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Abstract

The present paper is divided into two parts, each of them dedicated to a
problem for the Stark operator —A+ E -z on some domain Q C R¢, equipped
with either Dirichlet or Neumann boundary conditions.

In the first part we deal with spectral estimates, i.e. estimates for the

Riesz means

Try (HI(Q) = A) ==Y (A= X;(%20))7,
jeN
i € {D,N} and v > 0. Here (Xj(©;0))jen denotes the sequence of Dirichlet
or Neumann eigenvalues of Hf () = —A + oz1 on © C R x R*™! where
we have chosen the zj-axis to be the direction of the electric field. Our
starting point will be Berezin’s approach to an estimate of Tr,, (H(’)j Q) — A)
where HP () = —A is the classical Dirichlet Laplacian on 2. We generalize
Berezin’s inequality to the case ¢g > 0 and additionally improve it by
subtracting positive terms of lower order in A. This result can be accompanied
by corresponding Kroger-type estimates on Tr, (H NQ) — A) from below. In
the case v < 1, in particular v = 0 where Tr, (HZ Q) — A) coincides with
the counting function of all eigenvalues below A, we present estimates which
are obtained by explicitly using the Airy functions, i.e. the fundamental
solutions of the differential equation
d2

e u(z) + zu(zr) = 0.

The second part of this paper outlines steps towards a Faber-Krahn
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inequality for the Stark Laplacian. Due to the lack of symmetry of the Stark
potential gz, the situation becomes less clear compared to the case of the
classical Laplacian operator. Since the eigenvalues of H2 () do not only
depend on the area or the volume of €2, but additionally on the position of §2
along the r;-axis, minimizing the first eigenvalue AP (;¢¢) only makes sence
among 2 with fixed volume and center of mass. Yet we will show that these
assumptions do not guarantee the existence of minimizers and additional
assumptions are required. Finally we show the existence of a minimizing
domain for AP (€;¢0) in the set {Q C R? : Q convex, |Q| =V, [, zdz = 0}
for fixed V' > 0 in d = 2 and d = 3. However our proof does not provide any
information on how these minimizers might look like. In order to get an idea
of their shapes we perform numerical shape optimizations and observe how
our candidates change in various regimes for g > 0. Since our optimization
is based on a gradient descent for A (€2;e0) we have to quantify it’s change
when perturbing the shape of €2 and therefore prove a Hadamard-type formula

for the Stark Laplacian.



Zusammenfassung

Die Vorliegende Arbeit besteht aus zwei Teilen, jedes einem Themenkreis
fiir den Stark-Operator —A + E - z auf einem Gebiet Q C R?, versehen mit
Dirichlet- oder Neumann-Randbedingungen, gewidmet.

Im ersten Teil behandeln wir Spektralabschitzungen, d.h. Abschédtzungen

an die Riesz-Summen

Te, (HE () = A) = 3 (A= Ay (@20)) ]
JEN
i € {D,N} fir v > 0. Dabei bezeichnet (X;(2%;¢0))jen die Folge der
Dirichlet- oder Neumann-Eigenwerte von H{ () = —A + gozq auf Q C
R x R%~1 wobei wir die ;-Achse als Richtung fiir das elektrische Feld gewéhlt
haben. Unser Ausgangspunkt ist Berezins Ansatz fiir eine Abschatzung
an Tr,, (HP () — A) fiir den klassischen Laplace-Operator HY (Q) = —
auf Q. Wir werden die Berezin-Ungleichung auf den Fall ¢y > 0 verallge-
meinern und zusétzlich durch einen zweiten Term mit kleinerer Ordnung
in A verbessern. FErginzend dazu zeigen wir untere Abschitzungen an
Tr, (HY(€2) — A) basierend auf Arbeiten von Kréger. Im Fall 4 < 1, ins-
besondere v = 0 wo Tr, (Hg‘0 Q) — A) gerade die Zahlfunktion aller Eigen-
werte unterhalb von A ist, beweisen wir Ungleichungen durch explizites
Rechnen mit Airy-Funktionen, also den Fundamentallésungen von
d2
e u(z) + zu(z) = 0.
Der zweite Teil der Arbeit beinhaltet Uberlegungen zur Faber-Krahn-
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Ungleichung fiir den Stark-Operator. Da das elektrische Potential gz die
Symmetrie des Operators bricht, ist die Situation hier, verglichen mit der beim
klassischen Laplace-Operator, komplizierter. Eigenwerte von H, £ (Q) skalieren
nicht nur von mit der Flache oder dem Volumen von 2 sondern verschieben
sich zuséatzlich mit der Lage von Q auf der x1-Achse. Das Minimierungsprob-
lem ist daher nur unter Gebieten mit gleichem Volumen und fixiertem Schwer-
punkt wohlgestellt. Diese Bedingung ist jedoch noch nicht hinreichend fiir die
Existenz eines minimierenden Gebietes fiir AP (Q; () und wir zeigen dessen
Existenz innerhalb der Klasse {Q C R? : Q convex, |Q =V, [, zdz = 0} mit
fest gewdhltem V > 0 in d = 2 und d = 3. Unser Beweis liefert jedoch keiner-
lei Informationen iiber die Gestalt dieser Minimierer. Um einen Uberblick zu
erhalten, fiilhren wir eine Gebietsoptimierung durch und beobachten wie sich
die Minimierer in verschiedenen Regimen fiir g > 0 verdndern. Da unsere
Optimierung auf einem Gradientenabstieg fiir AP (€2; e¢) beruht, miissen wir
die Anderung von AP (;e0) unter Stérung von € kontrollieren und zeigen

dafiir eine Hadamard-Formel fiir den Stark-Operator.
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Chapter 1

Introduction

In 1913 the experimental physicists J. Stark studied the influence of electric
fields on the spectral lines of hydrogen and helium atoms. He observed that
the presence of an electric field causes splitting of several spectral lines and
described his results in a series of papers beginning with [85]. Later, in 1919,
he was rewarded with the Nobel Prize in Physics. Since then the effect of
splitting and shifting of spectral lines of atoms and molecules when exposing
them to an external electric field is known as the Stark effect. The theoretical
description of this effect occurs in the context of quantum mechanics with

the help of atomic Schrodinger operators as e.g.

H:—A—I—E-x—i (1.1)

||
for the hydrogen atom. Here the linear part F -z describes the electric field.
Throughout the physics literature, e.g. [20,61], this operator is treated as
a perturbation of the atomic Schrédinger operator without the term E - z,
however, this approach cannot be justified mathematically by any means.

Hence, in the mathematical literature it is more common to introduce

Hy=—-A+FE-x

1



as the unperturbed operator and then add some multiplication operator V (z),
a potential in physical terminology.

From a mathematical point of view (1.1) was first studied by E. C.
Titchmarsh [87] where it is shown that the operator has no discrete eigenvalues
if |[E| > 0, but the spectrum covers the whole real line | — 0o, co[. However,
the proof uses methods that are highly tailored to the symmetry of the
hydrogen atom operator, such as adapted coordinates, and cannot be carried
over to any other cases. Nevertheless, the work motivated J.E. Avron and
I.W. Herbst to study operators of the form Hy+ V in a more general setting
[10]. They mainly focus on the operator in R? but many of their results were
later carried over to the one-dimensional case [51] or to arbitrary dimensions.
To simplify things we choose the direction of the electric field along the
x1-axis, i.e. E = ¢gge; for some coupling constant (or field strength) g9 > 0
and decompose x € R? into # = (21,7, ) where x; € R and z; € R if
d > 2. The starting point in [10] is the introduction of an unitary mapping

on L?(R3) which transforms
Hy=—-A+¢eopx1

into the operator of multiplication by gz + |z, |*. This transformation will
be discussed in Section 1.4.2 in more detail. As a consequence the spectrum
of Hy is absolutely continuous with o(Hy) =] — 00, oo[. Furthermore Hy with
D(Hp) = C§°(R?) is essentially self-adjoint. For the sake of simplicity we will
also denote its closure also by Hy. Although D(Hj) remains uncharacterized,
it is still possible to formulate sufficient conditions on the potential V' to be

a relatively compact perturbation of Hy. Therefore let

LY (R?) = {f : Ves03p=fi ctfo. frc € LHR?) and || foc|l < e},
where L5(IR?) is the set of all functions in LP(R?®) with compact support.

Theorem 1.0.1 ([10, Theorem 4.2]). Let G be a multiplication operator with
Ge=l*l ¢ LP(R?) for some a > 0 and let Hy be a self-adjoint extension of
—A+ G on C°(R?). If V is an operator of multiplication by V € L{ .(R?)

and either
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e 1/p+1/g=2/3, p,qg>2 or
e p=2andq>6 or
e g=2andp > 6,

then V (Ho +1)~! is compact.

Since z1e~**l € LP(R?) for all p € N, it follows that H = Hy + V is
essentially self-adjoint with cess(H) = 0ess(Ho) for all V € L&C(R?’), q €N,
cf. [48].

From that J.E. Avron and I.W. Herbst established the first results on
the scattering theory in the presence of an electric field. This work then was
continued by D.A.W. White in [93], K. Yajima [96,97] or more recently by
T. Adachi, K. Ttakura, K. Ito and E. Skibsted [3,46], just to mention a few
results. On the other hand there are accompanying works on trace formulas
[52] or the spectral shift function [80] by E. Korotyaev, A. Pushnitski and
V. Sloushch. The influence of an electric field in waveguides are studied by
P. Briet and M. Gharsalli in [15,16]. In the following two sections we want
to highlight two other subjects of study, namely those of resonances which
occur as limits of eigenvalues of dilated operators as a model for physical
Stark effect and the study of eigenvalue bounds for complex perturbated
Stark operators. At the end of this chapter, in 1.3 and 1.4, we proceed to

the foundations of our work on the Stark operator on bounded domains.

1.1 Analytic potentials and resonances

A type of potentials for which the analysis of the spectrum is well advanced is
the class of analytic potentials introduced in [10]. Consider a multiplication
operator V such that for almost every xz; the mapping z — V(z,z,) is
analytic in a strip {z € C : |Imz| < 8} where § > 0 is independent of
z,. If V,(Ho+1)"! for V,(z) = V(2 + 2,2, ) is a compact operator-valued
function, then V is called Hy-translation analytic. This is for instance the
case when V,(Hg +1i)~! is uniformly bounded on each compact subset of the
strip {z € C : |Imz| < B}, see [10, Lemma 4.5].
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Theorem 1.1.1 ([10, Theorem 4.7]). 1. Let H = —A + egz1 + V for
eo > 0. IfV is Hy-translation analytic in the strip {z € C : |Imz| < 8},
then o,(H) does not have finite accumulation points. Furthermore
Osing(H) =0 and 04.(H) =] — 00, 00.

2. Consider the operators H, = —A + eo(x + 2) + V., then these form
an analytic family of type A in the sense of Kato [48, VII, 2] with the

spectral properties

Uess(Hz) =R+ i60 Imz
Odisc(H;) C{A € C : ImA € [0,¢0imz][}.

Thereby the singularities of A — (H, — X\)™! are poles with finite rank
residues, their location in {A € C : ImA € [0,&9imz[} is independent

of z.

The eigenvalues of H, are called the resonances associated with the
system described by H. If resonances exist, by physical intuition, they should
converge to the eigenvalues of —A+V as g — 0. The main technical difficulty
at this point is the presence of the essential spectrum of H, which converges
to the real line for ¢y — 0. In order to overcome these difficulties . W. Herbst
[43] used the technique of complex scaling. We refer to [22, Chapter 8] for a
comprehensive introduction to complex scaling with various applications also
to the Stark effect. The idea is to somehow “rotate” the potential away from
the real axis. Consider the free Stark operator h(a) = —A + ax; for « € C
on C§°(R?). Then h(a) is closeable, but in contrast to the case a > 0 the
spectrum of h(«) is empty if Ima # 0 [43, Theorem IL.1]. Furthermore, if

Ima # 0, the numerical range of h(a) is given by

W(h(a)) = {z € C : Rez > R« Tmz}.

Ima

This allows the introduction of an operator
H(eo,0) = —Ae 2 4 eqzie? + V(ze?) (1.2)

for 6 which needs to be specified further. Denote by Ho (o, 6) := e 20 h(gge3?)
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the free Stark operator and define the dilation group on L2(R?) by {U(9) :
0 € R} with
UB)f(x) =e®/2f( ). (1.3)

Let V(8) = U(0)VU(—0) for § € R and some multiplication operator V' and
assume that V' is self-adjoint with D(V) € D(—A) and V() is compact
and extends to a compact analytic operator-valued function on the strip
{6 € C : |Imf| < 6y} for some Oy €]0,7/3] (in this case V is called dilation-
analytic). Then the operator

V(0)(Ho(eo,0) — 2) "

is compact and the mapping (z,6) — V(0)(Ho(go,0) — 2)~*

{6 €C :0<Imb < by}. Moreover

is analytic on

V(6)(Ho(c0,6) — )~ 1 v(8) (Ho(0,6) — )

as €9 — 0 uniformly for (z,0) on each compact subset of {(z,0) € C? :
d(z,0) > 0,0 < Imf < 6y} where d(z,0) is the distance from z to the
numerical range of Hy(1,0), see [43, Proposition ITI.1]. Finally it follows that

Theorem 1.1.2 ([43, Theorem II1.2]). For each 0 < Imf < 0y for some 6y €
10,7/3] and g9 > 0 the operator H(eg,8) from 1.2 is closed on D(H (g,0)) =
D(Hy(eo,0)) and the family of operators

{H(50,9) : 0 < Imb < 90}

is an analytic family of operators of type A in the sense of Kato [48]. Moreover,
the spectrum of H(gg,0) consists of eigenvalues of finite multiplicities where

each of the eigenvalues multiplicity does not depend on 6.

The eigenvalues of H(eq, ) are interpreted as the resonances which occur
when a system, which is described by the Hamiltonian H = —A + V, is

exposed to an electric field with constant field strength:

Theorem 1.1.3 ([43, Theorem IIL.3]). Let A be an eigenvalue of —A+V with

multiplicity m. Then for each €9 > 0 (small enough) there are m eigenvalues
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of H(eo,0), counting according to their multiplicity, that converge to A as

g0 — 0.

Finally the eigenvalues of H (g, #) can be reconnected with the operator
H(ep,0) = —A + ggz; + V via dilation-analytic vectors. In this context
Dilation-analytic vectors are functions ¢ € L2(R9), such that there is an
analytic function ¢p on {§ € C : 0 < Imf < 6y} for which ¢y = U(#)¢ on
10, ool
Theorem 1.1.4 ([43, Theorem II1.4]). Let g > 0 and V such that V(—A +
cor1 +1)7 1 is compact. If Im@ > 0, all eigenvalues of H(go,0) are contained

in the lower half plane {z € C : Imz < 0}. For a pair of dilation vectors ¢,

consider the mapping
{z€C :Imz>0} —>C, 2> fou(2) = (9, (z — H(g0,0)) )

has a meromorphic continuation on C. There, the only possible poles of this
meromorphic continuation are the eigenvalues of H(eg,0). More precisely:
Given z € C, then there are dilation-analytic vectors ¢, such that fs . has
a pole in z if and only if z € o(H(eo,0)).

Up to this point the results do not hold for the Coulomb potential Z/|z],
the case of the hydrogen atom, since it is not translation analytic. But when

replacing the point charge Z by a Gaussian charge density, the new potential

)
Vi@) = / |z — yl v

for p(y) = —Z/(2772)%2¢=¥"/2™*) 7 > 0, is again translation analytic, cf.
[10]. The following theorem shows that in this case the resonance eigenvalues

of the smoothened system converge as 7 — 0:

Theorem 1.1.5 ([43, Theorem IIL.5]). 1. Suppose V(Ho(g,0) + i)7! is
compact and 6 — V(0)(—A + 1)~! is an analytic compact operator-
valued function on {6 € C : |Imé| < 6y} for some 0y €]0,7/4]. Then
these conditions also apply to pxV and

2 (p* V) (Ho(gp,0) +1)7*
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is an entire compact operator-valued function. Let a < 0 and Qg :=
{z € C : Imz > gga}, then

a(Ho(eo,0) +icoa+ (p* V)') N Qu = a(Ho(c0,68) + (p+ V)(6)) N Qa

for all 0 € R with 0 < Imf < 0y and the multiplicities of the eigenvalues

coincide.

2. Let X be an eigenvalue of H(eg,0) with multiplicity m, then for small
enough T and large enough —a there are exact m eigenvalues of H(gg,0)+
iega + (p x V)%, counting according to their multiplicity, that converge
to X asT— 0.

We remark that the Stark operator with Coulomb potential in R? was
independently treatened in [36] by S. Graffi and V. Grecchi. While their
results on the occurence and convergence of resonances coincide with [43],
their methodes are very different. As in [87] the proof in [36] is adapted to the
symmetry of the Coulomb potential and uses squared parabolic coordinates.
Using a dilation based on squared parabolic coordinates, S. Graffi and
V. Grecchi [37] proved the Stark effect as in Theorem 1.1.3 for N-body

Schrédinger operators

N N
:ZAj+Z‘/'] :E(J ZV x(z )] JrEOZx(J).

j=1 j=1 ij=1
1<J

Here z() = (x(]) J;gj),x3 ) denote the position of the j-th particle in R3
and A; the Laplace operator with respect to (ngj), xé ), g])). Thereby the
particle interacts with a fixed center via the potential Vj;, the potentials
Vi; describe the interaction between two particles. Restrictions on V; and
Vi; are given in [37, Assumptions 3.5] and include Coulomb and Yukawa
potentials. As in Theorem 1.1.3 above, [37, Theorem 4.1] states that, for any
eigenvalue \g of the Schrédinger operator Hy (0) without electric field, the
dilated operator Hy (eq, 8, ¢) (see [37, (3.7)]) for its definition) has exactly as
many eigenvalues according to the multiplicity of Ay which converge to Ag as

g — 0. A similar result for N-body Schrédinger operators, but within the
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framework of [43], was proven by I. W. Herbst and B. Simon in [44, Theorem
4.1].

1.2 Bounds on eigenvalues for complex poten-

tials

Since the essential spectrum of Hy = —A + x; covers the complete real axis,
isolated eigenvalues of H = Hy 4+ V' can only occur when Hj is perturbated
by a complex potential with nonzero imaginary part. The resulting operator
will not be normal, in particular not self-adjoint, such that many methods
which arise from the spectral theorem are no longer applicable. Beginning
with the work of A. A. Abramov, A. Aslanyan and E. B. Davies [1], there was
growing interest in bounds of eigenvalues of Schrodinger operators —A + V
where V' is a complex valued potential, satisfying various other conditions, see
[1,26,27,34,63] to mention only a few examples. Among many useful tools for
the calculation of eigenvalue bounds is the Birman-Schwinger principle: Given
a potential V' and multiplication operators Wy, Wy satisfying V' = W1 W5
and |Wy| = |Wa|, then A is an eigenvalue of Hy + V' if and only if —1 is an
eigenvalue of
Yo(A) = WiRo(A)Wo,

where Ro(A\) = (Ho — A)~! is the resolvent. Note that Yy()\) is bounded,
if —1 is an eigenvalue of Yy(A), then [|[Yp(A)|] > 1. Thus, eigenvalues of
Hy + V only occur in regions {A € C : [|[Yp(N)|| > 1}. In order to proof
bounds on eigenvalues or characterize regions in C where no eigenvalues are
located it remains to calculate the norm of Yp(A). In the case when Hy is the
one-dimensional Laplace operator on L?(R) the Birman-Schwinger operator

Yo()) is an integral operator with kernel

e~ VAlz—y|
sgu(V (2))|V ()2 == [V(y)|'/2.
Thus )
HV”Ll(R) > e~ Re(VXN)|z—yl

e - > 1.
B2 LIV = )y >
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Skipping some technical details around the definition of v/A on C \ [0, oo[ this

proves:

Theorem 1.2.1 ([1, Theorem 4]). IfV € LY(R)NL*(R) then any eigenvalue
A€ C\ 0,00 of —A+V on L*(R) satisfies

A2 < IV L (w) /2.

When Hy = —A + 1, this approach becomes more subtle since the kernel
of Ro(\) = (Ho — A)~! has a more complicated structure. So far bounds on
the eigenvalues of the complex perturbated Stark operator have only been
studied by E. Korotyaev and O. Safronov in [53]. There, V is a complex

valued function in L>°(R3) such that
[V (z)]" dz < . (1.4)
R3

for some 7 > 0. Using the representation of e~/ as the product

- 43 s . s
e itHo _ e it /12e 1tx1/QeltAe ity /2

for all t € R, see [53, Proposition 3.1], one can write the resolvent Ry(\) =

(Hy — \)~! as an integral operator with kernel

—3in/4 oo
€ / olle—yl?/(4) o=it? /12 GitA ;¢—1 ﬂ
(4m)372 J, 13/2
for all z,y € R3, Re¢ > 3/2 and A € C; := {A € C : Im\ > 0}, where
A= X— (21 +y1)/2, see [53, Proposition 3.1]. That way the norm of the
Birman-Schwinger operator Yy(A) can be estimated by

MC;)M (/ (1+ |z)*V (z)|dz + ||V||L2(R3)) (1.5)

R3

YoM <

for some constant C' > 0 which shows

Theorem 1.2.2 ([53, Theorem 1.6]). Let V € L>®(R3), then there exists a
constant C > 0 such that all eigenvalues A € C\R of the operator —A+x1+V
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on L?(R?) satisfy
4
A< C (/R3 (1+ |2V ()| dx + ||V|L2(R3)> . (1.6)

Note that by Holder’s inequality

1/2
[ @l @l + Ve < 6 ([ 0+ bV ac)

for some constant Cj,, p > 11, such that the right hand side of (1.6) is actually
bounded under the assumption (1.4). Moreover, it can be shown that Yy(\)
is in the Sa,-Schatten class for r > 3/2, see [53, Theorem 6.4], i.e.

