact with their environment, with clear signatures of classical,
semi-classical and quantum behavior being observed. This work sets the stage for
a new way of interacting with incoherently evolving spin systems, by synchronizing
their dynamics, and tailoring their interaction with their environment.
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ZUSAMMENFASSUNG

Das offene Quantensystem von Atomspins auf Oberflächen ist eine einzigartige
Plattform, um das Zusammenspiel zwischen stochastischem und deterministisch-
em Verhalten zu untersuchen. Diese Arbeit untersucht dieses Zusammenspiel am
Übergang vom klassischen zum Quantenverhalten in maßgeschneiderten magne-
tischen Nanostrukturen. Die Strukturen werden mit Fe-Atomen auf einer auf Cu(100)
aufgewachsenen Cu2N-Oberfläche durch Atommanipulation mit einem Rastertun-
nelmikroskop bei kryogener Temperatur aufgebaut. Mit einer spinpolarisierten Spit-
ze lässt sich der Spinzustand der Strukturen auflösen und so deren dynamisches
Verhalten messen. Die stochastische Entwicklung der Spinzustände wird entweder
durch ein moduliertes Austauschfeld oder eine an der Spitze angelegte modulierte
Spannung in einen resonanten Zustand gebracht. Wenn man sich dieser stocha-
stischen Resonanz unterzieht, erhält man Einblicke in die Wechselwirkung dieser
Strukturen mit ihrer Umgebung, wobei klare Signaturen von klassischem, semiklas-
sischem und Quantenverhalten beobachtet werden. Diese Arbeit bereitet die Büh-
ne für eine neue Art der Interaktion mit sich inkohärent entwickelnden Spinsyste-
men, indem ihre Dynamik synchronisiert und ihre Interaktion mit ihrer Umgebung
angepasst wird.

xi





1
INTRODUCTION

Randomness, stochasticity, chance. We have many different words for it, and at
first glance it may seem like a relatively straightforward concept. Rolling a dice is a
game of chance, the outcome is unknown before you roll it. Dropping a ball is not,
it will always accelerate towards the floor, as Newton described [1]. Yet there is a
rich degree of grey between these black and white situations. The Brownian mo-
tion [2] of each molecule in a fluid is random, yet macroscopic quantities such as
pressure and temperature can be readily defined. Likewise, through careful anneal-
ing cycles [3] one can push the random domains in an amorphous crystal towards
macroscopic periodicity.

We have tried to chase chance from both ends, trying to generate order out of
the stochasticity of truly random systems, and attempting to create randomness
from those that are deterministic. In an example of the latter, huge amounts of ef-
fort have been made to try and create random cryptographic nonces for use in se-
cure communication [4], yet the intrinsically deterministic nature of computers has
proven hard to overcome. Pseudorandom number generators have stepped in to
provide an approximation of true randomness, yet von Neumann put it best: "Any-
one who considers arithmetical methods of producing random digits is, of course,
in a state of sin." [5]

If anything, creating order out of chaos has an even broader relevance. In the
world of finance, patterns are the name of the game; in any quant shop there is no
short supply of analysts who will claim to have the perfect arbitrage opportunity,
yet most are likely attributing signal to the noise. Indeed, over a 40 year period the
return from simply buying and holding a set of securities was within the margin
of error for the return in a number of complex market timing strategies. [6] The
markets are simply taking a random walk. [7]
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2 1. INTRODUCTION

So are deterministic and random behaviors at odds with one another? Can
we have both? Often the answer is a matter of scale, where microscopic random-
ness yields macroscopic order, or the structured atomic scale yields unpredictable
mesoscopic disorder. For example, there are a myriad of stochastic processes gov-
erning the earth’s temperature dynamics, yet glaciation occurs with a startling reg-
ularity, yielding the infamous 100,000 year problem. [8] Similarly, each individual
neuron fires stochastically, yet the ensembles of neurons in the brain can give rise
to a synchronized collective response. [9] In these systems, random and determin-
istic character compete. Notably, in both the above systems and many others [10–
13], a phenomenon called stochastic resonance can be used to probe the nature of
this competition.

Stochastic resonance is a process through which a stochastically switching sys-
tem can become synchronized to an external drive. [14] Notably, the drive does not
attempt to overwhelm the stochastic noise in order to introduce this synchronized
response, but rather cooperates with it. For specific conditions, the random noise
effectively amplifies the drive, yielding the resonance-like behavior. Described as
"helpful randomness" [13], the noise is no longer a hindrance to measurement, but
rather an asset.

There is no fundamental reason as to why stochasticity and periodicity can-
not coexist, which is what this thesis intends to shed some light on, by means of
stochastic resonance experiments. We carry these experiments out using spin-
polarized scanning tunneling microscopy and atom manipulation to investigate
the interplay between randomness and predictability at the atomic scale. The quan-
tum world that dictates the rules at this scale is a fruitful playground for inves-
tigations into stochasticity, as the fundamental interactions are statistical. Atom
manipulation in particular allows specific atomic configurations to be generated,
which present a unique coupling to both their environment and amongst the con-
stituent atoms, and thereby a unique stochastic response. The structures can be
designed such that they are more susceptible to either quantum or classical noise
sources stemming from electron-spin scattering with their environment. Individu-
ally addressing these structures with the scanning tunneling microscope and driv-
ing them with either a harmonic bias voltage or magnetic field modulation pro-
motes stochastic resonance. The stochastic resonance serves as a quantitative probe
of the respective noise noise sources, giving direct access to the stochastic proper-
ties of these noisy spin systems.

This thesis begins with a discussion of open quantum systems, namely mag-
netic spins on surfaces. The theory of quantum stochastic resonance is then ex-
tended to model atomic spin systems, and its applications are discussed. Chapter 3
is an investigation of a nine atom nanostructure which undergoes classical stochas-
tic resonance. In Chapter 4 a five atom structure which straddles the crossover
between the classical and semi-classical noise regime is brought to stochastic reso-
nance. Finally, in Chapter 5 a single atom is investigated, which can be brought into
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both quantum stochastic resonance in a temperature-agnostic regime, and into
semi-classical stochastic resonance in a temperature dependent regime. Overall,
this thesis brings understanding into how the dynamic evolution of all these spin
systems can be driven to different degrees of stochastic behavior. This yields in-
sight into how these structures couple to their environment, as well as unlocking
new ways of interacting with spins on surfaces.

Looking forward, stochastic resonance could not only serve as a spectroscopic
tool to measure dynamic behavior, but drive non-equilibrium occupation of higher
energy spin states, unlocking a path to resolving novel intra-structure dynamics.
Additionally, in the limit of strong spin-bath coupling, stochastic resonance exper-
iments could also be used to reveal the onset of non-Markovian dynamics.
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2
THEORETICAL BACKGROUND

2.1. INVESTIGATING OPEN QUANTUM SYSTEMS

Open quantum systems [1] are, by nature of their coupling to their surroundings,
the most common type of quantum system by far. One could argue that they are
indeed the only form of quantum system present in nature [2], as it has taken hun-
dreds of years of technical advances to be able to sufficiently isolate a quantum
system from its environment such that it evolves independently of the myriad of
scattering processes presented by the world around it.

A single magnetic atom on a metallic surface is an elegant example of one such
quantum system [3]. Under the right conditions, the atom can retain its magnetic
moment; a partially quenched orbital moment defines the magnetic moment’s ori-
entation via spin-orbit coupling while its magnitude is governed by the electron
spin moment. An external magnetic field can lift the degeneracy of the atom’s dis-
crete spin states, and interaction with electrons present in the bath of the metal
surface provides a means of scattering, and thereby transitioning, between these
magnetic states.

However, transitions between the states occur infrequently enough that the spin
has time to reach equilibrium between subsequent transitions [4], defining the
Markov property for the spin. That is, subsequent transitions of the spin state de-
pend only on the current state, not on any past interactions. In a two-state picture
of the spin, this defines a Markov chain as shown in Figure 2.1. Considering only the
two lowest-lying states in energy is an approximation, but for the purposes of the
transition rates it is often sufficient to describe all of the necessary statistics. De-
pending on the transition probabilities between the states, one can expect either
fast or slow magnetization switching, which will reflect how the system couples to
its environment.

5
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Pge

|e〉

|g〉
Pgg

Pee

Peg

Figure 2.1. The Markov chain of a spin system with two magnetic states scattering with its
environment. |g 〉 is the ground state, |e〉 is the excited state, Pi j is the transition probability
from state i to state j .

The scanning tunneling microscope [5] (STM) is naturally suited for the investi-
gation of open quantum systems, particularly that of atoms and atomic structures
coupled to a bath. It is by definition an extremely localized probe [6], and provides a
means of both interacting with [7, 8] and measuring entities on surfaces. The devel-
opment of spin-polarized STM [9, 10] added magnetic contrast to the capabilities
of the microscope, enabling a host of experiments on magnetic entities on surfaces
[11–15]. The Cu2N [16] surface has proven a particularly fruitful playground for the
investigation of magnetic nanostructures and molecules [17–21]. Structures on the
surface can be interacted with via the bias voltage applied [22] as well as by a local
exchange field generated by the spin-polarized tip [8], and exhibit spin lifetimes
ranging from nanoseconds [23] to hours [24].

A time trace of a real open quantum system, an Fe-atom on the N-site1 of a
Cu2N monolayer grown on Cu(100) is shown in Figure 2.2, measured with a spin-
polarized tip in an STM. Two discrete states can be clearly identified, with randomly
varying amounts of time spent in each. To investigate the probabilities govern-
ing transitions between the two states, a histogram can be generated (Figure 2.3),
which shows the distribution of switching times. The distribution is broad, with a
clear exponential behavior; the ground state and excited state each sample a Pois-
son distribution with a different mean, as can be seen by the good agreement with
the fit curves.

1For details see Chapter 5.
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Figure 2.2. Transitions between the ground state |g 〉 (blue) and excited state |e〉 (red) of a sin-
gle Fe atom on the N-site of a Cu2N monolayer grown on Cu(100). Vdc = 15 mV, Bz = 500 mT,
Vset = 15 mV, Iset = 3 nA, T = 0.5 K.
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Figure 2.3. Occupation time statistics for the ground (blue) and excited state (red) of a sin-
gle Fe atom on the N-site of a Cu2N monolayer grown on Cu(100), with least-square fits to
an exponential function (Equation 2.1, black). Vdc = 15 mV, Bz = 500 mT, Vset = 15 mV,
Iset = 3 nA, T = 0.5 K.
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Figure 2.4. Counts of the time between two excitation events tee (one full cycle of excitation
and relaxation) for a single Fe atom on the N-site of a Cu2N monolayer grown on Cu(100),
with least-square fit to a hypoexponential curve (Equation 2.2, black, using the time con-
stants from Figure 2.3). Vdc = 15 mV, Bz = 500 mT, Vset = 15 mV, Iset = 3 nA, T = 0.5 K.

The Poisson distribution which describes the probability of remaining in the i th

state for a given amount of time τi is:

P (τi ) = ce
−τi
τi , (2.1)

where τi is the characteristic parameter of the distribution, the mean residence
time.

Of course, excitation and relaxation are not independent processes, they oc-
cur one after another. An excitation will always follow a relaxation, and vice versa.
As such, rather than looking at the two processes independently, one can instead
model their switching statistics using a hypoexponential distribution (Figure 2.4).
A hypoexponential distribution describes the probability of two or more consecu-
tive Poisson processes occurring. For an excitation that samples the Poisson dis-
tribution with characteristic τg followed by a relaxation which samples the Poisson
distribution with characteristic τe the hypoexponential distribution is:

P (τee ) = c

 e
τee
τe

τg −τe
+ e

τee
τg

τe −τg

 . (2.2)

This hypoexponential function describes the times between two excitation
events τee , and one can see that it effectively reproduces the switching time dis-
tribution measured on the Fe atom. A system governed by such a distribution is
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also sometimes said to be exhibiting "random telegraph noise" [25], as they mimic
the short and long bursts of signal of a telegraph message.

It is worth noting there is a third probability distribution which we can en-
counter, the Erlang distribution. This distribution is similar to the hypoexponen-
tial distribution, but for the special case of two consecutive Poisson processes with
equal characteristic time constants τg = τe , and has the form:

P (τee ) = cte
τee
τg . (2.3)

2.2. STOCHASTIC RESONANCE

What makes the switching of a spin stochastic? In other words, why is spin state
occupation a random variable? Fundamentally, this is because transitions between
the spin states are probabilistic quantum transitions. The probability to make a
transition in a given time is determined by a transition matrix element between two
spin states of the same nanostructure. In the context of spins on surfaces, this tran-
sition matrix element is calculated by an exchange scattering process between an
electron and the spin of the atom. At this level, transitions that completely reverse
the magnetic moment of the atom with just one scattering electron are possible,
because of small but finite matrix elements between the states. These seemingly
forbidden processes have been termed "tunneling of the magnetization" [26], and
will be the primary focus of this thesis. They are intrinsically statistical.

There are different scattering processes which depend on this matrix element,
we define these different processes as "noise sources", as they too will be "noisy".
They result in a transition rate between ground and excited state, which is our ob-
servable. As well as a direct tunneling event between two states, there can also be
indirect transitions by means of a higher energy intermediary state. Notably, tran-
sitions via higher energy intermediary state, i.e. "over" the anisotropy barrier, will
depend strongly on the temperature, while direct tunneling is temperature agnos-
tic. The distinct temperature dependence here is critical, as it allows two distinct
types of processes (noise sources) to be defined. Transition rates that trend to zero
as temperature goes to zero are considered to result from classical processes (clas-
sical noise source), while transition rates that remain finite as temperature goes to
zero are termed quantum (quantum noise source).

