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Abstract

The thesis on hand investigates the interplay between detailed radiation balances and
charge carrier transport. The first part analyzes the role of limited carrier transport for
the efficiency limits of pn-junction solar cells. The second part points out the influence

of transport on the absorption and emission of light in inhomogeneous semiconductors.

By incorporating an integral term that accounts for the repeated internal emission
and reabsorption of photons (the so-called photon recycling) into the diffusion equation
for the minority carriers, the first part of the thesis develops a self-consistent model
that is capable of describing the power conversion efficiencies of existing devices as well
as of devices in the radiative recombination limit. The model thus closes the gap be-
tween the classical diode theory and the Shockley Queisser detailed balance efficiency
limit. While the model converges towards the Shockley Queisser limit when recombi-
nation is exclusively radiative and the minority carrier mobility is infinity, it converges
towards the classical diode theory once the minority carrier lifetime is dominated by
non-radiative recombination. It is shown that the classical diode theory without the
inclusion of photon recycling produces accurate results only if the minority carrier life-
time is at least ten times smaller than the radiative lifetime. The thesis shows that even
in the radiative recombination limit, charge carrier transport is extremely important.
The efficiency is reduced drastically once the minority carrier mobility drops below a
critical mobility even under otherwise most ideal conditions. A closed-form expression
is derived for this critical mobility, which depends on the absorption coefficient and
the doping concentration. The thesis thus presents a universal criterion that needs
to be fulfilled by any photovoltaic material in order to obtain high power conversion
efficiency. The numerical results are analyzed and compared to an analytical approx-
imation. This approximation is capable of describing the efficiency of solar cells with
assumed energy-independent absorption coefficient. While it also accurately predicts

A%



vi ABSTRACT

the open circuit voltage of solar cells with energy-dependent absorption coefficient, it
is only a rough estimate for the short circuit current. The thesis applies the developed
model to solar cells made of crystalline silicon, amorphous silicon and Cu(In,Ga)Se,
(CIGS). It shows that crystalline silicon solar cells neither have transport problems in
the radiative recombination limit nor in existing devices. In Cu(In,Ga)Ses solar cells,
mobilities are at most two orders of magnitude above the critical mobility and guaran-
tee complete carrier collection only close to the radiative limit. Existing devices utilize
graded band gaps equally as a means of passivating the back contact and for increasing
carrier collection in the bulk. Amorphous silicon solar cells, however, not only need to
overcome insufficient carrier collection in existing devices by means of built-in electric
fields, but also come close to being limited by carrier collection even in the radiative
limit.

The second part of the thesis investigates the role of carrier transport for the absorp-
tion and emission of light in semiconductors with band gap fluctuations. The chapter
develops an analytical statistical model to describe the absorption and emission spec-
tra of such inhomogeneous semiconductors. Particular emphasis is placed on the role
of the length-scale of the band gap fluctuations. As it turns out, the crucial quan-
tity with respect to the emission spectrum is the ratio of the charge carrier transport
length and the length-scale of the band gap fluctuations. Both, absorption edge and
emission peak are broadened by band gap fluctuations. While the absorption spec-
trum is not influenced by the length scale of the fluctuations, the developed model
shows that the spectral position of the emission peak relative to the absorption edge
depends on the ratio of fluctuation length and transport length. Comparison with
numerical simulations underlines the importance of the fluctuation length in relation
to the diffusion length and also points out the influence of the magnitude of the band
gap fluctuations in terms of the standard deviation of the fluctuations. The model is
applied to experimental absorption and photoluminescence data of Cu(In,Ga)Se, thin
films with varying gallium content. The ternary compounds CulnSe; and CuGaSe,
exhibit the smallest magnitude of fluctuations with standard deviations in the range
of 20 — 40 meV. The fact that the quaternary compounds show standard deviations of
up to 65 meV points to alloy disorder as one possible source of band gap fluctuations.
All observed fluctuations occur on a very small length scale that is at least ten times

smaller than the electron diffusion length of approximately 1 pm.



Zusammenfassung

Die vorliegende Arbeit untersucht das Zusammenspiel von detailierten Strahlungs-
gleichgewichten mit dem Transport von Ladungstragern. Der erste Teil analysiert
die Bedeutung von begrenztem Ladungstragertransport fiir die Wirkungsgradgrenzen
von pn-Ubergang Solarzellen. Der zweite Teil zeigt den Einfluss von Transport auf die

Absorption und Emission von Licht in inhomogenen Halbleitern auf.

Zur Bericksichtigung der wiederholten internen Emission und Reabsorption von
Photonen (des sog. Photon Recyclings) baut der erste Teil der Arbeit einen Inte-
gralterm in die Diffusionsgleichung fiir die Minoritatsladungstrager ein. Dadurch wird
wird ein selbstkonsistentes Modell entwickelt, das in der Lage ist, den Wirkungsgrad
von realen Solarzellen ebenso zu beschreiben wie den idealen Wirkungsgrad im Limit
strahlender Rekombination. Das Modell schliefit somit die Liicke zwischen der klassi-
schen Diodentheorie und dem aus der detailierten Bilanz abgeleiteten Shockley Queisser
Wirkungsgrad Limit. Wahrend das Modell gegen das Shockley Queisser Limit kon-
vergiert, wenn Rekombination ausschliefllich strahlend und die Minoritatstrager Be-
weglichkeit unendlich ist, geht es in die klassische Diodentheorie iiber, wenn die Mi-
noritatstragerlebensdauer durch nicht-strahlende Rekombination dominiert wird. Es
wird gezeigt, dass die klassische Diodentheorie ohne die Beriicksichtigung von Photon
Recycling nur hinreichend genaue Resultate produziert, wenn die Minoritatstragerle-
bensdauer mindestens zehnmal kleiner ist als die strahlende Lebensdauer. Die Ar-
beit zeigt, dass Ladungstragertransport sogar im strahlenden Wirkungsgrad Limit
von hochster Wichtigkeit ist. Selbst unter ansonsten idealen Bedingungen wird der
Wirkungsgrad drastisch reduziert, sobald die Minoritatstragerbeweglichkeit kleiner als
eine kritische Beweglichkeit ist. Es wird ein einfacher analytischer Ausdruck fiir die kri-
tische Beweglichkeit hergeleitet, die vom Absorptionskoeffizienten und der Dotierung
abhéngt. Damit préasentiert diese Arbeit ein universales Kriterium, das von jedem

Vil



viii ZUSAMMENFASSUNG

photovoltaischen Material erfiillt werden muss, um einen hohen Wirkungsgrad zu er-
reichen. Die numerischen Resultate werden analysiert und mit einem analytischen
Modell verglichen. Dieses analytische Modell ist in der Lage, den Wirkungsgrad von
Solarzellen mit energieunabhingigem Absorptionskoeffizienten zu beschreiben. Wih-
rend es ebenso die Leerlaufspannung von Solarzellen mit energieabhangigem Absorp-
tionskoeffizienten korrekt approximiert, erbringt das analytische Modell in diesem Fall
jedoch nur eine ungefihre Naherung fiir den Kurzschlussstrom. Die Arbeit wendet das
entwickelte Modell auf Solarzellen aus kristallinem und amorphem Silizium und aus
Cu(In,Ga)Ses an. Es zeigt sich, dass Solarzellen aus kristallinem Silizium weder im
strahlenden Limit noch in existierenden Solarzellen durch eine zu kleine Beweglichkeit
begrenzt sind. In Solarzellen aus Cu(In,Ga)Sey sind die Mobilitaten nur maximal zwei
GroBenordnungen grofler als die kritische Beweglichkeit und garantieren vollstandige
Ladungstragersammlung daher nur sehr dicht am strahlenden Limit. Real existierende
Zellen nutzen gradierte Bandliicken zur Sammlungsunterstiitzung im Volumen ebenso
wie zur Riickseitenpassivierung. Solarzellen aus amorphem Silizium hingegen miissen
nicht nur in realen Bauelementen eingebaute elektrische Felder zur Sammlungsun-
terstiitzung einsetzen. Auch im Grenzfall rein strahlender Rekombination sind die
Mobilitaten in der Nahe der kritischen Mobilitdt und somit unter Umstéanden nicht

ausreichend, um eine vollstandige Ladungstragersammlung zu gewahrleisten.

Der zweite Teil der Arbeit untersucht die Bedeutung von Ladungstriagertransport
fiir die Absorption und Emission von Licht in Halbleitern mit Bandliickenfluktuatio-
nen. Dieses Kapitel entwickelt ein analytisches statistisches Modell zur Beschreibung
von Absorptions- und Emissionsspektren solch inhomogener Halbleiter. Besonderes
Augenmerk wird dabei auf die Rolle der Léngenskala von Bandliickenfluktuationen
gelegt. Wie sich herausstellt, ist die entscheidende Grofle in Bezug auf das Emission-
sspektrum das Verhaltnis aus der charakteristischen Ladungstrager Transportlange und
der Fluktuationslange der Bandliickenfluktuationen. Sowohl Absorptionskante als auch
der Emissionspeak werden durch Bandliickenfluktuationen verbreitert. Wahrend das
Absorptionsspektrum jedoch unbeeinflusst von der Langenskala der Fluktuationen ist,
zeigt das entwickelte Modell, dass die spektrale Position des Emissionspeaks relativ
zur Lage der Absorptionskante von dem Verhéltnis aus Transportlinge und Fluktu-
ationsldnge abhangt. Der Vergleich mit numerischen Simulationen unterstreicht die

Bedeutung der Fluktuationslange im Vergleich zur Transportlange. Aufgezeigt wird
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auBerdem der Einfluss der Fluktuationshohe, ausgedriickt durch die Standardabwei-
chung der Fluktuationen. Das Modell wird auf experimentelle Absorptions- und Pho-
tolumineszenzdaten von Cu(In,Ga)Ses Filmen mit verschiedenem Gallimgehalt ange-
wandt. die ternaren Verbindungen CulnSe; und CuGaSe; weisen die geringsten Fluk-
tuationen mit Standardabweichungen zwischen 20 und 40meV auf. Der Umstand,
dass die quaternaren Systeme Standardabweichungen von bis zu 65meV besitzen,
deutet darauf hin, dass Unordnung infolge der Legierung eine mogliche Ursache der
Bandliickenfluktuationen darstellen. Alle beobachteten Fluktuationen besitzen eine
sehr kurze Fluktuationslange, die mindestens zehnmal kleiner ist als die Elektronen

Diffusionslange von ca. 1 pm.






Chapter 1
Introduction

Today, the biggest share of the world output of solar cells is made of crystalline sili-
con. This dominance of crystalline silicon is owed to the long history of experience in
silicon microelectronics [1]. From a perspective based on the suitability of silicon as a
photovoltaic absorber material, however, this dominance seems rather astonishing. In
particular, the low absorption coefficient seems to disqualify the indirect semiconductor

silicon as the photovoltaic material of choice.

Therefore, a lot of effort has been put in the investigation of new high-absorption
thin-film materials [2-4], such as amorphous silicon [5], Cu(In,Ga)Ses [6], organic semi-
conductors [7], or organic dyes [8]. However, so far, these so-called second generation [9]
thin-film solar cells have not yet lived up to expectations. They all fall short of achiev-

ing the efficiencies reached with conventional first-generation silicon solar cells.

Of course, the absorption of light is only the first step to the successful conversion
of optical into electrical energy. The photo-generated charge carriers also need to
be separated before they recombine. Obviously, this requires high carrier lifetimes.
However, one factor which is often overlooked in this context is the importance of charge
carrier transport. High lifetimes guarantee high open circuit voltages. Additional high
mobilities are needed to achieve high short circuit current. While many of the new
materials under consideration, in particular the organic materials, feature excellent
lifetimes and open circuit voltages, most of them suffer from low short circuit currents
caused by insufficient carrier mobilities.

This problem is well known in existing devices. Means to improve carrier collection
include the application of pin structures in amorphous silicon, graded band gaps in

1



2 CHAPTER 1. INTRODUCTION

Cu(In,Ga)Ses, or enlarged junction areas in the case of dye-sensitized solar cells.

However, up to now it remains unclear, what influence carrier transport has on the
efficiency limits of solar cells. Such efficiency limits have only been calculated for de-
vices with assumed complete carrier collection. The efficiency limits of photovoltaic
energy conversion are reached when all heat-dissipating loss-mechanisms are avoided.
In accordance with the principle of detailed balance, the only unavoidable loss mech-
anism is radiative recombination. This is because in thermodynamic equilibrium all
thermal radiation from outside the solar cell needs to be balanced by an equal radiation
flux from within the cell. Hence, a general treatment of solar cell efficiencies needs to
address radiation balances as well as charge carrier transport.

An extra dimension is added to the problem by inhomogeneous material parameters,
such as the fundamental band gap. While the laws governing the radiative interaction
between the solar cell and its ambience, i.e., the reciprocity between light absorption
and emission, are still valid locally on a microscopic scale, they need to be modified on
a macroscopic level. Once again, the description of the macroscopic radiation balances

needs to take into account transport phenomena.

1.1 Structure

This thesis investigates the role of carrier transport and inhomogeneous band gaps for
the radiation balances between absorbed and emitted radiation, which determine the
efficiency limits of pn-junction solar cells. The thesis is structured as follows:

Chapter 2 delineates existing theories to describe the efficiencies of solar cells. It
classifies solar cells according to complete and incomplete collection of photo-generated
carriers and points out the shortcomings of the existing theories when it comes to
describe the efficiencies of solar cells with incomplete carrier collection.

Chapter 3 is the main chapter of this thesis. It develops a generalized numerical
model that combines issues of carrier transport and radiation balances which is capable
of describing solar cell efficiencies for all combinations of radiative or non-radiative re-
combination and complete or incomplete carrier collection. The chapter points out the
importance of carrier transport for the solar cell efficiency even under otherwise most
ideal conditions. It shows that the efficiency is reduced sharply once the mobility drops

below a critical mobility. Subsequently, the chapter develops an analytical approxima-



1.1 STRUCTURE 3

tion of the numerical model. It closes with the efficiency limits of real pn junction solar
cells made from crystalline silicon, amorphous silicon, and Cu(In,Ga)Se,.

Chapter 4 develops an analytical model to describe light absorption and emission
in semiconductors with fluctuations of the fundamental band gap. It focusses on the
relationship between carrier transport and the length-scale of band gap fluctuations.
The model is applied to Cu(In,Ga)Ses layers with different gallium content. It is shown
that the gallium content influences the extent of band gap fluctuations and that all
observed fluctuations occur on a length-scale which is much smaller than the electron

diffusion length.



Chapter 2
Efficiency limits of solar cells

Abstract: This chapter discusses existing solar cell theories. It categorizes the
theories along the dimensions of charge carrier recombination and charge carrier
transport (carrier collection). The detailed balance efficiency limit presented by
Shockley and Queisser describes the radiative recombination limit with complete
carrier collection. The classical diode theory in turn holds for non-radiative
recombination and incomplete as well as complete carrier collection. For the
case of complete carrier collection, a simple combination of the detailed balance
theory with the classical diode theory is given by adding up radiative and non-

radiative recombination currents.

In very general terms, there are three pillars that constitute a solar cell’s photovoltaic

ability to convert solar energy into electrical energy:

(i) Carrier generation,
(ii) Carrier recombination, and

(iii) Carrier transport.

This chapter analyzes the influence of these three pillars on the power conversion
efficiency of a solar cell. It shortly delineates the two main currently existing theories
describing solar cell efficiencies. Subsequently, the chapter presents a classification
scheme to distinguish solar cell modelling approaches according to the ideality of carrier
recombination and carrier transport. By placing the two theories into the classification
scheme, it points out, where they fail to converge.

4



2.1 CLASSIFICATION OF SOLAR CELL MODELS 5

Until now, there existed two completely different approaches to calculate the ef-
ficiency of ideal and non-ideal solar cells. For the ideal case Shockley and Queisser
(SQ) [10] developed their detailed balance theory as described in section 2.3.1. The
efficiency of non-ideal pn-junction solar cells on the other hand is based on the solu-
tion of the continuity equation as described by Shockley’s diode equation [11], which

is recapitulated in section 2.4.

2.1 Classification of solar cell models

Shockley-Queisser (SQ) theory

Shockley and Queisser regard the solar cell as a black box as sketched in Fig. 2.2 and
base their derivation of the current/voltage characteristic on the radiation balance
between the solar cell and its ambience. In their view, the cell consists only of a light
absorbing and emitting surface with two electrical terminals. They do not account for
internal (microscopic) processes; only externally visible (macroscopic) quantities are
considered. Their idealized conception of the three pillars outlined above is structured

as follows:

(i) Carrier generation is completely defined by the macroscopic absorptance a which
ideally depends only on the band gap energy E, (cf. Eq.(2.5)) and the photon
flux of solar and ambient black body irradiation impinging on the surface of the

solar cell.

(ii) Carrier recombination is exclusively radiative. Due to the required balance of
absorbed and emitted radiation in thermodynamic equilibrium, radiative recom-
bination cannot be prevented and is described by the macroscopic radiative re-
combination current which equals the emitted photon flux. The radiative recom-
bination current depends only on the absorptance a, the cell temperature 7', and

the voltage V' at the terminals.

(iii) Carrier transport is a microscopic phenomenon taking place within the black box.
In the SQ theory, carrier collection is assumed to be ideal, and the concept of

transport therefore simply does not exist.
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Summing up, the radiative SQ efficiency limit of a solar cell depends only on the
magnitude and spectral distribution of the solar irradiation, the cell temperature, and

the band gap energy of the absorber material.

Classical diode theory (CDT)

In contrast to the SQ theory, the classical diode theory does not treat the solar cell
as a black box. Instead, it looks at the interior, replacing the macroscopic quantities
by microscopic quantities that describe the local opto-electronic phenomena within the

solar cell.

(i) Carrier generation is described by Lambert-Beer’s law of absorption. The ab-

sorptance a(F) is replaced by the absorption coefficient o(F).

(ii) Carrier recombination is described by the local recombination rate, which under

low level injection conditions is determined by the minority carrier lifetime 7.

(iii) Carrier transport is determined by the gradient of the electro-chemical potential
of the minority carriers. In the case of a homogeneous material without electrical

field, carrier transport is exclusively diffusive.

As pointed out above, the classical diode theory consists of solving the continuity
equation for the minority carriers. The approach is thereby explicitly based on carrier
transport, which had been completely disregarded in the SQ approach.

The emission of photons, however, which is essential to the SQ theory is not being
tagged by the classical diode theory. Without accounting for the photons emitted by
the solar cell, though, the compliance of the detailed radiation balance between the
solar cell and its ambience becomes intrinsically impossible.

Therefore, it is intuitively obvious that the classical diode theory does not result in

the same maximum efficiencies as the SQ theory.

Unified model

Consequently, a model that unifies the SQ theory with the classical diode theory needs
to tackle the question of how to incorporate the detailed radiation balance of absorbed

and emitted photons into a microscopic transport approach.



2.1 CLASSIFICATION OF SOLAR CELL MODELS 7

Non-radiative EQE(FE) < a(E) EQE(E) = a(FE)
Lifetime 7,
Tyr = 00 SQ
NN This thesis *
Tor R Ty Jo = J@d 4+ Jg"
Thr << Tr T CDT ,un — OO :
ff— -
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Mobility

Fig. 2.1: Classification of solar cell models in the two-dimensional space of carrier recom-
bination and carrier transport. The Shockley-Queisser (SQ) theory describes the case with
only radiative recombination where it holds 7y, > 7, i.e. 7 = 7. The SQ theory is a
macroscopic theory that assumes complete carrier collection with p, — oo, which leads to
EQE(E) = a(F). In contrast, the classical diode theory (CDT) is a microscopic theory that
covers the case 7,y < 7; and includes incomplete carrier collection. The CDT can easily be
extended to comprise infinite carrier mobility. At the macroscopic level with u, — oo, it
can also be combined with the SQ theory to cover the whole lifetime range. However, on
the microscopic level with incomplete carrier collection, such an easy combination of the two

theories is not possible.

Moreover, with the solar cell no longer being a black box, the radiation balance not
only has to be fulfilled with respect to the external radiative interaction between the

solar cell and its ambience but also within the solar cell.

2.1.1 Classification scheme

Figure 2.1 systemizes the above considerations. It divides solar cells according to the

"idealization’ of carrier recombination and carrier transport.
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With respect to recombination, the ideal case is reached, when carriers only re-
combine radiatively. The crucial parameter for recombination is the minority carrier
lifetime, which consists of a radiative lifetime 7. and a lifetime 7,, for non-radiative

processes and is computed with 1/7 = 1/7, + 1/7,.

The second dimension is the dimension of carrier transport as expressed by the
minority carrier mobility u,. Ideally, u, is infinity. Then, the spatial resolution of the
solar cell becomes obsolete, since all generated carriers are collected independent of the
position of the generation. In this case, a macroscopic solar cell model is sufficient to

describe the cell’s efficiency.

The ideal carrier transport also makes a spatial resolution of carrier generation
unnecessary. The solar cell is completely defined by macroscopic quantities, such as

the absorptance spectrum a(F), where E is the photon energy.

As a consequence of the infinite mobility, the probability to collect an absorbed
photon under short circuit conditions becomes unity. Therefore, the external quan-
tum efficiency EQE(E) as defined by the number of collected electrons divided by the

number of incident photons under short circuit conditions equals the absorptance a(F).

Non-ideal transport requires a spatial resolution in the direction of current transport.
The macroscopic approach has to be replaced by a microscopic approach that includes
the spatial resolution of carrier generation, recombination, and transport. Not all
absorbed photon are collected and it holds EQE(E) < a(FE).

The SQ theory assumes only radiative recombination, i.e. 7 = 7,, and also complete
carrier collection, i.e. p, — oco. Conversely, the classical diode theory (CDT) is suited
for solar cells with non-ideal recombination and non-ideal carrier collection. While
the diode theory can easily be extended to comprise complete carrier collection, such
an extension is not so straightforward when recombination is dominated by radiative

recombination.

The existing theories are well equipped to describe the case of complete carrier
collection, where the solar cell is only described as a black box with macroscopic prop-
erties. However, they fail to describe the combination of incomplete carrier collection

with radiative recombination.

In the following, I recapitulate the SQ theory and the diode theory. The next chapter

will then address the task of providing the missing link between the theories.
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2.2 Current-voltage characteristic of solar cells

Throughout this thesis, all solar cells are considered ideal insofar that their series
resistance is zero and their parallel resistance is infinity. Therefore, they exhibit the

current/voltage characteristic

IV) = Jo <eXp (;B_VT> - 1) e (2.1)

where Jj is the saturation current density and Jg is the short circuit current density.
The applied voltage is V, q is the elementary charge, kg is Boltzmann’s constant, and
T is the absolute temperature.
From the saturation current Jy and the short circuit current Jy. one obtains the

open circuit voltage

Voe = %ln (% + 1) , (2.2)
the fill factor with the phenomenological expression [12]
Uoe — 1N (Uoe + 0.72)

FF = 2.
Uoe + 1 (2:3)
with uee = qVoe/(kgT), and the efficiency
_ qt]sc‘/ocFF (2 4)

Pi )
where P, is the areal power density of the illumination. Throughout this thesis I use
the global AM1.5g spectrum scaled to P, = 100mW /cm? from Ref. [13].

2.3 Radiative efficiency limit

This section discusses the maximum power conversion efficiency of a single junction
solar cell, as determined by the detailed radiation balance between the solar cell and
its ambience. This maximum efficiency is called detailed balance efficiency limit or
radiative efficiency limit. In the radiative efficiency limit, radiative recombination is
the only loss mechanism. As will be shown below, such radiative recombination cannot
be circumvented.

Section 2.3.1 analyzes the radiative efficiency limit of solar cells with infinite mo-
bility and the resulting consequences as described above. Section 2.3.2 discusses the
implications of a non-ideal quantum efficiency for the detailed balance efficiency, which

constitutes the basis for the detailed analysis presented in chapter 3.



10 CHAPTER 2. EFFICIENCY LIMITS OF SOLAR CELLS
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Fig. 2.2: Sketch of a solar cell as seen by Shockley and Queisser. The cell is a black box
with complete carrier collection. Internal processes are not accounted for. Only the external
radiation fluxes and the electrical current drawn from the cell are considered. From the
incoming solar radiation ®g,, and the ambient black body irradiation ®y;, only the fluxes
P2 and CIJ%bbS are absorbed. The rest is transmitted (or rather: reflected, since the back side

is perfectly reflected). The absorbed fluxes are balanced by the voltage-dependent emission

flux P and the electrical current Jg.

2.3.1 Complete carrier collection

As it turns out, the absorptance spectrum a(FE) of the solar cell, where E is the the
photon energy, is the crucial material characteristic that determines the solar cell’s
radiative efficiency limit. In this section, I recapitulate the case of a solar cell with
homogenous material parameters, in particular a homogeneous band gap energy Fj,
which ideally results in a step like absorptance function. Appendix A presents the
influence of lateral fluctuations of the band gap energy, which cause a broadening of
the absorption spectrum, on the radiative efficiency limit. It also discusses the existence
of an optimal absorptance spectrum that would result in an ultimate efficiency limit

for a given irradiation spectrum.

Homogeneous band gap

The maximum power conversion efficiency of a solar cell with homogeneous band gap
is given by the radiative recombination limit and depends only on the cell temperature,
the spectral distribution of the solar irradiation, and on the band gap energy £, of the
semiconductor acting as the photovoltaic absorber material. This theoretical efficiency

limit was initially presented by Shockley and Queisser [10] and consists of a very much



2.3 RADIATIVE EFFICIENCY LIMIT 11

idealized thermodynamic approach that is based on the detailed balance between the
radiation fluxes absorbed and emitted by the solar cell. Geometrical extensions as well
as optical and electrical material parameters are not accounted for. The solar cell is
regarded as a black box, and only external radiation fluxes and currents are balanced
as sketched in Fig. 2.2.

The ideal solar cell is completely characterized by its absorptance a(FE) expressed

by the Heavyside function

1, E>E
a(E) = - * (2.5)
0, E <UL,

where F is the photon energy.
From this starting point Shockley and Queisser based their derivation of the radiative

efficiency limit on four basic assumptions:

(i) All photons with energy larger than the band gap E, are completely absorbed

and generate one electron/hole pair each.

(ii) Under short circuit conditions all photo-generated carriers are collected and con-

tribute to the photocurrent Ji..

(iii) Spontaneous emission of photons by radiative recombination of electron/hole

pairs is the only loss mechanism as required by the principle of detailed balance.

(iv) All photons emitted by radiative recombination have the same chemical potential

LL.

Hidden within these four assumptions are two important aspects. Assumption (i) im-
plicitly requires virtually infinite thickness of the photovoltaic absorber and assumption
(i) and (iv) require virtually infinite mobility of the photogenerated minority carriers.
Given the above assumptions, Shockley and Queisser now calculate the saturation cur-
rent Jy of the solar cell from the thermodynamic equilibrium in the dark and compute
the short circuit current Jy. from the irradiating solar spectrum. They therewith ar-
rive at the current/voltage characteristic of the solar cell from which they derive the
conversion efficiency. In this section I recapitulate these calculations.

The fundamental starting point for the calculation of the SQ efficiency limit is the

principle of detailed balance, which states that in thermodynamic equilibrium, every
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process has to be in equilibrium with its reverse process. For a solar cell this means
that in the dark, the radiation emitted from the surface of the cell has to balance the
flux of black body radiation from the surroundings which is absorbed by the cell. As a
consequence, the loss mechanism of radiative recombination which is the only feasible
source of radiation in a solar cell and constitutes the reverse process of fundamental
absorption cannot be circumvented.

In a black body the photon flux density gbgﬁﬁ per energy interval dF and solid angle
interval dS) is given by the generalized Planck’s law [14, 15]

252 B2
10 (E,p) dEdQ = — dEdQ, (2.6)
h3c2 E—p
exp (k T) —1

where p is the chemical potential of the radiation, n is the refraction index of the
material, h is Planck’s constant, c is the speed of light, kg is Boltzmann’s constant and
T is the temperature of the cell and the surroundings. For the ambient black body
radiation, it holds 7 =1 and p = 0.

The black body photon flux ¢p,(E) impinging on the solar cell per area element of
the cell’s surface is given by the integration of the irradiation density gbbbn(E, 0) over
dQ = sin (0) depdf and reads as

2
oo (E)dE = bbl (E,0) dE/ dgp/ cos () sin (0) do
= ¢bb1(E 0)dE. (2.7)

The factor cos () stems from the projection onto the plane surface of the solar cell.
Both angles 8 and ¢ are defined as sketched in Fig. B.1. Integrated over all photon
energies F this yields the overall black body flux

by, = /000 P (E)dE = dm (ke 1) (2.8)

h3c?

impinging on the cell’s surface. The exact solution of the integral is obtained by using
the Boltzmann approximation of Eq. (2.6) which neglects the 1 in the denominator.
If only the photons with energies larger than the band gap are considered, we obtain

the photon flux

& 21
@Eﬁ = Opp(E)dE = ——exp (

E,
i 53 ) kT (E; + 2EkpT + 2 (ksT)?) . (2.9)

kgT
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The black body photon flux absorbed by the solar cell is given by the integration of
the irradiation density ¢fiy’;(E,0) over dE and dS = sin (0) ddf and reads as'

0o 2 Oc
P = / a(E) ﬂfiﬁ (E,0) dE'/ d(p/ cos (0) sin (6) df
0 0 0

- /O " (B) du(E)dE. (2.10)

Due to Snellius’ law of refraction the half sphere outside of the cell will be mapped
onto the cone with critical angle 6. = arcsin (1/n). Therefore, the interaction between
cell and surroundings only affects radiation (inside the cell) within angles smaller than
6.2 For the step function Eq. (2.5) we find &2 = &%,

With the equilibrium emission current ®.,(V = 0) in the dark being equal to the
absorbed black body radiation ®1# from the ambience we obtain from Eq. (2.10) the
emission current under short-circuit conditions with V' = 0. Next, we need to derive the
current voltage dependence of the emission current. Whereas the chemical potential of
the emitted photons is ;¢ = 0 in thermal equilibrium, it holds y = Fg, — B, > 0 if a
voltage V' is applied or if the cell is illuminated. Here, Fr, and Ep, are the quasi-Fermi
levels for electrons and holes respectively. Under the assumption that the mobility u,
of the minority carriers is large enough to guarantee that all carrier gradients will
immediately be levelled out, u is constant throughout the cell and equal to the applied
voltage ¢V'. This means that all photons emitted by radiative recombination have
the same chemical potential ;1 = ¢V (assumption (iv)). Therewith and by using the
Boltzmann approximation of Eq.(2.6) which is valid for £ — p > kT, the emission
current caused by radiative recombination is given by

Do, (V) = W/OOO a(E)ény, (B,V)dE ~ D Eexp (qu_VT) : (2.11)

Next, we consider the solar cell under illumination and compute the electrical current

Jse under short-circuit conditions. The solar irradiation impinges vertically on the solar

cell surface with an integrated photon flux density

(I)sun = h sun E dE; .
| duntE) (212)

INote that throughout this thesis I assume a perfectly reflecting back side which means that
radiative interaction is limited to the front surface. Note also that all fluxes are denoted as particle

flux densities per unit area (cm~2s71)
2Note the equivalence of either integrating ¢g§’1(E, 0) from 8 = 0 to 7/2 outside the cell surface

or integrating ¢’ (E,0) from 6 = 0 to 6. inside the cell.
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where ¢gu,(F) is the spectral density of the solar spectrum. In analogy to Eq.(2.9), I
define the photon flux ®8 which includes all photons with an energy larger than the
band gap.

For a step-function absorptance, all photons with energies £/ > E, are being ab-
sorbed and generate one electron/hole pair each regardless of any surplus energy (as-
sumption (i)). The absorbed photon flux ®2* is equal to ®8 . From balancing in-
coming and outgoing photon fluxes and the electrical current under short-circuit con-
ditions as depicted in Fig.2.2, it holds for the electrical current Jgy(V = 0) = Jy. =
D 1+ OF — @, (V = 0), ie. J. = ®F8. This means that under short-circuit con-
ditions all excess carriers are completely collected and contribute to the current Jg
(assumption (ii)).

Balancing incoming and drawn off currents for V' # 0 leads to the current/voltage

characteristic
%4
o (V) = 858, + 055 - @ (V) = 285, - 08 (e (2] - 1), (213)
B

with the short circuit current J, = ®¥8 and the saturation current J, = @Ef (cmp.

sun
Eq. (2.1). Note again that all currents are denoted as particle currents and have to be

multiplied with the elementary charge ¢ to obtain electrical currents.

2.3.2 Incomplete carrier collection

When transport is non-ideal, the quantum efficiency no longer equals the absorptance.

The short-circuit current is given by

Joe = / h EQE(E) ¢sun (E)dE. (2.14)

As Rau shows in his disquisition on the reciprocity between photovoltaic quantum
efficiency and electroluminescent emission of solar cells [16], the excess emission current
caused by radiative recombination reads as

Doy (V) — O = /OO EQE (E) ¢up(E)dE {exp (ﬂ> - 1} : (2.15)
0 kBT
In analogy to Eq.(2.13), the short circuit and the emission current yield the cur-
rent /voltage characteristic of the solar cell.
There exists no closed-form expression for the quantum efficiency EQE. Therefore,

the next chapter derives a numerical computation scheme.
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2.4 Classical diode theory

2.4.1 Incomplete carrier collection

Shockley’s and Queisser’s detailed balance considerations give the overall efficiency
limit for any single band gap material in dependence of the semiconductor’s band gap
E,. They do not take into account geometrical extensions and either incomplete absorp-
tion or incomplete carrier collection. A real solar cell is far from being perfect though.
Therefore, it has to be treated differently. In this section, the cell is still ideal insofar as
there are no parasitic Ohmic losses. I will consider an abrupt one-sided pn™-junction
where I also neglect absorption and recombination in either emitter or space-charge
region. Non-idealities are expressed by finite mobility pu, of the minority carriers (in
our case electrons), by the finite absorptance of the cell in terms of cell thickness d and
absorption coefficient o and by non-radiative recombination mechanisms as expressed
by the lifetime 7.

In contrast to the SQ efficiency limit the following classical derivation of the diode
equation is based on charge carrier transport or, more precisely, diffusive minority
carrier transport in the quasi-neutral base region of the absorber material. To describe
the current/voltage characteristic of an abrupt one-sided pn-junction under low-level

injection conditions with n(z) < p(x) & Nj, one has to solve the diffusion equation [17]

*n  n—ng

Rl
dx? T

= —Gyu () (2.16)

for the minority carriers (electrons for p-type doped samples) in the quasi-neutral base

of the device with the boundary conditions

v
n(x = 0) = ngexp <IjB_T) (2.17)
at the edge of the space charge region (x = 0) and
dn -5,
- - =) — 2.1
|~ peE=a-m (2.18)

at the back contact (z = d). Here, D,, = (kgT'/q) ., is the electron diffusion constant, 7
is the electron lifetime and 5, is the electron recombination velocity at the back contact
(which ideally equals zero). Also, ng = n?/N, is the electron concentration in thermal

equilibrium where n; is the intrinsic carrier concentration and Ny is the doping density.
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Carriers are generated by external excitation with the generation rate Ggu,(x) and
recombine with the (low level injection) recombination rate R = (n—ng)/7. Calculating

the current Jo (V) = Dydn/dx at © = 0 yields the current/voltage characteristic

Ja (V) = Jue — Jo (exp (qu_VT> _ 1) (2.19)

where with S, = 0, Jy is given by

D 2 D
Jo= 220 [y = 220 anh (i> . (2.20)
Ly 1+ exp (i—i) Ly Ly

Here, L, = v/ D,7 is the diffusion length of the minority carriers.

The short-circuit current Js. depends on the generation profile Gy, (). For a thick
cell with d > 1/a(F), where a(F) is the absorption coefficient, the easiest approach
is [18]

Goun (7, E) = doun(E)a(E)exp (—a(E)x), (2.21)

where ¢gun(F) is the incident photon flux. With S, = 0 we obtain

—d
% b (Bl alyexp (—ad) — exp <—n>
Je = Ssun(E)aLn J\ g b/ Ve
) 1-a’L2 (2) e (52)
n exp . + exp .
> Qbsun(E)aLn d OéLneXp (-O{d
= ; 1——0621/121 tanh L_n —al, + dE. (2.22)

d
cosh (L_n>

2.4.2 Complete carrier collection

In the case of ideal transport with p, — oo, the derivations of the previous section
simplify significantly. Under short circuit conditions, all absorbed photons are collected

and the short circuit current
Jeo = / (1 —exp (—ad)) e (E)dE = / a(E)pgun(E)dE = J59 (2.23)
0 0

is equal to the maximum achievable short circuit current J59.

For the non-radiative recombination current, the high mobility limit reads as

nod

Jr = (2.24)

TI’II‘
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If the non-radiative lifetime is comparable to the radiative lifetime then the overall
recombination current is the sum of non-radiative and radiative recombination current
according to Jy = JI* + Ji*d, where Ji is given by Eq. (2.9). Note that this simple
summing up of the recombination currents is only applicable in the limit of complete
carrier collection with u, — oco. Otherwise, the spatially resolved recombination rates
have to be added up, which is accomplished by adding up the inverse lifetimes. For
the solution of the diffusion equation Eq. (2.16), this adding up of the inverse lifetimes
does not lead to a simple linear superposition of the recombination currents, as can be
verified by looking at Eq. (2.20).

And besides, at this point, microscopic detailed balance arguments come into play,

which brings us to the elaborated model presented in the next chapter.



Chapter 3
Generalized efficiency limit

Abstract: This chapter presents a self-consistent model that combines charge
carrier transport and detailed radiation balances to describe the efficiency of solar
cells in the whole range of non-radiative and radiative recombination as well as
complete and incomplete carrier collection. An extra generation term accounting
for the absorption and reemission of photons emitted by radiative recombination
(photon recycling) is incorporated into the diffusion equation, thereby fulfilling
internal and external radiation balances. The chapter shows that if the minority
carrier mobility drops below a critical mobility then the solar cell efficiency is
reduced drastically even in the otherwise most ideal case. It presents an analytical
approximation of the numerical model. After having discussed the hypothetical
case of an energy-independent absorption coefficient, the model is extended to
energy-dependent light absorption and applied to experimental absorption data
of crystalline silicon, amorphous silicon, and Cu(In,Ga)Ses. While for crystalline
silicon, transport is not a limiting factor, solar cells made of amorphous silicon
or Cu(In,Ga)Ses need to utilize built-in electric fields or band gap grading to
enhance carrier collection. Amorphous silicon comes close to having an inherent

mobility problem even in the radiative recombination limit.

Based on the considerations presented in the previous chapter, this chapter develops
a generalized model that combines the SQ theory with the classical diode theory by
incorporating the detailed radiation balance of absorbed and emitted photons into a
microscopic transport approach.

