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the course of process intensification, new 
processes in continuous reactor systems 
are under investigation to improve process 
control and energy efficiency. One of the 
major problems in the development of 
processes in such reactor systems is occur-
rence of fouling. While the problem can 
be handled in tank reactors with a low 
volume-specific surface area, it may cause 
blocking und consequent shut down of 
tubular reactors with static mixer ele-
ments under certain operating conditions 
and prohibits the continuous operation of 
such reactor systems. If side reactions that 
produce high molecular weight and highly 
branched polymer chains are relevant in 
the reaction mechanism, local backmixing 
may enhance the formation of polymer 
networks that are insoluble and form a 
polymer gel. This may only be the case in 
some solvents or in certain ranges of the 
feed composition.[1–3] To predict process 

windows in which operation is possible and to get information 
on the polymer microstructure, quantitative kinetic models that 
capture all relevant reactions are necessary.

Several publications on the reaction mechanism and 
kinetics of the polymerization of N-vinylpyrrolidone (NVP) 
in various solvents exist. The propagation rate coefficients 
in aqueous and organic solution[4,5] as well as the termina-
tion rate coefficient in aqueous solution[6] have been studied 
extensively using pulsed laser polymerization-size exclusion 
chromatography (PLP-SEC). While termination by combina-
tion seems to be the relevant mechanism in aqueous solution, 
transfer reactions to the solvent dominate the termination 
in organic solution.[7] Besides transfer to solvent molecules, 
transfer to monomer has also been proposed to take part in the 
reaction mechanism.[8] Some confusion exists about transfer 
mechanisms that are relevant for long chain branching during 
the polymerization in aqueous solution. Since broad, high 
molecular tails have been observed in the molecular weight 
distribution in batch and semibatch experiments, transfer to 
polymer has been assumed to be part of the reaction mecha-
nism.[8] Recently, another mechanism has been suggested in 
which creation of terminal double bonds (TDBs) by transfer to 
monomer and subsequent propagation of TDBs is the reason 
for long chain branching.[9] The suggestion was motivated by 

Based on a recently suggested reaction mechanism, which involves the pro-
duction and propagation of terminal double bonds (TDBs), kinetic models for 
the polymerization of N-vinylpyrrolidone in aqueous solution are developed. 
Two modeling strategies, the classes and the pseudodistribution approach, 
are applied to handle the multidimensional property distributions that result 
from this reaction mechanism and to get detailed structural property informa-
tion, e.g., on the chain length distribution and the distribution of TDBs. The 
structural property information is then used to develop reduced models with 
significantly lower computational effort, which can be used for process design, 
on-line applications or coupled to computational fluid dynamic simulations. 
To validate the derivations, the models are first compared against each other 
and finally to experimental results from a continuous stirred tank reactor. The 
evolution of monomer conversion and molecular weight average data as well 
as molecular weight distributions can be represented very well by the models 
that are derived in this article. These results support the correctness of the 
reaction mechanism predicted by quantum mechanical simulations.

1. Introduction

Specialty polymers such as polyvinylpyrrolidone (PVP) are 
mostly produced in batch or semibatch processes due to the 
need for flexibility for the production of this product class. In 
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calculations from density functional theory (DFT) and vali-
dated by batch experiments.

In this article, we revisit the aqueous phase poly merization 
of NVP in backmixed reactors. Our goal is to systematically 
develop kinetic models, which can be used to get detailed micro-
structural property information, e.g., on chain length or TDBs, 
but may also be applied in parameter estimations or CFD simu-
lations in which the computational effort needs to be low. Since 
these objectives are contradictory, multiple models with different 
levels of detail need to be developed and the informational con-
tent must be transferred consistently between levels. For this 
purpose, we apply two modeling approaches, the classes[10,11] 
and the pseudodistribution approach,[10,12–14] to handle the 
multidimensional property distributions that result from the 
reaction mechanism described by Deglmann et al.[9] We con-
dense the detailed information gained from simulations using 
these models and use it to develop much simpler models with 
significantly lower computational effort. To refine the kinetic 
coefficients from ref.  [9] and to test the predictive capability of 
the models, we compare simulation results with experimental 
results for monomer conversion, molecular weight averages and 
molecular weight distributions from CSTR experiments.

This article is organized as follows. In Section 2, the reaction 
mechanism of the polymerization of NVP in aqueous solution 
as well as correlations for kinetic coefficients from literature are 
summarized briefly and the set of reactions that are the basis of 
the model development are defined. In Section 3, different mod-
eling strategies for multidimensional property distributions are 
explained and applied to the reaction system from Section  2 
and the simulations are compared to experimental results in 
Section 4. Finally, the results are concluded and a workflow for 
the application of the models that have been developed is sug-
gested in Section 5. The experimental and numerical details are 
explained in Section 6.

2. Reaction Mechanism of the Polymerization 
of NVP
The reaction scheme we assume in this article was identi-
fied and discussed in detail in ref.  [9]. Initiation, propagation 
of monomer M and termination are the main reactions in 
the radical polymerization of NVP in aqueous solution and 
lead to linear polymer chains. Only termination by combi-
nation has been assumed, since this is considered to be the 

relevant termination mechanism for monosubstituted vinyl-
monomers.[15] The two side reactions, transfer to monomer, 
which initiates a new polymer radical carrying a TDB as illus-
trated in Figure 1 and the propagation of TDBs as illustrated in 
Figure 2 may lead to branched or crosslinked polymer chains.

The system of interest is characterized by three property 
coordinates: the chain length n, the number of TDBs i and the 
number of branches k. It should be noticed, that the property 
dimensions i and k are linked—but not directly. TDBs are pro-
duced by transfer to monomer and consumed by the TDB prop-
agation reaction. The number of branching points, on the other 
hand, increases only, if TDBs are consumed, not when they are 
produced.

Thus, the simulation of the evolution of a 3D property distri-
bution would be necessary to describe the system in full detail. 
In principal, if reactions between polymer radicals carrying TDBs 
were included in the model, the number of radical centers per 
molecule would have to be considered as a fourth property coor-
dinate. Since the complexity of the model would increase even 
further, we will not consider this here and restrict the model to 
species with either zero or one radical center as in ref. [9]. We refer 
to these as the dead species P and living species R respectively.

The full set of reactions that have been proposed to be rel-
evant in the radical polymerization of NVP in aqueous solu-
tion in ref. [9] is shown in Table 1 for the full 3D system. Since 
the rate of the TDB propagation reaction is proportional to the 
number of TDBs, the reaction scheme is nonlinear in the TDB 
property coordinate.

Most of the rate coefficients in Table 1 are taken from litera-
ture. The propagation rate coefficient can be calculated from 
ref. [4] according to

k

k
w w= + − −0.36 0.64 exp( 9.2 ) 0.31p

p,max
NVP NVP (1)

with

k
RT

p = × −





− −
−

/L mol s 2.57 10 exp
17.6 kJ mol

,max
1 1 7

1

 (2)

and wNVP, the weight fraction of NVP in the mixture. As 
in ref.  [8], the transfer to monomer rate coefficient has been 
assumed to be proportional to the monomer propagation rate 
coefficient with a ratio of ktr,m/kp  =  6 × 10−4. The termination 
rate coefficient depends on the monomer weight fraction in 
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Figure 1. Reaction scheme of the transfer to monomer reaction. The radical center (red) is transferred to a monomer molecule by H-abstraction. 
Adapted and simplified from ref. [9].

