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1 | INTRODUCTION

In the works by Grofle et al. [1] and Kohr et al. [2], the analysis of the Stokes flow was investigated for manifolds with
cylindrical ends. In this paper, for a three-dimensional compact domain Q* with two cylindrical ends N1, N, in the form
of cylindrical pipes, the Stokes flow enters Q* with the given velocity u, through N, and leaves Q* through Nj. The
Lipschitz boundary dQ* contains two flat circular transmission surfaces X, and X;, which are the hollow ends of the pipes
where the flow enters and leaves Q*. In [2], the existence of a unique solution u for such a domain with cylindrical ends
was shown and has rather particular properties:

« In Q* the Stokes flow is modeled as a mixed boundary value problem in the Sobolov space H!(Q*).

« In the cylindrical ends, the velocities and pressures are constant on every straight half stream line in the cylindrical
directions with initial values from the openings X, and X; of the domain Q*. These values equal velocities and pressures
obtained from the solution in Q*.

For the construction of the solution and its numerical computation, domain and boundary potentials are used, which
in engineering literature are called vortex or panel methods (see, e.g., Helmig [3, p. 76] , Helmig et al. [4] and Hess and
Smith [5]). Software for these numerical methods is plenty available, for example, as OSTBEM developed by G. Of and
O. Steinbach in Graz, Austria, or by S. Rjazanov and M. Bebendorf in Saarbriicken, Germany (Figure 1).
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FIGURE1 Compact body with two cylindrical ends.

2 | THE STOKES PROBLEM

A Stokes flow with velocity u = (u), pressure r, and constant kinematic viscosity ¢ = 1 satisfies the linear system of
partial differential equations (Kohr et al. [2])

La,r)=Au—-Vz=f,V-u=0. 2.1)

Fourier transform of (2.1) yields that the transformed system considered as a pseudodifferential operator has the
matrix-valued symbol
€12 02 0 —i& M; g
0 & 0 —i&Ju|_| /S
0 0 (&7 =is|lud]| || 2.2)
—i& —i& —i&s 0 T 0

Hence, (2.1) is a strongly elliptic system, and the inverse matrix symbol

10 0 ig
o o1 i @3)
i& 1&; i& 2|&°
is the symbol of a pseudodifferential operator defining a pseudoinverse (here even the inverse).
3 | PRELIMINARIES
Stress tensor and conormal derivatives are defined as
oc(u,n) = —nl+ 2E(u), 3.1
with the strain rate tensor E(u) := % (Vu + (Vu)T). The hydrodynamic boundary stress then is defined by
t*(u, ) := (y*o(u, 7)) v on 0Q*. (3.2)

The weak definition is given with Green's theorem by the continuity of the right-hand side and the Riesz representation
1
theorem in the Hilbert space H2(0Q),

+ (£, 7), V)0 = 2(E@), EW))qe — (7, V* V). + (L, 7), V)0 YV € CP(R?)? (3.3)

defines t* € H-1/2(Q).
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The fundamental solution of the Stokes system (Kohr et al. [6]) is found by applying the inverse Fourier transform F~!
to (2.3) in R>:
1 1 XjXk 1 X .
Gra®) = == § =+ = ¢ T = — =, j ke {1,2,3). (34)
8z | x| |x?

4z |x|3’
With the fundamental solution (3.4), the solution of (2.1) can be represented in Q* (Wendland and Zhu [7]) by the
potentials:

u(x) = / gx—y) (trw)(y)) ds, — (£} C(x — y))Tu(y)dsy + / 0(x — y)f(y)dy, (3.5)
r O
oTl(x —
7(x) = / Ix-y) - (t'(w)ds, — 2 / % -u(y)dsy + / Hx -y) - f(y)dy, (3.6)
y
I r QF

where 0Q" =: T.

4 | CYLINDRICAL ENDS

Transmission between Q*, 0Q* and the cylinders through the openings X, = (x},sz., 0)" with 0 < (x})2 + (sz.)2 < 0}2_ >0
and the cylindrical domains (Grof3e et al. [1], Kohr et al. [8]):

N, = (r;sing,r;cos @,t;)" , IN; = (¢, sin @, 0; cos @, t;)" 1)
0<@<2r,0<r,<0;.E(-,0], j=1o0r2 '

Transmission at the openings X;:

ulz, =ux) for x € ¥, N 9Q*, 2
4.2
t'(w)s, =t oz, =0, uly, =u, given.

4.1 | Outflow N;

At the flat surface X1, the fluid flows with the velocity u; (x) from Q7 into the pipe N1, a cylindrical end. From (4.2), there
hold the transmission conditions

w; (x) = ulg, (%),

_ 4.3)
trwx) =t - (%) for x€Q*NX;.
Since N is a cylindrical end, the Stokes flow wu; in the cylindrical x;-direction is constant,
0
0x3
along the straight lines parallel to the x;-axis and, hence,
u;(x) = vi(xX1,X;) = vi(rcos @, rsing),0>0<r<o, ¢ €[0,2x]. (4.5)

On the pipes cylindrical boundary part dN; € (ocos@,osin@,x3),xs < 0, we assume homogeneous boundary
conditions
vi(ocos @, 0sin @) = 0,

