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Abstract

Mathematical models are a key enabler to understand complex processes across all branches of
research and development since such models allow us to simulate the behavior of the process
without physically realizing it. However, detailed models are computationally demanding
and, thus, are frequently prohibited from being evaluated (a) multiple times for different
parameters, (b) in real time or (c) on hardware with low computational power. The field of
model (order) reduction (MOR) aims to approximate such detailed models with more efficient
surrogate models that are suitable for the tasks (a-c). In classical MOR, the solutions of the
detailed model are approximated in a problem-specific, low-dimensional subspace, which is
why we refer to it as MOR on subspaces. The subspace is characterized by a reduced basis
that can be computed from given data with a so-called basis generation technique.

The two key aspects in this thesis are: (i) structure-preserving MOR techniques and (ii)
MOR on manifolds. Preserving given structures throughout the reduction is important
to obtain physically consistent reduced models. We demonstrate this for Lagrangian and
Hamiltonian systems, which are dynamical systems that guarantee preservation of energy
over time. MOR on manifolds, on the other hand, broadens the applicability of MOR to
problems that cannot be treated efficiently with MOR on subspaces.

The first part of this thesis introduces and analyzes new basis generation techniques
for structure-preserving MOR of Hamiltonian systems. The introduced methods are able
to compute a non-orthogonal basis, which allows deriving more concise reduced models
compared to existing approaches. Moreover, we introduce a structure-preserving greedy
procedure and a provably optimal basis generation technique for a special case.

The second part of this thesis develops an expressive framework to formulate structure-
preserving MOR on manifolds with differential geometry. The structure of both Lagrangian
and Hamiltonian systems can be treated in this formalism and many existing nonlinear
dimension reduction techniques are reflected in our framework. Specifically for structure-
preserving MOR on manifolds for Hamiltonian systems, we prove preservation of energy
over time and preservation of Lyapunov-stable points. Moreover, we present an algorithm
for structure-preserving MOR on manifolds of Hamiltonian systems based on so-called
autoencoders. In the numerical experiment of this part, we consider a model that is hard to
treat with MOR on subspaces and show that both (i) structure-preservation and (ii) MOR on

manifolds improve the accuracy and robustness of the reduced models.
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Zusammenfassung

Mathematische Modelle sind in Forschung und Entwicklung unerldsslich, um komplexe Pro-
zesse zu verstehen, da solche Modelle das Systemverhalten vorhersagen kénnen. Allerdings
benoétigen detaillierte Modelle viele Rechenressourcen und kénnen deshalb oft nicht (a) mehr-
fach fiir verschiedene Parameter ausgewertet werden, (b) in Echtzeit reagieren, oder (c) auf
Hardware mit geringer Rechenleistung operieren. Die Modell(-ordnungs-)reduktion (MOR)
hat zum Ziel, solche rechenintensive Modelle mit effizienteren Ersatzmodellen zu approxi-
mieren und somit die oben beschriebenen Aufgaben (a-c) zu ermoglichen. Die klassische
MOR approximiert dazu Losungen des detaillierten Modells in einem niedrigdimensionalen,
problemspezifischen Unterraum, weshalb wir diese als MOR auf Unterraumen bezeichnen.
Der Unterraum kann durch eine reduzierte Basis charakterisiert werden, die wiederum mit
einem sogenannten Basisgenerierungsverfahren berechnet werden kann.

Die zwei Hauptaspekte dieser Arbeit sind: (i) Strukturerhaltung und (ii) Modellreduktion
auf Mannigfaltigkeiten. Strukturen wéahrend der Reduktion zu erhalten ist wichtig, um
konsistente reduzierte Modelle zu erhalten. Wir zeigen dies anhand von Lagrangeschen und
Hamiltonschen Systemen, welches dynamische Systeme sind, die die Erhaltung einer Energie
garantieren. MOR auf Mannigfaltigkeiten hingegen erweitern die Anwendbarkeit von MOR
auf Probleme, die mit MOR auf Unterraumen nicht effizient reduziert werden konnen.

Der erste Teil der Thesis fithrt neue Basisgenerierungsverfahren zur strukturerhaltenden
MOR fiir Hamiltonsche Systeme ein und analysiert diese. Das beinhaltet ein Verfahren zur
Generierung nicht-orthogonaler Basen, ein strukturerhaltendes Greedy-Verfahren und ein
beweisbar optimales Verfahren fiir einen Spezialfall.

Der zweite Teil dieser Thesis entwickelt ein umfassendes Framework, um strukturer-
haltende MOR auf Mannigfaltigkeiten mit Differentialgeometrie zu formulieren. Sowohl
Lagrangesche als auch Hamiltonsche Systeme sind mit dem Framework abgedeckt. Ferner
konnen vielseitige Methoden der nichtlinearen Dimensionsreduktion in dem Framework
verwendet werden. Anschlielend vertiefen wir die strukturerhaltende MOR fiir Hamiltonsche
Systeme und fithren dafiir einen Algorithmus ein, der auf sogenannten Autoencodern basiert.
In den numerischen Experimenten betrachten wir ein Modell, das sich nicht sinnvoll mit
MOR auf Unterraumen reduzieren lasst und zeigen, dass beide Hauptaspekte dieser Thesis,
(i) Strukturerhaltung und (ii) MOR auf Mannigfaltigkeiten, die Genauigkeit und Robustheit
der reduzierten Modelle erhoht.



Introduction

1.1 Motivation

Model (order) reduction (MOR) is a research area in the field of surrogate modelling. The
challenge is to approximate the set of all solutions of a computationally demanding, high-
dimensional model with a more efficient replacement. In the scope of MOR, we call these
models the full(-order) model (FOM) and the reduced(-order) model (ROM) accordingly. Such
surrogate modelling techniques are essential in research and development as the demand
occurs naturally if (a) the FOM needs to be evaluated for many parameters (e.g. in parameter
studies or sampling-based uncertainty quantification), (b) the FOM is required to be evaluated
in real-time (e.g. in control problems or interactive simulations), or (c) the FOM is run on
devices with low computational power (e.g. simulations on embedded devices based on
microcontrollers). A subclass in MOR is projection-based MOR. The idea there is to project
the FOM on a low-dimensional, problem-specific (linear) subspace to obtain the ROM. This
subspace is typically characterized by a reduced(-order) basis (ROB) which is computed with
a basis generation technique. The two main aspects of MOR investigated in the present thesis

are (1.) structure-preserving MOR techniques and (2.) MOR on (sub-)manifolds:

1. In regard of the first aspect, a “structure” is any kind of mathematical property or
object (e.g. a specific bilinear form, linearity, or block-structure of certain matrices).
Assuming additional structures in the FOM allows guaranteeing desirable mathematical
and physical properties, e.g., that the FOM solutions conserve energy over time. In
this thesis, we are mostly interested in Hamiltonian systems, which are based on a

so-called symplectic structure and guarantee the mentioned conservation of energy. The
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goal of structure-preserving MOR is then to preserve these structures throughout the
reduction and, thus, guarantee the corresponding mathematical and physical properties
for the ROM. In that regard, structure-preserving MOR is physics-preserving, which is

important to obtain physically consistent surrogate models.

2. Classical MOR approximates a solution on a low-dimensional (linear) subspace. Thus,
we refer to it also as “MOR on subspaces”. In contrast, MOR on manifolds approxi-
mates the solution on a low-dimensional submanifold. This is advantageous since the
approximation quality of MOR on subspaces is known to be bounded from below by
the so-called Kolmogorov n-widths of the set of all solutions [92]. If these Kolmogorov
n-widths decay slowly, MOR on subspaces can thus not obtain efficient ROMs. It has
been shown [44, 92] that especially for FOMs with transport-dominated solutions this is
the case and thus such FOMs are problematic for MOR on subspaces, while MOR on
manifolds does in general not suffer from this limitation (e.g. [91]). So the idea of MOR
on manifolds is to broaden the applicability of MOR in general.

1.2 Structure of the Thesis

The thesis is split in two parts. Part I investigates structure-preserving MOR on subspaces
for Hamiltonian system, which is typically referred to as symplectic MOR (on subspaces).
In particular, new symplectic basis generation techniques are presented and analyzed. The
goal is to compute smaller ROBs than existing techniques, which yields more efficient ROMs.
To understand our contributions, we formulate the fundamentals of MOR on subspaces
in Chapter 2 with slightly more emphasis on the underlying structures than usual. We
start presenting our work by introducing a non-orthonormal, symplectic basis generation
technique, the PSD SVD-like decomposition, in Chapter 3. Subsequently, we present in
Chapter 4 the PSD-greedy, a greedy procedure for symplectic basis generation. Lastly, we
demonstrate in Chapter 5 how to obtain a provably optimal symplectic ROB in the special
case of a canonizable Hamiltonian system with periodic solutions.

Part II concerns structure-preserving MOR on manifolds to strive for more general physics-
preserving surrogate models. We introduce an extensive framework for structure-preserving
MOR on manifolds based on differential geometry in Chapter 6. Moreover, we show that
structure-preserving MOR on subspaces and manifolds is reflected in this framework as

well as various existing approaches that rely on nonlinear dimension reduction techniques.
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Subsequently, we intensify the analysis for structure-preserving MOR on manifolds for
Hamiltonian systems in Chapter 7. We prove theoretical findings on preservation of energy
and stability as well as an error bound. Moreover, we modify autoencoders, a technique
from machine learning, to (approximately) preserve the symplectic structure. In a numerical
example, we show for a FOM with transport-dominated solution that both aspects of this
thesis, (i) structure-preservation and (ii) MOR on manifolds, improve the accuracy and

robustness of the surrogate models.

Remark 1.1 (Distinction to the Master’s thesis [18]): In previous work [18], we worked on
orthosymplectic basis generation techniques, which is related to the work presented in Chapter 3.
For a transparent separation of [18] with the present thesis, we briefly highlight the (i) similarities
and (ii) differences: (i) In the numerical example, both works use a similar two-dimensional linear
elasticity model of a cantilever beam and the same implementation for the FOM, orthosymplectic
basis generation techniques and evaluation framework of ROMs. (ii) All theoretical results
presented in Chapter 3 are disjoint from the Master’s thesis. Moreover, all numerical results

related to the newly developed PSD SVD-like decomposition are disjoint from [18].

1.3 Publications

During the course of this thesis several publications were authored in cooperation with
different coworkers. In the following all publications are listed chronologically together with
a small summary or a reference to a section within this thesis. The following publications

fall within the scope of this thesis:

[20] P. Buchfink, A. Bhatt, and B. Haasdonk. Symplectic model order reduction with non-
orthonormal bases. Mathematical and Computational Applications 24.2 (2019). por:
10.3390/mca24020043
[> see Chapter 3

[26] P. Buchfink, B. Haasdonk, and S. Rave. PSD-greedy basis generation for structure-
preserving model order reduction of Hamiltonian systems. Proceedings of the conference
Algoritmy 2020. http://www.iam.fmph.uniba.sk/amuc/ojs/index.php/algoritmy/article/
view/1577/829 (last accessed 5-Dec-2023). Vydavatelstvo SPEKTRUM, 2020, pp. 151-160
> see Chapter 4


https://doi.org/10.3390/mca24020043
http://www.iam.fmph.uniba.sk/amuc/ojs/index.php/algoritmy/article/view/1577/829
http://www.iam.fmph.uniba.sk/amuc/ojs/index.php/algoritmy/article/view/1577/829
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[21] P.Buchfink, S. Glas, and B. Haasdonk. Optimal bases for symplectic model order reduction
of canonizable linear Hamiltonian systems. Proceedings of MATHMOD 2022. Vol. 55. 20.
2022, pp. 463-468. por: 10.1016/j.ifacol.2022.09.138
[> see Chapter 5

[22] P.Buchfink, S. Glas, and B. Haasdonk. Symplectic model reduction of Hamiltonian systems
on nonlinear manifolds and approximation with weakly symplectic autoencoder. SIAM
Journal on Scientific Computing 45.2 (2023), A289-A311. por: 10.1137/21M1466657
> see Chapter 7

[24] P. Buchfink, S. Glas, B. Haasdonk, and B. Unger. Model reduction on manifolds: A
differential geometric framework. Preprint. 2023. arXiv: 2312.01963 [math.NA]
> see Chapter 6

Outside the scope of the present thesis, the following publications were coauthored:

[25] P. Buchfink and B. Haasdonk. Experimental comparison of symplectic and non-symplectic
model order reduction on an uncertainty quantification problem. Numerical mathematics
and advanced applications ENUMATH 2019. Springer International Publishing, 2020.
DOI: 10.1007/978-3-030-55874-1_19
[> This paper compares different (non-)structure-preserving MOR techniques on sub-

spaces in a numerical experiment in the context of Uncertainty Quantification.

[77] R. Leiteritz, P. Buchfink, B. Haasdonk, and D. Pfliiger. Surrogate-data-enriched physics-
aware neural networks. Proceedings of the northern lights deep learning workshop 2022.
Vol. 3. 2022. por: 10.7557/18.6268
> This work investigates how physics-informed neural networks (PINNs) can be en-
riched with inexact data from other surrogate models like reduced-order models. The
novelty is how to transfer the error estimates from MOR to the training of PINNs such

that the inexact data is only trusted up to the error estimate.

[110] S. Shuva, P. Buchfink, O. Réhrle, and B. Haasdonk. Reduced basis methods for efficient sim-
ulation of a rigid robot hand interacting with soft tissue. Large-scale scientific computing.
Springer International Publishing, 2022, pp. 402-409. por1: 10.1007/978-3-030-97549-4_46
> In this publication, we apply different MOR techniques to a control problem from
soft tissue modelling. Very positively, the structure-preserving basis generation with
the PSD SVD-like decomposition gives the best results.


https://doi.org/10.1016/j.ifacol.2022.09.138
https://doi.org/10.1137/21M1466657
https://arxiv.org/abs/2312.01963
https://doi.org/10.1007/978-3-030-55874-1_19
https://doi.org/10.7557/18.6268
https://doi.org/10.1007/978-3-030-97549-4_46
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[23] P. Buchfink, S. Glas, and B. Haasdonk. Approximation bounds for model reduction on
polynomially mapped manifolds. Comptes Rendus. Mathématique (2024)
[> In this work, we introduce an analogue to the Kolmogorov n-widths for approxi-
mations based on polynomial embeddings. Moreover, we show that this quantity is

bounded by Kolmogorov widths from below.

[53] R. Herkert, P. Buchfink, and B. Haasdonk. Dictionary-based online-adaptive structure-
preserving model order reduction for parametric Hamiltonian systems. Proceedings of
Model Reduction and Surrogate Modeling (MORE 2022). 2024
[> In this publication, we formulate structure-preserving MOR for Hamiltonian systems

with a dictionary-based approach.

[54] R. Herkert et al. Randomized symplectic model order reduction for Hamiltonian systems.
Large-scale scientific computing. Springer International Publishing, 2024
[> In this publication, we investigate techniques from randomized linear algebra for
symplectic basis generation with the PSD complex SVD and the PSD SVD-like decom-

position.

[103] J. Rettberg et al. Port-Hamiltonian fluid—structure interaction modelling and structure-
preserving model order reduction of a classical guitar. Mathematical and Computer
Modelling of Dynamical Systems 29.1 (2023), pp. 116-148. po1: 10.1080/13873954.2023.
2173238
> This publication investigates structure-preserving MOR on subspaces for a port-

Hamiltonian formulation of a multiphysical model describing a guitar body.

[104] J. Rettberg et al. Improved a posteriori error bounds for reduced port-Hamiltonian systems.
Preprint. 2023. arXiv: 2303.17329 [math.NA]
[> In this preprint, we investigate two a posteriori error bounds, namely a hierarchical

error bound and an error bound based on a so-called auxiliary linear problem.

[108] H. Sharma et al. Symplectic model reduction of Hamiltonian systems using data-driven
quadratic manifolds. Computer Methods in Applied Mechanics and Engineering 417
(2023), p. 116402. por: 10.1016/j.cma.2023.116402
> In this publication, we develop structure-preserving MOR on manifolds for Hamilto-

nian system with quadratic embeddings.


https://doi.org/10.1080/13873954.2023.2173238
https://doi.org/10.1080/13873954.2023.2173238
https://arxiv.org/abs/2303.17329
https://doi.org/10.1016/j.cma.2023.116402
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1.4 Software

Within the scope of this thesis, different software frameworks have been implemented or

modified by the author. A chronological overview is given here:

+ Symplectic MOR in RBmatlab: An add-on for the existing open-source MOR library

RBmatlab (v1.16.09) was implemented to provide symplectic MOR, which is used for the
experiments of Chapter 3. Itis publicly available: https://doi.org/10.5281/zenodo.2578078
(last accessed 5-Dec-2023).

» Symplectic MOR & three-dimensional linear elasticity in pyMOR: Symplectic MOR was

implemented in the open-source library pyMOR [87] and a three-dimensional linear
elasticity model has been formulated via FEnics [71] for the experiments of Chapter 4.
The essential part of the code is included in pyMOR 2022.1. The contribution is docu-
mented in the release note: https://docs.pymor.org/2023-1-1/release_notes/all. html#
pymor-2022-1-july-21-2022 (last accessed 5-Dec-2023).

« Hamiltonian systems in python: For a supervised Bachelor’s thesis and the experiments

in Chapter 7, a collection of Hamiltonian systems was implemented in python. The
package is publicly available: https://github.com/pbuchfink/hamiltonian-models (last
accessed 5-Dec-2023).

« Structure-preserving MOR on manifolds in python: A software package for MOR on

manifolds was implemented in python using pyTorch [96]. It was used for the experi-
ments of Chapter 7. The package is publicly available: https://github.com/pbuchfink/

manifold-mor-wave (last accessed 5-Dec-2023).


https://doi.org/10.5281/zenodo.2578078
https://docs.pymor.org/2023-1-1/release_notes/all.html#pymor-2022-1-july-21-2022
https://docs.pymor.org/2023-1-1/release_notes/all.html#pymor-2022-1-july-21-2022
https://github.com/pbuchfink/hamiltonian-models
https://github.com/pbuchfink/manifold-mor-wave
https://github.com/pbuchfink/manifold-mor-wave

Part I
Symplectic MOR

on Subspaces and
Symplectic

Basis Generation






Fundamentals

In the following, we give a brief introduction to the fundamentals in order to understand our
contributions in the field of symplectic MOR on subspaces. The fundamentals include linear
algebra and calculus (Section 2.1), classical projection-based MOR (Section 2.2), symplectic

vector spaces and Hamiltonian systems (Section 2.3), and symplectic MOR (Section 2.4).

2.1 Linear Algebra and Calculus

We give a very brief introduction to our notation of linear algebra. For more details, we refer
to a basic algebra textbook like [65]. As the underlying field, we consider the real numbers R.'
In the following, we distinguish between coordinate representations in RY with bold letters
and general R vector spaces. This is slightly repetitive. However, this helps to understand
the parallels to the formulation on manifolds in Part IL

Consider N € N. An element v € R” is called a vector and A € RM*Y a matrix. Special
vectors are (a) the i-th unit vector e; = (0,...,0,1,0,...0)" € RY, for 1 < i < N, and
(b) the vector of all zeros 0y, ., € RY, while special matrices are (a) the matrix of all zeros
0,7« n € RM*N and (b), for M = N, the identity matrix Iy = [eq, ..., ey] € RV*N. For
vectors v € R and matrices A € RM*V
[v], € Rfor1 <i < Nand [A]ij € Rforl <i< M,1 < j < N. Slightly abusing the
notation, we use the same brackets for the inverse operation, i.e. for o; € Rwith1 <17 < N,

[%]i]\il € R" and for A €ERwithl <i <M, 1<j<N, [Aij] 1<i<m € RM*N Moreover,
1<j<N
we may stack vectors vy, ..., v, € RY and matrices M, € R ™ for 1 < i <[ to obtaina

, the components of v and A are denoted with

'Occasionally, vector spaces over the complex numbers C occur. In this case i € C denotes the imaginary unit.
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matrix [vy, ..., v;] = [v;]F, € RN *or [M,..., M| = [M,]}_, € RV*ios i, respectively.

=1
IRMXN

, the transposed is denoted with v’ € R

For a vector v € R” and a matrix A €
and AT € RV*M A matrix A € RV*N with AT = A is called symmetric. For vectors
v € RY, we may use the two-norm ||v|, := Vo7 v and for matrices A € R**¥ the Frobenius

norm |Allg = [>1<i<m|[A];|? = /trace (AT A) with trace (M) = N [M],, for
1<j<N

M c RV*N_ For matrices A € RM*Y, we may use the Python notation for slicing matrices
Al:,: n] € RM*™ to select the first n columns of A. For square matrices, we denote the
determinant with det (-) : RM*M 4 R,

In the scope of this thesis, we consider finite-dimensional vector spaces V over R, also
denoted as R-vector-spaces. The dimension of the vector space is denoted with dim(V). In
the following, we consider an R-vector-space of dimension N := dim(V). Each element
v € Vis called a vector and elements of the underlying field o € R are called scalars. For
a given (ordered) basis {v;}~ | C V, the span is denoted with V = span {v;}Y |. Moreover,
for a vector v = ZN \;v; the coordinates \; € R are collected in the coordinate vector
vi= [\ ] 1 € RY which we denote in the corresponding bold symbol which we refer to as
bold notation. Choosing a basis is equivalent to choosing a coordinate mapping as a linear

bijective map ¢ : V — R, which assigns a vector the corresponding coordinate vector, i.e.

basis formulation: v = Z Av; €V, v= (NN, eRY, 21
B 1

coordinate mapping formulation: v = go_l(’v) cV, wv=p) cR

We use the two formulations synonymously depending on the context.

The space of linear maps between two vector spaces V, V of dimensions N, N is denoted
with L(V; V). For given coordinate mappings ¢ and % of V and V, a linear map 4 € L(V; V)
is represented by its coordinate matrix A € RV*N with [A],; =[(podop) (e )] such
that for all v € R™: (¢ o Aop™!) (v) = Av. Special 11near maps are (a) the identity map
id : V = V, v i+ v with coefficient matrix Iy € RV*N if 3 = ¢, and (b) the zero map
zero: V — V, v = 0 € V with coefficient matrix Ony i € RV*N. A linear map is called a
(linear) isomorphism, if it is bijective. For an isomorphism A € L(V;V), its inverse is a linear
map A~! € L(V; V). For the special case of V = V, a bijective linear map is referred to as an
automorphism, which build the group of automorphisms of V GL(V) C L(V;V). Bijectivity of

a linear map is equivalent to the coordinate matrix being invertible, which we denote with
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A € GL(N,R). Since (-)" and (-)~! commute, we write A~ := (AT)_l = (A_l)T.
Afunctiona : VXV — Ris called a bilinear form if a is linear in both arguments separately.

We denote the space of bilinear forms as Bil(V). Its coordinate matrix is denoted as a € RV >

such that for all u,v € V: a(u,v) = a(¢ *(u),p }(v)) = u'av € R. A bilinear form is

called nondegenerate if
a(v,u) =0 YueV = 0v=0 (2.2)

or, equivalently, if the coordinate matrix a is invertible. A bilinear form g € Bil(V) is called
an inner product if it is symmetric (i.e. Vu,v € V : g(u,v) = g(v,u)) and positive-definite
(i.e. Vo € V\ {0} : g(v,v) > 0). We call the tuple (V, g) an inner product space. Moreover,
an inner product defines an induced norm ||, : V — R-y, v+ 1/g (v, v). The coordinate
matrix g € RV*Y is called the inner product matrix, and it is symmetric (g’ = g) and
positive-definite (Vv € RV \ {0y} : v' gv > 0). For an inner product matrix g € RYV*%,

1/2 ¢ RNXN s well-defined such that g = g1/2gl/2. The matrix

its matrix square root g
square root of an inner product matrix and its inverse are again symmetric and can be chosen
to be positive-definite. Thus, (g_1/2>T =g /2

For a vector space V with basis {v; }¥ | and corresponding coordinate mapping , a change
of basis can be performed to switch to another basis {7;}¥ | or, alternatively, to choose
another coordinate mapping ¢. The change-of-basis matrix B € GL(N, R) represents the
change of basis such that for all v € RY: (p o ¢ !)(v) = Bv = ©. The coefficient matrix of

a linear map A € L(V;V) transforms with A = B !'AB since
Au = (po Aoy )(u)=((pod )o(PoAod)o(Poy™'))(u) =B ABu,
the coefficient matrix of a bilinear form a € Bil(V) transforms with a = B'aB since

u'av = a(p™ (u), ¢ (v)) = a(@ ' ((Bop ™) (u), ¢! (Pop™)(v)))

= u'B'aBw,

which reflects the concepts typically referred to as matrix similarity and matrix congruence.
The dual space of V is the set of all linear functionals V* := L(V;R). It is a vector space

of dimension dim(V*) = dim(V) = N [65, Prop. 2.19]. As a linear function w € L(V;R),

T c |Rl><N

the coordinate matrix w is a row vector (which we indicate by transposing a
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column vector w € RY). For the sake of notation, we introduce the dual coordinate mapping
YV RN [(wo ™) (e;)] LKN which assigns a linear functional its coordinate
vector. This coordinate mapping is invertible since ¢ is invertible. Then, the dual product in
coordinates is w(v) = w'v € R.

If there is additional structure in the form of a nondegenerate bilinear form a € Bil(V), it
is possible to define an isomorphism b, € L(V;V*), v - a(-,v) [65, p. 115]. We denote the

inverse with #, := b_'. In coordinates, it holds for all v € V and w € V*

(V) = (1 oby o ™) () = [ale ™ (e;), 07 (v))] |,y =v'a’,

fa(w') =by'(w') = a lw.

A subset V C Vis called a (linear) subspace, if it is a vector space. Consider R-vector-spaces
V and V of dimension N and n < N. We call a linear map V € L(\v/; V) an embedding, if it is
linear and injective, such that it is an isomorphism on its image V(\V/) C V. Every subspace
V C V can be characterized by (i) an embedding V' € L(\v/; V) with V= V(\v/) or (ii) by
a reduced(-order) basis (ROB) {¥;}1<;<, C V with V = span {0;}1<i<p- For V = R", the
two characterizations relate by superposition V(x) = >_" | [Z], 0;. The coordinate matrix
V € RY*" of Vis referred to as the ROB matrix, the space V as reduced space, a coordinate
vector © € R™ as a reduced coordinate vector and V (v) € V a reconstructed vector. The reduced
space V can inherit structure from the full space V. Firstly, the so-called pullback (of a linear
functional) V* : V¥ — V*, w - w o Vdefines a reduced linear functional i := wo V € V*
on V which reads in coordinates @' = w' V' € R'*". Secondly, a bilinear form a € Bil(V)
defines a reduced bilinear form & := a(V(-),V(-)) € Bil(V), which reads in coordinates
a =V'aV € R such that a(?,%) = a(V(0),V(@)) = ©' V' aVu = ©'au. For a
given nondegenerate bilinear form a € Bil(V), we call a subspace Y compatible with a if the
corresponding reduced bilinear form a is again nondegenerate. If g € Bil(V) is an inner
product, this property is fulfilled automatically.

A linear map IT € L(V; §/) with IT o II = II is called a projection. Given an embedding
V € L(V;V), which characterizes the subspace ¥ = V (V) C V, and a nondegenerate bilinear
form a € Bil(V) such that ¥ and a are compatible (i.e. @ € GL(n, R)), we define the a-based

projection

I, 5:=VofzoV ob, € L(V; \N/) with I, = Va'V'a, (2.4)
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Figure 2.1: Projection to a subspace V C Vviaa nondegenerate bilinear form a € Bil(V)
tulfilling the compatibility condition.

see Figure 2.1. In the following it will also be interesting to consider V"1 o IT ai VY = v,
which projects a vector v € V to a reduced vector (V! o I, 5)(v) € V. For a given norm
I : V = R, we define the projection error e, : V. — Ry, v Hv — HG&(U)H.

For two given inner product spaces (V, g) and (V, g), an embedding V' € L(V;V) is called
orthogonal if g (V (@), V(%)) = §(i, ¥) for all &4, ¥ € V. For the ROB matrix, this condition is
equivalent to V' gV = §. The ROB matrix is said to have orthonormal columns if § = I,.
Moreover, for the case of g = I, the set V,(RY) := {V € R"*"| V'V = I, } of ROB
matrices with orthonormal columns is called the Stiefel manifold.

We consider two R-vector-spaces V, V with dim(V) = Nand dim(V) = N. For open subsets
U C V,U C V, we denote a (potentially nonlinear) mapping f : U — U in coordinates
as a bold symbol f := ® o f o !, Moreover, the space of k-times differentiable mappings
for k € N U {oo} is denoted with C*(U, V). For scalar-valued functions, we abbreviate
C*(U) := C*(U,R). For amapping f € C*(U,V), the derivative at u € Udfl, € L(V; V) is
c RVXN

a linear map from V to V. The coefficient matrix D fla, is called the Jacobian matrix.

The differential satisfies the chain rule, i.e., for three vector spaces V, \A/, V an open subset

U C V, and mappings f € C'(U,V),and g € C'(f(U),V), it holds for all u € Uand v € V

d(ge f)l, (v) = dgls, (df], (v) € V. (2.5)

For a curve v € C'(I,,V) defined on an interval I, C R, we denote its derivative with
%*y (t) := dv], by custom. The derivative of a scalar-valued function f € C*(V) is a linear
functional on V, i.e. df|, € L(V;R). Thus, it can be understood as an element in the dual

space V*. In that context, we refer to it as the gradient of [ V f|, € V" with Vf|,, = Df|l
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2.2 (Classical) Model Order Reduction on Subspaces

Essentially, the idea of projection-based MOR (for dynamical systems) is to project a high-
dimensional dynamical system to a low-dimensional, problem-specific subspace. To this
end, we introduce the high-dimensional dynamical system (Section 2.2.1), the projection of
a dynamical system to a subspace (Section 2.2.2) and data-based methods to identify low-

dimensional problem-specific subspaces with a basis generation technique (Section 2.2.3).

2.2.1 Full-Order Model (FOM)

In the scope of this work, we consider a general high-dimensional initial value problem as
full-order model of interest. Such systems frequently appear when PDEs are semi-discretized
in space, as discussed later in the numerical examples. In the following, z € V denotes a

point in V and z(+) : I, — V is used to indicate a curve (or trajectory) in V.

Definition 2.1 (Full-Order Model (FOM)): Given an N-dimensional R-vector-space V, a time
interval ) # I, = [ty, te,ql, @ parameter domain P C R™, an arbitrary, but fixed, parameter
vector p € P, a right-hand side f(-,-; ) : V x I, — V, which is Lipschitz continuous in the
first argument, and an initial value x,(p) € V, the solution of the full-order model (solution of
the FOM or FOM solution) x(-; ) € CY(I,,V) satisfies the initial-value problem (IVP)

Sa(t;p) = f(x(t;p), tp) €V VEEL, T(to; 1) = To(p). (2.6)
We call N the dimension of the FOM or the high dimension.

Remark 2.2 (Existence and uniqueness of FOM solution): We assume the right-hand side
to be Lipschitz in the first argument and the length of the time interval |t 4 — t,| to be small
enough, such that there the exists a unique solution of the FOM (2.6), see e.g. [46, Sec. 3.3].

Remark 2.3 (Solution via time integration scheme): In practice, the FOM is solved numerically
with a time discretization scheme. In this thesis, we consider time stepping schemes with a fixed
time stepping width At > 0 and (K + 1) € N time stepst,, = t, + kAt € I,, 0 < k < K,
teng = IKCAL. The numerical solution is denoted with x;, () ~ x(t,; p) € V.

Definition 2.4 (Linear (time-invariant) FOM): We call the FOM linear if the right-hand side
is affine in the first argument, i.e. there exists A : [, x P — L(V;V) andb : I, x P — V
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such that f(z,t; pu) = (A(t; ) (z) + b(t; ), where the coefficient matrix A(t; ) € RNV
is called the system matrix. We call the FOM linear and time-invariant if A(t; u) = A(p) and
b(t; u) = b(w) are constant in time.

Definition 2.5 (Flow of an IVP): Assume there exists M C V such that all solutions x(t; p; )
of the IVP (2.6) exist for x, € M. Then, the flow 0,(-; u) € C*(M,V) evolves the initial state
x, € M to the corresponding solution x(t; p; x,) such that 0,(xy; p) == x(t; p; x,).

Remark 2.6 (Other settings for FOMs): We note that the following techniques can also be
useful to solve other parametric, high-dimensional problems like systems of linear equations [48,
Ex. 2.8] as they may arise from the discretization of stationary PDEs. In the scope of this work,

however, we only consider high-dimensional initial value problems of the form (2.6).

Definition 2.7 (Set of all solutions): The set of all solutions is the set
S:={x(t;p) €V ‘ (t,p) € I, X P, x(t; p) is a FOM solution of (2.6)} C V (2.7)

which consists of all solutions of (2.6) over I, x P.

Remark 2.8 (Solution “manifold”): The set of all solutions is frequently denoted as the so-
called solution manifold. However, the set of all solutions is not necessarily a manifold (i.e.
locally homeomorphic to some RY, see Part II). The solution x(t; pu) might actually be arbitrarily
complex in the parameter p. This can be seen by following the idea in [48, Ex. 2.9] from the
context of reduced basis methods. Assume to be given a mapping y : I, x P — V such that
y(-;p) € CH(I,,V) for all u € P. This allows the mapping p +— y(-; ) to be arbitrarily
complex. Consider the FOM (2.6) with the right-hand side f(x,t; p) = %y(t; p) and initial
value x,(p) = y(ty; p). Then, by definition, x = y solves this FOM and the set of all solutions

forn, =1 is not a manifold if we e.g. choose y(t; ) = c(p) as a constant ¢(pu) € R for each

P
p € Psuch that p +— y(-; ) describes a self-intersecting line.

