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1 | INTRODUCTION

We consider the Boussinesq-Klein-Gordon (BKG) system

0fu = a’ofu + 0} opu + a®03(auU® + 2a,uv + ayv?), (1)
0fv = 0V — v + by u® + 2byuv + byV?, ()

where u = u(x, t),v = v(x, t), x, t € R, with coefficients « > 0, ayy, ..., b,, € R. Inserting the ansatz
EyXVix, 1) = 2A(e(x — at),e3t) and 2w XV(x, 1) =0, Q)

with small perturbation parameter 0 < £2 < 1, into (1) and (2) yields the KdV equation
0rA = vi0yA + v20x(4?), 4)

with coefficients vy, v, € R. The amplitude A(X, T) € R depends on the long temporal variable T = &3t and on the long
spatial variable X = £(x — at).

We are interested in the validity of the KdV approximation for the BKG system in case of unstable resonances; ie, in
case a > 2; cf Remark 5. For notational simplicity in the subsequent formulae, we put ? in front of the nonlinear terms
in (1). We prove the following:

Theorem 1. Fix Ty > 0,Cyo >0, uy > 0,54 —s > 8,5 > 1, and let A be a solution of the KdV Equation 4 with

sup / JAKK, T)|e"KI(1 + K2) 3 dK < Cy. (5)
Te[0,T,] JR
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Then, there exist ey > 0, T; € (0, Ty], and C; > 0 such that for all € € (0, g9) and all initial conditions of (1) and (2)
with
1@, v)C,0) = (Wi, 0), 0l | < Coe”/?.

The associated solutions satisfy

sup ([, ), 0) = (2w KV, 1), 0) || < C1€7/2, (6)
te[0,T, /€3]

where the norm || - ||us, | is defined subsequently in (12).

Remark 1. Such an approximation result is nontrivial since solutions of order ()(¢?) have to be controlled on an
O(1/¢€3) timescale. The estimate (6) and Sobolev's embedding theorem imply

sup  sup |(u, V)(x, ) — (2w (x, 1), 0)] < Cre”/2.
te[0,T, /€3] xeR

Remark 2. The linearized problem is solved by

ux, t) = eikxiiwu(k)l, vx, f) = eikxiiwv(k)t,
with
oulo=—2%_  w@=Vitk. -

\/1+k2’

In Fourier space, the KdV equation describes the modes in the u equation, which are strongly concentrated around
the wave number k = 0; cf Figure 1. Therefore, the expansion w, (k) = ak — %ak3 + O(k>) at k = 0 plays an important

role for the dynamics. We have v; = —%a in (4).

Remark 3. Historically, the KdV equation has been derived for the so-called water wave problem first. Approximation
results have been established in a number of papers. They are either based on energy estimates (cf Craig! and Schnei-
der and Wayne,? Schneider and Wayne,? and Duell*) or on the use of analytic functions (cf Kano and Nishida® and
Schneider®).

Remark 4. Although the BKG system looks less complicated than the water wave problem, for the KdV approxima-
tion of the BKG system, some features occur, which are not present for the water wave problem over a flat bottom,
namely, the occurrence of quadratic resonances, like they occur for the water wave problem over a periodic bottom.
The linearized water wave problem over a periodic bottom, which is solved by Bloch modes, has been analyzed in
Craig et al.”

Wy

FIGURE1 The curves of
eigenvalues +w,,, +®, for the
linearized BKG system plotted as a
function over the Fourier wave
numbers in case a? = 1 (left) and
a? = 5 (right). The modes in the
circles are described by the KdV
approximation [Colour figure

can be viewed at

wileyonlinelibrary.com]
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Remark 5. For a > 2, the curves w, and w, intersect at two wave numbers k; and k;; cf the right panel of Figure 1. In
Bauer et al,? it has been explained that there are i—” spatially periodic solutions of the form
1

<
I

82A(£2[) + EnAl(£2t)eiwu(kl)teik1x + EnA_l(£2t)e—iwu(—kl)te—ik1x’

V= gnBl(EZt)eia)v(k])teiklx+enB_1(£2t)eiwv(—kl)te—iklx’

which satisfy 9?4 = 0 and

A1 _ Al . _ 1 —azauuk%A —azawk%A
o <31 ) =M <31 > with M = iwy (k) < by, A by, A ’

where 7 = £2t. By suitably choosing the coefficients a,y, auy, buy, and by, the matrix M has eigenvalues with nonva-
nishing real part. Hence, growth rates e#” = ef¢’* = ¢#7/¢ with a § > 0 occur. These allow us to bring £"A; and "By,
which are both initially of order O(¢"), to an order O(¢?) at a time T = O((n — 2)¢|In(e)|) <« 1. Therefore, we have
that v = O(£2) on a timescale much smaller than the natural timescale of the KdV equation. See Figure 2. Hence, in
this situation, the KdV approximation makes wrong predictions. It can only make correct predictions if initially, A,
and €"B; are chosen exponentially small w.r.t. £; cf Assumption (5) in Theorem 1. Without excluding the possibility
of unstable resonances, the restriction to analytic solutions and to T; € (0, Ty] cannot be avoided.