Note that the scattering processes themselves can also have intrinsic sources
of stochasticity. In particular, a thermal bath would still result in random spin state
switching for a unit matrix element. The energies of the electrons in the bath are not
constant, but rather distributed according to the Fermi-Dirac distribution [27, 28].
Coupling to a thermal bath is a unique component of classical stochastic reso-
nance, and will be explored in detail in Chapter 3.
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Historically, much work has often focused on "averaging out" this randomness,
and therefore characterized open quantum systems using their average spin life-
time. However, the characterization of both spin ensembles and individual spins by
their average spin lifetime omits information about the nature of the stochasticity
driving the switching events. Two spins with the same average spin lifetime could
be subject to wildly different scattering environments, gaining information about
the scattering could only be derived by looking at the full distribution of the switch-
ing events. As an example, coherently switching spins in an ESR experiment [15]
exhibit a sharp peak at their average Larmor frequency, with a width that charac-
terizes the degree of coherence. Alternatively, a thermally driven spin switching due
to coupling with a hot bath will exhibit a broad Poisson distribution in spin lifetime,
mirroring the broad range of temperatures in a Boltzmann distributed bath. One
prominent mechanism which can modify switching event distribution is that of
stochastic resonance (SR)[29], which can be found in harmonically driven stochas-
tic bistable systems with an inherent noise source[30–32]. SR is a widespread phe-
nomenon, which can be observed in the periodicity of glaciation[29, 33], in the
charge carrier dynamics of microstructure devices [34, 35], and even in the dy-
namic behavior of neurons[36]. SR harnesses the noise present in the system, be
it quantum or classical, to induce a preferential switching synchronized to an ex-
ternal drive. By applying a modulation at the appropriate rate, SR can suggest an
optimum path to the random variable, effectively adding a degree of predictability
to the randomness.

In spin systems, there are two primary ways of modifying this randomness. One
can change the matrix element itself, or one can change the attempt rate of the
scattering process. The matrix element can be modified by changing an external
parameter such as the applied magnetic field. The attempt rate can be modified by
changing the applied voltage for inelastic scattering with tip electrons, or by chang-
ing the temperature of the substrate for scattering with thermal bath electrons; this
is effectively modifying the noise power. This work will explore inducing stochastic
resonance when a classical noise source is present, when a quantum noise source
is present, as well as in a competing semi-classical crossover regime.

2.3. THEORETICAL FRAMEWORK

SR is a general phenomenon, here we will see how to apply it specifically to quan-
tum systems. The seminal work of Coppersmith and Löfstedt [37, 38] established
a theoretical framework for the modelling of quantum stochastic resonance. The
theory can model the response of a finite-temperature two-state system to periodic
driving using time-dependent transition rate theory. In this work, the model is ex-
tended to simulate the behavior of atomic spins and nanostructures, with the goal
of describing the respective residence-time distributions of each system. There are
two observable quantities that we are sensitive to: the time-dependent occupa-
tion of each state na(t ), and the time-dependent transition rate between each state
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Figure 2.5. Schematic time trace showing the stochastic switching of the atom (blue |g 〉 to
red |e〉), the periodic drive (grey, period Tω), with the relevant times indicated. In this exam-
ple the period Tω and the marked full cycle τee are identical.

Wab(t ). These are used as an input to the model in order to describe the broadband
distribution of times between excitations as a function of different control param-
eters.

The model defines two transition rates, Wg e (t ) and Weg (t ), which are the con-
ditional probabilities to transition out of the ground state |g 〉 and the excited state
|e〉, given that the respective state is occupied. The time dependence of the transi-
tion rates is introduced by an external drive, and the transition rates are assumed to
be periodic with the period Tω of the drive. Given that the system is in a particular
state, the chance that the system transitions out of the state in an infinitesimal time
d t is given by the respective conditional probability multiplied by d t , i.e. Wg e (t )d t
if the system is in the ground state.

The quantity we want to model is Q(τee ), the statistical distribution of τee within
a trace of the time-dependent state occupation. The distribution of τee reflects
the nature of the stochastic spin-state switching, with broadband Hypoexpoen-
tial character when the spin is switching fully randomly, and narrow-band peaked
character when the spin is switching more deterministically. More specifically, Q(τee )
can be used to determine the relationship between the duration of a full cycle τee ,
where τee = τg +τe , and the duration of one period of the drive Tω. In a fully de-
terministic, synchronized, system the duration of τee would be completely locked
to that of Tω. A fully random system would exhibit no relationship whatsoever be-
tween Tω and τee . In intermediate cases, Q(τee ) will peak at Tω, as well as at higher
multiples 2Tω, 3Tω, etc. For a schematic description see Figure 2.5. Q(τee ) can be
written as:

Q(τee ) = N
∫ ∞

−∞
d t0Zg e (t0)

∫ t0+τee

t0

d t1Peg (t1|t0)Pg e (t0 +τee |t1). (2.4)

N is a normalization constant, Zab(t ) is the probability that a transition from state
a to state b occurred at a time t , Pab(t2|t1) is the probability of leaving the state
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a at time t2 given that it was entered at time t1. N can be fixed by imposing nor-
malization,

∫ ∞
0 dτeeQ(τee ) = 1. First, an excitation occurs at a time t0, followed by a

relaxation at t1, and a subsequent excitation at t0+τee . The duration of such a cycle
is τee . The first integral takes into consideration all of the different times the first
excitation t0 could occur, and the second integral takes into consideration all of the
different times t1 the relaxation could occur. The second integral is bounded by the
total duration of the cycle being τee . We now want to simplify this expression for
Q(τee ) such that it can be written in terms of our measured quantities Wab(t ) and
na(t ), the conditional transition rates and the time-dependent occupation.

The first piece of information that we can apply is the Markovian, and there-
fore periodic, nature of the transition rates. This allows a function Yab(t∗) to be
defined, which is the probability that state b was entered at a time t∗ satisfying
t∗ = t mod Tω:

Yab(t ) =
∞∑

m=−∞
Zab(t +mTω). (2.5)

Here the ∗ can be omitted because of the infinite sum. In other words, the prob-
ability to enter at a given time t relative to the drive is the sum of the probability
to enter at time t , time t +Tω, time t + 2Tω, and so on. The function Yab(t ) is by
definition periodic, that is, Yab(t ) = Yab(t +Tω), where Tω is one period of the drive.
It is also normalized such that

∫ Tω
0 Yab(t ) = 1.

Yab(t ) can in turn be written in terms of the conditional probability Wab(t ) by
multiplying this probability by the time-dependent occupation of the respective
state na(t ):

Yab(t ) =Wab(t )na(t ). (2.6)

This allows Q(τee ) to be re-written as:

Q(τee ) = N
∫ Tω

0
ng (t0)Wg e (t0)

∫ t0+τee

t0

d t1Peg (t1|t0)Pg e (t0 +τee |t1). (2.7)

The first integral is now written in terms of our observables, we now proceed to
re-write the second one. Moving now to the quantity Pab(t2|t1), the probability of
leaving state a at time t2 given that it was entered at time t1. This can be written in
terms of two sequential processes, first the system must remain in its current state
until time t2, and then it must make a transition in the time between t2 and t2 +δt .
Aa(t ) is defined as the probability to remain in state a for a time t , which can be
written as:

Aa(t +d t ) = Aa(t )[1−d tWab(t )], (2.8)

i.e. to remain in state a for a time t +d t it must first remain for a time t and then
not make a transition in a time d t . A differential equation can then be written for
Aa :

d Aa(t )

d t
=−Aa(t )Wab(t ). (2.9)
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This equation can be solved using an integrating factor, yielding:

Aa(t ) = e
∫ t

0 −Wab (t∗)d t∗ . (2.10)

We can use Aa(t ) to write Pab(t2|t1) in terms of Wab(t ), as it can be expressed as the
product between remaining in state a for the time between t1 and t2, followed by
an excitation from a to b at time t2:

Pab(t2|t1) =Wab(t2)e−
∫ t2

t1
d t∗Wab (t∗). (2.11)

Q(τee ) can now be written as:

Q(τee ) = N
∫ Tω

0
d t0ng (t0)Wg e (t0)·∫ t0+τee

t0

d t1Weg (t1)e−
∫ t1

t0
d t ′Weg (t ′)Wg e (t0 +τee )e−

∫ t0+τee
t1

d t ′′Wg e (t ′′).

(2.12)

This equation is an extension of the analogous equation 3.5 in [37], where the
single integral which was used to calculate the residence time in a single state is
now a double integral since here we are concerned about the probability of the full
cycle time. It gives an analytic form to easily calculate the cycle time distribution
from the time-dependent excitation rates and occupations, two quantities which
can readily be measured using spin-polarized scanning tunneling microscopy.

2.4. CALCULATING CONDITIONAL PROBABILITIES

The conditional transition probabilities and the time-dependent occupation are
the only inputs needed for the stochastic resonance model, which need to be de-
termined experimentally from the measured transition rates. To calculate the tran-
sition rates, one treats the measured data as simply a series of times that the spin
spent in a given state:

t = {
τg 1,τe1,τg 2,τe2, ...,τg N ,τeN

}
. (2.13)

In other words, the spin was first in the ground state for a time τg 1, then it was in the
excited state for a time τe1 and so on until the N th cycle of excitation and relaxation.
For the transition rates, however, the phase relationship between the modulation
and the spin state occupation plays a critical role.

To obtain the transition rates, the full time trace of length tmeas is mapped to
tmeas

Tω
segments where Tω is the modulation period. By then defining M bins within

Tω, we can count how often the spin switching occurred in each of the M bins in
each segment. cai is the number of transitions out of state a that occur in the i th



2

14 2. THEORETICAL BACKGROUND

bin of size d t
Tω

over the full measurement time tmeas , where d t = Tω
M . In other words,

cai transitions occur in 1
M

th of the measurement time tmeas . This allows the discrete
form of the time-dependent rates to be written as: Yab(t ):

Yab(i ·d t ) = cai

( tmeas
M )

= cai
M

tmeas
. (2.14)

Yab(i ·d t ) is then divided by the time-dependent occupation of state a: na(i ·d t ),
which has also been binned in the same M bins, yielding the conditional transition
rate:

Wab(i ·d t ) = Yab(i ·d t )

na(i ·d t )
. (2.15)

One could visualize this as a sort of “folding back” of the excitation events to a sin-
gle period, where the subsequent division by occupation allows one to disentangle
how frequently the spin is in a given state throughout one period of the modulation
from the probability to make a transition at that time. For a sufficiently large M ,
Wab(t = i ·d t ) can be linearly interpolated to yield the conditional transition rate at
any arbitrary time within the period.

We now have a method of transforming a time trace showing state occupation
to conditional transition rates. The rates, in turn, can then be used to simulate
the excitation distribution Q(τee ). To place these results into context, in the next
section we look at how different transition rates can lead to different switching dis-
tributions.

2.5. ANALYTIC TRANSITION RATES

We begin with the simplest rate structure, that of a constant rate. Transitions are
equally likely to occur at any point within the modulation period, and are equally
likely to occur from ground to excited state as from excited to ground state. Fig-
ure 2.6 shows three different cases with constant rates. A constant rate means that
the modulation has no effect on the resulting dynamics. In Panel A both the excita-
tion rate and relaxation rate are constant and equal, Wg e (t ) = Weg (t ) = 10 Hz. The
corresponding time between excitation events (Panel D) reflects this, showing an
Erlang probability distribution. The distribution peaks at τg = 1

W g e (t )
= 0.1 s, which

is marked with a dotted line. In Panel B the relaxation rate is twice as fast as the ex-
citation rate, which results in a hypoexponential distribution for the time between
excitation events (Panel E). The peak is between τe and τg (each marked with a
dotted line). In Panel C the relaxation rate is increased even further, to 100 Hz. Al-
though still a hypoexponential distribution, the significantly different rates result
in a line-shape that begins to resemble an exponential distribution instead. This is
the natural limit of the hypoexponential distribution when one rate is much faster
than the other, as eventually this will be indistinguishable from a process governed
by only a single rate (the slower one) and an instantaneous rate (the fast one). Note
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that in all three cases the behavior is broadband, this is because the rates are time-
independent.

Figure 2.7 shows what happens when one of the rates is made time-dependent.
In Panel A the excitation rate is weakly modulated about the relaxation rate, with an
amplitude of 1 Hz. The corresponding histogram in Panel E still appears broadband
and nominally hypoexponential. The modulation is increased to 2 Hz in Panel B,
and the corresponding histogram in Panel F shows the onset of non-Poisson dis-
tributed behavior, with shoulders appearing at multiples of the modulation period.
As the modulation amplitude is increased further, to 5 and 9 Hz in Panels F and G,
respectively, the peaks at the multiples become more pronounced. In Panel G the
peaks at multiples of the modulation period are clearly visible, but are roughly com-
parable in prominence to the broadband background. Lastly, in Panel H the peaks
begin to overwhelm the background, indicating more strongly resonant behavior.
This is a stochastic resonance.

There are three key features in the distribution of τee which appear when the
spin undergoes stochastic resonance:

1. Peaks at integer multiples of the drive period Tω.

2. A broadband hypoexponential envelope.

3. A synchronization effect, expressed as the relative intensity between the peak
at Tω and the broadband background.

Figure 2.8A shows the simulated spin-state evolution and τee histogram for a
spin that perfectly tracks the modulation, i.e. is perfectly synchronized. The drive
is ω = 10 Hz, and τe = τg = 0.1 s. The sample rate for the simulation is 100 Hz,
which yields a unit-area peak with height 100 in the event histogram.2 To quantify
this behavior, we define the synchronization efficiency, which is the area of the first
peak divided by the area of the normalized event histogram. Because the area of the
event histogram is normalized to 1, this sets an upper bound to the synchronization
efficiency. For the maximally synchronized case, with no broadband background,
the synchronization is 0.99.

To give some context for the simulated histograms, a Monte Carlo simulation
was performed to generate exemplary time traces for differing degrees of synchro-
nization. In this simulation, the drive is a voltage, which whenever it crosses a given
threshold will sample a Poisson distribution to determine whether an excitation oc-
curs. Relaxation events also sample a Poisson distribution, but are threshold inde-
pendent. To sample the distribution, a random exponentially distributed number

2For a sample rate of 100 Hz, a single sample is 0.01 s. The peak is one sample wide, giving an area of 1
for a peak height of 100.
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is generated, and it is compared to the time constant for the respective process (ex-
citation/relaxation). If it is larger than the time constant, the process occurs. This is
equivalent to a constant relaxation rate and a time-dependent excitation rate. Sam-
pling the event histogram directly does not account for the phase stability between
the spin state evolution and the drive, necessitating this Monte Carlo method.

