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Conventions

Let XY be sets. Let G be a group. Let R be a commutative ring.

v

We write [a,b] :={z € Z:a <z <b} for a,b € Z.
Given n € Z, we write Z>, :={2 € Z: z > n}.

Given z € Z and T C [a,b] for some a,b € Z, we write x — T := {x —t : t € T}. For
example, we have 3 — {2,6} = {1,—3} and 5 — 0 = 0.

Given a,b,z € R, we write a =, b to indicate that a — b € xR.

Given n € Z, we write v,(n) := max{k € Z> : n =, 0} if n # 0, and v;(0) := oc.
Let z 4 00 := o0 for z € Z and oo + 00 1= 0.

Furthermore, we stipulate that co > z for z € Z.

We write B(X) :={Y : Y C X} for the power set of X.

We write X C Y if X is a subset of Y.

We write X UY := X UY if the union is disjoint, i.e. X N Y = (. Furthermore, given a
set U and a tuple (A;);er of subsets A; C U for i € I which are pairwise disjoint, then we

write
iel iel
Let (A;)icr be a tuple of sets. Then we write

HAi = |_|{(i,a) ca€ A} ={(ia) i€ l,a € A;}.
i€l el
We write H < G is H is a subgroup of G, and H < G if H < G and H # G.

Let M C G. In this case, we write M £ G to indicate that M is a subset, but not a
subgroup of G.

Given g,z € G, we write *g := zgx~! and ¢* := 2~ lgz.
Given g € G and H < G, we write YH := {9h: h€ H} and HY :={h9 : h € H}.

Let X be a G-set. Let x € X. We write Stab(x) := Stabg(z) :={g € G :¢g-x = x} for
the stabilizer of x in G.

Let n € Z>;. In the symmetric group S,,, we write o - 7 € S;, for the composite of o € S,
and 7 € S,,, where first o and then 7 is applied, e.g. (1,2)-(2,3) = (1,3,2) in Ss.

We do this to follow the convention used in Magma [2].



1 Introduction

Let G be a finite group. Let p be a prime.
We write |G| = p'n, where t = v,(|G]) € Zso, n € Z>, and n #, 0.
Let s € [0,1].

1.1 The main result

Let k> 0. Let I ={cy,...,cx} C0,t], where ¢; > ... > ¢,. We write
N(s—=1I):=|{(Uy,....,Uy) U1 KUy < ... < U, <G, |Us| =p° € fori € [1,k]}.
That is, N(s — I) denotes the number of chains of p-subgroups
U< <...< U <G,

where U; has order p*~“ for i € [1, k.

Then we obtain the following sieve formula for ¢ € [0, s].

ST (—D)IFN(s = 1) = L

1C[0,0]
140

Its name stems from the sieve formula from set theory, also known as inclusion-exclusion

principle, because of formal similarities.

1.2 Counting orbit representatives

Let
Q:={MCG:|M=p}

Note that [Q] = (")

Then €2 is a G-set via left multiplication, i.e.

g-M:=gM={gm:me M}



for g € G and M € Q).

We write
[M] :={gM : g € G}

for the orbit of M under G, and

Q:={[M]: M eQ}
for the set of all orbits.
Let M € Q. By the orbit-stabilizer theorem, we have |[M]| = |G|/| Stab(M )| and so
|[M]| - | Stab(M)| = p'n.

Furthermore, M is a Stab(M)-set via left multiplication, where the orbits are right
Stab(M)-cosets. So we have an ¢ € [0, s] such that

| Stab(M)| = p*~,
le.
[M]] =p'~*"n.
Given ¢ € [0, s], we write
QO i={M € Q:|[M]|=p'"n} = {M € Q:[Stab(M)| =p"‘} CQ

and
Q' = {[M]: M e Q.

Then ,
a= || .
£€0,s]

Given ¢ € [0, s], we write
=t
ap := || € Zso.
Counting orbits while factoring in their sizes yields

t —_—
(p ”) = Y @ = Y

p* ¢€[0,s] te[0,s]

Write ¢ 1= —= (’;;") € Z>1. Then

ptfsn

q= Z Clzp[-

£€10,9]

In particular, we have

q =pt+1 Z akpk
kel0,4]

for ¢ € [0, s].



1.3 Wielandt’s proof of Sylow-Frobenius

Wielandt showed that for M € Q) the orbit [M] contains exactly one subgroup of G of
order p*, while for £ € [1,s] and M’ € QF, the orbit [M’] does not contain a subgroup.

Consequently,
ao = {U < G : U] = p°}| = N(s = {0}).
This means that
q =p ao = N(s — {0}).

Here, Graham Higman simplified Wielandt’s original proof:' Using this congruence in
case G = Gy, gives ¢ =, 1. Altogether,

N(s —{0}) =,¢=, 1.

This is the theorem of Sylow-Frobenius, shown by Sylow [8, Th.II] in case s = ¢, and
proven by Frobenius [3, §4, L] in case s € [0, t].

Wielandt’s proof of the Theorem of Sylow-Frobenius has entered the standard textbooks
on group theory, e.g. [4, §7, Thm.7.2], [5, §1, Thm. 1.7], and [6, §47, Thm. 27].

1.4 Extending Wielandt’s proof

We first shall give a group theoretic meaning not only to ag, but also to a, for £ € [0, s].

We write

t—s—+/4
(P n—1
b(g) .—( pe—l >€Z>O

for ¢ € [0, s].
By a noetherian induction, one may show that

ag= 2% > (=)™ b(min I)N(s - I).

IC(o,¢]
lel

! According to Derek Holt, colleagues of Graham Higman attributed this simplification to him. Cf. also
Mathematics Stack Exchange, question no. 479839.


https://math.stackexchange.com/questions/479839/wielandts-proof-of-sylows-theorem

Then

q Epul Z akpk
ke[0,4)

— S Y ()" b(min I)N(s — 1)

ke[0,6 1C[0,k]
kel

= S (=) b(min I) N(s — 1)
1C[0,4]
I#£0

= S > (=) b(min I)N(s — 1)

ke[0,0) IC[k,0]
kel

= > b(k) Y (—DPFIN(s = 1).

ke[0,4] ICIk,¢)
kel

Applying Higman’s idea to compare with the case of the cyclic group and to form a
difference, we obtain

0=y S b(k) 3 (=1)H(N(s = I) - 1).

ke[0,0] IC[k,0)
kel

Using the congruence
b(k) =, b(k —1)

for k € [0,/] and by another noetherian induction, we can remove the factors b(k) for

k € ]0,/] to get
0=y > > (DI (N(s—1)-1)
kel0,6] [k, 0)
kel

and so the desired sieve formula

ST (=D)HFIN(s = 1) =0 L

€[04
140

For sake of illustration of the general method, we have also included direct proofs of the
sieve formula in the cases £ = 1 and ¢ = 2, with which we have started.

1.5 Concluding remarks

We give examples that show in the cases ¢ = 1 and ¢ = 2 that the exponent cannot be
improved in the modulus p‘*! of the sieve formula.

We have undertaken an attempt to find a shortcut to prove the sieve formula directly
from the Theorem of Sylow-Frobenius; cf. Remark 50. Examples show that this seems to
be impossible.



Open questions concern a variant of the sieve formula, in which an interval is replaced by
an arbitrary subset, and the particular case of G being a p-group.

1.6 Acknowledgements
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time, both in the preparation of my bachelor’s thesis and also throughout my studies.



2 Preliminaries

2.1 Disjoint subsets

Remark 1 Let X, I be sets. Let X; C X be non-empty subsets fori € I.
Suppose that X = | ic; Xy, i.e. X = Ujer X and X; N X; =0 fori,j € I withi # j.

LetJ,jQ]withl_leJijl_l -~ X.. Then we have J = J.

jeJ “Nj

!
Proof. We show C. The other inclusion follows vice versa.
Suppose given j € J. Choose x € X, which is possible since X; # (.

Since X; C |jes Xj = Ly X, we have z € ;.5 Xj. So we may choose k € J such that
r € Xy

So z € X; N X}. This yields X; N X, # 0. Hence j = k € J. O

2.2 Congruences

Definition 2 Let p be a prime. Let
Ly ={%:a€Z, beZ\pL} CQ.
Note that Z C Z,).

Remark 3 Suppose given a prime p and k € Z.
(1) Leta€Z and b € Z \ pZ. Then we have § € p*Z) if and only if a € p*Z.
(2) The following ring morphism is an isomorphism.
Z[p* L — L) /9" L),
2+ 7 — = +ka(p)

In particular, if a,b € Z are given such that a =, b holds in Z,, then a =, b holds
n 2.



Proof. Ad (1). Suppose that a € p*Z. We may choose z € Z with a = p*z. Then

Conversely, suppose that ¢ € p*Z ). We may choose ¢ € Z and d € Z \ pZ with 7= Pk
It follows that ad = p¥cb and so

c
a

vp(a) = vy(a) + vy(d) = vp(ad) = Vp(kab) > k.
Therefore, a € p*Z.

Ad (2). Injective. Suppose given z € Z with z + p*Z,) = 0. Then Te p*Z,) and, by (1),
2 €pFZ, ie. z+p*"Z = 0.

Surjective. Suppose given ¢ € pFZ, with a € Z and b € Z \ pZ. Then ged(b, p*) = 1.
Bezout’s Lemma gives s,t € Z such that sb + tp* = 1. Then sb — 1 = tp*. Hence

a(sb — 1) = atp® € p*Z.

