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Abstract

We investigate the thermodynamic uncertainty relation for the (1 + 1) dimensional Kardar—
Parisi-Zhang (KPZ) equation on a finite spatial interval. In particular, we extend the results
for small coupling strengths obtained previously to large values of the coupling parameter.
It will be shown that, due to the scaling behavior of the KPZ equation, the thermodynamic
uncertainty relation (TUR) product displays two distinct regimes which are separated by a
critical value of an effective coupling parameter. The asymptotic behavior below and above
the critical threshold is explored analytically. For small coupling, we determine this product
perturbatively including the fourth order; for strong coupling we employ a dynamical renor-
malization group approach. Whereas the TUR product approaches a value of 5 in the weak
coupling limit, it asymptotically displays a linear increase with the coupling parameter for
strong couplings. The analytical results are then compared to direct numerical simulations
of the KPZ equation showing convincing agreement.

Keywords Thermodynamic uncertainty relation - Kardar—Parisi—Zhang equation - Dynamic
renormalization group - Universal scaling amplitude - Non-equilibrium dynamics

1 Introduction

Over the last years there has been remarkable progress in field theory with regard to the
Kardar—Parisi-Zhang (KPZ) dynamics [1] on the one hand and in stochastic thermodynamics
with respect to the thermodynamic uncertainty relation (TUR) on a discrete set of states [2—
4] on the other hand. The KPZ equation is a paradigmatic example of a growth equation
displaying non-equilibrium dynamics while the TUR bounds the entropy production through
fluctuation and mean of any current. For a recent excerpt of the former see, e.g., [5-19].
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In regard of the latest achievements for the TUR see, e.g., [20-24]. In [25,26] these two
areas have been connected by formulating a general field-theoretic TUR and evaluating it
explicitly for the KPZ equation analytically as well as numerically in a certain scaling regime.
For other field-theoretic formulations of stochastic thermodynamic concepts, in particular the
stochastic entropy production, see, e.g., [27-29].

The derivation of the KPZ-TUR in [25] relies on a perturbational approximation in a
small effective coupling parameter of the KPZ non-linearity. This approach is quite gener-
ally applicable to stochastic field-theoretic overdamped Langevin equations. However, it is
intrinsically limited to the linear scaling regime of the respective partial differential equation
[30]. In case of the KPZ equation, this is the so-called Edwards—Wilkinson (EW) scaling
regime [31,32]. The aim of the present paper is to extend the results from [25] valid in the
EW scaling regime of the KPZ equation to the genuine KPZ scaling regime. This requires
an approach that will hold for arbitrary values of the effective coupling strength of the KPZ
non-linearity. For equal-time correlation functions such a generalization is possible by using
the exactly known stationary probability density functional of the 1d KPZ equation. For two-
time correlation functions, however, this approach is not feasible and thus different methods
have to be used. In the present case we use two different ways of calculating this type of
correlation functions. The first one is the perturbational approximation introduced in [25]
and as a second one we employ the dynamic renormalization group (DRG) approach. Here
the former applies to the EW scaling regime, where the latter covers the genuine KPZ scal-
ing regime. Hence, a combination of these methods enables us to analytically express the
KPZ-TUR for arbitrary values of the effective coupling parameter. These results are com-
pared with numerical simulations based on the method from [26]. This comparison will show
convincing agreement between the theoretical predictions and the numerical results.

The paper is organized as follows. In Sect. 2 we give a brief overview of the problem at
hand and introduce the necessary notions for the formulation of the KPZ-TUR. Section 3
deals with the derivation of exact results valid for arbitrary coupling strength. In particular,
we utilize the stationary state probability density functional of the (1 + 1) dimensional KPZ
equation to calculate equal-time correlation functions entering the KPZ-TUR via functional
integration. In Sect. 4 we concisely state the scaling behavior of the KPZ equation as this
will be relevant for the calculation of temporal two-point correlation functions. Sections 5
and 6 cover the calculation of a specific two-time correlation function via perturbational
approximation and DRG, respectively. The combination of the results obtained in the prior
sections, yields the KPZ-TUR for arbitrary coupling strength, which is given in Sect. 7. The
comparison of the analytically obtained theoretical predictions to numerical data is shown in
Sect. 8. We summarize our results in Sect. 9.

2 The Problem

In this section we will briefly introduce the KPZ equation and the TUR, as well as give a
short summary of the results obtained in [25] which link the two topics. At the end of the
section we outline the steps to be taken in order to extend the results from [25,26] to arbitrary
coupling strength.

We begin with stating the KPZ equation in the form needed for our analysis, i.e., the
(1 4+ 1) dimensional Kardar—Parisi—-Zhang equation on a finite interval x € [0, b], b > 0,
given by
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oh(x,t) = vafh(x, 1)+ % (Och(x, ) +n(x,1). (1)
Here v represents the surface tension, A is the coupling parameter of the non-linearity and
n Gaussian space-time white noise with zero mean and autocorrelation (n(x, D', t )) =
Aod(x —x")8(t — t'), Ao denoting the noise strength. We further assume periodic boundary
conditions for (1), i.e., #(0, t) = h(b, t), and flat initial condition & (x, 0) = O (see also [25]).
The thermodynamic uncertainty relation for a non-equilibrium steady state (NESS) was
originally proposed for Markovian networks [2]. It gives a lower bound on the total entropy
production {Asy) needed to provide a certain precision €2 of a process in such a network.
It reads

Q = (Asi) €2 > 2, )

where () denotes averages with respect to the noise history. Here, (Asit) = ot in the
stationary state, with o the entropy production rate and €> = 2D/(j?t), with D the diffusivity
and j an arbitrary NESS current. Later, the TUR (2) was proven to hold for a Markovian
dynamics on a discrete set of states [3] and for overdamped Langevin dynamics [33].
Recently, the TUR in (2) was extended to a general field-theoretic overdamped Langevin
equation [25] and exemplified with the (1 + 1) dimensional KPZ equation from (1). For the
KPZ equation it was found via a perturbative calculation of (As;) and €2 as well as by direct
numerical simulation [26] that Q =~ 5 for small values of the effective coupling parameter

[ Aob
Aeff =4 —5 A 3)

V3
What is meant by ‘small’ will be specified below in Sect. 4. According to [30], such a
perturbative approach to a non-linear PDE like (1) will yield results expected to be valid in
the linear scaling regime of the non-linear equation. Hence, the results from [25,26] are valid
in the so-called Edwards—Wilkinson (EW) scaling regime of the KPZ equation.

In the present paper, we will derive the field-theoretic analog of (2) (see [25]) for arbitrary
values of ¢ and thus extend the range of validity from the EW scaling regime to the genuine
KPZ scaling regime. The terminology will be explained in more detail in Sect. 4.

The expressions for the constituents of the TUR used in this paper are derived in [25] and
read

)\‘2 t b 4
() = 55 /O it < /0 dx (axh<x,r>>> @)

as the total entropy production and
, var[wn] (¥~ (¥0))’)

€
(W (1)) (W, (1))

(&)

as the precision, where

b
W, (1) E/O dx g(x) h(x,t). (6)

Here, W, describes the time-integrated generalized current with g(x) € L%(0, b)

( fé’ dx g(x) # 0) as an arbitrary weight function. It was shown in [25] that the steady
state Q does not depend on g(x) via a perturbation expansion in A, i.e., Q is independent
of g(x) in the EW scaling regime. In Appendix A we present an argument to show that
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indeed in both scaling regimes of the KPZ equation the precision € in (5) and therefore Q
is independent of the choice of the weight function g(x) in the long-time limit. We thus set
g=1,ie.,

b
V() =W () = / dx h(x,t). (@)
0
Hence, (5) becomes

o2 varlv ol _ (W@ — (wn)?)
(W) (W)
with W (¢) from (7). In the stationary state we have (W (¢)) = J ¢ with J the stationary current.
In the following we derive explicit expressions for (Asyy), (W (¢)) and var[W(¢)]. The
first two, namely (Asy) and (W(z)), are given by equal-time correlation functions. These
correlation functions may thus be calculated in the stationary state via functional integration
over the stationary state probability density of the (1 + 1) dimensional KPZ equation (see
Sect. 3). The variance of W (¢) is, on the other hand, given by a temporal two-point correlation
function, which requires more knowledge than the stationary state probability density. We
show below two different ways to obtain var[W (#)]. The first uses a perturbation expansion
in Aefr from (3) (see Sect. 5) and the second employs dynamic renormalization group (DRG)
techniques (see Sect. 6).