2.2.2 Projection-based MOR and Reduced-Order Model (ROM)

We assume that there exists a low-dimensional subspace Ve, dim(\v/) =n < N, (charac-
terized by a reduced space V and an embedding V' € L(\v/; V)) that approximates the set of all
solutions S C V well. The FOM solution z(-; 1) € C*(I,,V) is approximated with

x(t; p) ~ Z(t; p) == V(Z(t; ), (2.8)
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where we refer to (-; p) € C'1(I,,V) as the reduced trajectory and to Z(-; ) € C'(I,,V) as
the reconstructed solution. The reduced trajectory is determined from a dynamical system by
projecting the FOM dynamics on V. To this end, we insert the approximation (2.8) into the
FOM (2.6), which defines the residual

ril,x P =V, (tp) = SV(E(G ) — F(VE(R), tp) €V,

The reduced trajectory Z(-; p) is chosen to make the a-based projection (2.4) of the residual
onto V vanish for all (¢, ) € I, x P, i.e.

~

Vo 0= V"ol y)(r(tp) = Sitp) — (Vo IT, 5) (f (V(E( ).t 1) (2.9)

This defines the following reduced model.

Definition 2.9 (a-based Reduced-Order Model (a-ROM)): Assume to be given a FOM (2.6), a
nondegenerate bilinear form a € Bil(V), and an n-dimensional subspace Vcv (characterized
by a reduced space V and an embedding V € L(\v/; V)) such that a and V are compatible. The
solution of the reduced-order model (solution of the ROM or ROM solution) &(-; u) € C*(I,,V)
satisfies the IVP

Si(tp) = f(E(tp),tp) €V VEET, T(to; ) = To(p),  (2.10)

with the reduced right-hand side and the reduced initial value

f@ tip) = (V" o I o) (F(V(@),t; ) and Fo(p) o= (V" o I, ) (o(p))-  (212)

We refer ton as the dimension of the ROM or the reduced dimension.

The most popular approach is the Galerkin ROM, which uses an inner product as bilinear

form.

Definition 2.10 (Galerkin ROM (g-ROM), e.g. [115, Cha. 3]): Let (V, g) be an inner product
space. The Galerkin ROM (g-ROM) is a special case of the a-ROM (Definition 2.9) with a = g.

For computational efficient evaluations of the ROM (2.10), it still lacks another ingredient.
Although the ROM is of low dimension n < N, it will in general still be computationally

expensive to evaluate the reduced right-hand side (2.11) since it requires to evaluate the
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original right-hand side f and to perform the projection with V= o IT o9~ To obtain efficient
ROM:s, the concept of an offline—online decomposition is introduced and it is briefly discussed

how to achieve it.

Definition 2.11 (Offline-online decomposition): We call a ROM offline-online decomposable
if the computation of the ROM can be decomposed in two sequential phases: (i) a (possibly
computationally expensive) offline phase, which includes operations scaling with the high
dimension N, and (ii) an online phase which allows to evaluate the ROM for arbitrary parameter
vectors o € P while requiring only operations that scale with the reduced dimension n (i.e. no

operations scaling with the high-dimension N).

Remark 2.12 (Offline-online decomp. for parameter-separable, linear FOMs, e.g. [50]): We
refer to a linear FOM (see Definition 2.4) as parameter-separable if

na "
Altip) = ) 04, (A, € L(V;V) b(t; ) = Y Oy, (t 11)by, €V
qa=1 %=1
with the constant components of A (and b) A, € L(V;V) (andb,, € V) and the coefficients
of A (and D) 04, (t;p) € R, (and 0, , (t; 1) € R) forl < gy < ny (and1 < g, < my,
respectively). This system is offline—online decomposable by computing and storing the reduced

components of A (and b),

~ ~

A . Vfl o Ha’g/ ° AqA oV c L<§/7§/)7 b = (Vfl o Ha7§/)(bqb) - V,

qda

forl < g, <n,(and1 < q, < ny)in the offline phase and assembling the reduced right-hand
side f(Z,t; p) = (fi(t; u)) (%) 4 b(t; ) for a given parameter . € P in the online phase

na "
Altin) =) 04,0, (A, b(t: ) = Oy g, (8 )by,

qA:1 qb:l
which is independent of the high-dimension N ifn 4,n, < N.

Remark 2.13 (Hyperreduction): For (a) nonlinear or (b) affine but non-parameter-separable
contributions to the right-hand side, the (discrete) empirical interpolation method ((D)EIM) [7,
32] can be used to derive an approximation of the right-hand side, which is parameter-separable.

This, however, requires to be able to evaluate single components of the concerning terms efficiently.
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In the following two remarks, we briefly highlight two concepts important in MOR, which

are, however, outside the scope of this thesis.

Remark 2.14 (Intrusive and nonintrusive MOR): To assemble the reduced right-hand side
(2.11), access to the full right-hand side f of the FOM is required. In general, this needs access to
the governing equations, discretization, and the solver, which may be unavailable, e.g., when
working with commercial software. This is called an intrusive MOR technique. In contrast,

non-intrusive methods avoid accessing such information. For more details see, e.g., [13, 97, 98].

Remark 2.15 (Discretize-then-reduce vs. reduce-then-discretize): The projection of the resid-
ual (2.9) does in general not commute with the time integration scheme. In that regard, it has to
be differentiated if the projection is applied before or after time discretization. An example for the
latter is the so-called Least-Squares Petrov—Galerkin method [29]. In the present work, however,

we focus on projection-based techniques applied before time integration (reduce-then-discretize).

To conclude this subsection, we want to briefly discuss the fundamental assumption of
projection-based MOR that the set of all solutions (2.7) can be approximated sufficiently
accurate with a low-dimensional subspace V c V, dim (\7) = n < N. A quantity to measure

this property are the Kolmogorov n-widths:

Definition 2.16 (Kolmogorov n-width [66]): Let (V, g) be an inner product space with the
induced norm ||, : V = R, and let M C V be a subset. For a subspace V C V, we denote
the worst best-approximation error of M in V with d(M, V) := sup,c, inf, g |z — ul,. Then,
the Kolmogorov n-width

d (M):= inf d(M,V) (2.12)

Vev subspace
dim(V)<n

measures the theoretically optimal worst best-approximation error of M achievable by some
subspace V of V with dimension dim(V) < n.

The decay of the Kolmogorov n-widths is important for MOR, as it quantifies how well the
approximation based on an n-dimensional subspace V C V can be in the best case. Speaking
in mathematical terms, the maximal reduction error

(i) ~ (i)

ered,max = sup HLC(t, I“l’) - L%(t’ /'1’)Hg7 ered,max > d(S7 V) > dn (S) ’
(t;pm)el, x P
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for the FOM solution z(¢; 1) € S and a reconstructed ROM solution 7 (¢; p1) = V (&(t; 1)) € V
is bounded from below by the Kolmogorov n-width as (i) the worst best-approximation
error d(S,V) minimizes over all elements in V and (ii) the Kolmogorov n-width d,, (S)
minimizes over all possible n-dimensional subspaces of V. In this chapter, we assume that
the Kolmogorov n-widths decay sufficiently fast, so efficient MOR on subspaces is possible.

More details on this assumption are discussed in Section 6.1.

2.2.3 Snapshot-based Basis Generation

It is yet left open, how to choose the ROB. One class of basis generation techniques are
data-based basis generation techniques, which determine the reduced basis from given data.
A data-based approach for basis generation are snapshot-based techniques. Remember that
the central object of interest is the set of all solutions (2.7). The idea of snapshot-based basis

generation is to (approximately) sample the set of all solutions. Typically, a training dataset

P,

ain © Pwith |P,,;,| < oo is selected and the according numerical solutions z, () (see

Remark 2.3) are computed to construct the (training-)set of snapshots
X i={z,(n) eV |p€P,, 0<k<K}~S, (2.13)

where each element x} € X*® for 1 < i < ng := | X?®|is called a snapshot. For computations, it
is helpful to define the snapshot matrix X. := [x%]"* . € RY*" which stacks the coordinate
p i% S 1li=1

vectors of the snapshots in its columns.

2.2.3.1 (Time-Discrete) Proper Orthogonal Decomposition

The most prominent snapshot-based basis generation technique for a Galerkin ROM is the
Proper Orthogonal Decomposition (POD). It goes back to works analyzing structures in
turbulent flows [79, 111] and can nowadays be found in many textbooks on MOR, e.g. [11, 115].
In other fields the underlying principle of the method is also referred to as principal component
analysis [61], Karhunen-Loeve decomposition [63, 78], or Hotelling transformation [57].
We consider an inner-product space (V, g) with the induced norm Hv”ﬁ = H’UH; =v' gv.
The idea of POD is to choose an optimal subspace which reduces the g-based projection error

in the mean over all snapshots.
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Definition 2.17 (Proper Orthogonal Decomposion (POD), e.g. [115]): Given an inner product

space (V, g) and a snapshot set X° C V, the Proper Orthogonal Decomposition (POD) com-

putes a subspace YFOD . span {UPOD}" by identifying an orthonormal basis via the POD

(optimization) problem

nS
< PO . 2
VFOP = span {#,°P}" | = _ argmin Z’ 5.9 (2.14)
V=span {9, };* ; CV, i=1
g('u oy ) 3,5 for 1<i,j<n
For the ROB matrix V'OP = [’UEOD] i1 € € RN*", the POD problem in coordinates reads
VPP = argmin Z Iy = VV gz (2.15)
VeRM™ =1
Vigv=I,

As discussed in the following lemma, each POD problem (2.14) with an inner product
matrix g # I can be transformed with a change of basis to obtain a transformed inner

product matrix g = Iy.

Lemma 2.18 (POD problem in canonical coordinates): Consider a POD problem (2.14) with

an inner product matrix g # I . A coordinate transformation with the change-of-basis matrix

g'"? such that & = g'/?

g=(g71%) gg '

x yields by the transformation formula for bilinear forms (2.3) that

= Iy. Then, the POD problem in canonical coordinates reads

Vrop — argrznvm Z” (In— VVT)
VeRM™ =1
viv=r, -l

, (2.16)

) Xs|P
F

with the snapshot matrix in canonical coordinates X5 = gl/QXs, Solving (2.16) is equivalent to
solving (2.15) with VFOP = g'/2y/FOP,

Proof. The equivalence of the POD problems (2.15) and (2.16) follows from transforming all

~1/2

quantities with the coordinate transformation and using |||, = ||g a:”g

~

[(Ty—V VT

(]

_ Hg_l/2<IN—QI/ZVVT91/2>91/2$Z .

, = Iy VVTig)z]|

I =V'V=VigV. O

n
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Remark 2.19 (POD naming convention in literature): In literature, a slightly different naming
convention for the POD problems (2.15) and (2.16) is often used. What we refer to as “POD
problem in canonical coordinates” (2.16) is sometimes called “the POD (problem)” and the “POD
problem in coordinates” (2.15) is called the “weighted POD (problem)” (e.g. [115]).

The POD problem in canonical coordinates (2.16) can be solved with the so-called truncated

singular value decomposition (truncated SVD) of the snapshot matrix in canonical coordinates.

Theorem 2.20 (Solution to POD, e.g. [115]): Consider a singular value decomposition (SVD) of

the snapshot matrix in canonical coordinates

N ULUg. = Iy, o Q=
X _UERVL  wh X XTIV pg e
0, else

with the matrices U, € RYV*N, Vg, € R™*" stacking the left- and right-singular vectors in
their columns and the matrix X 5, € RN*"™s with the singular values oy > - > Omin(N,n,) = 0
in descending order on its diagonal. A solution of the POD problems (2.16) and (2.15) can be
derived by truncating the first n left-singular vectors of an SVD, i.e.

VPP = Vilin]  andthus VPP =g PVIP = g PV [ ).

Proof. See e.g. [115, Rem. 3.2.4]. ]

Remark 2.21 (POD functional in terms of singular values): Consider a snapshot matrix in
canonical coordinates X* € RN*™ with an SVD X® = VXSZXSU)TZS- From Theorem 2.20,
we know that VPP := V:l:,: n] is an optimal solution to the POD problem in canonical
coordinates. In this case, the POD functional can be expressed in terms of the singular values

with

min(N,n,)

2
:§ o?
F

i=n+1

H(IN _ yrPop (‘}POD)T> X

as the sum over the squared neglected singular values.

Remark 2.22 (Greedy basis generation): Yet, we did not discuss how to choose the training
parameters P, to define the snapshot set (2.13). The straightforward approach would be

sampling the parameter domain P C R"r equidistantly. For high-dimensional parameter spaces,
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however, this leads typically to a computationally expensive offline phase, as the number of
total sampling points grows exponentially with the dimension of the parameter space n, if each
dimension of the parameter space is sampled with the same number of points. The state-of-the-art
solution for this problem is the use of so-called greedy basis generation procedures (see e.g. [35,
36]). These techniques build the ROB iteratively and adapt the snapshot set in each iteration
based on a given error measure or error indicator. Most prominent for time-dependent problems
is the POD-greedy algorithm [49], which uses the POD in each greedy iteration to compress a
trajectory and to extend the ROB. It can be shown that an algebraic (or exponential) decay in the
Kolmogorov n-widths induces an algebraic (or exponential) decay of the approximation error in

the POD-greedy procedure [47]. We will discuss a greedy procedure in Chapter 4.

2.2.3.2 Time-Continuous Proper Orthogonal Decomposition

Later in this work, it will be helpful for a theoretical analysis to consider a time-continuous
formulation of the POD. We reproduce the method from [115, Sec. 3.2] in a non-parametric

setting.

Definition 2.23 (Time-continuous POD, e.g. [115, Sec. 3.2]): Given an inner product space

(V, g) and a solution trajectory z(-) € C*(I,,V) to the FOM (2.6), the time-continuous POD

computes a subspace tePoD . — span {EECPOD};L:l by identifying an orthonormal basis via the

time-continuous POD (optimization) problem

{/tcPOD ~tcPOD | N - Tron
\% = span {vi i1 = argmin
V=span {¥,}1* ; CV, to

g(0;, 0;)=08;; for 1<i,j<n

with an integration time Tpop € (tg,toq)- For the ROB matrix VPP ¢ RN*" the time-

continuous POD problem in coordinates reads

PPOD oo Trop _ T 2
= argmin Iy —VVTg)z(t)|,dt. (2.18)
Ve[Ran tO
VTQV:I” =Fpop(V';Trop)

Similarly to the time-discrete POD, an optimal basis can be derived via an eigenvalue
problem. To this end, we recall the following theorem, which is formulated in [115] for

semi-linear initial value problems with ¢, = 0.
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Theorem 2.24 (Solution of the time-Continuous POD, [115, Thm. 1.4.3]): Consider the unique
FOM solution x(-) € C*(I,,V) of (2.6). Then a time-continuous POD basis of rank n solving
the time-continuous POD problem (2.17) is given by the eigenvectors of the operator

TPOD
R:V =V, v / z(t)g (z(t), v)dt, (2.19)
to

corresponding to the n largest eigenvalues \{ > - > \,.

2.3 Hamiltonian Models

In the following, we want to consider FOMs (2.6) where the right-hand side has more structure
and describes a so-called Hamiltonian system. To this end, we give a brief introduction in
symplectic spaces and Hamiltonian systems (Section 2.3.1) and symplectic time integration
(Section 2.3.2).

2.3.1 Symplecticity and Hamiltonian Systems

In the scope of this work, we restrict to autonomous, canonical Hamiltonian systems. More
general cases are briefly discussed in Remark 2.31 and Remark 2.32. We introduce the concept

of a symplectic vector space and parametric Hamiltonian systems in the following.

Definition 2.25 (Symplectic form and symplectic vector space, e.g. [28]): LetV be a finite-
dimensional vector space over R. A symplectic form (onV)w € Bil(V) is a nondegenerate
bilinear form (see (2.2)) which is skew-symmetric (VYu,v € V : w(u,v) = —w(v,u)). The tuple

(V,w) is then called a symplectic vector space.

It can be shown that a symplectic vector space is necessarily even-dimensional [28] and
thus dim(V) = N = 2N for some N € N. The coefficient matrix w € R?Y*2¥ of the bilinear

T

form w is typically called a Poisson matrix. This matrix is skew-symmetric (—w' = w) and

invertible (w € GL(2N, R)).

Theorem 2.26 (Canonical basis, e.g. [28, Sec. 1.1]): For each 2N-dimensional symplectic vector
space (V,w), we can find a canonical basis {e;, f;}~ | such that forall1 <i,j < N

w(ei7fj> :_52'3'7 02‘“(62'76]') :w(fivfj>'
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For the canonical basis, the Poisson matrix is the canonical Poisson matrix® w = JJ;N with

\D;—‘\JJQN = Iy,

Oxry Iy T2
o= | VN TN | g REVX2N with N (2.20)
—Iy Ox.n Jondog = — Ly
Proof. See [28, Thm. 1.1]. ]

As described in Section 2.1, a linear map which conserves the inner products of the source
and target space is called orthogonal. Similarly, we call a function which conserves the
symplectic forms a symplectic mapping (or symplectomorphism) as described by the following

definition.

Definition 2.27 (Symplectic map and symplectic matrix): We consider two symplectic vector
spaces (V,w) and (V,®) of dimension 2N and 2n with 2n < 2N and with Poisson matrices
w € RPV2N gnd & € R¥2™ respectively. Let A € L(V; V) be a linear map. The map A is
R2Nx2n

called a symplectic map and the coordinate matrix A € is called a symplectic matrix if

the symplectic structure is preserved, i.e.,

€«

Vi, b eV o, ) = w(A), A(D)), or equivalently ATwA = &. (2.21)

A differentiable map f € C* ((v], V) on an open subset U C Vis called symplectic if the Jacobian

c [R2N><2h

matrix De| is a symplectic matrix for every i € U.

Definition 2.28 (Hamiltonian FOM): Given a symplectic vector space (V,w), a parameter
domain P C R™, a time interval O # I, := [t,,t..4] C R and a function #(-; u) € C*(I,).
The task of a (possibly parametric) Hamiltonian FOM is: for an arbitrary, but fixed, parameter
vector i € P and a given initial value x,(p) €V, find x(-; u) € C*(I,,V) such that

%x(t; ©) =14, (V%|($(t§ﬂ)§ﬂ)> eV Vvtel, x(ty; ) = zo(p). (2.22)

We refer toV as the phase space, to F(-; ) as the Hamiltonian (function), to the right-hand side
Xop(@; p) = 4,(VH),,.,,)) as the Hamiltonian vecior field and to the IVP (2.22) as Hamiltonian
system, which we denote as the triple (V,w, 7).

®Contrary to existing works in structure-preserving MOR of Hamiltonian systems, we speak of the symplectic
form w = ‘D;N instead of J, . In the following, this yields the same FOM and ROM as in the existing works,

but it helps to understand the more general case of noncanonical coordinates w # JJ;N.
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The Hamiltonian vector field in coordinates is Xg(x; ) := w 'VF|_. ,» which reads
in the special case of a canonical basis (see Theorem 2.26) Xg(x; p) := JoyV#,,. . In
the context of classical mechanics, the phase space V = Q X P consists of position states
q € Q of the configuration space and momentum states p € P which form together the
state z = (q,p) € Q X P. In the following, we may perform this splitting without explicitly

referring to it.
Lemma 2.29 (Important properties of a Hamiltonian FOM): For a Hamiltonian FOM, it holds:

1. the solution preserves the Hamiltonian over time, i.e.

H(x(t;m);p) = H(xo(p);p)  forall(t,p) € I x P,

2. the flow of a Hamiltonian system is a symplectic map.

Proof. See e.g. [51, Thm. V1.2.4]. []

Typically, the Hamiltonian #(-; p) is the energy of the system. Since this function is
preserved with Lemma 2.29, the class of Hamiltonian systems is favorable to model energy-
preserving systems. Such systems are present e.g. in classical mechanics [1, Sec. 3.8] or
quantum dynamics. Similarly, action principles might give rise to partial differential equations
which includes the wave equation, the Schrédinger equation, the Korteweg—de Vries equation,
the Euler equations, Maxwell’s equations [1, Sec. 5.5], the Vlasov-Poisson equations and
Vlasov-Maxwell equations [88]. With structure-preserving discretization methods like [17],

such systems can turn into a Hamiltonian FOM (2.22).
Definition 2.30 (Special Hamiltonian systems): We call the Hamiltonian

L quadratic if it is defined via a symmetric bilinear form H(-,-; u) € Bil(V) and a vector
h(p) € V with

(w3 1) = SH(w,w 1) + h(p),  FC(wsp) = 2o  Hwa+h(n)  (223)

and the resulting Hamiltonian system will be linear,
2. separable if the phase space isV = Q X P and the Hamiltonian can be split in two terms
%q('a N) < CI<Q>7 %p(') /'l’) € Cl(p) with

H((q,p)ip) =7, (1) + 7, (p; 1),
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where the functions 7 (-, p), 7 ,(-, p) are typically referred to as the potential energy
and the kinetic energy.

For a quadratic and separable Hamiltonian in coordinates (2.23), it holds

. 2N x2N NxN :
H(p) = blkdiag(H (p), H, (1)) € R H (n), H,(p) €R symmetric.

We consider autonomous Hamiltonian systems in canonical coordinates. The following

two remarks discuss how more general cases can be treated.

Remark 2.31 (Non-canonical systems): By Theorem 2.26, we can find a canonical basis for
every symplectic space, i.e., for a symplectic space (V,w) with a basis for which & # JJ;N, we can
find a change of basis such that w = JJ;N. Thus, the Hamiltonian system (2.22) is in literature
often w.Lo.g. considered only for w = JJ;N, Xo(x;p) = JonVFH,.,. A corresponding

change-of-basis matrix can be derived via the real Schur form, see e.g. [99, Rem. 3.8].

Remark 2.32 (Non-autonomous Hamiltonian systems, e.g. [82, Sec. 4.3]): The Hamiltonian
FOM (2.22) is autonomous since the Hamiltonian vector field does not depend on time. In a more
general setting of a time-dependent Hamiltonian #(-,-; ) = I, x V — R, the corresponding IVP
is called a non-autonomous Hamiltonian system. If the dependence on the time is continuously
differentiable, this case can be redirected to an autonomous Hamiltonian system (2.22) by
considering an extended phase space [70, Cha. VI, Sec. 10]. The construction in the framework of
structure-preserving MOR is discussed in [20, Sec. 2.4 and 2.5].

2.3.2 Symplectic Time Integration

As discussed in Remark 2.3, IVPs are solved with numerical time integration schemes in
practice. In order to preserve some of the special properties from Lemma 2.29 during the
time discretization, so-called symplectic time integration schemes can be used. A monograph
on this topic is the book [51]. We reproduce in the following a small excerpt on symplectic
one-step methods and in specific the symplectic Runge-Kutta methods. For the sake of

brevity, we suppress the parameter-dependence of the FOM (2.22).

Definition 2.33 ((Symplectic) one-step method): A one-step method (formulated for the
autonomous Hamiltonian systems (2.22)) is a numerical time integration scheme, which is based
on a one-step map 0, € C*(V,V) such that x;, = 0, (z,_,). A one-step method is called
symplectic if the one-step map is a symplectic mapping in the sense of Definition 2.27.



2.4 Symplectic Model Order Reduction on Subspaces 27

Definition 2.34 (s-stage Runge—Kutta method): An s-stage Runge—Kutta method withs € N
(formulated for the autonomous Hamiltonian system (2.22)) is a one-step method given by the

coefficients f3;, a;; € R, 1 <1,j < s, with the one-step map forx € V

O (@) =2+ ALY B, (2.24)
i=1
where w; € V solve the system of nonlinear equations for eachi € {1, ..., s}

S

0=w;, — Xy (a: + At ozijwj> evVv.
7=1

Definition 2.35 (Symplectic Runge-Kutte method, e.g. [51, Thm. V1.4.3]): An s-state Runge—
Kutta method is symplectic if the coefficients satisfy

Bz‘a/ij + BjOéﬁ = @ﬂj, forall 1 <i,j <s.

Example 2.36 (Implicit midpoint): A classical example for an implicit symplectic Runge—Kutta
method is the implicit midpoint rule with s = 1 and coefficients vy, = 1/2, 3, = 1 such that

0 ¢ ri(T) = @ + Atwy, 0=w; — Xy (x + %wl) . (2.25)

Remark 2.37 (Modified Hamiltonian): Although symplectic integrators preserve the symplectic
structure, the Hamiltonian in the time-discrete model might be modified compared to the original
Hamiltonian. For a quadratic Hamiltonian in combination with a symplectic Runge—Kutta inte-
grator, however, it can be shown that the modified Hamiltonian equals the original Hamiltonian.
Further details can be found in [76, Sec. 5.1.2 and 5.2] or [51, Cha. IX.].

2.4 Symplectic Model Order Reduction on Subspaces

Applying a classical g-ROM to a Hamiltonian system (2.22) will in general not yield a Hamil-
tonian system of reduced order (which is sometimes referred to as “losing the Hamiltonian
structure”). Consequently, this ROM will in general lose all interesting properties of Hamilto-
nian systems from Lemma 2.29. In [81, 99], symplectic MOR is introduced which is a reduction

technique that does yield a reduced Hamiltonian system. In this section, we briefly discuss
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special subspaces of symplectic vector spaces (Section 2.4.1), introduce the reduced Hamilto-
nian system (Section 2.4.2) and review symplectic basis generation techniques existing in the
literature (Section 2.4.3).

2.4.1 Special Subspaces

For inner product spaces (V, g), every subspace VCVis compatible with g. For a symplectic
space (V,w), however, not every subspace is compatible with w. Thus, we will discuss

different subspaces of a symplectic space in the following.

Definition 2.38 (Symplectic complement, e.g. [28, Sec. 1.3]): Let (V,w) be a symplectic vector

space. For an n-dimensional subspace Ve, its symplectic complement is
Ve = {u e V| w(u,v) =0 Vo e V}.

Remark 2.39 (Comparison of orthogonal and symplectic complement): Note that the def-
inition of the symplectic complement is reminiscent of the classical orthogonal complement.
However, the two objects behave differently. For orthogonal complements, we know Viny = {0}.

For the symplectic complement, however, this may not be case as we will see in the following.

Definition 2.40 (Special subspaces, e.g. [28, Sec. 1.3]): Let (V,w) be a symplectic vector space
with an n-dimensional subspace Vcv (characterized by a reduced space V and an embedding
V € L(V;V)). We refer to the subspace

« as a symplectic subspace, if V¥ NV = {0} or, equivalently, ifw(V (-), V(-)) € Bil(V) is

nondegenerate, which is exactly our definition of w being compatible with v,
« as an isotropic subspace, if V C V¥ or, equivalently, ifw(V (-), V(-)) € Bil(V) = 0,
« as a coisotropic subspace, if Ve cVor equivalently, if V¢ is an isotropic subspace.

Example 2.41 (Special subspaces from canonical basis, e.g. [28, Sec. 1.3]): Let (V,w) be a

2 N-dimensional symplectic vector space with a canonical basis {e,, fz}f\; 1 Then,
- span {e;, f;}I", is a symplectic subspace forall1 < n < N,
- span {e;}!" | is an isotropic subspace for all1 <n < N,

- span {e,;} ¥ | @ span{f,} is a coisotropic subspace.
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Proposition 2.42: Consider a 2N-dimensional symplectic vector space (V,w) and a subspace
Ve (characterized by a reduced space V and an embedding V € L(\v/; V)). If\~/ is a
symplectic subspace, then (%/7 W) is a symplectic vector space with the reduced symplectic form
&= w(V (), V() € Bil(V). It holds dim(V) = dim(V) = 27 for some 7.

Proof. Skew-symmetry of & = w(V(-), V(-)) € Bil(V) is inherited from w. Nondegeneracy
of & is the definition of the symplectic subspace. ]

(Co)isotropic subspaces are examples for subspaces of V for which the symplectic form w is
not compatible with V. The compatibility has to be assumed during the basis generation. In
coordinates, the compatibility condition “w(V'(-), V(-)) € Bil(V) nondegenerate” is equiva-
lent to the condition that the representing matrix is invertible, i.e., V' wV € GL(n, R). Since
there exists a canonical basis for every symplectic basis, this is equivalent to find a basis such
that V'wV = \D;n- We will see this cond_ition later on in_the basis generation. For w = JJ;N,
the symplectic Stiefel manifold Sp(2n, R?*N) := {V € R2V*2n | VTJJ;NV = J,_} is defined
in parallel to the Stiefel manifold from Section 2.1.

2.4.2 Symplectic MOR

By Section 2.4.1, a symplectic subspace Vcvis compatible with w. This allows us to use the

a-based projection (2.4) for a = w and define the corresponding projection error and ROM.

Definition 2.43 (Symplectic projection (error)): Let (V,w) be a symplectic vector space of
dimension 2N andV C V a symplectic subspace of dimension 2n with the reduced symplectic

form &. The a-based projection (2.4) with a = w defines the symplectic projection

We refer to the a-based projection error with a = w as the symplectic projection error.

Theorem 2.44 (Symplectic Galerkin ROM (w-ROM), [81, 99]): Consider a 2N-dimensional
symplectic vector space (V,w) with a 2n-dimensional symplectic subspace Vcv (characterized
by a reduced space V and an embedding V' € L(\v/; V)). By Proposition 2.42, V and w are
compatible. An a-ROM (see Definition 2.9) with the nondegenerate bilinear form chosen asa = w
applied to a Hamiltonian FOM (2.22), results in a reduced Hamiltonian system (@, w, ?E) with
the reduced Hamiltonian % (- p) == F(V (-); ) or in coordinates FE€ (&; p) = F(V; ). If
the basis of V is canonical then VT wV = \Dgﬁ. We refer to this as the symplectic Galerkin ROM.
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Proof. For the sake of a better overview, we skip the parameter-dependence in this proof.
Since Vis a symplectic vector space, w is compatible with Y (and thus w is nondegenerate,
and we can use b, and ). Due to linearity of the embedding V € L(V;V), it holds for its
derivative dV|(0) = V(). Then, it holds with the chain rule (2.5) for all %, v € v

V| (0) = d(H V)| () = A7y () ( dVla('D)) = (V' (V%)) (©)  (226)
=V ¥y =V(9)

Thus, the reduced right-hand side

2 -\ (210)

- . - . (2.26) -
F@) =" (80 Vb, X (V@) =t (V* (VHly5)) = s (VH],)
=V#|yz)
is the Hamiltonian vector field X; of the reduced Hamiltonian system (§/, w, ?Z) ]

The w-ROM uses V' o IT A V to project the right-hand side to the reduced space Y
(see Definition 2.9). In coordinates, this operation is & 'V 'w, which is for & = J;ﬁ and

T L + . T T 3
w= “DzN known as the symplectic inverse V" := J,. V J2N-

Remark 2.45 (w-ROM for noncanonical Hamiltonian system): The original formulation
of symplectic MOR [81, 99] is formulated in canonical coordinates for both the FOM and the
ROM. The presented formalism directly extends this idea to noncanonical coordinates. A similar
approach has been discussed in [80]. However, our formulation directly relates to the idea of
the POD in canonical coordinates from Lemma 2.18 that the canonical coordinates are just a

coordinate transformation as we will see in the subsequent section.
Remark 2.46 (Preservation of stability): An w-ROM preserves stability in the following sense:

« In [99, Sec. 3.9], the authors prove that if the initial value x, € V is contained within a
neighborhood U C V for which for all points x € OU on the boundary the energy is strictly
lower # (x) < # (x,) or strictly higher # (x) > # (x,) than the energy of the initial
value, then the FOM and ROM are both uniformly bounded for all times t.

« In [99, Thm. 3.10] and [81, Thm. 7], it is proven that Lyapunov stable points x, € V are
preserved, if these are included in the reduced space x, € V. We comment on such stability

result in Section 7.1 in the more general case of MOR on manifolds.

Note however that the symplectic inverse (-)*

should not be confused with the Moore—Penrose pseudo inverse
which we will later denote with (-)T.
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Remark 2.47 (Non-intrusive symplectic MOR via Hamiltonian operator inference): An
approach for non-intrusive (see Remark 2.14) symplectic MOR has been introduced in [109]. In
that work, the additional structure of a Hamiltonian system helps (a) to give the equations more

interpretability, and (b) to guarantee stability (especially for long-time prediction).

2.4.3 Snapshot-based Symplectic Basis Generation

As discussed in Section 2.2.3 with the classical MOR, we use a snapshot-based basis generation
technique to determine a basis spanning the subspace V. Symplectic MOR, however,
requires a symplectic subspace for the compatibility of V and w. Thus, the POD can in general

not be used for basis generation and an alternative approach is required.

2.4.3.1 (Time-Discrete) Proper Symplectic Decomposition

For the generation of a symplectic basis, the Proper Symplectic Decomposition (PSD) was
proposed in [99]. The PSD chooses the basis to minimize the symplectic projection error (see

Definition 2.43) in the mean over all snapshots.

Definition 2.48 (Proper Symplectic Decomposition (PSD)): Consider a symplectic space (V,w)
with an inner product g € Bil(V) and an induced norm |||, : V — R.,. Given a snapshot
set X® C 'V, the Proper Symplectic Decomposition (PSD) computes a symplectic subspace

VPSP = span {€§SD, ESD}?:l by identifying a canonical basis via the PSD (optimization)
problem
nS
{/PSD . SPSD  7PSD | . 2
{PSD . span{ei f; }izl = ~ argmin Z’xi — 11, y(z3) . (2.27)
V::span{éi,fi}?zlc\/, =1

forlgi)jgﬁ: w(éz) fj)z_ém and
w(é;, éj):w(fia fj):O
For the ROB matrix VP = [[éPSD]h (7P ] € R2N"2" the reduced symplectic form in

7 =1’ 7 =1
coordinates is w = \JJ;_L due to the construction of a canonical basis and thus the PSD problem in

coordinates reads

nS
VvESD — argmin Z H(IN — VJ2hVTw)m§|\§ . (2.28)
VG[R2N><273. i=1
Viev=J,_
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As indicated in Theorem 2.26, a canonical basis may be chosen for all symplectic vector

spaces. The next lemma shows how the PSD problem looks in canonical coordinates.