By (1), this is equivalent to @ =as — % € p"Z,). Hence

as + ka = as+ ka(p) = % + ka(p). O

2.3 Noetherian induction

Let (X, <) be a partially ordered set.

Definition 4
(1) Let T C X. We say that t € T is minimal in T if {s € T : s <t} = 0.

(2) We say that (X, <) is noetherian if every non-empty subset 7' C X has a minimal
element in 7T'.

Lemma 5 The following assertions are equivalent.
(1) The partially ordered set (X, <) is not noetherian.
(2) There exist x, € X forn € Zsq such that x; > x;1 fori € Zs,.
Proof. Ad (1) = (2). Since (X, <) is not noetherian, we may choose a non-empty subset
T C X with no minimal element.
Choose x1 € T'. Then x; is not minimal. Hence, we may choose x5 € T such that x; > x,.

Then x5 is not minimal. Hence, we may choose z3 € T such that x5 > x3.



Repeating this, we get a infinite decreasing sequence
X1 >T9g > Ty > ...

as desired.

Ad (2) = (1). Choose x, € X for n € Z>; such that x; > z;41 for i € Z-,. Then the
non-empty subset 7' := {x,, : n € Z>1} C X has no minimal element in 7', hence (X, <)
is not noetherian. O

Corollary 6 If X is a finite set, then (X, <) is noetherian.

Proof. Suppose that (X, <) is not noetherian. Then we may choose z,, € X for n € Z>,
such that
X1 > Tog > T3> ...,

cf. Lemma 5.(1 = 2). This implies that |{z, : n € Z>1}| = 0o and therefore | X| = co. [

Lemma 7 (Noetherian induction) Suppose that (X, <) is noetherian.
Suppose given a statement P(x) for x € X.

Suppose that the following property holds.
(N) If x € X is given such that P(x') holds for ' € X with »’ < x, then P(x) holds.

Then P(z) holds for z € X.

Proof. Assume that Z := {x € X : =P(x)} # 0. Hence, Z has a minimal element z € Z.
Then z € X, and P(2’) holds for 2’ € X with 2’ < z since z is minimal in Z. By (N),
P(z) holds, which is a contradiction to z € Z. O



Throughout the text, we keep the following data:

Let G be a finite group. Let p be a prime.
We write |G| = p'n, where t = v,(|G|) € Zso, n € Z>y and n #, 0.

3 A decomposition into orbits

Suppose given s € [0, ].

3.1 Subsets, p-subgroups and chains of p-subgroups

Definition 8

(1)

We write
Q:= Q. ={MCG: M|l =p}CPG).

We remark that [Q)] = (p;f).

Let £ € [0,t]. Let
Sub(¢) .= {U < G : |U| =p'}.

Let I ={cy,...,cx} C[0,t] where ¢; < ... < ¢ Let

Sub(cy,...,cx) :={(Ur,...,Ux) € Sub(cy) X ... x Sub(cg) : Uy < ...

We also write
Sub(/) := Sub(cy, ..., ).

Let
N(e1, ... ) == Ngpler, ..., cr) == | Sub(ey, ..., )l

We also write
N(I) := Ngp(I) := N(cq, ..., ).

Let s—I:={s—i:i€l}. Then
Sub(s — I) = Sub(s — ¢k, ..., s —¢1),

and
N(s—1I)=N(s—cp,...,5—c1).

Note that Sub(@) = {()} and so N(@) = 1.

(3) Let I ={cy1,...,cx} C€[0,¢] where ¢; < ... < ¢ Let V< G. Let

< Ui}

SUb<I, V) = {(Ul, .. .,Uk,V) . (Ul, .. ,Uk) & SUb(Cl,. .. ,Ck), Uk < V}



Example 9 Let G =S, and p = 2.
We have the following partially ordered set of 2-subgroups in Sy.

Sa
/ \
((1,2), (1,3)(2,4)) ((2,4),(1,2)(3,4)) ((2,3),(1,3)(2,4))
((1 2), (3,4)) ((1,3),(2,4)) ((1,9),(2,3)) ((1,3,2,4)) ((1,2,3,4)) ((1,2,4,3)) ((1,2)(3,4), (1,4)(2,3))
((1,2)) ((1 3)) ((1,4)) ((2,3)) ((2,4)) ((3, 4) ((1,2)(3,4)) ((1,3)(2,4)) ((1,4)(2,3))
\

) We have
Sub(3) = {U < Sy : |U| = 2%}
= {((1,2),(1,3)(2,4)),((2,4), (1,2)(3,4)), ((2,3), (1,3)(2,4)) }.
(2) We have N(3) = N({3}) = | Sub(3)| = 3.

(3) We see that
1< ((1,2)) <{(1,2),(3,4))

is a chain of 2-subgroups of order 2%, 2, 22 in S,. Hence
(1, ((1,2)), {(1,2), (3,4))) € Sub(0,1,2) = Sub([0,2)).
(4) We have N(0,1,2) = |Sub(0, 1,2)| = 15.
Remark 10 Let I C [1,t]. We have
N(I) =N{o}uUI).

Proof. Write I = {cy,..., ¢} with ¢; < ... < ¢
Note that Sub(0) = {U < G : |U| = 1} = {1}. Therefore

N(O,c1,. .., cx)

= | Sub(0, ¢1, ..., c)|

= {(Uy, Uy, ...,Ux) € Sub(0) x Sub(cy) X ... x Sub(cg) : Uy < Uy < ... < Ui}
= {(1,U,...,Us) € {1} x Sub(c1) X ... x Sub(c;) : 1 < Uy < ... < Ui}

= {(Uy,...,Ug) € Sub(cy) x ... X Sub(ck) U < ... < Ui}

= (01’ )

10



Example 11 We have Ng, »(1) = Ng, 2(0,1) = 9 and Ng, »(1,2) = Ng, 2(0, 1,2) = 15; cf.
Example 9 and Remark 10.

3.2 Orbit lengths

Definition 12 Let GG act on €2 via multiplication from the left, that is
g-M:=gM={gm:me M}
for g € G and M € Q.
(1) Suppose given M € 2. We write
[M] = {gM : g € G}
for the orbit of M under G. Furthermore, we write
Q=0 =M mem
for the set of G-orbits.
(2) Let
p: Q—=Q
M — [M].
Lemma 13 Suppose given M € Q). Let U := Stab(M) ={g € G: gM = M} < G.
(1) We have |[M]| - |U| = p'n.
(2) There exists a unique £ € [0,s] such that |U| = p*~*.
There exist my,...,my, € M such that
M= || Um,.
i€[1,p?]

We have |[M]| = p'~*"n.

Proof. Ad (1). This ensues from the orbit-stabilizer theorem since |G| = p'n.

Ad (2). Let U act on M via multiplication from the left. Given m € M, the orbit Um is
a right coset of U, which implies |Um| = |U].

Hence, we get k € Z>y and my, ..., my € M such that M = | J;cfy 5y Um;. Thus
pr=IMl= > [Uni|= > |U=k-|U

i€[1,k] i€[1,k]
So |U| divides p*. Therefore, there is a unique ¢ € [0, s] with |U| = p**. This forces
k= p'.

By (1), we have |[M]| = Gl — p'n — pt-s+lp, o

11



Remark 14 Let g € G. Let M € Q. Then we have Stab(gM) = 9 Stab(M

In particular, we have | Stab(M)| = | Stab(M)| for M e [M)].

Proof. We have

Stab(gM) ={h € G : hgM = gM}
={h€G:gthgM = M}
={heG:hM =M}

— {he G h9 e Stab(M)}
={h e G:he9Stab(M)}
= 9 Stab(M).

Definition 15 Let ¢ € [0, 5.

(1)

12

Let
Qf = QEM = (M € Q) : |[M]] = p ) C Q.
So
Q= || QF:
ke|0,s]

cf. Lemma 13.(2).

Note that
Of = {M € Q: |Stab(M)| = p*~*};

cf. Lemma 13.(1).

Let
o — ﬁ[s},z
= {[M]: M Q")
={[M]: M € Q, |[M]] =p"*n}
={[M]: M €9, |Stab(M)| = p**} C Q.
So

o= || o
ke[0,s]

cf. Lemma 13.(2).
Note that for M € Qf and M € [M], we have M € Q'.
Furthermore, we write

Q[O,Z] = Q[SL[O:Z] =

).



(3) Let
Ay ‘= |ﬁ£| S Z}O-

Remark 16 We have |Q| = p'~*n Y0, arp”
Proof. Given k € [0, s], we may choose representatives My 1, ..., My, € QF such that

Q' = (M) jellaly, e Q= [J M= [] Myl

MeQF J€l,ak]

Hence

Q=[] Q"= |] | [M]

ke[o0,s] ke(0,s] je(1,ak]

and therefore

Q= > > |Miyll= > Y = > ap T Fn=p"n Y apt. O

ke[0,s] j€[1,ak] ke0,s] j€[1,ax] kel0,s] kel0,s]

1 ‘n
q = P <p B ) c Z217
ponA\p

Definition 17 Let

cf. Remark 16.

Remark 18 Remark 16 yields

q= Z akpk-

ke|0,s]
So for ¢ € [0, s], we get
q=p Y arp”.
ke[0,4]
In particular, we get
q =p ao, q =p2 ag + a1p, q =p ap + a1p + asp”

etc.

3.3 Wielandt’s lemma

We shall give an interpretation of the right hand side in terms of members of certain chains
of p-subgroups; cf. Proposition 46 below.

Remark 19 Suppose given H € Sub(s) C QIl. Then Stab(H) = H and H € Q°.