®)

3 Exact Results
3.1 Normalized Stationary Distribution

For the (1 4 1) dimensional KPZ equation the stationary probability density functional of
the height field i (x, ¢) is known exactly [6,32,34] and reads

b
polh] ~ exp [—Aio /O dx (axh>2} . ©

Note, that (9) is identical to the steady state solution of the Fokker—Planck equation for the
linear problem, i.e., for the EW equation [31]. In the following, we want to use (9) to calculate
equal-time steady-state correlation functions. Hence, (9) needs to be properly normalized.
The normalization is obtained by expressing /(x, t) in terms of its Fourier series (see e.g.
(25])

hx, )= @ P R=[-A Al A €N, (10)
keR

where /i (t) € C, and inserting (10) into (9). The introduction of a finite Fourier-cutoff A
ensures the normalizability of (9). A subsequent functional integration of (9) over 4 yields

v b 2
/D[h] exp [—A—O/O dx (3.h) }

A
= H/dh,e,k exp[ h% ]H/dh” exp [_%12/1 ] (11)
k=1

I=1
([ Agb\M (1Y
- \87v A)
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where hg, ;. j(t) represents the real/imaginary part of 4 (¢), respectively. Hence, the normal-

ization of (9) reads
Agb\™ [ 1)?
=) (&) @

1 v b
h=—exp|—— [ dx (3:h)*|. 13
pslh] Np[Ao/o (x)] 13)
With (13) we can explicitly calculate steady state equal-time correlation functions of the
Fourier coefficients /j(¢) by a functional integration, where (-) polh] = f DLh] () pslh] is
understood as the expectation value with respect to the stationary probability distribution. In
particular

and therefore

(he(2) By (1)) __ Aob 3 (14)
k 1)) pgin] = P k,—1
with i = —4m2vk? (see also [25]). Note, that
tlinolo (@) = (OO pyn » (15)

is expected to hold, where (-) denotes averages with respect to the noise history. We will
show this explicitly in the case of (W (7)) and (As) below.

3.2 Exact Stationary Current and Entropy Production Rate

For the steady state current J, where (W (7)) = J f, we get

rofh Ag h
J = @)y = 5/0 dx ((0ch(x, D)),y = S A (16)

2v

The second step follows from a spatial integration of (1) with a subsequent averaging with
respect to pg[h] and the last step uses Parseval’s identity and (14). The result in (16) has
already been derived in [25] as lowest order approximation of a perturbation expansion in
Aeff Where the Lh.s. of (15) was used for calculating expectation values (see also [32]). It is
instructive to examine why the lowest order approximation is in fact exact. This can best be
seen by studying the structure of the perturbation expansion of (9, WV (¢)). Terms with an even
power of Acf vanish as they represent odd moments of the Gaussian noise 1, whereas terms
with odd power greater than 1 vanish by exact cancellation of the involved moments.

For the steady-state entropy production rate o, with (Asi;) = o t, it is found with (10),
using Wick’s theorem and (14) that

b
212
sa0 ) (y(axh(x,t)) | >

82

= 2 k= Dntk =) Ok Oh OOy (17)
keR L,neRi\{0,k)

Dol [ 5 3AZ—A]_ Ak’

2 b V2 2 4 b U2

pslh]

[5A%—A],
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where Ry = [max(—A, —A + k), min(A, A + k)] (see [25]). Again, a comparison of
(17) with the corresponding result from [25] shows that the lowest order perturbational
approximation is also exact for the case of the entropy production rate o in 1d.

Thus, by using (13), we can calculate for the (1 4 1) dimensional KPZ equation the exact
expressions for the stationary current J (see (16)) and the entropy production rate o (see (17))
for arbitrary values of the coupling parameter. This implies that two of the three constituents
of the TUR product Q are known exactly. Hence, we state the intermediate result

(Astor) < 1Y varl¥ @]
<\D(z)>zvar[qj(t)]_(5 ) Aobt

A
In the following sections we present two different approaches to obtain results for var[W (¢)]
in order to complement (18).

Q= (18)

4 Scaling Behavior of var[ V¥ (t)]

In contrast to the results in the previous section, which hold for any choice of system param-
eters, the variance of W (¢) changes its behavior depending on the strength of the coupling
parameter from (3). To illustrate this in more detail, it is instructive to have a look at the time-
scales at which the changes in the variance occur. In the case of a large coupling parameter,
these time-scales are the EW to KPZ crossover time t5W ~XPZ_ given by [32]

(EW=KPZ 555 5 Aaz A4, (19)

and the KPZ correlation time tCKPZ, given by [32]

2021 v\
ASCEN <7( AO) ”) Py (20)

InFig. 1, we show schematically the behavior of the variance of W (¢) if tXP? > (EW=KPZ For

times ¢ < tEW~KPZ the system is in the so-called Edwards—Wilkinson regime, characterized
by the critical exponent z = 2 of the linear theory. In this scaling regime, the variance of W (¢)
is expected to scale linearly in time ¢ [32]. For times in the range tEW~KPZ — ¢ < ZCKPZ, the
systemisinits transient regime. This regime belongs to the KPZ scaling-regime, characterized
by the KPZ critical exponent z = 3/2. While in the transient regime, the variance is predicted
via scaling arguments to scale with #4/3, i.e., it displays super-diffusive behavior [32]. For
times ¢ > tg(PZ the system enters the KPZ stationary regime, where the variance is again
expected to scale linearly in time ¢. However, due to the super-diffusive behavior in the
transient regime, the proportionality factor is larger in the stationary KPZ regime than in the

var[¥] ~ t var[W] ~ t4/3 var[¥] ~ t
% % t

tEWHKPZ tKPZ
c

EW-regime KPZ-regime

Fig. 1 Schematic illustration of the scaling behavior of var[W(¢)] for the ‘normal’ ordering of time-scales,
ie., tCKPZ > IEW*KPZ, for a finite KPZ system (see, e.g., [32])
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EW scaling regime [32]. In the following we will refer to the above described behavior as
the behavior for the ‘normal’ ordering of time-scales, namely tXP% > (EW=KPZ,

Before we discuss the case of (EW=KPZ tg(P Z let us reformulate the two time-scales
in (19) and (20) by expressing both in terms of the effective coupling parameter A from
(3). To this end we introduce a dimensionless time #; = ¢/T with the diffusive time scale
T = b*/v. This yields for the EW to KPZ crossover time

6 1 25
(ENKPZ g5y - = 20 Q1)
‘ AGHE A% gy

and for the KPZ correlation time

3\ 1/2 3
(KPZ ~ /2(0.21)3 <”—> 1_v202h° (22)

o Agb A Aeff

The form of (21) and (22) indicates the existence of a critical effective coupling parameter
Agff below which the ‘normal’ ordering of time-scales breaks down, i.e., th”KPZ > tclffz
One may think of this as shrinking the transient regime in Fig. 1 to zero, and thus, equating
(21) with (22) and solving for Afr yields

Ay A 12,28, (23)

In dependence of the critical effective coupling parameter we have

EW—KPZ KPZ " c
I <I. for Aefr > Ag,

EW—KPZ KPZ
I > 1 .5

. (24)
for et < Agg-

Hence, the behavior of var[W (¢)] sketched in Fig. 1 is valid as long as Aegr > Al

We now turn to the behavior of the variance of W (¢) for Aefr < A In this case we have
(EW=KPZ téff Z, which is physically not sensible as this implies that the system would
have to become stationary in the KPZ regime before even crossing over from the EW to the
KPZ regime. This situation is resolved by taking the EW correlation time tfw into account.