Figure 2. Terminal double bond (TDB) propagation reaction for a polymer chain carrying only one TDB. A mid chain radical is created and causes long 
chain branching. Adapted and simplified from ref. [9].
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the low conversion regime in which segmental diffusion (SD) 
is the rate determining mechanism. With increasing polymer 
content, viscosity increases and translational diffusion (TD) 
limits the termination rate until at very high polymer contents 
reaction diffusion (RD) determines the termination rate. Based 
on these mechanisms, a correlation for the termination rate 
coefficient of the form

k
k k

k
η= +





+− −
−

/L mol s
1

t
1 1

SD TD

1

RD (3)

has been proposed[6] with the rate coefficients kSD, kTD, and kRD 
for each mechanism respectively and the relative bulk viscosity 
η that is related to the viscosity at zero conversion. The rate 
coefficients and a correlation for η at 40 °C and 2000 bar have 
been determined by single laser pulse experiments in combina-
tion with kp data from literature to be[6]

k
wNVP= × −



 + ×− −/L mol s 4.87 10 exp

0.29
5.67 10SD

1 1 7 6 (4)

k k wη= =31 , exp(14.75 )TD SD PVP  (5)

with the polymer weight fraction wPVP in the mixture and

k w k= 140RD NVP p (6)

The effect of pressure p on diffusion can be corrected by

k p k
p= − × −











−( ) (2000 bar) exp 5.61 10
bar

2000SD SD
4  (7)

Reaction diffusion does not play a significant role for the 
conditions under investigation in this article but has been 
implemented for completeness. The temperature dependence 
of the termination rate coefficient is usually low, and so, the 
correlation discussed above has been used without any correc-
tion as has been done in ref. [8].

For the decomposition rate coefficient of initiator I2 to the 
initiator radical species I, the correlation

= × − ×





−
−

/s 9.17 10 exp
1.24 10 kJ mol

d
1 14

2 1

k
RT

 (8)

taken from the supplier[8] has been used. The TDB propagation 
rate coefficient kp, TDB as well as the initiator efficiency fd have 
been estimated using experimental data.

3. Model Development

We use a reference case throughout the model development 
to test different models against each other. The reaction condi-
tions and kinetic parameters are typical for the polymerization 
of NVP in aqueous solution in an isothermal CSTR and are 
summarized in Table 2. The average residence time

V

m
H Oτ ρ

=
⋅R

F

2



 (9)

with the reactor volume VR and the mass feed rate mF  is around 
1  h. The pure component mass densities of the solvent and 
monomer at 85 °C have been assumed to be ρH O2  = 959 kg m−3 
and ρNVP = 989 kg m−3 respectively.[8]

3.1. Modeling Strategies for Multidimensional Property 
Distributions

Commercially available Galerkin-FEM solvers such as the one 
implemented in Predici are usually capable of solving problems 
with one discrete property dimension. Generally, an exten-
sion to more than one dimension would be possible, but the 
increased numerical effort makes this practically infeasible.[16] 
To simulate systems with multidimensional property distribu-
tion as described in Section  2, the problem has to be trans-
formed into a series of 1D problems.

The straightforward way is to solve for one property 
dimension directly, e.g., the chain length, and define different 
populations—so-called classes—for the other discrete property 
dimensions,[11] e.g., Rn,1, 0 for living polymer chains carrying one 
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Table 1. Full set of reactions for the polymerization of NVP in aqueous 
solution (based on ref. [10]). The definition of rate coefficients and spe-
cies is given in the text.

Initiation
22 d

d

→I f I
k

 / 1,0,0

p

+ →I M R
k

Propagation
, , 1, ,

p

+ → +R M Rn i k

k

n i k

Termination by combination
, , , , , ,

t,c

+ → + + +R R Pn i k m j l

k

n m i j k l

Transfer to monomer
, , , , 1,1,0

tr,m

+ → +R M P Rn i k

k

n i k

Propagation of terminal double bonds
, , , , , 1, 1

p,TDB

+ →
⋅

+ + − + +R P Rn i k m j l

j k

n m i j k l

Table 2. Parameters for the reference case. This setup has been used for 
all simulations, if not stated otherwise.

Kinetic coefficients

 kd, kt, kp Equations (1) to (8)

 ktr,m/kp 6 × 10−4[8]

 kp,TDB = 2500 L mol−1 s−1 2500

 fd 0.7[8]

Feed

 Monomer weight fraction NVP
0w 0.2

 Initiator weight fraction I
0
2

w 0.0002

 Solvent weight fraction H O
0

2
w 1 NVP

0
I
0
2

− −w w

 Feed rate Fm  [g min−1] 10.38

Initial conditions in reactor

 Solvent weight fraction H O
0

2
w 1

 Reactor temperature TR [°C] 85

 Reactor volume VR [mL] 650
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TDB and zero branches, Rn,2, 1 for living polymer chains carrying 
two TDBs and one branch and so on for the present example. 
The reaction scheme can be derived by assigning numbers to 
the second and third property indices in Table 1, for example

R R Pn m

k

n m+ → +,1,0 ,2,1 ,3,1

t,c

 (10)

Other properties, e.g., the number of radical centers per 
chain, may be used as well. As already mentioned, we do not 
consider polymer chains with multiple radical centers here, 
but the dead species P and living species R can be considered 
classes with one or zero radical centers, respectively. The advan-
tage of the classes approach is that a multidimensional prop-
erty distribution can be reconstructed from the concentration 
distributions of different classes. Since only a finite number 
of property classes can be considered, a cutoff class must be 
defined in which all classes for property indices that are higher 
than the cutoff value are collected. Reconsidering the example 
in Equation  (10), a cutoff value of 10 for the number of TDBs 
and the number of branches would lead to

R R Pn m

k

n m+ → +,6,7 ,8,9 ,10,10

t,c

 (11)

Of course, the computational effort increases with every 
additional property class, and so, this approach should only be 
used, if suitable cutoff values are not too high, typically lower 
than 10.[16]

If this is not the case, another approach using so-called 
pseudodistributions may be used.[13]

These pseudodistributions are defined as the moments on 
all discrete property coordinates except one—usually the chain 
length—that is solved for explicitly. For example

k i
P

t
o

k

l

i

n i k
n
l o∑ ∑ = Ψ

=

∞

=

∞ d
d0 0

, , ,  (12)

is the l-th TDB and o-th branching moment for chains of length 
n. Taking the zeroth moments on all other property coordinates 
gives the distribution of chain lengths

P

t
Pn i k

ik

n n∑∑ = Ψ =
=

∞

=

∞ d
d

, ,

00

0,0  (13)

which is widely used in 1D models. The first moments of the 
other properties can be understood as chain length distributed 
counters for this property. For the system considered here, 

nΨ1,0 and nΨ0,1 give the concentration of TDBs and branches 
in chains of length n respectively. If the system is nonlinear 
in one of the property coordinates, a closure problem exists 
and an estimate for a higher moment of this property must be 
found by a suitable closure relation. In this case, using higher 
moments of this property is a necessity to minimize the effect 
of the closure relation on lower moments, while, otherwise, 
higher moments may be used to gain additional, averaged 
information.

As long as suitable closure relations can be found, moment 
models should be preferred, since a large number of classes, 
would have to be used for many applications.[10,16] For example, 
the number of TDBs may take very large values for some 

process conditions in the present case. Therefore, we will either 
derive pseudodistribution models or adapt such models from 
literature for the polymerization of NVP. For validation pur-
poses, a comparison to an equivalent model using property 
classes for the number of TDBs for the reference case will be 
made. A model with classes up to 10 TDBs is applicable in this 
case as will be seen in Section 3.3. We refer to this model as the 
TDB classes model.