Remark 6. For the BKG system in Chong and Schneider® for a < 2, ie, in case of no additional quadratic resonances,
ie, in case wy (k) # w,(k) for all k € R, a KdV approximation result has been established using normal form transfor-
mations. Based on Bauer et al,'° it has been explained in Bauer et al® how to establish an approximation result for all
a > 2in case of stable quadratic resonances, ie, in case that all eigenvalues of M are purely imaginary or have neg-
ative real part. Hence, it is the purpose of this paper to cover the case of unstable quadratic resonances, ie, when M
has at least one eigenvalue with positive real part.

Remark 7. The proof of Theorem 1 is based on a control of the solutions close to the wave number k = 0 by energy
estimates and normal transformations. At the other wave numbers, the solutions are solely controlled by working in
spaces of analytic functions. Functions that are analytic in a strip in the complex plane around the real axis of width
24, correspond in Fourier space to functions, which decay as e #/Xl for |K| — oo; cf Assumption (5) in Theorem 1.
See Reed and Simon.!!, Theorem IX.13 By making the strip smaller in time, an artificial damping of the modes with
k = eK > 0 is obtained. This procedure leads to the restriction on T; € [0, Ty]; cf (17).

Remark 8. The BKG system is a prototype model for a whole class of systems. Elements of this class are the poly-atomic
FPU problem and the water wave problem over a periodic bottom with (9(1) periodicity and bottom variations of O(1).
The transfer of the following analysis to these systems will be the subject of future research. The main strength of
the approach of the present paper is that it will allow us to handle such more complicated systems without a detailed
discussion of the resonances and without finding a suitable energy, which will be different for every system. Except
of very few exceptions (cf Chong and Schneider,” Bauer et al,'° Chirilus-Bruckner et al,'? and Gaison et al'®), the KdV
approximation so far has only been justified for systems with a single pair of curves of eigenvalues +iw,,.

52 52 FIGURE 2 Left panel: the mode
distribution of a valid KdV
approximation for ¢ = 0. Right panel: the
mode distribution for

t=0(lne|/e?) < O(1/€*). The KdV
approximation is no longer valid in the
right picture, since the modes at +k; are
| | | | | of the same order as the KdV modes at

k = 0 [Colour figure can be viewed at

wileyonlinelibrary.com]


http://wileyonlinelibrary.com

3188 Wl LEY SCHNEIDER

Notation. The Fourier transform of a function u is denoted by Fu or . Possibly different constants that can be chosen
independently of the small perturbation parameter 0 < €2 < 1 are denoted with the same symbol C.

2 | DERIVATION OF THE KDV APPROXIMATION

Inserting the ansatz

E2yXVix 1) = 2A(e(x — at),e3t) and 2KV =o. 8)
into the BKG system gives
Res, = —d%u + a?02u + 97 0%u + a0 (@uut® + 2a,,uv + ay,%)
= 686§A,
Res, = —0V + 02V — v + by u® + 2byuv + by
= ¢*b,, A%

If we choose
—2a070xA = a?03A + o 0% (auwA?),
respectively,

adyy

> dx(A?). )

__ %3
0rA = _EaXA -

The residuals Res, and Res, contain the terms, which do not cancel after inserting the approximation into the BKG
system. For our subsequent error estimates, we need Res, = O(¢®) and Res, = O(e®). In order to achieve this goal, we
have to extend our approximation of v by higher order terms. Therefore, our final approximation is given by

Eyu(x, ) = EA(e(x — at), 1),
etun(x, 1) = €*Bi(e(x — at), £3t) + °By(e(x — at), €30).

For this improved approximation, we find

Res, = O(ed),
Res, = &*(—=B; + buwA?) + €°(=B, + (1 — a*)03 By + 2by,ABy) + O(£®)
= O(e),

if we choose B; and B, to satisfy
-Bi +buwA®* =0 and — B, + (1 — a®)02B; + 2b,,AB; = 0.