Lemma 2.49 (PSD problem in canonical coordinates): Consider a PSD problem (2.27) for a
symplectic vector space (V,w) with a noncanonical Poisson matrix w %+ ‘D;N‘ A coordinate
transformation with the change-of-basis matrix Q exists by Theorem 2.26 with * = Qx such
that the Poisson matrix @ = Q 'wQ ! = JJ;N in the new coordinates is canonical. In the

transformed coordinates the PSD (problem) in canonical coordinates, reads

nS
VPP = argmin g
VeRNn =1
T 0T xr— 7T _V+
Vi V=al.

2
(2.29)

(Iy—V JznVTJJT )&
-,_/

g

with the snapshots in canonical coordinates *} = Qx; for 1 < i < ng and the inner product
matrix g = Q™' gQ ™. Solving (2.29) is equivalent to solving (2.28) with VPSD — QV™P.

Proof. The equivalence of the PSD problems (2.28) and (2.29) follows from transforming all

quantities with the coordinate transformation and using |z ; = HQ_1:B||g

(L — V 35, V0] )

= [l Iy — QVI,VTQTI )
= H I,y — VJJ%VTw)w;Hg
Jy =V V=VQJ QV=VwV. O

Remark 2.50 (Standard formulation of PSD): Both, Definition 2.48 and Lemma 2.49, are
already extended formulations compared to the approaches presented in literature. The standard
formulation of the PSD is formulated in canonical coordinates (2.29), while it is additionally

assumed g = I, 5. This case is also considered in the remainder of the thesis.

In contrast to the POD problem, however, no general solution procedure is known to the
PSD problem. In the following, we present symplectic basis generation techniques known in

literature.

Definition 2.51 (Solving PSD in canonical coordinates in restricted sets, [99]): Alongside
the PSD (in canonical coordinates for g = I, ), [99] introduces two symplectic basis generation

techniques, which optimize the PSD problem on restricted sets:



2.4 Symplectic Model Order Reduction on Subspaces 33

« PSD cotangent lift (PSD CL)

MCL = {

« PSD complex SVD (PSD c¢SVD)

M syp = {

Optimal bases for PSD CL and PSD ¢SVD can be derived with the (complex) SVD of modified

snapshot matrices [99]. Concluding this section, the following two remarks each introduces

b Oan] c [R2Nx2ﬁ

& c RV*" cquiIn},

0]\7><7"1

® v
v ¢

c |R2N><27_L QS,W c RNX”FL)

T =0'p,
S S+Tw=1 |

a further strategy for symplectic basis generation.

Remark 2.52 (Greedy procedure based on symplectic Gram-Schmidt, [81]): A greedy sym-
plectic basis generation procedure was introduced in [81]. It chooses in each greedy iteration
the vector with maximal projection error and applies a symplectic Gram—Schmidt procedure
to obtain a pair z;, )] _z, € R2N to enrich the ROB. After n greedy iterations, this results in

2N?

the symplectic ROB matrix V. = [[z,]7_,, [J;Nzi " |- We discuss more details on symplectic

greedy basis generation in Chapter 4.

Remark 2.53 (Basis generation via optimization on manifolds): A series of work [8, 9, 38—
40] considers generating a symplectic ROB by optimizing the PSD functional (with g = I,5)
iteratively with techniques from optimization on manifolds with gradient-descent methods. The
advantage of these techniques is (i) that the constrained optimization problem (2.29) on R2Nx27n
becomes an unconstrained optimization problem by confining the solution to the symplectic Stiefel
manifold Sp(2n, |R2N), and (ii) that they do not restrict to a subset of Sp(2n, |R2N), which enables
them to potentially find a global optimum. All these methods are based on geometric formulations
that determine an optimization algorithm based on different metrics and different retractions.
Roughly speaking, the metric determines how elements are projected, while the retraction updates
the iterates with a computed search direction. The work [39] lays the foundation by analyzing
the geometry of the symplectic Stiefel manifold and uses the so-called canonical like metric. In
contrast, [38] uses the standard Euclidean metric (which is the Frobenius inner product (-, )z on

the ambient space [IQ2NX2ﬁ). With this choice, the underlying optimization problem is naturally
linked to the nearest symplectic matrix problem: Given A € R*N*2"_ find X € Sp(2n, R?Y)
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such that | X — Al is minimized. In [9], the optimization is carried out on the so-called
symplectic Grassmann manifold (based on work in [8, 39]), which respects that different ROBs

might yield the same symplectic subspace. Lastly, in [40], the authors use a modified retraction
that is based on the so-called SR-decomposition.



Non-Orthonormal,
Symplectic Bases

Generation

We investigate a new symplectic basis generation technique. Firstly, we identify the classical
symplectic basis generation techniques from Definition 2.51 and Remark 2.52 to generate a
symplectic orthonormal basis. Secondly, we introduce the PSD SVD-like decomposition, a
basis generation technique which, in general, generates a symplectic, non-orthonormal basis.
In numerical experiments, we compare the basis generation techniques and show that the

newly introduced method produces more accurate ROMs. This is an adaptation of [20].

3.1 Orthosymplectic Basis Generation

In this section, we characterize orthosymplectic basis generation techniques and show that

the techniques from Definition 2.51 and Remark 2.52 are of this type.

Definition 3.1 (Orthosymplectic ROB (matrix), [81]): An ROB and the respective ROB matrix
V € R2N>2% gre called orthosymplectic if the ROB is symplectic and orthonormal, i.e. the ROB

matrix Vis (i) symplectic and (ii) has orthonormal columns
QD VTINV =J,. and (i) V'V =1,..

In order to get a better understanding of orthosymplectic ROB matrices, we give the
following characterization. It shows that orthosymplectic ROB matrices are of a special
structure and that orthosymplectic ROB matrices are exactly the ROB matrices for which the
symplectic inverse equals the transposed. This characterization extends the results given e.g.
in [95] for square matrices Q € R2N*2N 14 the case of rectangular matrices V' € R2Nx2n

Partially, this was also addressed in [99, Lem. 4.3.].
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Lemma 3.2 (Characterization of a symplectic matrix with orthonormal columns): The
following statements are equivalent for any matrix V. € R*V*2n
(i) Vis orthosymplectic,

(ii) there exists E € RZN*T sych that

V=I[E J, E|=VgeRN* EE=I, EJyE=0,, (@

(iii) V is symplectic, and it holds V' = VT,

Proof. “(i) = (ii)”: Let V € R2V*27 be an orthosymplectic matrix, which we split in two
blocks E, F € R2N*" with E = [e,, ..., e, ] and F = [f,, ..., f.] such that V = [E F.
The condition of symplecticity of the matrix reads in terms of X and F'and their columns for
all1 <4,j<n

(3.2)

VI,gV = {ET%NE ETJ]zNF} _ e; Jone; = f Janf; =0,
2NY —

F'J,nE F'ynF o —fiT\ﬂzNej = eiT\D2ij = 04
The orthonormality of the columns of Vis characterized by

e;ej = 0,5, fl.Tfj = 0;j-
For a fixed i € {1,...,n}, we can show with J];NJJM, = I, that J, 5 f; is of unit length
1=9¢;= finq; = fi—r‘ﬂ—ng‘DZNfi = ||Jszi|’§-

Both vectors e; and J,xf; are of unit length while 1 = e/ Jonf;. In the Cauchy-
Bunyakovsky-Schwarz inequality holds as an equality, € Jo 5 f; = |€;]5 [Jonf;

5, if and
only if the vectors are parallel or one vector is zero. With e J,5f; = 1, we thus infer
e; = Jynf;, which is equivalent to f;, = J;Nei. Since this holds for alli € {1,...,n}, we
conclude that F' = J;NE and thus V'is of the form proposed in (3.1).

“(il) = (iii)”: Let V'be of the form (3.1). Direct calculation shows that V'is symplectic

VTV — E'J,yE E'E |y |04, I, Iy
2N —E'E E'J,yE —I. 0 e

n nxn
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Thus, the symplectic inverse V' exists. Moreover, direct calculation shows that it equals the

transposed V' "

E' —E" 5558 E'
VE=0, Vg =Jdg | T Jon = N =V
E Jyn E JyN E Jy5

“(iiiy = (i)>: Let V be symplectic with V" = VT, Then, we can show that V has

orthonormal columns with

I,=V'Vv=V'V. 0

We proceed by showing that the classical symplectic basis generation techniques from

Definition 2.51 and Remark 2.52 exclusively restrict to the class of orthosymplectic ROBs.

Lemma 3.3 (Orthosymplectic basis generation): The Cotangent Lift (CT), Complex SVD
(cSVD) and the symplectic greedy procedure all determine an orthosymplectic ROB matrix since
the ROB matrices of those methods can be rewritten as Vg = [E JJ;NE], with different choices
for E:

P P
_ CT _ | Pesvp _
Eqr = E s = ) Egreedy = [z, -, 23],

0N><h

SPCSVD

where

(i) Der, Posyns Pesyn € RY*™ are matrices that fulfil
T T T T T
PorPer = I, PogypPesvp + YesypPesvp = Ly PesypPesvp = YesypPesvns

which is equivalent to ETE = I, and E' J,5E = 0,, ., for Ec and E qyp,
(ii)) z4,..., 2, € R2N are the basis vectors selected by the greedy algorithm.

Proof. All the listed methods determine a symplectic ROB of the form Vy = [E JJ;NE]
which satisfies (3.1) with the respective E from the list above. By Lemma 3.2, these ROBs are
all orthosymplectic. [

Remark 3.4 (Optimal orthosymplectic ROB): It can be shown that the PSD complex SVD
computes an optimal solution of the PSD in the set of orthosympletic ROBs (see [20, 99]).
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From the perspective of classical MOR, the restriction to an orthonormal basis is not
restricting since we can find an orthonormal basis for every subspace V C V. Fora symplectic

subspace however this is not true as the following lemma shows.

Lemma 3.5 (Orthonormalizing a symplectic basis): Consider the symplectic vector space
(V,w) and inner product g. For a symplectic subspace Vcv (characterized by a reduced space Vv
and a symplectic embedding V € L(V;V)) with a canonical basis {e;, f;}? |, we can in general

not find a change of basis forg/ to obtain an orthosymplectic basis.

Proof. It holds VTJJ;NV = JJ;L due to canonical symplecticity of the basis. Assume there

exists a change-of-basis matrix B € R?"*?" such that V =VBis orthosymplectic, i.e.

Jpr =V'I, V=BV VB=B"J, B, (3.3)
:J];
I, =V'gV=B"VgVB. (3.4)

The first equation shows that the change-of-basis matrix B is necessarily symplectic. With

det (\ﬂ;ﬁ) = 1, we conclude

1 =det (J]) 2 det (BT0]_B) = det (BT) det (J]. ) det (B) = det (BT) det (B)
=1

and thus

) 2 4et(BTVTgVB) = det(BT) det(B) det(V gV) = det(VTgV).

=1

n

However, we can find a symplectic basis with det(V 'gV') # 1, e.g. forg = I, 5, v € R\ 0

- o O

1 0
VS [0 1+72]’ det (VIV) =14+ #1.

o o o
)

This is a contradiction and thus not every symplectic basis is orthonormalizable. [
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3.2 Symplectic, Non-Orthonormal Basis Generation

Essentially, Lemma 3.2 limits an orthosymplectic ROB matrix V'to be of the form (3.1) which
leaves only half of the basis for optimization in the PSD functional. This sparks the research
question, if there are basis generation techniques which are able to generate symplectic,
non-orthonormal ROBs. We refer to such techniques as a symplectic, non-orthonormal basis
generation technique. In the present section, we present a new non-orthonormal basis genera-
tion technique that is based on the SVD-like decomposition from [117]. Firstly, we reproduce
this decomposition from [117]. Secondly, we present theoretical results which link the value
of the PSD functional with the “singular values” of the SVD-like decomposition, which we

call symplectic singular values.

Theorem 3.6 (SVD-like decomposition [117]): Each real matrix B € R2N*! can be decomposed
as the product B = SDQ of a symplectic matrix S € R**2N g sparse (potentially non-

diagonal) matrix D € R2V*! gnd an orthogonal matrix Q € R with

p g p I-2p—¢q
>0 0 0 7
0O I O 0 q
H_l0 0 0 0 Nepa | X, = diag(of, ...,a;) € RP*P, 335)
0 0 X, 0 » o;>0 forl <i<p,
0O 0 O 0 q
L0 0 O 0 1 N—p—q

with p,q € N and rank(B) = 2p + g, where the dimensions of the blocks in D are denoted by
small letters. This decomposition is referred to as SVD-like decomposition. We call the diagonal

entries 02, 1 <1 < p, of the matrix X symplectic singular values.

The idea is to define a symplectic basis generation technique based on the SVD-like
decomposition of the snapshot matrix by selecting n € N pairs of columns of S to obtain a
symplectic ROB matrix V € R2V*2%In order to decide which columns should be selected,
the following lemma links so-called weighted symplectic singular values to the Frobenius

norm of a matrix.
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Proposition 3.7: Let B € R2N*U yith an SVD-like decomposition B = SDQ withp,q € N

from Theorem 3.6. The Frobenius norm of B can be rewritten as

ptq s\/ 2 - 2 .
a8 5+ IIsveils, 1<1<p,
i—1 Isills p+1<i:<p+gq,

where s, € R2N is the i-th column of S for 1 < i < 2N. In the following, we refer to

{wit1<icprq a8 the weighted symplectic singular values.

Proof. With the SVD-like decomposition B = SDQ), the Frobenius norm reads
IB|z = |SDQ)|3Z = |SD| = trace(D' ST SD)

p q p
s\2 T T s\2 T _
(Ui) S, 8; + E :Sp+i8p+i + E (%) SN4iSN+i
i=1 =1

-
I
—

I
.Mﬁ

-
I
—

q
(092 (15313 + Isxeil3) + > llspilly »
=1

where we use that @ is orthogonal. []

Definition 3.8 (PSD SVD-like decomposition): For a given snapshot matrix X € R2N 7,
consider an SVD-like decomposition X, = SDQ withp,q € N as in Theorem 3.6. The PSD
SVD-like decomposition chooses the ROB matrix

V=Is c R2Nx2n

ip0 9 Si 1 SNtiyr 3N+iﬁ]

to stack the n pairs of columns of S = [s, ... Syx| based on n indices

Loy i={iy, ..., 15} *= argmax (Z (wj)2> (3.7)
ZC{17“-ap+q} 1€L
7]=n

with the largest weighted symplectic singular values w; from (3.6).

The specific choice of the ROB matrix in the PSD SVD-like decomposition is motivated
by the following lemma which is very analogous to the result in Remark 2.21 known for the

classical POD in the framework of orthogonal projections.
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Theorem 3.9 (PSD functional): LetV € R2N*2 be an ROB matrix constructed with the PSD
SVD-like decomposition with the index set Tpsr, C {1,...,p + q}. Then, the PSD functional

[(Iy — VVHX} = Z (w$)?, (3.8)

ie{l,...,p+qN\Ipsp

equals the cumulative sum of the squares of the neglected weighted symplectic singular values.

Proof. For a snapshot matrix X € R2V*" with an SVD-like decomposition X, = SDQ,
let V € R2V*2" he an ROB matrix from the PSD SVD-like decomposition with the index
set Tpsp = {iq, ., C {1,....,p + ¢} from (3.7). For a cleaner notation, we define two
selection matrices Ilpsn € [RQNXﬁ, Ilgs% € R2V*2% gych that for 1 <a<2N,1<B<n,

l, a=i,€e1l
L ’ 1] PSD» L T
(IIPSD>a75 T {O else III?S% i [IIPSD7 ~D2NIIPSD]7

which allows writing the ROB matrix with V' = ST 127 Moreover, it holds

I] 0. —I | |I] J,x5
+ _ T 7T I Tpsp o nxn n Ty W 2N | _ T
IZZﬁ - \DQﬁII%\ﬂQN - ‘J]Qﬁ [IT j] ] JJZN - [ T 0 ] [ _PSIT - II%'

PSD PSD - _ PSD
Lpsp = 2N nxn Tpsp

Using the orthogonality of Q, symplecticity of S, the weighted symplectic singular values w}
from (3.6), and, in the last step, that the term in the braces sets all rows of D with indices ¢

and N + i to zero for all i € Ty, the PSD functional reads

2
Ly — VVH X2 = ‘(12 5= Sl 33,1, ST 9,5 SDQ|
=Jox
T 7T T 2
_ ‘ Sy — Iz I3:T 1o 505 NS)DHF
_ 7t 7T
I
2
_ _ 7T _ s\ 2
_ ‘S <12 N 1135%1%) D| = Yo () O

ie{1,...,p+q\Ipsp

The computational steps of the new method are concluded in Algorithm 3.1, which is in
the notation of MATLAB®. The function [S, D, Q, p, q] =SVD_like_decomp(X) computes

an SVD-like decomposition (3.5), while the unused matrix @ is replaced with ~.
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Algorithm 3.1: PSD SVD-like decomposition in MATLAB® notation.!

Input: Snapshot matrix X, € R2N*"s_ size 27 of the ROB

Output: Symplectic ROB matrix V' € R2AVx2R
1 [S, D, ~,p,q] < SvD_like_decomp(Xj) [> compute SVD-like decomposition
2 0° < diag(D(1:p, 1:p)) [> extract symplectic singular values
37 < sum(power(S, 2), 1) [> squares of the 2-norm of each column of S
4 w® « times(o®, sqrt(r(l:p)+r(N + (1:p)))) > w,...,w)
5 w' [ws, ’I“(p—i— (1 : q))] [> append w. sympl. sing. val. w;H,...,w;ﬂ
6 [~, Ipsp| < maxk(w®, n) [> find indices of 7 highest w. sympl. sing. val.
7 V < 8(:, [Tpsp, N + Ipsp)) [> select columns with indices Tpgy and N + Ipg

Remark 3.10 (Computation of SVD-like decomposition): The literature offers multiple meth-
ods to compute an SVD-like decomposition of B: In [117], a factorization of B" J, B is used, in
[116] an implicit version is formulated which avoids the computation of the full product B' J, B,
and [2] is based on a block-power iterative method. Here, we use the implicit approach [116].

3.2.1 Interplay of Non-Orthonormal and Orthonormal ROBs

To compare the PSD SVD-like decomposition with the orthosymplectic basis generation
techniques, we present two bounds on the respective PSD functional. In both cases, we
require the basis size to satisfy i < N or 2n < N, respectively. This restriction is not limiting
in the context of symplectic MOR as in all application cases n < N. The fundamental
theorem in these bounds is the Orthogonal SR decomposition, which is introduced first.

Theorem 3.11 (Orthogonal SR decomposition e.g. [27, 117]): For each matrix B € R2N !

with [ < N, there exists an orthosymplectic matrix Sgz € R?N 2N

, an upper triangular matrix
R, € R and a strictly upper triangular matrix Ry, € R which characterize the orthogonal

SR decomposition

_ Rll | T T
B—S O(N—l)xl . [S \DT S] Rll SSR_ [81’ v'SNv\J]2N817 7\D2N'SN7
— ~SR - l oN l ’
Ry, Ry Sl = [81’ ’Sl]
L O(N—)x1_

'The algorithm is adapted from [20].
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The first bound relates an orthosymplectic basis with the POD by proving that there exists
an orthosymplectic basis which requires at most twice the number of basis vectors to obtain
an orthogonal projection error smaller or equal to the classical POD. A similar result has been

presented in [100, Prop. 3.11]. In comparison, we are able to improve it by a factor of 1/2.

Proposition 3.12 (Estimate POD with orthosymplectic PSD): LetV & R2NX" be g minimizer
of POD withn < N basis vectors and let Vy € R*N*2" be a minimizer of the PSD in the class
of orthosymplectic ROBs with 2n basis vectors, i.e. twice as many basis vectors as V. Then, the

orthogonal projection errors of Vi and V satisfy
[(Lex = VeVE) X[E < [(Ly = VVT) XJf.

Proof. Let V ¢ R2N*7 be a minimizer of POD and V = Scqr 7 Bsg an SR decomposition of
it with Sz 5, *= [Sp, J, Sl € RV and Rg; == ([Ry;, R}])' € R?™ ™ Since both
matrices V'and S ;, have orthonormal columns and colspan(V') C colspan(Sgy ;,), we can

show that Sg 5, yields a lower orthogonal projection error than V' with

e = Ly = SsaSGs) (Bow = VVT) X[

< ”IQN - SSR,T‘LSSTR,hui H<I2J\7 o VVT) XSHI%

H(IzN_ SSR,?LST

SR, 7

) X,

<1

< Ly —VVT) X[

Let Vg € R2V*27 be a minimizer of the PSD in the class of orthosymplectic ROBs. Since
both ROBs are orthosymplectic and V; is assumed to be optimal, it yields a lower projection
error than Sgy ; and thus

I(Ly = VVT) XJE > |[(Lon — Sorn S

SR,h) X E >||(Iy — VEVE) XSHE : ]

The second bound shows that for a given (potentially non-orthonormal) minimizer of PSD,
an orthosymplectic ROB requires at most twice the number of basis vectors to achieve the

same or lower symplectic projection error.

Proposition 3.13 (Estimate PSD with orthosymplectic PSD): We assume that there exists a
minimizer V. € R2N*2% of the PSD for a basis size 2n < N with potentially non-orthonormal

columns. Let Vi € R4 be g minimizer of the PSD in the class of orthosymplectic bases of
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size 4n, i.e. twice as many basis vectors as V. Then, we know that the symplectic projection error

of Vi is less than or equal to the one of 'V i.e.
[(Zon = VeV X [r < [[(Ly = VV X

Proof. The proof works analogously to Proposition 3.12. ]

3.3 Numerical Experiments

The numerical experiment investigates the performance of different (structure-preserving)
MOR techniques for a parametric Hamiltonian equation obtained from semi-discretization of

a PDE for linear elastodynamics.

3.3.1 Full-Order Model

Linear elasticity, in general, can be described by a Lamé-Navier equation (sometimes also

described as Navier—Cauchy equation)

Poma (6.t 1) — piy Aq(€,t, 1) + (A + ) Ve (dive (g€, 8, 10))) = po g(&.1)

complemented by appropriate boundary conditions, where £ € (2 denotes the spatial variable
in the domain 2 C R?, ¢ € [t,, t.ng) the time, p;, € R. the density, p = (A, 1) € RZ
the so-called Lamé parameters, V. the gradient, A, the Laplacian, div, the divergence, and
g: 2 X [ty,t..q) — R? an external body force. We use non-dimensionalization (see e.g. [72,
Cha. 4.1], [18, Sec. 2.2 and 5.1.3]) to obtain a dimensionless formulation. Without external
body forces, i.e. g(&,t) = 0,4, the system can be understood as a parametric Hamiltonian
PDE [85, Ex. 3.2] with
0
Dyq(t,& ) = ( 5y 0o u]) (t, & ),

5H
Op(t, &) = — ( 52DE [q,p;u]> (t, &),

Foonlapisal = [ poll3 + (ol . elab e,
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Figure 3.1: The beam model with exaggerated displacements at the time with maximum dis-
placement (gray) and at the final time ¢ 4 (blue). This figure is taken from [20].

end

with the stress and the strain tensor
1
ola; b] = Ay trace (cla]) T, + 2meld] € B2, <lg] = & (Vea + (Vea)) € B2

In particular, we model a cantilever beam clamped on the left side with a time-dependent
force applied to the right boundary (see Figure 3.1) by choosing a rectangular domain {2
together with zero Dirichlet boundary conditions on the left boundary, forced Neumann
condition on the right boundary, and otherwise zero Neumann conditions. We inspect the

model for different material parameters
p=(\,p) €P=[35-10°125- 109 N/m? x [35 - 10,83 - 10°] N/m?,

which vary between cast iron and steel with approx. 12% chromium ([90], App. E 1 Table 1).
Fixed model parameters are p, = 7856 kg/m? ¢, = 0s,t_4 = 7.2- 107 2s.

For discretization in space, we use a triangular mesh and the Finite Element Method
(FEM) with piecewise linear Lagrangian ansatz functions (see e.g. [37]). This results in a

non-autonomous Hamiltonian system with a quadratic separable Hamiltonian (2.23)

. q(tvl"') _ K(H’) ONXN . _f(t7/-1’)
o(t,p) = Lo(t,u)]’ H(p) = |:ONXN Ml}’ h(t,p) = [ 05, ] (3.9)

with the displacements q(¢, p) € RY, the conjugated momenta p(t, ) € RY, the stiffness
and mass matrix K (u), M € RY*", and the vector of external forces f(t, ) € R". For

time integration, we use the implicit midpoint rule with n, = 151 time steps.
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method reduced-order basis (ROB) matrix orthonorm. sympl.

POD full V=U(,1:2n) v X
U = left-svd(X|)

POD separate V = [Uq<:’ L:n) Onn B v X

0N Up(:,1: 1)

U, = left-svp ([qy, ., q, )
U, = left-SvD ([pl, ,pns])

PSD cSVD V=[E(1:n) J) E(:1:n) v v
E = , @+ 1¥ = left-csvD (C)
C,=lq, +ipy;---,q, +ip,]

sympl. greedy V =[E(:,1:n) JJ;NE(:, 1:n)] v v
FE from greedy algorithm (Remark 2.52)

PSD SVD-like V = [Sz‘la---»sz‘h73N+i17---’3N+ih] X v
S =[sy,..., 89| from (3.5)

Table 3.1: Basis generation techniques relevant in the numerical experiments of Chapter 3,
where MATLAB® notation is used to denote the selection of columns and left-SvD(-) and
left-cSVD(+) denote obtaining the left-singular-vectors from SVD and the complex SVD,
respectively. This table is adapted from [20].

3.3.2 Experiments

In four experiments, we investigate (i) the preservation of the Hamiltonian (Section 3.3.2.1),
(ii) the ROB quality on the training data (Section 3.3.2.2), (iii) the symplecticity and orthonor-
mality of the ROB (Section 3.3.2.3), and (iv) the ROM quality on test data (Section 3.3.2.4).
The considered MOR techniques are summarized in Table 3.1. Two different POD methods
are considered: POD full state applies the POD applied to the full state x(t, p), while POD
separate states builds a POD basis for the displacement g(¢, pt) and linear momentum states
p(t, ) separately. The symplectic greedy uses the modified symplectic Gram—Schmidt
procedure with re-orthogonalization [3] to obtain an orthosymplectic ROB in each iteration.
In order to compute snapshots for the basis generation, we choose nine different training

parameter vectors 4 € P, C P on aregular grid. Thus, the number of snapshots is

rain

ng =9 - 151 = 1359. The resultant ROMs are evaluated for 16 random parameter vectors
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Figure 3.2: Evolution of the reduced Hamiltonian for POD separate states for a selected parame-
ter vector (A, ) € P. This figure is adapted from [20].

that are distinct from the nine training parameter vectors as a generalization experiment. The
size 2n of the ROB Vis varied in steps of 20 with 2n € {20, 40, ..., 280, 300}. In total, this
results in 15 different basis sizes, which are investigated for each of the 16 random parameter
vectors p € P, C P, which results in 240 reduced simulations for each MOR technique.

The numerical experiments are implemented in RBmat lab', which is an open-source library
based on the proprietary software package MATLAB®. The experiments can be reproduced
with the add-on for RBmatlab 1.16.09 provided in [19].

3.3.2.1 Preservation of Hamiltonian over Time

The ROMs obtained from symplectic MOR are Hamiltonian systems and thus preserve the
quadratic Hamiltonian over time (see Lemma 2.29 and Remark 2.37), which is one big advan-
tage of this MOR technique. In the present experiment, we briefly validate this preservation
of the Hamiltonian numerically for a beam model with external forces f(t; ut), which are
constant in time. We observe that all PSD methods from Table 3.1 preserve the Hamiltonian
over time, while the POD methods show a non-constant Hamiltonian. We exemplify this
non-constant evolution in Figure 3.2 for one selected test parameter vector (A, 4) € Pand
three selected basis sizes 2n with a basis generated with POD separate states. This shows
that PSD methods are energy-preserving while the POD methods not necessarily do so.

In what follows, we consider a more complex system with a time-dependent forcing f(¢, p),

which results in a non-autonomous beam model.

'https://www.morepas.org/software/rbmatlab/
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Figure 3.3: Left: Projection error (3.10). Right: Decay of the (symplectic) singular values (2.20),
(3.5), and (3.6). This figure is adapted from [20].

3.3.2.2 ROB Quality Based on Training Data

In order to quantify the approximation quality based on the training data, we compare the
projection error and the respective singular values. As projection error, we consider the error

on the training data collected in the snapshot matrix X, i.e.

POD: W' =V",

e, (27) = |(Lyy — VWX P,
L, (20) = [|(Ln )X PSD : W' = V(= V "for orthosympl.).

(3.10)

Figure 3.3 (left) shows the projection error (3.10). For all basis generation techniques, we
observe an exponential decay of the projection error for an increasing ROB size, which is
an indicator that MOR can be applied to this model. As expected from theory, POD full
state yields the lowest projection error. The newly introduced PSD SVD-like shows a lower
projection error than the other symplectic methods for 2n > 80 and yields a similar projection
error for 2n < 60. This supports the assumption that the PSD SVD-like has more freedom
to adapt to the data than the other symplectic basis generation techniques. Based on the
projection error solely, the full-state POD is expected to yield the best approximation of the
FOM data. Figure 3.3 (right) displays the difference between the singular values o, from
(2.20), the symplectic singular values o7 from (3.5), and the weighted symplectic singular
values w? from (3.6). The weighted symplectic singular values are sorted by the magnitude
of the non-weighted symplectic singular values. The non-monotonic, zigzagging behavior of

wj shows that the weighting, indeed, influences the order in which the modes are selected.
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Figure 3.4: The orthonormality (left) and the symplecticity (right) from (3.11). This figure is
adapted from [20].

3.3.2.3 ROB Quality in Terms of Structure

Next, we investigate the structural properties of the ROBs. We check the orthonormality and
the symplecticity of the respective ROBs numerically with

ov(20) = |[VTV =Ly, sy(28) = |[ILV IoyV — L. (3.11)

In Figure 3.4, we show both these values for the considered basis generation techniques and
sizes 2n of the ROB. The orthonormality of the ROBs (Figure 3.4, left) is as expected from
theory: All MOR techniques compute an orthonormal ROB except for the PSD SVD-like.
For the symplectic greedy, a minor loss in the orthonormality is observed for an increasing
ROB size which, however, is known as an issue of the modified symplectic Gram-Schmidt
procedure with re-orthogonalization [3]. The results for the symplecticity of the ROBs
(Figure 3.4, right) are also in accordance with the theory. All PSD methods generate a
symplectic ROB, while the POD methods do not. The symplecticity slightly degenerates
for PSD SVD-like with higher reduced dimensions 2n, which is assumed to stem from
the algorithm used to compute an SVD-like decomposition. However, in the following

experiments, no major impact on the reduction quality is observed.

3.3.2.4 ROM Quality

Finally, we investigate how the different ROMs perform on test data by examining 16 test

parameter vectors pu € P, ., which are distinct from the training parameter vectors (general-

est>
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Figure 3.5: Statistics of the reduction error (3.12) over 16 test parameter vectors p € P, for
different sizes 2n of the ROB and different MOR techniques.

ization experiment). We investigate the relative reduction error

T R V2 2
o) J S lwe(p) — Vi ()3 612

>t Ik ()13

with the FOM solution x, (p) € R2V, the ROM solution & (1) € R*™, and a test parameter

vector i € P, ;.. The statistics of the relative reduction error e, over all 16 test parameter

vectors are displayed in Figure 3.5 with box plots. The visual elements of a box plot are: The
box (25%- and 75%-quantile), a dash in the box (median), whiskers (denoting the range of
data points which lay within 1.5 times the interquartile range (IQR)), and crosses (outliers
that are outside the IQR). Errors above 10° = 100% are truncated. Figure 3.5 (left) shows that
the non-symplectic MOR techniques yield high errors and strongly non-monotonic behavior.
For nearly each basis size 21, one of the 16 test parameter vectors produces a ROM with a
relative error above 100%. Overall, none of these methods is able to produce a reliable ROM.
Figure 3.5 (right) displays the same error for the symplectic MOR techniques. In contrast
to the non-symplectic methods, all symplectic methods show an exponentially decreasing
error. Moreover, the IQR of the box plots is remarkably small, which indicates that these
methods generalize very well to unseen parameters and yield a reliable ROM. The highest
error observed for the orthosymplectic methods is 1.11% and for PSD SVD-like 0.11%. The
PSD SVD-like shows a reduction error approximately one order lower consistently for all

considered ROB sizes. This again supports the claim that the PSD SVD-like adapts better to
the data than the orthosymplectic methods.



PSD-Greedy Symplectic

Basis Generation

As discussed in Remark 2.22, greedy basis generation methods are standard for parametric,
time-dependent problems with high-dimensional parameter spaces. This motivates to derive
a symplectic greedy technique, which is the subject of this chapter. We call the new method
the PSD-greedy. It is based on the ideas of the POD-greedy algorithm (Remark 2.22) and
complements the existing symplectic greedy approach (Remark 2.52): Like the POD-greedy,
we compress whole trajectories in each iteration of the greedy algorithm. In order to preserve
the symplectic structure, however, we use a symplectic instead of an orthogonal projection.
The advantages of our formulation in comparison to the existing symplectic greedy approach
[81] are twofold: (i) It is known for the non-structure-preserving case [45, 49] that stagnation
issues may appear if single snapshots of maximum projection error are selected in each greedy
iteration (as in the existing symplectic greedy) instead of considering whole trajectories in each
greedy iteration (as in our formulation). Moreover, (ii) our approach works in combination
with any symplectic basis generation technique, while the existing symplectic greedy relies
on an orthosymplectic basis generation. Thus, we are able to use the PSD SVD-like from the
previous chapter with the new PSD-greedy formulation, which leads to improved accuracy

in the numerical experiments. The following is adapted from [26].