Proof. Suppose given g € G. Then g € Stab(H) if and only if gH = H, i.e. ¢ € H. Since
| Stab(H)| = |H| = p*, we get H € Q°, cf. Definition 15.(1). O

13



Lemma 20 (Wielandt, cf. [9]) Let M € Q.
(1) Given M € QO°, there is a unique H € [M] with H < G.
(2) Given M € Q° for some £ € [1,s], we have M £ G.
Proof. Ad (1). We have |Stab(M)| = p*~% = p®; cf. Definition 15.(1). Lemma 13.(2)

yields M = Stab(M)m for some m € M. Hence m 'M = m™! Stab(M)m € [M] and
m~! Stab(M)m = Stab(M)™ < G.

Suppose given H, He [M] such that H, H < G. We may choose ¢ € G such that gH = H.
Since H = g7 'H, we have g7! € H, thus g = (¢7')"* € H. Thus H = gH = H.

Ad (2). Assume that M < G. Then M € Q°, cf. Remark 19, a contradiction. O

Example 21 Let G =S, and p = 2.
Let M = {id, (1,2)} = ((1,2)) € QM = {M C S, : [M| = 2'}.

We have
Stabg, (M) ={c €Sy:0M =M} ={id, (1,2)} = M.

So |Stabs, (M)| = 2! = 2'° hence M € QU2
This also follows by Remark 19. Note that

_ |S4| 24 _
HM” - \Stabsi(M)| -2 12.

Furthermore, Lemma 20.(1) gives

{H<G:He[M]}={M)}.

3.4 Sylow-Frobenius

With these tools, we can already derive Theorem 22, which will also result as the particular
case £ = 0 from Theorem 47.

Theorem 22 (cf. [8, Th.11], [3, §4, I.]) Let s € [0,t]. We have
N(s) =, 1.

Proof. Consider |Q| = (’;S") =" Chelo,s] app®, cf. Remark 16. Hence

t
pn _
q:pf_s(ps) =Y wgf =, a0

ke[0,s]
and Lemma 20.(1, 2) provides ag = N(s). That is ¢ =, N(s).

Consider the cyclic group C' := Cye, of order p'n. It is well-known that C,t, has exactly
one subgroup of order p®. Therefore

Nep(s) =, ¢ =, Nep(s) = 1. O]

14



4 Counting orbit representatives
Let s € [0,1].

4.1 Transversals

Let ¢ € [0, s].
Remark 23 Let M € Q. Then there exist M € [M] and ms, ... ,mye € M such that
M=UU || Un.
i€[2,p]

where U := Stab(M) < G.

Proof. Thanks to Lemma 13.(2), we get my,..., My € M such that M = Licqip) U
with U := Stab(IM). Let m; := i ', for i € [1,p] and U := U .

Now M := s 'M € [M], and

M = mfl (Uie[Lpé] Umz)
= Liepp9 iy Ui
= |_|ie[1,p’f] m;lﬁmlmflmi
= Liep p U™ g i
= U™ Ulliepppn O™ iy 0
= U U Uieppq Um.

Using Remark 14, we get

A M1

U=0"" =™"0 =™ Stab(il) = Stab(ri; M) = Stab(M). O

Reminder 24 Given a subgroup U < G, we call a subset T' C G a right transversal for
Uin G if
G=|]Ut

teT

15



Notation 25 Given a subgroup U < G, we choose a right transversal T' C G such that
1 €T, and we write
tv(U) :=tvg(U) :=T.

The choice of this transversal, that is the choice of representatives, will affect the calcula-
tions, but not the outcome of the considerations.

We write

Ty, (U) = Ty (U) == {T € (tv(U) \{1}) : [T] = p’ — 1} € PB(tv(D)).

Definition 26 We write

pt—s-‘rfn -1

b(£) := by(f) == ( st ) € Zo.

Remark 27 Let U € Sub(s — () and let G = | ey Ut. Then

[ tv(U)| = |G/U| = |G/ |U| = p'n/p*~ = p'—*Fn.

We have |tv(U)| — 1 elements in tv(U) \ {1}.
Any T € Tv,(U) contains p* — 1 elements.
This leads to )
T ()] = (S0 = () = bl

pt—1 pt-1
Recall that we have ¢ = v,(|G|) and n = |G|/p".
Lemma 28 Let (€ [1,s]. We have

b(f) =, b — 1).

Proof. Write d .=t — s € Z>y. We have

t—s+l,,
b(ﬁ) D. 26 <p n 1)

pr—1

[iep pe—1) (0™ — 1)

[Lieppe—1y(p* — 1)

B pd—l—Kn —
= Y
i€[1,pt—1] p t
pd—l-fn —3 pd—Mn —
ie[1,pt—1] i€[l,pt—1]
i=p0 i#p0
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d+ d+4

Z . .
i =pj pn—pj pn—u1
jE[l,pefl—l] p p.] iE[l,pé—l] p

i#p0
pd+(€71)n _ j pd+5n _ Z
- I1 il — ’ 11 ol — i
je[l,pt—1-1] i€[1,pt—1]
i#p0
d4t, _ -
_ be—1). ( 1 p/”)
i€[1,p0—1] pr=
i#p0
Furthermore, we have
d+e ~
P —1
H Ly € Ly
i€[l,pf—1] p
i#p0
because p* —i %, 0 for i € [1,p" — 1]\ pZ.
Hence
d+¢ ~
ptn —1
b(£) =Db(f —1)- ( 11 e_Z>
i€[1,pt—1] p
i#p0
. a4+, d+0,, 0 d, .
in Z). And % —1==t p[iip = pﬁppﬁil € p'Zy) for i € [1,p" — 1]\ pZ, so
pd—i-fn —
f Epl 1
pt—1

for i € [1,p° — 1]\ pZ, so
pd—i-ln —
H 67_1, EpZ 1
ieLpt-1 P
iZp0

Hence

d+€n —q

D
b(f)Zb(ﬁ—l)-( I1 T
icpt-y P
iZp0

) =, b(l—1)

in Z). Thus we obtain the congruence
b(l) =, b(L — 1)

in Z because b(¢),b(¢ — 1) € Z, cf. Remark 3.(2). O
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4.2 Constructions

Let ¢ € [0, s].
Definition 29
(1) Let
Qf =0l = (M e QM 1 e My
= {M e Q1€ M, |Stab(M)| = p*~*};
cf. Definition 15.(1).
(2) Let
Q4 .— qlhod
= {U Ulicppy Ugi - U € Sub(s =€), {ga, ..., gpe} € Tve(U)} C Qb

Example 30 Let G =S; and p=2. Let s =3. Let { = 2.
Let U :=((1,2)) < S4. Then U € Sub(1) since |U| = 2.

We choose tvs, (U) such that T := {(3,4),(1,2,3),(1,3,4)} C tvg,(U) by choice of the
latter.

Then T € Tvye(U) since T' C (tvs,(U) \ {id}) and |T'| = 2% — 1, cf. Notation 25.
Let
M = U U ey Ut

—ULU(3,4)UU(1,2,3)LU(L,3,4)

= {id, (1,2)} U {(3,4),(1,2)(3,4)} U {(1,2,3),(1,3)} L {(1,3,4),(1,2,3,4)}.
Then M € Q% ¢f. Definition 29.(2).
Magma gives Stabg, (M) = ((1,2),(3,4)). Then | Stabg, (M)| =22 = 2371 i.e.

M € Qy,

cf. Definition 29.(1).
Lemma 31 Suppose given

i€[2,p’]
for some U € Sub(s — {) and {gs,..., gy} € Tve(U).

Then we have

U < Stab(M).

18



!
Proof. We show U C Stab(M). Suppose given u € U. We show uM = M.

Since u € U, we have uU = U and therefore

uM = u (U L Uie[Z,pf] ng) =uU U l—liE[Z,pf] Ung =UUu |—|i€[2,pe} ng = M. n

Example 32 We continue Example 30.
We have U = ((1,2)) and Stabg, (M) = ((1,2),(3,4)). Indeed, we have

U < Stabg, (M)

as predicted by Lemma 31.
Since |U| = 2! and | Stabg,(M)| = 22, we have

(U, Stabg, (M)) € Sub(1,2).

Lemma 33 We have Q™ = Unefo,q -

Proof. Ad C. Let
M:=Uu || Ug el

i€[2,p]
where U € Sub(s — ¢) and {gs, ..., gy} € Tve(U). Then |[M|=p*~* + (p' — 1)p*~* = p*,
so M € Q.
Let V := Stab(M). Lemma 13.(2) yields |V| = p*~* for some k € [0,s]. Since U < V
by Lemma 31, p*~¢ divides p* %, i.e. s — ¢ < s — k, i.e. kK < (. Note that M € Q. Since
1€ U C M, wehave M € Qf C |icjoq Q.
Ad D. Let M € QF for some k € [0,]. Let U := Stab(M). Then |U| = | Stab(M)| = p**.
Lemma 13.(2) gives a decomposition M = | ;c; ¢ Um; for some my, ..., myu € M. Since
1 € M, the right coset U - 1 is contained in M.