Due to ( [ [u(ex)|2dx)!/? = e71/2( [ [u(X)|*dX)"/2, we lose a factor £71/2 if we compute the magnitude of the residual w.r.t.
powers of € in L?-based spaces. Therefore, we have the following.

Lemmal. Fixsy—s > 8,5>1/2,and T, > 0. Let A € C([0, Ty, H*+) be a solution of the KdV Equation (9) and %y,
and e*y, be defined as above. Then, there exist 9 > 0 and C > 0 such that for all € € (0, &,), we have

sup ||Resyllm < Ce™? and  sup ||Resy|lys < Ce¥/2.
T€[0,T,] T€[0,T,]

Proof. Counting the powers of ¢ is straightforward. Hence, it remains to discuss the assumption s4 —s > 8. The term

that loses most regularity is d%Bz, which can be expressed in terms of d%(ABl) and 0%6)2(31. Since B; can be expressed
in terms of A2, it is sufficient to control 6%0)2((142). We have that 074 can be expressed via the right-hand side of the
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KdV equation in terms of A, ..., d>A. Differentiating the KdV equation w.r.t. T shows that ai(Az) can be expressed in

terms of A, ..., 6)6(A. Therefore, 0%6)2(3 can be expressed in terms of 4, ..., 0§(A. O

Then, writing the equations for the error, obtained from the BKG systems (1) and (2), as a first order system, a term
0 1Res, occurs
X u .

Lemma 2. Under the assumption of Lemma 1, we have the estimate

sup ||0g Res,||gsn < Ce3/2,
Te[0,T,]

Proof. The loss of 7! comes from o;' = e7'0;*. We need to show that d;'Res, is again in L. This is obvious for all
terms, which have a derivative dx in front, ie, all terms except a%A. ‘We have

07A = 07(0rA) = 0r(Vi05A + v20x(A%)) = 0x0r(Vi03A + v2(A%)).

Therefore, we are done. O

3 | THE EQUATIONS FOR THE ERROR

The error functions (¢7?R,, €7/?R,), defined by

u=¢ey, + 57/2Ru, v=cg*y, + 87/2Rv,
satisfy
atzRu = aza)%Ru + atza)%Ru + zezaza)%(auuWuRu + awyuRy) (10)
+e2a®0? fy,
()IZRV = 0)%Rv -R, + 2&‘Z(buull/uRu + by Ry) + 53f\Js (11
where

302 f, = €"702(auR> + 2a,,RuR, + ayR2)
+26* 0} @Ry + anyiR,) + €7/ ?Resy,
(bR, + 2buyRuR, + by,RY)

+2e* (b Ry + bwynRy) + €77/ Res,.

e fy

This system is written as first-order system, with w,,, @, from (7),

iy Ry,

o:Ry,
atRu oy Ry + zgziwu(auull/uRu + awyuRy) + 53iwufua
OR, = inRV9

ath = imyR, + 252(iwv)_1 (buuwuRy + bRy + £3(1'601))_1fv-

Although £77/%(iw,)'Res, in £3(iw,)"Yf, is of order O(e*), we keep the scaling since £~7/%iw,d; *Res, in £’iw,f, is of
order O(¢®) due to Lemma 2. After diagonalization,

1 ~ 1 ~
R = _(Ru +Ru)» R_1=—=Ry —Ry),

2 2
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and
1 ~ 1 ~
Ry=—®Ry+ Rv)» Ro=—®R - Rv)»

V2 V2

of the linear part, we obtain

OR1 = iw, R + Lg%wu fu
2

+62iwu(auuWu(Rl +R_1) + apypu(R2 + R_2)),

AR, = iR+ =€)\ f,
2

+&2(iwy) " Buuwu(R1 + R_1) + bupu(Ry + R 1)),

and similar for R_; and R _,.

Since g%y, is strongly concentrated at k = 0, we separate 2y, into a part concentrated close to k = 0 and into the
rest. For § > 0, we define the mode projection E; via Esu = Ejsil, where Es(k) = 1 for |k| < & and E5(k) = 0 elsewhere.
Moreover, we define Ej via E:@(k) =1— E;(k). Since ESw, is O(e*)-small, for instance, w.r.t. the sup-norm, if A is s4 times
continuously differentiable (see Corollary 3 and Remark 11 in Appendix A), we write the equations for the error as

R, = iw,R1 + %63&0,@”
2

+£2iwu(auu(E§ll/u)(R1 + R_1) + aw(Eswu)(R2 + R_2)),
R, = io,R; + %éaww‘lgv
2

+£2(iwv)_l(buu(E6Wu)(Rl + R_1) + buw(Esp)(R; + R_3)),

and similar for R_; and R_,, where
gu = gu(Rla Rz)a gv = gv(Rh R2)9
with

g = & fu+ V22 Ep )Ry + R_1) + auw(ESyn) (R + R ),
53fv + \/Egz(buu(Egll/u)(Rl +R-1)+ buv(Egll/u)(RZ + R_2)).