Figure 2.8B and C show the results of this simulation. To implement desyn-
chronization between drive and spin state evolution, in Panel B the time constants
governing excitation and relaxation were increased relative to that of the drive, to
τe = τg = 1 s. In the time trace one can see that the spin state no longer perfectly
tracks the drive, although excitation still preferentially occurs at the peaks of the
drive. Moving to the histogram (generated from a 100 second simulation), one can
see the characteristic peaked response of stochastic resonance. The first (dotted
line) and second multiple of the drive frequency can be clearly identified, as well as
a broadband background. The synchronization efficiency in this case is 0.36.

In Panel C the time constants have been increased further, to τe = τg = 5 s. Here
the switching cycle duration does not track the drive well. The histogram reflects
this, with a purely broadband response characteristic of random evolution. Like-
wise, the synchronization efficiency is very low, at 0.04. In future chapters the syn-
chronization efficiency will be an important metric for characterizing the degree to
which the spin state evolution tracks the drive.

2.6. STOCHASTIC RESONANCE IN STM EXPERIMENTS

To resolve the stochastic switching of individual spins and nanostructures using
STM necessitated the development of a new measurement method, as the differ-
ent structures investigated throughout this work each present unique challenges to
measurement. The initial setup is analogous to that of a more conventional spin-
polarized STM experiment, an external magnetic field lifts the degeneracy of the
surface spins’ magnetic states, a cryogenic environment reduces scattering to a
degree that the spin lifetimes can be measured, and a cluster of magnetic atoms
on the tip allows the magnetic states to be distinguished via tunnel magnetoresis-
tance [9, 12]. The first extension to the setup comes in the form of a modulation
source; an oscillating voltage is either applied directly to the tip, or to the z-scanner
piezo. This modulation is what allows novel resonant behavior to be induced in
the spins, but it also indirectly makes measuring the time-dependent spin-state
significantly more difficult. For a voltage modulation the first order response is
simply I ∝ V , the current will mirror the applied voltage up to a linear scaling
factor. When modulating the z-position, the first order response is I ∝ e∆z , due
to the non-linearity of the tunnel junction. The signals of interest, namely fluc-
tuations between the different spin states, are a perturbation on top of these lin-
ear responses, which can make resolving the time dependent spin-state difficult.
Time-resolved dynamics are further obscured by both electrical and mechanical
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noise. Attempts to address both of these difficulties led to the second significant
extension in this technique: high frequency sampling of both the tunnel current
and modulation source, combined with extensive post-processing of the resulting
time-series data to extract the spin state. The processing encompasses both con-
ventional signal processing techniques such as filtering and noise-whitening [39],
and the application of physics-based models of the tunnel junction [6] and the dy-
namic conductivity of the spins [22].3

With this new measurement method capable of resolving switching dynamics
and the theory of stochastic resonance extended to spins on surfaces, we now have
a powerful tool-set for measuring the dynamics of open quantum systems. The fol-
lowing chapters investigate the dynamic behavior of three different structures on
the Cu2N surface, which all switch stochastically between their ground and first ex-
cited states. They have more in common than just their constituent components,
in that they all, to a certain degree, exhibit "single-atom-like" behavior. The nine
atom structure investigated in the context of classical stochastic resonance can be
pictured as a single atom that has been "slowed down" by the fully compensated
eight atom antiferromagnet beside it. Likewise the five atom structure, investigated
in a semi-classical crossover regime, can be thought of as a single atom, since it is
an antiferromagnet with one uncompensated atom. Lastly, a single atom is inves-
tigated directly, and driven to quantum stochastic resonance. By comparing the
dynamic behavior of each of these structures, the transition between classical and
quantum behavior in open quantum systems can be made clear.
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3
CLASSICAL STOCHASTIC

RESONANCE

3.1. THE 2×4+1 ANTIFERROMAGNET

The experimental portion of this thesis begins with what at first glance may seem to
be a rather complex structure comprised of nine Fe atoms subject to a static exter-
nal magnetic field. But by virtue of its size it behaves more like a classical magnet,
and is a natural starting point to explore the appearance of classical stochastic res-
onance in few-atom nanostructures.

Conceptually, it is helpful to think of this structure as an eight-atom antiferro-
magnet, with one additional atom weakly coupled to it. The additional atom lifts
the degeneracy of the two lowest lying states, and by this also provides a means
of controlling which of the two is lowest in energy. In the eight atom analogue,
four of the atoms align their magnetization with the external magnetic field, and
four align in the opposite direction. The two configurations which exhibit this pat-
tern of alignment form the degenerate Néel-like states [1] (Figure 3.1 shows the
characteristic checkerboard in apparent height observed when measured with a
spin-polarized tip). The additional atom in the nine-atom structure (Figure 3.2), or
2×4+1, breaks this balance. In the ground state there are now five atoms aligned
with the field, of which there is only one possible configuration. The resulting
energy shift is not so drastic that the structure remains in its ground-state indef-
initely. At a temperature of T = 2.5 K it still switches readily between its ground
and first excited state (henceforth simply termed the excited state). The switch-
ing is caused by thermal bath electrons which are able to provide enough energy
to induce an excitation. The switching can be measured by applying a small bias
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Figure 3.1. Constant-current spin-polarized topography of a 2×4 nanostructure. The scan
frame is a 4.5 nm square, Vset = 1 mV, Iset = 30 pA Bx = 1 T, T = 2.5 K.

voltage of Vdc = 1 mV, and monitoring the resulting current. Due to the different
conductivity of the ground and excited state during spin-polarized tunneling, the
state-dependent current will be higher and lower, respectively.

3.2. CONTROLLING EXCHANGE FIELD WITH A SPIN-POLARIZED

TIP

Recent work in spin-polarized STM has demonstrated that the STM tip can act as
an effective exchange field to magnetic atoms on the surface [2, 3]. We use this
exchange field to apply a local magnetic field to one of the five atoms aligned with
the magnetic field in the 2× 4+ 1’s ground state, which can controllably shift the
ground state configuration until it is degenerate with, and even higher in energy
than the first excited state (shown schematically in Figure 3.3). 1

Because the exchange field results from direct exchange interaction between
the magnetic moment of the tip and the atom on the surface its strength is strongly
tip-sample distance dependent. Modulating the tip-sample distance z effectively
allows the ground and excited state energy to be specified at any given point in time.
Furthermore, changing the energy landscape of the 2×4+1’s spin state’s provides
a means of controlling the switching dynamics, and thereby of inducing stochastic
resonance. The stochastic resonance condition is met when the spin state tran-
sitions are synchronized with an external drive, such as that provided by a time-
varying tip-exchange field. What does this condition look like? When the spin is

1Section 3.5 contains a detailed discussion of the state configuration.
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|g〉 |e〉

B

A

B

C

Figure 3.2. (A) Constant-current topographies detailing the atom-by-atom construction of
a nine-Fe-atom nanostructure. Vset = 100 mV, Iset = 100 pA. (B) All subsequent measure-
ments are acquired on the atom marked with a cross. The ball and stick model of the surface
and structure indicates N atoms (blue), Cu atoms (orange) and Fe atoms (red). (C) Schematic
representation of the ground state |g〉 and excited state |e〉, with the color indicating orien-
tation of the magnetic moment, and the black arrow showing the magnetic field direction.
Bx = 1 T, T = 2.5 K.
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B

Figure 3.3. Schematic of the energy landscape due to the exchange bias modulation process.
The four curves correspond to one full cycle of tip-sample distance modulation. The y-axis
represents energy and the x-axis represents the spin states, with the first two states (ground
and excited) explicitly drawn. The bold arrow shows the external magnetic field direction.
The schematics on the right show the tip position throughout the z-modulation cycle that
modulates the exchange bias field.
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in its ground state, the tip exchange field lowers the energy of a transition to the
excited state, and thereby makes it more likely to happen. Similarly, when the spin
is in its ground state, the tip exchange field lowers the energy of a transition back to
the ground state. This leads to the spin-state evolution favouring transitions which
are in lockstep with the drive, and therefore to the synchronization effect.

In our experiment, we first create a spin-polarized tip by "picking-up"[4] a small
cluster of Fe atoms from the surface. The magnetic atoms on the tip create an ex-
change field, which allows us to change the applied exchange-field by modulating
the z-position of the STM tip relative to the structure sinusoidally (Figure 3.4). The
z = 0 position is defined by the junction conductivity, Vset = 20 mV, Iset = 3 nA for
this measurement. Here, the rate of modulation ω = 0.5 Hz is significantly slower
than the intrinsic switching rates which range from 10 to 100 Hz. During the cy-
cle of modulation shown in Figure 3.4A the tip modulation amplitude is d z = 50,
meaning the z-position of the piezo is extended by −50 pm, bringing the tip closer
to the nanostructure, and then retracted by +50 pm bringing it further away. 2

Figure 3.4B shows the resulting current measured on the structure, with clear
switching between ground and excited state. There are, in effect, two sources of
time-dependent conductivity. This can make the extraction of the time-dependent
spin state difficult. The modulation in z not only modulates the exchange bias field
but also changes the junction conductance, which likewise results in an oscillation
of the current that is superimposed on the rapid changes in current that originate
from spin switching.

However, the exponential distance dependence of tunnel junctions can be read-
ily modelled. By introducing a two-conductivity model (one for each state), the
respective time-dependent conductivity (red and blue curves) can be calculated.
Each state will trace its respective curve in the time-dependent tunnel current; the
high conductivity state will trace the blue curve, while the low conductivity state
will trace the red curve. This allows the states to be distinguished at any point in
time. The structure can be seen to switch between the excited and ground state,
and will trace that state’s respective z-dependent conductivity curve. A Schmitt
trigger threshold is applied, with a dynamically varying excitation and relaxation
threshold set by the respective conductivity curves. The hysteresis present in the
dynamic Schmitt trigger significantly reduces false events, while using the mea-
sured z-position to calculate the threshold at each point in time ensures phase sta-
bility between the threshold and the current.

2Note that the measurement itself was not acquired for only the two seconds shown in the trace in Fig-
ure 3.4, but rather for six and a half minutes. This amount of time balances measuring enough counts
to make conclusions about the statistics of the switching dynamics, with the necessity to measure a
full modulation frequency dependence within a 12 hour measurement window. How long one needs
to measure is of course a function of the typical lifetimes of the structure, as the 2×4+1 evolves quite
slowly more measurement time is needed compared to some of the faster evolving structures measured
in later chapters.
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Figure 3.4. Applying an exchange bias field via a low frequency z-modulation: (A) Modu-
lation of the z-position in the STM, with schematics showing the tip-sample distance (the
tip is far away for positive z and closer for negative z). (B) Current measured during the
z-modulation (black), excited state conductivity is shown in red, ground state conductiv-
ity in blue. (C) Occupation of the ground |g 〉 and excited |e〉 state during the z-position
modulation. (D) Time dependent conditional transition rates for transitions from the higher
conductivity (ground) state to the lower conductivity (excited) state are shown in red. Tran-
sition rate from the lower conductivity (excited) to the higher conductivity (ground) state
are shown in blue. The time-dependent average occupation of the excited state is shown in
black, with a schematic of the tip position shown in grey. ω= 0.5 Hz, d z = 50 pm, Vdc = 1 mV,
Vset = 20 mV, Iset = 3 nA, Bx = 1 T, T = 2.5 K.
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The extracted state as a function of time with z-modulation applied is plotted
in Figure 3.4C. It exhibits a preference for the higher conductivity state when the tip
is farther from the structure, and a preference for the lower conductivity state when
the tip is closer. From this behavior one can determine that the higher conductivity
state is lower in energy when the tip is further away (no exchange field applied),
and the lower conductivity state is lower in energy when the tip is close (large ex-
change field applied). The notion of excited state and ground state can be unclear,
as the energy landscape of the spin structure is constantly changing due to the tip’s
exchange field; for clarity we define the ground state as the state which is primarily
occupied when the tip is furthest away from the structure. For this structure the
high conductivity state is the ground state |g 〉, and the low conductivity state is the
excited state |e〉.

To more precisely understand how the modulation affects the spin dynamics,
the transitions between the two states can be mapped back to a single period of
modulation, yielding the time-dependent transition rates as a function of where in
the period of the modulation they occur. This quantity can in turn be divided by the
occupation at the respective point in time, to yield the conditional transition rates
(Figure 3.4). As described in Section 2.3, the conditional rates are the probability
to make a transition from one state to another, given that the respective state is
occupied. The full details of how the conditional transition rates are extracted from
the measurements is discussed in Chapter 2.

The measured transition rates do not depend on the modulation frequency,
which we attribute to the Markovian nature of the dynamics. As such, significant
improvements in signal-to-noise can be gained by averaging over all measured mod-
ulation frequencies, which yields the rate diagram in Figure 3.4D. The occupation,
however, does depend on the modulation frequency, which will be further explored
later. Looking at the rates, the behavior seen in the time trace becomes more clear.
When the tip is far away from the structure, transitions to the ground state (blue)
occur at a faster rate than transitions to the excited state (red). As such, the ground
state is occupied more frequently. Conversely, when the tip is closer to the struc-
ture, transitions to the excited state are much faster (almost an order of magnitude)
than transitions to the ground state. This results in a preferential occupation of the
excited state when the tip is close, and therefore when the exchange field is maxi-
mal.

What is the noise source driving these transitions? There are two primary fea-
tures in the rates diagram which allow this to be determined. First, the transition
rates smoothly track the exchange field, with excitation and relaxation 180◦ out of
phase with one another. Second, as the rates approach parity, the excited state oc-
cupation approaches 0.5, and indeed approaches 1 as transitions into the excited
state overwhelm relaxation back into the ground state. This behavior fits to the pic-
ture of classical thermally activated transitions with a barrier height that is modu-
lated over time.
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Figure 3.5. (A) Exemplary time trace of the z-position (black) and spin state (|g 〉 blue
to |e〉 red) measured with a low frequency (modulation period Tω = 2 s, grey) harmonic
drive applied. (B) Histogram of the time between excitation events τee (blue) least-squares
fit with a hypoexponential curve (Equation 2.2, black, τe = 33 ± 1 ms, τg = 125 ± 3 ms,
c = 2.45± 0.03 counts·s). ω = 0.5 Hz, d z = 50 pm, Vdc = 1 mV, Vset = 20 mV, Iset = 3 nA,
Bx = 1 T, T = 2.5 K.