Then we may choose {gs,..., gy} € Tv,x(U) such that

M=Uu || Ug.

i€[2,pF]

Thanks to Theorem 22, we may choose V' € Sub(s — {) with V' < U. Then |U/V| =
psfk/psff = p’~*. So there exists a unique {dh, ... ,g;g,k} € Tva(V) such that U =

M= || Ug= || Uneppn Vo= || Vau=VU || Vi

i€(1,pk] i€(1,pk] i€[17pz’“}k J€l2,p°]
me(1,pF]

for some {ha, ..., hye} € Tv,e(V). Hence, M € 9[107£]' O
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Definition 34

(1) Let
0 .= gkl .= IT Tv,(U)
UeSub(s—¢)
={(U,{92,---,9y¢}) : U €Sub(s —¥€),{g2, ..., gy} € Tve(U)}.
Then

0] = O] = b(t) N(s — )
cf. Remark 27 and Definition 8.(2).
(2) Let
o 0¥ — o
(U g2, 9p}) = UL |_| Ug;

i€[2,p4]

be the assembly map. Let

(3) Let k € [0,/]. Let
0k . olsl(Ok . ((p(f))*l(Qllf) C (108
So O = licj.g O, cf. Lemma 33.

Let )
Q
(p(é),k: = (P(£)|@%l),k OO Q]f

and

ity o
of =15 - O - @

The situation can be illustrated as follows.

0w = 0wl 1 e® ... u el
¢ POR OB ROK.
Q > o = QU QU U
lp pl?l o} o1 o
Q o> o" = Q u 9 U oo
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Example 35 We continue Example 30. Recall that s = 3.
Since U € Sub(3 — 2) and T € Tvy2(U), we have
0:= (UT)ec0?,
cf. Definition 34.(1).
Consider @@ : 6@ — Q"% We have
0@ (0) = o®((U.1))

= @ ((U,{(3.4).(1,2,3), (1,3,4)}))

= U UUgeq,4),01,2,3),1,34) Ug
=UuUUB3,4)UU(1,2,3)LU(1,3,4)
— M,

cf. Definition 34.(2).

Since
M=) "€ o c uaue; "= o
we have
(U.T) € (o) (1)) = 6
and

(2),1

(U, T) &= M,
cf. Definition 34.(3).
4.3 Some properties of the assembly map

Let ¢ € [0, s].

4.3.1 A characterization

Lemma 36
(1) The map ¥ : 0" — QI is surjective.
(2) The map % : ©OF — OF is surjective for k € [0, 4].

Proof. Ad (1). Cf. Definition 29.(2) and Definition 34.(1).
Ad (2). Cf. (1) and Definition 34.(2, 3). O
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Lemma 37 Let (U, {ga,...,9,}) € OO, Let

M:=UU || Ug=09U{ga....90}) €

i€[2,pf]
The following assertions are equivalent.
(1) We have (U, {ga, ..., g, }) € OO~
(2) We have M € Q.
(3) We have U = Stab(M).
Proof. Ad (1) < (2). By Definition 34.(2), we have (U, {gs, ..., g,}) € O if and only
if @ (U, {g2,...,9,}) € Q.

Ad (2) = (3). We have M = U Ui, Ugi € Q. Lemma 31 yields U < Stab(M). We
have |U| = p*~¢ by Definition 34.(1). We have | Stab(M)| = p*~¢ by Definition 15.(1).
This yields U = Stab(M).

Ad (3) = (2). If U = Stab(M), then | Stab(M)| = |U| = p*~% cf. Definition 34.(1). So
M € QF; cf. Definition 15.(1). Since 1 € U C M, we get M € Qf. O
Example 38 We continue Example 30. Recall that s = 3.

We have
U =((1,2)) <((1,2),(3,4)) = Stabs, (M),

and therefore M ¢ Q3 cf. Lemma 37.(=3 = —2).
Actually, we have already seen that M € Qf; cf. Example 30.

Now let ¢ = 1 and consider V' := Stabg,(M). Suppose that (1,2,3) € tvs, (V) by choice
of the latter. Then V' € Sub(3 — 1) and {(1,2,3)} € Tva(V), and we get

M=VUV(1,2,3) = oM ((V,{(1,2,3)})).

The equivalent assertions of Lemma 37 all hold: We have (V,{(1,2,3)}) € @1 M € Ol
and V = Stabg,(M). In particular, M = (p(l)’l((V, {(1,2,3)})).

4.3.2 Three bijections

Lemma 39 We have the bijective map
00 — Sub(s — ¢, s)
(U, {92, C ,gpe}) — (U, Uu Uie[?,pz] ng)

In particular, we have
\6(2)’0\ =N(s—1¢,s),

cf. Definition 8.(2).
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Proof. Well-defined. Given (U, {ga, ..., g,}) € O we have

QU A2, 90})) = UL Uicppp Ugi =2 M € 9.

Let V' := Stab(M). We have |V| = p°; cf. Definition 15.(1). We have U < V; cf.
Lemma 31. Since |[M]| = p'~*n, we get M = Vm for some m € M; cf. Lemma 13.(2).
But 1 € M =Vm, so V1= Vm and therefore M =V < G. Hence (U,V) € Sub(s—¢, s).

Surjective. Suppose given (U,V) € Sub(s — £,5). We have |V|/|U| = p*/p*~* = p*, so
we may choose {ga,..., gy} € Tvye(U) with U U e, Ugs = V. Then V € QF, cf.
Remark 19. Since

V=0"((U{g ., 9y})) € O,

we have (U, {ga, ..., g, }) € OO

Injective. Given (U, {g2,...,0y¢}), (U, {4y, - - ,0pe}) € OO0 with
(U7 Uy |_|i€[2,p[] Ugl) = (U7 U U Ui6[2,p€] ng)a

it follows first that U = U.

Since {g2, -5 9pt}>{Gas - Gpe} € Tvpe(U) and U U g Ugi = U U Uiep g UGy, we
conclude that

{927"‘79122} - {§27"'7§p4}7
cf. Remark 1. n

Lemma 40 The map
ef 00 - Ol (U {g2,-- -, 90 }) = UUUicpap Ugs

is bijective. Moreover,

U= Stab(U (] |—|i€[2,p£] ng)
for (U, {g2,-..,9,}) € 0Ot cf Lemma 37.(2 = 3).

Proof. Surjective. Cf. Lemma 36.(2).
Injective. Let (U, {ga, ..., gy }), (U, {G, - - , 9, }) € O with

M= @OUUAgas g} = 0O G- 9},

i.e.
Uy |_| ng‘ZULJ |_| Ugl

i€[2,p!] i€[2,p’]
Then U = Stab(M) = U, cf. Lemma 37.(2 = 3). Since Tv,e(U) = Tvpe(ff) and since
{Uga,...,Ugy} ={Ugy,...,Ug,}, it follows that
{92’ s 79])2} = {g27 s 7§pé}7

cf. Remark 1. So X
(U,{gg,...,gpe}) = (U,{QZ,...,Qpe}). O
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Lemma 41 Let k € [0,(]. Let M € QY. We have the bijective map

K (@) "L ({M}) — Sub(s — ¢, Stab(M))
(Vi{ha, ..., hy}) =V

In particular, we have

(@)1 ({M})| = | Sub(s — ¢, Stab(M))].
Proof. There exists a unique (U, {ga, ..., gpx}) € O®* such that

M=UU |_| Ugl-,

i€[2,p"]
where U = Stab(M), cf. Lemma 40.
Well-defined. Suppose given (V, {ha, ..., hy}) € (@ OF)1({M}) C O+ Then
Vu |—|j€[2,p£] th =M=UU Ui€[27pk} ng,
and, by Lemma 31, V < Stab(M) = U, so V € Sub(s — ¢,U).
Surjective. Suppose given V' € Sub(s — ¢) with V < U.
There exists a unique {g5, ..., gy« } € Tvpe—r (V) such that U =V U e pe-5 V-
Write g4 := ¢} := 1. We get
M= || Ugi= || WUneppnVingi= || Va.s=VUu || Vh

i€[1,p¥] i€[1,p¥] iE[LzZ’“}k J€l2,p]
me(1,ptF]

for some {hq,..., hye} € Tv,e(V).
Since M € QF, we have (V,{ha, ..., h,}) € OO
Moreover, since M =V U jep 0 Vh; = (p(f)’k((V, {ha, ..., hpz})), we have

(Vi {ha, ... hy}) € (@OF)H({M}).

Hence

V= 5((Vi{ha, - by })) € 5((0OF) 7 ({M})).
Note that we had a similar calculation in Lemma 33, where | | ke0,4] QF é Q[IO’Z] was shown.

Injective. Given (V, {ha, ..., hye}), (V, {ho, ..., hy}) € (@©@%)~1({M}) which map to the
same element V = V under K, we have

VU Ujepp Vi = M =V U cpp Vi

Therefore, {ha, ..., hy} = {ﬁg, ce ﬁpe}, cf. Remark 1. O
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Example 42 Let G =S, and p = 2. Let s = 3.

(1)

Let ¢ = 1. We want to find an element
Me =0 = {0 C S, 0| M| =23 |Stabs,(M)| = 2%}

by making use of Lemma 40.

Recall that
0w = eBW = {(U {g,}) : U € Sub(3 — 1), {g2} € Tvar (U)},
cf. Definition 34.(1).

Recall that we have @) = @W:0 @M1 ¢f. Definition 34.(3).

Suppose given (U, {g2}) € OW, recall that we have (U, {g>}) € ©)'! if and only if
(p(1)<(U7 {gg})) =UUUgs £ Sy, cf. Lemma 39 and Lemma 20.(2).

Let U :={id, (1,2),(3,4),(1,2)(3,4)} = ((1,2),(3,4)) € Sub(3 —1).
We suppose that (2,3) € tvg,(U) by choice of the latter.
So (U, {(2,3)}) € 6.
Let

M= oM ((U{g}) =UULU(?2,3)

= {id, (1,2), (3,4), (1,2)(3,4), (2,3), (1,3,2), (2,3,4), (1,3,4,2)}.