18
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3.1 Radiative recombination and photon recycling

Understanding the interaction between photons and electrons inside a semiconductor
begins with fundamental light absorption. A photon is absorbed by exciting a valence
electron into the conduction band, thereby creating an electron/hole pair. After a
certain time, this electron/hole pair will recombine again, thereby dispensing its surplus
energy either in form of phonons to the crystal lattice (non-radiative recombination) or
by emitting a photon (radiative recombination). Non-radiative recombination would
lead to an increase in the cell temperature, were it not for the assumed perfect thermal
coupling to the surroundings which act as an ideal heat sink. With such perfect thermal
coupling, however, the surplus energy is simply transferred to the ambience in form of

heat. It is irretrievably lost for the utilization of electrical energy.

In contrast, radiative recombination is not such a simple one-step mechanism. Dur-
ing the radiative recombination of an electron/hole pair, a photon is spontaneously
emitted into an arbitrary direction. This photon is either emitted through the surface
of the cell or it is reabsorbed along its path within the solar cell. In the latter case, it
generates an additional electron/hole pair, which in turn can again recombine radia-
tively and emit another photon. The repeated absorption and emission of photons is
called photon recycling (PR). As will be shown in this chapter, the photon recycling
process supplies the missing link between the SQ theory and the classical diode theory.

It is the basis for the internal and external radiation balances.

Furthermore, the additional generation rate caused by reabsorbed photons effec-
tively decreases the loss of carriers caused by radiative recombination. Radiatively
recombining carriers are only lost if they recombine close to the surface. Deep within
the bulk material they are completely recycled and therefore not lost at all. As a con-
sequence, the internal generation caused by photon recycling leads to an increase in

cell efficiency when compared to the case without photon recycling.

After surveying the treatment of the photon recycling effect in the literature, quan-
tifying the internal generation rate will be the main element in the model developed in

section 3.3.
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3.2 Photon recycling in the literature

The effect of photon recycling (PR) was first addressed by Dumke [19], Moss [20], and
Landsberg [21] as early as 1957. Dumke was already aware of the fact that the PR
would lead to an infinite radiative lifetime deep in the bulk. He also pointed out the

relevance of photonic transport in addition to electron transport.

First experimental evidence of the PR effect was reported another 10 years later
in the late 1960ies and early 1970ies. As was to be expected, the effect gained im-
portance in direct semiconductors with low radiative and high non-radiative lifetimes
such as GaAs that were used for optoelectronic devices. Carr [22] and later Carr and
Kameda [23] discovered PR effects in luminescence measurements with GaAs sam-
ples and termed them ’self-excitation’. Hwang [24] found reabsorption of photons to
influence the quantum efficiency of radiative recombination determined in photolumi-
nescence experiments with heavily doped GaAs. Stern and Woodall [25] were the first
to introduce the denotation 'photon recycling’. They found PR effects to reduce the
threshold current of GaAs double-heterostructure lasers by roughly 20 %.

The first rigorous theoretical treatment was presented in 1977 by Kuriyama et al. [26]
who used their theory to analyze quantum efficiencies and diffusion lengths in AlGaAs
heterostructures. Whereas previously, small quantum efficiencies [27] and large surface
recombination velocities [24] had led to a domination of non-radiative recombination
which made the treatment of PR effects superfluous, the development of higher quality
crystals now required the consideration of photon recycling. Analysis without the
consideration of PR yielded obviously false internal quantum efficiencies and, thus,

made a detailed theoretical treatment indispensable.

Despite being the first treatment of PR, the publication of Kuriyama et al. [26] still
remains the basis for virtually all following publications. Additionally to providing
the theoretical treatment to compute the internal generation rate caused by radiative
interaction within the semiconductor, they also developed an iterative scheme to solve
the integro-differential equation resulting from the formulation of the problem, which is
still widely used amongst scholars working on the topic. Using the fundamental system
of the homogeneous solution they compute the contribution of each reabsorption cycle
from the previous carrier profile. The initial profile is obtained from the analytical

solution without PR.
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Almost simultaneously, Asbeck [28] derived a (numerical) expression for a modi-
fied radiative lifetime that includes reabsorption of photons. Mettler [29] modified
Kuriyama’s rather complex derivation with cylindrical coordinates, and developed the

approach also used in this thesis.

Following publications extended the treatments to include, for instance, graded band
gaps [30,31], transient effects [32-35], optical modulation [36], pin structures [37], and

two-dimensional effects [38].

Various procedures have been proposed for the mathematical formulation of the
problem. For perfect optical confinement, an infinite spatially periodic continuation
of the problem allows for an anharmonic Fourier analysis [39]. Also, perturbational
and variational methods have been developed [40-42]. However, these mathematically
more sophisticated approaches suffer from their limited applicability arising from the
dependence of the PR effect on device geometry, energy dependencies, and operating

conditions.

Special emphasis was placed on analytical approximations that allowed for incor-
porating the PR effect as modified lifetime and diffusion constant into the classical
diffusion equation [40,43-50]. These approaches and either their usefulness or the
potential conflicts with respect to the detailed balance principle will be discussed sep-
arately in section 3.7.1 in the context of developing analytical approximations for the

solar cell efficiency.

Most of the above publications dealt with light emitting diodes and lasers and the
role of photon recycling for the experimental determination of lifetimes and quantum
efficiencies. The relevance of PR for solar cells was not investigated until 1991 when
Parrott [51] and Durbin and Gray [52] presented simulations of solar cell efficiencies
at the 22" IEEE PVSEC conference. In a further publication [53], Durbin and Gray
refined their numerical model. They investigated the influence of photon recycling on
the efficiency of solar cells but restrained themselves to the practical cases with non-
radiative recombination being the dominant recombination process. A similar focus was
also chosen by Badescu and Landsberg [54], Yamamoto et al. [55], and Balenzategui
and Mart{ [56].

Parrott [57] was the first to relate photon recycling and the detailed balance effi-
ciency limit of Shockley and Queisser. However, while deriving his model for spatially

dependent chemical potential of the emitted photons, all his computations are carried
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out under the assumptions that the chemical potential is constant within one absorp-
tion length. Especially for low mobilities and for the relevant energy range close to the
band gap, where the absorption coefficient is very small, this approximation is rather
crude.

The objective of this thesis is to provide a detailed and, particularly important,
self-consistent model that combines the diffusion equation with the detailed balance
approach. Special emphasis is placed on finite carrier transport in the radiative ef-
ficiency limit and the interplay between photon recycling and the detailed balance
principle. This approach differs from most other contributions in the literature insofar
as the detailed radiation balances provide a relentless limit that imposes strict checks
for the numerical accuracy of the computations. For instance, these radiation balance
checks call for the self-consistent averaging of all generation rates, thereby warranting
the conservation of particles!. In the practical cases discussed in the vast variety of the
literature, these strict conditions were not imposed. On the one hand this greatly sim-
plified the equations entering in the numerical model but on the other hand deprived
the model of an accuracy check that - with regard to the complexity of the equations

- might prove utterly necessary to guarantee the accuracy of the obtained results.

3.3 Diffusion equation with reabsorption

This section tackles the task of incorporating the photon recycling effect into a micro-
scopic transport approach. The starting point will be the classical diode theory, i.e.
the minority carrier diffusion equation (2.16), which is valid under low-level injection
conditions. The photon recycling leaves everything unchanged except for an additional
generation term caused by reabsorbed photons.

For the mathematical treatment of the photon recycling effect, a one-dimensional
description of electron transport is still sufficient but has to be complemented by the
three-dimensional emission of photons by recombining electron/hole pairs. Photons
emitted by radiative recombination which are reabsorbed cause an extra generation of

carriers. The diffusion equation (2.16) is extended to

2 _
TN (@) = LT LG (5) — G (), (3.1)

n
dx? T Tor

D

n the literature, such averaging was only performed by Durbin and Gray [53].
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Fig. 3.1: In a solar cell with plane surface (a) all external rays impinging on the front
surface are refracted towards the surface normal due to the higher refractive index 7 inside
the semiconductor. Internally emitted rays leave the cell if the emission angle is smaller than
the critical angle 6, = arcsin (1/n) (ray 1). If the emission angle is larger than 6. then the
ray is internally reflected until it is completely absorbed within the solar cell (ray 2). In a cell
with textured surface (b) an external ray is randomized upon transmitting the front surface.
The same accounts for internally emitted rays. These internal rays are transmitted with the

transmission probability tjamp (rays 3) and reflected with the probability 1 — tjamp (rays 4).

where recombination is split up into radiative recombination with the radiative lifetime
7, and non-radiative recombination with the non-radiative lifetime 7,,,. The external
generation consists of the equilibrium black body generation rate Gy, and the non-
equilibrium solar generation rate Gg,,. The extra internal generation is accounted for

by adding the internal generation rate

zr=d d
Gint (T4) = / 0Gint (Tg, T) = const/O fi(@g, zo)n(z,)dx, (3.2)

=0
caused by radiative recombination throughout the sample. Here, 0Giy (g, ;) denotes
the generation rate at © = x, that is caused by radiatively recombining carriers in the
incremental plain x, < x < 2, + dz,. As will be shown in appendix B, dGint (g, ;) de-
pends on the electron concentration at z, and the optical interaction function f,(xg, x4).
To obtain the overall internal generation rate at = x, one has to integrate over all
possible recombination events, that is over the whole thickness of the solar cell from
x, = 0 to x, = d. For all terms that include light reflection at or light transmission
through the front surface of the solar cell, the nature of the front surface has to be
considered as well. As sketched in Fig. 3.1, T distinguish two cases, namely (a) a plane
and (b) a textured front surface.

The detailed derivation of the model is provided in appendix B. The appendix starts
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by reformulating the diffusion equation as a linear matrix equation based on linear op-
erators. Then it gives expressions for the transport operator and the recombination
operator. Subsequently, it derives an expression for the internal generation rate, start-
ing with the direct radiative interaction between two locations in the cell, and followed
by the inclusion of multiple reflections. Finally, it derives expressions for the external

generation rates Gy, and Gy, caused by black body and solar irradiation respectively.

3.3.1 Parameter normalization

The major difference between the Shockley-Queisser detailed balance treatment and
the considerations of the preceding section is, that non-ideal phenomena in terms of
optical absorption and electrical transport can be analyzed with the latter approach.
The analysis is not restricted to infinite mobility and complete absorption anymore as
it had been in the SQ theory. Now the solar cell features the finite thickness d, the
absorption coefficient «, the minority carrier mobility u,, the doping density N, and

the non-radiative lifetime 7,,,.

In the following sections I investigate the influence of these device and material
parameters on the saturation current Jy and the short circuit current Jg., and conse-
quently on the power conversion efficiency n. To obtain J, I solve the matrix equation
obtained from the discretization of Eq. (3.3) performed in appendix B with illumination
for the boundary conditions V' = 0 at x = 0. Subsequently, I solve the matrix equation
without illumination for V' = (kgT'/q)In (2) at x = 0 to obtain Jy. From Js. and Jy I
obtain the open-circuit voltage, the fill factor and the efficiency in dependence of finorm
and E, (cf. section 2.2).

In order to facilitate the analysis of the influence of the different parameters, I sum
up several quantities in normalized parameters. To investigate the influence and mutual
interplay of these parameters, it is convenient to introduce the normalized length & =
apx, where o = a (E = E,; + kgT') is the absorption coefficient at a photon energy
E, + kgT. The electron concentration is normalized to v = n/ng with ng = n/Ny
being the equilibrium electron concentration that in turn depends on the intrinsic
carrier concentration n; and the doping density Na. Additionally, I normalize the

photon fluxes on the black body flux ®¢ as defined in Eq. (2.9).
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By dividing Eq. (3.1) by aocbgg one obtains the dimensionless equation

d? 149, I,
,unormd_gl; + “Vint (5) - % = —Ysun (5) — 7bb (5) - - (33)

with ¥, = 7./, and with the dimensionless rates v; = G/ (aquEf). All dependencies

on ag, fy, and N are summed up in the normallized mobility

L
norm — 3.4
f o (3.4)

with the reference mobility

g®rf  q27Na (E2+2EksT + 2 (ksT)?)
kpT agng h3c2Ne Ny ag '
Here, I used n? = NcNyexp (—E,/(kgT)) with Nc and Ny being the effective densi-
ties of states in the conduction and the valence band respectively. With 7. given by
Eq. (B.21), the normalized lifetime

Href = (35)

Eg Eg
Thorm — no - RO

 ag2mexp (%) kT (B2 + 2EkeT +2 (kyT)’) -
= B2 [ o (B) an i, (E,0) dE '

and the dimensionless rates v; only depend on the band gap E, and on the functional

dependence of the absorption coefficient a(E) on the energy E as listed in Tab. 3.2.

e For an energy-independent absorption coefficient o = o for £ > F, and o = 0
for E < E, it holds Ry = 4ap?®L2 (cf. Eq. (2.9) and Eq. (B.19)) and therewith

1
Thorm (CONSt) = el (3.7)
n

e With a(E) = apy\/(E — E,)/kgT for a direct semiconductor we obtain the Boltz-
mann approximation of the normalized lifetime
4(E2+2EksT +2(ksT)") 1
Van? (AE2 + 12BgkpT + 15 (kgT)?) /0

e In an indirect semiconductor it holds a(FE) = ag (E — E,)* /(ksT)? and therewith
we obtain the normalized lifetime

E? + 2B, kgT + 2 (kgT)’ 1
oo (indirect) = & g b (ke T) R — (3.9)
4n? (E2? + 6EgkgT + 12 (kgT)")  4n
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The approximations in the previous equations (3.8) and (3.9) are valid as long the
band gap F, is larger than the thermal energy kg7', which is the case for semiconductors
commonly used for solar cells with E, > 1eV and kgl" = 26 meV at room temperature.
In all three cases the generation rates ~; are independent of o as well. Thus, only
the functional dependence of the absorption coefficient on the energy influences the
normalized generation profiles.

For the electrical current

dn E
Jg = Dy— = lhporm P 2 — 3.10
: dz a bb d¢ ( )

only the normalized mobility fiyorm is relevant and therefore also the efficiency only
depends on the normalized lifetime and normalized mobility.

This result shows that in the ideal case where radiative recombination is the only
loss mechanism, it is impossible to distinguish between the influence of the optical
absorption in terms of g and the influence of the minority carrier mobility u, for a
given normalized thickness d/ay and given front and back side reflectivities. Only the
product p,aq is relevant for the achievable efficiency. In the non-ideal case of non-
radiative recombination however, electrical and optical effects can be separated. This
will be described below in section 3.4.2. The repeated emission and reabsorption of
photons causes an effective optical transport of charge carriers. The fact that only the
product p,aq is important for the current-voltage characteristic of the device shows

the virtual equivalence of optical and electrical carrier transport.

3.3.2 Free parameters

As a consequence of the normalization, the number of parameters is reduced and the

only free parameters in the model are
(i) the band gap energy Ej,
(ii) the normalized mobility finorm = f4/ fhret,
(iii) the normalized thickness agd,
(iv) the nature (textured or plane) of the front surface,

(v) the lifetime ratio ¥, of radiative and non-radiative lifetime, and
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Tab. 3.1: Standard parameters used for the computations of the reabsorption scheme.

E, n d Of Ob Sh a(E) front surface
leV 3 10/ 0 1 0 g textured

(vi) the energy-dependence of the absorption coefficient «(FE) (constant, square root,

parabolic).

All discussions are first performed for the theoretical case with constant absorption
coefficient to emphasize fundamental dependencies. Afterwards, I discuss the cases of
direct and indirect semiconductors. If not indicated otherwise, all computations use
the parameters listed in Tab. 3.1. In fact, these parameters are also free parameters
but they are not varied in this thesis. The thickness is chosen in a way that guarantees
virtually complete absorption but still allows for a sufficiently accurate discretization
(cf. appendix B.7). The reflection coefficients g¢ and oy, and the back contact recom-
bination velocity are part of the model but are assumed to be ideal throughout the
whole chapter, since no new fundamental insights are expected that do not hold for

the classical diode treatment as well.

3.4 Results with constant absorption coefficient

This section discusses the influence of the different parameters on the short circuit
current Jy. and the saturation current .Jy for the case of constant absorption coefficient.
I begin the analysis with the radiative efficiency limit, i.e. with radiative recombination
being the only loss mechanism. For a sufficiently thick sample that guarantees virtually
complete light absorption, I investigate the influence of normalized mobility and band
gap energy. Subsequently, I analyze the impact of reduced sample thickness, combined
with light trapping effects of a randomly textured front surface. Finally, I discuss the
influence of non-radiative recombination.

The emphasis of this section lies in the descriptive presentation of the simulation
results. The discussion of the results, analytical approximations, and explanations
for the results are performed in the subsequent sections. Section 3.8 investigates the
influence of energy-dependent absorption coefficient. All discussions before section 3.8

assume a constant o(E) = o for £ > E,.
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3.4.1 Radiative efficiency limit

In the SQ theory as described in section 2.3.1 the radiative efficiency limit of a solar
cell depends only on the band gap energy E, of the absorber material. The band
gap energy defines the absorptance and consequently the number of absorbed photons
from solar and black body irradiation, which in turn determine the short circuit current
JSQ = ®F2 and the saturation current J59 = ®%. Varying the band gap results in
a varying spectral match to the two spectra and, thus, in a varying efficiency. Figure
3.2a displays the SQ efficiency limit for an AM1.5G spectrum [13] versus the band gap
energy (stars). For a band gap E, = 1.15eV and E, = 1.35¢V the efficiency reaches
its maximum of approximately 33 %.

Figure 3.2a also displays the simulation results for a solar cell with radiative recombi-
nation as the only loss mechanism (assumption (iii) on page 11) but with finite mobility
[norm- For very large pinorm the efficiency is equivalent to the efficiency limit calculated
by Shockley and Queisser. The large thickness agd = 10 guarantees complete light
absorption (assumption (i)) and the large mobility guarantees complete collection of
the generated carriers (assumption (ii)/(iv)). The photon recycling processes guaran-
tee the fulfillment of the detailed internal and external radiation balances. Thus, all
assumptions of the SQ theory are fulfilled, and with increasing mobility, the simulated
efficiency converges towards the SQ efficiency. Upon decreasing the mobility finorm, the
carrier collection is diminished, which leads to a reduction in the short circuit current
and consequently a reduction in the efficiency.

As demonstrated in Fig. 3.2b, the influence of the mobility is completely independent
of the band gap energy: The short circuit current Js.(Eq, finorm) normalized to the
achievable maximum value JSQ(E,) for the respective band gap is constant for all
band gap energies. Therefore, I restrict all following analyses to the band gap energy
E, =1eV.

Figure 3.3a demonstrates the influence of the mobility on the short circuit and
the saturation current. The figure shows .Jy and Jg. normalized to Jg Q= @Eﬁ and
JSSCQ = @SEfn versus the normalized mobility pinem. For sufficiently large mobilities
the normalized currents approach unity i.e. the Shockley-Queisser limit. However,
reducing the normalized mobility below a critical value pc results in a sharp drop of

the extracted currents. Section 3.6 derives an analytical expression for picyt.

Due to the spectral independence of the absorption coefficient a(E) = ag and the
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Fig. 3.2: a) Radiative efficiency (no non-radiative recombination) vs. band gap energy
E;. The absorption coefficient is a@ = ag, the normalized thickness is apd = 10, and the
front surface is textured. All parameters are listed in Tab. 3.1. For increasing mobility the
efficiency approaches the Shockley Queisser limit (stars). For lower normalized mobilities
however, the efficiency is reduced drastically, even though radiative recombination is the only
loss mechanism. b) The efficiency loss is caused by reduced carrier collection manifested in a
reduced short circuit current Js.. The loss in JSC(Eg) when compared to the maximum value

JSSCQ(Eg) is completely independent of the band gap energy E,.

textured front surface, the generation profiles caused by black body and solar irradia-
tion are identical except for their magnitude. Therefore, Jy and J,. exhibit the same
dependency on iy and, thus, the open circuit voltage V,. as depicted in Fig.3.3b
is completely independent of the normalized mobility. Consequently, the reduction of
the efficiency with decreasing finorm is exclusively caused by the reduction of the short

circuit current.

As Fig. 3.3a shows, J. and Jy saturate (with increasing mobility) at lower levels

when the sample thickness d is reduced. This effect stems from the reduced absorp-
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Fig. 3.3: Short circuit current Js. and saturation current .Jy normalized to the maximum
currents in the Shockley Queisser limit vs. the normalized mobility pinorm (2). The currents
approach their maximum value for sufficiently large mobility. With decreasing normalized
mobility pfinorm, both, short circuit current and saturation current drop sharply once pinorm
falls below a critical mobility perit. Due to the identical dependency of Js. and Jy on pinorm,
the open circuit voltage is for all thicknesses completely independent of the mobility (b). The
absorption coefficient is o = ayp, the band gap is F; = 1eV, and the front surface is textured.

All parameters are taken from Tab. 3.1

tance which in turn defines the maximum achievable current. Since the absorption
coefficient is energy-independent, the absorptance is identical for solar and black body
irradiation. Consequently, the normalized short circuit and saturation current are iden-
tical. Accordingly, the open circuit voltage is not only independent of the mobility but

also independent of the sample thickness.

For low mobilities on the other hand, the absorptance has no influence on the cur-
rents. The diffusion length is much smaller than the absorption length and Js. and Jy

are limited by transport rather than optics.



3.4 RESULTS WITH CONSTANT ABSORPTION COEFFICIENT 31

1.0} (a) textured 190
5 o 0.8
25 06} Absorptance
T ~, 04}

O . —
§ .U) 02 : ’unorm -
-9 ’g L ] .9-01 )
o LAAL] B LR ALY T T T T 17
= I 100
o) © 10 - (b) plane
2 € o08f

32 06 Absorptance
0.4 .
02+ Hoorm =
T @07

107 107 10" 10°
Norm. Thickness aod

Fig. 3.4: Currents Jy and Js. normalized to the maximum values in the Shockley-Queisser
limit vs cell thickness d for a textured (a) and plane (b) front surface. The absorption
coefficient is a« = g and the band gap is Ey = 1eV, all other parameters are listed in
Tab. 3.1. For low d the currents are limited by the incomplete absorbtance of the cell (open
squares). For low mobilities pinorm the current saturates at lower levels. This is because once
the sample thickness is larger than the diffusion length, further increase of the thickness will

not lead to increased carrier collection even though the absorptance might still be increased.

3.4.1.1 Light trapping

Figures 3.4a and b demonstrate the absorption losses due to decreasing sample thick-
ness for a solar cell with either textured (a) or plane (b) front surface. The figures
display the absorptance (squares) and the short circuit current (lines) vs. the normal-

ized thickness aqd.

Complete light absorption is only maintained as long as the sample is thicker than

a critical thickness d..;, below which the absorptance drops drastically. I define the
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critical thickness as the thickness at which it holds a(dyi) = 0.5. For thicknesses
below d..; the current is limited by incomplete light absorption and the mobility has
no impact on the current. With increasing thickness and corresponding saturating
absorptance the current is limited by the diffusion length if the mobility is too low.

In a solar cell with textured front surface the critical thickness is by roughly a
factor of ten lower than in a solar cell with plane front surface. This effect is due to
two reasons. Firstly, the incident light is diffracted and traverses the sample at an
angle, thus experiencing a longer passage than light with normal incidence on a plane
surface. Secondly, all rays are internally reflected at the front surface with the increased
reflection coefficient 1 —tp,, = 1— (1—0¢) /7%, leading to efficient light trapping within
the sample.

Note that in a solar cell with plane front surface, solar irradiation and black body
irradiation cause slightly different generation profiles because of the different angular
distribution of the impinging radiation. While the solar spectrum includes only rays
with normal incidence, the black body spectrum impinges on the front surface from all
directions and consequently, the rays within the sample cover all angles lower than the
critical angle 6. = arcsin (1/n). Therefore, (i) the average path length is larger for black
body irradiation than for solar irradiation and, thus, the absorptance is increased and
(ii) carriers are generated closer to the front surface which leads to increased collection
for low mobility. In total, the normalized saturation current is slightly larger than the

normalized short circuit current. However, the effect is only very slight.

3.4.2 Non-radiative recombination

So far, radiative recombination was the only recombination mechanism considered in
our investigation. But of course, besides finite mobility and absorption real solar
cells also exhibit non-radiative recombination mechanisms such as Auger- or Shockley-
Read-Hall recombination. All non-radiative recombination processes only affect excess
carriers and can be expressed by a lifetime 7,,,. In the normalized differential equation
Eq. (3.3), the non-radiative recombination rate R, = (n — ng)/7n, is expressed as
¥y > 0.

Naturally, non-radiative recombination processes reduce the resulting electron con-
centration. If 75, is much smaller than 7, that is ¢, > 1 then radiative recombination

plays only a minor role and reabsorption can be neglected. In this case the conventional
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diode treatment of section 2.4 is sufficient to describe the current/voltage characteristic

of the device. For ¥, < 1 non-radiative recombination can be neglected.

As in the ideal case with radiative recombination as the only recombination pro-
cess, all dependencies on «y and p, are summed up in the normalized mobility finorm
for all values of ¥,. However, this holds only for a given ratio ¢, of radiative and
non-radiative recombination. Assuming that 7, is independent of oy then ¥, would
of course depend on «ay. For a given 7., an increase of the absorption would reduce
the radiative lifetime 7, and thus also decrease v,. Therewith, the overall recombina-
tion will be reduced although the radiative recombination rate Ry has been enlarged.
This astonishing paradox stems from the reabsorption mechanism which recycles the
emitted photons and therewith makes radiative recombination a far more desirable loss
mechanism than non-radiative recombination. While the latter leads to an irreversible
loss of all recombining charge carriers the former only induces a partial loss of carriers.
Due to the competitive nature of all recombination processes, enlarging the radiative

recombination rate implies an effective reduction of non-radiative recombination.

Figures 3.5a-d illustrate how the currents J, and Jy., the open circuit voltage V.,
and the efficiency n depend on the ratio ¥, of radiative and non-radiative recombination
(solid lines). The quantities are displayed for the two normalized mobilities pyorm = 1
and fiyorm = 10%. With increasing non-radiative recombination (increasing 1J,) the
recombination current Jy increases as well (Fig.3.5a). In contrast, the short circuit
current in Fig. 3.5b decreases with increasing 9, due to the decreasing diffusion length
and the resulting reduced carrier collection. In both cases, a higher mobility increases
the currents. For Jg., only the diffusion length, i.e. the product of mobility and lifetime,
is relevant, and, thus, the losses induced by decreasing lifetime can be compensated
with high mobility (cmp. section 3.7). Therewith, almost complete carrier collection

can be achieved even with miserable lifetimes.

Combined, Jy and Jy. lead to a reduced V,. with increasing 9, (Fig.3.5¢). While
the mobility has no influence on V. in the radiative limit for ¥/, — 0, the open circuit
voltage is slightly higher for lower mobilities when non-radiative recombination comes
into play. However, the mobility by no means has the compensating effect it has on
the short circuit current. For the open circuit voltage the crucial factor is definitely
the lifetime. Since both, Js and V., decrease with increasing ¢,, also the efficiency is

decreased (Fig.3.5d). For high mobilities, 7 is dominated by V,. as long as the short



34 CHAPTER 3. GENERALIZED EFFICIENCY LIMIT

10™ 10’ 10°
Lifetime Ratio rr/ T

Fig. 3.5: Solar cell output parameters vs. the lifetime ratio ¥, of radiative and non-
radiative lifetime for different normalized mobilities finorm = 1 and finorm = 10%. Solid lines
represent the numerical calculations including photon recycling (PR), dashed lines stand for
the classical approach obtained by leaving out the PR term. The classical approach yields
reasonable results only if the non-radiative lifetime is at least ten times smaller than the
radiative lifetime, i.e. for 9, > 10. Whereas losses in the short circuit current Jg. for low
lifetimes can be compensated by increasing the mobility (b), the open circuit voltage is almost
exclusively dominated by the lifetime (c). For high mobilities, the efficiency is limited by Vi,
for low mobilities, Js is the limiting factor (d). The absorption coefficient is o = ayg, the
normalized thickness is cgd = 10, the band gap is F; = 1 eV, and the front surface is textured.

All parameters are listed in Tab. 3.1.

circuit current remains high. For low mobilities, however, the efficiency is dominated

by the drastic losses in J..

For comparison, the results from the classical diode theory are displayed as well

(dashed lines). In this context, classical diode theory means leaving out the internal
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generation rate 7, in Eq.(3.3) that is caused by photon recycling. If recombination
is dominated by non-radiative recombination, i.e. for ¥, > 10, photon recycling is
negligible and and the classical diode theory is sufficiently accurate; the results with
or without the inclusion of photon recycling converge.

With decreasing 1, radiative recombination and PR become much more important.
The classical diode theory is not sufficient to describe the efficiency in the radiative
limit. In the form chosen here, the classical theory predicts efficiencies that are far

below the SQ limit. A detailed discussion will be given in section 3.7.

3.5 Photon recycling and detailed balance

This section analyzes the influence of the photon recycling (PR) on the spatial dis-
tribution of the electron concentration in the solar cell. It also discusses how the PR
mechanism leads to the compliance of the internal and external radiation balances.
Only with the inclusion of PR, the principle of detailed balance is warranted. All dis-
cussions are performed in the radiative recombination limit with 7,,, > 7, and assume

a perfect back contact with the back surface recombination velocity S, = 0.

3.5.1 Radiation balance in equilibrium

In thermodynamic equilibrium, all processes have to be in equilibrium with their reverse
process. Therefore, photon and electron densities have to be constant throughout the
cell. The electron concentration is given by the equilibrium value n(x) = ny and the
radiative recombination rate equals the generation rate R(x) = G(z) = Ry.

This section analyzes how the reabsorption scheme developed in this chapter com-
plies the internal and external radiation balances and leads to the required constant
electron and photon distribution. For the numerical computation, the self-consistency
of the model is particularly important in order to avoid a violation of the detailed

balance principle

3.5.1.1 Internal radiation balance

Let us first consider a solar cell with a perfectly reflecting front and back side, i.e.

without any radiative interaction with its surroundings. Let us further assume 9, = 0,



36 CHAPTER 3. GENERALIZED EFFICIENCY LIMIT

i.e. only radiative recombination. Then all right hand side excitation terms in Eq. (3.3)
vanish. Let us now assume the equilibrium situation with n(z) being constant. In the
following, I analyze, what requirements this equilibrium situation poses for the internal
generation rate 7, and whether the approach developed above is capable of meeting
those requirements.

For any given constant electron distribution, the curvature d?v/d¢? is zero. Thus, it
follows from Eq. (3.3) without the external generation rates that the internal generation
rate

(€)= 2 (3.11)

T
Tnorm

equals the radiative recombination rate. According to Eq. (3.2) and with help of Ry =
4?8 = ag®rE/7E - from Eq.(B.19) and Eq.(3.7) the internal generation rate

reads as

l%nt

/aOd/ fr(E € &) dEdE,, (3.12)

where f,(£,&,, E) is the radiative interaction function that describes the probability
with which a photon emitted at &, is reabsorbed at &.

For the sake of simplicity, let us restrict the following derivation to the case of energy
independent absorption coefficient a(E) = ag for E > E,. Then, the interaction
function f, becomes independent of the photon energy and the energy integral is given
by Eq. (2.9). With help of Ry = 4aon?®L2 = ag® € /75 we thus obtain

1 aopd 00
) = e | s s [ ey
. RO aod B apd

= Oéoq)g% /O V(ér)fr(éaér)dér - T /0 V(fr)fr(f,ﬁr)dér. (313)

Inserting this result into Eq. (3.11) and keeping in mind that v(£) is constant yields

the requirement

apd
| s = (3.14)

which needs to be fulfilled in order to satisfy the equilibrium condition of a constant

electron distribution and to comply the condition of photon conservation.
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Since both sides of the solar cell are ideal mirrors, no photons can leave the cell. The
probability that a photon which is emitted at a certain location within the cell will be
reabsorbed at some point within the cell is unity. Therewith, the condition Eq. (3.14)
is intuitively fulfilled.

Another approach is to regard the perfectly reflecting surfaces as the infinite con-
tinuation of the solar cell (at least optically). Then, radiative interaction occurs only
via direct paths of light and we obtain from Eq. (B.26)

1.
Since for the exponential integral Ei (¢) defined in Eq. (B.3) it holds
1 oo
5/ Ei (¢)de = 1, (3.16)

the radiative interaction function f, is indeed a normalized probability function and
Eq. (3.14) is fulfilled.

Therewith, we arrive at the conclusion that the reabsorption scheme presented in
this chapter leads to the compliance of internal radiation balances.

The requirement Eq. (3.14) is also extremely important for the accuracy of the dis-
cretization scheme utilized for the numerical computations as presented in appendix
B. In our selfconsistent approach which averages recombination and generation over
each interval, it is guaranteed that no photons are lost or unintendedly generated.

Except for Ref. [53], all other approaches in the literature neglect such averaging.
While this might be justified for most applications, the averaging increases the precision
of the computations substantially and is absolutely necessary to reproduce such results
as the equilibrium situation discussed above.

In the discretization scheme used to solve the differential equation (3.3), the internal
generation rate iy () = PRn(§) is expressed as a Matrix multiplication (cmp. section
B.2.1). Now Eq.(3.14) implies that the sum of each row and each column in the
matrix A representing the internal generation normalized to Ry equals unity. Due to
the perfect reflection at front and back side, a certain amount of photons emitted by
recombination in a given interval dz, generates exactly as many electrons throughout
the cell.

So far we have only proven that any constant electron distribution is a solution
to the differential equation Eq. (3.3). The result v(£) = 1 is only determined by the

boundary condition at £ = 0.
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In fact, this argument leads us to a rather astonishing conclusion, namely, that the
ideal diode discussed here is really no diode at all because there is no way an electric
current can flow. For the special case discussed here with perfectly reflecting front and
back side and only radiative recombination being allowed, no radiation can leave the
cell and there will not be an electrical recombination current. The electron distribution
will always be constant even with an applied voltage V' # 0. There will be no carrier
gradients and the arising electron concentration is v(£) = exp (¢V/kgT") =const.

The situation changes for v, > 0. Then, non-radiative recombination takes place

for V' > 0 and the equilibrium situation is only reached for v(¢) = 1.

3.5.1.2 External radiation balance

Let us next consider a solar cell in the radiative recombination limit where the front
side is not perfectly reflecting. Then, there will be radiative interaction between the
cell and its ambience via the front surface. Recombination shall again be exclusively
radiative.

In thermal equilibrium, the semiconductor now not only needs to be in equilibrium
with itself but also with its surroundings. We have to consider the generation 7, (§)
caused by the ambient black body radiation as well. With the equilibrium electron
concentration again being constant v(£§) = 1 throughout the absorber, there exists an

equilibrium of recombination and generation which, according to Eq. (3.3), reads as

1
o Yob(§) + Yins (§)- (3.17)
In analogy to Eq. (3.14) and with 7% = 1/(4n?), we rewrite this equation and obtain
the condition
Oé()d 1
| 68+ e =1 (3.18)
0 n

which needs to be shown in the following.

Essentially, this equation states that all radiation losses through the front surface
have to be balanced by the incident black body radiation. It therewith implicitly
includes the external radiation balance.

By using i from Eq. (B.28) and Eq. (B.27) and 4, from Eq. (B.38) for a plane
front surface or 7iy from Eq. (B.36) and v, from Eq. (B.41) for a textured surface,
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the above condition can in principle be proven. Here, I restrict the analysis to a semi
infinite solar cell with a plane front surface at £ = 0. For angles smaller than the
critical angle 6. = arcsin (1/n), the reflection coefficient is o = 0.

The key to fulfilling the condition Eq.(3.18) lies in the connection between the

exponential integral functions Ei; (z,0.) and Ei; (2, 6.), which is given by

Big (. 6.) = / Ei, (¢,0,) dé (3.19)

as shown in Eq. (B.6) in the appendix. As a result, all generation functions basically
feature identical spatial dependencies.

Let us start with the internal radiative interaction f,. For the case discussed here,
fr(€,&) is limited to the direct interaction between & and &, and one reflection at the
front surface for angles 6 > 6.. According to Eq. (B.27) it holds

{+& )
cos(0.) )

For the semi infinite sample with d — oo we have to solve the integral fooo fi(&,&)dE,.

€6 = 51 (s - &+ o (3.20)

By splitting up the first integral and using the substitution u = +(£ — &) as well as
J, 7 Ei(€) d€ (cmp. Eq.(3.16)) we obtain

1. 1. 1.
| mite-ehas = [ Smiwdus [T i@

1 1
=1- / —Fi(u)du=1-— =Ei, (£,0). (3.21)
¢ 2 2
Accordingly, the second term in Eq. (3.20) yields the integral
1 E+& 1_.

—Ei | =—— ) d& = =Eis (&, 0.)) . 22
g (S ) ds = 5B cos ) (3.22)
Hence, it holds

o0 1. 1_.
| A6 606 = 1= JBia (€.0) + 5Bia (€ cos (8). (3.23)
0

From Eq. (B.38) the black body generation rate is given as

Yo (§) = 2n? {Eiy (£,0) — Eis (€,6.)} - (3.24)

Combining Eq. (3.23), and Eq. (3.24) then yields the condition Eq. (3.18).
We have thus shown that the thermal equilibrium holds outside the cell as well as
within the cell and also across the front interface where the change in refractive index

occurs.
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3.5.2 Non-equilibrium concentration profile

Figures 3.6a-d demonstrate the impact of PR on the electron profile in the solar cell
with and without illumination. The figures display the profiles v(§) = n()/ng versus
the absorber depth £ = apz in the dark under applied voltage V' = (kgT/q) In (2) (Jo
condition, (a), (b)) and under 1 sun illumination and short circuit (Js condition, (c),

(d)). Recombination is purely radiative, all other parameters are listed in Tab. 3.1.

Profile in the dark

Let us first consider the dark case. The electron concentration at the front surface at
¢ = 0 is given by the boundary condition v(0) = 2 (cmp. section 3.4). Without PR (i.e.
by leaving out the internal generation rate i, in Eq. (3.3)), the electron concentration
decreases exponentially towards the back contact. Due to the approach R, = n/7
instead of R, = An/7, v(§) approaches zero deep in the absorber.

By including the internal generation rate in Eq. (3.3) and thereby accounting for the
recycling of photons, the electron concentration is substantially increased throughout
the sample. Therefore, also the absolute value of the gradient at ¢ = 0 is reduced,
which means that the recombination current according to Eq. (3.10) is always lower
than in the classical approach (cf. Fig.3.5a). The photon recycling ensures that v(&)
never drops below the equilibrium concentration v = 1, even deep in the absorber.

The PR effect is all the more pronounced the lower the normalized mobility. This
is because the optical transport of photons from radiative recombination leads to in-
creased carrier injection far away from the junction, which can be pictured as an
increased ’effective diffusion length’. For low mobilities, i.e. low diffusion lengths
Lyorm = /HnormTiorm the role of optical transport in comparison to diffusive transport

increases, and the impact of the PR on the electron profile is amplified.

Profile under illumination

Next, we consider the illuminated case (Fig. 3.6¢, d). The illumination generates excess
carriers. Due to the short circuit condition, it holds v(0) = 1. Again, the PR increases
the electron concentration. Therewith, the gradient at & = 0 is enlarged, which leads

to an enhanced short circuit current in comparison to the case without PR (cmp.

