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Abstract. We consider the fragments FO? 5 N FO? II, N FO? and A of first-order
logic FO[<] over finite and infinite words. For all four fragments, we give character-
izations in terms of rankers. In particular, we generalize the notion of a ranker to
infinite words in two possible ways. Both extensions are natural in the sense that over
finite words, they coincide with classical rankers and over infinite words, they both
have the full expressive power of FO2. Moreover, the first extension of rankers admits
a characterization of Y5 N FO? while the other leads to a characterization of II, N FO?.
Both versions of rankers yield characterizations of the fragment As = Y5 N1Ils. As a
byproduct, we also obtain characterizations based on unambiguous temporal logic and
unambiguous interval temporal logic.
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1 Introduction

We consider fragments of two-variable first-order logic FO?. Formulas are interpreted over words
which may be infinite or finite. Over finite words only, a large number of different characterizations
of FO? is known, see e.g. [7] or [1] for an overview. Some of the characterizations have been
generalized to infinite words in [2]. In this paper, we continue this line of work. For this paper
the main difference between finite word models and infinite word models is the following: Over
finite words, FO? and the fragment Ay = Y5 N I have the same expressive power [8], whereas
Ay is a strict subclass of FO? over infinite words. Moreover, in the case of infinite words, FO?
is incomparable to Yo and IIs. By definition X5 is the class of formulas in prenex normal form
with two blocks of quantifiers starting with a block of existential quantifiers, and Il is the class of
negations of Yo-formulas. Here and throughout the paper, we identify a logical fragment with the
class of languages definable in the fragment.

An important concept in this paper are rankers which have been introduced by Immerman and
Weis [9] in order to give a combinatorial characterization of quantifier alternation within FO? over
finite words. Casually speaking, a ranker is a sequence of instructions of the form “go to the next
a-position” and “go to the previous a-position” for some letters a. For every word, a ranker is
either undefined or it determines a unique position. We generalize rankers to infinite words in two
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possible ways. The main difference to finite words is that we have to define the semantics of “go to
the last a-position” if there are infinitely many occurrences of the letter a. The first solution is to
say that this modality evaluates to false and that the position is undefined. The second approach is
to stay at an infinite position. For example, if a word has infinitely many a-positions but only two
b-positions, then in the first semantics “go to the last a-position and from there, go to the previous
b-position” would be false while in the second semantics it would be true and it would determine the
last b-position. By delaying the interpretation of modalities until some letter with finite occurrence
is met, the second semantics is reminiscent of the lazy evaluation principle. We therefore call the
second semantics lazy rankers. If we want to emphasize that we use the first semantics, then we
often use the term eager ranker. The language L(r) of a ranker r consists of all words such that
r is defined. A ranker language is a Boolean combination of languages of the form L(r) for some
rankers r.

In both ways, rankers admit natural combinatorial characterizations of the first-order fragments
FO? and A, over finite and infinite words. Moreover, the eager semantics yields a characterization
of 9 N FO? while lazy rankers lead to a characterization of I3 N FO?. We note that the decid-
ability results for the first-order fragments lead to decidability results for the respective ranker
fragments [2].

Let I'° be the set of all finite and infinite words over the alphabet I and let L C I"*°. Our main
results are

e L € FO? if and only if L is an eager ranker language (Theorem 1) if and only if L is a lazy
ranker language (Theorem 5).

e L € ¥, NFO?if and only if L is a positive eager ranker language with some additional atomic
modality (Theorem 2).

e L € II, NFO? if and only if L is a positive lazy ranker language with some additional atomic
modality (Theorem 4).

e [. € Ay if and only if L is a ranker language such that all instructions are starting with a
modality “go to the first a-position” (Theorem 3).

It turns out that unambiguous temporal logic [3] and unambiguous interval temporal logic [4] allow
natural intermediate characterizations on the way from first-order logic to rankers. In particular,
this yields temporal logic counterparts of the first-order fragments. Moreover, we present a way
for converting formulas in unambiguous interval temporal logic into equivalent formulas in unam-
biguous temporal logic, which does not introduce new negations (Propositions 1 and 2). This also
leads to a new characterization of FO? over finite words in terms of restricted ranker languages
(Corollary 1).

In this paper, all steps from fragments of first-order logic to interval temporal logic are based on
characterizations in terms of so-called unambiguous polynomials; almost all other steps are effective
syntactic transformations. The sole exception is the inclusion of some ranker fragment in I, NFO?.
This step relies on a characterization of IIy N FO? in terms of the alphabetic topology [2].

An extended abstract of our results will be presented at the 14th International Conference on
Developments in Language Theory (DLT 2010).

2 Preliminaries

In the following I' denotes a finite alphabet. For A C I" we denote by A* the set of finite words
over A. The set of infinite words is A%, and A% = A* U A% is the set of finite and infinite words.
The empty word is € and we have {e} = (1°°. We denote potentially infinite words by lowercase



Greek letters «, 8,y whereas finite words are denoted by lowercase Latin letters u, v, w; for letters
in I' we use a,b,c,d. For a word o and a position = of the word, a(z) is the x-th letter of a.
By |a] € NU {oo} we denote the length of a. Therefore @ = «a(1)---a(|a|) if « is finite and
a = «a(l)a(2)--- if a is infinite. We extend this notation to intervals 7" C N and write «(7T") for
the word comprising the positions of a contained in 7T'. In particular, we do not require that T is
contained in the set of positions of a. Hence, for all & € '™ we have «()) = ¢, and a(N) = « even
if the word « is finite. We call alph(«) the alphabet of «, i.e., the set of letters occurring in «. For
a € T', a position labeled by a is called an a-position. By im(«) we mean the imaginary alphabet of
a, i.e., the set of letters occurring infinitely often in «. For A C I', the set of words with imaginary
alphabet A is denoted by A™. In particular, I'* = (™.

A monomial (of degree k) is a language of the form Aja; - - - Ajar A5 | for letters a; € I' and sets
A; CT. It is unambiguous if each word of the monomial has a unique factorization uja; - - - ugag 8
with u; € A7 and 8 € A7 ,. A polynomial (of degree k) is a finite union of monomials (of degree
at most k). It is called unambiguous if it is a finite union of unambiguous monomials.

Example 1 The set of all finite words over an alphabet A C I' is an unambiguous polynomial.
We have
A* = (> U U A*a(z)oo’
acA

i.e., a word is of finite length if it is either empty or if there is a last letter. O

Example 2 Consider the language L = (I' \ {b})*al’*® N (' \ {c})*oI'>™ N I'™*cI'* of all words
containing a ¢ such that there is an a with no b to the left, and such that there is a b with no ¢ to
the left. This language is an unambiguous monomial since

L=\ {bc)*a(l\ {c})"br* ™.

Moreover, L is the set of all words such that the first a occurs before the first b which in turn occurs
before the first c. O

2.1 Fragments of First-Order Logic

We denote by FO = FO[<] the first-order logic over words interpreted as labeled linear orders
(without 0o). As atomic formulas, FO comprises T (for true), the unary predicate A(x)=a for
a € I', and the binary predicate x < y for variables  and y. The idea is that variables range over
the linearly ordered positions of a word and A(z) = a means that x is an a-position. Apart from the
Boolean connectives, we allow composition of formulas using existential quantification Jz: ¢ and
universal quantification Vz: ¢ for ¢ € FO. The semantics is as usual. We introduce the common
shortcut | for =T. Typical names for formulas in this paper are ¢, 1, 0,9, u, v, 0.