The 3D balance equations that correspond to the reaction 
system in Table 1 are given in ref. [10] and will not be repeated 
here in full length. As an example, the contribution of the TDB 
propagation reaction is

R

t
k R jP k

jP R

n i k
n i k m j l

ljm

m j l n m i j k l

l

k

j

i

m

n

∑∑∑

∑∑∑

+ = − +
=

∞

=

∞

=

∞

− − + + −
==

+

=

−

d

d
, ,

p,TDB , , , , p,TDB
001

, , , 1, 1
00

1

1

1

 (14)

and

P

t
k iP Rn i k

n i k m j l

ljm
∑∑∑+ = −

=

∞

=

∞

=

∞d
d

, ,
p,TDB , , , ,

001

 (15)

for the living and the dead species respectively. Since the 
number of branches does not appear in any reaction rate and, 
therefore, has no direct feedback on the reaction kinetics, the 
property index may simply be dropped as long as no informa-
tion on the distribution of branches is desired.[10] Therefore, we 
will use the 2D reaction system in Table 3 as the basis of the 
model development in this article. Since the chain length distri-
bution is usually desired because it is experimentally accessible 
and determines the macroscopic properties of the product, we 
will start with the derivation of models that give the full chain 
length distribution in Section 3.2. As will be seen, closure rela-
tions are needed in these models due to the nonlinearity in 
the TDB propagation reaction. In Section  3.3, we will present 
a model that does not need any closure relation and, therefore, 
contains exactly the same averaged information as the original 
2D model. Based on the model in Section 3.3, we will introduce 
a model with zero property dimensions, which can be applied 
in CFD simulations or parameter estimations, in Section  3.4. 
An overview of the kinetic models that are developed and used 
in this article is given in Table 4.
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Table 3. Set of the 2D reactions as basis of the model development.

Initiation
22 d

d

→I f I
k

 / 1,0

p

+ →I M R
k

Propagation
, 1,

p

+ → +R M Rn i

k

n i

Termination by combination
, , ,

t ,c

+ → + +R R Pn i m j

k

n m i j

Transfer to monomer
, , 1,1

tr,m

+ → +R M P Rn i

k

n i

Propagation of terminal double bonds
, , , 1

p,TDB+  →
⋅

+ + −R P Rn i m j
j k

n m i j
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3.2. Chain Length as the Only Discrete Property Coordinate 
(TDB Moment Model)

If the full distribution of polymer chain lengths is of interest, 
which is mostly the case, a 1D model in the chain length prop-
erty coordinate is desirable. The number of TDBs as a discrete 
property coordinate can be eliminated by applying the moment 
operator on this coordinate leading to the pseudodistributions

i Rl

i

n i n
l∑ = Φ

=

∞

0
,  (16)

for the l-th TDB moment of living polymer chains with n repeat 
units and

i Pl

i

n i n
l∑ = Ψ

=

∞

0
,  (17)

as the equivalent for dead polymer chains. We have used the 
nomenclature as in ref.  [10] for easier comparison. A detailed 
derivation of the model has been given in ref.  [10] as well and 
we do not repeat it here but highlight only the most important 
properties.

As mentioned before, creation and propagation of TDBs 
are considered to be important side reactions, which may lead 
to broad chain length distributions and chains with very high 
molecular weights. The corresponding reaction rate is propor-
tional to the number of TDBs incorporated in the chain that is 
involved in the propagation reaction and the set of equations of 

the moments on i can, therefore, not be closed as illustrated for 
the zeroth TDB moments

t
k kn

n m

m

n m

m

m∑ ∑∂Φ
∂

+ = − Φ Ψ + Ψ Φ−

0

p.TDB
0 1

p,TDB
1 0  (18)

t
kn

n m

m
∑∂Ψ

∂
+ = − Ψ Φ

0

p,TDB
1 0  (19)

It has been shown that if equations up to the second TDB 
moment are solved, simple closure relations like

Dn
n n

n

Ψ = ′ Ψ Ψ
Ψ

3
2 2

1  (20)

for the third TDB moment are sufficient.[10] D′ is a dispersity 
and is assumed to be constant for all chain lengths and all 
times. In this section we use D′  =  1.15, which has been esti-
mated using the steady state value

D
µ µ
µ µ

′ ≈ classes
0,3

classes
0,1

classes
0,2

classes
0,2

 (21)

with

∑∑µ =
=

∞

=
classes
0,1

,
10

max

i Pl
n i

ni

i

 (22)
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Table 4. Overview of all models used in this article.

Short name of model Sections Distributions Definition

TDB classes 3.2, 3.3 , (0,1, )max= …Rn i i Chain length (n) distribution/class with i TDBs of polymers with one radical center

, (0,1, )max= …Pn i i Chain length (n) distribution/class with i TDBs of polymers with no radical center

TDB moment 3.2

0
,∑ = Φ

=

∞
i Rl

i
n i n

l
l-th TDB moment (pseudo) chain length (n) distribution of polymers with one radical center

0
,∑ = Ψ

=

∞
i Pl

i
n i n

l
l-th TDB moment (pseudo) chain length (n) distribution of polymers with no radical center

TDB reduced moment 3.2.1
,

0
∑ =
=

∞
R Rn i

i
n

Zeroth TDB moment chain length (n) distribution of polymers with one radical center

,
0

∑ =
=

∞
P Pn i

i
n

Zeroth TDB moment chain length (n) distribution of polymers with no radical center

TDB distribution 3.3

1
,∑ = Λ

=

∞
n Rk

n
n i i

k
k-th chain length moment (pseudo) TDB (i) distribution of polymers with one radical center

1
,∑ =

=

∞
n P Mk

n
n i i

k
k-th chain length moment (pseudo) TDB (i) distribution of polymers with no radical center

TDB double moment 3.4

0 1
,

,∑ ∑ λ=
=

∞

=

∞
i n Rl

i

k

n
n i

k l
k-th chain length moment and l-th TDB moment of polymers with one radical center

0 1
,

,∑ ∑ µ=
=

∞

=

∞
i n Pl

i

k

n
n i

k l
k-th chain length moment and l-th TDB moment of polymers with no radical center
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of the TDB classes model for the reference case. Important 
information that can be extracted from the TDB moment 
model besides the chain length distribution are, for example, 
the average number of TDBs per chain of length n

p n n

n

= Ψ
Ψ

( )
1

0  (23)

as well as the corresponding ratio of the integrals over all chain 
lengths

cnn

nn

P

∑
∑ λ

Ψ
Ψ

=
1

0

TDB

0

 (24)

which is the average number of TDBs per molecule. As 
shown in Figure 3, the number of TDBs increases approxi-
mately linearly with the chain length starting at a value 
between 0 and 1 at n  =  1. The chain length averaged 
number of TDBs per chain, which is illustrated in Figure 4,  
increases steeply in the beginning of the reaction and 
decreases at higher monomer conversion, which corresponds 
to higher polymer contents, when TDBs are consumed 
at a higher rate through the TDB propagation reaction. In 
Figures  5 and  6, the steady state chain length distribution 
and the evolution of monomer conversion are shown, and a 
comparison to the TDB classes model with classes for 0 up 
to a maximum of 10 TDBs per chain has been made, which 
demonstrates the validity of the implementation of both 
models and their applicability for the reference case. A dis-
cussion of the cutoff error of the TDB classes model is given 
in Section 3.3.

Although the computational effort for the TDB moment 
model is much lower in comparison to the TDB classes 
approach, it is still too high for extensive parameter studies 
and, therefore, further reduction of the model complexity is 
desirable.