Fig. 3.5b)
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Fig. 3.6: Electron profiles with (solid lines) and without (dashed lines) PR in the dark under
applied forward voltage (a, b) and under illumination without voltage (c, d). The absorption
coefficient is o = «p, the normalized thickness is apd = 10, the band gap is E; = 1eV,
and the front surface is textured. The parameters are listed in Tab. 3.1. Only radiative
recombination is allowed (¢, = 0). The normalized mobilities are pimorm = 1 and pnorm = 10%.
The photon recycling significantly increases the electron concentration throughout the sample

and therewith increases the efficiency. For lower mobilities the PR effect is more pronounced.

Interestingly, the electron concentration is a function which is monotonically increas-
ing with the absorber depth &. This finding holds true independent of the thickness of
the solar cell. At first glance, this result seems astonishing: Photons are only entering
the cell from the front side, why should illumination then result in a higher electron

concentration deep in the bulk?

To understand this apparent paradox, consider a thick solar cell in the dark with
only radiative recombination, no recombination at the back contact and a perfectly
reflecting back side. Upon switching on the light, carriers are generated primarily close

to the front surface. There will be excess photons and electrons close to the front side
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but deep in the bulk, electrons and photon concentrations still possess their equilibrium
values. Therefore, there will be a net photon flux and a diffusive electron flux towards
the bulk (in positive z-direction). Since neither photons nor electrons can be lost in
the bulk, this net elctron/photon flux into the bulk persists only until a steady state
is reached. Such a steady state implies that at each point the photon flux into the
bulk has to be balanced by an electron flux out of the bulk and vice versa. Under
illumination (and V' < V), there will always be a net photon flux into the cell, the
emitted photon flux cannot exceed the incident photon flux. Extending this reasoning
to within the absorber implies that there cannot be a net photon flux out of the bulk (in
negative z-direction) at any point. Therefore, there cannot be a steady state electron
flux in positive z-direction. This means that there cannot be any negative gradients
in the electron concentrations, i.e. that the electron concentration is a function which
monotonically increases towards the back contact. In contrast, the electron profile
obtained with the classical diode theory without PR does decrease towards the back
contact and therewith violates the principle of detailed balance.

The number of electrons exiting the cell at the junction (at the front side) depends
on the bias conditions of the solar cell which determine the electron concentration at
x = 0. As long as V < V., there will be an electron current flowing out of the cell.
Under open circuit conditions, there is no net current flow and, thus, the gradient
dn(z)/dx at x = 0 vanishes. Therefore, the electron concentration under open circuit
conditions will simply be constant n(x) = ngexp (¢Vy/(kgT')) throughout the absorber.
With V. being independent of the mobility tiorm as shown in Fig. 3.3, this means that

under open circuit conditions also n(z) is independent of finerm.>

3.5.3 Radiation balance in non-equilibrium

Sections 3.5.1.1 and 3.5.1.2 have shown how the photon recycling mechanism leads
to a constant equilibrium concentration within the cell by guaranteeing the internal
and external detailed balance requirements. We have included the incoming black
body radiation in form of the generation rate 7,,. However, we have hitherto not yet

scrutinized the other direction of external radiative interaction, namely the emission

2Note however that these considerations hold only in the radiative recombination limit and for a
perfect back side. As soon as non-radiative recombination is introduced carriers can be lost in the

bulk as well and the electron distribution is not monotonically increasing any more.
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of radiation.

This section takes a closer look at the emitted radiation, first deriving an expression
how to compute the emission current for a given voltage from the electron profile
and then discussing the relation between radiative recombination current and emitted

radiation.

3.5.3.1 Reciprocity of emission and absorption

In principle, a complete derivation of the emitted radiation that is in line with the
derivations for the internal and external generation rates in section 3.3 would include
direct and reflected rays of light and would also include the cases of plane and textured
front surfaces. However, I will refrain from performing all derivations here. Instead,
I restrict the analysis to direct emission of radiation through a plane surface for an
energy-independent absorption coefficient a(E) = o for E > E,. From the obtained
result I exemplarily show the reciprocity between emitted radiation and the absorption
of black body radiation thereby providing an easy way to calculating the emission
current if the black body generation rate v,,(€) and the electron concentration v(§)
are known.

In analogy to Eq. (B.25) the photon flux directly emitted through the (plane) front

surface at x = 0 from recombination within the infinitesimal plane dx = at x reads as

5B () = /0 h /0 - dy /0 . Z—;u(x)(l — or)exp (Co_sozz)> cos (6) Coif gy°in (0) d0dE.
(3.25)

Note that rq/(4m)v(x)dx/cos (0) is the emitted photon flux per solid angle interval
and (1 — of)exp (—ax/cos (0)) cos (8), where of is the reflection coefficient of the front
surface, denotes the emission probability through the front surface. In this last term,
the factor cos () stems from the projection onto the front surface (cmp. Eq.(2.7)),
which is needed because the areal photon flux density ®., of the emitted radiation
refers to a unit front surface area.

Using Eq. (B.4) and keeping in mind that a = «aq is constant we obtain

_ o

0P () = 5 v(z)(1 — o) {Eiz (ax,0) — Eig (v, 6.) } . (3.26)

With Ry = [~ ro(E)dE = 4@ ® from Eq.(B.19) and Eq.(2.9) this yields the
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normalized expression

0Pem (£)

Eg
(I)bb

= 2%v(€) {Eiz (€, 0) — Eiz (€, 6)} €. (3.27)

Comparison with the direct black body generation rate (&) as given in Eq. (3.24)

finally brings us to the reciprocity relation

This relation is not only valid for direct rays as shown here, but also for multiple
reflections. It stems from the fundamental theorem of the reversibility of the direction
of light. In our case this means that the probability of absorbing a photon impinging
on the surface from a certain direction at the location £ is identical to the probability
of emitting a photon generated by recombination at ¢ into the same direction.

The total flux of emitted photons is given by the integral
Perm (§)

Eg
(I)bb

_ ]gao o () (E)5. (3.20)

3.5.3.2 Emission flux and recombination current

In this section I discuss the relation between emitted radiation and the recombination
current. In thermodynamic equilibrium, the emitted photon flux ®.,,(V = 0) is equal
to the part of the black body radiation that is absorbed by the solar cell. This fol-
lows directly from Eq. (3.29). In equilibrium, the electron concentration is v(§) = 1
throughout the whole solar cell (see section 3.5.1). Then, the overall emitted radiation
is simply determined by the absorptance a of the sample and reads as
_ aod

Pl = [ (e = atood) (3.30)

Assuming a thick solar cell with a(d) = 1 for E > E, it holds ®@e,(V = 0) = OLE.
Let us now take a look at the voltage dependence of the emission current. Shockley

an Queisser simply assumed (cf. Eq. (2.11)) the exponential voltage dependence

v
B, (V) = d 8ex (q—) 331
(V) bb EXP ke T ( )

They have also tacitly equated the saturation current Jy with the emission flux @, (V =

0) = <I>§,§. But this assumption would imply that in the radiative recombination limit
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all diodes with the same band gap E, would exhibit the same current/voltage char-
acteristic in the dark regardless of their minority carrier mobility p,. As shown in
Fig. 3.3 this is obviously not the case. But when the saturation current J; depends on
the mobility how does this affect the emission flux without violating the equilibrium
condition @, (V = 0) = 2?7 Furthermore, this equilibrium condition also has to hold
in the case of additional non-radiative recombination.

Let us consider a diode in the dark to which we apply a certain voltage V' which leads

to the electrical recombination current J,o. = J*24+ J¥ consisting of the radiative part

rec rec

Jr2d and the non-radiative part J . To obtain the relation between emitted photon flux
and injected electron current we balance all fluxes being injected or extracted from the
cell. Balancing the recombination current with the absorbed black body photon current
®2bs = % and the emitted photon flux @y, leads to Ju(V) = J24(V) + J= (V) =
DrE — By (V) 2.

Let us first assume completely immobile carriers, i.e. finorm = 0. Then it is not
possible to inject or extract carriers. In that case, there will not be an electric cur-
rent, no matter how high the voltage is increased. Therefore, the emitted photon flux
D (V) = CIDkEf is independent of the applied voltage and equal to the flux of incoming
black body radiation. Except for a voltage dependent delta peak at & = 0 caused by
the boundary condition Eq. (2.17) the electron distribution is constant with v(¢) = 1.

In the other extreme case with finerm — 00 the electron distribution is also con-
stant but voltage-dependent with v(§) = exp (¢V/ (kgT')). This electron distribution
is associated with the highest possible splitting of the quasi-Fermi levels, i.e. the high-
est chemical potential of the emitted photons p(§) = Epn(§) — Erp(§) = V. For a
given voltage and lifetime this implies that recombination and emission current are
maximized for pyorm — 00.

In general, the saturation current Jy = JE(tnorm, 9r) + J& (fnorm, 9¥; ), where Jgad
is the radiative part and Jj" is the non-radiative part, is a function of the normalized
mobility finorm and the ratio 9, of radiative and non-radiative lifetime. Then the

recombination current obeys the diode characteristic

JeeeV) = — ol ttnonm D) (exp (,fB—VT) - 1) (3.32)

3Throughout this chapter I follow the convention that recombination currents are negative and

photo currents Jg. are positive.
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Fig. 3.7: Normalized recombination current (a) and emission flux (b) in the radiative
recombination limit versus applied voltage V. The absorption coefficient is @ = «g, the
normalized thickness is agd = 10, the band gap is £, = 1eV, and the front surface is
textured. All parameters are listed in Tab. 3.1. The saturation current Jy increases with
increasing normalized mobility pinerm until it reaches the Shockley-Queisser limit J(r)ad =
Jg Q= @EE (a). The emission flux (b) consists of a superposition of a constant part CIDEE plus
an exponentially voltage-dependent part. In compliance with the detailed balance principle
it holds ®ew(V = 0) = ®1€ for all mobilities.

With ®ep (V) = &8 — J24(V) — J2 (V) we obtain the emission

ra nr qv
Do (V) = (Jp d(ﬂnormﬁr) + Jo" (fnorm, Vr)) (eXp (/{ZB_T) - 1) + (I)Elf' (3.33)

Figures 3.7a and b display the normalized recombination current Jy(V)/®12 and the
emission current @, (V)/ @Eﬁ versus the applied voltage in the radiative recombination
limit with ¢, = 0 for a textured cell (parameters see Tab. 3.1). The figures illustrate
how the electrical recombination current and the emitted radiation are affected by
the mobility finorm. For V' = 0 the emission is always ®.,(V = 0) = @EE. While

for finorm = 0 it holds Jiee = 0 and @, = P, emission and recombination current
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increase with increasing mobility until they approach the Shockley-Queisser limit ., =
drEexp (qV/(ksT)) where it holds Jo = J4 = &g (V = 0) = ®r€. For sufficiently
high voltages, the equilibrium fraction (IJE]:;; of the emission flux becomes negligible and

emission flux and recombination current are equal.

3.5.4 Reciprocity between solar cell and light emitting diode

The radiative efficiency limit of a solar cell is based on the radiative interaction between
the solar cell and its surroundings. While light emission is the reason for the upper
limit of solar cells, it is also utilized in light emitting diodes (LEDs). Such LEDs are
reciprocal devices to solar cells. Whereas the former convert electrical energy into
optical energy, the latter convert optical energy into electrical energy.

However, the reciprocity between solar cells and LEDs does not automatically imply
that both devices have the same material requirements in terms of lifetime and mobility.
This section analyzes the relationship between solar cell and LED performance and
points out the different material criteria to obtain high performance device.

Whereas the performance of a solar cell is measured by its power conversion effi-
ciency, the performance of a light emitting diode is mostly not quantified in energy

terms but in terms of the (external) quantum efficiency

(I)em(v> — q)t]?l% )
Ja(V)

EQELep = (3.34)

that states which part of the electrical current J is converted into the excess photon
flux o, — OE.

On page 58 in section 3.7, we will see that the quantum efficiency of a solar cell is
linked to the emission flux (cmp. Eq.(3.55)). In Ref. [16], Rau shows that the LED
quantum efficiency in turn is coupled to the open circuit voltage of a solar cell.

Under the assumption that radiative and non-radiative recombination current obey
the same dependency on the applied voltage we rewrite Eq. (3.34) at V' = kgT'/qln (2)

to obtain

Jrad J Jrad
EQELeD = —1— = w1 X
Q LED J(I)‘ad + Jélr Sad + J(l)’lr Jsc

B Vo —qVa2d\ q  rad
= exp (kBT> exp < P ) = exp (kBT (Voo — V224 ), (3.35)
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Fig. 3.8: Solar cell efficiency n/nsq (a, ¢) and LED quantum efficiency EQEpgp (b, d)
versus the normalized mobility finorm (a, b)and the lifetime ratio 9, of radiative and non-
radiative lifetime (¢, d). Whereas the decrease of the power conversion efficiency 1 caused by
non-radiative recombination can be compensated by a sufficiently high mobility pnorm, the
quantum efficiency EQEpgp depends almost exclusively on the non-radiative carrier lifetime
and is hardly influenced by the mobility. The absorption coefficient is a = «, the normalized
thickness is apd = 10, the band gap is E; = 1eV, and the front surface is textured. All

parameters are identical to the parameters used in Fig. 3.5.

where V4 is the open circuit voltage that would be achieved if the device were domi-
nated by radiative recombination only. In a first order approximation, V*24 is equal to
VSQ. The relation Eq. (3.35) demonstrates that the LED quantum efficiency EQErgp,
i.e. the quality of an LED is coupled directly to the open circuit voltage of the device
when acting as a solar cell. Therefore, the crucial material parameter to obtain a good
quantum efficiency EQEpgp is - just as for the open circuit voltage V. - the lifetime

ratio 7 /Ty
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Figures 3.8a-d display the normalized solar cell efficiency n/nsq (a, ¢) and the LED
quantum efficiency EQEpgp (b, d) vs. the normalized mobility pinorm (a, b) and the
lifetime ratio 7/, (c, d). The figures clearly underline that the carrier mobility has
only minor effects on the LED quantum efficiency. For a light emitting diode the
relevant parameter is the carrier lifetime or more precisely the ratio 9, of radiative
and non-radiative lifetime. Comparison with Fig. 3.5¢ on page 34 points out the anal-
ogy of LED quantum efficiency and open circuit voltage. Both quantities are almost
exclusively governed by the carrier lifetime.

These considerations show that the material requirements to obtain a good light
emitting diode are not necessarily equivalent to the requirements necessary to obtain
a good solar cell. Whereas for the LED a high lifetime is essential, the solar cell
additionally needs a high carrier mobility (cf. section 3.6). In a solar cell it is not
enough to prevent non-radiative recombination. One also has to ensure the transport

of photo-generated minority carriers out of the cell.

3.6 Critical mobility

In section 3.4.1 we have seen that even in the radiative efficiency limit the power
conversion efficiency strongly depends on carrier transport and drops sharply once
the normalized carrier mobility pinorm drops below a critical value piei. This section
derives an expression for this critical mobility. The critical mobility provides a means
to assess the suitability of a material with respect to photovoltaic energy conversion.
Moreover, it gives an estimate, whether the upper efficiency limit of a photovoltaic
absorber material needs to be computed numerically (which is the case for p < picit)
or whether the limit is given by the SQ limit corresponding to the material’s band gap
(for 11> Jiert).

This section is structured in the following manner: I derive expressions for the
radiative recombination current in the high mobility limit and in the low mobility
limit. Then I define the critical mobility as the intersect between the resulting two
limiting asymptotes. For very high mobilities on the one hand, the maximum radiative
recombination current JE*4(jinom — 00) is given by the absorptance of the solar cell.
For very low mobilities on the other hand, certain simplifications can be made that

allow for an analytical solution of the integro-differential equation Eq. (3.3).
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3.6.1 High mobility limit - absorptance

The maximal short circuit current that can be extracted from a solar cell for sufficiently
high carrier mobility is given by the number of absorbed photons. The same holds
true for the radiative recombination current with respect to the ambient black body
irradiation. This section derives an expression for the absorptance a(d) of a solar cell
with energy-independent absorption coefficient a(E) = ag for E > E, and thickness
d. Then the average absorptance is identical for solar and black body irradiation and
fOT finorm — 00 it holds J52d /@78 = J../J5Q = a(d).*

3.6.1.1 Textured front surface

Let us consider the photon fluxes at the cell’s front surface in Fig.B.3. Since the
textured surface leads to a complete randomization, the angle at which the incident
irradiation impinges on the cell becomes irrelevant and, thus, the absorptance is iden-
tical for solar and black body irradiation.® With g, = 1, there is no light transmission
through the sample and the absorptance a(d) is simply determined by the total re-

flectance of the cell according to

tlambq)larfnb tlambtcellq)lamb
ald)=1—pt— —F—""—=1—0t — —F——F—,
DT e T T el

where T used @0 = ¢ @M With help of tm, = (1 — of) /72 from Eq. (B.30) and

ref

Plamb from Eq. (B.40) plus Eq. (B.42) this yields

1— I —tee 11— 1tce_172
a(d) = ( Qf)((l_ : 1) _ (1— o) ( /7211 )7 | 337)
1— tcell + & tcell (1/tcell - ]-) n®+1-— Ot

n2

(3.36)

Figure 3.9b depicts the term 1/t.y — 1 with the transmission probability te =
2Ei; (2¢d, 0) according to Eq. (B.31) vs. the cell thickness apd. For apd < 0.1, this
expression can be approximated linearly by 1/t.n — 1 &~ 4apd. For larger thicknesses
apd > 0.1, the expression 1/t.; — 1 cancels out in Eq. (3.37). Therefore, the given

approximation holds for all thicknesses and we obtain the simplified relation

(1 — or) doydn? (1—p)d
d) ~ = . 3.38
a(d) dagdi® + (1 —or)  d+ domt (3.38)

4Due to the different angular distributions of the two spectra, this is not entirely true for a cell

with a plane front surface
>This holds only at a given energy when the absorption coefficient is energy-dependent.
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Fig. 3.9: a) Absorptance vs. cell thickness for a textured solar cell with energy-independent
absorption coefficient. The band gap is £, = 1eV, all other parameters are listed in Tab.
3.1. The numerical results (open squares) are identical to the exact solution Eq. (3.37) (solid
line) which is approximated by the rational function Eq. (3.38) (dashed line). b) Functions
underlying the approximation in a). Below a thickness apd &~ 0.1 both functions 1/t — 1

and 4apd are identical.

This expression is identical to the one derived in Ref. [14]. Here, the critical thickness

(1—or)

4a0ﬁ2

(3.39)

dcrit -

is defined as the thickness at which it holds a(d) = 0.5(1 — o).

Figure 3.9a depicts the absorptance vs. the sample thickness for the constant ab-
sorption coefficient @ = ay and of = 0. The absorptance is unity for large sample

thicknesses but drops sharply for d < d;;.
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3.6.1.2 Plane front surface

For a plane front surface the absorptance differs slightly for solar irradiation with
normal incidence and black body irradiation with spherical incidence. For normal
incidence and with g, = 1 the absorptance reads as

1 — exp (—2apd)
1 — grexp (—2apd)’

a(d) = (1 — or) (3.40)

where of is the reflection coefficient of the front surface. From a(deit) = 0.5(1 — of) we

obtain the critical thickness

In (2 — o)
Aoit = ———. 3.41
¢ 20[0 ( )

Figure 3.10 compares the absorptance of a solar cell with textured front surface and
plane front surface. There is no direct reflection at the front surface, i.e. it holds g = 0.
All other parameters are listed in Tab. 3.1. Numerical simulation results are depicted
as solid squares for the textured and open squares for the plane front surface. Also
displayed are the analytical expressions Eq. (3.38) (solid line) and Eq. (3.40) (dashed
line).

By texturing the front surface, the critical thickness below which incomplete ab-
sorption occurs is more than ten times lower than in a sample with plane surface. This
effect stems from two causes. Firstly, the incident light is diffracted and traverses the
sample at an angle, thus experiencing a longer passage than light with normal inci-
dence on a plane surface. Secondly, rays are internally reflected at the front surface
with the increased internal reflection coefficient 1 — tjum, = 1 — (1 — o¢) /7%, Especially
for o = 0 light rays with normal incidence only traverse the cell twice in cells with
plane front surface. In a textured cell, however, the reflection at the front surface with
1 — tamp = 1 — 1/0% = 0.88 (for n = 3) leads to efficient light trapping within the

sample.

3.6.2 Low mobility limit

In this section I analyze the radiative recombination current in the limit piyop, — 0. 1
begin with a recapitulation of the non-radiative recombination current from the clas-
sical diode theory to emphasize the analogies between non-radiative and radiative re-

combination.
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Fig. 3.10: Absorptance of a solar cell with textured (solid squares, solid line) and plane
front surface (open squares, dashed line). The absorption coefficient is @ = oy and the band
gap is Ey = 1eV. The reflection coefficient is of = 0, all other parameters are listed in Tab.
3.1. Squares represent numerical simulation results and lines are the analytical expressions
Eq. (3.38) (solid line) and Eq. (3.40) (dashed line). The fact that the critical thickness at
which it holds a(deit) = 0.5 is more than ten times larger for a plane than for a textured

front surface underlines the importance of Lambertian light trapping for thin solar cells.

3.6.2.1 Non-radiative recombination

For a real solar cell far from the radiative efficiency limit, the non-radiative recombi-
nation current is given by Eq. (2.20). Normalized, this equation turns into

o norm d
oo [k tanh(L>, (3.42)

Eg nr nr
(I)bb 7-norm :U’IIOranorm

where the normalized mobility and non-radiative lifetime are given by tinom = kT g
notin/ (q®LE) (cmp. Eq. (3.4) and Eq. (3.5)) and 7% = ag®1 7. /no (cmp. Eq. (3.6)).

norm

To analyze the influence of the carrier mobility finorm, We shall consider the limiting
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cases finorm — 00 and finorm — 0. For finorm — 00 and with help of tanh (z) ~ x for
|z| — 0, Eq. (3.42) turns into

Jor apd aod

0 Hnorm 0 o 0

hm_)OO @Eg =1/ T = o (3.43)
HMnorm norm ,unorm norm norm

For pinorm — 0 and with help of tanh (z) — 1 for 2 — oo it holds

Jnr ,L[/IIOI'III
lim =

Mnorm —0 q) TI?CI)‘I‘HI

(3.44)

3.6.2.2 Radiative recombination

As mentioned in section 3.6.1, the maximum radiative saturation current, which is
reached for fpinorm — 00, is given by the absorptance. In the following, I derive an
expression for the limit pinorm — 0. For the sake of simplicity, I restrict the derivation
to the case of an energy-independent absorption coefficient a(E) = ay for E > E,.
To obtain the radiative saturation current, we have to solve the integro differential
equation (3.3) in the dark with the boundary condition v(§ = 0) = 2. For short
diffusion lengths, the electron distribution will decay towards v(§) = 1 deep in the
bulk. If the diffusion length, i.e. if the normalized mobility is small enough the decay
is so steep that we can approximate v(&;) in the internal generation rate by v(§) ~ 1.

With this approximation the internal generation rate from Eq. (3.13) reads as

1

T
THOI'IH

o (€) = / e e / (6.6 (3.45)

norm

The integral of the radiative interaction function f,(¢,&;) is obtained from the equilib-
rium situation as described in section 3.5.1.2. In thermodynamic equilibrium it holds
v(€) =1 for all £ (the applied voltage is V' = 0). Then the integro-differential equation
Eq. (3.3) simplifies to Eq. (3.17) and we obtain Eq.(3.18), which slightly rearranged

reads as

IYlnt (5 1

/ £, 66 = —l€) + — (3.46)

norm norm

Therewith, we obtain the low mobility limit of the integro-differential equation

Eq. (3.3) in the dark with applied voltage V' = (kgT/q)ln(2) (boundary condition
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d*v v
,unorm d§2 - Téorm — —’Vbb(f) - W/int(g)
~o (3.47)
T Thom '
Using dv = v — 1, this becomes the simple homogeneous differential equation
d?6v ov
norm- j.o = 07 3.48
o e~ (3.48)

which together with the boundary conditions év({ = 0) = 1 and dév/d€|e—aga = 0

leads to

Jrad norm d
lim 0 —  [Hmema (20 ). (3.49)
Hnorm—0 ¢b§ TrIiOI‘m IU/I'IOI‘mTrI;()rm

This result is identical to the non-radiative recombination current Eq. (3.42) with only
= 1/(4n%). Keeping in mind that

the lifetime replaced by the radiative lifetime 7}

this result is only valid in the low mobility limit, we simplify further to obtain

d
Jéa Hnorm

lim 5
:u‘norm"O (Pbk% Tr

norm

S TN T— (3.50)

3.6.3 Critical mobility in the radiative recombination limit

The previous two sections have provided analytical expressions for the radiative re-
combination current in the high and in the low mobility limit. Since in the radiative
recombination limit the short circuit current and the saturation current normalized
to their respective maximum values are identical (cf. section 3.4.1), these expressions
hold for the short circuit current as well.

Figure 3.11a displays the normalized short circuit current versus the normalized
mobility for a cell with textured front surface. The intersect of the low mobility limit
e/ T2 — 20 /limorm = 27\/fin/jixe and the high mobility limit J/J52 — a(d)
defines the critical mobility

E
rad _ Href 2(d) = qP5Na o
it 42 4n2kgTagn?

(3.51)

If the minority carrier mobility drops below the critical mobility pici; the short circuit

current and therewith the efficiency drops drastically. Materials with lower mobility
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Fig. 3.11: a) Normalized short circuit current in the radiative recombination limit vs.
normalized mobility for different absorber thicknesses cgd = 1072 and agd = 1. The intersect
of low mobility limit and high mobility limit, i.e. absorptance, defines the critical mobility
Uerit- b) Critical mobility vs. lifetime ratio ¥, for thick solar cells with agd > 1, for which the
critical mobility is given by Eq. (3.53). For comparison, Fig. a) also displays the normalized
short circuit current calculated with the classical diode theory (dotted line, cf. section 3.4.2).
As Fig. b) shows, the radiative critical mobility obtained from the classical solution is by a
factor of 550 too large. The absorption coefficient is av = o, the band gap is E;, = 1eV, and

the front surface is textured. All parameters are taken from Tab. 3.1.

rad
crit

than the critical mobility u:2¢ in the radiative limit are not suited as photovoltaic

absorber material without current-enhancing device features such as built-in electric

fields.

For comparison, Fig.3.11a also displays the short circuit current that would be
obtained from a computation based on the classical diode theory, i.e. based on the
solution of Eq. (3.1) without the internal generation rate Gi,. Figure 3.11b clearly

conveys the impact of the photon recycling in the radiative limit. The radiative critical



3.7 ANALYTICAL APPROXIMATION o7

mobility in the classical case is 550 times larger than p2d from Eq. (3.51).

3.6.4 Critical mobility for non-radiative recombination

Section 3.7.3 will derive the low mobility limit for the general case. From this limit as

expressed by Eq. (3.61), we derive the general critical mobility

ey = 22 ( a(d) S/ ))2. (3.52)

Toorm \ Fo + Frexp (—2k,apd

The normalized lifetime 7,0, and the parameters Fy, Fy, and k., are defined by the
modified lifetime model in section 3.7.3. With increasing non-radiative recombination,
i.e. with decreasing 7,o,m, the critical mobility is increased linearly. A lower lifetime
has to be compensated by a higher mobility in order to maintain sufficient carrier
collection. While in the classical limit, only the diffusion length, i.e. the product of
lifetime and mobility, determines the short circuit current, the situation changes when
coming closer to the radiative limit, where J. is proportional to the ratio \/m
This shift will be discussed during the analytical approximation in the next section.
For thick solar cells with apd > 1 reflections at the back side can be neglected.
It follows a = 1, Fy = J59

sc

Therewith, Eq. (3.52) simplifies to

F., =0, and k, = 2 (for a Lambertian front surface).

1
flexit = [href (4—712 + n%) JES A+ fhret D (3.53)

This dependence of the critical mobility on the ratio v, of radiative and non-radiative
lifetime is illustrated in Fig.3.11b. The critical mobility approaches its radiative limit
ped for 9, < 1073, For increasing non-radiative recombination, where the diffusion
length, i. e. the product of lifetime and mobility, is the crucial factor for the collection

of carriers, fiei¢ is proportional to ;.

3.7 Analytical approximation

The objective of this section is to provide an analytical approach that is capable of
computing the efficiency of solar cells over the whole lifetime range. As the previous
sections have shown, the rigorous treatment of the photon recycling leads to a rather

complicated model that can only be solved numerically. For a simpler applicability and
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also to understand the fundamental consequences of the PR, it would be desirable to
have a simple analytical model that approximates the numerical results. Moreover, such
a model can also serve as a test to verify the validity of the numerical computations.

Let me proleptically anticipate the results: To my knowledge, there is no consistent
classical approach that is capable of correctly reproducing the dependence of both, short
circuit current and saturation current on the mobility in the radiative recombination
limit. The reason for this lies in an inherent contradiction:

As we have seen in section 3.4.1, Jy and J,. feature an identical dependence on the
mobility in the radiative recombination limit. This is because the radiative recombi-
nation current Ji* is linked to the emission flux @, at V = (kgT/q)In (2) via the flux
balance Ji*d = @, — @€ and the emission flux in turn is linked to the short circuit
current via a reciprocity relation [16].

The short circuit current can be written as

J.. = EQE @

sun?

(3.54)

where EQE is the external quantum efficiency, i.e. the percentage of the impinging
photons that contributes to the short circuit current.®
From the reciprocity theorem derived by Rau [16] it follows for the excess emission

flux

Doy — D8 = Ji* = EQE O, 8. (3.55)

Since these two equations are valid for all mobilities, it is obvious that J,. and J§*

have to obey the same dependence on the mobility.

The situation changes when non-radiative recombination becomes dominant. Then,
Jo = J3* + J is no longer linked directly to the emission current, but depends also
on non-radiative recombination.

To illustrate the resulting dependence on the mobility, let us look at the low mobility

limit: The saturation current is given by

JU/q)EE =V ,unorm/Tnorm (356)

(cmp. Eq.(3.44)), but as will be shown below, the low mobility limit of the short

circuit current is given by

JSC/JSSCQ = v/ Hnorm Tnorm (357)

SFor a constant absorption coefficient a(F) = ap, EQE(E) is constant for all energies £ > E,.
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(cmp. Eq.(3.61)).

These reciprocity considerations for the low mobility limit underline the impossibility
to reproduce all effects of the photon recycling with one consistent model that is based
on the classical approach. Therefore, in the next sections I present two separate models
to compute Jy and Jg.

Before doing so, I review the attempts to introduce analytical approximations of
the photon recycling effect in the literature. Then I introduce a two-layer model that
captures the fundamental effect of the PR, namely that deep in the volume of the solar
cell, there is no limitation induced by radiative recombination because all photons are
recycled. This model provides a surprisingly accurate approximation for the saturation
current. However, as pointed out above, the short circuit current is not reproduced by
this model as accurately as desired. Therefore, I derive the short circuit current from
a phenomenological extension of the classical diode theory. Subsequently, I discuss the

quality of the approximations.

3.7.1 Analytical approximations in the literature

From the very discovery of the photon recycling effect, there have been several sug-
gestions for analytical approximations of the relatively complex formulation of the
problem. Probably the most well-known ansatz consists of the lifetime enhancement
factor introduced by Asbeck in 1977 [28]. Asbeck calculates the fraction F,(d,n) of the
emitted photons that are reabsorbed in the solar cell. Neglecting carrier diffusion he
assumes that in steady state, i.e. under open circuit conditions, the minority carrier

concentration is constant throughout the sample. The lifetime is then given by

é _ % N #@l") (3.58)
This implies that of all photons from radiative recombination only the fraction 1 —
F.(d,n) which is emitted from the cell contributes to the limitation of the lifetime.
Therefore, the radiative lifetime is effectively enhanced by the lifetime multiplication
factor 1/(1 — F).

This approach has found ample use to describe the lifetimes and internal quantum
efficiencies extracted from photoluminescence measurements [58-63]. For these steady

state measurements, it is well suited. However, it is questionable, what the obtained

lifetimes tell us about the photovoltaic performance of the devices. Obviously, the
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lifetime can be applied to the open circuit case to compute the open circuit voltage
V,e. However, it is not suited to describe the non-steady-state case including the

diffusion of carriers as has been attempted by Kerr et al. [64].

For the non-steady-state situation, besides carrier recombination, one needs to con-
sider carrier transport. Dumke pointed out the influence of photon recycling on the

diffusion constant already in 1957 [19]. He derived a diffusion constant

1
Do = Dy + —— (3.59)

3r.a?

Similar or slightly modified expressions have also been found by other authors who
approximated the PR term in the diffusion equation by using Taylor expansions or by
using other methods such as variational or perturbational methods [39-41,44,46,48,65].

However, Eq. (3.59) is only valid under certain conditions, for instance, aL, > 1.

These more sophisticated approaches tried to convert the integro-differential Eq. (3.1)
with PR into a quasi-classical diffusion equation with modified lifetimes and diffusion
constants. As it turns out, such a quasi-classical diffusion equation can indeed be de-
rived. Both, lifetime and diffusion constant are, however, functions of the applied bias

voltage V' and of the spatial coordinate x [46,49,50,53,57].

Therewith, the derived quasi-classical diffusion equation can not be solved analyti-
cally. Just as the initial integro-differential equation 3.1, a numerical scheme is required

for the solution of the problem.

Rossin and Sidorov [45,66] proposed an analytical solution for the transport equation
under short circuit conditions, but had to use multiple assumptions that restrict the

applicability of the approximation to only a handful of special cases.

Von Roos [47] addressed the influence of photon recycling on the saturation current.
While he derived a relatively simple expression, his approach suffers from not account-
ing for the external detailed balance principle. Therefore, his approach obviously yields
erroneous results when coming close to the radiative recombination limit, i.e. when

PR effects start to matter in the first place.

Summing up, there are no analytical models available that are capable of computing
the current/voltage characteristics of solar cells in the complete lifetime and mobility

range. The following sections try to fill this gap.
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3.7.2 Two-layer model

The two-layer model is based on the following considerations: Deep in the bulk of
the solar cell, all photons emitted from radiatively recombining electron/hole-pairs are
reabsorbed. Therefore, there exists no such thing as a loss mechanism inflicted by
radiative recombination. The radiative lifetime is infinity.

Close, i.e. within one absorption length to the front surface, however, internally
emitted photons can actually leave the cell via external emission through the front
surface. These emitted photons are irretrievably lost to the system.

The idea of the two-layer model is to approximate the exponential emission charac-
teristic by a discrete approach. I divide the absorber into two regions as illustrated in
Fig.3.12. In region 1 close to the front surface, all radiatively recombining electrons are
assumed to be lost to the system, photon recycling does not exist (0% PR). In region
2 in the bulk, all photons are completely recycled thereby completely compensating
radiative recombination (100% PR). In terms of the radiative lifetime this implies
the ’standard’ radiative lifetime 7% = 1/(47%) in region 1 and an infinite radiative
lifetime in region 2.

With these assumptions, I arrive at a classical treatment that solves the diffusion
equation in both layers and in conjunction with the boundary conditions at the interface
between the two regions leads to an analytical solution for the electron concentration
and the resulting electrical current. The mathematical derivation of the two-layer
model is given in appendix C.

As will be shown in section 3.7.4, the saturation current computed with the current
two-layer approach is a surprisingly accurate approximation of the numerical results
from the ’exact’ PR treatment. However, as it turns out, the approximation of the short
circuit current lacks the desired accuracy. Therefore, I will introduce a phenomenolog-
ical approach in section 3.7.3 that yields an approximation of the short circuit current
from a modified classical approach with a rather simple substitution of the radiative

lifetime.

3.7.3 Modified-lifetime model

The goal of this section is to provide an approximation of the photon recycling effect on

the short circuit current by slightly modifying the classical approach without PR. This
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Fig. 3.12: Two-layer model of the solar cell. The solar cell is divided into a top layer
(region 1) and a bottom layer. In region 1 with 0 < & < &, there is no photon recycling at
all, all photons emitted by radiative recombination leave the cell through the front surface,
it holds 77! = 77! + 7,1, In region 2 with Epr < € < apd, all photons emitted by radiative

recombination are completely recycled, it holds 7 = ;.

approach will not reproduce the saturation current correctly, let alone fulfill detailed
balance requirements. It is, however, capable of reproducing the short circuit current
more precisely than the two-layer approximation. The idea of this approach is to
analyze the effect of the PR on Jy. in the radiative limit and then modify the classical
approach in such a way that the same radiative limit is obtained.

In the high mobility limit, all generated excess carriers are collected and both, PR
treatment as well as classical diode treatment result in the same limit of unity for the
short circuit current J,. normalized to the maximum current JSS;:Q.

From section 3.6.2 we know that in the radiative limit the low mobility limit of

short circuit and radiative saturation current is given by \/fnorm/Tiom = 27/Finorm
(cf. Eq.(3.50)). In the following, I recapitulate the low mobility limit predicted by
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the classical diode theory and subsequently present a modification of the lifetime that
ensures the accordance with the radiative limit.

The classical one-layer treatment as presented in section 2.4 with gg,, according to
Eq. (C.2) results in the same differential equation as Eq. (C.3) extended over the whole

absorber thickness. The short circuit current then reads as

JSC _ kiLIQIOI"m FO 1 + tanh (Lnorm) + eXp (—k‘aaod)
apd
3 tanh (Lngrm) exp (kqod)
—5qexP (—2kacod) | —1+ - . 3.60
750 eP (—2hacod) kaLuorm  cosh (La0d> (3.60)
For pinorm — 0 it holds
JSC F Fr Qk d
lim — o Lnorm 2 eXpSg atod) (3.61)

/"‘norm*’o JSCQ
With Lyorm = v/fnormTnorm it is clear that in the radiative limit the low mobility
limit Eq. (3.61) is not identical to the low mobility limit \/finorm/Tiom- HOWever, we

can force such an agreement by modifying the radiative lifetime in Eq. (3.61) such that

Loorm = \/unormTﬁgﬁﬁd. Equating Eq. (3.61) with /fmorm/Tiomm = 270y/Finorm i the

radiative limit 7,,, — oo yields the modified radiative lifetime

5Q/; 2 5Q/; ?
rrmed _ Jsc”/ o _ Sic'  362)
Fy + Frexp (—2kqapd) Trom \Fo + Frexp (—2k,apd)

For a thick solar cell with agd > 1 it holds F, ~ 0, and Fjy =~ JSSCQ. Due to the

refraction of light at the textured front surface, we obtain k, = 2 for a textured

solar cell and k, = 1 for a plane solar cell. Therewith, the modified lifetime becomes

rimod ~ 1/(47% ) = n? for a textured cell and 75004 ~ 1 /77 = 472 for a plane solar

cell. This means that the modified radiative lifetime is increased by an enhancement

factor of 4n* &~ 320 or 16n? ~ 1300 when compared to the radiative lifetime 77 .

The total normalized lifetime of the modified approach is then given by

S + ! (3.63)
Tmed gm0 phamod! '

3.7.3.1 Critical diffusion length

The purpose of this section is to interpret the critical mobility in terms of a critical

diffusion length. For the classical situation and assuming agd > 1, Eq. (3.61) yields
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the critical diffusion length

kT Lo
Lcri = — HMecrit™m — 75— 3.64
¢ g Pt = 7 (3.64)

from the intersect kqLporm = 1.

