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Abstract: We show that the high-temperature superconductor LaH;jy possesses an unusual super-
conducting band in its band structure. We examine this band by group-theoretical methods and
report evidence that the special features of the band support the characteristics of the supercon-
ducting state in LaH;j( at megabar pressures, i.e., the strong electron-phonon coupling and the high
superconducting transition temperature.
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1. Introduction

LaHyj is characterized by the high superconducting transition temperature of around
250 K at a pressure of about 170 GPa [1,2]. The superconducting properties of LaH; are closely
associated to the high symmetry of the cubic face-centered space group Fm3m (225) and the
clathrate structure of the H atoms retaining the cubic face-centered symmetry [3,4]. The
transition to superconductivity is not related to any structural transition [2]. All H vibrations
can participate in the electron-phonon-coupling process, leading to a strong electron-phonon
coupling, and the bonding between La and H atoms is characterized by ionic—covalent
bonding [3,5,6]. The high superconducting transition temperature of LaH;( can be understood
within the framework of classical theories, such as the Eliashberg theory [7].

These experimental and theoretical results provide an excellent basis for the appli-
cation of the group-theoretical non-adiabatic Heisenberg model (NHM) to LaH;o. The
NHM provides an additional aspect to the theory of superconductivity: the crystal spin
of the localized electron and phonon states which operates in the non-adiabatic system.
The conservation law of the crystal spin allows the Hamiltonian of the system to have
superconducting eigenstates [8]. We show in this paper that the unusual superconducting
properties of LaH; are evidently related to the unusual superconducting band in the band
structure of this material.

2. Superconducting Band in LaHjg

Figure 1 shows the conventional band structure of LaH;( as calculated by the FHI-aims
program [9,10]. In principle, the NHM starts from such a “conventional” one-electron band
structure calculation, which does not consider electronic correlation effects. The correlation
effects responsible for the stable superconducting state are based on the three postulates of
the group-theoretical NHM defining a strongly correlated non-adiabatic atomic-like motion
at the Fermi level, see Section 4 of [8]. The NHM uses the symmetry of the Bloch states in
the points of symmetry of the Brillouin zone. Since the FHI-aims program computes with
spherical harmonics as basis functions, I am able to determine the symmetry of the Bloch
functions by the symmetry of the spherical harmonics as given in [11].

Symmetry 2023, 15, 1533. https:/ /doi.org/10.3390/sym15081533

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym15081533
https://doi.org/10.3390/sym15081533
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-4150-0389
https://doi.org/10.3390/sym15081533
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym15081533?type=check_update&version=1

Symmetry 2023, 15, 1533 20f9

Energy (eV) LaH 0
I
L
//'\
XS_ r4*
1 —
| | | | | |
0 1 2 3 4 5 6
r L U X I K W L

Figure 1. Conventional band structure of of LaHjg (i.e., the band structure does not take into
account any electronic correlation effect) calculated by the FHI-aims program [9,10] using the length
a = 5.10 A (at 150 GPa) of the unit cell as given in [1]. The extremely narrow superconducting band is
highlighted by the bold lines. Two H atoms in the unit cell are situated on the Wyckoff position ¢ and
have the coordinates ((1/4) *a,(1/4) *a,(1/4) *a) and ((1/4) *a, (1/4) * a, (3/4) * a), respectively.
The remaining eight H atoms lie on the Wyckoff positions f involving the points (x, x, x) where x is
not fixed by symmetry. We have chosen x = £(1/8 — 1/32)  a for our band structure calculation
because this choice yields the clearest result. The notations of the points of symmetry in the Brillouin
zone for T’ { follow Figure 3.14 of Ref. [11], and the symmetry notations are defined in Table A1 of
Appendix A.

The band highlighted by the bold line is labeled by the single-valued representations
Iy, Ly, X5, and W5+ W;i. @)

It should be noted that, according to Definition 2 of [12], the highlighted band is a
single closed band consisting of two branches.
From Table 1, we receive the corresponding double-valued representations

Iy xdiyp = Ty +Tyg

Ly xdyp, = Ly+Lg+L;

Xg xdyyp = Xg+X; ()
W5 x d1/2 = Wg+ Wy

Wixdy, = W,

where dq /, denotes the two-dimensional double-valued representation of the three-dimensional
rotation group O(3) given, e.g., in Table 6.1 of [11]. The notations of the single-valued and
double-valued representations are given in Tables A1 and A2, respectively, of Appendix A.
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Table 1. Compatibility relations between the single-valued (upper row) and double-valued (lower
row) representations of the space group Fm3m. Each column lists the double-valued representation
R; x dy /» below the single-valued representation R;, where d; /, denotes the two-dimensional double-
valued representation of the three-dimensional rotation group O(3) given, e.g., in Table 6.1 of [11].