Every formula in FO can be converted into a semantically equivalent formula in prenex normal
form by renaming variables and moving quantifiers to the front. This observation gives rise to the
fragment 3y (resp. Il2) consisting of all FO-formulas in prenex normal form with only two blocks of
quantifiers, starting with a block of existential quantifiers (resp. universal quantifiers). Note that
the negation of a formula in X9 is equivalent to a formula in Il and vice versa. The fragments
¥y and Il are both closed under conjunction and disjunction. Furthermore, FO? is the fragment
of FO containing all formulas which use at most two different names for the variables. This is a
natural restriction, since FO with three variables already has the full expressive power of FO.

A sentence in FO is a formula without free variables. For a sentence ¢ the language defined by ¢,
denoted by L(yp), is the set of all words a € I'>® that model ¢, i.e., a = ¢. We frequently identify
logical fragments with the classes of languages they define (as in the definition of the fragment
Ay = ¥y NIy for example).



Example 3 Consider the formulas
e = JaVy:y<zVAy)#a and P = VaIy:y>zAAy)=a.

The formula ¢ € Y5 NFO? states that after some position there is no a-position, i.e., L(y) contains
all words with finitely many a-positions. Its negation ¢ € FO? NII? says that for all positions there
is a greater a-position, i.e., L(v)) is set of all words o with a € im(«). Surprisingly, L(y) is not
definable in Iy and L(%)) is not definable in X, cf. [2].

3 Rankers and Unambiguous Temporal Logics

For finite words, rankers have been introduced by Immerman and Weis [9]. They can be seen as a
generalization of turtle programs used by Schwentick, Thérien, and Vollmer [6] for characterizing
FO?%-definable languages over finite words. The main difference between rankers and turtle programs
is that rankers either uniquely determine a position in a word or they are undefined, whereas turtle
programs mainly distinguish between being defined and being undefined.

Extending rankers with Boolean connectives yields unambiguous temporal logic (unambiguous
TL). It is called unambiguous since each position considered by some formula in this logic is unique.
Unambiguous TL has been introduced for Mazurkiewicz traces [3] which are a generalization of finite
words.

All of our characterizations of first-order fragments rely on unambiguous polynomials. A natural
intermediate step from polynomials to temporal logic is interval temporal logic. Unambiguous
interval temporal logic (unambiguous ITL) has been introduced by Lodaya, Pandya, and Shah [4]
for finite words. They showed that over finite words it has the same expressive power as FO2.

In this section, we generalize all three concepts (rankers, unambiguous TL, and unambiguous
ITL) to infinite words. For each concept there are essentially two natural choices for such gen-
eralizations. Surprisingly, it turns out that one extension can be used for the characterization of
the first-order fragment X5 N FO? over I'™ while the other yields a characterization of II; N FO?.
Moreover, both semantics can be used for describing FO? and A,. In fact, for Ay we use some
fragment of rankers which conceals the difference between the two versions.

Basically, all proofs of our main theorems have the following structure: Using some characteriza-
tion in terms of unambiguous polynomials, we go from first-order logic to interval temporal logic;
then formulas in interval temporal logic are transformed into equivalent formulas in temporal logic,
which in turn can be easily converted into some ranker descriptions. The last step is to express
ranker languages within some fragment of first-order logic. In all proofs, the main technical step
is the conversion of unambiguous ITL into unambiguous TL without introducing new negations
(Propositions 1 and 2).

3.1 Rankers

A ranker is a finite word over the alphabet {X,,Y, | a € I'}. It can be interpreted as a sequence
of instructions of the form X, and Y,. Here, X, (for neXt-a) means “go to the next a-position”
and Y, (for Yesterday-a) means “go to the previous a-position”. Below, we will introduce a second
variant of rankers (lazy rankers). For distinguishing, we will sometimes use the attribute eager for
this first version of rankers. For a word « and a position z € NU {oco} we define

Xo(o,z) = min {y e N| a(y) =a and y > =},
Yo(o,z) = max{y € N| a(y) =aand y < z}.

As usual, we set y < oo for all y € N. The minimum and the maximum of () as well as the
maximum of an infinite set are undefined. In particular, X, (a, 00) is always undefined and Y, (o, 00)



is defined if and only if a € alph(a) \ im(a). We extend this definition to rankers by setting
Xor(a,z) = r(a, Xq(a,z)) and Y, 7r(a, x) = r(a, Yu(a, x)), i.e., rankers are processed from left to
right. We say that r(«,z) is undefined, if after processing some prefix of r on «, the resulting
position is undefined. If r(a, x) is defined for some non-empty ranker r, then r(a, x) # oco.

a1 as as im(«)

Figure 1: Signature of @ = aj agas--- over lazy rankers

Next, we define another variant of rankers as finite words over the alphabet {X.,Y: | a € I'}.
The superscript £ is derived from lazy and accordingly such rankers are called lazy rankers. The
difference to eager rankers is that lazy rankers can point to an infinite position co. The idea is
that the position co is not reachable from any finite position and that it represents the behavior at
infinity. We imagine that oo is greater than all finite positions and it is labeled by all letters in im(«)
for words a. Therefore, it is often adequate to set oo < oo, since the infinite position simulates a
set of finite positions. For a word « and a finite position z € N we define X/, (o, z) = X,(a, ) and
Yi(a,x) = Yu(a, z). For the infinite position we set

X! (0, 00) = 00 if a €im(a)
undefined else

V(e 00) = 00 if a €im(a)
Yo (o, 00) else

i.e., Yi(a,00) is undefined if a ¢ alph(a), and Y:(a,00) = Yu(a,00) is a finite position if a €
alph(a)\im(a). As before, we extend this definition to rankers of length > 1 by setting X! r(a, z) =
r(a, X, (o, z)) and Y, r(a,z) = r(a, Yi(a,x)). We denote by

alphp(r) ={a € T'| r € ¢{Xa, Ya, X, Yo} s for some rankers g, s}

the set of letters in I occurring in some modality of the ranker r. It can happen that r(a, 00) = 0o
for some non-empty lazy ranker r. This is the case if and only if r is of the form Y/ s and alphp(r) C
im(a).

If the reference to the word « is clear from the context, then for eager and lazy rankers r we
shorten the notation and write r(x) instead of r(a, x).

An eager ranker r is an X-ranker if r = X, s for some ranker s and a € ', and it is a Y-ranker
if r is of the form Y, s. Lazy X‘-rankers and Y*-rankers are defined similarly. We proceed to define
r(a), the position of « reached by the ranker r by starting “outside” the word «. The position
r(«) is called r-position. The intuition is as follows. If r is an X-ranker or an X‘-ranker, we imagine
that we start at an outside position in front of «; if 7 is a Y-ranker or a Y‘-ranker, then we start
at a position behind «. Therefore, we define

r(a,0)  if r is an X-ranker or an X‘-ranker,
r(a,00) if r is a Y-ranker or a Y‘-ranker.

On the left side of Figure 2, a possible situation for the eager ranker Y, Y, X, being defined on
some word « is depicted. The right side of the same figure illustrates a similar situation for the
lazy ranker Y; X[ Y. Y, X;, with d € im(«) and a € alph(a) \ im(«). Note that the eager version of
the same ranker would not be defined on « since d € im(«).

Given these definitions, an eager ranker can either be undefined on a word « (if at some state of

the evaluation of r(«) an instruction cannot be accomplished) or the ranker is defined on « and in



b a c b

H -+ im(a)
no b no a (c)

no b no a

no ¢ no ¢

Figure 2: Eager and lazy rankers

this case it determines a unique finite position of «. If a lazy ranker r is defined on «, then either
r(a) = oo or it defines a unique finite position of a.. For the empty ranker ¢ we have ¢ X, = X, and
eX, =X, aswell as Y, =Y, and €Y, =Y, i.e., the empty ranker ¢ either starts at position 0 or
oo depending on whether the next modality is in {X,, X}, | a € T} or in {Y,,Y, | a € I'}. Moreover,
¢ is defined on every word even though it does not determine a unique position of the word. The
empty ranker is both eager and lazy.