While the low mobility limit in the classical case is proportional to the diffusion
length L, = \/m, the low mobility limit in the radiative case is given by
Eq. (3.50) and reads as

JSC norm n k T n
lim e = fProm _ 7o JIBR e (3.65)
:U‘norm—>0 ®bb THOI‘HI (Dbb qTI‘

As pointed out above, this inverse dependency on 7, at first glance disqualifies the

attempt to define a critical diffusion length in the radiative limit. However, since the
radiative lifetime is a given material parameter and in the case of constant absorption
coefficient reads as

n?

7 = i 3.66
4agNAR2 DS (3.66)
we can easily transform 7, into 1/7, to obtain the low mobility limit as a modified

version of Eq. (3.65)

Jse _ kT pinT:
lim —= = dapi” AL My (3.67)
:u'normﬂo (bbg q

Therewith, the critical diffusion length in the radiative limit is given by

kpT pradr, L

rad . B Iu’crlt r o0
Lcrit T q - 4’fL2 . (368)
Comparison with Eq. (3.64) shows that the impact of PR in the radiative recombination
limit is comparable to the effect of a light trapping scheme in the non-radiative situation

with path length enhancement factor k, = 4n?.

3.7.4 Evaluation of the approximation

This section analyzes the accuracy of the approximations introduced in the previous
two sections. Starting the discussion with the electron profiles in the radiative limit,
I will then turn to the comparison of simulated and approximated solar cell output

parameters Jy, Jie, Voo and 7).
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Fig. 3.13: Electron profiles in the radiative recombination limit with ¢, = 0 for different
mobilities tinorm = 1 and 100. Solid lines represent numerical simulations, dashed lines stand
for the results from the two-layer model, dotted lines are the classical approach as introduced
in section 3.5.2, and dashed-dotted lines in Figs. ¢ and d represent the results from the
classical approach with modified radiative lifetime. The absorption coefficient is o = «y,
the normalized thickness is apd = 10, the band gap is E; = 1eV, and the front surface is
textured. All parameters are listed in Tab. 3.1. While the two-layer model correctly captures
the slope of the electron profile in the dark at £ = 0 (Jp), it does not reproduce the profile in
the bulk very accurately for low mobilities (a). Therefore, it does not accurately reproduce
the short circuit current Jg., and the modified classical model provides a much more accurate

approximation of the slope at £ = 0 under illumination (c).

3.7.4.1 Electron profile

Figures 3.13a-d display the electron profiles in the radiative recombination limit versus
the absorber depth. The thickness of the cell is agd = 10, all other parameters are
listed in Tab. 3.1. Figures a and b depict the profile in the dark for v(§ = 0) = 2, i.e.

V = (kgT/q)In (2), which corresponds to an electrical current Jyq = —J3d. Figures ¢
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and d depict the profile under illumination and short circuit conditions with v(§ = 0) =
1, which yields the short circuit current Ji.. Both cases are displayed for a normalized
mobility finerm = 1 (a and ¢) and pyorm = 100 (b and d).

In all figures, solid lines represent the results from the numerical simulations, dashed
lines are the profiles from the two-layer model, and in the illuminated case, dashed-
dotted lines stand for the profile computed with the modified radiative lifetime. For
comparison, the profiles computed with the classical approach are displayed as well
(dotted lines). These results are obtained numerically by simply leaving out the internal
generation term in Eq. (3.3) as described in section 3.4.2.

Let us first discuss the dark profiles in Fig. 3.13 with pinorm = 1. The short diffusion
length leads to a steep exponential decay towards év = 0 in the classical profile. In
contrast, photon recycling leads to an increased electron density which is constant
almost throughout the absorber depth.

This feature is correctly captured by the two-layer model. However, the exact level
of the electron density is not necessarily reproduced accurately. Without external
irradiation, i.e. G = H = 0, it follows E = 0 from Eq. (C.26). Therefore, the electron
profile from Eq. (C.8) with L = — oo is constant

norm

dvy = F' = —tanh <L§L> sinh (%) + cosh (i> (3.69)

norm norm Lnorm

for £ > &,,. For a thick cell with absorptance a = 1 it holds &, = 75, = 0.028 which
yields v = 1.99 for finorm = 1. As can be seen in Fig.3.13a, this level is higher than
the level of v, = 1.84 obtained from the numerical simulations. The two-layer model
is only capable of reproducing the complete profile in the high mobility limit depicted
in Fig. 3.13b.

However, for the saturation current, only the initial slope dv/d¢ at £ = 0 is of inter-
est. In the low mobility limit, the numerical approach with PR, the two-layer model,
and the classical approach without PR result in the same dependence \/finormTiorm-
And since the thickness &, has been chosen appropriately the radiative recombination
current Jf* = @ in the high mobility limit is rendered correctly by definition of the
model. This means that in both limits, the initial slope dv/d¢ at & = 0 is reproduced
correctly by the two-layer model. Abberations can occur only in the intermediate
mobility range.

Whereas the saturation current Jy depends only on the slope at & = 0, the short
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circuit current is related to the integral of the electron profile in the dark. The proba-
bility that an electron generated at a position & contributes to the short circuit current
is given by the collection efficiency fo(€). Then, the total short circuit current reads

ai

S
aopd
Jsc - / Gsun(&)fC(g)dg (370)
0

From a reciprocity relation derived by Donolato [67] the collection efficiency is linked

to the electron profile in the dark according to

o
exp (;B—VT> —1

Therefore, the short circuit current is related to the spatial integral over the electron

fe(§) = (3.71)

profile in the dark. From the inaccuracy of the electron profile it is thus clear that
the two-layer model does not reproduce the short circuit current correctly for low
mobilities.

Let us now turn to the profiles under illumination. Here, only the initial slope at
¢ = 0 is important for the computation of the short circuit current. Figures 3.13¢ and
d illustrate again the difference between the correct profile with photon recycling (solid
lines) and the profile obtained with the classical treatment (dotted lines). As has been
discussed in section 3.5.2, the PR prevents a decrease of the profile towards the back
contact in the radiative limit. Again, this feature is correctly captured by the two-layer
model. But again, a different level deep in the bulk is predicted.

In contrast to the two-layer model, the modified classical model with the increased

radiative lifetime 75m°4 from Eq. (3.62) does not reproduce the qualitative features of

norm
the correct profile with photon recycling. The profile of the modified classical approach
(dashed-dotted lines) decreases towards the back contact as does the profile from the
classical approach (dotted lines). However, the modified classical approach is designed
in such a way that the low mobility limit for the short circuit current is identical to
the theoretical limit 27, /finorm. Therefore, the slope of the electron profile at £ = 0 in
Fig. 3.13c is almost identical to the slope obtained from the numerical simulation.

As pointed out at the beginning of this section, a consistent quasi-classical analytical

model that is able to reproduce both, Ji*4 and Ji. correctly, does not exist because

of the inherent discrepancy with respect to the low mobility limits of J&* and J;. (cf.
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p. 58). Therefore, I use the two-layer model to compute Jy and the modified-lifetime
model to compute Js.. The combination of the two models thus yields a fairly accurate
approximation of the numerical results which allows us to analytically calculate the
efficiency of pn-junction solar cells in the whole thickness, mobility and lifetime range.

The results of these computations are presented in the next section.

3.7.4.2 Photovoltaic output parameters

Figures 3.14a-d and 3.15a-d demonstrate the accuracy of the analytical approximations
for a solar cell with textured front surface, a constant absorption coefficient @ = «y
and a cell thickness agd = 0.1 and 10. All other parameters are listed in Tab. 3.1.

The figures display the normalized saturation current Jy/ ¢E§ (a), the normalized
short circuit current Ji./J5? (b), the open circuit voltage Vo, (c), and the efficiency
n (d) versus the normalized mobility finom for different ratios ¥, = 10721 and 100
of radiative and non-radiative lifetime. Open squares represent the numerical results,
solid lines are the approximated results where both, Jy and Jg. are computed with the
two-layer model, and dashed lines stand for the results obtained from combining the
saturation current Jy from the two-layer model with the short circuit current J,. from
the modified-lifetime model. Note in Fig.3.15 that at low mobilities the numerical
results are prone to be flawed with discretization errors when the diffusion length is
smaller than the discretization interval d/N (see p. 173 in appendix B.7).

The two-layer model is well suited to describe the saturation current in the com-
plete lifetime and mobility range. The model is constructed in such a way that in
the radiative recombination limit the high mobility limit of .Jy converges towards the
absorptance of the sample. The low mobility converges towards \/m and

therewith also meets the requirements. Only in an intermediate range around the

norm
crit

critical mobility pu does the approximation differ from the numerical results. The
difference is more pronounced in solar cells with a thickness larger than the absorption
length (Fig.3.15a), where PR is more important than in solar cells with a thickness
apd < 1 (Fig. 3.14a).

The two-layer model also yields a correct approximation of the short circuit current
for 9, > 1 as depicted in Fig. 3.14b and Fig. 3.15b (solid lines). The differences to the
numerical results (squares) stem from the errors in the approximation of the generation

profile, since the profile of a cell with textured surface can not completely be reproduced
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10°
Normalized Mobility #

Fig. 3.14: Photovoltaic output parameters versus the normalized mobility pnorm. The
absorption coefficient is @ = agp, the normalized thickness is agd = 0.1, the band gap is
E; = 1eV, and the front surface is textured. All parameters are listed in Tab. 3.1. Open
squares are the numerical results, solid lines are the results from the two-layer model, and
dashed lines are the results from combining the saturation current from the two-layer model
with the short circuit current from the modified-lifetime model. While the two-layer model
provides a good approximation of the saturation current, it is not suited to describe the
short circuit current accurately. In combination with the modified-lifetime model however, it
presents a fairly accurate analytical model to compute the efficiency of pn-junction solar cells
in the whole lifetime and mobility range. (Note that the modified-lifetime model (dashed

lines) is only included in figures b-d.)

by two exponential functions.

However, the approximation of J,. in the radiative recombination limit with 9, — 0
is rather crude. In particular, the low mobility limit for the short circuit current is

given by the radiative diffusion length Lyorm = v/fnormThomm (COrrected by the optical
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Fig. 3.15: Photovoltaic output parameters versus the normalized mobility pnorm. The
absorption coefficient is &« = ag, the normalized thickness is agd = 10, the band gap is
E; = 1eV, and the front surface is textured. All parameters except for the thickness are
identical to the parameters in Fig.3.14. Open squares are the numerical results, solid lines
are the results from the two-layer model, and dashed lines are the results from combining the
saturation current from the two-layer model with the short circuit current from the modified-
lifetime model. For low mobilities, discretization errors lead to flawed numerical results,

which are therefore not displayed here.

term in Eq. (3.61)). It is therewith by roughly a factor of 4n% smaller than the limit

/ r
/-LHOTm/Tnorm ‘

The modified-lifetime model is not based on physical reasons but it is constructed
to reproduce the radiative low mobility limit of the short circuit current correctly. As
Fig.3.14b and Fig. 3.15b demonstrate (dashed lines), the model yields a surprisingly
accurate approximation of the numerical results. Only in an intermediate range around

the critical mobility does the approximation depart from the numerical results.
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In the next step we combine the saturation current from the two-layer model with the
short circuit current from the modified-lifetime model to obtain the open circuit voltage
and the efficiency (dashed lines). For comparison, the results where both currents are
taken from the two-layer model are displayed as well (solid lines). For low mobilities
the underestimated short circuit current leads here to a large error in the open circuit
voltage which for all lifetime ratios ¥, < 1 converges towards the voltage corresponding
to ¥, = 1.

The combined model provides a simple tool to compute the efficiency of pn-junction
solar cells for all thicknesses and different kinds of front surfaces. It is capable of
predicting the efficiency with an error of typically less than 0.5 % (absolute). The error
is largest for the radiative recombination limit in the mobility range approximately two
decades below the critical mobility pi3™. In this range, the error can be es large as
3.5% (absolute).

The model replaces the exact but very complicated numerical model with a simple
analytical approach. It is here only presented for the case with constant absorption
coefficient but can be extended to energy-dependent absorption coefficients (see section
3.9.1.

3.8 Energy-dependent absorption coefficient

So far, all simulations have been performed for the hypothetical case with constant ab-
sorption coefficient. This section analyzes the influence of energy-dependent absorption
coefficient a( E'). With respect to the spectral dependence of «(E) on the photon energy
E 1 distinguish the three different cases listed in Tab. 3.2: (i) The hypothetical case of
constant absorption above the band gap energy, (ii) direct semiconductors where the
absorption of photons occurs via direct transitions without a change in momentum and
which therefore exhibit a square-root dependence of the absorption coefficient on the
energy [68, p. 36|, and (iii) indirect semiconductors, where phonons are needed for mo-
mentum conservation during light absorption and which therefore exhibit a parabolic
dependence [68, p. 38].

The parameter «g in Tab. 3.2 is the absorption coefficient at the photon energy
E = E,; + kgT for all three cases. Note that the choice of E, 4 kg’ as this crossover

energy is somewhat arbitrary. To compare the three cases, we assume identical «q
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Tab. 3.2: Spectral dependence of the absorption coefficient.At E = E, + kT, all types

feature the absorption coefficient a(Eg + ksT') = o.

Type a(E)
constant Q

direct Qo Ek_B;EE
indirect Qo (Ek;?g ) ’

for all. In reality, though, indirect semiconductors possess much lower absorption
coefficients than direct semiconductors, which leads to a crossover energy more in
the proximity of F, + 1eV. However, such an approach would imply that for a given
sample thickness d the average absorptance in an indirect semiconductor would be much
smaller than in a direct semiconductor, which in turn would distort the comparability
of the currents. Therefore, I chose to stick with the crossover energy F, + kg1 close
to the band gap energy.

Figures 3.16a-1 demonstrate the influence of the spectral dependence of the absorp-
tion coefficient on the currents Jy. and Jy, the open circuit voltage V., and the efficiency
1. All quantities are again normalized to their respective maximum values in the SQ
limit. In analogy to the representation in Fig. 3.4, all quantities are displayed vs. the

thickness agd of the solar cell. The front surface is textured.

Constant absorption The energy independent light absorption leads to identical
generation profiles for solar and black body irradiation. Therefore, the external quan-
tum efficiency EQE(F) is independent of the photon energy, and Rau’s reciprocity
relation [16] which relates the EQE to the radiative recombination current as eluci-
dated in section 3.7 on page 58, holds not only for the spectral quantity EQE(E) but
also for the integrated spectrum. In consequence, the normalized currents Jy./J5? and
JO/JOSQ are identical (Fig.3.16a). As in Fig.3.4a, the currents approach the absorp-
tance a of the sample for sufficiently large mobilities. For lower mobilities, however,
the currents are limited by insufficient transport.

Since the ratios Ji./JSQ? and Jy/J3@ are independent of the absorber thickness,
it always holds J./Jy = J5Q/ Jg Q and, therefore, the open circuit voltage is always
Voe = V5Q (Fig.3.16d). Accordingly, the efficiency is exclusively determined by the
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Fig. 3.16: Currents Js. and Jy in the radiative recombination limit with ¢, = 0 normalized
to the maximum values in the Shockley-Queisser limit vs cell thickness d for a textured front
surface (a, d, g). The band gap is F, = 1eV and the front surface is textured. I distinguish
between constant absorption above the band gap (a-c), a direct semiconductor (d-f), and
an indirect semiconductor (g-i). The spectral dependence of the absorption coefficient a(FE)
in comparison to the spectrum of the incident light leads to different spatial generation
profiles for solar and black body irradiation and, therefore, to differences between Jg. and
Jo. Figures b, e, and h display the resulting normalized open circuit voltage Vo / VOSCQ. With
the normalized short circuit current being larger than the normalized saturation current for
small thicknesses, the open circuit voltage exceeds the SQ limit VOSCQ (e, h). The efficiency
n/nsq displayed in Figs. c, f, and i is mainly dominated by the short circuit current. Apart
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loss in the short circuit current (Fig. 3.16b).

Direct absorption Due to the spectral dependence of the absorption coefficient,
the solar spectrum and the 300 K black body spectrum cause different generation pro-
files. Consequently, the absorptance a(F,d) is energy-dependent, and the average
absorptance as defined in appendix B.7 is different for the two spectra. Therefore, the
reciprocity relation is restricted to the spectral quantities, and J,./J5? is not identical
to .J,/J5¢ anymore.

Since the spectral density of the solar spectrum is larger for higher photon energies
when compared to the density of the black body spectrum, the average absorption
coefficient is also larger for the solar spectrum. This means that for small absorber
thicknesses the average absorptance ag,, of the solar spectrum exceeds the average
absorptance app, of the black body spectrum, and, therefore, J,./J5? in Fig.3.16d is
larger than Jo/J5<.

Consequently - and at first glance astonishingly - the open circuit voltage V. in
Fig. 3.16e exceeds the open circuit voltage V5Q for low thicknesses. The efficiency in
Fig. 3.16f, however, does not exceed the SQ efficiency 7gq because with decreasing thick-
ness the absorption losses that result in a reduction of Jg. more than counterbalance
the increase in V..

The detailed discussion in section 3.8.1 reveals that such efficiency enhancement
above the SQ limit is indeed possible, but only for small band gap energies. Effectively,
the variation of the spectral dependence of the absorption coefficient can be regarded
as an increase of the band gap energy. In particular, the indirect semiconductor with
the parabolic dependence of a exhibits hardly any absorption below E, + kg7 when

the sample is thin enough.

Indirect absorption The reasoning given for the direct semiconductor holds for
indirect semiconductors as well. The difference between J,. and Jy in Fig. 3.16g is
even more pronounced. For energies £ < E, 4+ kgl' the absorption coefficient is much
smaller than oy which implies a reduced ayy,. For E > E, + kgT' on the other hand, o
is much larger than oy which results in an amplified ag,,. Note again that the choice
of B, + kgT' as a crossover point is somewhat arbitrary and does not reflect crossover

points of real semiconductor materials.
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Note that with respect to the shift of the critical thickness towards smaller thick-
nesses, the opposite holds true for the saturation current Jy because the black body
spectrum possesses its maximum at an energy much below the band gap E, = 1eV
and only the exponentially decreasing Boltzmann tail of the spectrum is relevant for
the saturation current. Therefore, the relevant energy regime for Jy lies between E,
and F, + kgT', where direct and indirect semiconductors have an absorption coefficient

below «ay.

3.8.1 Thickness-dependent current enhancement

Figure 3.16d shows that for a certain cell thickness d the short circuit current Jg
features a maximum. This section takes a closer look at this phenomenon and explains
the underlying mechanism. As will be discussed in the following, this mechanism
involves the relationship between photon absorption and emission and carrier collection.
In principle, there are two questions arising from the observations in Fig.3.16d that
need to be answered: (i) Why does the short circuit current only feature a maximum
for low mobilities and (ii) Why does this maximum not occur for energy-independent

absorption coefficient?

3.8.1.1 High mobility

Let us first consider the high mobility limit of the short circuit current, which is given
by the absorptance. In this context, high mobility limit means that the minority
carrier diffusion length is larger than the average absorption length of the photon flux
impinging on the cell, i.e. that all generated carriers contribute to the short circuit
current.

As pointed out in section 3.6.1, the absorptance increases monotonically with in-
creasing sample thickness. Even though the generation rate close to the front surface
decreases with increasing thickness when the influence of multiple reflections recedes,
the overall absorptance given by the integrated generation rate over the cell thickness
always increases with increasing thickness. Consequently, for high mobilities the short
circuit current increases monotonically with increasing thickness as well and does not

show a maximum over the cell thickness.
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3.8.1.2 Low mobility

The case is different for lower mobilities. If the collection length (i.e. the diffusion
length) of the photo-generated carriers is smaller than the absorption length then not
all generated carriers can contribute to the short circuit current. Carriers that are
generated deep in the bulk are not collected and thus recombine.

In the radiative recombination limit, a carrier that is absorbed but not collected can
only be emitted by the cell. We thus have to consider the relation between absorption
and emission length. To do so, we have to differentiate between energy-independent

and energy-dependent absorption coefficient.

Constant absorption coefficient In the case of constant absorption coefficient as
depicted in Fig.3.16a, the emission length is identical to the absorption length. Let
us now consider the influence of the cell thickness on the carrier collection in the low
mobility limit. As long as the thickness is smaller than the diffusion length, all gener-
ated carriers are collected and the short circuit current is identical to the absorptance.
With increasing thickness, however, not all generated carriers are collected anymore
and the current is lower than the absorptance. Once the thickness exceeds the absorp-
tion length, J../J5Q saturates. The saturation level is below unity and is determined

by the collection length, i.e. the carrier mobility.

Energy-dependent absorption coefficient Let us now turn to energy-dependent
light absorption. Consider the low mobility limit of the short circuit current as depicted
in Fig.3.16d. In the following, I will illustrate, why the current features a maximum
over the sample thickness.

As long as the thickness is smaller than the diffusion length, the short circuit
current is again equal to the absorptance. It keeps increasing with a lower slope
than the absorptance until the thickness is identical to the average absorption length
Lonorm = o/ (bayg) = 0.2 (cf. Tab. B.2 on page 172) for the solar irradiation. Any
further increase of the thickness, however, leads to increased emission of internally
reabsorbed carriers, while the absorptance of solar radiation essentially remains unaf-
fected. Therefore, the current decreases until the thickness is equal to the emission
length Lemnorm = /g = 1, which is identical to the absorption length of the black

body spectrum. For thicknesses larger than the emission length, the current saturates
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at a slightly higher level than in Fig.3.16a because of the higher average absorption
coefficient for the solar irradiation.

Summing up, the discrepancy between absorption and emission length leads to the
maximum of the short circuit current over the cell thickness. In a range L,norm <
apd < Lem norm any increase of the thickness leads to emission losses which are larger
than the gain in absorptance and therefore to a decreasing current. Since for the black
body spectrum the absorption length is equal to the emission length, this effect can
not be seen in the saturation current, which therefore increases monotonically with the

cell thickness.

3.8.2 Thickness-dependent efficiency enhancement

In the last section we have seen that the discrepancy between the absorptance of solar
and black body irradiation leads to a maximum in the short circuit current for low
mobilities. This discrepancy, which in a certain thickness range leads to Jy.(d)/J5Q >
Jo(d)/ Jg < for all mobilities, is also responsible for the enhancement of the open circuit
voltage Vo.(d) above V59 as depicted in Fig. 3.16e and h.

From a thermodynamic point of view, the reduced radiative recombination current
in comparison to the short circuit current can leads to a reduced entropy production
per absorbed photon [69], which results in higher open circuit voltages. Unfortunately,
the voltage enhancement occurs in a thickness range, where the cell is so thin that the
short circuit current Jy./J5Q is significantly lower than unity. Therefore, the efficiency
as the product of J,. and V. does not exceed the Shockley-Queisser limit.

This situation changes, when the band gap energy of the solar cell is reduced. Figure
3.17 demonstrates that for a cell with F, = 0.5eV, the maximum radiative efficiency,
i.e. the high mobility limit with pinemm = 10%, can indeed exceed the SQ limit for
this particular band gap. The figure depicts the normalized efficiency versus the cell
thickness for a semiconductor with constant absorption coefficient (const), a direct
semiconductor (dir), and an indirect semiconductor (ind). Both, the direct and the
indirect semiconductor feature a thickness regime, where the normalized efficiency is
larger than unity. Especially the absorptance spectrum of the indirect semiconductor
as depicted in Fig. 3.17 leads to the efficiency enhancement of almost 15 % (relative) for
a thin cell with thickness apd ~ 3 x 107%. These considerations have also been carried

out in a similar form by Aradjo and Mart{ [70]. They have shown that even with the
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Fig. 3.17: Normalized radiative efficiency versus cell thickness agd for a semiconductor with
constant absorption above the band gap energy (const), a direct semiconductor (dir), and an
indirect semiconductor (ind). The band gap is E; = 0.5eV, the mobility is pinorm = 10%, and
the front surface is textured. All other parameters are listed in Tab. 3.1. Due to the higher
absorptance of the solar irradiation compared to the black body irradiation, the efficiency
n(Eg) exceeds the SQ efficiency nsq(FEg) for the direct semiconductor and even more so for

the indirect semiconductor.

band gap of silicon, a maximum radiative efficiency is obtained for the (rather large)

optimal thickness d ~ 1 mm.

The reason for this rather astonishing phenomenon lies in the fact that the energy-
dependent absorption coefficient of the solar cell translates into an energy-dependent
absorptance if the sample is thin enough. When the sample is thick enough, the ab-
sorptance is unity for all energies larger than E,. This means that the absorptance can
be expressed by a step function as described in Eq. (2.5). Reducing the cell thickness
results in a reduction of the absorptance at energies, where the absorption coefficient

is low, i.e. at energies close to the band gap energy. This means that the absorp-
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tance for thin cells can again be approximated with a step function, but one that is
shifted towards higher energies. Consequently, the thickness reduction can effectively
be described as an increase of the band gap E,. This increase of the band gap in turn
implies a higher maximum efficiency 7sq(E,) if the band gap is below the band gap
E, ~ 1.1eV that corresponds to the global maximum efficiency nsq ~ 33 %. For band
gaps larger I, = 1.4eV, which corresponds to the second global maximum, there is
no such efficiency enhancement for thin cells. This is because increasing the effective

band gap would only result in lower efficiencies (cmp. Fig.3.2).

3.8.3 Maximum open circuit voltage

The previous section 3.8.2 has shown that it is possible to exceed the SQ efficiency
limit of a solar cell with given band gap if the band gap is small enough. Due to
energy-dependent light absorption, the thickness of the cell can be tuned in such a way
that almost the entire solar irradiation above the band gap is absorbed while the black
body irradiation, which occurs predominately at lower photon energies, is only partly
absorbed. Therewith, the open circuit voltage is increased above its SQ limit. If this
increase is not compensated entirely by the loss in Ji. due to incomplete absorption,
the efficiency is also increased above its SQ limit ngq(Ey).

This result brings up two questions: (i) What is the maximum open circuit voltage
for a given band gap energy and (ii) Is it possible to exceed even the global maximum
nsq ~ 33%, or in other words: Is there an optimal absorptance spectrum that is
superior to the step function absorptance assumed by Shockley and Queisser?

The latter question has already been answered in section A.2, which proves that
the global SQ limit of 33 %, which is obtained with a step-like absorptance function,
is indeed the ultimate maximum efficiency that can be obtained with a single junction
solar cell. A similar proof has also been derived by Aratdjo and Marti Ref. [70]. This
section discusses the first question of the maximum open circuit voltage obtainable
with a single junction solar cell with a given band gap energy.

It is often assumed that the maximum open circuit voltage in the SQ limit is given
by the band gap energy E,. Indeed, Shockley and Queisser introduced a so-called
ultimate efficiency in their publication [10] that is obtained when V,. = E, is assumed.
However, the detailed balance limit itself does not include an inherent restriction to the

open circuit voltage. The open circuit voltage is exclusively determined by the ratio of
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short circuit current and saturation current, i.e. by Voo = (kgT'/q)In (Js/Jo + 1). The
currents in turn are entirely determined by the solar and the black body spectrum and
the absorptance a(FE).

In a strict sense, it is a mere coincidence that VS?(E,) is smaller than the band gap.
In fact, the SQ theory would predict V. > E, for highly concentrated sunlight with
concentration factors exceeding 30000.

However, the SQ theory only accounts for the spontaneous radiative recombination
of electron and holes. If the voltage exceeds the band gap, then the quasi Fermi levels
will be located in the conduction and valence band, which would result in stimulated
emission. Due to this additional recombination the maximum open circuit voltage of

a single pn-junction solar cell is indeed given by the band gap energy E,.

3.9 Maximum efficiencies of real materials

So far, most of the discussions have focused on the hypothetical case of constant absorp-
tion coefficient to facilitate the understanding of the fundamental mechanisms involved
and to allow for relatively simple analytical expressions. As helpful as these analyses
proved for the theoretical construction of the model features, they fail to provide any
practical information.

This section analyzes the critical mobility and the efficiency limits for the three
semiconducting materials crystalline silicon (c-Si), hydrogenated amorphous silicon
(a-Si:H), and Cu(In;_,,Ga,)Ses with z = 0.26 (CIGS). Admittedly though, it needs
to be mentioned that the simulations conducted here only describe the efficiencies of
idealized pn-junction solar cells without, for instance, optical losses or recombination
in the space charge region, in the emitter or at the back contact. On the other hand,
carrier generation and collection in the space charge region are neglected as well. While
the model quite reasonably describes crystalline silicon solar cells, it is hardly suited
to simulate actual devices made of amorphous silicon or CIGS.

The parameters used for the simulations are listed in Tab. 3.3. The cell thicknesses
are chosen as typical values but also large enough to guarantee virtually complete
absorption of the solar spectrum. All solar cells are assumed to be pn-junction solar cells
with a zero reflectance textured front surface, and no recombination at the back contact.

The absorption coeflicients are taken from Ref. [12] in the case of crystalline silicon
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Tab. 3.3: Parameters used for the computation of the critical mobility of crystalline silicon

(c-Si), hydrogenated amorphous silicon (a-Si:H), and Cu(In;_,,Ga,)Ses (CIGS, x = 0.26).

E, n ap (Type) n; d Ref.
[eV] [cm™!] [em™?] [ ]
c-Si 1.124 3.6 3.3 (indirect) 1.04 x 1010 200 [12,17]
a-Si:H  1.75 4 180 (indirect) 1 x 106 1 [5,71]
CIGS 117 31 11000 (direct) 3 x 108 2 72]

or from measured data and are displayed in Fig.3.18. Table 3.3 lists the absorption
coefficients at an energy E,+kgT and the type of the semiconductor. In contrast to the
theoretical types listed in Tab. 3.2, the measured data also include sub band gap tail-
like absorption and at higher energies abberations of the strict theoretical square-root

or parabolic dependencies on the energy.

Figures 3.19a-d, 3.20a-d, and 3.21a-d display the results of the simulations, i.e., the
saturation current Jy (a), the short circuit current Jy. (b), the open circuit voltage V.
(¢), and the efficiency 7 (d), versus the non-radiative lifetime 7, for different mobilities
(open symbols). The chosen mobilities vary between the materials and are chosen in
such a way that measured values fall in the displayed range. The mobilities are p, = 24,
240, and 2400 cm?( Vs)~™! for ¢-Si, u, = 0.34, 3.4, and 34 cm?(Vs)~! for a-Si:H, and
pm = 0.15, 1.5, and 150 cm?( Vs)~! for CIGS.”

For the transformation of the normalized mobility finorm and the normalized lifetimes

r

Toorm a0d 700 into the unit-bearing quantities p,, 7, and 7, one requires the doping
concentration Ny. I assume N = 5x 106 cm™=3 which is a typical value for silicon solar
cells. However, as section 3.10 shows, the doping concentration must not be chosen
too low in order not to violate the low-level injection assumptions, in particular in the

radiative recombination limit.

Section 3.9.3 discusses the results of the simulation. Before doing so, however, the

next section applies the analytical model of section 3.7 to the analyzed materials.

"The unconventional values result from the de-normalization of the normalized mobilities. Note
that for CIGS, the chosen range is by a factor of 10 larger than for the other two cases because of the

uncertainty connected with measured values.
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Fig. 3.18: Experimental absorption coefficients of crystalline silicon (c¢-Si, squares), hydro-
genated amorphous silicon (a-Si:H, circles), and Cu(In;_,,Ga,)Ses (CIGS, triangles) with
x = 0.26 versus the photon energy. The measured data are fit with either a square-root
function for the direct semiconductor CIGS or a parabolic function in the case of crystalline
and amorphous silicon (lines). Table 3.3 lists the fit parameters. Amorphous silicon exhibits
a significant sub band gap absorption in band tail states. In the chosen spectrum of CIGS
the band tails are much less pronounced. In crystalline silicon and CIGS, the absorption
coeflicient shows a sharp increase at photon energies above 2eV that cannot be explained

with the simple parabolic or square-root dependence.

3.9.1 Analytical approximation

This section discusses the applicability of the analytical model derived in section 3.7
to the three materials under investigation and introduces necessary modifications. The
model with constant absorption in section 3.7 was based on the analysis of the low
mobility limits of saturation and short circuit current. Hence, the main question that
needs to be answered is, what influence the energy-dependent absorption coefficient

has on those low-mobility limits.
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Fig. 3.19: Simulation results of a crystalline silicon pn-junction solar cell (open symbols):
Saturation current Jy (a), short circuit current Jy. (b), open circuit voltage Vi (c), and
efficiency n (d) versus the non-radiative lifetime 7,,. The thickness of the solar cell is d =
200 ym and the doping density is No = 5 x 106cm=3.

assumed as pp, = 24, 240, and 2400 cm?( Vs) ™!,

The minority carrier mobility is

3.9.1.1 Saturation current

The low mobility limit of Jf*d can still be obtained in the simple fashion of section
3.6.2, where the generation rates need to be augmented by integrating over the photon
energy. Interestingly, the relation lim,, . . J3*/ @EE = \/m is only valid for
the integrated spectrum, but not for the spectral radiative saturation current ji*4(E)
that is obtained under monochromatic excitation with the black body intensity ¢pp,(E).
This is because even with monochromatic generation rate gy, (F), the internal gener-
ation still includes the complete integral Gy, = fooo Jint(E)dE. The thermodynamic

equilibrium as expressed in Eq. (3.46) requires illumination with the integrated black
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Fig. 3.20: Simulation results of an amorphous silicon pn-junction solar cell (open symbols):
Saturation current Jy (a), short circuit current Js. (b), open circuit voltage Vi (c), and
efficiency 1 (d) versus the non-radiative lifetime 7y,,. The thickness of the solar cell is d = 1 um
and the doping density is Nao = 5 x 106 cm™3. The minority carrier mobility is assumed as
pn = 0.34, 3.4, and 34 cm?( Vs)~L.

body spectrum, which implies that the approximation performed in Eq. (3.47) is only

valid for the integrated spectrum.

The high mobility limit is also still given by the integrated absorbed black body
spectrum @ as listed in Tab 3.4. To define the thickness &, of layer 1 in the two
layer model, we need the absorptance a = ®2>/ @Eﬁ. Then we can apply the two-layer

model from section 3.7.2 without any other modifications.

Figures 3.19a, 3.20a, and 3.21a display the analytical saturation currents computed
with the two-layer model as solid lines. The figures demonstrate the excellent agreement

of the analytical model and the numerical simulations.
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Fig. 3.21: Simulation results of a Cu(In,Ga)Sez pn-junction solar cell (open symbols):
Saturation current Jy (a), short circuit current Jy. (b), open circuit voltage Ve (c), and
efficiency 1 (d) versus the non-radiative lifetime 7,,;. The thickness of the solar cell is d = 2 pm
and the doping density is Nao = 5 x 106 cm™3. The minority carrier mobility is assumed as
pn = 0.15, 1.5, and 150 cm?( Vs) 1.

3.9.1.2 Short circuit current

The derivation of the modified-lifetime model for the determination of the short circuit
current in section 3.7.3 was based on the reciprocity between the short circuit current
and the radiative recombination current. This section discusses the influence of the

energy-dependent absorption coefficient on the reciprocity relation.

Let us first have a look at the relationship between short circuit current and radiative
saturation current in the radiative recombination limit if the absorption coefficient
is energy-dependent. In section 3.6.2 we have seen that the low mobility limit of

short circuit and saturation current is identical if the absorption coefficient is energy-
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independent. In the following, I explain, why this relation does not hold for energy-
dependent light absorption, and what consequences this fact implies for the modified
lifetime model.

For energy-dependent light absorption, the reciprocity theorem Eq.(3.55) is still
valid, but now has to be considered separately for each individual photon energy E

according to

pop(E) — JeE) _ EYE)

T Gam(E)  dw(E) (3.72)

Here, the spectral currents refer to the short circuit current ji.(E) and saturation
current jo(E) that are obtained under monochromatic illumination at the energy E
with intensity dgun(E) or ¢pp(E)%. The total currents Jy. and J;2¢ are then obtained
by integrating the quantum efficiency EQE(E) weighted with the corresponding photon

flux ¢gun(E) or ¢pp(E) over all energies E. Therewith, we arrive at

Jie _ Jo BQE(E)¢un(E)AE | [)" EQE(E)¢un(E)dE _ Jg

= . 3.73
(I)sun fOOO Qbsun(E)dE fOOO ¢bb(E>dE cI)bb ( )

Only if the EQE were energy-independent, would the reciprocity relation hold for
the integrated currents as well. For high mobilities, all photo-generated carriers are
collected and the quantum efficiency EQE(FE) equals the absorptance a(E). If the
sample is sufficiently thick and subbandgap absorption is neglected, then a(E) = 1 for
energies I/ > E,. This case is equivalent to the monochromatic case. For the general
case with energy-dependent absorptance a(E) and/or lower mobilities, however, the
reciprocity holds only for the spectral quantities js.(E) and jo(F). But unfortunately,
this spectral reciprocity does not help, since - as section 3.9.1.1 has shown - there is no
simple analytical expression for the low mobility limit of jid(E).

In the case of low mobilities, carrier collection is limited and the quantum effi-
ciency EQE(E) is smaller than the absorptance a(FE), i.e. even more energy-dependent.
Therefore, and because they are weighted with the different spectra ¢, (E) and ¢y (E),
the integrated short circuit current Js. and the integrated saturation current Jorad fea-

ture different low mobility limits.

8Note that the reciprocity relation has to consider the angular distribution of solar and black body
radiation as well. Therefore, Eq.(3.72) holds only for solar cells with a Lambertian texture that

ensures complete directional randomization of the incident light rays.
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In sections 3.6.2 and 3.6.3, we have used the equivalence of the low mobility limit of
Js. and J5ad to derive an expression for the critical mobility and later for the modified
lifetime 72294 from Eq. (3.63). This path is now blocked. For the short circuit current,
no simple low mobility limit is available. However, an analytical approximation for Jg.
can be derived from fitting the results of the numerical simulations with help of the
modified lifetime model.

From the simulation results one finds that the low mobility limit of the short cir-

abs __
sun

cuit current is still proportional to the square-root \/finerm according to Js./®
(V1) y/Fnorm, Where the proportionality constant c,(¥;) depends on the ratio v, of
radiative and non-radiative lifetime.

Even though being aware of the crudeness of the approximation, I assume that not
only under monochromatic illumination with excitation flux ¢g.,(F), but also under
illumination with the integrated spectrum ®,,, the short circuit current can be de-
scribed with the modified lifetime model resulting in Eq. (3.60). If the cell is thick
enough, so that virtually all photons are absorbed during the first transition through
the cell, then it holds Fy = ®2> (see Tab. 3.4) and F}, = 0, and Eq. (3.60) simplifies to

sun

apd
JSC o k;g(LI?IOI‘m tanh (Lnorm) eXp (_kaaod)
= = 7 -1+ (3.74)
(I)éslursl 1 - kaLnorm kaLnorm cosh <;i>
Here, the quantity k, = KjamQsum/o comprises the average absorption coefficient
Qgun as well as the factor ki, = 1 for plane front surfaces or ki, = 2 for tex-

tured surfaces which accounts for the diffraction of light at the textured front surface

(with an angle of 60°). As in section 3.7.3, the normalized diffusion length reads as
Loorm = V/ tnorm 7204 - where Téﬁ‘ﬁﬁl is the modified lifetime. The modified lifetime is

given by 1/rmod — 1 /70t 4 1/70m0d qecording to Eq. (3.63). However, 75094 is no

norm norm norm

longer given by Eq. (3.62) because the low mobility limit of J;. and .Jy are not identical.