T'(000)

+ + - - + - + + - -
ri r2+ Ty Iy r3+ T3 +r4 N +r5 N o Ts
ry T, I, I, Iy Iy Ij+Ty TF+T§ T, +Tg I, +Tg

X(303)

+ + + + + - - - - -
x1+ X%r X3+ XL}F +x N Xy Xy Xy Xy X5
XS XS X5 X Xg +X] X X X, X, Xy +X;

L(333) W(3ii)

Li Ly Ly Ly Ly Ly w; Wa Ws Wy Ws
Ly Li L Ly Li+Lg +Lf Ly +Lg +L; W W Wy Wy We + Wy

This list (2) contains each double-valued representation of Band 6 in Table 2. Thus, we
may unitarily transform the Bloch functions of the band highlighted by the bold line into
optimally localized spin-dependent Wannier functions centered at the La atoms. However,
first, the rare four-dimensional I'y symmetry of these Wannier functions (and, consequently,
of the non-adiabatic localized states) presents problems because it was not yet considered
in former papers. This shall be made up in the following section.

Table 2. Double-valued representations at the four points of symmetry I, X, L, and W in Brillouin
zone for the space group Fm3m. These representations define the six superconducting bands of
LaHjg. The Bloch functions of a superconducting band can be unitarily transformed into optimally
localized spin-dependent Wannier functions adapted to Fm3m [12]. These Wannier functions are
centered at the La atoms and have the symmetry given in the second column.

BandNr La(000) r X L 4%
1 ry ry X L%t W
2 r; r; X5 Ly Wy
3 r; r, X5 Ly W
4 r, T, Xy L{ Wy
5 Iy Iy XS+ XS LI +L +Lf We + Wy
6 Ty Iy X + X5 Ly +Lg +L, Wg + Wy

3. Non-Adiabatic Heisenberg Model

The conservation law of crystal spin, which holds in narrow, approximately half-filled
superconducting bands, is a very important characteristic of superconducting bands in
the non-adiabatic system. The conservation of the crystal spin forces the electrons to form
Cooper pairs (below a well-defined transition temperature T.) because the total crystal spin
is not conserved in any unpaired state. In this section, we show that the conservation of
crystal spin is also valid in superconducting bands with non-adiabatic localized states | Rim)
of the four-dimensional th symmetry. However, in the four-dimensional case, it leads to a
strong coupling of the electron spins to the phonons.

In superconducting bands, the related localized states are represented by spin-dependent
Wannier functions. The spin dependence of these functions causes a coupling between the
electrons and the phonons represented by a modified operator of Coulomb interaction

Hey = Y. (Q1,14; Qo b; Ry, my; Ry, my|Hey| Ry, mh; Ro, miy) 3)
OR,Im

togt ot
xXb% L Ch L 5 5 H.c.
lellszlchlmlCRzmzCRzméchmﬁ tHC
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operating in the non-adiabatic system. The boson operators b’L@ and the fermion operators

t
Rm
and R, respectively, and the matrix elements

¢!, create localized non-adiabatic phonon and electron states |QI) and |Rm) at positions QO

(Q1,1; Qa, Ip; Ry, my; Ry, ma|Hey | Ry, mh; Ry, i) 4)

are integrals over non-adiabatic localized electron and phonon functions.

The highly complex non-adiabatic states |R) are unknown except for one important
property: they have the same symmetry as the spin-dependent Wannier functions. Thus,
the non-adiabatic system becomes amenable to group theory.

In an early paper [13], I defined the conservation law of crystal spin

h+l+m +my=my+mh+4n (5)

that the non-vanishing matrix elements (4) of Hcy, satisfy (n is an integer). The numbers
I=+41,0,—1and m = —|—%, —% stand for the crystal spins of the non-adiabatic phonons
and electrons, respectively.