It is given by [32]

2

EW b EW T

oYW = oY = 25
¢ 288 v (25)

©r 288"

As can easily be seen, Aefr < Ay implies that tCEZV < th”KPZ, hence the system becomes
stationary in the EW scaling regime. Therefore, if Aefr << Al its dynamical behavior will
be governed for all times # by the critical exponent z = 2 of the linear theory. For Aett 1 Agg
the behavior of the variance will change from the one in the linear theory to the one predicted
for the KPZ equation and should be accessible by a perturbation expansion in Aegf up to
hett A Ay Note, that when we state Aegr ‘small’, we mean Aegr < Adg.

5 Perturbation Expansion

As stated in the above section, for values of Aer S A We expect to obtain the correct
behavior of the variance of W (¢) via a perturbation expansion in A¢gr. As the analysis follows
the one in [25], we will be brief here and focus on the results instead of the technical details.
Note, that in this section we use the scaled version of the KPZ equation, which is obtained
by the introduction of scaled variables according to
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t h
> hs gL (26)

X
X = —,
b T H

with T = b%/v, H = \/Aob/v and N = \/Agv/b3 [25]. This significantly simplifies the
perturbation expansion. In the scaled variables the perturbative ansatz reads

hen =3 [0 + a0 +35hP 0 + 003 | & @)
keR

where the Fourier coefficients h,(f)(t) are given in [25]. In the following we will use (27) to
evaluate

t t
var[W (1)] = / dt' / dt” (U (b)), (28)
0 0
where
. hetr [ 5 !
() = 7/ dx (dch(x, 1)) +/ dxn(x,1). (29)
0 0

Here, the dimensionless form of (1), given in [25], is integrated with respect to the spatial
variable to obtain (29). We use (29) to calculate the two-time correlation function

. . )»2 . 1 1
(U@ wa") = %ﬁ/o dx/o dy <(axh(x,t/))2 (ayh(y,r”))2>+s(t/—t”)

2
)‘eff
4

(30)

J@ ")+ —1"),
where

Ja, iy =@nt Y KPP (o (7). 31)
k,IeR\{0}

In principle any correlation of the Fourier coefficients /; can eventually be expressed by
correlations of h,(co) from (27), which depend linearly on the Gaussian noise n [25] and thus
allow for the application of Wick’s theorem. In practice, however, this results in a quickly
growing complexity of the calculation for higher order approximations in Acff. A possible
circumvention of this issue is the physical assumption of so-called quasi-normality. This
assumption has been successfully used in turbulence theory [35,36] and has been adopted in
[37] for the height field & (x, t) of the KPZ equation. The quasi-normality hypothesis states
that all even moments of / are assumed to behave like they were normally distributed and thus
Wick’s theorem may directly be applied to (31). At least for large times ¢/, ¢ the assumption
is supported by the fact that i (x, t) is exactly Gaussian distributed in the NESS (see Sect. 3).
Hence, after applying Wick’s theorem to (31), we have

(@) W) — (B @) (")
’ " )‘Z,"
=8’ = +ent=t Y Kee (32)
k,leR\{0}
x [{re @Y @) (h—i Y-y (@) + (iR ")) {h i (Y (7))] -
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Replacing the /;’s in (32) with the expansion from (27), integrating twice over time and
following the same steps as in [25], one obtains for # >> 1

22 1

W] ~1t |1 eff =

var[W(1)] + 02 Z 2
keR\(0)

_ eft Z Z m + 0()\6‘ ) (33)
4 312 _ 2 2 eff’
256w kRO MR {0.A) k> (k* + (k — m)> + m*)

)\fo )\.4
=t |1+ ="581(A A 0)\.
IS (A) — 3L S0 + 008 |

which is calculated to one order higher than in [25] and Sj > are simply abbreviations for the
respective sums in the first line. Next we will evaluate Sy > analytically in the limit of large
A. For S| we find

Sin) =21P 22 2c), (34)

where ’HE{” = Z,i\zl 1/k™ is the so-called generalized harmonic number of order n and ¢ the
Riemann-Zeta function. For S, we find after some straightforward algebraic manipulation

m 1
S(A) = Z Z 3.2 2 N o4
keR\ 5 B0+ (k—m)? +m?) 2k

_22 Z k2 + (k — m)2+m2 H%)'

—A+k

(35)

The inner sum over m in the second line in (35) may be approximated for large values of A
by

/A J x 1 . 2A —k G () 36)
X = —— arctan ———— = .
Ak A (k-02+22 3 N R

Plotting the function G 4 (k) suggests that it may well be approximated by the linear expression

Ga(0) = GaA(N) T 1 /2= arctan(1/+/3) .

Gatk) * GA(0) = —————k = ——
A W3 V3 A 37)
604
~ 0.9069 — 2% 6 k,
and thus we have
A m 0.6046
Y mra s ¥ 09069 — ——k. (38)
m=—A+k T k—m)”+m

Inserting (38) into (35) and taking A >> 1 leads to

A A

1 m @ Al
2.5 X vrac 218143t (39)

—H
2 A
m +m
k=1 m=—A-+k )
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Thus in the case of large A we have the following asymptotic behavior (# > 1) of the variance
of U,

W) ~t |1 Ao 2 Ao 1.814¢(3 )+ 0 40
var[W(r)] >~ ¢ +16n2§()—256n4(- C3)—=¢@) + 00 |, (40)

or, in terms of the rescaled, dimensional variables

(W)~ Aghr |1+ Agb2? ) Agb*t
T ~ —
va 0 167213 ¢ 2567400

(1.8142(3) = £(4)) + 0(?~§ff)j| (41)

We expect the approximations in (40) and (41) to yield sound results for A < A&y from (23).
In Sect. 8 this will be checked by comparison with numerical simulations in the according
parameter regime.

In the next section, we will focus on obtaining the variance of W(¢) for large values of
Aefr via a DRG approach.

6 Dynamic Renormalization Group Calculation
6.1 The 1D KPZ-Burgers Equation and var[ V¥ ()]
In this section we use the equivalence of the 1d KPZ equation to the stochastic Burgers

equation (see e.g. [38]), given by the transformation u(x, t) = —d,h(x, t), with u(x, t) the
velocity field of the Burgers equation

A
OyuCx, 1) + S0 (v, 1) = viu(x, ) + [ (x, 1), (42)
vyhere f(x,t) = —0,n(x, t). In terms of the Burgers velocity field u(x, t) the expression for
W (t) from (29) reads
. P b
U(t) = E/- dx uz(x, t) —i—f dx n(x,t). (43)
0 0

In principle, the derivation of the expression for the variance of W (¢) is analogous to the one
shown in Sect. 5. However, here we will use the continuous Fourier transform instead of
the discrete Fourier series as above, since a continuous wavenumber spectrum is needed for
implementing the DRG scheme. In particular, we define

‘ da [ d .
u(q,w)=/dX/dtu(x,t)e*’(“*“”), u(x,t)Z/lfﬁu(q,w)e’(qx’”’),
27 2
(44)

as the forward and backward Fourier transform of the velocity field u(x, t), respectively. To
apply (44) to (43), we use the b-periodicity of u(x, t) due to the periodic boundary conditions
in (1). In particular we have

b b/2
/ dxuz(x,t)=/ dxuz(x,t)
0

b2 (45)
o0 1 o0

%/ dxu*(x,t) = —/ dqu(g,t)u(—q,1),
—c0 27 J o
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where the second step holds for » >> 1 and in the last step we used the partial Fourier
transform (44) in the spatial variable x. We thus obtain

(W) ~ fdz f lu(g. ) u(~g, 1), (46)
(W2(0) ~ (w(n)? +Aobt+—/ dr’ / dt”/ -
x [(u(q, Hulg, ")) (u(=q, u(—q', ") @7)

+ (u(q. Hu(—=q'. ")) (u(—=q.tHu(q'.1")].

and therefore, similar to (28),

var[W (¢)] & Aobt—i-f/ dt’ / ”/

x [{ulg. Hu(g', ")) (u(—q, Hu(—q', t”))
<“(q’ t )M(_q ) t//)><”(_q’ t )M(q 9 t”)>] .
The expressions in (48) and (48) again rely on the quasinormality hypothesis [35,37].