4.1 Formulation of PSD-Greedy

In this section, we introduce the new PSD-greedy. The PSD-greedy is an iterative algorithm.
In each iteration 7 of the algorithm, the current ROB matrix V/ is extended greedily with
basis vectors from the worst-approximated parameter. As a first step, we characterize how to

extend a symplectic basis with additional basis vectors in a structure-preserving way.
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Lemma 4.1 (Symplectic extension): For two given symplectic matrices V. € R*N*2"v gnd

W e R2N2'w the matrix stacking the 2ng; 1= 2ny,+ 20y, columns of V.and W with

I, 0 0 0]
Vx27 0 0 I. 0 o
U:=[V,WIPcR¥N*?v  Pp= v € R¥w* 2w (47)
o I. 0 0
w
0 0 0 I,
W_.

is a symplectic matrix if and only if the symplectic projection of V on W vanishes or vice versa,
WV = 0455 x2ny, or VIW = 04 vy (4.2)
Proof. Since Pis of full rank, symplecticity of U is equivalent to
Ty - T _ T
PU J,sUP = PJ,y, P

by multiplying with Pand P from left and right. Both of these terms can be rewritten to

v VoV VId W
PU I, UPT = | |0y [V W] = | 72 o
177 W,V WTdy W
- (4.3)
PJJQFL PT — \D2ﬁv 02nv><2nW:|
v _02ﬁw><2ﬁv ‘DQﬁW

If symplecticity of Vand W is assumed, then the terms for the two parts in (4.3) on the

diagonal are equal. Thus, symplecticity of U is equivalent to
W I8V = 095 xoiny, (4.4)

Multiplying (4.4) (or the transposed of it) with J];ﬁ from the left is equivalent to the symplectic
projections (4.2). ]

Note that the construction of U in Lemma 4.1 relies on gluing two matrices Vand W. In
general, linearly dependent columns may occur in this step. However, under the assumptions
of Lemma 4.1, the resulting matrix U is guaranteed to be symplectic and thus the columns of

the glued matrix U are linearly independent.



4.1 Formulation of PSD-Greedy 53

We continue to introduce the new symplectic basis generation technique, the PSD-greedy.

We assume to be given the following building blocks (BB):

(BB1): An error indicator A (-, -) : RZN*27 o P (V,pn) = A(V, w) that estimates the
approximation quality of a given ROB matrix V and a given parameter vector pu.
Possible choices are the projection error of the snapshots, the actual reduction error

(which requires running ROMs during the greedy procedure), or an error estimator.

(BB2): A symplectic basis generation technique V' = PSD (R) which generates ROB matrices
from R € R*M*™ such that

a) Vis a symplectic matrix,

b) colspan (V) C colspan (R), i.e. Vis in the range of the given data matrix R.

(BB3): The permutation matrix P € R*"v**"U from Lemma 4.1 for different sizes 2,

which is why we denote the different sizes as a subscript with P,;, .

Based on these building blocks, the PSD-greedy is presented in Algorithm 4.1 as Python
pseudocode. The goal of the algorithm is to compute a symplectic ROB matrix V; witha

maximum of ¢ greedy iterations. The inputs are (a) a finite parameter set M C P, (b) a

max
target error tolerance 7,,; > 0 and (c) a snapshot generation algorithm X : M — R2N (k)
which generates a snapshot matrix X () for a given parameter p where the number of
snapshots () might vary with p. In each greedy iteration i, the PSD-greedy determines
“greedily” the parameter vector p;, € M with maximum error via the error indicator from
(BB1). The symplectic basis generation technique from (BB2) is then applied to the residual
R, from Line 5, which projects the snapshot matrix X () such that contributions from the
previous ROB matrix V,_; are eliminated. Finally, the output of the PSD is then concatenated
with the basis of the previous iteration with the symplectic extension matrix from (BB3). In
the first iteration of the algorithm, the ROB matrix V|, € R2N*0 i empty. All terms linked to
V,, are neglected, i.e. set to zero, when the error indicator in Lines 2 and 4 is evaluated and the
residual in Line 5 is computed. We do not restrict how many basis vectors are added in each

iteration. The simplest choice is to add a fixed number An, = --- = An, ,An, :=n,—n, 4,

max

of basis vectors in each iteration. More adaptivity is obtained if the module PSD (-) chooses

the number of basis vectors in each iteration based on the given residual.
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Algorithm 4.1: PSD-greedy’

Input: Finite parameter set M C P, error tolerance r,; > 0, snapshot-generation

algorithm X : M — R
c R2Nx2n

imax, number of iterations 7,

Output: Symplectic ROB matrix V;
Vy [], 14 0; ng=0 [> start with empty ROB matrix
2 while3p e M : A(V,, p) >, do

[

3 1+—1+1
& K, < argmaXuEMA (‘/;—17 p’)
5 Ri < (IQN— ‘/z’fl‘/z‘tl)Xs(ll’i) [> compute residual w.r.t. previous basis
6 V;.eXt < PSD (Rz) [> compute extension
7 n; < n;_; + Size(‘/;eXt, _1)/2 [> update basis size
8 V, [V;_l Vth]PQﬁ, [> extend ROB matrix 'symplectically', see (4.1)
9 end
|10 Unax < ¢

In the remainder of this section, we prove that Algorithm 4.1 indeed computes a symplectic
ROB matrix.

Lemma 4.2 (Symplecticity of one iteration): For a given matrix X € R2N*"x gnd g given

symplectic matrix W € R2N*27w  the extended matrix
U:=[W VP with V™ =psp(R) e RN*v  R=(I,y— WW)X,

is a symplectic matrix.

Proof. With Lemma 4.1, it is sufficient to show W' J, V! since W and
V! are symplectic matrices by assumption. Due to assumption (b) from (BB2), there exists

a matrix C € R"x*?"vet guch that we can express V™' = RC. With the identity

= OQﬁWXZ’FLVext
T + T T T (2.21) T T (2.20) vx T
W' J,sWW™ =W \DzNW\DzﬁWW Jony = JJ%WJJ%WW Jon = W' sy,
it indeed holds

WTJ]2NVeXt = WT\DQN(IZN - WW+)XC’ = Ozﬁwx%vm- H
'The algorithm is adapted from [26].
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~0.6
2 1072

Figure 4.1: Discretized fusiform-muscle-shaped domain (2 in blue and boundary traction
(Neumann values) as dark red arrows. This figure is taken from [26].

Theorem 4.3 (Symplecticity of ROB matrix generated by PSD-greedy): The ROB matrix
computed by the PSD-greedy (Algorithm 4.1) is a symplectic ROB matrix.

Proof. We prove the statement by induction over the greedy iteration . The induction basis
holds for i = 1 since the ROB matrix V; = V™ is symplectic by assumption (a) of (BB2). The
induction step is proven by Lemma 4.2: It shows that all ROB matrices V; in Algorithm 4.1 are
symplectic matrices (with X = X (u;), W =V,_ |, V¥ =V P=P,.  U=V,). O

2n;>

4.2 Numerical Experiments

4.2.1 Full-Order Model

As FOM, we consider linear elasticity (see Section 3.3.1) with a three-dimensional physical
domain 2 C R? that is shaped like a so-called fusiform muscle (see Figure 4.1). An external
force is applied in axial direction on the right boundary of the muscle. The parameter
vector pu := [Ap, fi, Fray) € R2, varies the Lamé parameters (A, 44 ) and a parameter

for external forces F, ., while the parameter domain is based on the parameters given in

[62] with \| € [6e4, 1.2e5] N/m?, p; € [6e3, 1.22e4] N/m? F,. € [0.49, 5.89] N. The
density p, = 1059.7 kg/m” is fixed and the considered time interval is I, := [0, 0.5]s. For
spatial discretization, we use FEM with 1920 first-order Lagrangian elements, which results
in a non-autonomous Hamiltonian system of the same structure as (3.9). For symplectic
integration, we use the implicit midpoint rule (see Section 2.3.2) with n, = 1000 time steps.
The experiments are implemented in the MOR framework pyMOR [87] in combination with
the FEM library FEnics [71].
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Greedy MOR technique abbreviation ortho. sympl. ref.
POD-greedy with PODg v X [49]
Hg, as inner product matrix
Based on symplectic Gram—-Schmidt sGSg v v [81]
PSD-greedy with PSD (-) submodule:
PSD Complex SVD PSD ¢cSVD v v [99]
PSD SVD-like decomposition PSD SVD-like X v [20]

Table 4.1: Greedy MOR techniques used in the experiments classified by orthogonality and
symplecticity. This table is taken from [26].

4.2.2 Experiments
The approximation quality of four different greedy basis generation techniques is compared:

« the POD-greedy (POD) with Hy, as inner product matrix,
« the newly introduced PSD-greedy from Algorithm 4.1 based on two different symplectic

basis generation techniques as (BB2):
- the PSD Complex SVD (PSD, c¢SVD) from Definition 2.51 and
— the PSD SVD-like decomposition (PSDg SVD-like) from Definition 3.8
« the existing symplectic greedy approach (sGS;) from [81] (see Table 4.1 for a summary).
A 4 x 4 x 4 Cartesian grid on Pis used as training set M C P. In each greedy iteration
2An,; = 2 vectors are added. The termination condition is set to leave the greedy algorithm
after i,,,, = 30 greedy iterations, which results in a maximal ROB dimension of 2n; = 60.

In order to compare the approximation quality of these four techniques, we use the

Ly(1,, R2N) norm with a H, -weighted norm in space

23, 4 = / l2(t)3, dt, e, = (@) Hyal(?),
It

where the integral over time is approximated with the composite trapezoidal rule and the
weighting matrix Hg, = H (ug, ) is fixed with pg, := (80690, 8 966, 3.83) € P.
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Figure 4.2: Maximum absolute reduction error over 64 parameter vectors in M used for the
greedy training in dependence on the greedy iteration i. This figure is taken from [26].

We compare the absolute and the relative reduction error

eabs,i(/"’)

o)l

eabs,i(#’) = ”w(? M’) - ‘/;:iz(7 M’)“LZ,HﬁX ) erel,i(#’) : ) (45)

with the FOM solution x(t, ) € R2N, the ROB matrix V., e R2N*27: and the ROM solution
&,(t, ) € R*™ at the i-th greedy iteration. As error indicator (required in (BB1)), the absolute
reduction error A(p, V;) = e, (1) is used for all investigated greedy basis generation
methods. We present two experiments which investigate (a) the training and (b) how well

the trained models generalize to parameter vectors that are not included in the training set.

4.2.2.1 ROB Quality Based on Training Data

The results of the training are shown in Figure 4.2 with the maximum absolute reduction error
(4.5) over all 64 training parameter vectors ¢ € M in dependence on the greedy iteration .
This is exactly the error that is computed in Line 4 of Algorithm 4.1 (and comparably for the
other greedy methods) to decide which parameter is used to enrich the basis. Note that this is
an error which uses ROMs with the current ROB matrix V; already during the training phase.
We observe for the POD that it is not able to produce meaningful ROMs and thus the absolute
reduction error does not decay. The symplectic greedy methods all construct ROMs for which
the absolute reduction error decreases below 10>, The PSD; cSVD seems to stagnate at
1073, The best method is the PSD SVD-like, which yields errors below 10~%. This matches
the observations from the previous sections that the PSD SVD-like decomposition does not

constrain the basis to be orthogonal which allows it to adapt to the data faster.
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Figure 4.3: Statistics of the relative error over 100 random test parameter vectors for different
ROB sizes 2n,;. This figure is taken from [26].

4.2.2.2 ROM Quality

Now, we investigate how well the ROBs constructed by the greedy algorithms generalize to
100 random parameter vectors ;o € P\ M that are not included in the training set. Figure 4.3
visualizes for each considered MOR technique the statistics of the relative reduction error
(4.5) of ROBs trained with ¢
2n,; = 21

indicate the minimum and maximum relative error. The results are as expected from training:

€ {2,4,...,30} greedy iterations resulting in an ROB size

max

max € 14,8, ...,60}. Box plots are used for the visualization, where the whiskers
Firstly, the POD does not produce meaningful ROMs and yields high errors. Secondly, the
symplectic methods are able to reduce the error below 100%, where the PSD, ¢SVD stagnates
between a relative reduction error of 10% and 1% and the PSD; SVD-like yields the best
models. Especially for low ROM sizes 2n, € {8,12,16}, the PSD; SVD-like has a notable
advantage over the other methods. For example with ROB sizes 2n; > 12, the median of the
relative error of PSD SVD-like is always below 1% relative error which occurs for sGSg
with 2n; > 32. This means, the new PSD SVD-like is able to reduce the ROB size by a factor
of 2.6 compared to sGS; while achieving the same relative error. This supports the claim
that the PSD SVD-like decomposition produces ROBs which can better adapt to the data.



Optimal Symplectic
Basis Generation for

Canonizable Systems

As a last symplectic basis generation technique, we discuss a provably optimal basis in the
special case of a so-called canonizable linear Hamiltonian system with a periodic solution.
To this end, we derive for this specific case the eigenvectors of the time-continuous POD
from Section 2.2.3.2 and show that these build automatically a symplectic basis for a specific
choice of the integration time 7pn. With this result, we are able to show that this basis is
also an optimal solution of a time-continuous PSD functional. A numerical experiment for
the linear wave equation validates the theoretical findings numerically by investigating the

symplecticity of the constructed basis. The following is adapted from [21].

5.1 Canonizable Linear Hamiltonian Systems

In this section, we introduce canonizable (linear Hamiltonian) systems. Furthermore, we
present a transformation from linear Hamiltonian systems to a canonizable system which we
refer to as energy coordinates. For the sake of brevity, we consider a parameter-independent

formulation.

Definition 5.1 (Hamiltonian(-positive) matrix [10]): A matrix A € RZN*2N s called Hamil-
tonian, if there exists a symmetric matrix G € R*N*2N with A = J,5G. The matrix is called

Hamiltonian-positive, if additionally G' is positive-definite.

Definition 5.2 (Canonizable matrix): We call a matrix A € RZNV*2N that is Hamiltonian-

positive and skew-symmetric a canonizable matrix.

Definition 5.3 (Canonizable system): We call a Hamiltonian system (V,w, #') with quadratic

Hamiltonian (2.23) a linear Hamiltonian system in canonizable coordinates (or canonizable
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system in short) if there exists a canonizable matrix A = J, ;G € R2N2N \uhich defines the
Hamiltonian vector field in coordinates with Xq(z) = w 'VF| = Ax. The dynamical
system of a canonizable system thus reads

d

5 0(t) = Aw(t) = J,nGx(t), z(0) = x,. (5.1)
Theorem 5.4 (Energy coordinates): We assume to be given a Hamiltonian system (V, w, #)

with a quadratic Hamiltonian (2.23) with h = Oy, and H = CT C for an invertible matrix
C c R*™M*2N sych that

@1 := Cw 'C" is Hamiltonian-positive. (5.2)

Then, the linear Hamiltonian system can be transformed to a canonizable system with the

coordinate transformation & (t) = Cx(t) which we call energy coordinates.

One possible choice for C'in Theorem 5.4 is C = H'/? if H is positive-definite, which we

will consider in the remainder of this chapter.

Proof. Applying the proposed state transformation &(¢) = C'x(t) and using the Hamiltonian
system (2.22) with quadratic Hamiltonian (2.23) yields

d3(t) = Cla(t) 2

—1 o ~_—1~
m Cw ™ H z(t)=w z(t).

=C'C
The matrix & ! is by construction skew-symmetric and by assumption (5.2), this matrix is

Hamiltonian-positive, which makes the transformed system a canonizable system. [l

We give a characterization of the assumption (5.2) for systems with a separable, quadratic

Hamiltonian with positive-definite blocks.

Lemma 5.5 (Transformation to energy coordinates for a separable, quadratic Hamiltonian
in canonical coordinates): Consider a linear canonical Hamiltonian system with a separable,
quadratic Hamiltonian (see Definition 2.30) and positive define blocks H , and H, in canonical

coordinates (i.e. w = ‘D;N)' Then, assumption (5.2) is fulfilled for C = H'? if and only if the

[RNXN

two matrices Hq, Hp € commute.

Proof. By assumption, the blocks H  and H, are symmetric and positive-definite and thus,
so are H ; /2 and H ;/ ? Then, H = blkdiag(H ,, H,,) is also symmetric and positive-definite
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and C = H'/? is well-defined. We need to show that @' = CJ,5C" is Hamiltonian-
positive if and only if H and H, commute. By Definition 5.1, “@~! Hamiltonian-positive” is

equivalent to “J;Ndz_l symmetric and positive-definite”. Moreover, it holds for this matrix

B 1/2 1/2
JT o1 | 0w IN] [Hq/ ON><N:| !ONXN Iy ] {Hq/ ONxN]

W = 1/2 1/2
2N Iy Ox.w| [Onuw H, ~Iy Oy.y| |Oy.y H)
- H1/2H1/2 05,5
| Oy.n H1/2H1/2

-1

Due to the block-diagonal structure, J];NLTJ is symmetric and positive-definite if and only

1/2 ,1/2 1/2 771/2 : . . .
if H, / H, /2 and H q/ Hp/ are symmetric and positive-definite. We prove that this is
equlvalent to the fact “H,, and H,, commute” separately for each direction:

“ = ”: By assumption Hl/2 Hl/2 H1/2H1/2 nd H;/2H;/2 are symmetric. Then, H

and H » commute since

-
H1/2H1/2 <H1/2H1/2> :<H1/2> <H1/2> H1/2H1/2

q p

1/2 1/2

1/2 721/2 721/2 1/2 721/2 721/2
HH =H,"H,/"H'"H/"=H,/”"H,/"H,,"H,)” = H H,.
“ <= ": By assumption H,, and H are symmetric, positive-definite and commute. The
same holds for the respective matrix square roots. Then (a) the products H, 1/ 2H /2 and
1/2
H,

p. 469]). 0

Hp/ are symmetric, and, thus, (b) those products are positive-definite (see e.g. [56

A notable property of a canonizable matrix A = J, G is that J, 5 commutes with G.

Lemma 5.6: Consider a canonizable matrix A = J,xG € R*N*2N_ Then, J, commutes
with A.

Proof. Since A is skew-symmetric, G is symmetric and J, 5 skew-symmetric, it holds

Oynxon = A+ (A)' = JoiG + GTJ;N = JonG — GJy5
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5.2 Optimal Bases for Symplectic MOR

We show in the time-continuous setting of basis generation (see Section 2.2.3.2) with g = I
that the POD computes an optimal basis for the time-continuous analogue of the PSD under
the assumptions that: (i) the solution is from a canonizable system (5.1), (ii) the solution
is periodic with period T' > 0, and (iii) the integration time in the time-continuous POD
Trop is an [-multiple, | € N, of 7'/2, i.e. Tpop = IT'/2. The workflow is the following: (a)
we introduce the time-continuous PSD (below), (b) characterize solutions of a canonizable
system via the solution formula for autonomous linear systems (Section 5.2.1), (c) compute
the eigenpairs of the time-continuous POD operator (Section 5.2.2), (d) show that the time-
continuous POD admits a symplectic basis that is optimal in the sense of the time-continuous
PSD (Section 5.2.3).

Definition 5.7 (Time-continuous PSD): Given a solution z(-) € C'(I,,V) to a Hamiltonian
FOM (2.22), the time-continuous PSD computes a subspace Yrepsd . — span {é’;CPSD, ECPSD}n

i=1
by identifying a canonical basis via the time-continuous PSD problem

n TPSD
{/tcPSD ,__ ~tcPSD  FtcPSD " __ . . 2
\ = span {ei s }izl = argmin / x(t) — Uw,\/(x(t))Hg dt
< ~ s n
V=span {ei,fi izlc\/, to
w(€;, f;)=—0;; for 1<i,j<n

(5.3)

with an integration time Tpep, € (ty, tonql. For the ROB matrix V'SP the time-continuous PSD

problem in coordinates reads

VtePSD _ - foeo IL—VJ, . VT t))2 de 5.4
= argmin (L5 2nV w)x( )“g : (5:4)
VeR2Nx2n Ji,
VTwV=J];n =Fpsp (Vi Tpsp)

5.2.1 Solutions of a Canonizable System

In the following, we consider a canonizable matrix A = J,yG € R2N 2N (see Definition 5.3).
We characterize its eigendecomposition to formulate the solutions of a canonizable system

via the solution formula for autonomous linear systems.

Assumption 5.8: In order to simplify the analysis, we assume that the pairs of eigenvalues of

G are pairwise distinct, i.e. v; # vy, fori # j forall1 <1,j < N.
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Lemma 5.9 (Eigendecomposition of G): If (7, v) is an eigenpair of G, then (v, Jyjv) is
another eigenpair of G. Thus,

G=27 [F ] A (5.5)
r

is an eigendecomposition of G with the diagonal matrix of eigenvalues I' := diag (v, ... , Y§)
7, > 0 for1 < i < N and an orthosymplectic matrix Z := [Q, J];NQ] e R2Nx2N of
eigenvectors with Q € R*N*V,

Proof. G has eigenpairs (7;, g;) with real eigenvalues -, > 0 and real eigenvectors q; € R2N
since it is symmetric and positive-definite. By Lemma 5.6, G commutes with J, . Thus,
(7;, Jo5q;) is another eigenpair of G with q; L J,xq; and (5.5) is an eigendecomposition
of G with Q := [qz]i\il By construction of @, it holds Q' Q = Iy and Q' J,5Q = Oy, x>
which is why Z is an orthosymplectic matrix by Lemma 3.2 point (ii). []

Lemma 5.10 (Decomposition of A): With Z and I" from Lemma 5.9, it holds

A=27Z

F] Z'. (5.6)

Proof. Left-multiply (5.5) with J, 5 and use that Z commutes with J, 5 since, by Lemma 5.9,
Z =(Q, J, Q] and thus Jy5Z = [J,5Q, Q] = [Q, —I>xQ] Joy = ZJsy. O

In the following, we use the 2-by-2 rotation matrix and a few selected properties.

Lemma 5.11: For the 2-by-2 rotation matrix

cos(f) sin(@)

c |R2><2,
— sin(6) cos(0)]

R,(0) := [

it holds with the notation o (-) for the spectrum of a matrix that for all § € R
1. RZ(Q) — eXp(JJQH), 4 R2<9 + 7T) — _RQ(H),
d _
2 gfl, = Rol0 -+ 7/2) 5 (Ry(0)" Ryl6) = Raff— ),

3. / Ry(0)d0 = Ry (0 —7/2), 6. o (Ry(0)) = {exp(if), exp(—if)}.
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Proposition 5.12 (Solution of canonizable system and important properties): The solution

of a canonizable system (5.1) can be written as
N
x(t) = ZR(vt)y,, Yo = Z 'z, R(~t) := ZPij(fyjt)PjT, (5.7)
=1

withy == (7, ...,7x) € RY, P, := [e;,en,,| € R2V*2 qnd e, € R2N the i-th standard
basis vector. For a periodic solution (T + t) = x(t) of (5.1) with period T" > 0, either of the
two cases holds true for each 1 <1 < N:

1 Py, = [2;, Jonz;] @y = 04y (ie. the z is orthogonal to z; and Jyy2;),

2. there exists an l; € N such that T = [, T, for T, := 27 /~; (i.e. the [,-multiple of the period
T is contained within the whole period T).

Proof. According to the solution formula for autonomous linear systems, the solution () of
a canonizable system (5.1) can be expressed with the matrix exponential as (t) = exp(At)x,,.
We define P := [R]N R2V*2N 1o stack all P, in its columns. Due to PTP = 0,15, it

=1
holds P'P = I, 5. With Z | I from Lemma 5.10, it holds
ry] & . _ .
Ft = P,JytP,| = Pblkdiag (Jyt, ..., Jyyst) P

and with properties of the matrix exponential due to Z'Z = Iy, P' P = I, 5, and with

Lemma 5.11 item 1

r
exp(At) = Zexp ( t) zZ'

= ZP exp(blkdiag (J,1,t, .., Jyyxt)) PTZ7
= Z P blkdiag (exp(Jy74t), ..., exp(Joyyt) ) PTZ T
= ZPblkdiag (Ry(711), ..., Ry(Jpy5t)) P ZT

N
=2 PR,(1)P 2

=1

from which (5.7) follows. In the case of a periodic solution x(t) with period 7" > 0, it holds
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with PiTPj = (5ijI2 foreach1 <i < N,
P! Z x(t) = Ry(vt) P, yq = Ry(%(t+T)P'yy =P/ ZTa(t+T).
Multiplication with (R,(~,t))" from the left implies with Lemma 5.11 item 5

Py, = (Ry(7;t)T Ry(v,(t + T)) P, yo = Ry(%T)P, .

So necessarily either PZT Yo = Op, Or PiTy0 is an eigenvector with eigenvalue 1 of R,(v,T),

where the latter is by Lemma 5.11 item 6 only possible for v,7" = 27, for some [, € N. [

5.2.2 Eigenpairs of Time-Continuous POD Operator

In the remainder, we assume that x(t) is a periodic solution. To evaluate the time-continuous
POD functional, we have to analyze integrals over products x(t) (x(t)) " of the solution. The

following lemma computes the relevant integrals by hand.

Lemma 5.13 (Relevant integrals of quadratic products of the solution): Consider T, P,,
R, (t), y, and~y; from Proposition 5.12,1 € N, and 1 < i,j < N with i =+ 4. Then
IT/2 . PN
M; (1) = o Ry(vit)P; yo (RQ(’th)Pj yo> dt = 05,5,
(5.8)

IT/2

Mzz<l) = 0 RQ(%t)PiTyo (Rz(%t)RT%)T dt = )‘i(l>I2

with A, (1) = 1T /4| P y,|f>-

Proof. If Py, = 0, (or P Yo = 0,1), the identity for M, (1) (for M, ,(I), respectively)
is fulfilled trivially. Thus, we con31der the case P, y, # 0,1, PjTyO # 0, for the rest of
the proof. In this case, it holds by Proposition 5.12 4,7 = 27l; and ;T = 27l;. Moreover,
we start with the case [ = 1. Applying partial integration in M, (1) twice leads with the
properties from Lemma 5.11 for R,(6) to

TI17/2

1
Mij<1) = ry_iRQ(’Yit - 77/2)1:’Z-Ty0 (R2<7jt)PjTyo) ‘0

=055

v: [T/2
— 2 | Ryt = /2Py (Ro(nst + /2Py, dt

Yi Jo



66 5 Optimal Symplectic Basis Generation for Canonizable Systems

7 T|T/2
= - _;Rz(%'t - 7T/Z)PZ-T?JO (Rz(Vjt)PJT%) ‘0

7

=032
+ = R, (vt —m) P, yo(R2<7jt+7T)Pj Yo) dt = = M;;(1),
vY; J0 N e — o
’ =—Ry(7,t) =—Ry(v;t) v

where the terms for ¢ = 0 and t = T'/2 cancel out each other in both boundary terms
since 7, 1/2 = 7l; and v,T//2 = 7l;, and using Lemma 5.11 item 4. Thus, it holds that
(1— (’Yj/%)2)M¢j(1) = 05,5, which shows with Assumption 5.8 that M;;(1) = 0, if
i # j. For M, (1), direct computation shows M;(1) = A, (1)1, with A\,(1) =T /4 HPZTyoﬂg

due to the identities

T/2 T/2 T/2
/ sin?(y,t)dt = / cos?(,t)dt = T'/4, / cos(y;t) sin(y,;t)dt = 0.
0 0 0

The case [ > 1 can be redirected to [ = 1 (exemplified for [ = 2): The integral in M,;(2)
can be split in (a) ¢t € [0,7/2] and (b) t € [T'/2,T]. The integral (a) is treated as above,
while for (b), we use that v,7/2 = nl; and 7,7//2 = 7l;, from which it follows with
Lemma 5.11 item 4 that Ry (v;(t + T/2)) = £Ry(v;t) and Ry(v;(t +T/2)) = £ Ry(7,t).
Thus, M, ;(2) = M,;;(1) & M,;(1) = 04,5 and, in general, M, (I) = 0,,,. Similarly, it
holds M, (1) = IM;(1). O

Proposition 5.14 (Eigenpairs of time-continuous POD operator): Consider a periodic solution
of a canonizable system (5.1) with x(t) = ZR(~t)y, in the notation of Proposition 5.12.
Then, the columns z; and zx_, of Z are eigenvectors of the POD operator R from (2.19) for
Trop = IT'/2 with eigenvalue \;(1) =T/4 HPZTyng foralll <i< N.

Proof. Consider an arbitrary but fixed i € {1, ..., N} and a pair [z;, z ;] = Z P, of columns
of Z. It holds with Proposition 5.12

(x(t))' ZP, =y, (R(v))' Z'ZP;, =y, (R(vt))" P..

Due to the pairwise orthogonality P].TPi = 0;;I, with the Kronecker delta ¢, it holds

ij>
N

(x(t))" ZP; =y, (Z P; (Ry(7;t)) ' PjT) P, =y, P, (Ry(7;t)) " (5.9)

J=1
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Applying R to z; and zy . yields with ZP; = [z;, zy,,]

IT/2 /2
[R(2;), R(zxi)] = / x(t) (x(t)' ZP; dt = Z R(vt)y, (Ry(7,t) P yp) ' dt.
0 59 1 ~ 0
= yopi(R2(’Yit))T

Inserting the definition of R(~t) from (5.7) yields

N IT/2
[R(z;), R(zy4)] = ZZP] A Rz(’th)PjTyo (Rz(%t)PiTyo)T dt = \()Z P,
j=1

(5.8)
:Mij(l) =0,.:.2, ()1,

(%

which shows that z; and z, ; are eigenvectors of R with eigenvalue \;(1). []

5.2.3 Optimal Solution of the Time-Continuous PSD

Based on the previous lemmas, the following theorem shows that the POD computes an
orthosymplectic ROB for Tpsp = Tpop = (71'/2 with [ € N and moreover that this is an
optimal ROB for the PSD functional.

Theorem 5.15 (Optimality of PSD): Consider a canonizable Hamiltonian system (5.1) for
which G fulfills Assumption 5.8 and which has a periodic solution x(t) = x(t + T'). Then,
an optimal solution of the time-continuous PSD with Tpg, = IT'/2 can be computed with the
time-continuous POD with Tpopn = IT/2 forl € N.

Proof. Assume VPSP js an optimal subspace resulting from the time-continuous PSD (2.27)
with ROB matrix V'SP ¢ R2V*27 Oy goal is to construct an orthosymplectic ROB matrix
from the time-continuous POD V'?OP ¢ R2N*27 gych that this basis is optimal in the PSD
functional, i.e. Fpgp (VP IT/2) = Fpep, (VIFOP: 1T /2).

Consider x(t) = ZR(~t)y, in the notation of Proposition 5.12. The matrix Z is or-
thosymplectic by Lemma 5.9. The columns of this matrix are eigenvectors of the time-
continuous POD operator R (2.19) with Tpop = (T'/2 by Proposition 5.14. With Theo-
rem 2.24, we conclude that these eigenvectors build an optimal basis in the time-continuous
POD V'POD .— [zl, ey B J;Nzl, s \D;Nzﬁ} , which is orthosymplectic. From Lemma 3.2
point (iii), we know that (V*OP)T — (V*POP)* since the ROB matrix is orthosymplectic.
This allows us to replace the symplectic projection V'*FOP (V'**OP)* with the orthogonal pro-
jection V*POP(VIFODYT and thus Fpep (VIFOP; 1T /2) = Fpop(VIFOP; 1T /2). Since Fpep
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VtcPSD

optimizes over all possible symplectic matrices and is an optimal solution, we know

7:PSD(VtCPSD§ IT/2) < FPSD(VtCPOD; IT/2) and, thus,
Fosp (V01T [2) < Fpgp (VIFOPLIT /2) = Fpop (VFOP; 1T /2). (5.10)

Moreover, there exists an ROB matrix U*™P € R2V*27 for VPSP which has pairwise

orthogonal columns (but is not necessarily symplectic). We deduce for all € R2N

H(IQN o ‘/'tCPSD(‘/'tCPSD)-l-)a:”2 2 H(IQN _ UtCPSD(UtCPSD>T)(EH2

since U'PSP(U'PSP) Tz s the best approximation in V**° by orthogonal projection. Using
(a) the previous inequality and (b) the optimality of the POD basis V'*°P it holds

(a) (b)
Fosn(VIPUT /2) > Fpop(U'SP5IT/2) > Fpop(VIFOP;1T/2). (5.11)

Combining (5.10) and (5.11), we conclude Fpgp, (V'*P: 1T /2) = Fpop (V'FOP:IT/2). O

5.3 Numerical Experiments

We validate our theoretical findings numerically with a FOM from a discretized linear wave
equation. The main focus is to verify Theorem 5.15, i.e. that the POD of a canonizable system

with Tpop = IT'/2 for a periodic solution yields a symplectic ROB.

5.3.1 Full-Order Model

The FOM considered here is adapted from [99] and is based on the linear wave equation with

homogeneous Dirichlet boundary conditions and zero initial velocity

OZu(t, &) = c26§§u(t,§), for (¢,£) € I x £2,
u(0,8) =uy(§), Gu(0,8) =0, for £ € 12,
u(t, &) =0, fort € I,£ € 012,
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with a physical domain 2 = (—0.5,0.5), time interval I = (0, 50), wave speed ¢ = 0.1,
initial value uy (&) := h (10 |€]) for £ € {2 and the spline function

1—-3/2s* +3/4s%, 0<s<1,
h(s) := 4 (2 —5)3/4, 1<s<2,

0, otherwise.