For an eager or lazy ranker r the language L(r) generated by r is the set of all words in I'*®
on which r is defined. A (positive) ranker language is a finite (positive) Boolean combination of
languages of the form L(r) for a ranker r. A (positive) lazy ranker language is a finite (positive)
Boolean combination of languages of the form L(r) for a lazy ranker r. Finally, a (positive) X-ranker
language is a (positive) ranker language using only X-rankers.

Example 4 The language L = (I'\ {a,b,c})*a(T" \ {b,c})*b(T" \ {c})*cI"*® of all words such that
the first a occurs before the first b which in turn occurs before the first ¢ is a positive X-ranker

language because
L = L(XbYa) N L(XCY(,).

We have alphp(XpY,) = {a, b} and alphp(X,.Yy) = {b, ¢}, and both rankers are X-rankers. O

Example 5 Consider the language L C I'* consisting of all non-empty words with a as the first
letter. A word is contained in L if and only if it contains an a-position and such that no b € T
occurs to the left of the first a-position. Therefore,

L = L(Xs) N T\ L(Xa Y),
bel

that is, L is a Boolean combination of the rankers X, and X, Y} for b € I O

3.2 Unambiguous Temporal Logic

Our generalization of rankers allows us to define unambiguous temporal logic (unambiguous TL)
over infinite words. As for rankers, we have an eager and a lazy variant. The syntax is given by:

Tl | eV | oAy | Xep | Yap | Ga | Ha | X0 | Yo | G5 | HE

for a € T and ¢, are formulas in unambiguous TL. The atomic formulas are T (which is true),
and the eager modalities Gz (for Globally-no-a) and Hgz (for Historically-no-a), as well as the lazy
modalities G (for lazy-Globally-no-a) and H% (for lazy-Historically-no-a). We now define, when
a word « at a position x € NU {oo} satisfies a formula ¢ in unambiguous TL, in which case we
write o,z = ¢. The atomic formula T is true at all positions and the semantics of the Boolean

connectives is as usual. For Z € {X,,Y,, X, Y. | a € '} the semantics is defined as follows:

a,x =2y iff  Z(x) is defined and o, Z(z) = ¢,



and the semantics of the atomic modalities is given by

G = =X, T, Ha = YT,
GL = ~X.T, H, = -YIT.

a

In order to define when a word a models a formula ¢, we have to distinguish whether ¢ starts with
a future or a past modality:

alEXep iff a,0F=Xq e, abEY,e iff a,00 =Y.,
akEG; iff «,0F=Gg, akEHz; iff a,00 = Hg,
aEX e iff a0EX e, aEYip iff a,c0EY.ie
akEG, iff «,0FG, akEH; iff a,00 FH;.

The modalities on the left are called future modalities and the modalities on the right are called past
modalities. The atomic modalities G and G differ only for the infinite position, but the semantics
of Hz and H differs a lot: « = Hj if and only if a € im(a) or a ¢ alph(a) whereas o = H if and
only if a ¢ alph(«). Every formula ¢ defines a language L(p) = {a € ' | a |= ¢}.

For C C {Xq, Ya, Ga, Ha, X!, Ys G5, HL b we define the following fragments of unambiguous TL:

e TLIC] consists of all formulas using only T, Boolean connectives, and temporal modalities in
C,

e TLT[C] consists of all formulas using only T, positive Boolean connectives (i.e., no negation),
and temporal modalities in C,

e TLx[C] consists of all formulas using only T, Boolean connectives, and temporal modalities
in C such that all outmost modalities are future modalities,

e TLJ[C] consists of all formulas in TL*[C] N TLx[C].

Frequently, we identify a class of formulas F with the class of languages {L(¢) | ¢ € F}. We say
that a language L C I'*° is definable in a logical fragment F or simply F-definable, if L = L(yp) for
some ¢ € F.

Example 6 Consider again the language L C I'*® of example 5 consisting of all non-empty words
with a as the first letter. This language is defined by each of following formulas:

1 =X TA N XY T € TLx[Xa, Yal,
bel
p2 = [\ XaHs € TL [Xq, Hal,
bel
o3 = XaTA N\ (GVXeYaT) €TLE[Xq, Ya, Gl
bel'\{a}

The formula ¢ says that there is some a-position and that no letter occurs before the first a-
position. In particular, it uses a negation. The second formula s is almost identical, but it uses
the atomic modality Hz. Due to the use of this implicit negation in a past-modality, no explicit
negation is required. The surprising fact about 3 is that it neither uses negations nor the implicitly
negated past-modality Hj. It essentially says that before every non-a-position there is an a-position.

O



Example 7 The language L = (I'\ {b})*al'* with a # b consisting of all words containing an
a-position with no b to the left is defined by each of the following formulas:

Y1 = XaﬁYbT ETL[XG,Ya],
w2 = Gy VXpY, T € TL"[Xq, Ya, Gal.

The first formula requires that the first a-position has no b-position in the future, whereas the
second formula states that there is either no b at all or that there is an a-position before the first
b-position. Note that for a word in L, the position reached by the term X, Y, in ¢ is not necessarily
the first a-position of the word. In particular, formulas can be equivalent without visiting the same
positions. Also note that the argumentation would not be valid for a = b. O

Inspired by the atomic logical modalities, we extend the notion of a ranker by allowing the atomic
modalities G; and H; as well as G5 and H:. We call r a ranker with atomic modality G; (Ha, G,
H: resp.) if r = sG; (r = sHa, r = sGj, r = sHS, resp.) for some ranker s. In this setting,
r = Gg is an X-ranker, and r = Hg is a Y-ranker. Analogously, we can add atomic modalities to
lazy rankers. Note that any ranker with some atomic modality is also a formula in unambiguous

TL. We can therefore define the domain of an extended ranker r with some atomic modality by
r(a,z) is defined  iff o,z =7

If r € s{Gg,Hz, G5, H: | @ € T'} is an extended ranker and r(a, z) is defined, then we set r(a, x) =
s(a, ), i.e., r(a, x) is the position reached after the execution of s. The reinterpretation of rankers
as formulas also makes sense for a ranker r € {Xg,Ya, X%, YE}" without atomic modality, if we
identify r with T in unambiguous TL, which is justified since we have that r is defined on « if
and only if a |=7T.

Let C C {Gg, Ha, G5, H: . A language L is a ranker language with atomic modalities C if L is a
Boolean combination of languages L(r) such that r is either a ranker without atomic modalities
or a ranker with some atomic modality in C. Similarly, the notions of lazy / positive / X-ranker
languages are adapted to the use of atomic modalities.

The following lemma shows that not only can we interpret rankers as formulas, but we can also

transform fragments of unambiguous TL into ranker languages.

Lemma 1 For L CT'* the following holds:
1. If L € TL[X,, Ya], then L is a ranker language.

2. If L € TL"[X,,Ys,Gg, Hal, then L is a positive ranker language with atomic modalities Gg
and Hg.

If L € TL"[Xq, Ya, Gg], then L is a positive ranker language with atomic modality Gg.
If L € TL; [Xas Yo, Gal, then L is a positive X-ranker language with atomic modality Gg.

If L € TLx[Xq, Ya|, then L is an X-ranker language.

S S -

If L € TLY[X., Y. HE], then L is a positive lazy ranker language with atomic modality Hg.



Proof: We observe the following basic equivalences (with Z, € {X,, Ya, X!, Y.} and with = denoting
equivalence of formulas on all words and all positions in NU {oco}):

Za(ﬁgo) = ZaT A ﬁza ©,
Zo(o V1) Zop NV Zy,
Zo(p N ) Zop NZgp.