Therefore, we have to extract 7524 from fitting the numerical results.

norm

To obtain the two unknown quantities k, and 752°% I proceed as follows: First

norm ’

[ fit Eq.(3.74) to the numerical data for ¢, > 1, where 74 = 72 = to obtain

norm norm?

ko. Then I extract the modified radiative lifetime 752°4. In analogy to Eq.(3.62), 1

norm

define 75m°d = 1 /(c, 7% ) and use the radiative lifetime multiplication factor ¢, as a

fit parameter, which I extract from fitting Eq. (3.74) to the numerical data for J, = 0.

Table 3.4 displays the fit parameters for crystalline silicon, amorphous silicon, and



38 CHAPTER 3. GENERALIZED EFFICIENCY LIMIT

Tab. 3.4: Parameters obtained from the numerical computation of the critical mobility
of crystalline silicon (c-Si), hydrogenated amorphous silicon (a-Si:H), and Cu(In;_,,Ga,)Ses
(CIGS, = = 0.26). The doping density used to compute the radiative lifetimes is (Ny =

5 x 10 cm—3).

5/ PLY GPLE /g ba G Lo

[em™2s7!] [mAcm™2] g [nm]
c-Si 446/2871 42.7/43.2 4.7 %1073 710 64757 4268
a-Si:H 6.2/2.7 x 107° 20.76/23.1 6.2 x 1075 404 2.7 x 10° 138
CIGS 81.4/80.4 40.75/40.7 6.4 x107® 8.36 29.5 109

CIGS.

Figures 3.19b, 3.20b, and 3.21b display the analytical short circuit currents com-
puted with the modified lifetime model as solid lines. The figures show that the mod-
ified lifetime approach is capable of capturing the general trends of the short circuit
current. However, it is obvious that the approach is too crude to precisely reproduce
the numerical simulations. The abberations between analytical and numerical results

are particularly severe in the case of crystalline silicon.

Due to the misfits in the short circuit current, also the analytical results for the
open circuit voltage and the efficiency as displayed in Figs. 3.19¢,d 3.20c,d, and 3.21¢,d
deviate from the numerical results. While V. is hardly influenced because the depen-
dence on Jy is only logarithmic, the efficiency exhibits severe abberations between
analytical and numerical results. For more precise results, one would have to obtain
energy-dependent k,(F) and ¢,(E). However, this would significantly complicate the
procedure. Moreover, the low mobility limit would also consist of an integral over the

energy.

As Figs. 3.19b, 3.20b, and 3.21b demonstrate, the analytically computed short cir-
cuit currents intersect the numerically obtained currents when the current is roughly
half of the maximum attainable value. This is because the fitting routine to determine
the parameter k, is designed accordingly. Therewith, we are able to give a quite accu-

rate approximation for the critical mobility of the three materials under investigation.
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3.9.2 Critical mobility

This section derives a closed-form expression for the critical mobility fici(7r) of crys-
talline and amorphous silicon and CIGS from the analytical modified lifetime model
developed in the previous section.

The low mobility limit of Eq. (3.74) yields

. Jsc
lim SQ EoLnorm = ko V MnormTIrlrcl)?ﬁll- (375)

Mnorm —0 JSC

Equating Eq. (3.75) at finorm = it With the absorptance agy,(d) (which is unity if
the cell is thick enough) for the solar spectrum yields the critical mobility

az,,(d)
,ucrit<19r) = mﬂref

" norm

(3.76)

in dependence of 9., i.e., the non-radiative lifetime.
With k&, and ¢, obtained from the fits and ag,,(d) &~ 1, we compute the critical

mobility in dependence of the non-radiative lifetime as

ref 1 r
,ucrit(an) = /;;;2 ( + chnorm)

nr
« 7_IIOI'I?(I

4q rad
3 3 . 77
kBTkgé % - ILLCI'lt’ ( )

where the critical mobility in the radiative limit is given by

Eg T Eg ?
rad o q(I)bbNACrTnorm - q <®bbNA> CrTr. (3.78)

T kpTh2agn? kT \ kon?

Figures 3.22a-c display the dependency of the critical mobility of c-Si, a-Si:H, and
CIGS on the non-radiative lifetime. From inserting the critical mobility in Eq. (3.74),
one finds that Ju(pn = ferit)/ P25 = 0.5. Therefore, I extract the critical mobility
from the numerical simulation as the mobility where the short circuit current has
reached 50 % of its maximum value. These values are depicted as solid symbols in
Figs. 3.22a-c. As a comparison, the figures also display the mobility, where the current
has reached 90 % of its maximum value (open symbols). Depending on the steepness
of the absorption spectrum, the mobility needed to achieve 90 % of the current is by a
factor of 400 for ¢-Si, 70 for a-Si:H, and 40 for CIGS larger than the critical mobility ficit

needed to obtain 50 % of the current. This factor is independent of the non-radiative

lifetime 7,,.
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Fig. 3.22: Critical mobility for crystalline silicon (c¢-Si), hydrogenated amorphous silicon
(a-Si:H), and Cu(In,Ga)Sey (CIGS, with = 0.26) versus non-radiative lifetime. The critical
mobility is inversely proportional to the non-radiative lifetime and saturates once the non-
radiative lifetime is much larger than the radiative lifetime 7, of the respective material. At
a doping level No = 5 x 10 cm™3, it holds 7 = 4.7 x 1073 s for ¢-Si, 7, = 6.2 x 1075 s for
a-Si:H, and 7, = 6.4 x 10785 for CIGS. The saturation level depends linearly on the doping

concentration.

The analytically obtained critical mobilities according to Eq. (3.77) are included in

the figures as well (solid lines). Even though the modified lifetime model does not
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render the current correctly in the whole mobility and lifetime range, the analytical
approximations for the critical mobility are excellent.

From the integrated absorption spectra, one obtains the radiative lifetimes 7, =
n?/(NaRy) with Ry according to Eq. (B.19). The radiative lifetimes 7, for the different
materials are listed in Tab. 3.4 for a doping density Ny = 5x 106 cm™3. For crystalline
silicon, it holds 7, = 4.7 x 1073 s. This value translates into the radiative recombination
constant B = Ry/n? = 4.25 x 107" cm®s™!, which corresponds well to the values
reported in Ref. [73]. The radiative lifetime in amorphous silicon is 7, = 6.2 x 107°s
which strongly depends on the bandtails of the utilized absorption spectrum. The
associated radiative recombination coefficient B = 3.2 x 107*? cm3s~!. For CIGS, one
obtains 7, = 6.4 x 1078s and B = 3.1 x 1071% cm?® s~! which is comparable to the value
of B=7x10""cm?®s™! published in Ref. [74]

In analogy to the critical mobility with constant absorption coefficient depicted
in Fig.3.11b, peq decreases with increasing carrier lifetime and saturates once the
radiative recombination limit is reached. For very low non-radiative lifetimes 7,, < 7,
Uerit 1S proportional to 1/7,,, i.e., the product of pey and 7, is constant. Therefore,

the critical mobility translates into a critical diffusion length

kB Tﬂcrit Tar 1
— - ~ L., 3.79
' q kaao ( )

which is identical to the average absorption length L, of the solar spectrum.

Amorphous silicon and CIGS both feature very similar absorption lengths, and,
consequently, similar critical diffusion lengths. Crystalline silicon with the larger ab-
sorption length has a much larger critical diffusion length. The critical diffusion lengths
are listed in Tab. 3.4.

3.9.3 Discussion

This section compares and discusses the photovoltaic performance of the three materials
c-Si, a-Si:H, and CIGS as presented in Figs. 3.19a-d 3.20a-d, and 3.21a-d.
Crystalline silicon

Mono-crystalline silicon has a very high electron mobility p, = 1240 cm?( Vs)~! [17].

With passivated surfaces, at a doping density Ny = 5 x 1016 cm ™3, lifetimes of several
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hundreds of microseconds are attainable, (see for example Ref. [75]). Therefore, at such
lifetimes, insufficient transport is not an issue. All photo-generated charge carriers are
completely collected and the short circuit current has already reached its maximum
value. The diffusion lengths are in the range of several hundreds of microns [18], thus
by far surpassing the critical diffusion length L, = 4.3 um (cmp. Tab. 3.4). Figure
3.23a depicts the short circuit current of a crystalline silicon solar cell with textured
front surface versus the cell thickness. Short circuit currents above Jy;. = 40 mA cm ™2
are already achievable with a thickness of d = 20 um. For non-radiative lifetimes
Tar = 10pus, the current is almost independent of the lifetime. Insufficient carrier
collection is only an issue in poly-crystalline silicon solar cells with lifetimes below
7 =10 us.

High efficiency silicon solar cells are limited by the open circuit voltage. The physical
limit is reached when Auger recombination dominates the lifetime. At a doping concen-
tration Ny = 5x10'° cm™3 the Auger lifetime is 7, = 466 us [76]. Figure 3.23b displays
the thickness-dependence of the open circuit voltage for different lifetimes (solid lines).
In the Auger limit, the maximum open circuit voltage at a thickness d = 200 ym is
Voe = 750mV (cmp. Ref. [77]). This limit is enhanced by another 50 mV by thinning
down the solar cell to a thickness of 20 um. Existing record solar cells feature open
circuit voltages below 710mV [78]. To achieve higher voltages, thinner solar cells with
perfect surface passivation are necessary. Another way to improve the voltage is the
usage of n-type silicon which is less prone to Shockley-Read-Hall recombination [79].

As Fig. 3.23c demonstrates, the converse thickness-dependence of J,. and V. leads to
an efficiency maximum at d &~ 20 ym, which underlines the great potential for reducing
the consumption of expensive silicon.

For comparison, Figs. 3.23a-c also include the numerical results without PR (dashed
lines). The simulations unveil that the elaborate computations with PR are only nec-
essary for (unrealistically high) non-radiative lifetimes 7, > 1ms and can be readily

neglected in physically relevant cases.

Amorphous silicon

Existing amorphous silicon solar cells suffer from very low short circuit currents of Js. <

17.5mA cm ™2 [80], even though pin structures are used to enhance carrier collection.

1

Electron mobilities in intrinsic a-Si:H are in the range of p, = 1 — 5cm?(Vs)™! (see
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Fig. 3.23: Short circuit current Js (a), open circuit voltage Vo (b), and efficiency n of a
crystalline silicon solar cell versus the cell thickness d for different non-radiative lifetimes 7,
from 7, = 10 s to 7y = 10ms. The doping concentration is Ny = 5 x 10 cm ™3, the front
surface is textured and all other parameters are identical to the parameters used in Fig. 3.19.
Solid lines are the results including PR and dashed lines are the results without PR. While
Jsc increases with increasing thickness, Vi decreases because of increasing non-radiative bulk

recombination. Therefore, the efficiency features a maximum at d ~ 20 pm.

for example Refs. [81,82]). With the critical mobility p! = 8.5 x 1073 ecm?(Vs)™},

crit —

which allows to collect 90 % of the current, these mobilities would be high enough to
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guarantee complete carrier collection in the radiative recombination limit if the device
were only limited by electron transport.

However, when looking at hole mobilities, one finds such low values that holes might
limit carrier collection even when holes are majority carriers. For hole mobilities we
have to distinguish between the band mobility ,ugand that accounts for a mobile hole
above the mobility edge and the effective drift mobility u;ﬁ that takes into account
trapping of the carriers in the valence band tails during their transport to the electrical
terminal [83]. The band mobility is 2™ = 0.3 cm?( Vs) ™! [83] or even much larger [84].
However, this quantity is irrelevant for the practical working conditions of the device.
Values for the relevant drift mobility x2" range between few times 10~* cm?( Vs)™!
and few times 1072 cm?( Vs)~! [83,84]. When considering a pin model that is based
on non-radiative recombination Schiff found a critical mobility of about 1cm?( Vs)™
which by far exceeds the measured values for ugﬁ [5,83], and therefore proposed the
term ‘low-mobility solar cells’ [5]. As the current considerations show, only the best
of the measured values are above the critical value pf2l = 8.5 x 1073 cm?( Vs)~! that
allows to collect 90 % of the available short circuit current density (cf. Fig.3.22b).
Therefore, a-Si:H is a photovoltaic material which comes close to having an inherent

mobility problem.

Cu(In,Ga)Se;

Solar cell absorbers made from Cu(In,Ga)Se; (CIGS) exhibit mobilities in the range
of 1 —20cm?(Vs)™! [85].7 Therewith, in the radiative recombination limit, CIGS is

not being limited by insufficient carrier collection. The critical mobility to achieve

rad __

90 % of the maximal short circuit current in the radiative recombination limit is pfR2§ =

0.08 cm?( Vs) 1,

Whether existing devices are limited by insufficient carrier collection depends on the
lifetime. Due to the extremely low radiative lifetime 7, = 64 ns, the material is very
tolerant towards non-radiative recombination. Although reported lifetimes are in the

low ns range [74, 87|, measured diffusion lengths are in the range of 0.5 — 1.5 ym [6]

9The values reported in Ref. [85] are majority carrier (hole) mobilities. However, the determination
of the minority carrier mobilities is rather difficult. Therefore, I use the hole mobilities as a rough
estimate for the electron mobilities. In fact, since electrons mostly possess a higher mobility than

holes, the values should be regarded as lower limits. An overview is given in Ref. [86]
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and thus exceed the critical diffusion length L. = 109 nm. Consequently, insufficient
carrier collection is not a problem (for a review of the topic see Ref. [86]).

Moreover, carrier collection is enhanced by collection in the space charge region and
by band gap grading [88]. The grading also leads to an effective passivation of the
interface to the back contact.

In total, CIGS solar cells are limited by their open circuit voltage rather than by
carrier collection [89]. In order to reach higher efficiencies, higher minority carrier

lifetimes are the top priority.

3.10 Limitations to the model

Restricting the computation of solar cell efficiencies to a mere minority carrier problem
relies on the assumption that the majority carrier concentration is much larger than
the minority carrier concentration throughout the solar cell. This situation is termed
"low-level injection’.

The maximum minority carrier concentration is achieved in the radiative recombi-
nation limit under open circuit conditions. This is because (i) any additional recombi-
nation and (ii) the extraction of carriers under non-open circuit conditions both result
in reduced carrier concentrations.

If we neglect thickness-dependent voltage enhancement then for given illumination
conditions, the maximum open circuit voltage in the radiative recombination limit is
given by the Shockley-Queisser limit V. = V59 In a p-type semiconductor the major-
ity carrier (hole) concentration is equal to the doping concentration Na. Therewith, it

holds for the maximum minority carrier (electron) concentration

n? qV3Q
max — 1 oC . 380
n N, exp (—kBT ) ( )

Therefore, the minimum doping concentration necessary to fulfill the low-level injection

max

condition n < Ny reads as

. qVSQ
N =nse o). 3.81
v = e (425) (3.81)
For the above materials, the minimum doping concentrations are NP" = 2.5 x

10" em™ for crystalline silicon, N = 2 x 10" ecm™ for amorphous silicon, and
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NRIn = 1.6 x 10 cm ™ for CIGS. Therefore, it is obvious that the doping concentration
Ny = 5 x 10%cm™2 is too low for crystalline and amorphous silicon once the open
circuit voltage approaches the SQ limit. In other words, the computations presented
in Figs. 3.19-3.21 are only valid below a voltage V2** = (2kgT/q)In(Na/n;). For
Nj =5 x 10 em™3, it holds V2 = 0.797V for ¢-Si, V2 = 1.28'V for a-Si:H, and
Vomax = 0.98V for CIGS.

In that case the problem cannot be treated as a mere minority carrier problem any
more. Instead, it requires the simultaneous solution of the generalized drift-diffusion
equations for electrons and holes including the photon recycling integrals. At that
point, the problem is not linear anymore and the system of equations needs to be
solved iteratively. This task, however, will be addressed in a later publication [90]

which also encompasses the coverage of pin structures.

3.11 Conclusion

This chapter has pointed out the importance of carrier transport for the efficiency of
solar cells. Even in the radiative recombination limit the efficiency is reduced drastically
once the minority carrier mobility drops below a critical mobility.

In crystalline silicon solar cells, insufficient transport is neither a problem in the
radiative limit nor in existing devices. In CIGS, mobilities are at most two orders of
magnitude above the critical mobility in the radiative recombination limit. Complete
carrier collection is maintained only as long as non-radiative lifetimes are only one or
two orders of magnitude below the radiative lifetime. In amorphous silicon, however,
drift mobilities of holes are in the range of the critical mobility even in the radiative
limit and, therefore, a-Si:H must be considered as having an inherent mobility problem.

While existing solar cells made of crystalline silicon rely almost exclusively on dif-
fusive carrier collection, solar cells made of amorphous silicon utilize pin structures to
enhance carrier collection and overcome mobility problems (see for example Ref. [5]).
In CIGS solar cells, band gap gradings play an analogous role [91].

However, such collection enhancement by means of built-in (quasi-)electric fields is
not possible in excitonic solar cells that rely on the diffusive transport of coupled (and
therefore neutral) electron/hole pairs (excitons) [92,93]. This explains, why organic or

dye-sensitized solar cells as examples of excitonic solar cells suffer from extremely low



3.11 CONCLUSION 97

short circuit currents although they feature excellent absorptance and lifetimes (for
reviews see Refs. [8,94,95]). While organic materials are well-suited for light-emitting
diodes where transport is not such a big issue [96], their utilization as photovoltaic
absorber materials is hampered by the limited diffusive transport of low-mobility ex-
citons.!® In such devices, insufficient transport not only poses a problem for existing
devices but also most probably limits the maximum attainable efficiency in the ra-
diative recombination limit. It is in excitonic solar cells, where the considerations

presented in this chapter unfold their real importance.

10Gince doping is irrelevant in excitonic solar cells, the model will not be limited by such strict

restrictions as imposed on pn-junction solar cells, either.



Chapter 4
Band gap fluctuations

Abstract: This chapter investigates the influence of lateral fluctuations of
the fundamental band gap on the global light absorptance and emission spectra
of spatially inhomogeneous semiconductors. A model that assumes a Gaussian
distribution for the local band gaps yields closed-form expressions for the spectral
absorptance and emission. Band gap fluctuations broaden the absorption edge of
the fundamental band gap as well as the associated emission peak. The spectral
position of the photoluminescence emission peak depends on the length-scale of
the fluctuations in relation to the characteristic charge carrier transport length.
The model is applied to experimental results from Cu(In;_;,Ga,)Sey thin films.
The films feature band gap fluctuations with standard deviations between 15 meV
and 65 meV which would lead to losses in the open circuit voltage of solar cells
made from these films in the range of 5 to 80mV. The fact that the pure
ternary compounds CulnSe; and CuGaSes exhibit smaller standard deviations
than their quaternary alloys indicates alloy disorder as one possible source of
band gap inhomogeneities. The length-scale of the observed fluctuations turns
out to be much smaller than the minority carrier diffusion length. Hence, the

fluctuations occur on a length-scale below 100 nm.

The previous chapter has analyzed the influence of finite carrier mobility on the
radiative efficiency limit of pn-junction solar cells. The approach was based on the
analysis of the radiative interaction within the solar cell as well as between the solar
cell and its ambience. Such radiative interaction consists of (i) light absorption and
(ii) light emission.

The absorption of light at a given photon energy E only depends on optical material

98
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properties, i.e. the complex refractive index. Primarily important is the imaginary part
expressed as the absorption coefficient o( '), which is a function of the band gap energy
E, of the photovoltaic absorber material (cmp. Tab. 3.2). The emission of light on the
other hand does not only depend on optical properties but also on local charge carrier

concentrations, i.e. the chemical potential .

In the last chapter, the solar cell featured completely homogeneous material proper-
ties throughout the entire device. Low minority carrier (electron) mobilities, however,
caused non-constant carrier profiles in the direction of current transport, i.e. a vertical
spatial variation of the chemical potential over the depth of the solar cell. Therewith,
light emission (and consequently, the radiative power conversion efficiency) turned out

to depend on the carrier mobility.

This chapter puts a different aspect of the problem into the center of attention,
namely material inhomogeneities in form of lateral fluctuations of the band gap energy,

as they occur, for instance, in polycrystalline compound semiconductors.

In a manner of speaking, this problem is complementary to the low mobility problem
of the previous chapter, where the device had a homogeneous band gap but featured
vertical spatial variations of the chemical potential. Now, in contrast, the carrier
mobility is assumed to be sufficiently large to guarantee a constant chemical potential
throughout the absorber depth. Laterally, however, the band gap fluctuations under

certain conditions induce lateral variations of the chemical potential as well.

As will be shown below, the lateral band gap inhomogeneities influence the ab-
sorptance and emission spectrum of the semiconductor acting as photovoltaic absorber
material. The emission spectrum additionally depends on the lateral variations of the
chemical potential. Anticipating the results of the following analysis, the extent to
which band gap fluctuations lead to fluctuations of the chemical potential depends on
the length-scale of the band gap fluctuations in comparison to the minority carrier

diffusion length.

This chapter investigates the influence of this length-scale relationship on the absorp-
tion and emission spectra of semiconductors with band gap fluctuations. It presents an
analytical statistical model that extends an earlier approach [97,98] in order to extract
information about extent and length-scale of fluctuations from global absorption and
photoluminescence (PL) measurements. Both, absorptance and emission spectra, are

increasingly broadened by increasing band gap inhomogeneities. While the absorp-
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tance spectra are not influenced by the length-scale of the band gap fluctuations, the

length-scale affects the spectral position of the emission peak.

The chapter is structured as follows. To begin with, I shortly delineate the concept
of band gap fluctuations as a form of spatial disorder in a semiconductor’s lattice
structure and clarify the correlation between band gap fluctuations and other forms of

disorder.

The next part presents the theoretical model of the band gap fluctuations. First,
the effect of fluctuations on the absorptance spectrum is analyzed, followed by the
analysis of the effect on the emission spectrum. Whereas the effect on the absorptance
sptectrum is independent of the length-scale of the fluctuations, the length-scale signif-
icantly determines the emission spectrum. For a comprehensible analysis, I distinguish
between fluctuations that occur on a small, a large, and an intermediate length-scale.
A numerical simulation reveals that the minority carrier diffusion length is the criti-
cal parameter on which the categorization of the fluctuations as being ’small-scale’ or

"large-scale’ is based.

The last part of the chapter applies the model to experimental data from polycrys-
talline Cu(In;_,,Ga,)Sey thin films commonly used as photovoltaic absorber material
in Zn0O/CdS/Cu(In,Ga)Se, heterojunction solar cells [6]. Such Cu(In;_,,Ga,)Se; films
are likely to display band gap inhomogeneities due to the high degree of disorder
caused by structural defects, spatial fluctuations of stoichiometry and/or alloy com-
position [86,99,100]. Band gap inhomogeneities (see section A.1 and Ref. [98]) or
inhomogeneities of the electronic properties [101-103] in such polycrystalline thin films

result in reduced power conversion efficiency for solar cells made from such absorbers.

The quantitative statistical analysis of luminescence/absorption spectra yields band
gap fluctuations expressed by standard deviations o, in a range of o, = 15meV up
to 0, = 65meV. In the composition range x = 0.2 to z = 0.5 that is technologically
relevant for Cu(In;_,, Ga,)Ses thin film solar cells these inhomogeneities would lead
to losses in the open circuit voltage of up to 80 mV. From the analysis I find that the
observed band gap fluctuations have a length-scale that is at least ten times smaller

than the minority carrier diffusion length in the material.
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4.1 Disorder and band gap fluctuations

The well-defined band gap energy of a crystalline semiconductor results from the perfect
spatial order, i.e. from the periodicity in the semiconductor’s lattice. Any symmetry-
breaking disorder in the lattice, i.e. disruption in the crystal’s periodicity, splits de-
generate electronic states such as the band edges into separate levels and leads to the
formation of states in the forbidden gap [104]. These states are observable in the optical
absorptance and emission spectra and are commonly described as Urbach tails [105].
The classical interpretation regards band tail states as the result of local disorder lead-
ing to localized states in the forbidden gap. However, tail-like absorption and emission
can also result from spatial fluctuations of the fundamental band gap [106-108], which

can in principle occur on any length-scale.

4.2 Band gap fluctuations model

This section develops a model that describes the absorptance and emission spectra
of inhomogeneous semiconductors with lateral fluctuations of the fundamental band
gap. Note that besides the band gap fluctuations, inhomogeneities due to a spatially
inhomogeneous distribution of charges (electrostatic potential fluctuations) have an ad-
ditional influence on the final performance of the material in the finished solar cell [86].
However, only band gap fluctuations are detectable by the optical analysis performed
in this paper.

Figure 4.1 depicts the general situation of a semiconductor with band gap fluctu-

ations under illumination. The valence band energy E9° and the conduction band

energy E&° fluctuate independently as a function of the spatial coordinate . As a
consequence, the local band gap energy Eéoc = EX%° — B fluctuates as well. In the
simplest case, the local absorptance a'°® will only depend on Eé"c.

In contrast to the previous chapter, the current approach neglects the spatial reso-
lution in the direction normal to the surface of the semiconductor. Since charge carrier
transport is assumed to be sufficiently ideal to result in a constant chemical poten-
tial throughout the whole absorber depth, the generation profile of carriers is of no

interest. Instead of the microscopic absorption coefficient a(E) only the macroscopic

absorptance a(FE) is needed.
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Fig. 4.1: Band diagram of a semiconductor with fluctuations of the local band gap E};C =
Eg)c — E{?C. These fluctuation of Eéoc lead to fluctuations of the chemical potential pl°¢ =
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The illumination of the semiconductor causes a splitting of the local quasi-Fermi
levels B¢ and Eg¢ of electrons and holes. Because of the spatial variations of the
band edges, the excess electrons and holes will move within their lifetime towards the
minima or maxima of their respective bands. Therefore, E}%¢ and Eif’pc will have a
dependence on x that differs from that of the band edges. This difference is especially
important when considering the local chemical potential p'°¢ = E%° — Ei?; that defines

the photon emission by radiative electron/hole recombination.

For the sake of simplicity, I neglect tunnelling. Therefore, the radiative recombina-
tion of electron/hole pairs is a strictly local process. Moreover, this chapter assumes
that the fluctuations of the band edges are small enough that even in regions with
small band gap, the quasi-Fermi levels are more than a couple kgT away from the

band edges. Therewith, all emission of radiation remains spontaneous and stimulated
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emission of light can be neglected.

4.2.1 Light absorption

Let us assume a locally well-defined band gap Eg’c. In a first order approach, the local
absorptance a'°° will be given by the step-function a'°*(E, Ey°°) = 1 for photon energies
E > Eéoc and a'°° = 0 for E < Eg’c. Note that I use the term ’local’ for a small region
with well-defined constant band gap Eéoc. The term ’global’ applies to a considerably
larger region comprising a statistically significant number of regions with different local
band gaps.

Following the statistical approach of Refs. [97,98], T use a Gaussian distribution
Po(EP©) of the local band gaps Ef¢ around a mean band gap E, with a standard
deviation o, as given by

ocC 1 B (EIOC T E )2
Po(EY) = P ( g202 N (4.1)
g g

The spatially averaged, global, absorptance a8°" is given by the integral of the local

absorptance spectraum over the surface area A
1

aglOb(E) =1 / a'°c (E, Eéoc(x)) dx. (4.2)
A
Since the local band gap is the only independent variable determining the absorptance,
the areal integral in Eq.(4.2) can be replaced by the integral over the probability
distribution P (£, ) [98]. The global absorptance is then calculated from
2lob (E, Eg,Ug) _ /OO gloe (E>Eéoc) PG(Eéoc)dEéoc

—00

E
= / Po(Ey°)dEy*

—00

- %erfc (E\g/;af) . (4.3)

Note that the complementary error function in Eq. (4.3) yields the step function at

E = E, in the limit o0, — 0. With increasing o, i.e. with an increasing degree of
non-uniformity, the absorptance spectrum is increasingly smeared out as depicted in
Fig.4.2a 1.

T use the lower integration limit —oo only to simplify the solution of the integral and to obey the
normalization of the probability function. Assuming the Gaussian probability (4.1) for Eé"c < 0is

justified as long as the mean band gap E, is much larger than the standard deviation og.
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Fig. 4.2: Influence of the standard deviation o, on a) the global absorptance spectrum,
b) the global spectrum in the case of small-scale fluctuations, and c¢) the global emission
spectrum for large-scale fluctuations. The absorptance curves are calculated from Eq. (4.3).
The emission curves are calculated from Eq.(4.28) with § = 0 in the case of small-scale
fluctuations and with 8 = 1 in the case of large-scale fluctuations. The average band gap is
E, = 1eV. A higher degree of inhomogeneity in terms of higher o, leads to a broadening of
the spectra. For small-scale fluctuations, the emission peak is shifted towards lower energies

(b), whereas the maximum emission of large-scale fluctuations is at the mean band gap energy

(c).

4.2.2 Light emission

Light emission of a homogeneous semiconductor is linked to its absorptance via Wiirfel’s
generalization of Planck’s law [15]. In an inhomogeneous semiconductor, this relation

holds on a local level. The locally emitted photon flux ¢°¢ per energy interval dE is
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related to the local absorptance a'°® via
om alOC(E, E}goc)EQ
h362 exp <E_Mloc> . 1

¢10C<E)dE —

r

dE, (4.4)
ks T
where h is Planck’s constant, ¢ is the speed of light, kg is Boltzmann’s constant and T’
is the absolute temperature. Note that here and in the following all photon fluxes and
electron currents are understood as particle current densities per unit surface area.
In analogy to the case of the absorptance spectrum, the global emission spectrum,

i.e. the globally emitted photon flux per energy interval

27
PP (E)dE = g dE x (4.5)

1 loc loc 2 E— 'uloc (X)
Z/ACL (E, Eg (X)) FE exp <_kB—T dx

is obtained by the areal integral over the local emission spectra. Note that Eq. (4.5) uses
the Boltzmann approximation of Eq. (4.4), which is valid as long as E — u'°¢ > kgT.

Unlike in Eq. (4.2), we now have two variables, E°°(x) and /'°°(x) that depend
on the spatial coordinate x. Hence, to solve the integral in Eq. (4.5), we would have
to calculate '°°(x) for an explicitly given distribution E°(x). A rigorous treatment
would have to solve the two- or three-dimensional continuity equation for the minority
and majority charge carriers (cmp. for instance Ref. [109]).

loc

This chapter chooses a different approach by postulating that p'°¢ is reasonably well

approximated by
uloc — Iuloc(Eéoc). (46)

Thus, we reduce Eq. (4.5) again to an integration over the band gap distribution ac-

cording to

o E E — M10c<Eloc)
¢§10b(E)dE _ T dE/ Pg(Eéoc)EZGXp (_ kBT g dEéOC‘ (47)

o0

Note that the assumption made in Eq. (4.6) is necessary to transform the geometrical
transport problem hidden in Eq.(4.5) into the statistical integral of Eq. (4.7). I am
aware that Eq. (4.6) is not strictly fulfilled for any pair of E)°(x), 4'°°(x) but represents
a correlation that holds when averaging over large areas.

In the following, I introduce two limiting cases for which Eq.(4.7) provides the

exact solution of Eq. (4.5). These limiting cases are defined by the comparison of the



106 CHAPTER 4. BAND GAP FLUCTUATIONS

characteristic length L, of the band gap fluctuations with the characteristic length L,
of the charge carrier transport. Note that the definition of L, is not straight forward
in the general case where transport of both kinds of carriers is equally important.
However, in the situation where one kind of carriers is clearly identified as minorities,
L, equals the minority carrier diffusion length L,. For the treatment of the general
statistical problem, we define the quantities L, and L, as the autocorrelation lengths
of Eéoc and p'°¢ as shown in section 4.2.2.3. In analogy to Ref. [110], I distinguish three

cases:

i) Small-scale fluctuations, Ly < L,: In this situation, the flow of carriers will lead
to a complete flattening of the quasi-Fermi levels. Consequently, the chemical

potential is constant as sketched in Fig. 4.3a.

ii) Large-scale fluctuations, Ly > L,: Here, transport of carriers within their lifetime
can be readily neglected. All photo-generated carriers recombine at the location
of their generation. Consequently, the chemical potential will follow the band

gap energy as sketched in Fig. 4.3b.

loc

ili) Intermediate length-scale, Ly ~ L,: In this situation, ;' only reproduces the

features of E}goc that have a small spatial frequency as sketched in Fig.4.3c.

4.2.2.1 Small-scale fluctuations
If the length-scale of band gap fluctuations is very small compared to L,, we have

loc

o = po = const. (4.8)

Consequently, the integration of Eq.(4.7) is carried out in analogy to Eq.(4.3) and we

obtain the global spectral emission

E —F E— o
gN(EYdE = ——erfe ( £ ) E’ex <— ) dE. 4.9
5°°(B) o) Tov (T (19)
Steady state During PL measurements, the sample is in a global steady state. In
steady state, no external currents are flowing and for the splitting of the quasi-Fermi
levels it holds p'° = u = pg (cf. Fig.4.3a). In this case, the sum of radiative and non-

radiative recombination current J,o. = ®&°P + J,. is equal to the impinging photon flux
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Fig. 4.3: Sketch of a semiconductor with spatial variations in the local band gaps Eéoc
under illumination. Also depicted are the resulting chemical potentials ;!°¢ for the case of a)
small-scale fluctuations, where the typical fluctuation length Ly of the band gap fluctuations
is much smaller than the characteristic transport length L, b) large-scale fluctuations where
L, is much larger than L,, and c) fluctuations with intermediate length-scale. In the case of
large-scale fluctuations (b), the variations in p!°¢ reproduce the variations in Eéoc. For smaller
length-scales of the band gap fluctuations (c), compensating currents level out differences in

1

the chemical potential. In case (a), ¢'°° is constant throughout the entire semiconductor.

®,. If one type of carriers is clearly identified as minorities, the ratio of non-radiative
and radiative recombination current is determined by the ratio ¥, = J,,,/ (I>§1°b =72/ T

of radiative lifetime 7, and non-radiative lifetime 7,,. Therewith, the steady state
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condition Ji.. = P, yields

@,%lob — (1 + Tr/an)_l (b'y ~ Q’T'Y, (410)

where the last term holds if 7, > 7,,. Following [98], the global radiative recombination

current
> 2rkpT 2 (B, — pt) kgT — o2
@%10]0 _ / ¢§10b<E)dE _ 7‘-382 Efexp N ( g :u) B2 G'g ’ (411)
0 hic 2 (kgT)
where E? is given by
E} = (Ey+ksT)" + (ksT)? — 02 (2B /keT + 1) + o/ (ks T)?, (4.12)

is obtained from integrating Eq.(4.9) over the photon energy E. Using the steady
state condition Eq. (4.10) and solving for p = ps allows us to derive an expression for
1 = pgs under steady state conditions

*h*P, ) o}

- )& 413
om0 ks TE? ) 2kpT (4.13)

lhss = Eg+k:BT1n(

By inserting Eq. (4.13) into Eq. (4.9) we obtain the spectral emission under steady

state conditions

d QE k’BT - O‘2
glob EVIE = ol g g
¢r ( ) QﬂrkBTE%eXp ( 92 (kT>2 X

E,—E —-F
erfc & E?ex (—) dFE. 4.14
( o ) o (2 (414)

4.2.2.2 Large-scale fluctuations

In the large-scale situation, the photogenerated charge carriers recombine before mov-

ing to (distant) regions with different band gap Eé"c. Because of this lack of lateral

interaction, each region has to be in a steady state condition, i.e. locally, the total
rec

recombination current JI°¢ equals the excitation flux ®, 2. Now, the steady state

condition holds on a local as well as on a global level.

?During PL measurements the sample is illuminated with laser light at a wavelength A\ = 488 nm
which corresponds to a photon energy E = 2.54eV that is much larger than the common average
band gaps of approx. 1.2eV. Therefore, the local excitation flux <I>17°C = @, is roughly independent of
the local band gap E°.
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Locally, radiative as well as non-radiative recombination currents depend on the
band gap. However, in the case of bulk recombination both currents obey roughly
the same dependency on the band gap. Therewith, the ratio of local radiative and
non-radiative recombination current is independent of the band gap Eéoc. For a doped
semiconductor this ratio is determined by the ratio ¢, of radiative lifetime 7, and
non-radiative lifetime 7, which are roughly independent of the band gap (cf. section
4.3.1).

The overall local radiative recombination current

loc = e loc @,

O :/E o (B, By )dEler:const. (4.15)
is obtained by integrating Eq.(4.4) over the photon energy dE and equals a con-
stant fraction of the excitation flux. This equation allows us to compute the hitherto

unknown dependence of the local chemical potential ;'

on E};C under steady state

conditions with ;°¢ = plo¢. Inserting Eq. (4.4) into Eq. (4.15) yields

2 es] E — loc

plc = T [ prog (-2 Hs ) gp (4.16)
kT

Solving this integral and rearranging the result leads to
h3c*®
loc Eloc — Eloc knTl et O 417
s (B) g TRBLD 210 kgT (4.17)
—ksTn ({(EY° + ksT)* + (ksT)?}) .

The knowledge of ui‘;"(Eg’c) now allows us to compute the spectral dependence of the

global emission ¢8°°(E) with help of Eq.(4.7). The resulting integral can only be
solved numerically. However, approximating Eéoc with E, in the logarithmic term in

Eq. (4.17) leads to a simple linear relationship
,ué‘;C(EéOC) = E};C — const. (4.18)

In the next section I use a generalization of this approach to derive an expression for the
emission under steady state conditions for any length-scale of the band gap fluctuations

with respect to the characteristic transport length.

4.2.2.3 Intermediate length-scale

The last two sections have shown that the splitting of the quasi-Fermi levels is constant

11°¢ = 1o in the case of small-scale fluctuations and that it is roughly equal to the local
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band gap reduced by a constant according to pl%¢ = Eéoc—const in the case of large-scale

fluctuations. In the general case of intermediate length-scales, the simplest approach is
to assume a linear superposition of these two cases namely to assume that p!°° consists

of a constant part and a part that depends linearly on the local band gap according to
P = o+ BEYC (4.19)

where the local chemical potential consists of a constant part pg and a part that is
linearly fluctuating with Eéoc. The constant factor 3 with 0 < 3 < 1 is the quantity that
contains the information about the length-scale of the fluctuations. In the following I
will show that 3 is equal to the ratio o, /0, of the standard deviations for band gap
and chemical potential. Subsequently, I derive an expression that relates [ to the ratio
L, /L, of the typical length-scales of the respective fluctuations.