Yo(MIIE,, = Tr (Yo(A)Yo(N))" < 0.
Thus, the perturbation determinant
D, (A) =det,, (I +Ys(N))

is defined for any n > 2r and A € C\ R which gives a representation of the

eigenvalues A as zeros of an analytic function. This analytic function then

can be treated with methods from function theory. From (1.5) it follows that
Ds(\) =1+ O(|A\|7%/*) as |\| = co in Cy := {A € C : Im\ > 0} and since
P

IDs(A)| = |dets (I + X)| < ™5,

for any X € S,, where 4 < p < 5 with some constant C, > 0, see [53,

Proposition 2.1}, D5(A+ie) is bounded by a family of functions CrIYoA+iolsp

Lemma 1.2.1 ([53, Proposition 3.11]). Let a be an analytic function on the
upper half plane C1 := {\ € C : ITmA > 0} such that

a(A) =1+o(]A ™)

as |\| = oo in Cy. Suppose that there is a family of functions f. € L*(R),
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€ €]0, o[ for some eg > 0 satisfying
la(\ +i€)| < efeW
for all A € R, then the zeros (\;) of a, appearing in this sequence according

to their multiplicity, satisfy

T 0<e<eq

Z|Im)\j|gi sup /fe()\)dA.
j 2 R

Choose fe(A) = Cpl|Yo(A + ie)ng, then by estimating the L!(R)-norm of
fe as in [53, Theorem 3.10] one obtains:

Theorem 1.2.3 ([53, Theorem 1.1]). Let V be a complex valued, bounded
function such that (1.4) holds with r = p/(p — 2) for some 4 < p <5, then
the eigenvalues (\;) of the operator —A + xz1 +V on L*(R?) satisfy

>y <G, ((/Rg V()2 dx>2 + (/RB V(&) [P/ =2 dx)p2>

for some constant C, > 0. Thereby the eigenvalues appear in the sum as

often according to their multipicity.

With a few modifications it is possible to prove bounds for slower decaying

potentials. If ¢ > 1, then

2q/(p—3)
St <y ([ WGP a) (17)
J

for each p with 4 <p < ¢+ 3, ¢ > 1, and a constant C}, ;, > 0 as long as V' is
a bounded complex valued potential such that the right hand side in (1.7) is
bounded.

When restricting to potentials that are exponential decreasing in the

direction of the negative xi-axis, i.e.

|V (2)|P/? 7(z) dz < 0o (1.8)
R3
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where p > 5 and 7(x) := (1+e7P%1/2)(14|21])?, the perturbation determinant
D, (M) behaves as 1 + o(|]A\|72) as |\| = oo in the corner {A € C : Re) <
a+ €, ImA > —e} for a,e > 0, see [53, Theorem 8.13]. A refined estimate
on [[Yy(A)|ls, then allows to prove a bound on the number of zeros of Dy, (\)
within {A € C : ReX < «, ImA > 0} and thus gives a bound on the number
of eigenvalues of —A + 1 + V in that half plane.

Theorem 1.2.4 ([53, Theorem 1.4]). Let V be a complex valued, bounded
function such that (1.8) holds for a fized p > 5 and 6 > 0. For o > 0 denote
by N(«) the number of eigenvalues of —A +x1 +V on L?(R3) located in the
half plane {\ € C : ReX < a}. Then there is a constant Cqo 5 > 0 such that

N@) < Caps [ WGP )" (19)

A combination of theorem 1.2.2 and theorem 1.2.4 thus yields that the
total number of eigenvalues of —A+x1 ++V on L?(R3) is finite for potentials
satisfying both regularity conditions (1.4) and (1.8). The total count of the
eigenvalues is then bounded by (1.9) where « is equal to the expression on
the right hand side in (1.6).

1.3 Definition of the Stark Laplacian and gen-

eral spectral properties

So far the Stark-Laplacian —A + E - ¢ for E,z € R? has not been studied on
some domains 2 C R? equipped with either Dirichlet or Neumann boundary
conditions. Since the spectral properties of this operator are independet
of the direction of E, we choose E = £4(1,0,...,0)T with some coupling

constant €9 > 0 and consider

H.,, = —-A+¢epx;.
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Throughout this chapter we will use the notation z = (z1,2,) € R x RI~1.

We define H,, via its quadratic form

heo [u] = /Q |Vu|2 d(z1,21) + 80/Q$1|U|2 d(z1,21)
either on d[h.,] = W} (Q), where

Wy (Q) ={ue L*Q) : ojuecl*Q),j=1,...,d}

for Neumann boundary conditions, or on d[h.,] = W (Q), that is the closure
of C§° () with respect to the norm

d
sy = ey + 3 105l e,
j=1
for Dirichlet boundary conditions. Both forms are densely defined and
closed. If, in addition, €2 is bounded from below along the direction of the
Stark-potential, that is

LQ ;= inf {,131 eER: ElwieRd—l (1‘1,Z‘l) S Q} (110)

is bounded from below, then

%MZ%WéMMMwU

and he, is semibounded from below. In that case, both quadratic forms
give rise to the self adjoint operators HX () and HZ (Q) where HY(Q)
corresponds to he, with d[h.,] = W3 (Q) and HE () corresponds to he, with
d[he,]) = W3 ().

Since there is a compact embedding W () < L2(€) for any domain Q
with finite Lebesgue measure || (cf. Rellichs Theorem), the spectrum of
HED0 (Q) is purely discrete and accumulates to infinity only. More precisely, it
holds that oess(HZ () = 0.

In the case of Neumann boundary conditions one needs additional as-

sumptions on Q. Let Q C R? be open, then 2 has the W -extension property
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if there is a linear bounded operator E : W3(2) — WJ(R?) such that
(Eu)(z) = u(z) for all w € W3 (Q) and almost any z € Q. This condition
corresponds to geometric conditions on the boundary 92 of Q. For instance,
it is known that all Q with Lipschitz boundary satisfy the W4-extension prop-
erty. If  has the W4-extension property, then there is a compact embedding
W3 () — L*(92) and again oess(H2 () = 0.

In what follows we arrange the eigenvalues of HX (Q) and H2(Q) to be
monotonic increasing and denote the increasing sequence of eigenvalues of
HXN(Q) by (1 (€2;20)) jc» Tespectively by (A;(€2;€0)) ¢y for HP(Q). Here
any eigenvalue appears in the sequences according to its multiplicity.

If g = 0, the case of the classical Laplace operator, the eigenvalues do not
depend on the position or orientation of € in R?. This symmetry is broken
by the Stark potential and the eigenvalues \;(€, e9) or p; (€2, €9) are shifted

when 2 is moved along the x-direction.

Lemma 1.3.1. Let Q be open such that HE (), respectively HY (Q) has
pure discrete spectrum. For h € R? denote by Q+ h:={x +h : 2 € Q} the

1mmage of Q under the translation by h, then
/\j (Q +h, 50) - Aj(Qa 50) + hieo,

respectively
Hj (Q + ha 50) = Hj (Qv E0) + h150
where hy = h - (1,0,...,0)T is the component of h along the xy-direction.

Proof. Let u € Wi(€2) be a solution of
(—A +goz1)u = A;(Q,0)u,

then @(x) := u(x — h) satisfies the Dirichlet boundary condition on 9(2 + h)

and

(—A + 50.1'1)’11 = (—A + 80(1‘1 — h1)>u + higgu
= (Aj(,e0) + hago)u
= ()\j(Q,€o) + hl{:‘o)’ﬁ,.
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Thus, @ € W21 (2 + h) is a solution of the eigenvalue equation on € + h with

eigenvalue

A (Q+ h,e0) = Aj(Q2,€0) + higo.

In the case of Neumann boundary conditions we follow the same arguments
for u € W3 (Q) and p;(£, ). O

As in the case of the classical Laplace operator the eigenvalues scale
when scaling the domain. While doing so, we additionally have to adjust the

coupling constant by the right factor.

Lemma 1.3.2. Let Q) be open such that H£(Q), respectively Hé\g(Q) has
pure discrete spectrum. For a > 0 let af) :=={a-x : x € Q} be the scaled
domain, then

Aj(a9,a™%e) = 5 A5(9, <o),

respectively

_ 1
/.Lj(OéQ,Oé 360) = E:U’J(Qago)

Proof. Let u € W3 () be a solution of
(—A+ a_?’soxl)u =X (Q,e0)u,
then 4(z) := u(z/«) satisfies the Dirichlet boundary condition on d(af2) and
a1 1 1 i
(—A+ a " eprr)u = E(_A +eoz1/0)u = ?Aj(97€0)u = ?/\j(Q,so)u.

Thus, @ € Wi(af) is a solution of the eigenvalue equation on af) with

eigenvalue
1

/\j (OéQ, 04_380) = ﬁ/\] (Q, &‘0).

In the case of Neumann boundary conditions the arguments do not change.
O

In the later chapters we will make use of a slightly different formulation

of these statements. A consequence of Lemma 1.3.2 is that

Q2N (|7 eg)



16 1.4. AIRY FUNCTIONS AND AIRY TRANSFORM

does not depend on the volume || of  C R?. For a translational invariant

term we introduce the z;-component of the center of mass

my, (Q) ::/Qxl dz.

From Lemma 1.3.1 we then obtain that
Q14 X;(9, 197 %e0) + |9~ e ma, () (1.11)

additionally does not depend on the position of € in R%,

1.4 Airy functions and Airy transform

The Airy transform was first introduced by J. E. Avron and I. W. Herbst in
[10]. Using this transformation the operator —A + gz can be transformed
into a multiplication operator in the same sense as —A can be transformed
into the multiplication operator u + |x|?u via the Fourier transform. Before
introducing this transformation we want to summarize some bounds on the

Airy functions which will be useful later.

1.4.1 Bounds on the Airy functions

The Airy function may be defined as the decreasing solution of
—u” +epzu = 0.

More precisely, the differential equation has two linearly independent solutions.
The solution satisfying v — 0 as x — 400 and

1

U0) = Z7ra7s)

is called Airy function of the first kind and denoted by Ai. The remaining
solution, denoted by Bi, is the Airy function of the second kind. Both of
these functions have multiple representations as series or improper integrals.

We refer to [2] for a complete survey or [83] for more details. For the sake of
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T T
— Ai(z) 9l — Ai(z) ||
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Figure 1.1: Plots of the Airy functions Ai and Bi (left figure), respectively
Ai and Ai’ with their envelopes from (1.12) and (1.13) (right figure).

completeness, we want to summarize the most important properties for our
survey: On the positive half of the real line Ai is exponentially decreasing,

on the negative half Ai remains oscillating and behaves as

Ai(—2) ~ w (1.12)

for ¢ = 2%/2/3 as x — +o0 (see [2, 10.4.60] or [83, (14.5.54)]). For Ai’ one

obtains that
xt/4sin (¢ — 7/4)

N
(see [2, 10.4.62] or [83, (14.5.55)]). These asymptotic formulas can be used to

prove (sharp) bounds on Ai or Ai’. Some of these bounds, as e.g.

Al (—z) ~ (1.13)

|Ai(—x)| < %gfl/‘* (1.14)

if £ > 0, can be found in [58] which might not be the first reference for (1.14),
but contents a simple proof of (1.14) using Sonin functions: If f is a solution

of some ordinary differential equation

f"+a(x) f' +b(x) f=0
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with positive b, then the so-called Sonin function S(z) is given by
S(w) = f2(x) + =

It is easy to see that S is an envelope of f2 coinciding with it in all local

maxima. The derivative of S is given by

(f'(2))?

§'(x) = —(2a(x)b(x) + b’(fﬂ))m,

thus, the sign of S’ depends only on a and b. Moreover, if S’ > 0, then

f3(x) < S(x) < lim S(z).

T—00

That way (1.14) follows from (1.12) when f(z) = x'/* Ai(—z) such that
S(x) = f2(x) + 1622 /(162> + 5) is increasing. For the sake of completeness

we also want to sketch the proof of

| AT (—2)| < —=(1 4 2?)'/8 (1.15)

I

™

which somehow is missing in the literature, at least with the explicite constant
1/y/7. Note that the inequality | Ai’ (—z)| < x'/*/\/7 is violated for z = 0
as well as in a small neighbourhood of x = 0. Consider f(z) = (1 +

22)~1/8 Ai' (—z) which is a solution of

2 + 22 (16 — 7z + 3222 + 1624)

"o /
! 2z + 23 U 16(1 + 22)2

=0

where 16 — 7243222 +642* > 0 for z > 0. The derivative of the corresponding

Sonin function then satisfies

S'(a) = 16 + 3222 — 2123 + 162* (f')?
16(1 + 22)? b2

and, again, 16+ 3222 — 2122 +162* > 0 for z > 0. Finally from (1.13) follows
that
FA2) < 8(x) <

3|~
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Although (1.14) and (1.15) capture the right asymptotical behaviour of Ai
and Ai’; their oscillatory nature is not depicted. Using again (1.12), one
can improve (1.14) with a more careful analysis of the Airy function and its

corresponding differential equation as done by I. Krasikov:

Lemma 1.4.1 ([58, Lemma 13]). Suppose f satisfies the differential equation
F" 4+ () £ =0

where b is twice differentiable and b > 0 on some interval I. If g(x) =
x)4/b(x), then for each x € R there is 0, € [—1,1] such that

3(0(1))? — 2b()b" (t)
b(t))?

for all a € I, provided the integral exists. Here B(z) = [ b(t)dt is a

primitive function of b and c1,c2 € R are some constants.

g(z) = c1sin (B(x)) + c2 cos (

g(t)| dt

From that one obtains

cos (¢ —7/4) 0 5
Vg e g

for all x > 0 with some constant |f,| < 1 which depends on z. The key

Ai(—z) = ¢ = 22323, (1.16)

to Lemma 1.4.1 is the substitution ¢ = fv/b which already captures the
asymptotic of Ai in (1.14). The resulting equation for g is then solved by the
trigonometric functions sin and cos where one chooses the solution according
o (1.12). In view of (1.15), a corresponding bound for the derivative Ai’
should follow from a substitution g = f/ Vb, thus, we modify Lemma 1.4.1

as follows:

Lemma 1.4.2. Suppose f satisfies the differential equation

b'(x)
b(x)

where b is twice differentiable and b > 0 on some interval 1. If g(x) =

=2 f+vx)f=0 (1.17)
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x)/+/b(x), then for each x € R there is 0, € [—1,1] such that

50 (t 2b( ) (t)
(1))

g(z) = c1sin (B(x)) + ¢2 cos ( g(t)| dt

for all a € I, provided the integral exists. Here B(x f b(t)dt is a

primitive function of b and cq,c2 € R are some constants.

Proof. If f is a solution of (1.17), then g(x x)/+/b(x) satisfies
b (x)
"o / b2 1— — O
S+ ) g1~ ()
where
() 5(b'(x))? — 2b(x)b" ()
e(x) = .
v 464 (x)
The solution of the homogeneous problem g — (&'/b)gl, + b2go = 0 is then
given by
go(x) = ¢y 8in (B(x)) + o cos (B(x))
where B(x f b(t)dt. Formally, we treat eb?g as an inhomogenity and

search for a partlcular solution with variation of constants which yields
g(x) = ey sin (B(x)) + ca cos (B(x)) + /am % sin (B(t)) e(t)b*(t)g(t) dt
with
[ s B o @awae = [ eomoatar

B 9 /x 5(b1)2 _ be//
L 403

g(t)’ dt.

Let f(x) = Ai’ (—x), then f satisfies (1.4.2) with b(z) = \/, thus

g(z) = % — ¢y sin (B(x)) + ca.cos (B(x)) + 0, /OO ‘16:5/2{,@)‘ ar
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From (1.15) we obtain

1 (1+eHV% 1 1
|g(t)|SmTSﬁ m—Fl )

1/4 o3 _
y _x/sin((—m/4) 7 7
AT (mo) = 0\ agpagsi T ggpian ) (1Y)

holds for all z > 0.

1.4.2 Airy transform and properties

Let S(R) be the space of all Schwartz functions on R, then we can introduce

the Airy transform

Alu)(z) = 5(1)/3 /]R Ai (5(1)/3(1' - z))u(x) dz

for any u € S(R). Since
/Ai(x—z)Ai(z—;%)dz:(Xx—iL
R

we can extend A to an unitary mapping on L?(R), see [10, Theorem 1.1].
Furthermore, integration by parts and using the differential equation for Ai
yields that

2
A [ d (x) + eoxu(x)| (2) = g0z Alul(2)

——u
dz?
for all u € S(R). In that sense the one-dimensional operator can be rewritten

a,
S 2

da?

If u € S(RY), d > 1, we apply the Airy transform along the direction of the

+eox = A epz A

Stark potential. For the remaining components we use the Fourier transform
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and set

Alul(z1,21)
51/3 4 s
= (271—)(0T)/2 /Rde_1 e~iTLzL Af (60 (z1 — 21)) w(zry,zy) d(zy,z).

(1.19)
As above A can be extended to an unitary mapping on L?(R?) where

—A+eory = A g0z + |21 P A

1.5 Structure of this work and Main Theo-

rems

As for the classical Laplacian operator the structure of the Stark operators
spectrum on a domain with either Dirichlet or Neumann boundary conditions
is purely discrete. This gives rise to several problems related to the eigenvalue
sequences. But unlike in the case of the classical Laplacian, these problems
were not addressed so far and are studied in what follows:

The structure of this work is two-fold. In the first part we want to deal

with the so-called Riesz means

Tr, (H. () —A) == Z (A= Xj(20))7,

JjEN

i € {D,N}. Using the Airy transform from above, we follow Berezin’s
approach of decomposing the free wave to the orthonormal basis of eigenfunc-
tions in Chapter 2. This gives a bound in the case v = 1 in terms of integrals
over the Airy function. Estimating the envelope of the Airy function from
above, our result can be compared to the Lieb-Thirring inequality obtained
by interpreting the electric field term 9z as a potential (cf. Corollary 2.1.1
and Corollary 2.1.2). Additionally, our bound can be improved by subtracting
terms of lower order in A which is shown in Theorem 2.2.2 or Theorem 2.2.3.

In Chapter 3 we follow P. Kroger’s test function arguments, respectively
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the averaging principle from E. M. Harrell and J. Stubbe in order to prove
corresponding bounds on the Neumann eigenvalues, see Corollary 3.0.1.

Chapter 4 is dedicated to the case v = 0 which is the counting function
of all eigenvalues below A. Our starting point will be an inequality which we
reproduce from A. Pushnitski and V. Sloushch in Theorem 4.1.1. From that,
we apply techniques known from the study of the classical Laplacian operator
on domains, such as decomposition on product domains (Theorem 4.2.1),
the Dirichlet-Neumann bracketing (Theorem 4.3.2) or Glazman’s Lemma in
order to prove inequalities between the Dirichlet and Neumann eigenvales
(Theorem 4.4.1).

In the second part of this work we want to approach the Faber-Krahn
inequality for the Stark Laplacian. Unlike the classical Laplacian operator, the
Stark Laplacian lacks of symmetry, thus, symmetrisation techniques can only
be applied perpendicular to the direction of the electric field. Additionally,
the spectrum depends on the position of the domain. This already restricts
the class of domains for which minimizers for the first eigenvalue exists.
However, in Theorem 5.0.1 we prove that minimizers exist among convex
domains in R? or R?® with fixed area and center of mass. In order to gain
some idea of how this minimizing domains might look like, we close our
work with numerical experiments based on a gradient descent. The necessary
Hadamard-type formula for the change of eigenvalues is shown in Theorem

6.2.4, whereas our candidates for optimal domains are plotted in Figure 6.5.
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Part 1

Spectral estimates for the

Stark Laplacian

25






Chapter 2

Berezin-Li-Yau-Type
inequalities for Dirichlet

Eigenvalues

Let © C R? be an open domain. We consider the monotonic sequence
(Aj(9,0))jen of eigenvalues of the Stark Laplacian HZ (Q) = —A + goz1
with Dirichlet boundary conditions as defined in Section 1.3 and want to

study the so-called Riesz means given by

Tr, (HE(Q) = A) =) (A= X;(e0)) 7.
jEN
Here and throughout the rest of this work, z+ = (Jz| &+ x)/2 denotes the
positive or negative part of real numbers or functions. Even in the simplest
case €9 = 0, where our operator coincides with the Dirichlet Laplacian, the
eigenvalues on the right hand side can only be computed explicitely for a
very special shapes of €2 such as balls, rectangles or certain triangles. For

more arbitrary shapes one focuses on estimating the Riesz means in terms of

27
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the phase space volume

1 C
X

where

F'(v+1)
(4m)42T (v +1+d/2)

is known as the classical Lieb-Thirring constant. Indeed, the phase space

rd, = (2.1)

volume is the asymptotical limit as A approches to +o0o, i.e.