The solution of this initial-boundary-value problem is a periodic solution u(t) = u(t + T')
with period 1" = 20 that resembles two waves that travel in opposite directions and which
are reflected at the boundary. Finite differences are used to discretize the PDE in space with
a spatial step width A¢ = 1/499 resulting in N = 500 equidistant discretization points
& = —1/2+ (i —1)A& 1 < i < N. This yields a canonical Hamiltonian system with a

separable, quadratic Hamiltonian (2.23) with

. [—cngg ONxN] q(t) = [u(t, &)Y, e [q(t)]
Oven  In | p(t):=[0ult,&)Y,, ’

where D, € RN*N is an approximation of the second-order derivative. For time integration,
the implicit midpoint rule (2.25) is used with K = 5000 steps and At = 0.01. To obtain a
canonizable system, the transformation via energy coordinates (Theorem 5.4) is used with
C = H'/?. This transformation can be implicitly carried out by using a MOR technique

with an inner-product matrix g = H. Note that this also changes the norm ||-

- which is

why the following results are presented for |-||, (for g = I,y) and |-| ;; (for g = H).

5.3.2 Experiments

We compare the performance of four different MOR techniques (see Table 5.1) for the re-
production of the solution. The investigated methods are the (time-discrete) POD, the PSD
complex SVD (PSD ¢SVD) for a non-canonizable system (g = I, 5) and as a canonizable sys-
tem (g = H). Different basis sizes 2n € {10, 20, ..., 80} are considered. The ROB matrices
are computed with all K = 5000 time steps as snapshots such that exactly 2.5 periods of the

system are included in the basis generation.
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MOR technique ROB matrix

POD (g = L, y) V = left-svD(X,)[:,: 2n] W=V

POD (g = H) V = H '/21eft-svD(H'Y2X)[:,: 27 W =HV

PSDcSVD (g = L,y) V =[E, J) E|, E=[®", '] W=V
b + iV = left-cSvD(Q, +iP,)[:,: n]

PSDcSVD (9= H) V =H '?[E, J] E], E=[®", ¢]T W =HV

& +iW = left-csvD(H, ’Q, + iH,)'”

B[, : 1]

Table 5.1: Summary of MOR techniques used in this section. Python notation is used to select
columns. X, = [Q., P]" denotes the snapshot matrix which is separated in parts for ¢
and p. left-SvD(-) and left-cSvD(-) denote obtaining the left-singular-vectors from SVD
and the complex SVD. This table is adapted from [21].

5.3.21 ROB and ROM Quality

The considered error measures to evaluate the quality of the reduction are (a) the relative

projection error e, and (b) the relative reduction error €,

Yo Iy — VW Tz, |2 Yo IVE, — 22
€proj ‘= an €red ‘= ,  (5.12)

Yo Ikl Yo Ikl

where x; € R2Y is the FOM solution and & . € R?™ the ROM solution for all time instances
0<k< Kand W ¢ R2N*271 s the respective matrix from Table 5.1 for the different MOR
techniques.

Both error measures from (5.12) are displayed in Figure 5.1 for two different norms with
inner-product matrix g = I, and g = H. Similarly to the numerical examples from the
previous chapters, we observe that the structure-preserving methods (PSD ¢SVD (g = I, 5),
PSD ¢SVD (g = H) and POD (g = H)) give a reduction error comparable to what is
promised by the projection error. In contrast, the POD (g = I, ) yields the best projection
error for g = I, 5, but fails to reproduce the same level of quality in the reduction error (up

to two orders).
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Figure 5.1: Comparison of MOR techniques from Table 5.1 for different reduced dimensions

2n € {10, 20, ...,80}. Top: relative projection error (5.12); bottom: relative reduction error
(5.12); left: two-norm ||-|,; right: ||| ;. This figure is adapted from [21].

5.3.2.2 ROB Quality in Terms of Structure

In order to validate numerically that the POD computes a symplectic ROB matrix for a
canonizable system with a periodic solution and Tpop, = I7°/2 with [ € N, we investigate the

error in symplecticity’

Esympl = |V JanV — I, - (5.13)

sympl :

The error is analyzed for the POD (g = H) with a fixed ROB size 2n = 10 varying the

number of (consecutive) snapshots that are used to generate the basis
V = H_l/zsvd(Hl/sz[:, : k)

with k € {250,500, ...,5000}, which relates to increasing the integration time 7}, in the

time-continuous formulation of the POD.

'As a technical remark: In order to group pairs of vectors for the symplecticity, we pair the singular vector with
the highest singular value iteratively with the singular vector with the closest singular value while respecting
that basis vectors are not selected twice.
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6sympl

Figure 5.2: Error in symplecticity (5.13) for POD (g = H) of size 2n = 10 generated from a
varying number of snapshots k. This figure is taken from [21].

The results for ey, are shown in Figure 5.2. One period of the solution corresponds to
2000 time steps. We see that ey, drops to zero for multiples of & = 1000 time steps which
relates to multiples of the half period 7'/2. This strongly indicates that the symplecticity of
the POD (g = H) for Tpop = {1/2 proven in Theorem 5.15 for the time-continuous POD
also holds for the time-discrete counterpart. Secondly, this figure supports the assumption
that the requirement of Tpo, = I7'/2 is indeed necessary as the error in symplecticity is
non-zero for k # 1000l. Thus, it suggests that Theorem 5.15 can in general not be further
generalized over the current case Tpop = (1'/2. However, judging from the decreasing trend
from k = 250 to k = 5000, the error in the symplecticity decreases if multiple periods are

included in the snapshots which suggests that the theorem holds in the limit 7,5, — 0.



Part I I
Structure-preserving

MOR on Manifolds






Model Reduction
on Manifolds:
A Differential

Geometric Framework

In this chapter, we build a framework based on differential geometry to generalize the
projection-based MOR introduced in Section 2.2.2 for (linear) subspaces to MOR on manifolds.
The chapter is subdivided in the following steps: We

« motivate MOR on manifolds by revisiting Kolmogorov n-widths (Section 6.1),

« establish a general framework for MOR on manifolds by

— giving a brief introduction to differential geometry (Section 6.2),
— and establishing the framework and introducing the manifold Petrov—-Galerkin (MPG)

as a special reduction map (Section 6.3),
« extend the framework to structure-preserving MOR on manifolds by

- revisiting differential geometry to introduce tensor fields as relevant structures on
manifolds and Lagrangian and Hamiltonian systems (Section 6.4),

— and introducing the generalized manifold Galerkin (GMG) as an alternative reduction
map, which is then used for structure-preserving MOR on manifolds for Lagrangian

and Hamiltonian systems (Section 6.4),

« and, finally, discuss how to generate nonlinear embeddings from snapshot data and relate

the framework to different MOR techniques existing in the literature (Section 6.6).

Note that some concepts may feel repetitive to Chapter 2. However, in the present chapter,
the more general case of a manifold (instead of an R-vector-space) is discussed. The following

is adapted from [24].
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6.1 Limitations of MOR on Subspaces

As discussed in Section 2.2.2, the accuracy of MOR on subspaces is limited by the Kolmogorov
n-widths d,, (S) of the set of all solutions S. Let us emphasize at this point that MOR on
subspaces has proven valuable in practice. We refer to [14, Sec. 1.1] for a comprehensive
overview of applications in design, control, optimization, and uncertainty quantification.
Moreover, in the case of linear coercive elliptic PDEs, it can be shown that the Kolmogorov
n-widths of the set of all solutions decay (a) exponentially for problems with one parameter
d, (S) < Cexp " for C,~ > 0 [83, 84], or (b) for multiple parameters, at least with a rate
d, (S) < Cexp " for C, ¢, > 0 if the problem is affinely decomposable [4, 92]. Theoreti-
cal insight for the decay of the Kolmogorov n-widths has also been found in combination
with the so-called Hankel singular values [113].

However, it has been shown that the Kolmogorov n-widths decay slowly for FOMs with
transport-dominated solutions like the advection equation (d,, (S) > 1/2 - n~%/2, [92])
or wave equation (d,, (S) > 1/4 - n~%/2, [44]) with special initial values. In such cases,
MOR on subspaces cannot determine an efficient ROM, as the maximum reduction error is
bounded from below by the Kolmogorov n-widths (see Section 2.2.2). In order to broaden the
applicability of MOR to such problems, nonlinear embeddings are recently considered. In the

scope of the present thesis, we refer to such techniques as MOR on manifolds.

6.2 A Primer on Differential Geometry

In this section, we recall several important definitions and results from the theory of smooth
manifolds to render this manuscript self-contained. Our presentation is largely based on
the monograph [74]. In particular, all material within this section that is not explicitly
referenced is adopted from [74]. To motivate the forthcoming definitions, we briefly discuss
the tools required (i) to formulate a differential equation on a manifold, and (ii) to define a
submanifold. We start by fixing some notation (Section 6.2.1). For the differential geometric
formulation of the FOM, we stepwise introduce the structure of a smooth manifold starting
from topological spaces. The topology allows us to characterize continuous functions and
smooth manifolds (Section 6.2.2). We continue to define continuously differentiable functions
on smooth manifolds (Section 6.2.3). Subsequently, we introduce the tangent space at a

point on the manifold (Section 6.2.4) to be able to formulate the differential of a function
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IVP on a vector space IVP on a manifold
VvV N-dim. R-vector-space M N-dim. smooth manifold
T M, TM tangent space, tangent bundle

f+ V=V right-hand side X: M —TM vector field
x T — V solution curve v: T — M solution curve
dt x(t) €V time-derivative %’y’t € TyM velocity

d d
{ () = fz(t) €V { QWL =X, € TyyM

x(ty) =zo €V Y (o) =7 EM

Table 6.1: Formulation of an initial value problem (IVP) with time interval 7 on a vector space
(left) and on a manifold (right). This table is adapted from [24].

(Section 6.2.5), which is used to generalize the time-derivative of the state to the manifold
setting. In order to describe the evolution of an initial value problem, we set the right-hand
side to be a vector field (Section 6.2.6). With these preparations, an initial value problem on
a manifold can be formulated (Section 6.2.7). We refer to Table 6.1 for a comparison of a
dynamical system on a vector space and on a smooth manifold. Furthermore, for the model

reduction framework, we discuss embedded submanifolds (Section 6.2.9).

6.2.1 Notation

The notation of this part will be guided by the notation which is common in the differential
geometric community. Thus, the notation will only be partially compatible with the notation
of the first part of this thesis. A translation between Part I and Part II is offered in Table 6.1.
Moreover, we use the index notation, which differentiates between upper indices v and lower
indices \,. Let us emphasize that indices that concern the index notation are underlined.
The positi_on of the index indicates the type of the geometric object. Furthermore, we utilize
the Einstein summation convention, which implies the summation over an index if the index
appears twice (once as a lower index and once as an upper index). For an N-dimensional vector
space V, this notation is used to abbreviate (i) the linear combination of a basis {El}ii L CV
with coefficients {v:}~ | C R, (ii) the linear combination of a dual basis { F*}¥ | C V* with
coefficients {Az }fi . C R, or (iii) the dual product of the respective coefficients,

N

(i) viE; =) viE; €V, (i) A\ FL:= Z)\F"e\/* (iti) vt ), = Zv—)\ eR.  (6.1)
i=1
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Moreover, we use [1)3] 1<i<n € R¥ to stack scalars v € R as a vector in RY. Further notation

is introduced in Section 6.2.8.

6.2.2 Chart and Smooth Manifold

For two topological spaces M and Q (Appendix A.1.1), a map F: M — Q is called a homeo-
morphism if (i) it is bijective (and thus the inverse F~: Q — M exists) and (ii) both F'and
F~1 are continuous. Moreover, M is called locally homeomorphic to RY for N € N if for
every point m € M there exists an open set U C M with m € U and a homeomorphism
F: U — F(U) c RY. A topological space M is called a topological manifold of dimension N
if it is locally homeomorphic to R (and additionally Hausdorff and second-countable, see
e.g. [74, Cha. 1 and App. A]). We denote the dimension with dim(M) = N.

Let M be a topological manifold of dimension N. A chart is a tuple (U, z) where the
chart domain U C M is an open set and the chart mapping x: U — x(U) C RN is a
homeomorphism. For two charts (U, x) and (V,y) with U NV # (), we can define the

transition mappings
zoy Liy(UNV)—=2(UNV) and yor Lz (UNV)—=yUNV),

which are homeomorphisms as composition of homeomorphisms (Figure 6.1). The charts
(U,z) and (V,y) are called C'"-compatible for k € N or k = oo if either U N'V = () or

zoy € CRy(UNV),z(UNV)) and yor 1 e CHax(UNV),y(UNV)),

where differentiability is defined in the classical sense since = (U N V) ,y (U NV) C RN, A
collection of charts A = {(U;,x;) | i € I} with some index set [ is called an atlas for M if
M = J,.; U;. The atlas is called of class C ¥ (or a C'*-atlas) if all charts in A are mutually
C*-compatible. We call a C*-atlas A maximal if all charts that are C*-compatible with any
chart in A are already elements of A. If A is a maximal C*-atlas for M, then the tuple
(M, A) is called a C*-manifold and, in particular, a smooth manifold if k = co. As common
in the literature, we omit the explicit mentioning of the maximal atlas whenever possible and

say that M is a C*-manifold, implicitly assuming a maximal C*-atlas to be available.
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v

Figure 6.1: Two intersecting chart domains U,V C M with respective chart mappings x, y and
transitions 7 oy !, yox L onx (UNV),y(UNV) C RY. This figure is taken from [24].

6.2.3 Diffeomorphism and Partial Derivative

Assume now that we have smooth manifolds M and Q of dimension N and (). A mapping
F: M — Q is called of class " or in short notation F € C’k(./\/l, Q), if for every m € M,
there exist charts (U, z) and (V,y) for M and Q with m € U and F(m) € V such that
yoFox ! e C¥x(U),y(V)) in the classical sense since  (U) C RY and y (V) C R%.
Note that due to the C*-compatibility of the charts, this definition of differentiability does
not depend on the choice of the chart. Throughout the document, a smooth mapping is
synonymous with mappings of the class C'>°. We restrict ourselves in this work to smooth
manifolds and smooth mappings to simplify the presentation. A smooth diffeomorphism (from
M to Q) is a smooth bijective map F' € C'°°(M, Q) which has a smooth inverse.

For calculations, we formulate the derivative in the index notation (Section 6.2.1). In
more detail, we denote for 1 < ¢ < @ the i-th component function of the chart mapping
as 2t: U — R and the i-th component function (of I') with F := 9t o F: U — R. Then,
the i-th partial derivative of the j-th component of F € C'(M,Q) atm € M (in (U, x)
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and (V', 1)) is defined by

oF<
ozt

= (i(FLoa ™)) (@(m))  for1<i<N, (6-2)

where 0,(-) describes the i-th partial derivative of functions mapping between Euclidean

vector spaces. For scalar-valued functions f € C'(M, R), we omit the index, i.e., f£ = fand

1
thus 2| = 8—fi

oxt|,, Ox*

. For the derivative of the chart mapping, we obtain

v e CP(MRY)  with 22

= Oy(atoa ) (x(m) = & = {1’ T 6y
m £ o, P4,

due to (z2ox™ 1) = (z o2~ ')L = (idgw)’. The function (5? is known as the Kronecker delta.

6.2.4 Tangent and Tangent Space

Consider a smooth manifold M of dimension N. The tangent space of M can be defined in
multiple alternative ways (see, e.g., [1, Sec. 1.6] for an overview). In the present work, we
present the derivation approach and closely follow [15, Sec. 1.7]. For an arbitrary but fixed

point m € M, we consider the set
F>:={feC®U,R)|U C M openwithm € U}.

Then, a tangent at m € M is a function on this set v: F’ — R which is (i) linear and
(ii) fulfills the product rule, i.e., for every f,g € F;° and a,b € R, it holds'

D v(af+bg) =av(f)+bv(g) €R, [@v(f-g)=v(f)-g(m)+f(m)-v(g) eR.

In a broader context, the properties (i) and (ii) define a derivation. The set of all tangents at

me M

T M :={v: F° — R|visatangent at m} (6.4)

'Note that for the sum/product of functions f : Uy — Rand g : U, — R from F}y, the domain of the
products/sums is shrinked to the intersection U, N U,, which is still open and m € U, N U, and thus

(f+9),(f-g9) €Fy.
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defines the tangent space at m, which can be shown to be an N-dimensional vector space.
Thus, we also refer to elements v € T, M as tangent vectors at m. The i-th partial derivative

(6.2) of a scalar-valued function f € F° can be used to define elements in 7, M,

9 . 9 . oo of
et |, € TmM with ouil - EFm = R fe55 .
Moreover, (il ) iN‘ ) is an ordered basis of 7', M, and, thus, we can represent each
8937 m 8:1:— m m

tangent vector

vel M with v =1t aii

Y
m

where we refer to v € R, 1 < i < N, as the components (of v) and where we implicitly sum
over 1 < ¢ < N by the Einstein summation convention (6.1). Note that for this formalism
to work, the index ¢ in the denominator of %‘m counts as a lower index. In the case of a
vector space V, the tangent space 7T,V can be identified with the vector space 7T,V =V for
all m € V [74, p. 59], in particular Tm[Rk ~ R¥ for k € N.

6.2.5 Differential and Chain Rule

Consider smooth manifolds M, Q, and L of dimension N, ), and L with charts (U, x), (V,y),
and (W, z) and a point m € U. The differential of a smooth map ' € C°(M,Q) at m is a

linear map

2]

Ly i OFZ D
mayi

m ozt

dF|,, € C(T,, M. TyQ). vt 3

, (6.5)

which maps between the respective tangent spaces using the i-th partial derivative (6.2) of
the j-th component function F' I of F, where we sumover 1 < i < Nand1 < j < @ by
the Einstein summation convention (6.1). The chain rule is an important property of the
differential: For two smooth mappings F' € C*°(M, Q), G € C*°(Q, L), it holds

d(G o F)’m = dG’F(m) o dF‘m TmM — T(GOF)(m)[’ (66)
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In respective charts (U, z), (V,y), (W, z) withm € U, F/(m) € Vand (G F)(m) € W,

the chain rule reads

O(GoF)L
ozl

_ OGt
m ayE

F(m) Oz=
where the right-hand side sums over 1 < k < @ by the Einstein summation convention (6.1).

6.2.6 Tangent Bundle and Vector Field

The tangent bundle is the disjoint union of all tangent spaces
™=  T,M:={(mv)|[meM, veT,M}, (6.7)

which bundles all points m € M and corresponding tangent vectors v € 7, M in one

set. The tangent bundle itself is a smooth manifold of dimension 2/N. We typically use

(m,v) € TM to denote elements in TM. Whenever we have a mapping into a tangent

bundle, then we use the notation ()‘ to denote the second part of the mapping. For a given
m

smooth mapping F' € C°°(M, Q), the differential (on the tangent bundle)

dF € C*°(TM,19), (m,v) = (F(m),dF|, (v)) (6.8)

collects the differentials dF|,, € C*°(T,, M, T, Q) at m for all points m € M. For a
given chart (U, z) of M, the differential of the chart mapping dz € C°°(TU,TRY) defines
a natural chart of TU by identifying TRY with R?V. It maps

i, O
1
dx((m,v prcd I

)) = ((m), 1] icp) € ROV (69

since for a chart mapping” y € C*°(R™,RY) of RY, it holds with (6.3) and (6.5) that

dr| (vi2| V=i 2|  _igflo|  —pl|  cr RN
Zhn <U Ozt m> Y et m Oy | z(m) L oytly(m) ! Yl (m) @(m)
which we identify with [vi] J<icn € RY.

*This chart mapping may seem redundant as y = idgy. However, we use it to illustrate how T, I(m)[RN is

identified with R™ by using y to denote the basis vectors % € Tx(m)[RN .

~lz(m)
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Since M and T'M are both smooth manifolds, we are able to define smooth mappings from
M to TM based on Section 6.2.3. A smooth vector field is a mapping X € C°°(M,TM)
with 7o X = id,, with 7: TM — M, (m,v) = m. It assigns each point m € M an
element X (m) := (m, X|,,) € TM in the tangent bundle, where we denote the vector field
atm € M with X|, € T,, M. The set of all smooth vector fields on M is denoted with X .

6.2.7 Curve and Initial Value Problem

For a given smooth manifold M and an interval T := (%,,%;) with t, < t; < oo, we call
v € C(I, M) a smooth curve. We refer to elements t € T as time points. By custom, we

use for the derivative w.r.t. time the notation %(-). The velocity of a curveyatt € T is

)6
t/) Oxt

i.e., an element in the tangent space based on the (classical) derivative of the component

7

b = (4

s € oM

functions 4%: R O I — R of the curve.” For a smooth vector field X € X e we call
v € C*(I, M) an integral curve of X with initial value v, € M, if

d _
{ m‘t =X,y €TyyM, tel (6.10)

v (ty) = € M.

We refer to (6.10) as an initial value problem (on M). For a given chart (U, x), the system (6.10)

can be solved via an N-dimensional initial value problem on R

4.
dt

= (X|7(t))3' eR for1 <i <N, i (ty) = 74 (7,) € R. (6.11)

Due to the assumption of a smooth vector field, there exists a unique integral curve by
the fundamental theorem on flows [74, Thm. 9.12], if the time interval |t; — t,]| is small
enough. If we assume that there exists a time interval such that all integral curves exist
for a set M; C M with the starting points vy, € M,, the flow of X can be defined as
Op: My — M, v = v (E57)-

3Alternatively, the velocity of a curve can be understood in terms of the derivative introduced in Section 6.2.5

with %7 = dv/,. In the presented notation, this would require understanding 7 as a smooth manifold with
_ Ot

t  Oxt

! !
the chart (7, x;), chart mapping x; = id;: T — R and the derivative %’yi

t.
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type element bold notation

point meUCM m =2z (m) € RN

mapping FeCo>=U,V) Fi=yoFoz 1 :RN D z(U)— y(V)CR?
tangent ) o N

vector U=, © T,U V= [U'] 1<i<n € R

Jacobian

dF|, € C*(T,,U,Tp,nV) DH,, = [ai

matrix

. d _ d _ N
dynamical { E’Y’t =X,y € T,U, { E’Y‘t = Xl € RY,
system Y(ty) =Y €M Y(tg) =¥ € RY

Table 6.2: Bold notation for two smooth manifolds M, Q of dimension N, () with charts
(U,x),(V,y). This table is taken from [24].

6.2.8 Bold Notation

We introduce a notation that collects all previously introduced types of differential geometric
objects (like points, functions, tangent vectors) in a fixed chart and thereby reduces to
computations in R-vector-spaces. We refer to this notation as the bold notation.* For a given

smooth manifold M with a chart (U, x), we use
z € C®U,RY), dz|  €C>®(T,U,RY) withmeU, dzeC>(TU,R*)

to map the different types of objects accordingly, where we identify Tx(m)[RN with RY for
dz| . and TR with R*" for dz. Let us state clearly that (i) this formulation loses geometrical
information (as it treats different types of objects as a vector in R") and (ii) it only works
for one fixed chart (since the explicit dependence on the chart is neglected). However, this
formulation can be helpful for readers new to the field of differential geometry with more
background in classical numerical analysis and engineering. The notation for the different
types of differential geometric objects (points, mappings, tangent vectors, differentials (via
the Jacobian matrix’), and dynamical systems) for two smooth manifolds M, Q with charts

(U,x), (V,y), respectively, are summarized in Table 6.2.

*Be aware that bold symbols may be used for other purposes in other scripts on differential geometry.
>The Jacobian matrix is the coordinate matrix of the linear mapping described by the differential in coordinates
4yl gy © AF],, 0 dz| 1 RY — R9.



6.3 Model Order Reduction on Manifolds 85

6.2.9 Embedding and Embedded Submanifold

Consider two smooth manifolds M and M of dimension n and N, respectively. A smooth
mapping F' € C°°(M, M) is called an immersion if the differential dF|. : T5 M — TpimyM
is injective at each point m € M. Moreover, F'is called a smooth embedding if it is a
smooth immersion and a homeomorphism onto its image F' (.A;l) C M. For a given smooth
embedding ¢ € C*° (./\;l, M), the image go(./\;l) is an n-dimensional smooth manifold, which

is called an embedded (or regular) submanifold of M. We denote the tangent space of g&(./\;l) at

@ (m) with T, 7, (p(M)) 2= dpl;, (T%;, M). From the assumptions, it follows automatically
that the embedding ¢ is a smooth diffeomorphism onto its image [74, Prop. 5.2].

Lemma 6.1: Consider smooth manifolds M, M and smooth mappings ¢ € COO(M, M) and
0 € C®(M, M) with g o ¢ = id,. Then, o is a smooth embedding and o(M) C M is an
embedded submanifold.

Proof. (Appendix A.1.2). ]

6.3 Model Order Reduction on Manifolds

With the geometric fundamentals at hand, we can now introduce model order reduction on
manifolds. We start with the general framework for model order reduction (Section 6.3.1).
Then, we detail conditions such that exact reproduction can be achieved (Section 6.3.2).

Finally, we present the so-called manifold Petrov—Galerkin as a reduction map (Section 6.3.3).

6.3.1 General Framework

This section sits at the heart of this paper and introduces the general framework upon which
the remainder is built. We start this section by defining the FOM on manifolds (Section 6.3.1.1).
We then focus on the goal that MOR strives to achieve and what assumptions are required to
reach this goal (Section 6.3.1.2). Subsequently, we define the reduction map and the reduced-
order model (Section 6.3.1.3). We conclude the general framework with a workflow for MOR

on manifolds (Section 6.3.1.4).
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6.3.1.1 Full-Order Model

In the scope of the present work, we consider high-dimensional parametric initial value
problems. More precisely, assume that we are given a time interval T := (¢, ;) with initial
time ¢, and final time ¢; > ¢, a parameter set P C R?, an N-dimensional smooth manifold
M with large NV, a (possibly parametric) smooth vector field X: P — X, and a (possibly

parametric) initial value ~,: P — M. We consider for ;1 € Pthe initial value problem

d _
{ Evlt;u o XW)’v(t;u) < Tv(t;u)M’ tel (6.12)
~

(tos ) = Yo(1) € M,

which we want to solve for the integral curve v (-; u) € C°°(I, M). We refer to (6.12) as the
FOM and to X () as the FOM vector field.

Remark 6.2 (Parameter dependency): In the following, we may suppress the explicit notation
of the parameter dependence for the sake of brevity. This is possible since the parameter is fixed
for each FOM evaluation. We indicate the parameter dependence only if it is relevant in a specific

context.

6.3.1.2 Goal of Model Order Reduction

The goal of MOR can be formulated as to be able to well-approximate the set of all solutions
S={v(t;u) e M| (t,n) eI x P} C M (6.13)

computationally efficiently. As discussed in Remark 2.8, the set of all solutions is sometimes
referred to as the solution manifold, which may be misleading since S is in general not a

manifold. The crucial assumption for MOR to be reasonable is the following.

Assumption 6.3: Given a metricd,: M x M — R, we assume that there exists a low-
dimensional embedded submanifold o(M) C M defined by an n-dimensional manifold M
and a smooth embedding p € C™(M, M) with dim(M) = n < N = dim(M) such that

the set of solutions S can be approximated well, i.e., the worst best-approximation error of S in
p(M)

~

dp (S, 9(M)) == sup inf dy(m, o(in))

meS memM

is small.
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Figure 6.2: Schematic illustration of the full manifold M (dark blue), the set of all solutions
S (black), and the approximating embedded submanifold ¢ (M) (red). The set of solutions
is schematically depicted as three separate trajectories that may occur due to a possible
discontinuous behavior in the parameter p. This figure is taken from [24].

We refer to M as the full(-order) manifold and to M as the reduced(-order) manifold. Let
us emphasize that the goal is to approximate the set S C M, not the full manifold M. We
refer to Figure 6.2 for a schematic illustration of the relation between the full manifold M,

~

the set of all solutions .S, and the approximating embedded submanifold p(M).

6.3.1.3 Reduction Map and Reduced-Order Model

Assume that we have identified an n-dimensional embedded submanifold p(M) C M
with smooth embedding ¢ € C OO(./\;l, M) and that Assumption 6.3 is satisfied. To find an
ROM, we want to replace v (t) in (6.12) with the approximation ¢ (7 (¢)) based on a reduced
integral curve y € C*°(1, .A;l) Note that, even if we would have an exact reproduction, i.e.,
v(t) = @ (¥ (t)) for all t € T, the initial value problem (6.12) in the reduced integral curve
7 would be overdetermined, in the sense that we have (locally in each chart) IV equations
for n unknowns. Thus, we must also reduce the initial value problem and give the following

definition.

Definition 6.4 (Reduction map): A map R € C*°(TM, TM) is called reduction map for a
smooth embedding ¢ € C'OO(./\;I, M) if it satisfies the projection property

Rodp =idpy . (6.14)
As in Section 6.2.6, we split the reduction map
R e C™(TM,TM),  (m,v) > (e(m),R],, (v))

with o € C®(M, M) and R|, € C>®(T, M, Tg(m)M) form € M. We refer to o as a point

reduction for ¢ and to R|, as a tangent reduction for .
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M ¥

(a) Schematic illustration of the relation of the embedding ¢ and the point reduction .

T (M)(@(M» o dgp|fn Tan
T@(m)M d(p_l |¢(7h) >
R’w( )

(b) Schematic illustration of the relation of the tangent spaces involved in MOR on manifolds. The
reduced tangent space 15, M is displayed orthogonally to M for a better visualization.

Figure 6.3: Schematic illustration of the relation between the embedding ¢ and the reduction
map R (m,v) = (0 (m), R|,, (v)) with m € M. This figure is taken from [24].

~

Note that (6.14) immediately implies that dp o R € C°°(TM, Tip(M)) is idempotent and
thus a projection. Moreover, (6.14) implies that a point reduction and a tangent reduction for

© satisfy

0o =idy, (6.15a)
Rl o dol; =idp 5 forallim € M, (6.15b)

which we refer to as the point projection property and the tangent projection property, re-
spectively. The relation between the embedding ¢ and the reduction map R is illustrated in

Figure 6.3.

Example 6.5 (MOR on subspaces): Projection-based MOR on subspaces from Section 2.2.2
is included in MOR on manifolds as a special case: For an N-dimensional R-vector-space V
with a coordinate mapping @y : V — RY with a n-dimensional subspace V C V characterized
by an n-dimensional reduced space V and an embedding V € L(\v/; V), the two approaches
relate with M = U =V, x = py, and M =U =V, % = ©y (where oy - V — R" denotes
a coordinate mapping of\v/). The embedding is ¢ = V. The point reduction was not clearly

labelled in Chapter 2. In the most general case, it can be characterized by a projection matrix
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W € RY*" such that
o(m):=W'm, R| (v):=W'v, p(m):=Vm.

This exactly covers the case where @ and g are linear. The projection property (6.14) then relates

to the biorthogonality of W and V

0o @ = idgn = W'V =1, R,

which is often assumed in MOR on subspaces.

Definition 6.6 (Reduced-order model): Assume to be given a FOM (6.12), a smooth embedding
¢ € C*°(M, M), and a reduction map R € C>®(TM,TM) for ¢ with point and tangent
reduction given by R (m,v) = (o (m), R|,, (v)). We define the ROM vector field X : P — X
with

Then, for i € P, we call the initial value problem on M

i
{ Ev‘t;u B X<M>|W(t;u) € La

( ;M)M
Y (to; ) = Yo(u) == 0 (7o (1)) € M

(6.16)

the ROM for (6.12) under the reduction map R with solution 5(-; 1) € C*=(I, M).

We emphasize that both the point and the tangent reduction are relevant for the ROM,
since the point reduction is used to map the initial value ~y,, while the tangent reduction maps
the FOM vector field to the tangent space of the reduced manifold M. Moreover, we see
that it is not sufficient to define ¢ and R| () Only in the image of ¢ and dy| .., respectively,

since the initial value and the evaluated FOM vector field may be elements of M \ ¢ (M)
and T, ;) M\ T3, ((M)), respectively.
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6.3.1.4 MOR Workflow

With Assumption 6.3 at hand, MOR (in the scope of this work) can be summarized in three
steps:

1. APPROXIMATION: Given the FOM (6.12), find a reduced manifold M and a smooth
embedding ¢ € C°°(M, M) such that d,,(S, p(M)) is small.
2. RepucTioN: Identify a reduction map R € C°°(TM, T./\;l) for ¢ and construct the
ROM (6.16).
3. RECONSTRUCTION: Solve the ROM (6.16) for 7y and approximate the FOM solution curve
~v with
V(tp) ~ (¥ (tp)  for(t,p) € I xP. (6.17)

In the remainder of the manuscript, we discuss all three steps, starting with the RE-
CONSTRUCTION step in the subsequent subsection. Possible constructions of the reduction
map in the REDUCTION step are discussed in Sections 6.3.3 and 6.5. The construction of
the embedding ¢ in the APPROXIMATION step is analyzed in a data-driven framework in
Section 6.6.