Then M £ G since (1,2,3) € M and [((1,2,3))]| = 3 does not divide |M| = 8.
Thus, (U,{(2,3)}) € @1 ie. M € Q.
Furthermore, Lemma 40 gives Stabg, (M) = U.
Now let £ = 2. Let M € Q] be as in (1).
We want to consider the bijection

K : (@PNHL{M}) — Sub(3 —2,U)
(‘/, {hg, hg, h4}) —V

as in Lemma 41, where k£ = 1.

Let Vi = ((1,2)), Va = ((3,4)) and V3 == {(1,2)(3,4)).

Then Vi, V5, V3 € Sub(3 — 2), and we have Sub(3 — 2,U) = {V;, V3, V3}.

We have M = V; U Vi(3,4) U Vi(2,3) U V4 (2,3, 4).

Supposing {(3,4),(2,3),(2,3,4)} C tvs, (V1) by choice of the latter, we have

(V1,{(3,4),(2.3),(2,3,4)}) = V1.
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We have M = Vo U V5(1,2) U V4(2,3) U Va(1,3,2).
Supposing {(1,2),(2,3),(1,3,2)} C tvs,(V2) by choice of the latter, we have

(V2,{(1,2),(2,3),(1,3,2)}) = V2.

We have M = V3 U V3(1,2) U V5(2,3) U V3(1,3,2).
Supposing {(1,2),(2,3),(1,3,2)} C tvs,(V3) by choice of the latter, we have

(V3,{(1,2),(2,3), (1,3,2)}) = V5.

4.4 A formula for ay

Lemma 43 Let ( € [0,s]. Let k € [0,€]. Let I C [(,s]. We have

> |Sub(s — I,U)| = Y (=) b(min I) N(s — (T U {€} U T)).
(U{g2,--,9,0 }€OO)* IO
€

Cf. Definitions 8.(2, 3, 4) and 26.

Proof. Let X :={(k,{) € Zso X Z=o : k <L < s}. For (k,0), (K, 0') € X, we define:
(k,0) x (K, 0) & k<K and £ <.
Then (X, =) is a partially ordered set. By Corollary 6, (X, <) is noetherian.

Therefore, we can use noetherian induction over (X, <) to prove the lemma, cf. Lemma 7.

Let (k,¢) € X. Suppose that the claim is true for every (i,7) € X with (i,7) < (k, £). We
obtain

Z |SUb(S_j7U)|
(Udg2,-,9,0 })€OO-F

D £ 3 > | Sub(s — 1,0)|

MeQk (U{g2reng e DE(9(OF) =1 ({M})

L4 3 3 | Sub(s — I,U)|
MeQk U€eSub(s—,Stab(M))

= )» | Sub(s — 1,U)|

(Viiha,..sh i })€OFLE UeSub(s—£,V)
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= > [ Sub(s — ({¢} U 1), V)]

(Vi{h2,sh i } O -

D. 34.3) Z P j)’ .
(Vi{h2,....h 1 })€O®)
_ Z Z | Sub(s — ({¢} U j)’ V)|

FEOK=1] (Vi fha,...h p })€OR)I

D. 34,(1), R. 27 b(k)N(s — ({k, £} UT))

- > 3 |Sub(s — ({£}UT),V)].

JEOK=1]  (Vifha,..sh i })EOR)I

For j € [0,k — 1], we have (j, k) < (k,¢) and {¢} UT C [k, s], and so

3 |Sub(s — ({yU D), V)| = > (=D b(min I) N(s — (1 U ({k, £} UT)))
(Viha,esh i ) €OK)I I%[EUIJ]

by induction hypothesis. Hence

> > [ Sub(s — ({e} UT), V)

JE0k=1]  (Vi{h2,....h 1 })€OHR):I

! 3 > (= 1)+ b(min I)N(s — (T U ({k, £} U T)))
j€[0,k—1] Jgéoij]

(—1)!"1b(min ) N(s — (I U ({k, €} U T))

I
21

140
I/=I:U{/€} Z (_1)|[/|b(m1nII>N(S_([/U{g}u’]‘—»
I'C[0,k]
I'#{k}, kel'

Therefore,
b(k)N(s — ({k, £} UT))
- ) ) | Sub(s — ({¢} U T),V)|
JEOK=1]  (Vi{h2,.sh . })€OR)I
- b(k)N(s — ({k} U {3 ul))
- > (=)' b(min I') N(s — (I’ U {£} U T))
1'C[0,k]
I'#{k}, kel
= > (=) (min 1) N(s — (I U {£} UT)),
1C[0,k]
kel
which completes the induction. =
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Corollary 44 Let ¢ € [0,s]. Let k € [0,¢]. We have

\®(£)7’“| = Z (—1)'1|+1 -b(min I) N(s — (1 U {¢}))
IC[0,4]

Proof. We have

CRS

= Z 1

(U7{92 """ gpé})€®(£)7k

Ul =p 3 | Sub(s — {¢},U)]

(UAg2,--,9,0 })€O-F

L. 43 2{: | (=D)L h(min I)N(s — (T U {£} U {£}))

= 3 (=D b(min I)N(s — (I U {£})).

IC[0,K]
kel

Lemma 45 Let (€ [0,s]. Let M € Qf.

Let
@(4)74 = pli o (p(z),g S | LN ﬁg.

Note that
(£),£
(U {2,590t }) F—= UUUiepy Ugi
0
li> [U L |—|i€[2,p£] ng] = @(8)’8((1]7 {92, e 7gp2})>

for (Un{go.-..gy:}) € O

The map @O is surjective; cf. Lemma 36.(2).
(1) We have [(@“) " ({[M]})] = p".

(2) We have a; = |§Z| = ﬁ|@(£)’£|, cf. Definition 15.(3).

Proof. Ad (1). By Lemma 40, there exists a unique (U, {ga, ..., gy }) € O such that

M=Uu || Ug,

i€[2,p’]
where U = Stab(M).

In the following, let us write g; := 1 € G and r := p* € Z.
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We define the mapping
A L] = (@) {[M]})
ko (g’lea {9r2: -1 G })
where {gr2,...,gkr} € Tvr(glle) is such that
{5 Ugna.o % Ugis} = {% Ugig; - 5 € L]\ {k}}
holds.

We claim that A is a well-defined, bijective map.
Well-defined. Let k € [1,7].

(i) We recall that (@)~ ({{M]}) € ©“ = ITyesups_s) TVpe(U), cf. Definition 34.(1).
(a) We have % U € Sub(s — £) since |% U| = |U| = p*~.
(b) Let j,j/ € [1,7]\{k} with j # j'. We have to show % Ug; 'g;N% Ugy ‘g = 0.

We obtain g; 'Ug; = g,;lng—lgj and g; 'Ug = gllegk_lgj/. Since Ug;NUg; =
0, we have g, 'Ug; N g; 'Ugj = 0.

(c) Let j € [1,7]\ {k}. We have to show % Ug;'g; N % U = 0.

We obtain g;'Ug; = gllegk’lgj and g;'Ug, = % U. Since j # k, we have
Ug; NUgy, = 0 and therefore g, 'Ug; N g 'Ugy, = 0.

By (a, b, ), we see that the elements of {% U} L {gglng—lgj cje1,r)\ {k}} are
pairwise distinct right-cosets of % .

Therefore, there is a unique {gr.2, ..., gr,} € Tv,.(% U ) satisfying
{5 Ugpa.o % Ugr} = {5 Ugi gy 5 € [Lr]\ {k}}.
All in all, we have shown that (% U, {gro, - grrt) € O,
(ii) We have to show that (% U, {gra, ..., ger}) € (@D 1({[M]}), ie.
@(z)’%(g’;an {9k2,- - 7gk,r})> = [M],

i.e.

[g’le U Liepan gk_lng,i] = [M].
We obtain

9% U U Uiz, % Ugys = % UL L\ iry 9% Ugyg;
=gz (Ugr U Ujep.pom Ugs)
= g (U U Liepn Ugi)
=g, M.
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Hence B
[ U U Uieen % Ugril = g5 ' M] = [M].

Surjective. Let (U, {gy,...,3,}) € (@941 ({[M]}) C ©®. Then we have

(U Ad2---»5.1) = M) =9 ((UAgs, -, 9.})),
i.e.
U U Uiepn Ug] = [M] = [UUUiep,) Ugil-
Write M := @ (U, {85, -3, })) = U Ulliepp. Ugs-

Then 1 € M and |[M]| = |[M]| = p"*t'n, so M € Q, so U = Stab(M), cf. Defini-
tion 15.(1) and Lemma 37.(2 = 3).

We have [M] = [M], and so M € [M]. Thus, we may choose g € G such that gM = M.

We have
U = Stab(i) = Stab(gM) "=* 9 Stab(M) = 9U.

So M =9U U Lieper UG- Since gM = M, we have M = g~ M, i.e.

UUlUiepn Ugi = M = g7'M = g7 (°U U iepoy °U%:) = Ug™ U o Ug ™20

Again, let us write ¢y = 1 and g, := 1 in G. Then

Ujé[l,r] Ugj = Uje[lﬂ Ug_lgj'

Then there is a unique k € [1,r] with Ug™1g, = ng,1e Ugt=Ug,ie gt €Ug,ie.
g € g;'U, i.e. we may choose u € U such that g = g; 'u. SOM—gM—gk WM = g 'M
since u € U = Stab(M).

We get U = 90U =% U =% U, and 50 {Jy,...,0,} € Tv,.(U) = Tv,(% U).