ST (A = A (Q:0))] = L QA2 4 o(ATH/2) (2.2)
jeN
as A — 4oo. This is the well-known Weyl asymptotics and was already
shown in 1912 by H. Weyl in [92]. Strictly speaking H. Weyl proved (2.2)
in the case v = 0 where the Riesz means are just the counting function

No(Q; A) = #{X;(£;0) < A} of all eigenvalues below A. From there (2.2)

follows if one notes

A
Z (A= X(20)] =~ / (A — )7~ 192 e,
0

jeEN
whereas integrating the right hand side in (2.2) gives

T(y)I'(d/2+4+1)

A
L0 A=) "2 A = L QA T2y S L
o [ (-1 e

= L9419
In the literature this argument is known as the Lieb-Aizenman trick [4;
33, Section 5.1.1]. Besides the asymptotical result (2.2) one is interested in

estimates of the form
D (A= X001 < LS AT, (2.3)
jEN

This was first shown in 1972 by F. A. Berezin [11; 33, Section 3.5.1] in the
case v > 1. For v > 0 (2.3) was shown by G. Pdlya in 1961 [33, Theorem 3.23;

77) if Q is a tiling domain. This result can be extended to cylinders over tiling
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domains, see [62, Theorem 2.8], but the famous Pdlya conjecture, suggesting
that (2.3) holds for any bounded set  C R? and all v > 0, remains open to
this day. Using the Legendre transform in A in (2.3) for v = 1, one obtains
that

al d

D Ai(©:0) > o (L) AN (2.4)

Jj=1
The latter was shown by P. Li and S. T. Yau in 1983 by other means (see
[33, Section 3.5.2; 68]) and is therefore known as the Li-Yau inequality. From

there, by applying Holders inequality

N

N 1/~
D A(2;0) < (ij(sz;ow) N7
Jj=1

Jj=1

1

where v~! + 571 =1 and passing to the limit v — oo respectively 4 — 1, it

follows that

9\ 4/2
S =@ < (1+5) Lol (25)

JjEN

for v = 0 and, again by the Lieb-Aizenman trick, for all v > 0 (see [90] for
details).

Bounds of the form (2.3) and (2.5) can be seen as special cases of a much
larger class of inequalities known in the literature as Lieb- Thirring inequalities:
We consider an Schrédinger-type operator of the form H(V;a) = —A—aV(x)
on L?(R? for o > 0 and suitable potential V. Usually such operators are

definded via their quadratic forms
lu,u] = [ [Vu@) + aV @)u(o)] do
Rd

for u € W3 (RY)NL®(RY). If a = 0, then H(V; ) has pure essential spectrum
Oess(H(V; ) = [0, 0o] which is stable as « increases if V' is relatively compact

in a form sense, i.e.

‘/ V(z) |u(z)]? dz §€/ |Vu(z)]? dz + C(e) ||ul|?
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holds true for all € > 0 and u € W4 (RY) with some positive constant C(e). If
hlu,u] < 0 for some coupling constant & > 0 and a test function u € W} (R?),
the operator H(V;«) will have negative spectrum consisting of a sequence of
eigenvalues (A;(V; «))jen with zero as the only possible accumulation point.
A more detailed introduction of this subject can be found in [13, Chapter 9
and Chapter 10] or [81, Chapter XIII|. As above, one is interested in bounds

on the moments of these eigenvalues

T, (HX(V;a)) = Z (=X (V)7

jEN

in terms of the phase-space average

1 2 1 +d/2 v+d/2
a7 L, [ (6 = aV(@) dede = 188,072 [ ()1 da
where Lgl, 4 1s the classical constant from (2.1). The Weyl asymptotic for this

class of operators reads as

S Vi) = L@ 2 [ (V@) e @+ o), a oo,
jEN R

(2.6)
which can be shown for V € C®(R?) and extended other to classes of
potentials by approximation arguments [70]. Thus, one is interested in

proving bounds of the form

S AWV < RO Lt [ (V@) @)

d
jeN R

with some positive constants R(y,d) which we will comment below in more
detail. These inequalities have awoken the interest of many authors. An
almost complete survey over this topic can be found in [33] or [64] such that
we only focus on a brief summary. In 1976 E. H. Lieb and W. Thirring
established not only the type of notion, but also showed (2.7) for v > 1/2 if
d=1and v > 0if d > 2. On the other hand, results from M. S. Birman [12]
and B. Simon [84] disproved the validity of (2.7) in the cases 0 < vy < 1/2,

ifd =1, and v = 0, if d = 2. The remaining case in dimension d = 1 is
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due to T. Weidl, in [91] it is shown that (2.7) holds for d =1 and v = 1/2.
The case v = 0 for d > 3 was independently proven by M. Cwikel [21],
E. H. Lieb [69] and G. V. Rozenblum [82] and therefore is also known as
Cwickel-Lieb-Rozenblum-bound.

Besides the validity of (2.7) one is interested in the sharp value of R(v,d),
i.e. the smallest possible value if R(7,d) such that (2.7) still holds. Due
to a result of M. Aizenman and E. H. Lieb [4] the sharp value of R(v,d) is
monotonic decreasing in 7. More precisely, if (2.7) holds for a pair (v, d),

then (2.7) also holds for any other pair (¥,d) if 4 > v and
R(y,d) < R(v,d).

Apart from that, the problem appears to be challenging and many of the
sharp values of R(v,d) remain still open. In the interest of simplification
we denote the sharp value of R(v,d) also by R(y,d) and summarize some of
the known facts: In d = 1 then R(1/2,1) = 2 [45] and R(3/2,1) = 1 [70],
respectively R(vy,1) for v > 3/2 or

1< R(y,1) <2 (2.8)

for 1/2v < 3/2. Besides (2.8) nothing is known about R(7, 1) in that case.
For arbitrary dimension d € N A. Laptev and T. Weidl [65] proved R(~v,1) =1
if v > 3/2. Alongside we know R(1,d) < 7/v/3 (see [29] for the case d = 1
and [28] if d > 1).

2.1 Approach to the leading order and com-
parison with Lieb-Thirring inequalities

As a first step we want to follow the proof of Berezin’s inequality for the
eigenvalues of the classical Laplacian operator. In this proof, the general idea
is to decompose the free wave solution e ~'*# to the orthonormal basis (95)jen
consisting of eigenfunctions ¢; of the Laplacian operator. Thereby, the coeffi-
cients (e=1*®, #5)12(0) coincide with the Fourier transforms of the ¢;. For the

Stark operator the free wave is given by the Airy functions Ai (5(1)/ 3(:131 — zl))
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in the direction of the electric field and by e *®+2+ in the perpendicular
directions. The projection of this solutions onto an eigenfunction ¢; gives
the Airy transform of ¢;. Thus, by replacing the Fourier transform with
the Airy transform introduced in Section 1.4.2, we obtain a bound for the
eigenvalues of H., = —A + ggz; on L%(Q), Q € R? with dirichlet boundary
conditions on Jf2. In the final part of this section we want to compare our
result with the Lieb-Thirring inequality. Throughout this chapter we use
our usual decomposition z = (z1,7,) € R x R* in a component parallel to
the direction of the Stark potential, i.e. the x;-direction and the remaining

perpendicular components x| .

Let (¢;)j=1,..x be a sequence of orthonormal functions in L?(£2), then

by Parseval’s inequality

k 208 2
Z |Alg;)(2)]? = @;)ﬁ Z / TIELEL A (e o/ (w1 — z1)) ¢j(x) dz
i=1 i=1

53/3 : 1/3 2
= W Z‘ —iz, 2z Al €0 (.1 — Zl))’¢j>L2(Q)‘
e2/® : 2
< G o7 A eoer —20) gy
2/3 9
= (2;:TOT /Q ‘Ai (5(1)/3(961 - zl))‘ dz. (2.9)

If Aj = X\j(©;€0) is an eigenvalue of H., with corresponding eigenfunction
¢;, it follows that

Aj =i Ml = (Heydy, 05)
= (A[H:, 5], Alo]) = ((c0z1 + [21[?) Ald;], Algy]),

respectively using (2.9)

YA =)e =D (AAG]IP — {(eoz1 + |21 ) Algy) Aloy])) .

jEN jeN
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=y </ —eoz1 — |21 *) |Alg])(2) dz>+ (2.10)

jeN
s/ (A—coz1 — =P+ 3 Mg () dz

Re jEN
<‘°"3/3/ (A—eozlf|zL|2)+/|Ai (e0/ (1 — 21))|? dw dz.
= (2m)47t Jpa Q 0

(2.11)

The expression on the right hand side can be simplified by computing the

integral over the d — 1 components of z; which yields

/ (A —e0z1 — |21 ?)4 dzyp = (A — goz) T/ / (1—12. [}y day
Rd—1 Rd—1

a(d=1)/2
T((d+3)/2)

=(A— 8021)8:”1)/2

In summary we have shown

Theorem 2.1.1. Denote by (A\;(Q;e0));en the sequence of eigenvalues of
H., = —A+eqry on L2(Q) for Q C RY with Dirichlet boundary conditions
on OS2, then

S (A = A(@520) ¢
JjeN
L(d, 60)/R(A —£021 )(dJrl /2/ ’Al( 1/3 (x1 — 21))|2d(x1,ml) dzy
(2.12)

with L(d, 20) = e/ /((47)@=D/2T((d + 3)/2)) holds for all A € R.

Remark 2.1.1. If the domain € is shifted along the z;-direction, i.e. € is
replaced by Q + he;p, according to Lemma 1.3.1 the eigenvalues change by
goh and the left hand side of (2.12) behaves as

D=2 Q+hie))y =Y (A —eoh) = A\j(©0))+-

JEN jEN

That way a shift of the domain corresponds to a shift of the bound A in
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(2.12). At the same time the right hand side of (2.12) behaves as

/ (A — 5021)(+d+1)/2/ | Ai (8(1)/3(961 — zl) |2 dr dz;

R Q+h

:/ (A — aozl)fﬂ)/z/ | Ai (6(1)/3(331 — (21— h)) |2 dzdz;
R Q

:/ (A —eo(z1 + h))fH)/Q/ | Ai (5(1)/3(331 —21) |2 dzdz;
R Q

:/ ((A — th) — 5021)$+1)/2/ | Ai (E(l)/s(xl — Zl> ‘2 dx le.
R Q

Thus, (2.12) is translational invariant in the sense that neither the validity
nor the strength of (2.12) depends on the location of €.

An alternative approach to estimate 3, (A — A;(€%0))+ is to simply
use the Lieb-Thirring inequality (2.7) for v =1 and

A— if (z1, € Q,
Vo(s) = eoxr if (x1,2,)

—00 else.

Inserting this potential then yields

ST (A = 0 (R520))5 < R(1Ld) Lg{d/ (A—eoa) 2 de (2.13)
jEN Q

with some constant 1 < R(1,d) < 2 whose optimal value is still unknown.
Note that introducing new Dirichlet boundary conditions on 92 increases
individual eigenvalues and thus lowers the sum on the right hand side in
(2.13). That way (2.13) holds for our Stark Laplacian H ().

For the rest of this section we aim at a comparison between (2.13) and

(2.12), thus, we have to make the order of A — gox; in the integral on the
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right hand side of (2.12) more visible. Note that

/(A—Eoz1)f+l)/2/ | Ai (so(xl—zl))fdmdzl
R 0

:661/3 /Q dx (A — 60%1)f+1)/2 ®©

o 52/3 (d+1)/2
@/ 1+ —9%— 2z Ai% (21) dz.
—80_2/3(/\—60:81)+ A— E0T1

In this context capturing the order of A — g9z in (2.12) requires an analysis

of
o0 (d+1)/2
ha(a) = a(dH)/Q/ (1 + 2) Ai? (2)dz.

Lemma 2.1.1. For alla >0 and d € N is hly(a) = %2 hy_s(a).

Proof. The statement is a simple consequence from Leibnitz’ rule. Direct

computation yields

(d+1)/
hy(a) = d;— ! ald= 1)/2/ (1 + i) A12 (2)dz
a

d+1 e 1/2/002 (d 1)/2

aa

(d—1)/2
= d;_l (d— 1)/2/ <1+E> Ai% (2)dz.

That way, bounds on hg4(a) follow inductively by integrating the previous
bound. Starting with d = 1 we obtain

hi(a) = h_1(a) = /jo Ai%(2)dz = a Ai*(—a) + Ai"? (—a),

and proceeding with (1.14) and (1.15), respectively (1.16) and (1.18), yields
hi(a) < +v/a/m + r(a) where

1 12, mi/2 37 1 7
rla) =7 'mm{(l +a) g + 20172 T 288577 T 1647 T 48all/A [
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Thus, A} is of order a'/?, whereas the remainder is of class O(1), if a — 0,
and o(a'/?), if a — oo. Integrating this bound and collecting all the constants

from (2.12) results in
Corollary 2.1.1. Ifd =1, then
2
D (A= Xj(Qe0))4 < 7/ (A —c0a1)%? + R(A —ozy) dz (2.14)
; 31 Jo
jEN
where R is a positive function satisfying R € O(1) as A — gox1 — 0 and
R € o((A — e01)%/?) as A — gz — 0.

Compared with (2.13) the bound (2.14) captures the right order in A,
but with the sharp constant of L§'; = 2/(37). Taking this approach one step
furher gives a bound in d = 3 with the correct asymptotics and again the
sharp constant of L§!, = 1/(157%):

Corollary 2.1.2. Ifd = 3, then

SO0 - N (Re0) s <

‘ T = 15m2
JEN

/ (A — 2021)¥2 + R(A — £021) da
Q

where R is a positive function satisfying R € O(1) as A — eoz1 — 0 and
R € o((A — £01)%/?) as A — gz — 0.

Remark 2.1.2. Since

ha(0) :/ 2 HD/2 732 (2)dz > 0,
0

the bound hg4(a) < al*1)/2 cannot be true and will be violated at least in
a small neighbourhood of @ = 0. Thus, any uniform bound we derive from
(2.12) will always contain lower order terms. Nevertheless, (2.12) is valuable

in dimension d = 1 since the sharp value of R(1,1) in (2.13) is unknown.

2.2 Improvement of Berezin type inequalities

Despite the fact that the validity of (2.3) for 0 < v < 1 and arbitrary

domains remains open, many works focus on improving the inequality for
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v > 1. Due to the Weyl law (2.2), the right hand side in (2.3) cannot be
improved in terms of an uniform constant in the leading order without further
assumptions on the geometry of Q or restricting the range of A. But (2.3)
may be improved by subtracting positive terms of lower order in A on the
right hand side. A first step in this direction was done by A. D. Melas [71],
improving (2.4) by

S d i

A (Q;0) > —— (L Q) "2/ AN/ 4 My N 2.15
S0 2 (o) + Mgy (215)

j=1

where M, is some constant that only depends on the dimension d and
I(Q) =min [ |z —y|*dz.
(@) =min [ lo=yl

One objection of this result might be that the second term does not capture

the right order in N. In view of the second term of the Weyl asymptotics,

S (A - 22007

jEN

1
= L QA2 — ZLg{d_ﬂammﬂd*W + o(AYHE=D/2y - (9.16)

the correct order, when formulated in the Li-Yau type way, should be N'+1/¢,
This two term asymptotic formula was shown 1980 independently by V. Ja.
Ivrii [47] and R. B. Melrose [72] under additional geometric constraints of
 and its boundary. Note that some restrictions on 0f) are necessary since
otherwise the right hand side of (2.16) might be negative for fixed A > 0 and
domains with bounded area || but unbounded surface boundary measure
|09 as for instance the Koch snowflake in d = 2. Also, the quotient |Q|/I1(2)
in (2.15) does not make this circumstances clearly visible. The first result

capturing the correct order of AY(@=1/2 was shown by T. Weidl

Theorem 2.2.1 ([90, Theorem 2.1]). For each d > 2 and v > 3/2 exists a



38 2.2. IMPROVEMENT OF BEREZIN TYPE INEQUALITIES

constant v(y,d) such that
A= @007 < Lt aaartd2 = XD pa g g)pranre
] + v,d 4 v,d—1
jEN

holds for any Q C R? and A > 0.

Here Q5 C 2 denotes the subset containing only intervalls (along some
fixed axis) of length less or equal than 7A~1/2. Le. for the z;-direction that
is

Q= U Qa(x') x {2’}
z/€Rd—1
if
e = |J @)

ker(z’,A)

where Ji(2') are the connected components, respectively intervals, of
Q) ={r1 €eR : (11,2") € Q}

and k(z’,A) is the set of indices for which the length of Ji(z') is bounded
from above by 7A~'/2. Note that x(z’, A) is finite for almost every z’ € R4~!

as long as |Q4| is finite and therefore

da(Q) := #r(x', N)da’
Rd-1
exists. In order to prove Theorem 2.2.1 one can make use of an estimate
for the eigenvalues of the one-dimensional Laplacian on the intervals Jy (')
and therefore reduce the problem to a spectral estimate for a Schrodinger
type operator with operator valued potential. This remaining part of the
problem can be treated with the help of Lieb-Thirring bounds as in Theorem
3.1 in [65], which restricts the result to the case v > 3/2. When searching
for inequalities for v < 3/2, in particular v = 1, the situation becomes even

less straightforward. In dimension two H. Kovaiik, S. Vugalter and T. Weidl
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[54] proposed

N

2 . ) Q
> (2;0) > N2 4 alq|Q|~3/2N3/2-(N) 4 (1 — a)UN
= | 327
for any « €]0, 1] where Cg, is a constant that reflects some of the geometry

of the boundary 92 and

e(N) = S S— ; c=4/ o 10~
Vl1og, (2 N/c) 14

reaching the order of the second term arbitrary close as N — oo. Their proof
is based on the proof of (2.4) by P. Li and S. T. Yau and uses a more careful
application of the bath tube principle. An alternative idea is to start with
the Berezin type variant (2.3) and to give more attention to the remainders
when applying Parseval’s inequality. This was carried out by H. Kovaiik and
T. Weidl in [55]. The result is

D (A= X(250))4
JEN
a(Q)

) 1+d/2 | w/(p+2) it ,
< LS, [Q[AMH2 [ K (Q)0(0) <IQI> Ad/2+1/ (1+2)

where
24

K(Q) = =72 (4 4 4p)~ @200/ 2+n)
n
for pp = p(Q) = /en () and ¢, () is the constant in the Hardy inequality

commented below in more detail. Thereby the quantity

. |QB|
Q) = f —
() O<ﬁ1<nRi @ B’

with Ri(Q) for the inner radius of €, is related to the geometry of Q.

For the rest of this section we follow their approach from [55] in order to
improve our bound (2.12). Beforehand, we also have to introduce additional
parameters related to the domain which somehow reflect the curvature of the

boundary and make further assumptions on §2. As before we make use of the
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notation z = (z1,z,) € R x R for € R%, d > 1. Along the z;-direction

consider the slices
Q1) = {y e R : (z1,9) € Q}

for any z; € R. Note that by this definition Q(z;) might be empty. On
every slice let Q5(x1) be the set of all points which are close to the boundary

0Q(x1). More precisely

Qp(x1) == {y € Qa1) : 51 (y) < B},

where ¢, (y) = dist (y, 9Q(x1)) is the euclidean distance of any y € Q(z1) to
the boundary 9§(z1), measured in the d — 1-dimensional submanifold Q(x1).
Finally let

QB = U Qg(l‘l).

1 ER

In our proof we shall make use of

1
a(Q,z) := inf —/ Ai? (6(1)/3(1'1 . 21)> dz, (2.17)

5>0 3 Jo,
as an additional restriction on 2 we will assume that

o(Q,21) >0

holds pointwise for any z; € R. Since

/Qﬁh A2 (53/3(x1 - z1)> dz = /Qﬁ Af2 (53/3(;51 — (2 — h))) dz

for any 8 > 0, it follows that
o(Q+h,z1) =0(Q,21 — h), (2.18)

which will be important for the fact that our inequality reflects the behaviour

of the eigenvalues while shifting the domain. If the slices (x;) are convex,
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(2.17) can be expressed in terms of the inner radii

Ri(Q(z1)) := sup dist(y, 0Q(x1))
yEQ(w1)

since by [55, Lemma 4.2] infg~¢ |Qg(z1)|/8 = [Q(x1)|/ Ri(2(z1)) holds for

convex domains and, thus,

T Y
J(Q,zl)/RRi(Q(xl))A (50 (1 — (1 h)))d .

Another ingredient of our proof will be the Hardy inequality. Let Q C R¢
be open and u € Wi (Q), then

2
[ el co@) [ Vaute)Pa @19)
Q(x1) 1) Q1)

holds for all z; € R. We will assume that the optimal constants cp(2(z1)) are
uniformly bounded, i.e. ¢, (Q(z1)) < ¢,(2) < oo for all x; € R, respectively

. f]R fg(gcl) |V, ul?do) doy 1
inf

> > 0. 2.20
w020 Ty Jogery [0P/0% Az iday = an(S) (2.20)

This holds true for instance if any slice Q(x;) is convex (then ¢, (2) = 4) or

simply connected (then ¢, () < 16), see [24] for a complete survey.

Theorem 2.2.2. Let Q C R? be an open bounded domain such that

. l ) 1/3
o(Q,z1) = ér;fo 5 o, Ai (60 (x4 zl)> dz >0
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for all zy € R and (2.20) holds true, then
S (A= A (R0
JEN

2/3
o

2 [ 1/3
< (2m)d1 /Rd (A —eoz1 — |Zl|2)+/ﬂA1 (50 (z1 — zl)) dzdz  (2.21)

53/3 1 o
(2m)4=1 16 ¢ (£2)

© /Rd 02(9721) (A _(EOZZO_LQZ)J;%-’_ |:/Q Ai? (Eé/3<$1 - Zl)):| B dz

for all A > o[ where

I_Q = inf {1‘1 ceR : Q(.Z‘l) 75 @}

is the left border of Q as defined in (1.10).

Note that with (2.18) in mind, one can easily see that (2.21) reflects the
behaviour of the eigenvalues when shifting the domain along the direction of
the Stark potential.