For a formula in TL[X,, Y,] we use the equivalences to move all Boolean connectives to the outermost
level, ending up in a Boolean combination of formulas of type T for some ranker r. This shows 1.
For formulas in TL™[X,,Y,, Gz, Ha] the same argument yields a positive Boolean combination of
languages defined by rankers with atomic modalities Gz and Hg. (Of course, we do not apply the
rule for negations.) Moreover, there is a ranker generated this way containing the atomic modality
H; if and only if the original formula uses Hz. This shows 2 and 3. The situation for formulas in
TLT[X!, YE HE] is similar, showing 6. If the first non-Boolean modality on each path of the syntax
tree of the original formula is a future modality, then all rankers generated by the above rules start
with future modalities, so 4 and 5 follow. O

Lemma 2 For every non-empty ranker v there exist formulas o,9, € TLY[Xq, Yo, Ga] such that
for every o € T'™° with r(«) being defined we have

a,r o iff x>r(a),
a,x EY Aiff x> r(a).

Proof: We use induction on the length of the ranker. Let o be a word such that r is defined on
a. Consider the case r = s X, for some ranker s. Note that there must be an a-position since r
is defined on a. For a position z of @ we have x > r(«) if and only if we find an a-position y
strictly smaller than x such that y > s(«). But this is equivalent to Y, (z) > s(a) since Yo (z) is the
maximal a-position strictly smaller than x. For the formula ¢, we have to be more careful: For a
position z of o we have x > r(«) if and only if there is no a-position strictly greater than x or if
all such a-positions y satisfy y > r(«) which we already know how to express. Therefore,

0r = Yq 05
ﬁr:Ga\/XGQT

for r = s X, with g5 = T for s = €. So, if the ranker starts with X,, we view the empty ranker to
be on a position in front of the word and hence all positions are strictly greater than it.

Consider r = sY, for some ranker s. Again, we know that there is an a-position in «. For a
position x on a we have x > r(«) if and only if there is no a-position strictly greater than x or for
all such a-positions y we have y > s(a). But this is equivalent to X,(z) > s(«) since X, () is the
minimal a-position strictly greater than z. A position x of « satisfies z > r(«) if and only if there
is an a-position y strictly smaller than = such that y > r(«). Hence

W = Gz V Xg U
Or :Ya"gr

for r = sY, with ¥, = L for s = €. This means that in the case that the ranker starts with Y,
we view the empty ranker to be on a position behind the word and hence all positions are strictly
smaller than it. So for s = € the formula ¥, is equivalent to Ggz. O



In the following lemma, we set 0o < 0o and also oo < oo. This is natural since with the single
“position” oo we want to model the behavior of a word “after” all finite positions; in particular, if
im(a) # (), then co corresponds to infinitely many positions.

Lemma 3 For every non-empty lazy ranker r there exist formulas o,,9, € TLT[X, Y. HE] such
that for every o € T'°° with r(«) being defined we have

a,rE=o  iff w<r(a),
a,xEY iff  x <r(a).

Proof: For r = X!, we set

VI, = HE |
or = X0, .
For r =Y} we set
Or :XZT7

9 =Hs VY. o.
Suppose r = s X. Then

9 = Hs VY0,

Or = Xz 197’ .
Suppose r = sY,.. Then

Qr:XfLQs
= HL V Ve g,

Note that the formulas conform to oo < oo and oo < 0. O

3.3 Unambiguous Interval Temporal Logic

Here, we extend unambiguous interval temporal logic (unambiguous ITL) to infinite words in such
a way that it coincides with FO?. In fact, we have two extensions with this property, one being
eager and one being lazy. The syntax of unambiguous ITL is given by Boolean combinations and:

TleFatv [ @lat | Ga | Ha | @Fo9 | olgv | G | H

with a € T" and ¢, are formulas in unambiguous ITL. The name F, derives from First-a and
L, derives from Last-a. As in unambiguous temporal logic, the atomic formulas are T, the eager
modalities Gz and Hg, and the lazy modalities G and H;. We now define, when a word « together
with an interval (z;y) = {# € NU{oo} | x < z < y} satisfies a formula ¢ in unambiguous ITL, in
which case we write «, (z;y) | ¢. Remember that we have set oo < oo. In particular (oo;00) =
{o0}. The atomic formula T is true for all intervals and the semantics of the Boolean connectives
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is as usual. The semantics of the binary modalities is as follows:

a, (z;y) EeFayp  iff x) is deﬁned Xa(z) <y,

Xa
a, (z;X )hpanda( a(2)1y) ¢,
Ya(

y) is deﬁned Yo(y) >
a, (#;Y, ))Zsaanda(())):w,
Xal

x) is defined, X! (z) <y,
(:): X, (z)) E¢ and a, (X)(2);y) = v,
Ya(y

) is defined, Y.(y) >
. (23 YL(y) E o and a, (Yﬁ(y);y) = 9.

The semantics of the atomic modalities is given by

a,(z;y) Eeley  iff
o, (z;y) EpFay  iff

o, (;y) Epley iff

Gz = =(TF,T), Hi = =(T L, T),

Gy = =(TF,T), Hy =~(TLLT)V\{TLT)FT).
bel’

In the definition of H%, the disjunction on the right-hand side ensures that «, (0o;00) = HE for
every infinite word a € I'¥ and every a € I'. It will turn out that the inability of specifying the
letters not in im(c) is crucial in the characterization of the fragment ITo N FO?. Observe that only
for the interval (0o; 00), there can be a b before the “first” b. Also note that for every finite interval
of some word «, the formula Gz is true if and only if Hz is true. Whether a word o models a
formula ¢ in unambiguous ITL (i.e., & = ¢) or not is defined by

al=e i, (0;,00) = ¢,

and the language defined by ¢ is L(¢) = {a € '™ | a = ¢}.

Figure 3 depicts the situation for the formula (@1 Fp Yo
1)La(p2Fc12) being defined on o. The main difference to Xy X
rankers and unambiguous TL is that there is no crossing \ ¢
over in unambiguous ITL, e.g., in the situation depicted ot b “ c
on the left side of Figure 2, the formula (TLy(TF.T))Ls T | L,
is false even though Y, Y}, X, is defined. —Fy—  —F——

In unambiguous ITL, the modalities F,, Gg, F,, G5 are ¥1 (2 P2 V2
future modalities and L, Hg, LY H: are past modalities.

An unambiguous ITL formula ¢ is a future-formula if in Figure 3: (¢1 Fp ¥1) Lo (02 Fe1b2)
the parse tree of ¢ every past modality occurs on the left

branch of some future modality, i.e., if it is never necessary to interpret a past modality over an
unbounded interval. For C C {F,, L ,Ga, Ha, Fi, LY Ge, He b we define the following fragments of
unambiguous ITL:

e ITL|C] consists of all formulas using only T, Boolean connectives, and temporal modalities
in C,

e ITL'[C] consists of all formulas using only T, positive Boolean connectives (i.e., no negation),
and temporal modalities in C,

e ITLg[C] consists of all future formulas using only T, Boolean connectives, and temporal
modalities in C,

e ITL![C] consists of all future formulas in ITL*[C] N ITLg[C].

11



Example 8 Consider the unambiguous ITL formulas
=(TL,T)F, T and ¢=TL (TF,T)

and a word o with b € im(a). The formula ¢ was used in the definition of the semantics of Hj
and, as already mentioned, is only true if the interval is (0o;00). In contrast, 1 is also true if the
interval is (0, 00). O

The following two propositions describe a procedure for converting unambiguous I'TL formulas
into unambiguous TL formulas without introducing new negations. A similar relativization tech-
nique as in our proof has been used by Lodaya, Pandya, and Shah [4] for the conversion of ITL
over finite words into so-called deterministic partially ordered two-way automata (but without the
focus on not introducing negations). Proposition 1 is the eager version, whereas Proposition 2 is
the lazy version. As will follow from Theorems 1 to 5 we actually have equality for all inclusions
in both propositions.