We obtain
A —1 -1
M=9UU |_|i€[2,r] gng =% UU |_|i€[2,r] Ik ng

and

Mzgﬁlegil(l_ljeu,r] Ug;) = Ujepn % Ug;! g; =% U'—'Llje[u\{k} C Ugy? gj-

So
-1 -1 -1 -1
I U U Uicpn® UGy =% UUjeppm ™ Ugy'g;-

So
-1 -1__ -1 _ .
{9 Ugy,...,% UG} = {% Ugy'g; - j € [L,r]\ {k}}.
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So
(U, {8, 8,3) = (% U {Gay .., 8:}) = A(k) € A([1,7)).

Injective. Suppose given k, k' € [1,r]| such that A(k) = A(k"). That means

—1 —1
(% UAgraz, -5 grry) = O UAgrz, - grart)
with {gk2,...,9k,} € Tvr(glle) and {gw2,..., 9k ,} € Tvr(glz’lU) satisfying
-1 -1 -1 .
{% Ugrp,--., % Ugns} ={% Ugy'g; - j € [Lr] \ {k}}
and ) B )
{9 Ugrr g, .., % Ugiep} = {% Ugp'g; - j € [1,7]\ {K'}}.
Then % U LI Lici2.) g’:lng,i — %' U U Ui, 9 Ugr ;-
We have
9 ' M = g (Ujepa Ugy)
1 1 _
=% U U Ujepapm % Udy 95
=% UL Ui, gllegk,i
—1 —1
=% UUUieppm ™ Ugr i
—1 —1 B
=% U U Ujepmgry ¥ Ugp'g;
= gv' (Ujep. Ugs)
= g M.
We conclude that gpg.,'M = M, i.e. grgp' € Stab(M) = U, i.e. g, € Ugy, which means
Ugr = Ugy and therefore g, = g, which yields k = k'
Hence, A is bijective. This shows the claim. The assertion follows.
Ad (2). Each fibre of the map @ : ©1)¢ — Q' has cardinality p* by (1). So
=
O] = p°- (). O

Proposition 46 Let ( € [0,s]. We have

S (=) b(min I) N(s — I).
1€[0,4]
lel

1
Ay = —3
l Iy

Proof. We obtain
a = ﬁ‘@m’g‘

o4 1 ST (=) b(min I) N(s — (1 U {£}))
IC[o,4]
tel
_ > (=)L b(min I)N(s — I). -
1€[0,4]
lel

bS]

i
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5 Counting p-subgroups

5.1 The sieve formula

Theorem 47 Recall that G is a finite group of order |G| = p'n.
Let s € [0,t]. Let ¢ €0, s].

Recall that, given I = {cy,...,cx} C[0,€] where ¢y < ... < ¢, we denote by N(s — I) the
number of chains of p-subgroups Uy < ... < Uy < G, where U; € Sub(s — ¢1),...,Uy €
Sub(s — ¢), cf. Definition 8.(2).

We have
Z (—1)|[‘+1 N(S — ]) p/z+1 1

1<[0,4)
140

Proof. Claim. We have
> (=D N(s = 1) = 1) =1 0.

1C[0,0]
1#0

Write f(J) := (=1)IHFYN(J) = 1) € Z for J C [s — ¢, 5].

The claim amounts to showing

(©e,s) Z f(s— _pz+1 0.

IC[0,
I;é@

Let X :={({,8) € Zso X Z>o : L < s < t}. For (¢,s),(,s') € X, we define:
(0,s) g (0',s') & €<V and s < &
Then (X, <) is a partially ordered set. By Corollary 6, (X, <) is noetherian.

Therefore, we can use Noetherian induction over (X, <) to prove (&g ) for (¢,s) € X, cf.
Lemma 7.

Suppose given (¢, s) € X. We may suppose that
(Gew) S = D) = 0

IC(o0,¢)
I#£0)
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holds for (¢,s") € X with (¢,s") < (¢,s). We have to show ().

Induction step. By Remark 18, we have

q =pt+1 Z akpk

ke[0,]
where
ar = pik > (—=1)FH! . b(min I)N(s — 1)
1C[0,4]
kel

for k € [0, ¢], thanks to Proposition 46. Then

q Epe+1 Z akpk
ke[0,4]

= o> (- DI+ b(min 1) N(s — 1)

kel0,6] IC[0,k]
kel
= S (=) b(min I) N(s — 1)

1C[0,4]
140

— S Y (=) b(min I)N(s — 1)

ke[0,6) IC[k,0]
kel

= S bk) Y (—D)FFN(s - 1).

k€[0,¢] IC[k,¢)
kel

Considering the cyclic group C' := C,,, with p'n elements, we have N¢ (s — I) = 1 for

I C[0,/] and therefore

q=p Y b(k) 3 (=1

k€[0,4 IC[k,/
kel

So

0 =y (Z b(k) 3 <—1>'f'+1N<s—f>) —q

ke[0,4] IC[k,0)
kel

=pe+l ( Z b(k) Z (_1)|I|+1 N(S—])) . ( Z b(k) Z (_1)|I|+1)

k€[0,4] IC[k,4] k€[0,4] IC[k,4]
kel kel
= > b(k) Y (=D (N(s—1) - 1)
ke[0,] IC[k 0]
kel
ke[0,¢] IC [k,
kel
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Subclaim. We have

> bk) > f(s—1I _pm( [Z b(k) > f(s—l))+b£ j( > f(s— 1)

k€[0,4] IC[k,(] k€[0,6—j—1] IC[k,4] IC[t—34,0
kel kel I#£0

for j € [0, /].

To prove the subclaim, we proceed by induction on j. For the base case 7 = 0, we obtain

> b(k) Zf(s—f)z( > bh) Y fls—1 )+b<e>(z f(s—f))-

ke(0,¢] IC[k,0 ke[0,6—1] IClk é] IC[L,0)
kel ke I#£)

Let j € [0, — 1]. Suppose that the statement holds for j. We show the statement for
J+ 1

We see that
> bk) Y fls—1)
k€[0,¢] IC[k,0]
kel
gpul ( Z Zfs_ ) (f_])( Z f(s—[))
kel0,6—j— 1] IC[k,0] IC[t—35,0
kel T#0
_ ( S b)Y fls—1 ) <e—j>(z f((s—(f—j))—f)>-
ke[0,6—j— 1} IC[kZ IC[0,4]
kel I#£0
We have (j,s — (¢ —j)) < (£,s). Since
(Cjs—(-p) Z flls=(t=7)) = 1) =pr 0
i

holds thanks to our outer induction hypothesis of the proof of the claim, and since
b(l —j) =pe-i b(l —j—1)

thanks to Lemma 28, we conclude that

—ﬁ(Zf((S—(ﬁ—j))—I)) pr1 bl — J—l(Zf ((s = (=) - f))

IC[0,4] ICo,4]
I#£0) I#)
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So we may continue to get

>, bk) > f(s—1)
kel0,6—j5—1] IC[k,f)
kel
=ptt+1 Z k‘) Z f(s — I)
ke[0,6—j5—1] IC[k,0)
kel
= >, bk) > f(s—1)
kel0,6—j5—-2] IC[k,f
kel
+ b(l—j—1) oo fls—

Ig[(—j—l,g]
—j-1€l

- ( £ o

+ b(l—j—1)

IC[k,f
kel

IC[e—j-1,0]
—j-1el

= ( Y. blk) > fls-
ke[0,0—5—2]

IC[k
kel

> fls—=1)

+ b(¢ j—l(

N+ Y flls—(

I1C[0,4]
140

> fls=D+ > fls=1)

I#£0

D)+bw—j—n(

—j)( > (s = (=) —I>)
s

o fl(s—=(t—j))—

1C[0,4)
140

-—j))—-f))

Z f(s—[)).

140

n)

This shows the subclaim. Using the subclaim for 7 = ¢ yields

S bk)

ke€[0,4]

0 Epz+1
ICk)
kel

Epé+1 ( Z b(k’)
ke[0,—1]

> fls=1)

1C[0,0]
140

co,g
140
This shows the claim.
To simplify the term further, note that

Z (_1>II\+1 =1

Ic[o,4]
I#0

1C[0,4

> fls—

IC[k,4
kel

> ()N -

2. fls=1)

I)—1).

me|0,¢]

o) ol o)

I#0

S (-nfh=1- }:(—nm<€>:1.
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So
0=pn > (-D)!IH(NGs—-T1)-1) = ( S (—D)PFIN(s - 1)) —1,

€[04 1€[0.4
T#0 T#)
i.e.
ST (—D)FIN(s = 1) =pen L O
1€)0,4)
10

Remark 48 Theorem 47 has formal similarities with the sieve formula from set theory:
Let X be a finite set and Yy, ...,Y, C X be subsets such that X = Ukepo,q Y- Let
Yii=Nier Vi
for I C [0,¢]. Then
> (=Y =X,

1<[o,0]
10

Remark 49 Let s € [0,¢]. Consider the case ¢ = s in Theorem 47. We have

> (=DIIN(s 1)

1C[0,s]

_ Z (_1)\1|+1 )+ Z |I|+1 N(s —I)
I1CJ0,s] I1C[0,s]
sel s¢l

= X CDMENG-Uu{s)+ 3 (DN 1)
1C[0,5—1] I1C[0,5—1]

=Y GDMMING =D+ 3 (SDYINGs - )
1CJ[0,s—1] I1C[0,s—1]

= 0,

i.e.