6.3.2 Exact Reproduction

A desirable property in the RECONSTRUCTION step is to answer the question when the
approximation in (6.17) is exact, which we refer to as exact reproduction. Clearly, if for a given

parameter y € P, the FOM solution -y evolves on p(M), i.e., v (t; 1) € (M) for all t € T,

then we can define the smooth curve

Bi= oy () € CZ(I, M), (6.18)

since, by assumption, ¢ is a diffeomorphism onto its image. With this choice, we immediately

obtain

_ _d _d > _ 5 d 3
X<'u>|s0(5(t;u)) o X('u)|w(t;u) o E’y’t;u - E(QO ° m’t;u o d¢|ﬂ(t;u) (Eﬁ‘m) ’ (6.19)

where the last equality follows from the chain rule (6.6). It remains to prove that the ROM (6.16)

is able to recover the reduced curve 3, which we show in the following.
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Theorem 6.7 (Exact reproduction of a solution): Assume that the FOM (6.12) is uniquely
solvable for a parameter i € P and consider a smooth embedding ¢ € C*° (./\>l, M) with
reduction map R € C°°(TM, TM) Assume that the ROM (6.16) is uniquely solvable and
v (t; 1) € ©(M) forallt € T. Then the ROM solution ¥ (-; j1) exactly recovers the FOM solution
v (+; p) for this parameter, i.e.,

(¥ (Ep) =7 (Ep) forallt € 1. (6.20)

Proof. Since 7y (t; p) € @(A;l) for all t € T, we can construct 3 as in (6.18). It remains to show
that Bv satisfies the ROM (6.16). First, we obtain

So(k) = 0 (1) = o (7 (to; 1) = (@2 9) (B (to: 1)) = B (to; 1),

where the last equality is due to the projection property (6.15) for the point reduction. Second,
ﬁv satisfies the initial value problem of the ROM since the tangent projection property (6.15b)
implies with (6.19)

Rl (3t)) (X (M>|@(3(t;u))> = <R|¢(B(t;u)) °d90|é<t;u>> <%B|w> =50, -

In the following, we give an example for which the exact reproduction can be achieved for

a specific choice of M and ¢.

Corollary 6.8 (Special case ¢ = 7): For a given FOM (6.12) on M, assume that M := 1 x P
is an (n, + 1)-dimensional smooth manifold, that the FOM is uniquely solvable, that the FOM
solution yv: I x P = M — M is a smooth embedding, and that there exists a respective
reduction map R € C>(TM, TM) for the smooth embedding ¢ = ~. Then, the ROM (6.16)
reproduces the FOM solution exactly with the reduced integral curve v (t; ) = (t, ) such that
the flow of the ROM is 0, (t, 1) = (t + s, ). Moreover, the ROM in bold notation reads

iv
dt "lt;p

~

= 61 € Rnp+17 70(:“) = (tOMu)a

where e, € R™» "1 denotes the first unit vector.

Proof. With the assumptions of Corollary 6.8, the choice ¢ =  guarantees that the assump-
tions of Theorem 6.7 are fulfilled and that 3 (¢; ) = (¢, p) is a valid choice for the curve
in (6.18), which was used in the proof of Theorem 6.7 as the ROM solution candidate. For the
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remaining statement, we observe

LT 4z
dtﬁ tip 1’ dtﬁ

=0 for1<i§np—|—1,
tip

and Y, () = ] (to; ) = (to, 1), which completes the proof. O

6.3.3 Manifold Petrov—Galerkin (MPG)

Now we want to address one example of how to construct a reduction map (Definition 6.4), i.e.,
how to do the REpucTION step from the general MOR workflow described in Section 6.3.1.4.
Note that this specific choice of reduction map has been independently developed in [93].
Moreover, we emphasize that the specific choice of the reduction map is crucial for the
approximation quality of the ROM; see, for instance, [94]. Nevertheless, our goal here is not
to present an optimal choice but rather an example of leveraging the point reduction p to
construct a reduction map using the previously introduced framework in Section 6.3.1.

Assume that we have completed the APPROXIMATION step from the general MOR workflow,
i.e., we have already identified a reduced manifold M together with a smooth embedding
. Since ¢ is a homeomorphism onto its image, we know that ¢ gp(./\;l) — M exists.
Under for MOR reasonable assumptions, the extension lemma for smooth functions (see for
instance [74, Lem. 2.26]) guarantees that we can find a smooth extension o of ¢!, which
by construction satisfies the point projection property (6.15a). We refer to Figure 6.3a for an
illustration of the relation between ! and p. Differentiating the point projection property
(6.15a) with the chain rule (6.6) implies

dQ|go(7h) ° d@|m = d(idMﬂm = idTmM= Tm.A;l — TMM, (6.21)

i.e., do|, ) is aleft-inverse to dy|,;,. In particular, we have proven the following result.

Theorem 6.9 (MPG reduction map): Consider a smooth embedding ¢ and a point reduction
o for . Then, the differential of the point reduction g is a left inverse to the differential of the
embedding . Consequently,

Rype: TM — TM (m,v) = (o (m),dol,, (v)) (6.22)

is a smooth reduction map for , which we call the MPG reduction map for (o, ).
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We refer to the ROM (6.16) obtained with the MPG reduction map from Theorem 6.9 as
the MPG-ROM for (o, ¢). In index and bold notation, the tangent projection property (6.21)
reads

0t
ozk

Ak
p(in) 0T

i
o= (5£, Dg|<p(fn)D<p|fn =1, €R"™™. (6.23)
It can be interpreted as that the columns of D¢| .. span an n-dimensional reduced vector
space that changes with the reduced coordinates m € R", whereas the rows of Dg| (i)

span an n-dimensional vector space dual to the reduced vector space.

Example 6.10 (MOR on subspaces): If and o are linear as in Example 6.5, then the MPG-
ROM (6.16) with the MPG reduction map from Theorem 6.9 is the ROM obtained in classical
MOR on subspaces via Petrov—Galerkin projection

. - T d~| T
RMPG|¢(7h) = DQ|¢>(m) =W, dat 'y w X|’r(t)’

which is the motivation for the terminology MPG.

6.4 Manifolds with Structure

As a next step, we want to discuss structure-preserving MOR on manifolds (Section 6.5).
Beforehand, we specify the relevant structures on the FOM level in the present section. The
idea is to equip the underlying full manifold M with additional structure to formulate a FOM
vector field X, which guarantees physical properties, e.g., that the FOM solutions preserve
energy over time. We introduce additional structure on M (Section 6.4.1), which allows us
to formulate Lagrangian systems (Section 6.4.2) and Hamiltonian systems (Section 6.4.3) on
manifolds. Both systems admit a FOM vector field, which guarantees that the FOM solutions

preserve the corresponding energy over time.

6.4.1 Additional Structure on M

To keep this work self-contained, we proceed by detailing more concepts of differential geom-
etry. We discuss the cotangent space and covectors (Section 6.4.1.1), tensors (Section 6.4.1.2),
tensor fields (Section 6.4.1.3), structured tensor fields (Section 6.4.1.4), and pullbacks of covec-

tors, tensor fields, and functions (Section 6.4.1.5).
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6.4.1.1 Cotangent Space, Covectors, and Cotangent Bundle

The dual of the tangent space at m € M (6.4) is the cotangent space at m € M
o M:={\|X: T,,M — R linear},

which is again an /N-dimensional vector space. Elements in the cotangent space are called
cotangent vectors or simply covectors. Covectors can be constructed from scalar-valued
functions f € C*(M,R), as its differential at m, df|,, € C*(T,,, M, T}, R), defines a
linear functional on T, M if we identify Ty ,,,)R with R. Thus, the differential at m of a scalar-
valued function is a covector df|,, € T}, M. For a given chart (U, z) of M, this construction
can be used to define a basis of 7,7, M: For each i € {1, ..., N}, the i-th component function
of the chart mapping z* € C*° (U, R) is a scalar-valued function and thus dx3'|m €T M.
Moreover, with (6.3), (6.5), and identifying T,,,,,)R = R, it holds for all basis vectors of the
eT M,1<j< N the dual relationship

m

) =22
The differentials {d$3'|m}19;g n define a basis of 7}, M and we can represent each covector
AeTr M as

0
tangent space —
8 P oxL

dat| (% - 5; €R=T,,,R.

A=) dad] € ThM,

with (covector) components \; € R, where the right-hand side sums over 1 < ¢ < N by
Einstein summation convention (6.1). By the duality of the bases of T, , M and T}, M, it holds
for each covector A € T, M and vector v € T, M that

A(v) = ()\dei> (v )=xn0tER.

)= (G

Analogously to the tangent bundle (6.7), a cotangent bundle ™ M can be formulated as the

disjoint union of 7}, M, which can be shown to be a smooth manifold of dimension 2NV.
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6.4.1.2 Tensors

A generalization of vectors and covectors are the so-called tensors. For a vector space V and

its dual V*, the space of (r, s)-tensors given by

T (V) =V~ @VeV:® - @ V.

T times s times

In the present work we consider tensors on the tangent and cotangent space, i.e.,V =17 M
and V* = T* M. Special cases are TO(T) M) =T, M and T'OV(T, M) = T* M. An
element o € T'™%) (T, M) of a general (r, s)-tensor space is called an r-times contravariant
s-times covariant tensor. This element can be represented by

i g

jl"'js 8x7‘71 m

(2]

7
axl

(2 dz?t

m@...@dxj_sm

1.1,

5 € Rforl <iy,...,%.,71,...,Js < N, where the right-hand side sums

with components 0
Loeds

over each index 1 < 4y,...,%,, 71, ..., Js < IV by the Einstein summation convention (6.1).
The position of the index (upper or lower index) indicates which type (co- or contravariant)
the respective index belongs to. To extend the bold notation from Section 6.2.8 for tensors,

we stack the components with

NXNX---xXN
- [R 745 times

iy...0,

o= {"j j }
e N S T S PR -\

6.4.1.3 Tensor Field and Bundle of (7, s)-Tensors

A so-called tensor field is a mapping which assigns each point m € M a tensor in the corre-
sponding (7, s)-tensor space T"*)(T, M) analogous to the smooth vector field introduced
in Section 6.2.6. To this end we define the bundle of (r, s)-tensors as the disjoint union of all

(r, s)-tensor spaces

TENTM) =) TONT,M) = {(m,o) | m e M, o € T"*)(T,, M)}.

mem

Similarly as before, we obtain the special cases 719 (TM) = TM and T'OV(TM) = T* M.
An (7, s)-tensor field is defined as a map

i M — T"(TM), m = (m, 7], ) such that 7| € T"*)(T, M),
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For a given chart (U, z) of M, we denote the ((r + s) N) functions ’7'] : U — R for

. 3 3 . . 111, Z
1<y, 1y s Js < N with 72— (m) == (7, ) . as the componentfunctlons to

stress the dependence on the point m. To extend the bold notation from Section 6.2.8 for

tensor fields, we stack the component functions with

iy,
Ti= T
Ji-ds

NXNx---xN
. [RN ox (U) — [R r+5 times

o 1]
1<iy ysipp s f o <N

An ( ,’ s)-tensor field 7 is called smooth if all of its component functions are smooth,
ie., 7' (U,R). The set of all smooth (r, s)-tensor fields is the so-called smooth
sectzon ofthe (r, s)-tensor bundle I'(T™*)(T'M)). A special case are the smooth vector fields
X, = D(T(TM)).

6.4.1.4 Structured Tensor Fields and Musical Isomorphisms

Tensor fields may possess additional properties, which we refer to as structure. In the
following, we introduce two important examples of tensor fields with special structures,
namely Riemannian metrics and symplectic forms.

Consider a smooth manifold M with a chart (U, ). Then, the smooth (0, 2)-tensor field
T € I'(T9(TM)) with its component functions 7,; € C¥(U,R), 1 <4d,j < N, is called

« symmetric, if (7‘|m) = (1, ) foreachm € Uandforall1 <i,j < N;

« skew-symmetric or 2 -form, 1f( - )U —(71,, ) foreachm € Uandall1 <i,j < N;

- nondegenerate, if [(7],,,), ], <; oy € = RN s nondegenerate for each m € U;

7'.7
[RNXN

positive definite, if [(71,,,),:]1<; j<n € is positive definite for all m € U;

a closed 2-form, if Tis a 2-form and for each m € U

ozt
m

J
ox= m

0 foralll1 <i<j<k<N. (6.24)

Combining some of the previous properties, we obtain the following concepts. A smooth

(0, 2)-tensor field 7 € I'(T%2(T:M)) on M is called

« a Riemannian metric on M if Tis symmetric and positive definite;

« a symplectic form on M if T is skew-symmetric, nondegenerate, and closed.
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If 7,w € I'(T%?(TM)) are a Riemannian metric and a symplectic form on M, respectively,
then we call (M, 7) and (M, w) a Riemannian manifold and symplectic manifold, respectively.
Note that the nondegeneracy of a symplectic form implies that a symplectic manifold has
even dimension, i.e., dim(M) = N =: 2N.

Both the Riemannian metric and the symplectic form are nondegenerate tensor fields.
This allows to formulate the inverse (2,0)-tensor field 7! € I'(T*%(T:M)) such that

(7] ;})ﬁ(ﬂm) R = 5?, where, for the sake of brevity, the components of the inverse tensor

are typically denoted with (7],,)%& = (] ;1)&, i.e., the classical notation of the inverse (-)~!
is not explicitly denoted since this is clear from the position of the indices. Moreover, the
nondegeneracy allows to formulate an isomorphism between the tangent and the cotangent
bundle. Loosely speaking, this means that the indices in the index notation can be switched
from covariant (superindices) to contravariant (subindices) and vice versa. This is typically

referred to as musical isomorphisms

b, € C(TM, T*M),  (m, vt == N

) = <m’ (T‘m>ij v dxi‘m> ) (6.25)

m) . (6.26)

4, € OX(T*M,TM),  (m, A dzi] )+ <m, (7], YA, 2

J Ozt

Due to the nondegeneracy of 7, the two mappings are inverses of each other, i.e.,

f,0b, =idpy, - (6.27)

By a slight abuse of notation, we use the same symbols from (6.25) and (6.26) also to map
between (co)tangent spaces b._: T,, M — T M and §_: T, M — T, M (instead of the

respective bundles).

6.4.1.5 Pullback of Covectors, Tensor Fields, and Functions

Consider two smooth manifolds M, Q and a smooth map F' € C*°(M, Q). Let (U, x) and
(V,y) be charts of M and Q respectively such that m € U and F(m) € V. The differential
(6.5) of F'can be used to define the pointwise pullback (of covectors) by F'at m via

Fi
s OF

dF™|,, € €% (Tft(m)Q’T;lM) Ay P 5

A dx‘i‘m. (6.28)

For a smooth (0, s)-tensor field 7 € I'(T'%*)(TQ)), the pullback of 7 by F, denoted by
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F*r e I'(T%*)(TM)), is a smooth tensor field (see [74, Prop. 11.26]) with component

functions® ,
OF==

\ OF“
(F* ) = ey, , (6.29)

P

A scalar-valued smooth function h € C°°(Q, R) can be interpreted as a (0, 0)-tensor field.

m

Then, as a special case of (6.29), the pullback of (a function) h by F'is a smooth function
F*h € C*(M,R) with

(F*h) (m) =h(F(m)) = (ho F)(m). (6.30)

By Section 6.4.1.1, the differential of a smooth scalar-valued function G € C*°(Q, R) defines

a covector dG| #im) € TnQ. Then an analogue to the chain rule (6.6) is

which uses the pullback of a function (6.30) on the left-hand side and applies the pointwise
pullback dF”|,, € C>(T},Q, T}, M) to the covector dG|,,, € T, Q on the right-hand side

of the equation.

6.4.2 Lagrangian Systems

This subsection defines Lagrangian systems formulated on a manifold and additionally intro-
duces further structure required for the MOR part discussed in the forthcoming Section 6.5.2.
Consider a (Q-dimensional smooth manifold Q with chart (V,y). As mentioned in Sec-
tion 6.2.6, the tangent bundle 70 is a 2()-dimensional smooth manifold and the differential
dy € C(TV,R??) defines a natural chart (6.9). We abbreviate this chart with £ := dy for
brevity. By (6.9), it holds

. 2Q i O
&ETV - R ,(q,v Do

q) > (y (@), [U£]1§i§Q> '

The pullbacks from (6.28) and (6.29) can be related in the case of smooth covector fields o € F(T<0’1)(TQ)),
ie, s =1, with (F*a)l,, = dF"|,,a|p,, € Ty, M.
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It will be relevant to differentiate between the first () and the latter () entries of £ for a point
Y, = (¢,v) € TQ, which will be denoted with

& (Yy) =44 (q), 2 (Y,) = ot for1 <i<Q.

To lift a smooth curve v, € C°°(Z, Q) to its tangent bundle, we define

I, € CX(LTQ), t+ (1o (1), $70l,) -

We denote a Lagrangian system as the tuple (Q, £) of a smooth manifold Q and a smooth
function & € C*°(TQ,R), which we refer to as the Lagrangian function. The associated

second-order differential equation on the manifold is given by the Euler—Lagrange equation

4 oz
rom 4\ oeTp ()

with initial value (qq,v,) € TQ, which has to be solved for 7, € C°°(Z, Q). In bold notation,
the equation reads for the Lagrangian &£ := Lo 1: R?? 5 £(TV) = R, (q,v) — Z(q,v)

0L
o€l

=0 for1<i<Q, FWQ (ty) = [q0] : (6.32)
Yo
t

- OQXl € [RQ,

d
D,Z| (velt) ve®) 4 (D”g (7Q<->,%wg<->)>

where D (-) denotes the derivative with respect to the first () coordinates (named q here)

t

and D, () the derivative for the last ) coordinates (named v here).

Since the Euler-Lagrange equations are obtained from a variation of an action functional,
it is well-known that the solution curve is guaranteed to conserve a scalar-valued function
(see, e.g., [1, Sec. 3.5] and [85, Prop. 7.3.1]):

Theorem 6.11 (Preservation of energy): The energy

: _ i 0
E:TQ — R, Yo = (q,v—ayi

| 0L
) = Ul P) Q+J
q E~—

L2

is conserved along the lift of the solution curve  of the Euler-Lagrange equations, i.e.,

%g(r7 (.))‘t =0 forallt€ 1.
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The Lagrangian is called regular if the smooth (0, 2)-tensor field defined by the second-

order derivative of the Lagrangian w.r.t. the velocity

%%

. Q+i
Toly, = 9605 pean d¢

Yo

Q+j
v, ® d§—|YQ (6.33)

at each point Y, € TQ is nondegenerate (Section 6.4.1.4). In this case, we can formulate the

. : ;0 :
Euler—Lagrangian vector field X € Xpg such that at a point Y, = (q, Uzaxi q) € 19, it
holds

= i (Q+)(Q+) (92| _ _9°% k) _®
X$|YQ = D¢l Y, + (TleQ> (agj v, ¢k 9e@ YQ'U ) PEYSeET YQ, (6.34)

where we use the convention from Section 6.4.1.4 to use upper indices to denote the cor-
responding inverse tensor field. This vector field can be used to formulate the Lagrangian
system: Let v € C°°(I,70Q) be an integral curve of X, with starting point (g, v,) € 70.
Then, solving the Euler-Lagrange equations (6.32) for 7, is equivalent to finding the integral

curve 7y of Xo with 7 (¢) = I; /(?). In bold notation, the system for -y reads

Vo ()

d . 2Q
Lol = | , ] EE(TV) C R, (635)
di ’t [Tvy(t) (Dqg‘w(t) - qug‘,y(t)qlv <t>>

Here we denote by D%qgj |Y € R?*? the mixed derivative w.r.t. v and g and the solution
Q

curve is split v () = (v, (t),7, (t)) € £(TV) C R2“ in a part for q and a part for v. The
system (6.35) is typically referred to as the first-order formulation for the Lagrangian system.

6.4.3 Hamiltonian Systems

In this subsection, we derive a formulation of Hamiltonian systems on a manifold,” providing
the structure to perform MOR in the forthcoming Section 6.5.3. Let us recall from Section 6.4.1.1
that the differential of a smooth function G € C°°(M, R) ata point m € M defines a covector
dG|,, € T, M. Extending this idea, the differential dG € C°°(T'M, T'R) defines a smooth
covector field dG € I'(T%Y(TM)) with component functions (dG/|, ). = oc

i Ozt

m

"Hamiltonian systems may result from Lagrangian systems via a Legendre transformation, but this is not the
subject of the current work, so we refer to [1, Sec. 3.6].
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For a given symplectic manifold (M, w) and a smooth function # € C°°(M, R) referred
to as the Hamiltonian (function), the Hamiltonian vector field

Xogp =1, (d%) € D(TY(TM)), or in index notation: (Xg|, )i = (<,u|m)ﬁ (d%|m)j

is uniquely defined due to the nondegeneracy of w. A Hamiltonian system (M,w, #) is an

initial value problem (6.10) with an integral curve v € C°°(I, M) of X, with starting point
’70 - M, i.e.,

d
i, = Xty € Ty M and V(o) =7 € M. (636)
We denote a Hamiltonian system in bold notation® with
i, = (@) DFL, € RV (to) =70 €Y. (637)
a1 ~(t) ~(t) ) v (to) =0 : :

This special construction of the vector field guarantees that the Hamiltonian is conserved

along the solution curve, since

i (636)

Loy, = (1)), (571,)" =" (%1,10)), ()2 (), = O,

where the last step uses that for skew-symmetric tensors ¢ € T*%(T M), it holds
)\202 Aj=—A o A; = 0 for all covectors A € T}, M.

For two given symplectic manifolds (M, w) and (Q, 1), we call a smooth diffeomorphism
F € C*(Q, M) a symplectomorphism if F*w = 7. It can be shown that the flow of a
Hamiltonian system 6, : M O M — M is a symplectomorphism.

The theorem of Darboux (see e.g. [1, Thm. 3.2.2]) guarantees that for each point m € M,
there exists a chart (U, x) with m € U which is canonical, i.e., the symplectic form in these

coordinates can be represented with w|,, = JJ;N by the canonical Poisson tensor

(6.38)

Onxnv Iy 2N x2N - T -1
Jon = ) e R=~ for which J_ _=—-Jyn5=J_¢,
|:_IN Oxxn N 2

®As the Jacobian D], € RN is a row vector, we need to transpose it for the multiplication to match
dimensions.
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In the case of M = R2YN with w|, = ‘J];N for all m € M, we call ([R2N, JJ;N, FC) a canonical

Hamiltonian system.

6.5 Structure-preserving MOR on Manifolds

With the general model reduction framework presented in Section 6.3 at hand, we now
discuss how the general framework can be specialized to preserve important features of
the initial value problem on the manifold. In more detail, we first introduce the generalized
manifold Galerkin (GMG) reduction map in Section 6.5.1 and then use it to discuss the

structure-preserving MOR of

« Lagrangian systems in Section 6.5.2, and

+ Hamiltonian systems in Section 6.5.3.

6.5.1 Generalized Manifold Galerkin

Assume that the manifold M of dimension NV is endowed with a nondegenerate (0, 2)-tensor
field 7 € I'(T%“?(T:M)), as defined in Section 6.4.1.4. As in Section 6.3.3, we assume that
we have already constructed an embedded submanifold 4,0(./\;1) C M defined by a smooth
embedding ¢ € C*°(M, M), ie., we have completed the APPROXIMATION step from the
general MOR workflow in Section 6.3.1.4. The straightforward way to define a reduced tensor

field is to use the pullback from Section 6.4.1.5. Hence, we make the following assumption.

Assumption 6.12: Given the nondegenerate (0,2)-tensor fieldT € I'(T'%?)(T'M)), the smooth
embedding ¢ € C™°(M, M) is such that the reduced tensor field

7= 't € [(T'"(TM)),

is nondegenerate.

Note that the reduced tensor field in bold notation reads
Tl = Dol Tl Dl s, € RV (6.39)

which immediately illustrates that Assumption 6.12 may not be satisfied, in general. For

instance, if we take M = R? and M= R, the tensor field to be a constant skew-symmetric



6.5 Structure-preserving MOR on Manifolds 103

matrix and a linear embedding, then Assumption 6.12 is violated. See also the forthcoming

Example 6.26. On the other hand, if the tensor field is a Riemannian metric on M, i.e.,

symmetric and positive definite, then the reduced tensor field is also a Riemannian metric.
We immediately obtain the following relation between the full and reduced musical iso-

morphisms discussed in Section 6.4.1.4.

Lemma 6.13: Under Assumption 6.12, it holds

dy*

5 obrodely =bs€ C®(T;, M, T5M). (6.40)

Proof. We prove the statement in index notation. Using (6.25), (6.29), (6.5), and (6.28), we
obtain for all 7h € M, all ¥ € Tm./\;l andalll1 <i<n

. | 9|
(bz (6))1 = (ﬂﬁn)ﬁ = (T|90(m))€142 Ozt | 9zl |. .
agpg_l agoe_Q N * 0]
= | ey, 57| 7= (@] obrodels) (), -

The additional structure allows us to construct an alternative reduction mapping to the
MPG reduction map (6.22), which we refer to as the generalized manifold Galerkin (GMG)

Romg: TM 2 By — ™, (m,v) = (Q(m)7 (ﬁ% ° d™ |y © bT> (U>> ,  (6.41)

which is defined on the vector bundle

EQO(M) = UmE(p(M)TmM

The domain E, vy C© T'M of the GMG reduction map is in general smaller than in the
original definition of a reduction map (Definition 6.4). Nevertheless, all previous results
are valid for reduction maps R : E,, vy — TM as the reduction map is only used in the
ROM to project X|<p(fn) € T, ;)M which is part of E, ). We avoided introducing E ;)
earlier for a better readability. The restriction of the domain for the GMG is necessary as

de*| - T;(m)./\/l — T;L./\;l is defined on T; M only.

(m)
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By construction, (6.15a), Lemma 6.13, and (6.27), we obtain

Romclpim) © 90l = 850 40| hopyim) © 27 0 Aol 7, = B0 bz = idp iy,

which proves the following result.
Theorem 6.14: The GMG reduction (6.41) is a reduction map for .

The corresponding ROM (6.16) obtained with the GMG reduction map is called GMG-ROM.
In bold notation, the associated reduced vector field for the FOM vector field X € X ,, reads
with (6.15a)

-1
Remal gt Xlgm) = (PPl gy oot D >) Dy iy Mept X i
= (DI, Tl i DPl) Dso!;yl X|ym R (6.42)

To motivate the name GMG, we consider the special case that M = RY, M = R" are
vector spaces over R (with identity charts = idyn, £ = idg.) and the nondegenerate tensor

field 71is a Riemannian metric that is constant in coordinates, i.e., 7'|m = 7 = const. We then
obtain with (6.42)

Rovcloim) (Xlpum) = (Dell,7?) (72Dely,)) " (Dl 7/) 717X,

= (7 Del) 7 X

where (-) denotes the Moore—Penrose pseudoinverse. In particular, we recover the manifold
Galerkin projection introduced in [75, Rem 3.4], which allows interpreting the reduced vector

field as the optimal projection w.r.t. the Riemannian metric 7; see [75, Sec. 3.2].

Example 6.15 (Special case: MOR on subspaces): In the case of o, p being linear as in
Example 6.5 with T = const, the GMG reduction

Ripclpmy () = (VITV) 'V iro, %&]t = (VIrV) ' Vvirx|

is exactly the ROM obtained in Part I via the a-based projection (2.4), where Assumption 6.12 is
exactly the compatibility condition.

As discussed in Section 6.4, the FOM vector field may possess additional structure in specific

applications, such as Lagrangian or Hamiltonian dynamics. In the following, we show that
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the GMG reduction can be used to formulate structure-preserving MOR (on manifolds) for

Lagrangian and Hamiltonian systems by choosing a specific nondegenerate tensor field.

6.5.2 MOR on Manifolds for Lagrangian Systems

As in Section 6.4.2, consider a ()-dimensional smooth manifold Q with a chart (V',y) and
the corresponding natural chart (T'V,§) of the tangent bundle 7Q (Section 6.4.2). The
manifold to be reduced in the context of Lagrangian systems is the tangent bundle 79Q. To be
consistent with the notation introduced before, we thus set M := 7O with even dimension
N := dim(M) := 2Q. Instead of working directly on M, we still aim for a construction on
O by employing that the differential of a smooth map (Section 6.2.6) is a mapping between

the associated tangent spaces.

Definition 6.16 (Lifted embedding and lifted point reduction): Consider an embedded sub-
manifold gpQ(é) C Q defined by a Q-dimensional manifold Q and a smooth embedding

Vo 0 — @Q(Q). Then, we call

pi=dpg: TO = T(90(9)),  (4.7) = (o (@), depg|, (7))

the lifted embedding for pg. Analogously, for a point reduction pg5: Q — Q, we define the lifted

point reduction

0:=dog: TQ =+ TQ,  (g,v) = (0g(9),dogl (v)).

Let us emphasize that p is indeed a point reduction on M = TQ for the lifted embedding ¢,

which is a straightforward consequence of Theorem 6.9. For (qv, 'lv)ﬁa—gk v) € TO with a chart
~lg

(V,3) for Q and (IV, §) for TO, we immediately obtain

(20| 1<i<Q, 1<5<Q,
6y—(i
i 0, 1<i<Q, 1<j-Q<Q,
?)_gj‘ ) T 2 1<i—0<0,1<j<0
(q’”’a_@ﬁq) oo |, T T S e
&pgi—Q ) ) - o
_— , 1§Z_QSQ71§]_QSQ7
L 072 |;

q
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which reads in bold notation

~ = Lp (d) DLPQ - OQXQ\/ -
p(@o)=| % " E€R Dolgy =105 "N p € R¥&9,

q

Example 6.17: For a linear embedding ¢, (q) = Vq as in Example 6.5, the lifted embedding
from Definition 6.16 is described by a block-diagonal basis matrix

. V. 0,06 |a
¢ (4,0) = [0 ] QVQ] H :
QxQ v

which is frequently used in MOR for second-order systems (see, e.g., [106]).

With these preparations, let us now assume that we have a Lagrangian system (Q, &)
with initial value (q,,v,) € TQ together with embedded submanifold gpQ(Qv) C Q with the
embedding ¢, and a point reduction g, available. Let ¢ and ¢ denote the corresponding lifted
embedding and lifted point reduction as in Definition 6.16. To preserve the Lagrangian system
structure in the ROM, we do not aim for a projection of the Euler-Lagrange equations (6.32)

but rather start by constructing a reduced Lagrangian via
L =" L =Lope C®(TO,R) (6.43)

and immediately obtain the reduced Lagrangian system (é, & ) with the reduced initial
value (qy, V) = 0(qy,vg) € TO =: M. Note that with this strategy, we immediately obtain
the ROM that itself is a Lagrangian system, which is not automatically guaranteed if we
reduce the vector field (6.34). Straightforward calculations (see Appendix A.2.1) show that

the Euler-Lagrange equations of the reduced Lagrangian system read

0— Bpg” oF 02% Dpgk d 3 e‘
— i aed T Otk A Q14 | at 19
2% 92 g™ dx p| dx ¢
_——_— —— —Yo| —Vo= 6.44
9Ltk 9@t ‘P<Fﬁg(t)) oyt oy Xyg‘tdt To tdt 7o t ( )
92 8(,09& 4z ’VY g’
T 5eQtEk 5.Q7F5 ~2 | 2 197
0=~ 0=~ ‘P<F%Q(t)) oY ny(t) dt t
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for 1 <1 < n where the right-hand side sums over 1 < j,k < Qand1 < /{,p < Q by the
Einstein summation convention (6.1). In bold notation, the reduced Euler-Lagrange equations

read

d ~
'VYQ(t) E’YQ t

- . T
0Q><1 - D('OQLV)IQ(t) (Dng,(:yg(t)’%:m

t) _ Diqg’go(;yg(t i:),Q

_D?’”SPL(’@(?& Yo t) QOQ‘ (dt7Q’ ®dt79‘ ) (6.45)

)e[RQ.

By construction, the reduced Lagrangian system fulfills the Euler-Lagrange equations for

)37

2
D””g|¢<’rg(t)7%79t) 90Q| dtQ’yQ

the reduced Lagrangian &. Thus, Theorem 6.1 guarantees that along the lift of the solution

curve 7o, the reduced energy

-2 (¥o)

Q

E:TO R,  Yo= (VWW

o V>|_>vg aé,i
q e

is preserved. Moreover, it holds E=Eop.
Following the construction in Section 6.4.2 and assuming that the reduced Lagrangian ¢

is regular, we can formulate a reduced vector field X g el (T (TM)) for the reduced
Euler-Lagrange equations (6.45). Indeed, we obtain for a point Y’Q = (qv Vli ) € TO as

X?f 5= Ez 6Vz
Yy ogL

. 2 . % 82¢Q£
v (UY9)£<<X3 7))~

with indices 1 < k,/ < Qand1 <71,7,p,r < @ and

~P ~r 0
V=0 | =5 (6.46)
q ) e Yo

(. Aot
(ol )y = (R, ) 2287

V(TU|9"({/Q)>1€_[

q

In order to relate this reduction to our framework, we show in the following that the
reduced Euler-Lagrangian vector field (6.46) can be interpreted as a GMG reduction (6.41) of
the Euler-Lagrangian vector field (6.34) if an appropriate tensor field is selected. We refer
to this as the Lagrangian manifold Galerkin (LMG). With the nondegenerate tensor field 7,
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from (6.33), we define a tensor field 7,y € I'(T'%?(TM)) on M = TQ with

- Q+i
TLMG|YQ = (Tq|yg>ij dé=——

Yo ®© dgi‘YQ - (TU|YQ>ij dgi‘YQ ® déu@’yg’ (6.47)

where are additional components. A typical choice could be <Tq’YQ>ij = (TU|YQ>

(Tq’YQ>ij ij i

In bold notation, the tensor field reads

OQXQ TvYQ] . (6.48)

Timcly, =
YQ [TQ|YQ OQXQ

The associated reduced tensor field is denoted with 7, ,,; (as in Section 6.5.1). Assuming

that 7, is nondegenerate, we define the LMG reduction map

Ripg: IM 2 E ) — TM, (m,v) (Q(m), (]j;LMG o dp™| ) © bTwo) (v)) . (6.49)

The LMG reduction map (6.49) is a particular case of a GMG reduction map, and thus, we im-

mediately obtain from Theorem 6.14 that R, is a reduction map for the lifted embedding .

Theorem 6.18: Consider the ROM obtained by reducing the Euler—Lagrange vector field with
R, i Then solving this ROM for~y is equivalent to solving the reduced Euler-Lagrange equations

(6.44) for yo with ¥ (t) = Iy, (t).
Proof. (Appendix A.2.2). ]

We conclude this section with four remarks.