3
8y

4 | THE FUNCTIONAL ANALYTIC SET-UP

In order to control the unstable resonances, we introduce a number of function spaces. By (-, -), we denote the Euclidean
inner product, and by | - |, the associated Euclidean norm in R%. The Fourier transform is denoted by

; 1 —ikox
Fu)k) = ak) = — [ e ux)dx.
V2rx /R

For m > 0, we define the Sobolev spaces
H™ = {ue L*R) : (1+]-)2a¢) € LAR)),

equipped with the inner product

W V) = @, 9)2 = /R (1+ kI?)" k), (k) dk.
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For any m € N, the induced norm is equivalent to the usual H”-norm. Finally, for m > 0, we introduce
wn = {u u=F @), 0 e LY(R), lullw, = /(1 + k)™ |ak)| dk < oo} .
R

By Sobolev's embedding theorem, the space H™(R) is continuously embedded into W™ for each § > 1/2. Moreover,
every u € W™ is |[m] times continuously differentiable with finite ClEmJ (R)-norm.
In order to control the positive growth rates, possibly occurring at the resonances (cf Remark 5), we work in the space

HYy = {u e IXR) : e+ |- )70 e IAR)},

equipped with the norm

lullzzs, = < / a1 + |k|2>'"dk>2, (12)

where y > 0and m > 0. Functions u € H7, can be extended to functions that are analytic on the strip {z € C :

[Im(z)| < u}; cf Reed and Simon, 1 Theorem IX.13 Slmllarly, we define the spaces W3,

In our notations of the spaces and norms, we do not distinguish between scalar and vector-valued functions. The spaces
H, are closed under point-wise multiplication for every x4 > 0 and m > 1/2, and the spaces W3, for every 4 > 0 and
m > 0. For details, see Lemma 6, Corollary 1, and Corollary 2.

5 | SOME FIRST ESTIMATES

In this section, we collect various estimates, which are necessary for the proof of Theorem 1. We start by rewriting Lemma
1 and Lemma 2 into H spaces.

Lemma3. Fixu, > u > 0,54 —5 > 85> 1/2,and Ty > 0. Let A € C([0, Tp], W, s ) be a solution of the KAV
Equation (9), and let ey, and e*y, be defined as above. For this approximation, then there exist eg > 0 and Crs > 0
such that for all e € (0, €y), we have

sup (I|Resull, + IResylls, + €l107 " Resulls, ) < Crese™?.
T€[0,T,]
Proof. Using Lemma 6 from the appendix the proof goes line for line as the proofs of Lemma 1 and Lemma 2. O

Since w, is a bounded operator in H}’; and since (wy)~! isa bounded operator from Hjto H;°S .1 We have, using Lemma 3,
that

”5 lwufu”H"" + ”53(10)1)) 1fv”H°°

s+l

7/2 2 2 4 3
<ce” UIRullzze, + IRl ) + Ce™(lwllwes 1Rullzzg, + 1w llwes IRvllag) + Crese™

With these estimates and Corollary 3, we find

elliougulliz, < &Nl fullig, + Ce*Cye (IRl + IR llsz)
+ Ce2Cy e (|| Rl + IR 2l
Ellfull,, +CeCye (IRl + IRl
+ CE2C e (IRa s, + IR llais,)-

2 ”(lwv) gv||H°°

s+l

6 | FROM ANALYTICTO SOBOLEV FUNCTIONS

In order to control the unstable resonances, we solve the equations for the error in H; spaces with s >

> land u = u()
decreasing in time. In detail, we choose

u(®) = pafe - e,
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for0 < t < T,/e3with Ty = u,/p. In order to satisfy the subsequent condition (17), we have to choose § > 0 sufficiently
large, which gives the restriction on the approximation time. The growing unstable resonant modes are damped w.r.t. this
time-dependent norm for § > 0 sufficiently big. Since the solutions of the KdV equation satisfy

sup IA(Dllwe < Cy,
Te[0,1,] rasa

we have
2
< Cye.

sup ety 0]
Te[0.T,/€] W les

In order to work in usual Sobolev, we introduce
R;(1) = So(OR; (),
with S, () a multiplication operator defined in Fourier space by
Sk, 1) = olHale=Pernlk|

As a direct consequence of the definitions, we have the following.