S ()N - T) =1

IC[0,s]
I#0

5.2 A shortcut using Sylow?

Remark 50 One could ask whether the formula from Theorem 47 follows directly by
the Theorem of Sylow-Frobenius.

We have
N(s—¢)—1=,0
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for ¢ € [0, s, cf. Theorem 22, and therefore

II Ns—k)—-1)= 3 (-DI]]N(s—i) =1 0

ke[0,4] 1C[0,4] i€l
for ¢ € [0, s].
We consider some cases.

(1) Let £ =1. Then

Zlg[0,1]<_1)|1| [Lier N(s — 1)
(=114 (=D*(N(s) + N(s5—1)) + (=1)* N(s—1) N(s)
2 0,

Le.
N(s) + N(s—1) = N(s—1) N(s) =2 1.
By Theorem 47, we have
N(s) + N(s—1) = N(s—1,5) =2 1.

Hence
N(s—1)N(s) =2 N(s—1,s).

(2) Let £ =2. Then

Z[C[OZ]( 1)'”1_[6 N(s — 1)
= (=1)°- 1+ (=1)"(N(s) + N(s—1) + N(s—2))
+ (=1)*(N(s—1) N(s) + N(s—2) N(s) + N(5—2) N(s—1))
+ (=1)3N(5—2) N(s—1) N(s)

Eps 0

i.e.

N(s) +N(s—1) + N(s—2) — N(s—1) N(s)
— N(s—2)N(s) = N(s—=2)N(s—1) + N(s—=2) N(s—1) N(s) =3 1.

By Theorem 47, we have

N(s) + N(s—1) + N(s—2) — N(s—1, s)
—N(5—-2,5) = N(5—-2,5—1) + N(s—2,5—1,5) =3 1.

Hence

N(s—1) N(s) + N(s—2) N(s) + N(s—2) N(s—1) — N(s—2) N(s—1) N(s)

=, N(s—1,5) + N(s—2,5) + N(s—2,5—1) — N(s—2,5—1, 5).
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38

This congruence does not necessarily imply that
N(s—2)N(s—1)N(s) =5 N(s—2,5—1,5).
For instance, if we take G = S5, p = 2 and s = 3, then Magma gives
Ng.2(1) =25, Ng,2(2) =35, Ng,2(3) =15,

and
N, 2(1,2,3) = 105,
but 253515 = 13125 =g 5 #g 1 =g 105.

The example in (2) shows that we do not have the congruence

TING) =,n N(I)

el

for ) # I C [0,¢] in general.

So it seems to be impossible to conclude Theorem 47 from Theorem 22 solely.



6 Examples

In the following, we will discuss Theorem 47 for certain values of £. We will give direct
proofs for ¢ € {1,2}, which is possible without induction and which might be useful for one
who is interested in these particular cases.

6.1 Case /=0

Let s € [0, 1].

Recall that Q° = {M € Q : |[M]| = p'*n}, cf. Definition 15.(1).

Remark 51 Recall that ap = |§0|, cf. Definition 15.(3).

We have
ag = N(s),

either by Lemma 20 or by Proposition 46. The congruence
N(s) =, 1
follows from Theorem 22 or from Theorem 47.
So the number N(s) of subgroups U of G with |U| = p® is congruent to 1 modulo p.

This congruence is the statement of the Theorem of Sylow-Frobenius [8, Th. II].

6.2 Case / =1

Let s € [1,t].

Recall that QY = {M € Q: 1€ M, |[M]| = p'~*t*n} for k € [0,1], cf. Definitions 29.(1)
and 15.(1).

We have the following situation, cf. Definition 34.
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e = emo ; el

o @10 OR
o 2> o = o u
lp o ? o}
a > o = @ uv o

Remark 52 Recall that a; = |§1

1
a; = -
L=

cf. Proposition 46.

|, cf. Definition 15.(3). We have

(b(1)N(s —1) =N(s —1,)),

We can also see this by a direct calculation, obtaining

aj P 1:5.(3) |§1’

L. 45.(2) 110(1),1
E® 1ot

D. ?§~(3) 1(|@(1)| i |@(1),0|)

p

D. 34.(1)
A0 141 N(s - 1) — [009)
L. 39 1

(b(1)N(s — 1) — N(s — 1, 5)).

p

Remark 53 We have

N(s)+N(s—1) = N(s—1,s) =2 L.
Proof. By Remark 18, we have
q =p2 ap + a1p,
where
ap = N(s),
and

1

a; = ;(b(1)N(s —1) = N(s — 1,5)),
thanks to Remarks 51 and 52.

Then

2

ag + a1p
N(s) +b(1)N(s —1) = N(s — 1, s).

q

=p

Considering C := C,,,, we get

q=p2 Nep(s) +b(1)Nep(s —1) = Nep(s —1,s) =1+ Db(1) — 1.
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Since b(1) =, b(0) = 1 by Lemma 28 and N(s—1) =, 1 by Theorem 22, we conclude that

0 = (N(s) = 1)+ b()NGs— 1) — 1) = (N(s — 1,5) — 1)
=, (N(s)—1)+1-(N(s—1)—1)—(N(s—1,s)—1)
=, N(s)—1+N(s—1)—N(s—1,s). O

Note that e.g. for p =2 and s € [1,t — 1], we get

2t—s+1 -1
b(1) = ( ) _"1 > =275ty — 1 =5 3.

Example 54 The following examples have been obtained using the computer algebra
system Magma [2].
(1) Let G = S3 and p = 2. Magma gives the following.
N(1)=3, N@O)=1, N(0,1)=3.
Then we get the following result for s = 1.
N(1) +N(0) =N(0,1)=3+1-3=1=41,
Cf. also Remark 10.
(2) Let G =S, and p = 2. Magma gives the following.
N(3) = 3, N@2) =7, N(1) =9, N(0) =1,
N(2,3) =9, N(1,2) = 15, N(0,1) =9

Cf. also Example 9.

Then we get the following results for s = 3, s = 2 and s = 1, respectively.

NB3) + N2) — N2,3) =3 + 7 — 9 =1 =41,
N(2) + N(1) — N(1,2) = 7 + 9 — 15 =1 =41,
N(1) + NO) — N(©0,1) =9 + 1 — 9 =1 =1

(3) Let G = Sg and p = 3. Then |G| = 720 = 3% - 80. Therefore, we have ¢ = 2 and
n = 80.

We choose s =2 € [1,2]. Magma gives the following.
Ng, 3(2) = 10, Ng, 3(1) = 40, Ng, 3(1,2) = 40.

Then
Ng;,3(2) + Ngg3(1) — Ngg3(1,2) =10+ 40 — 40 = 10 = 1.

Note that 10 #q7 1.
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(4) We have
NA5’2(2) + NA5,2<1) - NA5’2<1, 2) =54+15—-15=5=41.

Note that 5 #g 1.
(5) We have

Nag2(3) + Na,6(2) — Nago(2,3) =45+ 75 — 135 = —15 =4 1.

(6) We have

NGL;;(IFQ)72<2) + NGLg(Fg),Q(l) — NGLg(Fz),Q(la 2) = 35 -+ 2]. — 63 = —7 =4 ]_

(7) We have

NGLg(F5),2(5) + NGL3(]I<‘5),2(4) — NGLS(F5)72(4, 5) =154+35—-45=5=,1.

(8) We have

Niry(s).2(2) + Ny (rs)2(1) — Norymy)2(1,2) = 585 + 117 — 1053 = —351 =4 1.

(9) We consider the Mathieu group
My o= ((1,2,3,4,5,6,7,8,9,10,11), (3,7, 11,8)(4,10,5,6)) < S .
Note that | My | = 7920 = 21 - 495. We have

Nty 2(4) + Nagy, 2(3) — Nagy, 2(3,4) = 495 + 1155 — 1485 = 165 =4 1.

6.3 Case / =2

Let s € [2,1].

Recall that Qf = {M € Q: 1€ M, |[M]| = p'~**n} for k € [0,2], cf. Definitions 29.(1)
and 15.(1).

We have the following situation, cf. Definition 34.

e = @0 5 @l | e®:?2

0@ @0 @1 022

02 _ 0 1 2
Q O QO Q7 L Q L 95
l" pl?l 09 h 03
Q > o - @ u 9 u
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Remark 55 Recall that as = |§2|7 cf. Definition 15.(3). We have

as = 5(h(2)N(s —2) = N(s = 2,5) =b(1)N(s = 2,5 = 1) + N(s = 2,5 — 1,5)),
cf. Proposition 46.

We can also see this by a direct calculation.

First, note that

D. 34.(3) )
|@(2)71‘ = Z |((p(2),1) 1({M})’
MeQy
L. 41 Z | Sub(s — 2, Stab(M))|
Meq!
L. 40 Z | Sub(s — 2,U)|
(Ufg2,--,gp}) €O
D. 34.(3) 5 Sub(s — 2.U)
(U492,-,9p}) €O
- > | Sub(s — 2,U)|
(Ufg2,--,9p})€OM0
D.34.(1), R. 27 Z (D Sib(s — 2.0
UeSub(s—1)
- Z | Sub(s — 2,U)|

b2 3 b(1)| Sub(s — 2, U)|
UeSub(s—1)
- b | Sub(s —2,U)|

(U,V)eSub(s—1,s)

PEE b()N(s =25 =1) = N(s = 2,5~ 1,5),

cf. also Corollary 44. Then

a D. 1:5.(3) @2’
L. 45.(2) I%|@(2) 2|
PEY L6~ 100~ o)
PEO L(b@)N(s - 2) - [0@0] - |e@))
=0 L(b(2)N(s —2) = N(s = 2,5) — [©2))
= L(b2)N(s—2)—N(s—2,5)

— (b(1)N(s—=2,s—1) = N(s —2,5s —1,9))).
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Remark 56 We have
1 =5 N(s)+N(s—1)+N(s—2)
— N(s—1,s) = N(s—2,s) — N(s—2,s5—1)
+ N(s—2,s5—1, ).