(43)

6.2 Two-Point Correlation Function via DRG

Instead of calculating the two-point correlation functions in (48) perturbatively as in Sect.5,
we here use the DRG method described in e.g. [39,40], where we have noise correlations
corresponding to Gaussian white noise for the KPZ equation, i.e.,

(flqg. @) f(q o)) =—2m)* Aoqq' 8(qg +q) 8w+ o), (49)

(y = —21n [39,40]). The starting point of the DRG procedure is the Fourier-space represen-
tation of (42), namely

A da’ do'
u(q,w)=Go(ﬂl,w)f(q,w)—inGO(q’w)/%/ 2a)
(50)

where we define the bare propagator

1
Golg,0) = ——. 51
0@ 0) =~ (51)
The next step will be to split the velocity field in (50) into large-wavenumber modes, u~,
and small-wavenumber modes, # =, where it holds that (see e.g. [35,39])

u<(q,w) for 0 <q < Age™!,

u(g, w) = { (52)

u”(q,w) for Ape! < q < Ao,

with / the renormalization parameter and A an ultraviolet wavenumber cutoff. An analogous
splitting applies to the noise f (g, ®) as well. Averaging the ensuing equations with respect
to the noise history of the f~-modes and integrating out the contributions of the large-
wavenumber modes u#~ yields corrections to the terms of the small-wavenumber modes u ~.
As these steps are well known and explained in detail in e.g. [35,39], we will simply state
the results, which are the renormalization equations for v and Ay,
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LS Lt (53)
VR =V )
R 8713 Ag
A2 Agel —1
Apr =Ap |1+ 873 Ag s 54

obtained after one elimination step. This mode elimination process is iterated using infinitesi-
mally small wavenumber increments (! — dI) which causes parameter changes dv and d Ag.
One thus arrives at differential equations for v(/) and Ao (/), given, respectively, by

-2
dv(l) _ L
T v(l) Pyl (55)
-2
dAo() A
T Ao(l) 37 (56)
where
- Ao) \'?

with A’(l) = Age ™! (seee. g. [40]). A(/) denotes the renormalized coupling constant charac-
teristic for the eliminated modes. Up to a constant numerical prefactor, A(0) equals Aefr from
(3). At this point we adopt a DRG scheme introduced in [41,42] and analyzed in [43], which
has been recently applied in [44,45]. It implies that the next step of the scheme consists in
solving (55) and (56) for v and A explicitly, making their scale dependence transparent. It
follows directly that,

Aol A
o) = 2% _const. VI>0, (58)
v(l) v

with v, Ag and A the unrenormalized parameters from (42) and (49). The finding in (58)
reflects the fluctuation-dissipation theorem, known to hold for the 1d Burgers-KPZ system
(see e.g. [32,39,46]). Using (57) and (58), the integration of (55) yields

1/2

MAge —1
(59)

D=v|1 —_—
v®) 1)<+47'L’\)3 Ao

As a last step we make the common identification |g| = Age! (see e.g. [35,39-42,44,45])
and obtain asymptotically for large values of / (i.e. |g| < 1)

A Ao\ /2
V@) =5 (70) lq1712, (60)
A A Ao\ /?
Ao(g) = 70 V@) = 5o (70) lg1~"/2. 61)

Equivalently, A(/) converges for [ — oo (i.e. after all large wavenumber modes are elimi-
nated) to a finite stable fixed point, the KPZ fixed point of the RG-flow. This fixed point is
associated with the dynamical scaling exponent z = 3/2.

According to [40], the expressions from (60) and (61) allow for the introduction of a
renormalized effective propagator

1

Glq,0) = —F——""—,
@, @) —iw+v(g) g2

(62)
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and a renormalized effective noise with

(f(qg. o) f(qg'. o)) = @m)* Do(q) 4* 8(q + ¢) 8(w + &), (63)

such that the nonlinear equation from (50) may be replaced by an effective linear Langevin
equation

u(g,w) > G(q, w) f(q, w). (64)

Note, that in (64), as opposed to (50), the right hand side now depends on v(g) and Agp(q)
from (60) and (61), respectively. A justification of this step is given in [40-43] via the so-
called e-expansion. In the present case, a further justification may be given by the fact that
for large times the fluctuations of h(x, ) become Gaussian distributed. This indicates that
their dynamics may be described by a linear Langevin equation as in (64). An analogous
conclusion has been drawn for a slightly different setting in [45].

Using (62) and (63), we give an explicit approximation for the two-point correlation

(ug, @u(q’, @),
(u(g, w)ulq', "))~ Glq, ) G(q', o) (f(g.0) f(q'. o))
= (21)°¢” M0(9) G(q, @) G(¢', @) 3(g + g S+ ) (65)
= (27)* C(q, ) 8(q + ¢ (@ + o).
Here we have introduced the correlation function C (g, w) (see e.g. [40]) according to
C(g.») = q” 8o(@) G(g, ) G(—q, —w) = ¢* Ao(q) |G (g, »)*, (66)

with Ag(g) from (61) and G(gq, @) from (62). Inserting the explicit expressions form (60)
and (61) into (66) we arrive at (see also [40] for A = 1)

Clgo~ (20) 20" "
7 v v 12 2712w >
1+ (To) PPIRE

Obviously, (67) is in accordance with the well known scaling result for the correlation function
of the Burgers equation in one spatial dimension (see e.g. [39,40]),

(67)

~ |g|73/? @
Clg, ®) ~ Iq| <I><|q|3/2>, (68)
with @ as a universal scaling function.

6.3 DRG Results for var[¥ (t)]

Performing a Fourier backward transformation in frequency on both sides of (65) and insert-
ing for C(g, w) the expression from (67) leads to

(ug.yug' . 1)) =27 C(q.t —1) (g +q")

Ao Ao\ . (69)
%hexp[—() g2 1t —1'|'| 8(q + ),

2v 2v (2m)1/2

as the approximate two-point correlation of u = —d, s in wavenumber space. With (69) we
now have the necessary means to calculate the product of two-point correlation functions in
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(48). In particular,

/ / u(qs t/) u(q/’ t”)> <u(_q7 t/) u(_q/7 l”))

= /dq/dq’C(q,t’—t”)C(—q’, t'—1"8(qg+4q)8(—q —q")
27
/dk/dk’ <—k ¢ —ﬂ’) C( . k’,t’—z”) Sk + k)

B p5/3) 713 1
= i T 22/3 [t — 17|23

where we substituted in the second step ¢ = 2wk/b to attribute for the fact that we operate
on a finite system-size x € [0, b], which implies an explicit length scale, and I is the Euler-
Gamma function. Analogously, the second term in (48) becomes

/ / (ulg. Y u(=q". 1) (u(=q.1"Hulg', "))

(70)

71
Ao\ T(5/3) 3 1 b
47.[ v 22/3 |t 1 — t”|2/3 :
Inserting (70) and (71) into (48) yields
r'/3)  AY3A
var[W(1)] ~ Agb 1 + O3, dt dt” i — |72/
8712/3 v5/3 )
30Q/3) . aps A0 s
= A()bt + 8 2/3 )\. 7 t .
Therefore in the long-time limit,
3rQ2/3 Ao\
var[W (1)) ~ S/ sas (B0 g (73)
823 v

which indicates super-diffusive behavior for the variance of W(#). This expression is in
accordance with the scaling form predicted in [32] for the transient KPZ regime. Moreover,
the present DRG approach yields the amplitude factors as well. We use (73) in the time
range tEW=KPZ 4 < (KPZ and check in the following for consistency with known results
at the endpoints of this time interval. For times ¢ > tfPZ, the variance of W(z) behaves
as var[W(1)] = Ct (see Fig. 1), with C a parameter to be determined. Hence, we have the
matching condition

3r(2/3) Ao\ |
var[ W ()] = = 22 b3 (70) (XPZy4/3 L o (KPZ, (74)