. ] (4.6)
t/(vi)(ocos @, osing) = 0.
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4.2 | Inflow through N,

The inflow region, the second cylindrical end N, is again supposed to be a rotational symmetric pipe in the direction of
the unit vector egs;. Along N, let us introduce new Euclidean coordinates X = (X1 €01, X02€02, X03€03)- The inflow velocity
Uy is given as the trace of a Stokes flow on the circular cross section of the pipe which is parallel to the circular flat opening
%, of Q*. In N is uy constant along the straight lines parallel to eg; as the solution of the Stokes flow in the cylindrical
end. Therefore,

0
—uy(Xg) =0, 4.7)
0x03

and at the opening X, of QF, the inflow transmission properties read

up(Xo) = u|):2 (Xo),

. (4.8)
t"(up)(Xo) = t"a+nx,(X0) , Xo € QN X,
Since ug(Xo) is constant along straight lines on dNj parallel to egs, to g, there exists vo(xo1, Xo2) such that
uo(Xo) = Vo(Xo1,X02) = Vo(ro COS @, o Sin @), (4.9)
with g >0<1r; <00, @ €[0,27].
On the cylindrical boundary part
0N, € (00 c0os @, 0o sin @) for xp3 <0,
we require homogeneous boundary conditions
V(0o COS @, 0p Sin @) = 0,
0(00 COS @, o Sin @) (4.10)

t(vo)(00 cos @, 0o sin @) = 0.

5 | THE RESULTING SYSTEM OF EQUATIONS

Summarizing the equations in Q* and N; and the transmission conditions, we obtain the following coupled system of
equations:
u in Q7 is the solution of the mixed problem (Costabel and Stephan [9]).

La,r)=Au—-Vz=f and V-u=0 in QF,

uly, (X) =w(x), X € Xy,
t*|aarns, W) = £ @X), X € QTN T,
ulxz,(Xp) = ug(Xy) for xy € X, with given u,

t*aaraz, (%) = £, (W0)(%0) for xo € QF N, (5.1)

6 | COMPUTATION OF THE SOLUTION

The computation of u in Q* with Stokes potentials leads to systems (3.5) and (3.6):

u®Xx) = M fx) + Yt (u)x) — Wu(x),

6.1
(%) = IIf (%) + [rtT (w)(x) — 20,IIr(u)(x) for x € Q*. 6-1)
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Applying the boundary trace operator to the representation equations (6.1) results together with the jump relations at
the system of boundary integral equations:

2

Vit |pos (W)(X) + <%I - K> u) + Nf(x) = 0 for x € 00* \ | J =, (6.2)
j=1
tt]s0+(W)(X) = Du(x) + <%I + K’> tr@)+t"VHx) =0,x€%;, j=1,2. (6.3)

For the pressure equation (3.6), we use operator relations going back to Mitrea and Nistor [10]:

1 1
/ Ix—-y) - (t'(w) (y)ds, = 2% / =yl (tf(w) (v)ds,, (6.4)
r r
i -y) _ 1 J 1 k -
2/ —any u(y)ds, = Zﬁaxk/ <any IX—y|> u(yds,, k=1,2. (6.5)
r r

With these relations, one obtains the pressure forx € Z;:
7(x) = y*divVa (£ @) |y, + y*div (%1 - KA> uls,

+y+/H(X—y)-f(y)dyIzj ,j=1or?2.
Q+

7 | MAPPING PROPERTIES AND SPACES: I' :=0Q":

u e H(Q"),y u € H/2(D),t* e H 2, f € L2(Q),

7€ LXQY),ytr € HVAD). -1
V: HV2T) > HYAD), N 1 LAQY) — HYA(D),
%Hi FK: HAT) - HYAD),t" : H(Q") — H VD),
%Hi +K : H V4T - HVAD),
D : H/2I) - HY3(D). (7.2)

The Fredholmness of the system of Equations (4.5), (4.6), and (4.9) and the mapping properties corresponding to (4.10)
follow with the Calderon projection properties (see Wendland and Zhu [7]): Particularly, V - u = 0 in (2.1) implies with

u=00ndQ*"\ Ule 3.
/u~vds,;g+ = /u-e3dszl +/u0~e03dsz2 =0, (7.3)

oQ+ T, x,

since v|s, = o3 and v|5, = e;. This is an additional equation for the solution uin Q* at X, U Z,.

Concerning the regularity of u and t* on 0Q*, at the boundary curves ¢; of £;, as (distance to ¢;)!/2 - 0on X; since due
to applying the Kelvin transform, the openings X; become screens whose stresses ¢; have a singularity in the form (dis-
tance to ¢;)71/2, see (Costabel and Stephan [9], Stephan [11], and Dauge [12]). Therefore, we append additional equations
on the curves o; (see Wendland and Zhu [7]),

/(distance to aj)l/zt+|c,jdsgj =0, j=1and?2. (7.4)
o,

J
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With u, t* and 7 in QfonX ;» these define the constant values in the direction of the x;-axis on every straight line

parallel to the x3-axis and the contact values in the direction of ey; on every straight line parallel to ey, in both straight
cylindrical ends.

Further analysis is possible, extending the geometry to a third or finitely many additional cylindrical ends.
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