Proposition 1 We have the following inclusions:

ITL[F,,Ls] € TL[X,,Ya],
ITL"[F4, Ly, Ga, Ha] € TL™[Xq, Ya, Ga, Hal,
ITL"[F4, La, Ga] € TLY[X,,Ya, Gal,
ITL{ [Fa, La, Gay Ha) € TL*[xa,Ya,G ],

ITLE[Fa, La] © TLx[Xa, Ya].

Proof: Note that the atomic modalities Gz and Hz are expressible in ITL[F,,L,] as well as

in TL[X,,Ya]. For every ¢ € ITL[F,,Lq, Gg, Ha] we construct an equivalent formula ¢...) €

TL[Xq, Ya, Ga, Ha] such that ¥(e;) contains a negation if and only if ¢ contains a negation, and

an Hz term appears in ¢(...) if and only if it appears in ¢. This will prove the first three inclusions.
For rankers ¢,r and ¢ € ITL[F,, La, Gz, Ha] we define ¢4,y € TL[Xq, Ys, Ga, Ha] such that o =
®(g:r) if and only if g(a) and r(a) are defined, ¢(a) < r(a), and

a, (q(a);r(a) E o

with ¢(a) = 0 for ¢ = ¢ and r(a) = oo for r = ¢. In particular, in the above situation ¢ and r
define the boundaries of an interval (¢;r) parameterized by words a.. The construction of ¢4 is
by structural induction. We will make extensive use of the formulas g4, 0 and ¥, from Lemma 2
with the convention o, = T for ¢ = €. The atomic formula T and Boolean connectives are as
follows:

T( = ql ATT Argg
(=¢)(q: Tigr) N %(gr)
(@A) gr) = Clar) N Vigr)
)(a:

ar)

(b VY = Plar) V Ve
For the atomic ITL-formula G; we set
(Ga)oy = T(ge) N qGa forr=c¢
(@) Tgr) A q( Gs V X, ﬂr) for r #£ ¢

Essentially, the term on the right-hand side says that the next a-position after the g-position is at
least the r-position. In case of the atomic ITL-formula H; we have to distinguish between r = ¢
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and r # . If r # ¢, then the interval defined by (g;r) is finite and therefore in this situation Hg
and Gz are equivalent:

(Ha) gy = (Ga)gr)

If r = ¢, then
(Ha)gry = Tgn A (HaVqGa)

i.e., either there are no or infinitely many a-positions, or there is no a-position after the g-position.
For the F,-modality we define

(Fa®) g = Tigr) N Plasaxa) N YgXair)

i.e., we verify ¢ on the interval (¢; ¢ X,) and ¢ on the interval (¢ X,; 7). The L,-modality is similar:

CLla®)gr) = T N Parva) NV Yar)

saying that ¢ and 1) are defined on the respective subintervals and that there is some a-position in
the interval (g;r).

Now, for every ¢ € ITL[F,, L4, Gg, Ha] and any rankers ¢, r, the formula ¢4,y € TL[Xq, Yq, Gg, Ha]
is a Boolean combination of formulas of the form T ,.q), (Ga)p;s), and (Ha)(ps)-
negation and every Hz-modality in ¢4,y is only caused by the respective operation in ¢. This
completes the proof of the first three inclusions.

For the last two inclusions, we first observe that in our construction the following invariants hold:

Moreover, every

e If ¢ and 7 are X-rankers with r # ¢, then ¢(g,) € TLx[X4, Ys, Gg] for every formula ¢ €
ITL[Fa7 Laa Gﬁ? HEL]‘

e If ¢ is an X-ranker and r = ¢, then for every ¢ € ITLI[F,,L,,Gz,Hz] and every ¢ €
ITLg[Fy, La, Ga, Ha] we have (¢ Fo 9)(g:) € TLx[Xa, Ya, Gal-

Therefore, if ¢ € ITLg[Fq, Lo, G, Hal, then ¢(...) € TLx[Xq, Ya, Gg]. Hence, the fourth and the fifth
inclusion follow. g

Proposition 2 We have the following inclusions:

ITL[F;, L] © TLIX, Yo,

-
ITLT[F:, Ly, G5, HE] € TLT[XE,YE, GE HE,
-

ITLT[F:, L, HE] TLTXE, YE HE.

a’ 'a

Proof: For ¢ € ITL[F,,L;, Gg, Hg] we construct an equivalent formula ¢.,.y € TL[Xg, Yy, Gz, H7]
such that ¢(...) contains a negation if and only if ¢ does, and a G. term appears in ©(e;e) if and only if
it appears in ¢. We use the following construction. For lazy rankers ¢,r and ¢ € ITL[F%, L!, G5, H%]
we define ¢4, € TL[XG, Yy, Gz, Hg] such that o |= ¢4, if and only if g(«) and r(«) are defined,
¢(a) < r(a), and

a, (qla);r(@) E o

with ¢(a) = 0 for ¢ = ¢ and r(a) = oo for r = ¢. In particular, in the above situation ¢ and r
define the boundaries of an interval (¢;r) parameterized by words a. The construction of ¢4, is
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by structural induction. We will make extensive use of the formulas g, and ¥, from Lemma 3. The
atomic formula T and positive Boolean connectives are as follows:

T(q; ) = qT ANrT Aqor
(=) (g; Tigr) N %)

AV gry = Plar) N g

Vg = Plgr V

with g, = T for r = e. For the atomic ITL-formula H; we set

(HY)y = 4 @ " r(HL VY ) if g#e
al(ar) T ey AT Hg if g=¢

This is consistent with the definition that for all ¢ € I' and all infinite words a € T'Y we have
@, (00; 00) = HE in unambiguous ITL. The atomic modality G is slightly more technical due to its
behavior on the interval (co;00). For r = ¢ we set

(Gf‘z)(q;e) = Tige) N Ga
If r # € is an X‘-ranker we define
(Gg)(q;r) = T(q;r) A T(Hg \ Y(ﬁ 19(1)

with ¢, = L for ¢ = e. Therefore, if ¢ = £, then we can omit the term Y, ¥, in the above formula.
Finally, for a non-empty Y‘-ranker r we use

\/Ybe)Vqu>

(Gé)(q;r) = T(gn N << (Hz Vv Yo ¥
beB

with B = alphp(r) is the set of letters which occur in some modality of the ranker r. As before,

we set ¥, = L for ¢ = €. The above formula distinguishes two cases. The first case is that r

determines a finite position (after some last occurrence of a letter b € B from the ranker r there is

no b-position). In this case either there is no a-position before the r-position, or the first a-position

before the r-position is on the left-hand side of the g-position. The other case is that r leads to the

infinite position and then we want to see no a-position on the right-hand side of the g-position.
For the F/-modality we define

(PFaWan = Tan N Plasaxt) N Vigxtin)
and for L, we set
(QD Lé w)(%”) = T((ET) A (p(q;rYf) A llj(rYf;T) :

Now, for every ¢ € ITL[F;, L}, G, Hg] and for all lazy rankers ¢, 7, the formula ¢,y € TL[X,Y,,
G;, H:] is a Boolean combination of formulas of the form T (,.q), (G5)(p.s), and (Hg)(p;s). Moreover,
every negation and every Gg-modality in ©(g;r) 18 due to the respective operation in . This

completes the proof. O
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4 The Fragment FO’

This section contains various ITL, TL, and ranker characterizations using the eager variants. We
postpone characterizations in terms of the lazy fragments to Theorem 5.

Theorem 1 For L C I'™® the following assertions are equivalent:
1. L is definable in FO?.

L is definable in ITL"[Fy, Lo, Gg, Ha).