Inserting Eq. (4.19) into Eq. (4.1) yields

=\ 2
L o — (1 — o — BE)
ogV 2T 2p%0}

_ B _<'uloc_p“)2 _ﬁP loc 4.20
- O'#\/%exp 20_3 - G(:u ) ( : )

and therewith the probability density P(u'°®) of the chemical potential which is de-

Po(EY°) =

termined by the mean chemical potential i = uo + BE, and the standard deviation

0, = Bog. Thus, it follows
B=0,/0,. (4.21)

Next, I derive an expression that relates 0, /o, to the length-scale of the band gap
fluctuations. As pointed out above, I will not attempt to find the exact solution of the
drift-diffusion equation. Instead I provide an approximate approach that makes use of
the Fourier transforms for stochastic processes?.

Basically, the spatial distribution of the chemical potential can be regarded as a
filtered distribution of Eg’c where the fractions with large spatial frequency have been
cut off. By using some useful theorems of Fourier transforms for stochastic processes
[111] we arrive at the desired relationships between standard deviations and fluctuation

lengths.

3For details concerning Fourier transforms of stochastic processes, see, e.g., Ref. [111].
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The spatial distribution of band gaps is not entirely uncorrelated but instead obeys
an autocorrelation function R, which states that the probability to find a certain band
gap Eg’c at a given position will also depend on the neighboring band gaps. This
spatial correlation becomes immediately plausible by considering the origin of band
gap fluctuations. For instance, the alloy composition may exhibit lateral fluctuations.
However, there are always compensating processes that prohibit too steep variations.

Mostly, local interaction is restricted to the immediate vicinity of a given location.
With increasing distance the correlation decreases strongly. To obtain integrable func-
tions * I assume

2

Ry(x) = exp <%) : (4.22)

where x is the distance vector between the two correlated locations and the correlation
length L, describes the length-scale of the fluctuations. Then the power spectrum of
the distribution

Se(k) = /_OO exp (—ikx) Ry(x)dx

o0

- (%)dm exp <_L4§k2> : (4.23)

where k is the spatial frequency, is given by the spatial Fourier transform of R, (cf.

Ref. [111], p. 319). Depending on the dimension dim of the fluctuations, the integral
in Eq.(4.23) is multidimensional. Integrating over the whole power spectrum yields

the standard deviation

o2 = 2 Sy (k)dk (4.24)

& 7

as a measure for the overall power contained in the fluctuations (for a mean band gap
E, =0) [111, p. 106, 288].
The advantage of using Fourier transforms is that we are now able to deduce the

loc

power spectrum of the chemical potential ;1'°¢ by applying a filter to the power spec-
trum S,. If the length-scale of the band gap fluctuations is too short than the chemical

potential does not reproduce the fluctuations exactly but only to an alleviated degree.

4Other approaches such as Ry (x) = exp (z—:) qualitatively lead to equivalent results but do not

provide analytic solutions for fluctuations that occur in more than one dimension.
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In the spatial frequency space, this means that band gap fluctuations with high spa-
tial frequency are not reproduced by the chemical potential. Effectively, the power
spectrum of the chemical potential is the result of applying a low-pass filter to the
power spectrum S, of the band gap distribution. The relevant quantity determining
the filter is the correlation length of the chemical potential L,. Band gap fluctuations
with a higher spatial frequency can not be reproduced and are cut off by the filter. At
the moment, L, is an unknown quantity. However, as will be shown in section 4.3, L,
equals the minority carrier diffusion length L, if one type of carriers is clearly identified

as minorities. In analogy to Eq. (4.23) I assume a Gaussian filter
F(k) = exp (—L2k*/4) (4.25)

and can thus compute the standard deviation of ©'°¢ as

e 21,2
2 _ L / exp | 25 s 1)k (4.26)
0 = o N p 1 o : :

Performing the integrations in Eq. (4.24) and Eq. (4.26) and combining the two equa-

tions yields the length-scale coefficient

oy 1

T ) o

as a function of the length-scale ratio. Here, dim denotes the dimension of the band
gap fluctuations, that is dim = 2 in the case of lateral fluctuations®. It is readily seen
from Eq. (4.27) that we have 3 = 0 for L, < L, (small-scale fluctuations) and 3 = 0
for Ly > L, (large-scale fluctuations). Thus, Eq. (4.19) represents a general approach
that applies to all length-scales.

Inserting Eq. (4.19) into Eq. (4.7) and integrating over E*° yields the global emission

spectrum
E — E —|— ﬁO'Q/kJBT
gob(VIE = " erfe & g X 4.28
SHENE = o vir) (4.28)
E — o — BE [CRtep
E’exp | — + E_ | dE.
P ( kT 20k T)?
®Note that the choice of the auto-correlation function R, and especially the filter for 11°¢ is some-

what arbitrary and is not based on physical reasoning. The analytical expression Eq.(4.27) is an
approximation that is not applicable if the actual autocorrelation function and filter function deviate

significantly from the above assumptions.
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After integration over the photon energy E and by using the global steady state con-
dition Eq. (4.10) we find

s — hSC?‘CI)A/ (1 — ﬁ)Qag
py = (1—pB)E;+ kgTIn (QWﬁrkBTE22> ~ T (4.29)
with
E = (Ey+ksT)* + (ksT)* + (1 — B)%0,/(ksT)*
+02 (26— 1 — 2B,(1 — 8)/ksT) . (4.30)

Inserting these expressions into Eq. (4.28) finally results in the global emission spektrum

9, P 2E kBT — 0'2
glob ENdE = r- g7 g 4.31
HOENE = o T E P ( 20T ) 30

E, — E + Bc%/kgT E
erfc £ ﬁag/ b E?exp <——> dE.
\/ﬁag ksT

With Eq. (4.31) we now have an expression that describes the emission spectrum for

a semiconductor with inhomogeneous band gap for all possible length-scales of the band
gap fluctuations. In the limit of small-scale fluctuations with L, < L, and thus 3 = 0,
Eq. (4.31) turns into Eq. (4.14). In the case of large-scale fluctuations with L, > L, and
B =1, the approach (4.19) which results in Eq. (4.31) does not yield the exact situation
as described by Eq. (4.17) where all subdomains are independently under steady state
conditions. Even though the sample is under global steady state conditions, the local
steady state conditions are not necessarily fulfilled. However, Eq.(4.31) provides a
reasonable approximation which is valid as long as 0, < E,. Figure 4.4 demonstrates
that for a medium band gap Eg = 1eV the differences between the emission spectra
according to the numerical solution of Eq. (4.7) with p!°® given by Eq. (4.17) on the one
hand and the analytical approximation Eq. (4.31) one the other hand are negligible for
oy < 100meV.

4.2.3 Discussion

Figure 4.2b depicts the emission current in the case of small-scale band gap fluctu-
ations according to Eq. (4.14) with E, = 1eV and o, = 50meV and 100meV. The
figure shows how band gap fluctuations with the resulting broadening of the absorption

transition also broaden the emission peak. Due to the exponential dependence of the
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Fig. 4.4: Luminescence spectra in the case of large-scale fluctuations. Comparison between
numerical solution of Eq. (4.7) with u!°¢ = ul%¢ according to Eq. (4.17) (dashed lines) and the
analytical approximations Eq. (4.31) with 8 =1 (solid lines) for F; = 1eV and g, = 50 meV
or 100meV. For standard deviations o, larger than 100meV the difference between the

analytical approximation and the the numeric solution becomes more pronounced.

emission spectrum on the photon energy, a small increase of the absorption at lower
energies results in an amplified increase of the corresponding emission, whereas a small
increase of the absorption at higher energies results only in a reduced increase of the
emission. Therefore, the position of the emission peak is shifted towards lower energies

for more inhomogeneous samples.

Figure 4.2c displays the emission spectrum for large-scale fluctuations according to
Eq.(4.31) with 8 = 1. As in the case of small-scale fluctuations, the emission peak
of an increasingly inhomogeneous sample is broadened. But whereas small-scale band
gap fluctuations lead to a shift of the emission peak towards lower photon energies,

large-scale fluctuations leave the position of the peak unchanged at the average band

gap E,.
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Note that for identical o, the only difference between the spectra in Figs. 4.2b and
4.2c¢ is the position of the peak. Spectral shape and magnitude of the spectra and, as a
consequence, the integrated emission spectra are the same. Since both cases are under
steady state conditions, the global recombination current is equal to the impinging
photon flux and it holds in all cases ®&'°° = ®. /9, according to Eq. (4.10).

Therefore, the position of the emission peak relative to the absorption edge yields
information about the length-scale of the band gap fluctuations. Fitting Eq. (4.3) and
Eq. (4.31) to a set of experimental absorptance and PL data yields the average band
gap E’g, the standard deviation o,, and the length-scale ratio L,/L,. We can thus
extract extent and length-scale of the measured inhomogeneities from experimental
absorption and emission data, as will be shown in section 4.4. First, however, we need
to analyze the relationship between the fluctuation length L, of the chemical potential

and the minority carrier diffusion length L,.

4.3 Numerical approach

In the previous sections I have only provided hand-waving arguments for the alleged
agreement of the correlation length L, of the chemical potential 1 with the diffusion
length L, in the situation where one type of carriers is clearly defined as minorities.
As plausible as the reasoning might seem - the compensating lateral currents are not
driven by carrier diffusion alone. The band gap fluctuations also lead to local quasi-
electric fields that cause minority carrier drift currents. Drift and diffusion currents
both depend on the strength and the length-scale of the band gap fluctuations, i.e. on
og and L,. It is thus not completely clear, whether the resulting correlation length L,
really is identical to the diffusion length L,.

This section provides a numerical solution of the drift-diffusion equation to verify
the results of the above analytical model and to show that the diffusion length in-
deed represents a very good indicator to approximate the correlation length L, of the
chemical potential.

Osvald [109] investigates a very similar problem consisting of a Schottky diode with
spatial variations of the Schottky barrier. However, while he needs to simultaneously
solve the drift-diffusion equation and the Poisson equation to solve the problem , here,

the band gap is not only preset as a boundary condition but throughout the entire
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sample. Thus, the band diagram is already known and we do not need to additionally

solve the Poisson equation.

4.3.1 Formulation of the problem

For the sake of simplicity, I assume that all band gap fluctuations occur in the con-
duction band as depicted in Fig.4.5. The valence band features no variations and is
constant throughout the entire semiconductor. Moreover, I treat the problem as a
pure minority carrier problem. The quasi Fermi level Ep, of the holes is invariant as
well. Thus, the majority carrier concentration does not fluctuate and is given by the
doping density Na. Furthermore, the fluctuations of the conduction band are assumed
to be sufficiently small, such that even in regions with small band gap, the electron
concentration is still decisively smaller than the hole concentration.

The simplification of assuming that all band gap fluctuations occur in the conduction
band, is only a special case of the general case depicted in Fig.4.1. Therewith, the
numerical results obtained in this section are not as general as the results obtained with
the analytical model. However, the approximation is sufficient to show the relevance
of the diffusion length for the length-scale of the chemical potential.

In general, the drift-diffusion equation for the minority carriers can be written as
[112]

tott 9 (4.32)

Here, D, is the electron diffusion constant and g(x) is the generation rate. The equi-

librium electron concentration is determined by the local band gap according to

TL2 NcN\/ Eg(X)
4 _ vV - AV 4.
o) = 2 = 202 exp( kBT) (4.33)

The normalized excess electron concentration is given by

n(x) — no(x)
no(x)

u(x) = (4.34)
Equation (4.32) assumes a spatially constant lifetime 7, and, therewith, a constant

diffusion length L,. Such an assumption is only valid if the lifetime is independent of

the band gap.
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Fig. 4.5: Band diagram of a semiconductor under illumination with band gap fluctuations
Eéoc that occur only in the conduction band EICOC. These fluctuations of Eg’c lead to fluctua-
tions of the electron quasi Fermi level Ei?nc, i.e., to fluctuations of the chemical potential 11°°.

Both, the valence band edge Ev and the hole quasi Fermi level Er,, are constant.

The equilibrium electron concentration ny and the equilibrium radiative recombina-
tion rate Ry (cmp. Eq.(B.19)) feature the same exponential dependence on the band
gap. Apart from the small polynomial dependence in the denominator of Eq. (B.19),
the radiative lifetime 7,(x) = ng/ Ry is therefore largely independent of the band gap.
If we assume Shockley-Read-Hall (SRH) recombination through defects as the predom-
inant non-radiative recombination mechanism, then the non-radiative lifetime is also
mainly independent of the band gap as long as the defect level is situated not too close
to one of the band edges (see for example [113, p. 15]). The Auger lifetime under
low-level injection only depends on the doping and, thus, shows no dependence on the
band gap [113, p. 10]).

Overall, the dependence of the lifetime on the band gap for different recombination
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mechanisms is weak enough to justify the assumption of a constant lifetime.
In order to reduce the computational cost necessary for the solution of the problem,

I restrict the discussion to the one-dimensional problem

dng du d’u nou g
odu | 2% Mot 9 4.35
dx dx o dz? L2 D, (4:35)

To solve this equation, I transform it to the spatial frequency domain via Fourier
transform to obtain

2rG(k)L?

/OO No (k=0 U(l) (KIL: 4+ 1) dl = 5

(4.36)

where Ny(k), U(k), and G(k) are the Fourier transforms of ng(z), u(z), and g(x),
respectively. The use of finite fast Fourier transforms (FFT) leads to a Matrix equation.
Solving this equation for U(k) and subsequently transforming U (k) back into the spatial

domain yields u(z) and also the local chemical potential

pss(z) = kpTIn (u(z) + 1) . (4.37)

4.3.2 Correlated band gap sequence

As input for the problem we require a stochastic distribution of band gaps that feature
a Gaussian distribution with standard deviation o, and a specified spatial correlation
function R,. Such a band gap distribution is generated in the following manner [114, p.
61]:

The Fourier transform of an uncorrelated stationary sequence of random numbers
with Gaussian distribution and standard deviation o, yields a stationary uncorrelated
white noise sequence. Applying a filter F'(k) and transforming the filtered sequence
back into the spatial domain results in a correlated sequence.

The filter has to be chosen in accordance with the desired auto-correlation function.
As has been pointed out in Eq. (4.23) and Eq. (4.25), the Gaussian auto-correlation

function

2

R, = exp (—%) (4.38)
g

corresponds to the filter

F(k) = exp (—L2k*/4) . (4.39)
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Using this filter allows the comparison between the numerical results and the results
from the analytical model which is based on the Gaussian auto-correlation function.
Performing an inverse Fourier transform of the filtered sequence and adding the
mean band gap Fj finally yields the desired Gaussian band gap distribution with the
mean value Eg7 the standard deviation o, and the Gaussian auto-correlation function

Eq. (4.38).

4.3.3 Discussion

Figure 4.6 exemplarily displays one-dimensional spatial fluctuations of the band gap
energy FE, versus the spatial coordinate x normalized to the fluctuation length (cor-
relation length) L, (bold line). The fluctuations in Fig. 4.6 feature a Gaussian auto-
correlation function and a standard deviation o, = 50meV. For simplicity, the band
gap is corrected by the mean band gap Eg, i.e., the plot shows F, — Eg.

The figure also displays the resulting fluctuations of the chemical potential p —
corrected by the mean chemical potential fi for different length-scale ratios L, /L, of
diffusion length L,, and fluctuation length L,.

For very small diffusion lengths L,, < 0.3 L, (large-scale fluctuations), the chemical
potential essentially reproduces the spatial fluctuations of the band gap. With increas-
ing diffusion length, lateral currents increasingly compensate the fluctuations of the
chemical potential. For L, > 100 L, i.e., small-scale fluctuations with a length-scale
that is much smaller than the diffusion length, p hardly features any fluctuations at
all.

Figure 4.7 depicts the dependence of the ratio § = 0, /0, of the standard deviations
0, and o, on the length-scale ratio L, /L, for different magnitudes of the band gap
fluctuations in terms of the standard deviation o,.

The analytical model Eq. (4.27) with the fluctuation length of the chemical potential
L, = L, being equal to the diffusion length L, predicts that 3 is unity for L,, < L, and
drops sharply once the diffusion length exceeds the fluctuation length (dashed line).
This dependence is independent of the magnitude of o,.

In contrast, the numerical results unveil that 3 does depend on o,. While numerical
and analytical results agree reasonably well for small fluctuations with o, < 25meV,
the numerically obtained curves exhibit a broadened decline.

At a small amplitude, fluctuations thus seem to enhance lateral compensating cur-
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Fig. 4.6: Band gap fluctuations and resulting fluctuations of the chemical potential versus
the spatial coordinate x normalized to the fluctuation length L, for a standard deviation
g = 50meV. The bold line represents the band gap fluctuations E, — E’g corrected by
the mean band gap Eg. With increasing length-scale ratio L,/L, of diffusion length and
fluctuation length, the chemical potential u — i corrected by the mean chemical potential

can not follow the band gap fluctuations.

rents, resulting in 3 being smaller than predicted by the analytical model. For increas-
ing magnitude o, of the fluctuations, however, this effect is reversed and (3 is larger
than the analytical 3 obtained with Eq. (4.27).

Overall, the simulations show that

(i) the analytical model is a good approximation for the relation between the stan-
dard deviation ratio 8 = 0, /0, and the length-scale ratio L,/L, as long as the

magnitude of the band gap fluctuations does not exceed o, ~ 50 meV, and that

(ii) the diffusion length indeed is the crucial parameter that determines the fluctua-
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Fig. 4.7: Ratio (3 of the standard deviations o, and o, versus the length-scale ratio L, /Lg
of diffusion length and fluctuation length for different standard deviations o,. The analytical
model Eq. (4.27) is represented by the dashed line. Solid lines are the numerical results. For
0y < 25meV analytical model and numerical results show a high degree of agreement. For
larger standard deviations however, the analytical model predicts a much steeper curve than

the numerical simulations.

tion length L, = L, of the chemical potential.

4.4 Experimental results

This section applies the above theory to absorptance and photoluminescence mea-
surements in polycrystalline Cu(In;.,Gay)Sey thin-films. The samples are fabricated
by coevaporation of the individual elements onto soda-lime glass substrates with a

substrate temperature Ty,;, = 550° C. The films have a thickness d ~ 2 um. The in-
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vestigated samples are either prepared in a three-stage process described in detail in
Ref. [115] or in a single-stage process which means coevaporation of all elements at
constant rates. All samples have a slightly copper-poor final composition. I vary the
relative Ga content x from z = 0 to x = 1. The three-stage samples are covered with a
50 nm thick CdS layer deposited from a chemical bath in order to reduce surface recom-
bination during PL. measurements. The CdS layer has a band gap of approx. 2.4eV. It
passivates the surface and therewith substantially improves the luminescence signals.
The single-stage samples, which are only used for absorptance measurements, do not

have such a protective layer.

Absorptance spectra are obtained from room temperature reflection and transmis-
sion measurements as described in Ref. [72]. Photoluminescence (PL) spectra are
measured at room temperature under monochromatic excitation at A\ = 514 nm with

an areal power density of 300 mW/cm? as described in Ref. [116].

The fabricated three-stage CIGS thin films exhibit three different Ga contents x =
0.3, z = 0.4 and x = 0.5. Figures 4.8a-¢c show the measured absorptance and PL
spectra. Also displayed are the theoretical curves obtained from simultaneously fitting
Eq. (4.3) to the measured absorptance data and Eq. (4.31) to the measured PL data.
The fit-parameters are the mean band gap Fj, the standard deviation o, the length-
scale coefficient  and an additional factor for adjusting the magnitude of the emission
spectra. In accordance with the literature [117], the average band gap increases with
the Ga content. The obtained medium band gaps are Eg = 1.15, 1.19, and 1.24 eV for
x = 0.3, 0.4 and 0.5. These results are consistent with the band gaps obtained from
quantum efficiency measurements of solar cells fabricated from absorbers processed in
the same run. The standard deviations resulting from the fits are o, = 48, 50, and
62meV. Figure 4.9 displays the values as solid triangles. For the length-scale coefficient
we obtain 3 = 0 in all cases, which means that the length-scale L, of the observed band
gap fluctuations is much smaller than the characteristic transport length L,. Since all
prepared samples are p-type semiconductors, L, equals the electron diffusion length
L,. Note that some systematic deviations of the experimental in Fig.4.8 are due to
parasitic absorption as discussed in section 4.5.1 and to optical interference effects as

discussed in section 4.5.3.1.

We have also fabricated CIGS thin films in a single-stage process with varying

gallium content x =Ga/(In+Ga) from z = 0 to z = 1 from pure CulnSe, to pure
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Fig. 4.8: Absorptance and photoluminescence spectra of CIGS thin films processed in a
three-stage process with different gallium content z. Fitting Eq. (4.3) and Eq. (4.31) (solid
lines) to the experimental data (symbols) simultaneously yields the fit-parameters Eg = 1.15,
1.19, and 1.24eV and o, = 48, 50, and 62meV for x = 0.3, 0.4, and 0.5. All data-sets exhibit
small-scale fluctuations with 8 =0, i. e. Ly < Ly,.

CuGaSe, and analyzed the absorptance spectra of these films by fitting Eq. (4.3) to the
measured data. As for the three-stage samples, Eg increases with x. We obtain Eg =
1.0, 1.13, 1.29, 1.41, and 1.66eV for x = 0, 0.25, 0.5, 0.75, and = = 1. The standard
deviations obtained from fitting the measured absorptance spectra are displayed in

Fig.4.9 as solid squares.
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Fig. 4.9: Standard deviation o, of the local band gap energy Eg’c in dependence of the
relative gallium content x as obtained from the combined absorptance/photoluminescence
fits displayed in Fig. 4.8 (solid triangles), and from fitting absorptance spectra of single-layer
samples with either Eq. (4.3) (solid squares) or a numerical approach that considers coherent
optics (open squares). The solid lines are a guide to the eye. For the ternary compounds
CulnSes and CuGaSey the fluctuations are minimal. This finding indicates alloy disorder as

one possible source of inhomogeneities.

4.5 Discussion

4.5.1 Length-scale of band gap fluctuations

The simultaneous analysis of absorptance and emission spectra relies on the assumption
that light emission is associated with fundamental light absorption, i.e. that the dom-
inant radiative recombination mechanism is band to band recombination. In general,
the measured luminescence spectra are a superposition of all possible optical transi-

tions. Especially donor-acceptor transitions are well-known in heavily compensated
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semiconductors like CIGS [118-121]. However, such transitions are usually analyzed
at temperatures below T" = 20 K. At such low temperatures, the Fermi-distribution
is very steep and therefore, the occupation probability of states below the conduction
band edge is much higher than the occupation probability of higher energy levels. Con-
sequently, transitions like donor-acceptor transitions gain importance at low tempera-
tures. At room temperature, the Fermi-distribution is quite broad and it is reasonable
to assume band to band recombination as the dominant radiative recombination path.
Recently, Kirchartz et al. [122,123] have shown in electroluminescence measurements
that the dominant luminescent emission changes from a broadened donor-acceptor
pair recombination at temperatures below 7' = 140 K to band to band recombination
at temperatures above T = 200 K. Indications for this change are the higher peak
energies of the emission peak as well as the absence of an intensity-dependent blueshift
of the spectra at temperatures above 200 K. Another indication for the validity of this
assumption is the consistency of the standard deviations o, obtained from absorptance
and luminescence fits of the three-stage samples, which are obtained in different energy
ranges. Whereas o, determines the slope of the absorption edge in an energy range
around the mean band gap Ej, it determines the low-energy flank of the luminescence

peak which is located more than 100 meV below the absorption edge.

The experimentally observed shifts between luminescence peak and absorption edge
displayed in Fig. 4.8 yield the length-scale coefficient § = 0 in all cases. Therefore, 1
conclude that all investigated samples feature fluctuations that occur on a length-scale
which is much smaller than the electron diffusion length L, of L, =~ 1 um. Reasonable
fit results could only be obtained when using 5 < 0.1. Via Eq. (4.27) and assuming two-
dimensional band gap fluctuations, this g-value corresponds to a diffusion length L,
that is at least ten times larger than the fluctuation length L,. Moreover, comparison
with the numerical results in Fig.4.7 suggest that, with o, > 50meV, the diffusion
length needs to be more in the order of 100 times larger than the fluctuation length
to obtain such low values for 3. Therefore, even accounting for the influence of donor-
acceptor pair recombination, which would also shift the emission peak towards lower
energies, would not alter the result of L, < L,,. The observed fluctuations are definitely

small-scale fluctuations.

In the case of small-scale band gap fluctuations, the electron and the hole population

in the entire semiconductor are each described by homogeneous quasi-Fermi levels.
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Therefore, the chemical potential 1 of photons is uniform throughout the sample and
Wiirfel’s generalization of Kirchhoff’s law holds for the global light emission spectrum.
Local and global emission spectra are determined by the product of absorptance and
black body spectrum according to Eq. (4.4).

In contrast, any departure from the small-scale limit leads to a spatially nonuniform
p(x) and Eq.(4.4) is only valid locally. Thus, a way to access the length-scale of
inhomogeneities is to test the validity of Eq. (4.4) for global absorption/emission data.
Figure 4.10 compares the measured absorptance data (open squares) of a three-stage
sample with = 0.4 to the data (open triangles) that are reconstructed from the PL

spectra [124,125] by inversion of Eq. (4.4) according to

(4.40)

loc
aloc(E) x E_26Xp( E > dq)r (E)

kgT dE
Additionally, Fig.4.10 displays the theoretical fit to Eq. (4.3) (solid line) as performed
in Fig.4.8b. All three curves show a good agreement for £ > 1.1eV. In the case of
fluctuations on a larger length-scale, the absorption data reconstructed with help of
Eq. (4.40) and the measured absorption data would not show such an agreement. In
that case, the luminescence is no longer the product of absorptance and black-body
spectrum, but instead the modified spectrum according to Eq. (4.31) with 5 # 0.

To underline the inapplicability of Kirchhoft’s law in the large-scale limit, I com-
pute the large-scale emission spectrum according to Eq. (4.31) with # = 1 using the
parameters F, = 1.19e¢V and o, = 50meV from the fit of the absorption data (cf.
Fig.4.8b). The spectral position of the large-scale emission peak is at higher energies
than the measured PL peak and therewith, reconstructing the absorptance spectra with
help of Eq. (4.40) results in a shifted absorption edge (dotted line in Fig.4.10) that is
not in agreement with the measured absorptance spectrum. Thus, the consistency of
PL and absorption data at energies £ > 1.1eV unveils the small-scale nature of the
fluctuations.

It is however also evident that at energies ¥ < 1.1eV the absorption of the sample
is far larger than would be expected from the emission data. I observe such a parasitic
absorption, which is also heavily influenced by interference patterns, in all our samples.
Similar results were also reported earlier for samples from other sources [126]. Obvi-
ously, this absorption stems from parts of the samples that do not contribute at all to

the radiative emission, i.e., parts with negligible chemical potential x of the photons.
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Fig. 4.10: Absorptance spectrum of a Cu(Inj_,Gay)Ses three-stage sample with a gallium
content x = 0.4. The spectrum obtained from transmission and reflection measurements
(open squares) exhibits pronounced sub-band gap absorption. The spectrum reconstructed
from PL measurements (open triangles) does not show this parasitic sub-band gap absorp-
tion. The theoretical absorptance curve from Fig.4.8b is displayed as well (solid line). It
nicely represents the absorptance spectrum extracted from the luminescence measurements.
The consistency of measured and reconstructed absorptance spectrum underlines the validity
of Wiirfel’s generalization of Kirchhoff’s law, which only holds in the case of small-scale fluc-
tuations. Assuming large-scale fluctuations would result in an absorptance spectrum which

is substantially shifted towards higher energies (dotted line).

Most likely, this ’dark matter’ corresponds to photovoltaically inactive phases with a
broad-range absorption. Whether or not these phases play a significant role for the

device performance is unclear up to now.
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4.5.2 Origin of band gap fluctuations

The dependence of the standard deviations o, on the Ga/(In+Ga)-ratio x as depicted
in Fig. 4.9 shows that the pure alloys CulnSe, and CuGaSe, are less inhomogeneous
than the quaternary alloys. Thus, alloy disorder is clearly one source of the inhomo-
geneities detected by our experiments. This conclusion is also compatible with the fact
that we are dealing with fluctuations on a length-scale of less than 100 nm because
statistical alloy disorder occurs on a length-scale of a few unit cells of the crystal struc-
ture. Orgassa [72] analyzed the band tails of the absorption coefficient and reports an
analogue dependence of the Urbach energy on the gallium content. Along a similar line,
the broadening of the transition peaks in the admittance spectra in Cu(In,Ga)(S,Se),
solar cells was found to increase with increasing In/Ga and/or S/Se alloying [127].

The fact that maximum inhomogeneity is achieved at x = 0.75 instead of z = 0.5
and the fact that o, is larger in CuGaSe; than in CulnSe, points to a second source of
inhomogeneities. In general, the material quality decreases in Cu(In,Ga)Se; alloys with
increasing Ga content such that structural defects on a small length-scale contribute to
the inhomogeneity of the Cu(In,Ga)Se, thin-films and significantly reduce the electronic
film quality [128,129].

Also, Cu-poor/Cu-rich nanodomains as recently found by transmission electron mi-
croscopy combined with x-ray energy-dispersive spectroscopy [100] might contribute
to band gap fluctuations. Such a conclusion would fit to the observation that band
gap fluctuations in CulnSe, films detected by absorption measurements increase with
decreasing Cu-content [130].

In contrast to small-scale fluctuations, there are also variations of the electronic
properties of Cu(In,Ga)Se, thin films on a length-scale of 3 — 20 um as detected by
spatially resolved PL measurements [131] and electron-beam induced voltage analysis
[132]. These variations most likely originate from variations of the electronic material
quality and are not or only slightly related to variations of the fundamental band gap.
Grabitz finds V. variations with a standard deviation o = 70 —85mV. Looking at the
local PL spectra measured by Giitay and Bauer (cf. Fig. 3c in Ref. [131]) unveils that
the spectral position of the maxima of those peaks differs only slightly. The authors find
that the associated band gap energies vary by at most 15meV. In contrast, the width
of each local spectrum (taken with a spatial resolution of less than 1 um) corresponds

to a standard deviation o, ~ 35 meV if analyzed by fitting the present Eq. (4.14) to the
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data in Fig. 3c in Ref. [131]. We may thus conclude that in those sub-micron-resolution
PL spectra the band gap fluctuations below the resolution limit are larger than those
that are resolved in these measurements. Conversely, the chemical potential p'°¢ in
terms of the PL-yields, which varies by a factor of ten, shows significant fluctuations
on a larger length-scale of 3 — 20 um which are not caused by band gap fluctuations.
From the differences of the observed length-scales, I conclude that there are various
types of inhomogeneities in CIGS absorber films. Localized disorder such as composi-
tional or alloy disorder results in small-scale fluctuations of the band gap. On a larger

loc

length-scale the chemical potential 1'°¢ shows additional fluctuations due to variations

in the local electronic quality of the absorber films.

In his PhD thesis [133, p. 97], Grabitz discusses different types of inhomogeneities
in CIGS absorber layers and possible causes of the inhomogeneities. He also describes
which method can be used to characterize different types of inhomogeneities. For
the analysis of large-scale fluctuations of electronic material properties, he develops
a multi-diode model that assigns different diode properties to regions with varying
electronic material quality [133, p.33], [103,134]. However, such a model is only suited
for large-scale inhomogeneities that do not require 2 or 3-dimensional device simulation.
Applying the model to temperature-dependent current-voltage measurements of CIGS
solar cells, Grabitz finds standard deviations ¢ ~ 140meV in the activation energy

that describes the local recombination behavior.

One important question arising from these different types of inhomogeneities is in
how far fluctuations of the chemical potential that originate from causes other than
band gap fluctuations influence the measured luminescence spectra.

The theoretical model developed in section 4.2 assumes that all regions with identical
local band gap E°¢ also exhibit identical local chemical potential z'°¢(Ey°).

If ;¢ features additional fluctuations, this implies that for a given Eéoc, different
regions can still exhibit different p!°. The average chemical potential uav(Eéoc) of these
regions differs from the chemical potential ,umodel(E}goc) which would have corresponded
to that band gap if no additional fluctuations had been present. However, under
the assumption that the additional fluctuations of ;'°° are completely uncorrelated to
fluctuations in Eéoc, the relationship between the average chemical potential /LaV(E}gOC)
and /Lmodel(Eg’C) is independent of the band gap energy.

Therefore, the resulting global luminescence spectrum changes only in magnitude
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but not in spectral position. This means that PL measurements on an arbitrary yield
scale are not influenced by fluctuations of electronic material properties which cause
fluctuations in the chemical potential. The spectral position of the luminescence peak
is only determined by fluctuations of optical properties, e.g. fluctuations of the band

gap energy which lead to fluctuations of the absorptance spectrum.

4.5.3 Model refinements

This section introduces some refinements of the relatively simple analytical model pre-
sented in section 4.2. The first section deals with fluctuations of the band gap over the
film depth, incomplete absorption and optical interference effects. Subsequently, the
implications of vertical gradings in the gallium content which lead to vertical band gap

gradings are analyzed.

4.5.3.1 Coherent optical analysis

The presented analytical model only features lateral fluctuations and assumes a con-
stant band gap throughout the film depth. Such an assumption is justified as long
as the length-scale of the fluctuations is larger than the film thickness. However, the
analysis of experimental data results in length-scales in the sub-micron regimes which
is much smaller than the film thickness of approximately 2 um. In addition, the absorp-
tance and luminescence spectra feature pronounced interference patterns that hamper
the interpretation of the data. A more accurate approach therefore requires the treat-
ment of vertical band gap fluctuations and a coherent optical approach that accounts
for non-ideal absorption and interference effects.

In direct semiconductors the absorption coefficient o obeys a square root-depen-

dence on the photon energy E according to a(FE) = agy/(E — Eg)/kpT where ay is
the absorption coefficient at £ = E, + kgT' (cmp. Tab. 3.2). In the small-scale limit
of an inhomogeneous absorber with a band gap that is stochastically fluctuating over

the absorber depth I define the effective absorption coefficient as

e (E) = /_ h ao\/ (E — EX°)/ksTP(EY)dEY. (4.41)

In this case, E};C denotes the (fluctuating) band gap over the absorber depth. Note
that laterally, the effective absorption coefficients are identical so that we do not need

an additional lateral averaging.



4.5 DISCUSSION 131

For a system of plane-parallel thin layers, the absorptance can be calculated in a
coherent optical analysis by making use of the matrix formalism for the propagation
of electro-magnetic waves in stacks of homogeneous materials [72,135]. With help of
the effective absorption coefficient a.g we thus numerically calculate the small-scale
limit of the coherent absorptance. Note that the coherent optical analysis can also be
carried out by calculating the coherent local absorptance with a locally well defined
a!°¢ and inserting that value into Eq. (4.3).

Figure 4.11a exemplarily displays the measured absorptance data of a single-stage
sample with z = 0.5 and the theoretical curves from fitting Eq. (4.3) or the coherent
optical computation to the measured data. Accounting for non-ideal local absorption
instead of the step-function utilized in Eq. (4.3) leads to far better fits to the experi-
mental data. However, the standard deviations o, obtained from using the coherent
optical model are only about 5meV smaller than those obtained from the analytical
model (cf. Fig.4.9 (open squares)). This result demonstrates the reliability of the
analytical model with respect to determining the extent of band gap fluctuations. For
the reliability of the fit results it is crucial though, not to fit the whole data range but

only a section that features no interference patterns.

4.5.3.2 Band gap grading

Another aspect to be discussed here is a nonuniform gallium content throughout the
film depth. Samples grown in a three-stage process exhibit a gallium grading over the
depth of the films [115,136,137]. The gallium content and therewith the band gap is
larger at the back of the film than towards the film surface. Therefore, the absorption
coefficient a(E) for a given energy E decreases towards the substrate [88,91].

Figure 4.11b demonstrates the impact of a band gap grading on the absorptance
spectrum. The figure depicts the absorptance for different AE, = E,(z = d) — Ey(z =
0) = 0meV, 50meV, and 300 meV, where z is the spatial coordinate over the absorber
depth® and d is the absorber thickness. The parameters for the simulation are the
surface band gap E,(0) = 1€V, the thickness d = 2 um, and an absorption coefficient
a(E, z) =10*cm™/(E — E,4(2))/(ksT).

The effect of the grading is very similar to the effect of band gap fluctuation. At

5Tn contrast to the notation in chapter 3, the vertical coordinate is denoted as z because here, z

already denotes the Ga content.
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Fig. 4.11: a) Absorptance spectrum of a single-layer sample with Ga content = = 0.5.
Fitting Eq. (4.3) to the measured data (open triangles) yields the dotted line. Accounting
for optical interferences leads to the solid line. The fit parameters are Eg = 1.29eV and
o = 45meV when using Eq. (4.3) and 0, = 40meV when accounting for interferences. b)
Simulated absorptance spectrum for different gradings from AFE, = E4(d) — E4(0) = 0,
50meV, and 300eV. The thickness is d = 2 um, the surface band gap is E;(0) = 1eV, and
the absorption coefficient is given by the square-root dependence of a direct semiconductor
as described in the text. Particularly in the energy range E,(0) < E < E4(d) the grading

decreases the absorptance.

energies F,(0) < E < Eg4(d), the absorption is reduced which leads to a broadening
of the absorption edge. Three-stage samples that are grown at a constant Ga rate,
typically feature band gap gradings F' ~ 25meV/ um [88,115]. Such gradings result in
a broadening which is comparable to the broadening induced by band gap fluctuations
with standard deviations o, ~ 15meV. The grading can be enhanced by intentionally
decreasing the Ga rate during absorber deposition. Such samples feature gradings up

to F' ~ 150meV/ pm which correspond to standard deviations o, ~ 40 meV.

Obviously, this finding has serious consequences for the interpretation of the ob-
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tained standard deviations in terms of lateral band gap fluctuations in the case of
three-stage samples. The standard deviations displayed in Fig.4.9 as solid triangles
are obtained under the assumption that the complete broadening is a result of band
gap fluctuations only. Thus, they represent maximum values for the band gap inho-
mogeneities. Taking into account the band gap grading would result in significantly
smaller standard deviations. Therewith, the grading provides a qualitative argument
why the standard deviations of three-stage samples are larger than the ones obtained

from single stage samples.