3.3. STOCHASTIC RESONANCE IN FREQUENCY

To learn about the full statistics of a given time trace, histograms are generated
which plot the cycle duration time τee , recalling from Chapter 2 the definition of
τee = τg + τe . Figure 3.5 shows a histogram of τee with a low frequency modula-
tion of ω = 0.5 Hz applied. The histogram follows a hypoexponential distribution,
indicating that both excitation and relaxation are sampling Poisson distributions.
At low frequencies the modulation is much slower than the time scale at which the
spin switching occurs, and therefore does not affect the switching distribution.

In Figure 3.6, a higher frequency drive of ω = 9 Hz is applied. The modula-
tion of the state energies is now occurring at a time-scale comparable to that of the
noise-induced transitions, resulting in resonant behavior. The observed switch-
ing is neither fully deterministic behavior, nor fully random. The state energies are
modulated such that the noise induced switching will occur preferentially in sync
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Figure 3.6. (A) Exemplary time trace of the z-position (black) and spin state (|g 〉 blue to |e〉
red) measured with a faster harmonic drive. (B) Histogram of the time between excitation
events (blue), analytically modelled Q(τee ) using conditional transition rates (Equation 2.12,
black), drive period Tω = 0.11 s (grey). ω = 9 Hz, d z = 50 pm, Vdc = 1 mV, Vset = 20 mV,
Iset = 3 nA, Bx = 1 T, T = 2.5 K.
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with the drive. To model this process the time-dependent conditional transition
rates are used to calculate Q(τee ), an analytic function which describes the distri-
bution of times between excitation events 3. Q(τee ) is normalized such that the
integral over the distribution of switching times is 1. This can be thought of as en-
suring that for long times, the system will switch with unit probability. By contrast,
the integral of the measured switching time distribution is the number of switching
cycles throughout the duration of the measurement, and therefore depends explic-
itly on the measurement duration. To quantitatively compare calculated and mea-
sured histograms, this scaling needs to be accounted for. Throughout this thesis
the raw measured counts are shown on the left axis, and the normalized switch-
ing time distribution is shown on the right. Performing this scaling allows the data
and the model to be superimposed on one another, and the agreement is excel-
lent (Figure 3.6). The peak at the modulation period is reproduced, as well as the
next two integer multiples. The modelled distribution shows the interplay between
the stochastic switching causing the broadband hypoexponential envelope and the
synchronized switching which results in peaks at the multiples of the modulation
period. The peak at the 9 Hz modulation period is prominent, indicating a signifi-
cant synchronization between modulation and spin state.

The measurement was repeated for a series of frequencies (Figure 3.7A), to track
the appearance of the stochastic resonance. The low frequency behavior is a broad-
band hypoexponential distribution, as discussed previously. As the drive frequency
is increased, peaks begin to appear at the drive period, as well as at integer multi-
ples of it. The spin switching is not fully random anymore in this frequency range.
For even higher frequencies, the peak density increases, until a broadband response,
similar to that observed at low frequencies, is again obtained. This broadband
response is characteristic of a loss of synchronization between the drive and the
switching; the drive is simply too fast for the noise-induced switching to track it.

Q(τee ) was calculated for the five curves in Figure 3.7A, and reproduces the
results well. This confirms that the system is indeed undergoing stochastic reso-
nance, with both the onset and disappearance of the resonance having been ef-
fectively modelled. Furthermore, Markovian spin state evolution is a fundamental
assumption of the transition rate model, which by virtue of the strong agreement
between the measurement and the analytic calculation allows non-Markovian dy-
namics to be excluded. In the context of the classical noise presented by the ther-
mal bath, this means that the bath always reaches equilibrium between subsequent
scattering event with the spin, making it effectively "memoryless".

The degree to which the spin state switching synchronizes with the drive can be
quantified by comparing the time between switching events τee to the drive period
Tω. The relative number of events that occur in sync, versus those that occur at
other times, yields the synchronization or sync. efficiency. Figure 3.7B shows the
synchronization efficiency as a function of drive frequency. The synchronization

3for a full derivation see Chapter 2
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Figure 3.7. (A) Histograms of the time between excitation events for five frequencies
(black dots indicate period), analytic model Q(τee ) using conditional transition rates
(Equation 2.12, black, scaled to account for measurement duration), offset for clarity.
(B) Frequency-dependent synchronization efficiency (green) and least-squares fit to a
log-normal function (Equation 3.1, black, ω0 = 8 ± 1 Hz, σ = 0.356 ± 0.005 log10 ·Hz,
c = 0.101±0.001). d z = 50 pm, Vdc = 1 mV, Vset = 20 mV, Iset = 3 nA, Bx = 1 T, T = 2.5 K.
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efficiency increases with frequency, until a maximum at 8 Hz is reached, and then
decreases again. For low frequencies the drive is much slower than the noise in-
duced transition rates, and therefore does not result in synchronization. Likewise,
at high frequencies, the drive is much faster, and therefore also does not synchro-
nize. The maximum that is observed occurs when the stochastic resonance condi-
tion is maximally satisfied. The frequency dependent form of the synchronization
efficiency can be approximated with a log-normal function of the form:

χ(ω) = c ·e−
1
2 (

log10(ω)−d
σ )2

, (3.1)

where d gives the center frequency (the stochastic resonance frequency ω0 is de-
fined as ω0 = 10d for ease of interpretability), σ gives the width, and c quantifies
the strength of the synchronization effect. Fits to the measured synchronization
efficiency using χ(ω) allow ω0 to be readily determined, here ω0 = 8±1 Hz. At this
frequency the collaborative effect between the noise and the drive is strongest, re-
sulting in a synchronized response.

It is worth noting that stochastic resonance is a particularly broadband effect,
the stochastic resonance condition can be partially satisfied at frequencies well be-
low and above the resonance frequency. Indeed, undergoing stochastic resonance
also influences the average occupation of the respective spin states over a broad
frequency window. Figure 3.8A shows the average occupation during one period
of low frequency modulation at ω= 0.5 Hz on the left, and the average occupation
during a resonant modulation at ω = 9 Hz on the right. The occupation changes
its magnitude, shifting preferentially towards occupying the excited state. It also
changes its phase relative to that of the drive. Panel B shows the full frequency de-
pendence. The occupation is well reproduced by a Lorentzian line-shape (black) of
the form:

Υ(ω) = L ·
1
Γ

1+ (ωΓ )2 +L0, (3.2)

where Γ is the width of the Lorentzian, L is the amplitude, and L0 is the offset. The
phase undergoes a characteristic shift as the modulation frequency is swept across
the resonance frequency, and then changes more gradually for higher frequencies.

3.4. STOCHASTIC RESONANCE IN TEMPERATURE

As well as modifying the drive frequency such that it matches the transition rates
defined by the noise, one can also analogously modify the noise itself to match
the drive. Indeed, it is exactly this class of measurements which led to the original
characteristic feature of stochastic resonance [5], an increase in signal-to-noise as
a function of noise power. By increasing the noise power, and thereby the noise-
induced transition attempt rate, the stochastic resonance condition will result in
more signal at the drive frequency as the rate approaches the period of the drive
(Figure 3.9).
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Figure 3.8. (A) Occupation modulation during one period of drive at ω = 0.5 Hz (low fre-
quency) and resonance (ω= 9.01 Hz). (B) Excited state occupation as a function of modula-
tion frequency (top, black line is a least-squares fit using Equation 3.2 with Γ= 6.8±0.4 Hz,
L =−4.7±0.4 Hz, L0 = 0.711±0.001), relative phase shift between the excited state occupa-
tion and the drive as a function of frequency (bottom). d z = 50 pm, Vdc = 1 mV, Vset = 20 mV,
Iset = 3 nA, Bx = 1 T, T = 2.5 K.
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Figure 3.9. Schematic description of different stochastic resonance regime where (A) the
noise rate is slower than modulation frequency, (B) the noise rate is comparable to modula-
tion frequency, and (C) the noise rate is faster than modulation frequency.
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Figure 3.10. Frequency dependent synchronization efficiency, measured at three tempera-
tures. d z = 50 pm, Vdc = 1 mV, Vset = 20 mV, Iset = 3 nA, Bx = 1 T.

Here, we use synchronization efficiency as a measure of “signal”, as it quanti-
fies how strongly the drive and the switching are synchronized. Frequency sweeps
were performed at three different temperatures, in order to characterize how the
stochastic resonance maximum shifts (Figure 3.10). As the temperature increases,
so, too, does the stochastic resonance condition. The increased temperature effec-
tively increase the overall noise-induced transition rate, and the drive will have to
be proportionally faster in order to match its timescale.

The thermal bath is a classical noise source, as the transitions it promotes scale
to zero as temperature approaches 0 K. By keeping the drive frequency fixed and
sweeping the temperature (Figure 3.11), this noise source can be precisely con-
trolled. As the noise dependent transition rate approaches the time-scale of the
drive, a maximum in synchronization efficiency is observed. For a harmonic drive
at ω= 88.9 Hz the synchronization efficiency is maximal at around T = 3.4 K. For a
ω= 281 Hz drive, the maximum is approximately 1 K higher at T = 4.5 K. In general,
higher drive frequencies result in a shift of the maximum to higher temperatures.
This strong temperature dependence of the resonance frequency indicates that the
dominant noise source is thermal noise.

The 2×4+1 clearly demonstrates the equivalency between changing the noise
rate and the drive frequency. Just as keeping the temperature fixed and sweep-
ing the frequency results in a maximum in synchronization efficiency, so too does
keeping the drive frequency fixed and sweeping the temperature. This powerful
equivalence is at the heart of stochastic resonance phenomena. The onset of in-
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Figure 3.11. Temperature dependent synchronization efficiency, shown for four different
drive frequencies. d z = 50 pm, Vdc = 1 mV, Vset = 20 mV, Iset = 3 nA, Bx = 1 T.

creasing synchronization with increasing rate was the characteristic that most in-
trigued the scientific community about stochastic resonance, as it had the non-
intuitive characteristic of increasing signal (synchronization) when increasing noise
(in this case temperature).

Let’s investigate the temperature dependence of the noise more explicitly. Gen-
erally, a thermally activated process over an energy barrier can be characterized by
a temperature dependent rate as:

r (T ) = r0e
ε

kB T , (3.3)

where r0 scales the strength of the rate, kB is the Boltzmann constant, and ε is the
barrier height. This is known as the Arrhenius equation [6]. Taking the natural
logarithm yields the linear form:

logr (T ) = log(r0)− ε

kB

1

T
. (3.4)

Because stochastic resonance is a cooperative effect between the noise and the
drive, the stochastic resonance frequency ω0 mirrors the dominant noise rate. By
plotting the natural logarithm of ω0 versus inverse temperature 1

T , the noise’s tem-
perature dependence can be determined. Figure 3.12 shows a clear linear depen-
dence, with excellent agreement when fit with the Arrhenius equation. This indi-
cates that the dominant noise-source for the 2× 4+ 1 is indeed classical, namely
thermal activation over a barrier with effective height ε = 1.35 ± 0.05 meV. This
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Figure 3.12. Arrhenius plot of the natural log of the stochastic resonance frequencyω0 versus
inverse temperature (green) with least-squares fit to the Arrhenius equation (Equation 3.4,
ε = 1.35±0.05 meV, r0 = 9.3±0.1 kHz). d z = 50 pm, Vdc = 1 mV, Vset = 20 mV, Iset = 3 nA,
Bx = 1 T.

means that although this is quite a small structure, with clear discrete quantum
spin states, its coupling to its environment yields distinctly classical behavior. From
the point of view of the stochastic resonance process, this is a classical spin.

3.5. MODELLING THE SCATTERING PROCESS

To model the measured transition rates, the state structure was first calculated us-
ing a spin Hamiltonian formalism [7–9] demonstrated previously for molecular and
atomic spin systems:

Ĥ =
N−1∑
a=0

−gµB B · Ŝa +Da(Ŝx,a)2 +Ea(Ŝ2
y,a − Ŝ2

z,a)+ ĤJ , (3.5)

where g is the Landé g-factor, µB the Bohr magneton, and Ŝi ,a is the spin opera-
tor in the i direction acting on the ath atom (as conventionally defined [10]). N is
the number of atoms in the structure, here N = 9. B is the magnetic field vector
(Bx ,By ,Bz ) and Ŝa is the spin operator vector (Ŝx,a , Ŝy,a , Ŝz,a) for the ath atom. The
symmetry of the crystal field yields magnetocrystalline anisotropy which is mod-
elled using uniaxial anisotropy Da and transverse anisotropy Ea .
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Figure 3.13. State diagram of the 2×4+1 structure, with schematics showing the spin struc-
ture of the four lowest lying states.
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0
1 2 3 4
5 6 7 8x

y

Parameter 0 1 2 3 4 5 6 7 8
S 2 2 2 2 2 2 2 2 2
g 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05

D (meV) -1.7 -2.0 -2.0 -2.0 -1.82 -1.82 2.0 2.0 1.82
E (meV) 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4 0.4
Jx (meV) - 0.76 0.76 0.76 - 0.76 0.76 0.76 -
Jy (meV) 0.042 0.042 0.042 0.042 0.042 - - - -

Table 3.1. Spin Hamiltonian parameters for the 2× 4+ 1 nanostructure. Jx and Jy are the
Heisenberg coupling energies between the atom specified in the column header and the
next atom in the +x and −y direction, respectively. Schematic shows the numbering system
for the atoms.