L is definable in ITL[F,, L,].

L is definable in TL[X,, Y,].

L is definable in TLY[X,, Yq, Ga, Hal.

L is a positive ranker language with atomic modalities Gz and Hg.

N T

L is a ranker language.
Lemma 4 Let A CT. Then A* is definable in ITL1[G;], and A™ is definable in ITLY[F,, Ha].

Proof: A letter a € I does not appear in a word « if and only if « = G;, and a appears infinitely
often in a word « if and only if a = (T F, T) A Hz. Hence

A is defined by /\ Gz and
agA

A™ s defined by /\ (T Fa T) A Ha. O
a€A

Lemma 5 Every unambiguous monomial L = Ajay - - - AjarA7S | is definable in ITL"[F,, Ly, Ggl.

Proof: We perform an induction on k. For k = 0 we have L = A$° which is definable in ITL1[G;]
by Lemma 4. Let k > 1. Since L is unambiguous, we have {aq,...,ar} € Ay N Api1; otherwise
(a1 ---ag)? admits two different factorizations showing that L is not unambiguous. First, consider
the case a; € Ay and let ¢ be minimal with this property. Each word o € L has a unique factorization
a = ua;f such that a; ¢ alph(u). Depending on whether the first a; of o coincides with the marker
a; or not, we have

u e Aika,l s A:, ,3 S A;f‘+1ai+1 s Al:akA?jrl or
ueA*{al---A;, az-EAj, ﬁEA;aj---AZakAiﬁrl

with 2 < 57 < 4. In both cases, since L is unambiguous, each expression containing w or [ is
unambiguous. Moreover, each of these expressions is strictly shorter than L. By induction, for
each 2 < j < k, there exist formulas ¢,¢ € ITLT[Fq, Ly, Ga] such that L(p) = Afay - -+ A2° and
L(y) = Ajaj--- Apar AR . By the above reasoning, we see that L is the union of (at most 1)
languages of the form

(L) N (T\ {ai})*) ai L(¥)
and each of them is defined by ¢ Fg; 1.
For a; ¢ Ag+1 with ¢ maximal we consider the unique factorization a = ua; with a; ¢ alph(/3)

and again we end up with one of the two cases from above, with the difference that 1 <i < j <k
in the second case. Inductively L is defined by a disjunction of formulas ¢ Lg, 9. O
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The language L(Hg) is definable in TI, N FO? using the following formula
Vady: ANz)=a V (y >z A Ay) =a),
but it is not definable in ¥o. Therefore, we have to exclude the case r = Hj in the following lemma.

Lemma 6 Let r # H; be a non-empty ranker, potentially with atomic modality Gz or Hg, then
L(r) is definable in FO* N %,.

Proof: By induction on k = |r| we construct formulas u.(z) € FO? and o,.(z) € £ with one free
variable such that for every word o € I'*° we have

aE3Jr: p(x) ff r(a)is defined iff o F3Jz:op(z)
and if r(«) is defined, then

a,x = pr(x) iff x=r(a) iff o,z o (x).

For p, we only use the variables © and y. By interchanging the names, we can always choose
whether z or y is the free variable of p,. The formula o, = o,(zx) will have the form

gy - Iy vp(xgy ..o, 21, Y).
For r = G; we set

pr(z) = op(x) = Vy: Ay) # a.

For r =Y, we define

wr(x) = opr(z) = Vy: Mz)=aA(y<zVAy) #a).

Note that if « contains infinitely many a’s, then a = 3x: p.(x) for r = Y,. The case r = X, is
symmetric; we only have to replace “<” with “>” in the above formula.
Let now k = |r| > 1. We first consider the formula p,. If r = s X,, then

ip(z) = {)\(J;):a A Jy<xz:ps(y) A
' Vy <z: (Ay) #a V Iz > y: p(z))

saying that x is an a-position greater than the s-position (in particular, r is defined) and that all
a-positions smaller than x are not greater than the s-position. The case r = sY, is symmetric; we
only have to replace all “<” by “>" and “>” by “<” in the above formula. If r = s Gg, then

pr(x) = ps(z) A Vy >z Ny) # a,
and for r = s Hz we use the same formula, but y > x is replaced by y < z.
We now describe the construction of the formula o,.. Suppose r = sX, and let os(zr_1) =
Jzg_o---I1Vy: vs(zp—1,...,21,y). Then
Jzg—q1 - FJoVy: AMzg) = a A
or(Tg) = T > Tp—1 A Vs(Tp—1,- -+, 21,9) A
(y < ap—1 Vy >z VA(Y) #a).

The semantics of o, is as follows: xj is labeled by a and it is strictly greater than the s-position
Tp_1; moreover, there is no a-position strictly between x,_1 and x,. Hence, z; determines the
r-position. As before, the case r = sY, is symmetric; we only have to replace “>" by “<” and we
have to interchange “>” and “<” in the above formula. If r = s Gg, then

or(zr) = Fopo1--- Iy ve(@p, T2, ..., 21, y) A (y < 2 V A(y) # a),

and for r = s Hz we use the same formula, but y < x is replaced by y > x. O
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Proof (Theorem 1): We show “1 =2 =3=4=7=1"and “2=5=6=4".

“] = 2”: Every FO?-definable language is a finite union of languages of the form PN A™ with an
unambiguous monomial P and A C T, see [2]. Since ITL™[F,, Ly, Gz, Hz] is closed under finite unions
and finite intersections, it suffices to show that A™ and P are definable in ITL'[F,, Ly, Ga, Hal.
This follows from Lemma 4 and Lemma 5, respectively.

“2=3" and “6 = 4”7 are trivial. “3 = 4” and “2 = 5”: Proposition 1. “4 = 7" and “5 = 6":
Lemma 1.

“7 = 17: By Lemma 6, for every ranker r the language L(r) is FO?-definable. Since FO? is
closed under Boolean operations, every ranker language is FO?-definable. U

5 The Fragment ¥, N FO?

In the following, we show that Y5 N FO? admits characterizations in terms of eager ITL, TL, and
rankers.

Theorem 2 Let L CI'°. The following assertions are equivalent:
1. L is definable in X and FO?.

L is definable in ITLT[Fy, Ly, Gg).

L is definable in TL™[X,,Y,, Gg).

L is a positive ranker language with atomic modality Gg.

Cvo e e

L is a ranker language with atomic modality Gz with the restriction that all Y-rankers are
positive.

Note that we cannot use lazy counterparts in the above characterizations, since for example Y, X},
is defined if and only if there are infinitely many a’s, but this property is not ¥o-definable.

Lemma 7 Let r be an X-ranker with atomic modality Gz. Then T'°°\ L(r) is Xo-definable.

Proof: If r is an X-ranker which is not defined on «, then there is a longest prefix p of r such that
p is defined on a. Write r = pq. If the first modality ¢ is of the form X, or Y, or G; , then we set
s =pGg or s = pHg or s = pX,, respectively. Note that if ¢ starts with Y,, then p is a non-empty
X-ranker. In any case s # Hg, and therefore, L(s) is Xs-definable by Lemma 6. Hence, we find a
finite set of ¥y-definable languages whose union is I'*° \ L(r). But X9 is closed under union and
thus T'°° \ L(r) is Yg-definable. O

Proof (Theorem 2): “1 = 2”: A language L is definable in X5 N FO? if and only if L is a union of
unambiguous monomials, see [2]. Since ITLT[F,,L,, G;] is closed under union, it suffices to show
that every unambiguous monomial is definable in ITL*[F,, L,, Gz]; this is exactly Lemma 5.

“2 = 3”: Proposition 1. “3 = 4”: Lemma 1. “4 = 5”: trivial.