3.2.1. Further Reduction of Model Complexity (TDB Reduced 
Moment Model)

The simplest possible model contains only two distributions—
one for the living and one for the dead polymer species—as 
defined in Equation  (13). As outlined in Section  3.2, closure 
relations are necessary if the moment approach is used on the 
number of TDB property coordinate because of the nonlinearity 
of the TDB propagation rate. For the case that only the evolution 
of the zeroth TDB moments nΨ0  and nΦ0 is calculated, an estimate 
for the first TDB moment nΨ1  is necessary. The contribution of 
the reaction rates for TDB propagation can be rewritten as

t
k k k

k

n
n m

m

n m m n

m

m

m
m

m

n m

n m
n m m

m

∑ ∑

∑ ∑

∂Φ
∂

+ = − Φ Ψ + Ψ Φ = − Φ

Ψ
Ψ

Ψ +
Ψ
Ψ

Ψ Φ

−

−

−
−

0

p,TDB
0 1

p,TDB
1 0

p,TDB
0

1

0
0

p,TDB

1

0
0 0

 (25)
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Figure 3. Comparison of the chain length averaged number of TDBs per 
molecule as a function of chain length for the TDB moment (D′ = 1.15) 
and classes models for the reference case.

Figure 4. Comparison of the evolution of the average number of TDB 
per molecule for the TDB moment (D′  =  1.15) and classes models for 
the reference case.

Figure 5. Comparison of the normalized GPC distribution for the TDB 
moment (D′ = 1.15) and classes models for the reference case.
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t
k kn

n m

m

n

n
n m

m
∑ ∑∂Ψ

∂
+ = − Ψ Φ = − Ψ

Ψ
Ψ Φ

0

p,TDB
1 0

p,TDB

1

0
0 0  (26)

which can be recast into the reaction scheme

n m

k

n m

m

mΦ + Ψ  → Φ
⋅ Ψ
Ψ

+
0 0 0

p ,TDB

1

0

 (27)

The ratio p mm mΨ Ψ =/ ( )1 0  is the probability of finding a TDB 
in a dead chain of length m, which has been defined previously 
and can generally be calculated from higher moment models. 
As suggested by the results shown in Figure  3, p(n) may be 
approximated by two different linear relationships in n

p n A nn

n

Ψ
Ψ

≈ = ⋅( )
1

0 1 1  (28)

p n A n Bn

n

Ψ
Ψ

≈ = ⋅ +( )
1

0 2 2 2 (29)

The coefficient A1 can be determined by

c A n An

n n

n
P∑ ∑ λ= Ψ = ⋅ Ψ = ⋅

=

∞

=

∞
TDB 1

1
1

1

0
1 1  (30)

and, therefore

p n n
c

Pλ
= ⋅( )1

TDB

1

 (31)

and for the second model with index 2 one of the coefficients 
may be determined by

c A n B A Bn

n n

n n

n

P P∑ ∑ ∑ λ λ= Ψ = ⋅ Ψ + Ψ = ⋅ + ⋅
=

∞

=

∞

=

∞
TDB 1

1
2

1

0
2

0

1
2 1 2 0  (32)

If B2 is determined, then

p n A n
c

A A n N
c

P

P

P n Pλ
λ
λ λ

= ⋅ + − ⋅ = ⋅ − +( ) ( )2 2

TDB

0
2

1

0
2

TDB

0

 (33)

with the number average chain length Nn  of dead polymer 
chains. The model including p1(n) is actually equivalent to the 
model proposed in ref. [9] except that all dead and living species 
are collected in one distribution respectively. Similar approxi-
mations have also been suggested in refs. [17] and [18] for the 
TDB propagation rate in the polymerization of ethylene based 
on arguments using the reaction mechanism. The models 
described in refs. [9] and [17] include an estimate of cTDB from a 
balance of a massless counter species[14] HTDB that is produced 
and consumed with the same rates at which TDBs are produced 
or consumed. By introducing this counter species, cTDB can be 
calculated without explicit knowledge of the distribution nΨ1  as

c Hn

n
∑= Ψ =

=

∞
TDB 1

1

TDB  (34)

For the sake of completeness, one can introduce an addi-
tional counter species HB that allows the calculation of the 
average number of branches per molecule

n
HB

B

Pλ
=0

0

 (35)

or per repeat unit

n
HB

B

Pλ
=1

1

 (36)

However, we do not use this in the present article because 
a comparison with experimental data is not possible for the 
moment. The full set of reactions for this model, which we refer to 
as the TDB reduced moment model, including counter species is 
given in Table 5 using the common notation Pn nΨ =0  and Rn nΦ =0 .

The additional parameter A2 in Equation (33) may be fixed by 
extracting the slope of a linear fit to data from the TDB moment 
model presented in Figure 3. From Figure 7, it can easily be seen 
that p2(n) gives a more realistic approximation of p nn nΨ = Ψ ⋅ ( )1 0  
than p1(n). While the approximation of nΨ1  that is calculated 
from simulations using p2(n) is in reasonable agreement with 

Macromol. React. Eng. 2020, 14, 2000009

Figure 6. Comparison of the evolution of monomer conversion for the 
TDB moment (D′ = 1.15) and classes models for the reference case.

Table 5. Full set reactions for the TDB reduced moment model including 
counter species.

Initiation
22 d

d

→I f I
k

 / 1

p

+ →I M R
k

Propagation of monomer
1

p

+ → +R M Rn

k

n

Termination by recombination t,c

+ → +R R Pn m

k

n m

Transfer to monomer
1

tr,m

+ → + +R M P R Hn

k

n
TDB

Propagation of terminal double bonds
H H

( )
B TDBp,TDB+  → + −

⋅
+R P Rn m

p m k
n m
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the TDB moment model for the full range of chain lengths, 
applying p1(n) results in a completely different form of the dis-
tribution. The reactivity of short chains is strongly underesti-
mated, while that for long chains is overestimated.

In consequence, Mw  in Figure 8 is in very good agreement 
with TDB moment model if p2(n) is used, while it diverges if 
p1(n) is applied.

Interestingly, the overall average concentration of TDBs per 
molecule in Figure 9 as well as the number average molecular 
weight Mn  in Figure  8 are in very good agreement with the 
TDB moment model for both approximations. The reason is 
that the coefficients of p1(n) and p2(n) have been fixed using the 
same integral value cTDB in Equation  (30) and Equation  (32), 
and, therefore, the overall concentration of TDBs as well as 
the overall polymer concentration, e.g., the zeroth chain length 
moment, are the same for both approximations. Since the TDB 
propagation reaction does not influence the overall concentra-
tion of polymerized monomer units in chains R and P, Mn  is 
not affected by the choice of p(n) either.

Since the approximation p1(n) cannot represent the results 
from the TDB moment model adequately, we prefer p2(n) 
although one more parameter needs to be fixed. The latter may 
be estimated from simulations using the TDB moment model 
as discussed in this section. We will revisit the estimation of the 
parameter A2 in Section 3.4.1.

3.3. Number of Terminal Double Bonds as the Only Discrete 
Property Coordinate (TDB Distribution Model)

The moment models introduced in Section 3.2 suffer from the 
drawback that the system of equations cannot be closed because 
the reaction mechanism is nonlinear in the discrete property 
coordinate i, the number of TDBs. The averaged information 
of these models can, therefore, not be exactly the same as that 
of the 2D original model, since additional assumptions in form 

of the closure relations Equation  (20) and Equation  (33) must 
be introduced. For the polymerization of NVP this problem can 
be circumvented by using the moment approach on the other 
discrete property coordinate, the chain length n, since no reac-
tion rate is proportional to this property coordinate. The corre-
sponding distributions are

n Rk

n

n i i
k∑ = Λ

=

∞

1
,  (37)

Macromol. React. Eng. 2020, 14, 2000009

Figure 7. Comparison of the steady state chain length averaged number 
of TDBs per molecule as a function of chain length for the TDB moment 
(D′ = 1.15) and reduced models using p1 and p2 (A2 = 9.49 × 10−5) for the 
reference case.