Lemma 4. Fort € [0, u,/(fe>)], the linear mappings S,(t) : H;‘(’t)s — H® and S, (1) : W;?t)s — WS, with u(t) =

(us — net) /g, are bijective and bounded with bounded inverse.

The new variables satisfy
R, = —pe?|KlopR1 + iwuRy + %£3iwug1 (13)
2
+&%i0uSo (D) @uu(Eswu)Ss (H(R1 + R_y)
+au(Esy)S, ()(Ry + R-2)),
. 1 5.
OiRy = —Pe*|k|opRs + iR + 753(1%) lg, 14)
2

+&2 (i)' S () (buu(Eswu)Su (H(R1 + R_1)
+buv(E5V/u)Sa_;1(t)(R2 + R_3)),

and similar for R_; and R_,, where

g1 = §1(t, R, Ry) = S8u(Su'R1, S;'Ry),
2 = &t R1,Ry) = S,8y(S5'R1, S5 Ry).

The operator |k|,, is defined via its operation in Fourier space |k|:,pR(k) = |k|R(k).

In order to estimate Ry and R, on the long O(1/&%) timescale, the terms of order O(&3) in (13) and (6) are no problem. In
the end, they can be controlled easily with Gronwall's inequality. Using Lemma 4, Lemma 6, and the previous estimates,
we find

e liwugi |l + €31l (iwy) " gl
< C57/2(||R1||%4s + IR 11 7)

+C€4(”Wv”W°° IRl + Nlwnllwe IRz lzs) + Cres<93

H(D)s H(t).s

+Ce>Cy e (IR |l + IRzl )-

Hence, the major difficulty to come to the long O(1 /%) timescale is the control of the terms of order O(£2) in (13) and (6).
Our strategy to handle the terms of order O(£?) is as follows. The modes to wave numbers outside a neighborhood of zero
are controlled with the sectorial operator — ﬁ£2|k|0p. For terms not vanishing at k = 0, this operator is of no use. For wave
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numbers in a §o neighborhood of the origin with §, > 0 small, but fixed, the error equations are simplified by a number
of normal form transformations, ie, by a number of near identity change of variables. These normal form transformations
are provided in Section 7. In Section 8, the solutions of the transformed system are then estimated by energy estimates.

Remark 9. Since the BKG systems (1) and (2) are a semilinear system local existence and uniqueness in Hy’ spaces
follow from a simple application of the contraction mapping principle to the variation of constant formula. The
subsequent error estimates serve as a priori estimates to guarantee existence and uniqueness on the required time
interval.

7 | THE NORMAL FORM TRANSFORMATION

In this section, we provide a number of near identity change of variables to eliminate terms close to the wave number
k = 0 of formal order O(¢2), which cannot be controlled by the sectorial operator —pe?|k|,, or which finally turn out to
be of order (). Before we do so, we recall the basics of normal form transformations.

Remark 10. For the abstract evolutionary system
oiu = Au + £2No(u) + € N.(w),

we seek a near identity change of coordinates v = u — £2K(u) to eliminate the terms e2No(u) and to transfer them into
higher order terms, like £3N.(u). We find
0y = du — 2K’ (u)o,u
= Au+ £’No(u) + €’N.(u) — €*K’ (w)Au — e*K’'(u)No(u) — €K' (u)N.(u)
= Av + £?AK(u) — €2K'(w)Au + e*No(u) + O(e®).

In order to eliminate £2No, we choose €K to satisfy
AK(w) — K'(WAu + No(u) = 0,

such that after the transformation
0y = Av + O(e%).
Hence, after the transform, the terms of order ()(¢?) are eliminated, and only terms of order O(¢3) remain.

In the following, we provide such normal form transformations with the goal, which have explained above.
e The term £2E50 iy S (1) (@ (Eswu)S; (H)(R, + R_y)) in the Ry equation can be written in Fourier space as

£’ / qralk, k = LDy (k = DRy (Dl + € / q-2(k, k = LDy (k — DRZ5(Ddl,
with
qra(k,k = LD = E; (0id3,(k)So(k, DawEs(k — DS (1, 1)

and similarly for g, _,(k,k — L, 1). Following the existing literature (cf Sanders et al'* and Schneider and Uecker'®), it is
obvious that this term can be eliminated by a near identity change of variables

Ry= Ry +& / bral, k — L Digu(k — DRy (D + €2 / b1 s,k — L (K — DR (Dl

where
ok k=11
bk k—11) = - : QL_'Z( ) |
| i (k) — ik = D % (D) = eIkl — Ik = 1] = |1])