“5=17: Since languages in ¥ N FO? are closed under finite union and finite intersection, the
claim follows from Lemma 6 and Lemma 7. O

Over finite words, the fragments FO? and Ay coincide [8]. In particular, FO? N ¥y = FO? for
finite words. Since finiteness of a word is definable in FO? N £5, we obtain the following corollary
of Theorem 2.

Corollary 1 A language L C T'* of finite words is definable in FO? if and only if L is a positive
ranker language with atomic modality Gg.
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6 The Fragment A,

Over infinite words, the fragment A, is a strict subclass of FO?. In this section, we show that
Ay basically is FO? with the lack of past formulas and past-rankers. Since eager future formulas
and future-rankers coincide with their lazy counterparts, all of the characterizations in the next
theorem could be replaced by their lazy pendants.

Theorem 3 Let L CT'*°. The following assertions are equivalent:
1. L is definable in As.

L is definable in ITL,}F[FQ7 La, Gal.

L is definable in ITLg[F,, Lg].

L is definable in TLx[Xq, Y]

L is definable in TL;[ [Xa, Ya, Gal-

L is a positive X-ranker language with atomic modality Gg.

NS A e e

L is an X-ranker language.
Lemma 8 Fvery language definable in Ao is definable in ITL'F"[FQ, Lo, Ga).

Proof: It is known that a As-definable language is a finite union of unambiguous monomials
L = Ajay --- Ajap AR5, such that {a;,...,ap} € Ajforall 1 < j <k, see [2]. Let i be minimal such
that a; € A; and for each word a € L consider the factorization o = ua; such that a; ¢ alph(u).
There are two cases:

u € Ajay -+ A, B € Al ait - Apap Ay, or
u€ Ajay--- A, a; € Aj, B € Ajaj- - Apar A,

with 2 < j <. In each case the expression P = A%a;--- AjapAfT, containing 8 is unambiguous
since L is. Moreover, the expression is shorter than that for L and we have {ay,...,ar} € Ay for
all j < ¢ < k. By induction P is definable by an ITL{ [F,, Ly, Gg]-formula . By Lemma 5, we
get an ITL+[Fa, La, Ga]-formula ¢ defining the monomial Aja; - - - A;?O. Therefore L is the union of
languages of the form ¢ Fg, ¢ each of which is an ITL [F,, Ly, Gg)-formula by definition, given the
constraints imposed on ¢ and . U

Proof (Theorem 3): We show“l =2=3=4=7=1"and “2=5=6=4".

“l = 27 is Lemma 8 and “2 = 3” as well as “6 = 4”7 are trivial. “3 = 4” and “2 = 5”: Propo-
sition 1. “4 = 7” and “5 = 6”: Lemma 1.

It remains to show “7 = 1”. By Lemma 6 and Lemma 7, for every X-ranker r the languages
L(r) and I'*°\ L(r) are definable in Ay = X9 NIls. Since Ay is closed under finite unions and finite
intersections, the claim follows. O

7 The Fragment II, N FO?

In this section we give characterizations of the fragment I N FO? in term of the lazy variants of
ITL, TL, and rankers. We cannot use the eager variants, since Y, says that there are only finitely
many a’s, but this property is not Ila-definable. Also note that a, (co;00) = Ha for Hz = ~(T L. T)
if and only if a ¢ im(«), i.e., if and only if a occurs at most finitely often. As before, this property
is not Ila-definable. This is the reason why we did not define H; simply as Hg.
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Theorem 4 Let L CT'*°. The following assertions are equivalent:

~

. L is definable in Iy and FO?2.

. L is definable in ITLT[F’, L, HE].

a’ -a

. L is definable in TL1T[X,Y! HL].

a’ 'ar

2
3
4. L is a positive lazy ranker language with atomic modality HS.
5

. L is a lazy ranker language with atomic modality H; with the restriction that all Y*-rankers
are positive.

Lemma 9 The complement I'*° \ L of every unambiguous monomial L = Ajay--- Ajap AR, is
definable in ITLT[F’, LS, HE].

Proof: We perform an induction on k. For k = 0 we have L = A?® and I'*° \ A{® is defined by the
ITL"[F:]-formula

\/ (TF,T).

a Ay

Let now k& > 0. Since L is unambiguous, we have {ay,...,ar} € Ay N Ajy1; otherwise (ay - --ag)?
admits two different factorizations showing that L is not unambiguous. First, consider the case
a; ¢ Ag+1 and let i be maximal with this property. For @ € I'* we have o ¢ L if and only if one
of the following conditions is true: The first condition is a; € alph(«) or a; € im(«) and the second
condition is a; € alph(«) \ im(«) and the following holds for a = ua;f with a; ¢ alph(5):

o ug Ajay--- A7 or B¢ Af a1+ A7, and
e for all t < j <k with a; € A;j we have: u & Ajay--- AJ° or & Aja;--- ApS,.

The monomials Ajay -- 'A‘J?O for i < j < k and A;aj . "AZj_l for i < j < k are unambiguous and
have degree smaller than k. Hence by induction, there exist formulas ¢}, 1; € ITLT[F,, L4, HS] such

that L(p;) =T\ Ajar - A3® and L(p;) = I'°\ AJa;--- A7S ;. This yields the following formula
for the complement of L:

Hg, V(T Ly, (TFg, T))V
((eite, V(T we) A A (5Ll VT L )

i<j<k,a;€A;

The first line captures the first condition from above, since T L;, (T Ff, T) is true if and only if a;
appears infinitely often. Note that a term T saying that a; occurs only finitely often and at least
once is not required in the above formula, even though it would be natural to include it on the
right-hand side of the second disjunction at the outermost level (if 7" is false, then one of the first
two terms is true). Hence, we do not have to care about the case in which the right interval of
some L, -modality is (c0;00).

Let now a; ¢ Ay and let 4 be minimal with this property. For a@ € T'*° we have « ¢ L if and
only if one of the following conditions is true: The first condition is a; ¢ alph(a) and the second
condition is a; € alph(«) and the following holds for a = wa;( with a; ¢ alph(u):

o ug Ajay--- A7 or B¢ Af a1+ A7, and

e for all 1 <j <i with a; € A; we have: u ¢ Ajay--- A or B & Ala;--- AfS.
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The monomials Ajay --- A3° for 1 < j <4 and Aja;--- Ap%, for 1 < j <4+ 1 are unambiguous
and have degree smaller than k. Hence by induction, there exist formulas ¢;,; € ITLT[F,, L5, HE]

such that L(p;) = I'°°\ Ajar--- A° and L(¢;) = '™\ Aja;--- Ap%,. This yields the following
formula for the complement of L:

He v (@R TV (TR ) A A (oo TV (T, 1)),

1<j§i,ai€Aj
This completes the proof. O

For the inclusion of positive lazy rankers in II, N FO?, our proof is based on a characterization
of this fragment in terms of the alphabetic topology over finite and infinite words [2]. A base of
the open subsets of this topology is given by the sets of the form ©A* for u € I and A CT'. A
language is closed if its complement is open. The closure L of a language is the intersection of all
closed sets containing L. A word « belongs to L if for every finite prefix u of « there exists v € A®
for A = im(a) such that uy € L. A language L is closed if and only if L C L.

Lemma 10 Let L C T, If L is a lazy ranker language with atomic modality HS such that all
Y‘-rankers are positive, then L is closed in the alphabetic topology.

Proof: A lazy ranker starting with a future modality is equivalent to its eager counterpart. For
pure eager X-rankers r we have shown in Lemma 6 and Lemma 7 that both L(r) and I'*° \ L(r)
are Yo-definable, and hence, L(r) and I'*° \ L(r) are open in the alphabetic topology, i.e., L(r) is
clopen. For every X-ranker r we have L(rHg) = L(r) \ L(rY,). Therefore, every lazy X‘-ranker r
(possibly with atomic Hi-modality) generates a clopen language L(r).