Inserting tg(Pz from (20) into (74) and solving for C yields
An\ 32
C ~ 0.3444 <2J> A2, (75)
v

This expression may be compared with a result in [32] for the center of mass dispersion W? =
<(ﬁ — <E))2>, with h = fob dx h(x,t)/b the spatial mean, which is related via var[W ()] =
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b> W? to the variance of our observable W (¢). The center of mass dispersion is given by

3/2
W2 = ¢ <ﬂ> Ao 12, (76)
2v
with ¢ a universal scaling amplitude. Apart from the prefactor cg the result in (75) is the
same as the one in (76), in particular with respect to the anomalous scaling in b. Regarding
co, this was determined in [47] for the ASEP-process and then adopted in [32] relying on the
universality hypothesis. The exact value of cg reads

co = ? ~ 0.443. (77)

We thus deviate from the exact result for co by roughly 20%, which we regard satisfactory for
our consistency check. Moreover, we note that our numerical simulations in Sect. § indicate
a correlation time that differs from the one in (20) by roughly a factor of 2 (see Sect. 8.3).
Reiterating the steps from (74) and (75) with the numerically obtained correlation time (see
(96)), leads to a significant improvement of our result for the universal amplitude cq (see
o).

At the left endpoint of the transient KPZ regime, i.e., at , consistency may
be checked by comparing (73) with the perturbation expansion from (41) for defr &~ Ay
To be precise, we compute (73) at the crossover time (19) and compare this result to (41)
evaluated at the critical coupling parameter Ag. This makes sense, since on the one hand we
know that zCKPZ zZ (EW=KPZ 5rovided that Aefr 2 Mg Which implies that var[W (7)] shows
transient behavior for ¢ 2 tEW=KPZ 'O the other hand the expansion from (41) is expected
to be valid for Aerr < Al Therefore, at Aefr ~ LSy the expression for the transient KPZ
variance of W (¢) from (73) should match with the perturbative result from (41) at the EW to
KPZ crossover time tEW~KPZ wWith (73) we get

{ — (EW—KPZ

5/3
var[W ((EV=KPZ)] ~ 3re/3) pad3 (ﬂ) (tEW—KPZ)4/3

8 m2/3 v (78)
~ 1.4953 Ag b 1BV KPZ
whereas evaluating (41) at Aegr = A ~ 12.28 from (23) results in
var[W (EV=KPZ) 1~ 1.5704 Ag b BV ZKPZ, (79)

Hence, the respective results differ by just 5%. Taking into consideration that both results in
(41) and (73) are approximations, this seems to be a reasonable match.

To sum up, this section was devoted to the derivation of an analytical expression approx-
imating var[\W(¢)] in the transient and steady state KPZ regime, respectively. Whereas the
result for the latter is essentially known from [32], there seems to be no comparable explicit
result for the former in the KPZ literature known to us. In the context of driven diffusive
systems a similar result has been derived via mode-coupling theory in [49]. We stress that
all amplitude factors are determined by analytic calculations for a generic KPZ system, i.e.,
without invoking specific model problems of the KPZ universality class. Furthermore, our
approximation from (69) for the two-point correlation of # = —d,h in wavenumber space
may be of some interest in itself. This is since the exact scaling function found in [9] for
the 1d KPZ equation is given via the solution of certain differential equations (Painlevé II),
which can be solved only by quite involved numerical methods. Especially, an exact analytic
expression seems to be out of reach. A qualitative comparison of g (k) = C(k, 1)/C(0, t), with
C(k, t) from (69) to f (k) from Fig. 4 in [9] shows an altogether quite satisfying agreement.
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To be more precise, for small k (0 < k < 2) the approximate scaling function g (k) decays
a little faster than f (k) (Fig. 41in [9]). For 2 < k < 5, g(k) tends to zero somewhat slower
than f (k) in Fig. 4 in [9]. Both deviations are, however, rather small. One feature that g (k) is
missing is the oscillatory manner in which f (k) decays to zero; g(k) decays monotonously.
We do not see this lacking of g(k) to be of practical importance for our purposes as the
oscillations of f (k) are rapidly damped with growing k.

7 Thermodynamic Uncertainty Relation
Before we formulate the TUR for an arbitrary value of the coupling parameter, let us collect

what we have derived for the variance of W (z) in the above sections. Consider first the
parameter regime where Aefr < Ay Here we know from (40) that for times ¢ > tfw

)»4
~ eff _
var[W(1)] ~ Agbt [1+ 5 E2) = o (1814¢03) @)+ 008 )] (80)

whereas for t <« tfw, var[W(1)] >~ Ao bt holds.
On the other hand for a parameter set with Aegr 3> LS we have shown in (72) that

Aobt, ¢« (EW—KPZ

5/3
3TQ/3) 1 ,4/3 (Ao 4/3  EW—KPZ < . < ,KPZ
e ba 20 M3t Sttt

var[W (¢)] ~ 81

3/2
L (2—0) Ab32t, XPZ < ¢,

where, for %P7 « t, we chose the exact numerical value of /7 /4 for the universal amplitude
¢o [32]. The behavior for t « tEWV—KPZ may be obtained in various ways. For one, we could
take the short-time limit of (72). Alternatively, we know from the scaling arguments presented
in Fig. 1 that for these times the system is governed by the EW-scaling regime, which implies
normal diffusive behavior according to the EW equation.

Hence, with the exact results in Sect. 3 (see (18)) and the approximations for the variance
we can formulate the TUR product Q in the long-time limit as

( 32n2 255“4 S2(A) + O()‘etf)> , for Aegr T Ay,

1
0~ (5 - X) (82)
% Aeff » for Agy < Aefr.

Here we state the A-dependent result from (33) in anticipation of the comparison to numerical
simulations for a fixed system-size, which also implies a fixed value of A.
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8 Comparison with Numerical Simulations
8.1 The Numerical Scheme

In this section we present numerical simulations of (1) via a stochastic Heun method as
described in [26]. We use these simulations to numerically determine the values of (\IJ(I))2,
(Asior) and var[W(z)] and therefore Q. Due to the sensitivity of the numerics to specific
discretization of the KPZ non-linearity as discussed in [26], we here choose the discretization
introduced in [48] (i.e., y = 1/2 in [26]), as this proved to yield the most accurate results in
[26]. For the technical details and the respective definitions of the numerical observables we
refer to [26]. The numerical scheme uses scaled system parameters {V, Zo , X} given by

% ~ Ap ~ A

2 Ay = 3 A 52 (83)
with § = b/L and L the numerical system-size [26]. For the sake of simplicity, we set § = 1.
This implies for the effective coupling constant Aefy,

~ 12

~ A ~

ett = L'/ (%) . (84)
=

For all numerical data shown here, we used v = Zo = 1 and thus the critical value of the
effective coupling constant is reached for (see (23))

~ 1228

C

AV

In the case of L = 256, which is the system-size we used for the data shown below, (85)
yields

v

(85)

A~ 0.768. (86)
Like in [26], we use
A=—, 87

to establish a connection between the numerical system-size L and the Fourier-cutoff param-
eter A from, e.g., (82). Thus, in terms of the numerical parameters {V, Ag, A} and L the
expression for (\IJ(t))2 reads with (16)

~ o~ 2
Ag A
(W) = (% (- 1)) 2, (88)
and for (Asior) we have with (17)
o (*\* 8

Both expressions in (88) and (89) may also be found in [26], however, there under the
condition of defr < ASy. Similarly, we get for system parameters, such that Aefr = Al and
with the result from (80) the following expression for the variance of W(z),

AR Si(L) 5 AFR* Si(L)
3 3272 Vo 25674

var[W(1)] ~ Ao L t (1 +L + 0\ ) , (90)
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with
s

1
S =23
k=1

91
[%1 1 ,—@] . [@-l | ( )
S (L) =2 — — —.
2L =23 i3 XL:] K2+ (k—m)2 +m? K
k=1 m=—rtsl 14k k=1
On the other hand for parameter sets with Ay << Aefr We have with (81)
AoLt, ¢ < tEW—KPZ
~ ~ \5/3
3rQ/3
varW(n)] = | SpER LT (50)7 140, VSR S K2 (o)
~ \3/2 ~
S (Se)T AL 1K < 1.
Accordingly, we have for the TUR product Q
B2 sy _ g2 BBX s
3 (1 + LS S — L7 i | o for et S A
0=~ (5 - ﬁ> ©3)
ALz
8% 7 12, for Agg < Aefr.