Proof. Fix A > 0 and let
n(A) == #{X;(Qe0) : Nj(60) < A}

be the counting function of all eigenvalues below A. For A\; = \;(Q;e0) we
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choose a sequence of orthonormal eigenfunctions ¢;. Then
> a-a)= X[ (heom = ) B ER d:
J<n(A) J<n(A)
- / (A—com —iP)s 3 1Al )(=)P de
R j<n(A)
[ @—sn -l X All)R d:
R F<n(A)
(2.22)
- A— _ )
[ =e0m =Py 3 AR s
jeN
- / (A—com—lzP)s S 1Alg))(=)2dz
R 7>n(A)
[ @msn -l X All)R d:
R F<n(A)

where we have already seen that

/ (A =20z — 2012 S [ Alg)(2) 2 da
Rd jEN
2/3

13
<_S0 A— 2P / Ai (32, — 2dzd
= (271_),1 1 Ad( €0%1 |ZL| )-‘r Q‘ 1(50 (1'1 Zl))‘ T dz,

cf. (2.11). For the lower order terms we want to estimate

R(Az)= Y A=)

Jj>n(A)

from below. The last term on the right hand side will be omitted. Since
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(¢;)jen is an orthonormal basis of L2(2), it follows that

Yo MABIEP+ Y AP

g>n(A) j<n(A)

-,

and from that by the Pythagorean theorem

2

1/3
€
0 dz,

(27)(d71)/2

e ITLEL Aj (5(1)/3(ac1 — 21))

R(A, 2)

),

1 g 2 (_1/3
Z = Ai (8 (1’1 — Zl) dz — /
2 (2m)d-1 /Qﬁ 0 o

1/3
el/

0 —ixi1z) A: 1/3
me Al(EO xl—Zl) Z A(bj )

J<n(A)

Y Algl(2) ¢5(x)| d

J<n(A)

(2.23)

where in the last step we have used that Q3 C Q and |a — b|> > |a]?/2 — |b|?

for each a,b € C. We introduce the abbreviation

> Albl(2) ()

J<n(A)

and note that Fa(z, (21,-)) € W2 (Q(x1)) for each A > 0, z € R? and z; € R.
Hence we can make use of the Hardy inequality (2.19) in combination with
(2.20) and obtain

/ |FA(z,x)\2d3::// |Fa (2, 2) 2z L day
QB R Qg(zl)

Fi(
// [FaGz o)l A 20 4 day (2.24)
Q1) L (z1)

§52ch(Q)// Ve, Fa(z,2) > dey doy
R JQ(z1)
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where ¢, (2) = sup,, g cn(Q(z1)) (if Q(x1) = 0 we formally set cx(Q(z1)) =

0). Recall that Fi(z,z) is a linear combination of eigenfunctions, therefore

/\VILFA(z,z)Fdz:/|V$FA(Z,:E)|2+50x1\FA(z,x)|2dx
Q Q

I,

< 3 AN —col0 /Q |Fa(22) 2 da.

J<n(A)

2

0
aixlFA(Z, CE)

dz — / cox1|Fa(2, 2)|* do
Q

With
/Q Faeoo)Pdz= 3 JAlg)(2)?

J<n(A)

it follows that

/Q Fa(z, )2z < 2 en(®) 3 (g — 20l9) | AL (2) 2

J<n(A)

Since A; < A for j < n(A) and there are no eigenvalues below &¢|£2, we

conclude from that

/Q Fa(e, )2 dr < B2 en(@) (A — o) 3 JAIB;](2)

J<n(A)

2/3

= (@) (8~ eolf) i [ AP (4 - 2) ae
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Inserting this into (2.23) gives

R(A, 2)

62/3/3
> gmya1 ©

® %/ﬂ Ai? (53/3@1 — zl) dz
B
—Ben(Q) (A —eo[Q)+ /Q Ai? (e(l)/?’(xl - zl)) daz}

8 1 2 (/3

> Gy [QU(Q,zl) — Ben(9) (A — LQ)+/QA1 (50 (21 — 21) dx]

where in the last step we have used that
1 2 [ 1/3
o(Q,z1) < E Ai (50 (x1 — zl)) dz
Qp

for each 8 > 0 and z; € R. So far we have not made any assumptions on
B > 0. If we choose

8 =B(z) = m (A — o 2)7! UQ Ai2 (53/3(951 _ zl)) dx} - . (2.25)

which will be commented below, this yields

R(A, z) > (22%)/;1 ‘12(3:(;1)) (A —£0|Q)7! [ /Q Ai2 (5}]/3(331 - Zl)) dx] o

By inserting this into (2.22) we finally obtain our result. O

Remark 2.2.1. Let

Ri(Q(z1)) := sup dist(y, 9Q(z1))
yEQ(a1)
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be the inner radius of each slice Q(z;1) and

Ri; (Q) := fue%m (Q(z1))

where we set Ri ((z1)) = 0 if Q(x;) is empty. We want to show that our
choice of B(z1) in (2.25) satisfies

Riy ()
4

B(z1) < (2.26)

which means that €23 indeed consists of points close to the boundary of €.
Since 8 = Ri | () is also a valid choice in the definition of Qg or o(€2, 2),
it follows that

1
Ri, (2)

/ Ai? (6(1)/3(331 — 21)) dz > o(Q, 21),
Q

thus, our choice of 5(z1) in (2.25) satisfies

1 1
Toniy M o0l may

B(z1) < (2.27)

From our Hardy inequality in (2.20) we obtain
1
= [P do £ @) [ (Va@P + (o~ ol 2)sfu(@)) do
Ri{ Ja Q

for each u € Wzl(Q) and choosing u to be the eigenfunction for A;(£2;e0)
leads to
1< REZ(9) er(Q) (A — 2012

which, together with (2.27), finishes the proof of (2.26). Note that from the
last inequality it also follows that

A1 > e[+ (Ri2(Q) en ()7L

Although the order of A in the second term on the right hand side in
(2.21) is not that clearly visible, we assume that it is far from being optimal.

Indeed, replacing the Hardy inequality in the step (2.24) by the improved
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bound
/ u(@)? dz < (uB)* T2/ || Hullz - || H *ul|, (2.28)
{zeQ:6(x)<p}

which was shown by E. B. Davies in [25, Theorem 4], reduces the order of A.
Here v € dom H where H = —A + V is a non-negative operator on a domain
Q) ¢ R? with Dirichlet boundary conditions such that the Hardy inequality

Ju(z)|?
o 0%(x)

h being the quadratic form of H, holds for any u € C§°(f2). Actually (2.28) is

proven in [25] under much milder assumptions on H and can also be extended

da < p®hlu],

to magnetic operators, see [55, Proposition 5.1]. Also ¢ does not need to be
a proper distance function, it is sufficient that § is a continous function on
Q satistying |6(z) — d(y)| < |x — y| for all z,y € Q. Applying (2.28) with
H=—-A+¢p(z1 — [) and § being the euclidean distance of any = € € to

the domains boundary, we obtain:

Theorem 2.2.3. Let Q C R? be an open bounded domain such that

1
o(Q) := inf — Ai? (Eé/g(lj - Z1)> dz > 0,
B>0 ﬂ {zeQ: dist(0Q,2)<B}

then

Z (A= X;j(2:€0))+
jEN
&2/?

< —— A— _ 2 Aj2 1/3 _ -
= (2m)d1 /Rd( g0z — |21 )+/Q 1 (80 (21 21)) dedz  (2.29)

- C’(Q)/ddz (A—e021 — 2124 (A — 0|7 ©
R

£
2+4c

O | [ AR (5 @1 - 2)) de
Q
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for all A > 0| Q where

2/3
€ 1 c 2+42¢

c(Q) = ng +de)” e () 2

and ¢® = ¢;,(Q) is the constant in the classical Hardy inequality of —A on .

Proof. Denote by dist(99,z) the euclidean distance of any = € € to the
boundary 9f2. From the classical Hardy inequality it follows that

2
/Q(chs|‘clzgl$%,96))2 dr < [/Q |Vu(z)? dz +50/Q (z1 — [Q) Ju(z)]* dz
if u € W}(Q) where ¢ = ¢,(€). On the right hand side we have used the
quadratic form of —A + gg(z1 — |2). Since z1 > |Q for each (z1,2,) € £,
this operator is non-negative and its eigenvalues are given by A;(Q;e9) — 0|2
where A;(§2;€9) are the eigenvalues of —A+epx1 on Q with Dirichlet boundary
conditions. Thus, the assumptions of [25, Theorem 4] are satisfied and
applying (2.28) to Fi(z,-) € W(Q) from the proof of Theorem 2.2.2 yields

/ |Fa(z, )| de
{z€Q: dist(0Q,x)<B}

2/3
o

)i / Ai? (5(1)/3(331 — z1> dz.
Q

Proceeding as in the proof of Theorem 2.2.2, let

< (eB)P/C(A — g0 Q)L

R(Az)= ) A=)

J>n(A)
then
R(A, 2)
52/3ﬁ o(Q) 14+1/c 2 ( 1/3
> %o o@t) ,31+2/002+2/C(A —e0[Q) ] / Ai (50 (x1 — zl) dx} .
Q

@maT1 | 2
(2.30)
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Minimizing the right hand side for § yields

c c

_lic =
B = L4+ 40) T (@) 7 (A — g0 Q) (/ AP (5 (@1 — =) dx)
c Q

Since ¢ > 2, this choice of § again satisfies the condition

B< (lec)ﬁcm(ﬂ)sm(ﬂ)

where Ri (§2) := sup, cq dist(9€, y). Inserting (2.30) into (2.22) finishes the
proof of (2.29). O



Chapter 3

Kroger type estimates

This chapter aimes at a series of inequalities for the sums of eigenvalues. For

a moment, denote
O< A <A<l <

the sequence of eigenvalues of the classical Laplacian on Q C R? equipped

with Dirichlet boundary conditions and
O=p1 <pe<p<-<py<

the eigenvales of —A on 2 with Neumann boundary conditions where the
necessary restrictions on € apply in this case. As usual, the eigenvalues
appear according to their multiplicity. For the Dirichlet Laplacian the sum

of eigenvalues can be estimated from below by

k
Z/\] 27_‘,) |Bd| 2/d|Q‘ 2/dk1+2/d

j=1

where |B4| = 7%/2 /T'(d/2+ 1) is the volume of the unit ball in R?. The latter
is known as Li- Yau inequality, cf. [68]. In fact it is a consequence from (2.3)
if ¥ = 1, and can be proved by applying the Legendre transformation on
both sides of (2.3).

51
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In 1992 P. Kroger introduced a test function argument proving
k
Z 271') |Bd‘ 2/d|Q| 2/dk1+2/d (31)

for any Q C R with piece-wise smooth boundary, see [59, Corollary 1]. Most
interesting about this result is that the right hand side matches the right
hand side of the Li-Yau inequality. The proof of (3.1) is based on the estimate

Theorem 3.0.1 ([59, Theorem 1]). Let Q C R? with piece-wise smooth
boundary, then

o @2 tRIBY 0] - (2m) Y
HRHL= oyl rd|BeQf - (2m) 'k '

The proof of this theorem relies on the Rayleigh-Ritz formula

Jo IVo(y)|* dy - Jo IVo(y)* dy
¢¢§51v§?m Iole@Edy = [, o) dy

D1y Pr—1

P = (3.2)

where we choose ¢(y) to be
H.(y) = ha(y) — (2m)"? Fo[®i](2,y) € W3 ()

for h,(y) = e'*¥. Here F,[®}] is the Fourier transform of

k
O (z,y) = Z b;(2)di(y)

with respect to the z variable, and (¢;) =1, denotes the corresponding
sequence of eigenfunctions of the eigenvalues (u;)j=1,... k. Thus, F,[®] is
the projection of h, onto the subspace which is spanned by (¢;);=1,. &, a
fact which is heavily used during the calculations. For any details we refer
o [59]. Using this approach with a truncated variant of h,(y) satisfying
h.(y) =0 for y € 0N as a test function in the variational quotient for the

Dirichlet eigenvalues leads to
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Theorem 3.0.2 ([60, Theorem 1]). For Q C R? let Q, = {z € Q
dist (z, 00?) < 1/r} and suppose that

C()

92| < Qe

holds for some constant Co(Q) and any r > |Q~'/¢, then there is a constant

cqg > 0 such that

k
ZAJ 27‘() ‘Bd| 2/d‘Q| 2/d(k1+2/d+cd00( )k1+1/d).
j=1

In [39] E. M. Harrell and J. Stubbe observed that the essence of Kroger’s
test function arguments is an averaging of different parts of a variational
estimate simplifying some of the coefficients and formulated a generalized
version. This generalized version can be used to prove inequalities for the
sums of eigenvalues of the Stark Laplacian which is why we want to present
it in more detail. Let Hy = —A 4+ V be a self adjoint operator on 2 C
R? and hy its corresponding quadratic form. Suppose Hy has discrete
spectrum —oo < p11 < po < ... with a corresponding sequence (¢;);=12,...

of orthonormal eigenfunctions. For any f € d[hy] denote by

k
Pypf = Z (05, f)
the projection of f onto the subspace spanned by (¢;) ;=
Lemma 3.0.1 ([39]). If either

e Hy is equipped with Neumann boundary conditions on € or

e Hy is equipped with Dirichlet boundary conditions and f =0 on OS2,

then
hy([f = Pif, f — Pif] = hvlf, f1 = hv[Pef, Pef].
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Proof. Observe that

h‘V[f_Pkfaf_Pkf]:hV[f7.ﬂ_2Rth[f7Pkf}+hV[PkfaPkf]
= hv[f, fl =2Rehy[f — Pcf, Puf] — hv[Pif, P f].

From that the statement follows as long as hy[f — Py f, Prf] = 0. Thus, we

proceed with

= /Qv(f_Pkf) Vojdax + (f — Prf, V)2

= [ =P grtsdo— [ (= Pf) B0yt (= L Voiaco.
20 n Q

If %(ﬁj =0 or f =0 on 012, the integral over 02 on the right hand side

vanishes and it follows that

hy(f = Pef, 0] = (f = Pef, (=A+V)9j)20) = Ni{f — Pef, ¢j)r2(0) =0
foreach j=1,...,k and k € N. O

This intermediate result can now be used in various test function argu-

ments.

Theorem 3.0.3 ([30, Theorem 2.1]). Consider Hy = —A+V on a bounded
domain @ C R with Neumann boundary conditions on 02 such that the
spectrum of Hy (or at least its lower part) is discrete. Let (¢;)j=1,2,... be a

orthonormal sequence of eigenfunctions for the eigenvalues (y;j)j=1,2,.. and

for z € R? be f, a family of functions in the form domain d[hy], then

Z(A - ,U'j)-&-/ [(f2, 0j)r2())* dz > / (A ||fz||2L2(Q) — hy[f., f.]) dz
jEN Rd Mo

(3.3)
holds for all My C R? and A € R.

Proof. If A < py, the left hand side in (3.3) vanishes, whereas the right hand

side is negative and the result becomes trivial. For A > p; let k be the smallest
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integer such that A < g or A € Jug_1, px]. Since (f. — Py_1fz, #5)12(0) =0
forall j =1,...,k—1, the function f, — Py_1f, is a valid test function for
pi in (3.2), and together with Lemma 3.0.1 it follows that

A <fz - Pkflfzafz - Pkflfz> < Mk <fz - Pkflfzafz - Pkflfz>
<hvife = Po-1fe, fo = Pr-1fe] (3.4)
= hV[fzafz] - hV[Pk—le’Pk_lfz]'

We have chosen (¢;);=1,2,... to be orthonormal such that (Py_1f,, Px—1f.) =
k-1
Zj:l |<f27¢j>|2 and

fo—
hV[Pk—leaPk—lfz] = Zﬂj |<.fzv¢j>|2
j=1
If we note (f, — Pe_1fz, f2 — Pe1fz) = If2|I> = (Pe-1 S, Pr1f2), we obtain
k—1
AL = by [far £ <D0 (A= ) [{f, 6501
Jj=1

from (3.4), and integration over My yields

Azzhzaz _7A Z7'2d
AMM i f <; uﬁ/w¢mz

k—1
SZAMANMWM

A remarkable consequence of Theorem 3.0.3 is

k—1
IRCTEATEED Ty AT
e < — " (3.5)

I= i dz — / |<fzv¢> 2 ‘2(12
[ 1o 3y RUALARE
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which was already proved in [39] but can also be obtained by setting A =
in (3.3). Following Krogers induction argument in the proof of Theorem 1 in
[59] from (3.5) on we show:

Theorem 3.0.4. Let (11;);=12,.. be the sequence of eigenvalues of Hy =
—A+V on Q C R? with Neumann boundary conditions where the same
restrictions as in Theorem 3.0.3 apply. If f. is in the form domain d[hy],
then

k—1
h 25 [2]dz — j
/vl >

e < ; .
/ 120y dz — (5 — 1)
Mo

(3.6)

Proof. If k =1, then (3.6) follows from the variational principle (3.2) since
f» € d[hy] is a valid test function. Assume (3.6) holds for some k € N, then

equivalently
Jagg v lfor f]dz = S5

fMo ||sz2dZ* k

From the monotonicity of the eigenvalue sequence we then obtain

g <

S5t (1= fu, U009 d2) PN ALTD > Ry
Sho (L g o) 0 L IR

and

oy v Fos 1 dz = S0 5 oy 1Sz 092 dz

Jag W12 dz = 325 [, [(F2 05) 2 dz
g e £z = S+ S s (1= g, 100 d2)
[PRFACEEETES il (o PRIFAYHIEEE)

fMo hV[fzva] dz — Z?:1 122}
B Jag I1f=117 dz — &

Pt1 <

follows from (3) and the basic statement ¢/d < a/b = (a + ¢)/(b+ d) if
b,d > 0. O
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Our initial goal was to provide estimates for the Stark Laplacian which
falls into the class of operators in Theorem 3.0.3 and it remains to choose
an appropriate expression for f,. In the case of the classical Laplacian,
Krogers result (3.0.1) follows from (3.6) if f.(z) = (2r)~%2¢®%. In that
case (f.,#;)r2(q) is the Fourier transform of ¢;. Since the corresponding
transform for Stark Laplacian is the Airy transform introduced in Section
1.4.2, we choose f, to be the integral kernel of A , that is

1/3
€ —iz )z :
fo(z) = (277)(0(1_1)/2 e Al (5(1)/3($1 - Zl))

in our usual notation x = (z1,2,) € R x R4, Hence

2/3
22/

(fzr ) L2(0) = (27r0)d—1 /Qefi‘““ Ai (Eé/g(xl - zl)) ¢j(z) dz = Alg;](2)

(cf. (1.19)), respectively

12000 P e = LAy = 1641 = 1

if the corresponding sequence of eigenfunctions (¢;);=12, .. is orthonormal.

Since

0 ) '
<_8xl +€0$1) Ai (65/3(1‘1 _ 21)) — eozy Ai (6(1)/3(361 B 2’1)),

it follows that

h[fz,fZ] = <Hfzvfz>L2(Q)

= (|zLI* +g021) I f=llZ2 (0

2/3 ‘2

€ .
= (|Z¢|2 +€021) /Q(%Oﬁ ‘AI (5(1)/3(:101 —zl)) dz,

and (3.3) reads as follows:

Corollary 3.0.1. Let Q C R? be a bounded domain such that the spectrum

of —A+¢eox1 on Q with Neumann boundary conditions is a discrete sequence



o8

of eigenvalues (1;(2;€0))j=1,2,..., then

> (A — i (R0))+
jen

2/3
€o

2 .0 .1/3 2
2(27T)d_1/M0 (A —|z1| —502'1)/9’A1(50 (xl—zl))‘ dz dz

holds for all My C R? and A € R.

As in the case of the classical Laplacian, the constants on the right hand
side of this inequality match their counterparts on the right hand side of the
Berezin type inequality for the Dirichlet eigenvalues, cf. (2.12). But unlike
(2.12) the right hand side is not translational invariant and can be maximized

in respect to M.



Chapter 4

Estimates on the Counting

Function

Let A be a self-adjoint operator on some separable Hilbertspace H and E 4
the spectral measure on H associated to A via the spectral theorem, see
[13, Chapter 6, Theorem 1]. The dimension of E4(] — oo, A[)H corresponds
to the number of eigenvalues below a bound A € R and thus gives rise to the

counting function
N(A,A) == dim Ea(] — 0o, A)H = #{\(4) < A}.

Note that this function counts the eigenvalues according to their multiplicities.
In the case of the classical Dirichlet (or Neumann) Laplacian on a domain
Q C R? this function was studied for a long period. As mentioned before,
calculating its asymptotic was the starting point for the whole field of spectral
estimates addressing inequalities which compare various Riesz means to their
corresponding phase space volume. Thereby Weyl’s asymptotical result [92]
from 1912 shows that the phase space volume is also the limit of the counting

function NP (Q;A) as A — oo, more precisely

NP(A) = Lg 4 |QAY2 + O(A1/2) A — o0,

59
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Here we used our shorthand notation
N (9 A) == N(HL (Q), M) (4.1)

for the counting function of all eigenvalues of Hf () as introduced in Section
1.3, on Q C R? equipped with Dirichlet boundary conditions (i = D)
or Neumann boundary conditions (i = N). Regarding sharp bounds on
N§(; A), there is not much known. In 1961 G. Pélya proved that the leading
order term in (4.1) is an upper bound on NP (Q;A), i.e.