4.5.4 Implications for solar cell performance

Inhomogeneous samples exhibit absorption at lower photon energies. Due to the ex-
ponential dependence of all recombination mechanisms that are governed by the band
gap, the overall recombination current in an inhomogeneous semiconductor will thus
be larger than in a homogeneous sample with a band gap F, that equals the average
band gap F, of the inhomogeneous sample. This increase of the total recombination

current leads to a reduced open circuit voltage [98]

0.2

Vi s viem - e (1.42)
of inhomogeneous solar cells in comparison to a uniform cell with a single band gap
that is equal to the average band gap of the inhomogeneous cell. Therefore, it should
be possible to see a correlation between the standard deviations obtained from the
absorptance spectra in Fig. 4.9 and measured open circuit voltages of solar cells fab-
ricated from these absorber films. However, the poorer cell-performance of wide-gap
CIGS solar cells with x > 0.4 [128,138-142] is only partially explained by band gap
fluctuations. The standard deviations o, derived in the present work account for V-
losses in the range of 5mV (for o, ~ 15meV, CulnSe;) up to 80 mV (for o, ~ 65 meV,
Cu(In;_,,Ga;)Se; with x = 0.5). Especially in the technologically relevant range of
Cu(Iny_,,Ga,)Sey alloying with 0.2 < x < 0.5, these losses are significant and mak-
ing the devices more homogeneous would substantially improve their performance.
However, the systematic degradation of the open-circuit voltage with increasing Ga-
content x > 0.3 that hampers the development of efficient wide-gap Cu(In,Ga)Se,

solar cells cannot be explained with the present data. The V. degradation of wide-gap

Cu(In,Ga)Ses devices corresponds to V. losses of more than 250 mV when comparing
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the V. of the best CuGaSe, devices to the V. that would be expected if the electronic
quality of high efficiency Cu(Ingg,Gagz)Ses devices could be preserved for the wide-
gap CuGaSe; solar cells [140]. Thus, the difficulty to produce high efficiency wide-gap
chalcopyrite solar cells is not exclusively explained by the small-scale inhomogeneities
detected in the present work. Rather, the overall poorer electronic quality of those
wide-gap materials reflected in the larger concentration [143] or less favorable ener-
getic position [129] of bulk defects plays a more decisive role. In addition, electrostatic
potential fluctuations [86] that are superimposed on band gap fluctuations and that are
not detected by room-temperature PL. measurements might play a role in deteriorating
the performance of wide-gap chalcopyrite solar cells.

Note at this point, that Eq. (4.42) holds only if all local chemical potentials ;' are
equal to the global open circuit voltage. This is automatically the case for small-scale
fluctuations but also for ideal front contacts that lead to a perfect parallel connection
of the local subdomains which in turn levels out all voltage differences. However, in the
case of large-scale fluctuations the lateral resistivity of the emitter decides about the
resulting global open circuit voltage [103]. The emitter resistivity can thus be tuned

to compensate V. losses due to large-scale inhomogeneities.

4.6 Conclusions

I have presented an analytical model that predicts the broadening and energetic po-
sition of absorptance and emission spectra for semiconductors with lateral band gap
inhomogeneities. This model supplies information about the extent of the investigated
band gap fluctuations from the broadening of absorption edge and emission peak. The
length-scale of the fluctuations is determined by the position of the emission peak with
respect to the absorption edge.

From fitting the model to experimental data of CIGS thin films with varying gal-
lium content we extract standard deviations o, of the fluctuations in the range of 15
to 60 meV which would result in V. losses in the range of 5 to 80 mV for solar cells
made of these films. As the ternary compounds CulnSe; and CuGaSe; show the small-
est standard deviations we conclude alloy disorder as a possible source of band gap
fluctuations. All investigated three-stage samples show a luminescence peak that is

substantially shifted towards lower energies when compared to the absorption edge.
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This shift means that the length-scale of the fluctuations is much smaller than the
diffusion length. Hence, the fluctuations detected here result from rather local disorder

on a length-scale below 100 nm.



Chapter 5

Outlook

The thesis on hand has focussed on the interplay of charge carrier transport and the
detailed radiation balances of absorbed and emitted radiation fluxes.

The first focus was placed on the efficiency limits of pn-junction solar cells. This
approach consisted of a pure low-level injection approach that neglected the behavior
of majority carriers. However, as has been pointed out in section 3.10, in the radiative
recombination limit, the low-level assumption is only valid for almost unrealisticly high
doping concentrations.

Consequently, the next step needs to extend the approach to the simultaneous treat-
ment of minority and majority carriers. Since the differential equations of electrons
and holes are coupled via the recombination term that includes the product of electrons
and holes, such a problem can no longer be transformed into a linear matrix equation
but needs to be solved iteratively.

As an additional advantage, such a general approach allows the inclusion of built-in
electric fields as they occur in the space charge region of pn-junctions or in the intrinsic
layer of pin structures. This approach is particularly important for the description of
multiple quantum well structures. Such structures are investigated as third generation
solar cells to use as top cells in tandem structures. The quantum confinement leads
to increased band gaps and to potentially very high lifetimes. However, charge carrier
transport in these structures is hampered by the tunnelling across the potential barriers
[144].

Tunnelling also plays a role when it comes to extend the analysis of inhomogeneous
semiconductors. In this thesis, I have assumed that the recombination of electrons and
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holes is a strictly local process. However, this assumptions can hardly be maintained
once fluctuations in the band gap or additional potential fluctuations are too steep and
too abrupt. Then, tunnelling processes need to be considered that lead to non-local
recombination.

Overall, the further development of new materials, such as organic semiconductors,
or new solar cell device structures, such as fluorescent concentrator systems, requires
further investigations of the interaction between electronic and photonic transport.
The considerations performed in this thesis will gain importance whenever electronic
transport is limited and increased radiative recombination enhances photonic transport.
New generations of photovoltaic devices will encompass all kinds of combinations. Con-
ventional solar cells feature near to perfect electronic transport but negligible photonic
transport. New devices, however, might reverse this situation. An extreme case, for
instance, consists of the fluorescent concentrator where transport is exclusively pho-
tonic. In systems with such fluorescent concentrators, conventional solar cells as we

know them now only make up a very small part of the complete photovoltaic system.



Appendix A

Radiative efficiency limit with

energy-dependent absorptance

A.1 Inhomogeneous band gap

Shockley and Queisser have performed their calculation of the maximum power con-
version efficiency under the assumption of a homogenous band gap, which - provided

that the solar cell is thick enough - leads to a step-like absorptance function.

Rau and Werner [98] have extended the SQ-approach to solar cells with lateral band
gap fluctuations. Such fluctuations lead to a broadening of the absorption edge and

consequently to a reduction of the radiative power conversion efficiency.

This is because radiative recombination is increased in the regions with small band
gap and decreased in the regions with larger band gap. Due to the exponential de-
pendence of the radiative recombination rate on the band gap, the overall radiative

recombination rate is increased.

The following section shortly recapitulates the effect of band gap fluctuations on
the power conversion efficiency. A detailed discussion of band gap fluctuations with

different length-scales is given in chapter 4.

The simplest approach to model band gap fluctuations is to assume a Gaussian
distribution of band gaps around a mean band gap FE, with a standard deviation
o, (cmp. Eq.(4.1)). As derived in Eq.(4.3), this approach yields the absorptance
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spectrum

a(E,Ey 04) = %erfc (E\g/;UE) : (A.1)
g

A higher degree of inhomogeneity in terms of the standard deviation o, results in an in-
creasingly broadened absorption edge when compared to a homogeneous semiconductor
with band gap E, (see Fig.4.2a).

In analogy to Eq. (2.10) and Eq. (2.11), the absorptance influences the emission. In

total the broadened absorption edge results in the enlarged emission current

_ ™ o E,—E E—pu
Pem (1, By, 04) = W/o erfc( \g/% )EQexp (- T )dE
g
n 2

_ E — o
= Joo(Ly, 0g)exp (— /iBT + Q(k‘BgT)Q) , (A.2)

where
_ 2mkpT
JOO(Eg7 Ug) hgfg (AB)
, , o2 ol
E? 4 2F,kgT + 2(kgT)?) — —& (2E, + kT & .
{( g T 2LgrBL + (B )) k‘BT( o T KB >+(k‘BT)2}

The chemical potential i of the emitted photons is assumed to be constant throughout
the depth of the solar cell. Also, lateral currents within the absorber layer or in the
highly conductive emitter layer lead to a laterally homogeneous chemical potential.
This case corresponds to the small-scale limit discussed in chapter 4.

As a result of the increased emission current, the radiative efficiency limit is sig-
nificantly decreased by band gap fluctuations. Comparison of Eq. (A.2) with Eq. (2.9)
reveals that the main contribution to the increase in the recombination current stems
from the exponential factor.

The short circuit current is only slightly influenced by the fluctuations because the
maximum of the solar spectrum is at energies larger than typical mean band gaps.
Therefore, and by using Eq. (2.2) and Eq. (2.10), the drop in efficiency is almost exclu-

sively caused by the decreased open circuit voltage

Vinhom — Eg O-g kBT <@)

o Vhom _ T8 (A.4)
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A.2 Optimal absorptance

For given solar irradiation ¢g,,(F) and black body irradiation ¢, (F), the maximum
efficiency of a solar cell is given by the absorptance a(FE). Shockley and Queisser
based their efficiency limit on the assumption of a step-like absorptance function. The
previous section has shown that a deviation from the step function in the form of a
broadened absorption edge according to Eq. (A.1) leads to a decreased power conversion
efficiency. But does this result automatically mean that the step function is the optimal
absorptance function leading to the ultimate maximum efficiency?

In this section, I show that for virtually any spectrum, the optimal absorptance
is indeed given by a stepfunction. For uni-modal spectra ¢gu,(E) and ¢, (E), the
stepfunction consists of only one step at the band gap energy FE,.

The underlying idea of the following proof is to consider a solar cell with a given
arbitrary absorptance spectrum that is defined for all energies except an infinitesimally
small interval dE at an energy F. By looking at the efficiency gain dn implied by adding
this interval dE with a certain absorptance a(F), I determine the optimal absorptance
that leads to maximized efficiency gain for all energies. A very similar proof is given by
Aratjo and Marti [70]. Their approach is slightly different as it considers the maximum
power Prax = VinppJmpp and forms the derivative dVipp/dE,. However, the results are
essentially identical to the results obtained here.

For our consideration let us assume that the fill factor F'F' is independent of the

voltage so that the efficiency can be approximated by

FF

n= P_~JSCVOC = constJy. (In (Jio) — In (Jp)) . (A.5)

To simplify further, let us assume const = 1. The short circuit current is given by the
integrated solar spectrum ¢g,, (E’) weighted with the corresponding absorptance a(E")

according to
Jsc :/ a(E/)¢sun<El>dEl
0

= /O a(E')poun(E')dE" + / T (B ) ban(EVAE + a( E)paun (E)dE (A.6)

E+dE

By replacing ¢gu,(E) with ¢p,(F) we obtain an identical equation for the radiative

saturation current Jy.
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The currents depend on the absorptance at all energies. Since we want to determine
the optimal absorptance a(FE) at the energy F, we have to split up the integral as
performed in the last line of Eq. (A.6). Neglecting the term a(E)psun(E)dE yields

E [e%S)
Joo r J = / a(E ) boun(E')dE' + / a(E)boun(E')dE' (A.7)
0 E+dE

which is independent of a(FE). This approximation is valid as long as the absorptance
is nonzero for most other energies, i.e. as long as the remaining integrals are much

larger than the incremental contribution a(E)¢sun(E)dE. In the same way we define

T = /O (B oy (E')AE' + / T (B o (E)AE (A8)

E+dE

Next, we determine the efficiency gain dn(E) by looking at the derivative

dy _de (J) g (dln(JSC) - dln(Jo))

dE ~ dE  \ J, dE dE
Al Ju 1 dJe 1dJy
— In [ =< Y (e _ -0
dEn(JO)+J (JSC dE JOdE>
dJ@ J@ tkcdjb
- In (2} 41) - B2 A.
dE (D(J0)+ ) Jo dE (4.9)

With dJs./dE = a(E)psm(E) and dJy/dE = a(E)pu,(F) and the approximations
Jse = J.. and Jy = Jjj we rewrite Eq. (A.9) as

D a(B)u (A10)
with
J! J!
oun(E) = 6un(E) (1 () +1) = () (A1)
0 0

This equation is the starting point of the following iterative argument. It consists of
the product of the absorptance a(F) and the photon flux difference ¢g;r(E) which is
independent of a(FE).

Let us now assume an arbitrary absorptance spectrum as depicted in Fig. A.1a. This
spectrum determines J!. and Jj, which in turn determines ¢qis(F). An exemplary
term ¢gig(E) is shown in Fig. A.1b. Then the maximum efficiency gain is obtained for
a(E) = 1if ¢ai(F) > 0 and a(F) = 0 if ¢pgig(F) < 0. Therewith, we obtain a new

absorptance spectrum according to Fig. A.1c, which leads to an efficiency that is larger
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Fig. A.1: Tterative scheme to obtain the optimal absorptance. a) Initial random absorptance
spectrum vs. photon energy E. b) Term ¢gig(E) in Eq. (A.11) resulting from the absorptance
in a). ¢) Depending on the signum of ¢qif(E), the optimal absorptance at the energy E is
either one (for ¢gig(E) > 0) or zero (for ¢aig(F) < 0). d) Optimal step-function absorptance
spectrum under irradiation with a solar black body irradiation. The optimal band gap is

B 1.24eV.

or equal to the one obtained with the previous absorptance spectrum. Repeating these
steps by randomly changing the energetic position E of the interval in question results
in an absorptance spectrum that consists only of ones and zeros.

This digital optimal absorptance is only a consequence of the way the efficiency is
defined in Eq. (A.5). The spectra ®g,, and Py, determine only if the signum sqig(F)
of ¢air(E) is positive or negative for a particular energy.

Next, we have to determine, whether the iteration will converge. With each new
absorptance spectrum, the roots of the term in brackets will change as well. What is

needed is an absorptance that reproduces itself at all energies. This absorptance will
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consequently also reproduce the roots of ¢qig. Whether ¢qir(F) has one or more roots
depends on the shape of the two spectra ¢gu,(E) and ¢y, (F). For any two uni-modal
spectra that feature at most one intersect, which is the case if both, solar cell and
sun, are regarded as black bodies, the term has only one (or no) root. In particular,
the approximation of the solar spectrum as a black body spectrum at T = 5800 K
(normalized to an areal power density of 100 mW/cm?) leads in combination with the
black body spectrum &y, at T'= 300K to sqip < 0 for £ < By~ 1.24 and sgg > 0
for £ > E;**. Therefore, the iteration converges once the absorptance is given by the
optimal absorptance a(E) = 0 for £ < E3** and a(E) = 1 for £ > E&* as depicted
in Fig. A.1d. For this mono-step function, the efficiency reaches its ultimate maximum
n ~ 31 %.

For a spectrum that can not clearly be classified as a uni-modal function such as the
AM1.5g solar spectrum, the case is slightly different. In principle, ¢qg could feature
more than one intercept, and, therefore, it would be feasible that the optimal absorp-
tance would consist of a multiple step function to account for the different atmospheric
absorption losses that lead to sharp recesses in the spectrum.

This reasoning becomes clear, if we consider a hypothetical spectrum consisting of
multiple discrete peaks. Then, the optimal absorptance would be a = 1 at the peak
energies and a = 0 everywhere else.

However, while the irregularities in the AM1.5g spectrum do lead to two optimal
band gaps of F, = 1.15eV and E, = 1.34eV that each result in the ultimate maxi-
mum efficiency 1 ~ 33 %, the recesses are not deep enough to require an absorptance
spectrum that deviates from the mono-step function. The SQ limit of 33 % remains
the ultimate efficiency for single junction solar cells.

The SQ limit can only be overcome by breaking the link between radiative recombi-
nation current and the absorptance. This can, for instance, be achieved by restricting
the Fermi-levels governing certain energy regimes as has been conceptualized for the
so-called intermediate band solar cell [145]. With such an arrangement, the theoretical

maximum efficiency is increased to over 60 %.
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Derivation and numerical
implementation of the photon

recycling scheme

B.1 Exponential Integrals

This section provides the integrals needed for the derivation of various interaction terms
for the internal and external generation rates. In general, the problem always consists
of an integration of the term exp <—$@> over the angle  in different combinations

with the terms cos (f) and sin (6). Using the substitution ¢ = z/cos (f) we obtain

cos? (6) cos (6) 2 22
do = = = dt = ——————dt. B.1
zsin (6) tsin (6) t2sin (6) t3sin (6) cost (B-1)
Since in the case of plane front surfaces the reflection coefficient at the front surface

is different in the regime 0 < 0 < 6, and 6. < 6 < w/2, I divide the integral into two

parts according to

Oc /2 /2
0 f(@)d@:/o f(@)d@—/@ £(6)d6, (B.2)

c

where f(0) stands for any function depending on 6.
In the following, I only list the general cases with the lower integral boundary being
0. that is also valid for the first integral when 6. is replaced by zero and accordingly,
cos (6.) is replaced by one.
We need the following integrals:
144
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® E11 (Z, HC)

/95/2 exp (_COSZ(Q)) (S;f; ((Z)) 40 (B.3)
= () = B0

z/cos(fc

[} E12 (Z, GC)

/ / exp ( ) sin (B.4)

o0 z ) z
- Z/z/cos(9 | dt = cos (0..) exp (_—cos (Q:)) — zFEi (—cos (9c)>
= E12 (Z, 90)

e Eis(z,6.)

/2
Jo s
= z2/ d

/cos(6c)

) cos (0) sin (0) df (B.5)

_ % {(1 — 2/cos (6.)) cos® (0.) exp <—COSZ(96)) + 2°Ei (COSZ(QC)) }
=: Eiz (2, 0.)

These three exponential integrals are connected via the integration over the spatial
variable ¢ as performed in the following exemplarily for Ei; (z,6.). The solution is best
obtained by changing the order of integration over dff and d¢. We thus obtain the

integral

[ o= [ [ on (i) o
[ e () .

- /6 :r/z exp <_COSZ(0)> sin () d = Eiy (, 0,) . (B.8)

Every integration of exp ({/cos (6)) over £ yields the factor cos (f). Therefore, we

also obtain

/ " Eiy (€, 0.) dé = Eig (=,6,). (B.9)
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For the transformation of the integro-differential equation into a finite differences

scheme we need the double integration over the coordinates z, and x, given by

T [T — Q) (SgZg, Srr)
dx.d B.1
//Xp( i) e, (B.10)

cos(0) [™ — Q1 1y (Sgg, 5:Tj) — T (Sg g, $:T5-1)
e r ) o , d
i o /$i1 {exp < COs (6) P COSs (0) I‘g
_ Sger{eXp (—a:cl,m (Sgi; sr:cj)) — exp (—ole,m (sg21, erjl))

a? cos (0) cos (0)
. —OXm (ngi—la erj) —QTm (ngi—la erj—l)
P < cos (0) ) Texp < cos (0)
2 6) ..
=: sgsrCOSaQ( ) xp (B.11)

B.2 Diffusion equation with reabsorption

This section starts by reformulating the diffusion equation as a linear matrix equation
based on linear operators. Then it gives expressions for the transport operator and
the recombination operator. Subsequently, it derives an expression for the internal
generation rate, starting with the direct radiative interaction between two locations
in the cell, and followed by the inclusion of multiple reflections. Finally, it derives
expressions for the external generation rates Gy, and Gy, caused by black body and

solar irradiation respectively.

B.2.1 Linear matrix formalism

Using methods from functional analysis allows us to rewrite the rather complex integro-
differential Eq. (3.1) in a simple operator notation. On the one hand, this operator no-
tation facilitates the derivation of certain theorems about for instance, the reciprocity
of photovoltaic action and light emission, from basic properties of the operators [146].
On the other hand, linear operators in infinite spaces can be expressed as matrices in fi-
nite spaces since both describe linear transformations. This analogy directly points out
the way to the numerical computation scheme, which transforms the integro-differential
equation into a finite Matrix equation. This method is only possible due to the linear-
ity of the operators. Otherwise, iterative numerical schemes would have to be used. In

the following, I shortly discuss the properties of the operators.
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Operators can only be defined on a certain normed space of functions with respect
to a given norm. The electron concentration n(x) is a function belonging to the Hilbert
space L? of integrable functions on the set 0 < x < d, where d is the thickness of the
solar cell. A Hilbert space is a Banach space with a norm that is defined by the scalar
product according to ||ul| =< u,u >2 if u is real-valued [147, p.173, p.177]. In L2

the scalar product is defined as
< u,v >:/ u(x)v(z)de, (B.12)

again, for real-valued functions u, v.

Transport operator The transport operator T is the differential operator d?/dxz?,
which is a linear and continuous operator [147, p.51]. In matrix notation, T is given

by (cmp. appendix B.4)

—2 1 0
—2 1
0 1 -2 0 0
T = fa‘; (B.13)
—2 1 0
0 ... 1 -2 1
0O 0 0 .. 0 1 -2

From the symmetric structure of the matrix one can directly tell the symmetry of
the transport operator. An operator T is symmetric if it holds < v, Tu >=< Tv,u >.

Such a symmetric operator is also called Hermitian or self-adjoint!.

Recombination operator The recombination operator R simply consists of the
multiplication of n(x) with the scalar 1/7 = 1/7, + 1/m,. Apart from this factor the

operator is nothing else but the identity operator Id, which maps a function onto itself.

'Note that the transport operator would no longer be symmetric if drift currents were included
in Eq. (3.1). However, the generalized drift-diffusion operator in Eq. (4.32) is self-adjoint and real-
valued when applied to the normalized carrier concentration (n —ng)/ng, where ng is the equilibrium
concentration. Therewith, the reciprocity relation between photocarrier collection and dark carrier
distribution is still valid [67,146].
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It is evident that this operator is linear. In matrix notation R reads as

10
0
R="f 0 ], (B.14)

0

The constant term ng/7,, from non-radiative recombination that is not included in
the recombination operator is shifted to the right-hand side of the equation as the

equilibrium non-radiative generation term Gy, = ng/7yr-

Internal generation operator The photon recycling integral operator PR in Eq. (3.2)
is also linear, continuous and symmetric as long as the kernel function f,(z,, z,) is con-
tinuous and symmetric [147, p.52]. As will be shown below, this is the case for the
radiative interaction function derived in sections B.2.4 and B.2.5. Such an integral

operator is called Fredholmian integral operator. In matrix notation, PR is given by

f1,1 f1,2 ce fl,N
PR = Ry a1 fa2 oo fon 7 (B.15)
47ng : : :
fN,l fN,2 ce fN,N

where f; ; denotes the radiative interaction function f,(z;, z;).

Matrix equation With the operators as defined above, we are now able to rewrite

the integro-differential Eq. (3.1) in the simple operator form

where the injection vector I(x) includes the boundary condition, i.e. the applied volt-
age. The matrix notation for the discretization scheme that is described in detail in

appendix B is given by
(I + ﬂ - E) n<x1) = _Gsun(mi) - be(xi) - Gnr<xi) - [<xi)7 (B17)

where x; are the mesh points of the discretization.
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Due to the simple form of the recombination operator, the equation can be mul-
tiplied with 7 to obtain the operator 77 + 7PR — Id. For T € L? and PR € L?,
this operator is isomorph and therewith explicitly invertible [147, p.56], such that the

electron concentration is given by

n(z) = (T + PR — R) " (—Gaum(x) — Gop(z) — I(2)). (B.18)

B.2.2 Transport

As pointed out above, transport is diffusive and defined by the transport operator T
A general formulation of the transport operator in more than one dimension is given
by the generalized expression in Eq. (4.32) derived in Ref. [112]. The generalized drift-
diffusion equation also includes drift-currents caused by electric fields or variations of

the material properties. Here, however, I only consider diffusive transport.

B.2.3 Recombination

Radiative recombination Radiatively recombining carriers emit radiation isotrop-
ically into all directions with a radiative recombination rate R, = Ronp/ n? = Ron/ng

with ng = n?/Na, where

Ry = / h ro (B)dE = / h a(E)dngny, (E,0) dE (B.19)
0 0

is the radiative recombination rate in thermodynamic equilibrium, which is the integral

over
8ra(E)n? E?
nE) = dra(B)oiy(E,0) = UL ’
exp <kB_T>_]'
8ra(E)n? _, —FE
—F — . B.20
e (5.20)

Here, the approximation in the last line again represents the Boltzmann approximation.

This expression was first derived by van Roosbroeck and Shockley in 1954 [148] and
later generalized by Wiirfel [15]. The derivation is based on the detailed balance of
absorbed and emitted photons in a semiconductor material with refractive index n and
absorption coefficient . The semiconductor has infinite extensions in all directions

and is in thermodynamic equilibrium. Then the radiative recombination rate has to
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equal the generation rate caused by the thermal radiation within the sample. This
generation rate is equal to the photon density per unit volume and the probability that
a photon is absorbed per unit time. Via Ry = n?B the radiative recombination rate is
related to the radiative recombination constant B.

The radiative recombination rate can also be expressed as a radiative lifetime

32,2 o0 -1

T = %(; = 8};;—27\& (/o a(E)E*exp <];3_]_;) dE) (B.21)
Note the similarity between Eq.(B.20) and Eq.(2.6). Only due to the identical
spectral distribution of radiation emitted within the solar cell and thermal radiation
outside the cell, can the radiation balance between the cell and its ambience be fulfilled.
For the analysis of the radiative interaction between two locations z, and z,, each
photon energy needs to be considered separately because the absorption coefficient
a(FE) depends on the photon energy. Therefore, we require the spectral radiative re-
combination rate r.(E, z). With the chemical potential y of the emitted photons being
equal to the local splitting of the quasi-Fermi levels, the Boltzmann approximation of

the spectral radiative recombination rate is given by

re (B, x) =ro(E)exp (p () /ET) = ro (E)n(z) /ne. (B.22)

Non-radiative recombination Non-radiative recombination includes Auger recom-
bination or Shockley-Read-Hall recombination. Throughout the thesis I assume an in-
jection independent non-radiative lifetime 7,,,. For Auger recombination, for instance,
this assumption is justified as long as the doping level is not too high and the sample
is operated in low-level injection conditions (see for example Ref. [76]).

Since all non-radiative recombination vanish in thermal equilibrium, the non-radiative
recombination rate Ry, (z) = (n(x) —ng)/m: is proportional to the excess electron con-

centration An(x) = n(x) — ny.

B.2.4 Direct internal generation

In the following, I derive the expression for the internal generation rate dGiy (24, 1)
between two locations x, and z,. The derivation chosen here is based on the treatment

presented by Mettler [29]. First I consider the generation G&I from direct paths of light,

int
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then I extend the approach to the generation rate G™! caused by multiple reflections
at front and back surface of the cell. The overall internal generation is then given by
the sum Giy, = G 4 Gt

First, we have to consider the generation rate dgin(E, zy) which is caused by the
radiative recombination rate r.(E, z,) at x,. Let us consider the spherical symmetry
around a recombination event at x, according to Fig.B.la. The relation between
photon flux ¢, and generation rate as well as recombination rate is given by V¢, (x) =
r(x)—g(x). 2 Recombining carriers emit radiation isotropically into all directions. The
photon flux density per solid angle interval d€2 = sin (0) dfdyp is obtained by dividing
by 4m. Despite this three-dimensional photon emission, the calculation of the radial
component ¢, , of the photon flux density per solid angle interval d{) poses only a
one-dimensional problem. This is because of the spherical symmetry of the emitted
radiation.

With the radius p = |z, — x;|/cos (f) and the angle 6 in accordance to Fig. B.1a, the
photon flux ¢, , per solid angle interval df) emitted by a thin layer with thickness dz,
at x = x, into the direction #, reads as
r(E,x=x)

47

Since ¢,,, (p) is attenuated exponentially according to Lambert-Beer’s law ¢, , (p) =

s, (B, x =1,) = ap. (B.23)

¢~.p(p = 0)exp (—a(E)p), the generation rate caused at = = z, is given by

do
St (B.0.) = —022 = (Bt (E.p)
- BRI 0 o (alE)p) b0 (B.21)

We now change perspective and put the point z, where the generation takes place in the
center of the spherical coordinates as depicted in Fig. B.1b. This change of coordinates
does not change the validity of Eq.(B.24). Using two different sets of coordinates is
simply more descriptive to demonstrate the relevant spherical symmetries. In fact, by
projecting the radius p|z, — x,|/cos (#) onto the z-axis we obtain cylinder coordinates
with the coordinates z, ¢ and ¢. We can therewith consider cylindrical plains and
have the z-axis as an emphasized direction. On the other hand we could initially take
advantage of the spherical symmetry of radiative photon emission which allowed for the

one-dimensional treatment of the radial photon flux per solid angle described above.

2Vectors are indicated by bold symbols
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0 d
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Cell | (b)
surface
o
0 d
Coordinate x
Fig. B.1: Geometry of the radiative interaction between z, and z,. (a) A radiative

recombination event at * = x, emits radiation in a spherical symmetry. (b) To obtain the
generation rate at x = x4, coordinates are transformed so that x, is in the center of the

coordinate system.

To obtain the generation rate dGiy (24, z;) we have to integrate over all possible
angles 6 and ¢ and over all possible photon energies E. Thus, by inserting Eq. (B.22)
into Eq. (B.24) and by making use of §p = dx,/cos (6), the rate at which carriers are
generated at x = x4 by recombination between x = z, and x = z, +Jx, and subsequent

direct radiative transfer to x, reads as

bt (rg) = [ A [

int A no
/2 sin (6) —a(E)|zg —
— | dOdEéz,. B.2
></0 cos (Q)GXP < cos (0) ) v (B-25)
With the substitution ¢ = a(E)|zy — 2,|/cos (f) this becomes
. * a(E E r
SGI (g, 2) = / %Ei (@(B)|zg — z:) ”ff ) 46, (B.26)
0 0

where the exponential integral Ei (2) is given by Eq. (B.3) in appendix B.1.
Eventually, one has to carry out the integration over all possible recombination
events at 0 < x, < d, i.e. over the whole thickness of the cell, as denoted in Eq. (3.2)

to obtain the overall generation rate G (z,).

int
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B.2.5 Internal generation after multiple reflections

So far, we have only considered direct paths of light, but especially for thin cells and low
photon energies with a corresponding low absorption coefficient a( E'), the reflected rays
have to be accounted for as well. This holds in particular for the black body radiation
and the internally emitted radiation which contain a significantly larger fraction of low
energy radiation than the solar spectrum emitted by the sun.

In this thesis, I consider two types of reflections, namely (i) reflections at plane sur-
faces, where the angle of reflection is equal to the angle of incidence and (ii) reflections
at textured surfaces that lead to a complete randomization of the reflected light and
therewith to a Lambertian radiation characteristic. Figure 3.1a depicts a solar cell with
a plane front surface. Whereas all external rays enter the cell, only internally emitted
rays that are emitted within the critical angle 6. = arcsin (1/7) are emitted through
the front surface of the cell (ray 1). Rays emitted at larger angles are internally re-
flected by total internal reflection (ray 2). A textured surface randomizes all external
and internal rays and emits radiation in all directions. Rays from within the solar cell
are transmitted with the probability t.,, (rays 3) and internally reflected with the
probability 1 — tjamp (rays 4).

As will be shown below, the textured surface especially enhances light absorption
by means of light trapping in thin samples. For the sake of simplicity I restrict this

distinction to the front surface. The back surface is always plane.

B.2.5.1 Plane front surface

To compute the internal generation caused by reflected rays that stem from radiation
emitted by recombination in a thin plane at x,, we have to consider four basic rays that
reach the point x = x, where carriers are generated with an angle 6 or 7 — 0. Figure
B.2 depicts the photon fluxes caused by recombination in the plane with thickness dx,
at z, that reach the point x, via multiple reflections.

Radiation is emitted at the location z, either in the direction of the front surface
or in the direction of the back surface. Accordingly, radiation reaches the location w,
either from the front side or from the back side. Combined this makes four possible
combinations. I use the notation F' for paths with a final reflection at the front side

and B with a final reflection at the back side. For rays with an even/odd number of
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Fig. B.2: Multiple reflections in a solar cell with plane front surface. Radiation emitted
by recombination events in the plane with thickness dx; at the location x, reaches the point
xg either directly or via multiple reflections. Four basic reflected paths are distinguished
according to Tab. B.1. For all further reflections the path simply needs to be prolonged by
2d/cos (0).

reflections, I use the subscript even and odd, respectively.

For all further reflections, the xz-component of the path is simply prolonged by twice
the thickness of the device. For instance, the path B3, is obtained by path B! ;. For
each reflection, the reflection coefficient of of the front and g, of the back side has to
be considered®. The z-components Ax),, of the different paths and the corresponding
reflection coefficients are displayed in Tab. B.1. Here, [ is the number of reflections
and m is the basic ray path type. The paths Byqq and F,qq are valid for odd numbers
of reflections, and the paths Beyen and Fi.e, are valid for even numbers of reflections.
Also displayed are the xz-components of the direct rays. For the reflected rays, the term
|zg — 2| in Eq. (B.26) has to be replaced with Az, from Tab. B.1.

Due to total internal reflection for # > 6., radiative interaction between the solar
cell and its ambience only takes place for angles 0 < 6 < 6.. We obtain for § > 6. the
reflection coefficient for total reflection oytef = 1. Therefore, the integral over 6 has
to be split up into two separate integrals with g, according to Tab. B.1 from 6 = 0
to 0 = 6. and 01, = 1 from 0 = 6. to § = 7/2. For each path m and reflection [ we

3With no radiative interaction between the solar cell and its ambience through the back side, as is

assumed throughout this thesis it holds g, = 1 for all angles. In contrast, gf can be chosen freely.
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Tab. B.1: Components x; normal to the cell surface of the four basic paths and correspond-
ing reflection coefficients g, after [ reflections. Paths are termed B if the last reflection occurs
at the back side and F' if it occurs at the front surface. The indices even/odd indicate an

even/odd number of reflections.

path m # of refl. [ Az, Ol,m

0 - direct =0 |zg — 2| 1
=1 141

]-_Bodd l:1,3,57... (l—l—l)d—xr—l’g Qf2 Qb2
41 1-1

2 - Foaq [=1,3,5,.. (l—=1)d+z, + 0¢° 0,
1oL

3 - Beven l:274767"' ld—i-l'r—ﬂ?g QEQﬁ
Ll

4 - Foyen [ =2,4,6,... ld — 2z, + 24 0f o

thus obtain the internal generation at

n (@)

SGE (g, 1) = / o(Bry (B) 0 (B.27)
0 No

b sin (0) —aAZ /2 sin (6) —aA)
P b E'
{Ql’m/o COS (G)exp( cos (0) ) 40+ /gc coS (G)exp( cos (0) ) do o dEoz,

— /000 a(E)ry (F) n2(Z;)

{@,mEi (@(E)Azim) + (1 — o) Ei (%) } dE6,

X

Summing up the direct ray and all reflected rays yields the total internal Generation

in the plain z, caused by recombination in the plain z,

4

0Gint (g, r) ZiéGhﬁl (zg, 2y). (B.28)

m=0 [=0
For the special case with gf = 0, it holds 01, = 0 except for oo = 1 and 0;; = 1.

There is only one reflection at the back side and we obtain

OGint (Tg, Tr) = oG (g, ;) + 5Gmt (g, Tr). (B.29)

int

B.2.5.2 Textured front surface

For thin solar cells multiple reflections are of increasing importance to absorb the inci-

dent light. One means to increase the light confinement within the cell is by texturing
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Fig. B.3: Photon fluxes in cell with textured front surface

the front surface as sketched in Fig. B.3. The texture leads to a randomization of the
reflected light rays independent from the angle of the incident light ray. Completely
randomizing surfaces have a Lambertian emission characteristic, which means that the
emitted photon flux per solid angle interval df? is constant in all directions. A Lamber-
tian source emits light isotropically in all directions, but also, a one-directional light
beam impinging on a Lambertian surface is isotropically reflected into all directions®.

Upon being ’absorbed’” and 'reemitted’ by a Lambertian surface, a light beam loses all
information about previous light reflections. Each time light impinges on a Lambertian
surface, the cards a shuffled anew.

Therefore, we obtain an important difference to the case of a plane surface. In the
case of a plane surface, each angle # has to be treated separately. the integration over
all angles has to be carried out over the complete path, the light travels before it is
absorbed. Consequently, an analytical solution of the resulting integral does not exist.

Instead, the contributions of all rays have to be summed up as performed in Eq. (B.28).

4The isotropic emission implies that the radial photon flux per solid angle interval is constant.
The photon flux emitted from a unit surface area, however, follows Lambert’s cosine law because the

surface area element dA = cos (6) dAy appears smaller from large angles.
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This infinite series with the exponential integral function Ei (z) as an argument has no
analytical solution and thus brings along high computational costs when carried out
numerically with a finite number of reflections (see appendix B).

In contrast, the case with Lambertian surface allows for an angular integration
after each transition of the cell. Consequently, we obtain a closed-form expression for
the generation rates including an infinite number of reflections. Especially for thin
cells, where multiple reflections are increasingly important this enormously reduces
computational costs and guarantees the accuracy of the computation.

Consider the solar cell with Lambertian surface in Fig. B.3.5 All incident radiation
from the outside consisting of the photon fluxes (IDEE and Py, is initially reflected with
reflection coefficient of. Light beams impinging on the surface from the inside of the
solar cell are transmitted with a transmission probability .1, which is independent
of the angle of incidence. For a plane surface, the transmission probability is (1 — o)
for 6 < 0. = arcsin (1/n) and zero for . < 6 < 7/2. The transmission probability
through a Lambertian surface equals the average transmission probability through a

plane surface and is given by [149]

(1—or) foec cos () sin (6) df _1- o

foﬁ/Q cos (0) sin () df n’

(B.30)

tamb =

This result is in accordance with the fact that the radiation density qbggbz’ﬁ in a medium
with refractive index 71 is 72 times higher than the ambient black body radiation density

oy (cf. Bq. (2.6) in section 2.3.1). It is also in accordance with Snell’s law of refraction
which states sin () = nsin (6,), where 6 is the angle of the incident light beam and 6,
is the angle of the refracted light beam.

The radiation flux ®2m> which is emitted from the surface to the inside of the solar
cell is partially absorbed in the sample, partially transmitted through the back side
(for g, # 1) and partially reaches the front surface again after one reflection at the
back side, here denoted as the flux ®2mP. Both fluxes ®2mP and &> are connected
via the energy-dependent transmission probability tc.(E) through the cell, which I
derive in the following. The reasoning is similar to the above derivation of the internal

generation and is identical to the derivation given by Green [150].

®Note again that I use capital letters ®@g,,, @I ... to denote fluxes integrated over energy and small
F

letters gsun, ¢I¢,... to denote fluxes per energy interval dE. The fluxes ¢, 6oL ... correspond to

em -

recombination in the infinitesimal plane dz, at x,.
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The photon flux ¢3! emitted into the solid angle interval dQ = sin (#) dfdy per
energy interval dF is constant as demanded from the Lambertian radiation charac-
teristic. Upon traversing the sample to the back side, being reflected and traversing
to the front side again, this photon flux is attenuated exponentially with the factor
opexp (—2ad/cos (0)). The total flux per unit surface area reaching the front side is
then obtained by integrating over all angles as performed in Eq. (2.7). By normalizing
this flux to the total flux that is emitted from each front surface unit area we obtain

the transmission probability

0 0 cos(0)

Zfcell(E1> =
o 0% dp foﬂ/Z cos (0) sin (#) d

B /2 —20(E)d .
= 2/0 OpeXp (—cos @ ) cos (0) sin (6) df
= 2p,Ei; (204, 0) . (B.31)

P32 [T fﬂ/z 0bexp (72°‘(E)d) cos (6) sin (0) df

With the transmission probability . we know what fraction of the light that is
emitted from the internal front surface returns to the front side. Therewith, we balance
all photon fluxes across the front surface. Due to the linearity of the system, we can
separate the contributions of external photon flux ®g,,, the ambient photon flux ®y,
and the photon flux ®;,; from internal photon emission. We can subsequently superpose
the generation terms just as in the case of flat surfaces.