8.2 (¥ (1)’ and (Aseer)

In Fig. 2, we show for two values of a comparison of numerical data for both (‘~Il(z‘))2
and (Aso) With the respective theoretical predictions according to (88) and (89). In the case
of A = 0.1 the system is in the EW scaling regime of the KPZ equation and thus the relevant
time-scale is the EW correlation time tCEW, which is indicated by the vertical line in Figs.
2a and b. As can be seen well, for times # > ¢EW the numerical data follows the theoretical
prediction for both ( \IJ(t))2 and (Asyo). For 7% = 4.0 the system is in its KPZ scaling regime,
which implies that the numerical data is expected to converge to the theoretical predictions for
times ¢t > tCKPZ, i.e., the KPZ correlation time. In Figs. 2c and d this convergence can be well
observed. Thus, the results in Fig. 2 are additional support for the fact that the expressions for
(W (1)) and (Asio) obtained analytically in (88) and (89), respectively, hold for an arbitrary
coupling constant. This extends the range of validity for these two entities from the EW
regime (or the weak-coupling limit) (see [25,26]) to the KPZ regime (or the strong-coupling
limit).

8.3 Variance of ¥ (t) and Universal Scaling Amplitude

Figure 3 shows numerically obtained data of the variance of W (¢) for a system-size of
L = 256 and for » = 0.1 (see Fig. 3a), » = 0.768 ~ A¢ from (86) (see Fig. 3b). To
demonstrate the effect of including higher order terms in the approximation of var[W (¢)]
in the EW scaling regime, we show in Fig. 3 each partial sum of the expansion in (90)
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10°

—~ 10')
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L =256, A=0.1
Num. Data
2
—(de-v) ¢
1072 10° 102 W 10t 109
t
(@
L =256, A\ =4.0
Num. Data
~ 2
—(de-v) ¢
1072 100 100 tKPZ 10 109
t

(c)

10°
10

10?

(Asior(t))

10°
1072

1074

t
(d

102 10° 10* &Y 10t 100
t
L =256, A\ =4.0
Num. Data
-\ 2
_(%) (5L-13+3)¢
102 100 100 KPZ 10 10°

Fig.2 Comparison of the numerical data obtained for a system-size of L = 256 to (\I/(t))2 from (88) in a and
¢ and to (Astot) from (89) in b and d, respectively. In a and b we simulate a system with x= 0.1 < Ac ie.,

in the EW scaling regime of the KPZ equation, whereas in ¢ and d we simulate a system with T=4>7¢
which puts the system in the KPZ scaling regime. The vertical lines indicate the respective correlation times
(EW from (25) and 1XPZ from (20)

L =256, A=0.1

Num. Data

— Lt
— L(1+2.648)2) ¢

L+ 26483 — 2,793 X4 ¢

-

6x10°

4x107)
3x107

2x107

1072 10° 10%  EW
t

(a)

10*

10°

L =256, A = 0.768

10° {< Num. Data
— Lt
1074— L(1 + 2.648\2) ¢
. |FL+2.64832 —2.793XY) ¢
=10
2 10%
§ 3 6% 107
10° / 1% 107
3% 107
/ 2107
10! Gx100 10°
1072 10° 102 W 10t 100
t

(b)

Fig.3 Comparison of numerical data obtained for L = 256 with %=0.linaand % = 0.768 ~ A° in b with
the theoretical prediction from (90) of the variance of W(¢) in the EW scaling regime. We show three orders
of approximation, i.e., 70,752 and 4, for var[ W (1)] to demonstrate the effect of including higher order terms.
W from (25)

The vertical line indicates the EW correlatlon time t
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Fig.4 Numerical data of _ L =95 X=40
var[W(¢)] for L = 4.0 > A€, i.e., [ Num. Data :

in the KPZ regime. For 0

t < tEW—=KPZ 0 plot the |—0.2367 308 458

variance according to the first line

in (92). In the transient regime, =
i.e., for tEW— <t<i”, E
the variance according to the g )
second line in (92) is shown. For e
t > chPZ, i.e., in the stationary ) _ 108
KPZ regime, we plot for one the N ot

third line from (92) and on the

= /& 25

s [—0122132%¢

4108
3% 10°

\

other hand C ¢ with C from (75) 1072 {EW-KPZ KPZ 108 10t 100
t

Fig.5 Exemplary determmatlgn L =256, =40
of the numerical KPZ correlation . [~ Num. Data
time 7&PZ for & = 4.0 107 0.2367 1 X4/2 473

_|—Fit: at = 2423t

1071__ tKPZ = 139.36
FKPZ _
— tKPZ = 249.76 "

ERUEN {EW=KPZ _ () 98

103 4

10

102 10° 102 10* 10°

separately in increasing order. As can be seen clearly in Fig. 3a, there is no discernible
difference between the lowest and highest order perturbation result for %=0.1.In Fig. 3b,
for & = 0.768, however, the difference between the three approximation orders becomes
apparent. Here the zero-order approximation (3:0) underestimates the numerical data and the
first-order approximation (’Xz) is a slight overestimation, whereas the second-order result
(X4) matches the numerical data well. For values & > AS, we leave the region in which the
perturbation expansion from Sect. 5 is expected to be valid, which is reflected in a rapid
decline in the quality of the highest-order approximation (not shown explicitly), as is to be
expected. The numerical values in the legend of Fig. 3 are obtained by evaluating (91) and
inserting these results into (90) for L = 256 (i.e., [(L — 1)/37 = 85).

For the case of AJy < Aetr, we show in Fig. 4 numerical data of the variance of W(#). As
can be seen clearly, the variance displays the expected scaling behaviors (see (92)), namely,
on the one hand, for times ¢ < tEW~KPZ gcaling according to the EW scaling regime of the
KPZ equation. On the other hand, for times ¢ > (W —~KPZ Fig 4 shows the typical KPZ
scaling regime behavior, namely for rEW=KPZ ¢ < KPZ the transient regime with its
super-diffusivity and for tCKPZ < t the stationary KPZ regime. In regard to the EW to KPZ
crossover time from (19), we see very good agreement between the theoretical prediction,
indicated by the left vertical line in Fig. 4 and the numerical data. However, the theoretical
prediction for the KPZ correlation time from (20), shown as the right vertical line in Fig.
4, seems to be too small, as the super-diffusive behavior continues beyond thPZ. We will
investigate this in more detail below. This discrepancy aside, we find good agreement in all
three sub-regimes of the variance between the numerical data and the theoretical predictions
from (75) and (92).
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Table 1 Numerical estimation of

5 KPZ “KPZ “KPZ ,,KPZ
7&PZ Numerical values of the » fe fe e/t
theoretically predicted KPZ 0.87 640.74 1839.26 287
correlation time tg(PZ from (20) ’ ’ ’ ’
and the numerically obtained 1.0 557.45 1446.18 2.59
TKPZ (see Fig. 5) in dependence ~ 1.25 445.96 745.42 1.67
of 1 and for L = 256. The right 15 371.63 1032.80 278
column shows the ratio of the two o ' '
correlation times 1.75 318.54 584.15 1.83
2.0 278.72 524.67 1.88
2.5 222.98 496.44 2.23
3.0 185.82 363.50 1.96
4.0 139.36 249.76 1.79

In Fig. 5, we show our approach to determining the numerical KPZ correlation time ¢, AKPZ

In particular, we search the time at which the transient behavior according to (92) becomes
equal to the stationary branch. Here we determine the latter by fitting the numerical data in
the stationary KPZ regime via a fit-function a ¢, with a the fit-parameter. Hence, we find for