Up to now [8], I believed that, in cubic materials, the value of the electronic crystal
spin is %h, i.e., the localized functions characterizing the superconducting band have (in
cubic materials) the two dimensional 1"6jE or F;E symmetry. However, in LaH;( I found for
the first time a superconducting band evidently characterized by non-adiabatic localized
states with the four-dimensional I';’ symmetry. We now consider this case.

First, the approach (3) must be changed. Now the half-filled superconducting band is
occupied by two electrons. Thus, the fermion operators ctm create localized states |Rim)
comprising an electron pair. So, two pairs of phonons result from the motion of the center
of mass of one localized state |Rm), resulting in the new ansatz

Hey = Y. (0),1505,15;01,1h; Qa, Io; Ry, my; Ry, mo| Hep | Ry, mi; Ry, mb) — (6)
Qﬁ,lm
xbt,l,bt bhovt o s, +H.c.

Locr ¢ CnoC
1170, Q1 Qoly Rymy Rymy ™ Romy ™ Rym)
where now ctm creates an electron pair in the non-adiabatic state |Rm) with 1"8jE symmetry.
The conservation of the crystal spin is expressed by the commutator

[Hcp, M(a)] = 0 fora € Gy, (7)

where Gy denotes the point group of the system. The point group operator M(«) acts on
both the non-adiabatic localized phonons according to

M(a)b5,M(a)" = ;Dﬂl(zx)bgy ®)

and the non-adiabatic localized electrons according to

M(uc)c}%mM(oc)Jr = ZDum(zx)c;%U, )

see Ref. [13]. The numbers D,;(a) and Dy, (a) belong to a representation of Gy of the
localized phonons btl and the localized electrons C+ﬁm’
(in any case) to I'i5 [14], the localized electrons now belong to a four-dimensional (double
valued) representation Fét. It should be noted that the conservation of the crystal spin,
expressed by Equation (7), is not a consequence of the of the symmetry of the system. Thus,
(7) is a (self-evident [13]) postulate of the NHM which has been shown to be true in the
past, because we have not yet found any superconductor which is not connected with a

superconducting band [8].

respectively. The phonons belong
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b‘[‘
( ) Q=341 01k Qzlz Rymy~ Rymy R2m2

Consider the group
Cy={ECJ C22 Ci.} (10)

of the rotations about the z axis and assume the representations I';5 and Fét of the non-
adiabatic states to be diagonal for the point group operations & € C4. Then, the crystal spin
lays in z direction and we have

+ 0t tot gt + 0t
cL L CR, m,M( w)f AbQ/l/bQZI/lellezlchlmlchmz Ry CRym! (11)

for « € C4, where
A = Dyyyr () Dy (&) Diyg, (&) Diyty () Doy (&) Dy () Dy e () Dy (). (12)

The conservation of the crystal spin in Equation (7) is satisfied if A = 1. The numbers
Dj;(a) and Dy, () are given in Table 3. Using these numbers, it can be deduced that A =1
if and only if

B+0+04+ L +my+my=m) +m)+4n (13)

where | = +1,0,—1and m = +3/2,4+1/2,-1/2,-3/2, as given in the left column of
Table 3, and 7 is still an integer. Table 3 is an extension of Table I in [13].

Table 3. Representations of the crystallographic point group C4 (Table 6.5 of [11]) subduced by th
and I's. If m and [ are indicated according to the left column, Equation (13) follows from the numbers
Dym(a) and Dy («) for a = Ci‘; and & = sz. From C; and C; alone follows a modified equation
valid in (orthorhombic) crystals not containing a fourfold rotation axis. w = (1 +i)/v/2.

Dym () E E c; (o Co Ca: Cy, Cy,
m = 3/2 1 -1 w* —w* i —i w —w
m = 1/2 1 -1 —w w —i i —w* w*
m = -1/2 1 -1 —w* w* i —i —w w
m -3/2 1 -1 w —w —i i w* —w*
Dy ()
= 1 1 1 i i -1 -1 —i —i
= 0 1 1 1 1 1 1 1 1
1 = -1 1 1 —i —i -1 -1 i i

Thus, also the new Coulomb interaction in Equation (6) satisfies the conservation
law (13) of crystal spin. Consequently, in the superconducting band characterized by
localized states of Fi symmetry, the electrons are forced to form Cooper pairs just as in
superconducting bands characterized by the two-dimensional T'> o and T symmetry. Table 3
confirms directly that the two electrons occupying a localized I'y" state, in the non-adiabatic
system, behave like a single fermion with the crystal spin 3.