ĤJ accounts for the Heisenberg exchange interaction between the constituent
atoms of the nanostructure, which for the 2×4+1 is:

Ĥ j =Jx,1Ŝ1 · Ŝ2 + Jx,2Ŝ2 · Ŝ3 + Jx,3Ŝ3 · Ŝ4 + Jx,5Ŝ5 · Ŝ6 + Jx,6Ŝ6 · Ŝ7 + Jx,7Ŝ7 · Ŝ8+
Jy,0Ŝ0 · Ŝ1 + Jy,1Ŝ1 · Ŝ5 + Jy,2Ŝ2 · Ŝ6 + Jy,3Ŝ3 · Ŝ7 + Jy,4Ŝ4 · Ŝ8.

(3.6)

The Jx,a terms account for interactions between atoms that are neighbors in the x̂
direction and the Jy,a terms account for interactions between neighbors in the ŷ
direction.

Diagonalizing the Hamiltonian with the parameters in Table 3.1 yields the state
diagram in Figure 3.13. The four lowest-lying states are the two Neél like states in
which every atom is aligned antiferromagnetically to it’s neighboring atoms, and
two states in which the additional weakly-coupled atom is anti-aligned. The close
proximity of these states to one another is what allows transitions between the
ground and first excited state to occur, as although these two do not have any direct
overlap (a matrix element close to zero), they do overlap with these nearby states.
The observed transitions are on the seconds timescale, many orders of magnitude
slower than scattering with both the bath and tunnel electrons [11], meaning that
only a small amount of coupling is necessary to yield the measured dynamics.

To model the scattering processes, product states |σi ,φi 〉 = |σi 〉⊗|φi 〉 of the spin
of the scattering electron and the sample spin are used as a basis for the tunneling
process (the sample spin is one of the structure’s atoms). The exchange interac-
tion is modelled as a perturbation, allowing Fermi’s golden rule [12] to be applied,
yielding a transition between initial state i and final state f of:

Y (φ f ,σ f ,φi ,σi ) = |〈φ f ,σ f |Ŝ · σ̂+u1|φi ,σi 〉|2. (3.7)
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Ŝ · σ̂ is the exchange interaction between the spin of the structure and the tun-
nel electrons, and u gives spin contrast. Calculating the transition intensity as a
function of magnetic field then allows the time-dependent transition rates to be
mapped back to an effective exchange field applied with the tip. The exchange field
was modelled as [2]:

Bexch = B0(e−
(z+z0)
γ ) · (cos(θ)x̂ + sin(θ)ŷ), (3.8)

which yields a local field for the atom underneath the tip of:

Bl oc al = B +Bexch . (3.9)

Note the use of θ to account for a misalignment between the field applied by the
spin-polarized tip and the external magnetic field B , which can be substantial. [3,
13]

Figure 3.15 shows the results of modelling the scattering process. The equa-
tion for Bexch was used to perform a least-squares fit to the time-dependent tran-
sition rates with the z-position and the modeled field-dependent scattering rates
as an input, allowing the form of the time-dependent exchange field to be deter-
mined. The model reproduces both the shape and approximate magnitude of the
time-dependent transition rates. To accurately model the transitions observed here
θ = 45◦ was used. Higher-order scattering processes are the primary driver between
ground and excited state for the 2×4+1, as there is no direct overlap between the
ground and excited states. The black curves in the plot show the sum of all pro-
cesses with one intermediary state.

The model indicates that the first three excited states are within a few meV win-
dow of the ground state throughout the modulation period. The effective barrier
of ε = 1.35 meV extracted in the previous section corroborates the involvement of
the lower-lying states in yielding an effectively classical behavior. The net effect of
these transitions via intermediary states is equivalent to a classical transition over
an energy barrier, albeit with a reduced barrier height relative to the allowed transi-
tions for inelastic scattering with an electron. Inelastic transitions would have to go
over the energy barrier via states that obey the selection rule ∆m =−1,0,+1, where
m is the expectation value of the Ŝx operator. The classically allowed path can be
visualized and compared to the measured barrier height by calculating the Néel
vector for each eigenstate’s spin configuration. This allows the number of spin flips
necessary to perform a transition between any two states to be determined. The
Néel vector is a helpful tool for analyzing compensated or nearly-compensated an-
tiferromagnets, as the net spin does not account for the exchange interaction. Here
we define the Néel operator with respect to the x-axis as the ground state magneti-
zation points along this direction:

〈ŜN 〉 =∑
a
〈Ŝx,a〉(−1)a (3.10)



3

44 3. CLASSICAL STOCHASTIC RESONANCE

-18 -12 -6 0 6 12 18
Néel Vector

0

2

4

6

8

10

E
ne

rg
y 

(m
eV

)

Figure 3.14. Eigenstate energy as a function of the x-axis projection of the Néel vector for
the 60 lowest states in energy. The grey curve is a schematic representation of the classical
energy barrier with stepwise reversal of the atom’s magnetic moments. The green curve is a
sketch of the effective barrier height including magnetic tunneling transitions. Bx = 500 mT.

where a is the ath atom in the structure. The expectation value of this operator
shows which states have allowed transitions between them, as the value will differ
by ±1. Figure 3.14 shows the Néel vector at Bx = 500 mT for the eigenstates in Fig-
ure 3.13. For nine S = 2 atoms in an antiferromagnet the Néel vector ranges from
+18 to −18, at the excited and ground state, respectively. The classical anisotropy
barrier between the two states is in this case approximately 8 meV (grey); the in-
termediary low energy states reduce the effective barrier height by approximately
6.65 meV (green).

The model slightly underestimates the amplitude of the transition rates, this
is possibly due to further higher-order scattering pathways being present, such as
intra-structure excitations or hot-electron injection. The curvature of the relaxation
rate is also inverted, this is likely due to the approximation of the exchange-field as
an external field breaking down for large fields. Overall, we can determine that the
exchange field Bexch ranges from approximately -500 mT when the tip is further
away, to -1500 mT when the tip is close (a Bl oc al of 500 mT and -1000 mT, respec-
tively).

It is worth noting that the classical behavior observed here, as demonstrated by
the temperature dependence of the rates, is not only due to the 2×4+1’s size and
lack of direct overlap between ground and excited state yielding an effectively neg-
ligible tunneling rate. Theoretical investigations into spins on surfaces that con-
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sider the renormalization of transition energies between spin states as a function
of coupling strength to the electron bath of the Cu substrate [14], suggest that the
coupling for this nine-atom structure is so strong that magnetic tunneling is not
simply small, but actually zero. This distinction may seem arbitrary, but it has sig-
nificant implications regarding the nature of this nanostructure as the transition
from small to zero magnetic tunneling marks a quantum phase transition. Indeed,
measuring spin dynamics using stochastic resonance provides experimental access
to the noise sources that act on a spin and therefore access to the processes that un-
derlie the spin-boson coupling at the heart of open quantum systems.
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Figure 3.15. Modelling tip modulation and scattering. (A) Z -position during one period
of modulation. (B) Calculated local field during one period of modulation. (C) Conditional
transition rates calculated using Equation 3.7 (black, γ = 70± 5 pm, B0 = 1100± 10 mT, z0
fixed to 0), with measured excitation rate (red) and measured relaxation rate (blue).
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3.6. CONCLUSION

The 2×4+1 exhibits a clear stochastic resonance. This extension of stochastic res-
onance to atomic scale spins yielded insight into the cooperative effect between a
thermal noise source and a modulated magnetic exchange field. The structure’s be-
havior is analogous to a host of classical stochastic resonance systems [5, 15] where
the relative energy of two bistable states is modulated over time.

Recall there are two primary ways of inducing stochastic resonance in spin sys-
tems, modulating the transition matrix element and modulating the noise power.
Here, Tesla magnitude fields could be modulated quickly by moving the STM’s spin-
polarized tip relative to the 2×4+1, shifting the relative energy of the spin states
in the meV range, and thereby modulating the transition matrix element. The re-
sults of this modulation, namely the dynamic evolution of the spin as it under-
goes stochastic resonance, were modelled effectively using the transition-rate the-
ory established in Chapter 2, with both the onset at low frequencies and the disap-
pearance at high frequencies being reproduced. Agreement with theory indicated
Markovian dynamics, with the noisy bath reaching equilibrium between scatter-
ing events with the nanostructure. The synchronization effect was significant, with
the spin-state locking efficiently to the drive. This yielded a direct window into the
noise sources driving the stochastic behavior of this nano-antiferromagnet. The
noise source was identified as thermally assisted transitions over an anisotropy bar-
rier. Temperature-dependent measurements revealed the noise’s classical charac-
ter, while scattering simulations corroborated the effect of nearby low-energy spin
states in lowering the effective barrier height.
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4
SEMI-CLASSICAL SR

4.1. THE 1×5 NANOSTRUCTURE

Having used time-resolved spin-polarized STM to see that classical stochastic reso-
nance can indeed be induced on the atomic scale with the 2×4+1, we now want to
explore the onset of quantum behavior. We define the two regimes by the temper-
ature dependent behavior of the transition rates. In particular, for spin transitions,
the classical region is defined as the regime where the transition rates trend to zero
as the temperature goes to zero. [1] Conversely, in the quantum region investigated
here, transition rates remain finite.

We investigate a structure which straddles the crossover from quantum to clas-
sical behavior. It is susceptible to scattering with tunnel electrons that result in a
direct transition between the ground and excited state, as well as an indirect tran-
sition via higher energy intermediary states due to thermally excited electrons. The
onset of these direct transitions is a signature of quantum systems where the eigen-
states are superpositions between the integer quantum number states, and is a
clear indicator of quantum behavior.

4.2. CONTROLLING THE 1×5 NANOSTRUCTURE

The structure investigated here (referred to as the 1 × 5) is comprised of five Fe
atoms adsorbed on Cu-site’s of the Cu2N surface. There is one unoccupied Cu-
site between each Fe atom, and they are placed evenly along the axis defined by the
crystal axis of the Cu2N surface. The structure is built along the axis with alternat-
ing N and Cu atoms (shown schematically in Figure 4.1). The exchange coupling
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A B

Figure 4.1. (A) Constant-current topography of the 1× 5 nanostructure, comprised of five
Fe atoms. Scan frame is 6x6 nm. All subsequent measurements are acquired on the atom
marked with a cross. Vset = 100 mV, Iset = 100 pA. (B) Schematic representation of the
ground and excited state, with the color indicating magnetic moment orientation, and the
black arrow showing the external magnetic field. The ball and stick model of the surface and
structure indicates N atoms (blue), Cu atoms (orange) and Fe atoms (red). Bx = 500 mT,
T = 2.5 K.
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Figure 4.2. Applying an exchange bias field via a low frequency, ω = 0.5 Hz tip modulation:
(A) One period of modulation of the z-position in the STM, d z = 60 pm. (B) Current mea-
sured during the z-modulation (black), excited state conductivity is shown in red, ground
state conductivity in blue. (C) Occupation of the ground |g 〉 (blue) and excited |e〉 (red) state
during the z-position modulation. (D) Time dependent conditional transition rates for tran-
sitions from the higher conductivity (ground) state to the lower conductivity (excited) state
are shown in red. Transition rate from the lower conductivity (excited) to the higher conduc-
tivity (ground) state are shown in blue. The time-dependent average occupation of the ex-
cited state is shown in black, with a schematic of the tip position shown in grey. Vset = 20 mV,
Iset = 50 nA, Vdc = 1 mV, T = 2.5 K, Bx = 500 mT.
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between the atoms is antiferromagnetic, resulting in a ground state of alternating
magnetic moments. In Figure 4.1B the ground state and the first excited state are
shown schematically. The ground state features three atoms with magnetic mo-
ment aligned along the magnetic field direction, and two in the opposite, while
the first excited state has the inverse spin texture. The chain has one magnetically
uncompensated atom, making the Zeeman splitting of the two low-energy states
comparable to that of a single Fe atom.1. Compared to a single Fe atom, the addi-
tional atoms reduce the transition matrix element between those two states, greatly
reducing the "tunneling" transitions. They also provide additional scattering chan-
nels for the bath electrons, thereby increasing coupling to the noise-source pre-
sented by the bath. Conceptually, it is helpful to think of the chain as similar to one
Fe atom but with reduced "tunneling" between ground and excited state, as well as
a more significant coupling to the noisy thermal bath.

Analogously to the 2×4+1 in the previous chapter, the 1×5 structure will also be
interacted with via exchange interaction with a spin-polarized STM tip. Here, the
tip will again modify the relative energy between the eigenstates, which will be re-
flected in the dynamic evolution of the structure. Figure 4.2 shows a low frequency
tip modulation (Panel A) applied to the 1× 5, where the modulation rate is much
slower than the structure’s transition rates. When the tip is closer to the structure,
the low conductivity state (red) is preferentially occupied, while the high conduc-
tivity state (blue) is favored when the tip is far away (Panels B-C). As in the previous
chapter, we define the ground state |g 〉 as the preferentially occupied state when
the tip is far away. Here again the high conductivity state is the ground state |g 〉 and
the low conductivity state is the excited state |e〉.

The general behavior of these transition rates is similar to that of the 2×4+1,
matching with thermally activated processes over a barrier. The transition rates
nominally track the modulation, and the occupation crosses 0.5 when the rates
cross parity. There are however two features which contrast starkly with the classical-
noise model, namely the large peaks when the occupation crosses 0.5. This indi-
cates that there are two processes at play: a thermally activated transition driven
by classical noise, and a second process that dominates when the occupation of
the states is approximately equal. Here we will focus on the origin of this second
process and the effects it has on the dynamics of the structure.