FKPZ
— R 7235503 4 3

c
3r@Q/3) A8 L

Table 1 shows the numerically obtained 7, NKPZ and tKPZ from (20) in dependence of . For
all values of A the numerically obtained correlatlon time 7XFZ is roughly a factor of 2 larger
than the one from (20). To be precise

TKPZ — (218 £ 0.46) (XPZ (95)

where the factor is the mean of the right hand column of Table 1 and the error the standard
deviation of the mean. The numerical result in (95) is compatible with the one obtained by
equating (73) with (76) and solving for the correlation time. The discrepancy between ?3<PZ
and té(PZ may, at least qualitatively, be explained by finite size effects. In particular, ICKPZ from
(20) uses the universal amplitude ¢, with the numerically determined value ¢, =~ 0.4 and
0.21 ~ 1/(12 ¢p) (see, e.g., [32]). This numerical value of ¢,, however, results for b — oo
from the integral ¢, (b) = fzo;s 5, dsg(s) /s2 with & the KPZ correlation length and g(s) the
scaling function of the surface width (see [32]). Evaluating this integral for any finite value of
b(e.g.,b = L = 256) with its finite lower integration limit would lead to a value ¢; < 0.4 and
thus to a larger correlation time 1XP%. We expect this consideration to qualitatively resolve the
discrepancy between tXFZ and 7XP%. The general, explicit evaluation of this integral seems
to be out of reach, however. Let us use (95) to reevaluate the universal scaling amplitude co

from (76) according to the calculation in (75), which leads to

ez _ 3TQ/3) Ky 13 34/3 o7y
© T TRga23 T 53 c

)

JORRS (96)

_ Ag T 12

= (0.45 £ 0.03) 5% ALV~
v
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Hence, we get for the universal scaling amplitude co,
co = (0.45+0.03), o7

where the theoretically predicted value from [32] is /7 /4 ~ 0.44, which is well inside the
error bars of (97). Thus, by using the numerically obtained value of the KPZ correlation time,
?g(PZ from (95), and the DRG result for the variance of W (¢) from (92) in the transient regime
with the matching condition from (74) we are able to obtain the universal scaling amplitude
from (76) to good accuracy (see (97)). The result in (97) is a considerable improvement of
(75) which used tfP Z from (20).

8.4 TUR Product Q

In Fig. 6 we show for three specific values of 7 the time-evolution of the TUR product Q.
As can be seen for the two cases of A < XC, Figs. 6a, b, the perturbation expansion from
(93) yields convincing agreement with the numerical data for times # > tEW. To demonstrate
the effect of the higher order contributions in the perturbation scheme, we also plot the
zero-order result for reference. In Figs. 6c, d, i.e., in the KPZ scaling regime, we find that
for times ¢ < tEWKPZ the TUR product Q converges to the EW scaling result, namely
O =5-3/(L—1).Fortimest > ICKPZ we see the final convergence to the KPZ steady state

" L =25, A=0.1 L =256, A\ = 0.768
Num. Data 10
3
TR =
(-) (1 +2.64722 — 2.793%) 8
8
6
Q 6 Q
4
4 Num. Data
3
2 o{--5—13
(-2 (1 +2.647 0% — 2.793X4)
0 0
1072 10° S (1 10° 102 10° 102 tEW 10t 106
t t
(a) (b)
L =25, \=4 L =25, \=4
Num. Data Num. Data
50 R DU R S S 50 e~
7= 0.2367 (5 — £25) X3 = 0.2367 (5 - 25) X8
3 3
015" Sy "N 404=-% 1
A (5 g2y TV A (5 72y) T
o =022 (5 22 L% o V=015 (5 225) VX
20 : 20 :
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1072 tEW—vKPZ 2. 10' rrPZ 104 lob 1072 tEWAKPZ 2. lol ?;(PZ 104 100
t t
(© (d

Fig.6 Comparison of numerical data obtained for L = 256 and X=0.1,% =0.768 ~ %€ and X = 4.0 with
the theoretical prediction of the TUR product Q both in the EW scaling regime of the KPZ equation (a) and
(b), as well as in the KPZ regime (c), (d). Note, that in d we use the numerically obtained values for ;CKPZ
from (95) and for ¢g from (97)
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7

L = 256

Num. Data
504— (5 — 27) (1 + 26470 — 2.793X4)

(b)

Fig. 7 Display of the numerical steady state values of the TUR product 'Oy, obtained as time averages for
times r > t = 10% in dependence of A. The solid lines represent the theoretical predictions in the two scaling
regimes. In a, these are taken from (75) and (93), whereas in b we used (95) and (97) to reevaluate (75)

result of Q, where in Fig. 6¢ the upper horizontal line indicates Q according to (93) and the
lower line represents the result one obtains by using (75). Both can be seen as reasonable
approximations to the steady state value of Q, however, in the light of the results regarding
the numerical correlation time ?CKPZ and the then resulting universal scaling amplitude in (97),
we regard the upper line as the more reliable one. This is further supported by the observation
in [26] that the numerical scheme intrinsically underestimates the TUR product Q. For the
theoretical prediction in the transient regime of the KPZ equation in Fig. 6¢c we rely on the
assumption that the steady-state results of (\ll(t))2 from (88) and (Asiy) from (89) yield
reasonable approximations even for times # smaller than the KPZ correlation time XP%. This

is to some extent justified by the findings in Fig. 2. We thus expect for fEW=>KPZ ¢ ~ (KPZ
using (92),
~2/3
30\ 313 A s 1

which is what we plotted in Fig. 6¢. As can be seen, the expression in (98) predicts the
transient time-behavior well. The slight offset may either be a result of the intrinsic numerical
underestimation of Q [26] or originate in a minor error in the DRG result from (92) in terms
of the numerical prefactor cg. In Fig. 6d, we show the same graphs as in Fig. 6¢c. However,
here we use the numerically obtained value of the KPZ correlation time, ?E(PZ from (95),
and the corresponding reevaluated universal scaling amplitude from (97), which replaces the
numerical prefactor in (75). This leads to the closing of the gap between the two stationary
results in the KPZ regime and thus smoothes the transition between the two branches of (92)
for times ¢ > tEW—=KPZ,

In Fig. 7, we show the TUR product in dependence of . The values for Q; are obtained by
calculating the temporal average in the KPZ stationary state of Q for times 1 > v = 10*. We
expect the numerical data to follow the prediction in (93), which it does with good agreement
as can be seen in Fig. 7. Here the solid line below e represents the perturbative result and is
compared to the zero-order result depicted as the horizontal dashed line. In Fig. 7a we show
for A > XC, with A€ from (86), the theoretical predictions according to (75) and (93), i.e., for
the KPZ correlation time from (20). On the other hand, Fig. 7b displays the same theoretical
predictions, reevaluated with the numerically obtained KPZ correlation time from (95) and
the ensuing co from (97). Using the KPZ correlation time ?g(PZ from (95) demands also a
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reevaluation of the critical value of the coupling parameter. Repeating the calculation of (23)
in Sect. 4, we obtain for the numerically determined KPZ correlation time 7XF% an effective
critical coupling parameter of

A A 9.47, (99)

and thus for a system size of L = 256

&LAC
% ~0.592, (100)

which is shown in Fig. 7b. As can be seen and is to be expected, using (95), (97) and (100)

~ AC
causes the two solid lines in Fig. 7b for 2 > A to almost coincide and shrinks the jumps at
the critical % 51gn1ﬁcantly in companson to Fig. 7a (see also Figs. 6¢, d). Another effect of

introducing A is that for A < )L the 4th-order perturbation expansion from (93) is cut off
before it reaches its local maximum (as opposed to Fig. 7a), which seems to be a physically
more reasonable behavior.