NP (M) < LE, |0 A4/2 (4.2)

for all A > 0, but under the additional assumption that €2 is a tiling domain.
Tiling domains are those sets 2 C R? whose inifinite copies completely fill
the whole R? up to a set of Lebesgue measure zero, only by translating
and rotating the set. Since balls do not have this property, (4.2) for balls
remained open for a long period, despite the fact that the eigenvalues can
be explicitly computed via the zeros of the Bessel function. Progress has
only been made recently by M. Levitin, I. Polterovich and D. A. Sher in [67]
by a computer-assisted proof. In the general case the problem remains still
open and it is not known if (4.2) holds for surprisingly simple domains as
for example certain polygons. So far the only attempt in proving (4.2) for
any non-tiling domains has been published by A. Laptev [62, Theorem 2.8]
where it has been shown that if (4.2) holds on any domain €; C R%, then
(4.2) also holds on any cylindrical domain Q = Q; x Qs C R?, d = d; + do.
Here Qs C R% is assumed to have finite do-Lebesque measure. For arbitrary

open bounded sets holds
9\ 4/2
NP <1 (145) 1A

which is obtained from (2.5) and captures the currently best constants for a

bound without any additionally assumptions on the shape of (2.

One purpose of this chapter is to give an estimate on the counting
functions N7 (€;A) of H! (Q) for e > 0. As a first step we want to count
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the eigenvalues of the one dimensional operator on some bounded interval
[a,b]. In the case €9 = 0 this can be done easily since the eigenfunctions of
H{([a,b]) are known to be

B sin(k—(a:—a)) ifi =D,
L) = cos(ZE — (x—a)) ifi =N,

k € N. That way the eigenvalues of H¥ ([a,b]) can be computed explicitely.
By separation of variables one can also compute the eigenvalues on cubes

[a,b]? C RY which then are given by

d

AL ([a, b]?, Z

for n; € N if i = D, respectively n; € Ny if i = N. Thus, Ni([a,b]¢,;A) is
related to the number of grid points within a d-dimensional sphere of radius
AY2(b — a)/m and can be estimated by the volume of the sphere.

If &g > 0, any solution of
—¢"(x) + eozp(x) = vp(x)
is given by
o(z) =1 Al (552/3(50:1: —v)) + 2 Bi (50_2/3(50x —v))

with constants ci, co € R. Inserting the Dirichlet conditions in a and b then

yields

c1 Ai (652/3(50a — 1/)) + ¢c9 Bi (582/3(5()@ — u)) =0
c1 Al (552/3(60b — l/)) + ¢co Bi (682/3(80() - I/)) =0

which, unfortunately, cannot be reduced any further, even in the simplest
cases. Therefore other methods are needed.
In the next section we will follow the ideas of A. Pushnitski and V. Sloushch

from [80] and reproduce an inequality from their proof of [80, Proposition 7.2].
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The remaining parts are dedicated to an extension of the result to higher
dimensions and to explore various other techniques which are associated to
the counting function NP (Q;A).

4.1 The one dimensional case

Consider the operator —d?/dz? + gz on [y,0), v € R, with a Dirichlet
condition in x = . If v is an eigenvalue of this operator, the corresponding

eigenfunction is given by

o(z) = Al (582/3(503@ - 1/))

Thus, the eigenvalues of our operator can be computed by solving ¢(v) = 0,
respectively if 50_2/3 (e0y — v) is a zero of the Airy function. Let (an)nen be
the monotonic decreasing sequence of zeros of Ai, then a,, = —f(v,) where
vp, = 3m(4n —1)/8 and

f(z) =223+ 0(="*3)
as z — 0o (see [2, 10.4.94, 10.4.105]). From that we obtain
vn =207 — & San = 07 + £ vZ/® + O(n =)
for the corresponding sequence of eigenvalues (v, )nen, respectively
|Un — €0y — 53/3v3/3| <C

for some constant C' > 0. Our next goal is to estimate the counting function

n~(0) for the eigenvalues v,, below zero, i.e.

n+(0) := #{v, <0}.
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If we replace v, by Eofy+€(2)/ 31),2/ 3, the corresponding counting function differs

only by a constant. With

2 1
coy e 2P<0 & n< 3;63/273/2 +3
in mind, we obtain that
2
n(0) — —5(1)/2'75/2 <C (4.3)

3

for v € R and some constant C' > 0.

Theorem 4.1.1. Let N*(A,[a,b]) fori = D be the counting function of all
eigenvalues A, of HE ([a,b]) below A € R, respectively the counting function
for the eigenvalues pu, of HY ([a,b]) below A if i = N, then

Ni(A, [a,8]) — =L [(A —age)¥? — (A - bso)iﬂ

< 4.4
3T eg sC (4:4)

for some constant C > 0.

Proof. If our interval is shifted by A/eg, the eigenvalues of HZ([a,b]) or
HX([a, b]) are shifted by A. That way our problem of counting the eigenvalues
below A is equivalent to counting the eigenvalues below zero of the shifted
operator Héo([a —A/eo,b— AJeg)), i = D, N, more precisely it holds that

NY(A, [a,b]) = N*(0,[a,b]) (4.5)

with @ = a — Agg and b= b — A/eq.

For v = @, b we denote by H(v) the operator —d2/dz2+egz on [y, 00) with
a Dirichlet boundary condition in v from above and by n.(0) its corresponding
counting function of all eigenvalues below zero. Just the same let H (a) be
the operator on [a,oco[ with Dirichlet conditions in both points a < b and
7a(0) is corresponding counting function. Any eigenfunction of H2 ([a, b))
can be extended by zero onto [a, co] which yields an eigenfunction of H(a).
Conversely the restriction of any eigenfunction ¢ of H (@) onto [d,d] is an

eigenfunction of Hg([&,?)]) as long as ¢ # 0 on [a,b]. In addition, the
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extension of any eigenfunction of H(b) onto [@,b] by zero also yields an

eigenfunction of H(a) but not of HP([a, b]). In summary it follows that
ND(O’ (@, ED =(0) — n{)(O).

If we compare the operators H (a) and H(a), they differ by an additional
Dirichlet condition in b. Since applying new conditions for one dimensional
Schrodinger operators is a perturbation of finite rank, their corresponding

counting functions differ only by a constant. Therefore, it follows that
ND(07 [6'7 I;D - (’I”La(O) - nE(O)) <C

for some constant C' > 0. Since changing of boundary conditions for one
dimensional Schrédinger operators is also a finite rank perturbation, we can
replace NP (0,[a,b]) by NN (0,[a,b]) in the last inequality, and our result
follows after inserting (4.3) and (4.5). O

Remark 4.1.1. Consider

2 1 3/2 3/2| _ 1 1/2
5 A - (A —aeg)? (A —beg)Y } = 7TA (b—a)
which matches the counting function for the Laplace operator on [a, b] with
Dirichlet or Neumann boundary conditions. Furthermore, from (4.4) follows
that )
lim A~Y2 N(A, [a,b]) = —

A— oo ™

which corresponds to the one dimensional Weyl asymptotics.

4.2 Product domains

So far, the only non tiling domains for which (4.2) is known are products
Q=0 xQy € R4T92 where Q) C R* is a tiling domain and d; > 2. This
result is due to A. Laptev [62, Theorem 2.8]. The argument is based on
separation of variables; due to the product structure of € the eigenvalues A
of HP(Q) can be written as A = A; + Ay where \; is an eigenvalue of HP(Q1)
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and )\ is an eigenvalue of HP(Qs). Applying (4.2) for 2y, that way obtains

NP A) =S NP, A = Xo) < Ly 1] 3 (A = M) P72
)\2 )\2

Since d1/2 > 1, the Riesz means ), (A — )\2)11/2 on the right hand side are
bounded by Léll/zdz |Qy| Ald1+d2)/2  Simplifying the constants yields (4.2) for
0= Ql X Qg.

In what follows we will use this idea in order to extend our result from

Theorem 4.1.1 onto domains of the form Q = [a,b] x w with w C RI~L.

Theorem 4.2.1. Let Q = [a,b] x w where w is a bounded domain in R4~
and N(HZ(Q),A) be the counting function for the eigenvalues of HE(Q)
below A € R, then

d—

(d—1)/2
N(HEP(Q),A) < LE, (1 + 1) Q| (A — bgo)i/z + R(A,Q) (4.6)

where

9\ (@12
R(A,Q)=1+L§, (1 + dl> lw| ®

— 1 _
; [(C 552 (b= @) (A —azo) T 4 S (A b)Y

and C > 0 is the constant from (4.4).

Proof. If Q = [a,b] X w, then, by separation of variables, any eigenvalue A of
HED0 () can be written as the sum A = v; + k. Thereby v; is an eigenvalue
of the one dimensional Stark Laplacian HELS([CL b)) and Ay is an eigenvalue

of the classical Laplacian operator with Dirichlet boundary conditions an w.
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Thus, by Theorem 4.1.1 we obtain

N(HZD(9Q),A) = #{(,k) € N* : v; + X, <A}
=3 N(HE([a,b]), A — Xp)
keN
= ii ((A — aeg — S\k)B/Z — (A — bE() — S\k)g/2> + D
371'60 ken + +

(4.7)

where
ID|<C-#{keN: X\ <A—as}

9 (d-1)/2 1o
<1+CL§, 1<1+d_1> ] (A = o)™
and C > 0 is the constant from (4.4). We split the sum in (4.7) into

Z ((A —agg — ;\k)i/z — (A —beg — ;\k)i/2)

keN

= Z ((A —agg — )% — (A —bey — 5%)3/2)
e <A—beg

+ Z (A*CL&“O 75\]6)3/2.

A*b50<5\k <A—aggp

While the first sum on the right hand side will provide the leading order
term, the second sum is of order O((A — agg)@~1/2) as A — co. The latter

can be seen from

Z (A—a&:o —S\k)B/Z

A*b€0<5\k<1\ aggp
<ed(b—a)¥? (#{\ < A —aso} — #{ < A —beo})

3/2 2 \h2 d—1)/2
<e/*(b—a)*Lg, 1(1+d 1) Jw| (A — ago) {72,
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whereas for the leading order we note that
(A —agg — M)?% = (A — beg — M\p)?/?
= (A —beg — A 4 (b—a)eg)>? — (A — beg — A )*/?

<

N w

go(b—a) (A —beg — Ap)/? + 253/2(1) —a)*?

if A —beg — S\k > 0 and therefore

S (a3 (A by — 1))
A—b60<:\k<A—a50
3 v _
< S(b—a)o ST (A= beg = M) Y? + O((A = beg) T272) (4.8)
keN

3 -
+ 553/2(5 —a)®? - #{ <A —beo}.

Collecting all of the lower order terms gives
R(A,Q) =1+ (C+e*(b—a)*?) - #{\ <A —ago}
1 -
+ 550 (b= a)*? - #{Ak < A —beo).

Thus, inserting (2.5) with 4 = 0 for the counting functions in R(A, ) and
with v = 1/2 for the sum in (4.8) finally yields the desired result

D 1 4 2\ /2
RN = 280 (14 757) 1004 be)? + RO
where
1.a 1 I'(3/2)
o V241 (4)([d=D/20(3/2 4 (d — 1)/2)
_ 1 r'1)
© 24/ (4m)@d=D/21(1 4 d/2)

_7cl
== LO,d'
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The limit of the right hand side in (4.6) as g — 0 coincides, up to terms
of lower order, with (2.5). Thus, the order of A — beq is the expected one
from the asymptotics of the counting function for the classical Dirichlet
Laplacian. In terms of a sharp constant, (4.6) contains the same additional
factor (14 2(d —1))@=Y/2 as in (2.5). This is due to the usage of (2.5) in
(4.8). If we additionally suppose that

STA = Ar(w;0))}? < L§y 4y [w] AV
keN

holds for w C R?"! from the decomposition = [a,b] x w, which is for

instance the case if w is a tiling domain, then
N(HE (), 4) < LglQl (A = beo)y™ + O((A = beo) 4~D72).

In particular this is the case for any box [ay, b1] X [a2, ba] X - - - X [ag, bg] C R%.
Instead of inserting a bound for the Riesz means ), . (A — A(©; O))j_/2 in
(4.8), one can directly take the limit as A — oo and use the Weyl asymptotics
(2.2) for the eigenvalues of the classical Laplacian operator. Since both
asymptotic formulas for the Stark Laplacian and for the classical Laplacian
coincide in the case of Dirichlet and Neumann boundary conditions, one

obtains

Corollary 4.2.1. If Q = [a,b] x w for some domain w € R~ then

lim A™Y2N(H! (Q),A) = L§', |€ (4.9)

A—o0

in both cases, 1 = D and 1= N.

In the following section we will extend this result to general € R¢ using
the Dirichlet Neumann bracketing technique based on (4.9) for boxes in R9.

4.3 Applications of the variational principle

In this section we want to discuss several consequences and techniques linked

with variational principles such as Glazman’s lemma:
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Theorem 4.3.1 ([13, 10.2, Theorem 3]). Let A be a selfadjoint operator

which is bounded from below and
N(AA) := #{\,(A) <A}
be the counting function of the eigenvalues of A below A. Then

N(A,A) =supdim F,
F

where F' C dla] is a linear set that is contained in the domain of the corre-

sponding quadratic form a of A such that

alg, 8] < Al|o|?

holds for all ¢ € F\ {0}.

Recall that the classical Lapalcian operator on a bounded domain Q C R¢

is defined via the quadratic form

hold] = /Q Vo2 da (4.10)

with d[ho] = W (Q) in the dirichlet case and with d[ho] = Wi () in the case
of Neumann boundary conditions. This gives rise to the operators HE (Q2)
and HYY (Q). Since W (Q) € Wi (Q) the corresponding operators satisfy

Hy () = Hp' (9)
in the form sense, and by Glazman’s lemma it follows that
N(Hg (92),A) < N(Hg' (), )

for all A € R. Roughly speaking, changing Dirichlet to Neumann boundary
conditions will increase the counting function or equivalently reduce individual
eigenvalues. The same holds if one introduces new Neumann boundary
conditions in the inner part of a domain. Note that this reasoning is only

based upon the inclusion of the form domains d[h’] C d[h}’] and not on the
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algebraic expression in (4.10). When replacing hg by

hald] = [ V0P do e [ o1lof da. (411)
Q Q
the reasoning can be repeated word by word and then yields
N(HE(Q),A) < N(HZ(Q),A) (4.12)

for each g > 0 and A € R. In the same way the principles for introduction
of new Diriclet boundary conditions or enlarging a domain with Dirichlet

boundary conditions can be extended from the case eg = 0 to g9 > 0:

Let © C R? be open and I' C € of Lebesgue measure zero such that
Q = Q\ T is open. Denote by HP(Q) or HP (Q) the corresponding operators
to the form (4.11) on d[h2 ()] = W1(Q) and d[h?o(ﬂ)] — W2(Q) then
d[hl ()] C d[hE (Q)] and therefore

N(HP(Q),A) < N(H2(Q),A) (4.13)

foreachaoanndAeRifQ:Q\F.

If Q,Q ¢ R? are open, Q C  and HP(Q), HEI;(Q) are the operators
defined via the quadratic form (4.11) on d[hf) ()] = W1 (Q) and dhl Q)] =
W), any test function from d[hE ()] is, by extension with zero, also

contained in d[hg(fl)] Again by Glazman’s lemma, it follows that
D DA
N(HZ(Q2),A) < N(HZ (), A) (4.14)

foralleoandAeRifQCQ.

In the case of the classical Laplacian these three principles, (4.12), (4.13)
and (4.14), give rise to the Weyl asymptotics (4.1) and are used in Pélya’s
proof of (4.2) for tiling domains. For the rest of this section we will take a

closer look at these applications and extend the results to the case g9 > 0.

Theorem 4.3.2. Let Q C R? be an open Jordan measurable set, then for
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Qr

— J3) — J3)

Figure 4.1: Covering and partial filling of 2 by Qr and Q.

each €9 > 0 holds

lim A~Y2NP(Q; A) = L, 9. (4.15)
A— o0 0 ’

Proof. We have already seen in Corollary 4.2.1 that (4.15) holds for any box
B = [al,bl] X [ag,bg] X e X [ad,bd] C R%.

Thus, it remains to extend (4.15) to arbitrary bounded domains  C R9.
This is done by a Dirichlet Neumann bracketing technique using the principles
(4.12), (4.13), (4.14). We fix L > 0. With each vector a = (o, ..., aq) € Z%

we associate the box
Bo(L):={z €R: Laj <z; < L(aj +1),j=1,...,d}.

Let A= {a €Z*: B,(L)NQ # 0}, thus, A is the set of vectors whose boxes
cover (2, and
Qp :=int (U Ba(L)>
acA

is a superset of Q (cf. Figure 4.1). Conversely, let B = {a € Z¢ : B, (L) C
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0}, then

Q :=int < U Ba(L)>

is contained in 2. By extending 2 to Q;, with Dirichlet boundary conditions,
changing at 9, Dirichlet to Neumann boundary conditions and introducing
new Neumann boundary conditions at all 9B, (L), a € A, we obtain

NHEP @), A) < NED©0),8) L NHY (@), A)

Although N(HXY (B4 (L)), A) depends on the location of B,(L) along the
x1-axis, according to Corollary 4.2.1 the limit of A*d/zN(HEZX(Ba (L)), A) as
A — oo is for all boxes B, (L) the same. Thus

limsup A=*2N(HE(Q),A) < L§y > [Ba(L)| = L 4 Q.

A—oo acA

Conversely, restricting Q to Q7 and introducing new Dirichlet boundary
conditions on 9B, (L) for a € B yields

D (4.14) D e
N(H_ (Q2),A) = N(H_(Qr),A)

N @,y HE(Ba(L)).A) = Yooy N(H(Ba(L)), A).

As above, we proceed to the limit as A — oo and obtain from Corollary 4.2.1
that

lim inf A=Y2N(HD(9),A) 2 Lilq 1 Y [Ba(L)| = Lia Q).
aEB

Since Q is Jordan measurable, [Qz| and Q1| converge to || as L — 0 which
closes the proof. O
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4.4 An inequality between individual eigenval-

ues

Let (X\;(£2;€0))jen be the increasing sequence of Dirichlet eigenvalues of
the Stark Laplacian HZ (Q) and (11;(Q;0));en the increasing sequence of
the Neumann eigenvalues of Hég (©2) with their multiplicities taken into
account. By N(HZE(Q),A), respectively N(HX(Q),A), we denote their
counting functions of all eigenvalues which do not exceed a bound A € R. In
the previous section we have seen that N(HZ2 (Q),A) is bounded from above
by N(HZX (), A) for each A, see (4.12). For the individual eigenvalues this
means

15 (Q2;€0) < Aj (5 e0).

For the classical Laplacian operator for €9 = 0 this inequality was improved in
various ways. Note that ;1 (Q;0) =0 and A;(£2;0) > 0 hold for each Q C R,
thus, the question arises whether the first non trivial Neumann eigenvalue is
still below A1(£2;0). The minimal value of A;(€2;0) is attained if Q is a disk,
respectively
A1(9:0) 2 X (B 0) = 25781

where Br = {x € R? : |z| < 1} such that |Q| = |Bg| and j,, » denotes the
k-th zero of the Bessel function J,. This is known as the Rayleigh-Faber-
Krahn inequality and will be treated in the second part of this work in more
detail. In [50] E. T. Kornhauser and I. Stakgold conjectured that po(£2;0) is

maximized by the disk if d = 2 and

1
12(;0) < ﬁ]lo,l

where j;, ;. denotes the k-th zero of the derivative J;, of the Bessel function.
From these bounds it follows that

-/
Jo,1

ml) A1(92;0). (4.16)

p2(€2;0) < (
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Remarking on [50], G. Pdélya showed this assertion with a slightly weaker
constant in [78]. The first rigorous proof of (4.16) was presented by G. Szegd
in [86] under the assumption that 2 C R? is bounded by an analytic curve.
Involving higher eigenvalues L. E. Payne, [75], proved that

115+2($2;0) < p3(€2;0) (4.17)

for d = 2 if 1 C R? is convex and its boundary is twice continously differen-
tiable. For such domains the curvature of the boundary is non-negative. In
order to generalize these results to higher dimensions d > 2, one has to deal
with d — 1 principal curvatures at each point of 9. In [66] H. A. Levine and
H. F. Weinberger present multiple extensions of (4.17), the most important
being

1j+a(£2;0) < A;(€2;0)

which holds for bounded convex domains 2 C R? or
1+1(82;0) < A;(€0)

if 99 is of class O for some a €]0, 1] and has non-negative mean curvature.
The latter was already contained in [9]. For a more general class of domains,
the first result is due to L. Friedlander; in [35] it is shown that

fi+1(€0) < A;(2;0) (4.18)

holds for all bounded domains  C R? with C'-boundary. Much later
(4.18) was shown by N. Filonov in [32] without any assumptions on the
smoothness of the domains boundary except of the compactness of the
embedding W3 (Q2) C L?(Q2) which ensures that the spectra of HZ () and
H EDO (Q) are purely discrete. Filonov’s proof is fairly simple and relies only
on Glazman’s lemma and upon the fact that ¢(x) = e'** solves —A¢ = k2¢
on L?(R%). For the remaining part of this section we want to extend the
result of [32] to the case e > 0. Beforehand, we need to proof a technical
lemma showing that no eigenfunction can satisfy the Neumann and Dirichlet

boundary conditions simultaneously:



CHAPTER 4. ESTIMATES ON THE COUNTING FUNCTION 75

Lemma 4.4.1. For each A € R holds

W3 (Q) Nker (HY (Q) — A) = {0}.