4. Results

The paper shows that LaH;j possesses in its conventional band structure a supercon-
ducting band with two striking features:

(i) Itis extremely narrow. Its band width is not greater than 41 zeV.

(ii) Itis characterized by non-adiabatic localized states of the four—dlmensmnal I'g sym-
metry. Just as electrons with the two-dimensional I’i or [ symmetry (solely con-
sidered so far), electron pairs with the four- dlmensmnal Fi symmetry also conserve
the crystal spin expressed by Equation (13) during the interaction with phonons.
In this context, a pair of electrons, which occupies a I ét state, behaves in the non-
adiabatic system like a fermion with the crystal spin 5 31. It may take the four directions
m = +3/2,+1/2,—1/2,—3/2. Besides, one electron pair occupying a 1"jE state gener-
ates or annihilates two phonon pairs during the interaction.
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5. Discussion

Both features (i) and (ii) of the superconducting band presented in the foregoing
Section 4 effect an increase of the superconducting transition temperature T:

(i) The width of the superconducting band has a great influence on the superconducting
transition temperature T;. The narrower the superconducting band, the higher the T;
is [8]. The physical background is that the mean time-of-stay for an electron in the
non-adiabatic localized state increases with decreasing bandwidth, thereby increasing
the atomic-like character.

(i) The superconducting transition temperature increases with increasing density of
states of the interacting electrons at the Fermi level. In the superconducting band with
crystal spin %h, twice the number of electrons are coupled to two phonon pairs. Thus,
the electron phonon coupling is twice as big as in a superconducting band with crystal
spin %h, as is experimentally well confirmed in LaHjg [3,5,15]. A four-dimensional
non-adiabatic Fgﬁ state exists in the 24 cubic crystals listed in Table 4. The strong
electron phonon coupling disappears when the symmetry of the crystal is disturbed.
This theoretical result confirms the experimental observation of Feng Peng et al. that
the superconducting properties of LaHj( are closely associated to the high symmetry
of the cubic face-centered space group Fm3m [3]. Sun et al. found experimentally that,
at the transition from the space group Fm3m to the monoclinic space group C2/m
(at the abrupt decompression from 138 to 120 GPa), the superconducting transition
temperature in LaH;y decreases by about 20% (from 241 to 189 K) [4]. I ascribe
this absolutely reversible process to a splitting of the four-dimensional localized I'y
state in the monoclinic phase, which should be accompanied by a decrease of the
electron-phonon coupling.

Table 4. The 24 cubic space groups containing at least one four-dimensional double-valued represen-
tation at point I'. Thus, these space groups allow a superconducting band of strong electron-phonon
coupling of the type LaH;y.

P432 P4,32 F432 F4,32 1432 P4332 P4,32 14432
P43m F43m 143m P43n F43c 143d Pm3m Pn3n
Pm3n Pn3m Fm3m Fm3c Fd3m Fd3c Im3m Ia3d

The present work is limited to non-hexagonal materials that can produce a super-
conducting state of the LaH;jj type. Although the hcp structure (with the space group
P63 /mmc) does not have four-dimensional double-valued representations at the point I’, it
also possesses superconducting bands that may produce a strong electron-phonon coupling.
This is in accordance with recent experimental findings that high-T,. superconductivity
may exist in hydrogen clathrate structures of hcp symmetry, too [16-18]. Superconducting
bands in the hcp clathrate structure under pressure shall be discussed in a later paper.

Funding: This publication was supported by the Open Access Publishing Fund of the University
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Appendix A. Character Tables

This Appendix A provides the Tables of the single-valued and double-valued charac-
ters of the space group Fm3m (225) of LaH;o. They define the notations of the representa-
tions used in the paper.
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Table Al. Character tables of the single-valued irreducible representations of the space group
Fm3m = 1"{ OZ (225) determined from Table 5.7 of [11].