Looking at the time-dependent conditional transition rates in Panel D, one can
see that not only is there a significantly enhanced transition rate at two points in
the period, they in fact are over an order of magnitude faster than during the rest
of the period. These enhanced transitions occur approximately when the tip has
moved about 33% through its modulation period, and again at around 66%. As the
occupation crosses 0.5, the first conclusion we can draw is that the exchange field
is sufficiently strong to reverse the order of the states in energy, i.e. |g 〉 is lower in
energy when the tip is far away and the exchange field is weak and |e〉 is lower in

1See Section 4.4 for more details on the energy level structure
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Figure 4.3. (A) Exemplary time trace of the z-position (black) and spin state ((|g 〉 blue to |e〉
red)) measured with a low frequency harmonic drive . (B) Histogram of the time between ex-
citation events τee (blue) least-squares fit with a hypoexponential curve (Equation 2.2, black,
τe = 0.71±0.02 ms, τg = 4.07±0.05 ms, c = 0.494±0.003 counts·seconds). Period of harmonic
drive, Tω = 2 s, is indicated with a dotted grey line. ω = 0.5 Hz, d z = 60 pm, Vdc = 1 mV,
Vset = 20 mV, Iset = 50 nA, Bx = 500 mT, T = 2.5 K.

energy when the tip is closer and the exchange field is strong. It is exactly at the
crossover between these two regimes that the switching rates drastically increase.
As these increased rates are only observed at these points, this suggests that direct
transitions between the two states become possible due to the mixing introduced
by transverse anisotropy. In total, this indicates that the dynamics of this spin re-
sult from both classical thermally-activated processes and non-thermal quantum
mechanical direct transitions.

4.3. INDUCING STOCHASTIC RESONANCE

Looking more closely at the time trace (Figure 4.3), these extremely frequent tran-
sitions can be clearly observed. At first glance, one may think that the drive has
synchronized the spin state, as the excited state is indeed preferentially occupied
during the extension portion of the tip modulation, and the ground state during
the retraction. However, when analyzing the distribution of times between excita-
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Figure 4.4. (A) Exemplary time trace of the z-position (black) and spin state (|g 〉 blue to |e〉
red) measured with a harmonic drive. (B) Histogram of the time between excitation events
measured (blue), and analytically modelled Q(τee ) using conditional transition rates (Equa-
tion 2.12, black). Grey dotted line indicates the drive frequency ω = 50.1 Hz. Purple dot-
ted lines indicate additional peaks. d z = 60 pm, Vdc = 1 mV, Vset = 20 mV, Iset = 50 nA,
Bx = 500 mT, T = 2.5 K.
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tion’s, one can see that the broadband switching introduced when the spin states
are close to degenerate completely overwhelms any kind of synchronization effect.
The goodness of fit when using a hypoexponential function confirms that there is
no synchronization, and that both excitation and relaxation simply sample Pois-
son distributions with their respective time constants of τe = 0.71± 0.02 ms and
τg = 4.07±0.05 ms.

In Figure 4.4 the drive frequency is increased to 50 Hz. For comparison, the ex-
citation rate is approximately 25 Hz when the tip is far away, while the relaxation
rate is around 110 Hz. The switching behavior here contrasts strongly with that of
typical classical systems that undergo stochastic resonance. Usually, these systems
preferentially switch to one state during one half wave of the modulation, and pref-
erentially switch to the other state in the other half wave. Here we have a strongly
enhanced switching when the states are degenerate, which does not favor a par-
ticular state, but rather mostly acts as a randomizer, as exemplified by the even
occupation of both states at this point in the period.

Looking at the blue histogram data in Panel B, one can see a highly structured
curve with several pronounced peaks. The largest peak is indeed at the modulation
period of 20 ms (dotted light grey line). It is remarkable that stochastic resonance
can emerge in this system, despite the strong randomization happening twice per
modulation period. There are however, additional peaks both below and above the
modulation period (marked with purple dotted lines). The peaks contrast with the
typical structure of a stochastic resonance histogram in that the peak above the
modulation period is not an integer multiple thereof, as well as the presence of
multiple peaks below the modulation period. They are reproduced by the stochas-
tic resonance model2 applied to the rates structure, suggesting that they are indeed
a consequence of the underlying physics, rather than any sort of measurement ar-
tifact. The peaks can be found at approximately 6, 14, 20 (the modulation period),
and 26 ms. The region where direct transitions dominate is roughly one third of the
modulation period (more precisely, 6.4 ms), which results in a peak at Tω

3 , as well
as side bands at the sum (20+6.4=26.4 ms) and difference (20-6.4=13.6 ms) with the
modulation period (indicated with arrows in Figure 4.4). The stochastic resonance
model for Q(τee ) is able to reproduce this response, but slightly under-estimates
the location of the higher-multiple peak, and therefore the peaks are slightly shifted
relative to the measured data.

This behavior can be confirmed by looking at selected curves in a frequency
sweep (Figure 4.5A). The curve measured at 199 Hz shows this behavior most clearly.
One can see the typical series at integer multiples of the modulation period (5, 10,
15 ms,...), and each peak has side-bands at roughly 1.7 ms above and 1.7 ms be-
low the primary peaks. Not only does the synchronization effect have to compete
with the broadband stochasticity, it also competes with these "side-bands" driven
by direct transitions between the spin states.

2See Section 2.3 for derivation



4

56 4. SEMI-CLASSICAL SR

0 10 20 30 40 50

ee
 (ms)

0

100

200

300

400

500

600

700

800

900

1000

C
ou

nt
s

21.5 Hz

31.6 Hz

50.1 Hz

199 Hz

1000 Hz

A

1 10 100 1000
 (Hz)

0

0.01

0.02

0.03

0.04

0.05

0.06

S
yn

c.
 E

ffi
ci

en
cy

B

Figure 4.5. (A) Histograms of the time between excitation events for five frequencies (black
dots indicate period), offset for clarity. The black curves are analytically modelled Q(τee )
(scaled to account for measurement duration) using the measured conditional transition
rates. (B) Frequency dependent synchronization efficiency (green) with a least-squares
fit to Equation 4.1 (black, ω0 = 48 ± 1 Hz, σ0 = 0.41 ± 0.01 log10 ·Hz, c0 = 0.053 ± 0.001,
ω1 = 305± 1 Hz, σ1 = 0.37± 0.01 log10 ·Hz, c0 = 0.032± 0.001). d z = 60 pm, Vdc = 1 mV,
Vset = 20 mV, Iset = 50 nA, Bx = 500 mT, T = 2.5 K.
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Looking at the synchronization efficiency in Figure 4.5B (relative intensity at the
black dots in Panel A), at first glance one sees the typical log-normal peak character-
istic of undergoing stochastic resonance. On further inspection, one can also see
different slopes where the synchronization efficiency deviates from a log-normal
curve, in particular right after the stochastic resonance condition is met, at around
50 Hz. Between 50 and approximately 300 Hz, the synchronization effect decreases
faster than the slope suggested by a single log-normal curve. There appears to be a
shoulder at 300 Hz, which could be a consequence of competition between the dif-
ferent noise sources. As the drive de-synchronizes with the dominant noise peaking
at 50 Hz, it has a window in which it synchronizes with a weaker noise source peak-
ing at 300 Hz. To model this behavior, a modified version of Equation 3.1 was used,
which is the sum of two log-normal functions:

χ2(ω) = c0 ·e
− 1

2 (
log10(ω)−d0

σ0
)2 + c1 ·e

− 1
2 (

log10(ω)−10
σ1

)2

. (4.1)

Analogously to ω0, ω1 is defined as 10d1 . The black curve in Figure 4.5 is a least-
squares fit to χ2(ω), which was able to quantitatively reproduce the form of the
frequency-dependent synchronization efficiency for this structure. The fit found
resonance frequencies at ω0 = 48±1 Hz and at ω1 = 305±1 Hz, in agreement with
the picture of two competing noise sources at different time-scales.

Synchronization to the drive also has consequences for the average occupation
of the spin states. Figure 4.6 shows snapshots of the time-dependent occupation
(within one period of modulation) both for low frequency (Panel A left) and reso-
nant (right) modulation. For the low frequency modulation one can see that the oc-
cupation clearly tracks the modulation one-to-one, it is in phase (see Panel B for the
phase as a function of frequency). As the frequency increases, there are two promi-
nent effects: the average occupation of the excited state increases, and the phase
shift (Panel B) between the drive and the spin state increases asymptotically. In ad-
dition, there is a third notable feature at low frequencies which can be seen in the
occupation, namely a dip at around 20 Hz. This can be pictured as a sort of stochas-
tic resonance in which the slow excitation rate (also approximately 20 Hz when the
tip is far away) is in synchronization with the modulation, and the fast excitations
at the zero-field crossings are simply "noise". Although this effect modulates the
occupation, the synchronization efficiency is unaffected by this (Figure 4.5B), due
to the de-synchronization caused by the fast transitions.

4.4. MODELLING THE SCATTERING

Let’s take a closer look at the underlying scattering process. First, the state diagram
was modelled using the Spin Hamiltonian formalism described in previous chap-
ters with the parameters shown in Table 4.1. Parameters were determined itera-
tively, starting with values for similar structures from literature [2, 3], and perform-
ing successive least-squares fits to the measured transition rates using the modelled
tip interaction as in Section 3.5.
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Figure 4.6. (A) Occupation modulation during one period of drive at low frequency
(ω = 0.5 Hz ) and at resonance (ω = 50.1 Hz). (B) Top: excited state occupation as a func-
tion of modulation frequency (blue). Black line is a least-squares fit to Equation 3.2 with
Γ= 64±3 Hz, L =−22±2 Hz, L0 = 0.454±0.001). Bottom: Relative phase shift between the
excited state occupation and the drive. d z = 60 pm, Vdc = 1 mV, Vset = 20 mV, Iset = 50 nA,
Bx = 500 mT, T = 2.5 K.



4.4. MODELLING THE SCATTERING

4

59

1 2 3 4 5x

Parameter atom 1 atom 2 atom 3 atom 4 atom 5
S 2 2 2 2 2
g 2.05 2.05 2.05 2.05 2.05

D (meV) -1.82 -2.0 -2.0 -2.0 -1.82
E (meV) 0.217 0.217 0.217 0.217 0.217
Jx (meV) 0.76 0.76 0.76 0.76 -

Table 4.1. Spin Hamiltonian Parameters for the 1×5 nanostructure. Jx is the coupling be-
tween the atom specified in the column header and the next atom in the +x direction (see
Equation 4.2).

For this structure the Heisenberg exchange interaction has the form:

Ĥ j = Jx,1Ŝ1 · Ŝ2 + Jx,2Ŝ2 · Ŝ3 + Jx,3Ŝ3 · Ŝ4 + Jx,4Ŝ5 · Ŝ6. (4.2)

The atom’s are modelled as effective spin S=2, and g -factor 2.05 as in literature [2,
3]. Spin-orbit-coupling is accounted for by means of the anisotropy parameters
symmetry and the effective g -factor [4]. D is different for the atoms at the edge of
the nanostructure (atom’s 1 and 2) as they experience an effectively modified crystal
field, and therefore different uniaxial anisotropy, due to their location. Figure 4.7
shows the resulting spin state eigenenergies, for an external magnetic field ranging
from −2 to +2 T. Within this band, the ground and first excited state are well sep-
arated from any higher lying states, by approximately 5 meV. As the magnetic field
approaches zero, so too does the separation between ground and excited state.

This state diagram shows the effect of an external magnetic field Bx , and can
be used to simulate the excitation and relaxation rates as a function of field using
Equation 3.7. To do this, we want to determine the time-dependent exchange field
applied by the tip. Panel A of Figure 4.8 shows the z-position during one period
of modulation. This is mapped to a time-dependent magnetic field (Panel B) by
performing a least-squares fit of Equation 3.9 to the transition rates measured on
atom 2 (Panel C) with the z-position and modelled scattering rates as input.

The simulation yielded a tip exchange field of up to -2.5 T. The curvature and
onset of the increased transition rates was well reproduced by the model, but sim-
ilar to the 2×4+1 the high-field behavior (when the tip is closest to the structure)
was difficult to quantitatively replicate. This is likely due to approximating the local
field as a field experienced by the whole structure, which breaks down for large lo-
cal fields. A further correction could be introduced by the presence of the electron-
bath of the tip itself. When the tip is very close to the structure, it can act similarly
to the substrate, and present a noisy thermal bath that scatters with the spin. This
second bath could drive the observed increase in both excitation and relaxation
rates.
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nalizing the localized spin system Hamiltonian. Schematic annotations show the magnetic
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Figure 4.8. Modelling tip modulation and scattering (A) z-position during one period of
modulation. (B) Calculated exchange field during one period of modulation. (C) Conditional
transition rates calculated using Equation 3.7 (black, γ = 11.8± 0.35 pm, B0 = 1.7± 1 mT,
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4.5. CONCLUSION

We found both classical and quantum transitions within a single structure, which
acted as two simultaneous sources of noise. Thermally assisted transitions over an
effective barrier dominate the noise when the states are well separated in energy,
while direct quantum tunneling transitions across the barrier dominate when the
states are close to degenerate. The classical transitions appeared as a smooth track-
ing of the tip exchange field, while quantum transitions resulted in sharp peaks at
two points during the modulation cycle. The simultaneous presence of both these
effects led to our characterization of this structure as semi-classical.

Notably, this structure which exhibits both quantum and classical effects can be
brought into resonance. The drive itself is introducing a strong randomization of
the spin twice per drive period by enabling these fast tunneling transitions, yet syn-
chronization can still be achieved. The synchronization peaks at the characteristic
frequency of these fast transitions driven by quantum noise, rather than the slower
classical ones, as these have such a strong effect on the stochasticity. If the drive is
not cooperating with the fast noise, it will be strongly hindered by it.

The stochastic resonance behavior was reproduced by the transition rate theory
derived in Chapter 2, including the appearance of side-bands not present in the
2×4+1 structure. The overall synchronization efficiency is significantly smaller
than that of the 2×4+1 but is nonetheless present. Here too, similar to the 2×4+1,
the excellent agreement with the transition rate model indicates Markovian dynam-
ics. Neither the classical transitions over the barrier or direct transitions across have
any "memory" of previous transitions. The drive frequency dependent occupation
was purely Lorentzian-shaped for the 2×4+1, whereas the 1×5 had a low-frequency
feature characteristic of a weak synchronization with the classical noise.