Figure 8. Comparison of the evolution of the molecular weight averages 
for the TDB moment (D′  =  1.15) and reduced models using p1 and p2 
(A2 = 9.49 × 10−5) for the reference case: red solid—number average mole-
cular weight Mn , TDB reduced moment model using p1; blue dotted— nM  
TDB reduced moment model using p2; black circles— nM , TDB moment 
model; red dashed—weight average molecular weight wM , TDB reduced 
moment model using p1; blue dashed-dotted— wM , TDB reduced moment 
model using p2; black squares— wM , TDB moment model.

Figure 9. Comparison of the evolution of the average number of TDB per 
molecule for the TDB moment (D′ = 1.15) and reduced models using p1 
and p2 (A2 = 9.49 × 10−5) for the reference case. Red and blue lines are 
indistinguishable by eye.
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for the k-th chain length moment of living polymer chains car-
rying i TDBs and

n P Mk

n

n i i
k∑ =

=

∞

1
,  (38)

as the equivalent for dead polymer chains. For the zeroth chain 
length moments iΛ0  and Mi

0, the closed set of equations is

t
k k M k jM jMi

i j

j

i i

j

j

j

i

j i j∑ ∑ ∑Λ = − Λ Λ − Λ − Λ − Λ





=

∞

=

∞

=

+

− +
d
d

0

t,c
0 0

0
tr ,m

0
p,TDB

0

0

0

0

1
0

1
0

 (39)

M

t
k k M k iMi

j

j

i

i j i i j

j
∑ ∑= Λ Λ + Λ − Λ

=
−

=

∞d
d

1
2

0

t,c
0

0

0
tr ,m

0
p,TDB

0 0

0

 (40)

Since this model gives the chain length averaged distribution 
of TDBs, we refer to it as the TDB distribution model. If only 
the chain length averaged distribution of TDBs is of interest, 
only the equations for the zeroth moments iΛ0 and Mi

0 need to 
be solved. Of course, higher moments offer additional informa-
tion as for example the molecular weight averages

M
M

M
M

i ii

i ii

∑
∑

=
Λ +

Λ +
⋅=

∞

=

∞

( )

( )
n

1 1

0

0 0

0

mono (41)

M
M

M
M

i ii

i ii

∑
∑

=
Λ +

Λ +
⋅=

∞

=

∞

( )

( )
w

2 2

0

1 1

0

mono  (42)

with the molecular weight of a repeat unit Mmono. The full set 
of equations of the TDB distribution model up to the second 
chain length moments iΛ2 and Mi

2 as well as a formulation 
in terms of reaction modules for the implementation in 
Predici are given in the Supporting Information. The average 
number of TDBs per chain defined in Equation  (24) can be 
extracted as

c iM

MP
i i

ii

∑
∑λ

=
TDB

0

0

0  (43)

but is not illustrated again. To demonstrate the information 
gained from this model, simulations using the reference case 
have been performed and compared to simulations using the 
TDB classes model to validate the derivation and implemen-
tation. In Figure 10, the concentration distribution as a func-
tion of TDBs is illustrated. With increasing number of TDBs, 
the concentration decreases rapidly by orders of magnitude. 
Despite their low concentration, these chains have a high 
reactivity because of the large number of incorporated TDBs. 
The relative difference between concentrations that are calcu-
lated from the TDB classes and the TDB distributions model 
is below 1% for polymers with up to 8 TDBs and increases to 
3.5% and 29% for the polymers with 9 and 10 TDBs respec-
tively. The estimates for the concentrations of chains with a 
large number of TDBs from the TDB classes model are higher, 

since all molecules with 10 and more TDBs are collected in the 
cutoff distribution, which is the property class with 10 TDBs in 
this case. Nevertheless, a maximum of 10 TDBs per chain is a 
reasonable cutoff value for the reference case as is confirmed 
once more by the molecular weight averages that are shown in 
Figure 11.

Still, the classes model is computationally expensive. The 
TDB distribution model, on the other hand, can be applied 
for all process parameters that we have tested at a low com-
putational cost, even in cases in which the concentration of 
polymers with more than 10 TDBs is relevant. It is, there-
fore, a more versatile benchmark and will be used as such 
subsequently.

Macromol. React. Eng. 2020, 14, 2000009

Figure 10. Comparison of the concentration distribution as a function of 
TDBs for the TDB distribution and classes models for the reference case.

Figure 11. Comparison of the evolution of the molecular weight aver-
ages for the TDB distribution and classes models for the reference case: 
black solid—number average molecular weight nM , TDB classes model; 
red circles— nM , TDB distribution model; black dashed—weight average 
molecular weight wM , TDB classes model; red squares— wM , TDB distri-
bution model.
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3.4. A Moment Model on all Discrete Property Coordinates 
(TDB Double Moment Model)

For some applications, as for example the implementation 
in CFD codes or parameter estimations, models with zero 
property dimensions, e.g., moments taken on all property 
dimensions, are desirable because of the reduction of the 
computational effort. For the TDB reduced moment model, 
this is possible, but the redefined closure relation for the 
first TDB moment, Equation  (33), introduces an additional 
parameter A2 into the model, which has to be estimated. The 
chain length moment version of the TDB reduced moment 
model is given in the Supporting Information for complete-
ness, but we have not used it for any simulations in this 
article.

It is more desirable to derive a 0D model based on the 
TDB distribution model from Section  3.3, since no addi-
tional assumption has to be made in its derivation and 
the averaged information is exactly the same as that of the 
original 2D model. The quantities of interest are the double 
moments

∑ ∑ ∑ λ= Λ =
=

∞

=

∞

=

∞

0 1
,

0

,i n R il

i

k

n

n i
l

i

i
k k l  (44)

and

∑ ∑ ∑ µ= =
=

∞

=

∞

=

∞

0 1
,

0

,i n P i Ml

i

k

n

n i
l

i

i
k k l  (45)

with the k−th moment on the chain length and the l−th 
moment on the number on TDBs λk,l and μk,l for living and 
dead chains respectively. We refer to this model to as the TDB 
double moment model. The resulting set of ODEs is quite 
lengthy, and the full model is given in the Supporting Informa-
tion. As can be seen from

t
k M k k M

k

λ λ λ λ λ λ λ

λ µ λ µ λ µ λ µ

λ µ λ µ λ µ λ µ λ µ

λ µ λ µ λ µ λ µ λ µ

λ µ λ µ λ µ

( ) ( )
(

(
)

)

= + − − +

+ − + −

+ + + − +

− + + + −

+ − +

d

d
2

2 2 2

2 2 2

2 2 2

2

2,2

p
1,2 0,2

t,c
2,2 0,0

tr,m
2,2 0,0

p,TDB
2,1 0,2 2,1 0,1 2,0 0,3 2,0 0,2

2,0 0,1 1,2 1,1 1,1 1,2 1,1 1,1 1,0 1,3

1,0 1,2 1,0 1,1 0,2 2,1 0,1 2,2 0,1 2,1

0,0 2,3 0,0 2,2 0,0 2,1  (46)

and

t
k

k M k

µ λ λ λ λ λ λ λ λ λ λ

λ λ λ λ µ

(
)