Proof. By Remark 18, we have

q =p3 Qo + aip + a2p27

where

a; = %(b(l) N(s—1) — N(s—1,s)),
and
as = I%(b(Q) N(s—2) — N(s—2,s) —b(1) N(s—2,s—1) + N(s—2,s5—1, 5)),
thanks to Remarks 51, 52 and 55.
Then
q¢ =p ao+ap+ agp?
=, N(s)+b(1)N(s—1) — N(s—1,s)

+b(2) N(s—2) — N(s—-2, 5)

—b(1)N(s—2,5—1) + N(s—2,s—1, 5).
Considering C := C,,,, we get

q Ep?, NC,p<S)+ 1)Ncp(8 1)—N0,p(5—1,8)

b(

+ (2)Ncp(8 2) Ncp(s 2 )
b(1) N¢p(s—2,5—1) + Nep(s—2,5—1, 5)
1

= 1+4+b(1)=1+b(2)—1-=Db(1)+1.
So
0 =5 (N(s)—1)+b(1)(N(s—1) —1) — (N(s—1,s) — 1)
+Db(2)(N(s=2) = 1) = (N(s=2,s) = 1)

—b(1)(N(s—2,s—1) — 1) + (N(s 2,s—1,s) —1).
Since b(2) =,2 b(1) by Lemma 28 and N(s — 2) =, 1 by Theorem 22, we conclude that

(N(s) = 1)+ b(1)(N(s—1) = 1) = (N(s—1,s) — 1)
+b(2)(N(s—2) = 1) — (N(s—2,5) — 1)
—Db(1)(N(s—2,s—1) — 1) + (N(s—2,s—1,5) — 1)

=, (N(s) —1)+b(1)(N(s—1) —1) — (N(s—1,s) — 1)
+b(1)(N(s—2) = 1) — (N(s—2,5) — 1)
—b(1)(N(s—2,5s—1) — 1) + (N(s—2,5—1,5) — 1)

= N(s) = N(s—1,s5) = N(s—2,s) + N(s—2,s5—1,s)

+b(1)(N(s—1) + N(s—2) — N(s—2,s—1) — 1).
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Since b(1) =, b(0) = 1 by Lemma 28 and
N(s—1) + N(s—2) = N(s—2,5—1) =2 1
by Remark 53, we conclude that

N(s) = N(s—1,s) — N(s—2,s) + N(s—2,5—1, s)
+b(1)(N (s 1) + N(s—2) — N(s—2,s5—1) — 1)
=, N(s) —N(s—1,s) = N(s—2,s) + N(s—2,s—1,s)
+ N(s— 1) + N(s—2) = N(s—2,s—1) — 1.

Hence

1 =5 N(s)+N(s—1) +N(s—2)
— N(s—1,5) = N(s—2,s) — N(s—2,s—1)
+ N(s—2,s5—1,s). O

Example 57 Let
G =TFg=(a,b,c|a’ b* c [a,b], a°=b,b° = ab*) = (C3 x C3) x Cg

be the Frobenius group of order 72.

Let p = 2. Then Magma produces the following result for s = 3.

N(3) + N(2) + N(1) — N(2,3) — N(1,3) — N(1,2) + N(1,2,3)
= 94+94+9-9-9-94+9
= 9
=5 1.

Note that 9 #¢ 1.

6.4 Further questions

Question 58 Let s € [0,t]. Let J C [0, s] such that J # 0.

Does the congruence

Z(—l)“|+1 N(s—1) =, 1
IcJ
170

hold?
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Question 59 Let s € [0,t]. Suppose G to be a p-group, i.e. |G| = p’. Let £ € [0, s].

Does the congruence

ST (—D)HHN(s = 1) = anpen 1
1[04 P
I#0

hold?

Remark 60 Investigating Question 59 via Magma [2], where we used the Small Groups
Library [1], gives the following results.

(1) Let s € [1,t]. Let £ =1. Then
N(s)+N(s—=1) =N(s—1,s5) =5 1
holds for p-groups of order

|G| e {2',...,2",3" ...,3°, 5, ... 5% 7, ... TP}

(2) Let s € [2,t]. Let £ =2. Then

1 =5 N(s)+ N(s—1)+ N(s—2)

p

— N(s—1,s) — N(s—2,s) — N(s—2,5—1)
+ N(s—2,5—1,s)
holds for p-groups of order

G| € {2%,...,27,3% ...,3° 5% ... 5" T* 7°}.

(3) Let s € [3,t]. Let £ = 3. Then

1 =0 N(s)+N(s—1) 4+ N(s—2) + N(s—3)
N(s ,8) — N(s—2,5) — N(s—2,5—1)
N(s—3,s) — N(s—3,s—1) — N(s—3,5—2)
+ N(s 2 s—1,5) + N(s—3,s5—1,5) + N(s—3,5—-2,5) + N(s—3,5—-2,5—1)
N(s—3,5-2,5—1, )

holds for p-groups of order

|G| e {2%,...,20,3% ...,3° 5% 7°}.
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(4) Let s € [4,t]. Let £ =4. Then

1

=p

s—3,5) — N(s— 35 1)

)
s—1,s) — N(s—
(
(

+

15 N(s)+ N(s—1 +N(s 2) + N(s—3) + N(s—4)
N(s—2,s5—1)

N(s—3,5-2)

N(s—4,s—2) — N(s—4, s—3)
s—2,5—1,5) + N(s—3,s—1,s) + N(s—3,5—-2, s)

s—3,5—2,5—1) + N(s—4,s—1,s) + N(s—4,s5—2, s)
s—4,5—2,5s—1) 4+ N(s—4,5—-3,s) + N(s—4, s—3,s—1)

—4,5-3,5—2)

s—3,5—2,5—1,5) —
s—4,5—3,5—2,5) —
—4,5-3,5—2,5—1,5)

holds for p-groups of order

|G| € {2%,...,

— N(
- N(
— N(s—4,s) — N(s—4,s—1) —
N(
N(
N(
N(s
N(
N(
N(s

N(s—4,s5-2,5—1,8) — N(s—4,s—-3,5—1, )
N(s—4,5-3,5—-2,5—1)

26,34 3%},

Remark 61 Examples 54.(3, 4) show that the assumption that G is a p-group in Ques-

tion 59 cannot be omitted.
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Zusammenfassung

Sei GG eine endliche Gruppe. Sei p eine Primzahl.
Wir schreiben |G| = p'n, wobei t = v,(|G]) € Zo, n € Z>1 und n %, 0.
Sei s € [0, ¢].
Fir k> 0und I = {cy,...,c} C[0,¢], wobei ¢; > ... > ¢, schreiben wir
N(s—=1):=[{(U,....,Uy) Uy <Uy<...<Up <G, U] =p° ¢ furie [1,k]}]
Es bezeichnet also N(s — I) die Anzahl der Ketten von p-Untergruppen
U <U; <...<Up <G,
wobei U; Ordnung p°~¢ hat fur ¢ € [1, k].
Wir erhalten folgende Siebformel fiir ¢ € [0, s].

Z (—1)|[‘+1 N(S — ]) Epe+1 1.

1C[0,0]
140

Der Name ,,Siebformel“ entlehnt sich der Tatsache, dass die Kongruenz formale Ahnlich-
keiten mit der Siebformel aus der Mengenlehre hat, die auch als Prinzip von Inklusion
und Exklusion bekannt ist.

Fir ¢ = 0 wurde die Siebformel im Fall s = ¢ bereits von Sylow [8, Th.II] gezeigt und
als ein Teil der Sylowsétze bekannt. Frobenius [3, §4, I.] hat sie firr den allgemeinen Fall
s € [0, ] bewiesen.

Im Jahr 1959 hat Wielandt [9] einen alternativen Beweis im Fall ¢ = 0 angefiihrt, in dem
er eine Gruppenoperation von G auf der Menge aller Teilmengen von G, die p* Elemente
haben, definiert, und dann durch geschicktes Abzahlen von Bahnen gewisser Lange die

Kongruenz
‘n
(7) =t - (o
p
erhdlt, die nur von |G| und nicht von G selbst abhéngt.

Graham Higman verkiirzte Wielandts Beweis, indem er diese Kongruenz auf die zyklische
Gruppe C,t, angewandt hat und so ohne weitere zahlentheoretische Uberlegungen die

Kongruenz
¢
(p ?) =1
D



erhielt. Es folgt in diesem Fall die behauptete Aussage
N(s —{0}) =, 1.

Beim Beweis der Siebformel sind wir Wielandts Idee gefolgt, wir haben uns jedoch nicht
nur auf das Abzahlen von Bahnen gewisser Lange beschrankt, sondern haben Bahnen
beliebiger Lange abgezahlt. Hat man diese Anzahlen in der Hand, ermdoglicht das einem,
eine Kongruenz modulo p‘*! aufzustellen, und in einem weiteren Schritt zur behaupte-
ten Siebformel umzuformen, wobei sich wie bei Higman ein Vergleich mit dem Fall der
zyklischen Gruppe als hilfreich erwies.

Wir haben zudem Beispiele angefiihrt, die im Fall / = 1 und ¢ = 2 zeigen, dass die
Kongruenz nicht verbessert werden kann.
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