Remark 6.19: In the special case of classical MOR Q = R, Q = [Ré with a linear embedding
©o(q) = Vq as in Example 6.17, a linear point reduction map 0o(q) = V' g, and a quadratic
Lagrangian &, the reduced Euler—Lagrange equations (6.45) recover the ROM from [69]. In
our framework that relates to the choice M = R2€, M = [RZQ, @ as in Example 6.17, and
R yic(vg,v,) = [”;VTa ”ZVT]T'

Remark 6.20: In [69], the authors argue that the reduced Euler-Lagrange equations cannot be
obtained from a projection with the embedding g of the first-order system (which is formulated
with the Euler-Lagrange vector field (6.34) in the scope of our work). This is no contradiction to

our work (where we project the first-order system) since we suggest a projection based on the
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lifted embedding  from Definition 6.16 to obtain the reduced Euler-Lagrange equations via a
reduction of the Euler—Lagrange vector field.

Remark 6.21 (Second-order derivatives of ¢g): The reduced Euler-Lagrange equations require
the computation of second-order derivatives of pg, which might be computationally intensive.
Notably, the formulation of structure-preserving MOR for Hamiltonian systems presented in the

following subsection is independent of second-order derivatives of the embedding .

Remark 6.22 (Nonintrusive MOR): A nonintrusive technique for structure-preserving MOR of
Lagrangian systems on subspaces was presented in [107]. It learns a Lagrangian function from
snapshot data using knowledge about the governing equations (but not its discretization). So, it

does not require access to the FOM operators and is nonintrusive by means of Remark 2.14.

6.5.3 MOR on Manifolds for Hamiltonian Systems

Lastly, we assume to be given a Hamiltonian system (M, w, #') as FOM and demonstrate how
structure-preserving MOR on manifolds can be formulated. The procedure works analogously
to the GMG from Section 6.5.1, while choosing the symplectic form w as the nondegenerate
tensor field 7 = w. First, we assume that the APPROXIMATION step is completed and
we are given a reduced manifold M and a smooth embedding ¢ € C*(M, M) fulfilling
Assumption 6.12, i.e., *w is nondegenerate. We show at the end of this section (Lemma 6.25)
that this assumption is sufficient for & := ¢*w being a symplectic form and (M, &) being
a symplectic manifold. In this case, the embedding ¢: (M,) — (p(M), wl,a1) is @

symplectomorphism. Second, we use the reduction map
RSMG: ™2 Eap(.f\;l) - TM’ <m7 U) = (Q(m>) (ﬁ&) © ng*|Q(m) © bw) (’U)) ) (650)

which we refer to as the symplectic manifold Galerkin (SMG) reduction map. The SMG
reduction map is a special case of the GMG reduction map (6.41) with 7 = w and 7 = @&, and,
thus, we obtain from Theorem 6.14 that Rqy is a reduction map for ¢. Hence, the SMG
reduction fits in our MOR framework from Section 6.3.1 and it defines a ROM by (6.16), which
we refer to as the SMG-ROM. It remains to show that the SMG-ROM indeed is a Hamiltonian

system, which was the motivation for preserving the underlying structure.

Theorem 6.23: The SMG-ROM is a Hamiltonian system (M., &, %) with the reduced Hamilto-
nian 7 == o*H = H o .
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Proof. The ROM vector field with the SMG reduction (6.50) reads with (a) equations (6.15a)
and (6.27), and (b) equation (6.31)

Bl Xolon) = (s 2 46l guprimy 22 ) (b (o))
@ % (b) ‘
5 (a5, (00,0)) 2 (0,
which is exactly the Hamiltonian vector field of the Hamiltonian system (.A;l, W, ‘?E) []
Using (6.42), the reduced vector field in the SMG-ROM in bold notation reads
Ryl (Xotl pom)) = (D10l oy Dl )~ DLl iy Xt gy - (6:52)

_ T T _pgAT
chp|mD%’\LP<mrD%’|m
For a canonical Hamiltonian system, our generalization of the SMG-ROM is consistent

with the definitions existing in the literature, which is shown by the following lemma.

Lemma 6.24: For a canonical Hamiltonian system ([R2N J;N, 7€) and reduced symplectic
manifold (M, ) = (R?", Js..), it holds that

1. the SMG reduction evaluated at the base point ¢ () equals the symplectic inverse

Rpiclpim) (V) = De| ;v i= Jap D‘P|7Tn »D;N forallv € R?Y,
2. the SMG-ROM is consistent with [22], and
3. if, moreover, the embedding « is linear, the SMG-ROM equals the symplectic Galerkin ROM
introduced in [81, 99] and Section 2.4.

Proof. By assumption, it holds M = R2N, w = JJ;N, M=R" O = J;ﬁ. (i) Inserting
the quantities in (6.52) yields the statement. (ii) For ¢ to be a symplectomorphism, i.e.,

(p*w)|s = @l forallh € M, is with (6.39) equivalent to
Dyl J) Dol =J,,  forallm € R*". (6.53)

Considering ‘D;N = —Jyxyand \D;ﬁ = —J,;, and multiplying the previous equation on both
sides with (—1), gives exactly the definition of a symplectic embedding from [22, Def. 2].
Thus, the assumptions on the embedding are equivalent (up to smoothness requirements).

Moreover, the SMG-ROM in [22] is projected with the symplectic inverse which (by point (i))
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is equivalent to the SMG reduction map for the case assumed in the present lemma (M = R2N,
w=J,  M=R"o=1J]) )

(iii) If the embedding is linear, then there exists V' € R?Y*2" such that ¢ (m) = V.
Then, the requirement of ¢ to be a symplectomorphism is equivalent to V' J, 5V = J,.,
which is in [99, Eq. 3.2] formulated as the condition that V'is a symplectic matrix. Moreover,
the symplectic inverse of V'is used to obtain the ROM, which is, again, by point (i), equivalent

to our approach in this particular case. ]

However, our approach extends the existing methods, as it also works (i) on general

smooth manifolds (not just M = IRQN) and (ii), as in Section 2.4, in the case M = R2N for
T

2N’

It remains to show that assuming nondegeneracy of p*w is sufficient for ¢*w being a

noncanonical symplectic forms w # J

symplectic form, which we show in the following.

Lemma 6.25: Consider a symplectic manifold (M, w), a smooth manifold M, and a smooth
embedding ¢ € C™(M, M) such that & = *w is nondegenerate. Then & is a symplectic

form, (.A>l, W) is a symplectic manifold, and ¢ is a symplectomorphism.

Proof. 1t is sufficient to show that w = ¢*w is a symplectic form, which in this case results in
showing that @ is skew-symmetric and closed. The skew-symmetry is inherited pointwise
for all points 72 € M. Closedness is inherited as the pullback of a closed form is closed [74,
proof of Prop. 17.2]. [

Note that this is a central difference to reduced Riemannian metrics, which are automatically
nondegenerate due to positive definiteness. The following example shows that the reduced

tensor field can degenerate if arbitrary embeddings ¢ are considered for symplectic forms.

Example 6.26 (Degenerate ¢*w): For an arbitrary n with 2n < N, consider M = R2N

W= J];N, M = R2™, and the embedding

b

IZﬁ

@ () = Emn with E = L) } € R2N*2n
(

2N—2n)x2n

In this case, go(J\;l) C R?N isan isotropic subspace (see Section 2.4.1) and, thus, it holds with
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name ref. details
QPROM [5,41,59] MPG g linear, ¢ quadratic
Galerkin-BQ [108] MPG g linear, ¢ blockwise-quadratic
EncROM [93] MPG g, ¢ autoencoders
gmf [12] GMG 1 = I, o linear, ¢ quadratic
manifold Galerkin [75] GMG Tindependent of m, symmetric, pos. def.

[31, 69] LMG Tasin (6.48), 9, ¢ linear

symplectic Galerkin [81, 99] SMG 1= ‘D;\?’ 0, o linear
SMG-QMCL [108] SMG T = \D;N, o linear, ¢ from manifold cotangent lift
SMG [22] SMG T = JJ;N, 0, ¢ autoencoders

Table 6.3: MOR techniques from different works that are covered by MPG (6.22), GMG (6.41),
LMG (6.49), and SMG (6.50) introduced in our work. This table is adapted from [24].

Dy .. = E that

_ ON N IN I2”FL
W\, = D80|,Tvn w\¢(m)D90‘m = [I% 02hx(2N—2ﬁ)] X S
_IN 0N><N 0(2N—2h)><2h

which is clearly degenerate.

6.6 Snapshot-based Generation of Embedding and Point

Reduction

Another key task in MOR is the choice of a particular embedding ¢ (the APPROXIMATION step
in Section 6.3.1.4). In this section, we thus consider the construction of the embedding in a
data-driven setting, which is directly combined with the construction of a point reduction p.
We first introduce the data-driven setting (Section 6.6.1) and then detail four techniques to
generate an embedding and a corresponding point reduction. In Table 6.3, we present an
overview of selected methods discussed in the literature and how they fit into our general
framework. Throughout the section, we assume to be given the N-dimensional smooth
manifold M and a metric d,: M x M — R.
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6.6.1 Snapshot-based Generation

In the scope of the present work, we focus on snapshot-based generation of an embedding and

a point reduction. Consider a finite subset S, ,;, C S of the set of all solutions S C M from

rain

(6.13), which is referred to as the (training-)set of snapshots and its elements my, i, € Sirain S

snapshots. Typically, the embedding and the point reduction are determined by searching in

a given family of functions
= { ©,0) € C®(M, M) x C®(M, M) | 0 is a point reduction for ¢ (6.15a)}

by optimizing over a functional L: ¥, , — R that measures the quality of approximation

based on the snapshots m,,;, € Sy ains 1€

(p*, 0%) :== argmin L (¢p,p). (6.54)
(p,0)€EF, ,
We emphasize that Lemma 6.1 guarantees that searching within 7, , automatically yields
that ¢ is a smooth embedding and ¢(.M) is an embedded submanifold. Note that for prac-
tical purposes, which we do not further consider, one might want to relax the smoothness
assumptions in ', ,

One well-established functional is the mean squared error (MSE)

1
LMSE (907 Q) = |S | Z (dM (mtraim (90 °© Q) (mtrain)) )2 € [RZO' (6'55)
train MMrain €S train

The motivation of minimizing the MSE is that if Ly (¢, 0) = 0, it is guaranteed that all

snapshots my,,;,, € Sy, are in the image of the embedding ¢ and thus directly lay on the

train

embedded submanifold, i.e., S,.;, C @(M). In general, however, the MSE is not equal to
zero. Nevertheless, then we know that for each addend of (6.55) it holds that

(dM (mtraim (‘10 ° Q) (mtrain)) )2 S |Strain’ ’ LMSE (907 Q) (6'56)

for all snapshots my,,;;, € Sirain due to non-negativity of the respective addends.

rain
In the following we present four examples for snapshot-based generation for the case
where M = RY, M= R™, T M= RY, Tm./\;l = R" are Euclidean vector spaces with chart

mappings = idg~, T = idg. and the metric d, is defined by a symmetric, positive-definite



114 6 Model Reduction on Manifolds: A Differential Geometric Framework

matrix g € RYV*Y with
”mHg i=+v/mTgm, dy (m, w)=|m— ng, for m,w € RY.

With this choice, the MSE (6.55) in coordinates reads

Z ”mtrain - (SO ° Q) (mtrain)Hz : (657)

| train | "ﬂn’traine Strain

Ly (‘P, Q)

For each of the four presented approaches, we

1. formulate the respective family of functions as a subset of ¥, ,,
2. describe how the MSE functional (6.55) is optimized,

3. refer to existing work that uses the respective technique.

6.6.2 Linear Subspaces

As discussed in Example 6.5, MOR on subspaces from Part I is included in our framework if

the embedding ¢ and the point reduction g are linear maps

Pin () 1= Vi, &in (M) == W'm, (6.58)
based on the matrices V, W € RY*" with n < N. We formulate the respective family of

functions by

Foolin i=

Prins O ) from (6.58) |V, W € RV*" such that W'V =1 ¢.
lin lin n

Proposition 6.27: The family of functions F, is a subset of F, ,

,0,lin

Proof. The assumption W 'V = I implies the point projection property (6.15a) with
(Qlin © (Plin) (’ﬁ’l) = WTVI’:h’ =m. [

In the case of a Galerkin projection, i.e, W' = Vg with V'gV = I, solving (6.54)

for ¥, simplifies to the POD in coordinates (2.15), which is recited here for the sake of

,0,lin
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completeness
V= argmin Y [[Iy—VV g)myl. (6.59)
VGIRNXTL mtrainestrain
Vigv=I,

For structure-preserving MOR on subspaces techniques, F,, may have to be restricted to

,0,lin
a class that preserves the respective structure. For structure-preserving MOR for Hamiltonian

systems, this structure is the assumption that the ROB matrix V'is a symplectic matrix (see

Section 2.4) and the projection matrix is the symplectic inverse W = J, 5V J,_.

6.6.3 Quadratic Manifolds

Recently, so-called MOR on quadratic manifolds has become an active field of research [5, 12,

41, 59, 108]. In our terms, the embedding and point reduction are set to
Pauad (M) = A,m®? + A+ A, Oquad(M) = Al (m—A,y), (6.60)

with matrices A, € RV™n+/2- 4 ¢ RV A, € RY and where we denote by
()®2: R® — R™™V/2 g s m®2 the symmetric Kronecker product which produces all
pairwise products of components [112]° € R of i for 1 < i < n while neglecting redundant

entries, i.e.,
m®? = [ ], [m] - [l (][R, . W]t )] e R,
The respective family of functions is

7:‘c,o,g,quad = {((pquada Qquad) from (6-60) ’ AIAl - In and AIA2 = 0nxn(n+1)/2} : (6'61)

Proposition 6.28: The family F, , .,.q is a subset of F, ,
Proof. The assumptions (6.61) on A, and A, imply the point projection property (6.15a),

(6.61) -
) —

(Qquad ° ‘Pquad) () = AI (A2"'vn®32 + A+ Ay — A m. ]

The matrices A, and A, are obtained in [5, 12, 41, 59, 108] from the MSE functional (6.57).

In this setting, the assumptions in (6.61) allow to determine the matrices A,, A, and A,
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Then, (6.57) is optimized for A,
(similarly to (6.59)). Finally, (6.57) is optimized for A,, which results in a (regularized) linear

sequentially: First, A is chosen, e.g., as the mean of S, ;.
least squares problem. The preceding papers use different tangent reductions to derive the
ROM, which can be classified with the framework introduced in the present paper: [5, 41, 59]
use the MPG reduction map (6.22), while [12] relies on the GMG reduction map (6.41) (but
neglects a few higher order terms). The major difference between using MPG or GMG in

that context is that the MPG projects the FOM vector field with the tangent reduction

B AT
RMPG|<pquad('fn) = DQquadequad(ﬁ%) =4

which is constant, while the GMG uses the tangent reduction from (6.42) with 7{,,, = I, for
allm € RY and Dyp| .. = A,B,(m) + A, with a linear function B,: R — Rn(n+1)/2xn

describing the derivative of (-)®2, resulting in

Romcle,,m) = <D90|7Th T‘apquadmw)DSD’m) "Dyl Tl i)
= (I, + (By(m))" AJ A;B,(1m)) " (AyBy(1h) + A))
which is typically nonlinear in m, and, thus, so is the reduced vector field in general.

In [108], structure-preserving MOR of Hamiltonian systems on quadratic manifolds is
investigated. Two approaches are presented and compared: (i) The blockwise quadratic
approach uses an embedding of a comparable structure as (6.60) in combination with the
MPG tangent reduction. In contrast, (ii) the quadratic manifold cotangent lift uses the SMG-
ROM. In order to construct a symplectomorphism from a quadratic embedding, the PSD
cotangent lift from Definition 2.51 (which generates a linear embedding () is generalized
to the case of nonlinear embeddings ¢ by introducing the so-called manifold cotangent lift.
Based on this idea, the authors construct an embedding ¢ : R2" _ R2N , where the first
N component functions are of the structure (6.60) and the last N component functions are
rational functions. The SMG is then used for a structure-preserving tangent reduction of the

Hamiltonian vector field.
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6.6.4 Nonlinear Compressive Approximation

Following the idea of the previous subsection, the embedding and the point reduction can be

defined more generally with
Pnca (M) == Ay f(Th) + Ay + A, onca (m) :=B' (m— A,), (6.62)

where A, € RV*® A, € RV*", A, € RN, B € RYV*™ are matrices, and f € C>(R", R")
is a smooth nonlinear mapping for a given n € N. Following [33], we refer to this approach

as nonlinear compressive approximation (NCA). The respective family of functions is

F@,Q,NCA = {(‘PNCA) QNCA) from (6'62) BTAl = In7 BTAQ = Onxﬁ} : (6'63)
Proposition 6.29: The family F, , xca is a subset of F, ,

Proof. The assumptions on A, A,, and B in (6.63) imply the point projection property (6.15a)
with

(@nca © Pnea) (M) = B (A, f () + Ay + Ay — Ag) = . O

The MSE for this approach may be optimized sequentially as in the MOR on quadratic
manifolds discussed in the previous section using B = A ;. This method is, e.g., used in [6],
where fis a neural network.

Multiple works investigate NCA: First, the quadratic embedding (6.60) discussed in the
previous subsection is a special case of the NCA when choosing f () = m® 2. Similarly, f
can be chosen as a higher-order polynomial in m to obtain a more general approximation.
Second, in [6], f is learned with an artificial neural network, while a time-discrete setting
is considered for the reduction, which is not covered by our methods. Third, [33] analyzes
the approximation of a set of traveling wave solutions with (and without) varying support
on the PDE level using decision trees and random forests in their numerical experiments.
Interestingly, the authors show that a linear point reduction is enough to reproduce the set of
traveling wave solutions. Fourth, in [23], it is shown that the NCA has its limitations in terms
of the Kolmogorov (7 4+ n)-width since the solution is contained in an (7 + n)-dimensional

linear subspace of RY.
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6.6.5 Autoencoders

Autoencoders are a well-known technique in nonlinear dimension reduction (see, e.g., [43,

Cha. 14]). In the understanding of the present work, MOR with autoencoders chooses
PAE € COO([an [RN)) OAg < Coo<[RN) [Rn)v (664)

where both functions are artificial neural networks (ANNs) with network parameters 8 € R
(like weights and biases). Since @,z: RY — R™ and ¢,;: R — RY, the concatenation
@ ap © 0ap maps from RY over R™ back to RY. The in-between compression to R™ is typically
referred to as the bottleneck, p,p as the encoder, @, as the decoder, and the concatenation

@ag © 0 as an autoencoder. The respective family is
F, 0ae = {(Pag, 0ap) from (6.64) | @ € R" network parameters} .

Without special assumptions about the architecture of the ANNS, it is generally impossible
to show the point projection property (6.15a). However, whenever the minimum of the cost
functional (6.54) is small, and the domain of interest is sampled well, then we show in the
following that the point projection property (6.15a) holds approximately. We assume to be
given a norm |5 : R" — R such that ¢,; and g, are Lipschiiz continuous, i.e., there

exists a constant C(p > 0 such that for all points m, w € R"

[@ae (M) — g (W), < C |l — w4 (6.65)
and a constant ' 02> 0 such that for all points m, w € RN

|@aE () — @aF ('w)Hg <C,lm— w”g : (6.66)

Theorem 6.30: For a given tuple (pag, 0ax) € Ty p ax from the family of functions for MOR
with autoencoders with an MSE value of Ly (@ap, 0ar) > 0, the point projection property
(6.15a) is fulfilled approximately in the sense that for each mn € R"

I(@as ° @az) (17) = 172ll5 < Cp\/ Stpinl L (- 042)
+ (ngp +1) min |m — o ('wtrain)”g .

Wrain train
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of M and small values of the MSE

functional such that the term |S, ;| Lyse (Pag; @ar) 1s small, the point projection property

Thus, for a bounded set M C R”, a fine sampling in S,

rain

(6.15a) holds approximately on M, i.e., 0 AE © Pag| a7 & 1d

Proof. The proof is split in two parts. In the first part, we show that the inequality holds in
the encoded training points Ww,,,;, ‘= Qg (Wiraiy) With Wy, € Sipain- Then, we show that
the inequality holds for general m € R" by applying Lipschitz continuity.

Consider a fixed but arbitrary training point w,,,;, € Si;.i,- Using (6.66) and (6.56), it holds

rain*

[(@ar © Par) (Wirain) — "btrain”g = [(@ar © Par © @ar) (Wiain) — Qar (wtrain)”g

< CQ H(SOAE ° QAE) (wtrain) - wtrain”g

<C, \/ | Strain| Ivist (P aEs @aE)-

This property can be generalized to points m € R™ \ 0,5 (Siran)- The idea is that for a
general Lipschitz continuous function f : R" — R" with Lipschitz constant C' > 0 and
| f (Wyain) |5 < Cp for some Cp > 0, it holds for all n € R" by adding a zero, triangle

inequality, and Lipschitz continuity

”f(m)”g < ”f(’lbtrain)”g + ||f<’fh> - f(ibtrain)”g; < C1B + CH’ﬁ’L - ,&)traian .

For our case, we use f (M) = (@ap © ¢Pax) (77) — 1 with Lipschitz constant C = C,C,, + 1,

bound CB = CQ \/‘Strain‘LMSE (@AE? QAE>’ and pOil’ltS ﬁ}train = OaE (wtrain)' Thus’ it holds

I(@as © Par) (17) — 70l < Co\/1Stssn L (6 €ae)

+ <CQCQD + 1) ”’fh’ N (wtrain>||g :

Taking the minimum over all w,,,;, € Si,.in

on the right-hand side yields the result. ]

Remark 6.31 (Constrained autoencoders): In [93], the authors introduce a novel autoencoder
architecture, which aims at fulfilling the point projection property (6.15a) exactly. The archi-
tecture of the encoder is chosen to invert the decoder layer-wise based on the assumption that
the linear layers of the decoder and encoder are pairwise biorthogonal. This biorthogonality is

penalized in the loss functional with an additional term.

One of the first works to combine autoencoders with projection-based MOR is [75]. As
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discussed in Section 6.5.1, the time-continuous formulation in that work considers the GMG
reduction for a state-independent Riemannian metric. A structure-preserving formulation
for Hamiltonian systems in combination with autoencoders is discussed in [22]. As shown in
Lemma 6.24, this work is based on the SMG reduction. In the subsequent chapter, we will

investigate this case more closely.



Symplectic Model
Order Reduction
on Manifolds

In this final chapter, we intensify our study of structure-preserving MOR on manifolds for
Hamiltonian systems, which we refer to as symplectic MOR on manifolds. Firstly, we present
theoretical findings on preservation of energy and stability during the reduction and an error
bound for the reduction error (Section 7.1). Secondly, we present the weakly symplectic
autoencoder, a method to compute an approximately symplectic embedding from snapshot
data (Section 7.2). A numerical example compares the newly introduced weakly symplectic
autoencoder to classical symplectic MOR on subspaces and a nonlinear but non-symplectic
embedding from literature for the challenging case of a thin moving pulse (Section 7.3). In this
section, we assume that the reader is familiar with the basics of ANNs. For a more detailed
introduction to ANNs, we refer, e.g., to [75]. The following is adapted from [22].

In relation to Chapter 6, we assume to be given two symplectic manifolds (M, w), (M, &)
which are even-dimensional dim(M) = 2N, dim(M) = 27 and can both be described with
one fixed chart (U, ), (U, %) with U = R2N, U = R®". Moreover, we work in the bold
notation and consider C' mappings instead of C°°. For the sake of brevity, we omit the
dependency on the parameter vector ;4 whenever possible. Then, an autonomous Hamiltonian
FOM (6.37) and the SMG-ROM (Section 6.5.3) read

d _ o g-1 T 2N
{ E’Y‘t = X%|~y(t) = w|7(t)D%|7(t) € R, 1)
'Y(to) = Y0,
95| = Xy| =l DFE[. e R
{ o Hly(t) () (t) ’ (7.2)
0 (to) =9 = Q(’YO)
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with the Hamiltonian # € C’l([RzN, R), the symplectic form w € I"(T'%? (T[R2N)), the
embedding ¢ € C'(R?", R?Y), the reduced symplectic form & = p*w € I'(T%2(TR*™)),
and the reduced Hamiltonian 7€ = € o P.

7.1 Theoretical Findings

We present theoretical findings on energy preservation (Section 7.1.1), stability preservation

(Section 7.1.2) and error estimation (Section 7.1.3).

7.1.1 Energy Preservation

Proposition 7.1: Let~ € C*(Z, IR2N) be the solution of the Hamiltonian FOM (7.1) at time t
and let 5 € C*(I,R*") be the solution obtained from solving an SMG-ROM (7.2). Then, the

error in the Hamiltonian
AFE(t) = |FE(y(t) — FE(F(1))| = | () — FE(Fp)) (7.3)

is constant for allt € T.

Proof. In both models FOM and ROM the Hamiltonian evaluated the solution is constant over

time. But then the difference of both is also constant over time. O

Remark 7.2 (Exact preservation): If the initial value is included in the image of the embedding
@ € CY(R*™, [R2N) (i.e., there exists ay, € R*™ with~v, = @(,)), it follows from Proposi-
tion 7.1 that with the SMG projection, the Hamiltonian is exactly reproduced, AF = 0. We
discuss in Section 7.2.3, how an embedding can be constructed that is guaranteed to exactly

reproduce the initial value.

7.1.2 Stability Preservation

Under mild assumptions, it can be shown that symplectic MOR on manifolds preserves
stability in the sense of Lyapunov. In the present subsection, we assume # € C' 2(|R2N ,R)
and ¢ € C%(R2",R2N) such that € = F o ¢ € C2(R?",R).

For an open set V' C R2N and a vector field X € C* (V,TV), consider the system of ODEs

LA, = Xl € RN forte L. (7.4)
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We call a point m, € Van equilibrium point if X|,, = Oy5,;. Lyapunov stability of the

point m, is defined as follows.

Definition 7.3 (Lyapunov stability [86, Sec. 12]): An equilibrium point m, € V of (7.4) is
Lyapunov stable if for every e > 0, there exists 6 > 0 such that |m, — v (t;7,)|y < € for all
t € I whenever |m, — v, < 6.

In order to state sufficient conditions for an equilibrium point to be Lyapunov stable, we

recall Lyapunov’s stability theorem.

Theorem 7.4 (Lyapunov’s stability theorem [86, Thm. 12.1.1]): Assume that m, € V'is an
equilibrium point of (7.4). If there exists h € C*(V,R) such that (i) Dh|,, = 0, .y, (ii) the
Hessian Dzh‘m of h is positive-definite, and (iii) Dh|,,X|, <0, forallm € V C R2V,

then m, is a Lyapunov stable point.

The function h in Theorem 7.4 is called the Lyapunov function. For Hamiltonian systems, a
suitable candidate for h is the Hamiltonian itself. In the case of an autonomous Hamiltonian
considered in this paper, a point m € R2N is an equilibrium point of (7.1) if and only if m
is a critical point of ZC, i.e., a point s.t. DF(m) = 0,4y [1, Prop. 3.4.16]. Following the
well-known Dirichlet’s stability theorem for Hamiltonian systems [86, Cor. 12.1.1], it suffices
that the equilibrium point is a strict local maximum or minimum in order to be a Lyapunov
stable point. Condition (iii) from Theorem 7.4 is automatically fulfilled for autonomous

Hamiltonian systems which can be easily seen by
DF|, X, = DJ|, w|, DF|] =0 YmeV,

due to the skew-symmetry of <.u|;%1 Similar to [81, Thm. 18] in the special case of a linear
embedding ¢, we are now able to show that, if Z€ (or —F€) is a Lyapunov function in an
environment of the equilibrium point, then these equilibrium points for the FOM and ROM are

Lyapunov stable. In the following we extend this theorem to hold for nonlinear embeddings

P.

Theorem 7.5 (Preservation of Lyapunov stability): Assume that m, € Vis an equilibrium
point of (7.1) and there exists , € R*"™ such that m, = p(1n,). If F€ (or —F€) is a Lyapunov
function as defined in Theorem 7.4, then m, and m,, are Lyapunov stable equilibrium points for
the FOM (7.1) and the SMG-ROM (7.2), respectively.
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Proof. As m, is an equilibrium point and #€ is a Lyapunov function, Theorem 7.4 implies
that m, is Lyapunov stable. Evaluating the chain rule D%‘m = D%\, ;) D#l,;, at m
yields

D%\ = DI, Dol = DHl,, Dol = 0105,

€

where the last equivalence follows as m, is a critical point for &, i.e., DZ|,, = 0, oy
Thus, m, is an equilibrium point for (7.2). In order to show that m, is a strict local minimum,

we consider the Hessian matrix. Again, considering the chain rule, we get
20z T 2
D*Ft| . = Dgl}, D*|,;, Dol
Therefore, for any & € R*" \ {0, .}, we obtain that D? %‘fn is positive-definite

Erpzyk‘meg = <D9"|fne€)T D*%] .| (D¢l,;, &) >0,

due to the positive definiteness of D> %‘m . With Dirichlet’s stability theorem, we conclude
that m, is a Lyapunov stable point for (7.2). []

7.1.3 Error Estimation

In this section, we deduce a rigorous a posteriori error bound for Runge—Kutta (RK) time
integration schemes (see Section 2.3.2). For a linear embedding ¢, bounds have been derived
in [30, Thm. 6.19], which we extend in the following to error bounds for nonlinear embeddings
. In the notation of the present chapter, the RK scheme for the FOM is for each time step
1 <k < K based on the FOM RK residuals vy, ;(wy, ..., w,) == w; — Xgp| | A5

for 1 < ¢ < s and solves

S
j=1%i;W;

rk,i(wk,lﬂ”'7wk,s) :O2N><17 Vi € {17"'78}7
s (7.5)

Vi = Vi1 T At Z bywy ;-
=1
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~

Analogously, the ROM RK residuals 7, ;(Wy, ..., W) = w; — X ‘ are de-

) 3, +At 2510w
fined for 1 < 7 < s and the RK scheme solves

7\;]6,2'(11)]6,1""’{1}]6,8) :OQﬁX17 V’L c {1,...,8},
s (7.6)
Ye = Vi1 T At Z bywy, ;-
=1

Theorem 7.6 (Error bound): Given a norm ||-|| : R2N R, assume that Xg, is Lipschitz

continuous, i.e., there exists a constant k > 0 such that

||‘)(%’|'m,1 - X%'mQH <K ”ml - m2|| ) le,mz € |R2N7

and that At is chosen sufficiently small such that
(al) the matrix C € R*"® with entries [C],; := 6;; — kAt|a;;| is invertible and
(a2) foreveryx,,y, € R withCx, <y, it holdsx, < C 'y,

For1 < k < K, consider the discrete FOM =y, and ROM solution 7, of the RK schemes from (7.5)
and (7.6). Then, it holds the error bound

k—1

~ k ~
I =3l < ()" o = Foll + 3 (1)’ (At 2_ o] Z b 751+ I3 12”) ,
(=0
with the reconstructed state 7, = (%), the reconstructed velocities Wy, ; = D90|>yk,1ﬁ’k,i’
fori =1,...,s, the residual of the reconstructed state and the residuals of the reconstructed
velocities
S
o= — A1 — At Z bywy, ;, (7.7a)
i—1
’IlCU’L = wk,i_X%|7k 1+Atzj L Z]wk_j Z: 1,...,8, (77b)

and the constant ¢, == (1 + ckAt> ° _ b, |35 [[C7M,.;)-

'For the implicit midpoint rule (s = 1), this condition holds if C = 1 — (kAt)/2 € R, which can be ensured
by choosing At < 2/k. The condition can be verified for other (symplectic) RK methods, see Appendix A.3.
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Proof. Subtracting 7}”; from 7y, ;(wy, 1, ..., wy, ;) yields

cw ~
Tk,z'(wk,la ey wk,s) Ty, = Wy, — Wy,

5 ’

(X Xolx - .
( %’7k71+AtZ§:1aijwk,j %|"/k71+AtZ;:1aijwk,j

Noting that 7, ;(wy, 1, ..., Wy ;) = Oy, foralli =1,..., s due to (7.5), we arrive at

~ _ f"w _
Wg,i — Wk, = rkﬂ + (X%|7k—1+AtZ;1 Qi ;W X7f|:¥k—1+At2§:1 az‘j"z’k,j> '

Applying the norm on both sides, using Lipschitz continuity and the triangle inequality yields

S
+ K llve1 — 1] + AL Z |a;] Hwk,j — Wy, ;
=

[wy,; — Wy ]| < H,F,llcﬂz

Rearranging both sides leads to

S

> (655 — rAtay]) fwy ; — @y | < |7
=1

+ Y1 — Yol -

As At is small enough such that both assumptions (al), (a2) hold, it holds form =1, ..., s

S

05,0 = @l < D IC o (

=1

|'F11::i + K )Y — ’3’1%1”) . (7.8)

Evaluating the residual (7.7a) at 4, and adding a zero by reformulating (7.5) yields
Ve = el < lve-1 — Foa | + At Z 10,5, ||wk,m - ﬂ)k,mH + H”N“ZH :

m=1

By inserting (7.8), it follows

S

e — 34 < (1 RS (bl Z[C—Hmi) s = T
m=1

=1
m=1 =1

Finally, an induction argument concludes the proof. ]

ooall + 17
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Note, that the Lipschitz condition on X, does not pose a severely limiting additional
requirement, as it is a typical condition for the well-posedness of (7.1). Moreover, the quantities
of the error bound are all computable and can be split into different categories, i.e., we have
quantities from the underlying dynamical system such as the Lipschitz constant x whereas
ij» At. The embedding

@ only enters the residual norm in form of the reconstructed state and velocity.

other quantities depend on the chosen time-discretization such as b,,,, a

7.2 Data-based Generation of an Approximately

Symplectic Embedding

As described in Section 6.6.5, autoencoders can be used to define an embedding ¢ and a point
reduction map . After revisiting autoencoders (Section 7.2.1), we discuss deep convolutional
autoencoders (Section 7.2.2), explain how to exactly reproduce initial values (Section 7.2.3),

and introduce our novel weakly symplectic deep convolutional autoencoder (Section 7.2.4).