= + + + +

+ + −

d

d
2 2

2,2

t,c
2,0 0,2 2,1 0,1 2,2 0,0 1,0 1,2 1,1 1,1

1,2 1,0
tr ,m

2,2
p,TDB

0,0 2,3  (47)

closure relations are necessary due to the TDB propagation 
reaction. The moments μk,3 with k = 1,2,3 are the chain length 
averaged moments

i Mk

i

i
k∑µ =

=

∞
,3 3

0

 (48)

which can generally be calculated from the TDB distribution 
model. It is convenient to define a chain length averaged clo-
sure relation similar to Equation (20) as

Dk

k k

k k

µ µ
µ µ

′ =
,3 ,1

,2 ,2  (49)

and to specify Dk′. Three closure relations are needed in total, 
which does not sound very promising, but actually does not 
turn out to be a limitation for the system considered here. In 
Figure 12 the dispersity defined in Equation  (49) is shown for 
k  =  2 calculated from the TDB distribution model for a wide 
range of values for the TDB propagation rate coefficient kp,TDB. 
Dk′ = 2 varies only in a very narrow range between 1 and 2, and, 
therefore, a constant value of Dk′ = 1 for all k has been assumed, 
similar to that of Iedema et al.[10]

To verify this assumption, calculations with two dif-
ferent values for kp,TDB have been carried out. The results 
of the TDB distribution model in Figures 13 and 14 without 
any assumption and the TDB double moment model with 
Dk′={0,1,2}  =  1 are in very good agreement. The reason for this 
observation is that the closure relations mostly influence 
the second TDB moments, while the zeroth TDB moments, 
which are needed for the calculation of the molecular weight 
averages from Equation  (41) and Equation  (42), are barely 
affected.

3.4.1. Comparison to the TDB Reduced Moment Model

Finally, we make a comparison between the TDB double 
moment model and the TDB reduced moment model using 
the approximation p2(n) to demonstrate an alternative way of 
fixing the parameter A2. As can be seen form Figure  15, the 
results are generally in good agreement for the reference case 
but different values for the TDB propagation rate coefficient. 
The parameter A2  =  9.49   ×   10−5 has been estimated from a 

Macromol. React. Eng. 2020, 14, 2000009

Figure 12. Effect of the variation of kp,TDB on the evolution of the chain 
length averaged dispersity 2′ =Dk  for the TDB distribution model for the 
reference case. The variation for k = 1, 2 is even smaller.
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linear fit to data from a simulation of the reference case using 
the TDB moment model as illustrated in Figure 7. By compar-
ison of the TDB propagation contribution to the evolution of 
the first chain length moment nPP

n
∑λ =1 n  of the TDB reduced 

moment model

t
k A A

cP
R P

P

P
P

P
Pλ λ λ λ

λ
λ

λ
λ+ = − − +





d

d
1

p,TDB 0 2 2 2
1

0
1

TDB

0
1  (50)

and the equivalent double moment Pµ λ=1,0
1

t
k

µ λ µ+ = −
d

d

1,0

p,TDB
0,0 1,1  (51)

a definition of

A
µ µ µ µ
µ µ µ µ

=
−
−2

1,1 0,0 1,0 0,1

2,0 0,0 1,0 1,0  (52)

can be derived. Note, that cTDB  = μ0,1 . For the reference case, 
the predicted steady state value A2  =  9.48 × 10−5 from the 
TDB double moment model computed with Equation  (52) is 
very similar to the one that has been extracted from the TDB 
moment in Section 3.2.1.

For longer residence times with a steady state conversion 
of around 93%, the effect of kp,TDB on A2 is more pronounced 
as shown in Figure  16. Figure  17 illustrates the influence of 
decreasing values of A2, which are included in the TDB double 
moment model intrinsically, for different values of kp,TDB on 
Mw  at high residence times. The TDB reduced moment model 
using a fixed, constant value of A2 strongly overestimates the 
final Mw  at higher values for kp,TDB. Therefore, the assumption 
of a fixed value of A2 is only sufficient for conditions where 
the effect of TDB propagation is not too strong. As shown in 
Figure  18, using the calculated steady state value of the TDB 
double moment model from Equation  (52) gives very good 
agreement of the steady state values of Mw , but the initial 
increase is underestimated, since the value of A2 decreases as 
TDBs are consumed. However, the influence is relatively low.

Macromol. React. Eng. 2020, 14, 2000009

Figure 13. Comparison of the evolution of the average number of 
TDB per molecule for the TDB distribution and TDB double moment 
( {0,1,2}′ =Dk  = 1) models for the reference case but different kp,TDB: black cir-
cles—TDB distribution model, kp,TDB = 2500 L mol−1 s−1; red solid—TDB 
double moment model, kp,TDB =  2500 L mol−1  s−1; black squares—TDB 
distribution model, kp,TDB = 6250 L mol−1 s−1; red dashed—TDB double 
moment model, kp,TDB = 6250 L mol−1 s−1.

Figure 14. Comparison of the evolution of the weight average mole-
cular weight wM  for the TDB distribution and TDB double moment 
( {0,1,2}′ =Dk  = 1) models for the reference case but different kp,TDB: black cir-
cles—TDB distribution model, kp,TDB = 2500 L mol−1 s−1; red solid—TDB 
double moment model, kp,TDB =  2500 L mol−1  s−1; black squares—TDB 
distribution model, kp,TDB = 6250 L mol−1 s−1; red dashed—TDB double 
moment model, kp,TDB = 6250 L mol−1 s−1.

Figure 15. Comparison of the evolution of the weight average 
molecular weight wM  for the TDB reduced moment model with p2 
(A2 = 9.49 × 10−5) and TDB double moment model ( {0,1,2}′ =Dk  = 1) for the 
parameters of the reference case but different kp,TDB: black solid—TDB 
double moment model, kp,TDB = 2500 L mol−1 s−1; blue dashed-dotted—
TDB reduced moment model, kp,TDB  =  2500  L  mol−1  s−1; red dashed—
TDB double moment model, kp,TDB = 6250 L mol−1 s−1; green dotted—TDB 
reduced moment model, kp,TDB =  6250 L mol−1  s−1. The black and blue 
lines are indistinguishable by eye.
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The value of A2 depends on the rate of consumption of 
TDBs but also on the rate of production of TDBs by the 
transfer to monomer reaction, especially on the ratio of the 
transfer to monomer to propagation rate. Since ktr,m /kp has 
been fixed in this article, we leave this study to the interested 
reader. 4. Comparison to Experimental Results

The models in the preceding sections have been validated 
against each other using a reference case and capture the reac-
tion mechanism correctly. To prove the applicability of the 
models to real life scenarios, we have performed experiments 
in a CSTR under conditions similar to the reference case. The 
process parameters are those of the reference case if not stated 
otherwise and are summarized in Table 6. We use Mw  data to 
estimate the rate coefficient of the TDB propagation reaction 
and make a comparison to molecular weight distributions 
subsequently.

4.1. Evolution of Molecular Weight Averages and Parameter 
Estimations

As specified in Table  6, experiments with different feed rates, 
e.g., residence times, have been carried out, and the results for 
Mw  and the monomer conversion are illustrated in Figures 19 
and 20 respectively. The Mw  of samples that have been taken at 
different times during the experiment show an increase of Mw , 
which depends strongly on the average residence time in the 
reactor.

Simulations using the TDB distribution model are in 
very good agreement with experimental data when using 
kp,TDB  =  3300  L  mol−1  s−1 and all other kinetic parameters as 
specified in Table  2 except the initiator efficiency, which has 
been reduced to fd  =  0.6 to match the monomer conversion. 
This value is slightly lower than the one used in ref. [9], which 

Macromol. React. Eng. 2020, 14, 2000009

Figure 16. Comparison of the evolution of the parameter A2 calculated 
from the TDB double moment model ( {0,1,2}′ =Dk  = 1) for the parameters of 
the reference case with the residence time changed to 4.5 h and different 
values of the TDB propagation rate coefficient.