Proof. Let u € W(Q) Nker (HY () — A) and v € W3 (R?) be the continua-

tion of u by zero onto RY, i.e.

u(z) ifxeq,
0 if x € Q.

v(z) =

Since

/ (Vv V¢ + egozy vp) dr = / (Vu Vo + goz1up) dz
R? Q

— [ (203 + g1 ud) do
Q
:A/u@dsz/ voda
Q R
for all ¢ € C5°(R?), it follows that (—A + egx1)v = Av on R, Thus,
v(z) = c- Ai (862/3(601'1 + wy)) elLTe

for some constant ¢ € R and w = (wy,wy) such that wy + |wyi|? = A,

respectively, v(z) = 0, since this is the only solution in L?(R%). O

Theorem 4.4.1. Let d > 2 and Q C R%, such that the spectra of HEDO (Q) and
HXN(Q) are dicrete. Denote by (\;(S%¢0))jen, respectively by (p;(€€0))jen

their increasing sequences of eigenvalues, then
pj+1 (85 €0) < A;(€2;€0) (4.19)

for all j € N where \;(Q;e0) are the Dirichlet eigenvalues and 11;(€;e0) are

the Neumann eigenvalues.
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Proof. By Glazman’s lemma (Theorem 4.3.1) it holds that

N(H£(Q), A) =supdim F
F
where the supremum is taken over all F C Wi () such that

/ (|Vo|* + o1 |0|?) da < A/ |p|* da
Q Q

holds for all ¢ € F. Fix A € R and choose F such that N(H2 (Q),A) = dim F.
According to lemma 4.4.1 above, F4ker (HY(Q) — A) is a direct sum. For

each w = (w1, w, ) € RxR4~! such that wy +|w, |* = A, consider the function
= Aj -2/3 iw,x)
V() = Al(ey 7 (eox1 +w1))e .

From the orthogonality of Ai and the exponential function it follows that the
family of all ¢,,, where wy + |w, |? = A, is linearly independet. Thus, there
exists some w such that ¢, is not contained in F+ker (HY () — A) (note
that F-+ker (HY () — A) has finite dimension). Let

G = Fiker (HY (Q) — A)+H{c ¢, : c€ R}
Ifu+v+c- g, € Ftker (HY(Q) — A)+{c- ¢, : c € R}, then
/Q<IV(u+v+c~eow)\2+eox1\u+v+c-wwl2)dx
:/Q (|Vul* + |[Vo? + |V(c- p,)|? + et [ul* + gomq || + 01 |c - u|?) da
—|—2Re/Q (Vo-V(u+c o)+ V(e p,) Vudr

—|—2Re/ +egrr v (U~ ¢ @) + oz ¢ - p 1) da
Q
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SA/ (Il + o +le- pul’) de
Q
+2Re/ ((mAv)(u+c-py,) —Alc- p,)T+ecor1v (u+ ¢ y) + eoxy ¢ - ,u) dz
o
:A/(\u|2+|v|2+|c~<pw|2)dx+2ARe/ wu+c-p,)+c p,u)de
Q ¢

2

:A/ lu+v+c-p,|*de.
Q
Again by using Glazman’s lemma, we obtain
N(HY (Q),A) > dimG = N(HEZ(Q),A) + dimker (HY (Q) — A) + 1,
and choosing A = \;(Q;¢p) yields

N(Hg(ﬂ)a )‘j(QZEo)) — dim ker (Hg(Q) _ >‘j(9§50))
> N(HE(Q), A () +1 =5+ L.

From that follows the assertion (4.19). O



78  4.4. AN INEQUALITY BETWEEN INDIVIDUAL EIGENVALUES




Part 11

Steps towards the
Faber-Krahn-Inequality

79






Chapter 5

On the existence of a

minimizing Domain

We consider the operator
HE[;(Q) =-A+ €021, (51)

g9 > 0 on L%(Q) for a bounded domain 2 C R¢ with Dirichlet boundary
conditions as defined in Section 1.3. It is well known that the lowest eigenvalue
A1(€;e0) of this operator is simple and the corresponding eigenfunction has
constant sign on €2, such that it can be choosen to be positive. A popular
question is the problem of finding the domain € which minimalizes the
lowest eigenvalue. In the case ¢g = 0 Lord Rayleigh conjectured that the
minimalizing domain in d = 2 should be the disc B2 = {z € R? : |z| < 1},
ie.

A1 (B?;0) = min {;(2;0) : © C R? open, |Q] = wy}

where wy = 72 is the volume of B?, due to some explicite calculations close
to the boundary of €2 and physical evidence. The physical or rather musical
interpretation of this would be that among all drums with the same volume
the circular drum has the lowest voice. Almost 30 years later Rayleigh’s

conjecture was independetly proven by G. Faber [31] and E. Krahn [56]. The

81
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corresponding result for d > 2 was proven by E. Krahn in [57]. Both results

are often written in the form of an inequality
2/d . _
A1(Q560) > Cd/ Jaj2—1,119] 2/d,

where Cy = 7%/2/T'(d/2 + 1) and jj ;1 is the first zero of the Bessel function
Ji. In the literature this inequality is known as the Rayleigh-Faber-Krahn
inequality. Tts proof is based upon a variational characterization of the first

eigenvalue, namely

Vu|? dz

weW} (@) uzo Jo lul?dz
and the fact that the symmetrical decreasing rearrangement of a function
decreases the quotient on the right hand side. Let 2* be the Schwarz

symmetrization of Q and u* the corresponding rearrangement of u € Wy (),
see [49, (2.6); 49, (2.1)], then

/ |u*|2dx:/ lu|? dz
o Q

/ |Vu*|2dx§/ |Vu|? du,
o Q

see [49, (C)]. The latter is due to G. Pélya and G. Szegd and was first proven
in [79].

and

In the case for g > 0 we cannot rely on Schwarz symmetrization since we
cannot, expect the minimizing domain to be symmetrical along the direction
of the Stark potential, in our case the x;-direction. Nevertheless to make
use of some rearrangement techniques we introduce Steiner symmetrization:
Consider the decomposition R = R4~ xR with respect to the last component.
For a bounded domain 2 C R? and (7,y) € R4~! x R we introduce

D(@)={yeR: (z,y) € Q}.

Note that D(x) might be empty if the line (x,%) for y € R and fixed 2 € R4~!
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does not intersect {2 at all. The length of the part of the line which lies inside
of € can be computed by

U(D(x)) = / Xp(o)(@) dz

where xp(,) is the characteristic function of D(x). Let

{(z,y) : 0<|y| <UD(x))/2} if D(x) #

D'(x) :=
) 0 if D(z) =

0
0
and

Q= U D'(x),

D’ (z)#0

then ' is clearly symmetric along the y-direction. For a Lipschitz continuous
function u : R? — Rar with compact support suppu C Q we define the

corresponding rearrangement by
u'(z):==sup{ceR: z€Q.} (5.2)
where Q/, are the symmetrizations of the level sets
Qe :={x € Q : u(z) >c}

This process can be repeated to any other component of R?. Let Q* C
R x R%~! be the symmetrized domain with respect to any component perpen-
dicular to the Stark field, respectively the x1-direction and u* the correspond-
ing rearrangement of a compactly supported Lipschitz function u : Q — Rg .

As in the case of Schwarz symmetrization it holds that

/*F(u*)dx:/QF(u)dx

for any continous function F : Rf — R and

/ |Vu*|2dm§/|Vu|2dx
Q- Q
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since both relations hold in any step of the symmetrization process, see
[49, (C)]. Taking into account that

Vu|?d 2d
M@eo) = me AalV 7+ €0 Jozilu]® de
uEWF(£2),uz0 fQ |u[? dz

we have shown that

Lemma 5.0.1. If there exists a minimizing domain S for the first Dirichlet
eigenvalue A1 (Q;e9) of the Stark Laplacian (5.1) it is symmetric along any

direction perpendicular to the x1-axis.

As in the case of the classical Dirichlet Laplacian, the problem of minimiz-
ing the domain for the lowest eigenvalue makes only sense in the class of all
domains with the same volume. Since the spectrum of the Stark Laplacian
depends upon the position of the domain along the direction of the Stark

potential, respectively A1 (2 + h;e0) — —o0 as h — —oo where
Q+h={(x+hy) eRxR": (z,9) € Q}

(cf. Lemma 1.3.1), we additionally have to fix the center of mass for example

/xldx:O.
Q

Example 5.0.1. Let B,(a) C R? be the ball with radius 7 > 0 and center
in (a,0,...,0) € R% Consider 2, := B,.(—a) U B,(a) whose center of mass

is fixed in the origin for any a € R. If u is an eigenfunction for the lowest

in the origin such that

eigenvalue A1 (B, (0); &) of the Stark Laplacian on B,.(0), then u(-+agp) is an
eigenfunction for the lowest eigenvalue A1 (B, (—a);e0) = A\ (B(0);€0)—agg of
the operator on B,.(—a). By continuation with zero we obtain an eigenfunction

of the Stark operator on €2, and it follows that
A (Qa;e0) < A (Br(0);80) —agg — —o0

as a — Q.

One may argue that the domain from Example 5.0.1 is not connected.
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But, as shown in the following example, considering connected domains does

not change the situation substantially.

Ezample 5.0.2. We connect both components of 2, from Example 5.0.1 by a
thin tube [—a, a] x [~§, ]! and consider

Qa5 =N U[—a,a] x [-6,6]77 1.
Since Q4,5 — Q4 as § — 0 in respect to the Hausdorff-distance, it follows

that
A1 (Qa,55€0) = M (Qas€0)

as § — 0 (see details below in Section 5.1). As A1 (Q4;e0) for ¢ — —o0 is
not bounded from below, the same holds for A1(€Qq 5;€0) if § > 0 is chosen

sufficiently small.

If we additionally assume our domain €2 C R to be convex, we might
prove the existence of a minimizing domain. Therefore we first restrict
ourselves to boxes in R?. Since

C
A([=a, afico) < —aco +e5/°C+

for some constant C' > 0, see Lemma 5.2.1, there exists a box in d = 2
with optimal aspect ratio which minimizes the first eigenvalue, see Lemma
5.2.2. In d = 3 an optimal box exists only for small gy > 0. If g exceeds a
certain bound, we will disprove the existence of an optimal box in Lemma
5.2.2. Finally the existence of a box with optimal aspect ratio for the first
eigenvalue of the Stark Laplacian leads to an optimal domain among the

class of convex sets with fixed volume and center of mass.

Theorem 5.0.1. Let V. > 0 and Cy := {Q C R? : Q convex, Q)] =
V, [oxdx = 0}. If either

e d=2 or

e d=3and0<gy < 7?/2,
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then there exists some domain Q€ Cy such that

M (Q5e0) = Qieflcfv A1(82;€0).

€0

5.1 Hausdorff convergence and Mosco conver-

gence for the Stark Laplacian

Before proceeding with our proof of Theorem 5.0.1 we want to summarize
the results which allow us to obtain convergence for the sequence of the first
eigenvalues for varying domains which converge in respect to the Hausdorff
distance.

Let (2,)nen C R? be a sequence of convex sets that are contained in
a ball B, of radius » > 0. Denote by A\, = A1 (Qy;€0) the first Dirichlet
eigenvalue of H2(Q) on L?*(£,,). In order to prove convergence of (A, )nen to
A1(Q;e0) as Q,, — Q in some sense, it is sufficient to prove strong convergence

of the sequence of resolvent operators
. D -1
R, =iq, (M + Ha(, Q) "ra,

to R(\) =iq(A + HE(Q))"'rg for some A € C, see [23, Theorem 4.3.1 and
Corrolar 4.3.2], where i : W2(Q) — W2 (R?) denotes the trivial extension
and rq : L2(RY) — L?(Q) the restriction operator. The latter is less depen-
dent on the operator than on the sequence (£2,,)nen and can be connected to
geometric properties of the domains for a wide range of operators, see [23,41]
for a detailed survey.

If we restrict ourselves to convex sets in R? the natural topology on those

sets is induced by the Hausdorff metric

Definition 5.1.1. o Let K1, K5 C R% be compact sets, then

07 (K I = max{ sup d(z, K), sup d(x,fm},
reKq rz€EKo

where

d(z,K) = ylg’(\x—m



CHAPTER 5. ON THE EXISTENCE OF A MINIMIZING DOMAIN 87

e Let (K, )nen be a sequence of compact sets that are contained in a
bounded domain B. We say that (K,)nen converges in the sense of
Hausdorff to K if

lim df(K,,K)=0.
n— oo
e Let Q1,9 C R? be open sets that are contained in some compact

domain B, then
dH(Ql, QQ) = dH(B \ Ql, B \ QQ),

respectively a sequence (£2,,),en of open sets that is uniformly bounded
by a compact domain B, i.e. ), C B holds for each n € N, converges
to § in the sense of Hausdorff if,

lim dH(Qn7Q) =0.

n—oo

An almost complete survey of this notion of Hausdorff convergence can
be found in [41]. For our purposes it is sufficient that Hausdorff convergence
preserves convexity. If (Q,),en is a sequence of open sets, uniformly bounded
by a compact set B C R? and converging to € in the sense of Hausdorff, then
(1 is also convex, see [41, (2.19)].

A common phenomenon when dealing with Hausdorff convergent se-
quences of open sets is collapsing at the limit, which is to say, that Hausdorff
convergence does not preserve the volume. For arbitrary sequences of open
sets the volume is only a lower semicontinous function, see [41, Proposition
2.2.23]. Preservation of the volume is related to L'-convergence of the char-
acteristic functions xq, — xq which requires assumptions on the boundaries

of Q,,. Therefore we want to introduce the e-cone property.

Definition 5.1.2. For an open set Q C R? and € > 0 we consider the cones
Cly, &) :i={z €R?: (z—y,8) > |z —ylcos(e) A O< |z —y| < ¢}

with vertex y € R? along the direction ¢ € RY, |¢| = 1. An open set has
the e-cone property if for all x € 99 there is &, € RY, |¢,| = 1 such that
C(y,&wv€) C QN Be(a).
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The e-cone property is also related to Lipschitz-continuity of the boundary,
see [41, Theorem 2.4.7]. If Q is convex, then (2 has the e-cone property for

¢ < min { Riém arcsin ( Ri(©) ) } (5.3)

28Up,epq |To — 7|

any

where Ri () is the inner radius of €2, i.e. the radius of the largest open ball
which is fully contained in Q, and zy € § its center, see [41, Proposition
2.4.4]. When considering Hausdorff convergent sequences (2, )nen of open,
convex sets we need an uniform bound of € > 0 such that any €,, shares
the e-cone property uniform for any n € N. Since convex domains may have
arbitrary sharp corners, we have to take into account that in our case all
Q,, are contained in a compact domain B and have fixed volume |Q,| = V.
In that case the inner radii of the €2,, are bounded from below and the €2,
satify the e-cone property simultanously for any e below some bound. In
view of Theorem 5.0.1 and Lemma 5.2.2 we will give a proof only in the case

of symmetric domains in dimension d € {2, 3}.

Lemma 5.1.1. Let (,)nen be a sequence of open convex sets in R? that
are contained in some compact domain B C RY, d € {2,3} and that are
symmetric along any direction perpendicular to the xi-axis. Suppose that
|| =V for each n € N. Then the inner radii of the Q,, are uniformly
bounded from below and therefore have the e-cone property for any € below

some bound independent of n € N.

Proof. In view of (5.3), it suffices to show that Ri (€2,,) is uniformly bounded
from below. We begin our proof in the case d = 2. Fix some domain Q C R?
and let Ro C R? be the minimal bounding box, touching € in at least four
points on the boundary of Q (cf. Figure 5.1a). Since ) is symmetric along
the xo-axis, these touching points are also aligned symmetrically and, by
connecting them, we arrive at a kite whose inner radius does not exceed the
inner radius of Q. Since [Q,| =V for all n € N, the smallest possible inner
radius of the kite is attained when the kite degenerates to a triangle whose
base and vertex lies on the boundary of B (cf. Figure 5.1b).

In the case d = 3 the domains €2 C R? are rotational symmetric with

respect to the x;-axis, and we can cut €2 along the xi-zo-plane. Let Rq be
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D &€

(a) The inner radius of Q@ C R? can

be estimated from below by the inner (b) The thinnest possible kite, that
radius of the blue kite, respectively, fits into B C R? with volume of V/2
the inner radius of the red triangle. touches B at the boundary.

Figure 5.1: Visualization of the construction in the proof of Lemma 5.1.1.
For a domain 2 C R? we consider the minimal bounding box Rq touching Q
in at least four points. Connecting these points leads to the blue kite. The
kite with minimal inner radius is the degenerated one, respectively, the red
triangle.

the minimal bounding box of the cut as in the case d = 2. The inner radius
of the cut is bounded from below by the inner radius of the corresponding
kite, respectively the degenerated kite. Rotating around the z;-axis does not
change the inner radii at all such that the inner radius of the cone is a lower

bound for the inner radius of €. O

Consider a bounded sequence (§2,)nen of domains. In our proof of
Theorem 5.0.1 we will rely on the existence of a Hausdorf-convergent sub-
sequence of (2,)nen. This is guaranteed by the Blaschke selection theorem,
see [38, Theorem 6.3] for instance. The following variant additionally ensures

the preservation of volume when proceeding to the limit:

Theorem 5.1.1 ([41, Theorem 2.4.10]). Let (Q,)nen be a sequence of open
domains in R which are uniformly bounded by some compact set B C R? and
uniformly satisfy the e-cone condition. Then there is an open set 2 C B which
satisfies the e-cone condition and a subsequence (Qn, )ren which converges to

Q in the sense of Hausdorff. Furthermore the closures (2, )ken converge to

Q in the sense of Hausdorff and X2, — XQ in L?(B) for each p < oc.
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Remark 5.1.1. Convergence of xq, — Xq in L?(B) also ensures that the

center of masses of the €2,, converge to the center of mass of ) since

/ xdx—/xdx
Q Q

n

/Bx [xa. (@) - XQ(x)]’

1/2
< lIxe, — xellL2s) - {/B z? dx] .

The Hausdorff-topology again can be related to various other notions of
convergence between open sets. In fact, the relation between the Hausdorff
topology on convex sets and convergence of solutions to variational equations
on those sets was studied by U. Mosco in [73] in a much more general setting.
Thereby two conditions appear naturally which are today known under the

term Mosco convergence:

Definition 5.1.3. The sequence of spaces W (£,,) converges to Wi (Q) as

n — oo in the sense of Mosco if the following two properties hold:

e For all u € W21(Q) exists a sequence (un)nen satisfying u,, € W21 ()
for each n € N such that u,, — u in W3 (R%).

o If (un)nen is a sequence of functions satisfying u, € W2(€,) for
each n € N that converges weakly to a function u € W3 (R%), then
ue WHQ).

An equivalent statement can be formulated in terms of the unique solutions
u = ué of the Dirichlet problem —Awu = f on some open set ) for given

fe (Wi @)

Lemma 5.1.2 ([41, Proposition 3.5.5]). Let (Qy,)nen be a sequence of open
sets in R? that are contained in some bounded domain B C R¢ and Q C B.
The sequence of spaces W1 () converges to Wi () as n — oo in the sense
of Mosco if and only if uén — usf2 in W2(B) for dll f € (W(B))'.

In the literature convergence of uén — ué is usually reffered to as ~y-

convergence. Under the constraints of Theorem 5.1.1 it can be related to

Hausdorff-convergence:
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Lemma 5.1.3 ([41, Theorem 3.4.12]). Let (2n)nen be a sequence of open
domains in R¢ that are uniformly bounded by some compact set B C R? and

uniformly satisfy the e-cone condition. If Q, — Q in the sense of Hausdorff,
then U{Zn — uly, in WE(B) for all f € (W(B))'.

Convergence of the spaces W21 () in the sense of Mosco is again an
equivalent condition to strong convergence of the corresponding resolvent
operators as long as the sequence (2,),en is uniformly bounded by some
open bounded set B, ¢ R%. If (Qn)nen is unbounded, Mosco convergence of
W1(Q,) still ensures convergence of the operators R, () in a weaker sense,
see [23, Theorem 5.2.4].

Lemma 5.1.4 ([23]). Let (Q,)nen be a sequence of open sets in RY that are
contained in some bounded domain B, and X in the resolvent set of (5.1) on
L2(Q). If W(Q,) converges to W(Q) as n — oo in the sense of Mosco,
then X is contained in the resolvent set of (5.1) on L*(Qy,) for large enough
n and R,(\) = R(\) in L(H Y(B,), L*(B,)).

Remark 5.1.2. The Lemma is a slight modification of [23, Corollary 5.2.5]
where it is shown that R,(\) — R(\) in L(H Y(B,),LY(B,)) for all ¢ €
[1,2d/(d — 2)) if W(B,) converges to W2 (B,) in the sense of Mosco. The
proof there relies on the compactness of the embedding W3 (B,) < L4(B,)
for all ¢ € [1,2d/(d — 2)) (Rellich-Kondrachov theorem). If we make use of
the compactness of the embedding Wi (B,.) < L%(B,) (Rellich’s theorem)

the claim follows as statet in Lemma 5.1.4 above.

Although strong convergence of the resolvent operators does not ensure
convergence of the complete spectrum of the corresponding operators, conver-
gence holds for any compact part of the spectrum which can be separated by
a simple, rectifiable curve from the remaining parts of the spectra. The basic
framework for this idea is already set up in [48] and statet more explicitly in
[23].

Lemma 5.1.5 ([23, Corollary 4.3.2]). Suppose that R,(\) — R(\) for some
A € C and X is a compact subset of the spectrum of (5.1) on L*(Q) which

could be enclosed by a simple, rectifiable curve I seperating it from the
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remaining spectrum. Then for large enough n this curve I' is seperating a
subset 33, of the spectrum of (5.1) on L?*(Q,,). Let
Po——— [Rya, P=-1 [Ro)a
"o Jp ’ 27 Jp
be the corresponding spectral projections, then for large enough n their images

coincide and P, — P.