To compute the internal generation rate we assume ®@g,, = Py, = 0 and obtain the

energetically resolved balance

QR (B, x:) = (00h + 008, + 00m%) (1 — thaw)
(5%, +608,) (1 — tiamp)
1— tcell (1 - tlamb)

(B.32)

from balancing all photon fluxes at the front surface.

Note at this point that the denotations of the fluxes in Fig.B.3 are the overall
stationary fluxes and include multiple reflections. The same result could be obtained
by summing up all the contributions after each reflection. This leads to a geometric
series which simplifies to Eq. (B.32).

The photon flux d¢f, that directly reaches each unit surface area from photon

int
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emission in the plane at z, with thickness dz, reads as®

S (B, 1) = Tigmo / dg&/ exp (cos )>sin(9)d95xr

_ Tl (ay, 0) 6y, (B.33)

2710
where Eis (z,0) is given by Eq. (B.4).
Accordingly, the flux d¢2

side is given by

-+ reaching the front surface after one reflection at the back

S8 (Ba) = LI g 0(0d— 2,),0) 0. (B.34)

2ng
With Eq. (B.32) we can now compute the internal generation rate from rays that
are reflected one or more times at the textured front surface, i.e., the generation rate
caused by the photon flux §®1¢. Including direct beams ® and beams & reflected
once at the back side, it holds

SGE (2, 1) (B.35)

int

) I a(B)sem [27dp [T {eXp (( )) + opexp (M@“)}sm () dOdE

fo% dyp fﬂ/z cos () sin (0) dO

9 /O " A(B)0S™ (B, ) {Bia (g, 0) + ovFis (o (2d — 2,) , 0)} dE
_ / AU(E)ro(E) (1~ tamp) n(2:)02;
o L —teen (1 — tiamn) no
{Eis (axy, 0) + opEis (a (2d — ;) ,0)} {Eis (axg, 0) + opEils (o (2d — 2,4) ,0)} dE.

The total internal generation rate is then given by the sum

Gt (2, T) = 5Gd“(xg, x) + §GB1(a:g, x) + 5Glamb(xg, Tr), (B.36)

int int int

where 0G{ is specified in Eq. (B.26) and §GE! is given by Eq. (B.27) with [ = m = 1.
The internal generation caused by radiative recombination throughout the sample is
obtained from the integral Eq. (3.2).

Independent of the nature of the front surface, the internal generation rate can be

written as

Gint (7g) / / const(E) f(E, xg, ;) ( )dE5 Ty, (B.37)

SNote that the cos (§) term from the projection to the front surface cancels out against the cos ()

term from dp = dz,/cos (0).
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where f,(E, 24, z,) (cmp. Eq.(B.27) is the radiative interaction function between z,
and z, and Eq. (B.28) for a plane surface and Eq. (B.35) and Eq. (B.36) for a textured
surface).

As can be seen from Tab. B.1 and Eq. (B.35), fi(E, 24, 2,) is symmetric in z, and
xg. The location of light emission and light absorption can be exchanged because the
path of light is reversible. Due to the symmetry and linearity of the kernel-function f,
the whole photon recycling operator as defined in section B.2.1 is linear and symmetric

as well.

B.2.6 External generation

This section derives expressions for the external generation rates caused by the external
photon fluxes @EE and Pg,,. As the light has to enter the cell through the front surface,
the optical properties of the front surface play a role not only for reflected rays but also
for direct rays. I use the same distinction between plane and textured front surface as

in the previous section.

B.2.6.1 Plane front surface

Equilibrium irradiation The next step to obtain all generation rates in the integro-
differential equation (3.1) is to give an expression for the equilibrium generation rate

%m»=§jz/ﬂwmmm%@wl%w (B.33)

m=0,1,4 1=0 0

9
c alAxy g, \ .
m - ’ 0) dOdE
< @’“p< mwm)sm()

= > Z/OOO%(l—Qf)@(E) s (B,0) o

m=0,1,4 1=0

X {Eig (@A) 1, 0) — Eip (A, QC)}dE

caused by the ambient black body radiation. The geometrical reasoning is analog
to the derivation of Giy. We consider the thermal radiation (1 — of) a(E)opy 5 (E,0)
entering the cell at z = 0T, attenuate it by the factor g mexp ((—a(E)Axm)/(cos (0)))
and integrate over all possible angles. Here, of is the reflection coefficient at the front
surface. The ambient radiation from all directions at x = 0~ is refracted into the cone

within the critical angle 6, = arcsin (1/72) at © = 0.
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Non-equilibrium irradiation For the external generation, I assume normal inci-
dence and thus, the integration over all angles is unnecessary. The functional depen-
dence of the photon flux on the coordinate x is therefore given by Lambert-Beer’s
exponential law. This has the advantage that it is possible to simplify the sum of
all reflected rays in a geometrical series. Carrying out this series leads to the total

non-equilibrium generation rate

G (1) = /0 (1= 00) adm (B) (B.39)

{eaxg + (Qbefoz@dfxg) + Qfgbefa(ZdJr:rg)) Z(Qf@b)lemad} dE
=0

—a(2d—xzg) —a(2d+zg)
e + orone } IE
1 — provexp (—2ad)

= /OO (1 - Qf) a¢sun (E) {eaazg + &
0

where ¢q., is the spectral density of the incoming photon flux so that the overall
external photon flux reads as Ogun = [;° doun(E)dE (cf. Eq. (2.12)).

B.2.6.2 Textured front surface

The derivation of the generation rates in the case of a textured front surface is identical

to the derivation of the internal generation rate in section B.2.5.2.

Equilibrium irradiation For the generation rate caused by ambient black body
radiation it holds ®f, = B

int int

= &, = 0 and from Fig. B.3 we derive the photon flux

emitted from the front surface towards the inside of the cell

bb (1 — or) P
e 1 - tcell(l - tlamb) ’

where ¢y (E) = 27/(h3c?)E%exp (—E/(kgT)) = mof (E,0) is the energy-resolved
black body flux gbgg’l integrated over all angles as performed in Eq. (2.7). In analogy
to Eq. (B.35) we thus obtain the black body generation rate

(B.40)

Gob(Tg) = 2 /00 agP? {Ei, (axg,0) + orEis (a (2d — z,) ,0)} dE. (B.41)
0

:qDElt:CI)bb:Oto
calculate the generation rate contributed by solar irradiation and obtain

sun (1 - Qf) ¢sun
o 1— tcoH(l - tlamb)

Non-equilibrium irradiation Accordingly, we assume ®f,

(B.42)
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Fig. B.4: Discretization of the absorber into intervals with thickness Az. The electron
concentrations are computed in the middle zi/2m; of each interval. To obtain equidistant

spacing of the mesh points, the boundaries are extrapolated beyond the cell dimensions.

Therewith, it holds
Gan(zg) = 2/ agin {Eis (axg, 0) + opEis (o (2d — ) ,0)} dE. (B.43)
0

Now, we have the expressions for all generation rates in Eq.(3.1). To solve the
linear integro-differential equation, I transform it into a matrix equation as performed
in appendix B. The numerical evaluation scheme is closely related to the procedure
used by Durbin and Gray [52,53]. In the next section I discuss the results of the

computations.

B.3 Generation terms

The integro-differential Eq. (3.1) cannot be solved analytically. Therefore, I transform
it into a finite differences equation by discretizing the absorber depth from x = 0 to
x = d into N intervals. The discretization I use is in accordance with the formulation
given by Durbin and Gray [53], only that they use different coordinates. I restrict the
following derivation to energetically resolved terms. The overall generation terms are

obtained by integrating over the energy F.
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B.3.1 Internal generation

In contrast to the differential equation, where we can consider the internal genera-
tion at one distinct point x, caused by recombination within an infinitesimal interval
0x, at another distinct point x, we now have to build a matrix where each element
comprises the radiative interaction between two finite intervals around z, and z, with
thickness Az. Considering the radiative interaction between two finite intervals instead
of between two discrete locations makes the approach self-consistent and ensures the
conservation of photons and electrons.

The internal generation at a point x, caused by recombination in the incremental

plane with thickness dz, at x, is given by

argn(z,) [™? — QT (SgTg, S:%r) \ sin (6)
: = 2 7 : . B.44
Oint (T, ) 2 ng /0 P cos (6) cos () dooz, ( )

Here, 7)., (Sgg,S:2;) is the path of the light which can either be a direct ray or a
reflected ray. Depending on the path, the signum s, = +1 of z, and the signum
sy = £1 of z, can be either positive or negative.

For the discretization, I divide the sample into finite intervals with thickness Awx.
With the approximation that the electron density is constant throughout one interval
we obtain the generation rate at z, caused by recombination in the interval between

2, = xj—1 and x, = x; by integrating over dgin; according to

Bgi () = | S (1., (B.45)
xr:a:]71

~ Hon (#m;) /mr_mj /W/Q ox — QT m (Sgg, $:2r) \ sin (0) A0Sz

T2 ng we=;_1 0 P cos (0) cos (0) v

Note that here and in the following I use the index j for the discretization of the location
2, where the recombination process takes place and the index i for the discretization
of the location z, where we consider the generation. The electron concentrations are

computed in the middle of each interval. I use the notation

Ti—1 +

Tog = =g (B.46)

when referring to the middle of the recombination interval and

T + x;

5 (B.47)

Lmi
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when referring to the middle of the generation interval.

The internal generation rate at x, caused by recombination in the whole sample is

then given by the sum

YJint 'Tg Z Aglnt $g, xmj) (B48)

For a self-consistent treatment we require the average internal generation in a finite

plane with thickness Az between z, = x;_y and z, = x; which reads as

_m 1 Tg=Tj
gll;lt (xmi) - _/ gint(xg)dxg (B49)

A$ g=Ti—1

_arg n (xmj)
- 2Az Z %

/ﬂ/z /rrg—rl /xr—% exp (—Oéﬂfl,m (ngg7srxr)> sin (0) dx,drydl
oo o cos (0) cos (6)

/2 - 2 .
_ ang Zn(xmj)/ Sy cos? () sin () 20
0

2Ax per A P a?  cos(0)
S¢S:T0 e 70 (Tmj)
gor’ 0 mj
=: Eil 0
200\ x jz_; no (a )
where
Elg (a,0.) = Eis(ax)m (520, 8:75) , 0c) — Eiz () m (Sgi, 8:%j-1) , Oc) (B.50)

—Ei3 (a1 (SgTi-1,5:%5) , 0c) + Eis (a1m (Sg2i—1, 5:%5-1) , bc) -

In general, the interval thickness Az depends on z;_; and z;. However, I use an

equidistant discretization mesh so that Az is constant.

The energy integral of this general expression is the analogy to Gy, from Eq. (B.26).
For the final expression including direct and reflected rays we again have to distinguish

the two cases of plane and textured front surface.



B.3 GENERATION TERMS 165

B.3.1.1 Plane front surface

For a plane front surface we obtain in analogy to Eq.(B.27) the internal generation

caused by the reflection [ along path m
Gt (i) = (B.51)

N-1
SgStT0 N (i) i .
20Ax JZ:(; no {Ql’mElza (a,0) + (1 — o1m) Ei3 ((E), GC)} :

Summing up the direct ray and all reflected rays yields the total internal Generation

in the finite plane z;_; < x, < ; caused by recombination throughout the sample
4 (e
N Lm
Jint (Tmi) = Z Zgint (Zmi) - (B.52)

B.3.1.2 Textured front surface

The discretization has no influence on the transmission probability t..; through the
sample so that Eq. (B.31) still holds. We rewrite the photon flux balance Eq. (B.32) at

the front surface to obtain the photon flux internally emitted from the front surface

Agl + AP Otam
A¢1m (xJ 1,$J) _ ( ¢lnt ¢1nt) Olamb (B53)
1- tcellQlamb

caused by radiative recombination in the plane z;_; < z, < z;. The fluxes Ag¢L, and

AgB, are obtained by integrating d¢f, and d¢5, from z, = x;_; to z; according to

int

Py Ton (Tm) /W/zfzr:xj —ax, \ sin (6) cos (6)
A (211, 3,) = 2 ng 0 o= P cos (6) cos (0) Oradl

_ 1o n (%) /”/2 —oTi1) — O :
“ % e J, exp | 0 i @) cos (#) sin (0) df
70 N (Tmi) (s .
= in—OJ{EIS (axj_1,0) — Eis (ox;,0) } (B.54)
and
7o 1 (Tm;j) :
AGR (g1, ) = 5 — = oo {Bis (a(2d = 2),0) = Big (a(2d = 234), 00}, (B.55)

Note that the cos () term in line one of Eq. (B.54) cancels out because in contrast to

Eq. (B.45) the projection to the front surface unit area requires an additional cos ()
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term (cmp. Eq. (B.31) and Eq. (B.33)). The cos (6) term in line two stems from the
integration over x,.

The emission caused by recombination throughout the sample is then given by the

sum
ot ZAQS”“ (-1, ;) . (B.56)

In analogy to Eq. (B.35) this photon flux causes the average internal generation in the

plane z;_; <z, < x;

" lamb

gmt (xml = (B57)

2a¢mt B —ax —a(2d —7,)\ ) .
/ / - {eXp (Cos (eg)) T ouexp ( s ) } sin (6) darydf
2¢1nt Qi o
S e () - ()

+ ovexp (M) — ovexp (‘O‘(Qd - “”i—”) }cos (0) sin (0) 6

cos (0) cos (0)
2 int
= A—?{Elg (Oél‘i,h O) — E13 (Oél’i, 0)

+ QbEig (a(2d — $i), 0) — QbEig (&(Qd — xi—l), 0)}

The total internal generation rate is then given by the sum

Tt (@mi) = G0 (i) + 95 (@) + G (), (B.58)

where g3 (2,,) and gBL () are given by Eq. (B.51) with [ = m = 0 in for the direct

path and [ = m = 1 for the ray reflected once at the back side. The overall internal

generation rate Gy (Zn;) is obtained by integrating over the energy.

B.3.2 External generation

This section derives expressions for the average external generation rates caused by the

external photon fluxes ®y, and ®gy,.
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B.3.2.1 Plane front surface

Equilibrium irradiation In analogy to Eq.(B.38) the average black body genera-

tion rate reads as

gbb CUrm - Z Z

m=0,1,4 [=0

Oc Tg=1; —a\
x / / QLmexp( O‘Cig?g()sg””g)>sin(e)dxgd9

g—l'l 1

27rsg¢bb - (E,0)
-yt

m=0,1,4 =0

[0 {exp(‘“ﬁf;;(;fﬂ” ) — s (2201 Y |y 500

I,m
_ i - Of 27ngﬁbbb : (£,0)
—0

(1 — o 27T04¢bbn (£,0) (B.59)

X

{Ei3 (0Azy (g, 2i-1), 0) — Eiz (0Azy (s, 21),0) }.

m=0,1,4 [

Non-equilibrium irradiation For the non-equilibrium irradiation, I assume normal
incidence and, thus, from the integration of Eq.(B.39) we obtain the average solar

generation rate at zi_; < x, < 1

o () = 020 ffs““ (E) (B.60)

o {e—axg + Qbe_a@d_mg) + Qbee_a(2d+xg) } dx
1 — oronexp (—2ad) §

Tg=Ti—1

_ (1 B Qf) ¢sun (E)
Ax

b (e—a(2d—l‘i) _ e—Oé(Qd—l‘i—l)) + 050 (e—Oé(Qd‘HL‘i—l) _ e—a(2d+xi))
1 — grope—2 ’

{eXp (—axi_1) — exp (—ax;)

B.3.2.2 Textured front surface

The derivation of the generation rates in the case of a textured front surface is identical
to the derivation of the internal generation rate in section B.3.1.2. We obtain the
average black body generation rate gpp(2mi) and the average external generation rate
Toun(Tmi) by simply replacing ¢t in Eq. (B.57) with ¢ from Eq. (B.40) and ¢£™ from
Eq. (B.42) respectively.
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B.4 Diffusion operator

The simplest discrete approximation of the second derivative of a function n(z) at
equidistant meshpoints with meshwidth Az is obtained from the Taylor expansion of

n(x) at x = z and reads as
n(@y1) (@) _ nl@)—n(@k-1)
dQH(I) $1(++11ka T ek :

dx? Az

T=x)

o on(ak—1) = 2n(ax) + n(2ee)
= A2 . (B.61)

However, in our case the meshpoints zy are not equidistant. Instead, the x are given

by the centerpoints of the equidistant intervals x;_; < x < x;. Therefore, The distance
from xg = zx(k = 0) = 0 to x12x(k = 1) = Az /2 and the distance from zy to xx11 = d
is only Az /2.

For a non-equidistant spacing of the meshpoints, the second derivative can again be

obtained from the Taylor expansion [151]. In general, it holds

d*n(x) 9
: e B.62
dx? o= (2 — 1) (X1 — Tx_1) (2x-1) ( )
—2
+ n(z
(2 — T-1) (Trg1 — 7) (1)
+ 2 )
n(x
(T11 — 21) (Tag1 — 1) k+1

However, in that case, the consistency error of the discretization is only of the order
O(Ar) compared to O(Az?) for equidistant grids [151]. Therefore, the approximation
of the second derivative is much worse than in the equidistant case and the solution of
the differential equation will be much less exact.

To elude this problem, I extrapolate the electron distribution to the external points

r_1 = —Ax/2 and znx19 = d + Ax/2 as sketched in Fig. B.4 by assuming identical

slopes
n(wg) —n(z_1)  n(z1) —n(xo)
Ax/2 B Ax/2 (B:63)
at xo and (zo + z1)/2 and
n(rni2) — nlaner) - nlesgn) —n(zn) (B.64)

Ax/2 B Ax/2
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at xny1 and (xn + xn41)/2. Therewith, we obtain the second derivatives

n(x2)—n(z1) n(z1)—n(zo)
d*n(x) _ e T Aap
dx? - Ax
2n(zo) — 3n(x1) + n(xz)
_ B.65
A2 (B.65)
at £ = x1 and
d2n(x) _ n(ﬂCNJZi;Zn(iUN) _ "(JCN)_A”;(mel)
dx? Az
T=TN
n(xn-1) — 3n(ax) + 2n(zrNy1)
_ B.66
A2 (B.66)
at r = rn.

B.5 Boundary conditions

Apart from the boundary conditions, we have all the components for calculating the
electron (minority carrier) profile in the absorber by inverting the established ma-
trix equation equivalent to Eq.(3.1). The electron profile in turn supplies the cur-
rent /voltage characteristic of the solar cell. Since the voltage-dependence occurs only
in the boundary condition Eq. (2.17) at the edge of the space-charge region, the recom-
bination current exhibits the well known exponential voltage-dependence. With the
linear dependence on the external excitation being unchanged the principle of super-

position of recombination and short circuit current remains valid as well.

B.5.1 Back contact

In the ideal case of S, = 0, the boundary condition Eq.(2.18) at the back contact
simplifies to

dn

i B B.67
o (B.67)

r=d
In conjunction with assumption Eq. (B.64), it holds n(xx) = n(zx11) = n(axni2), and

we rewrite the last row Eq. (B.66) of the diffusion matrix as

d*n(x)

dx?

~ n(wno1) = 3n(ax) +2n(eng)  n(an-1) — n(on)
— o — veam— (B.68)

T=TN
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B.5.2 Junction

The boundary condition Eq. (2.17) at the junction depends on the applied voltage.

Short circuit current Under short circuit conditions with the applied voltage V =
0, the electron density at the junction, which according to Eq. (B.65) is needed for the
first row of the diffusion matrix, reads as

n(zg) = n(0) = neexp (qu—VT) = ny. (B.69)
Solving the matrix equation under illumination with this boundary condition and com-
puting the current density

J(V) = —qDy—

- (B.70)

1 — Zo
T=x0

at = 0 yields the short circuit current density Js. = |J(V = 0)].

Saturation current [ compute the saturation current density Jy by solving the
matrix equation in the dark under the applied bias V' = (kgT'/q)In (2) which leads to

the boundary condition

n(z0) = n(0) = ngexp (;B—VT> = 2n,. (B.71)

With this boundary condition it holds exp (¢V/(kgT)) —1 = 1 and the current becomes
J(V) = Jo(exp (¢V/(ksT)) — 1) = Jp.

B.6 Discussion

B.6.1 Reabsorption matrix

The computation of the photon recycling matrix PR can be very time-consuming. This
is because the computation of the exponential integral Ei (z) is very expensive. For a
sufficient accuracy of the computations, we need N = 1000 mesh points which results
in a matrix with a million elements.

Fortunately, the matrix exhibits certain symmetries, namely the symmetry along
the main diagonal because the interaction between two intervals at x; and z; equals

the reverse interaction between the intervals at z; and ;.
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Additionally, the radiative interaction depends only on the distance Az, (cf. Tab.
B.1). Since only the function Eiz (nAz) occurs in the final equations, I only compute
the array Eiz (nAz) for n = 1..(M + 1)N — 1, where M is the maximum number
of multiple reflections. The elements of the reabsorption matrix are then generated
from this array without having to compute each element separately. Thereby, the

computation cost is roughly reduced by a factor of V.

B.6.2 Energy superposition

With respect to the energy-dependence of internal, external and dark generation rate,
the PR integral term evokes a fundamental difference between the differential equa-
tion Eq. (2.16) without PR and the integro-differential equation Eq. (3.1) with PR. In
the former problem, energy-dependencies occur only in the right hand side generation
terms which consist of the integrated generation rates at each energy. Due to this linear
superposition, one can determine the exact solution for each energy and subsequently
calculate the current from the convolution integral with the density of the incoming
radiation fluxes. In the latter case with photon recycling, the radiation emitted by re-
combining carriers which causes the internal generation is always distributed according
to Planck’s law Eq. (2.6) regardless of the energy of the exciting photons. Consequently,
in that case a linear superposition is not possible, the energy integration of the internal
generation rate has to be carried out before inverting the matrix equation. However,

for the external generation rate, the linear superposition is still valid.

B.7 Numerical error sources

Every numerical approximation scheme has its limits. The results delivered by the
numerical program are only valid as long as the assumptions underlying the numerical

approximations are not violated.

B.7.1 Optical limitations - absorption length

Optically, i.e., with respect to the absorptance of the solar cell, the reabsorption scheme
is self-consistent. Due to the fact that I integrate the radiative interaction between two

layers with finite thickness, no photons are lost in the computation, which makes the
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Tab. B.2: Average absorption coefficients according to Eq. (B.74) and maximum thickness
according to Eq. (B.73) for a numerical computation scheme with discretization N = 1000
and E; = 1eV.

Q(E) O_é(q)sun) EV(CDbb) aOdmaX<q)sun) aOdmaX<q)bb)
o o) o 2000 2000
ao/ o Bag a 400 2000
E-Eg 2 3
a0 (55F) 14x10%ay 2400 14 840

computation almost insensitive to the resolution of the discretization. This means that

the absorptance of the solar cell

d N
a(E) = /O g(z)dx = Z G(E, Tmi) Az (B.72)

as given by the integration over the generation profile is always exact.

However, if the generation profile is too steep, i.e. if the variation of g(z) within
one interval Az is too large, then the average generation rate g(zy,;) is not an accurate
approximation of the real generation rate g(z = z;) anymore.

As a crude condition I postulate that the first interval length d/(2N) should not ex-
ceed the average absorption length 1/a&, which leads to the condition for the maximum

thickness of the solar cell

2N

d< —.
a

(B.73)

Table B.2 lists the average absorption coefficients

Q= /OOO a(E)p(E)dE/ /OOO o(E)dE, (B.74)

where ¢(F) is either the solar spectrum ¢g,,(F) or the black body spectrum ¢y (E).
The maximum thickness listed in the last column of Tab. B.2 shows the numerical
restrictions for a discretization scheme with N = 1000 intervals for a band gap E, =

1leV.
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B.7.2 Electrical limitations - diffusion length

The electrical current is calculated according to Eq.(3.10) which in the case of the

normalized saturation current and with the discretization scheme of Fig. B.4 becomes

Jo dv V(€= AE/2) — w(E=0)

“Te —  Mnorm 37 — T Mnorm ) B.75

where the normalized electron concentration at the junction v(§ = 0) = 2 is determined
by the boundary condition Eq. (B.71).

This approximation holds only if the carrier distribution v(§) is not too steep. Let
us assume an exponential decay v(£) =~ 2exp (—&/Lnorm), Where Lo = y/finorm Tnorm
is the normalized diffusion length. Then reducing Lyom below Lyom =~ AE/2 results
in v(A&/2) approaching v(A{/2) = 1. Consequently, the numerical approximation
will be flawed and with A§ = apd/N the erroneous saturation current approaches the
low-mobility limit

i o, ME=AG2) —v(E=0) 2N
'unorm_>0 ®E§ norm Ag/z aod norm

(B.76)

although in reality, the current follows the square root dependence Jo X \/fnorm Tnorm-

Thus, the numerical discretization scheme is only valid for Lyom > A£/2, i.e.

(A9)?  (onod)?
4Tn0rm 4N27—n0rm .

/"LHOI'm > (B-??)

Summing up, the numerical computations are only valid below a maximum thickness

defined by the average absorption length and above a minimum diffusion length.
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Derivation of the two-layer model

This appendix performs the derivation of the two-layer model presented in section
3.7.2.

Region 1: 0 < ¢ <¢,, Inanalogy to Eq. (3.3) without the PR term 7, (§) we obtain

the following diffusion equation

v v (&) (1+9,)
,unormd_éﬁ -

EE0) e (©) = (6) — 1)

norm norm

For both, plane and textured front surface, I approximate the non-equilibrium gen-

eration profile by the exponential profile

ko F ko F
Youn(€) = =grexp (—ka&) + —rexp (—ka(200d — €)) (C2)
CI)bb q)bb

in order to guarantee an analytical solution. For the sake of simplicity, I assume that
a(E) = ap for E > E,. For a plane front surface, the profile is exact. The amplitudes
Fy and F; and the path length enhancement factor k, are determined by comparison
with Eq. (B.39). For a textured surface, it holds Fy = J5Q/ (1 — teen(1 — tiamn)). [
extract F, and k, from fitting 5., to the exact generation profile Eq. (B.43). For the
case of a textured front surface and of = 0 and g, = 1 we obtain for the thicknesses
aogd = 0.1 the coefficients F, = 1.02 Fy and k, = 3.24, and for the thickness agd = 10
F. = 0 and k, = 2. The parameters are chosen in such a way that the integrated
generation profile, i.e. the absorptance of the solar cell does not exceed the actual
absorptance.

174
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Since I assume that all emitted photons leave the cell, i.e. a constant emission
probability of unity, T also assume a constant black body generation rate (&) =

const = 1/7} ... Therewith, we obtain for the excess carriers ov = v — 1

d*6v (g _ _kaFO b (=) — ko Fy

norm ex k? 2000d — C.3
de2 Toorm (I)Elf q)bb D (—ka (200 £)) (C.3)

with the lifetime Tyorm = Tio/ (%r+1). The general solution of this differential equation

reads as

dv1(§) = Asinh (Lg ) -+ Bcosh (L £ ) + Cexp (—ka&) + Dexp (ku&) (C.4)

where Liorm = v/fnormTnorm 1S the normalized diffusion length and the coefficients

ka FO Thorm

_ C5
(I)E’E (1 - kc%lelorm) ( )

and
_ ko F eXp( 2k Oé[)d) Thnorm (C 6)

P (1= k2 L2orm)

- norm

are obtained from the particular solutions. The coefficients A and B will follow from

the boundary conditions given below.

Region 2: ¢, <& < apd Deep in the bulk the radiative lifetime is infinity due to the
assumed complete reabsorption of all emitted photons. Along with radiative recombi-
nation the black body generation vanishes as well thereby guaranteeing the compliance
of the internal detailed balance (zero emission is balanced by zero absorption). There-

with we arrive at the following differential equation for the excess carriers:

v ov (§) _ K Fo xp (— af) exp( ka(200d — €)) (C.7)

norm 2 nr Eg
d& 7 q)bb bb

norm

which is identical to Eq. (C.3) in region 1, only that the lifetime is exclusively deter-
mined by the non-radiative lifetime 7

With the ansatz

norm

dv5(€) = Esinh (er ) + Fcosh (fL—nraod) + Gexp (—ka&) + Hexp (k,&), (C.8)

norm norm
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where LT = \/fnormTiE ., is the normalized non-radiative diffusion length, the coef-
ficients G and H read as
kaFOTrlllérm (09)

- (I)Ek% (1 - (kjangrrrJZ)
and

o kaFreXp (_2kaa0d) Tl?(frm (C 10)
O (1— (kaLliny)?) |

Boundary conditions As boundary conditions we obtain the well-known conditions
(€ =0)=exp(¢V/(kgT)) — 1 at £ = 0 and dovy/d{|¢—nea = 0 at & = apd. At the
Interface between the two regions the continuity of the electron concentration dv(&) and

the continuity of the diffusion current result in the conditions vy (§ = &) = 01(§ =
gpr) and Nnormdéyl/dﬂﬁzépr = NnormdéVQ/dﬂﬁ:fpr'

Coefficients From these boundary conditions we obtain the coefficients

qV
B= —)—-1-C-D C.11
e (1) , 1)
7 koGexp (—kqaod) — Hexp (k:oéozgd)7 (C.12)
Ln} cosh (%)
By — Kosinh (7525 ) + 75-cosh (752
F — norm norm norm C.13
X , (©13)
and
Esinh (—Lff‘ > + Fcosh (—g‘z;aod) + K,
A — norm norm , (0'14)
sinh (%)
where the abbreviations K, K,, K3, and K, are given by
K; = (G —C)exp (—ka&pe) + (H — D) exp (ka&pe) — Beosh <L§L> , (C.15)

Ky = ko (C = G) exp (—kabor) ke (H — D) exp (k:afpr)—Lisinh (Li) . (C.16)

norm norm

]- T . T 1 . T T
s = om0 (szrm> sinh (Lgpm) BT (Lirm) cosh <L§pm) ’
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(C.17)
and

Ky =

1 . . d
=g sioh (Lgpm) sinh <5p%io ) B

1 gpr fpr CYOd
I cosh <Lnorm> cosh ( Tar . (C.18)

norm

Layer thickness In order to comply the external detailed balance principle, we have
to guarantee that the radiative recombination current does not exceed the absorptance
a of the solar cell. Therefore, I choose the thickness &, of layer 1 in such a way,
that the maximum radiative recombination current J5*4(pipom — 00)/®LE equals the
absorptance and therewith the numerical result in section 3.4.1.

Radiative recombination only takes place in region 1. Therefore, and with keeping
in mind that all photons emitted by radiative recombination are also emitted from the

front surface by definition (no PR), we obtain the radiative saturation current

%m:/ﬁrw1%
0

Eg r
Dy 7

norm

(C.19)

V=kpT/qn(2)

For piporm — 00 and with dv1(§ = 0) = 1 for V. = (kgT/q)In (2) it holds dv4(&) =

dv1(€ = 0) = 1. Therewith, we arrive at the condition

Jrad .
lim S0 = % ~a (C.20)
Hnorm —0C ®bb TIIOI‘I]’I
which with 77 = 1/(4n?) gives
a
Epr = 12 (C.21)

The absorptance a is either given by Eq. (3.37) for a textured or Eq. (3.40) for a plane
front surface.

With the above choice of the layer thickness &, the model inherently predicts the
correct high mobility limit for the saturation current in the radiative recombination
limit. When non-radiative recombination is dominant, the model simply turns into the
classical approach.

With respect to the low mobility limit the model also renders the correct result,

namely the limit \/finorm/Tiom- But this limit is not the crucial point since it is
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also correctly reproduced by the standard classical model. The high mobility limit
makes up the much more critical issue, since the change from the limit agd/72  to
the absorptance a with increasing non-radiative lifetime can not be captured with the
classical approach.

The final step in the model is the calculation of the electrical current which is

conducted in the usual manner according to

Ja(V) dory A
(I)EE Hnorm d§ Mnorm (Lnorm kaC + ka ) (C )
§=0

C.0.2.1 Radiative recombination limit

In the limit of radiative recombination, the two-layer model allows some simplifications.
Without non-radiative recombination, i.e. with an infinite non-radiative lifetime, the
lifetime in region 1 is simply given by the radiative lifetime and the diffusion length
turns into Lnorm = v/finorm Thorm- 11 Tegion 2, recombination vanishes altogether. With-

out the recombination term dvy /7 in Eq.(C.7), the electron profile in region 2 is

orm

given by
ve(§) = EE+ F + Gexp (—ko&) + Hexp (kaf) (C.23)

with the coefficients
—F,

G=———, C.24
(I)Egkzﬂnorm ( )
F. —2k,00d
H= eXg; ] 2od) (C.25)
(I)bbkaﬂnorm
and
E = k,Gexp (—kqaod) — ko Hexp (kapd) . (C.26)

From the boundary conditions at £ = &, we obtain

(E + KZ)Lnorm

A — (C.27)
cosh <—Lizm>
and
F — Asinh (i) — By — K. (C.28)

The coefficients B, C', D, and K; and K5 remain unchanged.



Nomenclature

Physical constants

¢ Speed of light 3 x 10 cms!

h  Planck’s constant 414 x 107 eVs
kg Boltzmann’s constant 8.62 x 1075 eV K™}
q¢ Elementary charge 1.602 x 107 As

Symbols

al°c Local absorptance

aloc Local absorption coefficient

Ogun Average absorption coefficient of the solar spectrum

(sun Average absorptance of the solar spectrum

app Average absorptance of the terrestrial black body spec-
trum

Beven Reflected path coming from the back side with even #
of reflections

Boaqa Reflected path coming from the back side with odd #
of reflections

Cp Proportionality constant between the normalized short
circuit current in the low mobility limit and the normal-
ized mobility

Cr Radiative lifetime multiplication factor

Aerit Critical thickness for light absorption

dim Dimension of band gap fluctuations

179
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180 NOMENCLATURE

Arnax Maximum thickness for numerical accuracy cm

D, Electron diffusion constant cm?s7!

Ec Conduction band eV

Ege Local conduction band eV

Er Fermi level eV

FEr, Electron Fermi level eV

Eiee Local electron Fermi level eV

Erp Hole Fermi level eV

Ee Local hole Fermi level eV

E, Band gap eV

Eéoc Local band gap eV

By Valence band eV

Eye Local valence band eV

E, Mean band gap eV

EQE External quantum efficiency (spectral)

EQELgp External LED quantum efficiency (integrated)

n Solar cell power conversion efficiency

75Q Shockley Queisser efficiency

fe Collection efficiency

FF Fill factor

Fy Initial photon flux at the solar cell surface cm 257!

F, Reflected photon flux cm 257!

Floen Reflected path coming from the front side with an even
# of reflections

Foaa Reflected path coming from the front side with an odd
# of reflections

fr Radiative interaction function

gﬁﬁ Spectral black body photon flux per solid angle in a cm 2s eV ™!

material with refractive index n

®bb Spectral black body photon flux projected on the cell cm™2s 'eV ™!
surface

Dy, Integrated black body photon flux projected on the cell cm2s7!

surface
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DE Black body photon flux integrated from the band gap cm™2s7!
and projected on the cell surface
Piabs Integrated black body photon flux absorbed by the cell cm™2s7!
Gsun Spectral solar photon flux projected on the cell surface cm=2s eV ™!
Doun Solar photon flux integrated over all energies and pro- cm 257!
jected on the cell surface
Pple Solar photon flux integrated over all energies larger than cm™2s7!
the band gap and projected on the cell surface
Pabs Integrated solar photon flux absorbed by the cell per cm™2s™!
unit surface area
Ploc Local radiative recombination current cm2s7!
Doy Integrated emitted photon flux per unit surface area cm 25t
Gbb Spectral black body generation rate cm3s eVt
G Black body generation rate cm 357!
“bb Normalized black body generation rate
Gint Spectral internal generation rate cm s eVt
Gint Internal generation rate cm 3!
Yint Normalized internal generation rate
Jsun Spectral solar generation rate cm3s eVt
Geun Solar generation rate cm 3!
Ysun Normalized solar generation rate
Ja Electrical current drawn from the solar cell cm 2!
Jo Reverse saturation current cm 2s!
J3e Saturation current in the SQ limit cm 257!
Jrad Radiative saturation current cm2s7!
Jo Non-radiative saturation current cm 27!
Jloe Local non-radiative recombination current cm2s7!
Jloe Local recombination current cm 257!
Jur Non-radiative recombination current cm 257!
Jrad Radiative recombination current cm 257!
Jse Short circuit current cm 2s!
J5Q Short circuit current in the SQ limit cm 257!
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ke Absorption multiplication factor that contains the ab-
sorption spectrum and the nature of the cell surface
Kiam Absorption multiplication factor that contains the na-

ture of the cell surface

Ly, Absorption length cm

Lo norm Normalized absorption length

L, Electron diffusion length cm

Lyorm Normalized diffusion length

Lesit Critical diffusion length cm

Lrad Critical diffusion length in the radiative limit cm
Lempnorm  Normalized emission length

L, Fluctuation length of band gap fluctuations cm

L, Fluctuation length of the chemical potential cm

I Chemical potential of photons eV

ploc Local chemical potential eV

s Steady state chemical potential eV

ploe Local steady state chemical potential eV

il Mean chemical potential eV

fn Electron mobility cm?(Vs)™!
[ref Reference mobility for normalization cm?(Vs)™!
Hnorm Normalized mobility

Herit Critical mobility cm?(Vs)™!
pos Normalized critical mobility

prad Critical mobility in the radiative recombination limit cm?(Vs)™!
pupend Hole mobility in valence band cm?(Vs)™t
peft Effective hole mobility cm?(Vs)™!
Na Acceptor concentration cm ™3

n; Intrinsic carrier concentration cm ™3

n Electron concentration cm 3

v Normalized electron concentration

n Real part of the refractive index
P Hole concentration cm™

P Gaussian probability
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Ob Reflection coefficient at the back contact
Of Reflection coefficient at the front surface
Ty Spectral radiative recombination rate cm3s eVt
R, Radiative recombination rate cm 3!
R, Non-radiative recombination rate cm 3!
R, Autocorrelation function of the band gap fluctuations
S Power spectrum of the band gap fluctuations cmd™m
o Standard devieation of the band gap fluctuations eV!
o, Standard devieation of the chemical potential eV™!
Sh Electron surface recombination velocity at the back con- cms—1
tact
T Minority carrier lifetime st
Toorm Normalized lifetime
T Radiative minority carrier lifetime 571
Toorm Normalized radiative minority carrier lifetime
Tar Non-radiative minority carrier lifetime st
Toorm Normalized non-radiative minority carrier lifetime
rmod Normalized modified minority carrier lifetime
rrmod Normalized modified radiative minority carrier lifetime
0. Critical angle of total internal reflection
Y, Ratio of radiative and non-radiative lifetime
Ve Open circuit voltage A%
V/inhom Open circuit voltage with inhomogeneous band gap \Y%
V/rad Open circuit voltage in the Shockley Queisser limit \Y
Weer Width of the space charge region cm
x Spatial coordinate cm
19 Normalized spatial coordinate
Ty Position of carrier generation cm
T Discrete position (interval) of carrier generation cm
Ty Position of carrier recombination cm
T Discrete position (interval) of carrier recombination cm
Epr Normalized depth of the layer from where all emitted

photons exit the cell
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