7.2.1 Autoencoders

In this chapter, an autoencoder A := (e(-;0),d(-;0)) is a tuple of two parametric functions,
the encoder e(-;0) € C'(R?*YN, R?*™) and the decoder d(-;0) € C'(R?", R?Y), with network

parameters @ € R"¢. The autoencoder is used to learn a low-dimensional representation of a

given, finite dataset X, ,;, C R2N, X,..in| < 00 by optimizing the mean squared loss (MSE)?
1
Lgaa(0) 1= e |m — d(e(m;0);0)|°. (7.9)
2N |Xtrain’ m;\;ram

The embedding and the point reduction map are chosen as ¢ = d(-;0%) and g = e(-; %)
for a (locally) optimal network parameter vector 8. In our case, the training data set are
snapshots of the FOM, i.e.

Xtrain = Strain = {7]4:(:“’) ‘ 0 S k S K7 2 S Ptrain}7 (710)

where . (1) is the solution of the RK scheme (7.5) and P,,,., C P,

training parameter set.

rain Pirwin] < 00, is a finite

?In comparison to Chapter 6, the normalization factor in the MSE includes 2N to be consistent with [22].
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7.2.2 Deep Convolutional Autoencoders

For high-dimensional data, 2N >> 1, autoencoders purely based on fully-connected ANNs
(FNN's) might be too expensive to be trained since ny ~ 2N or even ng ~ (2IN)2. Moreover,
FNNs do in general not make use of spatial correlation in the data. For such problems, the
use of convolutional ANNs (CNNs) [73, 43, Cha. 9] is advantageous. These networks are
based on the so-called cross-correlation which applies a filter matrix similarly to the discrete
convolution. The dimension of the filter matrix is independent of the dimension of the input
which makes it suitable for high-dimensional inputs. Moreover, this operation is invariant
with respect to translations due to its convolutional structure. A combination of CNNs and
autoencoders is introduced in [75] as so-called deep convolutional autoencoders (DCAs). For
details on DCA-based architectures we refer to [75, Sec. 5] and Section 7.3.2.

7.2.3 Exact Reproduction of Initial Value

Similarly to [75], we construct an embedding ¢ which exactly reproduces the initial value.
To this end, we assume that the FOM has zero initial value v,(4t) = 055,; Which can be
achieved with a coordinate transformation m_,, = m — 7, () for any system with non-zero

initial value. Furthermore, the decoder is set to
d(m;0) = g(m; 0) — g(e(0y5,1;0); 0) (7.12)

based on a trainable mapping g(-, ) € C'(R>", IRZN). With ¢ = d(-;0%) and o = e(-;0"),
the initial value of the ROM is by definition 7, = 0(7, (1)) = €(0551; ") and the initial

value is reconstructed exactly as
Yo =d(¥;0") = g(€(035,156%);0") — g(€(035,150%);0%) = 0351 = Yo

In the original formulation from [75], the term g(e(05 .. 1; 0); @) in (7.11) is neglected during
training. In contrast, we respect this term in the training in order to train the decoder in the

same way it is used in the evaluation afterwards.
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7.2.4 Weakly Symplectic Deep Convolutional Autoencoders

In general, the decoder d of the autoencoder learned with the DCA method will not be a
symplectic map which is required for the SMG-ROM. Thus, we extend the DCAs to weakly
symplectic DCAs by adding this constraint additionally to our loss function

L(e) = aLdata(e) + (1 - a)Lsympl<0>7 (7123)
L T TR
Loympr (6) = (270)2| Xy, | mezx HD % (e(m.0):0)%lm Dl (e (m:0):6) Jzn‘ .o (712b)

train

|| is the Frobenius norm, (272)?|X,,.,| is again a

where 0 < a < 1 is a hyperparameter,
normalizing constant, and Dd)| (e(m;0):0) € R2N*2% denotes the evaluation of the Jacobian of
d(-;0) at e(m; 0). The loss function L, penalizes network parameters 6 for which d(-; 8)
violates the canonical symplecticity (6.39) at the encoded data points e(m; 8) for m € X,

Note that the symplecticity loss (7.12b) is more expensive to compute than the data loss (7.9)
as it requires to compute the Jacobian of d. In our framework, we use the Jacobian—vector
product in pyTorch [96] to compute the Jacobian. For now, we ignore this additional cost as
it is part of the training phase and it does not influence the computational cost to evaluate the
encoder and its Jacobian after the training. Future work might investigate how to reduce the
cost in (7.12b), e.g., by introducing another stochastic approximation such as Hutchinson’s

Trace Estimator [58].

7.3 Numerical Results

In this section, we perform numerical simulations of a linear wave equation that models the
challenging transport of a thin pulse. First, we detail the Hamiltonian FOM. Then, we describe
the training of the autoencoders and the construction of the reduced models. Subsequently,
we compare our reduced model on the nonlinear (approximately) symplectic trial manifold
to classical (non-)symplectic model reduction and to non-symplectic model reduction on
manifolds in terms of the accuracy on training and test data. Moreover, we compare for all

these MOR techniques the preservation of energy and symplecticity of the reduced model.
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7.3.1 Full-Order Model

We consider a parametrized initial-boundary-value problem (IBVP) for the one-dimensional

linear wave equation with homogeneous Dirichlet boundary conditions

ult & 1) = p20%u(t, & ), for (1,6) € T x 0,

) =
u(0,&; 1) = ug(&; p), for € € (2, (7.13)
atu<07€7 ) —H a.qu(ga )7 fOI’S S Qv

p) =

u(t, &; fort e I,§£ € {—1/2,1/2},

with the spatial domain (2 = (—1/2,1/2) and time interval T = (0,1). The parameter
€ P:=1[5/12,5/6] C R is chosen to be the wave speed. The spline function

1-3/2-524+3/4-5% 0<s<1,
h(s) =< (2 —s)3/4, 1<s<2,

0, otherwise,

is used to formulate the parameter-dependent initial value with u,(&; 1) := h (s(&; 1)) and
s(&p) == 20/p - |€ +1/2 — pu/10|. The unique solution of this IBVP is a traveling wave
solution u(t, &; u) = uy(& — pt; u). This model problem is similar to [81, 99] and the FOM
from Section 5.3.1. Here, however, the problem is parametric, has nonzero initial velocity, and
the support of the initial value compared to the domain length is much smaller. Thus, the
system is very challenging for MOR on subspaces as it describes the transport of a thin pulse.

With the variables q(¢,&; ) == u(t, & p) and p(t, &; p) == 0,q(t, & p) = Oyu(t, &; 1), the

PDE in (7.13) can be rewritten as a parametric Hamiltonian PDE [17]

0HH oy
Oua(t.&im) = (2 lacpisd ) (1) = 0,610,
5%PDE 2
Op(t, &) = — 5—q[q,p; pl | (t, 65 1) = —p0geq(t, & ), (7.14)
1
FHopeld, p; 1] = 5/0,“2(8&1)2 + p?dg,
where % denotes the variational derivative. We discretize the interior of {2 into N = 2048

equidistantly spaced points which results fori = 1,..., Nin §; := iA¢ — 1/2 with step size
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Ag:=1/(N + 1) and the two states q(£; 12) := [q(t,&; )i, and p(t; p) == [p(t, & 7L
Discretizing (7.14) with a finite difference method, yields a 2 N-dimensional Hamiltonian FOM
(7.1) with a canonical symplectic form w = JJ;N and v(t; 1) = [q(t; ), p(t; ) T]T € RN

and the separable, quadratic Hamiltonian

2
—u“D. Oy~
F(m; ) = lmT B e TNxN m,
2 Oy.n Iy

where Dy, is the central finite difference approximation for the second-order derivative Jg,.
For symplectic time integration, we use the implicit midpoint rule (2.25) with K = 4000

steps. The training set P,,,;, is chosen as 8 equidistant points in the parameter space P which

rain

K = 32000 snapshots.

rain | :

results in |P,

7.3.2 Training of Deep Convolutional Autoencoders

In this subsection, we discuss all details on the architecture and training of the DCAs used
in the numerical experiment. The settings specific for the different DCAs are listed in
Table 7.1. For the training, the snapshot data is randomly split into two disjoint sets, (i)
80% training data X,
(weakly symplectic) DCAs as described in Section 7.2. For nine different reduced sizes
2n € {2,4,...,12,18,24,30} =: D, we train three different types of DCAs separately. The
three investigated DCA types are (i) a weakly symplectic DCA Ai,ﬁ, (ii) a non-symplectic

ain and (ii) 20% validation data X, The network architectures are

DCA Agh with the same hyperparameter configuration as (i) but symplecticity is not included
in the loss function (7.12a), i.e., & = 1, and (iii) a completely different non-symplectic DCA
architecture Afﬁ. In this context, we refer to a DCA as non-symplectic if symplecticity is
not included in the loss function (7.12a), i.e., « = 1. The hyperparameter configuration for
Ai’% was decided by hyperparameter optimization with 250 candidates (with a < 1) by
minimizing the loss (7.12a) on the validation set X ;. The hyperparameter configuration
for the DCAs of type A%h was determined analogously in a separate run with @ = 1 over
400 candidates. In this setting, we provide a good baseline as we compare our approach
to the same DCA without symplecticity in the loss function (A(Q)ﬁ) and a non-symplectic
DCA optimized on its own (A>™). For all different reduced dimensions 27, the optimized
hyperparameter configurations result in DCAs with a number of network parameters ny
between 93, 000 and 101, 000 for Aﬁj’g, AZ™ and between 248, 000 and 257,000 for .A>"™.
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setting A A2n A2
weight a in (7.12a) 0.9 1. (non-symplectic)

num. conv. layer n. 6 5

conv. channels ¢ [2,2,4,8,16, 32, 64] [2,4,8,16, 32, 64]
lengths, conv. layer 1°°™V||[2048, 512, 256, 128, 64, 16, 2]|[2048, 1024, 512, 256, 128, 4]
stride s [4,2,2,2,4,8] 2,2,2,2,32]

num. full layer ng 1 2

lengths, full layer ! [128, 271] [256, 132, 271]
learning rate 4.43e-4 1.05e-4

batch size 15 25

weight initialization Kaiming normal [52] Xavier uniform [42]

Table 7.1: Autoencoder-specific settings for the weakly symplectic DCAs Ag% and the non-

symplectic DCAs Agh, A%ﬁ. Note, that the DCAs Ai% and Agh share all parameters except
for the weight a. We only report the layout of the encoder part as the decoder uses a mir-
rored layout. The table is adapted from [22].

Both, encoder and decoder, are composed of multiple, sequential layers, see Figure 7.1.
The sizes of the intermediate results are indicated in the upper part. Sizes with a x-symbol
indicate that the result is a second-order tensor. For such results, we call the first dimension
the channels and the second dimension the length. The outermost layers (split, flat,
dotted boundary around layers) convert the state [q; p] € RV to a second-order tensor
[q,p]" € R2XN (or RN _ R2N, respectively) such that both physical quantities, the
configuration variables g and the conjugated momenta p, occupy one separate channel. The
next part is framed by a scaling operation and its inverse (scale, scale !, dashed boundary
around layers). The scaling is chosen to scale each channel in the input data separately to the
interval [0, 1]. This operation is typically applied directly to the data. In our approach, this
operation is adopted in the network in order to ensure that this operation is respected in the
symplecticity loss (7.12b). The other layers in Figure 7.1 are, in order, a block of convolutional
layers (convblock), a flatten operation, a block of fully-connected layers (fullblock,) in the
encoder, a block of fully-connected layers (fullblock,) in the decoder, a splitting operation
and a block of transposed convolutions (convIblock). Each block consists of alternating

(transposed) convolutional layers (or fully-connected layers, respectively) and nonlinear
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Figure 7.1: Schematic description of the network architecture of general DCAs composed of
an encoder (blue) and a decoder part (orange). The sizes of the intermediate results (light
gray) are indicated in the upper part. Sizes with a x-symbol indicate that the result is a
second-order tensor. This figure is adapted from [22].

activation layers. The activation function in all examples is the Exponential Linear Unit (ELU)

x, x>0,

exp(x) —1, z<O0.

The hyperparameters for a (transposed) convolutional layer are the kernel size, the stride
value s;, the number of output channels c; and the padding. The length of the output /;°7" € N
of a (transposed) convolutional layer depends on all those hyperparameters and the length
of the input [°°". The hyperparameters for the fully-connected layers are the number of
neurons described by the lengths lg““. We give an overview of the hyperparameters and
the resulting lengths for each autoencoder in Table 7.1. Layer-specific hyperparameters are
denoted as a vector v = [vy, ..., v, ].

We use mini-batching in combination with the optimizer ADAM [64] with standard param-
eters except for the learning rate, which is given together with the batch size in Table 7.1 for
each DCA type. The batches are reshuffled in every epoch. The DCAs are trained for 1000
epochs where one epoch is a full iteration over all training batches. The final parameter 6" is
chosen as the minimizer of the total loss (7.12a) over the validation data set X,,; within those
1000 epochs. All biases are initialized with zeros. The weights are initialized with the method
and corresponding distribution listed in Table 7.1. The DCAs are implemented with the
pyTorch [96] framework. Moreover, the floating point precision is set to double-precision,
as the FOM and ROM work with this precision.
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reduction method  lin. | sympl. | approx. ref.
Symplectic Manifold Galerkin (SMG) no yes Ai:’% Section 6.5.3, [22]
Manifold Galerkin (MG) no no A2 420 Section 6.5.1, [75]
Manifold LSPG (M-LSPG) no no 027 [75]
Symplectic Galerkin (SG) yes yes var Section 2.4.2, [99]
Galerkin (G) yes no 20 Section 2.2.2, [68]
least-squares Petrov—Galerkin (LSPG) || yes no rop [29]

Table 7.2: Summary of investigated reduction techniques. The table is adapted from [22].

7.3.3 Accuracy Based on Test Data

The DCAs described in the previous section are compared for three fixed parameter instances
Prost = {101, Ho, g} With g1y := 0.51, py = 0.625, ug = 0.74 that are all distinct from the

training set P,,,;,, i.e., we investigate how well the DCAs generalize to unseen data. For the

weakly symplectic DCAs Aiﬁ we use the SMG reduction technique recited in Section 6.5.3.
For the non-symplectic DCAs, we use the manifold Galerkin (MG) and the manifold LSPG (M-
LSPG) both introduced in [75]. Additionally, we display the results for a classical symplectic
MOR method, the cotangent lift (CL) with symplectic Galerkin (SG) projection, which was
observed to be the best reduction technique in the experiments for the linear wave equation
in [99]. Moreover, we present results for the proper orthogonal decomposition (POD) in
combination with the Galerkin (G) and least-squares Petrov—Galerkin (LSPG) projection,
which are classical (non-symplectic) MOR techniques. The different reduction techniques are
summarized in Table 7.2. We quantify the quality of the reduced models on the test data with

the (mean relative) projection error

e 3 J Yo I o @) (i) — ()] 715
prel ‘ptest| BEP, st Zszo ||’Yk;(,u)||2
and the (mean relative) reduction error
o1 J S o le () — i) 016
red ‘= 75| ’ '
’ptest‘ BEP, ot Zi(zo ”7k<:u)||2
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where v, (1) € R2N is the FOM solution and (1) € R?™ is the corresponding ROM solution
at time ¢;,. The projection error is a measure how well a solution can be approximated by the
respective DCA whereas the reduction error shows the error of the corresponding ROM.

Figure 7.2 illustrates both errors for all techniques from Table 7.2 for different reduced
dimensions 2n € D,. The errors are displayed separately for projection techniques based
on symplectic (manifold) Galerkin (Figure 7.2, left), (manifold) Galerkin (Figure 7.2, center)
and (manifold) LSPG (Figure 7.2, right). Errors are not depicted, (a) if the error is above
400% or (b) if the corresponding ROM simulation run did not reach the absolute tolerance
of 1e-8 within the maximum number of 15 quasi-Newton iterations for some time step ¢,
0<k<K.

First, we comment on the classical MOR methods on subspaces, i.e., VgLﬁ with SG and
‘/13207_}3 with G and LSPG (depicted by pentagon-symbols in each plot; left, middle, right). As
expected from theory, the reduction error e 4 of all these methods is always bounded from
proj Of the POD basis (black dash-dotted line). Moreover, all

classical reduction methods show poor results in the reduction error, which is around or

below by the projection error e

above 100% for most 2n € D,.. Overall, no reduction error is achieved below 39.5% with
classical methods for 2n € D,. Therefore, for the considered case of a thin moving pulse,
classical MOR techniques on subspaces are not able to beneficially reduce the model for the

investigated reduced dimensions.

S(M)G (M)G (M-)LSPG
T T T C T o T C e
o 'OOQ.O .l foBaa? [ . + @ 2n
100% E®® E_.. [ ) O—E E_.s 8 ® o AS,_O
E ~-~~~~ E ~5"*~~ = E ~..~~~ = + 0 Agn
10% 4 o °® ;\“‘ 3 N\*~\ 9 F N‘*~\ E A?n
F ® o0 R F s ~3 s+ 1 --- eproj POD
- C 1 C ] )
+ 2
g Tty v ST FRRE IR S 3 S TR TR Ver
2n
o
I I d oL I I /| ‘/POD

0.1% L ' ' '
0 10 20 30 0 10 20 30 0 10 20 30

red. dim. 2n

Figure 7.2: Reduction error e_.4 (7.16) (circles and pentagon-symbols) and projection error
€proj from (7.15) (plus-symbols and dash-dotted line) for different DCAs (see Table 7.1), and
reduction techniques (see Table 7.2). We consider symplectic (manifold) Galerkin (left),
(manifold) Galerkin (center) and (manifold) LSPG methods (right) separately. This figure is
adapted from [22].
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In contrast to that, all nonlinear projections based on the DCAs A?h, Agﬁ, A?ﬁ attain
proj proj for the POD basis,

and a lower reduction error e, 4 (circles) for at least one reduced dimension. The reduction

lower projection errors e, . (plus-symbols) than the projection error e
errors provide results below and above the POD projection error, which aligns with previous
experiments for model reduction on manifolds using autoencoders, see [75]. Furthermore,
we observe that M-LSPG yields lower reduction errors than MG in average, which is in
accordance with the results for Burgers’ equation in [75]. Moreover, the architecture Afﬁ
hyperparameter-optimized for the non-symplectic setting (orange) yields in general better
results than .,4(2)ﬁ (red) which is expected from the design of the two DCAs. In terms of
numbers, the weakly symplectic DCAs A%ﬁ with SMG produce reduction errors below 11%
for all reduced dimensions 2n € D,.. For the non-symplectic methods, however, only 2n = 12
is able to produce a reduction error lower than 11% for both reduction methods MG and
M-LSPG. Especially for reduced dimensions 2n > 18, reduction errors above 90% render the
non-symplectic DCAs impractical. In that sense, the non-symplectic DCAs yield less reliable
results than Aiﬁ) with SMG. Overall, the best reduction error is given by AiiL) with SMG
with 2n = 12 with 3.3%.

In comparison to the results from [75] for the Burgers’ equation, it is, however, surprising
that the discrepancy between the reduction error and the projection error is very high for
M-LSPG. This indicates that the lack of structure might impact M-LSPG which leads to higher

reduction errors.’
20 mm finished
10 mm failed
0

2n 2n 2n 2n 2n
AS,O AO AO ‘Al ‘Al
SMG MG M-LSPG MG M-LSPG

number of runs

Figure 7.3: Number of successful (blue) compared to failed (red) reduced simulation runs for
Ai%, .Ag”, A%” with respective reduction technique, for y;, + = 1,2,3 and 2n € D,. This
figure is adapted from [22].

’The MG and M-LSPG in our implementation have been validated with the Burgers’ example from [75] which
leads to this conclusion.
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Since Figure 7.2 excludes runs for which the Newton solver did not converge, we display the
number of successful and failed runs in Figure 7.3. For the non-symplectic DCAs, we observe
that non-converging reduced simulations occur, whereas all runs with the weakly symplectic
DCAs converge. For A%ﬁ, out of 27 simulations (9 reduced dimensions, 3 parameters) 8 /27
runs converged for MG and 15/27 runs converged for M-LSPG. For Agﬁ, 14/27 simulations
converged for MG and 13/27 simulations converged for M-LSPG. This means that, even in
the best case, one third of the runs did not converge for the non-symplectic DCAs. This

emphasizes the importance of structure-preservation in model reduction.

7.3.4 Quality in Terms of Structure

To showcase the quality in terms of structure, we investigate the error in the symplecticity of
Ai% with

[P, 0 935D 5,10 = I3

(7.17)

|;Yk(.u) F )

esymp(tk:; p) = (27)2
where 7, (1) € R*" denotes the solution of the SMG-ROM (7.2). Figure 7.4a depicts this
error over time for different reduced dimensions 2n € D,. It shows that the error in the
symplecticity is comparable for 2n > 4, whereas for 2n < 4 higher errors might occur. In the
latter case the reduced dimension may be too low in order to capture the essential properties
of the set of all solutions. The following remark briefly comments on a possibility to enhance

symplecticity in DCAs.

Remark 7.7 ((Strictly) symplectic embeddings): In the present work, we determined approx-
imately symplectic embeddings by penalizing symplecticity in the loss. This is advantageous
in the scope of our work because it allows to compare the SMG-ROM with the MG-ROM on
comparable architectures (which only differ in the penalization factor o).

Future work might investigate (strictly) symplectic embeddings. To this end, the concept of
DCAs could be paired with symplectic mappings such as the SympNets introduced in [60] (which
has been proposed in a different context earlier in [34]). Moreover, the manifold cotangent lift
introduced in [108] can be used to generate (strictly) symplectic mappings.

To numerically verify the preservation of the energy over time from Section 7.1.1, we plot
in Figure 7.4b the evolution of the error in the Hamiltonian AZ(t; pi ) (7.3) for the DCAs
A?%, Agﬁ and A%ﬁ (with SMG, MG, M-LSPG, whenever applicable). We illustrate the range
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(a) Error in symplecticity ey, (t; p1) (7.17). (b) Error in Hamiltonian AF(t; uq) (7.3).

Figure 7.4: Error in the symplecticity ey, (¢; 111) (7.17) over time ¢ € [0, 1] for the DCAs

Ai% with 2n € D,. (left) and the minimum and maximum of the error in the Hamiltonian

AF(t; 11y) (7.3) over time ¢t € [0, 1] for the DCAs A?m AZ", AT" with different reduced

dimensions 2n € D,. (right). Both figures are taken from [22].

of AFC(t; 11, ) over different reduced dimensions 2n € D,. for each time step ¢, 0 < k < K.
The minimum and maximum is plotted as solid lines and the area between both is shaded in
the same color. Non-converging runs (red in Figure 7.3) are excluded, which is in favor of
the non-symplectic DCAs Agﬁ, A%h. We observe that the error in the Hamiltonian for small
times ¢t &~ ( is very low in all cases. This is due to the exact reproduction of the initial value
discussed in Section 7.2.3 which makes the DCAs match the Hamiltonian at £ = 0, exactly
with the idea from Remark 7.2. All runs of the weakly symplectic DCAs Ai% are able to retain
a low error in the Hamiltonian (AZC(¢; i) < 4.2e-3). The error is not exactly zero which we
assume to stem from the fact that the symplectic midpoint rule conserves invariants exactly
only up to quadratic order while the reduced Hamiltonian is of higher order than quadratic
due to the nonlinearity of the embedding . However, the error is much lower than with
the non-symplectic DCAs Agﬁ, A%ﬁ. In the best case (for the non-symplectic DCAs), the
minimum error in the Hamiltonian at the final time ¢ = 1 is about 58 which is approximately
four orders of magnitude higher than the maximal error of the symplectic method. In that
sense, the additional constraint of weak symplecticity in (7.12b) in combination with the
SMG projection shows its impact in this experiment with an improved preservation of the

Hamiltonian compared to the non-symplectic DCAs.



Conclusion and

Perspectives

8.1 Summary and Conclusion

In this thesis, we developed structure-preserving formulations and new algorithms for MOR
on subspaces (Part I) and manifolds (Part II).

Part I focused on basis generation techniques for symplectic MOR. We introduced the PSD
SVD-like decomposition as a powerful tool, that computes a non-orthogonal, symplectic
basis. Furthermore, the PSD-greedy was formulated as a greedy method that is guaranteed
to provide a symplectic basis in combination with a suitable basis generation technique.
Lastly, we proved for the special case of canonizable systems with a periodic solution that an
optimal symplectic basis in the time-continuous setting can be computed with the POD if
the integration time is chosen accordingly. For each of these advancements, we deducted
numerical experiments. We conclude from Part I that orthonormality of the basis is not
required in symplectic MOR. All numerical experiments suggest that a non-orthogonal,
symplectic basis allows to obtain the same accuracy as the orthogonal counterparts with less
basis vectors. The resulting ROMs are smaller and thus more efficient.

Part II introduced a framework for structure-preserving MOR techniques based on differ-
ential geometry. Starting from a formulation of the FOM on manifolds, we introduced two
MOR concepts (generalized manifold Galerkin and manifold Petrov-Galerkin). Adding more
structure in the form of tensor fields allowed us to investigate Lagrangian and Hamiltonian
systems together with structure-preserving MOR for such systems jointly in this framework.
As a second step, we examined structure-preserving MOR for Hamiltonian systems on mani-
folds more closely. In terms of theoretical findings, we proved preservation of energy and

stability and an error bound. As a practical algorithm, we introduced a technique to learn
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an approximately symplectic embedding from snapshot data with the weakly symplectic
autoencoders. Inspecting this new algorithm numerically for the challenging example of a
moving thin pulse showed that both aspects of this thesis (structure-preservation and MOR
on manifolds) are essential to obtain an accurate and robust ROM. We conclude from Part II
that the differential geometric formulation is substantial to understand and preserve the
structures present in the FOM. The main tool for structure-preservation is the pullback of
covariant objects that transfers structure from the FOM to the ROM naturally. Moreover,
a key insight from Part II is that many techniques existing in literature are included in the
formalism of the presented framework. The differentiation between the generalized manifold

Galerkin and the manifold Petrov—Galerkin helps to categorize these approaches.

8.2 Perspectives

Regarding the contents of this thesis, we see the following perspectives for future work:
The methods developed in Part I for symplectic basis generation may be transferred to
related fields such as MOR for port-Hamiltonian systems [114], which are a generalization of
Hamiltonian systems. Current work [103] shows that the PSD SVD-like decomposition can
also be beneficial in this case. However, the highest potential to inspire future work lies in
the framework for structure-preserving MOR on manifolds from Part II. It provides a fertile
basis to formulate and investigate structure-preserving MOR techniques for other structures
as in port-Hamiltonian [114] or (port-)metriplectic [55, 89] systems. In terms of data-based
embeddings, the framework should be extended to lifting [67, 101] and shifting [16, 59, 91, 102,
105, 112] operations, which are established approaches in MOR with nonlinear projections.
For the future of MOR and surrogate modelling in general, we anticipate further advances in
both main aspects of this thesis, (i) structure-preservation methods and (ii) MOR on manifolds.
The first aspect, (i) structure preservation, can be driven by the mathematical community
that uses algebraic and geometric structures to formulate numerical techniques on the FOM
level. The MOR community will closely follow this development and provide appropriate
surrogate modelling techniques for the newly emerging structured models. The demand to
improve the second aspect, (i) MOR on manifolds, naturally emerges from the underlying
assumption of MOR on subspaces that the Kolmogorov n-widths decay fast enough, which

limits its applicability especially in FOMs with transport-dominated solutions.
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Proofs

A.1 Topological Spaces and Topological Manifolds

A.1.1 Fundamentals

Consider a set M. A topology on M is a collection T of subsets of M (which are called open
subsets of M) that satisfy that (i) both the empty set () and the set itself M are open, (ii) each
union of open subsets is open, (iii) each intersection of finitely many open subsets is open.
The pair (M, T) is called a topological space. If the specific topology is clear from the context
or not particularly relevant for the discussion, then we simply write M instead of (M, T).

For two topological spaces M and Q, a map F: M — Q is called continuous, if for
every open subset V' C O, the preimage {m € M | F/(m) € V} is open in M. We call F
a homeomorphism, if (i) it is bijective (and thus the inverse F~': Q — M exists) and (ii)
both Fand F~! are continuous. Correspondingly, two topological spaces M and Q are
called homeomorphic if there exists a homeomorphism from M to Q. Moreover, M is called
locally homeomorphic to RN for N € N if for every point m € M there exists an open set
U C M with m € U, which is homeomorphic to an open subset of R”Y. A topological space
M is called a topological manifold of dimension N if it is locally homeomorphic to R™ (and
additionally Hausdorff and second-countable, see e.g. [74, Cha. 1 and App. A]).

A.1.2 Proof of Lemma 6.1

By assumption, ¢ € C°°(M, M) and o € C°°(M, M) are smooth maps. Then, the restric-

tions to ¢ (M) C M are smooth maps ¢ € C™(M, p(M)) and | ;) € C(p(M), M)
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in the subspace topology. Thus, ¢ is a smooth diffeomorphism onto its image in the subspace

topology. By [74, Prop. 4.8. (a)], ¢ is a smooth immersion and thus a smooth embedding.

A.2 Proofs for Lagrangian Systems

A.2.1 Derivation of the Reduced Euler-Lagrange Equations

In the following, we derive for the reduced Lagrangian system (é, ¢ ) the reduced Euler-

Lagrange equations presented in (6.44). To begin with, we compute the derivatives of & for
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A.2.2 Proof of Theorem 6.18

In the following, we prove Theorem 6.18. In order to show that the systems are equivalent, we

show that the underlying vector fields are identical, i.e., we show that the LMG reduction (6.49)

of the Euler-Lagrange vector field (6.34) results in the reduced Euler-Lagrangian vector

field (6.46). To simplify the notation, we use 7 = 7|, and T = 7 y ¢ in the following, with

(¢, 0557

Time s in (6.47). Let Y, = (¢,7) =

readsforlSQ,BSQQandlgk,ESQandlgz,j,ng
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Moreover, we obtain for the indices 1 < 8,7 < 2@ and 1 < a < 2@ and1 < 5,k < (@ and
1<£,p,r<Q

b ~f dva
q”‘) 5—’% (A2)

and observe that the last term equals (%qh/ ) ?%. Combining (A.2) with (A.1), the LMG
Q/ rf

reduction (6.49) of the Euler-Lagrange vector field (6.34) can be written (with the indices
1<a< 2@and1 <jk<Qand1 <l p,r,s< Q)as
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Thus, the vector field obtained with the LMG reduction (6.49) with the LMG tensor field 7, ;¢
from (6.47) results in the reduced Euler-Lagrange vector field (6.46), which is equivalent to

solving the reduced Euler-Lagrange equations (6.44) by construction.

A.3 Existence of At for Assumption (a2) in Theorem 7.6

Theorem A.1: Forall C € R*™® with entries [C],; := 6;; — kAt|a;;| for1 < i,j <'s, there

i
exists At > 0 such that for every x,y, € RS, with Cx, < y,, it holds x; < Cly,, ie.
assumption (a2) in Theorem 7.6 is fulfilled.

Proof. We denote C'(At) := I, — T'(At) with T'(At) := kAtA € RZ7°, where the entries

>0

of A are given by |a,.|, 1 < 4,7 < s. We consider the inverse of C(At) in terms of the

il
Neumann series. If the series converges, it holds

C™(At) = (I, - T(At)) ™ Z (T(At))*.

k=0

Let ||, be the two-norm on R® and the (induced) spectral norm on R***. The Neumann

series converges on the Banach space (R*?, ||-|,), if [T'(At)[, < 1 which is equivalent to

1

At <
kAl

due to absolute homogeneity of the norm and x, At > 0. Since both x and ||A|, are
independent of At, we can always choose At small enough such that the Neumann series
converges. For, e.g., the implicit midpoint rule (s = 1, a;; = 1/2), this results in the condition
At < 2/k.

We now assume that At is small enough such that the Neumann series converges and
drop the dependency on At in the notation for the sake of brevity, i.e. we assume that
C =37, T*. Since the partial sums > o T" ¢ RE%’ for all p € N have non-negative
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entries and R%}® is a closed subset of a metric space, we know that the limit C~' € R%}®
also has non-negative entries.

But then, if for some x, y, € R, the inequality Cz, < y, holds, multiplication of the
inequality with C~! does not disrupt the inequality as forall 1 < i < s

S

[ms]i = [C_lcms]i = Z [C Z 1]2_] ys [C_lys]i7

—
J >0 [ys}

which is exactly the definition of z, < C™'y,. ]
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Abstract

Mathematical models are a key enabler to understand com-
plex processes across all branches of research and development
since such models allow us to simulate the behavior of the pro-
cess without physically realizing it. However, detailed models
are computationally demanding and, thus, are frequently pro-
hibited from being evaluated (a) multiple times for different
parameters, (b) in real time or (c) on hardware with low com-
putational power. The field of model (order) reduction (MOR)
aims to approximate such detailed models with more efficient
surrogate models that are suitable for the tasks (a-c). In classi-
cal MOR, the solutions of the detailed model are approximated
in a problem-specific, low-dimensional subspace, which is why
we refer to it as MOR on subspaces. The subspace is character-
ized by a reduced basis that can be computed from given data
with a so-called basis generation technique.

The two key aspects in this thesis are: (i) structure-preserving
MOR techniques and (ii) MOR on manifolds. Preserving given
structures throughout the reduction is important to obtain
physically consistent reduced models. We demonstrate this
for Lagrangian and Hamiltonian systems, which are dynamical
systems that guarantee preservation of energy over time. MOR
on manifolds, on the other hand, broadens the applicability of
MOR to problems that cannot be treated efficiently with MOR
on subspaces.
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