Since w,(0) = 0 and w,(0) = 1, the denominator is bounded away from 0 for |k| < §pand |k—1] < §if 69 > 0and 6 > 0
are sufficiently small.
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o The term £2E; (iw,) ™S, (£) (buu(Eswi)S, (H)(Ry + R-1)) and the term e2E; (iw,) ™S, (£)(buy(Esyu) S, (H)(R-2)) in the R,
equation can be written in Fourier space as

& / @21k, k — L Dy, (k — DR, (Ddl + €* / Q2-1(k, k — L Dy (k — DRZy(Ddl
e / Gaa(e. k= LDk = DR (DL,
with
Qalk, k= 1,1) = E; (k)(icd,(k) ™ Sk, DbuEs(k — DS (1, 1),

and similarly for q2,_1(k, k—1,1)and qz,_z(k, k—1,1). Again, this term can be eliminated by a near identity change of variables

Ry = R, + &2 / by1(k, k — 1, Dy, (k — DR, (Ddl
+£2 / by _1(k,k — L, Dy, (k — DR 5 (Ddl

+£2 / by _a(k,k — L, g, (k — DR (I,

where

byi(k, k=11 = Pk k=11
2,+1\Fy (O la)v(k) - la)u(k - l) F* la)u(l) — ﬂgZ(lkl _ |k _ ll — |l|),

and

by ok, k—11) = Qo—2(k, k=L 1)
2,—2(K, ) iwy(k) — iw,(k = 1) + iw,(D) — pe2(Jk| — |k =1 = [I])°

Again, since w,(0) = 0 and w,(0) = 1, the denominator is bounded away from O for |k| < §pand |[k—1| < §if 5o > 0 and
6 > 0 are sufficiently small. Estimates such as

lle® / bk, k — 1, Dy (k — DR(DA|l 21 < ez(S}l{llp bk, k — L DDIwullws[IR] s

then imply the following.

Lemma 5. There exist g9 > 0 and C > 0 such that for all € € (0, g¢], the transformation (R;, R;) — (R3, Ry) is bijective
with
IR1 — Rsllm, + IRz — Rally, < Ce*(IRi 1l + (IRl prs)-

After the transformation, our system is of the form

OR; = —Pe?|k|opRs + iwuRs + —=€%i,gs
>

+€2 iy S)(auu(Esy)Sa' (H(Rs + R-3))
+€%i0,S o () g (aun(Eswu) S5 ()(Rs + R-4)),

0Ry = —ﬂ82|k|OPR4 + ioyR4 + %53(1.@1))_1&1
2
+€2(i0) S (OES (bua s S3 (O(Rs + R_3))

+&2(iwy) 'S (1) (bun(Eswu)So (H)(R4))
+e2 (i) S (DES (bun(Eswi) Sy (D(R-4)),
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and similar for R_; and R_4. The terms with g, and g, come from g, and g, and from higher order terms obtained via the
normal form transformation. Therefore, using s4 — s > 2, the terms with g, and g, obey the estimates

& |liwuSe (g3l + 21 (iwy) ™' Su(t)gall st
< Ce"2(|IRs11% + lIR4ll%) (15)
+C1e*(||Rslls + lIRalli) + Crese®,

where C; is a constant independent of 0 < € < 1, solely depending on ||A||W;j1 W

8 | THE FINAL ENERGY ESTIMATES

We have now all ingredients to perform the final energy estimates. We define an operator £ via the multiplier Q(k) =
min(w,(k),4) in Fourier space. This operator is used in the estimates for the subsequent term Ress. It leads there to a
cancelation, which shows that Res is of order O(e?).

We start now to estimate the time derivative of

By = IRsl, + | 7Ra

We compute

8
1d
EEES = Re Sgpoa + ;Re Sj,

where

Sgood = (R3, =2 klopRa)ps + (QY*Ry, —pe?|k|opQ*Ra)ps,

s1 = (Rs, ioyRs)ps + (Q°Ry, i0,Q°Ry) 0

5 = <R3, iéiwuswmgg) + (9R4, ie3(iwv)—15(t>g4> :
V2 i V2 -

Rs, €210y S0 (D)(@uu(Esw)S5 ()(R3 + R-3))) 110
Rs, €210, S0(DEg(uy(Eswi)Sa' ()(Ra + R_4))) 1»

= (

ss = (

ss = (QR4, £%(iw,) ™ S (DE (buu(Eswi)S,' (D(Rs + R-3)))
= (
= (
= (

Hs’
So = (QR4, £%(i0y) " S (D Es(bun(Eswi) S5 ()(R4))) 1y
QRy, £%(i0,) ™ S (DE(bun(Eswi)Sa (D(Ra))) 0

QRy, £%(iy) ™ S (OE§ (bun(Bsw) S5 (D(R-4))) -

S7

S8

The terms s1, ... Sg are either of order O(¢3) or can be estimated by the negative terms of order O(g?) collected in Sgood-
The terms collected in s; and s, can easily be estimated to be ()(¢3). The terms s3, s4, Ss, S7, and sg have either w, or Ej in
front and thus vanish at the wave number k = 0. They can be estimated by the good terms collected in Sg,oq. The term sq
can be shown to be of order O(e?) using the long wave character of the KdV approximation.