This demonstrates that stochastic resonance is sensitive to the presence of more
than one noise source, extending the generality of this effect from a cooperative
effect with a single source of noise, to one with multiple.
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5
QUANTUM TO CLASSICAL

CROSSOVER IN A SINGLE ATOM

5.1. A “SLOW” SINGLE ATOM

Fe atoms preferentially adsorb above the Cu atoms (Cu-site) in the Cu2N lattice, of
which there are two distinct types with respect to an external magnetic field. These
are characterized by whether there are N atoms in the ±x direction, or the ±y di-
rection (see axis in Figure 5.1). Both the nanostructures discussed in this thesis,
as well as many others in literature, are composed of one or more Fe atoms ad-
sorbed on one of these two types of adsorption sites. There is, however, a third
meta-stable adsorption site, above the N atoms (N-site, the red Fe atom in the over-
lay is adsorbed on this site). First discussed in [1], this adsorption site was effec-
tively discarded as a platform for magnetism experiments, as it is both difficult to
ensure the Fe atoms remain there, and no inelastic magnetic signals had been de-
tected. Indeed, measurement with a non spin-polarized tip show no characteristic
magnetic features (Figure 5.1). In Rejali’s 2020 work [2] an analogous adsorption
site was re-visited, leading to the experiments performed here. When a sufficiently
spin-polarized tip is used to measure an Fe atom on the N-site, distinct features in
the mV regime appear,and stochastic switching can be induced. Of particular rel-
evance for stochastic resonance experiments, is that this switching occurs on the
ms-timescale. Up until this point in the thesis, the anti-ferromagnetic exchange
interaction between the Fe atoms on the surface was used to slow-down their dy-
namic evolution. The collective motion brings the dynamics into the few-kHz win-
dow set by the transimpedance amplifier used to amplify the tunnel current. Single
Fe atoms on the same Cu-site, on the other hand, have switching in the pico- to
nanosecond range [3]. The stochastic switching observed on the N-site, however,

65
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Figure 5.1. (A), Constant current topography of an Fe atom adsorbed on the N-site of Cu2N
(Iset = 100 pA, Vset = −100 mV, color scale from low (black) to high (white)). The overlay
indicates N atoms (blue), Cu atoms (orange) and an Fe atom (red). (B), Current (red), and
spectrum (blue) of the Fe atom on the N-site measured with a non spin-polarized tip and an
out-of-plane magnetic field. Bz = 0.5 T, Vset = 40 mV, Iset = 6 nA, T = 0.5 K.
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Figure 5.2. (A) Differential conductivity spectrum (blue) of the Fe atom on the nitrogen
site measured with a spin-polarized tip and an out-of-plane magnetic field of Bz = 0.5 T
(Vset = 40 mV, Iset = 6 nA, T = 0.5 K). Grey curve is a fit using the spin Hamiltonian model
(see Section 3.5). (B) Energy spectrum determined from the fit to the differential con-
ductivity. The yellow arrow indicates the first allowed transition. Anisotropy Parameters:
B0

2 =−2.4±0.05 meV, B0
4 = 1.1±0.3 neV, B4

4 =−0.9±0.2 neV. Reproduced from [3].

is orders of magnitude slower than the switching which occurs for single atoms
on the Cu sites, and is readily observable in real-time. This eliminates the need
for neighboring atoms which slow-down the dynamics. Control of this stochastic
switching, the induction of quantum stochastic resonance, as well as the onset of a
semi-classical crossover regime is the subject of this chapter. The following sections
were adapted from our Science Advances publication [3].

5.2. SPIN-POLARIZED DIFFERENTIAL CONDUCTIVITY SPEC-
TRUM

As the N-site adsorption site is meta-stable, Fe atoms are rarely found on this site
directly after deposition. An Fe atom adsorbed on a Cu-site however, can be picked
up and placed on the N-site (Figure 5.1) using vertical atom manipulation [4] with a
Pt/Ir tip. The N-site yields a larger apparent height compared to the Cu-site (which
itself can be occupied by hopping the atom in the four different directions defined
by the crystal symmetry using a small voltage pulse). We obtain a spin-polarized
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STM tip by picking up a cluster of Fe atoms, around 3-5. The magnetic field is ap-
plied along the out-of-plane direction, parallel to the easy-axis [5] of the N-site Fe
atom.

In contrast to the non-spin-polarized spectra, the dI /dV spectra recorded with
a spin-polarized tip (Figure 5.2A) reveal an excitation localized at 21 mV that is af-
fected by the applied magnetic field. Just below 21 mV an initial lowering of the
conductance is observed followed by a sharp peak for larger bias magnitude. Mod-
elling the spin using the spin-Hamiltonian formalism described in previous chap-
ters yielded the state structure in Figure 5.2B. For the N-site Fe atom the symme-
try of the binding site is four-fold, necessitating the use of higher order magnetic
anisotropy, which we describe here using Stevens operators, rather than D and E .
The Hamiltonian is then:

Ĥ = B 0
2Ô0

2 +B 0
4Ô0

4 +B 4
4Ô4

4 + gµB Ŝ ·B , (5.1)

where Ôq
k are the Stevens operators and B q

p are their associated coefficients. The
feature at 21 mV can be attributed to spin pumping into a long-lived excited state
|e2〉 (the lifetime is roughly on the order of the tunnel current, in the tens of picosec-
onds). This occurs at 21 mV because allowed transitions (m =±1) can be performed
by scattering with tunnel electrons, and the tunnel rate is comparable to the time
this state is occupied. Between 5 mV and 20 mV increased current noise is observed
in the spectrum. This noise results from stochastic switching of the Fe atom’s mag-
netic moment induced by tunneling of the magnetization between excited |e〉 and
ground state |g 〉 that can occur below the excitation threshold. It appears as noise
in the spectrum because the millisecond switching is on a timescale comparable
to that of the measurement time for each point in the spectrum. The noise is the
primary aspect of interest, as it can provide a platform for stochastic resonance.

5.3. DYNAMIC RESPONSE TO STATIC VOLTAGE

First, we characterize this sub-threshold excitation mechanism by performing real-
time measurements of the response of the atom’s spin states to a static bias volt-
age Vdc (Figure 5.3). The Fe atom on the four-fold symmetric N-site (Figure 5.1A)
has millisecond spin lifetimes when the magnetic field is applied along the spin’s
easy axis and it switches spontaneously between two spin states [1, 2, 6–8]. These
states can be distinguished with a spin-polarized tip as the tip-atom conductance is
spin-dependent due to tunneling magnetoresistance [9]. As such, time traces of the
tunnel current at fixed tip-sample distance yield real-time observations of the spin
state. These slow spin transitions enable real-time resolution which is typically not
possible for individual magnetic atoms on surfaces. They show frequent transitions
between two states that occur at voltages significantly below the first inelastic ex-
citation threshold (21 mV), consistent with a classically forbidden transition across
the magnetic anisotropy barrier.
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Figure 5.3. (A) Telegraph noise of the conductance (black points) observed when applying a
constant bias voltage (Vdc = 15 mV) between tip and sample. The corresponding spin state
is indicated by a solid line (|g 〉 blue to |e〉 red). Right panel: histogram of the conductance.
(B) Average occupation of the excited spin state as a function of Vdc ; measured (crosses)
and fit by a power law function (solid line). Bz = 0.5 T, Vset = 15 mV, Iset = 3 nA, T = 0.5 K.
Reproduced from [3].

The voltage dependence of the excited state occupation, ne , was fit using a
power law of the form:

ne = m(x −x0)α+k, (5.2)

x0 defines the onset of the non-linear response, α gives the strength of the effect,
and k is the occupation for low voltages. The exponent of a power law fitα= 2.9±0.2
indicates that higher energy states contribute significantly to the excitation mech-
anism [10, 11]. Analogously to non-linear optics experiments, the exponent can
roughly indicate the number of participating particles per excitation. This strongly
non-linear avenue of controlling the atom’s spin transition rates using the exter-
nally applied voltage provides an alternative means to drive the stochastic reso-
nance.

5.4. MEASURING THE DYNAMIC RESPONSE

In the preceding chapters, we modulated the relative positions of the spin-states
in energy by using a time-dependent exchange field applied via a spin-polarized
tip. The voltage sensitivity of transitions in the Fe atom presents the opportunity to
modulate the transition rates themselves, rather than the state’s relative alignment,
a predicted mode of inducing quantum stochastic resonance [12].
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Figure 5.4. Spin state acquisition method for the N-site Fe atom. (A) Measured voltage ap-
plied to the spin. (B) Measured current flowing through the spin. (C) Calculated demod-
ulated conductivity. (D) Conductivity with noise-whitening algorithm applied. (E) Time-
dependent spin-state (blue to red) extracted using a Schmitt-trigger function. ω = 600 Hz
Vac = 5 mV, Vdc = 15 mV, Vset = 15 mV, Iset = 3 nA, Bz = 0.5 T, T = 0.5 K.
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Figure 5.4 shows how the time traces were measured for the N-site Fe atom.
The conductivity of the junction is fixed before the measurement, by first applying
Vset = −15 mV and allowing the feedback loop to settle with a current setpoint of
Iset = 3 nA. This yields a junction conductivity ofσ= | Iset

Vset
| = 0.2 nA

mV , after which the
feedback loop is disengaged. The modulation voltage and the resulting current are
then simultaneously measured using a 52 kHz sample rate analog to digital con-
verter (ADC). The measured data is in Figure 5.4A and B. Panel A is a measurement
of the modulation source, in this case an oscillating voltage applied directly to the
sample, with Vdc = −15 mV 1 and Vac = 5 mV. The resulting measured current is
shown in Panel B. The most prominent effect that can be seen in the current is a
time-dependent modulation, corresponding to the frequency of the applied volt-
age. On top of this linear response to the voltage, there are also higher frequency
oscillations and short transient responses visible. Measurements without modula-
tion applied, such as the trace shown in Figure 5.3, show that for an applied voltage
of 15 mV the excited state lifetime is significantly shorter than that of the ground
state. This allows the conductivity with the modulation applied to be well approxi-
mated as constant, and equal to that measured without the modulation. This con-
ductivity can simply be multiplied by the measured voltage, and then subtracted
from the measured current, yielding the trace shown in Panel C, the demodulated
conductivity.

After applying demodulation, there are still both high frequency signals and
low frequency modulations to contend with. Because the noise evolves on a sim-
ilar time-scale to the spin-switching a low-pass filter would distort the spin sig-
nal, necessitating a more sophisticated noise removal method. We use a tech-
nique analogous to what is referred to in the professional audio sphere as noise-
whitening [13]. In audio applications, knowledge about background noise is used
to allow its removal. The method applied here is similar, but involves knowledge
about the signal that is being measured. Telegraph noise has a distinct signature
in Fourier space [14], a broadband Lorentzian line-shape. By taking the Fourier
transform of the trace in Panel C, shown in Figure 5.5, the narrow-band noise peaks
can be distinguished from the broadband spin-switching response. By first fitting
a Lorentzian line-shape to the spin-switching and removing it from the Fourier
transform, an impulse response filter (IRF) can be generated which only removes
the noise (Figure 5.5 inset). The noise has distinct origins, ranging from electrical
noise introduced by electronic devices, vibration introduced by ambient sources to
transient effects such as a door-slamming in the building, reflected in the many-
featured shape of the convolution feature. The noise-whitening method is most
effective at removing coherent vibrations, because they will appear more readily in
the Fourier transform, compared to a transient response which will be removed by
averaging. Applying this filter to the trace in Figure 5.4C yields the trace in Panel D,
where the spin-state switching can now be readily measured.

1Note that in this chapter, in contrast with the previous two, Vset and Vdc are always equal
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Figure 5.5. Power spectrum of the conductivity without filter applied (blue), and power spec-
trum of the resulting event trace after filtering and applying the Schmitt trigger thresholds
(red). Offset for clarity. The inset shows the convolution filter used to remove instrument
noise. ω = 600 Hz Vac = 5 mV, Vdc = 15 mV, Vset = 15 mV, Iset = 3 nA, Bz = 0.5 T, T = 0.5 K.
Reproduced from [3].

The last step is to apply a Schmitt-trigger threshold function, with the thresh-
old for excitation slightly below the higher current measured when the excited state
is occupied, and the threshold for relaxation slightly above the lower current mea-
sured when the ground state is occupied. This threshold function allows the current
trace to be converted into a binary trace which shows the time-dependent occupa-
tion of the ground and excited state, as shown in Figure 5.4E. Having established
a method for extracting event traces from voltage-modulated traces, we can now
proceed to investigate the dynamic response of the N-site Fe atom to harmonic
voltages.
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Figure 5.6. Measured time traces of the N-site Fe atom’s spin state (blue to red) for different
driving frequencies. (A) ω = 0.2 kHz, (B) ω = 2 kHz. (C) ω = 5 kHz. The measured voltage
is shown in grey. Vac = 5 mV, Vdc = 15 mV, Vset = 15 mV, Iset = 3 nA, Bz = 0.5 T, T = 0.5 K.
Reproduced from [3].
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5.5. DYNAMIC RESPONSE TO HARMONIC VOLTAGE

We now introduce a harmonic drive voltage Vac that modulates the excitation prob-
ability periodically in time. Figure 5.6 shows the spin state’s response at three dif-
ferent drive frequencies, demonstrating that the switching can synchronize to the
applied periodic drive, seen as the spin undergoing one cycle of excitation and re-
laxation in one period of the drive. This is most prominent at approximately 2 kHz
(Panel B).

Stochastic resonance manifests in a profound modification of the switching
statistics, which can be quantified by making a histogram (Figure 5.7A) of the times
between excitations. With a static bias voltage applied (non-driven case), the counts
exhibit a hypoexponential distribution, in agreement with the expectation of a non-
resonant stochastic process governed by telegraph noise of two consecutive Pois-
son point processes (with Poisson-distributed excitation and relaxation processes
with different characteristic times) [15]. With an ω= 2 kHz Vac = 5 mV drive signal
added to the constant bias voltage (driven case), the counts peak at integer multi-
ples of the excitation period Tω = 0.5 ms. The peak at Tω is almost three times larger
than the non-driven case, and counts for times above 1 ms are strongly suppressed.
The transitions are now synchronized to the oscillating drive. As the counts devi-
ate from a hypoexponential distribution, either the excitation or the relaxation (or
both) are no longer Poisson distributed. Thus, driving fundamentally changes the
dynamics of the spin.