Figure 17. Comparison of the evolution of the weight average 
molecular weight wM  for the TDB reduced moment model with p2 
(A2 = 9.49 × 10−5) and TDB double moment model ( k {0,1,2}′ =D  = 1) for the 
parameters of the reference case but average residence time changed 
to 4.5 h and different kp,TDB: black solid—TDB double moment model, 
kp,TDB  =  2500  L  mol−1  s−1; blue dashed-dotted—TDB reduced moment 
model, kp,TDB = 2500 L mol−1 s−1; red dashed—TDB double moment model, 
kp,TDB = 3750 L mol−1 s−1; green dotted—TDB reduced moment model, 
kp,TDB = 3750 L mol−1 s−1.

Figure 18. Comparison of the evolution of the weight average molecular 
weight wM  for the TDB reduced moment model with p2 (A2 final value from 
Figure 16) and TDB double moment model ( {0,1,2}′ =Dk  = 1) for the param-
eters of the reference case but average residence time changed to 4.5 h 
and different kp,TDB: black solid—TDB double moment model, kp,TDB  = 
2500  L  mol−1  s−1, A2  =  8.85  ×  10−5; blue dashed-dotted— TDB reduced 
moment model, kp,TDB = 2500 L mol−1 s−1, A2 = 8.85 × 10−5; red dashed—
TDB double moment model, kp,TDB = 3750 L mol−1 s−1, A2 = 7.48 × 10−5; 
green dotted—TDB reduced moment model, kp,TDB =  3750 L mol−1  s−1, 
A2 = 7.48 × 10−5.
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may be attributed to the steady state operation mode used in the 
present study. The TDB propagation rate coefficient is slightly 
higher than kp,TDB =  2850 L mol−1  s−1 that has been estimated 
in ref.  [9] by comparison to experimental results. As discussed 
in Section  3.2.1, we attribute this to the different modeling 
approaches. The value of kp,TDB = 3300 L mol−1 s−1 that has been 
determined in this article is actually closer to the one predicted 
by DFT simulations, which is kp,TDB = 4400 L mol−1 s−1 for the 
same process parameters. However, the differences between 

these three estimates of kp,TDB are not large, which supports the 
correctness of the reaction mechanism predicted by quantum 
mechanical simulations in ref. [9] once more.

Since the TDB distribution model has a closed set of equa-
tions, no additional parameter or closure relation has to be 
specified. For computational reasons the parameters have 
been estimated using the TDB double moment model and 
the dispersities Dk′={0,1,2} = 1, but the results of both models are 
indistinguishable as discussed in Section  3.4. Additionally, an 
experiment with a different monomer weight fraction has been 
carried out. The predicted values for Mw  and monomer conver-
sion are also in very good agreement with simulated values as 
shown in Figures 21 and 22.

All of the experimental conditions that have been discussed 
in this section lead to steady state monomer conversion and 
molecular weight distributions. No gelation of the bulk phase 
occurred, which is in agreement with simulation results. As 
shown in Figures 23 and 24, simulations using the TDB double 
moment model predict gelation only for very high average resi-
dence times, which cannot be validated using the experimental 
equipment that we have employed for this article. Nevertheless, 
we have observed fouling deposits at the baffles of the tank 
reactor and in other poorly mixed regions which emphasizes 
the importance of dead water zones and diffusion on the for-
mation of fouling deposits.

4.2. Broadening of Molecular Weight Distributions and 
Comparison to the TDB Reduced Moment Model

The experimental molecular weight averages presented in Sec-
tion 4.1 are in very good agreement with simulations using the 
TDB distribution or the TDB double moment model. Since 
the full chain length distributions are often of interest, a com-
parison of experimental distributions to simulations using the 

Macromol. React. Eng. 2020, 14, 2000009

Table 6. Parameters for comparison of simulations to experiments. The 
average residence time has been defined merely to identify the cases and 
rounded to quarter hours.

Kinetic coefficients

 kd, kt,kp Equations (1) to (8)

 ktr,m/kp 6 × 10−4[8]

 kp,TDB [L mol−1 s−1] 3300

 fd 0.6

Feed

 Monomer weight fraction NVP
0w 0.2 or 0.1

 Initiator weight fraction I
0
2

w 0.0002

 Solvent weight fraction H O
0

2
w 1 NVP

0
I
0
2

− −w w

 Feed rate Fm  [g min−1] 14.16, 4.728, or 2.364

Initial conditions in reactor

 Solvent weight fraction H O
0

2
w 1

 Reactor temperature TR [°C] 85

 Reactor volume VR [mL] 650

 Average residence time τ [h−1] ≈0.75, 2.25 or 4.5

Figure 19. Comparison of the evolution of the weight average molecular 
weight wM  from experiments (markers) and simulations using the TDB 
distribution model (lines) for CSTR experiments with different average 
residence times: black circles, black solid line—0.75 h; red squares and 
crosses, red dashed line—2.25 h; blue triangles and stars, blue dashed 
dotted line—4.5 h. Different symbols denote repeated experiments.

Figure 20. Comparison of the evolution of the monomer conversion from 
experiments (markers) and simulations using the TDB distribution model 
(lines) for CSTR experiments with different average residence times: black 
circles, black solid line—0.75  h; red squares and crosses, red dashed 
line—2.25  h; blue triangles and stars, blue dashed dotted line—4.5  h. 
Different symbols denote repeated experiments.
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TDB reduced moment model has been made. The parameter 
A2 has been chosen to be steady state value of the simulations 
using the TDB double moment model, which has been calcu-
lated from Equation  (52). The simulation results for Mw  also 
match the experimental data very well as shown in Figure 25. 
Some differences to the results of the TDB distribution model 
exist and are attributed to the assumption of a constant value 
for parameter A2 as discussed in Section 3.4.1. A comparison of 
the full molecular weight distribution for the steady state GPC 

distributions is shown in Figures 26–29 and shows very good 
agreement with the experimental results. The steady state Mw  
data from experiments and model predictions that have been 
discussed in this section are listed in Table 7, and the steady 
state monomer conversion is listed in Table 8.

As can be seen in Table 7, the steady state Mw  is underes-
timated for low residence times and overestimated for high 
residence times. We do not have a definite explanation for this 
observation. The propagation of TDB is a reaction between two 
macromolecules and might be diffusion-limited like the termi-
nation reaction, for example. We assumed kp,TDB to be constant, 
which would not be strictly correct in this case. It is possible, 

Figure 21. Comparison of the evolution of the weight average molecular 
weight wM  from experiments (markers) and simulations using the TDB 
distribution model (lines) for CSTR experiments with different mon-
omer weight fractions in the feed: red squares and crosses, red dashed 
line—20 wt% green diamonds, green dotted line—10 wt%. Different sym-
bols denote repeated experiments.

Figure 22. Comparison of the evolution of the monomer conversion from 
experiments (markers) and simulations using the TDB distribution model 
(lines) for CSTR experiments with different monomer weight fractions 
in the feed: red squares and crosses, red dashed line—20  wt%; green 
diamonds, green dotted line—10 wt%. Different symbols denote repeated 
experiments.

Figure 23. Dependence of the steady state weight average molecular 
weights wM  from simulations using the TDB double moment model on 
the average residence time (Equation 9) for different monomer weight 
fractions in the feed.

Figure 24. Magnification of Figure  23 and comparison to experiments 
for different average residence times (Equation 9) and monomer weight 
fractions in the feed. The experimental values are averaged steady state 
values of the experiments from Section 4.
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that the coefficient decreases with higher polymer content and, 
consequently, higher viscosity.