9 Conclusion

We have given an analytical description of the thermodynamic uncertainty relation depending
on the coupling strength of the KPZ non-linearity, see (82). In particular we showed that equal-
time correlation functions, in the present case the steady state current J and the entropy
production rate o, can be obtained exactly via functional integration using the known steady
state probability density functional ps[h] of the (1 4+ 1) dimensional KPZ equation, see (16)
and (17), respectively. In case of var[W (7)] we extended the result from [25] by calculating
the next order of the perturbation expansion, valid in the EW scaling regime of the KPZ
equation, see (41). Further, we approximated var[\W (¢)] in the KPZ scaling regime via a
DRG approach and obtained an analytic expression in the transient KPZ scaling regime,
which not only recovers the correct scaling form but moreover yields an explicit amplitude
factor, see (73). To our knowledge, this has not been done before in the KPZ context. There
is, however, a result from the pre-KPZ-era for driven diffusive systems [49] that predicts the
same behavior for var[W ()] as our result from (73) apart from a slight difference of less than
2 % in the numerical prefactor. This is on one hand quite remarkable as the authors of [49]
use a quite different approach, namely mode-coupling theory, opposed to the DRG technique
used in the present work. On the other hand, the result in [49] may be seen as further support
to (73). The knowledge of the general scaling behavior of var[W (¢)] in a finite KPZ system,
see Fig. 1, enables us to match the result from the DRG calculation in the transient KPZ
regime to the stationary KPZ regime, see (75). We found that (75) is in accordance with a
result obtained via scaling arguments in [32], differing only in a numerical prefactor, the
universal scaling amplitude c( in [32]. The numerical value of this prefactor depends on the
KPZ correlation time tCKP Z from [32], see (20). During our numerical analysis, we found that
for our data shown in Sect.§ this theoretically predicted KPZ correlation time is roughly a
factor of 2 too small, see Table 1 and (94). With the numerically obtained correlation time we
reevaluated the calculation leading to the universal scaling amplitude ¢ and found that within
the errorbars the result matches the theoretically predicted exact result in [32], see (77). We
would like to emphasize that here the universal scaling amplitude ¢y has been determined,
if only approximately, without any recourse to a particular model problem within the KPZ
universality class and then relying on the universality hypothesis. Furthermore, we found
good agreement between the numerical data and the theoretical predictions of the individual
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KPZ-TUR ingredients, namely J, o and var[W(¢)], for arbitrary values of the coupling
strength (see Figs. 2, 3 and 4), as well as for the TUR product Q itself, both as a function
of time (see Fig. 6) and as a function of the coupling parameter (see Fig. 7). In particular,
we were able to describe the Q(Acfr)-behavior in the EW-scaling regime (Aefr S AS) viaa
perturbation expansion up to O ()Lgff) in the effective coupling parameter. It shows that in the
weak coupling limit (Aer | 0) Q(Refr) tends to 5 from above. For the KPZ scaling regime we
found asymptotically for 1S < Aefr a linear dependence of Q(A.fr) on the effective coupling
parameter. The perturbative description in the EW-regime is expected to hold for Aegr 1 A,
which is supported by the numerical results. However, it is not clear whether the DRG result,
i.e., Q(eff) ~ Aefr, remains valid for Aegr | Al i.e., whether there are corrections to this
linear behavior. While the numerical data do not indicate such corrections, their absence
would imply that Q(Aefr) is not smooth at Aer = LS. Resolving this issue has to be left for
future work.

Let us finish with a brief discussion concerning the implications of a TUR product that is
depending on the coupling strength of the non-linearity. A good starting point is (18). From
there it can be seen that, on the one hand, even in the limit Aegr | O the TUR product is larger
than its saturation value of 2. The reason for the excess of the ratio of {As) / (V)> beyond
2 is found in the mode-coupling of the non-linearity, which increases the entropy production,
see [25] for a detailed discussion. On the other hand, the mechanism that causes the growth of
Q in dependence on the coupling parameter can be inferred from the ratio var[W (¢)]/ (Ao b ).
As long as var[W] is close to its purely noise-induced value given by Ao bt, i.e., in the linear
scaling regime, the TUR product stays close to its value for Aerr | O (see, e.g., (41)). As
soon as the influence of the non-linearity dominates, namely in the non-linear KPZ scaling
regime, var[\W(#)] and the TUR product itself depend strongly on the coupling strength of
the non-linearity, in our case linearly. Thus, in the linear scaling regime the TUR Q > 2 may
well be used to obtain an order-of-magnitude estimation of either the precision or the total
entropy production. We expect a similar behavior for other non-linearity-driven diffusive
field theories, at least for even non-linearities depending on the spatial derivative of the field.
It would further be of great interest to check whether there was some sort of universality with
respect to the value of Q in the limit of small coupling constants, say Aeff, for whole classes
of non-linearities. This would allow for a characterization of classes of non-linear diffusive
PDEs via their respective values of lim;, ;0 Q(Aefr).
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Appendix A: Weight-Function Independent Precision

To show that the precision €2 is independent of the choice of the weight function g(x) in the
limit of large times with g(x) € L2(0, 1) and fol dx g(x) # 0 we argue as follows. We begin
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with the expectation value of W, (¢) = fol dx g(x) h(x,1t), given by

(W)=Y (8 () = go tho()) + Y & (@) = go (W) + D gi (i (1)) ,

kI<A i#£0 i20
(101)

where gj and Ay (¢) are the Fourier coefficients of the Fourier series g(x) = ZleA 8k g2ikx

and h(x,t) = Z|k\ <A hi(®) e> k¥ respectively, and g denotes the complex conjugate.
Squaring (101) thus leads to

(W, () = & (W) +Ti + T, (102)

with 7y = 280 (W(1)) 3 k20 8k (hi (1)) and To = 3y ;20 8481 (hi (1)) (hi(1)). Similarly, we
get for the expectation value of \Il; (1)

<\p§([)>= Z 2581 (hi (DR (1))

[kl 1l=A
= Y lal? (he(Oh (1) (103)
k<A
= 5 (V2(0)) + T,
where 73 = Zk#o | gkl2 (hx(t)h—_i(2)). In the second step we used the periodic boundary

conditions and the therefore ensuing translational invariance, which implies (A (t)h; (1)) ~
8k, —1- Hence, the variance of W, () reads

2
var[W, (1)] = (wém) — (W) = givarlW ()] + T — T — To. (104)
Evaluating (104) divided by time ¢ in the limit of large times leads to
W, (¢ Wt -1 — T
m var[W, (1)] — ¢ lim var[ ()]+ im B0 -%
t—0o0 t —00 —00 t
2 . B-T1—-D
= gyVewkpz + lim ————, (105)
1—00 t

where Vew kpz denotes the linear and non-linear constant of var[W (¢)] = Vewkpz t, respec-
tively (see, e.g., Sects. 5, 6 and [32]). We proceed with showing that the last limit in (105)
is equal to zero. We start with analyzing lim;_, o, 73/ and use the inequalities

0<T =) lal* t(®h (1))
k0
< max [gi* Y (hx(Dh 1 (1))

T k<A
k#0 k70

272
= W2 (1),
lg(r‘lg {3 ()
k#0

(106)

where W2(z) is the square of the surface width according to [32]. Dividing (106) by ¢ > 0
and taking the limit of # — oo results in

N E Wit
0 < lim —3§max |gk|2 lim (),
t—o0 t |k|<A t—>oo  f

k20

(107)
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Itis well known that lim,_, oo W2(7) = const. (see, e.g., [32]) and thus lim;_, WZ(I)/t =0.
Hence, (107) yields that lim,_, o, 73/t = 0.

We further know from Sect. 3 that lim;—co (hk (1)) = (hi(2)) ) = 0 for & # O,
which implies straightforwardly that also lim;_,« 77,2/t = 0, respectively. For determining
lim;_, o, 71/t additionally (16) has been used. Thus, (105) becomes

var[W, (1)] = gd var[W(r)]  forr — oo, (108)

and analogously, in the limit of + — oo, (101) reads
(W (1) = go (¥ (1)) (109)

Combining (108) and (109) yields for the precision

2
2o var[W, (1)] _ govar[W(1)] — 2 fort — oo, (110)

Cwof s (vm)?

and thus the precision is in the long-time limit independent of the choice of the weight
function g(x).
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