T'(000)
E I T Com G S Cim  Siw  Cw o
I+ 1 1 1 1 1 1 1 1 1 1
rir 1 1 1 1 1 1 -1 -1 -1 -1
Iy 1 -1 -1 1 1 -1 -1 1 -1 1
I 1 -1 -1 1 1 -1 1 -1 1 -1
rif 2 2 2 2 -1 -1 0 0 0 0
Iy 2 -2 -2 2 -1 1 0 0 0 0
rr 3 3 -1 -1 0 0 1 1 -1 -1
ré* 3 3 -1 -1 0 0 -1 -1 1 1
r, 3 -3 1 -1 0 0 1 -1 -1 1
s 3 -3 -1 0 0 -1 1 1 -1
m=x,y,z; p=ab,cdef;, j=1,2734.
L(33)
Coe Tab
Sa1 Cq sz Ode
E I Sgrl C;’Ll C2b Udf
L 1 1 1 1 1 1
Lir 1 1 1 1 -1 -1
Ly 1 -1 -1 1 1 -1
Ly 1 -1 -1 1 -1 1
Ly 2 2 -1 -1 0 0
Ly 2 -2 1 -1 0 0
X(303)
C4_y CZZ C2c SZ;/ (% T4c
E Czy ngl Coy Coe I Oy SZy Oy Oge
X{ 1 1 1 1 1 1 1 1 1 1
X5 1 1 1 -1 -1 1 1 1 -1 -1
X5 1 1 -1 1 -1 1 1 -1 1 -1
X 1 1 -1 -1 1 1 1 -1 -1 1
xgF 2 -2 0 0 0 2 -2 0 0 0
Xy 1 1 1 1 1 -1 -1 -1 -1 -1
X5 1 1 1 -1 -1 -1 -1 -1 1 1
X5 1 1 -1 1 -1 -1 -1 1 -1 1
X, 1 1 -1 -1 1 -1 -1 1 1 -1
X5 2 -2 0 0 0 -2 2 0 0 0
W(333)
54_x sz 0z
E sz SZ’;C C2d O'y
Wy 1 1 1 1 1
Wy 1 1 1 -1 -1
Ws 1 1 -1 1 -1
Wy 1 1 -1 -1 1
Ws 2 -2 0 0 0
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Table A2. Character tables of the double-valued irreducible representations of the space group
Fm3m = 1"{ OZ (225) determined from Table 6.13 of [11].

r'(000)
Com . N CZp Om N N Odp
T @ + = + = G I 7 + g £ g F
E E Com C3j C3]- C4m C4m C2p I I Om S6j 56]' S4m S4m UdP
ry 2 -2 0 1 -1 V2 V2 0 2 -2 0 1 -1 V2 V2 0
ry 2 -2 0 1 -1 V2 V2 0 2 -2 0 1 -1 V2 V2 0
1"8+ 4 —4 0 -1 1 0 0 0 4 —4 0 -1 1 0 0 0
Ty 2 -2 0 1 -1 V2 V2 0 -2 2 0 -1 1 V2 V2 0
r, 2 -2 0 1 -1 V2 V2 0 -2 2 0 -1 1 V2 —v2 0
Ty 4 —4 0 -1 1 0 0 0 —4 4 0 1 -1 0 0 0
m=x,y,z; p=abcdef;, j=1234.
_ X(30%)
Cox (&% Ox Udc
. 922 EZe 0z Oge
- EZy C47y E4_y Co; Cac B iy Szry Eﬁlﬁ/ [ e
E E C2y Czry C4y Cox Co, I 1 oy S;y S4y Ox Oge
Xg 2 -2 0 V2. =v2 0 0 2 -2 0 V2 —v2 0 0
XS 2 -2 0 V2 V2 0 0 2 -2 0 2 V2 0 0
Xg 2 -2 0 V2 =2 0 0 -2 2 0 RV) 0 0
X, 2 -2 0 V2 V2 0 0 -2 2 0 V2 V2 0 0
L33z -
7 Coe  Cyp . T Tw
G Gy Gy G St Se1  Udf  Tue
E E C?:l C31 C2b C2f I I Sgrl 56_1 T4p U'df
L5+ 1 -1 -1 1 i —i 1 -1 -1 1 i —i
L¢ 1 -1 -1 1 —i i 1 -1 -1 1 —i i
LZ‘ 2 -2 1 -1 0 0 2 -2 1 -1 0 0
Ly 1 -1 -1 1 i —i -1 1 1 -1 —i i
Ly 1 -1 -1 1 —i i -1 1 1 -1 i —i
Ly 2 -2 1 -1 0 0 -2 2 -1 1 0 0
13
W(s11) . -
Cog Uz
Gr Ty
Cox  Si Sy Gy o
E E  Cun S, Su GCu oy
W 2 -2 0 V2 =vV2 0 0
Wy 2 -2 0 -2 V2 0 0
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