5. Conclusion

We have applied different modeling strategies to handle the 
multidimensional property distributions that result from the 
reaction mechanism of the polymerization of NVP in aqueous 

solution and compared the model predictions to experimental 
results from a CSTR.

The TDB classes model offers the most detailed information, 
and it is possible to reconstruct a 2D distribution from simu-
lations using this model. The downside is the very high com-
putational effort that restricts the application of this model to 
validation purposes under mild reaction conditions. The TDB 
moment model derived in ref.  [10] reduces the computational 
effort and may be applied over a wider range of parameters, 
but, still, the numerical effort is too high for process design or 

Figure 25. Comparison of the evolution of the weight average mole-
cular weight wM  from experiments (markers) and simulations using 
the TDB reduced moment model (lines) with p2 for CSTR experiments 
with different average residence times: black squares, black solid line— 
0.75 h (A2 = 9.3 × 10−5); red squares and crosses, red dashed line—2.25 h 
(A2 = 9.05 × 10−5); blue triangles and stars, blue dashed dotted line—4.5 h 
(A2 = 8.1 × 10−5). Different symbols denote repeated experiments.

Figure 26. Comparison of the steady state normalized GPC distribution 
from experiment and simulation using the TDB reduced moment model 
with p2 (A2 = 9.3 × 10−5) for a CSTR experiments with an average residence 
time of 0.75 h and a monomer weight fraction of 20 wt% in the feed.

Figure 27. Comparison of the steady state normalized GPC distribution 
from experiment and simulation using the TDB reduced moment model 
with p2 (A2 = 9.05 × 10−5) for a CSTR experiments with an average resi-
dence time of 2.25 h and a monomer weight fraction of 20 wt% in the 
feed.

Figure 28. Comparison of the steady state normalized GPC distribution 
from experiment and simulation using the TDB reduced moment model 
with p2 (A2 = 8.1 × 10−5) for a CSTR experiments with an average residence 
time of 4.5 h and a monomer weight fraction of 20 wt% in the feed.
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parameter estimations. Therefore, if the full molecular weight 
distribution is required, we recommend the TDB reduced 
moment model derived in Section 3.2, although the additional 
parameter A2 needs to be introduced. The TDB distribution 
model, which has been introduced in Section  3.3, offers aver-
aged information without any additional parameter or closure 
relations and, therefore, gives exactly the same averaged results 
as the original 2D model. The computational effort can be 
reduced further by using the TDB double moment model from 
Section 3.4, which requires closure relations, but is not affected 
by their choice significantly. As discussed in Section 3.4.1, the 
parameter A2, which is required for the TDB reduced moment, 
model can be calculated from this model as well. The value 
does not remain constant but using the steady state value gives 
reasonable agreement of the steady state molecular weight aver-
ages and molecular weight distributions in CSTR experiments. 
Thus, we suggest to fix all rate coefficients using the TDB dis-
tribution or TDB double moment model and to estimate A2 
for the TDB reduced moment model subsequently from these 
models if the full molecular weight distribution is desired.

The evolution of monomer conversion and molecular weight 
average data as well as molecular weight distributions can be 
represented very well using all of the developed models and 
the estimated value of the TDB propagation rate coefficient 
kp,TDB  =  3300  L  mol−1  s−1 is similar to the one that has been 
estimated in ref. [9] from batch experiments. These results sup-
port the correctness of the reaction mechanism predicted by 
quantum mechanical simulations in ref. [9] once more.

No gelation of the bulk phase occurred under the experi-
mental conditions that have been used for this article, but we 
have observed fouling deposits in poorly mixed regions of the 
reactor. The effect of dead zones and diffusive mass transport 
on the formation of fouling deposits will be the focus of future 
work.

6. Experimental and Numerical Details
The experimental setups described in ref. [9] have been adapted for the 
purposes of this article.

Chemicals: N-vinylpyrrolidone stabilized with 0.5% NaOH was 
supplied by BASF SE and distilled under vacuum to remove stabilizer 
and high-molecular components directly before the experiments. 
Initiator (V-50, Wako Chemicals) was stored in the refrigerator and used 
as delivered. Deionized water has been used as solvent.

Experiments: CSTR experiments were performed isothermally using 
a Juchheim stainless steel stirred tank reactor with 650  mL internal 
volume. Two storage containers were prepared, one containing a 
mixture of monomer and solvent, the other one containing initiator 
dissolved in the solvent. Both storage containers were degassed under 
vacuum and the gaseous atmosphere was flushed with a small flow of 
argon throughout the experiment to prevent oxygen from entering. The 
feed streams were realized by two Knauer Smartline 1050 piston pumps 
with 10 mL pump heads and the mass flow rate was controlled using 
Bronckhorst mini CORI-FLOW mass flow meters and a PI controller. 
The feed streams from both storage containers were mixed in a static 
mixing tee with 0.5 mm thru-holes and a 10 µm frit in the center port 
in a 1:1 ratio at ambient temperature before entering the reactor. Prior 
to the experiment, the reactor was filled with degassed solvent and 
heated to the desired temperature. To ensure the correct feed rate, a 
purge valve was installed right before the reactor and the feed streams 
were pumped into a separate waste container for some time. The 
experiments were run for around 12 average residence times to safely 
reach a steady state.

Analytical Setups: Monomer conversion was measured using HPLC 
with a mixture of water and acetonitrile (90:10) as eluent at 0.5 mL min−1 
and the UV adsorption was measured at 235  nm. Molecular weight 
averages and distributions were measured using GPC with DMAc + 
5  g  L−1 LiBr as eluent at 0.8  mL  min−1. A column set containing one 

Table 7. Comparison of steady state weight average molecular wM  
weight data from experiments and model predictions. The parameters 
are listed in Table 6.

Average 
residence 
time [h]

Monomer 
weight fraction 

in feed

Steady state wM  [103 g mol−1]

TDB distribution 
model

TDB reduced 
moment model

Experiment

0.75 0.2 424 424 524

2.25 0.2 591 592 601

4.5 0.2 870 857 805

2.25 0.1 321 318 313

Table 8. Comparison of steady state monomer conversion data from 
experiments and model predictions. Model predictions are the same 
for all models. The steady state values from simulations are all slightly 
higher than the experimental values, but the early stage monomer con-
version can be captured best using the parameters listed in Table 6.

Average residence 
time [h]

Monomer weight 
fraction in feed

Steady state monomer conversion

Models Experiment

0.75 0.2 0.81 0.77

2.25 0.2 0.9 0.88

4.5 0.2 0.93 0.91

2.25 0.1 0.89 0.88

Figure 29. Comparison of the steady state normalized GPC distribution 
from experiment and simulation using the TDB reduced moment model 
with p2 (A2 = 9.69 × 10−5) for a CSTR experiments with an average resi-
dence time of 2.25 h and a monomer weight fraction of 10 wt% in the 
feed.
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column with 100 Å and two 10 000 Å pore size (PSS GRAM combination 
ultrahigh columns set) was used for separation. A combination of a 
refractive index detector (Agilent 1260 Infinity II series) and a multiangle 
light scattering detector (PSS SLD7100) was used to obtain absolute 
molecular weight averages and distributions and data was recorded 
using the WinGPC software. The weight average molecular weight wM  
was calculated from the detector data directly and a linear approximation 
of the measured calibration curve was used to obtain molecular 
weight distributions. For the latter, only molecular weights higher than 
100 kg mol−1 were considered.

Simulations: The models presented in this article were implemented 
in the commercially available software package Predici.

Supporting Information
Supporting Information is available from the Wiley Online Library or 
from the author.
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