8.1 | Estimates for sgo0d, 51, and s

(a) We start with the bound on the linear terms collected in sy004. Using the Fourier representation of |k|,, gives
(R, =&’ |k|opRa)s = —Pe* (R, |k|Rs)12 = —Be>([k|/* R, |k|'/*R3)12,
and similar for (Q/2Ry, —fe?|k|opQY/?R4)ps such that finally,

siood = =P IKI'Rs [ = pe [l QR (16)
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(b) Using the skew symmetry of iw, and iw, yields

S1=0.

(c) Using the Cauchy-Schwarz inequality and (7) yields

s,| < Ce3E, + Ce"?E? 4 Cé3.
|s2] s

8.2 | Estimates for s3, 54, S5, 57, and s3

The good terms collected in sgo0q do not allow us to estimate terms at the wave number k = 0. We have to use the fact,
that the terms s3, S4, S5, 7, and sg vanish at the wave number k = 0, too.

(a) The terms s; and s4 can be estimated by the “good” terms using the fact that |&,(k)| < C|k| for k — 0. The last
estimate implies that the symbol of 9 = |k|_1/ *w, is bounded at the wave number k = 0. We find

s3] = 1(Rs, €%i0uSe(O)(@uu(Eswi)Ss (D(Rs + R_3))) s

[(1elegRa. €211k, 0, S (0@ua(Bawi)S3 (0Rs + R5)) ) |
ce?|| Ikll/stlle 19S0 () (Quu(Eswi) Sy ()(Rs + R_3)) || s

Ce2|[1klo) Rl X (155" 9 2wullw, I Rs |z + 155" Owullw, 18R | ze)
Ce*/2||klop Rallzz | Rs |z + Ce|[1Klop Rl |kl Rl
C2[11Kloy RslI2: + 2R3 112.).

IA I/\ IA

IA

where we used that ||S;' ()8 2y, |lw, = O(¢'/?) due to Corollary 3 applied to |9/2(k)| < C|k|"/2. In the last line, we used
e52ab < €2a® + £3b°.
The term s4 can be estimated in exactly the same as the term s;. The last lines have to be modified into

/\

Isal < CE2lIIKIg) Rl X (1S5 08 *willw, 1 Rallr + 1S5 Owillw, 19V Ryl o)
Ce™2|[|klo0 Rl |1 Rallz + Ce2 (|l 3 Rl 11kl o Rl

1/2 1/2
CE NIkl R 1% + 211113, Q2R 11, + €312 2Ry ]12,).

IA

IA

(b) The remaining terms ss, s;7, and sg can be estimated by the “good” terms in exactly the same way as s3 and s4 using
the fact that ss, 7, and sg have an Ejin front which vanishes at the wave number k = 0, too. We finally obtain

Iss| + Is7] + Iss| < C(2llIKlop RsllZ + 2111kl QU2 RallZy, + €3 |Rs 12, + £31Q*Rall)-

8.3 | Estimates for s¢

For the Fourier transform of Resg in case s = 0, we obtain

Re s¢ = 2ie? / / R4(K)S,y(k, E5(K)buwEs(k — Dyu(k — DS5L (L, HRy(Ddldk

—2i / €2 / Ra(k)S,(k, DE5(K)buwEs(k — 1) ~ (k ~)S51 (L, HR 4 (Ddldk

= 2ie? / / R4(k)S,u(k, E5(K)buwEs(k — Dyu(k — DS5L (L, HRy(Ddldk

—2ig? / / Ra(DS,y(L, DE5(DbwEs (1 — kwu(l — k)S5L(k, HR 4 (k)dldk

= 2ie? / / qo(k, k — L )R_4(k)y,(k — DR4(Ddldk,



SCHNEIDER W I L EY 3197

with
Qolk.k = L1) = 2iS, (k. )Es(K)buBs(k — DS, (1, 1) = 2iS,(L HEs(DbuEs(l - k)S, (k. 1),
where we used (I — k) = y,(k — 1) which holds due to the fact that v, is real-valued. By definition we have

buwEs(k — 1) = byEs(l— k) € R,

andso q,(k, 0, k) = Oforall k € R. Since we have a compact set of wave numbers involved here, thisimplies |q,(k, k—1,1)] <
C|k —l]. As a consequence, we can apply Corollary 3 and obtain