5.2 Proof of Theorem 5.0.1

As a first step we want to observe if there is a box [—a,a] X [—a1,a1] X

X [—ag-1,a4-1] C R? with optimal aspect ratio which minimizes the first
Dirichlet eigenvalue of the Stark operator when the volumes of the boxes are
fixed. Therefore we need an estimate on the first eigenvalue on an interval
[—a,a]. Since the Stark potential gz is bounded on [—a,a] a bound on
A1 ([—a,a];e0) is given in terms of the lowest eigenvalue for the Dirichlet
Laplacian, i.e.

2 2

—&oa + 4’”7 S )\1([—0,,0,];60) S goa + th

holds for each a > 0 and €y > 0. While this inequality reflects the behaviour
of A\i([—a,a];e0) on small intervals it fails to give the correct asymptotics as

a — 0.

Lemma 5.2.1. Let —( be the first zero of the Airy function, then

C
M ([—a,al;e0) < —ago + 63/3C + "

holds for some constant C' > 0 as long as —agy + Eg/gc 18 megative, in
particular if a > 551/3C for fized ¢g > 0.

Proof. Consider the test function

o) = Ai (e5/* (¢ +a) = ¢) x(a/a)
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where x is a smooth, monotonic decreasing, cutt-off function satisfying
x(z) = 1 for < 0 and x(z) = 0 for z > 1. Then ¢ € Wi([—a,a]) is

non-negative, satisfies the Dirichlet boundary conditions in +a and

((=d?/da? + goz) $(), 6())
< <(—d2/dgc2 +eox) Al (55/3(36 +a)— C),Ai (sé/g(x +a)— C)>
o s v [
= <—a€0+60 ) HAI( /3 (x+a) )H +E zlél[%)i ’(:c)/OOOAi2 (z)dx

S( €0a+62/3 ) ||¢>||2+

The estimate now follows from the variational principle and the fact

0
162 > / AR @) dr

O

By separation of variables the lowest eigenvalue A\ (Rg4;e0) of —A + ggxq

on a box Ry = [—a,a] X [—a1,a1] X -+ X [—ag—1,a4—1] is given by
-1
A (Rd,&‘()) = )\1 + —5-
4a?
j=1 "7
The sum on the right hand side becomes minimal if a; = -+ = a4_1 such

that we can restrict ourselves without loss of generality to the case Ry =
[—a,a] x [~b, b~ where V = 29ab?~! is fixed.

Lemma 5.2.2. Let V > 0 be fized and Ry ,q be the set of all bores Ry =
[—a,a] x [=b,b]%"! satisfying V = 2%ab?=1. If either

o d=2 witheyg >0 or

o d=3 with0 < gy < 72/2
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there exists some R* € Ry,q such that

AM(R5e0) = Rei%fwM(R; €0)-

If either
o d =3 with eg > 7%/2 or
e d >3 withey >0
then A1(R;e0) is not bounded from below for R € Ry 4.

Proof. Let R, = [~a,a] x [—a*/(=D ¢/(1=d)] " then the mapping a +

A1(Rg;€0) is continuous. Since

m(d=1) 5/a-1)

M (Rase0) = Mi([—a,al;e0) + g ¢
i 7T2(d—1) 2/(d—1
Z—anﬁ-@“rfa/( )

for each eg > 0 and a > 0, it follows that A\ (R4;e0) = +00 as a — 0 for all
d>1.If a — 0, then \;(Ry;e0) — +ooifd=2or d =3 and g9 < 72/2. In
this case a — A1 (Rq;€0) attains its minimum for some a € (0, 00).

Let d >3 or d = 3 and g9 > m2/2, then a — A (R;e0) cannot be bounded
from below since Lemma 5.2.1 states that

C 2(d—-1
M (Rai€0) < —eoa+ ey ¢ + P % a®/t=h

for some uniform constant C' > 0 and —( being the first zero of the Airy

function. O

Remark 5.2.1. Lemma 5.2.2 also suggests that the minimalizing domain for
the first Dirichlet eigenvalue of the Stark Laplacian cannot be to thin. For a

domain Q C R? consider the one-parametric sequence of domains
1—
T.Q := {(a" " %x1,azs, ..., axq) : (x1,...,2q4) € Q},

where all T,Q2, a > 0 share the same volume and center of mass. If R

is a minimizing bounding box of 2, that is the smallest axis-parallel box
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containing (), each T, R is the minimal bounding box of T,{2, and since
T.Q0 C T, R for each a > 0, it follows that

M(Taf2e0) > M (T R;€0)

where A\ (ToR;e0) — coas @« - 0 or a — oo if d = 2 or d = 3 and
0 < g9 < m2/2. In that sense a domain which is to thin might be replaced by

a thicker domain with smaller first eigenvalue.

Proof of Theorem 5.0.1. In order to apply Theorem 5.1.1, we first want to
show that there is an uniform bound on A;(Q;ep) for Q € Cy . Let therefore
Rqo € R? be a minimal bounding box for 2 € Cy touching  in at least 2d
points of the boundary of Rq. Since {2 can be considered to be symmetrical
along any component perpendicular to the z;-direction, these touching points
are also arranged in a symmetric way such that their convex hull consists
of two hyperpyramides, each of volume |Rq|/(2d!). The convex hull of the
touching points is again a subset of €2, thus

IRo| < d!-|Q] =d -V

and it follows that A1 (©;e0) > A1 (Rgq;eo) for the first Dirichlet eigenvalues of
our operator on {2, respectively Rq. If we replace R by a box Rg, with the
same volume as Rq but optimal aspect ratio (see Lemma 5.2.2), we obtain
M (Q5e0) > A1 (R €0). These various boxes for © € Cy might be shifted to
each other but are otherwise independent of 2. By shifting them to the left
such that their right border is alining with the origin, we obtain an uniform
bound on A1 (£2;¢p), i-e.

A1(Q2;60) = A (R%;€0),

where R* is a box of the type [a1,0] X [az,bs] X ...[ag,bg] with |R*| =d!-V
and optimal aspect ratio.

Denote by U, the set of all convex domains that contain a ball of radius
7 > 0 and let (Q});en be a minimizing sequence for infoec, e, A1(£2;€0)-

Since supq¢y, diam 2 < oo, all Q7 € Cy NU, are contained in some bounded
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region. From Theorem 5.1.1 it follows that there is a subsequence of (Q7);en
converging to a convex set €27 € Cy with respect to the Hausdorff distance.

Thus, from the results in Section 5.1 we obtain

M (Q5e0) = Qeg,rvlfmr A1(;0).

If ri < T2, then Z/{ﬁ C L{TQ and Al(Q* '60) > )\1(9*

717

r,i€0) and A1(€2;€0)
is decreasing in r. According to Remark 5.2.1, the minimizing domain of
A1 (2% e9) cannot be too thin such that A\ (2%;¢0) becomes constant for

sufficiently small r > 0, i.e. there is a Q* € Cy satisfying

A (5e0) = inf A(Q27580) = Qiencfv A1(82;€0).



Chapter 6

Numerical experiments

As discussed in the previous chapter, the problem of finding the domain
Q) C R? with given area |Q2] > 0 which minimizes the lowest eigenvalue A;(€2)
of the classical Laplacian operator with Dirichlet boundary conditions is
solved by the circle [31,56]. The solution to the same question concerning the
second eigenvalue Ao () was attributed to P. Szeg6 in [76] but appeared in a
more or less explicite form in Krahn’s paper [57], see [40] for more references.
Here the solution is the union of two disjoint discs in R? with identical radii
since the restriction of any eigenfunction ¢ for A\o(£2) to its nodal domains Q. ,
Q_, i.e. the domains where the sign of ¢ does not change, is an eigenfunction
to A\1(Q4) and A1(2-). The latter is minimized if Q, Q_ are discs, see
[40, 4.1.1] for a more detailed presentation of the proof. Thus, the minimzing
domain of A2(£2) is not connected. Moreover, a consequence of this fact is
that the problem of finding

inf {A\2(Q) : © C R? open and connected with |Q| = ¢}

for given ¢ > 0 has no solution. Indeed, connecting two identical disjoint
discs By, By by a thin tube of width € > 0 as in example 5.0.2 above yields
a sequence of domains Q. for which [Q:|A2(Q2:) — |B1 U B2|A2(B1 U By) as
€ — 0. Thus, the Q. form a minimizing sequence with a limitting domain

that violates the connectivity condition. Nevertheless, under the additional

97
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assumption of convexity a solution to the problem of finding
inf {\2(Q2) : © C R? open and convex with || = ¢} (6.1)

does exist [40, Theorem 2.4.1], but the challenge remains to find it. A natural
conjecture would be that its solution Q is the convex hull of two disjoint
discs, usually referred to as a stadium. This conjecture was stated by B.
A. Troesch in 1973 who supported it with numerical experiments, see [88].
It remained for quiet some time until it was disproved by A. Henrot and
E. Oudet in [42] showing that the boundary of the minimizer € of A\y(2)
cannot contain arcs of a circle. Regarding of the geometry of €, they give

the following properties:

Theorem 6.0.1 ([42, Theorem 2]). The solution € to the problem of finding
(6.1) for a given ¢ > 0 is

e at least of class C' and at most of class C?
o the boundary OS) contains exactly two straight lines if S is of class C1.

Appart from that, nothing is known about © and numerical methods and
shape optimization algorithms come in handy in order to gain some principal
ideas of how € might look like. In the example of minimizing A (£2) numerical
experiments in [74] revealed that Q still looks very much like a stadium with
two axes of symmetry. But the question if € is actually symmetric remains
open.

Other examples where numerical experiments lead to new conjectures on the
solutions of related shape optimization problems are given in [7], where the
problem of minimizing the first Dirichlet eigenvalue A1 (2) among all polygons
in R? is treatened, or in [6], concerning the gap conjecture, i.e. bounding
the difference A1 (Q) — A2(2) (spectral gap) from below in terms of various
quantities related to the domain as for instance the perimeter.

Besides minimizing A2(€2) one is interested in finding the optimal domains
for A;(€Q) if j > 3. Here, the existence of a minimizer Qj is guaranteed by the
Buttazzo-Dal Maso-Theorem among the quasi open sets that are contained

in some open region D C R?, see [19], which also includes the definition of
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a quasi open set. We note that the restriction 2 C D can be dropped as
shown by D. Bucur in [17, Theorem 3|. Just like in the case of A2(£2), there
are numerical studys investigating possible candidates for the minimizing
domains, beginning with E. Oudet in [74] to the works of P. Autunes and P.
Freitas [8] who confirmed most of Oudet’s candidates but also improved a
few of them.

Many of the optimizations we mentioned above are based on gradient descent
methods which try to find local minima of the desired functions usually
referred as cost functions. Let Q ~ J(2) be this cost function for Q c R,

In order to minimize .J, we disturb Q by a vector field V' on R? and consider
Q={z+t-V:2e0}
The derivative of J in € along the direction V' is then given by

Dy(e) — i 12— I)
If Q  R¢ is a minimizer of .J, then Dy J(2) = 0 for all vector fields V. In
case of J(Q2) = [Q] or J(Q2) = A;(2) there are more useful representations
for this derivative, the latter known as Hadamard’s formula, see Theorem
6.2.2. The various approaches mostly differ in the methods used to evaluate
J or the representation of 2 and the corresponding vector field. Whereas
in [74] the eigenvalue function A2(2) is evaluated with the help of a finite
element algorithm, C. Alves and P. Autunes presented in [5] a more efficient
method for the evaluation of Dirichlet Laplacian eigenvalues based on a
formulation as a boundary value problem. Therefore Q C R? is considered as
a domain enclosed by a simple boundary curve 02 which is represented by
truncated Fourier series. Unfortunately, this method is not available for the
Stark Laplacian. Thus, in what follows we will approximate 2 by polygons
with large counts of vertices and stick to the finite element approach which
will be described in the following section. In Section 6.2 we will derive a
Hadamard-type formula for the Stark Laplacian and use it in the remaining
part of this chapter in order to find candidates for the minimizing domains

of A\1(€;e0) for various regimes of the coupling strength ¢ > 0.
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6.1 Evaluation of eigenvalues

Throughout our experiments we will use the finite element method (FEM)
to approximate the eigenvalues and eigenfunctions of our operator on certain
domains  C R?. A standard finite element approximation is obtained by

formulating the eigenvalue problem
(=A +eor)u = A Q,e0)u,  ue Wi(Q)
in a variational way. Therefore let

ey : W) x Wi(Q) — C,

(u,v) = agy[u, v] = /QVu(ac) -Vo(z) + gor1 u(z)v(z) dz

be the corresponding sesquilinear form. If u € W;} (€2) is an eigenfunction

with eigenvalue X it follows that

Qe [U, U] =A (u7 U)LQ(Q)

for all v € Wi(Q). Instead of searching for u and A we want to find
approximate solutions by solving an appropriate finite dimensional problem:
By choosing a finite dimensional subspace V}, C W21 (Q) we search for up, Ap

such that

ey [Un, VR] = An (U, Un) L2(0) (6.2)

for all vy, € Vj, where u, € V}, is the finite element approximation of the
eigenfunction u. A more detailed introduction into the subject and results
concerning the convergence A, — A can be found in [14]. Since dim (V},) = N
is finite, the latter can be expressed as a problem from linear algebra. To

emphasize this, let (¢;);=1,... ~ a basis of V}, and

.....

N
up = Z ;d;.
i—1
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From (6.2) we then obtain that

N N
D g acy (i b5l =AY a; (06 65) 120

i=1 i=1

for all ¢;, respectively in a vectorized form
Aa =AM« (6.3)

if oo = (a)i=1
For the remaining problem a wide range of methods in various software pack-
ages is available. Apart from solving this equation, the assembling of the
matrizes A and M is the most expensive part of the calculation. In the later
sections we will use methods in which the eigenvalues have to be evaluated
multiple times on slightly changing domains. So, choice of a good FEM ap-
proximation space is crucial where we have to compromise between achieving
descent accuracy while letting computation times not to grow to large. On
the one hand the basis (¢;) of V}, has to be simple enough to allow assembling
of A and M in a small time, on the other hand the FEM space needs to
exhaust the space Wzl(Q) best possible for increasing dimension of V}, to gain

accurency.

Many choices of V}, depend on a meshing of €2, that is a decomposition of
2 in a union of non overlapping triangular cells. The space V}, can then be
choosen as the space of continuous functions that vanish on the boundary
0 and are of degree one in each triangle cell. That way any element of V},
is uniquely described by the set of values at inner nodes (the vertices of the
triangle cells). Therefore dim (V4) is equal to the number of inner nodes and
a basis of V}, is given by the hat functions that are 1 on a single node and
0 in any other nodes, respectively vanish on any triangle which shares no
vertex with that node. When assembling A and M one has only take into
account adjacent or equal hat functions, any other entries of the matrizes will
be zero which makes A and M sparse matrizes and simplifies the problem of

solving (6.3).

Knowing the structure of V}, also makes it possible to precompute the
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integrals for the entries of A and M and thus further reduce the computation
times. Let A(pg,p1,p2) be one of the triangle cells of the mesh. Then
A(po, p1,p2) can be transformed to the unit triangle A(O, eq, e2) with vertices
O = (0,0)T, e; = (1,0)T and ez = (0,1)T by the transform

U :R? —» R?, x> D7z — pp)

where the matrix D consists of the column vectors p; — pg and pa — pg. That

way

/ 61(2)65(x) da = det (D) " / 6i( 0 (2)) 5 (¥ () da
A(po,p1,p2)

A(O,e1,e2)

The integral on the right hand side now depends only upon the question if

¢; and ¢; coincide or not. Hence, we obtain that

1 [2det (D)™ ¢ =9,
/ 01(@) () do — = § 29 _)1 61 = &;
A(po,p1,p2) 24 | get (D) b # ¢;.

For the Laplacian part it follows that
/ Vi) - Vs () da
A(po,p1,p2)
—det (D) [ (o)(¥@) - (V6,)(¥(x)) ds
A(O,e1,e2)
a7t [ (D7) (D7 (6 ¥w)) de
The gradients in the integral on the right hand side are all gradients of

hat functions on A(O, e1, e3). Depending on the node there are only three

possible values for these gradients. Let

{00
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then
/ Voi(z) - Vo,(x)dr = %det (D)_1 (D7153) - (D_lﬁj).
A(po,p1,p2)

Unfortunately, the integral for the part of the Stark potential cannot be

written in a compact form. After transformation to the unit triangle

/ 21 ¢i(2) () do
A(po,p1,p2)
—det (D)7 [ (W) du(W(@)s (V(a) d
A(O,eq,e2)
the integral takes the form
det (D) / (o + Bz +7) 3T (2)); (¥ (x)) da
A(O,eq,e2)

and can also be easily precomputed using one of the integrals

1
3 3
d = d = —
/Aml x /Amz T =50
/x%xgdx:/ $1$§d$=i7
A A 60

1
/Axlxg(l — 1 —x9)da = 135"

1
/$1(1—$1—$2)2d5€:/ ro(l — 1 — 29)? da = —,
N 60

A

1
/ 231 — 21 —x9)dx :/ 231 — 21 — ) dr = —.
A A 60
We do not want to go into any further detail and refer to questions concerning
efficient mesh generation and convergence to the literature, e.g. [14] and

references therein.

For our numerical experiments below we will use Mathematica’s functions
NDEigenvalues and NDEigensystem, see [94,95]. To gain an orientation on
their numerical accuracy we first want to compare their outputs to the exact

eigenvalues which are known for a particular family of rectangles in R?. Let
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(an)nen be the monotonic decreasing sequence of the Airy functions’ zeros,
then

p1(x1) = Al (552/3(80;101 — u))

is an eigenfunction of the one-dimensional operator —d?/dz? + oz for
the eigenvalue v satisfying the Dirichlet condition on the interval I; =
[sal/ganﬂ +v/e, 561/3an +v/gg). Since 1 has no zeros in the inner part of
this interval, v is the lowest eigenvalue A1 (I1,ep). By seperation of variables
p(w1,33) = 1 (1) - pa(w3) where @(m3) = cos (puaa), p = m(ans1—an)e /3
is the Dirichlet eigenfunction for —A + gpx1 on

Reyn = [gal/ganﬂ +v/e, 561/3an +v/eg] x [—7/(2p), 7/ (2u)]

for the eigenvalue

-2/3
M (Reyny€0) = v+ 12 (ani1 — an)’e, /3,
Denote by AT (R, n; €0) Mathematica’s approximative value of A\ (Re,n,€0),

then their difference
Err (Va €0, n) = )‘T(Rao,na E0) - )\I(Rao,vu 50)

does not change with the position of R, ., along the z; direction, i.e. the
value of v. Regarding the influence of n and ¢g, Figure 6.1 shows plots
of Err (0,e9,n) over a wide range of £y and various values of n. As one
would expect from the min-max principle, A7(Re¢, n,€0) is an upper bound
on Ay (Rey.ns€0), since the FEM approximation of ¢(xy,z2) on R, , could
be seen as a test function. If R., , has extreme aspect ratios, Err (0, g9, n)
is larger than for rectangles which do look more like a square. Accordingly,
Err (0,e9,n) seems to grow with larger values of g, but in which follows
below we do not want to deal with the strong coupling limit such that the

numerical errors of Mathematica are reasonable small for our purposes.

As a first application we want to search for minimizing domains for the

lowest eigenvalue of the Dirichlet Stark Laplacian among triangles, rectangles
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Figure 6.1: The difference between Mathematica’s approximate value for
the lowest eigenvalue Ai (R, n,€0) using NDEigenvalues and Ai(Re, n,€0)
on various rectangles characterized by the n-th zero of the Airy function.
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(a) Minimal values of A.,(r) among (b) The corresponding minimal values
triangles, ellipses and rectangles as a of r for triangles, ellipses and rectan-
function of £¢. gles.

Figure 6.2: Minimizing A, (r) = A (Q,) where Q, belongs to one of the
families from (6.4).

and ellipses. Introducing the families of domains

Ey = {(z1,22) € R? : (x?/r)a] + (r?/7°)23 < 1}
R, := poly {(r,1),(0,1),(0, 1), (r,—1)} (6.4)
T, := poly {(r,0),(0,1),(0,-1)}

for r > 0, these one dimensional problems can be solved by a simple golden
section search. Since we are rather interested in the shape or aspect ratios of
the minimizers, we would have to normalize the areas and center of masses

of the domains F,, R, or T,.. As an alternative we use the invariant form
Ao (1) = Ay () = [Q] - A1 (2, |Qr|73/250) + |Qr|71/2 €0 M, (2r),

Q, € {E;,R,,T;} from (1.11) which does not change when scalling or shifting
a domain. Figure 6.2a shows the minimal values of A.,(r) we found among
the three families using the golden section search with an accuracy smaller
than 107°. The minimizing domain for €9 = 0 is known to be the circle. With
this in mind, it is not suprising that the lowest eigenvalues are found among
ellipses when €¢ > 0 is small. For stronger coupling of the Stark potential

optimal triangles have lower first eigenvalues than optimal ellipses. Figure
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6.2b is a plot of the corresponding values of r for the minimizing domains
for various values of 9. Again, as one would expect from the case ¢y = 0,
the minimizers are close to the circle Er, the equilateral triangle T' 5 and
the square R,. For larger values of €y the minimizers are stretched along the

direction of the Stark potential and the optimal values of r grow.