The individual switching events in the time traces occur much faster than the
time between successive spin state transitions, so it is reasonable to assume that
the conditional probability of a transition out of a state, given that it is occupied,
depends only on the instantaneous values of the drive voltages. Since spin correla-
tions have extremely short lifetimes [8, 11, 16], we can consider that no correlations
between spin and electron bath exist on the time-scale of the N-site Fe atom spin
switching, therefore we model all transitions as Markovian, i.e., memoryless. In this
Markovian limit transition-rate theory is applicable [17] and the theoretical meth-
ods used to characterize quantum SR in Ref. [12] can be generalized to calculate
the switching time distribution nonperturbatively for any prescribed periodic time-
dependence of the conditional probabilities 2. Unlike in conventional stochastic
resonance, the individual spin states could couple differently to their environment
(tunneling-current and electron-spin scattering from the bath), which would effec-
tively make the spin states experience different levels of noise. To account for this
possibility, we model the excitation and relaxation rates separately.

We extract the conditional probabilities directly from the measured time traces
by evaluating the probability to switch between spin states, relative to the drive cy-
cle (Figure 5.7B). We find the relaxation rate to be constant, but the excitation rate is
voltage-dependent and thus varies throughout the drive cycle. Relaxation is dom-

2For a full derivation see Chapter 2.
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Figure 5.7. (A) Event histogram of τee for a constant bias voltage (non-driven, green) and for
a driving harmonic signal with ω = 2 kHz (driven, purple). The ratio of grey shaded counts
to total counts is the synchronization efficiency. The histogram for the constant bias voltage
case is fit with a hypoexponential function (black, τe = 0.17±0.01 ms, τg = 1.17±0.01 ms,
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using the time-dependent transition rates (black). (B) Time-dependent excitation (red) and
relaxation (blue) rates plotted over one period, the black line is the fit used as input to the SR
model. The corresponding voltage is shown in grey. Tω = 0.5 ms, Vac = 5 mV, Vdc = 15 mV,
Vset = 15 mV, Iset = 3 nA, Bz = 0.5 T, T = 0.5 K. Reproduced from [3].
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inated by scattering with bath electrons and therefore remains constant over one
period of the drive, while excitation is mediated by voltage-dependent inelastic-
electron tunneling from the tip via the Fe atom to the substrate. This is in contrast
to the tip-modulation driven experiments in earlier chapters, where both the exci-
tation and relaxation rate are significantly modulated by the drive.

With the relaxation and excitation rates as the only inputs and no fitting pa-
rameters, the theory quantitatively reproduces the experimentally obtained switch-
ing time distribution in Figure 5.7A (driven case, black curve). This confirms the
prediction that stochastic resonance can be induced by modulating only one of
the transition rates rather than the state energies [18] and demonstrates that the
voltage-dependent synchronization of the Fe atom’s dynamics is caused by quan-
tum stochastic resonance.

5.6. SYNCHRONIZATION EFFICIENCY AND RESONANCE IN CON-
TROL PARAMETERS

The full frequency dependent event histograms are plotted as an image plot in Fig-
ure 5.8. The relative intensity of the harmonic peak (marked with a black dotted
line) and the background demonstrate the degree of synchronization between the
modulation and the spin switching. This plot clearly shows the broadband nature
of stochastic resonance, a degree of synchronization is achieved over a majority of
the measured frequencies, albeit with a varying efficiency. To quantify the synchro-
nization of the Fe atom’s spin to the harmonic drive, we define the synchronization
efficiency as the number of counts in the harmonic peak in the switching time dis-
tribution normalized by the total number of counts (see gray area highlighted in
Figure 5.7). The plot of synchronization efficiency versus frequency in Figure 5.9
has a prominent resonant peak centered at 1.4 kHz. Note that this peak arises solely
from the statistics of the system, it does not rely on a resonator [19]. Looking at
the histogram’s in the inset of Figure 5.9, one can see the harmonic peak is very
strong, almost overwhelming the broadband background. Not only can a voltage
drive modulate the transition rates directly, it can in fact do so to such a degree that
the synchronization is very efficient.

Investigating the resonance further, one can see that the modulation amplitude
also has an effect on the synchronization efficiency. To quantify this effect, the fre-
quency sweep was repeated for a series of Vac ranging from 1 to 5 mV (Figure 5.10).
Looking at the log-normal fits in Panel B, the peak frequency begins to exhibit an
amplitude dependence at around 5 mV, before this it is relatively flat. The synchro-
nization efficiency as a function of modulation amplitude peaks at 6 mV. There is a
trade-off between increasing the synchronization efficiency by applying larger am-
plitude modulations, and shifting the resonance frequency away from the value set
by the environmental noise due to the effectively larger noise power experienced by
the atom. For the majority of measurements Vac was fixed at 5 mV as a compromise
which balances these two effects.
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An important characteristic of SR is its strong dependence on the timescale of
the noise. In our experiment we can independently tune quantum noise by varying
the electron tunneling with the tip, and thermal noise by increasing scattering with
thermally excited bath electrons.

By sweeping the applied voltage Vdc at constant drive frequency (Figure 5.11),
we tune the Fe atom’s excitation rate from evolving slower than the drive to evolving
faster. A clear maximum in synchronization efficiency is observed at 16 mV for a
1 kHz drive. Increasing the drive frequency to 5 kHz shifts the maximum to higher
voltages.

Stochastic resonance actively modifies the ground state occupation as a func-
tion of drive frequency (Figure 5.12); the dependence is well-approximated by a
Lorentzian line-shape centered at 0 Hz. Additionally, due to the difference in con-
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ductance between the ground and excited state when observed with a spin-polarized
tip the time averaged tunnel current directly maps the frequency dependent occu-
pation ng via the relation:

I = [
ngσg (η)+ (1−ng )σe (η)

]
Vdc ,

where Vdc is the bias voltage, η is the spin-polarization of the tip, andσg andσe

are spin-polarization-dependent conductivities of the ground and excited states,
respectively. This unlocks access to the stochastic dynamics of quantum spins that
evolve at timescales faster than the real-time limit of the STM, which is explored in
our science advances publication [3].

5.7. QUANTUM TO SEMI-CLASSICAL CROSSOVER

Keeping Vdc constant, and increasing the temperature, yields thresholding behav-
ior (Figure 5.13). The synchronization efficiency remains constant for all measured
frequencies up to 2.5 K. For temperatures beyond 2.5 K, with a 1 kHz drive the syn-
chronization efficiency decreases with increasing temperature, at 2 kHz a maxi-
mum is found at 4.5 K, and at 5 kHz it continually increases over the observed
temperature range.

This behavior is consistent with the crossover regime between quantum and
semi-classical stochastic resonance, where thermal excitations and quantum tun-
neling become comparable. At low temperatures the stochastic resonance is gen-
erated by the quantum noise of electron tunneling for which the synchronization
efficiency peaks at 1.4 kHz. Above 2.5 K thermally excited electrons begin to par-
ticipate significantly in the scattering and increase the spin switching rate, moving
the stochastic resonance away from its quantum limit.

5.8. CONCLUSION

The Fe atom on the four-fold symmetric nitrogen site was brought into stochastic
resonance using a harmonic voltage applied with a spin-polarized STM tip, yield-
ing a strong synchronization between spin state and drive. Rather than directly
modulating the transition matrix element of the electron-spin scattering transi-
tions as we did for the 2× 4+ 1 and 1× 5 structures, here we effectively modulate
the noise intensity directly. The drive-frequency-dependent response for the single
atom is similar to that observed for the other structures, with synchronization in-
creasing up to a critical value, and then de-synchronizing. Here, the voltage-driven
time-dependent transition rates were used to model the switching time distribu-
tions using the transition rate theory established in Chapter 2. The agreement
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between the model and the measurement was excellent, indicating that the tran-
sitions are Markovian, and confirming the noise-intensity modulation as a viable
path to stochastic resonance.

The temperature dependence measured in this chapter is distinctly different
from that of the 2× 4+ 1 explored in Chapter 3. The N-site Fe atom exhibits an
initial regime of pure quantum character, where the dynamics are effectively tem-
perature agnostic. This contrasts with the 2×4+1 structure, in which the stochastic
resonance was found to follow to Arrhenius law, and is therefore strongly temper-
ature dependent. Above 3 K temperature the stochastic resonance on the N-site
Fe atom develops a temperature dependence, indicating that classical transitions
similar to those observed on the 2×4+1 become the stronger noise source. This
demonstrates that the N-site Fe atom can be tuned to either transition due to purely
quantum noise, or to transition in a regime where both the classical noise source
presented by the bath and the pure quantum tunneling noise compete.

The transition with the most clear quantum character is the relaxation, which
is drive independent. Rather than randomizing the spin state at specific points in
time, as in the 1×5, here the randomization effect is present throughout the entire
drive cycle. The initial theory of quantum stochastic resonance put forth by Löfst-
edt and Coppersmith [18] predicts that stochastic can occur in a quantum system
even if only a single rate is modulated, the measurements on the N-site Fe confirm
this prediction experimentally.
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6
CONCLUSION

This work investigated tailored open quantum systems through the lens of stochas-
tic resonance. The scanning tunneling microscope allowed structures to be as-
sembled, atom-by-atom, and individually addressed and measured. Two different
pathways to stochastic resonance were explored, first the magnetic exchange field
which modulated the relative positions of the structures’ spin states in energy, and
second the bias voltage which directly modulated the transitions rates. The piv-
otal role played by noise in inducing stochastic resonance allows the system’s reso-
nant behavior to be used to identify the dominant noise sources and elucidate their
character. Competition between quantum noise sources such as quantum tunnel-
ing, and classical noise sources like scattering with a thermal bath, traced the onset
and evolution of quantum behavior.

We used Fe atoms to build three magnetic nanostructures that feature differ-
ent stochastic behavior caused by their size and by their coupling to the bath elec-
trons of the Cu substrate. The largest nanostructure, referred to as the 2× 4+ 1,
is an antiferromagnetic array four atoms wide and two atoms tall with an addi-
tional atom to give a net magnetic moment. It made clear how classical behavior
can arise even in a few-atom nanostructure, and demonstrated how a dynamic ex-
change field can synchronize spin state evolution. The structure underwent classi-
cal stochastic resonance, with a significant synchronization between the drive and
the time-dependent spin state. The temperature-dependent noise-synchronized
dynamics indicated thermally-activated transitions across a barrier as the domi-
nant noise source. Transitions via nearby low-energy states lowered the effective
barrier height, demonstrating how discrete quantum states can still yield effectively
classical behavior. As transitions only occurred over a barrier, we concluded this
structure is exclusively classical.
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The second magnetic structure, referred to as the 1×5, is a linear chain of five
Fe atoms. It was subject to both classical and quantum noise, and demonstrated
how stochastic resonance can interact with multiple noise sources simultaneously.
The tip-induced exchange field synchronized this structure’s dynamics, exposing
both classical and quantum features. There were two possible pathways for tran-
sitions, either thermally activated transitions over a barrier, or direct temperature-
independent transitions through the barrier. The former is classical behavior, while
the latter is distinctly quantum. When the states had a larger energy separation, the
classical thermal pathway drove the transitions, whereas direct quantum transi-
tions dominated when the states were close to degenerate.

Lastly, an individual Fe atom was investigated in two different regimes, one in
which quantum tunneling was the dominant noise source, and a second in which
thermally excited bath-electrons participate significantly in the scattering. The
atom was driven with a harmonic voltage, which modulates the noise power itself,
rather than the transition matrix element. This alternate path to stochastic reso-
nance yielded synchronization with quantum noise, namely magnetic tunneling,
at temperatures below 2.5 K. Above this range, a second regime of synchronization
was identified, where the drive cooperates with the classical noise presented by the
thermal bath. This allowed a quantum to classical transition to be observed for a
single spin.

The extension of the quantum stochastic resonance model to spins on surfaces
in this work yielded a highly accurate method for modelling stochastic spin dy-
namics. We were able to model the spin dynamics in both classical and quantum
regimes, and to explore the onset of resonant behavior. A spin Hamiltonian ac-
counting for magnetic anisotropy and exchange interaction among the atoms was
used to calculate the eigenstates of the nanostructures, yielding their relative en-
ergy as a function of magnetic field. Electron-spin scattering inducing transitions
between the states were treated using perturbation theory. The resulting field-
dependent transition rates could then be mapped to the measured transition rates
by modelling the tip-induced exchange field. By asserting Markovian dynamics,
transition rate theory was, in turn, used to calculate the distribution of times be-
tween excitations. The calculated distributions quantitatively reproduced the dy-
namic response of all three structures as they underwent stochastic resonance.

In summary, this thesis extended stochastic resonance to atomically small mag-
netic systems, not confined to just the classical world of paleontology and neurons,
but also succeeding in synchronizing the dynamics of a single atom. So where do
we go from here? Although not discussed extensively in this work, stochastic reso-
nance can be used as a highly selective spectroscopic tool. The high frequency spin
dynamics in [1] demonstrate this concept using both the picosecond-scale dynam-
ics of a single Fe atom and the collective nanosecond-scale dynamics of a two-Fe-
atom dimer. Pushing this further, we have already carried out preliminary work on
resolving different regimes of intra-structure dynamics in larger nanostructures.
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Moving beyond spins, preserving repeatable dynamics in the face of random
noise is a wide-spread goal in both science and engineering. Biological systems in
particular have developed a high-degree of noise robustness. The omnipresence
of stochastic resonance across length and time scales, from the geological to the
quantum, points to the fundamental role it plays in making the stochastic more
predictable.
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A
SAMPLE GROWTH AND

PREPARATION

The experiment was performed in a sub-Kelvin Unisoku 3He vector magnetic field
((2,2,9) T) STM, model USM 1300 3He. The sample preparation was done in ultra-
high vacuum, where we prepared a Cu(100) single crystal with repeated Ar+ sputter-
ing (ion energy of 1 keV) and annealing (850 K) cycles. A monolayer of Cu2N [1] was
grown by N2 sputtering (ion energy of 1 keV) at an N2 partial pressure of 5×10−6 mbar
and consecutive annealing to 600 K. The sample was pre-cooled to approximately
20 K and Fe atoms were deposited by positioning the cold sample in a low flux of Fe
vapor from a Knudsen cell for 8 seconds.
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