/ / go(k, k — L )R_4 (k)i (k — DR4(Dydldk = O(e),

respectively, |ss| < Ce>E,. The case s > 0 works very similarly. In order to estimate

(02QRy, 9% (i) ™! S (D Es (bun(Esw)Si' ()(Ra)) )

2’

we use the fact that after the comma, whenever a derivative falls on y,, we gain an additional power of €. Hence, there
is only one term of order ()(¢2); namely, then, all s derivatives after the comma fall on R,. But this term can be estimated
line for line as the case s = 0.

8.4 | Putting all estimates together

Using the previous estimates yields

%%ES < (—Pe* + Ce* + C67/2Esl/2)(H |k|1/2R3HHS + H|k|1/291/2R4”HS)

+Ce’E; + C£7/2ES3/2 + Cé,

with C a constant, which is independent of 0 < ¢ < 1. Subsequently, we choose f > 0 so large but independently of
0 < € <« 1that
—B+C+CeEV? <o, 17)

will be satisfied. Under this assumption, we have

%%ES < CEEs + Ce"EY? + Ce°.

In the following, we choose £ > 0 so small that

2BV <1, (18)

will be satisfied. Under this assumption, we then have
%Es < (C+1)e%Es + Ce3,
and so Gronwall's inequality implies
Ey(t) < (E5(0) + CHeC+VE < (Ey(0) + CTp)e VT =2 M = O(1).

The constant M is independent of f, respectively, T; and 0 < € < 1. We are done, if we choose €9 > 0 so small that
z—:(l)/ *M'/2 < 1, which guarantees the validity of (18), and then g > 0 so large that

—p+C+Ce)’M'? <0,

which guarantees the validity of (17).
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9 | SOME TECHNICAL ESTIMATES

In this section, we collect a number of estimates, which we used in previous sections. Together with their proofs, they
can be found as Lemma A.4, Corollary A.5, Corollary A.6, Lemma A.9, and Corollary A.10 in Haas et al.!6 We start with
some estimates for the nonlinear terms.

Lemma 6. The spaces H;’; are Banach algebras for y > 0 ands > % In detail, there exists a u-independent constant
Cy such that

l[wvlls, < Cllullzzs, V]l
forallu,v e HJ,.
For our error estimates, we need the following tame estimates version of this lemma.

Corollary 1. For6 > 0, u > 0ands > 1/2, we have

2
”u ”Hf‘?“ < Csllu“Hjl/zm”u“H;fc’
forallu € H.
Corollary 2. For y > Oands > 0, we have

luvllzzs, < Colluellg,, VIl

Jorallu € Wi andv € Hp,.

The expansion of the kernels in the multilinear maps can be estimated with the following lemma, for which we recall
the proof.

Lemma7. Letdy) > 0,9, € R, andletg : R - C satisfy
lg(k)] < Cmin(|k|™, (1 + |k])"=).

Then, for the associated multiplication operator g,, = F~'gF, the following holds. For (a) u; > u, and m;,m; > 0or
(b) u; = u, and my, — my > max(9y, ), we have

gopAE)prx, < Ce® 12| A0)|| b s
foralle € (0,1).

Proof. This follows immediately from the fact that the left-hand side of this inequality can be estimated by

myp—my

2 2
< sup [glo( 1+ <E> el )WVel A s,
keR £ Hp/emy
<Ce™ eAO s, .
where the loss of e71/2 is due to the scaling properties of the L?>-norm. O

In W5, spaces, there is no £~1/2 loss due to the scaling invariance of the norm, and so, we have the following as a direct

consequence.

Corollary 3. Let 9y > 0, 9 € R, and let g(k) satisfy

gl < Cmin(lk|™, (1 + |k])’).
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Then, for the associated multiplication operator g,, = F~'gF, the following holds. For (a) u; > u, and m;,my > 0 or
(b) u; = u, and my — my > max(9y, ), we have

lgopAlelw, ... < Ce™AC)IIw,

Hpmy”

forall e € (0,1).

Remark 11. This corollary is used, for instance, to estimate E}. Since E‘g(k) is identical zero in a neighborhood of the
origin, we have |E§(k)| < C|k|" for every r € N.
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