6.2 Change of eigenvalues with respect to the

domain

When searching for minimizing domains, one needs to know how eigenvalues
behave under certain changes of the domains boundary. A helpful tool at
this point is Hadamard’s Formula which was already used by P. Autunes
and P. Freitas when exploring the optimal domains for minimizing various
means of Dirichlet- and Neumann eigenvalues of the classical Laplacian [8].
In this section we want to give a version of Hadamard’s Formula for our
operator and apply it in a gradient descent step in order to find minimizing
domains for the first eigenvalue in various regimes of the coupling strength
of the Stark potential.

Let W1>°(R4,R?) be the space of bounded Lipschitz maps from R? into
R? equipped with the norm

[0llwree == [0lloc +  sup M
syeRiozy |2 =Yl

Functions from this space are differentiable a.e., but W% (R% R9) can also
be replaced by C1*° (R4 R?) := C1(R?, R?) N WL (R4, RY) if one likes to
work with stronger assumptions on the differentiability. For ¢ € [0, T we
consider the family of functions ®(¢) : R? — R where ®(0) = I is the identity
on R? and t s ®(t) — I € W (R4 R?) is differentiable at ¢ = 0 satisfying
d'(0) = iCIJ(t) =V
At L,
for some vector field ¥V on R?. A common choice might be ®(t) = I + 6 for
some 0 € WH>°(R4 RY) or even ®(t) = I +t-V. By applying ®(¢) on sets
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Q C R?, we generate new sets
Q= 0(t)(Q) = {2(t)(x) : = € Q}.

Note that, depending on V', Q; does not have to be convex even if Q) is a
convex set. Nevertheless, this approach allows us to quantify the change of

volume of  in terms of V:

Theorem 6.2.1 ([40, Theorem 2.5.3]). Let Q C R? be a bounded open set
with Lipschitz boundary, then t — Q| is differentiable at t = 0 and

:/ V-ndo
t=0 o

where n is the outward pointing unit normal at each point on the boundary

d
20
dt| d

curve 0S2.

Hadamard’s Formula gives a characterization of the change for the k-
th eigenvalue of the Dirichlet (or Neumann) Laplacian on Q;. Let k be
fixed and u; be the solution of —Awu; = Ag(Q¢)us in W21(Qt) with the usual

normalization
/ u?de =1,
Q4

Theorem 6.2.2 ([40, Theorem 2.5.1; 41, Theorem 5.7.1]). Let Q@ C R? be
a bounded open set that is convex or has C*-boundary and u, € W21 ()
a normalized solution of —Auy = \i(t)uy for each fized t € [0,T[. Then
t — g () is differentiable at t =0 and

8U0 2
=— / — | V-ndo (6.5)
t=0 o \ On

as long as A\, (t) is a simple eigenvalue.

then it follows that

d
BT
qi (%)

A detailed proof of this theorem can be found in [41]. It makes use of the

variational characterization of the eigenvalue equation on Qy = (I + 6)(2)
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for some 6 € W1 (R4 R?), i.e.

VUQ . V(pg dz = )\k(Qg) / UePo dx

Qg Qe

for all g € ng (Q). This variational problem is then transformed onto 2

which gives the equivalent formulation
—div (A(@)Vl/g) = )\k(Qe)W)Jg
where A(6) = Jo(I + D)~ (I + (DO)T)~! and vy = ugo (I +6) € Wzl(Q)

with the normalization
/ vg Jody = 1.
Q

Again, we refer to [41] for any details and notation. The operator F :
Wheo (R RY) x Wi(Q) x R — (W(Q)) x R defined by

FO,v,\) = <— div (A(9)Vv) — )\I/Jg,/ v? Jody — 1>
Q
is of class C'*°, moreover,
Dy aF(0,u0, \e () (2, \) = (—Aﬁ — Mg — Me(Q)D, 2/ uol dy)
Q

is an isomorphism from Wi () x R onto (W2(Q))’ x R and it follows from

the inverse function theorem that
WHR(RERY - WHQ) xR, 6 (v, A(Q))

is differentiable in a neighbourhood of 0 € W1 >(R% R%). By choosing
0 = ®(t) — I this gives the differentiability of ¢t — A (€¢) and t — ;. The
representation (6.5) for the derivative then follows from differentiating either

the eigenvalue equation or the integral representation

Ak(Qt) = |Vut|2dx
Q
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In what follows we want to adapt this procedure in order to prove the

corresponding result for the Dirichlet eigenvalues of the Stark Laplacian.

Theorem 6.2.3. Let Q C R be a bounded open set and \p(Q2,g0) be a
simple eigenvalue of the Stark Laplacian with Dirichlet boundary conditions
and u its corresponding eigenfunction. For § € W1h° (R4 R?) let ug be a
Dirichlet eigenfunction of the Stark Laplacian on Qy = (I + 0)(Q2) for the
k-th eigenvalue \i(Qg,£0), then the mappings 0 — A, (Qg,€0) and 6 — uy
are differentiable in a small neighbourhood of 0 € W1>°(R% R?).

Proof. Our proof follows the ideas from the proof of [41, Theorem 5.7.1]
which we will present in a more elaborated way. Recall that Qg = (I + 0)(£2)

and ug € I/i/Ql(Qg), satisfying |lug||z2(q,) = 1, is a solution of
/ [|VU9|2 + E()CEl"LLgP] dz = )\k(QO;EO) / |U9|2 dx. (6.6)
Qg Qg
Thereby we may choose the sign of ug such that
Whe (R RY) — Wa(Q) xR, 0 (ug, \ie(Q,20))

is continuous, cf. [41, Chapter 4]. Problem (6.6) can be written in a variational

formulation as

/ [Vug - Vg + eom1ugps| da = A (Q, 50)/ ugpg dx
Qg Qg

for all gy € W4(Qp). The basic idea is to substitute y = (I + 6) 'z and
thus transfer this problem onto Q. That way we set @y = ¢ o (I + 60)~! with
© € W2(Q) where

Vipg = [(1 +(DO)")™! - Vel o (I +6)7"
and D@ is the derivative of #. Similary, we obtain for vy = ug o (I + ) that

Vg = [(I+ (DO)") ™" - Vgl o (1 +6) "
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and thus

Vug - Vg de = / (1 + (DO)T) 1Y) - [(T + (DO)T) " Vg Jydy

Qp Q

with the Jacobian Jy = det (I + D@). The same way follows that
/ T1ugpe du =/ (1 + O)ylivepJody.
Qo Q

In summary we have shown that vy € W4 () is a solution of
—div (A(0) V) + eo[( + O)yl1Jove = JoroAr(S20,€0)

satisfying the normalization condition fQ nggdy = 1. In this shorthand
notation we used the abbrevation A(0) = Jo(I + D)~1(I + (D)T)~1. Let

F(O,v,)) := (- div (A(0)Vv) + o[(I + 0)y]1 Jov — Ngv, /Q 1/2Jgdy)

which is indeed a mapping from W1 (R4 RY) x W1 (Q) x R to (W(€)) xR
(see below). Moreover, this mapping is of class C* and even C* as a
composition of differentiable mappings.

Note that if # = 0 and A = A\ (Q,e0) then F(0,vp,A) = 0. Our next
goal is to apply the inverse function theorem in a neighbourhood of 8 = 0
and A = Ag(9,e9) which yields a differential mapping 6 — (v(6), A(6))
that necessarily coincides with the continuous function 6 — (v, Ai (29, €0)).

Therefore we have to show that
Dy nF(0,u, \e(,20)) - W (Q) x R — (W3(Q)) x R

(0, ) — (-Aa + eoyi D — Au— A (9, €0)7, 2/ u dy)
Q

is an isomorphism. Since D, yF(0,u, A\;(£2,€0)) is continouos, it remains to

show that it is one-to-one. In order to do so we will construct a unique
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solution (7, A) € W(Q) x R to the system

for any (Z,A) € (W4(9))’ x R: Recall that
||(_A+50y1)“||(vv21(9))f = sup (v, (=A + coy1)u)|

vEWE(Q),|lv]|=1
/V%Vudereo/ylvudy‘
Q Q

< sup lullvirg o) 101l @)
veEWS (2),]|v]||=1

= sup
vEWZ(Q),llv]|l=1

+ 0@ - llullyiz @) I0llig @)

(1+202)) - lullyig o)

where Q| :=sup{z; € R : 3, cga-1(z1,21) € Q} denotes the right bound
of Q along the z1-direction. Thus (—A + £oy;) mapps Wi (Q) indeed onto
(@),

From now on we assume that the spectrum of —A + gqy; is positive, more

precisely, we demand
Ae(Q,20) > M (Q60) = A1(2,0) — Q] > 0.

This can be achieved by shifting the domain which does not affect the
differentiability of the eigenvalue function 6 — Ak (€, £0) or the mapping to
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the corresponding eigenfunction. In this case we deduce

[(v, (—A 4 eoy1)u)]
||(_A + 50?J1)“||(W21 Q) == ) sup -
vEWE(92),v7#0 HUHWl(Q)

/y1IU\ dy’
> —/ Vul? dy 6—0/ i lul? dy
||UH Q HUH Q

(A(€,0) = o) llullyizy o

v

thus (—A 4 eoy1) ™1 - (WE(Q)) = WE(Q) C (W(Q)) is well defined and by
Rellichs embedding theorem compact and we can apply the Fredholm alterna-
tive to the operator (—A+eoy1 — Ak (2, €p)). By assumption the kernel of this
operator is one-dimensional such that ¢ € (W2 (€2))’ belongs to its range if and
only if (¢, u) = 0. In particular ¢ = Z + Au € ran (—A + eoy1 — Ak (2, £0)),
thus,

0= (Z+ Mu,u) = (Z,u)+ A

which defines \ in a unique way. Let
vo = (—A+eoyr — )\k(Q,E-Z()))_l(Z + Xu),

then any other element of the preimage of Z 4+ Au by (—A+eoy1 — Ak(Q,20))
is given by ¥ = 1y + s - u, s € R. But since the relation

A:2/u(l/o—i—s-u)dy:Q/uuody—f—?s
Q Q

defines s in a unique way, ¥ is unique. O

When searching for optimal domains that minimize the eigenvalues of
the Dirichlet Laplacian, one is more interested in the domains shape rather
than the areas, respectively, the minimization problems as (6.1) are only
well-posed in the class of domains with fixed area. In order to control the
influence of rescaling during the optimization procedure, the cost function is
usually chosen to be t — |Q;|%/?\,(Q). In the case of the Stark Laplacian
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one has additionally to take into account that eigenvalues depend on the
position of the domains along the z;-direction and the value of the coupling
constant g > 0. With (1.11) in mind our cost function for d = 2 will be

A(t) = || - A (Q, |73 %e0) + [ 7V 220 ma, (). (6.7)

Thus, instead of differentiating the Stark eigenvalues Ag (£, e0), we rather

want to give the derivation of ¢ — A (Q, |Q|3/2

normalized solution of —Awu; + |Q| ™3/ 2c0x1us = A(t)uy in W21 (€24), then

€o). As above let u; be a

Theorem 6.2.4. Let Q2 C R? be a bounded open set that is convex or has C?-

|73/2

boundary and u; € Wzl(Qt) a normalized solution of —Auy + | goly =

A (t)ur for each fized t € [0,T[. Then t — Ai(t) is differentiable at t = 0 and

——/ % 2+3EO/J; wldz| V- -ndo
t:O_ [19) on 2|Q|5/2 Q Lo

as long as A\ (t) is simple.

d

a/\k()

Proof. Since u; = 0 on 0f), it follows that
up=——V-

on

From the normalizing condition fo u? dz we obtain that

/ wpuy doe = 0.
Q

Differentiating both sides of the eigenvalue equation leads to

3

/ €0
_Aut — gwlgt

/
|"zius + T1U, = MUy + A

€o
\Qt|3/2
From there we multiply both sides by u; and integrate over 2;, hence

3
)\ﬁc(t):—/gutAu;dx—Qm |5/2|Qt|/ xlutdx+Qt|3/2/ x1 upuy da.
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The first term on the right hand side can be replaced by Green’s identity

ou o,
u’Audaﬁ—/uAu’dwz/ u'<t>da—/ u( t>da
/Qt ' ' Q ' ! o8 "\ on 0 ' on
8ut
= U () do
/69t ¢ 3n

where one of the integrals vanishes due to the Dirichlet condition. Since

€0
— b Aug do + / xlu’utdx:)\k/ wuy =0,
/Qt ! QP2 Jo, 7 Q

it follows that

Aug \ 3 ¢

and inserting the formula from Theorem 6.2.1 finishes the proof. O

In order to find a formula for the derivation of A(¢) in (6.7), it remains

to differentiate the integral

mm(Qt):/ z1dx
Q¢

for the center of mass of ;. This can be done the same way as in Theorem
6.2.1 and it follows that
d

" ()

= / 1V -ndo.
t=0 o

In summary we obtain

d
&A(t)

t=0

ou\? 1)
oot () ] vene o

1 €0 3 €0 2
_/39 [2|Q|3/2m“(9>+2|Q|3/2/Qx1u dx]V.nda
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where u € W1(Q) satisfies (—A + |Q|73/2¢¢ z1)u = Au.

6.3 Gradient descent method

Since our algorithm for evaluating the eigenvalues is based on meshing our
domain, we do not restrict ourselves too much when searching for minimizing
domains among polygons with large numbers of vertices (in our case 120 up

to 200). Let
Q= Q((x17y1)7 (x27y2)7 ey (xvaN))

be the polygon with vertices (z;,y;) € R?, j =1,...,N. With each polygon
we associate the vector of vertices © = (21,41, Z2,¥2,...,ZN,yn). To make
the dependency of €2 from x more explicite, we use the notation Q(x).

Consider the mapping

A:RE SR,
T A(x) = Q)| M (=), ()|~ %e0) + [Q(z) | 220 s, ().

Our goal is to optimize A in a gradient descent procedure by replacing Q(x)
by the polygon
Qs =Q(x+ 8- VA)

where 8 is chosen such that A(£2g) is minimized. This one-dimensional
optimization problem for S is solved by a simple golden section search in
each step.

Evaluation of the directional derivatives is done by choosing the appropiate
vector fields for V' in (6.8). If Py = (x0,y0) is one of the vertices of Q(x),
then let Py, = (xr,yr) and Pgr = (zg,yr) be its neighbours as shown in
Figure 6.3. If Py is moved along the direction (1,0)7 or (0,1)7, the triangles
A(Pr, O, Py) and A(O, Pr,, Py) change while the rest of the polygon remains
untouched. Here O = (0, 0) is the origin of our coordinate system and without
loss of generality we can shift our domain Q(x) such that O is contained in
Q(x). In order to obtain a sufficiently smooth transition we shift any other
point in A(Pgr, O, Py) or A(O, Pr, Py) proportional to its distance from the
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Py = (~'F0= 1110)

Pr = (zr,yr)
Pr = (R, YR)

0 = (0,0)

Figure 6.3: Relative position of the vertices Py, Pr, Pr of Q(x).

1 0
<0> resp. V(z,y) = <1>
1 0
<0> resp. V(z,y) = <1>

on A(O, Pr, Py) and V(x,y) = 0 in any other point of Q(x). This way

edge [Pr, O] or [O, Pr]. Thus, we choose V to be

TRY — TYR
TRYo — ToYR

TRY — TYR
TRYo — ToYR

V(l‘,y) =

on A(PR7 O, f’o)7

TLY — TYL
TrYo — ToYL

TLY — XYL

V(z,y) =
TrYo — ToYL

(Y[ w—wr P (Y (v
-/ t(()) (_x()w) ar [[0-n <0> (_m%) at
:%(yL_yR)

when Py is moved along (1,0)7, respectively

/ V.-ndo = 1(:ch:UL)
o9 2
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when Py is shifted along (0,1)”. The remaining integrals in (6.8) can be

computed in a similar manner.

6.4 Results

In what follows we want to summarize our results when searching for candi-
dates for optimal domains which minimize the lowest eigenvalue of —A +¢egxq
among the set of all convex domains in R? with fixed area and center of mass.

Instead of minimizing A1 (2, ) directly, we consider the invariant form
A(Q) = 9] - M (9, 197 %e0) + 12720 me, ()

which does not change when scaling or shifting the domain. However, any
domains shown below are scaled to share |©2] = 1 and shifted such that
m,, () = 0 and A coincides with the first Stark eigenvalue A1 (€2,£0). As
mentioned previously we want to use a gradient descent procedure while
representing ) as polygons with high counts of vertices that approximate a

convex shape. Let

T = (3317y17$27y27---7$N>yN)

be the vector of vertices (z;,y;) € R?, j =1,...,N of Q = Q(x) and VA the
gradient of A(x) = A(Q(x)) as given in (6.8) with vector field from Section
6.3, then  is replaced by the new polygon

Q' =minA(z + SVA)
B>0

in each step. In doing so the corresponding one dimensional optimization is

done with the help of a simple golden section search.

To begin with we run a quick test for our algorithm in the case of triangular
domains, where we have evaluated the optimal aspect ratios above. Table
6.1 shows the drop of the value for A after performing one single gradient
descent step for a starting triangle with vertices (0,£1), (1,0). The posterior

values of A are fitting the optimal values quiet close and the corresponding
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€o start domain after one gradient step optimal triangle
0 23.2056 22.7935 22.7935

10 23.4208 22.6003 22.6003

20 23.4976 21.8804 21.8803

30 23.4451 20.2488 20.2485

40 23.2722 17.0550 17.0549

50 22.9878 11.7334 11.7314

Table 6.1: Values of A before and after a single gradient step performed
with starting triangle with vertices (0,+1), (1,0) compared to those
of the optimal triangles with area 1 for various values of ¢.

triangles cannot be distinguished by eye from their optimal counterparts.

When performing a gradient descent step it might occur that we fall into
domains lying at the boundary of the convex shapes in the sense that any
distortion of the domain leads to a non convex shape. An example of such a
domain is shown in Figure 6.4a. In fact, this domain occured when searching
for an optimal domain if £y = 20 while starting with random convex domains,
performing a genetic optimization algorithm first (as suggested in [7]) and
then proceeding with the gradient descent algorithm. The prior value of A is
approximately 18.2435, after the gradient step it will fall to 18.0045 which
is close to the optimal value of 17.65816 we found for £g = 20. However, a
plot of the new domain in Figure 6.4b shows that it is clearly not convex
and shows the first signs that continuing this procedure will turn the domain
in a handle bar like shape similar to the one we used above to disprove the
existence of a minimizing domain among the non convex shapes. To avoid
this effect we will replace the new domains by their convex hull and filling
large line segments of the boundary with interpolation points to keep up the

vertex count during our procedure.

In order to find candidates for the optimal domains we experimented
with various random generated (convex) starting domains (the proof of
[89, Theorem 1] gives a neat algorithm to create them), but the best results
were found when starting with the ellipses or triangles with optimal aspect

ratios in the appropriate regimes for £qg. Figure 6.5 shows the fittest domains
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o g of g
—05 ) y —05) / }
05 0 05 1 05 0 05 1
(a) Start domain sketched in blue. (b) Prior (blue) and posterior domain
The orange arrows indicate the com- (orange) of the gradient step. Both do-
ponents of the normalized Gradient mains are scaled to the same area and
VA attached to the corresponding ver- aligned to share the center of mass.
tices.

Figure 6.4: Result of a gradient step if €9 = 20 when starting with
the domain sketched in blue (A = 18.2435). The orange domain in
the right picture is the result for § = 6.6 with A = 18.0145.

we found for g € {20, 30, 35,40,45,50}. Since the minimizing domain for
o = 0 is the circle, we expect the fittest domain for small g¢ also to look
circular or at least elliptical. In fact up to eg = 20, the domains we found do
exactly look like an ellipse and can only be distinguished when comparing

the stretched absolute values of the boundary points. Therefore, let
aEEO ={(z,y) € R? : (Wg/rgo)xQ + (r?o/w)gf =1}

be the boundary of the optimal ellipses E‘EO with aspect ratios r., we found
in Section 6.1 and (z,%) € 9., a boundary point of the fittest domain €,
we found for some €. Figure 6.6b then shows a plot of

3 r?

abs,, (z,y) == 52 + 701J2

€0
versus the polar angle ¢ = arg (x,y) when (z,y) is represented in polar form.
It can be seen that Qg with A(Qag) = 17.65816 clearly differs from FEso with
A(E%) = 17.65820, but the difference |A(E2) — A(Qa0)| < 107% is expected

to lie in the range of the discretisation error that occurs from the polygonal
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Figure 6.6: Fittest domain Qg0 for g9 = 20 with Q90| = 1 and
My, (R20) = 0 (blue). The domain differs only slightly from the
ellipse with optimal aspect ratio.

approximations of the domains. Proceeding in the same way for ¢y = 30
reveals that )30 differs even more from the optimal ellipse F3o and is rather
egg-shaped.

It is noteworthy that any egg-shapped domain in Figure 6.5 arises from an
elliptical start domain and slices of a pie appear when starting with optimal
triangles TEO. In order to inspect this circumstances closer we compare the
values of A for our limiting domains from our gradient descent when starting
with optimal triangles, respectively optimal ellipses. Figure 6.8 shows that
up to g9 = 31.4 egg-shaped domains have a lower value for A than slices of a
pie. If g > 31.5 slices of a pie result in lower values for A than egg-shaped
domains. The transition between both domains is located somewhere in
131.4,31.5]. However, egg-shaped domains resulting from the gradient descent
when starting with optimal ellipses still occur as local minima up to some
point €g €]33.70, 33.75[ where the value of A drops significantly and coincides
to those of the limiting domains when starting the gradient descent with
optimal triangles, cf. Figure 6.9. In fact, examining the domains in the
gradient descent for eg = 35 and Ess5 as starting domain after each step
reveales egg-shaped domains as intermediate stages which then transform

into a slice of a pie as the evaluation continues, see Figure 6.10.
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