It remains to show that L(r) is closed for every Y‘ranker r. The ranker r may end with H;. We
show that the closure of L(r) in the alphabetic topology is contained in L(r). Suppose a € L(r)
and let A = im(a). Let s be the maximal pure prefix of r, i.e., r € s{e,H; | a € '}, and let
k = |s| +1. Write a = wvy---v,f with alph(v;) = A and f € A® N A™. Since a € L(r),
there exists v € A such that uwvy ---vpy € L(r), i.e., r is defined on the word o/ = uwvy - - - vy.
If s(o/) = oo, then s(a) = oo, since im(a’) € A = im(a). Moreover, r(«) is defined, since
alph(a’) = alph(uvy) = alph(«). Let now s(a’) # oo. We have to distinguish two cases.

The first case is that all letters occurring in s are from A. Then s(a) = oo (in particular s(«)
is defined) and s(a’) > |uvi| by choice of k. This shows, that r(«) is defined if r = s. Now, if
r = sHS, then a ¢ alph(uv;) = alph(a), and hence r(«) is defined.

The second case is s = s1 Y} so such that b € A and all letter from s; are in A. Note that we
cannot have the situation s = s1 Xj sy with b ¢ A and all letter from s; are in A, since then s
would be undefined on o’. Then s1Y;(a/) = s1Yj(a) < |u|. Again, by choice of k, it follows that
51 Yy s2(a’) = 51Y} s2(a). Therefore, even if r ends with H:, we see that r(«) is defined.

In any case, we have a € L(r). This completes the proof. O

Proof (Theorem 4): “1 = 2” A language is in II; N FO? if and only if it is the intersection of
complements of unambiguous monomials, see [2]. By Lemma 9, such complements are definable in
ITLY[F., LY, HE]. Since ITLT[FS, L%, H.] is closed under intersection, the claim follows.

“2 = 3”7 is Proposition 2 and “3 = 4” follows from Lemma 1. “4 = 5” is trivial.

“5 = 17: It is easy to see that any lazy ranker language is definable in TL[X,,Y,]. Hence, by
Theorem 1, any such language is in FO?. Closed languages are closed under finite union and
intersection. Therefore, by Lemma 10, lazy ranker languages with atomic modality H; and with
only positive Y‘-rankers are closed in the alphabetic topology. Languages which are closed in the

alphabetic topology and which are FO?-definable are in IIo, see [2]. O
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For completeness, we give a counterpart of Theorem 1 using the lazy versions ITL, TL, and
rankers.

Theorem 5 For L C I'*° the following assertions are equivalent:

~

. L is definable in FO?.
2. L is definable in ITLT[F%, LS, G5, HE.

a’ -a

. L is definable in ITL[F., LY].

a’r —a

3
4. L is definable in TL[X.,Y:].

a’r " a

a’) " a’

5. L is definable in TLT[X., Y, G5, HE].
6. L is a positive ranker language with atomic modalities G and HS.

7. L is a lazy ranker language.

Proof: “1 = 2”: Every FO?-definable language is a finite intersection of languages of the form
[\ (PN A™) = (I'*\ P) U (I'*°\ A™) with an unambiguous monomial P and A C T, see [2].
Since ITLT[F, L%, G5, H.] is closed under finite unions and finite intersections, it suffices to show
that T\ P and T\ A™ are definable in ITLT[F’, L., G5, HL]. For T \ P, this is shown in
Lemma 9 and I\ A™ is defined by

\/ (TL(TXT)) Vv \/ (T Ly GE).
b A beA

“2 = 37 is trivial.

“3 = 4”: Proposition 2.

“4 = 5”: Using a similar approach as in Lemma 1 we can remove all negations. For this, we
apply De Morgan’s laws and the following rules for moving negations to the innermost level:

X = 6V X
=Yip = HL VY. —o.

Note that X, L = 1 = Y. L. After incorporating all constants, we end up with an equivalent
formula in TLT[X!, Y., G5, HE].

“5 = 6” is proved in Lemma 1 (even though not stated explicitly due to lack of space).

“6 = 77 is trivial.

“7 = 17: Every lazy X-ranker is equivalent to its eager counterpart and hence, it generates a
TL[Xq, Y,]-definable language. Let now r = Y, Z; ---Z, with each Z; being either X; or Y. .
For A C I" we define the following macro:

ACim = /\(XaT/\ﬂYaT)
acA
Now, L(r) is defined by
\/ ({al,...,ai}gim A Zfliﬂ---Zf;kT)
i=0,....k

] L
Zai+1 7& XaH»l

Therefore, every lazy ranker language is TL[X,, Yy]-definable, and by Theorem 1 it is FO?-definable.
O
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8 Conclusion

We have given an eager and a lazy generalization of rankers for infinite words. Together with
the usual rankers over finite words, we obtained combinatorial descriptions of various fragments of
first-order logic FO[<] over finite and infinite words. Without negation the eager variant cannot
express that there are infinitely many occurrences of some letter. This leads to a characterization
of the fragment ¥ NFO?. Similarly, we cannot say that some letter occurs only finitely often in the
lazy version, and this yields IIy NFO?. Both eager and lazy rankers are suitable for describing FO?
and As. Intermediate steps in all our proofs have been unambiguous ITL and unambiguous TL —
both in an eager and a lazy variant. The following table summarizes some characterizations of the
fragments. For conciseness we introduce some additional terminology. By Rankers[C] we denote
the class of ranker languages with atomic modalities C. If C is empty we simply write Rankers.
The positive fragment is denoted by Rankers™[C] and Rankersx[C] are the X-ranker languages. If
we prepend an £ we mean the respective lazy pendant.

FO-Logic Interval Logic Temporal Logic Rankers
ITL[F,, L] TL[Xq, Ya Rankers
PO ITL[F,, LY] TL[X., Y!] ¢-Rankers Thm. 1
ITL+[FQ, La, Ga, Ha TL+[Xa, Ya, Ga, Ha Rankers™ [Ga, Ha) Thm. 5
ITL[FS, LY, GE HE] TLT[XE, YE, GE HE] ¢-Rankers™[GS, HY)

Yy N FO? ITL"[Fq, Ly, Gg] TLY[Xa, Ya, Ga) Rankers™[Gg] Thm. 2
1, N FO? ITLH[F, LY, HE] TLF[XE, Y. HE (-Rankers™ [HZ] Thm. 4
ITLg[Fq, L4] TLx[Xa, Ya) Rankersy

A, ITLg[FS, LE] TLx[X, Y,] ¢-Rankersy Thm. 3

ITL[Fq, La, Gal
ITLE[FS, LY, GE]

a’ -ar

TL;(_ [Xa') Yau Gﬁ]
TLy (X5, Y/, G

a’ 'ay

Rankersy [Gg)
(-Rankersy; [GE]

Open Problems

Rankers over finite words have been introduced for characterizing quantifier alternation within FO?.
We conjecture that similar results for infinite words can be obtained using our generalizations of
rankers.

Over infinite words, the class of X-ranker languages correspond to the fragment Ay. Over finite
words however, X-ranker languages form a strict subclass of Ag (which for finite words coincides
with FO?). An algebraic counterpart is still missing. The main problem is that X-ranker languages
do not form a variety of languages.

A well-known theorem by Schiitzenberger [5] implies that over finite words, arbitrary finite unions
of unambiguous monomials and finite disjoint unions of unambiguous monomials describe the same
class of languages. In the case of infinite words, it is open whether one can require that unambiguous
polynomials are disjoint unions of unambiguous monomials without changing the class of languages.

Acknowledgments. We thank Volker Diekert for a suggestion which led to Theorem 2. We also
thank the anonymous referees for several useful suggestions which helped to improve the presenta-
tion of the paper.
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